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Preface

Subsequent to an International ISAAC Conference on “Complex Anal-
ysis, Differential Equations and Related Topics”, the NATO ARW

Topics in Analysis and its Applications

took place in Yerevan, Armenia with participants from Armenia, Aus-
tria, Belarus, Canada, Finland, Georgia, Germany, Italy, Marocco, Poland,
Portugal, Romania, Russia, Spain, Sweden, Tajikistan, Turkey, Ukraine,
USA. The present volume reflects the main contributions but neither the
stimulating atmosphere nor the highly friendly relations among the par-
ticipants. Thanks are due to many members of the family of Grigor
Barsegian, the Armenian co-director of this ARW. They have helped a
lot to make the four days pleasant and easy for all participants. Without
the support from the Scientific and Environmental Affairs Devision of
the NATO the event would not have taken place. All participants were
very grateful to Dr. F. Pedrazzini, the Programme Director of Phys-
ical and Engineering Science and Technology and his staff for having
arranged the support in time although it was very tough before the be-
ginning.

Most topics in the workshop were devoted to complex analysis as well
of one as of several complex variables. Several contributions came from
elasticity theory.

One generalization of complex analysis is the theory of p-adic analysis,
a field enjoying a lot of attention in recent years. Multiplicative semi-
norms in an ultrametric normed algebra have many applications in the
study of analytic elements in p-adic analysis. Here the existence of
a Shilov boundary for a semi-multiplicative semi-norm defined on an
algebra is found inside a set of multiplicative semi-norms.

In geometric function theory quasiconformal mappings are studied a
lot since almost 80 years. This concept is called quasiregular in higher
dimensions. More recent research involves mappings of bounded mean
oscillations. This research is surveyed on as well for plane domains as for



X

Riemann and Klein surfaces. Classical subjects in the theory of Riemann
surfaces are harmonic and analytic differentials. Spaces of differential
forms are connected with the topological and the conformal structure of
the surface. Here these connections are investigated for non-orientable
i.e. for Klein surfaces.

A classical but still very modern subject is complex dynamics. This
topic has started mainly with the works of P. Fatou and G. Julia some
eighty years ago and later has lead to the very important areas of frac-
tals and of dynamical systems. One contribution surveys on classical
and recent results on complex dynamics related to inverse functions of
rational or transcendental entire functions.

Boundary value problems for analytic functions were initiated already
in the famous thesis of B. Riemann just 150 years ago. They have influ-
enced not only mathematical analysis a lot but even algebraic geometry
and topology. And still new insights are gotten. Here the nonlinear
Riemann—Hilbert problem for analytic functions with nonsmooth target
mainfolds are treated. The solutions can be attained as extremal func-
tions in certain function classes. Disproving a conjecture an example is
given of a nonsmooth topological target manifold for which the solution
set of the Riemann-Hilbert problem is bigger than in the smooth case.

While complex function theory from the viewpoint of partial differen-
tial equations is nothing else but the theory of solutions to the Cauchy-
Riemann equation generalized analytic functions are related in the same
way to a more general first order elliptic system, the Carleman-Bers-
Vekua system. Analytic and topological aspects of this system is studied
and the Riemann-Hilbert monodromy problem solved for a special class
of regular systems. Moreover, a holomorphic vector bundle on the Rie-
mann sphere is constructed together with an L,-connection on it using
these systems. Another classical boundary value problem is the Rie-
mann jump problem extensively studied in the former SU in particular
in Belarus and in Georgia. Here this problem is reported on for analytic
vectors in the cut plane.

Value distribution theory is the completion of the theory of analytic
and meromorphic function theory. The logarithmic derivative is a main
tool in this theory. It is here studied for meromorphic functions in
angular domains, one important case of domains investigated in value
distribution theory. Recently in Armenia an entirely new approach to
value distribution theory is made. Instead of considering preimages of
single points, preimages of more general sets e.g. lines are investigated
leading to ['-lines. This new generalization seems to open a wide field of
applications of the methods of value distribution theory as the concept of
level sets appears in many fields of mathematics, mathematical physics
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and natural sciences. The lengths of level sets of smooth functions are
estimated, in particular those of I'-lines, of monic polynomials for large
classes of curves I'. In case when I' is closed this is related to the Erdos-
Herzog-Piranian problem. Through I'-lines also oscillations of solutions
to ordinary differential equations including the Riccati, the Schrédinger
and the Painlevé equations can be treated leading to applications in
population dynamics and economics.

Also in real algebraic and real analytic geometry the question of zeros
has a long history. Rather than localizing the roots of a real polynomial
it is important just to effectively find their number e.g. in the left half
plane. A general algorithm is described for computing the number of
points of an arbitrary finite semi-algebraic subset and the complexity of
the algorithm is estimated.

The behavior of polynomials of one variable at infinity is quite obvious.
The situation is different for several variables. Necessary and sufficient
conditions are given such that the polynomial tends to infinity when the
variables do. This property is important for linear differential operators
determining its typ.

One motivation to develop the theory of several complex variables
was once to solve partial differential equations. But the theory became
very abstract and far-reaching and not too many equations were solved
explicitly. In recent years purely analytic methods were used to solve
boundary value problems for mainly first and second order overdeter-
mined systems either in the unit ball or in polydomains. Here first and
second order systems in bounded domains degenerating at the boundary
are solved explicitly. In order to explain the differences one and several
variables are both treated.

A basic tool in treating partial differential equations in complex spaces
are Pompeiu operators. For several variables they are known either for
polydomains or for the unit ball. Using the weighted version of the
Cauchy-Pompeiu representation explicit formulas for the derivatives of
the solution to the inhomogeneous Cauchy-Riemann system in the unit
ball having minimal norm in a particular Lo—space are given.

Through higher order Green functions modified higher order Pompeiu
operators are used as well for one as for several variables to express all n-
th order partial derivatives of a complex function by just one particular
n-th order partial derivative via strongly singular integral operators of
Calderon-Zygmund type. In case of several variables both polydomains
and the unit ball are treated.

Complex methods to some extend are also available to problems in
several real variables even in odd number. Quaternionic, octonionic
and Clifford analysis are the proper frameworks. Many different kinds
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of higher order partial differential equations were recently treated in
different properly adjusted Clifford algebras. A survey gives the results
on solutions to initial and to boundary value problems via quadratures.

The most celebrated boundary value problem for elliptic systems is
the Dirichlet problem. Nevertheless there are still new results on this
classical problem. Different necessary and sufficient conditions for its
unique solvability is given for some class of higher order elliptic systems.
Another contribution focusses on the Dirichlet problem for second or-
der elliptic equations in domains with non-smooth boundary. Also first
order elliptic systems are reported on. Instead of generalizing the as-
sumptions on the boundary the properties of the boundary functions
can be weakend. The Dirichlet problem in the upper half plane is con-
sidered for harmonic functions under the assumption that the boundary
functions belong to a certain weighted space with a weight function hav-
ing finitely many singular points of finite order where it has a certain
property called RO-varying.

The Carleman-Bers-Vekua equation was studied a lot in the former
SU. This was done also intensively in Tajikistan where in particular equa-
tions with singular coefficients were investigated. Parallel to this school
also ordinary differential equations with singularities were studied. Such
equations with a singular or supersingular point inside the intervall are
solved via a reduction to some Volterra integral equation of second kind.

Singular integral equations with generalized Cauchy kernel are related
as well to complex analysis as to elasticity theory. Many problems like
boundary value problems for partial differential equations or e.g. contact
problems in elasticity theory are reducable to singular integral equa-
tions. Quadrature formulas of highest algebraic precision are obtained
for singular integral equations and their effectiveness for applications
shown.

Operator theory is an important tool in real and complex analysis
whenever functional analytic methods are introduced to solve equa-
tions. Here the connection between localization operators, the Wigner
transforms and paraproducts are discussed in the context of the Weyl-
Heisenberg group, the affine group and SU(1.1).

Differential equations together with differential geometric methods
can be very useful to solve concrete problems. This is perfectly demon-
strated in describing the classes of curves along which the flight of an
aircraft is possible under suitable choices of the initial velocity, the reac-
tive forces and the fuel consumption. Depending on the data the optimal
flight trajectory is determined.

The mathematical problem in tomography is to determine the inside
construction of an object from its X-ray images in a finite number of
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directions. Here the plane problem is considered in a case when the
directions are arbitrarily distributed. A solution of this inverse problem
is given not minimizing the norm but being steady for certain distortions.

Using Laplace and Fourier transforms and the Canyard method ana-
lytic formulas are obtained for elastic displacements and stresses of the
induced electromagnetic field for the Lamb magnetoelastic problem. An
asymptotic method is developed for determining frequencies and forms
of free vibrations of anisotropic strip-beams rigidly fastened along one
of the facial surfaces. Two types of free vibrations arise unlike the or-
thotropic case not purely shear and longitudinal. Eigenfunctions are
determined composing an orthonormal system. These results apply to
thin bodies as e.g. plates and shells. An asymptotic method is used to
solve boundary value problems of elasticity theory of thin bodies the di-
mensionless equations of which depend on a small geometric parameter.
New classes of problems of statics and dynamics of thin bodies may be
treated this way having applications in seismology and for seismosteady
constructions. For the strain-stress state of an elastic plane with an
elastic circular inlay of different elastic material and arc-type absolutely
rigid inclusions one side of which is detached on joining lines the exact
solution is constructed.

Quantum chaos understood as chaos in the wave function is described
by stochastic quantum systems within the Langevin-Schrodinger type
stochastic differential equation. Expressions for transition probabilities
in a quantum subsystem are obtained. Some phase transitions of sec-
ond kind may occur for microscopic quantum transitions depending on
the coupling constants of the thermostat with the parametric quantum
harmonic oscillator. The thermodynamic potentials of the quantum har-
monic oscillator immersed into the thermostat is calculated by a method
of stochastic density and its ground state energy level widening and shift
are determined. Thus violation of the second law of thermodynamics due
to quantum fluctuation becomes possible.

Generalizing the theory of periodic wavelets fast and stable algorithms
are constructed for orthogonally decomposing a Hilbert space via classi-
cal orthogonal polynomials. Numerical results are attained by using the
automatic integration package of MATHEMATICA.

Barbara G. Wengel and Simone Aubram from the I. Mathematical
Institute of the Freie Universitiat Berlin have helped to compose this
volume. Thanks are due to both of them. The editors are also grateful to
Annelies Kersbergen from Kluwer Academic Publishers for her patience
and help.
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Abstract  Let E be a field provided with an absolute value for which it is complete
and let A be a commutative F-algebra with unity provided with a semi-
multiplicative (or power multiplicative) E-algebra semi-norm || . ||. Let
Mult(A, || . ||) be the set of multiplicative E-algebra semi-norms contin-
uous with respect to || . ||. We show the existence of a Shilov boundary
for || . ||, i.e. a closed subset F' of Mult(A,|| . ||), minimal for inclusion,
such that for every z € A, there exists ¢ € F such that p(z) = ||z]|.
In particular, if the field F is ultrametric, it applies to the spectral
semi-norm of an ultrametric E-algebra.

Keywords: normed algebras, multiplicative semi-norm, Shilov boundary

Mathematics Subject Classification (2000): 46510, 12J25

1. Introduction and Theorems

The idea of studying systematically multiplicative semi-norms in an
ultrametric normed algebra is due to Bernard Guennebaud [10]. This
theory found many applications in the study of analytic elements and
actually gave the good explanation of several basic properties [6]. More
generally, this is also true in ultrametric Banach algebras, where mul-
tiplicative semi-norms play a role somewhat similar to that of maximal
ideals in complex Banach algebras [5, 7, 10]. Next, Vladimir Berkovich

1
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also used the set of multiplicative semi-norms in order to reconstruct
Tate’s Theory [1, 12] . In [4], Kamal Boussaf showed the existence of
a Shilov boundary for the norm of an algebra of analytic elements and
described it with help of circular filters that characterize multiplicative
semi-norms. In [1], V. Berkovich showed the existence of a Shilov bound-
ary for the norm of an affinoid algebra. The present paper is aimed at
proving, in the general case, the existence of a Shilov boundary for the
spectral semi-norm of an algebra provided with a semi-norm, over a
field provided with an absolute value (for which it is complete), i.e. the
existence of a closed subset F' of the set of continuous multiplicative
semi-norms, minimal for inclusion, such that for every = € A, there ex-
ists p € F satisfying p(z) = ||z||. Such a process was outlined by B.
Guennebaud in his unpublished These d’Etat, through an interesting
strategy and our way widely takes from it. However, certain intermedi-
ate results were missing, or suffered a lack of rigour, while hypotheses
and definitions were often confusing. Besides, there was a confusion be-
tween two different problems: on one hand, finding a ” Shilov boundary”
for a semi-multiplicative function defined on a semi-group, inside a set
of multiplicative functions, and on the other hand, finding a ”Shilov
boundary” for a semi-multiplicative semi-norm defined on an algebra,
inside a set of multiplicative semi-norms. Here, we have reconstructed
the framework of the proof and only considered the problem of a Shilov
boundary for a semi-multiplicative semi-norm on an algebra. Such a
construction was made in [8] for an algebra A over an ultrametric field.
Actually, all the elements of the proofs similarly apply to the case of an
algebra on an Archimedean field.

Definitions and notation Throughout this paper, E will denote a
field provided with a non trivial absolute value denoted by | . | which
makes it complete, hence is either R or C, or a field L provided with a non
trivial ultrametric absolute value for which it is complete. When there
exists a risk of confusion, the Archimedean absolute value defined on R
and C will be denoted by | . |. We will denote by B, B’ semi-groups
with unity, and by A, A’ commutative E-algebras with unity.

Given sets D, G, we will denote by F(D, G) the set of functions from
D to G.

Let p € F(B,R;). The function p will be said to be submultiplicative
(resp. multiplicative) if p(zy) < p(z)u(y) Ve,y € B (resp. u(zry) =
p(x)p(y) Ve,y € B). And p will be said to be semi-multiplicative if
p(z™) = p(x)" Yo € B,Vn € N*.

Let S be a subsemi-group of B. A submultiplicative function § on B
will be said to be S-multiplicative if 8(xy) = 0(x)0(y) Vx,y € S.
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Let us recall that a semi-norm (resp. a norm) of E-algebra defined
on A is a semi-norm (resp. a norm) of E-linear space ¢ that satisfies
p(z.y) < p(z) o(y) Vo, y € A

Henceforth, || . || will be a E-algebra semi-norm on A.

We will denote by Mult(A,|| . ||) the set of multiplicative E-algebra
semi-norms which are continuous for the semi-norm || . || of A.

A subset F' of Mult(A,] . ||) will be called a boundary for (A,] . ||)
if for every « € A, there exists ¢ € F' such that ¢(z) = ||z||. A closed
boundary (with respect to the topology of simple convergence on A) is
called Shilov boundary for (A,| . ||) if it is the smallest of all closed
boundaries for (A, || . ||) with respect to inclusion.

The paper is aimed at proving the existence of a Shilov boundary for
a semi-multiplicative semi-norm on A. We must first recall two classical
theorems on spectral semi-norms for ultrametric normed algebras.
Theorem A [6, 11] Let || . || be a semi-norm of E-algebra on A.
Then for every x € A the sequence (|| z" Hl/n)nEN has a limit denoted by

| z ||si , satisfying ||z||si < ||z|| Yo € A and the mapping f defined in A

as f(x) = || = ||si belongs to SM(A, | .|| ). Further, if E is ultrametric,
50 is ||x||si. Moreover || x ||s; < 1 if and only if hm " =0.
Theorem B [11] Given ¢ € Mult(A), ¢ belongs to Mult(A, | . ||)

if and only if it satisfies p(t) < ||t||si; whenever t € A and we have
Mult(A, || . ||) = Mult(A,|| . ||si). Further, for every t € A we have
It||si = sup{p(t) | p € Mult(A, | .||)} and there exists ¢ € Mult(A,] .||)
such that o(t) = ||t||si-

In order to describe the Shilov boundary for a E-normed algebra, we

must also recall a few basic definitions on ordered sets and introduce
constructible sets.
Definitions and notation A set F' provided with an order relation < is
said to be well ordered with respect to the inverse order > if every subset
of F' admits a maximal element, and then the order > is called a good
order. Let > be a good order on the set F' and let z € F'. If there exists
y < x, we call follower of an element x the element sup{y € F | y < x}.
If there exists z € F' such that x is the follower of z, then z is called
precedent of an element x.

Let p € F(B,R4) be submultiplicative and such that p(s) #0Vs € S.
We will denote by 1 the function defined in B by p°(x) = inf{u(sz)/u(s)
|s € S}.

Let N be a subset of F(B, R, ). Then N will be said to be constructible
if it satisfies the following three properties:

i) N is well ordered with respect to the order >.



ii) For all u € N having a follower p' (with respect to the good order
>), there exists a subsemi-group S of B such that u is S-multiplicative
and such that p/ = p5.

iii) For every u € N having no precedent, u satisfies p(z) = inf{v(z) | v
eEN|p<v}.

Given two submultiplicative functions p and v, v will be said to be
constructible from p if there exists a constructible set N admitting p as
its first element and v as its last element, with respect to the good order
on N.

Now, let 6 be a function from D to Ry and let B(D, ) be the subset
of F(D,R) consisting of the functions f from D to Ry such that f(z) <
0(z) Vz € D.

Let 6 € F(B,R4) be submultiplicative. We will denote by Min(B,0)
the set of multiplicative functions u € F(B,Ry) which are constructible
from 6.

We are now able to state Theorem C:

Theorem C Min(A,| . ||si) is included in Mult(A,| . ||) and there
exists a Shilov boundary for (A, || . ||si) which is the closure of Min(A,
|- ) in Mult(A, | . |})

Examples 1) Let D be compact set and let A be the C-algebra of con-
tinuous functions from D to C provided with the norm || . ||p of uniform
convergence on D. For every a € D, let ¢, be the multiplicative semi-
norm defined as ¢,(f) = |f(a)|. In a C-Banach algebra, we know that
Mult(A, ] . |Ip) = Mult,(A,] . ||p), and since all maximal ideals have
codimension 1, here it is easily seen that {¢, | a € D} = Mult(A,| . ||)
is the Shilov boundary for (4, . ||p)-

2) Let D be a bounded open set in C, let D be its closure, let D* be
the boundary of D, and let A be the C-algebra of the functions which are
holomorphic in D and continuous in D, provided with the norm || . ||p
of uniform convergence on D. Here, since any holomorphic function
reaches its maximum on the boundary of D, it is easily seen that the
Shilov boundary for (A, | . ||p) is equal to {4 | a € D*}.

3) Let K be a complete ultrametric algebraically closed field, let D be
a closed bounded subset of K and let H(D) be the K-algebra of analytic
elements in D, i.e. the completion of the K-algebra R(D) of rational
functions with no pole in D, with respect to the uniform convergence
norm on D: || . ||p. Circular filters on K are defined in [9] and [6]
and characterize the elements of Mult(K[z]) in the following way: for
each circular filter F on K, for every polynomial P, then |P(z)| has a
limit p£(P) along F, and the mapping from the set of circular filters to
Mult(K[z]) which associates ¢x to F is a bijection. Then every element
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wr of Mult(K]z]) has continuation to Mult(H(D),| . ||p) if and only
if F is secant with D, such a continuation is unique, and every element
of Mult(H(D),|| . ||p) is of this form, so that Mult(H(D),| . ||p) is
identified to a subset of Mult(K|z]). It is shown in [4] that the Shilov
boundary for (H(D),|| . ||p) is the set of ¢ such that F is secant with
both D and K\ D. And in that case, (with some analogy to the previous
case in C) the Shilov boundary for (H(D),| . ||p) is the boundary (in
the usual meaning) of Mult(H(D),| . ||p) in Mult(K|z]).

Remarks A boundary for (A, || . ||) is not necessarily closed. Let K
be a complete ultrametric algebraically closed field and let D = {z €
k| |x| < 1}. Then Mult,(H(D),| . ||p) is known to be dense in
Mult(H(D), || . ||p) but not closed [6], and is a boundary for (A, || . || p)-
Actually, according to [4], the Shilov boundary for (H(D),|| . ||p) has
empty intesection with Mult,,(H(D),|| . ||p), and therefore there exist
no smallest boundary for (H(D),| . ||p).

2. The proofs

Definitions and notation Let D be a set and let F' be a E-vector
space of bounded functions from D to E. In the sequel, we will denote
by || . ||p the norm of uniform convergence on D.

Let D be a set. F(D,R) is provided with the topology of sim-
ple convergence: the filter of neighborhoods of ¢ € F(D,R) admits
as a generating system the family of sets V(yp,a1,...,an,€) = {¢ €
F(D,R) | [¢(a;) — ¢(ai)|eo < €}, with ai,...,a, € D and € > 0.

By Tykhonov’s Theorem, we have Lemma 1.

Lemma 1  Mult(A, | . ||) is compact with respect to the topology of
simple convergence.
Notation Let 6 be a semi-multiplicative function from B to Ry. We
will denote by Z(B, ) the set of the ¢ € B(B,#) which are constructible
from 6. Given a subsemi-group S of B, we will denote by Z(B, S, 0) the
set of ¢ € Z(B,0) which are S-multiplicative.

Let X be a subset of F(B,R;) . We put ox(x) = inf{v(z) | v €
X} Vx € B.

Lemma 2 is obvious, and comes from the definition of constructible
sets.
Lemma 2 Let X be a constructible subset of F(B,RRy) . Then
X U{ox} is a constructible subset of F(B,Ry). Let ¢ € X and let Y
be subset of X such that oy <. Then oY belongs to X.
Lemma 3  Let S be a subsemi-group of (A,.) and let 6 be a S-
multiplicative E-algebra semi-norm on A . Then 0° also is a S-multi-
plicative E-algebra semi-norm on A.
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Proof We have to show that 6 is an E-algebra semi-norm. Let z,y € A.
First, it is obvious that 6°(Ax) = |A\|0%(z) YA € E. Now, let € be > 0.
We can find s,t € S such that 6(sz)/0(s) < 0°(x) + ¢, O(ty)/0(t) <
0°(y) + e. On the other hand, since 6 is a E-algebra semi-norm and is
S-multiplicative, we check that

O(st(z+y))

95(1‘ + y) < W
(stx) + 0(sty) < 6(t)0(sx) + 0(s)0(by) _ O(sz)  O(ty)
- 6(st) - 0(s)0(t) 0(s) 0(t)

Consequently, we have 8% (z+y) < 0%(z)+6°(y)+2¢. Since € is arbitrary,
we have proven that 6°(z + y) < 6°(x) + 0°(y). Next,

0(stzy) O(sx)\ (0(ty)
o) < =5 = (5 ) (o ) < @@ +9@%w) +o

hence 0°(zy) < 6°(x)05(y). Thus, we have proven that 6% is an E-
algebra semi-norm. Then, it is obviously seen that it is S-multiplicative
in the same way as 6.

Lemma 4 is immediate
Lemma 4 Let L be a totally ordered family of E-algebra semi-norms
of A and let ¢ be the function defined on A as ¢(z) = inf{p(z) | ¢ €
L}, Ve € A . Then ¢ is a E-algebra semi-norm.
Proposition 5 Let || . || be semi-multiplicative. Then every element
of Z(A,| . ||) is a E-algebra semi-norm.
Proof Suppose Proposition 5 is not true. Let ¢ € Z(A, || . ||) which is
not a E-algebra semi-norm. Let 7 be a constructible set admitting || . ||
as its first element and ¢ as its last element. Since 7 is well ordered,
the subset S of the 1» € 7 which are not F-algebra semi-norms admits
a maximum element 6. If # admits a precedent &, then there exists a
subsemi-group S such that & is S-multiplicative and satisfies § = &°.
But by hypothesis £ is a E-algebra semi-norm, and by Lemma 3 so is
0, a contradiction. Consequently, # has no precedent, and then we have
O(z) = inf{yp(z) | v € T, 6 < ¢} Vo € A hence 7 is all ordered.
Therefore, by Lemma 4 60 is a F-algebra semi-norm because so are all
¥ € T such that 6 < 1.
Corollary 6 Let || . || be semi-multiplicative. Then Min(A,| . ||) is
included in Mult(A,| . ||).

Given a semi-norm of E-algebra ¢ on A, we will denote by Ker(y)
the set of the x € A such that ¢(z) = 0.
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Lemma 7 Let S be a subsemi-group of (B,.) and let 6 € F(B,Ry) be
S-multiplicative. There exists f € Min(B,0) such that f(z) = 0(x) Vz €
S.

Proof Let H be the set of constructible subsets of Z(B, S, 0). Clearly,
Z(B,S,0) is not empty, hence H isn’t either. On H we denote by =<
the order relation defined as N < N’ if N is a beginning section of
N'. Then H is inductive for its order. Let Ny be a maximal element
of H and let fo(z) = inf{o(z) | ¢ € Ny}, Vz € B. Clearly fy lies
in Z(B,S,0). The family G of subsemi-groups J D S such that fj is
J-multiplicative and satisfies f(s) # 0 Vs € J is an inductive family
with respect to inclusion. Let Ty be a maximal element of G. Sup-
pose Ty # B\ Ker(fy) and let = € B\ (Tp U Ker(fy). Let 11 be the
subsemi-group generated by x and 1. Then fy is not 77 -multiplicative.
But since fy is submultiplicative and since T is maximal, there exists
t € Ty such that fo(tz) < fo(t)fo(z), hence fi° # fo. On the other
hand, since fép‘) obviously is S-multiplicative, f(;fo belongs to Z(B, S, 0).
Consequently, we can check that Ny U { fOTO} is a constructible subset of
Z(B,S,0), a contradiction to the hypothesis “Ny is maximal”. Conse-
quently, To = B\ Ker(fp). Thus, fy is To-multiplicatve. On the other
hand, fy trivially satisfies f(zy) < f(z)f(y) = 0 Vx € Ker(fo),y € B,
hence f(zy) = f(z)f(y)Vx € Ker(fy),y € B. This finishes proving that
fo is B-multiplicative, and therefore belongs to Min(B,#). Finally, by
definition, all elements of Z (B, S, 0) satisfies f(x) = 6(z) Vz € S, so fo
is the f we have looked for.

Theorem 8 Let || . || be semi-multiplicative. Then Min(A,| . ||) is
not empty and is a boundary for (A, | . ||).

Proof Let z € A and let S, be the subsemi-group generated by x in
A. Since || . || is semi-multiplicative, || . || is obviously S,-multiplicative.
Hence by Lemma 7 there exists f € Min(A, || . ||) such that f(z) = || =],
and by Corollary 6 Min(A,|| . ||) is included in Mult(A,]|| . ||), hence it
is a boundary for (A,] . ||).

Notation Let v be a semi-group homomorphism from B into B’. We
will denote by 7 the mapping from F(B’,R) into F(B,R) defined by
() = $ o7, Vo € F(B,R).

Lemma 9 Let v be a semi-group homomorphism from B into B’ and
let 0 (resp. 6') be semi-multiplicative functions such that 6 = ¢ o v it.
The restriction of ¥ to Z(B',8) is a surjection onto Z(B,6). Moreover,
Min(B,0) C 5(Min(B',9')).

Proof Suppose Lemma 9 is not true. Then, there exists v € Z(B,0)
such that v # ¢poy Vo € Z(B',6'). Let T be a constructible ordered set
admitting 6 as its first element and v as its last element. Let S be the set
of ¢ € T such that ¢ # V'oy Vv € Z(B', ), let ¢ be the maximal element
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of S and let £ be the set of ¢ € 7 which are of the form ¢’ o 7, with
¢ € Z(B',0") and satisfy ¢ > 1. Let Q be the family of constructible
subsets of Z(B’,0") admitting 6 as a first element, consisting of ¢’ such
that ¢’ oy € L. Then @ is inductive for inclusion. Let X be a maximal
element of Q and let ( = inf{¢p(x) | ¢ € X}, Vo € B. By Lemma
2 X U {(} is a constructible subset of Z(B’,¢"). In 7, we notice that
Covy(x) =inf{{oy(z) | oy e T, £ € X} Vx € B, hence of course
¥ < (o~y. Then, since yp € 7, by Lemma 2 ( o« belongs to 7, and
therefore belongs to £. But then, by Lemma 2 X U {¢} belongs to Q,
hence ( € X because X is maximal. Consequently, (o~ > 1, and hence,
¢ o v has follower v such that 1 < v. Let S be a subsemi-group of B
such that v = (C ov)® and let v/ = ¢S Then v = 1/ o~. On the
other hand, v/ is the follower of ¢ in the set X’ = X U {v/}, hence X' is
a constructible set, so X’ clearly belongs to Q, a contradiction with the
hypothesis “X maximal”. This proves that for every v € Z(B,#) there
exists v/ € Z(B',0') such that v =1/ 0.
Now, we can show that Min(B,0) C ¥(Min(B',0")). Let { € Min(B,0).
As we just showed, there exists £ € Z(B',6') such that ( = £ o ~.
Let Y = 4(B) \ £71(0). Then Y is a subsemi-group of (B’,.) and we
can check that ¢ is Y-multiplicative. By Lemma 17 there exists (' €
Min(B',€§) such that '(z) = {(x) Vx € Y, hence ¢ = (' o. But of
course Min(B',§) C Min(B',0"), hence f belongs to F¥(Min(B',§)),
which ends the proof of Lemma 9.

We must recall Urysohn’s Theorem [2].
Theorem 10 (Urysohn) D be a compact and let o, 3 be two different
points of D. There ezists a continuous mapping f from D into Ry such
that f(a) =0 and f(B) = 1.
Notation  Given a topological space D we denote by C(D,R) the
algebra of continuous functions from D into R.
Lemma 11  Let D be a compact, and let ¢ be the mapping from
D into Mult(C(D,R),|| . ||D) defined by ¢(a)(f) = |f(a)|. Then ¢
is a bijection from D onto Mult(C(D,R),| . ||p) which is equal to
Min(C(D,R),]| . |Ip).
Proof Let X(C(D,R)) be the set of R-algebra homomorphisms from
C(D,R) onto R. According to classical results in Archimedean spectral
theory [3], the Gelfand mapping w from D into X'(C(D,R)) defined as
w(a)(f) = f(«a) is a bijection. On the other hand, the injective mapping
= from X(C(D,R)) into Mult(C(D,R),|| . ||p) defined as Z(x)(f) =
Ix(f)| is a bijection from X(C(D,R)) onto Mult(C(D,R),| . |p) [3]-
Consequently, since ¢ = Eow, ¢ is a bijection from D onto Mult(C(D,R),
|l . llp)- Now, by definition, Min(C(D,R),| . ||p) is included in Mult(C
(D,R),|| . |lp), so we just have to show that Mult(C(D,R),| . ||p) C
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Min(C(D,R),|| . |[p). Let « € D, and let us show that ¢(«) belongs
to Min(C(D,R), || . [[p). Let S = {f € C(D,R) [ [f(a)] = [[fllp =
1}. Then S is a subsemi-group of C(D,R) and the norm || . ||p is S-
multiplicative, hence by Lemma 7 there exists ¢ € Min( C(D,R),| . ||p)
such that ((f) =1Vf € S. But there exists 3 € D such that ¢(3) = ¢,
hence |f(8)] = 1. Consequently, for every f € C(D,R) such that
|f(a)] =1, f must also satisfy |f(3)| = 1. Since D is compact, by The-
orem 10 this implies o = # and therefore ¢(«) belongs to Min(C(D,R),
| . llp), which ends the proof.

Proof of Theorem C By Corollary 6 and Theorem 8, Min(A,| . |) is
not empty, is included in Mult(A, | . ||) and is a boundary for (A, || . ||).
Now, let F' be a closed boundary for (A4, ] . ||) and let H be the multi-
plicative semi-group C(F,R). Since F is a closed subset of Mult(A4, || . |),
by Lemma 1 it is a compact. Let v be the Gelfand transform defined on
A, taking values in C(F,R), as y(z)(o) = o(z), o € F. Let x € A. On
one hand, we have [|z|| > supyep ¥ (x). On the other hand, since I is
a boundary for (A, || . ||) there exists ¢ € F such that ||z| = ¢(z), and
consequently, [|v(z)|[r = [|lz[-

Now, since || . ||[r oy = | . || and since 7 is a semi-group homo-
morphism from (A,.) into (C(F,R),.), we can apply Lemma 9 and we
have Min(A,| . ||) € ¥(Min(C(F,R),|| . [|r)). Let v € Min(A,| . ||).
So, there exists ¥ € Min(C(F,R),| . ||r) such that v = ¢ o y. Now,
let ¢ be the mapping from F into Mult(C(F,R),| . ||r) defined as
o(a)(f) = |f(a)], f € C(F,R). By Lemma 11, ¢ is a bijection from
F onto Min(C(F,R),|| . ||r). Consequently, ¥ o~ is of the form ¢(«).
And finally, for every z € A we have v(z) = J(¢(a)(z) = (¢p(a)ov)(x) =
|v(z) ()| = |a(x)| = a(z), because by definition « lies in Mult(A, || . ||)-
Thus v belongs to F. Therefore Min(A,| . ||) is included in F' and then
the closure of Min(A,| . ||) is the smallest of all closed boundaries for
(A, - ||), which ends the proof.
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Abstract  This survey paper presents in the 2-dimensional case recent results
which generalize plane quasiconformality and quasiregularity to the case
of mappings whose distortion is dominated by a BM O-function. These
are the so-called BM O-mappings. After a brief exposure on real BM O-
functions in §2 classes of BMO-mappings are discussed in §3. §4 is
devoted to BMO — QC and —QR mappings in the sense of Ryazanov,
Srebro and Yakubov, and §4 to BMO—-BD considered by Astala, Iwa-
nie¢, Koskela and Martin. BM O-mappings between Riemann and Klein
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1. Introduction

Conformal mappings and analytic functions of one complex variable
found, on the way opened by the outstanding work of H. Grétzsch [23],
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M.A. Lavrentiev [36], L.V. Ahlfors [2], O. Teichmiiller [58] and many oth-
ers, an important generalization to the spaces R, n > 2, (and even more
general), in the theory of quasiconformal (QC) and quasiregular (QR)
mappings. Today this theory is presented in renowned monographs,
e.g. by O. Lehto and K.I. Virtanen [37], L.V. Ahlfors [1] for n = 2, J.
Viisélé [61], P. Caraman [15], Yu.G. Reshetnyak [41], M. Vuorinen [64],
S. Rickman [42] for n > 3.

The specific feature of the quasiconformality (QCTY) and quasiregu-
larity (QRTY) is that these mappings realize bounded deformations of
the considered geometric objects, expressed by bounded dilatations or
distortions. Gradually mappings with unbounded dilatations now usu-
ally called with finite distortion have also been studied by Teichmiiller
[58] p. 15, Volkovyskii [60], Andreian Cazacu [3], Lehto [35], Krushkal,
Kiihnau [34] and others, see also references in [34] and [46], p. 2. This
research direction began to develop intensively especially after David’s
thesis [19], in connexion with PDEs and the nonlinear elasticity theory
by J. Ball [12, 13] and others. The boundedness condition of the distor-
tion by a constant was replaced by weaker conditions either controlling
the measure of the set where the distortion is large or majorizing the
distortion by a function @) with adequate properties.

An important case is obtained when @ is a function of bounded mean
oscillation, denoted @ € BMO, or a function locally (1.) of bounded
mean oscillation, QQ € BM Oy, and the aim of this survey is to present
some essential aspects of the theory of these mappings in dimension 2.
We shall limit us at this situation even if the exposed results have been
established by their authors in general n > 2 dimensions.

Our paper is far from being exhaustive. We only desired to make an
attractive introduction into the recent remarkable progress realized on
the subject.

In the center of our exposure there are two closely related theories
on BMO-mappings: the first one is due to V. Ryazanov, U. Srebro
and E. Yakubov, which extended in an harmonious construction most
of the classical function theory [44-47], while the other by K. Astala, T.
Iwanie¢, P. Koskela and G. Martin [26],[7] considered mappings in Orlicz-
Sobolev classes. In §3.E we discuss BM O-mappings between Riemann
and Klein surfaces.

References could not include all new significant papers. We wanted
to emphasize the deep work about the Beltrami equation due to Iwanieé
and his collaborators [25, 29].
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2. BMO functions

Definition 1 Let G be a domain in C. A function u : G — R is called
of bounded mean oscillation in G, w € BMO(G), if u € L}, (G) and

1
full = sup /B Ju(z) — upldm(z) < oo, (1)

where the supremum is taken over all disks B in G,

1
up = E/Bu(z)dm(z) (2)

and |A| denotes the Lebesgue measure of the measurable set A C C.
Definition 2 The function u € BMOy,.(G) if u|y € BMO(U) for every
relatively compact subdomain U of G.

The definitions extend to C by using the spherical metric [43] p. 7;
[46], p. 4 instead of the Euclidean one.

Obviously, u € BMO(G) and ¢ € R imply u + ¢ € BMO(G) and
|lu|l« = ||utc||«, such that the space of BM O functions modulo constants
with the norm || ||« (1.2) is a Banach space. In addition BMO(G) is a
lattice [43], p. 2. L>®(G) C BMO(G).

The BMO functions have been introduced by F. John and L. Niren-
berg in [33], where they proved the fundamental
Lemma 1 ([46], Lemma 2.3, p. 3) If u is a non-constant function in
BMO(G), then

{z € B : |u(z) —up| > t}| < ae” /Ul B| (3)

for every disk B in G and allt > 0, where a and b are positive constants,
which do not depend on B and u. Conversely, if u € Llloc, and for every
disk B in G and all t > 0,

{z € B: |u(z) — up| > t}| < ae™*|B] (4)

for some positive constants a and b, then uw € BMO(G).

From Lemma 1 one obtains the following useful
Lemma 2 ([46], Lemma 2.6, p. 4) If u is a non-constant function in
BMO(G), then

{z € B:|u(z)| > 7} < Ae P"|B| (5)
for every disk B in G and all T > |up|, where

B=0b/||lul|l, and A= ae’lusl/lul (6)



14

with the constants a and b as in Lemma 1.

It follows immediately from Lemma 2 that BMO(G) C LY
1<p<oo.

C. Fefferman [20] characterized the BMO space as the dual of the
Hardy space H'!. Other characterizations of BMO have been given
by R.R. Coifman and R. Rochberg [18], by L. Carleson [16] and A.
Uchiyama [59].

An important connexion between the BMO functions and the
K-quasiconformal (K —QC') mappings was established by H.M. Reimann
[40], p. 266. He proved that the logarithm of the Jacobian of a QC' map-
ping is a BM O function and characterized the QCTY by means of BMO
functions.

Theorem 1 ( [40], Theorems 2 and 3, pp. 266-267) Let f : G — G’ be a
sense-preserving (s.p.), absolutely continuous on lines (ACL), [1], p. 23;
[37] p. 8, p. 117, homeomorphism of the domain G onto the domain G', G
and G' in C. The pull-back f# realizes a bijective isomorphism between
the spaces BMO(G') and BMO(G) associating to every v’ € BMO(G")
the function w = v’ o f € BMO(G), and ||v/|« < c||u|l« where ¢ is a
constant, if and only if f is QC.

Remark 1 If f is K — QC, then ¢ depends only on K. In this case, as
f~tis K — QC, one has ¢ !|ul|« < ||u/||« too.

These results are contained also in the H.M. Reimann and T. Rychener
monograph [43], p. 100, p. 107.

K. Astala improved Theorem 1 by showing that the ACL property
can be omitted through the localization of the problem.

Theorem 2 ([8], Theorem 3, pp. 209-210) If f : G — G’ is a s.p.

homeomorphism and there is a constant ¢ > 0 such that

(G) for

cHullipr < llue fllip < cllullpr

for any subdomain D C G and any w € BMO(D'), D' = f(D), then f
is QC.

Remark 2 In the proofs of the properties of the BMO —QC and —QR
mappings in Section 2 it is useful the fact that the BM O functions can
be extended over isolated singularities [43], p. 5; [46], Proposition 2.16,
p. 6 or over a free boundary arc in G, which is either a line segment or
a circular arc, by symmetry [43], p. 8; [46], Lemma 2.20, p. 7, as well as
over OG in the case that G is a K-quasicircle [32], Theorem 2, p. 42;
[46], Proposition 2.18, p. 6.

Remark 3 Important applications of BM O functions to quasidisks are
contained in [21]. Much literature on BMO functions can be found in
[22].
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3. Classes of mappings

Let be G a domain in C and f : G — C an ACL mapping. Then f
has partial derivatives

1 , ~ 1 ‘
0f = f. = 5(fo—ify) and Of = fz = S(fu +if,)
a.e. in G. If in addition we suppose that f is open, it follows by a
result of Gehring and Lehto [37], p. 128; [1], p. 24] that a.e. in G f is
differentiable and has the Jacobian J(z) = J¢(z) = |0f]* — |0f|*.
The complex dilatation pi(z) = py(2) is defined a.e. in G' by

ofjof it 9f(z)#0
n(z) =

_ (7)
0 if Jf(z)=0.
The local properties of f may also be expressed in terms of the (quo-
tient of) dilatation

14 (2]
T ()

If f is s.p., then a.e. in G: J(z) >0, |u(z)| <1 and K(z) > 1.

There exist several equivalent definitions for QC' and QR mappings,
based on different dilatations expressing the deviation from the confor-
mal case, but their characteristic feature consists in the fact that the
dilatations are bounded a.e. by a certain constant. This corresponds
to the conditions: ||p|lec < 1 or equivalently K € L*(G). The the-
ory is generalized by using instead of a constant, a measurable function
Q:G—[1,00).

Throughout the paper mapping means continuous mapping, if nothing
else is specified.

Definition 3 ([45], p. 2; [46], p. 10) A mapping f : G — C is called
Q(z) — QR if f is either a constant or a s.p., open and discrete, ACL
mapping with

K(2) = Ky(2) (8)

K(2) < Q(z), 9)
or equivalently

[u(2) < (Q(z) = 1)/(Q(2) + 1) (10)

a.e. in G. If f is an embedding (i.e. a homeomorphism into) then it is
called Q(z) — QC.

Evidently, if Q(z) is a constant @) > 1, then fis @ — QR or Q — QC
respectively.
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Ryazanov, Srebro and Yakubov define the F — QR and F — QCc
mapping by the condition Q(z) € F, where F is some mapping class.
We mention also the notations F — QC(G) and F — QR(G) for the class
of F — QC and F — QR mappings respectively.

In the present paper F will usually be the class BMO(G) or BM Oy,
(G), but sometimes F will be L} (G), p > 1.

From direct calculation, using Holder’s inequality, one obtains that
BMO,. —QC C VVi)CS for all s € [1,2). However, there are BMO — QC
mappings that are not in I/Vlloc2 ([45], Proposition 2.2, p. 5).

Unlike the QCTY, there is a BMO — QC mapping f : G — C such
that f~! is not in BMO — QC(f(G)) and also there are BMO — QC
mappings f : G — C and ¢g : f(G) — C such that g o f is not in
BMO — QC(G) [45] Proposition 2.4, p. 6. BMO — QC is invariant
under pre- and post-composition with QC mappings [46] Corollary 4.14,
p. 17.

If f:G—CisaQ(z)— QR or Q(z) — QC mapping, then it verifies
a.e. in G the Beltrami equation

df = nof (11)

with p defined by (7) measurable and ||p|o < 1.

A homeomorphism f : G — f(G) which verifies (11) a.e. in G
for a measurable p : G — C with ||u|lec < 1 is often called a u-
homeomorphism or even a u-conformal mapping, under some additional
conditions on p and f in different papers.

Classes of p-homeomorphisms have been introduced by O. Lehto [35],
G. David [19], P. Tukia [57]. M.A. Brakalova and J.A. Jenkins [14].

Thus Lehto considered u-homeomorphisms of the plane for a measur-
able p with |u(z)| bounded away from 1 in every compact subset of the
complement of F/, where E is a compact set of zero area, but p may tend
to 1 as z approaches F.

David’s class D(G) contains ACL p-homeomorphisms with p satisfy-
ing an exponential condition

{zeG:|uz)] >1—¢c}| < Ce /" (12)

for all € € (0,&¢], and g € (0,1], C > 0, @ > 0 — constants.
Tukia’s class T'(G) replaces (12) by

o{z€G:K(z) >t} < Ce™ ™ (13)

for all t > ty, where o designates the spherical area and tg > 0, C' > 0,
a > 0 are constants.
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Further by Brakalova and Jenkins’ class BJ(G), u satisfies the condi-
tions:

1
/Be p[l_’ ’/( —|—log ’ ’) dm < ®p, (14)

where B is an arbitrary bounded measurable set in G and ® 5 a constant
depending on B, and

/ ——dm =O0(R?), R — . (15)
BO,R)NG 1 — \M|

Locally the classes D(G), T(G) and BMOy,.(G) coincide. Moreover
D(G) ¢ T(G) ¢ BMO — QC(G). If G is quasidisk, then T(G) =
BMO — QC(G). For some domains G, T(G) # BMO — QC(G). For
some domains G, BMO — QC(G)\BJ(G) # 0 ([45], Proposition 2.1, p.
4).

There are now many other papers concerning mappings with finite
distortion (see Definition 4, below) related to the Q(z) — QR mappings,
especially to the BMO — QR(G).

An example is given by the mappings of BMO-bounded distortion
(BMO — BD) [7] and [26], whose class we shall denote by BMO —
BD(G). In spite of name similarity this class differs from BMO—-QR(G)
by the regularity hypotheses about the con51dered mappings, which be-
long now to the Orlicz—Sobolev space Wl (G) and also by the fact that
the topological properties: continuity, openness and discreteness are de-
duced and not contained in definition . The classes also differ by used
methods, which are more geometric based on modulus estimates in the
BMO — QR case and more analytic for the BMO — BD.

For the sake of completeness we define some auxiliary notions, in our
case n = 2 (see general case and results in [7] and [26].

A continuous function P : [0, 00] — [0, 00] is called an Orlicz function
if it is strictly increasing with P(0) = 0 and P(c0) = oo, and Young
function if P is also convex. The Orlicz space is L¥'(G) = {h: G — C;h
measurable and [, P(A™!h(2)[)dm(z) < oo for some A = A(h) > 0}. If

P(t) = t'log® (e + 1), (16)

then LY (Q) is called a Zygmund space. The Orlicz—Sobolev space WLEG)
consists of functions whose distributional gradient in VVl '(G) belongs
to LY(G) ([7], pp. 706-707).
Definition 4 ([7], p. 704) The mapping f : G — C has finite distortion
if

(i) f € WE(G) with ®(t) = t2log ™ (e + 1), 0 < t < o0, and
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(ii) there is a function K(z), 1 < K(z) < oo a.e. in G, such that
IDf(2)]? < K(2)J(2) ae. in G, (17)

D f(z) is the differential of f at z and |D f(z)| = sup{|Df(z)h| : |h| = 1}.
KC is called a distortion function for f and K in (8) is one of the

distortion functions verifying (17) with equality at a differentiability

point of f.

Definition 5 ([7], p. 704) A mapping f has BMO-bounded distortion

if

(i) f €W (G)and

(ii) there is a distortion function M € BMO(C).

One sees that M plays the same role as @ for BMO — QR.

The class BMO — BD generalizes the QRTY in both requirements.
The @ R mappings are obtained when K is bounded and M may be taken
a constant, and when f € Wlif(G)

T. Iwanie¢ and C. Sbordone [30] established a necessary and sufficient
condition that I could be majorized in G by a function M € BMO(C),
namely

/ e/\’C(Z)(l + \z|3)_1dm(2) < oo for some A > 0.
G

Moreover then |M|. < CA~!, with a constant C.

Important results are obtained in [7] if || M|« is sufficiently small or
equivalently if A is large enough (see Section 5 below).

BMO — BD is invariant with respect to a (QC—change of variables.

Under the generic name of mappings of BM O distortion, T. Iwanie¢,
P. Koskela and G. Martin studied in [26] mappings in Sobolev or Orlicz—
Sobolev spaces, which admit a distortion function M in BM O, i.e. which
satisfy condition (ii) in Definition 5 with different regularity assumptions
instead of (i). By using the example of the radial stretchings, they prove
that for each £ > 0, there is a mapping f € Wlicl(G) with || K|« < e and
yet f~! does not admit any BMO distortion function [26], Corollary
5.1, p. 19.

They work with the following definitions:
Deﬁnitlon 6 ([26], p. 17) The mapping f : G — C has finite distortion

if (i) f e T/Vlicl( ) and (ii) as in Definition 4.
Deﬁnltlon 7 ([26], Definition 7.1, p. 22) The mapping f : G — C is of
BMO — BD, if (i) f € W2P(G) with P(t) = tlog™(e +t), and (ii) as
in Definition 5.

Thus if ||M||« < € with certain constant e, then f € VV;}?(G) ([26],
Theorem 7.1, p. 23).
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Among the results obtained with Definition 7 let us quote that each
BMO — BD mapping f belongs to I/Vllof(G) with P(t) = t?loglog” (8 +
t)/log(3 +t), for all 5 € Z* ([26], Theorem 8.2, p. 40).

In his lecture at the 9*" Romanian-Finnish Seminar (Brasov, August,
2001), U. Srebro presented, based on a joint work with O. Martio, V.
Ryazanov and E. Yakubov, the more general class of finite metric dis-
tortion (FMD) mappings and classes based on the geometric definition
of QCTY .

As in the metric definition of the QCTY, let us denote for a mapping
f:G—=C

z, f) =limsu M z :iminw
L(af)—lcjzp ol f) = liminf S,

At points z € G where f is differentiable, L(z, f) = |[Df(z)].
Definition 8 f is an FFM D—mapping in G if there is a measurable set
E C G with |E| = |f(EF)| = 0 such that for every z € G\F

0<l(z, f) <Lz f) < oc. (18)

Then the interior transformations of S. Stoilow [55], 5, I, 6, p. 107,
i.e. continuous, open and discrete, are called coverings and an F'DM-
mapping which is an s.p. covering (s.p. homeomorphism) is called an
F M D-covering (F M D-homeomorphism).

Many properties are proved for the FMD-mappings and among them
relations with BMO — QR.

4. BMO — QC and - QR

Since the BM O —QC and -Q R mapping classes were thought by their
authors as natural extension of the classic QC and QR, they had the
successful idea to use as a main tool the good approximation.

A sequence of Q(z) — QR mappings f, : G — C with complex di-
latations p,, n = 1,2,..., is a good approzimation of the Q(z) — QR
mapping f: G — C with the complex dilatation p if:

(1) [[ptn]loo < 1 for all n,

(ii) fn, — f L uniformly in G,

(iii) g, — p ace. in G ([37], IV, 5.4, p. 185; [45], 5.4, p. 14).

Thus Ryazanov, Srebro and Yakubov prove distortion and conver-
gence results (see sections A and B from below) first for QC Q(z) —
QC mappings. Then they prove existence, uniqueness, representation

for Q(z)-solutions of Beltrami equation and the essential fact: every
Q(z) — QR mapping f has a good approximation if Q € BMO,(G)
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8[45], Theorem 5.5, p. 14). Further by good approximation previous
results (A, B) are obtained in general form for Q(z) — QC or -QR map-
pings. In the following we present the results in A and B directly in all
generality, for the sake of conciseness.

4.1 Distortion

V. Ryazanov, U. Srebro and E. Yakubov establish distortion lemmas
based on path family modulus techniques and the modulus inequality

[37], V, (6.6), p. 221).
Let be f : G — C a Q(z) a QC mapping for a given function @ €
L} (G), T a path family in G and p € adm[, the family of admissible

functions for the modulus M (I") of I'. Then

M(fT) < /C Q(2)p*(2)dm(2). (19)

The distortion lemmas deal with Q(z) —QC mappings in the unit disk
A.
Lemma 3 ([46], Lemma 5.17, p. 20) Let f : A — C\{a,b}, a,b € C,
k(a,b) =8 > 0, be a Q(z) — QC mapping for some Q € BMO(A). Then
for |z] < e72,

k(f(2), £(0)) < C(log1/]z])~*, (20)

where C and « are positive constants, depending only on d, ||Q|« and
@B(0,e-1), and k 1s the spherical distance.

The inequality (20) follows by using Lemma 2.21 in [46] p. 7, (3.1),
Gehring’s result [46], Lemma 5.13, p. 19 on the capacity of rings in C
which separate pairs of points, the capacity of a Teichmiiller ring, and
the relation between capacity and modulus. R R
Lemma 4 ([46], Lemma 5.23, p. 21) Let f : A — C\{a,b},a,b € C,
k(a,b) > 6 > 0, be a Q(z) — QC mapping for some Q in L'(A). If
21 € AV{0} with k(f(=1), £(0)) =,

k(f(2), £(0)) = 9(lz]) (21)

for every z in |z| < r = min(1—|z1],|21]/2), where ¥ is a positive strictly
increasing function which depends only on § and QA.

4.2 Convergence

Starting with the classical theorems on normality and compactness of
meromorphic functions, which have been extended to QC' or QR map-
pings ([37], II, 5, p. 71), many authors generalized this topic on other
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classes of mappings, e.g. G. David [19], P. Tukia [57], V. Ryazanov [48],
V. Ryazanov, U. Srebro and E. Yakubov [44-46], V. Stanciu [49].

Ryazanov, Srebro and Yakubov present several forms of the normality
criteria by proving the equicontinuity of the considered mapping family.
Thus, as a consequence of Lemma 3, they establish:

Corollary 1 ([45], Corollary 3.11, p. 10) Given a function Q in BM Oy,
(@) and distinct points a and b in @, the family of all Q(z) — QC map-
pings [ : G — @\{a, b} is normal.

Other normality criteria for BM O;,.—QC follow directly from Tukia’s
Theorem 3B ([57], p. 52), since the classes BM O, —QC and T coincide
locally: R
Theorem 3 Let F be a family of Q(z) — QC mappings f : G — C with
Q € BMO,.(G). The family F is normal if there is 6 > 0 such that
one of the following conditions is satisfied:

(i) Every f € F omits two points ay and by in C whose spherical
distance is > 6.

(ii) There are z1,z0 € G and a € (@\f(G) such that k(f(z),a) >
0, j =1,2, for every f € F.
(i) There are z1, 22,23 € G such that k(f(z;), f(z1)) > 6, 4,1 =1,2,3,
j#I, forall feF.
Another very useful result, based on Lemma 3.4 and various techniques
in [37] and [41], is the following:
Theorem 4 ([46], Corollary 5.27, p. 22) Let f, : G — C be a sequence
of Q(z) — QC mappings for Q(z) € LL(G). If f — f L uniformly,
then either f is a constant or f is Q(z) —QC, and Of, and df, converge
weakly in LlloC to Of and Of respectively. If in addition [, — [ a.e. in
G, then Of = pdf a.e.

4.3 Beltrami equation-Existence, uniqueness
and representation of solutions

As the BMO — QR and —QC mappings are defined by means of
a Beltrami equation, §3, (11), the existence and the uniqueness of its
solution form one of the main themes.

Following again Ryazanov, Srebro and Yakubov’s work ([45], 4, p.12;

[46], 6, p. 23) a mapping f : G — C is a solution of the Beltrami equation
ow = pu(z)ow (22)
with @ : G — C measurable and ||u||cc < 1, if it is ACL and verifies

(22) a.e. in G. Moreover, u or its corresponding K, (8), is submitted to
different constraints.
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First, homeomorphic solutions are looked for.
Theorem 5 ([46], Theorem 6.26, p. 28, Corollary 6.27, p. 29) If |u(z)| <
1 ae. in G and K(z) < Q(z) a.e. in G for some function Q €
BMOy,.(G), then

(i) (22) has a homeomorphic solution f*:G — C,
(ii) (
(iii) (
iv)

(iv) f* is a.e. regular, i.e. differentiable and J¢u(z) > 0.

)7t E Wi (f1(@)).
)

pny—1

f
f

1s I. absolutely continuous and preserves null sets,

The authors give a direct and beautiful proof of this theorem. E.g.
for (i) they consider f, the QC solution of the Beltrami equation dw =
tn (2)0w, with py,(2) = p(2) if |pn(2)] < 1—1/n and p,(2) = 0 otherwise,
which fixes two points z; and 23 in G (cf. [1], p.98). The sequence { f,,}
forms a normal family by Corollary 1 and a 1. uniformly convergent
subsequence has as a limit f# by Theorem 4.

Further, they effectively construct homeomorphic solutions for p with
K € L} in some special cases, e.g. when u depends only: (i) on Im z,
(ii) on |z| or (iii) on argz — case treated by A. Schatz ([54], Theorem
2, p. 293). They provide thus interesting examples and one sees that
conformal type is not always preserved. On the contrary, there exists p
with K € LP(A), for any p € [1,00), such that the Beltrami equation
(22) has no homeomorphic solution in A ([45], Proposition 2.5, p. 7).

The uniqueness is based on David’s Theorem 2 ([19], p. 55), namely
Theorem 6 ([45], Theorem 5.2, p. 14) Let f;, i = 1,2, be p—homeomor-
phisms in G, with u satisfying David’s condition (12). Then fs o fl_l is
conformal.

This theorem applies due to the local coincidence of the classes D and
BMO - QC.

The BMO — QR solutions of (22) are obtained by Stoilow’s fac-
torization theorem, which says that every open and discrete mapping
g : G — C admits a representation

g=nhoy, (23)

where ¢ is a homeomorphism into and h a meromorphic function in ¢(G)
([65], V, 5, p. 120). Thus it follows:

(i) if g is BMO — QR in G, then g = h o ¢, where ¢ is BMO — QC
in G with p, = pg a.e. in G, and

(ii) if g is BMO — QR and ¢ is BMO — QC in G with p, = pg4 a.e.,
then g = ho ¢,
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h being a meromorphic function in ¢(G) in both cases ([45], Proposition
5.1 and Corollary 5.3, p. 14).

Another class of Beltrami equation solutions with the representation

(23) (hence open and discrete) was considered by T. Iwanie¢ and V.
Sverak, who proved:
Theorem 7 ([31], Theorem 1, p. 182) Every VVZIOE(G) solution g : G —
C of the Beltrami equation (22) with J; > 0 and K, € L}, (G) has the
representation g = h o ¢, where h is holomorphic and ¢ a homeomor-
phism, =1 € Wzif(@(G)) and h € Wlif(go(G))

By using Theorem 5 (ii), a direct proof of Theorem 7 is given in [45],
Theorem 4.3, p. 13 under the assumption that (22) has |u(z)| < 1 a.e.
in G and K(z) < Q(2) a.e. in G, with Q € BMOy,.(G): every solution
g € VV;?(G) has a representation g = h o f* with f# as in Theorem 5
and h holomorphic in f#(G).

Hence if a homeomorphic solution belongs to I/Vllof all homeomorphic

solutions are in VVlloc2 Any homeomorphic solution generates by the

representation (23) all open and discrete solutions and all I/Vlif solutions
([44], Corollary 5.7, p. 21).

Iwanie¢ and Martin showed that there are ACL solutions outside Wli’f,
which are not open and discrete ([29], Theorem 9.2, p. 37).

4.4 Properties of the BMO — QC and —QR
mappings

Ryazanov, Srebro and Yakubov extended for these mappings many
classical theorems, especially by means of the representation (23), of
other results in sections A—C and properties of BMO functions, e.g.
extension of BMO functions, Remark 2. Thus they proved

- the reflection principle for BMO — QC and —QR ([45], Theorem
6.1, p. 15 and Theorem 6.6, p. 17),

- removability of isolated singularities: the BMO — QC extension of
the BMO — QC mappings in A\{0} on A and in C on C ([45], Theorem
6.3, p. 16), (however there is an LP — QC mapping, 1 < p < co in A\{0}
with a nonremovable singularity at 0 ([45], Proposition 2.5, p. 7)),

- the Carathéodory theorem for BMO — QC mappings between Jor-
dan domains, which extend to homeomorphisms between the domain
closures, and if the domains are quasidisks to C ([45], Corollary 6.2, p.
16),

- the conformal type invariance under BMO — QC mappings ([45],
Proposition 6.4, p. 16),

- Picard’s theorems for BM O — QR mappings ([45], Theorem 6.5, p.
17).
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These results are not true for BMOj,. — QC or —QR mappings ([45],
Remark 6.7, p. 18).

Let us also mention Sastry’s paper [53], where necessary and sufficient
conditions for a BMO — QC' extension from R to the upper half plane
H, as in Beurling-Ahlfors theory are given.

Jacobian’s properties for BM O, — (QC mappings and applications in
integral calculus: formulae for the change of variables, area of the image
and pre-image of a measurable set under a BMO;,. — QC mapping,
generalized Green’s formula for BM O),. — () R mappings are also treated
in [46], 10, pp. 37-40.

The convergence Theorem 4 is completed by the weak convergence in
LlloC of the Jacobian sequence Jy, to the Jacobian of the limit mapping
J¢, and the same for J —1 and Jy-1, as well as the weak convergence
in Lj., s € (1,2) of the derivatives ([46], Theorem 10.10, p. 38 and
Corollary 10.18, p. 40).

4.5 BMO — QC and - QR mappings between
Riemann and Klein surfaces

The classes BMO — QC and -QR can be also defined and thoroughly
studied for Riemann and Klein surfaces. In the sequel by a Klein surface
we understand a non-orientable surface without border endowed with a
dianalytic structure given by a dianalytic atlas ([6],1,§2), which is also
sometimes called a non-orientable Riemann surface.

In [43], p. 9, Reimann and Rychener defined BM O-functions on Rie-
mann surfaces by means of the universal covering and the definition
applies to Klein surfaces too. In the same way we defined the BMO —
QC and —@QR mappings between such surfaces and in the following
we shortly present our results concerning convergence and compactness
properties of these mappings [4, 5, 49-52].

Let X and X’ be Riemann or Klein homeomorphic surfaces, (X LX)
and (X’,II', X') their universal coverings, where I : X — X and IT' :
X’ — X'. Here X and X' are either C, A or C with the corresponding
metric: Euclidean, hyperbolic or spherical. The metrics on X and X’
induce by IT and H’ the metrics of X and X’. The convergence will
always be taken with respect to these metrics.

Definition 8 1. The function @ : X — R belongs to BMO(X)
(or BMOyo(X)) if its lifting @ = Q o I belongs to BMO(X) (or
BMOpc(X)) [43] p. 9.

2. f: X = X'isaQ(p) — QC or —QR mapping, p € X, if its lifting
to the universal coverings f: X — X' is a Q(ﬁ) — QC respectively —QR
mapping, p € 17" (p).
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In the case of Klein surfaces X, X’ we work with a sense-preserving
lifting.

Let F be a family of Q(p) — QC mappings f : X — X', Q €
BMO;,(X), F being normalized by a compacity condition
(24)  f(po) = p for two arbitrary but fixed points, py € X and pf, € X'.
Theorem 9 1. If X' is non conformally equivalent to C or ((A:, then F
is normal ([4], Theorem 2.0, p.411 and [5], Theorem 2.0, p.10).

2. If X’ is non conformally equivalent to C or A, and {f,} is a
sequence of F, which . uniformly converges to fo, then fy is a Q(p)—QC
embedding ([4], Theorem 3.0, p.413 and [5], Theorem 3.0, p.11).

3. F is closed in the following cases:

(i) X' is compact (even without (3.15)) ([4], Theorem 4.0, p. 416 and
[5], Theorem 4.0, p.12),

(i) @ € BMO(X) and X' is non conformally equivalent to C ([4],
Theorem 5.0, p. 417 and [5], Theorem 5.0, p.12),

(iii) If X # C and there exists a function C € BMOj,.(X') such that
f~tis a C(p') — QC mapping for every f € F ([4], Theorem 4.0*,
Remark 4.1, pp. 416-417 and [5], Theorem 4.0%, p.12).

These results have been extended [49, 51] to the families ' and F”
consisting of Q(p) — QC homeomorphisms f : X — X’ which map
a given compact subset M C X into respectively onto another given
compact subset M’ C X'.

By using [45], Corollary 5.6, p. 15, a normality criterion was proved
for BMO — QR between Riemann surfaces by Victoria Stanciu:
Theorem 10 ([52], Theorem C) Let X and X' be two homeomorphic
Riemann surfaces, X' non conformally equivalent to either C or C,p; e
X, p;e X', j=0,1,po#p1, py #p) and Q € BMO,oo(X). If F is a
family of Q(p) — QR mappings f : X — X' such that f_l(p;) = p; then
F is normal.

The proof method for non simply connected surfaces X and X' is
based on the lifting of the family F, 7' or F” to the universal coverings.
We use results of [45], §3; [46], §5; [57] and propositions which assure
the preserving of the 1. uniformly convergence by lifting or factorizing
under certain conditions [4, 5].

5. Properties of BMO — BD

We complete our account with results concerning the BMO — BD
mappings and we begin with topological aspects. The problem consists
in giving regularity or integrability conditions for mappings to assure
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openness and discreteness, or continuity, differentiability a.e. for map-
pings of finite distortion, in particular with BMO — BD.

The way has been opened by Yu.G. Reshetnyak [41], II, §6, 6.3, The-
orem 6.3, p. 183, Theorem 6.4, p. 184, continued by S.K. Vodop’yanov
and V. M. Gol’dstein [62], and research intensified together with the ap-
plications in non-linear elasticity and PDEs [12, 13, 56, 38]. In dimension
2 for continuous mappings the openness and discreteness is equivalent
to Stoilow’s factorization theorem and we already quoted [31], where
the problem is solved for mappings f in I/Vlloc2 with Ky € LllOC (see The-
orem 3.13 from above). Results were obtained in higher dimensions
by J. Heinonen and P. Koskela [24] for mappings of finite distortion in
Ball’s class, and the research continued by many others among which
[39], [27, 28], [63], [17], the last two quoted papers with emphasize on
topological methods.

Concerning this problem for BM O — BD Iwanie¢, Koskela and Martin

proved:
Theorem 11 ([26], Theorem 9.1, p. 40) If f: G — C is a BMO — BD
mapping (cf. Definition 2.16) with a distortion function M such that
IM||« < &, then f is continuous (i.e. f is a.e. equal to a continuous
mapping), differentiable a.e. and either constant or open and discrete
(hence monotone) in G.

They also proved the differentiability a.e. of an embedding f: G — C
of finite distortion (cf. Definition 2.15) with a distortion function K €
LY (G), p > 1 ([26], Theorem 9.3, p. 43). As a sequel of [26], other
properties of BMO — BD (Definition 2.14) are established in the paper
by K. Astala, T. Iwanie¢, P. Koskela and G. Martin [7], with the starting
point in the fundamental cycle of works on QCTY and QRTY by K.
Astala [8-11].

Thus they obtained estimates on the modulus of continuity of a mono-
tone mapping in various Sobolev-Orlicz classes, among which the follow-
ing theorem related to David’s bounds ([19], Theorem 1, p. 27):
Theorem 12 ([7], Theorem 4.2, p. 712) Let f : C — C be in BMO—BD
with f(0) =0 and f(1) = 1. Then there are constants A and b > 0 such
that for z, ¢ € B(0,2)

1F(2) — F(O)] < Allog|z —¢| |7/ IMI-

Other deep results on the continuity of monotone mappings are given
in [27].

With their estimates for the modulus of continuity in [7] the authors
succeed to measure the distortion of the Hausdorff dimension for sets in
C, by means of the Hausdorff measure Hj, with weight function h besides
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the classical Hausdorff measure H”, under sufficiently small |[M .. In
particular, they deduce:
Corollary 2 ([7], Corollary 5.1 (respectively 5.2), p. 718) There is an
e1 >0, (2 > 0) such that for each f € BMO—BD(G) with | M||« < €1,
(e2), if E C G is compact with Hy(E) = 0 for h(t) = log ?C+9)/2(¢t),
(for 8 =1, h(t) = log=>/2(t)) then HP(fE) = 0 (respectively H'(fE) =
0).

Further bounds on the area distortion under an Orlicz-Sobolev, in
particular a BMO — BD, mapping are given, e.g.
Corollary 3 ([7], Corollary 6.1, p. 719) If f € W,2*(G) with a« BMO-
bounded distortion function M of ||M||« small enough, and if E C G is
compact, then

F(B)] < Clog2(|E|™) /G J(2)dm(2),

the constant C' depending on G, M and the distance of E to 0G.

As in Astala’s work for QRTY the previous results are applied to

extend the Painlevé theorem of bounded analytic functions.
Theorem 13 ([7], Theorem 7.1, p. 720) There is e3 > 0 with the prop-
erty: If E C G is a compact set with Hy(E) = 0 for h(t) = log=%/2(t),
and f : G\E — C is a bounded mapping in BMO — BD(G\E) with
|M ||« < €3, then f extends to a mapping in BMO — BD(G).

For the proof one extends by 0 the complex dilatation pf to G and
one uses the existence of a homeomorphic solution for the corresponding
Beltrami equation, Stoilow’s factorization and the Painlevé theorem for
analytic functions.

From here it follows that a compact set £ C G with the conformal
capacity zero is also removable for a mapping f as in Theorem 13, since
conformal capacity zero implies Hy(E) = 0 for h(t) = log~%/?(t) and
Corollary 4.3 can be applied ([7], Corollary 7.1, p. 720).

Another remarkable result is Theorem 7.3, p.725 in [7], namely:

There are domains G C C which do not support any non constant
bounded QR mappings, but admit non constant bounded mapping in
BMO — BD of arbitrarily small ||M]|.. In particular, bounded BMO —
BD mappings cannot be uniformly approximated by QR mappings.

References

[1] Ahlfors, L.V. (1996) Lectures on gasiconformal mappings, Math. Studies, Vol.
10, Van Nostrand, Princeton, N.J.

[2] Ahlfors, L.V. (1935) Zur Theorie der Uberlagerungsflichen, Acta Math., Vol.
65, pp. 157-194.

[3] Andreian Cazacu, C. (1971) Influence of the orientation of the characteristic
ellipses on the properties of the quasiconformal mappings, Proc. Rom. Finn.



28

9]
[10]
[11]
[12]

(13]

Sem., Romania, 1969, Publ. House Acad. Soc. Rep. Rom., Bucharest, pp. 65—
85.

Andreian Cazacu, C. and Stanciu, V. (2000) Normal and compact families of
BMO-and BMOjoc — QC mappings, Math. Reports, Vol. 2 (52), 4, pp. 407—
419.

Andreian Cazacu, C. and Stanciu, V. (2000) BM O, — QC mappings between
Klein surfaces, Libertas Mathematica, Arlington, Texas, Vol. 20, pp. 7-13.
Alling, N.L. and Greenleaf, N. (1971) Foundations of the theory of Klein sur-
faces, Lecture Notes in Math., Vol. 219, Springer- Verlag, Berlin.

Astala, K., Iwanieé¢, T., Koskela, P. and Martin, G. (2000) Mappings of BMO-
bounded distortion, Math. Ann., Vol. 317, pp. 703-726.

Astala, K. (1983) A remark on quasiconformal mappings and BM O-functions,
Michigan Math. J., Vol. 80, pp. 209-212.

Astala, K. (1994) Area distortion of quasiconformal mappings, Acta Math., Vol.
173, pp. 37-60.

Astala, K. (1998) Painlevé’s theorem and removability properties of planar
quasiregular mappings, Univ. Jyvaeskylae, Preprint.

Astala, K. (1998) Analytic aspects of quasiconformality, Doc. Math. J. DMV.
Extra volume ICM 1998, 11, pp. 617-626.

Ball, J. (1978) Convexity conditions and existence theorems in nonlinear elas-
ticity, Arch. Rational Mech. Anal., Vol. 63, pp. 337-403.

Ball, J. (1981) Global invertibility of Sobolev functions and the interpenetration
of matter, Proc. Roy. Soc. Edinburgh Sect. A, Vol. 88, 3-4, pp. 315-328.
Brakalova, M.A. and Jenkins, J.A. (1998) On solutions of the Beltrami equa-
tions, J. d’Anal. Math., Vol. 76, pp. 67-92.

Caraman, P. (1974) n-dimensional quasiconformal mappings, Ed. Acad. Roma-
nia, Abacus Press, Kent.

Carleson, L. (1976) Two remarks on H' and BMO, Adv. Math., Vol. 22, pp.
269-277.

Cristea, M. (2003) A note on the openness of weakly differentiable mappings
having constant Jacobian sign. Math. Reports, Vol. 5 (55), pp. 233-237.
Coifman, R.R. and Rochberg, R. (1980) Another characterization of BMO,
Proc. AMS, Vol. 79, pp. 249-254.

David, G. (1988) Solutions de I'équation de Beltrami avec |u|lc = 1, Ann.
Acad. Sci. Fenn. Ser. A, 1. Math., Vol. 13, 1 , pp. 25-70.

Fefferman, C. (1971) Characterization of bounded mean oscillation, Bull. AMS,
Vol. 77, pp. 587-588.

Gehring, F.W. (1982) Characteristic Properties of Quasidisks, Presses Univ.,
Montreal.

Girela, D. (2001) Analytic functions of bounded mean oscillation, Complex func-
tion spaces (Mekrijarvi, 1999, Univ. Joensuu Dept. Math. Rep. Ser., Vol. 4, pp.
61-170.

Grotzsch, H. (1928) Uber die Verzerrung bei schlichten nichtkonformen Abbil-

dungen und iiber eine damit zusammenhangende Erweiterung des Picardschen
Satzes. Ber. Verh. Sdchs. Akad. Wiss. Leipzig, Vol. 80, pp. 503-507.



BMO-mappings in the plane 29

24]
25)
26]
27]
28]

29]
(30]

(31]
32]
(33]

34]

(35]

42]
(43]

(44]

(45]

Heinonen, J. and Koskela, P. (1993) Sobolev mappings with integrable dilata-
tions, Arch. Rational Mech. Anal., Vol. 125, pp. 81-97.

Iwanieé¢, T. (1995) Geometric function theory and partial differential equations,
Lectures in Seillac (France).

Iwanieé, T., Koskela, P. and Martin, G. (1998) Mappings of BM O-distortion
and Beltrami type operators, Univ. Jyvaeskylae, Preprint.

Iwanieé¢, T., Koskela, P. and Onninen, J. (2001) Mappings of finite distortion:
monotonicity and continuity, Invent. Math., Vol. 144, pp. 507-531.

Iwanieé¢, T., Koskela, P. and Onninen, J. (2002) Mappings of finite distortion:
compactness, Ann. Acad. Sci. Fenn. Ser. A, 1. Math., Vol. 27, 2 pp. 391-417.
Iwanieé, T. and Martin, G. The Beltrami equation, Mem. AMS.

Iwanieé¢, T. and Sbordone, C. (2000) Quasiharmonic Fields, Ann. Inst. Henry
Poincaré, Anal. Non Linéaire, Vol. 19, pp. 519-572.

Iwanieé, T. and Sverdk, V. (1993) On mappings with integrable dilatation, Proc.
AMS, Vol. 118, pp. 181-188.

Jones, P.M. (1980) Extension theorems for BMO, Indiana Univ. Math. J., Vol.
29, pp. 41-66.

John, F. and Nirenberg, L. (1961) On functions of bounded mean oscillation,
Comm. Pure Appl. Math., Vol. 14, pp. 415-426.

Krushkal, S.L. and Kithnau, R. (1983) Quasikonforme Abbildungen — neue
Methoden und Anwendungen, Teubner-Texte Math., Vol. 54, Teubner-Verlag,
Leipzig.

Lehto, O. (1971) Remarks on generalized Beltrami equations and conformal
mappings, Proc. Rom. Finn. Sem., Brasov, Romania, 1969. Publ. House Acad.
Soc. Rep. Rom., Bucharest, pp. 203-214.

Lavréntieff, M.A. (1935) Sur une classe de représentation continues. Rec. Math.,
Vol. 42/ pp. 407-423.

Lehto, O. and Virtanen, K.I. (1973) Quasiconformal mappings in the plane, 2nd
ed. Springer-Verlag, Berlin.

Miiller, S., Tang, Q. and Yang, B.S. On a new class of elastic deformations
not allowing for cavitation, Ann. [’Inst. H. Poincaré, Anal. Non Linéaire (to
appear).

Manfredi, J. and Villamor, E. (1998) An extension of Reshetnyak’s theorem,
Indiana Univ. Math. J., Vol. 46, pp. 1131-1145.

Reimann, H.M. (1974) Functions of bounded mean oscillation and quasiconfor-
mal mappings, Comment. Math. Helv., Vol. 49, pp. 260-276.

Reshetnyak, Yu.G. (1989) Space mappings with bounded distortion, Trans.
Math. Monographs, Vol. 73, AMS, Providence, RI.

Rickman, S. (1993) Quasiregular mappings, Springer- Verlag, Berlin.

Reimann, H.M. and Rychener, T. (1975) Funktionen beschréankter mittlerer Os-
cillation, Lecture Notes Math., Vol. 487, Springer-Verlag, Berlin.

Ryazanov, V., Srebro, U. and Yakubov, E. (1999) BM O-quasiconformal map-
pings, Preprint.

Ryazanov, V., Srebro, U. and Yakubov, E. (2001) BM O-quasiconformal map-
pings, J. d’Anal. Math., Vol. 83, pp. 1-20.



30

[46]

Ryazanov, V., Srebro, U. and Yakubov, E. (2001) BM O-quasiregular mappings
in the plane, Preprint.

Ryazanov, V., Srebro, U. and Yakubov, E. (2001) Plane mappings with dilata-
tion dominated by BMO function, Sib. Adv. Math., Vol. 11, 2, pp. 99-130.

Ryazanov, V. (1996) On convergence and compactness theorems for ACL homeo-
morphisms, Rev. Roumaine Math. Pures Appl., Vol. 41, pp. 133-139.

Stanciu, V. (2003) Compact families of BM O-quasiconformal mappings I, II,
Annali dell’ Unsversita di Ferrara, Vol. 49 (to appear).

Stanciu, V. (2002) BM O —QC mappings between Klein surfaces, Math. Reports,
Vol. 4 (54), pp. 423-427.

Stanciu, V. (2003) Quasiconformal BMO homeomorphisms between Riemann
surfaces, Progress in Analysis, Proc. 3rd ISAAC Congress, Berlin 2001, eds. H.
Begehr et al, Vol. I, World Scientific, Singapore, pp. 177-181.

Stanciu, V. Normal families of BM O;,.-quasiregular mappings, Complex Var.,
Theory Appl. (to appear).

Sastry, S. (2002) Boundary behaviour of BMO — QC automorphisms, Israel J.
Math., Vol. 129, pp. 373-380.

Schatz, A. (1968) On the local behavior of homeomorphic solutions of Beltrami
equation, Duke Math. J., Vol. 35, pp. 289-306.

Stoilow, S. (1938) Lecons sur les principes topologiques de la théorie des fonc-
tions analytiques, Gauthier-Villars, Paris.

Sverdk, V. (1988) Regularity properties of deformations with finite energy, Arch.
Rational Mech. Anal., Vol. 100, pp. 105-127.

Tukia, P. (1991) Compactness properties of py-homeomorphisms, Ann. Acad. Sci.
Fenn. Ser. A,I. Math., Vol. 16, pp. 47-69.

Teichmiiller, O. (1940) Extremale quasikonforme Abbildungen und quadratische
Differentiale, Abh. Preuss. Akad. Wiss. Math.-Naturw. Kl. 1939, Vol. 22, pp.
1-197.

Uchiyama, A. (1980) A remark on Carleson’s characterization of BMO, Proc.
AMS, Vol. 79, pp. 35-41.

Volkovyskii, L.I. (1961) On conformal moduli and quasiconformal mappings,
Some problems of Mathematics and Mechanics, Novosibirsk, pp. 65-68 (Rus-
sian).

Vaisala, J. (1971) Lectures in n-dimensional quasiconformal mappings, Lecture
Notes Math., Vol. 229, Springer-Verlag, Berlin.

Vodop’yanov, S.K. and Gol’dshtein, V.M. (1976) Quasiconformal mappings and
spaces of functions with generalized first derivatives, Sib. Math., Vol. 17, 2, pp.
515-531 (Russian); Sib. Math., Vol. 17, pp. 399-411.

Vodop’yanov, S.K. (2000) Topological and geometrical properties of mappings
with summable Jacobian in Sobolev classes, I, Sib. Mat. Zh., Vol. 41, 1, pp.
23-48, (Russian); Sib. Math. J., Vol. 41, 1, pp. 19-39.

Vuorinen, M. (1988) Geometry and quasiregular mappings, Lecture Notes Math.,
Vol. 1319, Springer-Verlag, Berlin.



HARMONIC FORMS ON NON-ORIEN-
TABLE SURFACES

Angel Alonso
E.U.LT. Agricolas
Ciudad Universitaria 28040 Madrid

aalonso@agricolas.upm.es

Arturo Fernandez, Javier Pérez
Facultad de Ciencias, U.N.E.D.
Ciudad Universitaria 28040 Madrid

afernan@mat.uned.es

Abstract A classical subject in the theory of Riemann surfaces is the study of
harmonic and analytic differentials. In particular it is well-known that
the dimensions of the spaces of harmonic and analytic differentials with
respect to the corresponding fields are 2g, where g is the topological
genus of the surface. A further study of this classical setting about
the connection between the topological and conformal structure with
different spaces of differential forms is due to A. Pfluger, who obtained
some important decomposition theorems in this connection derived from
the Dirichlet principle. Here we shall consider some of these questions
for Klein surfaces, that is, we allow the surface to be non-orientable or
to have a boundary.

Keywords: Klein surface, harmonic differential, analytic differential
Mathematics Subject Classification (2000): 30F10

1. Introduction

Let S be a Klein surface, that is, a surface with a dianalytic structure,
that is, a surface which does not have to be orientable and can have a
nonempty boundary 9.5, formed by a finite set of Jordan curves «y. The
algebraic genus g of such a surface is given by ¢ = ag+k—1, where oo = 2
or 1, depending on S being orientable or non-orientable respectively, g
is the topological genus and k is the number of boundary components.
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We shall consider differentials on S as they are presented in N.L. Alling
and N. Greenleaf [2], in particular we shall be interested in harmonic and
analytic differentials on Klein surfaces. In [7], the authors obtained some
results on the dimensions of spaces of harmonic and analytic differentials.
In this article this study will be continued paying attention to the work
of A. Pfluger [8].

2. Definitions and basic facts

2.1. A real 1-form w on a Klein surface S can be expressed in term of
a local coordinate (U, z) in the form

w=u(z)dz+v(z)dz,

or in real terms
w=p(z,y)dz+q(z,y)dy.

We shall say that w is closed if dw = 0 and exact or total when w = df
for f a continuously differentiable globally defined function on S.

We shall call w harmonic if and only if we can express locally w = df,
where f is a locally defined harmonic function, that is

If f is a globally defined differentiable functions on S, then df is called
a total or exact harmonic form.

Given a proper Klein surface S, that is S is non-orientable or it has
nonempty boundary, then we can consider the Schottky complex double
S¢ of S, which is a classical Riemann surface with a dianalytic projection

m: 8. — S,

and there also exists an antianalytic involution ¢ on S such that woo = m,
in such a way that S ~ S./ (o).

For a real 1-form w on S., we can consider the associated form @,
given by

w=oc*w,

where ¢* is the pullback operator for o.

A meromophic (analytic) complex 1-form ¢ on a Klein surface, in
local coordinates (U, z) , has an expression

v=A(2)dz
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where A (z) is a meromorphic (analytic) function of the coordinate and
in such a way that if we consider a new chart (Uy, z1) with

d(zo0271)/0z1 , when zoz ! is analytic,
d(z02,1)/0z1 , when zoz ! is antianalytic,

T (21) = {
then ¢ with respect to the new coordinates has the expression
QY = A1 (2’1) le

where

A (z ) zfl) ozjo1 , when zo zfl is analytic,
¢1(21) =

A(zoz;')oz10T , when zoz;' is antianalytic.

In the complex case the associated form @ is defined by

o =o*p.

2.2. We shall denote by A!(S) the space of 1-forms with coefficients in
o
In A (S) we define a product (w1,ws) in the following form. Let

w1 = prdx + q1dy

and
wo = padx + gody

with respect to a coordinate system (U, z = x + iy) , then we can consider
the quantity

(wlaWQ)U = / (p1p2 + q1¢2) dzdy. (1)
U

If we consider a new coordinate system (U’, 2’ = 2’ + iy’) such that
UNU'# (), and such that

w = phda’ + qdy’
wo = phda’ + gudy’

we check that

/ (12 + q12) dirdy — / (hph + didh) d'dys (2)
unu’ unu’
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what follows from

Pivy + d1ay = |J| (Prp2 + q142) » (3)

where |J| is the absolute value of the Jacobian of the transformation
z (Z') or in real coordinates

z = z(2,y)
y = y(ay).
In fact, we have
, ox dy , ox dy
= p1?+(h%a p2:p2F+QQ?7
, ox y 8 y
@ = p16,+Q1a,,QQ 8 +Q2a,,
so that
Piph + 4145

— ((52) "+ () ) o ((22) " (22))

Oor dy  Ox Oy Oy Odx  Ox Oy
— =+ — = —— 4+ ———1).4
TP <<8x’ ox' * oy’ 8y’>> + P21 <<8x’ ox' * oy’ oy’ @)

Now if T is orientable, i.e. T is analytic, the Cauchy-Riemann equations

Oz Oy Or Oy
o' — dy T oy ox!
hold and we obtain from (4)

/! ! ox 2 ox 2
Mpe+q1dy = (P12 + q1g2) o + 7

= J(pip2 + q142) - (5)
If T is non-orientable, i.e. T is antianalytic, the corresponding equations

Ox oy Oxr 0Oy

o'~ 9y 9x  da

hold and we obtain

/ /+ ! ! _ ( + ) @ 2+ 6_1. ?
P1P2 m 4192 = \P1P2 T 4142 or By’

= —J(pip2 + q192), (6)
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so that (5) and (6) yield (3), and as a consequence we conclude (2).
On the other hand S is a locally compact and countable union of
compact sets so that S is paracompact and therefore, for every open
covering of S we can construct locally finite coverings. Also the existence
of partitions of unity {¢;},.; follows.
For an open set U; C S and ¢; € C' with compact support in U;, we
can consider the integral

/ i (p1p2 + q1q2) dzdy,
U.

with respect to some coordinate z = x + iy in U;, and define
(wi,wp) = Z/ i (P1p2 + Q142) dwidy;, (7)
i VUi

where {(Us, z; = x; 4 iy;) },c; is a family with an open covering {U;},.;
of S and z; = x; + iy; a local coordinate defined in U;.

Taking (2) into account, we can obtain the independence of (wy,ws)
of {(Ui, zi = xi +iyi) };cr and {@i}ic; -

For a form w in A' (S) we can consider the associated number

lwll* = (w,w), (8)

and we shall restrict our study to the subspace I'' of A! of forms w for
which [Jw| < cc.

In T, (7) defines a proper scalar product and (8) defines the associated
norm, the so-called Dirichlet norm.

With respect to this norm I'! is not complete. We can obtain a con-
crete completion of I'! by considering the space I' of all differentials

w = pdx + qdy,

whose coefficients in terms of local coordiantes are measurable functions
which have finite norm.

We remark that the norm |lw|| can be defined in the same way as in
I''. Two differentials in I" are identified if their coefficients differ only on
a set of measure zero.

I" turns out to be a complete normed space and the completion of T'!
can be identified with its closure in I'.

Now we shall introduce some spaces of harmonic forms on a Klein
surface S, corresponding to those introduced by A. Pfluger [8] for Rie-
mann surfaces. Those spaces will be subspaces of I", for which Ahlfors
and Sario [1] use a different notation. We shall present and identify both
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notations though mainly we shall make use that by A. Pfluger.

rt = {w el |w closed} , A-S= QY | PF,
! = {wel'|wexact} ,A-S=T" | PF,
F,l1 = {w el |w harmonic} ,A-S=0"  PF.

In the case of a surface with boundary, we shall also consider

rl, = {w € I'! |w = 0 along the boundary} , A-S,
rl, = {we I'! |w = 0 along the boundary } , A-S,
I'hy = {w€T}|w=0along the boundary} , A-S.

Further A. Pfluger also considers the following subspaces of I" ,

Qy = {w € O |w has compact support} ,

Qo = closure of Qg in Qv
It is clear that QY = Qg in case that S is compact,

Ty = QN ™
Ty = closure of T in o ,

and
Too={we QN |w=df, feCi},

i.e. the space of differentials of functions with compact support, and
Too = closure of Ty in Qv.
We have the following inclusions
Mo oTVN o TyoThw , TP QY 500D To. (9)

Now, following the notation of A. Pfluger for Riemann surfaces, we
introduce for Klein surfaces the spaces

QA =0nqQ,, T8 =0 NT,.

In the case of orientable surfaces, the following relations follow from
Stokes theorem

rly,A-S = Qq, PF,
rl, , A-S Ty , PF,
Ito,AS = Q' PF.
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In the general case of Klein surfaces, in principle, we cannot ensure the
above identities since we do not dispose of Stokes theorem.

2.3. Now we shall follow more closely the notation and exposition of A.
Pfluger who takes a more traditional point of view in connection with
the Dirichlet principle and its consequences in contrast with Ahlfors and
Sario who derive the existence proofs for harmonic differentials from
standard results in Hilbert space theory.

In OV the scalar product allows to identify the quotient spaces

QLA LA 2

T—N ) ?0 9 T:(]o )
with linear subspaces of QN namely the orthogonal spaces to TV |, T ,
and Tog. This follows from the
Dirichlet Principle Given a closed subspace L of QY such that Tyg C

L C TN | there exists for every w € QN a harmonic differential wy such

that
i) w—wy € L

ii) wo L L.
As a consequence of ii) one concludes that
lwol| = mingrey, Hw — w’H .

The Dirichlet principle for Klein surfaces can be derived from that for
Riemann surfaces by the standard procedure of passing to the complex
double. In fact, given a closed subspace L of QV (S), we can consider
the closed subspace L. of QY (S,) given by

L.= {dfc’df € L}7

where w, is the lifting of w to S..
The correspondence

Q : L—L,
df —df.

is a transformation R for which
1Q (df1) — Q (df2)|| = ||dfic — dfac| = 2 ||df1 — df2]|

holds and therefore it is a homeomorphism. Since L is closed in TV (9),
which is complete, L, is also complete and therefore closed in T (S.) .
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Thus, we can apply the Dirichlet principle in S., to w,, the lifting of
w to S¢, and L., obtaining a harmonic form wg. in Se, such that

ai) We — Woe € L07

ai;) |lwoell = infurer, ||we — w/H )

From «;) we deduce that
woe = we + dfoc,

and taking into account that w. and dfy. are symmetric, we conclude
that wg is symmetric in S,. so that it gives rise to a form wg in S, which
is harmonic and such that, due to the fact that the above mentioned
correspondence preserves the distances except for a multiplicative factor,
satisfies i) and i1).

We can obtain similar conclusions to those from Dirichlet principle
for the quotients QY /L, for the quotients R/L, where R is a subspace
of OV, with L ¢ R c QV.

Now we shall pay attention to the spaces introduced above

TH=09nTN ' =09nQy, T =0 nTy.

We can consider the projections 7, g, mgo from Q¥ onto the subspaces
TN . Ty, Too and also their restrictions to Qg and €.
We shall pay special attention to the projection mg restricted to the
subspace €/
7w — T({{ c T,

so that we obtain the orthogonal decomposition
O =af + 13"

where le c QO is a subspace of harmonic differentials.

In the orientable case, when S is the interior of a bordered Riemann
surface Sr, with border 0Sr = I', formed by k& boundary components
which are Jordan curves 71, .., we have the following description of
T(fl and le .

TH consists of the differentials of harmonic functions on S and con-
tinuous on I', such that are constant on every boundary component.

If h; is the harmonic measure of v; , i = 1, .., k, then the differentials
dhq, ..,dhi_1 form a basis of T({I.

Q(I){ consists of those harmonic forms w € €/, such that
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this follows from Stokes theorem.

The absence of Stokes theorem in the nonorientable case is the main
differentiating feature in the theory of differential forms on Klein sur-
faces.

3. Dimensions of spaces of harmonic and
meromorphic differentials on Klein surfaces

The following results, yielding the dimensions of spaces of harmonic
and holomorphic differentials on a compact Klein surface S with no
boundary, hold, see [7, 9, 10].

Theorem A Let S be a compact unbordered Klein surface of topological
genus g and algebraic genus g, then

dimR h (S) = dimR HC (S) = g

Here h (S) denotes the space I'} (S) of harmonic differentials con-
sidered as a real vector space and Hc (S) the space of holomorphic
differentials, also considered as a real vector space.

In the orientable case, it is classical for bordered surfaces S, see Pfluger
[9], p. 172, that for the space S (S) of Schottky differentials i.e. those
differentials which can be obtained as restrictions to S of holomorphic
differentials on the complex double S, it holds the following
Theorem B. Let S be the interior of a bordered Riemann surface St
with topological genus g, algebraic genus g and k boundary components,
then it holds

dimp S (S) =25 =2(29+k—1).

The proof of Theorem B makes use again of Stokes theorem so that
we cannot obtain similar conclusions for non-orientable surfaces.

4. Schottky differentials and harmonic forms
vanishing at the boundary

The absence of Stokes theorem for non-orientable surfaces hinders
again the proof of a decomposition theorem of Pfluger type for the space
of harmonic differentials Q* (S) for non-orientable surfaces, i.e.

Q1 (8) = «Qlf +«1f + TH, (10)

where #, in front position, denotes again conjugation, see Pfluger [8], p.
9.

However we can consider some questions, which were of interest in the
context of this theorem, namely the dimensions of the involved spaces.
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In the orientable case, the decomposition
O =l + 1+« + T + Ty, (11)
can be derived from (10), where T is defined by
Ty =ReTy ={Rew|lw e Ty},

where T4 is the subspace of total analytic differentials in ® 4, with

‘I)A:{gozw—i—iw*:A(z)dz

loll? = 2 /5 A (2) dedy < oo}

and 7T} is the orthogonal complement to TOH + Ty in TH.
A. Pfluger [8] proposes the problem of characterizing the classes of
Riemann surfaces with previously given dimensions

dim QY | dim T |, dim Ty , dim Ty ,

in particular he gets interested in the class of surfaces for which dim 7} =
0, which we can denote by A.

He finds a useful characterization for those
Theorem C A surface S is in A if and only if

 (5) = 0l (5).

For Klein surfaces we do not have those decompositions theorems but
we might consider the study of the dimensions of spaces corresponding
to those considered in the orientable case.

As indicated in section (2.2), in the orientable case we obtain from
Stokes theorem the identification

Lo (S) = To(9),
rl,(s) = .

~—

Y

In fact, let us check the first of them. We have for any f € C*(S),

(w,df") :/Sw/\df: /Sfdw+ asfw, (12)

so that if w € Qp, we know that (w,df*) = 0, and since dw = 0, we also

conclude
/ fw=0,
S
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and since f was arbitrary in C'>° (S) we can derive wr = 0. For w € Qo,
we can approximate by a sequence {wy,},n in Qg in the Dirichlet norm
so that we also obtain by Cauchy-Schwarz inequality

(w,df*) = limy 00 (Wp,df*) =0

and obtain the same conclusion wr—g, i.e. w € rl.

The argument is valid to show the last two identities.

In the non-orientable case we shall consider the corresponding decom-
positions

1 1 1 \L
Tho = Theo + (Theo) ™ - (13)
First of all, we remark that F}Leo is closed in F,ll?, To see this we can
consider again the corresponding subspace L C Q" (S.), where

L={w.e Q" (S)|weTk(5)},

we is the lifting to S. of w. Now L is closed in Q (S.), since it can be
described as the subspace of symmetric forms which vanish at the closed
set of fix points of o, and recalling that the convergence in norm implies
the locally uniform convergence, see Pfluger [9], p. 67, we conclude that
the closure points of L should also be in L.

Now we obtain the following results concerning the dimensions of the
subspaces involved in (13).
Theorem 1 Let S be a compact bordered Klein surface of finite genus
g>1and k > 1 components. Then it hold

dimT} 0=k — 1.

The argument to prove Theorem 1 is exactly the same as in the classi-
cal case. ' consists of the differentials of harmonic functions which are
constants in every component ; of the boundary so that if h; is the har-
monic measure of v; , i = 1,..,k — 1, then the differentials dhq, .., dhg_1
form a basis of F,ll .0- We recall that h; is obtained as the solution of the
Dirichlet problem for S with previously given boundary values

h
h

iy, = 1
i = 0,047

and the process is independent of the orientability of the surface
Theorem 2 Let S be a compact bordered Klein surface of finite genus
g >1 and k > 1 boundary components. Then it holds

)

dim (I’,lwo)J_ = 2¢, if S is orientable ,

dim (F}Leo)L = g, if S is non-orientable.
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Proof of Theorem 2 The orientable case is known by Pfluger, how-
ever we shall indicate a way to prove it, in order to illustrate the non-
orientable case.

Let A, (S) be the space of analytic differentials on an orientable Klein
surface S which are real on the boundary, then it is clear from the
definitions that if

go(z):A¢(z)dz:w<p+iw;,

then
pEA == w_ i, €V =T} (14)

and equivalently
¢ €iA, <= w, € QY =T} (15)

Then we can consider the complex double S. as the union of two
identical copies of S, say S and S*, with the boundaries identified. This
is not the case in the non-orientable case where further identifications
are required.

Therefore in the orientable case, that is, the bordered Riemann sur-
faces as considered by A.Pfluger, we might consider the space S (S) of
Schottky differentials, see [9], p. 172, of those analytic differentials in S,
which can be obtained as restrictions of differentials in S,.

Every Schottky differential can be written in the form

907““‘901'
2 )

(16)
where ¢, € A, and ¢; € iA,, and are given by

or(p) = @) +e)
vi(p) = v —e @),

and p* = o (p) is the conjugate point of p in S.

A, and A, are subspaces of real dimension 2g +k — 1 of A(S), the
full space of analytic differentials on S, so that the real dimension of
S(S)is2(2g+k—1).

Taking now into account (14) and (15) we get from (13) the following
decompositions

or =i(—ipy) =1 [w(iwr +df_ip, i (*w‘im + *df_wr) , (17)

i = wd, +dfp, +1i (xw3, + xdfy,) (18)
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where w?; , wg, € Qi =T}, and f_i,, , fp, are harmonic functions
on S and constant on every component of 95.
Putting together (16), (17) and (18) we conclude
1

SO = 5 [_ *wii@r

+i (wo_i%" + *wsoﬁi + df*'iﬂor + df;l) ] ) (19)

+ w;i - dfiigor + df%

and observe that the subspaces formed by the forms

_dfiwr + idffigor

and

dfy, +idfy,
respectively have the same real dimension as T({{ = Fllzeo ie. k—1, and
also the subspaces formed by the forms

[e)

- w_iLPr

+ Zw*i()o'r

and
o . o
w% tux w%‘
are subspaces of complex forms of real dimension equal to dim Q07 =
dimT} .
We conclude from these remarks and Theorem B in Section 3

dim QY = dim T}, = 2g.

In the non-orientable case, we cannot define a Schottky form and the
associated form ¢, and (;, since as it was pointed out above, we cannot
consider S as a natural subspace of S., and as a consequence S* is not
well-defined either.

However we can consider the subspace A (S.)”* of A(S.) which is
invariant for the map

ot A(Se) — A(Se)
associated to the canonical involution
o:8.— S,

For those ¢ € A(S.)?", there is a well-defined form g on S, which
should be real at the boundary I" of S, i.e. p € A(S).

Conversely every pg € A(S) gives rise to a well-defined ¢ € A(S.)”"
by setting
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¢ (p) = ¢ (o (p) = ws(m(p))- (20)

We remark that in the non-orientable case i.4 (S) is not well-defined
since A (S) is not a complex vector space.

If we consider an analytic form ¢ € A(S), and a local chart (U, z) at
p € S, then we can write

p=A,(2)dz

in such a way that if we consider a new coordinate system (Uy, z1) , then
the local representation of ¢ varies as described in section (2.1).

Here we can also decompose the local representation of ¢ in real and
imaginary parts. In fact, if 2 = x + iy and

ReA, (2) = a(z)=a(z,y),
ImA<p (Z) = ﬂ (Z) = 5 (CE, y) s

then we can write locally

v = (a+1if)(dz +idy)
= adr — fdy +i(Bdx + ady) ,

where
wy = adx — Bdy

is again a proper harmonic form but the expression
Wy = fdx + ady (21)

is not a proper differential form in S for the required rules for non-
orientable changes of coordinates do not follow.

In fact, with respect to the new coordinates (U1, 21), 21 = 1 +1iy1, 0,
should have the form

— Ox oy Ox Ox
Wy = — |:<ﬂa—$1 + O£8—$1> dxl + <67 + Ol—) dy1:| . (22)

Anyway, the entities which locally take on the form (21), in such a way
that for orientable changes of coordinates, they follow the same rules as
those of differential forms and with respect to non-orientable changes of
coordinates, they change according to (22), form a real vector space.

In the particular case of the imaginary parts Im¢ of analytic forms
v € A(S), we shall obtain a real vector space which we shall denote by

Q(9).
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We remark that those clements @ € ) (S) satisfy

what is invariant for orientable and non-orientable changes of coordinates
and we can establish a natural isomorphism

I:Th(S) — Q(9),

w o— o, (23)
so that if w locally admits an expression
w=a(r,y)d—p(z,y)dy
with respect to a parameter z = x + 4y, then & admits the expression
W= (z,y)de+ a(z,y)dy,

and we conclude R
dimg Q (S) = dimg '}, (S). (24)
On the other hand the correspondence
- Q(s),
- W,

A(S)
¥

is also a real isomorphism so that we conclude from (13), (23) and (24)

dimg A (S) = dimg Q = dimg T} (S) = dimg Theo + dimg (The) -

(25)
The established correspondence through (20)
A(Se)” — A(S)
¥ -  ps
turns out to be a real isomorphism so that
dimg A (S.)”* = dimg A (S5) (26)
and on the other hand, as it is described in [7], we can decompose
A(S.) =A(S.)7 @ xA(S.)7 (27)
through
1 1 ~
p=5p+to)+5(0—9),
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where
=0
From (26), (27) and the fact that the operator « is a real isomorphism,
we conclude

1
dimRA(S) = §dimR.A(Sc) =g+k—1 (28)
and from (25), (28) and Theorem 1, we obtain finally
g+k—1=dim (Tho) +k—1,

l.e. 1

dim (F}lze()) =g,
q.e.d.
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Abstract  The periodic components of the Fatou set of a rational or entire function
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1. Introduction
1.1 Basic definitions

Throughout this paper, let f be a rational function of degree at least
two or a transcendental entire function. We denote by D(f) the domain
of definition of f so that D(f) = C if f is entire transcendental while
D(f) = C:=CU {oo} if f is rational. The basic objects studied
in complex dynamics are the Fatou set F(f) of f, which is defined to
be the set of all points in D(f) where the iterates of f form a normal
family, and the Julia set J(f), which is the complement of F(f) with
respect to D(f). Thus J(f) = C\F(f) for entire transcendental f and
J(f) = C\F(f) for rational f.

We denote by f" the n-th iterate of f, with f0 = idp(p). We say
that z9 € D(f) is a preperiodic point of f if there exist p > ¢ > 0 such
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that fP(z9) = f9(20). In the special case that ¢ = 0 so that fP(z9) = 2o
for some p > 1 we say that zg is a periodic point of f. The smallest p
with this property is called the period of zy. For a periodic point zg € C
of period p we call (fP) (zg) the multiplier of zy. If zg = oo, which can
happen only for rational function f of course, this has to be modified: in
this case, the multiplier is defined to be (¢g?)'(0) where g(z) := 1/f(1/2).
A periodic point is called attracting, indifferent, or repelling depending
on whether the modulus of its multiplier is less than, equal to, or greater
than 1. Periodic points of multiplier 0 are called superattracting. The
multiplier of an indifferent periodic point is of the form e?™® where
0 < a < 1. We say that zg is rationally indifferent if a is rational and
wrrationally indifferent otherwise. Finally, a periodic point of period 1 is
called a fized point.

A basic result in complex dynamics says that the Julia set is the
closure of the set of repelling periodic points. Among other basic prop-
erties of the Fatou and Julia set we mention here only that both sets are
completely invariant. Here, by definition, a subset S of D(f) is called
completely invariant if f(z) € S if and only if z € S. For a an introduc-
tion to complex dynamics we refer to the textbooks [9, 21, 26, 43, 56]
for rational functions. The case of transcendental entire functions (but
also that of rational functions) is treated in [10, 29, 45].

1.2 The classification of periodic Fatou
components

A maximal domain of normality of the iterates of f, that is, a con-
nected component of F'(f), is called a Fatou component. If U is a Fatou
component, then fP(U) is contained in a Fatou component which we
denote by U,. A Fatou component U is called preperiodic if there ex-
ist p > ¢ > 0 such that U, = U,. In particular, if this is the case for
q = 0 (where Uy = U) and some p > 1, then U is called periodic, and
{U,Un,...,Up_1} is called a periodic cycle of Fatou components. Again,
the smallest p with this property is called the period of U. In the case
p = 1, that is, if f(U) C U, the Fatou component U is called invari-
ant. A Fatou component which is not preperiodic is called a wandering
component (or wandering domain).

For rational functions we have fP(U) = U,, but for transcendental
functions it is possible that fP(U) # U,. However, U,\ fP(U) contains
at most one point; see [18, 22, 23, 37]

The behavior of the iterates in periodic components is well under-
stood. Let U be a periodic Fatou component of period p. Then we have
one of the following possibilities:
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s [ contains an attracting periodic point zg of period p. Then
f™(z) — zp for z € U as n — oo. If 2z is superattracting, then
U is called a Boéttcher domain. Otherwise U is called a Schrdder
domain.

m JU contains a fixed point zy of fP and f™(z) — zy for z € U as
n — oo. Then (fP)'(z0) = 1if zp € C. (For zp = oo we have
(¢?)(0) = 1 where g(z) :== 1/f(1/2).) We call U a Leau domain
at zg.

» There exists an analytic homeomorphism ¢ : U — D where D is
the unit disk such that ¢(fP(¢~1(2))) = €™z for some a € R\Q.
In this case, U is called a Siegel disk.

m  There exists an analytic homeomorphism ¢ : U — A where A is an
annulus, A = {z : 1 < |z| < r}, r > 1, such that ¢(fP(¢!(2))) =
e?™y for some a € R\Q. In this case, U is called a Herman ring.

n f"(z) — o0 ¢ D(f) for z € U as n — oo. In this case, U is called
a Baker domain.

Clearly, if f is rational, then Baker domains do not exist. Moreover, it
is not difficult to see that entire functions do not have Herman rings.

The above classification of periodic Fatou components is due to Fa-
tou and Cremer; see [10, p. 163] for a more detailed historic account
with references. For a proof we refer to the textbooks mentioned in the
introduction. Most of them deal only with the case that f is rational,
but the case that f is entire transcendental requires only minor modi-
fications. (This remark concerns also various other references made to
these textbooks in this paper.)

If 2 is an attracting periodic point, then zg is contained in a Schréder
or Bottcher domain. Similarly, if zg is a periodic point of multiplier 1,
then there is a Leau domain at zg. More precisely, let zy € C be a fixed
point of multiplier 1; that is, f(29) = 20 and f’(z9) = 1. Then zg is a
multiple pole of the function h(z) := 1/(z — f(2)), say of multiplicity
m + 1 with m € N. (We also say that zg is a multiple fized point of f
of multiplicity m 4 1.) We find that there are exactly m invariant Leau
domains at zg. There is of course an obvious modification of this result
for the case that zg = oo, as well as to the case that zy is not a fixed
point of multiplier 1, but a rationally indifferent periodic point. The
existence of Siegel disks and Herman rings was first shown by Siegel [54]
and Herman [35]. The first example of an entire function with a Baker
domain was already given by Fatou [32, Exemple I] who considered the
function f(z) = z+ 1 + e * and noted that Re f"(z) — oo as n —
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oo for Re z > 0 which implies that the right half-plane is contained
in an invariant Baker domain. Examples of Baker domains of period
greater than one were given in [44, 48]. The term “Baker domain” was
introduced by Eremenko and Lyubich [29, 30].

1.3 Singularities of the inverse function

An important role in complex dynamics is played by the singularities
of the inverse function. Let a € D(f) and let v : [0,1] — D(f) be a
curve in D(f) with endpoint v(1) = a. Let ¢ be a branch of f~! defined
in some neighborhood of b := ~(0); that is, ¢ is meromorphic in some
neighborhood V of b and f(y(z)) = z for all z € V. Suppose that ¢ can
be continued analytically along « into the point ~(¢) for all ¢ € [0, 1),
but not into the point a = y(1). Then (that is, if b, 7, ¢ as above exist)
the point a is called a singularity of the inverse function of f.

One way this is possible is that ¢(v(t)) — 29 as t — 1 for some
20 € D(f) with the property that f is not locally univalent at zy. Then
f(z0) = a, and we call zy a critical point and a a critical value of f.
Note that if zg # oo and f(zp) # oo, then 2 is a critical point if and
only if f'(z9) = 0. For rational functions f, critical values are the only
singularities of f~!. For transcendental entire f it is also possible that
o(y(t)) — oo ¢ D(f) ast — 1. Then a is called an asymptotic value.

We call the critical and asymptotic values of f also singular values
and denote the set of all singular values of f by sing(f~!). We note that
(see [1, Lemma 2])

sing((f?)~ U f" sing(f ! ) (1)

The postsingular set P(f) is defined by

U ™ (sing(f U sing ((f™)~1))).

2. Relations between periodic Fatou
components and singular values

By definition, a periodic cycle of Bottcher domains contains a super-
attracting fixed point and thus a critical point and a critical value of f.
We shall discuss how the other types of Fatou components are related
to singular values.
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2.1 Schroder and Leau domains

The fundamental result in this case is the following theorem. A proof
can be found in the textbooks mentioned in the introduction.
Theorem 1 Let {Uy,Us,...,Up—1} be a periodic cycle of Schrider or
Leau domains of f. Then UjNsing(f~1) # 0 for some j € {0,1,...,p—
1}. More precisely, there exists j € {0,1,...,p — 1} such that U; N
sing(f~1) contains a point which is not preperiodic.

This result can already be found in the memoirs by Fatou [31, 32] and
Julia [39] that founded the theory. More recently, it has been shown that
under a suitable additional hypothesis a periodic cycle of Leau domains
contains at least two singular values. In order to formulate this result, let
20 € C be a fixed point of f. Then the function h(z) := 1/(z — f(z)) has
a pole at zy. The residue of h at zg is called the residue fized point index
and denoted by ¢(f,z0); see [43, §12] for a detailed discussion of this
concept. The residue fixed point index is invariant under holomorphic
changes of variables [43, Lemma 12.3]. This is used to define it for zp =
oo; that is, if co is a fixed point of f and g is defined by g(z) :=1/f(1/z2),
then «(f,00) := t(g,0). Of course, there is an obvious modification of
the residue fixed point index to periodic points, but for simplicity we
state the following result only for fixed points. It is easily transferred to
the case of rationally indifferent periodic points using (1).
Theorem 2 Let zy be a fized point of f of multiplier 1. Let m + 1 be
the multiplicity of zo. If

Re o(f z:o)>lm—|—1 (2)

’ — 20 2’

then one of the m Leau domains associated to zg contains at least two
singular values.
This theorem follows from results obtained by Bergweiler [14] and Buff
and Epstein [25], which extended previous work by Shishikura [52]. In
fact, for rational f this theorem follows immediately from [14, Theo-
rem 2|. Moreover, it was shown in [14, Theorem 2| that the conclusion
of Theorem 2.1 holds for functions f meromorphic in the plane if

R ! L 3

e uf,z0) > gom+ 5. (3)

Here we refer to [10] for the basic definitions and results of complex
dynamics in the setting of transcendental meromorphic functions. We
note that we cannot replace (3) by (2) in this setting, as shown by the
example f(z) = tanz. Here zp = 0 is a fixed point of multiplicity 3,
the two associated Leau domains being the upper and lower halfplane.
As sing(tan~!) = {i, —i}, we see that each of them contains only one
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singular value. A simple computation shows that ¢(tan,0) = g so that
we have equality in (2) for m = 2. Similarly, f(z) = tan?./z provides
an example of a multiple fixed point of multiplicity 2 having only one
singular value in its Leau domain, yielding equality in (2) for m = 1.

These examples show that the conclusion of Theorem 2.1 need not
hold for transcendental meromorphic f if we have equality in (2). On
the other hand, the methods of [25] show that if f is a transcendental
meromorphic functions for which we have equality in (2) and the con-
clusion of Theorem 2.1 does not hold, then the Julia set of f must be a
straight line or a line segment. But this is impossible for transcendental
entire functions by a result of Topfer [58, §3].

We note that estimates sharper than (2) are available if all singular
values are critical values and if the multiplicities of the critical points
are bounded. For example, if all singular values are critical values and if
the critical points are simple, then (2) can be replaced by Re ¢(f, 29) >
1m+ 3; see [14, 25] for details.

2.2 Siegel disks and Herman rings

The classical result in this case is the following theorem, whose proof

can be found in the textbooks mentioned in the introduction.
Theorem 3 Let {Uy,Ul,...,Up—1} be a periodic cycle of Siegel disks
or Herman rings. Then OU; C P(f) for all j € {0,1,...,p —1}.
A more recent result by Mané ([42], see also [53]) says that the boundary
of a Siegel disc of a rational function is contained in the w-limit set of a
recurrent critical point. The question when the boundary of a Siegel disk
or Herman ring actually contains a point of sing(f~!) is rather delicate;
see [27, 33, 36, 46, 47, 50, 51, 59] for results in this direction.

2.3 Baker domains

As rational functions do not have Baker domains, f will always denote
an entire transcendental function in this section. The following result is
due to Eremenko and Lyubich [30, Theorem 1].

Theorem 4 Ifsing(f~"') is bounded, then there is no Fatou component
U such that f™"(z) — oo for z € U as n — oco. In particular, f does not
have Baker domains.

The part concerning Baker domains was strengthened by Bargmann [7,
Theorem 4] as follows.

Theorem 5 If f has an invariant Baker domain, then there exist ¢ > 1
and rog > 0 such that every annulus {z : r < |z| < cr} with r > 1o
contains a singular value.
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In view of these results one might think that Baker domains always
contain singular values. However, this is not the case. The first examples
of entire functions f having a Baker domain U with U Nsing(f~!) =
() were given by Herman [36, p. 609] and Eremenko and Lyubich [28,
Example 3]. As a specific example with this property we mention the
function f(z) = 2 —log2 + 2z — e* which even has a Baker domain
U such that dist(P(f),U) > 0, where dist(-,-) denotes the Euclidean
distance in the plane; see [12, Theorem 1] for this example. A detailed
study of invariant Baker domains U satisfying U N sing(f~!) = () was
given by Baranski and Fagella [6]. Examples of periodic cycles of Baker
domains of higher period which do not contain singular values were given
by Rippon and Stallard [49, Theorem 4].

It was observed by Herman [36, p. 609] that Sullivan’s method [57] to
prove the non-existence of wandering domains for rational functions can
also be applied to entire functions with Baker domains and leads to the
following result.

Theorem 6 If f has a periodic cycle of Baker domains which does not
contain a singular value, then f has an infinite dimensional space of
quasiconformal deformations.

As specific examples where Theorem 2.3 applies we mention functions
f of the form f(z) = z + p(2)e?®) where p, ¢ are polynomials, or func-
tions f of the form f(z) =z — g(2)/¢'(z) where g(z) = [; e?Ddt with a
polynomial g. (Note that f arises from applying Newton’s method for
finding the zeros of g.) These functions have finite dimensional spaces of
quasiconformal deformations, and thus every periodic cycle of Baker do-
mains contains a singular value. We refer to [11, 55] for these examples,
as well as to [20] for some other examples; see also [10, Theorem 14] for
further discussion.

Another relation between Baker domains and singular values is given
by the following result proved in [12, Theorem 3].

Theorem 7 IfU is an invariant Baker domain which does not contain
a singular value, then there exists a sequence (py) such that p, € P(f),
|pn| — 00, [pnt+1/pn|l — 1, and dist(p,, U) = o(|pn|) as n — co.

We note that the example f(z) = 2 —log2 + 2z — e* already mentioned
shows that dist(pn,U) = o(|pn|) and |pn+1/pn| — 1 cannot be replaced
by dist(pn,U) = o(1) and |pp+1 — pn| = o(1). It is not clear whether
the conditions that dist(p,,U) = o(|pn|) and |pnti/pn] — 1 can be
improved.

If information about the asymptotics of f in a Baker domain U is
given, then one can sometimes use this to prove that U contain at least
one singular value. Hinkkanen [38, Theorem 2] obtained such a result for
functions f satisfying f(z) = z+az""+0 (2™ %) as z — 00 in a suitable
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sector, where a € C\{0} and 6 > 0. In some cases the asymptotic
behavior in a Baker domain domain U even implies the existence of
infinitely many singular values in U. The following result is due to
Rippon and Stallard [49, Theorem 2]

Theorem 8 Suppose that

f(z) = az +bzFe (1 + o(1))

as Re z — oo, where a > 1,b > 0,k € N. Then there exists p > 0, R > 0
such that {z : [2¥e¢™%| < p,|z| > R} is contained in a Baker domain U,
and U contains infinitely many singular values.

Rippon and Stallard [49] have also given some other conditions implying
that a Baker domain contains infinitely many singular values.

The following theorem [13] is a further result in this direction. In or-
der to state it, we denote by Ay the hyperbolic metric in a domain U and
consider for a Baker domain U and z € U the sequence (p,(z)) defined
by pn(2) == Au(f"1(2), f*(2)). By Schwarz’s lemma, (p,(z)) is non-
increasing so that p(z) := lim, . pn(z) exists. The sequences (py(2))
were also considered by Rippon and Stallard [49] in their proof of Theo-
rem 2.3, and they have also been studied by Bargmann [8], Bonfert [24]
and Konig [41].

Theorem 9 IfU is an invariant Baker domain such that U Nsing(f~1)
1s bounded, then we have one of the following three cases:

(i) inf.ep p(z) > 0,

(ii) p(z) >0 for all z € U, but inf.cpy p(z) = 0, and there exists a > 0
such that

pn<z>=p<z>+a-$+o(%),

(iii) p(z) =0 for all z € U, and there exists b € R such that

1 logn 1
Pn(Z) = %"‘b' 2 +O(ﬁ>

The main idea in the proof is to use that U is simply connected [2,
Theorem 1] and that if ¢ : D — U is simply-connected, then g :=
¢~ Lo fo¢is an inner function. This approach has been used in a
number of papers [4, 5, 8, 40, 41]. It turns out that under the hypotheses
of Theorem 2.3 the function g can be continued across some arc on 0D
and it has a fixed point £ on this arc. If £ is attracting, then we have
case (i). Otherwise ¢ is a multiple fixed point of multiplicity 2 or 3, and
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this leads to cases (iii) and (ii). The numbers a and b occurring in (ii)

and (iii) can be expressed in terms of g and . More precisely, we have

t(g,€) — 1 1(g,¢)
= D57 d b=
3 tanh (@) o 4

ol w

As an example where Theorem 2.3 applies we mention entire functions
f which satisfy f(z) = z + ¢+ o(1) as |z| — oo in some sector {z :
|arg z| < n}, where ¢,n > 0. It is easy to see that such a function f has
an invariant Baker domain U containing {z : |argz| < n,Re z > R} for
some R > 0. Using Theorem 2.3 one can show that if f has finite order,
then U Nsing(f~!) is unbounded; see [13, Theorem 3].

Finally we mention that for functions f satisfying f(z) = z+c+o(1) as
|z| — oo in some sector {z : | arg z| < n}, where ¢,n > 0, there is also an
analogue of Theorem 2.1 for Baker domains; see also [15] besides [14, 25]
for this result.

Theorem 10 Suppose that f(z) =z+14+c¢/z+0(1/z) as |z| — oo in
some sector {z : |argz| < n}, where ¢ € C and n > 0. Then f has a
Baker domain U containing {z : |arg z| <n,Re z > R} for some R > 0.
IfRec< %, then U contains at least two singular values.

In order to see the analogy to Theorem 2.1 we note that if f is a rational
function satisfying f(z) =z 4+ 1+ c¢/z + o(1/z) as |z| — oo, then f has
a fixed point of multiplicity 2 at oo, with ¢(f,00) = 1 — ¢. Thus the
condition Re ¢ < 3/20 corresponds to (2) if m = 1.

Note that the hypothesis on ¢ is satisfied in particular if ¢ = 0.

24 Concluding remarks

Here we have concentrated on relations between periodic Fatou com-
ponents and singular values. We mention that there are also relations
between wandering domains and singular values. This concerns results
about the non-existence of wandering domains [11, 19, 30, 34, 55], which
extend the result of Sullivan [57] that rational functions do not have wan-
dering domains to certain classes of transcendental entire functions, as
well as results on the limit functions of the iterates in wandering do-
mains [1, 16, 17].

There are many other results in complex dynamics where the singular
values play an important role. For example, there are intimate relations
between singular values and the geometry of the Julia set, its Hausdorff
dimension, and various other properties. We refer the reader to the
textbooks and articles mentioned in the introduction.
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Abstract In recent years R. Belch proposed an approach for investigating nonlin-
ear Riemann-Hilbert problems with non-smooth target manifold. His
main result is a characterization of solutions to Riemann-Hilbert prob-
lems as extremal functions in certain function classes. However, a com-
plete analogy to corresponding results for problems with smooth target
manifold holds only for a subclass of the toplogical target manifolds in-
troduced by Belch, which are called normal. The conjecture that this
subclass coincides with the whole class of topological target manifolds
was left unproved. In the present paper we give a (counter-)example of
a topological target manifold for which the solution set of the Riemann-
Hilbert problem is in some sense bigger than in the smooth case. The
problem to characterize normal topological target manifolds in geome-
tric terms arises now as a challenging question of ongoing research.
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The non-linear Riemann-Hilbert problem consists in finding all holo-
morphic functions w in the complex unit disc D which satisfy the bound-

diti
ary condition w(t) € My WEeT (1)

on the unit circle T. Here {M,} is a given family of curves in the complex
plane.

We refer to M; as the target curves of the problem and define the
target manifold as the set

M:=| J{t} x M, T xC.
teT
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In the classical formulation it is assumed that w belongs to H>*NC, the
space of holomorphic functions in D which have a continuous extension
onto D.

Depending on the geometry of the target manifold, several types of
Riemann-Hilbert problems can be distinguished (see [6] for Riemann-
Hilbert problems on the disc, Efendiev and Wendland [4], for problems
on multiply connected domains, and M. Cerne [3] for problems on bor-
dered Riemann surfaces). For the convenience of the reader we formulate
one main result.

A smooth compact target manifold M is a connected totally real com-
pact C''-submanifold of T x C. All target curves M; of a smooth compact
target manifold M are smooth simple closed curves in C. The interior
region of M; is denoted by int M;.

A smooth compact target manifold M is said to be reqularly traceable
if there exists a function wy € H* N C such that wy(t) € int M; for all
t € T. Any such function wg is said to be an interior function of M.
For each solution w € H>* N C of (1) the function w — wy has a winding
number about the origin giving the number of zeros of this difference
in the open unit disc. We refer to this number as the winding number
windyw of w about M.

The following statements about the solvability of the Riemann-Hilbert
problem (1) can be traced back to A.L Shnirel’'man [5]. Here we quote
from [6], Theorem 2.5.1.

Theorem 1 Let M be a smooth compact regularly traceable target man-
ifold.

(i) The set of solutions with winding number zero about M is homeo-
morphic to the unit circle.

(ii) Let wo be an interior function of M and k > 0. Fix k points
21,...,2k €D, tog € T, and xog € My,. Then there is exactly one
solution w € H*® N C with windy;w = k satisfying the conditions
w(ty) = xo and

w(zj) =wo(zj), j=1,...,k. (2)

One main challenge in investigating Riemann-Hilbert problems is to
reduce the smoothness assumptions on the target manifold M. In order
to investigate non-smooth problems, R.Belch [1, 2] introduced a new
concept of target manifolds.

Let C denote the Riemann sphere. A topological target manifold M
is a subset of T x C, for which there exist open sets A, B C T x C with
the following three properties.
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(i) T x C is the disjoint union of A, B and M.

(ii) The fibers Ay := {w € C: (t,w) € A} and B, := {w € C: (t,w) €

B} are non-empty and simply connected for any ¢t € T.
(ili) M is the common boundary of A and B, A = 9B = M.

Though the manifolds are called topological, the concept includes also
Riemann-Hilbert problems with piecewise continuous boundary condi-
tions. The fibers

M; :={weC: (t,w)e M}

of a topological target manifold M need not even be curves.

In this general setting the meaning of the boundary condition is not
immediately clear. Especially one cannot expect that solutions of prob-
lems with topological target manifolds are continuous up to the bound-
ary of the disk. Assume we seek solutions in the Hardy space H* of
bounded holomorphic functions (which is a natural choice for bounded
target manifolds M C T x C). Functions in H* have nontangential
boundary values almost everywhere on T and we could formulate the
boundary condition as

w(t) € My a.e.onT. (3)

In a moment we shall see that this does not give quite what we want, but
before we have to mention another obstacle: The (geometric) winding
number of a solution in H* about M makes no sense. The natural
substitute for the winding number of w about a target manifold M with
an interior function wg is the number of zeros of w — wg in . Now
consider, for example, the standard problem with M = T x T. If the
boundary condition is to be understood in the sense of (3), all inner
functions are solutions of the Riemann-Hilbert problem. Among them
are plenty of functions without zeros in D: the unimodular constants
(which are the “classical” solutions with winding number zero about M),
but also all singular inner functions. So the class of solutions without
zeros is much wider than the class of solutions with winding number
Zero.

In order to circumvent this difficulty, the boundary condition is inter-
preted in a different way. For this end, let clusw(t) denote the cluster
set of a holomorphic (or meromorphic) function w at ¢t € T,

clusw(t) = {w € C: Izn) C D, 2, — t, w(z,) — w}.
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The boundary condition of a Riemann-Hilbert problem is then under-
stood in the sense that

clusw(t) C My for all t € T.
If we define the cluster-graph of w as the set
cgrw:={(t,y): teT, yeclusw(t),}
a short form of writing the boundary condition is
cgra C M. (4)

Since Belch’s target manifolds live in T x C it is natural that he looks
for meromorphic solutions. N
In this setting a topological target manifold M C T x C is called
reqularly traceable if there exist meromorphic functions a,b in D such
that
cgra CA, cgrbC B, #la=0b=0.

Here the intersection number # [a = b] of the functions a and b is the
number of zeros of a — b as a mapping D — C.

Since our main interest is in holomorphic solutions we assume for the
sake of simplicity that A is bounded and 0 € Ay for all t € T. We call A
the interior and B the exterior of M and take a = 0 and b = co. Then for
smooth target manifolds the meromorphic solutions with # [w = a] = k
and # [w = b] = 0 correspond to the holomorphic solutions with winding
number k£ about M, which leads to the definition of the solution classes

Wi :={we OD): #[w=a] =k}

In order to study the structure of the (most important) solution class
Wo, we follow Belch [1, 2] and consider families of holomorphic functions
with restricted cluster sets

A:={weOD): cgrw C A, #[w=>]=0}
B:={weOD): cgrwC B, #[w=a] =0}
A:={weOD): cgrwC A, #[w=>b]=0}
B:={we OM): cgrw C B, #[w=a] =0}

Let X be one of the sets A, B, A, B or Wi. The range of values of X at
z € D is defined by

X(z) :={w(z): weX}, zeD.
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If M is a regularly traceable topological target manifold then, for each
zeD,

(i) A(z) is homeomorphic to D and B(z) is homeomorphic to C \ D,
(ii) A(z) = C\ B(2) and B(z) = C\ A(z),
(iii) C is the disjoint union of A(z), Wy(2), and B(z).

Belch’s main result is the following existence theorem which genera-
lizes an extremal principle for Riemann-Hilbert problems with smooth
target manifold from [6].

Theorem 2 (R.Belch [1] Theorem 6.4.1; [2] Section D.4.6)

Let z € D. If the topological target manifold is reqularly traceable, then
for each point y € OA(z) U OB(z) there exists a unique solution w € W
with w(z) = y.

A closer look reveals that this result is not quite what one expects. Re-
call that for smooth target manifolds the solution set Wy is homeomor-
phic to the unit circle T. Now we have one solution for each y € 0A(z)
and one solution for each y € 9B(z), which seems to be too many, com-
pared with the case of smooth target manifolds.

Of course, everything would fit nicely with the former results if OA(z)
and 0B(z) coincide. Therefore a topological target manifold is said to
be normal, if for one (and then for all) z € D

Alz) = A2), ()

which implies that 0A(z) = 0B(z). Belch conjectured ([1] Section 1.2.1;
[2] Section D4.7) that all topological target manifolds are normal.
Though all smooth regularly traceable target manifolds are normal,
this conjecture was too optimistic. In the following we give a counterex-
ample.
Theorem 3 Not all topological target manifolds are normal.
Proof We construct a topological target manifold for which A(0) and
B(0) contain a common inner point.
Let g: R — R be a smooth strictly increasing bounded odd function.
We define the strips S— and S by

Sy={z=a+iyeC: |yFg(z) <1}

and denote by w* = u® 4 iv* the conformal maps of D onto S+ nor-
malized so that w(0) =0, ut (1) = 400.

It is convenient to consider these maps as composition of a map of I
onto the horizontal strip S := {z € C: |Imz| < 1} and a map of S onto
S+ and S_, respectively.



The conformal maps of S onto S+ and S-

The maps obey the symmetry relation w™(Z) = w—(z). Symme-
try also implies that u®(—1) = —oco. If ¢ is on the upper half circle
T, then Rew™(t) > Rew™(t), if ¢ is on the lower half circle T_ then
Rew™(t) < Rew™(t). The properties of w™ and w™ guarantee the exis-
tence of a smooth bounded function f: T x R — R with the following
properties.

(i) For all ¢t € T the function u +— f(¢,u) has compact support.
(ii) For ¢t =1 and ¢t = —1 there holds f(¢,u) = 0.

(iii) For all t € T\ {—1,1} we have
v (t) < f(t,u (1)) — 1 and v (t) > f(t,u™(t)) + 1.

Now we choose a smooth real-valued function ¢: T — R which vanishes
outside a neighborhood of the point ¢ =i and has integral mean 1 over
T. Let ¢ denote the conjugate of ¢, so that w; = ¢ + iy extends holo-

morphically into . The extended function w; is smooth and satisfies
w1(0) = 1. For a, § € R we consider the perturbed functions

wiﬂ = wt 4 aw; + Bi.
Obviously, w, 5(0) = w:’ﬁ (0) =a+1ip.

If a and 3 are sufficiently small, say |a 41| < €, then the perturbed
functions w;“ 5 and w,_ 5 still satisfy

Vo g(t) < Ftug5(t),  vis(t) > f(tul4(t))

on T\ {-1,1}.
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Ret <0, Imt >0 Ret > 0, Imt >0

Ret <0, Imt <0 Ret > 0, Imt <0

Further, there exists a real constant ¢ which is an upper bound for
the absolute values of f, Rew, ; and Rew} g ifonly [a+ip| <e.

Finally, let T'(z) := 1/(z — 21c) and deﬁne the curve M} C C as the
image of the graph of u — f(¢,u) under the transformation 7. The
(open smooth) curves M; lie between two circles that touch each other
at the origin. We complement the curves M} by the origin and get closed
Jordan curves M;. Now it is not difficult to see that the set M C T x C
defined by

M :={(t,z): teT, ze M}

is a topological target manifold (it is the image of a torus under a fiber-

preserving homeomorphism). If f is chosen so that f(¢,.) = 0 in a
neighborhood of ¢ = 1 it is even smooth with the exception of the single
point (—1,0).

In order to show that M is not normal, we remark that for all «
and § with |+ 15| < € the functions T o wf 5 are holomorphic in D

and continuous on the closed disk. They satisfy cgr (T ow, ﬁ) Cc A
and cgr (T ow 5) C B. The values wfﬁ(O) with |a + 18] < & cover a
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neighborhood of the origin and consequently the point 7'(0) is an interior
point of A(0) and B(0).

Once we know that Belch’s conjecture is not true, the question arises
which topological target manifolds are normal.
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Abstract  The paper deals with analytic and topological aspects of elliptic Carle-
man-Bers-Vekua system. Using this system a holomorphic vector bundle
on the Riemann sphere is constructed together with an L,-connection
on it. In this framework the Riemann-Hilbert monodromy problem is
formulated and solved for a special class of regular systems.
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The global theory of generalized analytic functions [13] both in one-
dimensional and multi-dimensional case [4], involves studying the space
of horizontal sections of a holomorphic line bundle with connection on
a complex manifold with singular divisor. In this context one needs to
require that a connection is complex analytic. An interesting class of
such connections is given by L,-connections, and their moduli spaces
have many applications. Such connections and their moduli spaces are
the object of intensive study [12], [7].

We study holomorphic vector bundles with L,-connections from the
viewpoint of the theory of generalized analytic vectors [4]. To this end
we consider a matricial elliptic system of the form

9_B(z) = A(2)D(2). (1)

The system (1) is a particular case of the Carleman-Bers-Vekua sys-
tem [13]
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0_f(2) = A(2) f(2) + B(2) (), (2)

where A(z ) B(z) are bounded matrix functions on a domain U C C and
f(z) = (f1(2), ..., f*(2)) is an unknown vector function. The solutions
of the system (2) are called generalized analytic vectors, by analogy with
the one-dimensional case [13], [4].

Along with similarities between the one-dimensional and multi-dimen-
sional cases, there also exist essential differences. One of them, as was
noticed by B.Bojarski [4], is that there can exist solutions of system (1)
for which there is no analogue of the Liouville theorem on the constancy
of bounded entire functions.

At first we present some necessary fundamental results of the theory
of generalized analytic functions [13],[2],[3],[4] in the form convenient for
our purposes.

Let f € LP(U), where U is a domain in C. We write f € W,(U), if
there exist functions 6y and 6, of class LP(U) such that the equalities

// fasodU_—/:/Uelgde’ //Ufg—de:—/UGmde

hold for any function ¢ € C1(U).
Let us define two differential operators on W, (U)

9z : Wp(U) — Lp(U), 0. : Wp(U) — Lp(U),

by setting 0z f = 61, 0,f = 65. The functions #; and 6 are called the
generalized partial derivatives of f with respect to z and z respectively.
Sometimes we will use a shorthand notation f; = 6; and f, = 65. It is
clear that 0, and 0z are linear operators satisfying the Leibniz equality.
Define the following singular integral operator on the Banach space
L,(U):
T:Lp(U) — Wy(U),

T(w) = f% //U ;”Et)sz,w e Ly(U). (3)

The integral (3) makes sense for all w € L,(U), almost all z € U, and all
z ¢ U and (3) determines a function ¢(z) = T'(w) on the whole C. For
w € L,(U) with p > 2, the function ¢ is continuous.

Any element of W,(U) can be represented by an integral (3). In
particular, if f;z = w, then f(z) can be represented in the form

e =nt) - [ #av
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where h(z) is holomorphic in U. The converse is also true, i.e., if h(z) is
holomorphic in U and w € Ly(U), then h(z) — (1/7) // w(t)/(t—z)dU

determines an element f(z) of W,(U) satisfying the quality fz=w.

As we saw, the generalized derivative with respect to z of the integral
(3) is w. Similarly, there exists a generalized derivative of this integral
with respect to z. It equals

_% / /U (tw_(tz))sz. (4)

The integral (4) is understood in the sense of Cauchy principal value
and by definition equals

w(t

S(w) =t o =1 [[ 2ga 6

where U, = C\ D.(z), with D.(z) being the disk of radius e centered at
z. In the equality (4), the limit converges to function f(z) in Lj,-metric,
p>1.

It is known [13] that in one dimensional case a solution of (1) can be
represented as

®(z) = F(2) exp(w(2)), (6)

where F' is a holomorphic function in U, and w = —(1/7) // A(z)/(

£—
z)dU. In the multi-dimensional case an analogue of factoriz%tion (6) is
given by the following theorem.
Theorem 1 [2]. Each solution of the matricial equation (1) in U can
be represented as

O(2) = F(2)V(2), (7)

where F(z) is an invertible holomorphic matriz function in U, and V(z)
is a single-valued matriz function invertible outside U.

We use the representation of the solution of system (1) in the form
(7) for the construction of a holomorphic vector bundle on the Riemann
sphere and for the solution of the Riemann-Hilbert monodromy problem
[1] for the elliptic system inhe form (1).

We recall some properties of solutions of (1). The product of two
solutions is again a solution. From Theorem 1 follows (see also [6]) that
the solutions constitute an algebra and the invertible solutions are a
subfield of this algebra.
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Proposition 1 Let C(z) be a holomorphic matriz function, then [C(z),
0z] = 0.
Indeed,

Here we have used that 0zC(z) = 0.
Definition Two systems 0:®(z) = A(z)®(2) and 0:P(2) = B(z)®(2)
called gauge equivalent if there exists a non-degenerate holomorphic ma-
trix function C(z), such that B(z) = C(2)A(2)C(z)~ .
Proposition 2 Let the matrixz function V(z) be a solution of the system
0:P(z) = A(2)®(2) and let ®1(z) = C(2)P(2), where C(z) is a nonsin-
gular holomorphic matriz function. Then ®(z) and ®1(z) are solutions
of gauge equivalent systems.

The converse is also true: if ®(z) and ®1(z) satisfy systems of equa-
tions

0:5(2) = A(2)2),
9:®1(2) = B(2)®1(2)
and A(z) = C71(2)B(2)C(z), then ® = D(2)®(z) for any holomorphic

matriz function D(z).

Proof By Proposition 1 we have C(2)0z®1(z) =
therefore ®1(z) satisfies the equation 9:®1(z) = C~1(2)A(2)C(2)®1(2).
To prove the converse let us substitute in d;®(z) = A(2)®(z), in place
of A(z) the expression of the form C~!B(2)C(z) and consider

A(2)C(2)®1(2), and

2:®1(2) = C7'B(2)C(2)®(2) =

C(2)0:®(z) = B(2)C(2)®(2)

but for the left-hand side of the last equation we have C(z)0z®(z) =
0zC(2)®(2), therefore

9z(C(2)®(2)) = B(2)(C(2)2(2)).

From this it follows that ® and C'® are the solutions of equivalent sys-
tems, which means that ®; = D®.

The above arguments for solutions of (1) are of a local nature, so
they are applicable for an arbitrary compact Riemann surface X, which
enables us to construct a holomorphic vector bundle on X. Moreover,
using the solutions of system (1) one can construct a matrix 1-form Q =
D-FF~! on X which is analogous to holomorphic 1-forms on Riemann
surfaces.
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Let X be a Riemann surface. Denote by Ly p (X) the space of Ly-forms of
the type (o, 3),a, 8 = 0,1, with the norm Hw||Lg,g(X) = Z]. HWHL,‘;"[’(Uj)’
where {U;} is an open covering of X and denote by W,,(U) C L,(U) the
subspace of functions which have generalized derivatives.

We define the operators

D. = L Wy(U) — LYOW), f o wndz = 0.
D: = % W (U) — Lyt (U), f — wedz = Oz fdz.

It is clear that Dg = 0 and hence the operator D; can be used to
construct the de Rham cohomology.
Let us denote by CL;)(X) the complezification of L})(X), ie. CL},(X) =

L})(X ) ® C. Then we have the natural decomposition
1 _ 710 0,1
CL,(X) =L, (X)® Ly (X) (8)

according to the eigenspaces of the Hodge operator * : Ly(X) — L} (X),
« = —1on Ly’(X) and * =2 on Ly (X).

The decomposition (8) splits the operator d : Lg(X ) — Lg(X ) into
the sum d = D, + D_.

4

Next, let as above, & — X be a C*°-vector bundle on X, L,(X,€)
be the sheaf of the L,-sections of £ and let Q € L)(X,€) ® GL(n,C)
be a matrix valued 1-form on X. If the above arguments are applied to
the complex Ly (X, &) with covariant derivative /g, we obtain again the
decompositions of the space CL})(X ,€) and the operator g :

1 1,0 0,1
CLL(X,€) = L}O(X,&) @ LOY(X, ),

Ve =vVa+ Ve
Locally, on the domain U, we have V(Uz = dy + 2, where Q) € L})(X, U)®
GL(n,C) is a 1-form. Therefore 7§ = (D, + Q1) + (Dg + Qg), where
1 and 29 are, respectively, the holomorphic and anti-holomorphic parts
of the matrix valued 1-form on U. We say that a Wj-section f of the
bundle £ with L,-connection is holomorphic if it satisfies the system of
equations

9_f(z) = A(2) [ (2), (9)

where A(z) is an n x n matrix-function with entries in Lg(X) ®GL(n,C)
and f(z) is a vector function f(z) = (fi1(z), f2(2), ..., fu(2)), or in equiv-
alent form if (9) may be written as

Dsf = Qf,
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where () € L;(X) ® GL(n, C).

We now use the above arguments for constructing a holomorphic vec-
tor bundle over the Riemann sphere CP! by system (1). Let {U;}, j=1,2,
be an open covering of the CP!. Then in any domain Uj, a solution ®(z)
can be represented as ®(z) = V;(z)F(z), where Vj(z) is a holomorphic
non-degenerate matrix function on U§ — S; with S; being a finite set of
points. Restrict ®(z) on the (UfNUS)—S5 = (U1UU2)¢ =S, S = S1US5,
and consider the holomorphic matrix-function @1 = Vi(2)Va(z)~! on
(Up UU)® —S. It is a cocycle and therefore defines a holomorphic
vector bundle & on CP! — S. From the proposition 1 follows, that
& - CcPl-Sis independent of the choice of solutions in the same
gauge equivalence class. The extension of this bundle to a holomorphic
vector bundle & — CP?! can be done by a well-known construction (see
[1]) and the obtained bundle is holomorphically nontrivial.

It is now possible to verify that the operator % + Q(2,%) is an Ly-
connection of this bundle. It turns out that its index coincides with the
index of the Cauchy-Riemann operator on X. This follows since the
index of Cauchy-Riemann operator is equal to the Euler characteristic
of the sheaf of holomorphic sections of the holomorphic vector bundle £.

Riemann-Hilbert boundary problem for generalized analytic
vectors For a given loop G : I' — GL,(C), find the piecewise continu-
ous generalized analytic vector f(z) with a jump on the contour I" such
that on I' it satisfies the conditions

a)fT(t) =G f (1), teT,
DIF )] < elz 7 |2] — 0.
It is known, that for G there exists a Birkhoff factorization, i.e.
G(1) = Gy ()i ()G (1),
Inserting this equality in a) we obtain the boundary problem
G OFF(t) = d(DG-(1) ]~ (8).

Since GT'(t)fT(t), fT(t) and G_(t)f(t), f~(t) are solutions of the
gauge equivalent systems, the holomorphic type of corresponding vector
bundles on the Riemann sphere is defined by K = (ky, ..., k).
Proposition 3 The cohomology groups H'(CP, O(€)) and H*(CP!,
G(&)) are isomorphic for i = 0,1, where O(E)) and G(E), respectively,
are the sheaves of holomorphic and Q-holomorphic sections of £.
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From this proposition follows that the number of linear independent
solutions of the Riemann-Hilbert boundary problem is equal to > k; <0 k;.
Its holomorphic type is determined by an integer vector. In terms of the
cohomology groups H!(CP!, O(€)) and H!(CP',G(£)) one can describe
the number of solutions and stability of the Riemann-Hilbert problem
[4]. The topological constructions related with the sheaf O(€) can be
extended to the sheaf G(€) [8].

Denote by L;; (7) the space of those holomorphic functions which are
boundary values of functions from LP(7); similarly let L, () denote the
space of those holomorphic functions on U_ whose extension to v gives
an element of LP (7).

Let Loo(7y) be the Banach space of Lebesgue measurable and essen-
tially bounded functions. In this case it is possible to introduce the
factorization of a matrix-function G € Lo (y) in the space L,(y). We
say G is factorizable, if it is representable in the form

G(t) = GL()AD)G-(t), ten, (10)

where A(t) = diag(t*',...,tk"), k; € Z, i = 1,...,n, G4 is an invertible
matrix-function with entries in L (v) and the elements of the G are
functions from L(‘; (7), analogically, G_ is an invertible matrix-function
with entries in L (v), and the elements of the G~! lie in L, (7), here
Tyl=1

Let PC(7) be the subspace of piecewise continuous matrix-functions.
For elements of this space there exist the one-sided limits G(¢ + 0) and
G(t — 0) for each t € . Necessary and sufficient conditions for the ex-
istence of a ®-factorization for such matrix-functions in the space Ly ()
are the conditions

a) the matrices G(t +0) and G(t — 0) are invertible for each t € ~y;

b) for each j = 1,...,n and t € v one has 1/2marg\;(t) + 1/p ¢
Z, where \i(t),... n( ) are eigenvalues of the matriz-function
Gt —0)G(t+ 0)

Suppose G € PC(v) is moreover a piecewise constant matrix function
with singular points s, ..., sy, € 7y, occurring in this order on . Suppose
G is factorizable in the space Ly (7). Let us denote My, = G(sp—0)G(si+
0)~Y, k=1,...,m. Thus G is constant on the arc (sg,sg,1), and clearly
MMy - M = 1.

Consider the Riemann-Hilbert boundary problem for generalized ana-
lytic vectors, where G(t) is a lower triangular piecewise constant matrix
function. Change G(t) by a diagonal matrix function A(¢) from the rep-
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resentation of the factorization (10), then the spaces of solutions of these
problems coincide.

Chen’s iterated integral for L! For the investigation of the mon-
odromy problem for the Pfaff system an important role is played by a
representation of solutions of systems in exponential form, which in the
one-dimensional case were studied by W. Magnus in [11]. We use iter-
ated path integrals and the theory of formal connections (as a parallel
transport operator) developed by K.-T.Chen [5].

Let wi,...,w, € L})(X) and 7 : [0,1] — X be a piecewise continuous
path. Let a; be functions defined on [0,1] and satisfying the identity
Ywj = aj(t)dt,j =1,...,7.

Definition The r-iterated integral of 1-forms wy, ..., w, is defined as the
function on the space of piecewise continuous paths whose value on a
path v is the number v — fv w1...w,, where f7 W1...wy 18

/wl...wr :/ ay(t1)ag(te)...ar(t,)dt1dts...dt,.
Y JAVS

Here on the right-hand side is an ordinary Lebesque integral on the
simplex

AT == {(tl, ‘..,tr> :0 § tl S t2 S § tr § 1}

By passing to a multiple integral the value of an r-iterated integral can
be expressed by the formula

Awl...wr :/Ola,.(m.../j az(tQ)(/Otz a1 (b )ty )dts..dt,.

If r = 1, then we obtain an ordinary path integral.

Let P,, X be the space of piecewise continuous loops. It is known that
it is a differentiable space [5] and the operator of exterior differentiation
d is defined P, X. Let dﬁY wi..w, = 0, then f7 wi...w, = 0 depends
only on the homotopy class of v and therefore we obtain a function on
T (X, Zo) .

Let ©1,...,Q, be m x m matrix forms with entries of Lzl,(X). The
iterated integral of Q1,...,€),. is defined as follows: consider the form
product of matrix forms 2 = €2;...Q2,. and define the iterated integrals of
) elementwise.

Proposition 4 The parallel transport corresponding to the elliptic sys-
tem (1) has an exponential representation.

Since the elliptic system (1) defines a connection the proof of the
proposition follows from the general theory of formal connections.
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From the identity 9:®®~! = Q it follows that singular points of
are zeros of the matrix function ®, in particular co. This means that
it makes sense to speak of singular and apparent singular points of the
system (1).

In case n = 1 from (6) it follows, that given an analytic function F'(z),
one can define by (6) a generalized analytic function ®(z) in a unique
way. Besides that, if 21, ..., 2, are poles (or branching points) for F'(z),
then they are poles (correspondingly, branching points) for ®(z) too.
For n > 1 this does not hold. Thus we wish to emphasize once more the
difference between the one-dimensional and multi-dimensional theory of
generalized analytic functions. In general the correspondence between
holomorphic vectors and generalized analytic vectors is not one-to-one.

Despite of that, properties of the generalized analytic functions allow
one to construct a generalized analytic function with given monodromy.

From the integrability of (1) it follows that for the iterated integral
[ Q0.2 we have d [ QQ...Q = 0 and therefore we have a representation
of the fundamental group m (X — S, zp).

We can say that z; € {z1,..., 2m} is a regular singular point of (1),
if any element of F(z) has at most polynomial growth as z — z. If
the solution ®(z) at any singular point z;,i = 1,...,m has a regular
singularity, then we call the system (1) a regular system.

In case n = 1 the singular integral (6) is well studied. In particular,

it is known that w(z) is holomorphic in C,,\ U, and equal to zero at
infinity. Here C,,, = CP\ {z1,..., 2z }.

Let z € U, be any point and let 71,72, ..., vm be loops at Z such that
i goes around z; without going around any z; # z;. Consider the holo-
morphic continuation of the function F'(z) around ~;. Then we obtain an
analytical element F(z) of the holomorphic function F'(z), which are re-
lated by the equality F;(z) = m;F(z), where m; € C*. It is independent
on the choice of the homotopy type of loop ;. Therefore, we obtain a
representation of the fundamental group 71 (CP\{z1, ..., 2}, 2) — C*,
which is defined by the correspondence v; — m;.

Let us sum up all what was said above.

Proposition 5 Let the system (1) have regular singularities at points
Z1,y .y 2m- Then it defines a monodromy representation of the fundamen-
tal group

P 7T1(C\{Zl, sy Zm}v ’%) - GLn(C)
In this situation the monodromy matrices are given by Chen’s iterated
integrals

o) =1+ |

Q+/ QQ+/ QOQ+ ..+ ... (11)
Vi Vi Vi
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The convergence properties of series (11) can be described as follows.
Let a 1-form £ be smooth except the points si,...,s, € X. Let, as
above, S = {s1, 2, ..., s, } and X, = X — S. Thus, for every v € PX,,,
there exists a constant C' > 0 such that

|/ a0 =0

| 7l
J

and the series (11) converges absolutely [10].
In addition to system (1) consider the system of ordinary differential

equations with regular singularities at the points z1, 29, ..., 2m,
T a@re) (12)
Let
p: 7 (CPN\{z1,..., 2m}, 2) — GL,(C) (13)

be the monodromy representation induced from (12). Denote by F(z)
the fundamental matrix of solutions of (12). Then F(z) satisfies the
system of equations

dF = QF (),

where Q = A(z)dz denotes now the corresponding matrix valued (1,0)-
form on the surface CP'\{z1, ..., zn }.

Let Q(z) = «Q, where * is the Hodge star operator. Then Q(z) is a
(0,1)-form and it makes sense to consider a type (1) system

0 = 00(2), (14)

which has regular singularities at the points z1, zo, ..., Zm.-

Therefore we have proved the following theorem.
Theorem 2 For a given representation (13), there exists an elliptic sys-
tem (14) which has regular singularities at the given points z1, 22, ..., Zm
and its monodromy representation coincides with (13).
Proof The proof of the theorem can be obtained by the following argu-
ments. First we construct a holomorphic function ® in the neighborhood
20 € CP' — {2z, ..., 2, }, which is ramified at the points z1, 29, ..., 2, and
has the property that under continuation of ® along small paths, when
going around the singular points z;, the matrix function ®(z) transforms
as ®(z) = M;®(z). After that use the properties of generalized analytic
vectors, which consist in the following: the set of ramification points
coincides with the set of ramification points of the holomorphic matrix
functions from (7).
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Step 1. Construction of a holomorphic matrix function with given prop-
erties Let I' be a contour, obtained by connecting the point z; with
z2, zo with zs,..., 2z, with z; by lines. Let on I' be given a piece-
wise constant matrix function G(t) = G;...Gy for t € [zj,zj11]. It is
clear, that G(z; + 0) = G(zj41),G(zj — 0) = G(z; +0)~! = M, and
M;y...M,, = 1. It is known, that there exist holomorphic vector func-
tions gaic, ..., which are solutions of the Riemann-Hilbert boundary
problem for the piecewise constant matrix function G(t), and satisfy the
conditions cpjt(z —2j)° =00 <e <1, when z — z;. The determinant

n

of the matrix function ¥ = (gojci)ijzl is nonzero on CP! — {21, ..., 2}

and there exists such a diagonal matrix function dx = diag(z*, ..., 2m)
that the matrix function U = 24 U(z) is holomorphically invertible at
oo. The matrix function has analytic continuation along any small path
going around the point z; and ® — &M jfl.
Step 2. Construction of the generalized analytic vectors Let F(z) be
an invertible continuous matrix function on CP'. Then the sought for
analytic matrix function will be ® = UF.
Step 3. Construction of an elliptic system with given monodromy Con-
sider the 1-form

Dg(ch)(\I/F)—1 =D_(PF)F ol = \fl(D;FF_l)E!_l

z
and denote by @ = D_FF~!. Then ®(z) is a solution of the elliptic
z

system of form (1)
0-®(z) = QP(z).

From the solution ®(z) of this system it follows, that the 1-form Q at
the given points has a regular singularity and a prescribed monodromy.

For the regular system (12), the Poincaré theorem is valid, which gives
that the fundamental matrix of solutions (12) has the form

F(z) = (z — z)FZ(2), (15)

where F; = ﬁ In M; and M; is the monodromy matrix corresponding

to the singular point z;. It follows that any solution of the system (14)
in the neighborhood U, has the form

B(2) = (2 — 2)P Z2(2)V(z,2). (16)

All what was said above remains true for an arbitrary compact Rie-
mann surface of genus g. It is clear, that in this case the singular integral
(3) should contain the Cauchy kernel for the given Riemann surface.
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As already noted, a system (14) without singularities induces a flat
vector bundle £ — X on the Riemann surface X. Analogously, a sys-
tem (14) with a regular singularity gives a flat vector bundle on the
surface X,, = X\{z1, 22, ..., zm} which we denote by & — X,,. The
representation of solutions in the form (15), (16) gives a possibility to
extend &’ to the whole of X, and if we choose the canonical extension
then we obtain the uniquely defined (possibly topologically nontrivial)
vector bundle £ — X which is induced from (14). The Chern number of
the bundle £ — X can be calculated from monodromy matrices in the
following way: ¢1(€) = Y~ tr(E;), here the matrices E; are chosen in
such a way that the eigenvalues \;,7 = 1,...,n, satisfy the inequalities
0< ReX <1,j=1,..,n.

The matrix-function @ is a holomorphic section of the bundle End £ —
X. Assume that £ — X is stable in the sense of Mumford. Since stabil-
ity implies HY(X, O(End £)) = C, from the Riemann-Roch theorem for
the bundle End & — X we obtain

dim H' (X, O(End&)) = n*(g — 1) + 1. (17)

Since there exists a one-to-one correspondence between the gauge equiv-
alent systems (14) and the holomorphic structures on the bundle £ — X,
we obtain that if the system (14) induces a stable bundle, then the di-
mension d of the gauge equivalent solutions of the system (14) is calcu-
lated by formula (17).

It seems interesting to distinguish further classes of L,-forms of pos-
sibly simple shape (e.g., @ = >_7" | A;/(z — s;)dz) with constant n x n
matrices A; for which it is still possible to construct a solution to the
Riemann-Hilbert problem.
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1°. Let D denote the plane of the complex variable z = = + iy, cut
along some non-intersecting simple open Liapunov-smooth arcs aiby, k =
m
1,...,m. Denote I'y, = aiby and I' = (J T.
k=1
Consider the function of the form
1 t)dt
2 Jr t—z

+ P(2), (1)

where f(t) € L,(T', p), p > 1, the weight function

m

p(t) =[] It —crl™, —1<oar <p—1, cop1 = ar, cop = by,
k1

(k=1,...,m), 2)

P(z) is an arbitrary polynomial. The class of the functions of the form
(1) we denote by E;E(F,p). The subclass of this class containing the
functions of the form (1) in case P(z) = 0 (P(z) = const) denote by
E;O(F, ) (E;C(I‘, p). Consider the following boundary value problem.

Find a vector ®(z) € E%O(F, p) satisfying the boundary condition

Re[AL (1) (t)] = f(t), (3)
83
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almost everywhere on I'; here A4 (t), A_(t) are given continuous non-sin-
gular quadratic matrices of order non T, f+(¢) = (f{",..., 1), f~(t) =
(f{ »..., fn) are given real vectors on I' belonging to the class L,(T', p),
dTt(t), & (t) denotes the boundary values of the vector ®(z) from the
left and from the right on I'. Along with the problem (3) let us consider
the following homogeneous problem:

Re[ A% (1)T5(t)] = 0, t €T, ()
where A% (t) =t/(s)[A’.(t)]7!, the solution of this problem W(z) will be
found in the class E;t(F, P9, q = Ll We call the problem (4) the

p—

conjugate problem to the problem (3).
2°. Consider the following expression

B =1Im /[All(t)f+(t)‘11+(t)—A_l(t)f_(t)‘lf_(t)]dt , ()

T

where W(z) is a solution of the problem (4) of the conjugate class E;%O(F,
p'~9). Note, that

[AL ()1 (s)UF(t) = iVE(L),
where V', V™ are real vectors. Therefore
ALY FEOWE(0)dt = fH(O[AL ()] U ()dt = ifF (H)V(t)dS
and the integral expression in (5) is purely imaginary valued and hence
B =i [ 05 W (0 - A7 O 0V @i (6)
r

Let the problem (3) be solvable in the class E:O(F, p) and ¢(z) be its
arbitrary solution,

Re[A ()™ (t)] = f*(1).
Then
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+ [{ot () AL OAL @] (2) — o (1) ALG[AL ()]0 (t)at.

/ e (T (1) — o (DT (B)dt = 0
I

and

[AL )] ()W (1) = —{[AL@O] () VED)},

we obtain B = 0. Thus we have the following proposition:
Lemma 1 For the problem (3) to be solvable in the class E;%O(F,p) the
validity of the equality

B(f,¢)=0 </F[A11(t)f(t)¢+(t) —AZN) (e (1)]dt = 0> (7)
is necessary, where 1(z) is an arbitrary solution of the problem (4) of
the conjugate class E;%O(F, pt=).

Let g;f (t), g; (t) be the vectors of the class Ly(T, p'~9), k = 1,...,1.
For problem (3) to be solvable in the class EZ, (T, p) the fulfillment of
the conditions

Im/F[Aﬁ(t)ﬁ(t)g,f(t) — AT (O f-(t)g, W]dt =0, (k=1,..,1), (8)

is necessary and sufficient. It follows from (8) that

Im / (47! o)+ A0 pT Dl (1) (9)

—AZH)[A- (D¢ (1) + A= (1) = (D)]g;, (8)}dt =0,

1 h(t
where p(2) = 5 /1“ ; E l, h(t) € Lp(T, p), is an arbitrary vector from

E;fo(f‘, p). We may rewrite (9) in the following way

Im / (o —T2AL ()AL g ()

—¢~ (Dlgy, (1) — T2AL(O[AT () g (1)]}dt = 0.
Denoting L
ge (1) —T2AL()[AL () gr () = wir (1), (10)
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we get
Im / ot (Dwi (1) — o~ (g (£)]dt = 0
T

/F ot (B (£) — o™ (Hwy (D)dt = 0. (11)

It follows from (11), that wy (), w; (¢) are the boundary values of some
vector wi(z) belonging to the class ngO(F, p'~%). Note also that

2iTm / AT () FF (g7 (1) — A (0 F~ (0)gp (1))dt

Since the last integral is equal to zero, we get that if the necessary solv-
ability conditions are fulfilled then the sufficient conditions are fulfilled
also. Thus we have the following result.

Lemma 2 If for the problem (3) to be solvable in the class E;%O(F,p)
the necessary and sufficient conditions have the form

Im/(Aff*g,j ~ AT g )dt =0, k=1,....1, (12)

then the conjugate problem (4) has a finite number of lmearly independ-
ent solutions wi(z), k = 1,...,1' <l in the class E o[, p ™) and
the necessary and sufficient solvabzlzty conditions for problem (3) in the
class Ep7 (T, p) have the form

Im/[A;1f+w,j(t) —AT' O fwp (@))dt=0, k=1,....I' (13)
T

3°. We seek the solution of the problem (3) in the class E;EO(F, p).
From the boundary condition we have

(1) = [Ax(®)] 7' FF () +ips (2), (14)
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where pt(t), plt) are real vectors of the class L,(T, p) and
L[ AT () - AT ()p (1)
® — [ == dt + F 15
() =5 [ - YEG), (19)
r
here
1 AN ) - AN (¢
R = L [EOSO D000, g
2me t—=z
r
Substituting the formulas (14), (15) in the boundary condition (3) and
introducing the vector with 2n components u(t) = (u(¢), u™(t)) we get
the system of singular integral equations
K th
t 17
t— tO g( 0) ) ( )
where

B A_AT 0 i (NP NI
a=Im < 0 —A+A:1> ; K(tO;t) - 5 (N_%_ N2 ) (18>

where the matrices N1, N2 are defined by

Ni(to,t) = A_(to) AL (t) + A_(to) AL (t)h(to,t),

N2(to,t) =

A4 (to) AZ' () + A (o) A

1+ (D)h(to, 1), (19)
9= (g"97), g* = 2Ref* — BRALF*], hlto, 1) = -7
—to
We have
—- 1
a(t) + b(t) = i <A— ;4+ A+IA1> ,
(A_ATY I
a(t) — b(t) i ( I " A:1>

Denote -

Q(t) = det(A- AP AL AT — 1. (20)
Lemma 3 IfQ(t) # 0, F(z) =0 and ®(z) = 0 then pu™(t)
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Proof We have

1
2T

and from here

() =0, (8 =0.

The conjugate homogeneous equation will have the form

K’tt
a'(to)(to) +—/ 0)¥ =0, (21)
t—to

where

2 \M! M2
and the block matrices M1, M2 are defined by

.= 1 2
K'(t 1) = L0 <M+ M+>

M} = th AT (t0) AL (1) + (AT (t) AT (t) b (t, 1), (22)

M2 = th AL (to) A (to) + AT (to) AT (B (fo. 1)
t—to
t—1tg

hi(to,t) =

If we compose the equation for the solution of the conjugate problem (4)
in the class Eé%o(F, p!~9) similarly as above (formula (13)) then we get

the singular integral equation
Ky (t
/ Kalto, )(t) 5, 0, (23)

t—to

A'*lA/ 0 7— M2 Ml
=L, — 7" / , Ki(to,t) ==t/ [ 5 2 1. (24
“ ( 0 —A+‘1A’> ito,t) =3 (M_% Mi) (24)
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It is easy to see that a; = —ad/3 and K (to,t) = t'thaKi(t, to)3, where
«a and J are some real non-singular matrices. If we make the substitution
vi(t) = YB(t)v(t) in the equation (23) and multiply it from the left by
the matrix o~ ! then we obtain the equation

t,to)l/l (t) dt
t—to

: 1 [ K
—a (to)v1(to) + — =0, (25)
i F/

which coincides with equation (21). Thus the number of linearly inde-
pendent solutions over the field of real numbers of system (23) in the
class Ly(T, p'=%) and the number of linearly independent solutions of
problem (4) in the class E;O(F, p'~%) are the same.

Theorem 1 If Q(t) # 0 then the index of problem (3) in the class
E;O(F,p) is equal to the index of equation (17) of the class Ly(T, p)
(k)

(k) a'rg)\]
R 27 ) 0 <

arg )\gk) < 2w, )\;k) are the roots of the equations det[H (a) — A =0 or
det[H=1(by)—\I] = 0 for odd and even k correspondingly; H(t) = [a(t)+
b(t)]"Ha(t) — b(t)]; the necessary and sufficient solvability conditions for
the problem (3) in the class E, (T, p) have the form (13).

Remark 1 If A, (t) = A_(t) = A(t) then Q(¢) = 0. In this case instead

of the representation (15) we shall use the representation

(under the condition, that 1 + oy # p,ug-k), where [

LA @) -
@(z)—%/ﬁdt—l—F(z),where,u—,u +u .
r

The equation (17) will have the form

1 [ K(to,u(t)

Iy t—to
r

dt = g(tO) 3

where

4
2
Analogously we obtain the following result.

Theorem 2 If A (t) = A_(t) then the index of problem (3) coincides
with the index of the operator /u(t)/(t — to)dr of the class Ly(T', p)

r
under the condition that 2(1 + ay) # p. In this case the necessary and

sufficient solvability conditions have the form (13).

K(to, t) = 5[A(to) A~ (t) + A(to) A~ (to)h(to, 1)] .
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Remark 2 If Q(¢) = 0 in some points of I' then introduce a new desired
vector by the formula ®(z) = A(2)p(z), where A = diag[e1(?), ..., ex(2)],

1 h(t)dt
= — hi(t) € H(I'), hg(a;) = hi(b;) =0.
wi(2) = 5 /F 0 M) € H(T), hilay) = hi(bj) =0
It is evident, that ¢(z) € Epiyo(l“, p). The matrices Ay (t) are replaced by

the matrices A (t)A*(¢). Under the fulfillment of some conditions one
may select the functions hg(t) such that the function Q(¢) # 0 on I'.
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Abstract  Estimations for the logarithmic derivative of functions, meromorphic in
angular domains, are obtained.

Keywords: meromorphic functions in angular domains, logarithmic derivative, Ne-
vanlinna characteristic

Mathematics Subject Classification (2000): 30D15

We use notations of the theory of meromorphic functions [1]. Let {an,}
be the set of zeros and {b;} the set of poles of a meromorphic function
f(2), z€ D={z:Imz >0, |z| > ro}. Let us denote by {c,} the union
of the sequences {an,}, {bi}; ¢ = |cq| exp(if,). Throughout the article
K denotes some distinct constant. Without loss of generality we can
suppose f(roe?) #0,00; 0 < 6 < 7, otherwise ry could be increased.
Theorem 1 Let f(z), z € D be a meromorphic function. If z =
rexpiyp, ro < |z| < s, Imz > 0, then for alln € N

d"1In f(2)
dz"

KSZS(Saf) (f)n
(S _ T)n—i—l Sin”"‘l © \T
K Z ( sin 6, n sin g ) + K, K =const >0, (1)

" _ n _ n
s A= (s —r) |z — ¢4l

where S(r, f) is the Nevanlinna’s characteristic of f(z), z € D, [1], p. 39.
If f(2), z € D has finite order p, then (Ve > 0)

()
f(2)

d"In f(2)
dz"

K‘Z‘(n+1)(p+l+€) K|Z’2n(p+1+€)

) Z¢E7
(2)

I

sin?" ¢ sin?" ¢
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where E is a set of circles with finite sum of radii, n € N.

Remark 1 If function f(z) is meromorphic in the angular domain
{z:a <argz < 3, |z| > r1}, then relations similar to (1), (2) can be
obtained by using the function fi(z) = f(z"/*€®*), k = 7/(8 — ), that
is meromorphic in the domain {z : Imz > 0, |z| > 7o}, [1], p. 41. The
estimate (2) depends on ¢ = argz. In the meantime, for a function f
meromorphic in C of finite order of growth p the inequality of G. Valiron
is known, [2], p. 87, | f'(2)/f(2)| < K|z|*’*¢, 2 € C\ E, where E is a set
of disks with finite sum of radii. In [3] there is an example, that shows,
that Nevanlinna’s lemma about logarithmic derivative, [1], p. 116, p. 137
for functions, meromorphic in a half-plane, is not valid. In particular,
from this example it follows, that for such functions it is impossible to
obtain an estimation for the absolute value of the logarithmic derivative,
uniformly in arg z.

Remark 2 In (2) for n = 1 both estimates are the same. If n =
2,3,4, ..., then the first and second inequalities of (2) estimate differ-
ent expressions. In case of a meromorphic function f(z),z € C, from
Valiron’s inequality |f'(z)/f(2)| < K|z|**¢, 2 € C\ E, the estima-
tion for |f(2)/f(2)| can be obtained, using the equality |f(”)/f| =
‘f(")/f("*l)‘ |f("*1)/f("*2)‘ ... |f'/f|, because Valiron’s estimate can
be applied for each factor on the right—hand side of the last equality.
Such method implicitly uses the theorem, that the category of growth
of the function f is not lower than the one for f’, [1], p. 131, Th. 2.3.
In the proof of this theorem the lemma about the logarithmic derivative
was used. But as this lemma is not valid in the half plane, we should
avoid a “fast” proof and initially obtain the estimate for |d" In f(z)/dz"|,
which can have its own significance.

Let
w(2),2 € gap ={z =1 10 <O B,rg <1 < o0} (3)

be a meromorphic function. Consider Nevanlinna’s characteristic of the
function w(z), 2z € gag [1, p. 40]. Denote In™ z = max(Inz,0),z > 0; k =
/(8 — ). Let by = |bj] exp(if;) be poles of the function w(z), z € gap-
We denote

k[T
Aaﬁ(ra w) = ;/

1 th—1 ) )
<—tk+1 T > I [ (te’)| + In™ [w(te™)|]dt,
r
To

2%

Baﬁ(rvw> = Tk

s 4
/ In" [w(re)|sin k(6 — a)db,

r 1 tk_l
Cop(r,w) = 2k/ Cap(t, w) <—tk+1 + g ) dt,

0
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cap(t,w) = cap(t,00) = > sink(0; — o), (4)

ro<|by|<t,a<0; <B

cap(t,w) is the counting function of the poles; each pole is counted
according to its multiplicity,

Sap(r,w) = Agp(r,w) + Bag(r,w) + Cop(r,w), 1o < r < +o0.  (5)

Ifa =0,0=m, then k = 7/(8 — a) = 1 and we write Sy, (r,w) =
S(r,w), Aoz(r,w) = A(r,w), Bor(r,w) = B(r,w), Coz(r,w) = C(r,w),
cor(r,w) = ¢(r,w). The number

Pap = lim,_, oo, InT Spp(r,w)/Inr, (6)

is called the order of growth of the function w(z), z € gag.

Similarly to Valiron’s inequality [2] the estimates (2), can be used in
the analytic theory of differential equations for investigating asymptotic
properties of solutions in the neighborhood of a logarithmic singularity
of solutions, meromorphic in an angular domain.

Let

F(z,) =n[(s* = 20)(z = Oz = )7 (s* = 2071, (7)
2, € U ={z:19 < |z] < s,Imz > 0}, z # (. As 9/9n we denote
the differential operator along the inner normal to the boundary of U
(on the arc {¢ : ( = roexp(if), 0 < 6 < 7}) applied to the functions
ReF(z,¢) and In|f(¢)| of the variable (.
Lemma 1 Let the function f(z) Z 0 be meromorphic in U = {z : rg <
|z| <s, Imz > 0}. Then the formula

- 2
lnf(z):% / 1n|f()|[t+z 32;”}@

—tz| t

[=s,—r0]U[ro,s]

_/1 (¢ [C+Z gijg KL (8)

— Y Feawt Y Flab)+ Qo)

ro<l|am|<s ro<|bi|<s

r 1
cwng/hmm@%QJW@@%@{ a8 +iC,
0 roet®

9)
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holds, where the a,, are the zeros, the b; are the poles of the function
f(2), C = const. On the right-hand side of (8) summands, correspond-
ing to multiple poles or zeros, are repeated according to their multiplici-
ties.

Proof Ift € R and z = rexp(ip), then

1 (t+z S +tz rsin ¢ s?rsin @
—Re |7 — = — )
[t — 2|2 |s? —tz]?

2t t—z $2—tz
R set? + z se~ W + z 2 — 2 2 — 2
e|— - . = — - .
s —z  se=i0 — » |set — 2|2 |se—i0 — 2|2’
(52 — 28m) (2 — Tm)
ReF(z, an,) =1 . 10
eF(z,am) =In (2 ) (52 — 2am) (10)

Thus Nevanlinna’s formula, [1], p. 15, Th. 2.1 and 2.3, can be represented

as
1 (t+z 24tz dt
mif@l=5 [ wliore(i((2-5EE)) ¢
[=s,—r0]U[ro,s]
1 [ 0 se + 2  se7 42
+§/ln]f(se )|Re Lei‘) T e J do
0
— > ReF(zam)+ >  ReF(zb)
ro<lam|<s ro<|by|<s
ro f OReF(,¢) o f(Q)]
— 1 —— > — ReF — . 11
“Ir e e O e )

The right-hand and left-hand sides of (8) contain analytic functions of
z. Due to (11), the real parts of these functions are the same. Thus from
the Cauchy-Riemann conditions we obtain, that these functions are the
same up to a constant. The proof is completed.

Suppose f(z),z € D = {z : Imz > 0, |2| > 7o}, is a meromorphic
function, ¢, = |¢4| exp(ib,) € {c;}. Denote (see (4)) the counting func-
tion of zeros and poles of f by ¢(t,0,00) . Then

c(t,0,00) = c(t, f) +c(t,1/f) = Z sin 6. (12)

ro<|cq|<t
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Lemma 2 Let R > s > rg. Then

R?sC(R,0,00)
2(R—s)(R+s)

c(s,0,00) <

Proof From the definition of the characteristic C(r, f) it holds

R2

R
1 1 2(R—s)(R
> 26(8, 0, OO)/ <t—2 + ﬁ) dt = ( ]‘;)2(8 + 3) C(S; O, OO)

R
C(R,0,00) = C(R, f) + C(R, ™) > 2 / (£,0, 00) G . L) it

s

From here we obtain (13).
Proof of Theorem 1 Differentiating (8) n times with respect to z
gives

! | (m)
T =g [ mise [EE-SEE] T

dz" o z 2—tz], t
[=s,—r0]U][ro,s]

_ (n)
_/mf ([<+Z %fjc_ 0) do

- > FMzam)+ D FM(zb) + QM (z, ). (14)

ro<|am|<s ro<|bj|<s

The following equalities hold:

t+z s2 4tz (n) B 2n! B 252477 .
[t —Z 52 — tz] - o (t — z)n+1 (82 _ Zt)nJrl’ ( )

c+z C+2\" %! 2¢n! y
<C—Z_Z—z> _(C—z)"ﬂ_@_z)nﬂ’ (16)

BN N (O s D N U VN (R Y NN G O]
(F( ) ))z (SZ—ZZ)n (Z_Z)n+(<_2)n+(82—zC)n.
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On the arc {¢ : ( = rgexp(if),0 < § < 7} the derivative in direction
of the inner normal with respect to the variable ¢ = pe?’ has the form

O0F (z,()/0n = OF(z, pexp(i6))/dp. Thus

OF B —z n 1 n z 1
oA p— 82t —2rg  ze W — g s2e70 —zrg ze — g’
(18)
By differentiating (17) n times with respect to z, we obtain
i0y\ (1) 2_i6,.n—1 —inf
n! <78F(27r06Z )> == zs‘oel o 1~ : ng 1
on . (s2et? — zrg)nt (ro — ze~0)n
2 ,—i0,.n—1 inf
s%e r e
tr—— - + T (19)
(s2e= — zrg)nt (ro — zet?)nt
Let
ro+1<|z| <s, s>max(2rg,mo+1), (20)

then |s2e® — 21|, |s2e™% —2ro| > s2—srg; |ro—2ze | > 1, |rg—2e¥| > 1.
That is why from (19) follows

i\ (1)

OF (z,10e")
_— 4n! . 21
‘< an = 1)

z

Suppose (20) and |¢| = 7o take place. Then |z — (| > 1, [z — (| > 1;
|82 — 2C| > 8% — srg = s(s —10) > 70, |8% — 2(| > s* — srg > srg, and
(16) can be estimated as

|(P(z,0)¢

gy A= 1! (22)

Since f(roew) # 0, 00, then |1n|f(roei9)|\ < K, |81n|f(§)\/877]<zmew <
K, 0 <60 <7, K = const, thus from (9), (21), (22), we obtain

(Q(z,5)V| < 4rgKn!, K = const, (23)

where K does not depend on z and s.
Using the binomial formula and simple transformations, (16) can be
written as

s (c +z_C+ Z)W S5 G (=2 - 0

(== 2. g
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Since
"=yt = (z—y) @ 2" Py ay Ty, (25)
then numerator on the right-hand side of (24) can be represented as
n+1

(=2)"" (¢~ C+Z L (=) R - ¢

n+1 Jj—2

=0 [ (=) Z ) (—2)" ¢ an“ . (26)

If ¢ = se', then ¢ — { = 2i|¢|sinf. Thus from (26) and formulae

3

JCh =n2"t > g =2" (27)
j=0 j=

we obtain an estimate for the numerator of the fraction on the right-hand
side of (24) (|z| < [¢] = 9),

n+1 '

Z S (=" PET -
n+1 )

< 2sinfs"T2(1 + Z CI1(j— 1)) < 2sin@s" 3 (n2" +2).
j=2

From this and from (24), taking the inequalities | — z| > ssin¢p, |¢ —
z| > s — r into account we have

<C+z_z+z)(n)
C_Z Z—Z z

K = 4n!(n2" + 2) does not depend on s. In the same way we estimate
(15), i.e

Kssinf
(s — r)ntlsin®tl o’

< (28)

(=set?

(29)

1 (t42z s2+t2\™  #(s? — 2t)mH — g2 (t — z)nH!
2 t—z s2—tz N (t — z)nt1(s2 — zt)n !
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The numerator on the right-hand side of (29) can be written as

n+1 n+1
Z 1 (—2t) K Stnz e ( (—z)" 19t
7=0

n+1
_ J n+l—jn+2—j5 25 2,n+j
_ch—l-l(_z) (t s —s7t")

Jj=0

n+1

Z n+1 Zt n+1l—j (( 2)j—1 . (tZ)j—l) _ (—Z)n+1tn(82 o t2)

n+1
:(32—t2) tszzqur —2t) n+l— ]Z ] —2—k t2 — (- Z)n+1tn _
(30)

Since |z| < s, || < s, using (29), (27), the numerator of the fraction on
the right-hand side of (29) can be estimated as

t(s? — 2t)" T — 2 (t — 2)" T < (82 — tH)|t|s*2n!(n2™ +2).  (31)

As z = ret? t € R, |t| < s, we obtain
|52 — zt| > s(s — 1), |z—t| >rsing, |z—t| > |t|sine. (32)

Thus from (29), (31), (32) it follows

t+z_52+tz ) < |t|s"+22n!(n2" + 2) 1 1 (33)
t—z s2—tz/, 2

r(s — r)ntlsin®tl o \ ¢2
We write the relation (17) as

(F)™ (¢ +< L1 )
(n—1)! (22— 20" (s2—2()n C—2" (C-2)n)

(34)
The relations in the brackets on the right-hand side of (34) will be re-
duced to common denominators. In the considered relation { =|(| exp(if);
2 = rexp(i); [, 2] < s, thus

|52—2C\, |32—za > s(s—1), |¢ — 2| > rsinp. (35)
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One of the inequalities
|5 — 2¢| > s?sin, |s? — 2C| > s%sin g,

also takes place. Since 0 < ¢ < 7w, 0 < 0 < 7, then the points z{ =
r|¢le??t?) | 2 = r|¢|e’?~? lie in distinct half-planes relative to the line
A={z:2=te¥ ¢ = const, —0o <t < +o0o}. In one of these half-
planes lies the number s2. Let, for instance, the points s? and z¢ lie on
both sides of the line A. Then |s% — z(| is greater than the distance from
s% to the line A. Thus |s? — z{| > s?sin¢. From these inequalities, from
(25),(35) and the equality ¢ — ¢ = 2i|¢|sin6, we obtain the following
estimation for (34)

sin 0 1 1
12" .
= g <<s — e z\ﬂ) (39

From (14),(23),(28),(33),(36), it follows

(P00

1

K

d™1In f(2)
dz"

ght2 1 1
< 1 t — — — | dt
7rn(s — )l sin™t o / [l f ) <t2 82>

[=s,—70]U[ro,s]

52 1

(s — r)ntlgin™* p s

+ /|ln\f(sei0)H sin 0d0
0

1 in 0 nf
Z < sin 6, n Sin q|n>_i_17 K = const. (37)

AN — n —
sin g (s—r) |z — ¢4
It is well-known, [1], p. 39-41, that

|In|f]| =In" |f| + InT [1/f]; In" 2 = max(Inz,0), z > 0;

B(r, f) + B(r, %), Alr, )+ A(r, %), Clr, )+ C(r, %)

< 25(r, f) + const. (38)

From the definition of Nevanlinna’s characteristic (4) (« = 0,8 =7,k =
/(B —a) =1), and (37), (36) we obtain (1).
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Taking (12), (13), (37) (r < s < R) into account

Z sinf,  ¢(s,0,00)

_\n _ \n
ro<l|cq|<s (S T) (8 T)

_ R*rC(R,0,00) _ R*r(S(R, f) + K)
(s—=r)"2(R—3s)(R+s) (s—7)"(R—3s)(R+s)

Let R =2r, s =3r/2. Then we obtain

Z sin 6, - K S(2r, f)

K = const.
(s —r)" rn—1 7 H

ro<l|cq|<s

[}
There exists an increasing continuous function S (r, f), such that S(r, f)

=S (r,f) +0(Q1), r — +oo, [1], p. 43, Th. 5.4. Therefore from the
previous and from (1) it follows (s = 3r/2)

T < S X ek @
ro<l|cq|<2r
Suppose that f has finite order p. Then
S(r, f) < KretE2) p s pg e > 0. (40)
From (12), (13), (37), (40) we have
c(t,0,00) = Y sinf, < KtrTHHER), (41)

ro<|cq|<t

Consider the circles, centered at ¢, € D, with radii |c,|™"~17¢siné,.
Denote by E the set of points inside all of these circles. Now it will be
shown that the sum of radii of the circles F is finite. Using well-known
properties of the Stieltjes integral and inequality (41), we have

o0
Z leg| P71 ¢ sin g, = /t_p_l_adc(t,o,oo)
ro<|cq|<o0 ro

+(p+1+¢) /c(t, 0, 00)t P27t

T0

= c(t,0,00) tP717E|™

o

<(p+1+ €)K/tp+(€/2)p1€dt < const. (42)

T0
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Determine ¢; = min(p, ™ - @), z=1e¥ 0 <@ <m Then 0 < @1 < 5
sing = sing > sin gk > B2 Denote G = {te 1 g <t <2r,0< 0 <

7T}7

Gy = {te? :rg <t < 2r, 2 Lcg<n 1}, G2 =G\ Gj. (43)

If ¢, = |cgle?r € Gy and 2 € G\ E, then |z — ¢4| > |cg| P71 ¢ sinb, >
leg| P71 siny /2. Thus

|2 — g T < (2r)"PHIFE) fsin™ (1 /2) < KrPHY/sin® o, K = const.

Therefore

0, K n(p+1+e)
3 | sin r 3 sind,. (44)

z — cg|™ sin™
| ¥ cq€G1

cq€G1

If ¢, € Ga,then |z — ¢4| > rsin(¢1/2) and

sin 0, 1 K
in 6, _— ind,.
Z |z — cq|™ r”sin"(«pl/Q) Z sinbg < rmsin™ Z S

Cq cGo CqEGQ CQEGQ
From this and from (41), (44) we obtain
sin 0, Krn(p+1+e) . K1) (pt+14e)
i _ 45
Z |z — ¢4 ]” sin” ¢ Zsm a < sin” ¢ (45)

cg€G cg€G

The first of the inequalities in (2) follows from (39), (40), (43), (45). To
prove the second one we will use

Lemma 3 Let f(z) be meromorphic in the domain D. Then for n =
1,2,3,...,

f;n()z()z:) _ ( j ) S B 1;[ (dﬂ;]; >iq +%{(2)

> qiqg=n
(46)
holds, where the sum is performed for all i1,...,in—1, for which 0 <
e vn. Jin—1 <Mn, y.qiqg=1li1 +2ig+-- +(n—1)zn 1=n; Biy.i,_,

are nonnegative numbers.
Proof The branches of the analytic function In f(z), z € D, are holo-
morphic functions in a small neighborhood of z, z # ¢; € {¢q}, {¢g}
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is the set of zeros and poles of the function f(z),z € D. Hence, there
exists a neighborhood {n : |n| < §}, in which the series

> ldj In f(z)

Inf(z+n)—Inf(z) = ]z::l TR 7 (47)
converges. Consider also the series
1 . .
fz+n) = f(2) +Zﬁf(”(2)n]- (48)
j=17

From (47) we have

= dzi
‘ k
=1 J d? 1In f(z >
SO EPBL S R IE) DY INCT)
k=0 j=1" n=0

A direct calculation shows that A1 = f/(2)/f(z). In case n = 2,3,4,...,

1R\ T (d'nf(x)\"  1d'lnf(2)

(50)
where the sum is taken over all integers i1, 19, ...,4,—1, for which 0 <
11,82y« oy Tp—1 <N, 11714+ 2i94---+ (n — 1)’L'n71 =n; Biln-in—l are non-
negative numbers. From (48), (49) we obtain, that A, f(z) = %f(") (2),

thus from (50) (and after redefining the coefficients) we get (46).
From (2) and (46) we have () qi; =n, |z| =71, 2 ¢ E),

H dz4

i (dq In f(z)>iq g K”—l p(a+1) (p+1+2)ig (a1 (o1 4e)ig
q=1 g=1

SiHquq (@) N (sin ()0)2 2qiq
(51)

Since i1 < n, then iy +io+---+ip_1 < i1+2ig+---+(n—1)i,—1 = n, and

g+ D) (p+1+e)ig] = (p+1+2) Qo qig+ 1) < (p+1+¢)(2n—1).
Thus from (51) we obtain

n—1 q iq (p+1+e)(2n—1)
H (d lnf(z)) < KT ' (52)

e dz4 sin?" ¢
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From the first of the inequalities (2) we have

f'(2)
f(2)

The last of the inequalities in (2) is a consequence of (46), (52), (53).

" r2lpt1te) | qnn f(z)

K|Z|(n+1)(p+1+s)
<
dz"

i

, 2 d B. (53)

sin?" sin?" o
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Abstract  Many corn concepts in pure mathematics and applied science are in fact
level sets of real functions. For particular cases of functions they were
studied in different branches of mathematics. In the present paper we
start investigations of the geometry of level sets for large classes of real
functions. Some methods are established that permit to estimate the
length of level sets of arbitrary “smooth enough” functions.

Keywords: level sets, Gamma-lines, value distribution

Mathematics Subject Classification (2000): 30D35

Introduction

Everywhere in the nature, in theoretical and applied investigations
one can meet phenomena and problems, which are described or con-
nected with level sets, that are sets of zeros of functions u(z,y), or sets
of solutions of equations u(z,y) = 0, where u is a real “smooth enough ”
function. In physics they are isoterms, isobars, potential lines, streaming
lines, lines of given chemical, oil, radiation soil, etc. In pure mathemat-
ics level sets mean equilibrium sets, tangential sets (in ordinary differen-
tial equations), different type characteristic equations, boundary condi-
tions, parabolic lines, where a given mixed type equation change its type
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(in partial differential equations). Level sets of polynomials are widely
studied in algebraic geometry and topology. Hilbert’s problem 16 deals
with level sets. Almost any scientific calculation deals with level sets.

However, despite level sets are so often used in applied sciences and
scientific calculations (during two centuries level sets were discussed in
many sciences) they were little studied in pure mathematics for general
classes of functions. Only recently (at the end of 70s) lengths of level sets
were studied for the standard class of harmonic functions in arbitrary
domains in the theory of Gamma-lines [1]-[4]. The obtained results were
analogous to the main results in the classical Nevanlinna theory of a-
points, [8]. Analogues of the deficiency relation for Gamma-lines were
established in [1]-[4] describing particularly the distribution of the length
of real or imaginary parts of meromorphic functions .

New methods developed in these papers have permitted to put for-
ward a new program of investigations in analysis [5] embracing several
subfields of mathematics connecting with investigations of level sets. A
crucial role in this program play investigations of geometry of level sets
of large classes of real functions.

In this paper we start the investigations of the geometry in fact for ar-
bitrary “smooth enough” functions. Some methods are established that
permit to study lengths and distributions of level sets of these func-
tions. This seems gives a pertinent addition to investigations related to
Hilbert’s problem 16(a) that sounds qualitatively quite similar: to study
the “topology” (number of connected components) of level sets for par-
ticular classes of real polynomials. This is one of the less investigated
Hilbert’s problems. On the other hand connections between the obtained
inequalities and main results in classical Nevanlinna value distribution
theory are established.

In this Section 1 of the paper we give two different methods for esti-
mating the lengths of level sets of functions v(z,y) — ¢, where v(x,y) is
a good enough real function and c is a constant.

In Section 2 comparative properties of the distribution of solutions
of v(z,y) = ¢k, k = 1,2,...,n, will be studied similarly as the main
theorems in the Nevanlinna theory desribe the solutions of w(z) = ¢,
k =1,2,...,n, for meromorphic functions w(z) or the theory of Gamma-
lines describes I'1, 'y, ..., I'y-lines of w. Particularly v(z,y) = ¢k, k =
1,2,...,n, are investigated when v(z,y) is a harmonic function.

In Section 3 we consider the case of several variables.
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1. Length of level sets of real functions of two
variables with “good” gradients.

1.1 Main result

We use the following notations: D C C is a bounded domain with a
piecewise smooth boundary dD; (D) is the length of dD; C?(D) is the
class of twice continuously differentiable functions v(z,y) in the closure
D of D with the condition |grad v(x,y)| # 0 in each z € D except for
probably isolated points in neighborhoods of which all integrals in the
following theorem converge; L(D,c,v) is the total length of level set
{(z,y) € D :v(z,y) — c= 0} of the function v(z,y), ¢ € R. Through
each point (zg,yo) passes a level curve {(z,y) € D : v(z,y) — v(xo, yo)
= 0} whose curvature at the point (x¢,yo) we denote by K (zg,yo).

The following result gives upper bounds for the length L(D, ¢, v) using
some double integrals of the curvature K (z,y) and the length I(D).
Theorem 1 For any function v(z,y) € C?*(D) and c € R

1 1 (@, y)dw — vl (z, y)d
HPen = _// IK(sc,y>|da+—/ vl 0)s = (2. )|
2JJp 2Jop  lgrad v(z,y)]

< %//D |K (z,y)| do + %Z(D) (1)

1s valid, where do is the area element.
Hence we shall consider the magnitude

vl (x,y)dx — vl (z,y)d
G(D) = %//D|K(x’y)|da+%/a[,’y( y) (z,y)dy|

lgrad v(z, )|
L

+1/ v}, (2)da — v}, (2)dy|
2 Jop  lgrad v(z)]

9 )
dy |grad v(z)]

’—i— do

0 w(2)
Ox |grad v(z)

as a characteristic for the length and inequality (1) we shall refer to as
the length and curvature principle.

Observe also that the second integral above is bounded by (D).
Proof of Theorem 1 The proof is based on Green’s formula. We con-
sider the domain D; = {z € D : v(z) > ¢} and note that the boundary
of this domain consists of curves {z € D : v(z) = ¢} and arcs of the
boundary of D (see Figure 1).
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Since the direction of the tangent to a curve {z € D : v(z) = ¢}
at a point z under positive orientation with respect to a corresponding
component Dy = {z € D : v(z) > ¢} coincides with the direction of the
vector (v, (2); —v,(2)) and

cosa(z) = 1}7(2), sina(z) = o)

 grad v(2)| B lgrad v(z)|’

where a(z) is the angle between this tangent and the positive direction
of the real axis, then (dl is the length element)

L(D,c,v) = / dl = / (cosa(z) +sina(z))dl
{zeD:w(z)=c} {zeD:v(z)=c}

/ /
= / v(®) dx — v () dy.
{zeD:w(z)=c} |grad U(Z)| ]grad U(Z)’

A D

Figure 1. Shaded part is the domain D1.

Adding the integrals along the lines dD; N @D to both sides of the
last relation and applying Green’s formula for each component of D;
separately, we get

L(D,c,v)—{—/ v;(z) dr — va(2) dy

apinap |grad v(z)] |grad v(2)]

-/, {5 o * 9 ‘grlié(i?z» jao @
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Arguing in the same way for Dy = {z € D : v(z) < ¢} we come to the
relation

/ /
L(D,¢,v) — / wz) o )
apynop |grad v(z)] |grad v(z)|

- i e ©

Inequality (1) follows from (2) and (3).

dy

1.2 Connections with the Tangent variation
principle for complex functions

Below we apply (1) to a widely studied class of real functions which are
real or imaginary parts of complex analytic or meromorphic functions.
Let w(z) be a function meromorphic in D, z = x + iy, v(z) := v(z,y) =
Im w(z). Simple calculations yield

L(D,c,Im w) < //

Z) e—z‘ argw’(z)

/ a !/
(2)) + ay cos(argw'(z))| do

1 , /
do + —/ ‘Re (e'?r8® (z)dz)’ . @)
2 Jop

If we consider the class of real functions v(z) := v(z,y) = |w(z)| which
are modules of meromorphic functions then from (1) follows

L(D, ¢, |w|) < 2// ‘—cos (arg — (,:))) ; sm(arg%)‘da
+% /8D sin(arg Z,((E; )dx + cos(arg Zl((j)) )dy'

’U)”(Z) wl(z) —jargw’(z)/w(z)
e<w/<z>‘w<z> ¢ o
1 . /
+3 / [ (50 /) )| (5)
oD

Length of level sets of the imaginary parts and modules of meromor-
phic functions were first obtained as particular cases of so called Tangent
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Variation Principle in the theory of Gamma-lines (see [1]-[3], especially
[4]) that study Gamma-lines of functions w, that are preimages w~!(T)
of curves I', similarly as complex analysis studies usual a-points, that
are preimages w~1(a) of complex values a. According to this principle
for any meromorphic function w and any smooth Jordan curve I' with
bounded variation of the angle between the tangent and the real axis is

valid
L(D,T) < K(I') //D{ }da

+K1(D)I(D) < 2K(T) / /D ‘1‘;’:((;) do + K1(D)I(D),  (6)

where L(D,T) is the total length of curves w=1(I')ND, (D) is the length
of 9D, K(I') and K;(I") are constants depending only on T.

Thus when I' is the strait line {w| Im w = ¢} we have L(D,T") =
L(D, ¢,Im w); when I is a circumference {w| |w| = ¢} we have L(D,T’) =
L(D,c,|w|). Now we see that the inequalities (4) and (5) are more precise
than (6).

Besides from the inequality (1) by an appropriate choice of the func-
tion v(z) one can deduce diverse particular estimates.

0 , d ,
5y 218 W ()| + }ay argw'(2)

1.3 Sharpness
Below we illustrate the sharpeness of Theorem 1 (here D = D(r) =

{z:]z] <r}).

1. v(z,y) = Im e = €% sin by, a and b are real number (a, b # 0).

L(D(r),0,e* sinby) = br? + o(r), r— oo,

3/
2JJpw)

g b cos by
Oy /b2 cos? by + a2 sin? by

) N o v;(z)

9 Up(z — do
Ox |grad v(z)| = Oy |grad v(z)|

do =br? +0(r), r— o0,

_l//
2 ) Jpw)

"(2)dx — v (2)d
1/ ‘Uy(z) x — v (2) Z/} < 1/ dz| = .
aD(r) |grad v(z)| 2 Jap(r)

2
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2. v(z,y) = || = e (a #£0).
L(D(r),1,e*) = 2r,

9w 0 )
Ox |grad v(z)| Oy |grad v(z)|

_1//
2)Jpw

1 / ‘U;(z)dl‘ — v;(z)dy} _ 1/ dy| = 2
aD(r) grad v(z)] 2 Japr)

The above examples show that inequality (1) is sharps. Also they
show that each summand on the right- hand side of the inequality (1)
may have a main contribution in the total sum.

3/
2 )b

‘da

do =0,

9 a
Oz |al

2

1.4 Extremal curves of functions v(z,y)

Extremal curves 7; of a given function v(x,y) in D on which |grad
v(x,y)| = 0 plays, clearly, a crucial role in the description of geometric
behaviour of functions v(x,y). The total length of all these extremal
curves in D coincides with L(D,0, |grad v(z,y)|). Thus we have the
following
Proposition 1 Theorems 1 applied to the function |gradv(x,y)| gives
upper bounds for the total length of extremal curves provided that
jgrad oz, )| € C*(D).

1.5 Functions with level sets on which
|grad ’U(:E, y)| =0

The above theorems hold only for those functions v(z, y) given in D for
which level sets of function v(x,y) — ¢ can not consist of curves, where
lgrad v(z,y)| = 0; according to the definition of the class C2?(D) the
function |grad v(x,y)| can take zero only on isolated points. However,
arbitrary smooth enough functions can have also some subsets of level
sets consisting of such curves 7; that at any point of v; |grad v(z,y)| =
0 is valid. Then we deal with those curves ~; which consist only of
extremal points of functions v(z, y) lying on level sets of functions v(x, y).
Denoting by Lg(D,c,v) the total length of all these curves in D we
observe that Lg(D,c,v) < L(D,0, |grad v(z,y)|). Therefore we have
Proposition 2 Theorems 1 applied to the function |grad v(x,y)| gives
the upper bounds for Lg(D,c,v) provided that |grad v(z,y)| € C?*(D).
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1.6 Average length

The following result gives the average length of level sets of real func-
tions. The lemma has an independent interest. This result coincides
in fact with the co-area formula [6] that usually is given for Lipschitz
functions.

Theorem 2  Under the conditions of Theorem 1 with an arbitrary
non-negative continuous function f(c), ¢ € (¢1,c2),

/02 L(D,c,v)f(c)dc = //{ Drer o }\grad v(2)| fv(2)de  (7)

1s valid.
Proof We give a new short geometric proof, making use of notations
clear from the Figures 2 and 3 below.

V(z2)=C+AC Al

Figure 2.

For the angle 3(z) between the normal (v;(2); vy (2); —1) to the surface
{v(2) : c1 < v(z) < c2} at a point z and the vector (0;0; —1)

AlAc ~ tan 3(z)Ao, tan((z) = |grad v(z)|.

holds. Therefore

/:2 L(D,c,v)f(c)dc = /:2 /{ZGD:U(Z):C} f(e)dlde

= // lgrad v(z)| f(v(z))do.
{zeD:c1<v(z)<c2}

The proof is complete.
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From the identity (7) as a corollary for meromorphic functions the
relations

[Trpemnsde= [ )] e

/02 L(D,c,Im w)f(c)dc = //{ZED:CM( o |w'(2)] f(Im w(z))do,

C1

follow, [4].

AC

(Vi;Vyi-1)

Figure 3.

Remark In Lemma 1 the function f(z) can have finitely many iso-
lated singularities, but it is necessary to require that the integrals in (7)
converge in the neighborhoods of these points.

2. Length of level sets of real smooth functions

The next method can be applied to arbitrary functions u(x,y) in D

for which we suppose just that uj,(z,y) and uy, (v, y) are continuous in

D. Thus the function can be also indentical to zero in some sub domains
Dy of D. Respectively solutions of u(z,y) = 0 can consist of some curves
~i as well as of some sub domains Dy. By total length L(D,u) we mean
total length of all 7; plus total length of all boundaries 9Dy lying inside
D.

Denote J, := {z2| Re z = 2z} N D and Jy := {2| Im z = y} N D.
The function u(x,y) can be identically equal to zero on some intervals
(99,9s) € Jz. Denote by N(J;,u) the number of zeros of u(z,y) which
either are isolated zeros of u or they are those zeros ¥y, 4y which lie
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inside J,. Thus in our calculations we take into account only ends of
the mentioned above intervals where u = 0.

Similarly we define N(Jy,u) substituting « by y. Using also the no-
tations

d d . . /
_ | Earg L [u(x,y) +ip(@)u(z,y))|, i u)] + [u] >0
Ou(u, ) : { 0, for [u] + [u,| =0

o dd argdd [u(x,y) Zw(y)U(fuy)] , if |u| |u;] >0

(S = Y Yy

MUROE . ; :
0, if |u| 4+ |ul| =0

we are now able to present our result.

Theorem 3 Let u(z,y) be an arbitrary smooth function in the closure
of a given plane domain D, p(z) > 0 respectively 1 (y) > 0 are arbitrary
monotone functions defined for all x and y, with z :== x+1iy € D. Then

Mamgﬁ/thmm+ﬁ/mM@m@

gﬁ/é@mm+%mw@mm@w» (8)

where (D) is the length of the boundary 0D of D.

Proof We use here a technique developed in [4]. First we give an
evaluation method for the number of zeros of real functions [4], p. 157.
Suppose f(x) is a function twice continuously differentiable on a segment
a<xz<b —o0<a<b<oo,and let x1,x9,...,2, € [a,b] be its zeros
as was defined above: this means that xq,z9,...,z, are isolated zeros
of u or they are those zeros &y, %y (supposing that there are also some
intervals (Zy,Zy) where u = 0) which lie inside the interval (a, b).

Let us denote the union of all the segments |2y, #4|, where f(x) is iden-
tically equal to zero by Xy. Clearly at any point x € XoU{x1,x9,..., 2}
we have |f(z)| + |fL(z)] = 0 and respectively for any = ¢ X is valid
@) + 1 F4(x)] > 0.

We introduce a new, complex-valued function F(x) = U(z) + iV (z)
of the real variable = € [a,b], satisfying the condition F(z) = 0 at
the points x1,xs,...,x,. As such a function one can take for example
F(z) = f(x)+ip(z) f(z), where p(z) is such that ¢(z) # 0 and ¢'(z) # 0
for x € [a,b]. Let us first suppose that for given ¢ the segment [x;, z;41]
does not belong to Xy. Obviously, the graph of F(z), x € [x;, zi4+1], is a
curve closed at the origin (see Figure 4).
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Therefore the variation of the angle arg(d/dz)F(x) between the tan-
gent to the curve F'(z) and the real axis on any segment [z;, z;11] is not

less than 7:
Tit1
™ S/
T

so that if n > 2 then for the number of zeros of f(x) lying in [a,b] we

have
1
n—1< —/
™ [avb}\XO

d

— arg d:cF( x)|dz,

iaulr iF( )

dzx.
dzx da:

Fix), %:<Xx £%5.4

Figure 4

If n =0 or n =1 we can also write similarly

1</
T Jla,b\Xo

so that from the last inequalities we get
Lemma 1 For an arbitrary real twice continuously differentiable func-
tion f(x) on a segment a < x <b

-
n< —
[a,b]\ X0
18 valid.

Consider the set [(u) consisting of level sets ; plus all boundaries
0Dy lying inside D. Let us represent [(u) as the sum [, (u) Ul (u), where
lz(u) is the totality of the arcs from I(u) N D, such that in any point
belonging to I, (u) the smaller angle a, between the tangent and z-axis
is less than or equal to 7/4; [, (u) is the totality of the arcs from I(u) N.D
such that at any point belonging to I, (u) the smaller angle o, between
the tangent and the y-axis is less than 7 /4.

d d
F
arg - F(2)

d d Fla)
dmargdx v

dx +1 9)
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Let Ly(D,u) and Ly(D,u) be the total lengths of the arcs [,(u) and
ly(u) respectively. Obviously I(u) = l(u) Uly(u) and therefore

L(D,u) = Ly(D,u) + Ly(D,u). (10)

For a fixed x, we denote by J, the set DN{z: Re z = z}, the number
of points z;, of the intersection of J, with the union of arcs I,(u) by
A(Jy,u). Hence for the length element Al of an arc from [, (u) the fol-
lowing relation is true: Al ~ Az cos;, at the point z; .. Consequently
we have

L.(D,u) < \/5/12 A(Jy, u)dx.

For a given z, let {m )} denote the collection of interval compo-
nents of the set J,, where p(z) is the number of these components for
given x. Suppose that the part of the domain D contained in the strip
between the lines {z : Re z = 2’} and {z : Re z = 2"} satisfies the
following conditions.

(A) The part is decomposed into n connected components each with
boundaries having common points both with J,» and J,».

(B) Intersection of each of these components with J, consisting of only
one interval lying in the sets J,.

Then
X2
/AJx,u Z / A(Jz,u)d

1 Z 1.//)}

where the union of all intervals (m’ ,x') is equal to (z1,z2).
Denoting the number of intersections of I,(u) with mP®) by
A(mg(cp(x)),u) we get

mN

Z /m A(Jy,u)dr = Z / Z A(mP@) u)da.
(@}

(@2}’ {p(x)}

Also we have A(m;(vp(x)), u) < N(mgp(m)), u). Therefore we get

Z/ZA u)dz

(@2}’ {p(2)}

1"

Z / Z N(mPE) ) da ::/ N(Jy,u)dx.

{2}’ {p(a)}

IN
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Applying Lemma 1 to our function « we obtain

d d
(p(z)) - el el ;
N ) = [ o, ' & g @) + ig(u yn] dy+1

and henceforth Lo(D,u) < NG Z
{(2',z")}

1

dy " ° dy ' dy+1)d

S / e i 0 )+ et o

{(«’,z'") .
+V2 Z / Z ldxdy

{(I’ 1‘”)} z {m(P)}

<f//@ ugodyda:—i—f > / Z 1dzdy (11)

(z',2'")}

follows. For every x € (2, z")

Z 1=m

(P)}

{m

where the constant m is independent of x and consequently

Z ldz = m(z" — o).

(10)}

I‘”

xl

{m

But the quantity m(a” — 2’) is equal to the sum of projections on the
x-axis of all components of 9D lying in the strip between the lines {z :
Re z = 2/} and {z : Re z = 2”}. Therefore 2m(a” — ') is less than
the length of the part of 9D contained in the mentioned strip. Hence
splitting the interval (z1,z2) into appropriate parts we obtain

J,‘”

Z/ meg@. (12)

{(x’,:c”)} ! {m(P)}
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Now from (11) and (12) we get

Ly(D,u) < ﬁ//D@x(u, ¢)dydz +V/21(D).

Similarly we get

Ly(D,u) < ﬁ//l)@y(u, ¢)dydz + V21(D).

Consequently from (10) follows inequality (8) of Theorem 3.

Notes

1.

After [1], the length for real or imaginary parts of the particular case of univalent

functions were studied first in paper [7] by Hayman and Wu and further by many other
mathematicians: Bishop, C., Carleson, L., Garnet, J., Gehring, F., Fernandes, J., Heinonen,
J., Jones, P., Martio, O., O’yma, K., Zinsmeister, M.; length of level sets of circumferentially
mean p-valent functions have been studied by Sukiasyan, G. [9].
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Abstract  Using a technique developed for meromorphic functions we give upper
bounds for the length of I'-lines of monic polynomials for large classes
of curves I'. When I is a circumference we deal with the Erdos-Herzog-
Piranian problem.
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We call the preimages w~!(I') Gamma-lines of a meromorphic function
w, where T' is a curve in the complex plane [4]. Using a technique of
the Gammar-lines developed for meromorphic functions we give upper
bounds for the length L(I") of I-lines of monic polynomials P := z" +
a1z" ' + ... 4 a, for a large classes of smooth Jordan curves I' lying in
the closure of the unit disk supposing only that the integrated absolute
value of the curvature v(T") of I is finite: we mean that [, |k(s)|ds < oo,
where k(s) is the curvature of I' at the point s.

Theorem For any above type curve I' C {w : |w| < 1} and any monic
polynomial P of degree n

L(T) < K(D)n (1)

where K (I') = 15.547(v(T') 4+ 1).
Remark 1 A similar result for much lager classes of meromorphc func-
tions has been established in [3], see also [4].

When I' is a circumference we deal with the Erdos-Herzog-Piranian
problem ([6], 1958) who have conjectured that the length L of the set
{E : |P(2)| = 1} for any monic polynomial P := 2" + 12" + ... + a,
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is less than or equal to (27 4 o(n))n. In light of Gamma-lines the set
{E : |P(z)| = 1} is the set of I'-lines of P(z) with a particular type of
curve I'(1,0) := {w : |w| = 1} so that due to this conjecture one should
prove that L(I'(1,0)) < (27 4 o(n))n.

The first essential progress has been made by Ch. Pommerenke in
1961 [10]), who showed that L(I'(1,0)) < const - n?; the next main step
was done by D. Borwein in 1995 [[5]) who showed that

L(T'(1,0)) < const - n,

and, thus, gave the correct rate of growth (dependence on degree n) in
this long standing open problem. Then the best up to now constant has
been obtained by A. Eremenko and W. Hayman in [7] who showed that
the constant should be at most 9.173.

Remark 2 Our method applied more carefully in the particular case
of I'(1,0) gives a better constant that in [5] and worse than [7].

The proof follows almost immediately from the following inequality
that has been proved in 1981 in [3], see also [4] p.20: for any meromorphic
functions w(z) in the closure of a domain D with piecewise smooth
boundary 0D and any curve I’

won<mm [ [

is valid, where L(D,TI") is the length of the I'-lines of w in D, K;(I') =
3(w(T) + 1), I(D) is the length of dD.

It is known that for a monic polynomial P of degree n the set {z :
|P(2)| < M} is contained in the union of some disks dy, k = 1,2, ..., k* <
n, the sum of whose radii r; is 2¢M/™. This result is due to H. Cartan,
see [8], p. 19; Ch. Pommerenke [9] improved the constant 2e to 2.59.
Note that all our Gamma-lines lie in the union of similar disks taken for
M = 1. With this M the union U {ds } , (T means the closure) consists,
clearly, of some closed non overlapping domains D;, j = 1,2,...k* < n,
with total length of the boundary < 27 )", r,. Applying (2) to P in
these domains D; we have

do + K1(D)I(D) 2)

w//
w/

1

zZ — Zt

n—1
L(T) = L(D*,P) < Kl(l“)//* > do + 518K, (T)w, (3)

where D7 := U;D; and z; are zeros of the derivative P’. It is easy to see

that if |D*| is the area of D* then denoting z — 2z = pe'¥ we have

1
// dO’:/ d,odgpg/ dpdp. (4)
D* D+ D;

zZ — Zt
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where Dy is the disk with the center in z; and with |Df| = |D*|. Indeed,
for any two domain

d:={z:p1 <argz < 2, p1 < |z — 2| < p2}

and
d':={z:¢) <argz < @y, py < |z — 2| < ph}

with equal areas and |pa — p1| = |p5 — p}| we have

//@WS//@W
d d

as soon as pj < pi. Therefore dividing D* into similar small domains
d (we can take them as small as we please) and transferring them into
domains d’ with pj < p1 we can compose from these disks d' the disk
Dy satisfying |Df| = |D*| for which, due to the above inequality, (4) is
valid.

Since the diameter of Dy is less than or equal to Y dx < 2.59 we
conclude that [ [ py dpdp < 5.187 so that from (3) and (4) follows

L(T") < 5.18K;(I")mn, i.e. inequality (1) of Theorem 1.

Concluding remark Usually we try to transfer to meromorphic func-
tions what we know already about polynomials. Here we have in some
sense an inverse situation: we have applied in the polynomial case what
we knew already for meromorphic functions. It seems that there are
other aspects in recent developments in the theory of meromorphic func-
tions, say proximity property of a-points and other theorems about
Gamma-lines and their applications whose analogues are not yet estab-
lished for polynomials. I would propose to consider related problems.
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Abstract In this paper we give a new method for studying oscillations of large
classes of nonlinear ordinary differential equations involving the Ric-
cati equation, the Schrodinger and the Painlevé type equations. Some
application are given as well.
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1. Introduction and method

We study oscillations (distribution of zeros) of solutions of different
type equations F'(t,y,7',y"”) = 0. Our approach permits to obtain upper
bounds for the number N (t1,t2,y) of zeros of solutions y(t) in a given
interval t; < t < t3. There is enormously large number of investigations
of zeros of solutions of some second order equations: the Internet shows
around 30000 paper. The reason is somehow clear: in many applied
problems namely zeros of the solutions are of primary interest. How-
ever, the majority of these investigations relate to the standard, linear
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Schrodinger type equations y” + A(t)y = 0 or their immediate gener-
alizations; they can be found in many textbooks and surveys, see for
instance Ince [10], Sansone [15], Hartman [9], Kuzano and Nalto [14],
Swanson [16], Wong [19], [20], Cheng [6]. What concerns ”essentially”
non linear equations we were not able to find any concrete references;
moreover, we do not know about any pure mathematical investigation
related to oscillations for first order non linear equations. However, zeros
of solutions of many particular type equations play an important role in
applications and we naturally suppose that they were likely considered
in many applied papers related to those fields, where these particular
type equations arise.

We are not experts in ODE and the above presented short survey
is mainly due to our consultations with several experts in ODE. We
should gratefully acknowledge valuable discussions and helpful informa-
tion given by A. Agrachev, O. Celebi, G. Csordas and A. Zafer, with
special thanks to O. Celebi, A. Zafer for telling us also a generalized
oscillation problem considered in Section 5 below.

In this paper we just apply an approach used for the study of Gamma-
lines of complex functions to ODE. The approach is based on the fol-
lowing evaluation method for the number of zeros of real functions, see
[2], Chapter 5.

Lemma 1 Suppose f(x) is a function twice continuously differentiable

on a segment [a,b] and x1,z2,...,x, € |a,b] be those zeros of f for which
f'#0. Then
1 f(=@)
n < %/a @arctan (@) dx + 1. (1)

To prove this estimate we note that in (x;, z;+1) there exists a point
x* such that f'(z*) = 0 and f(z*) # 0. Consequently the angles
arctan f(z;)/f'(x;) and arctan f(z;11)/f (zi+1) are equal to zero, and
the angle arctan f(z*)/f/(z*) is equal to 7/2.

Hence
o f@| . w_ [m|d f()
5 < /xl %arc‘can () ‘ dzx, 5 < /z T arctan (@) dx,
so that
e d o f(a)
T < — arctan dx 2
< [ e 5 @

and summing up these estimates over all ¢ we get the above lemma.
We can apply now (1) to a solution y(t) of the equation F(t,y,y',y") =
0 in [t1,t2]. Let N(t1,t2,y) be the number of zeros ¢}, of the solution
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y in [t1,t2]. Suppose that for each zero there exists the non zero limit
limy_x f'(t)/ f(t). Then it follows from (1)

1 [2]d y(t)
N(ty,t2,y) < = /tl o arctan 0 ‘ dt+1
1Yy — (1)
T / ww? oy | ¥

so that an upper bound for N(t¢,t9,y) immediately follows from an
upper bound for the integral.

We show below the last integral can be easily estimated for solutions
of some large classes of equations F(...) = 0.

2. Equations of type y'(t) = P(t,y), where P is
polynomial with respect to y
We start illustrating the method by considering the equation
dy _
dt

with an integer n > 1; for the coefficients we assume just that they are
smooth in (¢1,%2) and satisfy

P(t,y) = an(t)y" + an—1()y" " + ... + ao(t) (4)

My := Mi(t1,t2) == sup max |a;(t)| < oo, (5)
t1<t<ts 0<j<n

My := Ms(ty,t3) := sup max |da(t)] < oo 5

2 2(t1,t2) t1<tI<)t2 0§j§n| L) ; (5"

= t1,t2) := iInf t 0 6

my := mi(ty,t2) . lao(t)| > 0, (6)

o s /

mo = mg(tl,tg) = tlgtlgtg \an(t)\ > 0. (6 )

The class of these equations involve particularly the Riccati equation,
that play an important role in many applied sciences particularly in
population dynamics.

Theorem 1 Let y(t) is a solution of equation (4) in (t1,t2) with coef-
ficients satisfying (5) — (6"). Then

N(t17t27y) < |t2_t1‘+17 (7)

A=
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where K is a finite constant depending only on mi, ma, My, M2, n
Remark 1 Calculating (roughly) the constant K we obtain

3 2 4 |2nM o9
K= <nM2+mM12> max | —; [2n 1/m2|2/n;_2 . (8)
2 My |ma/(2nMy)[7T My

Remark 2 Equations (4) admit oscillatory solutions, see [3].

Proof Note that under the conditions of Theorem 1 the solutions y(t)
can have only zeros, say t5, v = 1,2, ..., N(t1,t2,y), that satisfy y/'(¢) #
0. Consequently by applying Lemma 1 and (3) to our solution y(t) we
obtain

1 [2|d y(t)
N(ty,t2,y) < ;/tl %arctan y/(t)‘dt—i—l
1y y) — (4 (1)
_w/ ver oy |“Th ®)
where y'(t) =Y ait)y (1) (10)
1=0

We should obtain upper bounds for

Yy (L)y(t) — (' (1)
W' (1) + (y(t))?

1=0
(11)
for arbitrary y(t).
Consider the denominator of (11)
n 2
(Z ai(t)y’(t)> +12(t)
i=0
n 2
= lao(t) + ) ai(®)y'(t)| +y*(t). (12)
i=1
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For |y| < |y*|, where |y*| := |m1/(2nM1)|Y/™ we have

1) 2 2 |ao(t)] ? m%
() + oy = () =" (13)
Indeed, for all those y for which
, [
‘a’l(t)yl(t)‘ S ’a;iﬂu 1= 1727 -y 1,
we have
. t
Yo a®y'(t)] < aOQ( I,
i=1
so that from (12) follows (13).
In other word (13) is true when
a(t) |V
t)| < =12, ..
‘y( )’ — 2naz(t) Y 4 ) ) 7n7

and certainly this is also true for all those y satisfying |y| < |y*|.
For those y that satisfy |y| > y* immediately follows

2/n
, (14)

m1

00+ O] 2 07 2 | o

where we take into account that |mq/(2nMy)| < 1.
To give upper bounds for (11) we should estimate )(y’(t))2 + (y(t))?
more precisely when y is “large”. Since

n n = ai(t) i 2
= || @y ) + 9" (1) Y~ |+ (D)

—yni(t)

there exists a “large enough” value y** such that

n n = ai(t) i 2
an(t)y" (1) +y" (1) Y - + (y(t))

— oy (1)
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B0, mi ) 5)

as soon as |y| > |y**|.

To determine this value y** we note now that for values y satisfying

)< M; i, =0,1,2,...,n—1,
Y n
we have
n—1
n ai(t) |an (t)y" (t)]

t - <
so that (15) is valid for any y satisfying

9 1/n—i

|‘Z by 712071727 7n_1
Qn

Thus (15) is valid also for any y satisfying |y| > |y**|, where

2nM1

‘ **| —
. m2

Further we have

n n 2
= 13 [aow (@) + a0y (' ()] - (Zaxt)yi(t)) (16)
i=0 1=0
n n n 2
- [af(t)yiﬂ(t) + ia; (t)y' () az(t)yi(t)] - ( az(t)yl(t)>
=0 =0 =0

3

.y [|a;<t>yi+1<t)\ +lias Oy O] Y a5 1)
=0

=0

We will need also the following form of (16)

v Oy(t) — (4 ®)’) ()
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2
n | ai(t) | ai(t)

i=0 i=0
Now we give upper bounds for

iai (t)
yri(t)

2n— z+1 )‘

y'(ty(t) — (¥ (1) .
W' (1) + (y(t)?

Due to (13) and (16) and the definition of y* for y satisfying |y| < |y*|
we have

y'(y(t) — (' (1)°
(' (1)) + (y(1)*

. 2 im0 [aé(t) (" ()" | + fiai(t) (v (1))" ai(t) (y*(1))'

B (Jaol/2)”

2i=0

|
’

ai(t) (y* (1))’
(laol/2)”

(2,

>t llaf (O] + lias ()] S5 las(t)] + (S0 las(t))*
(laol/2)”

<

< nMy + (n® +3n%) M7 /2 4nMjy + 2 (n® + 3n?) M} (15)
- m? /4 B m? ’

where we take into account that |y*| <1 and (5), (5'), (6).
Due to (14) and (17) and the definition of y* and y** for y such that
v < lyl < ly™| we have

¥ ()y(t) — (¥'(
(' (1) + (y(t)

()" [ o (0] + lia ()| g las D] + (i las(t)))?]

: (y*)°
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- (y**)zn [nMQ + (n3 + 3n2) M12/2]

- (y*)?

_ 12n My /ma|®™ [nMy + (n® + 3n?) M3 /2]
a Imy/(2nMy)|2/m ’

(19)

where we take into account that |y**| > 1 and (4), (5’) . Due to (15)
and (17) for y such that |y| > |y**| we have

y'(y(t) — (' (1)°
(' () + (y(t))*

Y [E?:o [laf(t)] + lias(t)] 227 lai(0)]] + (i lai(t)])?
(lany™))* /2
_ 22 o [lai(®)] + [iai(?)] Z?:o2|ai(t)|] +2 (X lai(t)])”
|an|
< 2nMy + (n3 + 3n2) M12

= 2
my

<

(20)

Combining (18)-(20) we obtain Theorem 1 and the constant K in
Remark 1.

3. Equations of type y'(t) = R(t,y), where R is
rational with respect to y

Consider now the equation

 Pity)  an(®)y"Fan—1(B)y" T+ +aol(t)
R(t7 y) T Py (t, y) T bm(t)ym + bm_l(t)ym—l + ...+ bo(t)’

dy _
dt

(21)

with some integer m > 1 and n > 1, with coefficients a,, an—_1, ..., ag
smooth in (t1,%2) satisfying (5)-(6’) and with coefficients by, by—1, ..., bo
smooth in (¢1,t2) satisfying respectively

Ms = Mg(tl,tg) = sup max |bj(t)| < 00, (22)
t1<t<ty 0Sj<m

M4 = M4(t1,t2) = Sup max ‘b;(t)‘ < 00, (22/)
t1<t<to 0<j<m
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ms = mg(tl,tQ) = tlgggh |b0(t)| >0, (23)
my 1= my(l1,t2) 1= t1i<It1£t2 b (t)] > 0. (23')

Theorem 2 Let y(t) be a solution of equation (21) in (t1,te) with
coefficients satisfying (5)-(6") and (22)-(23"). Suppose |Ps (t,y)| > ¥ (t)
fort € (t1,ta), where W (t) is an arbitrary nonnegative, smooth function.
Then

K
N(t1,t2,y) < ;|t2—t1\+1, (24)

where K is a finite constant depending only on mi, ma, mg, my, M,
MZ: M37 M4) v (t)r n,m.
Remark 3 Calculating (roughly) the constant K we obtain

4 4mMs /m.|""? 2
K = Cmax | —; [4m My /ma| ;—5 | for m >n, (25)

" () b))

4 2nM 2
K = Cmax [ —; [2n My /me| ;—5 | for m<n, (25)

(1) f2ndg)17)

where C' is

(M3Ms + My My) 2mV (t)+(n + 2) mMsM{+ (m?Msz + 4V (¢)) M7
n.
20 (1)

Remark 4 Theorem 1 is not a particular case of Theorem 2 since we

suppose that b, > 0.

Proof Idea of the proof is the same as in item 2; however there are

several differences so that we have to give a separate complete proof.
Note that under the conditions of Theorem 2 the solutions y(¢) can

have only zeros, say t, v = 1,2,..., N(t1,t2,y), that satisfy y/(¢}) # 0.

Consequently by applying Lemma 1 and (3) to our solution y(t) we

obtain
d t
— arctan y( )

dt y'(t)

1 [
N(ti,t2,y) < —/

™ Jt,
1 /t2
™ Jt,

‘dt—i—l

y"(y(t) — (y’(lt)g2

ver+wo? |“t (26)
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where
o Do @iy (L)
S VRO

Thus we should obtain upper bounds for

y"(Oy(t) — (' (1)°
(W' (6)° + (y(1))?

e 0] + a0 E s G ] 32 o)

(Srpaii ) +v2(0) (T b (0w(0)

b;.(t)yf+1<t)( + \jbj(t)yj (t) %} 2 ZEE;ZJ((?) H
7=0"%J

2

1=0

oo 5 |
(Srp e ) +v20) (T b (0w (1)

+

(o aity'(1)”
—=5 — (27)
(Zigaiyi) + ) (Sibithyi ()

_.I_

for arbitrary y(t).
Consider the denominator of (27)

n 2 m 2
(Z cu(t)yi(t)) () (Z bj<t>yf<t>)
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We show now that for |y| < |y*|, where |y*| := |my/(2n.M;)|*™ we have

n 2 m 2 2
P\ ()t |ao (1)) mi
o) + (0] + | Do) > (fl) 2 2,
(29)
Indeed, for all those y for which
‘ '
}al(t)yl(t)‘ S ’a;i)|u 1= 1,2,..,71,
we have
- ; ap(?t
S ity (o) < 2o
i=1
, 2
and since (Z;nzo bj(t)y]+1(t)) > 0 from (28) and (6) follows (29).
In other words, (29) is true when
ao(t) 1/i
t)] < =1,2,.
’y( )| —_— 2nal(t) ) ) ) 7n7
and certainly this is also true for all those y that satisfy |y| < |y*|.
For those y that satisfy |y| > y* immediately follows
(Z ai(t)yi(t)> +y7 (1) [ Dby (1)
i=0 j=0
2 [ o\ m |7\ (& Y
> 1) [ Sobw) | = ( s ) bt (1)
: niviy -
7=0 7=0
my 1/n 2
> U (t . 30
> ( S >> (30)

To give upper bounds for (27) we should estimate (y/(t))* + (y(¢))*
more precisely when y is “large”. Consider two cases.
Case 1: m > n. Since
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n 2 m
(Z ai(t)y’ (ﬂ) + [ Dby (@)
: par

=0
n 2 m—1 b (t) 2
= Zai(t)y’(t) + | b (Y™ () + ™ () Z m_jT
— — y (t)
1= j=0
there exists a “large enough” value y** such that
. 2
(SSaion ) > b
i=0
2 2(m+1) 2,,.2(m+1)

as soon as |y| > |y**|.
To determine this value y** we note now that for values y satisfying

 lbul
— 2m

b,
ym—j—i-l

j=0,1,2,...,m—1,

we have

m—1 m+1)
b;(t) b ()y I (#)]
m+1 J <
Yy (t) Z ym—j—i-l(t) — 2 ’
J=0
so that (31) is valid for any y satisfying

omb. |1/ 7=i+1)

‘y|2‘—] L i=01,2,....m—1.
bm
Thus (31) is valid also for any y satisfying |y| > |y**|, where
ok 2mM3 1/2
vl =
my

Case 2: m < n. We can easily see that there exists a “large enough”
value y** such that

nl 2
A(t)
(st S 205} + (Snowa

n
zOy

2
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2 2n 2,2n
2 2
as soon as |y| > |y**|.
To determine this value y** we note now that for values y satisfying

|an|

<G =012 n—1,

yni

we have

_ lan (" (0)
- 2

so that (31') is valid for any y satisfying

Thus (31’) is valid also for any y satisfying |y| > |y**|, where

2nM1

‘ **‘ —
. m2

Further for the nominator of (27) we have




203 [0 [M4 )] +j]‘§3éf1 b \y%t)!]
i =0

n 2
+M7 (Zyi(t)) : (32)
i=0

To estimate the last magnitude we consider two cases.
Case 1: m > n. Then

amt1) [ My . M & 1 " 1
Y (Z [|ym_i(t)| Ty (t) z; |ym_i(t)\] M3j§0 ym“j(t))

=0 i=

My M3M1 1
[wm OO Zwm 1 )D

n 2
+y2(m+1 (Z — Z > (33)
=0

Case 2: m < n. We write (32) as

Jj=0

n m
+y2(m+1 Mlz |ym+1 i( |Z

n

o [ M, ; M} 1 R
Yy (; [|yn—i(t)‘ + U (t) ; ’yn—z(t”] MS; }y"(jﬂ)(t))
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2n “ M3M1 1
+y MIZ |y" (z+1 ’Z[ U (t) Z‘yn i )’]

Jj=0

2
n
1
2n 3 12 !
+y" M — = (33
(Sw @<t>>
Now we give upper bounds for

y"(y(t) — (' (1)°
(' ()" + (y(t)*

when m > n.
Due to (29) and (32) and the definition of y* for y satisfying |y| < |y*|
we have

. M?
< Z?:() [MQ +ZW115)} mMs3 + nM; Z] 0 [M4 +Jﬂ/§>%1:| —|—2nM12
B m?/4

(n/2> 2mM3M2\Il(t)+mM3nM12+2mM3M12+2M1mM4‘l/(t)+M12m2M3+4M12\If(t)
W(t)

2/4
(2mM3MQ + 2MimMy + 4M1)

2n
m1

2n

Here we take into account that |y*| < 1 and (5), (5), (6) due to (30) and
(33) and the definition of y* and y**. For y such that |y*| < |y| < |y**|
we have

<
N
)
~
SN—
<
—
o~
N~—
—~
<
~
—~
~
N~—
DN ~—r
no
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m

1/2 | n 2
[z (Mo + it | mMs + by Y- [ My + 200 ] +2nM12]

4mMs
mq

i=0 §=0

< 2
(W ()l /(2nMy)1/7)

_ nldmMs/m"? 2mMs MoV (1) + mMan M3 + 2mMs M3
2 (W(t)mi/(2nMy)[H/7)? v (1)

n|4mMs/my|"/? 2MymMyV (t) + MEm?Ms + 4AMEV (1)
2 (U () [ma/(2nMy) V7)) v (t) '

(35)
Here we take into account that |y**| > 1 and (5), (5') due to (31) and
(33). For y such that |y| > |y**| we have

Yy ()y(t) — (' (1)
W' (£)* + (y(t))?

n 2 m
> My + el | mas + nay X [+ j200] + 2nM12]
miy?m(t) /2

Y2 (t) [

<

) Lf% [Mg + z‘l, )] mMs + nM; gio [M4 +]M5(M)[l} + 2nM12]

= 2
my

= —2mM3M2 + 2MimMy + 4M1
mj

+ mMsnM3E + 2mMzM? + MEm?*Ms. (36)

"
miW (1)
Denote by

C :=n (mMsMs + MymMj + 2M7)
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2W()nﬂémﬂﬁ-+2mA@AQ—+AQnﬂA@ (37)

Then due to (37) and (34) for y satisfying |y| < [m1/(2nM1)|"/™ we have
"(y(t) — (Y ()7 _ 4C

0wt~ woF| 0 -
(' ()" + (y(1)) mi

Due to (37) and (35) for y such that |my/(2nM1)|Y™ < |y| < |[4mMs/m4|*?
we have

V(O -~ WOP  [mdM/mi PO
(v ()" + ) |~ (\D (1) ma /(20 4y) ")’
Due to (37) and (36) for y such that |y| > |4mM3/m4\1/2 we have
y'(y(t) - (' (1)*| _ 20
WP+ W) |~ m (40

Now we give upper bounds for

y'(y(t) — (' (1)°
(y'(1))* + (y(1))*
)

when m < n. Due to (5)-(6"),(22)-(23'), (29),(32),(37) for y satisfying
ly| < ‘ml/(anﬂ\l/n we have

)

y" y(t) — (y'(¢ ))2 )
OP T | S )
Due to (5)-(6"), (22)-(23'), (31'), (33'), (37) for y satisfying
my |V n
2n]\141 < |y’ < 4m]\241
we have
SO0~ WP lndtmlc
PO | (0 0) iy )

Due to (5)-(6),(22)-(23),(31'),(33"),(37) for y satisfying |y| > |[4nM;/ma|

we have
Y (By(t) — (Y (1)
)

(W' (£)* + (y(1))?

Combining (38)-(40, (38')-(40") and (37) we obtain Theorem 2 and
the constant K in Remark 3.

<> mZ
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4. Equations with non integer degrees of y

Consider the equation

dy _

i an(t)yk" + an,l(t)yk"*1 + ot ao(t)yko, (41)
where k;, @ = 0,1,...,n, are nonnegative numbers satisfying k, >
kn—1 > ... > k1 > kg = 0 and the coefficients satisfying conditions

of Theorem 1. Repeating almost word by word the proof in Section 2
we obtain
Theorem 3 Let y(t) is a solution of equation (41) in (t1,t2). Then

K
N(ti,t2,y) < ?|t2_tl‘+la (42)

where K is a finite constant depending only on mi, mao, My, Mo, k;,
n.
Remark 5 Calculating (roughly) the constant K we obtain

4 |4nM12/m2‘k"/(k"_k"7l)_ 2

K = nM2+M12§ ki | max | —; .
( i=0 ) (m% ‘ml/(Q”Ml)IQ/kn m%)
(43)

Consider the equation

@ _ R(t y) _ Py (tv y) - an(t)ykn + an—l(t)ykn_l 4+ ...+ aO(t)ka
di ’ Py(ty) " bn(0)yPm + b (B)yPm—t + ..+ bo(£)yP0
(44)
in a given interval t; < t < to, where k;, : =0,1,...,n, are nonnegative
numbers satisfying
kp>kp1>...>k1 >k =0 (45)
and pj, 7 =0,1,...,m, are nonnegative, satisfying
Dm > Pt > ... > p1 > po = 0. (46)

We also suppose that the coefficients a;,7 = 0,1,...,n, and bj,j =
0,1,...,m, are satisfying the conditions of Theorem 2.

Repeating almost word by word the proof in Section 3 we obtain
Theorem 4 Let y(t) is a solution of equation (44) in (t1,t2). Suppose
|Py (t,y)| > W (t) fort € (t1,t2), where ¥ (t) is an arbitrary nonnegative,
smooth function. Then

K
N(t17t27y) S ?

[t2 — ta], (47)
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where K is a finite constant depending only on m1, ma, ms, myg, My, Mo,

M17 M27 kiapja n,m.
Remark 6 Calculating (roughly) the constant K we obtain

1/(pm_pm—1+1)

4 ‘4mM3 9
K = Cmax | —; o 5i—5 | for pm >k, (48)
mi - 1/kn my
v (t) 2nM,

4 |2nM; fmy|"/ FrEn1)
K = Cmax | —; 200 /s | ;— | for pm <ky

" (1) /(20 y)] Vo)

(48)
where
M2 & M3 M,
C=|nM,+—1 ki | mMs +nMy | mMy + Dj
[+ 5 32 W) 2"
+2nM?3.
5. Oscillation of solutions around curves

The more interesting and certainly more applicable will be results
related to oscillation of solutions around curves. This means that we
should study the number N (t1,t2,y— f) of zeros of y(t) — f(t) in (t1, t2),
where y(t) is a solutions and f(t) in a given function.

It turns out that our approach can be immediately applied for getting
upper bounds of N(t1,te,y — f) for equations considered in the above
sections. Indeed, let us again consider the equation

dy

o = Pt.y) =an(t)y" + an—1()y" "t + ...+ ag(t). (4)

Denoting Y (t) := y(t) — f(t) we can rewrite it as

% = P(t,y) := An(O)Y" + Ap 1 ()Y + .+ Ag(t),  (49)

where
An(t) = an(t), Ao(t) =an(t)f™ + an,l(t)f”_1 +...Fao(t). (50)

To get upper bounds for N(t1,te,y(t) — f(t)) we need just to apply
Theorem 1. To do that we need to get upper bounds for the magnitudes
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Mi(Y), Ma(Y), mi(Y), ma(Y), for equation (49) (instead of M, M,
mq, me considered for equation (4)). The magnitudes M;(Y) and M,
(Y) for equation (49) can be easily obtained if we know M; and My for
equation (4), the magnitudes mo(Y') = ma. To apply Theorem 1 we just
need to suppose that
mi(Y) :=mq(t1,t2) := tlél}ih |Ao(t)| > 0.

Then we will be able to calculate the magnitude K(Y) in (8) with the
magnitudes My (Y), Ma(Y), mi(Y), mao(Y) (instead of My, Ma, mq,
m2).

Thus we immediately come to
Theorem 5 Let y(t) is a solution of equation (49) in (t1,t2). Suppose
that inequalities (5) — (6") are valid for My (Y), Ma(Y'), m1(Y), ma(Y)
(instead of My, Ma, my, ma). Then

K(Y)

Remark 7 Acting similarly we can get similar results on oscillation of
solutions around curves for other equations considered in Sections 3 and

4.

6. Oscillations of some Painlevé and Schrodinger
type equations

Due to the presence of (y')? equation

a(t)y” +b(t) (y)° fy) + )y g(y) + d(t)h(y) = 0 (52)

is, in a sense, of Painlevé type. The equation involves as particular cases
many widely studied other equations: for instance standard Schrédinger
type equations ay” + dy = 0; Emden-Flower equations ay” + dy? = 0.
There are numerous investigations related to oscillations of solutions
of these particular classes of equations: in those papers we met the
coefficients b(t) and c¢(t) are identically equal to zero.

Our method permits to obtain immediately upper bounds for the num-
ber N*(t1,t2,y) of those zeros t, of solutions y of (52) in a given interval
t1 <t < ta, for which there exists the non zero limit lim; s, v/ (t)/y(t).
By A we denote infy, <y<y, |a(t)]; by B, C, D we denote sup;, ;4, [¢(t)],
where 9(t) is equal b(t), c(t), d(t) respectively; by Hy, Hy, Hs we de-
note SUPy, <rcr, |9(1)], where (1) is equal to |£(y)yl, l9(y)/3l, 1h(y)/y]
respectively. With these notation the following result is valid.
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Theorem 6 Let y(t) be a solution of equation (52) in (t1,t2) with
smooth and bounded coefficients a,b,c,d in (t1,t2). Then

1 B C D
N*(tq,t < —|\Hi—+Ho— + Hy— | |to — ¢ 1.
(1,2a?/)_7r(1A+ 2A+ 3A>|2 1]+ (53)

Proof Again by applying Lemma 1 to our solution y(¢) we have

1 [2]d y(t)
N(tq,t < - — t dt+1
(t1, g,y)_ﬂ/tl dtarcany,(t) +
1 [t2 |y — (J(t 2
L[ O W OF
mJu | )7+ (y(t)
so that we need just to obtain upper bounds for
'y — () ‘ vy |y
2 2 | — 72 2 )
)" +y W) +y

For arbitrary y(t) satisfying equation (52)

(b6) W) £ () + cWy'9(y) + (b)) y

e
W)+ at) (W) +v?)
b(t)  (v) ct) Yy h(y) h(t) ¢
: f(y)y@(y’)%ry2 +’g(y)a(t) ) +y2 +’ y alt) (y)? +y2
b(t)| | |g(y) c(t) h(y) h(t
SV®”«J*‘2<MA*’ya@‘

is valid from which Theorem 6 follows.
Particularly for the standard class of equations

at)y”(t) — d(t)y(t) = 0 (54)

we have H; =0, Hy = 0,.H3 = 1 so that the next theorem immediately
follows.
Theorem 7 For any solution y(t) of equation (54) in (t1,t2) is valid

D
N*(t1,t < —|tg — ¢ 1. 55
(1,2,y)_7TA!2 1]+ (55)
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7. An application to some generalized
mathematical models in biology and
economics

Introduction and Problem How long time is needed for restoring a
given state (of a population, of an economical datum etc.).
First we note that equations considered in the above Section 1 and 2
generalize many equations which play a key role in biomathematics and
economical mathematics. We mention some of them.

Verhulst’s differential equation in population dynamics

vy =(N-D)y+1-F, (56)

where y := y(t) is the number of individuals of a given population,

Ny and Dy are respectively the velocities of births and deaths of the

population, I is the number of immigrants entering the given area from

outside and F is the number of emigrants departing from the area.
Differential equation of logistics

v = ay® + by, a = const <0, b= const >0 (57)

describing cell division.
Lotka-Volterra (or predator-pray) equation

y = ay + by,
{ ' = cx+ dyz, (58)

where y := y(t) and x := z(t) are interpreted respectively as number of
predators and prays, a, b, c and d are constants: a and c, are, respectively
rates of birth and death of individual species (predators and prays), ¢ and
d, are, respectively decay and growth factors due to binary interactions.
This system of equations is equivalent to the equation

, _ ay+byx )
= 58
Y cr+dyx (58)
We will also mention Zeeman’s model describing muscle fibre
ay = —(y* + by + ),
{ v v e (59)

where a, b, ¢ are constants; this system is equivalent to the equation

—(3+Db
y—=c
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These equations can be found in many textbooks and monographs, see,
for instance, Lotka [13], Volterra [17], Akira [1], Frauenthal [7], Jones
and Sleeman [11].

It has been mentioned in many books that these models provide
oversimplified representations of real situations and in fact instead of
constants there should be functions depending both on y and ¢. For
instance Kolmogorov offered (see [12] ) to consider the strengthened
Lotka-Volterra model

{ y = yKi(z,y),
= xzKy(z,y),

for the predator-pray problem with rather general K and Ks; this sys-
tem is equivalent to

) = yKi(z,y)
* xKQ(SE,y)

Clearly more adequate models can be much more complicated if we
try to take into account say age-structure of population, [8], [4], [5],
concurrence inside individuals in the same species [18], immigration and
emigration, seasonal changes etc., see [1], [7], [11]. In turn the more
complicated coefficients can be approximated by polynomials; note that
in fact we deal with reasonably simple coefficients and approximation
should be considered in reasonable finite intervals. Thus we see that
general models should be described mainly by equations of type (4) and
(21) considered in the above Sections 1 and 2. By the way some of
the above equations have interpretations also in economics. In some
cases these two subjects (population dynamics and economics) are al-
most identical. For instance: payment of pensions to different categories
of pensioners is mathematically identical to population dynamics; Ver-
hulst’s model is interpreted as growth of economics under given policy
of investment etc. Thus some more adequate models in economics again
will be reduced to equations of type (4) and (21).

However, there is no general theory for these equation and we can
study only some of the aspects of solutions; this is even so for many
simple models.

In this sections we note that the above methods permit to analyze the
following practical question. Let us have a given policy of regulation of
the given magnitude y (the magnitude can be the number of a population
or an economical datum etc.); the policy is governed by coefficients of the
related equations that in general can depend on time. Let the magnitude
Y (t) increase or descrease at the moment t*. How long time is needed
for restoring the given state of y? Mathematically this is the following
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Problem 1 Let Y(¢), t € (t*, t**), be a solutions of a differential
equation F(¢t,Y, Y’ Y") = 0. Suppose Y (t*) = @ and t** is the nearest
next value ¢ =t** t** > ¢* where Y (t**) = Q. Estimate [t** — ¢*| !
Theorem 8 Suppose Y (t), t € (t*, t**), is a solution of a differen-
tial equation F(t,Y,Y',Y") = 0 and Y(t*) = Y(t**) = Q, Y(t) # 0
for t € (t*, t**). If the substitution Y = y + Q reduces the equation
F(t,Y,Y'Y") =0 to the equation (4) then
T
K?
where K is defined in (8) with substituting t; and te by t* and t**.
To obtain Theorem 8 we need just to repeat the proof of Theorem 1
making use of inequality (2) instead of inequality (3) of Lemma 1.
Taking into account (5)-(6") and (8) we immediately obtain the fol-
lowing
Qualitative conclusion If the restoration happens very quickly, that
is |t** —t*] is “small” then either at least one of the coefficients |a;(t)|,

[t — %] > (60)

’a;- (t)‘ should be “large” or at least one of the coefficients |ag(t)|, |an(t)]|

should be “small”.

Clearly similar results and conclusions will take place if we consider
equations in the above Sections 3 to 6 instead of equation (4).

We can consider also the following more general question: how long
will take the growth (or decay) of the magnitude Y from state Y = Q*
till state Y = Q**7?

Problem 2 Let Y(¢), t € (t*, t**), be a solutions of a differential
equation F(¢,Y, Y’ Y") = 0. Suppose Y (t*) = Q* and ¢** is the nearest
value, t** > t*, where Y (t**) = Q**. Estimate [t** — t*|!

The case @Q* = Q** is subject of Theorem 8. For Q* # Q™" we have
the following
Theorem 9 Suppose Y (t), t € (t*, t**), is a solutions of a differential
equation F(t, Y)Y Y") =0; Y(t*) = Q*, Y (t**) = Q**. If the substitu-
tion Y =y + Q reduces equation F(t,Y,Y')Y") =0 to the equation (4)
then

Q" -
ML, 1) max{Q, 1]
where My (t*,t**) is defined by (5), that is

w when Q< Q™, (61

M(t*, ™) : sup max |a;(t)] < oc.
tr<t<trx 0<j<n

and
Q" — Q| Nr
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where N is the number of points in (t*, t**), where Y attains the value
Q* and K is defined in (8) with substituting t1 and to by t* and t**.
Proof Consider two cases.

Case 1: Q* < Q**. Since y satisfies (4), we have

$r*

t** t**
Q”—@z/)yﬁé/ sz/ P(t,y)| dt
t* t t*

*

so that (61) follows.
Case 2: Q* > Q**. Suppose first that Y (¢) < Q*, for t € (t*, t**). Then

clearly

*k

t** t**
Q”—@z/)yﬁé/ Mﬁz/ P(t,y)| dt
t* t* t*

< My (¢, %) lmax{Q*, 1}|" [t** — t*], (63)

so that (62) follows. Now suppose that the inequality Y (¢) < Q* is not
valid for all £. Then it follows that there exist some values t; = t* <
to < ... <ty such that Y(¢;) = Q* for i = 1,2, ..., N and Y (¢) < Q* for
t € (ty, t*). According to inequality (63) we have

< My (¢, 6) jmax{Q", 1}|" |t™ — tn] . (64)
For any t; and t;41 according to Theorem 8

T
T

[tiv1 —ti| > %

where K defined in (8) with substituting ¢; and to by ¢; and ¢;41 so that

N
|tN—t1‘ > 7 (65)

follows. Theorem 9 follows now from (63) to (65).

Clearly similar results and conclusions will take place if we consider
equations from the above Sections 3 to 6 instead of equation (4).
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Abstract  Effective computing of the number of points of a semi-algebraic subset
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1. Introduction

The present paper is devoted to the problem of effective computing of
the number of points of a semi-algebraic subset given in explicit form.
This topic goes back to a problem of effective finding the number of
roots of real polynomial in the left half-plane which was posed by J.
Maxwell [12]. Under effective finding as usual is understood that one
does not compute the roots themselves but indicates an algorithm which
computes their number by means of a finite amount of algebraic and
logical operations over the coefficients of given polynomials.

An analogous problem can be formulated for any polynomial endo-
morphism (vector field). The literature concerned with this topic is
enormous. Some of the most fundamental results in this direction were
described in [12]. Recently, new powerful methods were developed in the
framework of the so-called signature formulae for topological invariants
[10]. It turned out that the real roots number may be computed as the
signature of a certain auxiliary quadratic form whose coefficients can be
algebraically expressed through coefficients of given polynomials.

A natural generalization of Maxwell’s problem is to find an algorithm
for effective computing the number of points of an arbitrary finite semi-
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algebraic subset. The latter problem has not been investigated in full
detail until today. The aim of the present paper is to describe a general
algorithm for solving this problem and to estimate the computational
complexity of the corresponding algorithm.

Our approach to this problem is based on the use of quadratic forms
and multi-dimensional residues in the spirit of the aforementioned signa-
ture formulae for topological invariants. We first describe all necessary
concepts and auxiliary results. We essentially use the same approach
and concepts as in [1].

2. Counting the real roots rumber in the
semi-algebraic subset on the plane

Let ¢ = (f,9) : R? — R? be a C-proper polynomial endomorphism of
type (n,m), that is deg f = n, degg = m, and C(fc) N Coo(gc) = 9.
(Coo(fc) and C(gc) are tangent cones at infinity of complexifications
of 7 and g) [1], [2).

From properness it follows that there exist exactly N = n-m common
complex roots. Denote them by p; = (a5, 3;), j=0,...,N — 1.

For the main construction we must be guaranteed that all these roots
are simple and even have pair-wise different ordinates, say, 3; # ; for
any ¢ # j. Such mapping will be called y-precise. It was shown that
it is possible to assume that everywhere without loosing generality (see
Propositions 1.1 and 1.2 and Lemma 1.2 from [1]).

We also introduced the so-called ” counting” quadratic form

N—-1

Q2(&) =) Xy, 8)(Co+ &b+ &6 + .. Env-aBY ) (1)

J=0

defined on an auxiliary N-dimensional Euclidean space RY and depend-
ing on arbitrary real rational function (or polynomial) x € Ry, where
Ry = R[x, y] is the ring of real polynomials in two variables. If y = 1 we
write Q7 = Q¥ and call it the principal ”counting” form [11].
An important statement in [1].

Theorem 1 If ¢ : R? — R? is an y-precise, C-proper polynomial en-
domorphism, then quadratic form Q¥ is nondegenerate and its signature
s(Q¥) is equal to the real root number of endomorphism ¢

# op (0) = s(Q%). (2)

One can also formulated an effective criterion of y-preciseness.
Proposition 1 If

R(R:(f,9)(y), Ru(f,9)'(y)) #0, (3)
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then map ¢ = (f, g) is y-precise.

Here by Ry(f,g) = Ry(f,g)(x) is denoted the resultant of two ele-
ments of ring K[z|[y]. This is polynomial of x.

Relying on the results [1], [2] we can investigate more complicated
case, when we have inequalities apart from equations.

So, at the moment suppose we are given a polynomial in two variables
h € R, such that the triple (f, g,h) has no common roots: Z¢(f,g,h) =
.

Analyzing the proof of Theorem 1 it is easy to notice that introducing
a coefficient h(a;, B;) enables us to take into account also the roots laying
in the set {h > 0}. This enables us to get the main result giving a way
to research zero-dimensional semi-algebraic subsets in R2.
Theorem 2 If ¢ : R?> — R? is an y-precise, C-proper polynomial
endomorphism, h € Ry and Zc(f,g,h) = @, then form Q5 also non-
degenerate and

# o (0) N {h >0} = (s(Q¥) + s(Qf))- (4)

N —

(when h =1, we get Theorem 1.
Lemma 1 One has

(z + iy)(a + ib)* + (z — iy)(a — ib)?

yb\2 oy +a? .
2m<a7;> -2 . b, if x#0, (5)
—y(a+b)? +y(a—b)? if x=0.

Proof of Theorem 2 We write the quadratic form Q¥ (€) in a standard
form

N—

,_.

h ajvﬁ] 50 + glﬁj + gZﬁ] -§N—1ﬁjz‘v_1)2- (6)

j=0

Since (ay, §j) are common real roots of f and g, and Zc(f,g,h) = O,
then h(aj, 3;) # 0 for all j =0,..., N — 1. So some points of ¢g*(0) lie
in the set h(z,y) > 0, and the rest there, where h(x,y) < 0.

For bringing to the normal form of (6), similarly as in the previous
Theorem 4.2 [1] we have k real roots and [ pair complex-conjugate root
and we numerate them as in the mentioned theorem.
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Now we will make the same change of variables and (6) will take the
form

k—1
Qr(n) = h(ay, B5) 77] + Z Oék+j7175k+j—1)771%+j71
Jj=0 Jj=1
—h(0kq14j-1. 5k+l+j—1)"71%+z+j_1] ; (7)

where n;, h(aj, ;) € R, for 1 < j <. Mir-1 = Brtkh+j—1 and h(Qgpr -1,
Brti—1) = Mhtirj—1, Brtij—1), for 1 <j <1

It is obvious, that this expression gives nondegenerate quadratic form,
as h(aj,3;) # 0 for all 0 < j < N —1, hence the form is nondegenerate.
Moreover, its determinant, in future Vandermonde determinant is easily

N
calculated and equals to [[(8; — 3;) # 0.
i#]
So, Lemma 1 enables us to bring the second sum to the form, when
the number of positive and negative squares are equal, i.e., they have no

influence on signature of the form Qf. Hence

s(Qf) = #[wr (0) N {h > 0}] — #[pg " (0) N {h < 0}].

On the other hand,

s(Q¥) = #[wr (0) N {h > 0}] — #[pg ' (0) N {h < 0}].

Summing these equalities, the formula (4) is obtained easily. The
theorem is proved.

In the following theorem we estimate the real roots number of poly-
nomial endomorphism in an arbitrary open semi-algebraic set, roots on
the boundary excluded. It may be done with the help of formulae of
the inclusion and exclusion, which we present in some detail for two and
tree conditions of inequality type.

Theorem 3 Let ¢ be of the same type as above and hy, ha € Ry is such
that Zc(f,9,h) = @, i =1,2. Then

s(Q%) +s(QF) + s(QF,) + 5(QF 1,
4 )
(8)
where s(Q¥), s( fl) s( fQ) and s( fth) are the signatures of the form
Q°, Qfl, QfQ and Qfl respectively. (Zg(f,g) is the same as goﬂgl(O)).
Proof Let us compose the following quadratic forms Q%, Qfl, h, and

#(Zr(f,9) N {h1 > 0,hg > 0}) =

© . : T
@}, - Respectively, their signatures are s, s1, s2, s12 and m, n, p, ¢ denote
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the number of real roots in the mentioned area. Using Theorem 1 and
2 the system

m+n+p+q=s,

1
m+n:§(s+81),

1
n+q:§(s+52),

1
n+p= §(S+512)7

can be easily deduced, from where

S+ 81+ S92+ S12
4

follows, which in fact gives formula (8). O
Remark 1 Particularly, if h = J(f,g) is the Jacobian of ¢ then it is
easily seen that Zgr(f,g,h) coincides with the set of multiple roots of
pc. Thus, our formulae enable us to calculate multiple root number for
an arbitrary polynomial endomorphism.

Now we consider the case when there are three conditions of the in-
equality type hi, ho, hg € Ry. We are interested in

#(ZR(f, g) N {hl >0, hg >0, hg > 0})

In the general case {h; = 0}, {ho = 0} and {h3z = 0} curves cut the
plane into eight pieces. Let x1,xo9,...,xs be the real root number in the
corresponding domains, i.e., 1 is the number of the roots which are in
the domain {hy, he, hs > 0}, (+++), 22 - {h1 > 0, ho > 0 and hz < 0},
+4+ - z3-(+—4),x4-(—4++), 25 - (+——), 26 - (—+ —), z7 -
(- =+), 78 - (- =),

Let s, s;, 845 (1,5 = 1,2,3;i # j) and s123 denote the signatures of the
quadratic forms Q¥, Q inhj and Qf ;. respectively.

Similarly, to the previous theorem we can construct the system of
linear equalities. Let us construct all positive equalities so: we add
the number of points from those domains by turn, where h; or their
multiplication are positive respectively. For example 6-th equation from
following system is constructed like this, summing those numbers, for
which on the first and the third position are ”+” or product gives ”+"
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on same places

r1 +x2 +wx3 +x4 +x5 +T6 +T7 +T3 =1,
xr1 +x2 +I3 +x5 = C2,
xr1 +T2 +xy4 +Zg = c3,
1 +r3 +x4 +x7 = C4, 9)
xr1 +x2 +x7 +x83 = c5,
x1 +x3 +x6 +xg = cg,
xr1 +x4 +xs +xg =cy,
xr1 +xrs +x¢ +x7 = cg,
where ¢y, ca, . . ., cg are the numbers, that can be calculated by signatures

¢ =8, c0=3(s+51), 3 =3(s+52), ca = 3(s+53), c5 = 5(s+ s12),
ce = %(s + s13), 7 = %(s + s93), cg = %(s + s123) (see Theorems 2 and
3).
) The determinant of this system is D = 32 # 0, so the unknown values
are
= (=3c1 +ca+c3+---+cg)/4,
=(c14+cot+es—ca+cs—cg—cr—cs)/4,
=(c1+ca—c3+cg—c5+ce—cr—cg)/d,
x4 =(c1 —ca+cg+ca—c5—ce+cr—cg)/4,
=(c14+c2—c3—cs—c5—ce+cr+cg)/4,
=(c1—cot+c3—cyg—c5+ce—cr+cs)/4,
x7=(c1 —ca—c3+cq+ 5 —cg—cr+cg)/4,
xg=(c1 —cyg—c3—cqg+c5+cg+cr—cg)/d
The value of z; can be expressed exactly by

#(Zr(f,9) N {h1 >0, hy > 0, h3 > 0})
§+ 81+ s2 + 83+ s12 + S13 + S23 + S123
3 )

Generally, the number of points can be calculated for arbitrary com-
binations hq, ho, hg. For example

§+ 81 — S2 — 83 — S12 — S13 + S23 + S123
S )

On the other hand, as we see, this expression can be easily constructed
from 5-th equation. It is obvious that we can do the same thing for any
inequalities too.

Remark 2 a) Geometrically we can understand that D # 0 without
calculation (we must use coordinate notation of matrix and consider
product of vector-lines).

Irs =
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b) The matrix of the system has special symmetry, which is preserved
in general case too and enables us to use this method for any numbers
of conditions of inequality type. It gives opportunity to solve general
problem on the point number of any semi-algebraic sets into R".

In [1], [2] was shown the possibility of finding coefficients of form (1).
There we proved an important statement into several stages.
Proposition 2 The coefficients of the form (1) are polynomials in the
coefficients of the given polynomials.

Using transformation (1) we obtained an expression which depends
N-1

on the so-called mixed Newton sums 3> a%f3{. There were considered
=0

several cases, the most important being: a) the pure Newton sums (p =0

or ¢ =0) and b) the simplest mixed sums (p =1 or ¢ =1).

At last we have
Consequence Those two cases are sufficient for counting the number
of real roots in the plane.

3. Counting forms and residues

The results obtained above and in [1] have interesting applications
in the theory of polynomial endomorphism. In the same work we dis-
cussed C-proper polynomial endomorphisms f : (R", 00) — (R™, 00) and
defined an affine ring A(f) for this. It is then useful to consider the Ja-
cobian Jy. It is known that Jy does not lie in the ideal (f), and its
class was denoted by d = cly(y) Jy. Then in two different ways bilinear

forms B(o, {Z)\) = Res; (o) and B (p,v) = A(m1 (1)) were introduced.
Respectively, we get quadratic forms Q%(f) and @7,

(Q(N)(®@) = Ress(¢¥?), @€ Ar(f), QL) = A(mr(¥?).

As it was said, all such quadratic forms defined by residue and projec-

tion, have the same signature. This on its side enables us to calculate

the signature of the Gorenstein form using Qi((p). Finally, topological

degree of mappings was defined and its main properties were formulated.
We mentioned that there exist tight relationships between degree of

the map and the Gorenstein form. The main result is

Theorem 4 We have deg f = sign Q“(f).

Proof Introduce compexification as usual: f¢ : (C", 00) — (C",00)

and shoots y € Reg fc NR™, then deg f can be calculated using formula

deg(f,y) = Z sgndet J¢(z). (10)
zef~(y)
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First assume that all roots of fc are simple. On the other hand from
the theory of coherent analytic sheaves (Oka-Cartan theorem [6]) follows
that

Alfe) @ Cal2)/(fo)

N
= @ Cullz—will/((fc —wj) = @ (C);=CY,  (11)
wi€f=1(0) =1

where N = #£:(0), fc'(0) = {wi,...,wN}.
As it is easily seen, always Ac(f) = A(fc), and we get Ac(f) = CVN
and A(f) = RY. Hence

dimc Ac(f) = dimg A(f).

The isomorphism of spaces A(f) and RY may be established as fol-
lows: if w; points are

{:cl,...,xp,zl,...,zq,El,...,Eq}:f(c_l(O),
p+2q:N, x’LGRn7 Z:177p7
Zkazke(cna k=1,...,q.

Take a = clgp € A(fc) and assign to it {gp(wj)}j-v:l. It is obvious, that
this correspondence is well-defined and gives isomorphism of A(fc) on
the C according to the (11).

In order to get an analogous isomorphism on subspace A(f) C A(fc),
we need to take the real part of the introduced correspondence.

In other words: now take ¢ € R, (2), a = clgp € A(f) and consider it
as an element from A(fc), then instead of complex-conjugate roots in
pair, take real and imaginary parts, i.e.,

CIQD — {4,0(1‘1), s a@(l‘p)a (Re‘p(zk)7 Im(zk))Z:l}'

It is obvious that we get an isomorphism of spaces A(f) and RY.
This circumstance suggests how to get convenient coordinates on the
A(f) and then find the expression of the Gorenstein form QY(f) in
these coordinates. R

In order to give bilinear form B($,v), by one of the properties of
residue we can write that

2

Res¢(y) = i (wj).
= J(wy)

Assuming that v = oy we get
B ) - 3 P,

J=1
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Hence, for complexification on A(f¢) by the corresponding Gorenstein
form we have

2

% (w;)
= Z S;(wj) , for ¢ e A(fc). (12)

Take ¢ € A(f) and research the restriction of the form in the intro-
duced coordinates. At first rewrite (12) as

80 Z [ ((;:)) :

and let ¢(zx) = x + iy, J(zk) = a + ib.
The expression in square brackets will be

(z+iy)?  (z—iy)?*  2(az* — ay® + 2bzy)
a+ib a—ib a? + b? ’
According to Lemma 1, we have
2 + byy2 _ 2. M 2
alz+ ) T , if a#0
a? + b?

and
b(z + y)? — bz — y)?
b2 '
Then by an appropriate change of coordinates

if a=0.

b —~ -
=c+-y, Y=y, o0 T=aty, Y=1-y

we get the sum of squares.

Thus
=358
+i 2Re J(zx)(Rep(z) + W)z B 2[Im ¢ (z)]?
s [Re J(2k)]? + [Im J (2] ReJ(z) |’

if Re J(z) # 0 and

e P)
_ZJ(l’

=1

n zq: Im J(21,)[Re p(2zx) + Im (2;)]? — Im J(21,) [Re p(2x) — Im (2)]?

po [Im J(2)]? ’
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if Re J(z) = 0.
It is obvious, that the second sum has no influence on signature, from
what it immediately follows that

sigQY(f) = D send(w)

w;€f71(0)

and in this way the theorem is proved when all the roots wj, 1 < j < N,
are simple.

In case when there are multiple roots it is possible to use deformation
f+ with simple roots. The degrees are the same for all ¢, deg f; = deg fo,
and signature sig Q% ( f) is constant according to the non-degeneracy
from QG( fo). Thus taking a limit gives the required equality.

The way of practical calculating of the local degree by this method is
described in full detail in [10]. In the global case an algorithm for finding
a basis in the factor-algebra can be based on the results of A. Zich [15].
More exactly, here must be used the so-called Hefer decomposition of
the components of the endomorphism f

n

f](é) - fj(z) = Z(&c - Zk)pjk(£7 Z), ] = 17 RN (2 (13)

k=1

Here pj;, are polynomials which we get by expanding f;(§) — f;(2) in
powers of (& — 2k ), assuming z is constant. It is clear that it can be done
by algebraic operators, as for that it is enough to know the coefficients
of the Taylor’s series of the function f; at the point z.

Construct the determinant H (&, z) of the matrix ||p; (&, 2)|| and divide
the variables in every monomial, i.e., we write

M=

H(2) = ) xu(§)vn(z). (14)

k=1

It turns out that the number L is uniquely defined and equals to the
dimension of the factor-algebra dim A(f), and the functions {xx}, {¢x}
give the basis in A(f). All this follows from the results of Zich according
to the preparation Malgrange theorem [3].

Proposition 3 If polynomial map f = (f1,...,fn) : C* — C" has
a discrete zero’s set, then the polynomial h belongs to the ideal I(f) if
and only if Resg(h,r) = 0, for every k from 1 to L, where vy, are
the polynomials from the decomposition (14). If the map w = f(z) is
proper, then the family of polynomials {1y }E_, generates a ring C,[2],
considered as a module over the ring Cy[z], i.e., every polynomial g €
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Cplz] admits the decomposition

9(2) = cr(w)yhr(2) +- - +er(w)Pr(z), w = f(2). (15)

We follow the argument from [15]. At first remark that by the Mal-
grange preparation theorem the decomposition (16) is equivalent to the
basis C[z](f).

Let now {U, }acz be disjunctive neighborhoods of the points o = z; €
Z = f71(0) and r is so small that the polyhedra [], = [[L(f) = {z :
lf(z)— f(a)|| < r} is relatively compact in U,. Denote by [[" = aLeJZ 1L,

and let ' be the skeleton of the polyhedron []" (i.e., union of skeletons
of the polyhedra []]). Putting (13) in the usual Cauchy formula and
according to the Weyl formula for each g € C[z] we have

9(QH (S 2)

2) = (2mi) L e
92) = @i~ | RO - 1)

a, ze]I".

From this and (15) we obtain

L
= a(f(2)nz). zelT (16)
k=1

where ¢, (w) are holomorphic functions in
B, ={w:|w;|<r, j=1,...,n},
defined by integrals

9(¢)xx(C)
r f() —

Let ¢, (w) = > cpaw®. As f* € I(f) for all o # 0, from (16) proper-

(e}
ness of residues we have

gk (w) = (2wi) ™" dC, w € By. (17)

Resy(hg) = cho Resy(hyy).
k=1

The first part of our statement follows by the global duality theorem.
Now, if the map w = f(z) is proper then for any w € C] the system
f — w has the same number of zeroes counted with multiplicities.

From the Rouché principle follows that for w € B, all zeroes of this
system lie into polyhedron

Mgy ={2€C":[fj(2) <r, j=1,...,n},
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where r > 0 is any real number.

Consequently, the integral (17) expresses the total sum of residues for
the polynomial gy with respect to map f — w. From this again by
[15] we conclude, that the ¢ (w) are rational functions. Moreover, these
functions are entire and the cycle I'" in (17) is homologous to any I'",
R > r, cycle in area, where the integrand is regular (from this follows
holomorphic continuity of ¢x(w) from B, to By). Thus, the polynomials
¢k, and foreseeing (16) we get that C|z] is a Clw]-module with the system
of generators {¢y(2)},_17, a.e.d. O

Thus, the polynomials {¢x} generate the ring C,[w] introducing a
module structure by f*. So, the Malgrange theorem [3] shows that
e; =cly; € A(f) = Culz]/(f), 1 <i < L, give a basis over the field C.
From this it follows that L = dim@ A(p) = N is the number of all roots,

which in our case equals to H deg f;) by the Bezout theorem .

So we described all necessary steps for counting the topological degree
deg f. It is obvious that this algorithm is easy to realize by computer.
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Abstract In the present paper we study the behaviour at infinity of polynomials
of two variables. Necessary and sufficient conditions are given for the
polynomial tending to infinity when the variables tend to infinity.
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1. Formulation of the problem and preliminary
facts

It is well known, that certain properties of general linear differential
operators are determined corresponding to the behaviour of characteris-
tic polynomials at infinity. Among this kind of properties hypoellipticity,
almost hypoellipticity, simplicity by characteristic (see [1]), availability
of coercive estimates (see [2]—[5]), comparison of strength or powers of
operators (see [1] and [10]-[11]) may be mentioned.

The polynomials of one variable, as well as the elliptic and hypoelliptic
polynomials of many variables increase to infinity together with increas-
ing of arguments: |P(¢)| = |P(&1,...,&)| — o as [€] = /& + -+ &
— 00. At the same time hyperbolic (by Petrovski or by Garding) polyno-
mials and almost hypoelliptic polynomials (see [2] and [12]) fail to enjoy
this property: they may remain bounded as their arguments increase.
For these kind of polynomials lower order terms can play a decisive role
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for their behaviour at infinity (for example see [14]). Motivated from
this in his work [6] V.P.Mikhailov introduced the set of complete non-
degenerating polynomials, the behaviour of which at infinity does not
depend on lower order terms. Then similar results, but in different form,
have been obtained by many authors (see for example [7] and [13]).

Let N be the set of natural numbers and Ng = N U {0}. Let R"
denote the n-dimensional real Euclidian space of points (vectors) & =
(&1,...,&n). We denote by N the set of n-dimensional multy-indices
a=(a,...,0p) with aj € Ny (j =1,2,...,n). Foreach { € R", o €
NG we write £ = & & €] = V&R -+ &5 ol = an oo,

If P(§) = > va&" is a polynomial (that is a sum with a finite number
of nonzero real coefficients {7,}), then it can be represented in the form
of the sum of homogeneous polynomials

M M
PO =Y P =YD 7&, (1)
j=0

=0 |al=d;

where dg > dy > --- > dp = 0.
Our objective is the description of the set { P} of all polynomials with
the property

[P(E)] = o0 as [€] — o0 (2)

In the note [14] criteria when (2) holds was obtained for the polynomials
of two variables (n = 2) in the ”three layered” case, i.e. when M = 3 in
the representation (1).

This paper, being sequel to the note [14], is devoted to obtaining such
criteria for the polynomials of two variables in the “multy layered” case,
i.e. when M € N is arbitrary.

It is obvious that if (2) holds (for the polynomials with real coeffi-
cients) then P(£°) — 400 or P(§°) — —oo for all sequences {£°} such
that |£°| — oo as s — oo. Moreover, either P(§) > 0 or P(£) < 0 for
all sufficiently large |£|. To proceed from this we denote by I the set of
polynomials P(§) = P(&1,&2) of two variables with real coefficients such
that P(&) > 0 for all ¢ € R? and

P(&) — +o0 as |£] — oo. (3)

Thus, in this paper we obtain criteria for P € Iy (or (—P) € I3). Our
method does not work in the case n > 2.

Let P(&) = P(&1,&2) be a polynomial represented in the form (1). We
denote

S(Py)={mne R, |n| =1,Py(n) = 0}
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and
X(Pj) ={n; ne X(Pj_1),P;(n) =0}, (j=1,2,...,M).

For n € X(Py) let ¢; = ¢;(n) be the order of zero n of the polynomial
P; (0<i< M) and let

x(n,0) = x(P,n,0) = Og%{di —Li(n) -6}, 6 =0.

S

In addition we denote by A(n) = A(P,n) the set of numbers 6 > 0 for
which there exist indices i, j (i # j,0 < ¢, < M) such that

di = ti(n)d = dj — £;(1)d = x(1,9).
Finally for a pair (n,0): (n € £(P),0 € A(n)) we write
Jo(n,0) = Jo(P,n,0) = {i; 0 <i < M, d; — £i(n)d = x(P,n,0)},

c(n,0) = c(P,n,8) = cardJo(n, d).
Remark 1 It is easy to see that

a) if A(n) # 0 and ¢ € A(n), then § is a rational number,
b) for P € I, 6 >0, x(P,n,0) >0 (see [14]),
c) if Jo(n,6) = {i1,d2,...,i.} and 0 < i1 < i9 < --+ < 4. < M then

Ciy(n) > Liy > -+ < L, (n).

Remark 2 The stated problem was studied in (see [14]) in the case
when A(n) = () for all n € X(Py). So we shall assume that A(n") # 0,
hence ¢(n°, 8g) > 2 for a pair (n°,80): n° € (Py), dg € A(n°).

Remark 3 Let R(§) = R(&1,&2) be a homogeneous polynomial with
real coefficients and with degree d > 0, n € R% |n| = 1, R(n) = 0
and ¢ = {(n) be the order of n. Then we collate to 7 a unit vector
s = x(n) € R? such that (»,7n) = 0. Then it is easy to see that

oD R(n)
DLR(n) = (1) Y »* === #0, (4)
|a|=¢
where D,, is the s-derivative.

Lemma 1 Let R, n, d and ¢ = £(n) be as above. Then there exists a
neighborhood U(n) such that

R(E) =0, £e€U(n), (5)
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if and only if £ is even and D*,R(n) > 0.

Remark 4 It is obvious that the condition (5) to hold for all n €
S(R) = {€ € R%,[¢| =1,R(£) = 0} is equivalent to the condition: d is
even and R(£) > 0 for all £ € R%. Therefore if £(n) = d for a n € %(R)
then the set 3(R) consists of two points (n1,72) and (—n1, —n2) and
£(n) = £(—n) is even.

Proof of Lemma 1 Let for n € X(R) there exists a neighborhood
U(n) satisfying (5) and £(n) < d. Let z € R, |z| =1, s € N. Since
D!,R(n) # 0 (see remark 0.3) and n° = n + 25 € U(n) for sufficiently
large s, then from Taylor’s formula we obtain (as s — o0)

PR
0 < R(sn®) = Z x_' d=j — ptgd=t [Lf‘g(n) + 0(1)} )
Z

Taking x = 1 we obtain from this that D, R(n) > 0. Then taking z = —1
we obtain that ¢ is even.

Conversely, let n € X(R), D R(n) > 0, £ = {(n) is even. We
prove that there exists a number € > 0 such that P(£) > 0 in the e-
neighborhood U (n, €) of .

Let ¢ > 0, |£ — n| < € and the vector £ — n be represented by the
(orthonormal) basis {n, >} in the form: £ —n = 619 + 623¢. Then & =
(14 601)n + B3¢ and 62 + 03 < e. It is obvious that 1+ 67 — 1, 63 — 0
as € — 0; hence we can choose € > 0 such that 1 +6; > 0, 02| < 1+ 6.
Then from Taylor’s formula and from (4) we obtain

R(g):R[(H—Gl) <n+ 1i91 )} — (14 6))R (n+ 1%/)

lot] 2O
=)' Y (%) DR

lal >¢
Vi d i
ot () pirmy+ S (2 ) pire)
1+ 64 * farag) 146, ”

d—~ j
0 J -
— (100} | DL + X (11 ) DL RO)
j=1
Let € > 0 also be chosen such that for (9% + 0% <e¢

d

¢ J
. 1
D£+] < _DZ
]1<1+el> LIR()| < S DLEM)
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holds. Then since D%, R(n) > 0 and £ is even, we obtain from this

1
S(1+ 005D R() =0, €€ U(n,e),

RE© > 5

which proves the lemma.
Lemma 2 Let P € Iy. Then

1) PO(&) = O, 5 € RQ,

2) for each n € X(Py) there exists such a number k = k(n) (0 <
kE < M) that d, > 0 and Py(n) = Pi(n) = -+ = Pr_1(n) = 0,
Py.(n) >0,

3) let for n € Z(Po), 6 € A(T]) Jo(’l?,(s) = {’il,ig,...,ic}, 0<i <
i < -+ < i. < M, then 4;, £;, are even and Dﬁ?Pil(n) > 0,
D3Py, (n) > 0.

Proof Assertions 1) and 2) were proved in [12]. So we prove assertion
3). At first we prove it for P;,. Denote by

. , 1 5 (n)+i . :
7’.: 1A = 2 P y ,(57 == ,].,... .

Assume that, on the contrary, one of the following assumptions is true
1) 45 is odd, ¢ >0;  2) £ is odd, ¢ < 0; 3) ¢, is even, ¢) < 0.
We remark that ¢f. # 0 by definition of the set Jo(1,§) and by (4).
Let 2 < 0 in the case 1) and z > 0 in the cases 2)-3). Then 21 @) <0
in all cases 1)-3). Consider the polynomial P;, on the sequence &° =
S (17 +x 3_5%), s € N. From Taylor’s formula we have

di,

4

_311 qul JZL‘tS
j=
Z,Ll _.] . .
SX(7I=5)qZO1 611 1 —.l— Z 11 s (J_Zil)

j=ti, +1 il

This implies that for all three cases
Py (€%) = X0 ot (14 0(1) = —00 as s —o0.  (6)

For the polynomials P;; when j > 1 we have for s large enough

Py (€%) = M9g) 2" (14 0(1). (7)



168

Since £;; > {;; (j =2,...,c), we can choose a number x¢ # 0 such that

C
4. 1
0 3
Zqijxoj D)
=2

then from (6)-(7) when x = xo we have

Qzl

0
Z Pi(&) < SX("";)%:UZ’E (I4+o0(1)) > —c0 as s—oo. (8)
1€Jo(n,0)

For the polynomials P;, when ¢ ¢ Jy(n,d), x = x¢ and s is sufficiently
large, we have

Y B¢ <08, (9)

iQJO(U#S)
where C'= C(xp) > 0 and

b=b(n,0) X [d; — £i(n)o]. (10)
From the definition of the set Jyo(n,d) it follows that b < x(n,d). Then
from (8)-(10) we deduce that P({*) — —oo as s — oo. This contradicts
the condition P € Is.

The same arguments bring us to a contradiction for the polynomial

P, if we make use of representations (6), (8) (with replacing i1 by i)
and (9) taking |zg| sufficiently small.
Corollary 1 Let P € Iy, n € X(Py) and § € A(n). Then it follows from
Lemma 2 that there exists a (unique) number k > 0 such that d > 0,
di — le(n)d > dj — Lj(n)d (0 < j <M, j#k) by =Ll(n) is even and
D%k Py(n) > 0.

2. Reducing the problem to the study of
functions of one variable

The following statement is basic in this section. It shows that the
behaviour at infinity of the polynomial P is determined by its behaviour
on the sequences of special type.

Theorem 1 Let polynomial P satisfies the necessary conditions 1) — 3)
of Lemma 2. Then P € Iy if and only if for each n € X(P), 6 € A(n),

€ (0,1)

lim inf P {t <77 + t_‘sx%)} = 400, (11)

100 [z <a~
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where the vector 3 = s(n) € R? is defined by n as above.

Proof The necessityis obvious. To prove the sufficiency we suppose that
while the conditions of the theorem are satisfied none the less P & Io,
i.e. there exist a sequence {{°} and a number C' > 0 such that |£%] — oo
as s — oo and

[P <C; seN. (12)

Let us set n° = £°/|€°| (s € N). By choosing a subsequence (this
subsequence and all subsequences coming henceforth we denote by {n°})
one may assume that n° — n as s — oo. We prove that n € X(F).
Suppose that, on the contrary, n ¢ 3(Fp). Then for sufficiently large s
we have

M
1
PE)] = |[€°10 Pon) + D I Ps ()| > 5 Po(m)l €7
j=1

It means that |P(£%)] — oo as s — oo, which contradicts (12). Thus
n € X(H).
We represent the vectors {£°} by (orthonormal) basis {n, »}: £ =
wsn + s (s € N). It is obvious that
Vs

ps — 00, <,0_—>0 as s — 00. (13)
Since one may take the vector (—s) instead of s = »(n), we can assume
that s > 0, s > 1 (s € N). If 1 = 0 for an infinite set of {s} (assume
that s = 0 for all s € N), then £* = ¢sn and by the condition 2) of
Lemma 2 there exists a number k£ = k(n) such that 0 <k < M, d >0
and Py(n) = Pi(n) =--- = Py_1(n) =0, Py(n) > 0. Then

IP(E)] = [Poa)| = | D e% ()| = Prmed =3 o [Pi(n)]
ik i>k
= % Py(1) (14 0(1)) — o0

as s — 0o, which contradicts (12).
Thus, without loss of generality, we can assume that ¥s > 0, ps > 0
(s € N). Let us set

In s
In @

pe=1-— (s € N). (14)

(13) implies that ps > 0 for sufficiently large s, so we assume that ps > 0
for all s € N. We show that ps < p < oo (s € N). Let, on the contrary
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(for a subsequence) ps — oo as s — 00, and the number k£ = k(n) be
chosen according to Lemma 2. Then (see Remark 2) by Taylor’s formula
we have (for all i: 0 < i< k—1, and for s € N)

RAE = p (4 L) = ot z[ DBy K%)'a'

s la|>¢; s
B Z D] P <¢S>j
ws)
This, together with (14), implies that for all s € N, ¢ € [0,k — 1]

N DLP(n) iy
Pi(&°) = s@? —Lips Z T()ngl 9ps (15)
Jj=t; '

Since ps — 00, s — 00 as § — oo (see (13)) and ¢; = 4;(n) > 1,
bi—3<0if0<i<k—1,7=14;,¢;+1,...,d; then it follows from (15)
that

P(&°)—0 0<i<k—-1) as s— oo. (16)

For the polynomial P; (k41 < i < M) we have
Py(€%) = g3 Pi(n) (L +o(1)) as s — oc. (17)

Therefore for a number C' > 0 we have for sufficiently large s

PN <O =o (o) (h+1<i<M).  (18)

Then (16) to (18) implies that

PE)] > 1R(E)] ~ S [P€)| 2 Pl — o0 a5 5= oo,
i#k
which contradicts (12).
Thus (by choosing a subsequence) we can assume that ps — Jg as
s — oo for a number Jy, 0 < §y < .
Consider the cases 1) dp & A(n) and 2) d9 € A(n). In case 1), by the

definition of the set A(n), there exists a (unique) number k = k(n) such
that dp > 0 and

dz_£250<dk_£k50:X(77750) ) Z.:0717"'7]\4'7 Z#k
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By the continuity of the function x in & there exists a number g > 0
such that

dp — gk(do + 60) >0, d;— &-(50 — 60) < d — ﬁk(do + 60) (19)

0<i< M, i#k.

On the other hand, because of p; — dg as s — oo and s = cpi ps

(s € N) (see (14)), there exists a number sy € N (assume that sy = 1)
such that

wfrm<§f<@%“° (s€N). (20)
S

By Taylor’s formula we have (for a constant C' > 0 and for all s € N)

[P(E)] = [Pu(&)] = ) IP(E)

i#k
ot 30 D) (1)) 5§ DA (4
=Ly i#£k =4

Since /£, is even and D% Py(n) > 0, then this together with (20) implies
that

dy

¢
|P(£S)| 2 D}?Pk‘(n)gogk—ﬁk(do-i-é‘o) _ E Spdk ] (50 50 |D P( )‘
b =+ J'
=tk

_Z Z ’D P sl —3(d0—¢0) (8 c N)

£k j=L;
We choose a number ¢y > 0 such that

J k .
<= 0 =L+ 1,....dp —Lg).
) T (G ="Lr )

This, together with (19), implies that

1|D%P
1P| > PP b o

— —
Z 5 7 oo as S 00,

which contradicts (12).
Let us consider the case 2) d9 € A(n). It is obvious that in this case
dg > 0. Proceeding as above, we get that for each ¢ > 0 there exist



172

numbers C' = C(g) > 0 and sy = sp(e) (we assume that sg = 1) such
that

[PAE) < Cpli=6®79)id Jo(n,60), seN.  (21)
Writing zs = ¥s/pL™% (s € N), for the polynomials P; when i €
Jo(n,dp) we obtain

G %ZD]P' <w_)

i€Jo(n,00) i€Jo(n,00) s

DJP Jj—4i
_ 805 x(1,00) Z Z <%> Qjﬁi’ s e N. (22)

i€Jo(n,80) j=2; Ps

Consider the following subcases of the case 2): for a subsequence of the
sequence {z,} (which we denote also by {z°}) 2.1) x5 — 00, 2.2) 3 — 0
as s — 00, 2.3) there exists a number a € (0,1) such that a < z5 < a~!
(s € N). We notice that from the definition of the numbers {p;} and
{zs} it follows that for arbitrary e > 0 in all cases 2.1) to 2.3)

|zs|ps — 00,  |zs|e, — 0 as 8§ — 0. (23)

Since 9s/ps — 0 as s — oo and (See Remark 1) ¢;, > £;, > --- > {; , in
the case 2.1 we have from (22)

Y RE)| =0

i€Jo(n,00) "

D Pam)| @it (1+0(1) (24

for sufficiently large s.
We choose €9 > 0 such that

di = Li(do — €0) < x(n,00) , @ & Jo(n,d0),
then from (21) and (24) we have

PEN=] Y. BE) -] X BE)| o0 as s—oo,
i€Jo(n,00) i¢Jo(n,90)
which contradicts (12).

In the case 2.2) we choose €1 > 0 such that x(n,dp) —e1f;, > 0. Then
from (22) we obtain

1 )
D B(E)| = Xm0 7 ,Dﬁ?cpic(n) (L+0(1))
iEJo(n,(so) te?
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00)—e1bi, e Lo,
xmdoertic (oot [) e DY Py (n) (1 + o(1))
et
for sufficiently large s (see Remark 1 and Lemma 2). Since ¢! -|xs| — 0o
as s — 0o (see (23)), then choosing a number 2 < €1 such that

i&Z;rff)l(%]),%o) [6; — £i(J0 — €2)] < x(n,d0) — €2li.,

we get from this and from (21) that |P(£®)] — oo as s — oo, which
contradicts (12).

In case 2.3) |P(£°)| — oo as s — oo by the theorem’s condition (11)
Theorem 1 is proved.
Theorem 2 Let the polynomial P satisfy the necessary conditions 1)-3)
of Lemma 2 and for eachn € X(Fy), § € A(n), c(n,d) = cardJo(P,n,0) =
2. Then P € I>.
Proof By Theorem 1 it is sufficient to prove the correlation (11) for
each n € X(P), d € A(n), a € (0,1). From Taylor’s formula we have

Y. Pl®] = X Bt(n+tex)]

1¢J0(7],60) 1€J0(77,50)
— Z pdi—Li0 o i Z D]P (t_(;x)j—éi‘
i Jo(n,00)

It follows from this that

> PE®] < Cram®r’ (25)
7‘&‘]0(77750)
for arbitrary ¢ > 1, |x| < a™ ', where C; > 0 is constant and the number
b is defined by formula (10).

Since C'(n,d) = 2 then the set Jy(n, d) consists of two indices i; and
t2. By Lemmas 1-2 the numbers ¢;, and ¢;, are even ¢;, > {;, and

0,
D,/ P;;(n) >0 (j = 1,2). It follows from Taylor’s formula that

2
S Plew]| = [ R lew]| = 009 |30 L DD P et
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for sufficiently large ¢, with a constant Cy > 0. From this and from (25),
since b < x(n,d) it follows that |P[¢(t)]| — oo as t — oo, which proves
Theorem 2.

So the problem whether a polynomial P belongs to the set I is com-
pletely solved when ¢(n,d) = cardJo(P,n,d) = 2 for all n € > (P),
0 € A(n). Therefore our further efforts will be devoted to obtaining con-
ditions for P € Iy when ¢(n,d) > 3 for a pair (n,0): n € £(F), § € A(n).
We denote by B = B(P) the set of these pairs.

Let n € 3X(P), A(n) # 0 and § € A(n), then (see Remark 1) the
number ¢ is rational. Let ¢ be the smallest natural number such that
(gd) is natural. For the pair (n,0) € B and the number k£ € Ny we
denote by

k

We notice that the set Jy which we have just introduced is the same
which we have introduced above. It is obvious that for arbitrary pair

(n,6) € B
ieJRrmo) i=0,1,...,M (26)
k

So let B(P) # (. We shall show that in this case the investigation
of the polynomial P at infinity reduces to the investigation of the finite
set of functions of one variable. Having this in mind, we remark that,
by Theorem 1, it is sufficient to consider the behavior of P on the set
of points {¢(¢)}, where £(t) = £(t,z) =t (n+ t0ws) = tn(t) as t — oo
and (n,6) € B(P), a < || <a™ !

We write the following notations

: . 1 ,
=gl (n) = DUtip,
qz qz (77) (gz +])' » 1(77)7
where q{(n) =0ifl;+j5>d; (1 =0,1,...,M,5=0,1,...), and consider
the behaviour of P[£(t,x)] ast — o0, a < |z| < a~!. By Taylor’s formula
we obtain

M 4 N
Ple(t,2)] = thizw(t%)w
0

= s Ga)

M

= thif@i‘s Z [quzi} (t*‘sx)j.

i=0 §>0
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From the definition of the sets {Ji} = {Jk(n,0)} and from the (26) it
follows that

Plet) = 30005 S (170 gl

k>0 i€ Jy, 520
- SRS () Y
k>0 50 =
Writing for k,j € Ny
Qrj(z) = Qrj(.n,0) =Y g (27)
1€y

we obtain from this that

Pleta)] = SO0 S Q@)

k>0 =
= S Y ).
r20 k+(8q)j=r
Let us set
Qr(x)= > 2IQpy(x), r=0,1,..., (28)
k+(8q)j=r
fit,z) = f(t,z,n,0 th m9) (x). (29)
r=0

Then for arbitrary (n,6) € B and for t € (0,00), a < |z| < a™! we
have P[{(t,z)] = f(t,z) and the investigation of the polynomial P at
infinity reduces to the investigation of the functions f(¢,x) = f(t,z,n,9)
as t — oo for each pair (n,9) € B(P).

3. Behaviour of functions depending on a
parameter

Let m > 0, g, My € N and

Mo ;
=) " Qila), (30)
1=0

where @; (0 < i < Mp) are polynomials with real coefficients. Our ob-
jective in this section is to establish conditions for (28) type polynomials
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{Qi}, under which

lim inf  f(t,x) =400 (31)

t—=+oo agjz|<a™!
for a given number a € (0, 1).
As has already been noted, the problem of behaviour of the polynomial
P(§) = P(&,&) at infinity when B(P) # () reduces to the study of a
finite set of functions of (30) type.

The notation f € I;(a) means that the function f satisfies the condi-
tion (31). We denote by

Xo = Xo(a) {z; a < |z| <a™',Qo(z) =0},

XZ:Xl(a):{x, .%‘EXi_l,Qi(SL‘):O} 1=1,2,..., M.
It is obvious that we can choose a number a € (0,1) so that Q;(x) # 0
for |z| € (a, a™) (0 < i < Mp).
Let a < |z| < a™', § > 0. We denote by #; = £;(x) the order of the
root x of the polynomial ; (i =0,1,..., My) and put

X(2,6) = x(f,2,0) = max {m _i &(x)é} .

0<i<Mo q

By A(z) = A(f,z) we denote the set of numbers ¢ > 0 for which there
exist numbers i, j: i # j, 0 < i, j < My such that

m— 2 —Lli(z)d =m — J —lj(x)6 = x(x,9).
q q

Finally for arbitrary = € Xy, 6 € A(z) we denote by
o 8) = o f,2.0) = {5 0.1 < Mo — &~ i0)5 = x(2.6) |

c=c(x,0) = cardJy(x,?).

We have introduced the notations {¢;}, x, 4, Jo, ¢ both for the poly-
nomials of two variables and points £ € R? and for the functions of one
variable and points z € R'. We hope it will not make any misunder-
standing.

The following elementary lemma comes from ([14] Lemma 3.2 and
Lemma 3.4)

Lemma 3 Let f € I1(a) then

1) Qo(z) >0,a<|z]<a,
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2) for each point xo € Xo there exists a number k = k(xg): 0 < k <
My such thatm—k/q > 0, Qo(xo) = Q1(w0) = -+ = Qr-1(x0) =0,
Qr(wo) > 0.

Lemma 4 Let Qo(z) > 0 for all z: a < |z| < a™l. Then f € I1(a).
Proof We notice that the set [a,a™!] is compact, so Qo(x) = Cop(a)
and |Q;(z)| < Ci(a) for all : |z| € [a,a™ '] and all j = 1,..., My with
constants Cy = Cp(a) > 0, C; = C1(a) = 0. Hence for sufficiently large
t

f(t,l’) > Cpt™ — Cl(Mo — l)tm_%

and f(t,z) — oo as t — oo. This proves the lemma.
Theorem 3 f € Ii(a) if and only if the conditions 1)-2) of Lemma 3
are satisfied and 3) for every x € X, § € A(z), b € (0,a)

lim inf f (t, x4t y) = +o0. (32)
t—00 by <b~1

Proof Necessity of conditions 1) and 2) follows from Lemma 3. The
necessity of condition 3) follows from the fact that zp € X is an inner
point of the set {x}, hence the points ¢ + ¢ty |y| € [b,b~!] belong to
this set for sufficiently large ¢ and for any b € (0, 1).

Sufficiency. Suppose that, on the contrary, while the conditions 1)-3)
are satisfied none the less f & I1(a), i.e. there exist a number C' > 0 and
sequence {ts, r} such that ts — co as s — 00, a < |zs] < a~! and

[f (ts,z5)| <C (s €N). (33)

By extracting a suitable subsequence (this subsequence we also denote
by {zs}) of the (bounded) sequence {xs} one may assume that z; — xg
as s — 00, a < |ro| < a”l. If 29 € Xo the contradiction is obvious.
Let g € Xg. If x5 = zg for an infinite number of s € N then we get
a contradiction to (33) as in proof of Theorem 1. Thus without loss of

generality one can assume that x; € Xg for all s € N. We put

In |xg — ]

s (s € N). (34)

s =

Then ps > 0 for sufficiently large s € N. Now for simplicity, let sign(zs—
x) =1 (s € N), then from (34) it follows that

xs = x0 + t, P sign(xs — x) = zo + 1, 7° (s € N).

At first we consider the case when (by choosing the subsequence) ps — 0o
as s — o0o. Let the number k = k(z¢) (0 < k < M) be defined as in
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Lemma 3. Since ¢; = {;i(z9) >0 (i = 0,1,...,k — 1) it follows from
Taylor’s formula

Sy et - @)
Zts ‘Qi(zs)| = Zts qz — t;9P| -0 as s— o0
k=0 i=0 >0 J:

On the other hand, it is obvious that

Z ts Q’L I's

i=k+1

m—k
=0 (ts ‘1) as ts — 00. (36)

Since by the condition 2) Qx(xg) > 0, then for sufficiently large s
m—Ek S Qk(l‘o)tmfk

(37)

Then (35)-(37) together imply that |f(ts,zs)] — oo as s — oo, which
contradicts (33).

Let us now assume that 0 < p; < p < o0 (s € N). By choosing
a subsequence we can assume that ps — 09 as s — oo for a number
o = 0. Since 79 € X then Qo(7) = (x — 20)"7r0(z), where by condition
1) ro(x) > 0. Then for sufficiently large s

1

1 ]. m 1 fo
tTSn‘QO(ws)‘ = 5%(2?@)]335 — ajolzot;n = §T0($O)ts 29 [ws _ 1'0’ t2qeo:| .

We prove that §g > 0. Suppose §g =0, i.e. ps — 0 as s — co. Then we
obtain

1
2q00
|zs —:U0|tsq°—t2q‘0 T L0 as s — oo.

Therefore st7'|Qo(zs)| > Cotm_ﬁ Co > 0, for sufficiently large s.
On the other hand, obviously we have

1

f(ts,2s) — t7Qo(xs)] < Cits ¢ (s€ N), Cy > 0.

From the last two relations it follows that |f(ts,xs)| — 00 as s — oo,
which contradicts to (33) and proves that §g > 0.

First let dp ¢ A(zp). Then there exists a number ip: 0 < ig < M)y
such that
m— é —&(1‘0)50 <m-— ZEO —Eio(xo)(s(] = X(x0750)7 0 <@ < Mo, @ # .
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Since x(zp,d9) > 0 (see condition 2) of Lemma 3) and the function
X(zp,0) is continuous in §, hence there exists a number gy € (0, dg) such
that x(zo,dp + €9) > 0 and

7

m — 6 —li(x0)(do — €0) < x(xo,d0 +€0), @ F# io. (38)

It is obvious (see Corollary 1) that Q%O)(wo) > 0. Then by Taylor’s
formula we obtain

g g QW
t;n qQZo(xs =t Zt Jps Zl0 7 10( )

Jj=ti,
1 (6) mf%ofeiops JPSQ%)( 0)
= 77% (z0)ts >; ty i (s € N).
J=tiy+1

Let gg satisfy the condition (38). Since ps — Jp as s — oo, there
exists a number sy such that g — g9 < ps < dp + € for s > sg. Let
0<ep< 50/ (2¢;, + 1), then from this

20

ls q on(fvs) = e_Q(Z 0)(350)%(%’604_80) (1 + 0(1)) y 8§00,
ig!

is obtained. Similarly for i # iy we have

_i —i_¢;(60—
S Que)| < Cott T s, G20

iio

Then the last two relations together with (38) imply

|f(ts, ms)| 2 |Qig (xs) |t8 - Z |Qi(zs |ts E — 00 a8 5§ — 00,
1#10

which contradicts (33).
It remains to consider the case §y € A(xg). Let us write

Ts = tgps+5°, then x5 = xg + 74t —% (s € N). (39)

We notice that because of ps — dp (as s — 00), then for any ¢ > 0
t;°17s — 0, ti1y — 00 as s — o0.

We divide this case into the following subcases, when there exists
subsequence of the sequence {7°} (which we write also by {7°}) such
that
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1) 74 — 00, 2)7s — 0ass— ooandb < || <b~! for a number
be (0,1) (s€N).

We let, as above, Jy(xg,d0) = { 09y yie), 11 <idg < -+ <. In
case 1) by Taylor’s formula (k =1,2,...,¢)

i -0 i
m77 1Qi, (z)] = mf? Z <t;607—s>JM

|
P>, J:
) (Liy+7)
g 5 oy )

Since 74 — oo and tS_‘SOTS — 0 as s — oo (see also the definition of
Jo = Jo(xo, dp)) we have for sufficiently large s and k =1,2,...,¢

*1@u (el = QU o el (14 o).

Since ¢;, >¢;, (k=2,...,c), we obtain from this that for sufficiently large

S
q _
§ ts ixs =

i€Jp

QU (ap) | Ex@oM T (14 o(1)), (40)

and

S Qi) < TS (%7,

|
idJo igJo it J:

Let € > 0 be arbitrary, then

So(i— 4)+6 ‘Q]) ) ‘
] J!

Z t:@—éQi(ws) < Z t;n—%—&tso-l-a Z |:ts

i€Jp i¢Jo Jj=t
Since 0¢(j — ¢;) +& > 0 for all j > ¢;, then

— 2 [60(j—:)+e]
s 7s — 0 as s — oo,
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hence for sufficiently large s we obtain from this that

St Qi(ws)| < CathotE (41)

iZJo

where C'3 > 0 is constant and

1

bp = max<m — — — ;00 ¢ < x(70,dp)- 42

0 z’ngo{ . zo} x(o, do) (42)

If we choose a number g9 > 0 such that by + g9 < x(x0,d0), then from

(40) and (42) we have |f(ts,z5)| — o0 as s — oo, which contradicts (33).
Similarly, in case 2) when s — oo we obtain

S| = [Q @) W e (14 o1), (13)

i€Jp

and inequality (41) for i € Jy. We choose now a number £; > 0 such
that
b+e1 < X(ZL‘O,(S{]) —£1. (44)

Then we obtain
e N fic
pxlando) tic _ px(aodo)-er (tsfic TS) .

On the other hand, since til/ ZiCTS — 00 as § — 0o, then it follows
from (43) that

Z ts E xs C4t§(x0’60)_81, Cy>0,s€N.
i€Jp

Clearly this inequality together with (41) (when ¢ = 1) and condition
(44) imply that |f(ts,zs)| — 0o as s — oo which contradicts (33).

In case 3) the contradiction comes from the condition 3) of the theo-
rem. This completes the proof of Theorem 1.
Lemma 5 Let f € I, xg € Xo, A(xg) # 0, 6o € A(xg) and Jy =
Jo(wo, 00) = {71,142, ... ,ic}. Then the numbers by =i (zo) » lic = i, (a0)

are even and 1y, = 7y (x0) > 0, 7, = 7i(x0) > 0, where ry,(v) =

b .
Qi;(@)/(xr —x0)™ (j=1,2,...,0).
Proof 1t is sufficient to prove this for the index i7; for the index 4. it
can be proved analogously.
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Let, on the contrary either 1) ¢;, be even, r;, < 0 or 2) ¢;, be odd,
ri, > 0 or 3) 4;, be odd, r;; <O0.
Let y > 0in the cases 1) and 3), y < 0 in the case 2). Then y1r;, <0

in all cases. Because of £;; > {;; (j =2,...,c) for a sufficiently large |y|
then
= Z riyz" < 0.
i€Jo

Let D(yg) < 0, ts = s, o3 = 29+ s % (s € N). Then by the
definition of Jy(xo,dp) and Taylor’s formula we have

Z smféQi(xs) = sX(2090)D () (14 0(1)) » =0 as s — oo
i€Jo

and

Zs q d(zg) <Ct,  C >0, (seN),
i€ Jo

where the number by < x(xo,dp) is defined by the formula (42). It
follows from the last two relations that f(ts,xs) — —o0 as s — o0,
which contradicts to the condition f € Iy and proves the Lemma 5.

Theorem 4 Let for each pair (x,6): = € Xo, 0 € A(x) c(x,6) =
cardJo(z,0) = 2. Then f € Ii(a) if and only if the conditions 1)-2) of

Lemma 3 and the condition

3) li(x) is even and ri(x) > 0 for allz € Xo, i€ |J Jo(z,9),
SeA(x)

are satisfied.
Proof The necessity immediately follows from Lemma 4.

Sufficiency. By the Theorem 1 it is sufficient to prove (32) for all
x € Xo, 0 € A(z) and b € (0,a). At first we notice that by the
condition 3) there exists a number C; = C1(b) > 0 such that for all
z € Xo and y: |y| € (b,b71)

Z ri(z)yh @ > ). (45)
iEJg(w,é)

Then we have by Taylor’s formula for sufficiently large s

g bort0y) = inf | @) g (L o1
b<|zllr\1<b71f( &+ y) b<|zl/?<b*1 z@% ) e
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n tm—%—ﬁi(w)‘sri(x)y&(x) (1 + 0(1))
1€J0(55:5)

By the definition of Jy(z, d)
m= = 6@ < X(@0), i€ ol 0),
therefore this together with (45) implies

lim inf f (t,x + t*‘sy) > O i 4x@) — 4o
=00 b[y|<b~! 2 o0
This completes the proof of Theorem 4.

Resuming the results of the first two sections, we see that the study
of the behaviour of the polynomial P at infinity reduces to the study
of the behaviour at infinity of the finite set of functions of type (30).
While cardJo(f,z,d) = 2 for all such functions and all admissible pairs
(x,9) then (see Theorem 4) the problem is solved. Therefore our further
efforts will be devoted to the case when cardJy(f,z,d) > 3 for such a
function f and for a pair (z,d). This will be done in the next section.

4. The case cardJ, > 3
Let f be a function of type (30), x € Xo, 6 € A(z). We denote by

1

Bi = Bi(f,x,0) = x(f,x,0) — {m— 5 —&(:r)é] , 1=0,1,..., M.

Then §; = 0 for i € Jy(x,9).

Let ¢1 € N be the smallest number for which ¢;(¢d) € N and k; =
(q1q)B; (i = 0,1,...,Mp). It is obvious that k; € Ny (0 < i < M).
Thus the set {0,1,..., My} may be divided into the subsets (k € Np)

Ji(x,0) = Ji(f,z,0)

- {z 0< i< My,m— ~ — £i(x)8 = x(f,2,8) — ﬁ}.(%)
q q1q

Notice that Ji(z,0) can be empty for some k € N.

Thus, by Theorem 1 the behaviour of functions of type (30) at in-
finity are defined by their behaviour on the sequences of special type:
(t,x +t%y) for t € (0,00), y € R', z € Xo, 6 € A(z).
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Let z¢ € Xo, § € A(xp). We put

1

Li+j . .
mQ( Nwog) (i=0,1,..., My, j=0,1,...),
(47)
where, as above, ¢; = {;(z9) denote the order of the root o of Qo
(0 < i < Mp).
Consider the function (30) on the set {(t,azo + t‘éoy)}. By Taylor’s
formula we have

Mo .
£ (towo +t7%y) = >0t 0Q (wo +17y)
1=0

g =ql(x0) =

:% m—i (t_(; ) i (i S gl et
=0 i=0

q]
720 720

Hence (see also the definition of the sets {Ji(z,0)})

f (t, xo + t*éoy) — Z tX($0,50)7?kq Zt—j50 Z quf i+J

k>0 J=0 i€Jg (20,00)
_ 2 :2 :tX(IO,(;o)—qqu—jlso
k>0 720

R e o G TR SR S W)

J€Jk(z0,00) r20 ka1 (gd0)j=r i€ Jk(z0,00)
(48)
We may put my = x(f, zo, ),

Q?l“(x) = Q}'(f’ Io,(;o,ﬂf) = Z

l;
q] itJ T:O,l,...,M1)7
k+q1 (q50)j:r i€Jy (.to 50)

fl(t’x):fl(fam(]aé[)atvx Zt qqu (50)

where the number M7 € Ny is defined such that either mq — ﬁ <0or
Q}(z) =0 when k > M;.
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Now (48)-(50) imply that for arbitrary z¢g € Xy, do € A(xg), x:
b<|z| <b!andte(0,00)

f (t,xo + f%ﬂﬁ) = fi(t,x) = f1(f,xo,d0,t,x).

Thus, the study of the function f of “order” m (in t) leads to study a
finite set of functions {f1} of “order” m; < m. For each function f;
from this set we introduce

X=X} (f1)={z b<|2[ <071, Q4(2) =+ = Qi (x) = 0},
i=0,1,..., M.
Let zg € X}, ¢} = £}(f1, 7o) be the order of the root z of the polynomial
Q; (0<i< M), § > 0. We put

7
x1(xo,60) = x1(f1,20,00) = Ogg\gfl{ml T 0} (20)d0},

Ai(zo) = A1(f1,20)

{5 > 0, there exist numbers i # j, 0 < 4,5 < M; such that

1 1
my — — — 01 (20)6 = my — — — £3(20)6 = x1 (0, 0) ¢
T (z0) T 5(@0)d = x1 (2o )}

Finally for arbitrary z: b < 2 < b~ ! and 6 € A;(x) we put
Jo(x,0) = Jg (f1,2,9)

= {i; 0<1< Ml,ml — é —511(.%')(5 = Xl(fl,x,é)}.
1

Theorem 1 leads from the study of the polynomial P to the study of a
finite set of functions {f} of type (30). Theorem 2 leads this problem to
study functions {f} on special sets, what in turn leads to the problem
to study a finite set of functions {f1} of type (50) etc.

If in some step s either A; = |J As(fs,x) =0 or cs(z,d) =2 for all
zeX§

(x,0): z € X§, 6 € As(fs,z) (when Ag # 0) then the process comes to
its end (see Theorems 1 and 2).

We prove that this process comes to its end if for some of such pairs
(x,6) cs(z,0) =23 (s =0,1,...) also. Namely we prove that after a
definite number sy of steps we will come to one of the following cases:
1) A5y =0, 2) Asy # 0 and for each pair (z,0) z € X;°, 0 € As,(x)
either ¢, (z,0) =2 or mg, = ms,(x,d) <0 (and then P & I).

The next section is devoted to the consideration of this problem.
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5. The Algorithm

In this section applying the basic results obtained above, an algorithm
as an answer to the question: when does the polynomial P(§) = P(&1,&2)
belong to the set Is, is offered.

If either A(P)= | A(P,n) # 0 or co(P,n,d) = cardJo(P,n,d) =

nES(Po)
2 for all pairs (n,0): n € X(FPy), 6 € A(P,n) (when A(P) # () then the
problem is solved by Theorem 1 in [14] or Theorem 2 in this paper.

If co(P,n", 60) > 3 for such a pair (n°, §y) then this pair generates the
numbers ¢ € N, a € (0,1) and the function f(t,z) = f(t,2,1°, ) by
formula (29). It is obvious that there are a finite number of pairs (7, d)
for which cyp(n,0) > 3. Assume that there are ng of such pairs. For
simplicity of notation in the sequel we assume that ng = 1. Thus the
problem leads to study of the function

Mo
Zt’”“ 5 QY(a) (51)
on the set (t,z): t € (0,00), ap < |z] < ay . Here
— 0 _ (0
mo = X(P,n’,00) = max, {dz 4i(1°)d0} (52)

¢; = £;(n°) is the order of the zero n° of the polynomial P; (i =
0,1,...,M) (see (1)), the polynomials QY = @Q; (0 < i < M) are
defined by the formulas (27)-(28) and gy = ¢ is the smallest natural
number for which ¢ydy € N.

For 0 < i < My we denote

X) = X2(Q),a0) = {w; a0 < |z| < ap', QY(z) = QY(z) = -+ = Q) (2)

For zg € Xg let 6? = E?(:co) be the order of the root zy of the poly-
nomial QY (0 < i < Mp), Ao(zo) = Ao(fo,x0) be the set of numbers
A > 0 for which there exist indices ¢ # j: 0 < 4,7 < My such that

. )
mo— — — A = mo—i—ng:Xo(fo,woaA)
q0 q0
LIV (53)
g m - —
Oékg)fi/fo o qo0 ¥ ’

Ao = Ao(fo) = | Aola

mGXO

=0} .
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LethXO,AGAO (z). We set
k
Jg(xaA) JO fO,fC A :{ka 0< k < MOamO_q__ggA:XO(f07x7A>}7
0

Az, A) = cardJ(z, A).

If either Ag = 0 or ¢)(z,A) = 2 for all pairs {(z,A)}: z € X{,
A € Ap(z) (when Ay # () then the problem is solved by Theorem 2.
If for a pair (zg,A¢) cJ(wo,Ag) > 3 then this pair generates numbers
ap € (0,1), and ¢; as the smallest natural number for which ¢;(goAg) €
N and the function fi(t,z) = f1(xo, Ao, t, z) by formulas (49)-(50).

It is obvious that there is a finite number n; of such pairs {(z,A)}
for which ¢J(x, A) > 3. We can assume for simplicity that ny = 1. In
this case the problem leads to study the behaviour of the function

Zt i Q) (x) (54)

on the set (t,z): t € (0,00), a1 < |2 < aj*. Here m1 = xo0(fo, 0, Ao).
We notice that in this case (while ¢3(zo, Ag > 3)

2
mq < moy — —. (55)
40

Really, if 0 € J§ = JJ(w0,A¢) then by Lemma 5 £3(zo) > 2 and by
definition of the number ¢, goAg > 1, hence m; = mg — ESAO <mg —
2/qo. If 0 ¢ J then ig € J§ for a number iy > 2 and inequality (55) is
obvious in this case.

We introduce sets {X} for polynomials {Q}}, numbers {¢}(z)} for
T € XO (Z =0,1,... Ml) sets Al(f, ), Al(fl) and Jo(fl,I 5) for
r € X}, Ac Al(:z), and numbers my = ma(fi,7,A), ci(z,A) =
cardJ}(fi,z, A) for function f; as above.

Proceeding as above (see Theorem 2 and formula (55)) one may prove
that

1) mo < M — when f1 S Il(al)

lIoth ’

2) the problem will be solved if either A;(f1) = 0 or ¢j(z, A) = 2 for
all pairs (z,A): x € X}, A€ Ai(f1, z).

Otherwise (when c¢f(z1, A1) > 3 for a (unique) pair (1, A1): 21 € X¢,
Ay € Ai(z1)) the numbers g2 € N, ag € (0,1) and the function fo arise
and the problem leads to study this function behaviour at infinity etc.
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To sum up, the polynomial P generates a tree. The branches of this
tree are ng functions {fo} of type (51). The branches of these branches
are nony functions {f1} of type (54) and so on. Assuming for simplicity

of notation that ng = ny = no = --- = 1 we get the set of functions
(assuming that ck(zs, Ag) =3, k=0, 1, ..., s)
M, ‘
fs(t,x) = Ztms_z/(qo‘”"'qsfl)Qf(x), s=0,1,..., (56)
i=0
for which )
Mg <Mg_1 —————, s=1,2,.... (57)
qoq1 - - - 4s—1

Let o be the number of nonzero coefficients of the polynomial Qf (s =
0,1,...). It is easy to see that

Os+1 = cg(xs, As) = cardJy(fs, s, As) (s=0,1,...). (58)

We prove that after a finite number sy of steps we come either to
the case when mg, < 0 or ¢’ (25, Asy) = 2. In both cases the chain
of functions {fs} will break down and consequently the problem will be
solved completely.

Lemma 6 Let R(z) = apa™ + ap_12" P+ ---+ag (an # 0) be a
polynomial with real coefficients, and o the number of its nonzero coeffi-
cients. If 0 # xo € RY, R(zo) =0 and £ = {(xg) is the order of x¢, then
{<o—1.

Proof The result is obvious if 0 < 2. Let ¢ > 3 and a;, # 0 (k =

1,...,0), j1 < j2 < -+ < jo. Let us consider the system of linear
algebraic equations with respect to the unknowns a;, ,aj,, ..., a;,
R(zo) = R'(z¢) = --- = R V() = 0. (59)

If, on the contrary, £ > o then it is easy to see that the determinant of
this system

o min{js,0c—1}

o—1
dzx%HH(js_ji)7éOv a:Z Z (s — k).

5s=21i<s s=1 k=0

Consequently the system (59) has only the trivial solution, which con-
tradicts the conditions a;, #0 (1 <k < o).
Lemma 7 Let s be fized, fs be a function of type (56) and

ag
Osi1 = ? + 2. (60)
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Then (qoqi - - -qs)As € N, i.e. gs+1 = 1.
Proof First we prove that (60) implies the existence of a pair of indices

i,j € Jg such that ‘Ef — 65| = 1. Indeed, let J§ = {ir, ia, ..., ics} where
i1 <idg < -++ <ic. Then (see Remark 1) £ > £} > .- > {7 . Let, on
0

L

J Zj+1

the contrary, >2 (j=1,2,...,¢, — 1), then

G0 +2> 0 +4> >0 +2(ch—1).
€0

Since (see (58)) ¢ = 0541 then together with (60) it implies that

Os
2

On the other hand since £ > ¢; , then £§ > o5+ 1, which contradicts to
Lemma 6 and proves Lemma 7.

So, for each s = 0,1,... only one of the following cases is possible:
either gs4+1 =1 or

6,26, +2A0m —1) 26, +2| 2| 4226, 4o, 41> 0,41,
€0 €0 ‘0

o < 5L (61)
Let by € N’ be the smallest number, for which
2bs
me >0, mi———2 <0 (s=01,...). (62
qoq1 - - - 4s—1
If for a number k € Ny qr+1 = @2 = -+ = Qb = 1, then (57) and

(62) imply that mp4p, < 0 and then P ¢ I5. If for each s € Ny there
exists a number ks € Ny such that s < ks < s+ bs and ¢, > 1, then
without loss of generality we can suppose that ¢; > 1 for all s € Nj.

Then from Lemma 7 it follows that the numbers {0} satisfy inequality
(61). Hence

00 1 1 00
Us<{§]+1+§+"'+§<§+2 (s e N).
This implies that o), = cardJE ' < 3 for k = [logy oo]+1, i.c. cardJi ™ =
2 and we come to the situation in Theorem 2.

Thus, we have finished the construction of the algorithm.
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1. Elliptic systems in the plane

1.1 FIRST ORDER ELLIPTIC SYSTEMS IN
THE PLANE

Let G be a multiply connected domain in the complex plane C of the
variable z = x 4 iy which is bounded by a finite number of closed, non-
intersecting smooth curves 'y, 0 < k < m. Any first order linear elliptic
system in G with respect to two real valued functions uy(z,y), u2(z,y)
may be put into the following single complex equation

a(z)uz + b(2)uz + c(2)u, + d(2)u; + ap(2)u + bo(2)u = f(2), (1)

where all coefficients and the unknown function u(z) = u; + fug are
now complex valued. The ellipticy of (1) at the point z € G means the
definiteness of the quadratic form

X(2,€) = la(2)¢ + c(2)¢I* = |d(2)¢ + b(2)¢* = (Ja(2)

He(@)? = [b(2)[* = |d(2)*)I¢” + 2Re[(a(2)e(2) - b(2)d(2))¢?]  (2)
191

G. A. Barsegian and H. G. W. Begehr (eds.), Topics in Analysis and its Applications, 191-227.
© 2004 Kluwer Academic Publishers. Printed in the Netherlands.

—~



192

with respect to ( = &; + iy, i.e the negativeness of its discriminant
00(2) = 4a(2)|* = (A(z) — B(2))? < 0 at z € G, where

A(z) = la(2)]? = ()%, B(z) =d(2)* - le(2) ],
a(z) = a(2)c(z) = b(2)d(2), B(2) = a(2)d(2) — b(2)c(2).
Since |3(2)|? — |a(z)|? = A(2)B(z), then it is easy to see that
70(2)(ja2)] + ()]
= (1A + la@)| + BE)DIB(2)| + |a(2)] + 18(2)])
x(|A(2)] = la(2)] = ()N (B(2)] = |a(z)| = |6(2)])

and therefore (1) is elliptic at z € G if and only if
i) JA(Z)| > la(2)| + [6(2)], |B(2)] < [a(2)] + [6(2)]

ii) [B(2)] > [a(z)| +[8(2)], [A(2)| < la(z)| +[6(2)]
at z € G.
In case i) eliminating uz equation (1.1) may be put into the form

uz — q1(2)u: — q2(2)uz + Ao(2)u + Bo(2)u = fo(z) (3)

with the condition

or

1 (2)[ +q2(2)] <1 (4)

in G and in case ii) eliminating @, it may be put into the form

u. — qi(2)uz — @2(2)uz + Ao(2)u + Bo(2)u = fo(2) (5)

with condition (4) in G. Equation (1) is said to belong to O(G) if i)
holds in G and is said to belong to O(G) if ii) holds in G. Let us be
given two elliptic equations

ay(2)uz + b1(2)uz + c1(2)u, + di(2)u; + ap(z)u + bp(2)u =0 (6)
and
as(2)vs + ba(2)T5 + c2(2)v, + do(2)T; +a®(2)v + b°(2)5 =0  (7)

in G with coefficients in their principal parts being measurable bounded
in G and with the lower coefficients belonging to L,(G),p > 2. We shall
consider the following problem :

Problem I Find a pair (u(z),v(z)) with u(z),v(z) being solutions of
equations (6) and (7) in G respectively, continuous up toI' =T¢+---+
I',, such that

u(¢) = v(¢) = (<), (8)
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where v(C) is a continuous function given on T .

Note that if all coefficients in (6),(7), except a1, as are equal zero, then
problem I has infinitely many solutions (p(z), ¢(z)),where ¢(z) is an
arbitrary holomorphic function in G. Moreover we have

Proposition 1 Let both equations (6), (7) coincide with (1) and f =0
in G. Then in case when i) holds Problem I is solvable if and only if for
any function @(z) holomorphic in G and continuous in G = G + T the
equality

/ p(2)p(2)d A dz / A€ =0
G T

holds, where p(z) is the solution of the following uniquely soluable sin-
gular integral equation

) [ elQdcdn d(z) [ pQ)dcdn
al2e(z) +ue)pte) - O3 [ BRG] S0 [ FUEC
Caol) [ ey bol) [ pQdedn

A A

s (—=z s (-2

_ ) / v(Q)d¢ | d(z) / Y(QdS — ao(2) / Y(€)d¢
21 Jr (C—2)2 2w Jp (( — 2)2 2 Jp (— =z
+b0(2) / WSC)dC_
211 T g— z ’
In case when ii) holds Problem I is soluble if and only if for any function
¥ (z), holomorphic in G and continuous in G the equality

[ Iz A dz + [ (@I =0
G T

holds, where v(z) is the solution of the following uniquely soluble singular
integral equation

b(z v(2)dCdn oz v(¢)d¢d
d(2)v(z) + c(2)v(z) — (W)/G <(<)—§>57‘ ;)/G ((CO— ;2’7
Cbo(2) [ v(Qd¢dn  an(z) [ v(z)d¢dn
/. /.

s (—=z m (—%

_ b(z) Y(¢d¢  bo(z

_27ri/p(C—22 2m/g 22 2mi / ¢ —

+040(2)/ (CdC
I

271 (—Z
The homogeneous problem I (v = 0) has infinitely many solutions (u(z),

u(z)), where u(z) is an arbitrary generalized holomorphic function in G
that is a solution of equation (1) with f = 0.

(S1)
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Proof As the difference w(z) = u(z) — v(z) is a solution of (1) with
f=0in G and w(¢) = v(¢) on I', then the proposition follows from
Theorem 1 (see [2], also [4], Theorem 2.1).

Theorem 1 If equation (6) belongs to O(G) and equation (7) belongs
to O(G) (or (6) belongs to O(G) and (7) belongs to O(G) ), then problem
1 is soluable for any right-hand side and the corresponding homogenous
problem (v = 0) has ezactly two linearly-independent solutions.

Proof If (6) belongs to O(G), then it is reduced to

uz — qg)(z)uz - qél)(z)u_z +A1(2)u+ Bi(2)u=0 9)

with the condition . )
V@) + gV (2)] < 1

in G and if (7) belongs to O(G), then it is reduced to
vy — q§2) (2)vz — q3(2)(2)T5 + Az(2)v + Ba(2)0 =0 (10)

with condition \qf)(z)] + |q§2)(z)| <1lin G.
Conjugating (10) we obtain the equation of type (9) for the function
w(z) = v(2):

ws — 32 (2)w, — 3 (2)W5 + Az (2)w + Ba(2)@ = 0

in G and the boundary condition (18) is reduced to the Riemann-Hilbert
condition for the vector function v(z) = (u(z), w(z)):

Re[Gv(()] = H(C)
with H(¢) = (Rey(C), —Im~(()),
(11
G= ( i —i )

and the theorem follows as det G = —2¢ # 0.
Theorem 2 Let both equations (6),(7) belong to the same O(G) (or
O(@)), but having different coefficients. If

(1= 1P +1a Q2 + Voe™aP ()
~ (1= 11 + 167 + Va)al () # 0
on T uwhere o9 (C) = (1—|q;” ()2 +1a5” (¢)*)2~4la5” (C) 2, then Problem

I is well posed and has the Noether property: it is normally solvable and
has a finite index .
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Proof If both equations (6),(7) belong to O(G), then they are reduced
to (9) with qg )( )s éz)( ), Ai(z), Bi(z) in place of qgl)(z),qél)(z),Al(z),
Bj(z) with the conditions

7 (2)] + 16 (2)] < 1,0 =1,2.

Introducing new unknown functions ¢(z)and ¢ (z) b,

1— ¢V )R+ |6 ()2 + /o0 Jue) - " (2)

p(z) = u(z),
201~ |y (2)2) 1 lg” ()2
(2) (2 W2+ /o (2) _
w(z)_ ’q ( )| +|Q2 ‘ + ( )—%U(Z)
21— g2 (2)2) ™ (=)
instead of (9) we obtain the following elliptic equations for ¢ and :
p: —qM(2)p. + AV (2)p + B (2)p = 0, (11)
vz — P ()y: + AP (2)p + BA () = 0, (12)

in G and instead of (8) we obtain the following Riemann-Hilbert type
boundary condition

RelG(QU(¢)] = H(C) (13)

for the unknown vector-function U(z) = (¢(z),1(2)), where

G(Q) = (Gij(€), 1 < 4,5 <2,

a 1 gV + 8”2 + Vo oy
s i M2 Y O
2AT(1 = [q, ') Ax(1 = |gt)2)
O o/ il e A B 3
2250~ A1)
Gog = i(l - |q§1)\2 + |q§1)|2 + Ve B (Iél) >
* 1 » T ,
M-l A1)
2 9 o
Gy = _i(l—\qg)]2+’qé)‘2+m_ qg) )
2851 - Iq§2>|2> A*(l - |q£2>|2>

QImq z(\/a —du(
2Imq ) —i(y/oW +5

ou(z) = |1_Q1(Z)| —IQ5(2)\2,

q(v)(z) =
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0(”)(2)
2(1 — |gi” (2)[2)

Now the theorem follows as

AL(z) = (Vo @) + 1416 + 107 (2)2).

1

det G(C) = 2i(G11G22 — G12G21) =
281451 — |t 12) (1~ [¢f?1?)

x (1= 1af" 2 + 18" + VoD)af?
~(1 =g+ la5” 2 + Vo)) ) # 0

on I'.

The problem considered in Theorem 1 as we have seen is reduced
to the particular case of the following problem: Let us be given two
equations

us — ¢V 2wz — gV (2)az + A (Ru+ Bi(z)a = fi(z),  (14)

and

v: — 42 (2)vs — @2 ()T + As(2)v + Bo(2)o = fo(2),  (15)

v
belonging to O(G). Find solutions u(z) and v(z) of (14) and (15) in G,
satisfying the condition

u(¢) — M¢)v(C) =0, (16)

where A(() is a given function, satisfying the condition A\({) # 0 on I

Let us describe the method how to solve this problem. For simplicity
we assume for G to be the unit disc: G =D ={z € C: |z| < 1}. Let m
be the winding number of A(¢):

m = 5 {og\(O}r, (17)

and let Ao(¢) = ¢(7™A((), so {logho(¢)}r = 0. Then we can find a pair
(X(2),Y(2)) of holomorphic functions in D such that

X(¢) = 2(QY () =0. (18)

The condition (16) then can be written as

e(¢) = ¢"p(¢) =0, (19)



Degenerate elliptic systems of partial differential equations 197

for the functions p(z) = u(2)/X(z) and ¥(z) = v(z)/Y (2) satisfying the
equations

0: — 0 (2)0:(2) — i (). 2) + A1 (D)o + Bu(2)p = filz),  (20)

Yz — 4P (2)02(2) + 657 (2)8.(2) + Ao(2)0) + Ba(2) = fa(2),  (21)

in D, where

i) = qgl)(z)ﬁgzi’/h(z)=A1(z)—qgl)(z)(logX(z))zv
B = B - O ) = B — o T
) = @D, dy(z) = Aa(2) - ¢ (2)(log Y (2)..

To solve the problem (19)-(21) put ¢z = p(z) and ¢z = v(z) in D. Then
1 d¢d 1 d¢d
o) = 0(s) - [ LOKD y) o) - o [ HOKD o)

where ®(z),¥(z) are arbitrary holomorphic functions in D such that
according (19) they satisfy the boundary condition

®(¢) = ¢"MU(¢) = (<) (23)
on the circle || = 1, where

_ Cm+1/ v(r)dD. l/ p(7)dD-
D

T 1-7¢ Tm)p T—C

7€) :
Solving (23) through the power series expansions of ®(z), ¥(¢) in the unit
disc and substituting then (22) into (20) and (21) for the determination
of p(z) and v(z) we obtain singular integral equations over the disc
like the above equations (S7),(S2) and derive the number of linearly
independent solutions of the homogeneous problem (14)-(16) (f1 = fa =
0) in case m > 0 and the number of independent solvability conditions
on fi(z), fa(z) for the problem (14)-(16) to be solvable.

1.2 First order elliptic systems in the unit disk
degenerating on the circle

Let o) (z,y) = (a41,a42) be a real vector field in G and let o™V (z,y),
a? (z,y) be linearly independent in G that is A = aj1a22 — ajga91 # 0
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in G. Consider the following first order system for two real functions
ul(xay)7u2(xay):

aul 6u1 8UQ 8U2

a5~ + a126_y 15, ~ 25 = f1, (24)
ai—i— ouq n Ous 2 8uQ _ g
a5~ +ang - 3y anp = t+ang = fo

This system is obviously elliptic in G. If A > 0 in G, then this will be
called a Beltrami system and an anti Beltrami system if A < 0 in G.
Multiplying the second equation by ¢ and adding it to the first one we
obtain the following single equation

a(z)ws + b(z)w. = f(2), (25)
for w(z) = uy + iug, where a(z) = a11 + a1z + i(ag1 — a12),b(z) =

a1l — age +i(ag + aiz), so that |a(z)> — |b(2)]? = 2A(2).
Considering instead of (24) the system

8u1 6u1 (9U1 GUQ o
(o)
8U1 8U1 8’11,1 8u2

— = - — = 2
B b(aax+ba >+8x fo, (26)

with real a(x,y),b(x,y) such that a®> +b% < 1 in G it is elliptic in G
because its principial symbol is equal to ¢ = & (& — a(a&y + ba) +
€2(62 — blagy + b2)) = € + €3 — (a&y +b62)? > (1 — a? — ) (2 + &),

Multiplying the second equation by i and adding it to the first one we
obtain the following single equation similar to (3) and belonging to O(G):

wz — qu(2)w, — Wz = f(2) (27)
for w = w1 + iug with
a? — b% + 2iab a® +b°
a(z) = mﬂ]z@) = m
such that
]+ lga] = A+ 1-(1-a*-b?) <1

2—a2—b2 1+ (1—a2—b?)
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The transposed system to (26) is

%_a(a%+b%>+%_b< 5U2+b%):ﬁ

Ox ox oy oy a% dy
8u1 OUQ .
"oy + o f2. (28)

Multiplying the second equation by ¢ and adding it to the first one we
obtain the following single equation similar to (5) and belonging to O(G):

a’® — b — 2iab a®? — b% + 2iab
— 7 — vz = 29
== =) (29)

Uz

for v(z) = w1 + tus.
Considering system (24) in the unit disc D with

x? Ty
a1 =1— , 12 = — )
1441 —22—9y? I1+4/1—22—92

y2

Yy
a1 = — sag =1 —
141 —22—9y?

equation (25) becomes

1+ +/1—a22—¢2

2
z w, =
(1+ 1 —1]2?)?

Considering systems (26) and (28) in D with a = z,b = y equation (27)
becomes

f(z). (30)

Biw = ws —

22 |z

| 2

YT e R e o)) =) (31)
and equation (29) becomes
Z2 22
vz 7 = f(2). (32)

22— )7 22— P

Equations (30)-(32) being elliptic inside the disc D degenerate on its
boundary |z| = 1. As

Kl _ 21—z

1— - )
(1++/1—12%)?% 1+4+/1—|z?
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then the degeneration on |z| = 1 of (30) is of order one half and moreover

the circle | z|= 1 for (30) is the characteristic set. As 1— % = 2(2:522)
then the degeneration on |z |= 1 of (31) and (32) is of order one and
moreover the circle |z| = 1 is the characteristic set for (31) and for (32).

The homogeneous equation corresponding to (30)

2’2

Wz — w, =0 33
T+ P2 33)

has the solution

¢ (34)

z
14+ /12
which maps the unit disc |z| < 1 onto the unit disc || < 1 homeomor-
phically, so that the general solution of (33) is a superposition of an

arbitrary function ¢(¢) holomorphic in the unit disc | ¢ |< 1 and the
function (34)

z
’LU(Z) =9 <W> =¢o(. (35)
The inverse function to (34)
S
ST (36)

is the homeomorphism of the unit disc || < 1 into the unit disc |z| < 1,
satisfying the following equation inverse to (33)

ve+ o =0 (33)

the general solution of wich is a superposition of an arbitrary function
¥(z) holomorphic in the unit disc |z| < 1 and the function (36)

2¢
vz:wOZ:w<—). 35/
(2 e (35
Note that the circle is the set of degeneration of order one and is not a
charachteristic set for (33').

Let us return to system (26) with a = z,b=1y

6u1 < % 8u1 > 8u2

ar T\ Ty ) "y T
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6u1 8U1

it it it} < = 26
oy y<$8x +y8y>+0x f2: (26)
in the unit disc D. Solving (26") with respect to the derivatives du; /0,
Ouy /0y gives

Oup  Ouy | x*Oug/Oy — xydus/Ox

or Oy + 1 — a2 — g2 +

Our Ous  xydus /Oy — y?0uz /0 -

oy Ox + 1— 22— 2 /2, (37)

because from (26') it follows that

ouq Our  xz0up/0y — yOuz/0x
ey +y8y_ 1—x2—y? I

Eliminating u; from (37) we obtain the following second order equation
for us:

2 82uQ OQUQ 2 OQUQ 8’&2 6u2

2 2$y8m8y Y a2 Tor ya_y =/

Aug — x

or .

Aug — E?uy = f, (38)
where E := x0/0z + yd/dy. If we seek a solution of (38) with f =0 in
the form ug = g(z% + y*)p(x, y), where p(x,y) is a harmonic polynomial
homogeneous of degree k : (x0/0x + y0d/dy)p = kp, then we obtain
Nug = 4(rg" + (k+1)g")p, E?us = (4rg" +4(k + 1)r2g' + k2g)p, i.e. g
is a solution of the hypergeometric equation

t(1—1t)g"(t) + (v — (. + B+ 1)t)g'(t) — afyg(t) = 0,

where t = 12 = 22+ y?, a0 = k/2,8 = k/2,7 = k + 1, so that Re(y —
a — ) = 1. Hence the solution of the Dirichlet problem, having the
boundary value p(z,y) is represented by

2 2
i) = s ) — P ap(e.)

with the Gauss hypergeometric function F' and the solution of the Dirich-
let problem with an arbitrary boundary function f(¢{) can be obtained
through the expansion of f(({) into the series with respect to homoge-
neous harmonic polynomials by superposition of this special solution

us(z,y) = an(|2)pr(z,y).
k
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Thus we can find ug(x, y) uniquely through the given Dirichlet boundary
condition u2(¢) = f(¢) on |¢|] = 1 and then the function wuy(z,y) is
determined from (37) up to a constant. But from (26") with f; = fo =0
it follows that xOus/dy — yOus/0x = dug/ds = 0 on | z |= 1, so that
uz = const and then u; = const again from (26). What we have solved
for the elliptic system (26’) or (31) degenerating on the boundary is
the Schwarz problem. The Schwarz problem for systems (33) and (33)
can be solved directly through the formulas (35), (35") by means of the
Schwarz integral for holomorphic functions. Considering system (24) in
the unit disc D with coefficiets a1 = 1—22, a12 = ag1 = —2y, ags = 1—y?
equation (25) becomes

22 _

This equation being elliptic in the disc |z| < 1, degenerates of order one
on the circle |z| = 1:

27 _ 20 —12%)

1— -
2 — 2|2 2 — 2|2

and moreover this circle is the characteristic set for (39). Because of
the characteristic degeneration of order one this equation in contrast to
(30) has no solution homeomorphically mapping the disc |z| < 1 onto
the disc || < 1. Besides of that this equation has the solution

z

which maps the disc |z| < 1 onto the whole complex plane C of the vari-
able ¢, so that equation (31) is reduced to the inhomogeneous Cauchy-
Riemann equation

W @I (¢
o \ Vi

on the whole complex plane and hence is uniquely solvable without any
boundary condition and the homogeneous equation (39), f = 0 has no
other solutions, continuous in the closed disc |z| < 1 except constants.
Note that the function

R S (41)

V1+][¢?

(= (40)
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inverse to (40) maps the whole plane C onto the unit disc |z| < 1 and is
a solutions to the equation

<2
P+ ———v = 42
Ve + 2+ ‘C|QUC 0 ( )

on C inverse to (39) wich is elliptic on the finite part of C and degenerates
at infinity,

e
2+ [P

as |¢| — oc.
Another more simple equation, which possesses the same properties
as (39) is
ws — 22w, = f. (43)

Instead of (40) this equation has the solution

I
EE

¢ (44)

which maps the disc |z| < 1 onto the whole complex plane C, so that
(43) is reduced to

L 1 2¢
w“wf<1+m>

on the whole plane C and hence is uniquely solvable without any bound-
ary condition and the homogeneous equation (43), f = 0 has no other
solutions, continous in |z| < 1 except constants. The inverse function

_ %
TRV ETeE

maps the whole plane C onto the unit disc |z| < 1 and is a solutions to
the inverse equation

(45)

v S 0 (46)

RV IOt

on C, which is elliptic on the finite part of C and degenerates at infinity,

4|¢P?
1-— — 0
(14 /1 +4¢]?)?

as |¢| — oc.
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1.3 Second order elliptic systems in the unit
disc degenerating on the circle

An operator adjoint to (30) is given by

52
Z
Biv=v, — v
<1+ V1= |z]?)? )z
22

Vy — z V. 47
Vi mPr Vi mrar Vi

The composition of this operator with (30) produces the following second

order equation
2*
Fiw:=1+ Wy
1 < L+ VI= Pt

2

= vz —

22

I Y (A TV e PPk

z 2|z|?
— 1-— Wy
VIR /T 2P) ( V- |z|2|>3>

z
- wi=B'f ="
VI-P+ VI 1P)
elliptic inside of the disk |z|] < 1 and degenerating on its boundary
|z| = 1, because its principal symbol is the quadratic form 4((1—2z?)&2 —
ry&1&+ (1 —y?)€2) having the discriminant —16(1 — |2|?). Mapping the
disk |z| <1 onto the disk |¢| < 1 by (34) the equation (48) becomes

wee — 201¢2 — ¢ Mg = 2 4f*( % )

(48)

ariemi i
. 41— [¢? 2
=K = iy (i) o

in |¢| < 1. Integrating (49) we obtain

27

4 4 (1- |7'|2)f*(1+|7-|2)
ey /|| A+ PR -0
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As the left-hand side of this expression vanishes on the circle |¢| = 1
then the right-hand side must vanish as well

/ (1- |7'|2)f*(1+2|:|2)dD‘r _0
<1 (LH[7?)3(1 = 7¢)
" 2 P |r)
/|T|<1f (1+|T|2) (EREBE dDT =0 (50)
for k = 0,1,..., i.e. in order to have a solution regular in |z| < 1

the right-hand side of (48) must satisfy infinitely many conditions. In
particular if f = 0, then from (49) it follows that the function (1—|¢ ]4)w5
is antiholomorphic in || < 1 and vanishes on the circle |(| =1, i.e. w is
holomorphic in |{| < 1 and therefore is given by (35).

Theorem 3 The Dirichlet problem w(z) = g(z) on |z| = 1 for the
homogeneous equation (48) in |z| < 1 may have a solution if and only if
for any function ¢(z) holomophic in |z| < 1 the equality

/ IELCIEL (51)
holds.

Proof As we have seen in case f = 0 any regular solution of (48) in
|z| < 1is represented by (35), so that the Dirichlet condition means that
g(z) must be the boundary value of the function holomophic in |2| < 1
which is equivalent to (51).

Let us consider the Beltrami equation

Bw = wz + q(2)w, = f(2) (52)

in an arbitrary multiply connected domain G with a given coefficient
¢(z) which is a measurable bounded function, satisfying the conditions

lg(2)] <1 (53)
inside of the domain G and
la(2)[ =1 (54)

on the boundary I" of G.
Theorem 4 If w(z) is a solution of the following second order equation

Ew = (14 |q(2))wzz + q(2)w,2 + q(z)ws2 + (¢- + |q|2)w. + Gzws
= f(2) (55)
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in G, satisfying the boundary condition

0

Im(8(=) 5

Jw(z) =0 (56)
on I', then w(z) satisfies to the homogeneous Beltrami equation (52),
f =0, where0(z) = dz/ds—q(z)dz/ds, z = z(s) is a parametric equation
of the curves .

Proof If w e C?in G and w € C! in G = G + T, then using Green’s
indentity we obtain

/ |wz + q(z)wZIQdG = / (\w2]2 + 2Req(2)w,w, + |q(z)|2\wz\2)dG
G G

L FW<9(Z)%_0(2)%> w(z)ds - /G w(z)BwdG.  (57)

Hence if w satisfies equation (55) in G and the condition (56) on T,
then from (57) it follows that w(z) satisfies (52) with f = 0. Note that
equation (55) is obtained by composition of the operator

ve + (q(2)v)z

with the Beltrami operator (52) and under conditions (53), (54) is elliptic
inside of the domain G and degenerates on I', because its principial
symbol is the quadratic form (1 + |q|? + Req)&3 +4Imqér&a + (1 +]q|* —
Req)&2 having the discriminant —4(1 — |g|?)? which is negative inside of
G and vanishes on I'. Taking ¢(z) = —2%(1 + /1 — |2[2)~2 in the unit
disk |z] < 1 we have §(z) =0 on |z| =1 and (57) becomes

w(z) Eywdzdy,

2’2
e - S
/z|<1 (14 /1—|2|?)? |z|<1

where Fjw is given by (48), from which we obtain another proof of
Theorem 3. Taking ¢(z) = 22 equation (55) becomes

Erw = (14 |2[Yw.s + 22w,2 + 22wz + 22(1 + |2|?)w, + 2z2ws = 0. (58)

Corollary 1 The problem w(z) = g(z),0w/0v = 0 on |z| = 1 for
the equation (58) in |z| < 1 may have a solution if and only if for any
function ¢(z) holomorphic in |z| < 1 and continous on |z| < 1 the
equality (51) holds.

Indeed in this case the indentity (57) becomes
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[ wpa < [ w@ites- [ wEEwd
|z]<1 |z|=1 v |z]<1

= —/ w(z)Erwdv,
|z|<1

from which it follows that w is a solution of the equation ws + 22w, = 0,
satisfying the Dirichlet condition w = g. But as w(z) = ¢(22/(1+|2]?)),
then this means that g(z) must be the boundary value of a holomorphic
function in |z| < 1 that is equivalent to (51).

The corollary remains true if equation (58) is replaced by the equation

. Els
Fiw = 1+ Wy
! ( 1+1-2P2) =
22

2

z
+ w,2 + Ws2
A+ VI=EP? T L+ V1-PR

z 2\z|2

RV ST e T (1 T |z|2>3) v
z wz =0

Ve ey

and the equation ws + z?w, = 0 is replaced by the equation

2
0.

z
wz + Wy =
A+ IR

Taking q(z) = —2z2 equation (55) becomes

Bow := (1 + |2/Mw.z — 22w,z — 22wz — 22(1 — |2?)w, — 22w = 0
(59)

and taking g(z) = —22/2 — |2|? equation (55) becomes

~ 22 z2 |z[*w
Eyw := <w—7w> —< wz — 2 > =0. (60)
T2 2= @2- )2

Corollary 2 FEquations (59) and (60) have no other solutions, contin-
uous in |z| <1 except constants.
Proof In both cases we have 6(z) = 0 on |z| = 1, so that indentity (57)

gives
/ |wz — ZQwZ|2dv = —/ wEywdv =0
|z]<1 |z|<1
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and

2
/ |wz — %wzl%lv = —/ wEywdy = 0,
l2|<1 2—|z| I2|<1

i.e. w satisfies the equations ws — 2%w, = 0 in |z| < 1 and ws — 22/(2 —
|z|?)w, = 0 in |z| < 1 respectively which as we have seen have no other
solutions in |z| < 1, continuous in |z| < 1, except constants.

2. Elliptic systems in the complex space
2.1 First order elliptic systems in the complex
space

Let B,, = {z € C",|z| < 1} be the unit ball of C". The simplest first
order elliptic system for a single complex valued function u(z) in B, is
overdetermined

ou
- = 1<k< 61
62k fk(z)7 = =n, ( )
where fi(z) are given functions, satifying the conditions
ofx  0f
- — —— =0,k #£1
07 0z k7L

in B),. Let us be given two systems of equations: equations (61) and the
equations
Ov (2),1<k< (62)
— = gik(z n
afk 9k y L >R,
in B,, with given g(z), satisfying the conditions
gk Oqi
— — —k#I
0z 82k7 71
in By, and let A\(¢) # 0,¢ € Sa,,—1 = 9B, be a function given on Sy, =
{¢C € C",|¢| = 1}. Consider the following problem:
Problem II Find a pair of functions (u(z),v(z)), satisfying (61) and
(62) respectively in B,, such that u is proportional to the complex conju-
gation of v with coefficient A

u(¢) = A(Q)v(¢) (63)

on Sznfl.
Here we give an explicit solution of this problem. As in case n > 1,
log A(¢) is a single-valued function, then the integrals

te) = [ o (e - 3) @)
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[y(2) = /52”1 log A(§) <m - %) do (&)

are well defined holomorphic in B,, and by the analogue of the Plemelj
formula

13@):%kgA@y+/

Son—1

o630 (= gsye ~3) 0

where the integral on the right-hand side is understood as the Cauchy
principal value.

Hence if log A(¢) LHP?(S2p,—1),p, q # 0, then (see [2]) we can represent
A(¢) as factorized by X (¢) and 1/Y(¢),

where X (z) = expI'1(z),Y (2) = exp(—TI'2(z)). Inserting this into (63)
we obtain the following condition

v(C) = ¥(0), (64)

on So,_1 for solutions of the systems

695 0 éw 0
i 1<k< 4’
agk k:(z)7 92k g (Z)v SR> N, (6 )

in B, where f(z) = fx(2)/X(2),g%(2) = gr(2)/Y (2). Integrating (64')
we obtain (see [7])

p(2) = @(2) + (Tf)(2), ¥(2) = ¥(2) + (T¢")(2),
where T'f is the integral operator defined by

1/ < f(m),{ —n>dv(n)
nJtp, (A=<Cn>)n

(THC) =

for ¢ € Sy,,—1 and by

e = [ TSR0 [ <Jmn=z> .,

€ — 2> n I — 2>

for z € By, and ®(2), ¥(z) are arbitrary functions, holomorphic in B,
continuous in B, = B, + San—1, so that condition (64) is reduced to

®(¢) = ¥(¢) = (<),
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on San-1, where 1(C) = —(Tf9)(C) + (Tg°)(C), C € Spn_1. Splitting the
real and the imaginary parts this is equivalent to two Schwarz conditions
for the holomorphic functions ®(z) + ¥(z) and ®(z) — ¥(z), so that we
obtain, see [7], for v(¢) LHP?(S2p—1),pq # 0,

o) = [ a0 (e g) e+

1— < z,n>)" 2

‘1}(2) = _/S2HW<(1_ < i’n >)n _%> dU(U)"‘ 02_2i017

where C1, Cy are real constants. As (see [2])

/ (Tf°)(m)do(n) _
Son—1

(]‘_ <z,n >)n B

then
o) = [ TP (g —3) e+
ve) = [T (e g) e+ S

Hence if log A\(¢) LHP4(S2, 1), (T f°)(¢) — (Tg%)(¢) LHP(S9,_1), pq #
0, then the general solution of Problem II is given by

u() = X(2) <<Tf°><z>+ e +02+Z'01>,

oy (1= < z,m >)7 2

v | [T C0),

Note that the conditions for the right-hand side of Problem II are also
equivalent to the equalities

1 1
1) /S%1 log A\(n) <1_ <Cy ) tio< S 1) do(n) =0,

2) /S (1) () — T (m))

L L 1) do(n) =0
X(1—<C,n>)”+1—<n,<>)”_ > o) =
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for all ( € So,—1. In the case n = 1 these conditions are authomatically
fulfilled as

1 1 n ¢
,—1:— e
1—Cﬁ+1—nC 17—C+C—77

The inhomogeneous Cauchy-Riemann system (61) is a particular case
qr; = 0 of the following Beltrami system

-1=0.

ou " ou
Biu = — — = 1<k<
K= o + E%l(z)azl fe(2),1 <k <mn, (65)

in Q C C". From (65) it is obvious that in order for this system to have
a solution in 2 it is necessary that its coeflicients and right-hand sides
satisfy the following compatibility conditions

By(ari) — Br(ai;) = 0, Bi(fx) — Br(f1) =0, (66)

in Q forany k#[,k=1,2,...,n.
Moreover we assume for (65) to be elliptic in €, which in terms of the
coeflicients means that

det (I —q(2)q(z)) # 0 (67)

in Q, where I is the indentity matrix and ¢(z) is a square matrix with the
elements qx(2),1 < k,I < n. Let (ay1(2), av2(2)),v = 1,2, be complex
vector fields in the domain 2 C C™ and assume that they are linearly
independent in €2 that is A(z) = a11(2)a2(z) — a12(2)a21(z) # 0 in Q.
The following first order determined system of two equations for two
unknown functions u;(2),u2(z) is a counterpart of system (24) in C?:

O1uy — Ogug = f1,02uq + O1ug = fo, (68)

where

o — 3 9
8—2’278‘7 = Cljl(z,’)a—zﬁ—|-(J,]2(Z)8—272

0
p. + aja(2)

8]‘ = ajl(z)

and is elliptic in €2, because its principal symbol is equal to

la11(2)¢1 + a12(2) G| + |ai (2)G1 + ax(2) Gl

When a1 = aze = 1,a12 = ag1 (68) turns to the well known Fueter
System

8u1 8u2 . 8U1 8u2 .
T om TV om T om (69)
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arising in quaternionic function theory as a counterpart to the Cauchy-
Riemann equations in function theory of a complex variable.
Proposition 2 System (68) remains invariant under biholomorphic
maps of the domain Q.

Proof Let ¢; = (1(2),(2 = (2(2), 2z = (21, 22) be a holomorphic map of
C? onto C?. Then we obtain the following expressions for the derivatives

Ou _ 0udG | 0udG
071 N 851 0z1 852 0z’
o TG oudG
079 N 851 0z 852 822’
oo waa o
821 N 8(1 821 842 8217
R
82:2 N 6(1 82’2 8{2 82’2
and system (68) takes the form
- 8U1 - 8U1 8u2 8uz
ao — + aO —_— — G,O _— — 0 —_— = 0 s
hO5E +MOFE (O ~hOFE = 710
(70)
- 8u1 - 8u1 31@ 8UQ
0 (g™ 0 (9% 0 [ O0U2 0 (Y2 _ 0
ay; (€) PR + a(C) 90, + a31(¢) a0, + a3 (¢) 90, f2(0),
where
IC1 1 (2 (2
0’81(0 = ajla—z1 + aj28—22,a?1(4) = aﬂa—zl + aj28—z2’
so that
AQ) 2 06
a a 0z1 Oz
= (Qu(€) — Qe =aer (g o2 )| T8 CR Jo
622 622

in 2, because aj1a29 — aj2a21 # 0 and g—gi g—gz — g—gi g—g; # 0, i.e. system

(70) is an elliptic system of the form (68).
Let us consider the following Fueter system perturbed with lower order
terms

8U1 GuQ _
a—z_l — 8—22 + All(z)ul + Aoy (Z)UQ =0,

(71)
BUQ 8u1
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in By and let us assume its coefficients to satisfy the conditions

0A1 0Axn _0 0A12 n 0As
0% 0z - 071 029

=0 (71')

in By. Then there are functions w(z) and v(z) such that

ow Oow ov ov

—Aj,—=—Ay, —=—An,—=A
621 11, 6_2 21, 821 22 82’2 12
in By, so that (71) turns to the system
ol Oud o oud
3—211 — 8—23 — I/Zflu(l] —i—wz2ug = 32; + a—zf - V52U(1) - wzlug =0 (72)

in By of the same type as (71), because

0 (0ov o (ov\ 0 ow 0 [Ow\ _ ,
7% <a_> ) <a_> =09, <a) " o <a) =0 (72)
0 0)

Hence for every u = (u1,us) satisfying (71), (71') there is a u® = (u?, u}
satisfying (72), (72') such that the factorization formula

U=0%""

holds in Bs. In particular, if A1o, Ago are holomorphic in By and A11, A2y

are antiholomorphic in B such that (71’) holds in Bs, then v(z) is

holomorphic and w(z) is antiholomorphic, i.e. p(z) = v(z) + w(z) is

pluriharmonic in B and (72) turns to the homogeneous Fueter system
ol Oud ol Oud

8—2_1_8—22:0822—’_821_0. (73)

That in this case means that for every solution u = (u1,ug2) of system
(71) satisfying (71’) there is a solution u’ of the homogeneous Fueter
system in By and a pluriharmonic function p(z) such that

u = ule? (74)

in By. If u = (u1,u2) is a solution of the Fueter system (73) in 2 C C2,
then u; and ue are obviously harmonic in {2 and moreover

Ou o, 0w ([, Our  Oup
Pz EE Pzo 0% = Pzo 071 Pz D7

Oup o Oup () Ow ) Ou
= 0z1 P2 0z9 - Pz 0% Pz 0%
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on I' = 09, where p(z) is the defining function of the domain Q. Con-
versely if u; and wue are arbitrary functions, harmonic in £ such that
(75) holds on T, then u = (u1,u2) satisfies the Fueter system (73) in Q.
Indeed for w1, us belonging to C? in Q and to C' in Q =Q +1T

6u1 61@

/ dui_ Ouw|®  |Ow , dup
Q 0% 079 0% 621
_ / 0 gy (O Qw2 0 . (0w Oup
N Q 621 071 0z9 822 0% 071
0 _ [Oup Ous 0 oup  Ous
o5 (822 +a71> "5 (a—‘a—2>}d9
. _ 8u1 6U2 8U1 8“2
B 2/1“{ [(a 822> Pt <aZ2 o >p]
Ou;  Ous Oou;  Ous
+U2 [(822 621) Pz = <821 822) p22:| } d5
[0 [Ou Ous 0 [(Our Ous
__ 8 8u1 Oug 6 6u1 GUQ
B ouq ouq Ous Ous
—Q/F{U1<Pz18 +p zzaf +p 228 pzlaz2>

B ou Oug ou ou
+U2 (pzla 2+ Zza + Zlﬁ_lp@8_5>}ds

82u1 82u1 82UQ 821,62
— I It df)
/Q {UI (82162_1 + 622852) + U2 <8218Z_1 + 822852)} ’

so that if uj, ug are harmonic in ), satisfying (75) on I', then

I Jo

i.e. u = (uy,uz) satisfies (73) in Q.
The function w is called biholomorphic in 2 C C™ if in 2

ds}

871,1 8’11,2 2

041 0z9

8u1 8u2
9% | 0m

0%u
=0,1<k, 1<
07,07 - "
The pluriharmonic functions are those which in €2 satisfy the equations
82
Y _01<ki<n
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If u is biholomophic in €2, then it is obviously biharmonic and if u is
pluriharmonic, then it is harmonic and so also biharmonic. Conversely
if u is biharmonic in 2 and if

"\ 0Au
Z, = 71§k§ ) Zi =Y,
Y () ~0r <k n Yo <0

on I', then u is a pluriharmonic in 2 and if

- O0Au
E — | = 1<k< E — =
Pz gz 0z (8zk> 0.1<k=n, — Pzi 0% 0,

on I', then u is a biholomorphic in €, where 4A = Y% | 02/(02;0%;).
The first assertion follows from the indentity

Zy | A = Q
Z / ‘u k l| d Z / 82,4921 8zkazld

k=1 k=1

ou\ 0%*u
= — d§) — 7(19
Z / 0z, [<8zl)8z_kazl] Z/ (82;) 02,0Z102

k=1 k=1

B Z/ <('3,zl) Zp 0z <8zl) ds
B Z / 82[ |: 82;662;68,21} dQ+ Z/ 8zk82kazlazl

k=1 k=1

‘Z/(azjz’”la (azl>ds“/ Z”Zla =0

and the second from the identity

Z/“‘Wf’zdQ - Z/aqulaz (az)

kt=1¢
1 [ 0Au 1 [_ B
r = Q

The homogeneous Fueter system (73) has the obvious solution u = (¢(z2),
(2)), where ¢(z) and v(z) are arbitrary functions holomorphic in €.
Such a solution is called trivial.

Proposition 3 If u = (u1,u2) is a solution of the Fueter system in the
domain Q and if Y2, p..(2) Ou1 /0% =0 (or 2| pz.(2) Oug/dz = 0)
on the boundary I' = 082 of 2, then u is a trivial solution in €.
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Proof For an arbitrary functions uy,uz belonging to C? in Q and to
C' in Q we have

2

) d§2

/ du

o \ |0z

. 6 _ 8u1 8 _ 8U1 _ 82u1 82u1

= /Q {a— (“a—> ton <“a—2> — U (azlazl * 9505 ) |
0 0 1

= U _— 20 _— U 97

/FU1 <pzl 821 +p 2822) uldS 1 /QulAuld
8u2 2

[ ( o ) 10

0

0 1
= [ u Z A Zo A — | u2Augd 76
/Fug <p18z1 +p2az2>u2d5 4/Qu2 uad (76)

As for every solution u = (uy, ug) of (73) in € the functions u; and wus
are harmonic in 2, then from the first indentity (76) and the assumption
Pz, Ou1/0Z14pay Out/0Z2 = 0 on T it follows that u; is holomorphic in
and from (73) it follows then that us is antiholomorphic in 2. From the
second indentity (76) and the assumption pz, us/0z1+ pz, Oua/dza =0
on T it follows that wug is antiholomorphic in € and from (76) it follows
then that w; is holomorphic in €.

2
8U1

0Zo

C |
aZQ

2.2 First order elliptic systems in the unit ball
of C™ degenerating on its boundary

Let ¢4(2z) be the Moebius transformation of the ball B,, = {z € C", |z]
<1}, pq(a) =0,p,(0) = a:

a—sz—(1—s)<za>la%a

o(2) = , 7
Pa(2) e~ (77)
where z = (21,...,2,) € Bp,a = (a1,...,an) € Bp,s = /1 — |a|>. The
invariant Cauchy-Riemann system
0 ou 2k —
——(upp,)(0) = — — ———————= Ru = fr(2),1 <k <n, (78
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being elliptic inside the ball_Bn degenerates on its boundary So,—1 =
{z € C",|z| = 1}, where R, R are the radial operators

_ 0 = ~~_ 0
R::Zziﬁ—%,R.:ZzZa—z.

From (78) it follows that
n
V1 —|z]*Ru = Zizfi,l <k<n,
i=1
and hence (78) is equivalent to

ou
azk = I(2) +

'LZ —k—7
\/71+W; zZifi(2),1<k<n

so that every solution of the homogeneous invariant Cauchy-Riemann
system in B, is a function holomorphic in B,,. The homogeneous system

Ju 2
OZk (14 /1 [22)?2

obtained from (65) when

Ru=0,1<k<n, (79)

2zl
gkl =
(1+ /1T =]z

is also elliptic inside the ball B,, and degenerates on its boundary So,,_1.
The functions

2k
= —————,1<k<n, 80

¢ 14+ 4/1—z? (80)
are solutions of (79) mapping the unit ball |z| < 1 onto the unit ball
|[¢| < 1 homeomorphically, so that equations (79) in the variables (i
have the forms

ou

9 + Reu=0,1<k<n, (81)

where

ﬁ( = Z Cz aCl
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From (81) it follows that (1 + [¢|?)R¢u = 0 in B, and hence Ou/d(, =
0,1 < k < n, i.e. every solution of (79) is a superposition of a function
¢ holomorphic in the unit disc |{] < 1 and the mapping (80):

u(z) = ¢( )=¢oC(. (82)

2
1+ +/1— |22

The inverse mapping to (80):

2Ck
= —, <n, 83
it =F s &
is a homeomorphism of the unit ball |(| < 1 onto the unit ball |z| < 1,
satifying to the following inverse system
ov

L GRw=01<k<n, (84)
¢k

2k

in || < 1, where
0
i=1 !

The general solution of (84) is a superposition of an arbitrary function
¥(z), holomorphic in the unit ball |z| < 1 and the mapping (83):

_ 2%
1+ [¢1%)"

Note that the unit sphere So, 1 is the set of degeneration of order one
half for system (79) and of order one for system (84) being the charach-
teristic set for the first and not being the characteristic set for the second
system. The system (qi = zp21/(2 — |2/?))

v(z) = oz =1

ou 2k
0z 2 — ‘Z|2

Ru=0,1<k<n, (85)

is a counterpart in B, to equation (39), being elliptic inside of B,, de-
generating on Sa,_1 of order one and Sy, is the charachteristic set for
(85). So it has no solution mapping the ball |z| < 1 onto the ball |(| < 1,
but it has the solution

G= == <n, (86)

————, 1<k <
V1—|z|?
which maps the ball |z] < 1 onto the whole space C" of the variable
¢=(C1,---,Cn), so that (85) is reduced to

ou Ck

—+
I 2+ ¢

Reu=0,1<k<n, (87)
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on C", from which it follows that u = const. Note that (87) is a Beltrami
system elliptic everywhere in C", except at infinity:

lim det (I - g(0)g(c)) = 4 lim —1eP_ _
I¢] =00 ¢—oo (24 C[%)
Note also that the functions
e 1<u<n (88)

V_\/W) — — "

are inverse to (86), satisfying the inverse system

0zy 25,

8—,:7:,6 WR(ZV):O,lngH,

and mapping the whole C" to the unit ball,

a4,
VIHCE

such that infinity is mapped to the unit sphere

lim 7|<| =1,
(=00 /1 4 |C]2

2| =

The system
N Ru=0,1<k< (89)
— — zpRu = n
azk k y L > i)
has the same property in B,,: instead of (86) it has the solution
¢ “k <k< (90)
= —— n
k 1 _ |z‘2’ - —_ )

mapping the ball |z| <1 on to the whole C™. The inverse mapping

2Ck

= ——,
1+ +/1+4C2

maps C" onto the unit ball |z| < 1 such that infinity is mapped to the
sphere So, _1:

1<k <n,

: e
hm —_— =1
Cl=o0 1+ /T + 4[C2
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By means of (90) it can be shown that system (89) has no other solutions,
continuous on the ball |z| < 1 except constants.The difference between
(89) and the system

§£+qﬂu—01<k<n (81')
is that the sphere Sa,,_1 is the charachteristic set for (89) and it is not for
(81") and the difference between (79) and (89) for both of which Sa,_1 is
the charachteristic set is that system (79) degenerates on Sa,—1 of order
one half,

— 44/1 — |z|?
det(I —q(z)q(z)) = ,
(I = q(2)q(2)) EVEEE

and system (89) degenerates on Sy, of order one,
det(I — q(2)q(z)) = 1 — |2[*.

2.3 Second order elliptic systems in the unit ball
of C™ degenerating on the boundary

Among others the invariant Laplace equation

n n
a uOSOZ =
_ — 1
— 8zk02k Z 8zk0zk RRu =0 (91)

in B, is one of the most remarkable equations elliptic inside the ball B,
degenerating on its boundary So,_1. One of the important features of
this equation is that the Dirichlet problem u(¢) = v(¢),{ € Sop—1, for
(91) is uniquely solvable in B,, and the solution is given by the Poisson-
Szego integral

n—1)! — ¢
u(z) = =V [ O ey (92)
5277,71

27 11— <z, > 2

though in contrast to the usual Poisson integral giving the unique solu-
tion of the Dirichlet problem for the usual Laplace equation in B, fails
to be C™ in B,, = B, + So,_1 for any v € C™ on So,_1 (see [4]). If
the complex numbers «, 3 are such that Re(n + o + ) > 0 and neither
n 4+ « or n + [ is zero or a negative integer, then the Dirichlet problem
u(¢) =v(¢), ¢ € Sap—1, for the equation

n

— 02,072

—RRu+ aRu+ BRu — afu =0 (93)
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in B, also has a solution given by, see [1],

where

I'(n+a)l(n+pB) (1 — |z|>)ntetB

Paﬁ(Z;C) - ’YOF(n+ Q _|_ﬂ) (1— < z,( >)n+a(1— <(,z >)n+ﬁ.

For the equation

Mu := —RRu —nRu =0 (94)

with « = 0,3 = —n we have Re(n +a+ ) =0,n+ 3 = 0.

Theorem 5 The Dirichlet problem u(¢) = v((),( € San—1 for equation
(94) in B, may have a solution if and only if v(¢) coincides with the
boundary value on So,_1 of a function holomorphic in B,.

Proof If u satisfies (94), then

Rul?dv(z)

2k
Z/ 92 1+/1— |22

_Z/ |5 —/ |Rul*dv
0 , Ou
a Z::/n 8—%(u8—zk Jdv — Z/ azkazkd’/ — 5 RuRudv

—|—n/ aRudy — n/ aRudo = —/ uMudy = 0,
n SQn—l n

i.e u is holomorphic as a solution of the homogeneous invariant Cauchy-
Riemann system (78), fr = 0. The Beltrami operator By defined by
(65) acts from C to C™ and its adjoint defined by

fvi= Z avk Z kavk

k,l




222

acts from C” to C and the composition of B* with the Beltrami operator
produces the second order equation

d Ou ) " du
+kl 1{ kaazl)+8—Q(kaa—%)+a—anz(z)Ekaa—%} =0(95)

with the principial symbol equal to
n
D 1k + D> awll? = ¢+ all,
k =1

so that if we assume for the matrix ¢ = gy; to be such that det(I—qgq) # 0
in the domain Q@ C C" and det(I — ¢g) = 0 on its boundary then the
equation being strongly elliptic inside of ) degenerates on its boundary
I'. Every solution of the homogeneous Beltrami system (65) obviously
is a solution of the equation (95) by construction. Conversely, if u is a
solution of the second order scalar equation (95) in Q can we say that
then w is a solution of the overdetermined homogeneous system (65) in
Q7

Theorem 6 If T' = 0Q is a characteristic set for (65), then every
solution of equation (95) is a solution of the homogeneous system (65).
Proof If u is a solution of (95) in €2, then

Z/Q|Bku|2d9
—Z/( + qkl< )3 >(§j+ e >§:>dﬂ
=1

k=1

kaBkudS — / uLud) =0,
k=1 &
(96)

because the set of degeneration I' is the charachteristic set for (65) that
is Brp = 0 on I', where p(z) is the defining function for the domain
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Q={ze€C":p(z) <0},gradp # 0 on I'. Hence Byu =0,1 <k <nin
Q.
Corollary 3 The Dirichlet problem u(¢) = v(¢),{ € Saon—1 for the equa-
tion (95) with g = —zpz(1 ++/1—12]2)72%,1 < k,1 < n, in B, may
have a solution if and only if v(¢) coincides with the boundary values of
a holomorphic function in By,.
Proof Indeed, if Lu = 0 in B, then according to (96) u satisfies the
system
Ou “k R
0z (14 /1 —|2[?)?

’ 2

u=0,1<k<n, (97)

because for p(z) = |z|* — 1 on Sa,—1
|
—

2
Bip = 2z, — Rp = z =
(1+v1—1z[%) (141 —[2?)?

But as we know every solution of (97) is a superposition of a function
holomorphic in the unit ball |¢| < 1 with the homeomorphism (80) of
the ball |z| < 1 to the ball |¢ < 1 satisfying (97) in B,, i.e. y(¢) must
be the boundary values of a holomorphic function in the ball B,,.
Corollary 4 The Dirichlet problem u(¢) = v(¢),{ € Son_1, for the
equation (95) in By, with qg(2) = 2z, 1 < k < n, satisfying the homo-
geneous Neumann condition Ou/On = 0 on Sa,—1 may have a solution
if and only if v(C) coincides with the boundary values of a holomorphic
function in B,.

Proof In this case the set of degeneration So,_1 is not a characteristic
set:

on Sa,_1, so that the identity looks as
n 2 n
Z/ dv = 2n/ EZ ZrBrudo — / uLudv
k=1 n S2n71 k=1 n
= 2n/ u(Ru + Ru)do — / uLudv
S2n71 n

= Qn/ ﬁ@da —/ uLudv.
Son—_1 on Son_1

Hence if Lu = 0 in B, and du/0n = 0 on Sy,_1, then u satifies the
system

ou
8—2k + ziRu

i?+szu:0,1§k:§n,
0z,
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every solution of which is a superposition of a function holomorphic in
the unit ball || < 1 with the homeomorphism ¢ = 2z /(1 + [2|?) of the
unit ball |z| < 1, satisfying this system.

Corollary 5 Equation (95) with qx(z) = —zk2z; or with qi(2) = _22—k|?|2’

1 < k < n, has no solutions, continuous in B,,, except constants.
Proof In these cases So,_1 is the characteristic set, so that from (96)
it follows that u satifies the system of equations (89) and (85), which
have no other solutions, continuous on Bn, except constants.

The invariant pluriharmonic operator

_ 0? 0%u Z2K2]
Priu =

= 2)(0) = o——+ RR
821@(921(%90 )©) 0Zk0z (14 +/1— |2]2)2 Y

ORu ORu

2k 2l
L—|22 0z 14 /1— |22 0%

acts from C to C"* and its adjoint

— [ Pou = 22
2 = +RR
Y (f%kazz A+ /1P "

P B R - A N B
92 \1+ 1R " 9o \1+ VI[P "

0 Z] 0 2k
0z, <1+\/1 ]z|2(pkl) 0 <1+\/1|21290'”>

TR %) " n22kzl
n
TRV e Pk I TI  FE TR

acts from C" to C.

The invariant biharmonic operator is the composition of P* with Py :
Bpu := P*Pyu is an operator of fourth order with the principial part
equal to

Z 0?2 B EkRﬁ 0? B 2[73% u
" 0zk0zk 1+ /1 — |2 02102, 1+ 1—[22)

so that the principial symbol of By, is equal to (1/16)(|¢|*—| < z,¢ > |?)%.
Theorem 7 The equation Bpu = 0 has no other solutions, continuous
i By, except functions pluriharmonic in B,.
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Proof The proof of this theorem is similar to that of Theorem 5 and
uses the identity

Z/ ’Pk,lU\QdUZ/ uP*Pkludv:/ uBpudv
B Bn :

k=1

from which it follows that u is a solution of the invariant pluriharmonic
equations

Pru = 0. (98")

Multiplying both sides of (98') by Zx2z; and summing up we obtain (1 —
|22 )RRu = 0, i.e. RRu =0 in B, so that (98') turns to the system of
equations

0%y 2 0 — 0
0505 141 P0% ' 1h 1 pon T iEkis
(99)
Multiplying these equations by zj and summing up we obtain (9/9z;)Ru =
0 in B,, and multiplying by z; and summing up we obtain (9/9z,)Ru = 0
in B,, and then from (99) it follows that u is pluriharmonic in B,,.
The operator

Apv = 5B RRv —nRv —nRv — nv (100)

Theorem 8 If u is a solution of AzApu = 0 in B, and if Apu =0
on Sop_1, then Agpu =0 in B,.
Proof Using Green’s indentity we have
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2
/n | Z 32k82’k — RRu|*dv = nZ/ —zkABuda

Son—1

72 / ou 9Apu , / RuA pudo
azk 0z, Son_1

—i—/ RuﬁABudv—i—n/ RuApudv

n

:nQ/ uABudU—i—/ uApApudv
SQn 1 n

—/ ’L_LA*BABud’U—f—TLQ/ uApudo (101)
n Son—1

because

Ruvdv = —/ uRvdv — n/ uvdv + n/ uvdo
Bn n n SQn—l

and

/ RulApudo = —/ URApudo — n/ uApudo,

Son—1 Son—1 San—1

so that if AbApu = 0 in B,, and Agu = 0 on So,_1, then it follows
from (101) that Apu = 0 in B,,. Note that for the operator ALv,a =
-n,8=-nRe(n+a+p8) <0,n+a=0n+p=0,so that from
Apv = 01in B, and v = 0 on Sy,—; it does not follow directly that
v = 0. From Theorem 5 it follows that the problem with the only
condition u(¢) = v(¢),{ € Son—1, is uniquely solvable for the fourth
order equation AAgu = 0 in B, provided theat Agu vanishes on the
boundary So,_1.

However we expect that for the fourth order equation

Z( = —RR> — —RR |u=0
1 6zkﬁzk =1 82562[

in B,, the Dirichlet problem

ou

u(¢) = v(C), e

(C)a C € Sanla
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is uniquely solvable for any v(¢),h(¢) € C*. But the solution will not
be a C*° function in B,. We leave to the reader to prove whether this
is true or not.
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FORMULAS FOR DERIVATIVES OF SOLU-
TIONS OF THE 8-EQUATION IN THE BALL
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Abstract  Let f(z) = > }_; fx(2)dZrx be a closed (0,1) form in the unit ball
B € C", and let uq be the solution of the equation du = f, which has
the minimal norm in the weighted space L2[(1—|z|?)*dv]. Some explicit
integral formulas for the derivatives of u, are obtained. These formulas
are used for estimations of the derivatives of us(z) in C™-norm. Sim-
ilar formulas and estimates are obtained also for the derivatives of the
“canonical” solution having the minimal L?-norm on the unit sphere.

Keywords: 0-equation, minimal solution, representation formulas

Mathematics Subject Classification (2000): 32F20

The Cauchy-Green formula

1 ou(¢) d¢ A d¢
=P T[0u] — == (1
u(z) = Plu](2) + T3 2m/ S s [P W
D
and its weighted version are Well known as one of the main tools in
complex analysis. In the case of the unit disc D, the weighted formula

is written in the form

a o PAY
u(2) = Pyfu](2) + Ta[0u](2) = ;1 /u({)%dc A dC
D

211 1— <2)01+2

L/au(C) <1 - !CP)QH dC N dC 2)

o ¢ 1—Cz C—z
The first summand of the right-hand side of this formula singles out the
“analytic” part of u(z). In the complex one-dimensional case, this fea-
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ture of the Cauchy-Green formula permits to find some explicit solutions
of the 0-equation
Ju(z)
0z

= f(2), 3)

where f is a continuous function in D. Namely, we mean the functions
uo(2) = TIF(Q)dC)(2) and 1a(2) = TulF(C)dC)(2).

One has to note that in case of holomorphic functions formula (2) was
first given by M.M. Djrbashian [2, 3].

In several complex variables the natural generalization of (3) is

ou = f, (4)

where f is a O-closed (0,1) form continuous in D. As in the one-
dimensional case, the Cauchy-Green formula is used for finding integral
representations of solutions of (4).

The integral representation method developed by G.M. Henkin (see, eg.
[1]) and others permits to find explicit expressions for solutions of the
O-equation in different types of domains. However, we shall deal with
(4) in the unit ball B of the space C".

The well-known multidimensional counterparts of formulas (1) and (2)
were found in [4]:

u(z) = Plu)(2)+T[0u)(z) = /U(C)IACo(C,Z)—/5U(C)A00(C,Z), (5)
B

0B

u(z) = Palu)(2) + Ta[Ou)(2) =

S S N e (4o e ]
B nB(n, a)B/ (C) (1 - <Z,C>)”+l+adA(C) B/a (C)/\Ca(<7 ) (6)

where

_ > n—1 n ] _ _ n
Co(¢,2) = c% [Z(—l)“(ci -7 A, dcj] A dg,
’ i=1

D(¢,2) = 1= (¢, ) = (1= [CP) A=),  en=(-1)">
d\(¢) is the normed volume element of the ball,

Ca(C? Z) = \IlOé(Cv Z)C()(C, Z)
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and

n+« —e2 et
wics) - Mot (126

F'(n)l(a+1) —(2:¢
S (D (KPP
X ;( p )a—i—l—i-p( 1_<Z7C> >

One more remarkable property of formulas (5) and (6) is that the op-
erators Plu] and P,[u] are the orthogonal projectors which map L?(do)
and L?[(1 — |z|?)*d\(2)] onto their subspaces of holomorphic functions.
Therefore, the solutions of the d-equation (4), which are given by u =
T[f] and uy = Ty[f], have minimal norms in L?(do) and L2[(1 — |z|*)*
dA(2)] correspondingly.

In applications, it is significant to have more than simply one solution of
the J-equation. It is necessary to have a solution which is estimated in
some norm, and the minimal solutions are of this type as they are given
by an explicit formula.

We are aimed to obtain some explicit formulas for derivatives. Using
them we come to some estimates containing derivatives.

Below we assume that:

C™(B) is the space of all functions u(z) which are m times continuously
differentiable in B;

|| is the norm in C™(B);

C’(’(’il)(B) is the space of all (0,1) forms f =Y ;| fx(z)dZk, the coeffi-

cients of which belong to C™(B);
£l = 225=1 1ol

Further, by L;j we denote the differential operator of the order 71 +- - -+
rj—sj—1,1<j<n, 0<s;<r;—1L

n n
Py 0 0
b= (“*Ze?) (”*”*'””ﬁ_Sj_“Zi_lzia—Zi)'

Here we assume that ij is the identical operator if for some j we have
Sj:T1+'-'+Tj—1 (16 7“1:'-':7"]‘,120).
The main result of this work the following

Theorem 1 Let u e C™(B), f € C’Egl)(B) andri+---+ry, < m. Then
the following formula is true for derivatives of the minimal solution of
the 0-equation ug = T[f]:
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Dy D T(f)(2)

_ iﬁz LSJ {—7“ .. ;7 11Z;J Sj <D33D5f11 --Dfl”f(z),z>}
j=1s;=0
n ri—1
_leosz{ (&G
j=1s;=
< (DYDY Dy £(0):€))] ()}
+T Dy - D f(O] (2)- (7)

Note that the multipliers of the form z' - - z;J 112]] *7 arise in this for-

mula by purely technical reasons and they are not significant in further
evaluation.

A similar formula is true for the derivatives of the solutions uy, = Ty [f].
We omit this formula as it is more cumbersome.

One can observe that formula (7) expresses the derivatives of T'[f](z)
of the order r1 4+ --- + r, by the derivatives of functions of the type
T[0(...)](z), which are of lower orders. This permits to use some induc-
tive argument which leads to different estimates for D' - -- DInT[f](2).
Particularly, the following theorem is true.

Theorem 2 If f € C(Tgyl)(g), then the following estimates are true

for the minimal solutions of the O-equation, i.e. for w = T[f] and
ua = To[f]:

1Tl < s I Talfllm < vall fllm-

Here v and v, are some constants which are independent of f. In
other words, the minimal solution operators T': C(g\(B) — C™(B)

and To: Cff (B) — C™(B) are bounded.

One has to mention the works [5] and [6] containing some estimates for
the derivatives of the solutions of the d-equation in the polydisc.
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Abstract The Pompeiu operator in complex analysis as the right inverse of the
Cauchy-Riemann operator provides a particular solution to the inho-
mogeneous Cauchy-Riemann equation. In case of the entire plane C or
the whole space C" under proper decay conditions on the solution it
gives even the unique solution. Taking the z—derivative then relates
this derivative to the Z—derivative of the same function via the Ahlfors-
Beurling operator. This area integral operator is singular of Calderon-
Zygmund type. This situation is reflected to any higher order partial
differential operator of fixed order. All n—th order derivatives are ex-
pressible by just one particular one through proper singular integral
operators of Calderon-Zygmund type emerging from higher order Pom-
peiu operators within a hierarchy of integral operators through proper
differentiation.

The situation is found true also in bounded domains. If the kernels
of the higher order Pompeiu operators are altered by replacing them
through proper derivatives of higher order Green functions then these
operators turn out to be projections on Ls—subspaces orthogonal to
the kernel of the related higher order partial differential operator. The
unique solution to the related inhomogeneous partial differential equa-
tion is provided by this projective operator. All other derivatives of the
same order of the solution are then expressed by the given one through
singular integral operators. The situation is considered in particular for
the unit disc in C, the unit ball and the unit polydisc in C"*. In C? also
the Fueter system is treated.
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1. Ahlfors-Beurling transformation and its
generalizations

In complex analysis of a single variable there are two basic first or-
der elliptic differential operators, the Cauchy-Riemann operator and its
adjoint

If w belongs to the Sobolev space W1?(C) in the complex plane C for
1 < p < +o0 then the complex derivative 0,w is expressable through
Ozw in C by means of a singular integral operator S , at first introduced
by Ahlfors and Beurling, see [1,6], as

S =1 [ 2 dean. 2
C

This operator and its adjoint S given by

Fo)(e) = 5 [ 2 deay ®)

C

are Cauchy principle value integrals of Calderon-Zygmund type. They
were substantially used in the theory of quasiconformal mappings and
in the theory of elliptic first order systems. In case w vanishes at infinity
and e.g. wz € Lp2(C),2 < p < 400, see [8], then

w(z) = _%/Z}%@Z) dé&dn .
C

Thus
d.w(z) = (S0:0)(2) - (4)

Similarly, when again w(oco) = 0 and w, € L, 2(C),2 < p < 400, then
dzw(z) = (S0:w)(2) (5)
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holds.

There are (n + 1) n—th order elliptic differential operators in the
complex plane C , namely 858;‘_]“ ,0 <k <n. In case w belongs to
the Sobolev space W™P(C),1 < p < 400 , and satisfies some decay
conditions all these derivatives are expressable by just one fixed one
again via singular integral operators.

Theorem Let w € W™P(C;C) satisfy for some 0 <

ZILIEO |2|PtoHe 9PO%w(2) =0 for0< p+o<n—1

then for1 <k <mn-—1

I O N CE O A CR O
w(z) = %/ k—Dli(n—k—1)!

x[log|(—z!2—§; ngz:ﬂaga” (¢)dedn
and
w1 =1 [ i s
d
and

5 — n—1
w(z) = _%/((—C)_ P w(¢)dédn.
C

For the last two formulas € may be replaced by 0 in the decay conditions,
where then either p or o are taken to be zero.

Proof From the generalized Cauchy-Pompeiu formula, see [4], (3.6),
for |z|< R

— 1 (z=0Q)"
szo?m :/ v(C—2)
e I o A T i
+V§::2_m' k=Dl —k)!
) k;—ll V—kl A
x|tog =2 =30 =7 okor (e
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1 (2= '(z=Q"
T / (f— Dlin—k —

-1

T
k<R
1

k
]
k—
> ~Jokonru(c)dedn

v—

[log\C—ZP Z -

and
- ‘sz [ o o
- I¢I=R
1 Rk
- / m Fw(C)dEdn,
ICI<R
and )
. 1 z—Q)" —
w0 = ~Yan [ e e
11/_ IC\(:R ot
- Rl rw(Q)ded
WKZR - Dic=2) ¢ (¢)d&dn

follow. From the growth condition the boundary integrals can be seen
to tend to zero if R tends to oco.
By differentiation

1 ku 1 — A\n—k—v—1
mosu(o— L [ =0
T k — u—l n—k:—u—l)!

C

k,u,l

[mgyg—zy? Z L Z ﬂaga” R (C)dEdn

o=1

followsaslongasogugk:—landogygn—k—l. Let p be fixed
0<pu<k-—1. Then

k—1—p nfkfl
CANCA

s‘m

m
=1 [Eo P [hog o2 -3 Jakor Fu(opded

C p=1

so that

85_1_Ha;7k+1+uw(2) — _M: 1 / (éz _ g.) acan K (C)dﬁdﬁ . (6)

C
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Similarly fixing »,0 <v <n—k—1, then

v

JESE g l¢=2 = Y- 2 ototu(¢ydeds
C

k—1qn—k—1—v
ok—1an

w(z) =

o=1

so that

P+ gk () — _Vj; 1 / (C(izﬂ GCG” Fw(()dédn . (6')
C

Similarly for 1 < v <n as well

— A\l
o) = % o (C)dgdn (7)
C
as n—v oy v (Z - <)V_l n
ororu(s) = -2 [ (=2 Pw(dedn (8)
C
follows.
The singular integral operators appearing in (6) to (8) are of the form
Y _ (\v—1
s =2 [ (2 L dean Q
and
— — v—1
S =2 [ (=2)" Ly dear )

for 1 <wv. S; = S is the Ahlfors-Beurling, S; = S its adjoint operator.
The Ly—norm of S, is 1, || Sy |z,c)= 1. This can be established for
instance using Fourier transformation. It follows also from

/ o R (2) 2 dedy = / 1R ()9 O (2 deedy

— / Do o (2)an ok () dudy = / | 9knFp(2) | dedy,
C



[ 108100 0(a) P dady = [ 05+ 102 (o 0E e dody
C
/8’“8" Fo(z)onFoky(z )dxdy—/\@f(?;_kcp(z) | dxdy
C

for compactly supported C*°—functions ¢ obtained through integration
by parts and observing that these functions are dense in Lo(C).

2. Orthogonalized potentials and singular
integral operators on bounded domains

In case of a bounded domain D of the complex plane C the situation
is different. Let D be regular with respect to the Dirichlet problem and
G(z,() be twice its harmonic Green function satisfying

G(z,¢) = —log |z — ¢|* +h(2,C)

with a function A(-, ¢) harmonic in D. Then replacing the Cauchy kernel
in the Cauchy-Pompeiu formula

k8wt [

for any w € W'P(D;C),1 < p < 400 , through

1 J—
(—z

G(za C) - azh(za C)

proves

™
D

w(z) =~ [ w(Q00.h(z, )dedn - [ 0.6, QurlOrdean . (10
D

From the harmonicity of hf(" () the analyticity of the first term is seen.
By differentiating with respect to z gives

w(e) =~ [w(Q0R0ch(z. agan - - [ Gz, (e
D

™
D

Hence, in general w, cannot be expressed just through ws. But as the
last term in (10) turns out to be orthogonal to the subspace of analytic
functions O(D) in La(D) this will be the case if one is restricting oneself
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to the subspace of the orthogonal complement O+ (D) of O(D) in La(D).
The orthogonality is seen from

(0.G(z / 0.G(2,Q)o(z)dedy = (G(=,), d=(2))

which vanished if ¢ is analytic.
Let from now on D be the unit disc D of the complex plane. From

1 Cw(¢) dc
27rz C—z T 2 1—2(
<=1 I¢|=1 B
_ 1 w(¢) | Cweld)
_ ”m/ TS el
<1

formula (10) becomes

w(z) = / d"%dﬁdn—% /( L _ Z_)wz(odg‘dn.

T — 2()? (—2 1—-2C
I¢l<1 I¢l<1
(1)
Similarly
1 w(() 1 1 ¢
wie) =1 [ i dein -+ [ (== - el
I¢I<1 I¢I<1
(12)

follows for any w € WHP(D;C),1 < p < +oo . Here the first term is
anti-analytic, i.e. in O(ID) while the second one is orthogonal to this set,

hence belongs to @L(ID)) . This is obvious as
Lz
G(z,() = log | rzf ?

is twice the Green function for .

Thus any w € W1P(D;C),1 < p < +oc , orthogonal to O(D) is repre-
sentable as

w(z) = - / (- Z—)wg(C)dfdn

T (—2 1-2C
ci<1
1 1— | ¢ P we(Q)
- -2 f e dedn (13)

I¢l<1
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and those from O (D) as
we) = 1 [ (= g welean

s —z 1 —ZC
I¢l<1
_ 1 1- | ¢ Pwe(Q)
= —;/ ¢ <_dedn. (14)
I¢l<1
From here
o 1 e
wie) = [ (e gl
I¢1<1
_ _l / [21_‘4‘2_(1_‘C‘2)2} wZ(O dfdn (15)
m 1-2¢ 1—20/ J(¢—2? "
I¢1<1
and
1 1 ¢
w?(z) - _; / ((m)z_(l_zCP)wC(C)dgdn
I¢1<1
_ 1 1-[¢* 1= ¢ P21 wel(©)
I / {2 1—%C _( 1—%C ) ](mﬁ dédn (16)
IcI<1
follow.

(13) is called the orthogonalized Cauchy-Riemann potential, (14) the
orthogonalized anti-Cauchy-Riemann potential.
Any function w € W2P(D;C),1 < p < +00 , can be represented, see
2], formula (50/), via
1
we) =1 [ weQuOdedy a7)

[¢l<1
1 1—2C
[ el TR P .00 1 ¢ )] wgel<ded
I¢]<1
where for £k € N
1 1
(1 20F 11—k

gk(2,¢) = 1
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is a harmonic function in | z |[< 1 for | ( [< 1.
While the first integral is a harmonic function in | z |[< 1 the last one
differs by a harmonic function from

1 1—2C
— / log | =z > we(Q)dédn
I¢l<1

which turns out to be orthogonal to the set of harmonic functions. To
prove this let ¢ be harmonic, i.e. satisfy ¢,z = 0. Then observing

— L S0P P
— 2

s - (=210 |

Lk g 0a-1¢P)

= log |

and 3
2Q

1—
0 1¢—=Plog| o P == [¢P)(A= |2 P)

ZC a—1¢PHa-1=P

——C=2)og | ¢ .

1> +

via the Gauss theorem

[ Dos 1 25 P .1 1 ¢ P oIy

I¢l<1

ZC

ca-l¢Pa-|=- !2)}

1 . ZZ qbZ(Z)dl'dy

= [ [c=20s 1=

I¢I<1

= [ [1c-=Prgl 222 -a- 1P |2 )] Frtedaady =o.

I¢l<1

follows.
Any w € W?P(D; C) orthogonal to the space H(ID) of harmonic functions
in ID hence can be represented as

1 1—2C
we) =1 [ [log] =2 P =ar(a. 00 | ¢ ) ue(dean. (19

I¢l<1
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Differentiating leads to

1 1 ¢ ca—J¢p
w=(2) = T / [C—z_ 1—22_ El—‘zz)‘z) w@(C)dgdn

[¢]<1
1 1- ¢ [A\2 1 )
- /(1_25) s wlQdsn.
[¢]<1 |C|2 -
1 1—
wte) = [ () e melQdean,
[¢]<1

R o

I¢I<1 19)

wn) =2 [ (L) -2 (DY T el
<1

(20)

Formula (17) can be generalized to functions from W?2%?(D;C) and
used to treat functions from this space being orthogonal to the set of
polyharmonic functions of order n, H"(D), using [2], Theorem 3, Corol-
lary 5. As the kernels become involved here only n = 1 is considered.
From [2], Theorem 1, any w € W™P(D; C) is known to be expressible as

1_‘4’2711(2_C) oY

1 1 /1= CP\n(z=0O)t
ﬂ/ (n_l)!( 1_25) : o w(C)dédn.(21)
¢l<1

The first n terms form a polyanalytic function of order n which also can
be written as

_ n—1
S [ mo S e e

ZC)n+1
v=0" I¢i<1
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n—1
1 _1- \2
S N ) e 22
Z_%W/< ) () (22
K<
e e e R W Bl o
(1 =z
Later on (21) combined with (22) will be written as

w(C)d&dn.

we) = [ FaleQuiOdedn (23)
<1
R B IS G ETs e
(k1

Any w € W™P(D;C) orthogonal to the set of polyanalytic functions
of order n in D , O, (D), can be represented as

1 I e [ I IS K
w<z>——;|/ o () e wQaean, @0
(k1

see[2], Corollary 4. B
Similarly any w € W™P(D;C) being orthogonal to the set O, (D) of
polyantianalytic functions of order n in D are representable as

_ 2. n P n—1
wie) == [ty () = apwioasan. 9
D

Differentiation gives for 1 < k <n

6582%10(2) __1 / ﬁi(_l)y(l{) ﬁ (n+ p) (26)
7TK1<1( - )'u=0 v n=0,u#v
1— 2\ ntv (> — k-1 n
() e o
and for 0 <k <n-—1
n—k —k n-k
OFOFw(z) = - P, — Z(_l)y(n ) H (n+n)
7T|CZI (n—k—1) v=0 v p=0,u#v

(27)
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1— | ¢ 2 n+v(z — ¢ n—k—1 .
X( 1 _|ng ) % 9w (¢)dEdn.
These formulas follow from
kn—1 __ (n B 1)' n—1—*k
e vy T
and
R(1=1CPY 1
o ( 1—2C ) (—=z
- v k i 1— ’ ¢ ’2 n+v 1
:;)(—1) (V)#:g#(nﬂLu)( - ) T

For n = 2 formulas (26) and (27) are

wa(z) = — 1 / [12(1_|C_|2>2—16<1_|<_|2>3 (26)

™ 1—2C 1—2C
I¢l<1
+6(11—_\ 22)4] (53 wze(¢)dédn
v = | [3(11__’722)2 2 22)3} el Odedn
I¢l<1 (26"
and
wee) == [ (5 gf)Q ~16( 24'2)3 (27)
I¢l<1
#o( 55‘2)4] — f)a wee(€)dedn |
st =1 [ B () Tt v
(<1
(27")

Formulas (26'), (26”) are valid for w € W??(ID;C) being orthogonal to
the set O2(D) of biantianalytic functions.
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If instead of this w and ws are assumed to be orthogonal to the set
O(D) of analytic functions then

ws) = [ (Cizliz)w«@)dfdn. (28)
I¢l<1

Similarly if w and w, are orthogonal to the set O(ID) of antianalytic
functions then

1 1 ¢
w,(z) = —ﬂq/1 <<Tz -1 EC)wCC(C)dfdn : (29)
Put
e(2) = w(z) —Zwz(z) , ¥(2) = w(z) — 2w(2) (30)
so that
dp _ _Pw o _ Pw

0z o7 0z 02
As ¢ is orthogonal to O(D) and ) is orthogonal to O(D) , then

w0 =1 [ (- auren, oy

I¢I<1
v =1 [ (= o) ouaen . (32)

o

Hence from (30) by m:;ns of (28), (31), and (29), (32)
MEY=E =T
I¢I<1

w(e) = / (g; - Cfc_;?)wcc(odfdn- (34)

I¢]<1

From (33) we find the second order complex z—derivative

2 {—2) Tz
wa) =2 [ (o= o ulOdean (39

[¢l<1
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and the Laplacian

—2
we) =~ [ (eoop g reQddn (39

I¢l<1

through its second order complex Z—derivative wzz for functions w €
W2P (D;C),1 < p < 400 , such that ws and w(z) — Zws , i.e. w and
wz , are orthogonal to every function holomorphic in | z |[< 1 . Also
from (34) we find the second order complex Z—derivative wzz

wes(z) = 2 / ( (o= Q- Z))w@(g)dgdn (37)

u C—2° (1-=)°
I¢l<1
and the Laplacian
1 1 ¢
wel) =~ [ (=5~ ozge vecedn (39
I¢]<1

through its second order complex z—derivative w,, for functions w €
W2P (D;C),1 < p < 400 , such that w, and w(z) — zw, , i.e. w and
w, , are orthogonal to every function antiholomorphic in | z [< 1 .

As just another example consider for w € W3P(ID; C) the combination
of

1 w(Q)  z-¢ e L[ 2=¢
ci=1 ci<t
ith
b oL [ O g 1O
w<z2m’/§—z ¢ W/C—Z s
|¢|=1 I¢l<1
leading to
L [ -2
wiz) = =35 / [1—zg_ 1-2C wC(Q}dC
ci=1
borr [ (€= 2)og] 1T P ue(0)de
cj=1
_% (C—2)log | ¢ — 2 2w (C)dedr -

I¢I<1
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Introducing

Ga(2,0) = F1¢ == [*log | LozCpodycos 2 (- ¢ - |2P)

+5(1= ¢ 20— 2 ?)?

and applying the Gauss theorem repeatedly

w(z) = %/[ﬁ—l—%z

I¢l<1
21— |z (- ()| ¢~z
| Gumle. QuelOdean (39)

¢I<1

follows. Here the first term is a function ¢ € OH(ID) satisfying ..z = 0
while the last is obviously orthogonal to the set of all these functions.
Therefore any w € W3P(D),1 < p < 400 , orthogonal to the set OH(D)
is representable through

we) = —1 [ Guase, Quge(dedn (40)

Here
Gyl Q) = (¢~ 2)log| =X P d(c - 20 ¢ )

1 2 1—|¢ P
X[l—zz—i_l—gc_l—i_(l—EC)Q

52— CP) + 52— [ ¢ 22

Then .
wzzz(z) = _; / GSzzzz%(zaC)WCCZ(C)dgdn s (41)
ci<1
wese) == [ Gasmmms(e, QuielOdéen (42)
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were(z) = / Gisrzzzs(z Que(Q)dédn | (43)
I¢l<1
where
2
G3222272(2,() = | ( 1_|i<| )3 ( 112 ) }
G3o2z222(2,() = ( 1_|g§|2>3 ( 1—|§:C| ) } Z
Carmoree(2,() = ( lgf) +33< |§<|2)4

1-[ ¢ —z
() [
3. Orthogonalized potentials in polydiscs

Let D? = {(21,22) € C%:| 21 |< 1,] 29 |< 1} be the unit bidisc in C?
with the distinguished boundary 9yD? = {(z1,22) :| z1 |= 1,| 22 |= 1} .
Iterating the modified Cauchy-Pompeiu formula (11) leads to

_ 1 w(C1, 21) 1 w(z1, (2)
wiazm) = o [ AR g Ay ded,
[¢1]<1 [¢2|<1

L W) ey desdny

Q (1—2’141)2(1—22@)

[C1l<1|¢2|<1

/ / (Cl i a1 —C;1C1>
[C1] <1 [¢2|<1

x (CZ ! B Cz Va >w2122 (<1, CZ)dgldnldgng]Q

— 22 1-— ZQCQ

for any w € WDP(D? C),1 < p < +oo . Here the first three terms
are either analytic in z; or in 2y i.e. belong to O(D;) U O(D2) where
Dy = {2z € C:| 2z |[< 1},1 < k < 2. The last term is orthogonal to all
solutions to ¢z,z, = 0 . This follows from

1—2( 1—2( —
9z, log | ﬁ 2 92, log | 72;22 2 ¢(=21, 22)dérdmdéadny

G2 —
|z1|<1 |z2|<1
1—2C 1— 29C S
= / / log | Lo ? log | 1= 226 ? ¢33, (2, z2)d&1dni déadny.
G — G2 — 22

|Zl|<1 |22|<1
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Thus if w is orthogonal to the space Oy 1(D?) = {¢ € WD»(D2;C) :
¢3122 = 0} then

e, 22) / / Cl —2 1 —Zlel>

|€1\<1 ¢2|<1

><<< 1L G )wz@(gh@)dﬁldmdfzdnz

2—22 1— 290y

/ /1—!C1|2 1 1-[GP 1
1—21¢; Ct—21 1 — 290, G2 — 22

[¢1]<1|¢2]<1

szle(C1CQ)d€1dn1d§2d7]2 . (44)
Similarly any function w € W(l"”’l)’p(ID)"; C) orthogonal to
01, 1(D") = {p € W=DP(D";C) : ¢5,.5, = 0}

can be represented as

_1\n noo 2

" Dn v=1 1_ZVCV Cv— 2y

If w € WLDP(D": C) is orthogonal to
(D) = {¢p € WLDP(D™C) : §,....,, = O}

(@

geeey

then similarly

1\ no 2
w2 =S [T et 22 g

7T 11_ZV€VCV_ZZ/
]D)n

More generally any w € W(L-1p (D™; C) orthogonal to
O™ Oy T (D7)
={pc W(l,-..,l),p(Dn; C): ¢EQI~~-ZQVZQ,,+1“‘Zgn =0},

where {o1,...,0n} ={1,...,n} and 1 < v < n is representable as

—" 1= | G, | dEy,d
wlz) = % /wcgl...cgucgu+1.“<@n (©) H | CQT_| So- Ao (47)

" Dn =i 1= 20, G, Cor — Zor
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- 1- | CQT ‘2 dgg‘rdng'r

T=r+1 1 - EQ"'CQT CQT - Z@T

X

As mainly the case n = 2 will be considered (47) is repeated for this
case

_ 2 B 2

1—21C; CG—21 1 =220 (o — 2

[C1l<1|¢2]<1

xwe ¢, (C1, G2)d&rdm dSadi.

If w e WODP(D2;C) is orthogonal to the spaces O(D;), O(Dy) and
01.1(D?) and ws, is orthogonal to O(Dg),1 < k < 2, then prescribing
e.g. the second order derivatives wz,z,, Wz,z,, Wz,z, all other second or-
der derivatives can be expressed through these three. Using (26) for Dy
and Dy expresses wy, ,, and w,,z, through ws,z, . From (44)

1 =GP 1=]¢ P2 1
wz1z2(Z1722):p / / {21_2115 _<1—z11§1> ](C1—21)2

IC1]<1]¢al<1 )
9
I T s A
PTG <1 —z222) ch — 29)° we,z, (C1, C2)dErdmdEadny
and also
Wz, 29 (Zla Z2) (50)
_ 1 -G =P\ 1 .
oo / [2 1— 22C, ( 1— 22, ) } (o — 22)? wa,z, (21, C2)dGadine,
¢2]<1
W21z (21, 22) (51)

__1 =GP 1=]¢ P2 1 7
) W\C |/<1 [2 1— 216 ( 1—2¢ ) ] (G —21)? wClEQ(Cl’Z2)d£1dm

follows. -
Assuming w € W(LDP(D?; C) to be orthogonal to O10;(D?) from (48)

1 =GP =[G P2 1
Wz, (21, 22) = - / / [2 1_ 21151 B ( 1— zllfl ) } (1 — =)

[Ci<1¢a<
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-G (-] Py 1 .
X [2 %0 ( 1= %05 > G =) we ¢, (C1, C2)d€rdnidEadny,

Way sy (21, 22) = 1 / [21— | Cl_\2_(1— ! Cl_‘Q)TwClZQ(Cl,22)d£1d771,

m l—21( Vl==z1(y
[¢1]<1
1 -G * (1-]G Py
am(z)=—— [ ]2 ~( ) i a1, o) d6adne.
waz (21, 22) = —— / { " 50 \T-%0 Wz, ¢, (21, C2)d€adns
G2]<1

Under proper assumptions formulas (19), (20) can be used to express
Wy, 2, and wsz,z, through w,,z, for 1 <k <2.
Iterating the representation (17) for a w € W@2):?(D?; C) leads to

w(z1,22) = % / g2(21, C1)w(C1, z2)dErdm

[G1]<1
+l / g2(22, G2)w(z1, C2)dEadns
T

IC2|<1
_ig/ /g(21>C1)92(Z27C2)w(C1yC2)d£1d771d£2d772

[C1l<1|¢2|<

12/ / [log %ﬁl 01z, 0) 0= G P

[Crl<1]¢2<1

1@%22512 [ —g1(22, Q)= | & |2)}

chlzl@z2 (Cl, Cg)dfldnldfgdng . (52)

The first three terms form a function satisfying 0,, 05, 0.,0z,w = 0 while
the last term is orthogonal to the kernel of the operator 0,,0%,0,,0%, ,
denoted by HiH;(D?). Hence any w € W2»(D?;C) orthogonal to
H; H; (D?) may be written as

x[log\

w(z1,22) = 732 / / [10(‘% | 1<1__leil ? —g1(z1, Q) (1= | G |2)]

[C1l<1|¢2<1

<105 22 P gy (a0, )1 | o )

XWe, 7, 6o, (C1s G2)dErdmdéadn (53)
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From here

— _ 2
st = [ [ AR ()]

[¢1]<1]¢)<

1 1— [ G P2 1— [ G %3 1
(G —21)? [3(1—22‘2?2) _2(1—22222> }(@—22)2

X

XWe, 7 0oz, (G ) dErdmdEadny (54)
1_’€1|2 1—‘C1|23
wenzm (1 22) / / 1— zlgl 2( 1- 216 ) }
|C1\<1 [Ca]<1
1 1_’C2|2 2_ 1—\C2!23 1
- (G —21)? [3( 1 =220 ) 2( 1—22( ) } (Cy — 22)2
XWe g 607, (C1s C2)dErdmdéadns (55)
1—\<1|2 1= ¢ 3
waizmn ) / / 1- 21C1 2( 1—21(G ) }
|Cl‘<1|§2\<1
! 1[G \2 =[G %3 1
><(C1—21)2 [3(1—?2@) 2(1—§2§2> }(HV
X W,z ¢z, (G C2)dErdmdEadn; (56)
_ _ 1 1— [ G 2 1— | G [P\3
e b M E G et Sy D
[¢2<1
1
x m wz121<2z2 (Zla CQ)d£2d772a
_ 1 -G\ 1= G Py3
wamEn(i2) = oo / 3= %202 ) —2(1= 7202 )] e
|Gal<1
1
X

w21§1CQZZ (Z7 C2)d§2d772

can be seen.
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Let now w € W22»2(D?; C). Iterating (23) for n = 2 and (17) gives

w(z1, 22)

2 2 2
1 / o20— G [HA- [z [) =[G~ | w(C1, ) derdm

T (1—21(p)*
[Gil<1
= / 0222, Co)w (21, Go) dadnp
[G2]<1
/ / 2016 P2 PG -a
(1—2G)
|Cl\<1|42|<1

X g (22, C2)w(C1, C2)dErdmdadny

/ / 1— | G \2 21— G [ og | — 220, 2
1—21C1 G—= G — 22
|Cl <1l¢<1

~1(z2, ) (1= | G )] w2, 2, (G, ) dErdmd€adns

Up to the last term the right-hand side is a function from OoH(D?)
i.e. satisfies 92 0.,0z,w = 0 . Again it can be shown that any w €

W22)2(D?; C) being orthogonal to OoH; (D?) is given by

) _
w(z1, 22) / / 1— | 1 221 Cl[ g\ — 22(3 2 (59)

1—21C1 G —2 G2 — 22
|Cl\<1|42\<1

—g1(22,G2) (1= | & |2)}wglgl@g2(§1,CQ)d§1d771d€2d772 :

From here

“’zwmza(%z&):% / / [12(LC1_|2)2_16<L41_’2)3

1—21(4 1 -2,
[C1]<1]¢a|<1

(60)
1= 16 P\ BG-GBy =GPy 1
+6( 1—21121> }(CZ;_ z11)3 [3( 1_Z;Z2> _2< 1—22262> }@2_22)2

X w6161 4222 (Cl ’ <2 ) dgl dnl d£2 an s
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1 1— | G P\2 1— | G 23
Wiz (21, 22) = P / / [12< 1-—- 2’1?1 ) B 16( 1-— zlzl )
[C1]<1 [¢2]<1
(61)

-G\ 2-G -G P\ 1= (G Py 1
+6< 1—z(; ) } (G1—=1)° [3( 1 —2G > 2< 1 —=7Z2C ) ] (G2 — 22)?
X we 7 e,z (C1s C2)dE1dmdEadns,

— 2 _ 2
Wz %2025 (21, 22) / / 11 _‘ chlgll 2(11 _‘ chlgl )3} (62)

\C1|<1 I¢2|<1
1 1— | ¢ |? z 1— | G P\3 1
X(<1—21)2 [3((1—2252> 2(1—2222> }(@—22)2
Xwg 7 ¢z, (€1, C2)dErdm dadny,
1—|C1|2 1— | G P8
Waizzz (21, 22) / / 1— 21C1 < 1-— lel ) ] (63)
|C1\<1 IC2|<1

— G 1— | ¢ [P\3 1
X(Cl_lzl)2 [3(11 —’3(2242 )2_2( 1—522@) }(H)Q

Xwe 7 ¢, (G, C2)d&rdm dSadiy

follow.
Let now w € Wmm):»(D2;C) for m,n € N,1 < p < +oo . Iterating
(23) gives

’LU(Zl, ZQ)
— % / Fi (21, Cw(Cr, z2)d&dm + % / Fr(22, G2)w(z1, (2)d2dns

[Cal<t G2l <1
_% / / Fo(21, 1) Fu(22, G2)w(C1, C2)dE1dnidéadns

|C1\<1 |¢2|<1

/ 1— Is! I2> (z1 — )™ !
(m —1)! 1—21C1 G — 2
|<1\<1 ¢al<1

1 (1*|42|> (22 — @)

= 0T 02 w(Cy, Co)dErdm déadny
DN\ — g Gz O ¢, (e, G)derdmdeadiy
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The first three terms compose a function which is a solution to 07707 w =
0 . But the last term turns out to be orthogonal to the set of these
functions. It will be denoted by 0,,0,(D?) . Any w € W™m)-P(D?; C)
orthogonal to (’)mOn(]D)Q) is representable as

1— |G PPy (= Q)™
(e, 22) / / - 1)! 1 — 21y ) G — 22 (64)

\C1|<1 IC2]<1

_ 2 n (o0 — 7\n—1
1 (1 | G2 | ) (22 — C2) alnagzw(ﬁ,@)d&d??ldf?d”?'

X =
(n =D\ 1 —2¢, G-z G
By differentiation
v ©
onon oo wen ) = [ G ()

|<1\<1 [2]<1

a — 2ym+r (21 — -1 v
< IT men(F) R g e ()

7=0,7#kKk 1- ZlCl (Cl — Zl)lﬁ_l (1/ — 1)' =
(65)
) 1Py e =)
szg;é/\(n +T)( 1— 220, ) (o — 22)" ™2 0¢, 0, w(C1, G )d&adim ddny

follows for 1 < 4 < m,1 < v < mn . As the variables z1, z3 in the poly-
domain D? are independent from one another derivatives with respect
to one variable cannot be expressed by those with respect to the other.
E.g. for ;1 =0 (65) is not valid. Instead for 1 <v <mn

v

oot e == [ oo Q) I1 wen

T
ICal<1 7=0,7#\

1— | G P\ (2 — Q) o
X( 1 — 220, ) (Co — 29)" 11 92,07 w(z1, C2)dEzdr.

In a similar way w € W{")-»(D2; C) orthogonal to ©,,0,(D?) can
be expressed as

_ 1 1 -G P\m-—o)m!
’LU(Zl,ZQ) - 7T2 / / (m —_ 1)‘ < 1— lel ) Cl —z1

|Gil<1]¢al<1

(66)

1 1- | G P\ (22— )" nan
1) ( 1— %2 ) Gy 60w (G )dadmdtadn,
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for which

u QMm—p gr gn—v 1 1 . w (M
az1azl 8 8 (21722) = p / / mz(_l) (ﬁ)

1] <1 [¢al<1 n=0

L 1— | ¢ Pym+s (2 — Q)M

X (m+71) - AN YA

T:H# ( 1— 2164 ) (1 — Zl)“Jrl
n—u n 1— | G |2\t

n—V—l'Z H (n+7)<1—22C2)
T=0,7#A

(20 — ¢)" ¥t
) (o — z)" v

holds for 1 < pu<mand1<v <n.

For another kind of possible combination of differential operators con-
sider now some w € W3 D2(D?;C),1 < p < 400 . Then rewriting (39)
shortly as

aéf@&w(cl, Co)dérdm déadns

w(z1,22) = % / K1(21,C1)w(C1, 22)dérdm

[¢1]<1
1
— G321207, (21, Qw7 (C1y 22)dErdm
[C1]<1
with
1
K ) = T =92 1-2
1(21 Cl) (1 _ ZlCl) ZlCl

+22(1— |2 )0= G P)—1G -2 ]2

(1-21¢1)"
and combining it with
1 ;
w(z1,22) = —/M d&2 dnz——/Glzz 22, G2)wg, (21, G2)dEadny,
(1- Z2CQ)

D2
see (11), where

1
G1(22,(2) = log | CfZQZCQ K



Complex differential and singular integral operators 259
and G3(z1,(1) as given in connection with (39), shows

w(z1, 22)

1 1 w(ZhCQ)
= — K s s d d + — S EEEE— d d
- / 121, Q)w (G, z2)dadm + — / 1 2l, ) Eadno
|G1]<1 [¢al<1
1 Ki(21,¢1)
2 (1= 22¢y)?
[C1l<1|¢al<1
1
t / /G3z12121(21,Cl)G1zQ(22,Cz)nglgng(Ch(2)d§1d771d§2d7)2-

[C1l<1|Cel<1

w(Ct, G2)d&rdnydéadny

If now w is orthogonal to the space of functions ¢ satisfying ¢.,,,z,z, =
0 then

w(z1, 22)
1

T2 / /G3lelzl(zl7<1)G122(227CQ)wglglzle(ClaC2)d§1d771d§2d772-
[Cil<1 |¢2l<1

By differentiation

Wz 212122 (Zla 22) = P G3Z12121215151 (2’1, Cl)GIZQZQ (zQ, C2)
[C1l<1|¢2]<1
XWe, 07,7, (C1> C2)dErdmdEadipa, (67)
Wz1z17122 (2'1; 2'2) = F G3z1§131512121 (21, CI)G12’222 (z27 42)
¢1]<1 |¢al<1
XwClClZ1Z2 (Cl’ CQ)dﬁldnld@dnz ) (68)
Wz1z1Z122 (Zla 22) = p G3Z12121E12121 (21, Cl)Glzng (22, (:2)
[¢1]<1 |¢al<
Xwe, 7,2, (615 C2)drdm dSadny (69)

follow.
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4. Orthogonalized potentials in the whole space
C’n
An entire function in C" vanishing at infinity is identically zero. Hence
any function w € W1P(C";C),1 < p < 400 , can be represented as

w(z) @ / Z |2n we, ()¢ A dC . (70)

This follows from the Bochner-Martinelli formula, see e.g. [3], (2.87).
By differentiating

. |2 (n+1) ) we, (Q)dC AdC (1)

wzk

follows for 1 < k < n . The singular integral operator

%)

n

(Zpw)(2) we(¢)d¢ A dC

_2+1
2 |< z|n>

converts all first order complex Z—derivatives of w(z) into the first order
complex z—derivatives. Using instead of (70) the representation

| < o ‘Qn Ck (g)dC A dz (70,)

and differentiating with respect to z; gives

wa(2) 2m /Z (e - ZKZ gkm—l) )wéz<C)dC ANdC1<k<n.

(72)
Thus the singular integral operator

— Zez i nﬂf’“) wlQ)dCAdE  (73)

(Epw)(z

converts all first order complex z—derivatives of w(z) into the first order
complex zZ—derivatives. From the equality

Z/!—!QdCAdC Z/akade/\dC

k lCn - (Cn
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Op 0
Z/aiaidcwc > (12 pacna

*1({:” k= 1cn

with compactly supported C°°—functions obtained by integration by
parts and the density of such functions in Lo(C"; C) it follows that the
Lo—norms of the operators (X1,%s,...,%,) and (X1,%s,...,%,) are
equal to one.

If w(z) € W2?P(C*;C),1 < p < 400 , then see [3],

w(z) = 1, / Z (S — Zi))(jzzg %) wzk@(oaf ANdC (74)

(Ck — 21)(Ce — 20)

1 _
w(e) = e | 3 N walQdends (1)
c
or
w(z) = Z Lo (C, 2)we, ¢, (C)dC A dC (76)
k=1
with
Ire(C,2) = 1 (=)o —20) 0

(2mi)" \T—CIQ”]T—Z\Z"
Ccn

Differentiating (74) gives

wale) = g S Es ,QL we, ¢, (Q)dC A d,
_ " (G =G )G = 2) .
wa(2) = (2772)”CMJZ::1 : |k< Z|2(n+1)] w g, (O)dC A dC.

Differentiating these expressions with respect to z; all second order com-
plex z—derivatives

Wz, (2) (77)

+1) (G — C— (G — 2:)(G — ) _
- ;Lm /Z 2= 2n)(G Zi’2n+2§; o wzizj(C)dCAdC

Cn )= 1
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and all second order complex mixed derivatives

weys(2) = o / Z; Q_Zi ,51;1?) we 2 (O@EAdC (78)

are expressed through the second order z-derivatives.
Differentiating (75) for 1 <k <n

wzk<z) = |2n kCz (<)d<— A dc;
Wzy, (2) = = Zk Z_’;::L)ff)] ) We;¢; (C)dz A d¢

any 1

follow. Differentiating these expressions with respect to z; all second
order complex zZ—derivatives

Wz ze (2)

_ n(n+1) /Z (G — 21) (G — 20) (G — 2:)(GG — 25) weye, () A d¢

= 27‘(1 2 it ‘C_Z|2n+2)

and all second order complex mixed derivatives

— |§1n+1)z> WG (C)dz A d¢

wzkzé

in C" are expressed through the second order z—derivatives.
Differentiating (76) the expressions

wzk

we  (QdCAdC 1< k<,

‘Qn

Wa(2) 2m /Z |2n sz(C)dCA d¢,1 <t <n,

are obtained. Differentiating the first expressions with respect to zZ, and
the second with respect to zj all second order complex Z—derivatives

_Zi ,51;1)") we o, (Qd¢AdC (79)

Wzz Ze
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and all second order complex z—derivatives

(G = )l — )nggmdmdz (80)

— 5 ’2 (n+1)

ka: ZZ

in C" are expressed through the second order mixed derivatives.

5. The Fueter system

In the space C? these are the first order matrix elliptic operators

< 3z1 aZQ ) 9 .= < 621 632 )
_822 851 ’ o _822 azl ’

5’ = ( 851 _8z2 ) 3/ = < 62’1 _852 >
Oz, 0Oy ’ 0z O
The operator 0 is called Fueter operator and arises in the function theory
of a quaternionic variable [7].

If the vector-function u(z) = (u1,us2) belongs to WHP(C?;C?),1 < p <
+o0 , then see [5],

0

u(z) = -~ i“ |4) Deu(¢)dC? (81)
and 5

u(z) = —~ |2(< : |4) Fu(()dC? | (82)
where

G —C G G
Ei(¢) = - CEy(C) = .
1 ( G G ) 20 ( G G )
Applying the operator 9, to both sides of (81)
_ 2 / %) Beu(C)dT? = 0y (du) (83)
-z \

is obtained. Similarly acting with the operator 0, on (82) gives

2) = —% / % ()T = oa(@'w) (84)
(CQ
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i.e. the complex first order operator Ju is converted to the complex first
order operator du by means of the singular matrix integral operator

(c1w)(z) = ——/ — |6 )dC2 (85)

In the same way the complex first order operator J'u is converted to the
complex first order operator du by means of the singular matrix integral
operator

(09)(2) = ——/ G w(act, (86)
where
() = <<%+<% Z@—@@)
(16 — iy Z? + E; ’
o2(C) = ( Z? + ¢ 1l — Gl > ‘ (87)
Cl— GG G+ Zg

If a vector-function u(z) = (u1,us) belongs to W2P(C2?;C?),1 < p <
400 , then it can be represented as a Newtonian potential

8(1& +8C2822 0 2
/IC ( 0¢, 0z, + 0¢,0f, u(Q)dCe (88)

in C? . Applying to both sides of (88) the second order elliptic matrix
operator

E _ ( Zl)2 + (&22)2 8,21&,22 - %1822
- ( azlaEQ o 821622 (621)2 - (azz)z )
gives
5 1 [ r(C—2) )
A C
(=) / ¢ Aot (89)

where A is the Laplacian in C? and

() = ( G+¢ Cala — GiCo )
(16 — GGy Z? + Zg .
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Thus the second order complex elliptic differential operator applied to
u is recovered through Awu by means of the following singular matrix

integral operator
1 T(C— 2
— / -2 édcg.
a? ) =z
(CQ

Applying any other elliptic matrix operator of second order to both
sides of (89) expresses this operator application through Au by means
of a singular matrix integral operator. There are many such operators,
among them, for instance

D — < (8?1>2 + (822)2 851852 - 821822 )
1 — )
651&22 - az’1 8Zz (821)2 + (8?2)2
D _ 82’1 821 - 822 aEz 2851 azz
2 _282’1 832 az1a§1 - 622652 ‘

6. Orthogonalized potentials in the unit ball

Let B" = {# € C" :| z |< 1} be the unit ball in C" and w €
WtP(B™;C). From the Cauchy-Pompeiu formula ([3], (2.169))

- w(Q)do(Q)
wlz) = /1ﬂ—<%C>W
oB™

(gl [ l-<nz> (7 = G)dor ()
+;B\{{n84 |77_Z’2n (1_<7]7C>)n(1_<gvn>)

=2 b (Qdv(Q)

R

in the same way as formula (11) is attained w is representable as ([3],
(2.170)~(2.172))

o - | w(¢)dv(¢)

1— < z,¢ >)"H

Bn

+§:/{1/Wf<nw> (ni = Gi)do(n)

|n—z [ (1—<n,¢>)"(1-<(n>)

G G — 2z

n(l— < z,¢>)" _\C—z|2"

+ fwe (Q)dv(C).

The first term is an analytic function while the second is in the orthog-
onal complement of the set of analytic functions in B with respect to
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Ls(B™C) .

Thus any w € WP(B";C) orthogonal to the set O(B™) of analytic
functions in B"™ is representable as

we) =3 [ {5 [ g e )
oBn™

1—<n,¢>)"(1—< ¢n>)|n

Gi G — %
- = (Q)dv(C).
n(l—<2(>"  |C—z g, (v ()
If the vector-function f(z) = (f1(2), ..., fu(z)) belongs to LP(B™; C),1 <
p < 400 , and satisfies the conditions
Of _ Ofe

—— — —— =0,k #£Y
0%y 0z, LESS

_l’_

then the potential

14@:§:/{i/k U_<7f>ﬂEtEMd@%Pn
oB™

1—<n,¢>)"(1—- < (n>) |7

n(l—<z(>)" | C |2”
as counterpart of the potential in (13) is the solution of the inhomoge-
neous Cauchy-Riemann system

()

wz, = fi, 1 <k<n,

orthogonal to every function holomorphic in B".
From (90) we find all first order complex z—derivatives through the first
order complex zZ—derivatives

(1 = 2r) (1= <, 2 >)(m: — Gi)do(n)
wa 2 Z/{ / (1= <n,¢>)P(1= < n>) [n—z PO

% 1B"

(91)

¢iC G — 2i)(Ck —
+(1— < z,gk>)"+1 B ( | ¢ _Zi(|zlzn+jk) }wzi(OdV(C)-

Analogously if w € W'P(B™";C),1 < p < +oo , and w is orthogo-
nal to every function antiholomorphic in B™ , then all first order com-
plex Z—derivatives can be expressed through the first order complex
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z—derivatives by

(e — zx)(1— < z,n >) (i — Gi)do(n)
wzk Z/{ ( / L . ! ! _ ‘2(n+1)

i1 (I-<Gn>)"(1-<n,¢>)[n

(92)
n GiCk (G =) (G — Zk))wg (v (C).

(1= <Gz =z oD

Let w € W2P(B™; C). Choosing w(z) from suitable subspaces of W2 (B";
C), 1 < p < 400, all the second order complex derivatives w;, ,, and

wz,z, can be expressed through ws, ., or the complex derivatives w,, .,

and ws,,, through ws,z, or the complex derivatives wz,z, and ws, .,

through w,, ., . If for instance all the first order complex Z—derivatives

ws, are assumed to be orthogonal to every function holomorphic in B" ,

then

J=1gn
where
| - (1= <,z >)(n; — §)do(n)
nes aB/n (1= <n¢>)"(1=<n>) [n—z "
g G
n(l=<z(> (-2 P

Introducing the function

p(z) = w(z) = ) Zws,(2)
i=1

satisfying the inhomogeneous Cauchy-Riemann system

n
- E Eiwzkéi
=1

and assuming ¢ to be orthogonal to every function holomorphic in B" |
then

o)== Y [ B¢ ©av(c)

szlen
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Hence any element of W2P(B";C),1 < p < +oo , such that ws, and
n

w(z) — Ziiwzi are orthogonal to every function holomorphic in B" is

representable as

w(z)= Y [ Ty(¢, 2)wg e (Qav(Q) (93)
i,j=1pn
where
e o= 1 (1— <,z >)(G — 2i)(n; — ¢;)do(n)
Tia(6:2) s rierar—

(G = =) 4 (G = 2)(G — )
n(l-<z,¢>)" [¢—= P

From (93) all second order mixed complex derivatives can be found,

where

oT;(¢,2) _ / (1— <,z >)(ne — z¢)(n; — ¢5)do(n)
(

0z ot I—<n¢>)"1-<¢n>)|n—=z |2(n+1)
+ Z]ZE — (CJ )(CZ — 2y)
(1= <zt (=2 oD

and all second order complex z—derivatives

9*Ti; (¢, 2)
wzkze Z/ 82282@ ZZ (C)dV(C)

)= 1Bn
where
azﬂj(gz)

azk8Zg

3 (1= <n,2>)(G = 2)(nj — &) (s — zx) (0 = z0)do ()
<n+1) 83/” (1_<nvc>) (1—<Ca77>)|77_z|2(n+2)
(G — 2)C;CkCe B n((z’ —2i) (G — %) (e — 21)(C1 — 21)

(1— < 2z, >)" | ¢ — 2z P02

through the second order complex Z—derivatives wz,z, .
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BOUNDARY AND INITIAL VALUE PROB-
LEMS FOR HIGHER ORDER PDES IN
CLIFFORD ANALYSIS
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Abstract  Some higher order PDE called elliptic-hyperbolic, elliptic-parabolic, hy-
perbolic-parabolic, elliptic-hyperbolic-parabolic equations are consid-
ered as they are constructed in [5]. They are related to harmonic-wave,
harmonic-heat, wave-heat, harmonic-wave-heat equations. Moreover,
parabolic type Beltrami and pluri Beltrami equations are considered.
For all of them some boundary, initial value problems are solved in
quadratures [5]. Here it is more strictly proved that the obtained solu-
tions really satisfy all conditions of the problems.

Keywords: Clifford analysis, higher order pdes, initial boundary value problems

Mathematics Subject Classification (2000): 35G05, 30G30

1. Introduction

Let D be the Dirac operator in the Clifford algebras R(,), R n—1)
R, n>1, (2,6

S 0 0 0
8—%6]68—%—8—%604-197 6—6—%60—D, (1)

where the vectors of the basis e satisfy the multiplication rules

e%:eo, ejz:—eo, j=1....,n—1, @

exe; +eepr =0, kii=1,....n, k#i,
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—€o, in R(n)7
6% = 4 €0 in R(n,n—1)> (3)
0, in R?n),

eg is the identity element. These spaces are associative, 2"-dimensional
as real spaces, noncommutative for n > 2 with the basis {es}, A =
(o1, g, ..., ), where ay are integer numbers 1 < a3 < ag < -+ <
ar < n. Thus any element of the space is represented as

'LL(.'L') = ZUA(,I)@A, €A = €q;€ay " eak' (4)
A

For u two conjugations are defined:

’EL:ZUA(w)éA, ﬁA:ZuAgA, (5)
A A

where eg = ¢y =e¢gp, e =€, = —e, k=1,...,n,
€A = €q €ay 4 €a = (—1 wem (6)

€A =€q, " €qp = (—1)’“6,4.

Thus one has
A, in R,

00 =00 = An1— 2> in Ry, (7)

An—l in R(()n) y

where Ay (k = n — 1,n) is the Laplace operator with respect to the
variables xg, x1, ..., 2. In [5] there are constructed
1) the elliptic-hyperbolic equation

. P
8(@+en %)u(x,mn) =0, x(z0,. . Tn 1), ®)

where

n—1 o
522614:—; 6%:_6()’ ]{3:1,...,71—1, 62260; (9)
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2) the elliptic-parabolic equation

5(5+€n8% —l—Pn)u(x,xn) :0, 6% :O7 (10)

and 0 is defined as in (9);
3) the hyperbolic-parabolic equation

_ 0 — 0
(0 + en-1 m) (8 + ey, Ee. + Pn)u(a:, xn) =0, (11)
where
n—2 9
gzzozeka—xk, 6%:—60, k=1,...,n—2, ei_lzeo, e%:(),
(12)

4) the elliptic-hyperbolic-parabolic equation

5(5 +en %) (5 ten 2 Pn>u(x, e) =0,  (13)

Ln—1 Oz,

where 0 is defined as (12), the operator P,u is defined by the condition

[6]
0Py =———. (14)

Representing v in the form

u = Z uAes + Z UAn€ACn,

A#n A#n
A(aq,...,ax) does not contain n, then
Pou= > (=1Dfusnea. (15)
A#n

By force of (7), (14), the solutions of equations (8), (10), (11), (13) are
also the solutions of the equations respectively
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62

A(A - @)u(x,xn) =0, 2(20,. )T 1), (16)
A(A - %)u(m,xn) =0, (17)
(a- 8%1) (a- ai%)u(x,xn_l,xn) =0, (0, T 2), (18)
A8 = 5 ) (8 2 utonoa,) =0 (19)

They are called harmonic-wave, harmonic-heat, wave heat, harmonic-
wave-heat equations respectively. For the above equations boundary ini-
tial value problems the solutions of which can be represented in quadra-
tures are considered.

2. Dirichlet—Cauchy and Neumann—Cauchy
problems for elliptic-hyperbolic equations

Let S be the domain z, 1 >0, z, =t > 0, (zg,21,...,Tp_2) € R?!
and consider the equation (16).
Dirichlet—Cauchy Problem Find a regular solution of (16) in S
vanishing at infinity and satisfying the conditions

w(xo, 1, Xn-1,0) = @(xo,..., Tpn-1),
Bu (20)
Dl = V(xoy ..oy Tp-1),
w(zo, ..., Tn-2,0,t) = f(zo,...,Tn_2,t), (21)
where these given functions satisfy the compatibility conditions
o(zo, ..y xp—2,0) = f(zo, ..., Tn_2,0), (22)
g—{ o = Y(xo,y...,Tn_2,0).
Solution The equation (16) can be written as
Au = F(x,t), (23)
ar-TE (24)

ot?
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Then by force of (19), (24) the unknown function F' satisfies the condi-
tions

oF

F({E,O) = A¢($)7 E =0 =

Ay (), (25)
i.e., in order to define F'(x,t) one has Cauchy’s IVP for the wave equation
which is represented in quadratures [3, 6]. To define u(z,t) one has the
Dirichlet problem for the nonhomogeneous equation (23) with condition
(21) and it can be written in quadratures too [6].

Now we will prove that this u(x,t) is the solution of our problem. It
is clear that it satisfies the equation (16) and the condition (21). We
will show that it will satisfy (19) too. Really, by force of (23), (25) one
has

Alu(z,0) — ¢(z)] =0,
ou
A[E - (g;)] =0, t=0, p_1>0.
Thus u(z,0) — ¢(z) and du/0t — 1(x) are harmonic functions in the
half-space x,—1 > 0 and by force of (22) satisfy the homogeneous con-

ditions

’LL(.’L’O, sy Tn—2, 07 0) - 80(1;07 s ,.an_Q)
(26)
= U($0, s 71‘11727070) - f(x(]a s 7$n7210) =0,

ou _ Ou af

E =0 - 1/)(.%‘07 tee 7xn—270) - E =0 - E =0 = 07 Ip—1 = 0

Harmonic functions in the half-space vanishing at infinity by force of
homogeneous conditions as is well known are zero. Thus the conditions
(19) are satisfied.

Neumann—Cauchy Problem Find the regular solution of (16) for
t >0, 2,1 >0, (z0,...,7n_2) € R*""! that vanishes at infinity and
satisfies conditions (19) and

ou
O0xp_1

= f(l‘(), N :L‘n_g,t), Tp—1 =0, t>0. (27)
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The given functions satisfy the compatibility conditions

dp(xo, ...\ Tn—
f(il?(),...,l'an,O) = SO( Oa = 1)5 Tpn—1 = 07
Tn—1

8¢($0,..,$n71)__ af(xow..,xn,g,ﬂ _ -
833‘,1,1 = ot y t= 0, Tpn—1 = 0.

The solution can be constructed exactly in the above way in quadra-
tures. For the harmonic-Klein-Gordon equation

2 O
the problems (19),(21) and (19),(27) can be solved in the same way.
Consider the equation (8) in the domain S. One can be sure that the
equation

%)&L(x,t) =0 (28)

differs from (8), i.e., these operators are not commutative. It must be
noted that in [5] the possibility was stated to construct the solutions of
some problems for the equation (8) in quadratures. It is found that this
holds for (28) and does not hold for (8).

For the equations (8) and (28) boundary-initial value problems are
formulated as follows.

Find a regular solution of (8) or of (28), in the domaint > 0, x,,—; > 0,
vanishing at infinity and satitsfying the conditions

(5+en

u(zg, ..., Tn-1,0) = @(xo,...,Tn-1), (29)
uA(zo, ..., Tp—2,0,t) = Ya(xo,...,Tpn-2,t), A= (ai,...,ar) (30)

with the compatibility conditions
SOA(*T()a-'- 7‘%.71—270) = ¢A($Oa-- . 7xn—270)7 1 S ap < - < ag S n — 1.

This problem is correctly posed for both equations, but for (28) it can
be solved in quadratures.
Solution (28) will be written as

ou=F, x,.1>0, t>0, (31)

- oF
Fe, = =0, P
OF +e 5 0 (32)
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and by condition (29) we can obtain the condition for F'
F($0, ey n—1, 0) = 5@

Thus F' will be defined and then u is defined by (30), (31) in quadra-
tures [6]. Using the compatibility conditions one can prove that this
u(zx,t) really is the solution of our problem. The equation (8) can be
written as

_ ou _
—=F =
8u+en8t .0 0,

and by (30) one cannot define boundary conditions for F. It is interesting
to consider the equation

_ O\ —
(8+en a)amu —0. (33)
For simplicity consider the case n = 2, i.e.,
U = Up€p — U1€1 — U2€2 — UI2€1€2, 6% = —€o, 6% = €o,
= 0 d
8 = — - =
ox € +e1 ox1 dz
Then (32) has the form
d 0N d™u
(5 +es a)(%fm =0, m>2 ul@t), t>0, x>0  (34)
Let this equation be written in the form
d"mu
dzfm = F(Z,t), (35)
dF oF
— — =0 36
&z T (36)
and consider the boundary-initial conditions for (34)
u(z,0) = p(z), (37)
d*u
Re [ﬁ ej} = ¢p;j(20,0,1),

t>0, 21 =0, k=0,1,...,m—1
j=0,20r j=1,20r j=0,12 or j=1,12.
For F(z,t) from the condition (37) one has F'(z,0) = d™¢/z™ and the
solution of (36) will be defined in quadratures. Then u(z,t) as the solu-

tion of equation (35) with the boundary conditions (38) can be defined
[4, 5].
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In the same way the system

(%—}—62 %)Vmuzo, m > 1,

can be considered where
z

For this equation by conditions (37), (38) the solution is represented
in quadratures when B = const [5]. But if B is variable, then using
results of [8, 1] one can study the solvability of the problems.

3. Boundary-initial value problems for
elliptic-parabolic and hyperbolic-parabolic
equations

Consider the elliptic-parabolic equation

(5 +en % + Pn>5u(m, t) =0,

t=ap > 07 Tn—1 > 07 (:an"'azl:an) € Rn_l;

(39)

which differs from (10)because these two operators are not commutative.
The solution of this equation is the solution of the equation

A(A—jg)ij):O, 2(20,- -+ Tnt). (40)

Dirichlet—Cauchy Problem for the equation (40) Find in the do-
main S the regular solution of (40) vanishing at infinity and satisfying
the conditions

u(z,0) = ¢(z), (41)
u(xo, ..., Tn-2,0,1) :w(xo,...,mn_g,t), t >0, (42)

where the given functions satisfy the compatibility conditions

o(xoy ..., Tn—2,0) =Y(zg,...,Tn-2,0). (43)
Solution The equation (40) can be written as

Au = F(x,t), (44)

OF
AF — = =0. (45)



Boundary and initial value problems in Clifford analysis 279

Then by force of (41), (44) the unknown function F' satisfies
F(z,0) = Ap(z), ze€R"™ (46)

Thus F(x,t) will be defined as the solution of the Cauchy problem
for the heat equation (45), (46), which is represented in quadratures.
To define u(z,t) one has the Dirichlet problem for the nonhomogeneous
equation (44) with the condition (42). It can be represented in quadra-
tures (e.g. [6]). u(x,t) satisfies the condition (41) too. Really, by force
of (44), (43) one has

A[U(]J,O) - gp(x)] = 07 Tp—1 > 07
u(zo, ..., Tn-2,0,0)—¢(x0,...,Tn—2,0) =u—1p =0, t=0, x,-1=0.
Thus u(z,0) — ¢(x) is a harmonic function in the half-space z,_1 >
0, vanishes at infinity and on the boundary z,-; = 0. By force of
uniqueness it is zero and u(z,t) will satisfy (41).
Neumann—Cauchy Problem Find the regular solution of the equa-
tion (40) vanishing at infinity by the conditions (41) and

ou

0xp—1

= w($0a <oty Tn—2, t)a Tp—1 = 0. (47)

In this case the compatibility condition is

Oy

e n9,0) =
¢($07 y Tp—2 ) axn—l

y  Lp—1 = 0.

The solution can be constructed in the above way too.

For (10) and (39) boundary-initial value problems can be formulated
correspondingly, moreover, for equation (39) the solution by the above
way can be represented in quadratures too.

Now consider equation (11) which can be written as

gu—i—enaa—;—i-Pnu:F, (48)
= OF
OF + ep—1 e 0, (49)

and the equation (18) can be written in the form

ou
Au — pri F(z,xp_1,%n), (50)
2
F
AF — 8T =0, zp,=t, Tp_1=T. (51)
ox

n—1
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Cauchy’s Problem Find the regular solution of (18) for z, > 0,

Tpo1 >0, z(zg,...,Th_2) € R satisfying the conditions
ou
u(x,0,t) = ¢1(x, t), 5 = po(z,t), T=0, (52)
u(z,7,0) = (z,7) (53)

with the compatibility condition

p(x,0) = ¢(x,0). (54)

Solution By force of (50) the unknown function F(x,,t) satisfies

F(x,0,t) = Apy(x,t) — % = fi(x,t),
(55)
oF 0o

o = Apa(z,t) — g2 = fo(z,t), T=0.

Thus for the wave equation (51) one has Cauchy’s problem the solu-
tion of which is represented in quadratures (e.g., [6]). Then for u(z,T,t)
we have Cauchy’s problem for the inhomogeneous heat equation (50)
with the condition (53), the solution is represented in quadratures [6]
and as above it can be proved that it really satisfies all conditions.

To formulate the initial value problems for the equation (11), i.e.,
for (48), (49) all those conditions that are considered for the multiplier
operators must be given [6]. Thus using the solutions of each problem,
one can obtain the corresponding solution.

4. Parabolic type Beltrami and pluri Beltrami
equations

Consider the space R, r = >0 Tkl e% =—eyp, k=1,...,n—1,
e2 = 0. The classification of the Beltrami operator

Ou + qou

with vectorial variable g in the spaces R(,), R, ,—1) was given in [7]. In
an analogue way one can obtain that in R?n) it is of parabolic type if |q| #
1. Moreover, the case |g| > 1 can be reduced to the case |¢| < 1 where
lg| is defined correspondingly in R(()n). The operator is parabolically
degenerate if |g| = 1.

In the elliptic and hyperbolic cases the Beltrami equation

n
ou+qiu=0, |qg<1, q= Z(Jkelm
0
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with constant ¢ can be reduced to the regular equation

Oyu =0
by the linear transformation [7]

n
yk:Zaijj7 k=0,1,...,n. (56)

0

For the equation B
ou+ qou+ Pu =0 (57)
in R(()n), where ¢ is a constant vectorial element of R(()n) and P, is defined

by (14), one can prove the following result.
Theorem The linear transformation (56) can be defined in such a way
that the equation (57) can be reduced to the equation

Oyu + Pyu = 0. (58)
Proof As

0 " 0
a. YR '20717"'7 y
Oz; kz_oakjayk g !

to obtain (58) it is sufficient that

n

Z ejaoj + Z gi€; (aoo — Z ejGOj) =1, (59)

§=0 i=0 j=1

n n n
Zejakj + Z gi€; <ak0 — Z ejakj> =ey k=1,2,....,n. (60)

j=0 i=0 j=1
This is a system for the unknown coefficients ay;. For ag;, j = 0,...,n,

we have

n—1
aoo(l + qo) + Z Q005 = 1, (61)

j=1
CLOOQj + (]- - qO)a’Oj = O) ] - ]-7 R (2 (62)
and the equations gjaor — qrao; = 0, j,k = 1,...,n, which are not

independent as they follow from (62).
The determinant of this system can be calculated by mathematical
induction:

1+Q0;Q1,--~7Qn—1a0

Q171_QO,O,--~70

M(q) = =(1—q0)" 'L~ la*) #£0.  (63)

qn,0,0,...,l—qg
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The solutions are defined uniquely

10 aog; = —9 j=1 n

=g ™ " 1P’ A

for the other ax; (j =0,...,n) with each fixed k > 1 we have a system
with the same determinant (63) and with the right-hand side of the kth
equation equal to 1 and the right-hand side of all other equations equal
to zero. Thus all ay; are uniquely defined explicitly.

In particular, an; (j =0,...,n) are defined as

apo =

1

1—qo
Thus by force of (56) y, = ann®n. The solution of equation (57) can be
represented as

an; =0, j7=0,....,n—1, any

U = @(y07 cee 7yn)7
where ¢ is solution of equation (58).

All initial value problems which are solved for equation (58) with
initial conditions on ¥, = 0 in quadratures, can be solved for equation
(57) with condition on x,, = 0 too.

Pluri Beltrami equations are defined as

B"™u=0, B=0+q)+P,, m>2, u(z). (64)

It is obvious by the same linear transformation (56), where ay; are
defined by (59), (60), that these equations (64) can be reduced to the
pluri parabolic equation

(0+ P,)™u = 0. (65)

Thus all initial value problems which are solved for the equation (65)
can be solved for (64) too.
The generalized Beltrami equations in R(()n)

Ou + q10u + q20t + Pyu = 0,

where ¢1,¢g2 are vectorial, can be considered. As in the cases R(,),
R(nn—1) it can be obtained that it is of parabolic type when |q1|+[ga| <
1.

5. Some more about pluri parabolic-hyperbolic
equations

Let R?n 1) (n > 2) be the Clifford algebra for which the basis ey,
(k=0,...,n) satisfy the multiplication rules

6%:—607 kzla"'an_27 6%71 2687 6721:0 (66)
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Consider the higher order system of equations

(5 + en_1 ai)m(é + P,)Pu =0,

Ln—1 (67)
x(3307~--7«7?n), mZL p217
where )
- = G, 9
0= e n=—, 68
zo:ek oxy, te oxy, (68)

and the operator P, is defined by the condition (12). We think it is
interesting to consider also the system

— 0 mo/__ 0
(a+€n_1 8:17—n_1> (8"‘6”8—% —i—Pn)pu = 0, (69)
where )
0= ni: 9 (70)
= - €L axk .

For both systems each component of u satisfies the equation
9% \m O \P
(a-gp) (a5 o=0 ma=t wu=r ()

where A is Laplace operator with respect to the variables (xo, ..., zp—2).
The system (67) is considered in [5] in the case m = p = 1. Now one
can ask what is the difference between the systems (67) and (69). For
visuality consider m =p =1, n = 2,

2 2
U = Uugeg + uie; + ugea + ujzeies, ey =eg, e5 =0,

Pgu = Ug2€p — uil2e1.

Let us consider (68) which can be written as

Ou + Pyu = F, (72)
_ oF = 0 0
OF — =0, 0=— — 73
+el 92, ; D70 €+ €2 Dy’ (73)
i.e., for the components one has

ou 0 0

—O:_u2+F07 ﬂ"i_ﬂ:FQ’

axo axo axg

0 0 0 (74)

u1=u12+F1, ﬂ—ﬂszv

dz0 Oxg  Oxa
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where the components of F' satisfy

F

OFy  OF _ 0. OFy i OF2 n oy _ 0,

833‘0 8l‘1 81‘0 8l‘1 633‘2 (75)
F

0Fy OF; — 0, 0F, n 0F12 4 0F _o.

8951 8.%'0 8:c1 8.%'0 8.%'2

In the case (70) all equations of (74) and the first two equations from
(75) are the same but in place of the last two equations one will have

8F2 4 6F12

—= =0
8$0 83?1 ’ (76)
@ + OF2 _ 0
8:131 6:B0 e

Thus in the case of (70) the equations for Fy, F} and for Fy, Fjo are not
connected while in the case of (68) they are connected (75).

First consider the initial value problems for the equation (71). Find
the regular solution of (71) for t > 0, 7 > 0, x(xg,...,T,_2) € R}
vanishing at infinity and satisfying the conditions

oz, t, T
¢(8tk‘ )‘t_ozgok(x77—)7 k:O717--~7m_17 (77)
oz, t, T
%T:ozwk(x’t)’ k=0,1,...,p—1, (78)
where the given functions must satisfy the compatibility conditions

0" 1),
otk

o — #K(2,0)=0, k=0,....2m—1, j=0,....,p—1. (79)
7=0

Solution The equation (71) can be written in the form

(A - 8%)% — v(z, t,7), (80)
(A - g—;)mv —0. (81)

For the polywave equation (81) by force of conditions (77) from (80)
one has

OFv(x, t, T 0 \P
%LO:(A—E) or(@, ), k=0,....2m—1.  (82)

Thus we have Cauchy’s problem for the polywave equation (81) the
solution of which can be constructed in quadratures [5]. Then u(x,t,7)
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as the solution of Cauchy’s problem for nonhomogeneous polyheat equa-
tion (80), (78) can be constructed in quadratures too [5]. Now we will
satisfy the conditions (77). Really, by force of (80) one has

( - %)p%’t:() = (A - %)ps%(w,f), k=0,....2m—1,

which means that

(Agy[WL:O(A;T)p%(%T)] 0, k=0,...,2m1.

Thus the functions

0" ¢(x,t,7) ‘
otk t=0
are the solutions of the polyheat equation

wh(z,7) = — iz, 7)

(A—g>pwk(x77'):0, k=0,...,2m— 1,

with the homogeneous conditions w*(z,0) = 0, which follows from
the compatibility conditions (79). By force of uniqueness of solutions
u(z,t,7) defined in the above way is the solution of our problem.

Now consider for equation (67) the initial value problem. Find the
regular solution of (67) for ¢t > 0, 7 > 0, z(zo, ..., Zn—2) € R"! vanish-
ing at infinity by the conditions

o
W‘t:():cpk(m,r), k=0,...,m—1, (83)
I uy
—— = t), k=0,...,p—1
o7k ‘TIO ka(JZ‘, )7 ) y D )
or A=(aq,...,a),A#n,
I uan
= t), k=0,...,p—1
o7k ’7‘:0 1/}kA(xa )a ) »D 3
(84)
with corresponding compatibility conditions.
Solution Equation (67) can be written as
(0 + Py)Pu(z,t,7) = F(x,t,7) (85)

(5 n % el)mF —0. (86)
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By condition (83) and equation (85) one can define
O'F

otk li=o

Thus F' will be defined as the solution of (86) with (87). Then u(z,t, )

can be defined by the equation (85) with (84) [5]. Using the compatibility

conditions u(x,t,7) is the solution of the problem.
Analogously the problems for the equation

0

O0xp—1

=0+ P)Por(x,7), k=0,....m—1. (87)

en_1> (0+ Py)ou(x,xp—1,2,) =0

(0+
can be considered, where 0 is defined as (68).
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some class of higher order properly elliptic equations. The different
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1. Let D = {z: |z| < 1} be the unit disk in the complex plane with
boundary I' = {z : |z] = 1}. In D we consider the elliptic differential
equation

2n
ZAkaiUZO’ (:c,y)ED, (1)

where Ay are some complex constants, Ag # 0. We are looking for a
solution U in the class of functions 2n times continuously differentiable in
D, which up to n-th order derivatives satisfy Holder condition in D UT".
On T' we subject U(x,y) to Dirichlet type boundary conditions

oFu
W |F: fk(x)y)a (l‘)y) eru kzovlv"‘an_lv (2)

where f(z,y) € C~1=%2)(T), and 9/9r, d/ds stand for the derivatives
with respect to radius and arc length of I' respectively. We suppose that
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the roots A\, k =1, ..., 2n, of the characteristic equation

2n
> AN =0, (3)
k=0

are distinct, and satisfy
ImM>0,i=1,....n, ImX\; <0, i=n+1,...,2n, (4)

(the last condition means, that equation (1) is properly elliptic). The
problem (1), (2) is Fredholmian, see [1]. In this paper we derive neces-
sary and sufficient conditions, rendering the problem (1), (2) in being
uniquely solvable. If n = 1 the unique solvability of the problem (1), (2)
takes place for arbitrary roots A\; (which satisfy (4)), see [2]. In the case
n = 2 the necessary and sufficient conditions of the unique solvability
were found in [3] and [4] (for simple and multiple roots).

We rewrite the equation (1) and boundary conditions (2) in complex
form, setting

o _1(o 0N 0 _1(9 .0
9. 2\0z 'oy)’ oz 2\or  ‘oy)

The equation (1) is transformed to

ﬁ[<$_ﬂki>ﬁ(%—1/k%>[]:0, (5)

A — 1 = )\n+k +1
A+ i’ b Atk — i’
Observe, that (4) implies |ux| < 1, |k < 1,k = 1,2,...,n. By using the

equalities
E_l P U Y
‘0z "or 'os) "oz " 2\'or "'0s )’

which are valid for all z = x + iy = r(coss + isins), the boundary
conditions (2) are transformed to

where

e = — k=1,2,.

o-tu
D Fgan-1-k Ir=Fp1-k (2, y) = Fi(2,y), (2,y) € D, (6)
otk
5 (1,0) = Fi(1,0), 0<i+k <n-—1 (7)

0210z
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The functions Fj (z,y) are uniquely determined by the boundary func-

tions fi (for example Fio(x,y) = ((x —iy)/2)(f1 —idfo/ds)).
In the theorem that follows

,u’f_l ,ug_l woopnt 1 1 oo 1
A i onmr L 2 g | Vo .. Up
1 1 e 1 A7 R Vi

M = diag(pa, - .., tn), N =diag(vi,...,vp).
Theorem The problem (1) and (2) is uniquely solvable if and only if

the matrix l
A BN
o= (‘e 5 ) ®
is non-singular forl =n+ 1,n+ 2, ..., that is
Ar=detQ; #0, l=n+1,n+2,... (9)

If for any ko > n+1 Ay, =0, then the homogeneous problem (1),(2),
(when fr, =0 for all k =0,1,...,n — 1) has a nontrivial solution, which
s a polynomial of degree n 4+ ko — 1.
Remark 1 According to our assumptions u; and v are distinct num-
bers, which satisfy |ur| < 1,|vg| < 1. Hence, when | — oo, we have
A; — det Adet B # 0, that is the condition (9) is satisfied for suffi-
ciently large .

The condition (9) may be reduced to another form.
Proposition The condition (9) holds if and only if the matriz

1— (nim) 1— (vpp)"
L—vipr 7 1—=vpm
K, = (10)
11— (Vlﬂn)l - (Vnﬂn)l
1—vipy 1—vpun

18 non-singular for all l=n+1,n+2,....
Remark 2 Denoting C’Il) = ((niv4)?), p=0,1,...,1 — 1, the matrix K
may be represented in the form

K, = ZC’ZI, = Z : (V{V%V%) . (11)
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In some cases this representation helps to check non-singularity of the
K;. For example, if the coefficients of the equation (1) are real, we
have @, = vy, for k =1, ...,n, and therefore for arbitrary nonzero vector
X = (z1,.,zn)”

S,

-1 2 T
—T - - . .
(KX, X)=X"KX = @1..7) | (y{ gug) :
J=0 Iu% T

Hence,

-1
(KX, X) =) ‘u{fl + Ty + o+ T
=0

2
>0

(the strict inequality is valid because | > n+ 1). Thus, K;X # 0 for
arbitrary nonzero vector X, that is the matrix K is non-singular. There-
fore the problem (1), (2) for the properly elliptic equation (1) with real
coefficients is uniquely solvable.

In the proof of Theorem we will use representations of analytic func-
tions in a neighborhood of the unit circle. Let g and v be complex
numbers |p| < 1 and |v| < 1. Denote by D(u) and D(v) the images of
the unit disk D under the mappings ¢ = z + puz and ¢ = Z + vz respec-
tively. It is known (see [1]) that for |z| = 1 the functions ¢(z) and 9 (z)
admit the representations

o(z + pz) = w(z) + w(pz), YE+vz)=pE) +p(vz), [2/=1. (12)

Here |z| = 1 and w(z), p(z) are analytic functions in the unit disk.
In D we have

@(z+uz)=w<z+“2+ V(;+“E)2_4“)

o <z+uz (;Jr/w) u)’

Y(z+pz)=p (%(E—F vz++/(Z+vz)?— 4,u))

+p (%(E—i— vy —/(Z+wvz)?— 4,u)) .zl < 1. (13)
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Here we take the branch of \/¢2 — 4u, which is continuous outside the
segment [—2\/ﬁ, 2\/ﬁ] and satisfies the condition

W2 —dp — 1, [g] — 0.

In our proof we will use as well the following
Lemma Let Pj(z,Z) be a polynomial of degree l. If the polynomial P,
on I' satisfies the conditions

= lp=0, k=0,1,..n—1, (14)

then this polynomial admits such a representation
})l(zv Z) = (ZE - 1)an—2n(272)7

when 1> 2n. In the case | < 2n we have P(z,Z) = 0.
Proof of Theorem The general solution of (1) can be represented in
the form

n n
u:zcbk(z—i—uki)—i-zqfk(?-&-l/kz)v (15)
k=1 k=1

where ®; and ¥ are analytic and continuous up to the boundaries in
D(ug) and D(vy) respectively (k = 1,...,n). Substituting (15) into the
boundary conditions (6) we get

n

Zu” Y 2 4 pyZ) + Y T E ) = Filay)  (16)
j=1
where z =z + iy, (z,y) € [k =0,1,...,n— 1.

For z € T, as in (12) the functions <I>§-n_1) and \Ifg-n_l) admit the
representations

-1 _ _ —1),_ _
" e 177) = 05(2) + i), BTV Ep2) = (2) + 4 (v2),
(17)
where ¢;(z) and 1;(z) are analytic in D with Taylor expansions

t) = Zaﬂzl, P;(t) = Zbﬂzl, j=1,...,n, (18)
1=0 1=0

a;j; and bj are complex constants to be determined. The functions
Fy(z,y) satisfy the Holder condition on I', hence they posses uniformly
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convergent Fourier series [5]

Fk(:c,y) :Zdlkzl+2d_lkfl, k=0,1,...,n—1. (19)
=0 =1

Substituting (17), (18) and (19) into (16) and equating the coefficient of
z and Z we obtain the following linear system for a;; and bj;:

n n

k-1 ktly
E 1y ajH‘E Vi bji = dek,
=1

=1
! k=0,1,...,n—1,1=0,1,... . (20)

n n
n—k—1+1 k _
E 1 aj + E vibjr = d_ek,
Jj=1 Jj=1

Knowing the coefficients aj;, b;;, we can obtain the solution of the
problem (1), (2), using (19), (13), (18) and (15). We consider the ho-
mogeneous problem (1), (2) when the conditions (9) are valid. The
coefficient matrix of the system (20) is €;, which is non-singular if I > n
(when [ = n, Q, is a Vandermonde matrix with distinct terms, and when
[ > n, det); # 0 in view of conditions (9)). Therefore all solutions of the
homogeneous problem (1), (2) are polynomials of order less than 2n — 1.
But from Lemma we have, that the order of the non-trivial polynomial,
which satisfies the homogeneous condition (2), must be greater than 2n.
Hence the homogeneous problem (1), (2) has only the trivial solution.
The problem (1), (2) is Fredholmian, that is the conditions (9) imply
the unique solvability of (1), (2).

To prove necessity of these conditions, observe that if Ay = 0 then
the corresponding homogeneous system (20) has a nontrivial solution
ajk, bjr, j = 1,..,n, which generates the one linearly independent
solution wug(z,%) of the homogeneous problem (1), (2). Observe that wuy
is a polynomial of z and Z of order n + k — 1. Thus in this case problem
(1), (2) is not uniquely solvable. This completes the proof of Theorem.

To prove Proposition, observe that the equality

I, 0 a (4 BN!
—M!A7T AL =\ 0 A'B-MA-BN!

implies, that condition (9) is satisfied if and only if
det(A™'B— M'A7'BNYY #£0, l=n+1,n+2,... .

Using the result of problem (10) (part 7) from [6] we can explicitly
calculate A™'B and after that verify, that det(A~'B — M'A~'BN)
differs from detK) only by a nonzero factor, i.e. conditions (9) and (10)
are equivalent.
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1. Introduction

In this article we want to give a directed survey related the questions
concerning the solubility of the Dirichlet problem without imposing re-
strictions on the boundary. Our starting point will be Wiener’s works
[33, 34]. But we do not dare to attempt to review all the publications by
all their aspects while there exist very good and comprehensive surveys
by Keldysh [11], Landis[17], Kondrat’ev and Landis [13] and Maly and
Ziemer [21].

2. Dirichlet problem for Laplace equation
If Q@ C R™ is bounded and f € C(012), the Dirichlet problem

Au=0 in (1)

u=f on 00 (2)

has not always a solution in the classical sense for every domain 2. One
of the reasons the problem (1)-(2) fails to be soluble is that the harmonic
function may not assume the prescribed boundary values at some points
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on 0f). However, we can construct a function u using the method of
balayage, proposed by Poincaré (see for example [8], page 102). The
statement of the theorem below, which exploits the method of balayage,
is due to Wiener [33].
Theorem 1 Let Q C R™ be a connected, bounded set, containing no
points of its boundary. Let ON) be its boundary. Let f be any function
continuous on the set of points 0S). Then

(i) There is a function F' continuous over § and reducing to f on 0Q;

(ii) There is a sequence {0€,} of boundaries over the interior of
which the Dirichlet problem (1)-(2) is soluble for any continuous bound-
ary data, each contained in the interior of its successor, and together
containing in their interiors every point of Q);

(iii) The function u, corresponding to the boundary conditions

up(x) = F(x), x € 0y,

and harmonic in §y,, tends uniformly to a harmonic limit over any closed
set of points interior to  as n increases without limit;

iv) This limit, which we shall term uy(x), is independent of the choice
of F and {0Q,}.

The limiting function u; is called the generalized solution in Wiener
sense of the boundary value problem (1)-(2). This must hold for every
function f continuous on 0f2.

The solubility of the Dirichlet problem in the classical sense for a given
domain depends on the properties of the boundary, and may be reduced
to the investigation of the “regularity” [34] of the individual points of
the boundary.

Definition 1 Let 2° € 0Q be a fized point and uy be the generalized
solution of the boundary value problem (1)-(2) in Wiener sense. If

lim uf(z) = f(2%), z€Q

z—z0

is satisfied for every continuous function f, then z° is a regular point of
09.

Many authors, among which we may mention Poincaré, Zaremba,
Raynor, Lebesgue and Phillips, have given conditions for the regularity
of a point on the boundary using different points of view. Wiener [34] has
developed a complete necessary and sufficient characterization of regular
points for the Dirichlet problem (1)-(2), using the concept of capacity.
To define the capacity, let us start with a compact subset K of R™. For
any nonnegative Borel measure p on K, we introduce its potential by
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un() = /K Sz — y)du(y)

where S(z) is a fundamental solution for the Laplacian in R”. We define
the capacity of the compact set K by

Cap(K) = sup{p(K) :uy(z) <1 forall xeR"}.

Capacity can be extended from compact sets to more general sets by the
standard extension procedure.

Now we can state the Wiener criterion.
Theorem 2 [34] Let Q C R™. n > 3, be an open set and x° € 9. Let
A be a positive quantity less than 1, and

Ym = Cap({z : z € R"\ Q,\™ < |z — 20| < X1},

Then 2 is reqular or irreqular according to

i )\—m(n—2),ym
m=1

diverges or converges.

For domains in R2, a variant of the above result is valid.
Theorem 3 [34] Let 2 C R?, be an open set and x° € Q. Let \ be
any positive quantity less than 1, and

Ym = Cap({z : x € R2\Q,\*" < |z — 20| < )\2m71}].

Then x° is reqular or irreqular according to

oo
> 2"
m=1

diverges or converges.
The application of the Wiener’s criterion shows that the point O =
(0,---,0) € 09 is irregular if we take € whose complement has the form

{z:0<z, < e—(x%‘*‘"""x%—ﬂ_l}

near the origin.

Wiener’s criterion gives a complete answer to the question of what
condition have to be satisfied by a domain, in order that the Dirichlet
problem (1)-(2) be soluble for arbitrary continuous boundary data. If
the boundary of the domain contains irregular points, then we should
determine the conditions on the boundary values so that the Dirichlet
problem will be soluble. Thus a more detailed study of generalized
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solutions of the Dirichlet problems in the neighbourhood of an irregular
point is necessary. The following theorem is important for the structure
of the set of irregular points [8].

Theorem [Kellogg] For any bounded region @ C R™, the set of
irreqular points of 0X) has capacity zero.

Now we will extend the above results to second order elliptic equa-
tions and start with the Dirichlet problems for elliptic equations of non-
divergence form.

3. Elliptic equations of nondivergence form

Let us consider the operator
L= Z a;j(2) Dy, Dy, + Zb 2) Dy, + c(z) (3)
7.7 1 =1

in a domain €2 C R™ where all the coefficients are measurable functions,
the matrix (a;;) is symmetric,

ATHeP < Z ai(x)6:&; < NP (4)
,j=1
|bi(x)] <m, c(x)<0. (5)
A solution u of Lu—=0 (6)

in Q will be assumed either in C? () or VVZQO’f(Q) We will utilize the
following two definitions in the sequel.
Definition 2 A function f is said to satisfy Dini condition in € if

#(r)

r

dr < oo, for all z,y € Q.

1)~ S0 < elle—u) where [

Definition 3 We say that (a;j(x)) satisfies the Cordes condition if the
spread of the characteristic roots is small.

Let us assume that f € C(Q). If in a neigbourhood of any point = € ,
the coefficients of L satisfies a Dini condition and there exists a solution
of the Dirichlet problem in that neighbourhood, then the generalized
Wiener solution uy can be constructed. Generalized solution may also
be obtained [5] if the matrix (a;;(z)) satisfies the Cordes condition which
is less restrictive than Dini condition.

In the following years, one of the aims of researchers in investigating
the solubility of the Dirichlet problems involving regular boundary points
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in Wiener sense was to try to determine the minimal requirements on
the coefficients of L such that the regularity condition for (6) resembles
to, or coincides with, those for Au = 0. The first essential result in
this direction was obtained by Hervé [10] in 1962, which states that if
the coefficients of (3) satisfy a Holder condition, then the necessary and
sufficient solubility condition to the Dirichlet problem defined for (6) is
the same as the Wiener’s criterion for the Dirichlet problem for harmonic
functions. Five years later Krylov [16] has derived that the uniform
fulfilment of the Dini condition is enough to get the same conclusion.

The Wiener type criterion for the regularity of boundary points with
respect to the Dirichlet problem for second order elliptic linear equations
has attracted many researchers; among them we may mention Littman-
Stampacchia-Weinberger [20] (in which the remarkable result, stating
that a boundary point is regular for a divergence type elliptic operator
with bounded or measurable coefficients, if and only if it is regular for
the Laplacian, is obtained in Hj, .(9)), Keldysh [11], Oleinik [30] and
Krylov [16]. In such investigations the authors impose some restrictions
on the differential equations and their coefficients, to find that a regu-
larity condition for the Dirichlet problem considered, coincides with or
resembles to the one for Laplace’s equation. We will consider two ex-
amples. The first of them is the article by Alkhutov [2]. He studies the
Dirichlet problem for (4)-(6). The class of functions he has considered
is such that the so-called ”ellipticity function” satisfies the Dini condi-
tion. We should note that, to write down the ellipticity function, the
inverse (A;;j(x)) of the matrix (a;;(x)) is needed. The elliptic distance
R is defined by

R? = Aij(y)(wi — i) (@ — y))-

ij=1
If .
Vi = (ZAij(y)<$J yi))/R
j=1
then .
D aij(x)Aij(y)
)= | “F et
y\xr) =
> aii(@)yiv;
ij=1
n if T =1y,

is the ellipticity function for the differential operator (3). Thus if e, (x)
satisfies the Dini condition, then he obtains that, the necessary and
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sufficient condition for the point z° € 99 being Wiener regular with

respect to the Dirichlet problem for (4)-(6), is similar to the Wiener
criterion for Laplace equation.

The second example we will take is due to Bauman [3]. In the operator
L defined by (3), she assumes that the leading coefficients a;; = a;; are
bounded for n = 2 or continuous for n > 3 on Q C R™. It is proved that
a point ¥ € 99 is regular if and only if a criterion similar to Wiener
is satisfied. The criterion obtained is reduced to the classical one if the
leading coefficients are Holder continuous.

4. Quasi-linear elliptic equations

The results obtained for linear elliptic equations have been extended
to the quasi-linear equation
n

Lu = Z i (T, u) gz, + b(x,u, Ju) =0 (7)
ig—1

in the domain 2. Novruzov [24] considered the equation (7) with linear
principal part. He proved that if the coefficients of the principal part
satisfy a Dini condition, then the necessary and sufficient condition for
the regularity of boundary points with respect to the Dirichlet problem
defined for (7) are similar to the Wiener criterion for Laplace equation.

Afterwards, Novruzov [26] have considered the quasi-linear elliptic
equation (7) with the coefficients satisfying

|aij(z, 21) — aij(y, 22)| < acrllz — yl + 21 — 2]
for all 21,29 € [—7,7] and z,y €
|b(, 2,m)| =+ [bas| + b2 + (1 + |nl[bmi) < ca(1+[n])?

where n = (n1,m2,-- ,Mn), —00 < 1; < oo and 7,c1,ce are positive
constants. Then, he has proved that the point z° € 9 is regular for the
Dirichlet problem

Lu=0 in Q, wulspo="/,
if and only if the series
o0
Z 4m(n72),ym
m=1
diverges, where f € C(09), |f| <~ and

TYm = Cap(B(:BO, R) \ D)
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5. Elliptic equations with discontinuous
coefficients

In the case that the coeflicients of the highest derivatives in the dif-
ferential equation (6) are Dini continuous, then the conditions for the
boundary points to be regular are the same as for the Laplace’s equation
[10, 30, 15]. But Landis [17] has given an example to demonstrate that
the above statement is not true in the general case. To overcome such a
difficulty, Landis defines the s-capacity.

Definition 4 [17] Let s be a positive number, E be a B-set of n-
dimensional Fuclidean space. Let M be the set of measures i defined
on the subsets of E such that

/ dply) <1 for z¢&FE.
Elr—yl

Then the number

Caps(E) := sup pu(E)
neM

is called the s-capacity of the set E.

The number s > 0 can be chosen so that L(] x — 2% |7%) > 0 where
20 € R" is a fixed point, z is a point of the domain Q and | z — 2° |< 7.
Then, introducing a new definition for regularity of the points on the
boundary 952, Landis [17] proves that the point 20 € 99 is regular if

)
> 2= o
m=1

where 7, = Caps(B(2°,27™) N H)), and H denotes the complement of
the domain € of the differential equation.

6. Degenerate elliptic equations

The Dirichlet problem for second order linear elliptic equations with
degenerate principal part on the boundary of the domain has also been
studied. The behavior of solutions near a boundary point of degenerate
elliptic equations with continuous or discontinuous coeflicients have been
considered in detail by Novruzov [25, 28], Novruzov and Mamedov [29],
Krupskaya [14] and Mamedov [22]. To give an example for the results
obtained in this direction, we will take the article by Novruzov [27]. He
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has started with the Dirichlet problem

P(r) D aij(@)ug, + Zb Py, +e(@)u=0 in Q (8
ij=1
and
u=f on 0N (9)
where the coefficients of (8) satisfy the conditions

n

alEP< D ay@)&g <8<, (10)
ij=1
dt
»(0) =0, /— < 0, (11)
0 ¢(t)

’ b,(a:) ’S b(), —bo < C(Hf) < 0, (12)
where the a;;(z) satisfy the Dini condition, ¢(t) is a positive increasing
function of ¢,0 < t < t%«, 3,by are positive constants, r = |z — 20|,
20 € 9. The standard definition of the regularity of the point 20 € 99,

with respect to the Dirichlet problem (8)-(9) is assumed.Then it is proved
that 20 € 99 is a Wiener regular point if and only if the series

9]
Z 2m(n72),ym
m=1

is divergent where

Ym = Cap(B(2°,2*7™) \ D)

He also provides an example to show that the condition (11) is essential.

In the same period of time E. Fabes, D. Jerison and C. Kenig have
published three consecutive articles. In one of them, [9], they have con-
sidered the degenerate elliptic equation

— Y 9j(aij(@)dju(x)) = 0.

ij=1
The coefficients a;; are assumed to be real-valued, measurable, symmet-
ric and to satisfy

T EP w(@) < aj(2)&& < e € w(a)
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for all x and £ in R™. The article contains two main results. The first
of them is an approximate formula for the Green function of L. The
second main result is a Wiener test, in which the capacity is related
with the weight w(x). As a consequence, they obtain that the set of
regular points of 92 depends only on w, not on the particular operator
L.

7. Some recent results

Wiener-type tests for the Dirichlet problem for nonlinear elliptic dif-
ferential equations are still attracting researchers. Now we want to
present some of the recent results.

One of the essential questions was whether regular boundary points
of Q for the equation

divA(z,yu) =0

can be characterized by using Wiener test, where u € VVl})f(Q) Natu-
rally for nonlinear operators the classical Wiener test has to be modified
so that the type p of the differential operator is involved. Maz’ya [23]
established that the boundary point z° is regular if

W,(R™\ Q,2°) = 400

where

"/ Cap,(B(x°,t) N E, B(x®,2t))\ 71 dt
WP(E’xO)_/O< Cap,(B(20, 1), B2, 28)) ) n

and Cap,(E, G) is the p-capacity [23]of the set E in G.

We assume that A : R” xR"—R" is a mapping satisfying the following
assumptions for some constants 0 < a < 8 < oo:

(i) the function z +— A(z,§) is measurable for all £ € R,

(ii)the function & — A(x,§) is continuous for a.e. z € R,

(iii) A(z,£).£ > a| £ |P for all £ € R™ and a.e. x € R",

(iv) | A(z,€) |[< B | €|P~! for all € € R" and a.e. x € R™,

SV (A(z,€) — A(z,()).(§ = ¢) > 0 whenever § # ,

(vi) A(z,A) = A | A |P~2 A(z,€) for all A € R, \ # 0.
When p > n for a.e. 2 € Q, Lindqvist and Martio [19] have proved that,
if f € Whn(Q) and u is an F- extremal which assumes the boundary

values weakly (i.e. u— f € Wy ™(2)), then

lim u(z) = f(2°), 2°¢c a9,

z—x0
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for all continuous functions f, if and only if the Wiener condition

1
/gp(t)nlt_ldt =00

0
holds where

o(t) = Cap(B(z°,2t),R" \ QN B(z°,1)).

For this particular problem the characterization of the regular boundary
points of © has been completed by Kilpeldinen and Maly [12]. They
have proved that a finite boundary point 2% € 99 is regular if and only
if

W,(R™\ Q,2°) = 00

where p € (1,n].
The problem

Z axj (alja{ﬂzu) = f(x,u,Du), (u - Tl)) € H&(Q)a

,5=1

is considered by several authors, where ¢ € H'(2) N L°°(Q), the coef-
ficients a;; are measurable functions and f(z, z,¢q) is a continuous func-
tion in (z,q) for each x, measurable in z for each fixed (z,q), with
z € R,q € R™. Assuming that f(z,z,q) < B+ C | ¢ |? a.e. in €, Biroli
[4] showed that the Wiener criterion for the regularity of 2° € 99 with re-
spect to the Dirichlet problem for the Laplace equation holds also in this
nonlinear case. This extension is derived by reduction of the equation
into a linear one. For the same equation Adams and Heard [1] showed
that the classical Wiener test is satisfied at each regular boundary point
if f is at most quadratic in yu.

The solubility of the boundary value problem with non-smooth bound-
ary has also been extended by the author and K. Koca, to the class of
generalized analytic functions in Vekua sense [31, 32]. In this exten-
sion we have investigated the conditions under which the solution of the
boundary value problem

wy=Aw+ Bw in €,
Rew |ga= ¢, ¢ € C(09), (13)

Imw(zp) =c¢, 2 € Q,



Dirichlet problems with nonsmooth boundary 305

defined on a Wiener-type domain 2 C C exists in the class of general-
ized analytic functions [6]. The corresponding inhomogeneous Cauchy-
Riemann system is

Uy —Vy = CL(.Z‘, y)u + b(l‘, y)U,

14
wytve =l yhut d@p)o, (1)

where w = u + iv. Eliminating v from (14) we find the elliptic equation

Lu = Au+ p(2)uy + q(2)uy + k(2)u = 0.
We assume that the coefficients of this equation satisfy

| p(2) |, ] q(2) |

C1
rlog(2v/r)

and
Cc2

“rlog(ym S ME S0 >0,

where

r=l=*+ -1 (@yeQ Ené
and + is a positive constant. Thus (13) gives us the Dirichlet problem
Lu(z) =0, z€Q,
(15)
u(z

for the real part of w(z
solution u € C%(Q) N C(

o(z), z € 04},

) =
z). First, we have proved that every positive
Q) of
Lu=0, in
u=0 on I'1 CIN
satisfies

supu(z) > [1 + C3Capr ¢ (Er)]  sup  u(z),
2€Q z€QNBr(z0)

where Cap(p, ) (ER) is the logarithmic s-capacity of Er := Br(20) \ Q #

Secondly, we have proved that if

Z Cap(r,5)(Eg-—m)

m=1



306

is divergent, then zy € 9 is ¢ -regular [6], which means that the Dirichlet
problem defined by (15) has a solution v € C*(f) in a Wiener-type
domain. Substituting u in (14) gives an exact differential equation for
v. Hence v may be determined uniquely imposing the condition

Imw(zy) = v(z) = c.

Thus the existence of the solution of the boundary value problem (13)
is obtained as

w(z,y) = u(z,y) +iv(z,y).

It is well-know that the solution of the boundary value problem (13)
has the representation

w(z) = ¢(2) + To(Aw + Bw)(z) (16)

by use of the operator T for the domains €2 with smooth boundary. To
extend this result to domains with non-smooth boundary, we employ the
method of balayage. Thus we first define the boundary value problems

0w,

0z

:Awm+me7 z EQm’
Re wm(z) = ng(Z) |6Qm:: ¢0m(2),2 € 8Qm,

Im wm(Z()) = Cp, 20 € Q,

where ¢q(z) is the Holder-continuous extension of the boundary value
¢ into the domain 2, ¢om(z) € C¥(98,) and

Qe C Vg1, 0, CQ,  lim Q,, = Q.

m—0o0

Then, by (16) the solutions have the representations
W (2) = dm(2) + Ta,, (Awy, + Bwy,)(2),m=1,2,---, (17)

where ¢, are holomorphic functions satisfying proper boundary condi-
tions. It is easy to show that {w,(2)}7° is a Cauchy sequence in C“(2).

Since C*(2) is complete (17) has the limit

w(z) = ¢(2) + To(Aw + Bw)(z), z€Q.

Thus the integral representation (16) is also valid for the Wiener-type
domains €.
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We have also extended the above results, in C*(Q) for the boundary
value problems of type

wz = Aw + Bw + F, z €,

Re w = p(2), z € 09,

Im w(zp) = co, 29 € Q,

to the domains with non-smooth boundary, where A, B, F' € C*({2) and
p € CY0N), see [7].
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Abstract  The paper considers the Dirichlet problem in the upper half-plane, in the
case where the boundary functions belong to the weighted space L' (p),
where the weight function p has a finite number of singularities of finite
order. Assuming that p(x) is a function RO-varying at the singular
points, we obtain a sufficient condition for normal solvability of the
problem. We show that this condition is necessary provided the order of
singularity differs from 1 and belongs to (0, 2). Also, an explicit formula
of the general solution of the corresponding homogeneous problem is
obtained.

Keywords: harmonic functions, Dirichlet problem, RO-varying weight functions,
normal solvability, half plane
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1. Let Bj be the class of harmonic functions u(z) in the upper half-
plane Gt = {2z : Imz > 0}, that for any yo > 0 satisfy the inequality

lu(z)| < Cexplz]”, ~v<1, Imz>yy >0,

where C' is a constant which generally speacking depends on y3. We
consider the Dirichlet problem in the class By in the following setting.
Problem Find a real-valued harmonic function u(zx,y) € By, satisfying
the boundary condition

Jim lu(z,y) = f @)L,y =0, (1)

where p(x) is a measurable nonnegative function defined on the real axis.
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The problem (1) is called normally solvable if the set of functions
f(x) € L' (p), for which there is a solution, is a closed subset in L' (p).
The Dirichlet problem in the unit disc, for the case of weight function
having a finite number of singularities of finite order, was studied in [1].
In the same work the weight functions were described, for which the
problem is solvable for any f € LP(p(xz)dz). The Dirichlet problem in
the unit disc for weight functions RO-varying (see below) at singular
points was considered in [2]. The problem (1) in the half-plane for the
set of power weight functions of the form O(|x — z|*), where « is a
nonnegative integer, was considered in [3].

The present paper considers the problem (1) for the set of weight
functions RO-varying at singularity points.

2. A number z € (—o0,+00) is called a singularity point of a func-
tion p(x) if there exists 09 > 0 such that for any 0 < § < Jp either
p(z) ¢ L®(x — 8,2+ 8) or p~1 ¢ L>®(x — 6,z + §). Also infinity will be
considered as a singularity point for p(x). Let x1,x2,...,x,, be singu-
larity points of p(x). Further, let Uy (k = 1,...,m) be a neighborhood
of xy, such that z; ¢ Uy for k # j, and let Uy be a neighborhood of
infinity. The numbers

T — x| B
oy = sup{ﬂ;p(x)‘r‘gj € LUy}, k=12..m,

an = sup{; p(x)(1 + |z[)” € L=(Up)}

are called the order of singularity of p(z) at x; and at infinity respec-
tively. We shall assume that 0 < ap < o0, k=0,1,...,m.

3. Following [4], we introduce some definitions.
A function g(x), defined on (Ag, 00), is said to be RO—varying at infinity
from the left, if g(z) is representable in the form

g(z) = exp(gl(x) + /Ax g2t(t) dt), x € (Ap, ), (2)

where A; > Ap and g1(z), g2(z) are measurable functions bounded in
(Ag, 00).

A function g(z) is called RO—varying from the left at a finite singu-
larity point xy, if g(x) is representable in the form

g(x) = exp(gl(x) + /1: %dt), x € (xg — 9, x0), (3)
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where Ay € (x} — 0, x) is some number and g1 (x), g2(z) are measurable
functions bounded in (xy — 9, z).

The class of functions RO—varying from the right is defined similarly.
A function g(z) is called RO—varying at a given point, if it is RO—varying
at the same point both from the left and from the right.

We say that a weight function p(z) belongs to the class R, if the

function
m

x — Tg|\ %
— 1 ao <|7)
pi(a) = ke TT(T) ot
=1
is RO—varying at each singularity point of p(z) and the function gs(z)
of (3) satisfies at all finite singular points the conditions

lim sup 92(1:) < {ak}a ha:ménf 92(1:) > {ak} -1,
— Tk

T—T
if oy is a non-integer, and

limsup g2 (z) <1, liminf go (z) >0,

T—Tk LT—=Tk

if o, is an integer, while the function go(z) from (2) at infinity satisfies
the conditions

limsup go(z) <1—{ag}, lir‘ninf g2(x) > —{ag},
— 00

if o is a non-integer, and

limsup g2 (z) <0, liminf go () > —1,

if o is an integer.

4. We say that a weight function p(z) satisfies the condition Ry at a
finite singularity point z (k = 1,2,...m), if either oy is a non-integer,
or ai is an integer and the following relation holds:

We say that a weight function p(x) satisfies the condition Ry at infinity
if either ag is a non-integer or «y is an integer and

[ o

0.
oo 1+ |7
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A function g(z), defined on (a, b), is called almost monotone increasing
if there exists a constant A > 0 such that g(z1) < Ag(x2) for any x1 < x9
from (a,b). Almost monotone decreasing functions are defined similarly.
Lemma 1 Let p(z) € R. Then the following assertions hold:

(a) If ag is not an integer, then there exist some 6y € (0,1 — {a}) and
61 € (—{ao},0) such that for any § > &y the function |z + i|°py(x) is
almost monotone increasing in (x;n,oo) and almost monotone decreas-
mg in (—oo,xz]), and at the same time for any § < &1 the function
|z + | 0p1(x) is almost monotone decreasing on (x,,,00) and almost
monotone increasing on (—oo, x;).

(b) If ap is an integer, then the function |z + i|p1(x) is almost mono-
tone increasing in (a:/n, 00) and almost monotone decreasing on (—oo, xg),
while the function |z+i|°p1(x) is almost monotone decreasing in (z,,,0)
and almost monotone increasing in (—oo,xz)) for any 6 <0 .

(c) If oy, is a not an integer, then the function |z — x|t} pi(2) is al-
most monotone increasing in (xy, x;g) and almost monotone decreasing in
(37;@—179516) while the function |z — x|~ =1D py (2) is almost monotone
decreasing in (zx,x,) and almost monotone increasing in () _,,xx).
(d) If oy is an integer, then there exists 5o € (0,1) such that the func-
tion |z — x|’ p1 () is almost monotone increasing in (xy, x;,) and almost
monotone decreasing in (x;i,_l,xk) for any & > g, while the function
|x — 21| % p1(x) is almost monotone decreasing in (xy,x,) and almost
monotone increasing in (x;g_l,xk) for any 6 > 0.

(e) For any §d >0
oo
p1(z)dx
— s < 00,
/—oo (1 + |z)1+0
Lemma 1 was used for proving the following result.
Theorem 1 Let p(x) € R. Then the following assertions hold:

(a) If the weight function p(x) satisfies the condition Ry at the singular-
ity points of p(x), then the general solution of the homogeneous problem
(1) can be represented in the form

m ng . no
e )
U()(.%’, y) = E Re E m + Re E ’Laopzp, (4)
k=1 p=0 p=0

where ag, (k=0,1,2,...,m, p=0,1,...,n1) are arbitrary real numbers.

(b) If the weight function p(x) does not satisfy the condition Ry at some
singularity point xy, then the general solution of the homogeneous prob-
lem (1) again can be represented in the form (4) with agy,, = 0 (in the
case of infinity we set agn, = 0).
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5. Weput zg =z — 1, 2; = 27y +22), ..., 2, = 27 (@ + 2hs1),
o ac;n = Z,, + 1 and define the functions p;(x), k=0,1,...,m, as
pi(x), if x € (00,24) U (z),,00),

po() = o
17 if z g (OO,.CCO) U (-’Em,OO),

and for k=1,2,...,m
pr(@), if z € (z_y,17),

pr(@) = S
1, if ©¢ (x,_q, 7).

For an arbitrary non-negative number \ we set

1—{A}, if A is non-integer,
N =
0, if A is an integer.

Theorem 2 Let p(x) € R and

M(|z — x|~ pp(2)) < Clz — x| % py(z), k=1,2,..m, (5)

where M (f) is the Hardy—Littlewood mazimal function. Then the prob-
lem (1) is solvable for any f(x) € L'(p). The general solution can be
represented as

w(@,y) = uo(x,y) +w(z,y),

where ug(x,y) is the general solution of the homogeneous problem and

Y R Y G 1 L G N W A (O QL
ui(z,y) = R (47Ti7"(2) /_OO t—z +47ri@/—oo t—=z )j

where

!
o (z — xp) "

r(z) = (z +i)7"0t! ;
=1 (24 0)"

and n; = ny if oy is non-integer and n; =ng, — 1 if ay is an integer.
Theorem 3 Let the weight function p(t) € R have no finite singularity
points. Then problem (1) is normally solvable.

The proofs for Theorems 2 and 3 are based on the following estimate
(see [2]):

x; o 1—aj, ¢
/ y|z 2fﬂk| i p1() e <C p1(t) /
o (@ —xp)? +y?)[t — 2z — iyl |t — |
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and also
Lemma 2 Let p(z) € R. Then
[t +d[{eod /°° yp1(x)dx
sup —_— - < o0,
te(—oo,ay)U(xp,00) Pl (t) oo (& = 1)+ y?)|x + i[teo}
t 4 g|feok  poo z)dx
o A ] polo)de o,
tE(—oo,:cg)U(a:;n,oo) pl( ) —0o0 |t - Zy”.%’ + Z‘

6. Lemma 3 If (5) is not true for some k, 1 < k < m, and oy, is not
an integer, then for any natural p the family of functions

[t — 2y / (z — 2)*"y o)
A, (L) = - —dx
W=y L G (@ DP9 o — ag

18 not uniformly bounded for y € (x}ifl,x;g).
Theorem 4 Let p(t) € R. If (5) is not true for some k, k =1,2,...,m,
and ag, € (0,1) U (1,2), then the problem (1) is not normally solvable.
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Abstract  The problems to find continuous solutions for the model and nonmodel
linear ordinary differential equation of first and higher order with an
interior singular or super-singular point, see [12], are reduced to the
consideration of special cases of linear second kind Volterra type integral
equation. In this paper the general solution to this integral equation is
constructed depending on the power of the singularity and the signs
of the constants K(c+0) = K(c+ 0,¢+ 0),K(c —0) = K(c —0,¢ —
0),K(c) = K(c) (when K(c+0) = K(c—0) = K(c)). In the case,
when K(z,t) = A(t) the solution to this integral equation is found in
an obvious form.

Keywords: Volterra integral equations, singular points, explicit solutions

Mathematics Subject Classification (2000): 45D05

1. Assumptions

Let I'p = {a < x < b} be an open intervall on the real axis and ¢ € Ty.
In T =T¢ \ {c} we shall consider the integral equation

xT

K(x,t

o)+ [T detna = f). wer, )
C

where ¢(x) is an unknown function, f(x),K(z,t) are given functions

in I' and the rectangle R = {a < z < b,a < t < b},a = const > 0,

respectively.
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Moreover, assume that f(z) € C(I') and it may have a first kind
singularity at the point x = ¢, K(x,t) is continuous everywhere in R
besides the segments I'y = {a < z < b,t = ¢},T'y = {x = ¢c,a <t < b},
where K (t,t) has a first kind singularity. When K (c £ 0,¢+0) # 0 the
solution to this integral equation will be seeked in the class of functions
o(x) € O(Ty), satisfying in the neighborhood of the point z = ¢ the
condition

o(x) =ollzr — |,y >a—-1,asz — c£0.

2. A special kernel

In the first part in this work, we investigate the integral equation (1)
in the case, when K (z,t) = A(t), that is the integral equation

X
o)+ [ Foeltd = fla), ace Ty 2
(&

As in the theory of one-dimensional singular integral equations [11] the
integral equation (2) will be called the characteristic integral equation
corresponding to the integral equation (1). Without investigating the in-
tegral equation (2), it is not possible to develop the general theory of the
integral equation (1). In this part of the work the solution of the integral
equation (2) will be found in explicit form in depence of the constant
ala < 1,a=1,a > 1), the signs of the constants A(c—0), A(c+0), A(c)
(in the case, when A(c —0) = A(c+ 0) = A(c)) and of some conditions
on the functions A(z) and f(x) in the neighborhood of the singular or
super-singular point z = c¢. All possible cases will be investigated.

[1]-[10], [13] are dedicated to investigations of Volterra type integral
equations and systems with left and right fixed singular and super-
singular kernels.

In the case when K(x,t) = A(t),a = 1, we have the following state-
ment.
Theorem 1 Let in equation (2) a =1, A(t) € C(T'), the point x = ¢ be
a first kind singularity for A and in the neighborhood of the point x = ¢
the conditions

Alx) — Ale£0)] < Hiflz — ™, 31 >0, (3)

A(c+0) < 0,A(c — 0) > 0 be satisfied. Let the function f(x) € C(To)
vanish at the point © = c and its behaviour be determined by the asymp-
totic formulas

f(z) =o[(c—x)?], 72> A(c—0), as x—c—0, (4)
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f@)=ol(x =), 1 >|Alc+0)], as z—c+0. (5)

Then the integral equation (2) is always solvable and its general solution
from the class C(T') is given by

o(x)= (o= z)He? eXp[_WX,El(x>]Cl + K~ [f], when a <z <eg,
(x — c)—A(c+0) exp[WX”cl (2)]e2 + K+[f], when ¢ <z < b,

(6)

where c1,co are arbitrary constants,

Wre(e) = / Ale=0) - A®) 4, W () = / At) ~Alc=0)

/T e /T ao
)
K= @)+ [(EEDA expli () - Wit 01 2 (0t
0
KA = ) = (DA expli o) - Wi 012 (0.
)

Remark 1 A solution of type (5) satisfying the conditions of Theorem 1,
vanishes and its behaviour for x — ¢=£0 is determined by the asymptotic
formulas

o(z) = o(c — )], when z—c—0, (10)

and

o(z) = o(z — )4t when z — c+0. (11)
In the case, when A(c+ 0) > 0, A(c — 0) < 0 we have the following
statement.
Theorem 2 Let in the integral equation (2) A(t) € C(T'), having at
the point x = ¢ a first kind singularity and satisfying the condition (3),
A(c+0) > 0,A(c —0) < 0. Let the function f(x) € C(T'), having at
the point x = ¢ a first kind singularity. Then the homogeneous integral
equation (2) in the class C(To) has no solution except zero. The solution
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of the non homogeneous integral equation (2) has a unique solution, given
by

_ | K7[f], when a<uz<c,
(‘0<x)_{K+[f], when ¢ <x <b. (12)

From the integral representation (12) follows:
Remark 2 When the conditions of Theorem 2 hold, the solution (12)
vanishes at © = ¢, and as x — ¢+ 0 it satisfies the equality

o(c—0) =¢(c+0)=0. (13)

Remark 3 Similar assertions as in Theorems 1,2 may be obtained in
the following cases:

1) K(x,t) = A(t),a=1,A(c+0) < 0,A(c—0) < 0;
) K(x,t) = A(t),aa=1,A(c+0) > 0,A(c—0) > 0;
3) K(x,t) = A(t),a=1,A(c+0) = A(c—0) = A(c) < 0;
) K(z,t) = A(t),a =1,A(c+0) = A(c—0) = A(c) > 0.
In the case, when K (x,t) = A(t),a > 1, we have the following state-

ment.
Theorem 3 Let in the integral equation (2) a > 1, A(z) € C(T'), having
a first kind singularity at the point x = ¢ and satisfying

|A(z) — A(c+0)| < H |z — [, 71 > a — 1. (14)

Besides let A(c+0) < 0, A(c —0) > 0. Let the function f(z) € C(I),
vanish at the point x = ¢ and its behaviour at x — ¢ £+ 0 be determined
by the asymptotic formulas

f(x) = olexp(=A(c = 0)wg () (c — )], 72 >a—-1, (15
asx — c— 0, and

f(x) = olexp(A(c + 0)wg (2))(x = ¢)”], 3 >a—1,  (16)

asxt — c+0.

Then the integral equation (2) is always solvable and its general solu-
tion from the class C (L) contains two arbitrary constants. The solution
s given by the formula

| exp[-A(c - 0)wi () — Wi (@)]er + K5 [f], when a <2 <,
ple) = explA(c+ 0)wd(x) — Wif(m)]cz + KX[f], when ¢ < x < b,
(17)
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where w%(x) = [(a — 1)|z — ¢|* Y71,

Ko [f1= f(a) + /(C — 1) “A(t) exp[A(c — 0)(we (1) — we'(z))

xT

AW (@) = W 2 ()] f (D)t (18)

xT

Ky f] = fa) - /(t —¢)" A(t) exp[A(e + 0)(we' (2) — we (1))

W (2) = WAL (O] f (B)at, (19)

where c1, co are arbitrary constants, and W;’ca(x),Wz’Ca(x) are deter-
mined in formula (7).

From the integral representation (17) it follows
Remark 4 If the assumptions of Theorem 3 are satisfied, the solution
(17) vanishes at « = ¢ and its behaviour for  — ¢ £ 0 is determined by
the asymptotic formulas

o(x) = olexp(—A(c — 0)wi(x))], as z —c—0, (20)

and
o(x) = olexp(A(c+ 0)wd(z))], as x—c+0. (21)

In the case, when A(c+0) > 0, A(c — 0) < 0, we have the following
statement.
Theorem 4 Let in the integral equation (2) o > 1, A(xz) € C(T),
having in the point x = ¢ a first kind singularity and in the neighborhood
of the point x = c satisfying condition (14). Besides let A(c + 0) >
0, A(c—0) < 0. Let the function f(x) € C(Ly), vanish at the point & = ¢
and its behaviour at x — ¢+ 0 be determined by the asymptotic formula

fl@) =ollt =[], m>a—1 (22)

Then the integral equation (2) has a unique solution, which is given by
formula (17) with ¢; = c3 = 0.

We get from Theorem 4
Remark 5 If the conditions of Theorem 4 are satisfied, the solution
(17) with ¢; = ¢o = 0 vanishes at = ¢ and its behaviour for x — ¢+ 0
is determined by the asymptotic formula

plr) =of|x —c[M™), m>a-1 (23)
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Remark 6 A similar assertion as in Theorems 3,4 may be obtained in
the following cases:

1) K(z,t) = A(t),a > 1, A(c+0)
2) K(z,t) = A(t),a>1,A(c+0)
3) K(x,t) = A(t),a>1,A(c+0)
4) K(z,t) = A(t),a > 1, A(c+ 0)

<0,A(c—0) <0
> 0,A(c—0) > 0;

= A(c—0) = A(c) < 0;
A(c—0) = A(e) > 0.

7

3. General kernel

Theorem 5 Let in the integral equation (1) a = 1, K(z,t) € C(R\(T1 U
Iy)). In T'1,Ty let K(t,t) have a first kind singularity. Besides let
K (x,t) satisfy the following conditions

Kz, t) — K(t,t §chfas‘slcft52 a<zx,t<c
K (1) , : , ;

01 > K(c—0), 62 > 0; (K1)

|K (z,t) — K(t,t)] < Hy(z — )% (t — )%, ¢ < x,t < b;
93 > |K(c+0)], 64 > 0; (Ks)
|K(t,t) — K(c+0,c¢40)| < Hs|t — [, 65 >0 (K3)

ast— c+0 and K(c—0)>0,K(c+0) <0. Let the function f(x) €
C(Ty) and as © — ¢ £+ 0 vanish. Moreover, its asymptotic behaviour in
the neighborhood of the point x = c¢ is assumed to be

f(@) = ol(c—2)*], 6> K(c—0), at z—c—0; (f1)
and
f(x) =o[(x — )], 07 > |[K(c+0)|, at x—c+0. (f2)

Then the integral equation (1) is always solvable and its solution from
the class C(I') is given by the formula

(2) = El[c1, f(z)], at a<z<e,
2 = E;

Flea, f(2)], at c<a<b, (24)

where c1,co are arbitrary constants.
In (24) the integral operators E and Efr are determined by the for-
mulas

C

O ler. f(@)] ~ [ T3 .09 ler, FO)d,

x

Ei [e1, f(2)]

T

ez f(@)+ [ T 0,02 lea. F(0),

C

Efco, f(2)]
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[ (z,t), T] (x,t) are resolvents of the integral equations

C

o)+ [ T80 gt = 07 ey, (@), (25)
prto)+ [ B oy = Ofen, 1), (26)

where
Ki(z,t) = (K(z,t) — K(t,1))

t
N /(C =2y k=0 B8 e - ) exp(Wye's (s) = Wi, (a)]ds,

c— S c— S ’

Ky(z,t) = K(x,t) — K(t,t)

r —cC §—C

- / (E)K@W)M(K(s, t) — K(t,1)) exp[ W, (@) — Wik (s)lds,

O [er, f(2)] = (¢ — ) KD exp(—Wk(z)er + K [f),

Of o2, f(@)] = (z — o) KO exp[W,0 ) (2)]ea + KT[f],

C—XT

)T exp[Wie (1)

" fo)dt, a <z <c,

KHf) = fa) - / (LC R0 exp i) ()

r —cC

—W;;j(t)]lj(_t’z)f(t)dt, c<z<b

Remark 7 A similar assertion as in Theorem 5 may be obtained in the
following cases:

1)a=1,K(c—0)=K(c—0,c—0) <0,K(c+0) = K(c+0,c+0) > 0;
2)a=1,K(c—0)<0,K(c+0) <0;

3) a=1,K(c—0)>0,K(c+0)>0;
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4)a=1,K(c+0)=K(c—0)=K(c) > 0;
5)a=1,K(c+0)=K(c—0)=K(c) <0.

In the case, when o > 1, K(x,t) # A(t) we have the following state-
ment.
Theorem 6 Let in equation (1) a > 1, K(x,t) € C[R\(I'1 UTy)]. Let
K(t,t) have a first kind singularity in T'1,T's and in the neighborhood of
the point x =t = ¢ let K(z,t) satisfy the conditions

K(x,t) = K(t,1) = ofexp(—K (¢ — 0)wg (x)) (¢ — )], (KT

f1>a—-1, as (z,t) = (c—0,c—0),a<z,t<c
(o) = K(t,1) = ofexp(K (e + 0w2(@)(t — %), (K§)
Bo>a—1, as (z,t) = (c+0,c+0), c <zt <b;
K(z,z) — K(c+0,c40) = o(|z — ¢|®), B3 > a — 1; (K$)
K(c—0) > 0,K(c+0) <0, where K(c+0) = K(c+0,c+0),K(c—0) =

K(c—0,c—0). Let the function f(x) € C(Ig) and as x — ¢+ 0 satisfy
the conditions

f(:c):o[exp(—K(c—O)w?(w))(c—:c)ﬁ‘*],54 >a—1,as x —c—0, (ff)

f(@)=olexp(K (c+0)w (2)) (x =), 5 > a—1, as x — c+0,  (f§)

respectively. Then the integral equation (1) is always solvable and its
general solution from the class C(Ty) is given by the formula

o(z) = { Ej[c1, f(x)], when a<zxz<c¢

"\ Eflen f(@), when c<z<b, (27)

where c1,co are arbitrary constants.
The integral operators E, and EI in (27) are determined by the
formulas
By len J@) = Oler, f@) + [ T 0% ler, f(0)d,
B fea S (@) = O lea, f@)] + [ T 09 ea. F(O)d,
where T, (z,t),['} (x,t) are the resolvents of the integral equations
p1(z) — /(C — 1)K, (z,t)e1(t)dt = Q, (1, f(x)), (28)

T
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xT

pa(z) + /(t — ) K] (2, t)pa(t)dt = Qg (c2, f(2)), (29)

[

where

K, (z,t) = K(z,t) — K(t,t) — /(c —8) YK (s,s)(K(s,t) — K(t,1))

x exp[K (¢ — 0)(wi(s) — we () + Wi (s) = Wi (2)]ds,

K (z,t) = K(x,t) — K(t,t) — /(s —¢) K (s,8)(K(s,t) — K(t,t))
X explK (¢ + 0)(w(z) — w(5)) + W o (2) — Wit ()ds,
Qg [er, f(2)] = exp[-K (¢ = 0)wg (z) — Wi ()]er + K [f],
Of [ez, f(2)] = exp[K (¢ + 0)wg (z) — Wy (2)]ez + KL [f].

Remark 8 A similar assertion as in Theorem 6 may be obtained in the
following cases:

1)a>1,K(c—0)<0,K(c+0)>0
2)a>1,K(c—0)<0,K(c+0)
3)a>1,K(c—0)>0,K(c+0)>0;

4) a>1,K(c+0)=K(c—0)=K(c) > 0;
5)a>1,K(c+0)=K(c—0)=K((c) <0.

In the proofs of the mentioned statements, we essentially use the rela-
tion of the characteristic integral equation (2) and the theory of ordinary
differential equations with singular and super-singular coefficients [12].
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Abstract  The mixed boundary value problems, particularly contact problems in
elasticity theory are not infrequently reduced to the solution of singu-
lar integral equations with generalized Cauchy kernel, which are also
called equations with unmoved singularity. Solving these equations is
connected with certain difficulties.

The quadrature formulas of the highest algebraic precision for singu-
lar integral equations are obtained and the effectiveness of their appli-
cation for solving similar equations is shown in the present work.

Keywords: singular integral equations with Cauchy kernel, unmoved singularity,
quadrature formulae, compound elastic plane, cracks

Mathematics Subject Classification (2000): 45E05, 74B05

1. Introduction

The application of the Gauss type quadrature formulae for solving
different types of singular integral equations is represented in work [1].
This work has an important significance, taking into account the wide-
ness of the represented material and the successful selection of problems
in order to represent the methods of investigating the behaviour of solu-
tions at the singular points and the solution of different types of singular
integral equations. However, unfortunately, there is no uniform method
and the reduction of singular integral equations to systems of algebraic
equations mainly has no justification, so far as Gauss type quadrature
formulas, applied for ordinary integrals, are formally accepted to hold
for singular integrals in the mentioned work. The validity of the last
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statement was shown for some weight functions and it was evidently the
base for the generalization for wider classes of weight functions. The
other method, the method of orthogonal polynomials is represented in
the case of singular integral equations of the second kind, taking into
account the impossibility of a formal approach.

The method of discrete singularities is the universal method for ob-
taining quadrature formulae of highest algebraic precision for singular
integral equations with Jacobi weight function (1—2)%(1+z)°(Rea, 5] >
—1).

The application of the method of discrete singularities to solutions of
singular integral equations of the second kind with real coefficient of the
free term is shown in the work [2], and with complex coefficient in the
work [3]. It is noticed that the system of algebraic equations obtained
for the first kind singular integral equations completely coincides with
the system in the work [1].

Taking the fundamental character of the work [1] into account, in
the present work we will follow the thesis of this work and compare it
with results, obtained there. Since in this case the comparison with
approximate solution is considered, the solution of problem for the half-
plane with crack on the border, which is reduced to the exactly solved
similar equation [6], is also considered.

2. The description of the method of discrete
singularities

Let consider the singular integral

1
I(z) = (1-2)*1+=x)’dx z€C,z# £1; Re [o, 8] > —1,(1)
r—z
-1

where f(x) is a function, satisfying a Holder condition in the interval
(—1,1) and in the case of complex « and (3 has an analytical continuation
into the complex plane.

For the calculation of the integral I(z) let us substitute the function
f(z) by the following interpolation polynomial [4]

o 2 " [P (@)
f@)~ fal@) = T B+1 ; (v — &) P (&) ¥

where f; = f(&) and {&}}_, are the roots of the polynomial pieP) ().
Substituting (2) into (1), changing the order of integration and sum-
ming up and using the famous integral relation for the Jacobi polyno-
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mials [5]

)

[22a-ora a3 W0 g xa @
21

xr—z .
=1

is obtained, where

i : 2 (e ai(z) = Q)
SRR R e T M T

A(Z)2F1(n+1,n+a+1;2n+a+5+2;i2z) ’
QA (z) =

2 poarsl(n+a+1DI(n+B+1)

Al@) = (;=7)"2 TCn+a+tph+2)

It is noticed that formula (3) is true on the whole complex plane,
which is cut along the interval (—1,1) and for multi-valued functions

ga’ﬁ ) (z) the branch, having positive values for z > 1, is chosen.
By a similar way

1

/f(a:)(l —z)(1+ x)ﬁdx ~ szf(51)7 Re(a, ) > —1, (5)

-1 =1

is obtained.

The formulae (3) and (5) are quadrature formulae of the highest al-
gebraic precision. The formula (3) is precise, when function f(z) is the
polynomial of degree (n — 1) or less, and formula (5) is a polynomial of
degree (2n — 1) or less.

3. Some examples

In order to show some applications and results of the method of dis-
crete singularities on solution of the singular integral equation with un-
moved singularity let us consider the solution of two problems, described
by the equation

1 1

/tF_(t;dt + /K(:v,t)F(t)dt =7f(z) (-l<z<1) (6)
1 el
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where
d? 1
dx? ]t +ax+2°

Problem 1 is the problem for a compound elastic plane, consisting of
two semi-planes, in one of which there is a crack, perpendicular to the
joining line. The approximate solution is given in work [1].

Problem 2 is the problem for an elastic semi-plane with crack on the
boundary, at the banks of which the normal load is acting. The precise
solution is given in [6].

For Problem 1 the following condition should be added to equation

(6)

K(z,t) = [co—l—cl(1+m)di+02(1+x)

1

/ F(t)dt =0 (7)
-1
and cg, c1, co are constants, depending on the ratio of the shear modules
and the Poisson coefficients of the semi-planes. For Problem 2 there
are equation (6) and ¢ = —1,¢1 = —6,¢co = —2. The function F(¢) is
represented in the form

F(t)=(1-t)*1+t)g(t) (-1<t<1), (8)

where o = —0.5 and [ is determined from the transcendental equation
2dycosm(B+1) —da(B+1)%2 —ds = 0, where dy, da, d3 are also dependent
on the ratio of the shear modules and the Poisson coefficients of the
semi-planes for Problem 1, and § = 0 for Problem 2.

Substituting (8) in equations (6) and (7), replacing integrals by their
quadrature sums in accordance to formulae (3) and (5) and equating the
left and right parts of equations in certain points, the following algebraic
equations are obtained:
for Problem 1

Z wig fz %(xk)] R(Eu 7174:)] = ﬂ-f(xk)’

Z wig(&) =0,
i=1

(2k — 1)m

= =1,2,..,n—1
2(n_1) (k Y Y ?n )7

T = COS

for Problem 2

Zwl 2 R ] = mr) (10)

'L
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(2k — D)

k=1,2,...
2n ( J Y ?n)?

Y = COS

where
d2 1-— q,;(—x — 2)

d
R(&i,z) = [Co+01(1+$)%+62(1+$)2W] [N

In work [1] the equations (6), (7) are reduced to the system of algebraic
equations on the base of quadrature formulae, coinciding with (5), which
is formally accepted as true for the singular integrals in equation (6).

The values of the coefficients of strains concentration at the ends of
the cracks, calculating after solution of the system (9), are represented
in the Table 1. In order to compare values the Table VIII of the work
[1] is repeated here.

Table VIII Table I
p(z) = po w2/ p1 = 23.08 p(z) =po p2/p1 = 23.08
N 36) =(a) " 36) (@)
po(ag)0-® po(ag)0® po(ap)0-® po(ag)?

20 | 0.883063 2.630084 4 0.882438 2.871765
40 | 0.882811 2.624819 5 0.882529 2.828266
48 | 0.882759 2.624475 8 0.882541 2.800096
60 | 0.882716 2.624176 13 | 0.882542 2.799114
98 | 0.882650 2.623657 20 | 0.882542 2.800435

The comparison of the values N and n, represented in tables, is
shown that using formula (5) for the singular integrals is beside the
purpose. Besides, it is noticed that in the present work values g(+1)
are determined by the interpolation formula (2), while in work [1] the
authors assert that more stable results for the mentioned values were
obtained by ignoring the g(¢1) and g(tx) values and using formulae of
quadratic extrapolation, based on the following or previous three values
g(ty) (k=2,3,4dand k=N —-3,N -2, N —1).

The calculation results of system (10) are represented in Table 2.

Table 2
n | Calculated value | Precise value
4 1.121819 1.121522
6 1.121449 1.121522
9 1.121513 1.121522
12 1.121521 1.121522
16 1.121522 1.121522
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There are values of interpolation degree in the first column, and cal-
culated values of the coefficient of stress concentration at the inner end
of the crack in the second column and precise values, calculated by the
analytical formula, obtained in work [6] in the third column.
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1. The Connections

Let G be a locally compact and Hausdorff group endowed with a
left Haar measure pu. Let X be an infinite-dimensional, separable and
complex Hilbert space in which the inner product and norm are denoted
by (,) and ||| respectively. A unitary representation = of G on X is
said to be square-integrable if there exists a nonzero element ¢ in X
such that

[ e n(e)e)P dutg) < o
G

This is known as the admissibility condition for the square-integrable
representation m of G'on X, and we define the constant c, by

c<p=/G|(so,7T(g)<p)l2du(g)-

We call ¢, the wavelet constant associated to the admissible wavelet ¢.
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Theorem 1 Let w be an irreducible and square-integrable representation
of G on X. If ¢ is an admissible wavelet for w, then

(2.y) = - /G (2, 7(9)) (n(9) 0. v) dis(g)

Cp
for all x and y in X.
Remark 1 In order to understand the formula in Theorem 1 better, let
us note that it tells us informally that

I= é G(-m(g)w)ﬂ(g)sodu(g),

where I 1is the identity operator on X. In other words, the ident-
ity operator I on X can be resolved into a sum of rank-one operators
%(-,W(g)np)w(g)go, which are parametrized by elements g in G. Thus,
the formula in Theorem 1 is known as the resolution of the identity
formula.

Theorem 1 is an abridged version of Theorem 7 in the paper [9] by
Grossmann, Morlet and Paul, where the original contributions of Duflo
and Moore in [8] are acknowledged. Chapter 14 of the book [7] by
Dixmier is devoted to square-integrable representations. See also the
paper [4] by Carey and the book [16] by Wong in this connection.

Let F € L'(G) U L>°(G). Then for all z € X, we define Lg,x by

1
(Lrpz,y) = C—/GF(Q)(%W(QM)(W(g)w,y) dy(g)
©
for all 4y in X. Then we have the following boundedness results, which
are well-known and in fact very easy to prove.
Theorem 2 Let F € LY(G). Then Ly, : X — X is a bounded linear
operator and

1
Il < —IFllzic),
©

where || ||« is the norm in the C*-algebra of all bounded linear operators
from X into X.

Theorem 3 Let F' € L*>*(G). Then Lpy, : X — X is a bounded linear
operator and

ILFolls < I FLoe ()

The bounded linear operators L, : X — X are dubbed localization
operators in the paper [10] by He and Wong. The impetus for the termi-
nology stems from the simple observation that if F'(g) = 1 for all g in G,
then the resolution of the identity forumla in Theorem 1 implies that the
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corresponding operator is simply the identity operator on X. Therefore
the function or the symbol F' is there to localize on G so as to produce
a nontrivial bounded linear operator on X with various applications in
the mathematical sciences.

Many deeper properties of localization operators than Theorems 2
and 3 can be found in the book [16] by Wong.

As a prime example, localization operators on the Weyl-Heisenberg
group are analyzed. To recall, we let

(WH)" = R" x R" x R/27Z.
Then we define the binary operation - on (W H)" by

(q1,p1,t1) - (g2, 02, t2) = (q1 + g2, p1 + D2, t1 +t2a+q1 - p2)

for all (q1,p1,t1) and (g2, p2,t2) in (W H)™, where g1 - p2 is the Euclidean
inner product of ¢; and po in R™; ¢1, ¢t and t1+to+¢qq -p2 are cosets in the
quotient group R/27Z in which the group law is addition modulo 2. It
is easy to prove that with respect to the multiplication -, (W H)" is a non-
abelian group in which (0,0,0) is the identity element and the inverse
element of (¢,p,t) is (—q,—p,—t + q - p) for all (¢,p,t) in (WH)™. In
fact, (WH)™, equipped with the multiplication -, is a unimodular group
on which the left (and right) Haar measure is the Lebesque measure on
R™ x R™ x [0,00). It is known as the Weyl-Heisenberg group.

Let U(L?(R™)) be the set of all unitary operators on L?(R"™). Then
it becomes a group with respect to the usual composition of mappings.
We let 7 : (WH)" — U(L?*(R™)) be the mapping defined by

(m(q,p, £) f) () = "@T+34PHD £ (5 4 p)

for all z in R™, (¢, p,t) in (WH)™ and f in L?(R™). Then it can be shown
that 7 is an irreducible and square-integrable representation of (W H)™
on L?(R™), which is called the Schrédinger representation. It is a fact
that every function ¢ in L*(R™) with [l¢||;2s) = 1 is an admissible
wavelet for 7. The wavelet constant ¢, for every admissible wavelet ¢
is equal to (27)" 1.
The following result can be found in the book [15] by Wong.

Theorem 4 Let F be a function in L*(WH)™) such that

F(q,p,t) = o(q,p)

for all (q,p,t) in (WH)™. Let ¢ be the function on R™ defined by

o(zr) = a2y e R
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Then the localization operator L, : L*(R™) — L*(R™) associated to the
symbol F' and the admissible wavelet ¢ is the pseudo-differential operator
associated to the symbol o x A given by

(Lrguv)mn = @0 [ [ (@M@ OW ()@, dods
for all u and v in L*(R™), where o * A is the convolution of o and A,

A(.’IJ, 5) - W—ne—(\x|2+|§\2), €, 5 € Rna

and W (u,v) is the Wigner transform of u and v defined by

“rues )6
e U ZL‘+2 vl|x 5 dp

n

W (u, 0)(x, €) = (2m)"5 /

for all x and £ in R™.

In the case when u = v, W(u, u)(x,§) is the substitute used by Wigner
in [14] for the joint probability distribution of position z and momentum
£ in the state v in quantum mechanics.

That localization operators can be studied in the context of anti-Wick
quantization is carried out in the book [1] by Boggiatto, Buzano and
Rodino, the paper [2] by Boggiatto and Cordero and also the book [12]
by Shubin.

Another canonical example is provided by localization operators on
the affine group, which we now recall. Let U be the upper half plane
given by

U={(bya):beR, a>0}.

Then we define the binary operation - on U by
(b1,a1) - (ba, a2) = (b1 + a1b2, a1a2)

for all (b1,a1) and (ba,a2) in U. With respect to this multiplication, U
is a non-abelian group in which (0, 1) is the identity element and the
inverse element of (b,a) is (—b/a, 1/a) for every (b,a) in U. The left and
right Haar measures on U are given by

dbda

du = "

and dbd
dv = a4

a

respectively. Therefore U is a non-unimodular group, which is called the
affine group.
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Let H?(R) be the subspace of L(R) defined by

H2(R) = {f € L*(R) : supp(f) C [0,00)},

where supp( f) is the support of the Fourier transform f of f. The

Fourier transform f of a function f in L2(R) is chosen to be the one
defined by

for all ¢ in R, where the convergence is understood to take place in
L?(R). We define H? (R) to be the subspace of L?(R) by

H2(R) = {f € L*(R) : supp(f) C (—o0,0]}.

H2?(R) and H2(R) are known as the Hardy space and the conjugate
Hardy space respectively. They are closed subspaces of L?(R). Only the
Hardy space H?r (R) is considered in this paper.

Let U(H2%(R)) be the group of all unitary operators on H?(R). Let
m:U — U(H2(R)) be the mapping defined by

(w(b,a)f)(w) = \}a (x - b)

forall z in R, (b,a) in U and f in H2 (R). Then it can be proved that 7 is
an irreducible and square-integrable representation of U on H2 (R). The
following characterization of admissible wavelets for 7 is a well-known
result in wavelet theory.

Theorem 5 The set of admissible wavelets for w consists of all functions
¢ in H2(R) for which lellew) =1 and

/OO \¢(§)|2d§ < o,
0 §

Moreover, the wavelet constant c,, for every admissible wavelet ¢ is given

by o0 |, 5 2
co=2n [ @dg

Proofs of Theorem 5 can be found in the book by Daubechies [6] and
the book by Wong [16].
Theorem 6 Let F' be a function in L*°(U) such that

F(b,a) = 5(b)
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for all (bya) in U. Let ¢ be an admissible wavelet for w. Then the
localization operator Lg, : H2(R) — H2%(R) associated to the symbol F
and the admissible wavelet o is given by

(L, v) o) = i / B(y)py(u, v)(y) dy

for all w and v in H%(R), where

(x) = p(-z), z€eR,

Y, 1s the Friedrich mollifier of 1 defined by

daw) =20 (%), zeR

and py(u,v) is the paraproduct of u and v with respect to the admissible
wavelet Y given by

pola o)) = [ )G o0y

for all y in (—o0, 00).

Theorem 6 is due to Rochberg [11] and is made precise in the paper
[17] by Wong. It should be remarked that the notion of a paraproduct is
rooted in Bony’s work [3] on linearization of nonlinear partial differential
equations. Several versions of paraproducts exist in the literature. We
are using the one studied in the work [5] by Coifman and Meyer.

It is interesting to note that the formula for localization operators
on the affine group is like the one for the Weyl-Heisenberg group. For
the affine group, we have the inner product of G with the paraproduct
py(u,v). For the Weyl-Heisenberg case, we have the inner product of
o x A with the Wigner transform. Thus, the paraproduct can be thought
of as the Wigner transform on the affine group.

The aim of this paper is to consolidate this theme with the Lie group
SU(1,1). We first give in Section 2 a recall of the Lie group SU(1,1)
and its discrete series representations. The reason for using the discrete
series representations of SU(1,1) is that they are infinite-dimensional,
irreducible and square-integrable. That this is indeed the case is proved
in Section 3. In Section 4, we show that localization operators associated
to specific symbols on SU(1,1) and a specific admissible wavelet, i.e., the
vacuum state, for the discrete series representations, are given in terms of
a paraproduct. This paraproduct can be used as the Wigner transform
on SU(1,1).
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2. Discrete series representations of SU(1,1)

Let SU(1,1) be the set of all 2 x 2 matrices f b , where o and
0 @
3 are complex numbers such that |a|? — |3|*> = 1. With respect to ma-
trix multiplication, it is a non-abelian group, which we call the pseudo-
unitary group. According to the Cartan decomposition of SU(1,1), every
element ¢ in SU(1,1) is of the form

g = ugaiuy, 0< ¢ <4m, t>0,0<y <2,

where
ei9/2 0
Ugp = ,
¢ 0 e~ 10/2
eiv/2 0
U =
v 0 e~ /2
and

cosh (¢/2) sinh (¢/2)
sinh (¢/2) cosh (¢/2)

ay —

In fact, for 0 < ¢ < 4w, t > 0 and 0 < ¢ < 27, we have
o = @)/ 2cosh(t/2)

and
B = e/ 25inh(t/2).

The Cartan decomposition of SU(1,1) as given is Proposition 5.2 in
Chapter 5 of the book [13] by Sugiura.
In order to compute the Haar measure on SU(1,1), we recall the special

a
linear group SL(2,R), which consists of all 2 x 2 matrices with

c d

real entries and such that ad — bc = 1. It is well-known that SU(1,1)
acts on the unit disk with center at the origin, while SL(2,RR) acts on
the upper half plane. In fact, they are related by the equation

SU(1,1) = C'SL(2,R)C~ 1, (1)
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where C' is the unitary matrix given by

V2 i1

According to the Iwasawa decomposition of SL(2,R), every element g in
SL(2,R) is of the form

g =koayng, 0<0<4m teR, §eR,

where
. cos (0/2) sin(0/2)
0 — )
—sin (0/2) cos(6/2)
et/? 0
oy =
0 e /2
and
IS
Ne =
¢ 0 1

In fact, for 0 < 6 < 4m, t € R and £ € R, we have

. a—1ic
610/2 _

M
va? 4+ c?
el = a2 +62

and
ab+ cd

&= a?+c?’
It follows from the Iwasawa decomposition that we can think of SL(2,R)
as the set [0,47) x R x R, which becomes a non-abelian group when
equipped with the multiplication induced by the matrix multiplication
in SL(2,R). It is proved on page 266 of the book [13] by Sugiura that
SL(2,R) is a unimodular group on which the left and right Haar measure
v is given by

/SL@R)f(g )dv(g / / /Mf&tged@dtdf,

for every continuous function f on SL(2,R) with compact support. Us-
ing this Haar measure on SL(2,R), the identification of SU(1,1) with
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SL(2,R) via (1), and the Cartan decomposition, it is proved on pages
267 and 268 that SU(1,1) is also a unimodular group and the left and
right Haar measure y on it is given by

1 27 [e's) An '
/SU(M)f(Q)dM(Q)—E/O /0 /0 f(@,t,) sinht de dt dyp

for every continuous function f on SU(1,1) with compact support. For
the sake of computations, it is helpful to think of SU(1,1) as the set
[0,47) x [0,00) x [0,27), which becomes a non-abelian group on which
the multiplication is the one that comes from the matrix multiplication
in SU(1,1) and the left and right Haar measure p is given by

1
dp = —sinht deo dt di.
4

Thus, SU(1,1) is a unimodular, locally compact and Hausdorff group.

We can now introduce infinite-dimensional, irreducible and unitary
representations of the pseudo-unitary group SU(1,1). To this end, we
let D be the open unit disk with center at the origin in the complex
plane. For n € 3Z with |n| > 1, we let X,, be the set of all analytic
functions v on D such that

2n —1
n / ()P — |2[2)2"%dz < oo,
m D

where dz is the Lebesque measure on C. Thus, X, is a Hilbert space in
which the inner product (, )y, is given by

n

_2n—1
o

(u7 v)Xn

/ w(2 (D) (1 — [#[2)2"2d
D

for all v and v in X,,. We now let U(X,,) be the group of all unitary
operators on X,, and let 7, : SU(1,1) — U(X,,) be the mapping defined

by
az—l—ﬂ)
B+a

(ra(au)(2) = (B + )
for all g in SU(1,1) with
P
8 @

and all v in X,,. It is well-known that =, is an irreducible and unitary
representation of SU(1,1) on X,,. The representations m,, n € %Z, In| >
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1, are known as the discrete series representations of SU(1,1) on X,.
We assume that n > 1 in this paper. The irreducible and unitary rep-
resentations of SU(1,1) are computed in Chapter 5 of the book [13] by
Sugiura.

3. Square-Integrability

Let 1 be the function on D defined by 1(z) = 1 for all z in D. Then
we have the following results.
Theorem 7 Forn € 3Z with n > 1, we have ||1|x, = 1.
Proof Using the inner product in X,, and polar coordinates, we get

2n —1
1, = 2 [ AR PR
_ 27
= 2n 1 / / 2" 2rdrde
_ 27
= r2”_2dr do = 1.
O
Theorem 8 Forn € %Z with n > 1, we have
21 o] 47 A
A / / ’(17Wn(¢at:w)l)Xn‘QSinhtdqbdtdw = .
0 0 0 2n —1

Proof For 0 < ¢ <4m, t>0and 0 <1y < 27w, we have

|(7rn(¢a t, 77&)17 1)Xn|

2n — 1 ; t o
_ o /(—elgsinh (—)z—l—e 2cosh< >> — |2[?)*"?dz
m D 2
2n
_ 2ol /cosh2”< )(1 Z‘z’tanh( ) > )22y
T D
-1 o - ity [ L
- - /cosh ( >Z< ) tanh 9
D 1=0
_on [t 2\2n—2
'/ cosh <§> (1—12]%) dz

2" 2rdr dﬁ‘

(1 = |22 2ds] = 27

= 2n — 1cosh_2” ( )
™
t
= h=2n (2
cos <2) ,

27
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where

(—l2n> _ (=2n)(-2n- 1)1-! (=2 —1+1)

Thus, if we denote the integral in Theorem 8 by I, then

o
I = 27r/ cosh™*"sinh t dt
0

o0 t t
= 47r/ cosh~4n+1 <—> sinh (—) dt
0 2 2

— 8%/0075_4”+1dt: Am
1 27’L — 1

and the proof is complete. O

In light of Theorems 7 and 8, we see that for n € %Z with n > 1,
the discrete series representations m, : SU(1,1) — U(X,) are square-
integrable, the function 1 is an admissible wavelet for each 7, :SU(1,1) —
U(X,) and the wavelet constant for 1 is equal to 47/(2n — 1). The
admissible wavelet 1 is the first element in the orthonormal basis {z* :
k=0,1,...} for X,,. Hence we also call 1 the vacuum state associated
to the discrete series representations of SU(1,1) on X,,.

4. Paraproducts

Let F € L'(SU(1,1)). Then the localization operator L1 : X, — X,
associated to the symbol F' and the admissible wavelet 1 is defined by
2n —1

a7

(Lrau,v)x, = / F(g)(u, m(9)1) x, (n(9)1, v) x, dpg)
SU(1,1)

for all functions u and v in X,,. We can give a formula for Lr; : X, —
X, in terms of a paraproduct when the symbol F' is a function of ¢ only.
Theorem 9 Let F be a function in L*(SU(1,1)) such that

F(¢,t,7) = 1(sinh?t), (¢,t,7) € SU(1,1).

Then the localization operator Ly : X,, — X, associated to the symbol
F and the vacuum state 1 is given by

(Lpau,v)x, = /0 ()P (0, ) (1)

for all w and v in X,, given by

oo
u(z) = Zakzk, z €D,
k=0
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and

e.9]
v(z) = Zbkzk, ze D,
k=0

i X, respectively, where the power series converge absolutely and uni-
formly on every compact subset of D, pr. 1(u,v) is the paraproduct of
u and v associated to the vacuum state 1 of the representation m, of
SU(1,1) on X, and is given by

o) k
_ t
= 1(u,0)(t) = (2n —1)(1 t—2"§ bp(— ) , t>o0.
Proa(u,v)(t) = (2n —1)(1 +1¢) kzoa”<1+t> g

Proof For k=0,1,2,... and g = (¢, t,¢) € SU(1, 1),
(ﬂ-n(g)17 Zk)Xn = <7Tn(¢,t,¢)1, Zk)Xn = <2n - ]‘>€_inw

_9 ,
xcosh™2" <§) ( k:n) e~ *Ptanh® (%) B(k+1,2n —1),

where 3 is the beta function, i.e.,

Blk+1,2n—1) = L Jrr(;)nrfg_ D

For k=0,1,2,...,

<_;”> Blk+1,2n—1)
2n)(2n +1)-- (2n+k — 1) Tk + 1)T(2n — 1)

= (-1
k! I'(2n+ k)
— (1) (2n)(2n+1)---2n+ k- 1T (2n — 1)
I'(2n + k)
(_1)kF(2n —1) (-1

r(2n)  2n—1

Therefore for 0 < ¢ < 4w, t > 0 and 0 < Y < 27,

(W(¢7ta¢)1»zk)xn = e "™ cosh™2" (%) e~ *Ptanh® (%)
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for k=0,1,2,..., and hence

(Lriu,v)x,

2n —1 [ S
= n2 /0 7(sinh?t) Zakbktanh% <%) cosh™4" (%) sinh ¢ dt

k=0
00 [e'¢) k
= o) [0 wb (1) @
k=0

- /O () pna (,0) (8) d,

as asserted. O
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Abstract  The paper describes classes of curves along which the flight of an aircraft
is possible under suitable choice of the initial velocity, reactive force and
fuel consumption. The optimal choice of the flight trajectory depending
on the flight objectives also is detemined.
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1. Introduction

On the actual stage of space technology the optimal choice of power
setting and trajectory towards the target has great importance. These
problems are also closely related to the construction of new types of
aircrafts corresponding to predefined aims. They can be reduced to
some nonlinear differential equations with parameters and to the optimal
choice of these parameters.

The investigation of these problems leads to inverse problems of dy-
namics. Examples of such type of problems are Newton’s problem of
determination of the force, causing the rotation of planets around the
sun and Bertrand’s problem of determination of the force, causing the
movement of a material point along a conic section [1] (Ch. XI, Sec.
222-233). Later such type of problems were considered by Zhukovskii
[2], Meschersky [3], Chaplygin [4], Gorjachev [5], etc. A general approach
to these problems is described in the monograph by Galiulin [6].

However, any special case requires a supplementary investigation in
order to prove the possibility of the flight of an aircraft along a given
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trajectory and to determine the flight basic characteristics. Some results
in this direction were obtained in our papers [7]-[10].

We suppose that the flight takes place near the earth’s surface and the
flight range is small compared with the earth’s radius. So we assume that
the earth’s surface is a plane and the gravity acceleration g is constant.

The aim of this paper is to describe classes of curves along which the
flight of an aircraft is possible under a suitable choice of initial velocity,
reactive force, fuel consumption and to choose optimal flight trajectories.

2. Aircraft flight along a given trajectory

In this section we consider the question of the possibility of a flight of
a wingless aircraft along a given trajectory, with simultaneous action of
the gravity force m(t)g, reactive force Fpg, friction force F., where m(t)
is the aircraft mass at a given moment ¢ and g is the gravity acceleration
directed towards the earth surface, g = 9.8m/sec?.
Let XOY be the coordinate plane, where the positive direction of the
y-axis is directed upward to the earth surface and the z-axis is directed
parallel to the surface. Assume that the aircraft starts from the origin
and moves in the plane XOY, x > 0. It is known [4] that the value of
reactive force is defined by

Fr = —ko———, (1)

where —dm(t)/dt is the aircraft mass decreasing rate, due to fuel con-
sumption, kg is a positive constant that depends on construction of re-
active engine and fuel quality.

We will consider wingless aircrafts moving with velocities smaller than
the acoustic velocity. We have

F.=—&(z,y)V, (2)

where @(z,y) is a nonnegative continuous function of the point (x,y)
and V is the velocity vector of the aircraft. Notice that the coefficient
&(x,y) depends both on aircraft construction and weather conditions.

The flight of an aircraft with varying mass is defined by the well-known
Meschersky’s equation [4]

dV
We will assume that the direction of F g coincides with that of V. Then
\%
Fr=Fr—, (4)

V
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where V is the magnitude of the velocity V. Let V; and V5 be the
components of the vector V on the z— and y—axes. The equation (3) can
be written as

Vi W
av; Vs
m(t)—* = Fre? — w(z,y)Va — gm(t). (6)

As a new independent variable we take x. Then

aviy dVy dx  dW

G de @ A v (7)

aVva  dVs dm _ dm

WA At de ®)
Suppose that the flight is carried out along the trajectory
y=f(x), 0<z<mx, (9)

where f(x) is a three times differentiable function. Differentiating both
sides of (9) by ¢t we get

Vo = fl(x)V1, 0<a <. (10)
Using (1), (7) and (8) the equations (5) and (6) can be written in the

form
dm

FRZ—Vla, 0 <z < x, (11)
dVy Vi
— = Fp— — <z< 12
mV1 dr R % EE(.%',:I/)Vh 0 =T = o, ( )
dV: V
mVld—; :FR%—ae(x,y)Vg—gm, 0 <z <. (13)

Let m; be the mass of consumed combustible along the trajectory (9)
and mo be the mass of the aircraft without combustible. We assume
that mo is fixed, i.e.

m(l’o) = ma. (14)

Thus, the problem is reduced to the resolution of the system of nonlin-
ear differential equations (10)-(13) with boundary condition (14) with
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respect to Vi(x), Va(x), Fr(x) and m(x) in the segment 0 < x < xg.
In problem (10)—(14) the terms f(x), ko, ®(x,y) g and my are known
and ko > 0, &e(x,y) > 0 g = 9.8 and mg > 0. The physical considera-
tions stipulate that Fr(x) is a continuous function, while m(x) Vi (z)and
Va(x) are continously differentiable functions on the segment [0, xg] and

m/(z) <0, m(xz) > mg, Fr(z) >0, V1(0) >0, 0<z<xy. (15)
Let Vi, Va, Fr and m be the solution of problem (10)—(14). We have

my = m(0) — ma,

t:t(:c):/oxvflé), (16)

o dx
toz/o ma (17)

where ¢(z) is the time to fly to the point (x,y) along the trajectory y =
f(z) and tg is the time to fly along the trajectory y = f(z), 0 < z < xo.
Let x = z(t) be the inverse of the function ¢ = ¢(x). From (9) and (16)
we have

r=ux(t), y=f(z®), 0<t<tp. (18)

Therefore, resolving the problem (10)-(14) and using (18) we can find
all the parameters of the flight depending on the variable .

In particular, it follows from the obtained equations that the flight
along the trajectory (9) is possible if and only if the problem (10)—(14)
is solvable.

Theorem 1 For any function &(x,y) the problem (10)—(14) is solvable
if and only if the function f(x) satisfies the conditions:

() <0, f"(x)>0, 0<x< . (19)
Proof Differentiating both sides of (10) by = we obtain
V(a) = f"(@)(V{(2))* + f'(2)V{(z). (20)

Using (9), (10) and (20) the equations (12) and (13) can be transformed
as

Fr(z) _ —ae(x, f(2))Vi(x), 0<w<m,

m@N@Vi@) = —==rrs

(21)
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f(@)Vi(x) = —g, 0<z <, (22)
By (22) we have
() <0, 0<az<ux. (23)

Therefore, (23) is a necessary condition for solvability of problem (10)—
(14). Assume that (23) is fulfilled. Since V;(z) is continuous and V;(0) >
0 we obtain

Vi) = % (24)
Substituting Vi (z) from (24) into (21) we get
Fa(e) = (m(e)is () + 2(o) 20— (25)

where
¢1(l‘) %(ff/g 3/2 v 1+ f/ (26)
Pa(x) = @z, f(2)v1+ (f'(2))

Assume that &(z,y) = 0. Then from (15) and (25) we have
f"(z) >0, 0<z<ua. (27)

Therefore, (27) is also a necessary condition for the solvability of problem
(10)—(14) for any function &(z,y) > 0.

Now we prove that the condition (19) is sufficient for the solvability
of problem (10)—(14). Substituting Fr(z) from (11) into (25) we obtain

—ko dn;ia:) =m(x)Y1(x) + 2(z), 0<z < . (28)

So we have got the differential equation (28) with the boundary condition
(14) to determine m(z). We set

Y3 () —exp( / Pi(T d7->. (29)

A solution of equation (28) with boundary condition (14) is given by

= L " T T)aT 7m2w3($0) x €T
o) = gy, )+ B 0w < @0
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Since ¥1(x) > 0 and o(z) > 0, the functions Fr(x) and m(z) defined
by (25) and (30) respectively, satisfy (15). From (10) and (24) we have

Vi) = 22 ‘W VI T (31)

> —g(1+ ('(0))*)
where Vj is the aircraft initial velocity.
Next, substituting Vj(x) from (24) into (16) and (17) we obtain

t=t(x / v f” dm (33)

[ T@
to_/o . (34)

Since f”(x) is continuous and f”(z) < 0 the function = = z(t) (the
inverse of t = ¢(x)) is twice continuously differentiable on [0,¢o]. By (30)

m=m®—mzéémwm%mm+mwwm—m (35)

This completes the proof of Theorem 1.

In the process of the proof of Theorem 1 we also have established the
follwing result.
Theorem 2 If the condition (19) is fulfilled, then the problem (10)—(14)
has a unique solution determined by (10), (24), (25) and (30).

Thus, if (19) is fulfilled, then to realize a flight along the trajectory
y = f(x) it is necessary to determine the reactive force Fr(x), initial
velocity Vy and the mass of consumed combustible m; by formulae (25),
(32) and (35) respectively, where mgy is the mass of aircraft without
combustible and m(x) is defined by (30).

A special case. Let the flight trajectory be the parabola

y=f(z)=-bz’+kz, 0<az<ux. (36)
Clearly this curve satisfies (19) if and only if

b> 0. (37)
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Assume that the condition (37) is fulfilled. Then Fr(z), Vo, m1 and tg
can be determined by

Fgr(z) = \/%ae z, f(z))vV/ 14 (k—2bx)2, Vo= g(lT—ZkQ)’ (38)

1 [*o V2bx
_ L 7 V1+ (k- 2bx)2dz, = Yo
my T /0 e(x, f(x)\/1+ (k—2bx)?dz, to 7 (39)
where f(x) is asin (36). It follows from (35)—(39) that in this special case
Fgr, Vo, my and ty depend on the trajectory (36) and do not depend on
the aircraft mass mo. Cartainly, the mass mo is an essential parameter
for the flight, since the initial velocity Vo = 1/g(1 + k2)/+/2b should be
transmitted to the aircraft with the mass m(0) = mj + ma, where m; is
defined by (39). In the general case the parameters Fr, Vp, m; and tg
depend also on mo.

Let now the initial velocity Vy be also fixed. Then we have an addi-
tional boundary condition

V(0) = V. (40)

In this case the above posed problem is reduced to the resolution of
sytem (10)—(13) with boundary conditions (14) and (40). The following
two theorems are similar in spirit to Theorem 1.

Theorem 3 For any function s(x,y) > 0 the problem (10)—(14), (40)
is solvable if and only if the function f(x) satisfies the conditions

() <0, f"(x)>0, 0<x<a, (41)
/ 2 2

Theorem 4 If the conditions (41) and (42) are fulfilled, the solution of
problem (10)—(14), (40) coincides with that of (10)—(14).

3. Integral representation of flight trajectory
and fire area

Consider now the flight of an aircraft from the point (0,0) to the given
point (zg,y0) o > 0. According to Theorem 1 the flight trajectory
y = f(z) satisfies the conditions

f(x) <0, f"(x) >0, 0<x<w, (43)
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f(0) =0, f(x0) = vo- (44)

Consider the functional

1
= —LL’QW.ZU i
Z—Au Yuo(a) de,

where the norm of w is defined by

1
l|lw|] = /0 z(2 — x)w(x) dz.

Theorem 5 If f(x) satisfies the conditions (43), (44), then it can be
represented as

fwzﬂwmmcﬂ,oggm, (45)
i) Wiy}
where

h@):x—m9+ﬁ%- (z—t)2w(t)dt, 0<z<1, (46)
Wil Jo

pZ(w)
!l

and w(z) is an arbitrary nonnegative function on [0,1] w(z) # 0 (i.e.

w(z) does not vanish identically).

Proof 1t is easy to check that any function of the form (45) satisfies

conditions (43) and (44). Now we prove the converse, that is any function

f(z) satisfying conditions (43) and (44) can be represented in the form
(45). First we prove the assertion for yp = 0, that is,

f(0)=0, f(zo) =0. (48)

It follows from (43) and (48) that f’(0) > 0. Indeed, assuming the
opposite f/(0) < 0, the condition implies f'(z) < 0 for 0 < z < x.
Therefore, f(xo) < f(0), which is impossible.

Let f(x) satisfy conditions (43) and (48). The function

fzxp)
l’of,(O)

b=1+ 0<p<l, k>0 (47)

fo(z) =

satisfies the conditions

J(x) <0, fi'(z)>0, 0<z<1, (50)
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fo(0) =0, fo(1)=0 f3(0)=1. (51)

By (49)
F(@) = ko <§O) k= r)>0. (52)

We have
fo(x) = fo(0) + fo(0)x + 6’(3):62 + % /Oz(x — 2"y dt, 0<axz<1.

Let f”(x) = 0. By (51) and (53)
folz) =2 — x2. (54)

It follows from (52) and (54) that f(z) admits the representation (45)
for yo = 0 and p = 0. Let f"”'(x) # 0. By (51) and (53) we obtain

T

folz) = — ba? + ﬁ @ £)2w(t) dt, (55)
where .
wz) = 5fo" (@) 20, p =]l >0,
., PEWw)
b=1+ T (56)

Taking into acount that f(1) < 0 from (55) and (56) we obtain p < 1.
Therefore, f(x) again admits the representation (45).
Let now g # 0. consider the function

F(az):f(x)—y—ox, 0 <z <up. (57)

It follows from (43) and (44) that F'(0) = 0, F(zp) = 0 and
F'(z) <0, F"(x)>0.

Therefore, F'(x) admits the representation (45) for yo = 0. Substituting
this representation into (57), we get (45) for yo # 0. This completes the
proof of Theorem 5.

Let the initial velocity Vy be fixed and the flight be carried out from
the point (0,0) to (x0,0). Then, according to Theorem 3 the function
f(zx) satisfies the conditions

() <0, f"(x)>0, 0<x<a, (58)
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L+ (f(0)* _ V¢
BECEE )

f(0)=0, f(zo) =0. (60)

We have the following results.
Theorem 6 Let v < ViZ/g and the conditions (58)—(60) be fulfilled.
Then the function f(x) can be represented in the form (45) where yo = 0
and
V2
k=by+b2y2 -1, ~=-"2. (61)
9xo
Proof Let f(z) satisfy conditions (58) and (60). Then it can be rep-
resented in the form (45) with yo = 0. Substituting f(z) from (45) into
(59) we obtain

k? — 2bky +1 = 0. (62)

The condition zg < ViZ/g implies by > 1. Hence both roots (61) of
equation (62) are positive. Theorem 6 is proved.

Theorem 7 Let xg > Vi/g and the conditions (58)—(60) be fulfilled.
Then the function f(x) can be represented as

@) =kanfo (£). 0o <, (63)
0
where .
fola) =z — ba? + ﬁ - £)2w(t) dt, (64)
Z(w
b:1+ﬂ¢m, (65)
k=by+ 0292 -1, 7:;/7020, (66)

and w(x) is an arbitrary nonnegative continuous function on [0,1] sat-
isfying the condition

2> (3 -1) Il (68)
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Proof If f(z) admits the representation (63), then clearly it satisfies the
conditions (58)—(60). Now we prove the converse, that is any function
f(z) satisfying conditions (58)—(60) can be represented in the form (63).
According to Theorem 5 this function can be represenred in the form
(45) with yo = 0. Substituting this representation into (59) we get (62).
Equation (62) has positive solutions if and only if

by > 1, (69)

and these solutions are determined by (66). From (47) and (69) we
obtain (67) and (68). Theorem 7 is proved.
Since 0 < v < 1 by (68)

<%<%—1><1. (70)

This means that if w > 0, w # 0 and (68) is valid, then there always
exist p and k > 0 satisfying (62) and (67).
Considering
w(z) = wm(r) = (1 —=z)™,

where m is a nonnegative integer, we get

Z(wm)  m+1
[lwml| 2

(71)

In view of (68) and (71) we have
Corollary 1 For any xo and Vy there exist an infinite number of poly-
nomials satisfying (58)—(60).
By the same way we can study the above problems where Vj is given
and the flight is carried out from the point (0,0) to the point (xo,yo).

Let now f(z) be a polynomial of degree n (n > 2). We have w(z) =0
for n = 2 and w(x) is a polynomial of degree n — 3 for n > 3. In this
connection arises a question: if the order of the polynomial f(z) and
the initial velocity V| are fixed, is then the flight of the aircraft to an
arbitrary point (xg,yo) possible? The theorem that follows answers this
question. Let (), be the set of polynomials P, of order m satisfying the
conditions

Po(x) >0, 0<z<1, Py,x)#0.

Theorem 8 The problem (58)—(60) is solvable in the class of polyno-
mials of order n if and only if xo satisfies the inequalities

2
xog%o for n=2 (72)
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and
VO2
o < (1 + HZn_gH) 7 for n> 2, (73)

where || Z,,|| is the norm of the functional Z in the set Q., defined by

1Zm||l = sup

mEQm

Proof Let n > 2 and P, (x) be a solution of problem (58)—(60) in
the class of polynomials of order n. In the proof of Theorem 7 we have
established (68) for w = P’ (x). The inequality (68) can be written as

0<<” Hw\l) e (74)

From (74) follows (73). Hence (73) is a necessary condition for solvability
of the considered problem in the class of polynomials of order n.

Let now (73) be fulfilled. There exists a polynomial w = P,, € Q,
satisfying (74). In view of Theorem 7 this implies that the problem
(58)—(60) is solvable in the class @,, for n > 2. The case n = 2 can be
proved similarly. Theorem 8 is proved.

Thus, the fire range (surface-surface) with initial velocity Vj along a
trajectory y = P,(z) is determined by inequalities (72) and (73), where
P,(z) is a polynomial of order n. It can be proved that || Z,,|| is finite
for any fixed m and monotonely tends to infinity as m — oo. It follows
from (71) that

m+1
1Zmll = ——- (75)

Theorem 8 and (75) imply
Corollary 2 If xg satisfies the inequality

<n
x J—
07

43
g )
then the flight of the aircraft from the point (0,0) to the point (zo,0) can
be realized along the trajectory y = P,(x), where P,(x) is a polynomial
of order n.

We have calculated ||Z,,|| for m = 0,1,2. The corresponding values
are || 2o|| = 1/2, ||Z1]| = 1 and || Z2|| = 1 +4/v/19. It is of great interest
to calculate ||Z,,]|| for any m > 2.
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4. Optimal control of flight trajectory

Let the aircraft be flying from point (0,0) to the point (z9,0) along
a trajectory of the form y = f(z), where f(z) is a polynomial of order
n. Let xo satisfy the inequalities (72) and (73), where V} is the initial
velocity of the aircraft. From Theorem 7 follows that the polynomial P,
contains n — 3 arbitrary constants satisfying certain inequalities. Hence
the fuel consumption and other basic characteristics of the flight depend
on these parameters. The basic problem of optimal control is the opti-
mal choice of these parameters, according to the flight objectives (e.g.
minimal fuel consumption, maximal flight distance, minimal flight time,
maximal flight altitude, etc).

In this section we consider a special case, when the flight is carried
out along the trajectory

y = f(z) = ax + bz? (76)
and the initial velocity Vj satisfies the inequality
Vo < B, (77)

where (3 is a positive constant.

First the criterion of optimality will be the minimal fuel consumption
along the trajectory joining the points (0,0) and (zo, 0) for fixed z¢ > 0.
This trajectory is called optimal. It follows from (72) and (77) that

52
0<ao<—. (78)

On the other hand, if x( satisfies (78), then there exists Vy < 3 satisfy-
ing (72). Therefore (78) is a necessary and sufficient condition for the
possibility of the flight from (0,0) to the point (z,0) along a trajectory
of the form (76) (Vo < 3). So we will suppose that z¢ is a given number
satisfying (78).

According to Theorem 7 and (77) the function f(z) satisfies the condi-
tions

() <0, f"(x)>0, 0<x<x, (79)

10?5

g =Y
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It follows from (76), (79) and (80) that the flight trajectory is of the
form

y = f(z) =k <1 - 1) , (82)

o

where k is a positive constant. Substituting f(x) from (82) into (81) we
get

1+ k2
o S (83)
where
/32
= —. 84
= (84)
From (78) follows
v > 1 (85)
Consider the equation
1+ k2

Since vy > 1 both roots k1 and k2 of equation (86) are positive and

k1 kzzfy—k\/’yQ—l, 0<k <1, ko>1. (87)

1
ERERVAE
The inequality (83) is equivalent to
ky <k < ko. (88)

So the flight trajectory (82) contains one arbitrary parameter k that
satisfies (88). Since f”'(x) = 0 the formula (35) becomes

my = %/“0 ez, f(2))V1+ (f'(z))* dz, (89)
0 Jo

where m; is the mass of consumed fuel. Substituting f(z) from (82) into
(89) we get
my = ml(k>7 (90)

where my (k) is some positive function of k defined on the interval [k1, k2].
Hence

minmy = mq(ks), (91)
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where k3 is the minimum point of the function mq(k) on the segment
[k1, k2]. So the optimal trajectory is defined by (82) with k = k3. If
e(z,y) = & = const > 0, then k3 = k; and

minmy = / 1+ k27r2dr, y=ka (1——> . (92)

In particular if x¢ is the maximal admissible distance equal to 3%/g and
& = const, then

2

2
k3 =k =1, minmj = 8eﬁ/\/l—i-7'2d7' y—a:—gﬂiz. (93)

Let the initial velocity Vp and the mass m; of consumed fuel satisfy
Vo< B, mi1<mg (94)

and let
dm

dt’
where 3, mg, & and kg are given positive constants.

Let the flight be carried out along a trajectory of the form (76) from
the point (0,0) to the point (zg,0). Now the criterion of optimality is
the maximal flight distance xy. The problem is: choose a trajectory of
the form (76) such that under the above restrictions the flight distance
xo be maximal. Any such trajectory will be called optimal. To state the
results we introduce the notations

—%ﬂz/ Vizar, v=" (96)

Fc = —%V, FR = —ko (95)

gko g
1
— [ \J1+Ek2()r2dr, 0<(<v, (97)
0
MO =—S " o0<¢<w (98)

v+ V2 —(?
It follows from (97) and (98) that ¢(¢) and k1 ({) are increasing functions

on [0,v] and ¥(0) = 0, (v) = a. One has the following
Theorem 9 If my > «, then the optimal flight trajectory is defined by

y:x@—f} 0<z <. (99)
14
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If mg < «, then the optimal trajectory is defined by

y =k (C) <1—%>, 0<z <, (100)

where ( is the root of the equation
P(C) =mo, 0<z<w (101)

Proof Let mg > a. Then the trajectory (99) joins the points (0,0) and
(1,0), and Vo = B, m1 = a < my (see (32) and (89)). According to (78)
the maximal flight distance along a trajectory of the form (76) is smaller
than v. Hence the trajectory (99) is optimal for mg > «.

Let now mg < a. Since 9(() is an increasing function on [0, r]| and
¥(0) = 0, ¥(v) = a > mo the equation (101) has a unique root. We
have shown above that if the flight is carried out from (0, 0) to the point
(x0,0) and Vy < 3, then the flight trajectory of the form (76) is defined
by equation (82), where zy and k satisfy conditions (78) and (88). Using
(87) and (96) these conditions may be written as

0<z0<v, (102)
ki(zo) < k < ka(z0), (103)
where
z v+ /2 — 22
ki(xo) = S ko(xg) = ——--0, (104)

v+ 12— 22 o
By (102) and (104)

0 < kn(z0) <1, kalzg) = @ > 1. (105)

The fuel consumption m; along the trajectory (82) is defined by (89),
which for &(z,y) = & = const takes the form

1
my = %/ V1 + k22 dr. (106)
0 0

Hence condition m1 < mg may be written as

1
%/ V14 k2r2dr < my. (107)
0

ko
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Therefore, our problem is reduced to the resolution of system of inequal-
ities (102), (103), (107) with respect to the pair (z¢, k) with the maximal
value for xy. We prove that such a solution is (¢, k1(()), where ¢ is the
root of equation (101) and k;(C) is defined by (98). Indeed, let ¢ be a
solution of (101). If ¢ (¢) = mo, ¥(v) = a and my < « then { < v,
since ¥ (z) is an increasing function on [0,v]. It is clear that xy = ¢
and k = k1(() satisfy (103) and (107). Hence (¢, k1(¢)) is the solution
of system (102), (103), (107). Let now (z¢, k) satisfy these inequalities.
Then from (103) and (107) follows

1
%/ \/ 1+ k2 (zo)T2dr < my. (108)
0o Jo

It follows from (97), (101) and (108) that 1 (zg) < 9(¢). On the other
hand, since 1(x) is an increasing function on [0,v] and xy € [0,v], ¢ €
[0,v] and ¥(zp) < ¥(¢), we conclude that xy < (. Therefore ((,k1(())
is the solution of system (102), (103), (107) with the maximal value for
xo. Substituting g = ¢ and k£ = k1(¢) into (82) we get the optimal
trajectory for mg < . Theorem 9 is proved.

Notice that we have also proved the following result.

Theorem 9 If Vy < B and mi < my, then the maximal flight distance
(surface-surface) along a trajectory of the form (76) is equal to 32 /g for
mo > « and is  for mo < «, where ( is the root of equation (101).
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Abstract In this paper the problem of restoring the inside construction of an
object by its X-ray pictures is considered. We limit ourself on discussing
the two dimensional case. Let us note that just this case is used in
acting medical tomography devices. The problem is to find the formulas,
which as good as possible restore the density, having on hand the X-ray
pictures for a finite number of directions only and which are steady for
L2(—1,1) distortions of the projections.
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1. Introduction

In the generally accepted mathematical model of the X-ray passage
across an object, in tomography scattering processes are not taken into
account. In the model, where the absorbing processes are only taken
into account, lead to the Radon’s transform, see [2].

The formulas, which restore the function f(x,y) by its Radon’s trans-
form f(x,e™) are well known, see [1], p. 131. However Radon’s formula
is of limited value for practical calculations.

In the real devices the function f(z,e”), —1 <2z <1, 0<49 <,
is known only for a finite number ¥y, ¢,..., ¥,_1. So the problem of
restoring f(x,y) by the functions

fi(@) = flz, %), —1<z<1, j=0,1,....,n—1, (1)

naturally arises.
365
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The data (1) are not sufficient for uniquely restoring the original func-
tion f(x,y). So, there is a problem to choose one of them. The main
complexity there is to find such a choice in which arbitrary permissible
distortions of fj(x), -1 <x <1,7=0,1,...,n—1, involve a small error
on the result.

There are various interpolation methods, see [2], [3], which permit
to approximate f(x,em), -1 <z <1,0<Y < 2nm by a finite number
of functions (1). Further, one is trying to find the original function
by Radon’s inverse formula. In this step, characteristic for ill-posed
problems, some effects arise.

There is another point of view, where one tries to find the solution
of (1), which has the minimal Lo(dzxdy)-norm. For the particular case
of equally spaced directions, i.e. ¥; = 7j/n,j = 0,1,...,n — 1, one
can find the explicit formula for the solution in [5]. In this case the
solution is steady for arbitrary distortions of the original function f(z,y)
in Lo(dzdy).

Let us note, that in practical point of view it is desirable to find the
solutions stable for fj(x),j = 0,1,...,n — 1, distortions, because only
those functions are perceptible.

In this paper we suggest a new formula, which permits to present a
solution of problem (6) for arbitrary directions ¥g,91,...,9,—1. Let us
note that our solution does not minimize the norm, but it is steady for
fi(x),j =0,1,...,n — 1, distortions in Ly(—1,1).

2. Representation of A. Legendre’s polynomials

The polynomials

1 d*(z®—1)"
where n = 0,1,..., are known as A. Legendre’s polynomials.

The family P,(z),n =0,1,..., is orthogonal and dense in La(—1,1).
For arbitrary f(x) € La(—1, 1) the equality

2

/11 |f (@) da = g(n +1/2) ’/11 () Po(2)dz

holds.
For A. Legendre’s polynomials the recurrence formula

(n+1)Pyy1(z) +nPy—1(l) = (2n+ 1)xP,(x), n=1,2,...,

is valid. This formula, with the conditions Py(z) = 1, Pi(z) = =,
uniquely determine the family of all A. Legendre’s polynomoals.
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There are many formulas, which represent these polynomials. The
following one is known as Ch. Laplace’s formula

Pn(:v):%/o (:U+i\/1—:c2005(t)>ndt, n=01,....

This formula is also possible to be rewritten in the form

1 2"

where z = x + iy and I, = {z +iy; |y| < V1 — 22}

In this section we want to give a new representation for A. Legendre’s
polynomials. For that aim let us introduce a new family of polynomials.
Definition Let us denote by Q, x(x),n =0,1,...,k =0,1,...,[n/2],
the family of polynomials for which

1. Qno(x)=1,ifn=0,1,... ;

2. Qn k(x) are polynomials of the degree k;

3. for arbitrary n =0,1,... and k =0,1,... [n/2] — 1 the equality

Qn,k (t)
i dt

Qmﬂﬂ@Z%l—ﬂQmM@—%n—Qk—UVEAm

holds.
Lemma 1 For arbitraryn =2,3,... and k=0,1,... the equality

(k+DIx(z) = (k+ ) op(z) — (1 —22)2n+k — 1)1, g p10(x),
where

In(z) = % /0 ! (x iVl a2 cos(t))nsink(t)dt.

holds.
Proof Forn=2,... and k=0,1,... we have

iV1—a?(n— 1)In_opi2(x)
_ 1! /7r sin**1(t)d (ac +iv1— a2 cos(t))n_1

™ Jo

_kt1 /07r (x +iv1 — a2 cos(t))Tl_1 sin®(t) cos(t)dt.

™

Consequently,
—(n = 1)(1 = 2z ()

1 [ n—1
_ Akl / (m +iv1—a? Cos(t)> iV 1 — x2sin®(t) cos(t)dt
T Jo
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_ k41 /07r (:13 +iv1—a? cos(t))n sin® (t)dt

s
1 [T n—1
—:Uk i / (1‘ +iv1—a? cos(t)) sin® (t)dt
™ Jo

= (k‘ + 1)In7k(l') — :E(k + 1)In—17k($)-

So, we have

el Dl alr) = /0“ (= + z'\/mcos(w)n_2

™

x sinf (t) (x2 +izy/1— 22 cos(t)) dt
kK+1 [7 ) n—2
= /0 (a: +iv1—a? cos(t)) sin®(t)

X (z'\/ 1 — 22 cos(t) (ZE +iV1 — a2 Cos(t)) +

+(1 — 2%) cos®(t)) dt

= % (x +iv1—2a? (:os(t)>n_2 sin® (¢)
0

X ((m +iv1— a2 cos(t)) iv1—ax2cos(t) +1

—(1—2% sin2(t)) dt
WIZE [T, o
S /o (az + zﬂcos(t)) d (Slnk+1(t))
—i—k +1 /7r (a: +1v1 — 22 (:os(L‘))n_2 sin® (t)dt
0

—w /7r (:U +iyv1— a2 cos(t))rl_2 sin* 2 (t)dt
Q 0

_ (= D- ) /7r (ac +iyv1— a2 cos(t))n_2 sin*2(t)dt
T 0
+ (k+1) /7r (x + iy 1 — a2 Cos(t))ni2 sin® () dt

™

_w /Tr (g; + z’\/mcos(t))n_2 sin* T2 (t)dt.
0

=]

s

Using the functions I,, ;(x), we can rewrite this equality in the form

—(n—1)(1—- xQ)In,Q’kH(:c)
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= (k+ DI k() + (n— 1)(1 — 2*) 1,9 r0(z)

—(k+ D lh—ap(@) + (k+1)(1 = 2) L2 k1o(2).
Theorem 1 For arbitrary n = 0,1,... and k = 0,1,...,[n/2] the
equality
L[ Q- o)
T, 1|22

1 [ 2v2Q, (1 — |z|2)d
L V1—|z[?

holds.

Proof Let us note that if z permits the presentation

z=x+iV1—a2cos(t),

P,(z) =

then we have
1— 2> = (1 — %) sin?(t).

So, for n = 2,3,... we have
Py(x) = Ino(x) = In—20(x) = (2n = 1)(1 — &%) [, —2,2(2)

| /zn—2(1—<2n—1><1—1z2>) L[ 200 P)
la

™

dy = —

VI-2P mh T V1P

Let us denote
Po(z) = al))In aro(x) + af ) Iy a2 (x)(1 — 2?)
k
o 0 g (2) (1 — 22)F,

where n =0,1,... and kK =0,1,...,[n/2]. By Lemma 1 we have

Pu(z) = a) <In2k2,0(x) (-2 <1 + 2%“) IHH,Q(:);))

n—2k—1
+(1 - xQ)aSL <In—2k—2,2(x) — (1 —2%) (1 + 2?) In—zk—2,4($)>

+oo (1= alf)

n—2k—1

X (In_%_z,gk(x) (11— (1 oo

> Iy —ok—2 2k+2 ($)>

= afzo,ifn—%—z,o(x)
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1

—2k—1
+ (aifi ) (1 + 2%)) (1~ 2% Ly apza(x) + ...

_ —2k—1
+ <an]f,)€ — aﬁfk b <1 + 2717)) (1 — xQ)kIn_Qk_sz(x)

n—2k—1
+ (“S;c - ailogc (1 + 27)) (1—2®)Ih—op—22(2)

2k —1

k n—2k—1
—ay (1 + 27+) (1= 22 sz (@),

k) _ (k) _ (k=1 n—2k—1
Up k1 = Ak — Ok <1 + QW ;

(k+1) _ (k) n—2k—-1
a = a,k<1+272k+1 .

Forn=0,1,... and k =0,1,...,[n/2] let us denote
P i(z) = ag?;c + aS}Cx +- 4 aff,)gxk.
We want to prove that P, () = Qn x(x). It is sufficient to note that
Poo(x) =1

and the polynomials P, j(x) satisfy the same recurrence formula as
Qn () does. Thanks to (4), we have

Pyi1(x) = Ppp(x) — 2Py, ()

2 k+1
“2n- 2= ) (et 5 ).

nk2k +1

Taking into account that P, ;(0) = 1, this formula can be rewritten in
the form

Ppip(x)=(1—-2)P,k(x) — (n—2k — 1)\/5/076

P r(t)
i dt.

Let us remark that for £ = 0 the representation (3) coincides with
Ch. Laplace’s formula.
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3. J. Radon’s transform

J. Radon’s transform, see [1], p. 117, is defined as follows.

Definition The Radon transform f(x,e'?) of the function f(2),|z| < 1,
is

. , 1 [Vi-a® A .
fae?) =2 [0 plaet s iget)ay,
L
where —1 <z <1, 0<p <27
Lemma 2 Let f(z) € L,(D), where D = {|z| < 1},4/3 <p <2 . Then

the integral -
[ [ 1010,
pJp lz—yl

converges absolutely.
Proof Let us denote

o) = [ s, yew

we determine the number r,1 < r < 4/3 from the equation

11,1,
2 p T
For |y| < 2, the function g(y) can be presented in the form
hly —
(v,
ly — a3/

where we assume f(z) = 0,2 ¢ D, and h(t) =1, for 0 <t <3, h(t) =0,
for 3 < t.We have f(z) € L,(R?), where p > 4/3 and h(|z|)|z|>/? €
L,(R?). So, the convolutions of these functions belongs to the space
Ly(R?). For |y| > 2 we have

90)] < s [ @l

So, g(y) € La(R?). Using the formula, see [4], p. 64,

gly) = | |f(@)|
R?

1 B 1 / dz
|z —y| 167 Jge |z — 232y — 2[3/2

@i, 1 f(x)
/D/D o~y W= 167 J, /Drz—x\?)/zdw

we have

2
dz.
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Definition Let us denote by H the space of the functions f,g €
L.(D),4/3 < r, with the scalar product

-

Let us denote by H the completion of H.
Theorem 2 For an arbitrary function f(z) € L,(D), where 4/3 < p,
the equality

[ [Vl o= [ ] 52 R
holds.

Proof We have .
/ / |z, %) Pdudyp
—mJ—1

/ / / / f(ze'® +iye) f(xe' +ize'?)dpdrdydz.

Let us introduce the new variables t = (z + iy)e®, s = (z +i2)e’¥. We

have

I 1st— 5t 2[t|? — ts — st st + 5t — 2|s|?

=l =3 y Y= y R T
|s — ¢t 2 |s —t 2|s —t] 2|s —t]

The Jacobian of this transform is

1
4|s —t|’

which proves the theorem.

In this theorem we have norm equality. The different norm estimations
for Radon’s transform can be found in [2].

The family of the functions

Zn_Qan,k(l - ‘Z|2) Zn_Zan,k(l - |Z|2)
- LR

where n = 0,1, ... and k = 0,1, ..., [n/2] with the condition n — 2k # 0,
is dense in L, (D). Indeed, the function of the form

()

P(z,2)

V1—]z?
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where P(z,Zz) is an arbitrary polynomial, can be presented as a linear
combination of the functions (5).
Lemma 3 Let

filz), -1<z<1, j=0,1,...,n—1,
be functions from La(—1,1) and for some f(z,y) € H
fi(@) = flx,e%), —1<z<1, j=0,1,...,n—1.
Let

1
Cku‘:/ fi(@)Py(z)dz, j=0,...,n—1, k=0,1,....
-1

Then, if k, k + 1 <n, is an even number, the rank of the matrix

Ck,0 61:]‘"90 - 61:2190 1 6—1:2190 o 61:1“90
k1 elk791 o 612191 1 6712191 o elkﬁl
(6)
Chn—1 eikﬁn_l L €i219n_1 1 e*i219n_1 o eilﬂ?n_l

isk+1. Ifk,k+ 1 <n, is an odd number then the rank of the matriz

Cho ikdo 0 e~ etkdo
Cka eikﬁl eiﬂl efiﬁl o eikﬁl
(7)
Chkn—1 ehn-1 = giWn-1 e=Wn-1 - gikUn-1
is k+1 too.

Proof Let us present the function f(z) € H in the form

where by, , =0,n=0,1,... . Since forn =0,1,... ,
o S 2n+ 17

1 VI-zP
[n/2]

f(z , )
// |33—y| ddy_z2 +1Z(|an,k| + bni]?) < o0.

we have
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By Theorem 1 we have

oo [[n/2]
f(:c e Z Za eH(n=2k)0 —l—l)n,k;e*i(”*%)19 P, (z).
n=0 \ k=0

Since f(x,ﬂj) = fj(x),7=0,1,...,n—1, so

[k/2]
2 (n—2k)0. i(n—21)0,
Ck,j = 2%k + 1 lz;(ak,lez(n 2k)0; + bk,le ( 2k)9j)7 (8)

where 7 =0,1,...,n—1,k=0,1,... .
For each fixed k, to determine the coeflicients

ak.0, ak.1, ) ak,[k/?]v

beos beas ooy brrsap

we have k + 1 unknowns and n equations. If kK + 1 < n we have more
equations and for the existence of a solution conditions on the numbers

Cko05, Ckil, ---5 Ckn—1

are necessary. It is well known that those conditions are (6) and (7).
Theorem 3 Let fj(z), -1 <z <1, j=0,1,...,n—1, be a family
of functions from the space Lo(—1,1) for which conditions (6) and (7)
hold. Then, the function f(z) defined by the formula

n—1 [[k/2]

Z Zle(l—M ) (a2 4 by 22

f(2)
k=0 \ (=0 V 1—|z?

k—21 + bk lzk—Ql)

)
I

23 (37 Quit =)

k=n =0

—
|
Y
[\
—
S
-
N

gives a solution f(z) € H of the problem

fj(a:):f(a;,emf),—1<:c< 1,7=0,1,...,n—1.

Here the coefficients ap; and by ; are defined as the solutions of the
equations

[k/2]
> (e ® 20 g by ge 6200 G 0,1,k (9)
=0

2

R T 9k 1
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for k+1 < n and as the solutions of the equations

[n/2]
2 ) )
L i(k—20)0, —i(k—=20)0;\ ; _ -
Chj = ST ZEO(ak’le I+by e 7),7=0,1,...,n—1, (10)

for k+1>mn. Moreover, the estimation

n—1
£l < C Y1,
7=0

holds, where C' depends only upon the numbers ¥;.

Proof Let us note that the equations (9) and (10) have Vandermonde
matrices , which are not zero for arbitrary 0 < g < ) < -+ < 91 <
. So, those equations have a unique solution. Moreover, there is a
constant C' = C (¥, V1, . ..,9,-1) such that the solution of the equations
(9) and (10) permit the estimation

[k/2] n—1

Z(aij +b2‘,]) S CZC%J

=0 =0
ifk+1<nand

[n/2] n—1

Z (ai,j + bi,j) <C Z Ci,j

=0 =0

if K4+ 1 > n. These notes prove the theorem.
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Abstract In the present work the precise solution is constructed for the problem
on the strain-stress state of an elastic compound plane, obtained by
junction of an elastic circular disk and an elastic plane with a circular
hole of same radius, which are made of different materials. There are
arc-type absolutely rigid inclusions, one side of which is detached from
the matrix on joining lines of the circular disk and the plane.

Keywords: elastic compound plane, strain stress state, cracks, rigid inclusions, sin-
gular integral equations with Hilbert kernel
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1. Introduction

Numerous works and monographs are dedicated to the research of
strain-stress state of homogeneous and compound elastic massive bod-
ies, containing concentrators such as thin inclusions and cracks. How-
ever, there are few works considering the interaction of different types of
concentrators, acting on massive bodies and having common points si-
multaneously. This is explained by the mathematical difficulties, which
are not permitting to build the effective solution for problems of the
mentioned types. The problems for elastic bodies with inclusions are
belonging to the mentioned ones, when one side of the inclusion; is de-
tached from the matrix and mixed conditions take place on the banks
of cuts or cracks, forming as a result detachments. The first in this di-
rection, probably, is Sherman’s work [1] in which the precise solution of
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the problem was built for an elastic homogeneous plane with a soldered
thin rigid inclusion on one bank of the crack. Later N. Muskhelishvili
[2] elaborated this solution and G. Cherepanov [3] built the solution for
an analogous problem with any condition on the banks of the crack by
reduction to Riemann’s problem for two functions. The further devel-
opment of this direction is considered in the works [4]-[5].

2. Statement of problem and deduction of
determining equations

Let an elastic compound plane, obtained by junction of an elastic
circular disk with radius R and Lamé coefficients w1, A1 and an elastic
plane with a circular hole with the same radius and Lamé coefficients
W2, Az is strengthened by absolutely rigid inclusions on a joining line L,
consisting of arcs (ag, Ok)(k = 1,2,...,N). One side of the inclusion
is detached from the matrix. It is assumed that the plane is deformed
under the system of self-balanced forces, acting on the inclusions and the
free bank of the line L. The contact strains, acting under the inclusions
and in the zones of joining the circular disk with the plane, as well as the
intensity coefficients at the end-points of the cracks are determined in
this problem. After introduction of indices 1 and 2 for the characteristics
of the circular disk and the plane with the circular hole correspondingly,
the following auxiliary boundary problem for the compound plane is

considered
. . 0¢L
(‘<7(Ll) + Z)n(l)) z=Ret® — (;(7(12) Z)n(?)) = { 0 §é ; (1)

z=Re?

| , 0, 6¢L,
(U1 +iV1) |o=peto — (U2 +iV2)|,_pein = { w(0), ? €L,

where Xﬁbj) + inEj) and U; + Vi (j = 1,2) are the complex combina-
tions of strains components and the displacements of the disk and the
plane with the circular hole correspondingly in the Cartesian coordinate
system [2]. The functions x(#) and W (0) are the jumps of strains and
displacements on the line L. It is assumed that there are no strains
at infinity. The solution of the auxiliary boundary problem is built by
Kolosov-Musckhelishvili’s complex potentials ¢;(z) and v¥;(2) (j = 1,2).
The complex combinations of strains and displacements of the circular
disk and the plane with circular hole can be written in the form

D i) = 0i(2) + 20 (2) + (=), (2)
2u(U; +14V;) = Hjpj(z) — zag(z) —(2), j=1,2.
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Here H; = 3 — 4vj, j = 1,2, are Muskhelishvili’s constants and
A7 +ifg" oo = iR / V1Y),

The functions ¢;(z) and v;(z) are represented in series form as

o o0
= Zanz”, P1(z) = Za%z", |z| <R,
n=1 n=0
o0 o0
= anz*”, Po(2) = Zbgz*", |z| > R,
1 n=1

n=

and the functions W (#) and x(6) are represented as Fourier series

0 o0 (o)
iR / X(@0)d0 = > Ape™ W(0)= > Bne™. (4)

n=—oo n=—oo

Then using the representations (2) and (4) and formulae (2) the con-
ditions of boundary problem (1) are satisfied. As a result, equaling the
coefficients of the same degrees of exponents the unknown coeflicients
an, a,, b, and b}, of the functions ¢;(z) and ¥;(2) (j = 1,2) are expressed
by Fourier’s coefficients A,, and B,,.They are determined by the formulae

A 2u1 B
a, = FEn T2 B0
R™(p+ Hy)
_Rn(A,n +2,ulB,n)

b >1
" L+ pH, 0 =7
, (n + 2)an+2 /,LHQZ_n — QMIF—n
— >1 5)
anp, R» + Rn(l +NH2) ) n=1, ( )
—2)by— —

Rn 2
CL6 = —QRQEQ — 211 By,
, pllp+ H)A — (p—1DA] | p[(p+ Hi)By — (p—1)By]

CLIZ

R(H, + 1)(Hy +2p— 1) R(H +1)(H, +2u—1)
A+ Zl) + 2”1(31 + El)
b/ — M( 1 _

R | . 1/ .
A —inf B = — —inf )
n=g x(0)e "™ dl, B, 2W/W(9)e do

—T
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In this way Kolosov-Muskhelishvili’s complex potentials are expressed
by Fourier’s coefficients of the jumps of strains and displacements of the
functions x(6) and W(#). It is allowed to determine the strain-stress
state of the compound plane by using these functions.

The consideration of the problem is described by the conditions

(2)
Xn +ZY |r r=Xx1(0), cL 6
{ U1—|—ZV1’7«_R—W0(9) ’ ( )

(WO(H) =Yk + 5kei97 o < 0 < ﬁka k= 1727 "'7N)7

where v, and 0 (k = 1,2,...,N) are unknown constants, which are
determining the rigid displacements and turning angles of the rigid in-
clusions correspondingly, and x1(#) is a given function, determining the
distribution of strains on the free bank of the line L. As a result for the
determination of the functions iRy (6) = x«(#) and W’(@)Gém = W/(0)
the system of singular integral equations of second kind with Hilbert
kernel

0
Wi( /W’ ctg—dw—? ctg T2 x()d = F1(0),

will be obtained. The system (2) is considered under the conditions

B B Bk
/X(e)de _ o,/w;(e)de _ O,Im/x(G)ede 0, k=12, N. (8)
g ap

A

Here
dOA* . i0 lO / .0
)= ——— 0) — iReze” — —(W;y(0) — ese’
{0) = 55 [0(0) = e = V() — e
)= —— 0) — iRege" Wy(0) — ese’
2(0) = g [1(6) = e = ZLOVG(0) — e



Mized problem for a composite plane 381

O
ap = 0 ) Gz = 20 )
b 2 ((65")2 - (01")?) L o)
1= 0 ) 2 — Ta
1 1 1) 5(2 j Hj
0= (6" = (0)) + 0,707, o7 =
G Qa1
= YT g TR
3. The solution of the determining equations

The system of the singular integral equations (6) is considered under
condition (8). At first let us consider the case, when the equation

asA? — Nay — by) +b; =0 (9)

has two different roots Aj, A2. In this case the first equation of (6) is
multiplied by A; (j = 1,2) and added to the second one. The two
singular integral equations of the second kind with Hilbert kernel

B0+ 2 [0S de = T0), oL j-12

L
Q;(0) = X0 R (0) + F(6), (10)
77 (0) = x«(0) + A, W.(0),

o + by — (—1)j\/(a1 — bQ) — 4da9by
q; = 2 )

are obtained. The first two of conditions (8) can be rewritten in the
form

Br
[ui@ds =0, k=12 (1)

ag
The solutions of equations (10) are given by the formulae, see [2],[6],
L P 4 X (tg(0/2)) [ Q(p)cos(p/2)dyp

:1—Qj @;(0) 2mi cos(6/2) J X;r(tg(<,o/2))sin“’T_‘9 ’
(12)

n;(0)
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for j = 1,2, where for oy < 0 < 3,

tg(0/2) — tg(cu/2)|
XF(t9(6/2)) = iv/GH(—1)"" ”IHng 7D i/

1+g 0
] — g Vi = 2—m_ln|gj\ T oo 0<6; =arg(gj) <2m.

The expressions for the function @j include constants o, e, e3(k =
1,2,..., N), which are determining from the last of the conditions (8)
and the representations of the constants e; (7 = 2,3) by the unknown
functions. Knowing the functions 77(¢), the jump of stresses and dis-
placements on the joining line are determined by the formulae

a(0) = A5 (6) — Ao (6) ni(0) —n3(0)
. A1 — A2 A =N

WL(6) = (13)

After that it is not difficult to determine the opening of cracks, the
contact stresses, acting outside of the cracks on the joining line, and the
intensity coefficients of these stresses at the end-points of the cracks.

Taking into account the awkwardness of the mentioned formulae they
are omitted. It is noticed that in the case of real roots of equations (9)
Rev; = 1/2 and in the case of complex roots 1/2 < Rey; < 1. In the case
of a homogeneous plane Rey; = 3/4. In the case when the quadratic
equation (9) has only one solution, in accordance with the work [4],
the solution of system (6) is reduced to the sequential solution of two
singular integral equations with Hilbert kernel and the closed solutions
are obtained. We shall notice that these solutions can be obtained from
the above mentioned solutions by using a formal limit letting A; tend to

A2.
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Abstract  Solution of dynamical problems of the theory of magnetoelasticity is
connected with certain mathematical difficulties as it is known from [1]-
[4]. In the present work the analytical formulae for elastic displacements
and stresses of the induced electromagnetic field for the Lamb magne-
toelastic problem are obtained with the use of Laplace’s and Fourier’s
transformation technique and consequently by applying the Canyard
kernel. The noted problem is discussed in the works [5], [6] for certain
conditions.

Keywords: dynamical problems of magnetoelasticity, Lamb magnetoelastic prob-
lem, Canyard kernel, Laplace transformation, Fourier transformation,
Levi-Civita tensor

Mathematics Subject Classification (2000): 74F15, 74H05, 45A05

1. Introduction

One of most important problems when investigating the propagation
of vibrations in elastic media is the displaying of singularities of non-
stationary wave fields. In this meaning the problems for concentrated
impulse sources of disturbances are of great significance. One of the
problems the solutions of which can be derived in closed form is the
Lamb problem for the half-space [8], [9]. This problem is solved with
the integral transformation technique and with the use of other methods,
for instance, with the Smirnov-Sobolev method [9]-[11]. The problem
becomes complicated when investigating magnetoelastic bounded vibra-
tions [3]-[5]. Solving these problems is connected with certain math-
ematical difficulties as is known from [1]-[4]. In the present work the
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analytical formulae for elastic displacements and stresses of the induced
electromagnetic field for the Lamb magnetoelastic problem are obtained
with the use of Laplace and Fourier transformation technique and conse-
quently by applying the Canyard kernel. The noted problem is discussed
in the works [5], [6] for certain conditions.

2. Formulation of the problem, basic equations
and boundary conditions

Let the elastic isotropic perfectly conductive medium occupy the semi-
infinite area zo > 0 (in the Cartesian rectangular coordinate system
0x129x3) and be under an external homogeneous constant magnetic field
with the stress vector H, 0(0;0; Hp3). It is assumed that there is a vacuum
at the area xo < 0. Let later at the edge of the medium x5 = 0 at the
moment ¢ = 0 the concentrated impulse pressure be applied, which is
disturbed uniformly along the lines 1 = 0,25 = 0 (Fig.1),

f=1{f1; f2:0} = {f06(21)5(t); f95(21)5(¢); 0}, (1)

where fY and f9 are the coefficients of polarization of the source; §(x1),
0(t) are the Dirac delta functions.

Sl

(m edium)

Y

Figure 1

Elastic and electromagnetic disturbances are assumed to be small so
the linearized equations of the theory of magnetoelasticity are used. The
displacement current in elastic media is neglected. On the basis of these
assumptions for the studied problem the following basic equations are
obtained.
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The equations of magnetoelasticity for the medium are

L Amo oh ot -
’I“Oth:—ﬂ-j, Toté’:—&—, =1 —uxHo ,
c c Ot c

pAL + (X + p)graddivid + Bf x Hy =
c

where 1 and € are vectors of stresses of the induced electromagnetic
field; j is the density of the induced current; @ is the vector of elastic
displacement; . is the specific magnetic permeability; A and u are the
Lamé coefficients; pg is the density of the medium; c is the velocity of
light in the vacuum.

When obtaining equation (2) the relations

Oik = 20k + Adiviidy
1/ 0u; 8uk
=3 ) Q

Gmk ox;
By = peHo, b= peh, d=

are used, where o;; are the components of the tensor of stresses; i
are the coefficients of the tensor of deformations; By is the vector of
induction of external magnetic field; d and b are the vectors of induction
of induced electromagnetic field.

After some transformations the system (2) can be rewritten in the
form

EZT0t<ﬁXﬁ0), 62—&(%Xﬁ0>,
. . 02
pAL + (N + p) graddivd + Z—e |:T‘Ot7“0t (ﬁ+ Ho)} x Hy = pog—tg .
T

The equations of electrodynamics for the vacuum are

1 9%~ .. 10%h*
% *

AT =g AN =age ®)
where &* and h* are the vectors of stresses of the induced electromagnetic
field in vacuum.

At the edge xo = 0 of the elastic medium and the vacuum the bound-
ary conditions

oij +tij — 752}) n; = fi,
bj—b;) lezo, (6>

€rij (ex —ep)n; =0,
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must be satisfied (here the summation convention with respect to re-
peated indices is applied) and the conditions
2 c T 1 /2 =
]s:——nx<h—h), ps:——n<d—d>, (7)
4 47
defining the density of the surface current ]’S and the charge ps;. Here
7 = n,i; is the external normal to the edge of the elastic medium; ¢;;

and t; are the components of Maxwell tensor of stresses for the induced
electromagnetic field in the medium and in vacuum,

tij = 4i (H()ibk + Bokhi) — 5@_]@ (ﬁog—i- é()ﬁ) ,
¥ A ®
th = e (Hghy + Hyhy) — EHS}L* ,

€kij are the components of the Levi-Civita tensor.
It can be shown (analogously to the work [7]) that for the pressure (1)
and the magnetic field ﬁo(O; 0; Ho3) the equations of magnetoelasticity
in the area 2 > 0 (equations (4)), the equations of electrodynamics in

the area x5 < 0 (equations (5)) have solutions of the form

{ Up = u1 (.%'1,.%’2,75) , U2 = U2 (.%'1,.%'2,75) , uz3=0, (9)
h::hj (xlvaat) 9 6?26: ($1,.’,U2,t) 7i:17273'

For simplicity using p. = 1 in the case of the two-dimensional problem
(9) from (4), (5) and (6) the following mathematical problem will be
obtained (Lamb problem of magnetoelasticity).

Find solutions of the equations of magnetoelasticity in the area zo > 0

a 9%uy Le 0%us Y d 0%uy B 0%uy
012 " 0w 0ry O 022 o2
d 82’UQ +ec 62U1 +a 827,02 . 62U2 (10)
Y022 " 0w 0y 022 02

the equations of the induced magnetic field in the area zo < 0

o’n; 0%k 1 d%h}; (11)
ox? = Ox3 2 o2’

satisfying the homogeneous initial conditions and the boundary condi-
tions for o =0

0 0
d3< UI+ UQ> f17

(9.%'2 a@xl a
us  Hog
_ 7 Z = f* 12
(c3 —d3) B +a 38x2 + 7rp0h3 I3 (12)
ohy | Hos 5 Hy

Oxs = 2 Of2
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Here the notations

ff=p0 ' F0(20)o(t),  f) = const (i=1,2),
a3 =ag+a&, c3=c+ &, d3:d07
A+ 2
_’_M’dozﬁ’ CO:ao_d()?
£0 PO
_ H,
~ dmpg

ag =

are used, where ag, dy are the squares of velocities of the longitudinal
and the transversal pure elastic waves in elastic medium.

The rest of characteristics of the main problem are defined by the
above-mentioned corresponding expressions.

3. Solution of the problem

We will solve the addressed problem with Laplace and Fourier inte-
gral transformation technique. Moreover, the unknown functions on the
Laplace’s images are defined by the Canyard method [8].

Applying the Laplace transformation with respect to time ¢ (with pa-
rameter s) to equations (10), (11) and boundary conditions (12) and
the Fourier transformation with respect to the coordinate z; (with pa-
rameter 1) after satisfying the initial conditions and the conditions on
the dumping of disturbances at infinity for the Laplace’s images of the
unknown functions we will obtain

2 . 100 X
(s, on,02) = 0 ) fY / 1 (@)e1Oag,

k:,] 1 —zcx? (13)
h3($ 21, %9) = Z nkj fO f fk] fsts(H)dG.
).]7 _1’00
Here
2 (9)
-1 _ kj
15 = 2JO8510). £ -~ x(0)A5(0) 14
oy =i04;0). ) =ixi(0)4;06), "
1 2 ;
B3 (0) = ida(0)B;(0), @) (6) = i0B;(0),
A1(0) = 0 (2d3c2 s + ) |
As(0) = X3 (6° = A3) (15)
By(0) = dsc® A3 (62 — A3) — Ay
BQ(@) = GAI)\Sa



390

An(0) = \/ Vi 2 = 02 (Re,(0) > 0, forl] <V, '), (17)

tn(0) = 0x1 + M\ (0)|22], (18)
VYIQZG’?M ‘/Y32:d37 VE),ZC, (19)
7751') = (2mpods) " c3, 77512) = (2mpo) " eac?,

my = (=17 2mpods) ey, my) = (—1)7 (mp0) N esc?,  (20)
771(;3) :_HO3C_277]E;§')7 iaj7k:172;n:15273)

where R3(0) is the Rayleigh function
Rg(@) = 02)\3)\2 (463d392 — a3) —as [62)\3 + 88()\1 + )\2)] A1 (21)

When obtaining (13)-(21) the notation a; = isf is used assuming
that the Laplace transformation parameter s > 0.

According to the work [4] Rs(f) has two real roots £0p = £V,
moreover,

Ve < /d3=Vs. (22)

In (22) Vg is the velocity of the Rayleigh magnetoelastic wave, V5 is
the velocity of the slow magnetoelastic wave.

From (14)-(17) it follows that the singularities of the integrated func-
tions flg? (0) are the bifurcation points of the function A,(#) and the
simple pole

0==+0:=V"1 n=123,
{ 0=20p =2V, (23)

As the velocity Vi of the longitudinal magnetoelastic waves is less
than the velocity of light and greater that the velocity of the slow mag-
netoelastic waves V5 and the condition (22) takes place then the singular
points 67 and 6r at the real axis of the complex #-plane are placed in
the form

0<03 <67 <65 <0Rr. (24)

From (24) it follows that for the extraction of unique branches of
the functions f,g?(@) the sections (—oo; —63) and (63;4+00) can be con-
structed at the complex 6-plane.

At the complex #-plane with the above-mentioned sections let us con-
sider the line at which the function ¢,(f) from (18) has real positive
values t, i.e.

Oz1 + My (0)|z2] =t >0, n=1,2,3. (25)
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Solving the relation (25) with respect to 6§ we will obtain the para-
metric equation at the unknown line which is called Canyard line

L1 L2 "
0 = 6|t :T—th:zr—zx/tQ—(tn)Q, (26)

t>t, th=rV =10t 7‘2:37%4-113%, n=123.

For each n equality (26) is the equation of the hyperbola’s right branch
I';, being obtained for 1 > 0 and having the top at the point
b= 2tn =27 (21> 0). (27)
r r
Moreover, if ¢ varies in the interval (t%;+occ) the function 6,7 (t) charac-
terizes the part I') of the curve I',, and the function 6, (¢) characterizes
the part I';, of that curve (Fig.2). If zo < 0 the equality (26) charac-
terizes the left branch of the hyperbola with the top being the point
—0p,.

Imé&
1

Figure 2

Further we will study only the area 21 > 0 according to symmetry.
As the contour of integration contains the Canyard lines then it is
necessary to explore the interlocation of sections and the Canyard lines
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in the complex #-plane, i.e. the interlocation of the tops 6, of the hyper-
bolas I';, and the singular points of the integrated functions 65 63 07 and
fr depending on the coordinates x1,x2 and on the external magnetic
field Hy.

On the basis of (23)-(27) we can conclude that depending on the
coordinates of the points M (x1,x2) of the wave area the following cases
of location of tops of the above-mentioned hyperbolas 0, with respect

to the singular points 60, and g of the integrants fk (0) are possible

1)0<93<63<91<91<02<92<0p“ for 0< ¢ <o,
2)0<93<93<91<92<9*<02<9R, for ¢o < < 1,
3)0< B3 <6 <05<0y<0;<05<0r, for o1 <<y,
4m§%§@§@<%<ﬁ<%<%,brm<wgg

(28)
Here ¢ = arctg|za/x1] is the angle between the beam OM and the axis
0z1. The angels ¢g, @1, @2 are defined by the formulae

Yo = arctm/V?VQ_1 -1,
Y1 = arctg\/V??VfQ -1,
P2 = arctgy/VfV{l —-1.

Now having the interlocation (28) we can begin the inversion of integrals
from the equation (13).
First of all let us discuss the inversion of the integrals having the form

hy(savan) = [ 1§00 as, (29)

which describes the role of the longitudinal magnetoelastic waves in the
main solutions. Depending on the location of the points 6, and 63 we
have the following cases of inversions and a certain area of the plane
0x1xo corresponds to each inversion:

a) M(zy,29) € Q1 ={p1 < <7m/2;x9 > 0}.

In this case according to (28) the line I'y does not cut the branch
(03;+00). Therefore for the calculation of the integrals (29) the integra-
tion can be done along the closed contour L generated by the line I'y,
by the imaginary axis of the #-plane and by the arcs cf ,c; of the circle
with an infinitely large radius (Fig.2).
b)M(ml,xg) €Ny = {0 <P <E);T2 > 0}.
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In this case according to (28) the line I'; does not cut the branch
(05;+00). Therefore the contour of integration L; besides the above-
mentioned elements also contains the upper fyfr and the lower v, edges

of the interval [Hg; 51} of the real axis of the -plane (Fig.2). Moreover,
depending on the time ¢ the parametric equation of the edges ’yfc has

the form

9=9?<>——t—‘f—2’ 7 -7,

0<t<ts = 051 + |z2|/(67)2 — (65)2.

Applying the Cauchy theorem and the Jordan lemma to the integrals
(29) we will obtain

(30)

a) at the area

2/00 (t —t7)Re [ffé)(9f(t))6egt(t)] estdt (31)
0

b) at the area Qo

=2 {ao(t — )oo(t] — t)Re [fl(ﬁ-H(@?(t))aeal;t)]
0
] +
+oo(t — t5)Re [fl(;)w;r(t))aeéit(t)] } e tdt, (32)

where o (t) is the identity Heaviside function.

Thus using the Canyard lines the inverse Fourier transformation is
turned into the Laplace transformations of the unknown functions. And
this is the meaning of the Canyard method.

After the inversion of the Laplace transformation from (31) and (32)
we will obtain

aem)]

1) t,01,02) =2 { e ~ ) me | 1) 6 1) 25

. 0
+sgntn — Dot~ t)aalt; ~ e | 1) @) T3

(33)
In (33) m = 1 corresponds to the area 21 ,m = 2 to the area Qs , fS-H
is the value of the function fl(;-) at the edge ;"
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The inversion of the integrals having the form fé;)(8,$1,$2) at the
areas Qf = {p2 < ¢ < g;xg >0}, 95 = {0 < ¢ < p2;x2 > 0} and the

integral f,gg)(s,ml,xg) at the area Q3 = {0 < ¢ < g ;29 > 0} is handled

also as in the previous case in accordance with (28).
Inverting the integrals from (13) for the displacements u; and the
induced magnetic field h5 we will finally obtain

(t 1‘1,1’2) Z 77 I Z)(tvxlax2)7
S N
hg(t,l‘l,lé) = Z nk] fflkj (t7x17$2)7
k=1
where

(

i Z. 067
I,S,j) (t,z1,22) =2 {00(75 — tp)Re {flgj) (04 (1)) gt(t)}

0
+sgnim — Dot — oot - ORe | 15 690N 5

ot ’
9] 005 (t
1) ) = 5 Lo - pme [ 18 05 0 250 ||

\

(35)
T ‘.%'2‘
%) = Smt = VP2 (36)
ty <t <ty, t3=05z1+|v2l\/(05)% — (65)7.

(medium)

&

\4 5 & O 2 }x}

Figure 3
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In Fig. 3 the wave fronts and wave fields of the magnetoelastic waves
are shown. On the basis of the analysis of solutions (34) we have the
following wave location. Just from the location of force two waves are
propagated: the speed longitudinal magnetoelastic wave occupying the
area constrained by the curve Af ByA] OA] (Fig.3) and the transversal
slow magnetoelastic wave occupying the area constrained by the curve
A;COAQ_ OA; and at the vacuum the electromagnetic wave is propa-
gated occupying the area constrained by the curve A;BSA; OA;‘. When
propagating these waves generate additional disturbances having the
form of magnetoelastic waves reflected from the plane of the half-space
and propagating along the depth of the elastic medium and having the
form of an electromagnetic wave propagating in the vacuum. As a result
of the noted processes the speed magnetoelastic disturbances occupy the
extended area constrained by the curve A;BOA?T OA:J{; the slow mag-
netoelastic waves occupy the extended area constrained by the curve
A;{COA??OA;; and the electromagnetic disturbances occupy the area
constrained by the curve A;B(’)‘Ag OA;{ as before.

Conclusions

In the presented work the two-dimensional magnetoelastic Lamb prob-
lem is solved with the use of integral transformations technique.

References

[1] Ambartsumyan, S.A. and Baghdasaryan, G.Y. (1996) Electroconductive plates
and shells in a magnetic field, Nauka, Moscow (Russian).

[2] Baghdasaryan, G.Y. (1999) Vibrations and stability of magnetoelastic systems,
YSU, Yerevan (Russian).

[3] Maugin, G.A. (1988) Continuum mechanics of electromagnetic solids, North-
Holland, Amsterdam-New York-Oxford-Tokyo.

[4] Kaliski, S. and Rogula, D. (1960) Rayleigh waves in a magnetic field in the case
of perfect conductor, Proc. Vibr. Probl., Vol. 1, 5, pp. 63-80.

[5] Baghdasaryan, G.Y. and Danoyan, Z.N. (1984) Plane magnetoelastic Lamb
problem, Yerevan, Mechanics, Proc. Sci. Art., Vol. 3, pp. 68-76 (Russian).

[6] Rakhmatulin, K.A. and Shkenev, Y.S. (1985) Media and field interaction, Proc.
FAN, Tashkent (Russian).

[7] Danoyan, Z.N. (1975) On the plane problem of the propagation of magnetoelas-
tic vibrations from the point source, Proc. Nats. Akad. Nauk Armen., Mechanics,
Vol. 28, 1, pp. 20-33 (Russian).

[8] Canganiard, L. (1962) Reflection and refraction of progressive seismic waves,
McGraw-Hill, New York.

[9] Lamb, H. (1917) On waves in an elastic plate, Proc. Roy. Soc. London (A), Vol.
93, pp. 114-128.



396

[10] Petrashen, G.I., Marchuk, G.I. and Ogurtsov, K.I. (1950) On the Lamb problem
in the case of half-space, Leningrad. Gos. Univ. Ush. Zap. 135 Ser. Mat. Nauk,
Vol. 21, pp. 71-118 (Russian).

[11] Sveklo, V.A. (1961) On the solution of dynamic problem of plane theory of elas-
ticity for anisotropic media, Prikl. Mat. Mech., Vol. 25, pp. 885-896 (Russian);
J. Appl. Math. Mech., Vol. 25, pp. 1324-1339.



ON AN EIGENVALUE PROBLEM FOR
THE ANISOTROPIC STRIP

Mher Aghalovyan

Institute of Mechanics

of National Academy of Sciences of Armenia,
Marshal Bagramian ave. 24b

375019 Yerevan, Armenia

mechins@sci.am

Abstract  Beginning with the equations of dynamics of elasticity theory, frequen-
cies and forms of free vibrations of an anisotropic strip-beam rigidly
fastened along one of the facial surfaces are determined by an asymp-
totic method. Characteristic equations for determining main values
of frequencies are derived. It is proved that in the strip with gen-
eral anisotropy two types of free vibrations arise, but unlike the or-
thotropic strip, they are not purely shear and longitudinal. Eigenfunc-
tions which compose an orthonormalized system, are determined. The
applied method of determining frequencies and forms of free vibrations
may be used for the investigation of analogue questions for thin bodies,
particularly, for plates and shells.

Keywords: elasticity of thin bodies, anisotropic strip-beam, dynamical equations of
elasticity, singularly perturbed problems, asymtotic method, free vibra-
tions, orthonormalized system of eigenfunctions

Mathematics Subject Classification (2000): 74K10

1. Introduction

A lot of papers, among them the papers on the basis of Bernoul-
li and Euler presuming the plane cross-section hypothesis, are devot-
ed to the first boundary problem of elasticity theory for strip-beams
(where on longitudinal borders the values of the stress tensor are given).
There is considerably less work when on the longitudinal borders other
conditions are given, for example, displacement values or mixed con-
ditions. It is proved that for this class of problems the hypothesis of
plane cross-sections is not applicable [1], [2]. For the solution of this
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kind of class of problems the asymptotic method for solving singularly
perturbed equations [3], [4] appeared to be effective. For applying the
fact that the dimensions of the cross-section of the bars and beams are
much less than their length, passing to dimensionless coordinates and
components of the displacement vector the system of elasticity theory
equations becomes singularly perturbed by a small parameter. In this
paper a boundary problem on eigenvalues of the anisotropic strip is
solved by an asymptotic method. Problems like that are one of the ba-
sic problems of seismosteady building and seismology in fundamental
constructions.

2. Frequencies and eigenfunctions

It is required to find null solutions of the dynamic equations of the
homogeneous system of elasticity theory for the anisotropic strip D =
{(z,y) : © € [0;4], |y| < h,h << £} under the homogeneous boundary
conditions

ozy(h) = oyy(h) =0, (1)
u(—h) =v(—=h) =0. (2)

Finding the solution in the form

Oap = Uzk(%?/)exp(“‘)t), O[,ﬂ =T,Y; iu k= 17 2) (3)
u,v = (ul(xay)vvl($>y))exp(iwt)7

where 0, g,u,v are the components of the corresponding stress tensor
and displacement vector, w is the required frequency of free vibrations.
Passing to dimensionless coordinates £ = z/¢, ( = y/h and components
U =wuy/t, V = v/l we have a system singularly perturbed by a small
parameter € = h//

doy1 10012 9 9

- il U=0
aé_ 3 8< + W, € )

—8(;;2 5_1—8;? +w2e?V =0, w?=ph’?,

oUu

8_5 = a11011 + a12022 + A16012, (4>
0V

I a_c = 112011 + a2209292 + a260—127
LOU OV

= 16011 + G26022 + G012

ac "o
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The solution of system (4) will be sought in the form of an asymptotic
representation
o =0l UV = (U0, V), (5)

w2 =¢e%w?, s=0,...,N.

*89

Substituting (5) into (4) and comparing the coefficients of powers of
¢ in the equations we get the system

ool a0y

5 + % 22Uk =0, k=0,...,s,
o (s—1) o (s)
0525 " g? +wB VTR o,
8U(S_1) S S S
€ = CL110§1) + alQUéQ) + a160§2)7 (6)
8‘/(8) S S S
¢ = a120£1) + a220§2) + a260§2):
ou) gy (s) (s) (s)
8C + 05 = a160711] t G26099 + A66019 ,

for determining the unknown coefficients 0'( ) UG V(s),wfs of the rep-
resentation (5), where £k = 0,...,s means that by the repeated index
“k” a summation from null up to s takes place. The solution of system
(6) is

s 1 s s 1 ous—1)
0’51) = —a—n(awaéz) + a160§2)) + an 06
1 oU(s) oV () 1
US) A (All ac Alﬁa—c =+ S )a (7)
g 1 oV (s) U ) a1
52) e A <A66 8(; A168—C + 52 )7

Aq1 = (a11a29 — aly)/ar1, Aes = (a11a66 — alg)/a11,
Ayg = (a11a26 — arpaig) /a1, A = A Age — Alg.

The functions U®), V() are determined from the equations

9*U ) 9?v ()
An—F5— + AWZUS™ — Ajg 5 = £,
o¢ o¢ ®)
o*vV ) k) 4 OPUW
Agg——— PIE —i—Aw*kV Alg——— e =f77, k=0,...,s,
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where the values 5%82 2 ~(S Y ,f us 1), f v are well-known if the pre-
vious approaches are bullt It is not difficult to write down their ex-
pressions, Q™ = 0 when m < 0. For the orthotropic layer Ajg = 0
and system (7) separates into two independent equations, when s = 0.
The main values of the free frequencies of the orthotropic strip are de-
termined in [5]. When s = 0 system (7) becomes homogeneous and
admitting

U™ = A163—<27 P = wo(&)¥o(C), (9)
0 s 2
its solution is reduced to the solution of the equation
"y o d*yo
it + (A1 + Ags)wiy el + Awlgro = 0. (10)

Finding the solution of equation (10), calculating by formulae (7), (9)
the components of the stress tensor and displacements vector, satisfying
conditions (1), (2), we get the equations

cos 2[1wxo = 0, cos 2wy = 0, (11)

1
B2 = E\/An + Aes F \/(An — Agg)? + 1A%,

for the frequencies, from where the main values of the frequencies

I 1

I I 77
Wy, = ——=Wions Wion = —2n+1), n € N, 12
on h\/ﬁ On on 4ﬂ1( ) ( )
1
éTIL_ h\/ﬁwiérw wién: 45 (27’L—|— )7 TLGN, (13>

and the eigenfunctions corresponding to them
2p(lm = sin /Blwﬂ{OnC + tglglw£0n cos ﬂlw>{0nC7 (14>

6s, = sin Bowlf, ¢ + tgBawlf, cos Fawlf,(, (15)

follow. Each of the groups of eigenfunctions composes an orthogonal
system. Unlike the orthotropic strip on the strength of (12), (13), the
free vibrations of the strip with general anisotropy are not purely shear
and purely longitudinal, which makes it easy to integrate physically.
When s = 1, system (7) is inhomogeneous and it is necessary to solve

it under two independent cases a) w, = wly,, b) ws = wi{ . In the
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first case using the orthogonality of the functions system {1{ } all the
required functions are sought in the form of series in these functions. By
the well-known procedure [3], [4] the coefficients of the decompositions
are determined and therefore all the values for the approach s = 1,
particularly, the correction w?! ; to the frequency.

In case b) the unknown functions decompose by the functions {t{!}
and the same procedure is repeating. In the analogue way the approaches
s > 1 are considered. It should be noted that in the problems of forced
vibrations, it is practically enough to know the values of the frequencies
inn,wién, as resonance arises under coincidence of the frequency of
forced effect with the main parts of the values of the frequencies of the
free vibrations.

In conclusion we note that the frequencies of free vibrations for plates
may be found by the noted method.

3. Conclusions

The effectivity of the asymptotic method for solving singularly per-
turbed differential equations for determining frequencies and forms of
free vibrations of strip-beams and plates type of thin bodies is shown.
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Abstract  The problem of solving systems of equations of static and dynamical
boundary value problems of elasticity theory for thin bodies (beams,
plates, shells) is considered. Taking into account the specific geometry
of such bodies, it is shown that in dimensionless values the system of
equations is singularly perturbed by a small geometrical parameter.
For solving such systems an asymptotic method is used. The solution is
combined by the solutions of the inner problem and the boundary layers.
Asymptotic orders of the required values are established and iteration
processes for their determination are built. It is shown that asymptotics
correctly react to the type of conditions, stated on the face surfaces.
The connection of asymptotic solutions with the results on classical
theories of Bernoulli-Coulomb-Euler beams, Kirchhoff-Love plates and
shells is established. The connection of Saint-Venant’s principle with the
property of the solution for the boundary layer is revealed. A class of
problems for which Saint-Venant’s principle is mathematically exactly
fulfilled, is selected. It is proved that the applied asymptotic method
permits to solve new classes of problems of statics and dynamics of thin
bodies.

Keywords: elasticity of thin bodies, singularly perturbed problems, asymptotic
method, boundary layer, Saint-Venant’s principle, dynamical equations
of elasticity, seismology, seismosteady buildings
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1. Introduction

Thin bodies like bars, beams, plates and shells, which are composite
elements of modern constructions, are characteristed by the property
that one of their geometrical dimensions substantially differs from the
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other two. For bars and beams their length is much more than the
cross dimensions and for plates and shells the thickness is much less
than the tangential dimensions. Taking into account this specific char-
acter, having written the equations of elasticity theory in dimensionless
coordinates and dimensionless components of the displacement vector,
it is easy to be convinced that the corresponding system of differen-
tial equations in individual derivatives is singularly perturbed relative
to small (big) dimensionless geometrical parameter. And also the small
(big) parameter is the coefficient not of the whole leading operator, as
in classical problems on singular perturbation but of some of its parts.
It leads, particularly, to the situation when the number of boundary
functions becomes infinite, and besides, the methods of solving regularly
perturbed differential equations are not applicable here. The system for
orthotropic plates D = {x,y,z : ,y € Do, |z| < h,h << £} in Cartesian
coordinates is

80'11 80’12 _18013
- _ _— F$ s 1)y == 1727 7 s 'y 7 PR ?
8§+877+6 8C+ &n. Q=0 (1,2,3;&m,¢2,y,2)

ou

—7 = Q11011 + a12022 + 413033,

29
oV
8_ = 12011 + a920992 + a230337
n
I 8—C = a130‘11 + a23022 + a330337 (1)
8_U+8—V—a o ow 5_16—[]_“ o
87’] 85 — 4660912, 85 ac — ©55913,
oW _ov

8—?7 3 8C = 044023,

where oy, are the tensor components of stresses, U, V, W are the dimen-
sionless vector components of displacements: U = ug/l,V = u,/l,W =
u, /¢, a;, are the elasticity coefficients, { = x/¢,n = y/l,{ = z/h,l is the
typical dimension of the middle surface Dy of the plate, F,, F, F, are
the components of the volume forces, ¢ = h/¢ is the small parameter.
In order to solve the singularly perturbed system (1) with parameter e
under boundary conditions on the facial surfaces z = +h and the side
surface dp of the plate, it is natural to use the asymptotic method [1, 3].
The solution is combined from the solutions of an inner problem Q™
and the boundary layers R,

I=Q™+ R, (2)

But for thin bodies in the inner problem the direct decomposition of
required values by the small parameter does not lead to the desired re-
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sult, for the asymptotic orders of the required values are not alike. Hav-
ing the right determination of asymptotic orders we manage to get an
iteration process for the determination of the coefficients of the asymp-
totic decomposition. In every concrete boundary value problem the right
determination of asymptotic orders of the required values is much more
difficult and a responsible moment of the asymptotic approach. This
also has deeper physical roots, since formulating this or that physical
law, this or other asymptotics are given.

2. The first boundary problem of elasticity
theory for thin bodies

The solution of the system of equations (1) is required when on the
facial surfaces z = 4h the values of the components of the stress tensor

o3 =035(&m), o3 =o05(6,m), o33 =05(E ), (3)

and on the side surface dp some group of conditions of the boundary
problem of elasticity theory are given. The solution of the inner problem
Q" is sought in the form of

Qin — 5XQ+SQ(S)7 s = 07 e 7]\[- (4)

After substituting (4) into (1) and comparing the coefficients of the corre-
sponding powers of € we get a non contradictory system for determining
the coefficients of the decomposition Q) only when

xX=-2 for o11,002,UV, x=-1 for o13,023, (5)
x=0 for o3, x=-3 for W.

Substituting (4), (5) into (1) we have an iteration process of determin-
ing Q). In the space problem all the values for every s are expressed
through three functions U®)(&,n), V) (£, 1), W) (€,n). The equations
for U®), V() when s = 0 are corresponding to the equation of the classi-
cal theory of tension-pressure of plates and the equation for W) is corre-
sponding to the equation of plates bending in the classical Kirchhoff-Love
theory. When s > 0 the operators of the classical theory are preserved
and only the right parts of the equations, i.e. the loading parts change.

In the plane problem all the values are expressed through two func-
tions U (&), W) (€) which are determined from the equations

AN 1 dwe) .
1d—§2:q”(”) © 3 1d—§4:q()(§)a (6)

where E is the elasticity module in the longitudinal direction, qg(cs)7 g

are the loading elements. The first of the equations (6) when s = 0
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corresponds to the tension-pressure equation of bars, and the second
corresponds to the equation of beams bending in the classical Bernoulli-
Coulomb-Euler theory. Being restricted to the solution of the inner
problem the boundary conditions on the side surface may be satisfied
only at certain points (lines) or integrally which indirectly satisfies the
singular perturbation of the original edge problem. In order to remove
the arising discrepancy, it is necessary to build also a new solution —
a boundary layer. This solution has the character that it satisfies the
system of equations (1) with homogeneous (trivial) boundary conditions
when y = £h(¢ = £1) and quickly fades when removing from the side
surface into the inside region D. In order to build this solution near
the side surface & = 0, in (1) the transformation of tension ¢ = £/e is
introduced and the solution of the once again obtained system is sought
in the form of functions of boundary layer type [2],[3]

R, = EXP“R}(DS)(n, Qexp(—=At), s=0,...,N. (7)

From the consistency condition of the iteration process relative to RI(JS)
follows, that x»,, = X, xu = X + 1 where x is an arbitrary still integer,
the value of which is uniquely determined during the conjunction of
the inner layer and boundary layer solutions, Re A characterizes the
velocity of diminution of values of the boundary layer by the degree of
elimination from the side surface. In case of a plane problem the solution
of the boundary layer is exact for arbitrary s and is expressed through
a certain function F' by the formulae

/! /
R R
a F
Uy =~ [QHF + a12X] A®), (8)

" F/
‘/}o(s) == [CLHF + (a12 + a66)p] A®),

where A®) is an integration constant, and F = F(() is the solution of
the boundary problem

a1 FTV 4+ N (age + 2a12) F" + Mage F = 0, 9)
F(£1) = F'(£1) = 0.
Depending on the values of the elasticity constants a;x, three variants

of the solution of problem (9) are possible. The corresponding values A
(their countable set, if we arrange them as an increasing sequence of val-
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ues of material parts) are determined from the transcendental equations

a) sin 2\, £ 2\, =0,
b)wsin z, +sinwz, =0, 2z, = (61 + B2) A,
Y B2 —
B1+ B2
c)wsin z, + shwz, =0, 2z, =20\, w=0a/f, 0<w<l,

O<w<l, (10)

see [3], where «, 3, B1, B2 are certain positive parameters.
The solution (8), (9) has quite an important property, namely

+1 +1

+1
[egac=o. [cac=o. [olgac=o )
-1

-1 -1

which physically means self-balance of stresses of the boundary layer in
the arbitrary cross-section t = .

This solution is impossible to get by any hypothesis admitted in the
theory of beams and plates. Therefore, admitting classical hypotheses
of plane sections or non deformable normals the above mentioned exact
solution gets lost. That is why those thin bodies theories, which do not
take into account the boundary layers, cannot make the classical theory
more precise.

In the space case two types of boundary layers exist — the antiplane
and the plane ones, the values of which fade with different velocities: the

antiplane layer fades as exp (— VG23/Ghart/ 2) , and the plane boundary

layer fades as exp(—Re\1t), where A is the material part of the first root
of the transcendental equations of type (10).

Having the solutions of the inner problem (4) and the boundary layer
(7), using the general solution (2) we manage to satisfy the boundary
conditions on the side surface of a thin body, i.e. to join the solutions of
the inner problem and the boundary layer. In case of a plane problem
the solution of the inner problem for stresses contains three arbitrary
constants and if on the side surface the stress values are given, these
constants are uniquely determined using the property of the boundary
layer solution (11). In this case the same solution of the inner problem
corresponds to the arbitrary static equivalent loading located on the
side surface, and the boundary layer takes the self balanced part of the
loading on itself. This purely mathematical result expresses validity of
Saint-Venant’s well known principle in case of the first boundary prob-
lem. In the rest of the cases Saint-Venant’s principle is not valid and the
conjunction of the solutions is fulfilled by other means by the method
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of Fourier’s smallest squares and so on. In case of the space problem
the original approach for the inner problem corresponds to the classical
Kirchhoff-Love theory of plates and shells. Building the next approaches
for the inner problem and boundary layers, a more precise definition of
the results of the classical theory as well inside the thin body, as in the
vicinity of its side surface becomes possible.

3. The second and third boundary value
problems

Let on one of the facial surfaces of the thin body D the values of the
displacement vector components

up(=h) = uy,  uy(=h) =uy, u(=h)=u;, (12)

Yy 9
and on the other one the values of displacement vector components (the
second boundary problem)

uy(h) =ul, wuy(h)=ul

Yy )

u(h) = ul, (13)
or the stress tensor components (the third boundary problem)

o13(h) = o3, o93(h) = 053, 0o33(h) = 05, (14)
be given. On the facial surface z = h may be given and the mixed
problems (the values of stress tensor and a part of displacement vector
components).

The solution of the inner problem is again sought in the form of (4)
but the asymptotics (5) are not admissible here.
We especially note that the asymptotics considerately reacts on the

type of the boundary conditions on the facial surfaces. In the considered
case the non contradictory values for y are

x = —1 for stresses, x =0 for displacements (15)

which principally differ from the asymptotics (5).
Substituting (4), (15) into (1) we determine Q(*). The solution of the
inner problem is

U§3 —0130(5 n) +U13*(f 7,¢) (1,2,3),
ofY = Avsolih + Auoliy + Asolsy + oin (60,0, (1,2),

oty = A630§§)o + A640§§)o + AGSU@O +ol8) (¢, 0), (16)
U = ¢(As308) + Asaols) + AssolSh) + Ués) & m) + UL (&, 0),
V) = ((Aszoliy + Auoliyy + Assolsy) + V) (5 n) + Vi (&,n,0),

W) = ((Aggoloh + Asaobh + Assalih) + W&, m) + w9 (€,n,0),
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where the coefficients A;; are expressed through the constants of elas-
ticity a;r, and the values with an asterisk for every s are well-known, if
the previous approaches are built.

The solution (16) contains six unknown functions U%%, Ué?o, Ué‘?o,

U(gs), VOS), 0(5), which are uniquely determined during the satisfac-
tion of the boundary conditions (12), (13) or (12), (14). With this also
this class of problems differs from the first boundary problem, where the
part of the functions is determined from the conditions on the side sur-
face. Therefore, in the given problems the boundary layer only removes
the residual on the side surface, i.e. the fading solution of the bound-
ary layer type corresponds to the arbitrary loading, applied on the side
surface. If the conditions of the facial surfaces z = +h are described by
polynomials, the iteration process cuts off on a certain approach and the
solution (4), (15), (16) becomes mathematically precise. The solution
(16) holds also just for layered bodies. One should only ascribe the cor-
responding number of the layer to all the values. Besides the conditions
on the facial surfaces, also the conditions of the contact between the
layers satisfied, the unknown functions entering (16) are again uniquely
determined. This, particularly, permits to find the solutions of all the
problems of foundations and it is based on the model of a compressible
layer.

We bring one of the solutions for a two-layered orthotropic strip-beam,
corresponding to the case, when one of the facial surfaces (z = —hg) of
the beam is rigidly fastened and on the opposite surface (z = h1) normal
and tangential loadings of constant intensivity influence, —o™, 71, are
given:

I
I 4 I + I _ @19 4
o3=7T", oOz3=—0, op=-—730, 0<z<h,
ay
ul = a(Ii67+z + aéé7+h2a Wi = —A{10+Z - A{{UJrh?’
I 4 IT + 1 ais +
o3 =T7", o33=-0", o;1=—"F0, —h<y<O0, (17)
ag
ul = allr (2 + ho) W = —A{{o™ (2 + ha),
2
agg = ]./G]_Q, Al]_ - (CL]_]_CLQQ - a12)/a11'

From (17) follows that on the layer’s contact line z = 0 we have
. 1

0'33 — h2—14HWC or 0'53 — ]E{\A]C7 (18)

where K = 1/(Al{hy) is the well known coefficient of bed. The value of
this coefficient for a beam packet of an arbitrary number of layers may
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be obtained by elementary actions,
1

K=—5—,
;Aﬁ)hi

(19)

at that time while obtaining (19) by other methods is a problem. Asymp-
totics of (4), (15) may be as well used when the parameters of elasticity
are functions of the coordinates. It is not difficult to propagate the
obtained results on layered thin plates and shells.

4. Dynamic boundary value problems

The asymptotic method appeared to be effective as well for the so-
lutions of problems on free and forced vibrations of thin bodies. From
this class of problems we consider some problems, having a significant
value for seismology and seismosteady building. Consider free vibrations
of plates (plate-like bases) on a rigid base (foundation). It is required
to find null solutions of the dynamic equations of elasticity theory in
the region of D = {(z,y,%2) : x,y,€ Dy, |z| < h} under the boundary
conditions

uz(—h) =0 uy(—h)=0 wu,(—h)=0, (20)
uz(h) =0, wuy(h)=0 wu,(h)=0, (21)
o13(h) =0, o23(h) =0, o33(h)=0. (22)

The solution is sought in the form of

Rjr = Qji(&,m, Q)eap(iwt), (23)

where w is the frequency of free vibrations. The corresponding equa-
tions with regard to (23) will differ from equations (1) because in-
stead of F, Fyy, I, the iteration elements e2W2U, e 2W2V, e 2W2W,
where w? = ph?w? will appear. We describe the procedure of deter-
mining the required values of the coefficients Q5 in the form of (4),
and w? = %2, s = 0,..., N, and substituting them in the trans-
formed system (1) we have a noncontradictory system for determining
Qﬁ),wzs. All the unknown functions may be expressed through the

functions Us, V) W), each of them in their turn is determined by a
differential equation of second order. When s = 0, these equations are
homogeneous and independent. Determining their solutions and satisfy-
ing the boundary conditions (20), (21) or (20), (22) we get an algebraic
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homogeneous system for the constants of integration. From the solvabil-
ity of this system follows a transcendental equation for wyg, from which
the main value of frequency of the free vibrations wo(wo = w«o/(h+/p)),
where p is the density of the plate, is determined. The next approaches
make this value more precise, they are calculated by the well-known
procedure of the theory of perturbations [1]. Shear free vibrations of
orthotropic plates in the surfaces X7, Y Z with the main values of fre-
quencies

xrz T G13 m Tz

Wi = gp\| S (n D = pVCen+ D). neN, (24
yzzl %2 1 :1 Yz (9 1

“hn=gu\ S G D) = VIR ),

and longitudinal vibrations with frequency corresponding to the bound-
ary conditions (20), (22)

D
“on

T |E3 1 — viovan

4h P 1 — v1ov91 — V31113 — Vo3l3a — V3112003 — V32121013

™

X(2n+1) = P

(2n + 1)V}, (25)
where V*#, VY%V, in seismology and wave theory are well-known ve-
locities of shear and longitudinal waves propagation. The main values of
the frequencies are determined in the same way for other cases as well.

Now consider forced vibrations of plate-like foundations or bases of
buildings. These vibrations arise if we perform to their feet displace-
ments harmonically changing in time (seismic effects)

g (=h) = ug (§,m)exp(iQt)  (,y,2), (26)

where Q) is the frequency of the forcing effect. The solution of the dy-
namic equations of elasticity theory is sought in the form of

By the procedure, described above for free vibrations the coefficients
Qjk are determined. If uy, u,, u; are polynomials, the iteration pro-
cess breaks down and a mathematically precise solution of the dynamic
problem for a layer is obtained.
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We describe the solution for orthotropic plates for u; , u,, u; = const

when the surface of the plate z = h is free (013(h) =023(h) =033(h)=0)

u-
= ——2  cosQu/ass(1 — ),
b COSs 29*1 /A 55 o8 a55( <)exp(l )
U, .
uy = m COS Q*\/@(l - C)exp(’LQt),
— Q* ]
Uy = UZ COS (1 - C)6$p(ZQt), (28>

20
cos —rp= VA
uy Q. sinQu/as5(1 —C)

=z 1.9: .
013 h \/@ cos 200, \/@exp(zﬂt) ( y 435 Y5 as5, a44)7
Ags O, Adu.  Anou

o12 =0, Ullz—Ta—C, 022=—Ta—ca USS_T@C’

2 202 2

Qi = ph"Q%, An = (anax — ajy) /A,

Az = (a11a23 - a12a13)/A, Aoz = (a22a13 - a12023)/A,
2 2 2

A = ajraxa33 + 2a12a23013 — a11G093 — A22A73 — A330A79-

System (28) is solvable, if

20,
VA

Those values €2 for which the conditions (29) are not fulfilled, coincide
with the main values of frequencies of free vibrations. Under such values
of the frequency €2 of a forced effect a resonance will take place. But
the parameters of the plates (foundation, base) can be chosen so that
under seismic and other dynamic effects conditions (29) were fulfilled,
i.e. resonance does not arise.

cos 2Q0+/ass # 0, cos2Q,/aqq # 0, cos #0. (29)

5. Conclusions

Using specificity of geometrical dimensions of thin bodies, it is proved
that for them the differential equations of elasticity theory are singu-
larly perturbed. For the solution of such kind of systems an asymptotic
method is effective. It is shown that the asymptotics on the solution
essentially depends on the type of boundary conditions on facial sur-
faces of the thin body. The method allows us to find the solutions of
wide classes of static and dynamic problems having significant value for
applications.
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thermostat” is mathematically stated in terms of a complex probabilistic
process for the wave function, i.e. the solution of Langevin-Schrodinger
(L-Sch)-type stochastic differential equation (SDE). The L-Sch SDE has
been studied for nonstationary 1D random potential with quadratic
space form. It was proved that when the random processes in poten-
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lator (QHO) immersed into a thermostat. The analytic expressions for
the ground state energy level widening and shift of QHO are obtained.
In other words the possibility of violating the second law of thermody-
namics due to quantum fluctuations, (i.e., spontaneous transitions in
QHO from vacuum to the excited states) is shown.

Keywords: Langevin-Schrodinger stochastic differential equation, random poten-
tial, thermodynamic potentials, nonrelativistic quantum mechanics,
etalon equations, quantum harmonic oscillator, phase transition, sec-
ond law of thermodynamics, quantum fluctuation

Mathematics Subject Classification (2000): 81525, 74A15

415

G. A. Barsegian and H. G. W. Begehr (eds.), Topics in Analysis and its Applications, 415-442.
© 2004 Kluwer Academic Publishers. Printed in the Netherlands.



416

1. Introduction

There are three primary sources of quantum chaos or of chaos in the
main object of quantum mechanics [1-3], namely, in the wave function.
The first one is related to measurements made over the quantum system
[4, 5, 7]. The second one is due to the openess of a quantum system under
study. It arises as a result of interaction of the system with environment
[8]. The openness may be caused by a more fundamental reason, namely,
the immersion of a quantum system in physical vacuum (see e.g. [9]).
And, the third, the quantum chaos may be also generated in dynamical
systems, in chemical reactions [10-12], at the scattering of particles on
singular potentials [13], multichannel scattering in a many-body system
[14, 15], mesoscopic systems [16] and in many other fields of physics [17—
20]. Besides that, as was recently shown by the authors in a number of
works [21-23], the chaos in the wave function may arise also in rela-
tively simple problems such as the collinear three-body collision system.
It is sufficient for the chaos to be developed enough in the corresponding
classical problem, i.e., the chaotic region in phase space be greater than
the volume of an elemental quantum cell AV, where N is the system
dimensionality (see e.g. [24]). In other words, the hypothesis of organic
relation between the classical nonintegrability and the quantum chaos is
thus proved [25]. It should be pointed out that in all mentioned cases
one is faced somehow or the other with the necessity to give the sta-
tistical description of a quantum system. The above problems require
different research approaches including the Gutzwiller track formulas for
description of quantum scattering of the system having a chaotic classi-
cal analogue [3], the theory of Mehta random matrix for calculation of
statistical properties of cross section fluctuations for a series of processes
(see e.g. [26]), the representation of classical Marcus-Miller S-matrix for
calculation of a chemical reaction, the properties of which are in nature
nearer to the behavior of a classical statistical system rather than to a
quantum one and other approximate quasi-classical methods (see e.g.
[27]). Nevertheless, many quantum-mechanical problems of fundamen-
tal importance (the Lamb shift of energy levels, spontaneous transitions
between atomic levels, the Zeno quantum effect [28], the issues of chaos
and self-organization in quantum systems especially with phase transi-
tion type phenomena etc.) may be rigorously described quantitatively
and qualitatively only in the framework of a nonperturbative approach.
Note that the Lindblad representation [29, 30] for the density matrix of
the “quantum object 4+ thermostat” system gives an a priory descrip-
tion of the most possible general situation. However, at the study of
properties of a quantum subsystem one has to pass to a reduced density
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matrix on a semigroup [31], that is a rather ambiguous procedure and
besides, its technical realization is feasible only within the framework
of this or that perturbation scheme. In the present article, the works
[32] on development of a novel scheme for investigation of stochastic
quantum systems within the framework of L-Sch-type SDE for the wave
function are continued. Note, that since the potential energy of the sys-
tem is assumed to be a random function, the wave function of the system
“quantum object + thermostat” is described by SDE. The basic point
of the method consists in the fact that for small time periods the L-Sch
SDE may be replaced by the ordinary Schrodinger equation. Here the
dynamics of the system “PQHO + thermostat” is investigated within
the framework of a 1D model with nonstationary random potential, the
space part of which has a quadratic form. It was shown that when the
random terms in the potential are determined by J-shaped correlators
(the white noise), the problem admits an exact solution in the statis-
tical sense. In other words, all the sought physical parameters of the
quantum subsystem are calculated in closed way and are given as finite
multiplicity integrals of fundamental solutions of some reference tasks
(second order partial differential equations). In particular, the average
values of transition probabilities in PQHO have been calculated with
due regard for the nonperturbative effect exerted by the thermostat on
an elemental process. Exact expressions for energy level widening and
shift (an analogue of the Lamb shift) of QHO immersed in the thermo-
stat were obtained. FExpressions for thermodynamic potentials of the
problem were constructed, the entropy of the vacuum (ground) state of
a quantum oscillator was investigated in detail.

2. Formulation of the problem

We shall consider the closed system “quantum object + thermostat”
within the framework of L-Sch type SDE

iat\ljstc = ﬁ\PstCa (1)

where the 1D evolution operator H is assumed to be quadratic over the
space variable,

N 19 1.5, 5
H = —5@ + 59 (t)m —F(t)ac, (2)

and the functions Q2(t) and F(t) are stochastic functions of time. Let
them have the forms

Qz( t + \/2€1p1f1 t @ t—tl
F t + \/262p2f2 t @ t— tQ (3)
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where Q2(t) and Fy(t) are regular functions and fi(t), fa(t) are inde-
pendent Gaussian stochastic processes with zero mean and J—shaped
correlators

< [0 fi(t) >=60(t 1), i =1.2. (4)

The constants ¢; control the power of forces f;(t), the functions p;(t)
are assumed to be nonnegative: pj,pa > 0. The step-function O(x) is
defined by

1 >0
@(”3)_{0 z < 0. 5)
Let us assume that the asymptotic conditions

Qo) —p Ymy. Folt) = 0. pilt) — 0, (6)

hold, which guarantee that the autonomous states ¢!"(x,t) exist as t —
— o0,

qbiln(l,’ t) _ e—i(n+1/2)9mt¢;n(x)’

1/2

2nn! T

where ¢ (z) is the wave function of a stationary oscillator and H,,(z) is
the Hermitian polynomial. It also follows from (6) that the autonomous
states ¢4 (z,t), which are obtained from (7) by replacing Q;,, by Qout,
exist in the limit ¢ — 400 as well. The ©-functions in (3) reflect the fact
that the random processes f1(t) and fa(t) are activated at the moments
t1 and to, respectively. If necessary, the functions p; and ps may be
chosen having the form which prevents the jumps of {2 and F' when the
noise is activated. The moments t; and to are assumed to be finite to
make the following inference correct. The aim of the paper is to find
the average probabilities W, of transitions from the initial ¢*(z,t) to
the final ¢2%(z,t) autonomous states when the evolution is governed by
stochastic operators H, see (2). This is the same way as to construct a
thermodynamic potential of a problem.
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3. Expressions for the wave functions: Complex
probabilistic processes and transition
amplitudes

Proposition 1 The formal solution of the problem (1)-(2) may be
written down explicitly for arbitrary Q%(t) and F(t). It has the form

Paslo 6D = Jzeonfi it =)+ 5@ = af + o] b (T ).
®

where the function x(y,T) satisfies the Schrédinger equation for a har-
monic oscillator with the constant frequency

~8X 1 82X me r—n
1 = B X’ y = s
or 2 0%y 2 r

9)

the function n(t) is a solution of the classical equation of motion for the
oscillator with the frequency Q(t), subjected to the external force F(t),

i+ Q% (t)n = F(t), n(—00) = 1n(—00) =0, (10)

o(t) is a classical action, corresponding to the solution n(t),

tr 1
o(t) = / [—7’72 — —O2n? + Fy| dt, (11)
12" 2
and r(t) and 7(t) are expressed in terms of the solution £(t) of the ho-
mogeneous equation, corresponding to (10)

E+QP(E=0, £(t) ~ e (12)

) =rt)e™, ) = 16O T =(t)/Qn-

A special notation ¢ = (£,7) for the set of functions £(¢) and 7(t) is
introduced in (8).

The proof is based on the substitutions first used in [34]. As it was
shown in [32] it works also for a certain type of random processes.

The set of solutions of type (8) which is important for the following
considerations in this paper is obtained from (8) after replacing x(y, 7)

by ¢ (y,7) from (7). It is thus defined as

) = [mx_—ln; + L=+ o fan (! »
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The main properties of the set of functionals (13), which are important
in what follows are

1 For any n the functional \Ilg?c) (z,t]{C}) reduces to the autonomous

state ¢"(z,t) in the limit ¢ — —oo.

2 For any fixed 5 the elements of the set (13) are mutually orthogonal
in the sense of Ly(R!), the space of square-integrable functions,

[ ¥R Y @ (G de = b (14)

where a bar denotes the complex conjugation procedure and ., = 1,
for n = m and &,,, = 0 for n # m.
Definition 1 The average probabilitiecs Wy, of the transitions from the

states \Ifgc) (z,t|{C}) to the autonomous ones 2" (x,t) in the limit t —

+o00o are defined by

T (@, ) = Y cam(EHCH G0 (2, 1), (15)
Wom = lim_(Jeam|?) (16)

where the symbol < - > denotes the procedure of averaging with respect
to f1 and fo. .

Definition 2 The generating function Is.(z1,z2,t|{C}) for the coeffi-
cients cpm 1S defined by the expression

- +oo _— .
Istc(zlazQatHC}) :/ dm\pout(zlal‘at)\I’stc(Z%:L'atHC})a (17)
where
Uye(z, 2, t1{C}) = Z v (2, ¢1{CY),
o0 Zn
\I’OU, ) 7t = ey £LOUt) 7ta
t(2,2,t) nz:;) \/H¢ (z,t)
so that
an—’_mlstc
Cam (t| f1, f2) = EETEG (18)

21=22=0
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Proposition 2 The explicit expression for the generating function (17)
s given by

IStC(Z].7 22, t|{5})

2/ ot \
- <#> exp{A2} + Bz3 + Cz120 + Dz1 + Lzo + M}, (19)

where the notations

A — 1627"Qoutt <2QOUt _ 1> 7 B _ % <2Qm - €2i,y> :

9 K K¢?
C= %egt L=- ngn (Qoutn — i),
) QO 7
D = \/2Qg et [(1 ]O(Ut) ?n] ’
Oy (O 1 Q 1
M= T (1) g TG0t +0).

K= _ig + Qouta

are introduced.

The proof is carried out by the direct summation of the series over
Hermitian polynomials followed by the calculation of the Gaussian inte-
gral.

Expanding the expression (19) in powers of z; and z9, we obtain the
coefficients ¢,,,,,. The first ones are

' 1/2
o0 = (L%&Qfm) eM . co1 = Deoo, c10 = Leoo, (20)
C11 — (C + DL)COO, Co0 = \/§ (B + %2> €00, Co2 = \/i (A + %2> €00-

Given expressions for the objects to be averaged it is necessary to re-
duce the averaging procedure to a form convenient for the subsequent
analytical or numerical treatment. The following sections are devoted
to the solution of the problem (1)-(6) in different situations.

4. Transition probabilities in case of ¢, = 0

If ¢ = 0 the &(t) from (12) is a regular function. We denote it as
€o(t), and get

fo+ Q)& =0, &lt) ~ e hint (21)

t——o0
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&o(t) = ro(t)e™ ™) = o1 (1) + ioa(t).

We also introduce the notation 7y(t) for a function satisfying the equa-
tion

iio + Q3 (t)no = Fo(t), no(—00) = np(—o0) = 0. (22)

Theorem 1 For any quantity G(n(t),n(t)) locally with respect to n(t)
and 1(t) (such are the coefficients cnpm in case of e = 0) the averaging
formula has the form

(G(n(t),n())) :// dridey G(xy, x2)Pr(x1, 22, t|no(t2), n0(t2), t2),

t > to, (23)

where x1 =n and x3 =1n. In addition

(4b1bs — b3)~1/2 exp {_ b3yi + brys — bayiys } 7

Py (x1, x2,t|z10, 20, t0) =

2m Qi 4b1bs — b3
and 2
t t
bit) = gr [ )@, b)) = S [ o) (én®))

R A

t
ba(t) = % /m(t/)fm(t/)fm(t')dt

in

- _ [ém(t) (931 - Uo(t)) — &01(t) (mz - ﬁo(t)ﬂ /Qin,

Yo = [ém(t) (lel - 770(15)> — &o2(t) (962 - f]o(ﬂ)] /Qin.

It is obvious that the function 7(¢) is non-stochastic in the time interval
t < tg:n(t) =no(t), while in the interval ¢ > 2 it represents a random
process with the evolution governed by the equation

7+ QQ( 77 = F() + \/ 262p2f2 (25)

The initial condition for (25) is defined by the requirement for the tra-
jectory and its first derivative that they be continuous at the moment
ta, i.e. n(t2) = no(te), N(t2) = no(t2). To make the analysis of equation
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(25), containing random processes, correct it is convenient to rewrite it
as the set of two first order differential equations

{ &y = T, { z1(t2) = no(t2), (26)
B9 = Fy — Q3x1 + /2€2p2 fa, wa(t2) = no(ta)-

Equations (26) are naturally interpreted as SDE for the stochastic pro-
cesses (thermostat or vacuum fields) z1(t) and z2(t). Proceeding from
them it is not difficult to write down the Fokker-Planck equation for the
conditional probability density

Py(z1, 22,710, 220, t0) = <5($1(t) —21)0(2a(t) — $2)> 21(to) = 210,

x2(to) = w20,

describing the probability that the trajectory (thermostat or vacuum
fields) (x1(t),z2(t)) finds itself in the vicinity of the point (thermostat
or vacuum coordinates) (xl, xg) at the moment ¢, having started from

the point (CL‘lo, xgo) at the moment t¢y. It can be shown that the equation
for P; has the form (see [35] or [36])

oP; oP; oP; 9P,

W:_m&l (Fo Qoxl)a +€2P282

(27)
The solution of (27) must be integrable and satisfy the obvious initial
condition

P1 —to = (5(1‘1 — xlo)(s(l'g — IEQO). (28)
As the position of the trajectory at the moment to is known, it is nat-
ural to set tg = ta, w19 = no(t2), w20 = 1no(t2). The integrable solu-
tion of (27), satisfying (28), may be expressed in terms of the functions
&o1(t), €o2(t), mo(t). It is easy to test that it has the form (24) by explicit
verification. The theorem is proved.
To find probabilities W, in this case we calculate the Gaussian in-
tegrals and then compute their limiting values at ¢ — +oo0.

5. Transition probabilities in case of e; = 0

In the case of €5 = 0 the time axis is broken into two parts. At t < t;
the functions 7(t) and £(t) are non-stochastic: n(t) = no(t), £(t) = &o(t).
For ¢ > t; both n(t) and &(t) trajectories become random.

Theorem 2 In the case of €2 = 0, for t > t1 the set of equations (10),
(12) gives rise to the set of SDE, describing the evolution of four random
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processes

o o JOAN R0
a(t) = (ur(t), ua(t), us(tr), ua(t)) = (”(t)’”(t)’Re (@) A (@))

with the joint probability distribution function Py(d,t|up,t1), t > ti,
satisfying the Fokker-Planck equation

oP, A
— = =I1sP 29
L= LaPy (29)
R 4 8 9 82 82 2
Lo (1) = — K,— — — +2 4
2 (1) ; igy T epL o2 + e1p1 9 +2ap1u g+ dus,
Kl = Uy, K2 :Fo—qul, Kg :ui—ug—Q(Q), K4: —QU3U4,
and the initial condition
4
Py,_, =6 (i—io) = [ [ 6(ui —uoy).
i=1

In the case under consideration the equation (10) is transformed to a
set of SDE in the same way as it has been done in the previous section,
namely, by introducing the quantities u; = 7, us = 17 which reduce
(10) to (26) with the only distinction in the initial condition: u(t1) =
no(t1), uz(t) = no(t1)-

The equation (12) may be reduced to a nonlinear first order differential
equation by the substitution

fo(t), t <t,

f(t) = fO(tl) exp {} (I)(t/)dt,}, t >, (30)

which gives upon being applied to (12) the following SDE for ®(¢) in the
interval t1 <t < 00

O(t) + @3(t) + (1) + 2ep1fr =0,  @(t1) = &o(t1)/Eo(t1),  (31)

where the second equation expresses a condition which guarantees con-
tinuity of the function £(¢) and its first derivative at ¢t = ¢;. The function
®(t) is a complex-valued random process due to the initial condition. As
a result the SDE (31) is equivalent to a set of two SDE for real-valued
stochastic processes. Namely, introducing real and imaginary parts of
D(t)

(I)(t) = us (t) + i’u,4(t),
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we finally obtain the following set of SDE for the components of the
vector field

ﬂl = uz,
g = Fy — Qoul V2eipiua fi,
Uz = —U3 + U4 %(t) — \/261p1f1 (t),

Uy = —2U3uy,
uy(t1) = no(t1),
ug(t1) = 1o(t1),
us(t) = Re (§o(t)/&(t)) (32)
ug(t1) = Im (50(t1)/§0(t1))

The pairs of fields (u1,u2) and (us,uq) are not independent, because
their evolution is influenced by the common stochastic force fi(¢). This
means that the joint probability distribution

Py (u t|uo,t1 <H5 ui(t) — u; >

(t) = do

iio = (mo(t),o(t), Re (§o(t2)/€0(t)) s Im (€o(t1)/G0(t1)) )

is a non-factorable function. Proceeding from the known evolution equa-
tions (32), we obtain by the standard method the Fokker-Planck equa-
tion for P» (see e.g. [35] or [36]), which has the form (29). The theorem
is proved.

Given Py, one can average any quantity G (u(t)) which is local with
respect to @(t) :

(G (1)) = / 4Py (i, t]ilo, 1) G (@), dil = durdupdusgdus.  (33)

But this formula fails to give a result if it is used for averaging the ob-
jects containing the coefficients ¢, from (18), which are nonlocal with
respect to 4. There does not exist a general approach to calculating
the average value of any quantity nonlocal with respect to a random
process. But it is known that for some types of such objects the aver-
aging procedure may be reduced to finding a fundamental solution of
some parabolic partial differential equation and its subsequent weighted
integration. The description of the simplest case of this kind is given
n [37]. It is not difficult to generalize the result obtained in [37], and
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therefore the formulas (A.4)—(A.5) can be derived (see Appendix). Using
(A.4)—(A.5), we have the following proposition.

Proposition 3 If the components of the random vector process i satisfy
the set of SDE (32), then the averaging procedure can be represented as

(aw{- [ Vi (). ). ) dr Ve (o) | )= [ de 0Q @),

(34)
where the function Q (4, d’,t) is a solution of the problem
2 (ia )~ (@7,0)) @
(35)
Q(ﬁ,ﬁ/,t)ﬁd(ﬁ—ﬁo), Q(ﬁ7ﬁ/7t> H”H—>
—t1 uj|—00
where || - || is a mnorm in R*. Tt is not difficult to show that when

Vi = 0, the formula (34) transforms into (33) with the substitution
G = exp {—Va}, because in this case the equation (35) for @ transforms
into the Fokker-Planck equation (29) for P».

Using the Proposition 3, we obtain the representation for the average
values <|cnm|2>, which are equal to the probabilities W, in the limit
t — —+o00. The explicit expressions for the first four of them are presented
here (n =0,1; m=0,1):

<|Cnm|2> = /dﬁHnm (ﬁ) Qnm (ﬁ, t) , (36)
where
i 2v/Qin Qout Qout  2Qout (U4 + Qout) 2
H, = — -9
n@ = Jeiniren S i
g + Qout u2 2Qoutu3 w }
- 2
K[2 7?7 K
N QQou —
Hp (@) = |K\2t (('UQ — U1U3)2 + u%ui) Hyy (1),
— 2Qin 2 2 2 —
Hyg (0) = RONE (Q5.uf + u3) Hoo (@), (37)
N 4anQou . . 2
Hy (u) = W‘K Qouttts — 1u2)(ulu4 + Z(U2 - U1U3))
x Hoo (%),

K = Qout +uq — 13,
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and functions @, (1, t) satisfy the equations

a%?;m = ﬁQQnm - Vannmy
(38)

t—=t1 ||| —o0

where
Vam = Pnmu3, poo =po1 =1, pio=pun = 3.

To obtain W, it is necessary to proceed in (36) to the limit ¢ — 4o0.
The representation (36)-(38) is exact and free from any simplifying as-
sumptions. Given a specific realization of pi(t), (36)-(38) is used as a
basis for numerical calculations of the probabilities W,,.

6. Transition probabilities in case of €;,e, # 0

If influence of both random forces is taken into account, i.e. €; # 0
and ey # 0, the evolution of the system depends on the correlation of
the moments t; and t2. If t < t5 := max(t1,t2) equations (10) and (12)
for the trajectories n(t) and £(t) are different, depending on whether
ts =t or t~ = t9. The two possibilities correspond to the probability
distributions of random variables 7(t-) and £(ts ), which are the initial
values for the corresponding trajectories on the interval ¢ > t-. Denote
z1 =1, z2 =1, z3 = Re(£/€), z4 = Im({/E). For the probability density
function R(Z,t), which is defined as a probability for the trajectory Z(¢)
to be found in the interval [Z, Z4+dZ] at the moment ¢ > ¢t := min(¢y, t2),
we can write down the following expression

Pi (21, 22, t> 201, 202, t<)0(23 — 203)0(24 — 204), t> = t1,

R('g’ t>) =
Py(Z,t>120,t<), ts =to,
(39)
where
Zo = (201, 202, 203, 204) = (UO(t<)a mo(t<), Re (gggj) , Im (ZEE;)),

and the functions P; and P are the solutions of (27) and (29), respec-
tively. It is obvious that the normalization condition [ R(Z,ts)dZz =1
holds. At ¢t > t~ we have the same set of SDE for the components of the
stochastic vector process Z(t) both at t~ = t; and t~ = to. Its inference
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literally reproduces the derivation of the set (32) and results in

zl = z2,

29 = Fy — Q%21 — 2eap121f1 + v 2eapafo, (40)
24 = —22324,
23 = Zz — Z% — Q%(t) — \/261p1f1(t), Z(t>) = Z>,

where the distribution R(Z%,t-) of the components of the random vector
Z< is given by formula (39). The representation of the joint probability
density

Py(Z 112, 15) = (8(2(1) - 9))

derived by the standard method from (40), is given by the Fokker-Planck
equation. Thus we arrive at an analogue of Theorem 2.

Theorem 3 In the case of 1 # 0 and €2 # 0 the set of equations (10),
(12) generates for t > t~ the set of SDE describing the evolution of the
vector field (four stochastic processes)

o - | £(t) £(t)
Z(t) = (z1(t), 22(t), 23(t), 24(t)) = (n(t)’n(t)’Re (@) Lo <@>>

= 4 )
Z(t>)=2>

with the joint probability distribution Ps(Z,t|Z~,ts), satisfying the Fok-
ker-Planck equation

oP; .
— = [3P. 41
(9t 31473, ( )
A 4 5. 07 92 2
Ls(2) = - K;— = — 42 4
3(2) ; zaZi+(€2p2+61p1Z1)8zg +e1p1 Bz§+ €1D121 aZQangr 23,

K1 = Z9, KQ :FO_Q?)ZL KgZZZ—Zg—QQ, K4: —2232’4,
and the initial condition

Ps =0(Z—-2~),

t:t>

with the probability distribution of components of the vector field Z~ given
by formula (39).

It is not difficult to show that if e; = 0 equation (41) transforms into
(27) by the substitution

7, t| 2" =0 23— ew z4 — mw 21,2
P3(Z,t|2>,t>) —5( 3 — R §0(t)> 1) ( 4 — 1 fo(t)) P( 1, Q,t).
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When e = 0 equation (41) transforms directly into (29). Thus the
relation of the general case with the particular situations, considered in
the previous sections, is established. Using again the formulas (A.4)—
(A.5), the representation (36) of (|cym|*) may be generalized to the case
under consideration

<|cnm| )= /dz>R Zs,ts) /danm VQnm (Z,1). (42)

As compared with (36), an additional integration with the weighting
function R(Z%,t-) allowing for the dispersion of initial values of the
trajectory, was included into (42). The functions Hy,,(Z) are defined in
(37) and the functions Qnm(Z,t), depending on z- as a parameter, are
solutions of the following problem

aC?nm 7
=L nm — Vnm<nm,
T 3Q Vam @
Qnm(Z t) t—t) 5(2 - Z>) Qnm(gv t) E T 0, (43)
—l> Z||—0o0o
where
Vam = Pnmz3, Poo =po1 =1, pio=pu =3.
7. Thermodynamics within the framework of

representation by a stochastic density matrix

It is well known (see e.g. [38]) that the key object of interest in quan-
tum mechanics is the density matrix.
Definition 3 The stochastic density matriz is defined by the expression

pute (2t ACH ¥ {T}) = Zwo o) (2t A 5 TY) . (44)

i —
plie) (w510 (0T} ) = | [ (2 tHC) i) (2, 0T ),
m
(45)
where w(()m) has the meaning of the initial distribution over quantum
states with energies E,, = (% + m) Qin, until the moment when the gen-
erator of random excitations is activated.

Definition 4 The expected value of the operator A <x, t|{5}> in quantum
state with the index m s

A= lim {Spo |Spig A0 | [ Spe [Spigyetd |} (46)

t—-+o0
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The mean value of the operator A (m, t\{f}) over the whole ensemble of
states will respectively be given by

A= lim { Spe [Sp{f}jlpstc} / Spa [Sp{g}pstc} } - (47)

The operation Sp, in (46) and (47) is defined by

Spo{K (2,2) }_W/dexx (48)

for any function K (x,z’).

Using (45) and the properties of the functionals \Ilstc (a: t{¢ }) we

easily obtain the expression for the total nonstationary distribution func-
tion

wo = SpaSp s {pstc (x,t; {CYa', 1 {5'})} = > wg". (49)
m=0
If the initial weighting functions w(()m) are given by the canonical dis-

tribution w(()m) = exp (—E,,/KT), the expression (49) takes the form of

the Planck distribution (see [38])

ﬁ/Z an
wo (B) = ef;—_l, B=17F (50)

Substituting the expansion (15) of the wave functional in out-states
into (44), (45) we have the representation

Pste (m t; {CHa' t'; {5’})

= Y e (HEY) e () 60 0@ D (6D

m,k,l1=0

Definition 5 The nonequilibrium partial distribution function is defined
by

w™ (€1,€2,t) = Sp{g} {i {wék) ‘Ckm (t|{5}> ’2 _ w(()m) ’ka <t’{f}> ’2} }
k=0

+uwl™ = > { [w(()k)Akm (t) — w™ A (t)] } + wi™, (52)
=0
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where
N |2 2N (2
Ao () = Spyzy [ewm ()| = <\cmm ds) >
In this case the total distribution function is equal to the sum

wy = Z w™ (€1, €9, 1) . (53)

m=0

In the case under consideration one can introduce different definitions
for such a thermodynamical quantity as an entropy. Despite formal
similar definitions given may or not provide the connection of the defined
quantity with the irreversibility of the system of evolution. For example
one can define the total and the partial entropy in the following way.
Definition 6 The total entropy of nonequilibrium state in the extended

space-time R' @ R° ® R{g} is defined as

S (517 €2, t) = _SP{C“}SPI {Pstc In Pstc} > (54)

where RY characterizes the time.
Definition 7 The partial nonequilibrium entropy in the extended space-
time R' ® R ® R{g} is defined as

stm) (€1,€2,t) = _Sp{f}pr {P(SZ) In pg’é)} . (55)

It is not difficult to show that the formal partial entropy does not
depend on time and has no relation to thermodynamical irreversibility.
Proposition 4 For any m the formal partial entropy S (e1,ea,t) is
equal to zero.

Let us consider the N-dimensional square matrix A with elements
Ay = a;ar, where a;, 1 = 1,..., N, are the elements of an N-dimensional
vector. It is possible to find all eigenvalues A; and to find out the struc-
ture of eigen-subspaces for the matrix A. Namely, one can show that
Al = a%—i—a%—i—---—l—afv, Ao = A3 = -+ = Ay = 0. At that eigenvec-
tor ey coincides with a, and the eigen-subspace corresponding to zero
eigenvalues is orthogonal to a.

Generalizing this result to the case of an infinitely dimensional matrix

(m)

Pste s One obtains: there is one eigenvector (W/Qm)l/4 \I’gz) (x,t\{f}) ,

corresponding to nonzero eigenvalue A\; = Sp { E}pr { pgé)} , and there
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is an infinitely dimensional eigen-subspace, corresponding to the zero
eigenvalue, which is orthogonal to this vector. Supplementing the vector

(1) Q) /4 W)

stc
(x,t|{5 }) with any orthonormal set of vectors lying in the subspace

mentioned above, one obtains the basis of the whole space which brings
(m)

«tc i diagonal form. Understanding the uncertainty 01ln0

the matrix p
as a limit

0ln0 = lin(l)slns:O,

one obtains for the formal partial entropy

S](cm) (€1,€2,t) = Sp#5pe {pgﬁ)} SPygySPx {lnpggz)} =0,

which makes the proof complete.

If one wishes to have the quantity describing the irreversible behavior
of the system, it is necessary to change the definition of entropy.
Definition 8 The total and partial entropies of the nonequilibrium state
in space-time R' ® R® are defined as

S (61; €2, t) = _pr {pav In pav} . (56>
and
S (1, €a,t) = —Spo { ol ) | (57)

correspondingly, where

Pav = Sp{f} {pste} sz}) = Sp{g} {pgﬁ)} .

Unfortunately, at the moment we have no simple enough analytical
representation for the quantities defined in such a way. To illustrate the
definitions given above we calculate the average energy of the oscillator
in the ground, vacuum, state (i.e. at m = 0) assuming that both regular
and stochastic parts of the external force are absent. In this case the
density matrix has the form

= =) Qin,
P (337 t{C} | 2", ts {C/}> = exp {—T(xz + 2'?)
t/

/ B () dr — % / o* () dr — % @ ()a?— o (1) 2?] b, (58)

t1

N —
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Proposition 5 Let Q(t) = Qip, Fo(t) =0, e2 =0, pi(t) = 1. Then the
average energy

Eggl()\) = SpmSp{f} (ﬁﬁgg)

1s represented by

+o0 +o0
1 1 i
EQ(\) = 2, 1——/daK A\, @ +—/daK )y,
osc() 9 \/X 1 1( 1) \/X 1 2( 1)

(59)
with the notations
K1 (A1) = Coun@® (N, )
« A00—1+ (5 A00—|—1+E Agp — 1
243, VA%, 243, A\ 243, ’
Ky (A1) = Cotn @™ (A, 1)
d_ A00—1+ Uq B A00—1+ﬂ Agp — 1
242 A2, 245 VAN 245 |
ui
Ao (A, 1) =1/1+ b (60)
The function q**(uy) is an arbitrary solution of the equation
d2qst 9 dqst
— Q2 )— st=0 61
decreasing as |ui| — oo, and the constant Cy given by
Yst . )
Cy (uo;1, uo;2) (62)

- [ duy Y5t (u1,0)q% (ur)’

where ug;1 and up2 define the initial coordinates. Here the function
Yt (uy,u2) is an arbitrary solution of the equation

d2yst dYSt dyst
W — (U% — Ug + Qan)— — 2U1U2
1

—u Yt =0 63
dU1 dUQ “ ’ ( )

€1

decreasing as u? + u3 — oo.
In fact the proof copies the manipulations performed repeatedly in
this paper and thus may be omitted.
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The second term inside the figure brackets in (59) is a level shift which
is well known from quantum electrodynamics as the Lamb shift, the third
term determines the magnitude of the ground state energy broadening.
Note that the lifetime at this level is proportional to the inverse of the
broadening

+oo -1

/ du1 Ko ()\7’EL1) . (64)

—00

VA

in

At© ~ 2

The average energy of a randomly wandering (QHO) for any quantum
level is calculated quite similarly.

Conclusion

A fundamentally novel scheme for construction of quantum mechan-
ics for the “quantum object + thermostat” closed system was proposed
in [32, 33]. The problem was mathematically formulated in terms of a
complex stochastic process W g.(z, t|{C}, the solution of L-Sch-type SDE
on the extended space R" ® Ry¢y, where R" denotes the n-dimensional
Eucledian space and Ry the functional space respectively. Different
models of stochastic quantum processes on R" ® Ry¢y with a quadratic
space form for the random potential have been considered. It was proved
that using a reference nonlinear Langevin-type SDE (determined on the
Riey space), one can reduce the initial L-Sch SDE to an autonomous
form of the Schrodinger equation with a random space-time continuum
{y, 7} {see (9)}. In other words, the separation of variables in the L-Sch
SDE is made conditionally with the help of a nonlinear transformation
that is a solution of the nonlinear Langevin SDE. It was shown that if the
random force generators are given as d-shaped correlators {see (4)}, then
by using the Langevin SDE one can obtain the Fokker-Planck equation
for the density of the conditional probability in R¢} space. Using the
solution of the Fokker-Planck equation for an infinitesimal time interval,
a measure in the R space is constructed, with respect to which the
instantaneous values of elemental quantum transition amplitudes are av-
eraged in the form of functional integrals. Then, it proved possible in the
most general case to reduce the functional integral to a multiple integral
of the basic solution of some parabolic equation by using the general-
ized Feynman-Kac theorem {see Appendix}. The qualitative analysis of
the parabolic equation shows that it may have discontinuous solutions
[39], and, this, in its turn, may lead to phase transitions in the expres-
sion for microscopic transitions depending on the coupling constant of
the quantum subsystem with the thermostat. A representation of the
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stochastic density matrix within the framework of harmonic models has
been developed to permit a construction of closed scheme of nonequi-
librium quantum statistical mechanics. In particular, representations
in the form of multiple integrals for the breadth, shift (an analogue of
Lamb shift) of energy levels of the oscillator, as well as for the entropy
of an arbitrary quantum state characterized by an integer index n were
obtained. The ground state of energy of the oscillator has been analyzed
in detail and it was shown that a spontaneous decay of the vacuum level
took place. This fact is important for substantiation of the violation of
the second law of thermodynamics due to quantum fluctuations [40]. A
further development of the proposed formalism based on the example of
other exactly solvable models !, especially multidimensional ones, may
essentially deepen our understanding of the quantum space and lead to
new nontrivial discoveries. The investigation of exactly solvable models
of stochastic quantum processes may be highly important for creation
of quantum computers and for quantum cryptography. Besides, these
investigations will serve in the future as samples for direct quantum nu-
merical simulations, because, as is well known, the quantum chaos may
be investigated exclusively with quantum computers [41].

At the end we pay attention to one of the most important properties
of developed quantum representation. On the one hand, it provides the
execution of the vacuum average conservation law for the operators of
energy, momentum, etc. on the extended space-time R!' ® R ® R BE
On the other hand, for the same operators, which are local field opera-
tors {ij} on the space-time R' ® R, provides non-zero values of vacuum
averages (in standard quantum representation vacuum averages of the
mentioned operators in whole R! ® R" are equal to zero). The last
fact, particularly, indicates the spontaneous symmetry breakdown and
the degeneration of physical vacuum, and also violation of the second law
of thermodynamics [40]. Nevertheless, in context of this approach such
important problems as properties and structure of free and interacting
with “quantum object” vacuum remain unexplored. Note, that the static
properties of vacuum (thermostat) are described by second-order partial
differential equations for the conditional probability of vacuum coordi-
nates distribution. At that, the equations which describe free vacuum,
are generated by etalons SDE (see (32) and (40)). The equations, which
describe vacuum interacting with “quantum object”, are obtained as a
result of reduction of continual integral representation for the amplitude
of transition probability to multiple integral representations (see Ap-
pendix). Analysis of zeros of those equations, in time slice, will provide
valuable information about self-organization of vacuum, about process
of it’s degeneration following particularly by excitation of Goldstone bo-



436

som [42]. Analysis of geometrical characteristics and topological features
of sets of zeros in the configuration space of vacuum coordinates, i.e. in
the limit of stationary processes, is an open mathematical problem. In
one-dimensional task the general number of that zeros and distances
between them is enough to represent fully the types of excitation of vac-
uum. More complicated but interesting and informative for analysis of
vacuum, is a problem of zeros in multi-dimensional task. Here it is nec-
essary to analyse the geometry of set of zeros, their topological features,
for classifying the types of excitation of vacuum. In the first case we
intend to find the common number of sets of zeros, developing closed
hyper-surfaces (in case 2D closed curve), calculation of their squares
(lengths) and enclosed with them cubatures (squares).

In that case, it is presumed, that the attitude of hyper-square and
hyper-cubature should be minimal. Besides, hyper-cubature of isolated
topology should be discrete and invariant regarding external interac-
tions. The above-mentioned problems are not simply solved, if one
takes into account that the describing of level lines for even so sim-
ple functions as polynomial is far from being solved (the problem 16a of
Hilbert). Note, that till recently there were no general methods for the
analysis of zeros of real one-variable functions, level lines of two-variable
functions (level surfaces in case of multi-variables). Such methods have
been appeared in a recently developed theory of Gamma-lines [43], [44].
Therefore one of our immediate tasks is testing of Gamma-line theory
for researching zeros of solutions of the mentioned equations and their
following physical interpretation.

Appendix

Let the set of random processes (£1,&2,..,&,) = gsatisfy the set of
SDE

&) =ai (8) + En:bij (&) it i=1,0m,
j=1

(i) f;(t)) = di0(t = 1),

so that the Fokker-Planck equation for the conditional transition prob-
ability density

PO (G tléisn) = (5 (€ - &)
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is given by

oP® "0 ) o) PRy
T :—Z % (aiP(2)>+Z P <bli@ (ban(2)>> = L™ (&) P,

i=1 ijln
(A.2)

The processes &; are assumed to be markovian and satisfy the condition
&(to) = &. At the same time the function (A.1) gives their exhaustive
description

PO (Gutns 13 €0,t0) = PP (& tal€ims bt ) PP (111160, o)
(A3)

where P is a density of the probability that the trajectory E (t) would
pass through the sequence of intervals [{1, 51 + d{l] ey [En, 51 + dg,;]

at the subsequent moments of time t; < ... < t,, respectively.
Under these assumptions we can obtain the following representation
for an averaging procedure

t -

<exp {— Vi (Em.éw) ir - va (&) }> — [ @@ E0g (£,
K (A.4)

where dg = d&...d€y,, and the function Q (E, E’ ,t) is a solution of the

problem

aQ _ 7)) & = &l
5= 1@ -wnEd)| e, (A5)
Q 557t — 0 g_é) ) Q _;g,)t o 07
( > t—to < ) ( ) [1€]]—o00
where || - || is a norm in R"™. The proof is performed formally under the

assumption that all the manipulations are legal. Denote the left-hand
side of the equality (A.4) by I and expand the averaging quantity into
the Taylor series

1= C00. (A6)

n=0

where
t n

pn(t) = < /Vl(T)dT—I-Vz(t) >

to
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N m'(+im)' <V2”_m(t) / Vi(r)dr > (A7)
m=0 "
= (’I”L—L"I’n)'<‘/2n_m(t) /dTm/Cle_l-../dTlvl(Tm)...Vl(Tl)>,
m=0 o A .

— —

For the sake of brevity in (A.7) the notation Vi (7) = V1(£(7),&(t)), Va(t)
=V (5 (t)) is introduced. Using the Fubini theorem, we can represent

the averaging procedure in (19) as an integration with the weight P
from (A.3)

<V2"m(t) 7 dTm, 7 ATim—1. .. /2 driVi(7m) - .- Vl(ﬁ)>

to to to

t
—/d{/dgm.../d&t/odrm...

X /an@) (5 t)é’m,tm> pP® <§m,tm’§m_1,tm_1) .
to
x PO (&, t)6,0) v () i (6n.€) - v (6.€).

Changing, where necessary, the order of integration we can obtain the
following representation for the n-th moment g, (%)

() = ZH:OW/dEVQ”m (&) @m (£€1), (A.8)

where the countable set of functions Q,, (5, E’ , t) is determined from the

recurrence relations
Qm (£:€.1)
t

- / dr / dij v (5) pe (E’,t

to

77#’) Vi (ﬁafl

!
N———
)
i
—
/N
=i
nl‘rll
9
N——
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for m =0,1,2, ..., where

Qo (§8.t) = PO (&t

&, t0> (A.10)

i.e. in fact the function ) is independent of 5_7 . Upon the substitution
of (A.8) into (A.6) we insert the summation procedure under the inte-
gration sign and then, changing the order of double summation, get the
expression

= /dgev2(5t)Q (&€1). (A.11)
where
Q(£¢.t) =3 (-1"Qu (£€.1). (A.12)
n=0
The representation (A.4) is thus obtained.
It remains to prove that the function @ from (A.11) is a solution of

the problem (A.5). Using (A.12) and (A.9) we can easily show that Q
satisfies the integral equation

t

Q(8.)+ [ar [aip® (Ednr)vi (7.6) @ (7.8.7) = @0 (1),
to

(A.13)

Taking into account that Qo satisfies (A.2) and the initial condition
Qo (5, tg> =4 (E — {0) and is an integrable function, it can be deduced

from (A.13) that @ coincides with the solution of the problem (A.5).
The representation (A.4), (A.5) is thus obtained.

Notes

1. It is worthwhile to mention that under the exactly solvable models of stochastic quan-
tum processes, only the models are implied, in the frameworks of which one can construct
closed representations in the form of multiple integrals of basic solutions of some reference
parabolic type equations, for physically measured parameters of the problem.
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1. Introduction

In [1] a general scheme of construction of orthogonal systems by pe-
riodic decomposition of orthogonal bases in the Hilbert space was sug-
gested. In the case of the classical Fourier basis this approach allows to
generalize the scheme of constructing periodic (including interpolating)
wavelets (see also [2]).

In [3] it was shown that for some special functions the corresponding
decompositions can be realized on the basis of the known generating
functions. We describe this method sometimes leading to the construc-
tion of fast and stable algorithms. Particularly, this scheme allows to
avoid integrals of fast oscillating functions while calculating coefficients
of expansions by orthogonal polynomials. Here as an example a gener-
ating function for Gegenbauer polynomials is considered.

The given numerical results are obtained by means of MATHEMAT-
ICA 4.1 system ([4]).
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2. Generating functions and decompositions of
bases
2.1 Periodic decomposition
Consider a basis {ay, }22, (||an|| = 1,7 > @) in an infinite-dimensional

Hilbert space H. We are mainly interested in two generally accepted
cases of this basic numeration

e Case A: a = —oc;

e Case B: a=0.

Let Q = {n}"= N be an integer and

Q(N) = {n}, n= _[7]’_[7]+1~-->_[%]+N—1, in case A,
- {n},n=0,1...,N -1, in case B.

We use the following notations of numeration suitable for both cases.

2= ZZ ZZ--(U

ne neQ(N N,n neQ\Q(N

Let now {c, }, ¢, € C, n € Q be a sequence such that Zn(1+5)”|cnl <
oo, € = const > 0. Then the function

= Z 2 ap, (2)

with values in H, is analytic in a ring neighborhood of the unit circle
|z| = 1 (in the case B it is analytic in the disc |z| < 1+ ¢). It is easy
to see, that even for € = 0, |z| = 1 the series (2) converges in norm, i.e.
F(z)e H.

If ¢, # 0, n € , it is assumed (for instance, in the theory of special
functions) to call the function F'(z) as a generating function of the system
{an}.

The further constructions of this paper are based on the following
easily proved formula (N > 1 is an integer)

Nfl Z 672i7rkn/NF(62i7rk/N) _ Z CniNsCniNs, N E Q(N) (3)

k,N s
2.2 Decomposition of orthogonal systems
Consider the case of complete orthonormal basis {a, }o2, (||an|| =1,

{an} = H). It is easy to see from (3) that the finite system {p,},
n € Q(N),

_ _ i —2irkn/N 2ik /N
©n = pn(N) = ™ e Fl(e ), neQN), (4
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where

w721 _ Z |Cn+Ns|2 - N1 Ze—kan/N Z |Cs|262i7rks/N £ 0, (5)
s k,N s

is also orthonormal.
Using the properties of discrete sine-cosine Fourier transforms we also
obtain the two orthogonal systems {1,

N-1 N-1

2mkn 2mkn
+_ + - _
U g €08 — Er, 4, = g sin —— N —— I n=0,1,...,N —1,
(6)

where

F,:r = F(e2”k/N) + F(ei2”k/N) =2 Z Cp, COS _7;Vn Qs
n

4 , 21k
F, = F(eXmRINY — p(e=2mh/Ny = Qich sin 7;Vn an.  (7)

Sometimes (6)-(7) are more convenient than (4)-(5) because F, ,:E are
real decompositions of {a,} if {c,} is real.

Consider now the projection of an element f € H on the N-dimensional
subspace Hy = Span{y,}

SN(f) =D _(f,n)¢n- (8)

n,N
We have (pn,s = pin,s(N) = cnins/wn, n € Q(N), s € Q)
Sn(anyns) = Hon,sPns ot ns — SN(an+NS)||2 =1- |Nn,5|2‘ 9)

It is not difficult to verify that the following estimates (f, = (f, o))

2

< [I£1l; (10)

[ENGIENDS

n,N

1F=SvOIN <2 DI+ D1l = umol?)  (11)
Nmn n,N

Z fn-i-NSﬂn,s

S

hold. From here it follows immediately
Theorem 1 [1] The condition

lim | o(N)|* — 1, N — 00, n = const , (12)
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is necessary and sufficient for the convergence Sn(f) — f(N — o0)
with respect to the norm of H for any f € H.

Thus, if the condition of Theorem 1 holds then the orthogonal system
{en}, mn € Q(N), has a decomposition by the system {a,ins}, n €
Q(N), s € Q, and from (3), (4) it follows that {p,} ~ {a,} if N > 1.

For evaluation of the rate of convergence Sy (f) — f it is convenient
to use the following criterion based on (11) and similar to the Strang-Fix
condition, known in theory of periodic interpolation wavelets [5].
Theorem 2 [1] Let e, | 0(n — o0) (in case A: e, =¢c_y). If f € H,
fo=(fiam), Do, 1fal?/e2 < +oo (in case A: Y, | fal?/€3, < 00) and

(en/e2n)?, in case A,
1= |pinol” < { X (13)

(en/en)?, in case B,
then ||f — Sn(f)|| < Cen, where C does not depend on N.

2.3 Biorthogonal expansions

Form (4) and (8) we can represent Sy (f) by the biorthogonal system
{F(e*™/NY 61}, k € Q(N) when

1 imn(p— LT
by = 3 2 30 Hml /N (g, (14

nN "N

On the other hand, the scheme of this section holds also in the more
general case of a biorthogonal basis {a,, fn}, n € Q, o, € B, 3, € B¥,
where B is a Banach space. In this case the system {¢,, ¥, }, n € Q(N),

Pn = Z Un+NsOn+Ns wn = Z Un+Nsﬂn+Ns: (15)
s

S

where Y |un|?, Y, Jvn|* < o0, n € Q(N), is biorthogonal under the
natural condition

> UniNsTnins #0, 1€ QN). (16)

2.4 Transition to an infinite orthonormal system

If the condition of Theorem 1 holds, M > 0 is an integer, N = M*® (s =
1,2,...) and Span{e, (M*)} C Span{p,(M**1)} one can construct an
infinite orthogonal system by the scheme Hjyss+1 = Hps @ Wy, H =
Hy @ U2, @ W,. The general conditions for this construction are de-
scribed in [1] (Theorem 3). It is clear that this scheme is quite similar
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to the method of construction of periodic wavelets on a finite segment
(see [6]).

Unfortunately, even when this system is complete in H it may be not
convenient for stable calculation and in practice it may be better to stay
with a fixed N (see below, Sections 4.2 and 4.3).

2.5 Numeration of the bases

Cases A and B in the beginning of Section 2.1 have been picked out
only for convenience in applications. Actually the simple renumeration
reduces one case to the other. For example, in case B we can bring the
basis {an }22, to the basis {3,}52 _ by putting 5, = ag, for n > 0
and 3, = a_9,_1 for n < 0. On the contrary, case A can be reduced to
case B.

Let now n be an integer multi-index n =(ny, na,..., ny) (M > 2),
where n, € Q, (p =1,2,...,m) and N = (Ny, ..., Nyp,). For every p the
set (2 = Q, may correspond to one of cases A or B). Then all the results
of the previous sections are valid if we give the corresponding sense to
summation (2) and use in (3) the multidimensional Fourier transform.
This approach can be applied in multidimensional functional spaces H
(see [3]).

3. Analysis of expansions
3.1 Expansion algorithms

Let us now consider an expansion of an element f € H through the
basis {a, },n € Q. Note that in practice only the approximate expansion
by the truncated basis is possible, i.e. for n € Q(N) in the N-dimensional
subspace Span{a,} = Hy C H.

When calculating the coefficients (f, ay,) in classical weighted func-
tional spaces H, one of the main difficulties is fast oscillations of «,
for n > 1, leading to a high waste of time of automatic integration of
corresponding inner products and essential round-off errors (see Section
4.3 below).

The suggested decomposition allows to overcome these obstacles in
some important cases. The algorithm of evaluating the expansion Sy (f)
by {F(e*™/N)}(see (16)) based on a generating function should be re-
alized by the following general scheme

a) calculation of inner products uy = (f, F(e*™/N)), k€ Q(N),

b) calculation of the Discrete Fourier Transform (DFT)

Un =D kN e~ 2imkn/Noy -~ n € Q(N),
¢) calculation of the DFT w, =}, v e~ 2men/N (g 1w2)) p e Q(N),
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d) output of the expansion
Sn(f) = prF (eQmp/N> . (17)
p,N

Note that the evaluation of the representation (8) will be completed
already on the stages a)+b). Besides (see (5)), sometimes it is convenient
to calculate also the normalizing factor w,, by means of the DFT. As it
is well-known, calculation of DFT by Fast Fourier Transform (FFT)
requires O(Nlog N) (N > 1) arithmetic operations. As we see from
this scheme, stages b) and c) (and also the mentioned normalization)
can be realized numerically fast.

Inner products on stage a) can be realized stable, for example, if H is
a space of functions of several variables and the functions {F (e2™%/V)}
are not fast oscillating.

4. Examples and numerical results
4.1 Classical wavelets

The periodical wavelet theory corresponds to the case h = Lo(—1,1),
{a,} = {€™*} n = 0,£1, ..., when the generating function (3) is ac-
tually the Laurent series of a function F(z). The system {F(e27%/N)},
k € Q(N), now consists of translations of a given function g(x) = F (™)

F(eP™ Ny = g(2 + 3V—k),k € Q(N).

In this case it is preferable to use such a function g(z) that is both
non-oscillatory and has local (or almost local with respect to the required
precision) support. On this basis many fast and stable algorithms are
created for different problems (see, for instance, [1], [7] - [10]).

Below we consider a completely other situation.

4.2 Gegenbauer polynomials

In [3] the systems {¢,} were constructed for all classical orthogonal
polynomials, including two-dimensional and discrete ones (see also Sec-
tion 2.4 above). Here our consideration is connected with the family of
Gegenbauer polynomials {C}(2)}, A > —1/2, n = 0,1,..., which are
orthogonal on the interval (—1,1) with the weight (1 — 22)*~1/2,

Consider the known generating function (see [11], vol. II, item 10.9)

0
> @y = (1= 2arz+ 17277, |2l =1 < L (18)
n=0
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INCNNCNICESY) C,é} of the

Using the orthonormal shape {g)} = { NG N GYASY

system {C)(z)} we have from (3)

F(z) = <F(2A—)F(A)> = <n!(n+/\)> S (19

Thus the system (see (3), (4) and (12))
=
onlz) = — Z o2 /N (1 _ 9 2ink/N | 2 Aimh/N =) (20)
Wn
k=0

can be considered as an approximation of the system {g)\}.

Note that if A # 0 then w? is represented by the hypergeometric
function , F,((A, 2A), (1 +X), 22) (see [11], vol. I, item 4.1). Thus we can
use FFT algorithm for calculating the w,, (see (5)). Note if 2 is integer
this function is represented by elementary functions.

The results of Sections 1.1 and 1.2 sufficiently characterize the error
lf = Sn(H)ll, f € H, of the expansion Sy(f) (see (8)) in the general
case. The criterion of Theorem 2 is especially convenient here. As we
see, the closer the expansion Sy(f) to the expansion of f by the basis
{an}, n € Q(N), the faster |¢,/wy,| tends to 1 as N — co.

Practical realization of the approximate Gegenbauer expansion in this
way is connected with essential difficulties. First of all, the problem of
choosing r (for a given A and N) is rather complex. If the value r—2V
falls outside of computer capacity accumulation of errors take place.
Besides, the function (1 — 2zre?™ /N 4 ¢2e4mk/N)y=A can have up to
(A+1) extrema on the segment [—1,1]. For A > 10 this oscillation really
influences on automatic integration. Nevertheless if we use system (19)
instead of {g} (n =0,1,..., N—1) we avoid the sharp oscillation of g;\ if
n > 30. Besides, elementary functions on the right-hand side of (17) are
evaluated much faster and more stable than the Gegenbauer polynomials
(for example, C3(x) = —2653.77 + ... + 1.26202 x 10*1246 — 2.32265 x
1029248 +2.00601 x 1019250).

4.3 Numerical results

In our algorithm an empirical choice of r (depending on A and N) was
developed. In Table below some results of calculations of Gegenbauer
coefficients for the rather smooth function f(z) = €', a = 5.231, are
presented. Exact values of these coefficients are known (see [11], vol. II,
item 10.20). We have calculated them using the automatic integration
package of MATHEMATICA 4.1 on the computer Pentium 3, 500 MHz,



450

128 RAM. The coefficients u,, = (f, g;\) (n = 0,1, ..., N—1) are calculated
directly (with lg-error denoted in Table by DirErr) and with the help of
our scheme (with [s-error denoted in Table by NewErr) (see above 3.1,
scheme a)+b)). Numerical integration options “AccuracyGoal— > 6,
PrecisionGoal— > 5” were used. The results (see Table) show that our
method is rather stable in contrast to the traditional one. In addition
note that for A = 1.9 even for N = 300 the error of our method is a
little bit smaller than requested: DirErr = 4e + 95, NewErr = 2e — 4.
Application of any other options of MATHEMATICA code for automatic
integration do not decrease Dir Err for N > 40 while the evaluation time
increases sharply.

From this and some other experiments we conclude that our algorithm
is rather efficient for 30 < N < 150 and —0.3 < A < 9. One can use the
corresponding package from the MATHEMATICA site

http//library.wolfram.com/ databases/MathSource/4748/ .

Note that in the case of Chebyshev polynomials (A = 0, 1) the classical
wavelet theory is used and this package works superfast and stable. In
this software we use only non-oscillation of the right-hand side of (17)
though it is possible to use the other properties of this function. For
instance, if N > 1 one can choose r ~ 1 and use the functions F(e2™+/N)
having local (with respect to the required precision) small supports.
Because of some technical difficulties this property was not realized yet.

N—> 25 35 45 55 100 200
DirErr | 1.3e-7 Te-5 6.5e-1 Se+4 2e+22 Te+60
A= | (time) (4 sec) (5.5 sec) | (7 sec) (9 sec) (21 sec) | (63 sec)
—0.1 | NewErr | 3e-8 8e-8 7.5e-8 2e-7 4e-7 2.5e-6
(time) (2 sec) (3.7 sec) | (4.6 sec) | (6 sec) (7.5 sec) | (15 sec)
DirErr | 6e-10 8.7e-7 4e-3 1.4e+1 5e+19 3e+57
A= | (time) (2 sec) (3.2 sec) | (4 sec) (5 sec) (8.5 sec) | (30 sec)
1.9 | NewErr | 1e-8 7.8e-9 3e-8 5e-9 7.6e-9 1.3e-5
(time) (0.5 sec) | (0.8 sec) | (1.1 sec) | (1.3 sec) | (2.5 sec) | (5 sec)
DirErr | le-10 4.5e-8 le-4 le+0 1.5e+18 | 2e+55
A= | (time) (2 sec) (3.5 sec) | (4.4 sec) | (5.2 sec) | (9 sec) (24 sec)
3.9 | NewErr | 4e-10 6.6e-10 5.3e-10 5.7e-10 1.1e-6 2e-3
(time) | (2.8 sec) | (4.6 sec) | (6.1 sec) | (8 sec) (21 sec) | (47 sec)

Table The Iz-errors of calculation of Gegenbauer coefficients {(f, gﬁ)},
n=0,1,...,N — 1, for the function f(x) = €™, a = 5.231.
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preimage of general set x

— of curve 110

— of single point x

preperiodic 48

— point 47,48

principal part of fourth order operator 224
- - of second order elliptic equation, degen-
rate on boundary 301

principal symbol 198,204,206,211,222,224
probability 427

— density 423,427

— distribution 425,427,428
probabilistic process 415

projection 38

properly elliptic equation 287,290
proximity property 121
pseudo-differential operator 336
pseudo-unitary group 339,341
P-regular 306

pullback 14

pullback operator 32

QC mapping 14,20

QCTY 14,16,19,26
@-holomorphic section 74
Q(p)-QC embedding 25
Q(p)-QC mapping 15,24,25
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Q(p)-QR mapping 24,25
Q(z)-QC mapping 20,21
Q(z)-QR mapping 15

QR mapping 20,27

QRTY 26,27

quadratic form 150,204,206
- -, signature 153

quadrature xii,275,277,279,280,282,284,285

— formula xii,275,277,327-329,331
quantum cell 416

— chaos xiii,416,435

— computer 435

— cryptography 434

— electrodynamics 434

— fluctuation xiii,415,435

— harmonic oscillator xiii,415

— mechanical problem 416

— mechanics 336,416,429,434

— numerical simulation 435

— object + thermostat system 415,434
— oscillator 417

— scattering 416

— subsystem xiii

— system 416

— transition, microscopic xiii, 407
quasicircle 14

quasiconformal deformation 53
— mapping ix

quasidisk 14,17,23

quasi-linear elliptic equation of second or-

der 296

quasiregular ix

— mapping 11
quaternionic analysis xi
— function theory 263

— variable 263

radial differential operator 217
Radon formula 365

— inverse formula 366

— transform 365,371,372
ramification point 78

random function 417

— potential 434

— process 419,424,425,436

— variable 427

— vector process 426
rank-one operator 334
rational entire function x,47
— function x,47,53,160
rationally indifferent point 48
Rayleigh function 390

— magnetoelastic wave 390
real algebraic geometry xi

— analytic geometry xi
real-valued stochastic process
recurrence formula 366,370

— relation 438

reflection principle 23

regular boundary point 304

- - - in Wiener sense 298,299

— singular point 77

— singularity 77,78,79

regularly perturbed differential equation
404

— traceable 62,64,65

removability of isolated singularity 23
repelling periodic point 48
representation of analytic function 290
residue fixed point index 51

resolution of identity 330,331,334
resolvent of integral equation 323,324
resonance 401,412

restoring the original function 366

de Rham coholomogy 73

Riccati equation xi,123,125
Riemann-Hilbert boundary condition 194,195
- - problem 75,79

- - -in a cut plane 83

- - conjugate 84

— monodromy problem x,69,71

— problem x,61-65,75,80

- -, index 89

Riemann jump problem x

— problem 378

— sphere x,62,69,71,74

— surface x,11,12,24,25,31,32,35,38,
39,40,42,72,79,80

— bordered 38,39,42,62

— compact 72

Riemann-Roch theorem 80

rigid inclusion 378,380

Rouché principle 159

RO-varying function at singularity points
xii,311-313

RO-varying at infinity 312

RO-varying at infinity from the left 312
RO-varying from the left at a finite sin-
gularity point 312

RO-varying from the right 313

Saint-Venant principle 403,407

scalar product 372

s-capacity 301

— logarithmic 305

scattering of particles 416

Schottky complex double 32

— differential form 39,42,43

Schréder domain 49,51

Schrédinger equation xi,123,142,417,434
— for harmonic oscillator 419

— representation 335

Schwarz integral for holomorphic function
202
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— lemma 54

— problem 202

second boundary problem 408

— law of thermodynamics xiii,415,435

— order elliptic system, degenerating on
the circle 204,299

- - -, degenerating on the boundary 220

- - equation 201,204,205,222

- - linear elliptic equation 299,301

- - partial differential equation 415,417
seismology xiii,410,411

seismosteady building 398,410

— construction xiii

self-balance of stress 407

semi-algebraic set 155

— subset xi,149

semi-group 7

— homomorphism 7

semi-multiplicative semi-norm ix,2,7
semi-norm 2,3

— of E-algebra 3

set of degeneration 200,222

- - of order one 200

several complex variables xi

sheaf, coherent analytic 156

— of holomorphic section 74

— of Lp-section 73

— of holomorphic and @-holomorphic sec-
tion 74

shear free vibration xiii,400,411

— wave 411

shell xiii,397,403

Shilov boundary ix,1-5

Siegel disk 49,52

signature formula for topological invariant
150

— of a quadratic form 153

singular divisor 69

— point of ordinary differential equation
xii, 317,225

— integral 97,331

- - equation xii,87,88,193,197,328,381

- - - of second kind 380,381

- - - with Cauchy kernel xii,327

- - - with Hilbert kernel 380-382

- - - with unmoved singularity 327,329

- - operator xi,70,233,235,237,239,260

- - -, hierarchy 235

- - - of Calderon-Zygmund type xi,235,236
— matrix integral operator 264
singularity of inverse function 47,50

— point 311

—, regular 78,80

singularly perturbed differential equation
398,401

- - system of differential equations 403,404
singular perturbation 406
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— value 50,55

skeleton of a polyhedron 159
Smirnov-Sobolev method 385
S-multiplicative function 2,6
Sobolev-Orlicz class 26
Sobolev space 18,236

spectral semi-norm 2
spherical metric 13,24

— distance 20,21
square-integrable 343

— representation 333,334,337
stable algorithm xiii

static of thin bodies xiii,403
— problem 412

stationary oscillator 418
Stieltjes integral 100
stochastic density xiii

- - matrix 435

— differential equation xiii,415
— force 425

— operator 418

— process 428,434

— quantum process 435,439

- - system xiii,417

Stoilow factorization 27

- - factorization theorem 22,2527
Stokes theorem 36,39

strain component 378
strain-stress state xiii,377,380
Strang-Fix condition 446
streaming line 105

stress xiii, 386,407

— tensor 387,397,398,400,405
- - component 408

SL(2,R) 339,340,341

SU(1.1) xii,333,338-343

strip 400

strip-beam 397,401,409
submultiplicative function 2,4
subsemi-group 6,7

Sullivan method 53
summation convention 380
superattracting fixed point 50
— periodic point 48
superposition of solutions 201
supersingular point of ordinary differen-
tial equation xii,317

symbol 336,338

system of equations of elasticity theory
403

— of first order equations 208
— of nonlinear differential equations 349
—, singularly perturbed 403,404

tangent variation principle 110
tangential set 105
target curve 61
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— manifold x,61,62,64

Tate theory 2

Taylor expansion 291

— formula 166,167,170,173,174,178,182
— series 158,437

Teichmiiller ring 20

tension-pressure equation of bars 406
tensor component of stress 404

— of deformation 387

— of stress 387

thermodynamic potential xiii, 415,417,418
thermodynamical irreversibility 431
— quantity 431

thermodynamics xiii

—, second law xiii

thermostat xiii,417

—, coupling constants xiii

thin body xiii,397,403

third boundary problem 408
three-body collision system 416
tomography xii,365

— scattering process 365

topological conformal structure x

— degree of mapping 155,160

— genus 31,39

— invariant 149

— structure of a surface x

— target manifold x,62,65

- - -, regularly tracable 64,65
topology x,106

— of simple convergence 5

torus 67

total distribution function 431
trajectory 347,349,423,437

—, optimal 361,363

transcendental entire function x,47,52
— equation 330,407

transition between atomic levels 416
— probability xiii,415,435,436
transport operator 76

two-layered orthotropic strip-beam 409
Tykhonov theorem 5

ultrametric absolute value 2
— Banach algebra 1

— E-algebra 1

— normed algebra ix,3
uncertainty 432

uniform convergence 4,5
unimodular group 335,340,341
unit ball xi,191,208,216,223,265
— disc 197,204,241,312,339,

— polydisc 235,250

— sphere 229

unitary operator 335,341
universal covering 24,25
upper half plane 311,339

Urysohn theorem 8

vacuum average conservation law 435
— state 338,343

Valiron inequality 92,93

— estimate 92

value distribution theory x
Vandermonde determinant 152

— matrix 292,375

variation of angle 115

vector bundle, flat 79

velocity of light in vacuum 387

— of shear and longitudinal waves 411
Verhulst differential equation 144

— model 145

vibration for plates 401

— in elastic media 385

— of plates 401

— of thin bodies xiii

violation of second law of thermodynam-
ics 415

Volterra integral equation xii, 317,318

wandering component 48

— domain 48,53

wave equation 275

— function xiii,415-417

— functional 430

— propagation 411

— theory 411

wave-heat equation 271,274
wavelet, admissible 333,335-338,343
— constant 333

—, periodic interpolation xiii,446
— theory 443,448,450

- -, periodic xiii,448

weight function 83,312,328

- - RO-varying at singularity points
xii,311,312

weighted space xii,229

-- L'(p) 311

well ordered set 3

Weyl formula 159
Weyl-Heisenberg group xii,333,335,338
Wiener condition 304

— criterion 297,299

- - for Laplace equation 300

— domain 305-307

— regular 300

— regular point 300,304

— test 303

Wigner transform xii,333,336,338
winding number 62,63

wingless aircraft 348

X-ray image xii
— passage 365
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Zeno quantum effect 416
zero of solution of second order ode 123
Zygmund space 17

Young function 17

Zeeman model 144
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