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CHAPTER 1

THE REAL NUMBERS

1.1 THE REAL NUMBER SYSTEM

1. Note that ja � bj D max.a; b/ � min.a; b/.

(a) aC b C ja � bj D aC b C max.a; b/ � min.a; b/ D 2max.a; b/.

(b) aC b � ja � bj D a C b � max.a; b/C min.a; b/ D 2min.a; b/.

(c) Let ˛ D aCbC2cCja�bjC
ˇ̌
aCb�2cCja�bj

ˇ̌
. From (a), ˛ D 2 Œmax.a; b/C c C j max.a; b/ � cj� Ddf

ˇ. From (a) with a and b replaced by max.a; b/ and c, ˇ D 4max .max.a; b/; c/ D
4max.a; b; c/.

(d) Let ˛ D aCbC2c�ja�bj�
ˇ̌
aCb�2c�ja�bj

ˇ̌
. From (b), ˛ D 2 Œmin.a; b/C c � j min.a; b/� cj� Ddf

ˇ. From (a) with a and b replaced by min.a; b/ and c, ˇ D 4min .min.a; b/; c/ D
4min.a; b; c/.

2. First verify axioms A-E:

Axiom A. See Eqns. (1) and (2).

Axiom B. If a D 0 then .a C b/ C c D b C c and a C .b C c/ D b C c, so .a C b/C
c D a C .b C c/. Similar arguments apply if b D 0 or c D 0. The remaining case is

a D b D c D 1. Since .1 C 1/C 1 D 0C 1 D 1 and 1C .1 C 1/ D 1C 0 D 1, addition

is associative. Since

.ab/c D a.bc/ D
�
0; unless a D b D c D 1;

1; if a D b D c D 1;

multiplication is associative.

Axiom C. Since

a.b C c/ D ab C ac D
�

0; if a D 0;

b C c; if a D 1;

the distributive law holds.

Axiom D. Eqns. (1) and (2) imply that 0 and 1 have the required properties.
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Axiom E. Eqn.(1) implies that �0 D 0 and �1 D 1; Eqn. (2) implies that 1=1 D 1.

To see that the field cannot be ordered suppose that 0 < 1. Adding 1 to both sides yields

0C 1 < 1C 1, or 1 < 0, a contradiction. On the other hand, if 1 < 0, then 1C 1 < 0C 1,

so 0 < 1, also a contradiction.

3. If
p
2 is rational we can write

p
2 D m=n, where either m is odd or n is odd. Then

m2 D 2n2, so m is even; thus, m D 2m1 where m1 is an integer. Therefore, 4m21 D 2n2,

so n2 D 2m21 and n is also even, a contradiction.

4. If
p
p is rational we can write

p
p D m=n where either m or n is not divisible by p.

Thenm2 D pn2, som is divisible by p; thus,m D pm1 wherem1 is an integer. Therefore,

p2m21 D pn2, so n2 D pm21 and n is also divisible by p, a contradiction.

6. If S is bounded below then T is bounded above, so T has a unique supremum, by

Theorem 1.1.3. Denote sup T D �˛. Then (i) if x 2 S then �x � �˛, so x � ˛; (ii) if

� > 0 there is an x0 2 T such that �x0 < �˛ � �, so x0 > ˛ C �. Therefore, there is

an ˛ with properties (i) and (ii). If (i) and (ii) hold with ˛ replaced by ˛1 then �˛1 is a

supremum of T , so ˛1 D ˛ by the uniqueness assertion of Theorem 1.1.3.

7. (a) If x 2 S , then infS � x � supS , and the transitivity of � implies (A), with equality

if and only if S contains exactly one point.

(b) There are three cases: (i) If S is bounded below and unbounded above, then infS D ˛

(finite) and supS D 1 from (13); (ii) If S is unbounded below and bounded above, then

infS D �1 from (14) and supS D ˇ (finite); (iii) If S is unbounded below and above

then supS D 1 from (13) and infS D �1 from (14). In all three cases (12) implies (A).

8. Let a D infT and b D supS . We first show that a D b. If a < b then a < .aC b/=2 <

b. Since b D supS , there is an s0 2 S such that s0 > .a C b/=2. Since a D infT , there

is a t0 2 T such that t0 < .a C b/=2. Therefore, t0 < s0, a contradiction. Hence a � b.

If a > b there is an x such that b < x < a. From the definitions of a and b, x 62 T and

x 62 S , a contradiction. Hence a D b. Let ˇ D a.D b/. Since a and b are uniquely,

defined so is ˇ. If x > ˇ then x … S (since ˇ D supS ), so x 2 T . If x < ˇ then x … T
(since ˇ D infT ), so x 2 S .

9. Every real number is in either S or T . T is nonempty because U is bounded. S is

nonempty because if u 2 U and x < u then x 2 S . If s 2 S there is a u 2 U such that

u > s, since s is not an upper bound of U . If t 2 T then t � u, since t is an upper bound

of U . Since u > s and t � u, t > s. Therefore, S and T satisfy the conditions imposed

in Exercise 8, so there is a number ˇ such that every number greater than ˇ is an upper

bound of U and no number less that ˇ is an upper bound of U . However, ˇ is also an upper

bound of U (if not, there would be a u0 2 U such that u0 > ˇ, which is impossible, since

if u0 > ˇ then every number in .ˇ; u0/ is an upper bound of U ). Therefore, ˇ D supU .

10. (a) Let ˛ D supS and ˇ D sup T . If x D s C t then x � ˛ C ˇ. If � > 0 choose s0 in

S and t0 in T such that s0 > ˛ � �=2 and t0 > ˇ � �=2. Then x0 D s0 C t0 > ˛ C ˇ � �
and ˛ C ˇ D sup.S C T / by Theorem 1.1.3. This proves (A). The proof of (B) by means

of Theorem 1.1.8 is similar.

(b) For (A), suppose that S is not bounded above. Then supS D sup.S C T / D 1. Since

sup T > �1 if T is nonempty, (A) holds. The proof of (B) is similar.
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11. Apply Exercise 10 with S and T replaced by S and �T .

12. If a D 0 then T D fbg, so infT D supT D b.

Now suppose that a ¤ 0 and let ˛ D infS and ˇ D supS . From the definitions of ˛ and

ˇ,

˛ � s and s � ˇ for all s 2 S; .A/

and if � > 0 is given there are elements s1 and s2 of S such that

s1 < ˛ C �=jaj and s2 > ˇ � �=jaj: .B/

CASE 2. If a > 0, multiplying the inequalities in (A) by a shows that

a˛ � as and as � aˇ for all s 2 S:

Therefore,

a˛ C b � as C b for all s 2 S; .C/

as C b � aˇ C b for all s 2 S: .D/

Multiplying the inequalities in (B) by a shows that

as1 < a˛ C � and as2 > aˇ � �;

since jaj D a. Therefore,

as1 C b < .a˛ C b/C �; .E/

as2 C b > .aˇ C b/ � �: .F/

Now (C) and (E) imply that a˛C b D infT , while (D) and (F) imply that aˇC b D sup T .

CASE 3. Suppose that a < 0. Multiplying the inequalities in (A) by a shows that

a˛ � as and as � aˇ for all s 2 S:

Therefore,

a˛ C b � as C b for all s 2 S; .G/

as C b � aˇ C b for all s 2 S: .H/

Multiplying the inequalities in (B) by a shows that

as1 > a˛ � � and as2 < aˇ C �;

since jaj D �a. Therefore,

as1 C b > .a˛ C b/ � �; .I/

as2 C b < .aˇ C b/C �: .J/

Now (G) and (I) imply that a˛C b D sup T , while (H) and (J) imply that aˇC b D infT .
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1.2 MATHEMATICAL INDUCTION

1. P1 is obvious. If Pn is true, then

1C 3C � � � C .2nC 1/D Œ1C 3C � � � .2n � 1/�C .2nC 1/

D n2 C .2nC 1/ (by Pn)

D .nC 1/2;

so PnC1 is true.

2. P1 is obvious. If Pn is true, then

12 C 22 C � � � C .nC 1/2 D Œ12 C 22 C � � � C n2�C .nC 1/2

D n.n C 1/.2nC 1/

6
C .nC 1/2 (by Pn)

D .nC 1/.n C 2/.2nC 3/

6
;

so PnC1 is true.

3. Since 1 D 1, P1 is true. Suppose that n � 1 and Pn is true. Then

12 C 32 C � � � C .2nC 1/2 D
�
12 C 32 C � � � C .2n� 1/2

�
C .2nC 1/2

D n.4n2 � 1/
3

C .2nC 1/2 (by Pn)

D .2nC 1/

�
n.2n � 1/

3
C 2nC 1

�

D 2nC 1

3
Œ2n2 C 5nC 3�

D
.nC 1/.2nC 1/.2nC 3/

3

D .nC 1/Œ2.nC 1/� 1�Œ2.nC 1/C 1�

3

D .nC 1/Œ4.nC 1/2 � 1�
3

I

that is,

12 C 32 C � � � C .2nC 1/2 D nŒ4.nC 1/2 � 1/
3

;

which is PnC1.

4. P1 is trivial. P2 is true by the triangle inequality (Theorem 1.1.1). If n � 2 and Pn is

true then

ja1 C a2 C � � � C an C anC1j D j.a1 C a2 C � � � C an/C anC1j
� ja1 C a2 C � � � C anj C janC1j

.A/
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by the triangle inequality with a D a1 C a2 C � � � C an and b D anC1. By Pn,

ja1 C a2 C � � � C anj � ja1j C ja2j C � � � C janj:

This and (A) imply PnC1.

5. P1 is obvious. If Pn is true then

.1C a1/.1 C a2/ � � � .1 C anC1/ D Œ.1C a1/ � � � .1C an/�.1 C anC1/

� .1C a1 C � � � C an/.1 C anC1/ (by Pn)

D 1C a1 C � � � C anC1 C anC1.a1 C � � � C an/;

which implies PnC1 , since ai � 0.

6. P1 is obvious. If Pn is true then

.1 � a1/.1 � a2/ � � � .1 � anC1/ � .1 � anC1/.1 � a1 � � � � � an/ (by Pn)

D 1 � a1 � � � � � anC1 C anC1.a1 C � � � C an/;

which implies PnC1 .

7. If sn > 0 then 0 < e�sn < 1, so 0 < snC1 < 1. Therefore P1 is true and Pn implies

PnC1.

8. Subtracting
p
R D 1

2

h
R
ıp

RC
p
R
i

from the equation defining xnC1 yields (A)

xnC1 �
p
R D .xn �

p
R/2=.2xn/. Since x0 > 0, this implies by induction that xn >

p
R

for all n � 1, and the definition of xnC1 now implies that xnC1 < xn if n � 1. Now let Pn
be the proposition that xn �

p
R � 2�n.x0 �

p
R/2=x0. Setting n D 0 in (A) verifies P1.

n D 0. Since 0 < .xn �
p
R/=xn < 1, (A) implies that xnC1 �

p
R < .xn �

p
R/=2, so

Pn implies PnC1.

9. (a) Rewrite the formula as

anC1 D 2an

.2nC 1/.2nC 2/
:

We compute a few terms to formulate Pn:

a2 D 2a1

3 � 4 D 22

4Š
;

a3 D 2a2

5 � 6 D 2

5 � 6
22

4Š
D 23

6Š
;

a4 D 2a3

7 � 8
D 2

7 � 8
23

6Š
D 24

8Š
;

Let Pn be the proposition that

an D 2n

.2n/Š
;
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which is true for n D 1 (also for n D 2; 3; 4). If Pn is true then

anC1 D 2an

.2nC 1/.2nC 2/
D 2

.2nC 1/.2nC 2/

2n

.2n/Š
D 2nC1

.2nC 2/Š
;

so Pn implies PnC1.

(b) We compute a few terms to formulate Pn:

a2 D
3a1

5
D

3

4 � 5 ;

a3 D 3a2

7 � 6
D 3

6 � 7
3

4 � 5
D 32

4 � 5 � 6 � 7
;

a4 D 3a3

8 � 9
D 3

8 � 9
32

4 � 5 � 6 � 7
D 33

4 � 5 � 6 � 7 � 8 � 9
:

Multiply numerator and denominator by 3Š D 6 in each fraction yields simpler results:

a2 D 2 � 32
5Š

; a3 D 2 � 32
7Š

a4 D 2 � 34
9Š

:

Let Pn to be proposition that

an D 2 � 3n
.2nC 1/Š

;

which is true for n D 1 (also for n D 2; 3; 4). If Pn is true then

anC1 D 3an

.2nC 3/.2nC 2/
D 3

.2nC 3/.2nC 2/

2 � 3n
.2nC 1/Š

D 2 � 3nC1

.2nC 3/Š
;

so Pn implies PnC1.

(c) Rewrite the formula as

anC1 D .2nC 1/.2nC 2/an

2.nC 1/2
:

We compute a few terms to formulate Pn:

a2 D 3 � 4
2.2/2

a1 D 3 � 4
2.2/2

;

a3 D 5 � 6
2.3/2

a2 D 5 � 6
2.3/2

3 � 4
2.2/2

D 3 � 4 � 5 � 6
22.2 � 3/2

;

a4 D 7 � 8
2.42/

a3 D 7 � 8
2.42/

3 � 4 � 5 � 6
22.2 � 3/2

D 3 � 4 � 5 � 6 � 7 � 8
23.2 � 3 � 4/

:

Let Pn be the proposition that

an D .2n/Š

2n.nŠ/2
;
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which is true for n D 1 (also for n D 2; 3; 4). If Pn is true then

anC1 D .2nC 1/.2nC 2/

2.nC 1/2
an D .2nC 1/.2nC 2/

2.nC 1/2
.2n/Š

2n.nŠ/2
D .2nC 2/Š

2nC1.nC 1/2
;

so Pn implies PnC1.

(d) Rewrite the formula as

anC1 D
�
nC 1

n

�n
:

We compute a few terms to formulate Pn:

a2 D 2a1 D 2;

a3 D
�
3

2

�2
a2 D

�
3

2

�2
2 D 32

2
;

a4 D
�
4

3

�3
a3 D

�
4

3

�3 32
2

D
43

3 � 2 :

We take Pn to be the proposition that

an D nn�1

.n � 1/Š
;

which is true for n D 1 (also for n D 2; 3; 4). If Pn is true, then

anC1 D
�
nC 1

n

�n
an D

�
nC 1

n

�n
nn�1

.n � 1/Š D .nC 1/n

nŠ
;

so Pn implies PnC1.

10. If an D nŠ then anC1 D .n C 1/an D .n C 1/nŠ D .n C 1/Š, so Pn implies PnC1.

However, Pn is false for all n, since an D 0 for all n, by induction.

11.

(a) If Pn is true then

1C 2C � � � C nC nC 1 D .nC 2/.n � 1/
2

C .nC 1/

D n2 C 3n

2
D .nC 3/n

2
;

so Pn implies PnC1.

(b) No; see Example 1.2.1.

12. Calculation shows that the first integer for which the inequality is true is n0 D 6. If

n � 6 and 1=nŠ > 8n=.2n/Š then

1

.nC 1/Š
D 1

nŠ

1

nC 1
>

8n

.2n/Š

1

nC 1
: .A/
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But
1

nC 1
� 8

.2nC 2/.2nC 1/
D 2n� 3

.nC 1/.2nC 1/
> 0; n � 2:

This and (A) imply that

1

.nC 1/Š
>

8n

.2n/Š

8

.2nC 2/.2nC 1/
D 8nC1

.2nC 2/Š
;

so Pn implies PnC1.

13. (a) If n � 0, let Pn be the proposition that n D aq C r where q is an integer and

0 � r < a. Then Pn is true if 0 � n < a, since n D a �0Cn. Pa is true, since a D a �1C0

Now suppose that n � a and P0, P1, . . . , Pn are true. Then nC 1� a � n, so nC 1� a D
q0aC r with 0 � r < a, by the induction assumption. Hence nC 1 D .q0 C 1/aC r . This

implies PnC1.

(b) If b < 0 then 0 � b C jbja D aq1 C r with 0 � r < a, from (a); hence b D aq C r

with q D q1 � jbj.
(c) Suppose that aq C r D aq1 C r1, where q, q1, r and r1 are integers with (A) 0 �
r; r1 < a. Then ajq � q1j D jr1 � r j. If q ¤ q1 then ajq � q1j � a, which implies that

jr1 � r j � a, contradicting (A). Therefore q1 D q and r1 D r .

14. (a) P1 is true, from the definition in Example 1.2.7. Now assume that Pk is true for

some k � 1. Suppose that that p divides p1p2 � � �pkpkC1 D ab, with a D p1 � � �pk and

b D pkC1. From the given statement, p divides a or b. If p divides a then p D pi for

some i in f1; : : : ; kg, by Pk . If p divides b then p D pkC1, by P1. Therefore Pk implies

PkC1.

(b) Let Pk be the proposition that the assertion is true if min.r; s/ D k. Then P1 is true,

by the definition of prime in Example 1.2.7. Assume that Pk is true for some k � 1.

Now suppose that p1 � � �pkpkC1 D q1 � � �qs, where p1, . . . , pk , pkC1 and q1, . . . , qs are

positive primes and s � k C 1. Since pkC1 divides q1 � � �qs, (a) implies that pkC1 D qi
for some i in f1; : : : ; sg. We may assume that prC1 D qs . Then p1 � � �pk D q1 � � �qs�1,

and Pk implies that k D s � 1 and fp1; � � � ; pkg is a permutation of fq1; � � � ; qkg. This

implies PkC1.

15. P1 and P2 are true by inspection. Suppose that Pn and Pn�1 are true for some n � 2.

Then

anC1 D Œ3n � .�2/n�C 6
�
3n�1 � .�2/n�1�

D Œ3n C 6 � 3n�1� � Œ.�2/n C 6.�2/n�1 �

D Œ3n C 2 � 3n� � Œ.�2/n � 3.�2/n�
D 3nC1 � .�2/nC1;

which implies PnC1 . Apply Theorem 1.2.3.

16. P1, P2 and P3 are true by inspection. Suppose that Pn, Pn�1 and Pn�2 are true for
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some n � 3. Then

anC1 D 9.3n�1 � 5n�1 C 2/� 23.3n�2 � 5n�2 C 2/C 15.3n�3 � 5n�3 C 2/

D .9 � 3n�1 � 23 � 3n�2 C 15 � 3n�3/

�.9 � 5n�1 � 23 � 5n�2 C 15 � 5n�3/C .9 � 23C 15/2

D .27 � 23C 5/3n�2 � .45 � 23C 3/5n�2 C 2 D 3n � 5n C 2;

which implies PnC1 . Use Theorem 1.2.3.

17. Routine computations verify P1 and P2. Now suppose that n � 2 and assume that

Fk D .1 C
p
5/k � .1 �

p
5/k

2k
p
5

.A/

for 1 � k � n. Then

FnC1 D Fn C Fn�1 D .1C
p
5/n � .1 �

p
5/n

2n
p
5

C .1 C
p
5/n�1 � .1 �

p
5/n�1

2n�1
p
5

D 1
p
5

 
1C

p
5

2

!n�1 "
1C

p
5

2
C 1

#
� 1

p
5

 
1 �

p
5

2

!n�1 "
1 �

p
5

2
C 1

#

D 1p
5

 
1C

p
5

2

!n�1 "
3C

p
5

2

#
� 1p

5

 
1 �

p
5

2

!n�1 "
3 �

p
5

2

#

D .1C
p
5/nC1 � .1 �

p
5/nC1

2nC1
p
5

;

since
3˙

p
5

2
D .1 ˙

p
5/2

4
:

18. Let Pn be the proposition that the statement is true for all r > �1. Since

Z 1

0

.1 � y/r dy D 1

r C 1
,

P0 is true. Now suppose that n � 0 and Pn is true. Integration by parts yields

Z 1

0

ynC1.1 � y/r dy D � ynC1

.1 � y/rC1 r C 1

ˇ̌
ˇ̌
1

0

C nC 1

r C 1

Z 1

0

yn.1 � y/rC1 dy

D nC 1

r C 1

Z 1

0

yn.1 � y/rC1 dy:

.A/

Pn implies that

Z 1

0

yn.1 � y/rC1 dy D
nŠ

.r C 2/.r C 3/ � � � .r C nC 2/
if r > �2. This

and (A) imply that

Z 1

0

ynC1.1 � y/r dr D .nC 1/Š

.r C 1/.r C 2/ � � � .r C nC 2/
, verifyingPnC1 .



10 Chapter 1 The Real Numbers

19.

(a)

nC1X

mD0

 
nC 1

m

!
tm D .1C t/nC1 D .1 C t/.1 C t/n D .1C t/

nX

mD0

 
n

m

!
tm

D
nX

mD0

 
n

m

!
tm C

nX

mD0

 
n

m

!
tmC1

D
nX

mD0

 
n

m

!
tm C

nC1X

mD1

 
n

m� 1

!
tm

D
nC1X

mD0

" 
n

m

!
C
 

n

m� 1

!#
tm;

since

 
n

�1

!
D
 

n

nC 1

!
D 0. Comparing coefficients of tm in the first and last expres-

sions shows that  
nC 1

m

!
D
 
n

m

!
C
 

n

m � 1

!
: .A/

Now let Pn be the proposition that

 
n

m

!
D nŠ

mŠ.n �m/Š ; 0 � m � n:

Then P0 is true, since .1 C t/0 D 1. Now suppose that Pn is true for some n � 0. If

1 � m � n, then (A) and Pn imply that

 
nC 1

m

!
D nŠ

mŠ.n �m/Š
C nŠ

.m � 1/Š.n �mC 1/Š

D
nŠ

.m � 1/Š.n �m/Š

�
1

m
C

1

n�mC 1

�

D nŠ

.m � 1/Š.n �m/Š
nC 1

m.n �mC 1/
D .nC 1/Š

mŠ.n �mC 1/Š
:

This verifies the assertions in PnC1 for 1 � m � n, and we have seen they hold automati-

cally form D 0 and m D nC 1 (that is,

 
nC 1

0

!
D
 
nC 1

nC 1

!
D 1). Therefore Pn implies

PnC1.

(b) Set t D �1 in the identity .1 C t/n D
nX

mD0

 
n

m

!
tn to obtain the first sum, t D 1 to

obtain the second.
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(c) .x C y/n D yn.1C x=y/n. From (a) with t D x=y, we see from this that .x C y/n D

yn
nX

mD0

 
n

m

!
.x=y/m D

nX

mD0

 
n

m

!
xmyn�m.

20. We take constants of integration to be zero. Integrating by parts yields the first an-

tiderivative

A1.x/ D
Z

logx dx D x logx �
Z
1 dx D x logx � x:

Integration by parts yields the second antiderivative

A2.x/ D
Z
.x logx � x/ dx D x2

2
logx �

Z �x
2

C x
�
dx D x2

2
� 3x2

4
:

We conjecture that an n-th antiderivative is

An.x/ D xn

nŠ
.logx � kn/ ; .A/

for a suitable constant kn to be determined later.

We have already verified (A) for n D 1 and 2, with k1 D 1 and k2 D 3=2. If we assume

that (A) is true for a given n then

AnC1 D xnC1

.nC 1/Š
logx � 1

nŠ

Z �
xn

nC 1
C knx

n

�
dx D xnC1

.nC 1/Š
.logx C knC1/ ;

where

knC1 D kn C 1

nC 1
:

Now an easy induction yields kn D
Pn
jD1 1=j . Therefore

An D xn

nŠ

0
@ln x �

nX

jD1

1

j

1
A

is an n-th antiderivative of logx for every n.

21. f2.x1; x2/ D x1Cx2Cjx1�x2j D 2max.x1; x2/ from Exercise 1.1.1(a) with a D x1
and b D x2. Now

f3.x1; x2; x3/ D f2.x1; x2/C 2x3 C jf2.x1; x2/ � 2x3j
D 2 Œmax.x1; x2/C x3 C j max.x1; x2/ � x3j�
D 4max .max.x1; x2/; x3/

from Exercise 1.1.1(a) with a D max.x1; x2/ and and b D x3. Since

max .max.x1; x2/; x3/ D max.x1; x2; x3/; f3.x1; x2; x3/ D 4max.x1; x2; x3/:

Now let Pn be the proposition that

fn.x1; x2; : : : ; xn/ D 2n�1 max.x1; x2; : : : ; xn/:
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If Pn is true, then

fnC1.x1; x2; : : : ; xnC1/ D fn.x1; x2; : : : ; xn/C 2n�1xnC1

C
ˇ̌
fn.x1; x2; : : : ; xn/ � 2n�1xnC1

ˇ̌

D 2n�1 Œmax.x1; x2; : : : ; xn/C xnC1

Cj max.x1; x2; : : : ; xn/ � xnC1j�
D 2n�1 max .max.x1; x2; : : : ; xn/; xnC1/

from Exercise 1.1.1(a) with a D max.x1; x2; : : : ; xn/ and b D xnC1. Since

max .max.x1; x2; : : : ; xn/; xnC1/ D max.x1; x2; : : : ; xnC1/

this impliesPnC1. A similar argument using Exercise 1.1.1(b) shows that gn.x1; x2; : : : ; xn/ D
2n�1 min.x1; x2; : : : ; xn/.

22. P1 is the assertion that

sinx D 1 � cos 2x

2 sinx
:

To verify this we let A D B D x in the second given identity, to see that

cos 2x D cos2 x � sin2 x:

Therefore

1 � cos 2x

2 sinx
D 1 � cos2 x C sin2

2 sinx

D 2 sin2 x

2 sinx
D sinx:

Now suppose that n � 1 and Pn is true. Then

sinx C sin 3x C � � � C sin.2nC 1/x D Œsinx C sin 3x C � � � C sin.2n� 1/x�C sin.2nC 1/x

D 1 � cos 2nx

2 sinx
C sin.2nC 1/x (from Pn/

D 1 � cos 2nx C 2 sinx sin.2nC 1/x

2 sinx
I

that is,

sinx C sin 3x C � � � C sin.2nC 1/x D 1 � cos 2nx C 2 sinx sin.2nC 1/x

2 sinx
: A

To handle the product of sines in the numerator let A D .2nC 1/x and B D x in the given

identities. This yields

cos 2nx D cos.2nC 1/x cos x C sin.2nC 1/x sinx

cos.2nC 2/x D cos.2nC 1/x cos x � sin.2nC 1/x sin x:
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Subtracting the first of these identities from the second yields

2 sin.2nC 1/x sin x D cos 2nx � cos.2nC 2/x;

and substituting this into (A) yields

sin x C sin 3x C � � � C sin.2nC 1/x D 1 � cos 2nx C cos 2nx � cos.2nC 2/x

2 sinx
;

so

sinx C sin 3x C � � � C sin.2nC 1/x D
1 � cos.2nC 2/x

2 sinx
;

which is PnC1.

23. Let Pn be the stated proposition. P1 is trivial. Suppose that n > 1 and Pn�1 is true. If

`n D n, Pn�1 implies Pn. If `n D s < n, choose r so that `r D n, and define

`0
i D

8
<̂

:̂

`i if i ¤ r and i ¤ n;

s if i D r;

n if i D n:

Then

Q.`1; `2; : : : ; `n/ �Q.`0
1; `

0
2; : : : ; `

0
n/ D .xn � ys/2 C .xr � yn/2

� .xn � yn/2 � .xr � ys/2

D 2.xn � xr/.yn � ys/ � 0: (1)

Since `0
n D n, Pn�1 implies that

Q.`0
1; `

0
2; : : : ; `

0
n/ � Q.1; 2; : : : ; n/:

Therefore (1) implies (6), which completes the induction.

1.3 THE REAL LINE

3. Suppose that a 2 A. We consider two cases: (i) Suppose that a 2 X . Then a 2 A \ X

and (b) implies that a 2 B \X , which implies that a 2 B . (ii) Suppose that a 62 X . Since

a 2 A[ X , (a) implies that a 2 B [ X . Therefore, a 2 B .

Since a 2 X and a 62 X are the only two possibilities, it follows that a 2 B . Therefore,

A � B . Similarly,B � A, so A D B .

6. x 2 .S \ T /c , x 2 Sc or x 2 T c , x 2 Sc [ T c .
x 2 .S [ T /c , x 2 Sc and x 2 T c , x 2 Sc \ T c .
7. (a) x 2 I c , x 2 F c for some F in F , x 2 [

˚
F c

ˇ̌
F 2 F

	
.

(b) x 2 U c , x 2 F c for every F in F , x 2 \
˚
F c

ˇ̌
F 2 F

	
.

8. (a) If S1, . . . , Sn are open and x is in \niD1Si , there are positive numbers �1, . . . , �n such

that .x � �i ; x C �i / � Si . If � D min.�1; : : : ; �n/, then .x � �; x C �/ �
Tn
iD1 Si .
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(b)
T1
nD1.1=n;�1=n/ D f0g.

9. (a) Let T D
Sn
iD1 Ti , where T1, . . . , Tn are closed. Then T c D

Tn
iD1 T

c
i (Exercise 7).

Since T ci is open, so is T c (Exercise 8). Hence, T is closed.

(b)
S1
nD1Œ1=n;1/ D .0;1/.

10. (a) Since U is a neighborhood of x0, there is an � > 0 such that .x0 � �; x0 C �/ � U .

Since U � V , .x0 � �; x0 C �/ � V . Hence, V is a neighborhood of x0.

(b) Since U1, U2, . . . , Un are neighborhoods of x0, there are positive numbers �1, �2,

. . . , �n such that .x0 � �i ; x0 C �i / � Ui .1 � i � n/. If � D min.�1; : : : ; �n/, then

.x0 � �; x0 C �/ �
Tn
iD1 Ui . Hence,

Tn
iD1 Ui is a neighborhood of x0.

12. If x0 is a limit point of S , then every neighborhood of x0 contains points of S other

than x0. If every neighborhood of x0 also contains a point in Sc , then x0 2 @S . If there is

a neighborhood of x0 that does not contain a point in Sc , then x0 2 S0. These are tho only

possibilities.

13. An isolated point x0 of S has a neighborhood V that contains no other points of S .

Any neighborhood U of x0 contains V \ U , also a neighborhood of x0 (Exercise 10(b)),

so Sc \ U ¤ ;. Since x0 2 S \ U , x0 2 @S .

14. (a) If x0 2 @S and U is a neighborhood of x0 then, (A) U \ S ¤ ;. If x0 is not a limit

point of S , then (B) U \ .S � fx0g/ D ; for some U . Now (A) and (B) imply that x0 2 S ,

and (B) implies that x0 is an isolated point of S .

(b) If S is closed, Corollary 1.3.6 and (a) imply that @S � S ; hence, S D S [ @S D S . If

S D S , then @S � S . Since S0 � S , S is closed, by Exercise 12 and Corollary 1.3.6.

15. False: 0 is a limit point of

�
1

n

ˇ̌
n D 1; 2; : : :

�
, which consists entirely of isolated

points.

16. (a) If � > 0, then S \ .ˇ � �; ˇ/ ¤ ; and Sc \ .ˇ; ˇ C �/ ¤ ;. (b) If S is bounded

below and ˛ D infS then ˛ 2 @S .

17. infS and supS are in @S (Exercise 16) and @S � S if S is closed (Exercise 14).

18. Suppose that a 2 S and H D
˚
r
ˇ̌
r > 0 and .a � r; aC r/ � S

	
. Since S is open,

H ¤ ;. If S ¤ R then H is bounded. Let � D supH . Then a � � and a C � are limit

points of S and therefore in S , which is closed. Since S is open, there is an � > 0 such that

.a����; a��C�/ and .aC���; aC�C�/are inS . Since .a � � C �=2; aC � � �=2/ �
S it follows that .a � �� �; aC �C �/ � S , which contradicts the definition of �. Hence,

S D R.

19. (a) If x0 is a limit point of @S and � > 0, there is an x1 in .x0 � �; x0C �/\ @S . Since

.x0 � �; x0 C �/ is a neighborhood of x1 and x1 2 @S , .x0 � �; x0 C �/ \ S ¤ ; and

.x0 � �; x0 C �/ \ Sc ¤ ;. Therefore, x0 2 @S and @S is closed (Corollary 1.3.6).

(b) If x0 2 S0 then .x0 � �; x0 C �/ � S for some � > 0. Since .x0 � �; x0 C �/ � S0

(Example 1.3.4), S0 is open.

(c) Apply (b) to Sc .

(d) If x0 is not a limit point of S , there is a neighborhood of x0 that contains no points of

S distinct from x0. Therefore, the set of points that are not limit points of S is open, and
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the set of limit points of S is consequently closed.

(e)
�
S
�c D exterior of S , which is open, by (b). Hence, S is closed and

�
S
�

D S from

(Exercise 14(b)), applied to S .

19. (a) If x0 is a limit point of @S and � > 0, there is an x1 in .x0 � �; x0C �/\ @S . Since

.x0 � �; x0 C �/ is a neighborhood of x1 and x1 2 @S , .x0 � �; x0 C �/ \ S ¤ ; and

.x0 � �; x0 C �/ \ Sc ¤ ;. Therefore, x0 is in @S and @S is closed (Corollary 1.3.6).

(b) If x0 2 S0, then .x0 � �; x0 C �/ � S for some � > 0. Since .x0 � �; x0 C �/ � S0

(Example 1.3.4), S0 is open.

(c) Apply (b) to Sc .

(d) If x0 is not a limit point of S , there is a neighborhood of x0 that contains no points of

S distinct from x0. Therefore, the set of points that are not limit points of S is open, and

the set of limit points of S is consequently closed.

(e)
�
S
�c D exterior of S , which is open, by (b). Hence, S is closed and

�
S
�

D S from

(Exercise 14(b)), applied to S .

21. Since H 1 D
˚
.s � 1; s C 1/

ˇ̌
s 2 S

	
is an open covering for S , S �

Sn
jD1.sj �

1; sj C 1/ for some s1 < s2 < � � � < sn in S . Therefore, S � .s1 � 1; sn C 1/, and

S is bounded. If S is not closed, it has a limit point x0 62 S (Theorem 1.3.5). Then

H 2 D
˚
.s � js � x0j=2; sC js � x0j=2/

ˇ̌
s 2 S

	
is an open covering for S , but if s1, s2,

. . . , sn are in S and 2ı D min
˚
jsi � x0j

ˇ̌
1 � i � n

	
, then

Sn
iD1.si � jx0 � si j=2; si C

jx0 � si j=2/ does not intersect .x0 � ı; x0 C ı/, which contains points of S . Therefore, no

finite subcollection of H 2 covers S .

22. (a) If t0 2 T and every neighborhood of t0 contains a point of S , then either t0 2 S

or t0 is a limit point of S . In either case t0 2 S . Consequently, T � S . Conversely, if

T � S D S [ @S , any t0 in T is in S or is a limit point of S (Exercise 14(a)); in either

case, every neighborhood of t0 intersects S .

(b) (a) with T D R (reals) implies that S is dense in R if and only if every real number is

in S or is a limit point of S . This is equivalent to saying that every interval contains a point

of S .

23. (a) x 2 .S1 \ S2/
0 , x has a neighborhood N � S1 \ S2 , x 2 S01 and

x 2 S02 , x 2 S01 \ S02 . (b) x 2 S01 [ S02 ) x 2 S01 or x 2 S02 ) x has a neighborhood

N such thatN � S1 orN � S2 ) x has a neighborhoodN � S1[S2 ) x 2 .S1[S2/0.

24. (a) x 2 @.S1 [ S2/ ) every neighborhood of x contains a point in .S1 [ S2/
c

and a point in S1 [ S2. If every neighborhood of x contains points in S1 \ S2, then

x 2 @S1 \ @S2 � @S1 [ @S2. Now suppose that x has a neighborhood N such that

N \ S1 D ;. If U is any neighborhood of x, then so is N \ U , and N \ U \ S2 ¤ ;,

since N \ U must intersect S1 [ S2. This means that x 2 @S2 � @S1 [ @S2. A similar

argument applies if x has a neighborhoodN such thatN \ S2 D ;.

(b) x 2 @.S1 \ S2/ ) every neighborhood of x contains a point in .S1 \ S2/
c and

a point in S1 \ S2. If every neighborhood of x contains a point in .S1 [ S2/
c , then

x 2 @S1 \ @S2 � @S1 [ @S2. Now suppose that x has a neighborhood N such that

N � S1. If U is any neighborhood of x, then so is N \ U , and N \ U \ Sc2 ¤ ;, since
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N \ U must intersect .S1 \ S2/
c . This means that x 2 @S2 � @S1 [ @S2. A similar

argument applies if x has a neighborhoodN such thatN � S2.

(c) If x 2 @S , then any neighborhood N of x contains points x0 in S and x1 not in S .

Either x0 2 S or x0 2 @S . In either case N \ S ¤ ;. Since x1 2 N \ Sc , it follows that

x 2 @S ; hence, @S � @S .

(d) Obvious from the definition of @S .

(e)
@.S � T / D @.S \ T c/ (definition of S � T )

� @S [ @T c (Exercise 24(b))

D @S [ @T (Exercise 24(d)):



CHAPTER 2

Differential Calculus of Functions
of One Variable

2.1 FUNCTIONS AND LIMITS

1. (a) If jxj � 1, infinitely many y’s satisfy siny D x; if jxj > 1, no y satisfies sin y D x.

(b) ey > 0 for all y, while �jxj � 0 for all x.

(c) 1C x2 C y2 > 0 for all x and y.

(d) y.y � 1/ D x2 has two solutions for every x.

4. (a) lim
x!1

x2 C 2x C 1 D 4;

jx2 C 2x C 1 � 4j D jx2 C 2x � 3j D jx � 1jjx C 3j
� jx � 1j.jx � 1j C 4/ � ı.ı C 4/

if jx � 1j < ı. Given � > 0 choose ı � min.1; �=5/. Then

jx2 C 2x � 4j < .�=5/.1 C 4/ D �

if jx � 1j < ı.

(b) lim
x!2

x3 � 8
x � 2

D 10. PROOF:

ˇ̌
ˇ̌x
2 � 8

x � 2
� 10

ˇ̌
ˇ̌ D jx2 C 2x C 4 � 10j D jx2 C 2x � 6j

D jx � 2jjx C 4j � jx � 2j.jx � 2j C 6/ < ı.ı C 6/

if jx � 2j < ı. Given � > 0 choose ı � min.1; �=7/. Then
ˇ̌
ˇ̌x
2 � 8
x � 2

� 10

ˇ̌
ˇ̌ < .�=7/.1 C 6/ D � if jx � 1j < ı:

17
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(c) lim
x!0

1

x2 � 1 D �1. PROOF:

ˇ̌
ˇ̌ 1

x2 � 1 C 1

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ x2

x2 � 1

ˇ̌
ˇ̌. If jxj < 1=

p
2 then 1� x2 >

1=2, so

ˇ̌
ˇ̌ 1

x2 � 1
C 1

ˇ̌
ˇ̌ < 2x2. Therefore

ˇ̌
ˇ̌ 1

x2 � 1 C 1

ˇ̌
ˇ̌ < � if jxj < ı D min.1=

p
2;
p
�=2/.

(d) lim
x!4

p
x D 2. PROOF: j

p
x � 2j D

ˇ̌
ˇ̌ x � 4p
x C 2

ˇ̌
ˇ̌ < jx � 4j

2
, so j

p
x � 2j < � if

jx � 4j < ı D 2�.

(e) Since x3 � 1 D x2 C x C 1,

f .x/ D x2 C x C 1

x � 2
C x D x2 C x C 1C x.x � 2/

x � 2
D 2x2 � x C 1

x � 2
if x ¤ 1:

We show that lim
x!1

f .x/ D �2.

f .x/C2 D 2x2 � x C 1

x � 2 C2 D 2x2 � x C 1C 2.x � 2/
x � 2

D 2x2 C x � 3
x � 2 D .x � 1/.2x C 3/

x � 2

if x ¤ 2: Therefore

jf .x/C 2j D jx � 1j
ˇ̌
ˇ̌2x C 3

x � 2

ˇ̌
ˇ̌ if x ¤ 1: .A/

To handle the multiplier

2x C 3

x � 2
D 2.x � 2/C 7

x � 2 D 2C 7

x � 2 ;

we first restrict x to the interval .1=2; 3=2/ (so jx � 1j < 1=2). On this interval

�12 < 2C
7

x � 2 < �
8

3
;

ˇ̌
ˇ̌2x C 3

x � 2

ˇ̌
ˇ̌ < 12:

From this and (A), jf .x/ C 2j < 12jx � 1j if 0 < jx � 1j < 1=2. If � > 0 is given, let

ı D min.�=12; 1=2/. Then jf .x/C 2j < � if 0 < jx � 1j < ı.
5. If lim

x!x0

f .x/ D L according to Definition 2.1.2 and �0 > 0, there is a ı > 0 such that

jf .x/�Lj < �0 if 0 < jx � x0j < ı. Let �0 D K� to see that lim
x!x0

f .x/ D L according to

the modified definition. If lim
x!x0

f .x/ D L according to the modified definition and �0 > 0,

there is a ı > 0 such that jf .x/ �Lj < K�0 if 0 < jx � x0j < ı. Let �0 D �=K to see that

lim
x!x0

f .x/ D L according to Definition 2.1.2.

7. (a) If x ¤ 0 then
x C jxj
x

D
�
0 if x < 0;

2 if x > 0:
If � and ı are arbitrary positive numbers,

then

ˇ̌
ˇ̌x C jxj

x
� 0

ˇ̌
ˇ̌ D 0 < � if �ı < x < 0 and

ˇ̌
ˇ̌x C jxj

x
� 2

ˇ̌
ˇ̌ D 0 < � if 0 < x < ı.

Therefore lim
x!0�

x C jxj
x

D 0 and lim
x!0C

x C jxj
x

D 2.
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(b) Let f .x/ D x cos
1

x
C sin

1

x
C sin

1

jxj
. We first observe that lim

x!0
x cos

1

x
D 0,

since if jxj < ı � � then

ˇ̌
ˇ̌x cos

1

x

ˇ̌
ˇ̌ � jxj < �. If x < 0 then f .x/ D x cos

1

x
(since

sinu D � sin.�u/), so lim
x!0�

f .x/ D 0. If x > 0 then f .x/ D x cos
1

x
C 2 sin

1

x
.

Therefore lim
x!0C

f .x/ D 0 does not exist, because if it did we would have lim
x!0C

2 sin
1

x
D

lim
x!0C

f .x/ � lim
x!0

x cos
1

x
D lim

x!0C
f .x/ � 0 D lim

x!0C
f .x/, which is impossible since

2 sin
1

x
oscillates between ˙2 as x ! 0C.

(c)

jx � 1j
x2 C x � 2 D jx � 1j

.x C 2/.x � 1/ D

8
<̂

:̂

1

x C 2
; x > 1

� 1

x C 2
; x < 1:

.A/

lim
x!1

1

x C 2
D 1

3
, since

ˇ̌
ˇ̌ 1

x C 2
� 1

3

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ x � 1
3.x C 2/

ˇ̌
ˇ̌ < jx � 1j

6
< � if jx�1j < min.1; 6�/.

This and (A) imply that

lim
x!1C

jx � 1j
x2 C x � 2

D 1

3
and lim

x!1�

jx � 1j
x2 C x � 2 D �1

3
:

(d) f .x/ D
x2 C x � 2

p
x C 2

D
p
x C 2 .x � 1/ is undefined if x < �2, so lim

x!�2�
f .x/

does not exist. If x > �2 then jf .x/j D
p
x C 2 jx � 1j �

p
x C 2jx C 2 � 3j �p

x C 2 .jx C 2j C 3/. Therefore if ı � min.1; �2=4/ then jf .x/j < � if �2 < x <

�2C ı. Hence lim
x!�2C

f .x/ D 0.

8. If lim
x!x0�

h.x/ D �� .� > 0/, let � D �=2 in Definition 2.1.5(a). Then there is a

ı > 0 such that jh.x/ � .��/j < �=2 if x0 � ı < x < x0. This is impossible since

jh.x/ � .��/j D h.x/C � � � if h.x/ � 0.

9. (a) Letting � D 1 in Definition 2.1.2, we see that there is a � > 0 such that jf .x/�Lj <
1, so jf .x/j < jLj C 1, if 0 < jx � x0j < �. (b) For “ lim

x!x0�

” the set is of the form

.x0 � �; x0/. For “ lim
x!x0C

” the set is of the form .x0; x0 C �/.

10. (a) Let Pn be the proposition that lim
x!x0

Œf .x/�n D Ln. P1 is true by assumption. If

n � 1 and Pn is true then lim
x!x0

Œf .x/�nC1 D
�

lim
x!x0

Œf .x/�n
�

lim
x!x0

f .x/ (by Eqn. (12))D

LnL (by Pn)D LnC1, which proves Pn.

(b) In the identity un � vn D .u � v/

n�1X

rD0
urvn�1�r , let u D f .x/ and v D L to obtain
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(A) Œf .x/�n � Ln D .f .x/ � L/

n�1X

rD0
Œf .x/�rLn�1�r : From Exercise 9, there is a � > 0

such that jf .x/j < jLj C 1 if 0 < jx � x0j < �; hence (A) implies that jŒf .x/�n � Lnj <
Kjf .x/ � Lj if 0 < jx � x0j < �, where K is a constant. If � > 0 there is a ı1 > 0

such that jf .x/ � Lj < � if 0 < jx � x0j < ı1. Therefore jŒf .x/�n � Lnj < K� if

0 < jx � x0j < min.�; ı1/.

11. Write
ˇ̌
ˇ
p
f .x/�

p
L
ˇ̌
ˇ D jf .x/�Lj

ı�p
f .x/C

p
L
�

� jf .x/�Lj
ıp

L and apply

Definition 2.1.2.

12. Use Definitions 2.1.2 and 2.1.5.

14. lim
x!�1

f .x/ D L if f is defined on an interval .�1; b/ and for each � > 0 there is a

number ˛ such that jf .x/ �Lj < � if x < ˛.

15. (a) lim
x!1

1

x2 C 1
D 0 because

1

x2 C 1
< � if x > 1=

p
�.

(b) lim
x!1

sin x

jxj˛ D 0 if ˛ < 0 because

ˇ̌
ˇ̌sin x

x˛

ˇ̌
ˇ̌ � 1

x˛
< � if x >

1

�1=˛
.

(c) lim
x!1

sinx

x˛
does not exist if ˛ � 0 since, for example,

sinx

x˛
assumes the values ˙1 on

very interval Œa;1/.

(d) lim
x!1

e�x sin x D 0 because je�x sin xj D e�x < � if x > � ln �.

(e) lim
x!1

tanx does not exist because tan x is not defined on Œa;1/ for any a.

(f) lim
x!1

e�x2

e2x D 0 because if � < e then e�x2

e2x D ee�.x�1/2 < � if x > 1 C
p

ln.e=�/.

16. For “ lim
x!1

" statements such as “there is a ı > 0 such that jf .x/ � Lj < � if 0 <

jx � x0j < ı” would be changed to “there is an ˛ such that jf .x/� Lj < � if x > ˛,”; for

“ lim
x!�1

" the last inequality would be replaced by “x < ˛.”

19. (a) lim
x!x0�

f .x/ D �1 if f is defined on an interval .a; x0/ and for each real number

M there is a ı > 0 such that f .x/ < M if x0 � ı < x < x0.

(b) lim
x!x0C

f .x/ D 1 if f is defined on an interval .x0; b/ and for every real number M

there is a ı > 0 such that f .x/ > M if x0 < x < x0 C ı.

(c) lim
x!x0C

f .x/ D �1 if f is defined on an interval .x0; b/ and for every real number M

there is a ı > 0 such that f .x/ < M if x0 < x < x0 C ı.

21. (a) lim
x!x0

f .x/ D 1 if f is defined on a deleted neighborhood of x0 and, for every real

number M , there is a ı > 0 such that f .x/ > M if 0 < jx � x0j < ı.
(b) lim

x!x0

f .x/ D 1 if f is defined on a deleted neighborhood of x0 and for, every real

number M , there is a ı > 0 such that f .x/ < M if 0 < jx � x0j < ı.
23. (a) lim

x!1
f .x/ D 1 if f is defined on an interval .a;1/ and, for every real number
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M , there is an ˛ such that f .x/ > M if x > ˛.

(b) lim
x!�1

f .x/ D �1 if f is defined on an interval .�1; b/ and for, every real number

M , there is an ˛ such that f .x/ < M if x < ˛.

25. Suppose that L is finite and � > 0. Since lim
x!1

f .x/ D L, there is an ˛ 2 .a;1/ such

that jf .x/ � Lj < � if x > ˛. Since lim
x!1

g.x/ D 1, there is a 
 2 .c;1/ such that

g.x/ > ˛ if x > 
 . Therefore jf .g.x// �Lj < � if x > 
 , so lim
x!1

f .g.x// D L.

Now suppose that L D 1 and M is arbitrary. Since lim
x!1

f .x/ D 1, there is an ˛ 2
.a;1/ such that f .x/ > M if x > ˛. Since lim

x!1
g.x/ D 1, there is a 
 2 .c;1/ such

that g.x/ > ˛ if x > 
 . Therefore f .g.x// > M if x > 
 , so lim
x!1

f .g.x// D 1.

The proof where L D �1 is similar to this.

26. (a) Suppose that lim
x!x0

f .x/ D L, and choose ı > 0 so jf .x/ � Lj < �0=2 if 0 <

jx�x0j < ı. If x1 and x2 are in .x0�ı; x0Cı/ and distinct fromx0, then jf .x1/�f .x2/j �
jf .x1/ �Lj C jL� f .x2/j < �0, a contradiction. Hence lim

x!x0

f .x/ does not exist.

(b) Replace “every deleted neighborhood of x0” by “every interval .x0; b/,” “every interval

.a; x0/,” “every interval .a;1/”, and “every interval .�1; b/”, respectively.

28. Let M be arbitrary. If �1 < L1 < L2 D 1, choose ı > 0 so that f .x/ > L1 � 1

and g.x/ > M � L2 C 1 if 0 < jx � x0j < ı; if L1 D L2 D 1, choose ı > 0 so

that f .x/ > M=2 and g.x/ > M=2 if 0 < jx � x0j < ı. Then .f C g/.x/ > M if

0 < jx � x0j < ı, so lim
x!x0

.f C g/.x/ D 1 D L1 C L2.

If �1 D L1 < L2 < 1, choose ı > 0 so that g.x/ < L2 C 1 and f .x/ < M � L2 � 1
if 0 < jx � x0j < ı; if L1 D L2 D �1 choose ı > 0 so that f .x/ < M=2 and

g.x/ < M=2 if 0 < jx � x0j < ı. Then .f C g/.x/ < M if 0 < jx � x0j < ı, so

lim
x!x0

.f C g/.x/ D �1 D L1 C L2.

29. Suppose that L1 D 1, 0 < � < L2 � 1, and M > 0. Choose � so g.x/ > � and

f .x/ > M=� if x > � ; then .fg/.x/ > M if x > � , so lim
x!1

.fg/.x/ D 1 D L1 � L2.

Similar arguments apply to the other cases.

30. (a) Let M be arbitrary. Suppose that L1 D 1. If 0 < L2 < 1 choose ı > 0 so

0 < g.x/ < 3L=2 and f .x/ > 2M=3L2 if 0 < jx � x0j < ı. Then .f=g/.x/ > M if

0 < jx � x0j < ı,so lim
x!x0

.f=g/.x/ D 1 D L1=L2. Similar arguments apply to the other

cases where L1 D ˙1 and 0 < jL2j < 1.

Now suppose that jL1j < 1 and jL2j D 1. If � > 0 choose ı > 0 so jf .x/j < jL1j C 1

and jg.x/j > .jL1j C 1/=� if 0 < jx � x0j < ı. Then j.f=g/.x/j < � if 0 < jx � x0j < ı,
so lim

x!x0

.f=g/.x/ D 0 D L1=L2.

(b)

�
lim

x!�=2
sin x

�ı�
lim

x!�=2
cos x

�
D 1=0 D 1 is not indeterminate but

lim
x!�=2C

tanx D �1 and lim
x!�=2�

tan x D 1, so lim
x!�=2

tan x does not exist in the extended

reals.
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32.

lim
x!1

r.x/D
�

lim
x!1

xn�m
��

lim
x!1

a0x
�n C a1x

�nC1 C � � � C an

b0x�m C b1x�mC1 C � � � C bm

�

D lim
x!1

an

bm
xn�m D

8
ˆ̂̂
<
ˆ̂̂
:

0 if n < m;
an

bm
if n D m;

1 if n > m and an=bm > 0;

�1 if n > m and an=bm < 0:

Similarly,

lim
x!�1

r.x/D lim
x!�1

an

bm
xn�m D

8
ˆ̂̂
<
ˆ̂̂
:

0 if n < m;
an

bm
if n D m;

.�1/n�m 1 if n > m and an=bm > 0;

.�1/n�mC11 if n > m and an=bm < 0:

33. lim
x!x0

f .x/ D lim
x!x0

g.x/ for all x in .a; b/. Proof: If lim
x!x0

f .x/ D L and � > 0, there

is a ı > 0 such that jf .x/ � Lj < � if 0 < jx � x0j < ı. Since x0 is not a limit point

of S , there is a ı1 such that 0 < ı1 < ı and g.x/ D f .x/ if jx � x0j < ı1. Therefore

jg.x/ �Lj < � if 0 < jx � x0j < ı1, so lim
x!x0

g.x/ D L.

34. (b) We first prove that f .aC/ D ˇ. If M < ˇ there is an x0 in .a; b/ such that

f .x0/ > M . Since f is nonincreasing, f .x/ > M if a < x < x0. Therefore, if ˇ D 1
then f .aC/ D 1. If ˇ < 1 let M D ˇ � � where � > 0. Then ˇ � � < f .x/ � ˇ C �,

so

jf .x/ � ˇj < � if a < x < x0: .A/

If a D �1 this implies that f .�1/ D ˇ. If a > �1 let ı D x0 � a. Then (A) is

equivalent to

jf .x/ � ˇj < � if a < x < a C ı;

which implies that f .aC/ D ˇ.

Now we prove that f .b�/ D ˛. If M > ˛ there is an x0 in .a; b/ such that f .x0/ < M .

Since f is nonincreasing, f .x/ < M if x0 < x < b. Therefore, if ˛ D �1 then

f .b�/ D �1. If ˛ > �1 let M D ˛ C � where � > 0. Then ˛ � f .x/ < ˛ C �, so

jf .x/� ˛j < � if x0 < x < b: .B/

If b D 1 this implies that f .1/ D ˛. If b < 1 let ı D b � x0. Then (B) is equivalent to

jf .x/ � ˛j < � if b � ı < x < b;

which implies that f .b�/ D ˛.

(c) Applying (b) to f on .a; x0/ and .x0; b/ separately shows that

f .x0�/ D inf
a<x1<x0

f .x1/ and f .x0C/ D sup
x0<x2<b

f .x2/:
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However, if x1 < x0 < x2 then f .x1/ � f .x0/ � f .x2/; hence f .x0�/ � f .x0/ �
f .x0C/.
36. (a) If .xI x0/ � Sf .xI x0/, a < x < x0, so applying Exercise 8 to h.x/ D Sf .xI x0/�
If .xI x0/ yields lim

x!x0�
f .x/ � lim

x!x0�
f .x/.

(b) I�f .xI x0/ D inf
x�t<x0

.�f .t// D � sup
x�t<x0

f .t/ D �Sf .xI x0/. Therefore

lim
x!x0�

.�f /.x/ D lim
x!x0�

I�f .xI x0/ D � lim
x!x0�

Sf .xI x0/ D � lim
x!x0�

f .x/:

S�f .xI x0/ D sup
x�t<x0

.�f .t// D � inf
x�t<x0

f .t/ D �If .xI x0/. Therefore

lim
x!x0�

.�f /.x/ D lim
x!x0�

S�f .xI x0/ D � lim
x!x0�e

If .xI x0/ D � lim
x!x0

f .x/:

(c) Let � > 0. Suppose that (A) lim
x!x0�

f .x/ D lim
x!x0�

f .x/ D L. Then there is an ı > 0

such that

L � � � If .xI x0/ � Sf .xI x0/ � LC �; x0 � ı < x < x0: .B/

Since If .xI x0/ � f .x/ � Sf .xI x0/, this implies that

L� � � f .x/ � LC �; x0 � ı < x < x0I .C/

hence lim
x!x0�

f .x/ D L. Conversely, if lim
x!x0

f .x/ D L then (C) holds for some ı > 0.

But (C) implies (B) and (B) implies that L � � � lim
x!x0�

f .x/ � lim
x!x0�

f .x/ � L C �

(Exercise 8). This implies (A).

37. (a) SfCg D sup
x�t<x0�

.f .t/ C g.t// � sup
x�t<x0�

f .t/ C sup
x�t<x0�

g.t/ D Sf .xI x0/ C

Sg.xI x0/. Therefore lim
x!x0�

.f C g/.x/ D lim
x!x0�

SfCg.xI x0/ � lim
x!x0�

Sf .xI x0/ C

lim
x!x0�

Sg.xI x0/ D lim
x!x0�

f .x/C lim
x!x0�

g.x/

(b) Applying (a) to �f and �g yields

lim
x!x0�

.�.f C g// .x/ � lim
x!x0�

.�f /.x/C lim
x!x0�

.�g/.x/:

Now Exercise 36(b) implies that

� lim
x!x0�

.f C g/.x/ � � lim
x!x0�

f .x/ � lim
x!x0�

g.x/;

so

lim
x!x0�

.f C g/.x/ � lim
x!x0�

f .x/C lim
x!x0�

g.x/:
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(c) Write f � g D f C .�g/, and use (a) and (b) and Exercise 36(b) to show that

lim
x!x0�

.f � g/.x/ � lim
x!x0�

f .x/ � lim
x!x0�

g.x/

and

lim
x!x0�

.f � g/.x/ � lim
x!x0�

f .x/ � lim
x!x0�

g.x/:

38. Necessity: If lim
x!x0�

f .x/ D L and � > 0, there is a ı > 0 such that jf .x/�Lj < �=2
if x0 � ı < x < x0; hence jf .x1/ � f .x2/j < jf .x1/ � Lj C jf .x2/ � Lj < � if

x0 � ı < x1, x2 < x0. Sufficiency: First let � D 1 and note that there is a ı0 > 0 such

that jf .x1/ � f .x2/j < 1 if x0 � ı0 < x1; x2 < x0. Choose a in .x0 � ı0; x0/. Then

jf .x/j � 1 C jf .a/j if a < x < x0; that is, f is bounded on .a; x0/. Now suppose

that � > 0, and choose ı < ı0 so that jf .x1/ � f .x2/j < � if x0 � ı, x1; x2 < x0.

Then 0 � Sf .xI x0/ � If .xI x0/ < � if x0 � ı < x < x0. Letting x ! x0� yields

0 � lim
x!x0�

f .x/ � lim
x!x0�

f .x/ < �, which implies that lim
x!x0�

f .x/ D lim
x!x0�

f .x/.

Hence lim
x!x0

f .x/ exists (finite) by Exercise 36(c).

39. For x0 < x < b, define Sf .xI x0/ D supx0�t<x f .t/ and If .xI x0/ D infx�t<x0
f .t/.

Then lim
x!x0C

f .x/ D lim
x!x0C

Sf .xI x0/ and lim
x!x0�

f .x/ D lim
x!x0�

If .xI x0/. The exis-

tence proofs are similar to those in Theroems 2.1.11 and 2.1.12.

40. Similar to the solution of Exercise 36(c).

41. Use Theorem 2.1.6 (in the extended reals), and Exercise 36(c) and Exercise 40.

2.2 CONTINUITY

1. Just invoke Definitions 2.1.2 and 2.1.5 with L D f .x0/.

2. Apply Theorem 2.1.6 L D lim
x!x0�

f .x/, L D lim
x!x0C

f .x/, and L D f .x0/.

6. Let x0 be an arbitrary real number. Since every interval contains both rational and

irrational numbers (Theorems 1.1.6 and 1.1.7), every interval containingx0 contains a point

x such that jf .x/ � f .x0/j D 2. Therefore lim
x!x0

does not exist, so f is not continuous at

x0.

7. If x0 D p=q where p and q are integers with no common factor, then f .x0/ D 1=q,

while every neighborhood of x0 contains a number x (irrational) such that jf .x/�f .x0/j D
1=q. Therefore f is discontinuous at every rational. If x0 is irrational, then f .x0/ D 0.

Given � > 0, choose ı > 0 so small that the interval .x0 � ı; x0 C ı/ contains no rational

p=q with q < 1=�. If x is in this interval, then jf .x/�f .x0/j D
�
0 if x is irrational

1=q if x D p=q:
.

In either case jf .x/� f .x0/j < �. Hence, f is continuous at every irrational.

8. Let �1, �2, . . . , �n be the distinct values of f . Suppose f .x0/ D �i and

0 < � < min
˚
j�i � �j j

ˇ̌
i � j � n; j ¤ i

	
:
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If f is continuous at x0, there is a ı > 0 such that jf .x/ � f .x0/j < � if jx � x0j < ı.

Therefore f .x/ D f .x0/ if jx � x0j < ı. The converse is obvious.

9. Suppose  T is continuous at x0. Then Exercise 8 implies that  T is constant on some

interval I D .x0 � ı; x0 C ı/. Therefore I � T (so x0 2 T 0) if x0 2 T , and I � T c (so

x0 2 .T c/0) if x0 2 T c .
Conversely, suppose that x0 2 T 0. Then I D .x0 � ı; x0 C ı/ � T 0 for some ı > 0,

so  T .x/ D 1 for all x 2 I , which implies that f is continuous at x0. Now suppose

x0 2 .T c/0. Then I D .x0 � ı; x0 C ı/ � .T c/0 for some ı > 0, so  T .x/ D 0 for all

x 2 I , which again implies that f is continuous at x0. Hence, f is continuous at every x0
in T 0 [ .T c/0.

10. Let h D f � g and suppose x0 2 .a; b/. We must show that h.x0/ D 0. Let � > 0.

Since h is continuous on .a; b/, there is a ı > 0 such that (A) jh.x/ � h.x0/j < � if

jx � x0j < ı. By assumption, h.x/ D 0 for some x in .x0 � ı; x0 C ı/, so (A) implies that

jh.x0/j < �. Since this holds for every � > 0, h.x0/ D 0.

11. Suppose � > 0. From (a) there is a � > 0 such that (A) jg.u/j < � if 0 < j1 � uj < �.

If x; x0 > 0 and jx � x0j < ı Ddf �x0 then j1 � x=x0j < �, so

jg.x/ � g.x0/j D jg Œx0.x=x0/� � g.x0/j
D jg.x=x0/C g.x0/� g.x0/j (from (b))

D jg.x=x0/j < � (from (A)):

Hence, g is continuous at x0.

12. Suppose � > 0. From (a) there is a ı > 0 such that (A) jf .u/ � 1j < � if 0 < juj < ı.
If x; x0 > 0 then (b) with x1 D x�x0 and x2 D x0 implies that f .x/ D f .x0/f .x �x0/.
Therefore jf .x/ � f .x0/j � jf .x0/j jf .x � x0/ � 1j. Now (A) with u D x � x0 implies

that jf .x/� f .x0/j < jf .x0/j� if jx � x0j < ı. Hence, f is continuous at x0.

13. (a) Write sinhx D .ex � e�x/=2 and cosh x D .ex C e�x/=2; then use Exercise 12

and Theorem 2.2.5.

(b) tanh x is continuous for all x, coth x for all x ¤ 0.

14. Suppose � > 0. From (a) there is a ı > 0 such that (A) jc.u/�1j < � if 0 < juj < ı. If

x; x0 > 0 then (b) and (c) imply that .s.x/�s.x0//2C.c.x/�c.x0//2 D 2.1�c.x�x0//;
hence, js.x/ � s.x0/j �

p
2.1 � c.x � x0// and jc.x/ � c.x0/j �

p
2.1 � c.x � x0//.

Therefore (A) implies that js.x/�s.x0/j <
p
2� and jc.x/�c.x0/j <

p
2� if jx�x0j < ı.

Hence, c and s are continuous at x0.

15. (a) If � D .f .x0/ � �/=2, there is a ı > 0 such that jf .x/ � f .x0/j < �. Therefore

f .x/ � f .x0/ � � D .f .x0/C �/=2 > � if jx � x0j < ı and x 2 Df .

(b) Replace “>” by “<” in (a).

(c) If f .x0/ > �, (a) implies that f .x/ > � in some neighborhood of x0. This contradicts

the assumption that f .x/ � � for all x.

16. (a) Suppose � > 0. Since f is continuous at x0, there is a ı > 0 such that jf .x/ �
f .x0/j < � if jx � x0j < ı. Since

ˇ̌
jf .x/j � jf .x0/j

ˇ̌
� jf .x/ � f .x0/j, it follows thatˇ̌

jf .x/j � jf .x0/j
ˇ̌
< � if jx � x0j < ı. Therefore jf j is continuous at x0.
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(b) No; in Exercise 6, jf j is continuous and f is discontinuous for all x.

17. Theorem 2.1.9 implies (a) and (b) of Definition 2.2.4, so any discontinuities of f must

be jump discontinuities. The only remaining requirement of Definition 2.2.4 is that there

be only finitely many of these.

18. See the proof of Theorem 2.1.4.

19. (a) The proposition is true for n D 2, by Theorem 2.2.5. Suppose it is true for some

n � 2 and let f1, f2, . . . , fnC1 be continuous on S . Since f1 C f2 C � � � C fnC1 D .f1 C
f2C� � �Cfn/CfnC1 , Theorem 2.2.5 with f D f1Cf2C� � �Cfn and g D fnC1 implies

that f1 C f2 C � � � C fnC1 is continuous on S . Since f1f2 � � �fnC1 D .f1f2 � � �fn/fnC1 ,

Theorem 2.2.5 with f D f1f2 � � �fn and g D fnC1 implies that f1f2 � � �fnC1 is continu-

ous on S . This completes the induction.

(b) Since axk is continuous everywhere if a is a constant and k is a nonnegative integer,

(a) implies that a0 C a1x C � � � C anx
n and b0 C b1x C � � � C bmx

m are both continuous

everywhere. Therefore Theorem 2.2.5 implies that r.x/ D .a0Ca1xC � � �Canx
n/=.b0C

b1x C � � � C bmx
m/ is continuous wherever b0 C b1x C � � � C bmx

m ¤ 0.

20. (a) Suppose � > 0. There are two cases to consider: (I) f1.x0/ D f2.x0/; and (II)

f1.x0/ ¤ f2.x0/.

CASE I. If f1.x0/ D f2.x0/ D K, choose ı > 0 so that jfi.x/ � Kj < � .i D 1; 2/ if

jx � x0j < ı. Since for any x either jF.x/ �F.x0/j D jf1.x/ �Kj or jF.x/ � F.x0/j D
jf2.x/ �Kj, it follows that jF.x/ � F.x0/j < � if jx � x0j < ı.
CASE II. If f1.x0/ ¤ f2.x0/, assume without loss of generality that f2.x0/ > f1.x0/.

Since f2 � f1 is continuous at x0, Exercise 15(a) implies that there is a ı1 > 0 such that

if jx � x0j < ı1 then f2.x/ > f1.x/, and therefore F2.x/ D f2.x/. Now choose ı2 so

that 0 < ı2 < ı1 and jf2.x/ � f2.x0/j < � if jx � x0j < ı2. Now jF.x/ � F.x0/j D
jf2.x/ � f2.x0/j < � if jx � x0j < ı2.

(b) Use induction. From (a), P2 is true. Suppose that n � 2 and Pn is true. Let F.x/ D
max.f1.x/; : : : ; fnC1.x//, where f1, . . . , fnC1 are all continuous at x0. Then F.x/ D
max.g.x/; fnC1 .x//, with g.x/ D max.f1.x/; : : : ; fn�1.x//, which is continuous at x0
by the induction assumption. Applying P2 to fn and g shows that F is continuous at x0,

which proves PnC1.

22. (a) Since f is continuous at y0, there is �1 > 0 such that (A) jf .t/ � f .y0/j < � if

jt�y0j < �1. Since y0 D lim
x!x0

g.x/, there is a ı > 0 such that (B) 0 < jg.x/�y0j < �1 if

0 < jx�x0j < ı. Now (A) and (B) imply that jf .g.x//�f .g.x0 //j < � if 0 < jx�x0j < ı.
Therefore lim

x!x0

f .g.x// D y0.

24. Suppose there is no x2 in Œa; b� such that f .x2/ D ˇ. Then f .x/ < ˇ for all x 2 Œa; b�.
We will show that this leads to a contradiction. Suppose t 2 Œa; b�. Then f .t/ < ˇ,

so f .t/ < .f .t/ C ˇ/=2 < ˇ. Since f is continuous at t , there is an open interval

It about t such that (A) f .x/ < .f .t/ C ˇ/=2/ if x 2 It \ Œa; b� (Exercise 15). The

collection H D
˚
It
ˇ̌
a � t � b

	
is an open covering of Œa; b�. Since Œa; b� is compact,

the Heine-Borel theorem implies that there are finitely many points t1, t2, . . . , tn such that

the intervals It1 , It2 , . . . , Itn cover Œa; b�. Define ˇ1 D max
˚
.f .ti /C ˇ/=2

ˇ̌
1 � i � n

	
.
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Then, since Œa; b� �
Sn
iD1.Iti \ Œa; b�/, (A) implies that f .x/ < ˇ1 .a � t � b/. But

ˇ1 < ˇ, so this contradicts the definition of ˇ. Therefore f .x2/ D ˇ for some x2 in Œa; b�.

25. Let ˛ D infS and ˇ D supS . Then ˛ < ˇ, since f is nonconstant. We first show

that .˛; ˇ/ � S . If ˛ < y < ˇ, there are points x1, x2 in I such that ˛ < f .x1/ <

y < f .x2/ < ˇ, by definition of ˛ and ˇ. Applying Theorem 2.2.10 to Œx1; x2� shows that

f .c/ D y for some c between x1 and x2. Therefore .˛; ˇ/ � S . Since y 62 S if y < ˛ or

y > ˇ, S is one of the intervals .˛; ˇ/, Œ˛; ˇ/, .˛; ˇ�, or Œ˛; ˇ�. (If ˛ D �1 or ˇ D 1,

this statement must be modified in the obvious way.) If I is a finite closed interval, then f

attains the values ˛ and ˇ on I (Theorem 2.2.9), so S D Œ˛; ˇ�.

26. Let x0 be arbitrary and suppose � > 0. Since f is increasing, f .g.x0/ � �/ <

f .g.x0// < f .g.x0/C �/. Let

�1 D min ff .g.x0// � f .g.x0/ � �/; f .g.x0/C �/� f .g.x0///g :

Then �1 > 0. Since f ı g is continuous at x0, there is a ı > 0 such that jf .g.x// �
f .g.x0//j < �1 if jx�x0j < ı. This implies that f .g.x0/��/ < f .g.x// < f .g.x0/C�/
if jx � x0j < ı. Since f is increasing, this means that g.x0/ � � < g.x/ < g.x0/C �, or,

equivalently, jg.x/ � g.x0/j < � if jx � x0j < ı. Hence, g is continuous at x0.

27. Since f is continuous on Œa; x� .a � x < b/, Theorem 2.2.9 implies that F is well

defined on Œa; b/. Suppose � > 0. Since f is continuous from the right at a, there is

a ı > 0 such that jf .t/ � f .a/j < � if a � x < a C ı. Since F.a/ D f .a/, this

implies that jf .t/ � F.a/j < �, so f .t/ < F.a/ C �, if a � t � x < a C ı. Therefore

F.a/ � F.x/ < F.a/C � if a � x < aC ı, so F is continuous from the right at a.

Now suppose a < x0 < b. If F.x0/ > f .x0/ then F.x0/ > f .x/ for x in some neighbor-

hood N of x0, so F.x/ D F.x0/ in N ; hence, F is continuous at x0. If F.x0/ D f .x0/

and � > 0, there is a ı > 0 such that jf .x/ � F.x0/j < � if jx � x0j < ı. Then (A)

F.x0/ � � < f .x/ < F.x0/C � if jx � x0j < ı. Therefore F.x0/ � f .t/ < F.x0/ C �

if x0 � t � x < x0 C ı, so F.x0/ � F.x/ < F.x0/ C � if x0 � x � x0 C ı. This

implies that (B) F.x0C/ D F.x0/. (A) also implies that F.x0/ � � < f .t/ � F.x0/ if

x0 � ı < t � x � x0. Therefore F.x0/ � � < F.x/ � F.x0/ if x0 � ı < x � x0. This

implies that (C) F.x0�/ D F.x0/. (B) and (C) imply that F is continuous at x0.

28. For convenience we state the following definition of uniform continuity: Let K be any

given positive constant. Then f is uniformly continuous on a set S if for each � > 0 there

is a ı > 0 such that jf .x/� f .x0/j < K� if x; x0 2 S and jx� x0j < ı. This is equivalent

to Definition 2.2.11.

For (a), (b) and (c), suppose that � > 0 and jf .x/ � f .x0/j < � and jg.x/ � g.x0/j < � if

jx � x0j < ı and x; x0 2 S .

(a) j.f ˙ g/.x/ � .f ˙ g/.x0/j � jf .x/� f .x0/j C jg.x/ � g.x0/j/ < 2� if jx � x0j < ı
and x; x0 2 S .

(b) By Theorem 2.2.8, there is an M such that jf .x/j � M and g.x/j � M for all x in S .

Therefore

j.fg/.x/ � .fg/.x0/j � jf .x/g.x/ � f .x0/g.x/j C jf .x0/g.x/ � f .x0/g.x0/j
�M.jf .x/ � f .x0/j C jg.x/ � g.x0/j < 2M�
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if jx � x0j < ı and x; x0 2 S .

(c) Since jgj is continuous and nonzero on S , Theorem 2.2.9 implies that there is an m > 0

such that jg.x/j � m for all x in S . Now,

j.f=g/.x/ � .f=g/.x0/j D
ˇ̌
ˇ̌f .x/g.x

0/� f .x0/g.x/

g.x/g.x0/

ˇ̌
ˇ̌

D jŒf .x/g.x0/ � f .x0/g.x0/�C Œf .x0/g.x0/� f .x0/g.x/�j
jg.x/g.x0/j

� jg.x0/j jf .x/� f .x0/j C jf .x0/j jg.x0/ � q.x/j
jg.x/g.x0/j

� 2M�=m2 (withM as in (b))

if jx � x0j < ı and x; x0 2 S .

(d) For (b) take f .x/ D g.x/ D x; then f and g are uniformly continuous on .�1;1/

(Example 2.2.13), but .fg/.x/ D x2 (Example 2.2.15), which is not. For (c) take f .x/ D
1, g.x/ D x, and I D .0; 1�.

(e) For fg, require that f and g be bounded on S . For f=g, require this and also that

jg.x/j � � > 0 for all x in S .

29. Suppose � > 0. Since f is uniformly continuous on S , there is an ı1 > 0 such that

jf .y/ � f .y0/j < � if jy � y0j < ı1 and y; y0 2 S: .A/

Since g is uniformly continuous on T , there is a ı > 0 such that (B) jg.x/ � g.x0/j < ı1
if jx � x0j < ı and y; y0 2 T . Now (A) and (B) imply that jf .g.x// � f .g.x0//j < � if

jx � x0j < ı and y; y0 2 T . Therefore f ı g is uniformly continuous on T .

30. (a) Let Ij D Œaj ; bj �, where a1 < b1 < a2 < b2 < � � � < an < bn, and ı0 D
min

˚
ajC1 � bj

ˇ̌
1 � j � n� 1

	
. If � > 0 there is a ıj > 0 such that jf .x/ � f .x0/j < �

if x and x0 2 Ij and jx � x0j < ıj . Let ı D minfı0; ı1; : : : ; ıng. If x and x0 are in [njD1Ij
and jx � x0j < ı, then x and x0 are in the same Ij and jf .x/ � f .x0/j < �.
(b) No. If f .x/ D 1 for 0 � x � 1 and f .x/ D 0 for 1 < x � 2, then f is uniformly

continuous on Œ0; 1� and .1; 2� but not on Œ0; 2�.

31. (b) Consider f .x/ D x on .�1;1/.

32. Suppose lim
x!1

f .x/ D L and � > 0. Choose R so that jf .x/ � Lj < �=2 if x � R.

Then jf .x1/ � f .x2/j < � if x1; x2 � R. Since f is uniformly continuous on Œa; 2R�,

there is a ı > 0 such that 0 < ı < R and jf .x1/ � f .x2/j < � if jx1 � x2j < ı and

a � x1; x2 � 2R. If a � x1; x2 and jx1 � x2j < ı then either a � x1; x2 � 2R or

x1; x2 � R. In either case jf .x1/ � f .x2/j < �.
33. (a) Since f .x/ D Œf .x=2/�2 from (i), f .x/ � 0 for all x. If f .x0/ D 0, then

f .x/ D f .x0/f .x � x0/ D 0 for all x, which contradicts (i). Threfore f .x/ > 0 for all x.

(b) From (ii) and induction, (A) f .mt/ D .f .t//m if m is a positive integer. Since f .0/ D
1 because of (i) and continuity (Exercise 12), (A) holds for m D 0. If m is a negative

integer, then 1 D f .0/ D f .mt C jmjt/ D f .mt/f .jmjt/ D f .mt/.f .t//jmj ; hence,
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f .mt/ D .f .t//�jmj D .f .t//m . Hence, (A) holds for all integers m. If r D p=q then

f .qrx/ D .f .rx//q (t D rx andm D q in (A)), whilef .qrx/ D f .px/ D .f .x//p (t D
x, m D p in (A)). Therefore, .f .x//p D f .rx//q , so f .rx/ D .f .x//p=q D .f .x//r .

(c) If f .1/ D 1, (a) implies f .r/ D 1 for every rational r . Since f is continuous on

.�1;1/ (Exercise 12) and the rationals are dense in .�1;1/, f � 1 on .�1;1/

(Exercise 10).

(d) Let x1 < r1 < r2 < x2, with r1 and r2 rational, and define �0 D �r2 � �r1 D f .r2/ �
f .r1/ > 0 (by (a)). By continuity, there are rationals r 0

1 and r 0
2 such that x1 < r 0

1 < r1
and f .x1/ < f .r 0

1/ C �0=2 and r2 < r 0
2 < x2 and f .x2/ > f .r 0

2/ � �0=2. Therefore

f .x2/ � f .x1/ > f .r 0
2/ � f .r 0

1/ � �0 D .f .r 0
2/ � f .r2// C .f .r1/ � f .r 0

1/ > 0 so f is

increasing. If A > 0 then f .r0/ D �r0 > A for some rational r0. Since f is increasing,

f .x/ > A if x � �0. Hence, lim
x!1

f .x/ D 1. If � > 0 there is a negative rational r1 such

that f .r1/ D �r1 < �. If r < x < r1 (r rational) then 0 < �r D f .x/ < f .r1/ < �.

Hence, 0 < f .x/ < � if x < r1, so lim
x!1

f .x/ D 0.

34. Theorem 2.1.9(b) implies that the set eRf D
˚
f .x/

ˇ̌
x 2 .a; b/

	
is a subset of the open

interval .f .b�/; f .aC//. Therefore

Rf D ff .b/g [ eRf [ ff .a/g � ff .b/g [ .f .b�/; f .aC// [ ff .a/g: .A/

Now suppose f is continuous on Œa; b�. Then f .a/ D f .aC/, f .b�/ D f .b/, so (A)

implies that Rf � Œf .b/; f .a/�. If f .b/ < � < f .a/, then Theorem 2.2.10 implies that

� D f .x/ for some x in .a; b/. Hence, Rf D Œf .b/; f .a/�.

For the converse, suppose Rf D Œf .b/; f .a/�. Since f .a/ � f .aC/ and f .b�/ � f .b/,

(A) implies that f .a/ D f .aC/ and f .b�/ D f .b/. We know from Theorem 2.1.9(c) that

if f is nonincreasing and a < x0 < b, then f .x0�/ � f .x0/ � f .x0C/. If either of these

inequalities is strict, then Rf cannot be an interval. Since this contradicts our assumption,

f .x0�/ D f .x0/ D f .x0C/. Therefore f is continuous at x0 (Exercise 2). We can now

conclude that f is continuous on Œa; b�.
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2.3 DIFFERENTIABLE FUNCTIONS OF ONE VARIABLE

1. Since
f .x/� f .x0/�m.x � x0/

x � x0
D f .x/ � f .x0/

x � x0
�m, the conclusion follows from

Definition 2.3.1.

2. lim
x!x0

h.x/ exists if and only if f 0.x0/ exists.

3. From Lemma 2.3.2, (A) f .x/�f .x0/ D Œf 0.x0/CE.x/�.x�x0/where lim
x!x0

E.x/ D
E.x0/ D 0. Choose ı > 0 so that jE.x/j < f 0.x0/ if 0 < jx � x0j < ı. Then f 0.x0/C
E.x/ > 0 if 0 < jx � x0j < ı, so (A) implies that f .x/ > f .x0/ if x0 < x < x0 C ı and

f .x/ < f .x0/ if x0 � ı < x < x0.

4. (a) If a < x < c and jhj < min.x�a; c�x/, then f .xCh/�f .x/ D p.xCh/�p.x/,
so lim

h!0

f .x C h/ � f .x/
h

D lim
h!0

p.x C h/� p.x/

h
D p0.x/.

If c < x < b and jhj < min.x � c; b � x/, then f .x C h/ � f .x/ D q.x C h/ � q.x/, so

lim
h!0

f .x C h/� f .x/

h
D lim
h!0

q.x C h/ � q.x/
h

D q0.x/.

(b) If f 0.c/ exists, then f must be continuous at c This is true if and only if p.c/ D q.c/.

If this condition holds then f 0.c/ exists if and only if p0
�.c/ D q0

C.c/.

5. Note that if k is a nonnegative integer, then xkjxj D
�
xkC1 if x > 0;

�xkC1 if x < 0:
Apply

Exercise 4.

6. Since f .x/ D f .x/f .0/, either f � 0 or f .0/ D 1. The conclusion holds if f � 0. If

f .0/ D 1 and x0 is arbitrary, then lim
h!0

.f .x0Ch/�f .x0//=h D f .x0/ lim
h!0

.f .h/�1/=h D
f .x0/f

0.0/.

7. (a) Set y D 0 to obtain

Œc.0/ � 1�c.x/� s.0/s.x/ D 0

s.0/c.x/ C Œc.0/ � 1�s.x/D 0:

Since c2 C s2 6� 0 (because a2 C b2 ¤ 0), the determinant of this system, Œc.0/ � 1�2 C
Œs.0/�2, equals zero. Hence c.0/ D 1, s.0/ D 0, so

limh!0 c.h/ � 1h
D

lim
h!0

c.h/ � c.0/
h

D

a and lim
h!0

s.h/

h
D lim

h!0

s.h/ � s.0/
h

D b. Therefore,

lim
h!0

c.x C h/ � c.x/
h

D c.x/ lim
h!0

�
c.h/ � 1

h

�
� s.x/ lim

h!0

s.h/

h
:

so (A) c0.x/ D ac.x/ � bs.x/. Similarly,

lim
h!0

s.x C h/ � s.x/
h

D s.x/ lim
h!0

�
c.h/ � 1

h

�
� s.x/ lim

h!0

s.h/

h
;

so (B) s0.x/ D bc.x/C as.x/.
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(b) The system (A) and (B) in (a) can be solved subject to the initial conditions c.0/ D 1

and s.0/ D 0 to obtain c.x/ D eax cos bx, s.x/ D eax sinbx.

8. (a) Write

f .x/

g.x/
D
�
f .x/ � f .x0/

x � x0

�,�
g.x/ � g.x0/
x � x0

�
;

and use Theorem 2.1.4.

(b) If f 0
C.x0/ and g0

C.x0/ exist, f .x0/ D g.x0/ D 0, and g0
C.x0/ ¤ 0, then lim

x!x0C
.f .x/=g.x// D

f 0
C.x0/=g

0
C.x0/. A similar result holds with “�” replacing “C”.

9.

lim
x!x0

.f C g/.x/ � .f C g/.x0/

x � x0
D lim
x!x0

f .x/ � f .x0/
x � x0

C lim
x!x0

g.x/ � g.x0/

x � x0

D f 0.x0/C g0.x0/:

10. See the solution of Exercise 9.

11.

lim
x!x0

.f=g/.x/ � .f=g/.x0/

.x � x0/
D lim
x!x0

f .x/g.x0/ � f .x0/g.x/
.x � x0/g.x/g.x0 /

D lim
x!x0

Œf .x/g.x0/ � f .x0/g.x0/C f .x0/g.x0/ � f .x0/g.x/�
.x � x0/g.x/g.x0 /

D lim
x!x0

1

g.x/
lim
x!x0

f .x/ � f .x0/
x � x0

Cf .x0/

g.x0/
lim
x!x0

1

g.x/
lim
x!x0

g.x/ � g.x0/
x � x0

D f 0.x0/g.x0/� f .x0/g
0.x0/

.g.x0//2
:

12. P1 is true, by Theorem 2.3.4. Suppose that n � 1 and Pn is true. If f .nC1/.x0/ and

g.nC1/.x0/ exist, then f .n/ and g.n/ exist on some neighborhoodN of x0, Pn implies that

.fg/.n/ .x/ D
nX

mD0

 
n

m

!
f .k/.x/g.n�m/.x/ if x 2 N: .A/

Theorem 2.3.4 implies that

d

dx

�
f .k/.x/g.n�k/.x/

�
D f .kC1/.x/g.n�k/.x/C f .k/.x/g.n�kC1/.x/; x 2 N:
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Substituting this into (A) and rearranging terms yields

.fg/.nC1/ .x/ D
nX

mD0

 
n

m

!h
f .mC1/.x/g.n�m/.x/C f .m/.x/g.n�mC1/.x/

i

D
nC1X

mD1

 
n

m� 1

!
f .m/.x/g.n�mC1/ .x/C

nX

mD0

 
n

m

!
f .m/.x/g.n�m/C1 .x/

D f .x/g.nC1/.x/C
nX

mD1

" 
n

m� 1

!
C
 
n

k

!#
f .m/.x/g.n�mC1/.x/

Cf .nC1/.x/g.x/

D
nC1X

mD0

 
nC 1

m

!
f .m/.x/g.n�mC1/.x/; x 2 N;

from Exercise 1.2.19. Setting x D x0 here yields PnC1.

13. The “proof" breaks down if g.x/ � g.x0/ has zeros in every deleted neighborhood of

x0. We first show that if this is so, then g0.x0/ D 0. If � > 0 there is a ı > 0 such thatˇ̌
ˇ̌g.x/ � g.x0/

x � x0
� g0.x0/

ˇ̌
ˇ̌ < � if 0 < jx � x0j < ı. Since every deleted neighborhood of

x0 contains a zero of g.x/ � g.x0/, this implies that jg0.x0/j < �. Since � is an arbitrary

positive number, this implies that g0.x0/ D 0. Therefore, it suffices to show that h0.x0/ D
0, as follows. Since f is differentiable at g.x0/, there is a ı1 > 0 such that

ˇ̌
ˇ̌f .u/ � f .g.x0//

u� g.x0/
� f 0.g.x0//

ˇ̌
ˇ̌ < 1 if 0 < ju� g.x0/j < ı1;

so ˇ̌
ˇ̌f .u/ � f .g.x0//

u� g.x0/

ˇ̌
ˇ̌ <

ˇ̌
f 0.g.x0//

ˇ̌
C 1 D M if 0 < ju� g.x0/j < ı1: .A/

Now let � > 0. Since g0.x0/ D 0, there is a ı2 > 0 such that

ˇ̌
ˇ̌g.x/ � g.x0/

x � x0

ˇ̌
ˇ̌ < � if 0 < jx � x0j < ı2: .B/

Therefore, jg.x/ � g.x0/j < �ı2 if jx � x0j < ı. Now choose ı � min.ı2; ı1=�/. If

0 < jx � x0j < ı and g.x/ ¤ g.x0/, then 0 < jg.x/ � g.x0/j < �ı < ı1 (from (B)), and

(A) and (B) imply that

ˇ̌
ˇ̌h.x/ � h.x0/

x � x0

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌f .g.x// � f .g.x//

g.x/ � g.x0/

ˇ̌
ˇ̌
ˇ̌
ˇ̌g.x/ � g.x0/

x � x0

ˇ̌
ˇ̌ < M� if 0 < jx � x0j < ı:

Since h.x/ � h.x0/ D f .g.x// � f .g.x0// D 0 anyway if g.x/ D g.x0/, it follows that

ˇ̌
ˇ̌h.x/ � h.x0/

x � x0

ˇ̌
ˇ̌ < M� if 0 < jx � x0j < ı:
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Hence h0.x0/ D 0.

14. If y D f .x/ then

g.y/ � g.y0/

y � y0
D g.f .x// � g.f .x0//

f .x/ � f .x0/
D
�
f .x/ � f .x0/

x � x0

��1
;

since g.f .x// D x. Since g is continuous and x D g.y/, x ! x0 as y ! y0; hence,

lim
y!y0

g.y/ � g.y0/

y � y0
D lim
x!x0

�
f .x/ � f .x0/

y � y0

��1
D 1=f 0.x0/:

15. (a) Suppose that � > 0. Since f 0.aC/ exists, f is differentiable on an interval .a; b/

and there is a ı > 0 such that (A) jf 0.aC/ � f 0.c/j < � if a < c < a C ı. Since f 0
C.a/

exists, f is continuous from the right at a. Therefore, the mean value theorem implies that

if a < x < b, then
f .x/ � f .a/

x � a D f 0.c/ for some c in .a; x/. This and (A) imply that
ˇ̌
ˇ̌f .x/ � f .a/

x � a � f 0.c/

ˇ̌
ˇ̌ < � if a < x < aCı. Therefore, f 0

C.a/ D lim
x!aC

f .x/ � f .a/
x � a D

f 0.aC/.

(b) Let f .x/ D
�

�1; x � 0;

1; x > 0:
Then f 0.x/ D 0 if x > 0, so f 0.0C/ D 0; however,

f 0
C.0/ does not exist, since

f .x/� f .0/

x
D 1 � .�1/

x
D 2

x
if x > 0.

(c) To prove: If f 0.aC/ exists and f is continuous from the right at a, then f 0
C.a/ D

f 0.aC/. Under these assumptions we can apply the mean value theorem as in (a).

16. If jf 0.x/j � M for x 2 .a; b/, then jf .x2/ � f .x1/j � M jx1 � x2j for x1, x2 2
.a; b/ (Theorem 2.3.14). Now use Exercise 2.1.38 and the analogous statement concerning

lim
x!x0C

f .x/.

17. The function g.x/ D

8
<
:

f .x/ � f .a/
x � a

; a < x � b;

f 0
C.a/; x D a;

is continuous on Œa; b�, and � is

between g.a/ and g.b/. Hence, g.c/ D � and therefore f .c/�f .a/ D �.c�a/ for some

c in .a; b/ (Theorem 2.2.10).

18. If f 0
C.a/ < � <

f .b/� f .a/

b � a
then f .c/ � f .a/ D �.c � a/ for some c in .a; b/, by

Exercise 17. If
f .b/ � f .a/

b � a
< � < f 0

�.b/, let g.x/ D

8
<
:

f .b/ � f .a/
b � a

; a � x < b;

f 0
�.b/; x D b;

which is continuous on Œa; b�. Since g.a/ < � < g.b/, Theorem 2.2.10 implies that

g.c/ D � and therefore f .c/ � f .b/ D �.c � b/ for some c in .a; b/.

19. (a) Exercise 8, implies that lim
x!0

sinx

x
D cos 0

1
D 1. Therefore, if we define f .0/ D 1,

then f is continuous at 0.

(b) If x ¤ 0, then f .x/ D sinx

x
and f 0.x/ D cos x

x
� sin x

x2
. Solving these two equations
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for sin x and cos x yields sin x D xf and cos x D xf 0 C f . Since sin2 x C cos2 x D 1,

.1C x2/f 2 C x2.f 0/2 C 2xff 0 D 1. Therefore, if x ¤ 0 is a relative extreme point of f ,

then (A) jf .x/j D .1C x2/�1=2. Notice that this also holds if x D 0, from (a).

(c) Since lim
x!1

f .x/ D lim
x!�1

f .x/ D 0, jf j attains a maximum at some x. Hence (a) and

(b) imply that jf .x/j � 1, with equality if and only if x D 0.

20. (a) Since sin nk� D sink� D 0, Exercise 8, implies that lim
x!k�

sinnx

n sin x
D n cos nk�

n cos k�
D

.�1/.n�1/k . Therefore, if we define f .k�/ D .�1/.n�1/k , then f is continuous at k� .

(b) If x ¤ k� then f .x/ D sin nx

n sinx
and f 0.x/ D �cos x sinnx

n sin2 x
C cos nx

sinx
. Solving these

two equations for sinnx and cosnx yields sinnx D nf sinx, cosnx D f 0 sin xCf cos x.

Since sin2 nx C cos2 nx D 1,

f 2
�
1C .n2 � 1/ sin2 x

�
C .f 0/2 sin2 x C 2ff 0 sinx cos x D 1:

Therefore, if x ¤ 2k� is a relative extreme point of f , then jf .x/j D
�
1C .n2 � 1/ sin2 x

��1=2
.

Notice that this also holds if x D k� , from (a).

(c) Since f .x C 2�/ D f .x/, jf j attains its maximum at some x in Œ0; 2��. Either x D 0,

x D 2� , or f 0.x/ D 0. Hence (a) and (b) imply that jf .x/j � 1, with equality if and only

if x D k� .

21. Trivial if p D 1. If p > 1 let x1 < x2 < � � � < xp. From Rolle’s theorem, f 0 has at

least one zero in .xi ; xiC1/, 1 � i � p � 1. This accounts for at least p � 1 zeros of f 0. In

addition, f 0 has at least ni � 1 zeros, counting multiplicities, at each xi . Therefore, f 0 has

at least .n1 �1/C .n2�1/C � � �C .np �1/Cp�1 D n�1 zeros, counting multiplicities,

in I .

23. Let x1, x2, . . . , xn and y1, y2, . . . , yn be in .a; b/ and yi < xi , 1 � i � n. Show that

if f is differentiable on .a; b/, then

nX

iD1
Œf .xi / � f .yi /� D f 0.c/

nX

iD1
.xi � yi/ for some c

in .a; b/.

24. Counterexample: Let f .x/ D
(

jxj3=2 sin
1

x
; x ¤ 0

0; x D 0:
If x ¤ 0, then f 0.x/ D

3

2

jxj3=2
x

sin

�
1

x

�
� 1

jxj1=2
cos

�
1

x

�
. Since f 0.0/ D lim

x!0

jxj3=2 sin.1=x/

x
D 0, f is dif-

ferentiable on .�1;1/. However, f does not satisfy a Lipschitz condition at x0 D
0. To see this, we exhibit a set of points fxkg1

kD1 with 0 as a limit point such that

lim
k!1

ˇ̌
ˇ̌f .xkC1/ � f .xk/

xkC1 � xk

ˇ̌
ˇ̌ D 1. Let xk D 2=.2kC1/� , k � 0. Then f .xk/ D .�1/kx3=2

k
,

so

ˇ̌
ˇ̌f .xkC1/ � f .xk/

xkC1 � xk

ˇ̌
ˇ̌ D

x
3=2

kC1 C x
3=2

k

xk � xkC1
>

2x
3=2

kC1
xk � xkC1

D .2k C 1/

s
2

�.2k C 3/
;

which approaches 1 as k ! 1.
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25. (a) W 0 D f 0g0 C f 00g � f 0g0 � fg00 D �p.fg � fg/ D 0 for all x in .a; b/, so

Theorem 2.3.12 implies that W is constant on .a; b/.

(b) Since W ¤ 0, g.x1/ ¤ 0 and g.x2/ ¤ 0. If g has no zeros in .x1; x2/, then h D f=g

is continuous on Œx1; x2� and differentiable on .x1; x2/. Since h.x1/ D h.x2/ D 0, Rolle’s

theorem implies that h0 D W=g2 vanishes somewhere in .x1; x2/, a contradiction.

26. lim
x!0C

f .x/ � f .0/
x � 0

D lim
x!0C

p
x

x
D 1 and lim

x!0�

f .x/� f .0/

x � 0
D lim
x!0�

�
p

�x
x

D 1,

so f 0.0/ D 1.

27. Counterexample: f .x/ D

8
<
:

x

jxj
; x ¤ 0;

0; x D 0;
and x0 D 0; f is not continuous at 0, but

f 0.0/ D lim
x!0

1

jxj D 1.

28. (a) The equation of the tangent line to y D h.x/ at .x0; h.x0// is (A) y D h.x0/ C
h0.x0/.x � x0/. Since h.x0/ D f .x0/g.x0/ and h0.x0/ D f 0.x0/g.x0/C f .x0/g

0.x0/ D
f .x0/g

0.x0/ ¤ 0, from our assumption, (A) can be rewritten as (B) y D f .x0/Œg.x0/ C
g0.x0/.x � x0/�. The equation of the tangent line to y D g.x/ at .x0; g.x0// is (C) y D
g.x0/ C g0.x0/.x � x0/. From (B) and (C), both tangent lines intersect the x-axis at

x D x0 �
g.x0/

g0.x0/
.

(b) Apply (a) with g.x/ D x � x1, so x D x0 �
x0 � x1

1
D x1.

(c) Apply (a) with g.x/ D .x � x0/
2, so x D x0 � .x0 � x1/2

2.x0 � x1/
D x0 � .x0 � x1/

2
D

x0 C x1

2
.

(d) Let f .x/ D ax2 C bx C c. Then f 0.x/ D 2ax C b, so x0 D � b

2a
is a critical point

of f . However, f .x0/ D �
b2 � 4ac
4a

¤ 0. Now apply (b)

(e) The assumptions imply that h is as in (d), where 
 D x1 and ˛ and ˇ are the zeros of

f .x/ D ax2 C bx C c, with a ¤ 0. Since ˛ and ˇ are distinct, b2 � 4ac ¤ 0. Therefore,

(d) implies the conclusion. Assume that f is differentiable on .�1;1/ and x0 is a critical

point of f .
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2.4 L’HOSPITAL’S RULE

1. If lim
x!b�

f 0.x/

g0.x/
D 1 and M is an arbitrary real number, there is an x0 in .a; b/ such

that
f 0.c/

g0.c/
> M if x0 < c < b. By the argument given in the text, we can assume also that

g has no zeros in Œx0; b/ and (A)
f .x/ � f .t/
g.x/ � g.t/

> M if x; t 2 Œx0; b/. If limt!b� f .t/ D

limt!b� g.t/ D 0 then letting t ! b� in (A) shows that
f .x/

g.x/
� M if x; t 2 Œx0; b/,

so lim
x!b�

f .x/

g.x/
D 1 in this case. If limt!b� f .t/ D limt!b� g.t/ D 1, let u and x1

be as in the proof given in the text. Then (B)
f .x/

g.x/u.x/
> M if x1 < x < b. Since

limx!b� u.x/ D 1, there is an x2 � x1 such that u.x/ � 1

2
if x2 < x < b. Therefore, (B)

implies that
f .x/

g.x/
>
M

2
if x2 < x < b, so lim

x!b�

f .x/

g.x/
D 1 in this case also.

2. lim
x!0

tan�1 x

sin�1 x
D lim
x!0

1=.1C x2/

1=
p
1 � x2

D 1.

3. lim
x!0

1 � cos x

log.1C x2/
D lim
x!0

sin x

2x=.1C x2/
D
�

lim
x!0

1C x2

2

��
lim
x!0

sinx

x

�
D 1

2
.

4. lim
x!0C

1C cos x

ex � 1
D 1 (not an indeterminate form).

5. lim
x!�

sinnx

sinx
D lim
x!�

n cos nx

cos x
D .�1/n�1n.

6. lim
x!0

log.1C x/

x
D lim
x!0

1=.1C x/

1
D 1.

7. lim
x!1

ex sin e�x2 D lim
x!1

sin e�x2

e�x D lim
x!1

�2xe�x2

cos e�x2

�e�x

D 2
�

lim
x!1

cos e�x2
��

lim
x!1

x

ex
2�x

�
D 2

�
lim
x!1

1

.2x � 1/ex2�x

�
D 0.

8. lim
x!1

x sin.1=x/ D lim
x!1

sin.1=x/

1=x
D lim
x!1

�.1=x/2 cos.1=x/

�.1=x/2 D lim
x!1

cos.1=x/ D 1.

9. lim
x!1

p
x.e�1=x � 1/ D lim

x!1
e�1=x � 1
x�1=2 D lim

x!1
�.1=x/2e�1=x

�x�3=2=2
D 2 lim

x!1
e�1=x
p
x

D 0.

10. lim
x!0C

tan x logx D lim
x!0C

logx

cot x
D lim
x!0C

1=x

� csc2 x
D � lim

x!0C

sin2 x

x
D

� lim
x!0C

2 sinx cos x

1
D 0.
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11. lim
x!�

sinx log.j tan xj/ D lim
x!�

log.j tan xj/
csc x

D lim
x!�

sec2 x= tanx

� csc2 x cotx
D

� lim
x!�

sin x= cos3 x

cos x= sin2 x
D � lim

x!�
tan4 x D 0.

12. lim
x!0C

�
1

x
C log.tan x/

�
D lim
x!0C

1C x log.tan x/

x
D

lim
x!0C

�
log.tan x/C x sec2 x= tanx

�
D lim
x!0C

log.tan x/C
�

lim
x!0C

sec3 x

��
lim
x!0C

x

sinx

�
D �1 C 1 � 1 D �1.

13. lim
x!1

.
p
x C 1 �

p
x/ D lim

x!1
.
p
x C 1 �

p
x/

 p
x C 1C

p
xp

x C 1C
p
x

!
D

lim
x!1

.
p
x C 1/2 � .

p
x/2p

x C 1C
p
x

D lim
x!1

1p
x C 1C

p
x

D 0.

14. lim
x!0

�
1

ex � 1
� 1

x

�
D lim

x!0

x � ex C 1

x.ex � 1/
D lim

x!0

1 � ex

ex � 1C xex
D lim

x!0

�ex
2ex C x

D

�1
2

.

15. lim
x!0

.cot x � csc x/ D lim
x!0

cos x � 1
sinx

D lim
x!0

� sin x

cos x
D 0.

16. lim
x!0

�
1

sin x
� 1

x

�
D lim

x!0

x � sinx

x sinx
D lim
x!0

1 � cos x

sin x C x cos x
D

lim
x!0

sin x

2 cos x � x sinx
D 0.

17. j sinxjtanx D expŒtanx log.j sinxj/� and lim
x!�

tan x log.j sin xj/ D

lim
x!�

log.j sin xj/
cot x

D lim
x!�

cot x

� csc2 x
D � lim

x!�
tan x D 0, so lim

x!�
j sinxjtanx D 1.

18. j tanxjcosx D expŒcos x log.j tan xj/� and lim
x!�=2

cos x log.j tan xj/ D

lim
x!�=2

log.j tan xj/
sec x

D lim
x!�=2

sec2 x= tanx

sec x tanx
D lim
x!�=2

cos x

sin2 x
D 0, so

lim
x!�=2

j tan xjcosx D 1.

19. j sinxjx D expŒx log.j sinxj/� and lim
x!0

x log.j sin xj/ D lim
x!0

log.j sinxj/
1=x

D

lim
x!0

cos x= sinx

�1=x2
D �

�
lim
x!0

cos x

��
lim
x!0

x2

sinx

�
D � lim

x!0

2x

cos x
D 0,

so lim
x!0

j sinxjx D 1.

20. .1C x/1=x D exp

�
log.1C x/

x

�
and lim

x!0

log.1C x/

x
D lim
x!0

1

1C x
D 1,

so lim
x!0

.1 C x/1=x D e.
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21. xsin.1=x/ D expŒ.log.jxj// sin.1=x/� and lim
x!1

.log.jxj// sin.1=x/ D

� lim
t!0

.log.jt j// sin t D � lim
t!0

log.jt j/
1= sin t

D lim
t!0

1=t

cos t= sin2 t
D

�
lim
t!0

1

cos t

� 
lim
t!0

sin2 t

t

!
D lim
t!0

2 sin t cos t D 0, so lim
x!1

xsin.1=x/ D 1.

22. lim
x!0

�
x

1 � cos x
�
2

x

�
D lim
x!0

x2 � 2C 2 cos x

x.1 � cos x/
D 2 lim

x!0

x � sinx

1 � cos x C x sinx
D

2 lim
x!0

1 � cos x

2 sinx C x cos x
D 2 lim

x!0

sinx

3 cos x � x sinx
D 0.

23. If ˛ < 0, then lim
x!0C

x˛ logx D
�

lim
x!0C

x˛
��

lim
x!0C

logx

�
D 1.�1/ D �1.

If ˛ D 0, then lim
x!0C

x˛ logx D
�

lim
x!0C

logx

�
D �1.

If ˛ > 0, then lim
x!0C

x˛ logx D lim
x!0C

logx

1=x˛
D lim
x!0C

1=x

�˛=x˛C1 D � 1
˛

lim
x!0C

x˛ D 0.

24. lim
x!e

log.logx/

sin.x � e/
D lim
x!e

1=.x logx/

cos.x � e/
D 1

e

25.

�
x C 1

x � 1

�p
x2�1

D exp

�p
x2 � 1 log

�
x C 1

x � 1

��
and lim

x!1

p
x2 � 1 log

�
x C 1

x � 1

�
D

lim
x!1

log

�
x C 1

x � 1

�

1=
p
x2 � 1

D lim
x!1

�2=.x2 � 1/
�x=.x2 � 1/3=2

D 2 lim
x!1

p
x2 � 1
x

D lim
x!1

p
1 � 1=x2

D 2, so lim
x!1

�
x C 1

x � 1

�p
x2�1

D e2.

26.

�
x C 1

x � 1

�p
x2�1

D exp

�p
x2 � 1 log

�
x C 1

x � 1

��
and lim

x!1C

p
x2 � 1 log

�
x C 1

x � 1

�
D

lim
x!1C

log

�
x C 1

x � 1

�

1=
p
x2 � 1

D lim
x!1C

�2=.x2 � 1/

�x=.x2 � 1/3=2
D 2 lim

x!1C

p
x2 � 1
x

D lim
x!1C

p
1 � 1=x2

D 0, so lim
x!1C

�
x C 1

x � 1

�p
x2�1

D 1.

27. If ˇ < 0, then lim
x!1

.log x/ˇ

x
D
�

lim
x!1

.log x/ˇ
��

lim
x!1

1

x

�
D 0 � 0 D 0. If ˇ D 0,

then lim
x!1

.log x/ˇ

x
D
�

lim
x!1

1

x

�
D 0. If ˇ > 0 and k is the smallest positive inte-

ger such that ˇ � k, then k applications of L’Hospital’s rule yields lim
x!1

.log x/ˇ

x
D
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ˇ lim
x!1

.logx/ˇ�1

x
D � � � D ˇ.ˇ � 1/ � � � .ˇ � k C 1/ lim

x!1
.log x/ˇ�k

x
D 0.

28. lim
x!1

.cosh x � sinhx/ D lim
x!1

�
ex C e�x

2
� ex � e�x

2

�
D lim

x!1
e�x D 0.

29. If ˛ < 0, then lim
x!1

.x˛ � logx/ D
�

lim
x!1

x˛
�

�
�

lim
x!1

logx
�

D 0 � 1 D �1. If

˛ D 0, then lim
x!1

.x˛ � logx/ D
�

lim
x!1

1
�

�
�

lim
x!1

logx
�

D 1 � 1 D �1. Suppose

that ˛ > 0. Then (A) lim
x!1

.x˛ � logx/ D
�

lim
x!1

x˛
� �

lim
x!1

.1 � x�˛ logx/
�

. Since

lim
x!1

x˛ D 1 and lim
x!1

logx

x˛
D 1

˛
lim
x!1

1=x

˛x˛�1 D 1

˛
lim
x!1

1

˛x˛
D 0, (A) implies that

lim
x!1

.x˛ � logx/ D 1 � 1 D 1.

30. lim
x!�1

ex
2

sin.ex/ D lim
x!�1

sin.ex/

e�x2
D lim
x!�1

ex cos.ex/

�2xe�x2
D

� 1

2

�
lim

x!�1
cos.ex/

� 
lim

x!�1
ex

2Cx

x

!
D �1

2
lim

x!�1
.2x C 1/ex

2Cx D 1.

31. lim
x!1

x.x C 1/ Œlog.1C 1=x/�2 D lim
x!1

Œlog.1C 1=x/�2

1=x.x C 1/

D lim
x!1

��2 log.1 C 1=x/

x.x C 1/

��� �.2x C 1/

x2.x C 1/2

�
D lim
x!1

2x.x C 1/ log.1C 1=x/

2x C 1
D

�
lim
x!1

2x C 2

2x C 1

��
lim
x!1

x log.1 C 1=x/
�

D
�

lim
x!1

2

2

��
lim
x!1

log.1 C 1=x/

1=x

�
D

lim
x!1

.�1=x/2=.1C 1=x/

.�1=x/2 D 1.

32. lim
x!0

sin x � x C x3=6

x5
D lim
x!0

cos x � 1C x2=2

5x4
D lim
x!0

� sinx C x

20x3
D

lim
x!0

� cos x C 1

60x2
D lim
x!0

sinx

120x
D 1

120
.

33. If ˛ < 0, then lim
x!1

ex

x˛
D
�

lim
x!1

1

x˛

��
lim
x!1

ex
�

D 1 � 1 D 1. If ˛ D 0, then

lim
x!1

ex

x˛
D
�

lim
x!1

ex
�

D 1. If ˛ > 0 and k is the smallest positive integer such that

˛ � k, then k applications of L’Hospital’s rule yields lim
x!1

ex

x˛
D

1

˛
lim
x!1

ex

x˛�1 D � � � D 1

˛.˛ � 1/ � � � .˛ � k C 1/
lim
x!1

ex

x˛�k D 1.

34. lim
x!3�=2�

etanx cos x D lim
x!3�=2�

etanx

1= cos x
D lim

x!3�=2�

sec2 xetanx

sinx sec2 x
D

lim
x!3�=2�

etanx

sin x
DD �1.
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35. If ˛ < 0, then lim
x!1C

.log x/˛ log.logx/ D
�

lim
x!1C

.logx/˛
��

lim
x!1C

log.log x/

�
D

1.�1/ D �1. If ˛ D 0, then lim
x!1C

.log x/˛ log.logx/ D
�

lim
x!1C

log.logx/

�
D �1.

If ˛ > 0, then lim
x!1C

.log x/˛ log.logx/ D lim
x!1C

log.log x/

.log x/�˛
D

lim
x!1C

.log x/=x

�˛.logx/�˛�1=x
D � 1

˛
lim
x!1C

.logx/˛C2 D 0.

36. lim
x!1

xx

x logx
D lim
x!1

xx.x logx/0

.x logx/0
D lim

x!1
xx D 1.

37. .sin x/tanx D expŒtanx log.sin x/� and lim
x!�=2

tanx log.sin x/ D

lim
x!�=2

log.sin x/

cot x
D lim
x!�=2

cot x

� csc2 x
D lim
x!�=2

sinx cos x D 0, so lim
x!�=2

.sin x/tanx

D 1.

38. We prove by induction that lim
x!0

ex �
nX

rD0

xr

rŠ

xn
D 0 if n � 1. We first verify P1:

lim
x!0

ex � 1 � x
x

D lim
x!0

ex � 1
1

D 0. Now suppose that n � 1 and Pn is true. Applying

L’Hospital’s rule yields

lim
x!0

ex �
nC1X

rD0

xr

rŠ

xnC1 D lim
x!0

ex �
nC1X

rD1

xr�1

.r � 1/Š
.nC 1/xn

D lim
x!0

ex �
nX

rD0

xr

rŠ

.nC 1/xn
D 0;

by Pn. Therefore, Pn implies PnC1.

39. We prove by induction that lim
x!0

sinx �
nX

rD0
.�1/r x2rC1

.2r C 1/Š

x2nC1 D 0 if n � 0. We first

verify P0: lim
x!0

sinx � x
x

D lim
x!0

cos x � 1
1

D 0. Now suppose that n � 0 and Pn is true.
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Applying L’Hospital’s rule twice yields

lim
x!0

sinx �
nC1X

rD0
.�1/r x2rC1

.2r C 1/Š

x2nC3 D lim
x!0

cos x �
nC1X

rD0
.�1/r x

2r

.2r/Š

.2nC 3/x2nC2

D lim
x!0

� sinx �
nC1X

rD1
.�1/r x2r�1

.2r � 1/Š

.2nC 2/.2nC 3/x2nC1

D � lim
x!0

sinx �
nX

rD0
.�1/r x2rC1

.2r C 1/Š

.2nC 2/.2nC 3/x2nC1 D 0;

by Pn. Therefore, Pn implies PnC1.

40. (Proof by induction.) Pk is obvious if k � 0. Suppose that n � 0 and Pk is true for

k � n. Then

lim
x!0

e�1=x2

xnC1 D lim
x!0

x�n�1

e1=x
2

D lim
x!0

�.nC 1/x�n�2

�2e1=x2
=x3

D nC 1

2
lim
x!0

e�1=x2

xn�1 D 0:

Hence, PnC1 is true.

41. (a) Since f is continuous at x0, limx!x0
.f .x/ � f .x0// D 0. Since limx!x0

.x �

x0/ D 0 and limx!x0
f 0.x/ exists, L’Hospital’s rule implies that lim

x!x0

f .x/� f .x0/

x � x0
D limx!x0

f 0.x/. Therefore, f 0.x0/ exists and equals limx!x0
f 0.x/, so f 0 is continuous

at x0.

(b) Let g0 be continuous on .�1;1/ and define f .x/ D
�
g.x/; x � x0;

1C g.x/; x > x0:
The

f 0.x/ D g0.x/ if x ¤ x0, so limx!x0
f 0.x/ D limx!x0

g0.x/ exists. However, f is not

continuous at x0, so f 0.x0/ does not exist.

42. (a) (Proof by induction.) Since L1.x/ D log.L0.x// D logx D L0.log x/, P1 is true.

Now suppose that n � 1 and Pn is true. Then LnC1.x/ D log.Ln.x// D log.Ln�1.logx//

(by Pn) D Ln�1.logx/. Hence, Pn implies PnC1.

(b) (Proof by induction.) Since L0.0C/ D 0 and L1.0C/ D log.0C/ D �1, P1 is

true. Now suppose that n � 1 and Pn is true. Then Ln.anC1C/ D Ln�1.log.anC1/C/ D
Ln�1.log.ean/C/ D Ln�1.anC/ D 0 andLnC1.anC1C/ D Ln.log.anC1/C/ D Ln.log.ean/C/
D Ln.anC/ D �1, so PnC1 is true.

(c) Since Ln�1.anC/ D 0 and Ln.anC/ D �1, L’Hospital’s rule yields

lim
x!anC

.Ln�1.x//
˛Ln.x/ D lim

x!anC

Ln.x/

.Ln�1.x//
�˛ D lim

x!anC

L0
n.x/

�˛.Ln�1.x//�˛�1L0
n�1.x/

D

� 1
˛

lim
x!anC

.Ln�1.x//
˛ sinceL0

n D L0
n�1=Ln�1. Thus, lim

x!anC
.Ln�1.x//

˛Ln.x/ D .Ln�1.an/C/˛ D
0, from (b).
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(d) We first prove by induction that (A) limx!1 Ln.x/ D 1. This is true for n D 0.

Now suppose that n � 0 and (A) is true. Since LnC1.x/ D log.Ln.x//, (A) implies

that limx!1 LnC1.x/ D 1 (Exercise 2.1.25). If ˛ < 0, then lim
x!1

.Ln.x//
˛=Ln�1.x/ D

�
lim
x!1

.Ln.x//
˛
� �

lim
x!1

1=Ln�1.x/
�

D 0�0 D 0. If ˛ D 0, then lim
x!1

.Ln.x//
˛=Ln�1.x/ D

�
lim
x!1

1=Ln�1.x/
�

D 0. If ˛ > 0, let k be the smallest integer such that ˛ � k. Then k

applications of L’Hospital’s rule (using L0
n D L0

n�1=Ln�1 each time) yields

lim
x!1

.Ln.x//
˛ =Ln�1.x/ D ˛.˛ � 1/ : : : .˛ � k C 1/ lim

x!1
.Ln.x//

˛�k =Ln�1.x/ D 0:

43. If 0 < L1 < L, there is an x0 such that f 0.x/ > L1f .x/ > if x � x0. Since

f .x/ > 0 on .0;1/, it follows that f 0.x/ > 0 if x � x0, so f .x/ > f .x0/ if x > x0
and f 0.x/ > Lf .x0/ if x > x0. Therefore, f .x/ > f .x0/ .1C L1.x � x0// if x > x0
(Theorem 2.3.11), so limx!1 f .x/ D 1. By an induction proof based on Exercise 2.1.25,

limx!1 fn.x/ D 1. Since (A) f 0
n.x/ D f 0.fn�1.x//f 0

n�1.x/, an induction proof shows

that f 0
n.x/ > 0 for sufficiently large x. Hence, L’Hospital’s rule yields lim

x!1
.fn.x//

˛

fn�1.x/
D

˛ lim
x!1

.fn.x//
˛�1f 0

n.x/

f 0
n�1.x/

if the limit on the right exists in the extended reals. Because of

(A) this implies that (B) lim
x!1

.fn.x//
˛

fn�1.x/
D ˛ lim

x!1
.fn.x//

˛f 0.fn�1.x// if the limit on the

right exists in the extended reals. Since fn.x/ D f .fn�1.x//, (B) can be rewritten as

lim
x!1

.fn.x//
˛

fn�1.x/
D ˛ lim

x!1
.fn.x//

˛ f
0.fn�1.x///

f .fn�1.x//
: .C/

However, since lim
x!1

f 0.x/

f .x/
D 1 and lim

x!1
fn�1.x/ D 1, Exercise 2.1.25 implies that

lim
x!1

f 0.fn�1.x///

f .fn�1.x//
D L. Since lim

x!1
.fn.x//

˛ D 0, (C) implies that lim
x!1

.fn.x//
˛

fn�1.x/
D

˛.1/L D 1.

44. (a) jf .x/jf .x/ D exp.f .x// log jf .x/j and lim
x!x0

f .x// log jf .x/j D lim
x!x0

log jf .x/j
1=f .x/

D

lim
x!x0

f 0.x/=f .x/

�f 0.x/=.f .x//2
D lim
x!x0

f .x/ D 0, so limx!x0
jf .x/jf .x/ D 1.

(b) jf .x/j1=.f .x/�1/ D exp

�
log jf .x/j
f .x/ � 1

�
and lim

x!x0

log jf .x/j
f .x/ � 1

D lim
x!x0

f 0.x/=f .x/

f 0.x/
D

lim
x!x0

1

f .x/
D 1, so limx!x0

jf .x/j1=.f .x/�1/ D e.

(c) jf .x/j1=f .x/ D exp

�
log jf .x/j
f .x/

�
and lim

x!x0

log jf .x/j
f .x/

D lim
x!x0

f 0.x/=f .x/

f 0.x/
D lim

x!x0

1

f .x/
D

0, so limx!x0
jf .x/j1=.f .x/�1/ D 1.

45. .1Cf .x//1=g.x/ D exp

�
log.1C f .x//

g.x/

�
and lim

x!b�

log.1C f .x//

g.x/
D lim
x!b�

f 0.x/

g0.x/
D
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L, so limx!b�.1 C f .x//1=g.x/ D eL.

46. The first four forms are not indeterminate; the rest are. A function may be of the form

1 � 1 as x ! x0C and �1 C 1 as x ! x0�, but approach a limit as x ! x0. (For

example, f .x/ D 1

x
� sin x

x2
with x0 D 0.) Similar comments apply to the other pairs of

indeterminate forms.

2.5 TAYLOR’S THEOREM

1. We show by induction that (A) f .n/.x/ D
�
qn.1=x/e

�1=x2

; x ¤ 0;

0; x D 0:
, where qn is

a polynomial. If n D 0, the definition of f implies (A) with q0.u/ D 1. Suppose

that n � 0 and (A) is true. If x ¤ 0, then f .nC1/.x/ D qnC1.1=x/, with qnC1.u/ D

2u3qn.u/ � u2q0
n.u/. Since f .n/.0/ D 0 (from (A)), f .nC1/.0/ D lim

x!0

f .n/.x/

x
D

lim
x!0

qn.1=x/e
�1=x2

x
. However, the last limit equals zero because lim

x!0

e�1=x2

xk
D 0 for

every integer k (Exercise 2.4.40). Since f .n/ D 0 for n � 0, every Taylor polynomial of

f about 0 is identically zero.

2. From Theorem 2.5.1, (A) lim
x!x0

f .x/ � TnC1.x/

.x � x0/nC1 D 0. Since TnC1.x/ D Tn.x/ C

f .nC1/.x0/

.nC 1/Š
.x � x0/

nC1 , (A) implies that lim
x!x0

f .x/ � Tn.x/
.x � x0/nC1 D f .nC1/.x0/

.nC 1/Š
, which can

be rewritten as lim
x!x0

En.x/ �En.x0/
x � x0

D f .nC1/.x0/

.nC 1/Š
. Therefore, E 0

n.x0/ D f .nC1/.x0/

.nC 1/Š
.

3. (a) The hypotheses implies that (A) f .x/ D a0 C a1.x � x0/ C E.x/.x � x0/, where

(B) lim
x!x0

E.x/ D 0. Therefore, lim
x!x0

f .x/ D a0, so a0 D f .x/ because f is continuous

at x0. Now (A) and (B) imply that f 0.x0/ D lim
x!x0

f .x/ � f .x0/
x � x0

D a1.

(b) Let x0 D a0 D a1 D a2 D 0 and f .x/ D
�
x3 sin 1=x; x ¤ 0;

0; x D 0:
Then f and

f 0
�
3x2 sin 1=x � x cos 1=x; x ¤ 0;

0; x D 0;
are both continuous at 0 and lim

x!x0

x3 sin 1=x

x2
D

0, but f 00.0/ does not exist.

4. (a) From Lemma 2.5.2, f .x0 C h/ D f .x0/C f 0.x0/hC
�
f 00.x0/

2
C E.x0 C h/

�
h2

and f .x0�h/ D f .x0/�f 0.x0/hC
�
f 00.x0/

2
CE.x0 � h/

�
h2, where lim

x!x0

E2.x/ D 0,

so the limit in question equals f 00.x0/C limh!0 .E2.x0 C h/C E2.x0 � h// D f 00.x0/.

(b) Counterexample: Let x0 D 0 and f .x/ D xjxj. Then

lim
h!0

f .h/ � 2f .0/C f .�h/
h2

D lim
h!0

hjhj � hjhj
h2

D 0:
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However, f 0.x/ D 2jxj, so f 00.0/ does not exist.

5. (a) For necessity, suppose that f has a simple zero at x0. Then Lemma 2.3.2 implies that

f .x/ D g.x/.x � x0/ with g.x/ D f 0.x0/CE1.x/, where lim
x!x0

E1.x/ D E1.0/ D 0, so

g is continuous at x0 and lim
x!x0

g.x/ D f 0.x0/ ¤ 0. Since g.x/ D
f .x/

x � x0
, g is differen-

tiable on a deleted neighborhood of x0. For sufficiency, suppose that f .x/ D g.x/.x �x0/
where g has the stated properties. Then f .x0/ D 0 and f 0.x0/ D lim

x!0

f .x/

x � x0
D

lim
x!x0

g.x/ D g.x0/ ¤ 0.

(b) Let g.x/ D 1 C jx � x0j, so f .x/ D .x � x0/.1 C jx � x0j/. Then f .x0/ D 0 and

f 0.x0/ D 1, but g is not differentiable at x0.

6. (a) For necessity, suppose that f has a double zero at x0. Then Lemma 2.5.2 implies

that (A) f .x/ D g.x/.x � x0/
2 with g.x/ D f 0.x0/

2
C E0.x/, where lim

x!x0

E0.x/ D

E0.0/ D 0, so g is continuous at x0 and (B) lim
x!x0

g.x/ D f 0.x0/

2
¤ 0. Since g.x/ D

f .x/

.x � x0/2
, g is twice differentiable on a deleted neighborhood N of x0. Differentiating

(A) yields f 0.x/ D g0.x/.x � x0/
2 C 2g.x/.x � x0/; x 2 N , so (C) g0.x/.x � x0/ D

f 0.x/

x � x0
� 2g.x/. Applying Lemma 2.5.2 to f 0 shows that

f 0.x/

x � x0
D f 00.x0/ C E1.x/,

where lim
x!x0

E1.x/ D 0; therefore, lim
x!x0

f 0.x/

.x � x0/2
D f 00.x0/. This, (B), and (C) imply

that lim
x!x0

.x � x0/g0.x/ D 0.

For sufficiency, suppose that f .x/ D g.x/.x � x0/
2 where g has the stated properties

on a deleted neighborhood N of x0. Then f .x0/ D 0 and f 0.x0/ D lim
x!0

f .x/

x � x0
D

lim
x!x0

g.x/.x � x0/ D 0. If x 2 N � fx0g, then f 0.x/ D g0.x/.x � x0/2 C 2g.x/.x � x0/,
so f 00.0/ D limx!x0

g0.x/.x � x0/C 2g.x/ D 2g.x0/ ¤ 0.

(b) Let g.x/ D 1Cjx�x0j, so f .x/ D .x�x0/2.1Cjx�x0j/. Then f .x0/ D f 0.x0/ D 0

and f 00.x0/ D 2, but g is not differentiable at x0.

7. Let Pn be the stated proposition. Exercise 6 implies P1. We show that if Pn is true for

some n � 1, then PnC1 is true..

For necessity, suppose that f has a zero of multiplicity n C 1 at x0. Then Lemma 2.5.2

implies that (A) f .x/ D g.x/.x � x0/
nC1 with g.x/ D f .nC1/.x0/

.nC 1/Š
C E0.x/, where

lim
x!x0

E0.x/ D E0.0/ D 0, so g is continuous at x0 and (B) lim
x!x0

g.x/ D f .nC1/.x0/

.nC 1/Š
¤

0. Since g.x/ D f .x/

.x � x0/nC1 , g is nC 1 times differentiable on a deleted neighborhood

N of x0. Differentiating (A) yields f 0.x/ D g1.x/.x � x0/
n; x 2 N , where (C) g1.x/ D
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g0.x/.x�x0/C.nC1/g.x/. However, applying Lemma 2.5.2 to f 0 shows that (D) g1.x/ D
f .nC1/.x0/

nŠ
C E1.x/, where (E) lim

x!x0

E1.x/ D 0. From (C) and (D), g0.x/.x � x0/ D

f .nC1/.x0/

nŠ
CE1.x/�.nC1/g.x/. Now (B) and (E) imply that (F) lim

x!x0

.x�x0/g0.x/ D 0.

We must still show that (G) lim
x!x0

.x � x0/
jg.j /.x/ D 0, 2 � j � n. Since f 0 has a zero

of multiplicity n at x0, Pn implies that lim
x!x0

.x � x0/jg.j /1 .x/ D 0; 1 � j � n � 1. From

(C) this is equivalent to

lim
x!x0

g.jC1/.x/.x � x0/
jC1 C lim

x!x0

g.j /.x/.x � x0/
j D 0; 2 � j � n� 1: .H/

From (C), (F) and (H) with j D 1 imply (G) with j D 2. Moreover, if 3 � r � n � 1, (G)

and (H) with j D r � 1 imply (G) with j D r . This completes the necessity part of PnC1.

For sufficiency, suppose that f .x/ D g.x/.x � x0/
nC1 where g is continuous at x0 and

n C 1 times differentiable on a deleted neighborhood N of x0, g.x0/ ¤ 0, and (H)

lim
x!x0

.x � x0/
j g.j /.x/ D 0; 1 � j � n. Then f .x0/ D 0 and f 0.x0/ D lim

x!0

f .x/

x � x0
D

lim
x!x0

g.x/.x � x0/ D 0. Now define

g1.x/ D
�
g0.x/.x � x0/C .nC 1/g.x/; x ¤ 0;

.nC 1/g.x0/; x D 0:

Then g1 is continuous at x0 (since lim
x!x0

.x � x0/g.x/ D 0) and n times differentiable

on N , g1.x0/ ¤ 0, and lim
x!x0

.x � x0/
jg
.j /
1 .x/ D 0, 1 � j � n � 1. Since f 0.x/ D

g1.x/.x � x0/
n, Pn implies that f 0 has a zero of multiplity n at x0. Therefore, f has a

zero of multiplicity nC 1 at x0. This completes the proof of the sufficiency part of PnC1.

8. (a) The assumption implies that (A) ˛0C˛1.x�x0/C� � �C˛n.x�x0/n�.x/.x �x0/n,

where lim
x!x0

�.x/ D 0. Letting x ! x0 shows that ˛0 D 0. Now (A) implies that

˛1 C ˛2.x � x0/ � � � C ˛n.x � x0/n�1 D q.x/.x � x0/n�1 . Letting x ! 0 here shows that

˛1 D 0. Applying this argument nC 1 times yields the conclusion.

(b) By Theorem 2.5.1 lim
x!x0

f .x/ � Tn.x/
.x � x0/n

D 0. This and our assumption on p imply that

lim
x!x0

p.x/� Tn.x/

.x � x0/n
D 0. Now apply (a) withQ D p � Tn

9. Let Tn andSn be thenth Taylor polynomials of f and g about x0. Then lim
x!x0

Tn.x/ � Sn.x/
.x � x0/n

D

lim
x!x0

Tn.x/ � f .x/
.x � x0/n

C lim
x!x0

f .x/� g.x/

.x � x0/n
C lim
x!x0

g.x/ � Sn.x/
.x � x0/n

.

The first and last limits on the right vanish by Theorem 2.5.1, the second by assumption.

Now apply Exercise 8(a) withQ D Tn � Sn.

10. (a) FnGn�fg D .Fn�f /GnCf .Gn�g/, so (A) lim
x!x0

Fn.x/Gn.x/ � f .x/g.x//
.x � x0/n

D
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Gn.x0/ lim
x!x0

Fn.x/ � f .x/
.x � x0/n

C f .x0/ lim
x�x0

Gn.x/ � g.x/
.x � x0/n

D 0, by Theorem 2.5.1. Now

let Pn be the polynomial obtained by retaining only the powers of x � x0 through the

nth in FnGn. Then Pn D FnGn � anC1.x � x0/
nC1 C � � � C a2n.x � x0/

2n, where

anC1, . . . , a2n are constants. Since lim
x!x0

.x � x0/nCk

.x � x0/n
D 0 if k > 0, (A) implies that

lim
x!x0

Pn.x/ � f .x/g.x//

.x � x0/n
D 0. Therefore, Exercise 8(b) implies that Pn D Hn.

(b) (i) Let f .x/ D ex, g.x/ D sinx. Then F4.x/ D 1 C x C x2

2
C x3

6
C x4

24
and

G4.x/ D x � x3

6
. Multiplying F4 by G4 and discarding powers xk with k > 4 yields

H4.x/ D x C x2 C x3

3
. Therefore, h0.0/ D 1, h00.0/ D 2, h000.0/ D 2, and h.4/.0/ D 0.

(ii) Let f .x/ D cos�x=2, g.x/ D logx. Then F4.x/ D ��
2
.x � 1/C �3

48
.x � 1/3 and

G4.x/ D .x�1/� .x � 1/2
2

C .x � 1/3
3

� .x � 1/4
4

. MultiplyingF4 byG4 and discarding

powers .x�1/k with k > 4 yieldsH4.x/ D �
�

2
.x�1/2C

�

4
.x�1/3C

�
�3

48
�
�

6

�
.x�

1/4. Therefore, h0.1/ D 0, h00.1/ D �� , h000.1/ D 3�

2
, and h.4/.1/ D �� C �3

2
.

(iii) Let f .x/ D x2, g.x/ D cos x. Then F4.x/ D
��
2

C
�
x � �

2

��2
D �2

4
C

�
�
x � �

2

�
C
�
x � �

2

�2
and G4.x/ D �

�
x � �

2

�
C 1

6

�
x � �

2

�3
. Multiplying F4

by G4 and discarding powers
�
x � �

2

�k
with k > 4 yields H4.x/ D ��

2

4

�
x � �

2

�
�

�
�
x � �

2

�2
C
�
�2

24
� 1

��
x � �

2

�3
C�

6

�
x � �

2

�4
. Therefore, h0.�=2/ D ��

2

4
, h00.�=2/ D

�2� , h000.�=2/ D �6C �2

4
, and h.4/.�=2/ D 4� .

(iv) Let f .x/ D .1 C x/�1, g.x/ D e�x. Then F4.x/ D 1 � x C x2 � x3 C x4 and

G4.x/ D 1 � x C x2

2
� x3

6
C x4

24
. Multiplying F4 by G4 and discarding powers xk with

k > 4 yieldsH4.x/ D 1� 2x C 5

2
x2 � 8

3
x3 C 65

24
x4. Therefore, h0.0/ D �2, h00.0/ D 5,

h000.0/ D �16, and h.4/.0/ D 65.

11. (a) By Lemma 2, f .y/ D Fn.y/ C E.y/.y � y0/
n, where lim

y!y0

E.y/ D 0. Hence,

(A)
lim
x!x0

f .g.x// � Fn.g.x//
.x � x0/n

D lim
x!x0

E1.g.x// lim
x!x0

�
g.x/ � g.x0/

x � x0

�n

D 0 � .g0.x0//n D 0:

Since F 0
n is bounded in some neighborhood of g.x0/ and lim

x!x0

g.x/ D lim
x!x0

Gn.x/ D
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g.x0/, Theorem 2.3.14 implies that there is a constantM such jFn.g.x//�Fn.Gn.x//j �
M jg.x/�Gn.x/j for x in some neighborhood of x0. Therefore,

ˇ̌
ˇ̌Fn.g.x// � Fn.Gn.x//

.x � x0/n

ˇ̌
ˇ̌ �

M

ˇ̌
ˇ̌g.x/ �Gn.x//

.x � x0/n

ˇ̌
ˇ̌; hence (B) lim

x!x0

Fn.g.x// � Fn.Gn.x//

.x � x0/n
D 0, since lim

x!x0

g.x/ �Gn.x/
.x � x0/n

D

0 (Lemma 2.5.2). (A) and (B) imply that lim
x!x0

f .g.x// � Fn .Gn.x//

.x � x0/n
D 0, and the con-

clusion follows from Exercise 8(b).

(b) F4.x/ D 1� x2

2
C x4

24
and G4.x/x � x3

6
. Forming F4.G4.x// and discarding powers

xk with k > 4 yields H4.x/ D 1 � x2

4
C 5x2

24
. Therefore, h0.0/ D 0, h00.0/ D �1,

h000.0/ D 0, and h.4/.0/ D 5.

12. (a) With f .y/ D 1=y and y0 D 1, Fn.y/ D
Pn
rD0.�1/r .y � 1/r . Apply Exer-

cise 11(a).

(b) (i) g.x/ D sinx, so G4.x/ D 1 � 1

2

�
x � �

2

�
C 1

24

�
x � �

2

�4
. Forming

4X

rD1
Œ1 �

G4.x/�
r and discarding powers

�
x � �

2

�k
with k > 4 yieldsH4.x/ D 1C 1

2

�
x � �

2

�2
C

5

24

�
x � �

2

�4
, so h0.�=2/ D 0, h00.�=2/ D 1, h000.�=2/ D 0, and h.4/.�=2/ D 5.

(ii) g.x/ D 1C xC x2, so G4.x/ D 1C xC x2. Forming

4X

rD1
Œ1�G4.x/�r and discarding

powers xk with k > 4 yields H4.x/ D 1 � x C x3 � x4 so h0.0/ D �1, h00.0/ D 0,

h000.0/ D 6, and h.4/.0/ D �24.

(iii) We first consider h0.x/ D .sec x/=
p
2, for which g0.x/ D

p
2 cos x, which satisfies

the normalization condition g0.�=2/ D 1. The fourth Talylor polynomial of g0 about

�=4 is G4.x/ D 1 �
�
x � �

4

�
� 1

2

�
x � �

4

�2
C 1

6

�
x � �

4

�3
C 1

24

�
x � �

4

�4
. Forming

4X

rD1
Œ1 � G4.x/�

r and discarding powers
�
x � �

4

�k
with k > 4 yields the fourth Taylor

polynomial H4.x/ D 1 C
�
x � �

4

�
C 3

2

�
x � �

4

�2
C 11

6

�
x � �

4

�3
C 19

8

�
x � �

4

�
for

h=
p
2, so h0.�=4/ D

p
2, h00.�=4/ D 3

p
2, h000.�=4/ D 11

p
2, and h.4/.�=4/ D 57

p
2.

(iv) g.x/ D 1C log.1Cx/, soG4.x/ D 1Cx� x2

4
C x3

3
� x4

4
. Forming

4X

rD1
Œ1�G4.x/�r

and discarding powers k with k > 4 yields H4.x/ D 1 � x C 3

2
x2 � 7

3
x3 C 11

3
x4, so

h0.0/ D �1, h00.0/ D 3, h000.0/ D �14, and h.4/.0/ D 88.

(c) Since hg D 1, which is its own Taylor polynomial for every n, Exercise 10 implies

that HnGn D 1C powers of .x � x0/ higher than n. However, Hn.x/Gn.x/ D 1 C
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nX

kD1
ck.x � x0/

kC powers of x � x0 higher than n, with ck D
kX

rD0
arbk�r , 1 � k � n.

Hence

kX

rD0
arbk�r D 0, 1 � k � n. This implies the result.

13. (a) f 0.x/ D .3x4 C 2x/ex
3
, so f 0.0/ D 0; f 00.x/ D .9x6 C 18x3 C 2/ex

3
, so

f 00.0/ > 0; hence 0 is a local minimum of f .

(b) f 0.x/ D .3x5 C 3x2/ex
3

, so f 0.0/ D 0; f 00.x/ D .9x7 C 24x4 C 6x/ex
3

, so

f 00.0/ D 0; f 000.x/ D .27x9 C 135x6 C 114x3 C 6/ex
3
, so f 000.0/ D 6; hence 0 is not a

local extreme point of f .

(c) f 0.x/ D �x.x
3 C 3x � 2/

.x3 C 1/2
, so f 0.0/ D 0; f 00.x/ D 2.x6 C 6x4 � 7x3 � 3x C 1/

.x3 C 1/3
,

so f 00.0/ D 2; hence 0 is a local minimum of f .

(d) f 0.x/ D x.x3 C 3x � 2/

.x2 C 1/2
, so f 0.0/ D 0; f 00.x/ D �2.x3 � 3x2 � 3x C 1/

.x2 C 1/3
, so

f 00.0/ D �2; hence 0 is a local maximum of f .

(e) f 0.x/ D .3x2 sin2 x C 2x/ cos x C 2x sin3 x � x2 sinx, so f 0.0/ D 0; f 00.x/ D
6x2 sinx cos2 xC .12x sin2 x�x2C2/ cos xC .2�3x2/ sin3 x�4x sinx, so f 00.0/ D 2;

hence 0 is a local minimum of f .

(f) f 0.x/ D ex
2
.cos x C 2x sinx/, so f 0.0/ D 1; hence 0 is neither a local maximum nor

a local mininum.

(g) f 0.x/ D ex
�
2x cos.x2/C sin.x2/

�
, so f 0.0/ D 0;

f 00.x/ D ex
�
.4x C 2/ cos.x2/C .1 � 4x2/ sin.x2/

�
;

so f 00.0/ D 2; hence 0 is a local minimum of f .

(h) f 0.x/ D ex
2

.2x cos x�sinx/, so f 0.0/ D 0; f 00.x/ D ex
2

..4x2C1/ cos x�4x sinx/,

so f 00.0/ D 1; hence 0 is a local minimum of f .

15. Since f 0.x/ D x2C bxC c and f 00.x/ D 2xC b, there are three cases: (i) If b2 < 4c,

then f 0 has no zeros, so f has no relative extrema. (ii) If b2 > 4c, the zeros of f 0 are

x1 D �b C
p
b2 � 4c
2

and x2 D �b �
p
b2 � 4c
2

. Since f 00.x1/ D
p
b2 � 4c > 0

and f 00.x2/ D �
p
b2 � 4c < 0, f .x1/ is a relative minimum and f .x2/ is a relative

maximum of f . (iii) If b2 D 4c, then f 0 has the repeated zero r1 D �b=2. Therefore,

f 0.x/ D .x � r1/
2, so f 0.r1/ D f 00.r1/ D 0 while f 000.r1/ D 2, so f has no relative

extreme points.

16. (a) f .x/ D sin x, f 0.x/ D cos x, f 00.x/ D � sin x, f 000.x/ D � cos x. Therefore,

f .0/ D 0, f 0.0/ D 1 and f 00.0/ D 0, so Theorem 2.5.4 with x0 D 0 and n D 2 implies

that sinx D x � cos c

6
x3 for some c between 0 and x. Since j cos cj � 1, this implies that

j sinx � xj < 1

6

� �
20

�3
if jxj < �

20
.
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(b) f .x/ D
p
1C x, f 0.x/ D 1

2
p
1C x

, f 00.x/ D � 1

4.x C 1/3=2
. Therefore, f .0/ D 0

and f 0.0/ D 1

2
, so Theorem 2.5.4 with x0 D 0 and n D 1 implies that

p
1C x D

1C
x

2
C

x2

8.c C 1/3=2
for some c between 0 and x. Therefore,

ˇ̌
ˇ
p
1C x � 1 �

x

2

ˇ̌
ˇ <

1

83
if

jxj < 1

8
.

(c) f .x/ D cos x, f 0.x/ D � sinx, f 00.x/ D � cos x Therefore, f .�=4/ D 1p
2

and

f 0.�=2/ D 1p
2

, so Theorem 2.5.4 with x0 D �

2
and n D 1 implies that cos x D

1p
2

h
1 �

�
x � �

4

�i
� cos c

2

�
x � �

4

�2
for some c between

�

4
and x. Since j cos cj � 1p

2

if
�

4
< x <

5�

16
, this implies that

ˇ̌
ˇ̌cos x � 1p

2

h
1 �

�
x � �

4

�iˇ̌
ˇ̌ < �2

512
p
2

if
�

4
< x <

5�

16
.

(d) f .x/ D logx, f 0.x/ D 1

x
, f 00.x/ D � 1

x2
, f 000.x/ D 2

x3
, f .4/.x/ D � 6

x4
. There-

fore, f .1/ D 0, f 0.1/ D 1, f 00.1/ D �1, and f 000.1/ D 2 so Theorem 2.5.4 with x0 D 1

and n D 3 implies that logx D .x � 1/ � .x � 1/2
2

C .x � 1/3

3
CR3.x/, with R3.x/ D

�1
4

�
x � 1
c

�4
for some c between 1 and x. Therefore, jR3.x/j <

1

4.64/4

�
1

1 � 1=64

�4
D

1

4.63/4
if jx � 1j < 1

64
.

17. Since TnC1.x/ D Tn.x/ C xnC1

.nC 1/Š
, Tn.x/ < TnC1.x/ if x > 0. If n � 0

Theorem 2.5.4, implies that ex D Tn.x/ C ecmxnC1=.n C 1/Š where 0 < cn < x.

Since 1 < ecn < ex if 0 < cn < x, this implies that if x > 0 then ex > TnC1.x/

and ex < Tn.x/ C ex
xnC1

.nC 1/Š
. The last inequality implies that ex

�
1 � xnC1

.nC 1/Š

�
, so

ex <

�
1 � xnC1

.nC 1/Š

��1
Tn.x/ if 0 < x < Œ.nC 1/Š�1=.nC1/

.

18. (a) To verify P1:

�Œc1f1.x/C � � � C ckfk.x/� D c1f1.x C h/C � � � C ckfk.x C h/

�c1f1.x/ � � � � � ckfk.x/

D c1�f1.x/C � � � C ck�fk.x/:
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Now suppose that Pn is true for n � 1. Then

�nC1 Œc1f1.x/C � � � C ckfk.x/� D �.�nŒc1f1.x/C � � � C ckfk.x/�/

D �Œc1�
nf1.x/C � � � C ck�

nfk.x/�

D c1�.�
nf1.x// C � � � C ck�.�

nfk.x//

D c1�
nC1f1.x/C � � � C ck�

nC1fk.x/;

where the second equality follows from Pn, the third from P1. This verifies PnC1.

(b) P1 is just the definition of �f .x/. Now suppose that n � 1 and Pn is true. Then

�nC1f .x/ D �.�nf .x// D
nX

mD0
.�1/n�m

 
n

m

!
�f .x Cmh/

(by Pn and (a)). Therefore,

�nC1f .x/ D
nX

mD0
.�1/n�m

 
n

m

!
Œf .x C .mC 1/h/ � f .mC kh/�

D
nC1X

mD1
.�1/nC1�m

 
n

m

!
� 1f .x Cmh/ �

nX

mD0
.�1/n�m

 
n

m

!
f .x C km/

D .�1/nC1f .x/C
nX

mD1
.�1/nC1�m

" 
n

m

!
� 1C

 
n

m

!#
f .x Cmh/

C f .x C .nC 1/h/

D
nC1X

mD0
.�1/nC1�m

 
nC 1

m

!
f .x Cmh/;

which verifies PnC1.

19. Since �0.x � x0/
0 D �01 D 1, P0 is true. Since �1 D 1 � 1 D 0 and �.x � x0/ D

.x C h � x0/ � .x � x0/ D h, P1 is true. Now suppose that n � 1 and Pn is true. If

0 � m < n, then �nC1.x � x0/
m D �.�n.x � x0/m/ D �0 (by Pn)D 0�1 D 0, by P1.

Also, �nC1.x � x0/
n D �.�n.x � x0/n/ D hnnŠ (by Pn) D hnnŠ�1 D 0, by P1. To

complete the induction we must show that (A)�nC1.x�x0/nC1 D .nC1/ŠhnC1 . From the

binomial theorem (Exercise 1.2.19), .x C h� x0/nC1 D
nC1X

mD0

 
nC 1

m

!
hnC1�m.x � x0/m,

which implies that�.x�x0/nC1 D .nC 1/h.x�x0/nC
n�1X

mD0

 
nC 1

m

!
hnC1�m.x�x0/m.

Therefore,�nC1.x�x0/nC1 D .nC1/h�n.x�x0/nC
n�1X

mD0

 
nC 1

m

!
hnC1�m�n.x�x0/m.

Now Pn and Exercise 18 imply that�nC1.x�x0/nC1 D .nC 1/h.nŠhn/ D .nC 1/ŠhnC1.

This completes the induction.
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20. (a) By Theorem 2.5.4,

f .x0 C h/D f .x0/C f 0.x0/hC f 00.x0/
h2

2
C f 000.c1/

h3

6
;

f .x0 � h/D f .x0/� f 0.x0/hC f 00.x0/
h2

2
� f 000.c2/

h3

6
;

where x0 < c1 < x0 C h and x0 � h < c2 < x0. Therefore,

�2f .x0 � h/
h2

D f 00.x0/C
h

6
Œf 00.c1/ � f 00.c2/�;

so ˇ̌
ˇ̌�

2f .x0 � h/
h2

� f 00.x0/

ˇ̌
ˇ̌ � M3h

3
;

where M3 D supjx0�cj<h jf 000.c/j.
(b) By Theorem 2.5.4,

f .x0 C h/ D
3X

rD0
f .r/.x0/

hr

rŠ
C f

.4/
. c1/h

424;

where x0 < c1 < x0 C h, and

f .x0 � h/ D
3X

rD0
f .r/.x0/

hr

rŠ
C f .4/.c2/

h4

24
;

where x0 � h < c2 < x0. Therefore,

�2f .x0 � h/

h2
D f 00.x0/C

h
f .4/.c1/C f .4/.c2/

i h2
24
;

so ˇ̌
ˇ̌�

2f .x0 � h/

h2
� f 00.x0/

ˇ̌
ˇ̌ � M4h

2

12
;

where

M4 D sup
jx0�cj<h

jf 00.c/j:

21. From Theorem 2.5.4,

f .x0 C h/ D f .x0/C f 0.x0/hC f 00.x0/
h2

2
C f 000.c0/

h3

6
; .A/

where x0 < c0 < x0 C h. Solving this for f 0.x0/ yields

f 0.x0/ D �f .x0/

h
� f 00.x0/

h

2
� f 000.c0/

h2

6
: .B/
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Now we must express f 00.x0/ in terms of�2f .x0/ and values of f 000. To this end we apply

Theorem 2.5.4 again to write

f .x0 C 2h/ D f .x0/C 2f 0.x0/hC 2f 00.x0/h
2 C 4

3
f 000.c1/h

3

where x0 < c1 < x0 C 2h. Subtracting twice the equation (A) from this yields

f .x0 C 2h/� 2f .x0 C h/ D �f .x0/C f 00.x0/h
2 C 4

3
f 000.c1/h

3 � 1

3
f 000.c0/h

3:

Solving this for f 00.x0/ yields

f 00.x0/ D
�2f .x0/

h2
�
4

3
f 000.c1/hC

1

3
f 000.c0/h: .C/

Substituting (C) into (B) yields

f 0.x0/ D �f .x0/

h
� 1

2h
�2f .x0/C

�
2

3
f 000.c1/ � 1

3
f 000.c0/

�
h2I

hence k D �h=2.

22. If m � 0, then Theorem 2.5.4 implies that

f .x0 Cmh/ D
nX

rD0

f .r/.x0/

rŠ
.mh/r C f .nC1/.cm/

.nC 1/
.mh/nC1 ;

where x0 < cm < x0 Cmh. In particular, this is true if 0 � m � n. Therefore,

(A)�nf .x0/ D
nX

rD0

f .r/.x0/

rŠ
hr�nmrC 1

.nC 1/Š

nX

mD0
.�1/n�m

 
n

m

!
.mh/nC1f .nC1/.cm/.

From Exercise 19,�nmr D
�
0 if 0 � m � n;

nŠhn if m D n:
, so

nX

rD0

f .r/.x0/

rŠ
hr�nmr D f .n/.x0/h

n.

Now (A) implies the stated inequality, with An D 1

.nC 1/Š

nX

mD0

 
n

m

!
mnC1.

23. If x D xi for some i , the relation holds for any c. If not, then g.y/ has at least n C 2

distinct zeros in .a; b/. Repeated applications of Rolle’s theorem imply that g.r/ has at

least n C 2 � r zeros in .a; b/. In particular, g.nC1/.c/ D 0 for some c in .a; b/. Since

p.nC1/ D 0, g.nC1/.y/ D f .nC1/.y/ �K. Setting y D c yields the result.

24. Take a D x0 and b D x in Theorem 2.5.5.



CHAPTER 3

Integral Calculus of Functions of
One Variable

3.1 DEFINITION OF THE INTEGRAL

1. Suppose that L1 and L2 both have the properties required of L in Definition 3.1.1. Let

� > 0. Then there is a ı > 0 such that if � is Riemann sum of f over any partition P

of Œa; b� with kP k < ı, then j� � L1j < � and j� � L2j < �. Therefore, jL2 � L1j D
jL1 � � C � �L2j � j� �L2j C j� � L1j < 2�. Since � can be chosen arbitrarily small,

it follows that L1 D L2.

2. (a) Suppose that

Z b

a

f .x/ dx exists and let � > 0. Choose ı > 0 so that j� �
R b
a
f .x/ dxj < �=2 if � is any Riemann sum of f over a partition of Œa; b� with kP k < ı.

Now suppose that �1 and �2 are Riemann sums of f over partitionsP1 and P2 with norms

less than ı. Then

j�1 � �2j D
ˇ̌
ˇ̌
ˇ�1 �

Z b

a

f .x/ dx C
Z b

a

f .x/ dx � �2

ˇ̌
ˇ̌
ˇ

�
ˇ̌
ˇ̌
ˇ�1 �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇC

ˇ̌
ˇ̌
ˇ

Z b

a

f .x/ dx � �2

ˇ̌
ˇ̌
ˇ <

�

2
C �

2
D �

(b) Part (a) implies that if � > 0, there is a ı > 0 such that if � and � 0 are Riemann sums

of f over a partitionP with kP k < ı, then j� � � 0j < �. Just choose � < M to show that

f is not integrable over Œa; b�.

3. For a given � > 0 we can choose ı so that

ˇ̌
ˇ� �

R b
a
f .x/ dx

ˇ̌
ˇ < � if kP k < ı and � is

any Riemann sum of f over P (Definition 3.1.1). Then choose P so that kP k < ı and

there is a Riemann sum � of f over P such that j� � Aj < �. Then

ˇ̌
ˇA �

R b
a f .x/ dx

ˇ̌
ˇ �

53
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jA� � j C j��
R b
a f .x/ dxj < 2�. Since � can be chosen arbitrarily small, this implies that

A D
R b
a
f .x/ dx

4. By the mean value theorem .x3j �x3j�1/=3 D d 2j .xj �xj�1/ for some dj in .xj�1; xj /.
Then

nX

jD1
d 2j .xj � xj�1/ D

nX

jD1

x3j � x3j�1
3

D b3 � a3
3

:

Now let � D
nX

jD1
c2j .xj � xj�1/ be an arbitrary Riemann sum of f .x/ D x2 over P .

Since xj�1 < cj < xj , jc2j � d 2j j D jcj � dj j jcj C dj j � 2kP k max.jaj; jbj/, so

j� � .b3 � a3/=3j � 2kP k.b � a/max.jaj; jbj/. Since kP k can can be chosen arbitrarily

small, this implies the conclusion.

5. Let P D fx0; x2; : : : ; xng be an arbitrary partition of Œa; b�. By the mean value theorem,

.xmC1
j � xmC1

j�1 /=.mC 1/ D dmj .xj � xj�1/ for some dj in .xj�1; xj /. Then

nX

jD1
dmj .xj � xj�1/ D

nX

jD1

xmC1
j � xmC1

j�1
3

D bmC1 � amC1

3
:

Now let � D
nX

jD1
cmj .xj � xj�1/ be an arbitrary Riemann sum of f .x/ D xm over P .

Then

jcmj � dmj j D jcj � dj j
ˇ̌
ˇ̌
ˇ

m�1X

rD1
crjd

m�r�1
j

ˇ̌
ˇ̌
ˇ � kP k.m � 1/Am�1;

where A D maxfjaj; jbjg. Therefore,

ˇ̌
ˇ̌� � bmC1 � amC1/

mC 1

ˇ̌
ˇ̌ � kP k.m� 1/Am�1.b � a/:

Since kP k can be chosen arbitrarily small, this implies the conclusion.

6. Let � D
Pn
jD1 f .cj /.xj � xj�1/ be a Riemann sum for f over Œa; b�. Define

x0
j D �xn�j , 0 � j � n, and c0

j D �cn�jC1, 1 � j � n. Then we can rewrite

� as � D
Pn
jD1 f .�c0

j /.x
0
j � x0

j�1/; that is, every Riemann sum of f .x/ over a par-

tition P D fx0; x1; : : : ; xng of Œa; b� is a Riemann sum of f .�x/ over the partition

P 0 D fx0
0; x

0
1; : : : ; x

0
ng of Œ�b;�a�. The converse is also true, by the same argument.

Therefore, Definition 3.1.1 implies the conclusion.

7. IfP D fx0; x1; : : : ; xng, then s.P / D
nX

jD1
mj .xj�xj�1/, wheremj D infxj �1�x�xj

f .x/.

An arbitrary Reimann sum of f over P is of the form � D
nX

jD1
f .cj /.xj � xj�1/ where

xj�1 � cj � xj . Since f .cj / � mj , � � s.P /.
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Now let � > 0 and choose cj in Œxj�1; xj � so that f .cj / < mj C �

n.xj � xj�1/
,

1 � j � n. The Riemann sum produced in this way is � D
nX

jD1
f .cj /.xj � xj�1/ >

nX

jD1

�
mj C �

n.xj � xj�1/
/

�
.xj � xj�1/ D s.P / C �. Now Theorem 1.1.8 implies that

s.P / is the infimum of the set of Riemann sums of f over P .

8. (a) From Theorem 2.2.9, for 1 � j � n, there are points aj and bj in Œxj�1; xj � such

that f .aj / D Mj and f .bj / D mj : Therefore, S.P / D
Pn
jD1 f .aj /.xj � xj�1/ and

s.P / D
Pn
jD1 f .bj /.xj � xj�1/.

9. (a) Every lower sum of f .x/ is a Riemann sum for g.x/ D �x, so

Z 1

0

f .x/ dx D

�
Z 1

0

x dx D �
1

2
. Every upper sum of f .x/ is a Riemann for h.x/ D x, so

Z 1

0

f .x/ dx D
Z 1

0

x dx D 1

2
.

(b) Every lower sum of f .x/ is a Riemann sum for g.x/ D x, so

Z 1

0

f .x/ dx D
Z 1

0

x dx D

1

2
. Every upper sum of f .x/ is a Riemann sum for h.x/ D 1, so

Z 1

0

f .x/ dx D
Z 1

0

dx D
1.

10. Let xj D aC j.b � a/=n and

� D
nX

jD1
exj �1.xj � xj�1/ D ea

.b � a/
n

nX

jD1
exp

�
.j � 1/.b � a/

ı
n
�

D ea
.b � a/
n

1 � e.b�a/

1 � e.b�a/=n D .eb � ea/
.b � a/=n
e.b�a/=n � 1

:

Since lim
x!0

x=.ex � 1/ D 1, Exercise 3 implies that

Z b

a

ex dx D eb � ea.

11. Let xj D jb=n and consider the Riemann sum

� D
nX

jD1
sin xj�1.xj � xj�1/ D b

n

nX

jD2
sin.j � 1/b

n

D b=n

2 sinb=n

nX

jD2

�
cos.j � 2/b

n
� cos

jb

n

�

D b=n

2 sinb=n

�
1C cos

b

n
� cos.n � 1/b

n
� cos b

�
;

which approaches 1 � cos b as n ! 1. Now use Exercise 3.
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12. Let xj D jb=n and and consider the Riemann sum

� D
nX

jD1
cos xj .xj � xj�1/ D b

n

nX

jD1
cos

jb

n

D b=n

2 sinb=n

nX

jD2

�
sin.j C 1/

b

n
� sin.j � 1/

b

n

�

D
b=n

2 sinb=n

�
� sin

b

n
C sinb C sin.n � 1/

b

n

�
;

which approaches sinb as n ! 1. Now use Exercise 3.

13. Let P D fx0; x1; : : : ; xng be a partition of Œa; b�. Then every Riemann - Stieltjes sum

of f with respect to g over P ,

nX

jD1
f .cj /

�
g.xj / � g.xj�1/

�
D

nX

jD1
f .cj /.xj � xj�1/;

is a Riemann sum of f over P , and conversely. This implies the conclusion.

14. Let P D fx0; x1; : : : ; xng be a partition of Œa; b� such that kP k < min.d � a; b � d/.
Let c1, c2, . . . , cn be the intermediate points occurring in a Riemann - Stieltjes sum of

f with respect to g over P ; that is, xj�1 � cj � xj , 1 � j � n. If d … Œxj�1; xj �,
then g.xj / � g.xj�1/ D 0. Therefore, if xi�1 < d < xi for some i in f1; 2; : : : ; ng,

then � D f .c1/Œg1 � g.a/� C f .ci/.g2 � g1/C f .cn/Œg.b/ � g2�. On the other hand, if

c D xi for some i in f1; 2; : : : ; ng, then � D f .c1/Œg1 � g.a/� C f .ci�1/Œg.d/ � g1/� C
f .ci /Œg2�g.d/�Cf .cn/Œg.b/�g2 �. From the continuity assumptions on f , in either case

� ! f .a/Œg1�g.a/�Cf .d/.g2 �g1/Cf .b/Œg.b/�g2 � D
R b
a
f .x/ dg.x/ as kP k ! 0.

15. See the proof of Exercise 14.

16. (b) If g is increasing and f is unbounded on Œa; b�, then

Z b

a

f .x/ dg.x/ does not exist.

(See the proof of Theorem 3.1.2.)

17. Same as Definition 3.1.3, except that xj � xj�1 is replaced by g.xj / � g.xj�1/.

3.2 EXISTENCE OF THE INTEGRAL

1. First suppose r D 1, so P 0 is obtained by adding one point c to the partition P D
fx0; x1; : : : ; xng; then xi�1 < c < xi for some i in f1; 2; : : : ; ng. If j ¤ i , then the

product rj .xj � xj�1/ appears in both s.P 0/ and s.P /, and cancels out of the difference

s.P 0/� s.P /. Therefore, if

mi1 D inf
xi�1�x�c

f .x/ and mi2 D inf
c�x�xi

f .x/;

then
s.P 0/ � s.P / D mi1.c � xi�1/�mi2.xi � c/ �mi .xi � xi�1/

D .mi1 �mi /.c � xi�1/C .mi2 �mi /.xi � c/:
.A/
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Since (1) implies that 0 � rir �mi � 2M , r D 1, 2, (A) implies that

0 � s.P 0/� s.P / � 2M.xi � xi�1/ � 2MkP k:

This proves (3) for r D 1.

Now suppose r > 1 and P 0 is obtained by adding points c1, c2, . . . , cr toP . Let P .0/ D P ,

and, for j � 1 let P .j / be the partition of Œa; b� obtained by adding cj to P .j�1/. Then the

result just proved implies that

0 � s.P .j //� s.P .j�1// � 2MkP .j�1/k; 1 � j � r:

Adding these inequalities and taking account of cancellations that occur yields

0 � s.P .r// � s.P .0// � 2M.kP .0/k C kP .1/k C � � � C kP .r�1/k/: .B/

Since P .0/ D P , P .r/ D P 0 and kP .k/k � kP .k�1/k for 1 � k � r � 1, (B) implies that

0 � s.P 0/ � s.P / � 2MrkP k;

which is equivalent to (2).

2. Suppose thatP is a partition of Œa; b� and � is a Riemann sum of f over P . From the

triangle inequality, (A)

ˇ̌
ˇ̌
ˇ

Z b

a

f .x/ dx �
Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ

Z b

a

f .x/ dx � s.P /
ˇ̌
ˇ̌
ˇ C js.P / �

� j C
ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ. Now suppose � > 0. From Definition 3.1.3, there is a partition

P0 of Œa; b� such that (B)

Z b

a

f .x/ dx � s.P0/ >

Z b

a

f .x/ dx� �

3
. From Definition 3.1.1,

there is a ı > 0 such that (C)

ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ <

�

3
if kP k < ı. Now suppose kP k < ı

and P is a refinement of P0. Since s.P / � s.P0/ by Lemma 3.2.1, (B) implies thatZ b

a

f .x/ dx � s.P / >

Z b

a

f .x/ dx � �

3
, so (D)

ˇ̌
ˇ̌
ˇs.P /�

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ <

�

3
in addition to

(C). Now (A), (C), and (D) imply that (E)

ˇ̌
ˇ̌
ˇ

Z b

a

f .x/ dx �
Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ <

2�

3
Cjs.P /�� j

for every Riemann sum � of f over P . Since s.P / is the infimum of these Riemann

sums (Theorem 3:1:4), we may choose � so that js.P / � � j <
�

3
. Now (E) implies that

ˇ̌
ˇ̌
ˇ

Z b

a

f .x/ dx �
Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ < �. Since � is an arbitrary positive number, it follows that

Z b

a

f .x/ dx D
Z b

a

f .x/ dx.

3. The first inequality follows immediately from Definition 3.1.3. To establish the second

inequality, suppose jf .x/j � K if a � x � b. From Definition 3.1.3, there is a partition
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P0 D fx0; x1; : : : ; xrC1g of Œa; b� such that (A) s.P0/ >

Z b

a

f .x/ dx � �

2
. If P is any

partition of Œa; b�, let P 0 be constructed from the partition points of P0 and P . Then (B)

s.P 0/ � s.P0/, by Lemma 3.2.1. Since P 0 is obtained by adding at most r points to P ,

Lemma 3.2.1 implies that (C) s.P 0/ � s.P /C 2KrkP k Now (A), (B), and (C) imply that

s.P / � s.P 0/ � 2KrkP k � s.P0/ � 2KrkP k >
Z b

a

f .x/ dx � �

2
� 2KrkP k for every

partitionP . Therefore, s.P / >

Z b

a

f .x/ dx � � if kP k < ı D �

4Kr
.

4. Let

Z b

a

f .x/ dx D L. If � > 0, there is a ı > 0 such that L � �=3 < � < L C �=3

if � is any Riemann sum of f over a partition P with kP k < ı. Since s.P / and S(P) are

respectively the infimum and supremum of all Riemann sums of f over P (Theorem 3.1.4),

L��=3 � s.P / � S.P / � LC�=3 if kP k < ı. Therefore, jS.P /�s.P /j < � if kP k < ı.
5. (Quantities with subscripts f and g refer to f and g, respectively.) We first show

that g is integrable on Œa; b�. Let � > 0. From Theorem 3.2.7, there is a partition

P D fx0; x1; : : : ; xng of Œa; b� such that (A) Sf .P / � sf .P / < �. Let S be the set of

integers in f1; : : : ; ng such that Œxj�1; xj � contains points from H . Since (A) remains

valid if P is refined, we may assume that (B)
X

j2S
.xj�1 � xj / < �. Now suppose

jf .x/j � M and jg.x/j � M . Since f .x/ D g.x/ for x 2 Œxj�1; xj � if j … S ,

ˇ̌�
Sg.P / � sg.P /

�
�
�
Sf .P / � sf .P /

�ˇ̌
D

ˇ̌
ˇ̌
ˇ̌
X

j2S

�
.Mg;j �mg;j / � .Mf;p �mf;p/

�
ˇ̌
ˇ̌
ˇ̌ �

4M
P
j2S .xj�1 � xj / < 4M�, from (B). This and (A) imply that Sg.P / � sg.P / <

Sf .P / � sf .P / C 4M� < .4M C 1/�. Therefore, g is integrable over Œa; b�, by Theo-

rem 3.2.7.

To complete the proof we apply Exercise 3.1.3 to g, with A D
R b
a
f .x/ dx. Let � > 0 and

ı > 0 be given. Let P be a partition such that: (i) kP k < ı; (ii) j�f � Aj < � if �f is

any Riemann sum of f of P ; and (iii) (B) holds. Now let �g and �f be Riemann sums

over P corresponding to the same choice of the intermediate points c0, c1, . . . , cn. Then

j�g��f j D

ˇ̌
ˇ̌
ˇ̌
X

j2S
Œg.cj / � f .cj /�.xj � xj�1/

ˇ̌
ˇ̌
ˇ̌ � 2M

X

j2S
.xj�1�xj / < 2M�. Therefore,

j�g �Aj D j.�g � �f /C .�f �A/j � j�g �Aj D j�g � �f j C j�f �Aj � .2M C 1/�,

which completes the proof (Exercise 3.1.3).

6. If P is an arbitrary partition of Œ˛; ˇ�, let s.P / and S.P / be lower and upper sums of g

over P . Let bP be the partition of Œ˛; ˇ� containing v0, v1, . . . , vL and the partition points

of P . For 1 � ` � L let P` be the partition of Œv`�1; v`� constructed from the partition

points of of bP contained in that interval. Let s.P`/ and S.P`/ be the lower and upper sums

of g over P`. Let � > 0.
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(a) Let Q1 D
LX

`D1

Z v`

v`�1

g.u/ du. From Lemma 3.2.1, (A) s.P / � s.bP / D
LX

`D1
s`.P /.

From Theorem 1.1.3, and Definition 3.1.3, s`.P / �
Z v`

v`�1

g.u/ du. Therefore, (A) implies

that s.P / � Q1. Moreover, again from Definition 3.1.3 and Theorem 1.1.3, there is a a

partitionP` of Œv`�1; v`� such that s.P`/ >

Z v`

v`�1

g.u/ du� �

L
; hence, if P is the partition

of Œ˛; ˇ� constructed from the points in P1, P2, . . . , PL, then s.P / > Q1 � �. Hence,

Q1 D
Z ˇ

˛

g.u/ du, from Theorem 1.1.3.

(a) Let Q2 D
LX

`D1

Z v`

v`�1

g.u/ du. From Lemma 3.2.1, (A) S.P / � S.bP / D
LX

`D1
S`.P /.

From Theorem 1.1.8 and Definition 3.1.3, S`.P / �
Z v`

v`�1

g.u/ du. Therefore, (A) implies

that S.P / � Q2. Moreover, again from Definition 3.1.3 and Theorem 1.1.8, there is a a

partitionP` of Œv`�1; v`� such that S.P`/ <

Z v`

v`�1

g.u/ duC �

L
; hence, ifP is the partition

of Œ˛; ˇ� constructed from the points in P1, P2, . . . , PL, then S.P / < Q2 C �. Hence,

Q2 D
Z ˇ

˛

g.u/ du, from Theorem 1.1.8.

7. (a) Let V be the total variation of f on Œa; b�. If a < x < b, then f .x/ D f .a/C f .b/

2
C

.f .x/ � f .a// C .f .x/ � f .b//
2

; therefore,

jf .x/j � jf .a/C f .b/j
2

C jf .a/ � f .x/j C jf .x/ � f .b/j/
2

� jf .a/C f .b/j C V

2
:

(b) Let P D fx0; x1; : : : ; xng be a partition of Œa; b� and � > 0. From Theorem 3.1.4, we

can choose c1; : : : ; cn and c0
1; : : : ; c

0
n so that xj�1 � cj ; c

0
j � xj , (A)

ˇ̌
ˇ̌
ˇ̌S.P / �

nX

jD1
f .cj /.xj � xj�1/

ˇ̌
ˇ̌
ˇ̌ <

�

2
and (B)

ˇ̌
ˇ̌
ˇ̌s.P / �

nX

jD1
f .c0

j /.xj � xj�1/

ˇ̌
ˇ̌
ˇ̌ <

�

2
. Since S.P /�s.P / D S.P /�

nX

jD1
f .cj /.xj�

xj�1/C
nX

jD1

�
f .cj / � f .c0

j /
�
.xj � xj�1/s.P /C

nX

jD1
f .c0

j /.xj � xj�1/, the triangle in-

equality, (A), and (B) imply that S.P / � s.P / � � C
nX

jD1
jf .cj / � f .c0

j /j.xj � xj�1/ �

� CKkP k < 2� if kP k < �

K
. Theorem 3.2.7 implies that f is integrable on Œa; b�.
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8.

nX

jD1
g.cj /Œf .xj / � f .xj�1/� D

nX

jD1
g.cj /f .xj / �

nX

jD1
g.cj /f .xj�1/

D
nX

jD1
g.cj /f .xj / �

n�1X

jD0
g.cjC1/f .xj /

D g.cnC1/f .xn/ � g.c0/f .x0/ �
nX

jD0
f .xj /Œg.cjC1/ � g.cj /�

D g.b/f .b/ � g.a/f .a/ �
nX

jD0
f .xj /Œg.cjC1/ � g.cj /�:

If

nX

jD1
g.cj /Œf .xj / � f .xj�1/� is a Riemann-Stieltjes sum of g with respect to f over

P , then

nX

jD0
f .xj /Œg.cjC1/ � g.cj /� is a Riemann-Stieltjes sum of f with respect to g

over P 0 D fc0; c1; : : : ; cnC1g. (If ci D ciC1 for some i , then ci is counted only once in

P 0.) Moreover, kP 0k � 2kP k. Now suppose � > 0. Since

Z b

a

f .x/ dg.x/ exists, there

is a ı > 0 such that

ˇ̌
ˇ̌
ˇ̌
nX

jD0
f .xj /Œg.cjC1/ � g.cj /� �

Z b

a

f .x/ dg.x/

ˇ̌
ˇ̌
ˇ̌ < � if kP 0k < ı.

Therefore, the identity derived above implies that

ˇ̌
ˇ̌
ˇ̌
nX

jD1
g.cj /Œf .xj /� f .xj�1/� � f .b/g.b/ C f .a/g.a/ C

Z b

a

f .x/ dg.x/

ˇ̌
ˇ̌
ˇ̌ < �

if kP k < ı=2. This implies the conclusion.

9. (a) Let V be the total variation of g on Œa; b�. Suppose that � > 0. Choose ı > 0 so that

(A) jf .x/ � f .x0/j <
�

2V
if x and x0 are in Œa; b� and jx � x0j < ı (Theorem 2.2.12). Let

P D fx0; x1; : : : ; xng and � D
nX

jD1
f .cj /Œg.xj / � g.xj�1/�. Let P 0 D ft0; t1; : : : ; tmg be

a refinement ofP , and � 0 D
mX

iD1
f .c0

i/Œg.ti /�g.ti�1/�. Suppose that tkj
D xj , 0 � j � n.

Then (B) j��� 0j �
nX

jD1

kjX

iD1Ckj �1

jf .cj /�f .c0
i /j jg.ti /�g.ti�1/j. Since xj�1 � cj � xj

and xj�1 � c0
i � xj if 1 C kj�i � i � kj , it follows that jcj � c0

i j � kP k if 1C kj�i �
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i � kj , j D 1, . . . , n. Therefore, (A) and (B) imply that j� � � 0j <
� �

2V

�
V D �

2
if

kP k < ı.
Let P0 be a refinement of both P1 and P2, and let �0 be an Riemann-Stieltjes sum of f

with respect to g over P0. From (a), j�1 � �0j < �=2 and j�2 � �0j < �=2. Therefore,

j�1 � �2j < �, from the triangle inequality.

(c) Let M D supa�x�b f .x/ (Theorem 2.2.8). If � is any Riemann-Stieltjes sum of f

with respect to g over Œa; b�, then j� j � MV . Hence jL.�/j � MV . Since L.ı/ is

nondecreasing and bounded below, L D inf
ı>0

L.ı/ (Theorem 2.1.9).

(d) Suppose that� > 0. From (a) and (c) there is a ı > 0 such that (C) L � L.ı/ < LC �

and (D) j� � �0j < � if � and �0 are Riemann-Stieltjes sums of f with respect to g over

any partitions P and P0 of Œa; b� with norm less than ı. From the definition of L.ı/, we

can choose P0 and �0 so that L.ı/ � � < �0 � L.ı/. Then (C) implies that j�0 �Lj < �.

Now (D) and the triangle inequality imply that j� � Lj � j� � �0j C j�0 � Lj < 2� if �

is a Riemann-Stieltjes sum of f with respect to g over any partitionP of Œa; b� with norm

less than ı. Hence,

Z b

a

f .x/ dg.x/ D L, by Definition 3.1.5.

10.

Z b

a

g.x/ df .x/ exists by Exercise 9 with f and g interchanged. Therefore,

Z b

a

f .x/ dg.x/

exists, by Exercise 8, again with f and g interchanged.

3.3 PROPERTIES OF THE INTEGRAL

1. Trivial if c D 0. Suppose c ¤ 0 and � > 0. If b� is a Riemann sum of cf , then

b� D
nX

jD1
cf .cj /.xj � xj�1/ D c

nX

jD1
f .cj /.xj � xj�1/ D c� , where � is a Riemann

sum for f . Since f is integrable on Œa; b�, Definition 3.1.1 implies that there is a ı > 0

such that

ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ <

�

jcj if � is a Riemann sum of f over any partition P of

Œa; b� such that kP k < ı. Therefore,

ˇ̌
ˇ̌
ˇb� �

Z b

a

cf .x/ dx

ˇ̌
ˇ̌
ˇ < � ifb� is a Riemann sum of cf

over any partition P of Œa; b� such that kP k < ı, so cf is integrable over Œa; b�, again by

Definition 3.1.1.

2. If f1 and f2 are integrable on Œa; b� and c1 and c2 are constants, then Theorem 3.3.2

implies that c1f1 and c2f2 are integrable on Œa; b� and
R b
a
cifi .x/ dx D ci

R b
a
fi .x/ dx,

i D 1; 2. Therefore, Theorem 3.3.1 impliesP2. Now suppose n � 2 and Pn is true. Let f1,

f2, . . . , fnC1 be integrable on Œa; b� and c1, c2, . . . , cnC1 be constants. By Theorem 3.3.1,

c1f1, c2f2, . . . , cnC1fnC1 are integrable on Œa; b�, and
R b
a
cifi .x/ dx D ci

R b
a
fi .x/ dx,

i D 1, 2, . . . , n C 1. Now
R b
a
.c1f1 C c2f2 C � � � C cnC1fnC1/.x/ dx D

R b
a
Œ.c1f1 C

c2f2 C � � � C cnfn/.x/ C cnC1fnC1.x/� dx D
R b
a
.c1f1 C c2f2 C � � � C cnfn/.x/ dx C
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R b
a cnC1fnC1.x/ dx (by P2)D c1

R b
a f1.x/ dxCc2

R b
a f2.x/ dxC� � �Ccn

R b
a fn.x/ dxC

cnC1
R b
a
fnC1.x/ dx by Pn and Theorem 3.3.2. Therefore, Pn implies PnC1.

3. Yes; let f .x/ D 1 if x is rational, f .x/ D �1 if x is irrational. Then S.P / D b � a

and s.P / D a� b for every partitionP of Œa; b�, so f is not integrable on Œa; b�. However,

jf .x/j D 1 for all x in Œa; b�, so jf j is integrable on Œa; b�.

4. If f .x/ � m1 and g.x/ � m2 .a � x � b/, write fg D .f �m1/.g �m2/Cm2f C
m1g �m1m2. The first product on the right is integrable by the proof given in the text. To

complete the proof, use Theorem 3.3.3.

5. Let “barred” quantities refer to 1=f . First suppose f .x/ � � > 0 .a � x � b/. If P D
fx0; : : : ; xng is a partition of Œa; b�, then M j D 1=mj and mj D 1=Mj , so M j �mj D
.Mj �mj /=mjMj � .Mj �mj /=�2; hence (A) S.P /�s.P / < .S.P /�s.P //=�2 . Now

suppose � > 0. If f is integrable on Œa; b�, then Theorem 3.2.7 implies that there is partition

P of Œa; b� such that S.P /�s.P / < �2�, so (A) implies that S.P /�s.P / < �. Therefore,

1=f is integrable on Œa; b�, again by Theorem 3.2.7. Now suppose jf .x/j � � > 0 but

f .x/ < 0 for some x in Œa; b�. Since f 2 is integrable on Œa; b� by Theorem 3.3.6, applying

the result just proved to g D f 2 shows that 1=f 2 is integrable on Œa; b�. Therefore, 1=f D
fg is integrable on Œa; b�, again by Theorem 3.3.6.

6. Since f C D .f C jf j/=2, f � D .f � jf j/=2 and f D f C C f �, Theorems 3.3.3

and 3.3.5 imply the result.

7. (a) Since
R 1
0
u.x/v.x/ dx D

R 1
0
x2 dx D 1=3 and

R 1
0
v.x/ dx D

R 1
0
x dx D 1=2,

u D c D 2=3.

(b) Since
R 1

�1 u.x/v.x/ dx D
R 1

�1 x
2 sinx dx D 0, u D c D 0.

(c) Since
R 1
0
u.x/v.x/ dx D

R 1
0
x2ex dx D e � 2 and

R 1
0
v.x/ dx D

R 1
0
ex dx D e � 1,

u D .e � 2/=.e � 1/ and c D
p
.e � 2/=.e � 1/.

8. Suppose � > 0. By Theorem 3.2.7 there are partitions P1 of Œa; b� and P2 of Œb; c� such

that S.P1/ � s.P1/ < �=2 and S.P2/ � s.P2/ < �=2. Let P be the partition of Œa; c� with

partition points fromP1 and P2; then S.P /�s.P / D ŒS.P1/�s.P1/�CŒS.P2/�s.P2/� <
�. Hence f is integrable on Œa; c�, by Theorem 3.2.7. To complete the proof, observe that

Riemann sums over partitions of Œa; c� having b as a partition point can be broken up as

�Œa;c� D �Œa;b� C �Œb;c�.

9. If a < b < c, Theorem 3.3.9 implies the conclusion. There are eight other possible or-

derings of a, b, and c. Suppose, for example, that c < a < b. Then Theorem 3.3.9 implies

that (A)
R b
c
f .x/ dx D

R a
c
f .x/ dx C

R b
a
f .x/ dx. Since

R b
c
f .x/ dx D �

R c
b
f .x/ dx

and
R a
c
f .x/ dx D �

R c
a
f .x/ dx by definition, (A) is equivalent to �

R c
b
f .x/ dx D

�
R c
a f .x/ dxC

R b
a f .x/ dx, which is equivalent to

R c
a f .x/ dx D

R b
a f .x/ dxC

R c
b f .x/ dx.

The other possibilities can be handled similarly.

10. Proof by induction. Theorems 3.3.8 and 3.3.9 imply P2. Now suppose n � 2 and

Pn is true. Let a D a0 < a1 < � � � < anC1 D b. Theorem 3.3.8 and P2 imply that (A)R b
a
f .x/ dx D

R an

a0
f .x/ dx C

R anC1

an
f .x/ dx. By Pn,

R an

a0
f .x/ dx D

R a1

a0
f .x/ dx C

� � � C
R an

an�1
f .x/ dx. This and (A) imply PnC1
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11. By Exercise 10, (A)
R b
a f .x/ dx D

Pn
jD1

R xj

xj �1
f .x/ dx. Applying Theorem 3.3.7

withu D f , v D 1, a D xj�1, and b D xj shows that
R xj

xj �1
f .x/ dx D f .cj /.xj�xj�1/

for some cj 2 Œxj�1; xj �, j D 1, 2, . . . , n. Therefore, (A) implies that
R b
a
f .x/ dx DPn

jD1 f .cj /.xj � xj�1/.

12. Let P D fx0; x1; : : : ; xng and let �0 D
Pn
jD1 f .cj /.xj � xj�1/ be the Riemann sum

chosen in the solution of Exercise 11. If � D
Pn
jD1 f .cj /.xj �xj�1/ is any Riemann sum

over P , then (A)

ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ D j� � �0j �

nX

jD1
jf .cj /� f .cj /j.xj � xj�1/. From

Theorem 2.3.14, jf .cj /� f .cj /j � M.xj � xj�1/ � MkP k. Therefore, (A) implies thatˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/ dx

ˇ̌
ˇ̌
ˇ � MkP k

nX

jD1
.xj � xj�1/ D MkP k.b � a/.

13. (a)
R b
a
f .x/ dx � 0 because every Riemann sum for f is � 0. If f is continuous at

c in Œa; b� and f .c/ > 0, there is an interval Œ˛; ˇ� � Œa; b� such that f .x/ > f .c/=2 if

x 2 Œ˛; ˇ�. From Exercise 9, (A)
R b
a f .x/ dx D

R ˛
a f .x/ dxC

R ˇ
˛ f .x/ dxC

R b
ˇ f .x/ dx.

Since
R ˛
a f .x/ dx � 0 and

R b
ˇ f .x/ dx � 0, (A) implies that

R b
a f .x/ dx �

R ˇ
˛ f .x/ dx �

f .c/.ˇ � ˛/=2, where the last inequality follows from Theorem 3.3.2.

14. Since
1

x � a

Z x

a

f .a/ dt D f .a/, we can write

F.x/ � F.a/
x � a

� f .a/ D 1

x � a

Z x

a

Œf .t/ � f .a/� dt:

From this and Theorem 3.3.5, (A)

ˇ̌
ˇ̌F.x/ � F.a/

x � a � f .a/
ˇ̌
ˇ̌ � 1

jx � aj

ˇ̌
ˇ̌
Z x

a

jf .t/ � f .a/j dt
ˇ̌
ˇ̌.

Since f is continuous from the right at a, there is for each � > 0 a ı > 0 such that

jf .t/ � f .a/j < � if a � x < a C ı and t is between x and a. Therefore, from

(A),

ˇ̌
ˇ̌F.x/ � F.a/

x � a
� f .a/

ˇ̌
ˇ̌ < �

jx � aj
jx � aj

D � if a < x < a C ı. This proves that

F 0
C.a/ D f .a/.

Since
1

b � x

Z b

x

f .b/ dt D f .b/, we can write

F.x/ � F.b/

b � x
� f .b/ D 1

b � x

Z b

x

Œf .b/ � f .t/� dt:

From this and Theorem 3.3.5, (B)

ˇ̌
ˇ̌F.x/ � F.b/

b � x
� f .b/

ˇ̌
ˇ̌ � 1

jb � xj

ˇ̌
ˇ̌
ˇ

Z b

x

jf .b/� f .t/j dt
ˇ̌
ˇ̌
ˇ.

Since f is continuous from the left at b, there is for each � > 0 a ı > 0 such that

jf .b/ � f .t/j < � if b � ı � x < b and t is between x and b. Therefore, from (B),ˇ̌
ˇ̌F.x/ � F.b/

b � x
� f .b/

ˇ̌
ˇ̌ < � jb � xj

jb � xj
D � if b�ı < x < b. This proves thatF 0

�.b/ D f .b/.
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15. THEOREM. If f is integrable on Œa; b� and a � c � b, then the function g defined by

G.x/ D
R c
x
f .t/ dt satisfies a Lipschitz condition on Œa; b�, and is therefore continuous on

Œa; b�.

THEOREM. If f is integrable on Œa; b� and a � c � b, then G.x/ D
R c
x f .t/ dt is

differentiable at any point in .a; b/ where f is continuous, withG0.x0/ D �f .x0/. If f is

continuous from the right at a, thenG0
C.a/ D �f .a/. If f is continuous from the left at b,

then G0
�.b/ D �f .b/.

Rewrite G.x/ D
R x
c
.�f .t// dt and apply Theorems 3.3.10 and 3.3.11 to g D �f .

16. (a) Since arbitrary constants can be added to antiderivatives, (A) need not hold for

specific antiderivatives of f , g, and f C g.

(b) Every antiderivative of f C g can be obtained by adding antiderivatives of f and g,

and every such sum is an antiderivative of f C g.

17. If c ¤ 0, every antiderivative of cf can be written as cF , where F is an antiderivative

of f ; conversely, if F is an antiderivative of f , then cF is an antiderivative of cf . This

statement is false if c D 0, since then any constant is an antiderivative of cf , while cF D 0

for any F .

18. (a) P0 is true, by Corollary 3.3.13. Now suppose n � 0 and Pn is true. If f .nC2/ is

integrable on Œa; b�, integration by parts yields

Z b

a

f .nC1/.t/.b � t/ndt D f .nC1/.a/

nC 1
.b � a/nC1 C 1

nC 1

Z b

a

f .nC2/.t/.b � t/nC1dt:

Now Pn implies PnC1.

(b) If f .nC1/ is continuous on Œa; b�,(a) and Theorem 3.3.7 imply the conclusion of Theo-

rem 2.5.5.

19. If c and c1 have the property, then f .b/
R c1

c
g.x/ dx D 0, which implies that

R c1

c
g.x/ dx D

0, since f .b/ > 0. Exercise 13 implies that c D c1.

20. Let m D inf
˚
f .x/

ˇ̌
a � x � b

	
and define F.x/ D f .x/�m. Then F is nonnegative

on Œa; b�. Moreover, F is integrable on Œa; b� if and only if f is, while F.�.t//�0 .t/
is integrable on Œc; d � if and only if f .�.t//�0.t/ is. The assumed version of Theo-

rem 3.3.18 implies that if either F is integrable on Œa; b� or F.�.t//�0 .t/ is integrable

on Œc; d � then so is the other, and (A)

Z b

a

F.x/ dx D
Z d

c

F.�.t//j�0 .t/j dt . Now note

that (B)

Z b

a

mdx D .b � a/. If � is nondecreasing, then �.c/ D a, �.d/ D b,

and j�0.t/j D �0.t/, so (C)
R d
c mj�0.t/j dt D

R d
c m�

0.t/ dt D m.�.d/ � �.c// D
m.b � a/. If � is nonincreasing, then �.c/ D b, �.d/ D a, and j�0.t/j D ��0.t/, so

(D)
R d
c
mj�0.t/j dt D �

R d
c
m�0.t/ dt D �m.�.d/ � �.c// D m.b � a/. Now (A), (B),

(C), and (D) imply that if either f is integrable on Œa; b� or f .�.t//�0.t/ is integrable on

Œc; d � then so is the other, and

Z b

a

f .x/ dx D
Z d

c

f .�.t//j�0.t/j dt .

21. If � is nonincreasing on Œc; d �, then �.�t/ is nondecreasing on Œ�d;�c�, and (A)
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d

dt
�.�t/ D ��0.�t/. Now suppose f is integrable on Œa; b�. Then Exercise 3.1.6 implies

that f .�x/ is integrable on Œ�b;�a�, and (B)

Z b

a

f .x/ dx D
Z �a

�b
f .�x/ dx. Applying

the assumed restricted version of Theorem 3.3.18 to �.�t/ and f .�x/ and recalling (A),

we infer that (C)

Z �a

�b
f .�x/ dx D �

Z �c

�d
f .�.�t//�0 .�t/ dt . Applying Exercise 3.1.6

to f .�.t//�0.t/, we conclude that (D)

Z �c

�d
f .�.�t//�0.�t/ dt D

Z d

c

f .�.t//�0.t/ dt .

Now (B), (C), and (D) imply that (E)

Z b

a

f .x/ dx D �
Z d

c

f .�.t//�0.t/ dt . Since

j�0.t/j D ��0.t/, (E) is equivalent to

Z b

a

f .x/ dx D
Z d

c

f .�.t//j�0 .t/j dt . A similar

argument applies if we start with the assumption that f .�.t//�0 .t/ is integrable on Œc; d �.

22. A typical RS sum for
R b
a
f .x/ dg.x/ is

� D
nX

jD1
f .cj /Œg.xj /� g.xj�1/� D

nX

jD1
f .cj /g

0.cj /.xj � xj�1/

where xj�1 < cj < xj (mean value theorem). Let � 0 D
Pn
jD1 f .cj /g

0.cj /.xj � xj�1/,

which is a Riemann sum for
R b
a
f .x/g0.x/ dx. Then

j� � � 0j �
�
max

˚
jf .cj /� f .cj /j

ˇ̌
1 � j � n

	�
M.b � a/;

where jg0.x/j � M on Œa; b�. By Theorem 2.2.12, f is uniformly continuous on Œa; b�;

therefore, j� � � 0j can be made arbitrarily small by choosing kP k sufficiently small. Since
ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ � j� � � 0j C

ˇ̌
ˇ̌
ˇ�

0 �
Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ ;

the existence of
R b
a f .x/g

0.x/ dx implies the conclusion.

23. A typical RS sum for

Z b

a

f .x/ dg.x/ is (A) � D
nX

jD1
f .cj /Œg.xj / � g.xj�1/�. From

Theorem 2.5.4, (B) g.xj / D g.cj / C g0.cj /.xj � cj / C g00.˛j /

2
.xj � cj /

2 for some

˛j 2 .cj ; xj / and (C) g.xj�1/ D g.cj /Cg0.cj /.xj�1� cj /C
g00.˛j�1/

2
.xj�1� cj /2 for

some ˛j�1 2 .xj�1; cj /. Subtracting (C) from (B) and substituting the result in (A) yields

� D � 0 C 1

2

nX

jD1
f .cj /Œg

00.˛j /.xj � cj /2 � g00.˛j�1/.xj�1 � cj /2�; .D/

where � 0 D
nX

jD1
f .cj /g

0.cj /.xj � xj�1/ is a Riemann sum for

Z b

a

f .x/g0.x/ dx. Now
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suppose jf .x/j � M and jg00.x/j � K, a � x � b. From (D),

j� � � 0j � MK

2

nX

jD1

�
.xj � cj /2 C .xj�1 � cj /2

�
� MK.b � a/kP k:

Therefore,

ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ � j� � � 0j C

ˇ̌
ˇ̌
ˇ�

0 �
Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ

� MK.b � a/kP k C
ˇ̌
ˇ̌
ˇ�

0 �
Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ :

.E/

If � > 0, there is a ı > 0 such that MK.b � a/ı <
�

2
and

ˇ̌
ˇ̌
ˇ�

0 �
Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ <

�

2

if kP k < ı. Therefore, (E) implies that

ˇ̌
ˇ̌
ˇ� �

Z b

a

f .x/g0.x/ dx

ˇ̌
ˇ̌
ˇ < � if kP k < ı. This

implies that

Z b

a

f .x/ dg.x/ D
Z b

a

f .x/g0.x/ dx.

3.4 IMPROPER INTEGRALS

1. (a) Suppose that jf .x/j � M , a � x � b after f .b/ is defined. If � > 0, choose b1 so

that a < b1 < b and M.b � b1/ < �. Since f is integrable on Œa; b1�, there is a partition

P1 D fa; x1; : : : ; b1g of Œa; b1� such that S.P1/ � s.P2/ < � (Theorem 3.2.7). Then P D

fa; x1; : : : ; b1; bg is a partition of Œa; b� for which S.P /� s.P / < 3�. Hence,

Z b

a

f .x/ dx

exists (Theorem 3.2.7). Now define F.c/ D
R c
a
f .x/ dx .a � c � b/. Since F is con-

tinuous on Œa; b� (Theorem 3.3.10), F.b�/ D F.b/, which implies that

Z b

a

f .x/ dx D

lim
c!b�

Z c

a

f .x/ dx. Since lim
c!b�

Z c

a

f .x/ dx is independent of f .b/,

Z b

a

f .x/ dx is inde-

pendent of f .b/.

(b) Let f be locally integrable and bounded on .a; b�, and let f .a/ be defined arbitrar-

ily. Then f is properly integrable on Œa; b�,

Z b

a

f .x/ dx does not depend on f .a/, and

Z b

a

f .x/ dx D lim
c!aC

Z b

c

f .x/ dx.

2. Let ˛ and ˛1 be in .a; b/. Suppose that we know that the improper integrals

Z ˛

a

f .x/ dx

and

Z b

˛

f .x/ dx both exist. Let a < c < b. Then

Z ˛1

c

f .x/ dx D
Z ˛

c

f .x/ dx C
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Z ˛1

˛

f .x/ dx. Letting c ! aC shows that (A)

Z ˛1

a

f .x/ dx D
Z ˛

a

f .x/ dxC
Z ˛1

˛

f .x/ dx.

Also,

Z c

˛1

f .x/ dx D
Z ˛

˛1

f .x/ dx C
Z c

˛

f .x/ dx. Letting c ! b� shows that (B)

Z b

˛1

f .x/ dx D
Z ˛

˛1

f .x/ dxC
Z b

˛

f .x/ dx. Adding (A) and (B) and noting that

Z ˛1

˛

f .x/ dx D

�
Z ˛

˛1

f .x/ dx shows that

Z ˛

a

f .x/ dx C
Z b

˛

f .x/ dx D
Z ˛1

a

f .x/ dx C
Z b

˛1

f .x/ dx.

3. Suppose that f is locally integrable on Œa; b/ and

Z b

a

f .x/ dx exists according to

Definition 3.4.1. Let a < ˛ < c. Then

Z c

˛

f .x/ dx D
Z a

˛

f .x/ dx C
Z c

a

f .x/ dx,

so lim
c!b�

Z c

˛

f .x/ dx exists. Theorem 3.3.8 implies that

Z ˛

a

f .x/ dx exists (as a proper

integral), and Theorem 3.3.10 implies that lim
c!aC

Z ˛

c

f .x/ dx D
Z ˛

a

f .x/ dx. Hence,

Z b

a

f .x/ dx exists according to Definition 3.4.3. Moreover,

Z b

a

f .x/ dx D
Z ˛

a

f .x/ dxC

lim
c!b�

Z c

˛

f .x/ dx D lim
c!b�

�Z ˛

a

f .x/ dx C
Z c

˛

f .x/ dx

�
D lim

c!b�

Z c

a

f .x/ dx, so Def-

initions 3.4.1 and 3.4.3 yield the same value for

Z b

a

f .x/ dx. A similar argument applies

if f is locally integrable on .a; b� and

Z b

a

f .x/ dx exists according to Definition 3.4.2.

4. (a) Proper if p � 2, improper if p < 2. In either case

I D lim
c!0C

Z 1=�

c

d

dx

�
xp sin

1

x

�
dx D �cp sin

1

c
D 0

if p > 0; divergent if p < 0.

(b) Proper if p � 2, improper if p < 2. In either case

I D lim
c!0C

Z 2=�

c

d

dx

�
xp cos

1

x

�
dx D �cp cos

1

c
D 0

if p > 0; divergent if p < 0.

(c) Improper for all p.

Z c

0

e�px dx D
�
.1 � e�pc/=p; p ¤ 0;

c; p D 0:
Therefore,

Z 1

0

e�px dx D
�
1=p; p > 0;

1; p � 0:

(d) Proper forp � 0, improper forp > 0.

Z 1

c

x�p dx D
�
.1 � c�pC1/=.1 � p/; p ¤ 0;

� log c; p D 1:
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Therefore,

Z 1

0

x�p dx D
�
1=.1 � p/; p < 1;

1; p � 1

(e) Improper for all p. Write the integral as I D I1 C I2, with I1 D
Z 1

0

x�p dx and I2 D
Z 1

1

x�p dx. From (d), I1 converges if and only if p < 1. Now consider I2.

Z c

1

x�p dx D
�
.c�pC1 � 1/=.1 � p/; p ¤ 1;

log c; p D 1:
Therefore, I2 D

�
1=.p � 1/; p > 1;

1; p � 1:
Since I1 con-

verges only if p < 1 and I2 converges only if p > 1, I diverges for all p.

5. (a) We show by induction that

Z 1

0

xne�x dx D nŠ.

Z c

0

e�x dx D 1 � e�c . Letting

c ! 0 verifies P0. Now let n � 0 and suppose that Pn is true. Integrating by parts yieldsZ c

0

e�xxnC1 dx D �e�ccnC1 C .nC 1/

Z c

0

e�xxn dx. Letting c ! 1 and invokingPn

yields

Z 1

0

e�x dx D .nC 1/nŠ D .nC 1/Š.

(b)

Z c

0

e�x sin x dx D �e
�c

2
.cos c C sin c/C 1

2
, so

Z 1

0

e�x sinx dx D 1

2
.

(c) Write I D I1 C I2 with I1 D
Z c

0

x dx

x2 C 1
and I2 D

Z 0

�c

x dx

x2 C 1
. Since I1 D

1

2
log.c2 C 1/ ! 1 as c ! 1, I1 diverges. Therefore, I diverges.

(d)

Z c

0

x dxp
1 � x2

D 1 �
p
1 � c2 ! 1 as c ! 1�, so

Z 1

0

x dxp
1 � x2

D 1:

(e)

Z �

c

�
cos x

x
�

sin x

x2

�
dx D �

sin c

c
! �1 as c ! 0C. Therefore,

Z �

0

�
cos x

x
� sinx

x2

�
dx D �1.

(f)

Z c

�=2

�
sin x

x
C cos x

x2

�
dx D �cos c

c
! 0 as c ! 1. Therefore,

Z 1

�=2

�
sin x

x
C cos x

x2

�
dx D 0.

6. If � > 0, there is an a1 such that a < a1 < b and j
R c
a f .t/ dt �

R b
a f .t/ dt j < �=2

if a1 < c < b (from Definition 3.4.1 if

Z b

a

f .t/ dt is improper; from Exercise 1 if it is

proper). Therefore, if a1 < x < c < b,

ˇ̌
ˇ̌
Z c

x

f .t/ dt

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
Z c

a

f .t/ dt �
Z x

a

f .t/ dt

ˇ̌
ˇ̌

�
ˇ̌
ˇ̌
ˇ

Z c

a

f .t/ dt �
Z b

a

f .t/ dt

ˇ̌
ˇ̌
ˇ C

ˇ̌
ˇ̌
ˇ

Z b

a

f .t/ dt �
Z x

a

f .t/ dt

ˇ̌
ˇ̌
ˇ <

�

2
:
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Letting c ! b� here shows that

ˇ̌
ˇ̌
ˇ

Z b

x

f .x/ dx

ˇ̌
ˇ̌
ˇ � � if a1 < x < b. This implies the stated

conclusion.

7. Apply Exercise 2.1.38 to F.x/ D
Z x

a

f .t/ dt .

8. (a)
logx C sinx

p
x

>
1

p
x

if x > e2. Since

Z 1

e2

dx
p
x

D 1,

Z 1

e2

logx C sinx
p
x

dx D 1.

Therefore,

Z 1

1

logx C sinxp
x

dx D 1 (Theorem 3.4.6(b)).

(b) I D I1CI2 where I1 D
Z 1

0

.x2 C 3/3=2

.x4 C 1/3=2
sin2 x dx and I2 D

Z 0

�1

.x2 C 3/3=2

.x4 C 1/3=2
sin2 x dx.

.x2 C 3/3=2

.x4 C 1/3=2
sin2 x <

.x2 C 3/3=2

.x4 C 1/3=2
<
.x2 C 3/3=2

x6
<

1

jxj3

�
1C

3

x2

�3=2
<
23=2

jxj3 if jxj >

p
3. Since

Z 1

p
3

1

x3
dx < 1 and

Z �
p
3

�1

1

jxj3 dx < 1,

Z 1

p
3

.x2 C 3/3=2

.x4 C 1/3=2
sin2 x dx < 1

and

Z �
p
3

�1

.x2 C 3/3=2

.x4 C 1/3=2
sin2 x dx < 1. Therfore I1 and I2 converge (Theorem 3.4.6(a)),

and so does I .

(c)
1C cos2 x
p
1C x2

>
1

p
1C x2

D 1

x
p
1C 1=x2

>
1

x
p
2

if x > 1. Since

Z 1

1

dx

x
D 1,

Z 1

0

1C cos2 xp
1C x2

dx D 1 (Theorem 3.4.6(b)).

(d) I D I1 C I2 where I1 D
Z 1

0

4C cos x

.1C x/
p
x
dx and I2 D

Z 1

1

4C cos x

.1 C x/
p
x
dx. 0 <

4C cos x

.1C x/
p
x
<

5p
x

if x > 0. Since

Z 1

0

dxp
x

, I1 < 1 (Theorem 3.4.6(a)). 0 <

4C cos x

.1C x/
p
x
<

5

x3=2
if x > 1. Since

Z 1

0

dx

x3=2
, I2 < 1 (Theorem 3.4.6(a)). Therefore, I

converges.

(e) Convergent, by Exercise 5(a),(b), and Theorem 3.4.4.

(f) Since 2Csinx > 1 and

Z 1

0

x�p dx D 1 (Exercise 4(a)),

Z 1

0

x�p.2Csin x/ dx D 1

9. (a) lim
x!0C

�
sinx

xp

���
1

xp�1

�
D lim

x!0C

sinx

x
D 1, so the analog of Theorem 3.4.7(a)

implies that I D
Z �=2

0

sin x

xp
dx and I1 D

Z �=2

0

dx

xp�1 converge or diverge together. Since

Z �=2

c

dx

xp�1 D 1

2 � p

���
2

��pC2
� c�pC2

�
, I1 < 1–and therefore I < 1–if and only

if p < 2.
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(b) lim
x!0C

�cos x

xp

���
1

xp

�
D lim

x!0C
cos x D 1, so the analog of Theorem 3.4.7(a) im-

plies that I D
Z �=2

0

cos x

xp
dx and I1 D

Z �=2

0

dx

xp
converge or diverge together. Since

Z �=2

c

dx

xp
D 1

1 � p

���
2

��pC1
� c�pC1

�
, I1 < 1–and therefore I < 1–if and only if

p < 1.

(c) Write I D I1 C I2 where I1 D
R 1
0
xpe�x dx and I2 D

R1
1
xpe�x dx. Since

lim
x!0C

.xpe�x/=xp D lim
x!0C

e�x D 1, I1 < 1 if and only if (A)

Z 1

0

xp dx < 1, by

the analog of Theorem 3.4.7(a). Since (A) holds if and only if p > �1, I1 < 1 if

and only if p > �1. Since lim
x!1

.x�pe�x/=e�x=2 D lim
x!1

xpe�x=2 D 0 for all p and
Z 1

1

e�x=2 dx < 1, the analog of Theorem 3.4.7(a) implies that I2 < 1 for all p. There-

fore, I < 1 if and only if p > �1
(d) Let f .x/ D sin x.tanx/�p D .cos x/p.sin x/�pC1. Then I D

R �=2
0

f .x/ dx is a

proper integral if 0 � p � 1.

If p < 0, then f is locally integrable on Œ0; �=2/. The mean value theorem implies that

cos x D �.sin c/.x � �=2/ for some c between x and �=2. Therefore, lim
x!�=2

cos x

x � �=2
D

1, so lim
x!�=2�

f .x/

.x � �=2/p D 1. Since

Z �=2

0

.x � �=2/p dx < 1 if and only if p > �1,

Theorem 3.4.7(a) implies that I < 1 if �1 < p � 0 and I D 1 if p � �1.

If p > 1, then f is locally integrable on .0; �=2�. The mean value theorem implies that

cos x D �.sin c/.x � �=2/ for some c between x and �=2. Therefore, lim
x!�=2

cos x

x � �=2 D

1, so lim
x!�=2�

f .x/

.x � �=2/p
D 1. Since

Z �=2

0

.x � �=2/p dx < 1 if and only if p > �1,

Theorem 3.4.7(a) implies that I < 1 if �1 < p � 0 and I D 1 if p � �1.

10. The substitution u D LkC1.x/ transforms

Z T

a

f .x/ dx into

Z LkC1.T /

LkC1.a/

u�pdu. Since

lim
T!1

LkC1.T / D 1, Example 3.4.3 yields the conclusion.

12. If f .x/ D a0 C � � � C anx
n and g.x/ D b0 C � � � C bmx

m .an; bm ¤ 0/, then

lim
x!˙1

ˇ̌
ˇf .x/g.x/

ˇ̌
ˇ

jxjn�m D jan=bmj:

Therefore,

Z 1

1

jf .x/
g.x/

jdx < 1 and

Z 1

�1
jf .x/
g.x/

jdx < 1 if and only if

Z 1

1

xn�mdx <

1; that is, if and only ifm � n � 2.

13. .f Cg/2 D f 2C2fgCg2 � 0, so fg � �.f 2Cg2/=2; .f �g/2 D f 2�2fgCg2 �
0, so fg � .f 2 C g2/=2. Therefore, jfgj � .f 2 C g2/=2. Now use Theorem 3.4.6.
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14. Since f is nonoscillatory at b�, there is an interval Œa1; b/ on which f does not change

sign. Assume that f .x/ � 0 and jg.x/j � M for a1 � x < b; then

Z c

a1

jf .x/g.x/jdx < M
Z c

a1

f .x/dx D M ŒF.c/ � F.a1/� :

Since F is bounded on Œa; b/, this implies that supa1�c<b
R c
a1

jf .x/g.x/jdx < 1. Use

Theorem 3.4.5. A similar argument applies if f .x/ � 0 on Œa1; b/.

15. Since g is nonincreasing, it is locally integrable on Œa; b/ (Theorem 3.2.9), and therefore

so is fg (Theorem 3.3.6). Since jf .x/g.x/j � g.a/jf .x/j,
Z b

a

jf .x/g.x/jdx < 1 if

Z b

a

jf .x/jdx < 1 (Theorem 3.4.6); hence,

Z b

a

f .x/g.x/dx converges (Theorem 3.4.9).

If a < x < c < b, then
ˇ̌R c
x f .t/g.t/dt

ˇ̌
�
R c
x jf .t/jg.t/dt � g.x/

R c
x jf .t/jdt . Letting

c ! b� yields

ˇ̌
ˇ
R b
x
f .t/g.t/dt

ˇ̌
ˇ � g.x/

R b
x

jf .t/jdt . Now divide by g.x/ and apply

Exercise 6 to jf j.

16. If f does not change sign on Œa1; b/, where a < a1 < b, then obviously

Z b

a1

f .x/dx

and

Z b

a1

jf .x/jdx converge or diverge together. Since

Z b

a

f .x/dx and

Z b

a1

f .x/dx con-

verge or diverge together, as do

Z b

a

jf .x/jdx and

Z b

a1

jf .x/jdx, the conclusion follows.

17. (a) If g is nonincreasing, then g.x/ � 0 on Œa; b/ (since

Z b

a

g.x/ dx D 1) and

Z xrC1

a

jf .x/g.x/j dx �
rX

jD0

Z xj C1

xj

jf .x/j g.x/ dx � �

rX

jD0
g.xjC1/

� �

rX

jD0

R xj C2

xj C1
g.x/ dx

xjC2 � xjC1

� �

M

Z xrC2

x1

g.x/ dx ! 1 as r ! 1:
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If g is nondecreasing, we may assume that g.x/ � 0 (since

Z b

a

g.x/ dx D 1); then

Z xrC1

a

jf .x/g.x/j dx �
X

jD0

Z xj C1

xj

jf .x/jg.x/ dx � �

rX

jD1
g.xj /

� �

rX

jD1

R xj

xj �1
g.x/ dx

xj � xj�1

� �

M

Z xr

x0

g.x/ dx ! 1 as r ! 1:

(b) If g is monotonic, then g0 does not change sign; hence,

Z c

a

jg0.x/j dx D j
Z c

a

g0.x/ dxj D
jg.c/ � g.a/j ! jg.a/j as c ! b�.

18. (a) p � 1: Since jx�p cos xj < x�p, absolutely convergent (Example 3.4.3 and

Theorem 3.4.6). 0 < p � 1: convergent by Theorem 3.4.10 with f .x/ D cos x and

g.x/ D x�p , but not absolutely convergent because of Theorem 3.4.12; hence, condi-

tionally convergent. p D 0:

Z c

0

cos x dx D sin c; divergent. p > 0: divergent by

Theorem 3.4.11).

(b) p > 1: absolutely convergent by Theorem 3.4.6, since

ˇ̌
ˇ̌ sinx

x.logx/p

ˇ̌
ˇ̌ � 1

x.logx/p
; x > 2;

and Z c

2

dx

x.logx/p
dx D .log 2/1�p � .log c/1�p

p � 1
! .log 2/1�p

p � 1
as c ! 1:

p � 1: convergent by Theorem 3.4.10 with g.x/ D 1=x.logx/p . However, since

Z 1

2

g.x/ dx D
1, not absolutely convergent (Theorem 3.4.12); hence, conditionally convergent.

(c) p > 1: absolutely convergent by Example 3.4.3 and Theorem 3.4.6, since j sinx=xp logxj <
x�p . 0 � p � 1: convergent by Theorem 3.4.10; not absolutely convergent, by Theo-

rem 3.4.12; hence, conditionally convergent. p < 0: divergent by Theorem 3.4.11.

(d) If f .x/ D x�p sin 1=x and g.x/ D x�p�1, then lim
x!1

f .x/

g.x/
D 1, so the integral

converges absolutely if and only if p > 0 (Theorem 3.4.7). Since f .x/ > 0 for all x in

Œ1;1/ there is no possibility of conditional conveergence.

(e) Let f .x/ D sin2 x sin 2x

xp
Write the integral as I D I1 C I2, where I1 D

Z 1

0

f .x/ dx

and I2 D
Z 1

1

f .x/ dx (both improper).e
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First consider I1. Note that f .x/ � 0, 0 � x � 1. Since lim
x!0C

f .x/=xp�3 D 2 and
Z 1

0

x�pC3 dx < 1 if and only p < 4, Theorem 3.4.7 implies that I1 converges if and

only p < 4, and the convergence is absolute.

Now consider I2. Since j sin2 x sin 2xj � 1, Example 3.4.3 and Theorem 3.4.6 imply that

I1 converges absolutely if p > 1. Since

Z x

0

sin2 t sin 2t dt D 2

Z x

0

sin3 t cos t dt D
1

2
sin4 x is bounded, Theorem 3.4.10 with g.x/ D x�p implies that I2 converges if

p > 0; however, Theorem 3.4.12 implies that the convergence is not absolute in this case,

since

Z .jC1=2/�

j�

sin3 x cos x dx D
Z .jC1/�

.jC1=2/�
sin3 x cos x dx D 1

4
, j D 1, 2,3, . . . , and

Z 1

0

x�p dx D 1 if p > 0.

Hence, we conclude that I converges absolutely if 1 < p < 4, or conditionally if 0 < p �
1.

(f) Let f .x/ D sinx

.1C x2/p
. Write the integral as I D I1CI2CI3, with I1 D

Z �1

�1
f .x/ dx,

I2 D
Z 1

�1
f .x/ dx, and I3 D

Z 1

1

f .x/ dx. Since jf .x/j < x�2p, Example 3.4.3 and

Theorem 3.4.6 imply that I3 converges absolutely if p > 1=2. Theorem 3.4.10 implies that

I3 converges if p > 0, while Theorem 3.4.12 implies that the convergence is not absolute

if 0 < p � 1=2; hence, the convergence is conditional in this case. A similar analysis

show that I1 converges absolutely if p > 1=2, conditionally if 0 < p � 1=2. Therefore, I

converges absolutely if p > 1=2, conditionally if 0 < p � 1=2.

19.

Z c

0

g.x/ sin x dx D �g.x/ cos x
ˇ̌c
0

C
Z c

0

g0.x/ cos x dx. Since

Z 1

0

g0.x/ cos x dx

converges by Theorem 3.4.10,

Z 1

0

g.x/ sin x dx converges if and only if lim
c!1

g.c/ cos c

exists, which occurs if and only if L D 0.

20.(a) je�sxh.x/j < je�s0xh.x/j if x > 0 and s > s0. Use Theorem 3.4.6.

(b) Use Theorem 3.4.10, with f .x/ D h.x/e�s0x and g.x/ D e�.s�s0/x .

21. Assume that ˛ > 1. If f .t/ � A, then

Z x

0

t˛f .t/ dt D Ax˛C1

˛ C 1
, so we conjecture that

lim
x!1

x�˛�1
Z x

0

t˛f .t/ dt D A

˛ C 1
. To verify this, define

F.x/ D x�˛�1
Z x

0

t˛f .t/ dt � A

˛ C 1
D x�˛�1

Z x

0

t˛.f .t/ �A/dt:

Given � > 0, choose x0 so that jf .x/�Aj < � if x � x0. Then, if x > x0,

jF.x/j � x�˛�1
�Z x0

0

t˛ jf .t/ �Aj dt C �

Z x

x0

t˛ dt

�
� x�˛�1

Z x0

0

t˛ jf .t/�Aj dtC�:
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Since the last integral is a constant indpendent of x, this implies that lim
x!1

jF.x/j � �.

Since � can be chosen arbitrarly small, lim
x!1

F.x/ D 0.

22. (A)

Z x

a

f .t/g.t/ dt D F.x/g.x/ �
Z x

a

F.t/g0.t/ dt . If jF.x/j � M on Œa; b/, then

(A) implies that
ˇ̌
ˇ̌
Z x

a

f .t/g.t/ dt

ˇ̌
ˇ̌ � M

�
g.x/ C

Z x

a

g0.t/ dt

�
D M .2g.x/ � g.a// :

This yields the conclusion.

23. Let � > 0 be given. From Exercise 6, there is a number x0 in Œa; b/ such that F.x/ DZ x

x0

f .t/ dt satisfies jF.x/j < � if x0 � x < b. Now suppose that x0 � x � b; then

Z x

a

f .t/g.t/ dt D
Z x0

a

f .t/g.t/ dt � F.t/g.t/
ˇ̌
ˇ̌
x

x0

C
Z x

x0

F.t/g0.t/ dt: .A/

Since g0.x/ � 0,

ˇ̌
ˇ̌
Z x

x0

F.t/g0.t/ dt

ˇ̌
ˇ̌ � �g.x/, so (A) implies that

1

g.x/

ˇ̌
ˇ̌
Z x

a

f .t/g.t/ dt

ˇ̌
ˇ̌ �

1

g.x/

ˇ̌
ˇ̌
Z x0

a

f .t/g.t/ dt

ˇ̌
ˇ̌ C 3�. Since the integral on the right is a constant independent of

x and g.x/ ! 1 as x ! b�, lim
x!1

1

g.x/

ˇ̌
ˇ̌
Z x

a

f .t/g.t/ dt

ˇ̌
ˇ̌ � 3�. Since � can be chosen

arbitrarily small, lim
x!1

1

g.x/

ˇ̌
ˇ̌
Z x

a

f .t/g.t/ dt

ˇ̌
ˇ̌ D 0

24. If a < x < x1 < b, then

Z x1

x

f .t/g.t/ dt D �F.t/g.t /
ˇ̌
ˇ̌
x1

x

C
Z x1

x

F.t/g0.t/ dt:

Let bF .x/ D supx�t<b jF.t/j; since lim
t!b�

F.t/ D 0 (Exercise 6), bF is defined and nonin-

creasing on Œa; b/, and (B) lim
x!b�

bF .x/ D 0. Since jF.t/g0.t/j � �jbF .x/jg0.t/ .x � t <

b/,

Z b

x

jF.t/g0.t/j dt < 1. Since lim
x1!b�

F.x1/g.x1/ D 0, letting x1 ! b� in (A) yields

Z b

x

f .t/g.t/ dt D F.x/g.x/ C
Z b

x

F.t/g0.t/ dt . This and the assumptions on g imply

that

ˇ̌
ˇ̌
ˇ

Z b

x

f .t/g.t/ dt

ˇ̌
ˇ̌
ˇ � 2bF .x/g.x/, and (B) now yields the result.

25. Use Theorem 3.4.13.

(a) x D 1=t ;

Z 1

0

xp sin 1=x dx D
Z 1

1

t�p�2 sin t dt ; absolutely convergent if p > �1
by Example 3.4.3 and Theorem 3.4.6; conditionally convergent if �2 < p � 1 by Theo-

rems 3.4.10 and 3.4.12; divergent if p � �2 by Theorem 3.4.11.
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(b) x D et , so t D logx;

Z 1

0

j logxjp dx D
Z 0

�1
tpet dt D I1 C I2, where I1 D

Z �1

�1
tpet dt , I2 D

Z 0

�1
tpet dt . I1 converges absolutely for every p. Since

Z 0

�1
tp dt

converges if and only if p > �1, Theorem 3.4.7 with f .t/ D tp and g.t/ D et tp implies

that I2 converges if and only if p > �1, since lim
t!0�

et D 1. Therefore, I converges

absolutely if and only if p > �1. There is no possibility of conditional convergence.

(c) t D logx, so x D et ; I D
Z 1

1

xp cos.logx/ dx D
Z 1

0

e.pC1/t cos t dt . Absolutely

convergent by Theorem 3.4.6 if p < �1, since

Z 1

0

e.pC1/t dt converges if p < �1.

Divergent if p � �1, by Theorem 3.4.11.

(d) t D logx, so x D et ;

Z 1

1

.log x/p dx D
Z 1

0

tpet dt . Since lim
t!1

tpet D 1 for all

p, Theorem 3.4.7(b) with f .t/ D tpet and g.t/ D 1 implies divergence for all p.

(e) t D xp , so x D t1=p . If p > 0, then

Z 1

0

sin xp dx D 1

p

Z 1

0

t�1C1=p sin t dt , which

is conditionally convergent if and only if p > 1, by Theorems 3.4.10, 3.4.12, and 3.4.11. If

p < 0, then I D � 1
p

Z 1

0

t�1C1=p sin t dt D .I1CI2/=p, where I1 D
R 1
0
t�1C1=p sin t dt

and I2 D
R1
1 t�1C1=p sin t dt . I2 converges absolutely for all p < 0, while I1 is converges

absolutely if p < �1. Hence, I converges absolutely if p < �1.

26. (a) Ifu2 D u1

Z 1

x

dt

u21
, thenu0

2 D u0
1

Z 1

x

dt

u21
� 1

u1
and u00

2 D u00
1

Z 1

x

dt

u21
�u

0
1

u21
Cu0

1

u21
D

u00
1

Z 1

x

dt

u21
, so u00

2 C pu2 D .u00
1 C pu1/

Z 1

x

dt

u21
D 0.

If u2 D u1

Z x

0

dt

u21
, then u0

2 D u0
1

Z x

0

dt

u21
C 1

u1
and u00

2 D u00
1

Z x

0

dt

u21
C u0

1

u21
� u0

1

u21
D

u00
1

Z x

0

dt

u21
, so u00

2 C pu2 D .u00
1 C pu1/

Z x

0

dt

u21
D 0.

(b) Let u be a positive solution of (A) on Œ0;1/. If

Z 1

0

dx

u2.x/
< 1, let y1 D u

Z 1

x

dt

u2

and y2 D u; then

y1y
0
2 � y0

1y2 D
�
u

Z 1

x

dt

u2

�
u0 �

�
u0
Z 1

x

dt

u2
� 1

u

�
u D 1

and lim
x!1

y1.x/

y2.x/
D lim

x!1

Z 1

x

dt

u2.t/
D 0. If

Z 1

0

dx

u2.x/
D 1, take y1 D u and y2 D

u

Z x

0

dt

u2
; then

y1y
0
2 � y0

1y2 D u

�
u0
Z x

0

dt

u2
C 1

u

�
� u0u

Z x

0

dt

u2
D 1
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and lim
x!1

y1.x/

y2.x/
D lim
x!1

�Z x

0

dt

u2.t/

��1
D 0. In either case,

�
y1

y2

�0
D �y1y

0
2 � y0

1y2

y22
D

� 1

y22
.

27. (b) u0 D �c1e�xCc2exC
Z x

0

h.t/ cosh.x�t/ dt ; u00 D c1e
�xCc2exC

Z x

0

h.t/ sinh.x�
t/ dt C h.t/ D uC h.x/.

(b) Since sinh.x � t/ D exe�t � e�xet

2
,

u.x/ D
�
c1 � 1

2

Z x

0

h.t/et dt

�
e�x C

�
c2 C 1

2

Z x

0

h.t/e�t dt

�
ex;

so a.x/ D c1 � 1

2

Z x

0

h.t/et dt and b.x/ D c2 C 1

2

Z x

0

h.t/e�t dt .

(c) If lim
x!1

a.x/ D A (finite), then

Z 1

0

h.t/et dt converges, andA D c1�
1

2

Z 1

0

h.t/etdt .

From Exercise 24 with f .x/ D h.x/ex and g.x/ D e�2x,

Z 1

0

h.t/e�t dt converges, and

lim
x!1

e2x
Z 1

x

h.t/e�t dt D 0. Let B D c2 C 1

2

Z 1

0

h.t/e�tdt . Then e2xŒb.x/ � B� D

�e2x
Z 1

x

h.t/e�t dt ! 0 as x ! 1, and exŒu.x/ � Ae�x � Bex� D Œa.x/ � A� C

e2xŒb.x/ � B� ! 0 as x ! 1.

(d) Since lim
x!1

b.x/ =B (finite),

Z 1

0

f .x/e�x dx converges. From Exercise 23 with

f .x/ D h.x/e�x and g.x/ D e2x, lim
x!1

e�2x
Z x

0

f .x/ex dt D 0, which implies that

lim
x!1

a.x/e�2x D 0. Now (a) implies the conclusion.

28.

u0 D c1y
0
1 C c2y

0
2 C

Z x

0

h.t/Œy1.t/y
0
2.x/ � y0

1.x/y2.t/� dt I

u00 D c1y
00
1 C c2y

00
2 C

Z x

0

h.t/Œy1.t/y
00
2 .x/ � y00

1 .x/y2.t/� dt

Ch.x/Œy1.x/y0
2.x/ � y0

1.x/y2.x/� D �p.x/uC h.x/:

a.x/ D c1 �
Z x

0

h.t/y2.t/ dt , b.x/ D c2 C
Z x

0

h.t/y1.t/ dt .

(b) From Exercise 24 with f D hy2 and g D y2=y2,

Z 1

0

h.t/y1.t/ dt converges and

lim
x!1

y2.x/

y1.x/

Z 1

x

h.t/y1.t/ dt D 0. LetA D c1�
Z 1

0

h.t/y2.t/ dt , B D c2C
Z 1

0

h.t/y1.t/ dt .
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Then

u.x/ �Ay1.x/ � By2.x/
y1.x/

D
Z 1

x

h.t/y2.t/ dt�
y2.x/

y1.x/

Z 1

x

h.t/y1.t/ dt ! 0 as x ! 1:

(c) From Exercise 23 with f D hy1 and g D y2=y1, lim
x!1

y1.t/

y2.t/

Z x

0

h.t/y2.t/ dt D 0.

Therefore, lim
x!1

a.x/
y1.x/

y2.x/
D 0, so lim

x!1
u.x/

y2.x/
D c2 C

Z 1

0

h.t/y1.t/ dt .

29. Let F.x/ D
Z x

a

f .t/g.t/ dt ; then

Z x

a

f1.t/g.t/ dt D
Z x

a

�
f1.t/

f .t/

�
F 0.t/ dt D f1.t/

f .t/
F.t/

ˇ̌
ˇ̌
x

a

�
Z x

a

�
f1.t/

f .t/

�0
F.t/ dt: .A/

Since

Z b

a

f .t/g.t/ dt converges, lim
x!b�

F.x/ exists (finite). Since

�
f1

f

�0
is integrable in

Œa; b/, lim
x!1

f1.t/

f .t/
exists (finite). Since

�
f1

f

�0
is absolutely integrable and F is bounded

on Œa; b/, Theorem 3.4.6 implies that the integral on the right side of (A) converges as

x ! 1. This implies the conclusion.

30. The assumptions imply that for some c in Œx1; x2�,
ˇ̌
ˇ̌
Z x2

x1

f .x/g.x/ dx

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌f .c/

Z x2

x1

g.x/ dx

ˇ̌
ˇ̌ (Theorem 3.3.7)

� �

Z x2

x1

jg.x/j dx � �M:

Therefore, the inequality of Exercise 7with f replaced by fgcannot hold if � < �M .

Hence,

Z b

a

f .x/g.x/ dx diverges.

3.5 ANOTHER LOOK AT THE EXISTENCE OF THE PROPER RIEMANN INTEGRAL

1. Let M D sup
a�x�b

f .x/, m D inf
a�x�b

f .x/, and � D sup
x;x02Œa;b�

jf .x/ � f .x0/j. Then (A)

� � M � m. If � > 0, then f .x/ > M � �=2 and f .x0/ < m C �=2 for some x; x0 in

Œa; b�; hence, f .x/� f .x0/ � M �m � �, so � � M �m� �. Since this is true for every

� > 0, � � M �m. This and (A) imply that � D M �m.

2. If S and S1 are the sets of discontinuities of f and jf j, then (A) S1 � S . If f is

integrable, then S is of Lebesgue measure zero (Theorem 3.5.1, and (A) implies that S1
is also; hence, jf j is integrable (Theorem 3.5.6). Since 1=f is bounded and has the same

discontinuities as f if jf .x/j � � > 0, the same argument yields the second result.

3. If � > 0, there are open intervals fIj g and fI 0
j g such that S1 �

[

j

Ij and S2 �
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[

j

I 0
j , with

nX

jD1
L.Ij / < �=2 and

nX

jD1
L.I 0

j / < �=2, n � 1. Let fI 00
1 ; I

00
2 ; I

00
3 ; I

00
4 ; : : : g D

fI1; I 0
1; I2; I

0
2; : : : g. Then

nX

jD1
L.I 00

j / < �, n � 1. and S1 [ S2 �
[

j

I 00
j . Hence, S1 [ S2

is of Lebesgue measure zero.

4. Let Sf and Sg be the sets of discontinuities of f and g, respectively. Since f and g are

integrable on Œa; b�, S1 and S2 are of measure zero (Theorem 3.5.6). Hence, S1 [ S2 is of

measure zero (Exercise 3). Therefore, the sets of discontinuities of f C g and fg are of

measure zero, so f C g and fg are integrable on Œa; b� (Theorem 3.5.6).

5. Let Sf and Sh be the sets of discontinuities of f and h. Since f is integrable on

Œa; b�, Sf is of Lebesgue measure zero (Theorem 3.5.6). Since g is continuous on Œ˛; ˇ�,

Sh � Sf . (Theorem 2.2.7). Hence, Sh is of Lebesgue measure zero, so h is integrable on

Œa; b� (Theorem 3.5.6).

6. Let �n D 1

n

nX

jD1
jF.ujn/�F.vjn/j, h D F ıg=.b �a/, and Pn D fx0n; x1n; : : : ; xnng,

where xjn D aC j.b � a/=n, 0 � j � n. Define Mjn D sup
˚
h.x/

ˇ̌
xj�1;n � x � xjn

	

and mjn D inf
˚
h.x/

ˇ̌
xj�1;n � x � xjn

	
. Let s.Pn/ and S.Pn/ be the lower and upper

sums of h over Pn; then (A) S.Pn/ � s.Pn/ D 1

n

nX

jD1
.Mjn � mjn/. Since h is inte-

grable over Œa; b� (Exercise 5), (B) limn!1.S.Pn/ � s.Pn// D 0 (Exercise 3.2.4). Since

jG.f .ujn//�G.f .vjn//j � .b�a/.Mjn �mjn/ (A) and (B) imply that limn!1 �n D 0.

7. Let S D fx 2 Œa; b� j f .x/ ¤ 0g. P D fx0; x1; : : : ; xng be an arbitrary partition

of Œa; b�. None of the intervals Œxj�1; xj � is contained in S , since any subset of S is

necessarily of measure zero. Therefore, for each j � 1, there is a cj in Œxj�1; xj � such that

f .cj / D 0, so

nX

jD1
f .cj /.xj � xj�1/ D 0. Thus, associated with every partition of Œa; b�

is a Riemann sum of f that equals zero. Hence,

Z b

a

f .x/ dx D 0, by Definition 3.1.1.

8. Apply Exercise 7 to h D f � g. Since f .x/ � g.x/ D 0 except on a set of measure

zero,

Z b

a

.f .x/ � g.x// dx D 0. Therefore,

Z b

a

f .x/ dx D
Z b

a

g.x/ dx.



CHAPTER 4

Infinite Sequences and Series

4.1 SEQUENCES OF REAL NUMBERS

1. If � > 0, there is an integer N such that jsN � sj < �. Therefore, s > sN � � � ��,
since sN � 0; that is, s is greater than any negative number, and is therefore nonnegative.

2. (a) From Definition 4.1.1, lim
n!1

sn D s (finite) if, for each � > 0, there is an inteer N

such that (A) jsn� sj < � if n � N . Now let tn D jsn� sj. From Definition 4.1.1 with fsng
replaced by ftng and s replaced by zero, lim

n!1
tn D 0 if, for each � > 0, there is an integer

N such that (B) jtnj < � if n � N . Since the inequalities (A) and (B) are equivalent, the

conclusion follows.

(b) Suppose that jsn� sj < tn for n � N0. Let � > 0. Since lim
n!1

tn D 0 there is an integer

N1 such that jtnj < � if n � N1. Therefore, js�snj < � if n � N D max.N0; N1/. Hence,

lim
n!1

sn D s, by Definition 4.1.1.

3.

(a) jsn � 2j D 1

nC 1
< � if n � N , where N > 1=�. Therefore, lim

n!1
sn D 2.

(b) (A) jsn � 1j D
ˇ̌
ˇ̌˛ C n

ˇ C n
� 1

ˇ̌
ˇ̌ D

j˛ � ˇj
jˇ C nj D

j˛ � ˇj
nj1C ˇ=nj . If ˛ D ˇ, then sn D 1 for

all n, so limn!1 sn D 1. Now suppose that ˛ ¤ ˇ. First choose N1 > 2jˇj. If n � N1,

then n � 2ˇ, so jˇ=nj < 1=2, which implies that j1 C ˇ=nj � j1 � jˇ=njj > 1=2 and
1

j1C ˇ=nj < 2; therefore, (A) implies that (B) jsn � 1j < 2j˛ � ˇj
n

if n � N1. Now let

N2 be an integer such that N2 > 2j˛ � ˇj=� and let N D max.N1; N2/. Then (B) implies

that jsn � 1j < � if n � N . Hence, lim
n!1

sn D 1.

(c) jsnj D
ˇ̌
ˇ̌ 1
n

sin
n�

4

ˇ̌
ˇ̌ � 1

n
. Choose N > 1=�; then jsnj <

1

N
< � if n � N . Hence,

lim
n!1

sn D 0.

79



80 Chapter 4 Infinite Sequences and Series

4. (a) limn!1 s1 D 1=2:

ˇ̌
ˇ̌sn � 1

2

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ n

2nC
p
nC 1

� 1

2

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
ˇ
2n� 2n�

p
nC 1

2.2nC
p
nC 1/

ˇ̌
ˇ̌
ˇ D

p
nC 1

2.2nC
p
nC 1/

�
p
nC 1

4.nC 1/
D 1

4
p
nC 1

if n > 3. If � > 0 is given then chooseN > 3 so that 4
p
nC 1 > 1=�. Then jsn�1=2j < �

if n � N .

(b) limn!1 s1 D 1=2:

n2 C 2nC 2

n2 C n
D .n2 C n/C .nC 1/

n2 C n
D 1C 1

n
;

so

jsn � 1j D 1

n
:

If � > 0 is given, choose N so that N > 1=�. Then jsn � 1j < � if n � N .

(c) limn!1 sn D 0; since j sin nj < 1,

jsn � 0j D j sinnjp
n

D 1p
n
:

If � > 0 is given, choose N so that N > 1=�2. Then jsnj < � if n � N .

(d)

sn D .
p
n2 C n� n/.

p
n2 C nC n/p

n2 C nC n

D n2 C n � n2p
n2 C nC n

D np
n2 C nC n

:

Note that 0 < sn < 1=2. We’ll show that limn!1 sn D 1=2.

sn � 1

2
D np

n2 C nC n
� 1

2

D 2n�
p
n2 C n� n

2.
p
n2 C nC n/

D � sn

2.
p
n2 C nC n/

:

Therefore, ˇ̌
ˇ̌sn � 1

2

ˇ̌
ˇ̌ D jsnj

2.
p
n2 C nC n/

<
1

8n
:
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Given � > 0 choose N � 1=8�; then

ˇ̌
ˇ̌sn � 1

2

ˇ̌
ˇ̌ < � if n > N:

5. The integerN in Definition 4.1.1 and does not depend upon � if and only if the sequence

is constant for sufficiently large n. To see that this is sufficent, suppose that that sn D s for

all n � N1. Then jsn � sj D 0 if n � N1. Therefore, if � is an arbitrary positive number,

then jsn � sj < � if n � N1. To see that it is necessary, suppose that there is an integer N

such that jsn � sj < � if n � N , for every � > 0. Fixing n � N and letting � ! 0C, we

see that sn D s.

6. Let � > 0. Since limn!1 sn D s there is an integer N such that jsn � sj < � if n � N .

since jjsnj � jsjj � jsn � sj for all n, jjsnj � jsjj < � for n � N ; hence, limn!1 jsnj D jsj.
7. Let � > 0. Since lim

n!1
sn D s there is an integerN1 such that (A) jsn�sj < � if n � N1.

By assumption, there is an integer N2 such that (B) jtn � snj < � if n � N2. Both (A) and

(B) hold if n � N D max.N1; N2/, so jtn � sj � jtn � snj C jsn � sj < 2� if n � N .

Hence, limn!1 tn D s, by Definition 4.1.1.

8. Let ˛ D inffsng. If ˛ > �1, Theorem 1.1.8 implies that if � > 0 then ˛ � sN < ˛ C �

for some integer N . Since ˛ � sn � sN if n � N , it follows that ˛ � sn < e˛ C � if

n � N . This implies that jsn � ˛j < � if n � N , so lim
n!1

sn D ˛ by Definition 4.1.1. If

˛ D �1 and b is any real number, then sN < b for some integer N . Then sn < b for

n � N , so lim
n!1

sn D �1.

9. (a) snC1 � sn D ˛ C nC 1

ˇ C nC 1
� ˛ C n

ˇ C n

D .˛ C nC 1/.ˇ C n/ � .˛ C n/.ˇ C nC 1/

.ˇ C nC 1/.ˇ C n/

D
ˇ � ˛

.ˇ C nC 1/.ˇ C n/
:

Therefore, fsng is increasing if ˇ > ˛, decreasing if ˛ < ˇ. Since jsnj D
ˇ̌
ˇ̌˛ C n

ˇ C n

ˇ̌
ˇ̌ D

j1C ˛=nj
1C ˇ=n

� 1 C j˛j, n � 1, fsng is bounded. Since fsng is monotonic and bounded,

Theorem 4.1.6 implies that fsng converges.

(b)
snC1
sn

D .nC 1/Š

.nC 1/nC1
nn

nŠ
D
�

n

nC 1

�n
< 1, so fsng is decreasing. Since sn > 0 for all

n, Theorem 4.1.6 implies that fsng converges.
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(c) snC1 � sn D rnC1

1C rnC1 � rn

1C rn

D rnC1.1C rn/ � rn.1 C rnC1/

.1 C rnC1/.1 C rn/

D rn.r � 1/
.1 C rnC1/.1 C rn/

:

Therefore, fsng is decreasing if 0 < r < 1, increasing if r > 1. Since 0 < sn < 1 for all n,

Theorem 4.1.6 implies that fsng converges.

(d)
snC1
sn

D .2nC 2/Š

22nC2Œ.nC 1/Š�2
22n.nŠ/2

.2n/Š
D .2nC 2/.2nC 1/

4.nC 1/2
D 2nC 1

2nC 2
< 1, so fsng is

decreasing. Since sn > 0 for all n, Theorem 4.1.6 implies that fsng converges.

10. If x > 0, then Tan�1x > 0. Moreover xnC1�xn D f .xn/where f .x/ D Tan�1.x/�x.

Since f .0/ D 0 and f 0.x/ D 1

1C x2
� 1 < 0 if x ¤ 0, e f .x/ < 0 if x > 0. Therefore,

if x0 > 0, then 0 < x1 < x0. By induction, 0 < xnC1 < xn. By Theorem 4.1.6,

limn!1 xn D inffsng.

11. (a) If n � 0, then s2nC1 � A D 1

4

�
sn C A

sn

�2
� A D 1

4

�
s2n C 2AC 4

s2n

�
� 4A

4
D

1

4

�
sn � A

sn

�2
� 0, so snC1 �

p
A if n � 0.

(b) If n � 1, then snC1 � sn D
1

2

�
sn C

A

sn

�
� sn D

1

2

�
A

sn
� sn

�
D
A� s2n
2sn

� 0 from

(a).

(c) Since fsng is nondecreasing and bounded below, it is convergent by Theorem 4.1.6(b)

(d) Let s D limn!1 . Then s D lim
n!1

1

2

�
sn C A

sn

�
D 1

2
.s C A

s
/, which implies that

s2 D A; hence, s D
p
A.

12. If fsng is nondecreasing, then supfsng D 1, while if fsng is nonincreasing, then

inffsng D �1. In either case the conclusion follows from Theorem 4.1.6.

13. Suppose that sn D f .n/ for n � N1. Let � > 0. Since limx!1 f .x/ D L there is an

integer N > N1 such that jf .x/ � Lj < � if x > N , so jsn � Lj D jf .n/ � Lj < � if

n � N . Therefore, lim
n!1

sn D L.

14. (a) f .x/ D ˛ C x

ˇ C x
D 1C ˛=x

1C ˇ=x
! 1 as t ! 1; therefore, lim

n!1
sn D 1.

(b) f .x/ D cos
1

x
as t ! 1; therefore, lim

n!1
sn D 1.

(c) f .x/ D x sin
1

x
D sin 1=x

1=x
; by L’Hospital’s rule, lim

x!1
f .x/ D lim

x!1
�1=x2 cos 1=x

�1=x2 D

lim
x!1

cos
1

x
D 1; therefore, limn!1 sn D 1.
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(d) f .x/ D logx�x D �x
�
1 � logx

x

�
; since lim

x!1
logx

x
D lim
x!1

1

x
D 0, lim

n!1
f .x/ D

�1, so lim
n!1

sn D �1.

(e) f .x/ D log.x C 1/ � log.x � 1/ D log

�
x C 1

x � 1

�
D log

�
1C 1=x

1 � 1=x

�
! log 1 D 0 as

x ! 1; lim
n!1

sn D 0.

15. If c D 0, then csn D 0 for all n, so lim
n!1

.csn/ D 0 D 0 � es. Now suppose that c ¤ 0

and � > 0. Since lim
n!1

sn D s, there is an integer N such that js � snj < � if n � N ; then

jcsn � csj � jcj� if n � N , so lim
n!1

.csn/ D cs.

16. Suppose that s D 1 and c > 0. For arbitrary a there is an integer N such that (A)

sn > a=c if n � N . Then csn > a if n � N , so lim
n!1

.csn/ D 1 D cs.

Suppose that s D 1 and c < 0. For arbitrary a there is an integerN such that (A) sn > a=c

if n � N . Then csn < a if n � N , so lim
n!1

.csn/ D �1 D cs.

Suppose that s D �1 and c > 0. For arbitrary a there is an integer N such that (A)

sn < a=c if n � N . Then csn < a if n � N , so lim
n!1

.csn/ D �1 D cs.

Suppose that s D �1 and c < 0. For arbitrary a there is an integer N such that (A)

sn < a=c if n � N . Then csn > a if n � N , so lim
n!1

.csn/ D 1 D cs.

17. If � > 0, there are integers N1 and N2 such that (A) jsn � sj < � if n � N1 and (B)

jtn � t j < � if n � N2. If N D max.N1; N2/, then (A) and (B) both hold when n � N ,

so j.sn C tn/˙ .s C t/j � jsn � sj C jtn � t j < 2� if n � N D max.N1; N2/. Therefore,

lim
n!1

.sn ˙ tn/ D s ˙ t .

18. The equality holds if s and t are both finite (Exercise 17). Now suppose that s D 1
and t > �1. Then ˛ D infftng is finite and if a is arbitrary there is an integer N such that

sn > a�˛ if n � N . Therefore, snC tn > a if n � N , so limn!1.snC tn/ D 1 D sC t .

Now suppose that s D �1 and t < 1. Then ˇ D supftng is finite and if a is arbitrary,

there is an integer N such that sn < a � ˇ if n � N . Therefore, sn C tn < a if n � N , so

limn!1.sn C tn/ D �1 D s C t .

19. There is an integer N such that jtn � t j < .1 � �/jt j if n � N . (Take � D .1 � �/jt j in

the definition of limit); therefore,

t � .1 � �/jt j < tn < t C .1 � �/jt j; n � N:

If t > 0, the first inequality is equivalent to tn � �t , n � N ; if t < 0, the second inequality

is equivalent to tn � �t , n � N .

20. sn D
�
1C tn

1 � tn

�
s; therefore, sn � s D

�
1C tn

1 � tn
� 1

�
s D 2tns

1 � tn
. Since lim

n!1
tn D 0

there is an integer N1 such that jtnj < 1=2 if n � N1. Then j1 � tnj � 1 � jtnj >
1

2
and

1

j1 � tnj
< 2 if n � N1, so jsn � sj < 4jstnj if n � N1. If � > 0, choose N � N1 so that
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jtnj <
�

4jsj
if n � N . Then jsn � sj < � if n � N .

21. We showed in the text that the equality holds if s and t are both finite, so we consider

only the case where s D ˙1 and t ¤ 0. Our assumptions concerning ftng for sufficiently

large n are justified by Exercise 19 if jt j < 1, or by the definitions of lim
n!1

tn D ˙1 if

jt j D 1.

Suppose that s D 1, t > 0, and 0 < b < t . There is an integer N1 such that sn > 0 and

tn > b if n � N1, so (A) sntn > bsn if n � N1. For arbitrary a there is an integer N � N1
such that sn > a=b, and therefore bsn > a, if n � N . From (A), sntn > a if n � N1, so

lim
n!1

sntn D 1 D st .

Suppose that s D 1, t < 0, and t < b < 0. There is an integer N1 such that sn > 0 and

tn < b if n � N1, so (B) sntn < bsn if n � N1. For arbitrary a there is an integer N � N1
such that sn > a=b, and therefore bsn < a, if n � N . From (B), sntn < a if n � N1, so

lim
n!1

sntn D �1 D st .

Suppose that s D �1, t > 0, and 0 < b < t . There is an integer N1 such that sn < 0 and

tn > b if n � N1, so (C) sntn < bsn if n � N1. For arbitrary a there is an integer N � N1
such that sn < a=b, and therefore bsn < a, if n � N . From (C), sntn < a if n � N1, so

lim
n!1

sntn D �1 D st .

Suppose that s D �1, t < 0, and t < b < 0. There is an integer N1 such that sn < 0 and

tn < b if n � N1, so (D) sntn > bsn if n � N1. For arbitrary a, there is an integerN � N1
such that sn < a=b, and therefore bsn > a, if n � N . From (D), sntn > a if n � N1, so

lim
n!1

sntn D 1 D st .

22. The case where where s and t are both finite is covered in the text. Therefore, we need

only consider the cases where either s or t (but not both) is ˙1, and t ¤ 0. Let � > 0.

Suppose that s is finite and t D ˙1. Since s is finite there is a constant M such that

jsnj � M for all n (Theorem 4.1.4), and there is an integer N such that jtnj > M=� if

n � N , and therefore jsntnj < �, if n � N . Therefore, lim
n!1

sn=tn D 0 D s=t .

Suppose that jsj D 1 and 0 < jt j < 1. Then there is an integer N1 such that 0 <

jtnj < 2jt j and the products fsntng1
nDN1

have the sign of s=t if n � N1. Therefore, sn=tn
is defined and jsn=tnj > jsnj=2jt j if n � N1. If a is an arbitrary real number there is an

integer N � N1 such that jsnj � 2jajjt j, and therefore jsn=tnj > jaj if n � N . Hence,

lim
n!1

sn=tn D s=t .

23. Since fsng is bounded below there is a number ˛ such that sn > ˛ for all n. Since

fsng does not diverge to 1, there is a number ˇ such that sn < ˇ for infinitely many n. If

mk D inffsk; skC1; : : : ; skCr ; : : : g, then ˛ � mk � ˇ, so fmkg is bounded. Since fmkg
is nondecreasing it converges, by Theorem 4.1.6. Let (A) s D lim

k!1
mk . If � > 0, then

mk > s � � for large k, and since sn � mk for n � k, sn > s � � for large n. If there were

an � such that sn < s C � for only finitely many n, there would be an integer K such that

sn � s C � if n � K. However, this implies that mk � s C � if k � K, which contradicts

(A). Therefore, s has the stated properties.
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If t > s, the inequality sn > t � .t � s/=2 D sC .t � s/=2 cannot hold for all large n, since

sn < s C .t � s/=2 for infinitely many n. If t < s, the inequality sn < t C .s � t/=2 D
s � .s � t/=2 cannot hold for infinitely many n, because sn > s � .s � t/=2 for large n.

Therefore, s is the only real number with the stated properties.

25. (a) Since s2m D 1 and s2mC1 D �1, s D 1 and s D �1.

(b) Since s2m D
�
2C 3

2m

�
and s2mC1 D �

�
2C 3

2mC 1

�
, s D 2 and s D �2.

(c) Since s2m D 6mC 1

2m
and s2mC1 D �2mC 2

2mC 1
, s D 3 and s D �1.

(d) Since the numbers 0;
p
3=2, and �

p
3=2 (and only these) appear infinitely many times

in the sequence, s D
p
3=2 and s D �

p
3=2.

26. If 
 > 0, then jsnj > 
=2 for large n. If sn is not sign-constant for large n, then

sn > 
=2 and sm < �
=2 for infinitely many m and n. Therefore, s � �
=2 � 
=2 � s,

and fsng diverges (Theorem 4.1.12).

27. ChooseN so that jsn� smj < � if n, m � N . Then jsnj � jsn� sN j C jsN j < �C jsN j
if n � N .

28. (a) If s D 1, then lim
n!1

sn D 1 (Definition 4.1.10 and therefore lim
n!1

.�sn/ D �1
(Theorem 4.1.8), so lim

n!1
.�sn/ D �1 (Definition 4.1.10). If s < 1 and � > 0, then

sn > s�� for large n and sn < sC� for infinitely many n; hence, �sn < �sC� for large n

and �sn > �s� � for infinitely many n. The uniqueness of lim
n!1

.�sn/ (Theorem 4.1.9(a))

implies the conclusion.

(b) s D lim
n!1

Œ�.�sn/� D � lim
n!1

.�sn/ (by (a)), which yields the conclusion.

29. (a) Obvious if s C t D 1. If s C t D �1, assume without loss of generality that

s D �1 and tn � b < 1 for all n. If ˇ is arbitrary, then sn < ˇ � b, and therefore

sn C tn < ˇ, for large n; hence, lim
n!1

.sn C tn/ D �1. Now suppose that s and t are finite

and � > 0. Then sn < s C �=2 and tn < t C �=2, so (A) sn C tn < s C t C � for large n.

Therefore, lim
n!1

.snCtn/ < 1. By definition, (B) snCtn > ��C lim
j!1

.sjCtj / for infinitely

many n. Since (A) and (B) must both hold for some n, ��C lim
j!1

.sj C tj / < s C t C � if

� > 0. Letting � ! 0C yields the result.

(b) Applying (a) to f�sng and f�tng yields

lim
n!1

Œ�.sn C tn/� � lim
n!1

.�sn/C lim
n!1

.�tn/;

and Exercise 28(a) implies the result.

30. (a)( i). Trivial if st D 1. If st < 1, then (A) sntn < .s C �/.t C �/ for large n, and

(B) sntn > �� C lim
j!1

sj tj for infinitely many n. Since (A) and (B) both hold for some n,

�� C lim
j!1

sj tj < .s C �/.t C �/ for small positive �. This implies (i).

(a)(ii). Obvious if s t D 0. If s D 1, t > � > 0, and ˛ > 0;, then tn > � , sn > ˛=� , and

sntn > ˛ if n is sufficiently large; hence, lim
n!1

sntn D 1. If 0 < � < s, t < 1, then (A)
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sntn > .s � �/.t � �/ for n sufficiently large, and (B) sntn < � C lim
j!1

sj tj for infinitely

many n. Since (A) and (B) both hold for some n, .s � �/.t � �/ < �C lim
j!1

sj tj for small

positive �. This implies (A).

(b) (i)

lim
n!1

sntn D � lim
n!1

.�sn/tn (Exercise 28(a))

� �t lim
n!1

.�sn/ (Exercise 30(a))

D s t (Exercise 28(b)./

(b) (ii)

lim
n!1

sntn D � lim
n!1

.�sn/tn (Exercise 28(b))

� �t lim
n!1

.�sn/ (Exercise 30(b))

D s t (Exercise 28(a))

31. (a)(i) Since s D s (Theorem 4.1.12), lim
n!1

sntn � st (Exercise 30(a)(i)); hence, it

suffices to show that lim
n!1

sntn � st. This is obvious if st D 0. Suppose that st D 1
and ˇ > 0. If 0 < � < t and s D 1, then tn > � and sn > ˇ=� , and therefore

sntn > ˇ, for sufficiently large n; therefore, lim
n!1

sntn D 1. A similar argument applies

if t D 1 and s > 0. Now suppose that 0 < s, t < 1 and 0 < � < s, 0 < � < t .

Then .s � �/.t � �/ < sntn for infinitely many n. Since sntn < � C lim
j!1

sj tj for large

n, .s � �/.t � �/ < � C lim
j!1

sj tj , if � is sufficiently small. This implies the conclusion.

(a)(ii). From 26(a)(ii), it suffices to show that (A) lim
n!1

sntn � st . Obvious if st D 1.

If s and t are finite (obviously � 0), then sntn < .s C �/.t C �/ for infinitely many n and

sntn > ��C lim
j!1

sj tj for sufficiently large n; hence, ��C lim
j!1

sj tj < .s C �/.t C �/ if

� > 0. This implies (A).

(b) Use Exercises 28 and 31(a).

32. Let c1, c2, . . . , ck be the distinct terms in fsng. If k D 1, the conclusion is obvious. If

k > 1 let �0 D min
˚
jci � cj j

ˇ̌
i ¤ j

	
. Since fsng converges, there is an integer N such

that jsn � smj < �0 if n;m � N (Theorem 4.1.13). Therefore, sn must be constant for

n � N .

33. If s1 D s0, then sn D s0 for all n, soe limn!1 sn D s0. Now supppose s1 ¤ s0.

snC1 � sn D sn C sn�1
2

� sn D sn�1 � sn
2

, so jsnC1 � snj D jsn � sn�1j
2

. From this and

induction, jsnC1 � snj D
js1 � s0j
2n

, n � 1. Now, if n > m,

jsn � smj D j.sn � sn�1/C .sn�1 � sn�2/C � � � C .smC1 � sm/j
� jsn � sn�1j C jsn�1 � sn�2j C � � � C jsmC1 � smj

� js1 � s0j
2m

�
1C 1

2
C � � � C 1

2n�m�1

�
<

js1 � s0j
2m�1 ;
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since

1X

kD0
2�k D 2. If � > 0, choose N so that 2N�1 > 1=.js1 � s0j�/. Then jsn� smj < �

if n > m > N .

34. Suppose that s is finite and � > 0. Choose m so that jsn � sj < � if n > m. Then, if

n > m,

jtn � sj D
ˇ̌
ˇ̌ .s1 � s/C .s2 � s/C � � � C .sn � s/

n

ˇ̌
ˇ̌

�
ˇ̌
ˇ̌ .s1 � s/C � � � C .sm � s/

n

ˇ̌
ˇ̌C jsmC1 � sj C � � � C jsn � sj

n

� j.s1 � s/C � � � C .sm � s/j
n

C n �m
n

�:

Since the numerator of the first fraction on the left is is independent of n,e lim
n!1

jtn�sj � �.

Since � can be made arbitrarily small, lim
n!1

jtn � sj D 0; hence, lim
n!1

tn D s.

If s D 1 and b > 0, choose m so that sn > b if n > m. Then, if n > m,

tn �
smC1 C � � � C sn

n
�

js1 C � � � C smj
n

>
n�m
n

b �
js1 C � � � C smj

n
:

Since the numerator of the second fraction on the right is independent of n, lim
n!1

tn � b.

Since b is arbitrary, lim
n!1

tn D 1. If s D �1, apply this result to f�sng.

35. (a) Suppose thatM is an integer > ˛. It suffices to show that

lim
n!1

�
1 � ˛

M

��
1 � ˛

M C 1

�
� � �
�
1 � ˛

n

�
D 0:

Denote the product here by an. Then logan D
nX

kDM
log

�
1 � ˛

k

�
. If 0 < x < 1, then

log.1 � x/ < �x (Theorem 2.5.4), so

logan < �˛
nX

kDM

1

k
< �˛

nX

kDM

Z kC1

k

dx

x
D �˛

Z nC1

M

dx

x
D �˛ log

nC 1

M
I

hence, lim
n!1

logan D �1, so lim
n!1

an D 0.

(b)

ˇ̌
ˇ̌
ˇ

 
q

n

!ˇ̌
ˇ̌
ˇ is of the form in (a), with ˛ D q C 1.

4.2 EARLIER TOPICS REVISITED WITH SEQUENCES

1. If lim
k!1

snk
exists, there is an integer N such that

ˇ̌
sni

� snj

ˇ̌
D
ˇ̌
ˇ̌.�1/ni

�
1C 1

ni

�
� .�1/nj

�
1C 1

nj

�ˇ̌
ˇ̌ < 1
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if i; j � N . This is impossible unless ni and nj have the same parity if i , j � k.

4. If s D 1 and a is arbitrary, there is an integer N such that sn > a if n � N . There is

an integer K such that nk � N if k � K; therefore, snk
> a if k > K, so lim

k!1
snk

D 1.

If s D �1 and a is arbitrary, there is an integer N such that sn < a if n � N . There is an

integer K such that nk � N if k � K; therefore, snk
< a if k > K, so lim

k!1
snk

D �1.

4. If � > 0, there is an integer N such that js � snj < � if n � N . There is an integer K

such that nk � N if k � K. Therefore, if k � K, then js � .�1/ksnk
j <

5. Suppose that jsj > 0. Since lim
n!1

jsnj D jsj, there is an integer N such that jsnj > jsj=2
if n � N (Exercise 4.1.19). Since js � snj D jsj C jsnj if s and sn have the same sign,

js � snj > 3jsj=2 for infinitely many n. This contradicts the definition of lim
n!1

sn D s.

Therefore, s D 0.

6. If fsng is nonincreasing, then fsnk
g is also, so it suffices to show that (A) inffsnk

g D
inffsng and apply Theorem 4.1.6(b). Since the set of terms of fsnk

g is contained in the set

of terms of fsng, (B) inffsng � inffsnk
g. Since fsng is noninceasing, there is for every n

an integer nk > n such that sn � snk
. This implies that inffsng � inffsnk

g. This and (B)

imply the conclusion.

7. (b) Choose n1, n2, . . . , so that n1 < n2 < � � � < nk < � � � and xnk
> k. (If this were

impossible for some k, then fxng would be bounded above.)

(c) Choose n1, n2, . . . , so that n1 < n2 < � � � < nk < � � � and xnk
< �k. (If this were

impossible for some k, then fxng would be bounded below.)

8. Since fsng is bounded, fsng has a convergent subsequence (Theorem 4.2.5)(a). Let s be

the limit of this convergent subsequence. If fsng does not converge to s, there is an �0 > 0

and a subsequence fsnk
g such that (A) jsnk

� sj � �0 k � 1. Since fsnk
g is bounded,

fsnk
g has a convergent subsequence which must also converge to s, by assumption. This

contradicts (A); hence, lim
n!1

sn D s.

For the counterexample, let ftng be any convergent sequence (with lim
n!1

tn D t) and fsng D
ft1; 1; t2; 2; : : : ; tn; n; : : : g, which does not converge. A convergent fsnk

g must be bounded;

hence, there is an integer K such that fsnk
g1
kDK is subsequence of ftng, and therefore

lim
k!1

snk
D t .

9. Let � > 0. If lim
x!x

f .x/ D L, there is a ı > 0 such that jf .x/�Lj < � if 0 < jx�xj < ı.
If fxng is any sequence of points in Nx such that lim

n!1
xn D x, there is an integer N such

that 0 < jxn � xj < ı if n � N . Then jf .xn/� Lj < � if n � N , so lim
n!1

f .xn/ D L.

For sufficiency, suppose that lim
x!x

f .x/ does not exist, or exists and differs from L. Then

there is an �0 > 0 such that, for each integer n, there is an xn inNx that satisfies jf .xn/ �
Lj � �0. Then lim

n!1
xn D x but lim

n!1
f .xn/ either does not exist or exists and differs from

L.

10. Choose fxng in Œa; b� so that f .xn/ � min.˛C1=n; f .xn�1//, n � 2. Then ff .xn/g1
2

is nonincreasing and infff .xn/g1
nD2 D ˛; hence, (A) lim

n!1
f .xn/ D ˛ (Theorem 4.1.6)(b).
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Let fxnk
g be a convergent subsequence of fxng (Theorem 4.2.5(a)). If x D lim

k!1
xnk

, then

lim
k!1

f .xnk
/ D ˛, because of (A) and Theorem 4.2.2. Moreover, x 2 Œa; b� and f is

continuous on Œa; b�, so lim
k!1

f .xnk
/ D f .x/ (Theorem 4.2.6). Hence, f .x/ D ˛.

Now choose fxng in Œa; b� so that f .xn/ � max.ˇ � 1=n; f .xn�1//, n � 2. Then

ff .xn/g1
2 is nondecreasing and supff .xn/g1

nD2 D ˇ; hence, (B) lim
n!1

f .xn/ D ˇ (The-

orem 4.1.6)(a). Let fxnk
g be a convergent subsequence of fxng (Theorem 4.2.5(a)). If

x D lim
k!1

xnk
, then lim

k!1
f .xnk

/ D ˇ, because of (B) and Theorem 4.2.2. Moreover,

x 2 Œa; b� and f is continuous on Œa; b�, so lim
k!1

f .xnk
/ D f .x/ (Theorem 4.2.6). Hence,

f .x/ D ˇ.

11. If f is not uniformly continuous on Œa; b�, then, for some �0 > 0, there are sequences

fxng and fyng in Œa; b� such that jxn � ynj < 1=n and (A) jf .xn/ � f .yn/j � �0. By

Theorem 4.2.6(a), fxng has a subsequence fxnk
g that converges to a limit x in Œa; b�. Since

jxnk
� ynk

j < 1=nk , lim
k!1

ynk
D x also. Then lim

k!1
f .xnk

/ D lim
k!1

f .ynk
/ D f .x/

(Theorem 4.2.6), which contradicts (A).

12. Let fxng and fyng be sequences such that lim
n!1

xn D lim
n!1

yn D x and let lim
n!1

f .xn/ D
L. If f´ng D fx1; y1; x2; y2; x3; y3; : : : g, then lim

n!1
´n D x, so lim

n!1
f .´n/ exists,

by assumption. Since ff .xn/g is a subsequence of ff .´n/g, Theorem 4.2.2 implies that

lim
n!1

f .´n/ D L. Since ff .yn/g is a subsequence of ff .´n/g, lim
n!1

f .yn/ D L. Now

apply Exercise 9.

12. Apply Exercise 12 to g.x/ D f .x/ � f .x/
x � x

.

4.3 INFINITE SERIES OF CONSTANTS

1. Apply Theorem 4.1.2 to the partial sums of the series.

2. Apply Theorem 4.1.8 to the partial sums of the series.

3. (a) IfAn D a1C� � �Can,Bn D b1C� � �Cbn, and ai D bi for i � N , thenAn D BnCC
if n � N , where C is a constant.

(b) If An D a1 C � � � C an, and Bn D b1 C � � � C bn, then Bnk
D Ak . If

1X

1

bn D B ,

then lim
k!1

Ak D lim
k!1

Bnk
D B (Theorem 4.2.2), so

1X

1

an D B . If

1X

1

an D A (finite)

and � > 0, there is an integer K such that jBnk
� Aj D jAk � Aj < � if k � K. Since

Bn D Bnk
if nk � n < nkC1, jBn � Aj < � if n � nK . Therefore,

1X

1

bn D A. A similar

argument applies if A D ˙1.

4. (a) Apply Theorem 4.3.5.
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(b) No;
X 1

n
D 1, but

1

n
C 1

nC 1
C � � � C 1

nC r
<
r C 1

n
! 0 as n ! 1.

5. If � > 0, there is an integer K such that

ˇ̌
ˇ̌
ˇ

mX

k

an

ˇ̌
ˇ̌
ˇ < �=2 ifm � k � K (Theorem 4.3.5).

Therefore, if k � K, lim
m!1

ˇ̌
ˇ̌
ˇ

mX

nDk
an

ˇ̌
ˇ̌
ˇ � �=2. Since

1X

nDk
an converges, this means that

ˇ̌
ˇ̌
ˇ

1X

nDk
an

ˇ̌
ˇ̌
ˇ � �=2 < �.

6. (a)

mX

nDk

1

np
�

mX

nDk

Z n

n�1

dx

xp
<

Z 1

k�1

dx

xp
D 1

p � 1
1

.k � 1/p�1 . Since this holds for all

m � k,

1X

nDk

1

np
<

1

p � 1

1

.k � 1/p�1 .

(b) By writing

.�1/k
mX

nDk

.�1/n
n

D
��
1

k
� 1

k C 1

�
C
�

1

k C 2
� 1

k C 3

�
C � � �

�
> 0

and

.�1/k
mX

nDk

.�1/n
n

D
�
1

k
�
�

1

k C 1
� 1

k C 2

�
�
�

1

k C 3
� 1

k C 4

�
� � �
�
<
1

k
;

we see that

ˇ̌
ˇ̌
ˇ

mX

nDk

.�1/n
n

ˇ̌
ˇ̌
ˇ <

1

k
. Since this holds for all m � k,

ˇ̌
ˇ̌
ˇ

1X

nDk

.�1/n
n

ˇ̌
ˇ̌
ˇ <

1

k
.

7. Use Theorem 4.3.9; note that

1X

nDk
bn D

1X

nDk�1
bnC1.

8. (a) an D
p
n2 � 1

p
n5 C 1

D
n
p
1 � 1=n2

n5=2
p
1C 1=n5

D
1

n3=2

p
1 � 1=n2p
1C 1=n5

. With bn D
1

n3=2
,

lim
n!1

an

bn
D 1; since

X
bn < 1,

X
an < 1.

(b) With an D 1

n2Œ1C 1
2

sin.n�=4/�
and bn D 1

n2
, lim
n!1

an

bn
D 2. Since

X
bn < 1,

X
an < 1.

(c) an D 1 � e�n logn

n
; let bn D 1

n
. Since lim

n!1
an

bn
D 1 and

X 1

n
D 1, lim

n!1
an D 1,

by Corollary 4.3.12

(d) If an D cos
�

n2
, then lim

n!1
an D 1 and

X
an D 1 by Corollary 4.3.6
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(e) an D sin
�

n2
; let bn D 1

n2
. Since lim

n!1
an

bn
D � and

X
bn < 1,

X
an < 1, by

Corollary 4.3.12.

(f) an D 1

n
tan

�

n
; let bn D 1

n2
. Since lim

n!1
an

bn
D � and

X
bn < 1,

X
an < 1, by

Corollary 4.3.12.

(g)
1

n
cot

�

n
; let bn D 1

n
. Since lim

n!1
an

bn
D 1 and

X
bn D 1,

X
an D 1, by Corol-

lary 4.3.12.

(h) an D logn

n2
; let bn D 1

n3=2
. Since lim

n!1
an

bn
D lim

n!1
logn
p
n

D 0 and
X

bn < 1,

X
an < 1, by Theorem 4.3.11(a).

9. If

Z 1
f .x/ dx < 1, there is an M such that

Z n

k

f .x/ dx D
nX

mDk

Z xnC1

xn

f .x/ dx < M; n � k; .A/

(Theorem 3.4.5). Therefore,

1X

nDk

Z nC1

n

f .x/ dx < M , n � k, so the series converges

(Theorem 4.3.8). Conversely, if the series converges, then (A) holds for some M (The-

orem 4.3.8). If T > k, choose an integer N such that N > T . Then (A) implies thatZ T

k

f .x/ dx �
Z N

k

f .x/ dx � M , so

Z 1

k

f .x/ dx < 1 (Theorem 3.4.5).

All three series diverge if p � 0, by Corollary 4.3.6. For p > 0 we consider the associated

improper integrals.

10. (a)

Z 1 x

x2 � 1
dx D 1

2
log.x2 � 1/

ˇ̌
ˇ̌
1

D 1; if p ¤ 1,

Z 1 x

.x2 � 1/p
dx D

1

2

.x2 � 1/�pC1

�p C 1

ˇ̌
ˇ̌
1 �

D 1 if 0 < p < 1;

< 1 if p > 1:
Therefore, the series converge if and only if

p > 1.

(b)

Z 1 x

x2 � 1
dx D 1

3
log.x3C4/

ˇ̌
ˇ̌
1

D 1; ifp ¤ 1,

Z 1 x

.x3 C 4/p
dx D 1

3

.x3 C 4/�pC1

�p C 1

ˇ̌
ˇ̌
1 �

D 1 if 0 < p < 1;

< 1 if p > 1:
Therefore, the series converge if and only if p > 1.

(c) since lim
n!1

sinhn

cosh n
D 1, the series diverges if p D 1, by Corollary 4.3.6; if p ¤

1,

Z 1 sinh x

.cosh x/p
dx D .cosh n/�pC1

�p C 1

ˇ̌
ˇ̌
1 �

D 1 if 0 < p < 1;

< 1 if p > 1:
Therefore, the series

converge if and only if p > 1.

11. Use the integral test.

12. If f D g

g0 , then f 0 D gg00 � .g0/2

g2
< 0. Apply the integral test with f D g0

g
.
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13.

mX

nDNC1

Z nC1

n

dx

xp
<

mX

nDNC1

1

np
<

mX

nDNC1

Z n

n�1

dx

xp
; hence,

Z mC1

NC1

dx

xp
<

mX

nDNC1

1

np
<

Z m

N

dx

xp
. Letting m ! 1 yields

Z 1

NC1

dx

xp
<

1X

nDNC1

1

np
<

Z 1

N

dx

xp
, which implies the

result.

14. (a) (A) f .k C 1/ <

Z kC1

k

f .x/ dx < f .k/. Since

an D f .1/C
n�1X

kD1

"
f .k C 1/�

Z kC1

k

f .x/ dx

#
;

the first inequality in (A) implies that anC1 < an < f .1/. Also,

an D
n�1X

kD1

"
f .k/ �

Z kC1

k

f .x/ dx

#
C f .n/ > 0;

by the second inequality in (A). Therefore, lim
n!1

an D inffang, by Theorem 4.1.6(b). Since

n�1X

kD1

"
f .k/ �

Z kC1

k

f .x/ dx

#
is an increasing function of n, inffang > 0

(b) Take f .x/ D 1=x.

15. (a) an D
2C sinn�

n2 C sin n�
; if bn D

1

n2
, then lim

n!1
an

bn
D lim

n!1
2C sinn�

1C .sinn�/=n2
< 3.

Since
X

bn < 1,
P
an < 1, by Theorem 4.3.11(b).

(b) an D nC 1

n
rn; if bn D rn, then lim

n!1
an

bn
D 1; since

X
bn converges if 0 < p < 1

and diverges if p � 1, the same is true of
X

an, by Corollary 4.3.12.

(c) Since limn!1 e�n� cosh n� D 1

2
the series diverges, by Corollary 4.3.6.

(d) an D nC logn

n2.log n/2
; if bn D 1

n.log n/2
, then lim

n!1
an

bn
D lim

n!1

�
1C logn

n

�
D 1; since

X
bn < 1 by the integral test,

X
an < 1, by Corollary 4.3.12.

(e) an D nC logn

n2 logn
; if bn D 1

n logn
, then lim

n!1
an

bn
D lim

n!1

�
1C logn

n

�
D 1; since

X
bn D 1 by the integral test,

X
an D 1, by Corollary 4.3.12.

(f) an D .1C 1=n/n

2n
; if bn D 1

2n
, then lim

n!1
an

bn
D lim

n!1

�
1C 1

n

�n
D e; since

X
bn <

1,
X

an < 1, by Corollary 4.3.12.

16. The series diverges if q0 D q1 D � � � D qm D 0 (Exercise 13). Suppose that qi D 0 if
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0 � i < j and qj ¤ 0. Let an be the general term of the series and

bn D 1

L0.n/pC1 if j D 0;

bn D
1

L0.n/ : : : Lj�1.n/
�
Lj .n/

�pC1 if 1 � j � m;

where pqj > 0 and 0 < jpj < jqj j. Then
X

bn D 1 if p < 0 and
X

bn < 1 if p > 0

(Exercise 11). From Exercise 2.4.42,

lim
n!1

an

bn
D
�
0 if qj > 0;

1 if qj < 0:

Now use Theorem 4.3.11.

17. (a) an D 2C sin2.n�=4/

3n
; if bn D 1

3n
, then lim

n!1
an

bn
D lim

n!1

�
2C sin2

n�

2

�
D 3.

Since
X

bn < 1,
P
an < 1, by Theorem 4.3.11(a).

(b) an D n.nC 1/

4n
; lim
n!1

anC1
an

D lim
n!1

nC 2

4n
D 1

4
;
X

an < 1 by the ratio test.

(c) an D
3 � sin.n�=2/

n.nC 1/
; if bn D

1

n2
, then lim

n!1
an

bn
D lim

n!1
n

nC 1

�
3 � sin

n�

2

�
D 4.

Since
X

bn < 1,
P
an < 1, by Theorem 4.3.11(a).

(d) an D nC .�1/n
n.nC 1/

1

2n C cos.n�=2/
; if bn D 1

2n
, then lim

n!1
an

bn
D 0. Since

X
bn < 1,

P
an < 1, by Theorem 4.3.11(a).

18. (a) an D nŠ

rn
; lim
n!1

anC1
an

D lim
n!1

nC 1

r
D 1;

X
an D 1, by the ratio test.

(b) an D nprn lim
n!1

anC1
an

D lim
n!1

r

�
1C

1

n

�p
D r ;

X
an converges if 0 < r < 1,

diverges if r D 1, by the ratio test. If r D 1, the series is
X

np , which converges if and

only if p < �1.

(c) an D rn

nŠ
; lim
n!1

anC1
an

D lim
n!1

r

nC 1
;
X

an < 1, by the ratio test.

(d) an D
r2nC1

.2nC 1/Š
; lim
n!1

anC1
an

D lim
n!1

r2

.2nC 2/.2nC 3/
D 0;

X
an < 1, by the

ratio test.

(e) an D r2n

.2n/Š
; lim
n!1

anC1
an

D lim
n!1

r2

.2nC 1/.2nC 2/
D 0;

X
an < 1, by the ratio

test.

19. (a) an D .2n/Š

22n.nŠ/2
;
anC1
an

�1 D 2nC 1

2nC 2
�1 D � 1

2nC 2
; lim
n!1

n

�
anC1
an

� 1
�

D �1
2

;
X

an D 1, by Raabe’s test.
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(b) an D .3n/Š

33nnŠ.nC 1/Š.nC 3/Š
;
anC1
an

�1 D .3nC 2/.3nC 1/

9.nC 2/.n C 4/
�1 D � 5.9nC 4/

9.nC 2/.n C 4/
;

lim
n!1

n

�
anC1
an

� 1
�

D �5;
X

an < 1, by Raabe’s test.

(c) an D 2nnŠ

5 � � � 7 � .2nC 3/
;
anC1
an

�1 D 2.nC 1/

2nC 5
�1 D � 3

2nC 5
; lim
n!1

n

�
anC1
an

� 1

�
D

�3
2

;
X

an < 1, by Raabe’s test.

(d) an D ˛.˛ C 1/ � � � .˛ C n � 1/
ˇ.ˇ C 1/ � � � .ˇ C n� 1/

.˛; ˇ > 0/;
anC1
an

� 1 D ˛ C n

ˇ C n
� 1 D ˛ � ˇ

ˇ C n
;

lim
n!1

n

�
anC1
an

� 1
�

D ˛ � ˇ; convergent if ˛ < ˇ � 1, divergent if ˛ > ˇ � 1. If

˛ D ˇ � 1, then an D ˇ � 1
ˇC n � 1 . If bn D 1

n
, then lim

n!1
an

bn
D 1; since

X
bn D 1,

X
an D 1, by Corollary 4.3.12.

20. (a) an D nn .2C .�1/n/
2n

; a
1=n
n D n

2
.2 C .�1/n/1=n; lim

n!1
a1=nn D 1;

X
an D 1,

by Cauchy’s root test.

(b) an D
�
1C sin 3n�

3

�n
; a

1=n
n D

1C sin 3n�

3
; lim
n!1

a1=nn �
2

3
;
X

an < 1, by

Cauchy’s root test.

(c) an D .nC1/

�
1C sin.n�=6/

3

�n
; a
1=n
n D .nC1/1=n

�
1C sin.n�=6/

3

�
; lim
n!1

a1=nn D
2

3
;
X

an < 1, by Cauchy’s root test.

(d) an D
�
1 � 1

n

�n2

; a
1=n
n D

�
1 � 1

n

�n
; lim
n!1

a1=nn D 1

e
;
X

an < 1, by Cauchy’s root

test.

22. Recall that if a series S1 is obtained by dropping finitely many terms from a series

S , then S and S1 converge or diverge together. Let the given series be S D
kX

nDm
an

where m � k, and let bS D
kX

nDm
janj. Since S converges, so does S1 D

1X

nDk
an. Let

bS1 D
1X

nDm
janj; then bS1 D ˙bS1, so bS1 converges. But bS1 and bS converge or diverge

together, so bS converges.

23. If the assertion were false, there would be an integer N0 and a constant J0 such that
N0CkX

nDN0

an � J0 for all k > 0. But this implies that
X

aj < 1 (Theorem 4.3.8), a

contradiction.



Section 4.3 Infinite Series of Constants 95

24. Suppose that

1X

nDm
janj < 1. Let bn D janj � an; then 0 � bn � 2janj, so

1X

nDm
bn

converges absolutely, by the comparison test. Since an D janj � bn,

1X

nDm
an converges, by

Theorem 4.3.3.

25. (a) an D .�1/n 1

n.log n/2
;
X

janj < 1, by the integral test, since

Z 1 1

x.logx/2
dx <

1.

(b) an D sinn�

2n
;
X

janj < 1, by comparison with
X 1

2n
.

(c) an D .�1/n 1p
n

sin
�

n
; since

ˇ̌
ˇsin

�

n

ˇ̌
ˇ � �

n
,
X

janj < 1, by comparison with

X �

n3=2
.

(d) an D cosn�p
n3 � 1

; if bn D 1

n3=2
, then lim

n!1
janj
bn

� 1. Since
X 1

n3=2
< 1,

X
janj <

1, by Theorem 4.3.11(a).

26. (a) anbn D n sinn�

n2 C .�1/n
, with an D n

n2 C .�1/n
and bn D sinn� . The partial sums

of
P
bn are bounded (shown in text), and

anC1 � an D nC 1

.nC 1/2 C .�1/nC1 � n

n2 C .�1/n

D .�1/n.2nC 1/ � n.nC 1/

..nC 1/2 C .�1/nC1/.n2 C .�1/n/
:

Therefore, lim
n!1

n2janC1 � anj D 1. Since
X 1

n2
< 1,

X
janC1 � anj < 1, by

Theorem 4.3.11(a). Now apply Dirichlet’s test.

(b) anbn D cos n�

n
with an D 1

n
and bn D cosn� . To be specific, consider

1X

nD1

cosn�

n
.

Since cos r� D
sin
�
r � 1

2

�
� � sin

�
r C 1

2

�
�

2 sin.�=2/
(� ¤ 2k� ),

Bn D
.sin 3

2
� � sin 5

2
�/C .sin 5

2
� � sin 7

2
�/C � � � C

�
sin
�
n� 1

2

�
� � sin.nC 1

2
/�
�

2 sin.�=2/

D
sin 3

2
� � sin.nC 1

2
/�

2 sin.�=2/
;

which implies that jBnj �
ˇ̌
ˇ̌ 1

sin.�=2/

ˇ̌
ˇ̌, n � 2. Since janC1 � anj D

1

n.nC 1/
<

1

n2
and

P 1

n2
< 1, the conclusion follows from Dirichlet’s theorem.
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27. (a) an D 1p
n

is decreasing with n and jBnj � 2 for all n. Abel’s test implies

convergence. Since
X 1p

n
D 1, the convergence is conditional.

(b) an D
1

n
is decreasing with n and fjBnjg is bounded (shown in text). Abel’s test implies

convergence. Now consider the series S D
1X

nD1

1

n

ˇ̌
ˇsin

n�

6

ˇ̌
ˇ. Since

6.mC1/X

6mC1

1

n

ˇ̌
ˇsin

n�

6

ˇ̌
ˇ >

5

6.mC 1/

ˇ̌
ˇsin

�

6

ˇ̌
ˇ for every m and

X 1

m
D 1, S D 1, by Theorem 4.3.8. Hence,

X 1

n
sin

n�

6
converges conditionally.

Since (c)

ˇ̌
ˇ̌ 1
n2

cos
n�

6

ˇ̌
ˇ̌ � 1

n2
and

X 1

n2
< 1, the given series converges absolutely.

(d) If an D 1 � 3 � 5 � � � .2nC 1/

4 � 6 � 8 � � � .2nC 4/
, then

anC1
an

� 1 D � 3

2nC 6
; lim
n!1

�
anC1
an

� 1
�

D

�3
2

, so
X

an < 1 by Raabe’s test, and the given series converges absolutely, by the

comparison test.

28. Let g.n/ D a0 C � � � C akn
k

b0 C � � � C bsns
, with ak; bs ¤ 0. Then

lim
n!1

jg.n/rn j1=n D jr j lim
n!1

jg.n/j1=n D jr jI

hence, the series converges absolutely if jr j < 1 (Theorem 4.3.17). If jr j > 1, then

lim
n!1

jg.n/rn j D 1, so the series diverges (Corollary 4.3.6). If jr j D 1, Theorem 4.3.11

implies absolute convergence if and only if s � kC 2, since lim
n!1

jg.n/jns�k D
ˇ̌
ˇ̌ak
bs

ˇ̌
ˇ̌. The

series does not converge conditionally if r D 1, since its terms have the same sign for large

n (Exercise 22); if r D �1, the series converges conditionally if and only if s D k C 1

(Corollary 4.3.22).

29. Since .an ˙ bn/
2 � 0, ˙2anb2 � a2n C b2n, so janbnj � .a2n C b2n/=2. Apply the

comparison test.

30. (a) If
X

janj < 1, then janj < 1, and so a2n < janj for large n, and the comparison

test implies that
X

a2n < 1.

31. Let Bn D
nX

jD1
bj , sn D

nX

jD1
aj bj , and tn D

nX

jD1
.aj � ajC1/Bj ; then (A) sn D

tn�1CanBn � tn�1 for n sufficiently large. From Theorem 4.3.11(b), lim
n!1

tn D 1, since

lim
j!1

.aj � ajC1/Bj

.aj � ajC1/wj
D lim

j!1

Bj

wj
> 0. Now (A) implies that lim

n!1
sn D 1.

32. (a) If j sinm� j � sin �, then jm� � j� j � � for some integer j , and j� C � <
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.mC 1/� < .j C 1/� � � if 0 < 2� < � < � � 2�; hence, j sin.mC 1/� j > sin �.

(b) The series converges (Example 4.3.22). To see that it does not converge absolutely,

assume without loss of generality that 0 < 2� < � < � � 2� and use Exercise 31, with

an D n�p , bn D j sinn� j, and wn D n. From (a), lim
n!1

Bn

n
> 0. Also, an � anC1e �

p.nC 1/�p�1 , so
X

n.an � anC1/ D 1.

33. Insert parentheses:

1X

nD1

.�1/nC1

n
D

1X

mD1

�
1

2m� 1
� 1

2m

�
.

34. Insert parentheses:

1X

nD1

bn

n
D

1X

mD0

�
1

3mC 1
� 2

3mC 1
C 1

3mC 3

�
.

35. Their partial sums are the same for sufficiently large n.

36. In all parts we use the notation introduced in the proof for finite � and �, and m0 D
n0 D 0.

(a) Suppose that k � 1. Let mk be an integer such that

mk > mk�1 and

mkX

iD1
˛i �

nk�1X

jD1
ˇj � �C k: .A/

Let nk be the smallest integer such that

nk > nk�1 and

mkX

iD1
˛i �

nkX

jD1
ˇj � �: .B/

Then (A) implies that lim
n!1

Bn D 1. Since nk is the smallest integer for which (B) holds,

� � ˇnk
< BmkCnk

� �; k � 2: .C/

Since bn < 0 if mk C nk�1 < n � mk C nk ,

BmkCnk
� Bn � BmkCnk�1

; mk C nk�1 � n � mk C nk: .D/

Since bn > 0 if mk C nk < n � mkC1 C nk ,

BmkCnk
� Bn � BmkC1Cnk

; mk C nk � n � mkC1 C nk: .E/

From the first inequalities in (C), (D), and (E),

Bn � � � ˇnk
; mk C nk�1 � n � mkC1 C nk : .F/

From the second inequality in (C), Bn � � for infinitely many values of n. However, since

limj!1 ˇj D 0, (F) implies that if � > 0, then Bn < � � � for only finitely many values

of n. Therefore, lim
n!1

Bn D �.
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(b) Suppose that k � 1. Letmk be an integer such thatmk > mk�1 and

mkX

iD1
˛i�

nk�1X

jD1
ˇj >

k. Then lim
n!1

Bn D 1. Let nk be an integer such that nk > nk�1 and

mkX

iD1
˛i �

nkX

jD1
ˇj <

�k. Then lim
n!1

Bn D �1.

(c) Suppose that k � 1. Letmk be an integer such thatmk > mk�1 and

mkX

iD1
˛i �

nk�1X

jD1
ˇj >

k. Let nk D k. Then BmkCnk�1
> k and BmkCnk

> k � ˇk . Since lim
k!1

ˇk D 0,

lim
n!1

Bn D 1,

37. It must have infinitely many nonnegative terms fai g and infinitely many negative terms

f�ˇj g such that
X

˛i D
X

ˇj D 1 and lim
i!1

˛i D lim
j!1

ˇj D 0.

38. The series of positive terms must diverge to 1 and the series of nonpositive terms must

converge.

39. Let an D f .n/.0/

nŠ
and bn D g.n/.0/

nŠ
; then

cn D
nX

rD0
arbn�r D

nX

rD0

f .r/.0/

rŠ

g.n�r/.0/

.n � r/Š
D 1

nŠ

nX

rD0

 
n

r

!
f .r/.0/g.n�r/.0/ D h.n/.0/

nŠ
;

from Exercise 2.3.12.

40. Let K D
P1
rD0 jar j.

jCn �AnBnj D jC �AnB C An.B � Bn/j � jC � AnBnj C jAnjjB � Bnj
� jC �AnBj CKjB � Bnj:

Given � > 0, choose N1 so that jB � Bnj < � if n � N1. Then

jCn � AnBnj < jC �AnBj CK�; n � N1: .A/

cn D
rX

mD0

 
mX

rD0
arbm�r

!
D

nX

rD0
ar

nX

mDr
bm�r D

nX

rD0
arBn�r I

therefore,

Cn �AnB D
nX

rD0
ar.Bn�r � B/: .B/

Choose N2 � N1 so that

nX

rDN2

jar j < � if n � N2 (Theorem 4.3.5). Since fBng converges,

fBng is bounded. Let M be a constant such that jBnj C jBj � M for n � 0. From (B),

jCn �AnBj �
N2�1X

rD0
jar jjBn�r � Bj CM�; n � N2: .C/
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ChooseN3 � N2 so that jBj �Bj < � if j > N3�N2C1. If n � N3 and 0 � r � N2�1,

then n� r > N3 �N2 C 1, (C) implies that

jCn �AnBj < �
 
M C

N2�1X

rD0
jar j

!
� .M CK�/:

This and (A) imply jCn � AnBnj < .M C 2K/�, n � N3. Therefore, lim
n!1

Cn D
lim
n!1

AnBn D AB

41. Denote ˛n D
1

n

n�1X

r;sD0
arCs; then

˛n D 1

n

n�1X

rD0
.r C 1/ar C 1

n

2n�2X

rDn
.2n� r � 1/ar <

1

n

n�1X

rD0
.r C 1/ar C

1X

rDn
ar :

If � > 0, choose N so that

1X

rDn
ar < � if n � N (Corollary 4.3.7). Then

˛n <
1

n

N�1X

rD0
.r C 1/ar C 2�; n > N:

Now choose N1 � N so that

1

n

N�1X

rD0
.r C 1/ar < �; n > N1:

Then ˛n < 3� if n > N1, so lim
n!1

˛n D 0.

Denote ˇn D 1

n

n�1X

r;sD0
ar�s .

ˇn D a0 C 2

n

n�1X

rD1
.n � r/ar D a0 C 2

n�1X

rD1
ar � 2

n

n�1X

rD1
rar D 2A� a0 � 2
n;

where 
n D
1X

rDn
ar C 1

n

n�1X

rD1
rar . If � > 0, choose N so that

1X

rDn
ar < � if n � N . Then

1

n

n�1X

rD1
rar <

1

n

N�1X

rD1
rarC�, n > N . Now chooseN1 � N so that

1

n

NX

rD1
rar < �, n > N1.

Then 
n < 3� if n � N1, so lim
n!1


n D 0 and lim
n!1

ˇn D 2A� ˛0.
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42. Since (A) ja.i/j j � �j , i; j � 1, and aj D lim
i!1

a
.i/
j , it follows that jaj j � �j ,

j � 1. Since
X

�j < 1, (A), (B) and the comparison test imply that

1X

jD1
ja.i/j j < 1 and

1X

jD1
jaj j < 1. If N � 1, then

ˇ̌
ˇ̌
ˇ̌

1X

jD1
a
.i/
j �

1X

jD1
aj

ˇ̌
ˇ̌
ˇ̌ �

NX

jD1
ja.i/j � aj j C

1X

jDNC1
ja.i/j j C

1X

jDNC1
jaj j

�
NX

jD1
ja.i/j � aj j C 2

1X

jDNC1
�j :

.A/

Given � > 0, choose N so that

1X

jDNC1
�j < �. Having fixed N , choose I so that ja.i/j �

aj j < �

N
, for 1 � j � N if i � I . Then (A) implies that

ˇ̌
ˇ̌
ˇ̌

1X

jD1
a
.i/
j �

1X

jD1
aj

ˇ̌
ˇ̌
ˇ̌ < 3� if

i � I , which completes the proof.

4.4 SEQUENCES AND SERIES OF FUNCTIONS

1. (a) If jxj > 1, then fFn.x/g diverges. If jxj < 1 then lim
n!1

Fn.x/ D .1�x2/ lim
n!1

xn D
0. Since Fn.1/ D Fn.�1/ D 0 for all n, lim

n!1
Fn.x/ D 0 if jxj � 1.

(b) If jxj > 1, then fFn.x/g diverges. If jxj < 1 then lim
n!1

Fn.x/ D .1 � x2/ lim
n!1

nxn D
0. Since Fn.1/ D Fn.�1/ D 0 for all n, lim

n!1
Fn.x/ D 0 if jxj � 1.

(c) If jxj > 1, then fFn.x/g diverges. If jxj < 1 then

lim
n!1

Fn.x/ D
�

lim
n!1

xn
��

lim
n!1

.1 � xn/
�

D 0 � 1 D 0:

Since Fn.1/ D 0 for all n, lim
n!1

Fn.1/ D 0. Since Fn.�1/ D 0 if n is even and Fn.�1/ D
�2 if n is odd, fFn.�1/g diverges. Therefore, lim

n!1
Fn.x/ D 1, �1 < x � 1.

(d) By the mean value theorem, Fn.x/ D sin x C x

n
cos �.x; n/ where �.x; n/ is between

x and x C x

n
. Therefore, jFn.x/ � sinxj � jxj

n
! 0 as n ! 1, so lim

n!1
Fn.x/ D sin x,

�1 < x < 1.

(e) Fn.�1/ D 0 if n is odd and Fn.�1/ D 1 if n is even; hence, fFn.�1/g diverges.

Since Fn.1/ D 1 for all n, lim
n!1

Fn.1/ D 1. Since lim
n!1

xn D lim
n!1

x2n D 0 if jxj < 1,
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lim
n!1

Fn.x/ D 0 if jxj < 1. If jxj > 1, then

lim
n!1

Fn.x/ D
�

lim
n!1

1C xn

x2n

��
lim
n!1

1

1C 1=x2n

�
D 0 � 1 D 0:

Therefore, lim
n!1

Fn.x/ D
�
1; �1 < x � 1;

0; jxj > 1:

(f) From Taylor’s theorem, sin
x

n
D x

n
� cos �.x; n/

x3

6n3
where �.x; n/ is between zero

and
x

n
. Therefore, jFn.x/ � xj �

x2

6n2
, so lim

n!1
Fn.x/ D x, �1 < x < 1.

(g) From Taylor’s theorem, 1 � cos
x

n
D x2

n2
� cos �.x; n/

x4

24n4
where �.x; n/ is between

zero and
x

n
. Therefore, jFn.x/ � x2j � x4

24n2
, so lim

n!1
Fn.x/ D x2, �1 < x < 1.

(h) SinceFn.0/ D 0 for all n, lim
n!1

Fn.0/ D 0. If x ¤ 0, then lim
n!1

Fn.x/ D x lim
n!1

n

enx
2

D
x � 0 D 0. Hence, F.x/ D 0, �1 < x < 1.

(i) Fn.x/ D
x2 C 2nx C n2

x2 C n2
D 1 C

2nx

x2 C n2
, so jFn.x/ � 1j D

2njxj
x2 C n2

�
2jxj
n

;

therefore, lim
n!1

Fn.x/ D 1, �1 < x < 1.

2. If x2 > x1, then Fn.x2/ � Fn.x1/ � 0 for all n; therefore, F.x2/ � F.x1/ D
limn!1.Fn.x2/ � Fn.x1// � 0 (Exercise 4.1.1).

3. Fn.x/ D 1 for only finitely many (say k) values of x in Œa; b�, and is zero otherwise;

hence, if � is a Riemann sum of f over a partition P of Œa; b�, then j� j � kkP k; hence,R b
a Fn.x/ dx D 0. F is not integrable on Œa; b�, from Example 3.1.5 and Theorem 3.2.2

4. If x 2 S , j.g C h/.x/j � jg.x/j C jh.x/j � kgkS C khkS ; hence, (A) kg C hkS �
kgkS C khks. Also, j.gh/.x/j D jg.x/j jh.x/j � kgkSkhkS , so kghkS � kgkSkhkS .

Now suppose that either g or h is bounded on S . Replacing g by g � h in (A) yields

kgk � kg � hk C khk, so (B) kg � hk � kgk � khk. Interchanging g and h here

yields kh � gk � khk � kgk, which is equivalent to (C) kg � hk � khk � kgk, since

kh� gk D kg � hk. Since

ˇ̌
kgk � khk

ˇ̌
D
(

kgk � khk if kgk > khk;

khk � kgk if khk > kgk;

(B) and (C) imply that kg � hk �
ˇ̌
kgk � khk

ˇ̌
.

5. (a) jF.x/j � jxjn; since lim
n!1

xn D 0 if jxj < 1, F.x/ D 0. If Sc is a closed subset of

.�1; 1/, then Sc � Œ�r; r � for some r with 0 < r < 1, so jFn.x/ � F.x/j � rn if x 2 Sc .

Therefore, kFn � F kSc � rn, so lim
n!1

kFn � F k D 0 and the convergence is uniform on

Sc . To show that the convergence is not uniform on S , choose � so that (A) 0 < � < e�� .

By L’Hospital’s rule, lim
x!0

1 � �x
x

D � log�, so limn!1 n.1 � �1=n/ D � log� > �
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from (A). Therfore the interval .�1=n; 1/ has length >
�

2n
for n sufficiently large. Hence,

j sinnxnj D 1 for some xn in .�1=n; 1/ and jFn.xn/j � �. Hence, kFn�F kS � � for large

n, and the convergence is not uniform on S .

(b) F.x/ D 1 if jxj < 1; F.x/ D 0 if jxj > 1. Hence, (A) jFn.x/ � F.x/j D x2n

1C x2n
if

jxj < 1 and (B) jFn.x/ � F.x/j D 1

1C x2n
if jxj > 1. From (A), jFn.x/ � F.x/j � r2n

if jxj � r < 1; from (B), jFn.x/ � F.x/j � R�2n if jxj � R > 1. This implies uniform

convergence on closed subsets of S . Letting x ! 1� in (A) or x ! 1C in (B) yields

kFn � F kS D 1

2
for every n, so the convergence is not uniform on S .

(c) Fn.x/ D
sinx

x C 1=n2
, so F.x/ D

sinx

x
. Therefore, (A) jF.x/�Fn.x/j D

ˇ̌
ˇ̌ sin x

x.1C n2x/

ˇ̌
ˇ̌.

Since

ˇ̌
ˇ̌sin x

x

ˇ̌
ˇ̌ < 1 (Exercise 2.3.19), (A) implies that jF.x/�Fn.x/j <

1

n2r
if jxj � r > 0,

so the convergence is uniform on Œr;1/ for every r > 0; however, letting x ! 0C in (A)

shows that kFn � F kS D 1 for every n, so the convergence is not uniform on S .

6. (a) If S1 � S , then kF � FnkS1
� kF � FnkS . Since lim

n!1
kF � FnkS D 0,

lim
n!1

kF � FnkS1
D 0.

(b) If kF�FnkSi
� � for n � Ni and S D [m

kD1Sk , then kF�FnkS � max
˚
kF � FnkSi

ˇ̌
1 � i � m

	
<

� if n � N D max.N1; : : : ; NM /.

(c) Let Fn.x/ D xn and Sk D
�

�
k

k C 1
;

k

k C 1

�
, k D 1, 2, . . . . Then kFnkSk

D
�

k

k C 1

�n
! 0 as n ! 1, so fFng converges uniformly to zero on each Sk . However

1[

kD1
Sk D .�1; 1/ and kFnk.�1;1/ D 1 for every n.

7. (a) From Exercise 1(a), F.x/ D 0 on S D Œ�1; 1�. Since F 0
n.x/ � F 0.x/ D xn�1.n �

.nC 2/x2/, Fn.x/ � F.x/ assumes its maximum value in Œ�1; 1� at x D ˙
�

n

nC 2

�1=2
.

Therefore, kFn � F kŒ�1;1� D 2

nC 2

�
n

nC 2

�n=2
! 0 as n ! 1, so the convergence is

uniform on Œ�1; 1�.
(b) From Exercise 1(b), F.x/ D 0 on S D Œ�1; 1�. Since F 0

n.x/ � F 0.x/ D nxn�1.n �

.nC 2/x2/, Fn.x/ � F.x/ assumes its maximum value in Œ�1; 1� at x D ˙
�

n

nC 2

�1=2
.

Therefore, jFn.x/ � F.x/j � nrn if jxj � r , but

kFn � F kS D 2

�
n

nC 2

�.nC2/=2
! 2

e
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as n ! 1. Hence, the convergence is uniform on Œ�r; r �[ f1g [ f�1g if 0 < r < 1, but

not on S D Œ�1; 1�.
(c) From Exercise 1(c), F.x/ D 0 on S D .�1; 1�. jFn.x/ � F.x/j � 2rn if jxj � r , so

the convergence is uniform on Œ�r; r � if 0 < r < 1. Since Fn.2
�1=n/ � F.2�1=n/ D 1

4
and kF2mC1 � F kŒ�1;r� � 2, it is not uniform on Œr; 1� or Œ�1;�r� for any r . Since

Fn.1/�F.0/ D 0 for all n, the convergence is uniform on Œ�r; r �[ f1g for all r in .0; 1/.e

(d) From Exercise 1(d), F.x/ D sinx and jFn.x/ � F.x/j � jxj
n

, �1 < x < 1;

therefore, kFn � F kŒ�r;r � � jr j
n

, so the convergence is uniform on any bounded set. It is

not uniform on .�1;1/ since, for example,

ˇ̌
ˇFn

�
˙n�

2

�
� F

�
˙n�

2

�ˇ̌
ˇ D 1.

(e) From Exercise 1(a), F.x/ D
�
1 ;�1 < x � 1;

0 ; jxj > 1:

jFn.x/ � F.x/j D xn.1 � xn/
1C x2n

� 2rn

if jxj � r < 1 and jFn.x/ � F.x/j D
ˇ̌
ˇ̌ 1C xn

1C x2n

ˇ̌
ˇ̌ � 2rn if jxj � 1

r
, the convergence

is uniform on Œ�r; r � [ .�1;�1=r� [ Œ1=r;1/, 0 < r < 1. Since lim
x!�1C

jF2mC1.x/ �
F.x/j D 1 and lim

x!1C
jFn.x/ � F.x/j D 1, the convergence is not uniform on any set for

which 1 or �1 is a limit point.

(f) From Exercise 1(f), F.x/ D x and jFn.x/�F.x/j � jxj3
6n2

, �1 < x < 1; therefore,

kFn�F kŒ�r;r � � jr j3
n

, so the convergence is uniform on any bounded set. Since jFn.n�/�
F.n�/j D n� , it is not uniform on .�1;1/.

(g) From Exercise 1(g), F.x/ D x2 and jFn.x/ � F.x/j � x4

24n2
, �1 < x < 1;

therefore, kFn � F kŒ�r;r � � jr j4
24n2

, so the convergence is uniform on any bounded set.

Since jFn.2n�/� F.2n�/j D 2n2�2, the convergence is not uniform on .�1;1/.

(h) From Exercise 1(h), F.x/ D 0, �1 < x < 1. Since F 0
n.x/ � F 0.x/ D ne�nx2

.1 �
2nx2/, jFn.x/ � F.x/j D njxje�nx2

is a decreasing function of jxj if jxj > .2n/�1=2.

Therefore, jFn.x/ � F.x/j � nre�nr2
if jxj � r and n > 1=2r2, so the convergence

is uniform on .�1; r � [ Œr;1/ if r > 0. Since jFn.x/ � F.x/j D
p
n=2 e�1=2 when

jxj D .2n/�1=2, the convergence is not uniform on .�1;1/.

(i) From Exercise 1(i), F.x/ D 1, �1 < x < 1. jFn.x/ � 1j D j2xnj
x2 C n2

� 2r

n
if

jxj � r , so the convergence is uniform on Œ�r; r �. Since Fn.n/ � 1 D 1, it is not uniform

on .�1;1/.

8. The Heine-Borel theorem implies that Œa; b� � [miD1Ixi
for some x1, x2, . . . , xm. Use
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Exercise 6(b).

9. Suppose first that Fn is bounded on S if n � N . Then jkFnkS � kF kS j � kFn � F kS ,

n � N (Lemma 4.4.2), and lim
n!1

kFnk D kF k because lim
n!1

kFn � F kS=0 Now suppose

that there are infinitely many integers n1 < n2 < � � � < nk < � � � such that kFnk
kS D 1.

Since fFng converges uniformly on S , Theorem 4.4.6 implies that kFnkS D 1 for all

sufficently large n. Therefore, kF kS D 1.

10. Since fFng converges uniformly to F on S , there is an N1 such that kFn � F kS < 1

if n � N1. Suppose that F is bounded on S and n � N1. Then kFnkS D kF C
.Fn � F /kS � kF kS C kFn � F kS < kF kS C 1, so limn!1 kFnkS � kF kS C 1.

Suppose that lim
n!1

kFnkS < 1. Then there is an integer N2 and a number M such that

kFnkS < M if n � N2. Now choose n � max.N1; N2/. Then kF kS D kFnC.F�Fn/k �
kFnk C kF � Fnk < M C 1; that is, F is bounded on S .

11. Given � > 0 there are integers N1 and N2 such that kFn � F kS < � if n � N1 and

kGn�GkS < � if n � N2. Therefore, k.Fn CGn/� .F CG/kS � kFn �F kS C kGn�
GkS < 2� if n � max.N1; N2/.

12. (a) Given � > 0 there are integers N1 and N2 such that kFn � F kS < � if n � N1 and

kGn � GkS < � if n � N2. Therefore, kFnGn � FGkS D k.FnGn � FnG/ C .FnG �
FG/kS � kFnkSkGn � GkS C kGkSkFn � F kS . From Exercise 9, there is an integer

N3 and a constant M such that kFnkS < M if n � N3. If n � max.N1; N2; N3/, then

kFnGn � FGkS < .M C kGkS/�.
13. (a) jLn � Lmj � jLn � Fn.x/j C jFn.x/ � Fm.x/j C jFm.x/ � Lmj. If � > 0,

choose N so that kFn � Fmk.a;b/ < � if n;m � N (Theorem 4.4.6); then jLn � Lmj <
jLn � F.x/j C jFm.x/ � Lmj C �. Holding n and m fixed and letting x ! x0 shows that

jLn � Lmj � � if n;m � N . Hence, limn!1 Ln D L exists (finite), by Theorem 4.1.13.

Now choose n so that jL �Lnj < � and kFn � F k.a;b/ < �; then

jF.x/ �Lj � jF.x/ � Fn.x/j C jFn.x/ �Lnj C jLn �Lj
� jFn.x/ �Lnj C 2�:

For this fixed n there is a ı > 0 such that jFn.x/�Ln j < � if 0 < jx�x0j < ı. Therefore,

jF.x/ � Lj < 3� if 0 < jx � x0j < ı; hence, limx!x0
F.x/ D L.

14. (a) Fn.x/ D n

x
sin

x

n
. From Taylor’s theorem, sin

x

n
D x

n
� cos �.x; n/

x3

6n3
where

�.x; n/ is between zero and
x

n
. Therefore, jFn.x/�1j � jxj

6n2
, so kFn�1kŒ1;4� � 2

3n2
! 0

as n ! 1. Therefore, lim
n!1

Z 4

1

Fn.x/ dx D
Z 4

1

1 dx D 3, by Theorem 4.4.9.

(b) Fn.x/ D 1

1C x2n
; fFng converges to F.x/ D

8
<
:
1; 0 � x < 1;
1
2
; x D 1;

0; 1 < x < 2:

Since kFnkŒ0;2� D

1 for n � 1 and F is integrable on Œ0; 2�, lim
n!1

Z 2

0

Fn.x/ dx D
Z 2

0

F.x/ dx D 1, by

Theorem 4.4.10.
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(c)

Z 1

0

nxe�nx2

dx D �1
2
e�nx2

ˇ̌
ˇ̌
1

0

D 1 � e�n

2
! 1

2
as n ! 1.

(d) Fn.x/ D
�
1C x

n

�n
; since lim

n!1
Fn.x/ D ex and kFnkŒ0;1� D

�
1C 1

n

�n
! e as

n ! 1, lim
n!1

Z 1

0

Fn.x/ dx D
Z 1

0

ex dx D e � 1, by Theorem 4.4.10.

15.

ˇ̌
ˇ̌
ˇ

Z b

a

Fn.x/ dx �
Z b

a

Fm.x/ dx

ˇ̌
ˇ̌
ˇ � .b � a/kFn � FmkŒa;b�. Suppose that � > 0. Since

fFng converges uniformly on Œa; b� there is an integer N such that kFn � Fmk < �

b � a if

m; n � N (Theorem 4.4.2). Therefore,

ˇ̌
ˇ̌
ˇ

Z b

a

Fn.x/ dx �
Z b

a

Fm.x/ dx

ˇ̌
ˇ̌
ˇ < � if m; n � N ,

so lim
n!1

Z b

a

Fn.x/ dx exists (Theorem 4.1.13).

16. F and F1, F2, . . . are nondecreasing (Exercise 2), so integrable (Theorem 3.2.9) on

Œa; b�. Now use Theorem 4.4.9.

17. (a) On Œ�r=.1Cr/; r=.1�r/� if 0 < r < 1; see Example 4.4.12 and letMn D n�1=2rn.

Therefore, Weierstrass’s test implies that the series converges uniformly on compact sub-

sets of .�1=2;1/.

(b) On Œ�1=2;1/; see Example 4.4.12, set r D 1, and letMn D n�3=2.

(c) Since
X

nrn < 1 if and only if jr j < 1, on any set S for which kx.1�x/kS � r < 1.

Since x.1 � x/ � 1=4 for all x, solving x.1 � x/ D �1 shows that S must be a closed

subset of

 
1 �

p
5

2
;
1C

p
5

2

!
.

(d) On .�1;1/; take Mn D 1=n2.

(e) On Œr;1/ with r > 1; takeMn D n�r .

(f) Since
X

rn < 1 if and only if jr j < 1, on any set S such that k.1�x2/=.1Cx2/kS �
r < 1. Every x in such a set satisfies Œ.1 � r/=.1C r/�1=2 � jxj � Œ.1 C r/=.1 � r/�1=2.

Compact subsets of .�1; 0/[ .0;1/ have this property.

18. From Theorem 4.4.15 withMn D janj, the two series converge uniformly on .�1;1/.

Theorem 4.4.18 implies that the sums are continuous on .�1;1/.

20. (b) Suppose that � > 0. Since
X

jfnj converges uniformly on S , there is an integerN

such that kjfnj C jfnC1j C � � � C jfmjkS < � if m � n � N (Theorem 4.3.5). Therefore,

kfnCfnC1 C � � � CfmkS � kjfnk C jfnC1j C � � � C jfmjkS < � ifm � n � N , so
X

fn

converges uniformly on S , by Theorem 4.4.13

21. Suppose that � > 0. Since
X

Mn < 1, there is an integerN such thatMnCMnC1C
� � � C Mm < � if m � n � N (Theorem 4.3.5). Then kjfnj C jfnC1j C � � � C jfmjkS �
kfnkS C kfnC1kS C � � � C kfmks � Mn C MnC1 C � � � C Mm < � if m � n � N , so
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X
jfnj converges uniformly on S , by Theorem 4.4.13.

22. If fnC1.x/ � fn.x/, then

NX

jDk
jfnC1.x/ � fn.x/j D

NX

jDk
.fn.x/ � fnC1.x// D

fk.x/ � fNC1.x/, so









NX

jDk
jfnC1 � fnj � fk








S

� kfNC1kS ! 0 as N ! 1. Now

apply Theorem 4.4.16.

23. Apply Theorem 4.4.7 to the partial sums Fn D
nX

mDk
fm.x/.

24. Let 0 < ı <
�

2
and let Im.ı/ D Œ2m� C ı; 2.mC 1/� � ı�, where m is an integer.

From arguments like that in Example 4.3.21, the sequences fj sinx C � � � C sinnxjg and

fj cos x C � � � C cosnxjg are bounded on Im.ı/. Therefore, Corollary 4.4.17 with fn D an

implies that
X

an cosn� and
X

an sin n� converge uniformly on Im.ı/. Their sums

are continuous functions of x on Im (Theorem 4.4.7). If 2m� < x < 2.m C 1/� , then

x 2 Im.ı/ if ı is sufficiently small. Therfore the two sums are continuous at x.

26. Suppose that

1X

nDl
fn converges pointwise to F and each fn is integrable on Œa; b�. Then:

(a) If the convergence is uniform, then F is integrable on Œa; b�, and (A)

Z b

a

F.x/ dx D
1X

nDk

Z b

a

fn.x/ dx.

(b) If the sequence

8
<
:








nX

mDk
fm







Œa;b�

9
=
;

1

nDk

is bounded and F is integrable on Œa; b�, then

(A) holds.

27. Theorem 4.4.19 justifies term by term integration in both parts.

(a) e�t2 D
1X

nD0
.�1/n t

2n

nŠ
;

Z x

0

e�t2 dt D
Z x

0

 1X

nD0
.�1/n t

2n

nŠ

!
dt D

1X

nD0
.�1/n

Z x

0

t2n

nŠ
dt D

1X

nD0
.�1/n x2nC1

.2nC 1/nŠ
.

(b)
sin t

t
D

1X

nD0
.�1/n t2n

.2nC 1/Š
;

Z x

0

sin t

t
dt D

Z x

0

 1X

nD0
.�1/n t2n

.2nC 1/Š

!
dt D

1X

nD0
.�1/n

Z x

0

t2n

.2nC 1/Š
dt D

1X

nD0
.�1/n x2nC1

.2nC 1/.2nC 1/Š
.



Section 4.5 Power Series 107

28. Apply Theorem 4.4.11 to the partial sums Fn D
nX

mDk
fm.x/.

29. The series converges for x D 0 and the series obtained by differentiating it termwise

converges uniformly on finite intervals (Example 4.4.17). Use Theorem 4.4.20.

30. The given series and those obtained by differentiating it term by term an even number of

times obviously converge at x0 D 0; those obtained by differentiating term by term an odd

number of times converge at x0 D 0, by the alternating series test. Since the series obtained

by differentiating term by term k times converges uniformly on .�1;1/ by Weierstrass’s

test, the conclusion follows by repeated application of Theorem 4.4.20.

31. The graph of y D fn.x/ is a triangle with height n and width 2=n3; hence, the area

under the graph is 1=n2. Since
P
1=n2 < 1 and F is continuous, the conclusion follows.

4.5 POWER SERIES

1.
P
anR

n and
P
.�1/nanRn both converge absolutely if and only if

P
janjRn < 1.

2. (a) janj1=n D
�
1C 1

n

�1=n
.2 C .�1/n/; limn!1 janj1=n D 3e; R D 1=3e.

(b) janj1=n D 21=
p
n ! 1 as n ! 1; R D 1.

(c) janj1=n D 2C sin
n�

6
; limn!1 janj1=n D 3; R D 1=3.

(d) janj1=n D n1=
p
n ! 1 as n ! 1; R D 1.

(e) janj1=n D 1

n
! 0 as n ! 1; R D 1.

3. (a) If janrnj � M , then jan.x1 � x0/nj � M�n, where � D jx1 � x0j=r < 1, andP
jan.x1 � x0/

nj < 1 because
P
�n < 1.

(b) If fan.x1 � x0/ng is bounded, then
P
an.x � x0/

n converges if jx � x0j < jx1 � x0j
(from (a) with r D jx1 � x0j). This is a contradiction if jx1 � x0j > R.

4. lim jg.n/j1=n D 1 if g is rational; hence, limn!1 jang.n/j1=n D limn!1 janj1=n
(Exercise 4.1.30(a)).

5. Since 1=R1 > 1=R, there is an integer k such that janj1=n � 1=R1 if n > k. Therefore,

janjjx � x0jn � .r=R1/
n if jx � x0j < r and n > k, so

ˇ̌
ˇ̌
ˇf .x/ �

kX

nD0
an.x � x0/

n

ˇ̌
ˇ̌
ˇ �

1X

nDkC1
janjjx � x0jn �

1X

nDkC1

�
r

R1

�n
D
�
r

R1

�kC1 R1

R1 � r
:

6. The series g.x/ converges if jxkj < R and diverges if jxkj > R. This implies the result.

7. (a) If limn!1 janC1j=janj D 1, then lim
n!1

ˇ̌
anC1.´ � ´0/nC1 ˇ̌

jan.´ � ´0/nj D 1 for any ´ ¤ ´0;

hence,
P

jan.´ � ´0/nj D 1 if ´ ¤ ´0 (Theorem 4.3.14(b)), and R D 0.

(b) If limn!1 janC1j=janj D 0, then lim
n!1

ˇ̌
anC1.´ � ´0/nC1 ˇ̌

jan.´ � ´0/nj D 0 for any ´ ¤ ´0; hence,
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P
jan.´ � ´0/nj < 1 if ´ ¤ ´0 (Theorem 4.3.14(a)), and R D 1.

8. We use Theorem 4.5.3 in all parts.

(a) lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1
log.nC 1/

logn
D lim
n!1

n

nC 1
(L’Hospital’s rule) D 1; R D 1.

(b) lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D lim

n!1
2nC1.nC 1/p

2nnp
D 2 lim

n!1

�
1C

1

n

�p
D 2; R D

1

2
.

(c)

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D

 
2nC 2

nC 1

!� 
2n

n

!
D .2nC 2/Š

.nC 1/Š.nC 1/Š

nŠnŠ

.2n/Š
D 2

�
2nC 1

nC 1

�
! 4 as

n ! 1; R D 1

4
.

(d)

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/2 C 1

.nC 1/4nC1
n4n

n2 C 1
D n

4.nC 1/

.nC 1/2 C 1

n2 C 1
! 1

4
as n ! 1; R D 4.

(e)

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D .nC 1/nC1

.nC 1/Š

nŠ

nn
D
�
1C 1

n

�n
! e as n ! 1; R D 1

e
.

(f)

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D ˛ C n

ˇ C n
! 1 as n ! 1; R D 1.

9. (a) Let L D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌. The conclusion is obvious if L D 0. If 0 < � < L there is

an integer N such that

ˇ̌
ˇ̌amC1
am

ˇ̌
ˇ̌ > L� � if m � N . Therefore, janj > .L � �/n�N jaN j, so

janj1=n >
�
janj.L � �/�N

�1=n
.L� �/ if n � N . Hence, lim

n!1
janj1=n � L� �. Since this

holds for every � > 0, lim
n!1

janj1=n � L.

(b) Let L D lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌. The conclusion is obvious if L D 1. If L < 1 and � > 0,

there is an integer N such that

ˇ̌
ˇ̌amC1
am

ˇ̌
ˇ̌ < L C � if m � N . Therefore, janj < .L C

�/n�N jaN j, so janj1=n <
�
janj.LC �/�N

�1=n
.L C �/ if n � N . Hence, lim

n!1
janj1=n �

LC �. Since this holds for every � > 0, lim
n!1

janj1=n � L.

If lim
n!1

ˇ̌
ˇ̌anC1
an

ˇ̌
ˇ̌ D L, thenL D L D L, so lim

n!1
janj1=n D L and therefore lim

n!1
janj1=n D

L. Hence, R D 1

L
, by Theorem 4.5.2.

10. Differentiating and multiplying by x yields
x

.1 � x/2
D

1X

nD0
nxn, jxj < 1. Repeating

this yields
x.1C x/

.1 � x/3
D

1X

nD0
n2xn, jxj < 1.

11. We apply Theorem 4.5.5 in all parts.
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(a) J0.x/ D
1X

nD0

.�1/n
.nŠ/2

�x
2

�2n
;

J 0
0.x/ D

1X

nD1

.�1/n
nŠ.n� 1/Š

�x
2

�2n�1
D �

1X

nD0

.�1/n
nŠ.nC 1/Š

�x
2

�2nC1
D �J1.x/:

(b)

J 0
p.x/ D

1

2

1X

nD0

.�1/n.2nC p/

nŠ.nC p/Š

�x
2

�2nCp�1

D 1

2

1X

nD0

.�1/n.nC p/

nŠ.nC p/Š

�x
2

�2nCp�1
C 1

2

1X

nD1

.�1/nn
nŠ.nC p/Š

�x
2

�2nCp�1

D 1

2

1X

nD0

.�1/n
nŠ.nC p � 1/Š

�x
2

�2nCp�1
C 1

2

1X

nD1

.�1/n
.n � 1/Š.nC p/Š

�x
2

�2nCp�1

D 1

2
Jp�1.x/ � 1

2

1X

nD0

.�1/n
nŠ.nC p C 1/Š

�x
2

�2nCpC1
D 1

2
.Jp�1.x/ � JpC1.x//:

(c)

x2J 00
p C xJ 0

p C .x2 � p2/Jp D
1X

nD0

.�1/n.2nC p/.2nC p � 1/
nŠ.nC p/Š

�x
2

�2nCp

C
1X

nD0

.�1/n.2nC p/

nŠ.nC p/Š

�x
2

�2nCp

C4
1X

nD0

.�1/n
nŠ.nC p/Š

�x
2

�2nCpC2

�p2
1X

nD0

.�1/n
nŠ.nC p/Š

�x
2

�2nCp
:

After rewriting the third sum as

4

1X

nD1

.�1/n�1

.n� 1/Š.nC p � 1/Š

�x
2

�2nCp
D �4

1X

nD1
.�1/n n.nC p/

nŠ.nC p/Š

�x
2

�2nCp
;

we obtain x2J 00
pCxJ 0

pC.x2�p2/Jp D
1X

nD0
an

�x
2

�2nCp
, with a0 D p.p � 1/C p � p2

pŠ
D

0 and an D .2nC p/.2nC p � 1/C .2nC p/ � 4n.nC p/� p2
nŠ.nC p/Š

D 0.
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12.

1X

nD1
nanx

n�1 D �2
1X

nD0
anx

nC1 D �2
1X

nD2
an�2x

n�1; since f .0/ D 1, a0 D 1.

From Corollary 4.5.7, the first and last power series are identical on an interval containing

x0 D 0 if and only if a1 D 0 and an D �2an�2
n

, n � 2. Therefore, a2m�1 D �2a2m�1
2m� 1

and a2m D �a2m�2
m

, m � 0. Since a0 D 1 and a1 D 0, a2m�1 D 0 and a2m D .�1/m
mŠ

for m � 1, by induction, so f .x/ D
1X

mD0

.�1/m
mŠ

x2m D e�x2

.

13. For jxj < R1=k, g.x/ D
1X

nD0
anx

kn, which can also be written as g.x/ D
1X

mD0
bmx

m

with bm D
�
0 if m ¤ kn;

an if m D kn
(k D nonnegative integer) (Corollary 4.5.7). Since bm D

g.m/.0/

mŠ
and an D f n.0/

nŠ
(Corollary 4.5.6), the conclusion now follows.

14. Repeated application of Rolle’s theorem shows that there are sequences ftnkg such that

f .k/.tnk/ D 0 and lim
n!1

tnk D x0, k � 1. Since f .k/ is continuous at x0, f .k/.x0/ D 0

and therefore ak D 0, k � 0, by Corollary 4.5.6.

15. From Theorem 4.5.2,
P1
nD0 an.x � x0/

n converges uniformy to f on Œx1; x2�. Now

use Theorem 4.4.19.

16.
1

x
D 1

1C .x � 1/
D

1X

nD0
.�1/n.x � 1/n, jx � 1j < 1. Therefore, logx D

Z x

1

dt

t
D

1X

nD0
.�1/n

Z x

1

.t � 1/n dt D
1X

nD0

.�1/n
nC 1

.x � 1/nC1, jx � 1j < 1, by Theorem 4.5.8.

Hence,
logx

x � 1
D

1X

nD0

.�1/n
nC 1

.x � 1/n, so

Z x

1

log t

t � 1
dt D

1X

nD0

.�1/n
nC 1

Z x

1

.t � 1/n dt D

1X

nD0

.�1/n
.nC 1/2

.x � 1/nC1 D
1X

nD0

.�1/n�1

n
.x � 1/n, jx � 1j < 1, again by Theorem 4.5.8;

R D 1.

17. Tan�1x D
Z x

0

dt

1C t2
D

1X

nD0
.�1/n

Z x

0

t2n dt D
1X

nD0
.�1/n x

2nC1

2nC 1
, jx < 1j, by

Theorem 4.5.8. From Corollary 4.5.6, f .2n/.0/ D 0 and f .2nC1/.0/ D .�1/n .2nC 1/Š

2nC 1
D

.�1/n.2n/Š; �
6

D Tan�1 1p
3

D
1X

nD0

.�1/n
.2nC 1/3nC1=2 .

18. If F 0.x/ D f .x/, then integrating term by term (Theorem 4.5.8) yields the result.

19. Use Theorem 4.5.8 repeatedly to show that f can be represented by a power series in

.x � x0/ in the interval. Then use Theorem 4.5.5.
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20. Since the identity holds with x D 0, it suffices to verify that the derivative of the left

side is zero if jxj < 1. The derivative is

d.x/ D �q.1 C x/�q�1
1X

nD0

 
q

n

!
xn C .1 C x/�q

1X

nD1
n

 
q

n

!
xn�1:

Since n

 
q

n

!
D q

 
q � 1
n� 1

!
and

1X

nD1

 
q � 1
n� 1

!
xn�1 D

1X

nD0

 
q � 1

n

!
xn D .1 C x/q�1,

d.x/ D �q.1C x/�q�1.1 C x/q C q.1C x/�q.1C x/q�1 D 0, jxj < 1.

21. For a fixed x such that jx � x0j < minR1; R2, the series

f .x/ D
1X

nD0
an.x � x0/n and g.x/ D

1X

nD0
bn.x� x0/n both converge, and Theorem 4.3.10

implies that f̨ .x/C ˇg.x/ D
1X

nD0
.a˛ C bˇ/.x � x0/n.

22. If f .x/ D cosh x, then f .2m/.x/ D cosh x and f .2mC1/.x/ D sinh x, so f .2m/.0/ D

1, f .2mC1/.0/ D 0, and f .x/ D
1X

mD0

x2m

.2m/Š
.

If f .x/ D sinhx, then f .2m/.x/ D sinhx and f .2mC1/.x/ D cosh x, so f .2m/.0/ D 0,

f .2mC1/.0/ D 1, and f .x/ D
1X

mD0

x2mC1

.2mC 1/Š
.

Since ex D
1X

nD0

xn

nŠ
and e�x D

1X

nD0
.�1/n x

n

nŠ
, cosh x D ex C e�x

2
D

1X

mD0

x2m

.2m/Š
and

sinhx D ex � e�x

2
D

1X

mD0

x2mC1

.2mC 1/Š
.

24. (a) ex sinx D
�
1C x C

x2

2
C
x3

6
C � � �

��
x �

x3

6
C
x5

120
C � � �

�

D x C x2 C
�

�1
6

C 1

2

�
x3 C

�
1

120
� 1

12

�
x5 C � � �

D x C x2 C x3

3
� 3x5

40
C � � � :

(b)
e�x

1C x2
D
�
1 � x C

x2

2
�
x3

6
C � � �

� �
1 � x2 C � � �

�

D 1� x C
�
1

2
� 1

�
x2 C

�
1 � 1

6

�
x3 C � � �

D 1� x �
x2

2
C
5x3

6
C � � � :

(c)
cos x

1C x6
D
�
1 � x2

2
C x4

24
� x6

720
C � � �

�
.1 � x6 � � � /

D 1 � x2

2
C x4

24
� 721x6

720
C � � � :
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(d)

.sin x/ log.1C x/ D
�
x � x3

6
C x5

120
C � � �

��
x � x2

2
C x3

3
� x4

4
C x5

5
C � � �

�

D x2 � x3

2
C
�
1

3
� 1

6

�
x4 C

�
�1
4

C 1

12

�
x5 C � � �

D x2 � x3

2
C x4

6
� x5

6
C � � � :

25. 2 sinx cos x D 2

 1X

nD0
.�1/n x2nC1

.2nC 1/Š

! 1X

nD0
.�1/n x

2n

.2n/Š

!
D

1X

nD0
cnx

2nC1, where

cn D 2

nX

rD0
.�1/r .�1/n�r 1

.2r/Š.2n� 2r C 1/Š
D .�1/n 2

.2nC 1/Š

nX

rD0

 
2nC 1

2r

!
. Adding

22nC1 D .1 C 1/2nC1 D
2nC1X

rD0

 
2nC 1

r

!
and 0 D .1 � 1/2nC1 D

2nC1X

rD0
.�1/r

 
2nC 1

r

!

yields 2

nX

rD0

 
2nC 1

2r

!
D 22nC1, so 2 sinx cos x D

1X

nD0
.�1/n .2x/

2nC1

.2nC 1/Š
D sin 2x.

26. (a) Differentiating (A) with respect to x yields

.1 � 2xt C x2/�3=2.t � x/ D
1X

nD0
.nC 1/PnC1.t/x

n I

hence,

.t � x/
1X

nD0
Pn.t/x

n D .1 � 2xt C x2/

1X

nD0
.nC 1/PnC1.t/x

n :

Performing the indicated multiplications and shifting indices yields

tP0.t/ C
1X

nD1
ŒtPn.t/ � Pn�1.t/� x

n D P1.t/C Œ2P2.t/ � 2tP1.t/� x

C
1X

nD2
Œ.nC 1/PnC1.t/ � 2ntPn.t/C .n � 1/Pn�1.t/�x

n:

Equating like powers of x yields P1 D tP0.t/,

P2 D 3tP1 � P0

2
and PnC1 D 2nC 1

nC 1
tPn � n

nC 1
Pn�1; n � 2:

Setting x D 0 in (A) shows that P0.t/ D 1. Therefore, P1.t/ D tP0.t/ D t .

(b) Proof by induction: P0 and P1 are polynomials of degree 0 and 1 respectively. Now

suppose that n � 2 and P0, P1, . . . , Pn are polynomials of degrees 0, 1, . . . , n respectively.

Then the recursion formula implies that deg.P / D nC 1.
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27. (a) ex D .a0 C a1x C a2x
2 C a3x

3 C � � � /sin x

x
;

1C x C x2

2
C x3

6
C � � � D .a0 C a1x C a2x

2 C a3x
3 C � � � /sin x

x

D .a0 C a1x C a2x
2 C a3x

3 C � � � /
�
1 � x2

6
C � � �

�

D a0 C a1x C
�
a2 � a0

6

�
x2 C

�
a3 � a1

6

�
x3 C � � � I

a0 D 1, a1 D 1, a2 D 1

2
C a0

6
D 2

3
, a3 D 1

6
C a1

6
D 1

3
.

(b) cos x D .a0 C a1x C a2x
2 C a3x

3 C � � � /.1 C x C x2/;

1 � x2

2
C � � � D .a0 C a1x C a2x

2 C a3x
3 C � � � /.1 C x C x2/

D a0 C .a1 C a0/x C .a0 C a1 C a2/x
2 C .a1 C a2 C a3/x

3 C � � � I

a0 D 1; a0 C a1 D 0; a0 C a1 C a2 D �1
2

; a1 C a2 C a3 D 0; a0 D 1, a0 D �1,

a2 D �1
2

, a3 D 3

2
.

(c) sec x D a0 C a1x
2 C a2x

4 C a3x
6 C � � � ;

1 D .a0 C a1x
2 C a2x

4 C a3x
6 C � � � / cos x

D .a0 C a1x
2 C a2x

4 C a3x
6 C � � � /

�
1 � x2

2
C x4

24
� x6

720
C � � �

�

D a0 C
�
a1 � 1

2

�
x2 C

�
a2 � a1

2
C a0

24

�
x4 C

�
a3 � a2

2
C a1

24
� a0

720

�
x6 C � � � I

a0 D 1; a1 D 1

2
; a2 D a1

2
� a0

24
D 5

24
; a3 D a2

2
� a1

24
C a0

720
D 61

720
.

(d) x csc x D a0 C a1x
2 C a2x

4 C a3x
6 C � � � ;

1 D .a0 C a1x
2 C a2x

4 C a3x
6 C � � � /

�
1 �

x2

6
C
x4

120
�

x6

5040
C � � �

�

D a0 C
�
a1 � a0

6

�
x2 C

�
a2 � a1

6
C a0

120

�
x4 C

�
a3 � a2

6
C a1

120
� a0

5040

�
x6 C � � � I

a0 D 1; a1 D
a0

6
D
1

6
; a2 D

a1

6
�
a0

120
D

7

360
; a3 D

a2

6
�
a1

120
C

a0

5040
D

31

15120
.
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(f)

2x � .2x/3

6
C .2x/5

120
� .2x/7

5040
C � � � D x.a0 C a1x

2 C a2x
4 C a3x

6 C � � � /

�
�
1� x2

6
C x4

120
� x6

5040
C � � �

�

D a0x C
�
a1 � a0

6

�
x3 C

�
a2 � a1

6
C a0

120

�
x5

C
�
a3 � a2

6
C a1

120
� a0

5040

�
x7 C � � � I

a0 D 2; �4
3

D a1�
a0

6
; a1 D a0

6
�4
3

D �1;
4

15
D a2�

a1

6
C a0

120
; a2 D 4

15
Ca1

6
� a0

120
D

1

12
; � 8

315
D a3 � a2

6
C a1

120
� a0

5040
; a3 D � 8

315
C a2

6
� a1

120
C a0

5040
D � 1

360
.

28. (a) Multiplying both sides of the recurrence formula by xnC1 and summing over

n � 1 yields

1X

nD1
anC1x

nC1 D
1X

nD1
anx

nC1 C 6

1X

nD1
an�1x

nC1; hence, F.x/ � 5 � 5x D

x ŒF.x/ � 5�C 6x2F.x/. Solving this for F.x/ yields F.x/ D 5

.1 � 3x/.1C 2x/
.

(b) Write F.x/ D A

1 � 3x
C B

1C 2x
, where A.1C2x/CB.1�3x/ D 5. Setting x D �1

2

yields B D 2 and setting x D
1

3
yields A D 3, so F.x/ D

3

1 � 3x C
2

1C 2x
, and

expanding the two terms as geometric series yields F.x/ D
1X

nD0
Œ3nC1 � .�2/nC1 �xn.

29. From the given expansion and Theorem 4.5.8, .x�1/ log.1�x/�x D �
1X

nD0

xnC1

.nC 1/.nC 2/
,

jxj < 1. Since

1X

nD0

1

.nC 1/.nC 2/
< 1, Abel’s theorem implies that

1X

nD0

1

.nC 1/.nC 2/
D

� lim
x!0�

..x � 1/ log.1 � x/ � x/ D 1.

30. The series converges by the alternating series test if �1 < q < 0, since (A)

 
q

n

!� 
q

nC 1

!
D

q � n

nC 1
and lim

n!1

 
q

n

!
D 0 (Exercise 4.1.35). Since

1X

nD0

 
q

n

!
xn D .1C x/q if jxj < 1, the

stated identity also holds for �1 < q < 0, by Abel’s theorem. If q � �1, then (A) implies

that the series diverges.



Section 4.5 Power Series 115

31. (a) Let sm D
mX

kDn
bk . Summation by parts yields

ˇ̌
ˇ̌
ˇ

mX

kDn
bkx

k

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ.1 � x/

m�1X

kDn
skx

k C smx
m

ˇ̌
ˇ̌
ˇ � .1 � x/�

m�1X

kDn
xk C �xm � 2�

if 0 � x � 1, m � n � N . Use Theorem 4.4.13.

(b) If

1X

nD0
bn converges, then g.x/ D

1X

nD0
bnx

n converges uniformly on Œ0; 1� (a), so g is

continuous on Œ0; 1� (Theorem 4.4.18); hence, limx!1� g.x/ D g.1/.

32. From Exercise 31, the three series in the identity

 1X

nD0
anx

n

! 1X

nD0
bnx

n

!
D
 1X

nD0
cnx

n

!

converge uniformly on Œ0; 1�, and are therefore continuous on Œ0; 1�. Letting x ! 1� yields

the result.

33. If

1X

nD0
bn < 1, use Theorem 4.5.12. If

X
bn D 1 and M is arbitrary, then

kX

nD0
bn >

M for some k. Hence, there is a ı such that 0 < ı < 1 and
Pk
nD0 bnx

n > M if 1 � ı <

x < 1. Since bn � 0 for all n, this implies that g.x/ > M if 1 � ı < x < 1. Hence,

lim
x!1�

g.x/ D 1.

34. Integrating the binomial series .1 � x2/�1=2 D
1X

nD0
.�1/n

 
�1
2

n

!
x2n, jxj < 1, from

0 to x yields sin�1 x D
1X

nD0
.�1/n

 
�1
2

n

!
x2nC1

2nC 1
, jxj < 1. But

.�1/n
 

�1
2

n

!
D .2n� 1/.2n� 3/ : : : .1/

2nnŠ
D 1

22n

 
2n

n

!
;

so sin�1.x/ D
1X

nD0

 
2n

n

!
x2nC1

22n.2nC 1/
, jxj < 1. Let x ! 1� and use Exercise 33 to obtain

the result.



CHAPTER 5

Real-Valued Functions of Several
Variables

IN THIS CHAPTER we consider real-valued function of n variables, where n > 1.

5.1 STRUCTURE OF RRRR
n

1. (a) 3X C 6Y D 3.1; 2 � 3; 1/ C 6.0;�1; 2; 0/ D .3; 6;�9; 3/ C .0;�6; 12; 0/ D
.3; 0; 3; 0/.

(b) .�1/XC2Y D .�1/.1;�1; 2/C2.0;�1; 3/D .�1; 1;�2/C.0;�2; 6/D .�1;�1; 4/.
(c) 1

2
X C 1

6
Y D 1

2
.1
2
; 3
2
; 1
4
; 1
6
/ C 1

6
.�1

2
; 1; 5; 1

3
/ D .1

4
; 3
4
; 1
8
; 1
12
/ C .� 1

12
; 1
6
; 5
6
; 1
18
/ D

.1
6
; 11
12
; 23
24
; 5
36
/.

2. (a) XCY D .x1Cy1; x2Cy2; : : : ; xnCyn/ D .y1Cx1; y2Cx2; : : : ; ynCxn/ D YCX.

(b) .X C Y/C Z D ..x1 C y1/C ´1; .x2C y2/C ´2; : : : ; .xnC yn/C ´n/ D .x1 C .y1 C
´1/; x2 C .y2 C ´2/; : : : ; xn C .yn C ´n// D X C .Y C Z/.

(c) If 0 D .0; 0; : : : ; 0/, then 0CX D .0Cx1; 0Cx2; : : : ; 0Cxn/ D .x1; x2; : : : ; xn/ D X

for every X. Now suppose that Y is a vector such that Y C X D X for some X. Then

.y1 C x1; y2 C x2; : : : ; yn C xn/ D .x1; x2; : : : ; xn/; hence, yi C xi D xi and therefore

yi D 0, 1 � i � n, so Y D 0.

(d) X C .�X/ D .x1; x2; : : : ; xn/C .�x1;�x2; : : : ;�xn/ D .x1 � x1; x2 � x2; : : : ; xn �
xn/ D .0; 0; : : : ; 0/ D 0. If X C Y D 0, then .x1 C y1; x2 C y2; : : : ; xn C yn/ D
.0; 0; : : : ; 0/; hence, xi C yi D 0 and therefore yi D �xi , 1 � i � n, so Y D �X.

(e) a.bX/ D a.bx1; bx2; : : : ; bxn/ D .a.bx1/; a.bx2/; : : : ; a.bxn// D ..ab/x1; .ab/x2; : : : ; .ab/xn/ D
.ab/X.

(f) .aCb/X D ..aCb/x1; .aCb/x2; : : : ; .aCb/xn/ D .ax1Cbx1; ax2Cbx2; : : : ; axnC
bxn/ D .ax1; ax2; : : : ; axn/C .bx1; bx2; : : : ; bxn/ D aX C bX

(g) a.XCY/ D a.x1Cy1; x2Cy2; : : : ; xnCyn/ D .a.x1 Cy1/; a.x2Cy2/; : : : ; a.xnC
yn// D .ax1Cay1; ax2Cay2; : : : ; axnCayn/ D .ax1; ax2; : : : ; axn/C.ay1; ay2; : : : ; ayn/ D
aX C aY.

116
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(h) 1X D .1x1; 1x2; : : : ; 1xn/ D .x1; x2; : : : ; xn/ D X.

3. (a) jXj D
�
12 C 22 C .�3/2 C 12

�1=2 D
p
15.

(b) jXj D
�
1

22
C
1

32
C
1

42
C
1

62

�1=2
D

p
65

12
.

(c) jXj D
�
12 C 22 C .�1/2 C 32 C 42

�1=2 D
p
31.

(d) jXj D
�
02 C 12 C 02 C .�1/2 C 02 C .�1/2

�1=2 D
p
3.

4. (a) jX � Yj D
�
.3 � 2/2 C .4 � 0/2 C .5C 1/2 C .�4 � 2/2

�1=2 D
p
89.

(b) jX � Yj D
 �

�1
2

� 1

3

�2
C
�
1

2
C 1

6

�2
C
�
1

4
� 1

6

�2
C
�

�1
4

C 1

3

�2!1=2
D

p
166

12
.

(c) jX � Yj D
�
.0 � 2/2 C .0 C 1/2 C .0 � 2/2

�1=2 D 3.

(d) jX � Yj D
�
.3 � 2/2 C .�1 � 0/2 C .4 � 1/2 C .0C 4/2 C .�1 � 1/2

�1=2 D
p
31.

5. (a) X � Y D 3.3/C 4.0/C 5.3/C .�4/3 D 12.

(b) X � Y D 1

6

�
�1
2

�
C 11

12

�
1

2

�
C 9

8

�
1

4

�
C 5

2

�
�1
4

�
D 1

32
.

(c) X � Y D 1.1/C 2.2/C .�3/.�1/ C 1.3/C 4.4/ D 27.

6. (a) jaXj D .a2x21 C a2x22 C � � � C a2x2n/
1=2 D jaj.x21 C x22 C � � � C x2n/

1=2 D jajjXj.
(b) jXj D .x21Cx22C� � �Cx2n/1=2 � 0, with equality if and only if x1 D x2 D � � � D xn D 0;

that is, if and only if X D 0.

(c) jX � Yj D ..x1 � y1/2 C .x2 � y2/2 C � � � C .xn � yn/2/1=2 � 0, with equality if and

only if x1 � y1 D x2 � y2 D � � � D xn � yn D 0; that is, if and only if X D Y.

(d) X � Y D x1y1 C x2y2 C � � � C xnyn D y1x1 C y2x2 C � � � C ynxn D Y � X.

(e) X � .Y C Z/ D x1.y1 C ´1/C x2.y2 C ´2/C � � � C xn.yn C ´n/ D x1y1 C x2y2 C
� � �xnyn C x1´1 C x2´2 C � � � C xn´n D X � Y C X � Z.

(f) .cX/ �Y D .cx1/y1C.cx2/y2C� � �C.cxn/yn D x1.cy1/Cx2.cy2/C� � �Cxn.cyn/ D
X � .cY/ D c.x1y1/C c.x2y2/C � � � C c.xnyn/ D c.X � Y/.

8. If both equations represent the same line, then X0 D X1C s0V and X0CU D X1C s1V

for some s0 and s1; that is, X1 � X0 D s0V and U D .s1 � s0/V are multiples of V.

Conversely, if X1 � X0 D aV and U D bV, then X0 C tU D X1 C .a C bt/V and since

there is for each s a unique t such that s D a C bt , the two equations represent the same

line.

9. In all cases X D X0 C t.X1 � X0/.

10. In all cases let � D sup
˚
�
ˇ̌
N�.X0/ � S

	
.

(a) If S is a sphere with center X1 and radius r and X0 2 S , then � D r � jX0 � X1j;
in this case X1 D .0; 3;�2; 2/, r D 7, and X0 D .1; 2;�1; 3/. Since jX0 � X1j D
j.1;�1; 1; 1/j D 2, � D 5.

(b) If S D
˚
.x1; x2; : : : ; xn/

ˇ̌
jxi j � ri ; 1 � i � n

	
and X0 D .x

.0/
1 ; x

.0/
2 ; : : : ; x

.0/
n / 2 S ,
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then � D min
1�i�n

minfri Cx
.0/
i ; ri �x.0/i g. In this case X0 D .1; 2;�1; 3/ and ri D 5, i D 1,

2, 3, 4, so � D minf6; 4; 7; 3; 4; 6; 8; 2g D 2.

(c) If X0 2 R
2 is in a triangle S , then � is the smallest of the distances from X0 to lines

parallel to the three sides of S . If the vertices of S are X1, X2, and X3, then these three

distances are given by

d1 D
p

jX0 � X3j2jX2 � X3j2 � j.X0 � X3/ � .X2 � X3/j2
jX2 � X3j

;

d2 D
p

jX0 � X1j2jX3 � X1j2 � j.X0 � X1/ � .X3 � X1/j2
jX3 � X1j

;

d3 D
p

jX0 � X2j2jX1 � X2j2 � j.X0 � X2/ � .X1 � X2/j2
jX1 � X2j

:

With X0 D .3; 5
2
/, X1 D .2; 0/, X2 D .2; 2/, and X3 D .4; 4/, straightforward computa-

tions yield d1 D 1

2
p
2

, d2 D 1

2
p
5

, and d3 D 1; hence, � D 1

2
p
5

.

13. If jX � X0j D r then every neighborhood of X contains points from Sr.X0/ and points

from Sr.X0/
c ; hence, X is a boundary point of Sr.X0/. If jX � X0j ¤ r , then X is either

in the interior or the exterior of Sr.X0/ so X is not a boundary point of Sr.X0/. Therefore,

@Sr.X0/ D
˚
X
ˇ̌
jX � X0j D r

	
, so S r.X0/ D Sr.X0/ [ @Sr.X0/ D

˚
X
ˇ̌
jX � X0j � r

	
.

14. Suppose that X0 2 A. Since A is open, X0 has a neighborhood N � A. Since

N \ B D ;, X0 is not a limit point of B . Therefore, A\ B D ;. Similarly,A \ B D ;.

15. See the proof of Theorem 4.1.2.

16. By definition, jXr � Xj D
�Pn

iD1.xir � xi/2
�1=2

. Suppose that � > 0. If (A)

limr!1 xir D xi , 1 � i � n, there is an integer R such that jxir � xi j < �=
p
n for

1 � i � n if r � R. Then (B) jXr � Xj < � if r � R. Hence, (C) limr!1 Xr D X. Since

jxir � xi j � jXr � Xj, (B) implies that jxir � xi j < � if r � R; hence, (C) implies (A).

17. Suppose that fXrg converges. Then the sequences fxirg, 1 � i � n, all converge

(Theorem 5.1.14). Therefore, if � > 0, there is an integer R such that jxir � xisj <
�p
n

for 1 � i � n D 1 if r , s � R (Theorem 4.1.13). This implies that (A) jXr � Xs j < � if r ,

s � R. Conversely, suppose that for every � > 0 there is an integer R satisfying (A). Then

jxir � xis j < � for 1 � i � n D 1 if r , s � R, so the sequences fxirg, 1 � i � n, all

converge (Theorem 4.1.13). Therefore, fXrg converges (Theorem 5.1.14).

18. (a) lim
r!1

Xr D
�

lim
r!1

r sin
�

r
; lim
r!1

cos
�

r
; lim
r!1

e�r
�

D .�; 1; 0/.

(b) lim
r!1

Xr D
�

lim
r!1

�
1 � 1

r2

�
; lim
r!1

log
r C 1

r C 2
; lim
r!1

�
1C 1

r

�r�
D .1; 0; e/.

19. (a) d.S/ is the supremum of
p
.x1 � x2/2 C .y1 � y2/2 C .´1 � ´2/2 where �2 �

x1; x2 � 2, �1 � y1; y2 � 1, 0 � ´1; ´2 � 4; to maximize this function let, for example,

x1 D �2, x2 D 2, y1 D �1, y2 D 1, ´1 D 0, ´2 D 4; thus, d.S/ D
p
42 C 22 C 42 D 6.

(b) d.S/ is the length of the major axis; that is, d.S/ D 6.
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(c) d.S/ is the length of the longest side; that is d.S/ D j.4; 4/� .2; 0/j D j.2; 4/j D 2
p
5.

(d) d.S/ is the supremum of

 
nX

iD1
.xi � yi /2

!1=2
, where �L � xi ; yi � L. To maximize

this function let, for example, xi D �L and yi D L, 1 � i � n; thus, d.S/ D 2L
p
n.

(e) Since S is unbounded, d.S/ D 1.

20. Since S � S , (A) d.S/ � d.S/. If X and Y are in S and � > 0, there are points X1;Y1
in S such that jX � X1j < � and jY � Y1j < �. Then

jX � Yj � jX � X1j C jX1 � Y1j C jY1 � Yj < d.S/C 2�:

Hence, d.S/ < d.S/ C �. Let � ! 0C to conclude that d.S/ � d.S/, which, with (A),

implies that d.S/ D d.S/.

21. Suppose that X0 is in S . If S ¤ R
n, there is an X1 62 S . Let

H D
˚
�
ˇ̌
.1 � t/X0 C tX1 2 S for 0 � t < �

	
:

Since S is open it contains a neighborhood of X0, so H ¤ ;. Since X1 is not in S , � � 1

for all � inH . Let � D sup H and X D .1� �/X0 C �X1; then X is a limit point of S and

so in S , because S is closed. Since S is open, it contains some ��neighborhood of X, so

� C �=2 is inH . This contradicts the definition of �. Hence, S D Rn.

22. If SM has finitely many members for some M , then some point from SM is in

\1
mD1Sm. Hence, we assume that Sm has infinitely many members for every m. Choose

Xi in Si so that Xi ¤ Xj if i ¤ j . Then fXi g is a bounded infinite set and has a limit

point, by the Bolzano - Weierstrass theorem. Since Si � SiC1, X is a limit point of every

Si . Since Si is closed, X is in each Si , and so in \1
iD1Si . The conclusion does not hold if

Sm D Œm;1/, which is closed, but no bounded.

23. Sn is compact. If Sn is nonempty for all n, then \1
nD1Sn ¤ ; (Exercise 22), which

implies that U1, U2, . . . , do not cover S , a contradiction.

24. (a) First, note that Cm ¤ ;. To see this, suppose that Cm D ;. Then jX � X0j �
dist.X0; S/C 1=m for all X 2 S , contrary to the definition of dist.X0; S/. Moreover, Cm
is closed. To see this, suppose that Z is a limit point of Cm. Then Z is also a limit point of

of S , and therefore in S . Hence, if � > 0, there is an X in Cm such that jX � Zj < �, so

jZ � X0j � jZ � Xj C jX � X0j < �C dist.X0/C 1=m. Letting � ! 0 shows thatZ 2 Cm.

Therefore, Cm is compact.

Since CmC1 � Cm, there is an X in
T1
mD1 Cm (Exercise 22). Since dist.X0; S/ � jX �

X0j � dist.X0; S/C 1=m, m � 1, jX � X0j D dist.X0; S/.

(b) Follows immediately from (a), since X ¤ X0 if X0 … S , and therefore jX � X0j > 0.

(c) In R2, let S D
˚
.x; y/

ˇ̌
x2 C y2 < 1

	
and X0 D .1; 0/; then dist.X0; S/ D 0, but

jX � X0j > 0 if X 2 S .

25. (a) Let � D dist.S; T /. For each positive integerm, letDm D
˚
Z
ˇ̌

dist.Z; T / � � C 1=m
	
.

Since T � Dm, Dm is nonempty. Moreover, Dm is closed; to see this, suppose that Z is a

limit point of Dm and � > 0. Then there is a Z0 2 Dm such that jZ � Z0j < � and a Z1
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in T such that jZ0 � Z1j � � C 1=mC �. Hence, jZ � Z1j < � C 1=mC 2�. Since this

is true for every � > 0, dist.Z; T / � � C 1=m; that is, Z 2 Dm. The triangle inequality

shows that Dm is bounded, because T is; thusDm is compact.

Now define Cm D
˚
Z
ˇ̌
Z 2 S and dist.Z; T / � �C 1=m

	
.

Since S is closed and Cm D Dm \ S , Cm is compact. Since CmC1 � Cm and Cm ¤ ;,

Exercise 22 implies that there is an X in \1
mD1Cm. This X is in S and dist.X; T / D �.

From Exercise 24, there is a Y in T such that jX � Yj D �.

(b) If S \ T D ;, then X ¤ Y, so jX � Yj > 0.

(c) In R
2, let S D

˚
.x; y/

ˇ̌
x2 C y2 < 1

	
and T D

˚
.x; y/

ˇ̌
.x � 3/2 C y2 D 1

	
. Then

dist.S; T / D 1, but jX � Yj > 1 if X 2 S and Y 2 T .

In R, let S D f2; 4; 6; : : :g and T D
1[

nD2

�
2nC 1

n
; 2nC 2 � 1

n

�
. Then dist.S; T / D 0,

but jX � Yj > 0 if X 2 S and Y 2 T .

26. (a) For each X in S there is an n-ball BX of radius rX centered at X such that BX �
U . Let B 0

X
be the open n-ball about X of radius rX=2. From the Heine - Borel theorem

finitely many of these, sayN 0
X1
; : : : ; B 0

Xk
, cover S . Let r D min

˚
rXi
=2
ˇ̌
1 � i � k

	
. Now

suppose that dist.X; S/ � r . Then there is a point X in S such that jX � Xj D dist.X; S/

(Exercise 24), and X 2 N 0
Xi

for some i . Now jX�Xi j � jX�XjCjX�Xi j � rCrXi
=2 �

rXi
, so X is in BXi

� U .

(b) Suppose that jXj � M for every X in S . If Y 2 Sr , choose X in S so that jX �
Yj D dist.Y; S/. Then jYj � jY � Xj C jXj � r C M ; hence, Sr is bounded. To

see that Sr is closed, suppose that Y is a limit point of Sr and � > 0. Then there is a

Y in Sr s uch that jY � Yj < �, and an X in S such that dist.Y; S/ D jX � Yj. Then

jY � Xj � jY � Yj C jY � Xj < � C r , and so dist.Y; S/ < � C r . Letting � ! 0, we see

that dist.Y; S/ � r ; therefore, Y 2 Sr , and Sr is closed.

27. If U D .X;Y/, then jUj2 D jXj2C jYj2; hence,D is bounded, sinceD1 andD2 are. If

U0 D .X0;Y0/ is a limit point ofD and � > 0, there are points X in D1 and Y inD2 such

that jU � U0j < �, where U D .X;Y/. Therefore, jX � X0j < � and jY � Y0j < �, which

implies that X0 2 D1 D D1, and Y0 2 D2 D D2; hence, U0 2 D. Hence, D D D.

28. Suppose that X0 2 A. Since S is open, there is a neighborhood N1 of X0 such that

N1 � A[B . Since X0 62 B (because A\B D ;/, there is a neighborhoodN2 of X0 such

that N2 \ B D ;. Now N1 \N2 � A. Hence, A is open. Similarly,B is open.

30. Suppose that S D A[ B , where A \ B D ; and A \ B D ;. Since S0 is connected,

we can assume that S0 � A. But then S � S0 (by definition of region) and S0 � A, so

S � A. Since A \ B D ;, it follows that S \ B D ;; that is, B D ;. Therefore, S is

connected.

31. Suppose that S is a region in R and a; b 2 S , with a < b. If a < c < b and c 62 S ,

then S D A[ B , where A D .�1; c/ \ S and B D .c;1/ \ S yields a “disconnection”

of S . Hence, if a and b are in S , then .a; b/ is also. This implies that S is an interval.

32. Since fXrg is bounded, so are its sequences of components. Choose a subsequence

of fXrg for which the sequence of first components converges; this is possible, by The-
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orem 4.2.5(a). Then pick a subsequence of this subsequence for which the sequence of

second components converges; the associated sequence of first components still converges,

by Theorem 4.2.2. Continuing in this way leads to a subsequence of fXrg for which each

component sequence converges. Now use Theorem 5.1.14.

5.2 CONTINUOUS REAL-VALUED FUNCTIONS OF n VARIABLES

1. (a) lim
X!X0

D 3; jf .X/� 10j D j3x C 4y C ´� 12j D j3.x � 1/C 4.y � 2/C .´� 1/j �
p
26jX � X0j, by Schwarz’s inequality; hence, jf .X/� 10j < � if jX � X0j <

�p
26

.

(b) Assume throughout that .x; y/ 2 Df D
˚
.x; y/

ˇ̌
x ¤ y

	
. Then f .x; y/ D x2 C xyC

y2, so lim
X!X0

f .x/ D 3; jf .X/�3j D jx2CxyCy2 �3j D j.x �1/.xC 2/C .y �1/.xC

yC 1/j �
p
.x C 2/2 C .x C y C 1/2jX � X0j, by Schwarz’s inequality. If jX � X0j < 1,

then
p
.x C 2/2 C .x C y C 1/2j < 3

p
2e and jf .X/ � 3j < 3

p
2jX � X0j. Hence, if

jX � X0j < min

�
1;

�

3
p
2

�
, then jf .X/� 3j < �.

(c) lim
X!X0

f .X/ D 1; if � > 0, there is a ı1 > 0 such that

ˇ̌
ˇ̌sinu

u
� 1

ˇ̌
ˇ̌ < � if 0 < juj < ı1.

If u D x C 4y C 2´ D .x C 2/C 4.y � 1/C 2.´C 1/ then juj �
p
21 jX � X0j < ı1 if

jX � X0j <
ı1p
21

; hence, jf .X/� 1j < � if jX � X0j <
ı1p
21

.

(d) lim
X!X0

f .X/ D 0; if � > 0, there is a ı > 0 such that ju2 loguj < � if 0 < juj < ı. Since

f .X/ D jXj2 log jX j, jf .X/j < � if 0 < jXj < ı.

(e) Assume throughout that .x; y/ 2 Df D
˚
.x; y/

ˇ̌
x > y

	
. Then jf .X/j D p

x � y
ˇ̌
ˇ̌ sin.x � y/

x � y

ˇ̌
ˇ̌ �

p
x � y �

qp
2jXj by Schwarz’s inequality, so jf .X/j < � if 0 < jXj <

�2
p
2

.

(f) Since lim
u!1

ue�u D 0, for � > 0 there is anM such that ue�u < � if u > M . Therefore,

jf .X/j < � if 0 < jXj < 1

M
, so lim

X!0

f .X/ D 0.

2. See the proof of Theorem 2.1.3.

3. (a) If � > 0, there is a ı > 0 such that

jf .x; y/ �Lj < � if 0 <
�
.x � x0/2 C .y � y0/2

�1=2
< ı:

There is a ı1 > 0 such that jg.x/ � y0j < ı=
p
2 if jx � x0j < ı1. Therefore, if jx � x0j <

min.ı1; ı=
p
2/ then

h
.x � x0/2 C .g.x/ � y0/2

i1=2
< ı, so jf .x; g.x// �Lj < �.

(b) Since f .x; y// D .y=x/

1C .y=x/2
, lim
x!0

f .x; y.x// D a

1C a2
if lim
x!0

y.x/

x
D a.
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(c) Since g.x; y.x// D x.y=x/4

.1C x4.y=x/6/3
, lim
x!0

g.x; y.x// D 0 if
y.x/

x
remains bounded

as x ! 0; however, if y.x/ D
p
x, then g.x; y.x// D

1

x.1 C x/3
, so lim

x!0C
g.x; y.x// D

1.

4.

(a) Henceforth, X 2 Df D
˚
.x; y; ´/

ˇ̌
x C 2y C 4´ ¤ 0

	
; then f .X/ D g.u.X//, where

g.u/ D j sinuj
u2

D
ˇ̌
ˇ̌sinu

u

ˇ̌
ˇ̌ 1

juj
and u.X/ D xC2yC4´. LetM be an arbitrary real number.

Since lim
u!0

g.u/ D 1 � 1 D 1, there is ı1 > 0 such that g.u/ > M if 0 < juj < ı1. Since

lim
X!X0

u.X/ D 0 there is a ı > 0 such that 0 < ju.X/j < ı1 if jX � X0j < ı; hence,

f .X/ > M if 0 < jX � X0j < ı, so lim
X!.2;�1;0/

f .X/ D 1.

(b) Henceforth, X 2 Df D
˚
.x; y/

ˇ̌
y < x

	
. Then 0 < x � y <

p
2jXj (Schwarz’s

inequality), so
p
x � y < 21=4

p
jXj and f .X/ >

1

21=4
p

jX j
. If M > 0 and jXj <

1p
2M 2

, then f .X/ > M , so lim
X!.0;0/

D 1.

(c) If Xn D
�
1
n�
; 0
�
, then lim

n!1
f .Xn/ D lim

n!1

p
n� sinn� D 0. If Xn D

�
1

.2nC 1
2 /�

; 0

�
,

then lim
n!1

f .Xn/ D lim
n!1

r
.2nC

1

2
/� sin

�
2nC

1

2

�
� D 1. Hence, lim

X!.0;0/
f .X/ does

not exist in the extended reals.

(d) Henceforth, X 2 Df D
˚
.x; y/

ˇ̌
x � 2y ¤ 0

	
. Then f .X/ D � 2y C x

.x � 2y/2 , so

lim
X!.2;1/

f .X/ D � lim
X!.2;1/

.2y C x/ lim
X!.2;1/

1

.x � 2y/2
D �4 � 1 D �1.

(e) Henceforth, X 2 Df D
˚
.x; y; ´/

ˇ̌
x C 2y C 4´ ¤ 0

	
; then f .X/ D g.u.X//, where

g.u/ D 1

u

sinu

u
and u.X/ D xC2yC4´. If fXng is sequence of points such that u.Xn/ > 0

and Xn ! .2;�1; 0/ then lim
n!1

f .u.Xn// D lim
n!1

1

u.Xn/

sinu.Xn/

u.Xn/
D 1�1 D 1. If fXng

is sequence of points such that u.Xn/ < 0 and Xn ! .2;�1; 0/ then lim
n!1

f .u.Xn// D

lim
n!1

1

u.Xn/

sinu.Xn/

u.Xn/
D �1 � 1 D �1. Hence, lim

X!.2;�1;0/
f .X/ does not exist in the

extended reals.

5. (a) Since x2 C 2y2 C 4´2 � 4jXj2, jf .X/j � log 4C 2 log jXj
jXj2 ; lim

jXj!1
f .X/ D 0.

(b) jf .X/:texj � 1

jXj
; lim

jXj!1
f .X/ D 0.

(c) lim
x!1

f .x; x/ D lim
x!1

e�4x2 D 0, while lim
x!1

f .x;�x/ D 1; therefore, lim
jXj!1

f .X/
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does not exist.

(d) f .X/ D e�jXj2, so lim
jXj!1

f .X/ D 0.

(e) lim
x!1

f .x; x/ D 1 while lim
x!1

f .x; 0/ D 0; therefore, lim
jXj!1

f .X/ does not exist.

(a) limjXj!1 f .X/ D 1 if Df is unbounded and for every real number M , there is a

number R such that f .X/ > M if jXj > R and X 2 Df .

(b) limjXj!1 f .X/ D �1 if Df is unbounded and for every real number M , there is a

number R such that f .X/ < M if jXj > R and X 2 Df .

7. Since jf .X/j � jX ja1C���Can�b , limX!0 f .X/ D 0 if a1 C a2 C � � � C an > b. If

c1; c2; : : : ; cn are constants, then

f .c1r; c2r; : : : ; cnr/ D jc1ja1jc2ja2 � � � jcnjan

.c21 C c22 C � � � C c2n/
b=2
ra1Ca2C���Can�b :

Therefore, f has zeros in every neighborhood of 0 if any ai > 0 (set ci D 0/; however,

by taking cj ¤ 0 1 � j � n, it can also be seen that f assumes arbitrarily large values

in every neighborhood of 0 if (A) a1 C a2 C � � � C an < b. Hence, limX!0 f .X/ does

not exist if (A) holds with a least one ai nonzero. If a1 D � � � D an D 0 and b > 0 then

limX!0 f .X/ D 1. If a1 D � � � D an D b D 0, f is constant.

8. g.x; 0/ D x6 ! 1 as jxj ! 1. If a ¤ 0 then g.x; ax/ D x12.a4 C 1=x2/3

x10.a4 C 1=x10/
! 1 as

jxj ! 1. However, g.x;
p
x/ D 8x6

1C x8
! 0 as jxj ! 1. Hence, lim

jXj!1
g.X/ does not

exist.

11. Let f .x; y/ D
( xy

x2 C y2
; .x; y/ ¤ .0; 0/;

0; .x; y/ D .0; 0/:
; then f .x; 0/ D x is continuous for

all x and f .0; y/ D y is continuous for all y, but f is not continuous at .0; 0/, since

lim
.x;y/!.0;0/

f .x; y/ does not exist (Example 5.2.3).

5.3 PARTIAL DERIVATIVES AND THE DIFFERENTIAL

1. (a) h.t/ D f .x C �1t; y C �2t/ D .x C �1t/
2 C 2.x C �1t/.y C �2t/ cos.x C �1t/;

h0.t/ D 2�1.x C �1t/C 2�1.y C �2t/ cos.x C �1t/C 2�2.x C �1t/ cos.x C �1t/

�2�1.x C �1t/.y C �2t/ sin.x C �1t/I

@f .X/

@Ĺ
D h0.0/ D .2x C 2y cos x � 2xy sin x/�1 C 2�2x cos x; if Ĺ D

 
1

p
3
;�
r
2

3

!
,

then
@f .X/

@Ĺ
D 2p

3
.x C y cos x � xy sinx/ � 2

r
2

3
.x cos x/.

(b) h.t/ D f .xC�1t; yC �2t; ´C �3t/ D exp.�.x C �1t/C .yC �2t/
2 C 2.´C �3t//;
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h0.t/ D h.t/.��1 C 2�2.y C�2t/C 2�3/;
@f .X/

@Ĺ
D h0.0/ D e�xCy2C2´.��1 C 2y�2 C

2�3/; if Ĺ D
�
1p
3
;� 1p

3
;
1p
3

�
then

@f .X/

@Ĺ
D .1 � 2y/p

3
e�xCy2C2´ .

(c) h.t/ D
nX

iD1
.xi C �i t/

2; h0.t/ D 2

nX

iD1
�ixi ;

@f .X/

@Ĺ
D h0.0/ D 2

nX

iD1
�ixi ; if Ĺ D

�
1p
n
;
1p
n
; � � � ; 1p

n

�
, then

@f .X/

@Ĺ
D 2p

n
.x1 C x2 C � � � C xn/.

(d) h.t/ D f .xC�1t; yC�2t; ´C�3t/ D log.1CxCyC´C .�1C�2C�3/t/; h
0.t/ D

�1 C �2 C �3

1C x C y C ´C .�1 C �2 C �3/t
;
@f .X/

@Ĺ
D h0.0/ D �1 C �2 C �3

1C x C y C ´
; if Ĺ D .0; 1; 0/

then
@f .X/

@Ĺ
D 1

1C x C y C ´
.

2. h.t/ D f .x C �1t; y C �2t/ D �1�2 sin�1t ; h
0.t/ D �21�2 cos �1t ;

@f .X/

@Ĺ
D h0.0/ D

�21�2.

3. (a) h.t/ D f .x C �1t; y C �2t; ´ C �3t/ D sinŒ�.x C �1t/.y C �2t/.´ C �3t/�;

h0.t/ D �g.t/ cosŒ�.x C �1t/.y C �2t/.´ C �3t/�, with

g.t/ D �1.y C �2t/.´C �3t/C �2.x C �1t/.´ C �3t/C �3.x C �1t/.y C �2/t I

@f .X/

@Ĺ
D h0.0/ D �g.0/ cos �xy´ D �.�1y´ C �2x´ C �3xy/ cos �xy´; if Ĺ D

X1 � X0

jX1 � X0j
D
�
2

p
6
;
1

p
6
;
1

p
6

�
, then

@f .1; 1;�2/
@Ĺ

D � 5�p
6

.

(b) h.t/ D f .xC�1t; yC�2t; ´C�3t/ D exp.�..xC�1t/2C.yC�2t/2C2.´C�3t///;
h0.t/ D �2h.t/.�1.xC�1t/C�2.yC�2t/C�3/;

@f .X/

@Ĺ
D h0.0/ D �2e�.x2Cy2C2´/.�1xC

�2y C �3/; if Ĺ D
X1 � X0

jX1 � X0j
D .1; 0; 0/ then

@f .1; 0;�1/
@Ĺ

D 2e.

(c) h.t/ D f .x C �1t; y C �2t; ´ C �3t/ D log.1 C x C y C ´ C .�1 C �2 C �3/t/;

h0.t/ D �1 C �2 C �3

1C x C y C ´C .�1 C �2 C �3/t
;
@f .X/

@Ĺ
D h0.0/ D �1 C �2 C �3

1C x C y C ´
; if Ĺ D

X1 � X0

jX1 � X0j
D
�
1p
2
; 0;� 1p

2

�
then

@f .1; 0; 1/

@Ĺ
D 0.

(d) h.t/ D
 

nX

iD1
.xi C t�i /

2

!2
; h0.t/ D 4

 
nX

iD1
.xi C t�i/

2

!
nX

iD1
�i .xi C t�i /;

@f .X/

@Ĺ
D

h0.0/ D
nX

iD1
Ĺ � X;

@f .0/

@Ĺ
D 0.

4. If ´0 D f .x0; y0/, then ´.t/ D f .x0 C t�1; y0 C t�2/ represents a curve through

.x0; y0; ´0/ in the plane determined by the unit vectors Ĺ and k;
@f .x0; y0/

@Ĺ
is the slope of
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the curve at .x0; y0; ´0/.

(a) fx.0; 0/ D lim
x!0

f .x; 0/� f .0; 0/

x
D lim
x!0

0 � 0
x

D 0 and fy.0; 0/ D lim
y!0

f .0; y/ � f .0; 0/
y

D

lim
y!0

0 � 0
y

D 0. If .x; y/ ¤ .0; 0/ then fx.x; y/ D y.x4 C 4x2y2 � y4/

.x2 C y2/2
and fy.x; y/ D

x.x4 � 4x2y2 � y4/
.x2 C y2/2

. fxx.0; 0/ D lim
x!0

fx.x; 0/� fx.0; 0/
x

lim
x!0

0 � 0

x
D 0; fyy.0; 0/ D

lim
y!0

fy.0; y/ � fy.0; 0/

y
D lim

y!0

0 � 0
y

D 0; fxy .0; 0/ D lim
y!0

fx.0; y/ � fx.0; 0/

y
D

lim
y!0

�y � 0
y

D �1; fyx.0; 0/ D lim
x!0

fy.x; 0/� fy .0; 0/
x

D lim
x!0

x � 0
x

D 1.

(b) fx.x; 0/ D lim
x!0

f .x C h; 0/� f .x; 0/
h

D lim
x!0

0 � 0
x

D 0 for all x and fy .0; y/ D

lim
y!0

f .0; y C k/ � f .0; y/

k
D lim

y!0

0 � 0

y
D 0 for all y. If y ¤ 0 then fx.0; y/ D

lim
x!0

f .x; y/ � f .0; y/
x

D lim
x!0

�
x tan�1 y

x
� y2

x
tan�1 x

y

�
D � lim

x!0

y2

x
tan�1 x

y
D �y,

by L’Hospital’s rule and the boundedness of tan�1 u. If x ¤ 0 then fy.x; 0/ D lim
y!0

f .x; y/ � f .x; 0/

y
D

lim
y!0

�
x2

y
tan�1 y

x
� y tan�1 x

y

�
D lim

y!0

x2

y
tan�1 y

x
D x, by L’Hospital’s rule and the

boundedness of tan�1 u. Now fxx.0; 0/ D lim
x!0

fx.x; 0/� fx.0; 0/
x

D lim
x!0

0 � 0
x

D 0;

fyy.0; 0/ D lim
y!0

fy.0; y/ � fy.0; 0/

y
D lim
y!0

0 � 0
y

D 0; fxy .0; 0/ D lim
y!0

fx.0; y/ � fx.0; 0/
y

D

lim
y!0

�y � 0
y

D �1; fyx.0; 0/ D lim
x!0

fy.x; 0/� fy .0; 0/
x

D lim
x!0

x � 0
x

D 1.

9. Assume throughout that .x; y/ 2 S . Differentiating ux D vy with respect to x yields

uxx D vyx. Differentiating uy D �vx with respect to y yields uyy D �vxy . Therefore,

uxx C uyy D vyx � vxy D 0 (Theorem 5.3.3).

Differentiating ux D vy with respect to y yields uxy D vyy . Differentiating uy D �vx
with respect to x yields �uyx D vxx . Therefore, vxx C vyy D uxy � uyx D 0 (Theo-

rem 5.3.3).

10. Apply Theorem 5.3.3 to f as a function of xi and xj , holding the other variables fixed.

11. X 2 S throughout this proof. First consider r D 2. The conclusion is obvious if

xi1 D xi2 , and it follows from Exercise 10 if xi1 ¤ xi2 . Now suppose that r > 2 and

the proposition is true with r replaced by r � 1. If xir D xjr , then fxi1; : : : ; xir�1
g is a

rearrangement of fxj1
; : : : ; xjr�1

g, so fxi1
;:::;xir�1

.X/ D fxj1
;:::;xjr�1

.X/ by the induc-

tion assumption, and differentiating both sides of this equation with respect to xir D xjr

yields fxi1
;xi2

:::;xir
.X/ D fxj1

;xj2
:::;xjr

.X/. If xir ¤ xjr then xjr D xik for some k

in f1; : : : ; r � 1g. Let fxp1
; xp2

; : : : ; xpr g be the rearrangement of fxi1 ; xi2; : : : ; xir g ob-

tained by interchanging ir and ik . Then (A) fxi1
;xi2

:::;xir
.X/ D fxp1

;xp2
:::;xpr

.X/, by

Exercise 10. However, now xpr D xjr , so fxp1
;xp2

:::;xpr
.X/ D fxj1

;xj2
:::;xjr

.X/ by the
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previous argument. This and (A) complete the induction.

12. Suppose that n � 2 and P0, P1, . . . , Pn are true. Then

.´1 C ´2 C � � � C ´nC1/
r D Œ.´1 C ´2 C � � � C ´n/C ´nC1�

r

D
rX

jD0

 
r

j

!
.´1 C ´2 C � � � C ´n/

j ´
r�j
nC1 . by P2/

D
rX

jD0

 
r

j

!2
4X

j

j Š

j1Šj2Š : : : jnŠ
´
j1

1 ´
j2

2 � � �´jn
n

3
5 ´r�j

nC1

by P0, P1, . . . , Pn. Since

 
r

j

!
rŠ

j Š.r � j /Š
, this can be rewritten as

.´1 C ´2 C � � � C ´nC1/
r D rŠ

rX

jD0

X

j

 
´
j1

1 ´
j2

2 � � �´jn
n

j1Šj2Š � � � jnŠ

!
´
r�j
nC1

.r � j /Š

D rŠ
X

r

´
r1

1 ´
r2

2 � � �´rnC1

nC1
r1Šr2Š � � � rnC1Š

;

which is PnC1.

(b) There is a one-to-one correspondence between these n tuples and the products in the

expansion of .´1 C ´2 C � � � C ´n/
r that contain r1 factors equal to x1, r2 factors equal to

x2, . . . , rn factors equal to xn. The number of such products is
rŠ

r1Šr2Š � � � rnŠ
, from (a).

(c) Follows from (b).

13. Let E.X/ D

8
<
:

f .X/ � f .X0/ � dX0
.X � X0/

jX � X0j
; X ¤ X0;

0; X D X0;
and apply Theorem 5.3.7

and the definition of the differential.

14. If ˆ D .�1; �2/, then
@f .0; 0/

@ˆ
D h0.0/, where h.t/ D

8
<
:

t�21�2

t4�61 C 2�22
; t ¤ 0;

0; t D 0:

If

ˆ D .1; 0/ then h � 0 and h0.0/ D 0. If �2 ¤ 0, then h0.0/ D lim
t!0

�21�2

t4�61 C 2�22
D �21
2�2

.

Therefore,
@f .0; 0/

@ˆ
exists for every ˆ. However, f is not continuous at .0; 0/, since

lim
y!0C

f .
p
y; y/

1

2
¤ f .0; 0/.

15. Choose r > 0 so that Sr.x0; y0/ is in the neighborhood and Œfx.x; y/j � M1 and

jfy.x; y/j � M2 if .x; y/ 2 Sr.x0; y0/. If .x; y/ 2 Sr.x0; y0/, then

f .x; y/ � f .x0; y0/ D Œf .x; y/� f .x0; y/�C Œf .x0; y/ � f .x0; y0/�
D fx.bx; y/.x � x0/C fy .x0;by/.y � y0/;
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where bx is between x and x0 and by is between y and y0. (By the mean value theorem,

applied first with respect to x, with y fixed, and then with respect to y, with x fixed.)

Therefore, by Schwarz’s inequality,

jf .x; y/ � f .x0; y0/j �
q
M 2
1 CM 2

2

p
.x � x0/2 C .y � y0/2;

which implies the result.

16. (a)

f .x; y/� f .1; 2/D 2.x2 � 1/C 3.xy � 2/C .y2 � 4/
D 2.x C 1/.x � 1/C 3..x � 1/y C .y � 2//C .y C 2/.y � 2/
D .2x C 3y C 2/.x � 1/C .y C 5/.y � 2/

D 10.x � 1/C 7.y � 2/C .2x C 3y � 10/.x � 1/C .y � 2/.y � 2/I

therefore, if .x; y/ ¤ .1; 2/,

jf .x; y/ � f .1; 2/� 10.x � 1/� 7.y � 2/jp
.x � 1/2 C .y � 2/2

�
p
.2x C 3y � 10/2 C .y � 2/2;

by Schwarz’s inequality. Since lim
.x;y/!.1;2/

p
.2x C 3y � 10/2 C .y � 2/2 D 0, f is differ-

entiable at .1; 2/.

(b)

f .x; y; ´/� f .1; 1; 1/D 2.x2 � 1/C 3.x � 1/C 4.y´ � 1/
D .2x C 5/.x � 1/C 4.y � 1/C 4y.´ � 1/
D 7.x � 1/C 4.y � 1/C 4.´ � 1/C 2.x � 1/2 C 4.´ � 1/.y � 1/I

therefore, if .x; y; ´/ ¤ .1; 1; 1/,

jf .x; y; ´/� f .1; 1; 1/� 7.x � 1/� 4.y � 1/� 4.´ � 1/jp
.x � 1/2 C .y � 1/2 C .´ � 1/2

� 2
p
.x � 1/2 C 4.´ � 1/2;

by Schwarz’s inequality. Since lim
.x;y/!.1;1;1/

p
.x � 1/2 C 4.´ � 1/2 D 0, f is differen-

tiable at .1; 1; 1/.

(c) f .X/ � f .X0/ D
nX

iD1
.x2i � x2i0/ D

nX

iD1
.xi C xi0/.xi � xi0/

D 2

nX

iD1
xi0.xi � xi0/C

nX

iD1
.xi � xi0/

2I

therefore,

f .X/ � f .X0/� 2

nX

iD1
xi0.xi � xi0/

jX � X0j
D jX � X0j;
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so f is differentiable at X0

17. Write

f .x; y/� f .x0; y0/ D f .x; y/ � f .x0; y/C f .x0; y/� f .x0; y0/

y � y0
.y � y0/: .A/

Holding y fixed and applying the mean value theorem with respect to x yields f .x; y/ �
f .x0; y/ D fx.bx.y/; y/, wherebx.y/ is between x and x0. Therefore,

f .x; y/ � f .x0; y/ D Œfx.x0; y0/C .fx.bx; y/ � fx.x0; y0//�.x � x0/
D Œfx.x0; y0/C �1.x; y/�.x � x0/;

.B/

where lim
.x;y/!.x0 ;y0/

�1.x; y/ D 0 because fx is continuous at .x0; y0/ From the definition

of fy.x0; y0/,
f .x0; y/ � f .x0; y0/

y � y0
D fy .x0; y0/C �2.y/; .C/

where lim
y!y0

�2.y/ D 0. Now (A), (B), (C), and Schwarz’s inequality imply that if .x; y/ ¤
.x0; y0/ then

jf .x; y/ � f .x0; y0/ � fx.x0; y0/.x � x0/ � fy.x0; y0/.y � y0/jp
.x � x0/2 C .y � y0/2

� E.x; y/;

whereE.x; y/ D
q
�21.x; y/C �22.y/. Since lim

.x;y/!.x0 ;y0/
E.x; y/ D 0, f is differentiable

at .x0; y0/.

19. (a) It is given that

lim
X!X0

f .X/ � f .X0/ �
nX

iD1
fxi
.X0/.xi � xi0/

jX � X0j
D 0:

Let X D X0 C tĹ; then

lim
t!0

f .X0 C tĹ/� f .X0/ �
nX

iD1
fxi
.X0/t�i

t
D 0I

that is,

@f .X0/

@Ĺ
D lim
t!0

f .X0 C tĹ/� f .X0/

t
D

nX

iD1
fxi
.X0/�i :

(b) If

nX

iD1
f 2xi
.X0/ D 0, then

@f .X0/

@Ĺ
D 0 for every Ĺ. If

nX

iD1
f 2xi
.X0/ ¤ 0, the maximum is

attained with

�i D fxi
.X0/

0
@

nX

jD1
f 2x1

.X0/

1
A

�1=2

; 1 � i � n:



Section 5.3 Partial Derivatives and the Differential 129

To see this, use Lemma 5.1.5.

20. First note that jg.u/j � u2 for all u and

g0.u/ D

8
<̂

:̂

2u sin
1

u
� cos

1

u
; u ¤ 0

lim
u!0

g.u/

u
D 0; u D 0I

hence, g0.u/ exists for all u, but is discontinuous at u D 0. Now,

jf .X/� f .0/� 0 � x1 � 0 � x2 � � � � � 0 � xnj � jg.x1/j C jg.x2/j C � � � C jg.xn/j � jXj2;

so

lim
X!0

jf .X/ � f .0/ � 0 � x1 � 0 � x2 � � � � � 0 � xnj
jXj D 0I

that is, f is differentiable at .0; 0; : : : ; 0/. Since fxi
D g0.xi /, fxi

is discontinuous at

.0; 0; : : : ; 0/.

21. (a) B.h/ D �.x0 C h/ � �.x0/, where �.x/ D f .x; y0 C k/ � f .x; y0/. Since

�0.x/ D fx.x; y0 C k/ � fx.x; y0/ the mean value theorem implies that (A) B.h/ D
Œfx.bx; y0 C h/� fx.bx; y0/� hwherebx is between x0 and x0Ch. Since fx is differentiable

at .x0; y0/,

fx.bx; y0 C h/ D fx.x0; y0/C fxx.x0; y0/.bx � x0/C fxy .x0; y0/hC a1.h/

fx.bx; y0/ D fx.x0; y0/C fxx.x0; y0/.bx � x0/C b1.h/;

where lim
.x;y/!.x0 ;y0/

a1.h/

h
D lim

.x;y/!.x0 ;y0/

b1.h/

h
D 0. Therefore, from (A), (B) B.h/ D

fxy.x0; y0/h
2 C E1.h/h, withE1.h/ D a1.h/ � b1.h/, so lim

.x;y/!.x0 ;y0/

E1.h/

h
D 0.

(b) B.h/ D  .x0 C h/ �  .x0/, where  .y/ D f .x0 C h; y/ � f .x0; y/. Since

 0.y/ D fy.x0 C h; y/ � fx.x0; y/ the mean value theorem implies that (C) B.h/ D�
fy .x0 C h;by/ � fy.x0;by/

�
h where by is between y0 and y0 C h. Since fy is differen-

tiable at .x0; y0/,

fy .x0 C h;by/ D fy.x0; y0/C fyx.x0; y0/hC fyy.x0; y0/.by � y0/C a2.h/

fy.x0;by/ D fy.x0; y0/C fyy.x0; y0/.by � y0/C b2.h/;

where lim
.x;y/!.x0 ;y0/

a2.h/

h
D lim

.x;y/!.x0 ;y0/

b2.h/

h
D 0. Therefore, from (C), (D) B.h/ D

fyx.x0; y0/h
2 CE2.h/h, withE2.h/ D a2.h/ � b2.h/, so lim

.x;y/!.x0 ;y0/

E2.h/

h
D 0.

(c) From (B) and (D) fxy .x0; y0/h
2 CE1.h/h D fyx.x0; y0/h

2 CE2.h/h; fxy .x0; y0/�

fyx.x0; y0/ D E2.h/ �E1.h/
h

; since the right side ! 0 as h ! 0 and the left side is

independent of h, fxy.x0; y0/ D fyx.x0; y0/.
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22. (a) Apply the result of Exercise 21 to f as a function of xi and xj , holding the other

variables fixed.

(b) X 2 S throughout this proof. We want to show that fxi1
xi2
;:::;xir

.X/ D fxj1
xj2

;:::;xjr
.X/

if each of the variables x1, x2, . . . , xn appears the same number of times in fxi1 ; xi2; : : : ; xir g
and fxj1

; xj2
; : : : ; xjr g. First consider r D 2. The conclusion is obvious if xi1 D xi2 ,

and it follows from (a) if xi1 ¤ xi2. Now suppose that r > 2 and the proposition

is true with r replaced by r � 1. If xir D xjr , then fxi1 ; : : : ; xir�1
g is a rearrange-

ment of fxj1
; : : : ; xjr�1

g, so fxi1
;:::;xir�1

.X/ D fxj1
;:::;xjr�1

.X/ by the induction as-

sumption, and differentiating both sides of this equation with respect to xir D xjr yields

fxi1
;xi2

:::;xir
.X/ D fxj1

;xj2
:::;xjr

.X/. If xir ¤ xjr then xjr D xik for some k in

f1; : : : ; r � 1g. Let fxp1
; xp2

; : : : ; xpr g be the rearrangement of fxi1 ; xi2; : : : ; xir g ob-

tained by interchanging ir and ik . Then (A) fxi1
;xi2

:::;xir
.X/ D fxp1

;xp2
:::;xpr

.X/, by

(a). However, now xpr D xjr , so fxp1
;xp2

:::;xpr
.X/ D fxj1

;xj2
:::;xjr

.X/ by the previous

argument. This and (A) complete the induction.

23. The three points lie on a line if and only if there are constants A and B such that

yi �Axi � B D 0 .i D 1; 2; 3/. This is equivalent to the condition that

0 D

ˇ̌
ˇ̌
ˇ̌
y0 x0 1

y1 x1 1

y2 x2 1

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌

y0 x0 1

y1 � y0 x1 � x0 0

y2 � y0 x2 � x0 0

ˇ̌
ˇ̌
ˇ̌ ;

which is equivalent to the stated condition.

25. Since also

lim
.x;y/!.x0 ;y0/

f .x; y/ � f .x0; y0/� fx.x0; y0/.x � x0/� fy.x0; y0/.y � y0/p
.x � x0/2 C .y � y0/2

D 0;

it follows that

lim
.x;y/!.x0 ;y0/

.f .x0; y0/� a/C .fx .x0; y0/� b/.x � x0/C .fy .x0; y0/� c/.y � y0/p
.x � x0/2 C .y � y0/2

D 0:

Therefore, the problem reduces to showing that if ˛, ˇ, and 
 are constants such that

lim
.x;y/!.x0 ;y0/

˛ C ˇ.x � x0/C 
.y � y0/p
.x � x0/2 C .y � y0/2

D 0; .A/

then ˛ D ˇ D 
 D 0. Since (A) implies that ˛C lim
.x;y/!.x0 ;y0/

.ˇ.x � x0/C 
.y � y0// D

0, it follows that ˛ D 0, so (A) reduces to lim
.x;y/!.x0 ;y0/

ˇ.x � x0/C 
.y � y0/p
.x � x0/2 C .y � y0/2

D 0.

Therefore, lim
x!x0

ˇ
x � x0

jx � x0j
D 0, so ˇ D 0, and lim

y!y0



y � y0

jy � y0j
D 0, so 
 D 0.

5.4 THE CHAIN RULE AND TAYLOR’S THEOREM

1. X0 2 D0
f

and U0 2 D0
G

, by definition of differentiability. Therefore, B�.X0/ � Df
and Br.U0/ � Dg for some �; r > 0. Since G is differentiable at U0, G is continuous
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at U0, so there is a ı such that 0 < ı < r and jG.U/ � G.U0/j D jG.U/ � X0j < � if

jU � U0j < ı. This means that f .G.U// is defined if jU � U0j < ı; that is, U0 2 D0
h

.

2. (a) Let U D .u; v/ and X D .x; y/.

First method:

U0 D .0; 1/;

@g1.U/

@u
D veuCv�1;

@g1.U0/

@u
D 1;

@g1.U/

@v
D euCv�1 C veuCv�1;

@g1.U0/

@v
D 2;

dU0
g1 D duC 2 dv;

@g2.U/

@u
D �e�uCv�1;

@g2.U0/

@u
D �1;

@g2.U/

@v
D e�uCv�1;

@g2.U0/

@v
D 1;

dU0
g2 D � duC dv;

X0 D .g1.U0/; g2.U0// D .1; 1/;

fx.X/ D 6x C 4y2 C 3; fx.X0/ D 13;

fy.X/ D 8xy; fy.X0/ D 8;

dU0
h D fx.X0/ dU0

g1Cfy.X0/ dU0
g2 D 13. duC2 dv/C8.�duCdv/ D 5 duC34 dv.

Second method:

h.U/ D 3v2e2uC2v�2C4veuCv�1e�2uC2v�2C3veuCv�1 D 3v2e2uC2v�2C4ve�uC3v�3C
3veuCv�1;

hu.U/ D 6v2e2uC2v�2 � 4ve�uC3v�3 C 3veuCv�1; hu.U0/ D 5;

hv.U/ D .6v C 6v2/e2uC2v�2 C .4 C 12v/e�uC3v�3 C .3 C 3v/euCv�1; hv.U0/ D 34;

dU0
h D hu.U0/ duC hv.U0/ dv D 5 duC 34 dv.

(b) Let U D .u; v; w/ and X D .x; y; ´/.

First method:

U0 D .1; 1; 1/;

@g1.U/

@u
D 1

u
;

@g1.U0/

@u
D 1;
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@g1.U/

@v
D �1

v
;

@g1.U0/

@v
D �1;

@g1.U/

@w
D 1

w
;

@g1.U0/

@w
D 1;

dU0
g1 D du� dv C dw;

@g2.U/

@u
D � 2

u
;

@g2.U0/

@u
D �2;

@g2.U/

@v
D 0;

@g2.U0/

@v
D 0;

@g2.U/

@w
D � 3

w
;

@g2.U0/

@w
D �3;

dU0
g2 D �2 du� 3 dw;

@g3.U/

@u
D 1

u
;

@g3.U0/

@u
D 1;

@g3.U/

@v
D 1

v
;

@g3.U0/

@v
D 1;

@g3.U/

@w
D 2

w
;

@g3.U0/

@w
D 2;

dU0
g3 D duC dv C 2 dw;

X0 D .g1.U0/; g2.U0/; g3.U0// D .0; 0; 0/;

fx.X/ D fy.X/ D f´.X/ D �e�.xCyC´/;

fx.X0/ D fy .X0/ D f´.X0/ D �1;

dU0
h D fx.X0/ dU0

g1Cfy.X0/ dU0
g2Cf´.X0/ dU0

g3 D �. du� dvC dw/� .�2 du�
3 dw/� . duC dv C 2 dw/ D 0.

Second method:



Section 5.4 The Chain Rule and Taylor’s Theorem 133

x.U/C y.U/C´.U/ D .logu� logvC logw/C .�2 logu� 3 logw/C .loguC logvC
2 logw/ D 0; hence, h.U/ � 1 and dU0

h D 0.

(b) Let U D .u; v/ and X D .x; y/.

First method:

U0 D .3; �=2/;

@g1.U/

@u
D cos v;

@g1.U0/

@u
D 0;

@g1.U/

@v
D �u sin v;

@g1.U0/

@v
D �3;

dU0
g1 D �3 dv;

@g2.U/

@u
D sin v;

@g2.U0/

@u
D 1;

@g2.U/

@v
D u cos v;

@g2.U0/

@v
D 0;

dU0
g2 D du

X0 D .g1.U0/; g2.U0// D .0; 3/;

fx.X/ D fy.X/ D 2.x C y/; fx.X0/ D fy.X0/ D 6;

dU0
h D fx.X0/ dU0

g1 C fy.X0/ dU0
g2 D 6 du� 18 dv.

Second method:

h.U/ D u2.cos v C sinv/2 D u2.1 C 2 sinv cos v/ D u2.1 C sin 2v/;

hu.U/ D 2u.1C sin 2v/; hu.U0/ D 6;

hv.U/ D 2u2 cos 2v; hv.U0/ D �18;

dU0
h D hu.U0/ duC hv.U0/ dv D 6 du� 18 dv.

(d) Let U D .u; v; w/ and X D .x; y; ´/.

First method:

U0 D .4; �=3; �=6/;

@g1.U/

@u
D cos v sinw

@g1.U0/

@u
D 1

4
;

@g1.U/

@v
D �u sin v sinw;
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@g1.U0/

@v
D �

p
3;

@g1.U/

@w
D u cos v cosw;

@g1.U0/

@w
D

p
3;

dU0
g1 D 1

4
du�

p
3 dv C

p
3 dw;

@g2.U/

@u
D cos v cosw;

@g2.U0/

@u
D

p
3

4
;

@g2.U/

@v
D �u sin v cosw;

@g2.U0/

@v
D �3;

@g2.U/

@w
D �u cos v sinw;

@g2.U0/

@w
D �1;

dU0
g2 D

p
3

4
du� 3 dv � dw;

@g3.U/

@u
D sin v

@g3.U0/

@u
D

p
3

2
;

@g3.U/

@v
D u cos v;

@g3.U0/

@v
D 2;

@g3.U/

@w
D 0;

@g3.U0/

@w
D 0;

dU0
g3 D

p
3

2
duC 2 dv;

X0 D .g1.U0/; g2.U0/; g3.U0// D .1;
p
3; 2

p
3/;

fx.X/ D 2x; fx.X0/ D 2;

fy.X/ D 2y; fy.X0/ D 2
p
3;

f´.X/ D 2´; f´.X0/ D 4
p
3;
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dU0
h D fx.X0/ dU0

g1Cfy.X0/ dU0
g2Cf´.X0/ dU0

g3 D 2

�
1

4
du�

p
3dv C

p
3 dw

�
C

2
p
3

 p
3

4
du� 3 dv � dw

!
C 4

p
3

 p
3

2
duC 2 dv

!
D 8 du.

Second method:

h.U/ D u2 cos2 v sin2w C u2 cos2 v cos2w C u2 sin2 v D u2; hu.U/ D 2u; hv.U/ D 0;

hw.U/ D 0; hu.U0/ D 8; hv.U0/ D 0; hw.U0/ D 0; dh D 8 du.

3. hr D fxxr C fyyr C f´´r D fx cos � C fy sin � ;

h� D fxx� C fyy� C f´´� D fx.�r sin �/C fy.r cos �/ D r.�fx sin � C fy cos �/;

hr D fxx´ C fyy´ C f´ D f´.

4. hr D fxxr C fyyr C f´´r D fx sin � cos � C fy sin� sin � C f´ cos�;

h� D fxx� C fyy� C f´´� D r sin�.�fx sin � C fy cos �/;

h� D fxx� C fyy� C f´´� D r.fx cos� cos � C fy cos� sin � � f´ sin �.

5. (a) hu D 2uf 0; hv D 2vf 0; vhu � uhv D 2.vu � uv/f 0 D 0.

(b) hu D f 0 cosu; hv D �f 0 sinv; hu sinvChv cosu D .sin v cos u�cosu sinv/f 0 D 0.

(c) hu D 1

v
f 0; hv D � u

v2
f 0; uhu C vhv D

�u
v

� u

v

�
f 0 D 0.

(d) hu D .fx � fy/gu; hv D .fx � fy /gv ; dh D hu duC hv dv D .fx � fy/.gu duC
gv dv/ D .fx � fy / dg.

6. hy D gxxy C gy C gwwy; h´ D gxx´ C g´ C gww´.

7. Let F.u; v/ D
R v
u
f .t/ dt , which can be rewritten asF.u; v/ D

Z v

t0

f .t/ dt�
Z u

t0

f .t/ dt ;

From Theorem 3.3.11,Fu.u; v/ D �f .u/ and Fv.u; v/ D f .v/. Let h.x/ D
Z v.x/

u.x/

f .t/ dt D

F.u.x/; v.x//; from the chain rule, h0.x/ D Fv.u.x/; v.x//v
0.x/�Fu.u.x/; v.x//u0.x/ D

f .v.x//v0.x/ � f .u.x//u0.x/.

8. For a fixed .x1; x2; : : : ; xn/, differentiating the identityf .tx1; tx2; : : : ; txn/ D trf .x1; x2; : : : ; xn/

with respect to t and using the chain rule on the left yields

nX

iD1
xifxi

.tx1; tx2; : : : ; txn/ D rtr�1f .x1; x2; : : : ; xn/:

Now set t D 1.

9. fx D hr rx C h��x;

fy D hrry C h��y ;

fxx D hrrxx C h��xx C rx.hrrrx C hr��x/C �x.h�r rx C h���x/;

fyy D hrryy C h��yy C ry.hrrry C hr��y/C �y.h�r ry C h���y/;

fxxCfyy D hr.rxxCryy/Ch� .�xxC�yy/Chrr.r2xCr2y/Ch�� .�2x C�2y /C2hr�.�xrxC
�yry/;

Now we evaluate the multipliers of hr , h� , hrr , h�� and hr� D h�;r on the right.
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rx D xp
x2 C y2

D x

r
D cos � ; ry D yp

x2 C y2
D y

r
D sin � ;

r2x C r2y D 1;

�x D
1

1C .y=x/2

�
�
y

x2

�
D �

y

x2 C y2
D �

sin �

r
;

�y D 1

1C .y=x/2

�
1

x

�
D x

x2 C y2
D cos �

r
;

�2x C �2y D 1

r2
;

�xrx C �yry D 0;

rxx D ��x sin � D sin2 �

r
; ryy D �y cos � D cos2 �

r

rxx C ryy D 1

r
;

�xx D ��x cos �

r
C rx sin �

r2
D 2 sin � cos �

r2
;

�yy D ��y sin �

r
C ry cos �

r2
D �2 sin � cos �

r2
;

�xx C �yy D 0.

10. hu D fxau C fybu;

huu D fxauu C fybuu C au.fxxau C fxybu/C bu.fyxau C fyybu/;

hv D fxav C fybv;

hvv D fxavv C fybvv C av.fxxav C fxybv/C bv.fyxav C fyybv/;

huuChvv D fx.auuCavv/Cfy .buuC bvv/C .a2u Ca2v/fxx C .b2u C b2v/fyy C .aubuC
avbv/.fxy C fyx/.

Since au D bv and av D �bu, aubu C avbv D 0 and b2u C b2v D a2u C a2v . Differentiating

au D bv and av D �bu with respect to u and v respectively yields auu D bvu and

avv D �buv , so auu C avv D bvu � buv D 0 (Theorem 5.3.3). Differentiating au D bv
and av D �bu with respect to v and u respectively yields auv D bvv and avu D �buu, so

buuCbvv D �avuCauv D 0 (Theorem 5.3.3). Therefore, huuChvv D .fxxCfyy/.a2uC
a2v/.

11. ux D f 0 C g0; uxx D f 00 C g00; ut D �cf 0 C cg0; ut t D c2f 00 C c2g D c2u00
xx .

12. (a) hu D fx C fy ; huv D .fxx � fxy /C .fyx � fyy/ D fxx � fyy (Theorem 5.3.3).

(b) hu D fx C fy huu D .fxx C fxy /C .fyx C fyy/;

hv D fx � fy hvv D .fxx � fxy /� .fyx � fyy/;
huu C hvv D 2.fxx C fyy/
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13. From Exercise 4, hr D fx sin� cos � C fy sin � sin � C f´ cos �;

hrr D .fxxxr C fxyyr C fx´´r / sin � cos � C .fyxxr C fyyyr C fy´´r / sin � sin �

C.f´xxr C f´yyr C f´´´r / cos�

D fxx sin2 � cos2 � C fyy sin2 � sin2 � C f´´ cos2 �

Cfxy .yr sin � cos � C xr sin� sin �/C fy´.´r sin � sin � C yr cos�/

Cfx´.´r sin� cos � C xr cos�/

D 2fxy .sin2 � sin � cos �/C 2fy´.sin � cos� sin �/C 2fx´.sin � cos� cos �/

D fxx sin2 � cos2 � C fyy sin2 � sin2 � C f´´ cos2 �

Cfxy sin2 � sin 2� C fy´ sin 2� sin � C fx´ sin 2� cos � I

hr� D .�fx sin � C fy cos �/ sin � C .fxxx� C fxyy�/ sin � cos �

C.fyxx� C fyyy� / sin� sin � C .f´xx� C f´yy� / cos �

D .�fx sin � C fy cos �/ sin � C r.fyy � fxx/ sin2 � sin � cos �

Crfxy sin2 �.cos2 � � sin2 �/C r.f´y cos � � f´x sin �/ sin � cos�

D .�fx sin � C fy cos �/ sin � C r

2
.fyy � fxx/ sin2 � sin 2�

Crfxy sin2 � cos 2� C r

2
.f´y cos � � f´x sin �/ sin 2�

14. If huv D 0 for all .u; v/, then hu is independent of v, by Theorem 2.3.12. Therefore,

hu.u; v/ D U0.u/ and h.u; v/ D U1.u/CV1.v/, whereU 0
1.u/ D U0.u/. If fxx�fyy D 0,

Exercise 12(a) and this result imply that f .u C v; u � v/ D U1.u/ C V1.v/. Setting

x D uC v and y D u� v yields

f .x; y/ D U1

�
x C y

2

�
C V1

�x � y
2

�
;

and the stated result follows, with U.u/ D U1.u=2/ and V.v/ D V1.v=2/.

15. False; let D be the entire xy-plane except fior the nonnegative y axis, and

f .x; y/ D

8
<
:
0 if y < 0;

y3 if y � 0 and x < 0;

y4 if y � 0 and x > 0:

Then f is differentiable and fx D 0 on D, but f .x; y/ ¤ f .�x; y/ if y > 0 and x ¤ 0.

16. In (a) and (b),

T3.x; y/ D f .0; 0/C .fx.0; 0/x C fy .0; 0/y/

C1

2
.fxx .0; 0/x

2 C 2fxy.0; 0/xy C fyy.0; 0/y
2/

C1

6
.fxxx .0; 0/x

3 C 3fxxy .0; 0/x
2y C 3fxyy.0; 0/xy

2 C fyyy.0; 0/y
3/I
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(a) f .x; y/ D ex cosy; f .0; 0/ D 1;

fx.x; y/ D ex cosy; fx.0; 0/ D 1;

fy.x; y/ D �ex siny; fy.0; 0/ D 0;

fxx.x; y/ D ex cosy; fxx .0; 0/ D 1;

fxy.x; y/ D �ex siny; fxy.0; 0/ D 0;

fyy.x; y/ D �ex cosy; fyy.0; 0/ D �1;

fxxx .x; y/ D ex cosy; fxxx.0; 0/ D 1;

fxxy .x; y/ D �ex siny; fxxy .0; 0/ D 0;

fxyy.x; y/ D �ex cosy; fxyy.0; 0/ D �1;

fyyy.x; y/ D ex sin y; fyyy.0; 0/ D 0;

T3.x; y/ D 1C x C x2 � y2
2

C x3

6
� xy2

2
.

(b) f .x; y/ D e�x�y ; f .0; 0/ D 1;

fx.x; y/ D �e�x�y ; fx.0; 0/ D �1;

fy.x; y/ D �e�x�y ; fy.0; 0/� 1;

fxx.x; y/ D e�x�y ; fxx.0; 0/ D 1;

fxy.x; y/ D e�x�y ; fxy .0; 0/ D 1;

fyy.x; y/ D e�x�y ; fyy.0; 0/ D 1;

fxxx .x; y/ D �e�x�y ; fxxx .0; 0/ D �1;

fxxy .x; y/ D �e�x�y ; fxxy .0; 0/ D �1;

fxyy.x; y/ D �e�x�y ; fxyy.0; 0/ D �1;

fyyy.x; y/ D �e�x�y ; fyyy.0; 0/ D �1;

T3.x; y/ D 1 � x � y C x2

2
C xy C y2

2
� x3

6
� x2y

2
� xy2

2
� y3

6
.

(c) If r1 C r2 C r3 � 3, then

@r1Cr2Cr3f .x; y; ´/

@xr2@xr2@xr3
D k.x C y C ´ � 3/5�rC1Cr2Cr3 ;

where k is a constant. Since the right side is zero if .x; y; ´/ D .1; 1; 1/, T3.x; y; ´/ D 0.

(d) All partial derivatives of f through the third order equal zero at .0; 0; 0/ except for

fxy´.0; 0; 0/ D cos x cosy cos ´, which equals one at .0; 0; 0/. Therefore,

T3.x; y; ´/ D 1

3Š

3Š

1Š1Š1Š
fxy´.0; 0; 0/xy´ D xy´:

17. Let X0 D .x10; x20; : : : ; xn0/. From Eqn. (23), the left side of Eqn. (35) can be written
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as
ˇ̌
ˇ̌
ˇ̌

nX

i1;i2;:::;ikD1

 
@kf .eX/

@xik@xik�1
� � � @xi1

� @kf .X0/

@xik@xik�1
� � � @xi1

!

� .xi1 � xi10/.xi2 � xi20/ � � � .xik � xik0/
ˇ̌
ˇ̌
ˇ:

From Eqn. (32), each term in this sum is less in magnitude than �jX � X0jk , and there are

nk terms. This yields Eqn. (35).

18. Theorem 5.4.9 with n D 1 requires that f .k/ be continuous at x0. Theorem 2.5.1

requires only that f .k/.x0/ exist.

19. By Theorem 5.2.13, p assumes a minimum value � > 0 on
˚
Y
ˇ̌
jY j D 1

	
. If X ¤ 0,

then p.X=jXj/ � �, and the homogeneity implies that p.X/ � �jXjr , which also obviously

holds if x D 0. This implies Eqn. (41), since d
.k/
X0
f is homogeneous of degree k.

Suppose that d
.k/
X0
f is negative definite. By an argument similar to the solution of Exer-

cise 19, it can be shown that there is a � > 0 such that

.d
.k/
X0
f /.X � X0/

kŠ
� ��jX � X0jk .A/

for all X. Since

lim
X!X0

f .X/ � f .X0/� 1

kŠ
.d .k/

X0
/.X � X0/

jX � X0jk
D 0;

there is a ı > 0 such that

f .X/ � f .X0/ �
1

kŠ
.d .k/

X0
f /.X � X0/

jX � X0jk
<
�

2
if jX � X0j < ı: .A/

Therefore,

f .X/ � f .X0/ <
1

kŠ
.d .k/

X0
/.X � X0/C �

2
jX � X0jk if jX � X0j < ı:

This and (A) imply that

f .X/ � f .X0/ < ��
2

jX � X0jk if jX � X0j < ı;

which implies that X0 is a local maximum point of f .

21. p.x; y/ D x2�2xyCy2Cx4Cy4; px.x; y/ D 2x�2yC4x3; py.x; y/ D �2xC2yC
4y3. Since px.0; 0/ D py.0; 0/ D 0, .0; 0/ is a critical point of p. pxx.x; y/ D 2C 12x2;

pxy.x; y/ D �2; pyy.x; y/ D 2C12y2; .d
.2/

.0;0/
p/.x; y/ D 2x2�4xyC2y2 D 2.x�y/2

is positive semidefinite.
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q.x; y/ D x2�2xyCy2�x4�y4. qx.x; y/ D 2x�2y�4x3; qy.x; y/ D �2xC2y�4y3.
Since qx.0; 0/ D qy.0; 0/ D 0, .0; 0/ is a critical point of q. qxx.x; y/ D 2 � 12x2;

qxy.x; y/ D �2; qyy.x; y/ D 2�12y2; .d
.2/

.0;0/
q/.x; y/ D 2x2�4xyC 2y2 D 2.x�y/2

is positive semidefinite.

(b)Dp D pxx.0; 0/pxy.0; 0/�p2xy .0; 0/ D 2 �2�22 D 0 andDq D qxx.0; 0/qxy .0; 0/�
q2xy.0; 0/ D 2 � 2 � 22 D 0.

(c) p.x; y/ D .x � y/2 C x4 C y4 � 0 for all .x; y/. Since p.0; 0/ D 0, .0; 0/ is a local

minimum point of p.

q.x; y/ D .x � y/2 � x4 � y4, so q.x; x/ D �2x4 < 0 if x ¤ 0. Also, q.x; 0/ D
x2.1 � x2/ > 0 if 0 < x < 1. Since q.0; 0/ D 0, .0; 0/ is not a local extreme point of q.



CHAPTER 6

VECTOR-VALUED

FUNCTIONS OF SEVERAL

VARIABLES

6.4 LINEAR TRANSFORMATIONS AND MATRICES

1. Recall that (A) L.U C V/ and (B) L.aU/ D aL.U/ if U and V are vectors and a is a

scalar. From (A) with U D a1X1 and v D a2X2, L.a1X1Ca2X2/ D L.a1X1/CL.a2X2/,

so (B) implies that L.a1X1 C a2X2/ D a1L.X1/C a2L.X2/. This proves the proposition

with k D 2. Now suppose that k > 2 and the proposition is true with k replaced by k � 1.

Then (A) with U D a1X1 C � � � C ak�1Xk�1 and V D akXk yields

L.a1X1 C � � � C ak�1Xk�1 C akXk/ D L..a1X1 C � � � C ak�1Xk�1/C akXk/

D L.a1X1 C � � � C ak�1Xk�1/C L.akXk/

D .a1L.X1/C � � � C ak�1L.Xk�1//C akL.Xk/

by the induction assumption and (B). This completes the induction.

141
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2.

L.X C Y/ D

2
6664

a11.x1 C y1/C a12.x2 C y2/C � � � C a1n.xn C yn/

a21.x1 C y1/C a22.x2 C y2/C � � � C a2n.xn C yn/
:::

am1.x1 C y1/C am2.x2 C y2/C � � � C amn.xn C yn/

3
7775

D

2
6664

a11x1 C a12x2 C � � � C a1nxn
a21x1 C a22x2 C � � � C a2nxn

:::

am1x1 C am2x2 C � � � C amnxn

3
7775C

2
6664

a11y1 C a12y2 C � � � C a1nyn
a21y1 C a22y2 C � � � C a2nyn

:::

am1y1 C am2y2 C � � � C amnyn

3
7775

D L.X/C L.Y/:

L.aX/ D

2
6664

a11.ax1/C a12.ax2/C � � � C a1n.axn/

a21.ax1/C a22.ax2/C � � � C a2n.axn/
:::

am1.ax1/C am2.ax2/C � � � C amn.axn/

3
7775

D a

2
6664

a11x1 C a12x2 C � � � C a1nxn
a21x1 C a22x2 C � � � C a2nxn

:::

am1x1 C am2x2 C � � � C amnxn

3
7775 D aL.X/:

7. .A C B/C C D Œ.aij C bij /C cij � D Œaij C .bij C cij /� D A C .B C C/.

8. (a) r.sA/ D rŒsaij � D Œr.saij /� D Œ.rs/aij � D .rs/A.

(b) .r C s/A D Œ.r C s/aij � D Œraij C saij � D rA C sA

(c) r.A C B/ D rŒaij C bij � D Œr.aij C bij /� D Œraij C rbij � D rA C rB.

9. Let D D Œdij � D AB and F D Œfij � D BC. Wemust show that DC D AF. By

definition, dik D
pX

rD1
airbrk .1 � i � m; 1 � k � q/, and the .i; j /th entry of DC is

qX

kD1
dikckj D

qX

kD1

 
pX

rD1
airbrk

!
ckj .1 � i � m; 1 � j � n/. Changing the order of

summation shows that the sum on the right equals

pX

rD1
air

qX

kD1
brkckj D

pX

rD1
airfrj , which

is the .i; j /th entry of AF. Therefore, DC D AF.

10. If A C B is defined, then A and B have the same number m of rows and the same

number n of columns. If AB is defined, then the number n of columns of A must equal the

number m of rows of B. Therefore, A and B are square matrices of the same order.
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11. (a) From the definition of matrrix multiplication,

2
6664

a11 a12 � � � a1n
a21 a21 � � � a2n
:::

:::
: : :

:::

am1 am2 � � � amn

3
7775

2
6664

x1
x2
:::

xn

3
7775 D

2
6664

a11x1 C a12x2 C � � � C a1nxn
a21x1 C a22x2 C � � � C a2nxn

:::

am1x1 C am2x2 C � � � C amnxn

3
7775 :

(b) .c1L1 C c2L2/.X/ D c1L1.X/ C c2L2.X/ D c1A1X C c2A2X D .c1A1 C c2A2/X.

(c) L3.X/ D L2.L1.X// D A2.L1.X// D A2.A1X/ D .A2A1/X from Exercise 9.

16. If Y D AX, then jYj2 D
mX

iD1

0
@

nX

jD1
aijxj

1
A
2

�

0
@

mX

iD1

0
@

nX

jD1
a2ij

1
A
1
A jXj2, by Schwarz’s

inequality. Therefore, jYj2 � mn�2 jXj2, so kAk � �
p
mn.

17. If kAk D 0, then AX D 0 for every X, which implies that A D 0.

18. j.A C B/Xj � jAXj C jBXj � .kAk C kBk/jXj; hence, kA C Bk � kAk C kBk.

19. j.AB/Xj D jA.BX/j � kAkjBXj � kAk.kBkjXj/; hence, kABk � kAkkBk.

20. (a) The matrix of the system is A D

2
4
1 1 2

2 �1 1

1 �2 �3

3
5; det.A/ D 6. By Cramer’s

rule, x D 1

6

ˇ̌
ˇ̌
ˇ̌

1 1 2

�1 �1 1

2 �2 �3

ˇ̌
ˇ̌
ˇ̌ D 12

6
D 2; y D 1

6

ˇ̌
ˇ̌
ˇ̌
1 1 2

2 �1 1

1 2 �3

ˇ̌
ˇ̌
ˇ̌ D 18

6
D 3; ´ D

1

6

2
4
1 1 1

2 �1 �1
1 �2 2

3
5 D �12

6
D �2.

(b) A D

2
4
1 1 �1
3 �2 2

4 2 �3

3
5; det.A/ D 5. By Cramer’s rule, x D 1

5

ˇ̌
ˇ̌
ˇ̌
5 1 �1
0 �2 2

14 2 �3

ˇ̌
ˇ̌
ˇ̌ D

10

5
D 2; y D 1

5

ˇ̌
ˇ̌
ˇ̌
1 5 �1
3 0 2

4 14 �3

ˇ̌
ˇ̌
ˇ̌ D 15

5
D 3; ´ D 1

5

ˇ̌
ˇ̌
ˇ̌
1 1 5

3 �2 0

4 2 14

ˇ̌
ˇ̌
ˇ̌ D 0

5
D 0.

(c) A D

2
4
1 2 3

1 0 �1
1 1 2

3
5; det.A/ D �2. By Cramer’s rule,

x D �1
2

ˇ̌
ˇ̌
ˇ̌

�5 2 3

�1 0 �1
�4 1 2

ˇ̌
ˇ̌
ˇ̌ D �4

2
D �2; y D �1

2

ˇ̌
ˇ̌
ˇ̌
1 �5 3

1 �1 �1
1 �4 2

ˇ̌
ˇ̌
ˇ̌ D �0

2
D 0; ´ D

�1
2

ˇ̌
ˇ̌
ˇ̌
1 2 �5
1 0 �1
1 1 �4

ˇ̌
ˇ̌
ˇ̌ D �2

2
D �1.
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(d) A D

2
664

1 �1 1 �2
2 1 �3 3

3 2 0 1

2 1 �1 0

3
775; det.A/ D �20. By Cramer’s rule,

x D � 1

20

2
664

1 �1 1 �2
4 1 �3 3

13 2 0 1

4 1 �1 0

3
775 D 60

20
D 3; y D � 1

20

2
664

1 1 1 �2
2 4 �3 3

3 13 0 1

2 4 �1 0

3
775 D

20

20
D 1; ´ D � 1

20

2
664

1 �1 1 �2
2 1 4 3

3 2 13 1

2 1 4 0

3
775 D 60

20
D 3;w D � 1

20

2
664

1 �1 1 1

2 1 �3 4

3 2 0 13

2 1 �1 4

3
775 D

40

20
D 2.

21. (a) det.A/ D
ˇ̌
ˇ̌ 1 �2
3 4

ˇ̌
ˇ̌ D 10; C D

�
4 �3
2 1

�
; A�1 D 1

10

�
4 2

�3 1

�
.

(b) det A D

ˇ̌
ˇ̌
ˇ̌
1 2 3

1 0 �1
1 1 2

ˇ̌
ˇ̌
ˇ̌ D �2; c11 D

ˇ̌
ˇ̌ 0 �1
1 2

ˇ̌
ˇ̌ D 1; c12 D �

ˇ̌
ˇ̌ 1 �1
1 2

ˇ̌
ˇ̌ D

�3; c13 D
ˇ̌
ˇ̌ 1 0

1 1

ˇ̌
ˇ̌ D 1; c21 D �

ˇ̌
ˇ̌ 2 3

1 2

ˇ̌
ˇ̌ D �1; c22 D

ˇ̌
ˇ̌ 1 3

1 2

ˇ̌
ˇ̌ D �1; c23 D

�
ˇ̌
ˇ̌ 1 2

1 1

ˇ̌
ˇ̌ D 1; c31 D

ˇ̌
ˇ̌ 2 3

0 �1

ˇ̌
ˇ̌ D �2; c32 D �

ˇ̌
ˇ̌ 1 3

1 �1

ˇ̌
ˇ̌ D 4; c33 D

ˇ̌
ˇ̌ 1 2

1 0

ˇ̌
ˇ̌ D

�2; A�1 D 1

2

2
4

�1 1 2

3 1 �4
�1 �1 2

3
5.

(c) det A D

ˇ̌
ˇ̌
ˇ̌
4 2 1

3 �1 2

0 1 2

ˇ̌
ˇ̌
ˇ̌ D �25; c11 D

ˇ̌
ˇ̌ �1 2

1 2

ˇ̌
ˇ̌ D �4; c12 D �

ˇ̌
ˇ̌ 3 2

0 2

ˇ̌
ˇ̌ D

�6; c13 D
ˇ̌
ˇ̌ 3 �1
0 1

ˇ̌
ˇ̌ D 3; c21 D �

ˇ̌
ˇ̌ 2 1

1 2

ˇ̌
ˇ̌ D �3; c22 D

ˇ̌
ˇ̌ 4 1

0 2

ˇ̌
ˇ̌ D 8; c23 D

�
ˇ̌
ˇ̌ 4 2

0 1

ˇ̌
ˇ̌ D �4; c31 D

ˇ̌
ˇ̌ 2 1

�1 2

ˇ̌
ˇ̌ D 5; c32 D �

ˇ̌
ˇ̌ 4 1

3 2

ˇ̌
ˇ̌ D �5; c33 D

ˇ̌
ˇ̌ 4 2

3 �1

ˇ̌
ˇ̌ D

�10; A�1 D 1

25

2
4

4 3 �5
6 �8 5

�3 4 10

3
5.

(d) det A D

ˇ̌
ˇ̌
ˇ̌
1 0 1

0 1 1

1 1 0

ˇ̌
ˇ̌
ˇ̌ D �2; c11 D

ˇ̌
ˇ̌ 1 1

1 0

ˇ̌
ˇ̌ D �1; c12 D �

ˇ̌
ˇ̌ 0 1

1 0

ˇ̌
ˇ̌ D 1; c13 D

ˇ̌
ˇ̌ 0 1

1 1

ˇ̌
ˇ̌ D �1; c21 D �

ˇ̌
ˇ̌ 0 1

1 0

ˇ̌
ˇ̌ D 1; c22 D

ˇ̌
ˇ̌ 1 1

1 0

ˇ̌
ˇ̌ D �1; c23 D �

ˇ̌
ˇ̌ 1 0

1 1

ˇ̌
ˇ̌ D

�1; c31 D
ˇ̌
ˇ̌ 0 1

1 1

ˇ̌
ˇ̌ D �1; c32 D �

ˇ̌
ˇ̌ 1 1

0 1

ˇ̌
ˇ̌ D �1; c33 D

ˇ̌
ˇ̌ 1 0

0 1

ˇ̌
ˇ̌ D 1; A�1 D
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1

2

2
4

1 �1 1

�1 1 1

1 1 �1

3
5.

(e) det A D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 2 0 0

�2 3 0 0

0 0 2 3

0 0 �1 2

ˇ̌
ˇ̌
ˇ̌
ˇ̌

D 49; c11 D

ˇ̌
ˇ̌
ˇ̌
3 0 0

0 2 3

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D 21;

c12 D �

ˇ̌
ˇ̌
ˇ̌

�2 0 0

0 2 3

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D 14; c13 D

ˇ̌
ˇ̌
ˇ̌

�2 3 0

0 0 3

0 0 2

ˇ̌
ˇ̌
ˇ̌ D 0; c14 D �

ˇ̌
ˇ̌
ˇ̌

�2 3 0

0 0 2

0 0 �1

ˇ̌
ˇ̌
ˇ̌ D

0; c21 D �

ˇ̌
ˇ̌
ˇ̌
2 0 0

0 2 3

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D �14; c22 D

ˇ̌
ˇ̌
ˇ̌
1 0 0

0 2 3

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D 7; c23 D �

ˇ̌
ˇ̌
ˇ̌
1 2 0

0 0 3

0 0 2

ˇ̌
ˇ̌
ˇ̌ D 0;

c24 D

ˇ̌
ˇ̌
ˇ̌
1 2 0

0 0 2

0 0 �1

ˇ̌
ˇ̌
ˇ̌ D 0; c31 D

ˇ̌
ˇ̌
ˇ̌
2 0 0

3 0 0

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D 0; c32 D �

ˇ̌
ˇ̌
ˇ̌

1 0 0

�2 0 0

0 �1 2

ˇ̌
ˇ̌
ˇ̌ D 0;

c33 D

ˇ̌
ˇ̌
ˇ̌

1 2 0

�2 3 0

0 0 2

ˇ̌
ˇ̌
ˇ̌ D 14; c34 D �

ˇ̌
ˇ̌
ˇ̌

1 2 0

�2 3 0

0 0 �1

ˇ̌
ˇ̌
ˇ̌ D 7; c41 D �

ˇ̌
ˇ̌
ˇ̌
2 0 0

3 0 0

0 2 3

ˇ̌
ˇ̌
ˇ̌ D 0;

c42 D

ˇ̌
ˇ̌
ˇ̌

1 0 0

�2 0 0

0 2 3

ˇ̌
ˇ̌
ˇ̌ D 0; c43 D �

ˇ̌
ˇ̌
ˇ̌

1 2 0

�2 3 0

0 0 3

ˇ̌
ˇ̌
ˇ̌ D �21; c44 D

ˇ̌
ˇ̌
ˇ̌

1 2 0

�2 3 0

0 0 2

ˇ̌
ˇ̌
ˇ̌ D 14;

A�1 D 1

7

2
664

3 �2 0 0

2 1 0 0

0 0 2 �3
0 0 1 2

3
775.

(f) det A D

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1 1 2 �1
2 2 �1 3

�1 4 1 2

3 1 0 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌

D �10; c11 D

ˇ̌
ˇ̌
ˇ̌
2 �1 3

4 1 2

1 0 1

ˇ̌
ˇ̌
ˇ̌ D 1; c12 D �

ˇ̌
ˇ̌
ˇ̌

2 �1 3

�1 1 2

3 0 1

ˇ̌
ˇ̌
ˇ̌ D

14; c13 D

ˇ̌
ˇ̌
ˇ̌

2 2 3

�1 4 2

3 1 1

ˇ̌
ˇ̌
ˇ̌ D �21; c14 D �

ˇ̌
ˇ̌
ˇ̌

2 2 �1
�1 4 1

3 1 0

ˇ̌
ˇ̌
ˇ̌ D �17; c21 D �

ˇ̌
ˇ̌
ˇ̌
1 2 �1
4 1 2

1 0 1

ˇ̌
ˇ̌
ˇ̌ D

2; c22 D

ˇ̌
ˇ̌
ˇ̌

1 2 �1
�1 1 2

3 0 1

ˇ̌
ˇ̌
ˇ̌ D 18; c23 D �

ˇ̌
ˇ̌
ˇ̌

1 1 �1
�1 4 2

3 1 1

ˇ̌
ˇ̌
ˇ̌ D �22; c24 D

ˇ̌
ˇ̌
ˇ̌

1 1 2

�1 4 1

3 1 0

ˇ̌
ˇ̌
ˇ̌ D

�24; c31 D

ˇ̌
ˇ̌
ˇ̌
1 2 �1
2 �1 3

1 0 1

ˇ̌
ˇ̌
ˇ̌ D 0; c32 D �

ˇ̌
ˇ̌
ˇ̌
1 2 �1
2 �1 3

3 0 1

ˇ̌
ˇ̌
ˇ̌ D �10; c33 D

ˇ̌
ˇ̌
ˇ̌
1 1 �1
2 2 3

3 1 1

ˇ̌
ˇ̌
ˇ̌ D

10; c34 D �

ˇ̌
ˇ̌
ˇ̌
1 1 2

2 2 �1
3 1 0

ˇ̌
ˇ̌
ˇ̌ D 10; c41 D �

ˇ̌
ˇ̌
ˇ̌
1 2 �1
2 �1 3

4 1 2

ˇ̌
ˇ̌
ˇ̌ D �5; c42 D

ˇ̌
ˇ̌
ˇ̌

1 2 �1
2 �1 3

�1 1 2

ˇ̌
ˇ̌
ˇ̌ D
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�20; c43 D �

ˇ̌
ˇ̌
ˇ̌

1 1 �1
2 2 3

�1 4 2

ˇ̌
ˇ̌
ˇ̌ D 25; c44 D

ˇ̌
ˇ̌
ˇ̌

1 1 2

2 2 �1
�1 4 1

ˇ̌
ˇ̌
ˇ̌ D 25; A�1 D 1

10

2
664

�1 �2 0 5

�14 �18 10 20

21 22 �10 �25
17 24 �10 �25

3
775.

22. Eqn. (10) and the continuity of faij g imply that the entries of A�1, and therefore of

B, are continuous on K. If the conclusion were false, there would be integers r and s

in f1; 2; : : : ; mg, an �0 > 0, and sequences fXj g and fYj g in K such that (A) lim
j!1

jXj �
Yj j D 0, but (B) jbrs.Xj ;Yj /j � �0, j � 1. By the compactness ofK and Exercise 5.1.32

there is a subsequence fXjk
g of fXj g which converges to a limit X in K, and (A) implies

that fYjk
g does also. Therefore, lim

j!1
.Xjk

;Yjk
/ D .X;X/ in R2m. This implies that

lim
k!1

brs.Xjk
;Yjk

/ D brs.X;X/ D 0 (Theorem 4.2.6), which contradicts (B).

6.2 CONTINUITY AND DIFFERENTIABILITY OF TRANSFORMATIONS

1. If

jfi .X/ � fi .X0/j <
�p
m
; 1 � i � m; if jX � X0j < ı and X 2 DF;

then

jF.X/ � F.X0/j D
 
mX

iD1
.fi .X/ � fi .X0//2

!1=2
< � if jX � X0j < ı and X 2 DF:

Conversely, if this is true, then

jfi.X/ � fi .X0/j < �; 1 � i � m; if jX � X0j < ı and X 2 DF:

lim
X!X0

F.X/ � F.X0/ � F0.X0/.X � X0/

jX � X0j
D 0 W

2. (a)

F.X/ � F.X0/� F0.X0/.X � X0/ D

2
4
3x C 4y

2x � y

x C y

3
5�

2
4
3x0 C 4y0
2x0 � y0
x0 C y0

3
5

�

2
4
3 4

2 �1
1 1

3
5
2
4
x � x0
y � y0
´ � ´0

3
5 D

2
4
0

0

0

3
5 :

(b) F.X/ D

2
4
2x2 C xy C 1

xy

x2 C y2

3
5; F.X0/ D

2
4

2

�1
2

3
5; F0.X/ D

2
4
4x C y x

y x

2x 2y

3
5;
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F0.X0/ D

2
4

3 1

�1 1

2 �2

3
5;

F.X/ � F.X0/ � F0.X0/.X � X0/ D

2
4
.x � 1/.2x C y � 1/
.x � 1/.y C 1/

.x � 1/2 C .y C 1/2

3
5 : .A/

Since j.x � 1/.y C 1/j � jX � X0j2 and

j.x � 1/.2x C y � 1/j � jX � X0jj2.x � 1/C .y C 1/j �
p
5jX � X0j2;

(Schwarz’s inequality), (A) implies that

jF.X/ � F.X0/ � F0.X0/.X � X0/j �
p
7jX � X0j2;

which implies the conclusion.

(c) F.X/ D

2
4

sin.x C y/

sin.y C ´/

sin.x C ´/

3
5; F.X0/ D

2
64

1p
2
1p
2

1

3
75;

F0.X/ D

2
4

cos.x C y/ cos.x C y/ 0

0 cos.y C ´/ cos.y C ´/

cos.x C ´/ 0 cos.x C ´/

3
5; F0.X0/ D 1p

2

2
4
1 1 0

0 1 1

0 0 0

3
5;

F.X/ � F.X0/� F0.X0/.X � X0/ D

2
6664

sin.x C y/ � 1p
2

� 1p
2

�
x C y � �

4

�

sin.y C ´/ � 1p
2

� 1p
2

�
y C ´ � �

4

�

sin.x C ´ � 1/

3
7775 : .A/

From Taylor’s theorem,

ˇ̌
ˇ̌sinu � 1p

2

�
u � �

4

�ˇ̌
ˇ̌ � 1

2

�
u � �

4

�2
, so

ˇ̌
ˇ̌sin.x C y/ � 1p

2
� 1p

2

�
x C y � �

4

�ˇ̌
ˇ̌ � 1

2

h�
x � �

4

�
C y

i2
� jX � X0j2 .B/

and
ˇ̌
ˇ̌sin.y C ´/ � 1p

2
� 1p

2

�
y C ´ � �

4

�ˇ̌
ˇ̌ � 1

2

h
y C

�
´ � �

4

�i2
� jX � X0j2: .C/

From Taylor’s theorem, j sinu� 1j � 1

2

�
u� �

2

�2
, so

j sin.x C ´/ � 1j � 1

2

h�
x � �

4

�
C
�
´� �

4

�i2
� jX � X0j2: .D/
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Now (A), (B), (C), and (D) imply that

ˇ̌
F.X/ � F.X0/ � F0.X0/.X � X0/

ˇ̌
�

p
3jX � X0j2;

which implies the conclusion.

3. Since F D .f1; f2; : : : ; fm/ is continuous at X0, f1, f2, . . . , fm are continuous at X0
(Definition 5.2.9). Since h is also continuous at X0, hf1, hf2, . . . , hf2 are continuous at

X0 (Theorem 5.2.8). Therefore, hF D .hf1; hf2; : : : ; hfm/ is continuous at X0 (Defini-

tion 5.2.9).

4. Let F D .f1; f2; : : : ; fm/ and G D .g1; g2; : : : ; gm/. Since F and G are continuous at

X0, f1, f2, . . . , fm and g1, g2, . . . , gm are continuous at X0 (Definition 5.2.9). Therefore,

f1 C g1, f2 C g2, . . . , g1 C g2 are continuous at X0 (Theorem 5.2.8). Therefore, F C G D
.f1 C g1; f2 C g2; : : : ; fm C gm/ is continuous at X0 (Definition 5.2.9).

5. H D .h1; h2; : : : ; hm/ where hi .U/ D fi .g1.U/; g2.U/; : : : ; gn.U//, 1 � i � m.

From Theorem 5.2.11, hi is continuous at U0. Therefore, H is continuous at U0 (Defini-

tion 5.2.9).

6. If F D .f1; f2; : : : ; fm/ then f1, f2, . . . , fm are continuous on S (Definition 5.2.9).

Hence, h D f 21 C f 22 C � � � C f 2m is continuous on S (Theorem 5.2.8), so jFj D
p
h is

continuous on S (Theorem 5.2.11).

7. Since jFj is continuous on S (Exercise 6), Theorem 5.2.13 implies the conclusion.

8. If L.X/ D AX, then jL.X/ � L.X0/j D jA.X � X0/j � kAkjX � X0j.
9. (a) Since L is continuous on R

n (Exercise 8), there are vectors Y0 and Y1 in S such

that jAY0j � jAYj � jAY1j, Y 2 S (Exercise 7); that is, jAY0j D min
˚
jAYj

ˇ̌
jYj D 1

	
and

jAY1j D max
˚
jAYj

ˇ̌
jYj D 1

	
. If X ¤ 0 then Y D X

jXj 2 S , so jAY0j D min

� jAXj
jXj

ˇ̌
X ¤ 0

�

and jAY1j D max

� jAXj
jXj

ˇ̌
X ¤ 0

�
. This implies the conclusion, with m.A/ D jAY0j and

M.A/ D jAY1j.
(b) From (a), jAXj � M.A/jXj for all X; therefore, (A) kAk � M.A/. Now suppose that

� > 0. Since L is continuous on R
n, there is a ı > 0 such that jAYj > M.A/ � � if Y 2 S

and jY � Y1j < ı. Therefore, M.A/ � � < kAk. Letting � ! 0C yields M.A/ � kAk.

This and (A) imply thatM.A/ D kAk.

(c) If n > m or A is singular the system AX D 0 has a nontrivial solution, which we may

assume without loss of generality to be in S . Therefore, m.A/ D 0.

(d) Applying (a) to A�1 shows that there is U1 2 S such that jA�1U1j D M.A�1/.

Since V1 D A�1U1

M.A�1/
2 S , m.A/ � jAV1j D jU1j

M.A�1/
D 1

M.A�1/
. Therefore, (A)

m.A/M.A�1 / � 1. From (a), there is a U2 2 S such that jAU2j D m.A/. Since V2 D
AU2

m.A/
2 S , M.A�1/ � jU2j

m.A/
D 1

m.A/
. Therefore, m.A/M.A�1/ � 1. This and (A)

imply that m.A/M.A�1 / D 1. Applying this result to A�1 yieldsm.A�1/M.A/ D 1.

10. Let F D .f1; f2; : : : ; fm/ and � > 0. Since f1, f2, . . . , fm are uniformly continuous
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on S , there is a ı > 0 such that

jfi .X/ � fi.Y/j �
�

p
m
; 1 � i � m; if jY � Xj < ı and X;Y 2 S:

Then jF.X/ � F.Y/j < � if jX � Yj < ı and X;Y 2 S .

11. Must show that if a is an arbitrary real number, then (A) F.aX/ D aF.X/. First

consider a D 0: F.0X/ D F.0/ D F.0 C 0/ D F.0/ C F.0/ D 2F.0/ D 2F.0X/; hence,

F.0X/ D 2F.0X/, which implies (A) if a D 0. Since F Œ.n C 1/X� D F.nX/ C F.X/,

induction yields (A) if a is a nonnegative integer. If n is a negative integer, then

0 D F.0X/ D F.nX C jnjX/ D F.nX/ C F.jnjX/
D F.nX/ C jnjF.X/ D F.nX/ � nF.X/I

hence, (A) holds if a is any integer. If a D m=n, then

F
�m
n

X
�

D mF

�
X

n

�
D m

n
F

�
n

�
X

n

��
D m

n
F.X/I

hence, (A) holds if a is rational. If a is any real and r is rational, then jF.aX/ � aF.X/j �
jF.aX/ � F.rX/j C jr � ajjF.X/j. Let r ! a and use the continuity of F to complete the

proof.

15. Let Gi .X/ D Ai C Bi .X � X0/ .i D 1; 2/, and X D X0 C tU, with jUj D 1. Then

lim
t!0

.A1 � A2/C t.B1 � B2/U

t
D 0;

which implies that A1 D A2 and .B1 � B2/U D 0 for every U. The latter implies that

B1 D B2.

16. If F is differentiable at X0 then

F.X/ � F.X0/ D F0.X0/.X � X0/C jX � X0jE.X/;

where lim
X!X0

E.X/ D 0. Choose ı1 such that jE.X/j < 1 if jX�X0j < ı1 and X 2 DF. Then

jF.X/ � F.X0/j < .kF0.X0/k C 1/jX � X0j if jX � X0j < ı1. Therefore, F is continuous

at X0

17. If F is differentiable at X0 then

F.X/ � F.X0/ D F0.X0/.X � X0/C jX � X0jE.X/; X 2 DF;

where lim
X!X0

E.X/ D 0. If � > 0 choose ı so that X 2 DF and jE.X/j < � if jX � X0j < ı.
Then

jF.X/ � F.X0/j � .kF0.X0/k C �/jX � X0j if jX � X0j < ı:

18. If F is differentiable at X0 then

F.X/ � F.X0/ D F0.X0/.X � X0/C jX � X0jE.X/; X 2 DF; .A/
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where lim
X!X0

E.X/ D 0. Since

jX � X0j D jŒF0.X0/�
�1F0.X0/.X � X0/j � 1

r
jF0.X0/.X � X0/j;

jF0.X0/.X � X0/j � r jX � X0j. If 0 < � < r choose ı so that X 2 DF and jE.X/j < � if

jX � X0j < ı. Now (A) implies that

jF.X/ � F.X0/j � .r � �/jX � X0j if jX � X0j < ı:

19. jX � Yj D jA�1.L.X/ � L.Y//j � kA�1kjL.X/� L.Y/j.

20.(a) G0.U/ D

2
4

�w sinu sinv w cosu cos v cosu sin v

w cosu sin v w sinu cos v sinu sinv

0 �w sin v cos v

3
5; G0.U0/ D

2
4

�2 0 0

0 0 1

0 �2 0

3
5;

F0.X/ D

2
4

2x 2y 0

� 2x´

.x2 C y2/2
� 2y´

.x2 C y2/2
1

x2 C y2

3
5; X0 D G.U0/ D

2
4
0

2

0

3
5;

F0.X0/ D
�
0 4 0

0 0 1
4

�
;

H0.U0/ D F0.X0/G0.U0/ D
�
0 4 0

0 0 1
4

�2
4

�2 0 0

0 0 1

0 �2 0

3
5 D

�
0 0 4

0 �1
2

0

�
.

Check:

H.U/ D
"
w2 sin2 v

cos v

w sin2 v

#
; H0.U/ D

2
4
0 2w2 sin v cos v 2w sin2 v

0 �1C cos2 v

w sin3 v
� cos v

w2 sin2 v

3
5; H0.U0/ D

�
0 0 4

0 �1
2

0

�
.

(b) G0.U/ D
�

�v sinu cos u

v cos u sinu

�
; G0.U0/ D 1p

2

�
�3 1

3 1

�
; F0.X/ D

"
2x �2y

� y

x2
1

x

#
;

X0 D G.U0/ D
3

p
2

�
1

1

�
; F0.X0/ D

"
6p
2

� 6p
2

�
p
2
3

p
2
3

#
;

H0.U0/ D F0.X0/G0.U0/ D 1p
2

"
6p
2

� 6p
2

�
p
2
3

p
2
3

#�
�3 1

3 1

�
D
�

�18 0

2 0

�
.

Check:

H.U/ D
�
v2 cos 2u

tanu

�
; H0.U/ D

�
�2v2 sin 2u 2v cos 2u

sec2 u 0

�
; H0.U0/ D

�
�18 0

2 0

�
.

(c) G0.U/ D

2
4
1 �1
1 1

1 �2

3
5; F0.X/ D

2
4

3 4 2

4 �2 1

�1 1 1

3
5;
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H0.U/ D F0.X/G0.U/ D

2
4

3 4 2

4 �2 1

�1 1 1

3
5
2
4
1 �1
1 1

1 �2

3
5 D

2
4
9 �3
3 �8
1 0

3
5.

Check:

H.U/ D

2
4
9u� 3v C 6

3u� 8v � 1
u � 2

3
5; H0.U/ D

2
4
9 �3
3 �8
1 0

3
5.

(d) G0.U/ D
�

2 �1 1

2ueu
2�v2 �2veu2�v2

0

�
; G0.U0/ D

�
2 �1 1

2 �2 0

�
;

F0.X/ D
�
1 1

1 �1

�
;

H0.U0/ D F0.X0/G0.U0/ D
�
1 1

1 �1

��
2 �1 1

2 �2 0

�
D
�
4 �3 1

0 1 1

�
.

Check:

H.U/ D
"
2u� v C w C eu

2�v2

2u� v C w � eu
2�v2

#
; H0.U0/ D

�
4 �3 1

0 1 1

�
.

(e) G0.U/ D
�
eu cos v �eu sinv

eu sinv eu cos v

�
; G0.U0/ D

�
1 0

0 1

�
; F0.X/ D

�
2x 2y

2x �2y

�
;

X0 D G.U0/ D
�
1

0

�
; F0.X0/ D

�
2 0

2 0

�
;

H0.U0/ D F0.X0/G0.U0/ D
�
2 0

2 0

��
1 0

0 1

�
D
�
2 0

2 0

�
.

Check:

H.U/ D
�

e2u

e2u cos 2v

�
; H0.U/ D

�
2e2u 0

2e2u cos 2v �2e2u sin 2v

�
;

H0.U0/ D
�
2 0

2 0

�
.

(f) G0.U/ D
�
1 2

2 �2v

�
; G0.U0/ D

�
1 2

2 4

�
; F0.X/ D

2
4

1 2

1 �2y
2x 1

3
5;

X0 D G.U0/ D
�

�3
�2

�
; F0.X0/ D

2
4

1 2

1 4

�6 1

3
5;

H0.U0/ D F0.X0/G0.U0/ D

2
4

1 2

1 4

�6 1

3
5
�
1 2

2 4

�
D

2
4

5 10

9 18

�4 �8

3
5.

Check:

H.U/ D

2
4

5uC 2v � 2v2
�4u2 C 4uv2 C u� v4 C 2v

u2 C 4uv C 2uC 3v2

3
5;
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H0.U/ D

2
4

5 2 � 4v
�8uC 4v2 C 1 8uv � 4v3 C 2

2uC 4v C 2 4uC 6v

3
5; H0.U0/ D

2
4

5 10

9 18

�4 �8

3
5.

21. From Theorem 6.2.8, H0.U/ D F0.G.U//G0.U/. Since the determinant of a product of

two matrices is the product of their determinants,

@.h1; h2; : : : ; hn/

@.u1; u2; : : : ; un/
D
@.f1; f2; : : : ; fn/

@.x1; x2; : : : ; xn/

@.g1; g2; : : : ; gn/

@.u1; u2; : : : ; un/
:

where
@.g1; g2; : : : ; gn/

@.u1; u2; : : : ; un/
and

@.h1; h2; : : : ; hn/

@.u1; u2; : : : ; un/
are evalutaed at U and

@.f1; f2; : : : ; fn/

@.x1; x2; : : : ; xn/
is evaluated at G.U/.

22. If F D .f1; f2; : : : ; fm/ then F is continuous at X0 if and only if f1, f2, . . . , fm are all

continuous at X0. Now apply Exercise 5.2.15.

23. F.S/ is bounded by Exercise 7. Hence, we need only show that F.S/ is closed. If Y is

a limit point of F.S/, there is a sequence fYkg in F.S/ such that limk!1 Yk D Y, and a

sequence fXkg in S such that F.Xk/ D Yk . Since S is compact, fXkg has a subsequence

fXkj
g which converges to a point X in S . From the continuity of F, F.X/ D Y. Therefore,

Y 2 F.S/. Since F.S/ contains all its limit points, F.S/ is closed.

6.3 THE INVERSE FUNCTION THEOREM

1. If F .G1.U// D F .G2.U// D Y for all U in R.F /, then G1.U/ D G2.U/ for all such

U, since F is one-to-one.

2. Suppose that L is invertible and AX0 D 0. Since L.0/ D A0 D 0 and L is one-to-one,

X0 D 0. Therefore, A is nonsingular, by Theorem 6.1.15.

Conversely, suppose that A is nonsingular and L.X1/ D L.X2/. Then AX1 D AX2, so

A.X1 � X2/ D 0 and X1 � X2 D 0, by Theorem 6.1.15. Therefore, X1 D X2, so L is

invertible.

If A is nonsingular and U 2 R
n then L.A�1U/ D U. This shows that L.Rn/ D R

n.

3. By Theorem 6.1.7, there is a nonzero vector X0 such that AX0 D 0. If S is open and

X 2 S , then X C tX0 2 S for small t ; since A.X C tX0/ D A.X/, L is not one-to-one on

S .

6. (a) Suppose that a < x1 < x2 < b and f .x1/ D f .x2/ D L. If f is nonconstant on

Œx1; x2�, f must attain at least one of its extreme values on Œx1; x2� at a point x0 in .x1; x2/.

Suppose that f .x0/ D M is a local maximum of f . We will show that f cannot be one-to-

one on any neighborhood of x0. If ı > 0 and any two of f .x0 � ı/, f .x0 C ı/, and f .x0/

are equal, then f is not one-to-one on Œx0 � ı; x0 C ı�. If they are all different, suppose

that (for example) that f .x0 C ı/ < f .x0 � ı/ < f .x0/. Then applying the intermediate

value theorem (Theorem 2.2.10) to Œx0; x0 C ı� implies that f .x/ D f .x0 � ı/ for some x

in this interval; thus f is not one-to-one on Œx0 � ı; x0 C ı�.

7. Since ax C by D
p
a2 C b2

p
x2 C y2 cos � , where � is the angle between the vectors
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.a; b/ and .x; y/, .x; y/ ¤ .0; 0/ is in S if and only if .x; y/ has an argument satisfying

� � �=2 < arg.x; y/ < � C �=2;

where � D arg.a; b/. Since F doubles arguments (see Example 6.3.4),

F.S/ D
˚
.u; v/

ˇ̌
2� � � < arg.u; v/ < 2� C �

	
;

and F�1
S is given by Eqn. (36), with 2� � � < arg.u; v/ < 2� C � . Similarly, .x; y/ ¤

.0; 0/ is in S1 if and only if x; y has an argument satisfying the inequalities

� C �=2 < arg.x; y/ < � C 3�=2;

and

F.S1/ D
˚
.u; v/

ˇ̌
2� C � < arg.u; v/ < 2� C 3�

	
:

Clearly F.S1/ D F.S/, and F�1
S1

is given by Eqn. (36), with 2�C� < arg.u; v/ < 2�C3� .

Since the values of arg.u; v/ used in F�1
S and F�1

S1
differ by 2� and the inverse mappings

halve arguments, F�1
S D �F�1

S1
.

8. If F.x1; u1/ D F.x2; u2/, then ex1 D jF.x1; u1/j D jF.x2; u2/j D ex2 , so x1 D x2.

Hence, sinu1 D sinu2 and cosu1 D cos u2, which implies that sin.u1 � u2/ D cos.u1 �
u2/ D 0; hence, u1 � u2 D 2k� (k D integer). Because of the assumption on S , k D 0;

that is, u1 D u2.

9. Since S is compact, Exercise 5.1.32 implies that a subsequence fF�1
S .Ukj

/g converges to

a limit X0 in S . From the construction of the sequence, X0 ¤ F�1
S
.U/; however, F.X0/ D

U because limj!1 Ukj
D U and F is continuous at X0. Since F

�
F�1
S .U/

�
D U also, this

contradicts the assumption that F is one-to one on S .

10. (a)

�
u

v

�
D
�

4 2

�3 1

��
x

y

�
;

�
x

y

�
D F�1.u; v/ D

�
4 2

�3 1

��1 �
u

v

�
D 1

10

�
1 �2
3 4

� �
u

v

�
D 1

10

�
u � 2v
3uC 4v

�
;

.F�1/0 D 1

10

�
1 �2
3 4

�
;

(b)

2
4
u

v

w

3
5 D

2
4

�1 1 2

3 1 �4
�1 �1 2

3
5
2
4
x

y

´

3
5;

2
4
x

y

´

3
5 D F�1.u; v; w/ D

2
4

�1 1 2

3 1 �4
�1 �1 2

3
5

�1 2
4
u

v

w

3
5 D

1

2

2
4
1 2 3

1 0 �1
1 1 2

3
5
2
4
u

v

w

3
5 D

1

2

2
4
uC 2v C 3w

u�w
uC v C 2w

3
5;

.F�1/0 D 1

2

2
4
1 2 3

1 0 �1
1 1 2

3
5.
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11. If F D .f1; f2; : : : ; fn/ and F�1
S D .g1; : : : ; gn/, then

@gi

@uj
.U/ can be written as the

quotient of determinants with entries of the form
@fr

@xs

�
F�1
S .U/

�
. Repeated use of the chain

rule gives the result.

12.

�
u

v

�
D F.x; y/ D

�
1 1

1 �1

��
x2

y2

�
;

F0.x; y/ D 2

�
x y

x �y

�
; if xy ¤ 0, then .F 0.x; y//�1 D 1

4

�
1=x 1=x

1=y �1=y

�
;

�
x2

y2

�
D
�
1 1

1 �1

��1 �
u

v

�
D 1

2

�
1 1

1 �1

� �
u

v

�
D 1

2

�
uC v

u � v

�
; therefore, the

four branches of F�1 are G1.u; v/ D 1p
2

� p
uC vp
u� v

�
, G2.u; v/ D 1p

2

�
�

p
uC vp
u� v

�
,

G3.u; v/ D 1p
2

� p
uC v

�
p
u� v

�
, G4.u; v/ D 1p

2

�
�

p
uC v

�
p
u� v

�
, with differential matri-

ces

G0
1.u; v/ D 1

2
p
2

�
1=

p
uC v 1=

p
uC v

1=
p
u� v �1=

p
u � v

�
D .F0.x.u; v/; y.u; v///�1 ,

G0
2.u; v/ D 1

2
p
2

�
�1=

p
uC v �1=

p
uC v

1=
p
u� v �1=

p
u� v

�
D .F0.x.u; v/; y.u; v///�1 ,

G0
3.u; v/ D 1

2
p
2

�
1=

p
uC v 1=

p
uC v

�1=
p
u � v 1=

p
u � v

�
D .F0.x.u; v/; y.u; v///�1 ,

G0
4.u; v/ D

1

2
p
2

�
�1=

p
uC v �1=

p
uC v

�1=
p
u� v 1=

p
u� v

�
D .F0.x.u; v/; y.u; v///�1 .

13. (a) To see that F is one-to-one on S suppose that X1 D .x11; x21; : : : ; xn1/ and X2 D
.x12; x22; : : : ; xn2/ are in S and F.X1/ D F.X2/. Then, since A is invertible, x2i2 D x2i1,

or, equivalently, (A) .xi2�xi1/.xi2Cxi1/ D 0, 1 � i � n. Since eixi1 > 0 and eixi2 > 0,

xi1 C xi2 ¤ 0. Therefore, (A) implies that xi1 D xi2, so X1 D X2.

Now we note that

F0.X/ D

2
6664

a11x1 a12x2 � � � a1nxn
a21x1 a22x2 � � � a2nxn
:::

:::
: : :

:::

an1x1 an2x2 � � � annxn

3
7775

is nonsingular on S , since the determinant of this matrix is x1x2 � � �xn det.A/ ¤ 0.

(b) Let A�1 D Œbij �. Since 2
6664

x21
x22
:::

x2n

3
7775 D BU;

R.F/ D
n
U
ˇ̌ Pn

jD1 bijuj > 0; 1 � i � n
o

, and X D F�1
S
.U/ is defined by (A) xi D
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ei

�Pn
jD1 bijuj

�1=2
, 1 � i � n;

.FS /
0.U/ D .F0.X//�1 D 1

2

2
6664

a11x1 a12x2 � � � a1nxn
a21x1 a22x2 � � � a2nxn
:::

:::
: : :

:::

an1x1 an2x2 � � � annxn

3
7775

�1

;

with x1, x2, . . . , xn as in (A).

14. (a) Sine the origin is not in S , Eqn. (35) implies that we cannot have �x.x; y/ D
�y.x; y/ D 0 for any .x; y/ in S .

(b) Since a > 0 (because the origin is not inS ), the possible arguments of any two points on

the line segment can differ only by multiples of 2� . Since � is continuous on the segment,

� must be constant.

(c) Suppose that A � S . Since A is compact and � is continuous on A, � assumes a

maximum on A. From (b), � must assume this maximum in A0, which contradicts (a).

(d) Every deleted neighborhood of .0; 0/ contains a subset likeA in (c).

16. Since au C bv D
p
a2 C b2

p
u2 C v2 cos � where is the angle between the vectors

.a; b/ and .u; v/, .u; v/ ¤ .0; 0/ is in T if and only if .u; v/ has an argument that satisfies

ˇ � �=2 < arg.u; v/ < ˇ C �=2. Therefore, from Example 6.3.8,

�
x

y

�
D G.u; v/ D .u2 C v2/1=4

"
cosŒ 1

2
arg.u; v/�

sin.arg.u; v/=2/

#
;

where ˇ � �=2 < arg.u; v/ < ˇ C �=2. From the argument in Example 6.3.8,

@x

@u
D @y

@v
D x

2.x2 C y2/
D 1

2
.u2 C v2/�1=4 cos.arg.u; v/=2/

and
@x

@v
D �@y

@u
D y

2.x2 C y2/
D 1

2
.u2 C v2/�1=4 sin.arg.u; v/=2/:

To obtain these formulas directly, we note that

u

.u2 C v2/1=2
D cos.arg.u; v// and

v

.u2 C v2/1=2
D sin.arg.u; v//; .A/

while
@ arg.u; v/

@u
D � v

u2 C v2
and

@ arg.u; v/

@v
D u

u2 C v2
.B/

(from (35) with .x; y/ replaced by .u; v/).
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Since x D .u2 C v2/1=4 cos.arg.u; v/=2/,

@x

@u
D u

2.u2 C v2/3=4
cos.arg.u; v/=2/ � .u2 C v2/1=4 sin.arg.u; v/=2/

�
� v

2.u2 C v2/

�

D 1

2.u2 C v2/1=4

�
u

.u2 C v2/1=2
cos.arg.u; v/=2/C v

.u2 C v2/1=2
sin.arg.u; v/=2/

�

D 1

2.u2 C v2/1=4
.cos.arg.u; v// cos.arg.u; v/=2/C sin.arg.u; v// sin.arg.u; v/=2//

D 1

2.u2 C v2/1=4
cos.arg.u; v/=2/;

and

@x

@v
D v

2.u2 C v2/3=4
cos.arg.u; v/=2/� .u2 C v2/1=4 sin.arg.u; v/=2/

�
u

2.u2 C v2/

�

D 1

2.u2 C v2/1=4

�
v

.u2 C v2/1=2
cos.arg.u; v/=2/ � u

.u2 C v2/1=2
sin.arg.u; v/=2/

�

D 1

2.u2 C v2/1=4
.sin.arg.u; v// cos.arg.u; v/=2/ � cos.arg.u; v// sin.arg.u; v/=2//

D
1

2.u2 C v2/1=4
sin.arg.u; v/=2/:

Since y D .u2 C v2/1=4 sin.arg.u; v/=2/,

@y

@u
D u

2.u2 C v2/3=4
sin.arg.u; v/=2/C .u2 C v2/1=4 cos.arg.u; v/=2/

�
� v

2.u2 C v2/

�

D 1

2.u2 C v2/1=4

�
u

.u2 C v2/1=2
sin.arg.u; v/=2/� v

.u2 C v2/1=2
cos.arg.u; v/=2/

�

D 1

2.u2 C v2/1=4
.cos.arg.u; v// sin.arg.u; v/=2/� sin.arg.u; v// cos.arg.u; v/=2//

D � 1

2.u2 C v2/1=4
sin.arg.u; v/=2/;

and

@y

@v
D v

2.u2 C v2/3=4
sin.arg.u; v/=2/C .u2 C v2/1=4 cos.arg.u; v/=2/

�
u

2.u2 C v2/

�

D 1

2.u2 C v2/1=4

�
v

.u2 C v2/1=2
sin.arg.u; v/=2/C u

.u2 C v2/1=2
cos.arg.u; v/=2/

�

D 1

2.u2 C v2/1=4
.sin.arg.u; v// sin.arg.u; v/=2/C cos.arg.u; v// cos.arg.u; v/=2//

D 1

2.u2 C v2/1=4
cos.arg.u; v/=2/:
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17. F�1
S is regular on F.S/, by Theorem 6.3.3. If F�1

S .u; v/ D .x.u; v/; y.u; v//, then

�
xu xv
uu uv

�
D
�
ux uy
vx vy

��1
D 1

uxvy � vxuy

�
vy �uy

�vx ux

�
;

which yields the conclusion.

18. Since G.F.X// D X, G0.F.X//F0.X/ D I (Theorem 6.2.8). Since det.G0/ D @.x1; x2; : : : ; xn/

@.u1; u2; : : : ; un/
,

det.F0/ D @.u1; u2; : : : ; un/

@.x1; x2; : : : ; xn/
, and det.I/ D 1, Theorem 6.1.9 implies the conclusion,

with
@.u1; u2; : : : ; un/

@.x1; x2; : : : ; xn/
evaluated at X and

@.x1; x2; : : : ; xn/

@.u1; u2; : : : ; un/
evaluated at U D F.X/ or,

equivalently, with
@.x1; x2; : : : ; xn/

@.u1; u2; : : : ; un/
evaluated at U and

@.u1; u2; : : : ; un/

@.x1; x2; : : : ; xn/
evaluated at

X D G.U/.

19. If F.X/ D .x31 ; x
3
2 ; : : : ; x

3
n/ then

JF D 3

2
6664

x21 0 0 � � � 0

0 x22 0 � � � 0
:::

:::
:::

: : :
:::

0 0 0 � � � x2n

3
7775

so JF.0/ D 0. However, since the function y D x3 is one-to-one on .�1;1/, F is

one-to-one on R
n.

More generally, let F D .f1; f2; : : : ; fn/ where f1, f2, . . .fn are all strictly monotonic

differentiable functions on .�1;1/ and f 0
1, f 0

2 , . . . , f 0
n have one or more common zeros.

20. In all cases, A.U/ D G.U0/C G0.U0/.U � U0/ D X0 C .F0.X0//�1.U � U0/.

(a) F0.X/ D
�
4x3y5 � 4 5x4y4

3x2y2 2x3y � 3

�
; F0.X0/ D

�
�8 5

3 �5

�
;

.F0.X0//�1 D � 1

25

�
5 5

3 8

�
; U0 D F.X0/ D

�
�5
4

�
;

A.U/ D
�

1

�1

�
� 1

25

�
5 5

3 8

� �
uC 5

v � 4

�
.

(b) F0.X/ D
�
2xy C y x2 C x

2y C y2 2x C 2xy

�
; F0.X0/ D

�
3 2

3 4

�
;

.F0.X0//�1 D 1

6

�
4 �2

�3 3

�
; U0 D F.X0/ D

�
2

3

�
;

A.U/ D
�
1

1

�
C 1

6

�
4 �2

�3 3

� �
u � 2
v � 3

�
.

(c) F0.X/ D

2
4
4xy C 3x2 2x2 1

3x2 ´ y

1 1 1

3
5; F0.X0/ D

2
4
0 0 1

0 1 1

1 1 1

3
5;
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.F0.X0//�1 D

2
4

0 �1 1

�1 1 0

1 0 0

3
5; U0 D F.X0/ D

2
4
1

1

2

3
5;

A.U/ D

2
4
0

1

1

3
5C

2
4

0 �1 1

�1 1 0

1 0 0

3
5
2
4
u� 1

v � 1
w � 2

3
5.

(d) F0.X/ D

2
4

cos y cos ´ �x siny cos ´ �x cosy sin´

siny cos ´ x cosy cos ´ �x sin y sin ´

sin ´ 0 x cos ´

3
5; F0.X0/ D

2
4

0 1 0

�1 0 0

0 0 �1

3
5;

.F0.X0//�1 D

2
4
0 �1 0

1 0 0

0 0 �1

3
5; U0 D F.X0/ D

2
4

0

�1
0

3
5;

A.U/ D

2
4

1

�=2

�

3
5C

2
4
0 �1 0

1 0 0

0 0 �1

3
5
2
4

u

v C 1

w

3
5.

21. From Exercise 6.2.14(b), F0.r; �; �/ D

2
4

cos � cos� �r sin � cos� �r cos � sin �

sin � cos� r cos � cos� �r sin � sin�

sin� 0 r cos�

3
5

and JF.r; �; �/ D r2 cos�. The cofactors of F0.r; �; �/ are

c11 D
�

r cos � cos� �r sin � sin�

0 r cos�

�
D r2 cos � cos2 �;

c12 D �
�

sin � cos� �r sin � sin �

sin � r cos�

�
D �r sin � ;

c13 D
�

sin � cos� r cos � cos�

sin � 0

�
D �r cos � sin� cos�;

c21 D �
�

�r sin � cos� �r cos � sin�

0 r cos�

�
D r2 sin � cos2 �;

c22 D
�

cos � cos� �r cos � sin�

sin� r cos�

�
D r cos � ;

c23 D �
�

cos � cos� �r sin � cos�

sin� 0

�
D �r sin � sin� cos�;

c31 D
�

�r sin � cos� �r cos � sin�

r cos � cos� �r sin � sin �

�
D r2 cos� sin�;

c32 D �
�

cos � cos� �r cos � sin�

sin � cos� �r sin � sin�

�
D 0;

c33 D
�

cos � cos� �r sin � cos�

sin � cos� r cos � cos�

�
D r cos2 �;

G0.x; y; ´/ D .F0.r; �; �//�1 D
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1

r2 cos�

2
4

r2 cos � cos2 � r2 sin � cos2 � r2 cos� sin�

�r sin � r cos � 0

�r cos � sin� cos� �r sin � sin� cos � r cos2 �

3
5 D

2
66664

cos � cos� sin � cos� sin�

� sin �

r cos�

cos �

r cos�
0

�1
r

cos � sin� �1
r

sin � sin �
1

r
cos �

3
77775

.

22. From Exercise 6.2.14(c), F0.r; �; ´/ D

2
4

cos � �r sin � 0

sin � r cos � 0

0 0 1

3
5 and JF.r; �; ´/ D r .

The cofactors of F0.r; �; ´/ are

c11 D
�

r cos � 0

0 1

�
D r cos � ; c12 D �

�
sin � 0

0 1

�
D � sin � ;

c13 D
�

sin � r cos �

0 0

�
D 0; c21 D �

�
�r sin � 0

0 1

�
D r sin � ;

c22 D
�

cos � 0

0 1

�
D cos � ; c23 D �

�
cos � �r sin �

0 0

�
D 0;

c31 D
�

�r sin � 0

r cos � 0

�
D 0; c32 D �

�
cos � 0

sin � 0

�
D 0;

c33 D
�

cos � �r sin �

sin � r cos �

�
D r ;

G0.x; y; ´/ D .F0.r; �; ´//�1 D 1

r

2
4
r cos � r sin � 0

� sin � cos � 0

0 0 r

3
5

D

2
6664

cos � sin � 0

�1
r

sin �
1

r
cos � 0

0 0 1

3
7775 :

23. T D T 0 [ @T (since T is closed) and F.T / D F.T /0 [ @F.T / (since F.T / is closed,

by Exercise 6.2.23). Since F is regular on T 0, F.T 0/ is open (Theorem 6.3.3; hence,

F.T 0/ � F.T /0. Therefore, T 0 � F�1 �F.T /0
�
. Since F�1 is one-to-one, this means

that F�1 .@F.T // \ T 0 D ;; hence, F�1 .@F.T // � @T , so (A) @F.T / � F.@T /. Since

F�1 is also regular on F.S/, and F.T / is a compact subset of F.S/, we can write (A)

with F and T replaced by F�1 and F.T /. This yields @
�
F�1 .F.T //

�
� F�1 .@F.T //, so

@T � F�1.@F.T // and F.@T / � @F.T /. This and (A) imply that F.@T / D @F.T /.

6.4 THE IMPLICIT FUNCTION THEOREM
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1. (a)

�
u

v

�
D �

�
1 1

1 �1

��1 �
1 �1
2 �3

��
x

y

�
D �1

2

�
1 1

1 �1

� �
1 �1
2 �3

� �
x

y

�

D 1

2

�
�3 4

1 �2

� �
x

y

�
:

(b)

2
4

1 �1 1

�1 1 1

1 1 �1

3
5
2
4
u

v

w

3
5C

2
4

3 2

�1 1

0 1

3
5
�
x

y

�
D

2
4
0

0

0

3
5;

2
4
u

v

w

3
5 D �

2
4

1 �1 1

�1 1 1

1 1 �1

3
5

�12
4

3 2

�1 1

0 1

3
5
�
x

y

�

D �1
2

2
4
1 0 1

0 1 1

1 1 0

3
5
2
4

3 2

�1 1

0 1

3
5
�
x

y

�
D �1

2

2
4

3 3

�1 2

2 3

3
5
�
x

y

�
:

(c)

�
3 1

1 2

� �
u

v

�
D

�
�y C sin x

�x C siny

�
;

�
u

v

�
D

�
3 1

1 2

��1 � �y C sinx

�x C siny

�
D

1

5

�
2 �1

�1 3

��
�y C sinx

�x C siny

�
.

(d)

2
4
2 2 1

1 �1 2

3 2 �1

3
5
2
4
uC x

v C y

w C ´

3
5 D

2
4
0

0

0

3
5; since

ˇ̌
ˇ̌
ˇ̌
2 2 1

1 �1 2

3 2 �1

ˇ̌
ˇ̌
ˇ̌ D 13, u D �x,

v D �y, ´ D �w.

2. Since N1 is a neighborhood of .X0;U0/, there is a ı > 0 such that .X;U/ 2 N1 if jX �
X0j2 C jU � U0j2 < ı2. Therefore, .X;U0/ 2 N1 if X 2 N D

˚
X 2 R

n
ˇ̌
jX � X0j < ı

	
.

3. Let X D .x10; x20; : : : ; xn0/, U D .u10; u20; : : : ; um0/, and F D .f1; f2; : : : ; fm/,

where fi .X;U/ D

0
@

nX

jD1
aij .xj � xj0/

1
A
r

� .ui � ui0/
s , 1 � i � m, where r and s are

positive integers and not all aij D 0. Since

FU.X;U/ D s

2
6664

.u1 � u10/
s�1 0 � � � 0

0 .u2 � u20/s�1 � � � 0
:::

:::
: : :

:::

0 0 � � � .um � us�2m0 /

3
7775 ;

FU.X;U0/ D 0 for arbitrary X if s > 1.

(a) If r D s D 3, then F.X;U/ D 0 if and only if U D U0 C A.X � X0/, with A D Œaij �.

To see this, note that ˛3 � ˇ3 D .˛ � ˇ/.˛2 C ˛ˇ C ˇ2/ D 0 (with ˛ and ˇ real) if and

only if ˛ D ˇ.
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(b) If r D 1 and s D 3, then F.X;U/ D 0 if and only if

ui D ui0 C

0
@

nX

jD1
aij .xj � xj0/

1
A
1=3

I

U is a continuous for all X, and differentiable except at X0.

(c) r D s D 2.

4. f .x; y; u/ D x2yuC 2xy2u3 � 3x3y3u5; fx.x; y; u/ D 2xyuC 2y2u3 � 9x2y3u5;

fx.1; 1; 1/D �5; fy .x; y; u/ D x2uC 4xyu3 � 9x3y2u5; fy.1; 1; 1/ D �4;

fu.x; y; u/ D x2y C 6xy2u2 � 15x3y3u4; fu.1; 1; 1/ D �8;

ux.1; 1/ D �fx.1; 1; 1/
fu.1; 1; 1/

D �5
8

; uy.1; 1/ D �fy.1; 1; 1/
fu.1; 1; 1/

D �1
2

;

5. f .x; y; ´; u/ D x2y5´2u5 C 2xy2u3 � 3x3´2u;

fx.x; y; ´; u/ D 2xy5´2u5 C 2y2u3 � 9x2´2u; fx.1; 1; 1; 1/D �5;

fy.x; y; ´; u/ D 5x2y4´2u5 C 4xyu3; fy.1; 1; 1; 1/D 9;

f´.x; y; ´; u/ D 2x2y5´u5 � 6x3´u; f´.1; 1; 1; 1/D �4;

fu.x; y; ´; u/ D 5x2y5´2u4 C 6xy2u2 � 3x3´2; fu.1; 1; 1; 1/D 8;

ux.1; 1; 1/ D � fx1; 1; 1; 1/

fu.1; 1; 1; 1/
D 5

8
; uy.1; 1; 1/ D �fy .1; 1; 1; 1/

fu.1; 1; 1; 1/
D �9

8
;

u´.1; 1; 1/ D �f´.1; 1; 1; 1/
fu.1; 1; 1; 1/

D 1

2
.

6. (a) f .x; y; u/ D 2x2 C y2 C ueu;

f .1; 2; u.1; 2// D 2C 4C u.1; 2/eu.1;2/ D 6; u.1; 2/ D 0;

fx.x; y; u/ D 4x; fx.1; 2; 0/ D 4; fy.x; y; u/ D 2y; fy.1; 2; 0/D 4;

fu.x; y; u/ D eu.uC 1/; fu.1; 2; 0/D 1;

ux.1; 2/ D �fx.1; 2; 0/
fu.1; 2; 0/

D �4; uy.1; 2/ D �fy.1; 2; 0/
fu.1; 2; 0/

D �4.

(b) f .x; y; u/ D u.x C 1/C x.y C 2/C y.u � 2/;

f .�1;�2; u.�1;�2// D �2.u.�1;�2/ � 2/ D 0; u.�1;�2/ D 2;

fx.x; y; u/ D uC .y C 2/; fx.�1;�2; 2/D 2;

fy.x; y; u/ D x C .u � 2/y; fy.�1;�2; 2/D �1;

fu.x; y; u/ D .x C 1/C y; fu.�1;�2; 2/ D �2;

ux.�1;�2/ D �fx.�1;�2; 2/
fu.�1;�2; 2/

D 1; uy.�1;�2/ D �fy.�1;�2; 2/
fu.�1;�2; 2/

D �1
2

.

(c) f .x; y; u/ D 1 � eu sin.x C y/;

f .�=4; �=4; u.�=4; �=4//D 1 � eu.�=4;�=4/ D 0; u.�=4; �=4/ D 0;

fx.x; y; u/ D �eu cos.x C y/; fx.�=4; �=4; 0/D 0;

fy.x; y; u/ D �eu cos.x C y/; fy.�=4; �=4; 0/D 0;
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fu.x; y; u/ D �eu sin.x C y/; fu.�=4; �=4; 0/D 1;

ux.�=4; �=4/ D �fx.�=4; �=4; 0/
fu.�=4; �=4; 0/

D 0; uy.�=4; �=4/ D �fy .�=4; �=4; 0/
fu.�=4; �=4; 0/

D 0.

(d) f .x; y; u/ D x loguC y logx C u logy;

f .1; 1; u.1; 1// D logu.1; 1/ D 0; u.1; 1/ D 1;

fx.x; y; u/ D loguC y

x
; fx.1; 1; 1/ D 1; fy .x; y; u/ D logx C u

y
; fy.1; 1; 1/ D 1;

fu.x; y; u/ D x

u
C logy; fu.1; 1; 1/ D 1;

ux.1; 1/ D �fx.1; 1; 1/
fu.1; 1; 1/

D �1; uy.1; 1/ D �fy.1; 1; 1/
fu.1; 1; 1/

D �1.

7. (a) f .x; y; u/ D 2x2y4 � 3uxy3 C u2x4y3;

f .1; 1; u.1; 1// D 2 � 3u.1; 1/C u2.1; 1/ D .u.1; 1/ � 1/.u.1; 1/ � 2/ D 0;

u1.1; 1/ D 1, u2.1; 1/ D 2.

fx.x; y; u/ D 4xy4 � 3uy3 C 4u2x3y3;

fx.1; 1; u1.1; 1// D fx.1; 1; 1/ D 5; fx.1; 1; u2.1; 1// D fx.1; 1; 2/D 14;

fy.x; y; u/ D 8x2y3 � 9uxy2 C 3u2x4y2;

fy.1; 1; u1.1; 1// D fy.1; 1; 1/ D 2; fy.1; 1; u2.1; 1// D fy.1; 1; 2/ D 2;

fu.x; y; u/ D �3xy3 C 2ux4y3;

fu.1; 1; u1.1; 1// D fu.1; 1; 1/ D �1; fu.1; 1; u2.1; 1// D fu.1; 1; 2/ D 1;

@u1.1; 1/

@x
D �fx.1; 1; 1/

fu.1; 1; 1/
D 5;

@u2.1; 1/

@x
D �fx.1; 1; 2/

fu.1; 1; 2/
D �14;

@u1.1; 1/

@y
D �

fy.1; 1; 1/

fu.1; 1; 1/
D 2;

@u2.1; 1/

@y
D �

fy.1; 1; 2/

fu.1; 1; 2/
D �2.

(b) f .x; y; u/ D cos u cos x C sinu sin y D 0;

f .0; �; u.0; �//D cosu.0; �/ D 0; uk.0; �/ D .2k C 1/�

2
;

fx.x; y; u/ D � cosu sin x; fx.0; �; uk.0; �// D fx.0; �; .2kC 1/�=2/ D 0;

fy.x; y; u/ D sinu cos y; fy.0; �; uk.0; �// D fy.0; �; .2k C 1/�=2/ D .�1/k ;

fu.x; y; u/ D � sinu cos x C cos u siny D 0;

fu.0; �; uk.0; �// D fu.0; �; .2k C 1/�=2/ D .�1/k ;

@uk.0; �/

@x
D �fx.0; �; uk.0; �//

fu.0; �; uk.0; �//
D 0;

@uk.0; �/

@y
D �fy.0; �; uk.0; �//

fu.0; �; uk.0; �//
D �1.

8. Let X D .x; y; ´/, X0 D .1; 1
2
;�1/, U D .u; v/ and U0 D .�2; 1/. Then

F.X;U/ D
�
x2 C 4y2 C ´2 � 2u2 C v2 C 4

.x C ´/2 C u � v C 3

�



Section 6.4 The Implicit Function Theorem 163

and F.X0;U0/ D 0.

FX.X;U/ D
�

2x 8y 2´

x C ´ 0 x C ´

�
; FX.X0;U0/ D

�
2 4 �2
0 0 0

�
;

FU.X;U/ D
�

�4u 2v

1 �1

�
; FU.X0;U0/ D

�
8 2

1 �1

�
; .FU.X0;U0//

�1 D 1

10

�
1 2

1 �8

�
;

U0.X0/ D �.FU.X0;U0//
�1FX.X0;U0/ D � 1

10

�
1 2

1 �8

� �
2 4 �2
0 0 0

�
D 1

5

�
�1 �2 1

�1 �2 1

�
.

9.

.1C 4u/u0 C .2v C 2/v0 C 2x � 1 D 0

.xv C eu sin.v C x//u0 C .xuC eu cos.v C x//v0 C uv C eu cos.v C x/D 0I

u0.0/C 2v0.0/ D 1; v0.0/ D �1; u0.0/ D 3.

10. Let X D .x; y/, X0 D .1;�1/, U D .u; v; w/ and U0 D .1; 2; 0/. Then

F.X;U/ D

2
4
x2y C xy2 C u2 � .v C w/2 C 3

exCy � u� v � w C 2

.x C y/2 C uC v C w2 � 3

3
5

and F.X0;U0/ D 0.

FX.X;U/ D

2
4
2xy C y2 x2 C 2xy

exCy exCy

2.x C y/ 2.x C y/

3
5; FX.X0;U0/ D

2
4

�1 �1
1 1

0 0

3
5;

FU.X;U/ D

2
4
2u �2.v C w/ �2.v C w/

�1 �1 �1
1 1 2w

3
5; FU.X0;U0/ D

2
4

2 �4 �4
�1 �1 �1
1 1 0

3
5;

.FU.X0;U0//
�1 D 1

6

2
4

1 �4 0

�1 4 6

0 �6 �6

3
5;

U0.X0/ D �.FU.X0;U0//
�1FX.X0;U0/

D �1
6

2
4

1 �4 0

�1 4 6

0 �6 �6

3
5
2
4

�1 �1
1 1

0 0

3
5 D 1

6

2
4

5 5

�5 �5
6 6

3
5 :

11. Let X D .x; y/, X0 D .1; 1/, and U D .u; v/. Then

F.X;U/ D
�
xyu � 4yuC 9xv

2xy � 3y2 C v2

�

and F.X0;U0/ D 0 if u0 D 3v0 and v20 D 1, which is equivalent to .u0; v0/ D ˙.3; 1/.

Let U1.X0/ D
�
3

1

�
and U2.X0/ D �

�
3

1

�
.
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FX.X;U/ D
�
yuC 9v .x � 4/u

2y 2x � 6y

�
; FX.X0;U1.X0// D

�
12 �9
2 �4

�
;

FX.X0;U2.X0// D
�

�12 9

2 �4

�
; FU.X;U/ D

�
.x � 4/y 9x

0 2v

�
;

FU.X0;U1.X0// D
�

�3 9

0 2

�
; FU.X0;U2.X0// D

�
�3 9

0 �2

�
;

.FU.X0;U1.X0///
�1 D 1

6

�
�2 9

0 3

�
; .FU.X0;U2.X0///

�1 D �1
6

�
2 9

0 3

�
;

U0
1.X0/ D �.FU.X0;U1.X0///

�1FU.X0;U1.X0//

D �1
6

�
�2 9

0 3

��
12 �9
2 �4

�
D
�

1 3

�1 2

�
I

U0
2.X0/ D �.FU.X0;U2.X0///

�1FU.X0;U0/

D 1

6

�
2 9

0 3

� �
�12 9

2 �4

�
D �

�
1 3

�1 2

�
:

12. Differentiate the three equations with respect to x, using the chain rule:

ex cosy � .ex sinu/ux C .ev cosw/vx � .ev sinw/wx C 1 D 0

ex siny C .e´ cos u/ux C .ev cosw/vx � .ev sinw/wx D 0

ex tan y C .e´ sec2 u/ux C .ev tanw/vx C .ev sec2w/wx D 0:

Setting .x; y; ´/ D .0; 0; 0/ yields vx.0; 0; 0/ D �2, ux.0; 0; 0/ C vx.0; 0; 0/ D 0,

ux.0; 0; 0/C wx.0; 0; 0/ D 0; therefore, ux.0; 0; 0/ D 2 and vx.0; 0; 0/ D wx.0; 0; 0/ D
�2.

14. If �1 and �2 are any two of the five variables and �1, �2, and �3 are the rest, the system

can be written in the form

�
a11 a12
a21 a22

� �
�1
�2

�
C
�
b11 b12 b13
b21 b22 b23

�2
4
�1
�2
�3

3
5 D

�
0

0

�
:

This can be solved for

�
�1
�2

�
if and only if

ˇ̌
ˇ̌ a11 a12
a21 a22

ˇ̌
ˇ̌ ¤ 0. We list the possibilities:

�
1 2

2 4

� �
x

y

�
C
�
3 1 6

1 2 2

�2
4
´

u

v

3
5 D

�
0

0

�
; since

ˇ̌
ˇ̌ 1 2

2 4

ˇ̌
ˇ̌ D 0, this system does

not determine .x; y/ as a function of .´; u; v/.

�
1 3

2 1

� �
x

´

�
C
�
2 1 6

4 2 2

�2
4
y

u

v

3
5 D

�
0

0

�
;
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�
x

´

�
D �

�
1 3

2 1

��1 �
2 1 6

4 2 2

�2
4
y

u

v

3
5 D 1

5

�
1 �3

�2 1

� �
2 1 6

4 2 2

�2
4
y

u

v

3
5

D �
�
2 1 0

0 0 2

�2
4
y

u

v

3
5 I x D �2y � u; ´ D �2vI

�
1 1

2 2

� �
x

u

�
C
�
2 3 6

4 1 2

�2
4
y

´

v

3
5 D

�
0

0

�
; since

ˇ̌
ˇ̌ 1 1

2 2

ˇ̌
ˇ̌ D 0, this system does

not determine .x; u/ as a function of .y; ´; v/.

�
1 6

2 2

� �
x

v

�
C
�
2 3 1

4 1 2

�2
4
y

´

u

3
5 D

�
0

0

�
;

�
x

v

�
D �

�
1 6

2 2

��1 �
2 3 1

4 1 2

�2
4
y

´

u

3
5 D 1

10

�
2 �6

�2 1

� �
2 3 1

4 1 2

�2
4
y

´

u

3
5

D �1
2

�
4 0 2

0 1 0

�2
4
y

´

u

3
5 I x D �2y � u; v D �´

2
:

�
2 3

4 1

� �
y

´

�
C
�
1 1 6

2 2 2

�2
4
x

u

v

3
5 D

�
0

0

�
;

�
y

´

�
D �

�
2 3

4 1

��1 �
1 1 6

2 2 2

�2
4
x

u

v

3
5 D 1

10

�
1 �3

�4 2

� �
1 1 6

2 2 2

�2
4
x

u

v

3
5

D �1
2

�
1 1 0

0 0 4

�2
4
x

u

v

3
5 I y D �1

2
.x C u/; ´ D �2v:

�
2 1

4 2

� �
y

u

�
C
�
1 3 6

2 1 2

�2
4
x

´

v

3
5 D

�
0

0

�
; since

ˇ̌
ˇ̌ 2 1

4 2

ˇ̌
ˇ̌ D 0, the system does

not determine .y; u/ as a function of .x; ´; v/.

�
2 6

4 2

� �
y

v

�
C
�
1 3 1

2 1 2

�2
4
x

´

u

3
5 D

�
0

0

�
;
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�
y

v

�
D �

�
2 6

4 2

��1 �
1 3 1

2 1 2

�2
4
x

´

u

3
5 D 1

20

�
2 �6

�4 2

� �
1 3 1

2 1 2

�2
4
x

´

u

3
5

D �1
2

�
1 0 1

0 1 0

�2
4
x

´

u

3
5 I y D �1

2
.x C u/; v D �´

2
:

�
3 1

1 2

� �
´

u

�
C
�
1 2 6

2 4 2

�2
4
x

y

v

3
5 D

�
0

0

�
;

�
´

u

�
D �

�
3 1

1 2

��1 �
1 2 6

2 4 2

�2
4
x

y

v

3
5 D �

1

5

�
2 �1

�1 3

� �
1 2 6

2 4 2

�2
4
x

y

v

3
5 D

�
�
0 0 2

1 2 0

�2
4
x

y

v

3
5; ´ D �2v, u D �x � 2y.

�
3 6

1 2

� �
´

v

�
C
�
1 2 1

2 4 2

�2
4
x

y

u

3
5 D

�
0

0

�
; since

ˇ̌
ˇ̌ 3 6

1 2

ˇ̌
ˇ̌ D 0, this system does

not determine .´; v/ as a function of .x; y; u/.

�
1 6

2 2

� �
u

v

�
C
�
1 2 3

2 4 1

�2
4
x

y

´

3
5 D

�
0

0

�
;

�
u

v

�
D �

�
1 6

2 2

��1 �
1 2 3

2 4 1

�2
4
x

y

´

3
5 D 1

10

�
2 �6

�2 1

��
1 2 3

2 4 1

�2
4
x

y

´

3
5

D �
1

2

�
2 4 0

0 0 1

�2
4
x

y

´

3
5 I u D �x � 2y; v D �

´

2
:

15. Let

f .x; y; ´; u; v/D x2 C 4y2 C ´2 � 2u2 C v2 C 4

g.x; y; ´; u; v/ D .x C ´/2 C u � v C 3

and P0 D .1; 1
2
;�1;�2; 1/.

@.f; g/

@.y; v/
D
ˇ̌
ˇ̌ 8y 2v

0 �1

ˇ̌
ˇ̌; @.f; g/
@.y; v/

ˇ̌
ˇ̌
ˇ

P0

D
ˇ̌
ˇ̌ 4 2

0 �1

ˇ̌
ˇ̌ D �4;

@.f; g/

@.x; v/
D
ˇ̌
ˇ̌ 2x 2v

2.x C ´/ �1

ˇ̌
ˇ̌; @.f; g/
@.x; v/

ˇ̌
ˇ̌
ˇ

P0

D
ˇ̌
ˇ̌ 2 2

0 �1

ˇ̌
ˇ̌ D �2;
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yx.1;�1;�2/ D �

@.f; g/

@.x; v/

ˇ̌
ˇ̌
ˇ

P0

@.f; g/

@.y; v/

ˇ̌
ˇ̌
ˇ

P0

D �
�2
�4 D �

1

2
;

@.f; g/

@.y; u/
D
ˇ̌
ˇ̌ 8y �4u
0 1

ˇ̌
ˇ̌; @.f; g/
@.y; u/

ˇ̌
ˇ̌
ˇ

P0

D
ˇ̌
ˇ̌ 4 8

0 1

ˇ̌
ˇ̌ D 4;

vu.1;�1;�2/ D �

@.f; g/

@.y; u/

ˇ̌
ˇ̌
ˇ

P0

@.f; g/

@.y; v/

ˇ̌
ˇ̌
ˇ

P0

D � 4

�4 D 1.

16. Apply Theorem 6.4.1 with X D .w; y/, X0 D .0;�1/, U D .u; v; x/ and U0 D
.1; 2; 1/. Then

F.X;U/ D

2
4
x2y C xy2 C u2 � .v C w/2 C 3

exCy � u� v � w C 2

.x C y/2 C uC v C w2 � 3

3
5

and F.X0;U0/ D 0.

FX.X;U/ D

2
4

�2.v C w/ x2 C 2xy

�1 exCy

2w 2.x C y/

3
5; FX.X0;U0/ D

2
4

�4 �1
�1 1

0 0

3
5;

FU.X;U/ D

2
4
2u �2.v C w/ 2xy C y2

�1 �1 exCy

1 1 2.x C y/

3
5; FU.X0;U0/ D

2
4

2 �4 �1
�1 �1 1

1 1 0

3
5;

.FU.X0;U0//
�1 D 1

6

2
4

1 1 5

�1 �1 1

0 1 1

3
5;

U0.X0/ D �.FU.X0;U0//
�1FX.X0;U0/ D

� 1

6

2
4

1 1 5

�1 �1 1

0 1 1

3
5
2
4

�4 �1
�1 1

0 0

3
5 D �1

6

2
4

�5 0

5 0

�6 6

3
5 I

uw.0;�1/ D 5
6

, uy.0;�1/ D 0, vw.0;�1/ D �5
6

, vy.0;�1/ D 0, xw.0;�1/ D 1,

xy.0;�1/ D �1.

17. See the solution of Exercise 6.3.11.

18. Let X D .x; y/, X0 D .1; 1/, U D .u; v/ and U0 D .0; 1/. Then

F.X;U/ D
�
x2 C y2 C u2 C v2 � 3

x C y C u C v � 3;

�
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and F.X0;U0/ D 0.

FX.X;U/ D
�
2x 2y

1 1

�
; FU.X;U/ D

�
2u 2v

1 1

�
;

.FU.X;U//
�1 D 1

2.u� v/

�
1 �2v

�1 2u

�
;

U0.X/ D �.FU.X;U//
�1FX.X;U/ D 1

u � v

�
v � x v � y
x � u y � u

�
;

ux D v � x

u� v
; ux.1; 1/ D 0; uy D v � y

u� v ; uy .1; 1/ D 0;

vx D x � u

u � v
; vx.1; 1/ D �1; vy D y � u

u � v
; vy.1; 1/ D �1;

uxx D .u � v/.vx � 1/� .v � x/.ux � vx/
.u� v/2

; uxx .1; 1/ D 2;

uxy D .u � v/vy � .v � x/.uy � vy/

.u� v/2
; uxy .1; 1/ D 1;

uyy D .u � v/.vy � 1/ � .v � y/.uy � vy/
.u � v/2 ; uyy.1; 1/ D 2;

vxx D .u � v/.1 � ux/� .x � u/.ux � vx/
.u � v/2

; vxx.1; 1/ D �2;

vxy D �.u � v/uy � .x � u/.uy � vy/
.u � v/2

; vxy.1; 1/ D �1;

vyy D .u � v/.1 � uy/ � .y � u/.uy � vy/

.u � v/2
; vyy.1; 1/ D �2;

19. Let X D .x; y/, X0 D .1;�1/, U D .u; v/ and U0 D .�1; 1/. Then

F.X;U/ D
�
u2 � v2 � x C y C 2

2uv � x � y C 2

�

and F.X0;U0/ D 0.

FX.X;U/ D
�

�1 1

�1 �1

�
; FU.X;U/ D

�
2u �2v
2v 2u

�
;

.FU.X;U//
�1 D 1

2.u2 C v2/

�
u v

�v u

�
;

U0.X/ D �.FU.X;U//
�1FX.X;U/ D 1

2.u2 C v2/

�
uC v v � u
u� v uC v

�
;

ux D uC v

2.u2 C v2/
; ux.1;�1/ D 0; uy D v � u

2.u2 C v2/
; uy .1;�1/ D 1

2
;

vx D u � v
2.u2 C v2/

; vx.1;�1/ D �1
2

; vy D uC v

2.u2 C v2/
; vy.1;�1/ D 0;

uxx D ux C vx

2.u2 C v2/
� .uC v/.uux C vvx/

.u2 C v2/2
; uxx .1;�1/ D �1

8
;
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uxy D uy C vy

2.u2 C v2/
� .uC v/.uuy C vvy/

.u2 C v2/2
; uxy.1;�1/ D 1

8
;

uyy D vy � uy
2.u2 C v2/

� .v � u/.uuy C vvy/

.u2 C v2/2
; uyy.1;�1/ D 1

8
;

vxx D ux � vx
2.u2 C v2/

� .u � v/.uux C vvx/

.u2 C v2/2
; vxx.1;�1/ D �1

8
;

vxy D ux C vx

2.u2 C v2/
� .uC v/.uux C vvx/

.u2 C v2/2
; vxy.1;�1/ D �1

8
;

vyy D uy C vy

2.u2 C v2/
� .uC v/.uuy C vvy /

.u2 C v2/2
; vyy.1;�1/ D 1

8
.

20. Differentiating the identity

�.f1.X/; f2.X/; : : : ; fn.X// D 0; X 2 S;

with respect to x1, x2, . . . , xn yields

nX

jD1

@�

@uj
.F.X//

@fj

@xi
.X/ D 0; 1 � i � n; X 2 S: .A/

Since
nX

jD1
�2uj

.F.X/ > 0; X 2 S;

(A) implies that the system

nX

jD1

@fj

@xi
.X/�j D 0; 1 � i � n; X 2 S:

has the nontrivial solution .�1; : : : ; �n/ D .�u1
.F.X//; : : : ; �un.F.X/// for every X 2 S .

Now Theorem 6.1.15 implies the conclusion.



CHAPTER 7

INTEGRALS OF

FUNCTIONS OF SEVERAL

VARIABLES

7.1 DEFINITION AND EXISTENCE OF THE MULTIPLE INTEGRAL

1. Suppose, for example, that R D Œa1; b1� � Œa2; b2� � � � � � Œan; bn� with a1 D b1. Then

every partition P ofR is of the form P D fR1; R2; : : : ; Rkg, where v.Rj / D 0, 1 � j � k.

Therefore, every Riemann sum of f over R equals zero, so

Z

R

f .X/dX D 0.

2. (a) Let P1 and P2 be partitions of Œ0; 2� and Œ1; 3�; thus,

P1 W 0 D x0 < x1 < � � � < xr D 2 and P2 W 1 D y0 < y1 < � � � < ys D 3:

A typical Riemann sum of f over P D P1 � P2 is given by

� D
rX

iD1

sX

jD1
.3�ij C 2�ij /.xi � xi�1/.yj � yj�1/ .A/

where

xi�1 � �ij � xi and yj�1 � �ij � yj : .B/

The midpoints of Œxi�1; xi � and Œyj�1; yj � are

xi D xi C xi�1
2

and yj D yj C yj�1
2

; .C/

and (B) implies that

j�ij � xi j � xi � xi�1
2

� kP1k
2

� kPk
2

.D/

170
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and

j�ij � yj j � yj � yj�1
2

� kP2k
2

� kPk
2
: .E/

Now we rewrite (A) as

� D
rX

iD1

sX

jD1
.3xi C 2yj /.xi � xi�1/.yj � yj�1/

C
rX

iD1

sX

jD1

�
3.�ij � xi/C 2.�ij � yj /

�
.xi � xi�1/.yj � yj�1/:

.F/

To find
R
R f .x; y/ d.x; y/ from this, we recall that

rX

iD1
.xi � xi�1/ D 2;

sX

jD1
.yj � yj�1/ D 2 .G/

(Example 3.1.1), and

rX

iD1
.x2i � x2i�1/ D 4;

sX

jD1
.y2j � y2j�1/ D 8 .H/

(Example 3.1.2).

Because of (D), (E), and (G), the absolute value of the second sum in (F) does not exceed

5

2
kPk

rX

jD1

sX

jD1
.xi � xi�1/.yj � yj�1/ D 10kP k;

so (F) implies that

ˇ̌
ˇ̌
ˇ̌� �

rX

iD1

sX

jD1
.3xi C 2yj /.xi � xi�1/.yj � yj�1/

ˇ̌
ˇ̌
ˇ̌ � 10kPk: .I/

Now

rX

iD1

sX

jD1
xi.xi � xi�1/.yj � yj�1/D

"
rX

iD1
xi.xi � xi�1/

# 2
4

sX

jD1
.yj � yj�1/

3
5

D 2

rX

iD1
xi .xi � xi�1/ (from (G)

D
rX

iD1
.x2i � x2i�1/ (from (C))

D 4 (from (H)):
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Similarly,

rX

iD1

sX

jD1
yj .xi�xi�1/.yj�yj�1/ D 8. Therefore, (I) can be written as j��28j �

10kPk. Since the right side can be made as small as we wish by choosing kPk sufficiently

small,

Z

R

.x C y/ d.x; y/ D 28.

(b) Let P1 and P2 be partitions of Œ0; 1�; thus,

P1 W 0 D x0 < x1 < � � � < xr D 1 and P2 W 0 D y0 < y1 < � � � < ys D 1:

A typical Riemann sum of f over P D P1 � P2 is given by

� D
rX

iD1

sX

jD1
�ij�ij .xi � xi�1/.yj � yj�1/ .A/

where

xi�1 � �ij � xi and yj�1 � �ij � yj : .B/

The midpoints of Œxi�1; xi � and Œyj�1; yj � are

xi D xi C xi�1
2

and yj D yj C yj�1
2

; .C/

and (B) implies that

j�ij � xi j � xi � xi�1
2

� kP1k
2

� kPk
2

.D/

and

j�ij � yj j � yj � yj�1
2

� kP2k
2

� kPk
2
: .E/

Since

�ij�ij D Œxi C .�ij � xi /�Œyj C .�ij � yj /�

D xiyj C xi .�ij � yj /C yj .�ij � xi/C .�ij � xi /.�ij � yj /;

we can rewrite (A) as � D S1 C S2 C S3 C S4 where

S1 D
 

rX

iD1
xi.xi � xi�1/

!0
@

sX

jD1
yj .yj � yj�1/

1
A

D 1

4

 
rX

iD1
.x2i � x2i�1/

!0
@

sX

jD1
.y2j � y2j�1/

1
A D 1

4
;

.F/

S2 D
rX

iD1

sX

jD1
xi .�ij � yj /.xi � xi�1/.yj � yj�1/; .G/

S3 D
rX

iD1

sX

jD1
yj .�ij � xi /.xi � xi�1/.yj � yj�1/; .H/
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and

S4 D
rX

iD1

sX

jD1
.�ij � xi /.�ij � yj /.xi � xi�1/.yj � yj�1/: .I/

From (E) and (G),

jS2j � kP k
2

 
rX

iD1
xi.xi � xi�1/

!0
@

sX

jD1
.yj � yj�1/

1
A D kP k

4

rX

iD1
.x2i � x2i�1/ D kP k

4
:

From (D) and (H),

jS3j � kP k
2

 
rX

iD1
.xi � xi�1/

!0
@

sX

jD1
yj .yj � yj�1/

1
A D kP k

4

sX

jD1
.y2j � y2j�1/ D kP k

4
:

From (D), (E), and (I),

jS4j � kP k2
4

 
rX

iD1
.xi � xi�1/

!0
@

sX

jD1
.yj � yj�1/

1
A D kP k2

4
:

Therefore,

ˇ̌
ˇ̌� � 1

4

ˇ̌
ˇ̌ � kP k

2
C kP k2

4
. Since the right side can be made as small as we wish

by choosing kPk sufficiently small,

Z

R

xy d.x; y/ D 1

4
.

3. The given � is not a typical Riemann sum. The correct form is

� D
rX

iD1

sX

jD1
f .�ij /g.�ij /.xi � xi�1/.yj � yj�1/;

where xi�1 � �ij � xi and yj�1 � �ij � yj .

4. Let

P1 W a D x0 < x1 < � � � < xr D b and P2 W c D y0 < y1 < � � � < ys D d

be partitions of Œa; b� and Œc; d �, and P D P1 �P2. Then a typical Riemann sum of f over

P is of the form � D
rX

iD1

sX

jD1
f .�i ; �j /.xi �xi�1/.yj �yj�1/, which can be interpreted as

the sum of the volumes of parallelepipeds in R
3 with bases of areas .xi �xi�1/.yj �yj�1/

and heights f .�ij ; �ij /, 1 � i � r , 1 � j � s.
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5. (a) If P D fR1; R12 : : : ; Rkg, thenS.P/ D
kX

jD1
Mj V.Rj /, whereMj D sup

˚
f .X/

ˇ̌
x 2 Rj

	
.

An arbitrary Riemann sum of f over P is of the form � D
kX

jD1
f .Xj /V .Rj /, where

Xj 2 Rj . Since f .Xj / � Mj , � � S.P/.

Now let � > 0 and choose Xj inRj so that f .Xj / > Mj � �

nV.Rj /
, 1 � j � k. The Rie-

mann sum produced in this way is � D
kX

jD1
f .Xj /V .Rj / >

kX

jD1

�
Mj � �

kV.Rj /
/

�
V.Rj / D

S.P/ � �. Now Theorem 1.1.3 implies that S.P/ is the supremum of the set of Riemann

sums of f over P.

(b) Let P be as in (a). Then s.P/ D
kX

jD1
mjV.Rj /, where mj D inf

˚
f .X/

ˇ̌
x 2 Rj

	
. An

arbitrary Reimann sum of f over P is of the form � D
kX

jD1
f .Xj /V .Rj / where Xj 2 Rj .

Since f .Xj / � mj , � � s.P/.

Now let � > 0 and choose Xj inRj so that f .Xj / < mj C �

kV.Rj /
, 1 � j � k. The Rie-

mann sum produced in this way is � D
kX

jD1
f .Xj /V .Rj / >

kX

jD1

�
mj C �

kV.Rj /
/

�
V.Rj / D

s.P/C �. Now Theorem 1.1.8 implies that s.P/ is the infimum of the set of Riemann sums

of f over P.

5. Let P D fR1; R2; : : : ; Rkg be a partition of R. An arbitrary Riemann sum of f over P

is of the form � D
nX

jD1
f .Xj /V .Rj / where Xj 2 Rj .

(a) S.P/ D
kX

jD1
MjV.Rj / where Mj D sup

˚
f .X/

ˇ̌
X 2 Rj

	
. Since f .Xj / � Mj ,

� � S.P/. If � > 0 choose Xj inRj so that f .Xj / > Mj � �

kV.Rj /
. The Riemann sum

produced in this way is

� D
kX

jD1
f .Xj /V .Rj / >

kX

jD1

�
Mj �

�

kV.Rj /

�
V.Rj / D S.P/ � �:

Now Theorem 1.1.3 implies that S.P/ is the supremum of the set of Riemann sums of f

over P.
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(b) s.P/ D
kX

jD1
mjV.Rj / where mj D inf

˚
f .X/

ˇ̌
X 2 Rj

	
. Since f .Xj / � mj , � �

s.P/. If � > 0 choose Xj in Rj so that f .Xj / < mj C �

kV.Rj /
. The Riemann sum

produced in this way is

� D
kX

jD1
f .Xj /V .Rj / <

kX

jD1

�
mj C

�

kV.Rj /

�
V.Rj / D s.P/C �:

Now Theorem 1.1.3 implies that s.P/ is the infimum of the set of Riemann sums of f over

P.

6. Let P D fR1; R2; : : : ; Rkg. Let

Mj D sup
˚
f .x; y/

ˇ̌
X 2 Rj

	
and mj D inf

˚
f .x; y/

ˇ̌
X 2 Rj

	
:

Let j be arbitrary in f1; 2; : : : ; kg. Since Rj contains a point .bxj ;byj / with bxj and byj
irrational, Mj D 3. Hence,

Z

R

f .x; y/ d.x; y/ D 3.b � a/.d � c/. Since Rj contains a

point .exj ;eyj / withexj and eyj rational,mj D 0. Hence,

Z

R

f .x; y/ d.x; y/ D 0.

7. First suppose that P 0
1 is obtained by adding one point to P1, and P 0

j D Pj , 2 � j � n.

If Pi is defined by

Pi W ai D ai0 < ai1 < � � � < aimi
D bi ; 1 � i � n;

then a typical subrectangle of P is of the form

Rj1j2���jn D Œa1;j1�1; a1j1
� � Œa2;j2�1; a2j2

� � � � � � Œan;jn�1; anjn�:

Let c be the additional point introduced into P1 to obtain P 0
1, and suppose that a1;k�1 <

c < a1k . If j1 ¤ k then Rj1j2���jn is common to P and P0, so the terms associated with it

in s.P/ and s.P0/ cancel in the difference s.P0/ � s.P/. To analyze the terms that do not

cancel, define

R
.1/

k;j2���jn
D Œa1;k�1; c�� Œa2;j2�1; a2j2

� � � � � � Œan;jn�1; anjn�;

R
.2/

kj2���jn
D Œc; a1k� � Œa2;j2�1; a2j2

� � � � � � Œan;jn�1; anjn�;

mkj2���jn
D inf

˚
f .X/

ˇ̌
X 2 Rkj2���jn

	
.A/

and

m
.i/

kj2���jn
D inf

n
f .X/

ˇ̌
X 2 R.i/

kj2���jn

o
; i D 1; 2I .B/

Then s.P0/ � s.P/ is the sum of terms of the form

Œm
.1/

kj2���jn
.c � a1;k�1/Cm.2/kj2���jn

.a1k � c/�mkj2���jn
.a1k � a1;k�1/�

�.a2j2
� a2;j2�1/ � � � .anjn � an;jn�1/:

.C/
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The terms within the brackets can be rewritten as

.m
.1/

kj2���jn
�mkj2���jn

/.c � a1;k�1/C .m
.2/

kj2���jn
�mkj2���jn

/.a1k � c/; .D/

which is nonnegative, because of (A) and (B). Therefore, (E) s.P/ � s.P0/. Moreover,

the quantity in (D) is not greater than 2M.a1k � a1;k�1/, so (C) implies that the general

surviving term in s.P0/ � s.P/ is not greater than

2MkPk.a2j2
� a2;j2�1/ � � � .anjn � an;jn�1/:

The sum of these terms as j2, . . . , jn assume all possible values .1 � ji � mi ; i D
2; 3; : : : ; n/ is

2MkPk.b2 � a2/ � � � .bn � an/ D
2MkPkV.R/
b1 � a1

:

This implies that

s.P0/ � s.P/C 2MkPkV.R/
b1 � a1

:

This and (E) imply (17) for r1 D 1 and r2 D � � � D rn D 0.

Similarly, if ri D 1 for some i in f1; : : : ; ng and rj D 0 if j ¤ i , then

s.P0/ � s.P/C 2MkPkV.R/
bi � ai

:

To obtain (17) in the general case, repeat this argument r1 C r2 C � � � C rn times, as in the

proof of Lemma 3.2.1.

8. Suppose that P1 and P2 are partitions of R and P0 is a refinement of both. From

Lemma 7.1.5, s.P1/ � s.P0/ and S.P0/ � S.P2/. Since s.P0/ � S.P0/ this implies

that s.P1/ � S.P2/. Thus, every lower sum is a lower bound for the set of all upper sums.

Since

Z

R

f .X/ dX is the infimum of this set, s.P1/ �
Z

R

f .X/ dX for every partition P1

of R. This means that

Z

R

f .X/ dX is an upper bound for the set of all lower sums. Since

Z

R

f .X/ dX is the supremum of this set, this implies that

Z

R

f .X/ dX �
Z

R

f .X/ dX.

9. Suppose that P is a partition ofR and � is a Riemann sum of f over P. Let � > 0. From

Definition 7.1.2, there is a ı > 0 such that
ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌ < �

3
if kPk < ı: .A/

From the triangle inequality,
ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX � S.P/
ˇ̌
ˇ̌
ˇ C jS.P/ � � j

C
ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌:

.B/
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From Definition 7.1.4, there is a partition P0 of R such that

Z

R

f .X/ dX � S.P0/ <

Z

R

f .X/ dX C �

3
: .C/

Now suppose that kPk < ı and P is a refinement of P0. Since S.P/ � S.P0/ by

Lemma 7.1.6, (C) implies that

Z

R

f .X/ dX � S.P/ <

Z

R

f .X/ dX C �

3

so ˇ̌
ˇ̌
ˇS.P/ �

Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ <

�

3
.D/

in addition to (A). Now (A), (B), and (D) imply that

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ <

2�

3
C jS.P/ � � j .E/

for every Riemann sum � of f over P. Since S.P/ is the supremum of these Riemann sums

(Theorem 7.1.5), we may choose � so that jS.P/ � � j < �

3
. Now (E) implies that

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ < �:

Since � is an arbitrary positive number, this implies that

Z

R

f .X/ dX D
Z

R

f .X/ dX:

From the triangle inequality,

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX � s.P/
ˇ̌
ˇ̌
ˇ C js.P/ � � j

C
ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌:

.F/

From Definition 7.1.4, there is a partition P1 of R such that

Z

R

f .X/ dX � s.P1/ >

Z

R

f .X/ dX �
�

3
: .G/

Now suppose that kPk < ı and P is a refinement of P1. Since s.P/ � s.P1/ by Lemma 7.1.6,

(G) implies that Z

R

f .X/ dX � s.P/ >

Z

R

f .X/ dX C �

3
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so ˇ̌
ˇ̌
ˇs.P/ �

Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ <

�

3
.H/

in addition to (A). Now (A), (F), and (H) imply that
ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ <

2�

3
C js.P/ � � j .I/

for every Riemann sum � of f over P. Since s.P/ is the infimum of these Riemann sums

(Theorem 7.1.5), we may choose � so that js.P/ � � j < �

3
. Now (I) implies that

ˇ̌
ˇ̌
ˇ

Z

R

f .X/ dX �
Z

R

f .X/ dX

ˇ̌
ˇ̌
ˇ < �:

Since � is an arbitrary positive number, this implies that
Z

R

f .X/ dX D
Z

R

f .X/ dX:

10. The inequalities

Z

R

f .X/ dX � S.P/ and

Z

R

f .X/ dX � s.P/ follow directly from

Definition 7.1.4. Now suppose that jf .X/j � K if X 2 R and � > 0. Let R D Œa1; b1� �
Œa2; b2� � � � � Œan; bn�.
From Definition 7.1.4, there is a partition P0 D P

.0/
1 �P .0/2 � � � ��P .0/n of R such that (A)

S.P0/ <

Z

R

f .X/ dX C �

2
. Assume that P

.0/
j has rj C 2 partition points (including aj and

bj ), 1 � j � n. If P D P1�P2�� � ��Pn is any partition ofR, let P0 D P 0
1�P 0

2�� � ��P 0
n,

where P 0
j is the refinement of Pj including the partition points of P

.0/
j , 1 � j � n. Then

Lemma 7.1.6 implies that (B) S.P0/ � S.P0/ and

S.P0/ � S.P/ � 2KV.R/

0
@

nX

jD1

rj

bj � aj

1
A kPk: .C/

Now (A), (B), and (C) imply that

S.P/ � S.P0/C 2KV.R/

0
@

nX

jD1

rj

bj � aj

1
A kPk

� S.P0/C 2KV.R/

0
@

nX

jD1

rj

bj � aj

1
AkPk

<

Z

R

f .X/ dX C �

2
C 2KV.R/

0
@

nX

jD1

rj

bj � aj

1
A kPk <

Z

R

f .X/ dX C �
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if kPk < ı, where 2KV.R/

0
@

nX

jD1

rj

bj � aj

1
A ı < �

2
.

From Definition 7.1.4, there is a partition P1 D P
.1/
1 �P .1/2 � � � ��P .1/n of R such that (D)

s.P1/ >

Z

R

f .X/ dX � �

2
. Assume that P

.1/
j has sj C 2 partition points (including aj and

bj ), 1 � j � n. If P D P1�P2�� � ��Pn is any partition ofR, let P00 D P 00
1 �P 00

2 �� � ��P 00
n ,

where P 00
j is the refinement of Pj including the partition points of P

.1/
j , 1 � j � n. Then

Lemma 7.1.6 implies that (E) s.P00/ � s.P1/ and

s.P00/ � s.P/C 2KV.R/

0
@

nX

jD1

sj

bj � aj

1
A kPk: .F/

Now (D), (E), and (F) imply that

s.P/ � s.P00/ � 2KV.R/

0
@

nX

jD1

sj

bj � aj

1
A kPk

� s.P1/ � 2KV.R/

0
@

nX

jD1

sj

bj � aj

1
A kPk

>

Z

R

f .X/ dX � �

2
� 2KV.R/

0
@

nX

jD1

sj

bj � aj

1
A kPk >

Z

R

f .X/ dX � �

if kPk < ı, where 2KV.R/

0
@

nX

jD1

sj

bj � aj

1
A ı < �

2
.

11. If � > 0, there is a ı > 0 such that

Z

R

f .X/ dX � � < s.P/ � S.P/ <

Z

R

f .X/ dX C � if kPk < ı

(Lemma 7.1.9). By assumption, this is equivalent to

L� � < s.P/ � S.P/ < LC � if kPk < ı: .A/

If � is a Riemann sum of f over fPg then s.P/ � � � S.P/, so (A) implies that L � � <

� < LC � if kPk < ı. Now Definition 7.1.2 implies that

Z

R

f .X/ dX D L.

12. Suppose that

Z

R

f .X/ dX D L. If � > 0, there is a ı > 0 such that L � �=3 <

� < LC �=3 if � is any Riemann sum of f over a partition P with kPk < ı. Since s.P/

and S(P) are respectively the infimum and supremum of all Riemann sums of f over P,
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(Theorem 7.1.5) it folllows that L� �=3 � s.P/ � S.P/ � LC �=3 if kPk < ı. Therefore,

jS.P/ � s.P/j < � if kPk < ı.
Now suppose that for every � > 0 there is a ı > 0 such that jS.P/ � s.P/j < � if kPk <

ı. Since s.P/ �
Z

R

f .X/ dX �
Z

R

f .X/ dX � S.P/ for all P, this implies that 0 �
Z

R

f .X/ dX �
Z

R

f .X/ dX < �. Since � is an arbitrary positive number, this implies that

Z

R

f .X/ dX D
Z

R

f .X/ dX. Therefore,

Z

R

f .X/ dX exists, by Theorem 7.1.7.

14. (a) If � > 0, there are rectangles T1, T2, . . . , Tr and T 0
1, T 0

2, . . . , T 0
s such that S1 �

[riD1Ti , S2 � [sjD1T
0
j ,

rX

iD1
V.Tr / < �=2, and

sX

jD1
V.T 0

j / < �=2. Then fT1; : : : ; Tm; T 0
1; : : : ; T

0
rg

covers S1 [ S2 with total content < �.

(b) If S1 � [riD1Tr and S2 � S1, then S2 � [riD1Tr .
(c) Since [riD1Ti is closed, S � [riD1Ti if S � [riD1Ti .
15. Let R D Œa1; b1� � � � � � Œan; bn� and T D Œa1 � �; b1 C �� � � � � � Œan � �; bn C ��,

where � > 0. Then R � T and, since ai D bi for some i , V.T / � 2�Ln�1, where

L D max
˚
.bj � aj /

ˇ̌
1 � j � n

	
.

16. Let R be a rectangle containing S . Suppose that � > 0. Since f is uniformly continous

on S (Theorem 7.1.5.2.15), there is a partition P of R such that jf .X/ � f .Y/j < � if X

and Y are in S and in the same subrectangle of P . IfR1, R2, . . . , Rm are the subrectangles

of P such that S \ Ri ¤ ; and X1, X2, . . . , Xm are points in R1, R2, . . . , Rm, then the

surface is contained in the set [miD1
˚
.X; ´/

ˇ̌
X 2 Ri and j´ � f .Xi /j < �

	
. The content of

this set (inRnC1) is < K�, where K is independent of �.

17. (a) Since T does not have zero content, there is an �0 > 0 such that any finite col-

lection of rectangles covering T has total content � �0. Let R be a rectangle contain-

ing S , and let P D fR1; R2; : : : ; Rkg be a partition of R. Let U D
n
j
ˇ̌
R0j \ T ¤ ;

o
.

Then
X

j2U
V.Rj / � �0, since the total content of [kjD1@Rj is zero (Exercise 15). If

j 2 U , then R0j contains points in T and points not in S , so sup
˚
fS .X/

ˇ̌
X 2 Rj

	
�

inf
˚
fS .X/

ˇ̌
X 2 Rj

	
� �; therefore, if S.P/ and s.P/ are upper and lower sums of fS

over R, then S.P/� s.P/ � ��0. Hence, fS is not integrable onR (Theorem 7.1.12), so f

is not integrable on S (Definition 7.1.17).

(b) If f � 1, then f .X/ � 1 on T D S \ @S . Hence,
R
S
dX, from (a).

18. (a) Suppose that jh.X/j � K and S0 D
˚
X
ˇ̌
X 2 S and f .X/ ¤ 0

	
. Let R D

Œa1; b1� � Œa2; b2� � � � � � Œan; bn� be a rectangle containing S . If � > 0, let T1, T2, . . . ,

Tm be subrectangles of R such that S0 � [mjD1Tj and (A)

mX

jD1
V.Tj / < �. (S0 has zero

content, from Exercise 14(b). If Tj D Œ˛1j ; ˇ1j ��� � ��Œ˛nj ; ˇnj �, let P D P1�P2�� � ��Pk ,
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where Pi is the partition of Œai ; bi � with partition points

ai ; bi ; ˛i1; ˇi1; ˛i2; ˇi2; : : : ; ˛im; ˇim:

(These are not in order.) We may suppose that S0 \ R0 � [mjD1T
0
j , since if this were

not so, we could simply enlarge T1, T2, . . . , Tm slightly to make it so, while maintaining

(A). This guarantees that the union of the subrectangles of P on which hS assumes nonzero

values is contained in [mjD1Tj ; hence, (B) jS.P/j � K� and (C) js.P/j � K� if S.P/

and s.P/ are upper and lower sums for hS over R. This implies that S.P/ � s.P/ � 2k�,

so

Z

R

hS .X/ dX D
Z

S

h.X/ dX exists (Theorem 7.1.12. If � is a Riemann sum for hS

over any refinement P0 of P, then j� j � K�. This implies that

Z

R

hS .X/ dX D 0, so
Z

S

h.X/ dX D 0.

(b) From (a) with h D g � f ,

Z

S

.g � f /.X/ dX D 0. Theorem 1.11 implies that
Z

S

g.X/ dX D
Z

S

f .X/ dX C
Z

S

.g � f /.X/ dX.

19. Let � > 0. Since @S0 has zero content, there are rectangles T1, T2, . . . , Tm such that
mX

jD1
V.Tj / < � and @S0 � [mjD1Tj . Let R D Œa1; b1� � Œa2; b2� � � � � � Œan; bn� be a

rectangle such that S [ .[mjD1Tj / � R. Let S.P/ and s.P/ be upper and lower sums for

fS over partitions of R, and let S.P/ and s.P/ be similarly defined for fS0
.

If Tj D Œ˛1j ; ˇ1j �� � � � � Œ˛nj ; ˇnj �, let P0 D P1 �P2 � � � � �Pk , where Pi is the partition

of Œai ; bi � with partition points

ai ; bi ; ˛i1; ˇi1; ˛i2; ˇi2; : : : ; ˛im; ˇim:

(These are not in order.) From Theorem 7.1.12 and Lemma 7.1.6, there is a partition

P D fR1; R2; : : : ; Rkg of R such that S.P /� s.P / < � and P is a refinement of P0. Now

let T 0 D
˚
j
ˇ̌
Rj \ @S0 ¤ ;

	
and suppose that jf .X/j � M , X 2 S . Then

S.P / � s.P / � S.P / � s.P /C 2M
X

j2T 0

V.Rj / < .2M C 1/�:

20. First suppose that S D R, a rectangle. Any Riemann sum of f C g over a partition

P D fR1; R2; : : : ; Rkg of R can be written as

�fCg D
kX

jD1
Œf .Xj /C g.Xj /�V .Rj /

D
kX

jD1
f .Xj /V .Rj /C

kX

jD1
g.Xj /V .Rj /

D �f C �g ;
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where �f and �g are Riemann sums for f and g. Definition 7.1.2 implies that if � > 0,

there are positive numbers ı1 and ı2 such that
ˇ̌
ˇ̌�f �

Z

R

f .X/ dX

ˇ̌
ˇ̌ < �

2
if kPk < ı1

and ˇ̌
ˇ̌�g �

Z

R

g.x/ dX

ˇ̌
ˇ̌ < �

2
if kPk < ı2:

If kPk < ı D min.ı1; ı2/ then
ˇ̌
ˇ̌�fCg �

Z

R

f .X/ dX �
Z

R

g.x/ dX

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
�
�f �

Z

R

f .X/ dX

�
C
�
�g �

Z

R

g.x/ dX

�ˇ̌
ˇ̌

�
ˇ̌
ˇ̌�f �

Z

R

f .X/ dX

ˇ̌
ˇ̌C

ˇ̌
ˇ̌�g �

Z

R

g.x/ dX

ˇ̌
ˇ̌

<
�

2
C �

2
D �;

so Definition 7.1.2 implies the conclusion.

To obtain the conclusion for a general bounded set S , let R be a rectangle containing S and

apply this result with f and g replaced by fS and gS .

21. First, consider the case where S D R (rectangle). The conclusion is trivial if c D
0. Suppose that c ¤ 0 and � > 0. Any Riemann sum of cf over a partition P D

fR1; R2; : : : ; Rkg ofR can be written asb� D
kX

jD1
cf .Xj /V .Rj / D c

kX

jD1
f .Xj /V .Rj / D

c� , where � is a Riemann sum of f over P. Since f is integrable on R, Definition 7.1.2

implies that there is a ı > 0 such that

ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌ < �

jcj
if kPk < ı. Therefore,

ˇ̌
ˇ̌b� �

Z

R

cf .X/ dX

ˇ̌
ˇ̌ < � ifb� kPk < ı, so cf is integrable overR, again by Definition 7.1.2.

To obtain the conclusion for a general bounded set S , let R be a rectangle containing S and

apply this result with f replaced by fS .

22. First, consider the case where S D R (rectangle). Since g.X/�f .X/ � 0, every lower

sum of g � f over any partition of R is nonnegative. Therefore,
Z

R

Œg.X/ � f .X/� dX � 0:

Hence, Z

R

g.X/ dX �
Z

R

f .X/ dX D
Z

R

Œg.X/ � f .X/� dX

D
Z

R

Œg.X/ � f .X/� dX � 0;
.A/

so

Z

R

f .X/ dX �
Z

R

g.X/ dX. (The first equality in (A) follows from Theorems 7.1.23

and 7.1.24; the second, from Theorem 7.1.8).
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To obtain the conclusion for a general bounded set S , let R be a rectangle containing S and

apply this result with f and g replaced by fS and gS .

23. First, consider the case where S D R (rectangle). Let P D fR1; R2; : : : ; Rkg be a

partition of R and define

Mj D sup
˚
f .X/

ˇ̌
X 2 Rj

	
;

mj D inf
˚
f .X/

ˇ̌
X 2 Rj

	
;

M j D sup
˚
jf .X/j

ˇ̌
X 2 Rj

	
;

mj D inf
˚
jf .X/j

ˇ̌
X 2 Rj

	
:

Then
M j �mj D sup

˚
jf .X/j � jf .X0/j

ˇ̌
X;X0 2 Rj

	

� sup
˚
jf .X/� f .X0/j

ˇ̌
X;X0 2 Rj

	

D Mj �mj :

.A/

Therefore, S.P/ � s.P/ � S.P/ � s.P/, where the upper and lower sums on the left are

associated with jf j and those on the right are associated with f . Now suppose that � > 0.

Since f is integrable onR, Theorem 7.1.12 implies that there is a partition P ofR such that

S.P/ � s.P/ < �. This and (A) imply that S.P/ � s.P/ < �. Therefore, jf j is integrable

on R, again by Theorem 7.1.12.

Since f .X/ � jf .X/j and �f .X/ � jf .X/j, X 2 R, Theorems 7.1.2 and 7.1.4 imply thatZ

R

f .X/ dX �
Z

R

jf .X/j dX and �
Z

R

f .X/ dX �
Z

R

jf .X/j dX, so

ˇ̌
ˇ̌
Z

S

f .X/ dX

ˇ̌
ˇ̌ �

Z

S

jf .X/j dX.

To obtain the conclusion for a general bounded set S , let R be a rectangle containing S and

apply this result with f replaced by fS .

24. First, consider the case where S D R (rectangle) and f and g are nonnegative. The

subscripts f , g, and fg in the following argument identify the functions with which the

various quantities are associated. We assume that neither f nor g is identically zero on R,

since the conclusion is obvious if one of them is.

If P D fR1; R2; : : : ; Rkg is a partition ofR then

Sfg.P/ � sfg.p/ D
kX

jD1
.Mfg;j �mfg;j /V .Rj /: .A/

Since f and g are nonnegative, Mfg;j � Mf;jMg;j and mfg;j � mf;jmg;j . Hence,

Mfg;j �mfg;j � Mf;jMg;j �mf;jmg;j

D .Mf;j �mf;j /Mg;j Cmf;j .Mg;j �mg;j /

� Mg.Mf;j �mf;j /CMf .Mg;j �mg;j /;

where Mf and Mg are upper bounds for f and g on R. From (A) and the last inequality,

Sfg.P/ � sfg.P/ � Mg ŒSf .P/ � sf .P/� CMf ŒSg.P/ � sg.P/�: .B/
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Now suppose that � > 0. Theorem 7.1.12 implies that there are partitions P1 and P2 of R

such that

Sf .P1/ � sf .P1/ <
�

2Mg

and Sg.P2/ � sg.P2/ <
�

2Mf

: .C/

From Lemma 7.1.6, the inequalities in (C) also hold for any partition P that is a refinement

of P1 and P2; hence, (B) yields

Sfg.P/ � sfg.P/ <
�

2
C �

2
D �

for any such partition. Therefore, fg is integrable onR, by Theorem 7.1.12.

If f .X/ � m1 and g.X/ � m2 (X 2 R/, write fg D .f �m1/.g �m2/Cm2f Cm1g �
m1m2. The first product on the right is integrable by the proof given above. To complete

the proof, use Theorems 7.1.23 and 7.1.24.

To obtain the conclusion for a general bounded set S , let R be a rectangle containing S and

apply this result with f and g replaced by fS and gS .

25. From Theorem 7.1.13, u is integrable on R. Therefore, Theorem 7.1.27 implies thatZ

R

u.X/v.X/ dX exists. If m D min
˚
u.X/

ˇ̌
X 2 R

	
and M D max

˚
u.X/

ˇ̌
X 2 R

	
, then

m � u.X/ � M and, since v.X/ � 0, mv.X/ � u.X/v.X/ � Mv.X/. Therefore,

Theorems 7.1.24 and 7.1.25 imply that

m

Z

R

v.X/ dX �
Z

R

u.X/v.X/ dX � M

Z

R

v.X/ dX: .A/

This implies that Z

R

u.X/v.X/ dX D u.X0/

Z

R

v.X/ dX .B/

for any X0 in R if

Z

R

v.X/ dX D 0. If

Z

R

v.X/ dX ¤ 0, let

u D

Z

R

u.X/v.X/ dX

dst
R
R v.X/ dX

Since
R
R
v.X/ dX > 0 in this case, (A) implies that m � u � M , and (Theorem 5.2.13)

implies that u D u.X0/ for some X0 in R. This implies (B).

26. Let R0 D Œa0
1; b

0
1� � Œa0

2; b
0
2� � � � � � Œa0

n; b
0
n�. be a subrectangle of R D Œa1; b1� �

Œa2; b2� � � � � � Œan; bn�. Suppose that � > 0. From Theorem 7.1.12, there is a partition

P D P1 � P2 � � � Pn D fR1; R2 : : : ; Rkg of R such that

S.P/ � s.P/ D
kX

jD1
.Mj �mj /V .Rj / < �: .A/

We may assume that a0
i and b0

i are partition points ofPi , 1 � i � n, because if not, they can

be inserted to obtain a refinementbP such that S.bP0/� s.bP0/ � S.P/� s.P/ (Lemma 7.1.6).
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Therefore, there is a subset U of f1; 2; : : : ; kg such that P0 D fRj gj2U is a partition of R0.
Since (A) implies that

S.P0/ � s.P0/ D
X

j2U
.Mj �mj /V .Rj / < �;

Theorem 7.1.12 implies that f is integrable on R0.

27. (a) From Exercise 26,

Z

R

g.X/dX exists if

Z

eR
g.X/dX does. For the converse, suppose

that

Z

R

g.X/ dX exists. Let R D Œa1; b1� � Œa2; b2� � � � � � Œan; bn� and eR D Œ˛1; ˇ1� �

Œ˛2; ˇ2� � � � � Œ˛n; ˇn�. Consider only partitions eP D eP1 � � � � � ePn of eR, where ePi is

a partition of Œ˛i ; ˇi � that includes ai and bi among its partition points. Let Pi be the

partition of Œai ; bi � consisting of the partition points of ePi in Œai ; bi �. Then P D P1 �
P2�� � ��Pn is a partition ofR. Now eP D fR1; : : : ; Rm; R0

1; : : : ; R
0
k
; R00

1; : : : ; R
00
s g, where

P D fR1; : : : ; Rmg, R0
1; : : : ; R

0
k

intersect @R, but not R0, and R00
i \ R D ; .1 � i � s/.

Now suppose that jg.X/j � M . Since g.X/ D 0 if x 2 R00
i ,

SeR.eP / � seR.eP / � SR.P / � sr.P /C 2M

kX

jD1
V.R0

j /: .A/

Since

R [
h
[kjD1R

0
j

i
� Œa1 � kePk; b1 C kePk� � � � � � Œan � kePk; b1 C kePk�;

the above stated properties of R0
1, . . . , R0

k
imply that

kX

jD1
V.R0

j / � .b1 � a1 C 2kePk/ � � � .bn � an C 2kePk � .b1 � a1/ � � � .bn � an/: .B/

Now suppose that � > 0. Since

Z

R

g.X/ dX exists, there is a ı > 0 such that SR.P / �
SR.P / < �=2 if kP k < ı (Theorem 7.1.12); in addition, choose ı so that the right side of

(B) < �=2 if kePk < ı. Then (A) implies that if kePk < ı, then SeR.eP / � seR.eP / < �, soZ

eR
g.X/dX exists (Theorem 7.1.12).

To see that

Z

eR
g.X/dX D

Z

R

g.X/dX, observe that

� D
mX

iD1
g.xi /V .Ri /C

kX

jD1
0 � V.R0

j /C
sX

qD1
0 � V.R00

q/;

where Xi 2 Ri , can be interpreted as a Riemann sum for both integrals.
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(b) Suppose that R1 and R2 are rectangles containing S and

Z

R1

fS .X/ dX exists. Ap-

plying (a) with eR D R1 and R D R1 \ R2 implies that (C)

Z

R1\R2

fS .X/ dX D
Z

R1

fS .X/ dX. Now applying (a) with eR D R2 andR D R1\R2 implies that

Z

R2

fS .X/ dX D
Z

R1\R2

fS .X/ dX. This and (C) imply the conclusion.

28. (a) From Exercise 26, f is integrable on each subrectangle R1, R2, . . . , Rk . If �j

is a Riemann sum for

Z

Rj

f .X/ dX over a partition of Rj , 1 � j � k, then (A) � D

�1 C �2 C � � � C �k is a Riemann sum for

Z

R

f .X/ dX over a refinement P0 of P. Because

of (A),

Z

R

f .X/ dX �
kX

jD1

Z

Rj

f .X/ dX D
�Z

R

f .X/ dX � �
�

�
kX

jD1

 Z

Rj

f .X/ dX � �j

!

.B/

Now suppose that � > 0. By Definition 7.1.2, there is a a ı > 0 such that

ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌ <

� and

ˇ̌
ˇ̌
ˇ�j �

Z

Rj

f .X/ dX

ˇ̌
ˇ̌
ˇ < �=k, 1 � j � k, if kP0k < ı. This and (B) imply that

ˇ̌
ˇ̌
ˇ̌
Z

R

f .X/ dX �
kX

jD1

Z

Rj

f .X/ dX

ˇ̌
ˇ̌
ˇ̌ < 2�:

Since � can be made arbitrarily small, it follows that

Z

R

f .X/ dX �
kX

jD1

Z

Rj

f .X/ dX D 0:

(b) From (a) and Theorem 7.1.28 with u D f and v D 1, there is an Xj 2 Rj such

that

Z

Rj

f .X/ dX D f .Xj /

Z

Rj

dX D f .Xj /V .Rj /. The required Riemann sum is

� D
kX

jD1
f .Xj /V .Rj / D

Z

R

f .X/ dX.

29. Let P D fR1; R2; : : : ; Rkg and (A)

Z

R

f .X/ dX D
kX

jD1
f .Xj /V .Rj /, where Xj 2

Rj (Exercise 28(b)). If � D
kX

jD1
f .Xj /V .Rj / is any Riemann sum over R, then (A)
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implies that (B)

ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌ �

kX

jD1
jf .Xj / � f .Xj /jV.Rj /. From Theorem 5.4.5,

f .Xj /�f .Xj / D
nX

iD1
fxi
.bXj /.xij �xij /, wherebXj is on the line segment connecting Xj

and Xj . From this and Schwarz’s inequality, (C) jf .Xj / � f .Xj /j � KjXj � Xj j, where

K D max

8
<̂

:̂

0
@

nX

jD1
f 2xj

.X/

1
A
1=2

ˇ̌
X 2 R

9
>=
>;
:

Now (B) and (C) imply that

ˇ̌
ˇ̌� �

Z

R

f .X/ dX

ˇ̌
ˇ̌ � K

kX

jD1
jXj � Xj jV.Rj / � K

p
nkPkV.R/:

Let M D k
p
nV.R/.

30. (a) Let

P1 W a D x0 < x1 < � � � < xr D b and P2 W c D y0 < y1 < � � � < ys D d

be partitions of Œa; b� and Œc; d �, and P D P1 � P2. If we consider f as a function of

.x; y/ which happens to be independent of y, then Sf .P/ D .d � c/Sf .P1/ and sf .P/ D

.d � c/sf .P1/. Let � > 0. Since f is integrable over Œa; b�, there is ı > 0 such that

Sf .P1/�sf .P1/ < �=.d�c/ if kP1k < ı (Theorem 3.2.7). Therefore, Sf .P/�sf .P/ < �
if kPk < ı, so f is integrable onR (Theorem 7.1.12). Similarly, g is integrable over R.

(c) Since fg is now known to be integrable on R, we may consider Riemann sums of the

special form indicated in Exercise 3 to get the stated equality.

31. (a) Suppose that R is a rectangle containing S . From Exercise 18(b) with S D R,

f D fS , and g D fS0
,

Z

R

fS .X/ dX D
Z

R

fS0
.X/ dX. This implies the conclusion.

(b) Write S D T1 [ T2 [ T3, where T1 D S1 � S1 \ S2, T2 D S2 � S1 \ S2, T3 D
S1 \ S2. From (a) and Exercise 14(b), f is integrable on T1 and T2; from Exercise 18(a),Z

T3

f .X/ dX D 0. Now use Theorem 7.1.30.

7.2 ITERATED INTEGRALS AND MULTIPLE INTEGRALS

1.

(a)

Z 2

0

dy

Z 1

�1
.xC3y/ dx D

Z 2

0

"�
x2

2
C 3xy

� ˇ̌
ˇ̌
1

xD�1

#
dy D

Z 2

0

6y dy D 3y2
ˇ̌
ˇ̌
2

0

D 12.
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(b)

Z 2

1

dx

Z 1

0

.x3 C y4/ dy D
Z 2

1

"�
x3y C

y5

5

� ˇ̌
ˇ̌
1

yD0

#
dx

D
Z 2

1

�
x3 C 1

5

�
dx D

�
x4

4
C x

5

� ˇ̌
ˇ̌
2

1

D 79

20
:

(c)

Z 2�

�=2

x dx

Z 2

1

sinxy dy D
Z 2�

�=2

dx

Z 2

1

x sin xy dy

D �
Z 2�

�=2

"
cos xy

ˇ̌
ˇ̌
2

yD1

#
dx

D
Z 2�

�=2

.cos x � cos 2x/ dx

D
�

sinx � sin 2x

2

� ˇ̌
ˇ̌
2�

�=2

D �1:

(d)

Z log2

0

y dy

Z 1

0

xex
2ydx D

Z log2

0

dy

Z 2

0

xyex
2y dx

D 1

2

Z log2

0

"
ex

2y

ˇ̌
ˇ̌
1

xD0

#
dy

D 1

2

Z log2

0

.ey � 1/ dy

D 1

2
.ey � y/

ˇ̌
ˇ̌

log2

0

D 1� log 2

2
:

2. Let P1 W a1 D x0 < x1 < � � � < xr D b1, P2 W a2 D y0 < y1 < � � � < ys D b2, and

P3 W a3 D ´0 < ´1 < � � � < ´t D b3 be partitions of Œa1; b1�, Œa2; b2�, and Œa3; b3�, and let

P D P1 � P2 � P3. Denote Rijk D Œxi�1; xi � � Œyj�1; yj � � Œ´k�1; ´k�.

(a) P2 � P3 is a partition of I2 � I3. Suppose that

.�jk; �jk/ 2 Œyj�1; yj � � Œ´k�1; ´k�; 1 � j � s; 1 � k � t; .A/

so

� D
sX

jD1

tX

kD1
G.�jk; �jk/.yj � yj�1/.´k � ´k�1/ .B/

is a typical Riemann sum of G over P2 � P3. Since

G.�jk; �jk/ D
Z b1

a1

f .x; �jk; �jk/ dx D
rX

iD1

Z x

xi�1

f .x; �jk; �jk/ dx;

(A) implies that if

mijk D inf
˚
f .x; y; ´/

ˇ̌
.x; y; ´/ 2 Rijk

	
and Mijk D sup

˚
f .x; y/

ˇ̌
.x; y; ´/ 2 Rijk

	
;



Section 7.2 Iterated Integrals and Multiple Integrals 189

then
rX

iD1
mijk.xi � xi�1/ � G.�jk; �jk/ �

rX

iD1
Mijk.xi � xi�1/:

Multiplying through by .yj � yj�1/.´k � ´k�1/, summing over 1 � j � s, 1 � k � t ,

and recalling (B) yields

s.P/ � � � S.P/; .C/

where s.P/ and S.P/ are the upper and lower sums of f over P. Now letbs.P2 � P3/ and
bS.P2 � P3/ be the upper and lower sums of G over P2 � P3; since they are respectively

the infimum and supremum of the Riemann sums of G over P2 � P3 (Theorem 7.1.5), (C)

implies that

s.P/ �bs.P2 � P3/ � bS.P2 � P3/ � S.P/: .D/

Since f is integrable onR, there is for each � > 0 a partition P ofR such that S.P/�s.P/ <
� (Theorem 7.1.12). Consequently, from (D), there is a partition P2 � P3 of I2 � I3 such

that bS.P2 �P3/�bs.P2 � P3/ < �, so G is integrable on I2 � I3 (Theorem 7.1.12).

It remains to verify that

Z

R

f .x; y; ´/ d.x; y; ´/ D
Z

I2�I3

G.y; ´/ d.y; ´/: .E/

From (B) and the definition of
R
I2�I3

G.y; ´/ d.y; ´/, there is for each � > 0 a ı > 0 such

that ˇ̌
ˇ̌
Z

I2�I3

G.y; ´/ d.y; ´/ � �

ˇ̌
ˇ̌ < � if kP2 � P3k < ıI

that is,

� � � <
Z

I2�I3

G.y; ´/ d.y; ´/ < � C � if kP2 � P3k < ı:

This and (C) imply that

s.P/ � � <
Z

I2�I3

G.y; ´/ d.y; ´/ < S.P/ C � if kPk < ı;

and this implies that

Z

R

f .x; y; ´/ d.x; y; ´/� � �
Z

I2�I3

G.y; ´/ d.y; ´/ �
Z

R

f .x; y; ´/ d.x; y; ´/C � .F/

(Definition 7.1.4). Since

Z

R

f .x; y; ´/ d.x; y; ´/ D
Z

R

f .x; y; ´/ d.x; y; ´/

(Theorem 7.1.8) and � can be made arbitrarily small, (F) implies (E).

(b) Suppose that

´k�1 � �k � ´k; 1 � k � t; .A/
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so

� D
tX

kD1
H.�k/.´k � ´k�1/ .B/

is a typical Riemann sum of H over P3. Since

H.�k/ D
Z

I1�I2

f .x; y; �k/ dx D
rX

iD1

sX

jD1

Z

Œxi�1;xi ��Œyj �1;yj �

f .x; y; �k/ dx;

(A) implies that if

mijk D inf
˚
f .x; y; ´/

ˇ̌
.x; y; ´/ 2 Rijk

	
and Mijk D sup

˚
f .x; y/

ˇ̌
.x; y; ´/ 2 Rijk

	
;

then

rX

iD1

sX

jD1
mijk.xi � xi�1/.yj � yj�1/ � H.�k/ �

rX

iD1

tX

jD1
Mijk.xi � xi�1/.yj � yj�1/:

Multiplying through by .´k � ´k�1/, summing over 1 � k � t , and recalling (B) yields

s.P/ � � � S.P/; .C/

where s.P/ and S.P/ are the upper and lower sums of f over P. Now letbs.P3/ and bS.P3/
be the upper and lower sums of H over P3; since they are respectively the infimum and

supremum of the Riemann sums of H over P3 (Theorem 3.1.4), (C) implies that

s.P/ �bs.P3/ � bS.P3/ � S.P/: .D/

Since f is integrable on R, there is for each � > 0 a partition P of R such that S.P/ �
s.P/ < � (Theorem 7.1.12). Consequently, from (D), there is a partition of I3 such that
bS.P3/�bs.P3/ < �, so H is integrable on I3 (Theorem 3.2.7).

It remains to verify that

Z

R

f .x; y; ´/ d.x; y; ´/ D
Z b3

a3

H.´/ d´: .E/

From (B) and the definition of
R b3

a3
H.´/ d´, there is for each � > 0 a ı > 0 such that

ˇ̌
ˇ̌
ˇ

Z b3

a3

H.´/ d´ � �

ˇ̌
ˇ̌
ˇ < � if kP3k < ıI

that is,

� � � <
Z b3

a3

H.´/ d´ < � C � if kP3k < ı:
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This and (C) imply that

s.P/ � � <
Z b3

a3

H.´/ d´ < S.P/ C � if kPk < ı;

and this implies that

Z

R

f .x; y; ´/ d.x; y; ´/� � �
Z b3

a3

H.´/ d´ �
Z

R

f .x; y; ´/ d.x; y; ´/C � .F/

(Definition 7.1.4). Since

Z

R

f .x; y; ´/ d.x; y; ´/ D
Z

R

f .x; y; ´/ d.x; y; ´/

(Theorem 7.1.8) and � can be made arbitrarily small, (F) implies (E).

3. If � > 0, there is a ı > 0 such that jf .x; y/ � f .x; y0/j < � if jy � y0j < ı (The-

orem 5.2.14). Therefore, jF.y/ � F.y0/j �
R b
a

jf .x; y/ � f .x; y0/j dx < �.b � a/ if

jy � y0j < ı.
4. Let P1 W a D x0 < x1 < � � � < xr D b and P2 W c D y0 < y1 < � � � < ys D d be

partitions of Œa; b� and Œc; d �, and P D P1 � P2. Then

S.P/ � s.P/ D
sX

jD1

rX

iD1
.f .xi ; yj / � f .xi�1; yj�1//.xi � xi�1/.yj � yj�1/

D
sX

jD1

"
rX

iD1
.f .xi ; yj / � f .xi�1; yj //.xi � xi�1/

#
.yj � yj�1/

C
rX

iD1

2
4

sX

jD1
.f .xi�1; yj /� f .xi�1; yj�1//.yj � yj�1/

3
5 .xi � xi�1/

� kP1k
sX

jD1
.f .b; yj / � f .a; yj //.yj � yj�1/

CkP2k
rX

iD1
.f .xi�1; d /� f .xi�1; c//.xi � xi�1/

� kPk.f .b; d/ � f .a; c//.d � c C b � a/:

Since we can make kPk arbitrarily small, this and Theorem 7.1.12 imply that
R
R
f .x; y/ d.x; y/

exists. For each fixed y, f .x; y/ is monotonic in x, so Theorem 3.2.9 implies that
R b
a
f .x; y/ dx

exists, c � y � d .
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5. (a)

Z

R

.xy C 1/ d.x; y/ D
Z 2

1

dy

Z 1

0

.xy C 1/ dx

D
Z 2

1

"�
x2y

2
C x

� ˇ̌
ˇ̌
1

xD0

#
dy

D
Z 2

1

�y
2

C 1
�
dy D

�
y2

4
C y

� ˇ̌
ˇ̌
2

1

D 7

4
:

(b)

Z

R

.2x C 3y/ d.x; y/ D
Z 2

1

dy

Z 3

1

.2x C 3y/ dx

D
Z 2

1

"
.x2 C 3xy/

ˇ̌
ˇ̌
3

xD1

#
dy

D
Z 2

1

.6y C 8/ dy D .3y2 C 8y/

ˇ̌
ˇ̌
2

1

D 17

(c)

Z

R

xyp
x2 C y2

d.x; y/ D
Z 1

0

y dy

Z 1

0

xp
x2 C y2

dx

D
Z 1

0

y

"
p
x2 C y2

ˇ̌
ˇ̌
1

xD0

#
dy

D
Z 1

0

�
y
p
y2 C 1 � y2

�
dy

D 1

3

�
.y2 C 1/3=2 � y3

� ˇ̌
ˇ̌
1

0

D 2.
p
2 � 1/
3

:

(d)

Z

R

x cos xy cos 2�x d.x; y/ D
Z �=4

0

cos 2�x dx

Z 2�

0

x cos xy dy

D
Z �=4

0

cos 2�x

"
sinxy

ˇ̌
ˇ̌
2�

yD0

#
dx

D
Z �=4

0

cos 2�x sin 2�x dx

D
sin2 2�x

4�

ˇ̌
ˇ̌
�=4

0

D
1

4�
:

6. If � > 0 choose m so that 2�mC1=2 < �. Then, for arbitrary .x; y/, choose odd integers

p and q so that j2mx � pj � 1 and j2my � qj � 1. Then

�
.x � 2�mp/2 C .y � 2�mq/2

�1=2
< �;

so A is dense in R
2. If P D fR1; R2; : : : ; Rkg is a partition of R D Œa; b� � Œc; d �,

then Rj \ A and Rj \ Ac are both nonempty, 1 � j � k. Hence, s.P/ D 0, while

S.P/ D .b � a/.d � c/. Therefore,

Z

R

f .x; y/ d.x; y/ D 0, while

Z

R

f .x; y/ d.x; y/ D

.b � a/.d � c/, so f is not integrable on R (Theorem 7.1.8).
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Since the set of point
˚
2�kr

ˇ̌
k D nonnegative integer; r D odd integer

	
is denumerable,

f .x; y/ D 1 on any horizontal line except on a set of values of x with measure zero in R

(Example 3.5.3); therefore, for a fixed y, f .x; y/ is integrable on Œa; b� and

Z b

a

f .x; y/ dx D

b � a, by Theorem 3.5.6 and Exercise 3.5.6. Therefore,

Z d

c

dy

Z b

a

f .x; y/ dx D .d �
c/.b � a/. Similarly, f .x; y/ D 1 on any vertical line except on a set of values of

y with measure zero in R; therefore, for a fixed x, f .x; y/ is integrable on Œc; d � andZ d

c

f .x; y/ dy D d � c. Therefore,

Z b

a

dx

Z d

c

f .x; y/ dy D .b � a/.d � c/.

7. Recall that the rationals and irrationals are both dense on the real line.

(a) Let P1 W 0 D x0 < x1 < � � � < xs D 1 and P2 W 0 D y0 < y1 < � � � < yt D 1

be partitions of Œ0; 1�, and let P D P1 � P2. Let Rij D Œxi�1; xi � � Œyj�1; yj �. From

Lemma 7.1.6, we may assume that xr D 1=2 for some integer r , with 0 < r < s. Then

inf
˚
f .x; y/

ˇ̌
.x; y/ 2 Rij

	
D
�
2xi�1yj�1; 1 � i � r;

yj�1; r C 1 � i � s;

sup
˚
f .x; y/

ˇ̌
.x; y/ 2 Rij

	
D
�
yj ; 1 � i � r;

2xiyj ; r C 1 � i � s:

s.P/ D
 
2

rX

iD1
xi�1.xi � xi�1/C

sX

iDrC1
.xi � xi�1/

!
tX

jD1
yj�1.yj � yj�1/

D !
 
2

Z 1=2

0

x dx C
Z 1

1=2

dx

!Z 1

0

y dy D 3

8
as kPk ! 0;

S.P/ D
 

rX

iD1
.xi � xi�1/C 2

sX

iDrC1
xi .xi � xi�1/

!
tX

jD1
yj .yj � yj�1/

D !
 Z 1=2

0

dx C 2

Z 1

1=2

x dx

!Z 1

0

y dy D 5

8
as kPk ! 0;

so

Z

R

f .x; y/ d.x; y/ D 3

8
and

Z

R

f .x; y/ d.x; y/ D 5

8
.

(b) Let P W 0 D y0 < y1 < � � � < yt D 1 be a partition of Œ0; 1�. For a given x, let sx.P /

and Sx.P / be lower and upper sums of f .x; y/ over P . Since

inf
˚
f .x; y/

ˇ̌
yj�1 � y � yj

	
D
�
2xyj�1; 0 � x � 1=2;

yj�1; 1=2 � x � 1;

sup
˚
f .x; y/

ˇ̌
yj�1 � y � yj

	
D
�
yj ; 0 � x � 1=2;

2xyj ; 1=2 � x � 1;
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sx.P / D

8
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂:

2x

tX

jD1
yj�1.yj � yj�1/ ! 2x

Z 1

0

y dy D x as kP k ! 0; 0 � x � 1=2

tX

jD1
yj�1.yj � yj�1/ !

Z 1

0

y dy D 1=2 as kP k ! 0; 1=2 � x � 1;

Sx.P / D

8
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂:

tX

jD1
yj .yj � yj�1/ !

Z 1

0

y dy D 1=2 as kP k ! 0; 0 � x � 1=2

2x

tX

jD1
yj .yj � yj�1/ ! 2x

Z 1

0

y dy D x as kP k ! 0; 1=2 � x � 1I

Z 1

0

f .x; y/ dy D
�
x; 0 � x � 1=2;

1=2; 1=2 � x � 1;
and

Z 1

0

f .x; y/ dy D
�
1=2; 0 � x � 1=2;

x; 1=2 � x � 1;

so

Z 1

0

 Z 1

0

f .x; y/ dy

!
dx D 3

8
and

Z 1

0

 Z 1

0

f .x; y/ dy

!
dx D 5

8
.

8. Recall that the rationals and irrationals are both dense on the real line.

Let P1 W 0 D x0 < x1 < � � � < xs D 1, P2 W 0 D y0 < y1 < � � � < yt D 1, and

P3 W 0 D ´0 < ´1 < � � � < ´u D 1 be partitions of Œ0; 1�, We exploit the identities
tX

jD1
.yj � yj�1/ D

uX

kD1
.´k � ´k�1/ D 1 and

rX

iD1
.xi � xi�1/ D

sX

iDrC1
.xi � xi�1/ D 1

2

without specific references.

(a) Let P D P1 � P2 � P3 and Rijk D Œxi�1; xi � � Œyj�1; yj � � Œ´k�1; ´k�. From

Lemma 7.1.6, we may assume that xr D 1=2 for some integer r , with 0 < r < s. Then

inf
˚
f .x; y; ´/

ˇ̌
.x; y; ´/ 2 Rijk

	
D
�
2xi�1.yj�1 C ´k�1/; 1 � i � r;

yj�1 C ´k�1; r C 1 � i � s;

sup
˚
f .x; y; ´/

ˇ̌
.x; y; ´/ 2 Rijk

	
D
�
yj C ´k ; 1 � i � r;

2xi.yj C ´k/; r C 1 � i � s;

In the following we exploit the identities

tX

jD1
.yj � yj�1/ D

uX

kD1
.´k � ´k�1/ D 1 and
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rX

iD1
.xi � xi�1/ D

sX

iDrC1
.xi � xi�1/ D 1

2
without specific references.

s.P /D 2

rX

iD1

tX

jD1

uX

kD1
xi�1.yj�1 C ´k�1/.xi � xi�1/.yj � yj�1/.´k � ´k�1/

C
sX

iDrC1

tX

jD1

uX

kD1
.yj�1 C ´k�1/.xi � xi�1/.yj � yj�1/.´k � ´k�1/

D 2

0
@

tX

jD1
yj�1.yj � yj�1/C

uX

kD1
´k�1.´k � ´k�1/

1
A

rX

iD1
xi�1.xi � xi�1/

C
1

2

0
@

tX

jD1
yj�1.yj � yj�1/C

uX

kD1
´k�1.´k � ´k�1/

1
A

!
�Z 1

0

y dy C
Z 1

0

´d´

� 
2

Z 1=2

0

x dx C 1

2

!
D 3

4
as kPk ! 0:

S.P / D
rX

iD1

tX

jD1

uX

kD1
.yj C ´k/.xi � xi�1/.yj � yj�1/.´k � ´k�1/

C2
sX

iDrC1

tX

jD1

uX

kD1
xi.yj C ´k/.xi � xi�1/.yj � yj�1/.´k � ´k�1/

D 1

2

0
@

tX

jD1
yj .yj � yj�1/C

uX

kD1
´k.´k � ´k�1/

1
A

C2

0
@

tX

jD1
yj .yj � yj�1/C

uX

kD1
´k.´k � ´k�1/

1
A

rX

iD1
xi .xi � xi�1/

!
�Z 1

0

y dy C
Z 1

0

´d´

��
1

2
C 2

Z 1

1=2

x dxC
�

D
5

4
as kPk ! 0:

Therefore,

Z

R

f .x; y; ´/ d.x; y; ´/ D 3

4
and

Z

R

f .x; y; ´/ d.x; y; ´/ D 5

4
.

(b) Let eP D P1 � P2 and eRij D Œxi�1; xi � � Œyj�1; yj �. From Lemma 7.1.6, we may

assume that xr D 1=2 for some integer r , with 0 < r < s. For a given ´, let s´.eP / and
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S´.eP / be lower and upper sums of f .x; y; ´/ over eP . Since

inf
˚
f .x; y; ´/

ˇ̌
.x; y/ 2 eRij

	
D
�
2xi�1.yj�1 C ´/; 1 � i � r;

yj�1 C ´; r C 1 � i � s;

sup
˚
f .x; y; ´/

ˇ̌
.x; y/ 2 eRij

	
D
�
yj C ´; 1 � i � r;

2xi .yj C ´/; r C 1 � i � s;

s´.eP /D 2

rX

iD1

tX

jD1
xi�1.yj�1 C ´/.xi � xi�1/.yj � yj�1/

C
sX

iDrC1

tX

jD1
.yj�1 C ´/.xi � xi�1/.yj � yj�1/

D 2

 
rX

iD1
xi�1.xi � xi�1/

!0
@

tX

jD1
yj�1.yj � yj�1/

1
AC 2´

rX

iD1
xi�1.xi � xi�1/

C1

2

0
@´C

tX

jD1
yj�1.yj � yj�1/

1
A

D
 
1

2
C 2

rX

iD1
xi�1.xi � xi�1/

!0
@´C

tX

jD1
yj�1.yj � yj�1/

1
A

!
 
1

2
C 2

Z 1=2

0

x dx

!�
´C

Z 1

0

y dy

�
D
3

4

�
´C

1

2

�
as kP ! 0k

S´.eP /D
rX

iD1

tX

jD1
.yj C ´/.xi � xi�1/.yj � yj�1/

C2
sX

iDrC1

tX

jD1
xi.yj C ´/.xi � xi�1/.yj � yj�1/

D 1

2

0
@´C

tX

jD1
yj .yj � yj�1/

1
A

C2
 

sX

iDrC1
xi .xi � xi�1/

!0
@

tX

jD1
yj .yj � yj�1/

1
A C 2´

sX

iDrC1
xi .xi � xi�1/

D
 
1

2
C 2

sX

iDrC1
xi .xi � xi�1/

!0
@´C

tX

jD1
yj.yj � yj�1/

1
A

!
�
1

2
C 2

Z 1

1=2

x dx

��
´C

Z 1

0

y dy

�
D 5

4

�
´C 1

2

�
as kP ! 0k;
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so

Z

eR
f .x; y; ´/ d.x; y/ D 3

4

�
´C 1

2

�
and

Z

eR
f .x; y; ´/ d.x; y/ D 5

4

�
´C 1

2

�
.

(c)

Z 1

0

f .x; y; ´/ dx D y C ´ for all x;

Z y

0

dy

Z 1

0

f .x; y; ´/ dx D
Z 1

0

.y C ´/ dy D
�
y2

2
C y´

� ˇ̌
ˇ̌
1

0

D 1

2
C ´I

Z 1

0

d´

Z y

0

dy

Z 1

0

f .x; y; ´/ dx D
Z 1

0

�
1

2
C ´

�
d´ D

�
´

2
C ´2

2

� ˇ̌
ˇ̌
1

0

D 1:

9. Let a D x0 < x1 < � � � < xr D b and c D y0 < y1 < � � � < ys D b be partitions of

Œa; b� and Œc; d �.

(a) From Exercise 3.2.6(a) with g.x/ D
Z d

c

f .x; y/ dy,

Z b

a

 Z d

c

f .x; y/ dy

!
dx D

rX

iD1

Z xi

xi�1

 Z d

c

f .x; y/ dy

!
dx .A/

From Exercise 3.2.6(a) with g.y/ D f .x; y/ (x fixed),

Z d

c

f .x; y/ dy D
sX

jD1
Fj .x/, with

Fj .x/ D
Z yj

yj �1

f .x; y/ dy. Since

inf

8
<
:

sX

jD1
Fj .x/

ˇ̌
xj�1 � x � xj

9
=
; �

sX

jD1
inf
˚
Fj .x/

ˇ̌
xj�1 � x � xj

	
;

(A) implies that

Z b

a

 Z d

c

f .x; y/ dy

!
dx �

rX

iD1

sX

jD1

Z xi

xi�1

 Z yj

yj �1

f .x; y/ dy

!
dx: .B/

Since Z xi

xi�1

 Z yj

yj �1

f .x; y/ dy

!
dx � mij .xi � xi�1/.yj � yj�1/

with

mij D inf
˚
f .x; y/

ˇ̌
xi�1 � x � xi ; yj�1 � y � yj

	
;

(B) implies that

Z b

a

 Z d

c

f .x; y/ dy

!
dx is an upper bound for all lower sums of f over

partitions of R D Œa; b� � Œc; d �. Since

Z

R

f .x; y/ d.x; y/ is the supremum of this set,

Z

R

f .x; y/ d.x; y/ �
Z b

a

 Z d

c

f .x; y/ dy

!
dx.
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(b) From Exercise 3.2.6(b) with g.x/ D
Z d

c

f .x; y/ dy,

Z b

a

 Z d

c

f .x; y/ dy

!
dx D

rX

iD1

Z xi

xi�1

 Z d

c

f .x; y/ dy

!
dx .A/

From Exercise 3.2.6(b) with g.y/ D f .x; y/ (x fixed),

Z d

c

f .x; y/ dy D
sX

jD1
Fj .x/, with

Fj .x/ D
Z yj

yj �1

f .x; y/ dy. Since

sup

8
<
:

sX

jD1
Fj .x/

ˇ̌
xj�1 � x � xj

9
=
; �

sX

jD1
sup

˚
Fj .x/

ˇ̌
xj�1 � x � xj

	
;

(A) implies that

Z b

a

 Z d

c

f .x; y/ dy

!
dx �

rX

iD1

sX

jD1

Z xi

xi�1

 Z yj

yj �1

f .x; y/ dy

!
dx: .B/

Since Z xi

xi�1

 Z yj

yj �1

f .x; y/ dy

!
dx � Mij .xi � xi�1/.yj � yj�1/

with

Mij D sup
˚
f .x; y/

ˇ̌
xi�1 � x � xi ; yj�1 � y � yj

	
;

(B) implies that

Z b

a

 Z d

c

f .x; y/ dy

!
dx is a lower bound for all upper sums of f over

partitions of R D Œa; b� � Œc; d �. Since

Z

R

f .x; y/ d.x; y/ is the infimum of this set,

Z

R

f .x; y/ d.x; y/ �
Z b

a

 Z d

c

f .x; y/ dy

!
dx.

10. Let U.x/ D
Z b

a

f .x; y/ dy and L.x/ D
Z d

c

f .x; y/ dy. From Exercise 9, (A)

Z b

a

U.x/ dx �
Z

R

f .x; y/ d.x; y/ and (B)

Z b

a

L.x/ dx �
Z

R

f .x; y/ d.x; y/. Since

L.x/ � U.x/ (Theorem 7.1.7), (A) implies that (C)

Z b

a

L.x/ dx �
Z

R

f .x; y/ d.x; y/

and (B) implies that (D)

Z b

a

U.x/ dx �
Z

R

f .x; y/ d.x; y/. Since

Z

R

f .x; y/ d.x; y/ D
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Z

R

f .x; y/ d.x; y/ D
Z

R

f .x; y/ d.x; y/ (Theorem 7.1.8) and

Z b

a

U.x/ dx �
Z b

a

U.x/ dx,

(A) and (D) imply that (E)

Z b

a

U.x/ dx D
Z b

a

U.x/ dx D
Z

R

f .x; y/ d.x; y/, and, since

Z b

a

L.x/ dx �
Z b

a

L.x/ dx, (B) and (C) imply that (F)

Z b

a

L.x/ dx D
Z b

a

L.x/ dx D
Z

R

f .x; y/ d.x; y/. From Theorem 3.2.6, (E) and (F) imply that U and L are integrable on

Œa; b�, and

Z b

a

L.x/ dx D
Z b

a

U.x/ dx D
Z

R

f .x; y/ d.x; y/,

11. (a)

Z

R

.x � 2y C 3´/ d.x; y; ´/ D
Z 2

�3
d´

Z 5

2

dy

Z 0

�2
.x � 2y C 3´/ dx

D
Z 2

�3
d´

Z 5

2

"�
x2

2
� 2xy C 3x´

� ˇ̌
ˇ̌
0

xD�2

#
dy

D
Z 2

�3
d´

Z 5

2

.�4y C 6´ � 2/ dy

D
Z 2

�3

"
.�2y2 C 6y´ � 2y/

ˇ̌
ˇ̌
5

yD�2

#
d´

D
Z 2

�3
.8´ � 48/ d´ D .9´2 � 48´/

ˇ̌
ˇ̌
2

�3
D �285:

(b)

Z

R

e�x2�y2

sinx sin´d.x; y; ´/ D
Z �=2

0

sin´d´

Z 2

0

e�y2

dy

Z 1

�1
e�x2

sin x dx D 0.

(c)

Z

R

.xy C 2x´C y´/ d.x; y; ´/ D
Z 1

0

dy

Z 1

�1
d´

Z 1

�1
.xy C 2x´C y´/ dx

D
Z 1

0

2y dy

Z 1

�1
´d´ D 0.
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(d)

Z

R

x2y3´exy
2´2

d.x; y; ´/D
Z 1

0

dx

Z 1

0

xy dy

Z 1

0

xy2´exy
2´2

d´

D 1

2

Z 1

0

dx

Z 1

0

xy

"
exy

2´2

ˇ̌
ˇ̌
1

´D0

#
dy

D 1

2

Z 1

0

dx

Z 1

0

xy
�
exy

2 � 1
�
dy

D 1

4

Z 1

0

"�
exy

2 � xy2
� ˇ̌
ˇ̌
1

yD0

#
dy

D
Z 1

0

.ex � x � 1/ dy D 1

4

�
ex � x2

2
� x

� ˇ̌
ˇ̌
1

0

D 1

4

�
e � 5

2

�
:

12. (a)
Z

S

.2x C y2/ d.x; y/ D
Z 3

�3
dy

Z 9�y2

0

.2x C y2/ dx

D
Z 3

�3

"
.x2 C xy2/

ˇ̌
ˇ̌
9�y2

xD0

#
dy

D 9

Z 3

�3
.9 � y2/ dy D 9

�
9y � y3

3

� ˇ̌
ˇ̌
3

�3
D 324:

(b)
Z

S

2xy d.x; y/ D 2

Z 1

0

y dy

Z p
y

xDy2

x dx D
Z 1

0

y

"
x2
ˇ̌
ˇ̌
xDp

y

xDy2

#
dy

D
Z 1

0

y.y � y4/ dy D
�
y3

3
� y6

6

� ˇ̌
ˇ̌
1

0

D 1

6
:

(c)

Z

S

ex
siny

y
d.x; y/ D

Z �

�=2

siny

y
dy

Z log2y

logy

ex dx

D
Z �

�=2

siny

y

"
ex
ˇ̌
ˇ̌
log2y

xDlogy

#
dy

D
Z �

�=2

siny dy D � cosy

ˇ̌
ˇ̌
�

�=2

D 1:
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13. The curves y D x2 and y D 2x intersect at .0; 0/ and .2; 4/.

Z

S

.x C y/ d.x; y/ D
Z 4

0

dy

Z p
y

y=2

.x C y/ dx D
Z 4

0

"�
x2

2
C xy

� ˇ̌
ˇ̌
p
y

xDy=2

#
dy

D
Z 4

0

�
y3=2 C y

2
� 5y2

8

�
dy D

 
�5y

3

24
C 2y5=2

5
C y2

4

! ˇ̌
ˇ̌
4

0

D 52

15
:

Z

S

.x C y/ d.x; y/ D
Z 2

0

dx

Z 2x

x2

.x C y/ dy D
Z 2

0

"�
xy C y2

2

� ˇ̌
ˇ̌
2x

yDx2

#
dx

D
Z 2

0

�
4x2 � x3 � x4

2

�
dx D

�
4x3

3
� x4

4
� x5

10

� ˇ̌
ˇ̌
2

0

D 52

15
:

14. (a) A D
Z 1

�1
dx

Z x2C9

x2�9
dy D 18

Z 1

�1
dx D 36.

(b) A D
Z 1

0

dx

Z 4�x

xC2
dy D 2

Z 1

0

.1 � x/ dx D �.1 � x/2
ˇ̌
ˇ̌
1

0

D 1

(c) A D 2

Z 2

0

dy

Z 4�y2

y2�4
dx D 4

Z 2

0

.4 � y2/ dy D 4

�
4y � y3

3

� ˇ̌
ˇ̌
2

0

D 64

3
.

(d) A D
Z 3

0

dx

Z e2x

�2x
dy D

Z 3

0

.e2x C 2x/ dx D
�
e2x

2
C x2

� ˇ̌
ˇ̌
3

0

D e6 C 17

2
.

16.

Z

S

f .x; y; ´/ d.x; y; ´/D
Z 1=3

0

d´

Z .1�3´/=2

0

dy

Z 1�2y�3´

0

f .x; y; ´/ dx

D
Z 1=2

0

dy

Z .1�2y/=3

0

d´

Z 1�2y�3´

0

f .x; y; ´/ dx

D
Z 1=3

0

d´

Z 1�3´

0

dx

Z .1�x�3´/=2

0

f .x; y; ´/ dy

D
Z 1

0

dx

Z .1�x/=3

0

d´

Z .1�x�3´/=2

0

f .x; y; ´/ dy

D
Z 1

0

dx

Z .1�x/=2

0

dy

Z .1�x�2y/=3

0

f .x; y; ´/ d´

D
Z 1=2

0

dy

Z 1�2y

0

dx

Z .1�x�2y/=3

0

f .x; y; ´/ d´
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17. (a)

Z

S

x d.x; y; ´/ D
Z 2=3

0

x dx

Z 2�3x

0

.2 � y � 3x/ dy
Z 2�y�3x

0

d´

D
Z 2=3

0

x dx

Z 2�3x

0

dy

D �1
2

Z 2=3

0

"
.2 � y � 3x/2

ˇ̌
ˇ̌
2�3x

yD0

#
dx

D 1

2

Z 2=3

0

x.2 � 3x/2 dx

D 1

2

Z 2=3

0

.9x3 � 12x2 C 4x/ dx

D
�
9x4

8
� 2x3 C x2

� ˇ̌
ˇ̌
2=3

0

D 2

27
:

(b)
Z

S

ye´ d.x; y; ´/D
Z 1

0

dx

Z p
x

0

y dy

Z y2

0

e´ d´

D
Z 1

0

dx

Z p
x

0

y

"
e´
ˇ̌
ˇ̌
y2

´D0

#
dy

D
Z 1

0

dx

Z p
x

0

y.ey
2 � 1/ dy

D 1

2

Z 1

0

�
ey

2 � y2
� ˇ̌
ˇ̌
p
x

yD0
dx

D 1

2

Z 1

0

.ex � x � 1/ dx

D 1

2

�
ex � x2

2
� x

� ˇ̌
ˇ̌
1

0

D 1

2

�
e � 5

2

�
:

(c)
Z

S

xy´d.x; y; ´/ D
Z 1

0

y dy

Z p
1�y2

0

x dx

Z p
x2Cy2

0

´d´

D 1

2

Z 1

0

y dy

Z p
1�y2

0

x

2
4´2

ˇ̌
ˇ̌
p
x2Cy2

´D0

3
5 dx

D
1

2

Z 1

0

y dy

Z p
1�y2

0

.x3 C xy2/ dx

D 1

4

Z 1

0

y

2
4
�
x4

2
C x2y2

� ˇ̌
ˇ̌
p
1�y2

xD0

3
5 dy

D 1

8

Z 1

0

.y � y5/ dy D 1

8

�
y2

2
� y6

6

� ˇ̌
ˇ̌
1

0

D 1

24
:
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(d)

Z

S

y´d.x; y; ´/ D
Z 1

0

´d´

Z ´

0

y dy

Z p
´

´2

dx

D
Z 1

0

´.
p
´ � ´2/ d´

Z ´

0

y dy

D 1

2

Z 1

0

.´7=2 � ´5/ d´

D 1

2

 
2´9=2

9
� ´6

6

! ˇ̌
ˇ̌
1

0

D 1

36
:

18. (a) The two surfaces intersect on the circle
˚
.x; y; ´/

ˇ̌
x2 C y2 D 4; ´ D 2

	
;

V D
Z 2

�2
dx

Z p
4�x2

�
p
4�x2

dy

Z 8�x2�y2

x2Cy2

d´ D 2

Z 2

�2
dx

Z p
4�x2

�
p
4�x2

.4 � x2 � y2/ dy

D 4

Z 2

�2
dx

Z p
4�x2

0

.4 � x2 � y2/ dy D 4

Z 2

�2

2
4
�
4y � x2y � y3

3

� ˇ̌
ˇ̌
p
4�x2

yD0

3
5 dx

D 16

3

Z 2

0

.4 � x2/3=2 dx:

(b)

V D
Z 1

0

dx

Z 1�x

0

dy

Z x2Cy2

0

d´ D
Z 1

0

dx

Z 1�x

0

.x2 C y2/ dy

D
Z 1

0

"�
x2y C y3

3

� ˇ̌
ˇ̌
1�x

yD0

#
dx D

Z 1

0

�
1

3
� x C 2x2 � 4x3

3

�
dx

D
�
x

3
� x2

2
C 2x3

3
� x4

3

� ˇ̌
ˇ̌
1

0

D 1

6
:

(c) V D
Z 2

0

dx

Z x2

0

dy

Z y2

0

d´ D
Z 2

0

dx

Z x2

0

y2 dy

D 1

3

Z 2

0

"
y3
ˇ̌
ˇ̌
x2

yD0

#
dx D 1

3

Z 2

0

x6 dx D 1

21
x7
ˇ̌
ˇ̌
2

0

D 128

21
:

(d) V D
Z 1

0

dx

Z p
1�x2

0

d�

Z 4.1�x2�y2/

0

d´

D 4

Z 1

0

dx

Z p
1�x2

0

.1 � x2 � y2/ dy

D 4

Z 1

0

2
4
�
y � x2y � y3

3

� ˇ̌
ˇ̌
p
1�x2

yD0

3
5 dx D 8

3

Z 1

0

.1 � x2/3=2 dx:
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The change of variable x D sin � yields

V D 8

3

Z �=2

0

cos4 � d� D 2

3

Z �=2

0

.1 C cos 2�/2 d�

D 2

3

Z �=2

0

.1C cos 2� C cos2 2�/ d� D 2

3

Z �=2

0

�
3

2
C 2 cos 2� C 1

2
cos 4�

�
d� D �

2
:

19. (a)

Z

R

0
@

nX

jD1
xj

1
A dX D

nX

jD1

Z

R

xj dX

D .a1 � b1/.a2 � b2/ � � � .an � bn/

nX

jD1

1

bj � aj

Z bj

aj

xj dxj

D .a1 � b1/.a2 � b2/ � � � .an � bn/

nX

jD1

x2j

2.bj � aj /

ˇ̌
ˇ̌
bj

aj

D
.a1 � b1/.a2 � b2/ � � � .an � bn/

2

nX

jD1
.aj C bj /:

(b)

Z

R

0
@

nX

jD1
x2j

1
A dX D

nX

jD1

Z

R

xj dX

D .a1 � b1/.a2 � b2/ � � � .an � bn/

nX

jD1

1

bj � aj

Z bj

aj

x2j dxj

D .a1 � b1/.a2 � b2/ � � � .an � bn/

nX

jD1

x3j

3.bj � aj /

ˇ̌
ˇ̌
bj

aj

D .a1 � b1/.a2 � b2/ � � � .an � bn/
3

nX

jD1
.a2j C aj bj C b2j /:

(c)

Z

R

x1x2 � � �xn dX D
 Z b1

a1

x1 dx1

! Z b2

a2

x2 dx2

!
� � �
 Z bn

an

xn dxn

!

D 2�n.b21 � a21/.b22 � a22/ � � � .b2n � a2n/:
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21. S D S1 [ S2 [ S3, where

S1 D
˚
.x; y/

ˇ̌
� 1 � x � 1; 0 � y � 1

	
;

S2 D
˚
.x; y/

ˇ̌
0 � x � y � 1; 1 � y � 2

	
;

S3 D
˚
.x; y/

ˇ̌
� 1 � x � 1 � y; 1 � y � 2

	
:

Z

S1

.x C y/ d.x; y/ D
Z 1

0

dy

Z 1

�1
.x C y/ dx

D
Z 1

0

"�
x2

2
C xy

� ˇ̌
ˇ̌
1

xD�1

#
dy D 2

Z 1

0

y dy D 1I

Z

S2

.x C y/ d.x; y/ D
Z 2

1

dy

Z y�1

0

.x C y/ dx D
Z 2

1

"�
x2

2
C xy

� ˇ̌
ˇ̌
y�1

xD0

#
dy

D
Z 2

1

�
3y2

2
� 2y C 1

2

�
dy D

�
y3

2
� y2 C y

2

� ˇ̌
ˇ̌
2

1

D 1I

Z

S3

.x C y/ d.x; y/ D
Z 2

1

dy

Z 1�y

�1
.x C y/ dx D

Z 2

1

"�
x2

2
C xy

� ˇ̌
ˇ̌
1�y

xD�1

#
dy

D
Z 2

1

�
y � y2

2

�
dy D

�
y2

2
� y3

6

� ˇ̌
ˇ̌
2

1

D 1

3
I

therefore,

Z

S

.x C y/ d.x; y/ D 1C 1C 1

3
D 7

3
.

22. Reversing the order of integration yields

Z 1

0

x dx

Z p
1�x2

0

dyp
x2 C y2

D
Z 1

0

dy

Z p
1�y2

0

x dxp
x2 C y2

D
Z 1

0

2
4
�p

x2 C y2
� ˇ̌
ˇ̌
p
1�y2

xD0

3
5 dy

D
Z 1

0

.1 � y/ dy D
�
y �

y2

2

� ˇ̌
ˇ̌
1

0

D
1

2
:

23. Integrating y.n/.x/ D f .x/ from a to x yields (B) y.n�1/.x/ D
Z x

a

f .t1/ dt1, since

y.n�1/.a/ D 0. Integrating (B) from a to x yields y.n�2/.x/ D
Z t

a

dt2

Z t2

a

f .t1/ dt1,

since y.n�2/.a/ D 0. Continuing in this way yields (A).
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(a) Reversing the order of the integrations with respect to t1 and t2 as in Example 7.2.11

yields

Z x

a

dt2

Z t2

a

f .t1/ dt1 D
Z x

a

.x � t1/f .t1/ dt1. Now complete the proof by induc-

tion. If n > 2 and

Z x

a

dtn�1

Z tn�1

a

dtn�2 � � �
Z t3

a

dt2

Z t2

a

f .t1/ dt1 D 1

.n � 2/Š

Z x

a

.x � t1/
n�2f .t1/ dt1;

then

Z x

a

dtn

Z tn

a

dtn�1 � � �
Z t3

a

dt2

Z t2

a

f .t1/ dt1 D 1

.n � 2/Š

Z x

a

dtn

Z tn

a

.tn�t1/n�2f .t1/ dt1;

and reversing the order of the integrations with respect to t1 and tn on the right as in Exam-

ple 7.2.11 yields

Z x

a

dtn

Z tn

a

dtn�1 � � �
Z t3

a

dt2

Z t2

a

f .t1/ dt1 D 1

.n � 1/Š

Z x

a

.x � t/n�1f .t/ dt;

where we have changed the dummy variable t1 to t .

24.

Z

T�

e�xy sin ax d.x; y/ D
Z �

0

dy

Z �

0

e�xy sin ax dx

D
Z �

0

a

a2 C y2
dy �

Z �

0

e��y.y sina� C a cos a�/

a2 C �2
dy:

By Schwarz’s inequality,

ˇ̌
ˇ̌y sin a� C a cos a�

a2 C �2

ˇ̌
ˇ̌ � 1p

a2 C �2
;

so the second integral is less in magnitude than
1

a

Z 1

0

e��ydy D 1

�a
! 0 as � ! 1;

hence,

I.a/ D
Z 1

0

a

a2 C y2
dy D tan�1 y

a

ˇ̌
ˇ̌
1

0

D �

2
: .A/

Reversing the order of integration yields

Z

T�

e�xy sin ax dx D
Z �

0

sinax dx

Z �

0

e�xydy

D
Z �

0

1 � e�x�

x
sin ax dx

D
Z �

0

sinax

x
dx �

Z �

0

e�x� sinax

x
dx:



Section 7.3 Change of Variables in Multiple Integrals 207

But

ˇ̌
ˇ̌e�x� sinax

x

ˇ̌
ˇ̌ � jaje�x�, so the second integral ! 0 as p ! 1. Hence, I.a/ D

Z 1

0

sinax

x
dx.

This and (A) yield the conclusion.

7.3 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS

1. Let S1 and S2 be dense in R and S1 [ S2 D R; for example, let S1 be the set of

points in R with rational coordinates and let S2 be the set of points in R with at least one

irrational coordinate. Then

Z

R

 S1[S2
dX D

Z

R

 S1[S2
dX D V.R/, while

Z

R

 S1
dX D

Z

R

 S2
dX D V.R/, so

Z

R

 S1
dXC

Z

R

 S2
dX D 2V.R/, and

Z

R

 S1
dX D

Z

R

 S2
dX D

0, so

Z

R

 S1
dX C

Z

R

 S2
dX D 0,

2. Let R D Œa1; b1� � Œa2; b2� � � � � � Œan; bn� be a rectangle containingE and let � > 0.

Suppose that E has Jordan content zero. Since

Z

R

 E .X/ dX D 0, there is partition P D

fR1; R2; : : : ; Rkg of R such that S E
.P / < �; that is, if U D

˚
j
ˇ̌
Rj \E ¤ ;

	
, thenX

j2U
V.Tj / < �. Since E �

[

j2U
Tj , E has content zero in the sense of Definition 7.1.14.

Now suppose that E has content zero in the sense of Definition 7.1.14. Then there are

rectangles Tj D Œa1j ; b1j � � Œa2j ; b2j � � � � � Œanj ; bnj � .1 � j � n/ in R such that E �
m[

jD1
Tj and

mX

jD1
V.Tj / < �. For 1 � i � n let Pi be a partition of Œai ; bi � that includes the

partition points ai , bi , ai1, bi1, ai2, bi2, . . . , ain, bin, and let P D P1�P2�� � ��Pn. Then

(A) S E
.P/ < �. Since s E

> 0, it follows that

Z

R

 E .X/ dX exists (Theorem 7.1.12) and

equals

Z

R

 E .X/ dX (Theorem 7.1.8). Since 0 �
Z

R

 E .X/ dX � S E
.P/, (A) implies

that

Z

R

 E .X/ dX D 0; that is, E has Jordan content zero.

3. Since S1 and S2 are Jordan measurable, @S1 and @S2 have zero content (Theorem 7.3.1).

Therefore, @S1 [ @S2 has zero content. Since @.S1 [ S2/ � @S1 [ @S2 and @.S1 \ S2/ �
@S1[@S2 (Exercise1.3.24(a),(b)), @.S1[S2/ and @.S1\S2/ have zero content. Therefore,

S1 [ S2 and S1 \ S2 are Jordan measurable (Theorem 7.3.1).

4. (a) Since S is Jordan measurable, S is bounded (by definition). Therefore, @S has

zero content (Theorem 7.3.1). Since @S � @S (Exercise 1.3.24(c)), @S has zero content.

Therefore, @S is Jordan measurable (Theorem 7.3.1).

No; S D
˚
.x; y/

ˇ̌
0 � x � 1; 0 � y � 1; x; y rational

	
is not Jordan measurable, but S

is.

(b) Since S and T are both Jordan measurable, @S and @T have zero content (Theo-
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rem 7.3.1). Since @.S � T / � @S [ @T (Exercise 1.3.24(c)), @.S � T / has zero content.

Therefore, S � T is Jordan measurable (Theorem 7.3.1).

5. Suppose that � > 0. From Theorem 7.3.1, V.@S/ D 0, so @S can be covered by

rectangles R1, . . . , Rk such that (A)

kX

iD1
V.Ri / < �; moreover, we may assume that @S �

T D
k[

iD1
R0. Now S \ T c is a closed subset of S0, and

H D ŒH \ .S \ T c/� [ ŒH \ T �: .B/

But V ŒH \ .S \ T c/� D 0 by assumption, so H \ .S \ T c/ can be covered by finitely

many rectangles with total content< �. Now (A) and (B) and the definition of T imply that

H can be covered by a collection of rectangles with total content< 2�. Hence, V.H/ D 0.

6. Define ırs D
�
1 if r D s;

0 if r ¤ s;
so I D Œırs�. Let A D Œars�, E D Œers�, and EA D Œbrs�.

In all cases, brs D
nX

kD1
erkakr .

(a) If E is obtained by interchanging rows i and j of I, then

ers D

8
<
:
ırs if r ¤ i and r ¤ j;

ıjs if r D i;

ıis if r D j:

Therefore, brs D

8
<
:
ırrars D ars ; if r ¤ i and r ¤ s;

ıjjajs D ajs ; if r D i;

ıi iais D ais ; if r D j:

(b) If E is obtained by multiplying row i of I by a constant c, then

ers D
�
ırs if r ¤ i;

cıis if r D i:

Therefore, brs D
�
ırrars D ars ; if r ¤ i;

cıi iais D cais ; if r D i:

(b) If E is obtained by adding c times row i of I to row j (j ¤ i ), then

ers D
�
ırs if r ¤ j;

ıjs C cıis if r D j:

Therefore, brs D
�
ırrars D ars ; if r ¤ j;

ıjjajs C cıi iais D ajs C cais ; if r D j:

7. (a) Note that det.I/ D 1. Interchanging two rows of a matrix multiplies its determinant

by �1; hence, det.E/ D �1 if E is of type (a). Multiplying a row of a matrix by a constant

c multiplies its determinant by c; hence, det.E/ D c if E is of type (b). Adding a multiple
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of one row of a matrix to another does not change its determinant; hence, det.E/ D 1 if E

is of type (c).

(b) We must have E�1E D I in all cases. If E interchanges rows i and j , then E�1 D E. If

E multiplies row i by c, then E�1 multiplies row i by 1=c. If E adds c times row i to row

j then E�1 adds �c times row i to row j .

8. (a) A D

2
4
1 0 1

1 1 0

0 1 1

3
5; A1 D

2
4
1 0 1

0 1 �1
0 1 1

3
5 D E1A with E1 D

2
4

1 0 0

�1 1 0

0 0 1

3
5;

A2 D

2
4
1 0 1

0 1 �1
0 0 2

3
5 D E2A1 with E2 D

2
4
1 0 0

0 1 0

0 �1 1

3
5 I

A3 D

2
4
1 0 1

0 1 �1
0 0 1

3
5 D E3A2 with E3 D

2
4
1 0 0

0 1 0

0 1 1
2

3
5 I

A4 D

2
4
1 0 0

0 1 �1
0 0 1

3
5 D E4A3 with E4 D

2
4
1 0 �1
0 1 0

0 0 1

3
5 I

I D E5A4 with E5 D

2
4
1 0 0

0 1 1

0 0 1

3
5 I I D .E5E4E3E2E1/AI

A D E�1
1 E�1

2 E�1
3 E�1

4 E�1
5

D

2
4
1 0 0

1 1 0

0 0 1

3
5
2
4
1 0 0

0 1 0

0 1 1

3
5
2
4
1 0 0

0 1 0

0 0 2

3
5

�

2
4
1 0 1

0 1 0

0 0 1

3
5
2
4
1 0 0

0 1 �1
0 0 1

3
5 :

(b) A D

2
4
2 3 �2
0 �1 5

0 �2 4

3
5; A1 D

2
4
1 3

2
�1

0 �1 5

0 �2 4

3
5 D E1A with E1 D

2
4

1
2

0 0

0 1 0

0 0 1

3
5;

A2 D

2
4
1 3

2
�1

0 1 �5
0 �2 4

3
5 D E2A1 with E2 D

2
4
1 0 0

0 �1 0

0 0 1

3
5 I

A3 D

2
4
1 3

2
�1

0 1 �5
0 0 �6

3
5 D E3A2 with E3 D

2
4
1 0 0

0 1 0

0 2 1

3
5 I
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A4 D

2
4
1 3

2
�1

0 1 �5
0 0 1

3
5 D E4A3 with E4 D

2
4
1 0 0

0 1 0

0 0 �1
6

3
5 I

A5 D

2
4
1 0 13

2

0 1 �5
0 0 1

3
5 D E5A4 with E5 D

2
4
1 �3

2
0

0 1 0

0 0 1

3
5 I

A6 D

2
4
1 0 0

0 1 �5
0 0 1

3
5 D E6A5 with E6 D

2
4
1 0 �13

2

0 1 0

0 0 1

3
5 I

I D E7A6 with E7 D

2
4
1 0 0

0 1 5

0 0 1

3
5 I I D .E7E6E5E4E3E2E1/AI

A D E�1
1 E�1

2 E�1
3 E�1

4 E�1
5 E�1

6 E�1
7

D

2
4
2 0 0

0 1 0

0 0 1

3
5
2
4
1 0 0

0 �1 0

0 0 1

3
5
2
4
1 0 0

0 1 0

0 �2 1

3
5
2
4
1 0 0

0 1 0

0 0 �6

3
5

�

2
4
1 3

2
0

0 1 0

0 0 1

3
5
2
4
1 0 13

2

0 1 0

0 0 1

3
5
2
4
1 0 0

0 1 �5
0 0 1

3
5 :

9.

�
x

y

�
D A

�
u

v

�
with A D 1

ad � bc

�
d �b

�c a

�
: Since det.A/ D 1

ad � bc
,

Theorem 7.3.7 with S D Œu1; u2� � Œv1; v2� implies that V.L.S// D .u2 � u1/.v2 � v1/
jad � bcj .

10.

2
4
x

y

´

3
5 D A

2
4
u

v

w

3
5 with A D

2
4

2 3 �2
�1 5 0

�2 4 0

3
5

�1

: Since det.A/ D � 1

12
, Theo-

rem 7.3.7 with S D Œ1; 2�� Œ5; 7�� Œ1; 6� implies that V D 5

6
.

11. If X 2 H D G.S1/ \ G.S \ Sc1 /, then X D G.U1/ and X D G.U2/ where U1 2 S1
and U2 2 S \ Sc1 . Since G is one-to-one on S0 and U1 2 S0, it follows that U2 2 @S .

Therefore, H � G.@S/, so V.H/ D 0, because V.G.@S// D 0, by Theorem 7.3.1 and

Lemma 7.3.4. Now use Corollary 7.1.31.

12. We show that I2 D I1. Similar arguments show that I3 D I1 and I4 D I1. Note that

T1 D
˚
.x; y/

ˇ̌
a2 � x2 C y2 � b2; x � 0; y � 0

	
;

T2 D
˚
.u; v/

ˇ̌
a2 � u2 C v2 � b2; u � 0; v � 0

	

Consider the transformation .x; y/ D G.u; v/ D .�u; v/. Then G.T2/ D T1. Since

JG.u; v/ D �1, Theorem 7.3.8 withS D T2 implies that

Z

T1

f .x; y/ d.x; y/ D
Z

T2

f .�u; v/ d.u; v/,
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which can be rewritten as (A)

Z

T1

f .x; y/ d.x; y/ D
Z

T2

f .�x; y/ d.x; y/, since the

names of the variables of integration are irrelevant. Since f .�x; y/ D f .x; y/, (A) implies

that I2 D I1.

13. (a) If X D .x1; x2; : : : ; xn/ let H.X/ D .e1x1; e2x2; : : : ; enxn/ and, if U is any set, let
bU D

˚
H.X/

ˇ̌
X 2 U

	
. IfR is a rectangle containing T , then bR is a rectangle containing bT .

If P D fR1; R2; : : : ; Rkg is a partition ofR thenbP D fbR1; bR2; : : : bRkg is a partition of bR. If

� D
kX

jD1
f .Xj /V .Rj / is a Riemann sum of fT over R, thenb� D e0

kX

jD1
g.H.Xj //V .bRj /

is a Riemann sum of gbT over bR, and conversely. However, since g.H.Xj // D f .Xj / and

V.bRj / D V.Rj /,b� D e0� . This implies the conclusion.

(b) Define g.H.X// D f .X/; that is, let e0 D 1. From (a), g is integrable on bT D T

and

Z

T

g.Y/ dY D
Z

T

f .X/ dX, which is equivalent to (A)

Z

T

g.X/ dX D
Z

T

f .X/ dX,

since the name of the variable of integration is irrelevant. Since H.H.X// D X, g.X/ D
f .H.X// D �f .X/. Therefore, (A) implies that �

Z

T

f .X/ dX D
Z

T

f .X/ dX, so
Z

T

f .X/ dX D 0.

14. (a) Let

�
u

v

�
D F.x; y/ D

"
y=x

x C 2y

#
I then F0.x; y/ D

"
�y=x2 1=x

1 2

#
; so

JF.x; y/ D 2y C x

x2
D � .2y C x/2

x2
1

2y C x
D .1C 2u/2

v
:

If G D F�1 then JG.u; v/ D � v

.1C 2u/2
, so Theorem 7.3.15 with f D 1 yields V D

Z

S

v

.1 C 2u/2
d.u; v/, with S D Œ1; 4�� Œ1; 3�. Therefore,

V D
Z 4

1

du

.1 C 2u/2

Z 3

1

v dv D
"

� 1

2.1C 2u/

ˇ̌
ˇ̌
4

1

#"
v2

2

ˇ̌
ˇ̌
3

1

#
D
�
1

9

�
4 D 4

9
:

(b) Let

�
u

v

�
D F.x; y/ D

�
xy

y=x

�
; then F0.x; y/ D

�
y x

�y=x2 1=x

�
and JF.x; y/ D

2y

x
D 2v. If G D F�1 then JG.u; v/ D 1

2v
, so Theorem 7.3.15 with f D 1 yields

V D
Z

S

1

2v
d.u; v/, with S D Œ2; 4�� Œ2; 5�. Therefore, V D 1

2

Z 4

2

du

Z 5

2

dv

v
D log

5

2
.

15. Let
2
4
u

v

w

3
5 D

2
4
1 �1 0

0 1 �1
1 0 1

3
5
2
4
x

y

´

3
5 I then

2
4
x

y

´

3
5 D A

2
4
u

v

w

3
5 D G.u; v; w/;
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where A D 1

2

2
4

1 1 1

�1 1 1

�1 �1 1

3
5 and JG.u; v; w/ D det.A/ D 1

2
. From Theorem 7.3.15,

Z

T

.3x2 C 2y C ´/d.x; y; ´/ D 1

2

Z

S

"
3

�
uC v C w

2

�2
C 2

��uC v

2

�
C
��u � v C w

2

�#
d.u; v; w/

D 1

8

Z

S

.3u2 C 6uv C 6uw � 6uC 3v2 C 6vw C 2v C 3w2 C 2w/ d.u; v; w/

where S D Œ�1; 1�� Œ�1; 1�� Œ�1; 1�. Exploiting the symmetries in S reduces this to

Z

T

.3x2 C 2y C ´/d.x; y; ´/ D 9

8

Z 1

�1
du

Z 1

�1
dv

Z 1

�1
w2 dw D 3:

16. Let

�
u

v

�
D F.x; y/ D

�
xy

y � x2
�

; then F0.x; y/ D
�

y x

�2x 1

�
and JF.x; y/ D

y C 2x2. Theorem 7.3.15 with G D F�1 implies that

Z

T

.y2Cx2y�2x4/ d.x; y/ D
Z

S

y2 C x2y � 2x4

y C 2x2
d.u; v/ D

Z

S

.y�x2/ d.u; v/ D
Z

S

vd.u; v/;

where S D Œ1; 2��Œ0; 1�. Therefore,

Z

T

.y2Cx2y�2x4/ d.x; y/ D
Z 2

1

du

Z 1

0

v dv D 1

2
.

17. Let

�
u

v

�
D F.x; y/ D

�
xy

x2 � y2

�
; then F0.x; y/ D

�
y x

2x �2y

�
and JF.x; y/ D

�2.x2 C y2/. Theorem 7.3.15 with G D F�1 implies that

Z

T

.x4�y4/exyd.x; y/ D 1

2

Z

S

x4 � y4
x2 C y2

exyd.u; v/ D 1

2

Z

S

.x2�y2/exy d.u; v/ D 1

2

Z

S

veud.u; v/;

with S D Œ1; 2�� Œ2; 3�. Therefore, V D
1

2

Z 2

1

eu du

Z 3

2

v dv D
5

4
e.e � 1/.

18. Let 2
4
x

y

´

3
5 D G.r; �; �/ D

2
4
ar cos � cos �

br sin � cos �

cr sin�

3
5 I

then

G0.r; �; �/ D

2
4
a cos � cos� �ar sin � cos� �ar cos � sin�

b sin � cos� br cos � cos� �br sin � sin�

c sin� 0 cr cos �

3
5

and JG.r; �; �/ D abcr2 cos�. Theorem 7.3.15 implies that V D abc

Z

S

r2 cos� d.r; �; �/

with S D Œ0; 1�� Œ0; 2���
h�
2
;��
2

i
. Therefore,

V D abc

Z 1

0

r2 dr

Z 2�

0

d�

Z �=2

��=2
cos� d� D 4

3
�abc:
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19. From the discussion of spherical coordinates,

Z

T

ex
2Cy2C´2

p
x2 C y2 C ´2

d.x; y; ´/ D
Z

S

er
2

r
r2 cos� d.r; �; �/ D

Z

S

rer
2

cos � d.r; �; �/

with S D Œ3; 5�� Œ0; 2���
h�
2
;
�

2

i
. Therefore,

Z

T

ex
2Cy2C´2

p
x2 C y2 C ´2

d.x; y; ´/ D
Z 5

3

rer
2

dr

Z 2�

0

d�

Z �=2

��=2
cos � d� D 2�.e25 � e9/:

20. Let

2
4
x

y

´

3
5 D G.r; �; ´/ D

2
4
r cos �

r sin �

´

3
5 I then G0.r; �; ´/ D

2
4

cos � �r sin � 0

sin � r cos � 0

0 0 1

3
5

and JG.r; �; ´/ D r . Theorem 7.3.15 implies that V D
Z

S

r d.r; �; ´/withS D
˚
.r; �; ´/

ˇ̌
0 � ´ � r; 0 � r � 2; 0 � � � 2�

	
.

Therefore, V D
Z 2�

0

d�

Z 2

0

r dr

Z ´

0

d´ D 2�

Z 2

0

r2 dr D 16�

3
.

21. Let

2
4
u

v

´

3
5 D F.x; y; ´/ D

2
4
x2 � y2
x2 C y2

´

3
5 I then F0.x; y; ´/ D

2
4
2x �2y 0

2x 2y 0

0 0 1

3
5

and JF.x; y; ´/ D 8xy. If G D F�1, then JG.u; v; ´/ D 1

8xy
, and Theorem 7.3.15 with

implies that

Z

T

xy´.x4 � y4/d.x; y; ´/ D 1

8

Z

S

uv´d.u; v; ´/, where S D Œ1; 2��Œ3; 4��

Œ0; 1�. Therefore,

Z

T

xy´.x4 � y4/d.x; y; ´/ D 1

8

Z 2

1

udu

Z 4

3

v dv

Z 1

0

´d´ D 21

64
.

22. In all parts denote the iterated integral by I .

(a) I D
Z

T

d.x; y/

1C x2 C y2
, where T D

n
.x; y/

ˇ̌
y � x �

p
4 � y2; 0 � y �

p
2
o
, which

is the image of S D
˚
.r; �/

ˇ̌
0 � r � 2; 0 � � � �=4

	
under the transformation

�
x

y

�
D

G.r; �/ D
�
r cos �

r sin �

�
: Since JG.r; �/ D r , Theorem 7.3.15 implies that I D

Z �=4

0

d�

Z 2

0

r dr

1C r2
D

�

8
log 5.

(b) I D
Z

T

ex
2Cy2

d.x; y/, where T D
n
.x; y/

ˇ̌
0 � y �

p
4 � x2; 0 � x � 2

o
, which

is the image of S D
˚
.r; �/

ˇ̌
0 � r � 2; 0 � � � �=2

	
under the transformation

�
x

y

�
D

G.r; �/ D
�
r cos �

r sin �

�
: Since JG.r; �/ D r , Theorem 7.3.15 implies that I D

Z

S

rer
2

d.r; �/ D
Z �=2

0

d�

Z 2

0

rer
2

dr D �

4
.e4 � 1/.
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(c) I D
Z

T

´2 d.x; y; ´/ where

T D
n
.x; y; ´/

ˇ̌
0 � ´ �

p
1 � x2 � y2; �

p
1 � x2 � y �

p
1 � x2; �1 � x � 1

o
;

which is the image of S D
˚
.r; �; �/

ˇ̌
0 � r � 1; 0 � � � 2�; 0 � � � �=2

	
under the

transformation

2
4
x

y

´

3
5 D G.r; �/ D

2
4
r cos � cos�

r sin � cos�

r cos �

3
5 : Since JG.r; �/ D r2 cos �, The-

orem 7.3.15 implies that I D
Z

S

r4 cos� sin2 � d.r; �; �/ D
Z 2�

0

d�

Z 1

0

r4 dr

Z �=2

0

cos� sin2 � d� D
2�

15
.

23. By symmetry, the 4-ball is the union of 16 sets, each of which has the same volume as

T1 D
˚
.x1; x2; x3; x4/

ˇ̌
x21 C x22 C x23 C x24 � a2; x1; x2; x3; x4 � 0

	
:

Moreover, T1 D G.S1/, where

S1 D
˚
.r; �1; �2; �3/

ˇ̌
0 � r � a; 0 � �1; �2; �3 � �=2

	
;

and G is one-to-one on S1.

G0.r; �1; �2; �3/ D2
664

cos �1 cos �2 cos �3 �r sin �1 cos �2 cos �3 �r cos �1 sin �2 cos �3 �r cos �1 cos �2 sin �3
sin �1 cos �2 cos �3 r cos �1 cos �2 cos �3 �r sin �1 sin �2 cos �3 �r sin �1 cos �2 sin �3

sin �2 cos �3 0 r cos �2 cos �3 �r sin �2 sin �3
sin �3 0 0 r cos �3

3
775

JG.r; �1; �2; �3/ D

r3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

cos �1 cos �2 cos �3 � sin �1 cos �2 cos �3 � cos �1 sin �2 cos �3 � cos �1 cos �2 sin �3
sin �1 cos �2 cos �3 cos �1 cos �2 cos �3 � sin �1 sin �2 cos �3 � sin �1 cos �2 sin �3

sin �2 cos �3 0 cos �2 cos �3 � sin �2 sin �3
sin �3 0 0 cos �3

ˇ̌
ˇ̌
ˇ̌
ˇ̌

D r3.�D1 sin �3 CD2 cos �3, with

D1 D

ˇ̌
ˇ̌
ˇ̌

� sin �1 cos �2 cos �3 � cos �1 sin �2 cos �3 � cos �1 cos �2 sin �3
cos �1 cos �2 cos �3 � sin �1 sin �2 cos �3 � sin �1 cos �2 sin �3

0 cos �2 cos �3 � sin �2 sin �3

ˇ̌
ˇ̌
ˇ̌

D cos �2 cos2 �3 sin �3

ˇ̌
ˇ̌
ˇ̌

� sin �1 � cos �1 sin �2 � cos �1 cos �2
cos �1 � sin �1 sin �2 � sin �1 cos �2
0 cos �2 � sin �2

ˇ̌
ˇ̌
ˇ̌

D � cos3 �2 cos2 �3 sin �3

ˇ̌
ˇ̌ � sin �1 � cos �1

cos �1 � sin �1

ˇ̌
ˇ̌

� cos �2 sin2 �2 cos2 �3 sin �3

ˇ̌
ˇ̌ � sin �1 � cos �1

cos �1 � sin �1

ˇ̌
ˇ̌

D � cos �2 cos2 �3 sin �3.cos2 �2 C sin2 �2/ D � cos �2 cos2 �3 sin �3:
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and

D2 D

ˇ̌
ˇ̌
ˇ̌

cos �1 cos �2 cos �3 � sin �1 cos �2 cos �3 � cos �1 sin �2 cos �3
sin �1 cos �2 cos �3 cos �1 cos �2 cos �3 � sin �1 sin �2 cos �3

sin �2 cos �3 0 cos �2 cos �3

ˇ̌
ˇ̌
ˇ̌

D cos �2 cos3 �3

ˇ̌
ˇ̌
ˇ̌

cos �1 cos �2 � sin �1 � cos �1 sin �2
sin �1 cos �2 cos �1 � sin �1 sin �2

sin �2 0 cos �2

ˇ̌
ˇ̌
ˇ̌

D cos �2 sin2 �2 cos3 �3

ˇ̌
ˇ̌ � sin �1 � cos �1

cos �1 � sin �1

ˇ̌
ˇ̌

C cos3 �2 cos3 �3

ˇ̌
ˇ̌ cos �1 � sin �1

sin �1 cos �1

ˇ̌
ˇ̌

D cos3 �3 cos �2.sin2 �2 C cos2 �2/ D cos �2 cos3 �3:

Therefore,

JG.r; �1; �2; �3/ D r3.�D1 sin �3 CD2 cos �3/

D r3.cos �2 cos2 �3 sin2 �3 C cos �2 cos4 �2/

D r3 cos �2 cos2 �3:

Now Theorem 7.3.8 implies that

V.T1/ D
Z

S1

r3 cos �2 cos2 �3 d.r; �1; �2; �3/

D
Z �=2

0

d�1

Z �=2

0

cos �2 d�2

Z �=2

0

cos2 �3 d�3

Z 2

0

r3 dr D �2a4

32
;

so V.T / D 16V.T1/ D �2a4

2
.

24. (a) Let Y D AX; then X D A�1Y and V.T / D j det.A�1/jV.S/, where S D Œ˛1; ˇ2��
Œ˛2; ˇ2� � � � � � Œ˛n; ˇn�; that is, V.T / D .ˇ1 � ˛1/.ˇ2 � ˛2/ � � � .ˇn � ˛n/

j det.A/j
.

(b) Since xj D
nX

iD1
.A�1/j iyi , Theorem 7.3.8 implies that

Z

T

xj dX D 1

j det.A/j

nX

iD1
.A�1/j i

Z

S

yi dY:

Therefore,

Z

T

0
@

nX

jD1
cjxj

1
A dX D

1

j det.A/j

nX

iD1

0
@

nX

jD1
.A�1/j icj

1
A
Z

S

yi dY D
1

j det.A/j

nX

iD1
di

Z

S

yi dY:

.A/



216 Chapter 7 Integrals of Functions of Several Variables

However,

Z

S

yi dY D V.S/

ˇi � ˛i

Z ˇi

˛i

yi dyi D V.S/

ˇi � ˛i

ˇ2i � ˛2i
2

D V.S/

2
.˛i Cˇi /. There-

fore, (A) and (a) imply that

Z

T

0
@

nX

jD1
cjxj

1
A dX D V.T /

2

nX

iD1
di .˛i C ˇi /.

25. The ellipsoid is the image of T under the linear transformation X D AY, where A is

the diagonal matrix with a1, a2, . . . , an on the diagonal. Therefore, Theorem 7.3.7 implies

that the content of the ellipsoid is ja1a2 � � �anjVn.



CHAPTER 8
METRIC SPACES

8.1 INTRODUCTION TO METRIC SPACES

1. Clearly, (a) implies (i) and (b) and (c) imply (ii). Also, (b) and (c) imply (ii). For the

converse, setting u D v in (ii) yields 2�.w; v/ � 0 for any .w; v/, and letting w D u here

and invoking (i) yields (a). Setting w D v in (ii) yields (A) �.u; v/ � �.v; u/ for all u and

v inA. Interchanging u and v in (A) yields (C) �.v; u/ � �.u; v/ for all u and v inA. Now

(B) and (C) imply (b). Since �.w; u/D �.u; w/, (ii) implies (c).

2. �.x; y/ � �.x; u/C �.u; v/ C �.v; y/ and �.u; v/ � �.u; x/ C �.x; y/ C �.y; v/ so

�.x; u/C �.v; y/ � �.x; y/ � �.u; v/ and �.u; x/ C �.y; v/ � �.u; v/ � �.x; y/. Since

�.u; x/ D �.x; u/ and �.y; v/ D �.v; y/, the last two inequalities imply that j�.x; y/ �
�.u; v/j � �.x; u/C �.v; y/.

3. (a) We must show that � is a metric on A. It is obvious that � satisfies Definition 8.1.1(a)

and (b). For (c),

�.u; v/ D �.u; v/

1C �.u; v/
D 1

1C 1

�.u; v/

� 1

1C 1

�.u; w/C �.w; v/

D �.u; w/C �.w; v/

1C �.u; w/C �.w; v/
D �.u; w/

1C �.u; w/C �.w; v/
C �.w; v/

1C �.u; w/C �.w; v/

� �.u; w/

1C �.u; w/
C �.w; v/

1C �.w; v/
D �.u; w/C �.w; v/:

(b) Define �nC1.u; v/ D �n.u; v/

1C �n.u; v/
, n � 1. Then .A; �n/ is a metric space, by induc-

tion.

4. Suppose that u0 2 S . IfS is open in .A; �/ there is an � > 0 such that
˚
u
ˇ̌
�.u; u0/ < �

	
�

S . If �.u; u0/ <
�

1C �
, then

�.u; u0/

1C �.u; u0/
<

�

1C �
, so �.u; u0/ < � and therefore u 2 S ;

hence, S is open in .A; �/.

217



218 Chapter 8 Metric Spaces

If S is open in .A; �/ there is an � > 0 such that
˚
u
ˇ̌
�.u; u0/ < �

	
� S . We may assume

that � < 1. If �.u; u0/ <
�

1 � �
, then �.u; u0/ < � and therefore u 2 S ; hence, S is open

in .A; �/.

5. It is obvious that � satisfies Definition 8.1.1(a) and (b). For (c), we consider the possible

cases:

(i) If u ¤ w, then �.u; v/ � 1 D �.u; w/ � �.u; w/C �.w; v/, since �.w; v/ � 0.

(ii) If u D w and v ¤ u, then �.u; v/ � 1 D 0C 1 D �.u; w/C �.w; v/.

(iii) If u D v D w, then �.u; v/ D 0 D 0C 0 D �.u; w/C �.w; v/.

6. (a) If �.v; u0/ D r1 > r and �.u; u0/ < r , then �.v; u0/ � �.v; u/ C �.u; u0/, so

�.v; u/ � �.v; u0/� �.u; u0/ > r1 � r ; hence, S�.v/ \ Sr.u0/ D ; if � � r1 � r .

(b) S1.u0/ D fu0g,
˚
u
ˇ̌
�.u; u0/ � 1

	
D A

7. (a) If S1, S2, . . . , Sn are open and u 2 \niD1Si , there are positive numbers �1, �2, . . . ,

�n such that S�i
.u/ � Si . If � D min

˚
�i
ˇ̌
1 � i � n

	
, then S�.u/ � \niD1Si .

(b) Let T D [niD1Ti where T1, T2, . . . , Tn are closed. Then T c D \niD1T ci . Since T ci is

open, so is T c , by (a). Hence, T is closed.

8. (a) Since U is a neighborhood of u0 there is an � > 0 such that S�.u0/ � U . Since

U � V , S�.u0/ � V . Hence, V is a neighborhood of u0.

(b) SinceU1, U2, . . . , Un are neighborhoods of u0 there are positive numbers �1, �2, . . . , �n
such that S�i

.u0/ � Ui , 1 � i � n. If � D min
˚
�i
ˇ̌
1 � i � n

	
, then S�.u0/ � \niD1Ui .

Hence, \niD1Ui is a neighborhood of u0.

9. If u0 is a limit point of S then every neighborhood of u0 contains points of S other than

u0. If every neighborhood of u0 also contains a point in Sc , then u0 2 @S . If there is a

neighborhood of u0 that does not contain a point in Sc then u0 2 S0. These are the only

possibilities.

10. An isolated point u0 of S has a neighborhood V that contains no other points of S .

Any neighborhoodU of u0 contains V \U , also a neighborhood of u0 (Exercise 8(b)), so

Sc \ U ¤ ;. Since u0 2 S \ U , u0 2 @S .

11. (a) If u0 2 @S and U is a neighborhood of u0, then (A) U \S ¤ ;. If u0 is not a limit

point of S then (B) U \ .S � fu0g/ D ; for some U . Now (A) and (B) imply that u0 2 S ,

and (B) implies that u0 is an isolated point of S .

(b) If S is closed, Theorem 8.1.13 and (a) imply that @S � S ; hence, S D S [ @S D S . If

S D S , then @S � S . Since S0 � S , S is closed, by Exercise 9 and Theorem 8.1.13.

12. (a) If u0 is a limit point of @S and � > 0, there is a u1 in S�.u0/\ @S . Since S�.u0/ is

a neighborhood of u1 and u1 2 @S , S�.u0/\ S ¤ ; and S�.u0/\ Sc ¤ ;. Therefore, u0
is in @S and @S is closed (Theorem 8.1.13).

(b) If u0 2 S0, then S�.u0/ � S for some � > 0. Since S�.u0/ � S0 (Example 8.1.5) S0

is open.

(c) Apply (b) to Sc .

(d) If u0 is not a limit point of S , there is a neighborhood of u0 that contains no points of

S distinct from u0. Therefore, the set of points that are not limit points of S is open and
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the set of limit points of S is consequently closed.

(e)
�
S
�c D exterior of S , which is open, by (b). Hence, S is closed and

�
S
�

D S from

(Exercise 11(b)), applied to S .

(a) u 2 .S1 \S2/0 , u has a neighborhoodN � S1 \S2 , u 2 S01 and u 2 S02 , u 2
S01 \ S02 . (b) u 2 S01 [ S02 ) u 2 S01 or u 2 S02 ) u has a neighborhood N such that

N � S1 or N � S2 ) u has a neighborhoodN � S1 [ S2 ) u 2 .S1 [ S2/0.

14. (a) u 2 @.S1 [ S2/ ) every neighborhood of u contains a point in .S1 [ S2/
c

and a point in S1 [ S2. If every neighborhood of u contains points in S1 \ S2, then

u 2 @S1 \ @S2 � @S1 [ @S2. Now suppose that u has a neighborhood N such that

N \ S1 D ;. If U is any neighborhood of u, then so is N \ U , and N \ U \ S2 ¤ ;,

since N \ U must intersect S1 [ S2. This means that u 2 @S2 � @S1 [ @S2. A similar

argument applies if u has a neighborhoodN such that N \ S2 D ;.

(b) u 2 @.S1 \ S2/ ) every neighborhood of u contains a point in .S1 \ S2/
c and

a point in S1 \ S2. If every neighborhood of u contains a point in .S1 [ S2/
c , then

u 2 @S1 \ @S2 � @S1 [ @S2. Now suppose that u has a neighborhood N such that

N � S1. If U is any neighborhood of u, then so is N \ U , and N \ U \ Sc2 ¤ ;, since

N \ U must intersect .S1 \ S2/
c . This means that u 2 @S2 � @S1 [ @S2. A similar

argument applies if u has a neighborhoodN such that N � S2.

(c) If u 2 @S , then any neighborhood N of u contains points u0 in S and u1 not in S .

Either u0 2 S or u0 2 @S . In either case N \ S ¤ ;. Since u1 2 N \ Sc , it follows that

u 2 @S ; hence, @S � @S .

(d) Obvious from the definition of @S .

(e)
@.S � T / D @.S \ T c/ (definition of S � T )

� @S [ @T c (Exercise 14(b))

D @S [ @T (Exercise 14(d)):

15. It is obvious that k � kn satisfies Definition 8.1.3(a) and (b). For (c), since jxi C yi j �
jxi j C jyi j, i D 1, 2, . . . , n, it follows that

max
˚
jxi C yi j

ˇ̌
1 � i � n

	
� max

˚
jxi j

ˇ̌
1 � i � n

	
C max

˚
jyi j

ˇ̌
1 � i � n

	
I

hence, kX C Ykn � kXkn C kYkn.

16. (a) �.X;Y/ D
kX

iD1
�.xi ; yi / � 0 with equality if and only if xi D yi for 1 � i � k;

that is X D Y;

�.X;Y/ D
kX

iD1
�i .xi ; yi/ D

kX

iD1
�i.yi ; xi/ D �.Y;X/;

�.X;Z/ D
kX

iD1
�.xi ; ´i / �

kX

iD1
.�.xi ; yi/C �.yi ; ´i // D �.X;Y/C �.Y;Z/.
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(b) limr!1 Xr D bX , lim
r!1

�.Xr ;bX/ D 0 , lim
r!1

�i.xir ;bxi/ D 0, 1 � i � k

, lim
r!1

xir D bxi , 1 � i � k.

(c) Let � > 0. If fXrg1
rD1 is a Cauchy sequence there is an integerm such that �.Xr ;Xs/ <

� if r , s � m. Therefore, for 1 � i � k, �.xir; xis/ < � for r , s � m, so fxirg1
rD1 is a

Cauchy sequence.

Conversely, if fxirg1
rD1 is a Cauchy sequence for � i � k, there is an integer m such that

�.xir ; xis/ < �=k, 1 � i � k. Therefore, �.Xr ;Xs/ < � if r , s � k, so fXr g1
rD1 is a

Cauchy sequence.

(d) Follows from (b) and (c).

17. (a) Since

1X

iD1
˛i < 1, �.X;Y/ is defined for all .X;Y/, by the comparison test. For

the verification that � is a metric, see the solution of Exercise 3(a).

(b) . Suppose that lim
r!1

xir D bxi , i � 1. Let � > 0. Choose N so that

1X

iDNC1
˛i < �=2.

Now choose R so that �.xir;bxi/ <
�

2N˛i
if r � R, 1 � i � N . Then �.Xr ;bX/ < � if

r � R, so lim
r!1

Xr D bX.

Now suppose that lim
r!1

Xr D bX. Let 0 < � < 1. For a fixed i � 1, choose Ri so

that �.Xr ;X/ <
�˛i

2
, r � Ri . Then

�.xir ;bxi/
1C �.xir ;bxi/

<
�

2
, r � Ri . This implies that

�.xir ;bxi/ <
�

2 � �
< �, r � Ri , so limr!1 xir D bxi .

(c) Suppose that fxirg1
rD1 is a Cauchy sequence for all i � 1. Let � > 0. Choose N so

that

1X

iDNC1
˛i < �=2. Now choose R so that �.xir ;bxis/ <

�

2N˛i
if r , s � R, 1 � i � N .

Then �.Xr ;bXs/ < � if r , s � R, so fXrg1
rD1 is a Cauchy sequence.

Now suppose that fXr g is a Cauchy sequence. Let 0 < � < 1. For a fixed i � 1, choose Ri

so that �.Xr ;Xs/ <
�˛i

2
, r , s � Ri . Then

�.xir ; xis/

1C �.xir ; xis/
<
�

2
, r , s � Ri . This implies

that �.xir; xis/ <
�

2 � �
< �, r , s � Ri , so fxirg is a Cauchy sequence.

(d) Follows from (b) and (c).

20. Let a and b be nonnegative. Since p < 1, Minkowski’s inequality implies that .a1=p C
b1=p/p � aC b. By letting u D a1=p and v D b1=p we see that .uC v/p � up C vp if u,

v > 0. Therefore,

nX

iD1
jxi C yi jp �

nX

iD1
.jxi j C jyi j/p �

nX

iD1
jxi jp C

pX

iD1
jyi jp;

so �.X C Y/ � �X C �Y. However, � is not a norm, since �.cX/ D cp�.X/.
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21. (a) If
X

jxi jp < 1 then limi!1 xi D 0, so there is an integer J such that jxi j < 1

for i > J . If r > p, then jxi jr < jxi jp if i > J ; hence,
X

jxi jr < 1, by the comparison

test.

(b) For r � p let �.r/ D
 1X

iD1
jxi jr

!1=r
. Since jxi j=�.r/ � 1 if r � p, .jxi j=�.r//p �

.jxi j=�.r//r ; therefore,

�.p/

�.r/
D
 1X

iD1

� jxi j
�.r/

�p!1=p
�
 1X

iD1

� jxi j
�.r/

�r!1=p
D 1:

(c) Let r � p > 1. Since 1=r < 1, Exercise 20 with p replaced by 1=r , u D
JX

iD1
jxi jr , and

v D
1X

iDJC1
jxi jr implies that

kXkr �
 

JX

iD1
jxi jr

!1=r
C
 1X

iDJC1
jxi jr

!1=r
: .A/

Since limi!1 xi D 0, jxi j D kXk1 for some i , so (B) kXk1 � kXkr . Let � > 0, and

choose J so that

 1X

iDJC1
jxi jp

!1=p
< �. Applying (b) tobX D f0; : : : ; 0; ; xJC1; xJC2; : : : g

shows that

 1X

iDJC1
jxi jr

!1=r
< � if r � p; therefore, from (A) and (B),

kXk1 � kXkr �
 
JX

iD1
jxi jr

!1=r
C �; r � p;

so

kXk1 � kXkr � J 1=rkXk1 C �:

Letting r ! 1 yields

kXk � lim
r!1

kXkrk � lim
r!1

kXkr � kXk1 C �:

Since � is arbitrary, limr!1 kXkr D kXk1.

22. (a) From Exercise 3 j�.u; v/ � �.un; vn/j � �.u; un/C �.v; vn/. If � > 0 there is an

integer k such that �.u; un/ C �.v; vn/ < � if n � k; hence, j�.u; v/ � �.un; vn/j < � if

n � k, so lim
n!1

�.un; vn/ D �.u; v/.

(b) Let vn D v and apply (a)
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23. There is an integer k such that kur � usk < 1 if r , s � k. Therefore, if r � k, then

kurk � kukk C kur � ukk � kukk C 1.

24. (a) Clearly kXk � 0. If kXk D 0, then x1 D 0. Now suppose that n > 1 and xi D 0,

1 � i � n� 1. Since

nX

iD1
xi D 0, it follows that xn D 0. Therefore, X D 0, by induction.

Obviously kaXk D jajkXk.

By the triangle inequality for real numbers,

ˇ̌
ˇ̌
ˇ

nX

iD1
.xi C yi /

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ

nX

iD1
xi C

nX

iD1
yi

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ

nX

iD1
xi C

nX

iD1
yi

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ

nX

iD1
xi

ˇ̌
ˇ̌
ˇC

ˇ̌
ˇ̌
ˇ

nX

iD1
yi

ˇ̌
ˇ̌
ˇ ;

so X C Y 2 A if X, Y 2 A and kX C Yk � kXk C kYk. The verification of the other vector

space properties is straightforward.

(b) Let fXrg1
rD1 with Xr D fxirg1

iD1 be a Cauchy sequence in A. If � > 0, there is an

integer k such that kXr � Xsk < �=2 if r , s � k. Since xnr � xns D
nX

iD1
.xir � xis/ �

n�1X

iD1
.xir � xis/, jxnr � xns j < � for all n � 1 if r , s � k. Hence, bxn D limr!1 xnr exists

for all n � 1 (Theorem 4.1.13). Let bX D fbxig1
iD1.

By Exercise 23, there is a constantM such that kXrk � M for all r � 1; that is,

ˇ̌
ˇ̌
ˇ

nX

iD1
xir

ˇ̌
ˇ̌
ˇ �

M if r , n � 1. Letting r ! 1 for each fixed n shows that bX 2 A, and kbXk � M .

Since

ˇ̌
ˇ̌
ˇ

nX

iD1
.xir � xis/

ˇ̌
ˇ̌
ˇ < �=2 for all n � 1 if r , s � k, letting s ! 1 shows that

ˇ̌
ˇ̌
ˇ

nX

iD1
.xir �bxi/

ˇ̌
ˇ̌
ˇ � �=2 for all n � 1 if r � k; hence, limr!1 kXr �bXk D 0.

25. (a) Straightforward.

(b) If m > n then jfn.x/ � fm.x/j D fn.x/.1 � fm�n.x// � fn.x/, so kfn � fmk �Z b

a

fn.x/ dx � .b � a/=.nC 1/.

(c) lim
n!1

fn.x/ D
�
0; a � x < b

1; x D b;
is discontinuous, and therefore not in CŒa; b�

26. (a) Since jxi C yi j � jxi j C jyi j, sup
˚
jxi C yi j

ˇ̌
i � 1

	
� sup

˚
jxi j

ˇ̌
i � 1

	
C

sup
˚
jyi j

ˇ̌
i � 1

	
.

(b) Let fXrg1
rD1 be a Cauchy sequence in `1. Write Xr D fxirg1

iD1. If � > 0 there is

an integer R (independent of i ) such that jxir � xisj < � if r , s � R; that is, fxirg1
rD1

is a Cauchy sequence in R for each fixed i � 1. Let limr!1 xir D bxi , i � 1, and let
bX D fbxig1

iD1. Then limr!1Xr D bX . To see this, let � and R be as above. For each i ,
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choose si > R so that jxisi �bxi j < �. Then jxir �bxi j � jxir � xisi j C jxisi �bxi j < 2� if

r > R; that is (A) kXr �bXk < 2� if r � R. Finally, since kbXk � kbX � Xrk C kXrk and

fXrg1
rD1 is bounded (Exercise 23), (A) implies that X 2 `1.

27. Since the set of convergent sequences is closed under addition and scalar multiplication

(Theorem 4.1.8), A is a subspace of R
1. Since k � k D k � k1, .A; k � k/ is a normed

subspace of `1, which is complete (Exercise 26(b)). Therefore, if fXrg1
rD1 is a Cauchy

sequence in .A; k � k/, there is an bX such that limr!1 Xr D bX D fbxi g1
iD1 in the sense that

(A) limr!1 kXr �bXk1 D 0. We have only to show that bX D fbxig1
iD1 2 A; that is, that

limi!1bxi exists. By the triangle inequality jbxi�bxj j � jbxi�xirjCjxir�xjrjCjxjr�bxj j.
Suppose that � > 0. From (A), there is an integer k such that jbxi � xikj < �=3 and

jxjk � bxj j < �=3 for all i , j � 1. Therefore, jbxi � bxj j < jxik � xjkj C 2�=3 for all

i , j � 1. Since Xk converges, it is a Cauchy sequence (Theorem 4.1.13), so there is an

integer N such that jxik � xjkj < �=3 if i , j � N . Therefore, jbxi �bxj j < � if i , j � k.

Hence, fbxig1
iD1 is a Cauchy sequence, and therefore convergent (Theorem 4.1.13).

28. Since the set of sequences that converge to zero is closed under addition and scalar

multiplication (Theorem 4.1.8), A is a subspace of R
1. If X D fxig1

iD1 is in A and

kXk1 D 0, then xi D 0 for all i . If kXk1 > 0, there is an integer k such that jxi j < kXk1
if i > k, so kXk1 D max

˚
jxi j

ˇ̌
1 � i � k

	
. In either case kXk D kXk1. Now an

argument similar to the one used in the solution of Exercise 27 shows that if fXrg1
rD1 is a

Cauchy sequence inA, there is a sequencebX D fbxig1
iD1 in `1 such that (A) limr!1 kXr�

bXk1 D 0. Let x D limi!1bxi . Then (B) jxj � jx � bxi j C jbxi � xir j C jxirj. Let

� > 0. From (A), there is an integer r such that jbxi � xir j < � for all i � 1. Hence, (C)

jxj � jx�bxi j C jxir j C �. Since limi!1 xir D 0 and limi!1bxi D x, we can choose i so

large that jxirj < � and jx �bxi j < �. Now (C) implies that jxj < 3�. Since � is arbitrary,

x D 0.

29. (a) Similar to (and simpler than) the following argument for (b).

(b) Let fXrg1
rD1 be a Cauchy sequence in `p , with Xr D fxirg1

iD1. If � > 0, there is an

integer k such that (A) kXr �Xskp < � if r , s � k. Therefore, jxir �xis j < � for all i � 1

if r , s � k. Hence,bxi D limr!1 xir exists for i � 1 (Theorem 4.1.13). Let bX D fbxi g1
iD1.

By Exercise 23, there is a constant M such that kXrkp � M for all r � 1; that is, 1X

iD1
jxir jp

!1=p
� M for r � 1. Therefore, for every integer n,

nX

iD1
jxirjp � Mp for all

r � 1. Letting r ! 1 with n fixed yields

nX

iD1
jbxi jp � Mp. Now letting n ! 1 shows

that

1X

iD1
jbxi jp � Mp, so bX 2 `p .

From (A), if n is a positive integer, then

nX

iD1
jxir � xisjp < �p if r , s � k. Letting s ! 1
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here yields

nX

iD1
jxir �bxi jp � �p if r �. Now letting n ! 1 shows that kXr �bXk < � if

r �. Hence, limr!1 Xr D bX.

8.2 COMPACT SETS IN A METRIC SPACE

1. If H is an open covering of [kjD1Tj then H is an open covering of Tj , 1 � j � k.

Since Tj is compact, Tj has a finite subcovering H j � H , and [kjD1H j is a finite open

covering of [kjD1Tj .

2. (a) Let S be a closed subset of a compact set T . Let fsng be a sequence in S . Since T

is compact there is a subsequence fsnj
g of fsng such that limj!1 snj

D t 2 T . Either

t D snj
for some j or t is a limit point of fsng and therefore in S , since S is closed. Hence,

S is compact (Theorem 8.2.4).

(b) \
˚
T
ˇ̌
T 2 T

	
is a closed subset of bT . Apply (a).

(c) Since every T in T is closed (Theorem 8.2.6), \
˚
T
ˇ̌
T 2 T

	
is closed. Apply (b).

3. If a 2 S \ T then dist.S; T / D �.a; a/ D 0. Now assume that S \ T D ;. For each

positive integer n there is an sn in S and a tn in T such that �.sn; tn/ < dist.S; T /C 1=n.

If �.sn; tn/ D dist.S; T / for some n, we are finished. If �.sn; tn/ > dist.S; T / for all n,

then at least one of the sequences fsng, ftng has infinitely many distinct terms. Suppose that

fsng has this property. Since S is compact, there is a subsequence fsnk
g of fsng such that

lim
k!1

snk
D s 2 S (Theorem 8.2.3). From (A), lim

k!1
�.snk

; tnk
/ D dist.S; T /. Let s0

k
D

snk
and t 0

k
D tnk

. Then lim
k!1

s0
k D s and lim

k!1
�.s0

k; t
0
k/ D dist.S; T /. Since T is compact,

there is a subsequence ft 0
kj

g of ft 0
k
g such that lim

j!1
t 0nj

D t 2 T (Theorem 8.2.3). Since any

subsequence of a convergent sequence converges to the limit of the sequence, lim
j!1

s0
nj

D s

and lim
j!1

�.s0
kj
; t 0kj

/ D dist.S; T /. Since lim
j!1

�.s0
kj
; t 0kj

/ D �.s; t/ (Exercise ???(a)),

�.s; t/ D dist.S; T /.

4. (a) If T is totally bounded, there is a finite set T1 D fX1; : : : ;Xkg of bounded sequences

such that if X 2 T then �.X;Xi/ < 1 for some i 2 f1; : : : ; kg. If X and Y are arbitrary

members of T , then �.X;Xr/ < 1 and �.X;Xs/ < 1 for some r and s in f1; 2; : : : ; ng, so

�.X;Y/ � �.X;Xr/C �.Xr ;Xs/C �.Xs ;Y/

� 2C �.Xr ;Xs/ � 2C max
˚
�.Xi ;Xj /

ˇ̌
1 � i < j � n

	
:

Therefore, T is bounded.

(b) If r ¤ s, then �.Xr ;Xs/ D 1, so T is bounded. Now suppose that � < 1=2 and Y D
fyi g1

iD1 is a sequence such that �.Xr ;Y/ < �. Then yr > 1� � > 1=2, so �.Xs ;Y/ > 1=2

for all s ¤ r ; that is, no vector can satisfy �.Xr ;Y/ < � for more than one value of r .

Hence, T is not totally bounded.

5. Since T is compact, T is bounded (Theorem 8.2.6). For each integer n there are members

sn and tn of T such that (A) d.T / � 1=n < �.sn; tn/ � d.T /. If �.sn; tn/ D d.T / for
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some n, we are finished. If �.sn; tn/ < d.T / for all n, then at least one of the sequences

fsng, ftng has infinitely many distinct terms. Suppose that fsng has this property. Since T is

compact, there is a subsequence fsnk
g of fsng such that lim

k!1
snk

D s 2 T (Theorem 8.2.3).

From (A), lim
k!1

�.snk
; tnk

/ D d.T /. Let s0
k

D snk
and t 0

k
D tnk

. Then lim
k!1

s0
k D s and

lim
k!1

�.s0
k; t

0
k/ D d.T /. Since T is compact, there is a subsequence ft 0

kj
g of ft 0

k
g such

that lim
j!1

t 0nj
D t 2 T (Theorem 8.2.3). Since any subsequence of a convergent sequence

converges to the limit of the sequence, lim
j!1

s0
nj

D s and lim
j!1

�.s0
kj
; t 0kj

/ D d.T /. Since

lim
j!1

�.s0
kj
; t 0kj

/ D �.s; t/ (Exercise ???(a)), �.s; t/ D d.T /.

6. Suppose that � > 0. ChooseN so that

1X

iDNC1
�i < �=2. Let� D max

˚
�i
ˇ̌
1 � i � N

	
,

and letp be an integer such that p.�=2N / > �. LetQ� D
˚
ri�=2N

ˇ̌
ri D integer inŒ�p; p�

	
.

Then the set of sequences X D fxig1
iD1 in `1 such that xi 2 Q�, 1 � i � N , and xi D 0,

i > N , is a finite �-net for T .

7. Suppose that � > 0. Choose J so that

 1X

iDJC1
j�i j2

!1=2
< �. Now let T � be the subset

of R
n such that jxi j � �i , 1 � i � n. Since T � is a closed and bounded subset of R

n
2 , T �

is compact. Therefore, there is a finite collection of vectors U � D .u1; u2; : : : ; un/ that

form a finite �-net for T �. The vectors U D .u1; u2; : : : ; un; 0; : : : ; 0; : : : / form a 2�-net

for T .

8. Suppose that S is bounded. Let u1 and be a fixed member of S and let u be an arbitrary

member of S . Then �.u; u0/ � �.u; u1/C�.u1; u0/ � d.S/C�.u1; u0/, soD is bounded.

Now suppose that D is bounded; that is, there is a constant M such that �.u; u0/ � M

if u 2 S . Then, if u and v are both in S , d.u; v/ � d.u; u0/ C d.v; u0/ � 2M , so S is

bounded.

Let u1 be an arbitrary member of S . Since N�.u1/ does not cover S there is a u2 2 S such

that �.u1; u2/ � �. Now suppose that n � 2 and we have chosen u1, u2, . . . , un such that

�.ui ; uj / � �, 1 � i < j � n. Since [niD1S�.ui / does not cover S , there is unC1 2 S

such that �.ui ; unC1/ � �, 1 � i � n. Therefore, �.ui ; uj / � �, 1 � i < j � nC 1.

9. (a) If u, v 2 S and � > 0, there are s, t 2 S such that �.u; s/ < � and �.v; t/ < �.

Therefore, �.u; v/ < �.u; s/C �.s; t/C �.t; v/ < d.S/C 2�. Since � is arbitrary, d.S/ �
d.S/. Since d.S/ � d.S/ (obvious), d.S/ D d.S/.

(b) If fxng1
nD1 is Cauchy sequence in .A; �/ thenS D

˚
xn
ˇ̌
n � 1

	
is bounded. From (a), S

is bounded. Therefore, S is compact (by assumption), so fxng1
nD1 has a subsequence fxnj

g
such that lim

j!1
xnj

D x 2 S . If � > 0, choose k so that �.xn; xm/ < �=2, m, n � k. Now

choose j so that nj � k and �.xm; x/ < �=2. Then �.xn; x/ � �.xn; xnj
/C �.xnj

; x/ <

2�, n � k. Hence, lim
n!1

xn D x.

10. Let fxirg1
rD1 be a sequence in Ti , 1 � i � n and let Xr D .x1r ; x2r; : : : ; xkr/.
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Suppose that T is compact. Then fXrg has a subsequence fXrsg such that lim
s!1

Xrs D bX D

.bx1;bx2; : : : ;bxk/ 2 T (Theorem 8.2.4). Therefore, lim
s!1

�.Xrs ;
bX/ D 0, so lim

s!1
�i.xirs ;bxi/ D

0, 1 � i � k. This implies that lim
s!1

xirs D bxi 2 Ti , 1 � i � k. Therefore, Ti is compact,

1 � i � k (Theorem 8.2.4).

Now suppose that T1, T2, . . . , Tk are compact. We use induction on k. The result is trivial if

k D 1. Now suppose that k > 1 and and the assertion is true with k replaced by k�1. Then

is, T1�T2�� � ��Tk�1 is compact, so any sequence fXrg1
rD1 in T has a sequence fXrsg1

sD1
such that lims!1 xirs D bxi 2 Ti , 1 � i � k�1. Denote X

.1/
s D Xrs . Since Tk is compact,

fx.1/
ks

g1
sD1 has a subsequence fxksj g1

jD1 such that limj!1 xksj D bxk (Theorem 8.2.4).

Since lim
j!1

xisj D bxi , 1 � i � k � 1 (Theorem 4.2.2), lim
j!1

Xsj D .bx1;bx2; : : : ;bxk/ 2 T .

Hence, T is compact (Theorem 8.2.4).

11. For a fixed j � 1 let fxjrg1
rD1 be a sequence in Tj . For i ¤ j let xir D bxi ,

r � 1, where bxi 2 Ti . Define Xr D fxirg1
iD1. Since T is compact, fXrg1

rD1 has a sub-

sequence fXrsg1
sD1 such that lims!1 Xrs D bX 2 T ; that is, lims!1 �.Xrs ;

bX/ D 0. But

�.Xrs ; bX/ D ˛j
�j .xjrs ;bxj /

1C �j .xjrs ;bxj /
, so lims!1 �j .xjrs ;bxj / D 0; that is, lims!1 xjrs D

bxj . Hence, Tj is compact (Theorem 8.2.4).

12. If t1 and t2 are in \1
nD1Tn then t1 and t2 are in Tn for all n � 1, so �.t1; t2/ � d.Tn/ for

n � 1; therefore, (c) implies that �.t1; t2/ D 0; that is, t1 D t2. Hence, \1
nD1Tn contains

at most one element. To complete the proof, we need only show that \1
nD1Tn ¤ ;. We

prove this by contradiction. If \1
nD1Tn D ;, then any t in T1 is in the open set T cn for

some n. Therefore, T1 � [1
nD1T

c
n . Since T1 is compact, there is an integer N such that

T1 � [NnD1T
c
n . However, from (b), [NnD1T

c
n D T cN , so T1 � T cN . Since TNC1 � T1,

it follows that TNC1 � T cN . But TNC1 � TN , from (b). Since TNC1 ¤ ;, this is a

contradiction.

8.3 CONTINUOUS FUNCTIONS ON METRIC SPACES

1. (a) , (b):

Assume (a) and let u0 2 f �1.V /; that is, f .u0/ D v0 2 V . Since V is open, there

is an � > 0 such that N�.v0/ � V . Since f is continuous there is a ı > 0 such that

f .Nı .u0// � N�.v0/ � V . This implies that Nı.u0/ � f �1.V /, so f �1.V / is open.

Assume (b) and let u0 2 A, v0 D f .u0/. If � > 0, then u0 2 f �1.N�.v0//, which

is open, by assumption. Hence, there is a ı > 0 such that Nı.u0/ � f �1.N�.v0//, so

f .Nı .u0// � N�.v0/, and f is continuous at u0.

(b) , (c):

Assume (b) and let V be a closed subset of .B; �/. Then V c is open and .f �1.V //c D
f �1.V c/ is open, so f �1.V // is closed.

Assume (c) and let V be an open subset of .B; �/. Then V c is closed and .f �1.V //c D
f �1.V c/ is closed, so f �1.V // is open.



Section 8.3 Continuous Functions on Metric Spaces 227

2. Suppose thatB D B1[B2, where B1 and B2 are disjoint open sets. Then A D A1[A2
where A1 D f �1.B1/ and A2 D f �1.B2/ are open (Exercise 1) and disjoint. Since A is

connected, A1 D ; or A2 D ;.

3. (a) Since f .S/ is a compact subset of R (Theorem 8.3.6), it is bounded.

(b) For every n there is a sn 2 S such that ˛ � sn < ˛ C 1=n. Since S is compact, fsng
has a convergent subsequence fsnj

g such that lim
j!1

snj
D u1 2 S . From Theorem 8.3.3,

f .u1/ D lim
j!1

f .snj
/ D ˛.

For every n there is a tn 2 S such that ˇ � 1=n < tn � ˇ. Since S is compact, ftng
has a convergent subsequence ftnj

g such that lim
j!1

tnj
D u2 2 S . From Theorem 8.3.3,

f .u2/ D lim
j!1

f .tnj
/ D ˇ.

4. (a) Let u, u0 2 U . By the triangle inequality, �.f .u/; f .u// � �.f .u/; f .u0// C
�.f .u0/; f .u/ and �.f .u0/; f .u// � �.f .u0/; f .u//C�.f .u/; f .u/, so g.u/�g.u0 / �
�.f .u/; f .u0// and g.u0/ � g.u/ � �.f .u/; f .u0//. Therefore, jg.u/ � g.u0/j �
�.f .u/; f .u0//. Let � > 0. Since f is continuous on U there is a ı > 0 such that

�.f .u/; f .u0// < � if u 2 Nı.u0/\Df ; hence, jg.u/�g.u0 /j < � if u 2 Nı .u0/\Df ,

so g is continuous on U .

(b) Theorem 8.3.8

(c) Exercise 3(b).

5. Suppose that u0 2 Df and let � > 0. Since g is continuous at f .u0/ there is a ı1 > 0

such that 
.g.v/; g.f .u0 /// < � if �.v; f .u0// < ı1. Since f is continuous at u0 there is

a ı > 0 such that �.f .u/; f .u0// < ı1 if �.u; u0/ < ı. Therefore, 
.h.u/; h.u0 // < � if

�.u; u0/ < ı.

6. Let u0 2 A and suppose that � > 0. Since g is continuous on R
n, there is a ı > 0 such

that jg.y1; y2; : : : ; yk/�g.u0.s1/; u0.s2/; : : : ; u0.sk//j < � if max
˚
jyi � u0.si /j

ˇ̌
1 � i � k

	
<

ı. Therefore, jf .u/ � f .u0/j < � if �.u; u0/ < ı.

7. Since u.s/ � f .u/ and ju.s/ � v.s/j � �.u; v/ for all s in S , v.s/ � f .u/ � �.u; v/

for all s. Hence, (A) f .v/ � f .u/ � �.u; v/. If � > 0, there is an s0 such that u.s0/ <

f .u/ C �=2. Since ju.s0/ � v.s0/j � �.u; v/, v.s0/ < f .u/ C �=2C �.u; v/. Therefore,

f .v/ < f .u/ C �=2 C �.u; v/. This and (A) imply that jf .v/ � f .u/j < �.u; v/C �=2.

Therefore, jf .v/ � f .u/j < � if �.u; v/ < �=2.

Since u.s/ � g.u/ and ju.s/ � v.s/j � �.u; v/ for all s in S , v.s/ � g.u/ C �.u; v/

for all s. Hence, (B) g.v/ � g.u/ C �.u; v/. If � > 0, there is an s0 such that u.s0/ >

g.u/ � �=2. Since ju.s0/ � v.s0/j � �.u; v/, v.s0/ > g.u/ � �=2 C �.u; v/. Therefore,

g.v/ > g.u/ � �=2 � �.u; v/. This and (B) imply that jg.v/ � g.u/j < �.u; v/ � �=2.

Therefore, jg.v/ � g.u/j < � if �.u; v/ < �=2.

8. Since jf .u/�f .v/j D
ˇ̌
ˇ̌
ˇ

Z b

a

.u.x/ � v.x// dx
ˇ̌
ˇ̌
ˇ �

Z b

a

ju.x/�v.x/j dx � �.u; v/.b�a/,

it follows that jf .u/ � f .v/j < � if �.u; v/ < �=.b � a/.


