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INTRODUCTION

In the spring of 1990 I gave a graduate course at Princeton Univer-
sity on the arithmetic Riemann-Roch theorem, which had just been shown
by Bismut-Lebeau and Gillet-Soule. The main purpose was to under-
stand the techniques involved, and to simplify the presentation if possible.
These nntec arise from the rrn,rce however with some later imnrnvement.s
Arakelov theory was invented with the purpose of applying techniques from
algebraic geometry to arithmetic problems, especially to obtain a proof of
the The main ,dP to fo d to ,iOPbra:C TlronertlPs
at finite places in terms of metrics, and then to try to find analogues at
infinity. In short one has to endow everyting with metrics. Around 1982
some progress was invade. I Showed that for arithmetic surfaces there is a
Riemann-Roch theorem, and that one can use it to derive various analogues
of properties of complex surfaces, for example the Hodge-Index theorem
and the posit1V1ty o1 W W. inc KCY to all t 1115 was t11C Loll$t111(t 1Vi1 U1 VVl LLi11C

forms on the cohomology of hermitian bundles. At the same time Quillen
proposed a similar construction, using Ray-Singer analytic torsion.

This lead to new interest in this topic, and soon there was rapid progress:
Deligne generalized the volume forms to more cases, and Gillet and Soule
developed an arithmetic intersection theory for general varieties, as well as
hermitian K-theory. Then they joined efforts with Bismut and managed to
define the determinant of cohomology of an arithmetic variety. One then
could ask for a Riemann-Roch result for this determinant. It turned out
that even for the projective space the immediate generalization of the clas-
sical Riemann-roch was false. To remedy this they introduced a secondary
class R(x) so that a modified version (using R) remains true. Bismut and
Lebeau could prove a Riemann-Roch result for closed immersions, from
which the Riemann-Roch for determinant bundles follows with some more
work. The methods employed use stochastic integration, and are not easy
to understand for anybody not familiar with this subject.

In these notes we replace all the probability-theory by considerations
about heat kernels, thereby hopefully making the subject accessible to a
wider audience. However I feel that it still remains complicated, and the
reader should have a good general mathematical education. Due to my
background I find algebraic and geometric arguments generally easier than
analytic ones, so I tried to resort to the former as much as possible.

Now let us explain the contents:
In lecture one I give a proof of the classical Riemann-Roch theorem, and
introduce various notation. Nothing at all is original. After that, in lecture
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viii Introduction

two, we introduce arithmetric Chern-classes. Here the method is new, more
following the classical procedure of Grothendieck, but the results are all in
[GS2'11l1JLl.

In lecture three we study heat kernels. We avoid using too much tech-
nology, instead relying on a simple cutoff-procedure which works nicely in
all instances we need it. We apply this in lecture four to study asymp-
totics. Especially we prove the index-theorem for the Dirac-operator. All
the ideas are due to Bismut, Gillet, and Soule and can be found in [BGS1].
Especially impressive is the computation of subdominant terms, which we
reproduce at the end of lecture 4.

After that in lecture five we define direct images in arithmetic K- the-
ory. This can be done only for smooth maps. Attempts to treat closed
immersions have lead to enormous difficulties, and the final results are not
as smooth as one would like them to be. Here our approach seems to be
slightly original, although the main ideas can all be found in [BGS1]. Fi-
nally we prove a general Riemann-Roch in lecture six, of Grothendieck-type.
WP nrnve that. there is a iininne rlacc R(2-) for which the Riemann-Rnrh is
true. We do not attempt to compute it, except for the fact that it is odd.
The method of proof uses deformation to the normal cone. To control the
analytic oihi5aiaLIbIt.o in this process we use a uiiaa.i.t.II .a, method, compar-
ing to another deformation with the same singularities, but for which we
already know the result.

ovV,Finally w- we conclude with 185E CGLthn - d last meciLLI L11r-C onVIl the tRCVCheirCIIi I of D15II-f B)1sn1ut L- - -SSSCV QA I

estimating analytic torsion for ample line-bundles. Althrough this result is
somehow disconnected from our main topic, the methods developed earlier
work beautifully and thus it seemed reasonable to include it here. Shouwu
Zhang has written the first two versions of these notes. I thank him very
much for this difficult and demanding task. G. Kings and S. Mochizuki
helped with constructive criticism, and S. Barbu did a great job in the final
preparation of the manuscript.

The author was supported by NSF.
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Lectures on the Arithmetic
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LECTURE 1. CLASSICAL RIEMANN-ROCH THEOREM

In this lecture we intend to prove the Riemann-Roch theorem for smooth
morphisms of regular schemes. We define K-groups and Chow groups in
the classical way. Then the Riemann-Roch for projective lines follows di-
rectly from the definitions. By the deformation of a regular embedding of
a scheme to its normal cone, we reduce the problem to the case of projec-
tive bundles. Finally we prove the Riemann-Roch for projective bundles
using flag schemes. We will follow this line when we prove the arithmetic
Riemann-Roch theorem.

All schemes will be essentially of finite type over Z. Reference: [BS].

K-GROUPS

Let X be a Noetherian scheme. Let G(X) be the free abelian group
generated by all coherent sheaves. Let G'(X) be the subgroup of G(X)
generated by the elements of the form [F1] - [F2] - [F3] where F's form an
exact sequence

0 -' F2 -+ F1 -, F3 -+ 0.

The Grothendieck group K'(X) of X is defined to be the quotient group
of G(X) by G'(X). We get another group K(X) by requiring that all the
sheaves F are locally free. There is a morphism K(X) -+ K'(X).

Theorem 1.1. If X is regular then K(X) = K'(X).
Proof. We prove the theorem by showing that every coherent sheaf has a
finite resolution by vector bundles. Let {Ui : 1 < i < k} be an affine
covering of X such that X - Us is the support set of a Cartier divisor Di.
Let si be the section 1 of O(Di) . Let F be a coherent sheaf on X. First
of all we want to prove that F is a quotient of a locally free sheaf.

For each i we have that FlUi is generated by finitely many sections
{eij : 1 < j < nil. Since Di is the support set of si there is a mi > 0 such
that {ei j si" I can be extended to sections of F(rni Di) over X. We have a
morphism

O(-miDi)®" F
which is surjective over Ui. Combining all these morphisms for all i we
obtain a surjective morphism

TkO(-rrkDi)®n. --+ F.

3



4 Lecture 1

This proves that F is a quotient of a vector bundle.
Let n = proj dim(F). This is finite as X is regular. From the above

argument we can find an exact sequence

O-->G-+En-+ ... --+ Eo--+ F -+ 0

where the E;s are vector bundles, and G is locally free. This shows that
the map K(X) -+ K'(X) is surjective and similarly one derives injectivity.

By the above theorem when X is regular, the group K'(X) has a com-
mutative ring structure such that [E] [F] _ [E ® F] for two vector bundles
[E] and [F].

Equivalently [E]-[F] [Toro" (E, F)] for arbitrary coherent
sheaves E and F.

We want to explain some functorial properties for K-groups.
Let f : X -+ Y be a proper morphism. We define a push forward

morphism f. from K'(X) to K'(Y) by sending the class of a coherent sheaf
F to J:(-1)'[R' f.F]. It is a consequence of the Leray spectral sequence
that (g f ). = g. f. as morphisms of groups. So K is a covariant functor
from the category of Noetherian schemes with proper morphisms to the
category of abelian groups.

Theorem 1.2. Let 7r : P = ProjX(E) --+ X be a projective bundle over X
of rank n. Then we have the following canonical isomorphisms

(1) f.[O(i)] = [Sym' E] ifi > 0.
(2) f. [O(-i)] = 0 if 0 < i < n + 1.

Proof. The computation of Cech cohomology of O(n) gives the result.

Let f : X -+ Y be a morphism of schemes. We define the pull back
morphism f * from K(Y) to K(X) by sending [F] to [ f' F] if F is locally free.
f* actually is a morphism of rings. In this way K becomes a contravariant
functor from the category of regular schemes to the category of commutative
rings.

In general K is not a covariant functor to the category of rings. But for
any proper morphism f : X -+ Y we have f. [E ® f' F] = f. [E] [F] so
f.K'(X) is an ideal of K(Y).

Theorem 1.3. Let X be a noetherian scheme. Then we have the following
properties:

(1) Let i : Y -s X be a closed subscheme of X. Denote by U the open
scheme X \ Y and j : U -+ X the structure morphism. Then we
have the following exact sequence

K'(Y) '-'-o K'(X) J-14 K'(U) --+ 0.
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(2)

(3)

Let ?r : Y --+ X be a affine bundle over X. Then 7r* : K'(X)
K'(Y) is an isomorphism.
Let P = ProjX(E) -f X be a projective bundle over X of rank n.
Then the morphism ®i 0K'(X) --' K'(P) sending (xo, , x,) to

o(-7r'xi)0(1)i is an isomorphism.

Proof. (1) Firstly we prove that j' is surjective. Let F be a coherent sheaf
on U. Then F can be extended to X.

Now we prove that the ker(j*) = Im(i.). It is obvious that j'i. = 0. We
need prove that the kernel of j" is contained in the image of i.. Let x be
an element in K(X) such that j`x = 0. We want to prove that x E Im(i.).
As the extension from U to X is unique up to sheaves supported in Y, we
may assume that x = [F] with F supported in Y. Then F is a successive
extension of sheaves annihilated by the ideal of Y, and thus [F] is in the
image of i..

(2) Injectivity follows by imbedding into a projective bundle and using
(1), (3). So we need only prove that 7r` is surjective. If X' C X is closed and
U = X - X', then by (1) it suffices to prove the assertion for Y xX U -+ U
and Y xX X' -> X. By induction and a limit argument we reduce to
the case where X = Spec(A), A an artinian local ring, and Y = X x A".
Using also induction over n we may assume that n = 1. Finally we replace
A by its residue field k and remark that any k[t]-module has a finite free
resolution.

(3) W e first show that the map is surjective, i.e. K'(P) = E n. ?r' (K'(X ))
O(1)'. By the previous technique we may assume that X =Spec (k), k a
field, and p = y n. We use induction in n, n = 0 being the trivial case.
If P1 = TIDk-1 C_ P denotes a hyperplane, j : P1 P the inclusion, then
j.(O(1)i) = O(1)i - O(1)i-1. If x is an element of K(P), then the re-
striction of x to P - P1 = Ak is induced from X. If this restriction
vanishes, then x is in j.K(P1). Thus surjectivity follows. For injectiv-
ity: If x = 0"(xi)O(1)' = 0, choose i maximal with xi # 0. Then
xi = 7r* (z O(1)-`) = 0.

Contradiction.

CHOW GROUPS

Let X be a Noetherian scheme. Let p be a non-negative integer. Let
Zy (X) be the free abelian group generated by all integral subvarieties of X
of dimension p. The elements of Zp(X) are called p-cycles.

Let X' be a closed subscheme of X, let X1,..., X,, the irreducible com-
ponents of X and X' the maximal reduced subscheme of Xi. The local
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rings Oi of Xi at its generic points are of finite length, say mi. The cycle
[X'] is defined to the cycle Ei rn.; [Xi'].

Let ZP'(X) be the subgroup of Z(X) generated by all [div(f)] for mero-
morphic functions f on a p + 1-cycle of X. Then the p-th Chow group
Ap(X) is defined to be the quotient of Zp(X) by ZP'(X). Here, for a mero-
morphic function f on an irreducible Y C X, div(f) is a linear combination
of Z C Y of codimension one. The coefficient of Z can be computed as
follows: Let R = OYz denote the local ring of Y in the generic point z of Z.
Then f = g/h, with g, h e R - {0}, and the coefficient of Z is the difference
of lengths l(R/gR) - l(R/hR).

Let f : X -. Y be a proper morphism. We can define the push forward
f.: Ap(X) -i A,(Y) as follows: Let Z an integral subvariety of X, then

1 0, if dim f(Z) < dim(Z);
f(Z) R(f(Z))], otherwise,

where R(Z) is the field of rational functions on Z. Via this A. becomes
a covariant functor from the category of regular schemes with proper mor-
phisms to the category of abelian groups.

Let f : X -- Y be a flat morphism. Then the pull back of cycles
induces a pull back morphism of Chow groups. Such a property enables A.
to become a contravariant functor from the category of schemes with flat
morphisms to the category of abelian groups.

For regular X the A. (X) have a ring structure by intersection theory.
Here we just introduce an action on A. (X) by line bundles. Let Z be an
integral subscheme of X and let L be a line bundle on X. If D denotes the
Cartier divisor of a meromorphic section of L on Z then the class in A. (X)
of [D] does not depend on D. We write this class as cl (L) [Z]. We have the
following projection formula: Let L be a line bundle on X, let f : X' ---' X
be a proper morphism and let a be a cycle on X'. Then

f.(cl(f'L) a) = cl(L) f.a.

We have the following fundamental theorem for first Chern classes:

Theorem 1.4. Let X be a scheme. Then cl(L) [Z] depends only on the
class of [Z] in A.(X). So cl(L) define a linear endomorphism on A.(X).
Morever if M is another line bundle then cl(L) . cl(M) = cl(M) cl(L).

Proof. First of all we claim that for any meromorphic section f of L and
any meromorphic section g of M we have (in A.(Z))

cl(L) [divz g] = cl(M) [divz f].
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By the projection formula we need only to prove the theorem after a

proper morphism.
Let If be the ideal sheaf of Oz consisting of all elements a such that of

is a regular. Let w : Z' - Z be the blowup of Z along If and let E be the
exceptional divisor. Then

div(lr* f) = C - E

for an effective Cartier divisor C on Z'. This allows us to reduce to the
case that div(f) is effective. Similarly we can reduce to the case that both
div(f) and div(g) are effective.

We now assume that div f and div g are effective. Let 7r : Z' - Z be
the blowup of Z along the ideal sheaf fL-1 +gM-1 of Oz. Denote by E
the exceptional divisor of -r. Then we have that

w' (div(f )) = E + A, ir* (div(g)) = E + B

for effective Cartier divisor A, B on Z'. Define the excess intersection
e(div f, div g) by the formula

e(f, g) = max{ordD (div(f )) ordD (div(g)) I codimz D = 1 }.

It is easy to prove that A and B are disjoint and if

e = e(div f, div g) > 0

then e(E, A) < e and e(E, B) < e. After several blowups we may assume
that e(div f, div g) = 0, or div f and div g meet properly.

We now assume that div f and div g are effective and meet properly.
Especially the restriction of f to div(g) can be used to compute c1 (L)
div(g), and similar for c1 (M) div(f ). We write div f = >i m, Ai and
div g = Ff of Bf. Let C be a codimension two integral sub-scheme of Z.
We want to prove that the multiplicity of C in Ei rni divA; g is equal to
that in Ef nj divB, f.

Locally near the generic point of C all line bundles are trivial, so f and
g can be considered as section in R = OZ,c. If one of f and g is not in
the maximal ideal then the multiplicities above are both zero. So we may
assume that f and g form a system of parameters of R.

Let Kos(f, g; R) be the Koszul complex of R with respect to f, g:

0-+R(f Rz(9--{l R-, 0.
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Let X(Kos(f, g; R)) is its Euler-Poincare characteristic:

X(Kos(f, gi R)) _ (-1 )f lengthH(Ni(K^S(J 1 gi R111

i
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We reduce to prove that both multiplicities are equal to
X(Kos(f, g; R)).

Let Kos(g, R/ f R) be the Koszul complex of R/ f R with respect to g:

0->R/fR 94R/fR-4 0.

Define its Euler-Poincare characteristic X(Kos(g;R/fR)) in the same way.
It is easy to prove that

x(Kos(f, g; R)) = X(Kos(g; R/fR))

Now X(Kos(g; M)) is additive in all R modules and vanishes if M is
of finite length. Thus it depends only on the length of M at height one
primes. If rni denotes this length for M = R/ f R in a height one prime pi
(corresponding to Ai), we have

X(Kos(f, g; R)) = mi length(R/(pi + gR)).

This proves our claim.
Now the assertions of the theorem follow. Let W be an integral sub-

scheme of X. Let [div f] be a rational divisor on W then cl(L) [div f] is
equal to cl(Ow) x for some x in cl(L) [W]. So cl(L) [div f] is rational.
This proves that cl(L) [Z] depends only on the class of [Z] in A. (X). Also
cl(L) cl(M) [Z] and cl(M) cl(L) [Z] are represented by the same cycle
in A. (X) so they coincide.

Theorem 1.5. Let X be a scheme. Then we have the following properties:
(1) Let i : Y - X be a closed subscheme of X. Denote U the open

scheme X \ Y and j : U -+ X the structure morphism. Then we
have the following exact sequence

A(Y) -'+ A(X) A(U) -+ 0.

Let r : Y -' X be an affine bundle over X of rank n. Then the
map 7r` : Ak(X) = Ak+,(Y) is an isomorphism.
Let P = Projx(E) -+ X be a projective bundle over X of rank n.
Then we have that the map G)0 'A. (X) --+ A. (P) sending (xo, . ,

to ®s p7r`(xi)cl(O(1))i is an isomorphism.
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Proof.
(1) The assertion is obvious.
(2) We first prove that w' is surjective. Let U be an affine open set

of X and X' = X \ U the closed subscheme of X. By (1) we need only
prove the assertion for YU -- U and YX, -, X'. By induction on dimX
we may assume that X is affine and Y = X x An . By induction on n may
assume that n = 1 and Y is a trivial line bundle over X. Let Z be an
integral subscheme of Y. We want to prove Z is rationally equivalent to
the pullback of some cycle in X. We may assume the closure of 7r(Z) is X
and Z # Y. Let ri be a generic point of X and Y. be the generic fiber of
Y over il. Then Z. is a divisor of Y,7 so it must be equivalent to 0. We can
extend Z,7 to a cycle Z' on Y wich is equivalent to 0. Now the closure of
the image of support of 7r(Z \ Z') is a proper subscheme of X. Injectivity
will follow from (3).

(3) First of all we want to prove this map is a surjective morphism. By
induction on dim(X) and (1) we may assume Y is affine and E is trivial.
So we have a projective subbundle i : Pl -> P of P of rank n - 1 such that
P \ P' is an affine bundle over X. The assertion follows from (2) and fact
that A(P) H (H = cl(O(1)).

The injectivity follows from the fact that x and x,(x'(x)
Hi) = 0 for 0 < i < n. We may assume that x = [X] and X is a point. The
assertion follows from the fact that Hn . [P] is represented by any section
of P over X.

CHERN CLASSES

Let X be a regular scheme. Let E be a vector bundle of rank n. Denote
by P the projective bundle ProjX(Sym E). We define the ith Chern class
c;(E) of E as the operator Ap(X) -+ AP-i(X) such that

n

Hn .7r` (z) _ x*((-1)t-lci(E) z) . H"-t.
i-1

Let us write
ct(E) = to - tn-lcl(E) - .. .

as a formal polynomial in t.

Theorem 1.6. If
0- El -*E2-+E3-' 0

is exact then
ct(E2) = ct(El)ct(E3).
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Proof. Since everything commutes with base change so we may prove this
formula after any base change which induces an injective map on Chow
groups.

For a vector bundle E on X, let Flag(E) be the scheme which classifies
the filtrations

O=En CEn-1C...El cE°=E
such that Et/Et+l are line bundles. The morphism Flag(E) -+ X is the
composition of a chain of projective bundles. By theorem 1.5 this morphism
induces an injective map on Chow groups.

Then over Flag(E1) x Flag(E3) the bundles E1 and E3 have complete
filtrations, so does E2.

We claim that if E is a vector bundle over X and

O=EnCEn-1C...E1 CE°=E

is a complete filtration for E then

n-1
ct(E) = 11 ct(Et/E'.+1).

t-o

Obviously this implies our theorem.
The above equation is equivalent to

n-1

II c1((E'/Et+1)®(-1) ® 0(1)) = 0.
i=0

We prove this equation by induction on n. P'= P(E/En-1) is the zero
set of the map En-1 --+ O(1). For any cycle a in P,

c1(0(1) ® (En-1)®-1) . a

represents an element Q in A.(P'). By induction we have

n-1

H c1((Et/Ei}1)®(-1) (9 0(1)) a
-o

n-2
11 cl((Et/Et+1)®(-1) 0

0(1))Ip, .

t_o

=0.

From the above theorem we have that ct is a group homomorphism from
K(X) to End(A.(X)[t])*. To do any computation with Chern-classes one
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uses the splitting principle to reduce to the case that the bundles have com-
plete filtrations, so that in K-theory E _ Li with Li line-bundles. Then

any symmetric function in the cl(L) is a polynomial in the Chern-classes of
E. For example the Chern character ch is defined as a ring homormorphism
from K(X) to End(A»(X)) ® Q
with coefficients in Q and

such that ch(E) is a polynomial of ci(E)

c ` n
ch(E) = E ec1(L:) = L.i ci(Li)

i n=0

if after a base change E = Ei L.

RIEMANN-ROCH THEOREM

The Todd class of E is defined as a polynomial of ci(E) such that

Td(E) = II
cl(Li)

1 - e-c1(Li)

if E = >i Li after a base change.
Assume now f : X --. Y be a projective and smooth morphism of relative

dimension d. The main theorem of this lecture is

Theorem 1.7. Assume X and Y are regular.

f.(ch(E) Td(TX/y)) = ch(f.E)

in A. (Y).

Proof. We prove the theorem in several steps. We first remark that the
assertion is compatible with composition, that is Riemann-Roch for (f, E)
and (g, f. (E)) implies it for (g f, E).

Riemann-Roch for a projective line bundle.
Let E be a rank two bundle on X. Riemann-Roch is valid for f : X =

P(E) -+ Y.
By theorem 1.3 in this lecture we have that K(X) ® 0 as a module over

K(Y) ® Q is generated by Ox and O(-1). We have f.OX = Oy, and all
other direct images vanish.

Let h' = cl(O(1)) - zcl(E). From the exact sequence

0-40->Ev®0(1)-4TX1y --,0



12 Lecture 1

we have Tx/y -- det(E)-1 ® 0(2) and cl(Tx/y) = 2h'. Since

h' _

so
2h'

h' -h'-1 - e-2h 1 - e2h

Td(Tx/r) = 1 - e-2h
h' + (1 + even powers of h').

As we know h'2 = c2(E) + 4c1(E)2 so ffh'2i = 0 for any n > 0 and
f. h' = 1. So finally

f.(Td(Tx/r)) = 1.

Also f.[O(-1)] = 0 = f.(ch(O(-1)) Td(Tx/y)), as ih contains only
even powers of h'.

This completes the proof.

Deformation to the normal cone.
Deformation to normal the cone will be a very important tool in the

study of Riemann-Roch.
Let f : Y -+ X be a proper smooth morphism and F be a coherent sheaf

on Y. We introduce the following notations:

Err f(F) = Erry (F) = f. (ch(F) Tdy/x) - ch(f F).

Let f: Y -+ X be a smooth morphism and Z C Y a closed embedding
such that Z is smooth over X. Let Y be the blow up of Y x Ilvl along
Z x oo. The fiber Yo of Y over 0 is isomorphic to Y. The fiber Y. of Y
over oo is an union of the two schemes: an exeptional scheme Y., which is
isomorphic to Ilr(N` ® Oz), and a scheme Yom, which is isomorphic to the
blow up of Y in Z. Here N* = IZ/IZ denotes the conormal bundle.

Let i : Z x IlD1 Y be the canonical embedding. The morphism io can
be split into io : Z -+ Yo and j0 : Yo -+ Y. The morphism i , is split into
ice:Z -+Yooandi

We claim that
Errjo(io.F) = ErrY, (i,,,,,F)

for any coherent sheaf F on Z.
First we have

Errpo(io,F) - Errp, (i...F)

=fo. [(ch(io. F) TdYolx] - fem. [(ch(i,,., F) Td},,,/x]

joo.[(ch(ioo.F) TdY-lx]}
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where f is the structure morphism of Y to X.
Secondly, let F' be the pull back of F to _Z x P1 and let F be the push

forward of F' to Y. We have io.F = j, F. Furthermore ch(F) is sup-
ported on a(Z x IF1), and if T denotes the logarithmic tangent-bundle of
Y/IP1(T =dual of S2Y1X(dlogY,,.)/5211,(dlogoo)), then near io(Z) (respec-

tively i,,(Z)) T is isomorphic to Ty (respectively Ta, ). It follows that

the difference of the two errors is the image under f, of the product of
,h(P\ .Td(Tl and the divisor of the ratinnal fnnrtinn t. X -, P1 (induced
by second projection). It is thus rationally equivalent to zero.

Riemann-Roch for embeddings into projective bundles.
Let g : Z - X be a smooth morphism. Let E be a vector bundle of

the form Oz ® N. Denote by Y the projective bundle PZ(E) on Z. Let
i : Z -- Y be the embedding corresponding to the morphism E Oz. Let
r : Y -p Z be the structure morphism of the projective bundle. Let f = g7r
and consider Y as a scheme over X.

Suppose that Riemann-Roch is valid for the morphism a. Then for any
coherent sheaf F on Z we have that

Errz(F) = Erry(i.F).

By definition and because w. [Oy] = [OZ] we have

Erry(i.F) = f.(ch(i.F) T'dy/X) - ch f.i.F
= g.ir.(ch(i.F) Tdy/z Tdz,x) - ch g.F
- n (A (w i F) . Trl,,. rh n F

= g. (ch F Tdz(X) - chg. F
= Errz F.

Riemann-Roch for projective vector bundles.
Let i : Z -> Y be a closed embedding of codimension 1 such that g

Z --' X is smooth. Then for any coherent sheaf F on Z we have

Errz(F) = Erry(i.F).

We have
Erry (i. F) = Erry (ice. F).

We thus may assume that Y = PZ(E), where E = OZ ® L be a split rank
2 bundle. The assertion follows from the previous.

T et F. be a vector bundle on X of rank n > 2. We want to prove the
Riemann-Roch for P = P(E) over X. By a base change we may assume
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that E has a quotient bundle E' of rank n-1. P = P(E') is a Cartier
divisor of Op(1). By theorem 1.3 in this lecture K(P) as a K(X) module
is generated by K(P') and Op(-1). By induction on the rank of E we need
only to prove Riemann-Roch for O(-1), provided Riemann-Roch is valid
for all projective vector bundles of ranks less than n.

Let Y be the flag scheme which classifies the complete filtrations

=E.

We have a morphism from Y to P which is a composition of projective
bundles of ranks at most n - 1. E1 is just the pull back of Op(-1). Since
f.[Opg(F)] = [Oz] for any projective bundle f : Pz(F) Z the push
forward of [Oy] is [Op]. This implies that the push forward of E1 is Op(-1).
Since the Riemann-Roch is valid for the the morphism from Y to P, we
need only to prove Riemann-Roch for E1 and the morphism from Y to X.

Let Y' be the flag scheme which classifies the filtrations

such that Ei is of rank j. Then Y is a projective line bundle over Y'. E is
the canonical line bundle Oy(-1). Riemann-Roch is valid for Oy(-1) and
the morphism from Y to Y' and gives 0 in both sides of the Riemann-Roch
formula. Therefore the Riemann-Roch is valid for Oy(-1) and so for the
morphism from Y to X.

Conclusion.
Now the Riemann-Roch for any projective smooth morphism f : X Y

follows easily. Let 7r : P -' Y be a projective bundle of Y such that f = 7ri
with i : X -+ P a regular embedding. By deformation to the normal cone

Errx(F) = Errp(i.F)

for any coherent sheaf on X. Riemann-Roch for P implies the assertion.



LECTURE 2. CHERN CLASSES OF
ARITHMETIC VECTOR BUNDLES

For a regular scheme X which is flat over Z and such that XQ = X x Q is
smooth over Q we define the arithmetic K-groups and the arithmetic Chow-
groups and establish a theory of Chern classes. The arithmetic K-group is
a refinement of the ordinary K-group: the arithmetic K-group is generated
by all vector bundles which have a metric at the infinite place and all (p,p)
type differential forms, such that any exact sequence of hermitian bundles
gives the secondary Chern character form. The arithmetic Chow group is
also a refinement of the ordinary Chow group: a cycle is an ordinary cycle
plus a current at the infinite place. We can define the pull back and the
push forward for arithmetic Chow-groups, and the pull back for arithmetic
K-groups. The definition of push forward for arithmetic K-groups needs
more tools. We define it and prove the Riemann-Roch in the next few
lectures.

We use [GS1] and [GS2] as general references.

KAHLER MANIFOLDS

Connections.
Let X be a real smooth manifold and let E be a vector bundle on X.

We may think of E as a sheaf of groups over X and it is a Cr module over
X, where CX is the sheaf of all smooth fuctions over the open sets of X.
A connection V on E is a morphism of group sheaves

V:E-*E®si1
such that for any smooth function f on X and any smooth section e of E
we have

V (fe) = d(.f)e + fo(e).

Notice that V2 is a morphism of bundles (i.e the morphism of CX modules.)

E E®522

and gives a section of End(E) ® 522. We call V2 the curvature of E, for any
connection V.
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If E has an inner product <, >: E ® E - OX we say a connection V of
E is Riemannian for <, > if

< Vsl, 32 > + < 31, Vs2 >= d < S1, 82 >

where <, > has been extended to an inner product on E®SZ* in the canonical
way.

Now we suppose X is a complex manifold and E is a (holomorphic)
vector bundle on X. We have a canonical morphism of group sheaves

.9:E,E000,1
such that for any smooth function f and any holomorphic section e of E
we have 8(f e) = 8(f )e. We say a connection V of E is holomorphic if the
projection of V to the space E ®02°,1 is a.

Suppose now E has a hermitian inner-product metric <, >: E x E -+ OX.
A connection on E is said to be hermitian if

< Vsl, s2 > + < sl, Vs2 >= d < S1, s2 >

where <, > has been extended to a hermitian inner product on E ® Q in
the canonical way.

Notice that the hermitan metric on E induces a metric on E ® E and
a connection on E also induces a connection on E ® E. It is easy to see
that a connection is hermitian on E if and only if the induced connection
is Riemannian on E ® E.

It is well known that for any hermitian holomorphic vector bundle E
on a complex manifold X there is an unique holomorphic and hermitian
connection V of E and V2 is a (1,1) form.

Kahler manifolds.
Let X be a real manifold with a metric. This means that we have an

inner product on TX. Then there is a unique Riemannian connection VLC
on TX such that for any two vector fields x and y on X we have that

Oxy-V,z-[z,y]=0.

Actually such a connection can be defined by the formula

2<Oxy,z>=z<y,z>+y<2,z>-z<x,y>
+<[x,y],z>+<[z,x],y>+<z,[z,y]>

We call such a connection the Levi-Civita connection. It is well know that
because VLC has no torsion, the exterior derivative d on S2X is induced by
V.
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Let X be a complex manifold which has a hermitian metric. This means
that we have a J-invariant hermitian inner product on Tx where J is the
complex structure on X. We define a (1,1)-form by the formula

w(z, y) = 2a
< x, Jy > .

We say that the metric on X is Kahler if dw = 0 and we say X is Kahler if
X has a Kahler metric.

Lemma 2.1. The following conditions are equivalent:
(1) The metric is Kahler .

(2) For any p E X, there is a holomorphic coordinate system z1, , z,
such that g = 1 (mod z2), where g = (gi j) with

a a
9i,j =< azi ,

az7
>

Proof. By definition we have

27r dw = -i 1 { a9k dzi A dzl A dzk + ag'k dzi A dzj A dzk }.
k l (9zi ail

Thus the Kahler condition is equivalent to

a9i,k - 891,k a93 ,k _ 199)1
azl - az1 ' ail - azk

Assume (1). By a linear base change we may assume that is an
orthonormal basis for TX at p. Replace zi by

z = z; + E aaz', zkzl

we will obtain that g - 1 (mod z2). This is (2).
(2)-4(1) is clear

Theorem 2.2. Let X be a hermitian manifold. Let VH denote the unique
holomorphic hermitian connection on TX. Then the following conditions
are equivalent:

(1) X is Kahler .

(2) VLC = VH.
(3) VLC(J) = 0.
(4) VH has no torsion.
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Proof. It is clear that (2) and (4) are equivalent and they imply (3).
Assume (3). Then

V Cw( , y) = z(w(z, y)) - w(V Cz,
y) - w(x, V Cy)

=z<z,Jy>-<V z,Jy>-<z,JOZCy>
= 0,

since VLCJ = 0 and VLC is Riemannian. This implies that

dw(z, y, z) = V w(y, z) - Dyw(z, Z) + VZw(z, y) = 0.

This proves that (3) implies (1).
Now we assume (1). By the lemma, for any point p we can choose a

system of coordinates z such that g = 1 (mod z2). If VH a0 = E Bt i as
then we have

(modz)

So the torsion of VH is zero. This proves that (1) implies (4).

Hodge theory.
Let X be a real manifold. Denote by SV' the sheaf of complex smooth

differrential p-forms. Then we have the de Rham complex (V, d):

0, S2°-+D1 a-+c..

This complex is acyclic and gives a resolution of the constant sheaf C.
Take smooth sections of this complex. We obtain a complex (C°° (W), d).
Denote its cohomology by HDR(X, (C) which agrees with ordinary singular
cohomology.

Suppose X has a Riemannian metric. This induces a metric on SZ` and
a pre-Hilbert structure on C°° ((V ). Let d' be the adjoint of d. We define
the Laplacian AX on C' (O*) by the formula

Ad = dd* + d*d.

We call 7-1 = ker Ad the space of harmonic forms. It is obvious that (7{ =
ker d n ker d* and the canonical map 7-l -> HpR(X.C) is an isomorphism.

If X is a compact Riemanian manifold, using the theory of the next
lecture, we can prove that 7{ is finite dimensional and that the restriction
of Ad to the orthogonal complement of 71 has a smooth inverse G, the
Green's operator.

Now assume that X is a complex manifold. Denote by V" the sheaf of
smooth (p,q)-forms of X. For any non-negative integer p we have Dolbeault
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complexes (S2P"', a) and (S2'1P, 8). Take smooth sections of these complexes
and denote their cohomologies by Ha'' (X, C) and Ha'P (X, C). They are
ianrnnrnhic to H`(X OP) and H`(X. QP).

Suppose X is a hermitian manifold. As for the operator d we can define
operators 8*, 8`, Da and A5. We have harmonic spaces xa and Hg and
-mnrnhiama fn T1' (X an(1 T1*(X Tf X is a hvrmifian
manifold, using the theory of the next lecture, we can prove that 7-(a and
9{g are finite dimensional and that the restrictions of Og and Aa to the

l 1.o111fI11.1111.11Y0 ofple...ents of ' ,'.. andIa - ...,a "1 u(f _ have smooth ......s..,.orthogonal
If X is a compact Kahler manifold one can prove that

A,-)A= --9A_.a - ...rd

We have the Hodge decomposition theorem:

Ha=Hg=H.

K-GROUPS FOR ARITHMETIC VECTOR BUNDLES

Chern forms.
Let X be real manifold. Let E be a complex vector bundle on X with a

connection V. We define the Chern polynomial ct as

det(t - Zx V2)

611U 4116 VLLCLSL 1.1161 dC4C1 1V1111 1.11 (L) 4V l1G

tr exp(
ZT V2).

Notice that for any form 0 with coeffients in End(E) we have d(tr 0) =
tr[V, so d(tr V271) = 0. In other words ct(E) and ch'(E) are closed forms.

The following formulas are easy to prove:

(1)

(2)

"(F.. M F...)

ch'(El 0 Ez) = ch'(Ei) ch'(E2);

(3) Let f : Y -- X be a smooth morphism of complex manifolds then

I f c* t'\ _ r r / L,\tlJ LI1 - J Ctll'1
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Secondary Chern forms.
To define K-groups of hermitian vector bundles we need to study exact

sequences of hermitian vector bundles.
Let X be a complex manifold of dimension n. Let p be a non-negative

integer. Let AP(X) (or An_p(X) ) be the space of all (p,p) forms and let
AP(X) (or be the quotient of A'P(X) modulo the sums of the
images of 8 and 8.

Theorem 2.3. There is an unique way to attach to each exact sequence

E:0--bEl ->E2-+E3-0

an element ch(E) in A*(X) such that
(1)

88
ch(E);ch'(E2) - ch'(E1) - ch'(E3) =

in

(2) For any map f : X' -+ X of complex manifolds

ch(f'E) = f` ch(E);

(3) When E is split in the sense of hermitian bundles ch(E) = 0.

Proof. Let E be an exact sequence as above. Let us construct an exact

sequence E on F' x X:

by E1 = El(l), E2 = (El(1) (D E2)/El and E3 = E3. We identify the E's
with its pull back on F1 x X, and take the embedding E, to El (1) by the
divisor oo. Then the restriction of E to 0 x X is E and that to oc x X is
split. Choose a metric on E which induces the given metric on 0 x X and
split at oo x X. We define

ch(E) = J [ch'(Ei) + ch'(E3) - ch'(E2)] log 1 z

We need to show that the integral above does not depend on the choice
of the metrics on E. Suppose we have two metrics on E which have same
value at 0 x X and oo x X. As hermitian bundles we denote them by E'
and E". Put some metric on E on X x IF' x F' such that the restriction of
this metric on X x F1 x 0 is E' and that on X x IIs1 x oo is E".
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We use the same name for the differential operator as and its extension
to distribution. It is easy to see

as
log Iwl = boo - bo.x

So we have

ch(E') - ch(E") 171 ch(E) log Iwi
Sri

f as
1 x= J

IF,

ch'(E2) log IzI i log IwI

x- L rl ch'(Ei) log zj as log 1w

-L x rlch(E3)logIzI a. logIwI.

Since ch'(Ei)'s are closed

ch(E') - ch(E") = J 1 x
IF,

ch'(E2) . log IzI log IwI

ch'(Ej) as
log Izl log lwl- ,,I x IF, 7xi

-J1xrlch'(E3)aaloglzlloglwII'
W1

= 0,

as fr, log Iwl = 0 and the rest of the integrand is constant on {z = 0} (resp. {z
oo}).

It is easy to check ch(E) satisfies (1),(2) and (3).

The same result as in the theorem holds if we replace ch' by any poly-
nomial in the Chern-classes c;.

One can easily show various identities for ch(E), by deforming to the split
case. For example if we tensor with an F, then ch(E (9 F) = ch(E) ch(F).

Example of a secondary class (without proof).
Assume we are given a hermitian vector bundle E on X, and change

its metric. Then the above construction (applied to id: E --- E) gives a
secondary class ch whose image under as/xi is the difference of the two
chern-characters. We study this infinitesimally:
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Suppose we have a C°°-family of hermitian metris h(t) on E, inducing
holomorphic connections V(t) and chern-characters.

ch'(E)(t) =tr(exp(2xV(t)2)).

Then at (ch'(E)(t)) = x- ch(E)(t).
We can compute ch (E)(t) as follows (for details see lecture 5): There

exists an hermitian C°°-Endomorphism N(t) of E such that

a
at < el, e2 >h(t) = < N(t) el, e2 >h(t)

Then the derivative of V(a) (a a holomorphic vector-field) is easily com-
puted to be

at(V(a))
- [N(t), v(a)] (commutator)

From this one calculates (which we shall do later) that
ch(E)(t) = tr(zN(t) exp(x O2)) = ata_o tr 2N(t))), i.e.
the right hand side has the right image under 1e, and vanishes if N(t) = 0.
A similar formula holds for other characteristic classes.

If for example we scale the metric on E by a factor a2, then the corre-
sponding ch-class is

log(a) ch'(E)

Arithmetic K-groups.
Let X be a regular scheme which is flat over Z. Then XC = X x C is a

smooth complex manifold.
Let F be the complex conjugate on X(C. We fix the following nota-

tions. We denote by A'* (X), A' (X) and A' (X) the subspaces of A" (Xc ),
A'*(Xc) and A*(XC) generated by all p-forms ap such that F*c P = (-1)'ap.
We denote by G(X) the free abelian group generated by all vector bundles
which have a hermitian metric on XC which is invariant under F.

Let d(X) be the direct sum of G(X) and A*(X). Let G'(X) be the
subgroup of G(X) generated by the elements with form [E2] - [El] - [E3] -
ch(E) where

E:0-->El--+E2-+E3---'0

is an exact sequence. The Grothendieck group k(X) is defined to be the
quotient of G(X) by G'(X).
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The group k(X) has a commutative ring structure such that

[El] [E2] = [EI ® E2],

[El] [wl] _ [ch'(El) A w]

and

[wtl [w2] = [aa wl A w2],
7ri

23

where El are hermitian vector bundles and wi are differential forms.
Let f : X - Y be a morphism of schemes. We have a pullback morphism

of rings f` : K(Y) , k(X) by sending a hermitian vector bundle (resp.
differential form) on Y to its pullback on X.

To define the push forward of k we need to study the index theorem.
This will be done in the later lectures.

ARITHMETIC CHOW GROUPS

Arithmetic Chow groups.
Let X be a regular scheme of dimension n + 1 which is proper and flat

over Z. Then Xc = X 0 C is a smooth complex manifold of dimension n.
Let F be the complex conjugation on X. We denote by 2p(X) the group
of hermitian p-cycles which is the quotient group of the free abelian group
generated by pairs (Z, gz) of an irreducible subvariety Z of X of dimension
p and an (n-p, n-p) current gz on Xq such that

as
hzc = bzc - Ti gz

is smooth, modulo the subgroup generated by (0, ac-l-a,3) for some currents
a and )3. Here bzc denotes integration of ZC, which exists for example by
resolution of singularities. Also Hodge-theory implies that any Z has a
Green's current gz: Choose as hzc the harmonic representative for bzc.

Let ZZ(X) be the subgroup generated by the elements

(div(f),-logIfI'bz)

where f is a meromorphic function on a subvariety Z of dimension p - 1
and bz = bzc. Then the arithmetic Chow group Ap(X) is defined to be the
quotient of Zp (X) by Zp (X).
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We have the following maps:

AP(X)-.Ap(X):(Z,gz)-+Z,

and

h:AP(X)- A'v_i(X):(Z,9z)-, hz - bz - ajgz;

E:AP(X)-A,(X):g-+E(g)=(O,g).

We call h the curvature morphism.
Later we shall prove some equalities in A. (X). In general it will be easy

to show that they hold after mapping to A. (X), or after h. Thus they
hold up to f(7-1(X)), where 7{(X) C A.(X) denotes the kernel of M. At
least this is true if X is compact. In this case 7-1(X) is isomorphic to the
cohomology of XC, since by Hodge theory of compact Kahler manifolds the
kernel of x is harmonic up to the image of e and 6. Note that in this case
we may replace C°°-forms by currents, without changing 7{(X).

We have an exact sequence

.Z (X) -- A.(X) - A. (X) , 0.

The map a need not to be injective. For example, if r(OX) has an invertible
elment a which is not a root of the unity, then e(0, log IQ I) = 0.

As for the functor A. we can define the pushforward map and pullback
map. The pullback morphisms of A. can be defined for any smooth mor-
phisms of scheme. The pushforward morphisms can be defined for any
smooth, proper and surjective morphism.

First Chern classes.
The group A. (X) has a commutative ring structure by intersection the-

ory. We just want to introduce the action on A. (X) by a hermitian line
bundle. Let L be a hermitian line bundle on X. Let (Z, gz) be a cycle such
that Z is irreducible. If s is a meromorphic section of L on Z then the class
of

cl(L) (Z, gz) = (div(s), - log IsI Sz + hL9z)

in A. (X) does not depend on the choice of s, where hL = xa log 1s1 +S[di s]
is the curvature form of L. Like theorem 1.3 have

Theorem 2.4. Let X a arithmetic scheme. Then cl(L) (Z, gz) depends
only on the class of (Z, 9z) in A. (X). Morever if M is another hermitian
line bundle then

cl(L) cl(M) = cl(M) . ct(L).
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Proof. As in theorem 1.3 we need only to prove the following statement:
Suppose L and M have holomorphic sections f and g over Z such that
A = div(f) and B = div(g) are integral and have no common component,
then

ci(L) (B, - log IgIbz) = c1(M) (A, - log If 16z).

We need the following remarks:
The proof of theorem 1.3 implies that divA g = dive f so we need only

prove to that

(1) - log If I . 6B - hL log I9I6z = - log 191 - bA - hM log If I bz -

If Z is smooth and the divisors have normal crossings we may assume
that X = Z. The above equation follows from the definitions of the hL and
hM and the equality

Ti log If I log IgI =
i

log IgI log if I. (modulo lm(8) + Im(c7))

In general we use a resolution of singularities Z --`-+ Z C X. Write
7r'(A) = Al + A2 and 7r*(B) = B1 + B2, where Al and B1 are coprime
and ir, (A1) = A and ?r, (Bi) = B, and ir. A2 = 7r, B2 = 0. Also all divisors
should have normal crossings. Put metrics on O(A1) and O(B1) and hence
on O(A2) and O(B2). Now the assertion is easily shown to be independent
of the choice of metrics, and equation (1) on Z is the pushforward of the
following equation (1) on Z:

(1) -logIfI - bB, - logI9I-6Ai -hM logI.fI6z

By the previous calculation one shows that (1) holds up to integrations over
components of A2 or B2, which vanish under Ira.

CHERN CLASSES

We want to define the Chern classes for a hermitian bundle E of rank n
Let f : Y = P(E) be the vector bundle associated to E. On Y we have a

canonical exact sequence

E:0-+E' PE -+L=0(1)-+0.

Let us put the quotient metric from f' E on L and the subspace metric on
E'.
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Theorem 2.5. Let H = c1(O(1)). Then
(1) the map A.(X)®n to A.(IP(E) by sending {xo, x1, ... } to

xs H` is injective.
(2) the image of the above map is the set of all objects whose curvature

is of the form Ei xiH''.

Proof. The theorem is valid for A. via the forget morphism A. -> A., and
for A. via the morphism h. So we only need prove the theorem for kernel
of as in A*.

The first assertion follows from the fact that ir,(ir*a A Hen-1) = a for
all a, and a,(7r*aAH")=0for 0<i<n-1.

The second assertion follows from the fact that if 8a a = 0 then a is
closed up to the image of 8 and 8. This implies that a is of form Et x'H"
up to the image of 8 and 8.

We define Chern classes c;(E) as operators on A*(X) such that if ct(E) _
to - tsi-1c1(E) + then

e(cH(E))

Here EH(E) denotes the secondary characteristic class associated to the
chern-polynomial, evaluated at H. This defines operators ci(E) which in-
duce c;(E) on A*(X) and c;(E) on curvature.

This definition is natural if corollary 2.7 below should hold for the canon-
ical exact sequence k above.

Theorem 2.6. Suppose E = L1 ® L2 ®... then

et(E) = et(L1) et(L2) ....

Proof. We need to show that

n

e1(L+)) = e(EH(E))
i-1

We notice that c1(L)-c1(Li) is represented by ti = (Es, g;) with l, E; = 0
and g, = log Is, I for the morphism

si:Li-+E--'L.

So the left hand side of the above equation is e(a) for a form a. Also
the above equation can be shown in A.(X) via h. Let a' = (EEH(E)) and
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0 = a - a' then e /3 = 0. Now this is only a statement at oo, so can be
checked in closed forms. From now on we calculate in A. (Xe).

VYU use hild'uctior. on is to prove that N - 0.
Now

El (0,2.9(x'2 ... nh2 n...nhn
=(0,i.(al)+giAh2A...Ahn)

where a1 = ll 2(c1(L) - c1(Li))IE, and a'1 has the analogeous meaning.
If y is any closed form then

f.(a' Ahl A7) = f.(a' A(5E1 - 91) n7)

= (f1E1)*(a'IEl A7) - n91 A7),

Since a'1E, = hl eel, and since ai = ai by the induction hypothesis

t /_ L - /LI \ /_ LJ. ku A hi '' -y) - (J IE1 ).1(21 '\ act
n

A -y )+ J*(hl' 11 hi ''Yl /\ -T)
i=2

((I ., \ (n.' A h .\J IGI/-\"'1 ....1
n

Av\4- f (h..TTh A n. ANA
ri -

J'\'-i ll'-%''y1., r/
i=2

n

=(fl(a'IE_ A -r) + f_(h, flh: A0, A-v)11
i=2

= f. (a' A hi A 7).

Hence f» (Q A h1 A 7) = 0 for all closed forms 7 and so /3 A h1 = 0. Sym-
metrically ,0 A hi = 0 for all i.-n-1Write p = 2..i=o pill'. If Pn-1 = U then we derive that all pi = U for
i $ 1. But 8n-l has degree 0 so it suffices to show that it vanishes at each
point. We thus may assume that X = Spec C and E _ C' .

By embedding to IP1 we may then assume that X = IP1 and L1 = 0(1)
and Li = O. Since Oh1 = 6h2 = 0 so 3(h1 - h2) = 0. This implies that
/3c1(OX(1)) = 0 and this implies that /3i-1 = 0.

Corollary 2.7. Let E : 0 El - E2 -4 E3 - 0 be an exact sequence of
hermitian bundles. Then

ct(E2) - ct(Ei)et(E3) = Zt(E)-



28 Lecture 2

Proof. The assertion is true if E2 = ®Li and El and E3 are subsums. In
general taking the base change

Flag(Ei) x Flag(E3) -+ X

we may assume that El and E3 have complete filtrations and so does E2.
We now can construct an exact sequence

E:0--'El --'E2-: E3 -40

on X x IP'1 such that over X x 0 this is E and over X x oo the bundle E2
is a direct sum of line bundles and El and E3 are subsums of E2. Now

= ct(E2) - ct(El)ct(E3) - ct(E) has the property that as w = 0 and w is
0 over X x oo. This implies that w = 0 on X x 0.

All the usual identities about Chern classes now holds. First of all by
the result in lecture 1 and its anologue in forms they hold up to

e(ker 8a)/(Im(e) + Im(a)).

Then we can use the splitting principle and deformation to sums of line
bundles.



LECTURE 3. LAPLACIANS AND HEAT KERNELS

In this lecture we intend to compute the asympototic expression for the
diagonal values of the heat kernel of the Laplacian on Riemannian manifold
X x R k where X is compact and the metric is invariant under translation
on Rk. First of all we study the Sobolev spaces and Garding's inequality
and prove the existence of the smooth heat kernel. Then we prove that the
asymptotic formula for the diagonal value a-t°(x, x) depends only on local
data when t -- 0.

SOBOLEV SPACES

Let f E Co (IIkm). We define the Fourier transformation f off to be

fw = x = feif()dx
TM

where if x = ( then g = It is
easy to see that I f IL3 = If I L]. So we can extend the Fourier transformation
to an unitary endomorphism of L2(lP?m).

Let s be a real number and f E Co (III"''). We define

IfI; = J (I + IEI2)5if(S)I24.

The Sobolev space H, (R') is defined to be the completion of Co (Ilu m)
with respect to the norm II,. For example the b-distribution is in H,(Rm)
for s < -M as its Fouriertransform is constant.

We fix the following situation
By a triple (X, E, VE) we mean a Riemannian manifold X of dimension

m and a metrized vector bundle E and a Riemannian connection VE on
E. We almost always assume that X is a product y X IRk with Y compact,
and that either E and VE are the pullback of a metrized vector bundle
Ey and DE,r on Y x IRk, or at least a small perturbation of such. (See
below for the definition of "small perturbation.") In fact what matters
is that we can cover X by finitely many coordinate charts such that all
transition functions have uniformly bounded derivatives, and that X has a
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complete Riemannian metric. The latter condition is necessary to construct
cutoff-functions with small derivatives.

Let D: he the open unit disc in R'. We can find a finite covering U; of
Y and open embeddings {o; : U; --+ D,,,_k x Rk} such that the restrictions
of E and VE to U; is the pullback of some pair (E', VE') on Dm-k

We have .,,... h:e...-. L/,. . Ti'1__ l)d I T . f f_1 be . f'+inn -flyt -ju. ' "U;J tytJ .. par-:.,..,..
the unity for {U;}. If e E Co (X,E) then z/i;,(g;e) can be witten as
0*(fi,i, . .

, ft,d) where f;,j's are smooth functions on Rm with compact
-.esupport. LTeo a 3 U G _ 4 real number.L.__.number.11UG1

lel. = E Ift,j I,
i,j

for and e E Co (X, E). It is not difficult to prove that the equivalence class
of this norm on C00°(X, E) does not depend on the choice of {U;}, {Oi}, {O;}
and {g;}. The Sobolev spave H,(X, E) is defined to be the completion of
C0 (X, E) under this norm II8. One easily shows that H,(X, E) is the dual
of H_,_,(X, E), using cutoff-functions on the R'-factor.

Let a = (al, a,,,) E NT1. We fix the following notations:

Ial = V ai,

d° _
ax°,*

1 ,..

Theorem 3.1.
(1) Let K be any compact set in X. Let s > t. If { f} is an infinite

sequence of functions in CK (X, E) which is bounded in the norm
II, then we can find a subsequence of {f,,) which converges under
the norm lit.

(2) Let t be a positive integer and s > t+ dl ,X X . Then H, is contained
in Ct(X, E) and we have a constant c such that

(3)

Iel. t < clel,

where lel.,,,t is defined in a similar way as lel,: locally we define

Ifl.,t = max Id°'f(x)l.

Let u, s, t, c be real numbers such that e > 0 and s > t. Then we
can find a constant c such that

ifit < Eifi; +cifiu.
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Proof. Fix {U},{%},{} and {gj} as above. It is easy to see that we
need only prove the theorem for Uj and for the trivial line bundle. We may
assume that X = lR' and E is the trivial line bundle.

For (1) let g E Co (IIBn) be a function such that g = 1 in a neighborhood
of K. Then g fn = fn and so

fn(x) = g * fn(x) = f fn(y)9(x - y)dy.

Hence

If//n(z)I

J Ig(x-y)Ilfn(y)Idy

<-IffIs[f I9(x - y)I2 (1 +
Iyl2)-,dy]

<c h(x)

where h is a continuous function of x, and similar for all derivatives of
fn(x). So there is a subsequence of fn which we will still label by fn, such
that fn(x) converges uniformly on each compact set of R'. Let s > t and
r be a positive number, then

Ifj - fkl

= f Ifj-fkl2(1+Iy12)`dy

= Ifj - fki2(1 + Iy12)`dy+ J I - f(1 + IyI2)tdy
IyI <_r yI>r

<cr Ifj fk Imax,D,. + 2c(1 + r2)t-3.

We can fix a r so that the second term of the last line is arbitrarily small.
For a fixed r we can choose bigger j, k so that the first term is arbitary
small.

For (2) we notice that if t = 0 then

If(x)I2 = If(x)I2

=If ei,,yf(y)(1 + IyI2),(1 + IyIZ)-'dy]2

<c1lf I2

since f (1 + IyIZ)-'dy is bounded for s > M. . So we obtain that If Ioo,o <
calf I, . For any a by the same method we can find c,, such that
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Idafl.,o < calfI..

Let ct = maxjaj<t{cacl} then we have that

Ifl-,t <_ ctlfId.

Lecture 3

The assertion in (3) follows imediately from the following estimate for
allzER':

(1 + ixl2)t < E(1 + (x12)3 + C(1 +
Ix12)u

where
c = max(1 + Ix12),-u((1 + Ixl2)t-, - E).

X

ELLIPTIC DIFFERENTIAL OPERATORS

Let (X, E, V) be a triple as before. Let P be an endomorphism of group
sheaf of E. We say that P is a differential operator if locally when X = Ilk'
and E = O" then P can be written in the form

P=p(x,D)= E A,, (x)Da
1aI<d

where Aa(x) E Endo,, (E) and p(x, y) E Endo,, (E) (y). We alway assume
that Aa are bounded in Endo, (E). It is easy to check that P can be
extend to be a bounded morphism from H,_d to H,(X, E). We say that P
is elliptic if locally

det ( E 0

lal=d

for E#0.
We say P is uniformally elliptic if for a fixed data {Ui, ¢i, Ypi, gi} we can

find a constant c such that

11
Ial=d

>- c1Fjd

on Ui. P has constant coefficients if it is invariant under IF'-translations
in X = Y X Rk. We say that P is close to an operator P0 with constant
coefficients if P = Po + bP, where P0 is constant and bP is small in the
following sense:



Laplacians and Heat Kernels 33

- All derivatives of the coefficients of bP are uniformly bounded on X.
- The coefficients of the leading term (of degree d) have sup-norm < e, for

a small
enough e.
Usually assertions for constant Po generalize to such P, by treating bP

as a perturbation. We have the following theorem:

Theorem 3.2. (Garding) Let P be an uniformally elliptic differential op-
erator on E such that P is close to an operator with constant coefficients.
Then there exists a constant c such that

Ifls+d < C(Ifl, + IPfI.).

Proof. We show that If I .,+d < c(If Is+d-1 + I P f I,). Using the trivialisations
on Ui it suffices to treat the case where X = R'"-k x R k, k, and f has support
in a product K x Ilkk, K a fixed compact. It suffices to show that any xcK
has a neighborhood U such that the assertion holds for f with support in
U x Rk. Also by perturbation we may assume that P = Po is R" invariant.
Let x = 0. We then have the following decomposition

P=Po+P1+P2

where PO = Elal__dAQ(0)Da, P1 = Elal<dA,,Da and P2 = Elal=d(Aa -
Aa(0))Da. We have

IPA > IPofls - IP1fIs - IP2fl,

= I IP1fIs - IP2fls.

lal=d

Let cl be the constant which does not dependent on p such that

I E
lal=d

For c2 big enough we have

I Pf I s >
2

I(1 + Ix12) 4 f 1, - C21f Is+d-1 - I P2f Is

=
2

IfIs+d -C21fIs+d-1 - IP2fls

It is obvious that IP21 continuously depends on the coefficients of P2.
But P2(0) = 0. So there is a neighborhood U. of p so that (with c2 big)

IP2fls <
4 Ifls+d+C2' IfIs+d-1
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for all f E Co (Up). Finally we have

I Pf I s >_
4

If Is+d - 2 C2If Is+d-1.

Quite similar to this proof one shows that if f and P f are both in Hs, then
f lies actually in Hs+d.

The following theorem is a beautiful application of theorem 3.2.

Theorem 3.3. Let X be a compact Riemannian manifold. Let E be a
hermitian vector bundle on X. Let P : E -+ E be an elliptic differential
operator of order d > 0. Then ker P is of finite dimension.

Proof. Let f E Hd with If Io = 1 and P f = 0. Then by theorem 3.2
If I d < C. Since Hd C Ho is compact such f's form a finite dimensional
space.

It also follows that a formally self adjoint elliptic P defines a self adjoint
operator in L2(X, E) = Ho(X, E). More precisely any P has a formal
adjoint Pt such that
< P f, g >=< f, Ptg > for f, g e Co (X, E), Let <, > denote the L2-inner
product defined by the metric of E and the measure on X given by its
Riemannian metric. Then any pair (fl, f2) of elements of L2(X, E) which
is perpendicular to (-Ptg, g), all g E CO -(X, E), is the L2-limit of elements
(f, P f) with f e Co (X, E):
It follows that f2 = Pf1 in the sense of distributions, so f1 is in Hd(X, E).
Approximate f1 in the Hd-norm by elements f e Co (X, E).

Let us recall that an operator A in a Hilbert-space H is selfadjoint if its
domain D(A) is dense, if < Ax, y > = < x, Ay > for x, ye D(A), and if
A coincides with its adjoint. If this holds we obtain a spectral measure E
such that A = f A E(da).
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HEAT KERNELS

Let A be a closed, densely defined self-adjoint operator of a Hilbert space
H such that for any x E domain (A) we have

< Ax, x >> -clxH2.

We denote by End H the set of bounded operators of H.

Lemma 3.4. There is an unique smooth map K : (0, oc) -* End H such
that

i

K(t) + AK(t) = 0at

lim K(t)x = x for any x eH
t-.o

Proof. We could use the spectral theorem. Another approach goes as fol-
lows. It has the advantage that it also works for perturbations A + 6A of a
selfadjoint A, where bA satisfies IIbA(x)II < rIIA(x)II+ cllxll, with constants
r, a such that r < 1. (x E domain (A)): Define an arc

ry= {z(t) = ItI - E - c - ti,t E ll.}

For any ) E ry, a E (-c, oo) we have I.1- al > e. So we have that .1 - A has
a continous inverse in End H and

II(A - A)-'II < e-1.

We define
K(t) = e-At = 2 i l e-at() - A)-'da.

7

Then it is easy to show that e- At satisfies the conditions of the lemma.
Suppose now that two different operators K1, K2 satisfy the lemma.

Then for some z # 0 we have x(t) = (K1 - K2)x # 0 so we have that

dtx(t) +Ax(t) = 0
{ x(0)=0.

This implies that dt Ix(t)I2 < 2clx(t)I2. So

Ix(t)I2 < Ix(0)I2e = 0.

We get a contradiction.

Let (X, E, V) be a triple as before and P a positive self-adjoint dif-
ferential operator on E. Then by the above lemma a-pt exists. We are
interested to represent a-tp by a smooth kernel function, the heat kernel.
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Theorem 3.5. Let P be positive selfadjoint operator on E which is uni-
formly elliptic and close to an operator with constant coefficients. Then
e-Pt is represented by a smooth kernel

K(x, y, t) E CO°(X x X x (0, oo), End E).

Proof. For any n > 0 and any t > 0 we have

to Pne-tP =
Z

Ane--(A - tP)-'dA.
2

7

This implies that tnPne-t' as an operator on L2 has bounded norm uni-
form in t. By Garding's inequality we have that e-tP maps L2 to H. So
the morphism f -+ (e-tP f)(x) is represented by an element a(x, t) in L2.
Let

K(x, y, t) =< a(x,
2

), a(y, 2) >

Then K(x, y, t) is a smooth section of the hermitian vector bundle End E
on X x X x (0, oo). It is easy to verify that K(x, y, t) represents e-Pt.

We need to understand how the heat kernels depend on the operators.
We start from the non-homogeneous equation:

dtx(t) + Ax(t) = y(t),
{ x(0) = X.

Such an equation has the unique solution
t

x(t) = e-Atx + r e-°Ay(t - s)ds.
0

Now let SA be a self-adjoint densely defined operator on H such that there
is r E (0, 1) and c with

I<bAx,x> I <r<Ax,x>+c<x,x>
For any x E H, let x(t) = e-t(A+6A)x Then bAx(t) is defined and

dt x(t) + Ax(t) = -bAx(t)
{ x(0)=x.

So

or

t
x(t) = e-Atx + o e-3A(-bAx(t - s))dt

0

e-t(A+6A) = e-tA _ jeAe_(t_)(5A)ds.
t

Repeat this several times to obtain
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Lemma 3.6.
-t(A+6A)

nE/-,)n(-1)n

where

R_ .

a;>0
a o+... =t

a;>O

e-a0AbAe-a1A6A ... e-a-Adajda2 ... dan

e-a0AbA ... e-a°AbAe-an+1(A+6A)da1 ... dandan+l.
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This perturbation expansion will be very important for us. One conse-
quence of it is the formula

(e-A(a)) _ - !
-aA(a) d A(s)e-bA(a) da.ds' f

a+b=1
O<a,b<1

LAPLACIAN FOR RIEMANNIAN VECTOR BUNDLES

Let (X, E, vE) be a triple as before i.e. the metrics on E and X are
close to product-metrics. We have an induced metric on E 0 S2x = E ®TX .

The L2 norm

(f, 9)=J <f,9>
induces pre-Hilbert structures on Co (X, E) and Co (X, E ® Slx ). The
connection VE becomes a linear operator of pre-Hilbert spaces:

VE : Co (X, E) --+ Co (X, E ®Stx).

Lemma 3.7.
(1) VE has an adjoint V j,
(2) 1E = DE DE is a positive, self-adjoint, and uniformly elliptic

operator operator on Co (X, E) close to an operator with constant
coefficients.
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Proof. The inner-product on E induces a pairing

<,>E:(E®SZ')®(E®cZ)-Q'

such that
< el owl, e2 ®W2 >E_< el, e2 > w1 AW2.

If x is in E ®11k then we have

d < x, y >E_< Vx, Y >E -}-(-1)k < x, Vy >E .

Lecture 3

Let dx be the volume form on X induced by the metric on X. We define
an operator

*:S2-+ Slm-1

such that

< W1, W 2 > dx = W1 A *w2.

This operator induces a * operator from E ® Q to E ® Q'- 1. We define
vi by the formula

vi(a)=-°E*a
dx

Let a E Co (X, E ®S2) and Q E Co (X, E) then we have

<3,Via>dx(0, Via) =J
X

J <VEA*a>E
X

= J d<A,*a>E-I

= va > dx.
Ix

<0,VE*a>E

This implies that °i is the adjoint of VE.
We want to compute DE locally. Let p be a point of X. Let VLC be the

Levi-Civita connection on Tx. We may choose local coordinates {xi} for p
such that { az- } is an orthonormal basis for Tx (p) and

LC 8 LC 8
(p) =

We also choose a local ON-basis for E which has derivatives zero at p.
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Now we have

AE(a)(p) _ -(DE * Via dxi)/dx

_ -(DE Via(-1)t-'dxl ... dxi ... dxm)/dx

This proves that DE is uniformly elliptic and positive. The fact DE is
symmetric on Co (X, E) follows from the definition.

Let X = Y x Rk denote a Riemannian manifold as before, (E, V) a
hermitian bundle with connection. We assume that all metrics are close
to metrics induced from Y, so that all differential operators are close to
constant ones. We consider such an operator P on E of the form P = DE+
terms of degree < 1. Let K(t) = K(t, x, y) denote the kernel representing
e-tP. We want to study the behavior of K(t, x, x) as t - 0. For example
for X = Ilk' with the standard metric we have

K(t, x, y) _ (47rt)- exp I (x - y)2
/\ 4t

Our strategy will be to compare K(t, x, y) to this kernel, defined for the
canonical metric on the tangent-space T = Tx,x of X in x. So we choose a
fixed xeX, and all estimates will be uniform in x.

Choose a small neighborhood U of x, and an open embedding U C T
which sends x to 0 and has differential one at x. In the following we consider
a sequence of cutoff-functions cp,, which have support in an e-neighborhood
of x in U. We also assume that cp,ti = 1 near x and on the support of p,,,+1.
We can choose the ton's such that their k-th derivatives are bounded by a
multiple (depending on n) of C. For the moment we choose c fixed, but
later we shall vary it proportional to t°`, some a > 0, and thus we have
to keep track of the dependance on e of all constants. We assume that c
is bounded below by a multiple of t * . We denote by On the differential
operator An = 4n P + (1 - Wn)LT on T.

Let Kn' (t, x, y) denote the kernel of a-t°-, defined for x, yeT. It follows
that for l > n tot Kn(t) <pt and tot K(t) tpt can be considered as
kernels on U x U, and thus as operators on L2(T, E) as well as on Sobolev-
spaces. However before we proceed we scale T by a factor of t2'. This
way U now becomes a neighborhood of OfT of size - t- 2, tP becomes
Pt = OT+O(t' ), and the heat-kernels K(t), Kn(t) get a factor ti, because
of the changes in volume-forms. Finally the cutoff-functions tot now have
k-th derivatives of size bounded by a- lt2 << 1.



40 Lecture 3

Now consider the operators (for 0 < it < 1).
Kt(u) = cpt

a-up`
cot

and
Kn,t(u) = cpt e-uLl^cpt

Lemma 3.8. Let a < b denote integers
1) As operators from Ha(T, E) to (Hb(T, E) the norms of Kt(u) and

Knt(u) are bounded by a multiple of uab
2) u 0 Kt(u) uio Kn,t(u) = cpt

3) (a + On)Kt(u) = [A', cot]e-ul
of

a AI \V1 r.. - rA/ o-uon, r - o
'- ou T `''n) L`-'n' ru -

Proof. 1) follows easily from Garding's inequality, 2) is obvious, and so is
3) as on
supp (cpt) On and Pt coincide.

Note that (An, cpt) is an operator of degree < 1, whose coefficients have
r00 1l/ -norm << c - 1.

3.9. Assume a < b are integers, n fixed.Theorem
As an operator from Ha(T, E) to Hb(T, E) the norm ofb Kt(u) = K'n,t(u)-

Kt(u) is for l > n+r bounded by a multiple ofE-'t i u+, for any integer
r. The same bound holds for Vt+iK(u) (1 - cot) and (1 - wt) Kt(u) <Wt+l
(which express K(u) away from the diagonal) .

Proof. We show the assertion by induction on r. The case r = 0 follows
3.8. As bKt(t) approaches zero for t -+ 0, and as

a

au
+A,', bKt+1(u) = One cPt+1]bKt(u)cot+j

we have

u

b Kt+1(u) = J Kn(u - v) [An, cot+i] b Kt(v)cot+i - dv

0

Now estimate the norms in the integral as follows:
Note that tnAn a-t° has norm bounded by sup{ana-A I. > 0} < oo.

Thus Garding's inequality implies bounds in Sobolov-norm for a-'A. The
same is true for small enough perturbations.
If 0 < v < a:bKt(V)cpt+1 as operator from Ha to Ha has norm bounded

by a-r 0 u5.
6Kn' (u - v) as operator from H,,_1 to Hb has norm bounded by u 2-1

Wn, Wt+1]
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as operator from Ha to Ha_ 1 has norm bounded by e- It ' . So the integrand
has norm << E-1''+ilt

u`_ea,-1

If t <x<t:
SKG(S) as an operator from H. to Hb+l has norm bounded by e-'t i

u&1- 1.

Kf1

(t - s) as an operator from Hb to Hb has bounded norm. Finally [On, cpt+i]
gives a contribution of size e- It 2 .

All in all the integrand again has norm < < c 1r}11 t2 u° ,2 By
integrating the result follows.

The proof of the second assertion is quite analogous.

Corollary. ti (K(t, x, x,) - K;(t, x, x,)) is Coo on [0, oo) x X, and has
Taylor-series = 0 at t = 0.

This follows by integrating against b® ® bx and use of the perturbation
series in lemma 3.6: Only the behavior at t = 0 might cause problems. We
have to show that K(t, x, x) has an asymptotic expansion as t -, 0, and that
the derivatives of this asymptotic expansion coincide with the perturbation
series. But theorem 3.9 tells us that in this series we may neglect terms
K(t, y) where the distance of x and y is >> t:, and in the remaining terms
we may replace K by K'. A priori it only seems to be COO in t2' , but it is
invariant under t A --+ -0..

It remains to consider the Taylor-expansion of t i K, (t) at t = 0. For
this we choose a of size t * (any exponent between 0 and 1 would do). Then
after scaling tA' differs from AT by an operator bP of order < 2, whose
coefficients have COO-norm bounded by a multiple oft-41. It follows that the
Taylor-series in question is given by a perturbation expansion as in Lemma
3.6., i.e. by the sum

00

D-1)G
G0 I

ao+ +at=u

Here the terms a-°`4°T are classical heat- kernels, i.e.
( _ *-v 2

As these decrease rapidly off the diagonal one then checks that in the
formal expansion above we may replace bP by its Taylor-series at the origin
(which has only finitely many terms modulo t', for any r). That is to
compute the Taylor-series of t i K(t) we may treat P as a perturbation of
AT and expand everything formally in power-series. As a result we obtain

Theorem 3.10.
a) (4at) 2 K(t, x, x) is COO on [0, oo) x X, and has value 1 at t = 0.
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b) Its Taylor-series at t = 0 can be computed as follows: Choose local
coordinates at x and trivialize E. Expand P in a Taylor-series at
x, and set bP = P - AT, where AT is the constant Laplacian on
T = T.,,. Then formally expand e-t( T+OP) using the heat-kernel
for a-tAT and the Taylor-expansion for OP.

The resulting coefficients are polynomials in the coefficients of OP.
We also need a relative variant of the theory. Assume f : X -+ Y is a

submersion of compact Riemannian manifolds, of dimensions m respectively
k. Choose x, y e Y, let Z = f-1(y) C_ X, and T = Ty,y. The resetriction
of the tangent bundle TX to Z splits orthogonally into TxZ = TZ $ Ty,y.
Choose an open neighborhood U of Z in X and embed it into Z x T, with
differential 1 on Z.

For a positive s > 0 consider the metric g, = gx + s-' f `gy on X,
and its Laplacian A,. Its leading term looks like AZ + sAy + terms in s2.
We consider the heat kernel e-t° = K(s,t) on X, and want to compare
to e-t(o$+3AT) on Z x T. To do this we now use cutoffs gyp, which are
pullbacks of functions on Y, with support near y. However, as we have to
use the metric g, for Sobolev-norms, we change coordinates on Z x T by
scaling the factor T by f. In the new coordinates U has size ti 1/f in
the T-direction, and A, = Az + AT+ lower order terms. We then first
compare K(s, t) to the kernel K'(s, t) obtained by cutting of the difference
to OZ + AT. For this one uses the differential equation (in t) satisfied
by (pt (K(s, t) - K'(s, t)) apt, and successive integration as before. The key
is that the coefficients of [A, ,Wt] have the norm bounded by s'2. All in
all we see that Vi(K(s,t) - K'(s,t)) ,t is O((st)') for any r. Finally we
compare K'(s, t) to the heat-kernel for Az + AT which is the product of
the heat-kernel on Z with the classical heat-kernel on T. All in all we easily
obtain:
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Theorem 3.11.

(4at) 2 s K(s, t, x, x) is C°° on [0, oo)2 x X.

Its Taylor-series at s = 0 (respectively s = t 0) can be computed by
applying formally the perturbation-series of Lemma 3.6 to the Taylor-series,
comparing to the heat-kernel on Z x T respectively Tz, x T = Tx,x



LECTURE 4. THE LOCAL INDEX
THEOREM FOR DIRAC OPERATORS

We will prove the local index theorem for Dirac operators on compact
Kahler manifolds in this lecture. After some standard discussion on Dirac
operators we prove the local index theorem in the absolute case by applying
the results of the last lecture. The super-Dirac operators are defined to be
the limits of Dirac operators in the sense of Clifford algebras.

CLIFFORD ALGEBRA

Let V be real vector space of dimension 2n with a quadratic form Q.
The Clifford algebra C(V) = C(V, Q) of V is defined to be

T(V)/ < v2 + Q(v)Iv E V >

where T(V) is the tensor algebra ®r>o®r V. (This is the analysts convention.
In algebra one usually uses the opposite sign.) This is an algebra of degree
22t over IR. and there is a filtration F on C(V) defined by

F,(C(V)) = (1[8 + V)',

and gr;C(V) = A*V. One example is the case Q = 0 which gives the
exterior algebra A`V. We have a bijective map from A'V to C(V, Q) by
sending. to

Aa

It
sgn(o,)vo(1) ... vo(i)

O

where o runs over the set of all permutation of (1, 2, 1). In this way we
may think of Clifford algebras as deformations of the exterior algebras.

We assume that Q is non degenerate. Let C(V) = C+(V) ® C_ (V) be
the decomposition of C(V) into even and odd parts. We say elements in
C+(V) have degree 0 and those in C_ (V) have degree 1. We define the
super-commutator {, } in the following way:

{x y} = xy - (-1)degreexdegree yyx.

It is easy to see F2,1 is generated by super-commutators.
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Let us construct a complex representation for C(V) as follows. Let J
be a complex structure on V, that is an orthogonal endomorphism of V
with the property that j2 = -1. Let V(C = A ® A` be the decomposition
into eigenspaces of J. One obtains an action of VV on S(V) = A' A: the
elements of A operate by exterior multiplication and those in A' by inner
multiplication:

n

v'(vlAv2A...AVn)=-2. <v`,Vi >v1AV2Avi...Avn.
i=1

By counting dimensions we have that

C(V)cC = Endz(S(V)).

Let S = S+ ® S_ be the decomposition into even and odd parts. Let e
be the endmorphism of S which is 1 in S+ and -1 in S_. The super-trace
is then given by

tr,(x) = trex.

Let vi be a basis in A such that < v1, vj >= bi,3, and let w = v1 A vl A
. . v A A. Then (-

2
)nw tr, is just the morphism

Tr, : C(V) -> C(V)/F2n-1 = A2n(V)

Now we want to study the limit of Clifford algebras. Let Qn be a series
of quadratic forms on V. We say a series of Clifford elements cn E C(V1 Qn)
converges if there is a series of elements to in A (V) which converges and
whose elements have images cn in C(V, Qn). It is easy to see that if cn
converges then Tr,(cn) converges to Tr, to, where to is the limit of the tn.

We assume now that Qn has a limit Qo. Then if cn converges then we
have to in T(V) as above whose image co in C(V, Qo) will not depend on
the choice of tn. We call co the limit of en. In this case we have

lim(cn + c'n) = lim cn + lim ctt

and

lim cnc;, = lim cn lim cn.
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DIRAC OPERATORS

Let X be a Kahler manifold of dimension n. Let S1X/1 be the the bundle
of one forms with induced metric. Let

QX/C = 1X/1E ®m cC = Q1'° ®0°'1

be the decomposition into holorriorphic and anti-hoioriiorphic parts accord-
ing to the complex structure of X. We denote by C(X) the Clifford algebra
with respect to the inner product on QX/jE. Let S(X) = 52' = A 11°,1 be
the bundle of anti-holomorphic forms. Then we have a complex represen-
tation of C(X) on S(X). As metric on S(X) we choose on 1?°,P 2P-times
the hermitian metric. In this way Clifford-multiplication by real elements
of 11 is antihermitian.

In the following we shall distinguish between t and S(X) as they have
different metrics. With these conventions S(X) is well adapted to the study
of the Dirac-operator.

Let E be a hermitian vector bundle on X with the unique hermitian and
holomorphic connection VE. Let VLC be the Levi-Civita connection on
TX which induces a connection on S(X) which we still denote VLC. Let
VLC ® 1 + 1® VE be the induced connection on S 0 E which is hermitian
and holomorphic. Locally let e; be a basis for TX and let fi be the dual
basis for SZX. We have the following definition

Definition: The Dirac operator D associated to VE: S 0 E --4S 0 E is
defined to be

2n

D = five;.

This is independant of the choices.

We have the following properties for Dirac operators:

Theorem 4.1:
(1) Let D* be the adjoint of D with respect to the L2 norm. Then

D' = D.

(2) Let 8» be the adjoint of 8 (for the metric on S(X)). Then

D=8+ 8'.
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Proof: Let x be a vector field on X. Then we have a diffeomorphism for
any small t > 0:

expi(x) : X --+ X

by sending (p, t) to expr(tx(p)). This induces an endomorphism of A* TX
y - exp(tx)*y. We denote L. the differential of this morphism:

d
dt

It is easy to see that L. is a derivation on At TX, Lx (f) = x(f) if f is a
function, and Lx(y) _ x, yI if y is a vector field. in the same way we can
define a derivation L. on n`SIX:

r /.A d
LXkul) dt

eht,kc.,) W.

We have that for any y in TX and any w in *

x(w, y) _ (L. w, y) + (w, Lx y),

and also

Ix
Lx(<f,9>dx)=0.

In other words

(<Vxf,9>+<f,vx9>+Lx(dx)
dx <f,9>)dx=0.

This implies that
Lx(dx)

vx=-vx-

dx
Assume that the ei are orthonormal then el A ... e2, is dual to dx. So

Lxdx _ Lx(e1 A...Ae2,,,)
dx

2n

_ < [x, ei], ei >
ticl
2n

_ <vxei-Vex,ei>
i-1

2n

1: < V,,x, ei >
i-1



48 Lecture 4

(as < vxei, ei >= 1 z < ei, ei >= 0) Finally

D» _ - V :, fi

Evifi+E<vjfi,Jj>fi
i,j

E vi fi
i

Efivi
i

This proves (1). For (2) we may choose a complex basis ei for TX'° and fi
its dual in Ox . Then

D=>five,+Efi0z;.

But vt; = ei so E fiv£: = (1) is equivalent to

(Efive,)r +a` _ E fivei) +a.

Comparing degrees we obtain that

five, = a .

This proves (2).

Recall that the curvature of a connection V is V2. It is not difficult to
prove that

R,,; = (V2, ei A ej) = vivj - vj Vi - V[,,,,,].

Theorem 4.2: (Lichnerowicz) Let A be the Laplacian of the vector bundle
S (9 E with connection V. Then

D 2 = - 4 < Ri j (fi ), fj > + 1: fi fj 0 (Rij (E) + 2 tr(R,,1(Tx'°))
113 i<j
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Proof: Let p in X. We may choose an orthonormal basis of TX such that
viej = 0 at p. Then at p we have

D2 =

i i<j

_ fifjvivj

_ vi +Effjvivj

_ +>fifj(VtVj - VVi)

_ - vi + fifj ®Ri,j (E) + 1] fifj Ri,J (X) ®1.

L fivifi vj
i,j

.L._ %J)) 1 3 3
i,j i,j

t<j

Rt j (X) = R acts as a derivation on S = A* 20,1. Change notations for a
moment and denote by ei a basis of the holomorphic differentials and fi
the dual basis of antiholomorphic differentials, under the complex linear
extension of the metric to clx,c = 01'° E) 00.1'. It then follows easily that
on S

R = 2 < R(fj ), ei > fi ej

< R(fj ), ei > (ej A fi)a + < R(fi), ei, >
10 i

The last term is half the trace of R on 112°,1 or half the trace of R on the
holomorphic tangent-bundle TX°. The first term can be rewritten in the
old notation, where now f , ei denote dual basis of TX - QX, as

1

4
< R(ek),el > fkf!

Thus
1

D2 =i + E fi fi 0 (Rtj (E) + 2 tr (Rij JT °))
i<j

1
+

R E < Rij(ek),el > fiijfkfl
t,i,k,1
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In the last term the curvature Rij acts on S2x. If we instead consider it on
TX this term changes sign. Using the identity

Ri,j (ek) + Rj,k(ei) + Rk,i(ei) = 0

(sketch of a proof: Assume that ei = alaxi are coordinate-derivatives.
Then the left hand side is the sum of Vi(Vj ek - Vk ej) and its cyclic
permutations)
one easily sees that this becomes a scalar, equal to

E < R-'j (f), fj >
i,j

This completes the proof of the theorem.

Choose local coordinates xi in which the metric gX is given by the unit-
matrix, up to order > 2, and let ei = a/axi. Then in the basis given by ei
the leading terms in Vi = ai + ri is given by

ri= - 121: >2

where Rij = E Rjk,, eke, + order 0.
k,i

Thus the term of Clifford-filtration three in D is given by

_2 E Rtjkl eixjeket
i,j,k,!

By the symmetries of the Riemann-tensor this has Clifford-degree < 1. This
also illustrates the remarkable cancellation which follow from the Kahler
condition.

INDEX THEOREM -ABSOLUTE CASE

Let X be a compact Kahler manifold of dimension n. Let E be a hermit-
ian vector bundle on X. We see from theorem 4.2 that the Dirac operator
Ds = D2 is an elliptic and self adjoint operator on S(X) 0 E. We write
exp(-tD2)(x, x) for the values at the diagonal of its heat kernel. This is an
element in End(S(X) (9 E). It is of interest because of the following global
index theorem:
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Theorem 4.3:

tr, e-D2 = J tr, e-tD2(x, x)dx = X(E)
X

where X(E) is the Euler characteristic of E:

X(E) = >(-1)iHt(X, E).

Proof: Consider the operator P = 1 + D2 on L2(X, S (9 E). By Garding's
inequality we see that P-1 is a compact operator on L2. Since D2 is self-
adjoint this implies that L2 has a decomposition into eigenspaces of P-1 and
also of D2. Decomposing L2 into eigenspaces we see that all contributions
cancel except those from the kernel of D2, which give the Euler-Poincare
characteristic X(E).

Although there is no simple formula for tr, a tD2(x, x), we can at least
compute its limit as t --+ 0.

For this consider e-2D2(x, x) as an element of C(X) ® End(E) ®0X"

Theorem 4.4: lim tr, (e-tD2(x, x)) = degree (n, n) - part of Td'(T1Y°)t-o
ch'(E).

Proof: We use the scaling and perturbation-expansion of the previous chap-
ter. Choose local coordinates zj = xj + i xj+,, near x such that the a/8zj
form an ON-basis of TX°, up to order > 2. Then the 8/8xj have norm /2,
so the corresponding Laplacian on the tangent-space is

2
E(8/8x3)2. Fur-

thermore choose a local ON-basis for 0011 (and thus S(X)) and E near x,
parallel up to first order. The ON-basis of S2X1 will in general be different
from the dzj. In these basis the connections have the form

Vj = a/axi + r;,
where rj E C(X) 0 End(E) has Clifford-degree < 2 and vanishes at the
origin. One derives that rj = 1 E Rjk xk+ higher order.

k

In the perturbation expansion we first have to scale coordinates by t 12.
Thus we have new coordinates x = t- 2 . xj, and derivatives 8 = t 2 8j
Also in the x the curvature gets a factor t, which however is cancelled if we
represent it by an element of the Clifford-algebra acting on E (9 S(X). We
derive from the Lichnerowicz-formula that in these new coordinates t D2
has the form

1 Y( a t
E Rjk(X)x)2+ + t E dxtdxj (Rj (E) + tr Rij (TX °))

2 axj 2
k i<j 27

+ higher order
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The "higher order" terms have a t-power which is greater than one half of
their Clifford-degree. Here the Rj's are considered as elements of End(E
C( X1) Tf wP rer,recent. them by PlemPntc of (:'(X\ Rnrl(F) they lnce their
factor t.

Also by scaling the super-commutators in C(X) we obtain a factor t, so
t hat II L _. 1: _.,.: 4 1 n . .l. a 1, _ .. t .. _: ,... ..1,......, A n _L1164 I L1LC 1111114 L ___+ V We can wo111 11'1 L11C a .1 CJ 1UL algebra / OOA' .

Now in the perturbation-series we obtain elements of Clifford- degree 2n
only with a power t' in front, and no higher t-power of the "higher order"
terms contributes. Thus for the limit we may neglect these and consider
the operator (defined as a perturbation-series)

exp{1E( 8
+ dxidzj (Ri_j(E)+1trRi.i(T.°))}

2 j 8zj 2 k i<i 2

Here the R,k and dzi,dn3 are considered as elements of the Grassmann-
algebra A*SZX. The second summand in the exponent contributes up to
some scaling a factor ch'(E) eF`1(Tz°). For the first one we proceed as
follows, following Getzler:

For inrleterminntes R:,. satisfvina R_ L = - RL. consider the value at
(0, 0) of the kernel of

` e 1 . .
(27r)" . exp (2 L (8z + 2 > Ri k zk))

k

This is a power-series P,(Rjk), with constant term 1, whose coefficients
are polynomials in the R,k. Furthermore this series is invariant under the
orthogonal group 0(2n, IR?), acting on the Rjk by identifying them with the
entries of a matrix in the Lie-algebra of so(2n).

Such a matrix has eigenvalues---±A1, , ±An, and the invariant polyno-
mials are polynomials in the symmetric functions of the )1i2. Furthermore
by decomposing IR2n into an orthogonal direct sum of even-dimensional
subspaces we see that there is an even Power-series ,j)(t)e1 t2 IR [[t2]] such
that

n

'n(tRRk) - IT 'D(t Ai)
i=1

Now in our case the R,k define the curvature-form of TX and T10° (using
JoV`L/n_7_LTflm \ -22 rr` 01U/7-b,,r A \ if _W_-C_ LQA..1__C

..0LL114
1.-a-1140 -&---..nt L11C 1L110W11 - J-11111C..-.-L1-1C--A _1'1

the curvature-tensor. Finally to compute the super-trace tr, we have to
collect terms of Grassmann-degree 2n. Up to some scaling-factor these are
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given as follows: The power-series 4) defines a characteristic class 4'(T'°)
of the holomorphic tangent-bundle of X. Then the super-trace in question
is equal to the highest-degree term in

4) (TX°) . ch'(E) . e i ci(TX °)

Thus X(E) is obtained by integrating this over X. If we apply this to
projective algebraic manifolds X and compare to the Riemann-Roch we
obtain that there are no scaling-factor, that 4'(t) = sinh(t/2) defines the
A-genus, and finally that the assertion of theorem 4.4 holds.

Remark 4.5.
a) One shows in the same way the following generalization: Suppose

a is a (p, p)-form on X, defining an element a' in C(X). Then

lim trs ((27r it)P a' e--tD2) Ia. Td(TX°) ch(E)

The factor 27rit comes from the fact that in one complex variable
the heat-kernel has as leading term (47rit)-ldzndz, and that d2Adz
has supertrace 2.

b) We have also computed the series 4'. We can apply this result to
any Laplacian of the form

2 2( a 2 Rik
xk)2

I k
axj

Suppose E = E+ ® E_ is a superbundle (i.e. Z/27--graded) on a C'-
manifold X. A superconnection on E is an odd X-endomorphism V of E ®
A*c2X, satisfying the usual connection rule. Then V2 E End(E) 0 A'1X is
A x-linear and even. Locally a superconnection is the sum of an ordinary
connection and an odd A* Qx-linear endomorphism.

A holomorphic analogue is given as follows: Suppose X is a complex
manifold. 7G-grade A`SZX by the rule that 12P,q has degree q - p. If E _
®nEZ E" is a 7G-graded Cm-bundle, then V should be a superconnection
which is a sum V = V' + V", where V has degree - 1 and V" degree +
1. For example if (E', v) is a complex of holomorphic hermitian bundles,
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Vo the hermitian connection on E _ ®E", then V = Vo + v + v` is a
super connection, 0' = Vo + v', V" _ 'V11 + v. If v is holomorphic then
p'2 = V"2 = 0, so that V2 has degree 0. We say in general that V is
holomorphic if V2 preserves degrees.

Suppose f: X -4Y is a proper and smooth holomorphic map of Kahler-
manifolds of dimension n respectively r, and E a holomorphic hermitian
bundle on X. We intend to define a holomorphic superconnection i7_ on the
C°°- direct image ff(E®A*c2X,'y) or better f.(E®S(X/Y)), considered as
an infinite-dimensional bundle on Y. This superconnection will be a limit
of the holomorphic connections associated to the metrics gx + s-1gy on
TX, as s -40. There are two ways to describe V:

a) Let S(Y) = A'SZY1 and S(X) = A*Q"' denote the spin-bundles,
equipped with the metrics scaled by s (i.e. on cly°1 the met-
ric has a factor s, etc.). Let D, denote the Dirac-Operator as-
sociated to f' (S(Y) ) * 0 E, that is D, is an endomorphism of
Nom (f' S(Y), E 0 S(X)). (Although this is not really necessary,
one can endow the dual of S(Y) with the holomorphic structure
given by identifying it (via the metric) with its complex conjugate
A *01'0.) Now 12x splits orthogonally into c2x ' f`12y ®Dx/y,
where the first direct summand is a holomorphic subbundle. Also
the splitting is independent of s and gy. This induces S(X)
f'(S(Y)) 0 S(X/Y), and

7lom (f' (S(Y)), E 0 S(X)) - E 0 C(Y) ® S(X/Y)

As s -+ 0 the Clifford-algebra C(Y) converges to the exterior al-
gebra h'cly, and the Dirac-operators D, have a limit which is the
superconnection V acting on the C°°-sheaf E 0 f`50 0 S(X/Y)
and also its direct image under f.. _

From this description we derive that V is holomorphic (as D,
has degrees ±1 and D, degree 0). Also on f»(E ® n'nx) the
antiholomorphic part V" coincides with a, which determines it
uniquely and also shows that V" commutes with base change Y1 -+
Y (replacing X by X1 = X xy Y1), and is independent of gy.
Applying this to E* = E and using complex conjugation we derive
that this remains true for V'. (The complex conjugate of E ®S(X )
is C°O-isomorphic to E* ®ctX° ® S(X), respecting connections.)

However we still have to check that the limit actually exists. To
do this we use the other description.

b) Let zeX and y = f(z)eY. Choose local coordinates z - a near y
such that dza is parallel on Y at y, i.e. gy is given by a Kahler-
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potential cpy = E 1z«12 + (order > 4). Then extend the za (or
a

better zao f) by local coordinates wi near x such that the dwi form
an ON-basis of Qx/y at X, and are orthogonal f`Ily. Finally we
modify the w; in such a way that the Kahler-potential S°y is of the
form wv = r IwiI2 + (terms of order > 2 in za) + (order > 4).

If we use the dw; and d2, as a local basis for S(X) = then in
thin hash the rnvariant rierivative4 are of the form V = a -4- r.. (IL

a or i) where aµ denotes the usual derivative and the Christoffel-symbol
I'µ e F2 (C(Slx)) is given by third-order derivatives of cpx. If we scale by s
we obtain s' 1 Z* o T, i s 1 t` T, HoweverPX,e = 'PX + J wy. µ,a µ,X + J µ,Y
the action of I'µ,y on C(Y) is via commutators, which introduces an extra
factor s and thus the limit exists.

This description is especially simple if Y is flat near y (which we can
always achieve by additing a term aaep to wy ): Write V, = aµ + I', with
I'µeC(X), and let s -, 0: Then C(X) converges to C(X/Y) ® A 1y, and
the Fµ to Fµ. Thus the superconnection is given by Vµd = aµ + I'µ.
However one has to be careful: In general (if Y is not locally flat) there is
nn well-rlefinerl 0 only the rnmhinatinn V' e.. V.. exists.

µ

Thus:

Theorem 4.6: V is holomorphic, independent of gy, and commutes with
base-change.

There isalso_ a "super-Lichnerowicz formula," where the Laplacian be-
comes - Di o 0;, the summation running over on ON-frame e; for TZ (Z =

fibre of f ). Note that the change of volume-forms from X to Z does not
change the definition of V, as the ei respect the volume on Y.

Also note that the V; changes Grassmann-degrees by at most two, and
the degree two part is determined by the difference between the pullback-
metric on f*Ty and the quotient-metric (from Tx). Finally the part of
degree one codifies the fact that the extention 0 G x -+ f`Ty 0

does not split metrically.
Finally we can relate the heat-kernels for D. and V2. Note that as oper-

ator on f. (E(&S(X/Y)) ®n'Qy V2 is of the form V ,Y + nilpotent terms.

Thus by perturbation-theory we may define the supertrace tr, (exp
which is a C°°-section of n`ny.

We define ch' (f.(E ® S(X/Y) )) as the C°°-section of A*Qy which indegree (-I-differs from tr, a-°2 by a factor (2k )'. We then have:
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Lemma 4.6:

lim J tr, a-D (x, x)dx = degree(r, r)- part of ch'(f.
0
X/Y

Proof: We now use the relative perturbation argument of the previous chap-
ter: Choose local coordinates zi near y e Y such that the a/azi form on a
parallel ON-basis of Ty up to order > 2, and also choose local frames. Fi-
nally in the Lichnerowicz-formula for D, scale the zi-coordinates by V ill
and compare the powers of s and the Clifford-degrees relative Sly, i.e. the
number of factors Sty in C(X) = C(X) = C(Y)®C(X/Y): One finds again
that the s-power is at least half the Clifford-degree. By the same argument
as before we then may replace the Clifford-algebra C(Y) by the exterior
algebra A* 2y, and do perturbation theory. The relevant operator is then
the sum of V2, the horizontal Laplacian, and the horizontal contribution
to cl(TJr'o)

To describe the horizontal Laplacian we use local coordinates za as before
(so that 'py = E Iza 12 + (order > 4)), and extend by adding wi's. One then

a
sees that up to terms disappearing in the scaling limit we may replace the
Christoffel-symbols ra on X by those on Y.

Now our perturbation-calculation proceeds as before, except that now
on Y we have the infinite-dimensional bundle f. (E ® S(X/Y)), whose
curvature is given formally by 02. However all the necessary algebraic
identities continue to hold in this context, and so we obtain the same result.
Namely the super trace converges to

ch'(f.(E) 0 S(X/Y)) Tdy .

So the lemma has been shown.

Remark 4.8.
Similar we obtain the following generalization: Assume that a is a (p, p)-

form on Y. Then

lo (2ais)P J tr, We D.2 (x, x))dx = highest-degree part in
X/Y

ch' (f. (E ®S(X/Y) )) a Tdy .
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The relative index theorem.
We now also scale the metric on X, replacing gx by t-'g_x and letting

t -+ 0. This way we obtain a family of superconnections Vt on f. (E
S(X/Y)) and chern-characters ch' (f.(E (9 S(X/Y) )). By the previous
chapter these have asymptotic expansions in t. Note that Vt differs from
t V i by a factor t- 21 for each Grassmann-degree in Sty .

Theorem 4.9:

tm
ch' (f. (E 0 S(X/Y) )) = J ch'(E) Td(TXO)

X/Y

Proof: It suffices to show that both sides have the same integrals over Y
against any (p, p)-forma on Y, with compact support. Instead we also may
integrate against a Tdy. By the previous lemma on the left we obtain for
a fixed t > 0 the limit

lym(2xst)P J
tr,(aae-tD )(x, x)dx,

x
(Taking into account that the action of as is scaled by tp).

By remark 4.5 the inner term converges for fixed s and t -+ 0 to f a ch'(E) Tdx.
x

(Again the a*-action is scaled as it depends on the metric. Now the factor
is sp.) On the other hand one checks that as s -+ 0 Tdx converges to
Is (Tdy) Tdx/Y. Thus on the left we obtain

fcr ch(E) Tdx/Y f' (TdY ),
x

which coincides with the integral on the right.

COMPUTATION OF SUBDOMINANT TERMS

We have seen that tr,(aa e-tD3) has an asymptotic expansion in t. The
leading term has been computed. Here we want to consider the next term.
However we can do this only if a is a closed (p, p)-form, i.e., da = 0. To
describe the result we first need some notation:
Denote by wx the Kahler-form on X. If dzj is a local ON-base of TX O,

then
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wx =
z

> dzj A dzj
2w

If bwx is a real (1, 1)-form we can change the metric gx to gx + ebgx (e
small) such that wxA changes to wx + bwx. In this procedure the A-class
Ax changes bye bAx, and the theory of lecture 2 provides us the a class
A(bwx ), uniquely defined modulo Im(8) + Im(8), such that up to higher
order in e

6Ax =
88Ax(bwx)
7ri

We extend Ax (bwx) to orbitrary (1, 1)-forms by linearity. Finally if a is a

(p, p)-form, we define as follows Ax (a):
Express a in a local ON-basis dzj, and write for any pair (j, k) a =
dzj A d2k A ajk+ terms not involving dzj or not involving dzk. Then

Ax (dzj A dzk) A ajk
j,k

With this notation we have

Theorem 4.10: Assume a is a closed (p, p)-form. Then

49
27ri ti+o

8t (27rit)p tr,(aae-tD') = 2. fA(c) , e; `1(T") ch'(E)
x

Proof: We show that this holds up to an universal factor. That this factor
must be 1 will be seen later, be computing an example. We compute
as follows, using the fact the tr, vanishes on super commutators. In the
following da, db will denote Grassmann-variables, and ( )db will denote the
term involving db, etc.:
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a tra(tpaae-iD') - a a tra(e-tD3+btya6)

at at (a/bb-o

-o
tra ((-

2
{D, D} + pbtp-la )e-tD'+btya°

ab b
))

= tra(Ptp-lane-tD2) + a tra(- iD{D,e-tD'+btPa`})

abb_o 2

= tra(e-tD2+pt7-ladadb
)dadb + tra(

1 De-tD2+tp{D,a°}db
)db2

= tr,(e tD2_4Dda+1'{D,a`}db+pt'-la°dadb)dad6

( -tDJ- Dda+tp-i{D,a`}db+ptv-la°dadb)
= tra a dadb

The exponent can be written as in a Lichnerowicz-formula. We define a
super-connection V' with coefficients in C[da, db] by the following rule:
Choose a local ON-basis ei of TX. Then

t-1 tp-
V = Vj -

2
ej da +

2
{ei, as}db

If we assume in addition that V j (ek) = 0 at the origin, then we compute,
using that ej Vj (aa) has degree < 2p - 1 (as da = 0) and that

J(ei{ej,aa}-{ej,aa}ej) _-4paa
i

( expand a as monimial in e's).
that

V? - tz
Dda + tP- I {D, s}db + ptp-laada db

+ (?) db,

where (?) is a term which has Clifford-degree < 2p - 1, has a tP- = in
front, and involves no da. It thus follows that the exponent in our previous
formula is of the type Laplacian + curvature, where the Laplacian is formed
with V; instead of V. Thus the limit as t -+ 0 should be given by a product
A-class Chern-class. However, we first have to clear up a small point: If
in local coordinates V? = ai + ri, the Christoffel-symbols Pi do not vanish
at the origin. However, if we formally conjugate with exp(E xi 1 (0)) we

i
do not change the trace, remove the constant term, and do not disturb the
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curvature-term because commuting with ri(0) reduces Clifford-degrees (as
the entries are of the form (degree one) A da or (degree one) A d b). Also
commuting with a quadratic exponent we get after conjugation

V, = 8j + 2 E xj Rk + higher order,
k

where Rj' k = [V', V'J denotes the curvature. In our case we compute

RRk =Rik - t41 ({ej,{ek,aa}} - {ek,{ej,a°}})dadb

+ (??) db,

where the (??) db-term will disappear at the end. Namely the limit as t , 0
is obtained by substituting R3 k into the Todd-class (considering Ri k as a
show-symmetric matrix) and the curvature of E + the term (?) db into the
chern-class. The db-terms disappear because they find no da, so finally we
only have to find the dadb-term in

r e, c,(TX) . ch(E).

x
It remains to use linear algebra to see that this is what we want it to be.

First of all one easily sees that it suffices to check the assertion for (1,1)-
forms, as the extension to higher degrees is the same on both sides. Now
if a is a (1,1)-form, we calculate in a local good basis zj: a determines
a change in metric bgx, and the change in curvature corresponding to it
is given by A the derivatives 88bgx. Thus the change bAx is equal to a
derivative of the A-polynomial, multiplied with 88bgx. One derives that
A(a) is proportional to the derivative at e = 0 of A'(Rx +ieQ), where Rx
is the curvature of X and bgx is given by a hermitian endomorphism Q of
TX °. But this just corresponds to the change from R2 k to Rj k.

Thus finally the theorem has been shown, up to a scalar factor which we
shall work out later.

THE RELATIVE CASE

Finally we show a relative version of Theorem 4.9. Let f : X - Y
denote a smooth map of compact Kahler- manifolds, and consider the metric
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gx,s = gX+s-1 f'gy on X. If a is a (p, p)-form on X the action as depends
on s, so we denote it by c .

We also obtain a superaction &a on f. (E ®S(X/Y) ). According to the
decomposition S1X = f`S2y ®S2X/y elements of n`S2y act by Grassmann-
multiplication, and n'S)X/y by Clifford-action as before. If we scale gX to
t-1gx, the action of f `Sly gets a factor t- .

As before the supertrace tr,(aa e-°') of as e-°' on f. (E ® S(X/Y) )
can be obtained by passing to the limit s -+ 0, if we scale it by factor ( 1. )P
in degrees (p, p):

lim JI tr,(a, z) = tr,(d' e-°2) TdY-0 ,
d

X/Y

up to scaling.
Now we also change the metric gX to t-1 gx, and let t -> 0. We obtain:

Theorem 4.11:
Suppose a is a closed (p, p)-form on X. Let tr,(iia e-°= )scaled denote

the supertrace modified by multiplying the (p, p)-part by (21Ri )P. Then

27ri l oat (27rit)P tr,(aa a-°t) = 2 J AX/y (a) e 2 e=1TX,Y ch'(E).

modulo Im(8) + Im(8)
X/Y

Proof: It suffices to show that both sides have the same integral against any
closed (q, q)-form A on Y (using that Y is Kahler). But then the assertion
amounts to theorem 4.10, applied to a A f * (Q).



LECTURE 5. NUMBER OPERATORS
AND DIRECT IMAGES

T^ 41.:e lecture a we a define 1 h the direct:..e,.4 image, fco ..,. a smooth proper map o.,FISA his l
arithmetic varieties. The idea is as follows: If E is an acyclic bundle on X,
endow F = f. (E) with some hermitian metric. Then f. ([E]) is the sum

__Q1T_r_en_cearacterl_ class wll-_Llcn_1_ _ pl___easures the Jnleof r j an'L [F' -' a secondary cn l

between F and ff(E ® S(X/Y) ). To define this class we need number-
operators and various estimates for Laplacians, which make up the bulk
of this chapter. There is also such a definition in [GS3]. 1 do not know
whether it coincides with ours. At the end we consider composition of
maps. References: [BFS1], [GS3], [Q1]

NUMBER- OPERATORS

We start with the finite-dimensional case. Suppose X is a complex
manifold and (E', v) a finite complex of holomorphic vectorbundles on X
(v: E' -+ E"+1 denotes the differential, which is a holomorphic map). Sup-
pose each En has a hermitian metric, and thus E = ®E' has a metric and
and connection V. Extend v and its adjoint of to E ®S2X by the rule that
they supercommute with SZx. Then V, = V + v + v' becomes a supercon-
nection on E, which is holomorphic as V is of type (1, 1) (the part of hype
(0,2) is V"v + vV" = 0, and similar for type (2,0) ). One thus derives that
tr.(exp(-V)) represent the Chern-character ch(E') = Y(- 1)- ch(En) in

n
cohomology. We want to study its behavior under change of metrics. How-
ever we only treat infinitesimal variations:
A one-parameter family of metrics on E' is of the form < e1, e2 >E_<
el,e2> +4E -
< el, N(e2) > +O(EZ), where N is a selfadjoint endomorphism of E' re-
specting the grading. For the connection 0'; = V" + v remains unchanged,
while V , = V+ of changes by -e{N, V }. We get a more symmetric pic-
ture by conjugating with 1 + 1 N, which does not change traces. Then the
variation in connections is given by

f r7 E f AT r7// c71 1U v = 211`, "v - vf

Thus we compute:
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a
tr, (eXp(-Ov,F)) =

a
tr, (exp(-OV - vv,{N,V - V,}}))

&(=o aC 6=o 2

2 tr, ({Vv{N, V - Ov}} exp(-V ))

= 2tr, ({V,,,{V - O;, N}exp(-Ov)})

= 2 d (tr, ({v'; - V;,, N}exp(-V)})

To go on we note that

d(tr, (N exp(-V2) )) = tr. ({0,,, N}exp(-V ))
= tr, ({v;,, N} exp(-V )) + tr, ({V , N} exp(-V ))

Comparing holomorphic and antiholomorphic degrees we see that the two
terms are a respectively a applied to tr, (Nexp(-V )). Thus finally

aE E-o
tr. ( exp(-V E)) = 2 d (a - a) tr, (N exp(Ov ))

= as tr, (N exp(-Vv )) .

If we denote as usual ch(E') = tr, (exp( V2 )) and

ch(E',N) = 2tr,(Nexp(2 ' 7rV2)),

we get aE =o ch(E,) _ ch(E', N). That is we have found a new con-
struction for the secondary classes of lecture 2.

We also need some compatability for a two-parameter family of metrics:
Suppose we have metrics

< el, e2 >6,, = < el, e2 > +6 < el, Nl e2 > + E < el, N2 e2 > + Eb < el, N12 e2 >
+ higher order

For each 6 the change in a is given by an infinitesimal generator

N 2 =
a

a_E_o(1+6N1)-l (1+6N1+eN2+EbN12)

= N2 + b(N12 - N1N2) (+ higher order)

and similar Ni(e) = Nl + E(N12 - N2N1).
Now:

a
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Lemma 5.1.
At e = b = 0 we have modulo Im(8) + Im(8):

eb tr, (N2(b)exp(-w,,,b)) = 8e
tr, (N1(e)exp(_V2",6))

Proof.
We show that the lefthand side is symmetric in 1,2. After conjugating

with 1 + z N1 we have to compute the supertrace of

8bb-o((N2 +6 . N12 - 2(N1N2 + N2N1)) exp(-02 - 2{V,,, {N1i V' - V,,})

_ (N12 - 2(N1N2 + N2N1)) exp(-Vv)

2 8bb=o
(N2 exp(-V - 2{V,,, {N1i 0'; - V'11)

The first term is symmetric in 1,2. The second is up to a factor -1 equal
to

J N2 exp(-a 02){0,,, {N1i - V }} exp(-bV2) da
a+b=1

Up to a commutator with V, this is

{V,,, N2} exp(-a O2){0;, - V", N1) exp(-bV2)daf v v v

a+b=1

The terms of type (p, p) in this are

J

N2} exp(-a
a+b=1

Their supertrace is symmetric in (1,2). Thus the whole result is sym-
metric up to the image of d and terms of type (p, q) with p # q. As
tr, (N exp(- V2)) is pure of type (p, p) comparing elements of this type
completes the proof of the lemma.
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Lemma 5.1. can be interpreted as follows: We have defined a 1-form on
the space of metrics, with values in differential forms / Im(a) + Im(a), and
this 1-form is closed. Thus we obtain global secondary classes by integrating
along a path connecting two metrics, and the result is independant of the
path chosen.

As an example consider the case where E' is acyclic, and thus the Lapla-
cian vv` + v'v has strictly positive eigenvalues.

If we multiply the metric on E' by a factor t' (t > 0) we obtain a
family of metrics with Laplacian t(vv' + v*v), and infinitesimal generator
(corresponding to td/dt) given by the number-operator N which on E'
is multiplication by n. Furthermore exp(-Ot) decays exponentially as
t -. oo. It follows that formally

00

tr,(exp (- V )) = -aa tr, (N exp(-V ))
dt

J t
0

The lefthand side is (up to 2ri's) the alternating sum of the chern-characters
of the E". The integral on the right does not converge as it stands, as
the integrand diverges as 1/t for t -+ 0. However we can define it as a
regularized integral, as follows:

Suppose f (t) is a continuous function of t > 0, with sufficiently rapid
decay as t -+ oo. Furthermore we assume that as t 0 to f (t) is C°°, so
that t has an asymptotic expansion

0

f (t) = E ajt1 + O(t).
1=-n

00

Then S(s) = rls f f (t)t'-'dt converges for Re(s) > n, and has an analytic
0

extension to the whole complex plane (use partial integration). Define

1000
f(t)dt

= CIM

For example if f(t) = e-at, then c(s) = A-', and

Je = - log(a).
0

Also if f has a zero at the origin the integral coincides with the usual one.
Finally if f (t) = t4t g(t), where to . g(t) is CO° in 0, then
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00

I
d dttdtg(t) t = -hymo'g(t),

0

where on the right-hand side we have the Schwartz-limit: Let g(t) _
_1

blt1 + W(t), then lim'g(t) = limi(t). This assertion follows by par-
1__n t-+0 t-0
tial integration.

Thus finally we can define (for any acylic complex E') ch(E') as the
regularized version of our class (adding 27ri's), so that formally

f
ch(E')=-2J tr,(Nexp(2x0t))dt,

0

and obtain that ch(E') = as ch(E' ).
Also for E' split exact the ch-class vanishes: We may assume that E'

consists of an isomorphism E = E' --* En+1. Then Vt = Vo + t, and

tr, (Nexp(Vt)) = (--1)n+'e t tr, (exp(-VE)).
00

As f e-tat log(1) = 0, we are done.
o

It follows that ch(E') coincides with the ch-class of lecture II.
Finally we consider what happens if we change the metric on E'. For

the infinitesimal version we obtain a number-operator N*. Then (using
Lemma 5.1)

00
a E_o( - 2 J tr, (Nexp(-V1,E)) -t)

0

z00 a
2 8eE-o

tr, (N exp(-Vt,)) dt)
1

2
(N' exp(-V)) dtjtd/dttrs

= 1 lim'tr, (N* exp(-V' )),
2 t-.o

modulo Im(8) + Im(a).
To do this computation we have to be able to integrate modulo Im(a) +

Im(8), so this group should be closed in a reasonable topology. Thus we
assume that X is compact and Kahler. However one can easily show that
this is not necessary in this case.
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So far we only have recovered results which could be obtained more easily
by the deformation - method of lecture 2. However this method does not
work for infinite- dimensional complexes like I'(X, E 0 S(X)), which we
treat now:

Suppose we change the hermitian metric gX, such that the Kahler-form
wX = -i >dzj Adzj (dzj a local ON-basis) is changed by ebwX. This
effects the metric on I'(X, E ® S(X) in two ways: First the volume on X
changes, and then also the hermitian metric on 0 0". The first effect is
measured by the scalar N- operator tr Q, where QE End(TX °) denotes the
hermitian operator which infinitesimally generates the change of metrics.
For the second one the N-operator is

-2 dzj (-Qtdzj) _ -2 tr(Q) +7ribwa

Thus the total N-operator is given by

N =

With this operator the previous formulas for the change of D2 remain valid.
Of course there is also a relative version:

If f : X -+ Y is a smooth map of compact Kahler- manifolds, we may
study the metrics gx,, = gx + s-1 f *gY on X, and pass to the limit as
s -+ 0. Then the operator N as above has a limit N, where bw j is now an
element of C(X/Y) ® A`(,. With this N the previous formulas describe
the dependance of the limiting super-connection i7_ on gx. For example

tr, (exp(-O2)) = 88 tr, (Nexp(-OZ))
of

or formally

ch (f. (E ® S(X/Y) )) =
8a

tr, (1 N exp(- O2))
aE Wi 2 27r

For example let us compare the aymptotic expansions as we replace gx by
t-1gx, and let t -- 0:

On the left we obtain the derivative of f Td(X/Y) ch(E), which is
X/Y

of
f Td(X/Y, Q) ch(E).

X/Y
On the right the t-1 term in tr,(ZN exp (Z, O2)) is equal to a f wx Td(X/Y) ch(E),

X/Y
which is closed.
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For the t°-term we obtain the sum of

1 J tr(QlTX/y) Td(X/Y)ch(E)
4
X/Y

and

J A(Tx/Y,Q)ch(E)
X/Y

The first term is the contribution of the factor e !,,(T) to the secondary
class
Td(TX/y, Q) associated to

Td(TX/y) = A(TX/y)e r(TX1Y)

so both terms combine to give

f Td(TX/y, Q) ch(E).
X/Y

Applyinga reproduces the left-hand side. This computation also proves
that the factors in lecture 4 are correct: One can easily find an example
where the contribution of the A- class does not vanish.

Now suppose E is a bundle on X such that all direct images Rt f. E, 0 <
i < oo, vanish, that is E has trivial cohomology on each fibre f -1(y).
Then formally the alternating sum of f. (E ®QX//Y) is represented by the
secondary chern-class

ch (f. (E ® S(X/Y) ))

which up to factors 27ri is given by the regularized integral
Co

-z f trs(Nexp(-V )) at
o

Here N denotes the number-operator associated to scaling the metric gX
to t-1gx, and corresponds to the infinitesimal generator t ae

The integral exists as we shall see that the integrand has an asymptotic
expansion for t 0, and decays exponentially as t --> oo.

It also follows that
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as
7r%

ch (f. (E ®S(X/Y)) = J Td (TX/Y) ch(E),
X/Y

and that under a change of

f
metric ch changes by

Td(Tx/y-) ch(E)
X/Y

(This is true infinitesimally. Now integrate.) However we need a more
general situation. Suppose now that F = f. E is locally free, and that only
the higher direct images R` f. F, 0 < i < oo, vanish. Endow F with some
hermitian metric and consider the maps of complexes.

v: r(Y, F (9 A*0 ,1) _, r(X, E (9 n'Slxl)

respectively

v: F f.(E 0 A*00 )
Here we write A*QX/Y instead of S(X/Y) because we do not scale the
metric on 1°by 29/aJ . Also for the square-integration we multiply the
volume form by (27.)dim(Y)-dim(X) This may seem confusing. However
it makes everything compatible with Serre-duality, and also simplifies the
final formulas (i.e. the class R(x) in lecture 6). The 27r-factor has the
effect that the volume of 1P1 is normalized to 1 (and Ir" has volume 1/n!).
On their mapping cones we consider the Dirac-operators DF + DE + v +
v' resp. OF+DE+v+i . Here v' is the limit of the adjoints v; for s --+ O.
It contains terms of positive Grassmann-degree because the pullback metric
on f * Q y may not coincide with its subspace metric induced from Qx. The
difference is (in the limit) given by a number-operator N, and v'` differs
from the naive v" by a factor exp(N).

We are mostly interested in in the second case of superconnections, but to
prove something for it we consider as usual the first and let the metric on Y
degenerate. So let K' denote the mapping cone of v: F --' f. ( E 1O, l Y))

and VK = VF + VE + v + v' its superconnection. We are interested in
what happens if we replace the metric gx by t-lgx, scale the metric on
F = K-1 by tdim(X)-dim(Y)-1, and let t approach zero or infinity. The
power tdim(x)-dim(Y) has been put in to account for the scaling of volume-
forms. By a perturbation argument one finds that tr,(exp (-0K t)) has an
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asymptotic expansion as t -' 0, and similar for tr,(N exp (- OK t)), where
N is the number-operator corresponding to a change of gX. If we replace
v by 0 these asymptotic expansions are the differences between those for
X and for Y, which had been computed previously. We shall see that the
introduction of v does not change them. (Proposition 5.2)

The behavior at t -+ oo is much simpler: As before everything decays
exponentially, as K' is acylic on each fibre. As an application we can
introduce a secondary class ch(K' ), which is (with the usual scaling by

(2iri)-p in degree (p,p)) given by

2 dt scaledch(K) _ (2 t" (N exp(-OK,t))
t

0

Here N is the number-operator corresponding to the t-scaling. Then

lim as
t-0 ' ch(K')

metric gX ch(K')

changes by Td- (T"o ) ch(E), modulo Im(8) + Im(a):X/Y

This is true for infinitesimal changes by the previous computations, and
follows in general by integration.

COMPLEMENTS ON HEAT KERNELS

Consider the previous situation: f : X --+ Y is a smooth map of compact
Kahler-manifolds, E a holomorphic hermitian bundle on X such that F =
f. E is locally free, and all higher direct images vanish. For the metric
g.'t = t-1(gx + s-1 f*gy) we consider the Laplacian A, ,t = t A,,1 on
the mapping cone of v: I'(Y, F ® A`Qyl) -+ r(X, E ® Here the
metric on P(Y, F0A*00 1) is scaled by an additional factor tdim(X)-dim(Y),

to account for the volume- forms. This makes sections of F uniformly
square-integrable on the fibres Z = f-1(y) of f.

As an illumination we treat first the absolute case, where Y is a point.
Then v and all its derivatives are uniformly trace-class, and so is the
difference between A and the direct sums of the Laplacians on F and
F(X, E ® A'SZX1). Thus we may treat this difference as a perturbation:
exp(-t0) is given by a 2 x 2-matrix whose entries are an endomorphism
of F, an integral operator on X, and a C°°-map F -' F(X, E (& n'SZX1),

respectively its adjoint. As t -+ 0 these have an asymptotic expansion in t,

f ch(F), and under a change of the
X/Y
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and v influences only terms with a positive t-power. Thus all asymptotics
can be computed from the previous formulas.

For t -i oo everything decays exponentially, as the complex is acyclic
and thus all eigenvalues of 0 are positive.

Now we intend to show that this picture also holds in the relative case.
This is not quite as trivial because the higher Grassmann-terms in V2, v'
and N scale with negative powers of t. We thus have to go back to the
basics. As usual the superconnection is treated as the limiting case s -i 0
of ordinary Laplacians. In addition we shall so consider the question of
what happens if t --+ oo, but st remains bounded and small. Here everthing
will decay exponentially.

First of all the heat-kernel exp(-[a,,t) is again given by a 2 x 2-matrix of
integral operators, with entries in X or Y. After scaling with tdim(X)sdim(Y)
respectively (ts)dim(Y) (to account for volume-forms) the restrictions of the
diagonal terms to the diagonals of X respectively Y are C°° in all arguments,
for s > 0,t > 0:
This follows as before using cutoffs in X and Y, and comparing to Taylor-
expansions. One might worry that the commutator between v and the
cutoff causes trouble, but its norm is 0(f) because of the scaling on v.

Next we need to know that the eigenvalues of A,,1 are uniformly bounded
below by a fixed e > 0, independent of s. This can be done as follows:
First fix a ye Y, and let Z = f -1(y). Identify near Z X with Z x Ty,,,
scale coordinates on the second factor by VS-1 and for s = 0 we obtain the
direct sum of the Laplacian of Ty,y and the relative Laplacian in the fibre
Z. This relative Laplacian has positive eigenvalues, because the complex
on Z is acyclic. It follows by perturbation-theory that for each y we can
find a neighborhood Uy and an ey > 0 such that for any C°°-section with
support h in Uy, and small enough s we have

<A,,t(h),h>> ey <h,h>.
By compactness we can find finitely many y such that the U. cover Y, and
can choose a independent of y. Now Sobolev-theory works uniformly in s
with the metric g,,1: Use finitely many charts obtained by identifying a
neighborhood of Z = f -1(y) with an open subset of Z x Ty,,, and scale the
second coordinate by f. Especially we have a uniform Garding-inequality
for i,,1. Apply this as follows:
Choose a small open cover U; of Y such that for h with support in Uj we
have
< D,,t h, h >> E < h, h >. Choose CO°-functions Bpi with support in Ui
such that rp; = 1. Then the Sobolev-norm of [A,,1i W=] is O(/). For a

C°°-section h on X we now have
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< 0,,1(h), h >= < SoiLe,l(h), goj - f >

_ < A.,l(,pi h), vi h > - < to ](h), ,pih >
i i

The first term is > e < h, h >, while the second one is bounded by a fixed
multiple of /1(< A.,1(h), h > + < h, h >). Thus for s small enough we
have

<z,,1(h),h>> 2 <h,h>,

so all eigenvalues of A,,1 are > 2
It now also follows from Sobolev-estimates that as t oo, the kernel of

Sdim(Y).exp(-t0,,1) decays exponentially together with all its s-derivatives.
In other words the asymptotic s-expansion of exp(-tA,,l) as well as all
remainder term decay_ exponentially at infinity. At last we want to consider
the superconnection Vt as a limit or ordinary connections. We now consider
exp(-t0,,1) as an integral operator on (f, (E ®n"SZX'Y)) ® F) ®n`St°;1
As thus it has an asymptotic expansion in s, by the usual scaling and
limit arguments. The expansion start with s- dirn(Y), and counting Clifford-
degrees in C(Y) we see as before that the st-dim(Y)-term has filtration-
degree < 21. Also its leading term is given by the superconnection Ot .
Thus we can as before use the limits s -+ 0 to deduce statements about
exp(-Ot). The same applies to an operator a',' exp(-t0,,1), where a is
a (p,p)-form on X, and aa'' denotes the action on S(X) with respect to
the metric g,,l. Finally we consider asymptotic expansions as t -+ 0, for a
fixed s. For this we use a cutoff in Y and scale the Y-coordinates by f.
Thus A,,t now becomes a perturbation of tLZ + OT, y.

Consider the coefficient of tdim(Y) exp(-ti,,1) which acts on F ®S(Y).
It follows from perturbation-theory that it is C°° in f . Furthermore we
can count Clifford- degrees, with the usual result that terms with a low
t-power also have low degree. Finally in the perturbation-expansion the
terms involving v have at least a f in front of them, but Clifford-degree
zero. Thus they do not contribute to the leading terms. Integrating against
a (p, p)-form a on Y and letting s -+ 0 we obtain in a now familiar way
that the supertrace of the part of the kernel of exp(-O2) which acts on F
has on the diagonal of Y x Y no terms with negative t-powers, and that
the t°-term is independent of v. However we can derive that this holds for
the whole kernel.
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Proposition 5.2.
tr, (exp(-Ot )) has an asymptotic expansion in t as t -+ 0, starting

with a to-term which is independent of v. Also itN denotes the super-
number operator associated to a change of the metric gX, then modulo
Im(8) + Im(8) tr, (N exp(-V2 )) has an asymptotic expansion, starting
with t-1, and t-1- and to-terms independent of v.

Proof. It follow from the previous that we have asymptotic expansions. If
we replace v by s - v the coefficients are polynomials in s. It thus suffices
that for powers tI with 1 < 0 these coefficients are invariant under s d/ds.
Now scaling v corresponds to a number-operator Ny which is 1 on F and
vanishes on f. (E 0 S(X/Y)). By the previous theory of N-operators we
have to consider t-powers t',1 < v, in 88 trx (Ny exp(-Vi )) respectively the
c-derivative of tr,(Ny xp(-j:

i
)), where c denotes a parameter des..ribing

the change of metric gx which gives rise to N. However we know that
up to O(t) tr,(Ny exp(-V2 )) is independent of v. We thus may assume
the v = 0. However then everything is invariant under scaling v, thus the
derivatives s t vanish on terms involving powers ti with 1 < 0, and we are
done.

DIRECT IMAGES IN ARITHMETIC K-THEORY

Suppose X and Y are regular projective schemes over I,, f: X , Y
a flat map which is smooth over Q. We intend to define a direct image
f.: K(X) -a k(Y), as follows:
Suppose first that E is a vectorbundle on X, with hermitian metric on XC,
such that the higher cohomology of E on each fibre off vanishes. Then F =
f.(E) is a vectorbundle on Y, which we endow with some hermitian metric.
Over C we have associated to the map v: F (E®A*c y,) a secondary

class ch (cone(v)) . We define f. [E] as the sum of [F] and ch (cone(v)) . We
extend f. to differential forms by the rule f. (a) = f a . Td (TX/ y). This

X/Y
commutes with base change Y' -+ Y.

Theorem 5.3.
a) f. [E] does not depend on the metric on F
b) f. commutes with the forgetful map to K(X) and the curvature-

homomorphism h to A'(X)
c) If E: 0 -+ E1 -+ E2 -+ E3 -+ 0 is an exact sequence of acyclic
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bundles on X, then f; ([E2]) = f.([E1]) + f. ([E3]) + f, (ch(E)).

Proof. b) follows from the curvature computations. For a) the assertion
already holds up to a class in the image of l(Y). Use a metric on the
pullback of F to Y x IP1 which restricts to the two given metrics on Y x {0}
respectively Y x {oo}. Then any class in fl(Y x IP1) has the same restriction
to {0} as to {oo}, so we are done.

The same argument works for c), deforming E to a split exact sequence.
For a general bundle E on X we can find a resolution

-+E11-+0,

with all E; acylic. Define f.([E]) as the sum of and the
direct image of the ch-class of this resolution. This is independent of the
choices: Two resolutions map to a common third one, and a map of resolu-
tions can be deformed to a split quasi-isomorphism. Also f. is independent
of gy. If we change the metric gx f, changes by a Td-class. Next we
consider compositions: Suppose we have another map g: Y --+ Z. It is not
true that (gof). = g.of because on the curvature side we integrate once
against Td(Tx/z) and on the other side against This
is because in the definition of superconnections we once let the metric on
X scale to infinity, which is different from first blowing up the metric on
Y and then the metric on X. If we blow up the metric on Y the exact
sequence

0 -+ Tx/Y --+ Tx/z -+ f " Ty/z -+ 0

deformes to the split sequence. However we still can show that the now
obvious guess is true. Let Td(X, Y, Z) denote the secondary class associated
to this exact sequence.

Theorem 5.4.

g.(f.([E]) + e( f ch'(E)Td(X,Y, Z))
X/Y

Proof. We easily reduce to the case where E is acyclic on the fibres of f
and F = f. (E) acyclic on the fibres of g. Let G = g. (F) = (go f ). (E). On
ZC we have maps
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By definition (gof). ([E]) = [G]+ch(cone(uov)). We remark that cone(v), cone(uov)
and cone(u) have superconnections, and their associated heat-kernels exp(-O? )
have asymptotic expansions as t -+ 0: This follows by the usual cutoff-
procedure. We can thus define their ch-classes. We need

Lemma 5.55.

ch (cone(uov)) = ch (cone(u)) + ch (cone(v))

Proof. (1, u) induces a map w: cone(v) -+ cone(uov). As before cone(w) has
a superconnection and an asymptotic expansion for exp(-v?) as t -+ 0. We
claim that up to positive t-powers tr, (exp(-V )) is independent of w and
v, i.e. it is the same as for the cone of the zero-map cone(0) -> cone(0):
First the previous arguments give that it is independent of scaling in G,
by which we can make v equal to zero. Then w becomes the direct sum of
the identity map on G and the map u. For both of them independence of
scaling follows from the usual count of Clifford-degrees. Now over Z x IP'
we can deform v to zero (considering z v: G -+ g. (F 0 (1)). The

curvature of the class ch(cone(w)) is independent of z, thus the restriction
of the ch-class to Z x {0} and Z x {oo} coincide. By the same argument we
also can deform w to zero. But if v = 0 the ch-class is equal to ch ( cone(u)) -
ch(cone(1G)) = ch(cone(u)), where for w = 0 we obtain ch(cone(uov)) -
ch (cone(v)) . Thus the assertion follows. (Note that all the complexes
involved are acylic, so the ch-classes exist).

Now using the lemma, changing the metric gx to gx + s-1 f * gy and
letting s -+ 0 (which kills the Td--class) the asertion of the theorem amounts
to checking that the limit of ch(cone(v)) is equal to f ch(v)Td(Ty1z),

x/z
where v: F (E (9 A*110"y)) denotes the augmentation on Y. Both
sides of the hoped for equality are given by regularized integrals

CIO

f tr, (N-eXp(-Vi))att
0

where t corresponds to scaling yx to t-1 gx respectively gx + s-1 f * (gy )
to t-'gx + (st)-1f*(gy)), and N is the corresponding number-operator.
If in the plane we parametrise the x-axis by t and the y-axis by (st), the
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integral is over the straight line y = sx, 0 < x < oo. By Theorem 5.1. we
can deform the path of integration as follows:
First go from l iv,v n\ to iE, sE \ to _ E small.11all. 1Hml_ ell rlroni l/E_, sc l\ to1.V

/e_, \tpE), to 1-Mg.

Finally vertically from (E, toE) to (sto E, toe), and from there to infinity as
before. If we first let to -+ oo the last integrals decay exponentially. So
we can also first move from (0,0) to (E, se), then parallel to the x-axis to
(oo, se). For the latter integral the number-operator corresponds to scaling
gx. It thus converges for c -+ 0 to the super-number-operator used in the
definition of v. So finally we deform to the following path:
0E: From (0,0) in a straight line to (E, se).
IE: From (E, se) vertically down to (E, 0)
IIE: Along the x-axis from (E, 0) to (oo, 0).
Now at the origin all integrands have asymptotic expansions in s and t and
thus also in x and y. Furthermore as the integral over IE exists (the others
do) its integrand has an asymptotic expansion with no negative y-powers.
It follows that the integral over IE converges if s -+ 0, for E fixed. It follows
that for any or 0 the difference between the two rh-rlasses ,s given by
the limit (as s -+ 0) of the difference of regularized integrals over 0E and
0E, where 0E denotes the path from (0,0) to (E, 0) with the integrand given
L__ th_ tr___ of th_ be_ t__ for _ %Expecially the limit it exists.by 411C L, 'race of 4116 1111UG1-VFer aLVl LV. the i La. rrG

thus have the following situation:
The difference of integrands is a function f (s, t) which as t --+ 0 has an
asymptotic expansion

f (s, t) ti 2 as(s)t'.

We know that the limit limo f f (s, t) dt exists, and is independent of E.
0

Differentiating with respect to E we derive that the as(s) are regular as
f

s -+ 0, and as (0) = 0. Thus lim f f (s, t) dt = 0, and we are done.
d_U 0



LECTURE 6. ARITHMETIC RIEMANN-ROCH THEOREM

In this lecture we intend to prove a Riemann-Roch theorem for arith-
metic varieties. After some general discussions we prove the Riemann-Roch
theorem for P1 bundles with a modified Todd class. Then we try to reduce
the general Riemann-Roch to some deformation argument to the normal
cone, for closed embeddings. Finally we prove the deformation theorem by
some detailed estimates on heat kernels. References [BL], [F], [GS3], [GS4]

GENERALITIES

We want to prove a Riemann-Roch theorem for a smooth and proper
f: X -i Y, where X and Y are regular projective schemes. It has been
shown by Gillet-Soule ([GS3]) that for this we have to add a secondary class
to the Todd-genus. For any power series RE R [[x]] we have an associated
additive characteristic class R(E). Define

TdR(E) = Td(E) (1 - e(R(E) ))

We then shall show:

Theorem 6.1.
There exists a unique power-series R(X) such that

ch(F.([E])) = f. (ch(E) . TdR(TX1'))

Remark. We shall not try to compute R. This has been done by Gillet-
Soule , by evaluating for X = r, Y = point, E = Ox. They get

R(X) [2('(-m) + ((-m)(1 + 1 + 1 + ... + m )]X m/mt2 3
m odd,> 1

Here ( denotes the Riemann-zetafunction. The even terms can be deter-
mined by considering the effect of Serre-duality for sheaves on IIDL.

Before we proceed some more general remarks:

i) The assertion holds after composing with the forgetful-map to
A(X) or the
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curvature-homomorphism h. That is the difference of the two sides
lies in e(N(X)).

ii) The assertion is independent of the Kahler-metrics on X and Y, or
the hermitian metrics on E. Thus the error is given by a map

Errf: K(X) -. e(?l(Y)).

iii) The assertion is compatible with compositions:

Err9o f (E) = g. ( Err f(E)) + Err9 (f. (E))

iv) Everything is compatible with base-change.
v) Err is K(Y)-linear.

Riemann-Roch theorem for P1-bundles.

Theorem 6.2. There is an unique power series R such that the Riemann-
Roch formula holds for IP l-bundles: f : X = IIDy (E) Y.

Proof. By the remarks above it suffices to prove that there is an unique
R such that Riemann-Roch formula holds for Ox and Ox(-1), and some
metric on TX.

We take a metric on E and put the quotient metric on 0(1). From the
exact sequence

O -+ O -+ E" ®O (1) -+ TXl y 0

we have that TX1y = (det E)" ®O(2). We put a metric on Tyjx such that
is an isometric map.

Let h' = zc'(Tx1y) then h'2 = -c2(E) + 4c'1(E)2. This implies that
f. h' 2n = 0 and

ffh'2n+1 = (h'2)n ffh' = (h'2)n.

Now let Yn = Grass(2, n) denote the Grassmannian of rank-2-quotients
of 7Gn}2, and Xn = IP(En) -p Yn the projective bundle associated to the
universal En. For E = OX or OX(-1) the Riemann-Roch holds up to an
error in V (Yn) (there a is an injection, as this holds for Spec (z)). These
errors correspond under the injections Yn ' Yn+1, so we obtain universal
classes in limf(Yn) = Ilk [[ci(E), c'2(E)]]. They have the property that for
any rank-2-bundle E which is generated by its global section, these classes
define the error in Riemann-Roch for IIDy (E) --+ Y. Expecially as this error
remains unchanged if we tensor En with a line-bundle, we see that the error
for OX must be given by a power-series in c'12 (E) - 4 c2' (E) (tensor the En
with powers of an ample bundle on Yn). The same is true for O(-1) if
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we multiply the error by exp (ac' (E)). Now we have to check that we can
adjust R uniquely such that both errors become zero.

If we change R by bR than the Riemann-Roch expression for Ox changes
by

f ( 2h 2h, bR(2h'))-e-
and for O(-1) (up to exp (c'1 (E))) byz

f 2h'
a 2h, bR(2h'))1-e-

In the second expression the series before 6R is even. We thus can choose
the odd part bR°dd uniquely such that the error vanishes for O(-1). So
now assume that bR is even, and try to cancel the error for Ox. Here only
the odd-part in the power-series matters, that is we have to consider

f.(h' 6R(2h')).
Again there is a unique fR.

So we have shown Riemann-Roch for IIDI-bundles P (E), if E is globally
generated. But for a projective Y we can always achieve this by tensoring
with an ample line-bundle.

DEFORMATION TO THE NORMAL CONE

Deformation theorem.
We fix an arithmetic variety B and consider only arithmetic varieties

which are smooth over B. As usual we define for such an arithmetic variety
and a hermitian vector bundle E

Errx(E) = ch f. [E] - J (E) TdR(E)
x/B

where R is the unique power series defined in the last section. Let i : Y -+ X
be an immersion. Let Erri(E) denote Errx(i.E) - Errx(E) for any vector
bundle E on Y.

Let k denote the blow-up of X x 1P1 in Y x {oo}. So X --+ X x 1P1 is
a birational map such that over 1P1 -fool = A' it is an isomorphism and
X.. is an union of two smooth irreducible components X' and X" which00

meet transversally. X" is isomorphic to the blow-up of Y in X, while X'00
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is a projective bundle over Y, as is 3X , = X , n X'o'o, which is also the
exceptional divisor in X. We have a map Y = Y x IF1 ---+ X which lifts
the canonical embedding Y x 71 -+ X x IP1 such that f is disjoint from
X"00

Assume now that Y has codimension one in_ X. Let Iy denote the
ideal of Y C X. We put on ly a metric that Iy = OX (isometric) in a
neighborhood U of X" which does not meet Y. Then we only consider the
formal difference [E] - [ly E], E a vector bundle on X.

We shall choose E = E(X , ), where E is (the pullback to X from) a
hermitian bundle on X such that E and Iy E are acylic relative B. We
denote by F-1 (respectively F°) the direct image of Iy E (respectively E)
on B. Those are bundles which we endow with some hermitian metric.
Finally F' denotes the comples F-1 '-+ F° on B, and E' _ [E-1 -+ E°]
the corresponding complex IY E(X") on i. On B x IP1 we have
a quasiisomorphism v: F' (E'), for each t a vt = F' - f. (E' I Xt ),
as well as v,,: F' - f.(E'IX,).
Theorem 6.3. Suppose Y C X is a divisor. With any Kahler-metric on
X

lim cht = cho,

where cht denotes the ch -class for cone(vt) that is the regularized integral
f' Tr,(Ne°-)du as usual.

We claim that this implies the following approximation to Riemann-
Roch:

Theorem 6.4. The error in Riemann-Roch for i° and i*(E) (that is the
difference of errors for (Y, El y) and (X, i. i* E)) is the same as that for ic,,
and i,E.

Proof. On the RHS of Riemann-Roch we have classes f ch TdR. These
concide on Y. On X we first replace the tangent bundle TX0 resp TX. by
the restriction of the logarithmic tangent bundle T = TXl ff3 . We put on
T a metric such that outside U the isomorphism Tt = TX, is an isometry.
Then one shows that in the fiber of 0 or oo we have that

ch(E') TdR(TX,) = h(E') TdR(T)

Use that ch(E') is of the form (Z,gz), where Z is a cycle supported in Y
and 9z a Green's function supported in W = X - U.
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In fact define a group Ay ,w (X) as the quotient of cycles (Z, gz) with
Z C Y, supp(gz) C_ W, modulo divisors of rational functions on cycles
in Y, and forms 8a + 8/3 where a and 8 are currents with support in Y.
One checks that for any hermitian line-bundle L on X 61(L) still acts on
A , W (X), and two c1(L)`s commute. Furthermore if we have two embed-
dings Y ---. X1 and Y -` X2 such that there are Zariski-open neighbor-
hoods V1 respectively V2 of Y and an isomorphism V1 '= V2 respecting Y,
and if W1 C_ V1 C and W2 C V2 C are corresponding open neighborhoods,
then naturally AY W1(X1) = AY,H,2 (X2). Furthermore this isomorphism re-
spects the operation of if there is an isomorphisms L1JV1 = L21V2
which is an isometry over W1 = W2.

Now suppose that we have two hermitian vectorbundles E1 and E2 which
are isomorphic over a Zariski-open V C Y, isometric over W C V. Let
(Z, gz) represent a cycle in A(yW)(X). If X1 (respectively X2) denotes the
complete flag-varietites of El (respectively E2), ?r1/2: X112 -+ X the pro-
jections, V1/2 = a1-/2(V) etc., then we have corresponding cycles 7r */2(Z' gz)

in (X1/2)-
Now on X112 7ri/2(El/2) has a complete filtration by line-bundles L3.

Thus we can let any polynomial in the c1(Lj) operator on our cycle, and
the two results correspond. The same holds for multiplication by ch-classes.
Now suppose P(ci(E)) is a polynomial in the chern-classes of E. Then we
find an operator Q((cl(Lj)) + R on Ai/2(X1/2), where Q is a polynomial
in Chern-classes and R multiplication by a secondary class, such that in
A`(X).

P(6t(E112))(Z1, 9z) = 7r1/2. ((Q(cl(L1))/ + R) - i1/2(Z, 9z))

It follows that both for E1 and E2 the left-hand sides can be obtained from
the same class in W112)(Xl/2), by first projecting to A* W) (X) and

then mapping to A(x). Thus the operations of P(cs (El/2)) on cycles with
support in (Y, W) coincide.

In the Riemann-Roch for E' the difference in RHS's is

ch(E') TdR(T) (0 - oo, 0) = (0, j ch'(E') Td'(T) log IzI),

using that

This is the limit:

div (z) = (0 - oo, - log Iz 1) = 0.

lim (0, ch'(E') Td'(T) log I zt
s

00 Ill z - t ),
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which is the limit of secondary classes describing the change of metrics
(0 --+ t) on E' Ix, and Tlx,. On the LHS we have ch(F') + (0,ch(class)).
The difference between 0 and oo is

(0, J ch'(F') log 1z I) + (0, chi - cho).

This is the limit of secondary classe where we integrate log 1 ZZtt I, which
gives the secondary class for base change 0 -+ t as before. As Riemann-
Roch is compatible with these secondary classes, we derive the assertion.
We also have to use some standard arguments relating the ch(vt) to the
previous ch-classes. This is done by 1P1-deformations.

We thus can replace io by i in the discussion of Riemann-Roch.

Situations.
Let us first deform any Y -+ X to its normal cone IPy (Oy ® Iy /IY ).

Let i= blow-up of X x IF1 in Y x oo, Xo = fiber of X at 0 = X x 0,
X = fiber of X at oo = X' U X", X" = blow-up of X in Y, X' _00

If F is any sheaf on Y, F = pri(F) on f, then FIX,,, and FIXO
respresent the same element in K-theory, so the compositions

Y X1. - C' _+ X

Y c+ X. ti X

induce the same map in K theory , or on cycles.
Thus the Riemann-Roch holds for (F and i,) if it holds for (F and io,),

(i..,. (F) and and (i,,.(F) and j,). Note that for the second and third
immersion the bundle is induced from F, so from the big scheme. The same
is true in the first case, as i,,o is the zero-section in a projective bundle. To
treat general immersions it thus suffices to show that Riemann- Roch holds
for immersions is Y -+ X which are either of codimersion one, or such that
X = IF'y(Oy ® N) is a projectivised affine bundle, and i the zero-section.
Also it suffices to treat bundles F = i'(E) which are pullbacks from X. As
usual we may assume that E is acyclic relative B. Finally for the immersion
is Y c--+ X = IPy(Oy (D N) the Riemann-Roch holds for i if it holds for the
projection a: X --+ Y, as iroi = id. It now follows from Theorem 6.4 that
the Riemann-Roch holds for immersions of codimension one, as it holds for
IPl-bundles by Theorem 6.2.

Next we treat the case of a r -bundle X = IPB(E). We use induction
over the rank of E, starting with rank 2. The map Flag(E) --+ X thus
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already satisfies Riemann-Roch, and by the Bott trick Riemann-Roch holds
for O(-1) on Flag(E) and thus also on X: Factor Flag(E) -+ B through a
IP1-Bundle Flag(E) -+ X' such that O(-1) has trivial direct image.

Finally by the splitting principle we may assume that E contains a line-
bundle L so that is: Y = IP(E/L) ' X is a closed immersion of codimersion
one. By induction the Riemann-Roch holds for i.K(Y), which together
with O(-1) generates K(X) over K(B).

This settles the case for projective bundles and thus for arbitrary closed
immersions. Finally any projective morphism can be factored into such, so
we are done and Theorem 6.1 has been shown.

GENERALIZATIONS AND COMMENTS

First we remark that we can generalize the Riemann-Roch slightly: Sup-
pose f: X -+ Y is a flat morphism of regular projective schemes (over 7')
such that ff is smooth. As before we can define a direct image f.: K(X) -+
K(Y) such that for an E on X which is acylic on the fibres, f.([E]) is given
by [f.(E)] +ch-class of (cone f.(E) -f. (E®n'S2X/ )). Furthermore we
have a relative Todd-class Tdx/y, defined as follows:
Factor f as f = g o i, where is X --+ P = 1P' x Y is a closed immersion, and
g is the projection from P to Y. If N = (Ix/IX)' denotes the normal bun-
dle to i, we have a map i' Tp/y -+ N which over Q is surjective, with kernel
Tx/y. Now endow Tp/y and N with hermitian metrics, and define Tdx/y
is the quotient Td(i' Tp/y)/Td(N), modified by the secondary Todd-class
associated to 0 -+ Tx/y -4 i'Tp/y -> N -+ 0 (over Xe). One checks that
this is independent of all choices.

Theorem 6.5. Let x e k(x). Then in A(Y) we have

ch (f. (z)) = f.(ch(x) Tdx/y )

Proof. As before the assertion holds up to a class in 7-l(Y). Furthermore we
may use the same deformation arguments as before to reduce to the case
of smooth projective bundles, for which the result holds already.

We also want to comment on the case where Y = Spec(OK) is the ring
of integers of a numberfield K. Then A1(Y) = Pic(OK) = divisor-class
group of K, and the kernel of A1(Y) -+ A'(Y) is the quotient of R'+t
(s + t = number of infinite valuations of K) by the logarithms of units of
OK. Furthermore K(Y) is generated by projective OK-modules P which
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have hermitian metrics at the infinite places. These define volume forms on
A(P) = det(P). If P is an acylic complex of such modules its determinant
A(P) _ ®A(P')t' is canonically isomorphic to OK. This isomorphism
has norm at each infinite place v of K, and the secondary class
ch(E*) is given by the .1,,. The normation is that if E*: E° °+ E' is an
isomorphism such that X(a) has norms exp().,,), then ch(E°) - ch(E1) is
represented by the A,,.

Now suppose we have a bundle E on X such that E is acyclic on the
fibres of f, and let F = f.E by represented by P = r(X, E). Endow P
with the metric given by L2-integration. Then the direct image f. ([E]) is
represented by the sum of [P] and the ch-class of the cone of the inclusion
a: PP -+ r (Xc, E ®S(X )) , which in turn is half the regularized integral

00

-z f tr,(Ne-to)a

0
As complex of Hilbert-spaces cone(a) splits into the orthogonal direct

sum of the isomorphism PC -+ harmonic 0-forms, and the isomorphism
give by 8 ker(A)' -+ Im(8), where the left is a subspace of r(X, E 0
1101q- 1) and the right of r(X, E o 00,q), for 1 < q < dim(XC). Under these
isomorphisms the A-operators correspond. If {aq n In = 1, 2.... } denotes
the eigenvalues of A on these spaces (q = 1, 2, ... ), then the zeta-function

00

(s) = J tr,(N e-tA)
d

r(s) if
0

is equal to 2 E(-1)q )1q s, so formally its derivative at 0 is (t(0)
q,n

log(IIaq',n
q,n

As A9,n are the norms of 8 on the various eigenspaces, the right-hand
side is also called the logarithm of the determinant of the a-operator.

A similar statement even holds if E is not acylic:
Over the complex numbers the cohomology H* (X, E) 0 (C is isomorphic to
the space of A-harmonic forms H* C r(X, E (9 A'S2X1). If we represent
H*(X, E) by a finite complex P' of projective OK-modules, and endow
each P' with a hermitian metric, then A(PP) )(H*). The norms at
the infinite places of this canonical isomorphism give a secondary class.
Another one is obtained as ch of the cone of H* -+ r(X, E ®n'S2X1),
and is equal to the determinant of 8 on H'"1. We claim that f.([E]) is
represented by the alternating sum >(-1)n[Pn], plus the sum of these two
secondary classes:
By definition f.([E]) is computed by resolving E by acylic bundles, i.e. we
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have a quasi-isomorphism a: E -+ E' with E' acylic. Let F' denote the
complex r(X, E') with the P-norm, and consider the sequence of maps

- . r (X, E ® A* 00") r (X, E' ®n* 0"') F*

These exists a map of complexes H* - 0+ F* such that jo/3 is homotopic to
aoi. Also one checks that ch (cone(a*)) is equal to f ch (cone(a)) Tdx

X
(deform a to a split sequence) and thus f*([E]) is represented by [F*] +
ch (cone(a* )) . Also as before one checks that ch (cone(a* )) = ch (cone(a* o
i)) - ch (cone(i)), so this can be rewritten as

[F'] + ch (cone(j)) + ch (cone(i)) - ch (cone(a* o i))

Also we shall check below that ch is invariant under homotopies. So we
may replace a* o i by j o,3, and obtain with the same argument that

f* ([E]) _ [F'] + ch (cone(i)) - ch (cone(/3)).

That is we represent H*(X, E) by the complex F'. Thus over C the coho-
mology H* (Fe) is isomorphic to H*, via /3. Combine this with the inclusion
H* -+ r(Xc, S(X)). Then f* ([E]) is represented by [F'] and the ch-class
of H*(Ff) =-+ H* r(X(c, S(X)).

We still have to check the invariance of ch under homotopy. This holds
for finite dimensional complexes, as ch is given by the norm of the induced
map on cohomology. If we have two homotopic maps a,,3: K -+ L' with
L' of infinite dimension, but K' finite dimensional, we construct a complex
M' with M' = K' ® K' E) K", two homotopic maps K' -+ M',
and t9: M' -- L' with a = t9oa', /3 = t9o/3'. By using the additivity of ch
we may replace (a, /3) by (a', /3'), and thus we are done.

Finally suppose that X -+ Y = Spec(OK) is a semistable curve of genus
g _> 1. Then X has a canonical hermitian metric, the Arakelov-metric.
Furthermore for hermitian bundles L on X, whose curvature satisfies a cer-
tain condition, we have previously defined a volume-form on A(H* (XC, L)),
unique up to a common constant factor independent of L. (see [F])

If L has degree g - 1 the curvature of the metric on ,1(L) (which is a line-
bundle on the Jacobian J(X)) has been computed. It coincides with the
curvature of the metric defined via the determinant of a. (By our methods
this computation is easy. One obtains the direct image (under X x J -+ J)
of ch'(L) Td' ). Thus these two metrics coincide up to a factor. For
line-bundles of arbitrary degree one can use that both volumes satisfy a
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Riemann-Roch formula. From this and some approximation argument one
derives that the volumes coincide in general.

ESTIMATES: PROOF OF THEOREM 6.3

We now supply the necessary analytic details for the proof of Theorem
6.3. Let us recall the situation:
We have a smooth projective C-scheme B as base, a smooth projective
B-scheme X and a smooth relative divisor Y C X. In general f always
denotes the maps into B (so f: X -+ B and f: Y -+ B). Furthermore on
X we have ahermitian vectorbundle E such that E and ly E are acylic
relative B. X denotes the blow-up of X x H11 in Y x {oo}. For t oo the
fibre Xt of k over t e IP'1 is isomorphic to X, while X00 = X00 UX", where
X" = X, X. fl Xo"o = Y, and X,,,, is a W1-bundle over Y. Also Y = Y x 11D100

injects into X, and does not meet X.
We let E' denote the complex IY E(X,) -- E(X ,) of bundles on

X. We endow E(X") and IY with hermitian metrics such that in an00

open neightborhood U of X" the metric of Iy coincides with that on Q.
This also gives a metric on IY E(X" ). Furthermore we denote by F'00 00

the complex f. (Iy E) --+ f. (E) on B. Then on B x IP'1 we have an
augmentation v: F' -' f. (E') --, f. (E ® n' 1l B ), which vanishes on

. Also vOO: F' f. (E'/X'0D) denotes the augmentation at infinity.X"00

We intend to show that lim ch (cone(vt)) = ch (cone(v0O)). Here thet00
singularities around 8X00 may cause difficulties. Therefore we define a
second family of bundles

E" = E(X,,)), F''' = ((0) --+ (0))

Obviously the conclusion of Theorem 6.3 holds for E',* as everyting is split
and all ch-classes vanish. Moreover on U E' and E',* are isomorphic, and
the augmentation v has small norm. We thus may expect that the singu-
larities around 8X00 will cancel out if we consider the difference cht - cht .

The metrics on Xt will tend to become singular near 8X00. To remedy
this we introduce a metric on 12X1BxY1(dlogoo) and its dual, the logarith-
mic relative tangent-bundle. We do this by changing the original Kahler-
metric in an open neighborhood of 8X0Df contained in U. This induces her-
mitian metrics on all Xt as well as X0'0 - 8X00 and X" - 8X00, which how-00

ever may not be Kahler. Locally k is isomorphic to the product of Y-8X00
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with the product of two unit disks {JzJ < 1, JwI < 1}, and the projection to
1P' is given by i = xw. If we use log(z) and log(w) instead, identifying the
punctured unit disc via exp(2rir) with 7-L/7L(f = upper half-plane), then
the metric on Xt looks like a small perturbation of a translation-invariant
metric on Y x C, and similar for X , - 8X,,,, and X , - 8X,. We thus
find a good finite system of coordinate charts, uniform for each Xt, and can
define Sobolev-norms with them: For a positive integer s > 0 H. is the
completion of Co under square-integration of all derivatives up to order s,
and H_, its dual. As the metric is complete. (8XO. has infinite distance
from any point in X,,. - 8X, ) one checks as before that Co is also dense
in H_ that there is a uniform Garding inequality for the 8-Laplacian A,
and that A extends to a self adjoint operator whose domain of definition
is the image of H2 -- Ho. In short we have smoothed out all singularities
as t -p oo. However the price we pay for this is that the volume of Xt
approaches infinity as t -+ oo, so that estimates in sup-norm do not imply
L2-estimates as easily as before. Especially an integral operator may not
be trace-class anymore.

Next we address the fact that our metric is no more Kahler:
The Kahler-condition has been used to compute the singular terms in var-
ious asymptotic expansions. In our case the Xt are only non-Kahler in
places where the complex is split, so that all the asymptotics vanish there
anyway.

In more detail one first derives that there is a super- Laplacian a,, limit
of ordinary Laplacians as we blow up the metric on B. The only new feature
is that some terms in it may have Grassmann-degree > 2 and thus scale
with negative powers of u.

Then we define the ch-class via the regularized integral

f tr, (. .exp(Du)) -" . Under an infinitesimal change of metric its derivative
0
is the Schwartz-limit
lim tr, (Q exp(-Du)), Q the hermitian operator describing the change. If
U-0
Q has support in U this vanishes because of the splitting, except for terms
related to the augmentation v. If we replace v by µ 2 v, with a parameter µ
between 0 and 1, the derivation µ 8µ of this class is equal to the Schwartz-

limit lim' of the derivative (described by Q) of tr, (NF . exp(-Zu)), where
U-0

NF denotes the number-operator which is identically 1 on F and vanishes
on Integrating we obtain that the µ8µ-derivative of the effect of change
of metric is given by the difference in Schwartz-limits

lim'tr, (NF exp(-Du)),
u-+0
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taken once for the original Kahler-metric and once for the logarithmic non-
Kahler-metric. But for the original metric this term does not depend on
µ and is equal to the chern-character of F', while for the new metric the
term converges nicely as t -+ oo. (See Lemma 6.8 below) This also holds if
we integrate against dµ/µ. So all in all the change in metrics contributes
a correction-term which converges for t --+ oo to the corresponding term at
infinity, and thus does not affect the conclusion of the theorem.

Finally we have to consider ch-classes on X , and X" . Let us concen-
trate on X ,, as on the other component everything will cancel out anyway
at the end.

As before A defines a heat-kernel exp(-u0) on X' - ax., and similar00
for the super-analogues. However because of the infinite volume this kernel
is no more of trace-class. What we shall do is to identify E' and E','
on U fl X., and consider the difference of heat-kernels exp(-uA) and
exp(-uw'). We shall see that it is in fact integrable, and so we can still
define the difference ch , - chi, although the individual terms do not make
sense.

With this notation we shall show that lim (cht - cht) = chi - ch..
cam

It remains to relate the right-hand side to what it was claimed to be in
Theorem 6.3. For this we repeat the same procedure with the embedding
Y ti X', and the original Kahler-metric on X'. For this deformation all
fibres Xt are isomorphic to X., and one sees that Theorem 6.3 holds for
it. But our construction gives the same (logarithmic) chi - ch* as for the
deformation associated to Y --+ X, so that finally adding up all the pieces
the assertion of Theorem 6.3 has been shown.

Now we need some technical results. We formulate them for E', but they
also hold for E',*. In the following we need operators on F' ® f, (E'
A*Il ). We usually ignore the F'-part. In fact we usually distinguish
between local behavior near 8X and away from it. Then Y behaves as if it
were in the second category. For example cutoffs near 8X operate trivially
on Y. Let D + a' + v + v' denote the Dirac-operator, and A = D2 its
square.

Consider Xoo = X. U X- 8Xo = X;O fl X" has real codimension 2
in Xco.

In the degeneration process the covariant derivatives V behave well, as
V = hermitian connection. Similar for volume forms. We need

Lemma 6.6. If 0, Do, E L2 f1 CO0 (X, - 8X;0 ), 0 E C- (X') implies that

- <DO,G>.fx- <0,D0>= f
x

Proof. Elementary using cutoffs.
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As a corollary, using the above formula we get :

Lemma 6.7. Assume 4 E C°° (X, - OX' ), 0, Do and A0 are in L2. Then
04 represents the distribution A0 on X.

Of course these assertions also hold for X.

Lemma 6.8. Let Kt(u, x, y) denote the heat kernel e-u° on Xt. We claim
that uniform on any compactum of ]0, oo[x(X"o - 8X02, the Kt(x, y)
converge to the heat kernel K... (x, y) on X' II X.

Proof. By standard arguments, for any sequence of t - oo we can find a
subsequence such that x, y) converge in the C°°-topology, uniformly
on compacta in ]0,oo[x(X"" - 8X".) 2. We have to show that this limit
K(u) is necessarily K, (u).

First by passing to limt . we have (as C'-functions on Xc,. - aX...)

(emu + O)K(u) = 0.

As

IIKtn(u)(0) - cIIL- < uIIAOIIL2

(1 - e-a" < Au for all A) for 0 E Co (Xtn), it follows that

lim K(u)cb = ¢
U-0

for 0 E Co (X00 - ax.). Also for such a 0 we have that

IIDK(u)4IIL2 and IIoK(u)0IIL2

are finite (pass to the limit) so by 6.7

(A + u)K(u) = 0

as distributions. This implies that K(u)(¢) = e-u°(0).

Proposition 6.9.
There exists a positive A > 0 such that uniformly in each fibre f -1(b), bin B,

and for each t E IP1, the Laplacian on cone(vt) has all eigenvalues > A.
The same is true for cone(v00).

Proof. Let us start with the assertion about the vt. There can only be a
problem as t -+ oo. So if the assertion is wrong we can find a sequence t --+
oo, and eigenfunctions f, on X,, = Xt. with eigenvalues A -+ 0. Suppose
Ilfnli = 1. Then by Sobolev estimates the f, are uniformly bounded in the
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C°°-topology, and we can choose a subsequence which converges on each
compactum in X - 8X,,., and on B. The limit must be annihilated by Ag.
We claim that it must vanish identically. If this holds true then the f, must
concentrate their mass around Xco where E' is metrically split. Cutting
them off we can find a new sequence fn with I I fn I I = 1, such that the f, are
supported in UnX,,, and IIA5fnII < 1. But as E' is split in U, there A5 is
the sum of 1 and a positive operator. Thus < Ogf,,, f, >>< fn, fn >= 1,
a contradiction. It now suffices to treat X ,. Suppose again that we have
a sequence of eigenfunctions fn with 11f,,11 = 1, such that Ogfn = A, fn,
and A, -' 0. Cutting off we see as before that the square-integrals of fn
over U fl Xn converge to zero. Passing to a subsequence we may assume
that the f, converge to an f with A5(f) = 0, IIfII = 1, and f vanishes
identically on U. Then in the original Kahler-metric on X' f defines also00

a harmonic form, so there cone(v,,.) has non-trivial cohomology. However
this contradicts our choice of F'.

Theorem 6.10. On compacta in X,,c, - 8X... we furthermore have uni-
formly

(1) for u -- 0 the asymptotic expansion of Kt(u, x, y) converges to
K.,, (u, x, y) uniformly.

(2) for u -> oo Kt (u, x, y) decays uniformly exponentially.

Proof. (1) follows from the local nature of the expansion. (2) follows as
the Sobolov-norms decay exponentially, because all eigenvalues of A are
>A>0.

In short we have complete control on X - 8X, uniform on any com-
pactum.

Using perturbation expansions these assertions also hold for the super-
connection Vu as well as operators Vu +a N, a a small parameter. More-
over the result is C°° in a. However for small u we have to be careful as Du
and N may contain Grassmann-terms which scale with negative powers of
u as u -+ 0. One still derives estimates in the sense of asymptotic expan-

-1

sions: A function f (u) _ ai u' + g(u) (g(u) regular at u = 0) is small
i=-n

in this sense if all ai as well as g is small. Slightly stronger in all cases of
interest for us it will be true that un f (u) as well as all its u-derivatives are
small. To prove these estimates one uses the usual technique of blowing-up
the metric on B and comparing to the tangent-space.

It remains to consider what happens in the open neighborhood U of X"
There we can identify the two complexes E' and E'"'. Then the Laplacian00'

A on E' is equal to the sum of a local operator 0' which coincides with
the Laplacian for E',*, and an integral operator A.1 which comes from the
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augmentation v. The latter is determined by global sections of P. Fur-
thermore it is of trace-class norm 0(e) if we restrict to an c-neighborhood
of X ,, in the original metric. This also holds forsuperconnections if in-
terpreted accordingly: Here the difference Du - V 2 is a sum of u (an
integral operator of Grassmann-degree zero) and an integral operator of
Grassmann-degree > 1. The first term is as before, while the second one
is made up from covariant derivatives (in B-direction) of elements of P.
These vanish on 8X , (because we use logarithmic metrics), and thus again
the operator has trace-class norm 0(e).

Now we come to the proof of Theorem 6.3. Let co denote a cutoff-
function with support in an 2e-neighborhood of X" , which is = 1 at dis-
tance < e from OX.. Also cpE should have support in U and the C°° norm
of cPE (in the logarithmic norm) should be uniformly bounded. As usual
this also should mean that SoE acts as zero on F'. Then as on U we can
identify E' and E'"', it makes sense to consider

Lt(u) = vE(Kt(u) - Kt * (u))

as an operator on f , (E'"' ® A 12°'1 ' Then

(0' + a ) Lt(u) = O'caE (Kt(u) - Kt (u))cPE

-/cPE(A Kt(u) - A' Kt (u)) W,

[A* InT E1J p2 (Kt (u) - Kt (u)) W,

- ln TEA,, Kt(u)7E

where cpE A., has trace-class norm 0(e).
As lira Lt (u) = 0, we obtain

u-+0

Lt(u) = u J Kt (au)[!', TE]2E(Kt(bu) - Kt (bu))cp da
a+b-1

- u J Kt (au) (p, A,, Kt (bu) c da
a+b-1

The second term is of trace-class norm 0(eue-a") uniformly in t for u
big. For small u it is 0(e) in the asymptotic sense, that is all terms in the
sympototic expansion will be of trace-class norm 0(c). For the first integral
we apply the same procedure from the right, i.e. apply (0' + a"") from the
other side, to obtain
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Lt (u) _

u2 J {Kt (au)[O*, 'PEI V2E(Kt(bu) - Kt (bu)) A`]Kt (cu)} dadb
a+b+c=1

+ O(e u2e-au)

We are interested in tr, (N Lt(u)), which now turns out to be

tr, (N Lt(u)) =

u2 f tr, (Kt (cu)N Kt(au)) [0`, tPE]co2E(Kt(bu) -Kt (bu))'P2E[<PE, O*])dadb

a+b+cz1
+ O(u2e a-au)

-u f tr,( e-auk'+aN[A*, PE]w2E(Kt(bu) - Kt (bu))W2E A*])da
O

L [1 E,

a+b-1

`}-
O(u2e a-au)

This also holds for superconnections (pass to the limit), where a u A' has
to be replaced by aO,'u2, etc. Note that the trace is now an integral over
supp(dca )2. Thus for fixed a we are in a compact set of k - 8X00, so
everything decays nicely for u -' oo, has good asymptotic expansions, etc.
We may thus form the regularized integral

00

f tr, (NLt(u))
dug

u
0

and it follows that up to a term O(e) this converges for t --+ oo to the
corresponding integral at oo. Moreover these integrals are the contribu-
tion to cht - cht which comes from integrating the appropriate kernel over
supp(w,). For the rest we have convergance as before, so finally

lim cht - cht = chi - ch 0 .
t +00



LECTURE 7. THE THEOREM OF BISMUT-VASSEROT

Suppose X is a projective complex algebraic manifold, L an ample line-
bundle on X, and E a hermitian vectorbundle. Then we know that for big
q E ®L®q has only cohomology in degree zero. Endow Il (X, E (9 L®q) with
its L2-metric. If everything is defined over the integers of a numberfield
we obtain a lattice of integral points in it. and for arithmetic applications
one often needs to know its covolume.This is computed by the arithmetric
Riemann-Roch theorem, up to the ch-class of the cone of v: r(X, E ®
r(Ia\ !ls ___L-_L __ 1 1 1 _-__1at -colliplex, wnlcu In turn is the regularizeu in egrai

00

0

Here N is the niimher-nneratnr on the n;-rmmnlex Tn fRVI Rismllt andL- J

Vasserot give bounds for this. The main strategy is as follows:
Split the integral in two parts, one where qu is bounded and the other where
qu approaches w. For the first part :.. .,.,Va,.. asymyVJVLI. ------
uniform in q. In fact for this we need no ampleness. For the second we
have to use that the eigenvalues of Aq are sufficiently positive, so that it

r 1 lil l_ it r 1aecays cas_t eiiough. rsitnougn tnis is not necessary we assume for simplicity
that X is Kahler. First we treat small times:
Choose a point x E X. We make a local computation around x, but as usual
everything will be uniform and Co' in x. Choose holomorphic coordinates
zi, ... , z around x(n = dimc(X)) such that the metric is given by a
Kahler- potential

n

WX = I Izj I' + (order > 4)
5=i

Also choose an ON-frame for E near x. Furthermore we can find a local
holomorphic generator f of L for which

logllfll2 = -J:ajkzjzk +(order > 3)
j,k

The ajk define a hermitian endomorphism N(L) of TX x, independent of
the coordinates. Also the curvature R(L) of L at x is equal to
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R(L) _ > ajkdzj A dzk + (order > 1)
j,k

We can choose the zj in such a way that N(L) is diagonal, i.e.

R(L) (z) _ >.\jdzj Adzj.

This simplifies the linear algebra below.
Now denote by Kq(u, x, y). (volume form) the heat-kernel e_u°9.

Theorem 7.1.
a) (2iru)^ q-n Kq(q-1u, x, x) = Lq(u, x) E End (E ® S(X)) (x) is Coo

for
u E [0, oo), x E X, and has a limit L0,, (u, x) as q --* 00

b) On any compactum, Lq(u, x) - L,,,,(u, x) is O(q- 4) in the Coo-
topology (in the asymptotic sense as u -> 0)

c) L,,. (u, x) = det (1 eN.N L
)e-u" ' where N(L) is the derivation

on A* 0x0" which sends dzj to )1j dzj
d) tr, (N L,,,, (u, x)) = det(uN(L)) tr (1_eyN L) rk(E)

Proof: We have already trivialized the bundles near x. In these trivializa-
tions the Christoffel-symbols r(x) and r(L) vanish at the origin. Now we
scale the coordinates by a factor (uq-1)12. Then all the curvature terms get
a factor uq-1, so only the curvature of L®q survives in the limit q oo.
That is by the Lichnerowicz-formula in the new coordinates the Laplacian
is given by (note that A = a DZ )

2uq-1 . Aq = -> (8j - 2 E Rjk(L)xk)Z + uR(L)a + O((uq-1);)
j k

So by the usual perturbation theory of lecture 3 we obtain a) and b), with
the limit determined by the limiting Laplacian above, without the error
term. There the leading term is give by Getzler's computation [Ge] as

4 a
UAW

ti a * exp (- u - )j (dzj A dzj )a)e> >-e_2 , 2
i i

But E Aj (dzj A dzj )a tr (N(L)) + 2 N(L), and we derive c).
i

For d) we need to do a linear algebra computation:
A*S7 s has a basis d1, I C_ {1, ... , n} any subset. On this basis N acts
as It, and ,V(L) as E )j . Thus we need to compute

iE1
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III exp(-u1] A1)
I jEI

d
11 (1 - t exp(-uAj ))

dt t_1
3

II (1 - exp(-u\j )) . E 1 ep(-
u.A3))'

which gives the desired result.

95

Large times.
Next we consider what happens for uq-1 big. Let µq denote the infimum

of the eigenvalues of q-10q on forms of degree > 1. µg is positive for big
q, as then the complex is acyclic in positive degrees.

Lemma 7.2.
a) Assume µ E R is less than the eigenvalues .1j of N(L)(x), for any

x E X. Then for q big enough µq > p.
b) In any case there exists a constant c such that for big q µg >

exp(-c q)

Proof: Assertion a) holds for the limiting Laplacian

2
(8j - 1 Rjk(L)xk)2 + R(L)a)>

k

since it respects the basis di', is > 0 on scalars (=0-forms), and its action
on dt' differs from that on scalars by the positive constant E Aj > p, if

jEI
I # 0. (The curvature term R(L)a itself is not positive, but the sum with
the first term is.) It follows by approximation that there is a neighborhood
U. of z such that for any section e of E ®L®q ® S(X), of positive degree
and with support in U,,, we have

<1 qe,e>>qp<e,e>
or equivalently

II(a + 5*)eII ? qµ' IIeMI



96 Lecture 7

Choose finitely many C'-functions Wt such that each cpi has support in
some U., and such that 1. Then [a + a`, apt] is bounded in L°°,

independently of q. Thus if e is a global section of E ® L®q 0 S(X), which
is an eigenvector for a + a' with eigenvalue , then

< e,e > _ < Wt(-6 + a')e,<pt(a + a')e >

_ < (a + a* )cote, (a + a" )cpie > +O(. IIeII2)

> pq < (Pte, Spte > +O(N C IIell2)

= µq' IIel12 +O(f Ile1I2,

so µq+O().
Making µ a little bit smaller and choosing q big gives the result.
For b) we observe (following [BV]) that the minimal eigenvalue qµq of

Aq in positive degrees occurs in its restriction to Im(a). Now we easily
obtain the following description of µq:
µq is the biggest number such that for any h E Imp), there exists a g
with IIgII2 < (qµq)-1 IIhII2 and ag = h: For one direction decompose into
eigenspaces, and for the other decompose g into Ker(a) ® Ker(a)l.

Now for any two metrics on L there exists a constant c > 0 such that the
metrics on E ®L®q 0 S(X) are mutually bounded by exp(2 q). From the
above description it follows that the ratio of the minimal q eigenvalue qµq
is bounded by exp(c q). By a) it is bounded below if we choose a metric
with positive curvature (which exists as L is ample), so in general we have
a lower bound exp(-c q).

Application to analytic torsion.
Finally want to compute the regularized integral

Co

chq = -2 J tr,(Ne-n°q) uu

0

We fix a big u0, and split into u < uo/q and u > u0/q. For the first integral
we would like to introduce the new variable qu. However as we have a
regularized integral one checks that for such a substitution
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00 CO

Jf(qu) d
= ff(u) d - log(q) lym'f (u),

0 0

where lirri denotes the Schwartz-limit.
Thus

uo/q
-1 / u du

2
J tr,(1ve 9) u

0

is equal to the X-integral of

1

2

uo/9 "
tr, (N Lq (qu, x))

du
(27ru j u

0

97

uo

2

(2q,7r)r(f
(u-"N Lq(u, x))

u
u - log(q) l i m o ' tr, (u N Lq(u, x))

/0

Up to an error of size o(q") we may replace Lq by L00. It already follows
that the total contribution is O(q" log(q)).

If N(L) is positive we can do better. We want to compute everything
modulo O(q"). Then the integral disappears. Thus we have to consider

'(q ) n log(q) lim' det (N(L)) tr I 1 I rk(E)
2 2 ?r u-0 1- euN(L)

Locally the trace is which has constant term

z . Thus we obtain

4 det
( zN

(L))
q" . log(q") . rk(E)

By Riemann-Roch the X-integral of q" det ( zL) rk(E) is
dim F (X, E (9 L®q) + O(q"-')

Finally there is the integral

00 00

u 12 r tr,(Ne-uo,) = -2 J tr,(Ne-9°')du
.

u0/q u0
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At u = uo Kq (R, x, x) is uniformly O(q").
Furthermore separately in each degree

8u tr (K, (q )) -µq tr (K, (q ))

It follows that the integrand is uniformly O(q") e-µq(u-u°), so the in-
tegral is O(q" I logM.1). For positive N(L) this is O(q"), and in general
O(q"+1). Thus

Theorem 7.3.
a) ch(vq) = O(q"+1)
b) If N(L) is positive

ch(vq) = 4 q" log(q")rk(E) Jdet
(N(L)) dx + O(q")

x

4 log (q") dim 1' (X, E (9 L®q) + O(q")
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