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Preface

This book is based on notes prepared for a senior undergraduate or begin-
ning graduate course that we taught at the universities of Alberta and
Victoria. It is primarily intended for use by students of mechanical and
civil engineering, but it may be of interest to others. The mathematical
background required for the topics covered in the book is modest and
should be familiar to senior undergraduate engineering students. In partic-
ular it is assumed that a reader has a good knowledge of classical vector
mechanics and linear algebra. Also, a background of the classical thermo-
dynamics usually taught in undergraduate engineering courses is desirable.
One motivation for the book is to present an introduction to continuum
mechanics that requires no background in certain areas of advanced math-
ematics such as functional analysis and general tensor analysis. The treat-
ment of continuum mechanics is based on Cartesian tensor analysis, but
orthogonal curvilinear coordinates and corresponding physical coordinates
are considered in appendices.

A list of books that consider tensor analysis and applications is given at
the end of chapter 1. Several of the books are out of print but may be useful
to students if they can be obtained from libraries. Mathematica is used for
symbolic manipulation, numerical computation, and graphs where appro-
priate, and its use is encouraged.

Chapter 1 is a detailed introduction to Cartesian tensor analysis. It
differs from some other treatments of the topic, for example, the early texts
by Jeffreys [1] and Temple [2], by emphasizing both symbolic and suffix
notation for first-(vectors) and second-order tensors. Many tensor relations

are given in both symbolic and Cartesian suffix notation. The introduction



Preface

of general tensor analysis involving contravariant and covariant compo-
nents of tensors and Christoffel symbols is avoided. However, two appen-
dices are included, which introduce the concept of physical components, of
first- and second-order tensors, with respect to orthogonal curvilinear
coordinates.

The kinematics of a deformable medium is the subject of chapter 2,
along with the continuity equation and Reynold’s transport theorem.
Cauchy, nominal (transpose of Piola-Kirchhoff I), Piola-Kirchhoff II, and
Biot stress tensors are introduced in chapter 3, along with equations of
motion. In chapter 4 the concept of stress power is related to the first and
second laws of thermodynamics. Continuum thermodynamics involves ir-
reversible processes, and what is known as the thermodynamics of irrevers-
ible processes (TIP) is assumed. Several classical models for continuous
media are discussed in chapter 5, and conditions that should be satisfied for
the admissibility of constitutive relations are discussed. Thermodynamic
considerations also appear in chapter 5, including a discussion of the con-
stitutive relations for linear thermoelasticity. Nonlinear isotropic elasticity
is the subject of chapters 6 and 7. The treatment is for isothermal static
deformation, and one purpose is to illustrate the application of certain
principles introduced in earlier chapters. Solutions to several boundary
value problems are given in chapter 7. Chapter 8 considers nonlinear ther-
moelasticity. The final chapter (9) is concerned with dissipative materials.
A brief discussion of viscous fluids is given, in addition to a discussion of
certain aspects of linear viscoelasticity. An elementary example of an in-
ternal variable is introduced in chapter 9 in connection with the three-

parameter standard model of linear viscoelasticity.



Cartesian Tensor Analysis

1.1 Introduction

In this chapter we present an elementary introduction to Cartesian tensor
analysis in a three-dimensional Euclidean point space or a two-dimensional
subspace. A Euclidean point space is the space of position vectors of points.
The term vector is used in the sense of classical vector analysis, and scalars
and polar vectors are zeroth- and first-order tensors, respectively. The
distinction between polar and axial vectors is discussed later in this chapter.
A scalar is a single quantity that possesses magnitude and does not depend
on any particular coordinate system, and a vector is a quantity that pos-
sesses both magnitude and direction and has components, with respect to
a particular coordinate system, which transform in a definite manner under
change of coordinate system. Also vectors obey the parallelogram law of
addition. There are quantities that possess both magnitude and direction
but are not vectors, for example, the angle of finite rotation of a rigid body
about a fixed axis.

A second-order tensor can be defined as a linear operator that oper-
ates on a vector to give another vector. That is, when a second-order tensor
operates on a vector, another vector, in the same Euclidean space, is gen-
erated, and this operation can be illustrated by matrix multiplication. The
components of a vector and a second-order tensor, referred to the same
rectangular Cartesian coordinate system, in a three-dimensional Euclidean
space, can be expressed as a (3 X 1) matrix and a (3 X 3) matrix, respec-
tively. When a second-order tensor operates on a vector, the components of
the resulting vector are given by the matrix product of the (3 X 3) matrix of

components of the second-order tensor and the matrix of the (3 X 1)
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components of the original vector. These components are with respect to
a rectangular Cartesian coordinate system, hence the term Cartesian tensor
analysis. Examples from classical mechanics and stress analysis are as follows.
The angular momentum vector, h, of a rigid body about its mass center is
given by h = Jw where J is the inertia tensor of the body about its mass
center and w is the angular velocity vector. In this equation the components
of the vectors h and w can be represented by (3 X 1) matrices and the tensor
J by a (3 X 3) matrix with matrix mutiplication implied. A further example
is the relation ¢t = on, between the stress vector ¢ acting on a material area
element and the unit normal n to the element, where o is the Cauchy stress
tensor. The relations h = Jw and ¢ = on are examples of coordinate-free
symbolic notation, and the corresponding matrix relations refer to a partic-
ular coodinate system.

We will meet further examples of the operator properties of second-
order tensors in the study of continuum mechanics and thermodynamics.

Tensors of order greater than two can be regarded as operators oper-
ating on lower-order tensors. Components of tensors of order greater than
two cannot be expressed in matrix form.

It is very important to note that physical laws are independent of any
particular coordinate system. Consequently, equations describing physical
laws, when referred to a particular coordinate system, must transform in
definite manner under transformation of coordinate systems. This leads to
the concept of a tensor, that is, a quantity that does not depend on the
choice of coordinate system. The simplest tensor is a scalar, a zeroth-order
tensor. A scalar is represented by a single component that is invariant
under coordinate transformation. Examples of scalars are the density of
a material and temperature.

Higher-order tensors have components relative to various coordi-
nate systems, and these components transform in a definite way under
transformation of coordinate systems. The velocity v of a particle is an
example of a first-order tensor; henceforth we denote vectors, in sym-
bolic notation, by lowercase bold letters. We can express v by its com-
ponents relative to any convenient coordinate system, but since v has no
preferential relationship to any particular coordinate system, there must

be a definite relationship between components of v in different
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coordinate systems. Intuitively, a vector may be regarded as a directed
line segment, in a three-dimensional Euclidean point space F3, and the
set of directed line segments in Ej3, of classical vectors, is a vector space
Vs. That is, a classical vector is the difference of two points in E3. A
vector, according to this concept, is a first-order tensor. A discussion of
linear vector spaces is given in Appendix 4.

There are many physical laws for which a second-order tensor is an oper-
ator associating one vector with another. Remember that physical laws
must be independent of a coordinate system; it is precisely this indepen-

dence that motivates us to study tensors.

1.2 Rectangular Cartesian Coordinate Systems

The simplest type of coordinate system is a rectangular Cartesian system,
and this system is particularly useful for developing most of the theory to be
presented in this text.

A rectangular Cartesian coordinate system consists of an orthonormal
basis of unit vectors (e, e;, e3) and a point 0 which is the origin. Right-
handed Cartesian coordinate systems are considered, and the axes in the
(eq, ey, e3) directions are denoted by Ox1, Ox,, and Oxs, respectively, rather
than the more usual Ox, Oy, and 0z. A right-handed system is such that a 90’
right-handed screw rotation along the Ox; direction rotates Ox, to Oxs,
similarly a right-handed rotation about Ox;, rotates Ox3 to Oxj, and a right-
handed rotation about Ox3 rotates Ox; to Ox,.

A right-handed system is shown in Figure 1.1. A point, x € E3, is given in
terms of its coordinates (x1, x,, x3) with respect to the coordinate system

Ox1xx3 by
X = Xx1€1 + xp€; + x3€e3,
which is a bound vector or position vector.

If pointsx,y € E;, u = x — y is a vector, that is, u €V3. The vector u is

given in terms of its components (11, uy, uz), with respect to the rectangular
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X

Figure 1.1. Right-handed rectangular Cartesian coordinate system.

coordinate system, Ox;x,x3 by
u = uje| + uze; + uzes.

Henceforth in this chapter when the term coordinate system is used,
a rectangular Cartesian system is understood. When the components of vec-
tors and higher-order tensors are given with respect to a rectangular Carte-

sian coordinate system, the theory is known as Cartesian tensor analysis.

1.3 Suffix and Symbolic Notation

Suffixes are used to denote components of tensors, of order greater than
zero, referred to a particular rectangular Cartesian coordinate system.
Tensor equations can be expressed in terms of these components; this is
known as suffix notation. Since a tensor is independent of any coordinate
system but can be represented by its components referred to a particular
coordinate system, components of a tensor must transform in a definite
manner under transformation of coordinate systems. This is easily seen
for a vector. In tensor analysis, involving oblique Cartesian or curvilinear
coordinate systems, there is a distinction between what are called contra-
variant and covariant components of tensors but this distinction disappears
when rectangular Cartesian coordinates are considered exclusively.

Bold lower- and uppercase letters are used for the symbolic rep-
resentation of vectors and second-order tensors, respectively. Suffix nota-

tion is used to specify the components of tensors, and the convention that
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a lowercase letter suffix takes the values 1, 2, and 3 for three-dimensional
and 1 and 2 for two-dimensional Euclidean spaces, unless otherwise
indicated, is adopted. The number of distinct suffixes required is equal to
the order of the tensor. An example is the suffix representation of a vector u,

with components (u;, uy, uz) oru;, i € {1, 2, 3}. The vector is then given by

<

I
T

N

o

(1.1)

It is convenient to use a summation convention for repeated letter suffixes.
According to this convention, if a letter suffix occurs twice in the same term,
a summation over the repeated suffix from 1 to 3 is implied without a sum-
mation sign, unless otherwise indicated. For example, equation (1.1) can be

written as
U = u;e; = uie| + uze) + uze; (1.2)

without the summation sign. The sum of two vectors is commutative and is

given by
ut+v=v+u= (u+ve;,

which is consistent with the parallelogram rule. A further example of the

summation convention is the scalar or inner product of two vectors,
U-v = uyv;, = ujvy + vy + uzvs. (1.3)

Repeated suffixes are often called dummy suffixes since any letter that does

not appear elsewhere in the expression may be used, for example,
ujvi = u;vj.

Equation (1.3) indicates that the scalar product obeys the commutative law
of algebra, that is,



Cartesian Tensor Analysis

The magnitude |u| of a vector u is given by
lu| = Vu-u = Juu,.

Other examples of the use of suffix notation and the summation convention

are

Ci =Ciu+Cn+Cs;
Ciibj = Ciiby + Cipby + Ci3bs.

A suffix that appears once in a term is known as a free suffix and is un-
derstood to take in turn the values 1, 2, 3 unless otherwise indicated. If
a free suffix appears in any term of an equation or expression, it must

appear in all the terms.

1.4 Orthogonal Transformations

The scalar products of orthogonal unit base vectors are given by
€ € = 5;']', (1.4)

where 0;; is known as the Kronecker delta and is defined as

_ J1lfori=j
05 = {Oforiyéj' (1.5)

The base vectors e; are orthonormal, that is, of unit magnitude and mutu-
ally perpendicular to each other. The Kronecker delta is sometimes called

the substitution operator because
Ltjé,'j = w1051 + updp + uzdz = u;. (1.6)

Consider a right-handed rectangular Cartesian coordinate system Ox; with
the same origin as Ox; as indicated in Figure 1.2. Henceforth, primed quan-

tities are referred to coordinate system Ox;.
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Figure 1.2. Change of axes.

The coordinates of a point P are x; with respect to Ox; and x; with

respect to Ox;. Consequently,

Xi€; = x]’- e,‘, (17)
where the e] are the unit base vectors for the system Ox;. Forming the inner
product of each side of equation (1.7) with e} and using equation (1.4) and
the substitution operator property equation (1.6) gives

Xl = agiX;, (1.8)
where
ai; = e -e; = cos(x;0x;). (1.9)
Similarly
X; = ApiXk. (1.10)

It is evident that the direction of each axis Oxj can be specified by giving its
direction cosines ay; = ej - e¢; = cos(x;0x;) referred to the original axes
Ox;. The direction cosines, ay; = e - e;, defining this change of axes are
tabulated in Table 1.1.

The matrix [a] with elements a;; is known as the transformation matrix;

it is not a tensor.
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Table 1.1. Direction cosines for
rotation of axes

’ ' ’

€1 €2 €3
€1 an az asy
€2 a an as
€3 a3 a3 ass

It follows from equations (1.8) and (1.10) that

o — Gx}( . 8)(71'
KT ox T oxg’
and from equation (1.7) that
8xl- , Bx]’ ,

e =

e —L = e}
Ox}, Y Ox} ’

since Ox;/0x; = Oj, and from equations (1.11) and (1.12) that

er = age;,

and

€ = akie}(.

(1.11)

(1.12)

(1.13)

(1.14)

Equations (1.13) and (1.14) are the transformation rules for base vectors.

The nine elements of g;; are not all independent, and in general,

ki 7 Qi
A relation similar to equations (1.8) and (1.10),

u, = agu;, and u; = aguj

(1.15)

is obtained for a vector u since u;e; = ujej, which is similar to equation

(1.7) except that the u; are the components of a vector and the x; are

coordinates of a point.
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The magnitude |u| = (uu;)"/? of the vector u is independent of the
orientation of the coordinate system, that is, it is a scalar invariant;

consequently,
U;l; = ujulj. (1.16)
Eliminating u; from equation (1.15) gives
up = akiaﬁu},
and since up = i},
ari@;; = Oy (1.17)
Similarly, eliminating u; from equation (1.15) gives
aiaj = 0jj. (1.18)
It follows from equation (1.17) or (1.18) that
{det[a;]}* =1, (1.19)

where det [ai]-] denotes the determinant of a;. A detailed discussion of
determinants is given in section 10 of this chapter. The negative root of
equation (1.19) is not considered unless the transformation of axes involves
a change of orientation since, for the identity transformation x; = x;,
ajx = 0i and det[d;] = 1. Consequently, det[a;x] = 1, provided the trans-
formations involve only right-handed systems (or left-handed systems).
The transformations (1.8), (1.10), and (1.15) subject to equation (1.17)
or (1.18) are known as orthogonal transformations. Three quantities u; are
the components of a vector if, under orthogonal transformation, they trans-
form according to equation (1.15). This may be taken as a definition of
a vector. According to this definition, equations (1.8) and (1.10) imply that
the representation x of a point is a bound vector since its origin coincides

with the origin of the coordinate system.
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If the transformation rule (1.10) holds for coordinate transformations
from right-handed systems to left-handed systems (or vice versa), the vec-
tor is known as a polar vector. There are scalars and vectors known as
pseudo scalars and pseudo or axial vectors; there have transformation rules
that involve a change in sign when the coordinate transformation is from
a right-handed system to a left-handed system (or vice versa), that is, when

det [ai]-] = —1. The transformation rule for a pseudo scalar is
¢' = detla;| ¢, (1.20)
and for a pseudo vector
u; = det [a,-j} a;iu;. (1.21)

A pseudo scalar is not a true scalar if a scalar is defined as a single
quantity invariant under all coordinate transformations. An example of
a pseudo vector is the vector product u# X v of two polar vectors u and v.
A discussion of the vector product is given in section 9 of this chapter. The
moment of a force about a point and the angular momentum of a particle
about a point are pseudo vectors. The scalar product of a polar vector and
a pseudo vector is a pseudo scalar; an example is the moment of a force
about a line. The distinction between pseudo vectors and scalars and polar
vectors and true scalars disappears when only right- (or left-) handed co-
ordinate systems are considered. For the development of continuum me-

chanics presented in this book, only right-handed systems are used.

EXAMPLE PROBLEM 1.1. Show that a rotation through angle = about an

axis in the direction of the unit vector n has the transformation matrix

ajj = —5,'j+21’li}’lj,d€t [[li/‘] = 1.

SOLUTION. Referring to Figure 1.3, the position vector of point A has

components x; and point B has position vector with components x;.
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)

Figure 1.3. Rotation about axis with direction n.

Since AC = CB, it follows from elementary vector analysis that
xf = X; + 2(xsnsn,- — xi) = —51'/‘)(3]' + 2(55jl’lsl’l,')x]' = —5i]’x]' =+ 2(n,-ni)xj
so that

a; = —5,’j + 2nl~nj.

1.5 Concept of a Second-Order Tensor

The tensor or indefinite product, sometimes known as the dyadic or tensor
product of two vectors u, v € V'3 is denoted by u ® v.

This product has no obvious geometrical interpretation, unlike the
scalar or vector products, but it is a linear operator that satisfies the

relation
(uev)c =ulv-c), (1.22)

where c is any vector. The tensor product has nine components obtained as

follows:

(m®@V);= wyv;, (1.23)

11
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or, in matrix notation,

251 [V1V2V3] uivy uivy ujvs
[ ® v]i]- = |u = |wvi uyv, uvs|, (1.24)
us usvy usvy Usvs

and can be expressed as follows in terms of the basis vectors, e; ® e;:
UV = uie; Qe (1.25)

The basis vectors e; ® e; are not vectors in the sense of elementary vector
analysis but belong to a nine-dimensional vector space.
A second-order tensor S is a linear transformation from V5 into V5 that

assigns to each vector ¢ a vector
s = St (1.26)

It follows that the tensor product of two vectors is an example of a second-
order tensor.

Equation (1.26) is in symbolic form, that is, it has no preferential re-
lationship to any coordinate system, and it may be interpreted in compo-

nent form by the following matrix equation:

51 Su Sz S| |4
20 =181 S» Sxu||t], (1.27)
53 S31 S S [#3

where the square matrix on the right-hand side of equation (1.27) is the matrix
of the nine components Sj;, of § referred to the rectangular Cartesian coordi-

nate axes Ox;. Equation (1.26) or (1.27) can be written in suffix notation as
si = Sijtj, (1.28)

which, unlike equation (1.26), has a preferential relationship to a partic-
ular coordinate system. At this point, it is useful to make a clear distinc-
tion between a column matrix and a vector and between a square matrix

and a second-order tensor. The components of a vector or second-order
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tensor may be put in matrix form as in equation (1.27), but a column or
square matrix does not necessarily represent the components of a vector
or tensor.

The tensor S can be expressed in terms of the basis vectors in the form
S = Sijei & e}, (129)

and this shows that a second-order tensor is the weighted sum of tensor
products of the base vectors. The left-hand side of equation (1.29) is in
coordinate free symbolic form; however, the right-hand side involves the
components S;;, which are with respect to a particular coordinate system.

Since a tensor is invariant under coordinate transformation,
Sie; ® e = Sper e,
and with the use of equation (1.14) the transformation rules
Sk = aria;Si, (1.30)
and
Sij = awia;Si (1.31)

for the componts of S are obtained. It follows from equation (1.29) that the

Cartesian components of § are given by
Sl'/' = €; -Sej, (132)

that is, S;; is the scalar product of the base vector e; with the vector Se;.

It is convenient at this stage to introduce the transpose of a vector and
second-order tensor. The components of the transpose u’ of a vector u
form a row matrix (uy, up, u3). The transpose ST of a second-order tensor §

has components Sg = §j; so that

T
S = jiei®ej~

13



14 Cartesian Tensor Analysis
It may be shown that, for any two vectors u, v € V3,
T
u-S'v=v-(Su.

Transposition also applies in general to square matrices as well as the
component matrices of second-order tensors.

A tensor § is symmetric if § = ST, that is, S;j = Sji. Second-order
symmetric tensors in £3 have six independent components. A second-order
tensor 7T is antisymmetric if T = —T T that is, T; = —Tj. Second-order
antisymmetric tensors in E3 have three independent components, and di-
agonal elements of the component matrix are zero. A second-order tensor
C can be decomposed uniquely into the sum of a symmetric part and an

antisymmetric part as follows:

c=c+c",

where

is the symmetric part and

is the antisymmetric part.

EXAMPLE PROBLEM 1.2. Decompose the tensor C into its symmetric

and antisymmetric parts, where the components of C are given by

1 23
Ci] = | -4 2 3
5 21
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SOLUTION. The components of C” are given by

1] - F B 3}

3 3 1

Let the tensors C'* and C'® denote the symmetric and antisymmetric parts
2 -2 8 1 -1 4
-2 4 5| =1]|-1 2 25
8§ 5 2 4 25 1
and

. o 6 2 0o 3 -1
[C(”)]ZE[C—CT}:§[—6 0 1]:[—3 0 0.5].

Note that this decomposition is unique.

of C, respectively; then

] =S [e+c] =

N =
N

A second-order tensor S is positive definite if S;u;v; > 0 for all vectors
u, v € V3. Other conditions for positive definiteness are introduced later in
this chapter.

As already mentioned, it is important to note that (3 X 1) and (3 X 3)
matrices do not in general represent the components of first- or second-
order tensors, respectively. The nine quantities S;; are the components of
a second-order tensor if, under orthogonal transformation of coordinates
given by equations (1.8) and (1.10), they transform according to equations
(1.30) and (1.31). If the transformation matrix [a] with elements a;; and the
square matrix [$] of tensor components S;; are known, the matrix [§'] with
elements S;, can be obtained from the matrix form [S'] = [a][S][a]” of
equation (1.31) by using Mathematica or a similar package. Matrix nota-
tion is sometimes useful in carrying out algebraic manipulations that in-
volve components of vectors and second-order tensors. In Table 1.2 we list
a number of examples of vector and tensor relations expressed in symbolic,

suffix, and matrix notation.

15
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Table 1.2. Examples of symbolic, suffix, and matrix notation

Symbolic notation Suffix notation Matrix notation
u-v u;v; ()" [v]

uRv u;v; [u][v]”

Au A Al

ATy wA;; [A] [u]

uTAv wA;jv; [u])"[A][V]

AB A By [A][B]

ABT AiBijk A][B)"

The inner or scalar product of the vectors w and Su obeys the com-

mutative rule and is denoted by

w-SuorSu-w. (1.33)

We must also note that
(Su) -w#S(u-w), (1.34)

since the left-hand side is a scalar and the right-hand side is a tensor. Also

we note that
w-Su = Sijwiuj. (135)

The product, not to be confused with the dyadic product, of two second-

order tensors § and T is a second-order tensor with components
(8T); = SikT. (1.36)

This is essentially matrix multiplication. It is easily shown that the product
of two second-order tensors is a second-order tensor. It should be noted

that in general
ST + TS,

that is, the product of two second-order tensors does not, in general, satisfy

the commutative law.
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The components of the unit tensor I are given by the Kronecker delta
so that

I = 5,’,’6,’ X e;. (137)

The unit tensor is an isotropic tensor, that is, it has the same components

referred any coordinate system since
0jj = auajd = ayaje = oy,

where the substitution property of the Kronecker delta has been employed.

It may also be shown that
I =¢®e;. (1.38)
We note that in symbolic notation equation (1.6) becomes
u = Iu, (1.39)
and
S =18 = SI. (1.40)
The inner product of two second-order tensors is a scalar defined by
uw(s'T) = 8,7y, (1.41)
where tr denotes the trace and has the same significance as in linear algebra
so that trS = §j;, that is, it is the sum of the diagonal elements of the

component matrix. The magnitude of a second-order tensor is a scalar de-
fined by,

81 = {55507 = {ur(s"s)} " (142)

17
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It is shown in section 11 of this chapter that §”§ is symmetric and positive
or positive semidefinite. Consequently, tr(SS) = 0.

It may be shown by using suffix notation that

(ST)' = 1's". (1.43)

A second-order tensor C has an inverse denoted by C!, defined by

c'c=cc' =1 (1.44)

unless C is singular, that is, det[C] = 0. If det[C] # 0, the tensor is said to
be invertible. A further discussion of the inverse of a second-order tensor is
deferred until section 10 of this chapter.

The inner product of e; ® e; and e; ® e; is
T
tr {(ei ®e) (e ® el):| = Jikdjts (1.45)

and a simple application of the tensor transformation rule shows that the
sum of second-order tensors is a second-order tensor. Consequently, the set
of all second-order tensors is a nine-dimensional linear vector space with
orthonormal basis e; ® e;, where the term vector is taken in its more general
sense as belonging to a linear vector space.

It is often convenient to decompose a second-order tensor T into two

parts, a deviatoric part and an isotropic part, as follows
T,’j = T; + T(Sij, (146)

where T = Ty /3 = trT /3. The deviatoric part with components T;-;- has
the property, trT* = T = 0, and the isotropic part 7'9; has the same
components in all coordinate systems. The decomposition equation
(1.46) is unique and is important in linear elasticity and plasticity theory.

The concept of tensor multiplication can be extended to more than
two vectors or to higher-order tensors. For example, the tensor product

T ® S of two second-order tensors T and S is a fourth-order tensor with
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components 7;S;;. A detailed discussion of higher-order tensors is given in

section 9 of this chapter.

1.6 Tensor Algebra
The following results are easily verified by using the transformation rule.

1. Tensor addition. The sum or difference of two tensors of the same
order is a tensor, also of the same order. For example, let A;; and B;;
be the components, referred to the same coordinate system, of two

second-order tensors. Then
Ci]' = Ai]' x Bij (147)

are the components of a second-order tensor. It follows from equation

(1.47) that addition of two tensors is commutative.

2. Tensor multiplication. We have already seen an example of this,
namely, the tensor product of two vectors that results in a second-
order tensor. A generalization of this is that the tensor product of

a tensor of order m and a tensor of order » is a tensor of order m + n.

3. Contraction. We have already met an example of contraction. If we
take the trace of u ® v, this is the same as contracting u;v; and a scalar

u;v; is obtained so that

u-v=tr(uxv). (1.48)

Equation (1.48) is a result of a special case of contraction. In general,
contraction involves two suffixes equating and summing over the resulting
repeated suffix. A further special case is the contraction of a second-order
tensor §, with components Sj;, to obtain the scalar tr§ = §;;. Consider the
third-order tensor with components A;j. It follows that Ay, A;;, and Aj;
represent the components of vectors. The concept can be extended to
consider higher-order tensors. Contraction of two suffixes of an m'"-order
tensor (m = 2) results in a tensor of order m — 2.

Test for tensor character. If u; is a set of three quantities possessing

the property that u;v; is an invariant scalar for an arbitrary vector v, then u;
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are the components of a vector. The reader should prove this. If Cj; is a set
of nine quantities possessing the property that Cjju; is a first-order tensor
for an arbitrary vector u, then C;; are the components of a second-order

tensor. Extension to consider higher-order quantities is straightforward.

1.7 Invariants of Second-Order Tensors

The theory in this section is closely related to the corresponding theory of
square and column matrices in linear algebra.
The direction of the unit vector n is a principal direction of the symmet-

ric tensor A if the vector An with components A;n; is parallel to n, that is, if
Aijl’l]' = }J’li. (149)

If A = 0, the unit vector can only be obtained if A is singular, that is, if
det[A] = 0. Equation (1.49) can be written as

(Aij — /15,‘1‘)71]‘ = 0, (150)

which represents a system of three linear homogeneous equations for the
components n1, 1, and ns of n. The trivial solution,n; = n, = n3 = 0, of
(1.50) is not compatible with the condition n;n; = n-n = 1;consequently,
the determinant of the coefficients in equation (1.50) must vanish if the

system has a solution. That is, the requirement for a solution is
det[A — I = 0, (1.51)
where det[A — AI] denotes the determinant of the matrix of the coefficients

of the tensor A — AI. Equation (1.51) is known as the characteristic equa-

tion and is a cubic in 4, which may be written as
PP+ hi—T3 =0, (1.52)

where

J1 = A; = trA, J, =
= det[A].

[(trA)z—tr(Az)}, Js

N =

[(Aii)z_AikAki} =

N =
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The coefficients J1, J,, and J3, of the cubic equation (1.52), are scalar
invariants and are known as the basic invariants of the tensor A. It
follows that the roots (41, 42, 43) of equation (1.52) are independent of
the coordinate system and are the principal values of the symmetric
tensor (or eigenvalues), and the corresponding directions are called
the principal directions (or eigenvectors). The eigenvalues of the matrix
of components are intrinsic to the tensor A. If A is symmetric, the eigen-
values are real; this is sufficient but not necessary for real eigenvalues,
and if the eigenvalues of A, (11, 4, /3), are all positive, then A is a pos-
itive definite tensor. If A is symmetric, and if the eigenvalues are distinct,
then the normalized eigenvectors (n(l), n®, n(3>) are mutually orthogo-
nal. These two axioms are shown in the following manner. At least one
of the roots of a cubic equation with real coefficients must be real;
consequently, one of the principal values, say, 4; must be real. Let n")
be the unit vector associated with A;, which is obtained from the

equations
Aj—diia)ntY =0 1.53
( q lf/“l)n] ’ ( )

1.

and the condition n(V) - n) = 1.1f the x{ axis of a new coordinate system is

in this direction, the tensor A has the primed components
Al = A, Ala = A3 = 0, A, Als, Al

Consequently, the characteristic equation can be written as

M= 0 0
det 0 Aby — A A =0
0 A Al — A

or

(1 = D[~ (Ab + Ak)i+ AnA%s AR = 0. (154)
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This is known as the characteristic equation. The remaining principal val-
ues are the roots of

2
72— (A + A0+ AnALs — A%°] =0, (1.55)

and the discriminant of this quadratic equation is

2
(A/zz+A§3)274(A§2A§3—A§§> — (A — A%)+4 Ak = 0. (1.56)

Consequently, the roots 1, and /3 are also real.

We will now show that if A is symmetric, and if 4, 4, and /3 are
distinct, then the corresponding eigenvectors are mutually orthogonal. It
follows from equation (1.53) that

Ayt = anll). (1.57)

Similarly

A = Jpn?. (1.58)

Scalar multiplication of equation (1.57) by ngz) and equation (1.58) by n](.l)
and subtracting gives

(1 — J)nVn? = 0,

which shows that n'!) is orthogonal to n'?) since A; # /,.
If the tensor is referred to axes Ox; that coincide with the principal

directions n'!) the transformation matrix is given by
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and x; = ajjx;. The components A7 referred to Ox} are then

Al = 10 Ay, (1.59)

and it can be deduced that

000
Ay =10 74 0
0 0 i

This is known as the canonical form of the matrix of components. For many
problems and proofs, it is desirable to refer components of second-order
symmetric tensors to the principal axes. Equation (1.59) can be expressed

in symbolic form
diag(A) = NAN', (1.60)

where diag(A) is the canonical form of the matrix of components of A and

N is a proper orthogonal second-order tensor with components
_ 0
N,‘j = nj .

The rows of the matrix NV are the eigenvectors of A. Usually, in trea-
tises on linear algebra, the diagonalization matrix is the transpose of N, that
is, the columns are the eignvectors of A. The motivation for the above
definition of N is that Mathematica gives a matrix whose rows are the
eigenvectors.

If exactly two eigenvalues are equal, that is, 41 # 7, = /A3, then the
discriminant equation (1.56) is zero, that is, A3 = A%, and Aj; = 0.
Equation (1.54) then has roots 1, = A3 = A% = Ajs, and the matrix of
components referred to the Ox; axes has a diagonal form regardless of the
choice of the orthogonal pair of axes, Ox5 and Ox3 if the Ox{ axis is in the n)
direction. It follows that any axis normal to n'!) is a principal axis (eigen-

vector). As an exercise consider the case 4y = /1, = 13.
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If the A; are distinct, the symmetric tensor A may be expressed, with

the summation convention suspended, in the form,

3 . .
A=Y n"en"
i=1

which is known as the spectral form. If two eigenvalues are equal, that is, if

M = A = A3, then

A = ilnm ® n'V + (I —nW ® n(1>>.

Further, if all three eigenvalues are equal, that is, if 11 = 1, = 43 = 4,
then

A =,

and A is an isotropic tensor.
The eigenvalues and eigenvectors of a second-order tensor can be
obtained using Mathematica and routine but tedious computations are

avoided.

1.8 Cayley-Hamilton Theorem

The Cayley-Hamilton theorem has important applications in continuum
mechanics. According to this theorem, a square matrix satisfies, in a matrix
sense, its own characteristic equation. We will consider this theorem for
a second-order symmetric tensor C, although it is valid for any second-
order tensor or square matrix. As shown in the previous section, the tensor
C has three real eigenvalues 11, 4, and A3, which are the roots of the

characteristic equation (1.54). Consequently, we have the matrix equation
(A Il +Dald) = I} = o),

where (] is the unit (3 X 3) matrix and [/] is the diagonal matrix of the

components of C referred to the principal axes. Since a tensor equation
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referred to a particular coordinate system is true referred to any other

coordinate system, it may be deduced from equation (1.52) that
C—1C+1,C -0 =0, (1.61)

which is the Cayley-Hamilton theorem for a second-order symmetric

tensor. The Cayley-Hamilton theorem is also valid for any (3 X 3) matrix.

1.9 Higher-Order Tensors

The concept of tensor mutiplication can be extended to more than two
vectors. For example, (#® v ® w);; = u;vjwr, which transforms under

coordinate transformation as
UpViW] = QrQgydiViWy, (1.62)
UjViWk = riQgQgd' FViWy. (1.63)
A third-order tensor with components D;j; may be expressible in the form
Dl-jke,- e e,

which is invariant under coordinate transformation. The components trans-

form according to
Djj = ajra;5a1:D;g, Dijx = airajsaxD s

The extension to higher-order tensors is obvious. The tensor product § ® T
of the two second-order tensors S and T is a fourth-order tensor, with

components
(S &® T)ijrs = Si]'T,s. (164)

We meet fourth-order tensors in the study of classical elasticity. It is some-

times convenient to consider a fourth-order tensor to be a linear
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transformation that assigns to each second-order tensor another second-

order tensor. If Bjj, are the components of a fourth-order tensor, then

Sii = Bijit T,

where T is any second-order tensor and S is the result of B operating on T
as indicated.

Symbolic notation is not particularly useful for tensors of higher-order
than two and henceforth we use only suffix notation for these.

The alternating tensor, which is actually a pseudo tensor, is a useful
third-order isotropic tensor if referred to right- (or left-) handed co-
ordinate systems exclusively. The alternating symbol e is defined as:

ejx = 1if (i, j, k) is an even permutation of (1, 2, 3), that is, if
€13 = €31 = €312 = 15
ejx = —1if (i, ], k) is an odd permutation of (1, 2, 3), that is, if
en1 = €132 = €3 = —1;

e;x = 0if any two of i, j, k are equal (e.g., e112 = 0,e333 = 0).

The vector product of two base vectors is given by
e X e = ¢jre,

which follows from the definition of vector product in elementary vector
algebra and the orthogonality of the unit base vectors. It then follows that

the vector product of two vectors u and v can be expressed in the form
uXv=uyve Xe = ejlvje. (1.65)

Since u X visinvariant under right-handed to right-handed (or left-handed
to left-handed) coordinate transformations, it may be deduced from equa-
tion (1.65) that e;x may be regarded as the components of a third-order

isotropic tensor for these transformations.
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A useful identity is

eijkeipq = 5]'1751“1 — 5jq5kp- (166)

In order to prove equation (1.66) we note that
(X w)- (s X 1) = ejrCipgltViSply,
and

uxvy= (I/tle1 + ure; + Lt3€3) X (V1e1 + ver + V3e3)
= e (upvz — vou3) + ex(uzvi — vaug) + e3(ugvy — viw).

Similarly
s Xt = el(S2t3 — 1‘2S3) + ez(S3[1 — Z3S1) + e3(s1t2 — l1S2).
It then follows that

(ll X V) . (S X t) = (u2V3 — M3V2)(S213 — S3[2) + (M3V1 — M1V3)(S3[1 — Sllg)
+ (u1va — upv1)(s1t2 — s2t1)

= (51'1751«1 - 5jq5kp)”j"ksp[q-

Comparison of the above two expressions for (u X v)- (s X ) gives
equation (1.66). The identity equation (1.66) can be used to obtain the

relation
ax(bxXc)=>bla-c)—c(a-b).
This is obtained from equations (1.65) and (1.66) as follows,

a X (b Xc) = ejkaj(€mmrbicm)e;
= (5[15,',” — 5,~m51j)a/b1cme,~
= (biamem — ciaiby)e
= b(a-c)—c(a-b).
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It should be noted that, in general, @ X (b X ¢) # (a X b) X c.
Identity equation (1.66) involves fourth-order tensors, and it may be
deduced that this is an isotropic tensor. This tensor is a particular case of

the most general fourth-order isotropic tensor that has components
000kt + BOikdji + Yirdjk, (1.67)
where o, B, and y are scalars.

1.10 Determinants

The Laplace expansion of a determinant can be expressed in the form

A1 Ay Az
det| By B, B3| = eijkAiBjCk, (1.68)
Ci G G

where e;;; are the components of the alternating tensor as given in
section 9.

It follows from the Laplace expansion that det[I] = 1 and from equations
(1.65) and (1.68) that the vector product of two vectors u and v can be

expressed as a determinant,

€1 € €3
uXv=det|u u uzl,
Vi V2 V3

The triple scalar product u - v X w is given by,

uq up us
u-vxw=det|vi vy V3| = ejjxliViWi. (1.69)
Wi Wy Wws

A physical significance of the triple scalar product is that equation (1.69)
represents the enclosed volume of the parallelpiped with contiguous sides
of the three noncoplanar vectors, u, v, and w. We will use this interpretation

in later chapters.
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It follows from equation (1.69) that

Cn Cn Ci

det | Coy1 G Cp3 | = €;jxC1iCCsi expanded by rows (1.70)
G Cxn G .
= ¢€;xCi1CpCi3 expanded by columns.
Further important relations are,

eijkC,-erka, = emdet[C], (1.71)
eijkcriCsttk = erstdet[c]’ (172)

1
—€;jkrstCirCjsCry = €,udet[C]. (1.73)

6

In equations (1.70) to (1.73) we assume that C;; are the components of the
second-order tensor C, although the results are valid for any (3 X 3) ma-
trix. The determinant of a second-order tensor is a scalar and is known as
the third invariant of the tensor, as already mentioned in section 7. If
det[C] = 0, the tensor is said to be singular. The coefficient of C; in the
expansion of the determinant is called the cofactor of C;; and is denoted by

Cj;, so that expansion by rows gives

det[C] = Cy;Cy; = GGy = C5C5,
which in turn gives

Cijch = 5ikdet[C]. (174)

It may be deduced from equation (1.74) that Cj; are the components of
a second-order tensor; consequently, we can express equation (1.74) in
symbolic notation as,

cCc’ = Idet|C)], (1.75)
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where the matrix of components of C” is the transpose of the matrix of the
cofactors of C. It then follows from equation (1.74) that

trCC" = C;C; = 3det[C].

EXAMPLE PROBLEM 1.3 Show that

1
C
C,i= Eeijkeimszcsjczk-

SOLUTION. Multiply each side of equation (1.71) by e, to obtain
emsiCijk CriCsiCik = emsirs det[C].
It follows from equation (1.66) that e,,qe,y = 20,,,; consequently,
emsi€ijk CriCsjCik = 20,m det[C].

Compare with C,;C¢,;, = 6,,det[C] to obtain C;,;, = %eijkemstCSjC,k.

The inverse of C is a second-order tensor denoted by C~! and
CC' = TorC;Cy' = di. (1.76)

If the tensor C is singular, the inverse does not exist. The term inverse
is meaningful for scalars and second-order tensors but not for tensors of
any other order. The relation (CB)(CB) ' = I follows from equation
(1.76), and premultipying each side first by C™' and then by B! gives
the the result

(cB)'=B'Cc".
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It follows from equation (1.72) that

c:l = Ci , (1.77)
4 det[C]

Since the value of a determinant is unchanged if the rows and columns

are interchanged.
det[C] = det [CT]. (1.78)
EXAMPLE PROBLEM 1.4. Prove that
Au-Av X Aw = detfA](u-v X w).

SOLUTION.

Au-Av X Aw = €A, AjsvsArgw,
ey det[AJu,vsw, = (u-v X w)det[A].

It may be deduced from equation (1.70) that
det[xC] = o’det[C],
and from the result of example problem (1.4) that
det[CB| = det|[C]det[B], (1.79)
since replacing A with BC gives

CBu - CBv X CBw = det[CB](u-v X w)
= det[C](Bu - Bv X Bw)
= det[C]det[B](u-v X w),
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where C and B are nonsingular second-order tensors. It then follows from

equation (1.79) by replacing B by C! that

detlc] = [det[c]] . (1.80)

1.11 Polar Decomposition Theorem

We have already seen that an arbitrary second-order tensor can be decom-
posed, uniquely, into the sum of symmetric and antisymmetric parts. A
further decomposition of an arbitrary nonsingular second-order tensor is
given by the polar decomposition theorem. Before introducing this theo-
rem we define the terms orthogonal second-order tensor and positive def-
inite second-order tensor.

An orthogonal second-order tensor @ satisfies the condition,

00" =0'0 =1 (1.81)
or, in suffix notation,
QjiQki = QijQik = Jik-
It follows from equations (1.73) and (1.81) that
Qo' =0
det[Q] = *#1,

and Q is described as a proper (improper) orthogonal tensor and when the
plus (minus) sign is valid. We are concerned with proper orthogonal tensors
and henceforth use the term orthogonal tensor to denote a second-order
tensor, which satisfies condition (1.81) and det[Q] = 1. A proper orthog-
onal tensor is similar, in a sense, to the transformation matrix for a proper
orthogonal transformation. This is evident by comparing equations (1.19)
and (1.20) with equation (1.81). The scalar product of two arbitrary vectors
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u, v € Vi is unchanged if the vectors are operated on by an orthogonal

tensor. That is,

u-v=Q0u-Qy, (1.82)

or, in suffix notation,

uvi = QijQikuij-

This is sometimes given as the definition of an orthogonal tensor. Equation
(1.82) follows from equation (1.77).
When an orthogonal tensor operates on a vector u € V3, a vector of

equal magnitude results, that is,

|u| = |Qu]. (1.83)

Equation (1.83) is obtained from equation (1.82) by putting u = v. The
unit tensor I is a special case of an orthogonal tensor.

A second-order tensor § is said to positive semidefinite if, for an ar-
bitrary vector, u,

u-Su = S,'juiuj = (), (1.84)

and positive definite if the equality sign holds if and only if u is the null
vector. The antisymmetric part of S does not contribute to u - Su since, if W

is an antisymmetric second-order tensor,

u-Wu = Wijuiuj = 0.

When we consider second-order positive definite tensors we usually
assume the tensor is symmetric, and henceforth, the term positive
definite tensor is used for a positive definite symmetric second-order
tensor.
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The second-order tensor § = ATA, where A is an arbitrary second-
order tensor, is symmetric since (A TA) "~ ATA. It then follows that § is

either positive definite or semidefinite since
u-Su=u- (ATA)u — (Au) - (Au) = 0. (1.85)
Inequality (1.85) is evident if it is expressed in suffix notation since
u- (ATA)u = wAjAiur = (Ajuj) (Aiur).-

If the tensor A is singular, that is, det[A] = 0, it may be deduced from
equation (1.85) that § is positive semidefinite since Au = 0 has a nontrivial
solution for u. If § can be expressed in the form § = AAT or § = ATA, it
follows from equation (1.85) that a necessary and sufficient condition for § to
be positive definite is det[S] > 0. If S is an arbitrary second-order symmetric
tensor, the condition det[S] > 0 is necessary but not sufficient condition for
positive definiteness. The necessary and sufficient condition for a symmetric
second-order tensor to be positive definite is that the eigenvalues (or prin-
cipal values) are all positive. This can be shown by expressing equation
(1.84) in terms of the components with respect to the principal axes of S,

that is, axes, that are parallel to the eigenvectors (principal directions) of §,
w-Su = \i + oty + Asits

where 41, 42, A3 are the eigenvalues of § and iy, #,, and i3 are the compo-
nents of u referred to the principal axes of S. When all the eigenvalues of
S are negative, it follows from equation (1.84) that u - Su < 0 with the
equality sign holding only when u is the null vector. The tensor § is then
said to be negative definite.

The square root $'/2 of a positive definite tensor § is defined as the

symmetric second-order tensor whose spectral form is

3
s = ¥ 1200 g (1.86)
i=1



1.11 Polar Decomposition Theorem

if the eigenvalues are distinct,

Sl/z = )i/Zn(l) ® n(1> + /%/2 (I — n<l) ® n(l))
l.f/12 = )v3 and

S1/2 _ )VI/ZI

if the eigenvalues are equal, thatis, 1 = 1, = 43 = A

The summation convention is suspended and /; and n'), i € {1, 2, 3},
are the eigenvalues and eigenvectors, respectively, of §. We adopt the
convention that positive roots of the 1; are taken in equation (1.86) so that
SV s positive definite and unique.

If the matrix of components of the positive definite tensor § is known,
with respect to an arbitrary system of Cartesian axes, the matrix of compo-
nents of §'/2, with respect to the same system of axes, can be obtained as
follows. First the eigenvalues (/1<1), A(2)» )43)) of § are determined, then the
square roots (ii/ 2, /1;/ 2 )%/ 2). It then follows from equation (1.60) that the

matrix of components of $§'/2 is given by

Ar 0 0
N o A% o |V

1/2

o o i

where the first, second, and third rows of N are the eigenvectors of §
corresponding to (Ai/ 2, }é/ 2, }é/ 2), respectively. It should be noted that
the eigenvectors of §7/2 are the same as those of S. The square root of
a matrix of components of a second-order positive definite tensor can be
determined directly by using Mathematica.

We are now ready to introduce the polar decomposition theorem,

which states that an arbitrary nonsingular second-order tensor A with
det[A] > 0

can be expressed uniquely in the forms,
A = QU, (1.87)

A = VO, (1.88)
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where Q is an orthogonal tensor and U and V are positive definite second-
order tensors. If det/A] < 0, then U and V are negative definite tensors;
however, we do not consider this case since it is not important in the
applications that follow in later chapters. Equations (1.87) and (1.88) are
known as the right and left polar decompositions, respectively. In order to
prove the theorem, we note that ATA and AA™ are positive definite tensors,
so that (ATA)l/ ? and (AAT)l/ ? are also positive definite. The tensors
0= A(ATA)_l/ *and P = (AAT)_l/ ’A are orthogonal since

T \-1/2 1217 T\
A(a™a) {A(A A) } —A(a™) A
—AATAT AT = 1,
and det[P] = det[Q] = 1,sothatA = QU = VP, where U = (ATA)l/2
and V = (AAT)I/Z.
The square root of a positive definite tensor is unique, when the pos-
itive roots are taken in equation (1.83), so that the decompositionA = QU

is unique. We now have to show that @ = P to complete the proof of the

theorem. This follows since
A—VP— P(PTVP),

and it can be shown that PYVP = U. Consequently, @ = P and
U = 0Q'vo.

The positive definite tensors U and V have the same eigenvalues, and
the eigenvectors IV of U are related to the eigenvectors m¥ of V by

1Y = @"m". (1.89)

EXAMPLE PROBLEM 1.5. Determine the polar decomposition equation
(1.87) of the matrix of components, with respect to a particular co-

ordinate system,

11 05 03
Al = | 04 12 05],
02 03 09

of a nonsingular second-order tensor A.
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SOLUTION. The matrix of components of

C=A"A
is given by

1.1 04 —02]7[ 11 05 03
€] =105 12 03 || 04 12 05
103 05 09 |[-02 03 09
[1.41 097 0.35]
= (097 178 1.02
1035 1.02 1.15]

and the matrix of components of

C]/Z - U

1.11294  0.406455 0.0785375
(U] = | 0.406455 1.18478  0.459452 |,
0.0785375 0.459452 0.965783

which can be obtained by using Mathematica or the procedure already
described.

The matrix of components of the inverse of U

1036 —03956  0.104
[U”} — | 03956 1186 —0.532
0104  —0532 1280

can be obtained using Mathematica or a standard procedure given in most

texts on linear algebra.
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The matrix of components of the tensor
-1
0 =AU

1S
11 05 03 1.036 —0.3956 0.104

@ =104 12 05]]|-03956 1186 —0.532
| -02 03 09 0.104 —0.532 1.280

[ 0.9726 0.018 0.2324
= | —0.0085 1.0 0.04314
| —0.2322  -0.4393  0.9717

It is easily verified that [A] = [Q][U].

1.12 Tensor Fields

If the value of a tensor is assigned, at every point x of a domain D of a
Euclidean point space E3, we have a tensor field. The tensor, which may
be of any order, may then be expressed as a function of x € D, and
perhaps time. We are mainly concerned with scalar (zeroth-order ten-
sor), vector (first-order tensor), and second-order tensor fields”. These
fields may have discontinuities, but for the present we will assume that
the tensor fields are continuous with continuous first derivatives. The
treatment of derivatives of tensor components, with respect to spatial
coordinates, is greatly simplified when rectangular Cartesian coordinates
are adopted. In this section both suffix and symbolic notation are used to
develop the theory.

First we consider a scalar field ¢(x). Then d¢/0x;, sometimes written

as ¢,;, are the Cartesian components of a vector since,

99 _ 9¢ 09
Bx;» Ox; 6x;-’
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which, with the use of equation (1.11) becomes,

99 09 (1.90)

—F = a]-,-—.

Ox; Ox;

Equation (1.90) is the transformation rule for the vector (9¢/0x;)e; € V3,
which is known as the gradient of ¢ and is often denoted by V¢ or grad¢. At
any point V¢ is normal to the surface ¢(x1, xp, x3) = constant passing
through the point and is in the direction of ¢ increasing. The scalar
V¢ - n, where n is a unit vector, is the rate of change of ¢ with respect to
the distance in the direction n.

We use the symbol V preceding an operand to denote either the dif-

ferential operator

V= eig—i)i (1.91)
or
_ 90
V=g (1.92)

and we will carefully note which definition is intended. It is immaterial
which definition of V is used for the gradient of a scalar or the divergence
of a vector. When V operates scalarly on a vector, it gives the divergence of

the vector,

8vl~
Vv =—.
v 8xi
When V operates scalarly, with either definition, on itself, the result is

a scalar differential operator

82
(‘)xi@xi ’

(V-V)=V'=

39
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According to the definition of curl v, where v is a vector field, in elementary
vector analysis,
8vk

curl v = ei,-ka—xei, (1.93)
J

so that

curl v=V X v,

with V given by definition (1.91). However, with definition (1.92),
curl v =—-V X v

Henceforth, the form

V Xy

is not used and curl v is understood to be given by equation (1.93).
The nine quantities dv;/0x; where v; are the components of a vector
are the components of a second-order tensor field since it is easily shown

that they transform according to the tensor transformation rule,

8v; Ovp

— = AmQmi .
/ 8x,-

ox,,

The second-order tensor V ® v with components dv;/9x; is known as the
gradient of vector v, and the definition (1.92) is implied, so that

avk
= ;. 1.94
Ve 8xiek®e (1.94)

The matrix of components of V @ v is then given by

[Ovi v Ow ]
8x1 8)62 a)C3
aV,' 8vz 8V2 8\/2
ALY R e A 1.95
[8X]'] 8}61 (‘)xz 8)63 ( )
Ovs  Ovs Ovs
_8)61 sz 8)63_
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It follows from equation (1.95) that V- v = #r(V ® v). The notation vy ; is
often used for dvi/Jx;, and this is compatible with equations (1.94) and
(1.95). When definition (1.92) is used we obtain the transpose of the right-
hand side of equation (1.95). With definition (1.92),

dv = (V@ v)dx,

which is analogous to the result

df(x) = %dx

in elementary calculus, whereas with definition (1.91), we obtain

dv = dx- (Vo).

In spite of the difficulty with the curl it is usually more convenient to adopt
definition (1.92). The gradient of the vector field v(x) may also be defined as
the linear transformation that assigns to a vector a the vector given by the
following rule:

v(x + sa) — v(x)

(Vev)a = lim ,

s—0 S

which is compatible with definition (1.92) and is analogous to a definition of
the gradient of a scalar field ¢(x), namely, that the gradient of ¢(x) assigns

to a vector a the scalar given by the following rule

Bx +5a) — H(x)

s

(Vo) -a = lim
s—0
The divergence of a second-order tensor T is a vector given by

8Ti]'

divl = . e

(1.96)

M
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if definition (1.91) is used and

divl = ox, e (1.97)

if definition (1.92) is used.
With definition (1.92),

oT;;
VoT =——Te®e e,
c’)xk

which is a third-order tensor. When 07';/0x, is contracted with respect
to the suffixes i and k, the components of divT defined by equation (1.91)
are obtained, and if contracted with respect to j and k, the components
defined by equation (1.92) are obtained. The gradient of a tensor of
higher order than two with components 0S;;.../0x,, can be contracted
with respect to m and any one of the suffixes i,j,k ... [ or any two of the
suffixes i,j,k ... [.

There is an important relationship between curl v and V ® v. The

symmetric part of V® v,

D = (V®v+(V®v)T)

N =

has components

Dy = 5 (vij + vji),

N =

where we have adopted the notation v; for dv;/0x;, and the antisymmetric
part

0 :%(V®v—(V®v)T)
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has components

;= (V,‘J — V]‘,l‘).

=
N =

Now consider the vector w = %curl v, which in component form is,

1

w=[er(va2 —v23) +ea(vis —vai) +es(var —vig)]. (198)

We note that the independent components of £2;; are related to the com-

ponents of the vector w as follows,

Qi = —e;Ww, (1.99)
1
Wi = —Eel‘iji]‘. (1100)

It follows from equation (1.99) that w X a = 2a where 2 = £2;e; X e;.
We can obtain a vector b from any second-order antisymmetric tensor B as
follows, b; = e;Bjr. Actually, a vector ¢ can be obtained from any second-
order tensor C as follows, ¢; = €;xCjx, ¢; = €;;xCjx ; however, ¢ is the null
vector if C is symmetric, and if C is not symmetric, the symmetric part does

not influence ¢ since
e Cy = 0, (1.101)

where C® is the symmetric part of C.

The relation
tl’(AB) = AﬁBij = 0,

where A is symmetric and B is antisymmetric, is similar to equation
(1.101).
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1.13 Integral Theorems

The integral theorem, which is most frequently encountered in the study of
continuum mechanics, is the divergence theorem. In what follows we present
the divergence theorem and Stokes’ theorem without proof, since proofs of the
basic theorem are presented in numerous texts on elementary vector analysis.
We consider a bounded regular region of Ej3, that is, the union of the set of
points on a closed piecewise smooth boundary or boundaries and the interior
points. It may be simpler to think of a volume bounded by an outer surface, or

by an outer surface and one of more inner surfaces. If ¢ is a continuous scalar

field, then
/V(;de = /¢nda,
v oV

or, in suffix notation,

¢
8—Xidv = /qﬁnida, (1.102)
14 ov

where v denotes the region, Jv is the boundary with area a, and n is the

outward unit normal to the boundary. The divergence theorem

/divudv = /u~nda,

v %)%
or, in suffix notation,
gj:dv = /u,n,-da (1.103)
v v

is obtained from equation (1.97) when ¢ is replaced by the components
u; of a vector u, and the summation convention applied. Equation
(1.03) is what is usually known as the divergence theorem, although

equation (1.02) is more fundamental. The theorem can also be applied
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to second- and higher-order tensors. For example, if T is a second-order

/ divldv = / T;nida
g v

where divT is given by equation (1.97), so that in suffix notation we have,

oT;

8x,-dv = /Tijnjda.
Vv 1%

tensor,

EXAMPLE PROBLEM 1.6. Use the divergence theorem to prove that

/ n X uda = /curludv,
OR R

where u € C! is a vector field in region R and n is the unit normal to the
boundary OR of R.

SOLUTION.

/ n X uda = (/ eijknjukda> e = (/ €ijk 8ukdv>ei = /curludv.
OR OR R Ox; R

The second theorem that frequently occurs is Stokes theorem. Let dA be
a part of a surface A bounded by a closed curve C, and u be a continuous

vector field in the domain containing A, then Stokes theorem is

fu-dx :/curlu~ndA
A

where ¢ denotes the integral around the curve C, dx is a vector element
of C, and n is the unit normal to A taken in the sense of the right-hand

rule.
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EXERCISES

1.1.

1.2

1.3.

1.4.

1.5.

1.6.

1.7.

Derive the vector relations

(a) curl V.o = 0.

(b) diveurl u = 0.

(c) div(om) = odive + u - grada.
(d) curl(om) = ocurlu + Vo X u.
(e) curlcurlu = Vdivu — Vu.

(f) aV?p = div(aVP) — Vo - VB.
(g) u X curlu = $V(u-u) —u-Vu.

Consider the tensor I —n®n = (8; — nnj)e; ® e;, where n is a unit
vector. Show that (I —n® n)u is the projection of u onto a plane

normal to n and that
I-n®n’= (I-non).
Show that if § is a second-order positive definite tensor

det[s”z] — {det[S]}'*.

Let T;; be the components of the deviatoric part of the second-order

symmetric tensor T*. Prove that
* 1 *
det[T"] = gtr(T 3).

Consider the nine quantities A;; referred to a given coordinate system.
If A;;B;; transforms as a scalar under change of coordinate system for
an arbritrary second-order symmetric tensor B, prove that A; + A;

are components of a second-order tensor.

Show that for a proper orthogonal tensor Q, there exists a vector u
such that Qu = u.

Show that det[u ® v] = 0.
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1.8. Consider the positive definite matrix

3 2 15
B = |2 4 1
1.5 1 2

Obtain the square root,

1.57443  0.542316 0.476527
[Bl/z] = 0542316 1.91127 0.230106
0.476527 0.230106 1.31148

and check this result using the Mathematica command MatrixPo-
wer[B,1/2].

1.9. Show that for any proper orthogonal tensor Q,
detfQ —I] = 0.

It is perhaps easier to show this using symbolic notation, noting that
QQ0" = I and the result follows.

1.10. Let V be aregion of E3 with boundary 0V and outward unit normal n.
Let o be a Cauchy stress field and u a vector field both of class C'.
Prove that

/ u® onda = / {u®dive + (Vo u)oldv.
ov \%

1.11. Show that

/ (Veou)dv = / (n ® u)da,

v )%

where n is the unit normal to the suface Ov.
Assume definition (1.91) for V.
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1.12. If b = ¢Vy, where ¢ and y are scalar functions, show that

/‘/<¢V2¢+V¢-V$)dv - /BVqSth-ndA,

where n is the unit normal to the suface A.
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2.1 Description of Motion

In this chapter we are concerned with the motion of continuous bodies
without reference to the forces producing the motion. A continuous body
is a hypothetical concept and is a mathematical model for which molecular
structure is disregarded and the distribution of matter is assumed to be
continuous. Also it may be regarded as an infinite set of particles occupying
aregion of Euclidean point space E3 at a particular time ¢. The term particle
is used to describe an infinitesimal part of the body, rather than a mass point
as in Newtonian mechanics. A particle can be given a label, for example, X,
and there is a one-one correspondence between the particles and triples of
real numbers that are the coordinates at time ¢ with respect to a rectangular
Cartesian coordinate system.

There are four common descriptions of the motion of a continuous
body:

1. Material description. The independent variables are the particle X and
the time ¢.

2. Referential description. The independent variables are the position
vector X of a particle, in some reference configuration, and the time
t. The reference configuration could be a configuration that the body
never occupies but it is convenient to take it as the actual unstressed
undeformed configuration at time ¢t = 0. The term natural reference
configuration is used to describe the unstressed undeformed configu-
ration at a uniform reference temperature. A difficulty arises when

a body has an unloaded residually stressed configuration due perhaps
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to lack of fit of component parts. This is not discussed in this chapter.
The reference configuration is often called the material, or Lagrangian
configuration and the components Xk, K € {I,2,3}, with respect to
a rectangular Cartesian coordinate system, are the material coordi-
nates of X. In many applications, for example, in the theory of elas-
ticity, the reference configuration is taken to be the natural reference
configuration.

3. Spatial description. The independent variables are the current position
vector x and the present time ¢. This is the description used in fluid
mechanics. The components x; of x are known as the spatial coordi-
nates and sometimes as the Eulerian coordinates.

4. Relative description. The independent variables are the current posi-
tion vector x and a variable time 7. The variable time 7 is the time at
which the particle occupied another position with position vector g.

The motion is described with ¢ as the dependent variable, that is,

¢ = Xt(x7 7)3

where the subscript ¢ indicates that the reference configuration is the
configuration occupied at time ¢ or that x is the position vector at time .

That is, we have a variable reference configuration.

Descriptions (2) and (3) are emphasized in the applications that follow and
(1) and (4) will play only a minor role in the topics considered in this book.
We will take the reference configuration for description (2) to be the con-
figuration at time ¢ = 0, usually the undeformed state of the body, and will
refer the material and spatial coordinates to the same fixed rectangular
Cartesian coordinate system.

It is convenient to use lowercase suffixes for the spatial configuration,
for example, the position vectors of a particle in the spatial and reference

configurations are given by

X = X;€;,

and

X = XkEk,
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respectively. Since the same coordinate system is considered, the unit
base vectors e; and Ex coincide, that is,

(er,ez,e3) = (E;, Es, E3).
The motion of a body may be represented by

x=¥X,1). 2.1)

Equation (2.1), for a particular particle with position vector X at t = 0, is
the parametric equation with parameter ¢, of a space curve passing through
point X, and this curve is the particle path of the particle. A stream line is
a curve whose tangent at a fixed time at each of its points is in the direction
of the velocity vector.

Although the motion is completely determined by equation (2.1), it is often
desirable to consider the state of motion at fixed point in space, described
by the velocity field

v=v(x,1). (2.2)

Equation (2.2) represents the velocity at time ¢ of the particle occupying the
point with position vector x. The stream lines for a fixed time ¢ are
given by the solution of the three, in general nonlinear, ordinary
differential equations,

dx; v .
—_ = 1,2,3
dS |v|9l€{9 ) }s

where s is the distance measured along the curve so that dx/ds is the unit
vector tangential to the curve. A stream line and particle path coincide
in steady flow, that is, if 8F(x,t)/8t50, but the converse is not
necessarily true.
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2.2 Spatial and Referential Descriptions
The velocity can also be given as a function of X and ¢,
=V(X.,1). (2.3)

Equation (2.3) represents the velocity at time ¢ of the particle that occupied
the point X in the reference configuration.
Similarly it follows from equation (2.1) that any quantity f that may be

expressed as a function

f=Ff(x1)

of the variables x and ¢t may also be expressed as a function

fX, 1) = fx(X, 0),0)

of X and ¢. These are known as the spatial and referential descriptions,
respectively. There are two different partial derivatives of f with respect to
time, 8f(x, t)/0t, which is the rate of change of f with respect to time at
a fixed point, and df (X, £) /Or, which is the rate of change of f with respect to
time of the particle with initial position X and is known as the material

derivative. The material derivative can also be expressed as

df _

= yqoi {fcx+-vAtz+-An f(xJ)}. (2.4)

Using suffix notation and expanding the right-hand side of equation (2.4) as
a Taylor series gives'

af .. of f _of of
“ - mﬁi@ m+am+o@Q] =Vip o+ (2.5)

'The meaning of the O symbol is as follows: f(x) = O(g(x))asx — 0 implies that
hm\f( )|/|g(x)] = K where K is bounded. When K = 0, we use the small o symbol,
that i is, f(x) = og(x) implies that lirr(l)\f(x)\/\g(x)\ =0.
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or, in symbolic notation,

df_ .
Efv~Vf+

of
= 2.6
9 (2.6)
Since v -V is a scalar differential operator, equation (2.6) is valid if f is
a scalar or tensor of any order. An alternative notation for the material
derivative d()/dt is D()/Dt. The velocity of a particle is a particular case of

a material derivative since
V== = (2.7)

The motion is called steady flow if the velocity is independent of time, that
is, if Ov/0t=0.

2.3 Material Surface

A material surface is a surface embedded in a body so that the surface is
occupied by the same particles for all time z. In most problems the bound-
ary of a continuous body is a material surface. An exception is when abla-
tion occurs, as in a burning grain of propellant.

A necessary and sufficient condition for a surface ¢(x1,x2,x3,¢) = 0 to

be a material surface is

dp _0¢ 0¢ = _
dt ot 8xl-v’_0’ (28)

where v is the particle velocity and d¢/dt is evaluated on ¢ = 0. The proof
is as follows. Suppose a typical point on the surface, ¢(x,) = 0, is moving
with velocity u, not necessarily equal to v, the velocity of the particle in-
stantaneously occupying that point on the surface. The velocity # must

satisfy the condition
9  0¢
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since

d(x,1) = 0.
The normal component of u on the exterior normal to ¢ = 0 is

us(0¢/0x;)
<8¢8¢> 1/2°

ka axk

Up =U-n =

and with the use of equation (2.9) this becomes

Uiy = M (2.10)

29 09\

Bxk 8xk
The normal component of the particle velocity v on the exterior normal to
¢ =0is

99 09"

axk 8xk
Substituting for 9¢ /0t from equation (2.10) and for v¢(9¢/dx,) from equa-
tion (2.11) in

dp _0¢  0¢
ar or Ox, &

gives

d¢ ap 0p1"?
If the surface always consists of the same particles, u(,) = v(,), and it follows
from equation (2.12) that d¢/dt = 0, evaluated on ¢ = 0, is a necessary
condition for ¢ = 0 to be a material surface. This proof of the necessity of
the condition can be given in words. If the surface is a material surface, the

velocity, relative to the surface, of a particle lying in it must be wholly
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tangential (or zero); otherwise we would have flow across the surface.
It follows that the instantaneous rate of variation of ¢ for a surface parti-
cle must be zero, if ¢(x,¢) = 0is a material surface. To prove the sufficiency

of the condition we put

d(X,t) = p(x(X,1),t) =0, (2.13)
so that d¢/dt = 0 implies that

0P(X,1)

Ot =0

This further implies that ¢ = 0 is the equation of a surface fixed in the
reference configuration, and it then follows from equation (2.13) that

¢(x,1) always contains the same particles.

2.4 Jacobian of Transformation and Deformation Gradient F

Let dV be the volume of an infinitesimal material parallelepiped ele-
ment of a continuous body in the reference configuration, taken as the
undeformed configuration, and let dv be the volume of the parallelepiped
in the current or spatial configuration. Contiguous sides of the parallelepi-
ped are the material line elements dX M ax®@ dx® in the reference con-
figuration, and dx(V), dx®, dx® in the spatial configurations are as shown
in Figure 2.1.

The volume of a parallelepiped is given by the triple scalar product of the
vectors, representing contiguous sides, taken in the appropriate order,

consequently,
dV=dXYxdX®? . aX® = ex; ydxVaxPax?, (2.14)

dv = dx'Vxdx® - dx® = ey} dx}dx;. (2.15)
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dx® / 7 dx®

dxX@
- D
ax@d

Figure 2.1. Deformation of infinitesimal parallelepiped.

~

Substituting
B = 9% el )
= ZLax? ol [dx®] ), s e {1,2,3} (2.16)
o0Xy,
in equation (2.15) gives
ox; Ox; Oxy
dv L R axWaxPax 2.17
~ S X 0X, OXy ’ 217)

neglecting terms O (|dX(S) |2)
It follows from equations (1.71), (2.14), and (2.17) that

dv =JdV, (2.18)
where
ox;
det 2.1
J- {ax,(] (2.19)

or, using a common notation,

_0(x1, X2, x3)
Xy, X2, X3)'
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The determinant J is the Jacobian of the transformation (2.1) and is some-
times known as the dilatation because of equation (2.18). It is evident from

physical considerations that

0<J <o,

and this also follows from the invertibility of equation (2.1). A motion for
which there is no volume change for any element of the body is described as
isochoric. If a body is assumed to be incompressible, it can only undergo
isochoric motions, otherwise thermodymamic anomalies arise. It follows
from equation (2.18) that J = 1 for an isochoric motion.

The elements Fy; = 0x;/0Xk of the matrix in equation (2.19) are the

components of a second-order two-point tensor,
F = Fige; ® Eg, (220)

known as the deformation gradient tensor. It is implied by equation (2.20)
that F transforms as a vector for coordinate transformations in one config-
uration. This shows that F is related to both configurations and it is a linear
operator that operates on a vector in the reference configuration to give
a vector in the spatial configuration. If (X, x) and (X?,x?) are the position
vectors of two adjacent particles in the reference and spatial configurations,

respectively, then

- x() o ax,-
L) €'

(Xc—x2)+0 <’XK - X,?r). (2.21)

When X and X© are an infinitesimal distance apart we can put
dX = X — X9 and dx = x — x© so that

dx = FdX, dxi = FinXK. (222)
Equation (2.21) should be compared with equation (2.16). The term two-

point tensor indicates the relationship to both the spatial and reference

configurations.
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The deformation gradient tensor F can also be expressed in the form

F = Gradx
where
_ 90
Grad = OXx Ex.

The inverse F~! of the deformation gradient tensor occurs frequently, and

its components are given by

0Xx

_ 0X,
FKil _ _ 0A&g

F!- E ; 223
8xl~ ’ ax,- K®e ( )

and the inverse of equation (2.22) is

dX = F ldx.

2.5 Reynolds Transport Theorem

We have already considered a material surface that is a surface that con-
tains the same particles for all time. Material lines and material volumes are
similar concepts. A material volume is bounded by a material surface or
surfaces and is frequently referred to as a system volume, especially in the
literature of thermodynamics.

There are certain theorems concerning the material derivatives of line,
surface, and volume integrals of a field ¢(x, ) where ¢ may be a scalar,
vector, or higher-order tensor. The most important of these theorems is
that for the volume integral that is usually known as Reynolds Transport

Theorem. This theorem can be expressed in the form

d o¢
dt/ d(x, t)dv= /8th+ / ¢v - ndsS, (2.24)
v(r) V(1) (1)
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where v is the velocity field, n is the outward unit normal to the surface S of
the material volume v(f). According to equation (2.24), the rate of change
of the integral of ¢ over the material volume v(¢) is equal to the integral of
0¢ /0t over the fixed volume that coincides instantaneously with v(¢) at time
t plus the flux ¢v through the surface S of this fixed volume.
In order to prove equation (2.24) we need the result
dJ
—=JV. 225
dt v (2.25)
which is due to Euler’s Equation. The proof of equation (2.25) is as follows.

First we note that the Jacobian J is given by

ox i

7= X

A, (2.26)

where Ak is the cofactor of Fjx = dx;/0Xk in the determinant J. Since the
derivative of J with respect to ¢ is the sum of the three determinants formed
by replacing the elements of a different row (or column) of each determi-

nant by their time derivatives,

ﬂ d ox; ov; A ov; 8x] A
dt Xk ) T ox T T owjox
and with the use of equation (2.26) it follows that
dj 8vi

Using equations (2.1) and (2.18) we obtain

/ dx / (JqS(X x))dv (2.28)
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where ¢(X, 1) = ¢p(x(X, 1), 1). Since the integral on the right-hand side of

equation (2.28) is over a fixed volume we can differentiate inside the in-

0
i | s =[5 i )
and with the use of equation (2.27) this becomes

% / P(x,t)dv = / <%+¢divv>dv. (2.29)
v(r)

v(t)

tegral sign to obtain

Equation (2.24) can be obtained from equation (2.29) with the use of
the identity

V- (¢v) = ¢V v+ -V,

relation (2.6), Withf replaced by ¢, and the divergence theorem.
Equations (2.24) and (2.29) are valid when ¢(x, ) is continuous. Sup-

pose ¢(x, t) has a discontinuity across a surface ) (¢), that moves with

velocity w(x, t), not necessarily equal to the field velocity v, and divides

the volume v into two parts, v and v, as indicated in Figure 2.2. The unit

normal m to ) (¢) points from the -side to the +side.

Then, equations (2.24) and (2.29) must be replaced by equivalent forms

d
dt/qb(x, t)dV:/aa(de—i— / ¢v-ndS— / [(v—w) -md¢]da,
v(r) v(r) av(e) (1)

(2.30a)

% / o(x, t)dv= / (cgf—l- ¢divv> dv— / [(v —w)-md¢]da, (2.30b)
(1) (1) (1)

respectively, where [(v —w)-m¢] = ((v—w)-mp) —((v —w)-m¢p)”
and the superscripts + and — denote the values on the + and -side of
Y (¢), respectively. A proof of equation (2.30a) is as follows. The rates of



62

Kinematics and Continuity Equation

a*(r)

v (x,0)

a(r)
Figure 2.2. Discontinuity across surface X(z).

change of the integral of ¢ over the volumes v*(¢) and v~ (¢)are equal to the
integral of 0¢ /0t over the fixed volumes that coincide instantaneously with
v* () and v~ (r)at time ¢ plus the flux ¢v through the surfaces of the fixed
volumes. It then follows that

d el
o7 / o(x, H)dv= / Edv—k / ¢v - nda
v (1) vi(r) a’ (1)

- / (v—w) -m¢")da
3(t

)
d o)
7 / o(x, H)dv= / Edv—k / ¢v - nda+
v (1) a (t)

/ (v—w) - m¢~)da,

Z(7)

and addition of these equations gives equation (2.30a)
Equation (2.30) has applications in wave propagation problems that in-
volve shock waves.

The one-dimensional form of equation (2.24) is,

P0) P0)
/ o(x, t)dx= / %dx + X20(x2, 1) — X1(x1, 1),

x1(1) x1 (1)

YN

where a superposed dot denotes differentiation with respect to ¢. This is just
Leibniz’s rule in elementary calculus for differentiation of an integral with

variable limits.
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The theorems that involve material differentiation of line and surface

integrals are given in the problem set at the end of this chapter.

2.6 Continuity Equation

Conservation of mass requires that

d
o7 p(x, )dv=0,

V(o)

where p is the density in the spatial configuration and v(z) is a material

volume. It then follows from the form (2.29) of the transport equation that
d
/ [?f—i—pv . v}dV: 0.
V(1)

Since this result must hold for an arbitrary material volume and the in-

tegrand is continuous,

dp
V.v=0 231
5 TPV =0, (2.31)

which is the spatial form of continuity equation and which can also be

expressed in the form

dp
E‘FV'(/)V) =0,

by using the expression for the material derivative of p and the relation

V.- (pv) = pV - v+ v-Vp. The material form of the continuity equation is
po = pl, (2.32)

where p,, is the density in the reference configuration. Equation (2.32) is
obtained from equation (2.18) and p,dV = pdv, which follows from
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conservation of mass. Equation (2.31) can also be obtained by taking the
material derivative of equation (2.32) and using equation (2.22).

A useful result

&

do
t/pq)dv— / pEdV (2.33)
v(t) v(t)

can be obtained from equations (2.29) and (2.31).

2.7 Velocity Gradient

The velocity gradient tensor, V ® v, is the gradient of the velocity vector v;
consequently, it may be expressed in terms of its components v;; relative to

a rectangular Cartesian coordinate system as

ov;
Veav=—_—e®ce,.
8x,~
A common notation is
L=VQuv,

and henceforth, L denotes the velocity gradient.

Material differentiation of the deformation gradient gives

i 8xi o (91/’,' _% 8)(7]'
8XK _aXK_a)CjaXK’

dt
and, in symbolic notation,
F=LF (2.34)

or

L=FF", (2.35)
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which gives the relation between the velocity gradient and the deformation
gradient.

Consider a material line element PQ, and let the velocities of P and Q
be vo and v, respectively. It then follows from a Taylor series expansion
that the velocity of Q relative to P is

v—vo=Vovix—xo) +O(|x—x0|2),

where x and x are the position vectors of P and Q, respectively. When PQ

is an infinitesimal line element we can replace this expression by

dv =V ® vdx, (2.36)
or, in suffix notation,
(9vl-
dVi = aixjdxj'.

We must note the meanings of dx and dv, namely, that dx is the vector of
the infinitesimal directed line segment PQ and dv is the velocity of Q
relative to P. The material time derivative of dx is dv, since

d . d 8xl- . 81/1' . avi 8XK '7% o '
E(dxl) = <6XK XK) = aXKdXK _TXKTX,- dx; = 6xjdxj =dv;.

(2.37)

2.8 Rate of Deformation and Spin Tensors

The symmetric and antisymmetric parts D and W, respectively, of the
velocity gradient tensor, L =V ® v =D + W, are known as the rate of

deformation and spin tensors, respectively, so that

D= (L + LT> (2.38)

N =

65
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and

W= (L - LT). (2.39)

N =

We use notations d;; and w;; for the components of D and W, respectively,

so that
1 /0v; Ov;
d. == =24+
i 2<axj+ax,~>

and

The material derivative of the square of the length ds of an infinites-

imal material line element PQ = dx is

d 2 d d ov; .
7 (ds ) == (dx;dx;) = ZdXiE (dx;) = 28—xjdxjdxi = 2(djj + ;) dx;dx;
= 2dl~/~dxl~dxj,
(2.40)
since
wijdxidxj =0. (241)
Also note that
d/, » d
i (ds ) = 2ds%(ds),
and using this along with equation (2.40) gives
d dx[ dxj
— L ds) = d; 2T — g, 2.42
s dt (dS) d] ds ds d]l’l n] ( )
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Equation (2.42) gives an insight into the physical significance of the rate of
deformation tensor D, which is often called the strain rate tensor especially
in plasticity theory.

It follows from equation (2.40) or (2.42) that a necessary and sufficient
condition for a rigid body motion, that is, a motion for which the distance
between any two particles remains invariant, is d;; = 0. This is known as
Killing’s theorem. It was shown in the previous section that the velocity of
Q relative to P is dv = V ® vdx for the material line element PQ = dx,
and it may be deduced from Killing’s theorem that the part Wdx of
V ® vdx = Ldx corresponds to a rigid body motion.

In order to see the significance of the spin tensor W, it is desirable to

introduce the vector

o= Lourly = Ll (03 _ 02 L (O _Ovs\ (Ov2 O
2 21\ ox,  ox; \ox;  ox Nox, ox) [

In fluid mechanics the vector ¢ = 2m = curlv is known as the vorticity
vector.

Comparison of the components of the vorticity vector 2m with the compo-
nents of the spin tensor shows that o is the vector of the antisymmetric spin

tensor W. Consequently,

w; = — Eeijijk,Wi/‘ = e,-jkwk. (243)

The significance of the vector ® and the tensor W then becomes evi-
dent from the following theorem. The angular velocity of the triad of
material line elements that instantaneously coincides with the principal
axes of the rate of deformation tensor D is given by @ = Lcurly. In order

to prove this theorem we need to show that

—n'” = oxn, (2.44)

67
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where n® o € {1,2,3} are the principal directions or eigenvectors of D.

This can be shown as follows:

dn?)  d [dxk] 1 d 1 d/,
Tk _ 2 = (dxp) ———— (ds™)dxy, 2.45
di = di || = as@ar Y T g (@ )du. - @45)

where ds(* is an element of length in the corresponding principal direction.
Using equations (2.37), (2.42), (2.43), and

(d,-k - d<‘*>5k,»)n§“> —0,

where d® are principal values of the rate of deformation tensor D, it
follows from equation (2.45) that

dny Vi @) ) ()
A ox, "

and the result (2.44) is proved.

Another interpretation of the vorticity 2w is as follows. If an element
of a continuum with its mass centre at P is instantaneously made rigid
without change of angular momentum, then its angular velocity immedi-
ately after it has been made rigid is @ = 1 curly, if and only if the principal
axes of inertia for the resulting rigid element lie along the principal axes of
the rate of deformation tensor evaluated at P immediately before the ele-
ment becomes rigid. The proof of this depends on certain results in rigid
body dynamics and is as follows. Let r be the position vector of a particle of
the element with respect to P. The element is assumed to be sufficiently
small that terms 0(|r|2) may be neglected. At the instant immediately
before becoming rigid the angular momentum H of the element about its

mass center is

H:/erv*dV,
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where v is the volume of the element and the velocity relative to P of

a particle, of the element, is given by

Vi = et O(Ir).

and dv;/0x, is evaluated at P. The angular momentum H of the element is
then given by

H; = ejji Zik/ prirsdv = ek (dis + Wis) / prirsdv. (2.46)

v

At the instant immediately after becoming rigid without change in angular

momentum,

Hl‘ = I,']'a)'j. (247)
where w' is the angular velocity of the rigid element and
2
I = / p(r 0jj — rirj) dav, (2.48)

where [;; are the components of the inertia tensor of the element. Also at
the instant immediately after the element becomes rigid, the rate of de-

formation tensor is zero, so that

Hi = e,-jkw’ks/ prsr]-dv, (2.49)

v
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where o, are the components of the spin tensor. Equation (2.49) is equiv-
alent to equation (2.47), since substituting equation (2.38), in equation
(2.43) gives

H; = —eijkestkw'z/ pryridv = — (80 — 6i0js) ' / prsridv

v v

= co/j/ p(rzéij - r,~rj>dv.

v

Referring to equation (2.46), dy f rgrjdv are the components of a second-
order symmetric tensor if and 0nl§1 if d,s and f prsrjdv are coaxial, that is, if
and only if they have the same principal axes or eigenvectors. Also the
principal axes of I;; and [ pryrjdv coincide. Comparison of equations (2.46)
and (2.49) shows that if and only if d;j and I;; are coaxial,

!
Wi/‘ =W ij
since

el-]-kdks / pi’sl’jdVZO,

v

if and only if d,, [ pryrjdv is symmetric.

2.9 Polar Decomposition of F

The polar decomposition theorem given in chapter 1 can be applied to the
deformation gradient tensor F since det[F] > 0, so that we have the unique

decompositions,
F=RU,F =VR, (2.50)
or, in suffix notation,

Fik = RixUgkr = VijRjk.
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It follows from equation (2.50) that

U=R"VRV =RUR". (2.51)

According to the Polar Decomposition Theorem given in chapter 1, U
and V are symmetric positive definite second-order tensors with the same
eigenvalues, 4,4, o € {1, 2, 3}, that are known as the principal stretches, and
R is a proper orthogonal tensor so that

det(R] =1and R" =R .

IfR=1F = U = V, and the deformation is pure strain with no rotation.
The spectral forms of U and V are

3 3
U=Y 1L,NaN v=" 1n"cn, (2.52a)

=1 a=1

if the A, are distinct, where N ) and n® are the eigenvectors of U and V,

respectively, and

U= /N oN® 4+ /1(1 _N¥g N(3>),
(2.52b)
V = )v3n<3) ® n® + 2 (I —n¥ ® n<3)),

if 4 =4, =1 +# 23, and
U=,V =1l (2.52¢)
It follows from equations (2.51) and (2.52a) that
n(“) — RN(OO, N(zx) — RTn(O‘)'

Since R is an orthogonal tensor, a vector is unchanged in magnitude
when operated on by R. It follows that for a rigid body motion ¥ = R and

U =1, V =1I. This may be shown otherwise since, for a rigid body motion,

dx -dx =dX -dX

71
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for all material line elements at a point, and using equation (2.20) and the

substitution operator property of the Kronecker Delta we obtain
FixFir = dkL

for rigid body motion, which implies F = Rand U =1,V = I.

The principal components or eigenvalues, 4,, 0= {1, 2, 3},of Uand V
are called the principal stretches of U and V, the right and left stretch
tensor, respectively. The form (2.50), corresponds to a pure deformation
followed by a rigid body rotation given by R that is sometimes called the
rotation tensor. Similarly the form (2.50), corresponds to a rigid body
rotation, given by R, followed by a pure deformation. A pure deformation
is as follows. Consider a material rectangular parallelipiped with sides of
length l(g>, a=1{1, 2, 3} that is uniformly deformed into a rectangular par-
allelipiped with corresponding sides in the same directions and of length
[®). Each side undergoes a stretch A, = [(*)/ lg’o.

As an example of polar decomposition we consider simple shear de-

formation given by
x1 =X1+ KXy, x, = X5, x3 = X3, (253)

as indicated in Figure 2.3.

The components of F are given by

[F] =

1 K 0
01 0f. (2.54)

0 0 1

This is a problem of plane motion where all the particles move parallel to
the Ox;x; plane and the motion does not depend on x3. Consequently, the
rotation tensor R is of the form

[R]= | —sin® cos® 0

0 0 1

(2.55)

cos® sin® 0}
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0

Figure 2.3. Simple shear deformation.

where R produces a clockwise rotation, when 0 is measured in the clock-
wise direction and R operates on a vector in the Xj X,plane.
We consider the form (2.50), so that

V = FR"

and it then follows from equations (2.54) and (2.55) that

V11 V12 V13 i 1 K O cos® —sin6 0
Vz] sz V23 =10 1 0 sin 0 cos 6 0
Vi1 Vi Vias 10 0 1 0 0 1

[cos®+ Ksin® —sinf+ KcosO 0

= sin 6 cos 6 0

i 0 0 1

Since V21 = V12,

—sin® + Kcos =sin 6.
Consequently,
K
tanf = —.
an 5

The components of V and R are then given by

Vii Vi N\ 12[24+ K —K+2K
=(4+K
[Vm sz} ( + ) K 2
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and

Vizs =1, V31 = V3 =0,
R R N-12] 2 K
=4+ K .
{Rﬂ Rzz] ( * ) [—K 2]

R3; =1, Ryt = Ry = 0.

Components of U can be obtained similarly.

2.10 Further Decomposition of F

The deformation gradient F can be decomposed into the product of a

dilatational part: and an isochoric or distortional part, as follows

F= (11/31)F*. (2.56)

Since det[F*] =1, F* is the isochoric part and is known as the modified
deformation gradient.
Other related decompositions that follow from equation (2.56) are

U= (11/31) U and C = (12/31) C. (2.57)

It may be deduced from equation (2.57), that the stretches 4,, o € {1, 2, 3},
that are the principal components of U can be similarly decomposed as

1/3

Jy =1 A

o

ERERE

where A;4;4; = 1 and the 4, are known as the modified stretches.
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2.11 Strain

The right and left stretch tensors U and V, respectively, which result from
the polar decomposition of the deformation gradient tensor F, may be

expressed in the form

U= (FTF) Py (FFT) " (2.58)

so that the squares of U and V are given by the positive definite symmetric

tensors

C=U’=F'Fand B=V*=FF", (2.59)

or, in suffix notation,

8x,< 8x,~

B ox i ox i
- 0Xkx0Xp

and ij:aXKaXK.

6/97

Tensors C and B are known as the right and left Cauchy strain tensors,
respectively, and are a measure of the deformation at a material point in
a body since the square of the length of a material line element in the spatial

configuration is given by

dxidxl- = CKLdXKdXL =dX - -CdX (260)

and in the reference configuration by

dXxdXx = By dxidx; = dx - B 'dx. (2.61)

It follows that if C = I, which implies that B = I, for every material point in
the body, the body has undergone a rigid body displacement.
Another measure of deformation is given by the tensor E known as

Green’s strain tensor and defined by

dx - dx — dX - dX = dX - EdX (2.62)

dx,-dxl- — dXLdXL = ZEMNdXMdXN.

75
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It follows from equations (2.59), (2.60), and (2.62) that

Ez%(C—I)z%(FTF—I):%(UZ—I), (2.63)

and, in suffix notation,

1 8)6,‘ (’9x,-
Exp =~ — Sk ).
KL= <8XK X, ’“)

For a rigid rotation dx - dx = dX - dX, consequently C = I and E = 0.
The displacement vector & of a particle is given by

f=x-X. (2.64)

In suffix notation this equation presents a problem if we use the convention
of an uppercase suffix referring to the reference configuration and a lower
case suffix for the spatial configuration. This can be resolved as follows by

expressing equation (2.64) in suffix notation as
& = xi — Xk, (2.65)
where
Ex -e; = 0k;.

It follows from equations (2.63), and (2.65) that E may be expressed in the

component form

L0k 98 08 94
2 6XL 6XK 8X1<3XL ’

Ex1L (2.66)

where EK = 0ki¢;, and in this form FE is sometimes called the Lagrangian
strain.

A further measure of deformation is given by the tensor n defined by

dx;dx; — dXxd Xy = 2n,,dx;dx,, = 2dx - ndx, (2.67)
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and it follows from equations (2.61) and (2.67) that

n= % (1 - B‘1> - % <I - FT_1F>, (2.68)

or, in suffix notation,

_ L _ 90Xk 0Xk
nif—Z " 8xi 8)6]' ’

and with the use of equation (2.65) this can be put in the form

C_Log 05 004
T2 ox;  Ox;  Ox; Ox;]
The tensor 7 is known as Almansi’s strain tensor or the Eulerian strain

tensor. It is less useful than E. It is easily shown that
n=F EF

It is useful to note that the components of the tensors C and E are
independent of any rigid body rotation of the spatial configuration and the
components of B and n are independent of any rotation of the reference
configuration.

The material derivative of E, Green’s strain tensor, is related to D, the

rate of deformation tensor by

E =F'DF, (2.69)
or, in suffix notation,

8xi 8xj

Exp = dy 25 9%
KL= oXk 0X,
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This result is obtained from equations (2.34) and (2.63) as follows, using

(j[ (FTF - I)) 2 (F'e ¥F)

__E(FTLTFA%FTLF)::FrDF.

symbolic notation,

.1
E=-
2
1

The tensor E is known as the strain rate tensor, although sometimes D
is called the strain rate tensor especially in plasticity theory. It is shown in
the next section that D ~ E when |0u;/0Xx| << 1.

There are several other strain tensors in addition to the Green and

Almansi strain tensors, for example, the Biot strain tensor,

E,=U—-1,

and the logarithmic strain tensors InU and InV whose principal components
are In/;.
2.12 Infinitesimal Strain

A tensor known as the infinitesimal strain tensor is a linearization of equa-
tion (2.66), given by

Lo By (v B 2.70
e=>1Vxé+ (Vxé) (2:70)
where
. 0
Vxé= X, Ex ® Ep,

is the displacement gradient tensor.

For the present we will not express e in component form. The infinitesimal
strain is related to Green’s strain tensor by the relation obtained from
equations (2.66) and (2.70)

1 A r o
E:e+§ <V)(§> Vxé&.
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Consequently, if ’V Xé’is, in some sense, small, it is reasonable to make the

approximation E ~ e since
E:e+o@ﬁ (2.71)
where

&= ’Vxé

so that as ¢ — 0, E — e. It follows that if ¢ << 1, e is a good approximation
for E. As ¢ — 0, the difference between the spatial and reference config-
urations becomes negligible. Consequently, a linearization of equation
(2.64a) is also a suitable infinitesimal strain tensor.

The tensor e is not a suitable measure for finite strain since e does not,
in general, vanish for a rigid body motion. This may be shown as follows,

suppose we have an infinitesimal rigid body rotation given by

F=0=1+a,a/ 1

where a = Vx&. The orthogonality condition QQT = I gives

a= —aT—l—O(sZ),

where ¢ = |a|. Green’s strain tensor vanishes for a rigid displacement of the
spatial configuration so that from equation (2.67) we have, for a rigid body

rotation,

e=0(7).

That is e vanishes to within an error O(¢?) when F=Q so that
unless the rotation is infinitesimal e is not a suitable approximation
for E.
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We now introduce the polar decomposition ¥ = RU and put
R=(I+a) and U= (T+pB)

noting that @ and B are both of O(¢). It follows from the orthogonality of R
and the symmetry of U that

a= —aT+O(sz), B=p"
Then we have
VXE:F—I:a+B+O(aZ),

that is, for infinitesimal deformation, when terms O (&?) can be neglected,
the tensor B is the symmetric part of the displacement gradient tensor and
is identical to e given by equation (2.61). The antisymmetric tensor « can be
regarded as a measure of the infinitesimal rotation.

It should be noted that the use of infinitesimal strain tensor e s justified
when |VxU| = 1, and this implies that both the rotation and E are small not
just the E. When the use of the infinitesimal tensor is justified when terms
O(&?) can be neglected, the distinction between spatial and material coor-

dinates can be neglected and we can express e and a in coordinate form as

N 1 811,‘ 8uj N 1 (911,’ %
A) (ax,- + ax,-) ) <ax,- ax,)‘ (272)

The theory for the infinitesimal strain and rotation tensors is analogous to

the theory for the rate of deformation tensor D and the spin tensor W with
the infinitesimal displacement analogous to the velocity.
When the use of infinitesimal strain approximation (2.69) is justified it

is evident that
éij ~ di]'.

This is perhaps the reason why D is often called the strain rate tensor.
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EXERCISES
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2.1. If da and dA are the vectors representing an element of area in the

2.2.

2.3.

spatial and reference configurations, respectively, show that

:@GXK

dai 8)(1'

dAk,

or, in symbolic notation,

da="F 1 4A.
P

This relation is known as Nanson’s formula

(a) Use Nanson’s formula to show that Div(JF ') = 0.

Note that, for a closed surface enclosing volume V =

Prove the following results

(a)
d (0XK\  Ov;0Xk
dt \ Ox; N ox; 6xj '
(b)
0 [,
aTci(J FiK)_O.
(c)
oUx 0 (1,
axe T ox (77" FixUx).

J da=0.
ov

Let dx®") and dx® be material line elements emanating from a particle

P. They specify a material surface element given by

da = dx'"Vxdx?.
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24.

2.5.

2.6.

2.7.

2.8.

Kinematics and Continuity Equation

Show that
d ov; ov;
—(da;) = =L da; — ~Lda;.
i (400) = g A0 = 5 4
If F = RU is the polar decomposition of the deformation gradient

show that

. 1 . . T
W=RR" + 5 {RUUlRT _ (RUU’lRT) }

and
D= %R{UU*1 +U'UR".
If e is the isotropic part of the infinitesimal strain tensor show that

J:1+3e+0<82),

where ¢ = |VxU|.

Show that the acceleration vector can be expressed in the form
1
a=@+(V®v)v— (Vov)v+<Vy-v
ot 2
Show that
ov _O(pv) | .
i <8t +v- gradv) = o +div(py @ ).
Prove that, for each particle of a deforming continuum there is at least

one material line element whose direction is instantaneously

stationary.
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2.9. Obtain the polar decompositions F = RU and F = VR for the
deformation

e

Il
| —
oS o -
O =W
- O
| I |
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3.1 Contact Forces and Body Forces

In order to introduce the concept of stress we first consider the spatial
configuration of a body that occupies a region v of Euclidean point space
E5. At an interior point P(x), of the body, there is an infinite number of
plane elements that contain P. Let n be the unit normal to one of these
elements with area Aa as indicated in Figure 3.1.

The infinitesimal force AF acts on a surface element Aan = Aa. Denote by
m the material adjacent to the element on the side from which = is direc-
ted and m_ the material on the other side. In general m, exerts a force AF
onm_,and m_ exerts an equal in magnitude but opposite in direction force
on m,. The stress vector at P acting on the plane element with unit vector n

is defined as

tn,x,t) = lim —.
(m,x,1) Aa—0 Aa
For convenience we suppress the dependence on x and time ¢. The stress

vector ¢ is known as a contact force. At present we assume that ¢ depends

continuously on n so that
t(n) = —t(—n).
This condition is not satisfied when we have singular surfaces across which

discontinuities of certain field variables can occur, for example, for shock

waves.
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AF

N

m

Figure 3.1. Force on area element at point P(x).

The resultant moment exerted by m,. on m_ is denoted by AM and we

assume that at P,

so that contact forces are present but not contact torques. In certain media,
known as polar media, contact torques can exist; however, in this book we
will not be concerned with this aspect of continuum mechanics.

The stress vector at points on the surface dv of a body, with n the
outward unit normal to the surface, is known as the surface traction.

The stress vector can be resolved into a normal component
N(n) =n-t(n), (3.1)
and a shearing component

s(n) = {jemP -2} " (32)

When N is positive the normal component is said to be tensile and
when N is negative it is said to be compressive, although the opposite

convention is often used in soil mechanics.
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Forces acting on interior particles, due to external agencies such as
gravity, are known as body forces, and we denote the body force per unit
mass by f. It is assumed that there are no body torques.

Henceforth, some equations are given in both symbolic and Cartesian
tensor notation.

In what follows the density, denoted by p, is a scalar property with
physical dimensions of mass per unit volume. As usual the mass of a body is
a measure of the amount matter of the body.

According to a generalization of Newton’s second law the resultant
force acting on a body, due to surface tractions and body forces, is equal to

the rate of change of momentum of the body. Consequently,

/tda—i—/pde:jt/pvdv,
ov v

v

/t,-da—l—/pfl-dV:jt/pvidV,
v v

v

where v(x,¢) is the velocity, p(x,?) is the density, dv is an element of vol-

ume, and da is an element of surface area. It is shown in chapter 2 that

d dv
at pvdv—/pdtdv.

v v

The resultant moment acting on a body, about a fixed point in an inertial
frame of reference or about the mass center of the body, due to surface
tractions and body forces, is equal to the rate of change of momentum of

the body. Consequently,

/xxtda+/x><pde:%/x><pvdV,

ov v v

d
/eikaftkda+/eijkxipfkdv:E/eijkxijde,

v \ N

(3.4)
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where x is the position vector with respect to the fixed point or the mass

center.

3.2 Cauchy or True Stress

Consider a plane element at P whose normal is in the x; direction.
Then,

t(e;) = gii1e1 + op€; + 013€3 = Gy5€4;, (3.5)

where 011, 012, and 13 are the x1, x,, and x3 components, respectively, of the
stress vector acting on the plane element; g1 is the normal component, and
a1 and o3 are the shear components. It follows that the resulting shearing
stress on the element is

Ste) = (e +ok)

Similarly for plane elements at P whose normals are in the x, and x3
directions,

t(ez) = o21€1 + one; + ox3es, (3.6)

t(e3) = g31e1 + one; + o33es, (3.7)
12
S(ez) = (0%1 + 0'%3) )

1/2
S(es) = (ng + 6§1> -
Equations (3.5) to (3.7) may be expressed in suffix notation as
t(ei) = 0jje;. (38)

The matrix [a;| specifies the state of stress at P. Component g;; is defined as
the stress component in the x; direction of the stress vector acting on the plane
element whose normal is in the x; direction. Some texts define this as o;; rather
than ¢;;. The signs of the components ¢;; are obtained as follows. If the normal

to a plane element is in the * x; direction and the stress vector component is
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in the * x; directions, the component g;; is positive, otherwise it is negative.
Positive stress components are shown in Figure 3.2 for a plane state of stress.
Now consider an arbitrary area element with unit normal n and stress vector
t(n) acting on it. Let this element be the face ABC of the infinitesimal
tetrahedron PABC with sides PA, PB, and PC in the x4, x,, and x5 directions,
respectively, as shown in Figure 3.3.

Also let Aa be the area of ABC and 4 be the perpendicular distance of P from
ABC. The components of ¢ are given by t; = ¢(n)e;. Then, the equation of

motion of the tetrahedron in the x; direction is

1 1
t;Aa + p(hAa)f, — (O‘ll‘PCB + 02,PAC + O'3,‘PAB) =p (hAa) Vi, (39)

3 3
.odv . dv; . ) .
where v = v =ve; = Eei is the particle acceleration.
Substituting

PCB = n;Aa, PAC = nyAa, PAB = n3Aa,
in equation (3.9) and letting & — 0 gives
T
ti = gjn;, t=o0o n. (310)

The elements of the matrix [aﬁ} are the components of a second-order

tensor 67 since gj;n; are the components of a vector for arbitrary unit vector
X, o,,
A
» 62]
O
On On
O X
- 1
o
21
\
o

22

Figure 3.2. Stress components for plane Cauchy stress.
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X3

N

X

Figure 3.3. Equilibrium of infinitesimal. Tetrahedron PABC.

n. This follows from the test for tensor character given in chapter 1 since ¢

is a tensor so is 6. If ¢;;and ¢f; are the components of stress referred to the
rectangular Cartesian coordinate systems Ox; and Ox;, respectively, it fol-

lows from the tensor transformation rule

Olj = AikdjiOkI, (3.11)

Okl = QikAji0j, (3.12)

where a;, are the elements of the transformation matrix [a]. Equations

(3.11) and (3.12) can be expressed in symbolic matrix notation as

respectively.

Equations (3.1) and (3.10) give the expression
N(n) = o;niny = n- o-Tn (313)

for the normal stress acting on a plane element with unit normal n and the

resultant shearing stress is given by equation (3.2).
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The stress tensor
0 = 0jje; X €;

is referred to the current or spatial configuration of the body and is
known as the Cauchy stress and is a particular case of the class of Euler-
ian tensors, that is, the class of tensors referred to the spatial configura-

tion. We have yet to show that it is symmetric for nonpolar media.

3.3 Spatial Form of Equations of Motion

Substituting equation (3.10) in equation (3.3) gives

/ a]-,-n]-da + / ,D(ﬁ — Vi)dV = 0,

ov v

and application of the divergence theorem gives
Jaji .
— i — Vi) pdv=0. 3.14
{5+ ot = (3.14)
v

Since equation (3.14) must hold for an arbitrary volume and it is assumed

that the integrand is continuous,

ani dV,
+pfi=p—,
8x,- dt (315)
dive” + pf = p%.

It should be noted that dv/dt=0v/ot+ v.gradv, dv;/dt=
0vi /Ot + v;0v; / Ox;j, is the material derivative of v. For linearized problems
dv/dt is replaced by dv/or.

Similarly the angular momentum equation with (3.10) substituted in
equation (3.4) is

/ €ijkXjopnyda + / eijrXip(fx — vi)dv =0 (3.16)
ov \%
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in Cartesian tensor suffix notation. With the use of the divergence theorem,
the substitution property of the Kronecker delta and equation (3.15), equa-

tion (3.16) becomes

/e,’jkajde =0. (3.17)

v

Since equation (3.17) must hold for an arbitrary volume and it is assumed
that the integrand is continuous, e;xojx = 0. It then follows that

o T
O']'k—ij, 6 —=20 |,

which shows that the stress tensor ¢ is symmetric in the absence of body

moments.

3.4 Principal Stresses and Maximum Shearing Stress

We have shown that the Cauchy stress at a point is completely described by
a second-order symmetric tensor 6. The properties of symmetric second-
order tensors have been given in detail in chapter 1, and some of these
properties are repeated here in less detail for the Cauchy stress tensor.

If the direction of the stress vector acting on a plane element is normal
to the element, there is no shearing stress acting on the element and the

stress is a principal stress. It then follows that
ojin; = /ll’l,', on = in, (318)

where A is an eigenvalue and n is an eigenvector.

Since ¢ is symmetric it has three real eigenvalues, o,, o € {1,2,3},
which may or may not be distinct. These eigenvalues of ¢ are known as
principal stresses, and three corresponding eigenvectors are known as prin-
cipal directions and are denoted by the orthonormal triad n'®, o € {1,2,3}.
It should be noted that the superscript « involves no summation. Equation
(3.18) can be put in the form

(Uij — /151']')}’1]' = 0, (O' — /J)n = 0, (319)
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and it follows that ¢/*), o € {1,2,3} are the roots of the cubic equation
det[g;; — A0;] = 0. (3.20a)
Equation (3.20) can be expanded as
PR (VARE Y )

where

1
I =04, = 5 {<O'ii)2_0'ij0ij},l3 = det|q;],

1
I =tre, I, = 5 {(tra)z—traz},lg = det[a]

are independent of the choice of coordinate system and are known as the
first, second, and third basic invariants, respectively, of the stress tensor o.
If the third basic invariant I3 = 0, then the tensor ¢ is singular and one of
the principal stresses is zero.

The components of n, o c {1,2,3}, corresponding to o,, can be
obtained from any two of equations (3.19) and |n*/| = 1 when the ¢, have
been obtained.

When the o, are distinct, the spectral representation of the Cauchy
stress tensor is

3

o= X o,n” @ n* uc{1,2,3},

oa=1

where the summation convention is suspended. If ¢; = 0, # o3 any direc-

tion normal to n® is principal direction and the spectral representation is
o= agn(3) ® n® + o1 (I —n® & n(3>).

If 01 = 0, = 03 = —p, we have a hydrostatic or isotropic state of stress and

the spectral representation is

o = —pl, O',']' = —pél’]‘.
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Equation (3.19) can also be obtained by considering the stationary values,
with respect to n, of the normal stress N(n). In order to determine these
directions we must find the stationary values of a;;n;n; subject to the subsidiary

condition n;n; = 1. By introducing the Lagrangian multiplier A we have

0
(r‘)il’lk (Gijl’lil/lj — )J’l,'l’li) = O,

and differentiation gives

(Gi]‘ — )V(Sij)ni =0. (320b)

that is identical to equation (3.19). The Lagrangian multiplier A is identified
with a principal stress and the normal stress N (n) is stationary and is a prin-
cipal stress, when n is an eigenvector of ¢. It follows that the greatest and
least normal stresses at a point are principal stresses.

The directions associated with the stationary values of the magnitude
of the shearing stress, |S(n)|, are determined in a similar manner except that
in this case it is desirable to express equation (3.2) with respect to axes

coinciding with the principal directions of @, that is,
2
S%(n) = (o1n1)*+(02m2)* +(03m3)* — (alnf + azng + ngg) : (3.21)

It is evident from equation (3.21) that if ny ==*1,n, =n; =0;
ny==1l,n=n3=0; or n3==1,n=n, =0, |S(n)| =0, which is as
expected since the shearing stresses acting on plane elements normal to
the principal directions are zero. We introduce a Lagrangian multiplier 4 to
obtain the directions associated with other stationary values of $?(n) given
by equation (3.21) and subject to the constraint n;n; = 1. Then stationary
values, in addition to the zero values on the plane elements whose normals

are in the principal directions, are obtained from

0

o, (52 — /ln,nl-) =0,
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where $? is given by equation (3.21). After some computation we obtain the
following components, referred to the principal axes of &, of the corre-

sponding stationary values of ||,

1

ny = O,I’lz = \/1/2,713 = \/1/2,|S| :§|02 — O'3|,
1

ny = Vl/z’ nzzoan3: \/1/2’|S|:§|O—3_O—l|a (322)
1

ny =/ 1/2, ny = \/1/2,)’13 = O,|S| = 5|O’1 — O'2|.

It follows from equation (3.22) that the maximum value of |§| is given by

1
S| max= 5 (Fmax — Tmin), (3.23)
2

where omax and opin are the algebraically greatest and least principal
stresses, respectively. The result (3.23) has an important application in
the theory of plasticity since the Tresca yield condition states that the onset
of plastic deformation of a metal occurs when |S|,., reaches a certain

critical value, which is equal to the yield point in simple shear.

3.5 Pure Shear Stress and Decomposition of the
Stress Tensor

A state of pure shear stress may be defined as follows. If a rectangular
Cartesian coordinate system exists such that the normal components of
stress at a point are zero, that is, g1 = g2 = g33 = 0, the state of stress at
that point is a state of pure shear. The stress tensor corresponding to a state

of pure shear may be expressed in the form

6 =opler®e+e;Re) +on(eaRes +e3Rep) (3.24)
+o31(e3®e; + e @ez), '

where the e; are the unit base vectors of a coordinate system for which
a11 = oy = a33 = 0. This coordinate system is not unique since the form

(3.24) is valid for an infinite number of coordinate systems. The proof of
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this is given by Pearson [1]. It is clear that ¢; = tre is a necessary condition
for a state of pure shear stress and the proof of this is also a sufficient
condition is also given by Pearson [1].

We now introduce the decomposition of the stress tensor into its iso-

tropic or hydrostatic part and deviatoric parts

Tij = Sij +%5ip
a:s+tral ’ (3.25)

3

tro . . . . .
where ?I and s are the isotropic and deviatoric parts, respectively, of the
stress tensor. It is easily verified that s;; = trs = 0 and that the basic invari-

ants of the tensor s are
1
J1=0, J,= ) (S,'/'Sl'j), J3z = det [Sij]a

Consequently, the deviatoric part of e represents a state of pure shear. The
isotropic part corresponds to a pure hydrostatic stress with the normal
stress the same for all plane elements at a point and no shearing stress.
The decomposition equation (3.25) is very important in plasticity theory
since one interpretation of the Mises yield condition is that yielding of
a metal occurs when |/,| reaches a critical value.

A special case of a deviatoric stress is given by
o =1€1 R ey,

as indicated in Figure 3.4.
This stress state is often described as pure shear; however, we prefer to

regard it as a special case of pure shear and call it simple shear.

3.6 Octahedral Shearing Stress

First we consider a rectangular Cartesian coordinate system with the origin
at a point P in a material body and with its axes coinciding with the prin-

cipal axes of the stress tensor ¢ at P. A plane, which makes equal intercepts

95



96

Stress

X

T Figure 3.4. Simple shear stress.

A

—— 5

T

with these three coordinate axes, is known as an octahedral plane. An
octahedral plane, which intercepts the positive directions of the axes, is
shown in Figure 3.5.

The normals to the eight octahedral planes are given by

1
V3

n=—(*e *e;*es). (3.26)
Now imagine an octahedron enclosed by the eight elemental octahedral
planes and shrunk to point P and consider eight plane elements whose
normals are given by equation (3.26). Since the axes coincide with the
principal axes of stress, it follows from equations (3.13) and (3.26) that
the same normal stress

I
Noet = 2 (01 + 02+ 03) 231,

W[ =

that is, the isotropic part of the stress tensor, acts on each octahedral plane.
The shearing stress |S,.| acting on a plane element with a normal given by
equation (3.26) is known as an octahedral shearing stress, and it follows from
equations (3.21) and (3.26) that it is the same for all eight octahedral planes
and is given by

(61 + 62 + 03)7, (3.27)

2 1y 5 o\ 1
Soctzg(01+02+03)—§

which can be put in the form

St = % {(0'1 — 02) (02 — 03) (03 — 01)2}. (3.28)
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€3

€ e,

Figure 3.5. Octahedral plane.

In equation (3.28) the principal components of ¢ can be replaced by the

principal components of s so that equation (3.27) becomes
@ _ Lro 2 2
ot =3 \S1 521 55)
which referred to an arbitrary coordinate system gives

@ 1

oct:§

2
sijsij = —5]2. (329)

Equation (3.29) has an important application in the theory of plasticity [2].
The von Mises yield criterion implies that yielding of a metal is not influ-
enced by the isotropic part of the stress tensor, and yielding occurs when
|/2| reaches a critical value. This criterion can be expressed in the alterna-
tive forms [2],

Si]'S,'j = Zkz,
(61 — 02)°+ (02 — 03)+(03 — 01)°= 6k°,

(o1 — 622)2+(622 - 033)2+(633 - 011)2+6<6%2 + 633 + Ugl) = 6k,
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where k is the yield stress in simple shear. The reader should show that
Y = v/3k, where Y is the yield stress in simple tension.
The Tresca yield criterion states that yielding of a metal occurs when the

maximum shearing stress reaches a critical value, that is, when
<O'max - O'min) = 2k,

where omax and onin are the algebraically greatest and least principal

stresses.

3.7 Nominal Stress Tensor

In order to introduce the concept of the nominal stress tensor we first
consider simple tension of a straight bar of uniform cross section. The
Cauchy or true tensile stress is equal to the tensile force divided by the
current cross-sectional area of the bar. However, when the stress is taken
as the force divided by the cross section of the bar in its undeformed
natural reference configuration, it is said to be the nominal stress. This
can be generalized and made more precise by introducing the nominal
stress tensor X with components Zg;, where Zg;dA is the it component of
force currently acting on the plane element, which, in the undeformed
natural reference configuration, is normal to the K™ axis and is of infin-
itesimal area dA. The vector form of the element dA is dA = NdA, where
N = NkE, is the unit normal to dA and the Ex are the unit base vectors.
Unit normal N and area dA in the reference configuration become unit
normal n and area da in the current configuration. The force acting on the
element dA is denoted by T(N)dA, where T(N) is the nominal stress

vector acting on dA and is given by
T; = £xiNk, T =X"N. (3.30)

Equation (3.30) may be obtained in a similar manner to equation (3.10)
with the tetrahedron in Figure 3.3 taken in the reference configuration.
This proof is left as an exercise for the reader. It may be deduced
from equation (3.30) that X is related to both the reference configuration

and the spatial configuration and it is called a second-order two-point
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tensor. The transpose of X is known as the first Piola-Kirchhoff stress
tensor.

The relation between the Cauchy stress and the nominal stress X is
obtained as follows. It follows from equation (3.10) and

t;da = T;dA, tda=TdA
that
o;jnjda = Xg;NgdA,
and substituting the result (exercise 2, chapter 2)

Po 0Xk
p Ox;

n;da = NkdA,

where p, and p are the densities in the reference and spatial configurations,

respectively, gives

po OXk

Xk = P 8—x]~0ﬁ’

=Pl (3.31)
o

The nominal stress tensor may be expressed in terms of its Cartesian com-
ponents as

Y =2XkEx ® e

The form of equation (3.3) in terms of integrals over the reference volume
V and surface 9V is

/ TidA + / pofoidV = / poav()l XK’ dv,

1% \%
X I) (3.32)
OZ TdA+/p0f0d V/

where T = 7N, f(X,t) =f(x(X,1),t) and v, = v(x(X,1),). Substituting
equation (3.30) in equation (3.32), applying the divergence theorem, and
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noting that equation (3.32) applies to any part of the body gives the equa-

tion of motion:

0Xki ovoi( X, t
K5 (X,1) + po(X) (X, 1) = pp 0K 1)
X o (3.33)
Ivy(X, 1)

DivE" (X, 1) + po(X)fo(X. 1) = po(X) =5 =

where the notation Div is used to denote the divergence operation based on

the operator,

a()
Vy= 2VFE
X7 oxe K

but each term of equation (3.33) is a vector referred to the spatial

configuration.

3.8 Second Piola-Kirchhoff Stress Tensor

The second Piola-Kirchhoff stress tensor,
S =Sk LEx ® Ep,

is a symmetric second-order tensor, based on the reference configuration. It

is related to the Cauchy and nominal stress tensors as follows:

L 0Xg0Xp I
Sk =J ox, Ox; cij, S=JF oF (3.34)
Sk = %zu, s=F's"=xF " (3.35)

The tensor § unlike the tensor X is symmetric, and this may be advanta-
geous in some applications, but it cannot be directly related to the stress
vector acting on a plane element. It is a particular case of the class of

Lagrangian tensors.
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3.9 Other Stress Tensors

The following stress tensor is obtained from the nominal stress tensor as

follows:
S — LR = TRy Ex © Ey, (3.36)

and its symmetric part
s’ =

(ZR +RTZT), SﬁL = (EKiRiL + RiKZLi) (337)

N =
DN =

is known as the Biot stress tensor. Equation (3.36) gives rise to the polar
decomposition X :§RT, which is analogous to the polar decomposition of
the deformation gradient tensor F. However, § is not unique since the
deformation due to a nominal stress X may not be unique [3]. Using equa-
tion (3.35) and the polar decomposition F = RU, equation (3.37) can be
put in the form

s? =

(SU +US), Sk, = (SkrUps + UkrSLy). (3.38)

N =
N =

The Biot stress tensor is useful when certain problems of isotropic elasticity
are considered. For isotropic elasticity the tensors $ and U are coaxial so

that the product is commutative. It then follows that
s? = us, (3.39)

which indicates that §? is coaxial with U and S.

The relations £ = SF” and X' = FS, obtained from equation (3.35),
and FTF = U? give TX7 = SU’S. It follows from this result, equation
(3.39), and the symmetry of S and U that

s? = vz (3.40)
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It should be noted that equations (3.39) and (3.40) are valid only
for isotropic elastic media. It may be shown that £X7 is positive definite
or positive semidefinite if X is nonsingular or singular, respectively. If
X7 is positive definite its principal values z(1), 7>, and z(® are positive.
If XX7 is positive semidefinite, its principal values are non-negative.
The principal values of $% = VEXT are the positive or negative
square roots of zW, z® and z®. It is evident that a given X, does not,
in general, determine a unique $%, and this is discussed in detail by
Ogden [3].

It is easily shown that det[E] = det[S”] and that Zk;8;;, = Sk if R =1I.

EXERCISES

3.1. Given the state of true stress with the following components

31 3
1 -2 -2
3 -2 5

Find
(a) the principal Cauchy stresses,
(b) the octahedral shearing stress,
(c) the direction cosines of the normals to the octahedral planes,
(d) the normal stress, shearing stress, and direction of the shearing

stress acting on the plane with unit normal

1 1
n= Ee] + Eez + 7283 .
3.2. Show that if the Cauchy stress tensor is singular, that is, det[s;;] = 0,
one of the principal stresses is zero.

3.3. Prove that if the Cauchy stress tensor ¢ and left Cauchy-Green strain
tensor B are coaxial, the second Piola-Kirchhoff stress tensor § and

the right Cauchy-Green strain tensor C are also coaxial.



Exercises 3.1-3.10

3.4.

3.5.

3.6.

3.7.

Consider the following state of simple shear
X1 =X1+KXs, x2=2X, x3=X;.

The components of the Cauchy stress tensor required to produce this

deformation are

-p o O
o —-p; O
0 0 p

Find the matrix of components of the first and second Piola-Kirchhoff

stress tensors.

Prove that if a body of volume V and surface A is in equilibrium under
surface traction ¢(x),x € A where x is the position vector of a material
point with respect to a fixed origin the mean hydrostatic part of the

stress tensor, ag,,, is given by,

1

ov

Om

Let m and n be unit vectors normal to surface elements Aa,, and Aa,
at a point, and let #(m) and ¢(n) be the stress vectors acting on these

plane elements. Show that
n-t(m)=m-t(n).

Consider a state of plane stress with g33 = g3 = 031 = 0. Let
N(1),N2), and N3,

be the normal stress on plane elements that are normal to the x3 plane
and form angles of 120° with each other. Find the principal stress and
the matrix of components of the stress tensor if the normal stress Ny
is in the x; direction and the direction of N ) is in the second quadrant

of the Ox;x; plane.

103



104 Stress

3.8. If rectangular Cartesian axes Ox;, i € {1, 2, 3} are obtained from Ox;
by rotating about Ox; through angle «, using the right-hand rule, show
that

611 + 022 = 011 + 022,
~ ~ N —2io .
611 — 0 +2i61p =€ 7 (011 — 022 + 2i012),

~ .« A —io .
613 +i6 =¢ (013 +i023),

where 6;; and ¢;; are the components of the Cauchy stress with respect
to Ox; and Ox;, respectively.

3.9. A body of current volume V is in equilibrium under the action of
surface traction on and body force f. Show that the mean stress

o=y \[ odV is given by

6':% /(aTn®x>da+/f®de

ov v
3.10. Prove that

SC = 2xF.
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Work, Energy, and Entropy
Considerations

This chapter is concerned with some aspects of work, energy, and contiuum
thermodynamics. The treatment is general and reference is not made to any
particular material. Notation for deformation and stress variables is the
same as in chapters 2 and 3, where the lower- and uppercase suffixes refer
to the spatial and reference configurations, respectively. Most of the equa-

tions in this chapter are given in both suffix and symbolic notation.

4.1 Stress Power

Stress power is the rate of work done by the stresses and is a purely mech-
anical quantity, that is, obtained from the rate of work of the body forces
and surface tractions acting on a material body and does not involve any
other forms of energy transfer such as heating. It is a specific quantity per
unit volume or per unit mass and can be expressed in terms of either the
Cauchy, nominal, or second Piola-Kirchhoff stress and the respective con-
jugate rate variable.

The rate of work of the body forces and surface tractions acting on

a material body of volume v and surface a in the spatial configuration is

W = /tivida—l—/pfividv,

ov v

W—/t-vda+/pf-vdv,
v

v

given by

where p is the density in the spatial configuration and the vectors ¢, v,

and f are the surface traction, velocity, and body force per unit mass,
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respectively, and are functions of x and ¢ Substituting equation
(3.13),

li = oj;n;, t=on, (42)

where o is the Cauchy stress tensor and n is the outward unit normal to the

surface, in equation (4.1) and applying the divergence theorem gives

. 80’[
W:/{Vi|:8x]']+pﬁ:| -l—O','le']}dV

W= / {v - [dive + pf] + tr(oL)}dv

where L;; = 0v;/x; are the components of the velocity gradient tensor
V ® v. With the use of the equation of motion

anj dVl'
tefi=p—s
0x; dt (4.4)
divo + pof = dv
p - p dt s
equation (4.3) becomes
. d ViV
W—E/p 5 dV—f—/Gl]L,]dV,
v Y (4.5)
. d vy

The first term on the right-hand side of equation (4.5) is the rate of change
of the kinetic energy of the body, and the second term is integral over the
volume of the specific stress power per unit volume of the spatial configu-

ration of the body. It follows that the specific stress power per unit mass is

1 1
P:—Gi‘Li':—tl‘ olL). 4.6
, ki = tr(ol) (4.6)



4.1 Stress Power

Decomposition of the velocity gradient tensor into symmetric and antisym-

metric parts is given by
Li]' = d,‘j + Wij, L=D+W, (47)

where D = (L + LT)/2 and W = (L — LT)/2 are the rate of deformation
and spin tensors, respectively. Substitution of equation (4.7) in equation
(4.6) gives

1 1
P=-0,D; =—tr(oD), 4.8
LoD = (oD) (4.8)

since w;jo;; = tr(We) = 0.

The specific stress power may also be expressed in terms of the first
and second Piola-Kirchhoff stresses and the respective conjugate rate vari-
ables. In this treatise, the nominal stress tensor X, which is the transpose of
the first Piola-Kirchhoff stress, is used. Component X;, of X, as noted in
chapter 3, is the j component of the stress vector acting on the plane
element, referred to the reference configuration and whose normal is in
the K™ direction. In order to express P in terms of the nominal stress

tensor, X, equation (4.1) is replaced by

W = / TiVOidA+/Pof0iV0idV’

v v (4.9)
W= / T~v0dA—|—/,Dofo'vodV,
v \%
where
(p(]’VOst) = (p’ v’f)(x(X’ t)’t)
and

T;=XxiNk, T=32'N (4.10)
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is the nominal surface traction and pjy, V, A, and N denote the density,
volume, surface, and outward unit normal to the surface, respectively, of
a material body in the reference configuration. In equation (4.9) the inte-
grands T - vp and p, f, - vy are the rate of work of the surface tractions per
unit area of the surface of the reference configuration and the rate of work
of the body force per unit volume of the reference configuration, respec-
tively. Substituting equation (4.10) in equation (4.9) and applying the diver-
gence theorem gives

W=

02k .
{Vz{ K +,00f0i} +2KiFiK}dV,

V/ (4.11)
/

W= {v.{DinT + pofo} + tr(ZF)}dV,

where Fix = 0x;/0Xk, are the components of the deformation gradient
tensor and Figx = L;jFix, F = LF. With the use of the equations of motion

621{,‘ . 8V0i
X« + pofoi = po a
. T (9\10
DivX® + pOfO = Po E 5 (412)
equation (4.11) becomes
.0 V(nvol ~
W= By dV + | ZgiFikdV,
\%
(4.13)
W:E)/ Yo vOdV+/tr
ot
v '

It follows from equation (4.13) that the specific stress power (per unit mass)
is given by
1

P=—(ZxFi) = itr(ZF). (4.14)
Po Po
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The stress power in terms of the second Piola-Kirchhoff stress S and E,
the Lagrangian strain rate, cannot be determined directly in the same
manner as equations (4.8) and (4.14) but can be determined from equation
(4.8) or (4.14). Substitution of

1% 8)6,‘ 8x]~ 1% T
Oij = — —, o=—FSF",
T o K 0X Kk 0X ), 00
obtained from equation (3.34), and
- 0Xy0X, T e
dj= Eyn 222N p—FTEF,
8x,- 6‘x]-

obtaind from equation (2.29), in equation (4.8) gives

1 ) 1 . 1 )
P=—Sk1Eg; =—1tr(SE) = —1r(SC). 4.15
Po KR Po r( ) 2pq r( ) ( )

An alternative determination of equation (4.15) is as follows. Substitution of
Yki =SkrFi, X =SF'

in equation (4.14) gives
1 T,
P=—tr (SF F). (4.16)
Po
It follows from equation (2.60) that

Exi = (FiFy + FixFy) /2, E=(F'F+F'F) / 2. (4.17)

Substitution of equation (4.17) in equation (4.16) gives equation (4.15)

since

tw(SF'F) = %tr (S(F"F+FF)) = (SE).
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4.2 Principle of Virtual Work

The principle of virtual work applied to static problems involves the spatial

form of the equations of equilibrium,

60',']'
+pfi =0,
& TP (4.18)
dive + pf =0,
or the referential form,
0Zk;
+ pofoi =0,
oxy Pl (4.19)

DivE" + pofy = 0,

rather than the equations of motion.

In order to introduce the principle of virtual work, a boundary value
problem is posed and a statically admissible stress field and a kinematically
admissible virtual displacement field are defined. A statically admissible
stress field is a stress field that satisfies the equilibrium equations and the
stress boundary conditions. Stress discontinuities occur in certain static
quasi-static problems, for example, at the contact surface of two compo-
nent cylinders of a compound cylinder with shrink fit. Equilibrium requires
that the normal component, t;n; = t - n, of the stress vector acting on the
discontinuity surface must be continuous, where n is the unit normal on one
side of the discontinuity surface.

A kinematically admissible virtual incremental displacement field,
ou(x), is an imagined displacement that is assumed to be infinitessimal,
continuous, and vanishes on the part of the boundary dv, upon which the
displacements are prescribed. It should be emphasized that the stress field
remains unchanged during the application of du(x). Since it is assumed that
ou(x) is infinitesimal, it is consistent with the concept of virtual displace-
ments in classical mechanics. The distinction between ou(x) and du(x), that
is, an actual increment of displacement, is worth noting. An actual
infinitesimal incremental displacement field could be regarded as a virtual

incremental displacement field, but the converse is not necessarily true.
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First we consider a boundary value problem referred to the spatial
configuration. Then, the body force field acting on a body could be pre-
scribed along with the surface tractions on part dv, of the surface and the
displacements on the remainder dv,, of the surface. It is also possible that
the normal component of stress and the tangential component of displace-
ment or vice versa could be prescribed on a part of the surface. Malvern [1]
has considered further combinations of traction and displacement compo-
nents prescribed on part of the surface. It is easy to modify the theory to
consider these cases; however, we will assume the tractions and displace-
ments are prescribed on disjoint parts of the surface so that dv, U dv, = dv
and Jv; N dv, = 0 where the symbols Uand N denote the union of the two
surfaces and the intersection of the two surfaces, respectively.

The virtual work of the surface tractions and body force, referred to

the spatial configuration for static problems, is

oW = / tiéu,-da+/pf,-5uidv, (4.20)

v, v

where ou = 0 on the part dv,, of the surface. With the use of equation (3.10)

and the divergence theorem (4.20) becomes

oW = / {a(aljéuj)—l-pfiéui}dv
Gxi

_ 80',']' ) “65u,- o
_ / {a—méu]—f—aq s +pf15ul}dv. (4.21)

Then, with the use of the equation of equilibrium (4.18), (4.20), (4.21), and
a,-,-(’)éui/axj = 0,'1'56,']',

/t,~5u,~da+/pﬁ5u,~dv—/cr,-,-ée,-,-dv,

v, v \%

/ t-5u,~da+/pf-éudV:/tr(aée)dV,

v, v v

(4.22)
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where

1 (90u;  Odu; 1
581]_2<8xj " 8xi>’ e §<V®5u+(V®5u) ) (4.23)

which is a virtual infinitesimal strain increment, based on the current con-
figuration. Equation (4.22) is a form of the principle of virtual work and
indicates that, for any admissible virtual displacement field, the virtual work
(4.20) of the external forces is equal to the virtual work of the internal
forces. It is usually assumed that the ¢ variation and the gradient operator

V commute, and with this assumption equation (4.23) is equivalent to
1
de = 55((V®u) + (V®u)T), (4.24)

which is a virtual increment of the infinitessimal strain tensor. A difficulty
arises when a problem involving finite deformation is considered, then
equation (4.23) is appropriate but not equation (4.24).

The form of the principle of virtual work, for a statically admissible

stress field in terms of the nominal stress X and a virtual displacement field,

ou(X) = ou(x(X)) is

/ TiéﬁidA+/pr0i5ﬁidV /ZkléFl[(dV
oVr \' Y

/ T-5ﬁdA+/pOf0 5udV—/ (ZOF)d
A\

ovVr \%

(4.25)

referred to the reference configuration, where V is the volume in the ref-
erence configuration and OV 7 is the part of the reference surface 9V upon
which the surface traction given by equation (4.10) is prescribed. The proof
of equation (4.25) is similar to that for equation (4.22) with 7; eliminated
using equation (4.10) followed by use of the divergence theorem and
equation (4.19).

Itis evident from equations (4.22) and (4.25) that, for a static problem,
the virtual work of the applied forces, that is, the surface tractions and body
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forces, is equal to virtual work of the internal forces, that is, the virtual work
of the internal stresses.

Another form of the principle of virtual work for static or quasi-
static processes arises when we consider a statically admissible stress field
o(x) along with a kinematically admissible velocity field v(x) in a region v
with surface Jv of a material body. A kinematically admissible velocity
field satisfies the velocity boundary conditions on the part of the bound-
ary upon which the velocity is prescribed and any kinematical constraints

such as incompressibility. We then obtain the result for quasi-static

/tl-v,-da—i—/pvif,-dv:/aijdijdv,

processes

o ) ! (4.26)
/t.vda+/pv-de:/tr(o-D)dV,
vy v v

where D is the rate of deformation tensor obtained from the kinematically
admissible velocity field v(x). It is important to note that there need be no
cause and effect relationship between the statically admissible stress field
and the kinematically admissible velocity field in equation (4.26). In some
applications it is convenient to consider velocities and rates of deformation
with respect to a monotonically varying parameter of the problem rather
than time. This is often the case for quasi-static problems in the theory of
plasticity. In the theory of rigid perfectly plastic solids volume preserving
discontinuities may occur in kinematically admissible velocity fields for
certain problems.

The principle of virtual work may also be applied to dynamic problems

and, referred to the spatial configuration, is then given by

/ tiouda + / pfiduidv — / pvioudv = / aijoe;av,

vy v v v

/t~5uda+/pf~5udv—/p13-5udV:/tr(o-ée)dv,

v, v v v

(4.27)
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where the virtual displacement field du(x) is continuous and vanishes on
the part of the boundary upon which the velocity is prescribed and the
deformation of the material body is imagined to be frozen when the virtual
displacement field is applied. Equation (4.27) shows that the virtual work of
the applied forces and inertia forces is equal to the virtual work of the
internal stresses. The derivation of equation (4.27), which is the continuum
form of d’Alembert’s Principle of classical mechanics, is similar to the
derivation of equation (4.20) with the equilibrium equation (4.18) replaced
by the equation of motion (4.4). As an exercise show that the reference

configuration form of equation (4.27) is

/ TiéﬁidA+/p0f0[5ﬁidv—/p0V0[5ﬁidV:/Z[(,‘éF,‘KdV,
A\

av v v
/ T~5ftdA+/Pof0'5ﬁdV—/pol30~5l7dV— /lr(ZéF)dV.
av v A% v

A detailed discussion of the continuum form of d’Alembert’s Principle of

classical mechanics is given by Haupt [2].

4.3 Energy Equation and Entropy Inequality

In this section we consider some aspects of the thermodynamics of defor-
mation. Continuum mechanics involves the study of nonequilibrium states
of continuous media as well as equilibrium states; consequently, in order to
introduce thermodynamical concepts, an extension of classical equilibrium
thermodynamics, more accurately described as thermostatics, is required.
A simple extension of thermostatics to cover irreversible processes is based
on the Principle of Local State [3], which is a plausible hypothesis. This

principle is as follows:

The local and instantaneous relations between the thermodynamic
properties of a continuous system are the same as for a uniform system

in equilibrium.

A treatment of thermodynamics of deformation based on this principle is

referred to as the thermodynamics of irreversible processes [4]. Essentially
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what is implied is that infinitesimal elements of a system in a non-equilibrium
state behave locally as if undergoing reversible processes. This gives satisfac-
tory results for most engineering problems.

The energy equation is a postulate that follows from the first law of
thermodynamics (conservation of energy) for a closed system (material
volume). The rate of work of the surface tractions and body forces plus
the rate of heat flow in to the body is equal to the rate of change of the sum
of the kinetic energy and internal energy. Gravitational potential energy is
neglected since it is not significant in most contiuum mechanics problems,
but it could easily be included in the equations that follow. The spatial form

of the energy equation for a material volume, v(z) is

% /p(vizvi +u) |dv= /p(r + fivi)dv + / (tvi — qin;)da,

v \ v

(4.28)
% /p(vév—f—u) dV:/p(r+f~v)dv+/(t-v—q-n)da,

v v av

where n is the outward unit normal to the surface, u = u(x, ¢) is the specific
internal energy, r is rate of heat supply per unit mass, and q is the heat flux

vector. Fourier’s law for the spatial configuration,

00

qi = —k

is a semiempirical relation that relates ¢ and the temperature gradient. In
equation (4.29) k is the heat conduction tensor that is a positive semidefinite
second-order tensor for an anisotropic medium. For an isotropic medium
ki = 6;;k, where k is a non-negative scalar. The thermal conductivity tensor
is a function of temperature, and the deformation and may also be a function
of position for an inhomogeneous body. For many problems that involve
suitably small temperature differences and changes, the temperature depen-
dence may be neglected and k assumed constant. It should be noted that
equation (4.29) has a defect, when applied to transient problems, since it
predicts an infinite thermal wave speed; however, equation (4.29) is adequate

for many engineering applications, and it will be assumed for what follows in
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this text. Modifications of equation (4.29) in order to remove the defect have
been extensively researched and [5] is a useful reference on this topic.

Heat production can arise from various external agencies such as
radiation, or from Joule heating in electrical conductors. Potential energy
is neglected in equation (4.28). Substituting for ¢;, from equation (4.2), in

equation (4.28), and using the divergence theorem and the equation of

. 0q;
/ (pu — pr — ojid;j + ai) dv =0,

v (4.30)
/ (pu — pr — tr(oD) + divg)dv = 0.

v

motion (4.4) gives

Since the integrand is assumed to be continuous and equation (4.30) is valid

for volume v or any part of v, it follows that

. 0qi
o —gid 21
pu — pr — ojjd;j + ox; > (4.31)

pu — pr — tr(oD) + divg = 0.

Equation (4.31) is the local form of the energy equation referred to the spatial
configuration. The local form of the energy equation can also be referred to

the reference configuration. In order to obtain this form we note that
QKdAK = qidai, Q - dA = q- da, (432)

where @ is the heat flux vector referred to the reference configuration and
dA and da are the vector areas of a plane element in the reference and

spatial configurations, respectively. Using equation (4.32) along with

0Xk

dAx, da=JF TdA,
5’xi

dai =J

gives

qi=J 'FxOk, q=J"FQ. (4.33)
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The divergence of equation (4.33) and the result

8(1 (J'Fg) =0, div(J 'F)=0,
give
‘;zj —J! g)Q(’;, divg = J ' DivQ, (4.34)
where, as before,
J="0 = det[F).
p

It then follows from equations (4.8), (4.14), (4.26), and (4.29) that the local
form of the energy equation (4.31), referred to the reference configuration, is

00k _
oXx (4.35)
potio — poro — tr(ZF) + DivQ = 0,

Po'flo — Polo — 2KzeK +

where uy(X, t) = u(x(X, t), t) and ro(X, t) = r(x(X, 1), t). Equation (4.35)
can also be obtained from the reference form of equation (4.28),

0 VoivVoi
5/ po(uo + 02 0 )dV = /po(ro + foivoi))dV + / (Tivo; — QxNk)dA

\% \% oV

In addition to the energy equation we postulate an entropy production

relation, that follows from the second law of thermodynamics,

jt/psdv—/ dv —I—/q’ I da=0,

av

d
dt/deV_/®d +/—da>0

v

(4.36)
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referred to the spatial configuration, where s = s(x, t) is the specific entropy
and @ is the absolute temperature. Equation (4.36) is known as the Clausius-
Duhem inequality. If g = @ on Ov and r = 0, the material volume in equation
(4.36) is thermally isolated, and

jt/pst:/ps'dVBO,

v

so that the entropy is nondecreasing. Since equation (4.36) is valid for v or
any part of v, and the integrand is assumed continuous, it follows, with the

use of the divergence theorem, that

: q; qi 00
05 — ()
pOs —prt = = O
005 — pr—i—divq—%.V@ =0,

and if we substitute for r from equation (4.31) or subtract equation (4.31)

we obtain
p(@s — u) + Uijdij — = = 0,
© Ox; (4.37)
p(©5 — i) + tr(aD) — %.V@ = 0.

Equation (4.37) is the local form of the dissipation inequality, or Clausius
Duhem inequality, referred to the spatial configuration. As an exercise
show that the local form of the dissipation inequality referred to the refer-

ence configuration is

po(@g—ﬁ) +2Ki881\1:i _%887@ =0,
k@ %7K (4.38)
p0(®5 — 1) + tr(ZF) — gVX(?) = 0,

where 5(X, t) = s(x(X, 1), ), @(X, 1) = O(x(X, 1),1). In equation (4.38) =F
can be replaced by SE or SC /2.
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It is often convenient to introduce the specific Helmholtz free energy

function, f = u — Ts, and substituting for u in equation (4.37) gives

—p(s®+f) +adj — 5+ =0,
ST ooy (4.39)
— p(s® + f) + tr(eD) — %.V@ = 0.

The equality signs in equations (4.37) to (4.39) hold only for an ideal thermo-
dynamically reversible process. The left-hand sides of equations (4.37) and
(4.38) are equal to p,®y and p®y, respectively, where y=0 is the rate of
entropy production per unit mass. It is interesting to note that the rate of

entropy production per unit mass due to heat conduction alone is given by

. qi 00 q
9 ¢ = — = — —F ,V®’ 4.40
o =T e on T p@? (4.40)
referred to the spatial configuration and
. Qx 00O 0 -
The — —2 X = 2 x®, (4.41)
Po© Po®©

referred to the reference configuration. In the absence of shock waves, heat
conduction is the only source of entropy production in a perfectly elastic

solid. This is discussed in later chapters.

EXERCISES

4.1. Obtain the spatial form of the stress power in terms of the deviatoric
and isotropic parts of the Cauchy stress tensor o and the rate of de-

formation tensor D.

4.2. Show that for an isotropic linear elastic solid the specific stress power is

equal to the rate of change of specific strain energy.

4.3. Obtain the following virtual relations,

OF = (V@ du)F and 0F ' = —F 1 (V ® 6u).
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44.

4.5.

4.6.

4.7.

4.8.
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Use the results of problem 3 to show that the virtual variation of Almansi’s
strain tensor, #, and de = (V ®@ou+ (Ve 5u)T) /2 are related by

86uk Béuk
oejj = on; + “ox, T + Nk o,

de = on+ (V& ou) n+ (Vo du).

Show that the virtual variation of the Lagrangian strain tensor is given
by

1
OF = {FT(VX ®ou) + (Vx @ 5u)F}.
Express the referential form of the Clausius Duhem inequality in

terms of the second Piola-Kirchhoff stress tensor and the right

Cauchy-Green strain tensor.

Justify the Clausius-Planck inequality
p(®s —u) +tr(oeD) = 0

and discuss its significance for an isentropic process.

Discuss the significance, for a reversible isothermal process, of the

Clausius-Planck inequality in the equivalent form

— p(s© + f) + tr(eD) = 0.
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Material Models and
Constitutive Equations

5.1 Introduction

The response of material bodies to applied forces and heating has not been
considered in previous chapters, except that it is assumed that the materials are
nonpolar. In order to obtain relations between stress, deformation, and tem-
perature fields, it is necessary to have constitutive equations. These equations
give the response of idealized models of real materials, to the application of
forces and heating. In this book electromagnetic effects are not considered.
Admissible constitutive equations must not violate the laws of thermo-
dynamics and should satisfy certain additional principles. In this chapter some
classical constitutive equations and other relations for models of actual mate-
rials are considered, before discussing these additional principles in detail.
As in previous chapters, certain relations are presented in both suffix
and symbolic notation; however, relations that involve tensors of higher

order than two are given in suffix notation only.

5.2 Rigid Bodies

A rigid motion of a continuum is given by

xi(t) = Qix (1) Xk + ci(1),

*(1) = QX + (1), G-1)

where Q is a two-point proper orthogonal second-order tensor and ¢ has

the dimension of length. It follows from equation (5.1) that

Fx = Qi, det[F]=1, C=F'F=1Iand D =0.
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A rigid body may be defined as a body for which the distance between any
two particles of the body remains invariant, and the motion given by equa-
tion (5.1) satisfies this definition. To show this, take any two particles of the
body with position vectors X; and X, and corresponding position vectors
x1 and x; after a rigid body motion that involves translation and rotation. It

then follows from equation (5.1) that

(X1 —x2) - (x1 —x2) = Q(X1 — X2) - O(X1 — X»)
=X - X2) (X1 — Xy),

since QQ” = QT Q = I. Consequently, the distance between any two par-
ticles is invariant for a rigid motion. The rigid body model is a useful
idealization for certain real materials in applications where any deforma-
tion is negligible for the problem considered.

A necessary and sufficient condition for a rigid motion is
dij = 0, D= O, (52)

which implies that the stress power g;;d;; is zero. This is Killing’s theorem,
which has already been discussed in chapter 2. Equation (5.2) is a constitu-
tive equation for a rigid body, and it follows that d;; = 0 is a necessary but
not sufficient condition for a body to be rigid but is a necessary and suffi-
cient condition for an incompressible fluid. The stresses in a rigid body are
undetermined, the response to the application of forces is governed by
equation (5.1) and the laws of classical rigid body mechanics. Mechanical
and thermal effects are uncoupled. In addition to equation (5.2), there is
a thermal equation of state for a rigid body,
e
u(©) = / c(é))dé), (5.3)

(O}

where u, as before, is the specific internal energy, O is the absolute tem-
perature, @ is a reference temperature, and ¢(®) is the specific heat. The

energy equation for a rigid body follows from equation (4.12) and is
9qi —0,

ox; (5.4)
pu — pr + divg = 0,

pu — pr +
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where q is the heat flux vector and r is rate of heat supply per unit mass, for
example, Joule heating due the passage of an electric current. A semi-
empirical law, Fourier’s Law of heat conduction, given by

00

gi = —kji(®)——, q=—k(®)grad® (5.5)
ax]-

is now introduced. In equation (5.5) k is the heat conduction tensor, is
symmetric and positive or positive semidefinite, and in general is a function
of temperature. The positive or positive semidefinite property is consistent
with the Clausius statement of the second law of thermodynamics.
Substituting equation (5.5) in equation (5.4) gives the spatial form of the
energy equation,

00 a ,, 00
PC(®)E— Pr—a*xi(kijaij) =0,

6 (5.6)
pc(®) P div(k grad®) = 0.

For many problems the temperature range is small enough that the tem-
perature dependence of k and ¢ can be neglected. If in addition the rigid
body is isotropic, k = I'k, and equation (5.6) becomes

pc%(? — pr —kV*® =0,

where

V2 = divgrad = & / dx;0x;.

5.3 Ideal Inviscid Fluid

An ideal inviscid fluid has a simple constitutive equation, namely,
O',']' = —péi]‘, o = —pI, (57)

where p is a hydrostatic pressure. Equation (5.7) arises since an inviscid

fluid, which is a mathematical idealization, can sustain no shearing stresses;
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consequently, the Cauchy stress must be a pure hydrostatic stress with no
deviatoric part. A thermal equation of state is required in addition to
equation (5.7), for example, if the fluid is a perfect gas, that is, a gas that
obeys Boyle’s law and Charles law, then

— RO, (5.8)

ESRIRS

where R is the gas constant for the particular gas, © is the absolute tem-
perature, p is the absolute pressure, and p is the density. Since the internal
energy of a perfect gas can be expressed as a function of temperature only,
equation (5.3) also holds for a perfect gas if ¢(®) is replaced by ¢, (®), the
specific heat at constant volume. The stress power of a compressible in-
viscid fluid is P = —pv where v =1/p.

If we consider a viscous fluid, equation (5.7) holds only for equilibrium

states and is not a constitutive relation.

5.4 Incompressible Inviscid Fluid

This is an inviscid fluid model that can only undergo isochoric flow. The
constitutive equation chosen to model a given material may be influenced
by the problem considered. For example, for some problems involving
a liquid, such as gravity water waves, it may be realistic to assume an in-
compressible inviscid fluid, whereas for other problems, such as water
hammer in a pipe, compressibility effects must be considered, and for
boundary layer problems, viscous effects are dominant.

If a fluid is assumed to be mechanically incompressible the coefficient
of volume thermal expansion must be zero so that only isochoric deforma-
tion is possible. It has been shown by Miiller [1] that a fluid model that is
mechanically incompressible cannot have a nonzero coefficient of volume
thermal expansion, otherwise the second law of thermodynamics is
violated. Since an incompressible fluid can undergo only isochoric

deformation,

di; =0, trD=0.



5.5 Newtonian Viscous Fluid

The stress power for an incompressible inviscid fluid is zero and equation
(5.3) holds.

5.5 Newtonian Viscous Fluid

First we consider the compressible case. The Newtonian viscous fluid
model has the following properties. (1) Stress components a;; + pd;;, where
p is the thermodynamic pressure, are linear homogeneous functions of d;;.
The thermodynamic pressure is the pressure that appears in the thermo-
dynamic equation of state, for example, for a perfect gas p is given by
equation (5.8). (2) The fluid is isotropic. (3) When the rate of deformation
is zero, the stress is hydrostatic, that is, ;; = —pd;;. It follows from (1) to (3)
that o;; + pd;; = Cijrudis, where Cyjyg are the components of a fourth-order
isotropic tensor. Since the most general fourth-order isotropic tensor has

components given by
Cijki = %0;j0x1 + BOixdj1 + 0iudjk,
where o, §, and y are scalars, a;; + pd;j = (20;j0x + POikdji + 70udjx ) di, for
a single phase fluid. Since ¢ and D are symmetric, this can be put in the form
ij + poij = 2nd;; + cdkkdi;

(5.9)
o + pl =2yD + cItrD,

where # and ¢ are viscosity coefficients. For isochoric flow it follows from
the constitutive equation (5.9) that
ojj + poij = 2nd;j, di; =0,

which indicates that # is the viscosity component for simple shear. For pure

dilatation it follows from equation (5.9) that

g
% +p = Cdk, (5.10)

where ¢ = 2n/3 + ¢ is the bulk viscosity. Substitution of equation (5.9) in
the equation of motion (3.15),
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with the use of equation (5.10) gives

ap (3‘2v,~ 1 aZVj B dVl‘
_8—M+n8xj8xj+ <£+§ > axiaxj+pﬁ =P (5.11)

This equation is the Navier-Stokes equation and is nonlinear since
dvi/dt = 0v; /Ot + v;0v; / Ox; is nonlinear. It should be noted that the
mechanical pressure —ay, /3 is not equal to the thermodynamic pressure
p unless it is assumed that ¢ = 0. This assumption is known as Stokes’
hypothesis and is a good approximation for monatomic gases at relatively
low pressures. If £ = 0, it may be deduced from equation (5.10) that there
is no dissipation of mechanical work due to viscosity when the fluid
undergoes dilatation with no distortion. According to White [2], the bulk
viscosity property has been a controversial concept.

The viscosity coefficients # and ¢ are transport properties and are, in
general, functions of temperature. For a liquid # decreases and for a gas 5
increases as the temperature increases.

An incompressible Newtonian fluid is a useful model for many liquids.
This model has only one viscosity coefficient # and equation (5.9) is

replaced by
Ojj = 2”]dzj —péi]‘, (512)

with d;; = 0, where p = —ay, /3 is a Lagrangian multiplier that is obtained
from stress boundary conditions. A more extensive treatment of a New-
tonian viscous fluid is given in [2] and some other aspects are given in

chapter 9.

5.6 Classical Elasticity

An elastic solid is a material for which the stress depends only on the
deformation, when the deformation is isothermal. Classical elasticity is
a linear elastic theory based on the assumption that the displacement gra-
dient tensor is infinitesimal so that the strain and rotation tensors are

linearized and the distinction between the spatial and referential forms
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of the governing equations disappears. There is a vast literature on classical
elasticity dating from the mid-nineteenth century onward and only a very
brief discussion of the stress strain relations is given here. The book by
Love [3] is an extensive exposition of linear elasticity and contains refer-
ences up to 1926. Two significant later general treatises on the subject are
Goodier and Timoshenko [4] and Sokolnikov [5], and there are many
books that consider specialized areas. Here we briefly discuss some basic
features of the constitutive relations of classical elasticity for isothermal
deformation. The components of Cauchy stress, g;;, are linear functions of

the components of the infinitesimal strain tensor
eij = (1/2)(0u; /dx; + du;/0x;).
Since o;; and ¢;; are the components of second-order symmetric tensors,
Oij = Cijki€ki, (5.13)

where the c;j; are the components of a fourth-order tensor known as the

stiffness tensor, with symmetries.
Cijkl = Cjikl = Cijilk,

since ¢;; = 0j; and ey = ex. Equation (5.13) is sometimes known as the
generalized Hooke’s law. It can be shown that there is a further symmetry,

cijki = cij if a strain energy function,

1
w(e) = 5 Cijki®ijekl, (5.14)
exists, such that
ow(e)
Oij = 75)6[] . (515)

It then follows that a classical linear elastic solid can have at most twenty-

one independent elastic constants. It should be noted that, in equation
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(5.14), the symmetry of the infinitesimal strain tensor e is ignored for the
differentiation (5.15). Sokolnikov [5] has given more extensive discussion
of the symmetries of the stiffness tensor. Equation (5.13) can be inverted to
give

€ij = QjjkIOkl, (5.16)

where a;j; are the components of a fourth-order tensor known as the com-
pliance tensor, which has the same symmetries as the stiffness tensor. The
strain energy function in terms of the stress components, sometimes known

as the complementary energy per unit volume, is
1
We = Eaijklgij(fkl,

and equation (5.16) can be obtained from

ow.(a)
66,'/‘ '

ei]- =

We will consider a homogeneous solid so that the components of the stiff-
ness and compliant tensors are constants.
As already mentioned the components of the most general isotropic

fourth-order tensor are of the form
00Okt + BOirdj + YOirdjk,

where «, f, and y are scalars. It then follows that for an isotropic linear

elastic solid, equation (5.13) is of the form,
o;j = adjexk + e + yeji.
Since e;; = e;j; it then follows that
Cijkl = 2110k dj1 + 2001, (5.17)

and from equation (5.13) that
Ojj = 2/161']' + ;Lekkéii, (518)
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where p and 1 are known as Lamé’s constants for isothermal deformation.
A compressible classical linear elastic solid has two independent elastic
constants, and any other elastic constant can be expressed in terms of u
and A. For example, Young’s modulus, the bulk modulus, and Poisson’s

ratio are given by

w34+ 2p) 2 A
it Tk Aad V=

respectively. Equation (5.18) can be inverted to give

— 55

e = ﬂaij =+ 72'[1(32 o) Okk-

(5.19)

A brief discussion of some aspects of anisotropic linear elasticity is now

given. Equation (5.13) can be expressed in the matrix form
[0] = [Cl[e], (5.20)

where [o] and [e] are (6X1) column matrices related to the Cauchy stress

and linear infinitesimal strain tensors by

[6]"=[01 02 03 04 05 06| = [011 0 033 03 031 o12),

[e}TI le1 e2 e3 es es eg] = [e11 exn ex3 2ex 2e3 2ern],

and [C] is a (6X6) symmetric matrix related to the fourth-order stiffness

tensor by
Ciu=cun Cip=cun Ci=cu Cuy=cuzs Cis=c113 Cis=cun
Co=cnn Cxn=cms Cu=cmn Cos= et Cos=cnn2
Cz=cazs Cag=c333 N Css=c3331 Cs6=ca3n2
. 2323 +C2332
[C]= Symmetric Cy= -5 Cys5= 2331 Ci6= 2312
€3131 +C3113
Css= -5 Cse=c3112
C1212+C1221
Co= T

(5.21)
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The matrix [C] is known as the Voigt matrix. It follows from equation (5.21)

that for an isotropic solid,

[2u+ 2 A A 0 00
2u+ A A 0 00
C] = 2u+4 0 0 O
Symmetric u 0 0
w 0
L K

Equation (5.20) can be expressed in suffix notation,

6
Op = Zlcpqeq, pc {1,2. .. .6};
q:

however, it is important to note that this is a matrix equation, not a tensor
equation. The compliance relation (5.16) can also be expressed in matrix
form as

where [A] is the matrix inverse of [C].

5.7 Linear Thermoelasticity

In this section some constitutive aspects of linear thermoelasticity are con-
sidered. These are restricted to isotropic solids and the assumptions of
isothermal linear elasticity, along with small deviations from a reference
absolute temperature ©,, so that |® — @g|/®( << 1. When the temperature
of an isotropic unstressed elastic solid is changed, pure dilatation e =

%,(® — ©,) occurs so that the components of the thermal strain e}; are

¢ = % (© — ©0)d;, (5.22)

i

where o, is the volume coefficient of thermal expansion, which is assumed

to be constant.
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It is clear from equation (5.22) that no shear deformation is produced
by a uniform temperature change in a homogeneous elastic solid. For

homogeneous deformation with strain e;;, the part due to the stress is
1

e;j — ej;, and it follows from superposition and equations (5.18) and (5.22)
that
2
0ij = 2pe; + Lexkdy — (gu + l) o, (® — Op)dyj, (5.23)

which is an equation of state. In equation (5.23) u and / are the isothermal
moduli, assumed constant for infinitesimal deformation and
|® — ®y|/©p << 1. In this section specific thermodynamic properties are
taken per unit mass. The stress and infinitesimal strain ¢ and e are now
decomposed into the deviatoric and isotropic parts toillustrate that thermo-
dynamic effects in an isotropic linear compressible thermoelastic solid are
confined to the dilatational part of the deformation. Substitution of
oij = s; +0d; and e; = ef;+56;;, where e =e;, ¢ =0;/3, in equation
(5.23) gives the decoupled shear and dilatational responses,

sij = 2uej, o= K{e—0,(0—0y)}, (5.24)
where K = 2u/3 + / is the isothermal bulk modulus.

It is evident from equation (5.24) that the uncoupled shear deforma-
tion is not influenced by temperature change and is both isothermal and
isentropic, that is, for a linear thermoelastic solid the thermodynamic
effects are restricted to the dilatational part of the deformation.

There are four important specific thermoelastic potentials each of
which can be expressed as a function of two of the thermodynamic
properties o, e, s, and ®. A potential, which is expressed as a function
of two of the above thermodynanic properties, such that the other two
can be obtained by partial differentiation is a fundamental equation of
state. These fundamental equations of state are related by Legendre
transformations.

First the specific internal energy and Helmholtz free energy are
considered and are expressed as fundamental equations of state in the
form

U= ﬁ(ei}, e,s) (5.25)
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and

f=f(efe.0), (5.26)

respectively, where ©(0,0,sy) = 0 and (0,0, ®y) = 0. The strain tenor e is
replaced by e’ + (e/3)I in equations (5.25) and (5.26) in order to indicate
the decoupling of the distortional and dilatational effects.

A Gibbs relation for a linear isotropic thermoelastic solid is

@ds—du—%—du—w. (5.27)
It follows from equation (5.27) and
ou ou ou
du = % l}de,] e - de + 8fds
that
5 ou ou ou (5.28)

= s = i @Z .
Poes 7~ oe P os

Equation (5.28) indicates that the fundamental equation of state for the
internal energy is of the form u = u(ej e, s).
A Gibbs relation

a,,de,] siidef; + ade

df = —sd® + —sd® + (5.29)

is obtained from equation (5.27) and the Legendre transformation f =

u — Os, and it follows from equation (5.29) and

of

afd + = of do®
Oef;

af = de 00

de;; +
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that

o of __ O
_paei?, C=Po 5T T 5g (5.30)

S,'j

Equations (5.30) indicate that the fundamental equation of state for the
Helmbholtz free energy is of the form f = f(ei}, e.s).
Substituting equation (5.24) in equation (5.29) and integrating gives

1 1
f(e,-’j, e, @) = ; (,ue{]-el-’j + EKe2 — Kaye(® — ®0)) + F(O), (5.31)

where F(O) is a function to be determined. Equation (5.30) is consistent
with equations (5.24) and (5.30), ,. It follows from (5.30); and (5.31) that

Ko,e

(@), (5.32)

s

Since (Ods),_, = c.d®, where c, is the specific heat at constant strain e, and
Seco = —F'(0),

(O
_F(O) =c, / ® _1, 0. (5.33)

The linearized form of equation (5.33) is

_F(©) =c, (® (;0®°>, (5.34)

and this along with equation (5.32) gives

Ko,e 0 -0
= . 5.35
s ; + ce( o ) ( )
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According to equation (5.35) the specific entropy is taken as zero for
a reference state with ® = ®y and e = 0.
Substituting the integrated form of equation (5.34) in equation (5.31)

gives the fundamental equation of state

B0 L Lo 1 (06
f(el-j,e,®) :p<M€[j€[j+2K€ —Kozve(® — @0)) —ECETO.

(5.36)

It may be verified that equation (5.30) can be obtained from equation

(5.36). The strain energy per unit volume for isothermal deformation,

1
w(e',e) = pf(e’,e, ) = pejefi+ §K€2,

is obtained from equation (5.36).
It follows from equation (5.35) that, for isentropic deformation from

the reference state,

and substitution in equation (5.24), gives

2,2
K®

o= <K—|—M>e.
pPCe

Consequently, the isentropic (reversible adiabatic) bulk modulus K, is
given by

2.2
KO
Ka:K+u,
pCe
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and the isothermal and isentropic shear moduli are equal. It can be deduced
from the Gibbs relation (5.27) that the following expression for the specific

internal energy

©_ 0, (5.37)

+ @,

1 1
Li(e,"j, e, ®) = ; (uei} efi+ El{e2 + KocveG)o)
%Ce + Ce(® - ®0)

is obtained from the Legendre transformation u = f 4+ ®s and equations
(5.35) and (5.36). It should be noted that equation (5.37) is not a funda-
mental equation of state since u is a function of ej, e and @ instead of
eji, e and s. It is easily determined from equation (5.37) that

c P @
© \00/ e,

The fundamental equation of state

- 1 1
(el e,s) = p (yei}-e,’j + EKeZ + Kocve®0> +

Ko,e® 1 Ko,e®,)\ >
ced (L0 -T2 (Lo, - TETe) b (5.38)
Ce pCe 20 \c. pCe

is obtained by eliminating (® — ®,) from equations (5.35) and (5.37). It
may be verified that equations (5.28) can be obtained from equation (5.38)

with the use of equation (5.35).

The specific enthalpy for a linear thermoelastic solid is related to the
internal energy by the Legendre transformation & = u — s;ef; / p—ae/p,
and the differential of this along with equation (5.27) gives the Gibbs

relation

(5.39)

dh = ®ds — (ez,jdsij—i—ech7>'

0
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It follows from equation (5.39) that

oh oh oh
dh—gijdsij+%d0'+gds
and
. Oh _ Oh _ oh
ei]—paTij, e—pao_, —as. (540)

Equation (5.40) indicates that the fundamental equation of state for the
enthalpy is of the form & = h(sij, o, s). Before determining the fundamental

form h(s;, o, s) it useful to consider the form

i(soo.0) s 1K o _oy)’
h(sy.0.0) =" ZP(KMV(@ ) +

Ko,®) o o 1 (@*@0)2
(p_p> (k+(©-00) re(@-0u) e =g B0 (541)

that is determined from equations (5.24), (5.38), and h=
u — sjjej; / p — ae/p. It may be deduced from equation (5.39) that, for a re-
versible process at constant stress, the specific heart at constant stress

o (aﬁ)
L) '
0=0

0

is given by

It then follows from equation (5.41) that

A fundamental equation of state for the enthalpy is obtained by eliminat-
ing (9 — ®) from equation (5.41) and

K2
@—@F(S—“”“)/( )
p p b
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that is obtained from equations (5.24), and (5.35).

The Gibbs free energy is the final thermodynamic potential for a linear
thermoelastic solid that we will consider. It is related to the Helmholtz free
energy by the Legendre transformation, g=f —s;s;i/p — ae/p,

which gives

el-’]- dSi]' —edo

dg = —sd® — (5.42)
0
It follows from equation (5.42) and
_Og 9g 9g
dg = D ds;; + 9% do + B do®
that
, 0, 0, 0,
e = & e:—pa—i, s:—£. (5.43)

Equation (5.43) indicates that the fundamental equation of state for
the Gibbs free energy is of the form g = g(sij, o, ®), which can be obtained

as

0,0) =] 31 K10 oo = [L a0
g(sl],a,®)—p{ 4#+2[K+av(® )| — | Z+2(0-00)|

2
Koy (©-0n)+l} e O

(5.44)
by using the Legendre transformation g =f — (sijel-'f + Je) / p, and equa-
tions (5.24) and (5.36).

As an exercise the reader should verify that equation (5.43) is satisfied
by equation (5.44).

The complementary energy per unit volume for isothermal deforma-
tion is given by w.(s, o) = pg(s,a,0y), and it follows from equation (5.44)
that

2
SiiSii [
Ws(Sij,U) = —i—‘u]—ﬁ, (5.45)
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which is equal to the negative of w(e’, e), the strain energy per unit volume
for isothermal deformation. Often the complementary energy per unit
volume is described as the strain energy in terms of stress with the negative
signs in equation (5.45) replaced by positive signs. However, the form
(5.45) with negative signs is obtained from the Legendre transformation,
g=1— (sijefi + ae)/p.

Constitutive relations for nonlinear elastic solids are considered in

later chapters.

5.8 Determinism, Local Action, and Material
Frame Indifference

It has already been noted that constitutive equations should not violate the
laws of thermodynamics. In addition they should satisty the principles of
determinism, local action, and frame indifference. These principles are
sometimes called axioms, and it is possible to formulate more than three.
For example, Eringen [6] lists eight axioms of constitutive theory; however,
the three principles discussed here appear to be sufficient to develop a con-
stitutive theory.

The principle of determinism states that the stress and specific internal
energy at a material point at time ¢ are determined uniquely by the past
history of the motion and temperature field up to and including time ¢. The
heat flux q is also so determined; however, this is usually of less importance
in our considerations than the stress. It is reasonable to assume that the
history of the motion and temperature fields in the recent past has more
influence on the state of the medium than that of the distant past, that is,
the material has a fading memory. A perfectly elastic solid has a perfect
memory of an undeformed reference configuration and an inviscid fluid or
a Newtonian viscous fluid has no memory of a reference configuration.

The principle of local action states that the stress, specific internal en-
ergy, and heat flux at a material point X are independent of the history of
motion and temperature outside an arbitrary small neighborhood of X.
Materials that obey this principle are known as simple materials. In a simple
material, the stress at time ¢ at a material point depends only on the history of

the deformation gradient and temperature. This implies that all relations
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between stress and past history of motion can be obtained from experiments
that involve homogeneous deformation and temperature. These relations
are constitutive equations. In this book we consider only simple materials,
since all the usual material models considered in civil and mechanical engi-
neering refer to simple materials.

Before discussing the principle of frame indifference it is necessary to
introduce the concepts of a frame of reference and an observer that are
often regarded as synonymous. A frame of reference may be regarded as
a hypothetical rigid body to which an infinite number of coordinate systems
may be attached. Right-handed, rectangular Cartesian coordinate systems
are considered for the following discussion.

The concept of a frame of reference involves an observer that can
measure time and the relative position of a point in E3. Two different
observers are said to be equivalent if they observe the same distances
between pairs of points in E3 and the same interval of time between events.

Transformation relations between coordinate systems attached to the
same frame of reference are time independent. However, transformation
relations between coordinate systems attached to different frames of ref-
erence are, in general, time dependent unless the frames are moving in
relative translation. Equations or physical quantities, which are invariant
under coordinate transformation in the same frame of reference, must be
tensors or tensor equations; however, this does not necessarily ensure
invariance for transformations between coordinate systems attached to
different frames of reference. Physical quantities are said to be objective
if observers on different frames, in relative motion, observe the same phys-
ical quantities, that is, if the quantities are invariant under all changes of
frame. Temperature is an example of an objective scalar, velocity is an
example of a vector that is, intuitively, not objective. Applied to constitu-
tive equations the principle of material frame indifference, sometimes
known as the principle of material objectivity, requires that equivalent
observers observe the same material properties or constitutive equations.
An alternative statement is, constitutive equations are frame indifferent if
they are invariant under all changes of frame. A simple example is the
extension of an elastic spring due to an axial force. Equivalent observers

observe the same extension of the spring and, since the axial force is related
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to the extension, the various observers observe the same force. We can
assert that contact forces are objective; however, body forces may not be.
For example, an observer attached to a body in free fall, under the action of
the earth’s gravitational field, observes no body force since no acceleration
is observed. However, an observer fixed in space observes a body force.
A tensor is said to be objective if equivalent observers on different frames
of reference observe the same tensor, so that the tensor is invariant under
change of frame. The precise meaning of this statement is discussed later in
this chapter.

Consider the ordered pair {x,¢}, where x is the position vector of
a point in E3. A change of frame or observer is a one-to-one mapping of
E5 Xt onto itself so that the same distance between any two points in Ej3 is
observed and time intervals between events are preserved. Let x and ¢ be
the position vector, of a point P in Ej3, relative to an origin O, and time,
respectively, in frame of reference F, and let x* and t* = ¢t — a, where a is
a constant, be the position vector of P relative to an origin O*, and time,
respectively, in frame of reference F*. It should be noted that x is observed
by observer F and x* by observer F*. If F is moving in translation, relative

to F*, we have the trivial relation

*

x =c(t) +x,

where ¢(¢) is the position vector of O with respect to O*. However, if F*

and F are undergoing relative translation and rotation,
x'=ct)+0Q)x, t=t —a, (5.46)

where Q is a proper orthogonal tensor, which represents a rotation of F
relative to F*, and a is a constant so that two time scales have the same unit
and a different origin. Equation (5.46) is known as a Euclidean transfor-
mation and is an observer transformation from F to F* since observer F
observes position vector x and observer F* observes position vector x* for
the same point in E3. It may be easier to visualize the Euclidean trans-
formation (5.46) when it is expressed in suffix notation related to coordi-

nate systems O*x; and Ox; fixed in F*and F, respectively,

x; — ¢i(t) = Qy(0)x;.



5.8 Determinism, Local Action, and Material Frame Indifference

When Q = I and ¢(¢) is constant, the transformation is said to be Galilean.
A Galilean frame of reference is a frame with respect to which the laws of
classical mechanics hold.

If x; and x, are position vectors in F of two points it follows from
equation (5.46) that

(x5 —x7) = Qw2 — x1). (5.47)
It is easily verified from equation (5.47) that the condition
ey — x| = oo — ],

for equivalent observers is satisfied and that is recovered when Q =1I. It
follows from equation (5.47) that a vector u is objective if and only if it

satisfies the condition
u(x", 1) = Q(tu(x,1), (5.48)

for all F and F*, as does the directed line segment (x, — x1), so that different
observers observe the same vector. In order to clarify this, let {e, e;,e3} be
the unit base vectors for coordinate system Ox;, and {e},e3,e;} the unit

base vectors for 0*x}, given by

e;(t) = O()e. (5.49)
The relation
exe =1
and equation (5.49) give
e; (1) @ e;(t) = O(1). (5.50)

Eliminating Q from equation (5.48) and equation (5.50), gives

u(x',0") e =u(x,t) e (5.51)
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It may be deduced from equation (5.51) that the components of an
objective vector u referred to the coordinate system Ox; are the same as
the components of u* referred to the coordinate system 0*x;. Similarly,
a tensor T'(x,t) referred to F is objective if T*(x*,¢*) referred to F*, and
T are related by

T = Q0(NTO" (1). (5.52)
Substitution of equation (5.50) in equation (5.52) gives
e-Tej=e; -T'e;. (5.53)

It may be deduced from equation (5.53) that the components of an objec-
tive second-order tensor T referred to the coordinate system Ox; in F are the
same as the components of T” referred to the coordinate system 0*x; in F*.

It may also be deduced from equation (5.48) that the scalar product of
two objective vectors is an objective scalar ¢*(x*,t*) = ¢(x,7) and that
a second-order objective tensor T operating on an objective vector u results

in an objective vector since

T'u" = QTQ" Qu = QTu.

The following scalar thermodynamic quantities are objective, temperature,
pressure, entropy, internal energy, free energy, and enthalpy, etc. However,
there are scalars that are clearly not objective such as speed and magnitude of
acceleration. Two vectors that are, intuitively, not objective for all observer
transformations are velocity and acceleration. For the velocity vector this can

be verified by differentiating equation (5.46) once with respect to time to obtain
Vi =0v+é+ Q2@ —c), (5.54)

where 007 = —QQT = Q. It is clear that the velocity vector is objective,
only for transformations with ¢ = 0 and Q = 0. For the acceleration vector,
differentiation of equation (5.54) with respect to time and the substitution

of v obtained from equation (5.54) gives

a=Qa+tét (Q—Q2>(x* — ) 12090V —é). (5.55)
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In equation (5.55) the terms 2(x* — ¢), — Q*(x* — ¢), and 2Q2(v* — ¢) are
analogous to the terms, which appear in the expressions a, =¥ — rf?,
ag = r0 + 20, for acceleration components in terms of plane polar coordi-

nates (r,0). It is clear that the acceleration vector is objective only if
é+ (Q— 92)(x* — ) 12090V —é) =0,

and transformations that satisfy this condition are known as Galilean trans-
formations. A frame of reference, with respect to which Newton’s laws are
valid, is known as an inertial frame of reference, and all frames obtained
from an inertial frame of reference by a Galilean transformation are also
inertial frames of reference.

Some further examples of physical quantities and aspects of objectivity
of interest in continuum mechanics are now considered. In what follows the
objective is taken to mean objective for all observer transformations.

The material time derivative of any objective vector is not objective

since differentiation of equation (5.48), with respect to time, gives
i = Qi+ Qu. (5.56)
Also the material time derivative,

oT (x,1)

T = T +v-VT(x,1) (5.57)

or

AT (x(X)1)

T:
Ot ’

of an objective second-order tensor, T is not objective since it follows

from equation (5.52) that

T" = QTQ" + QTQ" + QTQ". (5.58)
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It is evident that the material rate equation (5.57) is not suitable for use in
constitutive equations that involve rates of objective second-order tensors.
In order to obtain an objective rate of an objective second-order tensor it is
desirable to consider first the two-point deformation gradient tensor,
F = Gradx, (Fix =0x;/Xk), and then the velocity gradient tensor,
L= gradv, (L,»,- = 0v; /6xj), and its symmetric and antisymmetric parts.
Since no change in the reference configuration of a deforming body is
observed by observers on F and F*, Grad = Grad”. It then follows that
F* = Gradx* and substitution of x* = ¢(t) + Q(¢)x(X, ) gives

F* = QF. (5.59)

According to the condition (5.52), F is not objective; however, it may be
regarded as quasi-objective since the reference configuration does not
change under an observer transformation. The velocity gradient is given
in terms of F by L = FF~! and substituting equation (5.59) in L* = F*F !

gives
L = (QF + QF)F'Q" = 0LO" + 00", (5.60)

which shows that L is not objective. It follows from equation (5.60) that, for

the rate of deformation and spin tensors,

* 1 * *
D :§<L 4L T) — oDQ" (5.61)
and
*_1 * «T\ T ST
w _E(L L >_QWQ +00", (5.62)

respectively, which show that the rate of deformation is objective and the
spin is not objective.
It is interesting to consider the left and right Cauchy-Green tensors,

B=FF" and C=F'F, (5.63)
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respectively. It can be shown from equations (5.59) and (5.62) that
B = 0BQ" (5.64)
and
C'=C. (5.65)

Equations (5.64) and (5.65) indicate that B is objective but C does not
satisfy condition (5.52). However, like F, it may be regarded as quasi-
objective since it does not change under an observer transformation. We
now consider the material rate of change of a second-order objective ten-
sor. Elimination of Q and Q7 from equation (5.58),

Q=WQ-0wW
and
0" = —0"W +wo',
that are obtained from equation (5.62), gives the relation
vk * * * - T

(T"—WI'+T'W")=Q(T - WI+TW)Q". (5.66)

Consequently,
T = (T — WI +TW) (5.67)

is a possible objective rate. The objective rate equation (5.67) is known as
the corotational or Jaumann rate and was proposed by Jaumann in 1911. It
is not unique since an infinite number of objective rates can be obtained.
Several other objective rates have been proposed for various constitutive

relations since 1911, for example,

T— (T’ v LT+ TL) (5.68)
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is a rate proposed by Oldroyd [7].

The rate equation (5.67) is usually applied to the Cauchy stress tensor
¢ and has a particular physical interpretation that other stress rates do not
have, namely, that it is the stress rate relative to a frame of reference
rotating with the angular velocity of the principal axes of D. To show this
let u;(t) be a right-handed triad of unit base vectors in the principal direc-

tions of D. The Cauchy stress can be expressed in the form
a(t) = o;(t)ui(r) @ uj(t),

where the material time derivative is

. d doy . .
O'(t) = E (O'i]'lli X ll]‘) = d—l‘/ (lll' X llj) + oju; Q u; 4 o;u; Y W, (569)
and the g are the stress components with respect to triad w;, i € {1,2,3}.
The dependence of ¢ on x has been suppressed. The rate of change of stress

relative to the system of base vectors x;(¢) is % (w; ® w;). It follows from
equation (2.39) that

w=Wu, ic{1,23}. (5.70)

Substituting equation (5.70) in equation (5.69) and using W =

W, @u, = —W7T gives, after some manipulation,
do
dl‘l] (lli (9 llj) = E (O'ijll,' ® ll]') — W,'pO'pjlli Qu; + O'iprjlli & u; (5 71)
d .
org':—a—Wa+0'W.

dt

The right-hand sides of equations (5.67), with T replaced by g, and (5.71)
are equal, so that
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An application of the Oldroyd rate equation (5.68) relates Almansi’s strain

tensor
1 1
o (I_FT g 1)
2
to the rate of deformation tensor D since it may be shown that
A T
n=(n+L"n+nL) =D.
All the terms of materially objective constitutive equations must be objec-
tive. For example, in equation (5.9) the quantities o, D, and p are objective
and equation (5.9) is materially objective. However, the constitutive equa-

tions for linear elasticity are not materially objective and are valid only for

infinitesimal displacement gradients.

EXERCISES

5.1. Decompose the specific strain energy function W(e) for a linear iso-
tropic elastic solid into a dilatational part and a distortional part. Obtain
the specific strain energy as a function W, (o), known as the complemen-
tary energy. Decompose W, (a) into a dilatational part and a distortional
part and show that the distortional part is related to the octahedral

shearing stress and the second invariant of the deviatoric Cauchy stress.

5.2. The potential energy of a linear elastic body is given by

V—/w(e)dv— / t,-uida—/pfiuidv,

A vy A

where Ov, is the part of the surface dv upon which the surface traction
is prescribed.

Use the result that the strain energy function, w(e) = %Cijk[ei]'ek[, is
positive definite to show that, V is a minimum when u;(x) is the solu-
tion displacement field in competition with all other members of the

set of kinematically admissible displacement fields.
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5.3.

5.4.
5.5.

5.6.

5.7.

5.8.
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Hint, show that V' (u}) — V(i;) = 0, where u} is a kinematically admis-
sible displacement field and u; is the solution displacement field, with

the equality holding if and only if u; = u;

The complementary energy of a linear elastic body is given by

V. —/wc(o-)dv— / tiu;da,

v vy

where 0Ov,, is the part of the surface dv upon which the displacement is
prescribed.

Use the result that the complementary energy function,
we(o) = %aiszﬂijdkl, is positive definite, to show that V. is a minimum
when ¢;j(x) is the solution stress field in competition with all other
members of the set of statically admissible stress fields.

Hint, show that V. (a;‘j) — V¢(o;) =0, where a7;(x) is a statically ad-
missible displacement field and o;;(x) is the solution displacement

field, with the equality holding if and only if ¢}; = gj;.
Show that (W — Q), where W is the spin tensor, is objective.

A proposed constitutive equation has the form

¢ =2uD + AItrD,

where p and A are Lamé’s constants of linear elasticity ¢ is the mate-
rial derivative of Cauchy stress. Show that this relation is not materi-

ally objective.

Show that a constitutive of the form
¢ = 2uD + JItrD

is materially objective.

Show that a constitutive equation of the form ¢ = f(D) is materially

objective.

Show that the time-dependent basic invariants of the stress tensor o

are stationary when the Jaumann stress rate vanishes.
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an Elastic Solid

6.1 Introduction

The constitutive equations of the linear theory of elasticity, which have been
discussed in chapter 5, can be obtained as a limiting case of those of finite
deformation elasticity by neglecting terms O (\V Xu]2>. However, the consti-
tutive equations of linear elasticity are not objective, although those of finite
deformation elasticity are objective. In this chapter we consider the constitu-
tive equations of finite deformation elasticity, henceforth described as non-
linear elasticity. The emphasis is on isotropic solids and it is evident where the
specialization to isotropy occurs. Symbolic notation is mainly used, although

some equations are given in both symbolic and suffix notation.

6.2 Cauchy Elasticity

An elastic solid is a solid that is rate independent and the components of the
Cauchy stress tensor are single-valued functions of the deformation gradi-

ent tensor, for either isothermal or adiabatic deformation, so that
(r:ﬂ(F>, Ul'j:ﬁ,'j(Fm ) (61)

In equation (6.1) any dependence on X and ¢ has been suppressed, that is,
the solid is assumed to be homogeneous in the undeformed reference
configuration. The form of the tensor function 3, of the tensor argument
F, depends on whether the deformation is isothermal or adiabatic and also
depends on the reference configuration unless the solid is isotropic. The
difference between the forms of 9 for isothermal and adiabatic deforma-

tion, of materials for which the nonlinear elastic model is realistic, is very
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small and is negligible for most applications. In this chapter and chapter 7,
isothermal deformation is assumed. Equation (6.1) is an example of a con-
stitutive model for a simple material, and the function J can be obtained
from experiments involving homogeneous static deformations.

The function in equation (6.1) must be objective. An objective func-
tion is obtained by noting that the stress depends only on the change of
shape and is not influenced by rigid body rotations of a deformed config-
uration. Suppose a deformed configuration of an elastic body is given a rigid
rotation, described by a proper orthogonal tensor Q, about a fixed material
point taken as the origin. The position vector x of a particle before the

rotation becomes

after the rotation. Then the deformation gradient and Cauchy stress tensors

after rotation are given by,
F*' = QF (6.2)
and
o =000, (6.3)
respectively. It follows from equation (6.1) that
o' =9(F"). (6.4)

Since a rotation of the spatial configuration is equivalent to a rotation of an
observer, it further follows from equations (6.1) to (6.4) that < is observer

independent, that is, objective, if
Qd(F)Q" = 9(QF) (6.5)

or

9(F) = Q"9(QF)Q.
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for any Q € Orth' where Orth™ is the set of all proper orthogonal tensors.
Substitution of the polar decomposition of the deformation gradient,
F = RU, in equation (6.5) gives

§(F) = Q"9(QRU)Q,

which is valid for any proper orthogonal tensor, in particular for @ = R”.
Consequently,

9(F) = RO(U)R”, (6.6)

which shows that ¢ can be expressed as a function of six independent
components of U instead of nine components of F. It follows that equation
(6.6) is a necessary condition for equation (6.5) to hold. This condition is
also sufficient for by replacing F by QF, in equation (6.6), where @ is an
arbitrary proper orthogonal tensor, and noting that (QR)U is the polar
decomposition of QF, we obtain

$(QF) = QRY(U)R' Q" = Q9(F)Q",

and this is equivalent to equation (6.5).

The following relation obtained from equations (6.1) and (6.6),
o =RIU)R’, (6.7)

can be put in a different form, which may be convenient since the decom-

position of F is not required. Using the polar decomposition of F, we obtain
o=FU "9 UU'F’,
and then using the right Cauchy Green deformation tensor C = F'F = U?,

o =F¢(C)F”, (6.8)
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where
$(C) = Cfl/zﬁ(cl/2> c 2
It is easily verified that equation (6.8) is objective. Using equation (3.33)
S=JF'oF ",

where S is the second Piola-Kirchhoff stress, equation (6.8) can be put in

the form
S =J¢(C), (6.9)

where J = det[U] = det[v/C] = det[F]. The Cauchy stress and the second
Piola-Kirchhoff stress can be obtained from equations (6.8) and (6.9),
respectively, for a given deformation if the function ¢ is known. The func-
tion ¢ is a symmetric second-order tensor function of a symmetric tensor
argument that depends on what is known as the material symmetry and must
give rise to a physically reasonable response to the application of stress.
For example, application of a hydrostatic pressure should result in a decrease
in volume, and an axial tension force applied to a bar should result in an
increase in length for either isothermal or isentropic deformation.

According to equations (6.1) and (6.9), the stress in an elastic solid is
determined uniquely from the deformation from the undeformed reference
configuration and does not depend on the deformation path. A solid that
satisfies this condition is described as Cauchy elastic. If the stress cannot be
obtained from a scalar potential function known as the strain energy func-
tion, the elastic solid is not a conservative system and the work done by the
stress could be dependent on the deformation path.

The simplest type of material symmetry is isotropy and the theory for
an isotropic elastic solid is given in this chapter. An isotropic material has
properties that are directionally independent and this is made more precise
in what follows.

If the stress due to an applied deformation is unchanged by a rigid

body rotation of the natural reference configuration, the rotation is called
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a symmetry transformation. The rigid body rotation of the reference con-
figuration from configuration B; to B, is described by H € Orth™ where
Orth™ denotes the set of second-order proper orthogonal tensors, and if the
stress is unchanged VH, where the symbol V means for all, the solid is
isotropic. Consider a homogeneous deformation described by deformation
gradient tensor F, referred to the unrotated reference configuration Bj,
and by F’ referred to B;. Then with rectangular Cartesian coordinate sys-
tems, (0, E), (0/, E'), related to By and B,, respectively, and (o,e) related to

the spatial configuration,

8x,~ , 8xl~ '
:8XKei®Ek’ F :Wei@’Ea’ and H =

o

8X’/;

F
0Xk

E's ® Ek,

and it follows that F' = FH!. Since F' is the deformation gradient re-
ferred to B,

o'(F)=d(FH"),

where 9' is the response function relative to B,. An isotropic solid has
a response function that does not depend on rotation of the reference

configuration so that for isotropy 9’ = 9, and
& (F) = 9(FP), for VP e Orth™, (6.10)

where P = H™' = H” . The set orth™ is the symmetry group for an isotropic
elastic solid. A group is a set G that satisfies the following conditions: (1) an
operation (multiplication) is defined on G, that is, the product of two
members of the set is also a member; (2) the set G has a unit element;
and (3) every member of G has an inverse in G. It may be verified that
Orth™ is a group. If equation (6.10) is not true for all P € Orth™ but is
true for a subgroup of Orth™, the solid is anisotropic and the subgroup is
known as the symmetry group of the solid. Finite deformation of anisotropic
elastic solids is not considered in this text and details can be found in [1].

The function ¢(C) in equation (6.9) is an isotropic function of C, that
is, by definition, Qp(C)Q" = ¢ (QCQT),VQ € Orth™ if the solid is isotropic.
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It may be shown [2] that ¢ is an isotropic function if and only if it can be

expressed in the form
¢ = ol + $,C + §,C°, (6.11)

where ¢,, ¢;,and ¢, are scalar functions of the basic invariants of C,

L=tC, L= % {(trC)2 - trCZ}, I5 = det C.

The invariants of C, as the term indicates, are unchanged if C is replaced by
0CQO’ for ¥Q € ortho™.

If the deformation is given and ¢, $;,and ¢, as functions of
I, I, and, I5 are known, the second Piola-Kirchhoff stress can be obtained

from equations (6.9) and (6.11) for an isotropic solid.

6.3 Hyperelasticity

If a strain energy function, often referred to as a stored energy function w,
exists, the solid is known as Green elastic or hyperelastic.

The class of hyperelastic solids is a subclass of the class of Cauchy
elastic solids, and in this book we assume that elastic materials are hyper-
elastic. Strain energy functions correspond to the Helmholtz free energy for
isothermal deformation and the internal energy for isentropic deformation.

It has been shown in chapter 4 that the rate of work done by the body
forces and surface tractions acting on a body is equal to the sum of the
integrated stress power of the body and rate of change of the kinetic
energy of the body. It may be deduced from this that, if the system is
conservative, the integrated stress power is equal to the rate of change
of stored energy. This motivates the definition of a hyperelastic solid
that it is a solid for which the specific stress power is equal to the rate
of change of the specific strain energy [3]. The specific stress power and
specific strain energy, henceforth called the stress power and strain
energy function, respectively, are per unit volume of the undeformed

reference configuration in this chapter, rather than per unit mass as is
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customary for specific thermodynamic properties. The specific strain
energy w for finite deformation of a hyperelastic solid can conveniently
be expressed as a function of one of, E, C, U, or F. A dependence on X is
suppressed so that it is assumed that the solid is homogeneous in
the reference configuration. The function w must be unchanged by a rota-
tion of the deformed configuration. This condition is satisfied if w is
expressed as a function of E,C,orU. If it is expressed as a function of
F, then the condition w(F) = w(QF) must be satisfied VQ € Orth™ in
particular for @ = R”. Tt then follows that w(F) = w(U). Since the
Green strain tensor E =1 (U? —I), and the Green deformation tensor
C = U?, the strain energy function must also be expressible in the forms
w(E) and w(C) where we note that at this stage the same symbol, w, has
been used for different functions of different arguments that represent the
same quantity.

In order to obtain the stress strain relations for a hyperelastic solid
we first consider the stress power in terms of the second Piola-Kirchhoff
stress tensor § and the Green strain rate tensor E so that the specific stress

power P, is given by
P =tr(SE) = Sk Ex1, (6.12)

and P = w(E). It is convenient to use suffix notation for the next develop-
ment. Then

ow(E)

w(E) = OEx,

Exi. (6.13)

It should be noted that in equation (6.13) all components of Ek; are taken
as independent, for the differentiation, that is, the symmetry of Eg; is
ignored. Then it follows from equations (6.12) and (6.13) that

~ Ow(E)
"~ OExL

Stk (6.14)

In order to relate to equation (6.9), we now consider the stress power in

terms of the second Piola-Kirchhoff stress tensor § and the time rate of
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the right Green deformation tensor C. It then follows from equation (6.12)
and E = (1/2)(C —I) that

P= %trSC = %SKLCKL (6.15)
and
_,0w(C)
Stk =27 Co (6.16)

Equations (6.14) and (6.16) are unchanged by rotation of the deformed
configuration.

It follows from equations (6.9), (6.11), and (6.16) that, for an isotropic
elastic solid,

ow(C)

2 o :J(¢0 +¢,C+ ¢2CZ),

and this determines w(C). For isotropy, the strain energy function w(C) is

a scalar isotropic function of C, that is,
w(QCQT) — w(C).

This condition is satisfied if w is expressed as a function,
w = W([l,lz,l:;), (617)

of the invariants of C. Since the strain energy must be zero for no defor-

mation w must satisfy the equivalent conditions,

w(I)=0 or Ww(3,3,1)=0.

The form (6.17) has been used extensively in the literature of hyperelasticity,
and constitutive equations based on this form are now developed as follows:
ow(C) G ow 0l

0CkrL :;3_11'3(:1@’ (6.18)
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where
811 3]2 a13
—— =9 — = =Log, — C — =Lox, — ,C CkuC
9Cxs KL> 9Cxs 10KL KL> 9Cxs 20kL — 11Ckr + CxmCpmr.
(6.19)

Equations (6.16), (6.18), and (6.19) then give

ow ow ow ow ow ow
Skr = 2[<511 +1h ol +1 a13>51<L— <8Iz 613) Ckr +61 CKMCMK:|

(6.20)

ow ow ow ow ow ow
S = 2[(811 +hg +Ial3>l <012 1151;>C+8_13C}

The relation between the Cauchy stress and the second Piola-Kirchhoff

stress
o =J 'FSF’

has already been obtained in chapter 5. Using this relation and FCF' = B?
and FC’F" = B®, gives

_ ow ow ow ow ow ow
=2t +1 I B— 1 B+~ B
- Kal1 Yon " 2813) (812 1813> oL }

and by using the Cayley-Hamilton theorem to eliminate B* we obtain

1 ow ow ow ow
= 1 I+ I B—-—B 21
o=2 { A (E)Il ! 312> ob } (621)

We note that the invariants of B are the same as those of C. An alternative

form of equation (6.21),

ow ow ow ow
o=2]" {( 812+13813>I 8IB 138123 }, (6.21a)
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is obtained by eliminating B? from equation (6.21) and B’ =
LB — LI + B! that follows from the Cayley-Hamilton theorem. It is
evident from equations (6.20) and (6.21) that, for an isotropic solid, the
tensors S and C and o and B are coaxial.

Since 0 =0 when B=C =1, or (I1,15,13) = (3,3,1), it follows from
equation (6.21) that the strain energy function w(/l1, I, I3) must satisfy the
condition

GNPl =0
on, " “ohL ' 0L)e g,

in addition to w(3, 3, 1) = 0. Examples of physically realistic strain energy
functions are given in chapter 7.

The equality of the specific stress power and the specific strain energy
rate can also be applied to the nominal stress and the time rate of the

deformation gradient tensor to obtain

Ww(F) = tr(ZF). (6.22)
It then follows from
. Ow(F) .
F) = F
W(F) OF 1k IK
and equation (6.22)
Ow(F)
ki = . 6.23
LT (6.23)

The relations equations (6.20) and (6.21) can be obtained from equation
(6.23), and this is left as an exercise for the reader.

The pairs of tensors {S, E (or C/2)}, {X, F} are said to be conjugate
since the stress power relations (6.12) or (6.15) and (6.22) are the trace of §
and the time rate of E (or C/2) and the trace of X and the time rate of F. The
stress tensor o and the rate of deformation tensor D, which appear in the stress

power per unit reference volume, relation, P = Jtr(aD), do not give rise to
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conjugate variables since D is not the time derivative of a strain except for

infinitesimal strains where D ~ e, and e is the infinitesimal strain tensor.

6.4 Incompressible Hyperelastic Solid

An incompressible elastic solid may be defined as an elastic solid that can
undergo only isochoric deformation, that is, the deformation is indepen-
dent of the hydrostatic part of the stress tensor. This implies that the bulk
modulus is infinite so that the solid is mechanically incompressible. Miiller
[4] has shown that a mechanically incompressible fluid must have zero
coefficient of volume thermal expansion, and this proof can be extended
to consider a mechanically incompressible solid. It then follows that the
volume coefficient of thermal expansion is zero. Most solid rubbers, as
opposed to foam rubbers, have bulk moduli that are orders of magnitude
greater than their shear moduli so that for most applications volume deforma-
tion can be neglected compared with distortional deformation and the in-
compressible model is applicable. The incompressible model is not
applicable when the propagation of longitudinal waves is considered. It
should be noted, however, that solid rubber-like materials have volume
coefficients of thermal expansion that are large compared with those for
metals and several other solids.

The stresses in an incompressible solid can be obtained from the
deformation only to within an isotropic Cauchy stress that must be
obtained from the stress boundary conditions. Since the invariant /3 = 1
for incompressible materials the strain energy functions for incompressible

isotropic hyperelastic solids are of the form
w = W(Il,lz). (624)

Stress-deformation relations, for an incompressible hyperelastic solid, are
obtained by introducing the Lagrangian multiplier p and using the equation

of constraint,

L-1=detC-1=0. (6.25)
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Equation (6.16) is then replaced by

ow(C) 0OdetC

=2 — .
Stk 0Ckp, p 0Ckp,

(6.26)

It follows from equation (1.74) that
CiyCyy = dix det C,
CC" = IdetC,
where Cg%; is the cofactor of Cgy, and it may be deduced that

OdetC
0Ck1

= (5%, = Cyj detC. (6.27)

Then from equations (6.25), (6.27), and the method of Lagrangian multi-

pliers we obtain

ddetC 1
oG, = CkL (6.28)

Substitution of equation (6.28) in equation (6.26) gives

aw(C)

=2 —pCe 2
SLx OCkL PCKL, (6 9)

for an incompressible hyperelastic solid. Since /3 = 1 andw = w(l;, I;) for
incompressibility, equation (6.18) becomes

ow(C)  Zow ol
aCKL _i:lali aCKL’

where

on . o
aCk. ' aCksL

= Ili0kxr — Cki,
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and substituting in equation (6.29) gives

C[fow . ow o »
SkL 2|:<(9_11+118_12>5KL _8_12CKL} _pCKL’ (630)
C [fow  ow\, ow L
S—Z[(all-i—llaIz)I (9]2(:] pC .

The relation between o and § for an incompressible solid is o = FSF” and

applying this to equation (6.30) gives

ow oW ow
aij =2 [(8—11 +1 8_12> B — a_lzBikBkj] — pdij, (6.31)
(oW ew\. o,

Equation (6.31) can be put in a different form
o=2 [B - Bl} —pl, (6.32)

by using the Cayley-Hamilton theorem to eliminate B?. It should be noted
that the Lagrangian multiplier p in equation (6.32) is different from that in
the previous equations and that it is not determined by the deformation but
by stress boundary conditions.

The relation (6.23) for the nominal stress is replaced by

= — pF} 6.33
8FiK Plig s ( )

for the incompressible model.

6.5 Alternative Formulation

For some problems involving isotropic hyperelastic solids there is an ad-

vantage in expressing the strain energy as a symmetric function

w = W(}vl,;uz,/lg) = W(/lz,)q,)@) = W(}Q,/b,/ll), (634)
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of the principal stretches /;, i € {1,2,3}, which are the eigenvalues of
U =+/C or V = +/B. It is evident that

w(l,1,1) = 0.

If the eigenvalues of C are distinct it can be expressed as the spectral

decomposition
3 240) - 40
C - Z /Ll' l ® l ]
i=1

where the unit vectors l(i),i € {1,2,3} are the eigenvectors of Cand U,
corresponding to the /;. If only two eigenvalues of /C, A; and 4,, are dis-

tinct and A, = 13, the spectral decomposition of C is
c =1V a1+ 7] (I o l“)),
and if 1 = 41 = 4, = 43, the spectral decomposition of C is
C=71

The spectral decomposition of a second-order symmetric tensor is also
considered in chapter 1.

Principal invariants of C or B, in terms of the 4;, are
L=03+05425 L= h+155+25 =133,

and substitution in equation (6.17) gives equation (6.34).
It follows from C = U?, $% = SU = US and equation (6.15) that the

stress power P can be expressed as
P=tr (SB U ) ,
so that S® and U are conjugate. Then, since w(U) = tr((aw/ﬁU)U),

_ ow(U)

B
S U

(6.35)
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The eigenvalues of U are (11, 42, 43) and it follows from equation (6.35) that
the principal components of the Biot stress are then given by
5 _ Ow(h, /2, 73)

S

—, i€{1,2 .
| o5 LethZ3k (6.36)

and it follows that

aw,1,1)
o =0 ie{12.3)

It may be shown from, o = J-'FSF”,F = RU and the Biot stress given by
s? =Uus=suU,

that
JR"oR =S"U. (6.37)

The tensor JRToR and the weighted Cauchy stress Jor have the same
eigenvalues values. Consequently, it follows from equation (6.36) and the
principal values of each side of equation (6.37) that the principal compo-
nents of Cauchy stress are given by

ow

g; = Jﬁl}vi 8;\.1"

i € {1,2,3}. Nosummation. (6.38)

This result can be obtained otherwise. Let L, L,,and L3 be the lengths of
the contiguous sides of a rectangular block in the reference configuration.
Apply an irrotational, homogeneous deformation such that the lengths of
the corresponding sides and stretches become /1, /,,and /3 and 14, 4, and 43,

respectively. Application of the principle of virtual work gives

LiLyL3ow(Ay, 42, 23) = a1b130l + 02111300, + 031115013,

and, since ow = Z?g%éii, J= L1111142213L3’ and the 04; are arbitrary the result
(6.38) follows.
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It should be noted that, for an isotropic elastic solid, the right stretch
tensor, U, S, and S? are coaxial and the left stretch tensor, V, and o are coaxial.

The use of the strain energy function in the form (6.34) along with equa-
tion (6.36) or (6.38) could be the preferred method of solution for problems
with the principal directions of o and/or §® known beforehand. Problems that
involve cylindrical or spherical symmetry are examples. For problems such as
simple shear and the torsion of a cylindrical bar the use of form (6.34) is less
desirable since the principal directions of stress have to be found initially.

For incompressibility, 41443 =1. An assumption, known as the
Valanis-Landel hypothesis [5], for an incompressible isotropic elastic

solid is
Ww(A1, 22, 43) = w(di) + w(da) +w(23),

where w(1) = 0andw’(1) + w"(1) = 2u. Most strain energy functions that
have been proposed for incompressible isotropic elastic solids satisfy this
hypothesis.

For incompressibility equations (6.36) and (6.38) are replaced by

Sf} = Z;‘Z — %, i € {1,2,3}. Nosummation,
and
, ow . .
o; = A,-a7 —p, i€{1,2,3}.Nosummation, (6.39)
li
respectively.

Since /14,43 = 1, it is possible to eliminate /3 from w to obtain
(i, 2a) = w(zl,ﬂhz,z;lzgl). (6.40)
It follows from equation (6.40) and A3 = (4;4;)"" that

M _ O WDy W o 0w
R T T T R VP

(6.41)
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Then it may be deduced from equations (6.39) and (6.41) that

Similarly

, Ow

01— 03 =11 o0 (6.42)
, Ow

0y — 03 = AZG_)Q' (643)

Equations (6.42) and (6.43) are useful when plane stress problems with

03 = 0 are considered.

Further aspects of strain energy functions are given in chapters 7

and 8.

EXERCISES

6.1.

6.2.

6.3.

Show that the basic invariants of the left Cauchy-Green tensor B are of

the same form as those of the right Cauchy-Green tensor C, that is,
L=uB, L= 5 (trB)"—trB” ;, I = detB.

Show that for consistency with classical linear elastic theory the strain

energy function, w(41, 42, 43), must satisfy the condition

ﬂa 1,1) =/ +2u8;
aiﬁ},j s Ly - n s

where J and i are Lamé’s constants of linear classical elasticity.
The Mooney-Rivlin strain energy function for an incompressible
hyperelastic solid is given by

W= g{a(ll =3)+ (1 -a)(L—-3)},

where 0 <o =< 1. Show that it can be put in the form
w(21, 42, 23) = w(l1) + w(d2) + w(43),

where w(1) = 0and w/(1) + w"(1) = 2u.



References 167

6.4 Show that, for an incompressible neoHookean elastic solid, the con-

stitutive equation ¢ = —pI + uB is materially objective.
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Elastic Deformation

7.1 Introduction

In this chapter problems of finite deformation elastostatics for isotropic
hyperelastic solids are considered. Exact solutions for some problems of
finite deformation of incompressible elastic solids have been obtained by
inverse methods. In these methods a deformation field is assumed, and it is
verified that the equilibrium equations and stress and displacement boundary
conditions are satisfied. There are some elastostatic problems that have de-
formation fields that are possible in every homogeneous isotropic incom-
pressible elastic body in the absence of body forces. These deformation
fields are said to be controllable. In an important paper by Ericksen [1] an
attempt is made to obtain all static deformation fields that are possible in all
homogeneous isotropic incompressible bodies acted on by surface tractions
only. Ericksen further showed that the only deformation possible in all ho-
mogeneous compressible elastic bodies, acted on by surface tractions only, is
a homogeneous deformation [2]. In this chapter solutions are given for sev-
eral problems of finite deformation of incompressible isotropic hyperelastic
solids and two simple problems for an isotropic compressible solid. These
solutions with one exception involve controllable deformation fields and are
based on the physical components of stress, deformation gradient, and the
left Cauchy-Green strain tensor. This is in contrast to the approach of Green
and Zerna [3], who used convected coordinates and tensor components.
Rivlin, in the late 1940’s, was the first to obtain most of the existing
solutions, for deformation of an isotropic incompressible hyperelastic solid.
Several important papers by Rivlin, containing these solutions, are repro-

duced in a volume edited by Truesdell [4].
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7.2 Strain Energy Functions and Stress-Strain Relations

Solutions are given in this chapter for an incompressible solid based on the

Mooney-Rivlin strain energy function,

wh, b) = 5{n(h =3) + (L =7)(L = 3}, (7.1)

where p is the shear modulus for infinitesimal deformation from the natural
reference state and 0 < y < 1is a constant, or its special case with y = 1, the
neo-Hookean strain energy function

w(h) =2 (L = 3). (7.2)

N|=

It has been found experimentally that, for simple tension, equations (7.1),
with y = 0.6, and (7.2) give results in good results for rubber-like materials
for axial stretches up to about 3.0 and 1.8, respectively. For larger stretches
a strain energy function of the form w = w(/1, 42, 43), which is not readily
put in the form (6.24), gives results for simple tension that are in good
agreement with experiment. This strain energy function is considered in
the final section of this chapter.

Other strain energy functions for isotropic incompressible solids are dis-
cussed in [5].

The Hadamard strain energy function
wh, b, B) =5 (i =3) + (1= (L =3) + HL),  (73)

where 0 <y <1, H(1)=0and 3 —y+ H'(1) =0, is a compressible gen-
eralization of the Mooney-Rivlin. A compressible generalization of the

neo-Hookean strain energy function (7.2),

w(ly, I) = g { (I —3) + —Vzv (131‘5" . 1) } (7.4)

has been proposed by Blatz and Ko [6]. In equation (7.4), vis Poisson’s ratio
for infinitesimal deformation from the natural reference state, and as
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v—0.5and Iz — 1, (7.4) — (7.2). Several other compressible generaliza-
tions of equations (7.1) and (7.2) have been proposed [7].
Hyperelastic stress-deformation relations used in this chapter are

ow 1 ow
= pI +2B%Y 2B 7.5
PR, oL 7.3)
for an incompressible hyperelastic solid and
2 ow ow ow ow 4
= I +1 I+—B-1I B 7.6
o= M‘{( o " 3013> Ton® B } (7.6)

for a compressible hyperelastic solid.

7.3 Simple Shear of a Rectangular Block

We consider a block that is rectangular in the undeformed reference con-
figuration with three sides coinciding with the coordinate axes as indicated
in Figure 7.1.

The block is subjected to a simple shear deformation as indicated by the
dashed lines in Figure 7.1 and the deformation field is homogeneous and
given by

x1=X1+kX2, x0=X5, x3=2Xj5, (7.7)

where the angle of shear is 0 = arctan k. It follows that the matrices of
components of F, B, and B! are

1 k 0
[F][Gradx][o 1 0],
00 1
1+K k 0 78)
[B]:[FFT]: k1 0],
0 01
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X,

X;

Figure 7.1. Simple shear of a rectangular block.

5 - [fk el 8],
0 0 1

respectively.

Simple shear is a plane deformation and it is easily verified that
L=L=3+k.
First we consider an incompressible solid and use equations (7.8) and con-

stitutive equation (7.5) to obtain

o1 = —p+26—w(1+k2) _28_w’

ol ol
622:—p+281—281<1+k2),

ol ol (7.9)
033 = — +281—28—W '
33=—P al, oL’

ow  Oow
12—2<a—1ﬁa—12)k'

Itis clear that the normal stresses cannot be obtained from the deformation
only, since the Lagrangian multiplier p depends on a stress boundary con-

dition. If a33 = 0, equations (7.9) give

L2 yedw (0w ow
0'11—2]( 811, 07 = 2k 812, 0'12—2<811—|-612>k, (710)
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and for the Mooney-Rivlin strain energy function (7.1)
011 = sz, o = —pu(l - “/)kz, 012 = k. (7.11)

This analysis proceeds in the same way if a1 or oy, is taken as zero. It is
evident from equations (7.10) and (7.11) that, in order to maintain the finite
simple shear given by equation (7.7), normal stress components g1; and oy,
are required for the Mooney-Rivlin and 17 for the neo-hookean Hookean,
in addition to g1,. This is a second-order effect that is a form of the Poynting
effect [8]. The normal components g1 and oy, are O(kz) for the Mooney-
Rivlin solid, whereas there is a linear relation between o1, and k. The
relation between o1 and k is nonlinear for materials for which
Ow/0I and or Ow/0I, are functions of k.

We now consider the compressible solid and use the constitutive equa-
tion (7.6). The stress components are now completely determined by the
deformation equation (7.7) and for strain energy function (7.4) are
obtained from equations (7.6) and (7.8) as

011 = ,ukz, 07) = 033 = O, g1 = ,uk. (712)

It is interesting to note that these components do not depend on y and are
the same as those for equation (7.11) with y =1, that is, for the neo-

Hookean case with o335 = 0.

7.4 Simple Tension

When an isotopic elastic solid is subjected to simple tension, due to
a tensile stress o1y = ¢ and all other ¢; = 0, the resulting homogeneous

deformation is

X1 = 11X1, Xy = }QXZ, X3 = )v3X3, }vz = ;\,3, (713)
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where 4; > 1 for simple tension and 0 < 4; < 1 for simple compression. It
follows from equation (7.13) that the matrix of components of the left

Cauchy-Green strain tensor is given by
[B] = diag (71, 13, 3). (7.14)

and the principal invariants of B are
L=24223 L=222+1 L=:1x (7.15)

First we consider a compressible solid. The following relations for the

stresses are obtained from equations (7.6), (7.14), and (7.15),

28W

24 (Ow ow
o1 = 1( +273 ol (7.16)

o, T2 01 ) 24l

B ow 2 ow 28w
0'22—0'33—21 {(all-i-(ﬂl-i-i)a[)}-i-z&] 261 =0. (717)

The lateral stretch /, is obtained from equation (7.17), in terms of the
extension stretch 1;; however, the form of w(lj, I, I3) must be known in
order to do this [9]. Substitution of Z, in equation (7.16) gives 017 as a
function of the stretch 4;.

In order to illustrate this, strain energy function (7.4) is considered, so that

ow _p ow 81:%;2/14)*(1*@/(172\1)
o, 2’ 0bL ) A) 2 ,

which is substituted in equation (7.17). The resulting equation with given
values of /4; and v must be solved numerically for Z,, which is then
substituted in equation (7.16) to obtain g1;.

Numerical results for A; = 1.25 and v = 0.49, which is a realistic value

for certain rubber-like materials [10], are

Jo = 089643, T — 075552
u
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The nominal stress for simple tension is given by X1; = 011/13.
The problem for an incompressible solid is simpler since the incom-
pressibility condition I3 = 1 gives

o =3 ="

PROBLEM. Show that, for simple tension of an incompressible solid,

o a2 | ow 1 ow
o011 = 2(/L1 -4 ) <8I1+21612>’

and in particular for a Mooney-Rivlin solid,

o1 = u(ﬂf - /11_1> {y +(17—1“/)}

and

N - -2 (1—7’)
R_Azu—(/h zl)(w )

where N is the axial force and A is the radius in the undeformed reference
configuration.
For simple tension of the neo-Hookean solid with 4; = 1.25 it follows

from the results of this problem that

Jp = 0.89443, T — 07625,
u

which differ negligibly from the corresponding values for the compressible
case already considered. This indicates that, for static problems of rubber-
like materials, the incompressible model is justified unless a hydrostatic
compressive stress of the order of magnitude of the bulk modulus is applied.

The Mooney-Rivlin strain energy function and its special case, the
neo-Hookean, give results, for simple tension, with stretch less than about
two that are in good agreement with experiment. For stretches greater than

about three experimentally obtained nominal stress-stretch curves for most
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rubbers are S shaped with an inflexion point at about 4 = 3. This cannot be
predicted by the Mooney-Rivlin strain energy function. Ogden [5] has pro-
posed a three-term strain energy function, that is capable of modeling

nominal stress vs. stretch curves for large stretches in simple tension,
3w
M%MM:Z%WW&+&—%‘MMZL (7.18)
i=1%
where

3
Z Wi = 24,
i=1

and the o; and y; are chosen to fit experimental data. For simple tension of
an incompressible solid the axial stretch 4y = A and 4, = /3 =1 / V2 and it

follows from equation (7.18) that the axial tensile nominal stress is given by

aw(i) P
di_;WO ~ ) (7.19)

2 =

Ogden [5] has shown that equation (7.19) gives a close agreement with

experimental data for several rubbers for stretches up to seven when

w/n=1491, w/u=0.003, p3/u=— 0.0237, (7.20)

o = 1.3 Oy = 5.0 o3 = 2. ’
Stress-stretch relations, obtained from equations (7.19) and (7.20), and the
Mooney Mooney-Rivlin strain energy function with y = 1 (neo-Hookean)
and y = 0.6, are shown graphically in Figure 7.2.

7.5 Extension and Torsion of an Incompressible
Cylindrical Bar

In this section we consider the extension and torsion of an incompressible
right circular cylinder. Cylindrical polar coordinates are used and the anal-
ysis is based on the physical components of the stress and deformation

gradient tensors. The deformation is a controllable deformation.
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[ NeoHookean
M-Ry=0.6

0 2 3 4 5 6 7
A
Figure 7.2. Nominal stress-stretch curves for simple tension.

The z axis of the cylindrical polar system is chosen to coincide with the
axis of the cylinder and the origin is taken at one end of the cylinder, and the
cylindrical polar coordinates of a particle in the spatial and undeformed
reference configurations are denoted by (r, 0, z) and (R, O, Z), respec-
tively, and the corresponding radii of the cylinder are r = a and R = A. De-
formation of the cylinder is a pure torsion with plane cross sections remaining

plane followed by a homogeneous extension or vice versa, and is given by,

r=Ri'? 0=0+DZ z=.Z, (7.21)

where D is the angle of twist per unit length of the reference configuration.
It is reasonable to expect that a stress system equivalent to a torque 7" and
axial force N is required to maintain the deformation (7.21).

The physical components of the deformation gradient tensor, left

Cauchy-Green strain tensor B, and B! are

277 00 0
Fl=| o 12 |,
- 2 0 4 (7.22)
) 0 0
B] = [FFT} —| o 2'+”AD wD|,
L 0 ArD 27
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[3*1} — é ()) —(:D
0 —rD QJ+KWDQ’

respectively.

A solution is now obtained and particularized for the Mooney-Rivlin
material. The procedure given can be adapted to consider any incompress-
ible hyperelastic material, although more complication results when
ow /0l and/or Ow/dI, are not constant.

Expressions that involve the Lagrangian multiplier p are obtained
from equations (7.1), (7.5), and (7.22) for the nonzero components of the

Cauchy stress,

10w ow
= p+2W it AT 2
oy p + {A o, /18]2}’ (7.23)
_ ow ow
= p+23 (2 DY) A 7.24
g = —p + {( +r )8h 8&}’ (7.24)
_ 20W (o o120\ O
az._p+2(zal1 Q +ArD)m), (7.25)
ow  Ow
=rDSi—+—7¢. 7.26
76z r{%+%} (7.:26)
The only nonzero trivial equilibrium equation is
do,  or =00 _,, (7.27)

@
Substitution of equations (7.23) and (7.24) in equation (7.27) gives

dO’r . 26W
dr =D 811’
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which, along with the boundary condition ¢,(a) = 0, gives

o = — / rD* g—Zdr. (7.28)

r

then p is obtained from equations (7.23) and (7.28) and this enables it to be
eliminated from equations (7.24) and (7.25).

It is clear from the analysis so far that equation (7.21) is a controllable
deformation. If the Mooney-Rivlin strain energy function is considered, the

solution is relatively simple since

ow/ol; = uy/2 and ow /0L, = u(1 —y)/2

are constants and it then follows from equation (7.23) that
Op/0r = —0a,/Or. The following results are for the Mooney-Rivlin strain

energy function:

5: 7? (a2 — rz) +9a = (1 =9)4,
.
% _ _V;)z (a2 _ 3#), (7.30)

2
o, 227 1\ yD"a
Z_pPll gt
u {2 =7 } 2 (7.31)

T (1-y) <}. - ﬂ) + y(},z - fl),

% = {y(A—1) + 1}rD. (7.32)



7.5 Extension and Torsion of an Incompressible Cylindrical Bar

The torque T required is

a

T = 2n/r2c7@zdr,
0

and equation (7.32) and the incompressibility condition, a> = 27142, give

the nondimensional form,

T D

where D = DA.

Similarly, the axial force required is given by

a

N = 2n/razdr,
0

and with the use of equation (7.28) this gives the nondimensional form

O R R N

(7.34)

Equation (7.33) shows that, for the Mooney-Rivlin material, the relation
between torque and angle of twist per unit length is linear for a fixed value
of 1. Equation (7.34) shows that if the length of the bar is constrained with
/A =1 an axial force given by

N D%y

n,uA2 B 4

is required, and if the axial force is zero, the length increases. This is a
second-order effect, known as the Poynting effect [8], which does not exist

in linear elasticity theory.
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7.6 Spherically Symmetric Expansion of a Thick-Walled Shell

A thick-walled incompressible hyperelastic spherical shell is considered
and a solution is obtained for the Mooney-Rivlin strain energy function.
This solution is similar to a more general solution given by Green and
Zerna [3]. A spherical polar coordinate system with origin at the center
of the shell is used and the deformation is given by

r=f(R), 0=0, ¢=2 (7.35)

where r, 0, and ¢ are the spherical polar coordinates as defined in Appen-
dix 1.

As usual in this text lower- (upper-) case letters refer to the spatial
(reference) configurations. The inner radii in the undeformed natural ref-
erence configuration and spatial configuration are A and a, respectively,
and the corresponding outer radii are B and b.

Nonzero components of the deformation gradient tensor are identical
to the principal stretches (ir, Ao, Z(/,) where it follows from incompressibil-
ity that 4,794y =1. It may be deduced from equation (7.35) that
)9 = Jy = r/R and from the incompressibility condition that 1, = (R/r)*.

The components of B and B! are then given by
. 4 2 -2 -1 . -4 2 2
B = diag|0*, 07, 07|, |B7|=diag0™!, 0", Q7). (736)

where Q = R/r. Expressions, involving the Lagrangian multiplier p, for the

stresses,

0w g 8w> : (7.37)

a,=—p+2(Q a2

0w ow
00:0¢:—p+2<Q 23_11_ 23_12>’ (7.38)
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are obtained from equations (7.5) and (7.36). The nontrivial equilibrium

equation is

do, 2(c, —
ar  2(0r — 00)
dr r

=0, (7.39)

and it follows from the incompressibility condition * — a®> = R* — A3 that
g 1/ .5
dr (Q Q)

do, do,dQ .

Substituting equations (7.37), (7.38), and ar ~dodr

gives

ZZ: {(Q Q_z) - (0~ Q)g;v} / (07-0) (740)

Equation (7.40) can be integrated and the constant of integration deter-

in equation (7.39)

mined by a boundary condition. This integration is simplified if
ow/0l; and Ow/JI, are constants as in the Mooney-Rivlin strain energy

function (7.1), then equation (7.40) becomes

5= l(0- 0@ @)u-n} /(o) o

A solution is now obtained for the Mooney-Rivlin strain energy function.
The integral of equation (7.41) is

o o* Q2 -1
Z_<E +2Q>y+2(1—y)<7—Q >—|—K, (7.42)

where K is a constant of integration that is evaluated from the boundary

conditions

O'r(Q,') = —P,‘ and Gr(Qg) = —PU, (743)

where Q;=A/a and Q, = B/b and P; and P, are the internal and

external pressures, respectively. Since the shell is assumed to be
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incompressible the deformation due to equation (7.43) is the same as that

due to
0,(Q;) = —P; and ¢,(Q,) =0, (7.44)

where P; = P; — P,. Consequently, the solution is obtained for boundary
conditions (7.44). From equations (7.42) and (7.44),

0" . 0 _ P
(7 +2Qi>/+2(1_7)<7_Qi )+K——? (7.43)

Eliminating K from equations (7.42) and (7.45) gives

"o
QV{(QQI)JFZ(QQJ}

u 2

o (590}

and eliminating p from equations (7.37) and (7.38) to obtain ¢y — g, and

(7.46)

adding o, from equation (7.46) gives

Y08
W%V{Q2+2(QQ1_)<Q2Q!)}
woopu

2 2 X
+2<1V){(Q2Ql)(QlQil)}I:.

(7.47)

Itis desirable to have a relation between Q; = A/a and Pi for a given value
of n = A/B. It follows from equations (7.44), and (7.46) that

. 4o
Z"v{MH(QOQi)}

2

2
+2(1V){(QOQI)(Q01QL~1)}-

(7.48)

2
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The incompressibility condition B® — A’ =b> —a® gives, after some

manipulation, the relation
Oi

{113 + (1 - 113) Q?}l/3 |

Elimination of Q, from equations (7.48) and (7.49) gives the non

Qo = (7.49)

dimensional relation between P; / pand a/A = Q7! for a given value of
n. This relation is shown graphically in Figure 7.3 for the Neo-Hookean
model (y =1) and 5 = 0.5.

Instability of the shell occurs when

For the above data the onset of instability occurs for
P;/in=0.8164 and a/A = 1.828.

A thin-walled spherical shell is a limiting case of the problem just
considered. For a thin-walled shell, the wall thickness in the undeformed
reference configuration is T=B-A=A(n'-1)<<A and )=

o4 >> o,(a) = P;. The variation gy = g, is assumed to be constant across

08}
06}
Plu g4l

02F

11 12 13 14 15 16 17
a/A
Figure 7.3. Nondimensional internal pressure-internal radius relation for thick-walled
Neo-Hookean shell with n = 0.5.
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the wall thickness and o, (r) are neglected, and the elementary approximate

relation

P~ — (7.50)

is obtained, where t = b — a is the wall thickness in the spatial configura-

tion. It also follows from the approximations made that

-1
0'~7,

and the thin-walled shell is approximately in a state of equibiaxial stress so

that for the neo-Hookean solid
W= g 222 +17%,

where, for the thin-walled shell problem, A ~ \/a/A. Then, it may be
deduced that

which gives

2= (-6} o

It follows from the incompressibility condition that ¢/T ~ (a/A) " and

RO N N

Substituting equations (7.51) and (7.52) into equation (7.50) gives

P )@@ s



7.7 Eversion of a Cylindrical Tube

In Figure 7.4, the relation between P; / u and a/A is shown graphically for
the neo-Hookean model and # = 0.975. The dashed curve is obtained
from equation (7.53) and the solid curve is obtained from equations
(7.48) and (7.49). It is evident that, for thin-walled spherical shell, the
approximate theory is in close agreement with the theory for the thick-
walled shell.

7.7 Eversion of a Cylindrical Tube

Eversion of a hyperelastic circular cylindrical tube is the turning inside out.
This is an example of a nonunique solution for the deformation of a hypere-
lastic solid subjected to prescribed surface tractions, in this case zero sur-
face tractions. A formal solution of this eversion problem has been given by
Rivlin [11], and later by Wang and Truesdell [12]. The solution given in [12]
involves two complicated nonlinear algebraic simultaneous equations.
According to [12] it is not known whether or not these equations have an
admissible solution except for the Mooney-Rivlin strain energy function or
its special case, the neo-Hookean. The solution given here for the neo-
Hookean solid is essentially that given in [12] and results for a particular
example are given.

The inside and outside radii of the tube in the (reference, spatial)

configuration are denoted by (A,a) and (B, b), respectively, and the

=l

105 11 115 12 125 13 135

Figure 7.4. Comparison of results for 7 = 0.975 obtained from thick-walled theory and
approximate thin-walled theory.
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eversion process is shown schematically in Figure 7.5 for length (L,/) of
a infinite tube in the (reference, spatial) configuration. For a finite tube it is
assumed that it is sufficiently long that warping of the ends can be neglected
and the resultant axial force is zero. It follows that the deformation field is
given by

r=f(R), 0=0, z=-.Z, (7.54)

where 1 =[/L, and the physical components of the deformation gradient

tensor are given by
[F] = diag [dr/dR, r/R, — }]. (7.55)

Since incompressibility is assumed, det[F| = 1, and it follows from equation
(7.55) that

dr R

Integration then gives

r=1\/oaR> + B, (7.57)

where « = —4"'< 0 and f is a constant of integration.

L 0 :

IR O I A
+

- > - >
l L

Figure 7.5. Eversion of a cylindrical tube.




7.7 Eversion of a Cylindrical Tube

It is useful to introduce nondimensional quantities by dividing quan-
tities with dimension of length by A and stresses by g, so that

Or, 09, O
L Gy 7)) = 00

Henceforth nondimensional quantities are used but the superposed bars

are omitted for convenience. Components

B| = dia
B] g R

R* F#
cxzr—z, Lo 21 (7.58)

of the left Cauchy-Green tensor, B = FFT, are obtained from equations
(7.55) and (7.56). The nonzero components of Cauchy stress for the neo-

Hookean solid are

2
o, =—p+ (g) , (7.59)
7\ 2
oo =—p+ (E) . (7.60)
o.=—p+o . (7.61)

Substitution of equations (7.59) and (7.60) in the nontrivial equilibrium

equation

do, o,— oy

or r 0

gives

252 2

o R r\dr
= — - | —. 7.62
7 /(r2 R2> r ( )
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Since g,(a) = a,(b) = 0 the integral (7.62) with limits of integration a and b

is zero, that is,

b o s 2
o R r\dr

a

Substitution of equation (7.57) in equation (7.63) gives the non

dimensional relation, referred to the reference configuration,

n
/ Ll rir=0. (7.64)
1 ocR —l—ﬁ R

The everted tube is assumed to have no resultant axial force applied so that

b
2n/mzdr =0. (7.65)

a

Using equations (7.57) and (7.59) to (7.61), it may be deduced from equa-
tion (7.65) that

aR* +ﬁ

RdR = 0. (7.66)

J
/ aR* + B ?
Equations (7.64) and (7.66) can be solved simultaneously to obtain « and p.
It appears to be very difficult to determine closed-form expressions for
o and S and a numerical determination for a given value of 5 is desirable.

A numerical example is now considered for the neo-Hookean solid
with n = 1.15. Then, a numerical solution of equations (7.64) and (7.66)

obtained using Mathematica gives

o=—0.995729, p=2.32722.



7.8 Pure Bending of an Hyperelastic Plate

1

Since 4= —a"" > 1 the tube lengthens when it is inverted. The non

dimensional radii in the deformed configuration

a=11539 and b =1.00517

are then obtained from equation (7.57). It is easily verified that the

isochoric condition

(7 =1) === ¥)

is satisfied.
The Mooney-Rivlin solid can be considered with some additional

complication.

7.8 Pure Bending of an Hyperelastic Plate

Pure bending of an incompressible isotropic hyperelastic plate is a further
example of a controllable deformation. Cuboid, rather than plate, is the
term used by Rivlin [11], who appears to be the first to have considered this
problem that has also been considered by Ogden [5].

The natural reference configuration of the plate is bounded by the

planes
Xi1=81, X1i=%, Xp==L, Xz=xW/2
and
S-S =H.

It is assumed that the plate is subjected to pure bending by normal stresses,
statically equivalent to couples, on faces X, = =L, and it is bent into a
sector of a hollow circular cylinder with inner and outer radii a and b,

respectively, as indicated in Figure 7.6. The bent deformed configuration
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-
H

Figure 7.6. Finite deformation pure bending of hyperelastic plate.

is described by the cylindrical polar coordinates (r, 0, z) and is bounded by
surfaces

r=a,r=b,0=0,0=—0,z=Ww,7z=—Ww.

For the pure bending, planes normal to the X, axis in the undeformed
reference configuration are plane in the deformed configuration and are
in meridian planes containing the X3 axis. Also the stretch, 4, in the
X3 direction is uniform, so that z = X3, A = w/W, which implies that
anticlastic bending is constrained.

A material plane X3 = K, where §; < K < §, is a constant, becomes
a sector of a cylinder of radius r subtending the angle 2« at the center. It

then follows that the circumferential stretch in the spatial configuration is

given by
ro
ly = 7 (7.67)
Since the solid is incompressible the radial stretch is given by
\ L
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And since the r, 6, and z directions are principal directions, the physical

components of the left Cauchy strain tensor are given by

12 24
[B] = diag lﬁ—z ;?] : (7.69)
Aria” L
A further relation
L Ap-a)
=g (7.70)

is obtained from the incompressibility condition. Relations (7.67) to (7.70)
are valid for any isotropic incompressible strain energy function.

A solution is now outlined for the neo-Hookean material and solutions
can readily be obtained for other isotropic hyperelastic solids, especially
the Mooney-Rivlin, with some additional complication.

The nonzero physical components of Cauchy stress, obtained from
equations (7.5) and (7.68) for the neo-Hookean solid, are given by

o, p L?

o_.pr, L 7.71
u T ( )
o9 p
R SN 7.72
PR (7.72)
%o P2 (7.73)
TR

to within the Lagrangian multiplier p.
Substitution of equations (7.71) and (7.72) in the equilibrium equation
(7.27)

do, (o, — 09)

“or -0
dr r
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gives
Van_ [ 12 P2 /)
podr 2t L? ’
so that, upon integration,
o, 1| L* ro?
rblreaind hae 774

where c; is a constant of integration. It then follows from the boundary

conditions,

that

1{ L* bp*? 1( 1 &
_ 1 __: 4%, 7.75
“ 2 (/lzbzocz + I’? 2\ 2d%d? * I? ( )

The stress o, is obtained by eliminating c¢; from equations (7.74)
and (7.75). Solving the second equation of equation (8.75) for L?/o?

gives

2
L b, (7.76)

o

If 4 and either « or one of the radii of the cylindrical surfaces are given,
equations (7.70) and (7.76) determine the deformation.
It follows from equations (7.71) and (7.74) that

1(72 L?
_r_2 <——m> +ey, (7.77)
AT O
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and then from equations (7.72) and (7.73) that

op 1 o’ L?
u:2<3L2_W> e (7.78)
2 2 2
o . 1(ro L
;:A2+2<L2—W>+Cl, (779)

where ¢ is given by equation (7.75).

The resultant force acting on the surfaces z = =w is given by

b
F, = Za/razdr, (7.80)

a

and the distribution of oy acting on surfaces 0 = *o is statically equivalent

to the couple

b
M, = 2w/r00dr. (7.81)

a

The length of a material line parallel to the X; axis in the reference con-
figuration is 2L, and in the spatial configuration, this line is bent into an arc
of a circle of radius r and length ra. If 2 = 1 and the length of the line are
unchanged due to the deformation, it follows from equation (7.76) that

r = ry where ry = (ab)l/2

, and then from equation (7.68) that the principal
stretches on surface r = ry are (1, 1, 1). Consequently, on the surface r = ry
the stress is isotropic and from equations (7.74) to (7.76), (7.78) and (7.79) is

given by
or(ro)/ = o9(ro)/u=o0:(ro)/u=1+c1. (7.82)

Numerical examples are now given to illustrate the solution for 1 = 1.

Nondimensional quantities are used and are denoted by a superposed bar.
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Quantities with dimension of length and stress are nondimensional-

ized by dividing by L and p, respectively, so that

F=r/L.o=6/u, H=H/L, W=W/L, F= F/uLz, M= M/ML3.
The nondimensional forms of equations (7.70) and (7.76), with 4 = 1, are

oc<52 — é2> -
———~ =1 and «‘ab=1, (7.83)
2H

respectively, which are solved simultaneously to obtain @ and b. The

nondimensional resultant force,

F, =2x / 7{1 + % {(ocf)z—(ocf)_z} +e }df, (7.84)

acting on surfaces z = *w is obtained from equations (7.79) and (7.80) and
the distribution of &y acting on surfaces 0 = %« is statically equivalent to

the nondimensional couple per unit width of the reference configuration,
_ ; 1
M, 2W = /r{2 (3(0(?)2—(0(?)72) +c }dr, (7.85)

obtained from equations (7.78) and (7.81). The stress distribution &, (7) at
7 = *+w is statically equivalent to the force F, and a couple that prevents
anticlastic bending.

Numerical results are now given in nondimensional form, for two sets
of data,

(a) H=0.1,0=08 and (b) H=02,0=12.

For (a),

a=120104, b =0.130096, 7y =1.25,
F.=-21315 x 107", M,/2W =2.66185 x 10"
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For (b)

a=0.73993, b=0.938526, F, = 0.82768,
F. =—-3.8075 X 107>, M,/2W =3.14635 X 10",

It is interesting to compare the above results for M, with those obtained
from linear bending theory. For the linear theory applied to the problem
just considereded it follows from the theory given in [13] that M, /2W is
given by

EH’ 1

M. /2W :m%, (7.86)

where E =2u(1+v) is Young’s modulus, v is Poisson’s ratio, and ry is
radius of curvature of the mid plane. The nondimensional form of equation
(7.86) with v =0.5 is

which gives

M.2W =2.667 x 10°*
for (a) and

M.2W =3.223 X 10

for (b). It can be shown that the difference between the values of M, /2W

for linear and nonlinear theories increase as H and o increase.

7.9 Combined Telescopic and Torsional Shear

In this section we consider a deformation, which is not controllable for an

incompressible isotropic hyperelastic solid, although an inverse method of
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solution of the problem of combined telescopic and torsional shear is ap-
plicable. The deformation is assumed to be for an incompressible circular
tube, bonded at its outer radius to a fixed rigid sleeve and at its inner radius
to a rigid bar that is subjected to prescribed displacement and twist as
indicated in Figure 7.7.

This deformation is given by
r=R, 0=0+0a(R), z=Z+w(R), (7.87)

in the usual notation for the cylindrical polar coordinates of a material
point in the deformed and undeformed states. Equations (7.87) follows

from the incompressibility assumption. The boundary conditions are

w(A) =w;, a(A) =0, (7.88)

w(B) = a(B) = 0, (7.89)

where A and B are the fixed inner and outer radii, respectively, of the tube.
The problem is to determine the nonzero components of Cauchy stress so
that the axial force and torque required per unit length can be obtained.

Instead of equation (7.78) a stress boundary condition
0r:(A) =71, 00 =q

could be considered and then the problem would be to obtain
w(R) and o(R). It is assumed that the system is sufficiently long that end
effects can be neglected.

Fixed

L

y ’

Figure 7.7. Combined telescopic and torsional shear.
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Deformation field (7.87) is not controllable since, in general, the func-
tions ra(R) and w(R) depend on the strain energy function.

If (R) = 0 deformation field (7.87) represents telescopic shear, some-
times known as axial or antiplane shear, and if w(R) = 0, equation (7.87)
represents torsional shear sometimes known as azimuthal shear.

The physical components of the deformation gradient F, left Cauchy-

Green tensor B, and B! are

1 00

[Fl=|ra 1 0],

w0 1

(1 ro’ w’
Bl = |rd/ 14747 ra'w |, (7.90)

R ro'w' 14+ w?

T+w?+ra? —ra —wW
[Bil} = —ro 1 0 |,
w' 0 1

where a prime denotes differentiation with respect to the argument, which
can be taken as r since r = R.

A solution is outlined for the Mooney-Rivlin solid and the procedure
can be adapted to consider other isotropic incompressible hyperelastic
solids.

The components of the Cauchy stress tensor obtained from equations
(7.5) and (7.90) are

o Py —7)(1 +W’2+rzoc’2), (7.91)
Il Il

0-9_73 2 02\ i
= M+y(1+roc) 1-), (7.92)

o P 2\ .
= —l—y(l—i—w) 1—9), (7.93)
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=,
u
o
lz W,,
u
g9
= = yra'w’.
u

(7.94)

(7.95)

(7.96)

It is interesting to note that ¢y, = 0 when y = 0 and for telescopic

shear or torsional shear alone. The stresses 7,9 and ¢,, do not depend on

the telescopic shear and torsional shear, respectively, so that there is partial

uncoupling; however, this is only true for the Mooney-Rivlin solid. Also

arg and o,, do not depend on 7.

The equilibrium equations are

do, oy —0y _
or + ro 0,
aGr() Zgr() o
or ro %
do,;  Op
o | r 0,

where r can be replaced by R.
Combining equations (7.94) and (7.98) gives

with solution

-2
“=c+cr ",

(7.97)

(7.98)

(7.99)
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where c¢; and ¢, are constants of integration that are evaluated from the
boundary conditions (7.88), and (7.89), to give

2 p2
%= a,-((Aziz)). (7.100)

Similarly combining equations (7.75) and (7.79) gives

dw 1dw 0

dr* r dr 7
with solution

W= —c3lnr+cy,

where c¢3 and ¢4 are constants of integration that are evaluated from the
boundary conditions (7.84), and (7.85), to give

A
W=w ln;/lnB. (7.101)

The shearing stresses are then obtained by substituting equations (7.100)
and (7.101) in equations (7.94) to (7.96). Since equations (7.100) and
(7.101) do not depend on the parameter y, the deformation is controllable
for all Mooney-Rivlin solids.

The normal stress o, is obtained by substituting equations (7.100) and
(7.101) in equations (7.91) and (7.92) and then substituting equations (7.91)
and (7.92) in equation (7.97) and integrating. It is assumed that ¢, = 0 if

w; = o; = 0, so that the constant of integration is zero and the integral gives

o _ S oW /AT
1 - (1 /) 27‘2(111 ’7)2 (1 B n2>2

(7.102)
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Examination of equation (7.102) indicates that a limited super position

principle holds for ¢,, that is, ¢, due to w; applied alone, plus o, due to o;

applied alone is equal to ¢, due to w; and «; applied together. The form of

the Lagrangian multiplier p that appears in equations (7.92) to (7.93) can

be obtained from equations (7.91) and (7.102). The normal stresses

ar,00, and ¢, are second-order effects for the problem considered. It

follows from equation (7.102) that o, =0 for telescopic shear of the

neo-Hookean solid.

EXERCISES

7.1.

7.2.

7.3.

74.

Solve the thick-walled spherical shell problem for the neo-Hookean

solid using the strain energy function in the form
w = w(A1,%2,43).

Solve the thick-walled axially symmetric cylindrical tube problem for

the neo-Hookean solid using the strain energy function in the form
w = I/T/()vl, /LZ,;L%)

Assume that the z axis of a cylindrical polar system of axes coincides
with the axis of the tube and that the corresponding stretch is A3 = 1.

A thin-walled compressible spherical shell whose strain energy func-
tion is given by equation (7.4) has wall thickness 7" and mean wall
radius R in the undeformed reference configuration. Find an approx-

imate expression for the internal pressure at the onset of instability.

A thick-walled incompressible tube has inner and outer radii A and B,
respectively, in the undeformed reference configuration. It spins about
its axis with angular velocity w. Find the relation between the de-
formed inner radius a and o, for the neo-Hookean strain energy func-

tion. Assume that the length is constrained to remain constant.
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8.1 Principle of Local State and Thermodynamic Potentials

The theory in this chapter is based on the Principle of Local State given in
chapter 4. Kestin [1] has noted that this principle implies that “‘the local and
instantaneous gradients of the thermodynamic properties as well as their
local and instantaneous rates of change do not enter into the description of
the state and do not modify the equations of state.”” It follows that the
thermodynamic potentials are assumed to be of the same form as for an
equilibrium state.

The important potentials in finite deformation thermoelasticity are the
Helmholtz free energy and the internal energy, since, as for linear thermo-
elasticity, the Helmholtz free energy at constant temperature is the iso-
thermal strain energy and the internal energy at constant entropy is the
isentropic strain energy. This indicates the relation between hyperelasticity
and thermoelasticity.

Application of thermoelasticity to finite deformation of idealized
rubber-like materials involves the concept of entropic response and ener-

getic response and this is discussed in this chapter.

8.2 Basic Relations for Finite Deformation Thermoelasticity

The theory in this section is presented in terms of the absolute tem-
perature O, the specific entropy s, and the referential variables, S, the
second Piola-Kirchhoff stress, and C, the right Green tensor, or E, Green’s

strain tensor.
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There are four thermodynamic potentials that are fundamental equa-
tions of state, that is, all the thermodynamic properties can be obtained from
a potential by differentiation if the potential is expressed as a function of the
appropriate thermodynamic properties. The potentials are related by Legen-

dre transformations and are the specific (per unit mass) internal energy,
u=u(C,s), (8.1)

the specific Helmholtz free energy,

f=f(C,0)=u— s, (8.2)
the specific enthalpy
h = h(S, s) = u — SKLCKL. (83)
2py

and the specific Gibbs free energy,

g =g(5.0) = f — LKL (84)
Po

Since C = F' F = 2E + 1, equations (8.1) and (8.2) can be put in the al-

ternative equivalent forms
u=10u(F,s), f=f(F®), u=u(E,s) andf=f(E®),
and equations (8.3) and (8.4) in the equivalent forms
h=h(Z,s)and g =g (£,0).
The thermodynamic relations based on u and f are important for what

follows in this chapter and are now given in terms of the conjugate prop-
erties, S, the second Piola-Kirchhoff stress, and, C, the right Cauchy-Green
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strain tensor (or E the Lagrangian strain tensor). A Gibbs relation, based

on u, that can be deduced from the first and second laws of thermodynamics is

du = SKL;iﬂ +©ds
0
(8.5)
_ SKLACKL | gy,
2pg
From equation (8.1) or (8.5),
Oou Ou
du = dCxs dCkr, + ads. (8.6)

Comparison of equations (8.5) and (8.6) gives

ou(C, s) ou(C, s)
SKL(Ca S) pO 8CKL ) ®(C’ s) as (8 7)
A further Gibbs relation, based on f,
df = SKL(COMCkL e (8.8)

2pg

follows from equations (8.2) and (8.5). It then follows from equation (8.2)
or (8.8) that

_ o of
df = 9CxL dCgr + aed@. (89)

Comparison of equations (8.8) and (8.9) gives

of(C,0)
9Ckr

s(C,®) = —%. (8.10)

Sx1(C,0) = 2p,

The determination of the Gibbs relations based on 4 and g is left as an

exercise at the end of the chapter.
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From equations (8.2) and (8.10),, the internal energy as a function of
C and O is given by

o 9f(C.0)
i(C.0) = f(C.0) ~ O 5=

This is, a useful form, although it is not a fundamental equation of state.
It follows from the first law of thermodynamics that at constant deforma-
tion dit = c.d® = @ds, where c. is the specific heat at constant C;

consequently,

_oi_os(C, @)

Ce

The following relation is obtained from equations (8.2), (8.10), and (8.11)

~ ou s
SkL(C.0) =2p, (m) —2py© (@) -

This shows that the stress consists of two parts, one due to change of in-
ternal energy produced by deformation and the other due to the change of
entropy. The first part is described as energetic and the second as entropic.

Equations (8.7), and (8.10), indicate that the strain energy w is given
by

POM(C, SO) - Wisentmpic and Pof(C, ®) = Wisothermal s

for isentropic deformation and isothermal deformation, respectively, with
reference temperature and entropy ®¢ and sy.
An explicit expression for f(C, ®) is obtained as follows. Combining

gives equations (8.10), and equation (8.11), gives

2
®8 f(C£®)
00

’

c(C,0) =—
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and integrating once from @, to © gives

<%) _ <%) = /G) %d@’. (8.12)

0

Equations (8.2) and (8.10), give

a0
f=a+0,0. (8.13)

and it can be deduced from this that
of 1 -
(6(9) s {f (c.00) - a(c, @) }

and substitution in equation (8.12) gives
e

% = (;0 {f(c, o) —i(C, ©) } - / %d@- (8.14)

®

Integration of equation (8.11), from @, to ©® gives

®
i(C. ©) = / c(C, ©)d0’ + ii(C, Oy). (8.15)
()]
The relation
£(C, ©) = @90 F(C, 0,) — <®90 _ 1) i(C, ®)—

(8.16)

/® (3 - 1>cc(c, 0')do’

®
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is then obtained by substituting equations (8.14) and (8.15) in equation
(8.13).
The Clausius-Duhem or entropy inequality (4.38) can be put in the
form
Ok 00

p0(®$_u)+SKLCKL/2_6 E = 0, (817)

where Q is the referential heat flux that is related to the spatial heat flux, ¢q,
by

qg=J"FQ.

The alternative form,

L U Ok o0
po(s0 + f) + Sk Ckr /2 0 X, > 0, (8.18)

is obtained from equation (8.2). Substituting

which follows from equation (8.6), in equation (8.17) gives the entropy

inequality for a thermoelastic solid,

1 ou ou Ok 00
<2SKL poac >CKL+'00<®_8S)S_9 @ = (. (819)
Substituting
. 0 0
f= / CKL + = f

0CkL 89
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that follows from equation (8.9), into equation (8.18) gives an alternative

form

1- of \ - o\ -
(zSKL—[m@)CKL—p(](S"—%)@—E @ = 0. (820)

Inequality (8.20) must hold for all values of C and ©, and this gives an
alternative derivation of equations (8.10) since the factors of C and O in
equation (8.20) must be zero. The same reasoning applied to equations
(8.19) gives an alternative derivation of equations (8.7).

It follows from equations (8.7), and (8.19) or (8.10) and (8.20) that

— =
Q = () — =0 8.21
pOO2 0Xk > or = Ok 0Xk ’ ( )

’\):

where 7 is the rate of entropy production per unit mass. As an exercise the

reader should show that the spatial forms of equations (8.21) are
= —— >Oor—qKa— = 0.
X

Inequality (8.21), is consistent with the Clausius statement of the second
law of thermodynamics that states that ““heat can cannot pass spontane-
ously from a body of lower temperature to a body of higher temperature.”

Entropy is produced in a thermoelastic solid by temperature gradients
resulting in heat conduction, a thermodynamically irreversible process,
with entropy production as indicated by equation (8.21), when shock waves
occur there is an entropy jump across a shock. There is no entropy pro-
duction in an ideal thermoelastic solid due to hysteresis effects.

Usually in elastostatic problems thermal effects are neglected. This
leads to consideration of the piezotropic model for which mechanical and

thermal effects are uncoupled. For this model,

u(C, s) =u1(C) + uy(s),
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and it may be deduced that the volume coefficient of thermal expansion is
zero for a piezotropic solid. The zero coefficient of thermal expansion
indicates that, in an exact sense, the piezotropic model is not physical;
however, its use is implied when thermal effects are neglected and the
hyperelastic model is assumed for static problems. Then, since the mechan-
ical effects are uncoupled it may be shown from conservation of mechanical
energy that the specific stress power is equal to the material time derivative

of the strain energy.

8.3 Ideal Rubber-Like Materials

Material in this section is influenced by important papers by Chadwick [2]
and Chadwick and Creasy [3] that should be referred to for a more detailed
treatment of the topic.

Most solid materials that can undergo finite elastic strain are polymers
or rubber-like materials, henceforth described as rubbers. These are com-
posed of entanglements of high-molecular weight chains. This is in contrast
to hard solids such as metals that are essentially crystalline. The stresses in
an ideal rubber result from changes in entropy, only, and these solids are
said to be strictly entropic. Most nonideal rubbers are not strictly entropic
but are partly energetic and are said to exhibit modified entropic elasticity
[3]- In particular this is true for compressible elastic solids. A suitable
model for a compressible isotropic rubber-like elastic solid has entropic
behavior for pure shear and energetic behavior for dilatation so that the

internal energy can be expressed in the form
i=1u(J)+i(0), (8.22)

where J = det[F] = v/detC. Henceforth, equation (8.22) is assumed in this
section.

Equations (8.11), and (8.22) imply that the specific heat at constant
deformation is a function of temperature only or constant.

The bulk modulus K for infinitesimal deformation of most rubbers is
up to three orders of magnitude greater than the corresponding shear

modulus p; however, the volume coefficient of thermal expansion is about
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three times a typical value for a metal. This has motivated a model that is
mechanically incompressible but has a nonzero coefficient of volume ther-
mal expansion [4]. We avoid the use of this model since it is thermodynam-
ically inconsistent. It may be reasonable in a thermoelastic problem
involving a rubber-like material to neglect the dilatation, due to mechanical
compressibility, compared with that due to volume thermal expansion and
this is essentially the same as assuming the mechanically incompressible
model with a nonzero coefficient of volume thermal expansion. However, it
is possible that the dilatation due to the isotropic part of the stress tensor
could be of the same order of magnitude as that due to thermal expansion
depending on the particular problem.

In this section we consider both incompressible and compressible
isotropic models for rubber-like solids and express the deformation in
terms of the principal stretches /;, i € {1, 2, 3}. In the present discussion
an incompressible solid is defined as a solid capable of isochoric deforma-
tion only so that the volume coefficient of thermal expansion is zero. This
model is thermodynamically consistent but not strictly physical. The tem-
perature in the natural reference configuration is denoted by ®, and it is
assumed that |® — @y|/@p < <1 and |/ —1< < 1|, for the problems
considered.

A physically realistic form for the isothermal strain energy function
per unit volume of the natural reference configuration, for an isotropic

compressible rubber rubber-like solid at temperature Q is [2],

wii) = u(is) + Kg(), (8.23)

where p and K are the isothermal shear and bulk moduli, respectively, for
infinitesimal deformation from the natural reference configuration, ¢ is
a nondimensional symmetric function of the principal stretches,
Ji, 1 € {1, 2, 3}, which vanishes when 4, = 7, = /3, and g is a nondimen-
sional function of J = 1;/,4; that satisfies the conditions
g(1) =0, g'(1) =0 and g' = 1, where a prime denotes differentiation with
respect to J. It may be shown that the compressible models given by equa-
tions (7.3) and (7.4) can be put in the form (8.22). For most rubbers the ratio



8.3 Ideal Rubber-Like Materials
u/K is of order of magnitude 1073, and it follows that for finite distortion
the dilatation may be considered infinitesimal unless the isotropic part of

the Cauchy stress is very large compared with y, Ogden [5] has proposed an

empirical relation

p= g (J‘l - J‘m), (8.24)

where p = —ox/3, and, since, p = —K0g(J/)/OK for hydrostatic

compression,
1fJ7° 1
g—9{9+1n1—9}. (825)

For |J — 1| of the same order of magnitude as for classical elasticity, equa-
tions (8.24) and (8.25) could be replaced by

p=-K(J-1), (8.26)

and

g= % -1y, (8.27)

respectively, with negligible difference from equations (8.24) and (8.25) for
0.98 < J < 1.02. Consequently, equations (8.26) and (8.27) are assumed in
what follows.

Since, for the problems considered, it is assumed that
|®@ — By|/O) < < 1 the approximation ¢, = constant is adopted, and from
equations (8.11), and (8.22),

l:lz = CC(® — @0),
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where, as before, c. is the specific heat at constant deformation. Also equa-
tion (8.16) is then approximated in terms of the principal stretches, for
a rubber-like elastic solid, by

U 0)= ¢

0

f(%, ®g) — (G(;)O - 1)&1(1) - CCG)IHSO +¢.(® — Oy).

(8.28)

It has been shown, from the statistical theory of rubber elasticity [6], that
an ideal rubber is incompressible, is strictly entropic, that is, the internal
energy can be expressed as a function u = u(®) of temperature, only, as for

a perfect gas and has the Helmholtz free energy, at temperature ®, given, by

w/py = (i, ©p) = zipo (1% v 22— 3), Jidads = 1. (8.29)

In equation (8.29), w is the neo-Hookean strain energy function; however,
the following theory can be applied to other admissible incompressible
strain energy functions. The neo-Hookean model gives results for simple
tension of most rubber that are in good agreement with experiments for an
axial stretch up to about 1.8. Numerical results for simple tension of the
neo-Hookean model and a compressible generalization are given in this
section for an axial stretch up to 1.6.

In order to consider the consequences of strictly entropic elasticity we
consider simple tension with axial stretch A and axial nominal stress
¥ = g /A, where ¢ is the corresponding axial Cauchy stress.

For simple tension, the axial nominal stress is identical to the axial Biot

stress SZ. For isothermal simple tension equation (8.29) becomes

w = pof (1,0) = g (zz +2/0 - 3), (8.30)
and
z:‘;—jzu(z—z—z), G = .%:u(;f—z—l). (8.31)
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The simple tension stress (8.31) is in good agreement with experimental
results for stretch up to about 1.8.

Since u;(0)) = 0 and J = 1, equation (8.28) becomes

f(1, ©) = @9 £(4, ©g) — c® 1n®9 +¢e(® — ). (8.32)
0 0

The nominal stress obtained from equations (8.31); and (8.32) is then

given by
2(A40)=py— ——F=— — (8.33)

which shows that X is proportional to the absolute temperature for a given
value of /. It follows from equation (8.33), that if the temperature of the
reference state is increased and deformation constrained, the stress will
remain zero. This means that, for a strictly entropic model for an elastic
solid the coefficient of volume thermal expansion is zero.

The entropy is given by

(8.34)

90 —ccln—

B Of(1,0) B f(4,00) e
T B _{ ON) : ®0}’

which shows that s is of the form s = 51(4) + 5,(®). It follows from equa-
tions (8.33) and (8.34) that, for isothermal simple tension,

0s
= —p()@m,

and this indicates that the stress is obtained from the change of entropy

with stretch for isothermal deformation.

213



214

Finite Deformation Thermoelasticity

8.4 Isentropic Simple Tension of Ideal Rubber

We now consider isentropic simple tension from the reference state. It may
be deduced from equation (8.34) that

® = Opexp (][(C/L—(Sf)) , (8.35)

since s = 0 and 4 = 1 in the reference state, and a temperature rise

0 -0y =0 [exp <p1:c(é))o) - 1}

results from the deformation. The relation between A and ® — O is shown

graphically in Figure 8.1 for w(4) given by equation (8.30), and

p =906.5 kg.m >, = 420kPa and

ce = 1662 J.kg 'K™!, ©) =293.15K,

where K denotes degrees Kelvin. These properties are given in [2].
The rise in temperature of an elastic band due to finite axial strain was
first observed by Gough in 1805 and studied experimentally by Joule in

1859. This temperature rise is in contrast to the decrease in temperature

1.1 1.2 1.3 1.4 1.5
A

Figure 8.1. Temperature-stretch relation for isentropic simple tension of ideal
(incompressible) rubber.
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that occurs when a classically thermoelastic bar is subjected to isentropic
simple tension where the stress is due to change of internal energy.
The uniaxial nominal (or Biot) stress for isentropic simple tension of

an ideal rubber

z—exp( Mo ) [u(3- 7))

follows from equations (8.33) and (8.34).

It should be noted that the strictly entropic ideal rubber model is a con-
siderable idealization and the temperature rise indicated in Figure 8.1 is
unrealistically high for a given value of 4. However, the above use of this

model illustrates some important aspects of entropic thermoelasticity.

8.5 Isentropic Simple Tension of Compressible Rubber

Isentropic simple tension of a compressible model for an elastic rubber-like
material with a positive volume coefficient of thermal expansion exhibits
a decrease in temperature from 4 = 1 to a minimum, known as the thermo-
elastic inversion point, at approximately 4 = 1.06. The temperature then
increases monotonically, as indicated in Figure 8.2, with zero temperature
change at approximately 4 = 1.125. A mechanically incompressible ther-
moelastic model, with a finite positive volume coefficient of thermal ex-
pansion has been used by Holzapfel [4] to analyze this inversion relation. In

the present treatment this model is not considered.

0.04
0.03
99 502
< 0.
0.01
71 1.2 13 14
2

Figure 8.2. Isentropic simple tension of compressible rubber.
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In order to investigate the thermoelastic inversion effect in isentropic
simple tension of a rubber, for which equation (8.22) is valid, we consider
a special case of equation (8.23) that is a compressible generalization of the

neo-Hookean strain energy function,

1
w = pof (71,00) = g (z% + 2402 3J2/3) + KU =17 (836)

Before considering isentropic simple tension we first consider a general
homogeneous deformation, then, with the use of equation (8.22), equation
(8.28) can be put in the form

0w 0 (O]
1i®)=— —— [ ——=1|u1(J) —c.OIn—+ c.(® — Oy), 8.37
1:0) = g 2 (g = 1)ilh) —eOIng +a(©- 0. (837)

where w is given by equation (8.36). The entropy is then given by

s:_g(f;:_{ w _L”(J)—ccln@o}- (838)

and the principal Biot stresses by

of  © ow (G) )dﬁ(f) O e, 23, (839

B — - = - R
S =P g e i P\ o, al - o
In equations (8.37) to (8.39) the term u;(J) is approximated by

. OCK@()
Po

0 J-1), (8.40)

where o is the volume coefficient of thermal expansion, assumed to be
constant for the range of temperature involved. Equation (8.40) is obtained
from equation (5.37) and the assumption that the dilatational strain is the
same order of magnitude as in classical elasticity. Instead of the factor
(J — 1), in equation (8.40), Chadwick [2] has proposed 0.4(J*> — 1), but
the difference is negligible for 0.98 < J < 1.02.
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We now consider a particular deformation, simple tension, and outline
a procedure that requires numerical implementation for a particular set of
data. For simple tension 1 = 41, 4, = 43 = 4,, S’lB is the uniaxial Biot (or
nominal stress) and S¥ = S% = 0.

A relation
(4, 4,0) =0 (8.41)

is obtained from S¥ = 0, where, for isothermal simple tension © is replaced
by ®y. For isentropic simple tension from the natural reference state, with
J=1lands=0,

w  u(J) C]
- —eln—\ =0 8.42
{po(% W) g } , (3.42)

follows from equation (8.38). Substitution of

o-{(ya )} oo

obtained from equation (8.42) in equation (8.41) gives a relation between 4,

and 4, for isentropic simple tension, that, for a given value of A, can be
solved for /,. The temperature is then determined for the given value of 4
by substituting Z, in equation (8.43). The axial stress is determined, for the
given value of 4, by substituting equation (8.43) in S? obtained from equa-
tion (8.39), then substituting the already determined value of A,. Imple-
mentation of this procedure was done using Mathematica. Without the use
of Mathematica or a similar package implementation would involve con-
siderable computational effort.

Numerical results for isentropic simple tension that are now presented

are for the following data given in [2],

po =906.5kgm >, u=420kPa, ¢, =1662Jkg 'K '
K =195% 10°kPa, o =636 x 10'K™", ©y=293.15.
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The temperature change as a function of 1 for isentropic simple tension is
shown graphically in Figure 8.2.

The inversion effect, namely, the initial decrease in temperature to a min-
imum followed by a monotonic increase in temperature is evident in Figure
8.2. This effect is well known and has been extensively studied.

There is negligible difference between results from the incompressible
stress-stretch relation (8.31) and those for the isothermal and isentropic
relations for the corresponding compressible strain energy function (8.36)
with K /u = 4642.9 obtained from the above data. For example, for 1 = 1.6,

X/ =1.209375, 1.20686, 1.21226,

for equation (8.31), isothermal compressible and isentropic compressible,

respectively. The corresponding values for 4, are

A = 0.790569, 0.790601, 0.790622.

The compressible model based on equation (8.22) is a special case of
a modified entropic elasticity with the dilatational part of the deformation
is energetic and the isochoric part is entropic. A more general modified
entropic model has the isochoric part of the deformation partly entropic
and partly energetic and for this model (8.22) is replaced by

u(F,.0) =ui(F)+ uy(0).
There is some experimental evidence that this model is applicable to cer-

tain rubber-like materials. A detailed discussion of modified entropic elas-

ticity is given in [3].

EXERCISES

8.1. Determine the Gibbs relations for the enthalpy, 4 = A(S, s), and the
Gibbs free energy, g = g(5,0).
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8.2. Prove that

oh oh g
o= = 29, M = % — 2p, -8
Os 5 CKL Po aSKL , S 90 s CKL Po 8SKL

8.3. Prove thatf —u+h —g=0.
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Dissipative Media

Ideal elastic solids and inviscid fluids do not exhibit dissipative effects. Con-
sequently, the only irreversible processes possible in these media are heat
conduction and shock wave propagation. Deformation and flow of dissipa-
tive media involve dissipation, due to hysteresis effects, of mechanical energy
as heat and this is an additional contribution to irreversibility. Entropy pro-
duction is a measure of irreversibility, and for a dissipative medium, it has
contributions from dissipation of mechanical energy, heat conduction, and
shock wave propagation. We will not be concerned with shock wave propa-
gation in this chapter. This topic is covered in the classic text by Whitham [1].

The dissipative media discussed in this chapter are Newtonian viscous
fluids, Stokesian fluids, and linear viscoelastic solids. Other dissipative media

are discussed in texts on rheology, for example, Tanner [2].

9.1 Newtonian Viscous Fluids

The constitutive equations of a Newtonian viscous fluid have been obtained
in chapter 5. In the present chapter the dissipation of mechanical energy
and the related entropy production are considered. The constitutive equa-
tion (5.10), obtained in chapter 5, for a compressible Newtonian viscous
fluid can be put in the form

2

6+ pl =2nD + { <f §n>trD}I,
2
3

ajj + poij = 2nd;; + { (5 - 77) dkk}éij,
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where p is the thermodynamic pressure and # and ¢ are the shear and
bulk viscosity coefficients, respectively, which are temperature depen-
dent in real fluids. The shear viscosity # of a gas increases with temper-
ature increase and the viscosity of a liquid decreases with temperature
increase. Temperature dependences of 5 and ¢ are neglected in what
follows, and this restricts the theory presented to relatively small tem-
perature changes. Constitutive equation (9.1) can be decomposed into

dilatational and deviatoric parts

o
% +p = Cdpk (9.2)

and
S,‘j = 217dl// (93)

Equation (9.2) is obtained by contracting equation (9.1), and equation (9.3)
is obtained by substituting

4
oij = Sij + %51']',

o a (9.4)
dj = djj + 7511',

into equation (9.1) and using equation (9.2).
It follows from equations (9.2) and (9.3) that the stress power per unit

mass consists of a dilatational part and a deviatoric part

2
(fdkk —Pdkk> and 2udydj;

; (9.5)

respectively. The stress power per unit mass

oid; 1 2\ »
]p ] _ ; <—pdkk + an[jdij + (é - 5’7) dkk>
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can also be obtained from equation (9.1) and substitution of equation (9.4)

gives, after some manipulation,

ojdij _ 1 Lo s
p ]:;(—pdkk+2i7di]-d,-j+ &), (9.6)

In equation (9.6) the stress power has been decomposed into three parts,
a nondissipative dilatational part pdy/p, and dissipative parts, 2ndjidj; / 0
due to shear deformation and &d3, / p due to dilatation. This is consistent
with equation (9.5). The dissipative parts are rates of dissipation per unit
mass of mechanical energy as heat. It follows that the rates of entropy

production per unit mass due to shear deformation and dilatation are

o pdhdy o Edyy
= d = —
Vs p@ and Y4 p@ 5

respectively. In addition there will be the rate of entropy production due to

heat conduction,

_ gi 90O
p®2 ox;

yc_

If the Stokes’ hypothesis, that is, ¢ = 0, is assumed, the thermodynamic
pressure is p = —ay /3, and there is no viscous dissipation of mechanical
energy as heat in dilatation. According to Schlichting [3], it appears that the
bulk viscosity vanishes identically in gases of low density.

If an incompressible fluid model is considered, equation (9.1) is

replaced by
aij + pdj = 2nd;j, di = 0, (9.7)

where p is a Lagrangian multiplier determined from the stress boundary
conditions. The trace of equation (9.7) shows that p = —tra/3. Conse-

quently, equation (9.7) can be put in the form
Sl'/' = Zﬂd,'j, dkk =0. (98)

It is evident that only the shear viscosity coefficient is required.



9.2 A Non-Newtonian Viscous Fluid

Equation (9.8) indicates that a dissipation potential, ¢ = (nd;d;)/p,
dix = 0, exists, that is , half the rate of dissipation of mechanical energy or

stress power (2nd;;d;;) /p per unit mass, so that

_ 99
~Pod;

(9.9)

sij

In equation (9.9), as usual, when an isotropic scalar function of a second-order
symmetric tensor is differentiated with respect to a component of the

tensor, the nine components of the tensor are taken as independent.

9.2 A Non-Newtonian Viscous Fluid

We now consider a model for a nonlinear viscous fluid. This model is an
incompressible variant of one known as the Reiner-Rivlin fluid or Stoke-

sian fluid [4] and is given by
6 = —pl +uD + x,D* trD = 0, (9.10)
oij = —poij + ond;j + oodidyj, dix = 0,

where p is determined from the stress boundary conditions. The parame-
ters oy and oy are functions of the invariants of D and possibly temperature
and oy /2 can be regarded as the viscosity and «; as the cross viscosity. Since
incompressibility is assumed, D is a deviatoric, that is, D = D'. It follows

that the nonzero invariants of D are
1 2 ’ 1 '3
I, =0, Izz—itrD R 13:Det[D]:§trD .

Equation (9.10) indicates that ¢ + pI is due only to viscosity effects. Con-

sequently, the stress power per unit volume

P =0 trD* + ocztrD3
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is equal to the rate dissipation of mechanical energy. It then follows that
2 3
otrD” + aptrD” = 0

is a necessary condition for equation (9.10) to be admissible.

The incompressible Newtonian fluid is a special case of equation (9.10).
Equation (9.10) predicts second-order effects that are not predicted by
equation (9.8), for example, the normal stresses that are predicted for sim-
ple shear flow. However, certain other phenomena, observed for nonlinear
dissipative fluids, are not predicted by equation (9.10), and a viscoelastic

fluid model is then required.

9.3 Linear Viscoelastic Medium

A viscoelastic medium, usually a solid, exhibits creep under constant
stress and stress relaxation under constant deformation. Similar to a vis-
cous fluid the stress is rate dependent but also elastic energy can be
stored and dissipated. The linear theory is based on infinitesimal strain,
e, as in linear elasticity and é=de/dt ~ Je/0t is described as the strain
rate, rather than the rate of deformation when finite deformation is
considered. In what follows isotropy is assumed. A viscoelastic solid
behaves elastically when the rate of deformation is vanishingly small
and the corresponding elastic moduli are known as the relaxation mod-
uli. The relaxation modulus for a viscoelastic fluid is zero. Elastic behav-
ior is approached as the rate of deformation approaches infinity and the
corresponding elastic moduli are known as the impact moduli. In this
section an outline of linear viscoelasticity is given. Detailed treatments,
of the topic, are given in various specialized texts by Christensen [5],
Fliigge [6], and others.

One-dimensional viscoelastic constitutive relations can be obtained
from the study of the response of spring-dashpot models. These models
consist of discrete representations of uniform bars subjected to simple
tension and compression. A linear spring that schematically represents

a uniform elastic bar is shown in Figure 9.1.
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O Figure 9.1. Elastic element.

The uniaxial stress and strain are denoted by ¢ and e, respectively, and are

related by Hooke’s law,
o = Ee, (9.11)

where E is constant. A linear viscous element that is modeled schematically
by a dashpot is shown in Figure 9.2.

The uniaxial stress and strain rate are denoted by ¢ and é, respectively, and
g = e, (9.12)

where 7 is a viscosity coefficient. One-dimensional viscoelastic models are
obtained by combining spring and dashpot elements. The two simplest
models are the Maxwell fluid model that is represented schematically by
a spring and dashpot connected in series and the Kelvin-Voigt solid model
that is represented by a spring and dashpot in connected in parallel, shown
in Figure 9.3.

The Maxwell model represents a viscoelastic fluid since it undergoes con-
tinuing deformation when a constant stress is applied. Referring to Figure
9.3a,

o
e:e1+62:E+e2,

e
|—|I—>0 Figure 9.2. Viscous element.
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(a) Maxwell model.

0N
[
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)

(b) Kelvin-Voigt model.
Figure 9.3. Newtonian viscous fluids. (a) Maxwell model. (b) Kelvin-Voigt model

and the time derivative and ¢ = 5é, give the constitutive equation for

a Maxwell material,
E
o+ E g = Eeé. (9.13)

Suppose thatat = 07, e = ¢ and thereafter remains constant so that é(¢) =0,
that is, e(t) = egH (¢), where H(¢) is the unit step function defined by

1,t>0
H(t>:{0t<0'

It then follows from equation (9.13) and the initial condition ¢(0") = Eey
that

E
o(t) = Eegexp (- t) H(). (9.14)
n
Equation (9.14) indicates relaxation, that is, the stress decays with time and
Et
G(t) = Eexp(——> (9.15)
n

is known as the relaxation function. The quantity #/E has dimension of

time and is known as the relaxation time. In general the relaxation
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function represents the stress ¢(¢) required to produce the strain
e(t) = egH(t), that is,

Since equation (9.14) indicates that ¢ — 0, as t — o, the relaxation modu-
lus is zero. As é — = the viscous element approaches rigidity, that is,
é, — 0. Consequently, the impact modulus is E£. Suppose now that the
Maxwell model is subjected to a sudden application of axial stress
a(t) = ooH(t). Fort = 0", 6 = 0 and ¢ = 09 and

Eo _ Eé, t=0". (9.16)
n

Then, it follows from equation (9.16) and initial condition e(0") that

e= ao{% + %} (9.17)

Equation (9.17) indicates creep and that the Maxwell model represents

a fluid since e increases monotonically due to a constant stress and

1 ¢
J(t) = {E + ’7}' (9.18)
is known as the creep function. In general the creep function is the strain
e(t) that results from the application of stress o(t) = aoH (¢), that is,

The Maxwell model is now used to illustrate the superposition principle for
linear viscoelasticity. Suppose a stress a(¢)H (t) is applied to the Maxwell
element, with ¢(0) = o,, as indicated in Figure 9.4.

The response de(t) due to stress increment do applied at ¢ = =,

1 _
de:d0'<E+<tnT)>,t>r,
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o(t) i
do(t)

6*/| |

0

T T+dt

Figure 9.4. Application of stress increment.

follows from equation (9.17). Since the governing equation (9.13) is linear
a superposition principle holds. Consequently,
t
1 ¢ do(t) (1 t—1
t)=o0.|=+- — d
“=e (E+n>+/ de (E+ n ) !

0

or

t
_ [do(t) (1 t—1
e(t)— / dt <E+ 1 )d‘[
&
If e(¢) is prescribed the resulting stress o(¢) is determined by solving equa-

tion (9.13).
Referring to Figure 9.3b for the Kelvin-Voigt model

0 = 01 + 02,
so that, with the use of equations (9.11) and (9.12), the constitutive equa-
tion is
E
bte="2. (9.19)
n n

Suppose the Kelvin-Voigt element is subjected to a sudden application of
axial stress a(t) = H(t)oy, then from equation (9.19),

srEe_0 (9.20)
oo
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The solution of equation (9.20) with initial condition e(0) = 0 is

e :?{1 —exp<_nEt>}. (9.21)

Equation (9.21) indicates creep since e — g/ E as t — . The creep func-

tion follows from equation (9.21) and is

I(t) = % {1 —exp (_nEt> } (9.22)

If at time ¢’ the strain is fixed at constant value e(¢'), ¢ immediately drops

and remains constant with value

-l o)

that is, when the strain is held fixed, the stress immediately relaxes.

When the strain rate approaches infinity the viscous element
approaches rigidity, consequently the impact modulus is infinite. Substitut-
ing e(t) = egH (¢) in equation (9.19) gives

a(t) = (no(t) + E)eo,
and the relaxation function is
G(t) =no(t) + E, (9.23)

where 6(t) is the Dirac delta function. The Dirac delta function 6(¢), and the
unit step function H(t) belong to a class known as generalized functions.
The unit function has already been defined and the Dirac delta function is
defined by

o0

o(t) =0,t £0, and/é(t)dt—lor/(p(t)é(t)dt—go(()),

—®
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- 1
el—e

Figure 9.5. Standard model.

and can be regarded, in a nonrigorous way, as the time derivative of H(¢). The
theory of generalized functions is given in a text by Lighthill [7]. It is evident
from equation (9.23) that the Kelvin-Voigt model has an infinite impact
modulus, and this indicates that it may not be suitable for certain applications.

There are many more complicated spring-dashpot models than the
Maxwell and Kelvin-Voigt models. The so-called standard model consists
of a spring and Maxwell element in parallel as indicated in Figure 9.5 and
involves three parameters, two stiffness parameters, E; and E,, and a vis-
cosity #. It has been proposed as a more realistic model than the Kelvin-
Voigt model for a linear viscoelastic solid. The standard model is used to
illustrate the theory in the remainder of this chapter; however, the expres-
sions for the hereditary integrals given are valid in general for isotropic
linear viscoelasticity.

Referring to Figure 9.5,

ey +ez=e, (9.24)
and

o1+ 02 = 0. (9.25)

It follows from equations (9.11) and (9.12) and the time derivative of equa-
tion (9.24) that
o, o

+ 2=, 9.26
Par (9.26)

and from equations (9.25) and (9.11) and the time derivative of equation
(9.25) that
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oy =0 — Eje,

g, = ¢ — Eqé.

(9.27)

(9.28)

Elimination of ¢, and 6, from equations (9.26) to (9.28) gives the differen-

tial constitutive equation

EE,

d+l;j726: (E1+ Ep)ée+
Equation (9.29) is equivalent to
o=EFEie+ Ex(e—q)
and
i ="2(c~q),

n

e. (9.29)

(9.30)

(9.31)

where g = e3 is strain in the dashpot and is known as an internal variable.

Equation (9.31) is known as the evolution equation for gq.
Substitution of e(t) = egH (t) into equation (9.29) gives, for t =07,

E EE
642, b1k

n

€0,

with solution

Ert

g = ﬁexp (— T) + Ele(),

(9.32)
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where 8 is a constant of integration. At ¢t =0T, the viscous element is
instantaneously rigid and this gives the initial condition o(0") =(E; + E)eq

that in turn gives f = Eje and equation (9.32) becomes
Ert
o(t) = <E2€Xp <— 2) + E1) €. (9.33)
n

It then follows from equation (9.33) that the relaxation function for the

standard model is

G(t) = <E2exp (— E;t) + El), (9.34)

G(0) = E; + E;, is the impact modulus and G(x) = E; is the relaxation
modulus.

The form of a typical relaxation function is shown in Figure 9.6.
The impact modulus G(0) for the Kelvin-Voigt model is infinite and the
relaxation modulus G(») for the Maxwell model is zero.
Referring to Figure 9.7 and using superposition, a strain history e(z), that

has a step discontinuity e, at t = 0 gives rise to

a(t) = G(t)e. + / G(t—r1) ded(;)dr, (9.35a)
0+
or
o) = [ Gt — 0%y, (9.35b)

G(0)
G(1)

Geo)|— — — _————=—_ Figure 9.6. Typical relaxation function.
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Equation (9.35) is described as a hereditary integral since ¢(¢) depends on
the strain history e(z) for t <t.

In order to obtain the creep function for the standard model,
o = ooH (1) is substituted in equation (9.29). Then for t= 0",

E . E\E
72002(151 + E)é + =2,
with solution
—FE1Est > (o))
e=vexp| ——+—~ —, 9.36
! p('?(El + E) E, (9:36)

where y is a constant of integration. The initial condition is
e(0") = 09/(E1 + E») and it follows from equation (9.36) that

e { 1 E, ex < E1Est > }

i T e —— - N ag.
Ei  Ei(E + E2) P n(Er+Ey)) 7

and the creep function is

J(t) =

1 E E\Ext
2 1=2 ) (9.37)

Ey E\(E +E) p< n(Er + E)

The form of a typical creep function is shown in Figure 9.8.
For the Maxwell model J(¢) — wast — o and for the Kelvin-Voigt
model J(0) = 0.

e(t)
de(T)

€x

I
I
l
T T+dt /

Figure 9.7. Application of strain increment.
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Jeo) |- — — -

J(1)
Figure 9.8. Typical creep function.
J(0)

t

It follows from superposition that a strain history o(#) with a step

discontinuity o, at ¢t = 0 gives rise to another hereditary integral

e(t) = J(D)os + / J(t—1) d‘;(;)df (9.38)
O+
or
e(t) = / J(t—r)d(;(;)dr. (9.38b)

&

The forms (9.35) and (9.38), for the hereditary integrals, are valid for all

discrete linear viscoelastic models and are valid for continuous systems.
A continuum is now considered and distortion and dilation relations

are separated by expressing Cauchy stress, ¢, and infinitesimal strain, e, in

terms of the deviatoric and isotropic parts,
_ , €
gij = Sij + 05,‘/, ejj = €jj+ 55,‘1‘,

where 6 = oy /3 and é = ex.

The relaxation functions for distortion and dilatation described as
the shear and bulk relaxation functions are denoted by G,(¢) and Gk (),
respectively, and the corresponding creep functions are denoted by J,(¢)
and Jk(t), respectively, and are obtained by replacing E; and E; in equa-
tions (9.34) and (9.37) by 2y, and 2y, for the distortional deformation and
K, and K, for the dilatational deformation. Axial stress and strain in the

relations already obtained for the one-dimensional viscoelastic model are
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now replaced by s; and e for distortional deformation and ¢ and e for
dilatation.

The hereditary integrals are

t

5i = / G#(t—r)cfliijdr, (9.39)
J
t d"’
5= / GK(t—r)d—idr, (9.40)
J
’ d
e} = / Ju(t—1) ds;jdr, (9.41)
J
t d*
o
;= %%, 42
é /]K(t r)drdr (9.42)

The relaxation and creep functions Gx and Jx in equations (9.40) and
(9.42), respectively, differ from those in [5] by a factor of 3, since they
involve & = gy /3 instead of ox. The relaxation and creep functions in
equations (9.39) to (9.42) for the continuum are of the same form as those
for the one-dimensional discrete models, equations (9.34) and (9.38), with
suitable choice of the parameters. For example, for the standard model

each relaxation function involves three parameters and are of the form
2uyt
G,(t) = {2u2 exp (— ’f) + 2,[11}, (9.43)

with parameters 2u,, 24,, and #, and

Gk(t) = {Kz exp (— K;t) + K } (9.44)

with parameters K, K, and 7. The parameters p; and K; corresponding to
G () and Gk(»), respectively, are the relaxation shear and bulk moduli,

respectively, and correspond to those of linear elasticity as expected.
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Similarly, the corresponding impact moduli are 2(p; + ) and (Kj + K>)

and from equation (9.37) the creep functions for the continuum are

1 2 Aity ot
Ju==— ¢exp( %> (9.45)

2 A )\ 200+ )
Jx _I;_IQ(KIfiLI(z)eXp<_ﬁ(II<<111—iZII(2)>' (9.46)
It follows from equations (9.43) to (9.46) that
Gu(®)J () = 1and G (*)Jk(») =1 (9.47)
and
G,(0)J,(0) = 1and Gg(0)Jk(0) = 1. (9.48)

It should be noted that equations (9.47) and (9.48) do not imply that
G, (t)Ju(t) = 1and G,(¢)J,(t) = 1, for all t. The correct result [5] is obtained
from

Goy(s)Ty(s) =572,

where the superposed bar denotes the Laplace transform and « is replaced
by u or K for shear or dilatational deformation, respectively. The Laplace
transform f(s) of f(¢) is defined by

o0

f(s) = / Fl)edt,

0

and a standard text on integral transforms should be consulted for details.
If it is assumed that the relaxation function for shear is proportional to
that for dilatation, that is, G,(r) /G (r) is constant for all ¢. Then,
Gu(t) 3(1—-2v)

Gk(t) 14w
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since  Gp(®)/Gg(®) =2u, /K, and, for linear elasticity,
3K =2u(1+v)/(1 —2v), where v is Poisson’s ratio.
Similarly, it may be shown that

Ju(1) 14y

It 30 —2v)

It may also be shown, for equations (9.43) and (9.44), that the relaxation

times are equal, that is,

if G,,(1)/Gk(r) is constant for all ¢.

9.4 Viscoelastic Dissipation

A continuum Kelvin-Voigt model, with the dilatation purely elastic, is
perhaps the easiest linear viscoelastic model to obtain a relation for the
rate of dissipation of mechanical energy. Referring to Figure 9.3b, the

continuum form of the constitutive equation (9.19) is
gjj = 21/](:’,';' + 2ueij + ;Lekkéij,

where 1 = K —2p/3, K and p are the relaxation bulk and shear moduli,

respectively. It then follows that the stress power per unit volume is

O','jé,‘j = 21’[(:’1"]'6:’,"]' + 2,ue,-/-e',~j + Aexiéy.

The stress power is composed of two parts, a dissipative part, 2né/;é/;, and
a part, 2ue;ié; + Aewiéy, which is the rate of change of stored elastic energy. It
is reasonable to assume that, in general, the stress power is composed of
a dissipative part and a rate of stored energy part. This is now shown for
a more difficult case, a standard material. Continuum forms of the differential

constitutive equation (9.29), for the shear and dilatational deformation, are

Apy 1y

. 2u . )
8ij + 7231'1' =2(m + w)éf + ejj (9.49)
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and

. K - KK
G425 = (K +Ky)é+—2¢, (9.50)
n n

respectively. In equations (9.49) and (9.50) it is not assumed that the vis-
cosity coefficient # is the same for shear and dilatation.

The stress power can be decomposed into a deviatoric or shear part,
P, = s;éj;, and a dilatational part Px = Gé so that ojé;j = P, + Pg. A fur-
ther decomposition of each of these parts into a dissipative part and a rate
of stored energy part is possible. The part for the deviatoric deformation
governed by equation (9.49) is now considered. Equation (9.49) is equiva-
lent to [8],

sij = 2k e+ 2 (ef; — q5) (9.51)
and
L2,
qi5 = 72 (ef — i) (9.52)

Similarly, equation (9.50) is equivalent to

6=Kie+Kye—q) (9.53)
and
. Ky, L
g= f(e - q), (9.54)

where the tensor g with components g;; = g + (¢/3)9ij, § = quk, is aso-called
internal variable and is analogous to the strain of the dashpot element in
Figure 9.5. More complicated viscoelastic materials whose spring and dash-
pot representations have more than one dashpot have a corresponding

number of internal variables.
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The stress power for the deviatoric part of the deformation obtained

from equation (9.51) is
sijél; = 2ueqéfi+ 2 (el — qi) éf
and with the use of equation (9.52) can be put in the form

siiél = 2 efiéfi + 2 (e — qif) (€5 — qif) + ndiqi; (9.55)

If the parameters iy, 1y, and #, and s;; and ej; are known, g/j can be obtained
from equation (9.51). The first two terms on the right-hand side of equation
(9.55) represent the rate of storage of elastic strain energy and the third
term represents the rate of dissipation of mechanical energy. This is evident
if we consider the spring-dashpot model shown in Figure 9.5, since elastic
energy is stored in the springs and mechanical energy is dissipated in the
dashpot. Similarly, the part of the stress power for the dilatational defor-

mation can be put in the form

gé = Kieé + K2(é — q) (¢ — §) + g

A model for linear viscoelasticity has been proposed [10], which assumes
that the dilatational deformation is purely elastic, so that equations (9.40)

and (9.42) are replaced by
g = Ke.

All the relations already obtained for the deviatoric deformation of the
standard model are valid, but for purely dilatational deformation linear
elasticity theory holds. This model is somewhat similar to that for a com-
pressible Newtonian viscous fluid with zero bulk viscosity and would be
completely analogous for the Kelvin-Voigt viscoelastic model. A disad-
vantage of the model is that Poisson’s ratio is not constant. It may be

shown that for the standard model for deviatoric deformation along with
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purely elastic dilatation that the equilibrium and impact Poisson’s ratios

are given by

v, — 3K — 2/11
¢ 8K + 21
and
v 3K —2(u + 1)
8K +2(u + 1p)
respectively.

The present treatment of linear viscoelasticity has so far neglected ther-
mal effects, although the material properties may be temperature dependent.
It is assumed that neglect of thermal effects may be justified if
|® — ©g|/O¢ << 1, where ©y is the temperature in the undeformed reference

configuration.

9.5 Some Thermodynamic Considerations in
Linear Thermoelasticity

The linear theory of viscoelasticity, governed by equations (9.39) to (9.42),
does not include thermal effects and may be regarded as isothermal. It also
allows uncoupled decomposition into deviatoric and dilatational relations.
Use of the theory implies the assumption of zero volume coefficient of
thermal expansion and infinite thermal conductivity since mechanical dis-
sipation produces temperature increase. It is clear that the usefulness of the
linear theory is restricted to small temperature changes, that is, for
|® — ©y|/®¢ << 1, fortunately this condition is satisfied in many practical
applications, for example, in structures.

The theory of thermoviscoelasticity has been developed in different
ways by various authors [5]. Thurston [9] has shown that a difficulty arises
when thermal effects are incorporated into linear viscoelasticity. Accord-
ing to Thurston that, in applying linear viscoelastictiy theory to adiabatic

changes, the effect of energy dissipation gets linearized away. However,
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linear thermoviscoelastic theories have been presented by Christensen [5]
and Hunter [10]. These theories will not be discussed here. In this section
we give a short general outline of thermoviscoelastic theory, and in order
to illustrate aspects of linear thermoviscoelasticity, we consider the stan-
dard model, with a purely elastic dilatational response, that has one in-
ternal variable with components ¢g;; such that g = 0. The assumption of
purely elastic response for dilatation enables a simple thermoviscoelastic
theory to be developed.
In what follows specific thermodynamic problems are per unit mass.

The energy equation (4.31) with d;; replaced by é; and u f + Os is

,D(f + Os + S@) — pr — ojie;j + 67?61 =0, (9.56)

where q; are the components of the heat flux vector, and the Clausius-

Duhem in equality is

.. q00
—mw+ﬁ+%q—%m;w. (9.57)

It should be noted that equations (9.56) and (9.57) are valid only for in-
finitesimal deformation and (® — ©)/®( << 1. Consequently, it is reason-
able to assume that the thermal conductivity k is constant and Fourier’s law

of heat conduction is given by

00
= —k—.
q; ox;
In order to develop further a thermoviscoelastic theory ¢;; and e;; are
decomposed into their deviatoric and isotropic parts, ¢;; = s;; + ¢d;; and
ei]’ = ei,j + (é/3)5,]
The stress components are given by

&:K&-@@-%», (9.58)
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and
Sij = 2p1efi+ 21 (ei’f - qij), (9.59)
and the stress power by
0jjéij = sjjej; + ae,

where « is the coefficient of volume thermal expansion assumed constant
for infinitesimal strain and (® — ©)/®<<1. Equation (9.58) is the
thermoelastic dilatation relation and equation (9.59) is identical to
equation (9.51).

A possible form of the constitutive relation for the Helmholtz free

energy is
f :f(el!ja éa ®7gi7Qij), (960)

where g; = 00O /0x; are the components of the temperature gradient vector.
Substitution of
of ;v Of s, Of of of

2 U5 9T g9 l 61
f dei’ +se +a®®+a St g q, (9.61)

from equation (9.60) into equation (9.57) gives

1 of 1. of of
(p Sij — 86,,) e[] + (p g — ae> ( + a®> @ (962)

of . af 1 -
i i85 = 0.
8gl g aql] q/ 6 q[g
Inequality equation (9.62) is valid for all values éf, ¢, ®, and g;, and this
requires that the coefficients of ¢;;, ®, and gi must be zero. Consequently,

of 8f o
0ij = p@a - 8~7s - 86 (963)
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and f does not depend on g;. Then, equations (9.62) and (9.58) become

of

1
aql-jq’ 078 (9.64)

f = f(el!]'v é) ®> C]ij), (965)

respectively.

The elimination of g; from equation (9.60) is also justified by invoking the
Principle of Local State. In equation (9.64), the first term is independent of
gi; consequently,

of

———q; =0, 9.66

and this is the rate of dissipation of mechanical energy. It follows from the
mechanical dissipation term that appears in equation (9.55) and the expres-

sion (9.66) for mechanical dissipation that
af . .
— p=—4qij = Nqijqi- 9.67
P a%’j qij = Nqijqij ( )
Then, from equations (9.52) and (9.67)

of
=2 i — efi). 9.68
P og, = 2Heldi = ci) (968)

Substituting equations (9.63) and (9.68) into the differential of equation
(9.65) and then substituting equations (9.58) and (9.59) gives

pdf = {2(u + 1)el; — 21,q; fdef; + K{e — a(© — @) }de

, (9.69)
+ psd® + 2, (q;; — eij) dqij.

In order to integrate equation (9.69), it should be noted that
dsei}:é:qij:() = C()d@/@ so that

Sejj =é=qij=0 = Colﬂ(@/@o)
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and linearizing gives

Sej=é=qy=0 = €0 <® — ®0> ) (9.70)

where ¢ is the specific heat at constant deformation and is assumed con-
stant. Using equation (9.70) it follows from equation (9.69) that

~2

! ! ! e
pf = (uy + w)efiel; — 2qiel; + KE
©_0 )2 (9.71)
. ¢ -
— Ka(®© — O¢)e + 1q5iqi; — e
2 (ON

and the linearized form of the entropy is

K o (0500)
) 0 o, )

which satisfies the relation

Os
=0 .
“="%
Substituting equations (9.63) and (9.68) in the time derivative of equation
(9.65) or differentiating equation (9.71) with respect to time gives

1 1 . : 1 ., 1. .
f=—sij¢' +—6€—s0 +2u,(q; — ef)qs < —syé' +—ac¢ —s0, (9.72)
p p p p
where the inequality arises because of equation (9.66). Inequality equation
(9.72) shows that the rate of change of the Helmhotz free energy is less than
or equal to the stress power plus the “thermal power” minus s© [8].

9.6 Simple Shear Problem

A problem of adiabatic simple shear involving the standard viscoelastic

material with purely elastic dilatational response is now considered in order



9.6 Simple Shear Problem

to illustrate some aspects of thermoelastic behavior. Simple shear is a ho-
mogeneous isochoric deformation and ej, = e; are the only nonzero com-
ponents of the infinitesimal strain tensor and g1, = g1 is the only nonzero
components of the internal variable tensor. The problem considered is to
determine the rate of dissipation of mechanical energy dissipation and the
mechanical energy dissipated when equilibrium is attained if an application
of strain

epp = 812H(I) (973)

is applied. Also the rate of dissipation of mechanical energy dissipation and
the mechanical energy dissipated if unloading occurs from the loaded equi-
librium state is determined.

It follows from equations (9.43) and (9.73) that

2yt
s12(t) = {2,“2 exp (— %) +2u1}812,

and from equations (9.51) and (9.52) that

512 = 2pe1 + nqi2, (9.74)
then
. _ 12 !
912 =% eXp( T)' (9.75)

The rate of mechanical energy dissipation per unit volume, obtained from
equation (9.55), is given by

D = 2’7Q?2a
and with equation (9.75) this gives,

D =2[Eexp( )] (9.76)
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The mechanical energy dissipated, per unit volume when equilibrium has

been reached is given by

o0

Wo=2(2) [ fep () ar =0 =2l (970
0

and this does not depend on the relaxation time.

An alternative derivation of the final result in equation (9.77) is as follows.
When the strain (9.73) is applied, the impact modulus is 2(x; + 1,), and this
results in an instantaneous stored elastic strain energy, 2(u; + w,)el, per
unit volume. When the equilibrium state is attained as ¢t — o, relaxation
modulus is 2y, and the stored elastic strain energy is 2u;¢2,. The difference
between the stored elastic strain energies at #(0) and () is 2u,¢2, and this is
in agreement with equation (9.77).

Now suppose the stress, 512 = 2u;e12, at ¢() is suddenly removed at
time 7 = 0. A stress-free equilibrium state is then approached as 7 — o and
the elastic stored energy is zero. Since the stored elastic strain energy at £ = 0
is 241,62, , it follows that this is the dissipation of mechanical energy for the

unloading process.

EXERCISES

9.1. Show that equations (9.1) and (9.7) are frame indifferent.
9.2. Show that relation (9.10) is frame indifferent and tre/3 = —p if and
only is the fluid is in equilibrium, that is, D=0.

9.3. Determine the nonzero components of the extra stress ¢ + pl, given by

equations (9.7) and (9.10) for simple shear flow with velocity field
V1 = ka, V) = 0, V3 = 0.

9.4. (a) Verify that J(0) = (G(0))~" for linear viscoelastic solids and fluids,
and J(«) = (G(OO))_1 for linear viscoelastic solids.
(b) Show that J = (s 2@)71, where_the superposed bar denotes the
Laplace transform defined as f(s) f f(t) exp(—st)dt.

9.5. A Kelvin-Voigt element and a sprlng in series as shown in the figure

is an alternative form of the three parameter model.



Exercises 9.1-9.8

Exercise 5. Chapter 9.

9.6.

9.7.

9.8.

Determine the differential constitutive relation, the relaxation func-

tion, and the creep function.

A spatially homogeneous simple shear deformation is given by

612(I) =0,r<0,
en(t) =ent/t’, 0<t<t,

enn(t) = ¢z,

where ¢, is a constant strain. Show that for the standard material

s12 =0, t<0,

T —t
Sy = Zulelz(t) + 2#28127 {1 — exp(?) },0 st<{t,

S12 = 2812 + 218 Z ex t_—t, —ex (j) t>t'
12 = 2l€12 Mz'lzt, P T p 7)(° ,

where T = 1/2u, is the relaxation time.

A spring-Dashpot element shown in Figure 9.5 is subjected to a strain

rate é,H (t) where é, is constant. Show that the stress-strain relation is

o(e) = Eje + né*{l —exp (— Ege) }
né.

A (2N + 1) parameter viscoelastic model, that is, a generalization of the

given by

three parameter standard model, is shown schematically in the figure.
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G Exercise 8. Chapter 9.

Determine the set of relaxation times Ty, k € {1,2,...N}t, the relaxa-
tion function and the creep function. The set of relaxation functions is

known as the relaxation spectrum.
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Appendix 1

Orthogonal Curvilinear Coordinate Systems

A1.1 Introduction

Rectangular Cartesian coordinate systems are well suited for presenting the
basic concepts of continuum mechanics since many mathematical com-
plications that arise with other coordinate systems, for example,
convected systems, are avoided. However, for the solution of specific prob-
lems, the use of rectangular Cartesian coordinate systems may result in con-
siderable difficulties, and the use of other systems may be desirable in order to
take advantage of symmetry aspects of the problem. For example, in the
analysis of the expansion of a thick-walled cylindrical tube, the use of cylin-
drical polar coordinates has an obvious advantage. We introduce a simple
theory of curvilinear coordinates in this appendix and specialize it for orthog-
onal curvilinear systems, in particular cylindrical and spherical. We avoid the
use of the general theory of tensor components referred to curvilinear coor-
dinates by considering what are known as the physical components of tensors
that are derived for orthogonal coordinate systems. Superscripts are used to

denote curvilinear coordinates.

A1.2 Curvilinear Coordinates

A point y € Ej3 is the intersection of three mutually perpendicular planes

whose equations are

X1 =Y1, X2=Y2, X3=Y3
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referred to the rectangular Cartesian coordinate system Ox;. Now introduce

three scalar functions of x,

0 = 0/(x1,x,x3), je{1,2,3}, (A1.1)
with single valued inverses,
Xi =i (01, 0, 93) . (A12)

A superscript, rather than a suffix, is used for ¢, since ¢ are not Cartesian
coordinates. However, the summation convention applies as for suffixes.
A point with rectangular coordinate x; may also be specified by the values
of ¢ at the point since equation (A1.2) represent three families of surfaces
and the intersection of three surfaces ¢ = P/, where each P is a constant,
locates a point. The P/, j € {1,2,3} are the curvilinear coordinates of the
point. It is assumed that the functions (A1.2) are at least of class C!, that is,
continuous with continuous first derivatives, and since equation (A1.2)

must be invertible,

(9)(71'
det|— 0
et L%J #£0,

except at isolated points or on isolated lines. A set of functions (Al.1) is an
admissible transformation of coordinates if these conditions are satisfied. The
surfaces @ = P/ are called coordinate surfaces and the space curves formed by
their intersections in pairs, as indicated in Figure 1.1A, are called coordinate
curves.

Consider a point P with position vector x, with respect to the origin of the
rectangular Cartesian coordinate system Ox; . At P there are three vectors g;,

i € {1,2,3} that are tangent to the coordinate curves and are given by

g =—. (A1.3)



A1.2 Curvilinear Coordinates

0 curve

0, surface 0 surface
3

21 gZ

Figure 1.1A. Curvilinear coordinates.
0 3surface

0, curve
60 curve

The base vectors for rectangular Cartesian coordinate systems are given by

e; = Ox/0x; . Consequently,

RO
B Sy & T B

(Al4)
The vectors g; are not in general unit vectors nor are they in general con-
stants, except for the special case of oblique Cartesian coordinates, that is,
when equations (A1.1) represent three nonorthogonal families of planes.
Also the vectors g; are nondimensional if and only if the corresponding ¢’
have the dimension of length.

Referring to Figure 1.2A, the point P has position vector x = x;e; and
curvilinear coordinates ¢, and the neighboring point has position vector,
x + dx = (x; + dx;)e;, and curvilinear coordinates ¢ +do .

If PP’ =ds,

ds> = dx - dx = edx; - e;dx;,

and using equation (A1.4),, this becomes
ds* = g, - gd0'd0 = gyd0'd0, (A1.5)

where

8xk 8xk
8ij =8 8= o o0 (AL.6)
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X3
dx P’
e A P
x
X +dx
-
0 e2 xz

Figure 1.2A. Infinitesimal displacement of point P.

are the components of what is known as the metric tensor.

A1.3 Orthogonality

A curvilinear coordinate system is orthogonal if the vectors g; form an
orthogonal triad. It then follows from equation (A1.6) that

g =0if i #],
and from equation (A1.5) that

2
H

ds? = g1, <d61)2+g22 (d62)2+g33 (d03> (A1.7)

where

i = - | 4+ - | + - |, (s.Cc.S). Al.8
& (ae’ o0 a0 ) * ) (ALS)

Henceforth (s.c.s), following an equation means that the summation con-
vention is suspended and curvilinear coordinates only are considered. It is

convenient to put

g1 = h%, &n = hé, 833 = hi. (A1.9)



A1.4 Cylindrical and Spherical Polar Coordinate Systems

Unit base vectors b; tangential to the coordinate curves at P are given by

& _ % (s.c.5). (A1.10)

The orthogonal triad of unit base vectors, b;, at P forms a basis for a local-
ized Cartesian coordinate system; however, in general as P moves, the
orientation of the triad changes. It follows that the vectors b;, are nondi-
mensional and of constant unit magnitude but in general are not constant
vectors.

Consider the vector field u(x) where x is the position vector of any
point P as indicated in Figure 1.2A. The vector u(x) can be expressed in
terms of its components with respect to the triad of unit base vectors b;, that

is, with respect to the local Cartesian coordinate system at P as
u= l/libi.

The components u; are known as the physical components of the vector
and have the same physical dimension as u . It should be noted that the
vector must be associated with a particular point since two equal vectors
associated with different points in space have in general different physical

components since the unit base vectors, b;, are, in general, not constants.

A1.4 Cylindrical and Spherical Polar Coordinate Systems

The cylindrical polar coordinate system is the simplest orthogonal curvi-
linear coordinate system.

Referring to Figure 1.3A, P’ is the orthogonal projection of P in the Oxjx;
plane, and

0' =r=0P", 0*°=¢=x,0P'", 6>=z=PP.
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Consequently,
X|{ =rcos¢, xp=rsin¢g, x3=2z, (A1.11)

where r=0,0< ¢ <2m, —0<z<®™,

and these equations can be inverted to give

1/2 X

2, .2 2

r= (x1+x2> , ¢ =arctan—, z = x3.
X1

These equations represent a family of circular cylinders whose axes co-
incide with Ox3, a family of meridian planes and a family of planes normal
to Oxs, respectively. It follows from equations (A1.7), (A1.8), and (A1.11)
that

h=1 hy=r, h3=1, (A1.12)
and from equation (A1.6) that
ds® = dr* + r2d¢>2 +dZ*.

The unit base vectors, by, b, and bz are in the directions 7, ¢, and z in-
creasing, respectively, as indicated in Figure 1.3A.

The spherical polar coordinates of P are indicated in Figure 1.4A.

P
\¢ ; 4[,2 ? Figure 1.3A. Cylindrical polar coordinates.
r
P
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o >_\ b 2 Figure 1.4A. Spherical polar coordinates.

Referring to Figure 1.4A, P’ is the orthogonal projection of P in the

Ox1x, plane, and
0' =r=0P, 60*=0=x30P, 0°=¢=x,0P".
Consequently,
x1 =rsinfcos¢p, x, =rsinfsin¢, x3 =rcosap, (A1.13)

where 0<0=<mn, 0=<¢ <2n. The angles 0 and ¢ are the colatitude and

azimuth angles, respectively. Equation (A1.13) can be inverted to give

2 2
1/2 x|+ X X
2 2 2 2
r=|xy+x5+x , O =arctan~—%, ¢ = arctan—
1 2 3 X3 X’

which represent a family of spheres with centers at the origin, a family of
cones with apexes at the origin, and a family of meridian planes, respec-
tively. It follows from equations (A1.7), (A1.8), (A1.9), and (A1.13) that

hy=1, hy=r, h;=rsinb, (Al1.14)
and from equation (A1.6) that

ds* = dr* + r*d6* + r* sin® 0d¢”.
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A1.5 The V Operator

Rectangular Cartesian unit base vectors e; are constants, consequently in

applying either form of the gradient operator V, given by

_ .90 ¢_90
Veeig o V=50 (A1.15)

to a nonscalar operand, say a vector or second-order tensor expressed in
component form u = u;e; or § = S;;€; ® e;, only the components are differ-
entiated. This results in great simplification. At any point in a tensor field,
a tensor can be expressed at that point in terms of its physical components
with respect to an orthogonal curvilinear coordinate system with unit base

vectors b;, for example,
S=S;b; @b,

where S ; denotes the physical components of § . Since the unit base vectors,
b;, are not, in general, constants, this must be considered when § is operated
on by a differential operator such as V .

If ¥ is a scalar field, then at a point in the field

av

V¥ .b; =—,
dS,'

where b; are the unit base vectors given by equation (A1.10) and s; is the
distance along the coordinate curve ¢ increasing.

Henceforth, the summation convention is suspended in this appendix.

It follows from equations (A1.7) and (A1.9) that

ds; = hid0', € {1,2,3},



A1.5 The V Operator

It may then be deduced that the orthogonal curvilinear form of equation
(A1.15), is

90

IR
V= Yoo (A1.16)

T Mm

There is no difficulty in obtaining the gradient of a scalar field ¥,

1 0¥

v= Zhawi

since no base vectors have to be differentiated. The cylindrical polar form
of the gradient operator obtained from equations (A1.12) and (A1.16) is

00y, 100y 20y (A1.17)

V= et g,

where by, by, and bs are replaced by b,, by, and b_, and the spherical polar

form is

00y, 100, 1 90, (A1.18)

V=% r 00 rsin0o¢ *

where by, b,, and b; are replaced by b,, by, and by, .
In order to obtain expressions for divu,gradu,curlu,divs, etc., in
terms of the physical components of an orthogonal curvilinear coordinate

system the elements of the matrix

{Zg} (A1.19)

are required. It follows from equations (A1.3) and (A1.10) that

x  d(hb;)  O(hby) .
- o - = - ,l 5 S.C.S
2000 o0 oo L7 (ses)
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and differentiating gives

ob;  Oh;

ob;  Oh ob;
‘o0 o0

]861 801 J

h

b;.

(A1.20)

Since the corresponding components of equal vectors are equal it follows

from equation (A1.20) that

ob; _ 10k,
o0  hiog "

for the off diagonal elements of equation (A1.19).
The diagonal elements of equation (A1.19),

ob,  10hi 10
o hiot | headt

are obtained from

b O(b; X by)
a0 oy

and equation (A1.20). Equations (A1.21) and (A1.22) give

. 0 by O
{8[»} =10 —-b, O
901 1o 0 o
for cylindrical polar coordinates, and
8bl~ 0 b() bd> sin 0
=10 -=b, by cos 0
o0 0 O —b,sinf —bgcost

for spherical polar coordinates.

(A1.21)

(A1.22)

(A1.23)

(A1.24)



A1.5 The V Operator

The divergence of a vector u referred to orthogonal curvilinear

coordinates,

is obtained from equation (A1.16) and substitution of u =bju+

byuy + bsus gives

1 8(u1h2h3) 8(u2h1h3) 8(u3h1h2)

divu = + +
hihohs | 90! Rlia 20°

. (A1.25)

For cylindrical polar coordinates

ou, 10wy ou;

dive =+t 00 T oz

is obtained from equations (A1.12) and (A1.25), and for spherical polar
coordinates

2
o(ur) L1 Owsing) 1 oy
or rsin 0 00 rsin 0 0¢

1
divu = —
,

is obtained from equations (A1.14) and (A1.25).
The definition of the curl of a vector u is usually based on the form

equation (A1.15), of the gradient operator consequently,

curlu = -V X u,

where V is of the form (A1.15), . This is because of the anticommutative
property of the vector product. It then follows that, for orthogonal curvi-

linear coordinates
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and, after substitution of u = byju; + bouy + bsus,

hiby by  hsbs

0 0 0
——det| L. & 2
hihahs 00" 00" o0
/’ll uq hzuz h3 us

curlu = (A1.26)

For cylindrical polar coordinates

oy (Lou: _Ouy Quy _ Ou; 10(rug) 10u;
curlu—b,(r z)+b¢<8z 8z>+bz<r or r ¢

is obtained from equations (A1.12) and (A1.265). For spherical polar

coordinates
curly — l.), 9(uy sin 0) ~ Ouy . by .1 Ouy d(rug)
rsin 0 00 o) r \sinf 0¢ or
n by (O(rug)  Ou,
r or 00

is obtained from equations (A1.14) and (A1.26).
The gradient of the vector u has in general nine components and is

given by

51
Vou=3y 1Mo, (A1.27)
i=1 hi 00

where a second summation arises when Ju / d0' is evaluated using equations
(A1.21) and (A1.22). It follows from equations (A1.23) and (A1.27) that,

for cylindrical polar coordinates, the matrix of components of V ® u is

Ou, 1 (Ouy _ a Ouy

o r\op U dz

u ou ou
\vj = | %4y 1(C%Uy )
Veu or r (8¢ ad’) oz |’

Ouy 10u, Ou
or r 0¢ 0z




A1.6 The V2 Operator

and from equations (A1.24) and (A1.27) that, for spherical polar

coordinates,
% 1 (ou, 1 Ouy _ 1
at 7 (55— uo) rsin0 <a</> Uy SIN 9)
Vou = | % 1(% 4 ) L (1 _ 0 cos
=1 ar F\a R rsin@ \ 0¢ ¢
ou ou ou .
87r¢ 874) rsiln 0 (Tq;b + Ug COS 0 + Uy SIN 0)

A1.6 The V2 Operator
The V? operator, sometimes known as the Laplacian operator, is a scalar dif-

ferential operator given by

3 2

Z Ox;0x;

referred to a rectangular Cartesian coordinate system. This operator, which
may operate on a scalar, vector, or higher-order tensor can be expressed as

V2 =div grad =V -V,

and with the use of equation (A1.16),

P (O (2 0 (k) ()
hihohs Lo0' \ i 90') 00> \ ha 00*) 00> \ hs 00
(A1.28)

referred to orthogonal curvilinear coordinates. For cylindrical polar coor-

dinates, it follows from equation (A1.28) that

? 10 18 &
2
=7 4 -2 7 Al2
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and for spherical polar coordinates

10 (,00 1 0/, a0
V=S (P22 = (sin0==
Zor (r ar)+r25ingae (Sm 20

L0
r* sin” 0 8(;52 ‘

(A1.30)

+

When equation (A1.29) or (A1.30) operates on a vector it is important to
note that the base vectors are not, in general, constants, which results in
some complication, as indicated in this example, for cylindrical polar
coordinates,
u, 20u u 2 Ou
Vu=b, <V2u, T ——¢’> +by <Vzu¢ e 2 ) +b,Vu,.
r )
The terms that result from the nonconstant base vectors, b, and by, are

clearly evident.



Appendix 2

Physical Components of the Deformation
Gradient Tensor

The concept of physical components of vectors and second-order tensors,
with respect to orthogonal curvilinear coordinate systems, was introduced
in Appendix 1. In this appendix, extension to two-point tensors is consid-
ered, in particular, the deformation gradient tensor,

F = VXx,
given in terms of its Cartesian components by

- 8x i
 0Xk

F e; ® Eg,

in the notation of chapter 2. In what follows lowercase letters refer to
the spatial configuration and uppercase letters to the natural reference
configuration as for the rectangular Cartesian expressions. The curvilinear
coordinates and base vectors, referred to the reference configuration,
are (R, ®,Z) and (Bg, By, Bz), respectively, for cylindrical polar
coordinates, and (R, O, @) and (Bg, Be, Bg), respectively, for spherical
polar coordinates. Then, the gradient operator Vy, referred to cylindrical
polar coordinates, is

_90 10() 9()
VX—a—RBR—f—Ea—q)B(p-Fa—ZBz, (A21)
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and referred to spherical polar coordinates is

g, 1005, 100,

Vx = ROO Rsin O 00

(A22)

These are of the same form as the corresponding forms of V given in
Appendix 1.
The position vector x of a material particle in the spatial configuration

is given, in terms of its cylindrical polar coordinates (r, ¢, z), by
x =rb, + zb,, (A2.3)
and in terms of its spherical polar coordinates (7, 6, ¢), by

x =rb,. (A2.4)

The component matrix of F for cylindrical polar coordinates is now
obtained. It follows from equations (A2.1) and (A2.3) that F can be

expressed in the form

0
(rb, + zb, )®B(p+(9 (rb, + zb;) ® B.
(A2.5)

0 10
F—a—R<rbr+Zb >®BR +E8—(I’

The matrix (A1.22),

0 by O
Ob; ¢
{ .]: 0 —b, 0|,ije{r, ¢, z},
o0 0 0 0

is required in order to perform the differentiations in equation (A2.5).
Then

b b
B o o |2 lap o |
_a{bq’]alﬁa(ﬁ{b ]R+az[b¢

o | M log
b,

(A2.6)
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Similarly
b b
0 r ¢ 0o
——|bg| =1|—b | := (A2.7)
od b, { 0 od
and
b b
0 r ¢ o)
— by | =|-b | 5. (A2.8)
07z b. { 0 :| o0z

Use of relations (A2.6) to (A2.8) along with equation (A2.3) gives

or 1 or or
F_ﬁbr®BR+R%br®Bq)+ﬁbr®BZ+
1) r 0¢ op
raRb(b ® Bgr +Ra¢b¢, ® Bo —|—I’azb¢ QR Bz+
0z 10z 0z
R ©Br+ 5opb: @Bo+o-ob. @ By
Consequently,
or 1or  or
Fr Fe¢ F, OR ROIDP 0OZ
For Foo Foz | =|r5% =55 r3g|. (A2.7)
Fr Fo Fiz 9z 10z oz
OR ROD IZ

The component matrix of F for spherical polar coordinates

or 1 0r 1 or

Fr Feo Fuo OR R 0O Rsin 6 0P
For  Foo Foo | = ro% r o0 S r 00 (A28)

Fsr Fgo Fypo c 00 r 0P r 9¢

rsmHa—R Rsmea—@ o6

is obtained in a similar manner.
The physical components of other tensors such B = FF', C = F'F,
and E = 1 (C —I) are readily obtained from equations (A2.7) and (A2.8).
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Appendix 3

Legendre Transformation

Consider a function ¢(x,y) of two variables, x and y, with differential

_ 09, 00
A = x5 dy. (A3.1)

Let
and g = — (A3.2)

so that equation (A3.1) becomes

d¢ = pdx + qdy. (A3.3)

The purpose of the translation is to change the function ¢ of x and y to
a function of the new variables p and g with its differential expressed in
terms of dp and dq . Let ¥/(p, q) be defined by

Y =¢—px—qy, (A3.4)
with differential,

dy = dp — pdx — xdp — qdy — ydq. (A3.5)
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Substituting equation (A3.3) in equation (A3.5) gives

dy = —xdp — ydq,

where

o

Equation (A3.4) is a dual Legendre transformation. A single Legendre
transformation involves one variable. For example, instead of equation
(A3.4), let y(p,y) be defined by

Y = ¢ —px, (A3.7)
with differential
dy = d¢ — pdx — xdp. (A3.8)

Substituting equation (A3.3) in equation (A3.8) gives

dy = qdy — xdp,
where
oY oy
- _ 2" = A3.
x a1 oy (A3.9)

The potentials of thermoelasticity, which are fundamental equations of
state, are the internal energy u(C, s), the Helmholtz free energy f(C, ©),
the enthalpy A(S, s), and the Gibbs free energy g(S, ®) . These are inter-
related by Legendre transformations. An example of a single Legendre

transformation in thermoelasticity theory is

f=u-—0s.
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Legendre Transformation

It follows from equation (A3.9), that
s(C, ®) = —9f /00, and ¢q(C, ®) = 9f /OC.
It can be shown otherwise that
q=25/(2p).
An example of a dual Legendre transformation in thermoelasticity theory is

_ SkiCrr

S, 0)=u
g(S, ©) 200

Os.

It follows from equation (A3.6) that

_o%
00’

og
OSkr~

S(S,@) = CKL(S, @) = —2p0



Appendix 4

Linear Vector Spaces

In order to consider linear vector spaces it is useful to first consider a special
case, the set of vectors of elementary vector analysis. The vector sum x + y
of any two vectors of the set is given by the parallelogram rule, and the set
has the following properties:

. x+y=y+x (commutative property),

a

b. x+(y+z) = (x +y) + z (associative property),
c. There exists a zero vector, 0, such that x + 0 = x,
d

. For every x there is a negative, (—x), such that x + (—x) = 0.

When a vector x is multiplied by a real scalar « the result is a vector ox,

and scalar multiplication has the following properties:

e. afx) = afix (associative property),
f. (0+ f)x = ax + px (distributive property),
g. a(x +y) = ox + ay (distributive property).

The vector space of elementary vector analysis, denoted by V, is a special

case of a Euclidean space since it has a scalar or inner product
Xy =Xx1y1 + X2y2 + X3y3 = Xy, (A4.1)
in terms of the components of vectors x and y referred to a three-dimensional

rectangular Cartesian coordinate system. The scalar product has properties

h. x-y =y -x (commutative property),
i. x-(y+2z)=x-y+x-z(distributive property),
j. x-x = 0 (equality holds whenx =0 )
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The relation (A4.1) implies that V is a three-dimensional space and the
dimensionality of a vector space is made precise later in this appendix.
A set of vectors that are normal to a particular vector, and includes the
vector 0, is a two-dimensional subspace of V since properties (a) to (i) are
valid with the scalar product given by x - y = x1y1 + x2y5.

Now consider a set quantities xj, x;, X3, - - - X, that have properties
analogous to (a) to (g) and have a scalar product g(x;, x;) with properties
analogous to (h) and (i). These set quantities constitute what is known as
a Euclidean linear vector space or inner product space, and the elements
are regarded as vectors in a general sense. That is, the space of vectors of
elementary vector analysis is a special case. The vectors x1, X3, x3,- - - x,,

form a linearly independent system of order n if

01 X1 + 00X + 03Xz + - ok, =0

holds only when all the numbers oy, o, 03 - - - 04 are zero, otherwise the vec-
tors are linearly dependent. The basis of a linear vector space is any linearly
independent system maximum order. For example, for the three-dimensional
space of vectors of elementary vector analysis any three non coplanar vectors
x,y, and z is a basis. This means any vector u of the space can be expressed as

a linear combination

u=ox+ oyt oz

of the basis vectors.
In Cartesian tensor analysis the orthogonal system of unit base vectors
{ei, ey, e3} with e; - j = Jy, is linearly independent, and a vector u can be

expressed in rectangular Cartesian component form as
u=uje| + uze; + uzes

as shown chapter 1.



Linear Vector Spaces

Another example of Euclidean linear vector space is the space of
(1 X n) row matrices with vectors in the general sense given by vector

a= (ay, ap, - - - a,) . A basis for this space is the set
{(1,0,---,0), (0,1, ---,0),---, (0,0,---,1)}

of n linearly independent vectors, and the scalar product of vectors aand b

is given by

M=

q(a, b) = A aibl-.

1

The space of vectors of elementary vector analysis is a special case with
n =3 (or n =2 for a set of coplanar vectors) and each element of a row
matrix regarded as a component of a vector in the sense of elementary
vector analysis.

An important vector space is the set of second-order tensors, and this is
shown to be a Euclidean linear vector space as follows. If X, Y, and Z are
second-order tensors, referred to a three-dimensional point space, the prop-
erties (a) to (g), with x, y, and z replaced by X, Y, and Z are valid. Since

a second-order tensor can be given in terms of Cartesian components by
X =X;e Qe
it follows that the space of second-order tensors is nine dimensional and
e; ® e; is a possible basis. This basis is orthogonal since the inner product of
e;®e and e; ® e is
T
tr[(er 2 e) " (ex @ )| = oy
A scalar product

JX,Y)=X Y= tr(XYT)

with x, y, and z replaced by X, Y, and Z, has properties (h) to (j).
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