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Introduction

The second edition of Mathematical Methods for Physics and Engineering carried
more than twice as many exercises, based on its various chapters, as did the first.
In the Preface we discussed the general question of how such exercises should
be treated but, in the end, decided to provide hints and outline answers to all
problems, as in the first edition. This decision was an uneasy one as, on the one
hand, it did not allow the exercises to be set as totally unaided homework that
could be used for assessment purposes but, on the other, it did not give a full
explanation of how to tackle a problem when a student needed explicit guidance
or a model answer.

In order to allow both of these educationally desirable goals to be achieved we
have, in the third edition, completely changed the way this matter is handled.
All of the exercises from the second edition, plus a number of additional ones
testing the newly-added material, have been included in penultimate subsections
of the appropriate, sometimes reorganised, chapters. Hints and outline answers
are given, as previously, in the final subsections, but only to the odd-numbered
exercises. This leaves all even-numbered exercises free to be set as unaided
homework, as described below.

For the four hundred plus odd-numbered exercises, complete solutions are avail-
able, to both students and their teachers, in the form of a separate manual, K. F.
Riley and M. P. Hobson, Student Solutions Manual for Mathematical Methods for
Physics and Engineering, 3rd edn. (Cambridge: CUP, 2006). These full solutions
are additional to the hints and outline answers given in the main text. For each
exercise, the original question is reproduced and then followed by a fully-worked
solution. For those exercises that make internal reference to the main text or to
other (even-numbered) exercises not included in the manual, the questions have
been reworded, usually by including additional information, so that the questions
can stand alone.

XiX



INTRODUCTION

The remaining four hundred or so even-numbered exercises have no hints or
answers, outlined or detailed, available for general access. They can therefore be
used by instructors as a basis for setting unaided homework. Full solutions to
these exercises, in the same general format as those appearing in the manual
(though they may contain cross-references to the main text or to other exercises),
form the body of the material on this website.

In many cases, in the manual as well as here, the solution given is even fuller than
one that might be expected of a good student who has understood the material.
This is because we have aimed to make the solutions instructional as well as
utilitarian. To this end, we have included comments that are intended to show
how the plan for the solution is fomulated and have given the justifications for
particular intermediate steps (something not always done, even by the best of
students). We have also tried to write each individual substituted formula in the
form that best indicates how it was obtained, before simplifying it at the next
or a subsequent stage. Where several lines of algebraic manipulation or calculus
are needed to obtain a final result they are normally included in full; this should
enable the instructor to determine whether a student’s incorrect answer is due to
a misunderstanding of principles or to a technical error.

In all new publications, on paper or on a website, errors and typographical
mistakes are virtually unavoidable and we would be grateful to any instructor
who brings instances to our attention.

Ken Riley, kfr1000@cam.ac.uk,
Michael Hobson, mph@mrao.cam.ac.uk,
Cambridge, 2006
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Preliminary algebra

Polynomial equations

1.2 Determine how the number of real roots of the equation
g(x) =4x> —17x> +10x +k =0

depends upon k. Are there any cases for which the equation has exactly two distinct
real roots?

We first determine the positions of the turning points (if any) of g(x) by equating
its derivative g'(x) = 12x> — 34x + 10 to zero. The roots of g’(x) = 0 are given,
either by factorising g’(x), or by the standard formula,

34 + /1156 — 480

M= 24
as 3 and .

We now determine the values of g(x) at these turning points; they are g(g) =
—745 +k and g(;) = ‘2 + k. These will remain of opposite signs, as is required for

three real roots, provided k remains in the range —‘2‘; <k< 745. If k is equal to

one of these two extreme values, a graph of g(x) just touches the x-axis and two
of the roots become coincident, resulting in only two distinct real roots.

1.4 Given that x = 2 is one root of
g(x) =2x* +4x* —9x* —11x — 6 =0,

use factorisation to determine how many real roots it has.



PRELIMINARY ALGEBRA

Given that x = 2 is one root of g(x) = 0, we write g(x) = (x — 2)h(x) or, more
explicitly,

2x 4+ 4x3 —9x? — 11x — 6 = (x — 2)(b3x> + bax® + byx + by).
Equating the coefficients of successive (decreasing) powers of x, we obtain
by =2, by—2bs=4, by —2by=-9, by—2b=—-11, —2by=—06.

These five equations have the consistent solution for the four unknowns b; of
by =2, by, =8, by =7 and by = 3. Thus h(x) = 2x3 + 8x> + 7x + 3.

Clearly, since all of its coefficients are positive, h(x) can have no zeros for positive
values of x. A few tests with negative integer values of x (with the initial intention
of making a rough sketch) reveal that h(—3) = 0, implying that (x4 3) is a factor
of h(x). We therefore write

2x° +8x* +7x+3 = (x+ 3)(czx2 + c1x + ¢p),

and, proceeding as previously, obtain ¢; = 2, ¢y +3¢c; = 8, ¢o + 3¢; = 7 and
3¢y = 3, with corresponding solution ¢; =2, ¢c; =2 and ¢y = 1.

We now have that g(x) = (x — 2)(x + 3)(2x> + 2x + 1). If we now try to determine
the zeros of the quadratic term using the standard form (1.4) we find that, since
22 — (4 x 2 x 1), i.e. —4, is negative, its zeros are complex. In summary, the only
real roots of g(x) =0 are x =2 and x = —3.

1.6 Use the results of (1) equation (1.13), (ii) equation (1.12) and (iii) equation
(1.14) to prove that if the roots of 3x> — x> — 10x 4+ 8 = 0 are oy, 0 and o3 then

)
) of +of 4+ a3 =61/9,
(c) of + 03 + o3 =—125/27.

) Convince yourself that eliminating (say) oo and o3 from (i), (ii) and (iii)
does not give a simple explicit way of finding o;.

If the roots of 3x3 — x> — 10x + 8 = 0 are ay, a and o3, then:

. ) -1 1
(i) from equation (1.13), oy +or + o3 =— 3 = 3;

(i) from equation (1.12), oqor03 = (—1)32 = —3;

. —10 10
(iii) from equation (1.14), oy + 003 + oz0; = ; T3



PRELIMINARY ALGEBRA

We now use these results in various combinations to obtain expressions for the
given quantities:
1 1 1 o3 + oo + oo —(10/3 5
@ Lyl :23+13+21_(/):;
a0 o3 0102003 —(8/3) 4

(b) oF 4+ 03 + 03 = (a1 + o + 03)* — (o000 + 0203 + 2301)

SUREICHREE
(c) oc%—i—ot%—i—ot% =

(o1 + 00 + 063)3 — 3(oty 4 oy 4 ao3) (g0 + o003 + o3001) + 3o 0003

= (=30 +3=) =1

(d) No answer is given as it cannot be done. All manipulation is complicated
and, at best, leads back to the original equation. Unfortunately, the ‘convincing’
will have to come from frustration, rather than from a proof by contradiction!

Trigonometric identities

1.8 The following exercises are based on the half-angle formulae.

(a) Use the fact that sin(n/6) = 1/2 to prove that tan(n/12) =2 — \/3.
(b) Use the result of (a) to show further that tan(m/24) = q(2 — q), where
q2 =24+ \/3.

(a) Writing tan(x/12) as t and using (1.32), we have
1 . T 2t
2 7 Ty
from which it follows that t> —4t +1 = 0.

The quadratic solution (1.6) then shows that t = 2 + \/22 —1=2+4 \/3; there are
two solutions because sin(57/6) is also equal to 1/2. To resolve the ambiguity,
we note that, since /12 < n/4 and tan(n/4) = 1, we must have t < 1; hence, the
negative sign is the appropriate choice.

(b) Writing tan(n/24) as u and using (1.34) and the result of part (a), we have
2u
2-V3= T
Multiplying both sides by ¢*> = 2 + \/3, and then using (2 + \/3)(2 — \/3) =1,
gives

1 —u® =2¢%u.

3



PRELIMINARY ALGEBRA

This quadratic equation has the (positive) solution
u=—q*+/¢* +1
=—q2+\/4+4\/3+3+1
=—q’+ 2\/ 2443
=—q’+24=4(2—q),

as stated in the question.

1.10 If s = sin(n/8), prove that
8s* — 852 +1=0,
and hence show that s = [(2 — \/2)/4]1/2.

With s = sin(r/8), using (1.29) gives

sin Z — 25(1 — s\,

Squaring both sides, and then using sin(n/4) = 1/ \/2, leads to
1
)= 4s2(1 — s2),
ie. 8s* —8s? 4+ 1 = 0. This is a quadratic equation in u = s>, with solutions
ER 86432 _ 2i\/2.
16 4

Since n/8 < n/4 and sin(n/4) = 1/\/2 = \/2/4, it is clear that the minus sign is
the appropriate one. Taking the square root of both sides then yields the stated
answer.

Coordinate geometry

1.12 Obtain in the form (1.38), the equations that describe the following:

(a) a circle of radius 5 with its centre at (1,—1);

(b) the line 2x + 3y +4 = 0 and the line orthogonal to it which passes through
(1, 1);

(c) an ellipse of eccentricity 0.6 with centre (1,1) and its major axis of length
10 parallel to the y-axis.



PRELIMINARY ALGEBRA

(a) Using (1.42) gives (x — 1)+ (y + 1)> = 5%, ie. x> + y?> —2x + 2y — 23 = 0.
(b) From (1.24), a line orthogonal to 2x + 3y +4 = 0 must have the form
3x — 2y +c¢ =0, and, if it is to pass through (1, 1), then ¢ = —1. Expressed in the
form (1.38), the pair of lines takes the form

0=(2x+3y+4)(3x —2y — 1) = 6x> — 6y° + 5xy + 10x — 11y — 4.
(c) As the major semi-axis has length 5 and the eccentricity is 0.6, the minor
semi-axis has length 5[1 — (0.6)*]'/? = 4. The equation of the ellipse is therefore

(x—17  (y—1)
p T2 =
which can be written as 25x? + 16y — 50x — 32y — 359 = 0.

1,

1.14 For the ellipse

2 2
x2+y o
a b?

with eccentricity e, the two points (—ae,0) and (ae,0) are known as its foci. Show
that the sum of the distances from any point on the ellipse to the foci is 2a.

[ The constancy of the sum of the distances from two fixed points can be used as
an alternative defining property of an ellipse.]

Let the sum of the distances be s. Then, for a point (x, y) on the ellipse,
s = [(x +ae)* +y* 12 + [ (x — ae)* +y*1'/2,
where the positive square roots are to be taken.
Now, y? = b*[1 — (x/a)?], with b> = a*(1 — ¢?). Thus, y*> = (1 — €?)(a®> — x?) and
s = (X2 + 2aex + a’é®> + a> — a’e> — x* + &*x?)1/?
+ (x? = 2aex + d*e®> + a* — d*e* — x* + &*x%)\/?
= (a+ex)+ (a —ex) = 2a.

This result is independent of x and hence holds for any point on the ellipse.

Partial fractions

1.16 Express the following in partial fraction form:

2x3 —5x+ 1 X2 4+x—1

(@) x2—2x—8° (b)x2+x—2'
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(a) For

we note that the degree of the numerator is higher than that of the denominator,
and so we must first divide through by the latter. Write

2x3 — 5x 4+ 1 = (2x + s0)(x> — 2x — 8) + (r1x + ro).
Equating the coefficients of the powers of x: 0 = sy —4, —5 = —16 — 259 +ry, and
1 = —8sp + ro, giving 5o = 4, r; = 19, and ry = 33. Thus,
19x 433
x2—2x—28"
The denominator in the final term factorises as (x — 4)(x + 2), and so we write
the term as

flx)=2x+4+

A n B
x—4 x+2

Using the third method given in section 1.4:

_19(4) +33 _ 19(=2)+33

A= 442 and B = IV
Thus,
109 5
f(x)=2x+4+

6(x—4) 6(x+2)
(b) Since the highest powers of x in the denominator and numerator are equal,
the partial-fraction expansion takes the form

XA+x—1 1 A B

) x2+x—2 +x2+x—2 +x+2+x—l
Using the same method as above, we have
1 1
A= ; B= .
—2—1’ 1+2
Thus,
1 1
flx)=1-

3(x+2) * 3(x—1)

1.18 Resolve the following into partial fractions in such a way that x does not
appear in any numerator:

2x2 4+ x+1 x> —2 X —x—1

@ ety P et ©atpet)



PRELIMINARY ALGEBRA

Since no factor x may appear in a numerator, all repeated factors appearing in
the denominator give rise to as many terms in the partial fraction expansion as
the power to which that factor is raised in the denominator.

(a) The denominator is already factorised but contains the repeated factor (x—1).
Thus the expansion will contain a term of the form (x — 1)~!, as well as one of
the form (x — 1)72. So,
2x2 4+ x+1 A B C
5 = + , + .
(x—1)2(x+3) x+3 (x—1) x—1

We can evaluate A and B using the third method given in section 1.4:

T R PP L}
We now evaluate C by setting x = 0 (say):
1 1 1 C
13 =3 e o
giving C = 1 and the full expansion as
2x* +x+1 1 1 1

(k= 12(x43)  x4+3  (x—12 Tx—1
(b) Here the denominator needs factorising, but this is elementary,

-2  xX*-2 4 B C

B8+ 16x  x(x 4P x T (x442 T x44

Now, using the same method as in part (a):

0-—2 1 (—4)> =2 7
©+42 " g 4 2
Setting x = 1 (say) determines C through
—1 1 7 C
= +

25 8(1) 2052 ' 5
Thus C = 9/8, and the full expression is
x?—2 1 7 9

B8+ 16x | 8x  2Ax+42 T 8(x+4)
(c)
x3—x—1_A+ B . C D
(x+33x+1)  x4+1 (x+37F " (x+3? x+3
As in parts (a) and (b), the third method in section 1.4 gives A and B as

(=P —(=n—1 1 (=3P —(=3)—1 25
= (c143p g md B=0 7 4y =g
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Setting x = 0 requires that

—1 1 25 C D . 27
27__8+54+9+3 1.e.C+3D——8.
Setting x = 1 gives the additional requirement that
—1 1 25 C D 18
= _ ie. 4D = — .
28~ 16 T Tieta  CT 8

Solving these two equations for C and D now yields D = 9/8 and C = —54/8.
Thus,
x—x—1 B 1 +1 100 54 n 9
(x+3B3x+1) 8x+1) 8[(x+3)3 (x+3?2 x+3]|°
If necessary, that the expansion is valid for all x (and not just for O and 1) can

be checked by writing all of its terms so as to have the common denominator
(x+3)>(x+1).

Binomial expansion

1.20 Use a binomial expansion to evaluate 1/\/4.2 to five places of decimals,
and compare it with the accurate answer obtained using a calculator.

To use the binomial expansion, we need to express the inverse square root in the
form (1 4 a)~'/? with |a| < 1. We do this as follows.

1 1 1
J42  (4+402)12 7 2(1+0.05)!2
1 1 30, 15 .
= 5 |1 = ,(005)+ (0057 — (005 +
= 0.487949218.

This four-term sum and the accurate value differ by about 8 x 1077.

Proof by induction and contradiction

1.22 Prove by induction that
1 —pntl

Lbrdr+orftrm=" 7
—r
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To prove that

k=0
assume that the result is valid for n = N, and consider the corresponding sum
for n = N + 1, which is the original sum plus one additional term:

N+1 N
E rk = E rk 4 pNHL
k=0 k=0
1 —pNH N1
= 1y + N using the assumption,
1 — A pNHL N2
1—r
1— rN+2
T 1l—r

This is the same form as in the assumption, except that N has been replaced by
N + 1, and shows that the result is valid for n = N + 1 if it is valid for n = N.

But, since (1 —r)/(1 —r) = 1, the result is trivially valid for n = 0. It therefore
follows that it is valid for all n.

1.24 If a sequence of terms u, satisfies the recurrence relation u,.; = (1 —
X)uy, + nx, with uy = 0, then show by induction that, for n > 1,

u, = 1[n>c—1—|—(1—>c)"].
X

Assume that the stated result is valid for n = N, and consider the expression for
the next term in the sequence:

un+1 = (I —x)uy + Nx
l—x[

Nx—14+(1-— x)N] + Nx, using the assumption,
1

[Nx — Nx* — 1+ x4 (1 — )" + Nx?]

— =

= [(N+1)x — 1+ (1—x)V*].

This has the same form as in the assumption, except that N has been replaced
by N + 1, and shows that the result is valid for n = N 4 1 if it is valid for n = N.

The assumed result gives u; as x~'(x—1+1—x) = 0 (i.e. as stated in the question),
and so is valid for n = 1. It now follows, from the result proved earlier, that the
given expression is valid for all n > 1.
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1.26 The quantities a; in this exercise are all positive real numbers.

2
ar+a
Ll]sz( 12 2) .

(b) Hence, prove by induction on m that
ai +a2+-~-+ap>p
p 2

where p = 2™ with m a positive integer. Note that each increase of m by
unity doubles the number of factors in the product.

(a) Show that

611512"'611;3(

(a) Consider (a; — a»)* which is always non-negative:
(a1 — ar)* >0,
a% —2a1ar + a% >0,
a% + 2aia; + a% > 4dayay,

(a1 + @)* > dayaz,

2
(611 ;a2> > a|as.

(b) With p = 2™, assume that
a +a2+'-'+ap)p

p

is valid for some m = M. Write P =2M P’ = 2P, by =a; +a» + --- + ap and
b, =apyy +apiy + -+ -+ ap. Note that both by and b, consist of P terms.

a1a2-~-ap§(

Now consider the multiple product u = aja, - - -apapiiapiy - - - ap:.

< (a1+az+---+aP)P (GP+1+GP+2+---+GP')P
- P P

~ (bib\"

= p ,
where the assumed result has been applied twice, once to a set consisting of the
first P numbers, and then for a second time to the remaining set of P numbers,

api1,dpso,...,ap. We have also used the fact that, for positive real numbers, if
q <rand s <t then gs < rt.

But, from part (a),

by +b2>2

biby < ( )

10
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Thus,

1 P b b 2P
a1y - Apdpi1dpas - dpr < <P2) ( 1-; 2)

(b + b)Y
- (2P)?P

(b1 +by P
= Y )

This shows that the result is valid for P’ = 2M+1 if it is valid for P = 2M. But
for m = M = 1 the postulated inequality is simply result (a), which was shown
directly. Thus the inequality holds for all positive integer values of m.

1.28 An arithmetic progression of integers a, is one in which a, = ag + nd,
where ay and d are integers and n takes successive values 0,1,2,....

(a) Show that if any one term of the progression is the cube of an integer, then
so are infinitely many others.

(b) Show that no cube of an integer can be expressed as Tn+35 for some positive
integer n.

(a) We proceed by the method of contradiction. Suppose d > 0. Assume that there
is a finite, but non-zero, number of natural cubes in the arithmetic progression.
Then there must be a largest cube. Let it be ay = ag + Nd, and write it as
ay = ap + Nd = m>. Now consider (m + d)*:
(m+dy* =m® + 3dm® + 3d*m + d&*

= ap+ Nd + d(3m? + 3dm + d*)

= ag + dNjy,
where N| = N + 3m? + 3dm + d’ is necessarily an integer, since N, m and d all
are. Further, Ny > N. Thus ay, = a9 + Nid is also the cube of a natural number
and is greater than ay; this contradicts the assumption that it is possible to select
a largest cube in the series and establishes the result that, if there is one such

cube, then there are infinitely many of them. A similar argument (considering the
smallest term in the series) can be carried through if d < 0.

We note that the result is also formally true in the case in which d = 0; if aq is a
natural cube, then so is every term, since they are all equal to a.

(b) Again, we proceed by the method of contradiction. Suppose that 7N 45 = m?

11
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for some pair of positive integers N and m. Consider the quantity
(m—17)" =m®> —21m®> + 147Tm — 343
=N +5—7(3m* — 21m + 49)
=TN; +5,
where N; = N —3m?+21m—49 is an integer smaller than N. From this, it follows
that if m® can be expressed in the form 7N +5 then so can (m—7)%, (m— 14)?, etc.

Further, for some finite integer p, (m — 7p) must lie in the range 0 <m—7p < 6
and will have the property (m — 7p)’ = TN, + 5.

However, explicit calculation shows that, when expressed in the form 7n + ¢, the
cubes of the integers 0, 1, 2, ---, 6 have respective values of ¢ of 0, 1, 1, 6, 1,
6, 6; none of these is equal to 5. This contradicts the conclusion that followed
from our initial supposition and subsequent argument. It was therefore wrong to
assume that there is a natural cube that can be expressed in the form 7N + 5.

[ Note that it is not sufficient to carry out the above explicit calculations and then
rely on the construct from part (a), as this does not guarantee to generate every
cube. ]

Necessary and sufficient conditions

1.30 Prove that the equation ax’> + bx + ¢ = 0, in which a, b and c are real
and a > 0, has two real distinct solutions IFF b*> > 4ac.

As is usual for IFF proofs, this answer will consist of two parts.

Firstly, assume that b> > 4ac. We can then write the equation as

a(x2+bx+c)=0,
a a

b\ b
a(x+2a) —4a~|—c=0,

alxs? PP —dac _
2a)  4a T

Since b*> > 4ac and a > 0, 1 is real, positive and non-zero. So, taking the square
roots of both sides of the final equation gives
b A
- i 5
2a = \Ja
i.e. both roots are real and they are distinct; thus, the ‘if” part of the proposition
is established.

X =

12
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Now assume that both roots are real, « and f say, with o % f. Then,

as’ +ba+c =0,
ap? +bpf +c=0.

Subtraction of the two equations gives
a(@® — B+ be—p)=0 = b=—(¢+p)a, since «— f + 0.

Multiplying the first displayed equation by f and the second by o and then
subtracting, gives

a(*p — o)+ c(f—o)=0 = c¢=afa,since x—f % 0.
Now, recalling that « # f and that a > 0, consider the inequality
0<(ax—p)? =o>—2up+p*

= (a+ p)* —4ap
B b2_4c _ br—dac
T a @

This inequality shows that h? is necessarily greater than 4ac, and so establishes
the ‘only if” part of the proof.

1.32 Given that at least one of a and b, and at least one of ¢ and d, are
non-zero, show that ad = bc is both a necessary and sufficient condition for the
equations

ax+ by =0,
cx+dy =0,

to have a solution in which at least one of x and y is non-zero.

First, suppose that ad = bc with at least one of a and b, and at least one of ¢ and
d, non-zero. Assume, for definiteness, that a and ¢ are non-zero; if this is not the
case, then the following proof is modified in an obvious way by interchanging the
roles of @ and b and/or of ¢ and d, as necessary:

b
ax+by=03x=—ay,
d
cx+dy=0:x=—cy.
Now
ad=bc = d:bc = d: ,
a ¢ a

13
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where we have used, in turn, that a # 0 and ¢ # 0. Thus the two solutions for x
in terms of y are the same. Any non-zero value for y may be chosen, but that
for x is then determined (and may be zero). This establishes that the condition is
sufficient.

To show that it is a necessary condition, suppose that there is a non-trivial
solution to the original equations and that, say, x # 0. Multiply the first equation
by d and the second by b to obtain

dax 4 dby = 0,
bex + bdy = 0.

Subtracting these equations gives (ad — bc)x = 0 and, since x # 0, it follows that
ad = bc.

If x =0 then y # 0, and multiplying the first of the original equations by ¢ and
the second by a leads to the same conclusion.

This completes the proof that the condition is both necessary and sufficient.

14
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Preliminary calculus

2.2 Find from first principles the first derivative of (x + 3)*> and compare your
answer with that obtained using the chain rule.

Using the definition of a derivative, we consider the difference between (x+Ax+3)?
and (x + 3), and determine the following limit (if it exists):

2 _ 2
- (x+Ax+3)"—(x+3)

S0 = lim, Ax
. [+ 37 4+ 2(x + 3)Ax + (Ax)*] — (x + 3)?

= lim

Ax—0 Ax

2

_ lim (2(x + 3)Ax + (Ax)

Ax—0 Ax
=2x+ 6.

The limit does exist, and so the derivative is 2x + 6.

Rewriting the function as f(x) = u?, where u(x) = x + 3, and using the chain rule:

£ = 2ux

Y dux1=2u=2x+6,
dx

i.e. the same, as expected.

2.4 Find the first derivatives of
(@) x/(a+x)%, (b) x/(1 —x)/2, (c) tanx, as sinx/ cosx,

(d) (3x2+2x + 1)/(8x> — 4x + 2).

15
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In each case, using (2.13) for a quotient:

[(@a+x)x1]—[xXx2a+x)]  da*—x? a—x

(@) f'9)= (a+ x)* (@t x)* B (a+x)3°
Lo =) x 1] =[x x=5(1—=x)7"2]  1-=)x
(b) f(x)_ l—x _(l_x)3/27
© fix)= [cosx x cosx] — [Zsinx X (—sinx)] _ 12 — sec’ x;
cos? x cos? x
@  fx)= [(8x% —dx +2) x (6x +2)] — [(3x? +2x + 1) x (16x — 4)]

(8x2 — 4x + 2)?
X348 —48) +xX(16 — 24+ 12—32) + - --
N (8x2 — 4x 4 2)?
s x(—8+12+8—16)+ (4 +4)
(8x2 — 4x + 2)?
_ —28x? —4x + 8 _ —7x* —x+2
CO(8x2—4x 422 (4x2—2x+ 1)

2.6 Show that the function y(x) = exp(—|x|) defined as

exp x for x <0,
1 for x =0,
exp(—x) for x >0,

is not differentiable at x = 0. Consider the limiting process for both Ax > 0 and
Ax < 0.

For x > 0, let Ax = 5. Then,

y'(x > 0) = lim ¢
n—0 17
1.2
L
n—0 n ’
For x <0, let Ax = —y. Then,
0—n __ 1
y'(x > 0) = lim ¢
n—0 —n
1.2
—gim P2y
n—0 —n

The two limits are not equal, and so y(x) is not differentiable at x = 0.

16
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2.8 If 2y +siny + 5 = x* 4+ 4x3 + 2x, show that dy/dx = 16 when x = 1.

For this equation neither x nor y can be made the subject of the equation, i.e
neither can be written explicitly as a function of the other, and so we are forced
to use implicit differentiation. Starting from

2y +siny+5=x*+4x*+ 2z

implicit differentiation, and the use of the chain rule when differentiating sin y
with respect to x, gives

d d
2% 4 cosy®™ = 4xd 1 12x2
dx dx
When x = 1 the original equation reduces to 2y + siny = 2z with the obvious
(and unique, as can be verified from a simple sketch) solution y = n. Thus, with
x=1and y=mn,

dy _4+12

dx| ._, 2+cosm

2.10 The function y(x) is defined by y(x) = (1 + x™)".

(a) Use the chain rule to show that the first derivative of y is nmx"~1(1+4x")""1.
(b) The binomial expansion (see section 1.5) of (1 4 z)" is
1 1) (n— 1
(=1 5, #— D))
2! rl
Keeping only the terms of zeroth and first order in dx, apply this result twice
to derive result (a) from first principles.
(c) Expand y in a series of powers of x before differentiating term by term.
Show that the result is the series obtained by expanding the answer given
for dy/dx in part (a).

(1+z)"=1+nz+n 2

(a) Writing 1 + x™ as u, y(x) = u", and so dy/du = nu"~!, whilst du/dx = mx"~".
Thus, from the chain rule,

= nu X mx = nmx

dy n—1 m—1 m—1 —1
1 myn—1
i (1+x")
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(b) From the defining process for a derivative,

[1 + (x _|’_ Ax)m]n _ (1 + xm)n
Ax
_ llm [1 + le(l _"_ AXX )m]n _ (1 _|’_ xm)n
Ax—0 Ax
gy DX )] = (L
Ax—0 Ax
~ lim (1+x’"+mx’”_1Ax+~-~)”—(1—i—x’”)”
Ax—0 Ax
{(1 + x™) (1 + m)lc”:xl’ex + .. )}" — (14 X"y
T A0 Ax
(1 + xmy (1 oAy ) — (L4 X"y

Y09 = fim,

L1xm
- Ax—0 Ax
mn(l 4+ x™)"Ix"1Ax 4 - -
Ax—0 Ax
— nmxm—l(l + xm)n—lj

i.e. the same as the result in part (a).

(c) Expanding in a power series before differentiating:

—1
y(X)=1+nx’"+n(n Vm g

21
nn—1 ...n—r+1
S T
4 2mn(n—1) , _
’ _ m—1 2m—1 .
Vi(x)=mnx"" + 21 X +-
+rmn(n—1)""(”_r+1)xrm—l_|_,...
r!

Now, expanding the result given in part (a) gives

Y(x) = nmx"""(1 4 x")"!
—H(n=2)--(n—
:nmxm—l (1++(n )(n SZ') (I’l S)xms_}_“.)
mtg mn(n — 1)(nS—'2) < (n—s) N

This is the same as the previous expansion of y'(x) if, in the general term, the
index is moved by one, ie. s =r — 1.

18
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2.12 Find the positions and natures of the stationary points of the following
functions:

(@) x* —3x+3; (b) x* —3x2 +3x; (c) x* +3x+3;
(d) sinax with a # 0; (e) x° +x3; (f) x> — x°.

In each case, we need to determine the first and second derivatives of the function.
The zeros of the 1st derivative give the positions of the stationary points, and the
values of the 2nd derivatives at those points determine their natures.

(a) y=x"-3x+3; y =3x-3; ' =6x

y" = 0 has roots at x = +1, where the values of y” are +6. Therefore, there is a
minimum at x = 1 and a maximum at x = —1.

(b) y=x"=3x*43x; ¥ =3x"—6x4+3; ' = 6x—6.

y' = 0 has a double root at x = 1, where the value of y” is 0. Therefore, there
is a point of inflection at x = 1, but no other stationary points. At the point of
inflection, the tangent to the curve y = y(x) is horizontal.

(c) y=x43x+3; )y =3x>43; ) =6x.

y" = 0 has no real roots, and so there are no stationary points.

(d) y=sinax; y =acosax; Yy’ = —a’sinax.

y' =0 has roots at x = (n + ;)n /a for integer n. The corresponding values of y”
are Fa?, depending on whether n is even or odd. Therefore, there is a maximum
for even n and a minimum where n is odd.

(e) y=x4x>; ¥y =5x*+3x%; ' =20x’+6x.

y’" = 0 has, as its only real root, a double root at x = 0, where the value of y” is 0.
Thus, there is a (horizontal) point of inflection at x = 0, but no other stationary
point.

(f) y=x"—x; y =5x*-3x% " =20x —6x.

¥ =0 has a double root at x = 0 and simple roots at x = +(3)!/2, where the
respective values of y” are 0 and i6(§)1/ 2. Therefore, there is a point of inflection
at x =0, a maximum at x = —(3)"/? and a minimum at x = (3)!/2,

19
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0.4
0.2
510 15— 1 1 2 3 4
—0.4
0.8

(b)

Nanvivas

Figure 2.1 The solutions to exercise 2.14.

2.14 By finding their stationary points and examining their general forms,
determine the range of values that each of the following functions y(x) can take.
In each case make a sketch-graph incorporating the features you have identified.

(a) y(x) = (x —1)/(x* +2x +6).
(b) y(x) =1/(4+ 3x — x?).
(c) y(x) = (8sinx)/(15 + 8 tan®x).

See figure 2.1 (a)—(c).

(a) Some simple points to calculate for

_ x—1
Y= 2 yoxt6
are y(0) = —é, y(1) =0 and y(4o0) = 0, and, since the denominator has no real

roots (22 < 4 x 1 x 6), there are no infinities. Its 1st derivative is
;L —x? +2x+ 8 _ —(x+2)(x—4)
T 2 2x 462 T (24 2x 462
Thus there are turning points only at x = —2, with y(—2) = —;, and at x = 4,

with y(4) = 110. The former must be a minimum and the latter a maximum. The

range in which y(x) lies is —; <y< 110.

20
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(b) Some simple points to calculate for

1
VT 4 —x
are y(0) = }‘ and y(+oo) = 0, approached from negative values. Since the
denominator can be written as (4 —x)(1+ x), the function has infinities at x = —1

and x = 4 and is positive in the range of x between them.

The 1st derivative is

;L 2x —3
VT @3-
Thus there is only one turning point; this is at x = g, with corresponding

y(g) = 245. Since g lies in the range —1 < x < 4, at the ends of which the function
— o0, the stationary point must be a minimum. This sets a lower limit on the

positive values of y(x) and so the ranges in which it lies are y < 0 and y > 245.

(¢) The function

8sinx

Y= 15+ 8tan? x

is clearly periodic with period 27.

Since sin x and tan® x are both symmetric about x = ;n, so is the function. Also,

since sin x is antisymmetric about x = 7 whilst tan’ x is symmetric, the function
is antisymmetric about x = 7.

Some simple points to calculate are y(nm) = 0 for all integers n. Further, since
tan(n + ;)n =0, y((n+ ;)n) = 0. As the denominator has no real roots there are
no infinities.

Setting the derivative of y(x) = 8u(x)/v(x) equal to zero, i.e. writing vu' = w',
and expressing all terms as powers of cosx gives (using tan’>z = sec’>z — 1 and
sinz = 1 —cos?z)

(15 + 8 tan® x) cos x = 16sin x tan x sec’ x,

8 16(1 — cos
15+ = —8= ( . X)
COS“ X COS™ X

7cos* x + 24 cos’ x — 16 = 0.

This quadratic equation for cos® x has roots of ‘7‘ and —4. Only the first of these
gives real values for cosx of + j7. The corresponding turning values of y(x) are

t, 8 . The value of y always lies between these two limits.

Jar
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2.16 The curve 4y* = a*(x + 3y) can be parameterised as x = acos 30,
y =acos@.

(a) Obtain expressions for dy/dx (i) by implicit differentiation and (ii) in param-
eterised form. Verify that they are equivalent.

(b) Show that the only point of inflection occurs at the origin. Is it a stationary
point of inflection?

(c) Use the information gained in (a) and (b) to sketch the curve, paying par-
ticular attention to its shape near the points (—a,a/2) and (a,—a/2) and to
its slope at the ‘end points’ (a,a) and (—a, —a).

(a) (1) Differentiating the equation of the curve implicitly:

dy dy dy a’
12y*"" = d® 4 3d° = :
Vax — ¢ +3a A’ T dx 12y2 — 342
(i1) In parameterised form:
dy . dx . dy  —asinf
do =40 gy =asin0 == susine”

But, using the results from section 1.2, we have that

sin 30 = sin(20 + 0)
= sin 20 cos 0 + cos 20 sin 0
= 2sinfcos’ 0 + (2cos’> — 1)sin 0
=sinf(4cos’> 0 — 1),
thus giving dy/dx as
dy 1 _ a’
dx 12cos?0—3  12a*cos? 0 — 3a%’
with acosf = y, i.e. as in (i).
(b) At a point of inflection y” = 0. For the given function,
d? d (d d a’ a’
de; - dy (di}c) x d)yc - (122 — 3a2)? X 24y x 12y — 342’

This can only equal zero at y = 0, when x = 0 also. But, when y = 0 it follows
from (a)(i) that dy/dx = 1/(—3) = —;. As this is non-zero the point of inflection
is not a stationary point.

(c) See figure 2.2. Note in particular that the curve has vertical tangents when
y = +a/2 and that dy/dx = 3) at y = *+a, i.e. the tangents at the end points of
the ‘S’-shaped curve are not horizontal.
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y =acos0

a -

-

: - X =acos30
—a a

Figure 2.2 The parametric curve described in exercise 2.16.

2.18 Show that the maximum curvature on the catenary y(x) = acosh(x/a)

is 1/a. You will need some of the results about hyperbolic functions stated in
subsection 3.7.6.

The general expression for the curvature, p~!, of the curve y = y(x) is

1 y//

P14y
and so we begin by calculating the first two derivatives of y. Starting from
y = acosh(x/a), we obtain
1
y' =a sinh x’
a a

"

y

X
cosh .
a

Therefore the curvature of the catenary at the point (x, y) is given by

1
1 aCOShZ _ICOShZ_a
0 .2 X732 q h3x_y2'
[l—i-smh a} cos a

To obtain this result we have used the identity cosh? z = 1 + sinh? z. We see that

the curvature is maximal when y is minimal; this occurs when x =0 and y = a.
The maximum curvature is therefore 1/a.
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Figure 2.3 The coordinate system described in exercise 2.20.

2.20 A two-dimensional coordinate system useful for orbit problems is the
tangential-polar coordinate system (figure 2.3). In this system a curve is defined
by r, the distance from a fixed point O to a general point P of the curve, and p,
the perpendicular distance from O to the tangent to the curve at P. By proceeding
as indicated below, show that the radius of curvature at P can be written in the
form p = rdr/dp.

Consider two neighbouring points P and Q on the curve. The normals to the curve
through those points meet at C, with (in the limit Q — P ) CP = CQ = p. Apply
the cosine rule to triangles OPC and OQC to obtain two expressions for ¢, one
in terms of v and p and the other in terms of r + Ar and p+ Ap. By equating them
and letting Q — P deduce the stated result.

We first note that cos OP C is equal to the sine of the angle between OP and the
tangent at P, and that this in turn has the value p/r. Now, applying the cosine
rule to the triangles OCP and OCQ, we have

A =r*+p*—2rpcosOPC = 1>+ p> —2pp
= (r+Ar) + p* —2(r + Ar)pcos 0QC
= (r+Ar)> + p> —2p(p + Ap).
Subtracting and rearranging then yields
_ rAr+ ;(Ar)2
p= Ap s
or, in the limit Q — P, that p = r(dr/dp).
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2.22 If'y = exp(—x?), show that dy/dx = —2xy and hence, by applying Leibnitz’
theorem, prove that for n > 1

y(VH—l) + 2xy(n) + 2ny(n—l) —=0.

With y(x) = exp(—x?),
dy
dx

We now take the nth derivatives of both sides and use Leibnitz’ theorem to find
that of the product xy, noting that all derivatives of x beyond the first are zero:

YD = 21 (y™)(x) + n(y" V) (1) +0].

= —2xexp(—x?) = —2xy.

ie.
y(n+1) + 2xy(n) + 2ny(n—1) — 0,

as stated in the question.

2.24 Determine what can be learned from applying Rolle’s theorem to the
following functions f(x): (a)e*; (b)x? 4+ 6x; (¢)2x? 4+ 3x + 1; (d)2x? + 3x + 2;
(€)2x3 — 21x% 4+ 60x + k. (D)If k = —45 in (e), show that x = 3 is one root of
f(x) =0, find the other roots, and verify that the conclusions from (e) are satisfied.

(a) Since the derivative of f(x) = e* is f'(x) = ¢¥, Rolle’s theorem states that
between any two consecutive roots of f(x) = e* = 0 there must be a root
of f'(x) = e* = 0, i.e. another root of the same equation. This is clearly a
contradiction and it is wrong to suppose that there is more than one root of
¢* = 0. In fact, there are no finite roots of the equation and the only zero of e*
lies formally at x = —o0.

(b) Since f(x) = x(x + 6), it has zeros at x = —6 and x = 0. Therefore the (only)
root of f'(x) = 2x + 6 = 0 must lie between these values; it clearly does, as
—6< -3<0.

(c) With f(x) = 2x> + 3x + 1 and hence f'(x) = 4x + 3, any roots of f(x) = 0
(actually —1 and —;) must lie on either side of the root of f'(x) =0, ie. x = —i.
They clearly do.

(d) This is as in (c), but there are no real roots. However, it can be more generally
stated that if there are two values of x that give 2x> + 3x + k equal values then
they lie one on each side of x = —i.
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(e) With f(x) = 2x* — 21x? + 60x + k,
f'(x) = 6x% — 42x + 60 = 6(x — 5)(x — 2)

and f'(x) = 0 has roots 2 and 5. Therefore, if f(x) = 0 has three real roots o;
with oy < op <oz, then oy <2 <o <5 <os.
(f) When k = —45, f(3) = 54 — 189 + 180 — 45 = 0 and so x = 3 is a root of
f(x) =0 and (x — 3) is a factor of f(x). Writing f(x) = 2x* — 21x> + 60x — 45
as (x — 3)(apx? + a;x + ap) and equating coefficients gives a, = 2, a; = —15 and
ap = 15. The other two roots are therefore

154 /225120

4

Result (e) is verified in this case since 1.19 <2 <3 <5 < 6.31.

1
= 15+ J105) = 1.19 or 6.31.

2.26 Use the mean value theorem to establish bounds

(a) for —In(1 — y), by considering Inx in the range 0 <1 —y < x < 1,
(b) for ¢ — 1, by considering e* — 1 in the range 0 < x < y.

(a) The mean value theorem applied to In x within limits 1 — y and 1 gives
In(1) —In(1 — y) d 1
= 1 = £
1—(1—y) = ®

for some x in the range 1 — y < x < 1. Now, since 1 — y < x < 1 it follows that

1
> > 1,
1—y X
1 —In(1 —
= > n(l y) > 1,
l—y y
y
= > —In(l—y) > y.
l—y

The second line was obtained by substitution from (*).

(b) The mean value theorem applied to ¢ — 1 within limits O and y gives

e/ —1-0 . .
0 = ¢* for some x in the range 0 < x < y.
y [e—
Now, since 0 < x < y it follows that
1 < er < &,
eV —1

= 1 < &,
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Again, the second line was obtained by substitution for x from the mean value
theorem result.

2.28 Use Rolle’s theorem to deduce that if the equation f(x) = 0 has a repeated
root xi then x1 is also a root of the equation f'(x) = 0.

(a) Apply this result to the ‘standard’ quadratic equation ax> + bx + ¢ = 0, to
show that a necessary condition for equal roots is b*> = 4ac.

(b) Find all the roots of f(x) = x> 4+ 4x> —3x — 18 = 0, given that one of them
is a repeated root.

(c) The equation f(x) = x* 4+ 4x3 + 7x*> + 6x + 2 = 0 has a repeated integer
root. How many real roots does it have altogether?

If two roots of f(x) = 0 are x; and x», ie. f(x1) = f(x2) = 0, then it follows
from Rolle’s theorem that there is some x3 in the range x; < x3 < x, for which
f'(x3) = 0. Now let x, — x; to form the repeated root; x3 must also tend to the
limit xg, i.e. x; is a root of f’(x) = 0 as well as of f(x) =0.

(a) A quadratic equation f(x) = ax® + bx + ¢ = 0 only has two roots and so if
they are equal the common root « must also be a root of f'(x) =2ax+b =0, ie.
o = —b/2a. Thus
b? —b
a0 +b2a +c=0.
It then follows that ¢ — (b?/4a) = 0 and that b*> = 4ac.

(b) With f(x) = x> + 4x?> — 3x — 18, the repeated root must satisfy
. 1
fi(x)=3x>+8x—3=0CBx—1)(x+3)=0 iex= ; or x = —3.

Trying the two possibilities: f(;) %+ 0 but f(—3)=—-27+36+9—18 =0. Thus
f(x) must factorise as (x + 3)?(x — b), and comparing the constant terms in the
two expressions for f(x) immediately gives b = 2. Hence, x = 2 is the third root.

(c) Here f(x) = x* 4+ 4x 4 7x* + 6x + 2. As previously, we examine f'(x) = 0,
ie. f'(x) = 4x> + 12x> 4+ 14x + 6 = 0. This has to have an integer solution and,
by inspection, this is x = —1. We can therefore factorise f(x) as the product
(x + 1)*(arx? + a;x + ap). Comparison of the coefficients gives immediately that
a» = 1 and ap = 2. From the coefficients of x® we have 2a, + a; = 4; hence
a; = 2. Thus f(x) can be written

f(x)=(x4+1P*+2x+2) = (x+ 1) [(x+1)> +1].
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The second factor, containing only positive terms, can have no real zeros and
hence f(x) = 0 has only two real roots (coincident at x = —1).

2.30 Find the following indefinite integrals:

(@) [(4+x)dx; (b) [8+2x—x})"12dx for 2<x<4;
© [(+sind)'ds; (d) [(x/l—x)ldx for O<x<1.

We make reference to the 12 standard forms given in subsection 2.2.3 and, where
relevant, select the appropriate model.

/ ! dx—ltan_lx—i-c
4427772 2

(b) We rearrange the integrand in the form of model 12:

(a) Using model 9,

/ ! dx—/ ! dx—sin_lx_l—i-c
V8 +2x — x2 V81— (x—1) 3 '
(c) See equation (2.35) and the subsequent text.
1 1 2
do = dt
/1—|—sin0 /1+ 2t 1412
1+
2
= dt
/ (141
_ +c
1+t
B 2
- _1 + tan 0 e
2
(d) To remove the square root, set u> = 1 — x; then 2udu = —dx and

1 1
= -2
/x\/l—xdx /(l—uz)ux udu
-2
—/l_uzdu
—1 —1
_/(1—u+1+u> du
=In(l—u)—In(14+u)+c

1—\/1—x+c.

=1
nl—i-\/l—x

28



PRELIMINARY CALCULUS

2.32 Express x*(ax 4+ b)~! as the sum of powers of x and another integrable

term, and hence evaluate
b/a 2
X
/ dx
o ax-+b

We need to write the numerator in such a way that every term in it that involves
x contains a factor ax + b. Therefore, write x> as

X b b?
x*="(ax+b)— (ax+b)+ .
a a a

Then,

/b/a XZ I = /b/a X b n bz p
o ax+b = 0 a a*  a*(ax+Db) ~
x> bx b’ bl
= {26! s + 2 In(ax + b)}

b? 1
In2 —
“o(m2-2)
An alternative approach, consistent with the wording of the question, is to use
the binomial theorem to write the integrand as
2 2 1 2 ® 0
X X ax X ax
=5 +5) =2 (%)
, (145 bZ% b

ax+b -

0

Then the integral is

[ e [ S @) e

ax+b
1 & A | h\"+3
— _1 n
b;—o( ) (b) n+3 (a)
_bZ o (_1);1
B n:0n+3'

That these two solutions are the same can be seen by writing In2 — ; as

1 111 1
m2—2=0—2+3—4+5—m)—2
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2.34 Use logarithmic integration to find the indefinite integrals J of the follow-
ing:
(a) sin2x/(1 + 4sin’ x);
(b) e¥/(e* —e™);
(¢) 1+ xInx)/(xInx);
(d) [x(x"+a"]".

To use logarithmic integration each integrand needs to be arranged as a fraction
that has the derivative of the denominator appearing in the numerator.

(a) Either by noting that sin2x = 2sinxcosx and so is proportional to the
derivative of sin” x or by recognising that sin® x can be written in terms of cos 2x
and constants and that sin 2x is then its derivative, we have

in2
J:/ sin .xz dx
1+ 4sin” x

2sin X COS X 1
= dx = In(1+4sin’*x) + ¢,

/1+4sin2x 4 )
or

sin 2x 1
J= dx = In(3—2cos2 .
/1—1—2(1—cos2x) YTy n( cos2x) + ¢

These two answers are equivalent since 3 — 2cos2x = 3 — 2(1 — 2sin’x) =
1 + 4sin’ x.

(b) This is straightforward if it is noticed that multiplying both numerator and
denominator by e* produces the required form:

e’ e 1
_ — = In(e®—1 .
J /ex_eixdx /eZX—ldx 2n(e )+c

An alternative, but longer, method is to write the numerator as cosh x + sinh x
and the denominator as 2 sinh x. This leads to J = ;(x + In sinh x), which can be
re-written as

J = J(Ine* +Insinhx) = ) In(e¥sinhx) = } In(e* — 1)+ ] In J.
The } In ) forms part of c.

(c) Here we must first divide the numerator by the denominator to produce two
separate terms, and then twice apply the result that 1/z is the derivative of Inz:

J=/1+xmxdx=/ ! 4+1) dx =In(Inx)+ x+c.
xInx xInx

(d) To put the integrand in a form suitable for logaritmic integration, we must

30



PRELIMINARY CALCULUS

first multiply both numerator and denominator by nx"~! and then use partial
fractions so that each denominator contains x only in the form x™, of which
mx"~! is the derivative.

dx nx"!
J= = d
/ X(X” + an) / an(Xn + Cl") X
1 n—1 n—1
/ (nx . onx ) ix
na" Xxn X" + a"
1
, [nInx —In(x" +d")] +¢
a

! In X +c
na" X" 4 gt !

2.36 Find the indefinite integrals J of the following functions involving sinusoids:

(a) cos® x — cos’® x;

(b) (1 —cosx)/(1+ cosx);
(c) cosxsinx/(1 + cosx);
(d) sec? x/(1 — tan?x).

(a) As the integrand contains only odd powers of cosx, take cosx out as a
common factor and express the remainder in terms of sin x, of which cos x is the
derivative:

cos® x — cos® x = [(1 —sin’® x)*> — (1 — sin® x)] cos x

4 2 x) cos x.

= (sin” x — sin
Hence,
. 4 . 2 1 . 5 1 . 3
J = [ (sin" x —sin” x)cos x dx = 5 sin” x — 3 sin” x + c.
A more formal way of expressing this approach is to say ‘set sinx = u with
cosxdx = du’

(b) This integral can be found either by writing the numerator and denominator
in terms of sinusoidal functions of x/2 or by making the substitution ¢t = tan(x/2).
Using first the half-angle identities, we have

J=/1—cosxdx=/2sin2"2“

1+ cosx 2cos? ;3

= 2x = ( 2x— ) = x— ’
/tan 2dx /sec2 1) dx 2tan2 x4+ c.
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The second approach (see subsection 2.2.7) is

1_1—ﬂ
_ 142 2dt
_/1+1—t2 1+
1+

2
_/ 2w
1412
~faa [ 2

=2t —2tan”! t+c=2tan)2€—x+c.

(c) This integrand, containing only sinusoidal functions, can be converted to an
algebraic one by writing t = tan(x/2) and expressing the functions appearing in
the integrand in terms of it,

1—¢t> 2t 2
i 2 2 2
COSXSlnxdx 14214214t dt
1+ cosx 1—1¢

with 4 + B(1 +t*) = 1 — >, implying that B= —1 and 4 = 2.
And so, recalling that 1 + > = sec®(x/2) = 1/[cos?*(x/2)],

4t 2t
"‘/(<1+z2)2 - 1+r2) a

2
=— —In(1+¢
- n(l+1%)+c

= —2cos’ ; + In(cos’ ;) +c.

(d) We can either set tan x = u or show that the integrand is sec2x and then use
the result of exercise 2.35; here we use the latter method.

2

sec” x 1

/ 5 dx=/ . dx=/sechdx.
1 —tan’x cos? x —sin” x

It then follows from the earlier result that J = ; In(sec 2x 4 tan 2x) 4 ¢. This can
also be written as ; In[(1 + tanx)/(1 — tan x)] + c.
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2.38 Determine whether the following integrals exist and, where they do, evaluate
them:

() / " exp(—ix)dx; (b) / I

; LR
@ 1 (d)/11d~
& 1 X+1 * 0 X2 o

/2 1 x
(@) /0 cotfdd; () [, dx

(a) This is an infinite integral and so we must examine the result of letting the
range of a finite integral go to infinity:

7 R
o0 —AX 1 —AR
/ e_)“xdx=lim[eﬂ] =lim[ _¢ }
0 R—o0 —A 0 R—o0 /1 )\4

The limit as R — oo does exist if 4 > 0 and is then equal to A1

(b) This is also an infinite integral. However, because of the antisymmetry of the
integrand, the integral is zero for all finite values of R. It therefore has a limit as
R — oo of zero, which is consequently the value of the integral.

* X —1 R
=1 =1 =0.
/_w (x2 + a?)? dx R [2(3(2 + az)} R lealo[o] 0
(c) The integral is elementary over any finite range (1, R) and so we must examine
its behaviour as R — oo:

“ 1 . . 1+R
/1 x+1dx=}!1irgo[ln(1+x)]leglil}01n , =@
The limit is not finite and so the integral does not exist.

(d) The integrand, 1/x* is undefined at x = 0 and so we must examine the
behaviour of the integral with lower limit € as € — 0.

I 1! 1
/ 2clleim [— ] =lim(—1+ >=oo.
0o X e—0 X e e—0 €

As the limit is not finite the integral does not exist.

(e) Again, a infinite quantity (cotQ) appears in the integrand and the limit test
has to be applied.

/2 n/2
/ cot0.d0 = / cost g
0 0 Sin 0
= lim [In(sin 0)]1%? = lim[0 — In(sin €)] = —(—o0).
The limit is not finite and so the integral does not exist.
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(f) Yet again, the integrand has an infinity (at x = 1) and the limit test has to be
applied

1
X — i 1 —2y12]7 = _
/()(1_x2)1/2dx lim [—(1—)"?| =o0+1=1.

This time the limit does exist; the integral is defined and has value 1.

2.40 Show, using the following methods, that the indefinite integral of x> /(x +
Y2 s
J=2(5x—6x* +8x —16)(x + 1)'/? +c.

(a) Repeated integration by parts.
(b) Setting x + 1 = u? and determining dJ /du as (dJ /dx)(dx/du).

(a) Evaluating the successive integrals produced by the repeated integration by
parts:

/(x J:C31)1/2 dx =25 \Jx + 1 —/3x22\/x+ Ldx,

/xz\/x—i- ldx = 2x2(x+ 1)*? —/2x i(x—i— 1)%/2 dx,
/x(x +1)¥2dx =
/(x+ 1)/ dx =

x(x 4 1)% — / i(x +1)72 dx,

(x+1)72

~N N L N W

And so, remembering to carry forward the multiplicative factors generated at
each stage, we have

x(x +1)> — 32(x—i— 13| +c

35

J=Jx+1 {2)(3 —4xM x4+ 1)+ 156

_2Yx+1

55 [ —6x7+8x—16] +c

(b) Set x + 1 = u?, giving dx = 2udu, to obtain
213
J = / W =1 2udu
u
=2/(u6—3u4+3u2—1)du.
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This integral is now easily evaluated to give
1 3
J=2(7u7— 5u5+u3—u> +c
2u

= 35(5u6—21u4+35u2—35)+c

_ 2u
35
C2yx+1
35
i.e. the same final result as for method (a).

[5(x° +3x% 4+ 3x + 1) = 21(x> + 2x + 1)+ 35(x + 1) — 35] + ¢

[5x3 — 6x% +8x —16] +c.

2.42 Define J(m,n), for non-negative integers m and n, by the integral
/2
J(m,n) = / cos™ 0sin” 0 d0.
0

(a) Evaluate J(0,0), J(0,1), J(1,0), J(1,1), J(m, 1), J(1,n).
(b) Using integration by parts prove that, for m and n both > 1,

Jmm="""Ygm—2n and Jenm="""smn—2)
m—+n m-+n

(¢) Evaluate (i) J(5,3), (ii) J(6,5), (iii) J(4,8).

(a) For these special values of m and/or n the integrals are all elementary, as
follows.

/2 -
J(0,0)=/ 1d0 =",

0 2

/2
J(0,1)=/ sinfdf =1,

0

/2
J(l,O):/ cosfdh =1,
0

/2 ) /2 1
J(l,l):/ cos 0'sin 0 d = {Sm 9] _

0 2 ], 2

n/2 1
J(m,1)=/ cos"™0sin 0 do = ,

0 m—l—l

n/2 1
J(l,n)=/ cosOsin" 0do = )

0 n+l

(b) In order to obtain a reduction formula, we ‘sacrifice’ one of the cosine factors
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so that it can act as the derivative of a sine function, so allowing sin" 6 to be
integrated. The two extra powers of sinf generated by the integration by parts
are then removed by writing them as 1 — cos” 0.

/2
J(m,n)z/ cos™ 1 0 sin" 0 cos 0 d
0

_ {cos’"1 0 sin"*! 0] m/2

B n+1 o
_ /”/2 (m— 1) cos™ 2 0(—sin 0) sin""' 0
0

do
n+1

J(m,n) = J(m—2,n).

Similarly, by ‘sacrificing’ a sine term to act as the derivative of a cosine term,
n—1
J(m,n) = J(myn—2).
m-+n

(c) For these specific cases we apply the reduction formulae in (b) to reduce them
to one of the forms evaluated in (a).

) 2 21 1

D) J5.3) = JGD=¢  =,,

) 42 421 8

(i1) J(6,5) = 1 9‘](6,1)— 1197 693

301 317531n  7Tn
(i) J(4,8) = 12 10 J(0.8) = 12108 6422 2048

2.44 Evaluate the following definite integrals:

(@) fi°xedx; (b) [y [(* + 1)/(x* + 4x + 1)] dx;

() [ila+ (a—1)cos017 dO witha>1; (d) [Z (x? + 6x+ 18)" dx.

(a) Integrating by parts:
o0 X o0 ~
/ xe dx = [—xe ] — / —e N dx =0+ [—e ] =1
0 0
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(b) This is a logarithmic integration:

L | 1 1 4x3+4 1 1
dx — = [In(x*+4x+1)]. =  Iné.
/0 a1 ™ 4/0 a1 =g IET A D] = In

(c) Writing t = tan(6/2):

1412
1
2
= dt
/02a—1+t2
1

= 2 [tan_1 ! }
J2a—1 JV2a—1]g
2 1

= tan™"! .
\/2a—1 an \/Za—l

(d) The denominator has no real zeros (6> < 4 x 1 x 18) and so, completing the
square, we have:

/”/2 1 d@_/l 1 2dt
o a+(a—1)cos0 0 a—i—(a—l)(l_tz) 1+¢

o0 1 o0 1
dx = d
/_wx2+6x+18 ~ /_w(x+3)2+9 X

= ()L
-3G-C1-3

2.46 Find positive constants a, b such that ax < sinx < bx for 0 < x < /2.
Use this inequality to find (to two significant figures) upper and lower bounds for
the integral

/2
1=/ (1 + sinx)"/? dx.
0

Use the substitution t = tan(x/2) to evaluate I exactly.

Consider f(x) = (sinx)/x. Its derivative is
Xcosx —sinx x—tanx
fix) = =
which is everwhere negative (or zero) in the given range. This shows that f(x) is
a monotonically decreasing function in that range and reaches its lowest value at
the end of the range. This value must therefore be sin(n/2)/(n/2), i.e. 2/m.

COS X
x2 x2 ’
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From the standard Maclaurin series for sin x (subsection 4.6.3)

sin x x2 x4
= — 1 _— —_— . e .
f="y 3T s T
and the limit of f(x) as x — 0 is 1. In summary,
2Ssmxsl for Ostn
i X 2

It then follows that
/2 2 /2 n/2
/ 1+ nx)l/2 dx < / (1+4sinx)"?dx < / (14 x)"2dx,
0 0 0

n/2 n/2

< I S[§(1~|—x)3/2] ,

n 2 2
1 3/2
{2 3( - HX) } 0

0
n 32 _ 2 32
V=)< 1 <fa+ D]

191< I < 208
For an exact evaluation we use the standard half-angle formulae:

X . 2t 2
t=tan _, sinx =

) e dx=1+t2dt.

Substitution of these gives

/2 s i 2 N2
/0 (14 sinx) dxz/o (1+1+t2) 1+t2dt
ot 2+ 4
“Jo aepr®
1 1
> 1
- di+2 |- .
/0 (14e2pr T { (1+52)1/2L

To evaluate the first integral we turn it back into one involving sinusoidal
functions and write t = tan0 with dt = sec’>0df. Then the original integral

becomes
/2 n/42 2 1
/ (1+sinx)1/2dx=/ 0 g 40 |1 -
0 o sec’0 V2
/4
=/ 2cos0df +2— /2
0
= 2[sin0]3* +2— 2
=2-04+2—2=2
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An alternative evaluation can be made by setting x = (n/2) — y and then writing
1 + cosy in the form 2cos?(y/2). This gives the final value of 2 more directly.

Whichever method is used in (b), we note that, as it must (or at least should!)
the exact value of the integral lies between our calculated bounds.

2.48 Show that the total length of the astroid x*3 + y*/3 = a?/3, which can be
parameterised as x = acos’ 0, y = asin’® 0, is 6a.

We first check that x*3 4+ y?/3 = a*/3 can be parameterised as x = acos® 0 and
y = asin® 0. This is so, since a*/? cos® 0 + a*sin® 0 = a*? is an identity.

Now the element of length of the curve ds is given by ds®> = dx? + dy? or, using
the parameterisation,

12
dx\? dy 2
ds = [(d@) +(d0)] do
12
= {(—3(1 cos” 0'sin 9)2 + (3a sin® 0 cos 9)2} do
= 3acos0sin0do.

The total length of the asteroid curve is four times its length in the first quadrant
and therefore given by

/2

= 6a.

/2 : 2
s:4><3a/ cosOsin0dl = 12a [sm 0}
0

0

250 The equation of a cardioid in plane polar coordinates is
p = a(l —sin ).

Sketch the curve and find (1) its area, (i) its total length, (i11) the surface area of
the solid formed by rotating the cardioid about its axis of symmetry and (iv) the
volume of the same solid.

For a sketch of the ‘heart-shaped’ (actually more apple-shaped) curve see figure
24.

To avoid any possible double counting, integrals will be taken from ¢ = /2 to
¢ = 3n/2 and symmetry used for scaling up.
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2a

Figure 2.4 The cardioid discussed in exercise 2.50.

(1) Area. In plane polar coordinates this is straightforward.

1 3n/2 1
/ prdp = 2/ a*(1 —sin ¢)* dp
2 oy 2

3n/2
= a2/ (1 —2sin¢ + sin® ¢)do

n/2
=d*(n—0+ én)
_ 3nd?

2

The third term in the integral was evaluated using the standard result that the
average value of the square of a sinusoid over a whole number of quarter cycles
1
is ;.
(ii) Length. Since ds®> = dp? + p>d¢?, the total length is

3n/2 dp 2
s () o
o [dqs g

3n/2
= 2/ (a* cos® ¢ + a* — 2a° sin ¢ + a® sin® ¢)'/? d¢
/2

1/2

d¢

3n/2
=2a\/2/ (1 —sin¢)"/?d¢
/2

“2a2 [ (1 —cos ) A(—dg)) where = ;77: — ¢
0
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Using the trigonometric half-angle formula 1 — cos 6 = 2sin?(0/2), this integral
is easily evaluated to give

0 ’
L=2a2 [ +/2sin "; d¢’

/10
=4a [—2 cos q; } = —8a.

—T

The negative sign is irrelevant and merely reflects the (inappropriate) choice of
taking the positive square root of sin’(¢’/2). The total length of the curve is thus
8a.

(ii1) Surface area of the solid of rotation.

The elemental circular strip at any given value of p and ¢ has a total length of
2mpcos¢ and a width ds (on the surface) given by (ds)* = (dp)* + (pd¢)>. This
strip contributes an elemental surface area 2mp cos ¢p ds and so the total surface
area S of the solid is given by

37/2 dp\> 1/2
Sz/ 2mp cos ( ) + p? d
L, ¢l ip) T ¢
3n/2
= 2\/271?612/ (1 —sin¢)*?>cospdp [using the result from (ii) ]
n/2
2| 2 o 1\5/2 e
=2\/27ta — (1 —sin¢)
5 /2
_ 3’
5

Again, the minus sign is irrelevant and arises because, in the range of ¢ used, the
elemental strip radius is actually —p cos ¢.

(iv) Volume of the solid of rotation.
The height above the origin of any point is psin¢ and so, for n/2 < ¢ < 3n/2,
the thickness of any elemental disc is —d(p sin ¢) whilst its area is 7p? cos? ¢.

It should be noted that this formulation allows correctly for the ‘missing’ part of
the body of revolution — as it were, for the air that surrounds the ‘stalk of the
apple’. Whilst ¢ is in the range n/2 < ¢ < 5n/6 (the upper limit being found
by maximising y = psin¢ = a(1 — sin ¢) sin ¢b), negative volume is being added
to the solid, representing ‘the air’. For 57/6 < ¢ < n the solid acquires volume
as if there were no air core. For the rest of the range, = < ¢ < 3n/2, such
considerations do not arise.
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The required volume is therefore given by the single integral

3n/2
V= —/ np® cos® ¢ d(p sin ¢)
n/2

3n/2

=— / na*(1 — sin ¢)? cos® ¢ a(cos ¢ — 2 sin ¢ cos ¢) d¢p
n/2

3r/2
=—7m3/ (1 — 2sin ¢ + sin® p)(1 — 2sin ¢) cos’ ¢ d¢p
/2

3n/2
=—7m3/ (1 —4sin ¢ + 5sin® ¢ — 2sin® ¢)(1 — sin® ¢) cos P d¢p
/2

3n/2
=—77:a3/ (1—4sing +4sin’ ¢ + 2sin* p — - -
/2

... —5sin* ¢ + 2sin° ¢) cos p d¢p
8
=na’2—0+ 2 +0—-2+40)= 37w3.
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Complex numbers and
hyperbolic functions

3.2 By considering the real and imaginary parts of the product ee'® prove the
standard formulae for cos(0 + ¢) and sin(0 + ¢).

We apply Euler’s equation, e’ = cos 0 + isin 0, separately to the two sides of the
identity

Hi0+0) _ 40 i
and obtain

cos(0 + ¢) + isin(0 + ¢) = (cos 0 + isin 0)(cos ¢ + isin ¢)
= (cos l cos ¢ — sin O sin ¢p)
~+i(cos 0 sin ¢ + sin 0 cos ).

Equating the real and imaginary parts gives the standard results:

cos(f 4+ ¢) = cos O cos ¢p — sin 0 sin ¢,
sin(0 + ¢) = cos 0 sin ¢ + sin 0 cos ¢.

It is worth noting the relationship between this method of proof and the purely
geometrical one given in subsection 1.2.2. In the Argand diagram, ¢ is represented
by a unit vector making an angle 0 (4 in figure 1.2) with the x-axis. Multiplying
by € corresponds to turning the vector through a further angle ¢ (B in the
figure), without any change in length, thus giving the point (P in the figure) that
is represented by e/(+%),
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3.4 Find the locus in the complex z-plane of points that satisfy the following
equations.

@ z—c=p(1+it
1—it
that varies in the range —oo < t < 0.
(b) z = a+ bt +ct?, in which t is a real parameter and a, b, and ¢ are complex
numbers with b/c real.

) , Where ¢ is complex, p is real and t is a real parameter

(a) We start by rationalising the complex fraction so that it is easier to see what
it represents:

1+t
z—c=p —H. —wn<t<ow
1—it

Lt L+t

Pl i1t

(1 — %)+ 2it
1+

The real and imaginary parts of the RHS now have the forms of cosine and
sine functions, respectively, as expressed by the tan(x/2) formulae (see subsection
2.2.7). The equation can therefore be written as

z—c¢ = p(cos26 +isin20) = pe*?,

where 0 = tan~' t. Since —o0 < t < o, 0 must lie in the range —n/2 < 0 < /2
and —n < 20 < n. Thus the locus of z is a circle centred on z = ¢ and of radius
p.

(b) If we write a = a, + ia;, etc. then, since ¢ is real, x +iy = z = a + bt + ct* gives
X = a, + bt + ¢, 12,
y =a + bit + Citz.

Multiplying these equations by ¢; and c¢,, respectively, and subtracting eliminates
the ¢*> term and gives

Cix — ¢y = a,¢; — aic, + t(cib, — ¢.b;).

Now, since the ratio b/c is real the phases of b and ¢ are equal or differ by =.
Either way, b;c, = ¢;b, with the consequence that the term in parentheses in the

above equation vanishes and
Ci Cidy
y= X+ ai — 5

cr cr
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i.e. the locus is a straight line of slope tan(argc) [or, equivalently, tan(argb)].
The same conclusion can be reached by eliminating the t term.

3.6 Find the equations in terms of x and y of the sets of points in the Argand
diagram that satisfy the following:

(a) Re z? =Im z?%;
(b) (Im z%)/2% = —i;
(c) arg[z/(z — 1)] = =/2.

(a) Straightforward substitution of z = x + iy gives

Re z2 =Im 22,

Re (x> — y? + 2ixy) = Im (x> — y* + 2ixy),

xz_y2 = 2xy5
y2 4+ 2xy — x> =0,
y=(-1£2)x

This is a pair of straight lines through the origin. Since the product of their
slopes, (—1 + \/2)(—1 — \/2), is equal to —1, the lines are orthogonal.

Geometrically, it is clear that the condition is equivalent to z> lying on the line of
positive slope /4. Thus z must lie on one of the two lines with slopes 7/8 and
—3n/8; that the tangents of these angles are \/2 — 1 and —\/2 — 1 confirms this
conclusion.
(b) Since Im z? is necessarily real, z> will have to be purely imaginary. Proceeding
as in part (a):
Imz> = —izz,
2xy = —i(x> — y* + 2ixy),

0=x>—y%

y = Z+x.
This is the pair of orthogonal lines that bisects the angles between the x- and
y-axes.

We note that the imposed condition can only be satified non-trivially because of
the particular constants involved; had the equation been, say, (Im z?)/z> = —3i,
the real parts of the equality would not have cancelled and there would have
been no solution; for the form (Im z2) = —3iz?, the only solution would have
been z = 0.
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(c) Rearranging the given condition,

we obtain
z=(z—1)2™?=)(z—1)i with 1>0,
x+iy=iMx—1)—Ay.

Thus x = —/2y and y = A(x — 1), and so

xx—1) = —?

(x= 3+ =
This is a circle of radius ; centred on (é,O). Since 4 > 0 and the circle lies
entirely in 0 < x < 1, both expressions for y, namely —2~'x and A(x — 1), must be
negative. Hence the locus is the part of the circle that lies in y < 0. Plotting the

points 0, 1 and z in the complex plane shows the relationship of this result to the
classical geometric result about the ‘angle in a semi-circle being a right angle’.

3.8 The two sets of points z=a,z=b,z=c,and z=A, z=B, z=C are
the corners of two similar triangles in the Argand diagram. Express in terms of
a,b,...,C

(a) the equalities of corresponding angles, and
(b) the constant ratio of corresponding sides,

in the two triangles.

By noting that any complex quantity can be expressed as
z = |z| exp(iargz),
deduce that
a(B—C)+b(C—A)+c(4—B)=0.

(a) The angle o between the two sides of the triangle that meet at z = a is the
difference between the arguments of b —a and ¢ — a. This, in turn, is equal to the
argument of their ratio, i.e.

a=arg .

c—d

Thus the equality of corresponding angles in the similar triangles is expressed by
b—a B—A

W, "M 4
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and similar relations.

(b) The constant ratio of corresponding sides is expressed by
b—a B—4A4

c—a C—Al

Now, using the fact that z = | z| exp(iarg z), we can write

b—a b—a ( b—a)

= exp [ iarg
c—a c—a c—a
Bl (i B—A) _B—A4
Tle—a|P\' e _4) T c_u

where the two results obtained previously have been used to justify the second
equality. Hence,

(C— A)b— (C — A)a = (B — A)c — (B — A)a.

Cancelling the term aA that appears on both sides of the equality and then
rearranging gives

b(C —A)—aC+c(A—B)+aB =0,
= bC—A)+a(B—C)+c(A—B)=0,

as stated in the question.

3.10 The most general type of transformation between one Argand diagram, in
the z-plane, and another, in the Z -plane, that gives one and only one value of Z for
each value of z (and conversely) is known as the general bilinear transformation
and takes the form

aZ +b
= .
cZ +d

(a) Confirm that the transformation from the Z-plane to the z-plane is also a
general bilinear transformation.
(b) Recalling that the equation of a circle can be written in the form

zZ— Z1

=4 A1,

zZ— 2y

show that the general bilinear transformation transforms circles into circles
(or straight lines). What is the condition that zy, zy and A must satisfy if
the transformed circle is to be a straight line?
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(a) To test whether this is so, we must make Z the subject of the transformation
equation. Starting from the original form and rearranging:

aZ +b
Z = b
cZ +d
czZ +zd=aZ + b,
Z(cz—a)=—dz + b,
7 - —dz+b (%),
cz—a
i.e. another general bilinear transformation, though with different, but related,
parameters.

(b) Given the circle

Z — Z1

=i A+,

zZ—2Z)

in the z-plane, it transforms into the curve given in the Z-plane by

aZ+b_Z
cZ +d ! —
aZ+b_Z ’
cZ +d 2

This equation can be manipulated to make the multipliers of Z unity, as follows:

(a—z1¢)Z +b—z1d _
(a—2z0)Z +b—z2d -
b—Zld
—Z
lcz1 —al Tz —a -
lczo — al _Z+b—zzd ’
CZy —da
Z —7Z czy—a
= A=U
Z —7Z czi—a

Thus, the transformed curve is also a circle (or a straight line). It is a straight line
if Z is always equidistant from Z; and Z,, i.e. if 4 = 1. The condition for this is

la — czy| = Ala — cza).

We note, from (*), that Z; and Z, are the points into which z; and z, are carried
by the transformation.
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3.12 Denote the nth roots of unity by 1, w,, ®2, ..., o'

n

(a) Prove that

n—1 n—1
rm (i) Y op=0, (i) [Jeo,=D""
r=0 r=0

(b) Express x> + y*> 4+ z> — yz — zx — xy as the product of two factors, each
linear in x, y and z, with coefficients dependent on the third roots of unity
(and those of the x terms arbitrarily taken as real).

(a) In order to establish properties of the sums and products of the nth roots
of unity we need to express their common defining property as a polynomial
equation; this is " — 1 = 0. Now writing the polynomial as the product of
factors typified by (o — w],) we have

0" =1 = (0 —1)(w—o)0—o0) - (0—o'")

n—1

n—1
=" — wnfl Zw; N (_l)n Hw;
=0 r=0
Equating coefficients of

i) "1, 0 = w’,
(i) > o

(ii) constants, —1 = (—1)" H .
Hence the stated results.
(b) Writing the given expression f in the required form with the x-coefficients
both taken as 41, we have
f=x*+y" 4z —yz—zx—xy
=(x+ay+pz)(x+yy+9dz), say,
= x% + ayy? + Boz% + (o4 9)xy + (B + 8)xz + (49 + f7)yz.
The cube roots of unity have the explicit properties:
14+ w3+ =0,
1 xw;xwl=1,
So, if we choose & = w3 then, from the coefficient of y*> we must have y = a)§
This also makes o + 7, the coefficient of the xy term, equal to —1 as required.

Turning now to the choices for f and J§, we cannot take f = w3 since the
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coefficient of z? would then imply that § = w3; this makes the coefficient of yz
wrong (2 rather than —1). Therefore, take B = 3 leading to the result § = ws.
This choice makes the coefficients of both z> and yz correct and leads to a
factorisation of the form

P4 yr 4zt —yz—zx —xy = (x + 03y + 0iz)(x + 03y + 03z).

We note that the factors can be made to have the coefficents of y (say) equal to
unity by multiplying the first by w3 and the second by wj; the net effect is to
multiply by w3, i.e. by unity, and so the LHS is unaffected.

3.14 The complex position vectors of two parallel interacting equal fluid vortices
moving with their axes of rotation always perpendicular to the z-plane are z; and
z5. The equations governing their motions are

dzy i dzy i

dt _21—22’ dt _22—21.
Deduce that (a) zi + z3, (b) |21 — 22| and (c) |z1|> + |z2|* are all constant in time,
and hence describe the motion geometrically.

(a) To obtain the time derivative of z; 4+ z, we add the two equations and take
the complex conjugate of the result.

dizy+2z2)  [dz; +23)]
dt n dt

_ i i\
21— 22 Zy —Z1
=0 1ie. zy + zy 1S constant.
(b) It is easier to consider the time derivative of the square of |z; — z5|, expressed

as (z1 —z2)(zy — z3):

d(lz1 —z)  d

it = &t [(z1 — 22)(z] — z3)]

o dZT dZ; « % le dZ2
- (Zl 22) ( dt dt ) + (Zl 22) ( dt dl’ )
=(z1—22) <— oy >

1 — Zn Zy — I

. . i i
+(zp—2) | . « T . .
175 T4
= —2i+2i=0,

2

1.e. |z; — zp|* is constant, and so, therefore, is |z; — z;].
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(c) We write 2|z|> +2|25|? as |z; +z2|> + |21 — 22|%. Since both the latter terms have
been shown to be constants of the motion, |z;|> + |z2|> must also be constant in
time.

Since the geometrical centre of the pair of vertices is fixed [result (a)], as is their
distance apart [result (b)], they must move in circular motion about a fixed point
with the vortices at the opposite ends of a diameter.

3.16 The polynomial f(z) is defined by
f(z) = 2° — 6z* + 152° — 3422 4 362 — 48.

(a) Show that the equation f(z) = 0 has roots of the form z = Ai where A is
real, and hence factorize f(z).

(b) Show further that the cubic factor of f(z) can be written in the form (z +
a)® + b, where a and b are real, and hence solve the equation f(z) = 0
completely.

(a) Substitute z = Ai in
f(z) = 2° — 62* + 1523 — 342% 4 362 — 48,
to obtain
f(i) = (2> — 1573 4+ 362) + (—64* + 344> — 48).
For /1 to be a root, both parts of f(4i) must be zero, i.e.

15+ /225 — 144

) =0 )=
A or P

=12 or 3,

and

17 + /289 —
+ /289 — 288 3o 16
6 6
Only /> = 3 satisfies both. Thus two of the (five) roots are z = —_I—\/3i and
(z — 1\/3)(2 + 1\/3) are factors of f(z).
By eye (or by equating coefficients or by long division),

31722 424=0 e =

f(z) = (22 +3)(z> — 62> + 122 — 16).
(b) If
23—6zz+122—16=(2+a)3+b
=234 3az2 +3d’z+d> + b,
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then a = —2 and b = —8 provides a consistent solution. Thus, the three remaining
roots are given by (z — 2)} — 8 = 0, yielding

z=242=4; z=242F =14i3; z=2+42M3 =1-i3.

These, together with z = i\/3i, are the five roots of the original equation.

3.18 By considering (1 + exp i0)", prove that

Z "C,cosrf = 2" cos"(0/2) cos(nd/2),
r=0

> "Cysinrf = 2" cos"(0/2) sin(n0/2),
r=0

where "C, = n!/[r!(n —r)!].

To express 1 4+ expif in terms of its real and imaginary parts, we first use Euler’s
equation and then the half-angle formulae:

; . 0 .0 0
1+e%=14cos0+isin0 =200$22 +i2sm20052

Thus,

; 0 0 o\" ON" 7 9\
" _ 2 A o _on i0/2
(1+¢€9) <Zcos 5 + i2sin 5 cos 2) 2 <cos 2) (e ) :
But, we also have from the binomial expansion that
(1+ei9)n _ 1+nei9+_._+ ncreir()_}_.”_’_einﬂl

Equating the real parts of the two equal expressions yields the result

n

Z "C.cosr0 =1+ncosO +---+ "C,.cosr0 +---+ cosnl

r=0
=2" | cos 0y cos n0
N 2 2"

Similarly, by equating the imaginary parts, we obtain

Z "C.sinr@ =nsinf +---+ "C,sinrf + - - - + sinnf
r=0
ON\" . n0
=2" (cos2> sin n2.
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3.20 Express sin* 0 entirely in terms of the trigonometric functions of multiple

angles and deduce that its average value over a complete cycle is g

We first express sinf in terms of complex exponentials and then compute its
fourth power using a binomial expansion:

4 el() —e i0
sin® 0 = )
2i

1, . . » p

_ o4 (6140 _46120 16 —de i20 Te 149) )
We now collect together the terms containing ¢™’ and e~ and write them in
terms of sinusoids:

sin 0 = 116(2 cos40 — 8 cos20 + 6)

_ 1 1 3
= g €os40 — ; cos20 + ;.

Clearly, the average values of the first two terms over a complete cycle are both
zero; so that of sin* 6 is g

Strictly speaking, the two final lines of equations are not necessary once it is
noted that e™’ has zero average value for all m except m = 0. The reader
may like to show that the average value of sin’ 0, with p a positive integer, is
2p)!/127(p!)].

3.22  Prove the following results involving hyperbolic functions.

(a) That

cosh x — cosh y = 2sinh (x—zky) sinh (x;y) .

(b) That, if y = sinh~!x,
dz

y , _dy
dx2 + X

dx =0.

(> +1)

(a) When trying to prove equalities, it is generally better to start with the more
complicated explicit expression and try to simplify it, than to start with a simpler
explicit expression and have to guess how best to write it in a more complicated
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way. We therefore start with RHS of the putative equality:
f(x,y) = 2sinh (’”2”) sinh (x;y)

=2 ] (eI — o (EN/2) L ()2 o))
— ; (eZX/Z _ e2y/2 _ e—2y/2 + e—2x/2)

=l(e"+er—e —e)

= cosh x — cosh y,

thus establishing the stated result.

(b) To establish the unknown derivative of this inverse function, we first convert
it into a function for which we do know the derivative. With y = sinh™' x, we
have x = sinh y and consequently that dx/dy = cosh y. Thus

dy 1 1
dx coshy (14 x2)1/2’
d*y X

dx? (14 x2)P3/2
For the second equality in the first line we have used the identity cosh’z =
1 + sinh® z.
Hence

d2

y+xdy_ X X

2
1 =- =0
"+ )dx2 dx (14 x2)1/2 T (1 + x2)1/2 ’

as stated.

3.24 Use the definitions and properties of hyperbolic functions to do the fol-
lowing :

(a) Solve cosh x = sinh x + 2 sech x.

(b) Show that the real solution x of tanh x = cosech x can be written in the
form x = In(u + \/u). Find an explicit value for u.

(c) Evaluate tanh x when x is the real solution of cosh2x = 2 cosh x.

(a) Expressing each term of

cosh x = sinh x + 2sech x
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in exponential form:

¢ —x X —Xx 4
é(e“‘—i—e ) = é(ev —¢ V)+ex+e—x’
L 4
eX 4+ e’

l+e =4
Taking logarithms of this, after simplification, yields
x=1(—In3) = —In/3 =—0.5493.
(b) Expressing the defining equality in terms of sinh and cosh functions,
tanhx = cosechx =  sinh?x = coshx.

Writing cosh x as u, this equation can be put in the form u?> — 1 = u. It follows
from substituting this into the standard logarithmic expression for an inverse
hyperbolic cosine that

x = cosh™ u = In(v/u? — 1 + u) = In(Ju + u).

Since u? —u — 1 =0, we also have that
1+£5 . . . .
u= _2\/ , (i.e. the golden mean and minus its reciprocal!)

with the positive sign being taken to make coshx > 0, as is required if x is to be
real.

(c¢) Using a double angle formula for hyperbolic functions to replace cosh 2x in
cosh2x = 2coshx,
we have

2cosh’>x — 1 =2coshx,
14+ .3
2 b

with the positive sign needed for x to be real. It then follows that

1/2 1/2
sinhx=+<1+2\/3+3—1> =i<\é3> ,

coshx =

- 4
+2 (J;)I/z

= tanhx = =+

1+4/3

(12)'/4
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3.26 In the theory of special relativity, the relationship between the position
and time coordinates of an event as measured in two frames of reference that have
parallel x-axes can be expressed in terms of hyperbolic functions. If the coordinates
are x and t in one frame and x' and t' in the other then the relationship take the
form

x' = xcosh ¢ — ct sinh ¢,
ct' = —xsinh ¢ + ctcosh ¢.

Express x and ct in terms of X', ¢t and ¢ and show that

x? —(ct)? = (X')> — ().

We need to solve

x' = xcosh ¢ — ctsinh ¢,
ct' = —xsinh ¢ + ct cosh ¢.
for x and ct in turn.

Multiplying the first equation by cosh ¢p and the second by sinh ¢ and adding
yields

x' cosh ¢ + ct’ sinh ¢ = x cosh? ¢ — x sinh? ¢p = x.

Multiplying the first equation by sinh ¢ and the second by cosh ¢ and adding
yields

x'sinh ¢ + ct’ cosh ¢p = —ctsinh® ¢ + ct cosh? ¢ = ct.

Thus the inverse expressions are the same as the original ones except that ¢ is
replaced by —¢.
To show the stated equality in the two frames of (the Lorentz invariant) x> —(ct)?,
we simply resubstitute for x and ct:
x* — (ct)? = (X' cosh ¢ + ¢t sinh ¢)* — (x' sinh ¢ + ¢t’ cosh ¢)?
= x"*(cosh? ¢ — sinh® ¢) + (ct’)*(sinh? ¢ — cosh? §)
= X7 4 ()P (—1) = X — (et

Thus, this form, ‘x> — (ct)*>’ has a value that is independent of ¢ and so has the
same value in all frames of reference; it is called a scalar invariant.
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3.28 The principal value of the logarithmic function of a complex variable is
defined to have its argument in the range —n < arg z < m. By writing z = tanw
in terms of exponentials show that

1 1+4+iz
=il -
tan Z_Zihl(l—iz)'

] (2\/3 - 31')
; .

We express tan w in terms of exponential functions by first writing it as sinw/ cosw:

Use this result to evaluate

_i(eiw _ e—iw)
z =tanw = . T,
elw + e—ZW
Z(eiw + e—iW) — _ieiw + ie—iw,
(z+ i)e2iw = —z 41,
o2 _ 1+iz
1—iz’
1 141
tan'z=w= _ In +l_Z.
20 1—iz

Now setting z = (2\/3 — 3i)/7 and recalling that Inz = In|z| +iargz gives
- 2{3-3i _ 1 n7+i2\/3+3
7 2i 7-23-3

_y (104—1’2\/3 4+i2\/3>

ta

2i 4—i2\/3 4+i23
_ 1, 28+i28(3
C2i 16 + 12

1 .
= ) Il + i/3)

_ 211' (ln2+i§) - 2 —iln /2.
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Series and limits

4.2 If you invest £1000 on the first day of each year, and interest is paid at
5% on your balance at the end of each year, how much money do you have after
25 years?

An investment 4 (= £1000) made at the start of the pth year is worth 4r?°~" at
the end of the 25th year, where r = 1.05. The total value of the investment at the
end of 25 years is therefore

p=25 q=24 25
Ar(r= —1)
26—p _ q —
E Ar = Ar E rd = 1
p=1 q=0

where we have set 25 — p = ¢ and used the formula for the sum of a finite
geometric series. Inserting numerical values yields £50 113 as the total value.

4.4 Show that for testing the convergence of the series
x+y+2+ Y+ 4+ +

where 0 < x < y < 1, the D’Alembert ratio test fails but the Cauchy root test is
successful.

The ratio of successive terms has one of the two forms

xm-H X m
=X —0 as m— oo,

" y
or
m m
y =(y) — 00 as m — 0.
x™m X
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Since the ratio does not tend to a unique limit, the D’Alembert test fails.

However, since x < y, the nth term u, of the series (whether x"+1/2 or y"/?) is
< y"2. Thus (u,)"/" < (y"/?)1/" = y1/2 < 1, and the Cauchy root test proves the
convergence of the series.

That the series does converge is clear, as it is the sum, x/(1 — x) + y/(1 — y), of
two (absolutely) convergent series; but that is not the point of the question!

4.6 By grouping and rearranging terms of the absolutely convergent series

show that

From the given result we pick out the terms making up the wanted series and
note that what remains (the sum of the inverse squares of the even integers) is a
multiple of the originally given series.

1 1 1 1 1 1

S=ptptptptotet

11 (I R T 1
=t ptot Tl ptptpt ) =S+

and hence the stated result.
4.8 The N + 1 complex numbers w,, are given by w,, = exp(2nim/N) for
m=0,1,2,...,N.

(a) Evaluate the following :

N N N
W) > on (i) Y o, (i) > o™
m=0 m=0

m=0

(b) Use these results to evaluate

(i) XN: [cos (2”’") — cos (4’“")} (i) 23:2'" sin (2”’")
m=0 N b , m=0 3
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(a)(i) This sum is a geometric series with common ratio e>™/N. Thus,

1 — 2mi(N+1)/N 1 — g2i/N

N
_ 2mi0/N _ —
r;)wm =€ LN = oy =1

However, if N = 1 then the common ratio is unity and direct computation is
needed:

1
E Op ="+ =2,

m=0
(a)(ii) By a similar calculation to that in (i),

4ri(N+1)/N

N
Z w2 = e4m0/N1 —¢

m 1 — e4ni/N >
m=0

i.e. is unity unless N =1 or N = 2, when the common ratio is unity.

For N =1 there are two terms each equal to 1 and the sum equals 2.
For N = 2 there are three terms each equal to 1 and the sum equals 3.

(a)(iii) If x = 1 then the calculation is as in (i); we assume that x # 1. This sum
is then a geometric series with common ratio xe>™/N. Thus,

N N+1,2mi(N+1)/N N+1,27i/N
m_ 0 mioNL— X" Te / _1=x""e /
wpX" =x"e /N = /N
‘ 1 — xe2mi/ 1 — xe2mi/
m=

If N =1 then this reduces to (I — x?)/(1 —x), i.e. to 1 + x.

(b)(i) We recognise cos(2nm/N) as the real part of w, and, by squaring the
definition of ,,, recognise cos(4wm/N) as the real part of w?. And so

Al 2nm 4mm _R Al ’
Z{cos( N )—cos( N )] = Re Z(wm—wm).

m=0 m=0

From the previous results, this has the value 2—2 =0for N =1,1—-3 = -2 for
N=2and 1—1=0 forall N > 3.
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(b)(ii) Taking N =3

’ 2nm ]
ZZ'" sin ( 3 ) =1Im Za)m?”
m=0 m=0
1— 24e27ri/3
=Im s
m 18- i8./3
1+1—iy3
m 9— i8\/37)(2 +i4/3)
—16/349/3
7

=—3

In the second line we used the result from part (a)(iii).

=1

4.10 Determine whether the following series converge (0 and p are positive real
numbers ) :

[e¢) 0

2sinnd 2 “1
(@) Zn(n+1)’ ®) an’ © ;2#/2’

n=1 n=1

0

R T 12 o0
@ STV s
n=1

(a) As shown in the text, the series ZnNzl has a partial sum of

1 N
n(n+1) N+1
This tends to the limit 1 as N — oco. Thus the series is (absolutely) convergent.

The nth term of the given series is < n(n+ 1) in magnitude. Thus, the given series

is absolutely convergent and therefore also convergent.

(b) If, in the quotient test, we take u, = ! and v, = 2 then p = 1. Since
nn+1) n? 2

this is finite but non-zero and >_ u, converges, so must Y v,,.

(c) We have already shown that 3~ n~! diverges. Every term of the series u, = n~!/

is not smaller than the corresponding term in Y n~!. It follows that >~ n~"/? must

also diverge.

(d) As n — oo the terms decrease to zero (albeit slowly) as 1/Inn. This together
with the alternating sign of consecutive terms in enough to establish convergence
using the alternating series test.
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(e) The ratio of successive terms is

m+1y ! (141

(n+1)! o n+1 — 0 forall p>0.

Thus, by d’Alembert’s ratio test, the series converges.

4.12 Determine whether the following series are convergent:

© 1/2 n

n!/ 2 “. (Inn)" “n
2 Z(n+1)1/2’ () ;n!’ © ; n/2 ’ @ ;n!'

n=1

(a) The individual terms tend to unity, rather than zero, as n — oo and so the
series must diverge.

(b) The succesive term ratio is

(n+ 1) n! 1 1\?
)  npl LTy TP @ o
Thus the series is convergent.

(c) The nth root of u, is (Inn)/n'/> which — 0 as n — co. Thus the series is
convergent by the Cauchy root test.

(d) The succesive term ratio is

n+1 n
(1 mt ()T
D! = menm \!Tp) e o

This ratio is > 1 and so the series diverges.

4.14 Obtain the positive values of x for which the following series converges:
© xn/Ze—n

n
n=1

Using the Cauchy root test:
n/2 ,—n\ L/h 1/2
o T x"<e _x
= gt = i (%,71) =

For convergence p < 1 and this requires x < e’. Direct substitution shows that

that the series diverges at the limit x = 2.
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4.16 An extension to the proof of the integral test (subsection 4.3.2) shows
that, if f(x) is positive, continuous and monotonically decreasing, for x > 1, and
the series f(1) + f(2) + - - - is convergent, then its sum does not exceed f(1)+ L,

where L is the integral
/ f(x)dx.
1

Use this result to show that the sum {(p) of the Riemann zeta series > n P, with
p > 1, is not greater than p/(p — 1).

The function f(x) appropriate to the Riemann zeta series is f(x) = x~F.
“1 1 11" 1
/ dx = [— _1] = .
. xP p—1 xr1], p—1

1 1 1 p
g < + = .
nP w p—1 p—1

n=1

This implies that

4.18 Illustrate result (iv) of section 4.4 concerning Cauchy products by consid-
ering the double summation

o0 n 1
Sz;;rz(n+l—r)3'

By examining the points in the nr-plane over which the double summation is to be
carried out, show that S can be written as

o0 o0 1
S:ZZrZ(n+1—r)3'

n=r r=1

Deduce that S < 3.

As shown in figure 4.1, the original summation runs along lines (shown solid)
parallel to the r-axis. The same mesh of points can be covered by lines running
parallel to the n-axis; these are shown broken in the figure. Thus we have

n

Sznzz:lrz:;rz(n—f—l—r)3 =;;r2(n—l—l—r)3'
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I r

1

Figure 4.1 The summation points used in exercise 4.18.

If we now set n+ 1 —r equal to s, the double summation becomes
0 w0
1
=22 ().
— = r2s3
In view of the result of exercise 4.16, {(2) < 2 and {(3) < 3/2. Consequently
S <3

4.20 Identify the series
€ ( 1)n+1x2n

; n—1)!°

and then by integration and differentiation deduce the values S of the following

series:
0 n+1 2 1)n+1

, (-
; (2n)' : Z Qn+ 1)1
& n+1 & ( +1)
(C) Z Z o

=0

Writing out the first few terms of the given series,

Z( 1)n+1 2;1:x2_x4+x6+.”
2n—1)! 315!
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allows ready identification of the series.
(a) Differentiate both sides of (*):

0 1)n+12nx2n— © n+14n2 2n—1

sinx+xcosx=Z(_(2n_1)' Z (2n)!

n=1 =1
Now set x = 1 to obtain

© (_1)n+ln2 -
= 1 1) = 0.345.
; (2n)! (sin1+ cos 1) = 0.345

(b) Integrate both sides of (*):
© (_1)n+1x2n+1 © (_l)n+12nX2n+1

/XSinx‘lx:nz_;(zn+1)(2n—1)!:nz_; (2n + 1)!

Now, the LHS can be explicitly integrated by parts to yield sin x — x cos x. Setting
x = 1 in both this and the derived series then gives

© 1)n+1

2n + 1)!

n=1

= J(sin1 —cos 1) = 0.15L.

(c) This is clearly similar to the RHS of the equation obtained in (a) if both its
denominator and numerator are divided by 2n and x is set to /2. If this is done
then the equation in (a) reads

© 1 2n—1
.y 1 s (=) 2nn
SIn , 7T+ ,wCOS , T = ,;ZI (n— 1)1220-1

After multiplying both sides by )7 and noting that cos iz = 0, this can be
rearranged as

o0 (_1);1+1nn2n 9 L

Z Qn—1)1 "2 X1x,n=,m

h=
(d) It is not obvious how to obtain this sum, but the lowered starting value for

the summation index suggests a redefinition of it with n — n — 1. To achieve this
result the equation in (a) needs to be differentiated again:

(—1)™12n(2n — 1)x2—2
(2n—1)!

MS

2CcosXx — xsinx =
n=1

o n+12n x2n 2

_Z 2n—2
n=1

R (—1)52(s+1)x25
_g (2s)! ’
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where in the last line we have defined s as n — 1. Finally, setting x = 1 and
rearranging gives

o0

'n+1) :
Z = 1(2cos 1 —sin1) = 0.120.
~ (2n)!

4.22 Find the Maclaurin series for

(a) 1n<1+x>, ®) 2+, (o) sin’x.

1—x

(a) Using the Maclaurin series for In(1 + x),

ln(1+x) — In(1 4 x) — In(1 — x)
1—x

_22

nodd

This series is convergent only for —1 < x < 1.

(b) Here the binomial expansion can be employed directly. This saves the trouble
of having to find the expansion coefficients by differentiation.

2 gyt 11x271
(x=+4) —4<+4>
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(c) We calculate the derivatives of sin® x at x = 0.
y =sin’ x,
y' = 2sinxcos x = sin 2x,
y" = 2cos 2x,

"

y" = —4sin 2x,

y(2m) — (_1)1n+122m—1 cos 2X,

Y@l — (122" gin 2x.

At x = 0 all odd derivatives vanish and cos2x = 1 in the even ones. So the
Maclaurin expansion is

.5 0 ( 1)m+1 22m 1 2m 0 )n+1 2x)2n
SIin” X =
m§=:0 (om Z 2m)!

This result could also have been obtained by writing sin® x = ;(1 —cos2x) and
using the known Maclaurin series for a cosine function.

4.24 Find the first three non-zero terms in the Maclaurin series for the following
functions:
(@) (x* +9)72, (b) In[(2 + x)*], (c) exp(sin x),
(d) In(cos x), (e) exp[—(x —a)7?], (f) tan~!x.

(a) We use the binomial expansion directly to avoid the need to find derivatives,
but must first get the term inside the parentheses into the form 1 + ox?.

1 X2 —1/2
2 9 -1/2 _ 1
(x*+9) 3 + 9
1 (=)(=3) x*
ll_m+ TR TR

3
1 X2 x*
T3

sa Teag T

(b) This function needs a small amount of manipulation before the expansion of
In(1 + 0) is invoked.

1m@+m]_3m[( + ﬂ
—3mz+3{ ~}
=m&+;— 8+~u
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(c) Write f(x) = exp(sin x). Then

f0)=1
f'=cosxe™,  fl(0)=1,
f// = —sinx esinx + 0082X esinx’ f/’(()) =1

Hence, by the normal Taylor expansion about x = 0,

X2

fx)=14x+ 2 + -
(d) Here the calculation of the derivatives needed for the Taylor expansion
rapidly becomes complicated. Further, as three non-vanishing terms are needed,
quite high derivatives are involved.

y = In(cosx), y(0)=0,
sin x /
y = ~cosx = —tanx, y'(0)=0,
Yy =—sec’x, y"(0)=—1,
y" = —2sec’ xtanx, y"(0) =0,
y® = —4sec? xtan>x —2sectx, y¥(0) = —2,
y = —8sec® x tan’ x — 16sec* xtanx, y¥(0) = 0.

Calculating y'© is complicated but the only term that does not vanish at x = 0
comes from differentiating the tan x factor in the final product in y® . This term
will be —16sec® x which makes the value of y(®(0) equal to —16. Hence, finally,

x2 x4 x6 x2 x* x

Y=g T2y T T E T T s T

(e) Write f(x) = exp[—(x — a)~2].

f(x) =expl—(x—a)?],  f(0) = exp(—a?),

, 2f / 2 -
f = (x o a)3 P f (0) = _a3 exp(_a 2)a

v 2f 6f ey (46 _
f - (X o a)3 - (X . 0)4’ f (0) - <a6 - a4> eXp(—a 2)'

Thus, from the Taylor expansion, the Maclaurin series is

2 3a> -2
f(x) = exp(—a?) [1— a? — aa6 x2+-~-]

(f) If f(x) = tan~! x then

1 " 2x 6x> —2

I f/// _

=i (1+x2)2’ T (1 +x2)?
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4x — 24x3

2
4) —
f (14 x2)* "7

24— ...
6) _
f (1+x%)>
At x = 0 only the odd derivatives are non-zero (as they must be since tan™! x is
an odd function of x) and

3 5
> 71 —_— —_— x x e
tan” x = Xx 23!+245!+
_x_x3+x5+
N 35

4.26 Determine whether the following functions f(x) are (i) continuous, and (ii)
differentiable at x = 0:

(a) f(x)=exp(—I|x]);

(b) f(x) = (1 —cosx)/x* for x #0, f(0) = };

(¢) f(x) = xsin(1/x) for x # 0, £(0) = 0;

(d) f(x) = [4 — x?], where [y] denotes the integer part of y.

(a) Taking A >0
A2
SXP(—[A) = 1—A+ ] -

whilst for A <0
AZ
xXp(—[A) = 1+A+, +--

In the limit A — 0 both series tend to the common limit 1. Thus the function is
continuous at x = 0.

However, the derivative at x =0 when A > 0 is given by
=AY -1
Jim A ’
whilst that for A < 0 is
1A+ -1
lim ' .
A—0 A
The former limit has value —1 whilst the latter is 4+1. These are not equal and so

exp(—|x|) is not differentiable at x = 0.
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(b) Whether x is positive or negative,

1 —cosx 1_(1_)2‘2!+Z?_"')

x2 N x2
1 x?
As x — 0 from either positive or negative values this expression tends to the
value ; As this is the defined value of the function at x = 0, the function is
continuous.

Proceeding as in (a), the first derivative of f(x) is given for any A by

1_ A 1
lim 2 4! 2
A—0 A
This has the value zero, whether A is positive or negative. Thus, the function is

differentiable at x = 0.

(c) Consider the modulus of x sin(1/x). This is < |x| for all x and, as the latter — 0
as x — 0, |xsin(1/x)| must also — 0 as x — 0. Thus the function is continuous
at x =0.

However,

f) = £(0) _ xsin(1/x) =0 _ < i ) .

x—0 X

This oscillates (increasingly rapidly) as x — 0 between +1 and does not tend to
a limit. Therefore the function is not differentiable at x = 0.

(d) For |x| < 1 the function [4 — x?] has the (constant) value 3. However, at x = 0
it has the value 4. Thus the fuction is not continuous at x = 0. It also follows
that it cannot be differentiable there.

4.28 Evaluate the following limits:

sin 3x tan x — tanh x
a) lim . , b) im .
(&) x—0 sinh x () x—0 sinhx —x
. tanx —x . cosecx sinhx
(c) lim , (d) lim — .
x—0 cosx — 1 x—0 x3 x5

Using L'Hopital’s rule whenever both the numerator and denominator of a
fraction become zero in the limit, we have for cases (a)-(c):

sin 3x 3cos3x

(a) lim = lim =3

x—0 sinhx x>0 coshx
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. tanx —tanhx
(b) L=Im .
x—0 sinhx —x
. sec? x — sech’x
= lim
x—0 coshx—1

2sec? x tan x + 2 sech’x tanh x

= lim .
x—0 sinh x
. 2(tanx + tan® x + tanh x — tanh® x)
= lim .
x—0 sinh x
. 2(sec? x + 3 tan” x sec® x + sech’x — 3 tanh? x sech?x)
=1
x—0 cosh x
tanx —x . sec’x—1 . 2sec’xtanx
(c) im = lim . = lim =0.
x—»0cosx—1 x>0 —sinx x—0  —COSX

(d) In order to avoid undetermined combinations such as xcosecx, we arrange
the function so that all terms in it tend to O or a finite quantity as x — 0. For
this particular case this also allows us to use known McLaurin expansions of the
factors involved.

[Inspection of the function shows that both fractions behave as x™* as x — 0,
but that their difference will be less divergent. Finding the limit (if it is finite)
using U'Hopital’s rule will take up to six differentiations; hence our preference
for Maclaurin expansions. ]

L cosecx sinhx
x3 x°

x2 — sin x sinh x

X3 sin x
3 5 3 S
x2—<x—)3‘!~|—'§!—-~-)(x~|—'§!+“;!—|—---)

SRR TN
I-(=sas =) (i)
TR
(1—1)+x2(31!—31!)+x4(—51!—51!+(31!)2)+---
i w(i-fe5-)

which has as its limit, when x — 0, the value

1 2 20-12 1
N2 51 720 90
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4.30 Use Taylor expansions to three terms to find approximations to (a) */17,
and (b) 3\/26.

(a) For f(x) = x4,

) 11 L3
fo=, yu and fR)==" ..

Thus, writing 17 as 16 + 1,

1 1 1 3 1
1 /4 _ 1 1/4 1 _ 2 L
(17) (16)7" + 4 (16)34 2 16 (16)7/4 +
=2+ ! 3 +
N 32 2x16x16x8
= 2.030518.
The more accurate answer is 2.030 543.
(b) For f(x) = x'/3,
11 2 1
’ o " _
f (X) - 3 x2/3 and f (x) - 9 x5/3'
Thus, writing 26 as 27 + (—1),
1 1 1 2 1
) 1/3:2 1/3 -1 _ _12
O e
=3 ! ! +
N 27 9x27x9
= 2.962 506.

The more accurate answer is 2.962 496.

4.32 Evaluate

lim ! cosec X I_x
x—0 x3 X 6 ’

In order to evaluate the limit L, we avoid ill-defined products by multiplying both
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numerator and denominator by xsin x. (See also part (d) of exercise 4.28)
o1 1 x
L= lli% 3 (cosecx— M 6>

. 1 . x2 .
= lim 4 X —sinx— _ sinx
x—0 x*sin x 6

= lim ! — — x — 3+XS—
x—>0x4s1nx X ~ 5' 6 X 31 5!
1 s

_,lxlg(l)x“sinx{(l_l)—lp ( )—i—x < 5! 6><3')+ ' ]
. x —6+4+20

_ilf(‘)(sinx 720 +)

B 7

"~ 360

4.34 In a very simple model of a crystal, point-like atomic ions are regularly
spaced along an infinite one-dimensional row with spacing R. Alternate ions carry
equal and opposite charges +e. The potential energy of the ith ion in the electric
field due to the jth ion is

qiqj
47‘5607}]‘,
where q;, q; are the charges on the ions and rjj is the distance between them.
Write down a series giving the total contribution V; of the ith ion to the overall

potential energy. Show that the series converges, and, if V; is written as

oe?

- 4megR’
find a closed-form expression for o, the Madelung constant for this (unrealistic)

lattice.

The ion that is nR distant from the ith ion has charge (—1)"¢; and contributes
(=1)"gi
47eg (nR)

to the potential at the ith ion. The infinite sum of terms of this form converges
by the alternating sign test and the total potential energy of the ith ion is

! " 2¢21n2

(~1)'q; Z(lq,_Zq%i(—l)z
‘ 4meg \n|R 4negnR  4megR ~ n 4dnegR
The value of o is thus —21n2.
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4.36 In quantum theory a certain method (the Born approximation) gives the
(so-called) amplitude f(0) for the scattering of a particle of mass m through an
angle 0 by a uniform potential well of depth Vi and radius b (i.e. the potential
energy of the particle is —Vy within a sphere of radius b and zero elsewhere) as

2mV0

10 = 5]

Here h is the Planck constant divided by 2, the energy of the particle is h*k>/(2m)
and K is 2k sin(0/2).

(sinKb — KbcosKb).

Use ’Hopital’s rule to evaluate the amplitude at low energies, i.e. when k and hence
K tend to zero, and so determine the low-energy total cross-section.

[ Note: the differential cross-section is given by |f(0)> and the total cross-section
by the integral of this over all solid angles, i.e. 2m [ |f(0)|*sin 0 d0.]

We need to determine the value L given by

L — lim sinKb— KbcosKb

K—0 K3
(Kb)* (Kby*  (Kb)*!
e (Kb— 31 +--- | =Kb|1— ’ + a1 T
T K—0 K3
1 1
(Kb) (—3, + +0(K2b2))
= lim ’ ’
K—0 K3
= 1p.

Thus f(0) = 2mVyb?/(3Rh)?. This result is real and independent of 0 (indicating
that the scattering is isotropic). Consequently, the total cross-section is simply 4n
times the square of f(0), i.e. 4n[2mV,yb3/(3h)*]>.
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Partial differentiation

5.2 Determine which of the following are exact differentials:

(a) Bx+2)ydx+ x(x+ 1)dy;

(b) ytanxdx + xtanydy;

(c) y*(Inx 4+ 1)dx + 2xyInxdy;

(d) y*(Inx + 1)dy + 2xy In x dx;

(e) [x/(x*+y)dy — [y/(x* + y*)] dx.

If df = Adx + Bdy then a necessary and sufficient condition that df is exact is

A B
that o _c . We apply this test in each case.
Jdy  0x
2
(a) LG~ +21 _ 3x+2,
dy
1
@[x(i;;‘ N _ 2x + 1, unequal = not exact.
A
(b) d(y tanx) — tanx, d(xtany) =tany, unequal = not exact.
ay 0x
2
© oly“(Inx + 1)] — 2y(Inx + 1),
day
a(zquxln x) =2ylnx+ 2xy>1c =2y(lnx+1), equal = exact.
0
2 2
d) dly*(Inx+1)] _7Y , 0(2xyInx) = 2xInx, unequal = not exact.
0x X ay

© 0 X B y2—x2 0 —y B y2—x2
Ox x2+y2 - (x2+y2)2’ ay x2+y2 - (x2+y2)2’
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as was shown in exercise 5.1(c). The equality of these two expressions shows that
the differential is exact.

5.4 Show that
df = y(1 +x — x*)dx + x(x + 1)dy

is not an exact differential.

Find the differential equation that a function g(x) must satisfy if d¢ = g(x)df is
to be an exact differential. Verify that g(x) = e~ is a solution of this equation
and deduce the form of ¢(x, y).

If df = Adx + Bdy then a necessary and sufficient condition that df is exact is

0A 0B .
that = . We apply this test.
Jdy  0x

1 — x? 1
O 4x— _ o Al
ay 0x
These are not equal and so the differential is not exact.
If g(x)df is to be exact we must have
Ogy(14+x —x)] _ dlgx(x +1)]
Oy N 0x ’
gl +x—x") =g'x(x+1)+g2x+1),
g(—x —x%) = ¢'x(x + 1),
—g=g.
Clearly g(x) = e¢~¥, with g'(x) = —e™, satisfies this equation. The more general

solution g(x) = Ae™* would do just as well from the point of view of making d¢
an exact differential.

Accepting the stated form (with 4 = 1), we must now have that

x(x+ 1)e™ = gf, = P(x,y) = xp(x + e + h(x).
y(1+x—x2)e ™ = ‘;‘)’i = —xyp(x 4+ e ™ 4+ (2x + 1)ye ™ + I (x).

The terms involving e~ all cancel and thus A (x) = 0, implying h(x) = k (a
constant) and ¢(x,y) = xy(x + 1)e ™ + k.
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5.6 A possible equation of state for a gas takes the form

o
=RT (— )
v P\TyRrT

in which o and R are constants. Calculate expressions for

op ov oT
v ), oT )’ op ),

and show that their product is —1, as stated in section 5.4.

The required differentiations are most easily carried out after taking the loga-
rithms of both sides of the original equation (for typographical convenience we

use P instead of p):

o
InP+InV—-InR—InT =— .
nP+InV —In n VRT (*)

First, differentiating (*) with respect to V' with T held fixed:
1 /0P n I«
P\ov), V V2RT’

0P o 1
= — P
v ), VIRT V
_ P(x—VRT)
V2ZRT
Next, differentiating (*) with respect to T with P held fixed:

1 [0V I« n o ov
V\oT ), T VRT? V2RT \oT),’

o 1
<5V) _VRT2 T
oT ) » 1 o«
V  V2RT
_ V(x4 VRT)
" T(VRT —a)’

Finally, differentiating (*) with respect to P with V' held fixed.
L 1/oTy _ o oT
P T\éP), VRT*\éP),’
(0T) B 1
oP ), N o 1
P
(VRT2 * T)

_ VRT?
~ P(x+VRT)
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These are the three partial derivatives and their product,
opP ov oT
oV ) \oT Jp \ P )’

P(u—VRT)V(e+VRT) VRT? _
V2RT T(VRT —«) P(x+VRT)

is
as expected.

5.8 In the xy-plane, new coordinates s and t are defined by

s=(x+y), t=(x—y).

Transform the equation
¢ 0% —0

ox2  0y?

into the new coordinates and deduce that its general solution can be written

d(x,y) = f(x+y)+glx—y),

where f(u) and g(v) are arbitrary functions of u and v respectively.

To make the transformation we need the partial derivatives
os 1 os 1 ot 1 ot 1

ox 20 dy 2 ox 20 a9y 2
Now, using the chain rule, we obtain for the partial differential operators

0 0ds dadat 1o 10

ox _osdx Torox 20s T 20r
o 0ds a0t 19 19

oy asdy Tatoy 205 20t

¢ _1fo ay(o
ox2 4 \ds ot O0s Ot

Thus, we have

1 (o> 2 o
=4 <032 T 25005 T (7t2>’
P2 1(a aN[(o @
a2 4 <as B at) (as B 8t>
! <52 , 0 a2>
4 \ 0s? otos o0t )’
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and so, by subtraction of these two operators,
2 2 Py
ox2  8y?  otos’
On writing ¢(x, y) as (s, t), the original equation becomes
2
gt:?ps =0

with a first integral (with respect to t) of

%f = f1(s),

where fi(s) is any arbitrary function of s (but not of t). A second integration,
with respect to s, gives

w=/ﬂww+mm

where f>(t) is any arbitrary function of ¢ (but not of s).

Thus ¢(x,y) = (s, t) can be written as the sum of two arbitrary functions, one
of s and the other of ¢, or, equivalently, of two (slightly different, because of the
factors of ;) arbitrary functions of x + y and x — y, respectively.

510 If x =e"cos0 and y = e"sin0, show that

iy o 2 oo (O | Of
o2 T a2 = V) (8x2 * ay2>’

where f(x,y) = ¢(u,0).

The four partial derivatives needed to make the change of variables are:

ox 0x W
8u:e cosl = x, 20 = —¢"sin0) = —y,
0V wen_ ay _ _
8u_e sinf =y, 89_e cosf = x,

giving (using the chain rule) the connections between the differential operators in
the two sets of coordinates as

0 0 0 0 0 0

o= Yox Vo 0T Yox Yoy
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Now,

(0 aN( 8, 0
o2\ ox y@y 0x y@y

=x262 —i—xa—i-yx - + xy - +y282 -i—ya
ox? 0x 0yox 0x0y 0y? oy’
0? 0 0 0 0
002 = <_y0x +Xay> <_yax +x0y)
, % 08 & 2 LR 8
=y —y +X —

oxt " Yox T Yayox Y oxay T ay2 T Yoy
Adding these two operators:
52 62 5 5 52 2 52 52
= 2 - 2 .
o T o =YD <0x2 + ay2> o < dxdy axay>
Thus,

2o 0 > o
au2+592=(x2+y2)( " )

where f(x,y) = ¢(u,0).

5.12 Show that
f(x,y) = x* — 12xy + 48x + by?, b +0,

has two, one, or zero stationary points according to whether | b| is less than, equal
to, or greater than 3.

At a stationary point, the total differential df must be zero whatever values the
infinitesimal changes dx and dy take. This condition requires that

0= of =3x? — 12y + 48,
0x

0= of = —12x + 2by.
dy

From the second of these y = 6x/b (with b # 0), and the first equation can be
written as

X2 — 2b4x—|— 16 =0.

This is a quadratic equation for x and has two, one or zero real roots according
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to whether

24\
< b > is greater than, or equal to, or less than 4 x 1 x 16,

ie. is greater than, or equal to, or less than 8§,

2
b

i.e. | b| is less than, or equal to, or greater than 3.

5.14 Find the stationary points of the function
f(xy) = x> +xp* —12x —

and identify their nature.

As explained in the solution to exercise 5.12, stationary points occur when df is
zero whatever values the infinitesimal changes dx and dy take. For the present
question this implies that

5
0= —34y 12
0x
0= of = 2xy — 2y.
ay

From the second equation, either y = 0 or x = 1 and, correspondingly, from the
first x = +2 or y = £3.

To determine the nature of the stationary points, we must calculate the second
derivatives. The required derivatives are

P o Py

= =2 = —1).
0x? © 0x0y Y 0y? x=1
2 2 2
At (2,0), g J: =12, aaxgy =0 and Zy]; = 2. Since both unmixed second deriva-
X

tives are positive and 2 x 12 > 0 this is a minimum with value —16.

2 2 -2
At (—2,0), gx]; = —12, aiafy = 0 and Zy]; = —6. Since both unmixed second

derivatives are negative and —6 x —12 > 0 this is a maximum with value 16.
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2
At (1,13), =0, = +6 and Z J: = 0. Since 0 x 6 # 36 these are saddle

points with the common value —11.

2f 62f

5.16 The temperature of a point (x,y,z) on the unit sphere is given by
T(x,y,z) =1+ xy + yz.

By using the method of Lagrange multipliers find the temperature of the hottest
point on the sphere.

It is clear that the larger the absolute values that x, y and z can take, the
larger the maximum temperature can be; the hottest point(s) of the sphere will
therefore occur on its surface, i.e. the coordinates of the hottest point must satisfy
X2+ yr+z2—-1=0.

We incorporate this constraint using a Lagrange multiplier and consider
f663,2) =Ty, 2) + A+ + 22 =) =1+ xy+yz + A +y° + 27— 1),
Its stationary values are given by
aof
0x
aof
ay
aof
0=

oz

0= =y + 24x,

0= =X+z+ 24y,

=y+ 2z
From symmetry x = z, leading to
0=y+2ix and 0=2x+42ly.

Elimination of 1 between these two equations gives y> = 2x?, and then substitution
for y and z in x> + y? + 22 = 1 yields x> = } and x(=z) = +).

\/29 2) and (_29_\/29
substitution shows that a maximum of T =1 + 1 occurs at +(} 2 ¢z’ 2)
two other stationary points give temperature mmlma ]

The four possible hottest spots are therefore ( ) Direct

[The

5.18 Two horizontal corridors, 0 < x < a with y > 0, and 0 < y < b with
x > 0, meet at right angles. Find the length L of the longest ladder (considered
as a stick) that may be carried horizontally around the corner.
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Let the ends of the ladder touch the outside walls of the corner at the points
(a+ &,0) and (0,b + ). Then the square of the length of the ladder is

L =(a+&)’ +(b+n).

The longest ladder will touch the inside corner at (a, b) and simple geometry then
requires that

Thus we need to maximise L (or L?) subject to n¢ = ab. We therefore consider

f(En) = (a+ &+ (b+n)+ né.

Its stationary values occur when

_a _
0= o¢ =2a+ &)+ An,
0= gf =2(b+n)+ AL
n

Thus 2&(a + &) — 2n(b + 1) = 0; together with n& = ab, this gives as an equation
for &,

2ab ab
2 282 — b -0
sat f(+r§> ’

= (E—ab*)(¢é+a)=0.

The only physical solution to this is ¢ = (ab?)!/3; the corresponding value of 7 is
ab/& = a*3b'/3. Then

12— (a~|—a1/3b2/3)2 + (b+a2/3b1/3)2
= a® +3a**p*3 + 3a*3 b4 4 b?
~ (@ +5).

Thus the longest ladder that may be carried horizontally round the corner is of
length (a*° + b2/3)3/2.

5.20 Show that the envelope of all concentric ellipses that have their axes along
the x- and y-coordinate axes and that have the sum of their semi-axes equal to a
constant L is the same curve (an astroid) as that found in the worked example in
section 5.10.

83



PARTIAL DIFFERENTIATION

The equation of a typical ellipse with semi-axis a in the x-direction is
2 2
_X y _
f(xayaa) - az + (L_a)z

To find the envelope of all the ellipses we set 0f /da = 0. This gives
of 2x? 2y?

= — + =
da a  (L—a)
Re-arranging this equation so as to provide expressions that can be used to
eliminate a from (*) we obtain

1=0. (¥

X a N a X
2 (L—a)’ L—a y¥¥
yielding
2/3 2/3
~ L and L—a v L.

4= o 423 T 2By R
Substituting these values into f(x, y,a) = 0 gives the equation of the envelope as
eI E RN TE) P TN L SR A3 :1
X432 p4/3L2 ’
(3 4 PR 4 ) = 12,
X323 = 23

1.e. an astroid.

5.22 Prove that the envelope of the circles whose diameters are those chords of
a given circle that pass through a fixed point on its circumference, is the cardioid

r=a(l +cos0).

Here a is the radius of the given circle and (r,0) are the polar coordinates of the
envelope. Take as the system parameter the angle ¢ between a chord and the polar
axis from which 0 is measured.

The fixed circle, shown in figure 5.1, has diameter OD. Its chord OQ is a diameter
of a typical member of the family of circles generated as Q is varied.

Since OQ is a diameter of the typical circle with parameter ¢ the angle OPQ
is a right angle. The radial polar coordinate of P is therefore r = ccos(0 — ¢).
Similarly, since angle OQD is also a right angle, ¢ = 2a cos ¢.

Thus the equation of a typical circle is

f(r,0,¢) =r —2acos¢pcos(0 —¢) =0.
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D

Figure 5.1 The fixed circle in exercise 5.22 has diameter OD and a general
chord 0Q. A typical member of the family of circles passes through O and
has OQ as a diameter. The family is generated as Q is varied.

The envelope to this family of circles, in which ¢ is a parameter that is fixed for
each circle, is given by df/d¢p =0, i.e.

2asin ¢ cos(0 — ¢p) — 2acos ¢ sin(0 — ¢p) = 0.
Using the compound-angle formula for sin(4 + B), this can be simplified to

sin(¢p — (0 — ¢)) =0,

and thus 0 = 2¢. This gives the point on the circle with parameter ¢ at which the
envelope touches it. The formal second solution, 0 = 2¢ — 7, leads to a negative
value for r and can be discarded.

The equation of the envelope itself is therefore obtained by eliminating ¢ between
this condition and the equation of the circle:

r =2acos éecos(ﬁ — ;9)
=2acos” 10
=a(l + cos0).

This curve is a cardioid, and a sketch of one is shown in figure 2.4, as part of the
answer to exercise 2.50.
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5.24 In order to make a focussing mirror that concentrates parallel axial rays
to one spot (or conversely forms a parallel beam from a point source) a parabolic
shape should be adopted. If a mirror that is part of a circular cylinder or sphere
were used, the light would be spread out along a curve. This curve is known as a
caustic and is the envelope of the rays reflected from the mirror. Denoting by 0
the angle which a typical incident axial ray makes with the normal to the mirror
at the place where it is reflected, the geometry of reflection (the angle of incidence
equals the angle of reflection) is shown in figure 5.2.

Show that a parametric specification of the caustic is
x = Rcos0 (} +sin’0), y = Rsin® 0,

where R is the radius of curvature of the mirror. The curve is, in fact, part of an
epicycloid.

Denoting the points where the ray strikes the mirror and later crosses the axis by
P and Q respectively, we see, by applying the sine rule to the triangle OPQ, that
0Q R
sin ~ sin20’
Thus, taking O as the origin, the equation of the reflected ray is
Rsin0
sin 20 > '

Putting this into the standard form f(x, y, ) = 0, setting df /00 equal to zero, and
then eliminating y from the two resulting equations gives

0=7f(x,y,0) =ycos20 — xsin20 + Rsin 0,
0= Zg = —2ysin20 — 2x cos 20 + Rcos 0,
0 = —x(sin* 20 + cos? 20) + R'sin 0 sin 20 + 1 R cos 0 cos 20.

y = tan20 <x—

From the last of these
x = Rcos0 [2sin® 0 + } (1 — 2sin* 0)] = Rcos0(} + sin® 0),
and re-substitution in f(x, y,0) = 0 then yields
ycos20 = Rcos 0(} + sin® ) sin 20 — Rsin 0
= Rcos® 0sin 0 + 2R cos’ 0 sin® 0 — Rsin 0
= Rsin® 0(2cos® 0 — 1).
= y=Rsin’0.

These expressions for x and y are the stated parametric specification of the

caustic.
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Figure 5.2 The reflecting mirror discussed in exercise 5.24.

5.26 Functions P(V,T), U(V,T) and S(V,T) are related by
TdS =dU+ PdV,

where the symbols have the same meaning as in the previous question. P is known
from experiment to have the form

in appropriate units. If
U=aVT*+ BT,

where o, 5, are constants (or at least do not depend on T, V'), deduce that o must
have a specific value but f may have any value. Find the corresponding form of S.

Writing all the other quantities as functions of T and V, we express the total

differential dS as
oS oS
ds = (0V>TdV—I— <0T>VdT

The given relationship then becomes

N as oU oU
T v +T T = av dT + PdV

from which we can deduce that

as U as U
= P T = .
T(aV)T (aV)T_l_ and (6T>V (aT)V
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. . - . oS as
These two equations give us explicit expressions for and .
v ), oT ),

Differentiating them again, the first with respect to T and the second with respect
to V, and then using the fact that 6°S/0TdV and 0°S/0VOT must be equal,

allows us to write
0 [1 [oU
avit\er),|);

(or 7 (), +7]),

o7 . T 1]\ (@ , B
<0T {“T i *VDF(@V [4“” 1)),

ie.
30T? + T? = 4aT>.

This necessary equality implies that we must have o = 1, but it imposes no
constraint on f.

Having now found explicit expressions for the two partial derivatives of S,
integrating them will give two forms for S(V, T'). The two forms must be made
to be mutually compatible, if they are not already so, by appropriate choices for
the arbitrary functions of the non-integrated variable (f(7') and g(T), below) that
are introduced by the integrations:

oS 1 /oU B
= =4V T?
(5T)V T (6T>V g +T’

= S(V,T)=3VT’+BInT + f(V).

s\ 1 [oU +P_T3+T3+1
ov), T\V), T 3V

= SV, T)=4VT*+InV +g(T).

and

Clearly, (V) must be identified with In V' and g(T') with fIn T to give as the full
expression for S

SV, T)=3VT +BInT+InV +c,

where ¢ is a constant and, as shown earlier, f is arbitrary.
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5.28 The entropy S(H, T), the magnetisation M(H, T) and the internal energy
U(H, T) of a magnetic salt placed in a magnetic field of strength H at temperature
T are connected by the equation

TdS =dU — HdM.
By considering d(U — TS — HM) prove that

(or), = (an),

M(H,T) = My[l — exp(—aH/T)].

For a particular salt

Show that, at a fixed temperature, if the applied field is increased from zero to
a strength such that the magnetization of the salt is 2Mo then the salt’s entropy
decreases by an amount

M
4y 3= In4)

Given that TdS = d U — HdM, consider dF where F =U — TS — HM.

dF = d(U — TS — HM)
=dU—TdS —SdT — HIM — MdH
= —SdT — MdH.

OF oF
=-S5 =M.
(er), == = (o),

Differentiating the first equation with respect to H and the second with respect

to T yields
(oSN _ @®F _ &PF _ (oM
0H ), @HOT oToH  \oT ),’

thus establishing the equality stated in the question.
With

It follows that

M(H,T) = M, (1 - e_“H/T) :

0H ), \oT ),  T*? '

If the final field strength is H then e /T = ! or H; = o' T In4. The change
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in entropy AS = S(H, T) — S(0, T') is given by

He o MooH
AS = / O e T gy
0 T

H H
_ ~ Moo _HTe,ggH/T l+/ ! TeﬂH/T dH
T? o 0 0o o

Mo | T2 T\?3
- — " In4
T? 402 " +(a) 4
M,
=— "3—In4),
4o

i.e. the salt’s entropy decreases by the stated amount.

5.30 The integral

® 2
/ e " dx
—o0

has the value (n/x)'/?. Use this result to evaluate

© 2
J(n) =/ x¥e™ dx,

—00

where n is a positive integer. Express your answer in terms of factorials.

We first observe that differentiating the given result with respect to « will introduce
a factor of —x? into the integrand; doing so repeatedly will enable a factor of
(—1)"x" to be generated. We therefore define a function I(n, o) by

© 2
I(n,o) = / x2e™* dx,
—0o0

with I1(0,a) = \/n/ac. The required J(n) will be equal to I(n, 1).
We now carry out the n differentiations on the explicitly stated form of 1(0,x) to
generate an explicit form for I(n, o).
Ld'1(0,0)
do®

n —1/2
T W;; )

o () () ()

I U LN
T oonongpl gntl/2°

I(n,0) = (=1)
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Now, setting o = 1, we obtain

(2n)! Jn

Jn)=1(n1) = 4 )

5.32 The functions f(x,t) and F(x) are defined by
fx,)=e",

nm:AU@mﬁ

Verify by explicit calculation that

dF * 0f(x,t)
dx —f(x,x)—i—/0 ox dt.

For the LHS
X —xt X 1 _ —x2
F(x)=/ e Mdt = {_e ] = ¢ ,
0 X 0 X
and hence
dF 2 1— e_x2
=2¢ " — .
dx ¢ x2

For the RHS, we start from
ofeet) _

= —te
Ox ’

X N X
/ 05 x1) dt=—/ te " dt
0 0x 0
—xt] X X ,—Xxt
2_{_te ] _/ e
X 0 0 X

and so obtain

Further f(x,x) = e, and so

fwm+/ 0t gy gt 17
0 0x x2

as stated.
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5.34 Find the derivative with respect to x of the integral

3x
I(x) = / exp xt dt.

Using the extension to Leibnitz’ rule, we have

3x
I(x)=/ e dt,

dl

3x ) 5
= / e di + 3¢ — ¢
dx X

xt7 3% 3x t

te*t e~ >

= [ } — / dr + 3>
X . X

X

3x2 x? et * 3x2 X2
=3 —e" — +3e™ —e

x2
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6

Multiple integrals

6.2 Evaluate the volume integral of x> + y* + z* over the rectangular paral-
lelepiped bounded by the six surfaces x = +a, y = +b, z = +c.

This is a straightforward triple integral; the order of performing the integrations
is arbitrary and for this integrand no particular one offers any special advantage.

a b ¢
Iz/ dx/ dy [ (x*+y* +z%)dz
—a —b —c

a b

=2/ dx/ (cx2~|—cy2+§c3)dy
—a —b

4 (bex? 4+ 1b7c + 1bc?) dx

—a

=38 (;a3bc + ;ab3c+ ;abc3)

gabc(a2 + b+ A).

As would be expected, the result is symmetric in a, b and c.

6.4 Evaluate the surface integral of f(x,y) over the rectangle 0 < x < a,
0 <y < b for the functions

(@) f(x,y) =

X

gy O IEN=0-y+

(a) It is not clear which order of integration is to be preferred; integrating first
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with respect to x will produce a logarithmic function whilst doing so with respect
to y will generate an inverse tangent. We arbitrarily choose the former.

b a X
I =
/ody/o x2+y2dx
b
:/0 [ In(e 4 2)]¢ dy

1 b a2+y2
—2/Oln( e )dy.

In order to carry out the y integration we use the device of introducing an
additional factor ‘1’ into the integrand and then integrate by parts. By choosing
this ‘1’ as the term to be integrated, we obtain

1 a + y? bt 2y 2y
1 = — _
{yln( y? )L 2/0 y(d“ry2 yz) @
a® + b’ b g2
ln( b2 )+/0 a2+y2dy
a’ + b? b
1 - .
n( b2 )—i—atan (a)

Not surprisingly, the inverse tangent we avoided initially by our choice of inte-
gration order has popped up again!

(b) This integrand could be made to look more symmetric by writing z = b — y,

but it is no more difficult to integrate it as it stands. We arbitrarily choose to
perform the x-integration first.

b a 1 b _2 xX=a
d dx = d
/0 y/o (b—y+xp2 " /0 [(b—y+x)1/2Lo g

b 1 1 J
/0 {_<b+a—y)l/2+(b—y)l/2} Y

2 [2(1) Ya— )22 — y)l/z}

Il
&}

b
0
=4 [al/z — (b+a)'? +b1/2} .
In view of the opening comment, the symmetry of the answer with respect to a

and b was to be expected.
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6.6 The function
VA
¥(r)=4 (2 — r) e =41/

a

gives the form of the quantum mechanical wavefunction representing the electron in
a hydrogen-like atom of atomic number Z when the electron is in its first allowed
spherically symmetric excited state. Here r is the usual spherical polar coordinate,
but, because of the spherical symmetry, the coordinates 6 and ¢ do not appear
explicitly in Y. Determine the value that A (assumed real ) must have if the wave-
function is to be correctly normalised, i.e. the volume integral of |¥|* over all space
is equal to unity.

To evaluate the integral of |¥|?> over all space we use spherical polar coordinates
and, in this spherically symmetrical case, a volume element of 47r? dr.

0 7 2
/\‘P\dezAz/ 4nr? (2— ") e 7 dr
0 a

o 3 2.4
= 47IA2/ (4}'2 — azr + z 2r ) e 2l gy
0 a a

21a  31Za*  417°a
_ 2
= d4nd (4 73 Tt aze U oays )
_ 32nA’d
="
Thus if the wavefunction is to be correctly normalised 4 must be taken as
23/2

A=+ .
J32m a3

6.8 A planar figure is formed from uniform wire and consists of two semicircular
arcs, each with its own closing diameter, joined so as to form a letter ‘B’. The figure
is freely suspended from its top left-hand corner. Show that the straight edge of
the figure makes an angle 0 with the vertical given by tan0 = (2 4+ 1)~

For each semi-circle, denote its radius by a, the linear density of the wire by p
and the distance of its centre of gravity from its straight edge by d. Further, let
the distance of the centre of gravity of the whole figure from its straight edge be
X. Then, since rotating a semi-circle about its straight edge produces a sphere, by
Pappus’ second theorem,

dna® = 2nd X na, = d=
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Then, for the centre of gravity of the letter ‘B,

2
(27tap X na) + (4ap x 0) A

r= 2rap + 4ap T 44
When the wire letter is supended its centre of gravity will liec below the suspension
point and the straight edge will make an angle 0 with the vertical given by

tan0 = x/2a. Thus 0 = tan~'[1/(n + 2)].

6.10 A thin uniform circular disc has mass M and radius a.

(a) Prove that its moment of inertia about an axis perpendicular to its plane
and passing through its centre is éMaz.
(b) Prove that the moment of inertia of the same disc about a diameter is iMaz.

This is an example of the general result for planar bodies that the moment of
inertia of the body about an axis perpendicular to the plane is equal to the sum
of the moments of inertia about two perpendicular axes lying in the plane: in an
obvious notation

IZ=/rzdmz/(x2+y2)dm=/xzdm+/y2dm=1y+1x.

Denote the mass per unit area of the disc by ¢. Then, using plane polar coordi-
nates (p, ¢) or Cartesian coordinates (x, y), as appropriate, we find the moments
of inertia of the disc about axes (a) perpendicular to its plane, and (b) about the
y-axis as follows.

a 2noat
(a) IL:/O op?2npdp = 4 = ) Md>.
(b) IH:/ ox?2(a® — x*)V? dx

—a

= 40/ x*(a* — x*)'? dx
0

0
= 40/ a® cos® ¢ asin ¢ (—asin ¢ do)
/2

/2
= oa4/ sin®2¢ d¢p = ga* } T = I Md>.
0
In the third line we set x equal to acos ¢.
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6.12 The shape of an axially symmetric hard-boiled egg, of uniform density py,
is given in spherical polar coordinates by r = a(2 — cos @), where 0 is measured
from the axis of symmetry.

(a) Prove that the mass M of the egg is M = 430np0a3.
(b) Prove that the egg’s moment of inertia about its axis of symmetry is f‘% Ma?.

(a) We need to consider slices of the egg perpendicular to the polar axis, the
thickness of a typical slice being dz where z = r cos § and consequently

dz = d(rcos0)
= d(2acos O — acos® )

= 2asinO(cosO — 1)do

Writing cos 6 as ¢ in places to save space, the element of mass lying between z
and z +dz is

dm = mpo(rsin 0)* dz
= npg a’sin’ 0 (2 — ¢)* 2asin O(c — 1) dO
= 2npoa’ (1 — c*)(2 — ¢)*(1 — ¢) de.

This now has to be integrated between ¢ = 1 and ¢ = —1. Only those terms in the
integrand which are even powers of ¢ will give a non-zero contribution. Omitting
the multiplicative constants, the integrand is

(1—c—c+)4—dc+c*) =4+ —5c* + odd powers of c.

Consequently, the value of the volume integral is

1 5 40
M = 2npoa’ 2 <4+ 3 5) 3 TP

(b) The moment of inertia of a single slice of mass dm about the axis of symmetry

is ;(r sin 0)> dm and again this has to be integrated between 0 = 0 and 0 = .

dI = 1 (rsin0)* dm
= 1a*(2—¢)*(1 — ) 2mpoa’(l — )2 — ¢)*(1 — ¢) dc

npoa (1 — )2 —e)*(1 —¢)de
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The c-dependent terms in this integrand are
fl)=(1—-P2—o'(l—0)
=(1—o) (1 =2c*4 c*)(16 — 32¢ + 24¢* — 8¢° + ¢*)
=(1—c—2242 4+ c* — )16 — 32¢ + 24 — 8¢ + ¢
=16+ c*(24 +32—32) + c*(1 + 8 — 48 — 64 + 16)
+c%(—2 — 16 +24 + 32) + 3 (1 + 8) + odd powers of c.

As previously, this has to be integrated with respect to ¢ between —1 and +1

with the odd powers of ¢ contributing nothing. Thus the total moment of inertia
is

24 87 38 9

I =npoa’2 |1 —

Tpod (6+3 5+7+9)

912

_ 5
~ 35 P

6.14 By expressing both the integrand and the surface element in spherical
polar coordinates, show that the surface integral

2
X
das
/ X4 y?

over the surface x> + y* = z?, 0 < z < 1, has the value n/\/2.

The surface S is an inverted cone of unit height and half angle 7 /4. Since a cone
is a coordinate surface (f = constant) in spherical polar coordinates, we change
to that system.

In these coordinates the surface is given by 0 < r < /2,0 = /4 and 0 < ¢ < 27.
The integrand is [r2sin’(n/4) cos® ¢]/[r? sin’(n/4)] whilst the surface element is
dS = rsin(n/4)d¢ dr. Thus the integral I is given by

2n 5 \/2 r
I= d d
/0 cos” ¢ qb/o N ¥
2n [ r? V2
2

2
T

2

0
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Figure 6.1 The parabolic coordinate curves discussed in exercise 6.16.

6.16 Sketch the two families of curves
YV =duu—x),  y =4 +x),
where u and v are parameters.

By transforming to the uv-plane, evaluate the integral of y/(x*> + y*)'/? over that
part of the quadrant x > 0, y > 0 bounded by the lines x = 0, y = 0 and the
curve y* = da(a — x).

Sketches of typical curves are shown in figure 6.1. Each family is a set of non-
intersecting parabolas with the x-axis as the axis of symmetry. However, each
u-curve meets each v-curve in two places and vice versa.

The area over which the integral is to be taken has the points (0,0), (a,0) and
(0,2a) as its ‘corners’ and is shown shaded in the figure for the case a = 2. We
transform to the uv-plane where:

(i) The boundary x =0, y > 0 becomes 4u> = y> = 4v°, ie. u = v.
(i1)) The boundary x > 0, y = 0 becomes v = 0.
(iii) The boundary y?> = 4a(a — x) becomes u = a.
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In this plane the integration region is thus a right-angled triangle with vertices at
(0,0), (a,0) and (a, a).

The equations of the transformation can be rewritten as x =u—v and y = 2\/uu,
making the Jacobian
o _| Ve
X, u
(x.y) _ _fuy v
o0(u,v) u v u

The integral can therefore be transformed to one over the triangular region and
evaluated as follows.

y
1= ,dxd

/ X242 xay

/d“/ o \/ \/
(u? — 2uv + v? + 4uv)!/?

/ /” (u+v)
u-+v

/Zudu

0

274
[
2 0

6.18 Sketch the domain of integration for the integral

1 1/y y3
= / / exp[y*(x* + x73)] dx dy
0 x=y X

and characterise its boundaries in terms of new variables u = xy and v = y/x.
Show that the Jacobian for the change from (x,y) to (u,v) is equal to (2v)~', and
hence evaluate I.

The integration area is shown shaded in figure 6.2. In terms of the new variables,
u = xy and v = y/x, the original variables are x = (u/v)"/? and y = (uv)'/2.

(i) The boundary y =0, 0 < x < oo becomes both u =0 and v = 0.

(ii) The boundary y = x becomes v = 1.

(iii) The boundary x = 1/y becomes u = 1.

The Jacobian of the transformation is

d(x,y) _dxdy dxdy 1 ul/? (—1ul/? pl/2 1

du,v)  udv  dvou  2uw)22012 2032 212 T 2
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1 u=0andv=0

Figure 6.2 The integration area for exercise 6.18 is shown shaded.

Making the change of variables and then integrating gives

1 px=1/y y3
I =/ / exp [y2(x* +x7?)] dxdy
0 Jx=y X
1 1 1/2 1
_ 30 (U u v
[ [l () ool (242)] L
1l
= / / o exp(u? + v?) du dv
o Jo 2
1 1 1
= / uexp(uz)du/ vexp(v?) dv
2 Jo 0

= & [exp))]y [exp(e)],
=ile—1)%

6.20 Define a coordinate system u,v whose origin coincides with that of the usual
X,y system and whose u-axis coincides with the x-axis, whilst the v-axis makes
an angle o with it. By considering the integral I = fexp(—rz) dA, where 1 is the
radial distance from the origin, over the area defined by 0 < u < o0, 0 < v < 0,
prove that
o

/ / exp(—u® — v? — 2uv cos o) du dv =
0 0 2s

ino

As can be seen from figure 6.3, the coordinates of a general point P that lies in
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X, u

Figure 6.3 The coordinate system for exercise 6.20.

the area defined by positive values for u and v are related in the two systems by
x=vcosu+u and y=vwsina.

The Jacobian of a coordinate transformation between the two systems is therefore

1 0
coso  sino

a(x,y)

= sina.

o(u,v)

We note that this value for the Jacobian does not depend upon the actual position
of P.

Now, because of azimuthal symmetry, the integral of exp(—r?) over the region of
positive u and v (shown shaded in the figure) is «/27n of the same integral taken
over the whole of the xy-space. This latter is

/e"2 dA = //e_(xzﬂ’z)dxdy :/ e dx/ eV dy = (Jm)*

Expressed in terms of u and v, r> = x?> +y? = u?> +v> 4+ 2uv cos o. As shown above,
dxdy = sinadudv and so the integral over the shaded region takes the form

o0 o0
/ / exp(—u? — v? — 2uw cos &) sin ot du dv.
0o Jo

This integral therefore has the value (o/27) x © and the stated result about the
integral in the question follows when both the itegral and its value are divided
by the constant sin o.
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6.22 The distances of the variable point P, which has coordinates x, y, z, from
the fixed points (0,0,1) and (0,0,—1) are denoted by u and v respectively. New
variables &,n, ¢ are defined by

E=+v), = ,u—v),

and ¢ is the angle between the plane y = 0 and the plane containing the three
points. Prove that the Jacobian 0(¢,n, ¢)/0(x,y,z) has the value (> —n?)~! and

that
s =0y D0  16n
///all ey 0 exp 2 dxdydz = 30

From straightforward algebraic geometry, u and v are given by the positive square
roots of

wW=x>4+y"4+(z—1? and *=x*+)y"+(z+1)>~
The new variables and their ranges are
fzé(u—i—v) over 1 <¢é <o,
n=ju—v) over —1<n<l,

¢ = tan™! v
X

over 0< ¢ <2m.

We start by calculating

o 1 fou  dv\ 1/x x\ x¢
ax_2<é‘x+6x)_ (to) =

Similarly for 0¢&/dy, dn/dx and 0n/0y.
The other required derivatives are

0¢ 1(2—1_{_24—1):2{—{—77’

oz 2 u v uv

om 1 (z—1 z+1 —zn —¢&
6222( u v ): w
op _—y 1y

R x2 4y’
op 1 1 X

Jy x1_|_)y; X2+ y?
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Collecting these together gives the Jacobian as

x¢ x1 y
uv Cw X242
a&m ) | y& n x
ox,y,z) uv Cw x2 + y2
zE+n  m+¢ 0
uv uv
1 1 x¢ xn o =y
y¢ n x

= 2 2 2
(0" X%y z&+n zm+< 0
0 xn —y
0 v X
zn+¢& 0

—1 1
TP Ry | e

_ P =)+ =
(u)*(x* + y?) (w)*
But uv = &> —»? and so the Jacobian has the value (¢ —?)~!. To obtain the
third line of the above evaluation of the Jacobian we subtracted &/n times the

2nd column from the 1st column.

We now express the given integral in terms of ¢ and #:

(u —v)? ( u—}—v)
I=/// exp | — dxdydz
all space uv P 2 Y
2n o0 1 4;72 ; 1
= d / d / e s d
oo f e[ 2T o

0 1
= 8n/ " df/ n>dn
1 —1

2 16n
=8ne !l T =
e 3T 3.0

as stated in the question.

104



7

Vector algebra

7.2 A unit cell of diamond is a cube of side A with carbon atoms at each corner,
at the centre of each face and, in addition, at positions displaced by }‘A(i +j+k)
from each of those already mentioned, i, j, k are unit vectors along the cube axes.
One corner of the cube is taken as the origin of coordinates. What are the vectors
Jjoining the atom at iA(i +j + k) to its four nearest neighbours? Determine the
angle between the carbon bonds in diamond.

The four nearest neighbours are positioned at
A(0,0,0), A(3, 3,0), A(0, }, ;) and A(3,0, ).

The corresponding vectors joining them to the atom at A(}‘, 31, }‘

A A A A

4 4(1317_1)7 4(_19151)9 4(17_191)
The length of each vector is \/3A /4 and so the angle between any two bonds (say
the first and second) is

A2
—1—1+1 —~
-1 i D cost ( 31) =109.5°.

(4)

) are

(_Ia_la_l)a

0 = cos

7.4 Find the angle between the position vectors to the points (3,—4,0) and
(—2,1,0) and find the direction cosines of a vector perpendicular to both.

If 0 is the angle between the vectors a = (3,—4,0) and b = (—2,1,0) then its

cosine is given by
a-b —-6-44+0 -2

ab 55 Y5

105

cosf =



VECTOR ALGEBRA

giving 0 = 153.4°.
A vector perpendicular to both a and b is their cross product
axb=(0-0,0—-0,3—-28)=(0,0,-5).

The normalised cross product is (0,0,—1) whose components therefore are the
required direction cosines. Clearly (0,0, 1) is an equally valid vector perpendicular
to both a and b.

7.6 Use vector methods to prove that the lines joining the mid-points of the
opposite edges of a tetrahedron OABC meet at a point and that this point bisects
each of the lines.

Let the vertices of the tetrahedron have vector positions 0, a, b and c¢. The
mid-points of the pair of opposite sides 04 and BC are ;(0 +a) and ;(b +¢),
respectively. The mid-point of the line joining these two points is, similarly,
M0 +a)+ J(b+c)] = i(a+b+eo).

From the symmetry of this expression it is clear that the same result would be
obtained by considering the pair of sides OB and AC, or the pair of sides OC
and AB. Thus the lines joining the mid-points of all pairs of opposite edges meet
at this one point, which bisects each of them.

7.8 Prove, by writing it out in component form, that
(axb)xc=(a-c)b—(b-c)a,

and deduce the result, stated in (7.25), that the operation of forming the vector
product is non-associative.

We compute only the x-component of each side of the equation. The correspond-
ing results for other components can be obtained by cyclic permutation of x, y
and z.
axb=(ab.—a.b,, a:b,—ab., acb, —a,b,)
[(a xb)xc], = (a;by —ayb;)c. — (axb, — a,by)c,

= by(a.c: +aycy) —ax(b.c: + byc))

= by(azc; + aycy + axcy) — ax(byex + b.c. + bycy)

=[a-c)b—(b-c)a],.

To obtain the penultimate line we both added and subtracted a.b.c, on the
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RHS. This establishes the result for the x-component and hence for all three
components.

We have shown that
(axb)yxe=(a-c)b—(b-ca.
Now consider
ax(bxe)=—(bxc)xa=—(b-a)c+(c-a)pb=(a-c)b—(b-a)c.

The last terms on the RHSs of the two equations are not equal, showing that
(axb)xc#ax(bxec).

7.10 For four arbitrary vectors a, b, ¢ and d, evaluate
(axb)x(ecxd)
in two different ways and so prove that
a[b,c,d]—b[c,d a]+c[d a,b]—d[a,b,c]=0.

Show that this reduces to the normal Cartesian representation of the vector d, i.e.
di+dyj+d:k, if a,b and c are taken as i, j and k, the Cartesian base vectors.

Firstly, treating the given expression as the triple vector product of a, b and ¢ x d,
(axb)x(exd)=b[a-(cxd)]—a[b-(cxd)]
=b[c,d, a]—a[b,c d].

Secondly, treating the given expression as the triple vector product of a x b, ¢,
and d,

(axb)yx(cxdy=c[d-(axb)]—d[c-(axDb)
c[d,a,b]—d[a, b, c]

Now, equating these two expressions gives the stated result; explicitly,
alb,c,d]—b[c,d,a]+c[d, a,b]—d[a, b, c]=0.
Setting a = i, b = j and ¢ = k reduces the above equation to
ilj kdl—jlk d i]+ k[d i j]—d[i j, k] =0,
which, since [i, j, k] = 1, reduces to

d=id,— j(—dy)+ kd. =d, i+d, j+d. k.
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7.12 The plane P; contains the points A, B and C, which have position vectors
a= —-3i+2j,b="7+42j and ¢ = 2i + 3j + 2k respectively. Plane P, passes
through A and is orthogonal to the line BC, whilst plane P5 passes through B and
is orthogonal to the line AC. Find the coordinates of r, the point of intersection
of the three planes.

Since both b —a and ¢ — a lie in P;, a normal to that plane is in the direction of
(b—a) x (¢ —a)=(10,0,0) x (5,1,2) = (0,—20, 10).

The equation of P; is therefore of the form —2y + z = ¢ and, since A lies on it,
c=—4

The specification for P, takes the form

(r—a)-(b—¢c)=0 or r-(b—c)=a-(b—c).
Thus

(x,y,2z)-(5,—1,—-2) =(-3,2,0) - (5,—1,—2) =—17 or 5x—y—2z=-—17.

For P;

(r—b)-(c—a)=0 or r-(c—a)=b-(c—a),
leading to

(x,y,2)-(5,1,2) =(7,2,0)- (5,1,2) =37 or 5x+y+2z=37

Solving the three equations for Py, P, and P; simultaneously gives the coordinates
of the point of intersection. By adding the equations for P, and P; we obtain
x = 2. Then using either of these equations and that for P; yields y = 7 and
z = 10.

7.14 Two fixed points, A and B, in three-dimensional space have position vectors
a and b. Identify the plane P given by

(a—b)-r=1("—b,

where a and b are the magnitudes of a and b.
Show also that the equation

(a—r)-(b—r)=0

describes a sphere S of radius |a — b|/2. Deduce that the intersection of P and
S is also the intersection of two spheres, centred on A and B and each of radius

la—b|//2.
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The normal to the plane P is clearly in the direction a — b and furthermore the
point r = }(a + b) satisfies

(a—b)- é(a +b)= é(a2 —b?),

and so lies in the plane. The plane must therefore be orthogonal to the line
joining 4 to B and pass through its mid-point.

From the given equation
@@—r)-(b—r) =0,
r-r—(a+b)-r+a-b=0,
[r—l@a+b)’=—a-b+[l(a+b)]
= [La— D).

Thus the equation describes a sphere S of radius ;|a — b| centred on the point
é(a +b). It has AB as a diameter.

Now consider the (circular) intersection of P and S, given by solving their
equations simultaneously:

a-r—b-r=1(a®—b%,
»+a-b—a-r—b-r=0.
Subtracting them gives

+a-b—2a-r=

(r—a)’ =

Adding them gives

»+a-b—2b-r=
(r—b)’ =

The two deduced equations satisfied by the points that lie on the intersection of
P and S are those of spheres of equal radius |a—b|/ \/2, one centred on A and the
other on B. Thus the intersection of the plane and sphere is also the intersection
of two equal (larger) spheres whose centres are A and B.
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7.16 The vectors a, b and ¢ are coplanar and related by
Aa+ ub+ve =0,

where A, u, v are not all zero. Show that the condition for the points with position
vectors aa, b and yc to be collinear is

A omov
+°5+ =0
« By

We assume that a, b and ¢ are not simply multiples of each other.
For collinearity of the three points we must have
ye = Ooa + (1 — 0)pb

for some 0. Thus
Qo n (1—6)Bv

Ja+ pb + a b=0,
b b
implying that
A+ H:W =0 and u+ ( —y@)ﬁv =0.

Eliminating 0 and then dividing through by Sy gives

—2 A
y,u~|—/3v—ﬁv( V):O = ’u—l—v~|— =0,
oy p vy o

which is therefore a necessary condition for the collinearity of the three points.

7.18 Four points X;, i = 1,2,3,4, taken for simplicity as all lying within the
octant x,y,z > 0, have position vectors x;. Convince yourself that the direction
of vector x, lies within the sector of space defined by the directions of the other

three vectors if
. X; - Xj
min ,
over j ‘Xi”Xj‘

considered for i = 1,2, 3,4 in turn, takes its maximum value for i = n, i.e. n equals
that value of i for which the largest of the set of angles which x; makes with the
other vectors is found to be the lowest. Determine whether any of the four points
with coordinates

X1=0322, =231, X3=(21L13), X4=(303)

lies within the tetrahedron defined by the origin and the other three points.
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Suppose that, for some n, x, lies within the sector defined by the other three
vectors. Then each of the other three vectors must make a larger angle with at
least one of the other remaining two than it does with x,. Since a larger angle
between unit vectors corresponds to a smaller value of their scalar product, s;;,
this requirement can be expressed as in the question. Clearly, at most one of the
vectors can satisfy the geometrical condition; if none of the vectors does so then
the same scalar product will appear as the minimum for two different values of i
and be the largest such minimum.

For the given points the table of scalar products is as follows.
Sij X4 X5 X3 X4  Minimum

X 1 0.907 0.907 0.857 0.857
X, 0.907 1 0.714 0.567 0.567
X3 0907 0.714 1 0.945 0.714
X4 0.857 0567 0.945 1 0.567

The largest minimum occurs uniquely in the line corresponding to X; whose
direction is therefore contained in the sector defined by the directions of X5, X3
and X4.

To establish whether X lies inside the tetrahedron defined by the origin, X, X3
and X4, we need to determine whether or not it lies on the same side of the plane
P, defined by X,, X3 and Xy, as the origin.

The normal to P is given by

2
(X3 —X3) X (X4 —X3) =(0,-2,2) x (1,-3,2) = (2,2,2) = \/3(1, 1,1)
and therefore, since it contains X5, the equation of the plane is
f(xyyaz)=X+Y+Z_6=0-

At the origin the value of f(x, y,z)is —6 < 0, whilst at X itis f(3,2,2) = 7—6 > 0;
therefore the origin and X are on opposite sides of P and it follows that X; does
not lie inside the tetrahedron.

7.20 Three non-coplanar vectors a, b and ¢, have as their respective reciprocal
vectors the set a’, b' and ¢'. Show that the normal to the plane containing the
points k~'a, [7'b and m™'c is in the direction of the vector ka' + Ib' + mc'.

The plane containing k~'a, I='b and m~'c is r = ak~'a 4+ BI~'b + ym~'c, where
the scalar quantities o, § and y satisfy the relationship a4+ f +y = 1.
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The normal to this plane is in the direction
n=("'"b—k'a) x (m'c—k'a)
= (Im)~}(b x ¢) — (km)~"(a x ¢) — (Ik) "' (b x a)
b
— [aa ) C](ka/+lb/+mc/).
klm

To obtain the last line we used the definitions of the reciprocal vectors a’, b’ and
¢/, as given in section 7.9.

7.22 In subsection 7.6.2 we showed how the moment or torque of a force about
an axis could be represented by a vector in the direction of the axis. The magnitude
of the vector gives the size of the moment and the sign of the vector gives the sense.
Similar representations can be used for angular velocities and angular momenta.

(a) The magnitude of the angular momentum about the origin of a particle of
mass m moving with velocity v on a path that is a perpendicular distance d
from the origin is given by m|v|d. Show that if r is the position of the particle
then the vector J =r x mv represents the angular momentum.

(a) Now consider a rigid collection of particles (or a solid body ) rotating about
an axis through the origin, the angular velocity of the collection being rep-
resented by o.

(1) Show that the velocity of the ith particle is
Vi= XTI;
and that the total angular momentum J is

J = Zmi[rizw —(r; - @)r;].

(i1) Show further that the component of J along the axis of rotation can
be written as I, where I, the moment of inertia of the collection
about the axis or rotation, is given by

= Z mipiz.
i

Interpret p; geometrically.
(iii) Prove that the total kinetic energy of the particles is ;Iwz.

(a) The magnitude of the angular momentum is m|v|d (see figure 7.1(a)) and, as
drawn in the figure, its sense is downwards. Now consider J = r x mv. This also
has magnitude J = m|v|rsin = m|v|d, and, as shown in the figure, is directed
downwards; it is therefore a vector expression for the angular momentum.
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(a) (b)

Figure 7.1 The vectors discussed in exercise 7.22. (a) The vector represen-
tation of angular momentum, J = r x mv. (b) The linear velocity of the ith
particle in a rotating rigid body is given by w xr;.

(b)(1) As can be seen from figure (b), the velocity of the ith particle has magnitude
wd; and is directed into the plane of the paper. Its velocity is therefore represented
vectorially by v; = xr;, since d; = r;sin 0;.

Its angular momentum about the axis of @ is, from part (a), given by
Ji=r1; xmyv; =1; X m(w Xr;).
The total angular momentum of the whole collection is consequently
J=>"J
i
= Zmi[ri X (@ X 17)]

= Zmi [wr7 — (r;-o)r;] . (see exercise 7.8)
i

(b)(i) The component of J along the direction of w is

J o _ 1 Zmi [V?wz—(ri'w)ﬂ

w o =
r..w 2
:wzmi{rg_(’w )].
i
This is of the form Iw, where

=S = (70) ] = e

i
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Here p;, which is independent of the magnitude of w, is given by
N2
pr=r2— (")
w

=r? —r?cos’0;
2 2
= r; sin” 0;,

i.e. p; is the distance of the ith particle from the axis of rotation [denoted by d;
in figure (b)].

(b)(iii)) The total kinetic energy of the particles is the sum of their individual
kinetic energies, and so
T=> jmuv}
i

= ;Zm,-(w X 1) (@ X 1))

= ; Zmi [rlw® — (1 - 0)?]

1
= lo>

2

To obtain the penultimate line we used the result of exercise 7.9.

7.24 Without carrying out any further integration, use the results of the previous
exercise (the parallel axis theorem), the worked example in subsection 6.3.4 and
exercise 6.10 to prove that the moment of inertia of a uniform rectangular lamina,
of mass M and sides a and b, about an axis perpendicular to its plane and passing
through the point (aa/2, fb/2), with —1 < o, f < 1, is

M

s [a*(1 + 30) 4+ b2(1 + 3p2)].

In the worked example the moment of inertia (MI) about a side of length b was
found to be ;Ma?.

By the parallel axis theorem the MI about a parallel axis through the centre of
gravity, O, of the lamina is {Ma®> — M(ja)’ = ,Md>.

By symmetry, the MI about an an axis passing through O and parallel to a side
of length a will have the corresponding value |, Mb°.

By the perpendicular axes theorem established in exercise 6.10, the MI about an
axis normal to the lamina and passing through O is equal to 112(612 +b?).
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A second use of the parallel axis theorem then gives the MI about an axis
perpendicular to the lamina and passing through (xa/2, fb/2) as

1
M(a* + b)) + M
1 (a”+b°)+

2
(aza)2+ (éb) ] - ]1% [a*(1 4 30%) + b*(1 + 3p7)] .

7.26 Systems that can be modelled as damped harmonic oscillators are wide-
spread; pendulum clocks, car shock absorbers, tuning circuits in television sets

and radios, and collective electron motions in plasmas and metals are just a few
examples.

In all these cases, one or more variables describing the system obey('s) an equation
of the form

% 4+ 2% + wix = P cos o,

where X = dx/dt, etc. and the inclusion of the factor 2 is conventional. In the
steady state (i.e. after the effects of any initial displacement or velocity have been
damped out ) the solution of the equation takes the form

x(t) = A cos(wt + ¢).

By expressing each term in the form B cos(w t+ €) and representing it by a vector
of magnitude B making an angle € with the x-axis, draw a closed vector diagram,
at t =0, say, that is equivalent to the equation.

(a) Convince yourself that whatever the value of w (> 0) ¢ must be negative

(—n < ¢ <0) and that
_ —2ym
= tan~! :
oot (L 700)

(b) Obtain an expression for A in terms of P, wy and w.

Substituting x(t) = A cos(wt + ¢) into the differential equation:
P cos wt = % + 2yx + wix,
P coswt = —w*Acos(wt + ¢) — 2ywA sin(wt + ¢) + wjA cos(wt + ),
P cosot = m*Acos(wt + ¢ + 1) + 2ywA cos(wt + ¢ + in)
+wd A cos(ot + ¢).

Now, set t = 0 and represent each term as a vector with magnitude and phase as
shown in figure 7.2.
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A 2ywA

Figure 7.2 The vector diagram for the equation in exercise 7.26.

(a) For the last of these equations to be valid the three vectors representing the
terms on the RHS must have a resultant equal to that representing P on the
LHS, ie. the resultant must be real and positive. As can be seen, with ¢ > 0
(illustrated by ¢ = ¢ in the figure), no matter what value w takes, the possible
resultants (broken arrows) can never equal P.

(b) However, with ¢ < 0 (illustrated by ¢ = ¢»), the three vectors from the RHS
can have a resultant corresponding to P. When this happens, from the geometry
of the quadrilateral, it can be seen that

2ywA a( 2y
tan ¢,| = = tan
| ¢2‘ wéA—szbd) (Q)é—aﬂ 5

and, from the geometry of a right-angled triangle, that
P? = (2ywA) + (0} — w*A4)%,
4= P
o [(wé — w2)? + 4920212
This is the amplitude of the response of the system when that of the sinusoidal
input is P.
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8.2 Evaluate the determinants

0 h g 1 2
0 1 -2 1
@ kbSO 5
s ¢ 2 1 -2 1
and
gc ge a-+ge gb-+ge
© 0 b b b
c e e b+e
b b+f b+d

(a) Using the elements and cofactors of the first row in a straightforward Laplace
expansion, we have

= a(bc — f) + h(fg — hc) + g(hf — gb)

0 = Q
~- =
o = 0

= abc + 2fgh — af? — bg* — ch?.

(b) At each stage we subtract a suitable multiple of the first column from each
other column so as to make the first entry in each of the other columns zero;
then we use a Laplace expansion with a single term. Here this reduction is carried
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out three times.

1 0o 2 3 1 0 0 0
0 1 =2 1| |0 1 =2 1
3 -3 4 2| |3 =3 —2 —11
2 1 =2 1 2 1 2 7
1 -2 1 1 0 0
=1| -3 —2 —11|=|-3 -8 -8
1 2 7 1 4 6
-8 —8 -8 0
_1‘ L6 _1‘ | 2‘——8|2——16.

(c) In making this reduction we (i) subtract g times the third row from the first
row, (ii) subtract the second row from the fourth, (iii) use the Laplace expansion,
(iv) subtract the second column from the third, and (v) use a Laplace expansion
followed by direct evaluation.

gc ge a-+ge gb+ge 0 0 a 0
0 b b b 10 b b b
c e e b+e | | c e e b+e
a b b+f b+d a b b+f b+d
0 0 a 0
0 b b b 0 b b
=alc e b+te
c e e b+te 0 d
a 0 f d a
0 b O e b
=alc e b |=—ab d
a 0 d a4
= ab(ab — cd).

8.4 Consider the matrices

0 —i i L V3 2 =3
@B=[ i 0 —i |, () C= 1 J6 -1 |.
—i i 0 B2 o 2
Are they (1) real, (i1) diagonal, (ii1) symmetric, (iv) antisymmetric, (v) singular, (vi)

orthogonal, (vii) Hermitian, (viii) anti-Hermitian, (ix) unitary, (X) normal?
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(a) For matrix B:

Clearly, (i)-(iii) are not true whilst (iv) is.

(v) |IB| = —i(i> — 0) +i(i*) = 0 and so B is singular.

(vi) From (v) it follows that B has no inverse. In particular, its transpose cannot
be its inverse, i.e. B is not orthogonal.

(vii)

i.e. B is Hermitian.

(viii) In view of (vii), B cannot be anti-Hermitian.

(ix) As in (vi), B cannot be unitary.

(x) Since B is Hermitian, it commutes with its Hermitian conjugate (itself) and is
therefore normal.

(b) For matrix C:

C is clearly real, i.e. satisfies (i), and, equally clearly, satisfies none of (ii)-(iv).

v)

1\3 \/3 —\/2 _\/3 1\° \/3 _\/2 0
|C|=( ) 1 J6  —1 =< > 1 6 0
2 0 2 NGV S
1
= 18 +4/2
ww +42)
=,3+1)=1+#0.
Thus C is not singular.
(vi) Consider CTC, which is given by
NI B Y3—2 =3 1 00
—J2 6 0 1 6 —1 |=[010|=1
-3 -1 2 20 2 0 0 1

Thus C is orthogonal.

(vil) & (viii) In view of (i), (iii) and (iv), C cannot be either Hermitian or anti-
Hermitian.

(ix) In view of (i) and (vi), C is unitary.

(x) In view of (i) and (vi), CfC = CTC =1=cC” = CC'. Hence C is normal.
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8.6 This exercise considers a crystal whose unit cell has base vectors that are
not necessarily mutually orthogonal.

(a) The basis vectors of the unit cell of a crystal, with the origin O at one corner,
are denoted by ey, e, es. The matrix G has elements Gjj;, where G;; = e; - €;
and H;j are the elements of the matrix H = G~'. Show that the vectors
fi = >_; Hije; are the reciprocal vectors and that Hy; = f; - {;.

(b) If the vectors u and v are given by

U=E uie;, V=E vif;,
i i

obtain expressions for |u|, |v|, and u - v.

(c) If the basis vectors are each of length a and the angle between each pair is
n/3, write down G and hence obtain H.

(d) Calculate (i) the length of the normal from O onto the plane containing the
points p~'e;, g 'es, rles, and (ii) the angle between this normal and e.

(a) With f; defined by f; = Zj Hjjej, consider

fi e = ZH,']' e e, = Z (G_l)ij ij = (G‘IG)Z.k = 0.
j j
Thus the f; are the reciprocal vectors of the cell’s base vectors.

Now consider

fi . fj = ZHikek Z Hjmem = ZHikHijkm
k m km

= ZHjm ZHikam = ZHjméim = Hji = Hi]"
m k m

(b) With u = Zi u; €,

2
ul =Zu,~ei2ujej=2uiGijuj:>|u\: ZuiGijuj
i j ij ij

Similarly,

1/2

1/2
|V| = Z Ui H,’j vj
Lj
For the scalar product of u and v,

u-v=§ uie,-g vjszg u,-vjéijzg U; ;.
i j i.j i
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(c) For i = j, e;- ¢; = a® whilst, for i # j, ¢; - €; = a* cos(n/3) = }a*. Thus

_ 1,2
G=,a

—_ =N

11
2 1
1 2

The matrix 2G/a’ has determinant 4 and all of its co-factors are either 3 or +1.
The matrix H, computed using this data, is found to be

3 -1 —1
H=G"'= -1 3 -1

(d)(i) The normal to the plane is in the direction
(g 'ex—p~'er) x (" 'es — p~'er) oc [(gr) i+ (pr) ' + (gp) ]

i.e. in the direction f = pf; + qf, + rf;.
A unit vector in this direction is

4 phi+qbh +rf;
(f-£)1/2

and the distance from the origin to the plane is the scalar product of this unit

vector and the position vector of any one of the three points (necessarily, they

all give the same answer). Using p~'e; and denoting (p,q,r) by v;, we have the

distance d as

—1
. 4 _ppt0+0
d—n~p € = (f.f)l/Z
1

T (e X, o)
| 1

(> viHyo)'? M’
where M? = (2a®)'[3(p* + ¢* + r*) — 2(qr + rp + pq)].
(d)(ii) The angle 0 between i and e; is given by

e _1pd N/
0 = cos™! = cos! = cos™! .
leq] a aM
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8.8 A and B are real non-zero 3 x 3 matrices and satisfy the equation
(AB)T +B~'A =0.

(a) Prove that if B is orthogonal then A is antisymmetric.
(b) Without assuming that B is orthogonal, prove that A is singular.

We have that (AB)T = —B~'A.
(a) Given BTB = | (i.e. B is orthogonal),
B'AT=-B'A = BBTAT=-BB A = AT=_Aa,
ie. A is antisymmetric.
(b) Since B! is defined, |B| # 0.

B'AT=-B7'A
BB'AT = —A
BIIBT[|AT| =|—A]

IBI*|A| = (—1)’|A|, since [BT| =B].

In the last line the factor (—1)® arises because A is a 3 x 3 matrix. The two sides
of the last equation have opposite (contradictory) signs unless |A| = 0, i.e. unless
A is singular.

8.10 The four matrices Sy, Sy, S; and | are defined by
0 1 0 —i
s=(10) =-(77)

1 0 1 0

w=(o %) =(a 1)

where i# = —1. Show that Si = | and S\S, = iS., and obtain similar results
by permutting x, y and z. Given that v is a vector with Cartesian components
(vx, vy, 0:), the matrix S(v) is defined as

S(v) = v:S +v,S, +v.S..
Prove that, for general non-zero vectors a and b,
S(a)S(b) =a-bl+4iS(a xb).

Without further calculation, deduce that S(a) and S(b) commute if and only if a
and b are parallel vectors.
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As we have only the definitions to work with, these basic products must be found
by explicit matrix multiplication:

s=(2)(20)-(1 )~
o (1 0)(1 )1 %)
oa-(09)(4 %) (2 1)

Similarly Si =82 =1 and S,S, = iS,. We also note that

0 —i 0 1 —i 0 .
SYS"_(I' 0)(1 0)‘(0 i>__’SZ’

ie. that Sy and S, anticommute. This applies to any pair of the matrices (excluding
| of course).

—_

We first note that if 0 is the zero vector then S(0) = O, the zero matrix; conversely,
if S(v) = O then v = 0. Now consider the product of the two matrices S(a) and
S(b).
S(a)S(b) = (a,S\ + a,S, + a.S:)(b\S\ + b,S, +b.8S:)
= (axbx +ayb, 4+ a.b.)l +a.b,(iS )—i—ayb (—iS;)+---
= (axbx +ayb, +a.b.)l +i(a x b).S; +-
=(

a-b)l+iS(a xb), as stated in the question.
Interchanging a and b gives S(b)S(a) = (b - a)l +iS(b x a). It then follows that
S(a)S(b) — S(b)S(a) = 2iS(a x b).

The matrix on the RHS is the zero matrix if and only if a xb =0, ie. a and b
are parallel vectors.

8.12 Given a matrix

1 a O
A=| p 1 0 |,
0 0 1

where o and f are non-zero complex numbers, find its eigenvalues and eigenvec-
tors. Find the respective conditions for (a) the eigenvalues to be real and (b) the
eigenvectors to be orthogonal. Show that the conditions are jointly satisfied if and
only if A is Hermitian.
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The eigenvalues 4 of A are the roots of

1—2 o 0
p 1—2 0 =0,
0 0 1—2

i.e. the values of /4 that satisfy
(1—2)[(1—=2)?—ap] =0.
This means that either 2 =1 or that

2 —2)+1—af =0,
= l=14+p)">
For / = 1 the corresponding eigenvector is obviously e! = (0, 0, 1)T.
For 2 =1+ («f)!/2, we have for eigenvector (x, y, z)! that
F@p)Px +ay =0,
F(@p)'?z =0.
Thus e %3 = (\/oc, +B. O)T.

(a) For all the eigenvalues to be real, we need the product off to be real and
positive.

(b) For the eigenvectors to be mutually orthogonal we need (recall that « and
can be complex)

0=(e) &= (@) 22— ()2 = |of =Bl

The orthogonality of e to the other two is trivially obvious.

(i) If both conditions are satisfied and we write o = ce’, then the first condition
requires that the argument of f is —60 whilst the second requires its magnitude to
be ¢. Thus f = ce™™ and f = o*, making A Hermitian.

(ii) If A is Hermitian, § = «* and so off is real and positive. The eigenvalues are
then 1, 1 4 || and 1 — |o, i.e. all real.

T

The corresponding eigenvectors have the forms (0, 0, 1)7, (\/oc, \/oc*, 0) and
T

(\/oc, —\/oc*, O) , and are clearly mutually orthogonal.

Thus, the two conditions are jointly satisfied if and only if A is Hermitian.
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8.14 If a unitary matrix U is written as A + iB, where A and B are Hermitian
with non-degenerate eigenvalues, show the following:

(a) A and B commute;

(b) A2+ B*=1;

(¢) The eigenvectors of A are also eigenvectors of B;

(d) The eigenvalues of U have unit modulus (as is necessary for any unitary
matrix ).

Given that U = A + iB, with AT = A, Bf = B and UTU = |, consider
| =U'U = (AT —iB")(A +iB)
= (A —iB)(A+iB)
= A’ + B’ +i(AB — BA).
and  1=UU"=(A+iB)A" —iB)
= (A+iB)(A—iB)
= A’ + B’ +i(BA — AB).
Comparison of the two results implies
(a) BA— AB = 0, ie. A and B commute, and, consequently, (b) A +B? = I.

(c) Let x be an eigenvector of A with eigenvalue 4, i.e. Ax = Ax. Then
ABx = BAx = BAx = /Bx,

where we have used result (a) to justify the first equality.

Now, the above result shows that y = Bx is an eigenvector of A with eigenvalue
A.

But the eigenvalues of A are non-degenerate and so y must be a multiple of x,
i.e. Bx = ux for some u.

However, this is the statement that x is an eigenvector of B (as well as of A).
Hence each eigenvector of A is also an eigenvector of B.

(d) Let x be an eigenvector of U with (complex) eigenvalue 4. We then have
(A+1iB)x = Ax, take the hermitian conjugate,
x' (AT —iBT) = A*x,
x"(A? + B?)x = xT|A*x,
x' 1 x = x)x,
x> = 217X,

To obtain the third equation we multiplied the two LHS and the two RHS of the
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first two equations together. Finally, since x is a non-zero vector it follows from
the last equation that |4| = 1.

8.16 Find the eigenvalues and a set of eigenvectors of the matrix

1 3 -1
3 4 =2
-1 -2 2

Verify that its eigenvectors are mutually orthogonal.

The eigenvalues must be the roots of

1—2 3 —1

Evaluating the determinant gives

(1 =22 —6A+4)+3(—4+32)—1(—2—2) =0,
(1—=2)(%—61+4)—10+10. =0,
(1—2)(* —64—6)=0.
Thus 2 =1 or 2 =3+ ./15.
Writing an eigenvector as € = (x, y, z)':
For 2=1,0x+ 3y —z =0 and 3x + 3y — 2z = 0 which imply

el =(1, 1, 3)".

For . =3+ /15,

(—2F J15)x+3y—z =0,
3x+ (1 F /15)y — 2z = 0.

We now eliminate z and obtain
(=7 F2J15)x + (5+ /15)y = 0.

T
Taking e = (5 + \/15, 7+ 2\/15, z) , the first equation gives

z=(=2F J15)(5 £ V15) + 3(7 £ 24/15)
= —47F 15
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Thus the three eigenvectors are
el =(1,1,3)",
T
el = (5 15, 7+ 215, —4 — \/15) ,

el = (5 15, T =215, —4+ \/15)T.

Their mutual orthogonality is established by considering the following scalar
products.

el e?=(5+7—12)4+(1+2-3)J15=0,
el & =(54+7—12)4+(-1-2+3)J/15=0,
e’ e’ =(25—15)+ (49 — 60) + (16 — 15) = 0,
i.e. they are mutually orthogonal. We note that, formally, the first factor in each

scalar product should be the hermitian conjugate of the eigenvector; here this
makes no difference as all components are real.

8.18 Use the results of the first worked example in section 8.14 to evaluate,
without repeated matrix multiplication, the expression A°x, where x = (2 4 —
)T and A is the matrix given in the example.

A set of three (un-normalised, but that does not matter here) independent
eigenvectors of A, and their corresponding eigenvalues, are, as given in section
8.14,

x'=(1,1,07" for 1=2

x*=(1, =1, )T for =3,

x> =(1, =1, =2)T for 1=2.

We first express the given vector x in terms of the eigenvectors as

2 1 1 1
4 =3 1 — —1 +0[ —1 =3x' —x%
—1 0 1 -2

We now use the fact that, for an eigenvector, A"x = A"x. This gives

A% =3 20x! —36x* = (326(1) — 3°(1), 325(1) — 3%(—1), 3250) — 36(1))T
= (=537, 921, —729)T.
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8.20 Demonstrate that the matrix

2 0 0
A=| —6 4 4 |,
3 -1 0

is defective, i.e. does not have three linearly independent eigenvectors, by showing
the following :

(a) its eigenvalues are degenerate and, in fact, all equal;
(b) any eigenvector has the form (u  (3u—2v) v)T;
(c) if two pairs of values, ui,vy and py,v;, define two independent eigenvectors
vy and v, then any third similarly defined eigenvector vi can be written as
a linear combination of vy and v, i.e.
V3 = avy + bv,

where
Vo — UV V3 — M3V
azﬂsz H2V3 and b=ﬂ13 /131_
Hiva — MoV H1va — H2Vi

Illustrate (c) using the example (uy,vi) = (1,1), (u2,v2) = (1,2) and (usz,v3) =
(0, 1).

Show further that any matrix of the form

2 0 0
6n—6 4—2n 4—4n
3—3n n—1 2n

is defective, with the same eigenvalues and eigenvectors as A.

(a) The eigenvalues of A are given by

2—4 0 0
—6 4—7 4 |=Q-i)(-4+1P+4h=02-1)=0.
3 -1 =

Thus A has three equal eigenvalues 4 = 2.

(b) Using this value for A, an eigenvector (x, y, z)' must satisfy

Ox+0y+0z=0,
—6x + 2y +4z =0,
3x —y—2z=0,

leading to the conclusion that v = (g, 3u—2v, v)T, with u and v arbitrary, will
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be an eigenvector. Clearly any two components of a vector of this form can be
chosen arbitrarily, but the third one is then determined.

(c) Given two eigenvectors

vi = (1, 31 —2vi, vi)Tand  va = (w2, 3ua —2va, )T,

any third vector v; of the same form with parameters u; and v; can be written
as a linear combination of v; and v;, as is shown by the following argument.
Define the vector v and the numbers a and b by

V=avi +bv, = H3va — H2V3 Vi + H1V3 — U3Vq v
MV — vy H1va — Vi

Now consider the first component, say, of the vector on the RHS
H3va — [2V3 L+ H1v3 — U3vy S = Hip3va — Haf3ve
H1va — [2Vy H1Va — Vi H1Va — Vi

Similarly, the second component is 3u3 —2v3 and the third one v;. In other words,

v = v3 and vs; has been expressed explicitly as a linear combination of v; and v;.

This establishes that A does not have three linearly independent eigenvectors, i.e.

it is defective.

(d) With
(uv1) = (L, 1) and v = (1, 1, )T,
(#Z,Vz) = (1’2) and Vo = (19 _17 2)Ta
(,[13, V}) = (0’ 1) and V3 = (07 _2a 1)Ta

_(O0x2)—(1x1) C(IxD—(0x1)

- -1 - —1.
T ax2—(1x1) and b= o (x1)
Thus
1 1 0
v=—1 1 +11 —1 = -2 = v3,
1 2 1

as expected.
The eigenvalues of this more general matrix, A(n) say, are given by
2—2 0 0
O=|6n—6 4—2n—21 4—4n
3—3n n—1 2n— 4

=Q2=M@—=2n—22n—72)—(n—1)4—4n)]
= (2—2)8n—4)—4n* 4+ 20k —2nA + )2 — An+ 4 + 4n* — 4n)
=Q2-2-2"

This shows that the eigenvalues of A(n) are the same as those of A.
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The equations to be satisfied by the components of an eigenvector of A(n),
v=(x, y, 2)', are
Ox+0y+0z=0,
(6n—6)x + (2 —2n)y + (4 —4n)z =0,
B—=3nx+m—1)y+Q2n—2)z=0.
When the common factor (n— 1) has been cancelled from the second and third of
these, the equations remaining are identical to those satisfied by the components

of the eigenvectors of A. The eigenvectors will therefore be identical to those of
A; it also follows that A(n) is defective.

8.22 Use the stationary properties of quadratic forms to determine the maximum
and minimum values taken by the expression

0 = 5x2 + 4y* + 422 4+ 2xz + 2xy

on the unit sphere, x*> + y* +z*> = 1. For what values of x, y and z do they occur?

Since all vectors on the unit sphere have unit modulus the maximum and minimum
values of Q will be equal to the largest and smallest of the eigenvalues of the
associated symmetric matrix. These we find by considering

5—2 1 1
1 4—2 0 |=0,

1 0 4—
(5—2)(16—81+2)—4+/.—4+1=0,
23— 13224541 —72=0.

There is no concise automatic way to solve this cubic equation, but by inspection
it is clear that if 4 = 3 the top row of the determinant is equal to the sum of
the other two, implying that 4 = 3 is one root. The polynomial equation is now
easily factorised as

(4=3)(4—4)(2—6) =0,

showing that the maximum and minimum values of Q are 6 and 3.

The corresponding values of (x, y, z)! are given by the associated (normalised)

eigenvectors:

For A = 6 (the maximum),

x4y +z=0,x—2y=0, x—22=0= Xy = +(6)">(2, 1, T.
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For 4 = 3 (the minimum),

2X4+y4+z2=0,x4+y=0, x+2z=0= xmn=+3)"">1, =1, —1)T.

8.24 Find the lengths of the semi-axes of the ellipse
73x% 4+ T2xy + 52y = 100,

and determine its orientation.

This is a quadric surface with no z-dependence (an elliptical cylinder) and if
its semi-axes are a and b then a=2> and b= are given by the eigenvalues of the
associated matrix after the RHS has been made unity. The eigenvalues therefore
satisfy

0| 0731 036
] 036 052—2

=0.3796 — 1.25) + /> — 0.1296
=/2—-125).4+025
= (A—1)(1—025).

Thus A =a"2 =1, giving a = 1, and A = b~2 = 0.25 yielding b = 2.

The eigenvector (x, y)' corresponding to the major semi-axis (b = 2) has (0.73 —
0.25)x + 0.36y = 0, i.e. makes an angle tan~!(—4/3) with the x-axis.

8.26 Show that the quadratic surface
5x2 + 11y? + 522 — 10yz + 2xz — 10xy = 4

is an ellipsoid with semi-axes of lengths 2, 1 and 0.5. Find the direction of its
longest axis.

As previously, we need to solve the characteristic equation of the matrix associated
with the quadric:

5-) =5 1
0=| -5 11—41 =5
1 -5 5—

=(5=A)55—16A+ 1> —=25)—5(=5+25—50)+125— 11+ 4)
=—234+212* — 85/ + 64.
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Clearly, 4 =1 is one root of this equation, which can be written
—(A—1)(A* =201 4 64) = —(1 — 1)(A —4)(L — 16) = 0.

The eigenvalues are all positive and so the quadratic surface is an ellipsoid with
semi-axes (1/4)7'/2, (4/4)~'/% and (16/4)"'/2, ie. 2, 1 and 0.5. The longest axis
corresponds to the smallest eigenvalue, 2 = 1, and its direction (x, y, z)! satisfies
S—1)x—=5y+z=0,
—Sx+(11—-1)y—5z=0.

The unit vector in this direction is (3)~"/2(1, 1, 1)T.

8.28 Find the eigenvalues, and sufficient of the eigenvectors, of the following
matrices to be able to describe the quadratic surfaces associated with them.

5 1 —1 12 2 121
@ 1 5 1], ®»|l212], ©f242
11 5 2 2 1 121

In each case the eigenvalues and then the eigenvectors of the matrices can be
found by the methods employed in the previous four exercises and the details will
not be given here. The results and their interpretations are:

(a) The eigenvalues are 6, 6 and 3. Since they are all positive and two are
equal, the surface is an ellipsoid with a circular cross-section perpendicular to the
direction (1,—1,1)/ \/3, which is the eigenvector corresponding to eigenvalue 3. If
the maximimum radius of the circular cross-section is r, say, (when the section
includes the origin) then the semi-axis of the ellipsoid in the direction of the axis
of symmetery is of length \/2r.

(b) The eigenvalues are 5, —1 and —1. Since two are negative and equal, the
surface is a hyperboloid of revolution about an axis in the direction (1,1,1)/ \/3
(the direction of the eigenvector corresponding to the non-repeated eigenvalue).
In tranformed coordinates the equation of the surface will take the form

N R
SYNSIZEEE
from this it can be seen that the two halves of the hyperboloid are asymptotic to

a cone of semi-angle tan~! \/5 that passes through the origin and has the same
symmetry axis as the hyperboloid.

(c) The eigenvalues are 6, 0 and 0. A zero eigenvalue formally implies an infinitely
long semi-axis; in other words, the surface is a cylinder (not necessarily circular)
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with the correponding eigenvector as the cylinder’s axis. Here, there are two such
eigenvalues and we have ‘infinite cylinders in two directions’, i.e the notional
ellipsoid has degenerated into a pair of parallel planes. They are equidistant from
the origin and have their normals in the direction of the eigenvector, (1,2,1),
corresponding to the only non-zero eigenvalue. The equation of the ‘surface’ in
transformed coordinates becomes simply

i
(1/4/6)
which describes the two planes y; = i\/a/6.

~|—0y§ —|—0y§ =a,

8.30 Find an orthogonal transformation that takes the quadratic form
0= —x% — Zx% — x% + 8x53x3 + 6x1x3 + 8x1X)
into the form
iyt + my3 — 4y,

and determine 1y and p, (see section 8.17).

Expressing Q as x'Ax, the required transformation has the normalised eigen-
vectors e’ of A as its columns. So, we need to determine the eigenvalues and
eigenvectors of A. Following the normal method:

—1—2 4 3

0= 4 —2—) 4
3 4 —1—

= —(14+ )2+ 31— 14) +4(16 +42) +3(22 + 32)

=13 —4)% 436+ 144

= —(A+4)(2*—36)

=—(

)+ 4) (2 — 6)(A+ 6).

We were guided by the given answer when writing A + 4 as a factor of the
characteristic polynomial. The values of x; and p, are determined as 6 and —6.

We now need to find the three normalised eigenvectors (x, y, z).
For /. = —4:
1
3x4+4y+32=0, 4x+2y+4z=0, =e&’= 2(1, 0, —1)T.

J

1
—TIx+4y+32=0, 4x—8y+4z=0, =e'= (1,1, .

NE

For A =6:
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For 1 = —6:

1
Sx+dy+3=0, dxtdy+dz=0 =e’= (1,2 D"

J

Thus, the required new coordinates are:
—l(x—i—x—i—x) —l(x—2x+x) —1(x—x)
V1 \/3 1 2 3) N2 \/6 1 2 3), V3 \/2 1 3)-

The labelling of the y; is, of course, arbitrary.

8.32 Do the following sets of equations have non-zero solutions? If so, find
them.

(a) 3x+2y+z=0, x—3y+2z=0, 2x+y+3z=0.
(b) 2x =b(y + 2), x = 2a(y — z), x = (6a—b)y — (6a + b)z.

(a) For the equations, written in the form

21 x 0
Ax=| 1 =3 2 y |=0o],
1 3 z 0

to have a non-zero solution we must have |A| = 0. But

302 1
Al=|1 =3 2 [=3(=11)42(1)+ 1(7) = —24 0,
2 1 3

and so the equations have no non-trivial solutions.

(b) Rearranged in standard form, the equations read

—b —b X 0
Ax=| 1 —2a 2a y |=1060
1 b—6a 6a-+b z 0

Either by direct calculation or by observing that the sum of the first and third
rows is equal to three time the second row, we conclude that | A| = 0 and that a
non-trivial solution is possible.
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Arbitrarily taking x = 1, we require that
2—by—bz=0,
1 —2ay + 2az =0,
4a + b — 2aby — 2aby = 0,

4a+b
= V= s
4ab
~ 2 _da-—-0>b
TV aw

Thus the solution is any multiple of (4ab, 4a + b, 4a — b)".

8.34 Solve the following simultaneous equations for xi, x, and X3, using matrix
methods :

X1+ 2x; +3x3 =1,
3x1 +4x; + 5x3 = 2,
X1 + 3x; + 4x3 = 3.
We need to invert the matrix
1 2 3
A= 3 4 5 ],
1 3 4

whose determinant is 1(1) + 2(—7) + 3(5) = 2. This is non-zero and so A has an
inverse. The matrix of cofactors is

[T =2
A= =7 1 4
5 -1 =2

X1 | 1 1 =2 1 1 -3

X | = ) -7 1 4 2 | = ) 7

X3 5 -1 =2 3 -3
Thus x; = —;, Xy = ; and x3 = —;.

135



MATRICES AND VECTOR SPACES

8.36 Find the condition(s) on o such that the simultaneous equations

X1 + oxy; =1,
X1 — X2+ 3x3 = —1,

2x1 —2xy +ox3 = —2

have (a) exactly one solution, (b) no solutions, or (c) an infinite number of solu-
tions; give all solutions where they exist.

As usual, and in the normal notation, we start by examining
[A|=1(6—0o) 4+ o6 — o) = (1 4+ o)(6 — ).

(a) For exactly one solution we need |A| # 0, i.e. & # —1 and a % 6. Then

1 { 6—o —o? 3u
o | 7 L5
and
X1 1 6—o —o? 3u 1
A L RSP TeH § g
1 6 — o+ o> — 6a
B (1 +0)(6 — ) _26:;“__:‘2‘:—62“

_(tmx 2\
S \14a 14+ '
(b) and (c). For no or infinitely many solutions the matrix must have rank 2 or
less, which requires that either « = —1 or o = 6.
With o = —1 the equations become
X1 — X2 = 1,

X1 — X2+ 3x3 = —1,

2X1 — 2XQ — X3 = —2.

Substituting from the first equation for x; — x, leaves two equations for x3 which
are contradictory; this is case (b) of no solution.
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With o = 6 the equations become
X1+ 6x, =1,
Xp — X2 +3x3 = —1,

2x1 — 2x7 + 6x3 = —2.

The last two equations are multiples of each other, but not of the first. Therefore
there are infinitely many solutions containing one free parameter. Taking this as
x; = f, the general solution is

(x1, X2, x3)" = (168, B, L(7p—2))".

This solution is that for case (c¢) and corresponds to figure 8.1(a) in the main text;
case (b) corresponds to figure 8.1(b).

8.38 Make an LU decomposition of the matrix

2 =3 1 3
1 4 -3 3
A= 5 3 -1 -1
3 6 -3 1

Hence solve Ax=Db for i) b=(—4 1 8 —5)T and
(i) b= (=10 0 —3 —24)T. Deduce that det A = —160 and confirm this by
direct calculation.

To avoid a lot of subscripts we will use single lower-case letters as the elements of
the upper- and lower-diagonal matrices. We also make the immediately-apparent
entries in U.

We need
1 0 0 O 2 -3 1 3 2 =3 1 3
a 1 0 0 0 g h j B 1 4 -3 -3
b ¢ 1 0 0O 0 k I s 3 -1 —1
d e f 1 0 0 0 m 3 —6 =3 1
From the 1st column of A:
a=1, b=3 and d=3.

Then, from the 2nd row:

—Bda+g=4=g= 121,

a—l—h=—3=>h=—;,

9

Jatj=-3=j=—3.
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From the 2nd column:

—3b+ge=3=c=1,

—3d+ge=—6=¢= —131.
From the 3rd row:

— — 92 _ 35
b+cht+k=—1=k=—1+2=73,

3btcj+l=—1=1=-1+2%=1.
From the 3rd column:
dthetfk=—3=f= (3G =75
Finally, from the 4th row:

3d+jet+fl4m=1=m=1—5 -0+ 12 =32

(i) We first solve Ly = b as follows:

1 0 0 0 1 —4
é 1 0 0 » | 1
SO R B vl | 8
g 131 _172 1 Y4 =5
That y; = —4 and y, = 3 are immediately apparent. The third row gives

y3 =8+10— ¢ = 135 whilst the fourth yields yq = —5+ 6+ [ + 12 135 = 160,
The solution vector x is now deduced from Ux = y:

2 =3 1 3 X1 —4
11 7 9

0 5 =5 - X2l 3

25 1 135

0 0 1§ 1 X3 1

0 0 0 _372 X4 1?0
That x4 = —5 is obvious. The third row gives x3 = i; 11315 + 151) = 4, whilst
the second yields x, = 121 3+14— 425) = —1. Finally, the top row gives x; =

M(—4—-3-4+15 =2

(i1) This calculation proceeds just as in (i). The intermediate vector y is found to
be (—10 5 '3 )T and the solution vector x = (=1 1 4 —3)T.

The determinant of A is given by the product of the diagonal entries of the matrix

U ie [Al=2x U x 3 x (=) = —160.
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Confirming this by direct calculation:

2 -3 1 3 0O 0 1 0
1 4 -3 3| [7 =5 =3 6
5 3 —1 =1 |7 0 =1 2
3 =6 =3 1 9 —15 =3 10

7 =5 6

=117 0 2

9 —15 10

= 7(30) — 5(=52) 4 6(—105) = —160.

At the first step, an appropriate multiple of the 3rd column was subtracted from
each of the other columns.

8.40 Find the equation satisfied by the squares of the singular values of the
matrix associated with the following over-determined set of equations:

2x+3y+z=0

x—y—z=1
2x+y=0
2y +z = —2.

Show that one of the singular values is close to zero. Determine the two larger

singular values by an appropriate iteration process and the smallest by indirect
calculation.

The matrix and its (Hermitian) transpose associated with the set of equations are

R SR
A= , Al={( 3 -1 1 2 |,
21 0 1 -1 0 1
0 2 1
and their 3 x 3 product is
9 7 1
AfA=|(7 15 6
1 6 3
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To determine the singular values of A we find the eigenvalues of this product:

9—14 7 1
0= 7 15—7 6
1 6 3—4

= (9= )9 — 182+ %)+ 7(7)—15) + 1(A +27)
= —( =272 +121).=3).
This is the equation satisfied by the squares of the singular values of A.

Using the properties of the three roots 4; of the cubic equation, we conclude that,
since their sum >, 4; = 27 whilst their product is only []; 4; = 3, at least one of
the roots must be close to zero.

Using either the rearrangement iteration method,
Xust = (2752 — 121x, +3)'°,
or the Newton-Raphson method,

X3 —27x2 + 121x, — 3

MHLT T30 sax, 4121

the two larger roots are found to be 21.33521 and 5.639852. The third root can
be found most accurately as 3/(21.33521 x 5.639852) = 0.024938.

The corresponding singular values are the square roots of these eigenvalues,
namely, 4.6190, 2.3748 and 0.1579.

8.42 Find the SVD form of the matrix

22 28 22
1 -2 —-19
A= 19 -2 -1
—6 12 6

Use it to determine the best solution x of the equation Ax = b when (i) b =
(6 —39 15 18)T, (ii)b=(9 —42 15 157, showing that (i) has an exact
solution, but that the best solution to (ii) has a residual of \/18.
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We start by computing

2 1 19 —6 212 igz j;
ATA = 26 -2 -2 12

19 -2 -1
~22 —19 -1 6 b e

504 936 —504

882 504 558
—558 —504 882

And then find its eigenvalues:

882 — ) 504 —558
IATA— =] 504 936—1 —504
—558 =504 882 — 4

324 — 2 0 324 — 2
= 504 936 — 4  —504

—558 =504 882—/
936—) —504 504 936—1
= (324=4) < —504 882 —/ ’ ‘ —558  —504 D

= (324 — 2)(7% — 1818/ + 571536 — 558/ + 268272)
= (324 — J)(22 — 2376/ + 839808)
= (324 — J)(4 — 432)() — 1944).

This shows that the singular values (y/2) are 18./6, 12/3 and 18. We have, as
usual, taken the singular values to be positive; this choice is reflected in the signs
of the terms in the matrix U calculated later.

The corresponding normalised eigenvectors (xi, X2, x3)T satisfy:

—1062x; + 504x, — 558x5 = 0,
1
504x; — 1008x; — 504x; = 0. = v! = (1, 1, =T,

V3

450x1 + 504x, — 558x3 = 0,
1
504x; 4+ 504x; — 504x3 = 0. = Vv> = (1, =2, —1)T.

J6

1
V2

The next step is to calculate the (normalised) column vectors u’ from (s;)'Av/ =

558x1 + 504x, — 558x3 =0,

504x; 4 504x, — 504x3 =0.= v = = (1,0, DT,
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2 28 -2 . 4
SR 1 —2 —19 AN
1863 19 =2 —1 1 32 | 1
6 12 6 0
2 28 —22 . -1
PR 1 —2 —19 I
y3ye| 19 =2 -1 1 32
6 12 6 .,
2 28 -2 1 0
a1l 1 -2 —19 o)1t
18\/2 19 -2 -1 1 \/2 1
—6 12 6 0

Although we will not need its components for the present exercise, we now find
the fourth base vector (to make U a unitary matrix). It has to be orthogonal
to the three vectors just found; simple simultaneous equations show that, when
normalised, it is u* = (1/\/18)(—1 2 2 3N

Thus, finally, we are able to write A = USV' explicitly as

4 186 0 0
Ll 2 =3 2 0 123 0 *{2 *_/i __\{2
N1 2 3 2 0 0 18 ’
0 -3 0 3 0 0 0 V303

where N = (/18 x /6.

The best solution to Ax = b is given by x = VSU'b. We therefore compute
R = VSU' as (with N defined as previously)

1 4 1 1 0
R R
N _\/2 1 \/3 0 126/3 Lo 0O -3 3 0

18 -1 2 2 3
1 1 NEI 4 1 1 0
w2 o
N 18\/13 6{3 B0 0 -3 3 0
Tsy3 12y3 18 -1 2 2 3
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1 1 5 —-10 26 -9
14 —-10 —10 18

VIB363\ Z5 5 10 9
(i) Withb=(6 —39 15 18)T the best solution is
6
- 5 —10 26 -9 139
X = 14 —10 —10 18
VI836(3 \ s e 10 9 15
18

X1 = 5(30 4390 +390 — 162) = 1,
X2 = oq(84 4390 — 150 + 324) = 1,
X3 = 1o(—304 1014 + 150 + 162) = 2.

Thus, the best solution is (1, 1, 2)T and the residual vector given by

2 28 -2 ' 6 0
1 -2 —19 L =391 |0
19 —2 —1 5 51 |o

The residual vector is the zero vector and the best solution is an exact solution.

(i) With b=(9 —42 15 15)T the best solution is

9
L 5010026 <9\ | _y (40
X = 14 —10 —10 18 — | 37 ]
VIB363\ Z5 56 10 9 15 74
15

With 316 (40, 37, 74)T as the best solution, the residual vector is

2 28 -2 0 9 -1
1 1 =2 —19 o |
36| 19 —2 —1 15
6 12 6 4
15 3

We conclude that the solution is not exact and that the residual (equal to the
modulus of the residual vector) is [(—1)* 422 + 22 +32]1/2 = /18.
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Normal modes

9.2 A double pendulum, smoothly pivoted at A, consists of two light rigid
rods, AB and BC, each of length [, which are smoothly jointed at B and carry
masses m and om at B and C respectively. The pendulum makes small oscillations
in one plane under gravity; at time t, AB and BC make angles 0(t) and ¢(t)
respectively with the downward vertical. Find quadratic expressions for the kinetic
and potential energies of the system and hence show that the normal modes have
angular frequencies given by

cu2=§ [1+oci\/oc(1+oc)}.

For oo = 1/3, show that in one of the normal modes the mid-point of BC does not
move during the motion.

For small oscillations, the sideways displacements and consequent velocities of
the masses are
x1 =10 and x;= 16

xo=10+1p and x,=10+1¢
To first order in small quantities (i.e. ignoring any vertical components of velocity)
the total kinetic energy of the system is therefore

KE = ;mx% + ;(me%
= Iml?[0? + 007 + 209 + ¢?)],

and the kinetic energy matrix
1
T=;ml2< tooo )
o o
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Remembering that the raising of the lower mass receives a contribution from
that of the upper mass and working to second order in the displacements, the
potential energy is

PE = mgl(1 — cos0) + amgl[(1 — cos 0) + (1 — cos ¢)]
~ 1mgl6® + Jumgl(0* + ¢?).

The potential energy matrix is therefore

14a 0
Vzémgl( 0 a)

The normal frequencies, determined by | — T + V| = 0, are given by

1+a « 1+a O
1 2.2 =
2m’ la)( ., a>+gl< 0 oc)‘ 0.

Writing w?[/g as 1, this requirement is

14+o0)—A(l4+a) —Au

—Jo o — Ao =0,

ie.  (14o)(1=2)au(1—2)—2%e? = 22=2(1+o) 4+(140) =0

The angular frequencies of the two normal modes are given by the roots of this
quadratic equation as

A
wgzgl :f[(l_,_a)—_}—\/oc(l-f-fl)]- (*)

2g

2
For o = i the two values of w? become and g’ and the components of the

solution vector must satisfy (using the second line of the matrix-vector equation)

1 1 2
—230+(3—3>(b=0=>¢=—29 when 1 =2,

21 1 2 2
—330—1—(3—9)(1)—0:(;’)—20 when 1= 3
For the mid-point of BC, x =10 + ;lqﬁ. In the higher frequency mode, ¢ = —20
and x = 10 + ;l(—29) =0, i.e. the mid-point does not move.
Note It is of some interest to check that (*) gives the correct limits for small and
large o. It obviously leads (correctly) to w? = g/I (repeated) as « — 0. For « — oo
one solution has an (unphysical) infinite frequency; the other has

lo? 172

= lim 1 + o — /a1 + o) = lim 1+a—fx(1+ O()

g 0—00 o—00

1 1
=l. 1 — 1 .. 3
ml+o oc< +2oz+ > >’

o—00
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a —

v ° 3
L, -_— C L,

11 12

Figure 9.1 The circuit and notation for example 9.4.

i.e. the correct value for a simple pendulum of length 2I.

9.4 Consider the circuit consisting of three equal capacitors and two different
inductors shown in figure 9.1. For charges Q; on the capacitors and currents I;
through the components, write down Kirchhoff’s law for the total voltage change
around each of two complete circuit loops. Note that, to within an unimportant
constant, the conservation of current implies that Q3 = Q1 — Q, and hence express
the loop equations in the form given in (9.7 ), namely

AQ +BQ =0.

Use this to show that the normal frequencies of the circuit are given by
3 1

“ = cLL,

[L1 +Ly+ (L2 + L} — L1L2)1/2] .

Obtain the same matrices and result by finding the total energy stored in the various
capacitors (typically Q*>/(2C)) and in the inductors (typically LI*/2).

For the special case Ly = L, = L determine the relevant eigenvectors and so
describe the patterns of current flow in the circuit.

We apply Kirchhoff’s law to a loop taken round the left-hand part of the circuit
and to one taken round the whole circuit (one round the right-hand part does not
give any further independent information as there are only two currents needed
to specify the situtation).

L, + < + 9s =0,

C C
. Ql Q2 .
LI LI, =
11+C+C+ oI, =0,

withl; =Q, =0, and I, — I, = 03 = Q1 — Q>.
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Writing everything in terms of Qy, Q, and their time derivatives,

» 01 01—0Qr
LiQ: + C + c =0,
L1Q1+QC1 +QC2+L2Q2=0-

In matrix and vector form, AQ + BQ = 0, these equations read

(5 2)(8)-C5E)(8)-(0)

To find the normal frequencies, we now have to solve |B — w?A| = 0. After
mutiplying through by C, this reads

2— (,l)2L1C —1 -0

1 —w’LiC 1—’L,C | 7

2—(Ly +2L,)Cw* + LiL,C*0* +1 — LiCw? = 0,
LiL,C?0* —2(L; + Ly)Cw® +3 =0.
Hence the normal frequencies are
o2 = (L1 L2)C F V/(Li + Lo)*C? — 3L, L,C?
LiL,C?

- Li+L,+ (L2 Lz—LLl/z}.
CL1L2[1+ » (L1 + L3 1Lo)

We now repeat this derivation, working in terms of stored energy, rather than the
equations of motion.

The total ‘kinetic energy’ is the energy stored in the magnetic fields of the inductors
(typically ) LI?). This is
T =L} + ) Lo13.
The ‘potential energy’ term is the energy stored in the capacitors (typically
3C71Q%). This is
V=1CT0 + O3+ (01— Q)]
The charateristic equation determining (the squares of) the normal mode fre-

quencies is therefore

2071 — i, —Cc!

—c! 207 — L, | 0,

4C2 = 2Ly + Ly)C'w?* + LiL,o* —C2 =0.

After multiplication by C2, this is the same equation as that obtained previously
and has the same roots for w?.
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If Ly = L, = L then one mode has »? = (LC)~! and the eigenvector is given by

2=101—-0=0 = 0;=0,.
Under these circumstances Q3 = 0 and no current flows through the central
capacitor.

The other mode has w? = 3(LC)™"; for this mode,

2-3)01-0:=0 = 01=-0>

In this case, equal currents I (one clockwise, one anticlockwise) flow in the two
loops and the current through the central capacitor is 21.

9.6 The simultaneous reduction to diagonal form of two real symmetric
quadratic forms.

Consider the two real symmetric quadratic forms u'Au and uTBu, where uT stands
for the row matrix (x y z), and denote by u" those column matrices that satisfy

Bu" = 1,Au" (*),

in which n is a label and the A, are real, non-zero and all different.

(a) By multiplying (*) on the left by (u™)T and the transpose of the corresponding
equation for u™ on the right by u", show that (U™)'Au" = 0 for n # m.

(b) By noting that Au" = (1,)"'Bu", deduce that (u™)"Bu" = 0 for m # n.

(c) It can be shown that the u" are linearly independent; the next step is to
construct a matrix P whose columns are the vectors u".

(d) Make a change of variables u = Pv such that u™ Au becomes v Cv, and uTBu
becomes vIDv. Show that C and D are diagonal by showing that cij =0if
i # j and similarly for d;;.

Thus u = Pv or v = P~lu reduces both quadratics to diagonal form.

To summarise, the method is as follows:

(a) find the A, that allow (*) a non-zero solution, by solving |B — JA| = 0;
(b) for each A, construct u";

(c) construct the non-singular matrix P whose columns are the vectors u";
(d) make the change of variable u = Pv.

We are given that AT = A, BT =B and /,, # A, if m # n.
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(a) From (*) and its transpose, with n replaced by m in the latter,

Bu" = 2,Au" and (u")'BT = 2, (u™)TAT,

(um)TBun — ln(Um)TAU” and (um)TBun — im(Um)TAU”,
= (= A)(W")AU" = 0,

= WAL = 0 if m#n
(b) We next rearrange (*) to read Au”" = (1,)"'Bu”. This equation is of the same
form as (*) but with the roles of A and B interchanged. It therefore follows that,
since (Ay)~! # (A,)"! for m # n, (U")TBuU" = 0 if m # n.

(c) We now change variables from u to v where the two variables are connected
by u = Pv; here P is the matrix whose columns are the u”. Thus

P=(u' v ), ie Pj=(u) and P;=(u),
Then,
01 = u'Au = (Pv)TA(Pv) = vIPTAPv = v'Cv,
where the elements of C are ¢;; given by
cij = (PTAP);
= Py AuP
= (U A (u!)
= ()T AW)
=0 if i#j.
Similarly,
0) = u'Bu = v'Dy,
with dj; =0 if i # j.
Thus, the transformation u = Pv (or v = P~'u) reduces both Q; and Q> to

diagonal form. We note that, in general, P is not an orthogonal matrix, even if
the vectors u” are normalised.

9.8 (It is recommended that the reader does not attempt this question until
exercise 9.6 has been studied. )

Find a real linear transformation that simultaneously reduces the quadratic forms

3x% + 5% + 5z% 4+ 2yz + 62x — 2xy,

5x? + 12y 4+ 8yz + 4zx

to diagonal form.
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With the two quadratic forms

01 = xTAx = 3x% + 5% + 527 4 2yz + 6zx — 2xy,
0, = x"Bx = 5x% + 12y* + 8yz + 4zx,

we must find the vectors that satisfy Bu = AAu. To do this, we evaluate

B — AA]|

5—-34 A 2—-34
= A 12—-54 4—2
2—-34 4—J —5A

5 36—14. 14—64
=4 12-51 4-.

2 40—164 12—284
5 —6+4+42 14—064
=\ =24 4—
2 448. 12-84

= 5(242% — 520, — 16) + A(—161> — 8/ + 128) + 2(—162% + 50/ — 24)
= —162° + 802> — 32/ — 128.

Setting this expression equal to zero gives the cubic equation satisfied by accept-
able values of 4:

23 —5242,4+8=0,
A4+ D(A—=2)A—4)=0,

= Jl=—1lor2ord4d

The three required vectors u’ must have components that satisfy:

For /. = —1

8&x —y+5z=0,
—x+17y+5z=0, = u'=(2 1, =3)".

For A =2

—x+2y—4z=0,
2X4+2y+22=0, = u’

(_27 1> l)T -
For 21 =4

—7x+4y — 10z =0,
4x—8y =0, = =21, -1
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The final step is to form the transformation matrix P, using these three vectors
as its columns:

and read off from its rows the required transformation
x=20—-2n+2y,
y=<Cc+n+y
z=-=3+n—71

[They are not needed for the question as set, but the transformed expressions
are 16&% + 16n° + 4x* and —16&% + 320 + 16)2; as expected, they contain no
cross terms. Note that corresponding coefficients are in the ratio given by the
associated eigenvalue. Explicitly: —16/16 = —1 for &; 32/16 =2 for 5; 16/4 =4
for y.]

9.10 Use the Rayleigh—Ritz method to estimate the lowest oscillation frequency
of a heavy chain of N links, each of length a (= L/N ), which hangs freely from
one end. Consider simple calculable configurations such as all links but one vertical,
or all links collinear, etc.

Intuitively, having all links collinear should give a good estimate of the lowest
oscillation frequency of the chain. However, the example discussed in the text,
of a rod on the end of a string, suggests that in the true lowest-frequency mode
the lower links will tend to be at a larger inclination to the vertical than are the
upper ones.
With 0; as the (small) angle the ith link makes with the vertical, the potential
energy of the ith link is
i1 u mga i1
nga(l—cosﬁj)—l—mgz(l—cos&)z 5 Z@f%—;@f
=1 j=1
The lateral velocity of the same link is
i1
Z a9j + éa@,‘.
j=1
The link’s kinetic energy is therefore

i—1

1 , .
2m Zaﬂj—i— éaﬂi
j=1
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It also has some rotational kinetic energy about its own centre of mass but this
is small compared to the two contributions considered above and can be ignored
in an estimate such as this.

The two quadratic forms xT Ax and x"Bx are, respectively, the total kinetic energy
divided by w? and the total potential energy. We now evaluate them with the
trial configuration

x=(01 02 ..., 00) =1, 1, ..., DL

The contribution of the ith link to the potential energy is

i—1
mga 2, 12| _mM&a .. g\ 5
5 ;9j+29i =5 (i— 5o,

and its contribution to xTAx/w? is
1 i—1 2
/ 1/ _ S 12,2
)M Zaej—i—za& = (i—5)o
j=1
For the whole chain:
V= émgaoc2 ZiN=1(i — ;)
= Imgac’[ JN(N + 1) — N ] = mgao>N>.
T
=m0 (i}
= Ima?’[ IN(N+ 1)2N + 1) — IN(N+ 1)+ IN]
~ émazfsz3 for large N.
Thus the estimate is
I~ imgaa2N2 _ 3g _ 3g'
éma2a2N3 2Na 2L
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Vector calculus

10.2 At time t = 0, the vectors E and B are given by E = Ey and B = By,
where the fixed unit vectors Ey and By are orthogonal. The equations of motion
are

dE

=E B x E,
dt o+ B X Ky
dB

=By + E x By.
o 0 + K X By

Find E and B at a general time t, showing that after a long time the directions of
E and B have almost interchanged.

Use a coordinate system in which Ey has components (1,0,0) and By has compo-
nents (0, 1,0). Then

B x Ey=(0,B.,—B,) and E xBy=(—E.,0,E,)

and, on equating components in the equations of motion,

dE dE, dE

=1 Y =B, *=_B
dt ’ dt 24t y’
dB dB dB

Y~ _E V=1 ‘= E,.
dt 2odt ’ dt

Recalling that E(0) = 1 = B,(0), we see that the first and fifth of these equations
integrate to

E.=t+1 and B, =t+1.
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We note that all other components have zero values at t = 0, leading to:

dciz =E.=t+1=B.=1+1,
dftz =—B,=—t—1=E =-1—1
dfty =B. = 0 +t=E, =+
dftx =—E.=1+t=B,= '+
Thus,
E@)=(@+1L 0432 2= and B@t)=(+ 12+ 112+

So, after a long time, when the terms cubic in ¢t dominate, E is almost along the
y-direction and B is almost along the x-direction, i.e. the directions of E and B
have almost interchanged.

10.4 Use vector methods to find the maximum angle to the horizontal at which
a stone may be thrown so as to ensure that it is always moving away from the
thrower.

The equation of motion of the stone is
F=g with #0)=vy and r(0)=0.
Integrating the equation with the given boundary conditions yields
i=gt+v and r=lg’+vo
The requirement that the stone is always moving away from the thrower can be
expressed as i -r > 0 for all ¢, i.e. that i - r = 0 has no real roots for t > 0:
1+ v g + 0kt >0
for all ¢, which requires that

4x g% x v > (3)(vo - 8)°,

8 .
s
9 wg

This means that the angle between the initial trajectory and the vertical must
exceed cos™!0.9429 = 19.5°. The maximum permitted angle to the horizontal is
therefore 70.5°.
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10.6 Prove that for a space curve r = r(s), where s is the arc length measured
along the curve from a fixed point, the triple scalar product

dr  d’r\ d’r
X .
ds — ds®) ds?
at any point on the curve has the value x’>t, where K is the curvature and t the
torsion at that point.

We start from the relationship
b=txn

in which b, t and f are respectively the binormal, tanget and normal unit vectors at
a point on the curve. This is differentiated with respect to s and use is made of the
Frenet-Serret formulae. One of these is needed in the form ri = dt/ds = d°r/ds>
or, in terms of the radius of curvature p, i = p dt/ds = p d*r/ds>.

b= t XA,

dﬁ=<ﬁxﬁ>+<fxdﬁ>
ds ds ds )’
i}
<)
Tpdzr_0+drx (f)
ds? d
(dsz)
dr  dr dr  d’r\ dp
:p<dsxds3)+(dsxdsz> ds’

We now take the scalar product of this vector equation with d’r/ds*> (sometimes
written as ki) and obtain

>
U

A dr  &r\ d’v  dp [dr dzr d’r
e @) =p{ X o ) e Toas \as X)) as

o (dr d3r d2r+0
" ds ds3 ds? ’

2o (A dr\ &
ds = ds?) ds>’
i.e. as stated in the question.
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10.8 The shape of the curving slip road joining two motorways that cross at
right angles and are at vertical heights z = 0 and z = h can be approximated by
the space curve

J2h zmy ., A2h, . rzmy .
r= " lncos(zh)l-l— - In sin (2h>]+zk.
Show that the radius of curvature p of the slip road is (2h/m)cosec (zx/h) at

height z and that the torsion t = —1/p. (To shorten the algebra, set z = 2h0/n
and use 0 as the parameter.)

The slip road is given by
r = A(lncos 6, Insin 0, \/20),

where A = /2h/n. It follows that

dr
gy = Al=tan0, coto, J2)

and
ds 2 2 1/2
a0 = A(tan~ 0 + cot” 0 + 2)
= A(sec? 0 + cosec 20)"/?
A A

(sin? 6 cos? 0)1/2  sinfcos0’
Next,

dr dr do
ds ~ do ds

= A(—tan#, cot, \/2)

t=
sin 0 cos 0

A
= (—sin® 0, cos® 0, +/2sin 0 cos0).

from which it follows that

1. dt dt d0  sinfcos0 . .
pn = s T d0 ds 4 (—sin26, —sin 20, \/2 cos 20).
Thus,

/2sin0 cos 0
A

I sin 0 cos 0
0 A

and, as was required to be shown,

(sin” 20 + sin® 20 + 2 cos? 20)!/% =

2h nz
p = /24 cosec 20 = i cosec ( I ) .
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With fi a unit vector in the direction of dt/ds, we have

jz(—sin 26, —sin20, \/2cos26) and
t = (—sin’ 0, cos® 0, /2sin0cos0),
= b=1txf=(cos’0, —sin>f, \/2sin0cos0h).
db  db do  sinOcos0
ds — do ds A
_ \/2sin(9c059fl
4 .

A
n

an (—sin 20, —sin20, +/2cos20)

From this it follows that

TV T 2h

R db_—\/2s1n9c050= T sin(m)=—1

10.10 Find the areas of the given surfaces using parametric coordinates.

(a) Using the parameterization x = ucos¢, y = usin¢, z = ucotQ, find the
sloping surface area of a right circular cone of semi-angle Q whose base has
radius a. Verify that it is equal to ;x perimeter of the base X slope height.

(b) Using the same parameterization as in (a) for x and y, and an appropriate
choice for z, find the surface area between the planes z =0 and z = Z of
the paraboloid of revolution z = a(x* + y?).

(a) With x = ucos ¢, y =usin¢g, and z = ucotQ,

or .
= (cos ¢, sin ¢, cotQ),

ou

gg = (—usin ¢, ucos ¢, 0),
or  or .

X = (—ucos ¢ cotQ, —usin ¢ cotQ, u),

ou 00
or X or = u(1 + cot? Q)'/? = y cosec Q.
ou 00

Thus dS = ucosec Qdud¢ and the total surface area is

2n a
S = / d¢/ ucosec Qdu = ma*cosec Q.
0 0

This can clearly be written as ; X 21ma X acosec Q, i.e. ;x perimeter of the base

x slope height of the cone.
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(b) With the given parameterization for x and y, we have

z = a(x* +y?) = w?,

and so

dr _ (cos ¢, sin ¢, 20u)
du - > > >
dr .
i~ (—usin ¢, ucos ¢, 0),

or or b 7 .

ds = X dudp = | (—2ou” cos ¢, —2ou”sin ¢, u)|dudep
ou  0¢

= (* 4 4*uM"? dudp = u(1 + 4*u*)' > dud.

The total area is thus

12

2n (Z /o)
S =/ dqs/ u(1 + 4o?u®)? du
0 0

2 (1 +42u?)3? @ /'
o [3 8oc? ]0

- 6’;2 [(1 A 1] .

This is only the curved surface area; if the plane end of the paraboloid is also
counted, an additional 7nZ /o must be included.

10.12 For the function
7x27y2

z(x,y) = (x* — y?)e ,

find the location(s) at which the steepest gradient occurs. What are the magni-
tude and direction of that gradient? The algebra involved is easier if plane polar
coordinates are used.

The function is antisymmetric under the interchange of x and y and so we need
to consider explicitly only x > 0.

With x = pcos¢ and y = psin¢ we can write z(x,y) = f(p, ¢p) as
f(p, d) = p*(cos® ¢ — sin’ (/5)63_"2 = p?cos 2¢e“’2.
From this it follows that
Vf = (2(p — 0¥ cos 2, —2p% " sin 2¢) ,
IVF12 =4p2e 2" [(1 — p?)? cos? 2¢ + p*sin® 26 ]
= 4se [ (1 — s5)? cos?> 2¢) + ssin’ 2¢ ],
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where we have set p? = s for brevity.
For the line of steepest gradient,
(i) 0|VfI?/0¢ = 0 giving
—4(1 — 5)* cos 2¢) sin 2¢) + 4ssin 2¢h cos 2¢p = 0,
ie. sindp =0and ¢ =nn/d ors=(1—5)°=s=(3+/5)/2
(i) 0|Vf|?/0p = O or, alternatively, 6|Vf|?/ds = 0. We therefore require that
(1 —25)[(1 —5)* cos® 2¢p + ssin® 2] + s[—2(1 — 5) cos® 2¢p +sin’ 2] = 0.  (¥)
We now need to examine the various possible combinations of conditions.
For sin2¢ = 0, cos>2¢ = 1 and (*) reduces to

5417
AR

The corresponding values of |[Vf|?, obtained by direct substitution, are 0, 0.156
and 0.345.

For cos2¢ = 0, sin>2¢ = 1 and (*) reduces to

(1—=2s)(1—5P—=2s5(1—s)=0 = s=1lors=

(1—28)s+s=0 = s=0ors=1.

The corresponding values of |Vf|?, obtained by direct substitution, are 0 and
de™? = 0.541.

In the third case, when s = (1 —s)?, |[Vf|> has no ¢ dependence and takes the
form 4s?e~2, which has values 0.146 and 0.272 at s = (3 + /5)/2

The largest of these seven values is 0.541, obtained when cos2¢ = 0, i.e. when
¢ = +n/4 and s = 1. Thus the steepest gradient occurs on the circle p = 1 at the
points x = J_rl/\/2, y= w_Ll/\/2. The gradient vector there is

Vf(ps d)) = (05 _28_2 sin 2¢)
and is therefore azimuthal along the lines x +y = i\/2 and x +y = 1\/2.

10.14 In the following exercises a is a vector field.

(a) Simplify
VxaV-a) + ax[Vx(Vxa)] + axVa
(b) By explicitly writing out the terms in Cartesian coordinates prove that
[ec-(b-V)—b-(c-V)]a=(Vxa)(bxc).
(c) Prove that a x (V x a) =V(}a*) —(a- V)a.

(a) Using results given in the text for V x (¢a) and for V x (V x a), the first two
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terms can be expanded, as follows.
Vxa(V-a)=V(V-a)xa+(V-a)V xa),
ax[Vx(Vxa)] =[axV(V-a)—[ax Val.
Substituting these into the original expression gives
V(V-a)xa+(V-a)Vxa)+axV(V-a)—axVia+ax Via
Thus the original expression is equal to (V - a)(V x a).

(b) The first term on the LHS is

Oa,

0z

Oa, day
c-(b-V)a=cby ox +cib, oy + c\b,

day day day
+ ¢,by ox +c,b, oy os
Oa, oa.
Y oy + b .

? 0z
The second term has the same form, but with b and ¢ interchanged. The difference
between the two is therefore

+cyb.

+c.b

aa.\‘ aax aa,

(cxby - bxcy) dy + (cxb; — byc:) oz + (cybx - bycx) a;
aa, aaz aaZ
+ (Cybz - bycz) a; + (Csz - bzcx) Ox + (czby - bzcy) ay .

B day,  Oay da. day
= (bxcy — bycy) ( ox  dy ) + (byc, — b.cy) ( oy " oz )

da, 0Oa,
+(bzcx - bxcz) ( Oz - ax)

= (b xc¢).(Vxa), +(bxc)(Vxa)+(bxc)(Vxa),
= (b xc)-(V xa),

as stated.

(c) Consider the z-component of the LHS.

[a x (V xa)]. =a.(V xa), —a,(V xa),

B da, B oa. B da. B day
=%\ oz Tox ) T\ oy T oz
day da, da, da, da, da,

y Z
= dy +a + a, —da,
0z Y oz 0z

10
=50 (a§+ai+af)—(a-V)az

= [V(}d*) —(a-V)a],

= z-component of RHS.
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In the third line a,(0a./0z) was both added and subtracted. The corresponding
results for the x- and y-components can be proved in the same way, thus
establishing the vector result.

10.16 Verify that (10.42) is valid for each component separately when a is the
Cartesian vector x*yi+ xyzj+ z2yk, by showing that each side of the equation
is equal to zi+ (2x +2z)j + xk.

With a = (x?y, xyz, z°y) we have:

For the RHS V-a=2xy+ xz + 2zy,
V(V-a)= 2y +z, 2x+ 2z, x+2y),
Via = (2y, 0, 2y),
V(V-a)—V?a = (z, 2x + 2z, x).

For the LHS Vxa=(z>—xy, 0, yz —x?),
V x (V xa)=(z, 2z + 2x, x).

This verifies that the vector equality is valid term-by-term for this vector field
expressed in Cartesian coordinates.

10.18 Ewvaluate the Laplacian of a vector field using two different coordinate
systems as follows.

(a) For cylindrical polar coordinates p, ¢,z evaluate the derivatives of the three
unit vectors with respect to each of the coordinates, showing that only 0€,/0¢
and 0é,/0¢ are non-zero.

(i) Hence evaluate V?a when a is the vector &,, i.e. a vector of unit
magnitude everywhere directed radially outwards from the z-axis.
(i1) Note that it is trivially obvious that V xa = 0 and hence that equation
(10.41) requires that V(V - a) = V?a.
(ii1) Evaluate V(V - a) and show that the latter equation holds, but that

[V(V -a)], # V’a,.

(b) Rework the same problem in Cartesian coordinates (where, as it happens,
the algebra is more complicated ).
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dé, = —dge,

AY

Figure 10.1 The changes in the unit base vectors calculated in exercise 10.18.

(a) It is clear that €, does not depend upon the position at which it is evaluated
(recall that the vectors are determined by their magnitudes and directions, and
not by their absolute positions in space); consequently all of its derivatives are
Zero.

Equally, e, and &, are unaltered if only the value of z is changed; thus de,/0z =
0e,/0z =0.

In the same way, 0¢,/0p = 0€4/0p = 0 are both zero.

That leaves only possible variations of €, and &4 with ¢ to consider. Figure
10.1, a section in any plane of constant z, shows these two unit vectors and the
changes in them. When ¢ is changed to ¢ +d¢, €, changes direction by d¢ and its
vector position has been changed by an amount 1 X d¢ in the azimuthal direction
parallel to &, ie.
oe
de,=dde;, = P =28,
14 (i) ¢ ad) ¢

The same change, d¢, also causes &4 to change direction and alter its vector
position by an amount of magnitude d¢. But this change is along the radial
direction €, and directed towards the polar axis, i.e.

A . oe R
dey = —dope, = (3(; = —e,.
(i) With a = (1, 0, 0),

Via = V18,
_10 (0 L2k 0,
- Poo ] T p2og op T oz oz

1 o,
=0+ g O

(i1) and (iii). Using the expressions for the divergence and gradient in cylindrical
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polar coordinates, as given in the text, we have

10 1
V.a= (p1)+0+0=".
pap p
1
V(V-a)=— _&,+0¢,+0¢& =— &,
( ) P2 P ¢ P2 P

In this case, in which V x a, and hence V x (V X a), are trivially zero everywhere,
this verifies the more general result

Vx(Vxa)=V(V-a)—

However, even in this especially simple case, it is clear that Vzap = V21 = 0 whilst
the p-component of V(V - a) is equal to —1/p?; this shows that the equality does
not hold component-by-component.

(b) In Cartesian coordinates, the same vector field takes the form

= X Y 0
(X2 4 y2)1/20 (222 o)

Straightforward but somewhat tedious differentiation gives the required partial
derivatives of the x-component as

day . y2 oay _ —Xy
ox (X242 0y (242
0%ay —3y%x 0%ay 2y%x — x°

ox2 (xz + y2)5/2’ ox2 (xz + y2)5/2'
Together with the obvious 0%a,/dz> = 0, these results give

Vi — —3y%x N 2y?x — x> X
dx = (24252 T (24252 T T (2 4 2

But,

Ox \ Ox dy

0
0

- al = o (G a“*’)

"‘f_

((x2 +y2 0 (P +y? )3/2>
B ((x2 + y2>l/2) Gy
thus re-establishing the result. Similarly Vzay =[V(V-a)],.

163



VECTOR CALCULUS

10.20 For a description in spherical polar coordinates with axial symmetry of
the flow of a very viscous fluid, the components of the velocity field u are given in
terms of the stream function y by

1 oy —1 oy

= 26in680° "7 rsing or

Find an explicit expression for the differential operator E defined by
Eyp = —(rsin0)(V x u)y.

The stream function satisfies the equation of motion E*p = 0 and, for the flow of
a fluid past a sphere, takes the form y(r,0) = f(r)sin’> 0. Show that f(r) satisfies
the (ordinary) differential equation

rf@ — 42 f7 4 8rf' —8f = 0.

Using the formulae given in the text, we have

rsin0 [0 aur}

VX Wo = 2 ing [ar (ruo) = 59

_1]o —1 oy 0 1 oy
Ty [ar (sine ar) 00 (rzsine ae)]
1 @y 1o 1y

T rsin@ a2 1300 (sine ae)'

Hence, E is the operator

E_ 02 +sin9 0 1 0
o2 r2 00 \sin0d0 )"

With y(r, 0) = f(r)sin 0,
I a2
Eyp = f"sin” 0 + 220 sin 0
2
= <f”— {) sin® 0,
¥
02 2f sinf 0 1
2 " )
Bo= 0o (s r2)5m9+ % i (smoso) (17 =350

—sin?0 | f@— 0 < 2rf2’>] 2s1n 0 (f )

—sin2 0 {f(‘t 12f 4f" B 2f// f f// f:| o

fsinf 0 (ZSinHCOSH)

T3 R R
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Simplifying then gives

41" 8f"  8f
4 _
f()_ 2 + P =0,

in agreement with the equation stated in the question.

10.22 Non-orthogonal curvilinear coordinates are difficult to work with and
should be avoided if at all possible, but the following example is provided to illus-
trate the content of section 10.10.

In a new coordinate system for the region of space in which the Cartesian coor-
dinate z satisfies z > 0, the position of a point r is given by (o, %, R), where o
and oy are respectively the cosines of the angles made by r with the x- and y-
coordinate axes of a Cartesian system and R = |r|. The ranges are —1 < o; < 1,
0<R< .

(a) Express r in terms of o4, 0z, R and the unit Cartesian vectors i, j, k.
(b) Obtain expressions for the vectors e; (= dr/day,...) and hence show that the
scale factors h; are given by
R1_21/2 R1_21/2
hy = ( 20‘2)2 = ( 2“1)2 L =1
(1—of —o3)l/? (1 —of —a3)l/?
(¢) Verify formally that the system is not an orthogonal one.
(d) Show that the volume element of the coordinate system is

o R2 dOC] dOCz dR
T o -
and demonstrate that this is always less than or equal to the corresponding
expression for an orthogonal curvilinear system.
(e) Calculate the expression for (ds)* for the system, and show that it differs
from that for the corresponding orthogonal system by
20(]0{2R2

l—oc%—oc

av

D) dOC]dOCz.
2

(a) Clearly, x = Ray, y = Roy and, since z2 = R> — x> — )%, z = (1 — o} — o3)!/?R.
To save space we will write (1 —o? —a3)"/? as f and (1 — o} —o3)~V/? as y. We
note that fy = 1 and that df/00; = —ya;. Thus,

r= OC]Ri + OCsz + ﬁRk
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(b) The tangent vectors are

or
= =Ri+0j—Ryo k
or . .
e = =0i+ Rj— Ryw k,
60(2
r . .
es=_  =auitouj+pk,

JOR

and so the scale factors are

h = R* + R*?af = R’ (1 —ad) = hy = Ry(1 —3)'/?,
B = R+ B3 = R (1 — ) = hy = Ry(1 — o),
BR=d4+d4+p>=1=hy=1

(c) Consider the scalar products:

e e =0+0+R*ua #0,
e -e3=oc1R+0—,8yoc1R=O,
e -e3=0+0R—fysR=0.

These show that, whilst both e; and e, are orthogonal to e;, they are not
orthogonal to each other, i.e the system is not an orthogonal one.

(d) The volume element is
dV = doy doy dR \(el X e2) . e3|
= doty doy dR (RPyou, RPyan, R) - (o, o2, f)

= doy doy dR R*(yoid + yo3 + )
= doy doiy dR sz.

If the system were an orthogonal one, the elemental volume would be
dV | = hyday hydoy h3dR = R*p*(1 — o3)V2(1 — o2)V/? doy doy dR.

The ratio of the two is

dv 1 (1 — o2 —ad)l/?

AV~ oy — )21 —a2)12 T (1 — a2 — o + aded)/

This is always less than or equal to unity, with equality only when o and/or o,
is equal to zero.
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(e) We first note that dff = —yay doy — oy doy. Then,

(ds)> = (Rdoy + o1 dR)* + (R doz + 02 dR)* + (Rdp + f dR)?
= (doy*(R* + R*y%a) + (doa)* (R + R*y*es3)
+ (dR)* (o + 0 + B°) + (dory dog) 2Ry o1 %2)
+ (dOCl dR)(zROQ — ZRﬁ“/(Xl) + (d:‘lz dR)(2Roc2 — 2R,Byo<2)
= R*)*(1 — 03)(dory)* + R*p*(1 — o) (derp)?
+ (dR)* 4+ 2R*y*ayat> doy dos
2R2061 %)

doy doty.
1—o?—0o3

= hi(doy)? + h3(doy)® + h3(dR)* +

This establishes the stated result.

10.24 In a Cartesian system, A and B are the points (0,0,—1) and (0,0, 1)
respectively. In a new coordinate system a general point P is given by (uy,uy,u3)
with u; = ;(rl +1), up = é(rl —1), us = ¢, here ry and r, are the distances AP
and BP and ¢ is the angle between the plane ABP and y = 0.

(a) Express z and the perpendicular distance p from P to the z-axis in terms of
Ui, Up, Us.

(b) Evaluate dx/du;, 0y/du;, 0z/0u;, for i =1,2,3.

(c) Find the Cartesian components of W and hence show that the new coordi-
nates are mutually orthogonal. Evaluate the scale factors and the infinitesi-
mal volume element in the new coordinate system.

(d) Determine and sketch the forms of the surfaces u; = constant.

(e) Find the most general function f of u; only that satisfies V>f = 0.

We have the following five defining equations:

Q) B =x*4+y+ @z +1)>

(i) B =x>+y* +(z—1)%

(1) ry +r = 2uy, 1 <u < oo,
(iv) ry — 1y = 2un, —1<u <1,
(V) ¢ = us.

(a) Multiplying (iii) by (iv) and subtracting (ii) from (i) gives the equality
4uju, =r%—r§ =z+1P—z—11=4 = z=uuw.
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Writing p*> = x? + y2, the addition of (i) and (ii) gives
2p2 42242 = rf + r% =(u + u2)2 + (u; — u2)2 = 2u% + 2u%,
p? =u%+u§—u%u%—1
= (uj = 1)(1 —u3).
pdp=(1— u%)ul du; — (u% — Duy dus.
(b) and (c)

r=pcosuzi+ psinusj+ujuz k,

i 1 —u3 1—ud) . .

u = r_al—w) cosuzi—+ (1 =u) sinuzj+ uy kK,
51/!1
0 21 2-1) .

u = ro_ el )cosu3i— ua ey )51nu3j+u1 k,
Ouy p p
or . . .

uz = = —psinuzl+ pcosusz]j.
éug

Next, consider the scalar products:

1—ud)w? —1
L uzz)(ul )(_ cos
p
= uur(1 — cos® uz — sin’ uz) =0,

2 uz — sin’ u3) + ugup

u cuy3 =—(1— u%)ul cosuzsinuz + (1 — u%)ul sinuz cosuz = 0,

u - u3 = (u% — 1)uy cosuz sinuz — (u% — 1)uy sinusz cosuz = 0.
Thus, the new coordinates form an orthogonal system. Further,

(1 —ud)>u? ) u? — u3

-2
= 5 (cos? us + sin® uz) + u3 5 ,
o uy—1

2 2,2 2.2

uy —1)7u . uy —u
h%z(l 2) 2 (cos® uz + sin’ u3) + uf = 11 2,
—u

2

h% = p>(sin® u3 + cos® uz) = p?,

giving the scale factors as

29 29
N ) _ Ul — U3 _ 2 )
hl—\/u%_l, hz_\/l—uz’ h3—\/(“1 D1 —u3).

The volume element is
dV = hihyhs duy dus dus = |u} — 3| duy dus dus.

(d) Since one definition of an ellipsoid is the locus of a point the sum of whose
distances from two fixed points is a constant, the surfaces u; = ;(rl +m)=c
must be ellipsoids, all with foci at (0,0, +1). The range of ¢ is 1 < ¢ < oo, with
¢ = 1 corresponding to the line 4B.
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Similarly, u» = }(ry —r2) = ¢, with —1 < ¢ < 1, is a set confocal hyperboloids.
The extreme values for ¢ of +1 and —1 correspond to the parts of the z-axis
1 <z<ooand —1 >z > —oo, respectively.

The surfaces u3 = constant are clearly half-planes containing the z-axis.

(e) If f = f(uy) is a solution of V?>f = 0, then Laplace’s equation reduces to
0— 0 [ hhs of
n 6u1 h] 6141
p \/u%—l\/u%—l\/l—ug of
6u1 \/1 o u% 6u1

Integrating this and simplifying the factor containing square roots, now gives
of k k k

oup  ui—1 20w —1) 2u+1)
which on further integration gives the most general function of u; that satisfies
Laplace’s equation as
1—1

+B,

u
=A1
fuy) nu1+1

where A and B are arbitrary constants.
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Line, surface and volume integrals

11.2 The vector field Q is defined as
Q=[x +2)+y +2]i+ 3z +x) + 27 +x°]j
+ B2 x+y)+ X+’ ]k
Show that Q is a conservative field, construct its potential function and hence

evaluate the integral J = [ Q- dr along any line connecting the point A at (1,—1,1)
to B at (2,1,2).

To test whether Q is conservative we consider the components of V x Q, which
are

00, 00,

(VX Q) = a% - a% =322 4+3y}) — (3y* +3z%) =0,
(VxQ), = aa% - aanz =(Bx*4+322)— (322 +3x%) =0,
(VxQ). = a@%’ — 66%“ = (3y° 4+ 3x%) — (3x> + 3)?) = 0.

Hence, V x Q = 0 which implies that Q is indeed a conservative field.

Let its potential function be ¢(x,y,z) = f(x,y,z) + (v, z) + h(z). Then, from the
x-component of Q,
of
0x

From its y-component,

=30 +2)+y 4+ = fluyz) =Xy +z2)+x( +27).

0
x* 43y x + ai =3’z+x)+20+x = gnz2)=yz+2).

170



LINE, SURFACE AND VOLUME INTEGRALS

And finally, from its z-component,

oh
x3+322x—|—y3+322y+02=322(x+y)+x3+y3 = h(z)=c.

Thus,

D6 y,2) =Xy +2)+ (P + )+ Yz + 2y e
= yz(y® +2%) + 2x(2? + %) + 3y (x4 %) + ¢

Because the field is conservative, J is independent of the path taken and equal to
P2, 1,2) —p(1,—1,1) = (52 +¢) — (=2 + ¢) = 54.

11.4 By making an appropriate choice for the functions P(x,y) and Q(x,y)
that appear in Green’s theorem in a plane, show that the integral of x — y over
the upper half of the unit circle centred on the origin has the value —%. Show the
same result by direct integration in Cartesian coordinates.

To obtain the integral of x — y over the bounded region we must choose Q(x, y)
such that dQ/0x is x, and P(x, y) such that dP /0y is y. Clearly Q(x,y) = éxz and
P(x,y) = é y2 will do. Green’s theorem then reads

;jé(yzdx—i-xzdy) =//R(x—y)dxdy.

We now evaluate the line integral on the LHS using x = cosf and y = sin6
on the semi-circular part of the contour and ordinary integration with y = 0 on
the straight-line portion joining (—1,0) to (1,0). Clearly, the latter contributes
nothing, as both y =0 and dy = 0.

With this parameterisation, the integral is
1= / sin” 0(— sin 0 d0) + cos® O(cos 0 d0)
0

=—/ (1—00520)sin0d9+/ (1 —sin’0)cos 0 do
0 0

T T

1 1
= [cosf — _cos’O| + |sin0— _sin’6
3 0 3 0
4

2
=2 0—0=—_.
HEN 3

2

The integral of x — y is therefore one-half of this, i.e. —3.
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As a double integral in Cartesian coordinates, we have

1 J1—x2 1 1 ,
/_ldx/() (x—y)dyz/_1 [x\/l—xz—z(l—x)] dx

1
__1 _23/21_1 _X3
_[3(1 x) L2 s

=0—-0—1+1=-12

11.6 By using parameterisations of the form x = acos" 0 and y = asin" 0 for
suitable values of n, find the area bounded by the curves

X525 = 25 and X3 4y = @23,

Consider first x*/° + y*3 = a*/3, which is clearly parameterised by x = acos’® 0
and y = asin’ 0. As shown in the worked example in section 11.3, the area of a
region R enclosed by a simple closed curve C is given by 4 = ; §C(x dy —ydx) =
$c xdy = — §. ydx. Applying this to the present case,

A = ;%(xdy—ydx)

1 2n
=, / [ 5a* cos® 0 sin® 6 cos O — 5a* sin® 0 cos* O(— sin 0)] d6
0

1 2n
= / 54> cos* 0 sin* 0 do.
2 /o

In the same way, the area bounded by x*/3 + y?/3 = a?/3 will be given by

L[ :
Ay = / 3a® cos® 0 sin” 6 do.
2 Jo
Integrals of this sort were considered in exercise 2.42 where it was shown that
/2 —1 —1
J(m,n) = / cos" Osin"0d0 =" Jm—2,m)= " Jmn—2),
0 m+n m+n

with J(0,0) = /2. Hence,

2
A = 5; 4J(4,4) = 10a2§.](2,4)
154% 1 5a% 3
= S04 ="0 0.2
154% 1 15na®
32 2J(0’0)_ 128 °

172



LINE, SURFACE AND VOLUME INTEGRALS

In the same way,

2
Ay = 3; 4J(2,2) = 6a> iJ(O, 2)
3a% 1 3na?
2 2J(O’O) 8

The area in the first quadrant enclosed between the two curves is therefore

wd? 3 15 _337m2
8 128) 128 °

11.8 Ceriticise the following ‘proof” that © = 0.

(a) Apply Green’s theorem in a plane to the two functions P(x,y) = tan~'(y/x)
and Q(x,y) = tan~'(x/y), taking the region R to be the unit circle centred
on the origin.

(b) The RHS of the equality so produced is

y—X
//R 2 4y dx dy

which, either by symmetry considerations or by changing to plane polar co-
ordinates, can be shown to have zero value.

(c) In the LHS of the equality set x = cos0 and y = sin0, yielding P(0) = 0
and Q(0) = n/2 — 0. The line integral becomes

"1™ 0) cos 0 — 05in0 do,
[1G-0) |

which has value 2.
(d) Thus 2n = 0 and the stated result follows.

All of the mathematical steps are as indicated with, in part (b),

0P X a0 y
= d =
dy  x24y? e ox T x4 y?’
and, in part (c),
_; sin0 cos 0

— ol _T_
siné)_tan cotd ) 0.

The non-zero contribution to the integral on the LHS comes from the integral of
0 (—sin 0 d0). Thus the false result does not arise from an algebraic or integration
error.

P =tan 9=9 and Q =tan™!
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However, the functions P(x,y) = tan~!(y/x) and Q(x,y) = tan~'(x/y), are not
continuous (let alone differentiable!) at the origin. As this point is enclosed by
the contour, the conditions for Green’s theorem to apply are not met and the
‘proof” is false.

11.10 Find the vector area S of the part of the curved surface of the hyperboloid

of revolution

x> 2422
@ b

that lies in the region z > 0 and a < x < Aa.

=

The curved surface in question, together with the semicircular intersection of
the hyperboloid with the plane x = Ja and its hyperbolic intersection with the
plane z = 0, make up a closed surface. Since the vector area of a closed surface
vanishes, the vector area of the curved surface can be found by subtracting the
vector areas of the other two plane surfaces from 0. Thus, S = —S; i+ S, k where
Sy is the area of the semicircle and S, that of the hyperbolic intersection.

For Sy, x = Za and

22 . y2 422
@

i.e the radius of the semicircular intersection is b\/i2 — 1 and the corresponding
area is Sy = Jnb*(2* — 1).
2 2

and X Y

For S5, z =0 and 2w
writing cosh™! 1 as p, we obtain

la 2
Sz=/ Zb\/xz—ldx
B a

1

= / 2b sinh 6 (a sinh 0 dO)
0

=1 and so, making the substitution x = acosh 0 and

mn
:/ ab(cosh 20 — 1)d0
0

) u
_ b [smh20 _ 9}
2 0

= ab(In72 — 1 —cosh™" ).
In summary, S = —7b*(22 — 1)i + ab(A/72 — 1 —cosh™' 2) k.
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11.12 Show that the expression below is equal to the solid angle subtended by a
rectangular aperture of sides 2a and 2b at a point a distance c¢ from the aperture
along the normal to its centre:

Q—4/b “ d
=)y 02+ )2+ 2+ )2 V.

By setting y = (a®> + ¢*)'/? tan ¢, change this integral into the form

# 4accos
dg,
/ 0 dg

2+ a’sin® ¢

where tan ¢1 = b/(a®> + ¢*)'/?, and hence show that

. 1 ab
Q =4tan L(az B2 +c2)1/2] .

The general expression for the solid angle subtended at the origin is

gz/'f?
S r

In the present case, taking the plane’s normal along the z-axis, r = xi+ yj+ck
and dS = dx dy k. Therefore

a rb
0_ 4/ / cdxdy .
o Jo (+x>+y2)32
If we write ¢> + y*> = p? and x = ptan0 with tan~!(a/p) = u, then this becomes
u 2
0_ 4/ / cpsec-0do
o (p?sec?0)3/2
/ / ccosG

4/ csm,ud
o P

a a
(az +p2)1/2 - (az 42 +y2)1/2’

Now,

sinpu =
and so
Q—4/b “ d
N e e L
as given in the question.
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Next, as suggested, set y = (a®>+c?)'/? tan ¢ and define ¢; by b = (a*+c?)'/? tan ¢b;.
Then,

O — dae /‘7" (a@®> + ) %sec’ pdg
B o [+ (a>+ 2)tan® ¢ (a2 + )2 (sec? p)1/2

— dge /4" secp d¢
o ¢+ (a*+c?)tan’ ¢

=4ac/¢l cos¢pde
o a’sin® ¢+ c?

_4ac/¢' cos¢pde
0

a2 2

) C
sin” ¢ +
¢ 2

4 1 d)l
e {a tan—! asm¢]

a | ¢ C 0

ab
c(a® + 2 + b2)1/2’

_j asin¢; _
! =4 tan™!

=4 tan
This establishes the explicit expression for the solid angle subtended by the
rectangle.

11.14 A vector field a is given by (z> + 2xy)i + (x? + 2yz)j + (y> + 2zx) k.
Show that a is conservative and that the line integral [ a-dr along any line joining
(1,1,1) and (1,2,2) has the value 11.

We show that the field is conservative by showing that it is possible to construct
a suitable potential function, as follows.

gf =242y = P(x,y,2)=x2>+ x>y + f(y,2),
0 0

o=+ T o =y
ay dy
0% =>4+ 22x =2xz 4> + o8 = glz)=c

0z 0z

Thus
¢(x,y,2) = x2* +X°y + Pz +¢
is a suitable potential function.

It follows that the line integral of a along any line joining (1,1, 1) to (1,2,2) has
the value ¢(1,2,2) — ¢(1,1,1) = (14 +¢) — (3 +¢) = 11.
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11.16 One of Maxwell’s electromagnetic equations states that all magnetic fields
B are solenoidal (i.e. V-B = 0). Determine whether each of the following vectors
could represent a real magnetic field; where it could, try to find a suitable vector
potential A, i.e. such that B =V X A. (Hint: seek a vector potential that is parallel
toVxB.):

Bob

r3
22 :

(a) [(x —y)zi+ (x — y)zj+ (x> — y}) K] in Cartesians with r* = x>+ y> +

Byb? . . A
(b) 33 [cos O cos ¢ & —sin O cos ¢ & +sin20 sin ¢ &g] in spherical polars;

A

1
(c) Bob? e, + B2 4 52 €. | in cylindrical polars.

zp
(b + 22)2

(a) We calculate V - B in Cartesian coordinates.

V-B__3(x—y)zx+ 2 3(x—yzy oz _3(x2—y2)z

Bob r 3 P r3 P
22
= O 5 )z #0 = B cannot be a real field.
(b) Working in spherical polar coordinates:
1o, 1 J . 1 0By
V-B= r2 or ("B + rsinf 00 (sin 0By) + rsinf d¢
_ B _cos@cosqﬁ B cos¢p2sinfcosf  sin260cos ¢
-0 ré r4sin 0 r4sin 0
_ Bob*cosfcos ¢

= 4 #0 = B cannot be a real field.

(c) B has no ¢-dependence and so
10 0B.

-B = B -
\ p(?p(p o)t oz

V-B 10 pzp +6 1
Bob?>  pop \ (b2 +z2)? 0z \ b2+ z2
=0

2z 2z

T (222 (B 422
= B could be a real magnetic field.

Following the hint (and with no ¢ component or ¢-dependence in B),

VxB 1 0B 0B, 1
= 0—-0 P E 0—-0
fih (p( B ))

_ P A
B (0’ B2 T By 0)'
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V x B has only a ¢-component and so take A = (0, 44,0). We then require

(blgofjf)z —(VxA),= _@;j
= A 2(52O lj:pzz) +2(p),
bff; =(VxA). = o (pAyg)

These two equations, taken together, imply that A = (0, 4,4,0), with

A, — Bobzp
O (b2 4 22)

a suitable component. To this A could be added any vector field that is the
gradient of a scalar.

11.18 A vector field a = f(r)r is spherically symmetric and everywhere directed
away from the origin. Show that a is irrotational but that it is also solenoidal only
if f(r) is of the form Ar—.

In spherical polar coordinates, a = f(r)r = rf(r)¢,, and

e, rep rsinbeg

Vxa— 1 0 0 0
" 12¢in0 | or 00 0
rf(ry O 0

. L oarf), 1a(rf),
T rsing 9 T r a0 ©
= 0.

Hence a is irrotational. For it also to be solenoidal requires that

0=V-.a= 12 ¢ [FPrf(r)] +0+0 = r’f(n=A4 = f(r) = /i.
r? or r
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11.20 Obtain an expression for the value ¢pp at a point P of a scalar function
¢ that satisfies V>¢p = 0 in terms of its value and normal derivative on a surface
S that encloses it, by proceeding as follows.

(a) In Green’s second theorem take v at any particular point Q as 1/r, where r
is the distance of Q from P. Show that V*ip = 0 except at r = 0.

(b) Apply the result to the doubly connected region bounded by S and a small
sphere X of radius 6 centred on P.

(c) Apply the divergence theorem to show that the surface integral over X in-
volving 1/5 vanishes, and prove that the term involving 1/ has the value
47T¢p.

(d) Conclude that

1 o (1 1 [ 10¢
¢P__4n/s¢6n<r)ds+4n/sr@nds'

This important result shows that the value at a point P of a function ¢
that satisfies V2§ = 0 everywhere within a closed surface S that encloses P
may be expressed entirely in terms of its value and normal derivative on S.
This matter is taken up more generally in connection with Green’s functions
in chapter 21 and in connection with functions of a complex variable in
section 24.10.

Green’s theorems apply to any suitably differentiable pair of functions, but here
we apply them to a function ¢ that satisfies V2¢ = 0 and 1, which has a value at
any point Q equal to the reciprocal of its distance r from a fixed point P.

(a) Using spherical polar coordinates centred on P, we have

N 10 [/,0 (1 1 o(—1)
Vip =V (r) r2 or (V or (r)) r2 or 0

Thus V?yp = 0 except at » = 0 where the function is not differentiable.

(b) When these results are put into Green’s second theorem applied to the doubly
connected region bounded by S and a small sphere £ of radius ¢ centred on P,
the integrand in the volume integral vanishes, leading to

a
/1°¢ds+ 16¢d5=/¢a ! ds+/</)a 1) us.
g1 on s I on s on \r s on \'r

(c) For the term on the LHS taken over the sphere X, the factor ! is a constant
and equal to 6! and, by the divergence theorem, the surface integral of d¢/on
is equal to the volume integral of V2¢. But this is zero and so the term vanishes.
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For the term on the RHS taken over the sphere Z,

o1\ [ 1\ 1
on \r) r2). s o

The additional minus sign arises because fi is the outward normal to the space
and this is in the direction of decreasing r. The surface area is 476> and so the
value of the integral is 4n¢p in the limit of 6 — 0.

(d) Taking all terms involving integrals over S to one side of the equation, it can
be rearranged as

1 o (1 1 [ 10¢
¢P__4n/s¢6n (r> dS+4n/s r&ndS’

thus establishing the stated result.

11.22 A rigid body of volume V and surface S rotates with angular velocity .

Show that
1
0= Hy fg u x ds,

where u(x) is the velocity of the point X on the surface S.

From result (11.22), which is proved in exercise 11.24, we have in general that

/V(be)dejideb.

For the current application we set b equal to u(x) = o x x, giving

ideuz/VVx(wxx)dV
:/[w(V-x)—x(V-wH—(x-V)w—(w-V)x]dV
v

=/[3w—0—0—(wxi+wyj+wzk)]dV
v
=30V —oV.

To obtain the second line we used the standard identity for V x (a x b) (see table
10.1). Thus,

1
w——zviuxds.
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11.24 Prove equation (11.22) and, by taking b = zx%i+ zy*j+ (x> — y*)k, show
that the two integrals

Iz/xde and J=/003295in390032¢d9d¢,

both taken over the unit sphere, must have the same value. Evaluate both directly
to show that the common value is 47 /15.

We have to prove that

/V(be)dejgdeb.

Let a =b x ¢, where ¢ is an arbitrary but fixed vector. Then, from the divergence

theorem
/V'a=%a~dS,
v N
/V~(b><c)=j£(b><c)-ds,
14 N

/[c-(vxb)—b.(VXc)]dvzj{(dsxb)-c.
14 S

To obtain this last line we have used a result from table 10.1 and the cyclic
property of a triple scalar product. But V x ¢ = 0 and so

c-/(be)dec-j{deb,
v s

and, since c is also arbitrary, it follows that

/V(be)dejgcleb.

With b = zx?i+ zy?j+ (x> — y?)k,
Vxb=(=2y— )i+ (x> —2x)j.

Clearly, on (anti-) symmetry grounds, [ xdV = [ ydV =0 for integrals over the
unit sphere and so [(V x b)dV has the form (—I, I, 0) where I = [x?dV =
[y*dv.

On the surface of the unit sphere, where x = sinficos¢, y = sinfsin¢ and
z =cos0,

dS = sinO(sin 0 cos ¢ i+ sinfsin¢pj+ cos O k) dO d¢,

b = cos 0sin® 0 cos’ ¢ i + cos O sin® 0 sin® ¢ j + sin> @ cos 2¢ k.
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Thus, we have

dS x b

) .3 . _ 2 ) ) .
d0dep = sin O(sin’ 0 sin ¢ cos 2¢p — cos” 0 sin” 0 sin” ¢p) i

+ sin O(cos’ 0 sin® 0 cos® ¢ — sin® 0 cos P cos 2¢) j

+ sin 0(cos 0sin® 0 cos ¢ sin® ¢ — sin® 0 cos 0 sin ¢ cos” ¢) k.

The two terms in the k-coordinate cancel each other when integrated over
0 < ¢ < 2n. The first term in the i-coordinate can be written as g(0)(sin 3¢—sin ¢)
and therefore integrates to zero; similarly, the second term in the j-coordinate
does not contribute.

In summary, the integral § dS x b has the form (—J, J, 0) where

J= / / cos’ 0'sin’ Osin®> ¢ dO dp = / / cos” 0'sin’ 0 cos” ¢ dO dep.

It follows that the integrals I and J defined in the question are equal.

It only remains to evaluate I and J. For I we have

I=/x2dV
14

T 2n 1
= / / / r? sin® 0 cos® ¢ r* sin 0 dr d¢p dO
0 0 0
T 2n 1
= / sin® 0 cos® ¢ d¢p dO
0 0 5
biA v

= / sin 0(1 — cos® 0) do

5o
b3 2 47
5 {2 3} 15°

For J the integral is

2n T
J= / / cos’ 0sin® 0 sin® ¢ dO d¢p
o Jo
= / (cos? @ — cos* 0) sin 0 dO
0

B 2_2 _4n
7375 T 15

1.e. the same value as I.
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11.26 A vector field F is defined in cylindrical polar coordinates p, 0,z by

F=F, <x°‘;““zi+ y“;mjﬂsinxz)k)

= cos Az)e, + Fo(sin Az)k,

Fy
_ P(
a

where i, j and k are the unit vectors along the Cartesian axes and e, is the unit
vector (x/p)i+ (y/p)i-

(a) Calculate, as a surface integral, the flux of ¥ through the closed surface
bounded by the cylinders p = a and p = 2a and the planes z = +an /2.
(b) Evaluate the same integral using the divergence theorem.

(a) The flux through the cylindrical surfaces

an/2 FO 2n p=2a
:/ cosizdz [/ ppdqﬁ]
—an/2 4 0

p=a

an/2 277F,
=/ § %[ (2a)? — (a)*] cos iz dz
—an/2 a

an/2
= 67tF0a/ cosAzdz
—an/2

_12nF0aSin Ana
- 2 )

The flux through the planes

A A
= n(4a*> — a®) | Fy sin T Fysin | — ma
2 2
= 6ma’F, sin (/172161) .

Adding these together gives

Total flux = 6nF, (a2 + 2;) sin (/l;m) .

(b) Using the Cartesian form

F,
V-F= ao (cos Az + cos Az 4+ aAcos Az),
which is independent of p. Thus the p and ¢ integrations are trivial and the
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volume integral of the divergence reduces to

an/2 2 2 2
/V~FdV :/ mko(da” —a’)(2 + al) cos Az dz
v —an/2 a

sin 2z1%%/2
= 3nFya(2 4 al) [ }

A

—an/2

5 )
= 6nF, ( )a + a2) sin (Mzw) , asin part (a).

11.28 A vector force field F is defined in Cartesian coordinates by

3 2
(G e (D i ]

363 a
wair,
L

where L is the perimeter of the rectangle ABCD given by A = (0,a,0), B =
(a,a,0), C = (a,3a,0) and D = (0, 3a,0).

Use Stokes’ theorem to calculate

The rectangle ABCD lies in the plane z = 0 and so to apply Stokes’ theorem we
need only the z-component of V X F. this is given by

21
(VxF). =F (y + eV 4 (x +3Y)yex”“2)

a’  a a
y2 1 xy/a? XY xy/a*
—F 3 + e + e
a a a-
2
_ F()y exy/az'

a3

So, by Stokes’ theorem, the line integral has the same value as this component of
curl F integrated over the area of the rectangle, i.c.

a 3a 2
F )
%F-dl‘=/ dx/ dy Of e/,
L 0 a a

Since x appears in the integrand only in the form e, the x-integration is
straightforward and is therefore carried out first to give

FO 3a a2 (ey/a _ 1) y2
7{F-dr= 2 /a dy.

y
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After simplification, this can be integrated by parts to yield the final value for
the contour integral:

1
= Fo 3a%¢° — dPe — a*e + dPe — 9a2 +
a 2 2

= Foa(2¢* — 4).
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12

Fourier series

12.2 Derive the Fourier coefficients b, in a similar manner to the derivation of
the a, in section 12.2.

As explained in the text, the method of proof is almost identical to that given in
section 12.2, the only differences being multiplying the Fourier expansion (12.4)
through by sin(2zpx/L) rather than by cos(2npx/L) and using the first (12.1) and
last (12.3) of the orthogonality relations (rather than the first and second).

The given text may be taken as a model solution once these small changes have
been allowed for. There is never a by term, formally because sin(2nrx/L) is zero
for all x if r = 0.

12.4 By moving the origin of t to the centre of an interval in which f(t) = +1,
i.e. by changing to a new independent variable t' = t— ‘1‘ T, express the square-wave
function in the example in section 12.2 as a cosine series. Calculate the Fourier
coefficients involved (a) directly and (b) by changing the variable in result (12.8).

With the change in origin, the function becomes an even one and only cosine
terms will be needed. However, the change of origin does not affect the average
value of the function, which therefore remains equal to zero. This means that the
value of Ay in the cosine series will also be zero.

186



FOURIER SERIES

(a) By direct calculation:

2 (T2 2nnt’
A, = f(t')cos dr
T )1 T
4 (T2 2nnt’
= t dt
T/ f(£)cos
4 [T 2nnt’ 4 [T/ 2nnt’
= t di' — { dr'
r o SWeos T p ), S0
_ 4 [ sin@unt'/T) e , [ sin@mnt'/T) /2
B 2mn 0 2nn T/4
2707, . . . nm
= [sm 5 —sin0 — sinnw + sin 5 }
T
4
= (=)D for odd n, and = 0 for even n.
n

(b) By changing the variable in the result for f(¢) derived in the text, and writing
2n/T as w:

4 sin nwt
f(e)= E ,
T n
nodd

4 sinno(t’ + 1 T)
{') = 4
HOESDY .

>

Y
nodd

4 1. .
= Z n[sm(nwt’)cos(}‘an) + cos(nwt') sin(jnw T)].
nodd

Now, for n odd, cos(jnwT) = cos(nn/2) = 0 but sin(}nwT) = sin(nn/2) =
(=1)"=D/2 Thus, only the cos(nwt’) terms survive and

4 -1 (n—1)/2
g(t') = . Z ( )n cos(nwt).

nodd

This is, as it must be, the same result as that obtained by direct calculation.

12.6 For the function
f(x)=1—x, 0<x<l1,
find (a) the Fourier sine series and (b) the Fourier cosine series. Which would
be better for numerical evaluation? Relate your answer to the relevant periodic
continuations.

(a) Sine series. In order to make the function both periodic and odd in x, it must
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be continued in the range —1 < x < 0 as f(x) = —1 — x. The function thus has a
discontinuity of 2 at x = 0. The Fourier coefficients are

2 1
b, =2 / (1 — x)sinnnx dx
2 Jo

cosnmx 11 xcosnmx ]! I cosnmx
=24|— + — dx
nm 0 nm 0 0 nm

L

nm nm nm

Thus the Fourier sine series for this function is
2 <X sinnmx
1l—x=f(x)= .

fo="3>"

n
n=1

(b) Cosine series. In order to make the function both periodic and even in x, it
must be continued in the range —1 < x < 0 as f(x) = 1 4+ x. The function then
has no discontinuity at x = 0. The Fourier coefficients are

7l
/(1—x)cosnnxdx
2 Jo

sinnmx 11 xsinnrx 11 Usinnnx
=2 - + dx
nm 0 nm 0 0 nm
cosnmx 1!
=2(O_O+[_ n*n? }0)
(=" —1
=2 (_ n2m2

4 .
= , , forn odd, and = 0 for positive even n.
n-m

a, =2

For n = 0, the non-zero integral is ag = 2 fol(l — x)dx = 1, making the complete
Fourier cosine series representation

1 4 COSNmX
1—x=f(x)=2+nzz 2
nodd

Because alternate terms (the positive even values of n) are missing and the series
converges as n~> (rather than as n~!), it is clear that the cosine series is much
superior for calculational purposes. This superiority is reinforced by the lack
of a discontinuity in the continued function in case (b); the discontinuity in
case (a) will bring additional computational difficulty as a result of the Gibbs’
phenomenon.
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12.8 The function y(x) = xsinx for 0 < x < 7 is to be represented by a
Fourier series of period 2m that is either even or odd. By sketching the function
and considering its derivative, determine which series will have the more rapid
convergence. Find the full expression for the better of these two series, showing
that the convergence ~ n—> and that alternate terms are missing.

As the period is to be 2m, the question is how to define y(x) in the range
—n < x < 0. The even and odd continuations would be

Ve(x) =xsinx and y,(x) = —xsinx.

Both continuations make the function continuous at x = 0 and at x = +nx.
However, there is a difference in their derivatives. Both have zero derivative at
x =0, but, at x = —n, y. = = whilst y) = —=n. To avoid a discontinuity in the
derivative, the derivative of the continuation must match that of y(x) evaluated
at x = +n. The value of the latter is —=, and so the odd continuation is the one
to be preferred as it will give more rapid convergence and avoid problems arising
from the Gibbs’ phenomenon.

Thus the series is to be a sine series with

2 s
b, = 2 / X sin x sin nx dx
27'[ 0

1

= /nx[cos(n—l)x—cos(n~|—l)x]dx.
T Jo

Now, for integer p, except when p = 0,

m xsinpx |” ™ sin px cospx |" (=1 —1
/ xcospxdxz{ ] —/ dx=0+[ 5 } = .
0 14 0 0 14 14 0

=
o

When p = 0 the integral has value n2/2.

Thus
b — 1 |:(_1)n—1 -1 B (_1)n+1 _ 1:|
"Tn | (n—1) (n+1)?
:1[ -2 + 2 } for n even
n|(n—12 m+1)?2]° ’
=— 8n for n even
n(n? —1)%’ ’
b, =0 —0 for n odd, except for n =1
When n =1,

T 2
by = 1/ (1 —cos2x)dx = | {” —o] _—
s 0 T 2 2
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Finally, collecting together the results obtained,

. . 8 .
y(x) = xsinx = gsmx— i Z (nzil)z sin nx.

neven

The series converges as n/(n*)*> ~ n=3.

12.10 By integrating term by term the Fourier series found in the previous
question (exercise 12.9) and using the Fourier series for f(x) = x, show that
Jexp xdx =exp x+c. Why is it not possible to show that d(exp x)/dx = exp x
by differentiating the Fourier series of f(x) = exp x in a similar manner?

The series for exp x (found in exercise 12.9) is

@© —1y
exp x = (sinh1) {1 +2 Z 1 (~I- nlnz [cos(nmx) — nn sin(nnx)]} .
n=1

Integrating this term by term gives

I = /exp xdx = (sinh 1) {x + 22 1(_}__2;2 [ SianIX) n cos(nnx)} } .

n=1
Now the function x can be expanded in —1 < x < 1 as a Fourier sine series with
x cos(nmx) ] ! N /1 cos(nmx) 2(—1)r+!
—1 —

dx = + 0.
nm | nm nn

7 ol
b, = 2/ x sin(nnx)dx = {—

1

Thus, we may show that I has the form stated in the question as follows:

I= 2(sinh1)i: [ (m ((_l)n + (_l)m) sin(nmx)

1+ n?n?) nn
n=1
1)
+ 1(+n;n2 cos(nnx)]

= 2(sinh 1) Z [ (1) (') sin(nmx) + (=1 cos(nnx)]

— [ nn(1+ n’n?) 1+ n?n?

= exp x — sinh 1, by comparison with the original series.

If the original series is differentiated (with the aim of finding a series to represent
the derivative of exp x) it will contain the sum

) * (_1);1+1 (I’lTC)z
2(sinh 1 E .
(sinh 1) 2 L4 cos(nmx)

This sum does not converge since the terms do not — 0 as n — oco. Consequently,
no useful result is obtained.
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12.12 Find, without calculation, which terms will be present in the Fourier series
for the periodic functions f(t), of period T, that are given in the range —T /2 to
T/2 by:

(a) ft)y=2for 0<|t|<T/4 f=1for T/4<|t| <T/2;

(b) f(t) = exp[—(t — T /4)];

(c) f(t) = —1 for —=T/2 <t < =3T/8 and 3T/8 <t < T/2,f(t) = 1 for
—T/8 <t < T/8; the graph of f is completed by two straight lines in the
remaining ranges so as to form a continuous function.

If the Fourier series for f(¢) is written in the form

_ap * 2nrt . 2nrt
f(t) = ) —i—;{arcos( L >+b,-sm< L ﬂ,

then the consequences of any symmetry properties that f(¢) may possess can be
summarised by

e if f(t) is even about t = 0 then all b, =0,

if f(¢) is odd about t = 0 then all a, =0,

if f(t) is even about t = T'/4 then ay.; = 0 and by, =0,
if f(t) is odd about t = T /4 then a;, =0 and by, =0,
the average value of f(t) over a complete cycle is ;ao.

Sketching the given functions shows the following.

(a) This is a function that:

(1) is even about t = 0 = no sine terms are present;

(i1) has a non-zero average = ag (= 3) present;

(ii1) is odd about t = T'/4 once the average value has been subtracted =
dryy = 0.
Thus the series contains a constant and odd-n cosine terms.

(b) The periodic version of this function does not exhibit symmetry about any
value of ¢; there is a discontinuity of —(e~T"/16 — ¢=9T*/16) at t = T /2. Conse-
quently, all terms are present.

(c) This is a function that:
(1) is even about t = 0 = no sine terms are present;
(ii) has a zero average = ag = 0;
(ii1) is odd about t = T /4 = ay, = 0.

Thus the series consists of odd-n cosine terms only.
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12.14 Show that the Fourier series for the function y(x) = |x| in the range
—n <X <TIis

4 “. cos(2m + 1)x
Y=, 7'cm§=:0 Qm+1)2 -

By integrating this equation term by term from O to X, find the function g(x) whose
Fourier series is
4 N sin(2m + 1)x
Z 2m+1)3

Deduce the value of the sum S of the series

1 1 1

= = =g

The function y(x) = |x| is an even function and its Fourier series will therefore
contain only cosine terms. They are given, for n > 1, by

2 v
a, = 2n/ |x| cos nx dx

—T

2 b/
X cos nx dx
T Jo

. P _
X Simnx S nx
— dx
n 0 0 n

2 [cosnx}ﬂ
0

7 n?

4
=— for n odd, and = 0 for n even.
nn?

. 2 [T
The constant term is ay = / xdx = n. Thus
T Jo

4 s cos(2m+ 1)x
v =5= ">

2 L (2m 1)

We now consider the integral of y(x) from 0 to x.

X X 1
(i) For x <0, / |x'| dx' = / (—x)dx = — _x°.
0 0 2
X X 1
(i) For x > 0, / |x'| dx' = / X dx' = X2
0 0 2

Integrating the series gives

sin(2m + 1)x
Z 2m+1)*
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Equating these two results and isolating the series gives

o0

4 Z sin2m 4+ 1)x { ix(n+x)  for x <0,
n

= (2m+ 1) ix(n—x)  for x > 0.

If we set x = n/2 in this result, the sine terms have values (—1)" and we obtain

ln T A ()" 4
22(n_2)_nmz=0(2m+1)3_ns'

It follows that S = n3/32.

12.16 By finding a cosine Fourier series of period 2 for the function f(t) that
takes the form f(t) = cosh(t — 1) in the range 0 <t < 1, prove that

lnznz—f—l_ez—l'

Deduce values for the sums > (n’n> 4+ 1)~ over odd n and even n separately.

In order to obtain a cosine series we must make an even continuation f(t) =
cosh(t+1) for -1 <t <0.

The constant term in the series is ay/2 with
ap = 2/01 cosh(t — 1) dt = [2sinh(t — 1)]} = 2sinh(1).
The general coeeficient is
a, = 2/01 cosh(t — 1) cos(nnt) dt

. . 1 1 .- . .
5 [cosh(t 1) sin(nnt) } B 2/ sinh(t — 1) sin(nmnt) it
nm 0 0 nm

_0—2 [_sinh(t—zl);:os(nnt)} ! _2/1 cosh(t —21)2cos(nnt) it
n’n 0 0 n’n
Hence,
1 2 sinh(—1) 2 sinh(1)
i (1 + nznz) T o = T ey

The Fourier expansion for f(t) is thus

i cosnmt
cosh(t — 1) = sinh(1) (1 +2)° s 2) .
p 14+ n’n
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Setting t = 0 gives

1
n2n?

o0
h(1) = sinh(1) + 2 sinh(1 *
cosh(1) s1n()—1—sm()nz=;1+ (%)
i 1 cosh(l) —sinh(1)
—~ 1+ n’n? 2sinh(1)
et
e—el 21
Now, to separate the contributions to the series from the odd and the even
integers, we need an extra factor of (—1)" in each term. We get this, in the form

cosnm, by setting t = 1 and so obtain

(_1)”

1+ n?n?

cosh(0) = sinh(1) + 2 sinh(1) i: (%),

n=1
Adding (*) and (**) gives, with an obvious notation,
cosh(1) + cosh(0)
sinh(1)
Re-arrangement and substitution of explicit expressions for the hyperbolic sinu-
soids give

=2+4 z:even

lé(e—i—e*l)—i—l—(e—e*l)
& e
_3—€2+2€ B—e(l+e)  3—e

de2—1)  4le—1)e+1) 4e—1)

2"even =

It then follows that

Zodd = z‘4all - z:even

1 3—e _4—2e+e2—3
2—1 4e—1)  4e—1)
(1—e)? _e—1
der—1) 4dle+1)

12.18 Express the function f(x) = x> as a Fourier sine series in the range
0 < x <2 and show that it converges to zero at x = +2.

To ensure a sine series we take f(x) = —x? for —2 < x < 0. This means that
f(=2) = —4 and so, since f(2) = +4, we expect the series to converge to the
average value of ;(—4 +4)=0at x =+2.
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The coefficients in the sine series > b, sin(nnx/2) are

2 [,
b, =2 / X2 sin X dx.
4 Jo 2

Setting nmx/2 = y gives b, = 8I,/(nn)’ with
I, =/ y*siny dy
0
nm n
=[—y?cosy], —l—/ 2y cosydy
0
nm

= (=1)"n?n? 4 [2ysiny ] 0" — / 2sinydy

0

= (—=1)"'n’n® + 04 [2cos y "
— (_1)n+ln2n2 + 2(_1)11 9.

Thus,
_1\yn+l
b, = (=18 — 32 for n odd,
nm n3n3
_ 1 \n+l
= (=18 for n even.
nm

For x = +2 all terms in the series are zero and so this is the value of the
expansion at these points. This is not simply as expected, but inevitable, because,
for a pure Fourier sine series, the arguments of all the sine functions are bound
to be of the form nn at the end points of the period.

12.20 Show that the Fourier series for |sin0 | in the range —n < 0 < 7 is given
by
4 N cos2ml

7 4m? —1°

: 2
[sinf| = —
T
m=1

By setting 0 =0 and 0 = n/2, deduce values for

= > 1
D1 ™ D ign g
m=1 m=1

This is an even function about 0 = 0 with cosine coefficient ay given by

4
i

T 1
ay = 2 / [sinf|d0 = 2[—cosf]j=
27 i

—T
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For n > 1, we have

2 Y
a, = 2/ sin 0 cos n0 do
2n 0
AR 1)0 — si 1)0]1do
= ,[sin(n +1)0 —sin(n — 1)0 ]
_ 1 [ cos(n+1)0  cos(n—1)01"
on n+1 n—1 0
1 -1 n+1_1 _1n71_1 n
1D LD
T n+1 n—1 0
O .
=—_, if n is even, and = 0 if n is odd.
nns—1
Hence, writing n = 2m,
4 & 2
sin0] = > — cos 2mb

m i 4m? -1’

Now, setting 0 = 0 yields
2 4K 1 ~ 1 1
0="— = _.
7 n;4n2—1 - ;4;12—1 2

Setting 0 = /2, instead, gives

2 A& (1

1= .
m nn=l4n2—1

Adding this to the previous result then yields

48 1
T nooxn — 16m?—1’°
~ 1 (4 1 =
= = —1)=_-
16m2—1 8 \= 8
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12.22 The repeating output from an electronic oscillator takes the form of a
sine wave f(t) = sint for 0 <t < n/2; it then drops instantaneously to zero and
starts again. The output is to be represented by a complex Fourier series of the
form

0
§ : Cn e4ntl'

n=—0o0

Sketch the function and find an expression for c,. Verify that c_, = c,. Demonstrate
that setting t = 0 and t = nt/2 produces differing values for the sum

- 1
; tn2—1°

Determine the correct value and check it using the quoted result of exercise 12.20.

As the period of the expansion is to be 7/2 the complex expansion coeflicients
are given by

/2
b .
Cn :/ sin ¢ e
0

2
. ; 2 i
_ sint e—l4nt n/ n/2 cost e—14nt i
L —4ni |, 0 —4ni

. 2 . .
1 {cos t e"“”‘] n/ /"/2 sin ¢ e—Hnt
0

- —dni 4ni(—4ni) | 4ni(—4ni)
It follows that
T - 1 o B 1
2 t6n2) ~ 4n 162’
and hence that
2 dni—1
= ren—1

It is obvious that
. 24m(—)—1
" 1emr—1 "

The series representation is therefore

2 &K dni—1 o,
n 16n2 —1
—00

sin(t) =

(*)
Setting t = 0, equating real parts, noting that the n = 0 term has value —1 and
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that the +n-terms are equal for n # 0, together imply that

- 1 - 1 1
Zl6n2—1=0 = ;16n2—1=2'

n=—00

But, setting t = 7/2 and then equating real parts implies that

2 -~ -1 - 1 ln 2 1 =
=1 —— 1— = .
nn;wmnz—l - ;16;12—1 22( n) 27 4
These results are clearly contradictory.

As there is a discontinuity in the function, the correct value is the mean of these
two, namely 5 — §- This is the value obtained in solution 12.20.

12.24 A string, anchored at x = +L/2, has a fundamental vibration frequency
of 2L/c, where c is the speed of transverse waves on the string. It is pulled aside
at its centre point by a distance yo and released at time t = 0. Its subsequent
motion can be described by the series

0
nmx nmnct
X, t) = a, Cos cos .
y(x, 1) El n I -
n=

Find a general expression for a, and show that only odd harmonics of the fun-
damental frequency are present in the sound generated by the released string. By
applying Parseval’s theorem, find the sum S of the series Y o (2m + 1)~

Since only cosine terms are present and the spatial terms have the form cos(nmx/L),
the period of the continued function is 2L. We take its forms beyond x = +1/2
as continuing that set by the physical string; they have the common value —y
at x = +L.

The values of the a, are set by the initial displacement y(x,0) and given by
(writing /L as k)

) L
=, /4 y(x,0) cos nkx dx

2y0 L 2x
= 1—
L /0 ( L ) cos nkx dx
2y [ sinnkx L 4yo ) [ xsinnkx L / L sin nkx
_ — — dx
L nk |, L? nk |, Jo nk

4yo [ —cosnkx L
T2 n?k?

= 82y02 for n odd, and = 0 for n even.
n’n
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This shows that only the odd harmonics are present. Because of the presence of
n in the denominators of several expressions in the above calculation, the case
n = 0 needs to be considered separately; however, it is clear that the average
value of the continued function is zero and so ag = 0.

In order to apply Parseval’s theorem we need to evaluate both the integral over
one period of the square of the magnitude of the function, and the sum of the
squares of the magnitudes of its Fourier coefficients:

. I s 4yt L2 2x\’
(1) 2LLL|y(x,O)\ dx = 2L/0 1— L) dx

-]

L2

0
1
= 3%
3 1, 1 64y3  32)3 & 1
(i) 2Za"_22n4n4_ r Z(Zm—}—l)“'
n=1 nodd m=0

Equating these two expressions shows that
4

- 1
§(2m+ 1% 96

12.26 An odd function f(x) of period 27 is to be approximated by a Fourier
sine series having only m terms. The error in this approximation is measured by
the square deviation

—T

2
n m
E, = / [f(x) — Z b, sin nx] dx.
n=1
By differentiating E,, with respect to the coefficients b,, find the values of b, that
minimise E,,.
Sketch the graph of the function f(x), where

[ =x(r+x) for —m < x <0,
f(x)_{x(x—n) for 0 < x <m.

f(x) is to be approximated by the first three terms of a Fourier sine series. What
coefficients minimise E3? What is the resulting value of E3?

We minimise E,, by differentiating it with respect to b; and setting the partial
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derivative equal to zero.

m 2
E,= / lf(x) — Z b, sin nx] dx,
-n n=1

OEw _ [T b sinn | sin i
b, _/_ 2 [f(x) an smnx} sin jx dx,

n n=1

T m 1
0=2 f(x)sinjxdx—zzbnzzmsjn,
- n=1
1 [ .
= b= i f(x)sin(jx) dx,

i.e. b; is the usual Fourier coeflicient.

The function defined by

[ —x(r+x) for —m <x <0,
f(x)_{x(x—n) for 0 <x <,

is an odd function in x and therefore has a pure sine series Fourier expansion.
The expansion coefficients are given by

b, = 2/ x(x — 7) sinnx dx.
0

T

Integrating by parts, we obtain

T[b s T
n . .
= / x? sin nx dx — / 7X sin nx dx
2 0 0

—x2cosnx]" ™ DX COS nX
= + dx
n 0 0 n

—TXCcosnx|™ T 1 cosnx
— — dx
n 0 0 n

_ (—1)*g? N [2xsi;1nx} " /” 2sir;nx dx 4 (—1)"*2n? +0
n n 0 0 n n
_o0+ 22 [cosnxr’
n n Jo
ie.
8
b, =— ; for n odd, and = 0 for n even.
n

Thus, the minimising coefficients are

As the full Fourier series reproduces f(x) accurately, the error E3 using these
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three calculated coefficients must be

n © 8 2
E; =/ Z <— 2 sin nx> dx
. Y

~ " oddn=5

“ 64 1
= E 2n

21,6

oddn:STEn 2

_64§: 1
oA em 1)
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13

Integral transforms

13.2 Use the general definition and properties of Fourier transforms to show
the following.

(@) If f(x) is periodic with period a then f(k) = 0 unless ka = 2nn for integer
n.

(b) The Fourier transform of tf(t) is idf (w)/deo.

(¢c) The Fourier transform of f(mt + c) is

eiu)c/m~ w
m f(m)

(a) As f is periodic with period a,
f(x) = f(x — ma),

for any integer m. However, from the general translation property of Fourier
transforms,

Jk)y=F [f(x)]=F [f(x—ma)] = e "™ f(k).
Thus
0= Fo)(1 — &™),

implying, in the particular case m = 1, that either f(k) = 0 or ka = 2nn where n
is an integer.

(b) This result is immediate, since differentiating under the integral sign gives

df o ([ . Lo .
i ]‘;((j)) = \/1271 0 < i ‘f(t)e_"‘”dt) = \/M/_ tf(r)e " dt.
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(c) From the definition of a Fourier transform,

F [f(mt +0)] = jz [ oo

We make a change of integration variable by setting mt + ¢ = u, with dt = du/m

and —oo < u < oo. This yields
du
u e—tw(u c)/m
\/27'5 / J)

_ uuz/m / f —l(w/mu
m \/271

ezw(/m

=5 ()

F [f(mt +c)] =

as stated in the question.

13.4 Prove that the Fourier transform of the function f(t) defined in the tf-plane
by straight-line segments joining (—T,0) to (0,1) to (T,0), with f(t) = 0 outside

[t| < T, is
- T | , (0T
w) = sinc ,
o=, ()

where sinc x is defined as (sin x)/x.

Use the general properties of Fourier transforms to determine the transforms of

the following functions, graphically defined by straight-line segments and equal to
zero outside the ranges specified:

(a) (0,0) to (0.5,1) to (1,0) to (2,2) to (3,0) to (4.5,3) to (6,0);

(b) (—2,0) to (—1,2) to (1,2) to (2,0);
(c) (0,0) to (0,1) to (1,2) to (1,0) to (2,—1) to (2,0).

The function f(¢) is given algebraically by

1—1—; for =T <t <0,
1) = /
I—T for0<t<T.

Its Fourier transform is therefore

Fw) = 1 /0 <1+I)e_iwdt+ 1 /T<1_t)e_iwdt
2 ot T V2 Jo T '
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Setting t = —u in the first integral and t = u in the second yields

0

21 f(w) =/T (1 — ;i) e (—du)—i—/OT (1 — ;ﬂ) e M dy
= /T (1 — ;)2coswudu
0

. T . T T o
sin wu usin wu 2 sin wu
= [ } -2 { } + / du
O oT |, T)J w

2sinwT 2sinwT 2 r—coswulT
- —0-— +0+ 2 [T
w 10} T 10} 0
2 4sin’(JowT)
= Twz(l —cosoT) = To?

~, T .. T
w) = sinc ,
for= ( ] )
where sinc(x) = sin x/x.

In addition to straightforward scaling, two of the other properties of Fourier
transforms that are available are (i) 7 [f(t +a)] = €¢“’f(w) and (ii) Z [f'(t)] =

iof(w).

(a) This function consists of three segments of the same shape as f(x), but with
each one scaled and shifted. The first segment is centred on ¢t = ; and has T = ;;
its contribution to the transform is therefore

- 1 w

g2 sinc? ( ) .

2/2n 4

The second segment is scaled by a factor of 2, is centred on t =2 and has T = 1.

The third is scaled by a factor of 3, is centred on t = g and has 2T = 3. The full
function therefore has as its Fourier transform

1 a1 - ) o0 . 3
\/2n {ez_““/zzsmc2 ((:) + e 22ginc? (?) + e_’g“’/zzsmc2 ( f)]

8 . 0) . [0) ; 3w
— —iw/2 ;.2 —i2w ;.22 —i9w/2 ;.12
\/271:@2 {e sin (4)—|—e sin (2)+e sin (4)}

(b) This function could be considered as the superposition of a ‘triangle’ of height
2 with T = 2 and two other triangles, each of unit height with T = 1, displaced
from the first by +1. Alternatively, it could be considered as the difference between
two ‘triangles’ centred on t = 0, one of height 4 with T = 2 and the other of
height 2 with T = 1. Necessarily, both approaches give the same answer. Using
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the second,
~, 8 .2 A
fa(w) = sinc“w — sinc ( )
J2n \/ T
8 .2 (W w
= \/27“02 sin (2) {4005 (2) —1}
) CO)
= sin 2cosw + 1).
2rw? (2 ( )
(c) This function can be viewed as the superposition of a ‘triangle’ with T = 1
centred on t = 1 and one cycle of a unit square-wave function, also centred on
t = 1. But, the unit square-wave function is exactly the derivative of the triangle

function, ie. +1 for 0 <t <1 and —1 for 1 <t < 2. If the complete function
were centred on t = 0, its Fourier transform would be

@) =F [fO1+7 [f()] = f(o) +iof(o).

However, it is centred on t = 1 and so an extra factor of ¢~ has to be included
to give

f3(w) = (1 +\l./(;)zre_l(0 sinc? (é)) )

13.6 By differentiating the definition of the Fourier sine transform fy(w) of
the function f(t) = t='/% with respect to w, and then integrating the resulting
expression by parts, find an elementary differential equation satisfied by fy(w).
Hence show that this function is its own Fourier sine transform, i.e. fs(w) = Af(w),
where A is a constant. Show that it is also its own Fourier cosine transform. Assume
that the limit as x — oo of x'/?sinax can be taken as zero.

Starting from the definition

~ 2 [
fs(w) = \/ / 2 sin wt dt,
T Jo

and then differentiating under the integral sign, we have

df(w) \// 12t coswt dt,
1/2
=\/2 {t s1nwt} \// 1/Zsmwtdt
n

1
=0—-0— 2wa(w)'
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The Fourier sine transform therefore satisfies the differential equation

dfsw) 1+ N A
dow +2a) s A

The Fourier cosine transform must behave in exactly the same way, although the
constant 4 could be different, and the details will not be worked out here.

13.8 Calculate the Fraunhofer spectrum produced by a diffraction grating,
uniformly illuminated by light of wavelength 2rt/k, as follows. Consider a grating
with 4N equal strips each of width a and alternately opaque and transparent. The
aperture function is then

) = A for 2n+1)a<y<(@2n+2)a, —N<n<N,
=10 otherwise.

(a) Show, for diffraction at angle 0 to the normal to the grating, that the required
Fourier transform can be written

N-1 2a
f(q@) = 2n)~'2 Z exp(—Ziarq)/ Aexp(—iqu) du,

r=—N

where q = k sin 0.
(b) Evaluate the integral and sum to show that

~ _ . Asin(2qgaN)
= (2n)~"? exp(—iqa/2
fla) = 2m)~"/" exp(—iqa/2) gcos(qa)2)’
and hence that the intensity distribution I(0) in the spectrum is proportional
to
sin’(2qaN)
q? cos*(qa/2)

(c) For large values of N, the numerator in the above expression has very closely
spaced maxima and minima as a function of 0 and effectively takes its mean
value, 1/2, giving a low-intensity background. Much more significant peaks
in 1(0) occur when 0 = 0 or the cosine term in the denominator vanishes.
Show that the corresponding values of |]~‘(q)| are

2aNA 4aNA

(2m)1/2 and Q) 22m + ) with m integral.

Note that the constructive interference makes the maxima in 1(0) oc N2, not
N. Of course, observable maxima only occur for 0 < 0 < 1 /2.
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(a) and (b) The required Fourier transform is given by

J2f(q) = [ fy)e i dy
(2n+2)a

N—1
Z Ae ' dy, set y = 2na + u,
n=_nN " @2n+la

N—1 2a
— § e—quna/ Ae v gy

n=—N a
= eiqual - e—iq4Na A( e_iqza - e_iqa)
1— e—iq2a —iq
_ 2isin(2qaN) e P4922i4[ —sin(qa/2)]
 e~442jsin(qa) —iq
= —i44/2 sin(2qaN) 2Asin(qa/2)
2sin(qa/2)cos(qa/2) g

L _apAsin(2qaN)
e .
o g cos(qa/2)
The intensity distribution is proportional to the squared modulus of this, i.e to
sin2(2an )
q?cos*(qa/2)’

flg) =

(c¢) For the significant peaks:
(1) At 6 =0, when g = ksin 6 = 0. Using the fact that for small ¢ sin ¢ =~ ¢,
~ 1 A2gqaN  2aNA
(i) When ga/2 = (m + ;)n with m an integer, ie. kasin0 = (2m + 1)n. The
modulus of the transform becomes
|]( ) = Asin[ N(4m + 2)m ]
DI= Jama'@m+ Drcos[(m + Lyn]’
This has the form 0/0 and is indeterminate. To evaluate the ratio we set ga = y
and determine the limit of the ratio as y — (2m + 1)n using 'Hopital’s rule.
~ Aasin(2yN)
Vo f | = ‘
p cos(yp/2)
2NAacos(2ipN)
cos(1p/2) + y sin(yp/2)
2NAal
L@m+ Dr(—1)m
4NaA
2r@2m+

b

7=
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13.10 In many applications in which the frequency spectrum of an analogue
signal is required, the best that can be done is to sample the signal f(t) a finite
number of times at fixed intervals and then use a discrete Fourier transform Fj
to estimate discrete points on the (true) frequency spectrum f(w).

(a) By an argument that is essentially the converse of that given in section 13.1

show that, if N samples f,, beginning at t = 0 and spaced t apart, are taken
then f(2nk/(Nt)) ~ Fit where

=
F, — e 2mki/N
k= on gf
(b) For the function f(t) defined by

1 for0<t<,
1= { 0 otherwise,

from which eight samples are drawn at intervals of t© = 0.25, find a formula
for |Fx| and evaluate it for k =0,1,...,7.

(c) Find the exact frequency spectrum of f(t) and compare the actual and esti-
mated values of \/2n|f(w)\ at w = kr for k =0,1,...,7. Note the relatively
good agreement for k < 4 and the lack of agreement for larger values of k.

(a) With the exact definition of the Fourier transform of f(¢) (taken as zero for
t < 0) being given by the integral

7 1 * —imt
for= /0 feye ™ dr,

we approximate it with the sum of the areas of a series of rectangles. Each has
width 7 but the height of the nth is determined by the sample value f,,.

1 N—1
e ) ~ T e—i(am:.
f(w) o n§=0f

For the sample frequencies @ = 27k /(N7) this gives the estimated spectrum values
as

}<2nk> - 1 %f T 2KIN = g

Nt \/2717 n=0

(b) The eight sample values are f, =1 forn =0, 1, 2 and 3, and f, =0 for n =
4,5, 6 and 7.

Withk =0, 2nFp=1+1+1+1+0+0+0+0=4.
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For a more general value of k

3

1 .
F. = —i2nnk /8
‘ \/271 Z ¢

n=0
1 1= e—i4(kn/4)

- J2m 11— eikn/d
_ 1 eikn/S[I _ (—I)k]
- \/27_[ eikn/S _ e—ikn/S :

To obtain the last line we have used e*® = (—1)* and arranged for the final
expression to be real apart from a single overall phase factor. It follows that the
modulus of Fj is given by

1 1
|Fr| = \/Zn sinkn/8 for odd k

and is equal to zero for even k.

(c) The exact frequency spectrum of f(t) is

8 1 [
w) = e "hdt
o=, |

1 —iowt 7 1
- NpL: [ —iw ] 0
emi®/2 ) sin(w/2)
\/271 )
e—i0/2 o

= sinc _ .
2

\/271

Noting that t = }‘, giving o = 2nk /(8 x 0.25), the comparison of the magnitudes
of the exact values \/an(a)) and the estimated values \/2an1 is

w=kr = 0 b 2 3n 4n  Sm 6nm Tx
7 2 2 2 2
V2rlflw) = 1 2 o 5 0 5 0 4

= 1 0637 0 0212 0 0127 0 0.091
1 0653 0 0271 0 0271 0 0.653

J2r|Fir|
The lack of agreement for the higher frequencies (k > 4) is obvious.

209



INTEGRAL TRANSFORMS

13.12 A signal obtained by sampling a function x(t) at regular intervals T is
passed through an electronic filter, whose response g(t) to a unit d-function input
is represented in a tg-plot by straight lines joining (0,0) to (T,1/T) to (2T,0) and
is zero for all other values of t. The output of the filter is the convolution of the
input, " x(t)o(t —nT), with g(t).

Using the convolutlon theorem, and the result given in exercise 13.4, show that the
output of the filter can be written

y(t)= nT)/ smc( )e—iw[(nH)T—t]dw_

n=—0o0

In order to use the convolution theorem we need the Fourier transforms of both
the input signal x(t) and the filter response g(t). The former is

~ 1 I S T
X(w) = e 1)o(t —nT)dt = x(nT)e mT.
@= | 3w —aT) n_§_j@ (nT)

The latter is the same as that obtained in exercise 13.4, except that it is scaled by
a factor 1/T and centred on ¢t = T, rather that t = 0. The required transform is

therefore
—ioT T
g(w) = ¢ sinc? (w ) .

J2n

The transform of the output is therefore the product of these two transforms
multiplied by \/271.

Using the Fourier inversion theorem, we can therefore write the output of the
filter as

¥() = jzn / 1 [V2r 3(0) ¥()] & do

= e L[ e ()

0

% \/lzn Z x(nT)e—in(ziT] ei(uz do
n=—ow

2 Z nT/ sinc’ (CUZT) el Tt gy

n=—00

as stated in the question.
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13.14 Prove the equality

0 1 0 (,l2
/ e 2 sin® ardt = / 4, g do.
0 T Jo 4q + w

We utilise the first result of the previous exercise (13.13) in the special case where
y=p=a, f(t) = e “sinat and consequently

~ 1 a

flw) = Jon (at o) +
Applying Parseval’s theorem,

o0 5 o0 o 5
| rwrd= [ i) do.
o0

—0o0

to this function and its transform:
«© 1 [® a a
—2at ;.2
tdt = d
/0 ¢ sma 2 /,w {(a—l—iwﬁ—i—az} {(a—iw)2+a2] @

1 [” a?
= d
2n /,3O (a® + w?)? + 2a%(a® — w?) + a* @

1 [ &
= do.
n/o 4ot + ot O

13.16 In quantum mechanics, two equal-mass particles having momenta
p; = Nk, and energies E; = hw; and represented by plane wavefunctions ¢; =
expli(k;-rj—w;t)], j = 1,2, interact through a potential V = V (|r; —r3|). In first-
order perturbation theory the probability of scattering to a state with momenta
and energies p},E} is determined by the modulus squared of the quantity

M = ///U)Fleidl'l dr; dt.

The initial state i is ¢1¢o and the final state ¢ is ¢} @h.

(a) By writing r; +1, = 2R and v; —r, =r and assuming that dr; dr, = dR dr,
show that M can be written as the product of three one-dimensional integrals.

(b) From two of the integrals deduce energy and momentum conservation in the
form of o-functions.

(c) Show that M is proportional to the Fourier transform of V, i.e. IN/(k) where

2hk = (p2 — p1) — (p5, — P))-
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Putting in explicit expressions for the wavefunctions gives

M = ///lpFleidl‘] dr, dt

= ///exp[—i(k/z -1y — wht) Jexp[ —i(k] -1 — w(t) ]V (|r —ra))
x expli(ky - 1y — wat) [ expli(ky - 11 — wit)] dry drydt.

(a) Writing the integrand in terms of the centre-of-mass coordinate, r, and the
coordinate of the centre of mass, R, given by

rr+rn=2R and ri—r,=r,

with dr dr, = dR dr, we can expressrj asr; =R+ Jrandr, asr, =R—Jr.

When these substitutions are made the integral becomes
M= [explit—k; ki +o + ki) RIdR
X /exp[ éi(k’2 —ki —ky+ky)-r]V(r)dr
X /exp[i(a)g + w] —wy — wy)t]dt.

This is now the product of three 1-dimensional integrals.

(b) The first integral is, as shown in the text, a representation of the 3-dimensional
d-function and is equal to (27)*6 (ks +k,—k|—Kb). Since p; = ik}, this is equivalent
to pi + p2 = p| + p5, i.e. to momentum conservation.

Similarly, the last of the three integrals produces a 1-dimensional J-function,
which, since E; = hwj, is equivalent to energy conservation, namely E| + E} =
E{ + E,.

(c) The second integral, containing V'(r), can be written as
/V(r) ek dr,
where k = ;(k’1 — k), —k; +k»), i.e. where 27k = (p> — p1) — (p5 — p}); the integral

is thus proportional to ¥ (k).

Note Since, from part (b), (p, — p2) = —(p; — p1) and 27k can be written as
2hk = (p; — p1) — (p5 — p2), it follows that 7ik = p| — p;. Thus the k appearing
in 7(k) is the wave vector corresponding to the momentum transferred from one
particle to the other.
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13.18 The equivalent duration and bandwidth, T, and Be, of a signal x(t) are
defined in terms of the latter and its Fourier transform X(w):

1 (0 0]
= X(0) /_Oo x(1) dt,

1 “
B. = %(0) /_Oo X(w)dw,

where neither x(0) nor X(0) is zero. Show that the product ToB. = 2n (this is a
form of uncertainty principle ), and find the equivalent bandwidth of the signal

x(t) = exp(—[t|/T).

For this signal, determine the fraction of the total energy that lies in the frequency
range |w| < B./4. You will need the indefinite integral with respect to x of (a*> +
x?2)72, which is

X 1 1 X

it .
2a%(a% + x2) + 230 g

With X(w) being the Fourier transform of x(t),

o0

1 . 1 N
Te:X(O)/_oo x(t)dt and Besz(o)/o@ X(w)dw,

we have that

0 0

%(0) = \/121r [ ‘x(t)e_"Otdtz \/127r [ x(t)dt = \/1271 x(0) Te.

Consequently,
o0

1 : 1
x(0) = Jn /_ () e dow = Jon %(0)B. =

It then follows that B. T, = 2.

1 1

B
\/271 \/27r

x(0)Te.

For x(t) = exp(—|t|/T), the equivalent duration is

1 * _ T g, T ] "
Te—x(o)/_wx(t)dt—2/0e dt_z[ Te ]0_2T.

The equivalent bandwidth is therefore B, = 2n/(2T) = =n/T.

The energy density spectrum is proportional to |¥(w)|* and the fraction of the
total energy lying within |w| < B./4 is

B./4
/ ()P do

—B./4

/m |%(w)|? dow '

—o0

f=
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Now,

10 : [ :
X(w) = / /T et gr + / e T gmiot gy
2 ) V27 Jo
_ 1 /oc e—t'/Teiwt’ dr + 1 /OO e—t/T eI gt
J2r Jo V27 Jo

2 o0
= / e T cos(wt) dt
\/Zn 0

2 —t/T+iwt
= Re ¢ .
J2n —r tio]|
2 T-! 2T 1

T T4 fon 14 2T
The fraction f is therefore given by
n/(4T) Yo n/4
[ ae o [T
= —n/(4T) _Jo
0 0
/ (14+0*T*) 7 do 2/ (14 x%) 2 dx
—00 0

= n + ! tan~! T 0+ ! tan~!' oo o
8[1+ (n/4)2] 2 4 2

1 2 =n
= o0+ (n/4)] + i tan 4= 0.733.

13.20 Prove that the cross-correlation C(z) of the Gaussian and Lorentzian
distributions
1 t? a 1
t) = — i) =
0= e (-pa) #0=(2) oy o
has as its Fourier transform the function

1

‘52602
€X — exXpl—alw)).
Jo p( ) ) p(—alw|)

Hence show that

We need the Fourier transforms of both f(¢) and g(t). That for f is derived in the
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text as

~, 1 2.2
Joy= | e

That for g can be found from the result of either of the exercises 13.18 and 13.19
(or from the contour integral of a complex variable, as in chapter 24). If, in the
final result of the previous exercise (13.19), we make the substitutions w — —t,
A — a and z — w, we obtain

0 —itw
¢ de = " el
e @212 a

From this it follows that

1 [%a e 1
5 (o) = df = e—alol,
g( ) \/27_[ /_30 B l’2 +a2 \/27'6

From the Wiener-Kinchin theorem, we can now state that the Fourier transform
of the cross-correlation function is

. 1 1 2.2
—0?)2 ool — exp (—T ;) ) exp(—ala)).
T

1
J2n ¢ J2n V2

The correlation function itself is obtained by forming the inverse tranform and
evaluating it by ‘completing the square’.

C(w) = \/Zn

V21 e 21
2 o]

= " Re / exp(—w*t* — aw + iwz) do
2n 0

= Re / exp{ — 20 + (a—iz)w n (a—iz)
T 0 2 72 T

—iz)?
X exp [(a 2122) ] dw

1 /(1 \/271? a* — 72 —2aiz
= R

T (2 T ) ¢ [exp( 272 >exp< 272 ﬂ
11 ox a* — 72 cos (aZ)
o \/271 T P 272 2)’

as given in the question.
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13.22 Find the functions y(t) whose Laplace transforms are the following:

(a) 1/(s* —s—2);
(b) 2s/[(s + 1)(s* + 4)];
(c) et /[(s +y)? + b?].

To find the original functions we must express the transforms in terms of those
given in table 13.1. Partial fraction expansions (chapter 1) are needed for (a) and

(b).
(a) Factorising the denominator and expressing the transform as partial fractions:

) 1 1 1
T6)= o = 35— 3sa 1)

and from the table of Laplace transforms and the liearity of the process of taking
Laplace transforms, it follows that

1= L)

(b) The quadratic term in the denominator cannot be factorised further without
involving complex roots (and, in any case, transforms containing (s> + a®>)~>
appear in the table) and so we express the transform in partial fractions as

2s 4 Bs+ C
(s+1)(s24+4) s+1 244"

25 = s*(A+B) +s(B+ C) + (44 + C),

__2 _2 _ 8
= A= e B—S, C—S.

Thus, we may write

_ 2 2s+ 8
TO==541)F 552+ 4y

and from the table of Laplace transforms can read off that

f(t) = 3(—e™" 4 cos 2t + 4sin 21).

(c) Apart from the factor e~ (which indicates a change of origin to t = tg), f(s)
is the product of the Laplace transforms of §(t — to) and b~'e™"" sin bt. Thus, by

216



INTEGRAL TRANSFORMS

the convolution theorem,

—yto t

=" [ e sin(bu) Hw) o —u—t0) du

—7to
= , ¢ sin[b(t —10) T H(t — t0)
o, .
= e "sin[b(t — to) ] H(t — to).

Note that f(t) = 0 for t < t.

13.24 Find the solution (the so-called impulse response or Green’s function )

of the equation

dx
Tdt + x = 0(1)

by proceeding as follows.

(a) Show by substitution that
x(1) = A(1 — e T)H(1)

is a solution, for which x(0) =0, of

T 4 x = am () (*)

where H(t) is the Heaviside step function.

(b) Construct the solution when the RHS of (*) is replaced by AH(t — t) with
dx/dt = x = 0 for t < t, and hence find the solution when the RHS is a
rectangular pulse of duration t.

(c) By setting A = 1/t and taking the limit when © — 0, show that the impulse
response is x(t) = T~ 'e=!/T.

(d) Obtain the same result much more directly by taking the Laplace transform
of each term in the original equation, solving the resulting algebraic equation
and then using the entries in table 13.1.

(a) For t > 0, consider x(t) = A(1 — e “/T)H(t), for which x(0) = A(1 —1) = 0.
Substitute it into (*):

T /Tl e "TH(t)+ A1 — e /T)H(t) = AH (1),

which is clearly satisfied.

(b) With the RHS of (*) = AH(t — 7) the solution will be x(f) = A(l1 —
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e~ =9/TYH(t — 1) and, because of the linearity of the equation, the solution
when the RHS is a rectangular pulse of duration 1 is

x(t) = A(1 — e /TYH(t) — A1 — e T)H(t — 7).

This follows because the rectangular pulse can be thought of as the linear
superposition of a positive Heaviside function and an equal and opposite negative
Heaviside function, the latter being delayed by an interval 7.

(c) We now make A equal to 1/t, so that the area under the pulse is unity,
whatever the value of 7, and consider the limiting form of f(¢) as T — 0.

lim | [(1 — e TYH(t) — (1 — eI TYH (1 — 7,-)]
=0T

— lim | {(1 — e T)H(t) — [1 — e UT (1+ ; +0(‘E2))}H(t—‘c)}

=0 T
[H(t) —H(t—1)] n e /T

:yi%{(l—e[/T) . . ;H(t—r)—}-O(rz)}

_ (1 — e*f/T)tzo + e;/T H(t)

efz/T
= H(t).
r HO

This is the impulse response.

(d) Laplace transforming the original equation and incorporating the initial value
x(0) = 0 gives

Tsx —0+Xx=1.

From this it follows that

_ 1 1
YT sT T (T 48y
efr/T
t) = H(t
= =" H),

in agreement with the result in part (c).
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13.26 By writing f(x) as an integral involving the o-function (& —x) and taking
the Laplace transforms of both sides, show that the transform of the solution of
the equation

d*y
o~y =1

for which y and its first three derivatives vanish at x = 0 can be written as

0 efsg”
y(s) = dé.
w6 = [0
Use the properties of Laplace transforms and the entries in table 13.1 to show that

p0) = [ Isinh(x - &) —sinGx - )] dz.

We first need to write f(x) as an integral involving the d-function 6(¢ — x) so that
the only x-dependence of the RHS is on functions for which we know the explicit
Laplace transform; we do not know that of f(x). Thus, we take the transform of
the equation in the form

d4y 0

V= | HOSEE —x)de,

—o0

Since y and its first three derivatives vanish at x = 0 the transform of d*y/dx*
does not contain any terms involving s3, s, s or a constant. The transform of
o(x — xp) 1s e*¥_ and so the Laplace transform of the original equation reads

#p— = /0 (&) de.

This can be rearranged to express y explicitly as

7(s) = /0 o

which is the form stated in the question.

To find the form of y(x), we begin by rewriting the integrand using partial
fractions. The denominator could be written as the product of four linear factors,
but, with one eye on the form of the quoted solution (and the other on table 13.1),
we write it as the product of two quadratic functions leading to the partial
fractions representation:

~ 1 0 e—si e—si
o=y [re (S0 - ) e
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Now, using the table and recognising the implication of the factor e~* so far as
the arguments of the inverted functions are concerned:

y(x) = / F()Isinh(x — &) — sin(x — &)1 H(x — &) dé

= [ Atsin(x &) sintx - &)1

i.e. as stated in the question.

13.28 Show that the Laplace transform of f(t — a)H(t — a), where a > 0, is
e %f(s) and that, if g(t) is a periodic function of period T, g(s) can be written as

1 T
—St
l—e—ST/O e g(t)dt

(a) Sketch the periodic function defined in 0 <t < T by

[ T 0<i<T)2
g0 _{ A1 —t/T) T/2<t<T,

and, using the previous result, find its Laplace transform.
(b) Show, by sketching it, that

o0

2
FLH (D) +2 > (=1)"(t = nT)H(t — nT)]
is another representation of g(t) and hence derive the relationship

o0
tanhx =142 (—1)"e™™",

n=1

From the definition of a Laplace transform,

20— aHc-a)= [ fe-ate-aed

We start by changing the integration variable to u =t — a, with a corresponding
change in the integration limits:

0

Zf(t—a)H(t —a)] = f(u)H(u) e du
:/ f(u =S p=Sa Jy,
— —saf
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With g(t) periodic, g(t) = g(t — T') and the Laplace transform can be written as

0 T o0
/0 H(t)g(t)e™® dtz/o H(t)g(t)e™ dt+/T H(t)g(t) e~ dt.

However, it follows from the properties of the Heavisde function that

/TOCH(t)~-~dt=/OOCH(t—T)---dt

and so, using the previous result, we can rewrite the above equation as
0 T 0
g(s) = / g(t)e ™ dt = / g(t)e ™ dt —l—/ H(t—T)g(t—T)e ™ dt
0 0 0
T

=/ g(tye™dt +eTg(s)
0

1 T
_N —st
= g(s)= 1_e_sT/0 g(t)e™ dt.
(a) The graph of g(t) consists of a continuously repeating pattern of isosceles
triangles, each of unit height and base width T. Any one of these triangles has
the same shape as the function g,(x) found in Exercise 13.27, except that a has
been replaced by T/2 and the height of the triangle is unity rather than a. Its
Laplace transform is therefore

(T1/2) 512 (1 _"_ST/2)2'

From our carlier result it now follows that the Laplace transform of g(t) is
b (1 _ e—sr/z)Z

Ts? 1—esT
21—t

Ts? 1+ esT/2

= 2 tanh sT
TTs? 4 )

10 =3 1) = ZUHO) + 23 (-1~ InT)H— nT)]

n=0 n=1

gs) =

(b) The contributions to

are shown in the sketch (figure 13.1).
For 0 <t < T/2, only f( contributes; it is identical to g(t) with f(T/2) = 1.

For T/2 <t < T, fo and f; contribute with net slope —2/T and f; = —f, at
t =T, making f(T)=0.

For T <t <3T/2, fa(t) + fi1(t) = f1(T), since the two terms contribute equal
and opposite changes as ¢ varies; the change in f(t) is entirely due to that in f.
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fo f2 fa
2 —_+
1 —_+
0 § T } T t
T 2T
1 L
o+
fi f3

Figure 13.1 The contributions to the function considered in exercise 13.28.
Their analytic forms in terms of the Heaviside function are fo = 2tH(t)/T,
with slope 2/T'; f, = 4(—1)"(t — ynT)H(t — }nT)/T, with slope 4/T.

For 3T /2 <t < 2T, the change in f(¢) is due to those in fy and f3, i.e. has a net
slope —2/T, making f(2T) = 0.

This sequence is then repeated in successive blocks of length 2T.

Hence f(t) is an alternative representation of g(t) with

for=7 lz [H@]+2) (—1)e" g [zH(r)]] :

n=1
where we have used the result from part (a). But,
0 [te—st © —st ® 1
,i”[tH(t)]z/ tetdr=| ¢ ] —[" } = .
0 L =S Jo
Thus,

2 sT 2 i - n, —nTs/2
T tanh< . ) = 12 1+2n§=:1(—1) e .

Finally, setting sT = 4x gives

o0
tanhx = 1+2) (—1)"e ™.

n=1
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14

First-order ordinary differential
equations

In this chapter unspecified symbols appearing in solutions are arbitrary constants.
Some of the constants may have specific relationships to earlier ones in the same
solution, but this will not be indicated unless it has particular significance in the
final answer.

14.2 Solve the following equations by separation of the variables:

(a) Y —xy* =0;
(b) y'tan~!'x —y(1 +x*)~!' =0;
(©) x*y +xy? =4y,

In each case we re-arrange the equation so that all terms involving y appear on
one side of an equality sign and all those involving x appear on the other. To
save space we write two equations on each line.

d
(a) y/ = Xy3’ = y): = de,
1 1, +1
— = A = - .
= 2y2 2x tA =y \/c—xz
dy dx
b “tan~tx= Y - )
®) e T y  (14+x2)tan!x

= Iny=In(tan"'x)4+4, = y=ctan'x

d 4 1
© O I (e R
y X2 x
= —1——4—lnx+c = = ~
y X ’ YT 4 xinx —ex’
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14.4 Find the values of o and f that make

1
o= <x2 Lt D dx + (xpf + 1)dy

an exact differential. For these values solve dF(x,y) = 0.

For the differential to be exact we need

0 1 o 0
= |
oy <x2+2+y> 8x(xy + 1,
b
oo

Thus if « = —1 and f = —2 then dF will be an exact differential. Integrating the
equation then leads to

c’=F(x,y):/(;2+1) dy + g(x)
= =" 4y + ()
=—, Trte),

where

which implies that

(x) = ! tan~! ( ~ ) +c”
RN V2 ‘

Collecting these results together, we can give the solution as

X 1 X
c=F(x,y)=— +y+ tan_l( )
y 2 2

14.6 By finding an appropriate integrating factor, solve
dy  2xX*4+y*+x

dx Xy

Arrange the equation in the form
xydy 4+ (2x* + y* + x)dx = 0.
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Now apply the standard prescription for determining whether a suitable IF exists:
1170 0 1 1

{ (2x7 + y* +x) — (xy)] = Q-y»= .

xy | dy 0x xy X

This is a function of x only, thus showing that one does and that the IF needed
is

W(x) = exp {/ i dx} =exp(Inx) = x.
The exact equation is thus
XPydy +(2x° + xp? + x%) dx = 0.

If this is to integrate to f(x,y) = ¢ then
0 1 1 1
L oavdn?exd = fan)= x4 D+ L 4 g0)
0x 2 2 3

The further requirement that 0f/dy = x?y shows that g(y) = 0 and so, on
multiplying through by 6, we obtain the solution

3xt+2xY + 3%yt = e

14.8 An electric circuit contains a resistance R and a capacitor C in series, and
a battery supplying a time-varying electromotive force V(t). The charge q on the
capacitor therefore obeys the equation

dg  q _
ute=vo

Assuming that initially there is no charge on the capacitor, and given that V(t) =
Vo sin wt, find the charge on the capacitor as a function of time.

R

In standard form the equation is

dq q Vo .
= t.
di + RC R sin w

t 1 .
= — o!/RC = 0t
w(t) = exp {/ RC du} e e,

Multiplying through by this IF and expressing the LHS as a total derivative gives

Ve
[e™q(t)] = 0; sin wt.

The required IF is

thus defining wy.

dt
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Since ¢(0) = 0, this leads to

V()eiw”l
R

— t
VOe @ot Im {/ e(({)o-&-iw)u du}
R 0

Voe—(/)ot | |:e(wo+i(u)t _ 1:|
m

t
q(t) = / " sin wu du
0

R wq + iw
- R(Vo2e;—w0t 2 Im [ el — joel ™" — gy + i |
wi+ o
V —mot .
= R( Oze+ 2) [ woe™" sin wt — we™" cos it + o |
Wi+ o
R2C?V, .
- R(14 R2C02 2) {RC sinwt — w cos wt + wer/RC]
w
Chy . —{/RC
= | + (RCoY [smwt—wRCcoswt—i—wRCe } .
w

This gives the full time dependence of the charge on the capacitor. The first two
terms give the long-term behaviour, whilst the final one is a transient arising from
the intial conditions.

14.10 Use the result of exercise 14.9 to find the law of force, acting towards
the origin, under which a particle must move so as to describe the following tra-
Jectories:

(a) A circle of radius a that passes through the origin;
(b) An equiangular spiral, which is defined by the property that the angle o
between the tangent and the radius vector is constant along the curve.

(a) As shown in part (a) of figure 14.1, p = rsin¢ and, from simple geometry,
sin¢ = ér/a. It follows immediately that r> = 2ap and
f= h23dp= h? 8623 2r o 1.

mp3dr  m r® 2a i’
(b) By definition, and as shown in figure (b), p = rsina and therefore
h* dp  hsina 1
mpddr — mrdsin’a

f=

Note that for each case the constant h, which depends upon the initial conditions,
will contain the parameter a or o; consequently only the r-dependence of f can
be stated.
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(b)

Figure 14.1 The trajectories discussed in exercise 14.10.

14.12 A mass m is accelerated by a time-varying force o.exp(—pt)v?, where v is
its velocity. It also experiences a resistive force nv, where n is a constant, owing

to its motion through the air. The equation of motion of the mass is therefore
dv
m, = aexp(—pt)w® — nu.

Find an expression for the velocity v of the mass as a function of time, given that
it has an initial velocity vy.

The equation can be written as

dv n  ae P,
v = v,
dt  m m
which is Bernouilli’s equation with n = 3. Therefore put u = v'=3, ie. v = u='/?;

this leads to

11 du e e/ Y
2u32dt  m m ’
du 2y 200t

dt  m m
The IF for this equation is clearly e=2"/" and when applied gives
d 2 2
(ue=21/my = — % exp {— (ﬁ + 17) t]
dt m m

ue™2nt/m — 2 exp [— (ﬁ + 217) t] + A,

pm+2n m
. 1 Doe Pt
or, in terms of v, = + AeXt/m.
vz Bm+ 2y
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Using the initial velocity to determine the value of 4 then gives the solution at a
general time t as v(t) where

1 20 1
— —pt __ 211t/m) 2111/m-
2= Bm+2n (e e + vée

14.14 Solve
dy 1
dx  x+2y+1

Since the only linear combination of x and y to appear is x + 2y + 1, we set it
equal to v with dv/dx = 1 + 2dy/dx. The equation then becomes

tdo 1 1 v v+2

- = =
2dx 2w dx v
We can now separate the variables and integrate:
2
dx=<1—v+2) dv = x+c=v—2Inv+2).

Re-substitution for v gives the final answer as

xX+c=x4+2y+1—-2In(x+2y+3),
= k+y=In(x+2y+3)

14.16 If u =1+ tany, calculate d(Inu)/dy; hence find the general solution of

Ve tanxcosy (cosy + siny).
X

With u = 1 + tan y, the derivative of Inu with respect to y is
dlnu) _ secty 1
dy ~ 14+tany cosy(cosy+siny)’
Now, rearranging the equation given in the question:
dy

cos y(cosy +sin y)
In(1 +tany) = —Incosx + 4, [integrating, using the above result]

= tan x dx, [separating variables ]

cosx(1 +tany) =k,
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to give as the final solution

y = tan"(k secx — 1).

14.18 A reflecting mirror is made in the shape of the surface of revolution
generated by revolving the curve y(x) about the x-axis. In order that light rays
emitted from a point source at the origin are reflected back parallel to the x-axis,
the curve y(x) must obey

y_ 2
x 1-—p%
where p = dy/dx. By solving this equation for x find the curve y(x).

We first eliminate y, by differentiating it to obtain a first-order equation for p, as
follows.

_ 2px
y = 1 _ pz s
p— @ _ (1=p)2p+2xp) — 2px)(=2pP)
dx (1—p?)? ’

(p—p*)(1 —p*) =2p —2p° +2xp’ — 2xp’p + 4xp’p/,
(1—p*)p—p*—2p) = (1+p*)2xp,
p(p*—1)=2xp.

We now separate the variables, use partial fractions and integrate:

dx_ 2dp
x plp—p+1
—2d d d
P p—1 p+1
= A+Inx=-2Inp+In(p—1)+In(p+1).

This can be arranged as

2
—1 +1
Bx = p 5 or p= - .
p J1—Bx
We now substitute for p in the original equation and obtain

y 2p! _—_F2\/1—Bx

x p?—-1 1—-Bx—1’
which, in turn, can be rearranged as

=$2\/1—B><

y B or y =

229



FIRST-ORDER ODES

This is a parabola, symmetric about the x-axis and with its apex at x = 1/B. The
way it faces depends upon the sign of B.

14.20 Find a parametric solution of

dy 2 dy _
x(dx) +dx_y_0

as follows.
(a) Write an equation for y in terms of p = dy/dx and show that
d
p=p+2px+ 1)
dx
(b) Using p as the independent variable, arrange this as a linear first-order
equation for x.
(c) Find an appropriate integrating factor to obtain
_Inp—p+ec
(I—p? "~
which, together with the expression for y obtained in (a), gives a parameter-
isation of the solution.
(d) Reverse the roles of x and y in steps (a) to (c), putting dx/dy = p~', and
show that essentially the same parameterisation is obtained.

(a) Writing p = dy/dx, the equation becomes

y=xp>+p,
d

p="Y =p+2xpp’ +p’
dx

d
=p +Cxp+ 1)
dx

(b) In differential form, this equation reads
df =p(1—p)dx—2xp+1)dp =0.

(c) We now apply the standard test for the existence of an IF for f(x,p)dx +
g(x,p)dp:

1 5g_af _ 1 I _ 1
f(ax ap)‘pa—p)[ Po=l== )
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As this is a function of p alone, an IF exists and is given by

o[ pana=oel[ (=1 0,) @

1—
=exp[—Inp+In(l—p)] =

With this IF, the equation becomes

(2xp+1)(1 —p)

(1 —p)*dx — dp =0,

d[(l—p)zx]—d;+dp=o,
(1—pPx—Inp+p=-c.

This gives x = (¢ + Inp — p)(1 — p)~? and, together with y = p + p’x, gives a full
parameterisation, x = x(p), y = y(p), of the solution.

(d) Now set dx/dy = p~! = gq. A parallel calculation to that in part (b) gives

0=xp’+p—y,
Ly
xX=— + 2=_Q+q2y,
p D
dx dq ) dq
= = — 2 ,
q dy dy+q + qydy

0=(2qy —1)dg +(¢° — q)dy.
As in part (c), consider
1 1
[2g—(2¢—1)] =— .
glq -1+ (a1 q(1 —q)

It follows that relevant IF is (1 — g)/q and that when it is applied the equation
becomes

—(1—q)*dy +

(1— q)(sqy —1) dq = 0.

This leads to

d
Al =gyl + " [ —dg =0,
and then to
_ ' —=Ing+q
(1—q)?
Together with x = —q + ¢y, this expression for y gives essentially the same

parameterisation as obtained previously. This can be verified, if necessary, by
writing ¢ = p~! and substituting in the second parameterisation; it will be found
that ¢ = 2 4+ ¢/ makes the two forms identical.
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14.22 The action of the control mechanism on a particular system for an input
f(t) is described, for t > 0, by the coupled first-order equations:

y+4z =f(),
i—2z=jy+ly.

Use Laplace transforms to find the response y(t) of the system to a unit step input
f(t) = H(t), given that y(0) =1 and z(0) = 0.

We start by taking the Laplace transforms of the two equations, at the same time
incorporating the initial conditions.

s)—14+4z=f = 4dz=f+1—sy
and
s2—0-22=sy—1+1y = (s=2z=(+1y—-1L
Eliminating z from these algebraic equations gives
+y—1
PRI A
s—2
Jlds+2+s(s—2)]=(E—=2)(f +1)+4,
_ (f+Ds+2-2f
R B )
This is the transform of the response to a general input f(t).

For the particular input f(t) = H(t), f = 1/s and

o l4s42-257"
242542
24+ 3s—2

sls+1)> +1]

A Bs+C

s +(s+1)2~|—1'

Cross-multiplying and equating coefficients requires that 1 = A+ B, 3 =24+ C
and —2 = 2A4. These have solution 4 = —1, B =2 and C = 5 to give

1 2s+1) 3
s o (s+H1)2+1 (s+1)2+1°
= y(t)=—1+2e "cost+ 3e "sint.

y=-
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14.24 Solve the following first-order equations for the boundary conditions
given:
@y —-0/x=1  y1)=-1;
(b)y' —ytanx =1,  y(n/4) = 3;
(€ y —y*/x*=1/4, y(1)=1;
d)y —y*/x*=1/4, y(1)=1/2.

(a) As in part (a) of the previous exercise (14.23), this equation needs an integrating
factor, given in this case by

u(x) = exp{/—i dx} ~expi—tnx) = |

L0)=L = L

Since y(1) = —1, A must have the value —1 and so y = xIlnx — x.

We then have

(b) Again, an IF is needed; this time given by

U(x) = exp {/ — tanxdx} = exp(Incos x) = cos x.
The equation now reads

d(ycosx)zcosx = ycosx =sinx + A.
X

The given boundary condition is that 3/./2 = 1/./2 + 4, establishing 4 as /2.
The final answer is therefore y = tan x + /2 sec x.

(c) This is not a linear equation, though it is homogeneous, and we therefore set
y = ux. The equation then becomes

du =dx = ! =Inx+ A.

Cowp  x i

The boundary condition is that u = 1/1 = 1 when x = 1, implying that 4 = —2.
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Now, substituting u = y/x gives
1 Y 1 _ _ X n X
2 x Inx-—2 YT x T2
(d) For the boundary condition y(1) = 1/2 the method of solution used in part
(c) fails, as it requires A4 to satisfy the impossible equation 1/0 = 0 4+ A. We must

therefore try to find a singular solution.

The first equation of the solution in part (c) would be automatically satisfied with
u independent of x if

Zz =0 = u=u2—i—411 = u= ;
The conclusion is that u is a constant and, since this satisfies the inital assumption
that its derivative is zero, the ‘circle is complete’. Hence there is a singular solution
u= 1, ie. y = lx, that satisfies both the differential equation and the boundary
condition.

14.26 Solve the differential equation
. d
sin x v 4+ 2ycosx =1
dx

subject to the boundary condition y(n/2) = 1.

Either

By inspection, the IF for this equation is sin x.

or

After dividing through by sin x this becomes a standard first-order linear equation
in need of the integrating factor

2

exp {/ ?OS ~ dx} = exp(2Insin x) = sin” x.
sin x

By either method, multiplying the original equation through by sinx or the

standardised one by sin® x, the exact equation is

. d . .
s1n2xdy + 2y cosxsinx = sin x,
x

i (v sin® x) = sin x,
X

2

ysin“x = —cosx + A.

The condition y(n/2) = 1 implies that A = 1 and hence

1—cosx 1 —cosx 1
sin® x 1—cos?x 1+4+cosx’

234



FIRST-ORDER ODES

14.28 Find the solution of

d
Gx+y—77 =3(x+y+1)
dx

The equation is not homogeneous and the two variables x and y appear in differ-
ent linear combinations on the two sides of the equation. We therefore seek shifts
in their origins that will make the expression for the derivative homogeneous, i.e.
remove the constant terms from both its numerator and denominator. To do this
we set

x=X+o and y=Y +p.
We then require

304+3+3=0 and S5¢+p—7=0

These have the straightforward solution o = 2 and § = —3; with these values the
original equation reduces to

dx  3X+3Y
dY — 5X+Y'
This is now homogeneous and to solve it we set Y = vX and obtain
dy dv
ax ~ U gy
de =dY b 3X +3Y o
dXx dX SX+Y ’
_34+3u—5—1?
B 5+v '

We now separate the variables and use method (iii) for a partial fraction expan-
sion, obtaining

dx S5+4v A4 B

X 3—20—12 _3+v+1—v’
1 3

23 +0) T 21—y

= InX= éln(3+v)—;ln(1—v)+k.

Re-substituting for v, X and Y, gives

y+3\"? V3 *3/2_A(3x+y—3)1/2(x—2)
x—2 x—2 (x—y—5)32

x—2=A(3+
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Finally, this result can be re-written as

(x—y—5)°=B@B3x+y—73).

14.30 Find the solution of
. d
(2siny — x) y_ tan y,
dx

if (a) y(0) = 0, and (b) y(0) = m/2.

Since x appears only in the combination xdy/dx it will probably make the
solution simpler to take y as the independent variable and x as the dependent
one. With this in mind, we re-arrange the equation as

dx .
tany ;| +x=2siny,
dy
or, in standard form, as
dx
+ xcoty = 2cosy.
dy

The IF is clearly exp(Insin y) = sin y, and the equation can be written

d . .

dy (xsiny) =sin2y,
xXsiny = —é cos2y + k.

(a) For y(0) = 0 we must have k = 5 and the solution becomes

‘e I —cos2y 2sin’ y B

2siny  2siny Sty
(b) If y(0) = /2 then k = —; and the solution is
—1—cos2y —2cos’
x = oSSy _ cos y=—cosycoty.

2siny 2siny
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15

Higher-order ordinary differential
equations

15.2 Find the roots of the auxiliary equation for the following. Hence solve
them for the boundary conditions stated.

&f  _df . ,
(a) e +2dt +5f =0 with f(0) =1, f'(0) = 0.
(b) Zz + 262{ +5f =e'cos3t with f(0) =0, f'(0) = 0.

The two equations have the same LHS and the trial function f(x) = €™ leads to
the common auxiliary equation

m+2m+5=0 = m=—-14+J1—-5=—1+2i

Thus the CF for both equations is f(t) = e~(4 cos 2t + B sin 2t).

(a) Since the RHS of the equation is zero, no particular integral is needed
(formally it is f(x) = 0). For the CF the boundary conditions require

fO)=1 = 1=1440 = A=1,
1(0) = = 0=—2¢"'sin2t—e 'cos2t
— Be'sin2t +2Be 'cos2t, at t =0,
=—1+42B = B=].
Resubstitution gives f(t) = e "(cos2t + é sin 2t).

(b) Since the CF does not contain a term involving e~* cos 3t we may try a linear
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combination of e~!cos 3t and e~ ! sin 3t as the PI, as follows.

f = e *(Ccos3t+ Dsin3t),
f'=—e(Ccos3t+ Dsin3t) + ¢ '(—3C sin 3t + 3D cos 3t),
" = e !(C cos 3t + D sin 3t) — 2¢~"(—3C sin 3t + 3D cos 3t)
— 9¢7(C cos 3t + D sin 3t).

When these are substituted into the equation, the coefficients of e~ sin 3¢ require
that

D+6C—-9D—-2D—6C+5D=0 = D=0.
Those for e' cos 3t imply that
C—0-9C—-2C+0+5C=1 = C=-—1
With this PI the general solution becomes
f(t) = e '(Acos2t + Bsin2t) — Le cos3t.

The boundary condition f(0) = 0 requires that 4 = ;, and the condition on the

derivative, f'(0) = 0, implies (after multiplying all through by 5 for convenience)
that

0 = —e '(cos 2t + 5B sin 2t — cos 3t)
+ e !(=2sin2t + 10B cos 2t + 3sin3t) at t = 0,
— 0=—(14+0-1)+(-0+10B+0) = B=0.

Thus, the final solution is
f(t) = Le~'(cos 2t — cos 3t),

which can, if necessary, be checked by re-substitution.

15.4 Solve the differential equation
&f | df
a T 0 dt
subject to the conditions f =0 and df /dt = A at t = 0.

+9f =e7,

Find the equation satisfied by the positions of the turning points of f(t) and hence,
by drawing suitable sketch graphs, determine the number of turning points the
solution has in the range t > 0 if (a) A = 1/4, and (b) A = —1/4.
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The auxiliary equation and resulting CF are
m +6m+9=0 = m=—3 (repeated root),
= f(t)=(A+ Bt)e ™.

For a particular integral, since e~' does not appear in the CF, we try f = Ce™
and obtain

Ce'—6Ce " +9Ce ' =¢' = C=,.
The general solution is therefore
f(t)=(A+Bt)e ™ + 1.
We now incorporate the boundary conditions:

4’
f0)=/4 = J=-34+B—0—

f0)=0 = 0=A+01+; = A=-—]
}1 = B=/1—§.

Therefore the solution matching these boundary conditions is
fO)y=1[—4+(—Dile® + je.
The turning points of the solution are given by f'(t) = 0, i.e.
Je (A=) =3(A— e — je =0,
A+ D+G =30 =4,
47+ 1)+ (6 — 120t = *.

(a) For 4 = }‘ the equation becomes e = 2 + 3t. Consider the behaviours of the
functions on either side of this equation:
Att=0, 2+43t=2>1=¢"
For large t, e > 243t
Both functions are monotonic and thus there is one, and only one, solution to

e’ =243t in t > 0. It follows that the solution to the original differential
equation has only one turning point in this range.

(b) For 1 = — i the equation becomes ¢’ = 9t. Again consider the behaviours of
the two sides of the equation.
Att=0, e=1>0=09
Att=1, =0 <9=09t
For large t, e > 9.

Both functions are monotonic and thus there are two solutions to e* = 9¢ in
t > 0. It follows that the solution to the original differential equation has two
turning points in this range.
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15.6 Determine the values of o and [ for which the following functions are
linearly dependent :

y1(x) = x cosh x + sinh x,
y2(x) = x sinh x + cosh x,
y3(x) = (x + a)e’,

ya(x) = (x + e,

You will find it convenient to work with those linear combinations of the y;(x) that
can be written the most compactly.

To make the working more compact, write

ys(x) = y1 + y2 = (x + 1)(cosh x + sinh x) = (x + 1)e%,

y6(x) = y1 — y2 = (x — 1)(coshx —sinh x) = (x — 1)e™.
We notice that y3 = ys if « = 1 and that y, = yg if f = —1. With these values the
functions are linearly dependent and so give the answer to the original question.

However, we will continue as if this had not been noticed and compute the
Wronskian W (ys, vs, ys, ¥¢). For this we need the derivatives (using Leibnitz’
theorem)
dn
dx"
n
o L7 = (1 G 9 (1)
=(—1)"(x+7y—n)e ™.

[(x+7)e’] = (x+7y)e" +ne* = (x+7 +n)e’,

Each column of the Wronskian will have a common factor of et and we take
these outside the determinant, writing W (ys, y4, Vs, V6) as

x+o x+p x+1 x-—1
x+o+1 —x—pf4+1 x+2 —x+2
x+a+2 x4+—-2 x+3 x-3
x+a+3 —x—f+3 x+4 —x+4

o—1 pf+1 x+1 x-—1
o—1 —f—1 x+2 —x+2
o—1 pf+1 x4+3 x-—3
o—1 —f—1 x+4 —x+4

W=eetete ™

To obtain this last form, we have subtracted the third column from the first and
the fourth from the second. The common factors «—1 and § + 1 can be taken out
of the determinant which then becomes a function of x only. For the Wronskian
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to vanish for all x (and hence make the functions dependent) requires either
o =1 or f = —1 or both. In fact, the remaining determinant has the value —16,
independent of the value of x, but all that matters for drawing our conclusion is
that it is non-zero.

15.8 The two functions x(t) and y(t) satisfy the simultaneous equations
dx

it —2y = —sint,
d

Y + 2x = S5cost.
dt

Find explicit expressions for x(t) and y(t), given that x(0) = 3 and y(0) = 2. Sketch
the solution trajectory in the xy-plane for 0 <t < 2z, showing that the trajectory
crosses itself at (0,1/2) and passes through the points (0,—3) and (0,—1) in the
negative x-direction.

By differentiating the first equation and then substituting for dy/dt from the
second we obtain

d’x dy
_2%
a2 0t cost,
d*x
P 2(5cost —2x) = —cost,
d*x
a2 +4x = 9cost.

The RHS is not contained in the CF and so the general solution is of the form
x(t) = Acos2t + Bsin 2t + C cost.

Substituting the PI part of this into the equation to find the value of C, gives
C(—1+4) =9 and hence C = 3. Further, since x(0) = 3, we must have 4 = 0
and it follows that

x(t) = Bsin 2t + 3 cost.

Now,
0 = (¥ L gine
YW= a

= Bcos2t — g sint + ; sint

= Bcos2t —sint.
Since y(0) =2, B =2 and so, in summary,

x(t) = 2sin 2t + 3 cost,

y(t) = 2cos 2t —sint.
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t=mn/2

Figure 15.1 The closed curve generated by the equations in exercise 15.8.

The (closed) curve is shown in figure 15.1.

It crosses the y-axis when
2sin2t + 3cost =0, i.e when 4sintcost + 3cost = 0.

This has solutions when cost =0, i.e. t = én and t = gn, as well as when sint =
—i. The latter corresponds to two values of ¢, but with only one corresponding
y-value given by

2
1
y(t)=2cos2t—sint=2—4sin2t—sint=2—4(—i) + i =,

Thus the curve crosses itself at (0, é).

Finally, consider the two other points on the trajectory at which x = 0.

When t = én, y(t) =2(—1)—1= -3 and dx/dt = 4cos2t—3sint = —4—3 = —7.
When ¢ = 3, y(t) = 2(—1) — (—1) = —1 and dx/dt = —4 + 3 = —1.

In both cases dx/dt is negative, showing that the trajectory passes through the
points (0,—3) and (0, —1) in the negative x-direction.

15.10 Use the method of Laplace transforms to solve

&f | df B o
(a) jzt;+5g}+6f_0, £0) =1, f/(0) = —4,
42 g2 T2 T =0 0=, f'(0)=0.
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(a) Recalling that . [f'] = sf — f(0) and £ [f"] = s*f — sf(0) — f'(0), we have

0 ==s"f —sf(0) — f'(0) + 5[sf — f(0)] + 6f
= —s+4+5(sf — 1)+ 6f,
- s+1 A B
= fzsz—|—55+6 =s+2+s+3’

—1 2
= ) + s 3 using one of the standard methods,

= f(1)=2e"¥ —e7, from the look-up table.
(b) Using the same method as in (a), we have

0=s*f —sf(0) — f'(0) + 2[sf — £(0)] + 5f
=sf —s+2sf — 1)+ 57,

~ F= s+2 _ s+2
s24+25+5  (s+1)2+4
s+ D+1
s+ +4

= f(t)=e "cos2t+ é e~'sin2t, from the look-up table.

We note that this is the same result as that obtained in Exercise 15.2(a).

15.12 Use Laplace transforms to solve, for t > 0, the differential equations

X+ 2x + y = cost,
y 4+ 2x 4+ 3y = 2cost,

which describe a coupled system that starts from rest at the equilibrium position.
Show that the subsequent motion takes place along a straight line in the xy-plane.
Verify that the frequency at which the system is driven is equal to one of the
resonance frequencies of the system; explain why there is no resonant behaviour
in the solution you have obtained.

We start by taking the Laplace transforms of the equations with all initial values
and first derivatives equal to zero.

2 _ _ _ S
2 = *
X +2X+y 1452 (*),
2s
2 _ _
2 = .
Sy +2x+3 L4 (**)
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Now consider the equation obtained by taking 2 x (#) — (**).

2 +4—-2)+72—5>—3)=0,
2>+ Dx — (s> + 1)y =0,
2x—75=0.

This final equation, which is independent of s and hence of the t-dependence of
x and y, means that y(t) is a direct multiple of x(¢) and the motion takes place
along a straight line in the x-y plane.

Setting y = 2X in (*) gives

2 - S
(S +4)X— 1+S29

which, after rearrangement, gives the partial fraction expression for X as

x=_ 0 s
CO3(s241)  3(s2+4)

This, in turn, implies (from the table of Laplace transforms) that

x(t) = }(cost — cos 2t).

As in chapter 9 on Normal Modes, the natural frequencies of the system are
given by

—w?+2 1
2 —w>+3
ot — 5w’ +4 =0,
(0> —4) (> —1)=0.

=05

Thus the resonance frequencies are w = 2 and w = 1; the given driving frequency
is the second of these.

However, for @ = 1 the (x,y) eigenvector satisfies (—1 4+ 2)x + (1)y = 0, i.e.
y = —x, whilst for @ = 2 the (x, y) eigenvector satisfies (—4 + 2)x + (1)y =0, i.e.
y = 2x.

The driving terms in the given situation have frequency @ = 1. But the solution
obtained is purely that corresponding to @ = 2 and contains no component of
the w = 1 response. Consequently there is no resonant behaviour.
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15.14 For a lightly damped (y < wq) harmonic oscillator driven at its undamped
resonance frequency wy, the displacement x(t) at time t satisfies the equation
d*x
dr?
Use Laplace transforms to find the displacement at a general time if the oscillator
starts from rest at its equilibrium position.

d .
+ 2y df + wdx = F sin wot.

(a) Show that ultimately the oscillation has amplitude F/(2wqyy) with a phase
lag of ©/2 relative to the driving force per unit mass F.

(b) By differentiating the original equation, conclude that if x(t) is expanded as
a power series in t for small t then the first non-vanishing term is Faot® /6.
Confirm this conclusion by expanding your explicit solution.

With no initial dispacement or motion, the Laplace transformed equation reads

F
$2X 4 2ys% + wix = 5 woz’
57+ g
X 1 A+ Bs C + Ds

Foo (24+od)(s2+2ys+@)  s2+of  (s+79)2+k¥
where k? = 0§ — 2.
Cross-multiplying and equating the coefficients of the various powers of s yields
s:D+B=0,
s> :A+2By+C =0,
s' 124y 4+ By* 4+ Bk* + Dw} =0,
01 ApP 4+ AP+ Ca =1,

with solutions
1 1

A =0, D=-B= ,
2ymg an

We can now rewrite the partial fraction expansion as

2ywlx s (s+7)+2y =7

Foo  s*+o} (s+7)2+k*
which integrates to
2 t , vt -
veo x(1) = —coswot + e " coskt + 7 e sin kt,

F k

. F |1 _ |

ie. x(t) = (e coskt — coswot) + , e "'sinkt| .

2(1)() b k

This is the complete solution, valid for all times ¢ > 0.
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(a) As t — oo,

F .
x(t) =~ — coswot = sin(wot — ;n).

F
2wy 2wy
Thus ultimately the oscillation has amplitude F/(2woy) with a phase lag of /2

relative to the driving force F.

(b) At t =0, both x and x’ are zero, and so is F sin wyt. It therefore follows from
the original equation that x”(0) is also zero. Thus, if x(t) were expanded in a
Taylor series about t = 0 the constant, linear and quadratic terms of the series
would be missing.

Now consider the equation

X" 4 29x" + wdx’ = woF cos wot,

obtained by differentiating the original one. At ¢ = 0 this reduces to x”" = wF,
which is non-zero. Thus the leading term in the Taylor expansion of x(t) is
F(j)()t3/3!.

From the explicit solution, the contributions to 2wx(t)/F of the three terms, up
to order £3, are:

1 k212 P22 P38
flzy (1_ 2 +> (I_W‘i‘ 5 T 3 _|_)

1 (2 =k _ (= 3yk?)r
y<1_”+ TR VU &

1 w(z)tz
)

1 k3t3 ,))2t2 ,})31,3
f3=k<kt_ 31 +> <1_W+ 2 T3 +)

1 3ky? — k)P
_ (3ky ) +>

— '\2
k(kt kyt~ + 30

Recalling that k> = w} — 72, we see that, when these contributions are added
together, the constant term and the linear and quadratic terms in ¢ all vanish.
The cubic term in 2wox(t)/F is

(2 =3k | 32—k 207+ k) Wil
3! 33 37

and so the leading term in x(t) is Fwot’/6. This confirms our earlier conclusion
based on the differential equation rather than its solution.
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15.16 In a particular scheme for modelling numerically one-dimensional fluid
flow, the successive values, uy,, of the solution are connected for n > 1 by the
difference equation

(g1 — tp—1) = d(Upg1 — 2u, + ty_1),

where ¢ and d are positive constants. The boundary conditions are uy = 0 and
up = 1. Find the solution to the equation and show that successive values of u,
will have alternating signs if ¢ > d.

We substitute the trial solution u,, = A/" into the recurrence relation and obtain

—C(/anrl o ;Ln—l) + d(/ﬂLnJrl o + )vn—l) — 0,
(d—¢)2*—2di+(d+c)=0.

This is a quadratic equation for /4, with solution

2 (J2— 2

l:di\/d (d @) _dte_ dte
d—c d—c d—c

The general solution, formed by taking a linear superposition of the trial solutions

corresponding to the allowed values of 4, is thus

d+c

n=Al"+B
u + (d—c

n
> = A+ By", defining p.

Now, imposing the boundary conditions:

u0=0 = BZ—A,

uy =1 = A1 —p")=1,
1_'un
1—uM’

= Up

This is the specific solution as a function of n.
If ¢ > d then p is negative and has a magnitude > 1. The ratio of successive
terms is
1_’“n+1 B 1 [(d_c)n-H _(d+c)n+1]
L—p  (d=c) [(d—=cy—(d+o)]
Since d and ¢ are both positive, the terms in square brackets are necessarily both

negative and the ratio has the same sign as d — ¢, i.e negative. Thus successive
terms alternate in sign.

247



HIGHER-ORDER ODES

15.18 Find an explicit expression for the u, satisfying
Upt+1 + Suy, + 6”n—1 = 2n,

given that uy = uy = 1. Deduce that 2" — 26(—3)" is divisible by 5 for all integer
n.

The characteristic equation of the recurrence relation, obtained by substituting
u, = C/A" into it with the RHS set equal to zero, is

245, 4+46=0 = J=-2o0r —3.

As neither value of 1 is equal to 2, we may try u, = D 2" as a particular solution,
leading to

D2 4 5p 2" 4 6D 2" = 2",
D4+10+6)=2, = D=|.

The general solution is thus
2"
n = A(=2)" + B(=3)" .
uy = A2 + B3 + |,
Incorporating the two initial values:
w=1 = 1=A+B+ ],
uy=1 = 1=-24-3B+ ,

_ 35, _ 2
= A= and B = 10°

Thus, for general n,
u, = 110 [35(=2)" — 26(—3)" + 2"].

With these initial values and a recurrence relation that has integer coefficients
(with that for the highest-index term equal to unity) all terms in the series must be
integers. Thus, the expression in square brackets must divide by 10 for all n > 2,
as well as forn =0 and n = 1.

For n > 0, the first term in the bracket contains explicit factors of 2 and 5 and
so divides by 10. We thus conclude that the sum of the remaining terms must
also divide by 10, i.e. 2" —26(—3)" divides by 10 and, therefore, also by 5. For
n = 0, explicit evaluation of the expression gives -25, which is divisible by 5; this
completes the proof.
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15.20 Consider the seventh-order recurrence relation
Upt7 — Unt6 — Un+5 + Unta — Unt3 + Ung2 + Unpr — Uy = 0.

Find the most general form of its solution, and show that:

(a) if only the four initial values uy = 0, uy = 2, uy = 6 and uz = 12, are
specified then the relation has one solution that cycles repeatedly through
this set of four numbers;

(b) but if; in addition, it is required that us = 20, us = 30 and us = 42 then the
solution is unique, with u, = n(n + 1).

The characteristic equation is a seventh-order polynomial equation (but fortu-
nately one with some obvious roots).
=08 =434+ +)0—1=0,
A—1D20==2+1)=0,
A—=12 =12 =1)=0.

The roots are therefore 4 = 1 (triple), A = —1 (double) and 4 = +i. Consequently,
the general solution is

(A + Bn+ Cn®)1" 4+ (D + En)(—1)" + F(i)" + G(—i)",

where the constants 4, B,...,G must be consistent with any given values of
particular u,.
(a) If only the four initial values ug = 0, u; = 2, u, = 6 and u3z = 12 are specified
then we can choose all constants associated with linear or quadratic terms in n
to be zero, i.e. B= C = E = 0 and solve for the remaining constants.

n=0, 0=A4+D+F+G,

n=1, 2=A—D+iF —iG,

n=2, 6=A+D—-F—G,

n=3, 12=A—D—iF+iG.
Adding all the equations shows that A = 5, and adding the first and third shows
that A+ D = 3, ie. D = —2. Putting these values into the first two equations then
gives

F=—§+§i and G=—%—§i.
Thus the solution

Uy =5 —2(=1)" = 3G)"(1 + (—1)") + ()" (1 — (—=1)")
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fits the first four given values and then cycles endlessly around them since (—1)",
(i)" and (—i)" are all unchanged if n is increased by 4.

(b) With the first 7 values given and 7 unknown constants A4,B,...,G to be
determined, the solution will be unique (unless the determining equations turn
out to be dependent). The simultaneous equations to be solved are:
0=A+D+F+G,
2=A+B+C—D—E+iF —iG,
6=A+2B+4C+ D +2E —F — G,
12=A+3B+9C —D —3E —iF +iG,
20=A+4B+16C+D+4E+F +G,
30=A4+ 5B +25C — D — 5E +iF —iG,
42=A44+6B+36C+D+6E—-F —G.

It is clear from inspection and easily verified by substitution that they are satisfied
by B = C = 1, with all other constants equal to zero. The direct solution of these
equations, though tedious, gives the same result; it also provides assurance that
the solution is unique. The general expression is therefore u, = n(n + 1).

15.22 Find the general solution of

P2 d
(x+1)2dxy2 +3(x+1)di Fy=x2

This is Legendre’s linear equation and, as a first step, we set x + 1 = ¢' with

dx _ d _ d @ d (i
T dx  dt’ dx2 7 dt dt )’

These substitutions give

d d d
€2r€7[ (ez y>+3elel y+y:(€l—1)2,

AN i
Py v
é<e}g_e[£)+3£+y:“h4ﬁ

2
N L)
2 = (' — 1)~
i Tra Y @=D
This reduced equation with constant coefficients has the characteristic equation
m?+2m+1 = 0, which has a repeated root and gives the CF as y(t) = (4+ Bt)e™".

This is not the same function as that in the equation’s RHS (which contains a
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constant and t-dependent terms e* and e'); we may therefore try substituting the
simplest PI of Ce* + De' + E to obtain

4Ce* + Deé' +4Ce* +2Deé' + Ce* + De' + E = &* — 2¢' + 1.

Clearly C = ;, D = —é and E = 1 and, after re-substituting for ¢, we have the
general solution of the original equation as

_ A+ Bln(x+1) (x+1)2_x—|—1

1
y(x) x+1 9 ) T
A+ Bln(x+1) x? 5x+11
o x+1 9 18 18

As expected, since the differential equation is second-order, its solution contains
two arbitrary constants.

15.24 Use the method of variation of parameters to find the general solutions

of

d? d
—y=xt (b)) 5 =20 +y=2xet

(a) The CF is clearly
y(x) = Ae* + Be ™,
and so we take as the PI
y(x) = ki(x)e* +ka(x)e™™.

The two simultaneous equations generated using the method of variation of
parameters are

1e" +khe ™ =0,
1€ —khe ™ =x".
Solving for k} and integrating gives

n,—Xx
,  x'e

klz 5

ki

|
| —|
|
Xw
) mT
=
| I
=
+
\><
S
V) X:‘
Q|
“
ISH
=

—X

=—82 (x"+nx""VFa(n— x4+ n)
e "X

=— ! .
2 " mzzzom!
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Similarly, k; is given by

=—, (x"—nx""'+nm—1)x"2—... 4 (=1)"n!)

e i ()"
=—, nl(=1) > o

m=0

The full PI, ky(x)e* +ky(x)e™™, has no explicit exponential factors, since each term
in it contains the product e*e™ . It takes the form

- nl xm_n!(_l)nzn:(—x)m
PO T 2T 4

nl o= x" b
==, > [+

m=0

This n-th order polynomial is added to the CF, y(x) = Ae* + Be™, to give the
general solution.

(b) The auxiliary equation for the CF is m*> — 2m + 1 = 0, which has repeated
roots m = 1. Thus the Cf is y(x) = (4 + Bx)e* and, since the RHS of the original
equation is contained in this, the PI is to be taken as y(x) = kj(x)e* + ka(x)xe™.
The simultaneous equations generated by the variation of parameters method are

1" + khxe* =0,
1€° + kh(e¥ + xe¥) = 2xe”,

Kye* =2xe* =  ky(x) = x°,

Ky = —kix = =2x = ki(x)=—3x".
A PI is therefore
y(x) = —§x3ex + x? xe¥ = §x3e",

giving the general solution as

y(x) =(A+ Bx + ;x3)ex.
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15.26 Consider the equation

d*y

2 +(2—x%

F(x,y) = x(x + 1) di — 2+ x)y=0.

d
(a) Given that y(x) = 1/x is one of its solutions, find a second linearly inde-
pendent one,
(1) by setting y,(x) = y1(x)u(x), and
(i1) by noting the sum of the coefficients in the equation.
(b) Hence, using the variation of parameters method, find the general solution
of
F(x,y) = (x +1)%

(a)(i) Set y»(x) = u(x)/x and substitute:

2 2/ 1" ! 2
x<x+1>( st >+(z—x2>(—“2+“>— =,
X X X X X X

2(1 2—x?
(I+x) XX]

(1+x)u" + {— u +0u=0,

I+ xu" —Q2+xu =0.

Hence, on separating variables and integrating once, we have

u" 24 x 1
= =1
W 14+x +1+x’
Inu' = x + In(1 + x),
' = (1+ x)e”.

A second integration then gives

X
u:ex—l—[xex]x—/ e’ dx,
=" + xe* —e* = xe¥,

. 1 . .
ie. ya(x) =  xe* = e" is the second solution.
X

(a)(ii) The sum of the coefficients of the various terms in the linear equation is

x(x+1)+Q2—=x)—2+x)=0.

It follows immediately (see subsection 15.3.6) that y(x) = e* is a solution of the
equation, as we have already found.

(b) We already have the two independent solutions needed to form the CF, x~!
and e*. So we take for the PI

y(x) = ki(x)x~" 4 ka(x)e”
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and require that

Kix~ + ket =0,
(x+1?7 _ x+1

_k/ -2 k/ X _ _
1X + h€ x(x i 1) X
1 1 )
—ki —i—2x =T ) by subtraction,
X X
= k/l = —X = kl(x) = —éxz,
- ké _ _e EC_X) — e*X = kz(x) — _efx'
The complete PI is thus
2
X e ox X
= — e Y =" _1
y(x) by TEe 5 — L

and the general solution of the inhomogeneous equation F(x,y) = (x + 1) is
A
y) ="+ Bet =T 1,
X 2

for arbitrary constants 4 and B.

15.28 Use the result of the previous exercise (15.27) to find the Green’s function
G(x, &) that satisfies
d’G dG
N = _
dx2 +3dx +2G = o(x — x),
in the interval 0 < x,& < 1 with G(0,¢) = G(1,&) = 0. Hence obtain integral
expressions for the solution of

d?y _dy 0 0<x<xo,
dx2+3dx+2y_{ 1 xo<x<l1,

distinguishing between the cases (a) x < x¢, and (b) x > xy.

The auxiliary equation is m?> + 3m + 2 = 0 and two independent solutions are
y(x) = e and y(x) = e >*. We need linear combinations of these that satisfy
y1(0) = 0 and y,(1) = 0. The former is clearly satisfied by taking y;(x) = e *—e™>".
For the latter, take

ya(x) = e + oe > and require y2(1) =0 = o= —e.

Thus ys(x) = e — e >**! is the appropriate linear combination for the region
containing x = 1.
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The Wronskian of these two functions is

W (y1.32) = y1y — yayi
— (e—x o e—ZX)(_e—x + Ze—2x+1)
_ (e—x _ e—2x+1)(_e—x + 2e—2>c)

— €—3x+1 _ e—3x

=(e—1)e*.
Hence, using the result from the previous question in the main text, the Green’s
function is

(eix _ efzx)(efg” _ 672§+1)

Gi(x, &) = (e D)= 0<x<é
G(x, )= S T L |
Go(x, &) = (e e(e_ 1))(:_32 ™) E<x<l1.

Now, in general, the solution of the given equation with its RHS equal to f(x) is

1 1
y(x) = /0 Glx, E)f (&) dé = / G(x, &) de.

X0
The second equality follows because f(£) = 0 for & < xo.

(a) For x < xg, the variable of integration ¢ is greater than x throughout the
integration range xo < ¢ < 1 and so G = G, throughout, i.e.

1

= [ Gixode,
X0

(b) However, for x > x( the integral is divided into two parts. For xo < & < x,

G, is the appropriate Green’s function, whilst for the remainder of the integral

range, x < ¢ < 1, G; must be used. Thus

X 1
y(x) = / Galx, &) dé + / Gi(x, &) de.

X

15.30 Show that the Green’s function for the equation
dy |y
dX2 + 4 - f(x)’
subject to the boundary conditions y(0) = y(n) = 0, is given by

—2cos ;xsin éz 0<z<x,
G(x,z) =

—2sin ;xcos ;z x<z<m.
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This result could be written down almost immediately using the general result
of exercise 15.27. It could also be derived more specifically using the continu-
ity/discontinuity conditions at x = z. By way of illustration, we will use yet
another approach, based on the variation of parameters.

It is clear that the CF of the given equation is y(x) = A sin(x/2) 4+ B cos(x/2). So
we take y(x) = A(x)sin(x/2) + B(x)cos(x/2), with A(xr) = 0 and B(0) = 0, and
impose the usual constraints of the method, namely

A’sin;C —i—B’cos; =0,

1 1, .
2A’cos ; — 2B’ s1n>2C = f(x).
These simultaneous equations have the solution

A’ = 2f(x) cos ’26 and B = —2f(x)sin ’2‘
Integrating these two differential equations, incorporating the boundary values of
A and B given above, and resubstituting in the assumed form of solution gives

y(x):—cos;‘/’ 2f(z)sin;dz—sin)2€/ 2f(2)cos ] dz.
0

X
Note that the expression for 4(x) has to be obtained by integrating from 7, where
its value is known, to x.
From this integral form of solution the Green’s function can be read off as

—2cos ;xsin ;z 0<z<x,
G(x,z) =

1

—2sin éxcos 22 Xx<z<Tm

15.32 Consider the equation
d?y
dx?

where f(y) can be any function.
(a) By multiplying through by dy/dx, obtain the general solution relating x and

¥.
(b) A mass m, initially at rest at the point x = 0, is accelerated by a force

£(x) = A(xo — x) {1 +2In (1 _ ﬂ .
X0

Its equation of motion is md>x/dt> = f(x). Find x as a function of time and
show that ultimately the particle has travelled a distance xy.
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(a) We multiply the equation through by y’ and integrate twice obtaining

/y// — _fy/’
SO == [ 101 dx k4,

e oaf )
/dx—/ B fo )1/2,

C+Hx= .
T /(B—zf * f(wydu)'"?

This is the general equation relating y to x, whatever the form of the function f.
(b) Here x is the dependent variable, the independent one being t.

To use the result of part (a) we first need to evaluate

/A(xo—u) [1+2ln <1— N ﬂ du.
X0

Either by observation or by integration by parts the integrand is the derivative of
—A(xg — x)* In[ (xo — x)/x0 ]. The force is related to the ‘f* of part (a) by a factor
of —1/m. Consequently the solution given in part (a) becomes

* dz
C+it=
/ (B — % (xo — 2)In[ (xo — 2)/x0])

Referring back to the derivation in part (a), we see that if yY = 0 when y =0
then A = B = 0; the corresponding situation, X = 0 when x = 0, holds good here
and B in the denominator of the integrand is zero. More obviously, since x = 0
when ¢t = 0 we must have C = 0. Thus

. /)C dz
(2 (xo — 22 In[ xo/(x0 — 2)1) /2

Note that we have inverted the argument of the logarithm.
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All that remains is to evaluate the integral.

\/2At— * dz
m _/ (xo — 2)y/Inxo — In(xo — 2)

= {2\/lnx0 — In(xg —z)} ;,
= 2\/1n xo — In(xg — x),
242 _ 4ln o — In(xo — )],
Xo — X _ e—Azz/Zm’
X0

X = Xo (1 o e—At2/2m) )

Clearly as t — oo the value of x approaches xo.

15.34 Find the general solution of the equation

dy d*y
2
x o dx?

a3 = Ax.

This third-order equation is one in which y does not appear and so we set
dy/dx = p and rewrite the equation as one of second order.

d’p . dp
2 =4
X dx? + dx ©
d? d . .
x? b + 2x b _ AX2, using the obvious IF,
dx? dx

d [ ,dp\ _ >
dx (x dx>—Ax.

Successive integrations then give

dp  AX3
2
= B’
~ dx 3 +
dp Ax B
dx 3 x¥
Ax*> B
P = * - +C5
6 X
A 3
y = 1); —Blnx+Cx+D.

Recall that A is given in the question; there are only three arbitray constants, B,
C and D, as is to be expected for the solution of a third-order equation.
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15.36 Find the form of the solutions of the equation
3 2.0\ 2 2
dyd’y ) d7y o dy\" _ 0
dx dx3 dx? dx

[ You will need the result fz cosech udu = —In(cosech z + cothz).]

that have y(0) = co.

Since y does not appear in the equation (the same is true of x) we set dy/dx = p
and reformulate it. The required derivatives are

Ay dp _dpdy _ dp

dx2  dx  dy dx _pdy’

By dy d [ d dp\*
Vo dyd ey AT

dx dx dy \" dy dy dy

and the re-formulated equation is

dp\* | 5d%p dp\’
0= 2 3 ] 2 2
g (dy> TP gy TP (dy s
&p  (dp\’
0= - 1.
Pay <dy) "

This non-linear equation can be simplified by setting dp/dy = g with, in the same
way as above, d’p/dy* = qdq/dp.

dq

2
— 1=0,
qup q- +
d d . .
621 a _ @b , separating variables,
-1 p
= éln(q2 —1)=Inp+ A4,
q¢* —1=B?*p.
Now set Bp = sinh 0, with
dp _ cosh0do

qzdy_ B dy’

to obtain

2 2
Cozhz ’ (de) — 1 = sinh’0,
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Now,

dy

B
dx

= Bp = sinh(By + C),

X = B dy separating variables
= sinh(By + C)’ patating :
= x4 c¢= —In[cosech (By 4+ C) 4 coth(By + C)].
Since y(0) = oo,
0+c=—In[0+1] = ¢=0
and the final answer is

cosech (By + C) +coth(By + C) = ¢,
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16

Series solutions of ordinary
differential equations

16.2 Find solutions, as power series in z, of the equation
4zy" +2(1 —z)y' —y = 0.

Identify one of the solutions and verify it by direct substitution.

Putting the equation in its standard form shows that z = 0 is a singular point of
the equation but, as 2z(1 — z)/4z and —z?/4z are finite as z — 0, it is a regular
singular point. We therefore substitute a Frobenius type solution,

y(z) =z° Z a,z" with ag # 0,
n=0
and obtain

o0
4 Z(n +0)n+o—1)a,z"!
n=0

o0 o0
+21—2)) (n+0)a, 2" =D a2 =0,
n=0 n=0
Equating the coefficient of z°~! to zero gives the indicial equation as
4o(c — )ag +20ap =0 = o=0, }.
These two indicial values do not differ by an integer and so we expect both to
yield (independent) series solutions.

(a) o =0.

Equating the general coefficient of z™ to zero (with ¢ = 0),

4(’” + l)maerl + 2(m + l)aerl - 2mam —dam = Oa
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gives the recurrence relation as

. B 2m+ 1 _ am
T o m+ DRm+ 1) 2m+ 1)
=T myp

0 n

0 2

= y(x)=apz E ) = aoez/ .
n=0 ’

Substituting this into the original equation yields

z/2 z/2
daypz 64 + 2ap(1 — z)e2 — ape’’? =0,

which is a valid equation and thus verifies the solution.

(b) o=
Equating the general coefficient of z"2 to zero (with ¢ = é),
4(m + 3)("1 + é)am+l +2(m+ ;)am-&-l —2(m+ é)am —ay =0,

gives the recurrence relation as

; _ 2m—+ 2 0 — A,
T 0m43)2m+2) " 2m+ 3
do ~ 2"mlag

= am =

135---2m+1)  Qm+1)
and the second series solution as

nn'ZVH‘é
x)_“oz 2n+1)!

16.4 Change the independent variable in the equation
&f df
dz? dz

from z to x = z — a, and find two independent series solutions, expanded about
x =0, of the resulting equation. Deduce that the general solution of (*) is

+2(z—a) © +4f =0 (*)

f(z,0) = A(z — a)e ™~ 2 1 B Z ( (;)”;r'n' z— o)™,

with A and B arbitrary constants.

We start with f” + 2(z — a)f’ + 4f = 0 and set f(z) = g(x), where x = z —a.
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The differential operators are unchanged, i.e. d/dx = d/dz and d*/dx* = d*/dz>.
The resulting equation for g(x) is g” + 2xg’ + 4g = 0, where now a prime denotes
differentiation with respect to x.

The origin x = 0 is an ordinary point of this equation and we can write its two
solutions as ordinary power series (formally, its indicial roots are 0 and 1),

o0
= E a,x"
n=0

Making this substitution yields

zoo:n n—1)a,x"~ 2—|—2Z:na,,x —I—4Zanx =0.
n=0 n=0 n=0

Equating the coefficient of x™ to zero then gives

2m+ 4 2

2 = )m+ ) " T T @
or, on re-indexing,

2
am = — Am—2.
m—1

Since this recurrence relation relates indices differing by 2, we can (as expected)
obtain two linearly independent solutions by taking (i) ap = 1, a; = 0 and (ii)
ap = 0, ap = 0.

(i) ap=1,a1=0

Here, only even powers of x appear and we can write m = 2p. The expansion
coefficients are then given by

2 _(—1p2r2rp!
ayp = _2p 1 dop—2 = (2p)' aop,

and one solution of the original equation is

fo(z) = go(x GOZ( 4)%' " Z( 4)’1”’(2—“)2"-

(11) ap =0, ap =1

Here, only odd powers of x appear and we can write m = 2p + 1. The expansion
coefficients are then given by

2 (—1)P

a = — dryp—1 = a
2p+1 2p 2p—1 p’ 1>
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and a second solution of the original equation is

fl(Z) = gl(X) = day Z (_nlz)nx2n+1

n=0

= a; § : 2n+1

n=0

=a(z — ot)e_(z_“)z.

The general solution of (*) is any linear combination of f(z) and f(z), as stated.

16.6 Verify that z = 0 is a regular singular point of the equation

22y —3zy' + (1 +2)y =0,

and that the indicial equation has roots 2 and 1/2. Show that the general solution
is

_ 5 ( l)n n-+ 1)22;1 n
= 6aoz Z (2n + 3)!

by (2122027 Z Az
0 4 n(n—1)(2n—3)

In standard form the equation is

v 3 14z
Vo, Y
Now,
2
3z _)_3 and Z (1+2)

2z 2 z2
Both limits are finite and so z = 0 is a regular singular point of the equation.

—1lasz—0.

Substituting a Frobenius solution gives

0

3 o0 o0
> (0 +n)(o+n—1)a,:z""" — 5 D o+ maz" +(1+42)> az"" =0
n=0 n=0 n=0
Equating the coefficient of z° to zero shows that
[o(c —1)— ga—i— 1]ag =0,
02—204—1:0 = o0=2, ;

These roots do not differ by an integer and so we expect two linearly independent
power series solutions.
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m+2

(a) Setting ¢ = 2 and equating the coefficient of z to zero gives

2+ m)(1 +m)a, — ;(2 +m)ay + ay + ap—1 =0,
= a,2+3m+m—3— gm—}- 1) = —ap—1,

= am[m(g +m)] = —an-1.

Repeated application of this relation gives

2 B (_l)mzm
m2m+3) " T [Qm A+ 3)2m+ 1) 5]
_ (_l)m 2m32m+1 (m“r‘ 1)'

ay = —

m! (2m + 3)! a0
B 6(—1)" 27" (m + 1) ;
T 2m+3)! 0
- 1)"2%" (n+ 1) z"
leading to yy(z 22 (2n4(—3)’ ) .

(b) Setting ¢ = ; and following the same procedure (for z’"*i) yields

(é + m)(_é + m)am - g(; + m)am + am + ap—1 = 0,
ap(dm* — 1 —3 —6m +4) = —da,,_1,

which reduces to

2
am = am
om—3) "
In particular, for m =1,
2
=— = 2ay.
ay 1(_1) ao ao
For m > 2,
o (_1)m—1 2m—1 2m—2 (I’}’l _ 2)y o= (_l)m—l 22m 2a0
" m! (2m — 3)! U7 8m(m — 1) (2m — 3)!

and the full expression for the second independent solution is

B 12 )n22n n
y2(2) = Bz (HZZ 4Zn(n—1)(2n—3)>

As stated in the question, the general solution is y;(z) 4 y»(z) for arbitrary values
of A and B.
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16.8 Consider a series solution of the equation
zy' =2y +yz=0 (¥

about its regular singular point.

(a) Show that its indicial equation has roots that differ by an integer but that
the two roots nevertheless generate linearly independent solutions

1 n+1 2n22n+1

(—
y1(2) —3aoz Q1)

n=1

1120 — 1)z
Z) —aoz 2n)’

(b) Show that yi(z) is equal to 3ag(sinz — z cos z) by expanding the sinusoidal
functions. Then, using the Wronskian method, find an expression for y,(z) in
terms of sinusoids. You will need to write z*> as (z/ sin z)(z sin z) and integrate
by parts to evaluate the integral involved.

(c) Confirm that the two solutions are linearly independent by showing that their
Wronskian is equal to —z*, as would be expected from the form of (*).

(a) Substituting a Frobenius solution gives

o0

o0 o0
Z(a +n)(o +n—Da,z’t 1 =2 Z(a + n)a,z’ 1 + Z a2’ = 0.

n=0 n=0 n=0
Equating the coefficient of z°~! to zero shows that
[6(c —1)—26]ap=0, = a=0or3.

Setting the coefficient of z""°~! to zero now gives the required recurrence relation:

(¢ +m)(c +m— l)a, —2(c + m)ay, + an— =0,

(o +m)(6 +m—3)ay + an—> =0,
ie.
—1

(6 +m)(c+m—3
For ¢ =3, a,, = —a,,_»/[m(m + 3)] and

e s _ 72 z* _. )
»(z) = ao (1 @15 T @)
,H_] 2n ZZ}‘H‘l

_3a°z 2n+1

n=1

am = ) Ap—2.
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For o =0, a,, = —a,,_»/[m(m — 3)] and

2 4
yz(2)=aozo<1+zz— y +)
n+1 2n — 1)2211

= aOZ 2n)v

Thus, although the indicial roots, 0 and 3, differ by an integer, two linearly
independent series solutions are produced.

(b) We write the given function in series form:

1)rz2mtt iy
3agp(sinz — z cos z) —3aoz 2n+1 —3aoz Z (2n)!
_ 3aoz (12—ni_nl_).1) Lol
= 3qq ; (— 1();:_5?;)22%1
0 DA

This confirms that the the first series is a multiple of sinz — zcosz and the
Wronskian method now gives the second solution as

z)=y1(z)/ 21 exp{—/ (_1)2> dv} du
=@ [, epin
=0 )/ (smu ucosu)2
usinu
=0 )/ sinu (sinu — ucos u)? du
1 z
=iz ){[smu (s1nu—ucosu)]
‘ 1 ucosu 1
+/< —.2)<. >du}
sinu  sin®u sinu — ucosu
z |
_Sin2+yl(2)/ sin2udu

z .
— .  F(sinz—zcosz)(—cotz)
Sin z
2

—z —Sinzcosz + zcos” z

sinz
= —zsinz —cosz.
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Comparing the constant terms (i.e. the z° term) in this solution and the series
obtained earlier, shows that this sinusoidal form is the negative of the series
solution. Thus the series y,(z) = cosz 4 zsin z.

(c) From the way the sinusoidal form was calculated, the solutions must satisfy
the Wronskian condition, but an explicit verification is as follows.

W(y1,y2) = (sinz —zcosz)(—sinz + sinz + z cos z)

— (cosz + zsinz)(cosz —cosz 4 zsinz)

=zcoszsinz —z2cos’z —zsinzcosz — z2sin’ z

=72
This is in accord with what is expected from (*), where the factor multiplying y’
is —2/z when the equation is put in standard form. Explicitly,

vvwhn)=en»{—/ﬂ<:f>dg}=z%

an arbitrary constant multiplying factor being irrelevant.

16.10 Solve the equation

d?y

d
o H(1=2)" 4y =0,

z(1 —z) i

as follows.

(a) Identify and classify its singular points and determine their indices.

(b) Find one series solution in powers of z. Give a formal expression for a second
linearly independent solution.

(c) Deduce the values of ) for which there is a polynomial solution Py(z) of
degree N. Evaluate the first four polynomials, normalised in such a way that
Py(0) = 1.

(a) In standard form the equation reads

Ay
(I—-2)
By inspection, there are singular points at z = 0 and z = 1. However, the

denominators of the functions that make the points singular have only first-order
zeros; consequently, the points are both regular singular points.

1
y//+ y/+ =0.
z z
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Substituting a Frobenius solution about z = 0 gives

o0

z(1 —z2) Z(o +n)(o +n— 1)a,z”""?
n=0

o0 o0
+(1=2)> (o +maz""" + 1> a2 =0.
n=0 n=0

Equating the coefficient of z°~! to zero shows that
[o(c6—1)+16]ag =0, = ¢ =0 (repeated root).
For the point z = 1, we set z — 1 = u with f(u) = y(z) and obtain

(u+ D(=w)f" + (—u)f + if =0.

If a Frobenius solution about u = 0 is substituted, the lowest power of u present
will be u°~!; it will arise only from the first term and have coefficient —a (g — 1)a.
For this to be zero requires that ¢ = 0 or ¢ = 1; these are the indices of the point

u =0, i.e. of the point z = 1.

(b) For the solution about z = 0 we have a repeated indicial root ¢ = 0.
We therefore need to use the derivative method to obtain two solutions. The
recurrence relation generated by setting the coefficient of z"? to zero in the

equation in part (a) is

(m+1+0)m+0o)ayy —(m+o)m+o—1ay
+(m+ 1+ 0)aps1 — (m+ o)ay + Aa, =0,

(m+a)>—A
(m+1+0)?

= Ap+1 = me

The first solution is obtained by setting ¢ equal to 0 in this relation to yield

m—1

[Ie* =2
r=0

ay = (m')2 aop
and
n—1
. (r*—2)
r=0 n
y1(2)=a0+a0; (n!)? -

The second solution y,(z) is obtained by differentiating the general solution with
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respect to ¢ before setting ¢ = 0.

GEAD WICEREED oA

n=0

—Z lnzzan Z”+ ()Zdan(o n

n=1

(r—}—a)z—i ,
Z)an+ZaO-H (r+ 1+ o) Z".
=0

n=1

(c) From the recurrence relation it is clear that the condition for the series solution
to terminate is that A = (m + ¢)> for some integer m. Since ¢ = 0, this means
that 1 = N2 for a polynomial of degree N. The first four polynomials, constucted
using the recurrence relation, are

4 =0, Po(z) =1,
A=1, Pl(z)zl—{—_lz:l—z,

1

=4, Pyz)=1+ 22 (= 3;(2 )2=1—4z+322,
—9 ( 8)(—9) (=5)(=8)(—9)

£=9, Pa)=1+ ;2 5 2 + & 2

=1-—9z+ 1822 —10Z°.

By choosing ayp = 1 in each case, we have ensured that Py(0) = 1 for all N.

16.12 Find the radius of convergence of a series solution about the origin for
the equation (z*> + az + b)y" + 2y = 0 in the following cases:

(a)a=5b=6; (bya=5 b="1.

Show that if a and b are real and 4b > a* then the radius of convergence is always
given by b'/2.

The two roots of z2 + az + b = 0 give the singular points, z; and z,, of the
equation. The radius of convergence R of the series solution about the origin is
equal to the smaller of their two moduli.

If 4b > a® then the roots are necessarily complex conjugates and

2
_ 2 12
R2 — |Zl|2 — |22|2 _ ( 2&) + <\/4b2 a ) —b _ R = \/b

This is case (b), for which therefore R =5b =17.
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If a> > 4b the roots are real and the smaller of their two magnitudes gives the
value of R. In case (a) the roots are )(—5 4 /25 — 24) = —2 or —3, implying that
R=2.

16.14 Prove that the Laguerre equation
d? d
&Y ) Yy
dz? dz
has polynomial solutions Ly(z) if A is a non-negative integer N, and determine

the recurrence relationship for the polynomial coefficients. Hence show that an
expression for Ly(z), normalised in such a way that Ly(0) = N, is

+(1—z +Ay=0

N
(—=1)"(N1)?
Ly(z) = z".
N Z (N —n)(n!)

Evaluate L;(z) explicitly.

We assume that there is a polynomial solution Ly(z) = Z;V:o ayz" with ay # 0
and substitute this form into the differential equation:

N N N
z Z n(n— Da,z" %+ (1 —2) Z na,z" ' + 1 Z a,z" = 0.
n=0 n=0 n=0

Consideration of the coefficient of zV shows that we require 4 = N.

The recurrence relation comes from equating the coefficient of z"~! to zero:

m(m — 1)a,, + may — (m — 1)ay,—1 + Nay,— =0,

m—1—N (—1)" N'lag (—1)" (N'1)?

am—1 = =

(N—nm)!m)?:  (N—n)!(n?

where, in the last step, we have used the requirement that ayp = Ly(0) = N .

ay =
m2

Hence

N
(—1) (N1 2"
L = .
N() ; (N —n)! (n!)?
Explicitly, for N = 3,

62 6> , 62
ari et Toe’
Essentially the same proof, but with a different normalisation of the polynomials,
is given in the main text in section 18.7.

Li(z) =31 — 3=6—182 492> — 2>,
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16.16 Obtain the recurrence relations for the solution of Legendre’s equation
(1—2z%)y" —2zy +4(¢ + 1)y = 0.

in inverse powers of z, i.e. set y(z) = > a,z° ", with ag # 0. Deduce that if ¢ is
an integer then the series with a = £ will terminate and hence converge for all
z % 0 whilst that with ¢ = —(/ + 1) does not terminate and hence converges only
for |z| > 1.

We substitute y = >~ a,z° " with ay # 0 into Legendre’s equation
(1—z2)y" —2zy +/(/ + 1)y = 0.

and obtain

(1—2z% 2(0 —n)(c —n—1)a,z° "2
n=0

o0
=223 (0 —maz” " AL+ 1)) a2 =0
n=0 n=0

For the terms containing z°,

—a(o0 — 1)ag — 20ap + £(/ + 1)ag =0
= —0—142)4+/(/+1)=0
= o=/ —(/+1).

These are the two indicial roots.

The recurrence relation is obtained by equating the coefficient of z°~™, i.e.
(c—m+2)o—m+ Day—y — (6 —m)(c —m— D)a,, —2(6c —m)ay, + (£ + V)ay,

to zero. The relation is thus
(6—m+2)(o—m-+1) )

m = m— h > 2.
T o —mo—m—142)— (4 1) 2 MR

Foro =/

_ /—n+2)(—n+1) ;

T (=l —n—142) (L +1)"

(=n+2)(/—n+1)

BTV S

([ =n+2)(/—n+1)

N nin—2¢—1)

If 7 is a positive integer then, irrespective of whether 7 is even or odd, n will

dn

ap—2

an—>.
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pass through either / 4+ 1 or / + 2 and at that point one of the factors in
the numerator will become zero. The series of coefficients will then terminate
producing a function with a finite number of terms, each of which is a positive
power of z7!; such a function must be finite for all (non-zero) z. Although the
denominator of the recurrence relation would become zero when n = 2/ + 1, the
series will have terminated before that value of n is reached.

Foro=—(/+1)

B (= —1—n+2)(——1—n+1) ;

T (== (L —1—n—142)—L(L+1) "

RN S VI
(C+n+D)(l+n—00+1) "7

() +n—-1)

 n(n+20+1)

This series will not terminate because (£ +n)(/ +n— 1) cannot be equal to zero for

/ > 0 and n > 2. The denominator of the recurrence relation can never become
Zero.

a n

ap—3.

Since the series is an infinite one in inverse powers of z, it will only converge for

(—n+2)(—n+1)
nn—2/—1)

ap—2
Qan

= lim

n—0o0

< lim

n—0o0

=1,

72

ie. for |z| > 1.
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Eigenfunction methods for
differential equations

17.2 Write the homogeneous Sturm-Liouville eigenvalue equation for which
y(a) = y(b) =0 as
L(y;4) =y +ay+ipy =0,

where p(x),q(x) and p(x) are continuously differentiable functions. Show that if
z(x) and F(x) satisfy L(z;A) = F(x) with z(a) = z(b) = 0 then
b
/ y(x)F(x)dx = 0.

Demonstrate the validity of this general result by direct calculation for the specific
case in which p(x) = p(x) =1, q(x) =0, a=—1,b=1 and z(x) = 1 — x°.

Write the integral I (omitting all arguments of functions) as follows:

b
I=/ yF dx
a

b
=/ yL(z;2)dx

ab
= / [y(pz') + yqz + yipz | dx

b
= [w?']} —/ [V'pz' —z(qy + 4py) | dx, with y(a) = y(b) =0,
b
—0—[¥pz]+ [ (9= 2(ay + 4pn)] . with (@) = 2(b) =0,
b b

=O+/ zL',(y;/l)dXZ/ z0dx = 0.
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For the special case in which p(x) = p(x) =1, a = —1, b =1 and ¢g(x) = 0, the
equation reduces to

y" + Ay = 0 with y(+1) = 0.
= y(x) = Acos(~//x),

(2n + 1)*n?

with 1 = and n a non-negative integer.

With the given form of z(x),
L(z;7)=(1—=x2)"+ 21 —=x*)==2421-x.

To verify the result we need to prove that I = 0, where

1
I= / cos(ux)[—2 + 12(1 — x?)] dx, with g = /) = (Z”er b
-1

1 1
= (1> — 2) cos ux dx — 1 x% cos px dx
H H H
—1 —1

- 1
— -2 [smu/,tx} 2
-1
1V —
_ 2(=1) 2)—M2J-

Here J is the integral

1
Jz/ x% cos pux dx
-1

2 s 1 1 .
sin ux sin ux
= {x H ] —2/ X K dx
H —1 —1 H

Y 1 1
_ 2(—1) n {Zxcozs,ux} _/ 2coiux i
1 u oo Jaoon

] , 1
_ 2= L0—0— {2smux]
M -1

13
2 4
"

Thus

as expected.
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17.4 Show that the equation
Y +ad(x)y + iy =0,

with y(£7n) = 0 and a real, has a set of eigenvalues A satisfying

tan(n/A) = Nﬂ”.

a

Investigate the conditions under which negative eigenvalues, . = —u* with p real,
are possible.

The problem is that of finding the Green’s function G(x, xy) for the point xo =0
over the range —n < x < n with boundary values y(+n) = 0. We assume first
that 2 > 0. Continuity of the solution is needed at x = 0 but its derivative will
have a step increase of magnitude —ay(0).

Let

(x) = Asinvx + Bcosvx, —n<x<0,
Y= Csinvx+Dcosvx, 0<x<m.

where v = /.. Then, continuity at x = 0 implies that D = B, whilst the step
condition can be written

(vC+0)—(vA+0)=—a(0+ B).
The boundary values require
=tanvn=—c = A=-C.
Thus, substituting in the step condition gives

2./
e

2v .
—vA—vA=—aAtanyr = tanvm= ,ie. tan/im =
a

2

We note that, since the operator  + ad(x) is Hermitian, its eigenvalues can
X

d

only be real. But this does not rule out the possibility of negative eigenvalues
4 = —p? with u real.

Putting the calculated values of B, C and D back into the assumed forms in part
(a) shows that the explicit solution for that part is

()_{Esin[\//l(n—i—x)] —n<x<0,
YW= Esin[Jin—x] 0<x<n

The corresponding result for A = —p? is

| Esinh[u(z+x)] —7n<x<0,
y(x)—{ Esinh[p(r —x)] 0<x<m.
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leading to the condition

2
tanh um = "
a

A simple sketch shows that this equation can only have a real solution for u if
the slope of f(u) = tanh(un) at u = 0 is greater than the slope of g(u) = 2u/a at
the same place. The former slope is 7= and the latter 2/a. Thus the condition for
negative eigenvalues of the original equation is a > 2 /7.

17.6 Starting from the linearly independent functions 1, x, x>, x*, ..., in the

range 0 < x < oo, find the first three orthonormal functions ¢, ¢1 and ¢,, with
respect to the weight function p(x) = e *. By comparing your answers with the
Laguerre polynomials generated by the recurrence relation

(}’l + 1)Ln-H - (2}’! +1-— x)Ln +nL, 1 =0,
deduce the form of ¢3(x).

We aim to construct the orthonormal functions using the Gram—Schmidt proce-
dure. To evaluate the integrals involved we will make repeated use of the general
result

o0
/ x"erdx=T(n+1)=nl
0
Starting with ¢o = 1, all we need to check is its normalisation. Since

o0
/ e dx =1,
0

¢y is already correctly normalised.

We next calculate ¢ as

1 = x — Po{dolx)

o0
=x—1/ lze ?dz
0

=x—1,
and check its normalisation:
0 0
(prlpy) = / (x —1)’e ¥ dx = / (x> =2x+1)e¥dx=2!—2(1)+1=1.
0 0
It too is already correctly normalised.
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To find ¢, we continue with the Gram—Schmidt construction using the expressions
already derived for ¢y and ¢y, as follows.

¢2(x)=x2—1/vlzze_zdz—(x—1)/ (z—1)z%e % dz
0 0
=x2—2!—(x—1)/ (23 —zYe 7 dz
0

=x>—2—(x—1)@B!=2)=x>—4x+2.

Determining its normalisation constant is a little more complicated than for the
first two functions, but to do so we evaluate

o0
($al2) =/ (x* +16x? +4 — 8x* 4+ 4x? — 16x)e > dx
0

= 41420(21) — 8(3!) — 16(11) + 4
—244+40—48—16+4 =4,

It is then clear that the correctly normalised ¢, is ¢o(x) = ;(x2 —4x +2).

Next we explicitly generate the Laguerre polynomials using the recurrence relation
(n+ 1)Ly —(2n+1—x)L, +nL,—; =0,

starting with Lo(x) = 1 (and L_; conventionally equal to zero; it is multiplied by
zero in any case). The equations for n =0, 1,2 read

Li—0+1—x)Lp+0=0
2L, —(24+1—x)L1+Ly=0

Li(x)=1—x,

Ly(x) =3[ —x)(1—x)—1]

Lo(x) = }[x? —4x + 2],

3L3(x) = (5 —x) 3 (x? —4x +2)
—2(1—x)

Li(x) = L(—x> 4+ 9x* — 18x + 6).

AR

3Ly — (441 —x)Lr+2L; =0

Y

Comparing these results with the corresponding ¢,(x) for n = 0, 1,2 shows that
the ¢, are the same as the L,, but their relative signs alternate. Although it is
not conclusive on the basis of only three comparisons, a connection ¢,(x) =
(—1)"L,(x) seems plausible. This is, in fact, correct and indicates that ¢s3(x) =
(—1)* §(—x* + 9x* — 18x + 6) = | (x* — 9x” + 18x — 6), a conclusion that can be
checked by direct, but tedious, calculation.
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17.8 A particle moves in a parabolic potential in which its natural angular
frequency of oscillation is 1/2. At time t = O it passes through the origin with
velocity v and is suddenly subjected to an additional acceleration of +1 for 0 <
t < 7n/2, and then —1 for n/2 <t < ©. At the end of this period it is at the origin
again. By making an eigenfunction expansion of the solution to the equation of
motion, show that

8 — 1
v ng(4m+2)2—}‘

m=0

The equation of motion is

Lo 1, 0<t<m/2,
y+4y—f(t)—{_1, n/2 <t<m,
with y(0) = y(n) = 0.

2

1 .
a2 + 4 € obviously

yn(t) = A, sinnt + B, cosnt

The eigenfunctions of the operator £ =

. . . _ 2 1
with corresponding eigenvalues 4, = n” — .

The boundary conditions, y(0) = y(n) = 0, require that n is a positive integer and
that B, =0, i.e.

. 2 . . .
ya(t) = Ay sinnt = \/ sinnt (when normalised) with n > 1.
T

If the required solution is y(t) = >, a,yu(t), then direct substitution yields

o0

> (4 = manya(t) = £(0).

n=1

Remembering that the y, are sine functions, we apply the normal procedure for
Fourier analysis, and obtain

1 Y
%=i_wlfmmmw

and, consequently, that

o0 2 . Pl
=% \/ - flf’j; \/ i /O f(2) sin(nz) dz.

n=1
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Now, from the given data, f(z) = +1 for t < n/2 and f(z) = —1 for t > n/2. So,

n /2 n
/0 f(z)sin(nz)dz=/0 sin(nz)dz—/n sin(nz) dz

/2

B {—coan} /2 _ [—cosnz] m
B n 0 n /2

1

n(1—1)=0, for n odd,
- 1

[—(=D)"+1+1—(—=1)"], forn=2m,
2m
4 .
for m odd, i.e. n=2m = 4r + 2,

= 2m

0 otherwise.

Thus,

2 4sin[ (4r + 2)t
SIS DI A
T (4r+2)[, — (4r+2)7]
and, by differentiation with respect to ¢ and then setting t = 0,
8 — cos(0)
=j(0)=— ~ —0.81,
v =30 n§(4r+2)2—;

as stated in the question.

17.10 Consider the following two approaches to constructing a Green’s function.

(a) Find those eigenfunctions y,(x) of the self-adjoint linear differential operator
d?/dx? that satisfy the boundary conditions y,(0) = y,(n) = 0, and hence
construct its Green’s function G(x,z).

(b) Construct the same Green’s function using a method based on the comple-
mentary function of the appropriate differential equation and the boundary
coditions to be satisfied at the position of the o-function, showing that it is

x(z—m)/n, 0<x<z,
z(x—m)/n, z<x<m.

G(x,z) = {

(c) By expanding the function given in (b) in terms of the eigenfunctions y,(x),
verify that it is the same function as that derived in (a).

Recalling that we have chosen to define the eigenvalue of a linear operator by
Eyn = /lnPJ’n,
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the eigenfunctions satisfying the given boundary conditions are

2
yn(x) = \/ sin nx,
T

with corresponding eigenvalues 4, = —n? for integer n. The Green’s function is
thus
G(x,z) = Zw: ! Ya(x)yi(z) = 2 i ! sin nx sin nz.
’ n=0 /1” ' T n=0 n2

(b) The differential equation defining the Green’s function is
V' =6(x —z) with y(0) = y(n) = 0.

It’s solution takes the form

<x<
H(sz):{ A+Bx 0<x<z,

C+Dx z<x<m.

From the boundary conditions it is clear that 4 = 0 and that C = —Dmn.
Continuity at x = z implies Bz = C + Dz whilst the required unit step in
the derivative implies D — B = 1. Together, these give C = —z, D = z/n and
B = (z/n) — 1. Resubstitution then gives as the Green’s function

(i—l)xzx(zn_n) 0<x<z,

z z(x —m)
—Zz+ x= z<Xx<m.
n s

H(x,z) =

(c) This verification is tantamount to finding a Fourier sine-series for the answer
found in part (b):

o0
2
H(x,z) = Zan\/n sin nx with

n=1
n /2 z . i .
i \/ anz/(z—n)xsmnxdx—i—/ z(x — m) sinnx dx
2 Y 0 z
:(Z_n){{—xcosnx} +/‘ cosnx dx}
n 0 Jo n

—cosnx]’™ —Xxcosnx]™ r cosnx
—zn [ } +z { { } + / dx}
n z n z z n

. 1y
Z(Z_n)<_zcosnz_0+s1n2nz_O>+( Yizm
n n n

ZT COS Nz (—1)"n  zcosnz sin nz
+z|— + + )
n n n

7 sinnz
n?
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Thus,

2 sinnz
ay = — 2
T n

and resubstituting this expression for a, shows that

b

2 sin nz sinnx
H(x,z) = — E 2
n=0

so confirming that this is the same function as that derived in part (a).

17.12 Show that the linear operator
L=11+x%? o + Ix(1 4+ x?) d +a
S dx> 2 dx 7
acting upon functions defined in —1 < x < 1 and vanishing at the endpoints of
the interval, is Hermitian with respect to the weight function (1 + x>)~\.

By making the change of variable x = tan(6/2), find two even eigenfunctions,
f1(x) and f»(x), of the differential equation

Lu = Au.

We take as our general functions u(x) and v(x) with u(+1) = v(+1) = 0. The
operator £ will be Hermitian with respect to the given weight function w(x) if its
adjoint, £T defined by

1 1
/ v (Lu)w dx = / (LTv) uw dx,
-1 -1

is equal to £ and certain boundary contributions vanish.

Now consider

/1 v[,u
1-I—x2
1 du au
2
/ {(14— ) 2xdx+1+x2} dx
/ au
/ { 21+ ]+1+x2}dx
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Integrating by parts, we obtain
1 *
% 2 1 s/ 2 auv
I=[v 4(1+x)u/}_1—/1{v 4(1+x)u/—1+x2}dx

1 *
=0_ [U*/l(1+x2)u]1l+/ {[411(1+X2)U*/]/u+ auv }dx

—1
1 ® *

_ 1 b ’ av

_0+/_1u{[4(1+x)v’] +1+x2} dx

1 s
_ (Lv)*u
N /_1 1+ X2 dx’

1+ x2

provided a is real. If so, £ = £ and £ is Hermitian.
We now make a change of variable to 0 = 2tan™' x with —n/2 < 0 < /2,
f(x) =u(0) and
o 2
dx 1+ x2

The expression for Lu becomes

=2cos*(0/2).

Ly ) d 5 du 1 du
Lu = 4 S€C (6/2)2cos“(0/2) 0 <2cos 6/2) 40 + 2tan(0/2)2d9 + au

2
— sec’(0/2) {— cos(0/2) sin(0/2)jg +cos¥(0 /2);1 9”2‘] + tan(0/2) ZZ +au
d*u
= g0 T
Thus, we have to solve
d*u . i !
102 + au = Ju with u(— ;) = u(,7) = 0 and u(—0) = u(0).

In view of the boundary conditions we need solutions of the form
u(0) = Acos(xJa—10) with Ja—2i=2n+1.

(i)n=0and L=a—1.

2

1—x
fl(x)—u(H)—ACOSO—A1+X2.

(@)n=1and A=a—09.
f2(x) = u(f) = Bcos 30 = B(4cos> 0 — 3 cos0)
1—x2\° 1—x2
=4B —3B .
(1 + x2) 3 14 x?
Both of these functions are functions of x> and therefore clearly even functions
of x.

283



EIGENFUNCTION METHODS FOR ODES

17.14 Express the solution of Poisson’s equation in electrostatics,

V2o(r) = —p(r)/eo,

where p is the non-zero charge density over a finite part of space, in the form of
an integral and hence identify the Green’s function for the V? operator.

Consider the (infinitesimal) potential d¢(r) due to a small element of charge
dq = p(r') dv' situated at the position r'. This is clearly

p(r') dv'
4reglr —r/|

d(r) =

Since Poisson’s equation is linear, we may apply superposition and so obtain the
total potential at position r. This same potential must also be expressible in terms
of the Green’s function associated with Poisson’s equation. Thus,

/ p(l‘/) /o _ . ,0(1‘/) dv'
—/G(r,r) . :qs(r)_/dqs(r)_/4n60|r_r,|.

Hence, by inspection,
1

GO == ey
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Special functions

18.2 Express the function
£(0, ¢) = sin 0[sin*(0/2) cos ¢ + i cos*(0/2) sin ¢] + sin’*(0/2)

as a sum of spherical harmonics.

Since every spherical harmonic can only contain ¢ as a multiplicative factor of

the form e*™?, we must decompose the given expression into a sum of terms

containing such factors. Further, as the spherical harmonics are expressed in term
of 0, (rather than of 0/2) we also express the given function in these terms.

. . . 0 . .50

f(0,¢) =sin0 {sm2 5 €08 ¢ + icos? , Sin (;5} + sin’ )

1

2

1

2(1 —cos )

=sin0{ (l—cosﬁ)cosri)—i-;(1+c0s9)sin¢]+
1 1 . . »
= 2(1 —cosf) + 4(1 —cos0)sin@ (e + %)
1 . )
+ 4(1 + cos0)sin (e — e?)

1 .
. —i
5T 5 2cos951n9e

1 01\/4n01\/8n11\/8n_1
_2¢4”Y° V3T s i s 12

! 2 2
Rk (YOO_ \/3Y10_ \/3 v - \/15 Y 1) '
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18.4 Carry through the following procedure as a proof of the result

1
2
I, = [1 P,(z)P,(z)dz = 1

(a) Square both sides of the generating-function definition of the Legendre poly-
nomials,

(1 —2zh+ K12 = ZP

(b) Express the RHS as a sum of powers of h, obtaining expressions for the
coefficients.

(c) Integrate the RHS from —1 to 1 and use the orthogonality property of the
Legendre polynomials.

(d) Similarly integrate the LHS and expand the result in powers of h.

(e) Compare coefficients.

We are required to evaluate

1
In=/ P,(z)P,(z)dz.

1
We start with the generating function and apply the steps indicated:

(1 —2zh+W*)"V2 = Z P.(z)h",

1 m-+n
1—2zh+h2:ZZP” 2) k",

n=0 m=0
d = m+n
/ 1—2zh+h2_;;)/ 2)dzh
_21h [In(1 —2zh+ )], = Z ZI'" 5, N,
n=0 m=0

using the orthogonality property. Thus,

- 1. (1—hy
Lyh" =—_ 1
m;) 20 (1 + by
1 In 1+h
h 1—h
( 1)nhn+l 0 (_1)hn+1 _ 0 20"
<§ n+1 HZ% n+1 _l‘l%;nn—lpl.
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(r,0)

r

2q ’ "

Figure 18.1 The arrangement of charges and notation for exercise 18.6.

Hence, from equating the coefficients of h*" (i.e. setting n = 2m), we have
2
I =
" 2m4 1

as stated in the question.

18.6 A charge +2q is situated at the origin and charges of —q are situated at
distances +a from it along the polar axis. By relating it to the generating function
for the Legendre polynomials, show that the electrostatic potential ® at a point
(r,0, ¢) with r > a is given by

O(r, 0, ¢) = 4MN§3() Pay(cos 6).

The situation is shown in figure 18.1. We superimpose the potentials due to the
individual charges. That due to the charge 2¢ is simply 2¢q/(4neor). To obtain the
distances r; and r, of the point (r, 0) from the negative charges we use the cosine
rule:

r? =1+ a> — 2arcos 0,

,1-1/2
! = ! {1—2acos0+(a> }
o r ¥ r

This gives @y as

o =— 1 (1 —2hcoso+m)y12=— 1
4megr

}:mmmmm

dmegr

287



SPECIAL FUNCTIONS

where we have written a/r = h and, having done so, identified the resulting
expression as the generating function for Legendre polynomials. Similarly,

4n60r ZP (—cosO)h".

Since P,(—cosf) = (—1)"P,(cos ), when all three terms are added together we
obtain

o0

2q "
o= ~dncor Z P,(cosO)h" +

neven

2q
dregr

2 0
=— %" Picoson

4megr
0 n even #0

B 4n60r i( ) Pas(cos0),

as stated in the question.

18.8 The quantum mechanical wavefunction for a one-dimensional simple har-
monic oscillator in its nth energy level is of the form

w(x) = exp(—x*/2)Hy(),

where H,(x) is the nth Hermite polynomial. The generating function for the poly-
nomials is

G(x, h) = eI = Z Halx) .

(a) Find Hi(x) fori=1,2,3,4.
(b) Evaluate by direct calculation

/ N ¢~ H,(x)H,(x) dx,

—00
(i) for p =2, q = 3, (ii) for p =2, q = 4; (iii) for p = q = 3. Check your
answers against the expected values 2P p!\/n Opg-

[ You will find it convenient to use

!
/ x¥e™ dx = @n)t/m
—00

22

for integer n > 0.]
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(a) The generating function is

0

G(x,h) = exp(2hx — h?) = Z

n=0

H,(x)

hn
n! ’

from which it follows that

an 2
H,(x) = o [exp(2hx — I?)]|,_, -
We therefore calculate these derivatives:
8@2; = (2x—-2hG = Hi(x)=2x,
o = (2x —2h)°G—2G = Hy(x)=4x"—2,
o = (2x —2h)’G 4+ 2(—2)(2x — 2h)G — 2(2x — 2h)G
= (2x—2hP’G—6(2x —2h)G = Hs(x) =8x>—12x,
64
: hf = (2x —2h)*G + 3(—2)(2x — 2h)’G — 6(2x — 2h)*G + 12G

=  (2x—2h)*G — 12(2x — 2h)*G + 12G
= Hy(x) = 16x* — 48x* + 12.

(b) Denote by J, the integral

" 2r)!
Jo = / xe™ dx with Jy, = Q /' " and Jo.41 = 0.
. !

Further, define I,, as

0
I, = / ¢ Hy(x)Hy(x) dx.
Then, for case (i)

Iy = / e (4x2 — 2)(8x% — 12) dx

o0

=32Js — 16J3 — 48J3 + 24J; = 0, as all subscripts are odd.

For case (ii)

o0
Iy = / e (4x? — 2)(16x* — 48x? + 12) dx

= 64Jc — 192J4 4 48J, — 32J4 4+ 96J, — 24J

B 6!\/71 4!\/71 2!\/7r O!\/n
=64 26 31 — 224 2421 +144 2211 —24 200!

= /(120 — 168 4 72 — 24) = 0.
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Finally, for case (iii)

o0
I3; = / e*xz(Sx3 — 12x)%dx
—o0

= 64Js — 192J4 + 144J,

6! 4! Jn 21
=64 2631 — 192 249 + 144 21
= J/n(120 — 144 + 72) = 48 /7.
The expected values are

/ e*“"sz(x)Hq(x) dx =2"p !\ /nd),.

—00
This is equal to zero for p # ¢ and equal to 23 3! Jr =48 /n for p=q = 3. All
three results agree with this.

18.10 By choosing a suitable form for h in their generating function,

G(z,h) = exp [; (h— :l)] = Z Ju(z)h",

n=—0o0

show that integral repesentations of the Bessel functions of the first kind are given,
for integral m, by

_1\m 2n
Jom(z) = (=1) / cos(z cos ) cos2mb do, m>1,
n 0
(_1 m+1 2n
Jom+1(2) = / cos(z cos 0) sin(2m + 1)0d0, m > 0.
T 0

In the generating function equation,
Gehy—exp | (h=1)] = f: Ju(2)h"
s - p 2 h - . n s
we set h = ie'’ and obtain

©
exp {; (ie" + ie*ig)} =Y Jul2)i"e™,

n=—0o0

explizcosO] = Z Ju(2)i"(cos n0 + isin nb).

n=—0o0

Our choice for h was prompted by the presence in the quoted answer of a
sinusoidal function with a sinusoidal arguement — or, equivalently, for complex
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variables, an exponential function with an exponential argument. Equating the
real parts of both sides of the equality gives

o
cos(z cosl) = Z (—1)"J5,, cos 2m0

m=—0o0

+ ) (D™ g sin2m + 10,

m=—oo
Now multiplying both sides of this equation by cos2rf and integrating over
0 from 0 to 27 gives (because of the mutual orthogonality of the sinusoidal
functions) that

27
/ cos(z cos 0) cos(2r0)dO = (—1) n Jy.(z) for r > 1.
0

Hence the first result stated.

Similarly, multiplying through by sin(2r+1)6 and integrating produces the second
result.

18.12 By making the substitution z = (1 — x)/2 and suitable choices for a, b
and ¢, convert the hypergeometric equation,

2

d“u
z(1 —z)de

into the Legendre equation

—i—[c—(a—}-b—i-l)z]Z:—abu:O,

dy ) dy
1—x%) 5 =2 ((¢+ 1)y =0.
(=) 5 —2x’) a0 + 1y
Hence, using the hypergeometric series, generate the Legendre polynomials Ps(x)
for the integer values / = 0,1,2,3. Comment on their normalisations.

From the substitution z = (1 — x)/2, it follows that 1 —z = (1 + x)/2 and
d /dz = —2d /dx. If u(z) = y(x) then the hypergeometric equation becomes

I—x1+x , d%y (@a+b+ 1)1 —x)
2 2 PWget|em 2

We now compare this with the Legendre equation. From the undifferentiated
term we must have that the product —ab = /(/+ 1), whilst, from the coefficient of
dy/dx, we see that the sum a + b must not depend upon /. The only possibilities
are a =/ with b = —(/ + 1) and a = —/ with b = / 4 1. Noting that a + b + 1
has the value 0 in the former case and 2 in the latter, we choose the second
possibility, since we require a term containing x in the coefficient of dy/dx.

(2 —aby=0.()
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The equation (*) now becomes

1= Zote— (1w

d
o i—i—/(/—i—l)y:O.

d

All that remains to reproduce the Legendre equation is to choose ¢ = 1. Thus,
apart from a possible normalisation factor,

Pix)=F (-/,/+ 11! ;x> .

The corresponding hypergeometric function is therefore

(O + 1) (1—x>+(—/)(—f+1)(/+1)(/+2) (1—X)2+...,

|
o > 20(1+ 1)! >

Because of the factor —/ + n in the numerator of the (n + 2)th term, each series
terminates after / 4+ 1 terms. For the specific values of /:

21(1 4+ 1)! 2
3(1—2x+x7%)

(=2)3) (1 - X) L (FAE=DRE) (1 - X)z
+

=1-3(1—x)

=—1+3x2=13x2—1),

(=3)4) <1—X) (=3)(=2)(4)(5) <I—X)2

/=3, Pyx)=1+ +

11! 2 21(141)! 2
n (=3)(=2)(=1)(4)(5)(6) <1 — x>3
31(142)! 2

=1-6(1—x)+ 51 —2x+x?%
— 31 =3x+3x*—x)
=(1—6+5—3)+(6—15+ D)
+ (5 - 125)x2 + §x3
=—3x+3x" = 1(5x° — 3x).
These are the first four Legendre polynomials — usually found by other means.
That they are all correctly normalised is the result of the arbitrary, but standard,
requirement that P,(1) = 1 (rather than, say, fjl P?dx = 1). This requirement is
automatically satisfied by the hypergeometric series since when x = 1 we have

z =0 and F(a,b,c;0) =1 for all a and b, and for all ¢, except possibly when c is
a negative integer; here ¢ = 1.
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18.14 Prove that, if m and n are both greater than —1, then

[ " — T+ DITL e+ 1]
- o (au? + b)mtn+2)/2 U= 2am+1)/2 pir+)/2 [ é(m L4 2)]'

Deduce the value of

0 (u+2)2
= du.
! /0 (2 442

Since the quoted answer strongly resembles a beta function and this is most
easily connected to integrals over the range 0 to 1, we first take a factor au?
out of the parentheses in the denominator and then make the change of variable

b | B .
1+ = . With this change,
a X

w2
N L 2 A dx
T lal—x| 2 \a x1/2(1 —x)3/?

and the integration limits (originally 0 and c0) are 0 and 1. Thus,

o0 Mn’l
I= /0 (a2 + b)m+n+2)/2 du

o0 u"’l
- /0 a(m+n+2)/2(1 + afﬂ )(m+n+2)/2um+n+2 du
/1 xm+n+2)/2 (n+2)/2 (1 _ x)(n+2)/2 pl/2 i
o almtnt2)/2 pnt2)/2 xn42)/2 2g1/2 x1/2(1 — x)3/2
_ /1 x(m=1)/2 (1— x)(n—l)/2 I
0 2am+1)/2 p(n+1)/2

m+1 n+1

This integral is a multiple of the beta function B( ) v g

) and can

therefore be expressed in terms of gamma functions as

L m+ 1T (n+1)]
2a(m+1)/2 p(n+1)/2 1"[ ;(m +n+ 2)]

In the notation used above, we have for this given specific case that a = 1 and
b = 4. J can be expressed as the sum of three integrals of the form considered
there by expanding its numerator:

* u? © 4y * 4
J= d d du.
/0 W + a2 ™ /0 W +apr ™ /0 (w2 + 452

The corresponding pairs of values of m and n are m = 2, n = 1 for the first term,
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m =1, n = 2 for the second and m = 0, n = 3 for the third. Thus the value of J
1S
1 T(G)I(1) 4 TG 4 T()TER)

214 T() 2142 T(Y) 214 1(Y)

_MQOTM+T() TR

8T(3)
_3gyml+ygnt s
8, Jm 127

18.16 For —1 < Re z < 1, use the definition and value of the beta function to

show that
0 uZ d
1 (—7)! =
z!(—2)! /0 (1 +up? u.

Contour integration gives the value of the integral on the RHS of the above equa-
tion as mz cosec nz. Use this to deduce the value of (—é)!.

From the expression for the beta function in terms of gamma functions and the
relationship between the gamma and factorial functions for Re z; > —1, we have

aiab 1) = /1 (1 — 1) dt.
(z1+ 22+ 1! ’ 0
Since —1 < Re z < 1, —z is not a negative integer and so (—z)! is defined and
finite. Setting z; = z and z, = —z, we obtain

1
zl(=z)l=(z—z+1)! / (1 —r0)*dt.
0
Making the change of integration variable
u 1
= ith 1 —¢= ddt = d
t 1+u,w1 t 1+uan (1 +up? u,

gives

V1 o wr (1+uwy 1
z!(=z2)! 1./0 At+up 1 (1+u)2du

*uE nz
= du= . iven).
/0 (1 + u)? "= sinnz (given)

Now, setting z = —; and using the general result (z + 1)! = (z 4 1)z!, we have
NN = (L D=0
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Since (—L7)/ sin(—7) = /2, it follows that [(—})!]* = .

Now, ;! = [;"u"2¢7 du and is clearly positive, since the integrand is positive
everywhere. Further, since j! = }(—1)! it follows that (—})! has the same sign as
31 ie. (—5)!is positive. Therefore (—,)! = /x.

18.18 Consider two series expansions of the error function as follows:

(a) Obtain a series expansion of the error function erf(x) in ascending powers
of x. How many terms are needed to give a value correct to four significant
figures for erf(1)?

(b) Obtain an asymptotic expansion that can be used to estimate erfc(x) for large
x(> 0) in the form of a series

0
_ . 5P ay
erfo(x) = R(x) =™ ) o
n=0
Consider what bounds can be put on the estimate and at what point the

infinite series should be terminated in a practical estimate. In particular,
estimate erfc(1) and test the answer for compatibility with that in part (a).

(a) This series can be determined straightforwardly by expanding the integrand
in a series of its own and then integrating term-by-term.

erf(x) = 2 /x e du

Vo
2 [ utus

= 1—u? —
\/ﬂ/o ( u”+ 2 T3 + ) du

2 . x? N x> X! n

N 3215 317 ‘

From tables, either directly or by setting x = \/2 in the relationship %erf (x/\2) =

O(x) — 5 where ®(x) is the (cumulative) Gaussian distribution function, we find
that erf(1) = 0.8427.

From the calculated series, the successive partial sums corresponding to 1,2,3,...
terms are 1.1284, 0.7523, 0.8651, 0.8382, 0.8434, 0.8426, 0.8427, 0.8427, .... Thus
seven terms are needed to obtain the desired accuracy.

(b) We start with

erfe(x) = Rx) = e 3 .
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Now,

2 [* . 2
erfe(x) = / e"du = dR =— e
J7 s dx Jn

Substituting for R(x) and differentiating gives, as the equation to be satisfied,

o0 o0
2 a 2 (—n)a 2 2
—2xe™ " n—i—exg 1"=— e .
X" xnt NG
n=0 n=1

Equating the coefficients of x and the constant terms gives ap = 0 and a; = 1/ \/n,
whilst equating inverse powers of x"~! yields the recurrence relation

—2a,+ [—(n—2)]a,—» =0.
Thus, only the terms with n odd are present and

2k — 1) (—1)F2k — 1)(2k —2)---1
k1 == 5 A1 == ok a

(—1)(2k — )11
2k Jm ’

where (2k — 1)!! denotes the product 1 x 3 x 5 x --- x (2k — 1).

The explicit form of R(x) is therefore
e (1 (=1 2k — 1!
R =, ( TR,
Examination, as k — oo, of the modulus of the ratio of successive terms in the
sum, which is (2k + 1)/2x?, shows that the series does not converge for any finite
fixed x. However, if the series in truncated at k = K with value R(x, K) then,

R(x,K — 1) < erfe(x) < R(x,K) if K is even,
R(x,K — 1) > erfc(x) > R(x,K) if K is odd.

Thus successive pairs of values of the partial sum bracket the true value of
erfc(x), but with the bracketting range ultimately getting larger (rather than
smaller). Which value of K gives the tightest bounds on erfc(x) depends upon
the value of x; the best pair of values for K are probably the two integers that

bracket x> — ).

For erfc(1) we have the series
e /1 1 3 3x5
fe(l) ~ — — e )
erfc(1) \/n<1 2+4 3 + )

The partial sums for 1, 2, ... terms are 0.2076,0.1038,0.2594, —0.1627,.... The
correct answer [see part (a)] is 1.000 — 0.8427 = 0.1573. This behaviour of the
partial sums is as expected, with the correct value always lying between any
successive pair and the tightest bounds given by K = 0 (i.e. just the first term)
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and K = 1; in fact it lies roughly mid-way between the two. Later terms cause
the partial sum to swing with increasing amplitude on either side of the correct
value.

18.20 The Bessel function J,(z) can be considered as a special case of the
solution M(a,c;z) of the confluent hypergeometric equation, the connection being

lim M(a,v + 1;—z/a)

— /2 Y )
o r(v + 1) 2 J\ (2\/2)

Prove this equality by writing each side in terms of an infinite series and showing
that the series are the same.

The hypergeometric series can be written more compactly by introducing the
notation

Cp=clc+1)(c+2)---(c+n—1) with (c) =1,
for the n-factor product. We note that lim,_,(c),/c" = 1 and that
rbv+hH)(v+1),=T'(v+n+1).

On the one hand, with this notation,

. M(a,v+1;—z/a) 1 = (a), Z\"

I a4y T I+ 313%2 nl(v+ 1), (_a)
_ =0z | (@
N v+1 a—»vzn'v—i— [a”]

_i (—1)”2"
~ n!'T(v4+n+1)

But, on the other hand, from the standard series for the Bessel function of order
v,

v+2n
z“’/zj‘,(2\/z)= —»/22 ( 2\/2)+

e n'Fv+n+1)
© (\/Z —v4v+2n
:; n!T'(v+n+1)
=i (—1)" ()"
gt 'Tv+n+1)

Thus the two series expressions are the same and the equality is established.

297



SPECIAL FUNCTIONS

18.22 Show from its definition that the Bessel function of the second kind of
integral order v can be written as

1 [aduz)

Y(z) = [ ou — (=1’

T

6],1(2)}
ou .

Using the explicit series expression for J,(z), show that 0J,(z)/0u can be written
as

s () +g0.2)

and deduce that Y,(z) can be expressed as

Y, (z) = iJv(z)ln (;) + (v, 2),

where h(v,z), like g(v,z), is a power series in z.

Using the fact that, for integer v, J_,(z) = (—1)"J,(z), direct substitution in the
definition of Y,(z) produces the indeterminate equation

{JM(Z)COSM—J—H(Z)] _ {JV(Z)(—l)" —(—1)“Jv(2)} _0

Y,(z) = lim . . .
()=l sin un sinvm 0

U=V
We therefore employ I’'Hopital’s rule:

{ Ju(z)cos um — J_,(z) }

Y,(z) = lim i
sin um

u—v

=lim[

u—v

—nsin(un)J,(z) + cos und,(z) — J_u(2)
7T COS UT ’
where J,(z) = 63452). Thus,

. (3]_#(2)} .
S R

Now, we have as an explicit series represntation of J,(z)

_ 1 [a‘]ﬂ(z) — (=1

hiz) = T | Ou

o0

B (=1 2\ 12
VOEDY nT(+n—+1) (2) '

n=0

We need the partial derivative of this with respect to ¢ and since u appears in
each term as an exponent, as well as part of a multiplicative factor, each term in
the series will generate two terms in the derivative, one of which will contain a
logarithm. This is a particular example of the general result that the derivative of
x* with respect to p is x*Inx. Carrying this through, the derivative with respect
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to u is given by

%ﬁzzo ;)zn{rwrnﬂ y (;)ﬂ
# () o (reanrn)]
ZZ nv ;)zn{ru—i—nle (;)Hln(;)

+(3); ( —i—n—i-l))]

Hence, to obtain the second solution we set u =v:

(%ﬁ)uz =) () +g0.2)

where g(v,z) is a power series in z. The coefficients in the power series are
complicated, but well defined, functions of v and n involving I'-functions and
their derivatives.

Setting u = —v produces the corresponding result

aJ, z
< a;: )M__v ——J ., (z)In (2) +g(—v,z)

- (= 1)‘J(z)ln( )+g( v, 2).

We note that the early terms in g(—v,z) will be absent because of the presence
of (the infinite quantities) I'(n + 1 — v) and their derivatives in the denominator.

Finally, on substituting in (*), we note that the two logarithmic terms contribute
in the same sense (as opposed to cancelling) and we have

Y, (z) = iJ‘,(z)ln (;) + (v, 2),

where h(v,z) is a power series in z.
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18.24 The solutions y(x,a) of the equation
d*y .
dx?

are known as parabolic cylinder functions.

(X +ay=0 (¥

(a) If y(x,a) is a solution of (*), determine which of the following are also
solutions: (1) y(a,—x), (i1) y(—a,x), (ii1) y(a, ix) and (iv) y(—a,ix).
(b) Show that one solution of (*), even in X, is

2
nla)=e*M(a+ ), 5, 1%,

where M(o.,c,z) is the confluent hypergeometric function satisfying
&M dM
Z +(c—2z2) iz —aM = 0.
You may assume (or prove) that a second solution, odd in x, is given by
ni(xa) = xe ™ AMGa+ 3,3, 1),

(c) Find, as an infinite series, an explicit expression for e*/*

Y1 (X, (l).
(d) Using the results from part (a) show that yi(x,a) can also be written as
y(xa) = M(=ja+ . ), =5

(e) By making a suitable choice for a deduce that
o b, x2" 5 o (_l)nb x2n
1 n — X /2 1 n
* ; @ ~ € ( * ; ! )

where b, = [[/_(2r — 3).

(a) When changing x to ux the second derivative of y is multiplied by x~2 and
the factor x> by u?. Thus

(i) The equation becomes (—1)72y" — (3 (—1)’x? + a)y = 0, i.e is unaltered. Thus
y(a,—x) is also a solution.

1,2

(ii) The equation becomes y” — (,x* —a)y = 0, i.e is a different equation. Thus

y(—a, x) is not a solution of (*).

(iii) The equation becomes (i2)y” — (}(i*)x*> + a)y = 0. This is the same equation
as in part (ii). Thus y(a,ix) is not a solution of (*).

(iv) The equation becomes (i72)y” — (}(i*)x* — a)y = 0, ie is unaltered. Thus
y(—a, ix) is a second solution of (*).

(b) We first write yi(x,a) as yi(x,a) = e‘xz/“u(x) and determine the equation u(x)
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must satisfy. The function and derivatives needed are

yi=e "y,
y) = —;e_x2/4u +e ¥,
R P x? —x2/4 /A XA
Vi=—,e u+4e u—2ze +e .
Thus, (cancelling a factor e='/4) substitution in (*) yields
—;u~|— ZZ u—xu +u" — Zz u—au=0,
= u' —xu'—(a+ u=0. (%%)

Now, the equation satisfied by M(ja+ }, ).z) is
a*M
z
dz?
In this we set z = }x?, with d/dz = x~'d/dx, and write M(z) = N(x), obtaining

@ Ld (1aNY (1 ¥\ 1aN (1 1) o
2 xdx \ x dx 2 2 ) x dx 2a 4 -
1 1

X | ” X, 1 1 _
2( X2N+XN>—I—2XN 2N 2a—|—4 N =0,

M
+(—2), —Gat M =0.

N"—xN' —(a+ )N =0.
This is the same equation as (*#) thus establishing that y;(a, x) can be written as
yixa) = e M(ba+ 1,3, 1),
Since the confluent hypergeometric function is a polynomial function of its third
argument the solution is clearly even in x.

(c) With the result established in part (b) we need only evaluate a typical term of
the hypergeometric series for M(za +! 4 2, 2x2) The zeroth term is 1 and the nth
term (n > 0) is
o _ Gat Hla+3) - CGa+l+n—1)1 (xz)"
! (3)3)--- (" nt \ 2
@Dt ) atm=3) o,
T MB)-@n—-D @Ay
Writing the numerator as a product and noting that 2" n! = (2)(4) - - - (2n), we can
now write the whole series as

a+2r—
xa)_1+z r 1((2n 2)x2n'

n=1
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(d) In part (a)(iv) we showed that since y;(x, a) is a solution of (*) so is y;(—a, ix),
ie

y3(X, a) = yl(_aa lX) = efi2x2/4M(_éa + Alb é’ élzxz)

_ x4 1 1.2
=e M(—2a+4,2, 2X%)
must also be a solution of (*).

Since we already have two linearly independent solutions of (*), namely y; and
¥2, and (*) is only a 2nd-order equation, y; must be linearly dependent on y; and
y2. However, it is clearly an even function of x and so it must be a multiple 4 of
y1. Further, since M(a,¢,0) = 1 for all « and ¢, and exp(+0?/4) = 1, we conclude
from setting x = 0 that 4 = 1 and consequently that y;(x, a) = y;(x, a).

(e) Expressing this last result in term of the series representions of the parabolic
cylinder functions gives the equality

(X a) — e /4 1+Z Hr l(a +)2V— )in]
2 2
= y3(x,a) ="/ 1+ZHV ) (grj)_! T )(— )* ]

- (a+3—2r) ;
1+Z ! 2’1)? x? ]

Now, choosing a = 0 and writing []/_,(2r — 2) as b, reduces the equality of the
first and third lines to

NS RN R P
1+;(2n)zx 1_6 1+; any

from which the stated result follows immediately.
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Quantum operators

19.2 By expressing the operator L., corresponding to the z-component of
angular momentum, in spherical polar coordinates (r,0, ¢), show that the angular
momentum of a particle about the polar axis cannot be known at the same time
as its azimuthal position around that axis.

The expression for L, in Cartesian coordinates is

. 0 0
LZ——zh<xay—yax),

the connections with spherical polar coordinates being

x=rsinfcos¢, y=rsinfsing, z=rcosb,
24 212
rP=x*+y"+z%, 0=tan"! (" +77) . p=tan'".
z X

Using the chain rule, we have
o ord 00 0  0¢ 0
dy oy or  dy 00 = 0Oy 0
y 0 zy 0 X 0
= + + :
ror o rA(x24+y2)12 00 0 x24y? 0¢
Similarly,
0 x 0 n zZX 0 Y 0
ox rdr rA(x24+y)l2 a0 x2+y? 0¢’

Thus,

0 B 0 xy—yx 0 z(xy—yx) 0 x*+y* 0 0
x@y Yox =+ or P22+ )2 00 x2+y2 0 0¢
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Thus, expressed in spherical polar coordinates, L, = —ihd/d¢. To establish a
relationship between the uncertainties, AL, and A¢, in the z-component of the
angular momentum and angular position about the z-axis, we need to evaluate
the commutator of L, and ¢. This is done by considering

. 0
(LTI} = —ih |

ie. [L,,¢] = —ih. Since the commutator is a non-zero constant, comparison
with the case of [py,x] shows that AL, X A¢ > ;h, whatever the state |yp) of
the system. That is, if the value of the z-component of the angular momentum
is known (AL, = 0), the value of ¢ (considered as a multivalued function) is
completely unknown.

)
(¢Wﬁ)+¢h¢a¢hp>=-—ﬂﬂw%

[ The transformation of the Cartesian expression for L, is very much simpler if
cylindrical, rather than spherical, polar coordinates are used, as the reader may
wish to verify. The result is the same, as it must be, since ¢ has the same meaning
in both systems of coordinates. ]

19.4 Show that the Pauli matrices

0 1 0 —i 1 0
— 1 _ 1 _ 1
s=in( ] o) =t T ) s=a(g %),

which are used as the operators corresponding to intrinsic spin of ;h in non-
relativistic quantum mechanics, satisfy S = Si =82 = ih2l and have the same
commutation properties as the components of orbital angular momentum. Deduce
that any state |yp) represented by the column vector (a, b) is an eigenstate of S*
with eigenvalue 312 /4.

We note that all the S; are Hermitian and evaluate their various possible products.
Sz_hz 0 1 0 1 _h2 10 _h2|
410 1 o) 4\0 1) 4~

R0 1 0 —i (i 0 ih
58 =y ( 1o ) ( i 0 )" 4 ( 0 —i )" 3 S

R0 —i 0 1 R —i 0 ih
Sys*‘4<i 0)(10>_4<()i>__2&

Similarly, S} = S2 = }h?l and

8,8: = )8y =-S.8,.
ih
8:8:= , 8, =-S.8..
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Thus,

ih ih
[S..S,] = 8.8, — 8,8, = 12 s. — (— ’2 sz) = ihS.,

and similarly
[8,,8.] =irS, and [S.,S.]=ikS,.
Thus the commutators have the same structure as those for Ly, L, and L. in
equation (19.27).
Since S} =S} =82 = |1’l, and S* = S} + S} + SZ = 17,

7(3)=m ()= (3)

for any a and b,i.e. any such state is an eigenstate of S*> with eigenvalue 342 /4.

19.6 Operators A and B anti-commute. Evaluate (A + B)*" for a few values of
n and hence propose an expression for ¢, in the expansion

n
(A + B)Zn _ chr A2n=2r BZr'
r=0

Prove your proposed formula for general values of n, using the method of induction.

Show that

0

n
cos(4 + B) = Z Z oy ST
n=0 r=0

where the d,. are constants whose values you should determine.
0 1
1 0
with that obtained in exercise 19.5.

By taking as A the matrix A = ( ) confirm that your answer is consistent

First a few trials, noting that BP49 = (—1)?PABPA4~! = ... = (—1)P1A9BP.
n=1 (A+B)(A+B) = A>+AB+BA+B> = A*>+B?, since AB = —BA.
n=2 (A+ B)'=(4>+ B??

= A*+ A’B*> + B’4%> + B*

=A4+A232+(—1)4A232+B4

= A*+24%B* + B*,
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n=3 (A+B)*=(4>+ B*)(4* +24%B*> + BY)

= A°+24'B* + A°B* + B’4* + 2B’A°B’ + B°

= A% 4+24*B* + A’B* 4+ (—1)%4*B* + 2(—1)*4*B* + B¢

=A% +34°B* +34°B* + B.
The obvious indication is that

(A + B)Zn _ Z nCr A2n72r B2r (*)
r=0

To prove this result for general n, we assume that it is true for a particular value
of n and consider (4 + B)*'t2

n

_ (A2 + B2) Z nCrA2n—2r B2r

r=0
— z": nCrA2n+2—2r B2r + z”: nCr (_1)4n—4r A2n—2r BZr+2
r=0 r=0
n n+1
— Z ncr A2n+2—2r B2r + Z ncs_l A2n—2s+2 B2S, with s = r + 1,
r=0 s=1

— nCOA2n+ZBO + Z [( nCr + nCr—l) A2n+272r BZr] + nCnAOBZFH»Z-

r=1

Now
| !
G = i s i — 1
!
B (n —f—nl—i_—l:).!r! ="G
whilst
"Co=1= ""1Cy and "C,=1= "1Cp.
Thus,

(A 4 B)2n+2 — n+l C0A2n+ZBO + Z nJrICr A2n+272r BZr
r=1
+ n+1cn+1AOan+2

n+1
— E n+lcr A2n+2—2r B2r’
r=0

i.e. the same form as (*) but with n — n + 1, thus proving the form for general n,
since it has already been shown to be valid for n = 1.
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We calculate the cosine function from its defining series

o0
. (A4 B an
cos(4 + B) =Z + )
n=0
© A2n 2r B2r
zg Z (n—r)lr!
Thus
i (=1)"n!
Ten)l(m—r)r!
Since in exercise 19.5 C = ( 1 1 ), in order to use the given form of A we
must take
11 0 1 10
B_C_A_(1 —1)_(1 0)‘(0 —1)
Now,

0 —1
AB_(1 0 )——BA,

so they do anticommute, and we can apply our previous result. But
A2 — 0 1 01\ _ (10
1 0 10 0 1
1 0 1 0 1 0
2 _ -
and B _<0 —1)(0 —1)_<0 1)'

o0 n
B -1yl
cosC = O(2n)!(n—r)!r!| .

It follows that

n=0 r=
But
- n! " "
(n—r)'r'_(1+1) =2"
r=0
and so
(=2 0
cosc—g (2n)! I (cos\/2)<0 1),

as in exercise 19.5.
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19.8 For a system of N electrons in their ground state |0), the Hamiltonian is

N 2 2 2 N
+p2 + 2
H=3 T T S Y, ).

2m
n=1 n=1

Show that [pin, x,,] = —2ihpy,, and hence that the expectation value of the double

commutator [[x,H],x], where x = ZnN=1 Xy Is given by

2
O [[xH].x][0) = V7"

Now evaluate the expectation value using the eigenvalue properties of H, namely
H|r) = E.|r), and deduce the sum rule for oscillation strengths,

2
S E— Bl r %10 =

r=0

First we evaluate the commutator

I:p?(”’ xn} = px,, [px”a X] + [px,,a X} px”
= px,(—ih) + (—=ih)px, = —2ihp,.

Now, all variables with differing values of n, or referring to different coordinate
directions even if n is the same, commute with each other whilst each x,, commutes
with V' (x,, yu, z,). Consequently the only non-zero terms in the commutator [ x, H ]
are terms like [ x,, p2 /2m| which, as shown above, have the values ihpy, /m. Thus,

ih NR?
D= (0| [[x,H].x]|0)=1(0] Z [pxxa] 10) = " (—il)N=""".
1 m m

We now evaluate D in a different way, making use of result (19.11):

D=

=)

| (xH — Hx)x|0) — (()|x(xH—Hx)|O>

I
.M8

Il
o

(0| (xH — Hx)|r){r|x|0) — ZO|x|r(r|(xH Hx)|0)
r=0

Il
NE

o0
(O] (xE, — Eox) | r){r|x|0) — ZO\x|r (r(xEy — E;x)|0)
r=0

i
q ©
8

2> (E,—Eo)(0|x|r){r|x]0) —2ZE — Eo)|(r | x| O)[?
r=0 r=0

Equating the two expressions for D gives the stated result.

308



QUANTUM OPERATORS

19.10 For a system containing more than one particle, the total angular mo-
mentum J and its components are represented by operators that have completely
analogous commutation relations to those for the operators for a single particle,
i.e. J* has eigenvalue j(j + 1)h> and J. has eigenvalue mjh for the state |j,m;).
The usual orthonormality relationship (J’, m; | j,mj) =0y 5m}mj is also valid.

A system consists of two (distinguishable) particles A and B. Particle A is in an
¢ = 3 state and can have state functions of the form |A,3,my4) whilst B is in an
¢ = 2 state with possible state functions |B,2,mp). The range of possible values
for jis |3—=2| < j<|3+42],ie 1< j<5, and the overall state function can be
written as

|J9mj> = Z er;l:nj"'13|A’3smA>|B’2smB>'

mq+mp=m;j

The numerical coefficients Ci.im, are known as Clebsch-Gordon coefficients.

Assume (as can be shown) that the ladder operators U(AB) and D(AB) for the
system can be written as U(A)+ U(B) and D(A)-+ D(B) respectively and that they
lead to relationships equivalent to (19.34) and (19.35) with ¢ replaced by j and
m by m;.

(a) Apply the operators to the (obvious) relationship
|AB,5,5) = |4,3,3) |B,2,2)
to show that
|AB,5,4) = \/160 |4,3,2)|B,2,2) + \/ﬁ) |4,3,3)|B,2,1).
(b) Find, to within an overall sign, the real coefficients ¢ and d in the expansion
|AB,4,4) = c|A,3,2) |B,2,2) +d|A,3,3) |B,2,1)

by requiring it to be orthogonal to |AB,5,4). Check your answer by considering
U(AB)|AB,4,4).

(c) Find, to within an overall sign and as efficiently as possible, an expression for
|AB,4,—3) as a sum of products of the form |A,3,my) |B,2, mp).

(a) We start with |4AB,35,5) = |4,3,3)|B,2,2) and apply D(4B) = D(A) + D(B) to
both sides, yielding

V(5)(6) — (5)(4)|4B,5,4) = \/(3)(4) — (3)(2) |4,3,2) |B,2,2)
+/(2)3) = (2)(1)|4,3,3)|B.2,1)

4B,5.4) = \/ §14.3.2) 1B.2.2) + 1/ 14.3.3) B, 2. 1).
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(b) Since
|AB,4,4) = c|4,3,2) |B,2,2) +d|A4,3,3)|B,2,1)

must be orthogonal to |4B,5,4), we have (remembering the orthonormality
relation (j',m}| j,m;) = 6;; O m;)

0= (AB,5,4| AB,4,4)
= /5 e+ 1/ § d0)0) /& c0)0) +/ & d()(D)
It must also be normalised, and so
1=(AB,4,4|AB.4.4) = 62(1)(1) ~+ ¢d(0)(0) + dc(0)(0) + dz(l)(l).

Thus ¢ = +(4/10)"/> and d = F(6/10)"/2.

As a check, consider
U(AB)|AB,4,4)

— [U(4) + U(B)] {\/;5 14.3,2) B.2,2) =/ §14.3.3) |B,2,1)}

= \/fB (\/(3)(4) —(2)(3)14,3,3) |B,2,2) + |q)>)

_ \/160 (I0> +/(2)(3) — (1)(2)|4,3,3) |B, 2, 2>)
= (\/140 V6 — \/160 ¢4) 14,3,3)B,2,2)
= |0), as it should.

(c) We abbreviate our notation from |A4,3,my)|B,2,mg) to |my)|mpg), in that
order.
We start with the known relationship that is ‘closest’ to |AB, 4, —3), namely

and apply U(AB) to both sides, obtaining

V(3)(6) — (—=5)(—4)|AB,5,—4) = \/(3)(4) — (=3)(=2) | —2) | — 2)
+V/2)3) = (=2)(=1)| = 3)| - 1),

|AB,5,—4>=\/160|—2>\—2>+\/1‘5|—3>\—1>.

The state |AB,4,4) must be orthogonal to this, but consist of a different linear
combination of the same two states. As it must be normalised it can only be

B4, —4) =/ 1=2)|=2) =/ §1-3)| - 1).
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Now use U(AB) again on both sides:
V4)(5) = (~4)(=3)|4B.4,-3)
= /i (VO& = =201 1)-2)
+ V@)3) = (=2} =2 |- 1)
~vi (¢<3><4) —(=3=2) -2 |- 1)
+ V@)3) = (D) - 3)[0)).

Simplifying the RHS of this equation and dividing through by /8 then gives

4B.4,—3) =/} = 1) —2) + (\/ \/20> 21— 1)

_\/290 | —3)10)
:\/é ‘_1>|—2>—\/§o\—2>|—1>—\/2"0|—3>|0>.

This is the required expansion and, as expected, it is automatically normalised:

(Vi) + (va) +(-va) =1
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20

Partial differential equations:
general and particular solutions

20.2 Find partial differential equations satisfied by the following functions
u(x, y) for all arbitrary functions f and all arbitrary constants a and b:

(a) u(x,y) = f(x* —y?);

(b) u(x,y) = (x —a)* + (y — b)*;
(©) ulx,y)=y"f(y/x);

(d) u(x,y) = f(x +ay).

In each case we need to generate enough partial derivatives of u that the arbitrary
functions and constants can be eliminated by re-substitution.

ou ou ou ou
:2 / :—2 ! = U.
(a) ox xf’, oy yvf© =y o T oy 0
ou ou ou\? [ou\’
= 2(x— =2(y— = 4u.
(b) o =2(x—a), oy (y—=b) = ( ax) +< ay) u
_ g (Y
(© ute ) ="f (7).
ou 0y Yy
o ()=

ou 0 n
: znyn—lf_i_ynf/‘J (y) =ny”_1f+y f/-
y dy \x X
Substituting for f and f’ from the first two equations into the third one gives
ou u  xdu
=n —_ .
ay y yox
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which can be rearranged as

N u +x ou .
y@y ox
(d) Since both the constant a and the form of the function f are to be eliminated,

second partial derivatives will be required.

6u:f, and au:af, _ Ou:aé‘u'

0x dy
Differentiating again with respect to x, say, and then eliminating a between the
two PDEs gives

0%u 0%u and hence ou 0*u  ou *u

= d =

0x0y 0x2 Oy 0x*  0Ox 0x0y
If the second partial derivative is taken with respect to y (rather than x) the
equivalent result is

ou 0*u ou 0*u

dy 0yox  dx 0y?

20.4 Find the most general solutions u(x, y) of the following equations, consistent
with the boundary conditions stated:
ou 0

(a) y. —x u=0, u(x,0) = 1 + sin x;
0x ay
(b) i@u _ 36u
0x

., u= (44 3i)x* on the line x = y;
oy

. .0 0
(c) s1nxs1nyaz+cosxcosya;t=0, u=cos2y onx+y=mn/2;

(d) Cu + 2x Cu =0, u=2 on the parabola y = x>.
0x ay

In each case, we need to determine a p = p(x, y) such that the solution for general
x and y is u(x,y) = f(p). The form of p will be determined by the PDE and that

of f by the (given) form that u takes on the relevant boundary.
ou du dx dy

x. =0 = =— = x2+y2=p.

(a)yax_ ay y X

The given boundary is y = 0 and on this line the expression for p is p = x>. For
this to match the given form, 1 + sin x, the form of f(p) must be

f(p) =1+4sinp'/2.
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This then determines the form of u(x, y) = f(p) for all x and y, not just for y =0
and general x:

u(x,y) = 1 +sin[ (x> + y*)'/?].

The remaining parts of this exercise are tackled in an analogous way and are
given with little commentary.

(b) i@x = 35}) = L ==5 = 3x+iy = p.

Onx=y, p=(3+i)x and

u(x,x) =4+ 31')x2 = f(p)= ocpz,

where (3 +i)> = 4+ 3i
a[O—1)+6i] = 443 = a=),
= u(x,y) = p*= (9% + 6ixy — y?).

. .0 0
(c) For s1nxsmyaz+cosxcosya;l=0, u=-cos2yonx+y=mn/2,

dx dy

sinxsiny  cosxcosy’
cosxdx  sinydy
sinx  cosy ’
In(sin x) = —In(cos y) + k,

sinxcosy = p.

On x +y = m, u(x,y) = cos2y and

p =sin(ym — y)cosy = cos® y,

f(p) =cos2y =2cos’y —1=2p—1,
u(x,y) =2p—1=2sinxcosy — 1.

(d) For gz —|—2sz = 0 with u(x,y) =2 on y = x2,
dx dy
12X

X*—y=p

Ony=x%p=0and f(p) = g(p) + 2, where g(p) is any function for which
g(0) = 0. The general solution is u(x,y) = g(y — x?) + 2; this indeterminacy is
related to the boundary curve being a characteristic of the PDE.
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20.6 Find the most general solutions u(x, y) of the following equations consistent
with the boundary conditions stated:

0 0
(a) y tox =3x, u=x’on the line y =0;
0x 0y
Ju Ju
(b) v, X oy = 3% u(1,0) = 2;
2 0u 2 0u 2,203 3 25
(c) vy + x = x“y°(x° + y’), no boundary conditions.
0x 0y
0 0 )
(a) yaz —xaz =3x, u=x? on the line y = 0.
The CF is given by
d d
x = — y = x2 =+ yz =p.
y X
An obvious PI is u(x,y) = —3y and, as any valid PI will do, the general solution

1S
u(x,y) = f(x* + y*) — 3y.
Ony=0,p=x?and
P =ux0=p = flp)=p = ulxy)=p—3y=x"+)"—3y.

Ju X@u
v 0x dy
As in part (a), the general solution is u(x, y) = f(x> + y?) — 3y.
At (1,0), p =1 and we require 2 = u(1,0) = f(1) — 0. Thus,

(b) =3x, u(1,0)=2.

f(x2 + yz) =2+ g(x2 + y2) where g(1) =0.

Thus the most general solution consistent with the (one-point) boundary condition
is

u(x,y) =2 =3y +g(x> + %)
or 2 —3y + (x> 4+ y*> — 1) + h(x> + y?)
or 2 — 3y +sin[ (x> + Y] + j(x* + y?)

or...,

where any arbitrary function not written explicitly has value O when its argument
has value 1.

ou Jou
208 | 2 i

= x?y?(x* + y*) with no boundary conditions.
0x dy

(c) For y

315



PDES; GENERAL AND PARTICULAR SOLUTIONS

The CF is found from

dx dy
)2 =2 = x* =y =p.

From the symmetry between x and y in the equation, we are led to try u(x,y) =
a(x" + y™) for some n and o as a possible PI. Substituting this trial solution:

2. .n—1 2. .n—1

any“x" " + anx’y = y2x5 + x2y5.

This is satisfied if n =6 and o = 1/6. Thus
u(x,y) = ¢(x°+ %) + (x> =),

where f(p) is any function of p. As there are no boundary conditions to be
satisfied, there are no restrictions on the form of f, provided it is differentiable.

20.8 A function u(x,y) satisfies

ou ou
2 3 =10
0x * 0y ’

and takes the value 3 on the line y = 4x. Evaluate u(2,4).

To find the CF we set
= = 3x—2y=p.

An elementary PI, obvious from inspection, is u = 5x. Consequently the general
solution is u(x,y) = f(p) + 5x.

On the line y = 4x, we have p = 3x — 2(4x) = —5x and so
3 =u(x,4x) = f(—5x) + 5x = f(—5x) — (—5x) = f(p)=p+3.

This gives the form of f(p) = u(x, y) everywhere, not just on the line y = 4x, and
so re-expressing it in terms of x and y shows that

u(x,y) = f(3x —2y) + 5x = 3x — 2y + 3+ Sx = 8x — 2y + 3.
We can now compute u(2,4) as

u(2,4)=16—8+3 =11
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20.10 Consider the partial differential equation

*u *u *u
— 2 =0. *

0x2 0x0y + 0y? *)

(a) Find the function u(x,y) that satisfies (*) and the boundary condition u =
ou/dy = 1 when y = 0 for all x. Evaluate u(0, 1).

(b) In which region of the xy-plane would u be determined if the boundary
condition were u = 0u/dy = 1 when y =0 for all x > 0?

(a) For solutions of the form u(x, y) = f(x + 1y), 4 must satisfy
1-314+222=0 = /i=11

Thus the general solution is u(x,y) = g(x + éy) + f(x+y)=g(p1) + f(p2).
Ja)

Ou:lfory=0anda11x,p1=p2=x0n

With the boundary conditions u = oy

the boundary and

1 =u(x,0) = g(x) + f(x), (*)
ou

1= oy (x,0) = 3¢'(x) + f'(x).
From (*), 0=g'(x)+ f'(x)
Subtracting, 1= —;g/(x).
Integrating, g(x)=-2x+k = f(x)=2x—k+1, from (*).
Hence, u(x,y) = —2(x+ éy)+k—|—2(x+y)—k+1

=y+1
= u0,1)=2.
(b) For u = Si =1 for y =0 and x > 0, the validity of the solution obtained in

part (a) is restricted to the region whose characteristic curves intersect the positive
x-axis (as opposed to the whole x-axis). The characteristic curves in this case are
the families of straight lines

x+ly=pi and x+y=ps

For both families, the lowest value of p; for which the curve cuts the positive
x-axis is 0. [ For negative values of p; the curves cut the negative x-axis.] The
common slope of the first family is —2 and for the second family it is —1. The
two lines with these slopes that pass through the origin determine the limit of the
region of validity of the solution (both constraints must be satisfied). In terms of
the conventional angle 6 measured from the positive x-axis, —j‘n <0< ;n + ¢,
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where tan ¢ = 2. A rough sketch of typical characteristics will probably be found
helpful.

20.12 Solve

*u u  u
65x2 B Séxéy * ay? 14,

subject to u = 2x + 1 and du/dy = 4 — 6x, both on the line y = 0.

For solutions of the form u(x,y) = f(x + Ay) we require
6—5.+1=0 = 1=223.
One possible (trivial) PI is u(x, y) = 7y%, making the general solution
u(x,y) = f(x +2y) +g(x + 3y) + 7y
Imposing the given boundary conditions

2x + 1 =u(x,0) = f(x) + g(x), (*)

4—6x = M (x,0) = 2f"(x) + 3¢(x),
dy

Differentiating (*) gives

2=f"+¢,
Eliminating f” from these two equations yields

—6x = g'(x),
from which it follows that

g(x) = =3x>+k
= f(x)=2x+1+3x>—k.
Thus, the solution for general x and y is
u(x,y) = 2(x +2y) + 14+ 3(x +2y)* —k —3(x + 3y)> + k + 7y*
= —8y> —6xy +2x+ 4y + 1.

It can be verified by re-substitution into the initial equation and checking the
boundary conditions.

20.14 Solve
0%u 0%u
=x(2 .
By I 36y2 x(2y + 3x)
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For the homogeneous equation to have solutions of the form u(x,y) = f(x + 4y)
we require

A+32=0 = 1=0,-3 = u(x,y)=f(x—3y)+gx).
This is the CF part of the solution.
For a PI we try u(x,y) = Ax"y":
Amnx""1y" 1 4 34n(n — 1)x™y"2 = 2xy + 3x%
Such an equation is not guaranteed to have a consistent solution for m and n, but

in this case it has; it is satisfied by m =2, n =2 and 4 = é The general solution
is, therefore,

u(x,y) = f(x —3y) + g(x) + 1x2y%.

20.16 An infinitely long string on which waves travel at speed c¢ has an initial
displacement

_ [ sin(nx/a), —a<x<a,
y(x)_{ 0, x| > a.

It is released from rest at time t = 0, and its subsequent displacement is described
by y(x,t).

By expressing the initial displacement as one explicit function incorporating Heav-
iside step functions, find an expression for y(x,t) at a general time t > 0. In par-

ticular, determine the displacement as a function of time (a) at x =0, (b) at x = q,
and (c) at x = a/2.

The solution of the wave equation at a general time ¢ can be expressed in terms
of the initial displacement ¢(x) by making the substitution

$(x) = [ plx —ct) + p(x +ct)]

and adding an integral of the initial velocity profile. In the present case there is
no initial velocity and the integral contributes nothing.

The initial displacement profile, described piece-wise in the question, can be
written as a single function of x by incorporating Heaviside functions as follows:

d(x) = sin (“ax) [H(x +a)— H(x — a)].

Crudely speaking, this formalism ‘turns on’ the sine function at x = —a and turns
it off again at x = a. It is only when x is between these limits that the expression
in square brackets is non-zero.
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Now making the substitution described above we obtain for a general time ¢ that

y(x,t) = ;sin (n(x_Ct))[H(x—ct—l—a)—H(x—ct—a)]

+ ;sin(nx+Ct))[H(x+ct+a)—H(x+ct—a)]

+ H(x+ct+a)—H((x+ct—a)]

+ 1cos sin met
2

1 . nct

= sm(nx cos H(x—ct+a)—H(x—ct—a)
2 a a

( a

) H(x+ct+a)—H(x+ct—a)
—H(x—ct+a)+H(x—ct—a)l.
Although this final expression is lengthy, its evaluation is fairly straightforward.

(a) At x = 0 the first term is zero for all ¢t and the second contains the factor
[H(ct+a)—H(ct—a)—H(—ct+a)+H(—ct—a)] = [1—H(ct—a)—H(—ct+a)+0].

Whatever the sign of ¢t — a, one of the middle two terms in this bracket is —1
and the other is 0. Thus the bracket has total value 0 and the displacement is
zero at all times.

(b) At x = a the first term in y(x,t) is zero for all ¢ and the second contains the
factor

[H(2a + ct) — H(ct) — H(2a — ct) + H(—ct)].

The first term in this is 41, the second —1 and the last is 0; the result therefore
depends solely on whether or not ¢t > 2a. If it is, there is no displacement. If
0 < ct < 2a then the displacement is

1cosnsin et (-1 = 1sin met
2 a 2 a )’

(c) At x = éa the second term in y(x,t) is zero for all ¢; the first term contains
the factor

3 1 3 1
[H(2a—ct)—H(—ct— 2a)—{—H(2a~|—ct)—H(ct— 2a)].

For 0 < 2¢t < a this factor has the value 1 —0+1—0= 2.
For a < 2c¢t < 3a it has the value 1 —0+1—1=1.
For 3a < 2c¢t < oo the bracket has the value 0 —0+1—1=0.

In summary the displacement at this value of x is cos(nct/a) for 0 < t < a/2c,
; cos(nct/a) for a/2c <t < 3a/2c, and 0 otherwise.
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20.18 Like the Schrodinger equation, the equation describing the transverse

vibrations of a rod,
4 0%u o *u

ox*  or?
has different orders of derivatives in its various terms. Show, however, that it has
solutions of exponential form u(x,t) = Aexp(ix + iwt) provided that the relation
a*’* = w? is satisfied.

Use a linear combination of such allowed solutions, expressed as the sum of si-
nusoids and hyperbolic sinusoids of Ax, to describe the transverse vibrations of a
rod of length L clamped at both ends. At a clamped point both u and du/0x must
vanish; show that this implies that cos(AL)cosh(AL) = 1, thus determining the
frequencies @ at which the rod can vibrate.

=0,

Direct substitution of u(x,t) = Aexp(Ax + iwt) yields immediately that
a tu(x,t) + (i) u(x,t) =0 = d* ) —w?>=0.

This gives i\/w/a and ii\/w/a as the four possible values of A corresponding
to any particular frequency w. The four solutions were obtained as exponential
functions, but we may work with any four independent linear combinations of
them; for our purposes the four sinusoidal and hyperbolic sinusoids form a
convenient set.

At each of the clamped ends, we apply both of the stated boundary conditions
to a general expression for the (maximum) transverse displacement of the form

u(x) = Asin Ax + B cos Ax 4+ C sinh Ax + D cosh Ax,
with
u'(x) = A(A cos Ax — B sin Ax + C cosh Ax + D sinh Ax).

The four conditions will be enough to determine the four initially unknown
constants, 4, B, C and D.

At the x = 0 end of the rod:

u0)=0 = D=-B,
W0)=0 = C=-A.
Hence, u(x) = A(sin Ax —sinh Ax) 4+ B(cos Ax — cosh 4x),
u'(x) = JLA(cos Ax — cosh /x) + AB(—sin Ax — sinh Ax).
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Now, writing AL = 0, we have from the conditions at the other end x = L that

A(sin 0 — sinh 0) 4+ B(cos 0 — cosh 0) = 0,

AA(cos 0 — cosh 0) 4+ AB(—sin 0 — sinh 0) = 0.

For consistency, (cos 6 — cosh ) + (sin? § — sinh? 8) = 0,
cos? 0 — 2 cos 0 cosh 0 + cosh? 0 + sin> 0 — sinh? 6 = 0,

2 —2cosfcoshl =0,

i.e. cos(AL)cosh(AL) = 1. For a given value of L this gives the spectrum of values
of Z, and hence of w, at which the rod can undergo free vibrations.

20.20 A sheet of material of thickness w, specific heat capacity ¢ and thermal
conductivity k is isolated in a vacuum, but its two sides are exposed to fluxes of
radiant heat of strengths J; and J,. Ignoring short-term transients, show that the
temperature difference between its two surfaces is steady at (J, — Jy)w/2k, whilst
their average temperature increases at a rate (J, + Jy)/cw.

As the short-term transients are being ignored, we need a solution of the diffusion
equation, ie. a solution of ko>u/dx*> = cdu/ot, that does not involve time-
dependent decaying exponentials. The required solution has the form

oc
2k
where x = 0 is one of the surfaces and g, « and § are constants to be determined.

u(x,t) = x2+gx+oct+ﬁ,

At each surface, the rate at which heat arrives must equal that at which it is
carried into the material by the temperature gradient there. So

q

atx=0, —k. =Ji = —uc0—kg=J,
0x
ou

atx=w,—k_ =-J, = —acw—kg=—J,
0x

leading to acw = J; + J, and g = —J; /k. Thus

Ji+h 5, S Ji+J»
t) = — t .

u(x, ) %kw T kY * W +F

The temperature difference between the surfaces and the rate at which the average

temperature rises are therefore given by

Nt o, S (= Jd)w
u(w, t) —u(0,t) = e w kW— ok ,
_uw, ) +u©,0)  (Ji+J)w  Jiw | i+
"= 2 4k ah T ew t+p
W_op ity
ot cw
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20.22 The daily and annual variations of temperature at the surface of the earth
may be represented by sine-wave oscillations, with equal amplitudes and periods
of 1 day and 365 days, respectively. Assume that for (angular) frequency o the
temperature at depth x in the earth is given by u(x,t) = A sin(wt + pux) exp(—A4x),
where A and u are constants.

(a) Use the diffusion equation to find the values of 1 and p.

(b) Find the ratio of the depths below the surface at which the two amplitudes
have dropped to 1/20 of their surface values.

(c) At what time of year is the soil coldest at the greater of these depths, as-
suming that the smoothed annual variation in temperature at the surface has
a minimum on February 1st?

(a) Substituting the form u(x,t) = Asin(wt + px)exp(—Ax) into the diffussion
equation,
Kazu(x, 1) Ju(x,t)
oxx ot

gives

Ax [—uz sin(wt 4 px)e ™ 4+ 2u(—2) cos(wt + px)e

+ )»,2 Sil’l(a)t + /,Lx)ei/tx:l =Aw COS(CUt + 'ux)ef/lx'
From comparing coefficients it is clear that we need
1/2
=2 and 2u(— k=0 = J=-—pu= (2‘”) ,
K

(b) For the two sinusoids to be attenuated by the same factor they must have
equal values of /x. Thus

xd_;ty_ wy 1/2_ 1 1/2
Xy 4 \og - \365)

(c) At the greater depth x, only the yearly variation is significant and its phase
relative to that on the surface is uyx,. This is equal to —Ayxy which, in turn, is
equal to —In20 (from the way x, was defined). Thus, the temperature at this
depth is In20/27 of a year behind that at the surface, i.e. it is at its coldest on 1
February + (0.477 x 365) days, about 23 July.
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20.24  This example gives a formal demonstration that the type of a second-
order PDE (elliptic, parabolic or hyperbolic) cannot be changed by a new choice
of independent variable. The algebra is somewhat lengthy, but straightforward.
If a change of variable & = &E(x,y), n = n(x,y) is made in

’u *u *u ou ou
032 +B6x6y +C6 p +Da +E8 + Fu = R(x, y),
so that it reads
82 o%u o%u ou ou
B/ ! D/ E/ F/ — R/
652+ §6n+ca2+ 85+ 67’I+ u (& n),
show that
2
72 _4A/C/ — (B2 _ 4AC) |:a(£>'/’):| )
a(x, )

Hence deduce the conclusion stated above.

0
To save space, we denote 66 by &, etc.
X

By the chain rule, the differential operators with respect to x and y take the
following forms when expressed in terms of the new variables:

A
ox — “¥ae T oy dy yaf T o

Then, with u(x, y) = v(&,n), the second derivative of u with respect to x becomes

o%u 0 ov
ox2 (éxaé'i'nx )(éxaé'i‘ﬂxq >

o o
= 2 xHx 2
0&, dv 0&, dv ony Ov ony Ov
2 2
There are similar expressions for Cu and ¢ v
0xdy 0y?

Since the nature of a second-order PDE is determined purely by the sign of

—4AC, for the purposes of this exercise we need only consider terms containing
2

second derivatives (mixed or otherwise) of v, i.e. only three terms in each of 5 Zl,
X
0? 02 ou 0
N and " and no terms at all for u’ " and u
0x0y 0y? 0x’ Oy
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The relevant terms and their origins are thus

0%u 5 0% 0% 0%

N - 2 xHx 2 s

ox2’ Sxogr TR pegy Tlig
o%u v 0% v
oxdy : fxéy &2 + (éx”ly + éynx)aéan + Ny 6172’

ou ) 0% 0% 0

: X 2 , 2 .

o2 g TR gy Tigy

The coefficients A’, B" and C’ of the transformed equations are therefore

A = Aé)zc + Béxéy + Céyza
B = ZAéx”]x + B(’?xéy + Wyix) + 2C§y’7ya
C' = An+ By + Cr]f,.

We now face the (messy) task of evaluating D' = B*—44'C.

D' =447En; +4C7E 0, + B (n<éy +1y&0)’
+ 4ABE N (18 + nyCx) +4BCEyn, (n:Ey + 1yEx)
+ BACE M Eyny — AA°ENT — 4ABEE i, — 4ACE N}
— 4ABEnn, — ABE & nany — ACBE N,
— 4ACEN] —4BCELE ) — 4C?E]
= B (ns&y + nyEx)* + 8ACE &y,
— 4ACENT — ABPEE iy — 4ACE;]
= B (1:&y — my&a)” —4AC13E7 — 28 anymy + &)
= (B> —4A4C)(ns&y — my&y)’
A& r
ax,y) |

Since the square of the Jacobian is positive, D’ has the same sign as B> — 4AC,
showing that the equation type is not altered by the change of independent
variables.

= (B> —4A4C) [
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Partial differential equations:
separation of variables and other
methods

21.2 A cube, made of material whose conductivity is k, has as its six faces the
planes x = +a, y = +a and z = +a, and contains no internal heat sources. Verify
that the temperature distribution

X . Tz 2Km3t
u(x,y,z,t) = Acos " sin” “exp|—"
a a a

obeys the appropriate diffusion equation. Across which faces is there heat flow?
What is the direction and rate of heat flow at the point (3a/4,a/4,a) at time
t = a?/(kn?)?

The diffusion equation is

. 0u n otu n 0tu B ou
x> 0y?  0z2) ot

Substituting the given expression

X . TZ 2icm’t
u(x,y,z,t) = Acos " sin" exp(—"
a a a

into the equation gives
n? 40 n? 2km?
K| — — u=— u,
a? a? a?

which is satisfied, i.e. the given temperature distribution obeys the relevant diffu-
sion equation.

Heat will flow across a face if, at any point on it, the temperature gradient du/on,
is not equal to zero; here n is the (local) outward normal to the face.
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For the faces x = +a:

2Km3t

=+ =i(—n)AsinnxsinnZexp<— 5 >=0atx=ia.
a a a a

Thus, although in general there is some heat flow in the x- direction, at the
surfaces of the cube the rate of flow is zero.

Since u does not depend upon y, all derivatives with respect to y are zero. This
means that there is no heat flow in the y-direction, not even in the body of the
cube. In particular, for the faces y = +a:

O _ % ) forall x and = ,
on dy

and no heat flows across any part of these two faces.

For the faces z = +a:

-+

0 0 2kt
GZ = 6: =+ (Z) Acos nax cos naz exp <— K; > # 0 for general x.

In summary, on the surface of the cube there is heat flow only across the faces
z = ~a.

For the point (x,y,z) = }‘(361, a,4a), which lies in the face z = a, at time ¢t =
a* /(kn?),

ou u m 3n 2kn? o’
on +6z B (a)A (COS 4 ) (cosm)exp (_ a? mt2>

ou _ kAm (1
_kan_ ; < \/2)( l)e .

-2

The heat flux into the cube is therefore k/i;rze .
a

Note that k and x are related by x = k/c where c is the specific heat (thermal
capacity) of the material from which the cube is made.
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21.4 Schrodinger’s equation for a non-relativistic particle in a constant potential
region can be taken as

_h2 62u+62u+82u _ihau
2m \ax2 ' oy ' 0z2) ot

(a) Find a solution, separable in the four independent variables, that can be
written in the form of a plane wave,

w(x, y,z,t) = Aexpli(k - r — wt)].

Using the relationships associated with de Broglie (p = hk) and Einstein
(E = hw ), show that the separation constants must be such that

pi+p; +p2 =2mE.

(b) Obtain a different separable solution describing a particle confined to a box
of side a (v must vanish at the walls of the box). Show that the energy of
the particle can only take the quantised values

h*n? 2 2 2

where ny, n, and n. are integers.

(a) Take u(x, y,z,t) = X(x)Y (y)Z(z)T(t). After substituting and dividing through
by u, we obtain

hZ X’ Y” Al T’
“om (X Tyt Z):lhT *)
For a solution that can be written both as a plane wave and in the separable
form (*) we must have

p(x,p,z,1) = Aexpli(k - r — wi)]

— Aeikxxeikyyeik;z e—iwt.

This then implies that the separation constants k; and w satisfy
1 2 g2 2
_2m(_kx - ky - kz) = lh(_lw)a

1
=, (Pt 4P =ho=E,
m

where we have used the de Broglie (p = hk) and Einstein (E = hw) relationships.

(b) For solutions that vanish on any of the walls of the box x = 0, x = q, etc., we
must have a product of sine waves of the form

L (ITXN L (T . (NTZN
u(x,y,z,t)zAsm( X )s]l’l( y y) s1n( z ) e zwt,
a a

a
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where the n; are integers.

For this solution of () it follows that

-y -]
hn?
2ma?

This shows that the possible values of E are quantised, since ny, n, and n. can
only take discrete integer values.

(ny 4+ ny +n2) = ho = E.

21.6 Prove that the expression
|m]

PPy = (1 — gy ¢

qum P )

or the associated Legendre function P}'(u) satisfies the appropriate equation,
g A
d dM
(1— )
du du

as follows.

2

T 5 M =0, (%)
U

}+[/(/+1)—1

(a) Evaluate dP/"(w)/du and d*P}"(u)/du® using the form given in (*) and sub-
stitute them into (*%).

(b) Differentiate Legendre’s equation m times using Leibnitz’ theorem.

(c) Show that the equations obtained in (a) and (b) are multiples of each other,
and hence that the validity of (b) implies that of (a).

To save space (and clutter) we will omit all references for (ordinary) Legendre

m ,
d"[Ps(w)] by d"P. Further, we will

functions to the fixed subscript / and denote J
‘Lt"‘l

take m > 0.
(a) From the given definition
PP(k) = (1 — )" d"P,
(PMY = —mp(1 — p2)™2=Lqnp 4 (1 — y2)™2qm+ip
(PY' = m(m — 2)2(1 = )" P — (1 — 22" p
— 2mu(1 — @)D AP 4 (1 — @y 2dm P
We now substitute these forms into the associated Legendre equation
i {“ G

11’12

]+{/(/+1)— ,| M =0,
l—u
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divide through by a factor (1 — p?)"/?

each particular derivative d"P.

and collect together the terms involving

[m(m = 2)p*(1 = )™ — m+ 2mp*(1 — )~
+ /(0 + 1) —mP(1— )] d"P
+ (=2mp —2p)d™ P 4+ (1 — 12)d" P =0,

m?p® — 2mp? + 2mp® — m?

L —m+ (/4 1)| d"P

_ 2,u(m+ 1)dm+1P + (1 _ 'u2)dm+2p _ 0’

(1 — H)d" P —2u(m + 1)d™ ' P + [£(/ + 1) —m(m + 1)]d"P = 0.

This is an equation that must be valid if the given prescription generates associated
Legendre functions, the latter being defined as being the solutions to the associated
Legendre equation.

We now proceed to show that it is valid, taking Legendre’s equation,
(1 —y?)P" —2uP' + /(¢ + 1) = 0.

as our starting point.

(b) Using Leibnitz’ theorem, we differentiate Legendre’s equation m times and
obtain

(1 _ 'u2)dm+2P 4 m(—Z,u)deP + ;m(m _ 1)(_2)de
—2ud™ P — 2md™P + /(£ + 1)d"P =0,

(1 — p@2)d™ 2P — 2u(m + 1)d"™ ™' P + [ /(¢ 4+ 1) — m(m—+)]d"P = 0.

(c) We now note that the final equation obtained in part (b) is the same as the
putative one obtained in part (a) and so, from the line of reasoning given in (a),
we conclude that

[m]

m m d
PPy = =)™

P/(w),
does indeed generate associated Legendre functions.

The solutions for negative m have the same forms as those for positive m but
their signs and normalisations are defined by convention. As the equation is
homogeneous they are still solutions of it.
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21.8 The motion of a very viscous fluid in the two-dimensional (wedge) region
—u < ¢ < o can be described in (p, ¢) coordinates by the (biharmonic) equation

ViV = Viyp =0,
together with the boundary conditions dy/0¢ = 0 at ¢ = to, which represent
the fact that there is no radial fluid velocity close to either of the bounding walls
because of the viscosity, and 0y /0p = £p at ¢ = ta, which impose the condition

that azimuthal flow increases linearly with r along any radial line. Assuming a
solution in separated-variable form, show that the full expression for v is

p? sin2¢ — 2¢ cos 2
2 sin2o — 20cos 20

p(p,d) =

The conditions to be met are

Vip =0 with y(r, 0) = R(p)®(¢h),
oy oy _ _

8¢ = 0, ap = —p, at d) = -,

oy _ p _ At o —

a(p—O, ap_pa dt¢_<x

. 0 . e
Since aw oc p, we need R(p) oc p?; let R(p) = p?, with any multiplicative constant
p

being absorbed into ®(¢).
With this choice of R(p), V?i takes the form

10 p’ 0*®
2p =0 2
Vi pap(p p)+p2a¢2
d*o
= 40
+d¢2’

and V4p =0 is
0=Vyp =0+ L (40 + @)
=vVv= p? dp? ’
After this equation has been integrated twice we obtain
Q" + 40 = k¢ + c,
which has a CF of Ccos2¢ 4 Dsin2¢ and a PI of i(k¢ +¢).

The general solution for @ is therefore

®=Ccos2¢ +Dsin2¢p + Ap + B.
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.. 0 . .
The boundary condition 61;; = 0 requires @ to be zero at ¢ = +o, ie.

—2Csin2¢ + 2D cos2¢p + A =0 at both ¢ = o and ¢ = —a.
These two conditions jointly imply that

C =0and 4 = —2D cos2c.

. L. . 0 .
Correspondingly, after substituting for 4, the boundary condition on 61/) requires
P

that both the equations
2p(Dsin2¢ — 2D cos2u¢p + B) = +p at ¢ = +o,

are satisfied and so determines B and D as

1

B = = .
0and D 2(sin 20 — 20 cos 20)

Thus, finally,
p? sin2¢ — 2¢ cos 2
2 sin2o — 20ccos 2o

y(p,$) =

21.10 Consider possible solutions of Laplace’s equation inside a circular domain,
as follows:

(a) Find the solution in plane polar coordinates p, ¢ that takes the value +1
for 0 < ¢ < 7 and the value —1 for —n < ¢ < 0, when p = a.

(b) For a point (x,y) on or inside the circle x*> + y> = a?, identify the angles o
and f defined by

2=tan~! and p = tan~! v

a+x a—x
Show that u(x,y) = (2/n)(e + ) is a solution of Laplace’s equation that
satisfies the boundary conditions given in (a).

(c) Deduce a Fourier series expansion for the function

sin sin
- ¢ + tan™! ¢

i .
an 1+4cos¢ 1 —cos¢

(a) The prescribed boundary values give an antisymmetric square-wave function
for —n < ¢ < 7. The sinusoidal terms in the general solution of the Laplace
equation in plane polars are those used in a Fourier expansion. The required
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Figure 21.1 The angles « and f defined in exercise 21.10.

solution is thus one that becomes a Fourier sine series on the circle p = a. In
anticipation of part (b) we take a solution valid inside the circle, namely

u(p, p) = Z Aup" sinneg.

n=1
The Fourier sine series for a square-wave,

o0

4 1
u(p.g)= 3 sinng,

n odd

can be found in almost any textbook and the calculation will not be repeated
here.

For the presumed form of u(p, ¢) to coincide with the Fourier series on p = a, it
is necessary that

A, = 4 for n odd and A4, = 0 for n even.
nna"

The required solution is thus
( ) T Z nan .
u (;b (;b.
P, n sinn
n odd

(b) As is clear from figure 21.1, the acute angles o and f are those made with the
x-axis by the lines joining (x, y) to the extremes of the diameter of the circle that
coincides with that axis. When (x, y) lies anywhere on the circle, o + ff = ;n (by
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the usual ‘angle in a semi-circle’ property) and

2 2
u(x,y) = (a+ﬁ)= 7T=1.
i 2
Further,
o 1 -y y
ax_l y 2(a+x)?  (a+xP+y¥
“(ats)
0%a 2(a+ x)y . 02 2(a — x)y
0x2  [(a+x)2+y212 MO 00 T 1@y 422
on 1 r a—+x
ay y 2a+x (a+x)P2+y¥
1+< )
a+x
e —(a+x)2y 0? (a—x)2y

and similarly oy =—

02 [a+xP2+ 2 [(a—x)+y2]*

2
Hence V?o = 0 and V?f = 0, clearly showing that V> {n(oc +B) | =0. Thus

u(x, y) solves the Laplace equation and takes the values +1 on the upper and
lower halves of the circle p = q, i.e. takes the boundary values given in part (a).

(c) Since the solution to Laplace’s equation with a given set of Dirichlet boundary
values is unique, the answers to (a) and (b) must coincide. Hence,

2 sin ¢ sin ¢ 4 K pt
tan~! P + tan~! p = Z P sinne.
n a4+ pcosq¢ a— pcosa¢ nnoddna"

Finally, setting p = a, we have

tan~! sin ¢ +tan~! sin ¢ = i 2 sin neg.
14 cos¢ 1 —cos¢ o

21.12 A membrane is stretched between two concentric rings of radii a and b
(b > a). If the smaller ring is transversely distorted from the planar configuration
by an amount c|¢p|, —m < ¢ < m, show that the membrane then has a shape given
by

_cnln(b/p)  4c a" ER
“e P = 5 1nbja) " w ;O;d m2(h2m — a2 ( on P )COS’"""
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A stationary membrane obeys the wave equation with the time derivative term
set to zero, i.e. it obeys Laplace’s equation V>u = 0.

The most general single-valued solution of V?u = 0 in plane-polar coordinates is

T(p,¢) = Clnp+D+ (Aycosng + By sinng)(Cup" + Dup™"),
n=1
Since the given problem is symmetric in ¢ about ¢ = 0, the solution will not
contain any sin ¢ terms. Further, on p = b the average value of u is zero, implying
that 0 = Clnb + D. In the same way, on p = a the average value of u is ¢n/2,
implying that ¢n/2 = Clna+ D. Thus the first two terms of the solution can be
written together as

cm In(b/p)

up=Clnp—Clnb=Cln(p/b) = 2 In(b/a)’

cn
2(Ina —Inb) In(p/b) =

The remainder of the solution is

o0
Uy = Z (Cap" + Dyp™") cosnp.
n=1
Using the mutual orthogonality of the cosm¢ functions for integer m, we may
now obtain two equations linking C,, with D,,; one from p = a, the other from
p=nh.

) n
Cmam + Dma_m = o / C|¢)| CcoS m(j) d¢

—T

2 T
= nc/o ¢ cosmep d¢p

2¢ ([¢psinmp|”™ ™ sinmg
AL
_ 2c [cosmp]”
a [ m? L
4c

=— _, for m odd, = 0 for m even,
m

Ocosmpdep = 0.

—T

2
C,b" +D,b™" =
2n

4

Thus D,, = —C,,b*" and C,a" — C,,b*"a™™ = — c2 for m odd.
m

Hence

4 1

n odd

4c a" p
AR Z n2(b2n — a2n) —p" | cosng,

n
n odd P
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and u = uy 4 uy is as given in the question.

21.14 A conducting spherical shell of radius a is cut round its equator and the
two halves connected to voltages of +V and —V. Show that an expression for the
potential at the point (r,0, q’)) anywhere inside the two hemispheres is

1D)"(2n)!(4n + 3) /r\ 2+l
u(r,0,¢) = 22"+1n' (n+1)! (a) Py,11(cos ).

This problem is almost identical to the last worked example in the subsection
Laplace’s equation in polar coordinates, page 735. The only difference is that the
two halves of the sphere are at potentials V' and —V, rather than vy and 0. We
can therefore take over that result by the change vy — 2V and then subtracting
V from the complete solution; this latter change has the effect of removing the
constant term and leaving a sum that contains only odd Legendre polynomials.

Their expansion coefficients are evaluated using the result from exercise 18.3;
thus,
wit _ 220t D +1 0 (1) (2n)!

Azni1 2 224 ) (n + 1)1

giving

)(4n + 3) /ry\2n+l
u(r,0,¢) = VZ 22”+1n'n—|—1)' (a) Psyt1(cos0).

21.16 A slice of biological material of thickness L is placed into a solution of
a radioactive isotope of constant concentration Cy at time t = 0. For a later time
t find the concentration of radioactive ions at a depth x inside one of its surfaces
if the diffusion constant is K.

The concentration is governed by the diffusion law
Pu ou
ox2 ot
Ultimately the concentration will be Cy everywhere; this is formally, but trivially,

a solution of the equation. To this must be added time-dependent solutions of
the diffusion equation that represent the (decaying) transients and — 0 as t — oo.
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Writing u(x,t) = Cy + X (x)T(t) we obtain the usual separated variable equations
X// T/
= = _'ua n=> 09
X kT K
with the sign of acceptable separation constants chosen so as to ensure solutions
decaying with time.

The solution for the time variation is trivial, T(t) = T(0)e™*. That for the spatial
variation is of the form

X(x)=Asin\/'ux+Bcos\/ﬂx.
K K

At all times u(0,t) = u(L,t) = Cy and so X(0) = X(L) = 0. This determines that
B = 0 (whatever the value of u) and imposes the condition that \/,uL = nn\/x
where n is an integer.

At this stage all positive integer values of n are possible and thus the general
solution is a linear superposition of them:

© 2.2
u(x,t) = Co + ZA,, sin nzx exp (—nZZKt) .

n=1

At t = 0, before any diffusion has taken place, u(x,0) = 0 and so
- nmx
ZA” sin L = —Cy.
n=1

This is, in fact, a Fourier expansion and we determine the coefficients 4, in the
usual way, using the mutual orthogonality of sinusoidal functions. Multiplying
both sides by sin(mnx/L) and integrating from O to L gives

1 L
Aw L= /0 (—Co)sin mzx dx

L mrx 1 E
= C
0 {mn cos L } .
2CyL
_ 0 for m odd,
0 for m even.

Inserting these values yields

4C 1. 2n2kt
u(x,t) = Cy— no Z sin mzx exp (_n zzx ),
n odd

so giving the concentration at a general place and time.

337



PDES: SEPARATION OF VARIABLES

21.18 A sphere of radius a and thermal conductivity ki is surrounded by an
infinite medium of conductivity k, in which far away the temperature tends to
T,,. A distribution of heat sources q(0) embedded in the sphere’s surface establish
steady temperature fields Ti(r,0) inside the sphere and T,(r,0) outside it. It can
be shown, by considering the heat flow through a small volume that includes part
of the sphere’s surface, that

T T
kla 1_k26 2=q(t9) on r=a.
or or

Given that
1 o0
0) = 2 Pa(cos 0),
4(0) agq (cos0)

find complete expressions for Ti(r,0) and T,(r,0). What is the temperature at the
centre of the sphere?

The general azimuthally symmetric solution in spherical polar coordinates of the
time-independent diffusion equation, i.e. of Laplace’s equation, is

0

T(r,0) =" (A" +Bs~""") Ps(cos0).

(=0
Since T; covers a region including the origin, it must contain no inverse powers
of r. Likewise, since T, covers a region including » — oo, it must not contain any
positive powers of r. Thus

o0 o0

o B
Ti(r,0) = Z;Anrnp,,(cos 0) and Ts(r,0) = z_; rnfl P,(cos 0) + T, Py.

The boundary conditions on r = a are
0T, 0T, 1

T1 = T2 and kl — k2

T S e oso)

n=0
the RHS of the second one representing a ‘Legendre expansion’ of the distribution
of heat sources, analogous to a Fourier series.

Since the P, are mutually orthogonal we may equate their coefficients on the two
sides of an equation. The first boudary condition therefore yields

B B
Ao=""+T, and A,d"= nJ’:l.
a a
The second condition (for n > 0) is
1)B, "
klnlélnan_1 + k2 (n + ) = q 5
ai1+2 a

= [kin+ky(n+1)]4,d" = q,.
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These simultaneous equations give all the 4, and B, and the temperatures in the
two regions as

S n Ty
T 0 = Pn 0 Twa
1(r,9) ;k1n+k2(n+l) (5,) Patcoso+
* qn a n+1
T 8 = E Pn 9 TOC
2(r,6) = kin+ky(n+1) (r) (cos0) +
qo

The temperature at the centre of the sphere is Ty(0,0) = ;~ + T,. Perhaps

k>
surprisingly, this depends only on ¢y and k,, and not on k;. However, since ¢ is

the only component-source that has a net non-zero output of heat (averaged over
all directions), it is this and the rate at which the heat it produces is conducted
to infinity that determine the level to which the temperature at the centre rises;
hence k; is the controlling factor. How quickly the equilibrium state would be
established starting from (say) a uniform temperature of T,, would be affected by
the value of kq, but that is not asked for here.

21.20 Working in spherical polar coordinates ¥ = (r, 0, ¢), but for a system that
has azimuthal symmetry around the polar axis, consider the following gravitational
problem.

(a) Show that the gravitational potential due to a uniform disc of radius a and
mass M, centred at the origin, is given for r < a by
2GM 1 2 1 @
1—rP1(cos0)+ (r) P>(cos 0) — (r) Py(cos0)+--- |,
a a 2 \a 8 \a

and for r > a by

GM
r

[1 — i (j)sz(COSO) F é (j)4P4(cos9) =00 ] )

where the polar axis is normal to the plane of the disc.
(b) Reconcile the presence of a term Pi(cos @), which is odd under 0 — © — 0,
with the symmetry with respect to the plane of the disc of the physical system.
(c) Deduce that the gravitational field near an infinite sheet of matter of constant
density p per unit area is 2nGp.

We tackle this problem by first calculating directly the potential at a general
point on the polar axis, i.e. on the central normal to the disc, and then choosing
the constants in the general solution of Laplace’s equation to make the two
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expressions match. Finally (though it is often not explicitly stated) we appeal to
the uniqueness theorem to claim that the solution so found is the correct one.

(a) An annulus of the disc of radius p and width dp produces a potential du(z)
at a point on the polar axis distant z from the disc given by

2np oG

du = (p2 + 22)1/2 P

where o is the area density of the disc. The total potential at the point is thus

a

_ ¢ 2naGp _ 2 2\1/2
u(z)—/o(p2+22)1/2dp—27wG{(p +z7) }o

=2n J\/IzG[(a2 + )2 —2].
na

For r < a, we now expand this function in positive powers of z and then replace
z" by r"P,(cos 0), these two expressions being the same for 0 = 0. The resulting
expression u(r, 0) will be valid for all » < a and all 0, not just on the axis:

()_2MGa | 12 1z* z
wa= e 2a> 8a* a)’
2M 1r? 1
u(r,0) = ¢ 1+ d P>(cos 0) — : Py(cos @)+ --- — rP1(COSH) .
2 a? 8 at a

For r > a, the function has to be expanded in negative powers of z and then
z7"1 has to be replaced by r"!P,(cos 0), these two expressions being the same
for & = 0. The resulting expression u(r, ) will be valid for all » > a and all 6, not
just on the axis:

()_2MG +1a2_1a4+1a6 B
M= \F T, T T 165 T E)
2MGa2 laz 1a4
u(r,0) = 2 2r< —4r2P2(cos9)+8r4P4(0059)_...>_

(b) Under the change 0 — n—0, z becomes negative and the appropriate form for
[(p? + 2212 is (a2 +22)1/2 = (—z), ie. (@ +2%)/2 +z. When this is expressed in
polar coordinates, Py(cos ) changes sign under the interchange but r does not;
neither do any of the P,(cos 0) when n is even. The derived expression is therefore

still valid when 0 > 7 /2.

(c) The gravitational field is given by —du/dr in the direction 0 = 0, where all
P, = 1. An infinite sheet of matter is equivalent to a finite r and a — co. Clearly
the r < a form is needed and M must be expressed as M = na’p:

0 2Gna® 1
u_ naP<_ Pi(1) + r2P2(1)+--->.
or a a a
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b

Figure 21.2 The charges as described in exercise 21.22 and the resulting
spherical surface on which the potential is zero.

It then follows that
.0
g =—lim " =2nGp
a—0 ar

is the gravitational field near an infinite sheet of constant-density matter.

21.22 Point charges q and —qa/b (with a < b) are placed, respectively, at a
point P, a distance b from the origin O, and a point Q between O and P, a distance
a’/b from O. Show, by considering similar triangles QOS and SOP, where S is
any point on the surface of the sphere centred at O and of radius a, that the net
potential anywhere on the sphere due to the two charges is zero.

Use this result (backed up by the uniqueness theorem) to find the force with which
a point charge q placed a distance b from the centre of a spherical conductor of
radius a (< b) is attracted to the sphere (i) if the sphere is earthed, and (i) if the
sphere is uncharged and insulated.

As can be seen from figure 21.2,

_ q _ (a/b)q .
4reg| PS | 4meo| OS |
Now, the triangles QOS and SOP have sides in the ratio

00 (a@*/b) a 0§

05  a b OP’
they also have the same included angle 6. This shows that they are similar

bs
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triangles and therefore that the ratio QS/PS is also equal to a/b. It now follows
that ¢s = 0.

(i) The potential at a general point R outside the earthed sphere must be given
by

q 1 a
r)= — .
¢( ) 47'[60 (ll‘R—l‘p| bl‘R—l'Q|)

This is so because each term is a solution of Laplace’s equation, ¢(r) = 0 for r
anywhere on the sphere and ¢(r) — 0 as r — oo; the uniqueness theorem shows
that there is only one such solution and so this must be it.

A deduction from this is that a charge of —aq/b placed at ry is the appropriate
image charge for this situation. Since it produces the same potential distribution
outside the sphere as the actual induced charge on the sphere does, it will also
produce the same electrostatic field there. Consequently, the force with which the
real charge at P will be attracted to the sphere is the same as that between the
real charge and its image, i.e.

_ (a/b)qq
' 4ney | PO
_ aq’ _ abg?
2\>  4neo(br —a?)?
47‘C€0b b— b

(i) With the sphere uncharged and insulated it must still be an equipotential
surface (though not necessarily at zero potential). However, it must now also
have the property that zero net charge is contained in any surface that surrounds
it.

These two requirements can be met by adding a further image charge at O, equal
in magnitude but opposite in sign to that at Q. The additional charge affects all
parts of the sphere equally, leaving it as an equipotential surface, but increases
its potential by (a/b)q/(4nepa). The new force of attraction will be

(a/b)g* aq?
Fy=F — =F — .
2 ! 47T€0b2 ! 4-71?6()b3

Although we have not explicitly said so, the uniqueness theorem has again been
invoked in arriving at this result.
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21.24 Electrostatic charge is distributed in a sphere of radius R centred on
the origin. Determine the form of the resultant potential ¢(r) at distances much
greater than R, as follows.

(a) Express in the form of an integral over all space the solution of

_p(r)
€0 '

Vi =

(b) Show that, for r > ',

T 1
r—r)=r—""" +o< )
r r

(c) Use results (a) and (b) to show that ¢(r) has the form
M d- 1
o =" + 3r+0<3>.
r r 7

Find expressions for M and d, and identify them physically.

(a) The formal expression for the integral solution of Poisson’s equation is

_ p(r') ,
r) = /V 4reglr — 1| dr,

where V is the sphere 1’ < R. (b) When r > ' we may expand the expression for
[r —r'| in powers of r/r using the binomial theorem:

r—r = [r=r)- =1

=@ =2r-r + ;”2)1/2

v P 2
=r{l- 2 T
Y 1
=" r—{—O( )
r r

(c) Putting this into the integral in part (a) and again using the binomial theorem:

/ - 1 —1
¢(r)=/v4ft(;)r {1—‘}; +o<r2)] ar

M d-r 1
¥ r r

1
/p(r’)dr’ and d = /p(r/)r’ dr'.
4req

where

M =
dreg
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The first term M is (4meg)~! times the total charge contained in the region of
space bounded by the sphere of radius R, showing that from far enough away
the charge appears like a point charge. The second term is similarly related to the
dipole moment of the charge, and measures the grosser aspects of any deviation
from spherical symmetry of the charge distribution.

21.26 Find the Green’s function for the three-dimensional Neumann problem

¢

Vip=0 forz>0 and =
0z

f(x,y) onz=0.

Determine ¢(x,y,z) if
fx,y) = { g(y) for |x| < a,

for |x| > a.

The general solution to the Poisson equation with Neumann boundary conditions
is

u(ro) = /V G(r,xo)p(r) dV (r) + (u(r))s — / G(r,ro)f (r) dS(r),

S

where (u(r))s is the average of u over the surface S.

In the present case the charge density p is zero (Laplace, rather than the more
general Poisson), except of course at ry. Further, as one of the bounding surfaces
is the hemisphere at infinity in the region z > 0 and u = 0 there, as well as on the
plane z = 0, (u(r))s = 0. Thus we are left with only the third term on the RHS
and

u(ro) = — /S G(r.10)f () dS (r).

Now, guided by the solution to the corresponding Dirichlet problem, we are able
place an image charge outside the region (i.c. an image charge with z < 0) and
so write a suitable form for the Green’s function. One fundamental difference,
however, is that the image charge must have the same sign as the charge at ry;
this is because it is the normal derivative of G (rather than G itself) that must
vanish on S;, the plane z = 0. The explicit form of the Green’s functions reads

1 1

Glr.ro) = CAnjr—ry|  4nfr+ 1o

(*)

1 1
T n {[(X—X0)2 (v —yo) + (z — 22112

1
* [(X—X0)2+(y—y0)2+(2+20)2]1/2}.
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Differentiating with respect to z then gives

oG 1 { 2(z — z0) 2(z + zo) }

0z An | 2L..+(z =202 2[..+ (z + 2022

0G
0z

1 —Z ) }
= + =0.
.o 4m {[...+Z§]3/2 [...+2z3]%?

To find the dominant term in the normal derivative of G over the hemisphere S,
at infinity, we may neglect ry when differentiating (*) and obtain

oG _ 10 1 n 1
or  4mar \Ir—ro|  |r4ro S

o1 0 (2
~ dmor \Irl ),

_ 1
T 2w

It follows that the surface integral over the hemisphere of this normal derivative
is simply

oG 0G
= 2m?=1.
S or ds or r

When this is added to the zero contribution arising from the integration of the
zero derivative over Si, a sum of unity is obtained, showing that the consistency
condition for a Neumann Green’s function is satisfied.

We now calculate ¢(x, y,z) for the given distribution of d¢/dz on z = 0.

[ o(v)
¢(XOsYOaZO)—/_a /_OO A {[(x—x0)2+(y—yo)2+(0—Zo)2]1/2
+

5(y) } s
[(x = x0)2 + (v — yo) + (0 +z0)2]1/2 [

2 /” dx
S An ) [ —x0)2 + ¥ + 231V
Now transform the integral by setting x — xo = \/ y3 4 z3 sinh 0 = psinh 0.

(%0 70.70) = /”2 pcosh 0 do
0, Y0, Z0 2y, ,u(sinh28+1)1/2’
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where psinh 0 = —a — x¢ and usinh 0, = a — xo.
oo
(x0, y0,20) = b do
v 0
1
= 0, —0
Zn( b —01)
1 . — .
=, sinh™! a—xo + sinh™! @+ Xo
" V3 V3

This could, of course, be equally well written in terms of unsubscripted variables
x, y and z. The subscript 0 is an artefact of the notation used to indicate
which quantities were to be held constant during the integration over the Green’s
function; unsubscripted variables were used for the integration.

21.28 Consider the PDE Lu(r) = p(r), for which the differential operator L is
given by

L=V-[pr)V]+q(r),

where p(r) and q(r) are functions of position. By proving the generalised form of
Green'’s theorem,

/ (L —pL)dV = f P(BVyp — pV) - adS,
14 S

show that the solution of the PDE is given by
uteo) = [ Gl v ()
14

+ o0 w00 — ey 3 | asio,
S

on n

where G(r,xg) is the Green’s function satisfying LG(r,rg) = o(r — rp).

First, consider the divergence of the quantity in parentheses appearing in the
integrand on the RHS of the supposed generalised form of Green’s theorem:
divergence =V - (p pVy — pyp Vo)
=p¢Vip +Vy - V(pd) —pwVdp — V- V(py)
=p ¢V +pVy Vo + (Vi - Vp)
—pyVip—pVe - Vi — (Ve - Vp)
=p¢Vip + d(Vy - Vp) — pypV3e — (Ve - Vp).

From the divergence theorem it follows that the surface integral on the RHS
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must be equal to the volume integral of the expression in the last line of this
equation.

Next, consider the LHS of the supposed equation:
LHS = /(d)[,lp —pLp)dV
14
= /V{¢>(V~ [pVI+a)y —w(V-[pV]+q)p;dV
= [ 109 (o901 = V- 1pve1} v

= /V{¢(Vp V) + ¢p Vi —p(Vp - V) — pp Vo) dV.

Comparison of this result with that of the previous paragraph establishes the
generalised form of Green’s theorem.

Now, taking ¢(r) = u(r) with Lu(r) = p(r) and p(r) = G(r,ry) with LG(r, 1) =
o(r —ryp), we have

/ u(r)S(r — ro)dV — / G(r. r0)p(r) V(1)
14 14
= o0 [u0 0" — G | s,
S n n
from which the stated result,
u(ro) = / G(r. r0)p(r) V(1)
14

# o un 0 e 0 asio,

follows immediately.
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Calculus of variations

22.2 Show that the lowest value of the integral
/B (1 +y/2)1/2 ;
x’
A y

where A is (—1,1) and B is (1, 1), is 21n(1+\/2). Assume that the Euler—Lagrange
equation gives a minimising curve.

If the integrand F(y’, y, x) does not contain x explicitly then a first integral of the

E-L equation is that F — ' oy is equal to a constant. Here,
y

(L+yH2 Y _
vy {y(l +y’2)1/2] -
1 J—
y(A+yHyvr
On rearrangement, this gives
dy _,(1=C3?)
dx — Cy ’

which can now be integrated:

/ ydy :i/dx,
\/1 — C2y2 C
V1—-C2? _x
= D.
c? Tt
Since the curve must pass through (—1,1) and (1,1), D = 0 and
1
J1-C21=FC = C=+ .
V2
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Re-substituting these values and squaring both sides of the final equation shows
that x> + y*> = 2 is the minimising curve, with 2x + 2y)y’ = 0 and hence that
y'=—x/y.

The minimal integral has the value V' given by

1 211/2

v | [1+Ge/yPT2
—1 y
/1 (x2+y2)1/2

= 5 dx

—1 y

1 \/2

-1 2 —X2 dx

1! 1 1
:2/_1 <\/2—x+\/2+x> o
1
:1 ln\/2+x
2 \/Z—x
=2In(y/2+ 1),

—1

as stated in the question.

224 The Lagrangian for a w-meson is given by
L(x,0) = (¢* = [VI* — 12 ¢%),

where  is the meson mass and ¢(x,t) is its wavefunction. Assuming Hamilton’s
principle find the wave equation satisfied by ¢.

This is a situation in which there are four independent variables, x, y, z and t
and so we apply the E-L equation

oL 0 oL\ 0 (oL\ 0 (dL\ 0 (oL
06~ ox (a¢x> * oy (aqsy) 1oz (aqsz) t ot (a¢,)’

O(j:, etc. and ¢, = ¢.

0
1, 0p\>  [0p\: [0¢\*
re e () () - () e
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the function that makes | Ldxdy dz dt stationary satisfies

_2¢__(7 dp\ 0 (dp\ 0 0¢+0 0p
FO="ax\ox) "oy \ay) "oz \az) Tar \ax
>
20 w2
This is the equation satisfied by the meson’s wavefunction. It is known as the

Klein—-Gordon equation; here it is expressed in units in which 7 = ¢ = 1, where
h is the Planck constant and ¢ is the speed of light in vacuo.

22.6 For a system specified by the coordinates q and t, show that the equation
of motion is unchanged if the Lagrangian L(q,q,t) is replaced by
de(q,1)

ar ~’
where ¢ is an arbitrary function. Deduce that the equation of motion of a particle
that moves in one dimension subject to a force —dV (x)/dx (x being measured
from a point O ) is unchanged if O is forced to move with a constant velocity v (x
still being measured from O ).

Li=L+

We start with the Lagrangian L(g, g,t) giving an equation of motion

Now consider

d (0Ly\ _d (oL +d'6 d¢

dt \ dg ) dt \ dq dt | 0g \ dt
_d(oL\  d[o (0. 0
_dt<0q)+dt_8q<0qq+8t>]
_d (oL\ | d [d¢
—d[<aq)+dt_aq+0+0], (%)

. 0 .
since ¢ and (f do not contain ¢.

0
Now, since ¢ = ¢p(q, 1),

d (08 _Pp, P _3¢. P _ 0 (d
dt\og)~ 029 trog T 02 1T ogor ~ g \ dr )

Consequently, using (*) to replace the first term on the RHS of (**),
d (0L 0L n 0 (do\ 0L
dt\ 04 ) oq oq\dt) dq°
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Thus, the equation of motion is unchanged by the addition to the Lagrangian.

When the point O is moved with constant velocity v, the potential function V(x)
is unchanged (as x is still measured from O) but the kinetic energy term, T, in
the Lagrangian becomes

Ty = ym(x + v)?

1

= 2m>’c2 + mvx + ;mv2

d
=T+ it (mvx + émuzt).

And so the new Lagrangian is

d
Li=L+ . (mvx + émvzt).

d

The additional term is of the form d¢(x, t)/dt previously considered and therefore
the equations of motion are not changed.

22.8 Derive the differential equations for the plane-polar coordinates r, ¢ of a
particle of unit mass moving in a field of potential V (r). Find the form of V if the
path of the particle is given by r = asin ¢.

In plane polar coordinates the kinetic energy of a particle of unit mass is
T = 1(i* + r’¢?) and so the Lagrangian is

L=} +r$*) — V().

Hamilton’s principle, that the integral of L with respect to time ¢ (the independent
variable) is stationary, gives the E-L equations for the two dependent variables r
and ¢ in their usual form:

d (0L\ oL
dit \oq;) g’

ov
or

The second of these expresses angular momentum conservation as r>¢ = k, whilst
the first can be interpreted physically as saying that the actual radial acceleration
is the difference between the outward centripetal acceleration and the inward one
due to the potential field.

which in this case implies that

d

T ) d 20
d[(r)—rqﬁ and dt(r ¢)=0.

If the actual path is r = asin ¢, then this must be a solution of these coupled
equations. The path in this form does not give the time dependence of cither
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variable and so we must aim to eliminate time and differentiations with respect
to it. In particular, we need an expression for ¥ that does not contain time.

. ak
F=uacosp¢p=  cosg,
r

. 2dkcos¢ . —sin ¢)
P = 3 it r2 ¢
2a°k*cos> ¢ kr k
- rs T 22
2a> — k> k?
- S T

Substitution in the radial equation now gives
_2(a2 —r2)k? B k? rk2 _av ~ ov 2k%a’
] " v or o

From this we conclude that
2,2

2r4
and that the potential is an inverse fourth-power law. This (admittedly unphysical)
situation is of interest because the particle’s orbit passes through the centre of
force, and with infinite speed, in theory. This raises the question of relativistic
effects ... .

V(r)=— +c

22.10 Extend to the case of several dependent variables y;(x), the standard result
about the first integral of the E—L equation when x does not appear explicitly in
the general integrand F(y!,yi, x). In particular, show that the first integral is

\ ,0F
F— Z y’(ﬁyf = constant.
i=1 i

For each of the dependent variables y;, i = 1,2,... ,n, we have

oF d (0F
dy;  dx ovi)

These n equations can be manipulated as follows.
,0F d (0F d ( ,0F , OF
yzay _yldx (ayl) dx ( ayl)_yz 6y’
, OF ,0F d ( ,0F
Vi oy, + Vi i = dx (J’i 5)’2) >
" F oF d |~~/[ 6 O0F
1 < "oy, "ayi) " dx [Z (y“ ay;) 1 '
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. . . . dF
But, since F #* F(x), the LHS is the total derivative of F, i.e. i Thus

dF d |~/ ,0F

dx  dx lz_; (yiay;)]’
" ( ,0F
i=1 l

is the first integral of the E-L equations.

2212 Light travels in the vertical xz-plane through a slab of material which
lies between the planes z = zy and z = 2zy and in which the speed of light v(z) =
coz/zo. Using Fermat’s principle in the form that the travel time is minimised, show
that the ray paths are arcs of circles.

Deduce that, if a ray enters the material at (0,zg) at an angle to the vertical,
/2 — 0, of more than 30° then it does not reach the far side of the slab.

We start with the three defining equations

o(z)=co . (ds) = (dx)? + (dz)?
Zo

2\1/2 12\1/2
t:/ds:/(l—i-z) dx:z()/(l—i-z) .
v v(z) Co z

The independent variable x is not present in the integrand F and so a first integral

and

. JoF
of the E-L equation is F — z’a , =k:
z
(1 +Z'2)1/2 z z B
z z (L4222 7
1
= k,
Z(l +Z/2)1/2
zdz _
(A — )12 =dx, where A=k,

= —(4—-2)"?=x+B,
(x + B)? + 2% = (JA)~
This is a circle of radius /4 centred on (—B,0).
If the ray enters the slab at (0, zg) with ;li = tan 0, then

A—z  (dz\’
B*4+zi=A and ZO:( Z) = tan’ 0.

2
Z0 dx /o
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From these it follows that
\/A =zosecl and B = zptand.

The ray is horizontal when z’ = 0, i.e. when z> = 4, i.e. when z = zgsec(. This
will be below the top of the slab if zysec 0 < 2z, i.e. if cosO > é This requires
0 < 60° and ©/2 — 0 to be more than 30°. When this happens the ray will not
reach the far side of the slab.

22.14 In the brachistochrone problem of subsection 22.3.4 show that if the upper
end-point can lie anywhere on the curve h(x,y) = 0 then the curve of quickest
descent y(x) meets h(x,y) =0 at right angles.

The slope mj, of the curve h(x,y) = 0 is given by
oh oh dy oh / oh
d dy =0 = 7 =— .
ox oy W = M= ax/ay

For the brachistochrone,

1+ )7
F(y,y’,X)=F(y,y’)=\/ o
giving
or 1 y
N Y
and

JOF  \/1+4y7? y? B 1
W iy iy
The end-point condition, equation (22.20), is
0F\ oh OF 0h
F—y — =0
< v 6)/) dy 0y 0x ’
1 oh 1 y oh

AR G N VA R

F—y

oh ,Oh
_ =0
oy Y ox ’
,  Oh /[ 0h 1
y = = — .
dy/ Ox my,
The condition for curves of slopes m; and m; to meet at right angles is mym, = —1.

This condition is satisfied here and we conclude that the curves y = y(x) and
h(x,y) = 0 meet at right angles at the upper end point.
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22.16 Use the result

b
/ (Vjpyi — yjayi) dx = 2idj
to evaluate
1
J= / (1 — x*)P(x)P.(x) dx,
—1

where P, (x) is a Legendre polynomial of order m.

The result
b
/ (Vjpyi — yiqyi) dx = 4idyj, (*)

applies to normalised eigenfunctions of a Sturm-Liouville equation. Legendre’s
equation is such an equation, with p(x) = (1 — x?), ¢(x) = 0 and p(x) = 1. The
limits are a = —1 and b = 1.

The normalised Legendre function corresponding to eigenvalue m(m + 1) is

2
ym(x) = \/ m;_ 1Pm(x)s

and so (*) reads

1
/ [\/2’”; Lo = x2)\/2”;r Lpri)— 01 dx = m(m + 1S,
—1

From this it follows immediately that

1
2m(m + 1)
— — 2 / / —
J = [1(1 X7) P, (x)Py(x) dx 41 Omn-

22.18 Show that y" — xy 4+ x>y = 0 has a solution for which y(0) = y(1) =0
and 1 < 147/4.

The equation is already in S-L form with p = 1, ¢ = —x and p = x% The
boundary conditions require y(0) = y(1) = 0. The simplest polynomial that
satisfies these conditions is y(x) = x(1 — x) and so we use this as a trial function.
For any trial function the lowest eigenvalue 4y must satisfy

P (py> — qy*) dx
o < fpy2 dx .
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With the trial function we have chosen, this means that
Ja ()1 = 25x)% = (—x)x*(1 — x)2 ] dx
fol x2x2(1 — x)? dx
(65 = 2x* 4 X3 4 4x® — dx + 1)dx
fol (x0 —2x5 + x%) dx

s— i+ i+3-2+1

Ao <

A

_ 10—24 415+ 80— 120 + 60 210
B 60 30 — 70 + 42
21210 147

60 2 47

Thus, there must be a solution of the differential equation for which y(0) =
y(1) = 0 and 4 < 147/4. In fact, the inequality sign must hold since the trial
function used is not a solution to the given equation, as can be easily verified by
substitution.

22.20 Estimate the lowest eigenvalue Ay of the equation
d*y
dx?

using a quadratic trial function.

—x'y+2y=0, y(=1)=y(1)=0,

Following the normal procedure for an S-L equation with, in this case, p = 1,
g = —x%, p = 1 and a quadratic trial function y(x) = 1 — x> chosen to fit the
boundary conditions, we obtain
- I 4%+ x2(1 — X2 ] dx
B f_ll(l —x2)2dx
_ I (5x% = 2x* + x6) dx

Jh (=252 4 x4 dx

10 _ 42
_ 375 +3

42

2=53+5

_ 350 —84+30 15

105 30-20+6
29615 37

T 10516 147

We also note that this problem can be recast to use the Rayleigh—Ritz principle
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2

dx?
same trial function, the same upper bound is obtained.

by writing the integrand in the numerator as y(x) +x2) y(x). With the

22.22 Consider the problem of finding the lowest eigenvalue Ay of the equation

d? d
A+ Y e 1y =0, =0
dx? dx
(a) Recast the problem in variational form, and derive an approximation 1; to
Jo by using the trial function yi(x) =1 — x>
(b) Show that an improved estimate A, is obtained by using y,(x) = cos(mx/2).
(c) Prove that the estimate A(y) obtained by taking yi(x) + yy2(x) as the trial
function is

_64/15+ 64y/m — 384y /m® + (n?/3 + 1/2)y?
N 16/15 + 64y /73 + 92 '

Investigate A(y) numerically as vy is varied, or, more simply, show that
AM(—1.80) = 3.668, an improvement on both Ay and ;.

A7)

The given equation is already in S-L form with p(x) =1+ x> g =0 and p = 1.
We therefore take

1 1
I = / (1+xY)y?dx and J= / y2dx,
—1 —1
where y(x) must satisfy y(£1) = 0, to estimate 1y as I/J.
(a) With trial function y;(x) = 1 — x?, we have as a first approximation
_ f_ll(l + x2)4x? dx
T =2x2 4 x4 dx
_ 4(3+13) _ 410+6) _
2— ‘3‘ + g 30—-20+6
(b) The corresponding calculation for trial function y;(x) = cos(nx/2) is
_ LA+ )7 sin® (%) dx
fjl cos? (%) dx
T+ R) o

1 .
— . = + ) = 3.79, (an improvement).
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To evaluate the integral we used

1 1
5 . o (TX 1 2
[lx sin (2)dx—211x(1 cosx)dx
11 [x*sinmx : +/1 2xsinnxdx
32 n ) 2=
1 1— ! I
=_4+0+ { xcosnX} + /cosnxdx
3 T I -1 7w )
12
3

S +o.

(c) Taking as a third trial function the linear combination of y; = y; +7yy,, where
y is an adjustable parameter, we have

y3(x)=1—x2+ycos(n2x) and y§=—2x—n;sin(n2x).

To evaluate the integrals I and J we will need the following additional results.
1 1
X 2 . /mx 4
/—1COS( ) ) dx = {nsm( ) )}_1 =
' ax 2x mxy ! 12 X
xsm( ) dx = | — cos( ) + cos( ) dx
_ 2 v 2 4 T 2

=0

/_11 x* cos (nzx) = - 2;2 sin (n;) } 1_1 — /_11 A:Tx sin (nzx) dx
/_11 x° sin(nzx)

Il
o
a o
VR
a
|
8w
w N
N————

We can now calculate I as
! . /TX ny? ., /mx
1 =/ (14 x%) 4x2+2nyxsm( )—i— sin ( ) dx
—1 2 4 2
2 2 8 6 /4 32 n2y? 1 2
=4 2 2 — 1
<3+5)+7wn2+7wn(n 3 toy (+3+n2)
64 64y 6 ) 1
= 1— .
15 + T < n2> + < 3 ty
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The corresponding calculation for J is

J:/1 [(1—x2)2+2y(1—x2)cos(”2x) + 92 cos? (”;ﬂ dx

—1

4 2 4 4 3R
—2- 2 (T - 2
35t /<n n3)+y
16 64,
s T

Inserting numerical values, we find that the estimate of Ag is

I 42667 +7.9872y + 3.7898;*
J 10667 +2.0641y + 2

This reproduces results (a) and (b) for y = 0 and y > 1 respectively, as expected.
However some numerical experimentation shows that the ratio drops to 3.6653
when y = —1.694, thus providing a better upper limit than either (a) or (b).

22.24 This is an alternative approach to the example in section 22.8. Using the
notation of that section, the expectation value of the energy of the state v is given
by [y*Hy dv. Denote the eigenfunctions of H by v, so that Hyp; = Eqp;, and,
since H is Hermitian, [}y;dv = 0;;.

(a) By writing any function y as y_ cjp; and following an argument similar to
that in section 22.7, show that

the energy of the lowest state. This is the Rayleigh—Ritz principle.
(b) Using the same trial function as in section 22.8, p = exp(—ax?), show that
the same result is obtained.

In order to find the energy E, of the lowest state, we seek to minimise

(H) = /w*Htp dv subject to /w*wdv =1

(a) We begin by writing the trial function p as a linear combination of the
eigenfunctions y; of the Hamiltonian H ; they satisfy Hy; = E;p; and [ w;wi dv =

5ij' Thus
Y= chlpj,
J
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where the c;, as well as the p;, can be complex. This results in an expression for
(H) that is a double summation:

(H) =/ Zc;w; H (Zci%) dv
J i
=> / ¢jeip; Enpidv,  using Hy; = Egp;,
ij
= Z C; Ci Eiéij
ij
= Z lci*Es.
We also have for the normalisation integral of y that
/w*w dv =/ > ) (Zcm) dv
j i
=Z/C;ciw;widv,
ij
-3 ad,
ij
= Z il
i

Now, since E is the energy of the lowest state, E; > E for all i. Consequently

JwHypdv Y |c6lPEi _ Y lcl*Eo
E = = > =Ey
Sy ypdv Soileil? T Y lel?
(b) In section 22.8 the Hamiltonian operator has the form
R d> kx?

H=— .
2mdx2+ 2

Denote the integral [* x?exp(—2ox?)dx by J. Then, for the trial function y =
exp(—oux?),

2 o0 2 o0
(H) = f / e d‘iz (e )dx + l;/ X2 dx

" 2m o o
I k
== / ez_°‘x2(4oc2>c2 — 205)63_‘”‘2 dx + ) J
4 2.2 2 0 !
=—haj+h“/ efz““‘zdx—l—k.].
2m m J_, 2
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Now, from integrating the definition of J by parts,

» 2
J :/ x2e 2 dx

—o0

4 —o b J_

© 2
= / e dx = 4o J.
—0

We can now conclude that
(H) 1 ( 2R%0]  AR*dPJ kJ) ok
— + + =

E = = .
[y wdv 4o 2m * 8u

m m 2
This is exactly the same expression for E as that obtained in equation (22.34) and
so when it is minimised with respect to o it gives the same result, ) a(k/m)"/2, for
the upper limit on the ground state energy.

22.26 The Hamiltonian H for the hydrogen atom is
n 2 q’

2m dmegr

For a spherically symmetric state, as may be assumed for the ground state, the

only relevant part of V? is that involving differentiation with respect to r.

(a) Define the integrals J, by

o0
Jn=/ e 2P dr
0

and show that, for a trial wavefunction of the form exp(—pr) with > 0,
Jw*Hydv and [y ydv can be expressed as aJ; —bJ, and cJ, respectively,
where a, b, ¢ are factors which you should determine.

(b) Show that the Rayleigh—Ritz estimate of E is minimised when [ takes the
value mq?/(4megh?).

(c) Hence find an upper limit for the ground-state energy of the hydrogen atom.
In fact, exp(—pfr) is the correct form for the wavefunction and the limit gives
the actual value.

Working in spherical polar coordinates, the expression for Hiy, where p is a
spherically symmetric state, takes the form

_h2 1d rzdlp B qztp.
2m 2 dr dr 4dregr
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If y(r) = e/,
B [* e P d
H) = — 4 2 20 —pr
iy ==y [ a1 ar
B q? /OC Ample2Pr 0
4mey Jo r
2 hZ 0 2
= B/ e Pror —rp)eFrar— 1,
m 0 €0
2nh? 2
Y Ry AN
m €0
Anh’f ¢ 222
Thus a = n ﬁ_q and b = i ﬁ.Also
m €0 m

o0
/w*w dv =/ dnrle™ P dr = 4nJ, = c¢=4n
0

(b) The estimate of E is

(H) _ (KB _ ¢\ B
[y pdv m  4neg) J»  2m

Now, integration by parts gives the relationship
0 2,—2Br7® o ..,—2pr 1
Ja =/ rle P dr = {r ¢ ] —2/ re dr = Ji.
0 =20 |, o 2P B

h2ﬁ2 B q2ﬁ B h2ﬁ2 _ ﬁ2ﬂ2 B q2ﬁ
m 4meg 2m 2m  4mey

Hence,
Eestim =

This is minimised when the parameter § is chosen to satisfy

0= OEcgtim _ hzﬁ - q2 - _ qzm .
op m 4neg 4megh?

(c) The upper limit on the ground-state energy of the hydrogen atom provided

by this form of trial function is therefore

o g*m? q*m q*m

2m (dneg)2ht  (4meg)Ph:  2(4megh)?’

As noted in the question, the trial wavefunction happens to be of the correct form
and the estimate obtained for the ground state energy is the actual one (within
the limits of the model Hamiltonian used).
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22.28 A particle of mass m moves in a one-dimensional potential well of the
form
h2 2
V(x)=—u * sech 2ax,
m

where u and o are positive constants. The expectation value (E) of the energy of
the system is [ y"Hy dx, where the self-adjoint operator H = —(R?/2m)d?/dx> +
V(x). Using trial wavefunctions of the form y = Asech fx, show the following:

(a) for p =1 there is an exact eigenfunction of H, with a corresponding (E) of
half of the maximum depth of the well,;
(b) for u = 6 the ‘binding energy’ of the ground state is at least 10h>a>/(3m).

[ You will find it useful to note that for u, v > 0, sech usech v > sech(u + v).]

To test for an exact eigenfunction we need to consider the relevant differential
equation (here the Schrodinger equation). This is

R d? h?o?
“om dxlf —u m sech 2(ax)p = E.

With y = A sech fx as a trial function,

p(x) = Asech fx,
y'(x) = —Ap sech fxtanh Bx,
v"(x) = Ap%sech fx tanh’ fx — Ap%sech *fx.

So y will be a solution provided (cancelling sech fx throughout)

2mE
p? tanh? fx — p%sech 2fx + 2ua’sech 2ax = — };;2 ,
2mE
B2 — 2f2sech 2fx + 2uesech 2ux = — 2“2 .
h?o?
(a) For u = 1 this equation is satisfied if § = o and E = — o The binding
S . . nPo? .
energy, which is the negative of the total energy, is therefore 2::1 , 1e. half the

ho?
maximum depth of the well, n sech 2(0).

(b) For u = 6 an exact solution of the given form is not possible, but an upper
limit can be placed on the ground state energy.
First,
o0
/w*lp dx = / A’sech 2pxdx = A*

—00

[tanhﬁx} C2A?
gl B
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Next, writing H = T + V, we have from the previous expression for yp” that

2 o0
(T) = — ;m / Asech fx(Afsech fxtanh® fx — AB>sech *fx)dx

hZﬁZ 0
=~ om Az/ sech 2fx(tanh? fx — sech 2fx) dx

h2ﬁ2 0
== A? / sech 2fx(2 tanh? fx — 1) dx

202 2 1 0
=—hﬂA2[ tanh® fx —  tanh fx

2m 3p p 0
Wp o (4 B
=— " -2)=""A4%
2m <3 > 3m
For the expectation of the contribution to H from the potential term we have
6ﬁ2 2 0
(V) =— * / A?sech 2ox sech 2fx dx
m —0
12R%0? [*
=— * / A*(sech axsech fx)? dx
m 0
12r%% [, ) . .
< - " A”sech “[(a + f)x]dx, using hint and (V) <0,
0
_ _12h2a2A2 [tanh[(a +ﬁ)x]} *
m o+ p 0
_ 12h%a? %
m(e+ )
. . 247
Thus, recalling that [ v ypdx = g

_A(T)+ (V) - n*p? B 6h%0>
 [yrwdx T 6em m(e+ )
The upper limit is minimised with respect to f when f satisfies
B 60> n 602
3 a+p (x4 p)
B(o+ B)* — 180 (o + B) + 187 = 0,
B+ 2up* 4+ o?f — 1807 =0,
(B —20)(B* + 4ap + 92%) = 0.

:0,

Thus f =20 or f = —20 + i\/Soc; only the first is a real turning point. With this
choice
4h*o? B 12h%3 10 h2o?

E < = — .
- 6om 3ma 3 m
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Since this gives an upper limit on the ground state energy, and V(x) — 0 as
.. 10 h?o?
x — oo, the binding energy of the ground state must be at least *
m
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Integral equations

23.2 Solve
/ f()exp(—stydt =, °
0

T a2 452

Although this is an integral equation, we note that its LHS is also the definition
of the Laplace transform of f(t).

. . . a
The solution to the equation is therefore the inverse Laplace transform of s
a’+s
This is given in standard tables, which show that f(t) = sinat.

23.4 Use the fact that its kernel is separable to solve for y(x) the integral
equation

y(x) = Acos(x + a) + 4 /n sin(x + z)y(z) dz.
0

[ This equation is an inhomogeneous extension of the homogeneous Fredholm equa-
tion (23.13), and is similar to equation (23.57).]

The kernel is separable because the equation can be written
7Z
y(x) = Acos(x + a) + /1/ sin(x + z)y(z) dz
0
T
= Acos(x+a)+ /1/ [sinxcosz y(z) + cosxsinz y(z)] dz,
0

i.e. the kernel consists of a sum of terms each of which is the direct product of a
function of x and a function of z.
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So, we take y(x) as a linear sum of the functions of x that appear in the integrand,
explicitly y(x) = ¢y sinx 4 ¢ cos x. When this form is substituted into both sides
of the integral equation (with z as its argument on the RHS), we obtain

cysinx + cycosx = Acosxcosa— Asinxsina
T
+ /lsinx/ (¢i coszsinz 4 ¢, cos’ z) dz
0

T
+ /lcosx/ (1 sin® z + ¢5 sinz cos z) dz.
0

Equating the coefficients of sin x and cosx, and recalling that the average value
of the square of a sinusoid over a whole number of half periods is ;, gives

¢y = —Asina + éincz,

¢y = Acosa+ éincl.

Solving this pair of simultaneous equations then yields

S22 A .
cq (1— 4 ) —A<2 cosa—sma>,
2.2
and o (1—/1: ) =A<cosa—/127I sina>.

Thus, the final solution is
A (’F cosa—sina)sinx + A (cosa — 7 sina) cos x

v = 1 — (dm/2)?

(Ar/2)sin(x — a) + cos(x + a)
1 — (Am/2)?

We note that setting o = a+ én in equation (23.57) converts that integral equation
into the current one with 4 = 1. Doing the same in its solution gives

(Am/2) cos(x —a — Y m) + cos(x + a)

) = 1 — (I /2)?
_ (4m/2)sin(x — a) + cos(x + a)
N 1 —(An/2)? ’

in agreement with the current solution.
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23.6 Consider the inhomogeneous integral equation

b
F(x) = g0x) + 4 / K (% »)f () dy.

for which the kernel K(x,y) is real, symmetric and continuous in a < x < b,
a<y<h.

(a) If 4 is one of the eigenvalues A; of the homogeneous equation
b
i) = 4t [ K(e)fin)a,
a
prove that the inhomogeneous equation can only a have non-trivial solution

if ' g(x) is orthogonal to the corresponding eigenfunction f;(x).
(b) Show that the only values of 4 for which

s =4 [tk nfds
has a non-trivial solution are the roots of the equation
2% + 1204 — 240 = 0.
(c) Solve

1
f(x) = px* + / 2xy(x + y)f (y) dy.
0

(a) Suppose f(x) is a solution of
b
) = g0+ 2 [ Kley)f0)dy
with 4 = 4;, then

b b b b
/ FOf(x) dx = / Fi(x)g(x) dx + / fi(x) dx / K(x,9)f () dy

b b b
- / Fi(x)g(x) dx + / [x,- / K(y,x)fi(x)dx}f(y)dy,
since K(x,y) = K(y, x). Thus
b b b
/ F0f (x) dx = / Fi(0g(x) dx + / £ 0 dy,

b
= [ e =o.
i.e. g(x) being orthogonal to the eigenfunction f;(x) is a necessary condition for
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the inhomogeneous equation to have a solution whenever 4 is equal to one of the
eigenvalues 4;.

(b) The kernel, K(x,y) = yx> + y*x, is both symmetric and degenerate. To solve

the equation we set f(x) = a;x?> + apx giving

1
a1x2 + arx = /1/ (xzy + y2X)(a1y2 +axy)dy
0

1 1 1 1
= <a1x24 +a1x5 +a2x23 +a2x4) .

Equating coefficients gives

a; = IIZI + /1;12 and a, = Ay + iaz'

For a non-trivial solution for a; and a, we need

2 2
1— —
4 _
A 3 =0
5 4
LY
1_2+16_15_O’

240 — 1201 — 4% =0, as stated.
(c) As in part (b), the kernel is both symmetric and degenerate. Further, in the

notation of part (a), 4/ = 2; but this is not a root of the equation derived in part
(b). We therefore set f(x) = ux®> + a;x> + a>x and obtain [in the same way as in

(b)]

1 1 1 1
a x>+ a)x =2 xz(a1+,u)4~|—x(a1~|—,u)5 —I—x2a23 ~|—xa24 .

Equating the coefficients of x> and x and rationalising, we obtain

6a; — 3a; —4ar = 3y,
—4ay 4+ 10a; — Sa; = 4y,

yielding a; = —31p and a, = —24u and the solution as
f(x) = =30ux? — 24ux = —6ux(5x + 4).
This can be checked by substitution.
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23.8 By taking its Laplace transform, and that of x"e~**, obtain the explicit
solution of

f(x)y=e¢~ [x-l—/ox(x—u)e“f(u)du .

Verify your answer by substitution.

Integrating by parts, we find the Laplace transform
_ © nn—1)---21 n!
n ax| __ n ax SX — —
f[xe ]—/O x"e e dx = (@a+sytt  (a+s)nth
Setting ¢*f(x) = p(x) and x = g(x), we can write the equation (after multiplying
through by ¢¥) as
X
o) =)+ [t = o i

in which the integral is a convolution. Thus, when the equation is Laplace trans-
formed, the convolution theorem can be invoked and the transformed equation
written in the form

p(s) = q(s) + p(s)q(s),
q(s)
1—q(s)

= ps) =
5(s) = 1 1 1
PO= e 172617 s+1)
1 [x% X0 .
= p(x)—2< ol T ol )—smhx,
= f(x)=3(1—e>).
This is the solution to the integral equation.
Verification:
X
;(1 —e ) =" {x —l—/ (x— u)e“é(l — e‘zu)du] ,
0
X
sinhx = x + / (x —u)sinhudu
0

=x+ [xcoshu]y — [ucoshu]j +/ coshudu
0

= x4+ xcoshx —x —xcoshx + 0+ sinhx —0

= sinh x, as expected.
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23.10 Show that the equation
00O
ﬂw=x4“+il £(y)exp(—xy) dy

has a solution of the form Ax* + BxP. Determine the values of o and  and show
that those of A and B are

1 d ll“(%)
1—227(Hr) an 1= 220()rG)

where I'(z) is the gamma function.

We first find the Laplace transform of x™ when n < 1 but is not necessarily
integral. With s > 0,

o0
< [x_”] =/ x"e™ ™ dx, set y = sx,
0

_ /CO y—n e_y dy
0 §n S

©
_ Sn—l/ y—ne—y dy
0

= s""'I'(1 — n), provided n < 1.

Next, we substitute the trial solution f(x) = Ax* + Bx” into the given equation:
Ax* + BxP = x713 4 /1/ (Ay* + ByP)e™ dy  (change variable to u = xy)
0
=x""3 4+ 2 [AT(1 + a)x™*' + BT(1 + p)x 1],
assuming that o, f > —1. For this equation to be valid, one of « and  must be
—; and
either ao=—o—1, pf=—-f-—1
or o=—f—1, pf=—o—1

The first of these, which requires both o and f§ to have the value — ;, is inconsistent

with the other condition, but both it and the second are satisfied if o« = —é and
p = —% (or vice versa). The assumption that o, f > —1 is then also justified.
Thus, with the choice o« = —é,

A=1+/BI(;), and B =.iAT(3),
yielding
1 5 JT(3)

— _ 3
Ti-ezrgre) M PTardrey
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23.12 By considering functions of the form h(x fo x —y)f(y)dy, show that
the solution f(x) of the integral equation

1
Fo)=x+ 1 /O X — S G dy

satisfies the equation f"(x) = f(x).
By examining the special cases x =0 and x = 1, show that

2 X —X
f(x) = (e+3)(e+1)[(e+2)e —ee ).

To deal with the modulus sign we divide the integral into two parts:
f)=x+ 1 fy Ix =yl () dy
= x4 3 [{x=0f0)dy + 5 [ = X)f () dy.
Thus the first and second derivatives of f(x) are given by
flx)=1+] [(X—Xf(X)vaoxf(y dy |
+ 1 [~ =0 — [ F0)dy

=1+) f() dy—sz )dy,
') = 3f(x) = [—3f ()] = f(%).

It follows from this differential equation that f(x) must have the form f(x) =
AeX + Be™™.

Considering the integral equation in the special case x = 0:

1/
A+B=0+2/ y(Ae¥ + Be™)dy
0

A ! B , ro
=2{[yey]é—/0 eydy}Jrz{[—ye_}](lﬂr/o @”dy}

A B
= Jle=0—e+1)+ 2(—e—‘+0—e—‘+1)
A B
= 1—2¢7!
, Ty (l=2e7),

which gives the first relationship between 4 and B as
A=—B(1+2".
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Now considering the case x = 1:

1 1
Ae + Be™! =1+2/ (1 —y)(Ae’ + Be™)dy,
0

1
2Ae+2Be_1—2=A{e—1—[yey](1)+/ eydy}
0

I
—I—B{l—e_l— [—ye‘y]:)—/ e_ydy}
0

=Ale—1—e+0+e—1)+ Bl—el4et—0+e1—1)
= A(e—2)+ Be ™!,

which gives the second relationship between A and B as

—2=—(e+2)4—Be .

Solving the two derived relationships as a pair of simultaneous equations, we
obtain

Ao 20+2e e 2e+2)
e+ 1)e+3) (e+1)(e+3)
-2 —2e
and B = 43 T (et et )
Thus, finally,
flx)= 2 [(e+2)e* —ee™].

(e+3)e+1)

23.14 For the integral equation

b
y(x) = x4+ i/ xzzzy(z)dz,

show that the resolvent kernel is 5x*z% /[S—A(b>—a’)] and hence solve the equation.
For what range of / is the solution valid?

We use the recurrence relation

b
Ka(x,2) = / K (6 20)Kn1(21,2) 2y

to build up the terms of the infinite series representing the resolvent kernel
0
R(x,z :2) = I"Kyp(x,2).
n=0
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For this problem yg(x) = x— and K(x,z) = x?z°.
Ki(x,z) = xzzz,

b 5
Ky(x,z) = / Xt Pz’ du = X2z,
a

b 5 5 5 5\ 2
K3(X,Z)=/ x2u? (b 5 a >u222du= <b 5 “ ) x%z2.
5
Kn(x Z (b > 2227

0 bS_aS 55 5X222
and R(x,z; 1) = ;) Kyi(x,2) = Z ( 5 )xzzs_i(bs_asy

n=0

Clearly,

provided |A| |b°> — @’| < 5 (so that the series is convergent).

The solution to the integral equation, has the general form

b
¥(x) = yo(x) + 4 / R(x,2: 2)yo(z) dz.,

and, in this particular case,

x2z%z73 5.1n(b/a)x>
x4 / dz = x73 .
T s —a) T T s — )

23.16 This exercise shows that following formal theory is not necessarily the
best way to get practical results!

(a) Determine the eigenvalues J.+ of the kernel K(x,z) = (xz)"/*(x'/?>4z'/?) and
show that the corresponding eigenfunctions have the forms

ya(x) = A+(+/2x'? £ {/3x),
where A% = 5/(10 £ 4./6).
(b) Use Schmidt—Hilbert theory to solve
1
s =143 [ Kixzpeds
0

(c) As will have been apparent, the algebra involved in the formal method used
in (b) is long and error-prone, and it is in fact much more straightforward
to use a trial function 1 + ax'/?> + px. Check your answer by doing so.
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(a) To find the eigenvalues, given the (supposed) forms of the eigenfunctions, we
may substitute y(x) = a;x + a»x'/? and require consistency.
1
arx + a)x'? = /1/ (xz'? + 2x'*)ayz + axz'/?) dz
0

= ap = gial + élaz,

;/lal + giaz.

az

These two equations have a non-trivial solution if

2 12
(1-”) I T = 4256 — 60.

5 6 2./6+5

To find the corresponding eigenfunctions, set a; = 1, say. Then

2 2

A (1 5 )

B 2 4

T 425./6—60 5

_ 2F 206 +48

42506 —60

(50 F 20./6)(£25./6 + 60)
3750 — 3600

_ £5046 _ N \/2

150 3

ay =

Thus the normalised eigenfunctions are

y(x) = AL(y/3x £ 1/2x172),

1
1=/ yidx
0

1
= / A3 (V3x £ 2x")dx

0

1 2, .1
— 42
=A% (33i2\/65+22)

, [10+4./6 , (2446 ’
(") (5

giving the stated values for Ai.

with
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(b) We first need to calculate

1
alfy = [ A3 V22 Las

W5 33142

2446 6

_J5BV3E4A)2TF V) VS

N 6(4 — 6) 12 (2V3£V2).

The solution is given by
(yelf)
y(X)=f+izi: RS
55 2U3+42 N& (x4 2x17)
212 25/6—60— 3 2+ /6

55 2Y3—2 J5 (S3x— /2x72)

212 —25./6—60—3 2—/6
The coefficient of x in this expression is

25 [ 20234 2) N 20243 = J2)

+

24 (50/6 — 125)(2 + /6)  (—50/6 — 125)(2 — \/6)
3 2¢3+\/2+2¢3—\/2
12 2—6 2+./6
B ASBH224+62+23+43-22-6{2+23 3
T 12 4—6 T2

A similar (tedious) calculation shows that the coefficient of x!/? is —4/3, making
the final solution

3,.__ 4

y(x)=1-—3x 3xl/z.

(c) Substituting the trial solution 1 + ax!/? + px directly into the equation gives
1
L+ox!2+px=1+] / (xz'? 4 zx2) (1 + az'/? + pz) dz.
0

Carrying out the integrations and equating the coefficients of x and x!/? then
leads to

501, 2 1 3
O‘:2(2+5°“"3) = =3
_5(2 1 2 _ 4
ﬁ_2(3+2°‘+5) = =3,

= y(x)=1—‘3‘x1/2 gx.

This is as in part (b) — but with much less effort!
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Complex variables

24.2 Find a function f(z), analytic in a suitable part of the Argand diagram,
for which
sin 2x

Re f = .
ef cosh2y — cos 2x

Where are the singularities of f(z)?

Let the required function be f(z) = u + iv, with u = sin2x/(cosh2y — cos2x).
Since y appears less often than x in the given expression, it will probably be
easier to consider du/dy rather than du/dx. This indicates that the relevant
Cauchy—Riemann equation is

ou —2sin2xsinh 2y ov

dy  (cosh2y —cos2x)? ~  ox’
Having differentiated w.r.t y, we now integrate w.r.t x:

2sin2x sinh 2 sinh 2
-/ Y dx = 0]

cosh2y —cos2x)? ~ cosh 2y —cos2x

By inspection, or by substitution in the other C—R equation, f(y) can be seen to
be an ignorable constant. The required function is therefore

() sin2x —isinh 2y
zZ)= .
cosh2y — cos2x

To determine what function of z this is, consider its form on the real axis where
y=0,

sin 2x 2sin x oS x

1 —cos2x 2sin? x

fx)=

=cotx = f(z)=cotz.
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This can be checked as follows.
flz) = C?S(X + ?y)
sin(x + iy)
__cosxcoshy —isinxsinhy
~ sinxcoshy +icosxsinhy
_ (cosxcoshy —isinxsinh y)(sin x coshy —icosxsinh y)

sin” x cosh? y 4 cos? x sinh? y

__sinxcos x(cosh? y — sinh? y) — i cosh y sinh y(cos? x + sin’ x)

B cos? x(sinh? y — cosh? y) + cosh? y

__sinxcosx —icoshysinhy

~ cosh’y — 1 —cos?x + !

_sin2x —isinh2y

~ cosh2y —cos2x’
Since f(z) = cotz the poles can only occur at the zeros of sinz, i.e at z = n=n
where n is an integer; cosnm #* 0 and so there will be a (simple) pole at each
such point. The same conclusion is reached by studying cosh2y — cos2x. Since
cosh2y > 1 and cos2x < 1, this denomiator can only vanish if both terms equal
1; this requires y = 0 and x = nx.

24.4  Find the Taylor series expansion about the origin of the function f(z)
defined by

&) = 3 (-1 sin (")
r=1

where p is a constant. Hence verify that f(z) is a convergent series for all z.

Because every term in the series is a sine function, all of its even derivatives will
also be sine functions and therefore vanish at z = 0. The odd derivatives will
consist entirely of cosine functions and the (2n 4 1)th derivative of a typical term
will be

£211+1)(Z) = (=1t (=1) (f)zn_H cos (pFZ) )
with

f£2n+1)(0) — (_1)n+r+1 (f)an )

The Taylor series expansion is therefore

2n+1 * p ) 2n+1

_OC z _1\ntr+l
f(Z)_nZ%(Zn—i—l)!;( e <r
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giving the expansion coefficients as

(_1)n+1p2n+l © (_1)r

dont1 =
" Qn+ 1)1 & p2e?
p

with a,, = 0.

As n — oo the sum appearing in dy,;1 tends (rapidly) to —1 (only the r = 1 term
contributing) and so the radius of convergence R is given by

—pH302n+1)!
P (2n + 3)!

Thus R = oo and the series is convergent for all z.

= lim =
R? n—co

24.6 Identify the zeroes, poles and essential singularities of the following
functions:

(a) tanz, (b) [(z —2)/2°sin[1/(1 —2)], (c) exp(1/2),
(d) tan(1/z), (e) z*/>.

. . sin z
(a) This function tanz = has zeroes when
cosz

. 1 .. s o o
sinz = 2,(e”‘ Ve =0 = NV =e e,

i
The two terms can only be equal if they have equal magnitudes, ie. [e™| =
le¥] = y=0.Wealsoneed ¢ = ¢ = x =nnm, where n is an integer.
Thus the zeroes of tanx occur at z = nn.

The poles of tanz will occur at the zeroes of cosz. By a similar argument to that
above, this needs y = 0 and e = —¢™™ = (X211 - 2y = (2n 4+ 1)7.
Thus, the (simple) poles of tanz occur at z = (n + ;)n.

We note that both sinu and cosu have Maclaurin series that contain arbitrarily
large powers of u and that they are not multiples of each other; we can conclude
that their ratio will also have a Maclaurin series containing arbitrarily large
powers of u. The same conclusion is reached by differentiating tanu and so
constructing its Maclaurin series directly. Thus, when z — oo is replaced by
z = 1/& with £ — 0, there will be arbitrarily large inverse powers of ¢ in the
series expansion; this establishes that ¢ = 0 (i.e. z = o0) is an essential singularity
of tanz.

For the remaining exercises we will not give such a detailed justification of our
conclusions; most features are obvious and only the less obvious ones will be treated
in any detail.
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. . -2 . 1 .
(b) This function, z sin , has obvious zeroes at z = 2 and z = oo. Equally

2 _
clearly, at z =0 it hZas a 2nd-oriier pole. Further zeroes will occur when the sine
term factor is zero; from the analysis in part (a), this will be when (1 —z)~! = nx,
ie. at z =1 — (nm)~'. The remaining singularity to classify is that at z = 1. By a
similar argument to that given in part (a), the Laurent expansion of the function
about the point will have no largest negative power of 1—z; the point is therefore

an essential singularity.

(c) Since exp(0) = 1, the function is well behaved and analytic at co. The only non-
analytic point is the origin, z = 0, where the defining series for the exponential
function generates a Laurent expansion with no largest negative power of z; the
point is therefore an essential singularity.

(d) The singularities of tan(z~") follow from those of tanz in part (a). They are
therefore zeroes at z = oo and (nm)~!, simple poles at z = (nm + ;n)_1 and an
essential singularity at z = 0.

(e) The origin, z = 0 is both a zero and a branch point of the function z>/3.

To determine its behavior at oo we have to consider 1/&%*3 near ¢ = 0. There is
clearly a singularity there, and, since the function cannot even be expressed as a
Laurent series, the singularity is an essential singularity.

24.8 Show that the transformation

z 1
i :/o c—gr %

transforms the upper half-plane into the interior of a square that has one corner
at the origin of the w-plane and sides of length L, where

n/2
L=/ cosec /26 d6.
0

This transformation is a Schwarz-Christoffel transformation of the upper half of
the z-plane into a closed polygon. It can be written

W= / - ) )
0

Since each factor is raised to the same power, the interior angles at the corners of
the polygon are all the same and given by (¢/n) —1 = —é, ie. each ¢ = /2. To
close the polygon a fourth vertex is needed (also with ¢ = n/2); this must arise
from transforming the point x = +oo, y = 0. Thus the four points on the x-axis
that transform into the vertices of what is (for now) a rectangle are x; = —1,
X2=0,X3=1 andx4=ioo.
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From the definition of the transform, the image of x; (z = 0) is clearly w, = 0.
Thus one corner of the rectangle is at the origin in the w-plane. Further,

1
1
W3 — w2 = /0 (122 — )12 dc.

1
ul’? -1
e ()

1
Setting { = y with d{ = 2
0 3/2
= / " du
L1 — w2y

du,

—_

W3 — Wy =

= a—wyeue
= Fi(wg — w3).

Thus we have a rectangle with adjacent sides of equal length, i.e. a square.

The length of a side is given in magnitude by

« 1
L= /1 W22 — )12 du.

Setting u = cosec 0 with du = —cosec 0 cot 0 d0 and u®> — 1 = cot? 0, gives

0
— 0 cotf
L:/ coselc2 co 40
=2 cosec 1/20 cot 0

n/2
=/ cosec /20do,
0

as stated in the question.

Many of the remaining exercises in this chapter involve contour integration and the choice of
a suitable contour. In order to save the space taken by drawing several broadly similar figures
that differ only in notation, the positions of poles, the values of lengths or angles, or other
minor details, we show in figure 24.1 a number of typical contour types to which reference
can be made.

24.10 Show that, if a is a positive real constant, the function exp(iaz?) is
analytic and — 0 as |z| — oo for 0 < argz < ©/4. By applying Cauchy’s theorem
to a suitable contour prove that

« T
/ cos(ax?)dx = \/ .
0 8a
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B
r r
@ r / 2
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(a) (b) (c)
AR
" 1
o~ I~ ’(
"R 0 R —R 0 R vﬁ
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7 2
(2) (h) (i)

Figure 24.1 Typical contours for use in contour integration.

The function is explicitly a function of z and has no poles in the finite plane.
By Cauchy’s theorem, its integral around a closed loop will be zero. Writing z as
re?, we have

iaz? __iar?(cos20-isin 20)

L, o
e —— iar cosZ()e ar sm20.

=e
The real part of this, when 0 = 0, is the required integrand. Further, the function
— 0 as r — oo provided asin 20 is positive. Since a is positive, this requires sin 260
to be positive, i.e. 0 < 0 < 7/2.

To apply Cauchy’s theorem we therefore need a closed contour which includes
the positive real axis, 0 < x < oo, and some part of the semi-circle at infinity in
the first quadrant; from the above result, this part of the contour will contribute
nothing. The contour needs to be completed by a path along which the line
integral is known or can be evaluated by means other than contour integration.
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In view of the i and the square of z appearing in the exponent in the integrand
we consider a contour such as that shown in 24.1(a) with o« = 7 /4. On the closing
part of the contour, z = ue™*. Cauchy’s theorem now reads:

0 0
/ e dx 4+ 0 + / exp[ia(ue™*)* 1 e™* du = 0,
0

o0

/DO e dx — /OC elatu) T4i du = 0.
0 0 V2

Taking the real parts of both sides gives the equality

“ 1 [* 2
cos(ax?) dx = / e ™ du
/0 ( V2 Jo
1 1\/n _ \/n
a V22Va “V8a’

In the last line we have used the standard result for the infinite integral of
exp(—ax?), which can be found in any textbook if not already known. Apart
from a change of scale, the overall result is a special case of a Fresnel integral
C(x) in which the argument x = oo

24.12 By considering the real part of

/ —iz"1 dz
1—a(z+z1)+a?

where z = expill and n is a non-negative integer, evaluate

T cosnb
do
/0 1—2acos0+a2

for a real and > 1.

The integrand can be rewritten in a form that establishes the positions of any
poles it possesses:

- n—1 n

—iz i z" i z
l—az+zY+a> az2—(@+al)z+1 a(iz—a)(z—al)
We use a contour C of type (c) in figure 24.1 with R = 1 (i.e. the unit circle)
and integrate f(z) around it. As the above form shows, the integrand has poles
at z = a (outside the contour) and z = a~! (inside it) and so we need the residue
only at the latter (simple) pole. It is

i lim " o 1 o 1
a:sa'\z—a) aa(a'—a) aa~'(1—a?)
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From the residue theorem it now follows that
/ i z"dz i 27i
ca(iz—a)z—al)  aa'(1—a?)
On the unit circle, z = ¢ and dz = i¢"? d9. Making this change of variable gives

i,y i /271 ein()i ei() 40
o

a"(1 —a?) T el —a)(ell —q=1)

_/2n ein()dg
"o (" —a)e —a)

_/27{ ein()dg
Jo a®—2acos0+1

On equating real parts,

2n _/2” cosnf do
ar@>—1)  Jo a*>—2acosh +1°

Finally, we note that the integrand is an even function of 0 and so for the given
limits of 0 and = the value of the integral is one-half of that calculated above, i.e.
7.[/(an-ﬁ-2 _ an).

24.14 Prove that, for o > 0, the integral

/Ootsinoct
dt
o 1+

has the value (7t/2)exp(—a).

We wish to evaluate
“ tsin ot 1 [ tsinat 1 © el
I = dt = dt = 1 dt.
/0 1422 2/_301+t2 2m/_w1+t2

The complex function f(z) = : , has the properties:
z

1+
(1) it is analytic in the upper half-plane except for a pole at z = i, and

(i) |f(z)] ~ |z~ — 0 as |z] = oo in the upper half-plane.

Since « > 0, all the conditions for Jordan’s lemma are satisfied and we can
usefully consider the integral
ioz
J = / ¢ , dz,
C 1 + zZ

where C is contour (d) in figure 24.1 with R — oo.
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Jordan’s lemma ensures that the integral along the semi-circle I' goes to 0 as
R — oo. The residue theorem then reads

0 xei(xx
/ , dx + 0 = 2ri(residue at z = i)

o I+ x
— 2mitim 7€
=i (z —i)(z +1)
je™
=i’
o

Equating the imaginary parts of both side of the equation shows that

w
X sin x _
2dx=1re *
— 1+ X

and [ = ;ne_“, as stated in the question.

24.16 Show that the principal value of the integral
/ cos(x/a) dx

2 _ 2
w X°—a

is —(n/a)sin 1.

The complex form of the integrand is

eiz/a
f@=,_ 2
this has two poles on the real axis, at z = 4+a. Consequently we need to work
with a contour that has semicircular indentations into the upper half-plane at

these points (see contour (e) in figure 24.1).

With this choice of contour, no poles are enclosed and the integral around the
complete contour will be zero. However, the contributions from the separate
parts of the contour are not individually zero. Since the conditions for Jordan’s
lemma are satisfied, the contribution from I' is zero, but that still leaves the
contributions from the indented semicircles as well as the principal value that we
wish to evaluate.

Each semicircle contributes —ni x the residue at the corresponding (simple) pole,
the minus sign arising from the fact that the semicircle is traversed in the negative
sense. The residues are

(Z—i—a)eiz/“ _ el (Z_a)eiz/a él

= d = .
i»—a(z+a)(z—a) —2a and (z4+a)(z—a) 2a
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The residue theorem (Cauchy’s theorem in this case) then reads

o0

—;;(ei —e) 4P / Cos(X/a) 4 ip / sin(x/a) , _ o,

xz —a? oy X2 —a?

Equating the real parts of the two sides of this equation yields the stated result,

P/ cos(x/a) T nt.
a

2 _ 2
w Xt —a

24.18 By applying the residue theorem around a wedge-shaped contour of angle
21 /n, with one side along the real axis, prove that the integral

/OO dx
0 l—l—x”’

where n is real and > 2, has the value (7 /n)cosec (1 /n).

The contour needed is that shown in figure 24.1 (a) with « = 2n/n. The denomi-
nator of the complex integrand has zeroes when

z =exp [Qm:l)m},form:&l,... ,n—1.

Only one of these zeroes, the one at z = ¢/ with m = 0, lies within the sector
contour, and none lie on it.

On 0A, z = x and dz = dx.
On AB, z = Re for 0 < 0 < 2n/n and dz = iR " do.
On BO, z = yezm/" and dz = e27‘[i/n dy

Applying the residue theorem to the contour integral gives

R dx 2n/n iR eiH 40
+ . do
0 14 x» 0 1+ Rnean

0 2ri/n d )
+ / ¢ 3/ = 2mi(residue at z = e™/").
R 1 + yne i

Letting R — oo shows that the required integral I satisfies
I(1 — &*™/™) = 2mi(residue at z = €™/™).

Now, since it is a simple pole at z = ¢™", the residue there is given by the inverse
of the derivative of 1 + z", i.e.

' 1 1 ein/n
residue = nzn—=1 — pelin=1)1/n — T, -
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Thus,
1(1 _eZm‘/n) — —2nmi ein/n
n b
1 . . )
I (e — o) = ™ after dividing through by 2ie"/",
1 n
= Isin T n’
noon

T s

= I = cosec ,

n n

as stated in the question.

24.20 Show that

/ nx dx = —/272.
0

x3/4(1 + x)

Denote the required integral by I. The complex form of the integrand f(z) is not
single-valued and by choosing contour (f) of figure 24.1 we can capitalise on that
fact. We first consider the behaviour of the integrand on the various parts of the
contour.

24 1nz

(i) Around y, |zf(z)| ~ !

— 0as|z| = 0.

) I
(ii) Around T, |2f(z)| ~ I;/i — 0 as |z] — .
zZ
Inx

x34(1 4+ x)’

) ) Inx + 2%

(iv) On 7,3, z = xe*™ and f(z) = AT 1 x5

The only pole inside the contour is a simple one at z = ¢™; that at z = 0 is
excluded by the contour and its (non-) contribution is that calculated for y. The
residue at z = ™ is (0 + in)e >%/4,

The residue theorem therefore reads [ Note that e—37/2 = ]

(iii) On 91, z = x and f(z) =

) 0 27‘Ci€_3ni/2 )
04+14+0—1Ie 32— / —3ni/4y
T ¢ o X341 +x) )

« 2n —1—i
Il—i—|—/ dx=—2n2( )
( ) o X341+ x) V2
Equating imaginary parts, —1 =27

dx = 2mi(ire

As a bonus, we also deduce that

© 1 1 R B
/0 x3/4(1+x)dX—2n(\/2n —1) = 2=
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24.22 The equation of an ellipse in plane polar coordinates r,0, with one of its
foci at the origin, is

A
=1—ecos0,
r

where ¢ is a length (that of the latus rectum) and € (0 < € < 1) is the eccentricity
of the ellipse. Express the area of the ellipse as an integral around the unit circle
in the complex plane, and show that the only singularity of the integrand inside
the circle is a double pole at zy = e=' — (e72 — 1)'/2.

By setting z = zo+ & and expanding the integrand in powers of &, find the residue
at zo and hence show that the area is equal to n/*(1 — e*)73/%.

[Note: In terms of the semi-axes a and b of the ellipse, / = b*/a and €* =
(a®> — b?)/ad.]

The area A is given by

2n 2 2n
A=/ Lagg— / d0 :
0 2 2 Jo (1—ecosbh)?

Now, if we set z = ¢, with dz = ie'’ d0 = iz dO, the integral becomes a contour
integral around the unit circle C [contour (c) in figure 24.1 with R = 1]. The
area integral is then given by

2A _/ —iz7ldz

l? c[l—Je(z+z 1]
4 / —izdz
e Jo (22 —2e 1z 1)

Ae? —izdz 1 \/1
= h = 4+ —1.
22 /c<z—zO)2(z—zl)2’ where fo = Ty e

Since 0 < e < 1, e ! > 1 and only the pole at zy = e ! — (¢72 — 1)!/? lies inside
the circle |z| = 1. Clearly it is a double pole of the integrand.

To determine the residue at zy we set z = zg + &:
—iz _ —i(zo+9)
(z =20z —2z1?  &zo—z1 + &)
_j 2
_ i+ 9) [1_ 2, 6

 E(zp—z1)? zo—z1  2M(zo—z)P
The residue, equal to the coefficient of &1, is
—i 2z \ _izotz) _ 2je~!
(zo —z1)? z0—z1) (zo—z1))  —8(e 2 — 1)
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Thus, by the residue theorem,

giving the area A4 as

4= n/ 2! _ 2
- 62(6—2 _ 1)3/2 - (1 _ 62)3/2'

389



25

Applications of complex variables

Many of the exercises in this chapter involve contour integration and the choice of a suitable
contour. In order to save the space taken by drawing several broadly similar figures that differ
only in notation, the positions of poles, the values of lengths or angles, or other minor details,
we showed in figure 24.1 of the previous chapter a number of typical contour types to which
reference can be made.

25.2 A long straight fence made of conducting wire mesh separates two fields
and stands 1 metre high. Sometimes, on fine days, there is a vertical electric field
over flat open countryside. Well away from the fence the strength of the field is
Ey. By considering the effect of the transformation w = (1 —z2)'/2 on the real and
imaginary z-axes, find the strengths of the field (a) at a point one metre directly
above the fence, (b) at ground level one metre to the side of the fence, and (c) at
a point that is level with the top of the fence but one metre to the side of it. What
is the direction of the field in case (c)?

We first consider the situation of a uniform vertical field (conventionally in the
positive y-direction) of strength Ey. The corresponding potential is ¢ = —Eyy and,
as this is the real part of iEyz, the appropriate complex potential is f(z) = iEyz.

Now consider what happens to the real z-axis (y = 0) under the transformation
w=(1—-2z%)"2 For —1 <x <1, w=u+ivis real and covers 0 < u < 1 twice,
once in each direction. For —o0 < x < —1 and 1 < x < oo, w is imaginary and
covers the v-axis in its entirety. Under the same transformation, the imaginary
z-axis maps (twice) onto the part of the positive real w-axis given by 1 < u < co.

Thus, apart from a rotation of the whole coordinate system through n/2, the
transformation maps the equipotential (ground) surface y = 0 into another
equipotential (ground) surface u = 0, but this time with a unit height ‘fence’
situated at v = 0, the fence being at the same potential as the surface.
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Under the transformation, w = (1 — z2)!/2, or equivalently z = (1 — w?)'/2, the
potential

f(z) = iEgz = F(w) = iEo(1 — w?)'/? = —Eg(w? — 1)V/2.

The magnitude of the derivative F' = dF/dw gives the strength of the field in
the tranformed situation; the field’s direction makes an angle = — arg F’ with the
u-axis, which corresponds to the upward vertical directly above the fence. The
derivative is

dF w E()

dw (w2 —1)2’

Its magnitude, and hence the strength of the field, is

(a) for w =2 + 04, —(4iE10)1/2 =2\/E30,
(b) for w = 0 + 1, —(_1if°1)1/2 = 5(;
(c) for w = 1 + 1i, _((ZIitil))If;g = \/521/50.
In case (c),
arg {—((;itil)ﬁ?z } =n+ Z — ; tan~! _21 = 5: —1.017.

Thus the direction of the field at 1 + i makes an angle = — (Sf —1.017) = 0.232
radians with the upward vertical.

Finally, we note that the equipotential surfaces are closely packed just above the
top of the fence but separate as they spread out to become asymptotically parallel
to the ground (without, of course, ever crossing each other).

25.4 Find a complex potential in the z-plane appropriate to a physical situation
in which the half-plane x > 0, y = 0 has zero potential and the half-plane x < 0,
y = 0 has potential V.

By making the transformation w = a(z + z~')/2, with a real and positive, find
the electrostatic potential associated with the half-plane r > a, s = 0 and the
half-plane r < —a, s = 0 at potentials 0 and V respectively.

We require a function whose real or imaginary part takes the value 0 whenever
y =0 and x > 0, and takes a constant non-zero value whenever y = 0 but x < 0.
The argument of z does this but, unfortunately, arg z is not an analytic function.
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However argz is (within a constant multiplier) the imaginary part of Inz, which
is an analytic function over (nearly all of) the complex plane. To get the scale
correct and avoid problems with discontinuities across the negative x-axis, we
need to take as the solution of Laplace’s equation

. vV Vv
either ¢(x,y) =Im (n In z) or ¢(x,y) =Re (—i i In z)
with z = | z | restricted by 0 < 0 < m. The solution for the half-space y < 0 is to

be given by symmetry, rather than by continuing the function into —n < 0 < 0.

Now consider the conformal transformation

) a ( 1>
r+is=w= z+ .
2 z
The half-plane y =0, 0 < x < oo becomes
. a 1
rtis= (x—l— ) = s=0anda<r <.
2 bY
Similarly the half-plane y = 0, —o0 < x < 0 becomes
. a 1
r4is = —|x| — = s=0and —w<r<—a
2 x|

Thus the transformation maps the original half-planes (virtually touching at the
origin) into two half-planes symmetrically separated about the origin by 2a. This
is as neeeded. To find the corresponding complex potential we must express
(V/n)Inz in terms of w. We start by inverting the transformation,

22—2WZ+1=0,

and then substitute for z,

]

n a
This, or —i times it, (depending upon whether the imaginary or real part of the
complex potential is taken as the physical potential) is the appropriate complex
potential. Consideration of the particular case w = is with s > 0, which must
yield —i-;V for the physical potential, shows that the + sign for the square root
is the correct choice. [Choosing the minus sign would make the expression in
parentheses both imaginary and negative, and lead to a physical potential of
—1v.]

392



APPLICATIONS OF COMPLEX VARIABLES

25.6 For the equation 823 +z +1=0:

(a) show that all three roots lie between the circles |z| =3/8 and |z| = 5/8;

(b) find the approximate location of the real root, and hence deduce that the
complex ones lie in the first and fourth quadrants and have moduli greater
than 0.5.

(a) We start by considering h(z) = 8z° + z 4+ 1 as f(z) + g(z) where f(z) = 823
and g(z) = z + 1. Now, on the circle |z| = 3,

3‘_1000_125 and |z—|—1\<5+1—104
T 512 7 64 -8 64

Thus |f(z)| > |g(z)| at all points on the circle. It then follows from Rouché’s
theorem that h(z) and f(z) have the same number of zeroes inside the circle; f(z)
clearly has three (all at the origin), implying that all three zeroes of h(z) lie within
the same circle.

|8z

We next consider h(z) = 8z3+z+1 as f(z)+g(z) where f(z) = 1 and g(z) = 8z3+z.
On the circle |z| = g,
216 3 51
— 3 —

[1]=1 and |8z° +z| < 512+8 = 64
Thus [f(z)| > |g(z)| at all points on the circle. As before, it follows that h(z) and
f(z) have the same number of zeroes inside the circle; f(z) clearly has no zeroes
inside the circle, and so, therefore, neither has h(z).

Combining these results shows that all roots of the equation lie between the circles
|z] =3/8 and |z| = 5/8.

(b) Since the order of the cubic h(z) is odd, the equation must have at least one
real root; further, since the signs of all the coefficients in the cubic are the same,
the real root must be negative. Let it be at x and write the equation in the form

8234+ z+1=8(z—x)(z—a—if)(z —o+if) = 0.

Considering the coefficients of z? gives —x — 2o = 0, showing that, since x is
negative, o must be positive, i.e. the complex roots occur in the first and fourth
quadrants.

At x = —3, h(z) = [, whilst at z = —}, h(z) = —}. Thus the real root lies
between these two negative values of x. From the constant terms in the above
expression of h(z) = 0 we deduce that —8x(o> + %) = 1. Since |x| < ; it follows

that o> + % > | and that the modulus of either complex root Vo2 + B2 > 0.5.
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25.8 The following is a method of determining the number of zeroes of an
nth-degree polynomial f(z) inside the contour C given by |z| = R:

(a) put z = R(1 +it)/(1 —it), with t = tan(0/2) in the range —o0 < t < o0;
(b) obtain f(z) as

A(t) +iB(t) (1 +it)"

(1 —ityr (1 +ityn’
(c) it follows that arg f(z) = tan~!(B/A) +ntan~! t;
(d) and that Aclarg f(z)] = Ac[tan~!(B/A)] + nn;
(e) determine Ac[tan~'(B/A)] by evaluating tan='(B/A) at t = +o0 and finding
the discontinuities in B/A by inspection or using a sketch graph.

Then, by the principle of the argument, the number of zeroes inside C is given by
the integer 2n)~'Ac[arg f(z)].

It can be shown that the zeroes of z*+z+1 lie one in each quadrant. Use the above
method to show that the zeroes in the second and third quadrants have |z| < 1.

(a) and (b). In this exercise we are concerned with the contour |z| = 1 and so we
set

o l4i (T4 1—12 2t

0
— — = t = te —o0 <t <oo.
T kT —in(i+in 1+ T an * *

1 >

1+ ¢ 2

As 0 increases from O to 27, z = cos 6 + isin 0 and prescribes the unit circle, as
can be verified from the half-angle identities. In terms of t increasing from —oo
to +oo, it is easier to think of 6 increasing from —=n to +m, but the result is the
same, as the circle is traversed once in the positive direction in either case.

The expression for f(z) in terms of ¢ is

1
(1 —iry*
1
= —it)4[t4(1_ 14 1)+ (—4i + i — 3i + 4i)
+ (=6 —3+3—6)+t4i—3i+i—4i)+(1+1+1)]
1 4 -3 2 .
= —2i’ — 1262 =2
a—nﬁ“ it t* —2it + 3)
At +iB(1) (1 +it)*
T (1=t A+

g(t) = [+ i0)* + (1 + i1 —it) + (1 —it)*]

where A(t) = t* — 12> + 3 and B(t) = —2¢> — 2t.
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(¢) Since its denominator is real and its numerator contains two factors, the
argument of g(¢) is the sum of the arguments of these two factors.

argg(t) = arg[ A(1) +iB(t)] + arg[(1 +it)*]
B
= tan~! e 4arg(1l + it)
B
= tan™! 4 +4tan' ¢
0
5
(d) The change in argg around C is therefore

B 0
Ac(argg) = Ac (tam—1 A) +4Ac (2>

B
=Ac (‘[an_1 A) +4r

B
= tan~! ) +4

=23 -2t
=Ac (tan™!
C(an ¢ — 1202 43
= Ac(o) + 4, thus defining o.

)+4n —o0 <t <o,

(e) Taking account of the magnitude of o and the signs of the numerator and
denominator of tano separately, we deduce that as t —» —oo, « — 0, and as
t — oo, « — 0_. We also note that, for real ¢, the numerator of tanw is zero
only when t = 0 and that the denominator is zero when =6+ \/33. Thus, as
t increases from —oo through —(6 + /33)'/2, a graph of « increases from 0 and
passes through 7 /2. However, it decreases through 7 /2 at —(6 — \/33)1/2 without
reaching 7 in between. It then passes through 0 at t = 0. The rest of the graph is
the antisymmetric reflection in the line t = 0 of the first half.

Thus there are no discontinuities in o and, as it starts and ends at 0, Ac(a) = 0.
It follows that Ac(argg) = 4n and that there are 2 zeroes inside |z| = 1.

To determine in which quadrants the two zeroes of f(z) = z*+z41 occur requires
some numerical work. On the circle |z| =1,

_y sin40 +sinf

arg f(z) = tan cos40 4+ cos0 +1°

For a contour such as (b) in figure 24.1 with R = 1, Ap(arg f) = 0 since z, and
hence f, is purely real. On BO, where z = iy, with 1 > y > 0, the argument of
f is equal to tan~![y/(y* + 1)] and varies smoothly from tan~' ] to 0. On AB
it is given by the above expression. Numerical investigation (using a spreadsheet,
say) shows that the variation from 0 at § = 0 to tan_lé at 0 = n/2, whilst
having several turning points, has no discontinuities. [ By contrast, there is a

discontinuity at 6 =~ 2.095 in the second quadrant.]
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Putting these observations together shows that Apspo[argf(z)] = 0 and that
the contour of unit radius encloses no zeroes. Since the zeroes of polynomials
with real coefficients occur in complex conjugate pairs, it follows that a similar
contour in the fourth quadrant also encloses no zeroes. Hence the two zeroes
inside |z| = 1 must lie in the second and third quadrants.

25.10 This exercise illustrates a method of summing some infinite series.

(a) Determine the residues at all the poles of the function

where a is a positive real constant.
(b) By evaluating, in two different ways, the integral I of f(z) along the straight
line joining —oo — ia/2 and +oo — ia/2, show that

i 1 n cothwa 1

] a’? 4+ n? 2a 2a%°
n=

(c) Deduce the value of > ;" n=>.

(a) This function has simple poles at z = n whenever n is an integer. At each one
the residue is
T COSTZ 1 mcosnz r 1
d(sinnz)/dz a®> +2z2  mcosmz a4+ n>  a®+n*
There are two other poles, at z = +ia, and they have (equal) residues of

ncot(tima)  mcoth(na)
+2ia T 2a
(b) As |z| — oo, cotnz is bounded in both the upper and lower half-planes (i.e.
away from the real axis) and so the integrals along the semicircular paths I'y and
I'; shown in figure 25.1 tend to zero as the radius of the circle — oo. Now take
as a closed contour the line L, joining —oo — ia/2 and +oo — ia/2, together with
I'y and apply the residue theorem

o0
1 1 mwcoth(na)
2nzzla2+n2+a2_ 2a 1

Next take a closed contour consisting of L and I'; and again apply the theorem
(taking account of the sense of integration)

7 coth(ra) }

I+0=2mni

—I+0=2ni|—
+ m{ 2
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Figure 25.1 The contours used in exercise 25.10.

Adding these results gives

o0
1 1 2ncoth(na)
2;a2+n2+a2_ 2a =0,

1e.

i 1 7 coth(ma) 1

1 a? + n? 2a 2a%°
—

(¢) To deduce the value of S =" n~2 we need to evaluate

lim ncoth(na)_ 1
a—0 2a 2a% )

For this we employ ’'Hopital’s rule.
. amn cosh(an) — sinh(an)
= lLH(I) 2a? sinh(amn)
im ™ cosh(an) 4 an? sinh(arn) — m cosh(an)
a—0 4asinh(ar) + 2a%n cosh(amn)
— fim n? sinh(amn) + an’ cosh(arn)
a—0 4 sinh(an) + 8na cosh(arn) + 2a?n? sinh(arn)
—im 273 cosh(an) 4 an* sinh(an)
a—0 47 cosh(ar) + 8n cosh(arn) + 12n2a sinh(ar) + 2a*n3 cosh(an)
2n3 n?
T 12 6
Not the most straightforward way to derive this particular result!
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25.12 Use the Bromwich inversion, and contours similar to that shown in fig-
ure 24.1(g) to find the functions of which the following are the Laplace transforms:

(a) s(s®> +b*)7L;
(b) n!(s — a)~"*tV, with n a positive integer and s > a;
(c) a(s*> —a*)~", with s > |al.

Compare your answers with those given in a table of standard Laplace transforms.

(a) Inside the suggested contour s(s’> + b*)~! has simple poles at s = +ib. At
s = ib, the residue of se”(s +b*)"lis ib e’bx/(lb +ib) = L. At s = —ib, the
residue of se**(s> + b?)~! is —ib e~ /(—ib — ib) = 1 e, Thus the function f(x)
whose Laplace transform is s(s> + b%)~! is é( er 4 e”"’“") = cos hx.

!
(b) For the inverse Laplace transform of n.) " the contour formed by closing
s—a)t

the Bromwich line in the left half-plane contains a pole in the right half-plane, at
z = a. We therefore make a change of variable to t = s — a with t > 0 and again
use a closed contour such as (g) in figure 24.1. The integrand becomes

nye X(t+a) nyeax (
Al T gl Z

The only pole enclosed by the new contour is at t = 0 and the coefficient of ¢t~
in the Taylor expansion about that point is
o = nle®™x" _ ey
n!
This is the residue at that point and also the required function f(x) = e*x"; note
that the given function of s is its Laplace transform only for s > a.

(c) As in part (b), the integrand, in this case ae*(s> — a*)~!, has a pole in the

right half-plane. The same formal device as in part (b) could be used to convert
the integral to one of type (g) with A = ¢ > 0 for any small e. However, we
can obtain the correct result by ignoring this ‘nicety’ and merely noting that the
integrand has simple poles with residues

aeClX ae—ax

ats=a and at s = —a.

a+a —a—a
The function of which a(s> — a*)~! is the Laplace transform is therefore f(x) =
;(e‘” — e~*) = sinh ax. This conclusion is, however, valid only for s > |a|.
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25.14 A function f(t) has the Laplace transform

1 S+
F(s)=2iln<s—i>’

the complex logarithm being defined by a finite branch cut running along the imag-
inary axis from —i to i.

(a) Convince yourself that, for t > 0, f(t) can be expressed as a closed contour
integral that encloses only the branch cut.

(b) Calculate F(s) on either side of the branch cut, evaluate the integral and
hence determine f(t).

(c) Confirm that the derivative with respect to s of the Laplace transform inte-
gral of your answer is the same as that given by dF /ds.

From the standard Bromwich integral representation, f(¢) can be written

1 [ s+iY\
- 1 s,
F0= 5 /HO 2i n(s—i)e ds

For t < 0 the contour has to be closed, as usual, in the right half-plane [contour
(h) of figure 24.1]. There are no poles with Re s > 4 and so the integral, and
hence f(t), are both zero for ¢t < 0.

(a) For t > 0 the contour has to be closed in the left half-plane [contour (g)].
The integrand is

i
2i {ln

This has no singularities in the left half-plane (excluding the imaginary axis) and
so, by Cauchy’s theorem, the contour can be deformed to be a line z = —2' + iy
for any real 2’ > 0. There are no poles on the imaginary axis beyond the cut and
so the contour can be further deformed (shrunk) to one that just encloses the cut.

z+; e +i[arg(s 4 i) — arg(s — i)]e“} )

(b) We introduce plane-polar angles 0; and 0, centred respectively on the points
s = —i and s = i. Each is restricted to a range of 2x but where the zero of each
is taken does not matter. Let a point P close to the cut but to the right of it, and
given by s = € 4+ iy, where ¢ > 0 and —1 < y < 1, correspond to 0; = ¢; and
02 = (,2')2. Then

. 1 1+ , .
F(e+iy)= _.|In v + iy —iga| .
2i 1—y
As P moves (upward) along a path beside the cut, rounds the point s = i and
moves (downwards) beside, but to the left of, the cut to reach s = —e + iy, the
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value of 0; hardly changes and is finally the same as it started. However, 0,
increases by 27 (as P rounds s = i). The new value of F(s) is

14y

F(—e+iy) = Zli [ln(l—y) +igy —i(¢2 +2m)| .

In the evaluation of the integral y runs from —1 to 1 on the right of the cut
and from 1 to —1 on the left. The two contributions from the terms containing
logarithms clearly cancel and we are left with

1 —1
[ yoi—dnetiar+ [ Lo —da-2metiay

The integrals involving ¢; and ¢, cancel and leave as the only contribution to
the Bromwich integral

1 it —it 1
ip . e —e sint
J =/ neVidy = mi ) = 2mi )
-1 it t

Hence f(t), which is equal to J/(2xi), has the form sint/t.

(c) Firstly, the derivative with respect to s of the Laplace transform of the solution

just obtained is
d [ _.sint * )
/ et dt = —/ e Stsintdt
dS 0 t 0

o .
= —Im / etel dt
0

st ®
[
—s+i],

~ Im 1 _ 1
- s—i) 14

Secondly, the corresponding derivative of the given form for F(s) is

‘“;S) - 211' ;S[ln(s—i—i)—ln(s—i)]
RN 1
T 2i <s+i_s—i)
1 2 |

T 2241 241

d [* _sint dF . . .
Thus, p / e Sl? dt = d(s)’ confirming the result stated in the question.
S Jo S
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25.16 Transverse vibrations of angular frequency w on a string stretched with
constant tension T are described by u(x,t) = y(x)e™'®" where

>y o>m(x)
dx? T y(x) =0.

Here, m(x) = mof(x) is the mass per unit length of the string and, in the general
case, is a function of x. Find the first-order W.K.B. solution for y(x).

Due to imperfections in its manufacturing process, a particular string has a small
periodic variation in its linear density of the form m(x) = my[1 + esin(2nx/L)],
where € <K 1. A progressive wave (i.e. one in which no energy is lost) travels in the
positive x-direction along the string. Show that its amplitude fluctuates by i}le of
its value Ay at x = 0 and that, to first order in €, the phase of the wave is

ewL [mg sin? X
2n T L

ahead of what it would be if the string were uniform with m(x) = my.

We first write o> = mow?/T and assume that o > 1, so that the W.K.B. method
is appropriate. We now try as a solution to
2

iy =0 )
the form y(x) = A(x)e”?™. The necessary derivatives are
y =A™ 4+ inAge™?,
V' = A" 4 2inA' ¢ e™ + inAd" P — o> A(P') ™.
Substituting these into (*) and cancelling a factor of ™ throughout, yields
A" +i02A' ¢ 4+ AP") + o [Af — A(¢)*] = 0.

The first W.K.B. approximations is obtained by setting the coefficients of o> and
o (both > 1, but of different orders of magnitude) separately equal to zero (and
assuming that A” can be ignored).

@P=f = )= /x\/f(u)du,
0

24/ + 49" =0 = 2;14 +f5/=0 = In(42¢) =k
k c
2 __ R2 _
= A _fl/z A(x)_[m(x)]‘/“'

Collecting these results together gives the first-order W.K.B. solution as
c [T
y(x) = [m(x)]1/4 exp [10{/0 \/f(u)du} ,
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with o as defined above.

We now substitute m(x) = my[ 1 + esin(2nx/L)] in the above general result and
expand the expressions containing m(x) up to first order in e:

(x) = ¢ ex ioc/x\/l—f—esinznudu
P s P\, L)
.2 x .2
= mE/4 (1 + e€sin zx)_1/4exp {ioc/o <1+; sin zu) du]
- ¢ (11— € sin 27m)ex o | x4+ cL 1 —cos 2mx
- m(l)/4 4 L P 4n L '

Thus, the amplitude at x =0 is 49 = ¢/ m(l)/ * and its variation at other values of
X is up to i}ler.

With m(x) = my, the phase would be ¢ = ax but, with the variation in linear
density, it is ahead of this by

OCEL 1_Cos2nx _eol [mg sin? ™
4n L) 2z \T L

25.18 A W.K.B. solution of Bessel’s equation of order zero,
d’y 1dy
dz?  zdz

valid for large |z| and —n/2 < argz < 3m/2 is y(z) = Az~'/2e. Obtain an
improvement on this by finding a multiplier of y(z) in the form of an asymptotic
expansion in inverse powers of z as follows.

+y=0, (¥

(a) Substitute for y(z) in (*) and show that the equation is satisfied to O(z=>/%).

(b) Now replace the constant A by A(z) and find the equation that must be
satisfied by A(z). Look for a solution of the form A(z) = z° " ayz™"
where ag = 1. Show that o = 0 is the only acceptable solution to the indicial
equation and obtain a recurrence relation for the a,,.

(c) To within a (complex) constant, the expression y(z) = A(z)z~'/?e” is the
asymptotic expansion of the Hankel function H(()l)(z). Show that it is a di-
vergent expansion for all values of z and estimate, in terms of z, the value
of N such that - a,z""1/2¢" gives the best estimate of H{"(z).
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(a) We first calculate the required derivatives appearing in Bessel’s equation,
which are given by

dy _ A iz lA iz
dz __223/26 +Zl/2e ’
dzy (3/2)A .. iA i2A iz
dz2 2757 ¢ _2223/2 ¢+ z1/2 ¢

Substituting these into (*), and cancelling common factors 4 and e, gives

3 i 1 1 i 1
4252 732 12 + T 9,5/2 + 73/2 + L2 = 0.

The equation is not satisfied exactly, the LHS having a value z—>/%/4. Thus the
error is O(z7/?).

(b) The first task is to find the equation satisfied by A(z). We can make use of
the result of part (a) by denoting the new y(z) by y(z) = A(z)y1(z) = A(z)z~'/?€”,
where

d*yy | ldy e

dz? +z dz tn= 475/2°

Using Leibnitz’ theorem to calculate the LHS of (*) gives

A"y +24'y] + Ay + 27 Ay + Ay)) + Ay, =0,

1 Ae”
" 1.7 !/
= Ay1+2Ay1+ZAy1+4ZS/2=0,
A 2 2% 1 A
2172 +4 <_Zz3/2 TonT 23/2) T oasn = 0,
= 424" +8iz?A' +1=0.  (*%)

This is the equation to be satisfied by A(z) and so, setting A(z) =z° > " a,z ",
we have
o0

0 o0
4 Z(a —n)(c¢ —n—1)a,z” " +8i Z(o —n)az’ "+ Z a,z" " = 0.
n=0 n=0

n=0

o—n+1

The highest power of z present on the LHS is that of z when n = 0. Its

coeflicient is 8i(c — 0)ap and, since ag # 0, we must have ¢ = 0.

When this value is used the equation reduces to

4 i nn+ 1)a,z" — Sii na,z~" + f: 4, =0
n=0

n=0 n=0

Equating the coefficients of z™" gives

(2n+1)?

dn(n+ )a, — 8iln+ Va1 +a, =0 = a1 = —i $(n-+ 1) ay.

403



APPLICATIONS OF COMPLEX VARIABLES

(c) Successive terms ¢, in the series (which has alternate real and imaginary terms
when z is real) are related by

—(n+1) _ —l(2n + 1)2 —(n+1) _ (21’1 + 1)2 1

8(n+1) ™ 8+ 1) - ™

Ipt1 = Q412
The numerator of the fraction on the RHS varies as n> whilst the denominator is
linear in n. Consequently, no matter how large |z| is, |t,1(| > |t,| for sufficiently

large n, i.e. the expansion is divergent. The closest estimate to Hé”(z) given by a
sum of the form S°N  a,z7"~1/2¢ is obtained when N is chosen so that

2N+ 17 1

8(N+1) |z| 7

ie. 4N?/8N ~ |z|, or N ~ 2|z|. For N larger than this, the additional terms, and
hence the uncertainty in the value of the function, begin to get bigger, rather
than smaller.

25.20 Use the method of steepest descents to show that an approximate value
for the integral

F(z) = /m expliz(3t° +1)]dt,

—00

where z is real and positive, is
2\ 172
( Z”) exp(—PBz) cos(Bz — L),
where B = 4/(54/2).

Although this is an integral with respect to the real variable t, we will consider it
as one along the real axis in the complex t-plane and then distort its path so that
it passes from t = —oo to t = 400 via one or more of the saddle points ¢; of the
complex function.

The saddle points are situated where the gradient of the integrand is zero. The
values of ¢ at which this happens are given by

d . .
Ozdt[iZ(;t5+t)]=iz(t4+1) = ;=4 or 54

We will use the two in the upper half plane, t; = ¢*/* and t, = /%,
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The values of the exponents and their second derivatives at the saddles are

fi=f(t) = iz (;€15in/4 n e3in/4) = 4iz M,
fr=ft) = iz (;esm/zt + ein/4) _ giz /4,
;/ — f”(tl) — 4l'ZL‘? = 4iz e9in/4

= A1=4zanda1=3n+§n=in,

Y=1"(t) = 4iz3 =4dizem™*
Ay =4z and op = in—i—;n: in.
We now need to determine the directions of the Ls.d. at the saddles and the senses
in which they are traversed. At t = t; the directions 0 of the l.s.d. are given in
the usual way by sin(20 + «;) = 0 and the appropriate pair of choices amongst
these by the requirement that cos(20 + o) is negative. With oy = 37 /4, the two
acceptable values of 0 are /8 and 97/8, with the contour, which starts at —oo,

clearly passing through the saddle and leaving it in the direction 0 = 7 /8. Since

this lies in the range —én <0< én, the contribution to the approximate value

of the integral from this saddle point will be positive.

A similar analysis at ¢ = t, shows that the contour following the Ls.d. there
approaches the saddle from the direction # = 77/8 and leaves it in the direction
0 = —n/8, again making a positive contribution to the value of the integral.

Finally, we substitute these calculated data into the standard formula for the
steepest descents estimation,

2\ 2
(%) expthrexpl bitw — )

and obtain, with 4/(5./2) written as 3,

12 L
Fl(z)=+<i’z‘> exp[‘“z( ””] expl Lin — Im)]

5 2
/ .
= (;Z)l 2exp(—ﬁz) exp (—iﬁz + lg) ,

1/2 . .
Fy(z) =+ (i:) exp {412 . +l)] exp[ yi(n — ;)]

S 2
= (2712)1/2 exp(—pfz) exp (iﬁz — lg) .

Adding these two contributions together gives the stated result
2\ 12
F(z) = ( n) exp(—fz) cos(fz — én).
zZ
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25.22 The Bessel function J,(z) is given for |argz| < ;n by the integral around
a contour C of the function

1 z 1
_ —(v+1) _
2(z) 27”_1: exp [2 <t t) } .

The contour starts and ends along the negative real t-axis and encircles the origin
in the positive sense. It can be considered as made up of two contours. One of
them, C,, starts at t = —oo, runs through the third quadrant to the point t = —i
and then approaches the origin in the fourth quadrant in a curve that is ultimately
anti-parallel to the positive real axis. The other contour, Cy, is the mirror image
of this in the real axis, it is confined to the upper half plane, passes through t =i
and is anti-parallel to the real t-axis at both of its extremities. The contribution
to Jy(z) from the curve Cy is ;Hﬁk), the function H® being known as a Hankel
function.

Using the method of steepest descents, establish the leading term in an asymptotic
expansion for H\V for z real, large and positive. Deduce, without detailed calcu-
lation, the corresponding result for H'?. Hence establish the asymptotic form of
Jy(z) for the same range of z.

We first note that, in the neighbourhood of any saddle point, we will treat that
part of the integrand that is not exponentiated, (27i)~'t~""*+1, by assigning it the
value (27i)~'t, 0D where to is the location of that saddle point.

The ends of contour C; are at t = —oo0 and t = 0 and we next check the values
of the integrand at these two points, remembering that z is real and positive,

t = —o0, exp{; (t— 1)} =exp{;(—oo+0)} =0,

Z(O—oo)} —0.

t=0, exp[2

These are both satisfactory in so far as not invalidating the method is concerned.

The saddle points of the integrand f(t) are given by

d |z 1 1 . .
dt[z(t—t)]—O = 1+t2—0,1.e.t—4_rz.

Clearly we need t = +i for the C; contour; t = —i will be appropriate to the C,
contour giving H®.
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The other derivatives and values needed at ty) =i are

@ [z t ! z 2 : iz,att =i
— = = — = —1z =
e | 2 t 21 3 ’ ’

foEf(to)=;<i—1 i,

(0D = =0+

e—in(v-&-l )/2

In the standard notation, f”(ty) = Ae™, we have A = z and « = 37/2.

We now use the standard approach that if t — tg = se’’ then

exp B (t — 1) } ‘ — |exp(fo)| exp[ L As?(cos 20 + 2) + O(s*)].

and the line of steepest descents (l.s.d.) is given by the condition that the argument
of exp[ 4z (t—t7')] is independent of s. This is sin(20 + «) = 0, leading to
0= ij‘n or 0 = iin.

It is not immediately apparent which pair of directions from these four is the
correct choice — for the contour to pass through the saddle point at t =i from
‘(1) top right to bottom left’ or ‘(ii) from bottom right to top left. To determine
which is correct, we evaluate h(s) = 1(t — t9)*f"(to), where t — to = se'’, in each
case

(i)t—t, = se™* (approaching) or se>"/* (leaving)
= h(s) = )s%™?(—iz) = }s’z, ie. real and > 0,
()t—t, = se™* (approaching) or se*™/* (leaving)
= h(s) = }s%e ™/ (—iz) = — 5%z, ie. real and < 0.
For approximating the integral by a Gaussian with its maximum at the saddle
point, clearly we must have case (ii).

Finally, we use the standard form of the integral

1/2
I'~ +g(t0) ( :) exp(fo) expl yi(m — )],

with the + choice being resolved by the direction in which the Ls.d. passes
through the saddle-point; it is positive if |0] < 7/2 and negative otherwise. In this
particular case, as we have just shown, the l.s.d. traverses the saddle-point in the
direction 37/4 and the minus sign is appropriate. Putting in the specific values
gives

1H(l) _ 1 (2m\'"? . 1; 3 —in(v+1)/2
YT == exp(iz) exp[,i(n — ;7)]e ,
2NV
HD = o7 Im/4 oIy /2.
Y nz
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For H® we can deduce from symmetry/antisymmetry that ty = —i, 4 = z,
o = 1/2, that the contour C, traverses the saddle point in the direction +in/4
and, consequently, that the contribution is a positive one.

1 /27\'? ‘
iy ( B ) exp(—iz)exp[ Li(n — Jm)] ™0 FD/2

1/2
— ( 2 ) e—izein/4einv/2.

Tz

H? = +
Now adding together the asymptotic forms of JH(" and }H{® to form that for
J,y(z) gives

nz

=(2) w1,

1 2 1/2 ) R A
Jv(Z) ~ 5 ( ) (etze—m/ e—lm/ +e—zzezn/ emv/ )
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Tensors

26.2 The components of two vectors A and B and a second-order tensor T are
given in one coordinate system by

1 0 2 B30
A=(o0 ], B=[1], T=| 3 4 0
0 0 0 0 2

In a second coordinate system, obtained from the first by rotation, the components
of A and B are

J3 —1
, 1
0 , B'= ) 0

1 V3

Find the components of T in this new coordinate system and hence evaluate, with
a minimum of calculation,

1
A=

Tij Tjiy Tki Tjk Tijs Tik Tmn Tni Tkm-

Since we must have x; = L;jx; and A and B have their components tranformed
into the given values, L must have the form

Y3 -1 a

L=1 0 0 b
1 3 c

We determine a, b and ¢ by requiring that L is orthogonal and has |L| = +1.

L[V -1 oa V301
LLT = 0 0 b -1 0 3 |=1I
1 3 ¢ a b ¢
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giving a = 0, b = £2 and ¢ = 0. The determinant of L is 2%(—3b — b+ 0), thus

requiring that b = —2. Hence the required orthoganal matrix L is
J3 -1 0
L= o 0 =2
1 J3 0

The third column of L could have been obtained by considering A’ x B'. The
matrix product T = LTLT is given by

| Y3 -1 0 2 30 Y301
T=,1 0 0 -2 Y3400 -1 0 3
1 J3 0 0 0 2 0 —2 0
L[ -1 o V305
=, 0 0 =2 -1 0 53
1 J3 0 0 —4 0
1 00
=020
005

As a check, we note that Tr T/ =14+2+5=24+4+2="TrT.

In this new coordinate system T is diagonal — and therefore very convenient
for calculating the following invariants (tensors of order 0); their values are
independent of the frame in which they are calculated.

TijTji = Ti/-T/- = 1 +4+25 = 30

joi
TkiTjkTij = TijTjkai = Tl/jleleél = 1 + 8 + 125 = 134
T Town Tri Tim = Tt Tiom Tonn Tri = Tllk T;im Ty:'ln T;;i =1+16+625 = 642.

26.4 Show how to decompose the Cartesian tensor Tj; into three tensors,
Tij = Uij + Vij + Sijs

where Uj; is symmetric and has zero trace, V;; is isotropic and S;; has only three
independent components.

We start by writing Tj; as the sum of its even and odd parts:
Ty = 3(Tyj + Tji) + 5(Tij — Tji) = 3(Tyj + Tii) + Syj.

Clearly S;; has zeroes on its leading diagonal and Sj; = —S;;; it therefore has only
3 independent components, Sj», Si3 and S»3.
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Now, if the trace Tj; is written as Ty, then éToéij is an isotropic tensor Vj;.
Subtracting this from the symmetric part of T;; leaves

Uij = 3(Tij + Tji) — 3 Todyj.
Since U;; = Uj;, Uj; is symmetric. Further,
Tr Uy = 3(To + To) — } To3 =0,

i.e. Uj; is traceless. This completes the decomposition.

If T;; were a second-order tensor in n dimensions, S;; would have én(n —1)
independent components and the factor in V;; would be 1/n.

26.6 Use tensor methods to establish the following vector identities:

(@) (@xv)xw=(u-w)v—(v-w)u;

(b) curl(¢pu) = ¢ curlu + (grad ¢) X u;

(c) div(u xv)=v-curlu—u-curlv;

(d) curl(u x v)=(v-grad)u— (u- grad)v +udivv — vdivu;

(e) grad ;(u -u) = u X curlu + (u - grad)u.

All of the expressions for vector operators in tensor notation are given in the text
and should be known but, for convenience, the principal ones and the double
epsilon identity are repeated here:

(a x b); = ejjkajby,
Oa;
Voa= _ ',
6xi
8ak
b
an

€ijk€kim = 5i15jm - 5iméjl-

(V xa); = eji

In addition, it should be remembered that €; is merely a number and can be
moved from under a differentiation sign.

Where the identity is a vector equation, our proofs will consider only its ith
component; but, as i is general, this will establish the full vector identity. Case (c)
is a scalar identity.
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(a) Consider the ith component:

[(@Xx V)X W] = ej(mxv)wg
= €1jk€ jimUUmWk
= (Ok1Gim — OkmOit ) U Um Wk
= VilhyW) — UiUWim

= [(u- W)y —(v-wu];

(b) Since V is involved in this identity [and in those in parts (c)-(e)], we must
take particular care with the order in which we write the differential operator and
the functions (or products of functions) on which it might act. Again consider
the ith component:

0
[V x (dw)]i = €ipe 5 (dur)
j

auk
= 6ijk¢OX‘ + €ijiuk ox,
J J

= (,Z’)(V X ll)i + (V(}’) X ll),'

(c) As noted above, this is a scalar quantity and any tensor expression for it must
have all of its indices contracted.
V. -(uxv)= q@ (€ijkujvk)
0x

1

ou; Ovx
= €ijk 5 Uk + €ijru; ox:
= (VX u) —u(V X v);

=v-(Vxu—u-(Vxv).

(d) For the ith component of this vector identity,

[V X (uxv)]= e (u X V)

0
6xj

= €ijk axj EkimUIUm

= (6§10 jm — Oimd 1) (“l Zl;:; + Uy jij)
0 Ou; ov; ou;j

d ox;  Yox;  Vox;
=uV-v+v-Vu;—u-Vo,—1;V-u

=[uV -v)+(v-Viu—(@-V)v—v(V-u)];

Uj
= u; +v;
Xj

(e) Since simplification and reduction are usually easier to recognise than the best
way to make an expression more complicated but still valid, we start with the
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most complicated of the terms in the identity:

[ux (Vxu)l; =eju(Vxu)
Ouyy,

6x1

We can now employ the double e formula to convert this expression into one
containing Kronecker deltas.

= €jjkUj €klm

Ouyy,
[ll X (V X u)]i = (5i15jm - 5im5jl)uj 0
X]
_M'auj _u‘aui
B ]Ox,- J&xj
10
=, ox; (ujuj) — (u- Vu

= [éV(u-u)—(u-V)u]i.

This completes the proof.

26.8 A column matrix a has components ay,ay,a. and A is the matrix with
elements Ajj = —ejjxax.

(a) What is the relationship between column matrices b and c if Ab =c?
(b) Find the eigenvalues of A and show that a is one of its eigenvectors. Explain
why this must be so.

(a) The matrix equation Ab = ¢ will have the explicit form

0 —a. a by —azb, + a,b;
c=Ab= a, 0 —a, b, = a.b, —ab, =axb,
—ay dy 0 bz _aybx + a,\‘by

Le.c=axb.

(b) The characteristic equation for A is

—4  —a: ay
O=A=All=| a -1 —ay
—ay, ay —A

=3 aiﬂv —a-(acay + Aa:) + ay(a-ax — lay).

Thus A = 0 or —4* —a} — a2 —a} = 0. The second possibility gives /i =
—_H(ai + aﬁ + a§)1/2 = +ila|.
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Now consider Aa. From part (a) this is

0 —a. a, ay —a,ay + aya; 0
a, 0 —ay ay = a0y — Aydy = 0 = Qa.
—a, ay 0 a —ayay + aga, 0

Thus a is an eigenvector of A corresponding to eigenvalue 0. That this must be so
also follows from the general conclusion of part (a) that if c = Ab thenc =a xb;
if b=a, thenc=axa=0=0a.

26.10 A symmetric second-order Cartesian tensor is defined by
Tij = 5,’] — 3X,'Xj.

Evaluate the following surface integrals, each taken over the surface of the unit
sphere:

(a)/T,-de; (b)/Tikade; (c)/x,-Tjde.

We will need the following integrals over the unit sphere U:

/1dS=4n,
U

/ x;dS = 0, on antisymmetry grounds,
U

/ x;x;dS = 0, on antisymmetry grounds for i # j,
U

1 1 4
/x%dSz /(x%+x§+x§)dsz /1dS= "
U 3Ju 3Ju 3

/ x? dS = 0, on antisymmetry grounds.
U

Thus, combining the third and fourth of these,

/ XiXj ds = 4n 5,‘].
U 3

We note that the integrands in (a) and (b) each have two uncontracted subscripts
and that that in (c) has three. As the integrations are with respect to the scalar
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quantity S, our answers must have corresponding properties.

(a) /Tl]dS=/5,de—/3x1x]dS
U U

= dnd; —3 4;5ij =0 foralliand j.

O [ TuTiyds = [ (0u =30y — 3xx) ds
U U
= / (5ij — 3X,'Xj — 3X,’Xj + 9x,-xkxkxj) dsS
U
= /(517 + 3xix;) dS, since xxx; = 1 on U,
U

4
= 47551’]’ + 3 ;51‘1' = 87‘55[j.

(c) /le-Tjk dS:/U(x,-éjk—?)xixjxk)dS

0—0ifi+# j#k # i, on antisymmetry grounds,

0— [yxkdS=0ifi=j#korj=k+#iori=k#j,
0— [, xidS=0ifi=j=k

26.12 In four dimensions define second-order antisymmetric tensors F;; and Q;;
and a first-order tensor S; as follows:

(a) Fa3 = Hy, Q3 = By and their cyclic permutations;
(b) Fiy =—Dj, Qi = E; for i=1,2,3;
(c) S4=p, S;=J; fori=1,2,3.

Then, taking x4 as t and the other symbols to have their usual meanings in elec-
tromagnetic theory, show that the equations Zj 0F;j/0xj = S; and 0Qx/0x; +
00ki/0x;+ 0Q;;/0x; = 0 reproduce Maxwell’s equations. In the latter i, j, k is any
set of three subscripts selected from 1, 2, 3, 4, but chosen in such a way that they
are all different.

We can write the defining equations for F and Q as
Fij=e€ipHy and  Qj; = € By,
where none of i, j, k is equal to 4.
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First, for i =1,2,3,

Ji=8=>
J

0F

i 0D,
o = (VxH)

ot

S D

F;, 0
== i' H
x;  ox; (€ijHi) +

Thus the given equation is the ith component of the Maxwell equation
VxH=J+D.

Second, for i = 4, and noting that, since F is antisymmetric, Fyq = 0,
OF,; 2 0Fy 0D,
p=5Si= ox: Z . Z :
- Xj — (/Xj — an
J Jj=1 J=1

This is the Maxwell equation V- D = p.

For the equation involving Q, with i, j, k some non-repeating selection from 1,2, 3,
we have, say,

0023 n 003 + 0012

5X1 6x2 6x3 :0’
0By 0B, 0By

= 6x1 + 6x2 + 6x3 _O’

V-B=0.

This is one of Maxwell’s equations. Reassigning 1,2, 3 amongst i, j,k produces the
same equation.

Finally, for k = 4 and i # j with neither equal to 4,

0Qja Q4  0Qi; OE;
v Tox; Toae 0 T gt o

J(—E;) 0
+ at(eiijm) = 0.

We now contract this second equation with €;;, and use the double epsilon
identity, remembering also that €;;,0E;/0x; is the nth component of V x E:

0By,
(VXE), —(=V X E), 4+ (0jj0um — 0m0n;) or =0,
2(V X E)n + (35}1m - 5}1m)a§tm =0,

= (VxE),+(B),=0, forn=123.
This is the nth component of the Maxwell equation (V x E) 4 (B) = 0.
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26.14 Assuming that the current density j and the electric field E appearing in
equation (26.43), ji = o;E;, are first-order Cartesian tensors, show explicitly that
the electrical conductivity tensor o;; transforms according to the law appropriate
to a second-order tensor.

The rate W at which energy is dissipated per unit volume, as a result of the current
flow, is given by E -j. Determine the limits between which W must lie for a given
value of |E| as the direction of E is varied.

This result follows immediately from the quotient law but to show it directly we
proceed as follows.

ji = GijEja giVCl’l,

!/ !/

i s
. 12 .

Lipj, = 0;;Lj4Ey, j and E are first-order tensors,

ji=o in the transformed frame,
LipopEx = a};Lj,E,, substituting for j,,
LiLiyopEx = LirLj40;;E,, multiply by L;. and sum,
(6rppk — LirLjx07;)Ex = 0, L is orthogonal; relabel dummy suffix,

!

ok = LiyLjkoy;, since true for all Ej.

This is a sufficient proof, but to put the final result in the usual form we continue
with

/ ’ ’
Ly Lyco = LmankLirijaij = 5mi5nj0'ij = O

showing that ¢ is a second-order tensor.

The rate of dissipation is W = E;j; = E;o;;E;. The problem is to extremise
this, subject to the constraint E E; = |E|?, a constant. Introducing a Lagrange
multiplier, we consider the extremes of
W/ = EiGijEj — lEkEk.
They are given by
ow'’
an =0 = 2(0ijEi — AEJ) =0.

This shows that the extremising directions of E are the eigenvectors E of ¢. For
these directions

O-ijEiEj — )VEI'E]' =0 = W = ME‘z

Thus the maximum and minimum values of W are determined by the maximum
and minimum eigenvalues of ¢;;.
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26.16 A rigid body consists of four particles of masses m, 2m, 3m, 4m, re-
spectively situated at the points (a,a,a), (a,—a,—a), (—a,a,—a), (—a,—a,a) and
connected together by a light framework.

(a) Find the inertia tensor at the origin and show that the principal moments of
inertia are 20ma* and (20 + 2/5)ma’.
(b) Find the principal axes and verify that they are orthogonal.

The masses are
mat a(l,1,1), 2m at a(1,—1,—1),
3m at a(—1,1,—1), 4m at a(—1,—1,1).

(a) The inertia tensor components (recall that the off-diagonal elements have an
intrinsic minus sign) are calculated as

Iy = md®[1(2) +2(2) + 3(2
Iy = Iy = md®[1(—1) +2(1) + 3
Iz = Iy = ma®[ 1(—=1) 4+ 2(1) + 3(—1) + 4(1)] = 2md®,
Iy = ma’[1(2) +2(2) + 3(2) + 4(2)] = 20ma’,
Iy =I5y = ma’[1(—1) + 2(—1) 4+ 3(1) + 4(1) | = 4md’,
I3 = ma®[1(2) +2(2) + 3(2) + 4(2)] = 20ma’.

10 0 1
I=2ma*>| 0 10 2 |,
1 2 10

and the principal moments are given by 2ma’A where

10— 21 0 1
0= 0 10— 4 2
1 2 10—2
= (10 — A)(A> — 207+ 96) — 10 + /.
= (10 — A)(4> — 204 + 95).
Thus 2 =10 or 4 =10+ \/100 — 95 and the principal moments are 20ma® and
(20 + 2\/5)ma2. It is clear that these add up to the trace of I (as a check).
(b) For 4 = 10 the (unnormalised) axis vector, vy, satisfies

B0 - ()
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For A =10+ \/5 the (unnormalised) axis vectors, v,, and vj satisfy

FJ5 000 1 x 0 +1
0 FJ5 2 y |=1]0 = v3=| £2
1 2 F z 0 J5

Further,
Vi-vp=2—-240)=0,vi-v3=(—24+240)=0,va-v3=(—1—-445)=0,

showing that the axes vectors are mutually orthogonal.

26.18 The paramagnetic tensor y;; of a body placed in a magnetic field, in which
its energy density is —;,qu -H with M; = Zj 1ijHj, is

2k 0 0
0 3k k
0 k 3k

Assuming depolarizing effects are negligible, find how the body will orientate itself
if the field is horizontal, in the following circumstances:

(a) the body can rotate freely;
(b) the body is suspended with the (1,0,0) axis vertical;
(c) the body is suspended with the (0,1,0) axis vertical.

The equilibrium orientation of the body will be such as to minimise the total
energy (per unit volume)

E = —;/l()M'H = _;/‘OXiniHj,

subject to any constraints imposed by the method of suspension. We therefore
need to maximise (assuming that k > 0) the quadratic form ATyf. This could
be done by finding the eigenvalues and eigenvectors of y or directly from the
quadratic form. We will adopt the latter approach (and omit the factor k which
is merely a scaling factor).

(a) If the body can rotate freely there are no constraints on the components n;
of the unit vector i fixed in the body that aligns itself with the external field. We
therefore maximise

2 0 0 ni
0= (ny,ny,n3) 0 3 1 ny = 2}’1% + 371% + 3}’112; + 2nyn;3,
0 1 3 n3

subject to n? + n} + n% = 1. Now, Q = 2 + (ny + n3)> which is clearly maximal,
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given the constraint, when ny = 0 and ny, = n3 = 1/ \/2. Thus the body aligns
itself with the (0, 1, 1) direction parallel to the field.

(b) With the (1,0,0) axis vertical (and the field horizontal), i must have the form
(0, na, n3) with n% + n% = 1. We consider

2 0 0 0
0=0,n,n3)| 0 3 1 ny | =3n3+ 3n}+ 2nm;.
01 3 s

This is Q = 3 4 2nyn; and, again, is clearly maximal, given the constraint, when
nm=ny;=1/ \/2. Thus the equilibrium orientation is as in part (a).

(c) With the (0, 1,0) axis vertical (and the field horizontal), i must have the form
(n1,0,n3) with n} + n3 = 1. We consider

2 00 ny
Q = (n1>07 n3) 0 3 1 0 = 2}’1% + 3}’1%,
0 1 3 ns3

Thisis Q =2 + n% and to obtain a maximum we must take n; = 0 and n3 = 1.
Thus the body aligns itself with the (0,0, 1) direction parallel to the field.

26.20 For tin, the conductivity tensor is diagonal, with entries a, a, and b when
referred to its crystal axes. A single crystal is grown in the shape of a long wire
of length L and radius r, the axis of the wire making polar angle 0 with respect
to the crystal’s 3-axis. Show that the resistance of the wire is

b (a cos’ 0 + b sin? 0).

Since the conductivity tensor ¢;; is diagonal, the usual equation J; = ¢;;E; can
easily be inverted to read E; = p;;J; where p;;, the ‘resistance tensor’, has the form

al 0 0

The potential difference between the ends of the wire is given by
V=L-E= Lipiija

where L = L(sin 0 cos ¢, sin 0 sin ¢, cos (). Now, although E is not necessarily
parallel to the wire, the current density J must be and can be written

J= . , (sin 6 cos ¢, sin 0 sin ¢, cos 0)).
Tr
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It follows that ¥ = LTpJ can be expressed as

1L a 0 0 sin 0 cos ¢
2 (sin 0 cos ¢, sin 0 sin ¢, cos 0) 0 a' 0 sinfsin¢g |,
" 0 0 b cos 0

and that the resistance of the wire is

Vv L [sin’0 cos®0 L . 5 )
R= I =nr2< a + b )znrzab(bsm 0 +acos™0)

26.22 For an isotropic elastic medium under dynamic stress, at time t the
displacement u; and the stress tensor p;; satisfy

- ou,  Ou opij _ 0%u;
Pij = Ciju ((%cl + axk> W TP g

where cjj is the isotropic tensor given in equation (26.47) and p is a constant.

Show that both V -u and V X u satisfy wave equations and find the corresponding
wave speeds.

Using the given equations and the form of the most general isotropic fourth-order
tensor, we have

A ou, u
pij = (400K + noudji + voud i) ( “ 4 l)

5)61 axk
ou; ou; ou; Ou;
= 8;2V - i j j i
2042V u~|—naxj —l—naxi +V6xi +V6xj
A Ou;  Ouj
=20V -u+(n+v) <6xj + 6x,~) .

We now differentiate this equation with respect to x; and sum over j. We also
abbreviate 7 + v to .

0D : . 24 .
opij :2/16(V ‘u)—}-u( 0%u; +6(V u))’

0x; 0x; 0x;0x; 0x;
0%u; (V- u) 0%u; (V- u)
=22 .
= P o THloxgax, T oox
Next we differentiate this equation with respect to x; and sum over i to obtain
0*(V -u)

a2 = PVAV w A u[ VAV w) + VAV )
=2(A + WV*(V - u).
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This is a wave equation for (V - u) with wave speed [2(A +7n +v)/p]"/%
To find a similar equation for V x u, we start from an expression for its ith
component:

8uk
(3xj’

2 o (% d (10pu
8t2(V Xu); = fijkaxj ( o > B Eijkaxj (p 0xp ) ’

where the given time-dependent equation has been used to make the final step.

(V xu); = €1

Now substituting the alternative expression for p;; derived earlier, we have

82 12 0 0
patz(vxu)izfzjk ‘ [2i5klv'u+u< ey u;)}

0x;0x) ox;  Oxx
02 02 Ouk Oul
=€ 22V - i
elkﬁxjﬁxk[ V-l +'u6jkaxj8xl (8x1 + ﬁxk)
0? ouy 0*(V -u)
=0 “axlax, (Eijk 6xj> +Hei 0Xj0xy

= uVA(V x u); +0.

This is a wave equation for the ith component of (V x u) with a wave speed
[(n+v)/p]"/? that is independent of i. To obtain the third and fourth lines of the
final derivation we twice used the fact that, because ¢, is antisymmetric in j and
k whilst 62/6xj8xk is symmetric in them, the contracted expression containing
both is identically zero.

26.24 Working in cylindrical polar coordinates p, ¢, z, parameterise the straight
line (geodesic) joining (1,0,0) to (1,m/2,1) in terms of s, the distance along the
line. Show by substitution that the geodesic equations derived at the end of sec-
tion 26.22 are satisfied.

Clearly, the length of the line joining (1,0,0) to (1,7/2, 1) in cylindrical polars, i.e.
(1,0,0) to (0,1,1) in Caretesians, is \/3. Points along the line are given in terms
of s, the distance along the line, by

S S S
z =

BT T
In cylindrical polars, z is as given and (defining the shorthand (**) as in the first
line below)

x=1-—

p= (XZ +y2)1/2 _ \}3 (3 _ 2\/33_}_ 2S2)I/2 = \}3 (**)1/2’

-17Y

¢ = tan = tan~!
X

s
J3—s
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The required derivatives are
dp 1 45s—23
ds 2\/3 (**)1/2 ’
dp 1 (#0)2(4) =225 — /3) 5 (+%) 72 (4s — 24/3)

ds> 23 (**)
1 12—-83s5+8s>— 8 +83s—6 /3
- 2\/3 (**)3/2 - (**)3/2’
dp_ 1 (B9 =s=1) _ 3
ds 1+ (ﬁ;)z (/3 —s)? (x*)’
¢ —34s—23)
ds? (#%)? '

Using these results, the first equation,
Pp _ (dd)’
a2~ (ds) =0

3 ()23
(**)3/2 \/3 (**)

The second equation,

reads

, =0, which is satisfied.

Lo 2dpdp _
ds> ' pds ds

reads

—\/3(45—2\/3)+ 23 (4s—2/3) /3
(**)2 (**)1/2 2\/3(**)1/2 (**)

= 0, which is also satisfied.

2 d2
The third equation * - = * ) =0 is trivially satisfied, thus completing
dsz  ds? \/3

the verification.

26.26 By writing down the expression for the square of the infinitesimal arc
length (ds)* in spherical polar coordinates, find the components g;; of the metric
tensor in this coordinate system. Hence, using (26.97 ), find the expression for the
divergence of a vector field v in spherical polars. Calculate the Christoffel symbols
(of the second kind ) Fijk in this coordinate system.
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Since (ds)® = (dr)® + r2(d0)? + r*sin® 0(d¢)?, we have that

1 0 0
8ij = 0 I’2 0
0 0 r2sin’0
and g = [g;j| = r*sin® 0. Further, for an orthogonal system, gij = h;6;j with

gij = hi_léij.
For the divergence, as given in equation (26.97), we have

i \;g (e
T slin 0 8?4:‘ (r*sin 0 v')
2 slin 0 8(11‘ (rsin 0 g™ vy)
T slin 0 5(11‘ [r? sin 0 (v;/hy)], still summed over i,
E Slin 0 68;’ (r?sin ;) + 689 (rsin 0 vp) + aaqs (rvg)
1 Ovy

(sin 0 o) + rsin® d¢’

1o, 9
T2 é‘r(r o)+ rsin0 00

which recovers the familiar form.

The Christoffel symbols of the second kind are calculated from

1 Ogj , Ogki _ 08ij
= _gm( > =)
AL ( out  oul  duk

Because g”* is diagonal, only terms with m = k can contribute; g;; = 1, g» = r?

and g33 = r2sin’ 0. For each value of k we have g = (gi)~!. Further, in the
present case the only non-zero derivatives are

0g33
ou?

0g33
ou!

0gn

ol = 2r sin O cos 0.

= 2r, = 2rsin’ 0,
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Using these expressions in the general formula gives, for those cases in which
i=],

11—2g

m 1 mm aglm + agml agll
oul oul oum

— > =0, for all m,

m _ 1 um (08m | 08w 082
27 ou? ou? oum

=0, form=2,3,

= ;g”(O—}—O —2r)=—r,form=1.

m _ L _mm (5g3m 4 O8ms _ 5‘533)
) oul oul oum

=0, for m = 3,

= 1¢"(0 40— 2rsin*0) = —rsin® 0, for m = 1,

= 1820+ 0—2r*sin 0 cos ) = —sin 0 cos 0, for m = 2.

These account for 9 of the 27 possible Christoffel symbols. The other 18 are
those in which i and j are different, but since the symbols are symmetric under
i-j interchange, only 9 calculations are needed. They are as follows.

oul ou? oum
=0, form=1,3,
= §g22(2r +0—-0)=r"1 form=2,

m m 1 mi ag2" ag 1 ag12
21=F12=2g""( ' i

m __m __ 1 mm ag3m agml - ag13
3TIBT 8 ou! ou? oum
=0, form=1,2,
= 1¢3(2rsin? 0 +0—0) =11, for m =3,
mo_ m 1 mm 0g2m agm3 o ag23
23 279 ou’ ou? oum

=0, form=1,2,
=180+ 2r*sin0 cos 0 — 0) = cot 0, for m = 3.

This completes the calculation of all 27 Christoffel symbols for this coordinate
system; only 9 of them are non-zero.
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26.28 A curve x(t) is parameterised by a scalar variable t. Show that the length
of the curve between two points, A and B, is given by

/ \/ du dul
8ii g g *
Using the calculus of variations (see chapter 22), show that the curve x(t) that
minimises L satisfies the equation
dcut o dud dut s du
i TR g @ T sae
where s is the arc length along the curve, s = ds/dt and s = dzs/dtz. Hence, show

that if the parameter t is of the form t = as+b, where a and b are constants, then
we recover the equation for a geodesic (26.101 ).

[A parameter which, like t, is the sum of a linear transformation of s and a trans-
lation is called an affine parameter. ]

Denoting derivatives with respect to t by a dot notation, the element of curve
length is given by

sy =gidutdi/ = g dtid dt = & =g i,
j j j

B
/ds—/ §dt = / g i) dt = /F(ui,uf,t)dz.
A

The Euler-Lagrange equation for minimising L is

O_d OF\ 0OF
T de \ dik ouk

o d (1 2g,‘kiti) _itil:lj 0g,‘j

Thus

T dt 3 25 Ouk
K i gik Ml I;ti dgik i;ti ilj ﬁgij
_ % e _
R8T T o T 2 ouk
5 g il i Ogy ., Ui 0g;
§2 gt + $ + s oum” 2% ouk’

Now, in the double summation over dummy variables i and m in the third term
on the RHS, we can set
i omO8ik i mO08mk

ciem _ eiem

wu oum =uu aui
and re-write the Euler—Lagrange equation as
0gik  O0Zmk B Wi 0g;
oum  ou 25 ouk’

§ gt w1
0=—" guil
R8T T T
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Next we multiply throughout by g’* and contract over k to obtain

5 g IR ogik | 0gjk  0gij
0=— 51 i 51 i i otk l‘ J' _ ]
GO O A WL b T o T ouk

=— i+ + i,
3
thus establishing the stated result.

d 1d . . L
If t = as + b, then § = a~! and § = 0; further = . With this substitution

R . dt ads
the minimising equation becomes
L dt lduilduj_o
a* ds? Va ds a ds

This is the equation for a geodesic as given in (26.101).
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Numerical methods

27.2 Using the Newton—Raphson procedure find, correct to three decimal places,
the root nearest to 7 of the equation 4x* + 2x> — 200x — 50 = 0.

The Newton—Raphson scheme has 2nd-order convergence and so we expect rapid
convergence if a reasonable first guess is made. The iteration scheme is

_ f(xn)

Xn+1 = Xp — f/(Xn)
e 4x> + 2x2 —200x, — 50
- 12x2 + 4x,, — 200

B 8x3 +2x2 + 50

©12x2 + 4x, — 200
Starting with x; = 7, x = 6.951923077 and x3 = x4 = -+ = 6.951436674 to 10
s.f. To 3 decimal places x = 6.951, a result achieved (but not verified) after only

one iteration; as can be seen, a result accurate to 9 decimal places is achieved
after only two iterations.

274 The square root of a number N is to be determined by means of the
iteration scheme

Xni1 =Xy [1 = (N —x;) f(N)] .
Determine how to choose f(N) so that the process has second-order convergence.

Given that /7 ~ 2.65, calculate \/7 as accurately as a single application of the
Sformula will allow.
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Writing the iteration scheme in the standard form x,+1 = F(x,), we see that F(x) =
x — x(N — x?)f(N). For second-order convergence we require that F /(\/N ) =0.
Now

F() = 1= (N = 3¥)f(N) + 23(N),
FON=0 = ==

i.e an iteration scheme that has second-order convergence is

Xpr1 = X I—i—N_X3
n+l — An IN .

With x; = 2.65 as a first approximation to /7, the second approximation is

7 — (2.65)

XZ=2.65<1+ 14

) = 2.645741071.

To the same 10-figure accuracy, the correct answer is 2.645751311.

27.6 The following table of values of a polynomial p(x) of low degree contains an
error. Identify and correct the erroneous value and extend the table up to x = 1.2.

x  px) x  px)

0.0 0.000 0.5 0.165
0.1 0.011 0.6 0.216
0.2 0.040 0.7 0.245
0.3 0.081 0.8 0.256
04 0.128 0.9 0.243

Since the function is a polynomial of low degree, we expect the n-th difference
of the entries to be constant, where n is a relatively low number. To test for this
we set out (in two overlapping parts) a table of calculable differences (working in
units of 0.001) as follows:

x 00 0.1 0.2 0.3 04 0.5
p(x) 0 1 40 81 128 165
1st diff 1 29 41 47 37
2nd diff 18 12 6 ~10 14
3rd diff —6 —6 ~16 24
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x 05 0.6 0.7 0.8 0.9
p(x) 165 216 245 256 243

Ist diff 51 29 11 —13

ond diff 14 ) —18 —24

3rd diff —36 4 -6

Several of the 3rd differences are equal at —6, suggesting that the others should
have been but for the error in the given table. To test this we construct an inverted

table assuming that all third differences are in fact —6.

x 0.0 0.1
3rd diff
2nd diff 18
Ist diff 11
p(x) O 11
x 0.5
3rd diff —6
2nd diff —6
Ist diff 41
p(x) 175

0.2

—6

29

—6

12

41

40

0.6

—12

216

—18

29

245

0.3
—6

47
81

—6

11

128 175

0.8 0.9
—24
—13

256 243

This has reconstructed the original table except for the value of p(0.5) which is
now 0.175, rather than the erroneous value of 0.165.

We continue the table up to x = 1.2 by starting from x = 0.8, where all values

and differences are known.

x 08
3rd diff —6
2nd diff —24
1st diff —13
p(x) 256

0.9

—30

1.0
—6
—36

—43

243

200

The corrected and extended table now reads

X
0.0
0.1
0.2
0.3
04
0.5
0.6

p(x)

0.000
0.011
0.040
0.081
0.128
0.175
0.216

X
0.7
0.8
0.9
1.0
1.1
1.2
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—6

—79

p(x)

0.245
0.256
0.243
0.200
0.121
0.000

1.1 1.2
—6
—42
—121
121 0
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27.8 A possible rule for obtaining an approximation to an integral is the
mid-point rule, given by

Xo+Ax
‘/ " f(0dx = Ax f(xo + LAx) + O(AX).

X0
Writing h for Ax, and evaluating all derivates at the mid-point of the interval
(x,x + Ax), use a Taylor series expansion to find, up to O(h®), the coefficients of
the higher-order errors in both the trapezium and mid-point rules. Hence find a
linear combination of these two rules that gives O(h’) accuracy for each step Ax.

With all derivatives evaluated at x + ;h the Taylor series up to terms in h° for

fo=f(x)and f; = f(x + h) are

h 1 /h\? 1 /h\°? 1 /h\* 1 /h\°
_ : " 3) @) 5)
fro=fE,+,, <2) f i3!<2> 74 <2) f iS!(Z) 7

with the upper sign corresponding to f; and the lower to f.

By definition, the midpoint rule gives

as the integral for the interval (x, x + h). For the same interval the trapezium rule
is evaluated as
h 1 W 1 n
_ _ 1 () 6

The exact integral over the same interval is

"2 v v’ 3) v ) v’ )
[ — / % o) d
wm [ (s S e e )

211 211

" 4)
toasl Tasnl Tt

= hf
Thus, to O(h°),
loo=hf + . Wf"
ex — 24 >
Inia = hf,
1
Itrap - hf ‘|" 8h3f//’

and the best linear combination of the trapezium and mid-point rules that
approximates the exact result to this order is I = ;I trap T+ %Imid.
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27.10 Using the points and weights given in table 27.9, answer the following
questions.

(a) A table of unnormalised Hermite polynomials H,(x) has been spattered with
ink blots and gives Hs(x) as 32x°—2x> + 120x and Hy(x) as ?x*—2x* + 12,
where the coefficients marked ? cannot be read. What should they read?

(b) What is the value of the integral

0 e72x2
I= d
/_OC 14 4x2 +3x %

as given by a T-point integration routine?

(a) Since the integration points for an n-point Gauss—Hermite integration are

those values of x that make H,(x) = 0, the given sampling points for a 5-point
routine are those that give the expression 32x° — ax? + 120x zero value. Thus

32x° + 120 L

a= X ; x, where x is either of 0.95857... and 2.0218....

As they must, both cases give the same value; that value is 160.

Let Hy(x) = bx* — ex? 4 12. Then, since all four sampling points +x; for a 4-point
Gauss—Hermite scheme must satisfy Hg(x;) = 0, we can write
bx} —cx} +12 =0,
bx—ex3 +12=0,
= bx}x3 —ex?x3 +12x3 =0,
and  bx3x? —ex3x? 4+ 12x7 =0,
= bxixj(x} —x3) + 12(x3 — x7) =0,
4
. p 12 and ¢ — bxi 412

2,27 2
X1X3 Xi

for both i = 1 and i = 2. The first equation gives b = 16 and the second pair
both yield ¢ = 48.

(b) The denominator of the integrand is a quadratic form with ‘4ac > b*. It
therefore has no real zeroes and we may use Gauss—Hermite integration. To cast
the exponential in the appropriate form, we need to make the change of variable
y = \/2x; the exponential then has the form e, as assumed in the quadrature
formula. The integral becomes

, /DO - dy _/Oc - ;
221G+l 2 2y e 2
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This is now in the form f_ocoo e g(y)dy to which the Gauss-Hermite procedure
can be applied directly. Using the points and weights for a 7-point calculation
gives a value of 1.1642.

27.12 In normal use only a single application of n-point Gaussian quadrature is
made, using a value of n that is estimated from experience to be ‘safe’. However,
it is instructive to examine what happens when n is changed in a controlled way.

(a) Ewvaluate the integral

5
Inz/ J7x — x2 — 10dx
2

using n-point Gauss—Legendre formulae for n = 2,3,...,6. Estimate (to 4
s.f.) the value I, you would obtain for very large n and compare it with the
result I obtained by exact integration. Explain why the variation of I,, with
n is monotonically decreasing.

(b) Try to repeat the processes described in (a) for the integrals

J /5 by
o= X.
L JIx=x2—10

Why is it very difficult to estimate J.,?

(a) Since the integral is not over the (finite) range —1 < x < 1, we must first
make the transformation

_ 2x—=5-2 7 3z

T 52 27" 2

This results in the integral being

1
I = 552/1g(z)dz

with g(z) = f(x).
Using the tables of points and weights given in the text, we obtain the following
results as n is varied.

n 2 3 4 5 6

I, 3.674 3.581 3556 3.546 3.541

Clearly, a constant value good to 4 s.f. has not been achieved but, either by rough
plotting (preferably versus an inverse power of n) or by extrapolating the rate of
change of the last two significant figures, we can estimate I, as lying in the range
3.533 to 3.535.

433



NUMERICAL METHODS

To calculate the exact result, we note that 7x — x> — 10 can be written (by
‘completing the square’) as ; — (x — })* and so the substitution x = ] +  sin0

gives

n/2
I :/ 3v/1 —sin? 0 3 cos 0.0
—n/2

/2
= 3/ cos’0d0 = ) | n =3.5343
—n/2

This does come within our estimated range, though, obviously, we could not be
more certain of the value at a level better than +£0.001 without using much higher
values of n. [n = 20 gives I,y = 3.5345.]

The monotonic behaviour of I, with n comes about because the integrand starts
from zero, rises to a single maximum, and falls to zero again as x nears the end of
its range. This, coupled with the fact that as n increases the sampling points are
continually pushed further outwards from the middle of the range, means that
smaller actual values of the integrand gain increasing weight in the sum, thus
lowering it. Consequently, the series I, approaches I monotonically from above.

(b) The procedure is exactly the same as in part (a); only the form of the integrand
is different. The results are:

n 2 3 4 5 6 20
J, 2449 2.646 2755 2.825 2874 3.057

This time the results are monotonically increasing. This is no surprise, as the
integrand now increases at the extremes of its range; indeed, it has an (integrable)
singularity at each end point. These do not make the Gauss—Legendre sum infinite
for any finite n since the sample points never include the end points of the range.
However, they do prevent the estimates from converging rapidly for small values
of n, thus making it virtually impossible to extrapolate to Jo.

The accurate value of J is obtained by making the same substitution as in part
(a) and produces

©/2 3cosl m/2
J = / df = / do = 7.
—z/2 331 —sin® —n/2

Thus we see that, even with n as high as 20, the second significant figure of the
value of J is not yet established with any certainty.
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0 1 2 3 4

Figure 27.1 The area to be estimated using the hit or miss Monte Carlo
method of exercise 27.14.

2714 A, B and C are three circles of unit radius with centres in the xy-
plane at (1,2),(2.5,1.5) and (2, 3), respectively. Devise a hit or miss Monte Carlo
calculation to determine the size of the area that lies outside C but inside A and B,
as well as inside the square centred on (2,2.5) that has sides of length 2 parallel
to the coordinate axes. You should choose your sampling region so as to make
the estimation as efficient as possible. Take the random number distribution to be
uniform on (0, 1) and determine the inequalities that have to be tested using the
random numbers chosen.

Figure 27.1 shows the three circles and the square, with the area whose size has
to be determined shown shaded. The same shaded area is repeated in the top
right-hand corner of the figure, but on a larger scale and labelled PORS.

In order to make the estimation as efficient as possible, we sample in the minimal
rectangular region that encloses PQRS. We must therefore find the coordinates
of these ‘corners’. Those of P are determined by the circle B and the square as
P =(25—-1,25—1) = (1.5,1.5). The x-coordinate of Q is determined by the
circle A as 14+ /1 — (2 — 1.5 = 14 /3/2; its y-coordinate is 1.5. It is therefore
(1 ++/3/2,1.5). The circles A and C determine R as (2,3 — 1) = (2,2).

The coordinates of S are a little more difficult to find; they are determined by
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the circles B and C as follows:

(x =257 +(y— 15 =
(x=27+(-37=1,
—5x+4x+625—4—3y+ 6y +2.25—-9 =0, by subtraction,
—x + 3y — 4.5 =0, substitute this into C,
By =657 +(—37=1,
10y? — 45y +50.25 = 0,

45 + /2025 — 201
V= 5t/ (;05 010 _ 5 156 (2.444, rejected),

x = (3 x 2.056) — 4.5 = 1.669.

5

The minimal enclosing rectangle is thus 1.5 < x < 2, 1.5 < y < 2.056. We

note that it is entirely contained within the square and so no subsequent test of
individual sample points will be needed in this regard.

The sampling scheme is to select a pair of random numbers, (&, &;), and then
set x = 1.5 4+ «&; and y = 1.5 4+ p¢&,. The optimal values for « and f are 0.5
and 0.556 respectively. These values of x and y are then tested to see if they lie
inside/outside the defining circles, using the inequalities:

(@& + 15— 1)+ (Bé+1.5-27 < 1,
(01 + 1.5 =257+ (B&H + 15— 1.5 < 1,
(&) +1.5=2  + (& +1.5-3) > 1.

If all three conditions are satisfied for n out of N pairs of randomly chosen
numbers, (¢, &), the area of PQRS can be estimated as noff/N.

27.16 Consider the application of the predictor—corrector method described near
the end of subsection 27.6.3 to the equation
dy
dx
Show, by comparison with a Taylor series expansion, that the expression obtained
for yii1 in terms of x; and y; by applying the three steps indicated (without any
repeat of the last two) is correct to O(h?). Using steps of h = 0.1, compute the
value of y(0.3) and compare it with the value obtained by solving the equation
analytically.

Since yy =x+y,y" =14y =1+ x+y, the first few terms of the Taylor series
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expansion of y(x) are

y(x 4+ h) = y(x) + hy'(x) + éhzy”(x) R
=y(x)+h(x+y)+ hP1+x+y)+---.

We now consider the predictor—corrector method and indicate intermediate (pre-
dicted) values by placing a bar over them. As in the main text, we denote the
function of x and y (here x 4 y) that determines the derivative dy/dx by f(x, y).

Yir1 = yi + hfi,
fit1 = Xig1 + yis1r = Xip1 + yi + h(xi + yi).
Now, using yis1 = yi + Jh(fi + fir1 ),
Vit = Vi + yhlxi 4+ yi + xip1 + yi + h(xi + yi) ]
= yi + 5 h(xi + xi1) + hyi + 5B (xi + yi)
Now, since Xy = X; + h,
Yirt = yi+ hxi + hyi + 21+ x; + ).

This coincides with the Taylor series expansion up to O(h?) and proves the stated
result.

We calculate the required value of y(0.3) in the following table (in which each
column is completed before moving to the next and the last entry in each column
becomes the third entry in the next):

i 0 1 2

x; 0.0 0.1 0.2
yi 0.00000 0.00500 0.02103
h(x: 4+ y:) 0.00000 0.01050 0.02210
UR2(1 4 x;+y;)  0.00500 0.00553 0.00611
yier 000500 0.02103 0.04924

The calculated value of y(0.3) is thus 0.04924.

For the marginally reorganised initial equation

ax '
we see by inspection that the CF is y(x) = Ae* and that a Pl is y(x) = —x — 1.
The given boundary condition, y(0) = 0, implies that 4 = 1 and that the exact
solution is y(x) = ¢* — x — 1. The correct value of y(0.3) to 4 s.f. is therefore
0.04986.
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27.18 If dy/dx = f(x,y) then show that

2f f 252f of of o\’
dx?  ox? +2f8x8y f 6x 0y +f (6)}) '

Hence verify, by substitution and the subsequent expansion of arguments in Taylor
series of their own, that the scheme given in (27.79) coincides with the Taylor
expansion (27.68), i.e.

LN SN
Vit = i+ hy; T Vi gy i

up to terms in h’.

The scheme (a third-order Runge—Kutta calculation) is

Vir1 = i + ¢(b1 +4by + bs),
where
by = hf(xi, yi),
by = hf(x; + Yh, y; + 1by),
by = hf(xi +h, yi+ 2by — by),

To find the first and second total derivatives of f(x,y) with respect to x we use
the chain rule:
df _of | of dy
dx ~ ox T oy dx
of | ,of

~ ox +f0y’

Pf (o o\ (of  of
dx* <6x +f6y) (8x +f6y)

_of L f L 3f  of of zaZf ofry’
= o T apax T ooy Toxay 770 f<ay>’

1.e. as stated.

The (accurate) Taylor expansion is

LN B
Yit1 = yi + hy; +2’yi +3'yi + ... (*)

2 2 2 2
ocf o°f af@f fzﬁf f<0f)

0x? 6x6y ox Oy Jy T

+2f

438



NUMERICAL METHODS

We next need to find explicit expressions for the quantities by, b, and b3 in terms
of f and its various derivatives. The first is simple, by = hf;. For the other two,
with f evaluated at points other than (x; y;), we expand in local Taylor series,
retaining only those terms that will be of order h* or less in the final expression.
For b,:

bz = hf(x,» + éh, Vi + lhfi)

L (1ef, of:
AT G

1o, 11 azf 111, 8,
3 i ir2 b i ).
h (246x2+246y2f'+222 axayf)

For bs, still working to order h’:
by =hf(xi+h, yi+2hf(xi+ yh,yi + Shfi) — hf;)

=g (e 2n [ o D 2] )

=hf(xi+h,yi+hfi+h20fl hzflaf’ O(h3)).

We now need a two-variable Taylor expansion of this last function about (x;, y;).

The leading term is clearly hf; and the contributions from partial derivatives with

respect to x only are

2 afl
ox

The contributions from partial derivatives with respect to y only are

%a fl

h +, s +O(h*).

h [hfl«l—hz (gf + fi f” ‘;fl +O(h*) + h(hf,)za T4 o,
whilst, to order k%, the only contribution from the mixed derivatives is
hhhf; i azf’
Collecting these together gives bs as

b3=hfi+h2< fl-i-fz f>

azfi ofi of; ofi
2o Tax oy 77 (ay

O*fi

3
kL 0x0y

2
)+ fi f1+f,

Finally we must form the sum é(bl + 4b, 4 b3) and check it against the accurate
Taylor expansion for y;.1 — y;. The collected multipliers of the three powers of h
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are:
he Uik 4fi+ =1
W - 1(45fi_|_4 _5fi_|_5fi_|_fiafi) _ 1 (8fi+fiafi>’

6 \20x 20y  ox dy ) 2 \ox ay
AR Ji A0 i A IO
6|8 0x 8 dy 4 0x0y 2 0x ox dy
0\ 1 ®@fi o O

+fz<ay> +2fi 8))2 +flax6y .

These can now be compared with the expression given in the last line of (*). The
multipliers of i and h?> have explicitly been shown to be equal and those of h* are
also shown to be so when the final expression above is simplified; this establishes
the validity of this third-order Runge—Kutta scheme.

27.20 Set up a finite difference scheme to solve the ordinary differential equation

&p  do

Y dx2 * dx

in the range 1 < x < 4 and subject to the boundary conditions ¢(1) = 2 and

dp/dx = 2 at x = 4. Using N equal increments, Ax, in x, obtain the general

difference equation and state how the boundary conditions are incorporated into the

scheme. Setting Ax equal to the (crude) value 1, obtain the relevant simultaneous
equations and so obtain rough estimates for ¢(2), $(3) and P(4).

=10

Finally, solve the original equation analytically and compare your numerical esti-
mates with the accurate values.

We will use central differences for both derivatives except at x = 4 where the
backward difference is used to fit the boundary condition on d¢/dx.

Defining Ax by NAx = 3 and denoting ¢(1 + jAx) by ¢;, we have as boundary
conditions, ¢9 = 2 and ¢y = ¢ny_1 + 2Ax. We thus have to calculate ¢; for
j=12,...,N—2 using a difference representation of the differential equation
taking the form

djir1+dj—1—29¢; n Gir1 — i1

(1+jAx) (Ax)? 2Ax

= 0’
which can be re-arranged as
[24+ Q2+ DAx]djr1 — (4 +4jAx)p;j+[24+ (2j — 1)Ax]pj—1 = 0.
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Now setting Ax = 1 (and consequently N = 3) we have, for j = 1,2, in turn,
5¢2 —8¢1 +3x2="5¢,—8p1 +6=0,
T(p2 +2) — 122 + 5¢1 = —5¢2 + 5¢1 + 14 = 0.

Solving this pair of simultaneous equations gives

20 142
, =667 and gy= =947

Re-substitution of these values in the recurrence relation then gives the value of
¢ at the upper boundary, where only its slope has been specified, as

¢1 =

b3 = 11.47.

For an analytical solution we write the equation as

" 1
‘Z,er:o — ¢x—k=2x4=28, using ¢'(4) =2,
iﬁ:i = ¢=c+8Inx=2+8Inx.

The boundary condition at x = 4 has already been incorporated into the first line
above and that at x = 1 is used in the second. The accurately calculated values
are therefore

B(2) =1 =755, ¢(3) = > = 1079, $(4) = 3 = 13.09.

The estimated values follow the same trend as the accurate ones but are consis-
tently lower (except at x = 1 where they are forced to be equal). The major source
of inaccuracy arises from forcing the difference between the estimated values of
¢(4) = ¢3 and ¢(3) = ¢, to be 2; the accurate solution has an average slope in
this range of 81n(4/3) = 2.30, i.e. significantly higher than 2.

27.22 Use the isocline approach to sketch the family of curves that satisfies the
non-linear first-order differential equation
dy a
dX a \/xz + y2 '

At each point in the xy-plane, the equation determines the slope of the solution.

A solution curve must therefore pass through a (continuous) series of points,
at each of which its tangent has the relevant slope. A computer-generated plot,
together with typical solution curves, is shown in figure 27.2.
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Figure 27.2 Typical solutions y = y(x), shown by solid lines, of dy/dx =
a(x? 4+ y?)~!/2. The short arrows give the direction that the tangent to any
solution must have at that point.

27.24 In the previous exercise (27.23) the difference scheme for solving

ou Ou

o T ox
in which A has been set equal to unity, was one-sided in both space (x) and
time (t). A more accurate procedure (known as the Lax—Wendroff scheme) is

u(p,n+ 1) —u(p,n) n u(p+1,n) —u(p—1,n)
At 2Ax
At [u(p +1,n) — 2u(p,n) + u(p — 1,n)
2 (Ax)?

=0’

(a) Establish the orders of accuracy of the two finite difference approximations
on the LHS of the equation.

(b) Establish the accuracy with which the expression in the brackets approxi-
mates 0%u/ox>.

(c) Show that the RHS of the equation is such as to make the whole difference
scheme accurate to second order in both space and time.
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(a) and (b) We start with the (accurate) Taylor expansion in space for u(p + 1,n);

du(p,n)  (Ax)* *u(p,n) | (Ax)* &*u(p,n)
0x 2! ox2  — 3! 0x3

The second term on the LHS of the Lax—Wendroff scheme is thus

u(p £ 1,n) = u(p,n) = Ax

u(p+ Ln) —u(p—Ln) _ du(p,n) 2
2Ax T ox +0 ((Ax) ) ’
whilst its RHS is
At T 0%u(p,n) )
N ox2 +0 ((Ax) )

Both are accurate to second order in Ax. We note at this point that the second
spatial derivative does not actually appear on the RHS of the original equation;
in the original equation the RHS is zero.

For the first term on the LHS we need a Taylor expansion in time:

_ ou(p.n) | (A1 Oulp.n)
u(p,n+ 1) = u(p,n) + At or + 21 on

Thus this term in the calculational scheme is

du(p,n) At d%u(p,n)
ot 21 o2

So far as a representation of du/0t in the original equation is concerned, this is
only accurate to first order in At and to make it accurate to second order we
need to compensate for the term

At 0*u(p, n)
21 o2

(c) However, from differentiating the original equation separately with respect to
x and t, we have both

-2 2 2 2
0“u Ouzo and 0-u Ouzo’
ot Otdx 0xot  0x2
implying that
tu 0%
o2 0x2

This equality (multiplied through by At/2) allows the unwanted terms on each
side of the original equation to be cancelled, leaving the equation accurate to
second order in both Ax and At.
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27.26 Consider the solution ¢(x,y) of Laplace’s equation in two dimensions
using a relaxation method on a square grid with common spacing h. As in the main
text, denote ¢(xo + ih, yo + jh) by ¢;;. Further, define ¢%" by

L]
qu’n . am+n¢
BT gxm oyn

evaluated at (xo + ih, yo + jh).

(a) Show that
40 22 0,4
‘bi,j +2¢i,j +¢i,j =0.
(b) Working up to terms of order h°, find Taylor series expansions, expressed in
terms of the ¢}, for
S+0 = Qi1+ Qi1
So+ = Pijr1 + Pij-1.
(c) Find a corresponding expansion, to the same order of accuracy, for ¢ivi jy1+
¢i+1,j—1 and hence show that

St 4 = Girrj+1 + Qivrjmt + Pimrj1 + Pimtj1

has the form

h4
490 + 2T+ 90) g (BI7 + 6617 + 41D,

(d) Evaluate the expression 4(S+o+So+)+S++ and hence deduce that a possible
relaxation scheme, good to the fifth order in h, is to recalculate each ¢;; as
the weighted mean of the current values of its four nearest neighbours (‘each
with weight é) and its four next-nearest neighbours (each with weight 210).

(a) In the notation given, Laplace’s equation takes the form
2,0 02
¢i,j +¢i,j :0
To save space and increase clarity we will omit subscripts that are i, j, but write
them explicitly when they are not. Thus ¢™" = ¢;"".
Differentiating Laplace’s equation twice more with respect to x and y (separately)
yields

¢* + ¢*? =0 and ¢>* + ¢ = 0.

Adding these two equations yields the stated result, but we may, in addition,
deduce several equalities to be used later. We start from ¢>° = —¢%2? and obtain
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in an obvious way that

¢'3,0 — _¢'1,2, ¢'0,3 — _¢'2,1,

and
¢3,1 — _¢1,3’ ¢4,0 — ¢O,4 — _¢2,2’
and
¢5,0 — ¢1,4 — _¢3,2 ¢0,5 — ¢4,1 — _¢2,3.
(b) The general Taylor series expansion for ¢ ; is
0
(ih)m
G =D ml PO,
m=0 ’

and, up to order h’,

St.0=Qir1,j + Pi-1;

— 2¢0,0 + h2¢2,0 + 112h4¢4’0.

Similarly,

SO,i — 2¢0,0 4 h2¢0’2 + 1121’!4(]50’4.
(c) The expansion of ¢;1y j4+1 requires a 2-variable Taylor series and up to order
h° takes the form

h2
Gt it = "0 L g0+ g™ 4 ($70 £ 261 + 60
h3
+ 3'(i¢3,0 4 3¢2,1 + 3¢1,2 + ¢0,3)

4
4 Z'(¢4,0i4¢3,1 +6¢2,2i4¢1,3+¢0,4)

hS
) (£ + 504 11097 + 1067 £ 51 + ¢09).

Because of the equalities derived in part (a), this can be written more compactly
as

h2
¢iil,j+1 — ¢0,0 + h¢1’0 + h¢0’1 + 2'(__|_2¢1,I)

I 1,2 R INAPUE N 3,2 2,3

+ 3'(i2q5’ +2¢° )—}—4’(4(/5’ )+ 5,(i4¢’ +4¢°7).
For the corresponding expansion of ¢;+, j—; those terms for which the n in ¢™"
is odd, will change sign. When the two expansions are added together, such terms
will cancel and leave

hS

2K h*
Pist o1 + bizr 1 = 2070 £ 2010 £ 3 ¢h + 3 ¢> + 15¢>3’2~
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Hence,
St + = Gist, j+1 + i1, jm1 + Qi1 jr1 + Pict, j—1
=400 + 2h*p>? + O(h°).

This is consistent with the stated expression since ¢>° + ¢%? = 0 and ¢*° +
6¢2’2 + ¢(),4 — 4¢2,2_

(d) Now consider the sum S given by
S =4(S+.0+So.4+) + S+ +
— 4| 4¢%0 4 2% + $>0) + i’;(¢4,0+¢o,4)
44900 & §h4¢z,2 + O(h5)
= 200" +4I%(¢"2 + ) + h; (¢4 + ¢** +2¢>2) + O(°)
=20¢%% +0 + 0 + O(h°).
Thus
90 = F (Seo+S00)+ - Se s+ O
200~ 20 7T

= (i1, + i1+ i1 + 1)
+ oDt 1 + bistjot + Pict, j41Pi-1,j—1) + O(h®)
= é Z(nearest neighbours)

+ 5 Z (next nearest neighbours) + O(h%).

This could form the basis of a relaxation scheme, as described in the question.
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Group theory

28.2 Which of the following relationships between X and Y are equivalence
relations? Give a proof of your conclusions in each case:

(a) X and Y are integers and X — Y is odd;

(b) X and Y are integers and X — Y is even;

(¢) X and Y are people and have the same postcode;

(d) X and Y are people and have a parent in common;

() X and Y are people and have the same mother;

(f) X and Y are n x n matrices satisfying Y = PXQ, where P and Q are
elements of a group G of n X n matrices.

(a) Defining an odd integer as one that does not divide by 2 exactly to yield
another integer, this relationship fails to pass the reflexivity test. The equation
X ~ X implies that X — X = 0 is odd. However, 0 does divide exactly by 2 and
so X A X.

(b) With X — Y required to be even, this relationship satisfies the reflexivity
criterion. Further, since (i) 2n and —2n are both even and (ii)) X —Z = (X —Y)+
(Y — Z) and the sum of two even integers is even, the symmetry and transitivity
requirements are also met. Thus this relationship is an equivalence relation. The
partition is that of the integers into odd and even integers.

(c) Clearly an equivalence relation. The classes consist of all the people, amongst
those considered, who have the same postcode.

(d) Although at first sight this may appear to be an equivalence relation, it is
not necessarily a transitive relationship. For three people X, Y and Z for whom
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X ~Y and Y ~ Z, if Y’s parents both re-marry and X and Z are children of
the two second marriages, then X + Z.
(e) Assuming that there is an agreed single definition of mother (so that, for

example, a person cannot have two mothers, one natural and one the result of
adoption or parental re-marriage) then this is an equivalence relation.

(f) Since the identity I belongs G and X = IXI, X ~ X, showing that the
relationship is reflexive.

IfY ~XthenY =PXQ = X=P 'YQ ! ButasP and Q belong to G so
do P~!' and Q~'. Thus X ~ Y and the relationship is symmetric.

If Y ~Xand Z ~Y then Y = PXQ and Z = RY S, where R and S are also
elements of the group. Thus Z = RPXQS. However, as P, Q, R and S all belong

to G, so do RP and QS. It follows that Z ~ X and that the relationship is
transitive.

These three results together show that the relationship is an equivalence relation.

28.4 Prove that the relationship X ~ Y, defined by X ~ Y if Y can be
expressed in the form
aX +b

T X +d
with a, b, ¢ and d as integers, is an equivalence relation on the set of real numbers

R. Identify the class that contains the real number 1.

1X+40

0X +1°

(ii) Symmetry is shown by rewriting the defining equation as
—dY +b
cY —a’

(1) Reflexivity is shown by writing X =

XY +dY =aX+b = X-=

(iii) For transitivity, we have
aX +b ay +b
Y= cX::-_d and 2 = c’Y::—_d’
giving
_d(@X +b)+b(cX+d) (da+bc)X +(a'b+b'd)
daX +b)+d(cX +d) (da+do)X +(b+dd)
All of these coefficients are integers and so transitivity is established.
Thus X ~ Y satisfies the three requirements of an equivalence relation on ‘R, the

set of real numbers.

By setting X = 1 in the defining relationship, we can see that Y must have the
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form of the ratio of (any) two integers. Thus the class to which 1 belongs is the
set of rational numbers.

28.6 Prove that the set M of matrices

a b
A =
(5¢)
where a, b, ¢ are integers (mod 5) and a # 0 # ¢, forms a non-Abelian group

under matrix multiplication.

Show that the subset containing elements of M that are of order 1 or 2 do not
form a proper subgroup of M,

(a) using Lagrange’s theorem,
(b) by direct demonstration that the set is not closed.

Consider the product of two typical matrices in the set, A and B,

_{a b d e\ ( ad ae+bf
re=(5 o) (o 5)=(% “5")

Since 5 is prime, the product ad cannot equal 0 unless at least one of a and d is
0; but this is ruled out by the given form of the matrices. Similarly ¢f # 0. Thus
the set is closed under matrix multiplication.

Matrix multiplication is associative.

The set has an obvious identity element I = < (1) (1) )

The inverse of the typical matrix A is found in the usual way:

1 (¢ —b
-1 _
A _ac<0 a)’

as is easily verified. We use the fact that a % 0 # ¢ to deduce that |A|] = ac # 0
and hence justify the usual inversion calculation. We note that for x = 1,2,3,4
the multiplicative inverses (mod 5) are 1,3,2,4 respectively and are well-defined
and unique. In particular, this means that 1/ac is a well-defined integer (not the
fraction it may appear to be at first sight).

These four results establish the set M as a group.

There are four choices each for the values of a and ¢ and five choices for b; the
group therefore has 4 x 4 x 5 = 80 elements.

The only difference between the products AB and BA is in the (1,2) element. For
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an Abelian group the two products need to be equal, i.e. ae + bf = bd 4 ec (mod
5). But if, for example, b #+ 0, a = ¢ # 0, d #+ f and e = 0 then this needed
equality is not satisfied. This is sufficent to show that the group is non-Abelian.

(a) The only element of order 1 is the identity. An element of order 2, i.e. A> =1,
must have a> = ¢> = 1 and ab + be = 0. The only possibilities for a and ¢ are
therefore 1 and 4.

Ifa=c=1,then 2b =0 (mod 5) = b =0, A=, already counted.
Ifa=c=4,then 8 =0 (mod 5) = b =0, one such matrix.

Ifa=1, ¢c=4,then 5b =0 (mod 5) = b arbitrary, five such matrices.
Ifa=4, c=1,then 5b =0 (mod 5) = b arbitrary, five such matrices.
Thus there is a total of 12 matrices of order 1 or 2 in the set.

But, by Lagrange’s theorem, the order of any subgroup must divide the order of
the group. As 12 does not divide 80, the subset cannot be a proper subgroup of
M.

(b) To find a counter-example to the closure of the set, consider the product of
two matrices of the third type found in part (a):

o= (5 5) (s 5)-(o %"

In view of its diagonal elements, this product can only be a member of the set if
it is the identity [as shown in part(a)], thus requiring e + 4b = 0. So, to find a
counter-example, we are led to consider a specific case, b = 0 and e = 3, which
does not satisfy the requirement.

(00 )-(0)
(A D-( D)

Thus C has order > 2 and does not belong to the set; the set is not closed and
cannot form a subgroup of M.

Now,

28.8 Show that, under matrix multiplication, matrices of the form

a +azi  ag— aqi

Mi(do, a) = ( ag+aji —ax + asi >

where ag and the components of column matrix a = (a; a, a3)' are real num-
bers satisfying a} + |a|* = 1, constitute a group. Deduce that, under the transfor-

mation z — Mz, where z is any column matrix, |z | is invariant.
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As usual, we take the associativity of matrix multiplication for granted.

An identity element is provided by M(1,0), i.e. a9 = 1, a; = a = a3 = 0, which
satisfy a3 + |a|> = 1.

We next note that if we write a typical matrix N in terms of complex numbers #;
as

N ( Zl _n’zZ ) with N = (ag +a) + (a3 + a3) = [m[* + |naf* = 1,
2 1

then the product P = NM of two such matrices is
n _ * _ *
P — 1 le mi ’?2
ny ny my my

* * *® ok
namy 4 njmy  —nom; + nyjm;

This is of the form

( D1 _132 ) with { p1 = nimy _nsz
P2 D P2 = namy + nymy

Further |[P| = IN|[M| =1 x 1 =1, i.e. p1p] + p2p5 = 1. Thus the set is closed.

It just remains to establish the existence of an inverse N~! for each N within the
set. The inverse is constructed in the normal way (recalling that [N| = 1) as

Nl — ny
—hny N
This is of the given form, with ny — nj and n, — —n,. These changes correspond

to ap — ag and a; > —a; fori=1,2,3,1.e. a > —a.

Clearly, IN"!| = |n|>+ |n2|>. This expression was shown to be equal to unity when
we considered [N| earlier Thus, in summary,

[M(a07 a)]71 = M(a07 _a)'

The set of matrices have now been shown to satisfy all the conditions for forming
a group under matrix multiplication, and so they do so.

Under z —» Mz,
1z? =2z > zZ'M'Mz
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But

[y 2+ [ ? 0 )

It follows that under the transformation z — Mz for a general matrix z,
1z >zl lz=|z

1.e. 1s invariant.

28.10 The group of rotations (excluding reflections and inversions) in three
dimensions that take a cube into itself is known as the group 432 (or O in the
usual chemical notation). Show by each of the following methods that this group
has 24 elements.

(a) Identify the distinct relevant axes and count the number of qualifying rota-
tions about each.

(b) The orientation of the cube is determined if the directions of two of its body
diagonals are given. Consider the number of distinct ways in which one body
diagonal can be chosen to be ‘vertical’, say, and a second diagonal made to
lie along a particular direction.

(a) As always, the identity (do nothing) operation is one of the symmetries of the
cube.

About the three normals through the centres of opposite faces of the cube,
rotations of n take the cube into itself, as do the six rotations of +n/2 about the
same normals.

Rotations of © about diagonals joining the centre points of opposite edges of the
cube are further symmetry operations on the cube; there are six of these.

Finally, there are eight rotations of +27/3 about the cube’s body diagonals.
These bring the total up to 143 4+ 6 + 6 + 8 = 24 symmetry operations.
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(b) The “vertical’ diagonal can be chosen in 4 x 2 ways (either end of each diagonal
can be ‘up’). There are then three equivalent rotational positions (notionally
rotations through 0 and —_i-%n) about the vertical, each bringing a different body
diagonal into any specified position. Thus there are 4 x 2 x 3 = 24 possibilities
altogether.

28.12 If A and B are two groups then their direct product, A X B, is defined
to be the set of ordered pairs (X,Y), with X an element of A, Y an element of
B and multiplication given by (X,Y )(X',Y') = (XX',YY'). Prove that A X B is
a group.

Denote the cyclic group of order n by C, and the symmetry group of a regular
n-sided figure (an n-gon) by D, — thus D3 is the symmetry group of an equilateral
triangle, as discussed in the text.

(a) By considering the orders of each of their elements, show (i) that C, X C3 is
isomorphic to Cg, and (ii) that C, X Dj is isomorphic to Dg.
(b) Are any of Dy, Cg, Cy X C4, C3 X Cy X Cy isomorphic?

We consider the four requirements for A x B to be a group.
(1) Closure:
XeAdand X' e A = XX €A, since A is a group.
Similarly, YY’ € B. Hence (XX, YY') € A x B, i.e the set is closed.
(2) Associativity holds since it does so in A and B separately.
(3) The identity:
IpeAandIgeB = (I4Ig) € AXDB,
and
TaIg)X,Y) = (IaX,IgY) = (X,Y).
Thus (I 4,15) is in A X I and is its identity.

(4) Inverse: If X € A then X! € A (since A is a group); similarly Y~ € B.
Thus

XLy HedxB and (X, V)X LY H)=XXL, YY) = (I41p).
Thus each element of A x BB has an inverse in the set.

These four results establish A x B as a group.
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(a)(i) In Cs with generator P (P® =1), I has order 1, P and P> have order 6, P>
and P* have order 3, whilst P? has order 2.
How consider C, x C3 which has 2 x 3 = 6 elements (the same as Cg). With X € C,

and Y € C;, the clements (X, Y) and their orders are [X and Y are not the
identity except where explicitly stated]:

(I,I) has order 1 1 element;
(I,Y) has order 3 2 elements;

(X,I) has order 2 1 element;
(X,Y) has order 6 1 x 2 =2 elements.

Thus C¢ and C, x C3 both have six elements and have the same numbers of
elements of any particular order. Therefore they are isomorphic.

(i1) Consider first the set of symmetry operations on a regular hexagon (the group
Dg). In addition to the identity, it includes five rotations of 2nk/6 (k = 1,2,...,5)
about an axis through the hexagon’s centre and perpendicular to its plane. The
two with k = 1,5 have order 6, the two with k = 2,4 have order 3, whilst that
with k = 3 has order 2.

Further there are 3 reflection symmetries with respect to diagonals joining op-
posite corners of the hexagon, and 3 more with respect to diagonals joining the
centres of opposite sides. Clearly, all of the reflection symmetries have order 2.
In summary, D¢ has twelve elements: one of order 1, seven of order 2, and two
each of orders 3 and 6.

As shown in the text, the group D3 has six elements: one of order 1, two (rotations)
of order 3, and three (reflections) of order 2. With the same notation as in part
(a), the elements (X, Y) of C; x D3 and their orders are:
(I,I) has order 1 1 element;
(I, Yrot) has order 3 2 elements;
(I, Yeer) has order 2 3 elements;
(X,I) has order 2 1 element;
(X, Yor) has order 6 1 x 2 =2 elements;
(X, Yier) has order 2 1 x 3 = 3 elements.

Again, in summary, C; X D; has twelve elements: one of order 1, seven of order 2,
and two each of orders 3 and 6. Thus the groups D¢ and C, x D5 are isomorphic.

(b) The groups Dy, Cs, C» X C4, Co» X C; X C; each have eight elements [see the
previous exercise (28.11) in the case of D4]. Thus each has the potential to be
isomorphic to any other. The same exercise showed that Dy has five elements of
order 2 and two of order 4, as well as the identity of order 1.

454



GROUP THEORY

However, each cyclic group C, must contain at least one element of order n and
no element in any product cyclic group can have an order that is greater than the
LCM of the orders of the individual groups. Thus Cg has an element of order 8§,
Cy X Cy X C5 has no element of order greater than 2, and C, X C4 has an element of
order 4, but no greater. These results, together with the above observations about
D4 mean that only C, x C4 and Dy could possibly be isomorphic. These have to
be examined further.

C4 has one element of order 1, one of order 2 and two of order 4. (Elements of
order 3 are not possible since 3 does not divide 4 exactly.) Forming the elements
of C; x C4, we obtain:

(I,I) has order 1 1 element;
(I,Y>) has order 2 1 element;
(I, Y4) has order 4 2 elements;
(X,I) has order 2 1 element;

(X, Y;) has order 2 1 element;
(X, Yy) has order 4 2 elements.

In summary, C, X C4 has one element of order 1, three of order 2 and four of
order 4. This is not the same distribution as for D4 and so the two groups cannot
be isomorphic.

28.14 Show that if p is prime then the set of rational number pairs (a,b),
excluding (0,0), with multiplication defined by

(a,b) e (c,d) = (e,f), where (a+b /p)c+d/p)=e+fp,

forms an Abelian group. Show further that the mapping (a,b) — (a,—b) is an
automorphism.

From the given combination law
e =ac + bdp and f =ad+ bc.

As a, b, ¢ and d are all rational numbers, so are ¢ and f. The set of rational
number pairs is therefore closed. Associativity and commutativity are obvious and
the number pair I = (1,0) clearly has the property that IX = X for any rational
number pair X. The existence of inverses is the only requirement remaining to be
established in order to complete the proof that the set forms an Abelian group
under the given combination law.
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Now,
1 _a—b\/p
a+b jp a2 —bp’

Further, since a and b are rational (and \/p is not), a> # b’p. Although it is not
zero, a> — b?p is rational, and so, therefore are ¢ and d. To summarise,

—1 _ _ a _b
(aab) —(C,d)— (az—bzp’az—bzp)’

a rational number pair that is included in the set. The proof is now complete.

(c.d)e(ab)=(1,0) = c+dp=

For the mapping (a,b) — (a,—b)
[(a,b)e(c,d)]" = (ac + bdp,ad + bc) = (ac + bdp,—ad — bc),

whilst
(a,b) e (c,d) = (a,—b) e (c,—d) = (ac + bdp,—bc — ad).
Hence
[(a,b) e (c,d)]" = (a,b) o (c,d),

showing that the mapping is a homomorphism. The mapping is clearly one-to-
one, making it an isomorphism and, finally, since the object and image sets are
the same, it is an automorphism.

28.16 For the group G with multiplication table 28.8 and proper subgroup
H = {I, A, B}, denote the coset {I,A, B} by C; and the coset {C,D,E} by C,. Form
the set of all possible products of a member of Cy with itself, and denote this by
C1Cy. Similarly compute C,Cy, C1Cy and C,Cy. Show that each product coset is equal
to Cy or to Cy and that a 2 x 2 multiplication table can be formed, demonstrating
that Cy and C, are themselves the elements of a group of order 2. A subgroup like
‘H whose cosets themselves form a group is a normal subgroup.

The multiplication table is

MmO w > -

Mo OQwmP» = —
AmY —wmp »
Com» —ww
>w—=0Oman
w— > mO g g
—~ > w AT mm

As can be seen, dividing the six elements into the two cosets based on the
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subgroup {I, A, B} corresponds to dividing the table into four quarters, as shown.
The first three rows and the first three columns are labelled by the elements of
C; whilst the last three rows and columns are labelled by the elements of C.

It is clear from inspection that the top LH quarter gives the set of products
denoted in the question by CCy; it is equally clear that it contains only elements
that are in Cy, thus C; x C; = C;. Similarly, in the top RH quarter, C; x C; = C,.
In the same way, C, x C; = C; and C; X C; = C;.

Thus we can also draw up a multiplication table for the cosets themselves

G G
G G G
C G G

This is the multiplication table of a group of order 2 in which C; is the unit
element.

28.18 The group of reflection—rotation symmetries of a square is known as Dy;
let X be one of its elements. Consider a mapping ® : Dy — S4, the permutation
group on four objects, defined by ®(X) = the permutation induced by X on the
set {x,y,d,d'}, where x and y are the two principal axes, and d and d' the two
principal diagonals, of the square. For example, if R is a rotation by ©/2, ®(R) =
(12)(34). Show that Dy is mapped onto a subgroup of S, and, by constructing
the multiplication tables for Dy and the subgroup, prove that the mapping is a
homomorphism.

This group of symmetries and its multiplication table were considered and derived
in exercise 28.11; we will use the same notation here.

Clearly, the set of principal axes and diagonals is left unchanged by both I and R?
and so these two symmetries are mapped onto the permutation (1). As explained
in the question, R interchanges the two principal axes and also interchanges
the two principal diagonals, i.e. it causes the change {x,y,d,d'} — {y,x,d’,d}; it
therefore maps onto (12)(34). The same is true of R?. The reflections m; and m;
about the principal axes leave those axes unchanged but interchange d and d';
they therefore both map onto the permutation (34). Similarly ms and my4 are both
mapped onto (12).

In summary, Dy4 is mapped by a two-to-one mapping onto the subgroup

{(1), (12)(34), (34), (12);
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of S4. The entries in the multiplication table for this subgroup,

(1) (12)(34) (34 (12)
(1) (1) (12)(34) (34 (12)
(12)34) (12)34) (1) (12) (34)
(34) (34) (12) (1 (12)(34)
(12) (12) G4 (1264 1)

are straightforward and can be verified by inspection; for example, the product
[(12)(34)]1[(34)] interchanges the 3rd and 4th objects and then changes them back
again whilst at the same time interchanging the Ist and 2nd. The net result is
that the 1st and 2nd objects are interchanged and the 3rd and 4th are untouched,
i.e. equivalent to (12).

This 4 x 4 table and the 4 x 4 table produced by combining the elements of D, in
appropriate pairs, according to their common effects on the axes and diagonals
of the square, clearly have the common structure

QO w P> -~

QW > — -
WA= >
> — 0w w
— > wan

Here (1), I and R? are replaced by I'; (12)(34), R and R? are replaced by A4; (34),
my and my are replaced by B; and (12), ms and my are replaced by C. This shows
that the mapping @ is a homomorphism. It is not, however, an isomorphism as
the mapping is not one-to-one; it is, in fact, an epimorphism.

28.20 In the quaternion group Q the elements form the set
{17 _1> ia _i> j> _ja k’ _k}a

with i = j> = k> = —1, ij = k and its cyclic permutations, and ji = —k and its
cyclic permutations. Find the proper subgroups of Q and the corresponding cosets.
Show that all of the subgroups are normal subgroups. Show further that Q cannot
be isomorphic to the group 4mm (Cy, ) considered in exercise 28.11.

In order to establish the subgroups of the quaternion group we draw up its
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multiplication table which reads as follows

i i =i —1 k —k —j j
—i  —i i 1 -1 —k k j —jJ

j j —j —k —1 i —i
—j —j j k —k 1 -1 —i

kK k —k j —j —i i —1

From this table it can be seen that the proper subgroups are

(=1, (L =1 —i}, {1, =1 j,—j}, {1, =1k —kl.

The cosets of the subgroup {1, —1}, which has order 2, are immediately found to
be

Co=1{L =1, G=1{i.—i, C=1{—j, G =1k —kj

The multiplication table also shows that the product of two elements drawn one
each from C; and C, always belongs to C,, i.e. C; X C,, = C, for n = 1,1, j, k. Simi-
larly C, x C, = C;. It is only slightly more complicated to see that C; x C; = Cy,
and corresponding results obtained by interchanging any pair of subscripts, are
valid. The cosets themselves obey a group multiplication table of the form

G G C G
GG G C G
G G G G G

¢ C G G G
G G C G G

With C; as the identity, this is a group under coset multiplication and establishes
{1,—1} as a normal subgroup of Q. We note that, unlike Q itself, the group of
cosets is Abelian.

We now consider the three subgroups of order 4 and take {1,—1,i,—i} as typical.
Its cosets are D; = {1,—1,i,—i} and D} = {j,—j,k,—k}; these two cosets exhaust
the group.

If we select two elements, one from each coset, and multiply them together we
can only obtain one of the four quantities +j and +k (recall, that, for example,
(—i)(k) = j). In other words, D; xD; = D;. Similar, but even simpler, considerations
show that D; x D; = D; and that D; x D, = D;. Thus D; and D; form a group
of order 2 under coset multiplication, with D; as its identity. This shows that the
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subgroup {1,—1,i,—i} is a normal subgroup; corresponding considerations and
conclusions apply to the subgroups {1,—1, j,—j} and {1,—1,k,—k}.

Finally, as shown in exercise 28.11, the group 4mm has five elements of order
2 (rotation by m and the four reflection symmetries). The quaternion group Q
considered here has only one (—1); this rules out any possibility of isomorphism
between the two groups.

28.22 Show that the matrices

cosf —sinf x
M(0, x, y) = sinf cosf y |,
0 0 1

where 0 < 0 < 2m, —o0 < x < 00, —00 < y < o0, form a group under matrix
multiplication.

Show that those M(0, x, y) for which 0 = 0 form a subgroup and identify its cosets.
Show that the cosets themselves form a group.

We start by noting that matrix multiplication is associative.

Next consider

cosf) —sinf x cos¢p —sing X
sinf cos y singg  cos¢p Yy
0 0 1 0 0 1

cos(0 + ¢) —sin(0+¢) X
=| sin0+¢) cos(@+¢) Y |,
0 0 1

where X = x'cosf — y'sinf + x and Y = x'sin6 + )’ cos 6 + y. Written in terms
of matrices of the given form, this reads

M(0,x,y) M(¢, X', y') = M(0 + ¢, X, ),

showing that the set is closed.
Clearly, the unit matrix M(0,0,0) = I3 acts as an identity element.
To find an inverse for M(6, x, y), set ¢ = —0 and X = Y = 0 in the above display
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equation. This requires that
0=x"cos0—y'sinf + x,
0=x'sin0 4y cosO + y,
= 0=x/(cos’ 0 +sin’ ) + xcos O + ysin6,
= x'=-—xcos — ysin0,
and 0= —y'(cos? 0 + sin® 0) 4+ x sin ) — y cos 0,
= )y =xsin0 — ycos0.
Thus M(0,x,y)"" = M(—0, —x cos ) — ysin 0, xsin0 — y cos 0) and establishes the

existence of an inverse within the set.
This completes the proof that the set forms a group under matrix multiplication.

For the subset M(0,x,y), associativity is as before, the identity, M(0,0,0), is
included, M(0, x, y)~' = M(0, —x, —y) is of the correct form and closure is shown
by M(0, x, y)M(0,x, y") = M(0, x+x', y+'). All four group conditions are satisfied
and the subset forms a subgroup N of the group {M(6, x, y)}.

Since M(0, x, y)M(0, X, y') = M(0,x + X',y + y'), the cosets of A are
Co = {M(0,x,y), for all —oo < x,y < o0},
i.e. all members of any coset have the same value for 6.
If M(01,x1,y1) is any member of Cp, and M(02, x», y2) any member of Cy,, then
M(01, x1, y1) M(02, X2, y2)
= M(01 + 03, x1 + x2cos 0y — y,sin 0y, y1 + y2 cos 0y + x; sin 01)

belongs to Cp, +9,. In terms of coset multiplication, Cy, x Cyp, = Cp, +0, ; the product
coset is contained in the set. The identity is Cy (= N itself) and C; U= Cyrp is
also in the set of cosets. The cosets therefore form a group.
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Representation theory

29.2 Using a square whose corners lie at coordinates (+1,+1), form a natural
representation of the dihedral group Dy. Find the characters of the representation,
and, using the information (and class order) in table 29.4 (p. 1102), express the
representation in terms of irreps.

Now form a representation in terms of eight 2 x 2 orthogonal matrices, by consid-
ering the effect of each of the elements of D4 on a general vector (x,y). Confirm
that this representation is one of the irreps found using the natural representation.

As in figure 29.1, we mark the corners of the square as 1, 2, 3 and 4 and describe
the actions of the various symmetry operations by describing to which of the
four fixed points A = (1,1), B=(1,—1), C = (—1,—1) and D = (—1,1) each of

my my my
D=(—1,1)" — CA=(1,1)
m,
4 2
C=(-1L-Dl B =(1,-1)

Figure 29.1 The coordinate system and notation used in exercise 29.2.
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the corners is carried. For example R, a clockwise rotation by n/2, carries corner
1 from A to B, corner 2 from B to C, etc. The corresponding matrix is

1
D(R) =
I
This matrix is traceless, as will be those of the matrices corresponding to R and

R3; thus the character for each of these is 0. The identity matrix is |4 which has
a trace, and hence a character, of 4.

The four matrices in the group corresponding to reflections are
r .. |
D(my) = -, | Dlmy)=

D(my) = D(mg) =

1 . . A |
The first two (in the same class) have character 0, whilst the class consisting of

my and my has character 2.

In summary the representation has characters (4,0,0,0,2), the five classes being
given in the same order as in table 29.4. Application of the standard formula
(29.18), or direct inspection, shows that the only combination of irreps that gives
the correct character totals for all classes is

Ar@®B,®E.
The relevant character sum is
(45 Oa 0909 2) = (15 Ia 19 17 1) + (17 15 _19 _19 1) + (29 _2a 09090)

If the combination is calculated from the formula, the expansion coefficients for
A, and B; are found to be zero; for each of the other three irreps they are unity.

As a second representation we consider what happens to a vector (x,y) under
each of the symmetries contained in D,. For example, the rotation R, considered
previously, takes (x, y) into (y, —x) and so is represented by

D(R)=<_'1 1)
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The full set of symmetries and corresponding matrices is

I R R? R3

() (D) e G

L) G (L)

As expected (and required), symmetries in the same class have matrices with
equal traces (i.e. have equal characters). The characters [in the same order
(I, R, R/R3,my/my,mq/my) as earlier] are (2,—2,0,0,0). This is exactly the char-
acter set for irrep E, found earlier in the natural representation. This second
representation is two-dimensional but irreducible.

29.4 Construct the character table for the irreps of the permutation group Sy
as follows.

(a) By considering the possible forms of its cycle notation, determine the number
of elements in each conjugacy class of the permutation group Ss and show
that Sy has five irreps. Give the logical reasoning that shows they must con-
sist of two three-dimensional, one two-dimensional, and two one-dimensional
irreps.

(b) By considering the odd and even permutations in the group Sy establish the
characters for one of the one-dimensional irreps.

(c) Form a natural matrix representation of 4 X 4 matrices based on a set of
objects {a,b,c,d}, which may or may not be equal to each other, and, by
selecting one example from each conjugacy class, show that this natural rep-
resentation has characters 4, 2, 1, 0, 0. In the four-dimensional vector space
in which each of the four coordinates takes on one of the four values a,
b, ¢ or d, the one-dimensional subspace consisting of the four points with
coordinates of the form {a,a,a,a} is invariant under the permutation group
and hence transforms according to the invariant irrep Ay. The remaining
three-dimensional subspace is irreducible; use this and the characters de-
duced above to establish the characters for one of the three-dimensional
irreps, Ty.

(d) Complete the character table using orthogonality properties, and check the
summation rule for each irrep. You should obtain table 29.1.

(a) The group S; has 4! = 24 elements; its possible cyclical forms and their
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Typical element and class size

Irrep (1) (12) (123) (1234) (12)(34)
1 6 8 6 3

A 11 1 1 1

As 1 -1 1 —1 1

E 2 0 -1 0 2

T, 3001 0 —1 —1

T, 3 -1 0 1 —1

Table 29.1 The character table for the permutation group Sy.

corresponding orders are

structure number order
1) (D2)3)4) Co=1 1
(i) (12)(3)(4) 1C=6 2
(11)  (123)(4) iC2C =8 3
(iv) (1234) 3Ci2Ci =6 4
(v) (12)(34) 3¢, =3 2

Now, as shown in the solution to exercise 28.9, elements in the same class must
have the same order. This implies that here there are at least four classes. In fact,
there are five.

To see this, we note that a permutation structure (wx)(y)(z), involving only one
pair interchange, is an odd permutation, whilst one with structure (pq)(rs), which
involves two interchanges, is an even one. Thus, since any permutation P has the
same parity (odd or even) as its inverse P!, a relationship of the form

[(pa)(rs)] = P~ [(wx)(y)(z)]P

would have even parity on the LHS and odd parity on the RHS; this is not
possible and no such relationship can exist. Hence (wx)(y)(z) and (pq)(rs) belong
to different classes, implying that there are five classes, and hence five irreps, in
all.

Let the five irreps have dimensions n;, (i = 1,2,...,5), with ny = 1 as the
dimension of the identity irrep (which must be present). Then

5
> onp=24—-1=23
i=2

Since 4 x 2° = 16 < 23, at least one n; must be > 3 (and clearly < 5). If one of
the n; were 4, we would require "7 , n> = 7 which has no integral solutions with
all n; > 1. Thus, one n;, say ns, must be equal to 3, leaving Zfzz ”12 = 14. Now,

since 3(2%) < 14 < a second n;, ny say, must equal 3. This now leaves 37 , n? = 5,
which has only one possible integral solution n3(say)= 2 and n, = 1.
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(b) We have taken the first irrep as 4;. A second one-dimensional irrep, D), will
be one in which the odd permutations in Sy [cycle structures (ii) and (iv)] have
—1 as their 1 x 1 matrix representation whilst the even permutations [structures
(1), (iii) and (v)] are represented by +1. Then, in the order of classes used above,
the character set for D® is (1,—1,1,—1,1). This irrep is normally denoted by A,.

(c) We now consider the action of a typical element of each class (i)-(iv) on the
set {a,b,c,d} and determine in each case how many of the set are unchanged;
this gives the trace of the corresponding (natural) permutation matrix and hence
its character. It is clear that this is equal to the number of cycles of length one in
the corresponding cycle notation. The character set is therefore (4,2, 1,0,0).

As noted in the question, the vector space on which the permutations act con-
tains one invariant subspace and this must transform as the identity irrep A4,
with character set (1,1,1,1,1). We are told that the subspace remaining when
this invariant subspace is removed is irreducible and must therefore transform
according to a three-dimensional irrep T;. The character set for this space must
be(4—1,2—-1,1-1,0—1,0—-1)=(3,1,0,—1,—1).

At this point we have a partial character table

Typical element and class size

Irrep (1) (12) (123) (1234) (12)(34)
1 6 8 6 3

Ay 1 1 1 1 1

A, 1 —1 1 —1 1

E 2 a b ¢ d

T, 3 1 0 —1 —1

T, 3 w X y z

Consider next the characters of E. From the summation rule,
4+ 6a* + 8b* + 6¢% + 3d> = 24.

Since all the terms except 3d> are necessarily even, 3d> must be as well. Thus
d=0ord=+42.

If d = 0, then orthogonality of the character set with those of A; and A; requires

2+6a+8b+6¢c=0,
2 —6a+8b—6c=0,
= 4+ 16b=0. Impossible, as b must be integral.

So d = 42, and, from the summation rule,

4+46a>+82+6c+12=24 = 6a>+8b>+6¢*> =S8,
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for which the only integral solution is @ = ¢ = 0 with b = +1 or —1. From
orthogonality with A

24+0+8h+0+3d =0,

which has no integral solution if d = —2, but gives b = —1 if d = +2. This is the
only acceptable solution and, in summary, the characters for E are (2,0,—1,0,2).

Finally we turn to the character set for T, for which we have
9 4+ 6w? 4 8x% + 6y* + 322 = 24.

Since 24 —9 is odd and 6w” 4+ 8x? 4 6y? is even, z must be odd with |z| < \/15/3,
ie. z = +1 or —1. Hence 6w”> + 8x? 4 6y> = 12, which can only have an integral
solution if x = 0 and |w| = |y| = 1. Now, orthogonality with the characters of A
gives 3+ 6w+ 6y +3z = 0, and with those of A, gives 3— 6w —6y+3z = 0. Hence
z = —1 and w = —y. The remaining ambiguity is resolved using the orthogonality
with (T

946w—6y+3=0 = 12w+12=0 = w=—landy=1.

Hence 4™ = (3,—1,0,1,—1) and the table is complete.

The summation rule was used to establish y®) and »(™)

A2 and Tl.

and is easily verified for

29.6 Consider a regular hexagon orientated so that two of its vertices lie on the
x-axis. Find matrix representations of a rotation R through 2m/6 and a reflection
my in the y-axis by determining their effects on vectors lying in the xy-plane .
Show that a reflection my in the x-axis can be written as m, = myR3 and that the
12 elements of the symmetry group of the hexagon are given by R" or R"m,.

Using the representations of R and m, as generators, find a two-dimensional rep-
resentation of the symmetry group, Cg, of the regular hexagon. Is it a faithful
representation?

Under the rotation R,

Under the reflection m,,

== 1) ()

467



REPRESENTATION THEORY

whilst under the reflection m,

co—en=(o 5 ) (7).

We now consider m,R*> whose matrix representation is
=1 0 1 -3 1 -3 1 -3
s 0 1 Y31 Y31 Y3
RN A SNE! -2 =23
s\UV3 1 23 =2
(8 0\ (1 0
S f\o0 -8) 0 —-1)°

i.e. equal to that for m,, which can also be written R*m, since R® and m, commute.

cos —sind
sinff  cosf
by M(0), we see that the representation of R is M(w/3). Now,

MOM() = ( cosf) —sin0 ) ( cos¢p —sing )

sinf  cos0 singp  cos¢
_( cos(0+¢) —sin(0 + ¢)
B < sin(0 + @) cos(0 + ¢) >
M(0 + ¢).

Denoting the matrix

It follows that R" is represented by M(nzn/3) and that a rotation by nzm/3 is
generated by R". This accounts for all the rotational symmetries of the hexagon
including, formally, the identity I for which n = 0.

The reflection symmetries are of two kinds; three are in axes joining opposite
vertices of the hexagon and are exemplified by m,; three are in axes joining the
mid-points of opposite sides as in the case of m,. In each case, the other two
reflections can be obtained by applying either R> or R* after the reflections.

Figure 29.2 summarises the situation. The label against each of the 12 dots (e.g.
R°my) shows the effect on the original ringed point, marked (x,y), of the 12
corresponding symmetry operations. In cases including a reflection, the effective
reflection axis for the whole operation is marked with the same symbol. Thus,
reflection in the axis (marked R’m,) through the vertices in the first and third
quadrants carries (x, ) to the point marked R>m,. Each of the 12 operations can
be expressed either as R or as R"m,,.
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Rsmy
/

Figure 29.2 The rotation and reflection symmetries of a regular hexagon as
discussed in exercise 29.6. A point labelled by the name of any particular
symmetry shows the effect of that symmetry on the ringed point (x,y). The
axis labelled R"m, is the reflection axis corresponding to the point marked

R'm,.
To ease the calculation of the representation, we note that R? = —I and obtain
1 =3
R= = —R*
(s 1)
—1 —¢3
2 \/3 ’

N T E e
(50 )4 ) em
To these eight we must add

=(00) w=(30)

i (50) w3 )

The twelve matrices are all distinct and so the representation is faithful.

2 _
R'm, =

A~ —
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29.8 Sulphur hexafluoride is a molecule with the same structure as the crystalline
compound in exercise 29.7, except that a sulphur atom is now the central atom.
The following are the forms of some of the electronic orbitals of the sulphur atom,
together with the irreps according to which they transform under the symmetry
group 432 (or O ).

W, =f(r) Ay
¥, =zf(r) Ty
Yy = (32 —r?)f(r) E
Yo, = (x> —y)f(r) E
Wi, = xyf(r) T,

The function x transforms according to the irrep T1. Use the above data to deter-
mine whether dipole matrix elements of the form J = [ ¢1x¢,dt can be non-zero
for the following pairs of orbitals ¢1, ¢, in a sulphur hexafluoride molecule: (a)
‘PdlylPs; (b) LPd],‘Ppl; (C) lsza LPdl; (d) IPS’lIId3; (e) leanS-

For each dipole matrix element we need to determine whether the irrep A; is
present in the reduction of the representation of the triple product of ¢y, ¢, and
x; only if it is, can the dipole matrix element be non-zero. To do this we require
the character table for the group 432 produced in exercise 29.5, namely

Typical element and class size

Irrep I 2y 3 4, 2,

1 6 8 6 3
Aq 1 1 1 1 1
A, 1 —1 1 -1 1
E 2 0 —1 0 2
T 3 1 0 —1 —1
T, 3 —1 0 1 —1

We also need to use the formula

1 * 1 *
= LS ] 0 = LS oo 0
X

with u set to A; [for which all y*(X) = 1] in order to calculate whether or not
A, is present.

In each case we obtain the character set for the dipole matrix element by
multiplying together, for each class, the corresponding characters of the two
orbitals and x. The resulting character set then has to be tested using the above
formula to see whether A is present.
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(a) \Pdla\PS:
Orbital Trrep I 2, 3 4, 2,
1 6 8 6 3
Yy, E 2 0 -1 0 2
Y Ay 1 1 1 1 1
X T, 31 0 -1 -1
6 0 0 0 =2
1 -2
Thus, ma, = ©) gj( ) =0 = No.
(b) Wy, ), :
Orbital Irrep I 24 3 4, 2,
1 6 8 6 3
Yy, E 2 0 -1 0 2
¥, Ty 31 0 -1 -1
X Ty 31 0 -1 -1
18 0 O 0 2
1(1 2
Thus, ma, = ( 8)21_ 3( ) =1 = Yes.
(C) sz)‘Pd1 :
Orbital TIrrep I 2, 3 4, 2,
1 6 8 6 3
Y, E 2 0 -1 0 2
Y, E 2 0 -1 0 2
X T, 31 0 -1 -1
12 0 0 0 —4
Thus, ma, = 1(12) ;_43(_4) =0 = No.
(d) Wy, Wy, :
Orbital Trrep I 2, 3 4, 2,
1 6 8 © 3
Yy, T, 3 -1 0 1 -1
X T, 31 0 —1 -1
9 —1 0 -1 1
Thus, m, = 1(9) + 6(—1) 4+ 6(—1) + 3(1) —0 = No.

24
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(e) \Ppla\PS'
Orbital Irrep I 2, 3 4, 2,
1 6 8 6 3
¥, T 31 0 —1 —1
¥, Ay 1 1 1 1 1
X T 31 0 —1 —1
9 1 0 1 1
19)+6(1) + 6(1) + 3(1
Thus, ma, = )+ ();(H_ ()=1 = Yes.

In summary, only in cases (b) and (e) is there the possibility of a non-zero dipole
matrix element. Further calculation, involving data not provided here, would be
needed to determine whether these two matrix elements are in fact non-zero.

29.10 [nvestigate the properties of an alternating group and construct its
character table as follows.

(a) The set of even permutations of four objects (a proper subgroup of Sy) is
known as the alternating group A4. List its twelve members using cycle
notation.

(b) Assume that all permutations with the same cycle structure belong to the
same conjugacy class. Show that this leads to a contradiction and hence
demonstrates that even if two permutations have the same cycle structure
they do not necessarily belong to the same class.

(c) By evaluating the products

p1 = (123)(4) o (12)(34) @ (132)(4) and p> = (132)(4) @ (12)(34) ¢ (123)(4)

deduce that the three elements of A4 with structure of the form (12)(34)
belong to the same class.

(d) By evaluating products of the form (lo)(fy) e (123)(4) e (1a)(Sy), where o, 5
and vy are various combinations of 2, 3 and 4, show that the class to which
(123)(4) belongs contains at least four members. Show the same for (124)(3).

(e) By combining results (b), (¢) and (d), deduce that A4 has exactly four classes,
and determine the dimensions of its irreps.

(f) Using the orthogonality properties of characters and noting that elements of
the form (124)(3) have order 3, find the character table for Aj.

(a) The twelve members of A4 are those permutations that involve an even number
(0 or 2) of pair interchanges. For future identification, and as a shorthand, we
list them, each with a label, as:
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I = (1)(2)(3)4),

2A = (12)(34), 2B = (13)(24), 2C = (14)(23),

3A = (123)(4), 3B = (124)(3), 3C = (134)(2), 3D = (234)(1),
3E = (132)(4), 3F = (142)(3), 3G = (143)(2), 3H = (243)(1).

(b) If permutations with the same cycle structure all belonged to the same
conjugacy class there would be 3 classes in A4. This would imply that it has 3
irreps, one of which would have to be the identity irrep A;. The dimensions of
the other two would then have to satisfy

14+m+nd=12.

This equation has no integral solutions for n, and n3 and we conclude that the
assumption that permutations with the same cycle structure all belong to the
same conjugacy class leads to a contradiction and is therefore wrong.

(c) With the meaning of (pqr) as in the text, i.e. p is replaced by ¢, ¢ is replaced by
r and r is replaced by p, we evaluate the following products of the form P~!XP:

p1 = (123)(4) o (12)(34) o (132)(4) abed = (123)(4) » (12)(34) cabd
= (123)(4) acdb = cdab = (13)(24) abcd

pr = (132)(4) o (12)(34) o (123)(4) abed = (132)(4) o (12)(34) bead
= (132)(4) chda = dcba = (14)(23) abed

Thus (13)(24) and (14)(23) both belong to the same conjugacy class as (12)(34)
and therefore to the same class as each other, ie. all three permutations with
structure (pq)(rs) belong to the same class.

(d) These evaluations follow the same lines as in (c) and we summarise the results
using the labels allocated in (a).

(2A)"13A 2A = 3F, (2B)~'3A 2B =3C, (2C)"!3A 2C = 3H.

Thus the class to which 3A=(123)(4) belongs also contains 3F, 3C and 3H, i.. it
has at least four members. Further,

(2A)7'3B 2A = 3E, (2B)"'3B 2B = 3D, (2C)"'3B 2C = 3G,
showing that the class containing 3B also contains at least three other members.

(e) As always, I is in a class by itself and, as we have shown, the class of
permutations with structure (pq)(rs) has 3 members. Permutations with structure
(pqr)(s) are contained in a maximum of two classes since we have already shown
that there exist two classes with at least four members each — and this exhausts
the group. These two sets of four cannot form one class of eight as this would
reduce the total number of classes to three, and we have shown in (b) that this
is not possible. We conclude that there are exactly four classes containing 1, 4, 4
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and 3 members. It also follows that there are four irreps, whose dimensions must
satisfy

1+n%+n§—|—nﬁ=12 = m=3 m=n=1,
as the only integer solution.

(f) The character set for A; is, of course, (1,1,1,1). Suppose that for the three-
dimensional irrep T it is (3, x, y, z). Then, firstly,

132 +4IxP +4lyP +3zP =12 = x=y=0, [z[ =1,
for an integer solution. Secondly, the orthogonality of the two irreps gives
1(1)(3) +4(1)(0) +4(1)(0) +3(1)z =0 = z=-—1.
The character table thus takes the form

Typical element and class size
Irrep (1) (123) (132) (12)(34)

1 4 4 3
Al 1 1 1 1
Aj 1 a b c
A3 1 d e f
T 3 0 0 —1

The orthogonality of T to each of A, and Aj implies that ¢ = f = 1.

This leaves only a, b, d and e to be determined. Since the elements in both the
classes of which they are the characters have order 3, each character can only be
the sum of a number of cube roots of unity (see the text). As they are further
restricted by summation rules of the form 1+ 4|a|* +4[b|* 4+ 3 = 12, |a| < /2 and
similarly for the other three characters.

The cube roots of unity are 1, @ = exp(2ri/3) and ®?, with 1 + o + @” = 0.
There must be at least one character in each of the sets for A, and Aj that is not
unity — otherwise they become A;. Let a = w; then, from the orthogonality with
Ay, 1+ 4w +4b + 3 = 0 implying that b = w>. Since all the character sets must
be different, we must have for A; that d = w? and e = o, thus completing the
character table for the group A4 as

Typical element and class size
Irrep (1) (123) (132) (12)(34)

1 4 4 3
Ay 1 1 1 1
A, 1 w w? 1
Aj 1 32 %) 1
T 3 0 0 —1
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(b) ()

Figure 29.3 The three normal vibration modes of the equilateral array. Mode
(a) is known as the ‘breathing mode’. Modes (b) and (c) transform according
to irrep E and have equal vibrational frequencies.

The orthogonality of the character sets for A, and A3 may verified as follows:

ST HME0] MX) = 1(1)(1) + 4”0 + 4e?) o + 3(1)(1)
X

=14 4e7i2n/3ei4n/3 +4€7i4n/3€i2n/3 +3
— 4+ 4[2cos(2n/3)] = 4+ 4(—1)=0.

29.12 Demonstrate that equation (29.24) does indeed generate a set of vectors
transforming according to an irrep A, by sketching and superposing drawings of an
equilateral triangle of springs and masses, based on that shown in figure 29.4.

(a) Make an initial sketch showing an arbitrary small mass displacement from,
say, vertex C. Draw the results of operating on this initial sketch with each
of the symmetry elements of the group 3m (Cs, ).

(b) Superimpose the results, weighting them according to the characters of irrep
Ay (table 29.1 in section 29.6) and verify that the resultant is a symmetrical
arrangement in which all three masses move symmetrically towards (or away
from) the centroid of the triangle. The mode is illustrated in figure 29.4(a).

(¢) Start again, now considering a displacement 6 of C parallel to the x-axis.
Form a similar superposition of sketches weighted according to the characters
of irrep E (note that the reflections are not needed ). The resultant contains
some bodily displacement of the triangle, since this also transforms according
to E. Show that the displacement of the centre of mass is X = 9, y = 0.
Subtract this out and verify that the remainder is of the form shown in
figure 29.4(c).

(d) Using an initial displacement parallel to the y-axis, and an analogous pro-
cedure, generate the remaining normal mode, degenerate with that in (c) and
shown in figure 29.4(Db).
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I R \ R?
mq nmy ms
(i)
my I
RZA "
my R

(ii)

Figure 29.4 The construction of the ‘breathing mode’ of an equilateral array
of equal springs and masses, as discussed in exercise 29.12.

(a) Part (i) of figure 29.4 shows the triangle with an initial displacement at vertex
C and the results of operating on this with rotations R and R? and reflections m;,
my and ms. Of course, the original is also the result of operating with the identity
I.

(b) To use equation (29.24),
=3 x0x
X

with 2 = A; we need the character set for A; which is (1,1,1). Thus the six
triangles shown in part (i) of the figure have to be superimposed, all with
equal weights. This has been done in part (ii) of the figure and, after the two
displacements at each vertex have been added vectorially, the result is shown to
be that of the ’breathing mode’. In this mode all movements are directed away
from (or towards) the centroid of the triangle.

(c) For the two-dimensional irrep E the character set is (2,—1,0), showing that
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the projection operator will contain no contribution from the third class, namely
the reflections.

The original displacement ¢ parallel to the x-axis and the results of operating
on this with R and R? are shown in part (i) of figure 29.5. These have to be
superimposed with the original (in the role of the result of I) having weight
2 and the results of the rotations having weight —1, i.e. the directions of the
displacements are reversed. This is done in part (ii) of the figure. The superposition
can be broken down into an overall bodily displacement of the triangle and
displacements about its centroid as follows:

(X,5) = 1(26 + S cos - +5cos -,0 4 dsin - —5sin§) = (5,0),

3 3 3
(x’y)C Z(.)_C,)_/)+(5,O),
3
(= @)+ -5 0. o)
1 3
(x’y)B:(xaj})+(_257\é 5)

This breakdown is also shown in part (ii). Note that all the vibrational displace-
ments are of magnitude J.

(d) The final normal mode, degenerate with that in (c), is shown in part (iii) of
figure 29.5. The construction parallels that in (c) and so only the calculational
details are given. They are:

| Tf_ T . T . T _
(x,y)—_,)(écos3 50053,25+5sm3+5sm3) 0,9),
(x,¥)c = (X,¥) +(0,0),
3 1
(X,y)A:()_C,J_/)‘f'(\é 5’_25)a
3 1
(x’y)Bz(va)—i_(_\é 59_25)

This is mode (b) as given in the question.
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(ii)

20

(ii)

Figure 29.5 The construction of each of the two degenerate normal modes
of an equilateral array of equal springs and masses, as discussed in exercise
29.12. Construction of the first mode is shown in (i) and (ii); that of the
second mode is shown in (iii).
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30.2 Given that events X,Y and Z satisfy
XNY)UEZnX)uXUuY)=ZUuY)U{[(ZuX)u(XNnZ)nY}
prove that X > Y and either XNZ =0 or Y o Z.

We start by simplifying both sides of the equation separately using the commu-
tativity and distributional properties of U and N and de Morgan’s laws. For the
LHS:

XNY)UZNX)UXUY)=[(YUZ)NX]u(XNY)
=XN(YUZUY)
=XN(YUuZ).

For the RHS we have

(ZUY)U{[(ZUuX)u(XNZ)NY}
=ZnY)u{[ZnX)u(XNZ)]NnY}
=ZnNnY)u[ZNn(XuX)NnY]
=(ZNY)u(ZNnY)
=YN(EZuzZ)=Y.

N
Y

Thus the equation reduces to X N (Y U Z) = Y. This implies that X contains
everything that is in Y, i.e. X © Y, and that X contains no part of Z that is not
also in Y. This latter requirement means that either Z is wholly contained in Y,
ie. Y o Z or X and Z have no events in common, i.e. X N Z = 0.

479



PROBABILITY

30.4 Use the method of induction to prove equation (30.16), the probability
addition law for the union of n general events.

We are required to prove that

Pr(A; UA,U---UA,) = > Pr(d)— > Pr(4;NA;)
i i,j

+ ) Pr(4iNA;NA) — -
i,j,k
o (=D P4y N Ay NN Ay, (%)

We do so by first assuming that (*) is true for some particular value of n and
use this to prove that this implies that it is true for n — n + 1. The relationship
is obvious for n = 1.

Let event B be the union of events Ay, 4s,...,A, and apply
Pr(A U B) = Pr(A4) 4+ Pr(B) — Pr(4 N B), (%)

with event A as A,4;. The probability Pr(A) is simply Pr(4,+;) and Pr(B) is the
assumed result for the probability of the union of n events. This leaves only the
calculation of the final term Pr(4 N B). This is given by

Pr(BN Apy1) =Pr[(A1 UAy U -+ U Ap) N Ayt ]
=Pr[(A1 N Apy) U (A2 N Apy ) U= U (A, N App)]
=Pr(CitUCU---UC(Cy,),
where we have defined the set of n events C; as C; = A; N A,41.
We now apply the result assumed valid for n events to the C; and obtain

Pr(B N A1)

n n
= Pr(C) =Y Pr(C:NC))+-+ (=)' PH(CINC NN Cy)
i i,j

= Pr(4; N A1) = Y Prl(Ai 0 Aupn) 0 (4 N Aen)] +
i i,j
co (D)™ PR (A N Apgt) O (A2 0 Ape) O 0 (A O Arr) ]
= Pr(AiN A1) — > _Pr[(4iNA) N Ayn)] +
i ij

co - (=) PI[(A N A N N Ay) N Apgr) ]
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We now substitute for the various terms in (**) and obtain

Pr(A4; UA2U~‘~UA,1UA"+1)

n n
= Pr(Aup1) + Y Pr(4) — > Pr(4;NA4)) +
i ij
o (=) P A N A NN Ay)

n n
—{ D Pr(4i N Aupr) — Y Pr(4iNA) N Au)] +
i ij

A (=) PI[(A N AN N A N Agir)]
Finally, collecting together similar terms and noting that, for example, (P N Q)N
R =P NQONR, we obtain

Pr(A;UA4,U---UA, UA,y)
n+1 n+1 n+1
= Pr(4;) — Y Pr(AinAj)+ Y Pr(4inA;NA) —
i i,j i,j,k
o (=12 Pr(A; N Ay N0 Apgr)

All summations now run over i,j,... = 1,2,...,n+ 1 and this expression is
the same as (*) but with n increased to n + 1. This, together with our earlier
observation that the formula is valid for n = 1 completes the proof by induction.

30.6 Xi,X5,...,X, are independent identically distributed random variables
drawn from a uniform distribution on [0,1]. The random variables A and B are
defined by

A = min(Xy, X>, ..., X,), B = max(Xy, X, ..., X,).
For any fixed k such that 0 <k < %,ﬁnd the probability p, that both
A<k and B>1—k

Check your general formula by considering directly the cases (a) k =0, (b) k = é
(c)n=1and (d) n=2.

There are four possible situations, according as to whether 4 is less than or
greater than k and as to whether B is less than or greater than 1 — k. We need
to calculate the probability for just one of these combinations and we do so by
finding the probabilities for the other three and subtracting them from unity.

If A > k then all X; must lie in k < X; < 1. This has probability (1—k)". Similarly,
Pr(B<1—k)=(1—k)" and Pr(4=>=kand B<1—k)=(1—2k)".
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Now,

Pr(A > k)=Pr(A >k and B<1—k)+Pr(4 >k and B > 1 —k),
(1—k)"=(1—2k)"+Pr(A>kand B>1—k),

and, substituting from this result into
Pr(B>1—k)=Pr(B>1—kand A >k)+Pr(B>1—k and 4 < k),
gives
1—(1—=k)"=[(1—k)"—(1—=2k)"]+Pr(B>1—k and A <k).

Thus
pp=Pr(B>1—kand A <k)=1-2(1—k)"+ (1 —2k)".

In retrospect, the structure of this answer is straightforward to understand. Its
RHS is

Pr(4 and B have some values) — Pr(all the X; lic in k < X; < 1)
— Pr(all the X; liein 0 < X; <1—k)
+ Pr(all the X; liein k < X; < 1—k),

the final term being added back in to account for the fact that the range
k < X; < 1 —k has been subtracted out twice (instead of once) by the previous
two terms.

For the special cases given we have:

(a) k =0,1e A <0 and B > 1. This clearly has zero probability, in agreement
with 1 —2(1 —0)" 4+ (1 —0)" =0 for all n.

(b) k = ;, e 4 < ; and B > ; This outcome requires the avoidance of a
situation in which all the X; are in one half of the range. For all of them to be
in one half has probability (;)”; this has to be doubled as there are two possible
half ranges. The probability of 4 < ; and B > é is therefore 1 — (;)”_‘. The
formula derived earlier gives 1 — 2(1 — ;)” +1-1)"=1- (;)”_1, which is in
agreement with this direct calculation.

(c) n = 1. Clearly a single random variable, which has to act as both the minimum
and the maximum of its set, cannot satisfy both inequalities. The probability in
this case must be zero, as given by the general formula 1 —2(1 —k)+ (1 —2k) =0
for any k.

(d) n = 2. In this case, the first of the two X; has to be less than k or greater than
1 — k. This has probability 2k. The second then has to fall in a particular one of
these two ranges; this has probability k. The overall probability is therefore 2k?.
The derived formula gives 1 — 2(1 — 2k + k?) + (1 — 4k + 4k?) = 2k?, as expected.
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30.8 This exercise shows that the odds are hardly ever ‘evens’ when it comes
to dice rolling.

(a) Gamblers A and B each roll a fair six-faced die, and B wins if his score is
strictly greater than A’s. Show that the odds are 7 to 5 in A’s favour.

(b) Calculate the probabilities of scoring a total T from two rolls of a fair die
for T =2,3,...,12. Gamblers C and D each roll a fair die twice and score
respective totals T¢c and Tp, D winning if Tp > Tc¢. Realising that the odds
are not equal, D insists that C should increase her stake for each game. C
agrees to stake £1.10 per game, as compared to D’s £1.00 stake. Who will
show a profit?

(a) Out of the 36 equally likely outcomes for a single roll of each die, there are
6 in which the scores are equal and result in a win for 4. The other 30 cases, in
which the scores are unequal, provide 15 wins for 4 and 15 wins for B. Thus 4
wins in 6 + 15 = 21 of the 36 cases and B in only 15 cases, giving A favourable
odds of 7 to 5.

(b) The probability distribution p(T') for the total T from two rolls of a die is

The probability that Tp > T¢ could be calculated for each Tp by adding all
the probabilities for T¢ up to Tp — 1 and the overall probability found by then
weighting each sum by the probability of Tp. However, it is simpler to add up
the probabilities for the two totals being equal, subtract this from unity and then
take Pr(Tp > T¢) as one-half of what is left, i.c.

1 1
Pr(Tp > T¢) = 2{1—( [2(12+22+32+42+52)+62]}

36)2
1 146
=, [1— (36)2] = 0.4437.

This is the chance that D wins and so C’s expected return for a £1.10 stake is
£2.10(1 —0.4437) = £1.168, i.e. a profit of about 7 pence per game.

A straightforward calculation shows that C should stake just over £1.25 to make
the game ‘fair’.
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30.10 As every student of probability theory will know, Bayesylvania is awash
with natives, not all of whom can be trusted to tell the truth, and lost and ap-
parently somewhat deaf travellers who ask the same question several times in an
attempt to get directions to the nearest village.

One such traveller finds himself at a T-junction in an area populated by the Asciis
and Bisciis in the ratio 11 to 5. As is well known, the Biscii always lie but the
Ascii tell the truth three quarters of the time, giving independent answers to all
questions, even to immediately repeated ones.

(a) The traveller asks one particular native twice whether he should go to the
left or to the right to reach the local village. Each time he is told ‘left’.
Should he take this advice, and, if he does, what are his chances of reaching
the village?

(b) The traveller then asks the same native the same question a third time and
for a third time receives the answer ‘left’. What should the traveller do now?
Have his chances of finding the village been altered by asking the third
question?

If the native is an Ascii then the chance of getting the same answer twice is

33 n It s
44 44 8
The same calculation shows that a repeated answer by an Ascii is 9 times more

likely to be the truth than a lie. If the native is a Biscii, then a repeated answer
is guaranteed; it is also guaranteed to be a lie.

With 4 denoting the event that the native is an Ascii and B that he/she is a
Biscii, let E be the event that the same answer is given twice by the native. Then,
by Bayes’ theorem,

Pr(E|A) Pr(A)

Pr(A|E) =
MAIE) = b (E14) Pr(4) + Pr(E|B) Pr(B)
_ 3w _SS
511 5 :
8 16 + 1 16 95

The traveller can only be told the truth if the native is an Ascii and the two
identical responses are the truth. The combined probability for this is (55/95) x
(9/10) = 99/190 = 52.11%. As this is more than 50%, the traveller should go

left.

(b) The corresponding calculations for the event F of the same answer of ‘left’
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being given three times are:

3\° 1\’ 28
Pr(F|A)=<4> +(4> = o0

with the truth 27 times more likely than a lie;

28 11
308

PrA[F) = , {1 § = ’
ot 16 T 11 028

the overall probability of being told the truth is (308/628) x (27/28) = 297/628.
As this is less than half he should go right with a probability of 331/628 = 52.71%
of being correct — a very marginal improvement in his chances!

30.12 Villages A, B, C and D are connected by overhead telephone lines joining
AB, AC, BC, BD and CD. As a result of severe gales, there is a probability p
(the same for each link) that any particular link is broken.

(a) Show that the probability that a call can be made from A to B is
1—p*—2p° +3p* - p’.
(b) Show that the probability that a call can be made from D to A is
1 —2p* —2p° + 5p* — 2p°.

We denote the probability that a link is intact by ¢, equal to 1 — p.

(a) Situations with a total n of breaks have a probability of occuring equal to
p"q>". For each value of n we need to identify the number m out of the °C,
possible combinations of breaks that will still allow a call to be made from A to
B. Denote an intact link AB by its name and a break in AB by AB.

n probability °C, acceptable break patterns m
0 q° 1 any (with O breaks) 1
1 rq* 5  any with 1 break 5
2 ¢’ 10 all except AB + AC 9
3 Pq? 10  AB with any of *C; break patterns 4

AC + BC 1
4 ptq only AB 1
5 P’ 1  none 0
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The total probability of being able to make a call from 4 to B is
P =q° +5pq* +9p°¢> + 5p°q* + p'q
=(p+q)’ —p’q’ —5p¢> —4p*q—p’
=1—p*(¢’ +5pq” + 4p’q + p’)
=1-p’[(qg+p) +2p4° + 1°q]
=1—p’ (1 +2p—4p" +2p° +p° =)
=1—-p*=2p  +3p*—p°.

(b) A similar count for a call from A to D gives

n probability °C, acceptable break patterns m
0 q’ 1 any (with O breaks) 1
1 rq* 5  any with 1 break 5
2 ¢’ 10 all except AB+ AC and BD +CD 8
3 P’q® 10 only AB + BD and AC + CD 2
4 rq 5  none 0
5 P 1 none 0

The total probability of being able to make a call from 4 to D is
Pap = ¢’ +5pq* +8p°¢" + 2p°¢’
=(p+aP —20°¢* —8p’¢> = 5p*q — p’
=1-p*(2¢° +8pg* + 5p’q + p’)
=1—p*2—6p+6p> —2p° +8p — 16p*> + 8p* + 5p* — 5p° + p?)
=1—-2p*—2p° + 5p* —2p°.
As they should, both calculations give unit probability if p = 0 and zero proba-
bility if p = 1.

30.14 A certain marksman never misses his target, which consists of a disc of
unit radius with centre O. The probability that any given shot will hit the target
within a distance t of O is t*> for 0 < t < 1. The marksman fires n independendent
shots at the target, and the random variable Y is the radius of the smallest circle
with centre O that encloses all the shots. Determine the PDF for Y and hence find
the expected area of the circle.

The shot that is furthest from O is now rejected and the corresponding circle
determined for the remaining n — 1 shots. Show that its expected area is

n—17I
n+1""
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Let the n shots be at distances r; (i = 1,2,... ,n) from O; Y is equal to the largest
of these. The cumulative distribution function for each shot is F(y) = y* and
the probability that all n shots lie within y of the centre is y>". But this is also
the CDF for Y, whose PDF must therefore be its derivative, i.e. 2ny>"~!. The
expected area for covering the n shots is thus

1 1
2nn nm
A, — 22 2n71d =2 / 21‘!+1d — — .
' /Ony e A A P |

As already found, the probability that the worst shot lies in the range y to y +dy
is 2ny*"~1 dy. The other n — 1 shots are individually distributed as given in the
question, but only over the region 0 < z < y. Their common CDF is therefore
z?/y?* (reaching unity at z = y). The CDF for all n — 1 shots is thus (z2/y*)"!
and the corresponding PDF is its derivative, (2n — 2)z2"=3 /y?—2.

We now need to average the area of the circle covering the best n — 1 shots over
all values of the radius of the worst shot. This gives

1 y m—2 2n—3
Ap_y = / 2ny*" " dy / nz? (2 5 E dz
0 0 e

1 y
=2n(2n—2)n/ ydy/ 22z
0 0
1

y2n+1
=2n(2n —2)n / dy
0 2n
1 n—1

=02n—-2 = .
(2n )n2n+2 n—}—17T

30.16 Kittens from different litters do not get on with each other and fighting
breaks out whenever two kittens from different litters are present together. A cage
initially contains x kittens from one litter and y from another. To quell the fighting,
kittens are removed at random, one at a time, until peace is restored. Show, by
induction, that the expected number of kittens finally remaining is
X Yy

N = .
() y+1+x+1

This result is trivially true if either of x or y is zero, as no kittens need to be
removed. We therefore consider x,y > 1. It is also clear that N(a,b) must be
equal to N(b,a), as this is only a matter of labelling the litters.

Let the cage contain x kittens from the first litter and y + 1 from the second
and consider the removal of one randomly chosen kitten. With probability (y +
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1)/(x + y 4+ 1) it will be from the second litter and the expected final number of
kittens will be N(x, y). Correspondingly, with probability x/(x + y + 1) it will be
from the first litter and the expected final number of kittens will be N(x—1,y+1).
Thus we have the recurrence relation

y+1

X
N(x,y+1)= N(x,y)+ N(x—1,y+ 1)
(x,y+1) Nyl (x,) XAyl (x—Ly+1)

Now suppose that

Ny =~ o+ 2 o)
’ y+1 x+1

for all x,y such that x + y = n and apply the assumption to the RHS of the
above equation.

y+1 X y
N(x,y+1) =
ey +1) x+y+1<y+1+x+1)

by x—1 y+1
+ +
x+y+1 (y—i—Z X )
Vry K

— X
1
X4y+1 (x b1 Ty YT )

1 x?—x v 4y
1
X4y+1 KH y+2>+<y+ + x—i—l)]

_ 1 <xy+x+x2 xy+x+2y+1+y2>

x+y+1 y+2 x+1
_ox  x+y4y4+xty+1
Cy+2 (x+y+1)(x+1)
_ X y+1 ()
y+2 x+1
x (y+1)

T+ x4

Either by interchanging x and y in (**) to obtain N(y,x + 1) and then using
N(a,b) = N(b,a), or by a similar calculation to the above, we can also show that
(x+1) y
N(x+1,y)= + .
L= T
Combining the two results then shows that the assumption that (*) is valid for
x + y = n implies that it is valid for x+y =n+ 1.

However, it is valid by direct inspection for n = 2, since N(2,0) =2 = N(0,2) (no
kitten need be removed) and N(1,1) = 1 (one kitten must be removed). Thus (*)
is valid for all n and hence for all x and y. It is formally valid, by inspection, for
n = 1, but the proof given then involves negative arguments of N, albeit with N
multiplied by zero.
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30.18 A particle is confined to the one-dimensional space 0 < x < a and
classically it can be in any small interval dx with equal probability. However,
quantum mechanics gives the result that the probability distribution is proportional
to sin’(nmx/a), where n is an integer. Find the variance in the particle’s position in
both the classical and quantum mechanical pictures and show that, although they
differ, the latter tends to the former in the limit of large n, in agreement with the
correspondence principle of physics.

Classical Mechanics

Here, since the probability is uniformly distributed throughout the interval 0 <
x < a, we have

a

5

The corresponding variance in the position of the particle is

a a\2 1 1x=tap]® &
V[X]=/0 (x_2) adxzal 32 ]0=12'

Quantum Mechanics

1
p(x)dx = adx = X=

The probability density is
a 2
p(x)dx = Asin® e dx, where / A sin? e dx=1 = A= ".
a 0 a a

The mean value of x is
2 (" . ,nmx a
X = d = N b t .
X a/o X sin ; X ) y symmetry

We compute the variance as x2 — x°.

2 [, 2
V(x) = / 2sin? " ax — @
a Jo a 4

a 2
= 1/ X2 <1—cos 2nnx) dx—a
a Jo a 4

1a® 1 [ ax® . 2nmx ] “ /“ a2x . 2nnx a?
= sin +
0 0

= — dx —
al a | 2nn a a 2nm st a * 4
a? 1 ax 2nnx 1Y 1 [* a 2nmx

= — 0+ — cos + cos dx
12 nm 2nn a |, nmjy 2nm a
a? a?

= — 0+0.
12 2n?n? +O+

The classical and quantum results differ by an amount that depends upon n, but
the latter tends to the former as n — co.
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30.20 For a non-negative integer random variable X, in addition to the proba-
bility generating function ®x(t) defined in equation (30.71) it is possible to define
the probability generating function

where g, is the probability that X > n.

(a) Prove that ®x and Wx are related by

1 =Ox(1)

1=t

(b) Show that E[X] is given by Wx(1) and that the variance of X can be ex-
pressed as 29 (1) + Wx (1) — [Px(1)]%

(c) For a particular random variable X, the probability that X > n is equal to
ot with 0 < o < 1. Use the results in (b) to show that V[X] = a(l —a)~2.

W (1)

(a) We first note, from the definition of Wy, that gy = 1 — f( and, for general n,
that g, = fur1 + fur2 +---. Now consider

o0

(I=¥x(0)=(1—0>_ g

n=0

= (80— 1" + 2o
n=1

__antl1+1_f0

n=1
0
=1- Z fntn
n=0
=1—dx(1),

thus establishing the given result.

(b) We wish to express the standard result that E[X] = ®;(1) in terms of Wx(¢)
and to do so differentiate the equation derived in (a) with respect to ¢t and then
sett=1:

(1 =¥y (1) = ¥x(t) =0— Dy (1) = Wx(1)=d(1)=E[X].

For the variance, we need to obtain alternative expressions for the terms that
appear in the general result

VIX] = 0 (1) + @y (1) — [P (1)]%
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The final two terms are already dealt with; for the first we differentiate the earlier
result a second time and obtain

(1= )Wx(1) — Wi (1) — Px(1) = =0k (0).

Setting ¢ = 1 shows that —®% (1) = —2¥/(1). Substitution in the expression for
the variance then shows that V[X] = 2% (1) + Wx (1) — [¥x(1)]*.

(c) As the probability that X > n is equal to o"*! with 0 < « < 1, g, = o«"*! and
$0

o0

o
Wx() =) o= "
n=0
2
o
Yy (1) = (1 — ot

The mean of the distribution is Wy (1) = | ¥ and the variance is given by
—0

VIX]=2¥y(1) + ¥x(1) — [Px (D]
202 o o
(I—a2 T1oa (1—ap
2 a—at—of

B (1 —a)?
o
(1 —a)?

as stated in the question.

30.22 Use the formula obtained in subsection 30.8.2 for the moment generating
function of the geometric distribution to determine the CGF K,(t) for the number
of trials needed to record n successes. Evaluate the first four cumulants and use
them to confirm the stated results for the mean and variance and to show that the
distribution has skewness and kurtosis given, respectively, by

_ _ 2
2-p and 3+ 6=6ptp
Jn(1 —p) n(l—p)

The MGF obtained in the text for the number of trials required to obtain the
first success is
t

pe
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and so it follows that the MGF for the number of trials needed to record n

successes is
t n
Mn(t) = ( pe > .
1 —get

The CGF of the distribution is therefore given by
K(t) = In My (1)
= nln(pe') — nln(1 — ge')

— (qe')
=n1np—|—nt~|—nz .

1
r ©

q -~ )
r Z st

1 s=0

T

=nlnp+nt+n

o0
r=

This must be the same as
2 3
K15+K22! +K33! +oee
where k; is the ith cumulant.

The coefficient of ¥ is
o0 qr 1
nlnp—i—nz ol =nlnp—nln(l—¢q) =0,
r=1 !

as expected, since no CGF contains a constant term.
The coefficient of ¢! is x; = u; = u and given by
- q r ng _ n_n
n—I—nrz:; -1 =n+ l—q 1—q p
in agreement with the stated result for n = 1.

The coefficient of > is x,/(2!) with x; = v; = ¢ and given by
K> g r? n — ng d [
n =" rzzzzxgrqzzqu<zq>

r=1

_ngq d( q > ngl—q+q

T 2ldg\1—q) 21 (1—qp"’
nq

K2: 2’

p
again in agreement with the stated result for n = 1.

The coefficient of ¢* is x3/(3!) with x3 = v3 and given by
K3 “ g i<

_ _ 2 r

3! _"2 r 3!_3!2”"
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To evaluate this sum we make further use of the result that we have just derived,

o0
Z =" 2’
= (1—9q)
by differentiating both sides with respect to ¢. This gives

2 _ (1=’ +29(1—q) _ 1+4¢
Zr (1—q) (1—q

The sum on the LHS is closely related to the one appearing in the expression for
k3 and substituting for it gives

nq(1 +q)'

K3 =
p3

The skewness, equal to v3/(v2)*/2, therefore has the value

k3 ngl+q) p*  1+q  2-—p

V3= (1232 P’ n32q32 N, - Jn(l—p)

The kurtosis y4 of the distribution is given by 74 = v4/(v2)*> with v4 = 14 + 3(v2)>.
And so, to determine it, we need an explicit expression for k4. This is obtained
from the coefficient of t*, which is x4/(4!) and given by

o0

K4
41 - "2, 4v:4tzr

Differentiating the result obtained for Y7, r’q" when finding 3, we deduce that

ira g = (1=’ +20) 430 +q)(1 = g7
r=1

(1—q)°
_1+q—2¢*+3q+3q¢°
(1—q)*
1441 —p)+(1—p)
= o .

We conclude that

n(1 — p)(6 — 6p + p?)

K4 = p4 s
o o3y M PO—=6p Y g 6= 6ptp
n*(1 —p)? n(1—p)
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30.24 As assistant to a celebrated and imperious newspaper proprietor, you are
given the job of running a lottery in which each of his five million readers will have
an equal independent chance p of winning a million pounds; you have the job of
choosing p. However, if nobody wins it will be bad for publicity, whilst, if more
than two readers do so, the prize cost will more than offset the profit from extra
circulation — in either case you will be sacked! Show that, however you choose p,
there is more than a 40% chance you will soon be clearing your desk.

The number of winners x will follow a Poisson distribution; let its mean be p. I
will keep my job provided the number of winners is 1 or 2. The probability y(u)
of this is

2

_ M
vy = ety e
This is maximal when u is chosen to satisfy
_ dy _ (1,2 —u —u _
O_d,u_ (Gu~+we ™ + (14 e = pu=4>2

The corresponding value of p is \/2/(5 x 10°) and the chance that I keep my job
is

V(/2) = (V2 + eV = 0.587,

i.e. a 41% chance that I will be clearing my desk.

30.26 In the game of Blackball, at each turn Muggins draws a ball at random
from a bag containing five white balls, three red balls and two black balls; after
being recorded, the ball is replaced in the bag. A white ball earns him $1 whilst
a red ball gets him $2; in either case he also has the option of leaving with his
current winnings or of taking a further turn on the same basis. If he draws a
black ball the game ends and he loses all he may have gained previously. Find an
expression for Muggins’ expected return if he adopts the strategy of drawing up
to n balls if he has not been eliminated by then.

Show that, as the entry fee to play is $3, Muggins should be dissuaded from
playing Blackball, but if that cannot be done what value of n would you advise
him to adopt?

Suppose that Muggins draws all of the n balls dictated by his strategy and let the
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respective numbers of the different colours be w, r and b, where w +r +b = n. If
b is non-zero, his winnings s, given otherwise by S = w + 2r, will be zero. Now,

8 n
Pr(S=0)=1—<10>

and Pr(S=w+2r=n+r)= (180)” [ ncr(z)r (g);l_r}.

Thus his expected return is (noting that for non-zero contributions w+2r = n+r)

3 n n . 3 r 5 n—r
0= (o) 2 c(3) () o+
B 3 5n n . 3r Snfr
”(8*’8)'*?% ar(3) (3) 1

(w)]
() T3 e () ()]
()

8
10

[a—y

8
10

3n (n—1)!
ntog ;(V—l)![n—l—(r—l)]!

3 r—1 5 [n—1—(r—1)]
) (8) (8) ]
(8 M =1 3\* /5t
_(10> "ty Zosi[n—1—s]! (8) (8)
_[(4\" 1n
-(5) "

In hindsight, this should have been expected, since the average gain for a non-zero
return is n X [(5 x 1)+ (3 x 2)]/8 = 11n/8. The bag could have been more easily
treated as one containing 2 black balls and 8 non-black balls, each of the latter
offering a return of $11/8 if drawn.

4

To optimise this return n should be chosen so that Iny, where y = n(;

optimised, i.e.

)", is

4
Iny=1Inn+ning,

dy 1 4
0= = 1
dn n+n5’
1
= n=_ =44
In

Since n must be integral, we calculate S(4) = 2.2528 and S(5) = 2.2528. These are
equal as the calculated formula shows they must be. However, they are both less
than 3 and Muggins would be well advised to keep his $3 in his pocket; if he will
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not take this advice then he should probably choose n = 5 and lose his money
marginally more slowly.

30.28 A husband and wife decide that their family will be complete when
it includes two boys and two girls — but that this would then be enough! The
probability that a new baby will be a girl is p. Ignoring the possibility of identical
twins, show that the expected size of their family is

2<1 —l—pq),
pq

where ¢ = 1 — p.

The ‘experiment’ will end after n ‘trials’ if the previous n— 1 trials have produced
either n — 2 boys and 1 girl or n — 2 girls and one boy, and the nth trial produces
the girl or boy (respectively) needed to complete the desired family. These two
situations have respective probabilities

("'Cipg"P)p and ("'Cigp" g
Thus the probability that the size of the family is n is
n1C1p2n2+nlcq2nZ (n_l)(2n2+q2p;12)

Averaging this over all possible values of n (> 4) gives the expected size as
0
Znn—l 2n2+qp112)'
n=4

Now, from the formula for the sum of a geometric series, we have

2

0 n_ b
Zn(n—l)r 2= (1—rp°

n=2
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So, as the minimum size of their family is 4,

o0

(n) = Z n(n—1)(p*q" > + ¢*p"?)
n=4
2 7 o0 -0 1]
7] 2 e~ e = G
P 2 0 1
v | 2o - oo |
:p2[23—2—6q}+q2[23—2—6p}
- p q
=2 1+1—P2—q2—3PQ(P+Q)]
Lp 4
=2 erq—(12—2pq)—3>pq(1)}
L pg
| pq

as given in the question.

30.30 A shopper buys 36 items at random in a supermarket where, because
of the sales tax imposed, the final digit (the number of pence) in the price is
uniformly and randomly distributed from 0 to 9. Instead of adding up the bill
exactly she rounds each item to the nearest 10 pence, rounding up or down with
equal probability if the price ends in a ‘5’. Should she suspect a mistake if the
cashier asks her for 23 pence more than she estimated?

The probability distribution for the rounding (in pence) is

{ L —4<i<4

1 . S
20 i=5i=-5

Pr(i) = pi =
This clearly has mean p = 0 and the variance is given by

5
2 2 17
2 2 2 2092 122 4 22 2
= P — =0 1 +2°4+3+4 55—0= _.
o igsl pi— (W + 10( +2°+3+4)+ 20 )
The standard deviation for 36 items is therefore \/360 = 6./17/2 = 17.49. The
extra 23 pence asked for is therefore only 23/17.49 = 1.31 s.d. and, for such a

bill of items, this discrepancy can be expected to be exceeded (either way) about
20% of the time.
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30.32 In a certain parliament the government consists of 75 New Socialites and
the opposition consists of 25 Preservatives. Preservatives never change their mind,
always voting against government policy without a second thought; New Socialites
vote randomly, but with probability p that they will vote for their party leader’s
policies.

Following a decision by the New Socialites’ leader to drop certain manifesto com-
mitments, N of his party decide to vote consistently with the opposition. The
leader’s advisors reluctantly admit that an election must be called if N is such
that, at any vote on government policy, the chance of a simple majority in favour
would be less than 80%. Given that p = 0.8, estimate the lowest value of N that
would precipitate an election.

From interpolation in the tabulation of the CPF for the Gaussian distribution
the value of z for which ®(z) = 0.8 is 0.841. It follows that the chance of a defeat
becomes more than 20% when the difference between 50 and the predictable
number of anti-government votes is reduced to 0.841 times the standard deviation
in the number of pro-government votes.

The number of assured anti-government votes is 25 + N whilst the remaining
number of unpredictable New Socialites is 75 — N. For these members of parlia-
ment, voting is a series of Bernoulli trials with a probability that they will vote
with the opposition of 1 — p. The mean number of votes they will cast with the
opposition is therefore (1 — p)(75 — N). The standard deviations of the number
of their votes cast either with or against the government are the same and equal

to /(75— N)p(1 — p).

An election will be precipitated if
254+ N+ (1 —p)(75—N) +0.841\/(75 — N)p(1l —p) =50
Setting p = 0.8 and rearranging gives

0.841/0.16(75 — N) = 10 — 0.8N,
(0.7073)(0.16)(75 — N) = 100 — 16N —+ 0.64N>,
0.64N? — 15.89N + 91.51 = 0,
= N =9.08 or 15.75.

The second value corresponds to taking —0.841 standard deviations and is not
relevant here. The conclusion is that 10 rebel New Socialites would be enough to
precipitate an election.
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30.34 The random variables X and Y take integer values > 1 such that
2x+y < 2a, where a is an integer greater than 1. The joint probability within this
region is given by

Pr( X =x,Y =y)=c2x+y),

where ¢ is a constant, and it is zero elsewhere.
Show that the marginal probability Pr(X = x) is

6(a — x)(2x +2a+1)
Pr(X =x) =

X =X= " - 1sa+5

and obtain expressions for Pr(Y = y), (a) when y is even and (b) when y is odd.
Show further that
6a’> +4a+ 1

8a+5

[ You will need the results about series involving the natural numbers given in
subsection 4.2.5.]

E[Y] =

Since the boundary of the region is 2x + y < 2a, the maximal value of y for any
fixed x will be even. The marginal probability Pr(X = x) is obtained by summing
over the probabilities for all the allowed values of y in the range 1 < y < 2a—2x,
ie.

2a—2x

Pr(X =x)= > c(2x+))
y=1

= 2cx(2a — 2x) + ¢ y(2a — 2x)(2a — 2x + 1)
=2cla—x)2x4+a—x+ ;)
=cla—x)2x +2a+1).

However, the overall normalisation requires that Z,“:l Pr(X = x) must be equal
to unity:

a—1
1=) Pr(X =x)
x=1

a—1 a—1
Zc(a—x)(2x+2a+ 1)= c’§:2a2 —2x*4+a—x
x=1

x=1

=c[2d*a—1)— é(a— )a)Ra—1)+a(a—1)— é(a— 1)a]
cala—1)[2a—j2a—1)+1—1]

éca(a — 1)(8a+5).
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The normalisation condition therefore requires that

6
a(a —1)(8a +5)°
6(a—x)2x +2a+1)
ala—1)8a+5)

C:
= PrX=x)=

(a) If y is even then, for the calculation of the marginal probability Pr(Y = y),
the largest value of x to be included in the sum over x lies on the boundary of
the region at x = ;(2a — y). The sum is therefore

(2a—y)/2
Pr(y) = Z c(2x+y)
x=1
s 12a—y2a—y+2 2a —y
=2c s o ) +cy )
1
= ,Qa—y)2a—y+2+2y)
32a—y)2a+y+2)
2a(a — 1)(8a+35)
(b) When y is odd the largest value of x does not lie on the boundary but is given
by }(2a —y —1). Hence

(2a—y—1)/2
Pr(y)= > c(2x+y)
x=1
s l2a—y—12a—y+1 2a—y—1
—2(:2 5 ) +cy 5
1
=4c(2a—y—1)(2a—y+1+2y)

C3Qa—y—1)Ra+y+1)
N 2a(a —1)(8a + 5)

The mean value E[Y ] is equal to the sum Zy yPr(Y = y), the minimum value of
y being 1 and the maximum value 2a — 2, i.e. there are an even number of terms.
We group the values in pairs, y = 2m —1 and y = 2m, for m = 1,2,... ,a— 1.
Denoting by k the constant 3/[2a(a — 1)(8a 4+ 5)], we have that

a—1
E[Y]= Z[k(2a —2m)(2a + 2m)(2m — 1) + k(2a — 2m)(2a 4+ 2m + 2)2m ]
m=1
a—1
=4k > [(a* —m*)(2m — 1) + (a> — m* + a — m)2m]
m=1
a—1
=4k Z:[—a2 + (4a® + 2a)m — m* — 4m*).

m=1
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This sum may be evaluated by using the formulae for the sums of the powers of
the natural numbers (see chapter 4), and reads

E[Y] =4k —az(a—1)+2a(2a+1);(a—1)a

— 1(a— Da(2a —1)—4 1(a— 1)%a?

6 4
= 4k(a — 1)(—d® +2d° + a*> — §a2 + éa—a3 +d?)
4k(a —1
_ (“6 9 64> + da + 1)

3 4a—1a _,

= 6 4a+1
rala—1)@8a+5) 6 STt
_6a2+4a+1
 8a+5

30.36 A discrete random variable X takes integer values n = 0,1,... ,N with
probabilities p,. A second random variable Y is defined as Y = (X — pu)?, where u
is the expectation value of X. Prove that the covariance of X and Y is given by

N N
Cov[X,Y] = Zn3pn — 3,uZn2pn + 248
n=0 n=0

Now suppose that X takes all its possible values with equal probability and hence
demonstrate that two random variables can be uncorrelated even though one is
defined in terms of the other.

The covariance of X and Y is given by

Cov[X,Y] = E[XY] — E[X]E[Y]

I
WE

N
([n(n — w’pul — Y (n—p)’pa
n=0

0

E
I

I
WE

N N
Wpy =21y Wpa+ i) np,
n=0 n=0

N N N
— Y a2 =i pa
n=0 n=0 n=0

But >N np, = pand 32N p, = 1, and so

=
Il
S

N N
Cov[X,Y]=> n'p,—3u> n’p,+ 2.
n=0 n=0
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Now suppose that p, = (N + 1)~! for all values of n. In this case, the mean
u = N/2 and, using the sums of the first, second and third powers of the natural
numbers derived in subsection 4.2.5, we have

N3N +1)* 3N N(N+1)2N +1) 2N’
4N +1) 2 6(N + 1) 8
N2

= 4[N+1—2N—1+N]=0.

Cov[X,Y] =

Thus, as their covariance is zero, the random variables X and Y are uncorrelated
— even though Y is defined in terms of X.

30.38 A continuous random variable X is uniformly distributed over the interval
[—c¢,c]. A sample of 2n + 1 values of X is selected at random and the random
variable Z is defined as the median of that sample. Show that Z is distributed
over [—c,c] with probability density function

(2n 4 1)!

(n1)2(2c)2+1 (02 - Zz)n'

falz) =

Find the variance of Z.

For the median of the sample of 2n + 1 values of X to lie in the interval
z — z + dz we require that n values liec in the range —¢ < X < z, n lie in the
range z +dz < X < ¢ and one is in the interval z < X < z + dz. We are thus
considering a multinomial distribution and, as all the sample values in any one
interval are equivalent, the probability density function is

_@n+! (z+c "re—zyt (dz'
fn(Z)dZ— nint 11 < 2¢ > ( 2¢ ) <2C>
2n+1)! n
= (n!)?(ZcP”“ (cz B 22) dz

= A,(c? —z%)" dz,

where A, is defined (for any n > 1) by

Ay | (P =22)dz = 1.
e

Now, from symmetry, it is clear that E[Z] = 0 and so the variance of Z is given
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VIZ] = E[Z°] — (E[Z])
=A, /(’ 22(? —2%)"dz — 0

—c

z ((32 o 22)n+1 ¢ A, ¢ (CZ _ ZZ)nJrl
— A, |- d
[ 2 _C+2/_c n+1 ©
A

n+1
=0 n 1
0 o 1) Ay
B (2n+1)! [(n+1)!11? (2c)+3
C 2+ 1)(n!)? (2c)2+! (2n +3)!
B (n+ 1)%4¢?
2+ 1)(2n+2)2n 4+ 3)
C2
T m+3

We note that this result has been obtained without having to explicitly evaluate
the integrals involved.

30.40 The variables X;,i = 1,2,...,n, are distributed as a multivariate Gaussian,
with means p; and a covariance matrix V. If the X; are required to satisfy the linear
constraint Y _;_, ¢;X; = 0, where the ¢; are constants (and not all equal to zero),

show that the variable
n=x—pVIx—p

follows a chi-squared distribution of order n — 1.

As shown in the text, the PDF of the multivariate Gaussian can be written

1 1 Ty
f(X)_(zﬂ)”/ZH/‘l/z exXp —2(X—ﬂ) \% (X—,LL)
Now let S be the orthogonal matrix whose normalised columns are the eigen-
vectors of V with corresponding eigenvalues /4; and define new variables y; by
y = ST(x — p). Using the fact that SST = I, the argument of the exponential

function becomes

G TV ) = ) (- TS STV IS ST~ )

[ST(x—mw]"STVIS[ST(x — )]

y' diag(Z;")y.

N = N = N =
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A further scaling of the variables, z; = y;/ \//L», reduces the argument to —éxﬁ =
_é >z and

f@)d"z = f(z1,22,... ,2,)dz1 dzy - - - dz,
L,

1
= npryype SRR

where dzydz,---dz, is the infinitesimal volume enclosed by the intersection of
the n-dimensional spherical shell of radius 32 and thickness dy> with the (n — 1)-
dimensional hyperplane >\, ¢;x; = 0.

From the way each y; was constructed, both it and z; have zero means; the scaling

from y; to z; ensures that z; has unit variance.

Under the successive transformations the linear constraint Y, ¢;x; = 0, with not
all ¢; = 0, will become another linear constraint Y, ¢;Z; = 0, again with not all
¢; = 0 (since the 4; are neither zero nor infinite).

The constraint can be incorporated by writing one zx for which ¢ # 0 in terms
of the others:

2
n

c:
xﬁ=zlz+z§+...+ —E ]zj —i—...—i—zi.
— Ck
J#k
A further transformation can then be made to carry this into the form

22,0 P
o =V FO A+ H U,

which can be considered as the square of the distance from the origin in the
(n — 1)-dimensional V-space. In this space the element of volume is

. wad(2) A5 e
AV, = Ay dyn = Ay 2X’ = 2(;{%)( 2yl

Collecting these results together gives

. I
h(zn) dot o (1) "2 eXP(—2X§)d}C§,

ie. 2 follows a chi-squared distribution of order n — 1.
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Statistics

31.2 Measurements of a certain quantity gave the following values: 296, 316,
307, 278, 312, 317, 314, 307, 313, 306, 320, 309. Within what limits would you
say there is a 50% chance that the correct value lies?

Since all the other readings are within +12 of 308 and the reading of 278 is 30
away from this value, it should probably be rejected, as erroneous rather than a
statistical fluctuation.

The other readings do not look as though they are Gaussian distributed and the
best estimate is probably obtained by considering the distribution as approximat-
ing to a uniform distribution and using the inter-quartile range of the remaining
11 readings. Arranged in order, they are

296, 306, 307, 307, 309, 312, 313, 314, 316, 317, 320,

and their mean is 310.6.

This number of readings does not divide into four equal-sized groups and the
perhaps over-cautious approach is to discard only two readings from each end of
the range i.e. give the range in which the correct value lies with 50% probability
as 307-316. An additional reading would probably have justified discarding three
reading from each end.
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31.4 Two physical quantities x and y are connected by the equation
12 _ X
ax'2 +b’
and measured pairs of values for x and y are as follows:
x: 10 12 16 20
y: 409 196 114 94.

Determine the best values for a and b by graphical means and (either by hand
or by using a built-in calculator routine) by a least-squares fit to an appropriate
straight line.

y

We aim to put this equation into a ‘straight-line’ form. One way to do this is to
re-arrange it as
X 1/2
=ax’/“+b
yl2
and plot (x/y'/?) against x'/2. The slope of the graph will give a and its intercept
on the (x/y'/?)-axis will give b. We therefore tabulate the required quantities:

X 10 12 16 20
y 409 196 114 94
x!/2 316 346 400 447
x/y'? 0494 0.857 1499 2.063

Plotting the graph over the range 3.0 < x'/? < 4.5 gives a good straight line

of slope (2.09 — 0.31)/(4.50 — 3.00) = 1.19. Thus a = 1.19. The fit to the line is
sufficiently good that it is hard to estimate the uncertainty in a and a least-squares
fit would result in a small but virtually meaningless value.

However, the measured values of x!/? are bunched in a range that is small
compared to their distance from the (x/y'/?)-axis, where the intercept is b. Such a
long graphical extrapolation could result in a serious error in the value of b. It is
better to calculate b using the straight-line values at one point (say x/y'/? = 0.31
at x!'/2 = 3.00) and the slope just found:

b =0.31—(1.19 x 3.00) = —3.26.

An alternative is to re-arrange the original equation as

x12 b
12 =a+ /2

and then plot values from the following table,
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X 10 12 16 20

y 409 196 114 94
x7 20316 0288 0.250 0.223
(x/y)/? 0156 0247 1375 2461

over the range 0.200 < x~'/2 < 0.330. An equally good straight-line fit is obtained
with a slope, this time being equal to b (rather than a), of (0.110—0.534)/(0.330 —
0.200) = —3.26. A similar calculation to that used earlier now determines a as
0.534 + (3.26 x 0.200) = 1.19.

31.6 Prove that the sample mean is the best linear unbiased estimator of the
population mean u as follows.

(a) If the real numbers ay,as,...,a, satisfy the constraint Z?:I a;i = C, where
C is a given constant, show that Y ;_, a? is minimised by a; = C/n for all i.

(b) Consider the linear estimator [ = Y \_, a;x;. Impose the conditions (i) that
it is unbiased, and (ii) that it is as efficient as possible.

(a) To minimise S = Y 1, a? subject to the constraint >, a; = C, we introduce

a Lagrange multiplier and consider

n n
2
T = g a; —/IE ai,
i=1 i=1

oT )
Ozéai = 2a;— .

= a = ;)v, for all i.

Re-substitution in the constraint gives C = én/l, leading to a; = C/n for all i. The

corresponding minimum value of S is C?/n.

(b) If the sample values x; are drawn from a population with mean u and variance

o2, consider the linear estimator fi = 27:1 a;x;. For the estimator to be unbiased

we require that

Thus the first requirement is that Y, a; = 1.
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Now we add the further requirement of efficiency by minimising the variance of
f.. The expression for the variance is

" 2
(=) = < (Z ailp + ) — ﬂ) > . with (z;) =0 and (z7) = 0%,

i=1

n n 2
<<Zai2i+zaiﬂ—ﬂ> >,
i=1 i=1

o, since (z?) = ¢? and the z; are independent.

Now, from part (a), this expression is minimised subject to > . ;a; = 1 when
a; = 1/n for all i, i.e. when [t is taken as the mean of the sample. The minimum
value for the variance is ¢2/n. This completes the proof that the sample mean is

the best linear unbiased estimator of the population mean .

31.8 Carry through the following proofs of statements made in subsections 31.5.2
and 31.5.3 about the ML estimators T and A.

(a) Find the expectation values of the ML estimators T and 7 given respectively
in (31.71) and (31.75). Hence verify equations (31.76), which show that,
even though an ML estimator is unbiased, it does not follow that functions
of it are also unbiased.

(b) Show that E[t*] = (N + 1)t*/N and hence prove that % is a minimum-
variance estimator of T.

(a) As shown in the text [equation (27.67)] the likelihood of the measured
intervals xj is

A Xk 1 1
H exp(— ): N EXP | — (1 +x2+ -+ xn)| .
i T T T

The expectation value E[%] of the estimator 7 = N~' 3. | x; is therefore

1 < | :
N;/.../xir,vexp |:_T(x1+X2+-~.+XN):| dxydxy -+ -dxy.
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In each term of the sum we can carry out the integrations over all the x; variables
except the one with k =i (each gives 1) thereby reducing the sum to

1 1
=N Zr =N Nt =1, as expected.

We note that this estimator is unbiased and now turn to the expectation value of

the estimator
P\
= <N E Xl‘> = )_Cil.

i=1

For typographical clarity we will omit explicit limits from the sum Efi | Xi where
it appears in the equations that follow.

E[j,] = // <2Nx) ie—/lxl /‘te—ixz ”,/*te—ixN dXI dXz"'dXN

_ N N =23 xi gN ..
_/ini e d" x;.

To evaluate this integral we differentiate both sides of its definition with respect
to A. The RHS is a product of two functions of /; differentiating it produces one
term in which 2V — N2V~! and the other produces a factor that cancels the Y x;
in the denominator. The result is

A

dE[A] N _ & N —iS x
= E[A]=N [ NerzxdVy
@ = g B / ¢ *
N &
=, E[A]—N
JE[L-N,
since the distribution function for each x; is normalised (they are all the same).
The integrating factor for this first-order equation is A~V giving
d (E\_ N _ E N n
di\N) N JN (N — 1Nt ’

A

We must have E[A] — 4 as N — o0 and so ¢ = 0, yielding
A N
E[A] = 3
[4] N—1

Thus, although the bias tends to zero as N — oo, 7 is a biased estimator of /.
Since it is directly given as the reciprocal of 7, the two results obtained, taken
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together, show that even though an ML estimator is unbiased, it does not follow
that functions of it are also unbiased.

(b) We start by using the Fisher inequality to determine the minimum variance
that any estimator of 7 could have; for this we need In P(x|t). This is given by

N el N 1
InP(x|t) = In [H( . )]:_Z(lnf+1xi>'

i=1 i=1

Hence,

We have already shown that the estimator is unbiased; thus db/dt = 0 and

Fisher’s inequality reads
1 7?2
Viz] > = .
Fl= g =N

Next we compute

SR

We now separate off the N terms in the square of the sum that contain factors
typified by x? from the N(N — 1) terms containing factors typified by x;x ; with
i # j. All integrals over sample values not involving i, or i and j, (as the case
may be) integrate to 7. Within each group all integrals have the same value and
SO we can write

1 0 .2
E[%z] = N2 |:N/ ~ e dx
4+ N(N—1) / / X1 X2 e/ e/ dx, dxy

1
= g2 [2NT + NN = 1)7
N 1
A

Finally, the variance of 7 is calculated as

N+1 72
V[t]=E —(E[%])? 2= .
(1= E[#] - (E[2)f =" 0 2= = |
This is equal to the minimum allowed by the Fisher inequality; thus 7 is a
minimum-variance estimator of t.
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31.10 This exercise is intended to illustrate the dangers of applying formalised
estimator techniques to distributions that are not well behaved in a statistical sense.

The following are five sets of 10 values, all drawn from the same Cauchy distri-
bution with parameter a.

(i) 481 —124 130 —023 298
—113 —832 262 —0.79 —2.85
(i) 007 154 038 —276 —882
186 —475 481 114 —066
(i) 072 457 086 —3.86 030
—200 265 —1744 —226 —883
(iv) —0.15 20276 —021 —0.58 —0.14
036 044 336 —296 551
(v) 024 —333 —130 305 3.99
159 —7.76 091 280 —6.46

Ignoring the fact that the Cauchy distribution does not have a finite variance (or
even a formal mean ), show that a, the ML estimator of a, has to satisfy

10

. 1
s(a)zzlﬂiz/&2 =5 (%

i=1
Using a programmable calculator, spreadsheet or computer, find the value of a that

satisfies (*) for each of the data sets and compare it with the value a = 1.6 used
to generate the data. Form an opinion regarding the variance of the estimator.

Show further that if it is assumed that (E[a])* = E[a%] then E[a] = v21/2) where
v, is the second (central) moment of the distribution, which for the Cauchy dis-
tribution is infinite!

The Cauchy distribution with parameter a has the form

a 1
w a®+x2

fx)=

It follows that the likelihood function for 10 sample values is

0

1
a\ 10 1
i = () ,
(xla) = ( Hla2+x%

and that the log-likelihood function

10
InL=—10ln7 + 10lna — z:ln(a2 —i—x,-z).

i=1
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The equation satisfied by the ML estimator a is therefore

10
a(lnL 1
0= — a) = =5
. Za2+x = s(a) ;1+x?/a2

Using a simple spread sheet to calculate the sum on the LHS for various assumed
values of a and then manual or automated interpolation to make the sum equal
to 5, the following values for a are obtained for the five sets of data:

(1) 1.85, (i) 1.66, (iii) 2.46, (iv) 0.68, (v) 2.44.

Although the estimates have the correct order of magnitude, there is clearly a very
large (perhaps infinite) sampling variance. Even if all 50 samples are combined,
the resulting estimated value for a of 1.84 is 0.24 away from that used to generate
the data.

It is clear that for sets of N sample values (*) reads

and we take this as the definition of a. Multiplying both sides of this equation by
TToL, (@ 4 x}), we obtain

B8 | CEETED ) XS

i=0 k#i
Now we take expectation values over all the x;, writing E[x]] = v,,

N

( N—1
2E[62]

E[@*]+v)" = N (E[a®] 4 v,)

E[&*]+v, =2E[&*] = E[a]=v)"

assuming that E[a]> = E[a*]. As shown in exercise 31.8, this is not necessarily
so, but any possible fractional bias is typically O(N~'). However, for the Cauchy

distribution,
e} a X2
V) = 5 5 dx = o0
e T as+ X

This is rather more serious than an O(N~!) error and the statistically unsound
procedure used leads to the false conclusion that the expected value of the
estimator is infinite, when it ought to have a value equal to the finite parameter
a of the sample distribution.
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31.12 On a certain (testing) steeplechase course there are 12 fences to be
Jjumped and any horse that falls is not allowed to continue in the race. In a season
of racing a total of 500 horses started the course and the following numbers fell
at each fence:

Fence: 1 2 3 4 S5 6 7 & 9 10 11 12
Falls: 62 75 49 29 33 25 30 17 19 11 15 12

Use this data to determine the overall probability of a horse’s falling at a fence,
and test the hypothesis that it is the same for all horses and fences as follows.

(a) Draw up a table of the expected number of falls at each fence on the basis
of the hypothesis.
(b) Consider for each fence i the standardised variable

. estimated falls — actual falls
" standard deviation of estimated falls

and use it in an appropriate y* test.

(c) Show that the data indicates that the odds against all fences being equally
testing are about 40 to 1. Identify the fences that are significantly easier or
harder than the average.

(a) The information as presented does not give statistically independent data for
each fence, as a horse that falls at an early fence cannot attempt a later one. To
extract the necessary data we extend the table by adding rows for the number of
attempts at each fence and the number of successful jumps there.

Fence: 1 2 3 4 5 6
Falls: 62 75 49 29 33 25
Clearances: 438 363 314 285 252 227
Attempts: 500 438 363 314 285 252

Fence: 7 8 9 10 11 12 Total
Falls: 30 17 19 11 15 12 377
Clearances: 197 180 161 150 135 123 2825
Attempts: 227 197 180 161 150 135 3202

On the hypothesis that all fences are equally difficult the best estimator of the
probability p of a fall at any particular fence i is 377/3202 = 0.1177, independent
of i. If the number of attempts at fence i is n; then the expected number of falls
at that fence is x; = pn;. Since each attempt is a Bernoulli trial the s.d. of x; is
given by /nip(1 —p) = 0.3223 /n;.

(b) We may now draw up a further table of the expected number of falls and of
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the standardised variable
estimated falls — actual falls

z; = .. .
"~ standard deviation of estimated falls

2

for each fence. The corresponding contribution to the overall y? statistic is > = z?2.

Fence: 1 2 3 4 5 6
Falls: 62 75 49 29 33 25
Estimated Falls: 589 51.6 427 370 33.6 29.7
z; -043 -347 -1.02 140 0.11 092
1 02 120 1.0 20 00 08
Fence: 7 8 9 10 11 12 Total
Falls: 30 17 19 11 15 12 377
Estimated Falls: 267 232 212 190 17.7 159 377
zi -0.68 137 051 196 0.68 1.04
Lit 0.5 1.9 0.3 38 0.5 1.1 24.1

Thus %> = 24.1 for 12— 1 = 11 degrees of freedom. This is close to the 99%
limit and therefore it is exceedingly unlikely (odds of almost 100 to 1 against)
that all fences are equally difficult and that the variations in the success rate are
due to statistical fluctuations. Fence 2 is especially difficult, whilst fences 4, 8 and
(particularly) 10 are easier than average.

A similar (slightly erroneous) calculation treating the number of falls as governed
by a Poisson distribution (rather than each jump being a Bernoulli trial) gives a
%> value of 21.2 for 11 degrees of freedom and leads to the odds against uniform
difficulty of the jumps of about 40 to 1.

31.14 Three candidates X, Y and Z were standing for election to a vacant
seat on their college’s Student Committee. The members of the electorate (current
first-year students, consisting of 150 men and 105 women) were each allowed to
cross out the name of the candidate they least wished to be elected, the other two
candidates then being credited with one vote each. The following data are known.

(a) X received 100 votes from men, whilst Y received 65 votes from women.
(b) Z received five more votes from men than X received from women.
(c) The total votes cast for X and Y were equal.

Analyse this data in such a way that a y* test can be used to determine whether
voting was other than random (i) amongst men, and (ii) amongst women.
The numbers of votes cast for each candidate are not independent quantities

514



STATISTICS

since for each vote a candidate receives another candidate also receives a vote.
The independent quantities are the numbers of times each name has been crossed
out. We must first determine the latter quantities. Suppose that the correlation
table for crossings out is

Not X NotY NotZ Total

Men a C e 150
Women b d f 105
Total ? ? ? 255

As the questions to be answered deal with men and women’s voting patterns
separately, we do not need to estimate overall percentages; the theoretical expec-
tation of the result of random voting is ; x 150 = 50 crossings out by men and
; x 105 = 35 by women for each candidate. The corresponding variances, for

what are essentially Bernoulii trials, are ; X g x 150 and ; X % x 105.

To determine the values in the table we know that a+c+e =150 and b+d+f =
105. Further, from the information (a) - (¢) provided:

(a) c+e =100 and b + f = 65,
bya+c=d+f+5,
cct+d+et+f=a+b+e+f.

From these it follows (in approximately deducible order) that a = 50, d = 40,
S+c=f,c=b+10,(c—10)+c+5=65=c=35b=25,f =40 and e = 65.

To test for random voting amongst the men we calculate

. (50—aP  (50—c)® (50 —e)?

2 = = 13.
* 333 333 333 33
for 3 —1 =2 d.o.f. Similarly for the women
)2 a2 2
L BS=bP GS—dP (SR,

233 233 233

for 2 d.o.f.

The y? value for the men is significantly greater, at almost the 0.1% level, than
would be expected for random voting, making the latter extremely unlikely. The
corresponding value for women voters is only significant at about the 5% level
and random voting cannot be ruled out.

Incidentally, X and Y, who each received 180 votes, tied for first place and a
(more conventional) run-off was needed!
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31.16 The function y(x) is known to be a quadratic function of x. The following
table gives the measured values and uncorrelated standard errors of y measured
at various values of x (in which there is negligible error):

x 1 2 3 4 5
y(x) 35405 20405 30405 65+10 105410

Construct the response matrix R using as basis functions 1, x, x>. Calculate the
matrix RTNT'R and show that its inverse, the covariance matrix V, has the form

12592 —9708 1580
—9708 8413 —1461
1580 —1461 269

1

V= 9184

Use this matrix to find the best values, and their uncertainties, for the coefficients
of the quadratic form for y(x).

As the measured data has uncorrelated, but unequal, errors, the covariance matrix
N, whilst being diagonal, will not be a multiple of the unit matrix; it will be

N = diag(0.25,0.25,0.25, 1.0, 1.0).

Using as base functions the three functions hi(x) = 1, hy(x) = x and h3(x) = x?,
we calculate the elements of the 5 x 3 response matrix R;; = h;(x;). To save space
we display its 3 x 5 transpose:

111 1 1
RT=(123 4 5
1 4 9 16 25
Then
11 1
4 4 4 1 1 1 2 4
RIN'R=| 4 8 12 4 5 1 3 9
4 16 36 16 25 1 4 16
1 5 25
14 33 97
=1 33 97 333
97 333 1273

The determinant of the square matrix RTN~'R is

14[(97 x 1273) — (333 x 333)] + 33[ (333 x 97) — (33 x 1273)]
+97[(33 x 333) — (97 x 97)]
= 14 x 12592 — 33 x 9708 + 97 x 1580 = 9184.

516



STATISTICS

This is non-zero and so the matrix has an inverse. It is tedious to calculate the
inverse V by the standard methods and it is just as good for practical purposes
to verify the given form for V, knowing that it is unique. The following matrix
equation, VRTN™'R = I3, can be verified numerically

| 12592 —9708 1580 14 33 97 1 00
9184 —9708 8413 —1461 33 97 333 =1 010
1580 —1461 269 97 333 1273 0 0 1

The best estimators dy, a, and a; for the coefficients in the quadratic form are now
given by & = VRTN~!y, where y is the data column vector (3.5, 2.0, 3.0, 6.5, 10.5)".
The column vector & is calculated as

3.5

1.371  —1.057  0.1720 4 4 4 1 1 2.0
—1.057 09160 —0.1591 4 8 12 4 5 30 |,

0.1720 —0.1591  0.0293 4 16 36 16 25 6.5

10.5

yielding the three components as 6.73, —4.34 and 1.03. The corresponding stan-
dard errors in these coefficients are given by the square roots of the diagonal
elements of V, namely 1.17, 0.96 and 0.17.

Thus the best quadratic fit to the measured data, giving weight to the standard
errors in them, is

P(x) = (6.73 4+ 1.17) — (4.34 + 0.96)x + (1.03 + 0.17)x>.

The off-diagonal elements of V are not used here, but are closely related to the
correlations between the fitted parameters.

31.18 Prove that the expression given for the Student’s t-distribution in equation
(31.118) is correctly normalised.

The given expression is

P(t|Ho) = 1 LGN) (1+ : )_N/z
)= N D (IN=1)) N-1 :

Denoting the product of constants multiplying the t-dependent parentheses by
A(N), we require that

) 0 2 —N/2
/ P(t|H0)dt=A(N)/ <1+N_1) di= 1,
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Set t = /N — 1 tan0 for —n/2 < 0 < /2 giving

e /2
/ P(t|Ho)dt = A(N) (1 +tan? ) N/2 /N — 1 sec’ 0 d6

—0 —7n/2

n/2
= 2N —1A(N) / sec V20 do
0

n/2
=2 N —1A(N) / cosM 20 do.
0
Now, integrals of this form can be expressed in term of beta and gamma functions
by

n/2
Fr((}:ln)_l}:‘(;l)) = B(;n, n) = 2/0 Sil’lzm_1 0 COSzr171 0do.

It follows that
n/2 1
/0 cosV20do = 2B(§,5N—§)

_TU)TUN =)

2r(3N)
_rTGN =)
2r(3N)
Hence
L(IN) JrTGN =) .

>

/0 P(t|H0)dI:2\/N_1\/(N_l)nl“(éN—é) 2I(4N)

as expected.

31.20 It is claimed that the two following sets of values were obtained (a) by
randomly drawing from a normal distribution that is N(0, 1) and then (b) randomly

assigning each reading to one of two sets A and B:

Set A: —0.314 0.603 —0.551 —0.537 —0.160 —1.635 0.719

0.610 0482 —1.757  0.058
Set B: —0.691 1.515 —1.642 —1.736 1.224 1423 1.165

Make tests, including t- and F-tests, to establish whether there is any evidence that

either claims is, or both claims are, false.

(a) The mean and variance of the whole sample are —0.068 and 1.180, leading to
an estimated standard deviation, including the Bessel correction for 18 readings,
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of 1.12. These are obviously compatible with samples drawn from a N(0,1)
distribution, without the need for statistical tests.

(b) The means and sample variances of the two sets are: A, —0.226 and 0.741;
B, 0.180 and 2.189, with estimated standard deviations of the populations from
which they are drawn of 0.861 and 1.480 respectively.

The best estimator of ¢ for calculating ¢ is

. [(11 x 0.741) 4 (7 x 2.189) "/
6= =121
1+7-2

On the null hypothesis that the two samples are drawn from the same distribution,
t is given by
0180 —(—0.226) (11 x7\'*
‘= 1.21 <11+7> = 0.694.

This is for 1147 — 2 = 16 degrees of freedom. From the table C;4(0.694) = 0.74.
Thus, this or a greater value of ¢ (in magnitude) can be expected in marginally
more than half of all cases (recall that here a two-tailed distribution is needed)
and there is no evidence for a significant difference between the means of the two
samples.

The value of the estimated variance ratio of the parent populations is

u? T x2.189 10 B
vl 6 11x0741
For ny = 6 and n, = 10, this value is very close to the 95% confidence limit of
3.22. Thus it is rather unlikely that the allocation between the two groups was
made at random — set B has significantly more readings that are more than one
standard deviation from the mean for a N(0, 1) distribution than it should have.

F= 3.13.
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