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Preface

Asymptotic behavior of evolution equations is a well-studied area in the the-
ory of abstract differential equations with various methods of studies. It is
natural to use the well-known ideas and techniques in the finite dimensional
case as much as possible to deal with the problems in the infinite dimen-
sional case. Having this in mind, in this book we will make an attempt to
gather systematically certain recent results on several central topics of the
asymptotic behavior of differential equations in Banach spaces. We will dis-
cuss the conditions for the stability, dichotomy and harmonic oscillation of
solutions of evolution equations. The results and methods of approach will
be presented in a manner that allows the reader, who is familiar with the
techniques in the finite dimensional case, to easily understand them. Some
parts of the book are actually lecture notes we have taught to graduate
students over the past years.

We outline briefly the contents of our book. In Chapter 1 we recall
several basic facts from semigroup theory, spectral theory of functions that
will be used throughout the book. Chapter 2 is devoted to some classical
topics including stability and dichotomy of linear homogeneous equations.
In Chapter 3 we present some new methods of studying the harmonic os-
cillation in inhomogeneous linear equations. Chapter 4 is devoted to the
topic of almost automorphy of solutions, that has recently regained interest
in the mathematical literature. Existence of almost automorphic solutions
to some linear and semilinear abstract differential equations is studied. We
discuss the Massera type conditions for the existence of periodic solutions
to periodic nonlinear equations in Chapter 5. At the end of each chapter
we give a guide for further reading and comments on the results as well
as the methods of study discussed in the chapter. We finally collect some
of the required tools from functional analysis and operator theory in the
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appendices.

We wish to thank our colleagues and students for their encouragement
and patience during the last years.

James H. Liu, Gaston M. N’querekata, Nguyen Van Minh



Preface

Contents

1. Preliminaries

1.1

1.2

1.3

2.

2.1
2.2

Banach Spaces and Linear Operators . . . . . . . ... ..
1.1.1 Banach Spaces . . . . .. ... ... .. ......
1.1.2  Linear Operators . . .. ... ... .. ......
1.1.3  Spectral Theory of Linear (Closed) Operators
Strongly Continuous Semigroups of Operators . . . . . . .
1.2.1  Definition and Basic Properties . . . ... .. ..
1.2.2  Compact Semigroups and Analytic Strongly Con-
tinuous Semigroups . . . . . . .. ... ...
1.2.3  Spectral Mapping Theorems . . . . .. ... ...
1.2.4  Commuting Operators . . . .. ... ... ....
Spectral Theory . . . . . . .. ... oL
1.3.1 Introduction . . ... ... ... .. .. ... ...
1.3.2  Spectrum of a Bounded Function . . ... .. ..
1.3.3  Uniform Spectrum of a Bounded Function
1.3.4  Almost Periodic Functions . . . ... ... .. ..
1.3.5  Sprectrum of an Almost Periodic Function . . . .
1.3.6 A Spectral Criterion for Almost Periodicity of a
Function . .. .. ... ... 0 .
1.3.7  Almost Automorphic Functions . . . ... .. ..

Stability and Exponential Dichotomy

Perron Theorem . . . .. ... .. ... ... .. ... ..
Evolution Semigroups and Perron Theorem . . . . . . ..

vii

N WD R =



viii

2.3

24

Topics on Stability and Periodicity in Abstract Differential Equations

Stability Theory . . . .. ... ... ... ... ....
2.3.1  Exponential Stability . . ... ... ... ... ..
2.3.2  Strong Stability . . . ... ... L0
Comments and Further Reading Guide . . . . . . . .. ..
2.4.1  Further Reading Guide . . . . .. .. ... .. ..
24.2 Comments . . .. ... ... ... ... ...

Almost Periodic Solutions

3.1

3.2

3.3

3.4

Evolution Semigroups & Periodic Equations . . . . . . . .
3.1.1 AnExample . ... ... ... ... ...
3.1.2  Evolution Semigroups . . . . . .. ... ... ...
3.1.3  The Finite Dimensional Case . . . . . . .. .. ..
3.1.4  The Infinite Demensional Case . . . . . .. .. ..
3.1.5  Almost Periodic Solutions and Applications
Sums of Commuting operators . . . . ... .. ... ...
3.2.1 Invariant Function Spaces . ... ... .. ....
3.2.2  Differential Operator d/dt — A and Notions of Ad-
missibility . . . ... o oo
3.2.3  Admissibility for Abstract Ordinary Differential
Equations . . .. ... o000
3.2.4  Higher Order Differential Equations . . . . . . . .
3.2.5  Abstract Functional Differential Equations . . . .
3.2.6 Examples and Applications . . . . . . ... .. ..
Decomposition Theorem . . . .. ... ... .......
3.3.1  Spectral Decomposition . . . . ... ... ... ..
3.3.2  Spectral Criteria For Almost Periodic Solutions
Comments and Further Reading Guide . . . . . . . .. ..
3.4.1 Further Reading Guide . . . . ... ... ... ..
342 Comments . .. ..... ... ... ... ...

Almost Automorphic Solutions

4.1
4.2

4.3

4.4

The Inhomogeneous Linear Equation . . . . . . ... ...
Method of Invariant Subspaces and Almost Automorphic
Solutions of Second-Order Differential Equations . . . . .
Existence of Almost Automorphic Solutions to Semilinear
Differential Equations . . . . . ... ... ... ... ...
Method of Sums of Commuting Operators and Almost Au-
tomorphic Functions . . . . . .. ... ... oL



Contents ix

4.5  Almost Automorphic Solutions of Second Order Evolution
Equations . . . . .. .. oo 139

4.5.1 Mild Solutions of Inhomogeneous Second Order
Equations . . ... ... o oo 140
4.5.2 Operators A . . . ... ... 141
4.5.3 Nonlinear Equations . . . . . . ... .. ... ... 145
4.6 The Equations x’=f(t,x) . . . ... ... .. ... ..... 146
4.7  Comments and Further Reading Guide . . . . . . . .. .. 151
5. Nonlinear equations 153
5.1  Periodic Solutions of Nonlinear equations . . . .. .. .. 153
5.1.1 Nonlinear Equations Without Delay . . . . . . .. 153
5.1.2  Nonlinear Equations With Finite Delay . . . . . . 162
5.1.3  Nonlinear Equations With Infinite Delay . . . . . 166
5.1.4  Non-Densely Defined Equations . . . . .. .. .. 180
5.2 Evolution Semigroups and Almost Periodic Solutions . . . 183
5.2.1  Evolution Semigroups . . . . . .. ... .. .. .. 183
5.2.2  Almost periodic solutions . . . . . ... ... ... 186
5.3  Comments and Further Reading Guide . . . . . .. .. .. 190
5.3.1  Further Reading Guide . . . . ... ... ... .. 190
5.3.2 Comments . ... ... ... ... ... ..., 191
Appendiz 193
A.1 Lipschitz Operators . . . .. ... .. ... ........ 193
A.2  Fixed Point Theorems . . . . ... .. ... ... ..... 195
A.3 Invariant Subspaces . . . .. ... ... ... 197
A.4  Semilinear Evolution Equations . . . . . . ... ... ... 198
Bibliography 201
Index 207



This page intentionally left blank



Chapter 1

Banach Spaces, Cy-Semigroups of
Linear Operators and Almost
Periodicity of Functions

1.1 Banach Spaces and Linear Operators

1.1.1 Banach Spaces

The notion of Banach spaces will be used throughout this book. A normed
space is a linear space X, endowed with a norm, frequently denoted by ||-||,
that is a function from X to the set of all real numbers, denoted by R, such
that

(1) ||lz|| = 0, ||z|| = 0 if and only if x = 0;
(2) [[Az]l = [Alflz]l, VA€ Cor R,z €X;
@) lz+yl <l +lyl, Vz,y e X

A normed space X is called Banach space if it is complete, i.e., every Cauchy
sequence in X is convergent.

Example 1.1. Let BC(R, X) be the linear space of all bounded continuous
X-valued functions on R with sup-norm

1fIF = jgﬂgl\f(t)ll, Vf € BO(R,X). (1.1)
Then BC(R,X) is a Banach space.
Similarly, the following spaces are Banach spaces if endowed with norm
(1.1).
BUC(R,X) := {f € BC(R,X) : f is uniformly continuous}  (1.2)
P, = {f € BC(R,X) : f is periodic with period w} (1.3)
However, the function space
C'(R,X) := {f € BC(R,X) : f exists and f’ € BCO(R,X)}
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is not a Banach space. In fact, it is easy to choose a sequence of differen-
tiable functions { f,} with f] € BC(R,X) such that it is a Cauchy sequence
but it does not converge to a differentiable function.

Example 1.2. Let  be the unit open ball of R™, i.e., @ = {z € R" : ||z|| <
1}. We denote by C™ () the set of all m times continuously differentiable
functions in €2 with the derivatives up to the order m bounded and contin-
uously extendable up to the boundary {z € R™ : ||z|| = 1}. Then C™(Q) is
a Banach space with the following norm

1 lem = D suplID*f(x)]. (1.4)

la|<m e

To conclude this subsection we consider the following Banach spaces

Example 1.3. For any interval I = [a,b],a < b € R and a € (0,1) let us
denote
t —
CYI,X):={feBC(I,X): sup 1788) = F)l < 00}
tsels<t (t—8)
Then C*(1,X) is a Banach space with the norm
I£() = f(s)l
o 1= su t)||+ su —_—.
[ flloerx) te?”f( i Ny s
These Banach spaces are called the Banach spaces of Holder continuous
functions.

In general if dimX < oo, then X is a Banach space with any norm.

Exercise 1. Show that X with norm ||-|| is a finite-dimensional Banach space
if and only if the unit ball {x € X : ||z|| < 1} is compact.

1.1.2 Linear Operators

Definition 1.1. Let X be a Banach space. Then a mapping A from D(A) C
X to X is said to be a linear operator if D(A) is a linear subspace of X and
A is linear. In this case D(A) is called domain of A and the range of this
operator will be denoted by R(A).

Remark 1.1. In the definition of a linear operator the domain is necessarily
a linear space. In general, it is a dense subspace of X but not the whole
space X.
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Example 1.4. Let M be an n X n matrix with real entries. Then it defines
a linear operator from R" into itself by the rule z — Mz, where x is a
columm of n rows, an element of R™. In this example, denoting by M the
corresponding linear operator, we have that D(M) = R".

Generally, if dimX < oo, then from the density of D(A) in X follows that
D(A) = X. However, it is not the case for the following operators in infinite
dimensional Banach spaces:

Example 1.5. Let A be the differential operator d/dt with D(A) defined
as follows:

D(A) = {f € BO(R,X) : df /dt € BCO(R,X)}.

Obviously, A is a linear operator and D(A) is a subspace of X that is dense
everywhere in X, but is not X.

Example 1.6. Let B be the differential operator d/dt with D(B) defined
as follows:

D(B) = {g € BC(R,X) : dg/dt € BC(R,X),dg(0)/dt = 1}.

It is not difficult to see that B is not a linear subspace of BC(R, X) as the
domain D(B) is not linear subspace. In fact, we can see that 0 is not in
D(B).

1.1.3 Spectral Theory of Linear (Closed) Operators

First, we introduce the notion of bounded linear operators on a Banach
space X, and then extend our consideration to more general classes of linear
operators, for instance, closed operators.

Definition 1.2. Let A be a linear operator on a Banach space X with
D(A) = X. Then it is said to be a bounded linear operator on X if there
exists a positive constant ¢ such that

|Az|| < cflzf], Vo € X. (1.5)
Hence, if A is a bounded linear operator, then it is continuous.
Exercise 2. Show the converse of the above assertion.

In view of this exercise, the notion of bounded linear operators is nothing
but that of continuous linear operators.
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Let A be a bounded linear operator. Then the following nonnegative
number

|A]| :==inf{c e R: | Az| < c||z||, Yz € X} (1.6)

is called the norm of A.

Exercise 3. Let L(X) denote the set of all bounded linear operators on the
given Banach space X. Then L(X) endowed with the norm (1.6) is again a
Banach space.

As we have seen in the above example, there are linear operators that
are not bounded. Among the class of unbounded linear operators the class
of closed operators is particularly important. There are two reasons, to our
view, for this importance. The first one is that we encounter the operators
of this class everywhere in problems involving partial differential equations,
functional differential equations, integro-differential equations, etc. The
second one is that the requirement on the closedness is indeed not too
much. Every linear operator with nonempty resolvent set is closed, as
shown below. Now we give a precise definition of this class.

Definition 1.3. A linear operator A from D(A) C X to X is said to be
closed if its graph, i.e., the set {(z, Az) € X x X,Vz € D(A)} is closed.

If a linear operator A is not closed, one may expect that there is an extension
so that the extension of it is closed. In this case, we say that the linear
operator A is closable. The smallest extension is called the closure of A.
We are ready to define the notion of spectrum of a closed linear operator
A. Let X be a given complex Banach space.

Definition 1.4. We call the set
p(A) :={AeC: - A:D(A) — X is bijective}
the resolvent set and its complement o(A) := C\p(A) the spectrum of A.
For A € p(A), the inverse
R\ A) :=(\— At
is, by the closed graph theorem, a bounded linear operator on X and will

be called the resolvent of A in the point .

Remark 1.2. Definition (1.4) can be extended to general linear operators,
which are not necessarily closed, if we require that the map A : D(A) C
X — X has bounded inverse.
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Exercise 4. Show that if a linear operator A : D(A) C X — X has nonempty
resolvent set, then it is closed.

Example 1.7. Let A be any linear operator of the finite dimensional com-
plex Banach space C". Then o(A) is exactly the set of all eigenvalues of
A, i.e. the set of all A € C such that there is a nonzero vector x of C™ with
Az = Ax.

Any bounded linear operator A has nonempty spectrum. Its spectrum
is contained in the disk of radius

r(4) = lim (|A]")
This number is called spectral radius of the bounded operator A.

In contrast to the finite dimensional case, in general, a bounded linear
spectrum may have no eigenvalue, for instance,

n, (1.7)

Example 1.8. Let ¢y be the Banach space of numerical two-sided se-
quences which converge to zero with sup-norm, i.e.,
co = {{xn}rg, 2n € R, lim z, = 0}.
n—oo
Then we define the translation T : ¢ — c¢g which maps every sequence

{zn} to the sequence {y,} such that y, = 2,1, Vn > 1,941 = 0. It is seen
that

ﬂ T"CO = {0}

So, if there is an eigenvalue A, then there is an invariant nontrivial subspace
of T'. This is impossible.

1.1.3.1 Sewveral Properties of Resolvents

An important property of p(A) is that it is an open subset of the complex
plane. The map p(A) 3 A — R(\, A) € L(X) (resolvent map) is analytic in
the open subset p(A4). One can show that any closed subset of the complex
plane can serve as a spectrum of a closed linear operator.

Theorem 1.1. For a closed linear operator A : D(A) € X — X, the
following properties hold true:

(1) The resolvent set p(A) is open in C, and for u € p(A) one has

oo

RN A) = (= AN)"R(u, A" (1.8)

n=0

for all X € C such that |p — A < 1/||R(u, A)||.
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(2) The resolvent map A — R(\, A) is locally analytic with

jWR(/\,A) = (=1)"n!R(\, A", ¥n € N.
(8) Let A, € p(A) with limit lim,, oo A\, = Xo. Then A\g € o(A) if and only
if

lim [[R(An, A)|| = oc.

Proof. For the proof see e.g. Chap. IV in [Engel and Nagel (30)]. O

The following is concerned with another elementary property of resol-
vents:

Theorem 1.2. Let A be a closed linear operator on a Banach space X.
Then for all A € p(A) we have
1

Proof. This will be an immediate consequence of the fact that
IR\, A)|| > r(R(), A)) once we prove that

o

A—oa(A)

But it is trivial to check that (A — pu)(A — A)R(u, A) is a two-sided inverse
for (A — pu)~' — R(\, A) whenever u € p(A), which proves the inclusion C.
Similarly, (A — ) "R\, A) (A — p)~t — R(\, A)) ! is a two-sided inverse
for 1 — A whenever (A — )=t € p(R(\, A)), which proves the inclusion D.D

o(R(X, 4)) =

Let A be a closed linear operator. Then we introduce some finer notions
of spectrum for A.

Definition 1.5.

(1) Each A € o(A) such that A — A is not injective, is called eigenvalue of
A, and each nonzero vector x € D(A) such that (A — A)z =0 is called
eigenvector corresponding to A. The subset of o(A) consisting of all
eigenvalues of A, is denoted by Po(A) and is called the point spectrum
of A.

(2) We call approximate eigenvalue each A € o(A) such that there is a
sequence {z,} C D(A) ( called approximate eigenvector) satisfying
|zn| = 1 and lim, e ||Azyn — Azyp|| = 0.
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1.2 Strongly Continuous Semigroups of Operators

In this section we collect some well-known facts from the theory of strongly
continuous semigroups of operators on a Banach space for the reader’s
convenience. We will focus the reader’s attention on several important
classes of semigroups such as analytic and compact semigroups which will
be discussed in the next chapters. Among the basic properties of strongly
continuous semigroups we will emphasize on the spectral mapping theorem.
Since the materials of this section as well as of this chapter in the whole can
be found in any standard book covering the area, here we aim at freshening
up the reader’s memory rather than giving a logically self contained account
of the theory.

1.2.1 Definition and Basic Properties

Definition 1.6. A family (7'(¢))¢>0 of bounded linear operators acting on
a Banach space X is called a Cy-semigroup if the following three properties
are satisfied:

(1) T(0) = I, the identity operator on X;
(2) TH)T(s) =T (t+s) for all t,s > 0;
(3) limy_g+ || T(¢t)x — z|| = 0 for all x € X.

The infinitesimal generator of (T'(t))¢>0, or briefly the generator, is the
linear operator A with domain D(A) defined by

D(A) ={z e X: ltil%l %(T(t)x — x) exists},

Az = lim %(T(t)x —1z), z€ D(A).

10

The generator is always a closed, densely defined operator. A strongly
continuous semigroup of bounded linear operators on X will be called Cy-
semigroup.

We now consider several examples of strongly continuous semigroups.

Example 1.9. Let A be a bounded linear operator on a Banach space X.
Then (e!4));>0, defined by the formula

et = i (tA)k, (1.9)
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is a strongly continuous semigroup of bounded linear operators on the Ba-
nach space X. Moreover, its generator is the operator A with D(A) = X.

Proof. First, it may be noted that the formula (1.9) is well defined. In
fact, since A is bounded

oo k

3 NCEA®I - enan v,
R P v

k=0

Hence, the series is absolutely convergent. To check that this family is
indeed a semigroup we will prove the following

etHs)A — tAgsd vy t e R.
From the absolute convergence of the above series it follows that the product

series SN0 (A" A._ oo (sA)” ;
of two series ) '~ ) ~57—, and e := Y™ == is absolutely convergent,

o0 o0
tA)F sA)"™
Sty ek
k=0 ’ n=0 ’
is convergent. Moreover, it does not depend on the way of summation, in

particular,

ie.,

otAgsA i (tA)* « i (SA')n

k=0 k! n=0 n
> tA)k (sA)™

-3 (k') (n') (1.10)
m=0 k+n=m ’ ’
= (tA)™

=3y (m)' (1.11)
m=0 ’

= (t+9)4, (1.12)

We now show that this semigroup is strongly continuous. By definition, we
have to show that

A

lim ez =2, Vo € X.

t—0+t

By (1.9), Vz € X

tA - (tAgC)kx
et —al < 1 3 5
=1

2 S LA
< Aol > 6=

SIS %
k=0 :

= [tll| All|le! T4,
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Hence
lim |let4z — 2| = 0.
t—0+
Now we show that A is the generator of this semigroup with D(A) = X,
i.e., we have to show that for all x € X, the following holds true
tA

lim, # = Az. (1.13)
t—
In fact, by (1.9), Vz € X
ette —
l=—— —Azll < el AN Al (1.14)
Hence (1.13) holds true. O

Example 1.10. Let (S(t)):>0 be the translation semigroup on BUC(R, X),
where X is a Banach space, i.e.,

St)f(s) = f(t+s), Vt>0,s € R, f € BUC(R,X).

It is easy to check that (S(t))¢>0 is a semigroup of bounded linear oper-
ators on BUC(R,X). From the uniform continuity of every function in
BUC(R,X) it follows that this translation semigroup is strongly continu-
ous.

As an example of a non strongly continuous semigroup we can consider the
translation semigroup (S(t))¢>0 in BC(R,X). The non-strong continuity
follows from the fact that there exists a bounded function which is not
uniformly continuous. Indeed, we can take the following example

Example 1.11. The function f(t) = sint?, ¢ € R, is a continuous and
bounded function that is not uniformly continuous.

In fact, we can choose a sequence to, = 1/2n7 + 7/2, ton+1 = /(2n + 1)7.

Obviously, f(t—2n) = 1 and f(tan+1) = 0 while |ta, —tan+1| — 0asn — oco.

Theorem 1.3. Let (T'(t))i>0 be a Co-semigroup. Then there exist con-
stants w > 0 and M > 1 such that

IT(0)] < Me“*, i > 0.
Proof. For the proof see e.g. p. 4 in [Pazy (90)]. O

Corollary 1.1. If (T'(t))>0 is a Co-semigroup, then the mapping (x,t) —
T(t)z is a continuous function from X x RT — X.
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Proof. For any x,y € X and t < s € Rt := [0, 00),
[Tz =T (s)yll < [Tz —T(s)z| + |T(s)x — T(s)yll
< Me*?lle —yll + [T@OIT (s — t)z — ||
< Me¥s ||z —y|| + Me“!||T (s — t)x —z|. (1.15)
Hence, for fixed z,t (¢t < s) if (y,s) — (x,t) then ||T(t)z — T(s)y|| — O.
Similarly, for s <t
1Ttz —T(s)yl| < [[T(t)x = T(s)z|| + [T (s)z = T(s)yl|
< Me**|ja — yl| + T () IT(E - 5)z — o]
< Me“?||lx —y|| + Me“?||T(t — s)x — z|. (1.16)
Hence, if (y,s) — (z,t) then ||T(t)x — T'(s)y|| — O. O
Other basic properties of a Cp-semigroup and its generator are listed in the

following:

Theorem 1.4. Let A be the generator of a Co-semigroup (T'(t))i>0 on X.
Then

(1) Forz € X,

1 [th
%li% E/t T(s)xds = T(t)x.

(2) For x € X, fg T(s)zds € D(A) and

A </0 T(s)xds) =T({)xr — x.
(8) For x € D(A),T(t)x € D(A) and
iT(t)x = AT (t)x = T(t)Ax.

dt
(4) For x € D(A),

¢ ¢
Tt)x —T(s)x = / T(7)Azxdr = / AT (7)zxdr.
Proof. For the proof see e.g. p. 5 in [Pazy (90)]. O

We continue with some useful facts about semigroups that will be used
throughout this book. The first of these is the Hille- Yosida theorem that
characterizes the generators of Cy-semigroups among the class of all linear
operators.

Theorem 1.5. Let A be a linear operator on a Banach space X, and let w €
R and M > 1 be constants. Then the following assertions are equivalent:
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(1) A is the generator of a Co-semigroup (T(t))i>0 satisfying || T(¢)|| <
Me“t for all t > 0;

(2) A is closed, densely defined, the half line (w,00) is contained in the
resolvent set p(A) of A, and we have the estimates

M

1RO A < 5= e

VA>w, n=12.. (1.17)

Here, R(\, A) := (A— A)~! denotes the resolvent of A at \. If one of the
equivalent assertions of the theorem holds, then actually { ReA > w} C p(A4)
and

n M
IR, A" <

_ VReA =1,2,.. 1.1
S Rer—o) Rel >w, n ,2, (1.18)

Moreover, for ReA > w the resolvent is given explicitly by
R\, A)x = / e MT(txdt, VreX (1.19)
0

We shall mostly need the implication (i)=-(ii), which is the easy part of
the theorem. In fact, one checks directly from the definitions that

Ryx ::/ e MT(t)x dt
0

defines a two-sided inverse for A — A. The estimate (1.18) and the identity
(1.19) follow trivially from this.
A useful consequence of (1.17) is that

)\lim IANR(A, A)x —z|| =0, VzelX. (1.20)
This is proved as follows. Fix z € D(A) and u € p(A4), and let y € X be

such that x = R(u, A)y. By (1.17) we have ||R(\, A)|| = O(A71) as A — oc.
Therefore, the resolvent identity

R(A A) = R(u, A) = (1 — NR(\, A)R(u, A) (1.21)
implies that
lim AR\ A)z — 2] = I [|R(\ A)(aR(s, A)y — y)]| = 0.

This proves (1.20) for elements x € D(A). Since D(A) is dense in X and
the operators AR(A, A) are uniformly bounded as A — oo by (1.17), (1.20)
holds for all z € X.



12 Topics on Stability and Periodicity in Abstract Differential Equations

1.2.2 Compact Semigroups and Analytic Strongly Contin-
uous Semigroups

Definition 1.7. A Cy-semigroup (T'(t))¢>0 is called compact for t > tq if
for every t > to, T(t) is a compact operator. (T(t))¢>o is called compact if
it is compact for each ¢t > 0.

If a Co-semigroup (T'(t))¢>0 is compact for ¢ > to, then it is continuous in
the uniform operator topology for ¢ > t.

Theorem 1.6. Let A be the generator of a Cy-semigroup (T'(t))i>0. Then
(T'(t))t>0 is a compact semigroup if and only if T'(t) is continuous in the
uniform operator topology for t > 0 and R(A; A) is compact for A € p(A).

Proof. For the proof see e.g. p. 49 in [Pazy (90)]. O

In this book we distinguish the notion of analytic Cy-semigroups from
that of analytic semigroups in general. To this end we recall several notions.
Let A be a linear operator D(A) C X — X with not necessarily dense
domain.

Definition 1.8. A is said to be sectorial if there are constants w € R, 0 €
(w/2,m), M > 0 such that the following conditions are satisfied:

i) p(A) D Spw={AeC: A#w,|arg(A —w)| <6},

i) |[R(AA)| < M/IX—w[ VA € Sp0.
If we assume in addtion that p(A) # ©, then A is closed. Thus, D(A4),
endowed with the graph norm
2]l pcay == ll=ll + | Az,
is a Banach space. For a sectorial operator A, from the definition, we can

define a linear bounded operator e!4 by means of the Dunford integral

1
et ePR(N, A)dA,t > 0, (1.22)

B % wtYr,n
where r > 0,1 € (7/2,0) and v, ,, is the curve
{ANeC:largA =n, A\ 2 r[|JU{XN € C:|arg\| <n, |\ =1},
oriented counterclockwise. In addition, set €%z =z, Va € X.

Theorem 1.7. Under the above notation, for a sectorial operator A the
following assertions hold true:
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(1) etAx € D(A*) for everyt > 0,2 € X,k € N. If x € D(AF), then
AketAy = et ARy Wt > 0;

(2) ethesA = e(tt9)A vt 5 > 0;
(8) There are positive constants My, My, Ms, ..., such that

(a) [le"] < Moe**, t >0,

(b) [|tF(A — wi)ketd| < Mye“t, t >0,

where w is determined from Definition 1.8. In particular, for every
e >0 and k € N there is Cy . such that

[tk ARt < Cp ce@ ot > 0;
(4) The function t — e*4 belongs to C>((0,+c), L(X)), and

dk

ﬁ@tA = AketA, t>0,

moreover it has an analytic extension in the sector
S={AeC:larg\| <0 —7/2}.
Proof. For the proof see pp. 35-37 in [Lunardi (65)]. O

Definition 1.9. For every sectorial operator A the semigroup (etA)tZQ de-
fined in Theorem 1.7 is called the analytic semigroup generated by A in
X. An analytic semigroup is said to be an analytic strongly continuous
semigroup if in addition, it is strongly continuous.

There are analytic semigroups which are not strongly continuous, for in-
stance, the analytic semigroups generated by nondensely defined sectorial
operators. From the definition of sectorial operators it is obvious that for a
sectorial operator A the intersection of the spectrum o(A) with the imagi-
nary axis is bounded. In this book, if otherwise stated, by ”analytic semi-
groups” we mean analytic semigroups that are strongly continuous. We use
this convention because most of the results presented here are concerned
with Cp-semigroups.
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1.2.3 Spectral Mapping Theorems

If A is a bounded linear operator on a Banach space X, then by the Dunford
Theorem [Dunford and Schwartz (29)] o(exp(tA)) = exp(to(A)), Vi >
0. It is natural to expect this relation holds for any Cpy-semigroups on a
Banach space. However, this is not true in general as shown by the following
counterexample (p. 44 in [Pazy (90)])

Example 1.12.

Let X be the Banach space of all continuous functions on the interval [0, 1]
which are equal to zero at x = 1 with the supremum norm. Define

fla+t), fz+t<1
0, ifx+t>1.

(T f)(x) = {

(T'(t))t>0 is obviously a Cy-semigroup of contraction on X. Its generator A
is given by

D(A) ={f:feCH0,1])nX, f € X}
and
Af = f', for f € D(A).
For every A € C and g € X the equation A\f — f’ = g has a unique solution
f € X given by

1
£(t) = / ANE=9)g(s)ds.

Therefore, o(A) = 0. On the other hand, since for every ¢t > 0, T'(¢) is a
bounded operator, o(T'(t)) # 0, so the relation o(T'(t)) = exp(to(A)) does
not hold for any ¢ > 0.

In this section we prove the following Spectral Inclusion Theorem for
Cy-semigroups:

Theorem 1.8. Let (T'(t))+>0 be a Co-semigroup on a Banach space X with
generator A. Then we have the spectral inclusion relation

o(T(t) Dets™ vt >0,

Proof. By Theorem 1.4 for the semigroup (T'x())i>0 := {e " MT(t) }i>o0
generated by A — A, for all A € C and t > 0

t
(A—A) / AT () ds = (M —T(t)z, Ve X,
0
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and
/t AT (s)(A = A)zds = (N = T(t)x, Voe D(A).  (2.1.1)
0

Suppose et € p(T(t)) for some A € C and t > 0, and denote the inverse of
eM —T(t) by Q. Since Qy; commutes with T'(t) and hence also with A,
we have

t
(A=A) / AT (5)Qurwds =z, Vr € X,
0
and

t
/ MIT(5)Qa (A — A)zds =, Va € D(A).
0

This shows the boundedness of the operator B) defined by

¢
Bz ::/ e)‘(t_S)T(S)QMm ds
0
is a two-sided inverse of A — A. It follows that A € p(A). O

As shown by Example 1.12 the converse inclusion
e'” W > o (T(1)\{0}

in general fails. For certain parts of the spectrum, however, the Spectral
Mapping Theorem holds true. To make it more clear we recall that for a
given closed operator A on a Banach space X the point spectrum o,(A) is
the set of all A € o(A) for which there exists a non-zero vector x € D(A)
such that Ax = Az, or equivalently, for which the operator A — A is not
injective; the residual spectrum o,(A) is the set of all A € o(A) for which
A — A does not have dense range; the approzimate point spectrum o,(A) is
the set of all A € o(A) for which there exists a sequence (z,) of norm one
vectors in X, x,, € D(A) for all n, such that

lim ||Az,, — Az, || = 0.
Obviously, o,(A) C 04(4).

Theorem 1.9. Let (T'(t))t>0 be a Co-semigroup on a Banach space X, with
generator A. Then

op(T()\{0} = €' vt > 0.

Proof. For the proof see e.g. p. 46 in [Pazy (90)]. O



16 Topics on Stability and Periodicity in Abstract Differential Equations

Recall that a family of bounded linear operators (T'(t)):er is said to be
a strongly continuous group if it satisfies

(1) T(0) =1,
(2) T(t+s)=T{)T(s), Vt,s € R,
(3) limy_oT(t)x =z, Vz € X.

Similarly as Cp-semigroups, the generator of a strongly continuous group
(T'(t))ter is defined to be the operator

Tt)x —
Az = lim M,
t—0 t
with the domain D(A) consisting of all elements 2 € X such that the above
limit exists.

In the next chapter we need the following lemma:

Lemma 1.1. Let (T'(t)):>0 be a uniformly bounded Cy-group on a Banach
space X # {0}, with generator A. Then o(A) # 0.

For bounded strongly continuous groups of linear operators the following
Weak Spectral Mapping Theorem holds:

Theorem 1.10. Let (T'(t))ier be a bounded strongly continuous group, i.e.,
there exists a positive M such that | T(t)|| < M, Vt € R with generator A.
Then

o(T(t)) = eto(A) | Vt € R. (1.23)

Proof. For the proof see e.g. [Nagel (73)] or Chapter 2 in [van Neerven
(78)]. O

Example 1.13. Let M be a closed translation invariant subspace of the
space of X-valued bounded uniformly continuous functions on the real line
BUC(R,X), i.e., M is closed and S(t)M C M, Vt, where (S(t))+cr is the
translation group on BUC(R,X). Then

a(S(t)|m) = etoPm), Wt € R,
where Dy, is the generator of the restriction of translation group to M.

In the next chapter we will consider situations similar to this example
which arise in connection with invariant subspaces of so-called evolution
semigroups.
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1.2.4 Commuting Operators

Let A, B be two bounded linear operators on a given Banach space X which
is assumed to be complex. The definition of commutativeness of these
operators in this case is natural, i.e., the identity AB = BA holds. In the
general case, where the operators A and B are not necessarily everywhere
defined, we have the following definition:

Definition 1.10. Let A and B be linear operators on a Banach space G
with non-empty resolvent sets. We say that A and B commute if one of the
following equivalent conditions hold:

(1) RO\, A)R(u, B) = R(u, BYR(\, A) for some (all) A € p(A), u € p(B),
(2) = € D(A) implies R(u, B)x € D(A) and AR(u, B)x = R(u, B)Ax for
some (all) p € p(B).

Exercise 5. Show that if A, B are bounded linear operators which are com-
mutative in the usual sense, i.e., AB = BA, then they are commuting
operators in the sense of Definition 1.10.

Exercise 6. Show that if A is a bounded linear operator on a Banach space
X and (T'(t))e>0 is a strongly continuous semigroup on X. Then, if A
commutes with T'(¢) for all ¢ > 0, A must commute with the infinitesimal
generator of the semigroup (T'())¢>0.

Let us consider the generator of the product of two commuting semi-
groups (G(t))e>o0, (H(t))t>0, that is, the semigroup (P(t))¢>0 defined by
P(t) = G(t) - H(t). Generally, this semigroup may not be strongly contin-
uous. Below, we assume that the product semigroup (P(t))¢>0 is strongly
continuous. Let us denote by G, H, P the generators of (G(t))>0, (H(t))t>0,
(P(t))t>0, respectively.

Exercise 7. Under the above assumptions and notations prove that
P=G+H.

Hint. First show that for every ¢t > 0, G(t)D(H) C D(H) from which the
following holds: D(G) N D(H) C D(P). Next, for every x € X, ¢ > 0 using
the following

v) = [ 7€) [ Gpadar (1.2)

to prove that D(G) N D(H) is dense in X. Using this fact, complete the
proof by showing that G + H = P.
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For 6 € (0,7), R > 0 we denote X(0, R) = {z € C: |z| > R, |argz| < 0}.
Definition 1.11. Let A and B be commuting operators. Then

(1) A is said to be of class ¥(6 + 7/2, R) if there are positive constants
6, R such that 0 < § < 7/2, and

(0 +7/2,R) C p(A) and sup IAR(A, A)|| < o0,  (1.25)
AET(0+7/2,R)

(2) A and B are said to satisfy condition P if there are positive constants
0,0’ R, 0" < 0 such that A and B are of class ¥(0 + 7/2, R),3(7/2 —
0, R), respectively.

If A and B are commuting operators, A + B is defined by (A 4+ B)x =
Az + Bz with domain D(A + B) = D(A) N D(B).

We will use the following norm, defined by A on the space X, ||z| 7, :=
|R(A, A)x||, where A € p(A). Tt is seen that different A € p(A) yields
equivalent norms. We say that an operator C' on X is A-closed if its graph
is closed with respect to the topology induced by 74 on the product X x X.
It is easily seen that C' is A-closable if x,, — 0,z, € D(C),Cx, — y with
respe;:lt to 74 in X implies y = 0. In this case, A-closure of C' is denoted
by C".

Theorem 1.11. Assume that A and B commute. Then the following as-
sertions hold:

(1) If one of the operators is bounded, then
o(A+ B) C o(A) + o(B). (1.26)
(2) If A and B satisfy condition P, then A + B is A-closable, and

(AT B)") C o(A) + o(B). (1.27)

)A:A—l—B , where

In particular, if D(A) is dense in X, then (A+ B
A+ B denotes the usual closure of A+ B.

Proof. For the proof we refer the reader to Theorems 7.2, 7.3 in [Arendt,
Rébiger and Sourour (6)]. O
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1.3 Spectral Theory and Almost Periodicity of Functions

1.3.1 Introduction

As is known, for a 27-periodic continuous function f : R — X the Fourier
exponents are defined to be the set:

s
\NeZ: / e~ f(€)de # 0} (1.28)
—Tr

The notion of spectrum of a bounded function is a generalization of this
notion of Fourier exponents. However, for any bounded function it is not
expected that the integral in the above set is used, but instead of it another
integral on the whole real line. This section will give a very short intro-
duction to this spectral theory. We will take several examples to show how
our abstract definition can be incorporated into simple cases in which the
notions of Fourier, Bohr exponents are well known.

1.3.2 Spectrum of a Bounded Function
We denote by F the Fourier transform, i.e.

~ +OO .

f(s) ::/ e SLf(t)dt (1.29)
(s € R, f € L'(R)). Then the Beurling spectrum of v € BUC(R,X) is
defined to be the following set

sp(u) :={£eR:Ve>03f € Ll(RLsuppfA C(—¢g&+e), frxu+#0}
(1.30)
where

+oo
fru(s):= / fls = tyu(t)dt.

—0o0

We consider the simplest case
Example 1.14. Let f(t) = ae*, where A € R,a € X. Then sp(f) = \.

Proof. As is well known, for any real pu # X there exists a function
¢ € L'(R) such that the support of the Fourier transform of ¢ is contained
in the interval [u — e, u + €] for any € such that A & [ — e, u + €]. Hence,
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=/wdw%ﬁ®ﬁ=
_a/ B(s —t)eMdt

:—q/ H(E)ePETde

o [

_ 1As¢

MMSXOZO. (1.31)
0

the convolution

This shows that sp(f) C {A\}. On the other hand, if in the above argument
we take = A and ¢ € L'(R) such that ¢(\) = 1, then v (s) = ae’** # 0.
This yields that sp(f) = {A}.

As an immediate consequence of this example, the following holds true:

Example 1.15. Let

N .
— Zakel)\kt7
k=0
where aj, # 0, Ay € R,Vk =1,2,...,N. Then sp(f) = {1, ..., An }

Example 1.16. If f(t) is a 2m-periodic function with Fourier series
Z akeQiﬂkt,
keZ

then
sp(f) = {27k : ar # 0}.

Proof. For every A # 2kom, ko € Z or A\ = 2kom at which fr, = 0, where
fn is the Fourier coefficients of f, and for every positive ¢, let ¢ € L*(R) be
a complex valued continuous function such that the support of its Fourier
transform suppp(€) C [\ — e, A +¢]. Put

wwzf*wwzjffu—@a@w
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Since f is periodic, there is a sequence of trigonometric polynomials

N(n)

t) _ § amke%kmﬁ
k=1

that is convergent uniformly to f with respect to ¢ € R such that
limy, o0 ap = frn. We have

u(t) = fxp(t) = nlggo P, x ¢(t)
= nh—{l;o Z an,ke%k”' * (1)

N(n) oo
= lim Za ke2zkﬂ't/ 672ikﬂ's¢(8)d8

1 —00
= lim Z an k€ B(2km)
=0.
This, by definition, shows that sp(f) C {m € 27Z : f,, # 0}. Conversely,
for A € {m € 27Z : f,, # 0} and for every sufficiently small positive e
we can choose a complex function ¢ € L'(R) such that ¢(¢) = 1, V€ €
[A—¢e/2,A+¢/2] and ¢(§) = 0, V€ & [\ — &, A + €]. Repeating the above
argument, we have

w(t) = frp(t) = Tim Pa(t) (1)

N(n)
= lim Z an k€2 B(2kT)
=1
= lim an,koemkom. (1.32)
Since limy, o0 @n,k, = fi, this shows that w # 0. Thus, A € sp(f). O

Exercise 8. Let f(t) = ae~!*l. Show that sp(f) = R.

Exercise 9. Let f be a continuous function with compact support. Show
that

o) = {pe®s [ e £ 0}

From this show that if f is positive and has compact support, then 0 &
sp(f).
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There is another way to approach the notion of spectrum of a bounded
function via the Fourier- Carleman transform of a bounded function u de-
fined by the formula

IS e Mu(t)dt, (Rex > 0);
a(\) = (1.33)

— J5T eMu(—t)dt, (ReX < 0).

In fact, we will define the notion of Carleman spectrum of a bounded con-
tinuous function u as the set o(u) of all reals A at which the Fourier-
Carleman transform has a no holomorphic extension to any neighbor-
hood of ¢A. In fact, we compute o(u) in several simplest cases. Let
u(t) = ae*ot g € R,a # 0. Then, for ReA > 0

a(\) = /O h e Mu(t)dt

o0 .
/ e*)\tael)\otdt
0

1, 1
1' (l)\g*)\)t _
o Jim e By
_ a
Mo — A

Similarly, for ReX < 0 we can compute %(A\) which is of the same form.
Hence, @(A) has holomorphic extension at any i # iAg. Obviously, o(u) =

{Ao}-

We consider now a more general case in which f is a 7-periodic contin-
uous function.

Example 1.17. Let f be a X-valued 7-periodic continuous function. Then

o(f) ={2mn/7 | n € Z, /OT e 2T £(1)dt # 0}. (1.34)
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Proof. By definition, for Re\ > 0,

) = / TN (e

— i/m e Mf(t)dt

n—1 (n—=1)7
S / e A £(4 4 (0 — 1)7)dt
n=1"0
_ Ze—(n—l))\f/ e—)\tf(t)dt
n=1 0

— / e—)\tf(t)dt Z e—(n—l))«r

0 n=1

T v 1
:/0 e /\f(t)dtm' (1.35)

Similarly, for ReX < 0, (1.35) holds true as well. From (1.35) it is seen that
if A is such that e ™" # 1, i.e, A # 2min /7 for n € Z, then A ¢ o(f) because
at this point f (M) has a holomorphic extension. Moreover, at A\, = 2mwin/7,
f(X\) has a holomorphic extension if and only if Jo e72 /T f(t)dt = 0. This
shows that (1.34) holds true. O

We have just shown that o(f) = sp(f) for periodic functions. In general,
for bounded continuous functions they coincide with each other.

Theorem 1.12. Under the notation as above, sp(u) coincides with the set
o(u).

Proof. For the proof we refer the reader to Proposition 0.5, p.22 in [Pruss
(91)]. O

Every definition of spectrum has its advantages. We will see this in the
next chapter. Below we collect some main properties of the spectrum of a
function, which we will need in the sequel.

Theorem 1.13. Let f,g, € BUC(R,X),n € N such that g, — f as
n — 0o. Then

(i) sp(f) is closed,
(%) sp(f(-+h)) = sp(f),
(iii) If o € C\{0} sp(arf) = sp(f),
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(iv) If sp(gn) C A for all n € N then sp(f) C A,

(v) If Ais a closed operator, f(t) € D(A)Vt € R and Af(-) € BUC(R,X),
then, sp(Af) C sp(f),

(vi) sp(v = f) C sp(f) N suppF1, ¥ € L(R).

Proof. The proofs of (i)-(iii) are straightforward. We refer the reader to
Proposition 0.4, p. 20, Theorem 0.8 , p. 21 in [Vu (102)] and pp. 20-21 in
[Pruss (91)] for the proofs of the remaining assertions. O

As a consequence of Theorem 1.13 we have the following:
Corollary 1.2. Let A C R be closed. Then, the set
{f € BUC(R,X) : sp(f) C A} (1.36)
is a closed subspace of BUC(R,X).

We consider the translation group (S(t)):cr on BUC(R, X). One of the
frequently used properties of the spectrum of a function is the following:
Theorem 1.14. Under the notation as above,

i sp(u) = o(Dy), (1.37)

where D, is the generator of the restriction of the group S(t) to M, :=
span{S(t)u,t € R}.

Proof. For the proof see Theorem 8.19, p. 213 in [Davies (27)]. O

1.3.3 Uniform Spectrum of a Bounded Function
Notice that for every A € C with R\ # 0 and f € BC(R,X) the function

—

wr(A) : R >t — S(t)f(N) € X belongs to My C BC(R,X). Moreover,
©¢(A) is analytic on C\iR.

Definition 1.12. Let f be in BC(R,X). Then,

(1) « € Ris said to be uniformly reqular with respect to f if there exists a
neighborhood U of ia in € such that the function ¢f(X), as a complex
function of A with A # 0, has an analytic continuation into U.

(2) The set of £ € R such that £ is not uniformly regular with respect to
f € BC(R,X) is called uniform spectrum of f and is denoted by sp,,(f)-
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If f € BUC(R,X), then @ € R is uniformly regular if and only if it is regular
with respect to f. In fact, this follows from the fact that for bounded
uniformly continuous functions wu, the identity (1.37) holds. Next, using
the identity

R\, Dy)u = /Oo e~ MNES(E)ude, RA#0
0

we get the claim. For f € BC(R,X), in general, the above (1.37) may not
hold. We now study properties of uniform spectra of functions in BC(R, X).

Proposition 1.1. Let g, f, f, € BC(R,X) such that f, — f as n — o0
and let A C R be a closed subset. Then the following assertions hold:

(i) spu(f) = spu(f(h+-));

(i) spu(af(-)) C spu(f), a € C;
(i1i) sp(f) C spu(f);

(i) spu(Bf(-)) C spu(f), B € L(X);
(v) spu(f+g) C spu(f)Uspulg);
(vi) spu(f) C A.

Proof. (i) - (v) are obvious from the definitions of spectrum and uniform
spectrum. Now we prove (vi). Let po ¢ A. Since A is closed, there is a
positive constant r < dist(po, A). We can prove that since

2 o
lor, I < 203 € B (ipo) (1.38)
[RA
for sufficiently large n > N, one has
el < Ly € B Gipo)n > v (1.39)

Obviously, for every fixed A such that A # 0 we have ¢y, (X)) — @f(A).
Now applying Vitali Theorem to the sequence of complex functions {¢¢, }
we see that ¢y, is convergent uniformly on B, (ipo) to ¢y. This yields that
¢ is holomorphic on B, (ipg), that is po is a uniformly regular point with
respect to f and pg € spu(f). O

As an immediate consequence of (iii) of the above proposition, we have

Corollary 1.3. For any closed subset A C R, the set A,(X) = {f €
BC(R,X) : sp,(f) C A} is a closed subspace of BC(R,X) which is invariant
under translations.
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The following result will be needed in the sequel.

Lemma 1.2. Let A be a closed subset of R and let Dy, be the differential
operator acting on A, (X). Then we have

7(Dy,) = iA. (1.40)

Proof. Since the function g, defined by g, (t) := e'®'z, a € R,t € R,z #
0, is in Ay (X) and spy(ga) = sp(ga) = {a} we see that ia € o(Dy,, ), that
is, iA C 0(Dy, ). Now we prove the converse. For § € R\A we consider the
equation

iBg—9g =f, feAX). (1.41)
We will prove that (1.41) is uniquely solvable for every f € A, (X). This
equation has at most one solution. In fact, if g1, go are two solutions, then
g = g1 — g2 is a solution of the homogeneous equation, that is for f = 0.
Taking Carlemann transform of both sides of the correspoding equation we
may see that sp(g) C {8}. Since g € A, (X) we have sp(g) C A. Combining
these facts we have sp(g) = 0, that is g = 0.

Now we prove the existence of at least one solution to Eq. (1.41). For
R # 0 Eq. (1.41) has a unique solution which is nothing but ¢ ¢(X), so by
definition,

er(N) = (A=Dy)71f, RAAO.
Using a similar argument as in the proof of (iii) of Proposition 1.1 we
can show that (A — Dy) lu is bounded on B,(i) uniformly in u €
span{S(h)f,h € R},|u|]| < 1 for certain positive constant r indepen-
dent of w and A. Since i§ is a limit point of o(Dy), this boundedness

yields in particular that i3 € p(Dy). Hence, there exists a unique solution
g € My C Ay(X) to (1.41). O

1.3.4 Almost Periodic Functions
1.3.4.1 Definition and basic properties

A subset E C R is said to be relatively dense if there exists a number [ > 0
(inclusion length) such that every interval [a,a + [] contains at least one
point of E. Let f be a function on R taking values in a complex Banach
space X. f is said to be almost periodic if to every € > 0 there corresponds
a relatively dense set T'(e, f) (of e-translations, or e-periods ) such that

sup[[f(t+7) = f(t)] <&, VT € T(e, f).
teR
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A typical example of an almost periodic function that is not periodic is the
following:

Example 1.18.
f(t) =asint +asinv2t , V0 +#acX. (1.42)
In general, the function
f(t) = ae’ —l—beiﬁt, a,beX,a#0,b+#0,
is an almost periodic one that is not periodic.

Proof. We will make use of only the definitions and the following fact
from the elementary mathematics: for every constant € > 0 there exists a
positive integer N(e) such that Nv/2 — [Nv/2] < ¢, where [r] denotes the
integer part of the real number r. By this fact, for a positive ¢ there is an
interval (2M7 — a, 2M 7 + ), where M is an integer and a > 0, such that

Hbeiﬁ(ﬂ'” - beiﬁtH < %, Vi, 7 € 2Mm — «,2M7 + ).

Hence, for sufficiently small @ and [ = 2M« every inteval of length [ contains
at least an e-period of the function f. This shows that f is almost periodic.
Now we are going to prove that f is not periodic. In fact, suppose to the
contrary that f is periodic with period T'. By this assumption, the function

g(t) := ae’™T) 4 belV2HT) _ geit — peiV2l = 0 Vit € R,
Thus,

27 21
0= / g(t)dt = b / (e7V2(HT) _ ¢iV20) gy
0 0

1 i\v/22 iv2T
= —(e"V=T —1)(e’ —1). 1.43
; \/5( ) ) (1.43)
This shows that 7//1/2 must be rational. Similarly, we can show that T is
rational. This leads to a contradiction showing that f is not periodic. 0O
Generally, the sum of almost periodic functions are an almost periodic

function.

Example 1.19. All trigonometric polynomials

P(t) =Y are™', (ar € X, \x €R)
k=1

are almost periodic.
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We collect some basic properties of an almost periodic function in the fol-
lowing:

Theorem 1.15. Let f and f,,n € R be almost periodic functions with
values in X. Then the following assertions hold true:

(1) The range of f is precompact, i.e., the set {f(t),t € R} is a compact
subset of X, so f is bounded;

(2) f is uniformly continuous on R;

(8) If fr. — g as n — oo uniformly, then g is almost periodic;

(4) If ' is uniformly continuous, then f' is almost periodic.

Proof. For the proof see e.g. pp. 5-6 [Amerio and Prouse (3)]. g

As a consequence of Theorem 1.15 the space of all almost periodic func-
tions taking values in X with sup-norm is a Banach space which will be
denoted by AP(X). For almost periodic functions the following criterion
holds (Bochner’s criterion):

Theorem 1.16. Let f be a continuous function taking values in X. Then
f is almost periodic if and only if given a sequence {cp}nen there exists
a subsequence {cn, }ren such that the sequence {f(t + cn, ) }keN converges
uniformly.

Proof. For the proof see e.g. p. 9 in [Amerio and Prouse (3)]. O

Exercise 10. Let f € BUC(R,X) such that ¢?*P(f) is finite. Show that f is
of the form (1.44), so f is almost periodic.

Proof. By Theorem 1.14

eisp(f) — ¢o(Dy)
On the other hand, by the Weak Spectral Mapping Theorem,
"1 = o (S(1) a1, ).

Hence, using Riesz Integral we can decompose M into the direct sum of
finite closed subspaces My, ..., M} invariant under the translation group
(S(t))ter. Moreover, the spectrum of S(1) restricted to every subspace
consists of only one point. By Gelfand Theorem, S(1) should have the
following form: S(1)[x; = €1, A; € R. It is easy to see that if, by the
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above decomposition, f = f1+...+ fx then the function g;(t) := e =™t f;(t)
satisfies
gi(t+1) = e MV p5(8 41
— e*i)\jtefi)\j ei}\j fj (t)
— e—’iAjtei)\j f] (t)

=g;(t), VtER, j=1,2,.. k.

Finally,
k
F6) =" e™g;(), (1.44)
j=1
where g;(-) is 1-periodic. This shows that f is almost periodic. O

1.3.5 Sprectrum of an Almost Periodic Function

There is a natural extension of the notion of Fourier exponents of periodic
functions to almost periodic functions. In fact, if f is almost periodic
function taking values in X, then for every A € R the average

a(f,\) ;= lim L/T e f(t)dt

T—oo 2T -T

exists and is different from 0 at most at countably many points A. The set
{A e R:a(f,\) # 0} is called Bohr spectrum of f which will be denoted by
op(f) . The following Approximation Theorem of almost periodic functions
holds

Theorem 1.17. (Approzimation Theorem) Let f be an almost periodic
function. Then for every € > 0 there exists a trigonometric polynomial

N
Pot) = ae™’, a; €X,); € ay(f)
j=1
such that
sup | f(t) — P=(t)[| <e.
teR

Proof. For the proof see e.g. pp. 17-24 in [Levitan and Zhikov (58)]. O

Remark 1.3. The trigonometric polynomials P;(¢) in Theorem 1.17 can
be chosen as an element of the space

My = span{S(1)f, T € R}
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(see p. 29 in [Levitan and Zhikov (58)]. Moreover, without loss of gen-
erality by assuming that o,(f) = {A1, A2, -} one can choose a sequence
of trigonometric polynomials, called trigonometric polynomials of Bochner-
Fejer, approximating f such that
N(m)
P,(t) = Z Ym.ja(Aj, fet m € N,
j=1
where limy;, oo Ym,j = 1. As a consequence we have:
Corollary 1.4. Let f be almost periodic. Then
My = spanf{a(, fet*, X € ou(f)}.
Proof. By Theorem 1.17,
My © span{alF, Ne™ 3 € (N}
On the other hand, it is easy to prove by induction that if P is any trigono-
metric polynomial with different exponents {A1,- -+, Ax}, such that

k
P(t) = ijei)"“t,
j=1

then ;vje“‘f € Mp, Vj = 1,--- k. Hence by Remark 1.3, obviously,
a(Aj, fleNi € My, Vj € N. O

The relation between the spectrum of an almost periodic function f and
its Bohr spectrum is stated in the following:

Proposition 1.2. If f is an almost periodic function, then sp(f) = ou(f)-

Proof. Let A € oy(f). Then thereis ax € X such that xze?* € M. Obvi-
ously, A € 0(D|am;, ). By Theorem 1.14 X € sp(f). Conversely, by Theorem
1.17, f can be approximated by a sequence of trigonometric polynomials

with exponents contained in o3 (f). In view of Theorem 1.13 sp(f) C op(f).
U

1.3.6 A Spectral Criterion for Almost Periodicity of a
Function

Suppose that we know beforehand that f € BUC(R,X). It is often possible
to establish the almost periodicity of this function starting from certain a
priori information about its spectrum.

Theorem 1.18. Let £ and G be closed, translation invariant subspaces of
BUC(R,X) and suppose that
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(1) GC&;

(2) G contains all constant functions which belong to &;

(3) € and G are invariant under multiplications by ¢ for all £ € R;
(4) whenever f € G and F € £, where F(t) = fot f(s)ds, then F € G.

Let u € £ have countable reduced spectrum

spg = {£ € R:Ve > 03f € L*(R) such that
suppFf C (§ —e,&+¢€) and fxu & G}

Thenu € G.
Proof. For the proof see p. 371 in [Arendt and Batty (5)]. O

Remark 1.4. In the case where G = AP(X) the condition iv) in Theorem
1.18 can be replaced by the condition that X does not contain ¢¢ (see
Proposition 3.1, p. 369 in [Arendt and Batty (5)]). Another alternative
of the condition iv) is the total ergodicity of u which is defined as follows:
u € BUC(R,X) is called totally ergodic if

Myu = lim i/ e S(s)ds

T—00 2T J_

exists in BUC(R, X) for all n € R. From this remark the following example
is obvious:

Example 1.20. A function f € BUC(R,X) is 2w-periodic if and only if
sp(f) C 2nZ.

1.3.7 Almost Automorphic Functions

Definition and Basic Properties. A function f € C(R,X) is said to be
almost automorphic if for any sequence of real numbers (s),), there exists a
subsequence (s,,) such that

lim lim f(t+ s, —sm) = f(?) (1.45)

m—00 N—00

for any t € R.
The limit in (1.45) means

g(t) = lim f(t+ ss) (1.46)

n—oo

is well-defined for each t € R and
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f(t) = lim g(t — sy) (1.47)

n—oo

for each t € R.

Remark 1.5. Because of pointwise convergence the function g is measur-
able but not necessarily continous.

Remark 1.6. It is also clear from the definition above that constant func-
tions and continuous almost periodic functions are almost automorphic.

If the limit in (1.41) is uniform on any compact subset K C R, we say
that f is compact almost automorphic.

Theorem 1.19.

Assume that f, fi, and fa are almost automorphic functions taking
values in a Banach space X, ¢ is a scalar almost automorphic function,
and X\ is any scalar, then the following hold true.

(i) Af and f1 + fo are almost automorphic,

(i) f+(t) ;= f(t+7), t €R is almost automorphic;
(iii) f(t) := f(—t), t € R is almost automorphic;

(iv) The Range Ry of f is precompact, so f is bounded;
(v) The function t — ¢(t) f(t) is almost automorphic.

Proof. See Theorems 2.1.3 and 2.1.4 in [N’Guérékata (79)], for the proofs
of (i)-(iv). The proof of (v) is straightforward, and is left to the reader. OJ

Theorem 1.20. If {f,} is a sequence of almost automorphic X-valued
functions such that f, — f uniformly on R, then f is almost automor-
phic.

Proof. See Theorem 2.1.10 in [N’Guérékata (79)], for proof. O

Remark 1.7. If we equip AA(X), the space of almost automorphic func-
tions with the sup norm

[flloe = sup [Lf(£)]]
teR

then it turns out to be a Banach space. If we denote K AA(X), the space
of compact almost automorphic X-valued functions, then we have

AP(X) € KAA(X) C AAX) C BC(R,X).
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Theorem 1.21. If f € AA(X), then
i) [ flloe = llgllos

i) Ry C Ry
where g is the function defined in (1.41)-(1.42).
Proof. i) Using (1.41) we may write
9@ < llg(t) = f(E+ sn)l| + 1t + sn)ll

and choosing n large enough, we get
lg()|l <&+ sup | f(o)ll
o€eR
Hence
sup [|lg(t)|| < sup || f(2)]
teR teR

Similarly by (1.42), we obtain

sup [ f(#)[| < sup [lg(®)] (1.48)
teR teR

which proves the theorem.
ii) This statement is straight forward. (]

Theorem 1.22. If f € AA(X) and its derivative f' exists and is uniformly
continuous on R, then " € AA(X).

Proof. It suffices observe that for each n € N, n(f(t + 1) — f(t)) is an
almost automorphic function and the sequence of these functions converges
uniformly to f" on R (see Theorem 2.4.1 in [N’Guérékata (79)] for a detailed
proof). O

Theorem 1.23. Let us define F' : R — X by F(t) = fotf(s)ds where
f e AAX). Then F € AAX) iff Rp = {F(t)/t € R} is precompact.

Before we prove the Theorem, let us introduce some useful notations
(due to S. Bochner).

Remark 1.8. If f : R — X is a function and a sequence of real numbers
s = (sp) is such that we have

lim f(t+ sn) = g(t), pointwise on R,

n—oo

we will write T f = g¢.
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Remark 1.9.

i)

ii)

iii)

T is a linear operator.

Indeed, given a fixed sequence s = (s,) C R, the domain of T is
D(T,) ={f:R— X /Tsf exists}. D(Ts) is a linear set for if f, f1, fo €
D(Ty), then f1 + fo € D(Ts) and A\f € D(Ty) for any scalar A\. And
obviously, Ts(f1 + f2) = Tsf1 4+ Tsfo and Ts(Af) = AT, f.

Let us write —s = (—s,) and suppose that f € D(T;) and Tsf €
D(T_;). Then the product operator Ay =T_, T, f is well defined. It is
easy to verify that A, is also a linear operator.

A maps bounded functions into bounded functions, and for almost
automorphic functions f, we get Asf = f.

We are now ready to prove the previous Theorem:

Proof. 1t suffices to prove that F'(¢) is almost automorphic if Rp is pre-
compact. Let (s!!) be a sequence of real numbers. Then there exists a
subsequence (s!,) such that

lim f(t+s,) = g(t)

n—oo

and

lim g(t —s),) = f(t),

n—oo

pointwise on R, and

for

lim F(s)) = a1,

n—oo
some vector a1 € X.
We get for every t € R:

F(t+s;):/OHs;f(r)dr:/Os,nf(r)dr%—/sjs;f(r)dr

t+s,,
=F(s;)+/ f(s) dr.

/
n

Using the substitution o = r — s},, we obtain

F(t—i—s;):F(sﬁl)—i-/ f(o+ s),)do.
0

If we apply the Lebesgue’s dominated convergence theorem, we obtain

for

n—oo

t
lim F(t+s),) =a; +/ g(6) do
0

each t € R.
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Let us observe that the range of the function G(t) = ay + fo ) dr is
also precompact and

sup [|G(t)[| = sup || F(2)]]
teR teR

by Theorem 1.21 i), so that we can extract a subsequence (s,,) of (s},) such
that

lim G(—sp) = as,

n—oo

for some oy € X.
Now we can write

Gt —sn) = G(—sn) + /0 g(r — s,)dr

so that

n—oo

hmG(t—sn—oaz+/f dr = az + F(t).
Let us prove now that as = 6.

Using the notation above we get
AsF = ag + F, where s=(s,).

Now it is easy to observe that F' as well as as belong to the domain of Ay;
therefore A F also is in the domain of A and we deduce the equation

A2F = Ajao + AsF =aa +ay + F =20+ F
We can continue indefinitely the process to get
ATF =nas+F, VYn=1,2,....

But we have

sup | AZF(1)]| < sup | F(1)|

teR teR
and F'(t) is a bounded function.

This leads to a contradiction if as # 0. Hence, ap = 0 and A F = F

so F'e AA(X) .
The proof is complete. O

Remark 1.10. If X is a uniformly convex Banach space, the assumption
on Rp can be weakened. Indeed, the result holds true if Rg is bounded
(see, Theorem 2.4.4 and Theorem 2.4.6 in [N’Guérékata (79)] ).
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We can recall this other important result:

Theorem 1.24. Let (T(t))ter be a Co-group of bounded linear operators,
and assume that the function x(t) = T (t)xo : R+— X, where z(0) = zo € X
is almost automorphic. Then either inficg ||x(t)]| > 0, or x(t) = 0 for every
teR.

Proof. Assume that inficg [|z(t)|] = 0. Then there exists a minimizing
sequence (s,) such that ||z(s),)|] — 0 as n — oo. Since z(t) is almost
automorphic, there exists a subsequence (s,) C (s},) such that

lim z(t + sn) = y(t)
n—oo
exists for every t € R, and

lim y(t — s,) = z(t)

n—oo

for every t € R.
We have

x(t+sn) =T+ sp) =TT (sp)x0 =T (t)x(sn) .
So,
Iyl = lim [T(Ea(sa)] < lim [T la(s)] =0

for every t € R. We infer that z(t) = 0 for every ¢t € R. The theorem is
proved. O

Definition 1.13. A function f € C(R™,X) is said to be asymptotically
almost automorphic, if there exists g € AA(X) and h € C(R™',X) with the
property that lim;,_. ||h(¢)|| = 0, such that

ft)=g) +h(t), teRT. (1.49)

The functions g and h are called respectively the principal and the corrective
terms of f.

Theorem 1.25. If f is asymptotically almost automorphic then its princi-
pal and corrective terms are uniquely determined.

Proof. See Theorem 2.5.4 in [N’Guérékata (79)]. O

Exercise 11. Prove that every asymptotically almost function is bounded
over R,
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Exercise 12. Let f € C(R',X) and v € C(R", C) be asymptotically almost
automorphic. Show that f,(t) := f(t+7), for a fixed 7 € RT and (vf)(t) =
v(t)f(t) are also asymptotically almost automorphic.

Exercise 13. Let AAA(X) be the space of asymptotically almost automor-
phic functions with the norm || f|laaax) = ll9llaac) + |2l o@®+ x), where g
and h are respectiveley the prinicipal and the corrective terms of f. Show
that if (f,) is a sequence of functions in AAA(X) that converges uniformly
to f, then f € AAA(X).
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Chapter 2

Stability and Exponential Dichotomy
of Solutions of Homogeneous
Equations

This chapter is devoted to the study of the behavior of homogeneous equa-
tions of the form w'(t) = A(t)u(t),t € R. The exponential dichotomy and
stability will be characterized in terms of Perron’s criteria.

2.1 Perron Theorem

In this section we will extend the Perron Theorem for ordinary differ-
ential equations to equations in Banach spaces. Throughout this sec-
tion we consider only processes defined on the whole line. We denote
A:={(t,s) eR:t>s}.

Definition 2.1. A family of bounded linear operators (U(t, $))¢>s,t,5 € R
from a Banach space X to itself is called a strongly continuous evolutionary
process if the following conditions are satisfied

(1) U(t,t)=1forallteR,

(2) Ut,s)U(s,r)=Ul(t,r) forallt >s>r,

(3) The map A 3 (¢,8) — U(t, s)x is continuous for every fixed z € X,
(4) ||U(t,s)|| < Ne*(t=#) for some positive N, w independent of (t,s) € A.

Definition 2.2. Let (U(t, s))+>s be a strongly continuous evolutionary pro-
cess on a Banach space X. (U(t,s))t>s is said to have an exponential di-
chotomy if there exist a family of projections Q(t),t € R and positive
constants M, « such that the following conditions are satisfied:

(1) For every fixed z € X the map ¢ — Q(¢)x is continuous,
(2) QU(t,s) =U(t, s)Q(s),Y(t,5) € A,
3) Ut s)z] < Me =9z, V(t,5) € A,z € KerQ(s),

39
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@) Ut syl = Mte D y||, (s, 1) € A,y € ImQ(s),
(5) Ul(t, s)|rmqs) is an isomorphism from I'm@Q(s) onto ImQ(t) , V(t,s) €
A.

In this section we will establish a relation between the exponential di-
chotomy of a given strongly continuous process (U(t, s)):>s and the unique
solvability of the following integral equation in appropriate function spaces:

u(t) = U(t, s)u(s) +/ Ut &) f(&)de, V(t s)eA. (2.1)

Next, we define an operator £ : D(L) C Cy(R, X) — Cp(R, X) as follows:
u € Cy(R, X) if there exists a function f € Cy(R,X) such that (2.1) holds.
For u € D(L) we define Lu = f.

Lemma 2.1. The operator L is a well-defined, closed and linear operator.

Proof. To prove the well-definedness of the operator we suppose that

u(t) == U(t, s)u(s) +/ U(t,&)g(§)de, V(t,s) e A

w(t) = Ut s)uls) + / U6 F(E)de, V(t,s) € A

Then,
/: U(t,§)g(§)dg = /: U(t, &) f(€)de.
Hence,
[ vtoise - s =o
Thus,
s [ veoue - s o

Letting ¢ — s — 0, by the strong continuity of the process (U(t, s))i>s We
obtain that

So, L is well-defined.
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Let {v,} be a sequence in D(L), such that lim,_, ||v, — v|| = 0 for some
v € Cp(R,X) and 3f € Cp(R,X) such that lim, . [|[Lv, — f|| = 0. Now
we prove that v € D(£) and Lv = f. In fact, we have

v (t) = U(t, s)vp (s / U(t, &)L, (€)dE, (t,s) € A. (2.2)

For fixed (t,s) € A, we have

H/ U(taf)ﬁvn(ﬁ)dﬁ—/ U(t,§)f(&)dg|| S/ 1U (&, Ol £on(€) = f(E)IdE

<1 [ 180©) - S©ldE < Nt~ )2 ]

From this we obtain

lim ||/ (,€) Lo (€)dE — / (t, ) F(€)de]| = 0. (2.3)
This yields

o)) =Utshols) + [ VO, (t.5) € A,

Therefore, v € D(£) and Lv = f. The linearity of the operator £ can be
easily shown. O

Theorem 2.1. Let (U(t,s))i>s be a given strongly continuous evolutionary
process. Then the following assertions are equivalent:

(i) The process (U(t, s))i>s has an exponential dichotomy;
(i) For every given f € Co(R,X) the integral equation (2.1) has a unique
solution xy € Co(R,X);
(iii) For every given bounded and continuous function f the integral equa-
tion (2.1) has a unique bounded solution.

Proof. We first prove the equivalence between (i) and (ii). The equiva-
lence between (i) and (ii) can be established in the same way.
7(i) = (ii)”: Let P(t) :=1—Q(t), t€ R, where Q(¢) are determined from
the exponential dichotomy of the process (U(t,s)):>s. We now show that
the equation Lu = 0 has the only trivial solution w = 0. In fact, by the
definition of exponential dichotomy (Definition 2.2), we have

[P@u(t)]| = Ut s)P(s)u(s)|
< Me=*I u(s)]|
< Me =9y, Vt>s.
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Hence, letting s — —oo we get P(t)u(t) = 0, Vt € R. Similarly, we can
show Q(t)u(t) = 0, Vt € R. This yields that u(t) =0, Vi € R.

Next, we define a so-called Green function
U(t,s)P(s), t>
Gl - [UEIPE), 12
=U(t,s)Q(s), t<s.

By the exponential dichotomy, we see that there are positive constants K, o
such that

|G(t, s)|| < Ke =5l vt s eR.
We claim that the function
u = [ Gros@e ter

is a (unique) bounded continuous solution to the integral equation (2.1).
In fact, for any ¢ > s we have

t —+o0
u(t) =/_ U(tvﬁ)P(é)f(ﬁ)df—/t U(t,§)Q() f(§)dg

— 00

—U(t,5) ( | veoreree- [ - U(s,s>c2<s>f<5>df)

+ / Ut €)P(E)f(€)de + / U (. )(QUO) F(€)de

= U(t, s)uls) + / Ut €)F(€)de.

On the other hand, we have

“+o0
lu@®l =1 [ Gts)f(s)ds|
< [ R
+oo
< | Kem £ n)dn.

An easy computation shows that as f € Cy(R, X), the above estimate yields
u € Cy (R, X)

Now we prove the implication ” (i) = (¢)”. First, we notice that by the
above lemma and the Closed Graph Theorem (ii) yields that there exists a
positive constant k such that
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To proceed we need several lemmas:

Lemma 2.2. Let (ii) hold. Then there exist positive constants M,3 > 0
depending only on ¢ such that

Ut to)x]| < Me™PE=|[U (s, to)all, Vit > s > to, (2.5)
provided that
tilgloo U(t,to)x = 0. (2.6)

Proof. Without loss of generality we may assume that z # 0. Set u(t) :=
U(t,to)x, YVt > to and t1 := sup{t > o : u(t) # 0}. Obviously, by definition,
u(t) # 0 for all ¢ € [to,t1) and u(t) = O for all ¢ > ¢;. Next, we define a
smooth function ¢, (t) for every n € N with compact suppd,, in [to,t1) such
that 0 < ¢, () <1, ¢ (t) =1 for all t € [tg + 1/n,min(n,t; — 1/n)]. Set
Pn(t)
0=
It is clear that f is a well-defined continuous function on R and f €
Co(R,X). Consider the function

u(t), teR.

¢
Pn(s)
xf(t) := u(t) ds, t>to.
’ to u(s)]
By the definition of ¢, we see that xy can be naturally extended to
the whole line as a continuous function by setting z;(t) = 0 for all

t & [to, min(n,t1)]. Consequently, we have

wp(t) = U(t, s)u(s) /t ¢n(€)IIU(§)||_1d€+/ U(t,&)u(€)dn(E)lu(©)]| = dé

= U(t, s)as(s) + / ULEF(E)d, Vi s,

ie., zy € Cy(R,X) is a solution to Eq. (2.1). By assumption and (2.4) we
have

sl < el 1,
so, since || f]| = 1,

¢ ¢n(5)
O | Tt

ds < ¢, Vt > tg.
Letting n — oo we get

||u(t)||/t u(s)|~2ds < e, ¥t > to. (2.7)
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It is easy to see that the above inequality and the bounded growth of the
process yield that there are positive constants K, 3 independent of z,tq
such that
UL, to)z]| = u(t) < Ke Pt =Du(s) = Ke PE=5)U(s,t0), Vt>s > t.
(2.8)
In fact, set g(t ft lu(s)||~*ds. Then by (2.7) we obtain
%lng(t) > %, Vit > to.

Next, assuming that 7 > 1 is given, integrating both sides of the above over
the interval [to + 1,%9 + 7) we get

Ing(to+7) —Ing(to +1) > T; 1.

Hence,
glto +7) > glto + 1)e™= . (2.9)
Now, by the bounded growth, i.e., |U(t,s)|| < Ne“(t=9) VWt > s, for any
s € [to, to + 1] we have
[u(s)]| < [lulto)]| Ve

Consequently, without loss of generality assuming that ¢; > to + 1 we have

to+1 1
glto +1) = / lu(s)| " ds > Ne_wllu(t0)||_1~ (2.10)

to

By (2.7), for 7 > 1 we get
C
t _.

Juto + 7)) < s

By (2.9),
—(r—1)c

C <C€
glto+71) = glto+1)°

Next, by (2.10)
cef(‘rfl)c

= < Ne¥ t —(t=1ec _ N —7/c t
gt =V [[u(to)l|ce re” " Clu(to) |

where
N; = cNel/ete,
Thus for 7 > 1 we have

lu(to + )l < Nie™™“[lu(to)] (2.11)
On the other hand, for 0 < 7 < 1 using the bounded growth we have
lu(to + )| < Net/ T/ u(to)]l . (2.12)

Finally, combining (2.12) with (2.11) we have
uto + )| < Noe™™“|ulto)||, VO <7 < ti,
where Ny := max{Ny, Ne'/*t«}. This finishes the proof. O
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Corollary 2.1. Let (ii) hold. Then
X1(tg) :={r eX: \ lirﬁ U(t,to)r =0} (2.13)
is a closed subspace of X.

Proof. This corollary is an immediate consequence of the above lemmhl]

To proceed we need a notion of extension.

Definition 2.3. We say that the function u(t) := U(t,tg)x for t > to is
extendable to a function on the whole line as a solution of the corresponding
homogeneous equation (also denoted by u(-)), if u is extendable to the whole
line such that u(t) = U(t, s)u(s), Vt > s,t,s € R.

Note that if (ii) holds, then wu(t) has at most one extension on (—oo, o]
such that it vanishes at infinity. In fact if we have two extensions, then by
denoting by u1(t) and ua(t) the two functions defined on the whole line,
respectively, we see that

0,Vt > to
w(t) =
ul(t) — UQ(t),Vt S t()

is a solution in Cp(R,X) to (2.1) with f = 0. Hence, by (ii), ui(t) =
U,Q(t), Vit S t().

Lemma 2.3. Let (ii) hold and let u(t) := U(t,to)x. Then there exist posi-
tive constants K', 3 independent of x such that

lu@®)] < K'e PG u(s)|], Vt<s<to, (2.14)

provided that u has an extension to the whole line as a solution of the
corresponding homogeneous equation vanishing at —oo.

Proof. Suppose that u(t) := U(t,to)x, t > to can be extended to the
whole line as a solution to Eq. (2.1). Consider the function

f =W rer, (2.15)

where for every n € N
1, V2/n<t<tog+n,

on(t) =1 —(t—to—mn), YVto+n<t<to+n+1
0, Vt>to+n+1, ort<1/n.
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Clearly that

M0=MUAW¢A®M@M*%

is a solution of (2.1) with f defined by (2.15). By the same reasoning as
above and by letting n to infinity we can show that

] [t~ tas <
where c is defined by (2.4). Finally, as above we can prove (2.14). O

A consequence of this lemma is the following:

Corollary 2.2. Let (ii) hold. Then

Xa(to) :={x € X:u(t) :=U(t, to)x has an extension on (—oo, o]
as a solution to the homogeneous equation vanishing at —oo}

is a closed subspace of X.
Lemma 2.4. Let (ii) hold. Then for every to € R

X'= Xi(to) ® Xa(to), (2.16)
where X1(to) and Xo(to) are defined by (2.13) and (2.16).

Proof. For every x € X let ¢(t) be a continuously differentiable function
on R with the following properties: suppg C [tg, +00), ¢(t) = 1,Vt > to+1
and |¢/'(t)] < 2. Next, let f(t) = ¢'(t)U(¢,to)x. Obviously, f can be
continuously extended to the whole line by setting f(¢) = 0,Vt < to. By
the assumption there exists a unique solution zy € Cp(R,X) to (2.1). The
function v(t) := ¢(t)U(t, o)z, t > to is also a solution on [to, +00) of (2.1).
Set z(t) :=v(t)—x¢(t) and y(t) = U(t, to)x—=2(t) for t > ty. Then obviously
z(t) and y(t) are solutions of the corresponding homogeneous equation of
(2.1) on (—o0, +00) and [tg, 00), respectively. By definition, we have
lim [[z()[ =0, lim [y(t)[|=0

t——00 t——4oo

that is, z(to) = —xf(to) € Xa(to) and y(to) = = — 2(to) € Xi(to). This
proves the lemma. O

Now we finish the proof of the theorem by choosing the projection Q(t) as
the projection of X = X (t) @ Xz (t) onto Xz (¢) for every t € R. O
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Remark 2.1. If the evolutionary process (U(t,s)):>s is determined by a
Co-semigroup T'((t))¢>o that is generated by an operator A, then the con-
dition o(A) NiR = () does not guarantee the hyperbolicity of T'((¢))¢>0, so
it does not imply the exponential dichotomy of (U(¢,s))¢>s. This is be-
cause in general the Spectral Mapping Theorem does not hold for arbitrary
Co-semigroup. As a counterexample we can take the semigroup (T'(¢))¢>0
in Example 1.12. Obviously, since o(A) = @, we have o(A4) NiR = () and
IT()|| =1 for all ¢ > 0. Hence, if (T'(¢))i>0 is hyperbolic, then the pro-
jection @ in the Definition 2.2 must be trivial, i.e., Q = I. That means
IT ()] < Ke  for all ¢t > 0, where K, « are some positive numbers. But
this contradicts to the fact that [|T'(¢)|| = 1 for all ¢ > 0.

2.2 Evolution Semigroups and Perron Theorem

In this section we will discuss the relation between the Perron Theorem and
the so-called evolution semigroup of bounded linear operators on Cp (R, X)
associated with a given evolutionary process.

Definition 2.4. Let (U(t, s))+>s be a strongly continuous evolutionary pro-
cess on R in a Banach space X. Then the following family (7");>0 of linear
operators on Cp(R,X) is called the evolution semigroup associated with
(U(t, s))t>s on the function space Cp(R, X):

[T"] () = U(t,t —h)v(t —h), Vo€ Co(R,X),h>0,teR.  (2.17)

Lemma 2.5. (Th)hzo is a strongly continuous semigroup of linear opera-
tors on Co(R, X) with the infinitesimal generator G such that D(G) = D(L)
and Gu = —Lu for all u € D(L).

Proof. First, we show that for every v € Cp(R, X) with compact support
we have

lim T"v = v.
h10

Since suppv is compact, the range R(v) of v is compact. By the strong con-
tinuity of the process (U (%, s))¢>s we have that the map A xX 3 (¢,s,z) —
U(t,s)z € X is continuous (here A := {(¢,s) € R? : ¢t > s}. Thus it is
uniformly continuous on (A N [0,%0]?) x R(v). On the other hand, v is
uniformly continuous on R. Thus, for every € > 0 there exists a positive §
such that for |h| < §

[T — v|| = sup |U(t, ¢ — hyv(t — h) — v(t)|| < e.
teR
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Obviously, since there are positive constants M,w such that ||U(¢,s)| >
Me**=9) for all t > s, we have ||T"v| < Me"||v|, Yh > 0. Thus, for
arbitrary w € Cp(R,X) there is a sequence v, with compact support in
Co(R, X)) convergent to w as n — oo. We have
0 < limsup [|T"w — w| < (1 + Me*)|jv, — w].
h10

This shows that limy,|o Thw = w, i.e., the strong continuity of the evolution
semigroup.

Now we suppose that w € D(L). Then there is a unique f € Cp(R,X)
such that (2.1) holds. We have

hu — U
{TT} (1) = 3 (U6t~ Dyult ~ h) — u(t)
1 t
- /t | UOF©E.

Since f € Cy(R,X), f is uniformly continuous and R(f) is relatively
compact. Consequently, (¢,s,z) — U(t,s)z is uniformly continuous on
(ANJ0,%0]?) x R(f). This yields that

msup [ 107 ~ £l =0

hl0 ter
ie.,

lim | —— | = . (2.18)

Conversely, let u € D(G). By the basic properties of Cp-semigroups we
have that the map (0,00) 3 h + T"u is differentiable and

d
—Thy =
o u=Gu, YVh >0

. [Thu — u}
lim | ——

and .
Thy —u= / T Gudg, Yh > 0.
0
Setting f := Gu we have

h
[T — ] (t) = U(t,t — h)u(t — h) — u(t) = / (T f] (t)de

- [ veorei
Hence,
w(t) = U(tt — Ryu(t — h) — / Ut ©)f(€)de, Ve R, h >0,
t—h

This shows that u is a solution of (2.1) with the forcing term — f and finishes
the proof of the lemma. O
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Remark 2.2. It is easy to see that if

o0 k
Ult,s) = =94 := 3 ((t —;!)A) ’

k=0
where A € L(X), then D(G) = {u € Cy(R,X) : Fu' € Cp(R,X)} and G is of
the form

Gu(t) = —%u(t) + Au(t), Yue€ D(G).

Let U(t,s) = T'(t — s) for certain Cy-semigroup (7'(t)):>0 with generator
A. For unbounded A, the above formula is no longer true. To see how
it should be modified we consider the evolution semigroup (7"),>¢ as the
product of two commutative semigroups (R(h))n>0 and (S(h))r>o defined
as follows

[R(h)v](t) = T (h)v(t); [S(h)v](t) =v(t—h), Yh>0,ve Co(R,X).
Let A be the operator with
D(A) ={u e Co(R,X) : u(t) € D(A), Vt € R, Au(-) € Co(R,X)},

and Au = Au(t), Vvt € R,u € D(A). Clearly that the infinitesimal gen-
erator of (S(t))ier is —d/dt with D(—d/dt) = {f € Co(R,X) : 3f" €
Co(R,X)}. Thus, by Exercise 7, we have

G=—d/dt + A

As an immediate consequence of the above lemma we have

Corollary 2.3. The process (U(t,s))i>s has an exponential dichotomy if
and only if the generator G of the evolution semigroup (T")n>0 associated
with (U(t,s))t>s is invertible.

Corollary 2.4. If A € 0(G), then A +ip € o(G) for all p € R.

Proof. Let U,(t,s) = e ®t=3)U(t,s), for fixed p € R. Note
that (U(t,s))t>s has an exponential dichotomy if and only if so does
(Uu(t,8))¢>s. Obviously, the generator of the evolution semigroup asso-
ciated with (U,(t, s))¢>5 is the operator G —iul with the same domain. By
the above corollary, G is invertible if and only if so is G — iul. O

Definition 2.5. Let (T'(t)):>0 be a Cyp-semigroup on X. It is said to be
hyperbolic if (T(1))NT" = @, where I" denotes the unit circle on the complex
plane.
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Theorem 2.2. Let (U(t,s))i>s be a strongly continuous evolutionary pro-
cess and let (T")>o be its evolution semigroup associated with it on
Co(R,X). Then (U(t,s))t>s has an exponential dichotomy if and only if
(T™) >0 is hyperbolic.

Proof. By the inclusion of Co-semigroups, if o(T') NT = @, then 0 &
o(G). By the above corollaries (U(t, s)):>s has an exponential dichotomy.
Conversely, if (U(t, s))¢>s has an exponential dichotomy, then we set Cy :=
{v € Cp(R,X) : u(t) € ImP(t), Vt € R} and Cy := {u € Co(R,X) : u(t) €
ImQ(t), ¥t € R}, where projections P(t), Q(t), t € R are determined from
the exponential dichotomy of (U (¢, 5))s>s. It is easy to see that T is strictly
contractive on C; and is left Cy invariant. Moreover, the restriction of T'! to
Cs is invertible and its inverse is also strictly contractive. By the Spectral
Radius Theorem o(T1) NT = 0. O

The following spectral mapping theorem holds for evolution semigroups.

Theorem 2.3. We have the spectral mapping theorem for the evolution
semigroup (T")n>0

o(T")\{0} = "9 vhr > 0. (2.19)

Proof. By the above theorem 1 € p(T) if and only if I' C p(T*). For any
positive p € Ry consider the process V,(t,s) := e Mt=9)[(t,s), applying
the above theorem to this process we have that p € p(T'!) if and only if the
whole circle {|z| = u} is contained in p(T?). Since 0 € p(G) if and only if
1 € p(T'), by Lemma 2.4 we have

o(TH\{0} = &9,
For arbitrary n > 0 we consider the process Vj,(t,s) := e "¢=3)U(t,s).
Its evolution semigroup is Tmhzo defined by Télv(t) = e "Th. Hence,
1€ p(T,) = e"p(T") if and only if T' C p(T,)) = e"p(T"). Repeating the
above reasoning we have (2.19). O
Next, we consider the perturbation theory of exponential dichotomy of
processes. Let (U(t, s))i>s be a strongly continuous evolutionary process

and let B : R — L(X) be continuous. Then we can associated with the
following integral equation

(1) = Ut s)a(s) + / Ut ©)B(E)2(€)de, Vit > s (2.20)

a strongly continuous evolutionary process (V (¢, s)):>s as follows: for any
t > s we define V(t¢,s)y as the unique solution to the above equation
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such that z(s) = y. We can show without difficulty that such a fam-
ily of operators forms a strongly continuous evolutionary process. More-
over, denoting its evolutionary process by (Th)i>s we can prove that
|TL — T < supser ||B(t)||. Hence, we have the following

Corollary 2.5. Let (U(t,s))i>s have an exponential dichotomy. Then the
process (V(t,8))t>s defined as above has an exponential dichotomy as well
provided that sup,cp || B(t)| is sufficiently small.

Proof. By the above theory, 1 € p(T'). For sufficiently small
sup,cg ||B(t)|| we have 1 € p(Th). This yields the hyperbolicity of Th,
and hence the exponential dichotomy of (V' (¢, s))¢>s follows. O

Example 2.1. If U(t,s) = T(t — s), where (T'(t))¢>0 is a Cp-semigroup,
then we can easily show that (U(t, s)):>s has an exponential dichotomy if
and only if T'(1) is hyperbolic. In fact, in this case we consider the Riesz
projection
1 -1
P= Q—M/F()\—T(l)) dA,

where I' is positively oriented. By the general theory of linear operators
X=ImP&®KerP and, o(T(1)) = o(T(1)|rmp) Uo(T(1)|kerp). Hence, by
the Spectral Radius Theorem there are positive constants K, o such that

IT()z| < Ke™|z||, Vt>0;2eImP
IT(s)yl| < Ke=**|ly||, Vs<O0;y€ KerP,

where T'(s)|kerp is the inverse of T'(—s)|kerp for s > 0 whose existence is
guaranteed by the above decomposition of spectrum of 7°(1). Thus, we can
check that the process U(t,s) = T(t — s) has an exponential dichotomy.

If (T'(t))i>0 is eventually norm continuous with generator A, then by
Spectral Mapping Theorem, for (T'(t)):>0 to have an exponential dichotomy
it is necessary and sufficient that

a(A) NiR = 0.

2.3 Stability Theory

2.3.1 Exponential Stability

In this subsection we consider the exponential stability of a strongly con-
tinuous evolutionary process (U(¢, s))e>s with ¢, s € R4,
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Definition 2.6. An evolutionary process (U(t, s)):>s is said to be expo-
nentially stable if there are positive constants K, o such that

U, s)| < Ke (=9 vt >s.
The main result of this subsection is the following

Theorem 2.4. Let (U(t,s))t>s witht > s > 0 be a strongly continuous
evolutionary process. Then, (U(t,s))t>s is exponentially stable if and only
if for every f € Co(R,X) the following function

t
ul) = [ U@ ters (2.21)
0
is in Co(R, X).
Proof. For every t > 0 we define an operator V(t) € L(Cy(R, X), X)

t
VO Co®X)3 fro [ Vs e X,
0
By the assumption, for every f € Cy(R, X) we have
sup ||V () f]] < oc.
>0

Thus, by the Uniform Boundedness Principle,
sup ||V (#)| < oo.
t>0

Consequently, there is a positive constant ¢ > 0 such that
lugll < cllfll, f € Co(R,X).

By the same reasoning as in the proof of Lemma 2.2 we can show that there
are positive constants K, o depending only on ¢ such that

|U(t,s)]] < Ke =) vt >5>0.
This finishes the proof of the theorem. O
We are now interested in the stability of individual orbits in the case the
process is not exponentially stable. To this end we introduce an operator
G : D(G) € BC(R4+,X) — BC(R4,X), where we denote by BC(Ry,X)
the space of all X valued bounded and continuous functions on R} with
sup-norm as follows:

D(G) := {u € BC(R4,X) such that 3f € BC(R4,X)

/ U ) f(€)dg, Vt € R,

Gu:=f, Yue D(G).
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As for the operator £ in the previous section we can show that G is closed.

Theorem 2.5. Assume that there is a positive constant v > 0 such that
1Gull > v|ull, Yue€ D(G). (2.22)
Then there exist positive constants K, o depending only on v such that
Ut to)a|| < Ke ™= |U(s,to)z]|, Yt > s>t
provided that
sup ||U (¢, to)z|| < oo.
>0

Proof. The proof can be done in the same manner as in Lemma 2.2, so
the details are omitted. O

Now we consider the perturbation theory of an exponentially stable
process (U(t,s))t>s. As in the previous section for a given bounded B :
Ry — L(X) we can show that the following integral equation

xz(t) = U(t, s)x(s) +/ U(t,§)B(&)z(&)dE, YE>s>0

generates a strongly continuous evolutionary process (V(¢,s))t>s. Using
the Gronwall inequality it is easy to prove the following assertion:

Proposition 2.1. Let (U(t, s))t>s be an exponentially stable strongly con-
tinuous evolutionary process. Then the process (V (t,s))t>s is also exponen-
tially stable provided that sup, ||B(t)| is sufficiently small.

Proof. Let

e :=sup||B(t)]
t>0

and n(t) := V(t,s)x for any fixed s € R,z € X. Then

t
n(t) < Ke ||z + / eKe *=On(e)de, vt >s.

Applying the Gronwall inequality to the function ((t) := e*'n(t) we get
n(t) < Ke (@=KE=3) |2 vt > 5.
Thus
|V (t,s)] < Ke (@=KE=s) yp > g,
Therefore, if
£ < —
K
then (V' (¢, s))¢>s is exponentially stable. O
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2.3.2 Strong Stability

In this subsection we will prove the following theorem: if (T'(t));>0 is a
uniformly bounded Cy-semigroup such that the unitary spectrum o(A4)NiR
is at most countable and o, (A*)NiR = (), then (T'(t)):>0 is strongly stable,
fe. limy_oo |T(t)z| = 0 for all z € X.

Definition 2.7. A bounded operator T on a Banach space X is called an
isometry if |Tz| = ||z|| for all z € X.

Lemma 2.6. Let (T'(t))i>0 be a Cy-semigroup of isometries on ¢ Banach
space X, and let A be its generator. Then the following hold:

(i) For all x € D(A) and X € C we have ||(A — A)z|| > |RA| ||=||;

(i) If E C R is closed and x € X is such that the map A — R(\, A)x has
a holomorphic extension F to a connected neighbourhood V' of {R\ >
0}\iE, then for all X € V\iR we have ||F(\)|| < |RA|~Y|z]].

Proof. (i): First, we may assume that R\ # 0. From the identity
e MT (e =z + /t e (A= NT(s)zds
we have i
RN af) = RN T (1)a

t
< Jlef + / ¢ RN T () (A — A)a| ds
0

~lell+ ([ e is) 0~ A

—Re At __ 1
_— — A)x|.
— (A Ayl

This proves the lemma for A < 0. For R\ > 0 the inequality follows from
the Laplace transform representation of the resolvent.

(i1): This is proved in the same way, after first substituting R(\, A)z
for x in the first formula and passing to the holomorphic extension. |

=l +

Theorem 2.6. Let (T'(t))t>0 be Co-semigroup of contractions on a Banach
space X, with generator A. Then there exists a Banach space Y, a bounded
operator w : X — Y with dense range, and a Cy-semigroup (U(t))t>0 of
isometries on Y with generator B such that:

(i) U(t)mr = nT(t) for all t > 0. Moreover, TD(A) C D(B) and Brx =
wAz for all x € D(A);
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(i) limy_oo |T(t)z|| = ||7z|| for all z € X;
(iii) o(B) C o(A).
If 6(A) NiR is a proper subset of iR, then (U(t))i>0 extends to a Co-group

of isometries.

Proof. On X we define the seminorm [ by I(z) := lim;—« || 7(¢)z]]. Since
(T'(t))e>0 is contractive, this limit indeed exists. Let m : X — Yy := X/kerl
be the quotient mapping. The seminorm [ induces a norm ly on Yy by
lo(mz) :=Il(x), and hence

lo(x2) = 1() = Jim |T(t)a].
For ¢ > 0, we define Uy(t) : Yo — Yo by Up(¢)mx := nT'(t)x. We have
lo(Uo(t)mx) = lo(nT(t)x) = 1T (t)x) = l(z) = lo(7x).

This shows that Uy(t) is isometric with respect to the norm lo. Let Y be
the completion of Yy with respect to ly. Then each operator Uy(t) extends
to an isometry U(¢) on Y. Strong continuity of the family (U(t)):>0 follows
from the density of 7X in Y, the contractivity of the operators U(t), and
the estimate

limsup ||U(t)mx — 7| = limsup ( lim |T(t+ s)z — T(s)xH)
t10 t]0 S§—00
<limsup||T(t)z —z| =0, z€X.
t10
If x € D(A), then

.1 1
11‘,%1 ;(U(t)ﬂ'l‘ —7z) = Wltlg)l ;(T(t)a: —1z) = Az,

proving that 7o € D(B) and Brx = wAx.
We have proved (i) and (ii). Next, we prove (iii). Let A € p(A4). We
define a linear operator Ry on Y; as follows

Rymx := mR(\, A)z.
This operator is well-defined and
lo(Rymz) = Jim [[T(6)R(, Az
< RO A)] Jim [T ()] = [R]|fo(rz).

Therefore, Ry extends to a bounded operator on Y and ||Ry|| < [|R(A, A)]|.
For all z € X we have Rymx = mR(\, A)z € mD(A) C D(B) and (A —
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B)Rymx = (A—B)7R(\, A)x = 1(A—A)Rx = x. Similarly, for allz € D(A)
we have 7z € D(B) and Ry(A — B)mrx = Rynt(A — A)x = 71R(A — A)z = x.
Therefore, to prove that R is a two-sided inverse of A — B, in view of
the closedness of B it remains to prove that wD(A) is dense in D(B) with
respect to the graph norm. So let y € D(B) be arbitrary. Fix pu > 0
arbitrary and choose z € Y such that y = R(u, B)z. Take a sequence
{zn} C X such that 7z, — z in Y and put y,, := 7R(u, A)x,,. Then y, €
wD(A), yn = R(p, B)mx, — R(p, B)z =y, and By, = BR(u, B)rx, —
BR(p, B)z = By. Here we used that mR(u, A) = R(u, B)m by the Laplace
transform representation of the resolvents and that BR(u, B) = pR(u, B) —
I is a bounded operator on Y. Thus, y,, — y in D(B) with respect to the
graph norm. This concludes the proof of (iii).

Suppose o(A) NiR is properly contained in iR. We have to prove that
(U(t))t>0 extends to a Co-group of isometries. By Lemma 2.6 (i), for all
y € D(B) and R < 0 we have

1A = Byl = [RA[[y]l-

It follows that the open left half-plane C_ contains no approximate eigen-
values for B. In particular, C_ contains no elements of the boundary of
o(B). Hence, either C_ C ¢(B) or C_ No(B) = 0. But in the first case,
also iR C o(B) since o(B) is closed. This contradicts the assumption, so
we must have the second alternative.

It follows that o(B) C iR. For £A > 0 we have

1
R(=N)] R\

By the Hille-Yosida theorem, —B is the generator of a Cy-semigroup
(V(t))¢>0 of contractions on Y. We check that U(t) is invertible for all t > 0
with inverse V(¢t). For all x € D(B) = D(—B), the maps t — U(t)V (¢)x
and t — V(t)U(t)z are differentiable with derivative identically zero. It
follows that the maps are constant, and by letting ¢ | 0 it follows that
U)V(t) =V (t)U(t) = I on the dense set D(B), hence on all of Y. Finally,
each operator V(t) is an isometry, being the inverse of an isometry. O

IR, =B)| = [R(=A, B)|| <

The triple (Y, 7, (U(t))e>0) will be called the isometric limit (semi)group
associated to (T'(t))¢>0-

Corollary 2.6. If (T'(t))¢>0 is an isometric Cy-semigroup on X with o(A)N
iR # iR, then (T'(t))i>0 extends to an isometric Co-group.
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Proof. By the isometric nature of (T(t))¢>0 we have I(x) = z for all
ze€X,s0Y =X and (T(¢))t>0 = (U(t))¢>0. But (U(t))s>0 extends to a
Co-group since o(A) NiR # iR. O

An invertible operator is called doubly power bounded if

sup | 7% < oo.
keZ

Lemma 2.7. Let T be a doubly power bounded operator on a Banach space
X with o(T) ={1}. Then T =1.

Proof. Since In z is holomorphic in a neighbourhood of z = 1, by Dunford
calculus we may define the bounded operator S := —iInT. Then T = ¥
and the spectral mapping theorem implies that o(mS) = {0} for all m € N.
Also, for all m € N we have o(sin(mS)) = sin(o(mS)) = {sin0} = {0}, and
T —T-™\"
2i >

JsinGms)") = |

< sup ||T"].
keZ

Let Z;;OZO cnz2™ be Taylor series of the principle branch of arcsinz at z =

0. As is well-known, ¢, > 0 for all n and Y7 ¢, = arcsin(l) = 3.
Consequently,
. > . i T
ImS|| = || arcsin(sin(mS))|| < Y eal|(sin(mS))"|| < §2EIZ>HT’“||-
n=0

Since this holds for all m € N, it follows that S =0and T =¢e** =1. O

Theorem 2.7. Let (T'(t))t>0 be a uniformly bounded Cy-semigroup on a
Banach space X, with generator A. If

(i) o(A) NiR is countable, and
(ii) op(A*)NiR =0,

then (T'(t))i>0 is strongly stable, i.e. limy_,o |T(t)z|| =0 for all z € X,

Proof. By renorming with the equivalent norm ||z« := sup,sg || 7(¢)]|,
we may assume that (T(t));>o is contractive. Let (V,, (U(t))i>0) be the
isometric limit semigroup associated to (T'(t))+>0, and let B be the gen-
erator of (U(¢))t>0. By (i), 0(A) N iR cannot be all of iR, and therefore
(U(t))e>0 extends to an isometric group on Y. Assuming that (T'(¢))¢>0
is not strongly stable, we shall prove that (i) implies o,(A*) N iR # 0.
In fact, since (T'(t)):>0 is not strongly stable, the definition of Y implies
that Y # {0}. By Lemma 1.1, o(B) # 0. Also, since o(B) C o(4),
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it follows that o(B) is countable. In particular, since o(B) is closed and
countable, it contains an isolated point, say iw. Let P, be the associated
spectral projection in Y, let (U, (t)):>0 be the restriction of (U(t))i>0 to
P,Y and let B, denote its generator. Since o(B,,) = {iw}, Theorem 1.10
implies that (U, (t)) = {e™!} for all t € R. By Lemma 2.7, this implies
that U, (t) = ¢™'I. Hence, for all y € Y we have U, (t)P,y = ¢“'P,y, so
P,y € D(B,) and B, P,y = iwP,y. Fix an arbitrary non-zero y* € (P,Y)*
and define z* € X* by

<z x >=<y., P,mx >, zeX
Then z* # 0. For all z € D(A) we have mx € D(B), Brx = wAz, and
<zx* Ax > =<y, P,mAx >=<y}, P,Bnx >
=<y, B,P,mx >=iw <y, P,mx >=iw <z*,x>.
Hence, 2* € D(A*) and A*z* = jwz*. O

2.4 Comments and Further Reading Guide

2.4.1 Further Reading Guide

So far we have discussed conditions for the stability and exponential di-
chotomy of homogeneous equations. Below we state without proofs further
important results on the asymptotic behavior of Cp-semigroups. The reader
is referred to Chap. 5 §7 in [van Neerven (78)]) for more information.

Definition 2.8. A Cy-semigroup (T'(t))+>0 on X is said to be almost peri-
odic if for each = € X the set {T'(t)z,t € [0,400)} is relatively compact in
X.

Theorem 2.8. (Theorem 5.7.10 in [van Neerven (78)]) Let (T'(t))¢>0 be a
uniformly bounded Cy-semigroup on a Banach space X, with generator A,
and assume that o(A) NiR is countable. Then the following assertions are
equivalent:

(1) (T'(t))i>0 is almost periodic,

(2) For every iw € o(A)NiR the limit lim;_. T fot e~ ST (s)x ds exists for
every ¢ € X,

(8) For everyiw € o(A) NiR, R(A —iw) + N(A — iw) is dense in X.

The following is referred to as the splitting Theorem of Glicksberg and
DeLeeuw.
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Theorem 2.9. (Theorem 5.7.7 in [van Neerven (78)]) Let (T'(t))i>0 be
an almost periodic Cy-semigroup on a Banach space X. Then there exists
a direct sum decomposition X = Xo & X1 of (T'(t))¢>0-invariant subspaces,
where

Xo={ze€X: lim ||T(t)z]| =0}

and X1 is the closed linear span of all eigenvectors of the generator A with
purely imaginary eigenvalues. Moreover, the restriction of (T'(t))e>0 to X1
extends to an almost periodic Co-group on Xi. If (T'(t))t>0 is contractive,
this group is isometric.

Exponential dichotomy of homogeneous equations that are defined on the
half line is more difficult for us to study. Evolution semigroups method
actually fails. However, Perron type characterization of exponential di-
chotomy can be used for these equations. We refer the reader to [Minh,
Rébiger and Schnaubelt (70)] for more details in this direction. Neverthe-
less, evolution semigroups method is a strong tool to study the exponential
dichotomy of linear skew products. We refer the reader to [Chicone and
Latushkin (19)] for more details in this direction. New applications of evo-
lution semigroups to the stability problem of homogeneous equations can
be found in [Batty, Chill and Tomilov (15); Latushkin and Tomilov (56)].
The explicit formula for the generators of evolution semigroups gives rise
to new applications of this method to the study of inhomogeneous linear
and semilinear equations. This is the content of the next chapter.

2.4.2 Comments

Perron Theorem for evolutionary processes in Banach spaces was first
proved by Zhikov (see [Zikov (108)]). The proof that is given in Section 1
is an adaptation of this proof for the function space Cp(R, X). Another re-
cent proof of the characterization of exponential dichotomy using evolution
semigroups was given by Latushkin and Montgomery-Smith in [Latushkin,
Monthomery-Smith (55)] (see also [Chicone and Latushkin (19); van Neer-
ven (78)]). The explicit formula for the generators of evolution semigroups
was found in [Aulbach and Minh (10)] for general semilinear evolution
equations. In the linear case, it was also found in [Baskakov (13)]. The
presentation of Section 2 follows [Minh (69)].

The Perron condition (that is similar to the condition in Theorem 2.4)
for exponential stability was first proved by Datko [Datko (25)]. The
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proof of Theorem 2.4 is taken from [Minh, Rébiger and Schnaubelt (70)].
Theorem 2.7, that is widely referred to as ABLV Theorem, was first proved
by Sklyar and Shirman for the bounded case [Skylar and Shirman (97)]
(we thank G.M. Sklyar for sending us their original paper). It is amazing
that their result and method of proving can be extended to the unbounded
case by Lyubich and Vu in [Lyubich and Vu (66)]. The ABLV Theorem
was proved independently by Arendt and Batty in [Arendt and Batty (4)].



Chapter 3

Existence of Almost Periodic
Solutions to Inhomogeneous
Equations

The problem of our primary concern in this chapter is to find spectral con-
ditions for the existence of almost periodic solutions of periodic equations.
Although the theory for periodic equations can be carried out similarly to
that for autonomous equations, there is always a difference between them.
This is because in general there is no Floquet representation for the mon-
odromy operators in the infinite dimensional case. Section 1 will deal with
evolution semigroups acting on invariant function spaces of AP(X). Since,
originally, this technique is intended for nonautonomous equations we will
treat equations with as much nonautonomousness as possible, namely, pe-
riodic equations. The spectral conditions are found in terms of spectral
properties of the monodromy operators. Meanwhile, for the case of au-
tonomous equations these conditions will be stated in terms of spectral
properties of the operator coefficients. This can be done in the framework
of evolution semigroups and sums of commuting operators in Section 2.
Section 3 will be devoted to the critical case in which a fundamental tech-
nique of decomposition is presented. In Section 4 we will present another,
but traditional, approach to periodic solutions of abstract functional differ-
ential equations. The remainder of the chapter will be devoted to several
extensions of these methods to discrete systems and nonlinear equations.

3.1 Evolution Semigroups and Almost Periodic Solutions
of Periodic Equations

3.1.1 An Example

We begin this section with an example which is a trivial case where the
system has an exponential dichotomy. Let us consider the equation

61



62 Topics on Stability and Periodicity in Abstract Differential Equations

%:Ax%—f(t), teR,zeR", (3.1)
where A is an n X n-matrix and f is a 1-periodic continuous function. We
assume that the corresponding homogeneous equation of Eq.(3.1) has an
exponential dichotomy. This is equivalent to the fact that o(A) NiR = ©,
or St No(e?) = @ (here S' denotes the unit circle in the complex plane).
As is well known, in this case, for every almost periodic f, Eq.(3.1) has a
unique bounded solution which can be represented in the form

t 400
2 (t) = /_ ¢4 Pe=A f()ds — /t AL — P)e—*Af(s)ds,  (3.2)

where the projection P is determined from the exponential dichotomy of the
homogeneous equation (P is the spectral projection from R™ onto the in-
variant subspace corresponding to the part of eigenvalues of A with negative
real parts). We now prove that this bounded solution is almost periodic.
In fact, we will use the Bochner’s criterion. Let {¢;}ren be any sequence
of reals. We have to show that there is a subsequence {¢x, } such that the
sequence ¢ (tx, + -) is convergent to a bounded uniformly continuous func-
tion uniformly with respect to ¢ € R. Note that, in this case, without loss
of generality, we can assume that the projection P is commutative with the
fundamental matrix 4. So, by assumption, Pf(-) is almost periodic. By
Bochner’s criterion, there is a subsequence of {t,} such that Pf(ty, + ) is
convergent uniformly. Let us consider the integral

t+tkl t
/ et =9)AP f(5)ds = / eTIAPf (s + ty, )ds.

— 00 — 00

Now from the uniform convergence of f(tx,+-) and the absolute convergence
of the integral in (3.2) follows the uniform convergence of the above integral.
Similarly, we can prove the almost periodicity of the other integral in (3.2).
Hence, x is almost periodic.

It is interesting to find the relationship between sp(f) and sp(x¢). First,
we assume that f(t) = ¢ X\ € R, and n = 1 (hence A is 1 x l-matrix with
nonzero entry). Then we have (assuming that A =a < 0)

iIA—a

! a(t—s) 1 it
e f(s)ds = e,
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Therefore, sp(zy) = {\}. By using the Approximation Theorem, this proof
can be extended to the general case of almost periodic f. In the general
case we get the following inclusion:

sp(zy) C sp(f) = ou(f)-

The aim of our theory which will be presented here is to go futher in this
direction. We will give conditions as sharp as possible for the existence
of such almost periodic solutions as xy. We will show that the exponen-
tial dichotomy assumption on the homogeneous equation is too strong and
redundant if the spectrum of f is a strict subset of R.

Exercise 14. Show that under the above assumption we have oy(xf) C

o (f).

Hint. Use Bohr transform.

3.1.2 Ewolution Semigroups

Let us consider the following linear evolution equations

z—f = A(t)x, (3.3)
and

dr

i
where © € X, X is a complex Banach space, A(t) is a (unbounded) linear
operator acting on X for every fixed ¢ € R such that A(t) = A(t + 1) for
allt € R, f : R — X is an almost periodic function. Under suitable
conditions Eq.(3.3) is well-posed, i.e., one can associate with equation (3.3)
an evolutionary process (U(t,s)):>s which satisfies, among other things,
the conditions in the following definition.

A(t)x + f(t), (3.4)

Definition 3.1. A family of bounded linear operators (U(t, s))¢>s, (t,s €
R) from a Banach space X to itself is called 1-periodic strongly continuous
evolutionary process if it is a strongly continuous evolutionary process and
satisfies U(t+ 1,s + 1) = U(t, s) for all t > s.

If it does not cause any danger of confusion, for the sake of simplicity, we
shall often call 1-periodic strongly continuous evolutionary process (evolu-
tionary) process. Note that the assumption that the period of the process
is 1 is not a restriction. It is merely to shorten the notations.
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Once the well-posedness of the equations in question is assumed, instead
of the equations with operator-coefficient A(t), we are in fact concerned
with the evolutionary processes generated by these equations. In light of
this, throughout the book we will deal with the asymptotic behavior of
evolutionary processes as defined in Definition 3.1. Our main tool to study
the asymptotic behavior of evolutionary processes is to use the notion of
evolution semigroups associated with given evolutionary processes, which
is defined in the following:

Definition 3.2. The following formal semigroup associated with a given
1-periodic strongly continuous evolutionary process (U(t, s))¢>s

(Thu)(t) :== U(t,t — h)u(t —h), VteR, h>0, (3.5)

where u is an element of some function space F, is called evolutionary
semigroup associated with the process (U(%,s))t>s on F.

3.1.3 The Finite Dimenstional Case

We assume in this section that the evolutionary process (U(t, s))¢>s is gen-
erated by the ordinary differential equation

z_f — A(t)z, te R,z € C", (3.6)

where A(t) is 1-periodic continuous matrix function. Hence, by the Exis-
tence and Uniqueness Theorem, the fundamental matrix X (¢) associated
with (3.6) exists, i.e., the matrix satisfying the Cauchy problem

4X — A()X, teR
{dt (I) ) € ) (37)

X(0)

Now setting U(t,s) = X (¢)X ~!(s) we get the so-called Cauchy operators,
or evolution operators associated with (3.6). We consider the evolution
semigroup (T"),>0 associated with this evolutionary process (U(t,s))s>s
in the function space AP(X). First, note that, by the 1-periodicity of A(¢)
and the Existence and Uniqueness Theorem, U(t+1,s+1) = U(t, s), Vt, s.
Thus, it is seen that

T": AP(X) — AP(X), Yh > 0.

Moreover, the strong continuity of the evolution semigroup can be proved
easily by using classical rules of differentiation. Here we are interested in
the infinitesimal generator £ of this evolution semigroup. It is elementary
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to compute the generator by using the rules of differentation that is the
following form: £ = —d/dt + A(t), i.e.,

g € D(L) C AP(X) if and only if g is differentiable and
—g'()+ A()g(-) € AP(X).

This information suggests that the inhomogeneous equation

d
d—f = Az + f(t), f € AP(X) (3.8)
has an almost periodic solution z(-) if and only if Lz = —f. This is very

useful because if we can find conditions so that the operator L is invert-
ible, i.e., 0 € (L), then the inhomogeneous equation has a unique almost
periodic solution. In turn, this condition can be found using the spectral in-
clusion of strongly continuous semigroups, i.e., 1 ¢ o(7"). This section will
discuss the question as how to use the above ideas for the general infinite
dimensional case.

Exercise 15. Prove the formula for the generator of the evolution semigroup
in the finite dimensional case.

3.1.4 The Infinite Demensional Case

In the infinite dimensional case many difficulties arise. First, the formula
for the generator turns out to be more complicated. This is due to the fact
that the Existence and Uniqueness Theorem for classical solutions does not
applied to inhomogeneous equations. Hence, the classical rules of differ-
entiation do not applied. Instead of the notion of classical solutions one
introduces the one of mild solutions which saves several classical results in
this case. Below we are mainly concerned with the following inhomogeneous
equation

(1) = Ut s)a(s) + / Ut €)(€)de, vt > s (3.9)

associated with a given strongly continuous 1-periodic evolutionary process
(U(t,s))t>s- A continuous solution u(t) of Eq.(3.9) on an interval J will be
called mild solution to Eq.(3.4) on J. If we do not mention the interval J
for a mild solution, we mean that the mild solution is defined on the whole
real line.

The following lemma will be the key tool to study spectral criteria for al-
most periodicity in this section which relates the generator of the evolution
semigroup (3.5) with the operator defined by Eq.(3.9).
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Lemma 3.1. Let (U(t, s))t>s be a 1-periodic strongly continuous evolution-
ary process. Then its associated evolutionary semigroup (T")n>o is strongly
continuous in AP(X). Moreover, the infinitesimal generator of (T")p>0 is
the operator L defined as follows: w € D(L) and Lu = —f if and only if
u, f € AP(X) and u is the solution to Fq.(5.9).

Proof. Let v € AP(X). First we can see that 7" acts on AP(X). To
this end, we will prove the following assertion: Let Q(t) € L(X) be a family
of bounded linear operators which is periodic in ¢ and strongly continuous,
ie., Q(t)x is continuous in ¢ for every given z € X. Then if f(-) € AP(X),
Q()f(-) € AP(X). The fact that sup, ||Q(¢|| < oo follows from the Uniform
Boundedness Principle. By the Approximation Theorem of almost periodic
functions we can choose sequences of trigonometric polynomials f,,(¢) which
converges uniformly to f(t) on the real line. For every n € N it is obvious
that Q(-) fn(-) € AP(X). Hence

sup [|Q(1)fn(t) — QW F )] < sup [Q(O)][sup [ £a(t) — (D]

implies the assertion.
We continue our proof of Lemma 3.1. By definition we have to prove
that

hlirg+ sup |U (¢, t — h)v(t — h) — v(t)|| = 0. (3.10)
- t

Since v € AP(X) the range of v(-) which we denote by K (consisting of
x € X such that x = v(t) for some real t) is a relatively compact subset of
X. Hence the map (¢, s,x) — U(t, s)x is uniformly continuous in the set
{1>t>s> -1,z € K}. Now let € be any positive real. In view of the

uniform continuity of the map (¢, s,z) — U(t, s)x in the above-mentioned
set, there is a positive real § = d(g) such that

Ut —[,t—[t] — )z — || < e (3.11)

forall 0 < h < d <1 and z € K, where [t] denotes the integer n such that
n <t <n+1. Since (U(t,s))s>s is 1-periodic from (3.11) this yields

lim sup ||U(t,t — h)v(t —h) —v(t — h)|| = 0. (3.12)
h—0t ¢
Now we have
li U(t,t —h)v(t—h) —v(t
i sup [U (L& = hjo(t —h) —v()]
< 1li — —h) — —
< Y sup [U(E ¢ —hjo(t —h) —v(t = h)]

lim s A . 1
+ lim_sup ot = h) — o(0)] (313)
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Since v is uniformly continuous this estimate and (3.13) imply (3.10), i.e.,
the evolutionary semigroup (T");,>0 is strongly continuous in AP(X).

For the proof of the remainder we can do as in Section 2 of the previous
chapter.

To present another proof which works also for semilinear equations, let
us consider the affine semigroup (T]’})hzo associated with the inhomoge-
neous equation (3.9) for f € AP(X), defined as follows:

h h
Tiv =T + / Th=¢fde = Tho + / T fde, (3.14)
0 0
where v € AP(X),h > 0. It is easily checked that for all v € AP(X) we

have

[TFo](t) = Ug(t,t — h)v(t — h),t € R,h >0,
where Uy (t, s) is the evolutionary operator defined by the integral equation
(3.9). In other words, the assertion that g, f € AP(X) and g is a solution
of (3.9), is equivalent to T}Ig =g (Yh > 0) . From (3.14) this is equivalent
to

h
g:Tﬁg:T’w/ T¢fdg, Wh >0,
0

h h
Thg—g= / T Agdé = —/ Téfdé Yh > 0. (3.15)
0 0
From the general theory of linear operator semigroups (see Theorem 1.4)
this is equivalent to the assertion Ag = —f. |

Remark 3.1. It may be noted that in the proof of Lemma 3.1 the precom-
pactness of u and f are essiential. Hence, in the same way, we can show the
strong continuity of the evolution semigroup (7");,>0 in Co(R, X). Finally,
combining this remark and Lemma 3.1 we get immediately the following
corollary.

Corollary 3.1. Let (U(t, s))t>s be a 1-periodic strongly continuous process.
Then its associated evolutionary semigroup (Th)hzo is a Cy-semigroup in

AAP(X) := AP(X) @ Cp(R, X).
One of the interesting applications of Corollary 3.1 is the following.

Corollary 3.2. Let (U(t, $)t>s be a I-periodic strongly continuous evolu-
tionary process. Moreover, let u, f € AAP(X) such that u is a solution of
Eq.(3.9). Then the almost periodic component uqp of u satisfies Eq.(3.9)
with f := fop, where fqp is the corresponding almost periodic component of

1.



68 Topics on Stability and Periodicity in Abstract Differential Equations

Proof. The evolution semigroup (7T"),>¢ leaves the subspaces AP(X)
and Cp(R,X) invariant. Let us denote by P,,, Py the projections on these
function spaces, respectively. Then since u is a solution to Eq.(3.9), by
Lemma 3.1,

Thu —u

li =—

i
Hence,

. Thu—u . T'Pyu— Pyu
T e

This, by Lemma 3.1, shows that Pypu := ug, is a solution of Eq.(3.9) with
f=Popf = fap- O

3.1.5 Almost Periodic Solutions and Applications
3.1.5.1 Inwvariant functions spaces of evolution semigroups

Below we shall consider the evolutionary semigroup (7") n>0 in some special
invariant subspaces M of AP (X).

Definition 3.3. The subspace M of AP(X) is said to satisfy condition H
if the following conditions are satisfied:

(1) M is a closed subspace of AP(X),

(2) There exists A € R such that M contains all functions of the form
e, xeX,

(3) If C(t) is a strongly continuous 1-periodic operator valued function and
feM, then C(-)f(-) € M,

(4) M is invariant under the group of translations.

In the sequel we will be mainly concerned with the following concrete
examples of subspaces of AP(X) which satisfy condition H:

Example 3.1. Let us denote by P(1) the subspace of AP(X) consisting of
all 1-periodic functions. It is clear that P (1) satisfies condition H.

Example 3.2. Let (U(t, s))t>s be a strongly continuous 1-periodic evolu-
tionary process. Hereafter, for every given f € AP(X), we shall denote by
M(f) the subspace of AP(X) consisting of all almost periodic functions u
such that sp(u) C {A+2mn,n € Z,\ € sp(f)}. Then M(f) satisfies con-
dition H.
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In fact, obviously, it is a closed subspace of AP(X), and moreover it satisfies
conditions ii), iv) of the definition. We now check that condition iii) is also
satisfied by proving the following lemma:

Lemma 3.2. Let Q(t) be a I-periodic operator valued function such that
the map (t,z) — Q(t)x is continuous. Then for every u(-) € AP(X), the
following spectral estimate holds true:

sp(Q()u(-)) C A, (3.16)
where A := {\+ 2km, X € sp(u),k € Z}.

Proof. Using the Approximation Theorem of almost periodic functions
we can choose a sequence of trignometric polynomials
N(m)
u(m)(t) = Z ei’\’“vmtakm, apm € X
k=1
such that A\, € op(u) (:= Bohr spectrum of u), lim,, o u(™ (t) = u(t)
uniformly in ¢ € R. The lemma is proved if we have shown that

sp(Q()ut™ () C A. (3.17)
In turn, to this end, it suffices to show that
sp(Q()e™ ™ ag m) C A. (3.18)

In fact, since Q(-)ag,m is 1-periodic in ¢, there is a sequence of trignometric
polynomials
N(n)

P,(t) = Z eierktpk’n’pk’n exX
k=—N(n)

converging to Q(-)ay,m uniformly as n tends to co. Obviously,
sp(em P, (+)) C A. (3.19)
Hence,

sp(ei)"‘*m'Q(-)ak,m) C A. 0

An important class of invariant subspaces is that of subspaces satistying
condition H.

Proposition 3.1. Every subspace of AP(X) satisfying condition H is in-
variant under the evolution semigroup (Th)hzo associated with a given 1-
periodic strongly continuous evolutionary process on X.
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Proof. The proof is an easy exercise which is left to the reader. 0

The following corollary will be the key tool to study the unique solvability
of the inhomogeneous equation (3.9) in various subspaces M of AP(X)
satisfying condition H.

Corollary 3.3. Let M satisfy condition H. Then, if 1 € p(T|m), the
inhomogeneous equation (3.9) has a unique solution in M for every f € M.

Proof. Under the assumption, the evolutionary semigroup (T")s>0
leaves M invariant. The generator A of (T"|m)n>0 can be defined as the
part of L in M. Thus, the corollary is an immediate consequence of Lemma
3.1 and the spectral inclusion e”) C o(T" |m). a

3.1.5.2  Monodromy operators

In view of Corollary 3.3 the problem of finding conditions for the existence
of a unique almost periodic mild solution to Eq.(3.4) is now reduced to
that of finding conditions for 1 & o(T!|p). To this end, we now analyse
the spectrum of T |p1. By definition T v(t) := U(t,t—1)v(t—1), so it is the
composition of a translation and a multiplication operator. In the theory
of ordinary differential equations the operator U(t,t—1) is well studied and
called monodromy operator (more precisely, the operator U(1,0)).

Exercise 16. In the finite dimensional case, i.e., the process (U(t,s))t>s
is the Cauchy operators of an ordinary differential equation, using the 1-
periodicity and the Existence and Uniqueness Theorem show that

U(t,t —1)=U(t —1,0)U(1,0)U " (¢t — 1,0) Vt € R. (3.20)
Proof. Let U(t,0) be the solution of the Cauchy problem
d
a =AU,
U)=1.
Also, the operator Uy (t) = U(t + 1,0)U~1(1,0) is another solution to this
equation due to its 1-periodicity. Using the Existence and Uniqueness The-

orem for ODE we see that U (t+1,0)U ~1(1,0) = U(t,0). Now (3.20) follows
from this. O

(3.21)

Hence, the spectrum of U(¢,¢ — 1) is the same as that of U(1,0). In the
infinite dimensional case, in general the process is not invertible, so this
property does not hold. However, the spectral properties of U(1,0) and
U(t,t — 1) are almost the same.
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First we collect some results which we shall need in the book. Recall
that for a given l-periodic evolutionary process (U(t,s)):>s the following
operator

P(t)=U(t,t—1),t€R (3.22)

is called monodromy operator (or sometime, period map, Poincaré map).
Thus we have a family of monodromy operators. Throughout the paper
we will denote P := P(0). The nonzero eigenvalues of P(t) are called
characteristic multipliers. An important property of monodromy operators
is stated in the following lemma.

Lemma 3.3. Under the notation as above the following assertions hold:

(1) P(t+ 1) = P(t) for all t; characteristic multipliers are independent of
time, i.e. the nonzero eigenvalues of P(t) coincide with those of P,

(2) o(P(t))\{0} = o(P)\{0}, i.e., it is independent of t,

(3) If X € p(P), then the resolvent R(\, P(t)) is strongly continuous.

Proof. The periodicity of P(t) is obvious. In view of this property we
will consider only the case 0 < ¢ < 1. Suppose that u # 0, Px = px # 0,
and let y = U(t,0)x, so U(L,t)y = py # 0, y # 0 and P(t)y = py. By the
periodicity this shows the first assertion.

Let A # 0 belong to p(P). We consider the equation

A — P(t)r =y, (3.23)

where y € X is given. If z is a solution to Eq.(3.23), then Az = y+w, where
w = U(t,0)(A — P)~1U(1,t)y. Conversely, defining = by this equation, it
follows that (A — P(t))z =y so p(P(¢)) D p(P)\{0} . The second assertion
follows by the periodicity. Finally, the above formula involving x proves
the third assertion. (]

By this lemma, once we are interested in the spectrum of P(t) rather
than the operators P(t) for different ¢, we see that they are almost the same.
So, by monodromy operator we may understand the operator P := P(0)
for convenience if this does not cause any confusion.

Let M be a subspace of AP(X) invariant under the evolution semi-
group (Th)hzo associated with the given 1-periodic evolutionary process
(U(t,s))t>s in AP(X). Below we will use the following notation

Pyo(t) == P(t)v(t),Vt € R,v € M.
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If M = AP(X) we will denote Ppyy = P .
In the sequel we need the following lemma:

Lemma 3.4. Let (U(t,s))t>s be a I-periodic strongly continuous evolu-
tionary process and M be an invariant subspace of the evolution semigroup
(T™) >0 associated with it in AP(X). Then for all invariant subspaces M
satisfying condition H,

o(Pn)\{0} = o(P)\{0}.

Proof. Foru,v € M, consider the equation ()\—PM)u =v . It is equiva-
lent to the equation (A — P(t))u(t) = v(t),t € R. If A € p(Pm)\{0}, for ev-
ery v the first equation has a unique solution u, and ||u|| < ||[R(A, Pa)||||v]|.
Take a function v € M of the form v(t) = ye', for some u € R ; the
existence of such a p is guaranteed by the axioms of condition H. Then
the solution u satisfies ||u]| < ||R(A, Pm)|||y]|. Hence, for every y € X the
solution of the equation (A— P(0))u(0) = y has a unique solution u(0) such
that

lu(O)II < sup [lu(t)]| < IR\, Pa)| sup [lu(t)]] < IR Pa) ]

This implies that A € p(P)\{0} and ||R(\, P())|| < [|R(\, Pm)]| -
Conversely, suppose that A € p(P)\{0}. By Lemma 3.3 for every v the
second equation has a unique solution u(t) = R(A, P(t))v(t) and the map
taking t into R(A, P(t)) is strongly continuous. By definition of condition H,
the function taking ¢ into (A — P(¢))~1v(¢) belongs to M. Since R(\, P(t))
is a strongly continuous, 1-periodic function, by the uniform boundedness
principle it holds that r := sup{||R(\, P(t))|| : t € R} < oo. This means
that [lu(t)[| < rlo(®)]] < rsup, [v(B)], or [[u]l < rllv]. Hence A € p(Pwm),
and ||[R(A, Pm)|| <. O

Remark 3.2. By similar argument as above we can show that if P is the
operator of multiplication by P(t) in Cy(R,X) then o(P)\{0} = o(P)\{0}.
As a consequence of this we have

Corollary 3.4. Let (U(t, s))t>s be a strongly continuous 1-periodic evolu-
tionary process with monodromy operator P and let o(P) be disjoint from
the unit circle. Then, the process (U(t, s))i>s has an exponential dichotomy.

Proof. By the above remark we have that ¢(P) is disjoint from the unit
circle as well. Let us denote the translation group in Cy(R, X) by (S(1))ter.
Then,

T'v =PS(~1)v, h>0,ve Cy(R,X).
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Note that S(—1) and P are bounded linear operators that commute with
each other. Therefore,

o(T") = o(PS(—1)) C o(P) - a(S(~1)).
From the Spectral Radius Theorem it is easy to see that o(S(—1)) is con-
tained in (actually coincides with) the unit circle. Hence, o(T?) is disjoint
from the unit circle. By Theorem 2.2, the process (U(¢,s))¢>s has an ex-
ponential dichotomy. O

3.1.5.3  Unique solvability of the inhomogeneous equations in P(1)

We now illustrate Corollary 3.2 in some concrete situations. First we will
consider the unique solvability of Eq.(3.9) in P(1).

Proposition 3.2. Let (U(t, s))t>s be 1-periodic strongly continuous. Then
the following assertions are equivalent:

(i) 1 € p(P),
(ii) Eq.(3.9) is uniquely solvable in P(1) for a given f € P(1).

Proof. Suppose that i) holds true. Then we show that ii) holds by apply-
ing Corollary 3.2. To this end, we show that o(T"|p(1))\{0} C o(P)\{0} .
To see this, we note that
T'pay = Ppay.

In view of Lemma 3.4 1 € p(T1|p(1)). By Example 3.1 and Corollary 3.2
ii) holds also true.

Conversely, we suppose that Eq.(3.9) is uniquely solvable in P(1). We
now show that 1 € p(P). For every z € X put f(t) = U(t,0)g(t)x for t €
[0, 1], where g(t) is any continuous function of ¢ such that g(0) = g(1) = 0,

and
1

/ g(B)dt = 1.

0

Thus f(t) can be continued to a 1-periodic function on the real line which
we denote also by f(t) for short. Put Sz = [L=1(—f)](0) . Obviously, S is
a bounded operator. We have

[L7H(=H)1) = U, 0)[L (= £)](0) +/0 U(1,8U(&,0)g(&)xdg

Sx = PSx + Px.
Thus
(I-P)(Szr+z)=Pr+x—Pr=u.
So, I — P is surjective. From the uniqueness of solvability of (3.9) we get
easily the injectiveness of I — P . In other words, 1 € p(P). O
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3.1.5.4  Unique solvability in AP(X) and exponential dichotomy

This subsection will be devoted to the unique solvability of Eq.(3.9) in
AP(X) and its applications to the study of exponential dichotomy. Let us
begin with the following lemma which is a consequence of Proposition 3.2.

Lemma 3.5. Let (U(t,s))t>s be I-periodic strongly continuous. Then the
following assertions are equivalent:

(i) StNno(P) = 0.
(ii) For every given pu € R, f € P(1) the following equation has a unique
solution in AP(X)

x(t) = U(t, s)x(s) +/ Ul(t, €)e™s f(£)de, vt > s. (3.24)

Proof. Suppose that i) holds, i.e S No(P) = @ . Then, since

T =8(-1)-P=P.5(-1)
in view of the commutativeness of two operators P and S(—1) we have

o(TY) € o(S(~1)).0(P).
It may be noted that o(S(—1)) = S*. Thus
o(TY) C {e™ A\, ueR,\eo(P)}.
Hence, in view of Lemma 3.4
o(THns' =o.

Let us consider the process (V (¢, s)):>s defined by

V(t,s)x = e MUt s)x

for all t > s,z € X. Let Q(¢) denote its monodromy operator, i.e. Q(t) =
e~V (t,t—1) and (Tlil) r>0 denote the evolution semigroup associated with
the evolutionary process (V' (¢, s))¢>s . Then by the same argument as above
we can show that since o(T)) = e~ o (T"),

U(T[Z) ns'=o.

By Lemma 3.1 and Corollary 3.2, the following equation

y(t) = V(t,s)y(s) —l—/ V(t,&)f(&)de, vVt > s
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has a unique almost periodic solution y(-) . Let z(t) := e*!y(t) . Then

£(t) = eitty(t) = U(t, s)ey(s) + / U(t, €)™ f(€)de

= U(t,s)x(s) +/ U(t,&)e™ S f(£)dE Wt > s.

Thus z(-) is an almost periodic solution of Eq.(3.24). The uniqueness of
z(+) follows from that of the solution y(-) .

We now prove the converse. Let y(t) be the unique almost periodic
solution to the equation

y(t) = U(t,)y(s) + / UL f(€)de, Vi > 5. (3.25)

S

Then z(t) := e~ "#*y(t) must be the unique solution to the following equa-
tion

x(t) = e_“‘(t_s)U(t, s)x(s) + /t e_i“(t_g)U(t,é)f(@df), YVt >s. (3.26)

And vice versa. We show that x(¢) should be periodic. In fact, it is easily
seen that z(1+-) is also an almost periodic solution to Eq.(3.25). From the
uniqueness of y(-) (and then that of z(-)) we have z(t + 1) = z(t), V¢. By
Proposition 3.2 this yields that 1 € p(Q(0)), or in other words, e € p(P).
From the arbitrary nature of u, S* No(P) = ©. O

Theorem 3.1. Let (U(t, s))t>s be given I-periodic strongly continuous evo-
lutionary process. Then the following assertions are equivalent:

(i) The process (U(t,s))t>s has an exponential dichotomy;
(ii) For every given bounded and continuous f the inhomogeneous equation
(3.9) has a unique bounded solution;
(iii) The spectrum of the monodromy operator P does not intersect the unit
circle;
(iv) For every given f € AP(X) the inhomogeneous equation (3.9) is
uniquely solvable in the function space AP(X) .

Proof. The equivalence of i) and ii) has been established in Theorem 2.1
and the remarks that follow. Now we show the equivalence between i), ii)
and iii). The fact that iii) implies i) is the content of Corollary 3.4. Now we
prove that i) implies iii). Let the process have an exponential dichotomy.
We now show that the spectrum of the monodromy operator P does not
intersect the unit circle. We will follow the argument of Lemma 3.5. Since
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i) is equivalent to ii), for every fixed real number p and f € P(1), there
exists a unique bounded solution y to (3.25). By the argument of Lemma
3.5, the function z(t) := e~**!y(¢) must be the unique bounded solution to
(3.26) and that should be 1-periodic. Therefore, actually the solution y is
almost periodic. By Lemma 3.5, S' N (P) = ). So i) is equivalent to iii).

It remains to show the equivalence between iii) and iv). We first show
the implication #ii) = iv). By Lemma 3.4 the operator P of multiplication
by P(t) on AP(X) has the property that o(P) N S* = (). Therefore, since
P commutes with translation operator S(t) the evolution semigroup 7" on
AP(X) has the property that

o(TY) = 0(PS(-1)) C o(P) - 0(S(—1)).

Since o(S(—1)) = S we have that o(7T') N S! = (. By the Spectral Inclu-
sion Theorem for Cp-semigroup and Lemma 3.1 we have iv). Conversely,
let iv) hold. Then by Lemma 3.5 we have iii). O

3.1.5.5 Unique solvability of the inhomogeneous equations in

M()

Now let us return to the more general case where the spectrum of the
monodromy operator may intersect the unit circle.

Theorem 3.2. Let (U(t,s))t>s be a I-periodic strongly continuous evo-
lutionary process.  Moreover, let f € AP(X) such that o(P) N
{er N esp(f)} = @ . Then the inhomogeneous equation (3.9) has an
almost periodic solution which is unique in M(f) .

Proof. From Example 3.2 it follows that the function space M(f) sat-
isfies condition H. Since (S(t))¢cr is an isometric Cy-group, by the weak
spectral mapping theorem for isometric groups (see e.g. [Nagel (73)]) we
have

o(S(1)|m(p)) = e7Plmn),

where D| vq(5) is the generator of (S(t)|aq(f))t>0. From the general spectral
theory of bounded functions we have

o(Dlm(y)) = iA,
where A = {\ + 27k, A € sp(f), k € Z}. Hence, since

’D ,A T 7 AN rere
e?Plm) = ¢  eisp() c e
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we have
o(S(1)|p(sy) = €7 Plmn) = eisp(f)
Thus, the condition

a(P)neisrlf) =@
is equivalent to the following

1 ¢ o(P).o(S(=1)]am(s))-

In view of the inclusion

(T am(r))\O} € o (Praip))-0(S(—1)|aacp))\ {0}
C o(P).o(S(=1)|m(s))\{0}

which follows from the commutativeness of the operator PM( 7) with the
operator S(—1)|r(f), the above inclusion implies that

L& o(TH ps))-

Now the assertion of the theorem follows from Corollary 3.2. g

The inverse of the above theorem is the following:

Theorem 3.3. Let (U(t,s))t>s be a 1-periodic strongly continuous evolu-
tionary process. Moreover, let the inhomogeneous equation (3.9) have a
unique almost periodic solution in M(f). Then o(P) N {e* X € sp(f)} =
Q.

Proof. Let pu € sp(f). Consider the function fi(t) := e f(t), where
f(t) € P(1). Then there is a unique solution z,(-) € AP(X) of the equation
(3.24), or equivalently, a unique solution y(t) = e~*!z(t) to the equation
(3.26). Since, the equation (3.26) is periodic in ¢, if there is a solution y(-),
then y(1+-) is also a solution. From the uniqueness it follows that y(1+-) =
y(-). This means that y(-) is 1-periodic. Hence, for every f € P(1) Eq.(3.26)
has a unique 1-periodic solution y(-). By Proposition 3.2 0 € ¢(Q(0)) which
is equivalent to e ¢ o(P). Hence, {e™*, u € sp(f)} No(P) = @. O

3.1.5.6  Unique solvability of nonlinearly perturbed equations

Let us consider the semilinear equation

£(t) = U(t, s)(s) + / U(t, €)g(€, 2(€))de. (3.27)
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We shall be interested in the unique solvability of (3.27) for a larger class
of the forcing term g. We shall show that the generator of evolutionary
semigroup is still useful in studying the perturbation theory in the critical
case in which the spectrum of the monodromy operator P may intersect the
unit circle. We suppose that g(t, z) is Lipschitz continuous with coefficient
k and the Nemystky operator F' defined by (Fv)(t) = g(t,v(t)), Vt € R acts
in M. Below we can assume that M is any closed subspace of the space of
all bounded continuous functions BC(R, X). We consider the operator L in
BC(R,X). If (U(t,s))+>s is strongly continuous, then L is a single-valued
operator from D(L) C BC(R,X) to BC(R,X).

Lemma 3.6. Let M be any closed subspace of BC(R,X), (U(t,s))t>s be
strongly continuous and Eq.(3.9) be uniquely solvable in M. Then for suf-
ficiently small k , Eq.(3.27) is also uniquely solvable in this space.

Proof. First, we observe that under the assumptions of the lemma we
can define a single-valued operator L acting in M as follows: w € D(L)
if and only if there is a function f € M such that Eq.(3.9) holds. From
the strong continuity of the evolutionary process (U(t, s))¢>s one can easily
see that there is at most one function f such that Eq.(3.9) holds. This
means L is single-valued. Moreover, one can see that L is closed. Now we
consider the Banach space [D(L)] with graph norm, i.e. |v| = ||v|| + || Lv]|.
By assumption it is seen that L is an isomorphism from [D(L)] onto M.
In view of the Lipschitz Inverse Mapping Theorem for Lischitz mappings
for sufficiently small k the operator L — F' is invertible. Hence there is a
unique v € M such that Lu — Fu = 0. From the definition of operator L
we see that u is a unique solution to Eq.(3.27). a

Corollary 3.5. Let M be any closed subspace of AP(X), (U(t,s))t>s be
1-periodic strongly continuous evolutionary process and for every f € M
the inhomogeneous equation (3.9) be uniquely solvable in M . Moreover let
the Nemytsky operator F induced by the nonlinear function g in Eq.(3.27)
act on M . Then for sufficiently small k , the semilinear equation (3.27)
is uniquely solvable in M .

Proof. The corollary is an immediate consequence of Lemma 3.6. U

3.1.5.7 Example 1

In this example we shall consider the abstract form of parabolic partial
differential equations (see e.g. [Henry (46)]) and apply the results obtained
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above to study the existence of almost periodic solutions to these equations.
It may be noted that a necessary condition for the existence of Floquet
representation is that the process under consideration is invertible. It is
known for the bounded case (see e.g. Chap. V, Theorem 1.2 in [Daleckii
and Krein (24)]) that if the spectrum of the monodromy operator does
not circle the origin (of course, it should not contain the origin), then the
evolution operators admit Floquet representation. In the example below, in
general, Floquet representation does not exist. For instance, if the sectorial
operator A has compact resolvent, then monodromy operator is compact
(see [Henry (46)] for more details). Thus, if dimX = oo, then monodromy
operators cannot be invertible. However, the above results can apply.

Let A be sectorial operator in a Banach space X, and the mapping
taking ¢ into B(t) € L(X%,X) be Holder continuous and 1-periodic. Then
there is a 1-periodic evolutionary process (U(t,s))+>s associated with the
equation

%‘ — (A+ B()u. (3.28)
We have the following:

Claim 1 For any zo € X and 7 there exists a unique (strong) solution
x(t) == x(t; 7, 20) of Eq.(3.28) on [1,4+00) such that x(T) = xo. Moreover,
if we write x(t;7,x0) == T(t,7)x0,Yt > 7, then (T(t,7))e>r is a strongly
continuous 1-periodic evolutionary process. In addition, if A has compact
resolvent, then the monodromy operator P(t) is compact.

Proof. This claim is an immediate consequence of Theorem 7.1.3,
pp. 190-191 in [Henry (46)]. In fact, it is clear that (T'(¢,7))¢>~ is strongly
continuous and 1-periodic. The last assertion is contained in Lemma 7.2.2,
p. 197 in [Henry (46)]). O

Thus, in view of the above claim if dimX = oo, then Floquet repre-
sentation does not exist for the process. This means the problem cannot
reduced to the autonomous and bounded case. To apply our results, let the
function f taking ¢ into f(¢) € X be almost periodic and the spectrum of
the monodromy operator of the process (U(%, s))+>s be separated from the
set e?P(f), Then the following inhomogeneous equation

du
i (—A+ B(t)u+ f(t)
has a unique almost periodic solution u such that

sp(u) C{N+ 271k, k € Z, ) € sp(f)}.
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‘We now show

Claim 2 Let the conditions of Claim 1 be satisfied except for the compact-
ness of the resolvent of A . Then

B (A B (3.20)
has an exponential dichotomy if and only if the spectrum of the monodromy
operator does mot intersect the unit circle. Moreover, if A has compact
resolvent, it has an exponential dichotomy if and only if all multipliers

have modulus different from one. In particular, it is asymptotically stable
if and only if all characteristic multipliers have modulus less than one.

Proof. The operator T'(t,s),t > s is compact if A has compact resolvent
(see e.g. p. 196 in [Henry (46)]). The claim is an immediate consequence
of Theorem 3.1. O

3.1.5.8 Ezxample 2

We examine in this example how the condition of Theorem 3.2 cannot be

dropped. In fact we consider the simplest case with A =0

d
d_”; = f(t), z€R, (3.30)

where f is continuous and 1-periodic. Obviously,

o(e?) = {1} = ei sp(f).
We assume further that the integral fot f(&)d¢ is bounded. Then every
solution to Eq.(3.30) can be extended to a periodic solution defined on the
whole line of the form

=c+ / fe)de,t e R.
Thus the uniqueness of a periodic solution to Eq.(3.30) does not hold.

Now let us consider the same Eq.(3.30) but with 1-anti-periodic f, i.e.,

ft+1) = f(t),Vt € R. Clearly,
et sp(f) = {1} no(e?) = 0.

Hence the conditions of Theorem 3.2 are satisfied. Recall that in this theo-
rem we claim that the uniqueness of the almost periodic solutions is among
the class of almost periodic functions g with e? 5P(9) C e? s2(f), Now let
us have a look at our example. Every solution to Eq.(3.30) is a sum of
the unique 1-anti-periodic solution, which existence is guaranteed by Theo-
rem 3.2, and a solution to the corresponding homogeneous equation, i.e., in
this case a constant function. Hence, Eq.(3.30) has infinitely many almost
periodic solutions.
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3.2 Evolution Semigroups and Sums of Commuting Oper-
ators

Let X be a given complex Banach space and M be a translation invariant
subspace of the space of X-valued bounded uniformly continuous functions
on the real line (that is denoted by BUC(R, X)). The problem we consider
in this section is to find conditions for M to be admissible with respect to
differential equations of the form

Z—;‘ = Au+ f(t), (3.31)

where A is an (unbounded) linear operator with nonempty resolvent set on
the Banach space X. By a tradition, by admissibility here we mean that
for every f € M Eq.(3.31) has a unique solution (in a suitable sense) which
belongs to M as well. The main condition obtained in this section is of the
form

a(A) Nisp(f) = 0.

We will show that the method of sums of commuting operators can be
extended to larger classes of equations, including abstract functional differ-
ential equations.

3.2.1 Inwariant Function Spaces

By (S(t))ter we denote the translation group on the function space
BUC(R,X), ie., S(t)v(s) := v(t + s),Vt,s € R,v € BUC(R,X) with in-
finitesimal generator D := d/dt defined on D(D) := BUC'(R,X). Let M
be a subspace of BUC(R,X), and let A be a linear operator on X. We
will denote by Axq the operator f € M — Af(:) with D(Anm) = {f €
MVt e R, f(t) € D(A),Af(-) € M}. When M = BUC(R,X) we will use
the notation A := Axs. Throughout the paragraph we always assume that
A is a given operator on X with p(A4) # @, (so it is closed).

In this paragraph we will use the notion of translation-invariance of a
function space, which we recall in the following definition, and additional
conditions on it.

Definition 3.4. A closed and translation invariant subspace M of the
function space
BUC(R,X), i.e., S(T)M C M for all 7 € R, is said to satisfy
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(1) condition HI if the following condition is fulfilled:
VC e L(X),VfeM=CfeM,

(2) condition H2 if the following condition is fulfilled:
For every closed linear operator A, if f € M such that f(t) € D(A),
Vi, Af € BUC(R,X), then Af € M,

(3) condition H3 if the following condition is fulfilled: For every bounded
linear operator B € L(BUC(R, X)) which commutes with the transla-
tion group (S(t))ter one has BM C M.

Remark 3.3. As remarked in p.401 in [Vu and Schuler (103)], condition
H3 is equivalent to the assertion that

VB e L(M,X) Vfe M= BS()f e M.

Obviously, conditions H2, H3 are stronger than condition H1. In the sequel,
we will define the autonomousness of a functional operator via condition
H3.

Example 3.3. If A(X) = {f € BUC(R,X) : sp(f) C A} , where A is
a given closed subset of R. Then A(X) is a translation invariant closed
subspace of BUC(R,X). Moreover, it satisfies all conditions H1, H2, H3.

In connection with the translation-invariant subspaces we need the fol-
lowing simple spectral properties.

Lemma 3.7.
(i) Let M satisfy condition H1. Then
o(An) C o(A) = o(A)
and
IR\ An)[| < IR A = [[R(A, A, VA € p(A);

(i) Let M satisfy condition H3 and B be a bounded linear operator
on BUC(R,X) which commutes with the translation group. Then
o(Bm) C o(B) and

IR\, Bagll < [|1R(A; B)[|, VA € p(B).

Proof. i) Let A € p(A). We show that A € p(Ar). In fact, as M

satisfies condition H1, Vf € M, R(\, A)f(-) := (A — A)~1f(-) € M. Thus

the function R(A, A)f(-) is a solution to the equation (A — Apm)u = f.
Moreover, since A € p(A) it is seen that the above equation has at most
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one solution. Hence A € p(Aprq). Moreover, it is seen that [|R(A, Am)| <
[[R(A, A)||. Similarly, we can show that if A\ € p(A), then A € p(A4) and
RN, A < |R(A, A

ii) The proof of the second assertion can be done in the same way. O

In the section, as a model of the translation - invariant subspaces, which
satisfy all conditions H1, H2, H3 we can take the spectral spaces

A(X) :={u e BUC(R,X) :sp(u) C A},

where A is a given closed subset of the real line.

3.2.2 Differential Operator d/dt — A and Notions of Ad-
massibility

We start the main subsection of this section by discussing various notions of

admissibility and their inter-relations via the differential operator d/dt — A,

or more precisely its closed extensions, for the following equation

d
d_gtc = Az + f(t),z € X,t € R, (3.32)

where A is a linear operator acting on X.
We first recall that

Definition 3.5.

(1) An X-valued function u on R is said to be a solution on R to Eq.(3.32)
for given linear operator A and f € BUC(R, X) (or sometime, classical
solution) if u € BUCY(R,X),u(t) € D(A),Vt and u satisfies Eq.(3.32)
for all t € R.

(2) Let A be the generator of a Cy semigroup of linear operators. An X-
valued continuous function u on R is said to be a mild solution on R
to Eq.(3.32) for a given f € BUC(R,X) if u satisfies

t
u(t) = e u(s) + / eI (r)dr, Vt > 5.

Definition 3.6.

(1) A closed translation invariant subspace M C BUC(R, X) is said to be
admissible for Eq.(3.32) if for each f € My := M N BUC*(R,X) there
is a unique solution u € My of Eq.(3.32) and if f,, € Mo,n € N, f,, — 0
as n — oo in Mg imply u, — 0 as n — oo.



84 Topics on Stability and Periodicity in Abstract Differential Equations

(2) Let A be the generator of a Cp-semigroup. A translation - invariant
closed subspace M of BUC(R,X) is said to be mildly admissible for
Eq.(3.32) if for every f € M there exists a unique mild solution xy € M
to Eq.(3.32).

Exercise 17. By definition it is obvious that admissibility implies that if
Da — Ap is closable, one has 0 € p(Dag — Am).

Proof. Set B:=Dp — Apr. Obviously, B is injective. In fact, if Bf =0
then from the uniqueness assumption f = 0. By assumption, from the
continuity of the Green operator G, defined as the unique extension of
f € Mo — u e My it follows that there exists m > 0 such that ||Bz| > ||z]]
for all z € D(B). We now show that B is injective. Indeed, it sufficies to
show that if By = 0, then y = 0. By definition, there exist (y,,,z,) € I'(B)
such that y, — y, By, = z, — 0 = By. Hence, 0 = limn — oo||z,| =
|By|| > mly||, soy = 0. We show that B is surjective. Let f € M. We show
that Gf is in D(B and BGf = f. In fact, by definition of the extension
G, there are f, € Mg such that f, — f and Gf, — Gf. Obviously,
BGf, = BGf, = f.. This completes the proof of the exrcise. O

We now discuss the relationship between the notions of admissibility,
weak admissibility and mild admissibility if A is the generator of a Cy-
semigroup. To this end, we introduce the following operator L ¢ which will
be the key tool in our construction.

Definition 3.7. Let M be a translation invariant closed subspace of
BUC(R,X). We define the operator Lys on M as follows: u € D(L ) if
and only if u € M and there is f € M such that

t
u(t) = e 4y(s) —|—/ AL () dr, Yt > s (3.33)

and in this case Lyu = f.

The following lemma will be needed in the sequel

Lemma 3.8. Let A be the generator of a Cy-semigroup and M be a closed
translation invariant subspace of AAP(X) which satisfies condition H1.
Then

Dt — A = L.
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Proof. Let us consider the semigroup (T"),>¢
T"o(t) := e"u(t — h),v € M, h > 0.

By condition H1, clearly, (T"),>0 leaves M invariant. By Corollary 3.1,
since M C AAP(X) this semigroup is strongly continuous which has —L x4
as its generator. On the other hand, since (T"),>¢ is the composition of
two commuting and strongly continuous semigroups, by p. 24 in [Nagel
(73)] this generator is nothing but =D + A O

Corollary 3.6. Let A be the generator of a Cy-semigroup and M be a
translation invariant closed subspace of BUC(R,X). Then the notions of
admissibility and mild admissibility of M for Eq.(3.32) are equivalent pro-
vided that M salisfies condition H1 and M C AAP(X).

Proof. Since, by Exercise 17 the admissibility of M for Eq.(3.32) implies
in particular that 0 € p(Daq — Aaq), and by Lemma 3.8

Dt — At = Dot —Ari = L

”

the implication ” admissibility = mild admissibility”’ is clear. It remains

only to show "mild admissibility = admaissibility”, i.e., if

0 € p(Lm),

then M is admissible with respect to Eq.(3.32). In fact, by assumption, for
every f € M there is a unique mild solution u := L;jf of Eq.(3.32). It can
be seen that the function u(r +-) € M is a mild solution of Eq.(3.32) with
the forcing term f(7 + -) for every fixed 7 € R. Hence, by the uniqueness,
u(T +-) = Ly f(7+-). We can rewrite this fact as

S(r)Ly f=LyS(r)f.Vf e M, 7 €R.
From this and the boundedness of LH,

lim m:[/]—wl lim M

T7—0t T T—0+ T
Thus, the assumption that f € My implies that the left hand side limit
exists. Thus, u = L./_\/ll f € Myp. As is well known, since f is differentiable
fst e(t=8A f(£)d¢ is differentiable (see Theorem, p. 84 in [Goldstein (36)]).
Thus, by definition of mild solutions, from the differentiability of u it follows
that e(!=*)4y(s) is differentiable with respect to t > s. Thus, u(s) € D(A)
for every s € R. Finally, this shows that u(-) is a classical solution to
Eq.(3.32) on R. Hence the admissibility of M for Eq.(3.32) is proved. O
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3.2.3 Admissibility for Abstract Ordinary Differential
Equations

In this subsection we shall demonstrate some advantages of using the op-
erator d/dt — A as the sum of two commuting operators to study the ad-
missibility theory for Eq.(3.32).

In the sequel we shall need the following basic property of the translation
group on A(X) which proof can be done in a standard manner.

Lemma 3.9. Let A be a closed subset of the real line. Then
U(DA(X)) =1A.

Proof. First, we note that for every A € A,iA € 0(Dy(x)). In fact,
Derx = ide* z. Now suppose that \g € A. Then we shall show that
iAo € p(Dp(x)). To this end, we consider the following equation

z—? =ilou + g(t), g € AX). (3.34)
Since isp(g) = 0(Dam, ), where M, is the closed subspace of BUC(R, X),
spanned by all translations of g (see e.g., [Arendt and Batty (5)],[Vu
(101)]), we get iAo € 0(Day,); and hence the above equation has a unique
solution h € M, C A(X). If k is another solution to Eq.(3.34) in A(X),
then h — k is a solution in A(X) to the homogeneous equation associated
with Eq.(3.34). Thus, a computation via Carleman transform shows that
sp(h — k) € {Xo}. On the one hand, we get \g & sp(h — k) because of
sp(h — k) C A. Hence, sp(h — k) = @, and then h — k = 0. In other
words, Eq.(3.34) has a unique solution in A(X). This shows that the above
equation has a unique solution in A(X) , i.e. iAo € p(Da(x))- O

Theorem 3.4. Let A be the generator of a Cy-semigroup (T(t))e>0 of linear
operators on X and let A(X) be mildly admissible for Eq.(3.32). Then,
iANo(A) =@.

Proof. Suppose that G is the operator which takes every g € A(X) into
the unique mild solution uy of Eq. (3.32). We show that G commutes with
the translation group (S(t)):ecr. In fact, for every 7 € R we see that if
f e A(X), then

(GII(7 + 1) = T((7 + 1) — (v + $)[GS](7 + )

T4+t
+ / T(r+t—)f(€)de, Vi>s

+s

—T(t— )[Gf)(r+5) + / Tt — ) f (7 +n)dn,
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and hence, the function u(t) = [Gf](T +t) = [S(1)Gf](¢) is the unique
solution to Eq. (3.32) with the forcing term f(7 4 ¢). That is S(7)Gf =
GS(7)f, i.e., G commutes with the translation group (S(t)):er-

Let A € A. We consider the function f(t) := ae’™, t € R with 0 # a €
X. By the above remark on the commutativeness of G and (S(t))+cr, we
have

dGf _ . S()Gf-Gf
At 0 T
— lim g2 =1
T7—0 T
=G lin% M
— iAG.

This shows that u(t) := [Gf](t) = be™*'. Substituting this expression into
the equation

u(t) =T(t — s)u(s) + / T(t—s)f(s)ds,

we have
h
b= R(h)b+ / R(h — &)adg,
0

where R(h) = e "' T'(h), h = t—s. Obviously, (R(h))n>0 is a Co-semigroup
with generator Ay = A—iAl. Then from the general theory of Cp-semigroup
the above expression yields that

be D(Ay) =D(4), (A—iX)b=a.
It may be noted that b is unique. By the arbitrary nature of a and A € A
it follows that A € p(A). This proves the theorem. O

We are now in a position to formulate a main result of this section:
Theorem 3.5. A be a closed nonemty subset of the real line. Moreover let
iNNo(A) = . (3.35)

Then for every f € A(X) Eq.(53.32) has a unique (classical) bounded solution
in A(X) provided one of the following conditions holds

(i) either A is compact, or
(ii) the operator A is bounded on X.
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In particular, the subspace A(X) is admissible for Eq.(3.82) in both cases.

Proof. i) First of all by assumption, it is seen that the operator Dy x) is
bounded (see e.g. p. 88 in [Levitan and Zhikov (58)]). Since A(X) satisfies
also condition H1, by Lemma 3.7,

O’(.AA(X)) C J(A) (3.36)
Thus, applying Theorem 1.11 to the pair of operators Dy (xy and A (x) we
get the assertion of the theorem. we get the required.
ii) The second case can be proved in the same manner. ]

We now consider a more general case where the operators A and D
satisfy condition P

Theorem 3.6. Let (A+a) be of class 2(0+7/2, R) for some real o and M
be a translation - invariant subspace of BUC(R,X). Moreover, let o(A) N
0(Dam) = @. Then the following assertions hold true:

(i) If M satisfies condition H1, then M is weakly admissible for (3.32).
(ii) If M satisfies condition H2 and A is the generator of a Cy-semigroup,
then M is admissible, weakly admissible and mildly admissible for
(i) If M C AAP(X) satisfies condition H1 and A is the generator of
a Cy-semigroup, then M is admissible, weakly admissible and mildly
admissible for (3.32).

Proof. Note that under the theorem’s assumption the operators A + «
and D satisfy condition P for some real a. In fact, we can check only that

sup  [|[AR(A, D)l < o0,
AEX(7/2—€,R)

where 0 < e < /2. Since A € ¥(n/2 —¢,R) with 0 <& < 7/2
IAROL D) f = ] / e F(- 4 t)d |

<A / RN | |
0

A
< PLyg

~ Re\
< MJ|f],
where M is a constant independent of f. Thus, by Theorem 1.11,
(Dt = A — 0 = 0Dyt = Ant” — ) = o(Dpt — (Apq + )
Co(DPm)—oc(Am + @)
Co(Dm) —o(Am) — .
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Hence
oDt — A € o(Dpq) — o(A). (3.37)

By assumption and by Lemma 3.7 since o(Daq) N o(A) = @ we have
o(Dm) No(A) = @. From (3.37) and this argument we get

0¢ (Dt — At ).

Hence, this implies in particular the weak admissibility of the function
space M for Eq.(3.32) proving i). Now in addition suppose that A gen-
erates a strongly continuous semigroup. Then ii) and iii) are immediate
consequences of Corollary 3.6 and i). (]

3.2.4 Higher Order Differential Equations

In this subsection we consider the admissibility of the function space M N
A(X) where M is assumed to satisfy condition H1 and A is a closed subset
of the real line for the equation

dn
U Aut ft), (3.38)
dtn

where n is a natural number. To this end, we first study the operator

du/dt" := D™ on M N A(X).

Proposition 3.3. With the above notation the following assertions hold
true:

(1)
o(Danacx)) C (GA)".
(i)
o(Dyxy) = (1A)".

Proof. We associate with the equation

d™u
dtm

the following first order equation

=pu+ f(t), f € MNAX)

) = a9

/
Ty = I3,

feMNAKX). (3.39)

x;L = pI1 + f(t)
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Obviously, the unique solvability of these equations in the function space
M N A(X) are equivalent. On the other hand, by Theorem 3.5 for every
f e MnAX) Eq.(3.39) has a unique (classical) solution z(-) € M N
A(X)a T = ('rla o axn)T if
iAo(I() = 0,
where I(u) denotes the operator matrix associated with Eq.(3.39). A simple
computation shows that o(I(u)) consists of all solutions to the equation
t" — = 0. Thus,
o(Dhnacx)) C {p € C: = (i\)"for some) € A}.

Hence i) is proved. On the other hand, let u € A. Then g(-) := ze™* €
A(X). Obviously, Dy g = (in)"g and thus, (in)" € o(D} ). Hence, ii)
is proved. O

To proceed we make a definition

Definition 3.8. The definition of admissibility for the first order equations
is naturally extended to higher order equations.

Observe that (4A)™ is compact if A is compact.

Theorem 3.7. Let A be a compact subset of the real line and M be a trans-
lation invariant subspace of BUC (R, X) satisfying condition H1. Moreover,
let A be any closed operator in X such that c(A)N(iA)™ = @. Then for ev-
ery f € MNA(X) there exists a unique (classical) solution uy € MNA(X)
of Eq.(3.38). In particular, M N A(X) is admissible for Eq.(3.538).

Proof. The theorem is an immediate consequence of Theorem 3.5 and
the above computation of the spectrum of D". O

We recall the following notion.

Definition 3.9. By a mild solution of Eq.(3.38) we understand a bounded
uniformly continuous function v : R — X such that

t t1 trn—1
/ dt1/ dtg.../ u(s)ds € D(A)
0 0 0
t t1 tn—1
u(t) :$0+t;v1+...tn71$n71+14/ dtl/ dtg.../ u(s)ds
0 0 0

+/Ot dty /Otl dtg.../otn_lf(S)ds (teR)

and
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for some fixed zg,z1,...,2n—1 € X. For u € BUC(R,X) we say that u
is a classical solution to Eq.(3.38) if u(t) € D(A),Vt € R and the n-th
derivative of u (denoted by u(™) ) exists as an element of BUC(R, X) such
that Eq.(3.38) holds for all ¢ € R.

Remark 3.4. Obviously, a classical solution is also a mild solution. In case
n = 1 if A generates a strongly continuous semigroup the above definition
of mild solution on R coincides with the usual notion which we have used
so far. In fact we have:

Lemma 3.10. Let A be the generator of a Cy-semigroup and u satisfy
fg u(s)ds € D(A), Vt such that

u(t) +A/ ds+/ f(s (3.40)
Then u satisfies

u(t) = T(t — )uls) + / T(t— €)F(€)de, Wt > 5 (3.41)

where T(t) = et4. Conversely, if u satisfies Eq.(3.41), then fo s)ds €
D(A), ¥Vt and u satisfies Eq.(5.40).

Proof. Suppose that u is a solution to Eq.(3.40). Then, we will show
that it is also a solution to Eq.(3.41). In fact, without loss of generality we
verify that u satisfies Eq.(3.41) for s = 0. To this purpose let us define the
function

w(t) = T(t)yu(0) + / T(t— €)f(€)de,t > 0.

We now show that w satisfies Eq.(3.40) for ¢ > 0 as well. In fact, using the
following facts from semigroup theory

a:—sr:—A/ s)xds, Vo € X,

and the following which can be verified directly by definition
t

4 / (s = )f(n)ds = lim(1/0)(Z ()~ 1) [ T(s — ) )

n

=T@t—n)f(n)—fn)

we have

A/o w(s)ds = T(t)u(0) — u(0) + A/o /0 T(s—n)f(n)dn.
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By a change of order of integrating we get

A/ / (s m—A/Qm/ — ) fn)ds

By the above facts we have

/ dnA/ (s—n ds—/OtT(t—n)f(n)dn—/Otf(n)dn

This shows that w satisfies Eq.(3.40) for all ¢ > 0. Define g(¢t) = w(t) —u(t).
Obviously,

A/ s)ds,Vt > 0.

Since A generates a strongly continuous semigroup the Cauchy problem
' = Az, z(0) =0 € D(A)
has a unique solution zero. Hence, u(t) = w(t),Vt > 0, i.e. u(t) satisfies
Eq.(3.41) for all t > 0.
By reversing the above argument we can easily show the converse.

Hence, the lemma is proved. O

Lemma 3.11. Let A be a closed operator and u be a mild solution of
Eq.(3.38) and ¢ € L*(R) such that its Fourier transform has compact sup-
port. Then ¢xu is a classical solution to Eq.(3.38) with forcing term ¢ * f.

Proof. Let us define
t t
Uit = [Casds, R0 = [ fs)ds, te R
0 0

Ui(t) = /t Ue1(s)ds, Fi(t) = /t Fi_1(s)ds, t € R,k € N.
Then, by deﬁnitioon, we have i
u(t) = Pu(t) + A(Un(t)) + Fu(t), t € R,
where P, is a polynomial of order of n — 1. From the closedness of A, we
have
u* @(t) = Py x () + A(Up x §(t)) + F % 0(t), t € R.

Since the Fourier transform ¢ has compact support all convolutions above
are infinitely differentiable. From the closedness of A we have that (U, *

)M (t) € D(A),t € R and
k
AU+ )P (1)) = &

ZRAWL9(1)), tER.
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Set V() = Unx¢(t). Since USY (t) = Up_i(t),k = 0,1,2- -+ ,nand Up(t) =
u(t) we have VO () = Up_ o+ d(t), k = 0,1,2,- -+ ,n and V" (£) = u* p(t).
Hence,

U, * ¢(t) = V,(¢)
n—1

-3 %Um * $(0) + ﬁ/o (t = 5)" " ux §(s)ds.
k=0 '

Since Uy, * ¢(t) € D(A),Up—_p * $(0) € D(A),k =1,2,--- ,n — 1 it follows
that the integral above belongs also to D(A). Furthermore, we can check
that

t
ux@(t) =Py xd(t) + Qn(t) + A 1 / (t —s)" " lux p(s)ds
(n—1!Jo

1 ! n—1

+m /0 (t—8)""f*d(s)ds,
where P,, @, are polynomials of order of n — 1 which appears when one
expands A(U, * ¢(t)) and F,, * ¢(t), respectively. Now, since all functions
in the above expression are infinitely differentiable, P, , Q,, are polynomials
of order of n — 1 and A is closed we can differentiate the expression to get

i (W 0)(t) = A(ux ¢(t)) + fx 6(t), V¥t €R.
This proves the lemma. O

‘We now recall the notion of A-class of functions.

Definition 3.10. A translation invariant subspace F C BUC(R, X) is said
to be a A-class if and only if it satisfies

(1) F is a closed subspace of BUC(R, X) ;
(2) F contains all constant functions;
(3) F satisfies condition H1;
(4) F is invariant by multiplication by e, V¢ € R.
Let F be a A-class and u be in BUC(R, X). Then, by definition
spr(u) :={¢€ € R : Ve > 03f € LY(R)
such that suppFf C (E—¢e,&+¢) and fxud F}.

Lemma 3.12. If f € F , where F is a A-class, then Y f € F, Vi € L*(R)
such that the Fourier transform of 1 has compact support.

Proof. For the proof we refer the reader to p.60 in [Basit (12)]. O
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Hence, Theorem 3.7 yields the following:

Theorem 3.8. Let F be a A-class, A be a closed linear operator with non-
empty resolvent set. Then for any mild solution u to Eq.(3.38) with f € F,

spr(u) C{ANeR: N € o(A)}. (3.42)

Proof. Let Ag € R such that (iAg)™ & o(A). Then, since o(A) is closed
there is a positive number § such that for all A € (Ag — 2, A\p +20) we have
(tA)™ & 0(A). Let us define A := [A\g — d,A\g + ¢]. Then by Theorem 3.7
for every y € A(X) N F there is a unique (classical) solution = € A(X) N F.
Let ¢ € L'(R) such that suppFi¢ C A. Put v := 1 *u,g := ¢ * f. Then,
by Lemma 3.12 ¢ € F and by Proposition 2.5 in [Basit (12)] spx(g) C
suppFvNspr(f) C A. Thus g € A(X)NF. Since spr(v) C A by Theorem
3.7 we see that Eq.(3.38) has a unique solution in A(X) which should be
v. Moreover, applying again Theorem 3.7 we can see that the function v
should belong to A(X) N F. We have in fact proved that Ao € spr(u).
Hence the assertion of the theorem has been proved. O

In a standard manner we get the following:

Corollary 3.7. Let F be a A-class, o(A) N (iIR)™ be countable. Moreover,
let u be such a mild solution to Eq.(3.38) that
1t

lim = [ e ™u(z + s)ds
t—oo 0

exists for every A € spx(u) uniformly with respect to x € R. Then u € F.

Proof. The corollary is an immediate consequence of Theorem 1.18 and
Theorem 3.8. g

In particular, we can take F = AP(X), AAP(X) and get spectral criteria
for almost periodicity and asymptotic almost periodicity for solutions to the
higher order equations (3.38).

Next, we consider the admissibility of a given translation invariant
closed subspace M for the higher order equation (3.38). Since the geo-
metric properties of the set (iR)™ play an important role, we consider here
only the case n = 2, i.e., the following equation

2
% = Au+ f(t). (3.43)
It turns out that for higher order equations conditions on A are much weaker

than for the first order ones. Indeed, we have
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Theorem 3.9. Let A be a linear operator on X such that there are positive
constants R, 0 and

Y(0,R) C p(A) and  sup |A|[|[R(N A)| < oc.
AES(0,R)

Furthermore, let M be a translation invariant closed subspace of
BUC(R,X) which satisfies condition HI such that

o(D3y) No(A) = 0.
Then M is admissible for the second order equation (3.43).

Proof. We will apply Theorem 1.11 to the pair of linear operators D%A
and Apq. To this end, by Proposition 3.3 we observe that

o(D3y) C (iR)? = (—o0,0].

On the other hand, for 0 < € < 6 we can show that there is a constant M
such that the following estimate holds

IRODRI < 5. ¥A 0, arg(h) — | < =

In fact, this follows immediately from well known facts in Chapter 2 in
[Daleckii and Krein (24)]. To make it more clear, we consider the first order
equation of the form (3.39) for the case n = 2. For every A € p(D3,) the
associated equation has an exponential dichotomy and its Green function
is nothing but R(\, D3,). Furthermore, since M is translation invariant
note that D(D3,) is dense in M. Thus, applying Theorem 1.11 to the pair
of operators D%W A we have

0e p('D?M —Am).

It remains to show that for every f € My := D(D3%,) there is a unique
classical solution v on R. In fact, denoting

G = B~ A,

we can easily see that since D},, Ay commute with D3, , so does G. By
definition, for A € p(D3,) , since G is bounded on M

GR(\,D3,) = R(\,D3/)G.

Hence there is g € M such that f = R()\,D3,)g. Thus, by the above
equality Gf = R(\, D3,)Gg € D(D3%,). This shows the admissibility of M
for Eq.(3.43). O
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3.2.5 Abstract Functional Differential Equations

This subsection will be devoted to some generalization of the method dis-
cussed in the previous ones for functional differential equations of the form

dx(t)
dt

where the operator A is a linear operator on X and B is assumed to be an
autonomous functional operator.

= Ax(t) + [Bz](t) + f(t),Vt € R, (3.44)

We first precise the notion of autonomousness for functional operators

B:

Definition 3.11. Let B be an operator, everywhere defined and bounded
on BUC (R, X) into itself. B is said to be an autonomous functional operator
it for every ¢ € BUC(R,X)

S(T)Bp = BS(1)p, VT € R,
where (S(7))rer is the translation group S(7)x(-) := z(7+-) in BUC(R, X).

In connection with autonomous functional operators we will consider closed
translation invariant subspaces M C BUC(R,X) which satisfy condition
H3. Recall that if B is an autonomous functional operator and M satisfies
condition H3, then by definition, M is left invariant under B.

Definition 3.12. Let A be the generator of a Cy-semigroup and B be an
autonomous functional operator. A function v on R is said to be a mild
solution of Eq.(3.44) on R if

u(t) = e(t’S)Au(s) +/ e(t*@A[(Bu)(g) + f(&)]dE, vt > s.

S

As we have defined the notion of mild solutions it is natural to extend
the notion of mild admissibility for Eq.(3.44) in the case where the operator
A generates a strongly continuous semigroup. It is interesting to note that
in this case because of the arbitrary nature of an autonomous functional
operator B nothing can be said on the “well posedness” of Eq.(3.44). We
refer the reader to Chapter 1 for particular cases of “finite delay” and
“infinite delay” in which Eq.(3.44) is well posed.) However, as shown below
we can extend our approach to this case. Now we formulate the main result
for this subsection.
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Theorem 3.10. Let A be the infinitesimal generator of an analytic strongly
continuous semigroup, B be an autonomous functional operator on the func-
tion space BUC (R, X) and M be a closed translation invariant subspace of
AAP(X) which satisfies condition H3. Moreover, assume that

oc(Dm)No(A+ B) =o.
Then M is mildly admissible for Eq. (8.44), i.e., for every f € M there is
a unique mild solution uy € M of Eq.(3.44).
Proof. Since M satisfies condition H3, for every f € M we have Bf €
M. Thus,
D((A+B)m) ={f e M:Af()+Bf € M}
={feM:Af() e M}
= D(Am).
Hence
(A+B)pm = Ap + B
As M satisfies condition H3 it satisfies condition H1 as well. Thus, by
Lemma 3.7,
o(Am) Co(A) Co(A)
and
R, A < [|R(X, A, VA € p(A).

Since B is bounded Dpq and (A + B)pm = Aam + Bag satisty condition P.
From Lemma 2 and the remarks follows in [Naito and Minh (74)] it may
be seen that Ax4 is the infinitesimal generator of the strongly continuous
semigroup (T'(¢))¢>0

Tt)f(€) := e f(€),Vf € M, £ €R.

Hence D((A+B)am) = D(Am) is dense everywhere in M. It may be noted
that R(\, A+ B) commutes with the translation group. Since M satisfies
condition H3 we can easily show that

o((A+B)m) C o(A+ B).
Applying Theorem 1.11 we get
o(Dm — (A+ B)m) Co(Dm) — o((A+ B)m).

Hence

0€ p(Dm — (A+ B)m).
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On the other hand, since B is bounded on M
Dm — (A+B)m =Dm — Am — Bm
=Lm—Bum

we have

0 € p(Lap — Bum). (3.45)
If u, f € M such that (Lyq — Bapm)u = f, then

Lpu = Bpu + f.

By definition of the operator L, , this is equivalent to the following

u(t) = e~ u(s) +/ O (Bagu) () + f(E)IdE,VE > s,

i.e., u is a mild solution to Eq.(3.44). Thus (3.45) shows that M is mildly
admissible for Eq.(3.44). O

Remark 3.5. Sometime it is convenient to re-state Theorem 3.10 in other
form than that made above. In fact, in practice we may encounter difficulty
in computing the spectrum o(A+B). Hence, alternatively, we may consider
D — A— B as a sum of two commuting operators D — BB and A if B commutes
with A. In subsection 3.4 we again consider this situation.

3.2.6 Examples and Applications

In this subsection we will present several examples and applications and
discuss the relation between our results and the previous ones.

As typical examples of the function spaces A(X) , where A is a closed
subset of the real line we will take the following ones:

Example 1 The space of all X valued continuous 7-periodic functions P(7).
In this case A = {2kn/7,k € Z}.

Example 2 Let A be a discrete subset of R. Then A(X) will consists of
almost periodic functions.

Example 3 Let A be a countable subset of R. Then A(X) will consists
of almost periodic functions if in addition one assumes that X does not

contain any subspace which is isomorphic to the space ¢g (see [Levitan and
Zhikov (58)]).
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Below we will revisit one of the main results of [Langenhop (53)] to
show how our method fits in the problem considered in [Langenhop (53)].
Moreover, our method can be easily extended to the infinite dimensional
case.

Example 4 (cf. [Langenhop (53)]) Consider the following ordinary func-
tional differential equation

2 (t) = /Ooo[dE(s)]m(t —s)+ f(t),z € C",teR, (3.46)

where F is an n X n matrix function with elements in C, f is a C"-valued
almost periodic function. In addition, we assume that F is continuous from
the left and of bounded total variation on [0, 00) , i.e.

0<7:/ |[dE(s)] < oo.
0

As is well known for every f € AP(C") there is a corresponding Fourier
series

ZakeiAkt-
k=0
We define
.Ag ={f€AP(C"):ap=0,|M\¢| > ¢,k =1,2,---}

and A, = A+ V. , where V. is the set of all C"-valued constant functions.
Now we define our operator

Bu(t) = /OOO[dE(s)]u(t _ )t €Rue AP(CY),

Obviously, B is an autonomous functional operator with ||B|| < v. If we
define A :={n € R:|n| > ¢} , then A} = AP(C")NA(C"). Now we prove
the following:

Assertion 1 Under the above notations and assumptions Eq.(3.46) has a
unique almost periodic solution xf € .Ag for every f € Ag ifv<gq.

Proof. In fact, by assumption it is obvious that the spectral radius
ro(B) < 7. Hence, iANo(B) = @. O

If in addition we assume that

M= /O dE(s) (3.47)
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is a nonsigular matrix, then Assertion 1 implies the following:

Assertion 2 Under Assertion 1’s assumptions and the nonsingularity of
the matriz (3.47) there exists a unique solution xy € Aq to Eq.(3.46) for
every f € Ag.

Proof. In this case the operator d/dt — B is a direct sum of two invertible
operators in Ag and V. O

Remark 3.6. In Section 3 in [Langenhop (53)] Assertion 2 has been proved
with a little stronger assumption, namely, 7§ < ¢ , where § > 1 is an
“absolute constant” (in terminology of p.401 in [Langenhop (53)]). The
condition v < ¢ of Assertion 2 becomes also necessary in many cases. To
show this, we consider the case

Bu(t) = Bu(t + 7),Vt € R,u € BUC(R,X),

where 7 is a given constant, B is a matrix. Now suppose that there exists a
unique solution x5 € A, to Eq.(3.46) for every f € Ay. Denoting Gf := x5
we see that G is a bounded linear operator on 4,. Moreover, since B
commutes with translation group so does G , i.e., DGf = GDf,Vf € D(D).
Taking f := eMy we have Dxy = DGf = GDf = AGf = Azy. Hence,
z¢(t) = ez for some z. Substituting this into Eq.(3.46) we get the
assertion that given |A| > ¢
for every y € C" there exists a unique z € C™ such that

i\t — e Bz =y.

This shows that i\ € p(e’™*B) = €™ p(B) and yields v < q.

In the following example we will revisit a problem discussed in [Sljusar-
cuk (98)] with an unbounded A.

Example 5 Let us consider the equation

N
= Ax(t)+ Y Bra(t+m)+ f(t).t € R, (3.48)
k=1

dz(t)
dt

where A is the infinitesimal generator of an analytic Cy-semigroup, By, k =
1,---, N are bounded linear operators on X which are commutative with
each other and A , 7,k = 1,--- N are given reals and f is a bounded
uniformly continuous function. We denote A = sp(f).
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Assertion 3 Let A be bounded. Then if

N
U(A) N U)\GAO'(i/\ — Z Bk)e”k‘)‘) =,
k=1

Eq.(3.48) has a unique classical solution in A(X).
Proof. If A is bounded , then Dy x) is bounded. Hence, if

N

o(Da) — Y Bre™Pr@) N o(A) =2
k=1

Eq.(3.48) has a unique classical solution in A(X). In turn, using the esti-
mates of spectra as in [Sljusarcuk (98)] we get

N N
DA x) — Z BkeT’”DA(X) C Uxeao (A — Z Bkewk)‘)
k=1

k=1 0
Assertion 4 Let f be almost periodic and B,k =1,--- , N be commutative
with each other and A and
N
iAN (o(A) + UMEWU(Z Bipi)) =@
k=1

Then Eq.(3.48) has a unique almost periodic mild solution in A(X).

Proof. First using the Weak Spectral Mapping Theorem (see e.g. [Nagel
(73)]) we have

o(S(1x)) = eimeh,
In view of Theorem 1 in [Sljusarcuk (98)], denoting the multiplication

operator by By by also By for the sake of simplicity, we have
N

N
o() " BiS(m)) C UMEWJ(Z Bi).
k=1

k=1
By the commutativeness assumption applying Theorem 3.10 and then The-
orem 1.11 we get the conclusion of the assertion. O

In case A is the generator of a Cy-semigroup which is not necessarily
analytic we can still apply Theorem 3.2 and the commutativeness of the
operators A, B as shown in the following example:
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Example 6 Let A be the infinitesimal generator of a strongly continuous
semigroup of linear operators on X, B be an autonomous functional opera-
tor on BUC(R,X) and M be a translation invariant subspace of AAP(X).
Moreover, we assume that 5 and A commute. The only difference between
this example and the previous one is that the semigroup generated by A
may not be analytic. However, we can find conditions for the admissibil-
ity of M by using evolution semigroup associated with A as in Theorem
3.2. In fact, in M, since B, is bounded it generates the norm continu-
ous semigroup (B");>0. Hence, —Dpq + An + Ba generates a strongly
continuous semigroup (ThBh)hZO. Thus, in view of spectral inclusion of
strongly continuous semigroups, this generator is invertible if 1 ¢ (T B1).
Using the commutativeness of the operators under consideration and the
Weak Spectral Mapping Theorem for the translation group on M we have

o(T'BY) C o(T").0(B) € e Pma(e?).o(BY). (3.49)

Hence the following is obvious:

Assertion 5 If
1 & e=Pmo(e?).o(BY),
then
d‘;gf) — Ax(t) + [Bal(t) + £ (), (3.50)

has a unique mild solution in M for every given f € M.

As an application suppose that we are given an almost periodic function
f. Let M C AP(X) consisting of all functions g such that sp(g) C sp(f).
Then the above condition can be written as

1¢ e—isp(Ng(e?).e”Brm) (3.51)

which implies the existence of an almost periodic mild solution to Eq.(3.49).
To illustrate the usefulness of (3.51) we consider the following case of
Eq.(3.50)
dx(t)
dt
where b € R and f is 1-periodic and continuous. In this case, B = bS(1).
Hence, sp(f) = 27Z and condition (3.51) can be written as

1 ¢ o(e?)eb. (3.53)

Hence, if condition (3.53) holds true, then Eq.(3.52) has a unique 1-periodic
mild solution.

= Az(t) + bx(t+ 1)+ f(t), (3.52)
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3.3 Decomposition Theorem and Periodic, Almost Periodic
Solutions

We begin this section with several classical examples showing that in the
resonant case when the conditions of the type o(A4) NiR # () are not satis-
fied, the problem of finding almost periodic solutions becomes much more
complicated.

Example 3.4. Consider the simplest form of inhomogeneous equations
when A = 0. In this case, actually we are concerned with conditions for
the integral

P = [ reae ter

is 7-periodic, where f is assumed to be a scalar 7-periodic continuous func-
tion. A simple computation shows that F' is of the form

F(t) = mt + G(t),

where

1 T
mi= [ e
T Jo
G is a T-periodic function.

Thus F' is m-periodic if and only if m = 0, or equivalently, F' is bounded on
R (actually on any half line). That is, a boundedness condition is needed.

In the infinite dimensional case, the boundedness condition of the above
type is not sufficient. Further conditions on the geometry of the Banach
space, in which the equation is studied, is needed.

Example 3.5. Let ¢y be the Banach space of numerical sequences £ :=
{&€n}nen C C such that lim, o &, = 0 with [|£]| := sup,,cy[&a]. Let

f(#) :={1/ncost/n}pen, F(t)= /0 f(n)dn = {sint/n}nen.

One can shows that the range of the function F' is not precompact, and so
the function F' cannot be almost periodic. In fact, suppose that the range
of F is precompact. Then, consider the sequence of functionals ¢, € cj
defined by the formula ¢, (§) = &, if £ = {{ntnen. If the range R(F) of F
is precompact, then the convergence ¢, (£) would be uniform for £ € R(F).
But ¢, (F(t)) = sin(t/n) — 0 non-uniformly with respect to ¢ € R. This
contradicts the assumption on the precompactness of R(F).
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To see how the resonance influences on the amplitude of oscillation we
consider the following example.

Example 3.6. Consider the equation
Z(t) +x(t) =sint, teR, z(t) e R.

One can show that the function z1(t) = —% cost is a solution of this equa-

tion. Below is the graph of this solution on the interval [—60,60] which
exhibits its unboundedness of the amplitude as time tends to infinity.

And any solution of the above equation is of the form
x(t) = Crcost+ Cysint + x4 (t).

Hence any solution of the equation is unbounded, so it is not almost peri-
odic.

We consider in this section the following linear inhomogeneous integral
equation

2(t) = Ut s)a(s) + / Ut €)g(€)de, ¥t > s:1,5 € R, (3.54)

where f is continuous, z(t) € X, X is a Banach space, (U(t,s))¢>s is as-
sumed to be a 1-periodic evolutionary process on X. As is known, contin-
uous solutions of Eq.(3.54) correspond to the mild solutions of evolution
equations

d
d_f = A(t)x + f(t),t eR,z € X, (3.55)
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where A(t) is a (in general, unbounded) linear operator for every fixed ¢
and is 1-periodic in ¢, and (U(t, s)):>s is generated by Eq.(3.55).

In the previous sections we have studied conditions for the existence
and uniqueness (in some classes of function spaces) of almost periodic solu-
tions of Eq.(3.54). In fact we have shown that if the following nonresonant
condition holds

(o(P)n SY) neise(f) = @, (3.56)
where P := U(1,0), S* denotes the unit circle of the complex plane, and
f is almost periodic, then there exists an almost periodic solution zy to
Eq.(3.54) which is unique if one requires

etsp(zr)  eisp(f),

We may ask a question as what happens in the resonant case where condi-
tion (3.56) fails. Historically, this question goes back to a classical result of
ordinary differential equations saying that supposing the finite dimension
of the phase space X and the 1-periodicity of f Eq.(3.54) has a 1-periodic
solution if and only if it has a bounded solution (see e.g. Theorem 20.3, p.
278 in [Amann (1)]). It is the purpose of this section to give an answer
to the general problem as mentioned above (Massera-type problem): Let
Eq.(3.54) have a bounded (uniformly continuous) solution x; with given
almost periodic forcing term f. Then, when does Eq.(3.54) have an almost
periodic solution w (which may be different from x5) such that

eisp(w)  eisp(f) 2

In connection with this problem we note that various conditions are
found on the bounded solution, itself, and the countability of the part of
spectrum o (P)NS* so that the bounded solution itself is almost periodic, or
more generally, together with f belongs to a given function space F. Here
we note that this philosophy in general does not apply to the Massera-
type problem for almost periodic solutions. In fact, it is not difficult to
give a simple example in which f is 1-periodic and a bounded (uniformly
continuous) solution to Eq.(3.54) exists, but this bounded solution itself is
not 1-periodic.

Our method is to use the evolution semigroup associated with the pro-
cess (U(t,s))e>s to study the harmonic analysis of bounded solutions to
Eq.(3.54). As a result we will prove a spectral decomposition theorem for
bounded solutions (Theorem 3.12 and Theorem 3.13) which seems to be

useful in dealing with the above Massera-type problem. In fact, we will
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apply the spectral decomposition theorem to find new spectral criteria for
the existence of almost periodic solutions and will consider particular cases
to show the usefulness of this spectral decomposition technique. More con-
cretely, even in the case where condition (3.56) fails we can still prove the
existence of a bounded uniformly continuous solution w to Eq.(3.54) such
that eisp(w) = eisp(f) provided that (o(P) N S1)\eir(f) is closed, and that
Eq.(3.54) has a bounded uniformly continuous solution u (Corollary 3.8).
Since w is a ”spectral component” of u in case u is almost periodic the
Fourier series of w is part of that of u (Corollary 3.9). Our Corollary 3.10
will deal with a particular autonomous case in which Corollary 3.8 fails to
give a spectral criterion for the existence of quasi-periodic mild solutions.

For the sake of simplicity of notations we will use throughout the
section the following notation: o(g) := e*P(9) for every bounded uni-
formly continuous function g. Throughout the section we will denote by
or(P) = o(P) N S. Throughout this section (U(t,s))s>s will be assumed
to be a 1-periodic strongly continuous evolutionary process. The operator

U(1,0) will be called the monodromy operator of the evolutionary process
(U(t, s))t>s and will be denoted by P throughout this section. Note that
the period of the evolutionary processes is assumed to be 1 merely for the
sake of simplicity. Recall that

Definition 3.13. Let (U(t, s))>s, (t,s € R) be a 1-periodic strongly con-
tinuous evolutionary process and F be a closed subspace of BUC(R,X)
such that for every fixed h > 0,9 € F the map ¢t — U(t,t — h)g(t — h)
belongs to F. Then the semigroup of operators (Th)hzo on F, defined by
the formula

Thg(t) =U(t,t — h)g(t — h),Vt e R,h > 0,9 € F,

is called evolution semigroup associated with the process (U(t, s))¢>s on F.

We refer the reader to the previous section for further information on this
semigroup. In the case where the evolution semigroup (T");,>0 is strongly
continuous on F the explicit formula for the generator A of (T"),>¢ is as
follows:

Lemma 3.13. Let (T")>0 be strongly continuous on F, a closed subspace
of BUC(R,X). Then its generator A is the operator on F with D(A)
consisting of all g € F such that g is a solution to Eq.(3.54) with some
f €F (in this case such a function f is unique), by definition, Ag = —f.

Proof. See the proof of Lemma 3.1. (]
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3.3.1 Spectral Decomposition

Let us consider the subspace M C BUC(R,X) consisting of all functions
v € BUC(R,X) such that
eisp(v) = o(v) C S1USs , (3.57)

where S1, 52 C S! are disjoint closed subsets of the unit circle. We denote
by M, = spann{S(t)v,t € R}, where (S(t))ter is the translation group on
BUC(R,X) ,ie. St)v(s) =v(t+s),Vt,s € R.

Theorem 3.11. Under the above notation and assumptions the function
space M can be split into a direct sum M = M1 @& My such that v € M;
if and only if o(v) C S; fori=1,2.

Proof. Let ve M . Then, as is known (see Chapter 1)

isp(v) = o(Dpm,,)- (3.58)
Thus, by the Weak Spectral Mapping Theorem (see Chapter 1)
a(S(1)|m,) = e?Prmu) = g(v) C S; U Ss. (3.59)

Hence there is a spectral projection in M, (note that in general we do not
claim that this projection is defined on the whole space M)

1
Plim o [ RS )dA
2w J,
where v is a contour enclosing S; and disjoint from Ss, (or in general a
union of fintely many such countours) by which we have
o(PIS(1)PL) C S;. (3.60)
On the other hand, denote A; C BUC(R,X) consisting of all functions u
such that o(u) C S; for i = 1,2 . Then obviously, A; C M . Moreover, they
are closed subspaces of M, A1 N Ay = {0} . Now we show that if v € M,
then Plv € Ay and v — v := vy € Ay . If this is true, then it yields that
M=A & As.
To this end, we will prove
O'(Uj) C Sj,Vj =1,2. (361)

In fact we show that M,, = ImP}. Obviously, in view of the invariance
of ImP! under translations we have M,, C ImP} . We now show the
inverse. To this end, let y € ImP! C M, . Then, by definition, we have

y= lim xz,,
n—oo
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where x,, can be represented in the form
N(n)
Ty, = Z kS (ten)v, kn € C, itk € R Vn.
k=1
Hence, since y, x, € M,
N(n)
y = Ply = lim Z oS (tin) Prv

n—oo

k=1
N(n)

= lim > S (trn)or - (3.62)
k=1

This shows that y € M,,. Thus, by the Weak Spectral Mapping Theorem
and (3.60),
i) = g(S(1)|m,,) = o(SW)|rmpy) C St

By definition, v; € A; and similarly, vo € Ay . Thus the theorem is proved.
O

Remark 3.7. Below for every v € M we will call v;,j = 1,2, as defined
in the proof of Theorem 3.11, spectral components of the functions v. It is
easily seen that if in the proof of Theorem 3.11, v is assumed to be almost
periodic, then both spectral components v; are almost periodic.

We will need the following lemma in the sequel

Lemma 3.14. Let f be in BUC(R,X) and (U(t,s))t>s be a I-periodic
strongly continuous evolutionary process. Then the following assertions
hold:

(i) If T : R — L(X) be I-periodic and strongly continuous, then
o(TC)f() Colf)
(ii) If f is of precompact range, then

o ( / T 17£)f(£)d€) co(f).

Proof. (i) Let T, be the nth Cesaro mean of the Fourier series of T, so
T, is 1-periodic trignometric polynomial with value in L(X) and || T, (s)|| <
Supg<i<1 |T(#)| and T, (s)x — T'(s)z uniformly in s for fixed x € X. For
every n it is easily seen that o(T,,(-)f(-)) C o(f). Set A:={A e R:e™ ¢
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o(f)}. Obviously, A is closed and sp(T,,(-)f(-) C A. Thus, if ¢ € L}(R)
and (suppd) N A = @, then

0= [ o= T s — [ ole— )T (5)is
as n — 0o, by Dominated Convergence Theorem. Thus
| oi=sm) sy =0
for all such ¢. This proves (i).

(ii) Since f is of precompact range the evolution semigroup (7"),>0 asso-
ciated with the process (U(t, s))>s is strongly continuous at f. Thus, in

view of (i)
h
o </ T5fd§> c (f), Yh>0.
0

1 1 t+1
/ TS fde(t+41) = /O U (41, t-41—€) f(1+1—E)de = /t U(t-+1, ) f(n)dn.

0

On the other hand

This proves (ii). O

Lemma 3.15. Let u be a bounded uniformly continuous solution to (3.54)
and f be of precompact range. Then the following assertions hold true:

(i)
o(u) € or(P)Ua(f), (3.63)
(iz)
o(u) D o(f) . (3.64)
Proof. (i) Set P(t):=U(t,t —1), ¥t € R, G := {\ € C: e* € p(P)}.

/ Ut+1,8)f(&)de,t e R
By Lemma 3.14 o(g) C o(f). By the definition of Carleman spectrum,
IS e Mu(t)dt, (Red > 0);

— J;7 eMu(—t)dt, (ReX < 0).
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Hence, for ReX > 0 and A € G we have
i) = /O T ey,
= /OOO e MR(e*, P(t)) (e — P(t))u(t)dt
= /01 e MAR(eN, P(t))u(t)dt
+ /OOO e MR(e*, P(t))(u(t + 1) — P(t)u(t))dt

=H\ + /Oo e MR(e*, P(t))g(t)dt, (3.65)
0
where

1
H()\) ;:/ e M R(e, P(t))u(t)dt.
0

Obviously, H()) is analytic in G. On the other hand, since R(e*, P(t)) is 1-
periodic strongly continuous (see Lemma 3.3), by Lemma 3.14 the function
g1(t) := R(e*, P(t))g(t) has the property that o(g1) C o(f). Thus from
(3.65), for ReA >0, \ € G,

a(\) = HA) + gi1(\). (3.66)
ha,

Finally if (o € R : €% & or(P) U o(f), then @
at Cp. This completes the proof of (i).

(ii) Under the assumptions it may be seen that the evolution semi-
group (T"),>o associated with (U(t,s))s>s is strongly continuous at the
functionu € BUC(R, X) (this can be checked directly using Eq.(3.54)), and
f. Hence, by Lemma 3.13

s an analytic continuation

Thu —u
1. _— = — . .
Jim — Au f (3.67)

Hence, to prove (3.64) it suffices to show that o(7"u) C o(u) . In turn,
this is clear in view of Lemma 3.14. g

We are now in a position to state the main result of this section.

Theorem 3.12. (Spectral Decomposition Theorem) Let u be a bounded,
uniformly continuous solution to Eq.(3.54). Moreover, let f have pre-
compact range and the sets o(f) and o(P) N S! be contained in a dis-
joint union of the closed subsets Si,---,Sk of the unit circle. Then
the solution u can be decomposed into a sum of k spectral components
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uj,j = 1,---,k such that each uj,j = 1,--- ,k is a solution to Eq.(3.54)
with f = fj,7 =1,--- , k, respectively, where f = 25:1 f; is the decomposi-
tion of f into the sum of spectral components as described in Theorem 3.11,
i.e. u= 25:1 uj,o(uj),o(f;) € S;,i=1,---,k and u; € BUC(R,X) is a
solution to Eq.(3.54) with f := f; forj=1,--- k.

Proof. Let us denote by A the subspace of BUC(R, X) consisting of all
functions u such that o(u) C U?ZlS ; - Then, by assumptions and Theorem
3.11 there are corresponding spectral projections Py,---, P, on N with
properties that

(1) PjP, =0if j #n,
(2) Z’?ZIPJ :-[7
(3) If w € ImP;, then o(Pju) C Sj forallj=1,--- k.

Note that by Lemma 3.15 for every positive h and j = 1,- - - , k the operator
T leaves T mP; invariant. Hence, N and ImPy,--- ,ImP,, are invariant un-
der the semigroup (7T");,>0. Consequently, since u is a solution to Eq.(3.54)
and f has precompact range the evolution semigroup (7") n>0 is strongly
continuous at v and f. Using the explicit formula for the generator of
(T™),>0 as described in Lemma 3.13 we have

. Thu—wu . k Thu —u
ij = Pj hli}Igl_F T = Pj hli%l'*' EnZIP”T
ThPu — Piu
= lim ———7—, 3.68
7 (3.68)

This yields that P;u is a solution to Eq.(3.54) with corresponding f; = P; f.
O

Remark 3.8. If in Theorem 3.12 we assume furthermore that f and u are
both almost periodic, then the spectral components u;,j =1,--- ,k are all
almost periodic. This is not the case if neither u, nor f is almost periodic.
However, if we have some additional information on the spectral sets S;,
e.g., their countability and the phase space X does not contain cg, then the
almost periodicity of u; are guaranteed.

Now we are going to focus our special attention on autonomous equations
of the form

da/dt = Az + f(t), (3.69)
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where A is the generator of a Cy-semigroup (T'(t))¢>0, and f € BUC(R, X)
has precompact range. Below we will use the following notation: o;(A) =
{A € R:ix € (6(A) NiR)}. By mild solutions of Eq.(3.69) we will
understand in a standard way that they are solutions to Eq.(3.54) with
U(t,s) :=T(t—s),Vt > s. As shown below, in this case we can refine the
spectral decomposition technique to get stronger assertions which useful-
ness will be shown in the next subsection when we deal with quasi-periodic
solutions. To this purpose, we now prove the following lemma.

Lemma 3.16. Let Eq.(3.69) satisfy the above conditions, i.e., A generates
a Cy-semigroup and f € BUC(R,X) has precompact range. Moreover, let
u be a bounded uniformly continuous mild solution to Eq.(3.69). Then the
following assertions hold:

(i)
sp(u) C 7:(A) Usp(f), (3.70)

(i)
sp(u) > sp(f). (3.71)

Proof. (i) For (3.70) we compute the Carleman transform of u. For
ReX > 0,

a(\) = /O T ettt
— /OOO e’\tT(t)u(O)dt—&—/Ooo e M (/OtT(tf)f(g)dg) dt

= R(\, A)u(0) + /O T en ( /0 t T(t€) f(g)dg) dt. (3.72)

Note that in the same way as in the proof of Lemma 3.14 we can easily
show that

. (H / tT(t—ﬁ)f(ﬁ)dﬁ) < sn()). (3.73)

Hence, (3.70) is proved.

(i) Note that since for every h > 0 the operator 7" is a multiplication
by a bounded operator T'(h) we have sp(T"u) C sp(u). Thus, using the
argument of the proof of Lemma 3.15 (ii) we have

. Thu—wu
sp(f) = sp(=f) = sp (hlg(r)l+ T)
C sp(u) .
This completes the proof of (ii). O
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The main result for the autonomous case is the following:

Theorem 3.13. Let A generate a Cy-semigroup and f € BUC(R,X) have
precompact range. Moreover, let u be a bounded uniformly continuous mild
solution to Eq.(3.69). Then the following assertions hold true:

(1) If
e (AN\o(f)
is closed, Fq.(3.69) has a bounded uniformly continuous mild solution
w such that o(w) = o(f),
(ii) If 0;(A) is bounded and
ai(A)\sp(f) (3.74)
is closed, then Eq.(3.69) has a bounded uniformly continuous mild so-
lution w such that sp(w) = sp(f).

Proof. (i) Note that in this case together with (3.70) the proof of The-
orem 3.12 applies.

(ii) Under the assumptions there exists a continuous function ¢ which be-
longs to the Schwartz space of all C'*°-functions on R with each of its deriva-
tives decaying faster than any polynomial such that its Fourier transform
¥ has o;(A)\sp(f) as its support (which is compact in view of the assump-
tions). Hence, every bounded uniformly continuous function g such that
sp(g) C oi(A) U sp(f) can be decomposed into the sum of two spectral
components as follows:

g=g1+tge=1vxg+(g—vx*g),
where g1 =¥ *g,92 = (g—1*g) . Moreover, this decomposition is continu-
ous in the following sense: If ¢("),n =1,2,--- is a sequence in BUC(R,X)
with sp(g(™) C o;(A) Usp(f) such that lim,, ¢ = g in BUC(R,X) , then
lim, ¢\™ = g1,lim, ¢\ = g» . Hence we have in fact proved a version of
n 91 g1, 1My go 92 p

Theorem 3.11 which allows us to employ the proof of Theorem 3.12 for this
assertion (ii). O

Remark 3.9.

(1) In view of the failure of the Spectral Mapping Theorem for general
Co-semigroups the condition in the assertion (i) is a little more general
than that formulated in terms of o(7'(1)).

(2) If we know beforehand that u is almost periodic, then in the statement
of Theorem 3.13 we can claim that the spectral component w is almost
periodic.
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3.3.2 Spectral Criteria For Almost Periodic Solutions

This subsection will be devoted to some applications of the spectral decom-
position theorem to prove the existence of almost periodic solutions with
specific spectral properties. In particular, we will revisit the classical result
by Massera on the existence of periodic solutions as well as its extensions.
To this end, the following notion will play the key role.

Definition 3.14. Let o(f) and or(P) be defined as above. We say that
the set o(f) and or(P) satisfy the spectral separation condition if the set
or(P)\o(f) is closed.

Corollary 3.8. Let f be almost periodic, o(f) and or(P) satisfy the spec-
tral separation condition. Moreover, let o(f) be countable and X not contain
any subspace which is isomorphic to cy. Then if there exists a bounded uni-
formly continuous solution u to Eq.(3.54), there exists an almost periodic
solution w to Eq.(3.54) such that o(w) = o(f).

Proof. We define in this case S; := o(f), S2 := op(P)\o(f). Then, by
Theorem 3.12 there exists a solution w to Eq.(3.54) such that o(w) C o(f).
Using the estimate (3.64) we have o(w) = o(f). In particular, since o(w)
is countable and X does not contain ¢y, w is almost periodic. O

Remark 3.10.

(1) If o(f) is finite, then sp(w) is discrete. Thus, the condition that X does
not contain any subspace isomorphic to ¢y can be dropped.

(2) In the case where op(P) is countable it is known that with additional
ergodic conditions on u the solution u has ”similar spectral properties”
as f. However, in many cases it is not expected that the solution u itself
has similar spectral properties as f as in the Massera-type problem (see
[Massera (68)], [Chow and Hale (20)], [Shin and Naito (96)], [Naito,
Minh, R. Miyazaki and Shin (75)] e.g.).

(3) In the case where P is compact (or merely or(P) is finite) the spectral
separation condition is always satisfied. Hence, we have a natural ex-
tension of a classical result for almost periodic solutions. In this case
see also Corollary 3.9 below.

(4) We emphasize that the solution w in the statement of Corollary 3.8 is
a ”o(f)-spectral component” of the bounded solution w. This will be
helpful to find the Fourier coefficients of w as part of those of u.



Almost Periodic Solutions 115

(5) In view of estimate (3.64) w may be seen as a "minimal” solution in
some sense.

Corollary 3.9. Let all assumptions of Corollary 3.8 be satisfied. Moreover,
let or (P) be countable. Then if there exists a bounded uniformly continuous
solution u to Eq.(3.54), it is almost periodic. Moreover, the following part
of the Fourier series of u

) 1 [T
it — - —iAE
Yhye by Tlgnoo 5T [Te u(§)dg, (3.75)
where e € o(f), is again the Fourier series of another almost periodic
solution to Eq.(3.54).

Proof. The assertion that u is almost periodic is standard in view of
(3.63) (see Chapter 1). It may be noted that in the case u is almost peri-
odic, the spectral decomposition can be carried out in the function space
AP(X) instead of the larger space BUC(R,X). Hence, we can decompose
the solution u into the sum of two almost periodic solutions with spectral
properties described in Theorem 3.12. Using the definition of Fourier series
of almost periodic functions we arrive at the next assertion of the corollary.

O

The next corollary will show the advantage of Theorem 3.13 which allows
us to take into account the structure of sp(f) rather than that of o(f). To
this end, we introduce the following terminology. A set of reals S is said to
have an integer and finite basis if there is a finite subset T' C S such that
any element s € S can be represented in the form s = ni1by + - -+ + 1y by,
wheren; € Z,j=1,--- ,m,b; €T,j=1,---,m. If f is quasi-periodic and
the set of its Fourier-Bohr exponents is discrete (which coincides with sp(f)
in this case), then the spectrum sp(f) has an integer and finite basis (see
p.48 in [Levitan and Zhikov (58)]). Conversely, if f is almost periodic and
sp(f) has an integer and finite basis, then f is quasi-periodic. We refer the
reader to pp. 42-48 in [Levitan and Zhikov (58)] more information on the
relation between quasi-periodicity and spectrum, Fourier-Bohr exponents
of almost periodic functions.

Corollary 3.10. Let all assumptions of the second assertion of Theorem
3.13 be satisfied. Moreover, assume that X does not contain co. Then if
sp(f) has an integer and finite basis, Eq.(3.69) has a quasi-periodic mild
solution w with sp(w) = sp(f).
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Proof.  Under the corollary’s assumptions the spectrum sp(w) of the
solution w, as described in Theorem 3.13, is in particular countable. Hence
w is almost periodic. Since sp(w) = sp(f), sp(w) has an integer and finite
basis. Thus w is quasi-periodic. O

Below we will consider some particular cases

Example 3.7. Periodic solutions.

If o(f) = {1} we are actually concerned with the existence of periodic so-
lutions. Hence, Corollary 3.8 extends the classical result to a large class of
evolution equations which has 1 as an isolated point of o (P). Moreover,
Corollary 3.9 provides a way to approximate the periodic solution. In par-
ticular, suppose that op(P) has finitely many elements, then we have the
following:

Corollary 3.11. Let or(P) have finitely many elements {u1,--- ,un} and
u(-) be a bounded uniformly continuous solution to Eq.(3.54). Then it is of
the form

N
u(t) = up(t) + Z et (t), (3.76)
k=1

where ug s a bounded uniformly continuous mild 1-periodic solution to
the inhomogeneous equation (3.54), ug,k = 1,---, N, are 1-periodic solu-
tions to Eq.(3.54) with f = —iXguy , respectively, v(t) = Zgzl ety (t)
is a quast periodic solution to the corresponding homogeneous equation
of Eq.(3.54) and M\, - , AN are such that 0 < A\, -+ ,< Ay < 27 and
Py =p;,j=1,---,N.

Example 3.8. Anti-periodic solutions.

An anti-periodic (continuous) function f is defined to be a continuous one
which satisfies f(t+w) = —f(t),Vt € R and here w > 0 is given. Thus, f is
2 — w-periodic. It is known that, the space of anti-periodic functions f with
antiperiod w, which is denoted by AP(w) , is a subspace of BUC(R,X)
with spectrum

() c (2% e 7y,

Without loss of generality we can assume that w = 1. Obviously, o(f) =
{-1},Vf € AP(w). In this case the spectral separation condition is nothing
but the condition that {—1} is an isolated point of o (P).
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Example 3.9.

Let u be a bounded uniformly continuous solution to Eq.(3.54) with f 2-
periodic. Let us define

t)— f(t+1 t t+1
HO=2D) g JOTSED) oy g
Then, it is seen that F is l-anti-periodic and G is 1-periodic. Applying
Theorem 3.12 we see that there exist two solutions to Eq.(3.54) as two
components of u which are 1-antiperiodic and 1-periodic with forcing terms
F, G, respectively. In particular, the sum of these solutions is a 2-periodic

solution of Eq.(3.54) with forcing term f.

F(t) =

Example 3.10.

Let A be a sectorial operator in a Banach space X and the map ¢ — B(t) €
L(X*,X) be Holder continuous and 1-periodic. Then, as shown in Theorem
7.1.3 in [Henry (46)] the equation
d
d_”; = (—A+ B(t))z, (3.77)
generates a 1-periodic strongly continuous evolutionary process (U (%, s))¢>s-
If, furthermore, A has compact resolvent, then the monodromy operator P
of the process is compact. Hence, for every almost periodic function f the
sets o(f) and op(P) always satisfy spectral separation condition. In Section
1 we have shown that if op(P) No(f) = @, then there is a unique almost
periodic solution zy to the inhomogeneous equation
dx
i (—A+ B(t)x + f(t) (3.78)
with property that o(zf) C o(f) . Now suppose that or(P)No(f) # @. By
Corollary 3.8, if u is any bounded solution (the uniform continuity follows
from the boundedness of such a solution to Eq.(3.78)), then there exists
an almost periodic solution w such that o(w) = o(f). We refer the reader
to [Henry (46)] and [Pazy (90)] for examples from parabolic differential
equations which can be included into the abstract equation (3.78).

Example 3.11.

Consider the heat equation in materials

ve(t,x) = Av(t,z) + f(t,x),t e R,z € Q
(3.79)
v(t,z) =0,t € R,z € 99,
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where 2 C R™ denotes a bounded domain with smooth boundary 9. Let
X = L*(Q), A = A with D(A) = W>2(Q)nW, *(Q) . Then A is self-adjoint
and negative definite (see e.g. [Pazy (90)]). Hence o(A4) C (—00,0). In
particular ¢;(A) = © . Eq.(22) now becomes

dv

=t (3.80)

We assume further that f(¢,z) = a(t)g(z) where a is a bounded uniformly
continuous real function with sp(a) = ZUnZ, g € L*(Q),g # 0. It may
be seen that o(f) = S! and sp(f) has an integer and finite basis. Hence,
Theorem 3.12 does not give any information on the existence of a solution
w with specific spectral properties. However, in this case Theorem 3.13
applies, namely, if Eq.(3.79) has a bounded solution, then it has a quasi
periodic solution with the same spectrum as f.

3.4 Comments and Further Reading Guide

3.4.1 Further Reading Guide

The almost periodicity of a bounded solution to the evolution equation
u'(t) = Au(t)+ f(¢t), t € Ris an interesting topic in the asymptotic behavior
of evolution equations. The method of sums of commuting operators has
been widely used in the study of the existence and regularity of solutions
on finite intervals. The reader can find more in [Prato and Grisvard (23);
Pruss (91)]. There is another approach to the admissibility theory via
an operator equation AX — X B = C. The reader can find details of this
method in [Vu and Schuler (103); Schweiker (94)]. Recently, the method of
Fourier multipliers (see [Weis (104)]) has been used to study the existence
and regularity of periodic solutions of inhomogeneous equations in [Arendt
and Bu (8); Keyantuo and Lizama (51)], the stability and control in
[Latushkin and Rébiger (57)]. There are many deep results discussing
the conditions for a bounded and uniformly continuous mild solution u
of this equation to be almost periodic. These conditions are stated in
terms of the countability of imaginary spectrum of A and the phase space
not containing ¢p. In this direction we refer the reader to [Arendt, Batty,
Hieber and Neubrander (7); Levitan and Zhikov (58)] and the references
therein for more details. The decomposition method was first studied in
[Naito, Minh, R. Miyazaki and Shin (75); Naito, Minh and Shin (76)].
Massera type criteria for the existence of almost periodic solutions with the
same structure of spectrum as f are studied in detail for general classes
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of abstract functional differential equations in [Furumochi (35); Murakami,
Naito and Minh (71); Minh and Minh (72)]. In [Minh and Minh (72)]
the countability of spectrum condition is relaxed considerably.

3.4.2 Comments

The method of evolution semigroups was first used in [Naito and Minh
(74)] to study the existence and uniqueness of almost periodic solutions.
Subsequently, it was used in [Batty, Hutter and Rébiger (14); Murakami,
Naito and Minh (71); Naito, Minh, R. Miyazaki and Shin (75); Naito,
Minh and Shin (76)] and others. Section 1 is mainly taken from [Naito
and Minh (74); Murakami, Naito and Minh (71)]. Section 2 is the main
part of [Murakami, Naito and Minh (71)]. Section 3 with the decomposition
method is taken from [Naito, Minh and Shin (76)]. The upper spectral
estimate (3.63) was first found by Zhikov (see [Levitan and Zhikov (58)])
for autonomous equations. It was extended to periodic equations in [Batty,
Hutter and Rébiger (14)]. The lower spectral estimate (3.64) was first
found in [Naito, Minh and Shin (76)].
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Chapter 4

Almost Automorphic Solutions

In this chapter we will study conditions under which an evolution equa-
tion has an almost automorphic (classical/mild) solution. The concept of
almost automorphic functions was introduced by S. Bochner three decades
ago. However, only recently the interest in almost automorphic solutions of
evolution equations has been resurgent. We begin this chapter with some
fundamental results on almost automorphic solutions of evolution equations
in Section 4.1. In the next section we will present a new method using in-
variant subspaces. An existence result based on Fixed Point Theorems for
semilinear equations will be given in Section 4.3. One difficulty we have to
overcome in this section is due to the fact that almost automorphic func-
tions are not necessarily uniformly continuous. We deal with this situation
in Sections 4.4 and 4.5 by using the method of sums of commuting opera-
tors and the notion of uniform spectrum recently introduced in [Diagana,
N’Guérékata and Minh (28)]. In Section 4.5, we are concerned with a

second-order linear evolution equation.

4.1 The Inhomogeneous Linear Equation

In this section we will consider in a (real or complex) Banach space X the
differential equation

#(t) = Az(t) + f(t), teR (4.1)

where f € AA(X), the Banach space of all almost automorphic functions
R — X (see Section 1.3.7) and A is a (generally unbounded, unless otherwise
stated) linear operator with domain D(A) C X. Our concern is to look at

121
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conditions under which (classical or mild) bounded solutions of (4.1) are
also in AA(X).

This problem was initially raised and solved by Bohr and Neugebauer
in the case where f € AP(X) and X is a finite dimensional space. The
almost automorphic version of this result is well-known.

We begin our study with the following result

Theorem 4.1. If A = X is a complex number and f € AA(C™), then the
solution x(t) of (4.1) is in AA(C™).

Proof. We first consider the case where A = if, where # € R. In this
case,

z(t) = ez (0) + / t =8 r(g)de, VteR.
0

Therefore, from the boundedness of z(-) it follows the boundedness of
the function t +— fg eWt=8 f(€)d¢.  Consequently, the function t
fg (=8 f(£)d¢ is bounded. Observe that the function & — (=€) f(&)d¢
is almost automorphic, and so the integral function ¢ — fg ew(*g)f(f)dg is
almost automorphic. Finally, we get the almost automorphy of the bounded
solution x(-).

If Re X # 0, then x(t) is equal to 1 (¢) if Re A > 0, and z2(t) if Re A < 0,
where

z1(t) = —/ M9 f(s)ds t€R,
¢

xa(t) = /t A f(s)ds teR

— 0o

Let us prove that z1(t) € AA(C™). The proof of z5(t) € AA(C") is
similar.
Use the change of variable ¢ =t — s to obtain

0
xl(t):—/ M f(t—o)do teR

Let now (o,) be an arbitrary sequence of real numbers. Since f €
AA(C™), there exists a subsequence (0, of (,,) such that

g(t) = lim f(t+0n)
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is well defined for each ¢t € R, and

f@t) = Tim g(t —on)

n—oo

for each t € R.
Now fix t € R. Then we get

lim f(t—o+0,)=g(t—o0)
for each given o € R. Clearly

0
xl(t—i—an):—/ e f(t—o+0,)do

— 00

‘We observe also that

X7 f(t — o + )| < PN sup || (1)
teR
and

0
1
(ReX)o _
e su t)|| do = —— su t)]| < oo
/7 teﬂgI\f()lI T teﬂlgllf( |

We know also the g is a bounded and measurable function. Using now
the Lebesgue’s dominated convergence theorem, we obtain

0
lim 21 (t —o,) = —/ Mgt — o) do =y (t)

n—oo
—0o0
for each t € R. We can apply the same reasoning to yi(t) to obtain

lim y1(t — 0n) = z1(t)

for each ¢ € R, which proves that z1(t) € AA(C™) and completes the proof.
|

Now we have:

Theorem 4.2. ([N'Guérékata (79)][Remark 4.2.2]) If A is a linear oper-
ator R™ — R™, then every bounded solution of (4.1) is in AA(R™).

Proof. First, we note that by Floquet Theory of periodic ordinary dif-
ferential equations, without loss of generality we may assume that A is
independent of ¢.

Next we will show that the problem can be reduced to the one-
dimensional case. In fact, if A is independent of ¢, by a change of variable



124 Topics on Stability and Periodicity in Abstract Differential Equations

if necessary, we may assume that A is of Jordan normal form. In this di-
rection we can go further with assumption that A has only one Jordan box.
That is, we have to prove the theorem for equations of the form

1(t) A1 0...0 fi(®)
@2(t) 0A1..0 fa(t)
. = + .
i)/ N0 00 A g
Let us consider the last equation involving z,,(t). We have
n(t) = Azp(t) + fu(t), teR,z(t)eC. (4.2)

If RA # 0, then we can easily check that either

y(t) = / A9 f,(€)dE, (RA < 0)

— 00

or
2(t) = / - MO (6)dE,  (RA > 0)

is a unique bounded solution of Eq. (4.2) Moreover, by Theorem 4.1, in
both cases, y(t) and z(t) are in AA(C). Hence, z,, is in AA(C).

If ®A = 0, then \ = in for n € R. By assumption, there is a constant ¢
such that the function

zn(t) = ce™ + / 9 pe)de,
0

is bounded on R. This yields the boundedness of fg e~ M F(£)dE on R.
Hence, fot e~ ¢ f(£)dE is in AA(X). Finally, this yields that x,, is in AA(X).

Let us consider next the equation involving x,,_1 and z,. Since x, is in
AA(X), by repeating the above argument we can show that z,,_; is also in
AA(X). Continuing this process, we can show that all z4(-) are in AA(X).
The proof is completed. O

Suppose now f € C(R,X)N L' (RT,X) and A4 is the infinitesimal gener-
ator of a Co-group (7'(¢))ter.
Consider the function € C(R, X) defined by

x(t) = T(¢)x(0) + /0 T(t—s)f(s)ds, teR

Let us assume that T'(t)y € AA(X) for every y € X, which implies that
T(—t)y € AA(X) for every y € X.
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Now we write

where

and

<
—~

~
~—

Il

—/ T(t—s)f(s)ds.
t
It is clear that v € AA(X) by Theorem 1.19 i) and v € C(R*,X) with

limy_.o0 [[0()]] = 0.

Finally z(t) is an asymptotically almost automorphic function.

leer+
We continue our study of (4.1) with the following result ([N’Guérékata

(82))).

Theorem 4.3. Let A be the infinitesimal generator of a Cy-group of
bounded linear operators (T(t))ier. Assume that there exists a subspace
Xy of D(A) with dimX; < oo such that:

i) AX; C X,

i) (T(t)—1)f(s) e Xy, Vs,teR

iii) A commutes with the projection P : X +— Xy, on D(A).

Then every solution x(t) of (4.1) with x(0) € Xy and precompact range
R, = {z(t)/t € R} is in AA(X).

Proof. Basically the proof uses the so-called method of decomposition of
the space in order to apply a result of the Bohr-Neugebauer type (Theorem
4.1).

We let P: X — Xj, be the natural projection on X; and consider the
associated decomposition

X=X, ® kerP

where kerP = {x € X/Px = 0} is the kernel of P.

Let Q = I — P; then QX; = {0} and Q% = I. We recall also that both
P and @ are bounded linear operators.

Now if z(t) is a solution of (4.1) as given in the Theorem, then we can
write

xz(t) =x1(t) +22(t), teR
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where z1(t) = Pz(t) € Xy and z2(t) = Qx(t) € kerP for each ¢ € R. Since
R, is precompact, it is also clear that both R, and R,, are precompact.
We have

T(t)2(0) + / f(s)ds + / (T(t — 5) — I)f(s)ds
Note that fo (T(t — ) )f( Jds € X1, by ii) in the Theorem, hence
Q [{(T(t — 5) - I)f(s)ds

Consequently
15(t) = Qu(t) = QT(t)x +Q/f Jds = QT(t) /Qf
Now

La(t) = QAT (1)x(0) + Qf (1) = QT () Az(0) + Qf (1) = Qf(?)
Since Az(0) € X, that yields T(t)Az(0) € X; and consequently
QT (t)Az(0) = 0.
By FEzercise 4.1 below, Qf(t) is almost automorphic; so is 2 (t). Now
since R, is precompact, we deduce that zs is in AA(X).
Now it suffices to prove that x;(t) is almost automorphic in order to
reach the conclusion based on Theorem 1.19 i).
We rewrite (4.1) as follows
i(t) = Az (t) + Aza(t) + Pf(t) + Qf (1)
and we apply P to both sides of the previous equation to get
@1(t) = PAx1(t) + PAzs(t) + P2 f(t) + PQf(t)
= PAzy(t) + APz (t) + P f(t) + PQf(t) = PAz1(t) + g(t)
where g(t) = P2f(t) + PQf(t) is almost automorphic.
This last equation holds true in the finite dimensional space X;. It is of
the Borh-Neugebauer type (Theorem 4.1). So its solution x1(¢) is almost
automorphic. The proof is achieved. O

Exercise 18. Let f € AA(X) and A € B(X), the space of all bounded linear
operators on X. Show that Af € AA(X).

Exercise 19. Let H be a Hilbert space and A : H — H a linear operator
such that A¢, = \ydp, n = 1,2,3,... where {¢1, @2, ...} is an orthonormal
base for H and |Re),| < M for all n = 1,2,3,.... Find the subspace X; of
H such that AX; C X1, and A commutes with the projection P : H — Xj.
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4.2 Method of Invariant Subspaces and Almost Automor-
phic Solutions of Second-Order Differential Equations

In this section we are concerned with the almost automorphic solutions to
the homogeneous second-order hyperbolic differential equation of the form

d? d
@u(s) 4+ 2B %u(s) + A u(s) =0, (4.3)

and the associated nonhomogeneous differential equation

d? d
@u(s) +2B gu(s) + A wu(s) = f(s), (4.4)

where A, B are densely defined closed linear operators acting in a Hilbert
space H and f € AA(H).

We use invariant subspaces theory (see Appendix 6.4) to show that under
appropriate assumptions, every solution to the equations (4.2) and/or (4.3)
is an almost automorphic vector-valued function. The idea of using the
method of invariant subspaces to study the existence of almost automorphic
solutions is recent and due to Diagana and N’Guérékata.

Let us indicate that the invariant subspaces method works smoothly in
the framework of abstract differential equations involving the algebraic sum
of unbounded linear operators.

d
Now setting v(s) = d—u(s), the problem (4.2)-(4.3) can be rewritten in
s
H x H of the form

diiu(s) = (A+B)U(s), (4.5)
and
CU(s) = (A+ B)U(s) + Fls), (4.6)

where U(s) = (u(s),v(s)), F(s) = (0,f(s)) and A,B are the operator
matrices of the form

O I O O
A_(—AO> and B—<0_23>,

on H x H with D(A) = D(A) xH, D(B) = H x D(B), and O, I denote the
zero and identity operators on H, respectively.

Since (4.2)-(4.3) is equivalent to (4.4)-(4.5), instead of studying (4.2)-
(4.3), we will focus on the characterization of almost automorphic solutions
to (4.4)-(4.5).
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Throughout the section, H, D(C), R(C) and N(C), denote a Hilbert
space, the domain, the range and the kernel of the linear operator C, re-
spectively.

Let A and B be densely defined closed unbounded linear operators on
H. Recall that their algebraic sum is defined by

D(A+ B)=D(A)ND(B) and (A+ B)x = Ax + Bz,
Vax € D(A)N D(B).
Since both A and B are densely defined, then the algebraic sum of A
and B, § = A+ B is also a densely defined operator and

D(A+ B) = D(A) x D(B), and (A+ BU = AU + BU.

Throughout the section, A and B will play similar roles.
Setting our main result, we make the following assumptions:

The operators A and B are infinitesimal generators of Cy-groups of
bounded operators (7 (t))ser, (R(t))ser, respectively, such that

(i) T(s)Ud : s — T(s)U is almost automorphic for each U € H x H,
R(s)V : s — R(s)V is almost automorphic for each V € H x H,
respectively.

(ii) there exists S C H x H, a closed subspace that reduces both A and
B.

We denote by Ps and Qs = (I X I — Ps) = Pruyxmjes, the orthogonal
projections onto S and [H x H] & S, respectively.

(iii) R(A) C R(Ps) = N(Qs)

(iv) R(B) C R(Qs) = N(Ps)

Remark 4.1.

1. Recall that if A, B generate Cy-groups, then their sum A + B need
not be a generator of a Cy-group .

2. The assumption (ii) implies that both S and [H x Ho S| are invariant
for the algebraic sum A + B (note that it is well-defined as stated above).

Now we state and prove:

Theorem 4.4. Under assumptions (i)-(ii)-(iii)-(iv), every solution to the
differential equation (4.4) is almost automorphic.

Proof. Let X(s) be a solution to (4.4). Clearly X(s) € D(A)ND(B) =

D(A) x D(B) (notice that the algebraic sum & = A+ B exists since D(S) =
H x H).
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Now decompose X (s) as follows
X(s)=PsX(s)+ (I xI—Ps)X(s),

where PsX (s) € R(Ps) = N(Qs), and QsX(s) € N(Ps) = R(Qs).
We have

& (PsX(s) = Ps S X(s)

= PsAX(s)+ PsBX(s)

= APsX (s) + PsBX(s) (according to(ii))
= APsX(s) (according to(iv))

From di(PsX(s)) = APs X (s), it follows that
s

PsX(s) = T(t)PsX(0).

Now according to (i), the vector-valued function s +— PgX(s) =
T (t)PsX(0) is almost automorphic.

In the same way, since [H x H]© ([H x H] © 5) = S. It follows that the
closed subspace S reduces A and B if and only if [H x H] & .S does. In other
words, [H x H] © S reduces A and B. That is, a similar remark as Remark
6.1 in Appendiz holds when S is replaced by [H x H] & S. Thus, we have

4 (QsX(5) = Qs X (9
= QsAX(s) + QsBX(s)
= QsAX(s) + BQsX(s) (according to(ii))
=BQsX(s) (according to(iiz))

From the equation %(QsX(S)) = BQsX(s), it follows that s +—
QRsX(s) =R(s)QsX(0) is almost automorphic (according to (i)).

Therefore X (s) = PsX(s) + QsX (s) is also almost automorphic as the
sum of almost automorphic vector-valued functions. O

Corollary 4.1. Let B : H+— H be a bounded linear operator in the Hilbert
space H. Assume that assumptions (i)-(4i)-(iii)-(iv) hold true.
Then every solution to the equation (4.5) is almost automorphic.

Proof. This an immediate consequence of Theorem 4.5 to the case where
B is a bounded linear operator, it is straightforward. O
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Consider now the nonhomogeneous equation (4.5). Assume that the
vector valued function f : R — H is almost automorphic. In fact, this
implies that F': s~ (0, f(s)) is in AA(H x H).

We have
Theorem 4.5. Under assumption (i)- (zz) (m) (), assume in addition
that f € AA(H) and fo s)f(s)ds and fo s)f(s)ds are bounded over
R.

Then every solution to the equation (4.5) is almost automorphic.

Proof. Let X(s) be a solution to (4.5). As in the proof of Theorem
4.5, the solution X(s) € D(A) N D(B). Now express X(s) as X(s) =
PsX(s) + QsX(s), where Ps, Qs = (I x I — Ps) = P[HXH]@S are the
orthogonal projections defined above.

We have

L (PsX(s) = Py X(s)
= PsAX(s) + PsBX(s) + PsF(s)
= APsX(s) + PsBX(s) + PsF(s) (according to(ii))
= APsX(s) + PsF(s) (according to(iv))

From %(PS_X(S)) = APs X (s) + PsF(s); it follows that
PsX(s) =T (s)PsX(0)+ / 7T (s — 0)PsF(o)do.
0

Set G(s) = [, T (s — 0)PsF(0)do

First observe that o—T(— ) Pg F( ) is almost automorphic. More-
over the function z(s) = fo 0)PsgF(o)do is bounded (as it can be
easily proved), thub 1t is almost automorphlc. Now T (s) x(s) = G(s) is
almost automorphic.

According to assumption (i), the vector-valued function

s PsX(s) = T(s)PsX(0)

is almost automorphic. Therefore s — PsX(s) is almost automorphic as
the sum of almost automorphic vector-valued functions.
In the same way, it is not hard to see that

%(QSX(S)) = BQsX(s) + Qs F(s),
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and that Qs X (s) can be expressed as

QRsX(s) =R(s)QsX(0) + /OS R(s —0)QsF(o)do.

Using similar arguments as above, it can be shown that s — QgX(s) is
almost automorphic. Therefore X (s) = PsX (s)4+QsX(s) is also an almost
automorphic vector-valued function. 0

Remark 4.2. Let us notice that the previous results (Theorem 4.5 and
Theorem 4.6) still hold in the case where A,B : H x H — H x H are
bounded linear operator matrices on H x H. In such a case, the similar
assumptions are required, that is, (i)-(ii)-(iii) and (iv).

4.3 Existence of Almost Automorphic Solutions to Semi-
linear Differential Equations

This section is concerned with the differential equation in a Banach space
X:

' (t) = Az(t) + f(t,z(t)), teR (4.7)

where A is the infinitesimal generator of an exponentially stable Cp-
semigroup (T'(t)):>0; that is, there exist K > 0, w < 0 such that

IT(t)]| < Ke®*, vt >0.

We assume that f : R x X +— X satisfies a Lipschitz condition in z uniformly
in ¢, that is,

I1f(t,2) = f(t 9|l < Lllz -yl

VteR, x,y € X.

We like to establish existence and uniqueness of almost automorphic
mild solutions to the Eq. (4.6). We first prove the existence of almost
automorphic mild solution of the differential equation

o' (t) = Az(t) + f(t), tE€R, (4.8)
where f is almost automorphic.

Theorem 4.6. Let f € AA(X). Then equation (4.7) has a unique almost
automorphic mild solution.
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Proof. We first prove existence of an almost automorhic solution. It is
well-known that Eq. (4.7) possesses a mild solution of the form

z(t) =Tt — a)x(a) + /t T(t—s)f(s)ds, foralla e R, t > a.

a

It remains to prove that it is almost automorphic.
First, we consider the function u(t) := fioo T(t — s)f(s)ds, defined as

/ T(t—s)f(s)ds = Tim | T(t—s)f(s)ds.

r——00
— 00 r

Clearly for each r < t, the integral f: T(t — s)f(s)ds exists. Moreover

||j/ (s)ds] < |nfnoo, v <t.

which shows fioo T(t — s)f(s)ds is absolutely convergent.
Now let (s) be an arbitrary sequence of real numbers. Since f €
AA(X), there exists a subsequence (s;,) of (s],) such that

g(t) = lim f(t+s,)

n—-+oo

is well-defined for each ¢t € R and

F) = lim gt - s)

n—-+o0o
foreacht € R
Now consider
t+sn
u(t + sn) :/ T(t+ s, —8)f(s)ds
:/ T(t—o0)f(c+ sp)do
= / T(t — o) fn(o)do

where fn,(0) = f(c+ sp), n=1,2,...
We also have

K
l[ut + sn)] < mllflloo, Vn=12,..

and by continuity of the semigroup, T(t — o) fn(c) — T(t — 0)g(o), as
n — oo for each o € R fixed and any ¢t > o.
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If we let v(t) = fioo T(t — s)g(s)ds, we observe that the integral is ab-
solutely convergent for each ¢t. So, by the Lebesgue’s dominated convergent
theorem,

u(t + s,) — v(t), as n— oo

for each t € R.
We can show in a similar way that

v(t — sp) — u(t) as n— o0

for each t € R. Thib shows that u € AA(X).

Now let u(a) = [“_T(a — s)f(s)ds. So T(t — a)u(a) = [* Tt
5)f(s)ds.
If ¢ > a, then
/ T(t—s)f(s)ds = /7 T(t—s)f(s)ds — /j T(t—s)f(s)ds
= u(t) = T(t — a)u(a).

so that, u(t) = T(t — a)u(a) + fa T(t—s)f(s)ds. If we fix z(a) = u(a), then
z(t) = u(t), that is z € AA(X).
We finally prove the uniqueness of the almost aumorphic solution.
Assume x and y are two such solutions and we let z = x — y. Then
z € AA(X) and satisfies the equation

2'(t) = Az(t), teR.
Note that z is bounded and satisfies also the equation
2(t) =Tt —s)z(s) Vt,seR, t>s
We also have the inequality
Iz(t)] < Ke®t=2).
Take a sequence of real numbers (s;,) such that s,, — —oco. For any
fixed t € R, we then can find a subsequence (s, ) of (s,) with s,, <t for

all k =1,2,.... Using the fact that w < 0, we obtain z = 0.
This shows uniqueness of the solution and ends the proof. O

Theorem 4.7. Assume that f: R x X +— X satisfies a Lipschitz condition
in x uniformly in t, that is,
||f(t71') - f(tvy)H < L”IL‘ - y||7 any € Xv
|w]

where L < T Let also f be almost automorphic in t for each x € X.

Then equation (4.6) has a unique almost automorphic mild solution.
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Proof. Let x be a mild solution of Eq. (4.6). It is continuous and satisfies
the integral equation

z(t) =T(t —a)z(a) + / T(t—s)f(s,z(s))ds, Va€R, Vt>a.

Consider f; T(t — s)f(s,z(s))ds and the nonlinear operator G : AA(X) —
AA(X) given by

t
(Go)e) = [ Tt 9)f(s,0(5))ds.
In view of Theorem 2.2.6 in [N’Guérékata (79)], if ¢ € AA(X), then G¢ €
AA(X), so G is well-defined.
Now for ¢1, ¢o € AA(X), we have:

|G = Gl = sup | / Tt — )L (5,61(5)) — £(5 6a(s))}ds]|

t
< sup / IT(t — )l 5o Ll1(s) — bas)l|ds
teR J —co
t

< L|é1 — dolloc. sup / 1Tt~ )|l 5o ds
teR

— 00

t
< L61 ~ dallwesip [ K ds
teR — 00

LK
= —l¢1 — ¢2]lco-
|w]
So LK
[Gp1 — Goalloo < WH% — ¢2][00;
. . . . LK .
which proves that G is continuous. And since ﬁ < 1, then G is a con-
w

traction. So there exists a unique u € AA(X), such that Gu = u, that is

ut) = [* Tt — 5)f(s,u(s))ds.
If we let u(a) = [*__T(a—s)f(s,u(s))ds, then

T(t - a)ula) = / " T( = 5) f(s, u(s))ds.

But for t > a, -
/ T(t—s)f(s,u(s))ds = [ T(t—s)f(s,u(s))ds
- /_a T(t—s)f(s,u(s))ds

=u(t) — T(t — a)u(a).
So u(t) = T(t — a)u(a) + fioo T(t — s)f(s,u(s))ds is a mild solution of
equation (4.6) and u € AA(X). The proof is now complete. O



Almost Automorphic Solutions 135

4.4 Method of Sums of Commuting Operators and Almost
Automorphic Functions

In this section we will extend the method of sums of commuting operators
in the previous chapter to almost automorphic solutions of inhomogeneous
linear evolution equations of the form

Z—TZ = Au+ f(t), (4.9)

where A is an (unbounded) linear operator which generates a holomorphic
semigroup of linear operators on a Banach space X and f € AA(X).

The main difficulty that arises here is concerned with the non-uniform
continuity of almost automorphic functions. This implies the non-strong
continuity of translation semigroup in the functions space AA(X). There-
fore, many elegant proofs using semigroup theory fail. To overcome this
difficulty it is appropriate to use the concept of uniform spectrum defined
in Chapter 1.

For any closed subset A C R we denote
AANX) :={u € AAX) : spy(u) C A}.

By the basic properties of uniform spectra of functions, AAx (X) is a closed
subspace of BC(R,X). Below we denote Dj the part of the differential
operator d/dt in AAx(X). We have the following:

Lemma 4.1. Under the above notations and assumptions we have
o(Dy) = iA. (4.10)

Proof. The proof can be taken from the one of Lemma 1.2. The details
are left to the reader. O

As a standing assumption in the remaining part of the section we always
assume that A is the infinitesimal generator of an analytic semigroup of
linear operators on X.

Let A be a closed subset of R. We first consider the operator Ap of
multiplication by A and the differential operator d/dt on the function space
AAN(X).

By definition the operator A, of multiplication by A is defined on
D(Ap) = {g € AAA(X) : g(¢t) € D(A) Vt € R, Ag(-) € AAA(X)}, and
Ag = Ag(-) for all g € D(An).
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Lemma 4.2. Assume that A C R is closed. Then the operator Ap of
multiplication by A in AAA(X) is the infinitesimal generator of an analytic
Co-semigroup on AAA(X).

Proof. We will prove that A, is a sectorial operator on AAx(X). In fact,
first we check that Ap is densely defined. Consider the semigroup 7x(t)
of operators of multiplication by T'(t) on AAA(X). We now show that it
is strongly continuous. Indeed, suppose that g € AAA(X), since R(g) is

relatively compact we see that the map [0,1] x R(g) 3 (t,z) — T(t)xr € X
is uniformly continuous. Hence,

sup [T'(t)g(s) — g(s)| — 0
seR

ast — 0, i.e., the 7, (¢) is strongly continuous. By definition, g € D(Ay) if
and only if g(s) € D(A), Vs € R and Ag(:) € AAx(X). Thus,

_ l/tT(g)Ag(s)dg, ¥t > 0,5 €R.
0

t t
Therefore,
. T(t)g(s) — g(s 1 [t
i sup | D=0 L e ag(syag <o,
t—0+ sER t t 0

i.e., g is in D(G), where G is the generator of 75 (¢) and Ayg = Gg. Con-
versely, we can easily show that G C Ajy.

Now it suffices to prove that o(Ax) C o(A) to claim that Ay is a
sectorial operator. In fact, let © € p(A). To prove that u € p(Ap) we show
that for each h € AAA(X) the equation g —.Apxg = h has a unique solution
in AAA (X)

But this follows from the fact that (u — Aa)"1h(-) € AAA(X) and that
the equation

pur—Ax =y
has a unique solution z in X for any y € X. O

Theorem 4.8. Let A be the generator of an analytic semigroup. Then
the operator Ax of multiplication by A and the differential operator Dy on
AAN(X) are commuting and satisfy condition P (for the definition see the
Appendiz).
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Proof. By the above lemma the operator A, is sectorial. It suffices to
show that it commutes with the differential operator Dy. In fact, since
1 € p(Dp) we will prove that

R(1,Dp)R(w, Ap) = R(w, Ar)R(1,Dy), (4.11)
for sufficiently large real w.
Since Ap generates the semigroup 7, (¢), using well-known facts from the

semigroup theory the above indentity for sufficiently large w is equivalent
to the following

R(1, DA)/ e I (t)dt = / e ' TA(t)dtR(1,Dy). (4.12)
0 0
In turn, (4.12) follows from the following
R(1,DA)IA(T) = Ta(T)R(1,Dy), V7 >0. (4.13)
which is obvious. O

So, by the spectral properties of sums of commuting operators, we have

Corollary 4.2. If 0(A) NiA = @, then for every f € AAN(X) there exists
a unique u € AAN(X) such that

Ar + Dpu = f.

Proof. Since Ay and Dy commute and satisfy Condition P, the sum
A + Dy is closable (denote its closure by Ax + D).

From o(A) NiA = @ and Theorem 1.11 in Appendix, it turns out that
0 € p(Ap + Dy).

Therefore for every f € AA,(X) there exists a unique u € D(Ap + Dy)
such that

Ap +Dpu = f O
Now our remaining task is just to explain what the above closure means.

More precisely, we will relate it with the notion of mild solutions to evolution
equations.

Lemma 4.3. Let u, f € AAX). If u € D(AA + Da) and Ap + Dpau = f,
then u is a mild solution of Eq. (4.11).

Proof. This lemma follows immediately from the following:
For every u € AA(X) we say that it belongs to D(L) of an operator L
acting on AA(X) if there is a function f € AA(X) such that

u(t) =T — s)u(s) +/ Tt—&)f(&dE, ViE>s,t,seR. (4.14)
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By a similar argument as in the proof of Lemma 3.1 in [Murakami, Naito
and Minh (71)] we can prove that L is a closed single-valued linear operator
acting on AA(X) which is an extension of Ap + Dj.

Thus, L is an extension of Ay + Dy. This yields that u is a mild solution
of Eq. (4.11). O

As an immediate consequence of the above argument we have:

Theorem 4.9. Let A be the generator of an analytic semigroup and let A
be a closed subset of R.

Then it is necessary and sufficient for each f € AAA(X) there exists a
unique mild solution u € AAN(X) to Eq. (4.11) that the condition o(A) N
iA = © holds.

Proof. The sufficiency follows from the above argument. The necessity
can be shown as follows:

For every & € A, obviously that the function h : R 3 t — ae®! is in
AAN(X), where a € X is any given element.

By assumption, there is a unique g € D(Ap) such that ig(t) — Ag(t) =
h(t) for all t € R.

Following the argument in the proof of Theorem 3.4 one can easily show
that g(t) is of the form be’s*. Hence, b is the unique solution of the equation
i€b — Ab = a.

That is i€ € o(Ap), so iANo(Ap) = ©. O

Corollary 4.3. Let A be the generator of an analytic semigroup such that
o(A)Ni spu(f) = @.

Then Eq. (4.11) has a unique almost automorphic mild solution w such
that spy(w) C spyu(f).

Proof. Set A = sp,(f). Then by the above argument we get the theorem.
O

Remark 4.3. We notice that all results stated above for almost automor-
phic solutions hold true for compact almost automorphic solutions if the
assumption on the almost automorphy of f is replaced by the compact
almost automorphy of f. Details of the proofs are left to the reader.
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4.5 Almost Automorphic Solutions of Second Order Evolu-
tion Equations

In this section we deal with the existence of almost automorphic mild so-
lutions to second order evolution equations of the form

d2
— = Au+t f(1), (4.15)

where A is an (unbounded) linear operator which generates a holomorphic
semigroup of linear operators on a Banach space X and f € AA(X).

We will use the method of sums of commuting operators, a method due
to Murakami, Naito and Minh [Murakami, Naito and Minh (71)], to study
the existence of almost periodic solutions is . This method works well with
the problem of finding almost automorphic solutions of first order evolution
equations as shown in the previous section 4.4.

We will show that the method of sums is still useful for second order
evolution equations. Our main results are Theorems 4.9, 4.11. Notice
that in [Schweiker (94)], [Schuler and Vu (95)], similar results for f €
BUC(R,X) were proved using an operator equation. This method that
needs the uniform continuity of f is inapplicable to the problem we are
considering due to the fact that an almost automorphic function may not
be uniformly continuous.

Notation. Throughout the section, R, C, X stand for the sets of all
real, all complex numbers and a complex Banach space, respectively;
L(X), BC(R,X), BUC(R,X) denote the spaces of all linear bounded op-
erators on X, all X-valued bounded continuous functions, all X-valued
bounded uniformly continuous with sup-norm, respectively. The translation
group in BC(R, X) is denoted by (S(t))tcr which is strongly continuous in
BUC(R,X) whose infinitesimal generator is the differential operator d/dt.
For a linear operator A, we denote by D(A), ¢(A) and p(A) the domain,
spectrum and resolvent set of A, respectively. If Y is a metric space and
B is a subset of Y, then B denotes its closure in Y. In this section by the
notion of sectorial operators means the one defined in [Pazy (90)]. The
notion of closure of an operator is referred to the one defined in [Davies

(27)].
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4.5.1 M:ild Solutions of Inhomogeneous Second Order
Equations

4.5.1.1 Mild Solutions

Let A be any closed linear operator on a Banach space X. We now define
the concept of mild solutions on R to Eq. (4.15).

Definition 4.1. (See p. 374 in [Arendt and Batty (5)] ) A continuous
X-valued function w is called a mild solution on R of Eq. (4.15) if

/t(t —s)u(s)ds € D(A) VteR (4.16)
0
and

u(t) =z +ty + A/o (t — s)u(s)ds + /0 (t—s)f(s)ds (te€R)(4.17)

for some fixed z,y € X. If u € C?(R,X), u(t) € D(A),Vt € R and Eq.(4.15)
holds for all t € R we say that w is a classical solution to Eq.(4.15). It is
easily seen that if u € C'(R, X) is a classical solution of Eq. (4.15), then it
is a mild solution of Eq. (4.15).

4.5.1.2 Mild Solutions and Weak solutions

Definition 4.2. A function v € BC(R,X) is said to be a weak solution
to Eq. (4.15) if there is a sequence of f, € BO(R,X) and a sequence of
classical solutions u,, € BC(R,X) of Eq. (4.15) with f replaced by f,, such
that f, — f and w,, — w in the sup-norm topology of BC(R, X).

Definition 4.3. We define an operator £ on BC(R, X) with domain D(L)
consisting of all u € BC(R,X) such that there exists at least a function
f € BC(R,X) for which u is a mild solution of Eq. (4.15), that is, (4.16)
and (4.17) hold.

Lemma 4.4. If A is a closed linear operator, then L is a single-valued
closed linear operator BC(R,X) D D(L£) — BC(R,X).

Proof. First we show that £ is a single-valued linear operator. For this
it suffices to show that if u(t) = 0 is a mild solution of Eq. (4.15), then
f(t) = 0. In fact, by taking ¢ = 0 we can see that in Eq. (4.17), x = 0.
Hence, we have

0=ty+/0 (t—s)f(s)ds (teR). (4.18)
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Differentiating (4.18) twice, we have f(¢) = 0 for all ¢ € R. Therefore, the
operator L is a single-valued linear operator.

Next, we show its closedness. Let u,, be in D(L£) that are mild solutions
of Eq. (4.15) with f replaced by f, € BC(R,X) such that uw, — u €
BC(R,X) and f, — f € BC(R,X). We have to prove that u is a mild

solution to Eq. (4.15). Indeed, by our assumption, we have
t

un(t) =z +ty + A/ (t — s)up(s)ds + / (t—s)fn(s)ds (te€R).
0 0
Since A is closed and uy,, f, € BC(R,X), for a fixed t € R, letting n — oo
we have fot(t—s)u(s)ds € D(A), and Afot(t—s)un(s)ds — Afg(t—s)u(s)ds.
Therefore,

¢ ¢
u(t) =z +ty+ A/ (t — s)u(s)ds + / (t—s)f(s)ds (te€R).
0 0
Thus, by definition, u is a mild solution of Eq. (4.15). O

Remark 4.4. By a similar argument, we can easily show that the part of
L on AAx (here A is a closed subspace of R) that is denoted by Lx is a
closed linear operator.

Proposition 4.1. Let A be a closed linear operator. Then every weak
solution of Eq. (4.15) is a mild solution.

Proof. The proof is obvious in view of the above lemma and the remark
that classical solutions are mild solutions. O

4.5.2 Operators A

Let A be a closed subset of R. We first consider the operator A, of mul-
tiplication by A and the differential operator d/dt on the function space
AAA(X). By definition the operator A, of multiplication by A is defined
on D(Ap) = {g € AAN(X) : g(t) € D(A) Vt € R, Ag(-) € AAN(X)}, and
Ag = Ag(-) for all g € D(An).

In the following result we assume that A is a closed subset of the real
line and the second order differential operator D3 defined in A4, (X) with
domain D(D3) consisting of all functions u € AA,(X) that are of class
C? such that d?u/dt> € AAA(X). Let us define —A? := {£ € R|¢ =
—)\% for some A € A}.

Proposition 4.2. With the above notations the following assertions hold
true
o(D3) = —A% (4.19)
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Proof. We associate with the equation

d2
7 = Hut (). f € AAN(X) (4.20)
the following first order equation
{of = wany =+ 1(1), f € AAN(X). (4.21)

It is easily seen from the theory of ODE that the solvability of these equa-
tions in BC'(R, X) are equivalent. Asshown in Theorem 4.10, if f € AAx(X)
and

iANo(I(p) =2, (4.22)
where I(u) denotes the operator matrix associated with Eq.(4.21). A simple
computation shows that o(I(u)) consists of all solutions to the equation
t2 — = 0. Thus,

o(D3) C {pn€C:p=—\*for some \ € A}.
Hence o(D3) C —A%

On the other hand, let u € A. Then g(-) := ze®* € AA,(X). Obviously,
D3g = —p?g and thus, —p? € o(D3). Therefore, o(D3) D —A2. That is,
the proposition is proven. O

Proposition 4.3. Let A be a closed subset of the real line and let 3(e)
denote the set {z € Cl|z # 0,|argz| < m — €}, where € is a given small
positive number. Then the resolvent R(X\, D?) of the operator D? in AAA(X)
satisfies
9 M
IR\, D?)|| < o VA € X(e), (4.23)

where M is a positive constant depending only on €.

Proof. Consider the equation
2"(t) — dx(t) = f(t), teR, (4.24)

for every given A € ¥(¢) and f € AAA(X). As shown in the previous
proposition, there exists a unique function x5 € AAA(X) that satisfies the
above equation. For A € X(e) there are exactly two distinct solutions
A1, A2 = —A; of the equation 22 — X = 0. Without loss of generality, we
assume that Red; < 0. It is easy to check that the unique bounded solution
to Eq. (4.24) is given by

xf<t>=2—il( | eeor [ eW@f(f)dg) (1.25)

— 00
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that is in AAA(X). By definition, zy = —R(\,D?)f. Obviously, since
A € ¥(¢g), we have

gl < s - oo <
| € =—— o < —,
f 2|>\1| %6/\1 | |
where M is a positive constant depending on €. O

Proposition 4.4. Let A be a closed linear operator such that o(A)N—A? =
@. Then for every f € BC(R,X) with sp(f) C A, Eq. (4.15) has at most
one mild solution v € BC(R,X).

Proof. Since the operator L is a closed linear operator, it suffices to show
that if v € BO(R, X) is a mild solution of Eq. (4.15) with f replaced by 0,
then sp(u) = @. This can be checked directly as follows. Assume that u is
a solution of Eq. (4.17) with f replaced by 0.

Taking Carleman-Laplace transforms of both sides of Eq. (4.17) we
have

R (A
i) = 5 + 15 +A“§2) (RA 2 0).
Therefore,
(A2 —Aa\) =z +y, (RA#£0). (4.26)

If £ € R and € € o(A), then (€2 — A) is invertible and (A? — A)~! is holo-
morphic in a small neighborhood of £. Therefore, i(\) has a holomorphic
extension to a neighborhood of &, so sp(u) C RN o(A). On the other
hand, by the assumption that sp(u) C —A? and —A2 N o(A) = ©, we have
sp(u) = @. And hence, u = 0. O

Lemma 4.5. Let A be the generator of an analytic semigroup. Then the
operator Ay of multiplication by A and the differential operator D% on
AAN(X) are commuting and satisfy condition P of Definition 1.11.

Proof. Let us denote by T'(¢) the semigroup generated by A. As shown
in the previous section 4.4, the operator A of multiplication by A generates
an analytic semigroup 7 (¢) of multiplication by T'(¢) on AAx(X). So, it
is sufficient to prove that the semigroup 7 (t) commutes with D2, that is
T (t)D(D?) C D(D?) and

T(t)D*x = D*T (t)z, Va € D(D?), t > 0.

By the definition of the operator 7 (t) of multiplication by T'(¢), the above
claim is obvious. The lemma now follows from the above propositions. O
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So, by the spectral properties of sums of commuting operators, we have

Corollary 4.4. If A generates an analytic semigroup with o(A)N—A% = ©
then for every f € AAN(X) there exists a unique u € AAN(X) such that

— Apyu = f.

Proof Since A and —D3 commute and satisfy Condition P, the sum

— A, is closable (denote its closure by D3 — A, ). From o(A)N—A*=
%) and Theorem 1.11 in Appendix, it turns out that 0 € p(D2 An).
Therefore, for every f € AAx(X) there exists a unique u € D(D3 — A,)
such that

Now our remaining task is just to explain what the above closure means.

More precisely, we will relate it with the notion of mild solutions to evolution
equations.

Lemma 4.6. Let u, f € AAX). If u € D(D3 — Ap) and D3 — Apu = f,
then u is a mild solution of Eq. (4.15).

Proof. The lemma follows from the fact that weak solutions are mild
solutions. g

As an immediate consequence of the above argument we have:

Theorem 4.10. Let A be the generator of an analytic semigroup and let
A be a closed subset of R. Then it is necessary and sufficient for each
f e AAN(X) there exists a unique mild solution u € AAN(X) to Eq. (4.15)
that the condition o(A) N —A% = @ holds.

Proof. The sufficiency follows from the above argument. The necessity
can be shown as follows: For every & € A, obviously that the function
h:R 3>t ae is in AAA(X), where a € X is any given element. By
assumption, there is a unique g € D(A) such that —£g(t) — Ag(t) = h(t)
for all ¢ € R. Following the argument in p. 252 of [Murakami, Naito and
Minh (71)] one can easily show that g(t) is of the form be'!. Hence, b is
the unique solution of the equation —&b — Ab = a. That is —£ € (. An), so
—ANo(Ap) = 0. U

Corollary 4.5. Let A be the generator of an analytic semigroup such that
o(A) N [—spu(f)]? = @. Then Eq. (4.15) has a unique almost automorphic
mild solution w such that sp,(w) C spy(f).
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Proof. Set A = sp,(f). Then by the above argument we get the theorem.
O

Remark 4.5. We notice that all results stated above for almost automor-
phic solutions hold true for compact almost automorphic solutions if the
assumption on the almost automorphy of f is replaced by the compact
almost automorphy of f. Details of the proofs are left to the reader.

4.5.3 Nonlinear Equations
In this subsection we consider nonlinear equations of the form
2
ﬁu(t) = Au(t) + F(t,u(t)), teR, (4.27)

where F': RxX — X is assumed to satisfies the following conditions: F'(t,x)
is almost automorphic in ¢ for every fixed x € X and F' is continuous jointly
n (t,z), Lipschtz in x uniformly in ¢, that is, there is a positive number &
independent of ¢,z such that

IE @ z) = F(t,y)ll <elle—yl, Vve,yeX (4.28)
We will say that Condition H holds for F' in AAx(X) if for a closed subset
A C R the Nemystky operator F, defined by

Fy(t) == F(t,g(t)), Vge AAr(X),teR
is an operator AA) (X) — AAx(X).

Lemma 4.7. If F(t,x) is almost automorphic in t for every fized x € X,
F is continuous jointly in (t,x) and satisfies (4.28), then the Nemystky
operator F is a continuous operator acting on AA(X), that is, condition H
holds for F on AAR(X).

Proof. For the proof see Theorem 2.2.6 in [N’Guérékata (79)]. a

Remark 4.6. In general, we are still puzzled with conditions on F' and
A such that condition H holds for F' on AAA(X). In the linear case, if
F(t,z) = L(t)x is T-periodic in t and A = {¢ € Rl € G}, where G is a
closed subset of the unit circle, then condition H holds for F' and A (see
e.g. [Batty, Hutter and Rébiger (14)]). In the general nonlinear case, this
question is still open.

Definition 4.4. A continuous X-valued function u is called a mild solution
on R of (4.27) if

/t(t —s)u(s)ds € D(A), VteR (4.29)
0
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and

u(t) =z +ty + A/o (t — s)u(s)ds + /0 (t—s)f(s,u(s))ds (teR)
(4.30)

for some fixed z,y € X. If u € C?(R,X), u(t) € D(A),Vt € R and Eq.(4.27)
holds for all t € R we say that u is a classical solution to Eq.(4.27). It is
easily seen that if u € C(R, X) is a classical solution of Eq. (4.27), then it
is a mild solution of Eq. (4.27).

The following is a main result of this subsection:

Theorem 4.11. Let A be the generator of an analytic semigroup, and let
condition H hold for F on AAA(X). Furthermore, we assume that o(A) N
—A% = © and the Lipshitz coefficient € in (4.28) is sufficiently small. Then,
Eq. (4.27) has a unique almost automorphic mild solution u € AAA(X).

Proof. First we consider the operator £, defined in Definition 4.3 and
the remark that follows. Under the assumptions, by Theorem 4.10, this
operator is invertible on AA (X). Next, we consider the operator £y — F.
This operator may be seen as a nonlinear perturbation of £,. Since Lx
is a closed linear operator, if € is sufficiently small, and if we consider
D(LA) € AAA(X) with the graph norm of L4, then by the Inverse Function
Theorem, the operator £, — F is an invertible Lipschitz operator from
D(LA) onto AAx(X). Hence, Eq. (4.27) has a unique almost automorphic
mild solution. U

4.6 The Equations x’=f(t,x)

In this section we are going to study the existence of almost automorphic
solutions of nonlinear differential equations and characterize some topolog-
ical properties of the almost automorphic solutions sets . Thus we consider
in a Banach space X the Cauchy problem CP

' = f(t,x), z(0) =z9, teR
where g € X and f: R x X — X.

Let us recall the following;:

Definition 4.5. Let X, Y be metric spaces, f : X — Y be a continuous
function and let y € Y. f is said to be proper at the point y provided
that there exists £ > 0 such that for any compact set K C B(y,¢) the set
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fYK) is compact, where B(y,¢) is the open ball in Y of center y and
radius €.

If f~1(K) is compact for any compact K C Y, then f is called proper.

Now we denote by « the Kuratowski measure of noncompactness and
assume the following:

1% f is a continuous mapping such that
—+oo
I£(sa) < 6(s) and [ o(s)ds < +oo

20 for each bounded subset M C X and for each interval
[min(0, a), max(0, a)], there exists a continuous nondecreasing function
har,e : Ry — Ry such that the inequality

max(0,t)

u(t) < / har,a(u(s))ds, for t € [min(0, a), max(0,a)],
min(0,t)

has only a trivial solution © = 0 and
a(f(A X E)) < hara(a(E))
for A C [min(0, a), max(0,a)] and E C M.

Now we start with the following:

Theorem 4.12. Under the above assumptions the set S of all solutions
of the above CP, defined on R and considered as a subset of the space
C = Cy(R,X) of all bounded continuous functions R — X with the topology
of uniform convergence, is an Rs.

Proof. Define the mapping
t
F(z)(t) = xo + /f(s,x(s))ds fort e Rand z € C.
0
Obviously F(C) C C. In view of the inequalities
ts ta
IF@(0)-Fa)e)] < [ 1fas)lds < [o(s)ds fortitaeRoacC
t1 t1

and from the assumption about ¢, it is clear that the family F'(C) is equicon-
tinuous. Now we verify that F' is a continuous operator. Let (z,) be a
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sequence of elements from C' such that z, — z uniformly as n — oo.
Fix ¢ > 0. First consider the halfline R;. Choose tg > 0 such that

—+oo
2 [ ¢(s)ds < 5. In view of Krasnosielskii-Krein lemma there exists > 0
to

such that
€

sup |[|f(s,u(s)) — f(s,2(s))|| < o~

s€[0, 0] 2ty
whenever u € C and sup |lu(s) — z(s)|| < 6. Choose N € N such that
s€[0,to]

sup ||zn(s) —z(s)|| < d for n > N. For n > N and t > t; we have
s€10,t0]

t

[ (zn)(t) = F(z)()] = | /[f(saxn(S)) — f(s,2(s))]ds|| <

0
/ﬂﬂ&%@b—ﬂ&d@ﬂ®+/ﬂﬂ&%wn—ﬂaﬂ@mw<
0 to
E 13

2ty =%

so F(xn)|r, — F(x)|r, pointwise, as n — oo. A similar reasoning estab-
lishes that F(z,)|g_ — F(z)|g_ pointwise, as n — oo. Since the family
F(C) is equicontinuous, we infer that F(x,) — F(z) uniformly on R, as
n — 00, which proves the continuity of F.

Define
Zo, lf _%Stéi,
-3
Zo + s,x(s))ds, if t>l’
Fa@®) = 2t ] J520) L
t+1
zo+ [ f(s,x(s))ds, if t< -1
0

where x € C and n € N.

Obviously F,, maps C' into itself. Essentially the same reasoning as in
the case of F' proves that mappings F;, are continuous. Put T,, = I — F},
for n € N, where I denotes the identity map on C. The mappings T,
are continuous. We establish that they are homeomorphisms. Indeed, fix
n € N. It is easy to see that for any 1, x2 € C:

Tn(ﬁl) = Tn(ﬁg) — 1 = I2.

Now, it is enough to prove the continuity of ;1. Suppose (z;) is a sequence
of elements from C' such that T, (z;) — T, (x) uniformly as ¢ — oco. Since
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Fo(x)(t) = 20 = Fo(2)(t) for |t| < L, 2; — 2 uniformly on {¢: [¢t| < 1},

n?

as ¢ — 0o. Further, applying the Krasnoselskii-Krein lemma, we infer that

t—1 t—1
/ f(s,zi(s))ds — / f(s,z(s))ds for % <t< %,
0 0

uniformly, so z; — z on {t: % <t< %} uniformly, as ¢ — co. The similar
reasoning establishes that z; — z uniformly on [0,y + 1], as i — co. For
t>to+% we have

t— L

n

[En (i) (t) = Fu(2) )] = || / [f (s, zi(s)) = f (s, 2(s))lds]| <

0
/ 1 (s, 2a(s)) — £ (s 2(s)l|ds + / 1£ (s, 2:(s)) — £ (s 2(s)llds
0 to

The above inequalities and similar arguments as in the case of the continuity
of F prove that Fy,(z;) — Fy(z) uniformly on [tg + 1,+00), so z; — =
uniformly on this interval, as ¢ — oo. In a similar manner we argue in the
case of the halfline R_. Hence x; — x uniformly on R, as ¢ — oo. This
proves the continuity of T}, 1.

Now we shall show that lim 7, = T uniformly. We have the following

n—oo

inequalities

[En(2)(t) — F(x)®)] = II/f(va(S))dSII < /¢(8)d8
0 0

1

forz e C and |t| < —,
n

[0 (2)(t) — F(z)()] < / 1f (s, 2(s))llds < /¢(8)d8

1
forxeC andt> —.
n

In particular, for ¢t > ¢y + % we have

IFu@)0) - Fe)ol < [ ols)ds < 5.
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Thus F,(z) — F(z) uniformly in z on R;. Arguing in a similar way we
infer that Fj,(z) — F(x) uniformly in 2 on R.

To complete the proof it is enough to show that T is proper at 0 €
C. Let Z be any compact set in C' and put U = T—1(Z). Consider the
sequence (u,), where u, € U for n € N. Set V = {u,, : n € N}. Since
V() cT(V)()+ F(V)(t) C Z(t) + F(V)(¢) and Z(t) is compact, in view
of the properties of the index o we obtain

a(V)(t) <a(Z(t)) +a(F(V)(t) = a(F(V)(t)) forteR.

Thus the similar reasoning as in the proof of Theorem 3 [Bugajewska (16)]
proves that V(¢) is compact for every ¢ € R. In view of Ascoli’s theorem we
infer that V is relatively compact and thus (u,,) has a limit point. Therefore
U is a compact, so T is proper. In view of Theorem 6.7, T=1(0) is an Rs
set. Since T71(0) coincides with the set of all fixed points of F, i.e. it
coincides with S, the proof is complete. ([

Now assume

3% (s,m) — f(s, ) is a function from R x X to X, which is almost automor-
phic in s for each x and satisfies a Lipschitz condition in x uniformly
in s € R;

49 for each © € AA(X) the range Rp(;) = {F(z)(s) : s € R}, where F
is the operator defined in the proof of the above theorem, is relatively
compact.

We now give the following important result:

Theorem 4.13. Suppose 2°, 3°, 4° are satisfied and that the function f
satisfies the inequality as in 1°. Then CP has a solution in AA(X). More-
over, the set S of all such solutions is compact.

Proof. In view of 3° and [N’Guérékata (79)] Theorem 2.2.6, the function
s — f(s,z(s)), s € R is almost automorphic for any z € AA(X). By 4° and
[N’Guérékata (79)], Theorem 2.4.4, F(z) € AA(X) for any = € AA(X).
Hence F' maps AA(X) into itself. Let D = conv(F(AA(X))). It is clear
that F' maps D into itself. Essentially the same reasoning as in the proof
of Theorem 3 proves that the family F/(AA(X)) is equicontinuous and that
F is a continuous mapping. Now, let V' be a subset of D such that V' C
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conv(F(V)u{0}), where 0 € AA(X). In view of the properties of the index
a we obtain

a(V(t)) < a(convE(V)(t) U{0}) = a(F(V)(t) U{0}) =
max(a(F(V)(t)), a({0})) = a(F(V)(t))  fort €R,

and therefore the same reasoning as in the proof of Theorem 3 [Bugajewska
(16)] proves that V' (¢) is relatively compact for ¢ € R. In view of Ascoli’s
theorem we infer that V is relatively compact. The operator F' satisfies
all assumptions of Theorem 1 and, therefore, there exists z € D such that
z = F(z).

Finally, since S = F(S), the same reasoning as in Theorem 3 [Buga-
jewska (16)] proves that S is relatively compact. Since S is closed, it is
compact, which completes the proof. ([

Remark 4.7. In the case of uniformly convex Banach spaces the assump-
tion 4° in Theorem 4 can be weaken. Namely, in view of [N’Guérékata
(79)], Theorem 2.4.6 it is enough to assume then that the range Rp(,) is
bounded for each z € AA(X).

Remark 4.8. By the assumption 3° and [N’Guérékata (79)] Theo-
rem 2.2.6, the function s — f(s,z(s)), s € R is almost automorphic for
each © € AA(X). Thus by [N'Guérékata (79)] Theorem 2.2.6 the range
{f(s,z(s)) : s € R} is relatively compact in X for each x € AA(X). Further,
since F'(x) is almost automorphic if and only if the range Rp(,) is relatively
compact in X ([N’Guérékata (79)], Theorem 2.4.4.), the assumption 4° is
natural in the considered situation.

4.7 Comments and Further Reading Guide

Recently, numerous contributions were made to the study of abstract evo-
lution equations with almost automorphic solutions. These include work
by D. Bugajewski, T. Diagana, S. G. Gal, S. C. Gal, J. A. Goldstein, K.
Ezzinbi, Y. Hino, J. Liu, S. Murakami, G. M. N'Guérékata, Nguyen Van
Minh, A. S. Rao, S. Zaidman, etc.

Note that Theorem 4.2 is usually referred as Bohr-Neugebauer type
theorem. The proof presented here is a slight modification of Theroem
4.2.2 [N’Guérékata (79)]. There exist several generalizations of the Bohr-
Neuhegauer Theorem. We send the reader for instance to: [N’Guérékata
(81)], [N'Guérékata (83)], [N'Guérékata (88)].
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Existence of almost automorphic solutions to differential equations is
a fundamental problem still under investigation. Various methods were
used including fixed point theorems for linear equations =’ = Ax(t) + f(t)
(IN’Guérékata (87)]), as well as nonlinear and inte-grodifferential equations
([Bugajewski and N’Gurkata (17)]) and semilinear equation z’ = Az(t) +
f(t,z) ([N'Guérékata (79)], [N’Guérékata (88)]) when A generates an
asymptotically stable semigroup of linear operators; the method of invariant
subspaces, introduced in 2003 by T. Diagana and G. M. N'Guérékata for
perturbed equations of the form 2’ = (A+ B)xz + f(t) where both operators
A and B are unbounded; the method of sums of commuting operators
(Theorems 4.9, 4.11). In this latter case, the challenge is to overcome
the difficulty due to the fact that almost automorphic functions are not
necessarily uniformly continuous. This implies the non-strong continuity
of translation semigroup in the function space AA(X). This approach, as
well as the method of invariant subspaces are also used successfully in the
case of higher order differential equations in various recent papers by T.
Diagana, J. Liu, G. M. N’Guérékata, and Nguyen van Minh.

Readers interested in fuzzy settings of the theory of almost automorphy
may consult [N’Guérékata (88)] and other papers by S. G. Gal and G. M.
N’Guérékata.



Chapter 5

Nonlinear equations

5.1 Periodic Solutions of Nonlinear equations

5.1.1 Nonlinear Equations Without Delay

In this section, we study the existence of periodic solutions of the following
nonlinear differential equation without delay in a general Banach space
X=X,

' (t) + At)u(t) = f(t,u(t), t >0, u(0)=uop. (5.1)
To this end, we make the following assumptions.

Assumption 5.1. For a constant T' > 0, A(t +7T) = A(¢), t > 0. The
function f is continuous in all its variables, T-periodic in the first variable
t and Lipschitzian in the other variables uniformly in ¢.

Remark 5.1. We used “variable(s)” in the assumption 5.1 because then
it can be used for other cases where the function f is of more than two
variables.

Assumption 5.2. For ¢ € [0,7],

(H1). The domain D(A(t)) = D is independent of ¢ and is dense in X.

(H2). For ¢t > 0, the resolvent R(\, A(t)) = (M — A(t))~! exists for all A
with ReX < 0 and is compact, and there is a constant M independent
of A and t such that

IR\ A®)| < M(JA[+1)7", Rex < 0.
(H3). There exist constants L and 0 < a < 1 such that
I(A(t) = A(s)A(r) M| < Lit — s]*, s,t,7 € [0,T].

153
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Under these assumptions, the results in, e.g., Pazy [Pazy (90)], imply
the existence of a unique evolution system U(t,s) (0 < s <t < T) for Eq.
(5.1). The materials presented here are based on [Liu (60)].

Theorem 5.1. Let the assumptions 5.1 and 5.2 be satisfied and let ug € X.
Then there exists a constant o > 0 such that Eq. (5.1) has a unique mild
solution (also called solution here) u : [0, ] — X satisfying

u(t) = U(t, 0)uo + /O t U(t, h)f(h,u(h))dh, t € [0,a]. (5.2)

Proof. We only need to set up the framework for the use of the contrac-
tion mapping principle. With uy € X being fixed and with a > 0 yet to be
determined, we define a map (operator) Q on C([0, ], X) such that

(Qu)(t) = U(t,0 uo+/ U(t,h)f(h,u(h))dh, for te[0,a]. (5.3)

Using the property of the evolution system U, we have @ : C([0, o], X) —
C(]0, a],X). Next, for u, v € C([0, a], X), one has

(Qu)(t) / Ut h F(h,u(h ))—f(h,v(h))}dh. (5.4)

Now, f is Lipschitzian in the second variable and U (¢, h) is a bounded oper-
ator, it is then clear that we can obtain the result by using the contraction
mapping principle. Details are left in an exercise. ([

Note that we are concerned with periodic solutions here, so we assume
that solutions exist on [0,00). We will write v = u(-,ug) for the unique
solution with the initial value ug.

Next, we give some basic results concerning the search of periodic solu-
tions.

Lemma 5.1. Let the assumptions 5.1 and 5.2 be satisfied.

(a). If u(t) is a solution of Eq. (5.1), then so isu(t+T),t> 0.
(b). Let u(t,uo) be a solution of Eq. (5.1) with u(0,ug) = ug. Then u(t, up)
is T-periodic if and only if u(T,ug) = uo.

Proof. (a): Let y(t) = u(t +T'). Now, for £ > 0, we can use the known
formulas ([Pazy (90)]) U(t,s) = U(t,r)U(r,s), 0 < s <r <t <T,and
Ut+T,s+T) = Ul(t,s) (since the operator A(t) is T-periodic in ¢) to
obtain:
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t+T
yt) =ut+T)=U({t+T,0)ug + / Ut +T,h)f(h,u(h))dh
0
T
=U{t+T,T)U(T,0)uq —|—/ Ut+T,h)f(h,u(h))dh
0
t+T
+/ U(t+T,h)f(h,u(h))dh
T
T
=U(t,0)U(T,0)ug + / Ult+T,TYU(T,h)f(h,u(h))dh
0
—|—/t Ut+T,T+s)f(TH+s,u(T+s))ds
0
T
=U(t,0)U(T, O)u0+/ U(t,0)U(T, h)f(h,u(h))dh
0
+ [ Ut y(s)as
T
— U(t,0) [U(T, 0)uo + / U(T, h) f(h, u(h))dh
0
+ [ Ut p(e)as
=U(t,0)u(T) + / U(t,s)f(s,y(s))ds
0

= U(t,0)y(0) —l—/o U(t,s)f(s,y(s))ds. (5.5)

The equality (5.5) implies that y(t) = u(t + T') is also a solution of Eq.
(5.1).

(b): If w(t,up) is a T-periodic solution of Eq. (5.1), then u(T, uo)
u(0,ug) = ug. On the other hand, if u(7T,up) = uo, then, from (a), y(?)
u(t + T, up) is also a solution of Eq. (5.1) with y(0) = w(T,u¢) = uo. By
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uniqueness, y(t) = u(t, ug), or u(t + T, ug) = u(t,ug), t > 0, thus u(t, ug) is
T-periodic. This completes the proof. O

Accordingly, we can define a map P : X — X (called a Poincaré map or
a Poincaré operator) such that for each ug € X and for the corresponding
unique solution u(t) = u(t, ug) with u(0,ug) = uo, define

T
P(up) =u(T) =U(T,0)ug —l—/o U(T,r)f(r,u(r,up))dr. (5.6)

Now, Lemma 5.1 (b) indicates that Eq. (5.1) has a T-periodic solution
if and only if there exists an ug € X such that P(ug) = ug. This is the same
as saying that the Poincaré map P has a fixed point. We formulate this
as follows.

Lemma 5.2. Eq. (5.1) has a T-periodic solution if and only if the Poincaré
map P : X — X defined in (5.6) has a fixed point.

We will see that Lemma 5.2 provides a very useful approach for deriving
periodic solutions, as it reduces the search of periodic solutions to that of
fixed points of the Poincaré map P, for which some well-known fixed point
theorems from Functional Analysis can be applied.

By Massera’s theorems for nonlinear differential equations in R, n < 2
([Liu (59)]), the existence of one bounded solution is good enough to guaran-
tee the existence of a periodic solution. However, for nonlinear differential
equations in R, n > 3, the situations become very complicated. For ex-
ample, for the Lorenz equation in %3 ([Liu (59)]) where chaos occurs, the
solutions may be bounded, but periodic solutions may not exist.

Next, note that if ug is in some set, then P(ug) = u(T, up) may not be in
the same set. Therefore, we will make use of some kind of asymptotic fized
point theorems, where the idea is to let P* (for some positive integer k) map
a set into the same set and then prove the existence of a unique fixed point
of P*_ which then implies the existence of a fixed point of P (not necessarily
unique). Among the asymptotic fixed point theorems, Horn’s fixed point
theorem is easy to use with the notion of boundedness of solutions. So we
state Horn’s fixed point theorem here and make the following definitions
concerning boundedness of solutions.

Theorem 5.2. (Horn’s fixed point theorem) Let Eg C E1 C Eo be convex
subsets of a Banach space Z, with Ey and Eo compact subsets and E1 open
relative to E5. Let P : Es — Z be a continuous operator such that for some
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integer m, one has
PI(Ey) C By, 1<j<m-—1, (5.7)
PI(E)) C By, m<j<2m-—1, (5.8)
then P has a fized point in Es.

Definition 5.1. [Burton (18)] The solutions of Eq. (5.1) are said to be
bounded if for each By > 0 there is a By = By(B1) > 0 such that {[|ug| <
By, t > 0} implies ||u(t, uo)|| < Ba.

Definition 5.2. [Burton (18)] The solutions of Eq. (5.1) are said to be
ultimate bounded if there is a bound B > 0 such that for each B3 > 0,
there is a K = K(B,Bs) > 0 such that {|luo|| < Bs,t > K} implies
[[u(t, uo)ll < B.

Definition 5.3. An operator S : X — X is said to be a compact operator
on X if S is continuous and maps a bounded set into a precompact set.

For the relationship between boundedness and ultimate boundedness,
we have the following result.

Theorem 5.3. Assume that f(t,u) is continuous and is Lipschitzian in
w. If the solutions of Eq. (5.1) are ultimately bounded, then they are also
bounded.

Proof. Let B > 0 be the bound in the definition of ultimate boundedness,
then for any By > 0, there is a K = K(B,B;) > 0 such that {|luo| <
By, t > K} imply ||u(t, uo)|| < B. Next, for ¢ in the interval [0, K], we have

Jut. o) < U2, O)ol+ | Ut 5) 75, (s, o)) s
<00+ | U, 5) 155, w0)) — £, 0)] s
«f Ut 5175, 0) s
<t +c Ut ) (s, u0) s

" / \U(t,)£(s,0) |ds,
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where c¢ is a Lipschitz constant. For 0 < s < t < K, there are positive
constants G and G such that

t
U(t,5)] < G, [U(0)|Br + / 1U(t,)£(s,0)[ds < G,
0

Then for ¢ € [0, K] and |Juo|| < B,

t
lu(t, uo)]| < Ga + ¢ / G lu(s, uo) |ds.
0

Hence, Gronwall’s inequality implies, for ¢ € [0, K] and ||ug|| < By,
llw(t, uo)|| < G2ecC1t < GpeCr K (5.9)

which implies that for [lug|| < Bj, the solutions u(t,up) are bounded
on [0, K]. That is, there is a B3 = Bs(By,K) = Bs3(B1,B) > 0 such
that |lu(t,uo)|]| < Bs for t € [0, K] and ||ug|| < B;. Now, we see that
{J|luo]] € Bi, t > 0} imply ||u(t,uo)|| < Bz = max{Bs, B}, which verifies
the boundedness of the solutions. This completes the proof. |

To derive periodic solutions, the following lemma from Amann [Amann
(2)] will be used to show that the Poincaré map P defined in (5.6) is a
compact operator. Recall that in the usual way (see, e.g., Amann [Amann
(2)], Pazy [Pazy (90)]) we define fractional power operator A® and Banach
space X, for 0 < a < 1, where A = A(0) and X, = (D(A%), | - ||o) with
lz]|a = |[A%z|| . We also write the norm in L(X,,X3) (space of bounded
linear operators from X, to Xg) as | - ||a,s-

Lemma 5.3. [Amann (2)] (i) Suppose that 0 < o < 3 < 1. Then for
0 —a <7y <1, there is a constant C(«, 3,7) such that

Ut h)lla, < Cla, B,7)(E—h)77, 0<h<t<T.
(i) For 0 <+ < 1, there is a constant C(v), such that for g € C([0, L], X)
(L > 0 is a constant), one has for 0 < s,t <L,

|| / Ut h)g(h)dh - / "Us, Wyg(h)dhl] < CO)It — s max [g(h)].
0 0

0<h<L
(iii) Let 0 < o < < 1. Then
t
K(x,g)(t)EU(t,O)x—i—/ U(t,h)g(h)dh, 0<t<T,
0

defines a_continuous linear operator from X x C((0,T],X) into
C7([0,T],Xy) for every v € [0, — ).
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Now we prove that the Poincaré map P : X — X defined in (5.6) is
compact.

Theorem 5.4. Let assumptions 5.1 and 5.2 be satisfied and assume that
solutions of Eq. (5.1) are bounded. Then the Poincaré map P : X — X
defined in (5.6) is a compact operator.

Proof. The continuity of P is left as an exercise. Next, fix n € (0,1).
Then from Lemma 5.3 (i), U(T,0) : X — X, is bounded. Next, let E
be bounded in X. Since solutions of Eq. (5.1) are bounded, there exists
M, = My (E, f) > 0 such that

If (8 u(t, uo))|| < My, t€0,T], uo € E.
Now for up € E, we let g(t) = f(t,u(t, uo)). Then

T
/O U(T, 7) £ (r, u(r, uo))dr = K(0,9)(T) € X,

according to Lemma 5.3 (ii). Also note that by Lemma 5.3 (i), there are
constants v € (0,1) and My > 0 such that

NWU(T,s)|log < Ma(T —s)™7, 0<s<T.
Thus

T
||/0 U (T, 7) £ (ry u(ry uo))dr|ly < My MaT /(1 =), o € E.

Therefore P : X — X, is bounded. Next, the embedding X, — X is
compact (see, e.g., [Hale (40)]), thus P : X — X is a compact operator.
This completes the proof. O

Now, we are ready to state and prove the existence of periodic solutions
for Eq. (5.1) without delay.

Theorem 5.5. Let the assumptions 5.1 and 5.2 be satisfied. If the solutions
of Eq. (5.1) are ultimate bounded, then Eq. (5.1) has a T -periodic solution.

Proof. From Theorem 5.3, the solutions of Eq. (5.1) are also bounded.
Let B be the bound in the definition of ultimate boundedness, then by
boundedness, there is a By > 0 such that |Jug|| < B implies |[u(t, uo)|| < B1
for t > 0. Furthermore, there is a By > B such that ||ug|| < B; implies
lu(t, uo)|| < Ba for t > 0. Now, using ultimate boundedness, there is a
positive integer m such that ||uo| < Bp implies ||u(t,uo)|| < B for ¢t >
(m—1T.
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We know from Lemma 5.1 that w(T + ¢, up) is also a solution, then the
uniqueness implies that u(T + t,ug) = u(t, u(T, ug)), t > 0. Letting t =T,
this means P?(ug) = u(2T,u). By an induction, it can be shown (see an
exercise) that

P*(ug) = u(kT, ug), k > 1. (5.10)

Thus, we have the following

17~ (uo) | = [lu((j — DT, u0)| < Bz, j=1,2,....m—1 and [uo| < B,

[P~ (wo) |l = [lu((j — DT, uo)ll < B, j =m and |luol < Bi.
Now let
H = {up € X: ||ug|]| < B2}, Ez = cov.(P(H)),

K:{UQEXZ ||’U,0H <Bl}, Ei=KnNE;, (5.11)

G ={uo € X: |lugl| < B}, Ep= cov.(P(G)),

where cov.(F) is the convexr hull of the set F defined by cov.(F) =
{Z:;l Nfi :m>1,fi € F;\ >0, Z?Zl Ai = 1}. From Theorem 5.4,
the operator P is compact. It is also known that a convex hull of a precom-
pact set is also precompact, then we see that Ey, F; and Fs are convex
subsets of X with Fy and E5 compact subsets and E; open relative to Es.
Next, from (5.11), we have

Pi(Ey) C PI(K)=PPi~Y(K)C P(H)CEy, 1<j<m-—1,

Pi(E)) C P/(K)=PP'~Y(K)C P(G) C By, m<j<2m-—1.
Consequently, we know from Horn’s fixed point theorem that the operator

P has a fixed point ug € X. This completes the proof by using Lemma 5.2.
|

Next, we provide a result which asserts that the existence of a proper
Liapunov function implies boundedness and ultimate boundedness of solu-
tions.

Theorem 5.6. Assume that there exist functions (“wedges”) W;,i =1,2,3,
with Wi = [0,00) — [0,00), W;(0) = 0, W; strictly increasing, and Wi (t) —
00,t — oo. Further, assume that there exists a (Liapunov) function V :
X — R (reals) such that for some constant M > 0, when u is a solution of
Eq. (5.1) with ||u(t)|| > M, then

() Wai([lu@®)ll) < V(u(t)) < Wa(llu@)l), and
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(b)- &V (u(t)) < =Ws(|lu(®)]))-
Then solutions of Eq. (5.1) are bounded and ultimate bounded.

Proof. Let u(t) = u(t,uo) and let By > 0 be given with By > M.
Find By > B; with Wi(Bg) = Wa(By). If for some interval [ty,ts] with
t1 >0, |u(t1)|| = B1, and |[u(t)|| > By on [t1, t], then for ¢ € [t1, t2],

Wi([lu@®l) < V(u(t)) < V(u(tr))

< Wa([[uti)l]) = Wa(B1) = Wi(B2), (5.12)

and hence ||u(t)|| < Bg for ¢ € [t1,t2]. This implies that if ||ug|| < Bj, then
||u(t)]] < Ba,t > 0, which gives the boundedness.

Next, find B > M + 1 with W3y (B) = Wa(M + 1). Then, similar to
(5.12), one shows, for ¢; > 0,

{lae)ll = M+ 1, a2 M+ 1, € [, 2]}

= {Jlu®)ll < B,t € [ta,15]}. (5.13)

Let Bs > 0 be given. We need to prove that there is a K > 0 such that
if |ug|] < Bs and t > K, then |Ju(¢)|| < B.

According to (5.13), we only need to show that there is a K > 0 such
that when ||ug|| < Bs, there is a t° € [0, K] with ||u(t?)|| < M + 1. (Because
then if there is a to > K with |Ju(t2)|| > B > M + 1, we can find such a
t1 < to that |u(t1)]| = M+1 and that (5.13) can be used to get ||u(t2)|| < B,
a controdiction.)

Now, if ||u(t)|| > M + 1 for t > 0, then

0 <Wi(M+1)<V(ut)) <V(up)— Ws(M+1)t <Wo(B3)—W3(M +1)t.
This fails when ¢t > W5 (B3)/Ws(M + 1). Thus we can choose K =
Wa(B3)/Ws(M + 1) to finish the proof. O

Exercise 20.

(1) Complete the proof of Theorem 5.1.

(2) In the proof of Theorem 5.4, show that the Poincaré map P : X — X
defined in (5.6) is continuous.

(3) In the proof of Theorem 5.5, use an induction to show that

P*(ug) = w(kT,ug), k> 1.

(4) Prove that a convex hull of a precompact set is also precompact.
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5.1.2 Nonlinear Equations With Finite Delay

Consider the following nonlinear differential equation with finite delay,
u'(t) + A()u(t) = f(t,u(t),us), t>0, u(s)=a¢(s), s€[-r0](5.14)
in a general Banach space X, where r > 0 is a constant, and us(s) =
u(t+s),s € [-r,0].
The materials presented here are based on [Liu (61)]. We still assume

that the assumptions 5.1 and 5.2 are satisfied, so similar to the previous
section, we have

Theorem 5.7. Let the assumptions 5.1 and 5.2 be satisfied and let ¢ €
C([-r,0],X) (the Banach space with the sup-norm). Then there exists a
constant o« > 0 such that Eq. (5.14) has a unique (mild) solution u :
[—r, o] — X satisfying uo = ¢ (i.e., u(s) = ¢(s), s € [-r,0]), and

u(t):U(t,0)¢(0)+/O U(t,h)f(h,u(h),up)dh, t€[0,a]. (5.15)

To derive periodic solutions, we assume that solutions exist on [0, co).
We will write u = u(-, ¢) for the unique solution with the initial function
@.

Note that for equations without delay, the Poincaré operator maps a
single element of the Banach space X to a single element of X. Now, for
equations with finite delay, the difference is that the Poincaré operator
will map an element ¢ of C([—r,0],X) (thus a function) to an element of
C([-r,0],X), given by

Pé=ur(, ), ¢€C([-r0],X), (5.16)
or, for s € [-r,0],

(P9)(s) = ur(s,¢) = u(T +s,9)

T+s
U(T + 5,0)6(0) + / U(T + 5. 1) (b, u(h), un)dh,
0
- T+s5>0,

o(T+s), T+s<0.
Similar to lemmas 5.1 and 5.2, we have
Lemma 5.4. Let the assumptions 5.1 and 5.2 be satisfied.

(a). If u(t) is a solution of Eq. (5.14), then so is u(t+T),t > 0.
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(b). Equation (5.14) has a T-periodic solution if and only if the Poincaré
map P : C([-r,0],X) — C([-r,0],X) defined in (5.16) has a fized
point.

Definitions concerning boundedness and ultimate boundedness given in
the previous section can be revised as follows to suit Eq. (5.14).

Definition 5.4. Denote C = C([-r,0],X). The solutions of Eq. (5.14)
are said to be bounded if for each B; > 0 there is a Bo = Ba(By) > 0
such that {|¢|c < By,t > 0} implies |u(t, @)|| < Ba. (Here |- |c means the
sup-norm.)

Definition 5.5. The solutions of Eq. (5.14) are said to be ultimate
bounded if there is a bound B > 0 such that for each B3 > 0, there is a
K = K (B, B3) > 0 such that {|¢|c < Bs,t > K} implies ||u(t, ¢)|| < B.

For the relationship between boundedness and ultimate boundedness,
we also have the following result.

Theorem 5.8. Assume that f(t,u,v) in FEq. (5.14) is continuous and is
Lipschitzian in uw and in v. If the solutions of Eq. (5.14) are ultimately
bounded, then they are also bounded.

From the study for equations without delay, we see that for Eq. (5.14)
with finite delay, the most important step will be the proof of the compact-
ness of the Poincaré operator defined in (5.16). This is getting a little hard
since now we need to deal with functions rather than single elements. The
following Ascoli-Arzela theorem for general Banach spaces is needed here
to treat a set of functions.

Theorem 5.9. (Ascoli-Arzela) Let E C C([—r,0],X) be bounded. Then E
is precompact if and only if functions in E are equicontinuous and for each
€ [—r,0], the set {f(t): f € E} is precompact in X.

Accordingly, for a bounded set E C C([—r,0],X), we need to prove the
precompactness of

[P(E)(s) = {(P¢)(s) : ¢ € E}
for every s € [—r,0].

Now, note from geometry that the operator P defined in (5.16) maps
an initial function ¢ on [—r,0] to the function P¢ on [T — r,T| along the
unique solution u(-, ¢). If T'—r < 0, then the restrictions of P¢ on [T'—r, 0]
for ¢ € E are parts of the initial functions ¢ € FE, and they may be
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arbitrary, or “bad”, i.e., noncompact. Therefore, to avoid this, we require
T —r > 0. Now, for ¢ € C([-r,0],X), Pp = up(-,¢) is a function defined
on [T —r,T] C (0,00), thus the possibly “bad” history on [—r,0] is cut
off. Then the operator P can smooth things out so that the same idea for
equations without delay and Horn’s fixed point theorem can be applied to
derive periodic solutions.

Theorem 5.10. Let the assumptions 5.1 and 5.2 be satisfied and let T >
r. If the solutions of Eq. (5.14) are bounded, then P : C([-r,0],X) —
C([-r,0],X) defined in (5.16) is a compact operator.

Proof. The continuity of P is left as an exercise. Let H C C([-r,0],X)
be bounded. Since the solutions of Eq. (5.14) are bounded, it follows that
E = P(H) c C([-r,0],X) is bounded. In the following, we will use the
Ascoli-Arzela theorem to show that E is precompact.

Note that T'—r > 0, so for s € [—r,0], a function in E can be expressed
as

(P9)(s) = ur(s,¢) = u(T +s,9)

T+s
— U(T + 5,0)¢(0) +/ U(T + s, h) f(h, u(h),un)dh, ¢ € H.
0

Also, as T —r > 0, there is a k > 0 such that T+ s > k for s € [—r,0].
From the properties for the evolution system U (¢, s), one has, for s € [—r, 0],

U(T + 5,0)6(0) = U(T + s, k)U(k, 0)$(0), ¢ € H. (5.17)

Fix n € (0,1). Then from Lemma 5.3 (i), U(k,0) : X — X, is bounded.
Next the embedding X,, — X is compact, thus {U(k,0)¢(0) : ¢ € H} is
precompact in X since {¢(0) : ¢ € H} is bounded in X. Therefore, the
closure of {U(k,0)¢(0) : ¢ € H} is compact in X. Now, one can verify that
as functions on - € [—r,0],

(U(T +-,006(0) : ¢ € HY = {U(T + -, k) [U(lc, 0)¢(0)} L€ HY(5.18)

is equicontinuous. Next, from Lemma 5.3 (ii), for 0 < v < 1, there is a
constant C(), such that for s1, s2 € [—r,0],

T+so T+s1
H/ U(T+82,h)f(h7u(h),uh)dh—/ U(T+s1,h) f(hyu(h),up)dh|
0 0

< Clsy—sal” max [1f(hu(h), un)]|
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Since solutions of Eq. (5.14) are bounded and f maps a bounded set
into a bounded set, there exists M7 = M;(H) > 0 such that

1f (8 ult, ), ur(9))| < My, te[0,T], ¢€H.

Thus, as functions on - € [—r, 0],

T+
{/0 U+, h)f(h,u(h),up)dh: ¢ € H} (5.19)

is also equicontinuous. Therefore, functions in F are equicontinuous.
Next, to check the precompactness of the functions at every point of
[—7,0], we fix 5o € [—7,0]. From the above arguments, we also know that

[U(T + 50,0)6(0) : 6 € H} (5.20)
is precompact in X. Now for ¢ € H, we let g(t) = f(t,u(t, ¢),us(¢)). Then

T+so
[ U@+ sou ), o),un(@)dh = K(0.9)(T + s0) € X,
0
according to Lemma 5.3 (iii). Also note that by Lemma 5.3 (i), there are
constants v € (0,1) and My > 0 such that
||U(T+ SO,h)HO,n < MQ(T+ S0 — h)iry, 0<h<T+ syp.
Thus

T+so
I /0 U(T+s0,h)f(h,u(h, ¢), un(@))dhlly < MyMT ™7 /(1~7), ¢ € H.

Therefore

T+so
{/O UT + so, 1) f (b uh, &), un(0))dh: 6 € HY  (5.21)

is bounded in X,,. Then use the fact that the embedding X,, — X is compact
again, we see that the set defined by (5.21) is precompact in X. Now the
Ascoli-Arzela theorem implies that the map P is a compact operator. [

Similar to the case for equations without delay, we have

Theorem 5.11. Let the assumptions 5.1 and 5.2 be satisfied and let T > r.
If the solutions of Eq. (5.14) are ultimate bounded, then Eq. (5.14) has a
T -periodic solution.

Theorem 5.12. Assume that there exist functions (“wedges”) Wi, i =
1,2,3, with W; : [0,00) — [0,00), W;(0) = 0,W; strictly increasing, and
Wi(t) — oco,t — oo. Further, assume that there exists a (Liapunov) func-
tion V : X — R (reals) such that for some constant M > 0, when u is a
solution of Eq. (5.14) with |u(t)|| > M, then
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(¢) Wi([lu@®)]]) <V (u(t)) < Wa([u(®)]]), and
(b). GV (u(t)) < =Ws(|lu(®)])-

Then solutions of Eq. (5.14) are bounded and ultimate bounded.

Exercise 21.

(1) Prove Theorem 5.7.

(2) Prove Lemma 5.4.

(3) Prove Theorem 5.8.

(4) In the proof of Theorem 5.10, show that the Poincaré map P defined
in (5.16) is continuous.

(5) In the proof of Theorem 5.10, verify that as functions on - € [—r,0],

(UT +-,006(0) : ¢ € HY = {U(T + -, k) [U(k, 0)¢>(0)] L€ H

given in (5.18) is equicontinuous.
(6) Prove Theorem 5.11.
(7) Prove Theorem 5.12.

5.1.3 Nonlinear Equations With Infinite Delay

Consider the following nonlinear differential equation with infinite delay,
u'(t) + A()u(t) = f(t,u(t),u), t>0, u(s)=¢(s), s<0, (5.22)

in a general Banach space X, where u:(s) = u(t +s), s <0.

The materials presented here are based on [Liu (62); Liu Naito and
Minh (63)]. Similar to equations with finite delay, we now need to con-
sider functions defined on (—o0, 0], where in general only a seminorm is
available. In this regard, an approach using axioms for seminormed ab-
stract spaces can be made, see Henriquez [Henriquez (45)] and Hale and
Kato [Hale and Kato (41)]. Here, we will approach in a simpler way by con-
sidering functions in the continuous functions space C'((—o0, 0], X) against
a fixed function g. These spaces are called “weighted” (or “friendly” in
some literature) phase space and are denoted by C,.

To define such a phase space Cy for Eq. (5.22), we have

Lemma 5.5. There exists an integer Ko > 1 such that

1
(i)KrlM0 <1, (5.23)
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where Mo = supyc(o 1) |U (%, 0)|| is finite. Neat, let wo = T /Ko, then there
exists a function g on (—o00,0] such that g(0) = 1, g(—o0) = o0, g is
decreasing on (—o0,0], and for d > wqy one has

g(s) 1
su < -. 5.24
sglg g(S - d) 2 ( )
Proof. Such a function g exists, e.g., we can take g(s) = e~ where
a > 0 is such that e®*° > 2. O

For the function g given in Lemma 5.5, define the continuous functions
space

C, = {¢ L ¢ € O((~00,0],X) and lim |¢ES)” - o}. (5.25)

s—=cc g(s)
Then Cy coupled with the norm

ol =sup 29y, (5.20

is a Banach space, see an exercise.
Similar to the study of equations with finite delay, we have

Theorem 5.13. Let the assumptions 5.1 and 5.2 be satisfied and let ¢ €
Cy. Then there exists a constant o > 0 such that Eq. (5.22) has a unique
(mild) solution u : (—oo,a] — X satisfying ug = ¢ (i.e., u(s) = ¢(s), s <
0), and

u(t):U(t,0)¢(0)+/O U(t,h)f(h,u(h),up)dh, te€[0,a]. (5.27)

To derive periodic solutions, we assume that solutions exist on [0, co).
We will write u = u(-, ¢) for the unique solution with the initial function

@.
Now, for equations with infinite delay, the Poincaré operator will map
an element ¢ of C'((—o00,0],X) to an element of C((—o0,0],X), given by

P¢=ur(,, ), ¢ € C((~00,0],X), (5.28)
or, for s € (—o0,0],

(P9)(s) = ur(s,¢) = u(T +s,9)

T+s
wrmmmm+/ U(T + 5. 1) (hy u(h), un)dh,
0
- T+s>0,

d(T+s), T+s<O0.
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Similar to Lemma 5.4, we have

Lemma 5.6. Let the assumptions 5.1 and 5.2 be satisfied.

(a). If u(t) is a solution of Eq. (5.22), then so is u(t+T),t > 0.

(b). Equation (5.22) has a T-periodic solution if and only if the Poincaré
map P : C((—00,0],X) — C((—00,0],X) defined in (5.28) has a fized
point.

Definitions concerning boundedness and ultimate boundedness given in
the previous sections can be revised as follows to suit Eq. (5.22).

Definition 5.6. The solutions of Eq. (5.22) are said to be bounded if
for each By > 0 there is a By = Bo(B1) > 0 such that {|¢|, < By, t > 0}
implies ||u(t, ¢)|| < Ba.

Definition 5.7. The solutions of Eq. (5.22) are said to be ultimate
bounded if there is a bound B > 0 such that for each B3 > 0, there is a
K = K (B, B3) > 0 such that {|¢|, < Bs,t > K} implies ||u(t, ¢)| < B.

For the relationship between boundedness and ultimate boundedness,
we also have the following result.

Theorem 5.14. Assume that f(t,u,v) in Eq. (5.22) is continuous and is
Lipschitzian in uw and in v. If the solutions of Eq. (5.22) are ultimately
bounded, then they are also bounded.

For equations without delay and with finite delay, we obtained periodic
solutions because we were able to prove the compactness of the Poincaré
operators for those equations, therefore compact sets could be constructed
and Horn’s fixed point theorem could be applied to derive fixed points and
hence periodic solutions.

Now, for Eq. (5.22) with infinite delay, the geometry of the Poincaré
operator defined in (5.28) is that the function ¢ defined from 0 all the way
to the left (—o0) is now mapped to a function from 7'(> 0) all the way to the
left. Thus, under the Poincaré operator, the history of the initial function
¢ on (—o0,0] is carried over to become the part of P¢ from 0 all the way
to the left. Now, to obtain the compactness of the Poincaré operator, we
need to use the Ascoli-Arzela theorem and verify that the solution set (for
the initial functions in a bounded set) is precompact for every s < T'. This
is impossible now because when s < 0, the solution set is the same as the
initial functions, which may be arbitrary, or “bad”, i.e., noncompact.

That is, it is possible that under the Poincaré operator P defined in
(5.28), a bounded set gets mapped into a noncompact set. Therefore,
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the Poincaré operator P defined in (5.28) is not compact. Hence, all the
fixed point theorems requiring compactness, such as Browder’s, Horn’s,
Schauder’s, and Schauder-Tychonov’s, are not applicable now for equations
with infinite delay in general Banach spaces.

This causes the major difficulty for the study of periodic solutions of in-
finite delay equations in general Banach spaces. To overcome this difficulty,
one way is to use Kuratowski’s measure of non-compactness for condens-
ing operators to get fixed points and hence periodic solutions, where by
the name of “non-compactness”, the compactness requirement is removed.
Let’s introduce these notions.

Definition 5.8. The Kuratowski’s measure of non-compactness (or
the o measure) for a bounded set H of a Banach space Y is defined as

a(H) = inf {d > 0 : H has a finite cover of diameter < d}. (5.29)
We need to use the following basic properties of the « measure here.

Lemma 5.7. [Lakshmikantham and Leela (52)] Let A and B be bounded
sets of a Banach space Y. Then

(1) a(A) < dia(A). (dia(A) = sup{|z — y|y : z,y € A}.)
a(A) = 0if and only if A is precompact.
a(AA) = MNa(A), AeR. MNA ={dz:z € A})

(4) a(AU B) = max{a(A), a(B)}.
a(A+B)<a(Ad)+a(B).(A+B={x+y:z€ Ay B})
a(A) < a(B)if AC B.

Lemma 5.8. Let A with norm |- |4 and C with norm | -|c be bounded. If
there is a surjective map @Q : C — A such that for any ¢,d € C one has
Q(c) = Q(d)]a < |c—dc, then a(A) < a(C).
Proof. For any € > 0, there exist bounded sets G* C C, i = 1,...,m,
such that

dia(G") < a(C) ¢, C=Um,G". (5.30)
Now, @ is surjective, so that A = U™, Q(G*). And for a,b € Q(G?) we may
assume that a = Q(c), b = Q(d) for some c,d € G*. Thus

la—bla=1Q(c) — Qd)]a < |c — d|c < dia(G")
<a(C) +e. (5.31)

This implies dia(Q(G?)) < «(C) + ¢, and hence from Lemma 5.7 (i),
a(Q(G")) < dia(Q(G*)) < a(C) +¢e. Therefore Lemma 5.7 (iv) implies
that a(A) < a(C) + €. Since € > 0 is arbitrary, the result is true. O
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Definition 5.9. An operator P is said to be a condensing operator on a
Banach space Y if P is continuous and takes a bounded set into a bounded
set, and «(P(B)) < «a(B) for every bounded set B of Y with «(B) > 0,
(where a(-) is the a measure).

For condensing operators, the following asymptotic fixed point theorem
from Hale and Lunel [Hale and Lunel (42)] is very useful. It is similar to
Horn’s and Browder’s asymptotic fixed point theorems but doesn’t require
compactness.

Theorem 5.15. (Hale and Lunel [Hale and Lunel (42)]) Suppose Sy C
S1 C Sy are convexr bounded subsets of a Banach space Y, Sy and So are
closed, and S1 is open in So, and suppose P : So — Y is (S2)-condensing
in the following sense: if U and P(U) are contained in Se and o(U) > 0,
then a(P(U)) < a(U). If Pi(S1) C Sa, j > 0, and, for any compact set
H C Sy, there is a number N(H) such that P*(H) C Sy, k > N(H), then
P has a fized point.

Based on Theorem 5.15, we have

Theorem 5.16. Suppose Sy C S1 C So are conver bounded subsets of a
Banach space Y, Sy and So are closed, and S1 is open in Sa, and suppose
P is a condensing operator in Y. If PI(S;) C Sa, j > 0, and there is
a number N(Si) such that P*(S1) C So, k > N(S1), then P has a fized
point.

The advantage of these is that the compactness requirement is removed,
as long as the operator shrinks sets under o measure. We will apply the
fixed point theorem 5.16 to Eq. (5.22) with infinite delay in C, and derive
periodic solutions using ultimate boundedness.

For the Banach space Cy defined above, we have

Lemma 5.9. Let u be a continuous function on (—oo,T| such that |u|g is
finite for every t € [0,T). Then for any 0 < h <r < T withr —h > wp
(wo is from Lemma 5.5), one has

1
|ur|g§max{ sup ||u(s)], §|uh|g}. (5.32)

selh,r
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Proof. We have

o — sup e _ e+ 5)|
rlo = =
g s<0  9(5) s<0 g(s)

[u()]|
=S + :l
woa-n Ty
1 [u()]l
< max< sup |[u(l , Sup
{le[h,r] fu€ )”9(1 —-r) a<n g(l— T)}
1 [u@] g(—h)
= max< sup |lu(l , sup
Lo WOl g =y P S hy o= )
[u(h + s)|| g(s)
< max< sup |[u(l)], sup l—h=s
Lz Il sup =0 o=y ¢ )
< max{ sup Ju(s)], ghuly (533)
s€[h,r] 2
by using Lemma 5.5. O

To estimate the solutions, we have

Lemma 5.10. Let the assumptions 5.1 and 5.2 be satisfied and let u and y
be two solutions of Eq. (5.22) (with initial functions ug and yo respectively)
on (—oo, L], L > 0. Then fort € [0, L],

lus — ytlg < Kiluo — yolgeX?, (5.34)
where K1 and Ko are some constants.

Proof. Similar to the proof of Lemma 5.9, we have, for t € [0, L],

fur = yely < max{ sup fu(s) =y(s)ll luo—polyf.  (5.35)
s€0,t]

Next, using Lipschitz conditions, we may assume that

[1f (hy wh), yn) = f (R y(h), yn) | < kollu(h) —y(R)], (5.36)

[1f (s w(h), un) = f (R u(h), yn) |l < Frlun = ynlg, (5.37)
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for some constants ko and k1. Let Mo = supsejon U 0)|, M1 =
supg<p<s<r |U(s, h)||, which are finite. Then for s € [0,1],

Ju(s) — (3)]| = (s, 0)(u(0) ~ y(0))
o [ UG [0 0, 0) = (k). )]
= U (s, 0)(u(0) — 5(0)

+ [ UG [f0 ). )~ )] an)
+ [0 £ a0 — 0y, )| an]
< Molu(0) — w0 + [ Mobolluh) — (1)
0
+AS M1k1|uh - yh|gdh

t
< Moluo — yol, + / My (ko + ko) |un — ynlgdh.  (5.38)
0
Thus, from (5.35), we have

ut = yelg < sup JJu(s) —y(s)]| +[uo — yolg

se€[0,t

t
< (Mo + o — yoly + / My (ko + k1) [un — ynlgdh.
0

Now, the Gronwall’s inequality implies (5.34). O

An immediate consequence of Lemma 5.10 is the following local bound-
edness property of the solutions.

Theorem 5.17. Let the assumptions 5.1 and 5.2 be satisfied and let D C
Cy be bounded. Then for any L > 0, solutions of Eq. (5.22) with initial
functions in D are bounded on [0, L]. That is, there exists a constant E =
E(D,L) > 0 such that if u(-) = u(-,¢) with ¢ € D, then ||u(t)| < E for
t €0, L]
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Proof. Let y = y(¢o) be a fixed solution with ¢9 € D. Then |ugl, <
lur —yrlg + lyrlg, and hence Lemma 5.10 implies that {Jur(¢)|q : ¢ € D}
is bounded. Therefore the result is true by using the definition of the norm
in Cy. U

Next, for D C Cy and u(¢) the unique solution with uo(¢) = ¢, we
define Wi(D) = {w(¢) : ¢ € D} and Wy, (D) = {up,(¢) : ¢ € D},
where up, ) means the restriction of u on [h, r].

Lemma 5.11. Let the assumptions 5.1 and 5.2 be satisfied. If D C C,
is bounded, then Wi r)(D) C C([0,7T],X) is bounded and W, (D) C Cy is
bounded for each r € [0,T]. And for any 0 < h <r < T with r — h > wy
(wo is from Lemma 5.5), one has

a(W, (D)) < max {a(w[hﬂ (D)), %a(Wh(D))}. (5.39)

Proof. First, Theorem 5.17 implies that Wy (D) C C([0,77,X) is
bounded. This result and Lemma 5.9 (with ~ = 0) imply that for each
r € [0,T], W,(D) is bounded in Cy. Now, for any ¢ > 0, there ex-
ist bounded sets P? C Wi (D), i@ = 1,...,m, and bounded sets Q7 C
Win(D), j=1,...,n, such that

dZCl(PZ) < a(W[h7r] (D)) + e, W[h,’r] (D) = Uglpia (540)
dia(Q7) < a(Wh(D)) +2¢,  Wi(D) =Uj_, Q. (5.41)

Put
Y = {u € Wo(D) : ugy € P, up, € Qj}. (5.42)

Then we have
Wi (D) = ULy Uf_y Y. (5.43)

For each Y%7 if u,,w, € V>, then from the proof of Lemma 5.9,

1
fur = wrly < max { sup [lu(s) = w(s)l, 5lun —wnl, |

selh,r
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This implies, using Lemma 5.7 (i), that
a(Y"7) < dia(Y;*1) < max {a(W[h,T] (D)), %a(Wh(D))} +e. (5.45)
Then Lemma 5.7 (iv) implies that
a(W, (D)) < max {a(WM (D)), %a(Wh(D))} e (5.46)
Since € > 0 is arbitrary, the result is true. O
By using the Ascoli-Arzela theorem, we have the following result. The

idea of the proof is similar to the case for equations with finite delay.

Lemma 5.12. Let the assumptions 5.1 and 5.2 be satisfied and let D C C|,
be bounded. Then a(Wy (D)) =0 for any 0 <l <r <T.

Proof. By Lemma 5.7 (ii), we need to prove that the Ascoli-Arzela the-
orem can be applied to the bounded set E = Wy, ,1(D) C C([l, 7], X).
Note that a function in E can be expressed as, for s € [I,7],

u(s,6) =U(5,0)00) + [ Ulsb)f(hyulh),un)dh, 6 € D, (547
0
Since | > 0, there is k& > 0 such that s > k for s € [I,r]. For s € [I, 7],
one has
U(s,0)¢(0) = U(s, k)U (K, 0)6(0), ¢ € D. (5.48)
Fix n € (0,1). Then from Lemma 5.3 (i), U(k,0) : X — X, is bounded.
Next the embedding X, — X is compact, thus {U(k,0)¢(0) : ¢ € D} is
precompact in X since {¢(0) : ¢ € D} is bounded in X. Therefore, the
closure of {U(k,0)¢(0) : ¢ € D} is compact in X. Now, one can verify that
as functions on - € [I, ],
{U(.0)6(0) : 6 € Dy = (U W)Uk, 0)6(0)] 0 € D} (5.49)
is equicontinuous. Next, from Lemma 5 3 (ii), for 0 < v < 1, there is a
constant C(v), such that for s1, s € [I,7],

||/ (82, h) f(h,u(h), up)dh — / (s1,h) f(h,u(h), up)dhl|

< COlsr = sal” max 1S (b, u(h), ). (5:50)

By using Lemma 5.11, we see that the variables in f are bounded. Now f
maps a bounded set into a bounded set, thus there exists My = M3(D) >0
such that

Hf(tﬂu(t)vut((b))” <M, te [07T]u peD.
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Therefore, as functions on - € [, 7],

{/ U(- (h),up)dh : ¢ € D} (5.51)

is also equicontinuous. Therefore, functions in F are equicontinuous.

In the following, to check the precompactness of the functions at every
point of [I,7], we fix so € [I,r]. From the above arguments, we also know
that

{U(s0,0)$(0) : ¢ € D} (5.52)
is precompact in X. Next, for ¢ € D, we let g(t) = f(t,u(t), ui(¢)). Then

/0 " U (50, B) f(hyu(h), un(6))dh = K (0, g)(s0) € X,

according to Lemma 5.3 (iii). Also note that by Lemma 5.3 (i), there are
constants v € (0,1) and M3 > 0 such that

U (s0, 2)|lo,y < Ms(so—h)™7, 0<h<sg.

Thus
|| / S0, h) F(hy u(h), un(@))dhll, < MsMyTY /(1 ~ ), &€ D.
Therefore

{ / (50, h) £ (h, w(h), un(@))dh : & € D} (5.53)

is bounded in X,,. Then use the fact that the embedding X,, — X is compact
again, we see that the set defined by (5.53) is precompact in X. Now the
Ascoli-Arzela theorem implies that E is precompact. Thus by Lemma 5.7
(i), (W (D)) = a(E) = 0. (]

Next, we prove that the operator P defined in (5.28) is condensing in
Cy.

Theorem 5.18. Let the assumptions 5.1 and 5.2 be satisfied. Then the
operator P defined in (5.28) is condensing in C, with g given in Lemma
5.5.

Proof. From Lemma 5.10, we have

[P(¢) = P(p)lg = lur() — ur(p)lg < Kie®*T|p —plg,  (5.54)
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thus P is continuous, and takes a bounded set into a bounded set. Next,
let D C C, be bounded with o(D) > 0. By using Lemmas 5.11 and 5.12
repeatedly, we have (wg is from Lemma 5.5)

a(P(D) = a(Wr(D)) < max {a(Wir_, 71(D)), 5a(Wr (D)}

— 5a(Wr_u, (D)

< gmax{a(Wir—au, 70 (D)), 30(Wr 2, (D))}

= (5)a(Wr—2u,(D)

1
(3
1

= (3 a(Wr-au, (D))

2 i {a(Wir s 1200 (D)), 50(Wr 50 (D))}

(5) max {aWior— s -wa (D)), 50(D)}. (5.59)

Next, for - € [0,T — (Ko — 1)wg],
Wio,r—(Ko—1)wo] (D) C {U(-,O)QS(O) HNONS D}

IN

+{ /0 UG h)f(hyulh), un(@))dh s 6 € D},
And for ¢ € [0,T — (Ko — Do),
[U(t,0)9(0) — U(t,0)(0)|| = [[U(t,0)(¢(0) — ¢(0))]l
< Mol[¢(0) — (0)|| < Mol — ¢l

where Mo = sup,co. 71 [|U(¢,0)||, then we have from Lemma 5.7 (iii) and
Lemma 5.8 that (for - € [0,7 — (Ko — 1)wo])

o{U(-,0)6(0) : 6 € D} < Moo (D). (5.56)
Similar to the proof in Lemma 5.12 we see that for - € [0,7 — (Ko — 1)wo],
of [ UG (b uh),un(@)dh s 6 € D} =0, (5.57)

0

Therefore we have from Lemma 5.7 (v) that

a(W[O,T—(K—l)wO](D)) < Moa(D). (5.58)
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Thus, from Lemma 5.5, (5.55), and (5.58), we have (note that M, =
sup;epo, 71 [IU (8, 0)] = 1)

1 1
a(P(D)) < ()50~ max {Moa(p), —a(D)}
2 2
1
< (§)K0*1M0a(D) < a(D). (5.59)
This proves that the operator P is condensing in Cy. g

Now, we are ready to prove the existence of periodic solutions for infinite
delay differential equations in general Banach spaces.

Theorem 5.19. Let assumptions 5.1 and 5.2 be satisfied. If the solutions of
Eq. (5.22) are ultimate bounded, then Eq. (5.22) has a T-periodic solution.

Proof. From Theorem 5.14, the solutions of Eq. (5.22) are also bounded.
Let the operator P be defined in (5.28). Similar to the study of equations
without delay and with finite delay, we have

P™(¢) = umr(¢), ¢ €Cy, m=1,2,---. (5.60)

Next, let B > 0 be the bound in the definition of ultimate boundedness.
Using boundedness, there is a By > B such that {|¢|, < B,t > 0} implies
llu(t,¢)|| < Bi. Also, there is a By > By such that {|¢|, < By,t > 0} im-
plies ||u(t, ®)|| < Bz2. Next, using ultimate boundedness, there is a positive
integer J such that {|¢|, < Bi,t > JT'} implies |lu(t, ¢)|| < B.

Now let

Sy ={p€Cy:|dly < Ba},
WE{(bECg : |¢|g <Bl}751 =Wn>Sss, (561)

So={¢ € Cy:|dly < B},

so that Sp C S1 € Sy are convex bounded subsets of Banach space C, So
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and S9 are closed, and S is open in Sy. Next, for ¢ € S and j > 0,

j [usr(s)] u(GT + s)||
P’ = Uy = su = su
[P 9lg = |ujr(9)lg sglg 9(s) o 905)
Smax{ sup M, sup M}
s<—jT g(s) SE[—5T,0] g(s)
[[u()]]
<max<q sup ————, sup |u(l
{ 1<0 (1 —JjT) 1€[0,5T) il )H}
[u()]l
< max § sup , sup ||lu(l
{sw 2 e 0}
S maX{|¢|ga B2} S Bg, (562)

which implies P7(S1) C Sa, j > 0. Now, we prove that there is a number
N(S1) such that P*(S;) C Sy for k > N(S;). To this end, we choose a
positive integer m = m(B) such that

1 B
)M < = 5.63
"< (5.6
and then choose an integer N = N(S1) > J such that
NT > and Dz <B (5.64)
mwy and ——————— , .
’ g(=(N = J)T)
where wy is from Lemma 5.5. Then for ¢ € S; and k> N,
kT + s)||
N r7ea ) [ 1
| (b'g | kT(¢)|g sgl(t)) g(s) 2<0 g(s)
kT kT
comef o VOTED T )
s<—kT 9(s) s€[—kT,—(k—J)T] 9(s)
kT
sup M} (5.65)
s€[—(k—J)T,0] 9(s)
For the terms in (5.65), we have
kT
ap  LETHES s @) < B, (5.66)

s€[—(k—J)T,0] q(s) T LE[JT KT
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and
wp BT Ju)]
s€[—KT,—(k—J)T] q(s) 1€[0,JT] g(l — kT)
Bg BQ
< < < B, 5.67
S Oe— VD) = o=V = I)T) (567
and
[w(kT + s)|| u@]]
su =su
sg_IéT 9(8) 1<0 g(l - kT)

S U] 0
T2 gy gU—kT)

g9()

g(l) g(l —wo)
< Bjs ..
= llglg g(l —wo) g(l — 2wo)

L g(l - (m - 1)’(110) g(l — mwo)

. (5.68
o0 o) o0 k1)~ O
Now, from Lemma 5.5, for i > 0,
S0 =i00) ()
1<0 9(L = (i + Dwo)  s<—iw, 9(s — wo)
g(s) 1
<sup———— < - 5.69
*Sggg(s—wo) 2 (5:69)
Thus, (5.68) becomes
[u(kT + s)|| 1 gl — mwy)
- < B —_\ym sup ——8¥ =~
s<—kT 9(8) - 1(2) zglg g(l—kT)
B g(l — mauwyp) g(l — muwy)
< Bi—sup*—F——> < Bsup——+ = B. 5.70
"B, zglg g(l—NT) — lgloj g(l — mwy) (5.70)
Therefore, (5.65) becomes
|P*¢l, < B, k>N, (5.71)

which implies P*(S1) C Sp, k > N(S1). Now, Theorem 5.16 can be used
to obtain a fixed point for the operator P, which, from Lemma 5.6, gives
rise to a T-periodic solution of Eq. (5.22). This proves the theorem. g
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Theorem 5.20. Assume that there exist functions (“wedges”) Wi,i =
1,2,3, with W; : [0,00) — [0,00), W;(0) = 0,W; strictly increasing, and
Wi(t) — oo,t — oo. Further, assume that there exists a (Liapunov) func-
tion V : X — R (reals) such that for some constant M > 0, when u is a
solution of Eq. (5.22) with ||u(t)|| > M, then

(¢) Wi([lu@®)]) <V (u(t)) < Wa([u(®)]]), and
(b) gV (u(®)) < =Ws(|lu(t)]]).

Then solutions of Eq. (5.22) are bounded and ultimate bounded.

Exercise 22.

(1) Verify that Cj, coupled with the norm defined in (5.26) is a Banach
space.

(2) Prove Theorem 5.13.
(3) Prove Lemma 5.6.

(4) Prove Theorem 5.14.
(5) Prove Theorem 5.16.
(6) Verity (5.43).
(7)

7) In the proof of Lemma 5.12, verify that as functions on - € [l, 7],

{U(,0)6(0) : ¢ € D} = {U (-, k) [U(k,004(0)] : ¢ € D}

given in (5.49) is equicontinuous.
(8) In the proof of Theorem 5.19, verify (5.60).
(9) Prove Theorem 5.20.

5.1.4 Non-Densely Defined Equations

In the above studies of the existence of periodic solutions, the operator
A(t) is assumed to be densely defined, which is the case if we look at
partial differential equations in LP spaces. However, if we use the sup-
norm to measure continuous functions, the corresponding operators may
be non-densely defined.

Example 5.1. Consider the partial differential equation
Zut,x) = Zzult,o) + f(tw), (L) € (0,00) x (0,1),

u(t,0) = u(t,1) =0, t >0, (5.72)

u(0,z) = ®(z), = €[0,1].
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If we study Eq. (5.72) in C[0, 1] (the space of all continuous functions
on [0,1] with the sup-norm), and define

Au =", D(A) = {ue C?0,1]: u(0) = u(1) = 0}. (5.73)
Then the closure of D(A) is

D(A) = {u € C[0,1] : u(0) = u(1) =0} # C[o,1], (5.74)
thus A is not densely defined on C10, 1].

In the following, we will look at
' (t) = Au(t) + f(t,u(t),u), t>0, up=¢ e C([-r0],X), (5.75)

where the linear operator A is non-densely defined and satisfies the Hille-
Yosida condition. And we will present some results of [Ezzinbi and Liu
(31)] without details.

Since now the operator A is non-densely defined, the semigroup theory
cannot be used. Therefore, we will apply the integrated semigroup theory.
For differential equations with finite delay, the wellposedness is established
in the space

Co={# € 0 ([~r,01.%) : 6(0) € DA)}

so that Cy will become the base space for this setting, replacing
C([-r,0],X).
The part Ag of A in D(A) is defined by

Ay=A on D(Ao)z{meD(A);Aer}.

Then it is known that the part Ag of A generates a strongly continuous
semigroup Sp(-) on D(A). Following [Liu (61)], we assume T > r and
we need to verify the compactness of the Poincaré operator P : Cy — Cy

defined by

Assumption 5.3. Let T > 0 be a constant. The function f is continuous in
all its variables, T-periodic in the first variable ¢ and uniformly Lipschitzian
in other variables.

Assumption 5.4. The semigroup (So(t)),>, is compact on D(A). That

means for each ¢ > 0, the operator Sy(t) is compact on D(A).
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The definitions on boundedness and ultimate boundedness are the same
as those for finite delay equations studied before. With some conditions,
the approach of [Liu (61)] can be modified to construct some sets so that
Horn’s fixed point theorem can be applied to derive fixed points for the
Poincaré operator defined in (5.76), and hence periodic solutions. We state
these results as follows.

Theorem 5.21. Assume that f(t,u,v) in Eq. (5.75) is continuous and is
Lipschitzian in u and in v. If the solutions of Eq. (5.75) are ultimately
bounded, then they are also bounded.

Theorem 5.22. Let the assumptions 5.3 and 5.4 be satisfied and let T > r.
If the solutions of Eq. (5.75) are bounded, then the Poincaré operator
Po =ur(-,¢) on Cy defined in (5.76) is compact.

Theorem 5.23. Let the assumptions 5.3 and 5.4 be satisfied and let T > r.
If the solutions of Eq. (5.75) are ultimately bounded, then Eq. (5.75) has
a T-periodic solution.

Theorem 5.24. Assume that there exist functions (“wedges”) Wi,i =
1,2,3, with W; : [0,00) — [0,00), W;(0) = 0,W; strictly increasing, and
Wi(t) — oo,t — oo. Further, assume that there exists a (Liapunov) func-
tion V : X — R (reals) such that for some constant M > 0, when u is a
solution of Eq. (5.75) with ||u(t)|| > M, then

(¢)- Wi([lu@®)]]) <V (u(t)) < Wa([u(®)]]), and
(0). gV (u(t)) < =Ws(|lu(®)])-

Then solutions of Eq. (5.75) are bounded and ultimate bounded.

Exercise 23.

(1) In Example 5.1, verify that
D(A) ={ue C[0,1] : u(0) = u(l) =0} # CI0,1].
(2) Study the wellposedness of Eq. (5.75) in

Co= {6 € C([-r,01,%) : 6(0) € D(A)} .

(3) Prove that the part Ay of A generates a strongly continuous semigroup

To(-) on D(A).
(4) Prove Theorem 5.21.
(5) Prove Theorem 5.22.
(6) Prove Theorem 5.23.
(7) Prove Theorem 5.24.
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5.2 Evolution Semigroups and Almost Periodic Solutions

The studies of the previous sections can be extended to almost periodic
solutions of nonlinear equations. The first question we are faced with is how
to associate to a given nonlinear evolution equation evolution semigroups
in suitable function spaces. The next one is to find common fixed points
of these semigroups in chosen function spaces. It turns out that using
evolution semigroups we can not only give simple proofs of some results
in the finite dimensional case, but also extend them easily to the infinite
dimensional case.

5.2.1 Ewolution Semigroups

In this subsection we are mainly concerned with the existence of almost

periodic solutions of evolution equations of the form

d
d—f — Az + f(t,z, ) (5.77)

where A is the infinitesimal generator of a Cy-semigroup (T'(t)):>0 and f is
a continuous operator from R x X x C to X. Note that our method used in
this subsection applies to nonautonomous equations with almost periodic
coefficients, not restricted to periodic or autonomous equations as in the
previous sections.

Throughout this section we will denote by C = BUC((—00, 0], X) the
space of all uniformly continuous and bounded functions from (—o0, 0] to
X, and by x; the map x(t + 0) = x(0), 0 € (—o0,0], where x(-) is defined
on (—o0,a] for some a > 0.

In this subsection we will deal with evolution equations of the form

d
d—f —Az+ f(t,z), zeX (5.78)

where X is a Banach space, A is the infinitesimal generator of a Cpy-
semigroup of linear operators (S(t))+>o0 of type w, i.e.

[S#®)z = Syl < e“*llz —yll, Yt =0, 2,y €X,
and f is a continuous operator from R x X to X. Hereafter, recall that
by a mild solution x(t),t € [s, 7] of equation (5.78) we mean a continuous
solution of the integral equation

2(t) = St — 8)z +/ S(t— ) f(€,w(E)de, Vs <t <t (5.79)

Definition 5.10. (condition H4). Equation (5.78) is said to satisfy condi-
tion HY if
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(1) A is the infinitesimal generator of a linear semigroup (S(t)):>o of type
w in X

(2) f is a continuous operator from R x X to X

(3) There is a constant v such that for every fixed ¢ € R, the operator
(—=f(t,-) +~I) is accretive in X.

The following condition will be used frequently:

Definition 5.11. (condition H5). Equation (5.78) is said to satisfy con-
dition HY if for every u € AP(X) the function f(-,u(-)) belongs to AP(X)
and the operator f, taking u into f(-,u(-)) is continuous.

The main point of our study is to associate with equation (5.78) an
evolution semigroup which plays a role similar to that of the monodromy
operator for equations with periodic coefficients. Hereafter we will denote
by U(t,s), t > s, the evolution operator corresponding to equation (5.78)
which satisfies the assumptions of Theorem A.30, i.e. U(t, s)x is the unique
solution of Eq. (5.79).

Proposition 5.1. Let the conditions H4 and H5 be satisfied. Then with
Eq. (5.78) one can associate an evolution semigroup (T")n>0 acting on
AP(X), defined as

[Tho](t) = U(t,t — h)v(t — h),Yh >0, t € R,v € AP(X).
Moreover, this semigroup has the following properties:

(1) T",h >0 is strongly continuous, and

h
Thu = S™u + / S £ (TCu)dE, Yh > 0,u € AP(X),
0

where (S"u)(t) = S(h)u(t — h),Yh > 0,t € R,u € AP(X).
(2)
|Thu — TMo|| < et IM|u — o)), Vh > 0,u,v € AP(X).

Proof. We first look at the solutions to the equation
t
w(t) = ST +/ S (w(€))de Yz € AP(X),t >a€R.  (5.80)

It may be noted that (S h)hgo is a strongly continuous semigroup of linear
oparators in AP(X) of type w. Furthermore, for A > 0, A\y < 1 and u,v €



Nonlinear equations 185

AP(X), from the accretiveness of the operators —f(¢,-) + vI we get

(1= )lle —yll = (1 = Ay) sup [Ju(t) — v ()]
= sup(l = Ay)fjut) - v(®)]
< sup [Ju(t) — v(t) = AL/ (E u(t)) — f(¢ v (@)
= |lu —v — A(fsu — fiv)|. (5.81)

This shows that (—f. +~I) is accretive. In virtue of Theorem A.30 there
exists a semigroup (T");>0 such that

h
Thu = S"u +/ Sh=¢ £, T ude,
0

|T"u — T < et |lu —v||, Vh > 0,u,v € AP(X).
From this,
h
[Thu)(t) = [S™u](t) + / [S"¢ . (T%w))(t)d¢, V't € R.
0
Thus
h
w%mw=smmu—hw+A S(h— &)L (TEu)(t — h+ €)de
h
=Smmu—hr+A S(h— E)f(t 4+ — b [T)(t +&— h))de

= Satt=h)+ [ =m0l

If we denote [T *u](t) by z(t), we get

xz(t) =St —s)z +/ St —&)f(&x(£))dE, Vit > s, (5.82)

where z = u(s). Consequently, from the uniqueness of mild solutions of
Equation (5.78) we get [T*~*u|(t) = x(t) = U(t,s)u(s) and [T"u](t) =
U(t,t — h)u(t — h) for all t > s,u € AP(Q). This completes the proof of
the proposition. O
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5.2.2 Almost periodic solutions

5.2.2.1  Almost periodic solutions of differential equations without
delay

The main idea underlying our approach is the following assertion.

Corollary 5.1. Let all assumptions of Proposition 5.1 be satisfied. Then a
mild solution x(t) of Eq. (5.77), defined on the whole real line R, is almost
periodic if and only if it is a common fized point of the evolution semigroup
(T™)n>0 defined in Proposition 5.1.

Proof. Suppose that z(t), defined on the real line R, is an almost periodic
mild solution of Eq. (5.78). Then from the uniqueness of mild solutions we
get

x(t) = U(t,t — h)x(t — h) = [T"z|(t), Vt € R.

This shows that z is a fixed point of T" for every h > 0. Conversely,
suppose that y(-) is any common fixed point of 7" h > 0. Then

y(t) = [T 5y)(t) = U(t, s)y(s), Vt > s.
This shows that y(-) is a mild solution of Eq. (5.78). O

We now apply Corollary 5.1 to find sufficient conditions for the existence
of almost periodic mild solutions of Eq. (5.78).

Corollary 5.2. Let all conditions of Proposition 5.1 be satisfied. Further-
more, let w+ p be negative and — f, — pl be accretive. Then there exists a
unique almost periodic mild solution of Eq. (5.78).

Proof. It is obvious that there exists a unique common fixed point of the
semigroup (T")>0. The assertion now follows from Corollary 5.1. O

Remark 5.2.

(1) A particular case in which we can check the accretiveness of — f. — ul
is w4+ v < 0. In fact, this follows easily from the above estimates for
lu — vl (see the estimate (5.81)).

(2) It is interesting to ”compute” the infinitesimal generator of the evolu-
tion semigroup (Th)hzo determined by Proposition 5.1. To this pur-
pose, let us recall the operator L which relates a mild solution u of the
equation & = Az + f(t) to the forcing term f by the rule Lu = f (see



Nonlinear equations 187

Sections 2.1 and 2.2 for more discussion on this operator). From the
proof of Proposition 5.1 it follows in particular that the infinitesimal
generator G of the evolution semigroup (T")p>0 is —L + fu.

(3) It can be seen that w is a mild solution of Eq. (5.78) if and only if
(=L + f.)u =0, so it is the fixed point of the semigroup (7")),>0.

(4) Let fi act on the function space A(X) N AP(X). Then by the same
argument as in the proof of Proposition 5.1 we can prove that the
evolution semigroup (7)o leaves A(X) N AP(X) invariant. This will
be helpful if we want to discuss the spectrum of the unique almost
periodic solution in Corollary 5.2.

5.2.2.2  Almost periodic solutions of differential equations with de-
lays

In this subsection we apply the results of the previous subsection to study
the existence of almost periodic mild solutions of the equation

d

d_”; = Az + f(t,z,3) (5.77)
where A is defined as in the previous subsection, and f is an everywhere
defined continuous mapping from R x X x C' to X. Hereafter we call a
continuous function z(t) defined on the real line R a mild solution of Eq.

(5.77) if

£(t) = S(t — s)a(s) + / S(t — &) F(€, 2(6), xe)dE, Vi > 5.

We should emphasize that our study is concerned only with the existence
of almost periodic mild solutions of Eq. (5.77), and not with all mild
solutions in general.

Definition 5.12. (condition H6). Equation (5.77) is said to satisfy condi-
tion H6 if the following is true:

(1) For every g € AP(X) the mapping F(t,x) = f(¢,z, g¢) satisfies condi-
tions H4 and H5 with the same constant ~.

(2) There exists a constant g with w — p < 0 such that —(ul + F\) is
accretive for every g € AP(X).

(3) [(E - y7f(t,x,¢) - f(t7y7¢l)] < ’7”1. - y” + 5H¢ - (blHﬂ vt e vavy €
X, 0,0 €C.

Theorem 5.25. Let condition H6 hold. Then for § sufficiently small (see
the estimate (5.86) below), Eq. (5.77) has an almost periodic mild solution.
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Proof. First we fix a function g € AP(X). In view of Proposition 5.1 we
observe that the equation

dz
— = Az + F
p x+ F(t,x)

has a unique almost periodic mild solution, where F'(t,z) = f(t,z, g¢). We
denote this solution by T'g. Thus, we have defined an operator T" acting on
AP(X). We now prove that T is a strict contraction mapping. In fact, let
us denote by U(t, s) and V (¢, s) the Cauchy operators

UL, s)x = S(t — s)a + / S(t— O FEUE s)r.ge)de,  (5.83)

V(t,s)xa =St —s)x+ / St—8fE VI s)x, he)de, (5.84)

for given g,h € AP(X),z € X,t > s.
Putting u(t) = U(t, s)x,v(t) = V (¢, s)z for given s, z, from the assump-
tions we have
[U,(t) - U(t)7 f(ta u(t)vgt - f(t7 U(t)7 ht] < m(ta ||U(t) - U(t)H)7
where m(t, ||[u(t) — v(t)||) = y[|u(t) — v(¥)|| + 6]|h — g||. Using this we get

[u() = v@®I < fJu(t —n) = v(t =)l +nm(, [lut) —v@)])

+ [ IS 7€ u(©).he) = b u(e). )

" / 15(t — €)1(6,0(E), ge) — F(t v(t), g0 dE.

-1
Now let us fix arbitrary real numbers a < b. Since the functions S(t —
O f(& u(§),he) and S(t — &) f(&,v(€), ge) are uniformly continuous on the
set a <& <t <b, for every € > 0 there exists an 1y = 79(¢) such that

[S(t = &) F (& u(§), he) — [t ult), )| <,

||S(t - g)f(ga U(é.)v gE) - f(ta U(t)a gt)” <kg,
for all ||t — &|| < no and t < £ € [a,b]. Hence, denoting |lu(t) — v(t)| by
a(t), for n < ny we have

a(t) — e"a(t —n) < nm(t,at)) + 2ne. (5.85)

Applying this estimate repeatedly, we get

a(t) — et < Z et m(ty, o) A + 2¢ Z et
i=1

=1
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where tg = s < t; <ty < ..<t,=tand |t; —t;—1| = A;. Thus, since ¢ is
arbitrary, and since the function m is continuous, we get

a(t) — et=a(s) < / = m(e, a(€))de

t
= [ 90a(e) + dlln - gl
Applying Gronwall’s inequality we get

—wt

a(t) < e(Ht=s)g(g) pert=a+wt(E "¢ ysup gl
w
Because of the identity a(s) = ||u(s) —v(s)|| = |U(s, )z — V(s,s)z| = 0,
from the above estimate we obtain

+w

evTY — e

t—1<e<t
Now let us denote by T,ﬁ,Tg,t > 0 the respective evolution semigroups
corresponding to Eq. (5.83) and Eq. (5.84). Since Th and T'g are defined
as the unique fixed points ug, vy of T,%, Tgl, respectively, we have
[Th —Tgll = [luo — vol| = [|Thuo — Tyvol <
< || Thuo — Tyuoll + | Tyuo — Ty — ol
eYtw e _
—0llh =gl + e F[luo — vl
= Né||h — gl| + e“"#|Th - Ty,
where N = (77 — ¢7)/w. Finally, we have
e’(e¥ — 1)

Th—Tg|| < —————.
ITh = Tol < S s

IN

Thus, if the estimate

w(l —ev™H)
ev(ev — 1)

holds true, then T is a strict contraction mapping in AP(X). By virtue of

the Contraction Mapping Principle 7" has a unique fixed point. It is easy to

see that this fixed point is an almost periodic mild solution of Eq. (5.77).

This completes the proof of the theorem. O

5§ < (5.86)

Remark 5.3.
(1) In case w = 0,7 = —p we get the estimate
S<el —1=p+u?/2+..

which guarantees the existence of the fixed point of 7T'.
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(2) f w4+~ < 0, then we can choose u = —~, and therefore we get
the accretiveness condition on —(F, 4+ uI). However, in general, the
condition w + v < 0 is a very strong restriction on the coefficients of
Eq. (5.77), if f depends explicitly on t.

5.2.2.3 Ezxamples

In applications one frequently encounters functions f from Rx X x C — X
of the form
f(t7x7gt) = F(t,I) +G(tagt)7 vt € R7 YIS Xa gt € 07
where F' satisfies condition ii) of Definition 5.12 and G(¢,y) is Lipschitz
continuous with respect to y € C, i.e.
1G(t,y) =G, 2)[ <dlly—z[l, VE€ER, y,z€C

for some positive constant §. In order to describe a concrete example we
consider a bounded domain §2 in R™ with smooth boundary 952 and suppose
that
A(z,D)u = Z aq(x)D%
lee|<2m
is a strongly elliptic differential operator in €2. Then, defining the operator
Au = A(z, D)u, Yu € D(A) = W?™2(Q) nW>(Q)

we know from Theorem 3.6 in [Pazy (90)] that the operator —A is the
infinitesimal generator of an analytic semigroup of contractions on L?((2).
Now let f,g : R x 2 x R — R be Lipschitz continuous and define the
operators F(t,w)(x) = f(t,z,w(z)) and G(t,w)(x) = g(¢,x,w(z)) where
teR, z € Qand w e L%N). Then, for any positive constant r, the
boundary value problem

Ou(t, x)

ot

u(t,z) =0 on o

fits into the abstract setting of Eq. (5.77).

= A(z, D)u(t,z) + f(t, z,u(t,x)) + g(t,z,u(t —r,z)) inQ,

5.3 Comments and Further Reading Guide

5.3.1 Further Reading Guide

For Eq. (5.22), the idea of deriving periodic solutions using boundedness
has been recently extended to general fading memory phase spaces with
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axioms in [Ezzinbi, Liu and Minh (32)]. So that in some sense, the study
along this line is getting complete.

A phase space for Eq. (5.22) is called a fading memory space if it is
a Banach space (T, || - ||r) consisting of functions from (—o0,0] to X that
satisfy the following axioms ([Hale and Kato (41); Hino and Murakami

(47))):

(A1). There exist a positive constant H and locally bounded non-negative
continuous functions K (-) and M (-) on [0, co) with the property that
if u: (—o0,a) — X is continuous on [o,a) with u, € T' for some
o < a, then for all t € [0, a),

(i). us €T,
(ii). w¢ is continuous in ¢ (with respect to || - ||r),
(iil). Hlz(t)]| < [zl < K(t = o) sup, <ot ()] + M(t = 0)[[z4]|r.

(A2). If {¢*}, ¢* € T, converges to ¢ uniformly on any compact set in
(—00,0] and if {¢*} is a Cauchy sequence in I', then ¢ € B and
¢ - pinT, k— oo.

A fading memory space is called a uniform fading memory space if it
satisfies (A1) and (A2) with K(-) = K; (a constant) and M(¢) — 0 as
t — 00.

In [Ezzinbi, Liu and Minh (32)], the Poincaré operator is shown to be
condensing in I under the condition that

M(0) < 1,
which simplifies a condition in [Henriquez (45)] of the form
1
inf M(T —-o)|=K T M 1. .
88, M7 =) K (o) s [T+ M) <1 (57

Then, when the phase space I' is a uniform fading memory space, it
is shown that Eq.(5.22) has periodic solutions if its solutions are ultimate
bounded.

5.3.2 Comments

Most results here are obtained under the condition that the nonlinear func-
tion f is Lipschitzian in variables other than ¢. If f is an arbitrary nonlinear
function, then we need to also assume that f maps a bounded set into a
bounded set and require that the solutions are also bounded (in addition
to being ultimate boundeded) in order to carry the proofs.
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Appendix

A.1 Lipschitz Operators

Let X and Y be given Banach spaces over the same field R, C. An operator
A : X — Y is called Lipschitz continuous if there is a positive constant L
such that

Az — Ay|ly < Lz —ylx, Va,y € X.
For a Lipschitz continuous operator A the following

[All == sup [|Az — Ayl|/[lz - y]|

z,y€X, Ay

is finite and is called the Lipschitz constant of A. The set of all Lip-
schitz continuous operators from X to Y is denoted by Lip(X;Y) and
Lip(X; X) = Lip(X) for short. A member A € Lip(X) is said to be invert-
ible if there is a B € Lip(X) such that A- B = B-A = 1. B is called the
inverse of A and is denoted by A~!

Theorem A.26. (Lipschitz Inverse Mapping) Let X be a Banach space, A
is an invertible member of Lip(X) and B is a member of Lip(X) such that
|B|l- |[A7Y| < 1. Then A+ B is invertible in Lip(X) and

1A+ B)~H < AT = 1B [1ATHD

Proof. We first prove the following assertion: If A € Lip(X) such that
[|A]] < 1. Then (I — A) is invertible in Lip(X) and

I =A)7 <@a—[Ap—t. (A1)
In fact, for z,y € X
(I = A)x — (I = Ayll = [z — y| — Az — Ay|| = (1 — [[A]D]]= — .

193
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Thus I — A is injective. If z,w € R(I — A), then
I = A) ™ — (1 = Al < (1 A7)z — wl].
For x € X by induction we can prove that
| Brnt1z — Bpz|| < ||A||"]|Az||, Vn =0,1,2,...
where by induction we define By := I, B, :== I + AB,_1, Vn = 1,2....

Indeed, this holds true for n = 0, so if we assume it to be true for n — k,
then
||Bk+1212 — BkZ‘H = ||ABk$ — ABk_1$||
< Al - | Bkx — Br—1z||
< |||l - 1Al Az,

so the assertion follows by induction. For any positive integer p,

g n+k+1$ - n+k$)

| Buapx — Bz =

1=
'-‘H

< Z (Bntk+12 — Bryrx)|]
k=0
p—1
A" ¥ )| Az|| < | A™ || A]|(1 — | Al
k=0

Since ||A]| < 1 and X is a Banach space, Cx = lim,;,—c0 By, exists for all
r € X and

ICz = Bual| = lim || Buspz = Bu|| < [|A|"|Azl|(1 = ]| A[) ™

Since A is continuous,

Czx= lim Byz = lim (I — AB,,_1)xz =z + ACx.

This shows that C' = I+ AC, so C is aright inverse of [ — A, i.e. (I—A)C =
I. Finally, this shows the surjectiveness of I — A, proving the assertion that
I — A is invertible in Lip(X).

We are now in a position to prove the theorem. In fact, we have (A +
B) = (I + BA™! )A and |BA7Y| < ||B] - |A7Y| < 1. By the above
assertion, (I+BA 1)=1 exists as an element of Lip(X). Hence (A+B)~1 =
A Y I+ BA™ Y71 and

Iz +BAH) " <@ —|B]- A7)~
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A modification of the above theory for Lipschitz continuous operators
from a Banach space X to another Banach space Y can be easily made.
For instance, the following is true:

Theorem A.27. Let A be an invertible member of Lip(X,Y). Then for
sufficiently small positive k, the operator A+ B is an invertible member of
Lip(X,Y) if | B] < k.

Proof. Set C = A~Y(A+ B) — I. Then C is a member of Lip(X), and
for all z,y € X,

ICz — Cyllx = (A7 (A+ B) — A7 A)w — (AT (A+ B) — A Ay
< [A7H-IBI -l =yl

Thus for sufficiently small positive k, I 4+ C' is invertible, sois A+ B. 0O

A.2 Fixed Point Theorems

The following fixed point theorems can be found in Smart [Smart (99)],
Burton [Burton (18)], and Hale and Lunel [Hale and Lunel (42)].

Definition. A mapping (operator) P on a metric space (X, p) is called a
contraction mapping if there is an r € (0,1) such that

p(Pz, Py) < rp(x, y).

Theorem (Contraction mapping principle). Let P be a contraction
mapping on a complete metric space X, then there is a unique x € X with
Px = x. Moreover, x = lim,_.o T, where xy is any element of X and
Tj41 :Pﬁj,j:&l,-'-.

Proof. Now, for some 0 < r < 1, we have p(Py, Pz) < rp(y, z) when
y,2 € X. Let zo be any element of X and define z;4; = Pz;, j =0,1,---.
Then =, = Pz, zo = Pxy = P?xg,--- x5 = Prj_1 = = Pigy, j =
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1,2,--- . Thus, for m > n,

p(Tn, Tm) = p(P"wo, P™x0)
< rp(P" txg, P i)

IN

" p(zo, P "x0) = 1" p(x0, Tm—n)

IN

' |:p(x07 r1) + p(x1, 22) + -+ p(Tm—n—1, xm—n)}

IN

" [p(xo, z1) + rp(xo, 21) + -+ ™" (0, xl)}

" p(o, 1) {1 +r gl
1
1—
As 0 < r < 1, the right-hand side goes to zero when n — co. Thus {z,}
is a Cauchy sequence, and hence has a limit z € X because X is a complete
metric space. Now, it is easily seen that P is continuous, therefore

IA

" p(xo, 1) (A.2)

Px = P( lim xn) = lim (Pa:n) = lim 2,41 ==, (A.3)

n—oo n—oo n—oo

and x is a fixed point of P. If y is also a fixed point of P, then

p(z,y) = p(Pz, Py) < rp(z,y), (A4)

and, as 0 < r < 1, we must have p(z,y) = 0, which implies x = y. This
completes the proof.

Theorem (Brouwer’s fixed point theorem). Let B C R"™ be nonempty,
convex, and compact, and let F' : B — B be a continuous operator. Then
F has a fized point in B.

Theorem (Schauder’s first fixed point theorem). Let X be a
nonempty, convex, and compact subset of a Banach space Y, and let
P: X — X be a continuous operator. Then P has a fized point in X.

Theorem (Schauder’s second fixed point theorem). Let X be a
nonempty, convex, and bounded subset of a Banach space Y and let P :
X — X be a compact operator. Then P has a fized point in X .

The following are called “asymptotic fixed point theorems” since they
use the idea that if P™ has a unique fixed point for some positive integer
m, then P itself has a fixed point.
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Definition. Let A and B be subsets of a Banach space Z. If A= BnNC
for an open subset C of Z, then A is open relative to B.

Theorem (Horn’s fixed point theorem). Let Eg C E; C Ey be convex
subsets of a Banach space Z, with Ey and FEo compact subsets and E1 open
relative to Eo. Let P : Fy — Z be a continuous operator such that for some
integer m, one has

PI(E) CEy, 1<j<m-—1, (A.5)

PI(Ey) C Ey, m<j<2m-—1, (A.6)
then P has a fized point in Es.

Theorem (Browder’s fixed point theorem). Let Ey C Ey C Es be
convex subsets of a Banach space Z, with Ey closed and E1, Es open. Let
P: Ey — Z be a compact operator such that for some integer m, one has

PI(Ey) C E1, 0<j<m, (A7)

P™(Ey) C Ey, (A.8)
then P has a fized point in Es.

Theorem (Hale and Lunel’s fixed point theorem). Suppose Sy C
S1 C Sy are convexr bounded subsets of a Banach space Y, Sy and S are
closed, and S1 is open in So, and suppose P : Sy — Y is (Sa)-condensing
in the following sense: if U and P(U) are contained in Se and o(U) > 0,
then a(P(U)) < a(U). If PI(S1) C Sa, j > 0, and, for any compact set
H C Sy, there is a number N(H) such that P*(H) C Sy, k > N(H), then
P has a fized point.

A.3 Invariant Subspaces

Let S C H be a closed subset and Pg, the orthogonal projection onto
the subspace S. The operator is still a densely defined closed (possibly
unbounded) linear operator in H.

Definition A.13. S is said to be an invariant subspace for A if we have
the inclusion A(D(A)NS) C S.

Example A.2. Let us mention the following classical invariant subspaces
for the closed unbounded linear operator A defined into the Hilbert space
H.
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1. S=N(A) ={x € D(A): Az =0} is an invariant subspace for A.

2. If A is a self-adjoint linear operator, then any eigenspace Sy =
N(A — A) is an invariant for A. In fact it can be easily shown that Sy
reduces A.

Theorem A.28. The equality PsAPs = APs is a necessary and sufficient
condition for a subspace S to be invariant for a linear operator A.

Proof. Assume PsAPs = APs and if ¢ € D(A)N S, then ¢ = Psx €
D(A) and Az = APsx = PsAPsx € S.

Conversely, if S is invariant for A; let € H be such that Psx € D(A).
Then APsx € S and then PsAPsx = APgx. Therefore APs C PgAPs.
Since D(APs) = D(PsAPs), it turns out that APg = PsAPs. O

Definition A.14. A closed proper subspace S of the Hilbert space H is
said to reduce an operator A if P¢D(A) C D(A) and both S and H & S,
the orthogonal complement of S, are invariant for A.

Using the above Theorem , the following key result can be proved.

Theorem A.29. A closed subspace S of H reduces an operator A if and
only if PsA C APs.

Proof. See the proof in [Locker (64)] Theorem 4.11., p. 29. O

Remark A.4. In fact the meaning of the inclusion PsA C APgs is that: if
x € D(A) , then Psx € D(A) and PsAxz = APsx .

A.4 Semilinear Evolution Equations

We recall in this section a result on the well posedness for semilinear equa-
tions of the form
— =Az+ Bz, ze€X (A.9)
where X is a Banach space, A is the infinitesimal generator of a Cpy-
semigroup S(t), t > 0 of linear operators of type w, i.e.

[St)x = Styl < e'lle—yll, VE=0, 2,y € X,
and B is an everywhere defined continuous operator from X to X. Here-

after, by a mild solution x(t),¢ € [s, 7] of equation (A.9) we mean a contin-
uous solution of the integral equation

xz(t) =St —s)xr + /t S(t—€)Bx(&)dg, Vs <t <T. (A.10)
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Before proceeding we recall some notions and results which will be fre-
quently used later on. We define the bracket [-,-] in a Banach space Y as
follows (see e.g. [Martin (67)] for more information)

o eyl =yl e+ Ryl =yl
[, y] = hliIEO h B fllr;fo h

Definition A.15. Suppose that F' is a given operator on a Banach space
Y. Then (F + ~I) is said to be accretive if and only if for every A > 0 one
of the following equivalent conditions is satisfied

(1) T =M)[lz =yl <llz —y + XFz - Fy)||, Yo,y € D(F),
(2) [x—y, Fx— Fy] > —y|z —y|, Va,y € D(F).

In particular, if v = 0, then F' is said to be accretive.

Remark A.5. From this definition we may conclude that (F' + ~I) is ac-
cretive if and only if

lz =yl < llz —y+ A(Fz - Fy)l + Mz -yl (A.11)
for all z,y € D(F),A >0,1> \vy .

Theorem A.30. Let the above conditions hold true. Then for every fixed
s € R and x € X there exists a unique mild solution z(-) of Fq.(A.9)
defined on [s,+00). Moreover, the mild solutions of Eq.(A.9) give rise to a
semigroup of nonlinear operators T'(t),t > 0 having the following properties:
t
1) T(t)x = S(t)x +/ St —&BT(&)xde, YVt >0,z € X, (A.12)
0
i) |70 = Tyl < e“F Dz —y|, ¥t > 0,2,y X (A13)

More detailedly information on this subject can be found in [Martin

(67)].

Theorem A.31. Let D be a closed and convex subset of a Hausdorff locally
convez space such that 0 € D, and let G be a continuous mapping of D into
itself. If the implication

(V=convG(V) or V=G(V)U{0}) =V is relatively compact

holds for every subset V' of D, then G has a fixed point.
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In what follows we shall need the following definition of the proper
mapping at a given point.

Let X, Y be metric spaces, f : X — Y be a continuous function and
let y € Y. f is said to be proper at the point y provided that there exists
e > 0 such that for any compact set K C B(y,¢) the set f ~1(K) is compact,
where B(y, ) is the open ball in'Y of center y and radius €.

If f~YK) is compact for any compact K C'Y, then f is called proper.

The proofs of Aronszajn type results (see [Aronszjan (9)]) are based on
the following Browder-Gupta type theorem (see [Gérniewicz (38)])

Theorem A.32. Let E be a Banach space and f : X — E be a continuous
map such that the following conditions are satisfied:

(i) f is proper at 0 € E,

(ii) for every e > 0 there exists a continuous map f. : X — E for which
we have:

(a) ||f(x)— fe(z)|| < e for every x € X,
(b) the map fa : fa_l(B(ng)) — B(0,¢), fa(fv) = fe(x) for every x €
f=4(B(0,¢)), is a homeomorphism.

Then the set f~1({0}) is an Rs set.
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point spectrum, 15 spectrum of linear operator, 4
strongly continuous group, 16
range, 2
relatively dense, 26 totally ergodic, 31
residual spectrum, 15 trigonometric polynomial, 27

resolvent map, 5

uniform spectrum, 24
self-adjoint, 198
semigroup of type w, 183, 198



	Contents
	Preface
	1. Preliminaries
	1.1 Banach Spaces and Linear Operators
	1.1.1 Banach Spaces
	1.1.2 Linear Operators
	1.1.3 Spectral Theory of Linear (Closed) Operators
	1.1.3.1 Several Properties of Resolvents


	1.2 Strongly Continuous Semigroups of Operators
	1.2.1 Definition and Basic Properties
	1.2.2 Compact Semigroups and Analytic Strongly Continuous Semigroups
	1.2.3 Spectral Mapping Theorems
	1.2.4 Commuting Operators

	1.3 Spectral Theory
	1.3.1 Introduction
	1.3.2 Spectrum of a Bounded Function
	1.3.3 Uniform Spectrum of a Bounded Function
	1.3.4 Almost Periodic Functions
	1.3.4.1 De nition and basic properties

	1.3.5 Sprectrum of an Almost Periodic Function
	1.3.6 A Spectral Criterion for Almost Periodicity of a Function
	1.3.7 Almost Automorphic Functions


	2. Stability and Exponential Dichotomy
	2.1 Perron Theorem
	2.2 Evolution Semigroups and Perron Theorem
	2.3 Stability Theory
	2.3.1 Exponential Stability
	2.3.2 Strong Stability

	2.4 Comments and Further Reading Guide
	2.4.1 Further Reading Guide
	2.4.2 Comments


	3. Almost Periodic Solutions
	3.1 Evolution Semigroups & Periodic Equations
	3.1.1 An Example
	3.1.2 Evolution Semigroups
	3.1.3 The Finite Dimensional Case
	3.1.4 The Infinite Demensional Case
	3.1.5 Almost Periodic Solutions and Applications
	3.1.5.1 Invariant functions spaces of evolution semigroups
	3.1.5.2 Monodromy operators
	3.1.5.3 Unique solvability of the inhomogeneous equations in P(1)
	3.1.5.4 Unique solvability in AP(X) and exponential dichotomy
	3.1.5.5 Unique solvability of the inhomogeneous equations in M(f)
	3.1.5.6 Unique solvability of nonlinearly perturbed equations
	3.1.5.7 Example 1
	3.1.5.8 Example 2


	3.2 Sums of Commuting operators
	3.2.1 Invariant Function Spaces
	3.2.2 Differential Operator d/dt – A and Notions of Admissibility
	3.2.3 Admissibility for Abstract Ordinary Differential Equations
	3.2.4 Higher Order Differential Equations
	3.2.5 Abstract Functional Differential Equations
	3.2.6 Examples and Applications

	3.3 Decomposition Theorem
	3.3.1 Spectral Decomposition
	3.3.2 Spectral Criteria For Almost Periodic Solutions

	3.4 Comments and Further Reading Guide
	3.4.1 Further Reading Guide
	3.4.2 Comments


	4. Almost Automorphic Solutions
	4.1 The Inhomogeneous Linear Equation
	4.2 Method of Invariant Subspaces and Almost Automorphic Solutions of Second-Order Differential Equations
	4.3 Existence of Almost Automorphic Solutions to Semilinear Differential Equations
	4.4 Method of Sums of Commuting Operators and Almost Automorphic Functions
	4.5 Almost Automorphic Solutions of Second Order Evolution Equations
	4.5.1 Mild Solutions of Inhomogeneous Second Order Equations
	4.5.1.1 Mild Solutions
	4.5.1.2 Mild Solutions and Weak solutions

	4.5.2 Operators A
	4.5.3 Nonlinear Equations

	4.6 The Equations x'=f(t,x)
	4.7 Comments and Further Reading Guide

	5. Nonlinear equations
	5.1 Periodic Solutions of Nonlinear equations
	5.1.1 Nonlinear Equations Without Delay
	5.1.2 Nonlinear Equations With Finite Delay
	5.1.3 Nonlinear Equations With Infinite Delay
	5.1.4 Non-Densely Defined Equations

	5.2 Evolution Semigroups and Almost Periodic Solutions
	5.2.1 Evolution Semigroups
	5.2.2 Almost periodic solutions
	5.2.2.1 Almost periodic solutions of di erential equations without delay
	5.2.2.2 Almost periodic solutions of di erential equations with delays
	5.2.2.3 Examples


	5.3 Comments and Further Reading Guide
	5.3.1 Further Reading Guide
	5.3.2 Comments


	Appendix
	A.1 Lipschitz Operators
	A.2 Fixed Point Theorems
	A.3 Invariant Subspaces
	A.4 Semilinear Evolution Equations

	Bibliography
	Index



