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Preface

This book studies the global propagation of the regular nonlinear hyperbolic
wave described by first-order quasilinear hyperbolic systems in the one-space-
dimensioned case. Via the concept of weak linear degeneracy and the method
of (generalized) normalized coordinates, a systematic theory is established
on the global existence and the blow-up mechanism of the regular nonlinear
hyperbolic wave with small amplitude not only for the Cauchy problem, but
also for some other important problems such as the Cauchy problem on a
semibounded initial data, the one-sided mixed initial-boundary value prob-
lem, the generalized Riemann problem, and the generalized nonlinear initial-
boundary Riemann problem, etc, as well as not only for the direct problem,
but also for inverse problems such as the inverse generalized Riemann problem
and the inverse piston problem. Most of the material contained in this book
is based on the results the authors obtained in recent years. Some material
that was previously published has been revised and updated.

The whole approach in this book is based on the theory of the local regular
solution and of the local piecewise regular solution for quasilinear hyperbolic
systems. For more comprehensive information, the reader may refer to the
book by Li Tatsien and Yu Wenci, Boundary Value Problems for Quasilinear
Hyperbolic Systems (Duke University Mathematics Series V, 1985).

The first author would like to take this opportunity to give his warm thanks
to Professor Gu Chaohao for having initiated and brought him into the fruit-
ful area of quasilinear hyperbolic systems. The authors are very grateful to
all the members on the Applied PDEs Seminar of Fudan University, orga-
nized by Qin Tiehu, Zhou Yi, and the first author, for their constant interest,
discussion, and suggestion on the subject.

We would like to express our deep appreciation to the National Basic
Research Program of China (973 Program)(2007CB814800) and, for the
second author, also to the National Natural Science Foundation of China
(10771038) for their support.
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Our sincere thanks go to Professor H. Brezis for his enthusiastic interest
and support by the inclusion of this book in the PNLDE Series. Special
thanks also go to Ann Kostant for her efficient work in editing this book.

August 2008 Li Tatsien
Wang Libin
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Chapter I
Introduction

1.1 Cauchy Problem

In this monograph we shall consider the nonlinear hyperbolic waves described
by the following first-order quasilinear hyperbolic system:

ou ou

Ey A<u)8x =0, (1.1.1)
where v = (ui,...,u,)? is the unknown vector function of (,2) and
A(u) = (a;5(u)) is an n x n matrix with suitably smooth entries a;;(u)
(i,j=1,...,n).

By the definition of hyperbolicity, for any given u on the domain under
consideration, the matrix A(u) possesses n real eigenvalues Aj(u), ..., A, (u)
and a complete set of left (resp. right) eigenvectors li(u),...,l,(u) [resp.
ri(u),...,rp(u)]: Fori=1,...,n,

Li(w)A(u) = Ni(uw)li(u)  [resp. A(uw)ri(u) = X (u)r;(u)]. (1.1.2)
Without loss of generality, we assume that
l,-(u)rj(u) Edij (Z: 1,...771), (113)

where §;; stands for Kronecker’s delta.
In particular, if the matrix A(u) possesses n distinct real eigenvalues

A(u) < Ao(u) < -+ < Ap(u), (1.1.4)

system (1.1.1) is said to be strictly hyperbolic.
We first consider the Cauchy problem for system (1.1.1) with the initial
condition

t=0: u=d¢x), (1.1.5)

where ¢(z) = (¢1(z),. .., dn(x))T is a C! vector function of z with bounded
C! norm.

Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 1
Hyperbolic Waves, DOI 10.1007/b78335_1,
© Birkhduser Boston, a part of Springer Science+Business Media, LLC 2009



2 I Introduction

If the matrix A is independent of u, we meet linear hyperbolic waves given
by
ou ou
ot * ox
with (1.1.5). The acoustic wave is a typical example of linear hyperbolic
waves. In the scalar case, we have, for instance, the Cauchy problem

=0 (1.1.6)

o ox (1.1.7)
t=0: u=¢(x),

where ¢(z) is a C! function of z with bounded C! norm. The wave speed
is constant: dx/dt = 1 and the wave always keeps its shape in the course of
propagation. In the general case, there are n linear waves given by (1.1.6)
and (1.1.5) with constant speeds

%:Ai (i=1,...,n), (1.1.8)
respectively. Each wave keeps its shape in the propagation, and the interac-
tion among waves is only a linear superposition. It is the reason that we can
hear and distinguish many persons speaking at the same time. Otherwise,
our life would be very complicated.

The situation for nonlinear hyperbolic waves is totally different. In the
scalar case, let us consider, for instance, the Cauchy problem for Burger’s
equation:

@ + u@ =0
ot ox 7 (1.1.9)

t=0: u=¢(x).

The wave speed depends on u : dx/dt = u and then the wave cannot keep
its shape in the course of propagation. Generically speaking, there will be a
distortion of wave shape, such that the wave steepens and finally blows up in
a finite amount of time. In the general case, there are n nonlinear hyperbolic
waves given by (1.1.1) and (1.1.5) with speeds

@) =1,....n), (1.1.10)
dt

respectively, and there are nonlinear interactions among these waves, so that

the situation is much more complicated.

As a conclusion, the Cauchy problem (1.1.1) and (1.1.5) always admits a
unique C! solution u = u(t,z) at least for a short time 0 < t < § (cf. [72]
and the references therein); however, generically speaking, the C! solution
u = u(t,x) to the Cauchy problem (1.1.1) and (1.1.5) exists only locally in
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time and the singularity may occur in a finite time, i.e., there exists ¢y > 0
such that

llu(t, o + |lus(t, )|lo becomes unbounded as t 1 to, (1.1.11)

no matter how smooth and how small the initial data are, where || - ||o stands
for the C° norm (cf. [50] and the references therein).

Therefore, it is of great importance in both theory and applications to
study the following two problems:

1. Under what conditions does the problem under consideration (the
Cauchy problem, the mixed initial-boundary value problem, etc.) admit a
unique global C'! solution u = u(t,x) in time?

2. Under what conditions does the C'' solution to the problem under con-
sideration blow up in a finite time? What is the sharp estimate on the life
span of the C! solution, i.e., on the maximum length of existence of the t-
interval? What is the mechanism of the formation of singularities and what
is the character of singularity?

When n = 1 or 2, the answer to these two problems is relatively simple
(cf. [50] and the references therein).

For the general hyperbolic system (1.1.1) of n equations, the first result
in this direction was given by John [38]. Suppose that in a neighbourhood
of u =0, A(u) € C?, system (1.1.1) is strictly hyperbolic and genuinely
nonlinear (GN) in the sense of Lax: For i =1,...,n,

VAi(u)ri(u) # 0. (1.1.12)

Suppose furthermore that ¢(z) € C? has a compact support:

Supp ¢ € [ao, Bol- (1.1.13)
John proved that if
6= (B — ap)? sup |¢" ()] (1.1.14)
e

is small enough, then the first-order derivative u, of the C? solution
u = u(t,x) to the Cauchy problem (1.1.1) and (1.1.5) must blow up in a
finite time.

Liu [77] generalized John’s result to the case that in a neighbourhood
of u = 0, a nonempty part of characteristics is GN, while the other part
of characteristics is linearly degenerate (LD) in the sense of Lax: For the
corresponding indices ¢,

Vi (u)ri(u) = 0. (1.1.15)

Under the additional hypothesis “linear waves do not generate nonlinear
waves,” he got the same result as in John [38] for a quite large class of initial
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data. His result can be applied to the system of one-dimensional gas dynamics
with convexity.

Hormander [32],[33] reproved John’s result and, when ¢(x) = e¢(z), where
€ > 0 is a small parameter, he got the following asymptotic behaviour of the
life span T'(¢): .

leiﬁ)l{ET(E)} = Mo, (1.1.16)

where M) is a positive constant independent of e, defined by

My = (max_sup{~(VA0)rs(0)(0)/(2)}) - (1.1.17)

1=1,...,n R

Thus, there exist two positive constants ¢ and C' independent of €, such
that the life span T'(e) satisfies the following optimal estimate:

et <T(e) < Cet, (1.1.18)

denoted by ~
T(e) =e . (1.1.19)

On the other hand, Bressan [9] gave a result on the global existence of the
classical solution as follows: Suppose that system (1.1.1) is strictly hyperbolic
and LD in the sense of Lax: Equation (1.1.15) holds for i = 1,...,n. Suppose
furthermore that the initial data ¢ have a compact support. If the total
variation of ¢ is small enough,

TV{¢} << 1, (1.1.20)

then the Cauchy problem (1.1.1) and (1.1.5) admits a unique global classical
solution u = u(t, x) for all ¢ € R.

All the previous results are obtained under the following three hypotheses
on system (1.1.1):

1. The system is strictly hyperbolic.
2. a. The system is GN, i.e., all the characteristics are GN; or
b. A nonempty part of characteristics is GN, while the other part of the

characteristics is LD.
c. The system is LD, i.e., all the characteristics are LD.
3. In case 2b, “linear waves do not generate nonlinear waves.”

In order to explain that these three hypotheses restrict the applications,
we can see the examples given in Section 1.3.

Actually, many authors have pointed out the necessity of studying the
quasilinear hyperbolic system with general characteristics. For instance, Ma-
jda proposed in [81] the open problem “investigate shock formation in non-GN
systems for initial data of compact support.” He also mentioned two espe-
cially interesting systems in nonlinear elasticity, namely, examples given in
Sections 1.3.5 and 1.3.6.
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One aim of this monograph is to establish a complete theory on both the
global existence of and blow-up phenomenon of the C'* solution to the Cauchy
problem for general quasilinear hyperbolic system with small initial data with
compact support or, more generally, with small and decaying initial data.

Remark 1.1.1 In this monograph the weak entropy solution to quasilinear
hyperbolic systems of conservation laws will be discussed in Chapters 7-10
only for the piecewise smooth solution to the generalized Riemann problem
and to the piston problem in gas dynamics. The general theory on the weak
entropy solution to the Cauchy problem in one dimension has been exten-
sively studied by many authors, including Bianchini, Bressan, Chen, Glimm,
LeFloch, Liu, Yang, etc. (for instance, see [5], [6], [10]-[14], [16], [17], [27],
[43], [44], [78], [79]).

Moreover, under some special hypotheses on the quasilinear hyperbolic
system, the formation of singularities has also been studied for the Cauchy

problem in [4], 8], [21], [23], [35]-(37], [82], [83], [99], [102].

1.2 Weak Linear Degeneracy

In what follows we first consider the strictly hyperbolic case.

In order to present a complete result, it is necessary to introduce a new
concept—the weak linear degeneracy (see Chapter 2).

The ith characteristic \;(u) is said to be weakly linearly degenerate
(WLD) with respect to u = wug if, along the ith characteristic trajectory
u=u® (s) passing through u = wg in the u-space, defined by

du

&~ (1.2.1)
s=0: u=1u,
we have
Vi(w)ri(u) =0, VY|u—ug| small, (1.2.2)
namely,
Ai(uD(s)) = Ni(ug), V|s| small. (1.2.3)

Obviously, if A;(u) is linearly degenerate (LD) in a neighbourhood of
u = wg, then X\;(u) is WLD with respect to u = ug, whereas if \;(u) is
genuinely nonlinear (GN) in a neighbourhood of u = wg, then \;(u) is not
WLD with respect to u = ug.

By definition, if \;(u) is not WLD, then \;(u(?)(s)) is not identically equal
to a constant for small |s|; therefore, either there exists an integer o; > 0



6 I Introduction

such that
d'\i(u(s)) d® TN\ (u® (s))
TS:OZO (l:]_,...,()éi), but Wpo#o’
(1.2.4)
or
A () (s))
_ = [=1,2,... 1.2.
dst 5=0 0 ( 2-) (125)

but (1.2.3) fails, denoted by «; = +oc.

Thus, for each characteristic \;(u), we have the following table:

non-WLD

(GN) WLD
a;= 0 ,1,2,... a; = +00
———

finite

If a; = 0, then in a neighbourhood of u = ug, A;(u) is GN. Moreover,
when «; increases, A;(u) is closer and closer to the WLD case.

System (1.1.1) is said to be WLD with respect to u = wug if all the
characteristics Ay (u), ..., A, (u) are WLD with respect to u = ug.

Hence, if system (1.1.1) is not WLD, then there exists a nonempty set of
indices J € {1,...,n} such that A;(u) is not WLD if and only if ¢ € J.

Let

a=min{w; | i € J}, (1.2.6)

where « is an integer > 0 or +oc0.
Thus, for any given quasilinear strictly hyperbolic system (1.1.1), all
possible situations can be shown in the following table:

non-WLD

WLD
a=0,1,2,... a = +00
——

finite

It gives us a complete category.
Let

J1 = {Z | i1ed, a; = a}. (1.2.7)
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When o = 0, then for every i € Ji, Ai(u) is GN in a neighbourhood of
u = ug. Furthermore, when « increases, system (1.1.1) is closer and closer to
a WLD system.

1.3 Some Examples

In this section we give some examples of systems arising in mechanics, physics,
or applications.

1.3.1 System of Nonlinear FElasticity

The system of nonlinear elasticity can be written as (see [50])

gv_ow _
ot oz
’ (1.3.1)
ow  OK(v) _ 0
ot oxr
where K (v) is a suitably smooth function of v such that
K'(v) >0, Vo, (1.3.2)
and, without loss of generality, we may assume that
K(0) =0. (1.3.3)

By (1.3.2), (1.3.1) is a strictly hyperbolic system with the following distinct
real eigenvalues:

MU) ==/ K'(v) < X(U) = /K'(v), (1.3.4)
and the corresponding right eigenvectors can be taken as
rn(U) = (LVE@), ) =0-VE@)T, (135

where U = (v, w)T.
It is easy to see that A1 (U) and A\y(U) are GN if and only if

K" (v) #0, VYo, (1.3.6)
whereas, A1 (U) and A\(U) are LD if and only if

K'(v)=0, VYo. (1.3.7)
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Now we consider system (1.3.1) in a neighbourhood of U = Uy et 0,07,
where b is an arbitrarily given constant.
If
K'(0) > 0, (1.3.8)

(1.3.1) is a strictly hyperbolic system with the distinct real eigenvalues (1.3.4)
in a neighbourhood of U = Uy. Suppose furthermore that

K"(0) # 0 (1.3.9)

then (1.3.1) is GN in a neighbourhood of U = Uy. On the other hand, it is
easy to see that A;(U) and A\y(U) are WLD with respect to U = Uy if and
only if they are LD for small |v|, namely,

K"(v) =0, V|v| small (1.3.10)
Moreover, if
K"(0)=0 but K"(v)#0, Vv|small, (1.3.11)

then in a neighbourhood of U = Uy, (1.3.1) is neither GN nor LD (WLD).
More precisely, if there exists an integer o > 0 such that

K"(0)=K"(0)=---= K*t)(0) =0, but K+ (0) £0, (1.3.12)

then in a neighbourhood of U = Uy, (1.3.1) is a non-WLD system with the
index «. Obviously, when « = 0, system (1.3.1) is GN in a neighbourhood of
U =Uy.

1.3.2 System of Traffic Flow

The traffic flow can be described by the following system (see [3]):

{3,5/)-1-&5(/9”) =0, (1.3.13)

de(p(v +p(p))) + d=(pv(v+p(p))) =0,

where p > 0 and v are the density and the velocity of cars at point x and
time ¢, respectively, and p(p) is a smooth increasing function of p.
Let
U= (p,v)T. (1.3.14)

It is easy to see that when p > 0, (1.3.13) is a strictly hyperbolic system
with the following distinct real eigenvalues:

A(U) =v = pp'(p) < X(U) =0, (1.3.15)



1.3 Some Examples 9
and the corresponding right eigenvectors can be taken as
Tl(U) = (L 7p/(p))T7 TQ(U) - (LO)T' (1316)

Obviously, A\2(U) is always LD.
Moreover, it is easy to see that A\q(U) is GN if and only if

pp" (p) +2p'(p) #0, Vp>0. (1.3.17)

In particular, under the assumption

p(p) =p” (7> 0is a constant), (1.3.18)
A1 (U) is GN.
On the other hand, A\ (U) is LD if and only if
pp" (p) + 20 (p) =0, Vp >0, (1.3.19)
namely,
B
p(p)=A— >’ Vp >0, (1.3.20)
where A and B > 0 are real constants.
Now, we consider system (1.3.13) in a neighbourhood of U = U def-
(po;vo)" with po > 0.
A1(U) is GN in a neighbourhood of U = Uy if and only if
pop” (o) + 20" (po) # 0. (1.3.21)

On the other hand, A1 (U) is WLD with respect to U = Uy if and only if it is
LD for small |[p — pg|, namely,

B
p(p) =A— ’ V|p — po| small. (1.3.22)

1.3.3 System of One-Dimensional Gas Dynamics

The system of one-dimensional gas dynamics can be written in Lagrangian
representation as

or _du _

ot oxr

ou  9Ip(T,S)

z= ’ — 1.3.23
ot 5 0, ( )
a8

E—O
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(see [22], [75]), where u is the velocity, S is the entropy, p is the pressure, and
7 > 0 is the specific volume. Moreover, p = p(7, S) is the equation of state,
satisfying

pr <0, Yr>0, (1.3.24)

which implies that (1.3.23) is a strictly hyperbolic system with three distinct
eigenvalues:

/\1(U) = —V—pr < )\Q(U) =0< /\3(U) =\ —pPr (1325)

and the corresponding right eigenvectors can be taken as

7”1(1]) = (L % 7p‘raO)T7 7’2(U) = (pS>07 *p‘r)T7 TS(U) = (717 V 7p7'70)T7
(1.3.26)
where

U= (ru8)". (1.3.27)

Obviously, A2(U) is always LD. On the other hand, A\ (U) and A3(U) are
LD if and only if

prr(1,8) =0, V7 >0, VS, (1.3.28)

whereas, A;(U) and A\3(U) are GN if and only if p = p(7,5) is a strictly
convex or concave function with respect to .

We now consider system (1.3.23) in a neighbourhood of U = Uy def
(TQ,U(), So)T with o > 0.
If
pr(70,50) <0, (1.3.29)

then (1.3.23) is a strictly hyperbolic system with three distinct eigenvalues
(1.3.25) in a neighbourhood of U = Uy. Moreover, it is easy to see that Ay (U)
and A\3(U) are LD in a neighbourhood of U = Uy if and only if

prr(17,8) =0, V|r— 70| and |S — Sp| small, (1.3.30)
whereas, A\ (U) and A3(U) are GN in a neighbourhood of U = Uy if and only
if

prr(70,50) # 0. (1.3.31)

Noting that the first characteristic trajectory U = U (1)(8) passing through
U = Up in the U-space is defined by

dU
=N (U)v
ds (1.3.32)

s=0: U="U,,
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where r1(U) is given by (1.3.26), by the definition of WLD, we can see that
A1 (U) is WLD with respect to U = Uy if and only if

Prr(7,50) =0, V|7 — 70| small. (1.3.33)

Similarly, A3(U) is WLD with respect to U = Uy if and only if (1.3.33)
holds. Obviously, if A\;(U) and A3(U) are LD in a neighbourhood of U = Uy,
then they are WLD with respect to U = Uj.

If

Prr(7,50) £0, V|7 — 70| small, (1.3.34)

then (1.3.23) is not WLD with respect to U = Uy. More precisely, if there
exists an integer o > 0 such that

8a+1 Hot+2

p
p-r‘r(7-0750) = (9T‘)‘+1 (7'0,50) = 0 but Ora Aotz (7’0,50) 75 O (1335)

then (1.3.23) is a non-WLD system with the index «. Obviously, when o = 0,
system (1.3.23) is GN in a neighbourhood of U = Uj.

1.3.4 System of Compressible Elastic Fluids with
Memory

The system of 1D compressible elastic fluids with memory can be described
by the following (cf. [45], [98]):

pt + vpg + pug =0,
p(vr +vvz) + p(p)a = (PW'(F)F)e, (1.3.36)
Ft+rUFT*FUr:07
where p > 0 is the density, v is the velocity, p is the pressure, W (F) is the
strain energy function, and F' corresponds to the deformation tensor.

Let
U = (p,v, F)T. (1.3.37)

When
p'(p) +W'"(F)F? >0, Vp>0, VF, (1.3.38)

(1.3.36) is a strictly hyperbolic system with the following distinct real
eigenvalues:

M=v—D(p)+W/(F)F2 <X =v<X=uv+p(p)+W"(F)F?
(1.3.39)
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and the corresponding right eigenvectors can be taken as

T

p F
rmU)=1|— ,

1( ) ( \/p/(p)-l-w“ \/p 4+ w F)F2>

ra(U) = (FW”(F)JrW’(F),O,p—(p) SW( )> ,

. T

p
(U 1, . 1.3.40
= (\/p ) +w (F)F* /P (p) +w”(F)F2> 1340
Obviously, A2(U) is always LD. On the other hand, A (U) and A3(U) are
LD if and only if

pp" (p) +2p'(p) — W"(F)F® =0, Vp>0, VF, (1.3.41)
whereas, A1 (U) and A\3(U) are GN if and only if

p"(p) + 20/ (p) — W (F)F® #0, VYp >0, VF. (1.3.42)
Now, we consider system (1.3.36) in a neighbourhood of U = U, def
(po,vo, 1) with pg > 0.
If
p'(po) + W"(1) > 0, (1.3.43)

(1.3.36) is a strictly hyperbolic system with three distinct eigenvalues (1.3.39)
in a neighbourhood of U = Uy. Then, in a neighbourhood of U = Uy, A1(U)
and \3(U) are LD if and only if

b (0) + 20/ (p) — W (F)F® = 0, (1.3.44)
whereas, A1 (U) and A3(U) are GN if and only if

pop” (po) +2p' (po) — W™ (1) # 0. (1.3.45)

The first characteristic trajectory U = U (1)(8) passing through U = Uy in
the U-space is defined by

dUu
E = rl(U)a

s=0: U="U,,

(1.3.46)

where r1(U) is given by (1.3.40). By the first equation and the third one in
system (1.3.46), we immediately get
d(pF)
ds

=0. (1.3.47)
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Hence, pF = py always holds along the first characteristic trajectory passing
through U = Up. Thus, by the definition of WLD, A1 (U) and A3(U) are WLD
with respect to U = Uy if and only if

op” (p) + 20 (p) — W (pop™ ) (pop™")*> =0, V|p—po| small.  (1.3.48)

Obviously, if A1 (U) and A3(U) are LD in a neighbourhood of U = Uy, then
they are WLD with respect to U = U.
Let

Qp) = pp" (p) +20'(p) = W" (pop™ ) (pop™*)*. (1.3.49)

If
Q(p) £0, Vlp — po| small, (1.3.50)

then (1.3.36) is not WLD with respect to U = Uy. More precisely, if there
exists an integer o > 0 such that

Qpo) =Q'(po) = -+ = Q(a_l)(po) =0, but Q(O‘)(po) £ 0, (1.3.51)

then (1.3.36) is a non-WLD system with the index «. Obviously, when o = 0,
system (1.3.36) is GN in a neighbourhood of U = Uy.

1.3.5 System of the Motion of an Elastic String

The dynamics of a nonlinear elastic string can be expressed by the following
system (cf. [15], [58], [59], [62], [76], [100], [101]):

ur — vy =0,

w_(ﬂﬂo _o, (1.3.52)

where u = (u1,...,un)?, v = (vi,...,0)7, 1 = |u| = Vul+- +u2
(in practice, n = 2 or 3), and T" = T(r) is a suitably smooth function of
r such that

T'(r)y>—=>0, VYr>1. (1.3.53)

Under hypothesis (1.3.53), (1.3.52) is a hyperbolic system with 2n real eigen-
values:

M) — T < A(U) = = 2\, (U) < — @
< >\n+1<U) == )\2n71(U) déf’ @ < >\2n(U) déf' \/m7

(1.3.54)
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and the corresponding right eigenvectors can be taken as

T
T T

_u2,U1,0,...,O,_ (T)UQ, (r)ul,O,...,O> 5
r r

T
rn(U):<—un,O7...,O7u1,— Tir)un,O,...,O, @m) ,

in which

U= <Z> . (1.3.56)

When n = 2, system (1.3.52) is a strictly hyperbolic system, while, when
n > 2, system (1.3.52) is a nonstrictly hyperbolic system with characteristics
with constant multiplicity.

It is easy to see that \y(U), ..., Aap—1(U) are always LD. Moreover, Ay (U)
and Ag, (U) are GN if and only if

T"(r) #0, Vr>1, (1.3.57)
whereas, A1 (U) and Az, (U) are LD if and only if

T'(r)y=0, Vr>1. (1.3.58)

Now, we consider system (1.3.52) in a neighbourhood of U = Uy et (%0)

with |ug| > 1 and

T'(ro)
7o

T/(To) >

>0, (1.3.59)

where g = |ug| and ug is a constant vector.
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A1(U) and Ao, (U) are GN in a neighbourhood of U = Uj if and only if
T"(ro) # 0. (1.3.60)

Moreover, it is easy to see that A (U) and Ao, (U) are WLD with respect
to U = Up if and only if A;(U) and A2, (U) are LD in a neighbourhood of
U = Up, namely,

T"(r)=0, VY |r—ro| small (1.3.61)

Thus, if

T"(r) #£ 0, V|r — ro| small, (1.3.62)
then, in a neighbourhood of U = Uy, (1.3.52) is not LD (WLD). More pre-
cisely, if there exists an integer a > 0 such that

T"(ro) = T" (rg) = --- = T (o) = 0, but T+ (1) £0, (1.3.63)

then, in a neighbourhood of U = Uy, (1.3.52) is a non-WLD system with the
index «. Obviously, when « = 0, system (1.3.52) is GN in a neighbourhood
of U = UO.

1.3.6 System of Finite Amplitude Plane Elastic Waves
for Hyperelastic Materials

The system of finite amplitude plane elastic waves for hyperelastic materials
can be written as

ou ou
o A(u)% =0 (1.3.64)
(see [38]) with u = (uy,...,us)T and
0 -1
A(u) = (_V// 0 ) ) (1.3.65)

where V" = V" (uy,ug,u3) is a 3 X 3 matrix determined by the material and
I is the 3 x 3 unit matrix.

System (1.3.64) is a nonstrictly hyperbolic system.

For the material of Ciarlet-Geymonat (cf. [20]), it is easy to see that system
(1.3.64) has two LD characteristics with multiplicity 2 and two simple GN
characteristics (for details, see Section 7.4.3).

For the material of St.Venant-Kirchhoff (cf. [20]), system (1.3.64) has two
simple GN characteristics; however, the other four characteristics coincide at
u = 0 but have no constant multiplicity.

For the material of Odgen (cf. [20]), system (1.3.64) has two simple GN
or non-GN characteristics; however, the other four characteristics coincide at
u = 0 but have no constant multiplicity.
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1.4 Main Results for the Cauchy Problem

We now consider the Cauchy problem for system (1.1.1) with small and
decaying C! initial data (1.1.5) satisfying that there exists a number y > 0
such that

0% sup{(1+[a) (19| + 16 (2))} < oo (14.1)

and @ is small enough.

For the global existence of the C'! solution to the Cauchy problem, we will
show in Chapter 3 that the following holds: Suppose that in a neighbourhood
of u =0, A(u) € C?, system (1.1.1) is strictly hyperbolic and WLD with
respect to u = 0. Then there exists 6y > 0 so small that for any given 0 €
[0, 6], the Cauchy problem (1.1.1) and (1.1.5) admits a unique C'* solution
u = u(t,r) with a small C! norm for all t € R.

Conversely, under the assumption that in a neighbourhood of u = 0,
A(u) € C* and system (1.1.1) is strictly hyperbolic, if the Cauchy prob-
lem (1.1.1) and (1.1.5) always admits a unique C* solution v = u(t,x) on
t > 0 for any given C! initial data ¢(z) with small 6, then system (1.1.1)
must be WLD with respect to u = 0.

Thus, for small 8, the weak linear degeneracy is equivalent to the global
existence of the C! solution to the Cauchy problem (1.1.1) and (1.1.5);
hence, if system (1.1.1) is not WLD, then we should meet the blow-up
phenomenon.

For the blow-up phenomenon of the C! solution to the Cauchy prob-
lem, we will show in Chapter 4 that the following holds: Suppose that in
a neighbourhood of v = 0, A(u) is suitably smooth and system (1.1.1) is
strictly hyperbolic. Suppose furthermore that system (1.1.1) is not WLD with
respect to u = 0 and the corresponding index « defined by (1.2.6) is a finite
nonnegative integer. Suppose finally that ¢(x) = eip(z), where ¢ > 0 is a
small parameter and v¢(x) € C! satisfies (1.4.1). Then, for a large class of
initial data, precisely speaking, if there exists ig € J; such that

Lip (0)9(x) # 0, (1.4.2)

then there exists 9 > 0 so small that for any given € € (0, ], the following
conclusions hold:

a. The first-order partial derivative u, of the C! solution u = u(t, z) to the
Cauchy problem (1.1.1) and (1.1.5) must blow up in a finite time, while
the solution itself remains bounded and small. Moreover, the life span T'(¢)
of the C'! solution possesses the following asymptotic property:

lilng(eo‘“T(e)) = My, (1.4.3)
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where M) is a positive constant independent of &, given by

1)
o! dsotl s=0

(L)) kO (@) })

(1.4.4)
where u = u(¥(s) is defined by (1.2.1). Hence, there exist two positive con-
stants ¢ and C' independent of ¢ such that

My :(maxsup{ —
icJy zER

ce” (@) < T(e) < e (ot (1.4.5)

denoted by B
T(e) ~ e (@t (1.4.6)

b. The singularity occurs at the beginning of the envelope of characteris-
tics of the same family, i.e., at the point with the minimum #value on the
envelope.

c. For every ¢ € Jp, the ith family of characteristics does not generate any
envelope on the domain 0 < ¢ < T'(¢). In particular, every family of WLD
characteristics and then every family of LD characteristics does not generate
any envelope on the domain 0 <t < T(e)

d. Let (to,x0) (to def. T(e)) be a blow-up point. There exists ig € J; such
that along the ipth characteristic passing through (g, z¢), the blow-up rate
is given by

ug(t,r) = O((to — )1, Vit < to, (1.4.7)

which is independent of the index a.

e. On the line t = T(E), the set of blow-up points cannot possess a positive
(even very small) measure.

These results imply all the previous ones given by John, Liu, and Hor-
mander and mentioned in Section 1.1.

As to the critical case that system (1.1.1) is not WLD, but the correspond-
ing index « is equal to 400, we still have the blow-up phenomenon. However,
it is impossible to get a unified sharp estimate on the life span in the critical
case a = +oo. In fact, even in the scalar case

us + AMuw)u, =0,
{t—O: u = ep(z), (148)
where A(u) € C*°, N (u) # 0 with
A0)y=0 (1=12,..), (1.4.9)

we may choose A(u) in different ways such that

exp{ce P} < T(e) < exp{Ce™P}, Vp>0, (1.4.10)
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exp{c(lne)?} < T(e) < exp{C(In¢e)?}, (1.4.11)

etc., where ¢ and C' are positive constants independent of e.
The blow-up mechanism of the C! solution in the critical case is also
presented in Chapter 4.

1.5 Normalized Coordinates

The basic idea of the proof of the results given in Section 1.4 is as follows:
Since the initial data are small and decay as || — 400, n waves should
be essentially separated from each other in a finite amount of time and the
interaction among n waves can be controlled to be relatively small. Thus, for
every wave, the problem can be essentially reduced to the scalar case.

Noting that the definition of weak linear degeneracy depends on
u = u(s)(i = 1,...,n), the characteristic trajectories passing through,
for instance, u = 0, the key point in the proof is to find new coordinates
@ = @(u)[a(0) = 0] such that in the d-space the characteristic trajectories
passing through u = 0 can be expressed in a simpler way.

In Chapter 2 we will prove that the following holds: Suppose that in a
neighbourhood of u = 0, system (1.1.1) is strictly hyperbolic and A(u) €
C*, where k is an integer > 1. Then there exists a C**! diffeomorphism
u = u(a)[u(0) = 0] such that in the u-space, for each ¢ = 1,...,n, the ith
characteristic trajectory passing through 4 = 0 coincides with the ;-axis at
least for small |@;|, namely,

fi(ﬂiei)//ei, V|1~LIL‘ small (Z = 1,...,71), (151)

where 7;() denotes the corresponding ith right eigenvector in the u-space

()
and e; = (0,...,0, 1,0,...,0)T.
We refer to the diffeomorphism given above as the normalized transfor-

mation, and the corresponding variables @ = (1,...,%,)" are called the
normalized variables or normalized coordinates. R
In normalized coordinates @, the ith characteristic A\;(@) = A;(u(@)) is

WLD with respect to w = 0 if and only if

Aitze;) = Xi(0),  V|a;| small, (1.5.2)

whereas, if \;(@) is not WLD with respect to u = 0, then either there exists
an integer «; > 0 such that

dlj\i(aiei) d"”“;\i(ﬁiei)
WﬁL:O:O (l:l,...7ai)7 bllt Wﬂl

#0,
=0
(1.5.3)



1.6 Weak Linear Degeneracy and Generalized Null Condition 19

or 15
d )\i(&iei)
_ =0 ((=1,2,... 1.5.4
dat  la;=o ( 20) ( )

but (1.5.2) fails, denoted by «; = +oc.

The system in normalized coordinates can be regarded as a standard form
of a strictly hyperbolic system. The proof of the results given in Section 1.4
are taken in normalized coordinates.

1.6 Weak Linear Degeneracy and Generalized Null
Condition

The null condition was introduced in the study of nonlinear wave equa-
tions for getting the global existence of classical solutions with small initial
data (cf. [19], [39]). For the first-order quasilinear strictly hyperbolic system
(1.1.1), we can similarly introduce the following definition.

A strictly hyperbolic system (1.1.1) is said to satisfy the null condition if
every small plane wave solution u = u(s) [u(0) = 0], where s = ax+bt, a and b
being constants, to the corresponding linearalized system

ug + A(0)uy =0 (1.6.1)
is always a solution to the original quasilinear system (1.1.1), namely,
u + A(0)uy = (A(0) — A(u))u, = B(u)uy. (1.6.2)
Without loss of generality, we may assume that
A(0) = diag{A\1(0),..., A, (0)}. (1.6.3)
Thus, the general solution to system (1.6.1) is
u; = ui(x — N (0)t) (i=1,...,n), (1.6.4)

where u; = u;(s) (i = 1,...,n) are arbitrarily given smooth functions of s.
Hence, noting the strict hyperbolicity, for each plane wave solution u to
system (1.6.1), there exists an index ¢ € {1,...,n} such that

u=u;(s)e;, (1.6.5)

where
s=a—X\(0)t (1.6.6)
and
(4) .
e;=(0,...,0,1,0,...,0)". (1.6.7)
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Therefore, we get

Null condition for system (1.1.1)

)

B(u;(s)e;)ui(s)e; =0, Yui(s) (u;(0) =0) small (i=1,...,n)

0

B(uie;i)e; =0, Y|u;| small (i=1,...,n)

0

A(uie;)e; = Ni(0)e;, V|u;| small (i =1,...,n)
(3
)\i(uiei)ei = )\1(0), V|U,| small (Z = 1, . ,TL),
ri(uie;)//ei, Y|ui| small (i=1,...,n)

)

System (1.1.1) is WLD with respect to u = 0 and

T

u = (uy,...,uy)" are normalized coordinates.

Moreover, since (1.1.1) is a system with n unknown variables, we may
introduce the following definition.

System (1.1.1) is said to satisfy the generalized null condition if there exists
a local C? diffeomorphism @ = @(u) [@(0) = 0] such that the corresponding
system for @ satisfies the null condition.

In this definition, @ = (7y,...,%,)" are normalized coordinates and
@ = u(u) is nothing but a normalized transformation. Thus, saying sys-
tem (1.1.1) satisfies the generalized null condition simply means that system
(1.1.1) satisfies the null condition in normalized coordinates.

Noting that for every i = 1,...,n, VA;(u)r;(u) is an invariant under any
given invertible C? transformation @ = @(u), we claim that system (1.1.1)
is WLD with respect to w = 0 if and only if system (1.1.1) satisfies the
generalized null condition.

1.7 Nonstrictly Hyperbolic Case

Up to now, all the discussions have concentrated only on the strictly hyper-
bolic case. The nonstrictly hyperbolic system also has many applications
(cf. Sections 1.3.5 and 1.3.6), but it is very complicated.

In the nonstrictly hyperbolic case, the following situation is the simplest
one: Consider the quasilinear hyperbolic system of conservation laws

ou n Of (u)

ot ox

=0, (1.7.1)



1.8 Cauchy Problem on a Semibounded Initial Axis 21

where u = (u1,...,u,)? and f(u) = (f1(u),..., fu(u))?. Suppose that every
eigenvalue of A(u) = Vf(u) has a constant multiplicity. Without loss of
generality, we may suppose that

Mu) E A (1) = = (1) < Apyr () < oo < A1), (1.7.2)

where 1 < p < n. When p = 1, system (1.7.1) is strictly hyperbolic, whereas,
when p > 1, (1.7.1) is a nonstrictly hyperbolic system of conservation laws
with characteristics with constant multiplicity. According to the results given

in [7] and [25], for the hyperbolic system of conservation laws, every charac-
teristic with constant multiplicity p > 1 must be LD:

VA(u)ri(u) =0 (it=1,...,p), (1.7.3)

then WLD.

As a result, all previous results in the strictly hyperbolic case can be
similarly extended to this situation (see Chapters 3 and 4). Moreover, several
chapters in this monograph are also closely related to some more general
nonstrictly hyperbolic cases.

In order to treat the nonstrictly hyperbolic system, the corresponding
concepts such as the normalized transformation, the generalized normalized
transformation, and weak linear degeneracy are introduced in Chapter 2.

1.8 Cauchy Problem on a Semibounded Initial Axis

For the Cauchy problem of system (1.1.1) on a semibounded initial axis:
t=0: u=¢(x), x>0, (1.8.1)

where ¢(x) is a O vector function on x > 0, satisfying that there exists a
number g > 0 such that
0 sup{(1+ ) (|6(a)| + ¢/ (2)))} < +oc, (18.2)

x>0
suppose that in a neighbourhood of u = 0,
A(w), .oy s (u) < A (u). (1.8.3)

In Chapter 5 we will show that the following holds: For 6 small enough,
the Cauchy problem (1.1.1) and (1.8.1) admit a unique global C! solution
u = u(t,z) on the maximum determinate domain D = {(¢t,x)| ¢t > 0,2 >
Zn(t)}, where x = x,,(t) is the nth characteristic curve passing through the
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origin O(0,0):
dr,(t)
= An(ult 2 (1)), (1.8.4)

2,(0) =0

if and only if A\, (u) is WLD with respect to u = 0.

Quite different from the corresponding result given in Section 1.4 for the
Cauchy problem (1.1.1) and (1.1.5), in this situation, system (1.1.1) might be
nonstrictly hyperbolic [see (1.8.3)]; moreover, only A, (u) is asked to be WLD
to get the global existence.

1.9 One-Sided Mixed Initial-Boundary Value Problem

In order to consider the interaction of nonlinear hyperbolic waves with the
boundary, namely, the effect of boundary conditions on the global regularity
of classical solution, under the hypothesis that in a neighbourhood of v = 0,

A(w), .o A (u) <0< Appga(u) < -+ < Ay (u), (1.9.1)

we consider the one-sided mixed initial-boundary value problem for system
(1.1.1) with the initial condition (1.8.1) and the following boundary condi-
tions:

x=0: vs = fs(a(t),v1,...,0m) + hs(t) (s=m+1,...,n), (1.9.2)

where f,(-), a(t) = (ai(t),...,ar(t)), and he(-) (s =m+1,...,n) are all C*
functions,

v =lL(wu (G=1,...,n), (1.9.3)

and, without loss of generality, we suppose that
fs(a(t),0,...,00)=0 (s=m+1,...,n). (1.9.4)

Suppose that the conditions of C'! compatibility are satisfied at the point
(t,z) = (0,0). In Chapter 6 we will prove the following result: If all the
positive characteristics As(u)(s = m + 1,...,n) are WLD with respect to
u = 0 and

6% max{sup(1 +2)"(l6(2)] + |6 ()],
sup(1+ 6) 4 (Ja(t)] + [A(6)] + o’ (8)] + B/ (6)])}

t>0
<+ o0, (1.9.5)
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in which g > 0 is a constant and

h(t) = (hm—O—l(t)a ceey hn(t))v (196)

then, for # small enough, the one-sided mixed initial-boundary value problem
(1.1.1), (1.8.1), and (1.9.2) admits a unique global C' solution u = u(t, z)
with a small C! norm on the domain D = {(¢,z)| t > 0,z > 0}.

Comparing with the result on the Cauchy problem (see Section 1.4), this
result shows that when there is only one boundary, the interaction of linear
or nonlinear boundary conditions with nonlinear hyperbolic waves causes
a positive effect on the global regularity of the solution: The weak linear
degeneracy of all the negative characteristics A.(u) (r = 1,...,m) is not
necessary for the global existence of the C'' solution; moreover, the system
might be nonstrictly hyperbolic [see (1.9.1)].

1.10 Generalized Riemann Problem

For the quasilinear hyperbolic system of conservation laws

ou  Of(u)

ot ox

=0, (1.10.1)

under the assumption that (1.10.1) is strictly hyperbolic:
A(u) < Ao(w) < -+ - < Ap(u), (1.10.2)

and for any given ¢ (i = 1,...,n), A\;(u) is either GN or LD, we consider the
generalized Riemann problem for system (1.10.1) with the following piecewise

C1 initial data:
w(x), <0,
t:O:u:{u_x) T (1.10.3)

where u;(z) and u,.(z) are C! vector functions on z < 0 and x > 0, respec-

tively, and
def.

n =" |u-(0) — 1 (0)] >0 (1.10.4)
is suitably small.
Suppose that the corresponding Riemann problem for system (1.10.1) with
the piecewise constant initial data

<
t=0: w0 =0, (1.10.5)
u-(0), x>0,



24 I Introduction

admits a unique self-similar solution u = U(2/t) composed of n + 1 constant
states and n small amplitude waves (nondegenerate shocks corresponding to
GN characteristics and contact discontinuities corresponding to LD charac-
teristics).

Suppose furthermore that there exists a constant g > 0 such that

0" sup{(1+ ) (fua(x) ~ w(0)] + uf(x))

+ igpo{(l +2) T (Jup (2) = up (0)] + [up(2)])} (1.10.6)

is suitably small.

In Chapter 7 we will prove that the generalized Riemann problem (1.10.1)
and (1.10.3) admits a unique global piecewise C! solution u = u(t, ) on t > 0,
which possesses a structure globally similar to that of the self-similar solution
u = U(z/t) to the corresponding Riemann problem (1.10.1) and (1.10.5).
This result shows the global structural stability of the self-similar solution
u=U(z/t) to the Riemann problem.

1.11 Generalized Nonlinear Initial-Boundary Riemann
Problem

Under assumption (1.9.1), we consider the following nonlinear initial-
boundary Riemann problem with constant initial data:

ou  Of(u)

= =0, ¢

% T " om 0, t>0, z>0, (1.11.1)

t=0: u=uy, x>0, (1.11.2)

x=0: vs=Gsv1,...,vm) (s=m+1,....n), t>0, (1.11.3)
where u is a constant vector, f(-) € C3, G5(-) € C! (s=m+1,...,n), and

vi=lLi(uwu (i=1,...,n). (1.11.4)

However, the conditions of C” compatibility at the point (¢,2) = (0,0),

vi =G, uh) (s=mA41,. n), (1.11.5)
fail, where
v =Li(up)uy (i=1,...,n). (1.11.6)

Suppose that every positive characteristic As(u) (s € {m +1,...,n}) is
either GN or LD. If |uy| and |[v} — Gs(v],...,vf)| (s =m+1,...,n) are

m
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suitably small, in Chapter 8 we will prove that the nonlinear initial-boundary
Riemann problem (1.11.1)—(1.11.3) admits a unique self-similar solution
u = U(z/t) composed of n — m + 1 constant states and n — m elemen-
tary waves with small amplitude (shocks or centered rarefaction waves corre-
sponding to GN characteristics, contact discontinuities corresponding to LD
characteristics).

Correspondingly, we consider the generalized nonlinear initial-boundary
Riemann problem for system (1.11.1) with

t=0:u=u(z), x>0, (1.11.7)
x=0:v5=Gs(as(t),v1,...,0m) +hs(t) (s=m+1,....n), t>0,
(1.11.8)

where u,.(+), as(-), hs(-), and Gg(-) € Ct (s=m +1,...,n),
Gs(as(t),0,...,0) =0 (s=m+1,...,n). (1.11.9)
However, the conditions of C° compatibility at the point (¢,7) = (0,0)
faﬂéuppose that 7 < |ur-(0)] + |(0)] 4 |(0)] > 0 is suitably small, where

a(t) = (@mi1(t),- o an(®), BE) = (Amsi(t), ... hn(t)), ¥t >0,

(1.11.10)
and there is a constant p > 0 such that
0 sup{(1-+2)"(fur () — ur(0)| + s ()]}
+ iglg{(l + 1) () — a(0)] + [’ ()] + |h(t) — h(0)] + 1/ (t)])}
- (1.11.11)

is also suitably small.
Suppose furthermore that the corresponding nonlinear initial-boundary
Riemann problem for system (1.11.1) with

t=0: u=u,(0), x>0, (1.11.12)
x=0: vs=Gs(as(0),v1,...,0m) + hs(0)
G, vm) (s=m+1,...,n), t>0, (1.11.13)
admits a unique self-similar solution v = U(x/t) composed of n —m + 1
constant states and n — m small-amplitude elementary waves © = A\t (k =
m+1,...,n) (nondegenerate shocks corresponding to GN characteristics and
contact discontinuities corresponding to LD characteristics).

We will prove in Chapter 8 that under assumption (1.9.1), the generalized
nonlinear initial-boundary Riemann problem (1.11.1) and (1.11.7)—(1.11.8)
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admits a unique global piecewise C'! solution u = u(z/t) with a structure
globally similar to the self-similar solution v = U(z/t) to the correspond-
ing nonlinear initial-boundary Riemann problem (1.11.1) and (1.11.12)-
(1.11.13). Thus, the self-similar solution v = U(z/t) to the nonlinear initial-
boundary Riemann problem possesses a global structural stability.

1.12 Inverse Generalized Riemann Problem

Suppose that all the characteristics A;(u) (i = 1,...,n) are GN and the
solution to the generalized Riemann problem (1.10.1) and (1.10.3) considered
in Section 1.10 consists of n small-amplitude nondegenerate shocks = = x;(t)
with 2;(0) =0 (i =1,...,n).

The inverse generalized Riemann problem asks us to solve the follow-
ing problem: When the position of n small-amplitude nondegenerate shocks
x = x;(t) with 2;(0) =0 (i = 1,...,n) is given, to what degree can we deter-
mine the initial data (1.10.3)? In Chapter 9 we will prove that if one knows
n small-amplitude nondegenerate shocks x = x;(t) € C? with x;(0) = 0
(i=1,...,n) satistying

|23 () — 25 (0)], |2 ()] < VE>0 (i=1,...,n), (1.12.1)

and the initial data u;(z) € C* on x < 0 satisfying

€

() = wi(0)], Juz ()] < T

Vz <0, (1.12.2)

where £ > 0 is suitably small, then we can uniquely determine the initial data
ur(z) € C! on z > 0 satisfying

Ke  vaso, (1.12.3)

lur(2) = ur ()], |up.(z)] < T o 2

where K is a positive constant independent of € and .

1.13 Inverse Piston Problem

Suppose that a piston originally located at the origin at ¢ = 0 moves with
the speed v, = ¢(t) (t > 0) in a tube, whose length is assumed to be infinite
and that the gas on the right side of the piston possesses an isentropic state
or an adiabatic state with initial velocity u = u,(z) (x > 0) at t = 0. When
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$(0) > u,(0), (1.13.1)

the motion of the piston produces a forward shock x = x(t) passing through
the origin.

In Chapter 10 we will show that if the initial data of gas on the right side of
the piston at ¢ = 0 and the position of the forward shock x = x(t) [x(0) = 0]
are all known, under suitable hypotheses similar to those in Section 1.12, we
can uniquely determine the velocity ¢(¢) of the piston for all ¢ > 0 in both
the Lagrangian and Eulerian representations. This solves globally the inverse
piston problem.

We must point out that the result given in Section 1.8 plays an impor-
tant role for the resolution of the inverse piston problem in the case of
adiabatic gas.
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Chapter II
Preliminaries

2.1 Definition of Quasilinear Hyperbolic System

In this book we consider the nonlinear hyperbolic wave described by the
following first-order quasilinear hyperbolic system:

ou ou

%u a2 —o 2.1.1

g T AW =0 (21.1)
where u = (uy,...,u,)? is the unknown vector function of (¢,), and A(u) is
a given n X n matrix with suitably smooth elements a;;(u) (4,7 =1,...,n).

Definition 2.1.1 System (2.1.1) is said to be hyperbolic if, for any
given u on the domain under consideration, A(u) has n real eigenval-

ues A1(u),...,\p(u) and a complete set of left (resp. right) eigenvectors
Li(w) = (L (w), - . Lin(w) [resp. ri(u) = (r1:(w), ..., ri(u)T] (i =1,...,n):
Li(u)A(u) = X (u)l;(u) (2.1.2)
and
A(u)ri(u) = Ni(u)r;(u). (2.1.3)
We have
det |1;;(u)] # 0 [resp. det |r;;(u)] # 0]. (2.1.4)

Without loss of generality, we assume that on the domain under con-
sideration,

li(u)Tj(u) = 5ij (Z7J = 17-“7”)’ (215)
where 6;; stands for Kronecker’s delta.
Let

I (u)
Lw=| : |, (2.1.6)

ln(u)
R(u) = (r1(u),...,rp(u)), (2.1.7)
Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 29

Hyperbolic Waves, DOI 10.1007/b78335_2,
© Birkhduser Boston, a part of Springer Science+Business Media, LLC 2009
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and
A(u) = diag{ 1 (u), ..., A (u)}. (2.1.8)

By (2.1.2) (2.1.3), we have
L(u)A(u) = A(u)L(u) (2.1.9)

and

A(u)R(u) = R(u)A(u). (2.1.10)

L(u)R(u) = L(u)R(u) =1, (2.1.11)
where I is the n X n unit matrix.

Definition 2.1.2 If, for any given u on the domain under consideration,
A(u) has n distinct real eigenvalues

A(u) < Ag(u) < -+ < Ap(u), (2.1.12)

then the set of left (resp. right) eigenvectors must be complete. This kind of
hyperbolic system (2.1.1) is said to be strictly hyperbolic.

Definition 2.1.3 If, for any given uw on the domain under consideration,
each eigenvalue of A(u) possesses a constant multiplicity and the correspond-
ing set of left (resp. right) eigenvectors is still complete, then system (2.1.1)
1s said to be a hyperbolic system with characteristics with constant
multiplicity.

In this situation, without loss of generality, we assume that
AMu) = M(u) = = Ap(u) < Appi(u) < - < Ap(u), (2.1.13)

and the set of left (resp. right) eigenvectors corresponding to A(u) spans a
p-dimensional space, where 1 < p < n. When p = 1, system (2.1.1) is strictly
hyperbolic, whereas, when p > 1, (2.1.1) is a nonstrictly hyperbolic system
with characteristics with constant multiplicity.

It is easy to see that for any strictly hyperbolic system or for any
nonstrictly hyperbolic system with characteristics with constant multiplicity,
all A\j(u), I;(u), and r;(u) (¢ = 1,...,n) have the same regularity as A(u).
However, it is not always the case for general hyperbolic systems.

Example 2.1.1 Let

Alu) = (1?2 g) . (2.1.14)

Obviously, A(u) € C=(R), but the eigenvalues M\ 2(u) = +u/? € C* at
u = 0.
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Example 2.1.2 Let

o~ cos(2) sin(2) "
A(u) = <sin(3) —cos(2)> o w70, (2.1.15)

u

0, u = 0.

It can be shown that A(u) € C*°(R) and the eigenvalues A o2(u) =

te1/v* ¢ C>*(R). However, one cannot find a complete set of left (resp.
right) eigenvectors {l1(u),la(u)} [resp. {r1(u),r2(u)}] depending continu-
ously on u at u=0 (cf. [24]).

In what follows, we always suppose that all \;(u), l;(uv), and 7;(u)
(i =1,...,n) have the same regularity as A(u).

By means of the left eigenvectors, (2.1.1) can be rewritten in the following
characteristic form:

li(u)% =0 (i=1,...,n), (2.1.16)
where
d 0 0

denotes the directional derivative with respect to t along the ith characteristic
dx

= = i), (2.1.18)

For each ¢ = 1,...,n, the ith equation of system (2.1.16) of characteris-

tic form consists of only the directional derivatives of the unknown vector
function w = u(t, z) along the ith characteristic.

Remark 2.1.1 For the inhomogeneous quasilinear hyperbolic system

ou ou

— — = 1.1

5 +A(u)8$ B(u), (2.1.19)
where B(u) = (b1(u),...,b,(u))T is a given vector function with suitably

smooth elements, its hyperbolicity is defined in the same way as for the
homogeneous system (2.1.1).

2.2 Invariance Under a Smooth Invertible
Transformation of Unknown Variables

The hyperbolicity of system (2.1.1) is invariant under any smooth invertible
transformation of unknown variables.
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In fact, we suppose that v = u(u) is a suitably smooth invertible transfor-
mation, i.e.,

ou

det <%> £0. (2.2.1)

Substituting u = u(a) into (2.1.1), we get

ou o, 0u
T A(U)% =0, (2.2.2)

where
T/ du\ ! .\ [ Ou

Au) = <%> Au(a)) <%> (2.2.3)

satisfies the same property as A(u). More precisely, the eigenvalues i ()
(i = 1,...,n) and the left (resp. right) eigenvectors [;(u) [resp. 7;(u)]
(i=1,...,n) of A(u) verify that

Ai(a) = Ni(u(r)) (i=1,...,n), (2.2.4)
-1

li() (%) [/L(u(@) (i=1,...,n), (2.2.5)

and
(%) ri(a)//ri(u(a)) (i=1,...,n). (2.2.6)

Without loss of generality, we may take

lLi(w) = 1;(u(a)) (%) (i=1,...,n) (2.2.7)

and
7i(u) = (%) ri(u(@)) (i=1,...,n). (2.2.8)

Then, noting (2.1.4) and (2.2.1), we get

det |l;;(@)| #0  [resp. det |7;(a)| # 0]. (2.2.9)
Moreover, by (2.1.5), we have
li(ﬂ)’fj(’lj) =0;; (i,j=1,... ,n). (2.2.10)

By Remark 2.1.1, the hyperbolicity of inhomogeneous quasilinear
system (2.1.19) is also invariant under any invertible smooth transformation
of unknown variables.
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2.3 Genuine Nonlinearity and Linear Degeneracy

For system (2.1.1), we suppose that on the domain under consideration,

A(u) € C.

Definition 2.3.1 For any given simple characteristic \;(u) (i € {1,...,n}),
if, on the domain under consideration, we have

Vi(u) - ri(u) # 0, (2.3.1)

then A;(u) is said to be genuinely nonlinear (GN) in the sense of Lax.
However, if, on the domain under consideration, we have

VAi(u) - ri(u) =0, (2.3.2)

then A;(u) is said to be linearly degenerate (LD) in the sense of Lax
(cf. [42]).

Remark 2.3.1 The simple characteristic \;(u) is GN means that \;(u) is
strictly monotone along any given ith characteristic trajectory u = u(i)(s),
defined by

du

— =7r;(u). 2.3.3

= ri(w) (233)
On the other hand, saying A\;(u) is LD means that \;(u) is a constant along
any gwen ith characteristic trajectory u = u(i)(s).

Definition 2.3.2 For any characteristic A\(u) with constant multiplicity p,
if, on the domain under consideration, we have

VAw) -ri(u)=0 (i=1,...,p), (2.3.4)

where {r;(u) (i = 1,...,p)} is a complete set of linearly independent right
eigenvectors corresponding to A(u), then \(u) is said to be linearly degen-
erate (LD).

Definition 2.3.3  For a strictly hyperbolic system (2.1.1), if, on the
domain under consideration, all the characteristics \j(u) (i = 1,...,n) are
GN [resp. LD], then the system is said to be GN [resp. LD].

Definition 2.3.4 For a nonstrictly hyperbolic system (2.1.1) with charac-
teristics with constant multiplicity, if, on the domain under consideration, all
the simple characteristics and all the multiple characteristics with constant
multiplicity are LD, then the system is said to be LD.

Moreover, noting (2.2.4) and (2.2.8), it is easy to see that the genuine
nonlinearity or linear degeneracy of a characteristic is invariant under any
invertible smooth transformation of unknown variables.
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2.4 Normalized Coordinates

By Section 2.2, the hyperbolicity of a system is invariant under any smooth
invertible transformation of unknown variables. In this section, we want to

find new coordinates & = @(u) [w(0) = 0] such that in the @-space the charac-
teristic trajectories passing through u = 0 can be expressed in a simpler way.

2.4.1 Normalized Coordinates for Strictly Hyperbolic
Systems

Lemma 2.4.1 Suppose that in a neighbourhood of u = 0, system (2.1.1)
is strictly hyperbolic and A(u) € C*, where k > 1 is an integer. Then there
ezists an invertible C**1 transformation u = u(w) [u(0) = 0] such that in

the w-space, for each i = 1,...,n, the ith characteristic trajectory passing
through t = 0 coincides with the w;-axis at least for |u;| small, namely,
?i(ﬂiei)//ei, V‘ﬂz| small (7, = 1,...,71), (241)

where T;(w) denotes the ith right eigenvector corresponding to \;(u(w)) in the
(@)
u-space and e; = (0,...,0, 1,0,...,0)T (see [50] or [75]).

Proof. Let u™ = a(M(%;) be the first characteristic trajectory passing
through the origin w = 0, namely,

du®
o u®
g = ), (2.4.2)

i =0:uM =0

let u® = u® (M) 7%y) = 4? (uy,uz) be the second characteristic trajectory
passing through u = u(*), namely,

du®
dus

Up =0:u® =M

=T2 (U(Q))v

(2.4.3)
let u(™ = u (u(=D %) = a" (4, ..., %, _1,U,) be the nth characteristic
trajectory passing through v = u(»~Y, namely,

du(™
— (n)
g~ e, (2.4.4)

:I-Zn = O : u(n) = u(nfl).
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Then u = u(@) = 4 (U, ..., Uy_1,U,) must be a desired invertible C*+1
transformation.
In fact, according to (2.4.2)—(2.4.4), we have

4™ (0) = o V0)=---=a(0)=0 (2.4.5)
and
du ou™) oan=b oa")
—_— = = — e e = —— — ) — 1
ow "~ om VT am g, O =rl0) (i=1...m)
(2.4.6)
Noting (2.1.4), we have
ou
det | =—=(0 0. 2.4.7
ot (2 0) # (247
Then, by continuity, v = w(@) = @ (Uy,...,Uy_1,0Up) is invertible in a
neighbourhood u = 0.
Moreover, similarly to (2.4.6), for small |a;| (i = 1,...,n), we have
() N
gﬂul (uze;) = % Ui;) = ++» = aau—ﬂl wie;) =ri(we;) (1=1,...,n)
(2.4.8)
Then
@(ﬂe-) _17“‘(6‘6‘)_6' (i=1 n) (2.4.9)
aﬂ 1> 3 1> - 7 - Yt N M

Hence, noting (2.2.6), we get (2.4.1).

Definition 2.4.1 The transformation given by Lemma 2.4.1 is said to
be a normalized transformation, and the corresponding variables u =

(@1, ... )T are called normalized variables or normalized coordi-
nates (cf. [50], [75]).

Remark 2.4.1 For any strictly hyperbolic system (2.1.1), normalized coor-
dinates are not unique. In fact, if u = (u1,...,uy) are normalized coordi-
nates, then any smooth invertible transformation of the following form.:

with g;(0) = 0 and ¢;(0) #0 (i = 1,...,n) gives other normalized coordinates
U= (Ur,... 07T,

According to Remark 2.4.1, we can choose suitable normalized coordinates
@ = (uy,...,u,)T such that



36 II Preliminaries

2.4.2 Normalized Coordinates for Nonstrictly
Hyperbolic Systems with Characteristics with
Constant Multiplicity

In this section we consider the nonstrictly hyperbolic system (2.1.1) with
characteristics with constant multiplicity. Without loss of generality, we sup-
pose that (2.1.13) holds.

First, we give the following (see [7], [25]).

Lemma 2.4.2 For the quasilinear hyperbolic system of conservation laws
with characteristics with constant multiplicity

ou  Of(u)

ot ox

where f(u) = (fi(u),..., fo(u)T € C2, the eigenvalue \(u) with con-
stant multiplicity p (> 1) must be linearly degenerate, i.e., (2.3.4) holds.
Moreover, the right eigenvectors r;(u) (i = 1,...,p) (p > 1) correspond-
ing to the multiple eigenvalue \(u) satisfy the following completely integrable
condition:

=0, (2.4.12)

[ri(u),rj(u)] € span{ri(u),...,rp(u)}, Vi,j=1,...,p, (2.4.13)
where [ri,rma] = (r1 - V)ra — (ra2 - V)ry is the Poisson’s bracket, and
span{ri(u), ..., rp(u)} stands for the linear space generated by r1(u), ..., rp(u).

Similarly to Lemma 2.4.1, we have

Lemma 2.4.3 Suppose that in a neighbourhood of v = 0, (2.1.1) is a
nonstrictly hyperbolic system with characteristics with constant multiplicity.
Also suppose that (2.1.13) holds, and A(u) € CF, where k > 1 is an int-
eger. Suppose, furthermore, that the right eigenvectors r;(u) (i = 1,...,p)
(p > 1) corresponding to the multiple eigenvalue A(u) satisfy the completely
integrable condition (2.4.13). Then there exists an invertible C*+1 transfor-
mation u = u(w) [u(0) = 0] such that in the u-space

P
i (Zaheh> /Jes (i=1,...,p), Y|un| small (h=1,...,p), (2.4.14)

and
ri(uje;)//ej, Y|u;| small (j=p+1,...,n) (2.4.15)

(cf. [58]).

Thus, for the nonstrictly hyperbolic system with characteristics with con-
stant multiplicity, we give the following.
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Definition 2.4.2 For the nonstrictly hyperbolic system with characteristics
with constant multiplicity (2.1.1), if there exists a smooth invertible transfor-
mation u = u(w) [u(0) = 0] such that in the u-space

P
s (Z ﬂh6h> /e (i=1,...,p), V|up| small (h=1,...,p), (2.4.16)
h=1

and
Ti(ue;)//ej, Vu;| small (j=p+1,...,n), (2.4.17)

then the transformation is said to be a normalized transformation, and
the corresponding variables w = (Uy,...,u,)? are called normalized
variables or normalized coordinates (cf. [58]).

According to Lemmas 2.4.2 and 2.4.3, we have

Remark 2.4.2 Any given quasilinear hyperbolic system of conservation
laws with characteristics with constant multiplicity possesses normalized
coordinates.

Remark 2.4.3 Similarly to Remark 2.4.1, the normalized coordinates are
not unique. In fact, they are invariant under the following smooth invertible
transformation:

and

uj=g;(u;) (G=p+1,...,n), (2.4.19)

with g;(0) =0(i =1,...,n) and I(g1,-..,9n)/0(U1,...,u,)(0) # 0.

2.4.3 Generalized Normalized Coordinates for General
Hyperbolic Systems

For the general hyperbolic system (2.1.1), similarly to Lemma 2.4.1, we have

Lemma 2.4.4 Suppose that in a neighbourhood of u = 0, system (2.1.1) is
hyperbolic and A(u) € C*, where k > 1 is an integer. Then for any given

complete set of right eigenvectors ri;(u) (i = 1,...,n), there exists an in-
vertible C**1 transformation v = u(u) [u(0) = 0] such that in the u-space,
for each i = 1,...,n, the ith characteristic trajectory passing through u = 0

coincides with the u;-axis at least for |u;| small, namely,

ri(uie)//ei, V| small (i=1,...,n), (2.4.20)
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where 7 (W), given by (2.2.8), denotes the ith right eigenvector corresponding
to \i(u(w)) in the u-space.

The transformation given by Lemma 2.4.4 is called a generalized norma-
lized transformation, and the corresponding variables u = (T, ..., u,)"
said to be generalized normalized variables or generalized normalized
coordinates (cf. [90]).

Remark 2.4.4 The generalized normalized coordinates depend on the spe-
cial choice of right eigenvectors r;(u) (i =1,...,n).

Obviously, for any strictly hyperbolic system, generalized normalized
coordinates must be normalized coordinates.

2.5 Weak Linear Degeneracy

The genuine nonlinearity and the linear degeneracy discussed in Section 2.3
are only two extreme cases. In applications, some characteristics may be nei-
ther GN nor LD (see Section 1.3). In such a case, it is necessary to introduce
a new concept—the weak linear degeneracy (cf. [50], [75]).

2.5.1 Weak Linear Degeneracy for Strictly Hyperbolic
Systems

Definition 2.5.1 For the strictly hyperbolic system (2.1.1), the ith char-
acteristic A\;(u) is weakly linearly degenerate (WLD) with respect to
u = ug if, along the ith characteristic trajectory u = u(i)(s) passing through
u = ug, defined by

du

i (2.5.1)
s=0: u=up,
we have
VAi(u)ri(u) =0, V|u—up| small, (2.5.2)
namely,
Ni(uD(s)) = Ni(ug),  V|s| small. (2.5.3)

Obviously, any LD characteristic in a neighbourhood of u = ug must be
WLD with respect to u = ug and any GN characteristic in a neighbourhood
of u = ug is not WLD with respect to u = ug.
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For simplicity and without loss of generality, we may take ug = 0 and
simply use WLD instead of “WLD with respect to w = 0” in what follows.

For any given i = 1,...,n, the property that \;(u) is WLD or not is
invariant under any smooth invertible transformation v = w(a) [u(0) = 0].

According to Definition 2.5.1, for any ¢ = 1,...,n, if \;(u) is not WLD,
either there exists an integer a; > 0 such that

di(ul (s)) d* N (u (s))
T _0:0(]{7:]_,...,041'), but W _07&0
C(25.4)
or
k) (0 .
w —0 (k=1,2,...), but \(u?(s)) £ A;(0),
S s=0

denoted by a; = 400, (2.5.5)

where u = u(?)(s) is defined by (2.5.1). «; is called the non-WLD index of
the characteristic A;(u), which is also invariant under any smooth invertible
transformation v = u(a) [u(0) = 0].

In particular, if a; = 0, then in a neighbourhood of u = 0, A\;(u) is GN.
Moreover, when «; increases, \;(u) is closer and closer to the WLD case.

Definition 2.5.2 The strictly hyperbolic system (2.1.1) is said to be WLD
if all characteristics A\ (u), ..., A\p(u) are WLD.

Therefore, if a strictly hyperbolic system (2.1.1) is not WLD, then there
exists a nonempty set J C {1,...,n} such that \;(u) is not WLD if and only
itielJ.

Let

a = min{o;|i € J} (2.5.6)

be the non-WLD index of the strictly hyperbolic system, where «; is
the non-WLD index of A;(u) for each i € J. « is either a nonnegative integer
or —+00.

Let

Ji = {Z|Z cJ,a; = a}. (257)

When « = 0, then for every i € Ji, A;(u) is GN in a neighbourhood of u = 0.
Furthermore, when « increases, system (2.1.1) is closer and closer to a WLD
system.

Obviously, in normalized coordinates, \;(u) is WLD if and only if

Hence, if \;(u) is not WLD, by (2.5.4)—(2.5.5),
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we have
d"Ni(ue;) d N (uze;)
T 70:0(/{:1,...,0@‘), but W 750
l " (25.9)
or
dP N (uze;
% =0(k=1,2,...), but N(ue;)# N(0). (2.5.10)

2.5.2 Weak Linear Degeneracy for Nonstrictly
Hyperbolic Systems with Characteristics with
Constant Multiplicity

Definition 2.5.3 Suppose that there exist normalized coordinates for a
nonstrictly hyperbolic system (2.1.1) with characteristics with constant
multiplicity, say (2.1.13) holds. The ith characteristic A;(u) is WLD if, in
normalized coordinates, when i € {1,...,p},

P
by (Z uheh> = A0), V|up| small (h=1,...,p), (2.5.11)
h=1

whereas, when i € {p+1,...,n},
Xi(uie;) = Xi(0), Y |u;| small. (2.5.12)

If all characteristics A\i(u) (i =1,...,n) are WLD, system (2.1.1) is said to
be WLD.

Remark 2.5.1 By Lemma 2.4.2, for any hyperbolic system of conservation
laws (2.4.12) with characteristics with constant multiplicity, the p-multiple
characteristic \N(u) (p > 1) must be LD, then WLD.

2.5.3 Weak Linear Degeneracy for General Hyperbolic
Systems

For a general hyperbolic system (2.1.1), if A\;(u) is a simple eigenvalue, we
say that \;(u) is WLD if, along the ith characteristic trajectory u = u((s)
passing through u = 0, defined by (2.5.1), we have (2.5.2) or (2.5.3).
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Obviously, in generalized normalized coordinates v = (uy,...,u,), a
simple characteristic \;(u) is WLD if and only if

Ai(uie;) = Xi(0),  V|u;| small. (2.5.13)

If a simple characteristic A;(u) is not WLD, then either there exists an integer
«; > 0 such that

d" N (uie;) d TN (uze;)
TUiZOZO(kZI,...,Qi), but Wuzo#o
(2.5.14)
or
dFXi(uie;
(Ze) —0(k=1,2,...), but N(uwe:) 2 \(0),
du; w=0
denoted by «; =+o0. (2.5.15)
2.6 Decomposition of Waves
In this section we assume that A(u) € C2.
2.6.1 Formulas on the Decomposition of Waves
Let
vi=lL(wu (G=1,...,n) (2.6.1)
and
w; =Liwu, (i=1,...,n). (2.6.2)
By (2.1.5), we have
u= Z Tk (u) (2.6.3)
k=1
and .
Uy = Zwkrk(u). (2.6.4)
k=1

For the general quasilinear hyperbolic system (2.1.1), using (2.1.16), we
have (cf. [50], [75])

dvi o .
it > Bik(wvgwy, (i=1,...,n), (2.6.5)
o gk=1
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where
Bijr(uw) = (Ap(u) — Xi(w))l; (w) Vrj(w)re(w). (2.6.6)
Obviously,
Noting (2.6.4) and (2.6.5), we have
. )\ _ [9vi | 0(Ni(w)vi)
d[vi(dx — A\ (u)dt)] = o + o dt N dx
_d’Ui
= d_lt + V)\,-(u)uxvz} dt A dx
= Z Bijp(wvjw | dtANde (i=1,...,n), (2.6.8)
k=1
where

By (2.6.7), it is easy to see that
Biji(u) =0, Vj#i, (2.6.10)

and

In the corresponding generalized normalized coordinates, noting (2.4.20),
it follows from (2.6.6) and (2.6.9) that

Biji(uje;) =0, V|u;|small (i,j=1,...,n), (2.6.12)
Bijj(uje;) =0,  Viu,| small, Vj # . (2.6.13)

On the other hand, we have (cf. [33], [38], [50], [75])

dwi n )
dt Z Yije(Wwjw,  (i=1,...,n), (2.6.14)
¢ G k=1

where

Yigh(u) = %{(Ag‘ (w) = A (w)li(u) Vg (u)rj (w) — VAk(w)r; (w)dar + (j]F) 1,
(2.6.15)
in which (j|k) stands for all terms obtained by changing j and k in the
previous terms,

Yijj(u) =0,  Vj#i, (2.6.16)
and
viii(u) = =V (w)ri(u) (i=1,...,n). (2.6.17)
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Noting (2.6.4) and (2.6.14), we have

dlustda =~ x(ua)] = | G+ A2 i p o
'dwi

- o + V)\i(u)umwi} dt A dx

n

= Zfijk(u)ijk dt Ndx (i=1,...,n),

[ 5.k=1
(2.6.18)
where
Liji(u) = %(Aj(u) = Ak (W)l (W) [Vri(w)r;(u) = Vrj(w)re(u)]. (2.6.19)
Obviously,

Using Stokes’ formula, by (2.6.8) and (2.6.18), it is easy to prove the
following (see [32], [33]).

Lemma 2.6.1 Suppose that u = u(t,z) is a Ct solution to system (2.1.1),
71 and 7o are two C' arcs that are never tangent to the ith characteristic
direction, and D is the domain bounded by T, To and two ith characteristic
curves L; and LZ'-". Then

|v;(dz — X;(u)dt)] < |v; (dz — X;(uw)dt)| + Biji(w)vjwy|dtdx
I / 1|5 o
(2.6.21)
and
/ s (d — N (u)dt)| < / s (de — Ao () dt)| + / / S Funlwyuyu|dda.
B (2.6.22)

Remark 2.6.1 In order to get (2.6.14), we have formally used the second-
order derivatives of u. However, it is easy to see that, by means of a difference
technique, we can rigorously derive the integral equation corresponding to
(2.6.14). Essentially, we only need this integral equation in what follows. For
convenience, we still use the form of (2.6.14).
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Remark 2.6.2 Noting (2.2.7), we see that w; (i = 1,...,n) are invariant
under any smooth invertible transformation u = u(w).

We now consider the special case where system (2.1.1) is strictly hyper-
bolic.

Obviously, if A;(u) is LD, for any given u on the domain under considera-
tion, from (2.6.11) and (2.6.17) we have

and

In normalized coordinates, noting (2.4.1), it follows from (2.6.6) and (2.6.9)
that

Bijj(uje;)
Bijj(uje;)

Furthermore, if A;(u) is WLD, it follows from (2.6.11) and (2.6.17) that

0, V|uj|small (i,j=1,...,n), (2.6.25)
0, Vl|uj|small, Vj#1. (2.6.26)

and
YViii(uie;) =0,  V|u;| small. (2.6.28)

We next consider the nonstrictly hyperbolic system with characteristics
with constant multiplicity.

Without loss of generality, we still assume that the nonstrictly hyperbolic
system (2.1.1) satisfies (2.1.13).

It follows from (2.6.6), (2.6.9), (2.6.15), and (2.6.19) that

Biji(u) =0, Vike{l,...,p}, Vi, (2.6.29)
Biji(u) =0, Vike{l,...,p}, Vj#i, (2.6.30)
Yije(u) =0, Vie{p+1,...,n}, Vjke{l,...,p} (2.6.31)

and
Lijp(u) =0, Vi, ke{l,...,p} (2.6.32)

If the multiple characteristic A(u) is LD, we have
Bijr(u) =0, Vi ke{l,....p} Vi (2.6.33)

and
Yijk(w) =0, Vi ke{l,...,p}, Vi (2.6.34)

whereas, if a simple characteristic A;(u) (i € {p+ 1,...,n}) is LD, we still
have (2.6.23)~(2.6.24).
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In normalized coordinates, noting (2.4.16)—(2.4.17), it follows from (2.6.6)
and (2.6.9) that

P
Bijk (Z uheh> =0, Vike{l,....p}, V|up|smal (h=1,...,p),

h=1
(2.6.35)

Bijj(uje;) =0, Vu;| small (j=p+1,...,n), (2.6.36)

P
Bijk(Z uhe;> =0, Vj,ke{l,...,p} and j # 4, Y|up|small (h=1,...,p),

h=1
(2.6.37)

Bijj(uje;) =0, VY|uj|small (j=p+1,...,n and j#1).
(2.6.38)

Furthermore, if A;(u) is WLD, we have

p
Bijk(Z u;Leh> =0, Vj,ke{l,...,p},Y|uy| small (h=1,...,p)
h=1

forie{l,...,p}, (2.6.39)
Bm(ulel) =0, V|UZ| small for ¢ € {p +1,... ,’I'L}, (2640)

P
Vijk (Z uheh> =0, Vi ke{l,...,p}, V]up|small (h=1,...,p)
h=1
forie{1,...,p}, (2.6.41)

and

viii(uie;) =0,  V|u;| small forie {p+1,...,n}. (2.6.42)

2.6.2 Formulas on the Decomposition of Waves
(Continued)

In many cases, estimating u is more convenient than estimating v. For this
purpose, in this section we derive the differential equations satisfied by w;
(i=1,...,n) instead of (2.6.5).

Noting (2.6.4), by (2.1.1), we have

% =D () = Ae(w)wrrg(u). (2.6.43)
' k=1
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Suppose that u = (ug,...,u,)’ are generalized normalized coordinates
corresponding to the complete set of right eigenvectors {rq(u),...,r,(u)}.
We have (cf. [64])

dt,bi = Z()‘i(u) — Me(w))wprd (u)e;

k=1
n
= Z Pijr(w)ujwy, (2.6.44)
7,k=1
where
pijj(w) =0 (i,j=1,...,n) (2.6.45)
and

pijk(u) = (Ni(u) — )\k(u))/ Ori (urer +o(u—uger))do, j#k, (2.6.46)

0 8U]
with
piji(u) =0 (i,j=1,...,n). (2.6.47)
Noting (2.6.4) and (2.6.44), we have
dui
dlui(de — Xi(u)dt)] = { ——+ in(u)uwui] dt A dz

= Z Fijr(w)ujwy | dt ANdz (i=1,...,n), (2.6.48)
jik=1

where
Fijk(u) = pijk(u) + V)x,(u)rk(u)ém (2649)

Noting (2.6.45) and (2.6.47), we have

Fijj(u) = 0, Vj 75 i, (2.6.51)
and
Fiii(u) = VNi(w)ry(u) (i=1,...,n). (2.6.52)

On the other hand, (2.6.14)—(2.6.20) still hold.

Using Stokes’ formula, similarly to Lemma 2.6.1, by (2.6.48) we have

Lemma 2.6.2 Suppose that u = u(t,z) is a C* solution to system (2.1.1),
71 and T are two C* arcs which are never tangent to the ith characteristic
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direction, and D is the domain bounded by T, 7o and two ith characteristic
curves L; and L. Then

/\ui(dx—)\i(u)dtﬂg/ Jui (dz — \; dt|+// ZFM w)ujwy | dida.
T1 T2

J,k=1
(2.6.53)

For the strictly hyperbolic system (2.1.1), in normalized coordinates, if
Ai(u) is WLD, it follows from (2.6.52) that

Fiii(uiei) = 0, V|ui| small. (2654)

For the nonstrictly hyperbolic system (2.1.1) with characteristics with con-
stant multiplicity [say, (2.1.13) holds], we suppose that u = (ug,...,u,) are
normalized coordinates, namely, (2.4.16)—(2.4.17) hold for w.

For i =1,...,p, noting (2.4.15), similarly to (2.6.44), we have

2= S i) Al (e
k=1
= D (alw) = Me(w)wi(rf (uw) = rf (ugey))
k=p+1
= Pijik (W)W, (2.6.55)
jk=1
where
pijk(w) =0 (k=1,...,p), (2.6.56)
pijj(u) =0 (ij—l— 1,...,n), (2657)

and when j # k (k=p+1,...,n), the p;jp(u) are defined by (2.6.46).
Fori=p+1,...,n, noting (2.4.16)—(2.4.17), similarly to (2.6.44), we have

d'L,Li = Z(/\l(u) - )\k(u))wkTg(u)ei

(Ai(u) = A (u))wg (T%(U) - (Z wm)) e
k=1 h=1

n

+ (Xi(w) = Mg (w))wy (] (w) — v (uger))e;
+1

k=p

[
NE

= Z pijk (u)ujwy, (2.6.58)
k=1
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where
pij(w) =0 (jk=1,....p or k=i, (2.6.59)
piji(u) =0 (j=p+1,...,n), (2.6.60)
and
arzk
(Ai(uw) = Ar(u) / 3 <Zuh€h+U<UZuheh>>
0 U
p..k(u)— (k:]-,,p,]*p‘i’l,, )7
ij =

(Ni(u) — Ag(u)) (/01 ag;j(ukek +o(u— ukek))> do

(k=p+1,....n, j #Ek).
(2.6.61)
Moreover, in the present situation, we still have (2.6.48)—(2.6.49) with

Fir(w)=0 (jk=1,....,p and j#1i), (2.6.62)
Fijj(u)=0 (j=p+1,...,n and j#1), (2.6.63)
and (2.6.52).
If \j(u) is WLD, when ¢ = 1,...,p, we have
P
Fiji <Z uheh> =0 (jk=1,...,p), (2.6.64)
h=1
whereas, when i =p+1,...,n, we have
Furthermore, if A;(u) is LD, when i = 1,...,p, we have
whereas, when i =p+1,...,n, we have

2.7 Two Lemmas on Ordinary Differential Equations

Lemma 2.7.1 Suppose that z = 2(t) is a solution on the interval [0,T] to
the following ordinary differential equation:

dz

pri ao(t)2% + a1 (t)z + as(t), (2.7.1)
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where T > 0 is a given number, a;(t) € C[0,T] (i = 0,1,2), and ao(t) > 0

for0<t<T. Let
T T
K = dt ex dt | . 7.
/0\a2<t>| tep</0 ja(1)] t) (2.7.2)

2(0) > K, (2.7.3)

If

then

/0 ap(t)dt exp <—/0 al(t)|dt> < (2(0) - K)~*. (2.7.4)

Lemma 2.7.2 For system (2.7.1), suppose that a;(t) € C[0,T] (i =0,1,2)
in which T > 0 is a given number. Let

az (t) = max{=+ao(t),0}, (2.7.5)
and let K still be defined by (2.7.2). If there exists zy satisfying

zp 2 0, (2.7.6)

T T
/ag(t)dtexp (/ |a1(t)|dt><(z0+K)_1, (2.7.7)
0 0

/OT ag (t)dt exp (/OT |a1(t)|dt> <K Y (2.7.8)

then (2.7.1) admits a unique solution z = z(t) on [0,T] with z(0) = zo and
the following estimates hold:

and

(2(T))™' > (20 + K)7* —/0 ag (t)dt exp (/0 |a1(t)|dt> it 2(T) > 0;
(2.7.9)

l2(T)| ' > K~ - /OT ag (t)dt exp (/OT |a1(t)|dt> if 2(T) <0. (2.7.10)

The proofs of these lemmas can be found in [32] and [33].
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Chapter III
The Cauchy Problem

The local existence and uniqueness of the classical solution to the Cauchy
problem for quasilinear hyperbolic systems is well known (see [72]). In this
chapter we consider the global existence and uniqueness of the classical
solution to the Cauchy problem for quasilinear hyperbolic systems with small
and smooth initial data satisfying certain decaying properties.

First, we study the strictly hyperbolic system.

3.1 Necessary Condition to Guarantee the Global
Existence and Uniqueness of the C! Solution to the
Cauchy Problem for the Strictly Hyperbolic System

Consider the Cauchy problem for the following quasilinear strictly hyper-
bolic system:

ou ou
— 4+ Alu)— =0 3.1.1
ot +Au) Ox ( )
with the initial data
t=0: u=¢x), (3.1.2)
where ¢(z) is a C! vector function. Let
9=SI£{(1+ ) (|o()] + [ (2)])}4 (3.1.3)
in which p > 0 is a constant.
Let
uV = (uy, . um)t, u® = (g, un)T (1<m<n).  (3.1.4)
Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 51
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The coefficient matrix A(u) = (ai;)nxn can be correspondingly rewritten

o o All(u) Alg(u)
A(U) - (A21(u) A22(u)> ) (315)

where Aj1(u) is an m x m matrix, Age(u) is an (n —m) x (n — m) matrix,
etc.

Lemma 3.1.1 Suppose that in a neighbourhood of u =0, (3.1.1) is a strictly
hyperbolic system written in normalized coordinates. Then, in a neighbour-
hood of u™) = 0, the reduced system

8u(1) 8u(1)
(1) —

is still strictly hyperbolic and v = (U1, ..., um)T are the corresponding

normalized coordinates.

Proof. Noting that in normalized coordinates,
A(0) = diag{A\1(0),..., A, (0)}, (3.1.7)

we have

A11(0) = diag{\1(0), ..., \n(0)}. (3.1.8)

Then, by continuity, it is easy to see that in a neighbourhood of u(!) = 0,
Aqp(u0) possesses m distinct real eigenvalues

(M), A () (3.1.9)
with - -
A1(0) = A1(0), ..., A (0) = A (0). (3.1.10)
Thus, (3.1.6) is a strictly hyperbolic system in a neighbourhood of u® = 0.
Fori=1,...,m,let 7 (uM) be a right eigenvector of A1 (u"),0) correspond-
ing to \;(u(M).
For i = 1,...,n, the ith right eigenvector r;(u) of A(u) can be written as
ri(w)
ri(w) = , (3.1.11)
r? (w)
where
1 2
r @) = (ra(), i) (@) = i), ()
(3.1.12)
Noting (2.1.3) and that u = (u1,...,u,)T are normalized coordinates, we
have

A(uie;)e; = Ni(uie;)e;,  Y|u;| small (i=1,...,n). (3.1.13)
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Then we get
Au(uiei)egl) = )\i(uiei)egl)7 V|u;| small (i =1,...,m), (3.1.14)
namely,

An(uiel(»l), O)el(»l) = /\i(uiegl),())egl), V|u;| small (i =1,...,m). (3.1.15)

In (3.1.14) and (3.1.15), egl) is an m-dimensional unit vector. Hence, noting
(3.1.9)—(3.1.10), we get

j\i(uiegl)) = /\i(uiegl),O), Vu;| small (i =1,...,m), (3.1.16)
and
= (0 (1) (1) _ -
Fi(uie; ')/ /e; ", Vug small (i=1,...,m). (3.1.17)
Thus, vV = (u1,...,um)T are the corresponding normalized coordinates

for the reduced system (3.1.6).

Corollary 3.1.1 Under the assumptions of Lemma 3.1.1, it follows from
(3.1.13) (in which we take i = 1) that

an(ulel) = /\1(“161), V\ul\ small, (3118)
and
ag1(urer) =0 (k=2,...,n), V]ui| small (3.1.19)

From Corollary 3.1.1, it is easy to get the following.

Lemma 3.1.2 Under the assumptions of Lemma 3.1.1, for the Cauchy prob-
lem of system (3.1.1) with the following initial data:

t=0: uy =¢p(x),ug=---=u, =0, (3.1.20)

where @(x) is an arbitrarily given C* function with small C° norm and
bounded C' norm, the solution is given by

Ui :Ul(t7x)7 U =+ = Up :Oa

where uy = uy(t, ) is the C solution to the following Cauchy problem for a
single equation:

ouq Ouy
1A il
o+ 1(uer) oz O (3.1.21)
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Theorem 3.1.1 Suppose that in a neighbourhood of u = 0, A(u) € C!
and system (3.1.1) is strictly hyperbolic. If there exists 8y > 0 so small that
for any given initial data (3.1.2) satisfying 0 € [0,00], where 0 is defined by
(3.1.3), the Cauchy problem (3.1.1)~(3.1.2) always admits a unique global C'*
solution w = u(t,xz) on t > 0, then system (3.1.1) must be weakly linearly
degenerate (WLD) (cf. [51], [52]).

Proof. By Lemma 2.4.1, without loss of generality, we suppose that wu
are normalized coordinates. In particular, we take the initial data given by
(3.1.20), where () is an arbitrarily given C* function satisfying @ € [0, 6].
Since the Cauchy problem (3.1.21) admits a unique global C* solution
up = uy(t,x) on t > 0 if and only if

dhi(p(@)er) o 0

V. R 3.1.22
I >0, VzeR, ( )

under the assumptions of Theorem 3.1.1, by Lemma 3.1.2 and noting (3.1.3),
it is easy to get that

)\1(11,161) = )\1(0), V|’U,1| small, (3123)

namely, A\j(u) is WLD. Similarly, all other characteristics are also WLD.
Hence, system (3.1.1) must be WLD.

3.2 Some Uniform a Priori Estimates Independent
of Normalized Coordinates and Weak Linear
Degeneracy for the Strictly Hyperbolic System

In this section we assume that the initial data (3.1.2) satisfy the following
decaying property:

0 sup{(1+ Jal) F (B(@)] + |6 (2))} < o, (3:2.1)

where ;1 > 0 is a constant.
By the strict hyperbolicity, we have

A1(0) < - < A (0). (3.2.2)
Without loss of generality, we may assume that

A1(0) > 0. (3.2.3)
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In fact, by the following invertible linear transformation of independent
variables:
t'=t
’ 3.2.4
{z’ =z + (1= X1(0))t, ( )

we can always realize (3.2.3).
Then, by continuity, there exist positive constants dg [< A1(0)] and ¢ so
small that

)\i+1(u) - )\i(u') > 260, V|U|, |u’| < 1) (Z = 1, e, — 1), (325)

and 5
I\ (u) — X ()] < 50 Viul,[v/| <6 (i=1,...,n). (3.2.6)

For any given T' > 0, let

{(t,2)|0 <t <T, x < (Ai(0) + o)t} (i=1),
DI = {(t,2)[0<t<T, (\(0) — o)t <z <(N(0)+00)t} (i=2,...,n—1),
{{t, )0 <t <T, x> (N, (0) =)t} (i=n
(3.2.7)
Obviously,
DI cDT) ={(t,x)0 <t <T, —00 <z < o0} (3.2.8)

On any given existence domain D(T) of the C! solution u = u(t, x) to the
Cauchy problem (3.1.1) and (3.1.2), let

W (T)= max sup {14 ]2 — X (0) ) wy (, 2) |}, (3.2.9)
=L (1 2)e D(T)\ DT

Wi(T) = _Inax maxsup / |w; (¢, )| dt, (3.2.10)
1=L...n g#FL ¢ ¢y

where ¢; denotes any given jth characteristic on D(T),

Wi(T) = max sup/ |w; (¢, x)|dz, (3.2.11)

1=1,n 0<t<T J — 0

and
Uso(T) = [|u(t, ®)|| L (D(T))- (3.2.12)

For the time being, we assume that on any given existence domain D(T),

lu(t, z)| < 6. (3.2.13)
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At the end of the proof of Lemma 3.2.2, we will explain that this hypothesis
is reasonable.

Lemma 3.2.1 For each i = 1,...,n and any given point (t,z) € DT, let
cii & = &(m)(0 < 7 < 1) be the ith characteristic passing through (t,x)
and intersecting the x-axis at (0,2;0). Then there exist positive constants
di, (k=1,2,3) independent of (t,x) and i such that

|z — i (0)t] > dot, (3.2.14)

and if (7,&(7))ED] for some j, then
1€i(T) = Aj(0)7| > dslziol (3.2.16)
(cf. [64]).

Proof. According to the definition of DI (i = 1,...,n), we get (3.2.14)
immediately.

When i € {2,...,n — 1}, for any given point (t,z) € DI, by the definition
of DT, we have

In what follows, we prove (3.2.15)—(3.2.16) for the case 2 > (A\;(0) + dp)t.
When 2 < (A;(0) — d9)t, (3.2.15)—(3.2.16) can be proved similarly.
Noting (3.2.6), for 0 < 7 < t, we easily get

&i(1) = (Xi(0) + do)T (3.2.18)

and

()\i(o) - 62—0> T < &(T) — w0 < (&(0) + %O) T. (3.2.19)
Then, noting that do < A;(0) (i = 1,...,n), we have

2(Ai(0) + do)

(1) < 5

Zi0, (3.2.20)

in particular,
2(Ni(0) + 4
x < M%O. (3.2.21)
do
Thus, noting that 2 > (X\;(0) 4 do)t, we get (3.2.15) immediately.
Since (7,¢;(7)) € DT, in order to prove (3.2.16), we first consider the case
j = 1. In this case it is easy to see that

do
[§i(7) = X:(0)7] = N (0) + 0 (3.2.22)
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Now we consider the case that there exists j # ¢ such that (7,&(7)) € D] .
When j < i, we have

do

‘&(7—) - )‘j (O)T| > |§z(7) - Ai(O)T‘ > mﬂ?io (3.2.23)
When j > i, since (7,&(7)) € D], we have
§i(1) > (N;(0) +do)7 or  &(7) < (X;(0) = do)T. (3.2.24)
Hence, if &(7) > (A;(0) 4 do)T, we get
o
1§i(7) = A (0)7] = 3 0) 301 (3.2.25)
whereas, if & (1) < (X;(0) — 6o)7, it is easy to get
&(7) = A;(0)7| = i (3.2.26)

—————Tjp.
2 (0) =8 "

Then, (3.2.16) follows.
When i = 1 or n, noting the definition of DT and DI, we can get
(3.2.15)—(3.2.16) in a similar way.

Lemma 3.2.2 Suppose that in a neighbourhood of u = 0, A(u) € C? and
system (3.1.1) is strictly hyperbolic, i.e., (3.2.2) holds. Suppose furthermore
that the initial data (3.1.2) satisfy (3.2.1). Then there exists 0y > 0 so small
that for any fixzed 0 € [0,6p], on any given existence domain D(T) of the
C' solution u = u(t,z) to the Cauchy problem (3.1.1)~(3.1.2), we have the
following uniform a priori estimates:

W (T) < k10, (3.2.27)
Wi (T), Wi(T) < ks, (3.2.28)

and
Uso(T) < ks, (3.2.29)

where K1, Ko, and k3 are posilive constants independent of 6 and T .

Proof. Noting (2.6.2) and (3.2.13), we have
(1+ 2]) ' |wi (0, 2)| < C6. (3.2.30)

Here and henceforth, C' denotes a (possibly different) positive constant inde-
pendent of § and T

We first estimate WS (T').

For any given ¢ € {l,...,n}, passing through any fixed point (t,z) €
D(T)\D!', we draw the ith characteristic ¢;: £ = &(7) (0 < 7 < t) that
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intersects the x-axis at a point (0, z;0). Integrating (2.6.14) along ¢; from 0
to t yields

w;(t, ) = w;(0, x:0) / Z Yijk(Wwjwe (T, &(T))dT (3.2.31)

J,k=1
Noting (2.6.16) and (3.2.13) and using Lemma 3.2.1, we have

(1+ |z = N0t ) wy (8, ) |
< O+ [aiol) T {|wi(0, 240)|

DY / (14 &:(7) — A (0)r (1
IR=1e, (g (DTUDT)

+[&(7) = M (0)r])] "M dr

n

FWLM) S [ @) = M0)r) ()

J,kzl&(T)ngT

< O+ |zi0) w0, 2i0)| + (WS (T))? + WS (T)Wi(T)}.  (3.2.32)

Then, noting (3.2.30), we find that
WE(T) < C{O+ (WS (T))? + WS (T)W1(T)}. (3.2.33)

We next estimate Wy (T') and W1 (T).

For i € {1,...,n}, passing through the ends A(t4,24) and B(tp,zp) of
any given jth characteristic ¢; : £ = &;(7) (ta <7 <tp) (j #1i) on D(T), we
draw the ith characteristics which intersect the z-axis at the points C(0, z¢)

and D(0,zp) with ¢ < xzp, respectively. By (2.6.18), using Stokes’ formula
[see (2.6.22)] on the domain ACDB, we get

/ﬂwwwrmmmm@wmm

ta
S/ |w; (0, z)|dx + // ’ Z Lijr(w)wjwg (t, x)|dtde.  (3.2.34)

© AChB Jk=1

Then, noting (3.2.13), (3.2.30), and (2.6.20), we have
tp
[ w5 = X g ()l

ta
gc{a/ (1+ )0+ da

C
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P @Y. [[10+ = 3+ = A0 e
PR=1 (1 m)&(DTUD])

(3.2.35)

+ WS(T) Z / (1+ |o — Ak(O)t)_(1+“)wj(t,x)dxdt}. (3.2.36)

J,k=1 T
(t,x)eD]

Thus, noting (3.2.5) and using Lemma 3.2.1, we get
tp
/ wi(7, & (7))|dr < C{0 + (W5,(T))? + WL (T)WA(T)},  (3.2.37)
ta

namely,

Wi(T) < C{0 + (WE(T))? + WS (T)Wa(T)}. (3.2.38)

For any given positive number r, similarly to (3.2.37), we have
T
/ lwi(t,z))|dz < C{0+ (WL(T))? + WL (T)W1(T)}, (3.2.39)
-7

where C' is a positive constant independent of . Then, taking r — +o00, we
get
Wi(T) < C{0+ (WS (T))* + W (T)Wi(T)}. (3.2.40)

By the definition of W< (T), W, (T'), and W1 (T), it is easy to see that

WE(0)=Wi(0)=0 and W;(0) < =6. (3.2.41)

=

Then, by continuity, we see that there exists 7 > 0 so small that
W (1) < K10 (3.2.42)

and
Wi(r), Wi(r) < ko, (3.2.43)

where k1 and ko are positive constants to be determined later. Hence, to
show (3.2.27)—(3.2.28), we only need to prove that for any given T with
0< Ty <T,if we have

WOCO(T()) S 2!110 (3244)

and N
Wl(To), Wl(To) S 2%29, (3245)

then we have
WS (Ty) < k16 (3.2.46)
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and
Wi (To), Wi(Ty) < kab. (3.2.47)

For this purpose, substituting (3.2.44)—(3.2.45) into the right-hand side of
(3.2.33), (3.2.38), and (3.2.40) with T = Ty, we get

WE(Toy) < CL{0 4 4k360% + 4k ko6 } (3.2.48)

and
Wi (Ty), Wi(Ty) < C{O + 4k36% + 4y k6% }, (3.2.49)

where C is a positive constant independent of #. Hence, taking k1, kg > 2C
and noting that 6 > 0 is small, we get (3.2.46)—(3.2.47), and then we finish
the proof of (3.2.27)—(3.2.28) (cf. [76]).

Finally, we estimate Uy (7).

Passing through any given point (¢, 2) € D(T'), we draw the ith character-
istic ¢; : € = &(7) (0 <7 <) which intersects the z-axis at a point (0, z;o).
Integrating (2.6.43) along ¢; from 0 to ¢ gives

ult,x) = u(0, 20) /O (W) wpr () (7, & (7)) (3.2.50)

k=1

Then, noting (3.2.1) and using Lemma 3.2.1 and (3.2.28), we get
lu(t, z)| < C{0+ W1 (T)} < C0, (3.2.51)

from which (3.2.29) follows immediately. Noting that 6y > 0 is small enough,
(3.2.51) also implies that hypothesis (3.2.13) is reasonable.

3.3 Some Uniform a Priori Estimates Depending
on Normalized Coordinates and Weak Linear
Degeneracy for the Strictly Hyperbolic System

In this section we give some uniform a priori estimates depending on normal-
ized coordinates and weak linear degeneracy.
Similarly to (3.2.9)—(3.2.12), let

US(T) = max sup {1+ ]z - i(O)t|)1+“|ui(t,x)|}, (3.3.1)
=L (4 e D(T)\DT

i= , ,’ﬂ] 7

U,(T) = max maxsup/ |ui(t, z)|dt, (3.3.2)



3.3 Estimates Depending on Weak Linear Degeneracy 61

where ¢; denotes any given jth characteristic on D(T),

Ui(T) = max sup / lu;(t, z)|dx, (3.3.3)

i=1,..., no<t<T J—0co

and
Woo(T) = [[w(t, z)|| L (D(1)) (3.3.4)

with w(t, ) = (wi(t, ), ..., w,(t, )).

Lemma 3.3.1 Suppose that in a neighbourhood of u = 0, A(u) € C? and
system (3.1.1) is strictly hyperbolic, namely, (2.1.12) holds. Suppose further-
more that system (3.1.1) is WLD and the initial data (3.1.2) satisfy (3.2.1).
Then in normalized coordinates there exists 8y > 0 so small that for any fixed
6 € [0,6o], on any given existence domain D(T) of the C* solution u = u(t, x)
to the Cauchy problem (3.1.1)—(3.1.2), we have the following uniform a priori
estimates:

US(T) < ka4b, (3.3.5)
U(T), Uy(T) < ks, (3.3.6)

and
Wao (T) < kb, (3.3.7)

where Ky, K5, and kg are positive constants independent of 6 and T .
Proof. In what follows, we always assume that u = (ug,...,u,)"
malized coordinates.

We now estimate US (T).

Similarly to the estimate on WS (T), integrating (2.6.44) along ¢; from 0
to t yields

are nor-

ui(t, x) = u; (0, zi0) + /0 > pije(wujwy(r, &(7))dr. (3.3.8)

Jik=1

Then, noting (3.2.1) and (2.6.45) and using Lemma 3.2.1, similarly to
(3.2.32), we have

(1 far = X (0 # fui (t, )|
< C{O+ WE(TYUL(T) + US(TYW(T) + Uy (T)WS(T)}.  (3.3.9)

Hence, by Lemma 3.2.2, we get
US(T) < CO{1 + US(T) + Uy (T)}. (3.3.10)

We next estimate U, (T) and Uy (T).
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Similarly to (3.2.34), it follows from (2.6.53) that
tp
[ ) = M) (.65 ()l

ta
§/ |u; (0, 2)|dz + // Z Fiji(wujwg(t, z)|dtde.  (3.3.11)
zc

AcDpB Jk=1

Noting (2.6.51) and (2.6.54) and using Lemmas 3.2.1 and 3.2.2 and
Hadamard’s formula

1
F(u) — F(ug) = /0 VuF (ug+ 7(u —up)) - (w — up)dr, (3.3.12)

we have

Z | Fiji(w)u;w (t, z)|dtd
ACDB k=1

// < Z |Figi (wujwp(t, )] 4 | (Fii(u) — Zzz(uzez))uiwi(t,$)>dtd$

k=1
ACDB N7,

< UL (MWL (D) + U(TWL(T) + U (T)Wi(T) + Uso (THU S (T)WA (T}
< CO{US,(T) + Uy(T)}. (3.3.13)

Then, if we note (3.2.1) and (3.2.5), it follows from (3.3.11) that

/tB |ui(7,&(7))|dr < CO{1+US(T)+ Ui (T)}. (3.3.14)

ta

Hence,
UL(T) < CO{1 + US(T) + U, (T)}. (3.3.15)

Similarly, we have [also see the proof of (3.2.40)]
U(T) < CO{1+US(T)+ Uy (T)}- (3.3.16)

Thus, the combination of (3.3.10) and (3.3.15)—(3.3.16) gives (3.3.5)
and (3.3.6).

We finally estimate Woo (T).

Similarly to (3.2.50), by (2.6.14), we have

w;(t, z) = w; (0, z40) / Z Yiji (W) wjwy (1, & (1)) dr (3.3.17)

7,k=1
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Noting (2.6.16) and (2.6.28) and using Lemmas 3.2.1 and 3.2.2 and
Hadamard’s formula, we have

/ S P (g (r, &(7)ldr

7,k=1

/ < Z‘W’wk w)wjw (7, & (7))| + |7vii () _%ii(uiei)|wi2(7a &(ﬂ)) dr
< C{(WSO(T))2 + WL (D) Woo (T) + UL (T)(Woo (1))}
< CLO* + OW o (T) + U (T)(Woo(T))?}. (3.3.18)

Then, noting (3.2.30) and (3.3.5), it follows from (3.3.17) that
lw;(t, )| < CO{1 + Weo (T) + (Wao (T))?}. (3.3.19)

Hence,
W (T) < CO{1 + (Wa (T))?}. (3.3.20)

Then we get (3.3.7) using the method in the proof of Lemma 3.2.2.

3.4 Sufficient Condition to Guarantee the Global
Existence and Uniqueness of the C! Solution to the
Cauchy Problem for the Strictly Hyperbolic System

In this section we show that the necessary condition given in Section 3.1
is also a sufficient condition to guarantee that the Cauchy problem (3.1.1)—
(3.1.2) admits a unique global C! solution, provided that the initial data
satisfy (3.2.1).

Theorem 3.4.1 Suppose that in a neighbourhood of u =0, A(u) € C? and
system (3.1.1) is strictly hyperbolic, namely, (2.1.12) holds. Suppose further-
more that the initial data (3.1.2) satisfy (3.2.1). If system (3.1.1) is WLD,
then there exists 0y > 0 so small that for any given 6 € [0,6¢], the Cauchy
problem (3.1.1)~(3.1.2) admits a unique global C solution u = u(t,z) with
small C* norm for all t € R (cf. [75], [76], a related result can be also found
in [95]).

Proof. According to the existence and uniqueness of the local C'! solution
to the Cauchy problem (cf. [72]), there exists 7o > 0 such that on [0, 9] x R,
Cauchy problem (3.1.1)—(3.1.2) has a unique C* solution u = u(t, r).
Without loss of generality, we may consider the Cauchy problem in nor-
malized coordinates. By Lemmas 3.2.2 and 3.3.1, we know that if 6y > 0 is
suitably small, then for any given 0 € [0, 6], on any given existence domain
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[0,7] x R of the C! solution u = u(t,z) to the Cauchy problem (3.1.1)-
(3.1.2), we have the following uniform a priori estimate on the C* norm of
u = u(t,z):
def.
Jut, )ller =" [lult, o + lue(t, )lco < CO, (3.4.1)

where C' is a positive constant independent of 6§ and 7. Then the extension
of the local solution immediately gives the global existence and uniqueness
of the C! solution u = u(t, z) to the Cauchy problem for all ¢ > 0.

Taking ¢ = —t, we similarly get the same result for all ¢ < 0.

Remark 3.4.1 The method used in this book to show Lemmas 3.2.2 and
3.3.1 is simpler than that in [76], where some intermediate estimates on v =
(v1,y...,0n) with v; = Li(wu (i = 1,...,n) are first needed and D(T) is
divided into more subdomains including DL and DI'. On the other hand, by
means of Lemmas 3.2.2 and 3.3.1, we can easily obtain the corresponding
estimates on DI and DI given in [57] and [76)].

Remark 3.4.2 In Theorem 3.4.1, the hypothesis u > 0 in (3.2.1) is
necessary.

To illustrate this fact, we consider (also see [40])

Example 3.4.1 Consider the following Cauchy problem in a neighbourhood
of (r,s) = (0,0) for the system

re=0, (3.4.2)
s+ (1+7rs)s, =0

with the initial data
t=0: r=crg(x), s=c(l1+2%)" (3.4.3)
where € > 0 is a small parameter and ro(x) is a nonnegative fuction with
[ro(@)llcr ) < M (3.4.4)

and
ro(z) = (1 + |z))~ ™) for |z| > 2, (3.4.5)
in which M >0 and —1 < p < 0 are constants.

Obviously, in a neighbourhood of (r,s) = (0,0), (3.4.2) is strictly
hyperbolic and WLD.
It follows from the first equation of (3.4.2) that

r(t,z) =erg(z), V(t,z) € RT xR. (3.4.6)
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Substituting it into the second equation of (3.4.2) gives
st 4+ (14 erg(z)s)sy = 0. (3.4.7)

We now consider the Cauchy problem for Equation (3.4.7) with the initial
data
t=0: s=¢c(l+a*)"" (3.4.8)

On the existence domain of the C! solution s = s(¢,7) to this Cauchy
problem, let @ = z(¢,3) be the characteristic passing through any given
point (0, 3) on the z-axis. Since along x = x(¢, 3) we have

s=s(t,x(t,B)) = (1 + 8471, (3.4.9)
x = z(t, B) satisfies
(fi_:; =1+etro(@)1+57)7, (3.4.10)
t=0: xz=0.
Then
z5(t, B) = A(t, B) exp(A(t, B)), (3.4.11)
where
B 2525 t
At,B)=1- m/o ro(z(, B)) exp(—A (T, B))dT (3.4.12)
and ) .
A(t,B) = m/O ro(z(r, B))dr. (3.4.13)

Moreover, it follows from (3.4.9) that

—2ep(1 + 3%)2
xﬁ(t7ﬁ> '

Noting (3.4.10) and that 7¢(z) is nonnegative, from (3.4.13) we have

sa(t,z(t, B)) = (3.4.14)

- 2 =(t,3) r! (JJ)
A(t,B) = m/ﬁ T+ 627'0(12)(1 T 62)71dx. (3.4.15)

Then, noting (3.4.4)—(3.4.5), we have

2 —2 1 oS} 1
VAN < (2 / - s
| (t>ﬁ>| = Ce {/_2 |7‘O("E>|d‘r+‘/_o<> (1717)2+;Ld$+/2 (1+x)2+,udx}
< Ce?, Yt>0, VB eR. (3.4.16)
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Here and henceforth, C' denotes a positive constant. Thus, noting (3.4.4)—
(3.4.5) and using (3.4.16), it follows from (3.4.12) that

AL 1 Tl (02 [ natr, )
,0) <1 — ———exp(—Ce ro(x(7, T
e 0
26243 (t,8) ro(x)
<l—-— —Ce? d
<1 @y gy P Ce )/ﬁ T+ 2ro(@)(1+32) 1
CEZﬂ ) z(t,5)
< 1-— m eXp(-Oﬁ )/[C; TQ(I)dm, Vit > 0, \V/ﬂ S R,
(3.4.17)
where ¢ denotes a positive constant.
Taking # = 2 in (3.4.17) and noting (3.4.5), we get
9 9 av(t,2) 1
Hence, noting that z(t, ) > 8 + t, we have that when p = 0,
A(t,2) <1 — ce? exp(—Ce?)[log(3 + t) — log 3], (3.4.19)
whereas, when —1 < pu < 0,
A(t,2) <1 —ce?exp(—CeH)[(3+t) ™ —374]. (3.4.20)

Then, noting A(0, 5) = 1 for any § € R, for any given € > 0 small enough,
there exists t* = t*(¢) > 0 such that

A(t,2) = 0. (3.4.21)
Thus, by (3.4.14) and (3.4.11), we get
sz(t, x(t,2)) = —c0 as ¢ 1t7, (3.4.22)

i.e., the C'! solution to the Cauchy problem (3.4.2)(3.4.3) must blow up in
a finite time.

Remark 3.4.3 By Theorems 3.1.1 and 3.4.1, for the Cauchy problem
(3.1.1)(3.1.2) with the initial data ¢(x) satisfying (3.2.1), the weak linear
degeneracy of the strictly hyperbolic system (3.1.1) is a necessary and suf-
ficient condition to gquarantee the global existence and uniqueness of the C!
solution on t > 0 or for all t € R.

Remark 3.4.4 By means of the continuous Glimm functional, a global
existence result for the Cauchy problem (3.1.1)~(3.1.2) in a slightly general
class of initial data can be found in [103] (some related results can be also
found in [9], [56], and [97]).
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Remark 3.4.5 For the inhomogeneous quasilinear strictly hyperbolic system
(2.1.19), under certain quite strong restrictions on the inhomogeneous term
B(u), similar results as in Theorem 3.4.1 can be found (cf. [46] and [96]).

Remark 3.4.6 A continuous and piecewise C* vector function

_ _Ju—(tx), x <),
u=u(t,z)= {u+(t7x)’ > (), (3.4.23)

1s a weakly discontinuous solution containing a kth weak disconti-
nuity x = x(t) for system (2.1.1) if u = u(t,x) satisfies system (2.1.1) in
the classical sense on both sides of x = x (1),

u (t,2(t)) = uy (t, 2x(t)), (3.4.24)

but the first-order derivatives of u(t,z) have the first-kind discontinuity on
x = x(t). In this situation it is easy to see that x = x(t) must be a charac-
teristic curve, and, for the kth weak discontinuity, x = x(t) is supposed
to be the corresponding kth characteristic:

d{Ek (t)
dt

= Mo(u_ (8, 25(8)) = Mo(us (8, 21 (2))). (3.4.25)

For the weakly discontinuous solution to the Cauchy problem of system
(2.1.1) with the following weakly discontinuous initial data:

<
b=0: uo @ oS0, (3.4.26)
up(z), x>0,

where w(x) and u,(z) are C* vector functions on x < 0 and x > 0, respec-
tively,
u(0) = u,(0) (3.4.27)

and
uy(0) # u.(0), (3.4.28)

similar results as in Theorems 3.1.1 and 8.4.1 are still valid (cf. [64]).

3.5 Global C! Solution to the Cauchy Problem for
the Hyperbolic System with Characteristics with
Constant Multiplicity

In this section we consider the Cauchy problem for hyperbolic system (2.1.1)
with characteristics with constant multiplicity. Without loss of generality,
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we assume that
AMu) = A(u) = = Ap(u) < Apgr(u) < - < Ap(u), (3.5.1)

where p > 1.

Suppose that system (2.1.1) possesses normalized coordinates.

In the present situation, similarly to Theorem 3.1.1, the weak linear
degeneracy is still a necessary condition to guarantee the global existence
and uniqueness of the C! solution to the Cauchy problem with small ini-
tial data (cf. [89]). In what follows, we will prove that this condition is also
sufficient.

Noting (3.5.1), we have

A0) B A (0) = -+ = Ay (0) < A1 (0) < -+ < A, (0). (3.5.2)

Similarly to (3.2.3), we assume that
A(0) > 0. (3.5.3)

Then, by continuity, there exist positive constants dp (< A(0)) and § so
small that

)\i+1(u) - )\i(u,) > 260a v|u|’ |ul| <9d (Z =P, = 1)7 (354)
and

M) = MO < 2 Sl ) <8 (=1, ). (3.5.5)

For any given T' > 0, let

Obviously,

n
U DT D) = ({0 <t <T, —o0 < < oo},
1=1

On any given existence domain D(T') of the C* solution u = u(t, x) to the
Cauchy problem (2.1.1) and (3.1.2), WS (T'), W1(T), and U (T) are still de-
fined by (3.2.9), (3.2.11), and (3.2.12), respectively, and US (T), U1 (T), and
W (T) are still defined by (3.3.1), (3.3.3), and (3.3.4), respectively. However,
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W (T) and Uy (T) are defined by

i=1,....pj=p+l,...n ¢,

Wl(T) :max{ max  max sup/ |w; (t, z)|dt,

“J

max maxsup/|wi(t,x)|dt}
.

i=ptlim j#i o Jo,

(3.5.7)
and

Uy(T)=max{ max max sup/ |u; (t, z)|dt,
1=1,..., pJi=p+1,..., noc; c;

max maxsup/|ui(t,x)|dt},
¢
3

i=p+1,...,n j#i Cj
(3.5.8)

where ¢; denotes any given jth characteristic on D(T').
In the present situation, Lemma 3.2.1 is still valid. Similarly to Lemmas
3.2.2 and 3.3.1, we have the following two lemmas.

Lemma 3.5.1 Suppose that in a neighbourhood of u = 0, A(u) € C? and
(3.5.1) holds. Suppose furthermore that the initial data (3.1.2) satisfy (3.2.1).
Then there exists 0y > 0 so small that for any fized 6 € [0, 6y], on any given
existence domain D(T) of the C* solution u = u(t,x) to the Cauchy problem
(2.1.1) and (3.1.2), we have the following uniform a priori estimates:

WE(T) < k10, (3.5.9)
Wi (T), Wi(T) < ks, (3.5.10)

and
Uso(T) < k30, (3.5.11)

where K1, ko, and k3 are positive constants independent of 6 and T

Proof. The proof of this lemma is similar to that of Lemma 3.2.2. In what
follows, we only point out some essentially different points.
Noting (2.6.16) and (2.6.31), similarly to (3.2.33), we still have

WE(T) < C1O + (WE(T))? + W (T)WA(T)}. (3.5.12)
We next estimate W, (T') and Wy (T).

Fori=1,...,p;j =p+1,...,n, noting (2.6.20) and (2.6.32), similarly to
(3.2.37), we have

/ lw; (t,z)|dt < C{0+ (WE(T))? + WS (T)YW1(T)}. (3.5.13)
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Fori = p+1,...,n;j # 4, noting (2.6.20) and (2.6.32), we still have
(3.5.13). Hence, we get

Wi (T) < C{O+ (WS (T))? + WS (T)W(T)}. (3.5.14)
Similarly, we have

Wi(T) < C{0+ (WE(T))* + WS (T)Wy(T)}. (3.5.15)

Then, (3.5.9)~(3.5.10) follow from (3.5.12) and (3.5.14)~(3.5.15).

Finally, we estimate U (T).

For any given (¢,2) € D(T), (3.2.50) still holds. Noting (3.5.1) and using
Lemma 3.2.1 and (3.5.9)—(3.5.10), similarly to (3.2.51), we have

lu(t, z)| < C{0 + W (T) + Wy(T)} < C6. (3.5.16)
Then we get (3.5.11) immediately.

Lemma 3.5.2 Suppose that in a neighbourhood of u = 0, A(u) € C? and
(3.5.1) holds. Suppose furthermore that system (2.1.1) is WLD and the initial
data (3.1.2) satisfy (3.2.1). Then in normalized coordinates there exists 6y > 0
so small that for any fized 0 € [0,00], on any given existence domain D(T)
of the C solution u = u(t,x) to the Cauchy problem (2.1.1) and (3.1.2), we
have the following uniform a priori estimates:

US(T) < kab, (3.5.17)
U\(T), Ui(T) < rsb, (3.5.18)

and
Woo(T) < kb, (3.5.19)

where Ky, k5, and kg are positive constants independent of 0 and T'.

Proof. We first estimate US (T).

For i = 1,...,p, passing through any fixed point (¢,z) € D(T)\DT,
draw the ith characteristic ¢;: & = z;(7) (0 < 7 < t) which intersects the
z-axis at a point (0, x;0). Integrating (2.6.55) along ¢; from 0 to ¢ yields

ui(t, ) = u; (0, 240) / Z pijk (W) u;wg (T, x;(7))dr. (3.5.20)

7,k=1

Then, noting (3.2.1) and (2.6.56)—(2.6.57) and using Lemmas 3.2.1 and
3.5.1, similarly to (3.3.9), we have
(14 |z = X (0)E)) ¥ us (t, )]
< C{O+ UL (T)WE(T) + UL (T)W(T) + Uy (T)W5, (1)}
< CO{1 + US(T) + Uy (T)}. (3.5.21)
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For i = p+1,...,n, noting (3.2.1) and (2.6.59)—(2.6.60), we still have
(3.5.21). Hence, we get

US(T) < CO{1 + UL (T) + Uy (T)}. (3.5.22)
We next estimate Uy (T) and Uy (T).
In the present situation, (3.3.11) still holds.

For i = 1,...,p, since A\(u) is WLD, noting (2.6.62)—(2.6.64) and using
Lemmas 3.2.1 and 3.5.1, instead of (3.3.13), we have

Z | Fiji(w)ujw(t, z)|dtds

ACDB k=1
<[] T Imwu.
ACDB jorkgj{l ..... p}
P
+ Z (ka - zgk (Zuh€h>>UJ”UJk t IE) dtdx
J,k=1

S UL (MWL (D) + U(TYWL(T) + U (T)Wi(T) + Use (THUL (T)WA(T)
< CO{US (T) + UL (T))}. (3.5.23)

Fori =p+1,...,n,since \;(u) is WLD, noting (2.6.62)-(2.6.63) and (2.6.65),
similarly to (3.5.23), we have

Z |Fijk (w)u;w (t, z)|dtdz
ACDBIHk=1

<

> Fgk(wujwi(t, 2)] + [(Fiii(u) — Fiii(uie:))usw; (¢, )| | dtdw

ACDB 70Tk6;lk ..... p}
< C{USL (MWL (T)+ Un(TWL(T)+ U (T)Wi(T) + Uso (THUS(T)WA(T')
< CO{US(T) + Uy(T)}. (3.5.24)

Then, noting (3.2.1) and (3.5.4), similarly to (3.3.14), we get from (3.3.11)
that

/ﬂm@%wMMSCMHw@@HwMH}

ta

Hence,
U (T) < CO{1 + US(T) + Uy (T)}. (3.5.25)

Similarly, we can get

UL (T) < CO{1 + US,(T) + Uy (T)}. (3.5.26)
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Then the combination of (3.5.22) and (3.5.25)—(3.5.26) gives (3.5.17) and
(3.5.18).

Finally, we estimate W, (T).

In the present situation, (3.3.17) still holds.

For i =1,...,p, and since A(u) is WLD, noting (2.6.16) and (2.6.41) and
using Lemmas 3.2.1, 3.5.1 and (3.5.17), instead of (3.3.18), we have

/0 Z Vijk (w)wjwi (7, 2:(7))|dT

jk=1

S/O l Z [Yigr (w)wjwe (7, 2:(7))|

+2 Z (%;z(u) — Yigi (Z Uheh>> wiw; (7, 24(7))
j=1 h=1

]dT
< C{WS(T))? + W5 (T)Weo (T) + US,(T)(Wee (T)))%}
< CO{0 + Woo (T) + (Wao (T))?}. (3.5.27)

For i = p+1,...,n, since \;(u) is WLD, noting (2.6.16), (2.6.31), and
(2.6.42) and using Lemma 3.2.1, similarly to (3.5.27), we have

/0 Z [Vigr (w)wjwg (7, 2 (7))|dT

k=1

S/l Z i (wwjw (7, 2 (7)) |4 i (w) = yiii (wies) [wf (7, 24(7) ) | dr
0 p}

< C{WE(T))? + WE(T)Wa(T) + US, (T) (Wae (T))%)
< COLO 4+ Woo (T) + (Wao (T))?}. (3.5.28)

Then, similarly to (3.3.19), it follows that
wi(t, )] < CO{1 + Weo(T) + (Wao (T))?}.

Hence,
Waoo(T) < CO{1 + (Wao(T))?}, (3.5.29)

which implies (3.5.19).

By Lemmas 3.5.1 and 3.5.2, it is easy to get

Theorem 3.5.1 Suppose that in a neighbourhood of u =0, A(u) € C? and
(3.5.1) holds. Suppose furthermore that the initial data (3.1.2) satisfy (3.2.1).
If system (2.1.1) is WLD, then there exists 0y > 0 so small that for any given
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6 € [0,00], the Cauchy problem (2.1.1) and (3.1.2) admits a unique global C*
solution u = u(t,z) with a small C* norm for all t € R (cf. [58]).

Remark 3.5.1 When hyperbolic system (2.1.1) has a form of conservation
laws, \(u) is LD, then WLD. In this situation Theorem 3.5.1 can be easily
applied (cf. [58]).

3.6 Applications

3.6.1 System of One-Dimensional Gas Dynamics

Consider the Cauchy problem for the system of one-dimensional gas
dynamics in Lagrangian representation (cf. Section 1.3.3)

or ou_
o or
% + apg:;S) =0, (3.6.1)
o
with the initial data
t=0: 7t=71+7n(z), v=uo+ui(z), S= 5 +S5i(x), (3.6.2)

where 7 > 0 is the specific volume, wu is the velocity, S is the entropy, p is
the pressure, and the equation of state is given by p = p(r,S); moreover,
70 (> 0),u0, and Sy are constants, and 71(z),u;(z), and Si(z) € C satisfy
the decaying property as shown in (3.2.1).

If

pr(70,80) <0, (3.6.3)

then, in a neighbourhood of U = U def. (70,10, 50) T, system (3.6.1) is a

strictly hyperbolic system with three distinct eigenvalues,

M(U) = =vV=pr <2(U) =0 < X3(U) = V=p-, (3.6.4)
and the corresponding right eigenvectors can be taken as

r(U) = (1,v/=p7,0)", r2(U) = (ps,0,—p-)", r3(U) = (-1,v/=p-,0)7,
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where
U=(r,uS)T. (3.6.6)

Obviously, A2(U) is always LD in a neighbourhood of U = Uy. Moreover,
it is easy to see that A1 (U) and A3(U) are LD in a neighbourhood of U = Uy
if and only if

prr(17,58) =0, V|T— 70| and |S — Sp| small. (3.6.7)

Noting that the first characteristic trajectory U = U (1)(8) passing through
U = Up in the U-space is defined by

dU

PR — U ,

a5~ ) (3.6.8)
s=0: U= Uo,

where 7 (U) is given by (3.6.5), by the definition of WLD, we can see that
A1 (U) is WLD with respect to U = Uy if and only if

Prr(7,50) =0, V|7 — 70| small. (3.6.9)

Similarly, A3(U) is WLD with respect to U = Uy if and only if (3.6.9)
holds. Obviously, if A\;(U) and Ag(U) are LD in a neighbourhood of U = Uy,
then they are WLD with respect to U = U.

By Theorem 3.4.1, we have

Theorem 3.6.1 Under assumption (3.6.9), there exists 0y > 0 so small that
for any fized 0 € [0,0y], the Cauchy problem (3.6.1)~(3.6.2) admits a unique
global C* solution U = U(t,z) for all t € R.

3.6.2 System of Compressible Elastic Fluids with
Memory

Consider the Cauchy problem for the system of compressible elastic flu-
ids with memory (cf. Section 1.3.4)

Pt +vpg + pve =0,
plon + v0,) + p(p)a = (PW'(F)F),, (3.6.10)
F,+vF, — Fv, =0

with the initial data

t=20: p:po+p1(17), U:U0+’L}1(I), F:1+F1(CC), (3611)
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where p > 0 is the density, v is the velocity, p is the pressure, W (F) is
the strain energy function, and F corresponds to the deformation tensor.
Moreover, po(>0) and vy are constants, and py(z),vi(x), and Fy(z) € C!
satisfy the decaying property as shown in (3.2.1).
Let
U= (p,v, F)T. (3.6.12)

If
P (po) + W"(1) > 0, (3.6.13)

(3.6.10) is a strictly hyperbolic system in a neighbourhood of U = Uy del-
(po,vo,1)T with the following distinct real eigenvalues:

M=v—p(p)+W(F)F2 <X =v<X=uv+p(p)+W"(F)F?
(3.6.14)
and the corresponding right eigenvectors can be taken as
» T
n(U) = (- . :
VP (p) +w(F \/p ) +w” (F)F?
— FW'(F
ro(U) = (FW”(F) +W’(F),O,p(p)p()) : (3.6.15)

T
p F
rs(U 1, — .
()= <\/p Y+ (B2 \/p(p) + w'(F )F2>

Obviously, A2(U) is always LD. On the other hand, A1 (U) and A3(U) are
LD in a neighbourhood of U = Uy if and only if

op” (p) + 20" (p) — W (F)F? = 0. (3.6.16)

Noting that the first characteristic trajectory U = U1 (s) passing through
U = Up in the U-space is defined by

dU
o o), (3.6.17)
s=0: U="U,,

where 7 (U) is given by (3.6.15), it is easy to see that pF' = pg always holds
along the first characteristic trajectory passing through U = Uj,. Hence, by
the definition of WLD, Ay (U) and A3(U) are WLD with respect to U = Uy
if and only if

pp" (p) + 20" (p) = W" (pop™ ) (pop™")* =0, V|p — po| small. ~ (3.6.18)

Obviously, if A (U) and A3(U) are LD in a neighbourhood of U = Uy, then
they are WLD with respect to U = U.
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By Theorem 3.4.1, we have

Theorem 3.6.2 Under assumption (3.6.18), there exists 6y > 0 so small
that for any fized 0 € (0,00, the Cauchy problem (3.6.10)—(3.6.11) admits a
unique global C* solution U = U(t, ) for all t € R.

3.6.3 System of the Motion of an Elastic String

Consider the following Cauchy problem for the system of the motion of
an elastic string (cf. Section 1.3.5):

U — Vg = 0,

T (3.6.19)
Vi — ( (T) u) =0
r T
with the initial data
t=0: (u,0) = @ +u’(z),2° +°(z)), (3.6.20)

where u = (u1,...,u,)T, v = (vi,...,0.)T, 7 = |u| = JuZ+---+u2, and

T(r) is a suitably smooth function of » > 1 such that

T' (7o) > T 0, (3.6.21)
To

+ -+ (u2)2 > 1. Moreover, (u°,2°) is a con-

in which 7 = [a°| = /(u ?)
v9(z)) € C! satisfies the decaying property as shown

stant vector and (u’(z),
n (3.2.1).
Let

U= (ut,. .., ,01,...,0,)" = (u) (3.6.22)

v

By (3.6.21), in a neighbourhood of

~0
U=U," (go) , (3.6.23)

(3.6.19) is a hyperbolic system with the following 2n real eigenvalues:

M) T < da(U) = - = () [T
< Api1(U) = = Aoy 1 (U) & @ < Ao (U) L /T ().

(3.6.24)
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When n = 2, system (3.6.19) is a strictly hyperbolic system in a neigh-
bourhood of U = Uy, in which \y(U) and A\3(U) are always LD, then WLD
with respect to U = Uy. When n > 2, (3.6.19) is a quasilinear hyperbolic
system of conservation laws with characteristics with constant multiplicity,
then by Lemma 2.4.2, \;(U) (i = 2,...,2n — 1) are always LD, then WLD
with respect to U = Uy. Moreover, it is easy to see that A\ (U) and A2, (U)
are WLD with respect to U = Uy if and only if A\ (U) and A, (U) are LD in
a neighbourhood of U = Uy, namely,

T"(r)=0 for |r—7p| small. (3.6.25)
By Theorems 3.4.1 and 3.5.1, we have

Theorem 3.6.3 Under assumption (3.6.25), there exists 6y > 0 so small
that for any fized 6 € [0,00], the Cauchy problem (3.6.19)—(3.6.20) admits a
unique global C* solution U = U(t,z) for all t € R.
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Chapter IV
The Cauchy Problem (Continued)

In this chapter, under the assumption that the quasilinear hyperbolic system
is not weakly linearly degenerate (WLD), we consider the formation of singu-
larities of the C'! solution to the Cauchy problem and its blow-up mechanism.

4.1 Some Uniform a Priori Estimates Independent of
Weak Linear Degeneracy

In this section we give some uniform a priori estimates independent of weak
linear degeneracy for the following Cauchy problem:

ou ou
O s w2t —o, (4.1)
t=0: u=¢x), (4.1.2)

where (4.1.1) is a strictly hyperbolic system and ¢(x) satisfies (3.2.1). We
already proved Lemmas 3.2.1 and 3.2.2 in Section 3.2.

In order to obtain a sharp estimate on the life span of the C'' solution to
the Cauchy problem, we assume that the initial data are of the form

o(x) = ep(x), (4.1.3)

where € > 0 is a small parameter and (z) € C! satisfies
sup{(1+ ) ([ ()] + [ (2)])} < +oo, (4.1.4)
fe1S]

where p > 0 is a constant.
In this situation we rewrite Lemma 3.2.2 as

Lemma 4.1.1 Suppose that in a neighbourhood of u = 0, A(u) € C? and
system (4.1.1) is strictly hyperbolic, i.e., (2.1.12) holds. Suppose furthermore
that the initial data (4.1.2) satisfy (4.1.3)—(4.1.4). Then there exists g > 0
so small that for any fized € € (0,e0], on any given existence domain D(T')

Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 79
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of the O solution u = u(t, ) to the Cauchy problem (4.1.1)~(4.1.2), we have
the following uniform a priori estimates:

WS (T) < ke, (4.1.5)
WA(T), Wi(T) < kse, (4.1.6)

and
U (T) < e, (4.1.7)

where k1, ko, and k3 are positive constants independent of € and T.

4.2 Formation of Singularities of the C! Solution in the
Noncritical Case a« < +00

In this section we discuss the formation of singularities of the C'! solution
to the Cauchy problem (4.1.1)—(4.1.2) in the noncritical case, namely, for
the non-WLD hyperbolic system (4.1.1) with finite non-WLD index « (see
Section 2.5).

4.2.1 Some Uniform a Priori Estimates Depending on
Weak Linear Degeneracy

Lemma 4.2.1 Suppose that in a neighbourhood of w = 0, A(u) is suitably
smooth and system (4.1.1) is strictly hyperbolic. Suppose furthermore that
(4.1.1) is not WLD and its non-WLD index « is finite. Suppose finally that
the initial data (4.1.2) satisfy (3.2.1). Then in normalized coordinates there
exists 6y > 0 so small that for any fized 0 € (0,00], on any given existence
domain D(T) of the Ct solution u = u(t,z) to the Cauchy problem (4.1.1)—
(4.1.2), we have the following uniform a priori estimates:

US(T) < kaf{1 + 02T, (4.2.1)
Uy (T), Uy(T) < ks6{1 4+ 6°H1T}. (4.2.2)
When
T < kg, (4.2.3)
we have
WOO(T) S /€79, (424)

in which US,(T), U(T), U(T), and Wuo(T) are still defined by (3.3.1)—
(3.3.4), respectively, and Ka,...,Kk7 are positive constants independent of
0 and T.
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Proof. Without loss of generality, we assume that u = (uy,...,u,) are
normalized coordinates.

We first estimate US (7).

For any given i € {1,...,n}, passing through any fixed point (t,z) €

D(T)\D!, we draw the ith characteristic ¢;: ¢ = &(7) (0 < 7 < t) which
intersects the z-axis at a point (0, z;0). Integrating (2.6.44) along ¢; from 0
to t and noting (4.1.2) gives

ui(t,x) = ¢i(wi0) / Z pijk (W ujwy (7, &(T))dr (4.2.5)

7,k=1
Then, noting (3.1.3) and (2.6.45) and using Lemma 3.2.1, we have

(14 |z = X (O)E) # us (t, )| <CLO+ UL (TYWE(T) + U, (T) Wi (T)
+ Uy (T)WS(T)}. (4.2.6)

Hence, using Lemma 3.2.2, we get

US(T) < CO{1+ UL (T) + Uy(T)}. (4.2.7)

We next estimate Uy (T) and Uy (T).

Fori € {1,...,n}, passing through two endpoints A(t4,z4) and B(tp,xzp)
of any given jth characteristic ¢; : & = &i(7) (0 < t4 < 7 < tg) on
D(T) (j # i), we draw the ith characteristic which intersects the x-axis at
point C(0,2¢) and point D(0, zp), respectively, with z¢c < 2p. By (2.6.48),
using Stokes’ formula [see (2.6.53)] on the domain AC'DB and noting (4.1.2),
we have

/mewwmmm@@vmm

ta
D
S/ |¢i(z)|dz + // Z Fiji(u)ujwi(t, x)|dtd. (4.2.8)
ve k=1
ACDB 7
Noting (2.6.52), we have
| Fiii(uiei)| < Clui|®. (4.2.9)

Then, noting (3.1.3) and (2.6.51) and using Hadamard’s formula, Lemmas
3.2.1, and 3.2.2, it follows from (4.2.8) that

/ﬂMMMfMWWﬁmmW

ta
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</: sialdz+ [ [Z | Fige(w)ugw(t, )] + (| Fris(w) — Fig(wres)|

k=1
ACDB -7y,

<C{O+ UL (TYWL(T) + UL (TYWA(T) + Uy (TYWE(T)
+ US(T)Uso(TYW(T) + (Uso (T)* W1 (T) T}
< CO{1+UL(T) + Uy (T) + 6T} (4.2.10)

Then, noting (3.2.6), we get

U (T) < CO{1+ UE(T) + Uy(T) + 09T} (4.2.11)
Similarly, we have

Ul(T) < CO{L+US(T) + Uy (T) + 60*T'TY. (4.2.12)

The combination of (4.2.7) and (4.2.11)—(4.2.12) gives (4.2.1)—(4.2.2).

We finally estimate Woo (T).

Passing through any given point (¢, 2) € D(T'), we draw the ith character-
istic ¢; : € = &(7) (0 <7 <) which intersects the z-axis at a point (0, z;o).
Integrating (2.6.14) along ¢; from 0 to ¢, we have

w;(t, ) = w; (0, x;0) / Z Vijk (W wjwg (T, & (T))dr (4.2.13)

J,k=1

Noting (2.6.17), we have
\’yiii(uiem S C\ui\o‘. (4214)

Then, noting (3.2.1) and (2.6.16) and using Lemma 3.2.1 and Hadamard’s
formula, from (4.2.13) we have

|wi(t, )|
n

Z Vijr (w)wjwy (7, & (7)) + (|viii (w) — Yiii (uiei)]

+ i (wies) )wy (7, &(7)) | dr

¢
< |w; (0, zi0)] +/
0

< C{0+ (WE(T))? + WL (T)Woo(T) + US (T)(Weo (T))?
+ (Uso (1)) T(Wee (T))?}. (4.2.15)
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Noting (4.2.1) and using Lemma 3.2.2, we get
WoolT) < C{O+ (0 + 0°T)(Woo (T))?}. (4.2.16)
Hence, noting (4.2.3), we can obtain (4.2.4).

For any given ¢ € J, where J is defined in Section 2.5.1, ;(u) is WLD. By
(2.6.28) and (2.6.54), similarly to the proof of Lemma 4.2.1, it is easy to get

Lemma 4.2.2 Under assumptions of Lemma 4.2.1, there exists 8y > 0 so
small that for any fized 6 € (0,00], on any given existence domain D(T) of
the C' solution u = u(t,x) to the Cauchy problem (4.1.1)—(4.1.2), without
restriction (4.2.3) we have the following uniform a priori estimate:

lwi(t, z)| < ks, Vi€ J, (4.2.17)
where kg s a posiltive constant independent of 6 and T .

Remark 4.2.1 Under the assumptions of Lemma 4.2.1, suppose further-
more that the initial data (4.1.2) satisfy (4.1.3) and (4.1.4). Then in normal-
ized coordinates there exists £g > 0 so small that for any fized € € (0,20], on
any given existence domain D(T) of the C* solution u = u(t,x) to the Cauchy
problem (4.1.1)—(4.1.2), we have the following uniform a priori estimates:

US(T) < kye{l + 22T}, (4.2.18)
Uy (T), Uy(T) < rse{l +e*t1T}. (4.2.19)
When
Te ™ < kg, (4.2.20)
we have
Weo(T) < kre, (4.2.21)
where Ky, . ..,K7 are positive constants independent of € and T

Remark 4.2.2 According to Lemmas 3.2.1 and 4.2.1, under assumption
(3.2.1), there exists a unique C* solution u = u(t,z) on [0, ke8> X R to the
Cauchy problem (4.1.1)~(4.1.2). Thus, the life span T(0) of the C* solution
u=u(t,z) satisfies

T(0) > kg0 (4.2.22)

Similarly, if the initial data (4.1.2) satisfy (4.1.3) and (4.1.4), by Lemma
4.1.1 and Remark 4.2.1, the life span T(g) of the Ct solution u = u(t,z)
satisfies

T(g) > ree® . (4.2.23)
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4.2.2 Sharp Estimate on the Life Span of the C*
Solution

According to Theorem 3.1.1, when system (4.1.1) is not WLD, at least for
certain small and decaying initial data, the C'* solution to the Cauchy problem
(4.1.1)—(4.1.2) must blow up in a finite time. The following theorem will
further illustrate this fact. Moreover, an asymptotic behavior of the life span
of the C! solution will be given (cf. [57], [75], [76]).

Theorem 4.2.1 Suppose that in a neighbourhood of u =0, A(u) is suitably
smooth and system (4.1.1) is strictly hyperbolic. Suppose furthermore that
(4.1.1) is not WLD and its non-WLD index « is finite. Suppose finally that
the initial data (4.1.2) satisfy (4.1.3)—(4.1.4). If there exists mg € Jy such
that

lmo (0)(x) # 0, (4.2.24)

where Jy is defined by (2.5.7), then there exists eg > 0 so small that for any
fized £ € (0,g0], the C solution u = u(t,x) to the Cauchy problem (4.1.1)-
(4.1.2) must blow up in a finite time and the life span T(€) of u = u(t,z)
satisfies

11%1(5&“%(5)) = My, (4.2.25)
g

where

a1 u(z) s
My = {maxsup[—l % (li(0)¢(x))ali(0)¢’($)]} ;

i€J1 zeR a!

in which u = u'¥(s) is defined by (2.5.1).

Proof. Let u = u(@) [u(0) = 0] be the normalized transformation such that
(2.4.11) holds. We have

—(0) = R(0), 4.2.27
24(0) = R(0) (4.2.27)
where R(u) is the matrix composed of right eigenvectors r;(u) (1 =1,...,n).
Then, noting (2.1.5), we have

ou

—(0) = L(0 4.2.28

0% 0) = L(0), (4.2.25)
where L(u) is the matrix composed of left eigenvectors [;(u) (i = 1,...,n).

Thus, in normalized coordinates u, (4.1.3) can be rewritten as

t=0: u =u;(ed(z) =el;(0)Y(x) + O(E?) (i=1,...,n). (4.2.29)
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Correspondingly, noting Remark 2.6.2, we have

t=0: w; =w; = li(ev(z)) (e (x))
=el;(0)'(x) +0(e*) (i=1,...,n). (4.2.30)

For simplicity of statement, in what follows, we will still denote normalized
coordinates @ by u. Then we rewrite (4.2.29)—(4.2.30) as

t=0: u; =eli(0)Y(x) +O0(?) (i=1,...,n), (4.2.31)
t=0: w; =el;(0)Y (x) +0@E*) (i=1,...,n). (4.2.32)

In normalized coordinates, (4.2.26) is rewritten as

My = {maxsup (0)(li(O)w(x))ali(O)w'(x)} }_ . (4.2.33)

1 9otL),
1€J1 geR

al uatt

Now we show (4.2.25), in which M, satisfies (4.2.33). For this purpose, it
is sufficient to prove that

%{EHO‘T(&)} < My (4.2.34)
£
and
lim{c'*T ()} > M. (4.2.35)
£]l0

We first prove (4.2.34).
For the time being, we suppose that

T(e) < e (@t2), (4.2.36)

We will explain the validity of this hypothesis later.
Noting (4.1.4) and (4.2.24), it is easy to see that there exists xg € R for
certain m € Jy such that

a+1
My = 2 0) (O (0)) O (20) >0, (42.37)
namely,
Mo—l _ l@a’YmmM (0) (L (0)8(20)) T (0)' (0) > 0, (4.2.38)

al  oJuy,
where Yymm is given by (2.6.17). Without loss of generality, we assume

a(lm(0)(z0))* >0 and 1,,(0)¢ (z0) > 0, (4.2.39)
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in which

1 aOermmm
a = aw(()) (4240)

Let ¢ 0 € = &n(t; 20) [t € [QT(&))} be the mth characteristic passing
through the point (0, zg). According to (2.6.14), along ¢,, we have

7,k=1
= al) (w2, (,€) + alY) (Qwm (t,€) +alP(t), V€ [0,T(e)),

(4.2.41)

where
al)(t) = vmmm(U)(t,E), (4.2.42)
al) (t) =2 Ymjm (whw; (,6), (4.2.43)

Jj#m
and
@) = 3 Amg(w)wywn(t, ). (4.2.44)
Jk#m

Integrating (2.6.44) (in which we take ¢ = m) along ¢,, with respect to t,
we have

U (t,€) = um (0, x0) / Z Pk (W wi (T,&m (T))dT, Yt € [O,f(s)).
me (4.2.45)

Then, noting (2.6.45), (2.6.47), and (4.2.31) and using Lemmas 3.2.1, 4.1.1,
and 4.2.1, we get

[t (£, €) — el (0)(20)| < C{e® + UL (TYWE(T) + UL (T)Wy(T)
+ U (TYWS(T) }
< Ce2 (4.2.46)

Hence, noting (4.1.7), it is easy to see that
| (i (,€))* = (el (0)1(20))*| < Ce™H. (4.2.47)
By the definition of J; [see (2.5.7)] and noting (2.5.9), we have

Ymmm (Umem) (t,€) = aug, (t,€) + OJum(t, €)|*F1), (4.2.48)
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in which a is defined by (4.2.40). Then, using (4.2.47) and noting (4.1.7),
we get

Ymmm (Um€m) (t, §) = a(elm (0)¢(20))* + alug, (¢, €) — (eln(0)¥(z0))°]
+ O(lum(t,€)|*)
= a(lm (0)(20))%e® + O(e* ). (4.2.49)

On the other hand, taking ey > 0 so small that when ¢ € [¢7% T] with
T € [e=%,T(g)), ¢ stays in DL . Noting Lemma 3.2.1, we have

@l () = Y (mem) (£ €)| < C(L+ )" HUL(T), Vi€ [, T].

(4.2.50)
Then, using Remark 4.2.1, we get
{9 (£) = Yonmm (Umem)(t,€)| < OVt € [e7°,T). (4.2.51)
The combination of (4.2.49) and (4.2.51) gives
aD(t) = a(ly (0)1h(20)) % + O(>T), VWt € [e7,T). (4.2.52)
Hence, noting the first inequality in (4.2.39), we have
aO() > %a(zm(om(xo))%a >0, Ve[ T). (4.2.53)

Noting Remark 4.2.2; the integration of (4.2.41) from 0 to ¢ (t < T <
ke~ (@) yields

W (£,€) = w0, 20) + / (00 (P, (7,€) + D (7w (r,€) + o) (r)]dr.

(4.2.54)
Noting (2.6.16) and using Lemmas 3.2.1 and 4.1.1, we have

T —

/ lalD(t)|dt < {WE(T) + Wy (T)} < ce (4.2.55)
0
and

T —

/ @ (t)|dt < {(WE(T))? + WE(T)Wyi(T)} < ce?. (4.2.56)
0

By (4.2.42) and using Hadamard’s formula, it is easy for us to get

1
a mmm
al (t) = Yonmm (Umem ) (¢, f)+z {/0 ’YaT(Tu H(1 = T)Umem)dT |u;(t, ).
iZm J

! (4.2.57)
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Then, using Lemma 4.2.1 and noting (4.2.32) (in which ¢ = m) and (4.2.49),

we get

|wm(tv 5) - €lm(0)1//(xo)|

< 0{52 (W (T))? [ [ Fommimen) €)r + &(T)} " eWoo<T>}

< C{e? + 12t}
Hence,
Wi (7%, Em(e™% 20)) = el (0)Y (20) + O(£?).

Then, noting the second inequality in (4.2.39), we get

Wy (5=, e (e= 19)) > %dm(O)i//(xo) >0,

B T(e)—¢ T(e)—¢
K= [ @l ( [ ).
e—o e—

Noting (4.2.55)—(4.2.56), we have

Let

K < Ce2.
The combination of (4.2.60) and (4.2.62) gives

Wi (67 Emle™ " 20)) > K.

(4.2.58)

(4.2.59)

(4.2.60)

(4.2.61)

(4.2.62)

(4.2.63)

In what follows, on the interval [e=® T(c) — ¢] we consider the initial

problem of Equation (4.2.41) with the initial data

t=c % wy =wn(e* Enle % x0)).

By Lemma 2.7.1, we have

T(e)—¢ T(e)—e
/ 100 (&)l dtexp | — / 10D () d
e~ e~
< (w

( m(siaagm(é‘ia; 1’0)) - K)il.

Then, noting (4.2.55), we get

B T(e)—e
(W (6™ Em(e 20)) — K) / a0 (t)dt < exp(Ce).

—a

(4.2.64)

(4.2.65)

(4.2.66)
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Moreover, noting (4.2.52), (4.2.59), and (4.2.62), we have

[l (0)1(20)) L (0)¢ (o) + O )| (T(e) — € — &) < exp(Ce).

(4.2.67)
Thus, we obtain (4.2.34) and the validity of hypothesis (4.2.36).
We next prove (4.2.35).
For any fixed M € (0, M), it suffices to prove
T(e) > Me=(oth), (4.2.68)
For this purpose, for each ¢ = 1,...,n and any given y € R, we consider
d 4 ta
Wilb) _ O tuRe) + o i) + (0. (4269

where £ = & (t;y), and a(o), a§1)7 and aZ@) are similarly defined as in (4.2.42)—
(4.2.44).

(i) Suppose that
wi(0,y) > 0. (4.2.70)

Similarly to (4.2.55)—(4.2.57), we have
T o~
/ 10 (1)t < {WE(T) +TWh (T)} < Ce,
0

/ ' @l ()|dt < CLUWE(T))? + W (T)WA(T)} < Ce2,
0

and

(0)( ) ,}/H’L(uzez t 5 + Z |:/ FY’L” (’T’U, + (]. — T)uiei)dT Uj(t7f).

ou;
J#i J

Then we have
K = /|a t)|dt exp </|a 1) |dt> < Ce?, VT e [0, M~ (@D,
(4.2.71)

I REROE | Bstwe (O e+ Tr(T), VT € [0, Me=@+0),
0 0 (4.2.72)
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and

T T
/ jal® ()] dt < / Iyiii (wied) (¢, €)|dt + UL (T), VT € [0, Me~(@+D].
0 0

(4.2.73)
Similarly to (4.2.49), it is easy to see that

a(li(0)y(y)* + O(e*th), e,
Yiii (wi€;) (t,€) = { Y o ) (4.2.74)
O(€a+1), 1€ Jy,

in which
L 9%iii
=-= 0). 4.2.75
“ al ouf 0) ( )

Then, using Lemma 4.2.1, we get
T
| @) dt < auO)ppe)) =M 4 € VT € fo, M=)

0
(4.2.76)
and

T
| 10V ®ldt < la( )@y + € VT € [0, M=) (4:2.)
0
Moreover, we have

(wi(0,y) + K)

! a(-O) + ex ’ a(.l)
A(lw)ﬁr«é|zwwﬂ

< (el (0)9' (y) + O(e){[a(li(0)(y))*]Te ™" M + C} exp(Ce)
< <% + Ca) exp(Ce) <1, VT e [0,]\/[5—(0&1)]7 (4.2.78)
0
and
T T
K [/ (al(»o)(t))*dtexp (/ az(.l)(t)|dt>] <Ce<l1l, VTEe€ [O’Mgf(owkl)].
0 0

(4.2.79)
By Lemma 2.7.2, (4.2.69) with w;(0,&;(0;y)) = w;(0,y) admits a unique so-
lution w; = w;(t, & (t;y)) on [0, T]. Furthermore, if w; (T, &;(T;y)) > 0, then

. ! * T
wﬂ%ﬂwnzw@w+K_A@%@Vﬁm«A|%@Wt
(4.2.80)
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whereas, if w;(T,&(T;y)) <0, then

—1 - Ta(o) “dtex ! alV
\wi (T, &(T; )| > K /0 (a; "(t))"dt p</0 la;”’(t)|dt | . (4.2.81)

Then, noting (4.2.78)—(4.2.79), we get

lwi(T, &(T; )| < Ce, VT € [0, Me~ (@), (4.2.82)

(i) Suppose that
w;(0,y) < 0. (4.2.83)

We can similarly obtain (4.2.82).
Since y is arbitrary, similarly to (4.2.82), we have

lwi(t,z)] < Ce, Y(t,x) € [0,Me TV xR (i=1,...,n). (4.2.84)

Hence, noting Lemma 4.1.1, we obtain the following uniform a priori esti-
mate:
Ju(t, )lcrwy < Ce, Vt € [0, Me™(@FD)], (4.2.85)

which implies (4.2.68).

Remark 4.2.3 By Lemma 4.1.1, when the C' solution u = u(t,x) to the
Cauchy problem (4.1.1)—(4.1.2) with (4.1.3)—(4.1.4) blows up in a finite time,

u = u(t, z) itself is bounded and small on [0, T (g)), while the first-order partial

derivative u, tends to be unbounded as t / T(g).

Remark 4.2.4 Under the assumptions of Theorem 4.2.1, the life span T(s)
of the C' solution u = u(t,z) to the Cauchy problem (4.1.1)—~(4.1.2) with
(4.1.3)—(4.1.4) has the following sharp estimate:

re~ (@) < T(e) < Re— (o), (4.2.86)

where B and R are positive constants independent of € (see [76]).

Remark 4.2.5 Using Lemma 2.7.2, similarly to the proof of (4.2.35), we
can easily see that if

a(li(0)¥(y))*1:(0)9'(y) <0, (4.2.87)
in which a is defined by (4.2.75), then

lwi(t,z)] < Ce, Y(t,z)€[0,T(e)) x R. (4.2.88)
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4.3 Blow-Up Mechanism of the C! Solution in the
Noncritical Case a« < +00

4.3.1 Introduction and Main Results

In order to get a sharp estimate on the life span, the previous results about the
blow-up phenomenon mainly focus on the special initial data (4.1.3)—(4.1.4).
However, according to Theorem 3.1.1, if system (4.1.1) is not WLD, for any
given 6y > 0 suitably small, we can always find some initial data (4.1.2) with
0 € (0, 00], where @ is defined by (3.2.1), such that the C* solution u = u(t, z)
to the Cauchy problem (4.1.1)—(4.1.2) blows up in a finite time. Thus, finding
the blow-up mechanism is an interesting problem. In this section we study
the blow-up phenomenon, particularly the geometric blow-up mechanism (cf.
[1]) for the general initial data (4.1.2) satisfying (3.2.1) in the noncritical case
a < +00.
The main results are the following theorems (cf. [93]).

Theorem 4.3.1 Suppose that in a neighbourhood of u =0, A(u) is suitably
smooth and system (4.1.1) is strictly hyperbolic. Suppose furthermore that
system (4.1.1) is not WLD and the non-WLD index

o < 400. (4.3.1)

Suppose finally that the initial data (4.1.2) satisfy (3.2.1). Then there ezists
0o > 0 so small that for any fized 0 € (0,00], the life span T(6) of the C!
solution u = u(t,x) to the Cauchy problem (4.1.1)—(4.1.2) satisfies

T() > kh~(+D), (4.3.2)

where K is a positive constant independent of 6. Moreover, when u = u(t, x)
blows up in a finite time, u = u(t, x) itself is bounded and small on the domain
[0,7(8)) x R, while the first-order partial derivative u, of u = u(t,z) tends
to be unbounded as t /" T(6).

Theorem 4.3.2 Under the assumptions of Theorem 4.3.1, there exists
0o > 0 so small that for any fived 0 € (0,600], the C* solution u = u(t,x)
to the Cauchy problem (4.1.1)—(4.1.2) blows up in a finite time if and only if
at least one family of characteristics forms an envelope in a finite time.

Theorem 4.3.3 Under the assumptions of Theorem 4.5.1, for each i € J,

the family of the ith characteristics never forms any envelope on the domain
[0,T(0)] x R.

Theorem 4.3.4 Under the assumptions of Theorem 4.3.1, on the line
t =T(0), the set of blow-up points cannot possess a positive measure.
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Theorem 4.3.5 Under the assumptions of Theorem 4.3.1, if (t*,x*), in
which t* = T(6), is a blow-up point of the C solution u = u(t,z) to the
Cauchy problem (4.1.1)—(4.1.2) satisfying (3.2.1), then there exists at least
one mth characteristic x = x,(t) (m € J) passing through (t*,z*) with
0 <t <t* such that along it, we have

uy = O((t" =)™ as t1]t". (4.3.3)

Otherwise, u, is a higher-order infinitely larger quantity than (t* —t)~! as
t 7 t* (arelated result can be found in [2]).

Remark 4.3.1 Under the assumptions of Theorem 4.53.1, if ¢(x) = ep(x),
where (x) satisfies (4.1.4) and the additional hypothesis (4.2.24), for each
i € J1, the family of the ith characteristics never forms any envelope on the
domain [0, T ()] x R (see [57]); moreover, (4.3.3) holds (see [41]).

4.3.2 Proof of Main Results

Proof of Theorem 4.3.1. According to the existence and uniqueness of
the local C! solution to the Cauchy problem (4.1.1)—(4.1.2) (see [72]) and
noting Lemmas 3.2.2 and 4.2.1, it is easy to see that the life span T(@) of the
C' solution u = u(t, z) to the Cauchy problem (4.1.1)—(4.1.2) satisfies (4.3.2).
Moreover, by Lemma 3.2.2, when the C'! solution u = u(t, ) to the Cauchy
problem (4.1.1)—(4.1.2) satisfying (3.2.1) blows up in a finite time, u = u(¢, x)
itself must be bounded and small on [0,7(6)). Hence, the first-order partial
derivative u, should tend to be unbounded as ¢ , T(6). O

Proof of Theorem 4.3.2. Assume that (t*,2*) is a starting point of the
blow-up of the C* solution u = u(t, ) to the Cauchy problem (4.1.1)—(4.1.2).
By Theorem 4.3.1, we have

t* > gh= (@D, (4.3.4)

For each i = 1,...,n, passing through any given point (¢,2) with 0 < ¢
< t* and = € R, we draw the ith characteristic ¢; : £ = x;(7;¥y;) in which
0 <7 <t and y; stands for the z-coordinate of the intersection point of this
characteristic with the z-axis, i.e., we have

dzi (T3 ;)

e Ai(u(T, 2i(T393))) (4.3.5)

and
zi(05y:) = yi,  wi(tiyi) = . (4.3.6)
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In what follows, we prove that

Oxi(t; ;)
0

< Cpb, Y(tx)e0,t*) xR (4.3.7)
Yi

it

Henceforth Cy« denotes a positive constant possibly depending on ¢*.
Noting (2.6.4), it follows from (4.3.5)—(4.3.6) that

d (92il7iyi) s 02 (T3 i)
dT( 8?-/1 > ZV)\ wkrk )(Tafz(T,yz)) 3% (438)
and
0z;(0;y:)
oy (4.3.9)
Hence,

a ltv 7 *
x(,gTy = exp (/ ZV)\ w)wgrg (w) (T, ZL‘i(T;yi))dT> , Vtelo,tr).

[t
(4.3.10)

Noting (2.6.14) and (4.3.8), it is easy to derive

d 0x; (T3 y; Ox4(73 yi)

P [wi(T, zi(T5ys) — Ay; } jkzl i (u)wjwg (7, 24(75 yz))a—yi,
(4.3.11)

where I ,(u) is defined by (2.6.19). Then, noting (4.3.6), for any given
(t,z) € [0,t*) x R, we have

Ox;(t; i) / 0z (T;ys)
w;(t, x = w;(0,y;) I; Yw,jwg (T, 2 (T3 y;)) ————>dT.
( ) ayz Y J;l ]k Wk ( Y )) 8y1,
(4.3.12)
Let
Iy = [0, kg~ (@D, (4.3.13)
I = [re0~ D 4]0 {7]0 < 7 < t, |w; (1, 23 (5 43))| < K163, (4.3.14)
and
I = kg0~ ) N {7]0 < 7 < ¢, Jwi(r, 24(T3m1))| > K16}, (4.3.15)

where k; is given in Lemma 3.2.2. Then, noting (2.6.20), (4.3.12) can be
rewritten as

Oz (t;y;)
dyi

0z (15 Y

w;(t, ) ——— = w;(0, y; +2/ me w)w;w; (7, x;(T3Y5)) dy; )dT

J¢1
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+(/I°+/11+/12> 2”: Lijr(w)wjw (7, xi(ﬂ%))%;yi)m

pi=
=w;(0,y;) + E+ Eo + Er + E». (4.3.16)

Now we estimate every term on the right-hand side of (4.3.16).
Obviously,

|wi(0, yz)‘ < 09, Vy, € R. (4317)

Let

Oxi(T;yi
Q= swp (e, ey 22T
(1,y:)€[0,t] xR Yi

vt € [0,t%). (4.3.18)
By Lemma 3.2.2, we get

|E| < CQHWA(t) < COQ(1). (4.3.19)
By Lemma 4.2.1, we have

lwi (7, x5(59:))| < CO, V1 elgUl. (4.3.20)

Then, noting (2.6.17) and using Lemmas 3.2.2 and 4.2.1, it follows from
(4.3.10) that

Oxi(T;yi RS
% <exp {C / (Z |wk|+|('7iii(u)_'Yiii(uiei))wil+|'7iii(uiei>wi|>

v 0 k=1

kti

x (o, xi(fﬂyi))dg‘| }
<exp{C[W1(7) + 6(T1 (1) + (Uso (1)) *7)]}
< Cyy, VTEIZUIL. (4321)
Hence, using Lemmas 3.2.2 and 4.2.1 and noting (2.6.20), we get

\Eo| + | E1| < O ( / + / ) S | Fuge(u)wguwn(r, 2407 i) ldr
Iy I

J.k=1
Jik#i

< Cr W (WS, (1) < Ci6%, (4.3.22)

We next estimate the last term on the right-hand side of (4.3.16).
According to Lemma 3.2.2, when 7 € I5, we have

(1, 2i(T59:)) € Dj. (4.3.23)
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Then, using Lemmas 3.2.1 and 3.2.2 and noting the definition of I, for any
given k # i, when 6 > 0 is suitably small, we have

[w (7, @i(759:))] SCWE(r)(147) "M <O < |wj(r, i(7;92))l, V7 € L.

(4.3.24)
Hence, noting Lemma 3.2.2, we have
- 0x(73yi)
[Eo| <C , Z wj(7—7xi(T;yi))”wi(Taxi(T;yi))T dr
g
< CWi(HQ(t) < COQ(t). (4.3.25)

Noting (4.3.17), (4.3.19), (4.3.22), and (4.3.25), it follows from (4.3.16) that

Ox;(t; ;)
Yi

‘wi (t,z) < O+ COQ(1). (4.3.26)

Then, noting that # > 0 is suitably small, we immediately obtain (4.3.7).
By (4.3.7), it

wi(t,z;(t;y;)) o0 as t1t", (4.3.27)
then 5
(L Y «
xa(yiy) —0 as t1]t. (4.3.28)

On the other hand, by (4.3.10) and noting Lemma 3.2.2, it is easy to see that
(4.3.28) implies (4.3.27).
This proves Theorem 4.3.2. |

Proof of Theorem 4.3.3. For each ¢ € J, by Lemma 4.2.2, we have
(4.2.17). Hence, by the equivalence of (4.3.27) and (4.3.28), the family

of the sth characteristics never forms any envelope on the domain
[0,T(0)] x R. a

We point out that, differently from the special situation mentioned in
Remark 4.3.1, in the general case, the family of the characteristics which first
forms an envelope may not correspond to Ji, namely, it is possible that the
family of the ith characteristics (¢ € J\Jy) first forms an envelope.

Example 4.3.1 We consider the following Cauchy problem:

8u1 8’&1 -

ot Ty =0

duy 9 Ouz (4.3.29)
y + (14w +u3) B =0,

t=0: u; = ¢1(x),us = ¢a2(x),
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where ¢;(z) (i = 1,2) are C* functions with a bounded C' norm on R.
Obuviously, the system is strictly hyperbolic. Moreover, both Ai(u) = uy and
Ao(u) =1+ uy + u% are not WLD and the corresponding non-WLD indezes
are a; = 0 and ag = 1, respectively.

Case 1. Tuking

3

¢1(x) = 152 $2(x) =0, (4.3.30)

for the C! solution to the corresponding Cauchy problem for (4.3.29), we have

uy = 0.
Then the problem reduces to
ouq ouq
o s
€
t=0: u = T2

Thus, the blow-up is formed by the envelope of the family of first character-
istics (« = 1) and the life span is

T(e)~e ! (4.3.31)
(see [50]).

Case 2. Tuking

3

P1(x) =0, ¢o(x) = T2

(4.3.32)

for the C! solution to the corresponding Cauchy problem for (4.3.29), we have

u; = 0.
Then the problem reduces to
(9’U,2 2 6’LL2
— +(1 — =0
ot + ( + 2) or )
€
t=0: =—.
Y2

Thus, the blow-up is formed by the envelope of the family of second char-
acteristics (a« = 2) and
T(e) e 2 (4.3.33)

(see [50]).
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Theorem 4.3.4 can easily be obtained from the second inequality of (3.2.28)
in Lemma 3.2.2.

Proof of Theorem 4.3.5. By Theorems 4.3.2 and 4.3.3, it is easy to see
that there exist m € J such that along ¢, : € = @, (t;ym,) (¢ € [0,¢%]) passing
through (¢*,2*), where y,, stands for the z-coordinate of the intersection
point of ¢, with the x-axis, we have

Wy (ty Ty (6 Ym)) — 00 as t ] t". (4.3.34)
Then, noting (4.3.27)-(4.3.28), we get

8Im(t, ym)

Do —0 as t]t". (4.3.35)

By (4.3.10), we have

92im(tym) _ exp </0 ZVA u)wgry (u)(T, xm(T?ym))dT>

Ym Pt

= exp { /0 Z V)\m(u)wkrk(u)(T? ZCm(T; ym)>dT

k#m

+/0 VA (W)W (w) (T, xm(T;ym))dT}, vt € [0,t%).

(4.3.36)
Then, noting Lemma 3.2.2 and (4.3.35), we obtain
t
%1&13 VA (W) Wi (W) (T T (T3 Yy ) ) dT = —00. (4.3.37)
0
Noting (2.6.43), we have
w(t,zm (t; ym))
= o)+ [ DXl s (2 ), 4 0,8,
0 k*l
(4.3.38)

It is easy to see that the limit (denoted by u*) of w(t,xy (¢;ym)) exists
as t T t*. Then, noting that ¥V, (@)W, 7 (w) (£, T (5 Ym)) is continuous on
[0,¢*) and using (4.3.34), from (4.3.37), we have

VA (W w7 (W) (T (8 Y)) — —00  as ¢ ] ¢ (4.3.39)

Then, by (2.6.17), we get

Yimmm (W)W (t, T (8 Ym)) — +00  as ¢ 11" (4.3.40)
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By Lemma 3.2.2, it is easy to see that (t*,2*) € D% . Let ty be the
t-coordinate of the intersection point of ¢, with the boundary of D!, . We
now consider

dw, (t, Tm (t§ ym))

ds
Jj#Fm
+ Y Ymir(wwjwr(t, 2t ym)) (4.3.41)

Jik#m

for t € [tg,t*). By Lemma 3.2.2, it is easy to see that

Z ’ym]m w] t xm t ym Z ’ijk ijk(tvxm(t;ym))
j#Em J,k#m

< CO,Vt € [to, t¥). (4.3.42)

Noting (4.3.40), there exists t; € (to,t*) such that Yyumm(u) and
Wi (t, T, (t; Ym)) have the same sign on [t1,t*). Without loss of generality,
we assume that V,mm (v) and wy, (¢, T, (¢ ym)) are positive on [tq,t*). Then,
noting (4.3.40) and (4.3.42), there exists t3 € [t1,1*) such that along ¢,

1 *
5 Y (W) w7, +2 Z %njm(u)ijmfz Tmje(Wwjwy >0, Vit € [t2,17),
Jj#mM J,k#m
(4.3.43)

and

Yrmmm (W) W2, — 2 Z Yimjm (W)W Wy, — Z Ymjk(Ww;wy >0, Vi € [ta,17).

j#Em j.k#m
(4.3.44)
Then it follows from (4.3.41) that
! dwp (E, Zm (t; Ym
S 27mmm(u)w72n(taxm(t;ym))a Vt € [tg,t*), (4345)

Hence, noting (4.3.34), we have wy, (t, T, (t; ym)) — +00 as ¢ T t* and then

! / s (s T (73 ) )

2
1
N wm(ta Im(t§ ym))

< 2/t Yonmm (U(T, T (T3 Ym ) )dT, VE € [to, t7). (4.3.46)
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Thus, if Ymmm (u*) > 0, we immediately get
W (£, T (B ym)) = O((t* —)71) as 1 t". (4.3.47)

However, if ¥mm (u*) = 0, we have

-
lim ft TYmmm (u(7—7 xm(T; ym)))dT
tTt* t* —t

=0. (4.3.48)

It then follows from (4.3.46) that w,, (¢, Zm (¢;ym)) is a higher-order
infinitely larger quantity than (t* —¢)~! as ¢ T t*.

Thus, noting (2.6.4) and Lemma 3.2.2, we finish the proof of
Theorem 4.3.5. (]

4.4 Applications

In this section we give some applications of Theorems 4.2.1 and 4.3.2 to the
Cauchy problems for some systems arising in mechanics, physics, or applica-
tions. Some other applications can be found in [76].

4.4.1 System of Traffic Flow

For the system of traffic flow (cf. Section 1.3.2)

{6”) + 0z(pv) = 0,

(4.4.1)
de(p(v +p(p))) + d=(pv(v + p(p))) =0,

where p > 0 and v are the density and velocity of cars at point x and time ¢,
respectively, and

p(p) =p* (v > 0is a constant), (4.4.2)

we consider the Cauchy problem with the initial data

t=0: (pa 'U) = (ﬁO + EP()(Z'),ao + 5?)0(1:))a (443)

where po > 0 and vy are constants, po(z) and vo(z) € C*, and

iléﬁ{(l + 2) " (|po ()] + Jvo(x)] + |pp ()] + vg(z)])} < +oo,  (4.4.4)

where p > 0 is a constant.
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Let
U=(p,uv)T. (4.4.5)

It is easy to see that (4.4.1) is a strictly hyperbolic system with the fol-
lowing two distinct real eigenvalues:

M(U) =v—pp'(p) < X(U) =v, (4.4.6)

and the corresponding left and right eigenvectors can be taken as

L(U) =(0,1), l2(U) = (p/(p)v 1), (4.4.7)
and
r(U) = (1,=p'(p)",  r2(U) = (1,0)". (4.4.8)

Obviously, A1(U) is GN and A2(U) is LD.
By Theorem 4.2.1, Theorem 4.3.2, and Remark 4.3.1, we have

Theorem 4.4.1 Suppose that (4.4.2) holds and the initial data (4.4.3) sat-
isfy (4.4.4). If
vo(x) # 0, (4.4.9)

then there exists g > 0 so small that for any fived e € (0,&0], the C1 solution
U = Ul(t,x) to the Cauchy problem (4.4.1) and (4.4.3) must blow up in a

finite time and the life span T(s) of U =U(t,x) satisfies

181?3(5%(6)) = M, (4.4.10)
where
Mo = {sgﬁh(v + 1)p3_1vé(ﬂﬂ)]} - (4.4.11)

Theorem 4.4.2 Suppose that (4.4.2) holds and the initial data (4.4.3) sat-
isfy (4.4.4). Then there exists g > 0 so small that for any fized € € (0,e0],
the C solution U = U(t,x) to the Cauchy problem (4.4.1) and (4.4.3) blows
up in a finite time if and only if the first family of characteristics forms an
envelope in a finite time. If (t*,x*), in which t* = T(g), is a blow-up point of
the C solution U = U(t,x) to the Cauchy problem (4.4.1) and (4.4.3), then
there exists at least one first characteristic x = x1(t) passing through (t*,z*)
with 0 <t < t* such that along it, we have

u, = O((t* =)™ as t1t". (4.4.12)
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4.4.2 System of One-Dimensional Gas Dynamics

Consider the Cauchy problem for the system of one-dimensional gas
dynamics in Lagrangian representation (cf. Sections 1.3.3 and 3.6.1)

or _du _

ot oxr

ou  dp(t,S)

=t =0 (4.4.13)
oS

ETie 0

with the initial data
t=0: 7T=7+en(zx), v=ug+eu(x), S=Sy+¢eSi(x), (4.4.14)

where 7 > 0 is the specific volume, wu is the velocity, S is the entropy, p is
the pressure, and the equation of state is given by p = p(r,S); moreover,
70 (> 0), ug, and Sy are constants, and 71 (x),u; (), and S (z) € C! satisfy
the decaying property

sup{ (1)) (|71 (@) [+ 71 () [+ [ (2) |+ Jui ()| +[S1 ()| +1S1 (2)])} < +o0,

rzeR
(4.4.15)
where p > 0 is a constant.
Let
U=(r,uS)T. (4.4.16)
If
pT(T07 SO) < 07 (4417)

then, in a neighbourhood of U = Uy %" (70,10, So)7, (4.4.13) is a strictly

hyperbolic system with three distinct real eigenvalues,

)\1(U) = —vV-—pr < )\Q(U) =0< )\3(U) =+ —Dr, (4418)
and the corresponding left and right eigenvectors can be taken as

ll(U) = (p7'7 Y _pTapS)v ZQ(U) = (0,0,1), l3(U) = (p7'7 V _pTva)
(4.4.19)

and

Tl(U) = (17 Y% _pT70)T7 TQ(U) = (PS70, _p‘r>Ta TS(U) = (_L \% _pTaO)T-
(4.4.20)
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Obviously, A2(U) is always LD. On the other hand, A\ (U) and A3(U) are
GN in a neighbourhood of U = Uy if and only if

prr(70,50) # 0. (4.4.21)

Moreover, A1 (U) and A3(U) are WLD with respect to U = Uy if and only
if
Prr(7,50) =0, V|7 — 70| small. (4.4.22)
Thus, if
prr(7,80) #0, V|7 — 70| small, (4.4.23)

then (4.4.13) is not WLD with respect to U = Uy. More precisely, if there
exists an integer o > 0 such that

aa+1p a+2p
p-,—T(TQ,So) == W(T()’SO) = O, but W(T@,S@) 75 O7 (4424)

then (4.4.13) is a non-WLD system with the index a.. Obviously, when o = 0,
system (4.4.13) is GN in a neighbourhood of U = Uj.
By Theorem 4.2.1, Theorem 4.3.2, and Remark 4.3.1, we have

Theorem 4.4.3 Suppose that (4.4.24) holds and the initial data (4.4.14)
satisfy (4.4.15). If
up(x) £ 0, (4.4.25)

then there exists e9 > 0 so small that for any fived € € (0,20, the C* solution
U =U(t,x) to the Cauchy problem (4.4.13) and (4.4.14) must blow up in a
finite time and the life span T'(g) of U = U(t, x) satisfies

hﬁ)l(g““'f(g)) = M, (4.4.26)
where
_ 1 9*+2p
MO - {zg{l?,);} ilelﬁ [_ 7p7’(70, So) 67'(1-‘1-2 (7—07 SO)
—1
(li(UO)w(x))ali(Uo)w’(x)] } , (4.4.27)

in which () = (r1(x), ur (x), S1 (x))7.

Theorem 4.4.4 Suppose that (4.4.24) holds and the initial data (4.4.14)
satisfy (4.4.15). Then there exists g > 0 so small that for any fized ¢ € (0,20,
the Ct solution U = U(t,x) to the Cauchy problem (4.4.13) and (4.4.14)
blows up in a finite time if and only if the first family (or the third family)
of characteristics forms an envelope in a finite time. If (t*,2*), in which
t* = T(e), is a blow-up point of the C* solution U = U(t,z) to the Cauchy
problem (4.4.13) and (4.4.14), then there exists at least one first (or third)
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characteristic x = x(t) passing through (t*,z*) with 0 < t < t* such that
along it, we have
=0((t" —=t)™Y) as t1t". (4.4.28)

4.4.3 System of Compressible Elastic Fluids with
Memory

Consider the Cauchy problem for the system of compressible elastic flu-
ids with memory (cf. Section 1.3.4)

pt +vpz + pvg =0,
p(vr +vvz) + p(p)a = (PW'(F)F)e, (4.4.29)
F, +vF, — Fv, =0,

with the initial data

t=0: p=pot+epi(x), v=vy+evi(z), F=1+4cFi(z), (4.4.30)

where p > 0 is the density, v is the velocity, p is the pressure, W(F) is
the strain energy function, and F' corresponds to the deformation tensor.
Moreover, pg (> 0) and vy are constants, and py(x),v1(x), and Fy(x) € C*
satisfy the decaying property

igg{(lﬂx\)”“(lpl(17)|+Ip’l(I)\+|’U1(I)Hlvi(x)HlFl(x)HlF{(x)I)} < 400,

(4.4.31)
where p > 0 is a constant.
Let
U= (p,v,F)T. (4.4.32)
If
p'(po) + W"(1) >0, (4.4.33)

(4.4.29) is a strictly hyperbolic system in a neighbourhood of U = Uy

E (po,vo,1)T with the following distinct real eigenvalues:

M=v—pP(p) +WI(F)F2 < =v<X3=0v+ D (p) + W (F)F2,
(4.4.34)
and the corresponding left and right eigenvectors can be taken as

W):< FW!(F) - p’(p) N W”(F)+W’<F>>
PP (p) + W (FYF2" 7 \/p/(p) + w"(F)F? )’

L (U) = (i,og),
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_(__EWIE) —p(p) FW”(F) + W'(F)
(U < PP +w"(F)F? NG )F2>7 (4.4.35)
and
F T
_ (- p
1(U>< o T )F2> |
rolt) = (FWE) £ WD M)T L asm)

T
p F
r3(U) = 1, — .
) (\/P +w(F)F? /P (p +w”F)F2>

Obviously, A\2(U) is always LD. A;(U) and A3(U) are GN in a neighbour-
hood of U = Uj if and only if

pop” (po) +2p' (po) — W™ (1) # 0. (4.4.37)

On the other hand, A\ (U) and A3(U) are WLD with respect to U = Uy if
and only if

pp" (p) + 20" (p) = W" (pop™ ) (pop™")* =0, V|p — po| small.  (4.4.38)

Let
Q(p) = pp" (p) + 20’ (p) = W (pop™ ") (pop™")°. (4.4.39)
If

then (4.4.29) is not WLD with respect to U = Uy. More precisely, if there
exists an integer a > 0 such that

Qpo) = Q'(po) == QU V(py) =0, but Q(pg) #0,  (4.4.41)

then (4.4.29) is a non-WLD system with the index a. Obviously, when o = 0,
system (4.4.29) is GN in a neighbourhood of U = Uj.
By Theorem 4.2.1, Theorem 4.3.2, and Remark 4.3.1, we have

Theorem 4.4.5 Suppose that (4.4.41) holds and the initial data (4.4.30)
satisfy (4.4.31). If

vi(x) # 0, (4.4.42)
then there exists ¢9 > 0 so small that for any fived e € (0,0, the Ct solution
U = U(t,xz) to the Cauchy problem (4.4.29) and (4.4.30) must blow up in a
finite time and the life span T'(g) of U = U(t, x) satisfies

11%1@:?(5)) = My, (4.4.43)
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where

My =< max sup
i€{1,3} r€R

(Ep0) Q@ (0) (e x” 1
[ g (W) L) ()

(4.4.44)
in which ¥(x) = (p1(z),v1(z), Fi(z))T,“"” corresponds to i = 1, and “+”
corresponds to i = 3.

Theorem 4.4.6 Suppose that (4.4.41) holds and the initial data (4.4.30)
satisfy (4.4.31). Then there exists g > 0 so small that for any fized e € (0,e0],
the Ct solution U = U(t,z) to the Cauchy problem (4.4.29) and (4.4.30)
blows up in a finite time if and only if the first family (or the third family)
of characteristics forms an envelope in a finite time. If (t*,2*), in which
t* = T(s), is a blow-up point of the C* solution U = U(t,x) to the Cauchy
problem (4.4.29) and (4.4.30), then there exists at least one first (or third)
characteristic x = x(t) passing through (t*,z*) with 0 < t < t* such that
along it, we have

Uy = O((t* —t)™Y) as t1t%. (4.4.45)

4.5 Blow-Up Mechanism of the C! Solution in the
Critical Case a = 400

4.5.1 Introduction and Main Results

The previous results mainly focus on the noncritical case that o < +oo. For
the critical case a = 400, however, only a few results are known (see [34],
[76]). In this section, we study the blow-up phenomenon, particularly the
geometric blow-up mechanism in the critical case.

Our main results are the following theorems, which show that although
it is impossible to get a sharp estimate on the life span in the critical case,
the blow-up mechanism in the critical case is almost the same as in the
noncritical case. We point out that the method used in previous sections
cannot be directly applied to the critical case; thus, some significant changes
or improvements should be made in the proof (cf. [69]).

Theorem 4.5.1 Suppose that in a neighbourhood of u =0, A(u) € C* and
system (4.1.1) is strictly hyperbolic. Suppose furthermore that system (4.1.1)
1s not WLD and the non-WLD index

o = ~+00. (4.5.1)
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Suppose finally that the initial data (4.1.2) satisfy (3.2.1). Then, for any given
integer N > 1, there exists g = 0g(N) > 0 so small that for any fixed 6 €
(0, 0], the life span T(G) of the C' solution u = u(t,x) to the Cauchy problem
(4.1.1)—(4.1.2) satisfies

T(6) > 6N, (4.5.2)

Moreover, when u = u(t,x) blows up in a finite time, uw = u(t,x) itself is
bounded and small on the domain [0,T(0)) x R, while the first-order partial
derivative u, of u = u(t,z) tends to be unbounded ast ,/ T(0).

Theorem 4.5.2 Under the assumptions of Theorem 4.5.1, for any given
integer N > 1, there exists 6y = 0o(N) > 0 so small that for any fized
0 € (0,6p], the C* solution u = u(t,z) to the Cauchy problem (4.1.1)—(4.1.2)
blows up in a finite time if and only if at least one family of characteristics
forms an envelope in a finite time.

Theorem 4.5.3 Under the assumptions of Theorem 4.5.1, for each i € J,
the family of the ith characteristics never forms any envelope on the domain

[0,7(0)] x R.

Theorem 4.5.4 Under the assumptions of Theorem 4.5.1, on the line
t =T(0), the set of blow-up points cannot possess a positive measure.

4.5.2 Some Uniform a Priori Estimates Depending on
Weak Linear Degeneracy

Lemma 4.5.1 Suppose that in a neighbourhood of w = 0, A(u) € C™
and system (4.1.1) is strictly hyperbolic. Suppose furthermore that system
(4.1.1) is not WLD and (4.5.1) holds. Suppose finally that the initial data
(4.1.2) satisfy (3.2.1). Then there exists 6y > 0 so small that for any fized
0 € (0,00], for any given positive integer N, on any given existence domain
D(T) of the C solution u = u(t,z) to the Cauchy problem (4.1.1)—(4.1.2)
with

ToN <1, (4.5.3)

we have the following uniform a priori estimates:
US(T) < k40 (4.5.4)

and
U (T), U(T) < k5. (4.5.5)

Moreover, there exists 6y = 60o(N) > 0 so small that for any fized 6 €
(0,60], on any given existence domain D(T) of the C* solution u = u(t,z)
to the Cauchy problem (4.1.1)~(4.1.2), where T still satisfies (4.5.3),
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we have

Woo(T) < b, (4.5.6)
where Ky, K5, and kg are positive constants independent of @ and T but pos-

sibly depending on N .

Proof. Without loss of generality, in order to prove Lemma 4.5.1, we assume
that v = (u1,...,u,) are normalized coordinates.

We first estimate US, (T).

In the present situation, (4.2.7) still holds, i.e.,

US(T) < CO{1+ UL (T) + Uy (T)}. (4.5.7)

We next estimate Uy (T) and Uy (T).
Similarly to (4.2.8), we have

| () = M) () e

ta
g/ i (0, 2)|dz + // Z Fu(w)uywp(t, 2)|dtdz.  (4.5.8)
e ACDB |J:k=1

Noting (4.5.1) and (2.6.52), for any given integer N > 1, we have
| Fisi(uies)| < Cnluil™; (4.5.9)

in what follows, C denotes a positive constant possibly depending on N.
Then, noting (3.2.1) and (2.6.51) and using Hadamard’s formula, Lemma
3.2.1, and Lemma 3.2.2, it follows from (4.5.8) that

/Bm@ﬂw—M@MﬂQWMW

ta

< / |u; (0, z)|dx + // Z | Fijk(w)wjwg (t, )| + (| Fiii(w) — Fi(uie;)]

C ACDB | 5!

+ |Fiii (uzez)\)|ulwz (t, $)| dtdx

< C{O+ UL (TWEL(T) + US (T)Wr(T) + Ur(T)WL(T)
+ US(T)Uoe(TYWi(T)} + Cn (Uoo (T) VWA (T)T
< CO{1+UE(T) + Uy (T)} + OnoON 2T (4.5.10)

Thus, noting (4.5.3), we get

U (T) < CO{1+ U (T) + Uy (T)} + Cn6>. (4.5.11)
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Similarly, we have
Ui(T) < CO{1 +US(T) + U (T)} + Cn0>. (4.5.12)

The combination of (4.5.7) and (4.5.11)—(4.5.12) gives (4.5.4)—(4.5.5).
We finally estimate Woo (T).
Similarly to (4.2.13), we have

w;(t, ) = w;(0, x;0) / Z Yijk(Wwjwg (T, & (T))dT. (4.5.13)
7,k=1
Noting (4.5.1) and (2.6.17), for any given integer N > 1, we have
[yiii (wiei)| < Cnlug ™. (4.5.14)

Then, noting (2.6.16) and (4.5.4) and using Lemmas 3.2.1 and 3.2.2, from
(4.5.13) we have

|wi(t7x)|
< [wi (0, o) +/O > gk (wwiwr(r, & ()] + (i (w) — yisi (wies)|

j.k=1
J#k

+ i (uges) | )wi (r, &(T))] dr
< O {0+ (WS (T)) + WS,

+ W (
+ (Uso(T)NT) (Weo (T))?}
< ON{O(1 4+ W (T) + (Woo (T))?) + VT (Wao (T))?}. (4.5.15)

T)Weo(T) + (UL(T)

Hence, noting (4.5.3), we have
W (T) < Cn{0 + (W (T))?}. (4.5.16)
Thus, we can obtain (4.5.5) via the method in the proof of Lemma 3.2.2.

Remark 4.5.1 For any given i € J, \(u) is WLD. By (2.6.52) and
(2.6.17), we have

Fiii(uie;) =0 and  ~ii(uie;)) =0, Vug| small. (4.5.17)

From the proof of Lemma 4.5.1, we know that there exists 0y > 0 so small
that for any fized 6 € (0,60], on any given existence domain D(T) [without
restriction (4.5.3)] of the C! solution v = wu(t,x) to the Cauchy problem
(4.1.1)~(4.1.2) satisfying (3.2.1), we have the following uniform a priori
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estimate:
wi(t, )| < rrb), (4.5.18)

where K7 is a positive constant independent of 6 and T.

4.5.3 Proof of Main Results

Proof of Theorem 4.5.1. According to the existence and uniqueness of
the local C! solution to the Cauchy problem (4.1.1)—(4.1.2) (see [72]), there
exists 79 > 0 such that on [0, 7] x R, the Cauchy problem (4.1.1)—(4.1.2)
has a unique C! solution v = u(t,z). By Lemmas 3.2.2 and 4.5.1, for any
given integer N > 1, there exists 6y = 0p(N) > 0 so small that for any
given 0 € (0,0p], on any given existence domain [0, 7] x R of the C! solution
u = u(t,x) to the Cauchy problem (4.1.1)—(4.1.2), where 0 < T' < 0V, we
have the following uniform a priori estimate on the C! norm of u = u(t, z):

lu(t, Yler £ llult,)leo + llua(t,)llco < CO, V€ (0,17, (4.5.19)

where C is a positive constant independent of # and T" but possibly depending
on N. By the C! extension, we immediately get the existence and uniqueness
of the C! solution u = u(t, z) on [0,0V] x R. Hence, the life span T'(6) of the
C' solution u = u(t, z) to the Cauchy problem (4.1.1)—(4.1.2) satisfies

() > 6N, (4.5.20)

Moreover, by Lemma 3.2.2, when the C'! solution u = u(t, z) to the Cauchy
problem (4.1.1)—(4.1.2) satisfying (3.2.1) blows up in a finite time, u = u(t, x)
itself must be bounded and small on [0,7(f)). Hence, the first-order partial
derivative u, should tend to be unbounded as t TV(Q) (]

Proof of Theorem 4.5.2. Assume that (t*,2*) is a starting point of the
blow-up of the C* solution u = u(t, ) to the Cauchy problem (4.1.1)—(4.1.2).
Then, by Theorem 4.5.1, we have

t* >0, (4.5.21)
On the other hand, we can find an integer p > NN such that

< g, (4.5.22)
For each i = 1,...,n, passing through any given point (¢,2) with 0 < ¢

< t* and x € R, we draw the ith characteristic ¢; : & = x;(7;y;) in which
0 <7 <t and y; stands for the z-coordinate of the intersection point of this
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characteristic with the z-axis, i.e., we have

dz; (73 y;
BET395) i () (4.5.23)
dr
and
zi(0yi) =i, wi(tyi) = . (4.5.24)
In what follows, we prove that
wi(t,m)%;yi) <C,0, V(t,z)e0,t) xR (4.5.25)

Henceforth, C), denotes a positive constant possibly depending on p.
In the present situation, (4.3.10) and (4.3.12) still hold, i.e., we have

8361-8(2; Yi) = exp (/ ZVA w)wirg (T, z; (T;yz‘))d7> . Ve lo,t"),
i 0

k=1
(4.5.26)
and

i ; ] t n . . .
wi(t,x)M = wi(o’yi)‘F/ Z i (w)wjwy (T, xi(T;yi))—axz(T’yz)dr
0 .

Ay 1 Ay
- (4.5.27)
Iy =1[0,6~"], (4.5.28)
=107V n {70 <7 <t,|wi(r,2:(m;5:))| < K16}, (4.5.29)
and
=[O0V, )N {7|0 < 7 < t, Jwi(T,zi (T3 95))| > Kk16}, (4.5.30)

where kp is given in Lemma 3.2.2. Then, similarly to (4.3.16), (4.5.27) can
be rewritten as

wi(t,x)a (t yl) o 0 yl / ZFU’L ijl Tz (T;yi))axi(T;yi)dT
J#L

Yy yi
0x;i (T3 i)
</Io / /)g:lﬂjk Ywjwe (T, 2 (T;Y;)) ——— 0, I dr
;k¢1
=wi(0,y;) + E + Eo + E1 + Eo. (4.5.31)

Now we estimate every term on the right-hand side of (4.5.31).
Obviously,
|wi(0, yz)‘ < 09, Vy, € R. (4532)
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Let
Q) = sup w; (T, xz(T,yz))M , Vtelo,t*).  (4.5.33)
(ry:)€[0,6] xR yi
By Lemma 3.2.2, we get
|E| < CQOW(1) < COQ(1). (4.5.34)
By Lemma 4.5.1, we have
|w; (T, 2 (T3 9:))| < CO, V1€ lyUl. (4.5.35)

Then, noting (2.6.17) and (4.5.1) and using Lemmas 3.2.2 and 4.5.1, we
see from (4.5.26) that
Ozi(t; yi)

dyi

t n
<exp$ €| [ ol + J () = s
k=1

ki
+ |’)’m(uz€z)wz|> (7, xi(T;yi))dT] }
< exp{Cy[Wr(t) + (T (1) + (Uso(1))"1)]}
< Cp, Vtel0,t"). (4.5.36)
Hence, using Lemmas 3.2.1 and 3.2.2 and noting (2.6.20), we get

(Bl + |E1] < C, ( [+] ) S [Ty (r. s )
Iy I

G k=1
J,k#i

< O, WL (HWE (1) < C,02. 4.5.37
P [ele] P

We next estimate the last term.
According to Lemma 3.2.2, when 7 € I5, we have

(1,2zi(139:)) € Dj. (4.5.38)

Then, using Lemmas 3.2.1 and 3.2.2 and noting the definition of I, for
any given k # i, we have

|wi (7, 2i(759:))| SCWS(7)(147) 0T < CO° < wi(r, zi(riwi))|, V7 € L.
(4.5.39)
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Hence, noting Lemma 3.2.2, we have

|E2| < C/I Z |U)j(7', £1<T,y1))‘ ‘U}i(’r, xz(Tayl))Tyl dr

2 j=1
JFi

< CWL(H)Q(L) < CHQ(L). (4.5.40)

Noting (4.5.32), (4.5.34), (4.5.37), and (4.5.40), from (4.5.31) we have

il Y
‘wi(t, x)(%(a(ng) < 0,0+ COQ(L). (4.5.41)
Similarly, we have
Ozi(7; yi)
w; (T, xi(T;yi))T < CL0+COQ(t), YT €[0,t]. (4.5.42)
Hence, we have
Qt) < CLh +COQ(1), (4.5.43)
which implies (4.5.25).
By (4.5.25), if
wi(t,xi(ty;)) — o0 as t71t5, (4.5.44)
then 5
%(;yz) 0 as t]t. (4.5.45)

On the other hand, by (4.5.26) and noting Lemma 3.2.2, we can easily see
that (4.5.45) implies (4.5.44).
This proves Theorem 4.5.2. (]

Proof of Theorem 4.5.3. For each i € J, by Remark 4.5.1, we have
(4.5.18). Hence, by the equivalence of (4.5.44) and (4.5.45), the family of the
ith characteristics never forms any envelope on the domain [0,7(0)] x R. O

Theorem 4.5.4 can easily be obtained from the second inequality of (3.2.28)
in Lemma 3.2.2.

4.6 Remarks

For the nonstrictly hyperbolic system (2.1.1) with characteristics with con-
stant multiplicity, under the assumption that the characteristics with con-
stant multiplicity are WLD, we can similarly obtain the corresponding results
(see [58]). Moreover, some related results can be found in [91], [92]).
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For the weakly discontinuous solution to the Cauchy problem of system
(2.1.1) with the weakly discontinuous initial data (cf. Remark 3.4.6)

<
P L (4.6.1)
up(x), x>0,

we can similarly obtain the corresponding results also.



Chapter V

Cauchy Problem on a Semibounded
Initial Axis

5.1 Introduction and Main Results

For the Cauchy problem of system (2.1.1) with the initial data
t=0: u=¢(x), —oo<z<4o0, (5.1.1)

where ¢(z) is a C! vector function with bounded C*! norm, in Chapter 3 we
proved that if system (2.1.1) is a strictly hyperbolic system or a hyperbolic
system with characteristics with constant multiplicity, then if the initial data
o(x) satisfy the following small and decaying property:

0% sup{(1+ Jal) (8@ + |6 (2))} << 1, (5.1.2)

where > 0 is a constant, then the Cauchy problem (2.1.1) and (5.1.1)
admits a unique global C! solution u = u(t, ) with a small C! norm for all
t € R if and only if system (2.1.1) is weakly linearly degenerate (WLD), i.e.,
all the characteristics are WLD.

In the result mentioned above, in order to get the global existence of the C*!
solution with small and decaying initial data, all the characteristics should
be WLD. However, in this chapter, under the assumption that all X;(u),
lij(u), and 755(u) (i,j = 1,...,n) have the same regularity as a;;(u) (i,j =
1,...,n), we will show that in order to get the global C'! solution with small
and decaying initial data to the Cauchy problem on a semibounded
initial axis, it is only necessary to suppose that the leftmost or rightmost
characteristic is WLD. Precisely speaking, assuming that

A1(0), ..., An—1(0) < A (0), (5.1.3)
i.e., in a neighbourhood of u = 0,

(), An1 (1) < An(u), (5.1.4)

Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 115
Hyperbolic Waves, DOI 10.1007/b78335_5,
© Birkhduser Boston, a part of Springer Science+Business Media, LLC 2009
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for the Cauchy problem of system (2.1.1) with the initial data

t=0: u=¢x), x>0, (5.1.5)

we have the following:

Theorem 5.1.1 Suppose that in a neighbourhood of u = 0, A(u) € C?,
system (2.1.1) is hyperbolic and (5.1.3) holds. Suppose furthermore that Ay, (u)
is WLD, namely, along the nth characteristic trajectory u = u™)(s) passing
through uw = 0, defined by

=)
ds (5.1.6)
s=0: u=0,
we have
Vn(u)ry(u) =0, V|u| small, (5.1.7)
i.e.,
A (@™ (s)) = X, (0),  V|s| small. (5.1.8)
Suppose finally that
0 S sup{(1+2) H(|6(@)] + 16 (2))} < oo, (5.1.9)

where pu > 0 is a constant. Then there exists 6y > 0 so small that for any
given 0 € [0,0o], the Cauchy problem (2.1.1) and (5.1.5) admits a unique
global C solution u = u(t,z) with a small C* norm on the domain D =
{(t,2)] t > 0,2 > x,(t)}, where x = x,(t) is the nth characteristic passing
through the origin O(0,0):

dxn(t) _ w(t. x
— 2 = Aa(ult, zn(1))), (5.1.10)

2,(0) = 0.

On the other hand, under the assumption that in a neighbourhood of u = 0,
A(u) € O, system (2.1.1) is hyperbolic and (5.1.3) holds, if for any given
initial data ¢(z) (z > 0) such that

6 = sup{(1+2) (|p(x)| + ¢ (@)} << 1, (5.1.11)

x>0

the Cauchy problem (2.1.1) and (5.1.5) always admits a unique global C*
solution u = u(t,x) on the domain D = {(t,z)| t > 0,2 > x,(t)}, then A, (u)
must be WLD (cf. [63]).
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Remark 5.1.1 Suppose that in a neighbourhood of u =0,
A(w), .. p(w) < Appi(u) = - = A (u), (5.1.12)

where A(u) deft Mpt1(u) = -+ = A\y(u) is a characteristic with constant

multiplicity n — p. Suppose furthermore that A\py1(u), ..., A\,(u) are WLD
(see Definition 2.5.3). Then the conclusion of Theorem 5.1.1 is still valid.

Remark 5.1.2 When
A1(0) < A2(0), ..., (0) (5.1.13)

or in a neighbourhood of u =0,

M) == (u) < Apy1(w), ..., A (u), (5.1.14)
for the initial data
t=0: u=¢(z), =z<0, (5.1.15)
such that
0 sup{(1+ [a]) (o) + 16/ (2) )} << 1, (5.1.16)
<0

stmilar results hold as in Theorem 5.1.1 and Remark 5.1.1.

Remark 5.1.3 For the inhomogeneous quasilinear hyperbolic system (2.1.19),
suppose that the inhomogeneous term B(u) satisfies some conditions; then
similar results hold (see [30]).

Remark 5.1.4 Some results about the formation of singularities of the C!
solution to the Cauchy problem on a semibounded initial axis can be found
in [31].

5.2 Proof of Theorem 5.1.1

We first prove the necessity—the second part of Theorem 5.1.1.

Since the weak linear degeneracy of A, (u) is invariant under any smooth
invertible transformation u = u(u) [1(0) = 0], without loss of generality, we
may assume that system (2.1.1) is written in the corresponding generalized
normalized coordinates. By the definition, A, (u) is WLD if and only if

An(Unen) = Ap(0),  V|uy,| small.

By the method in Section 3.1, we immediately get the necessity in Theo-
rem 5.1.1.
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Next, we prove the sufficiency—the first part of Theorem 5.1.1.
In what follows, we always assume that 6 > 0 is suitably small.

By (5.1.3), there exist positive constants dyp and § so small that
An(u) — Ni(u') > 200, Vul,|u'|<6 (i=1,...,n—1) (5.2.1)

and

i (1) — ifu )|<52°, W, | <6 (i=1,....n). (5.2.2)

Without loss of generality, we suppose that
Ai(0) >3 (i=1,...,n). (5.2.3)

For the time being, we assume that on any given existence domain of
the C! solution u = wu(t,z) to the Cauchy problem (2.1.1) and (5.1.5),
we have

lu(t, )| < 0. (5.2.4)
At the end of the proof of Lemma 5.2.1, we will explain that this hypothesis
is reasonable.
By (5.2.2) and (5.2.3), it is easy to get
do

(t) > ()\n(o) ‘520> =% (5.2.5)

In order to prove the sufficiency in Theorem 5.1.1, it is only necessary
to establish a uniform a priori estimate on the C' norm of the C'! solution
u = u(t,z) to the Cauchy problem (2.1.1) and (5.1.5) on any given existence
domain (cf. [72]).

For any given T' > 0, let

DT ={(t,z)| 0 <t < T,z >x,(t)}. (5.2.6)

On each existence domain DT of the C! solution u = u(t,z), let

Use(T) =, _max_ e S;lepDT{( +2) (¢, @)}, (5.2.7)
WS (T)= max sup  {(1 4 ) T w;(t, 2)|}, (5.2.8)

i=1,...,n=1 yepT

0)(T) = _max /|untm dt, (5.2.9)

1,...,n—1

WA(T) = _max / |wn, (8, 2)|dt, (5.2.10)

1,...,n—1
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where ¢; denotes any given ith characteristic on D7,

+o0o
U(T) = sup / |, (t, x)|dz, (5.2.11)
0<t<T Ja, (t)
“+o0
Wi (T) = sup / |wn (¢, 2)|dz, (5.2.12)
0<t<T Ja,, (1)
Ux(T)= max sup |u;(t,z)], (5.2.13)

1=1,...,n (t,I)EDT

and

Weo(T)= max sup |w;(t,z)| (5.2.14)
i:l,...,n(t)a:)eDT

Lemma 5.2.1 Suppose that in a neighbourhood of u = 0, A(u) € C?, system
(2.1.1) is hyperbolic, and (5.1.3) holds. Suppose furthermore that ¢(x) satis-
fies (5.1.9). Then there exists 8y > 0 so small that for any given 0 € [0, 6],
on any given ezistence domain DT = {(t,2)|0 <t < T,z > x,,(t)} of the C*
solution uw = u(t,x) to the Cauchy problem (2.1.1) and (5.1.5), we have the
following uniform a priori estimates:

W(T), Wi(T) < k16, (5.2.15)
WE(T) < ks, (5.2.16)

and
Uso(T) < ri50. (5.2.17)

Here and henceforth, k; (i = 1,2,...) are positive constants independent of
0 and T.

Proof. We first estimate W< (7).

Passing through any fixed point (¢,2) € DT, we draw the ith characteristic
ci: § =x;i(1) (0 <7 <t i#mn) that intersects the z-axis at a point (0, z;9).
Integrating (2.6.14) along ¢; from 0 to ¢ yields

w;i(t,z) = w;(0,250) +/0 Z Vijk(Wwjwg (T, z;(1))dr (i #n). (5.2.18)

J,k=1

By (5.2.2), it is easy to see that
)
()\Z-(O) - §O> t<x—mjp< ()\Z-(O) + —) t (i#n). (5.2.19)

Moreover, by (5.2.5), we have
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Then, noting (5.2.1) and (5.2.3), we see from (5.2.19) that

6—0535 <mzip <z (i#n). (5.2.20)
2
Similarly, we have
do .
————— = <zi(r) <z, VTel0,t] (i#n). (5.2.21)
/\n(o) - 6_0

2

Thus, noting (2.6.16), we see from (5.2.18) that

(1 +2)# wi(t, )]

< (= o)l + [ sluhwunrai(r)lar

J,k=1

< C(1+ wio) ™ |w; (0, i0)| + (L + H#{ / ( Z Vi (w)wiwg (1, 2:(7))]
7,k=1
+2 i: [Yijn (W) wjwy, (T, -731'(7'))|> dT}

<C {9 + (WE(T))? /t(l + z;(1)) "W dr + W;(T)Wl(T)} (i # n).
’ (5.2.22)

Then, noting (5.2.5), we get
We(T) < C {9 + (WE(T))? + W (T) W, (T)} . (5.2.23)

We next estimate W (7).

Passing through any fixed point A(t,z) € DT, we draw the ith character-
istic ¢;: & = x;(7) (0 < 7 < ¢, i # n), which intersects the z-axis at a point
C. In the meantime, the nth characteristic passing through A intersects the
r-axis at a point B. By Lemma 2.6.1, we get

[ 1) = ()i ar

g/ o (0, 2 |d:c+// S [Due(wwyuon(to)ldids.  (5.2.24)

ABC Jk=1
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Then, noting (2.6.20) and (5.2.1), we have

/ Junl ()
< c{ / T (0, 2)ld /] ( Z Lo (w)wgun (¢, )

ABC \ik=1

+ Z | T jim (w)wjwn (¢, z)|>dtdx}

gc{o+ (We( // (1 + )20 dtdx

ABC
+ W (T) [ [ (14 2)" W w,(t, :1:)|dtdsc}. (5.2.25)
p
Hence, noting (5.2.5), we get
Wi (T) < C{O+ (WE(T))? + WE(T)W4(T)}. (5.2.26)

Now we estimate W1 (T).

For any given ¢ with 0 < ¢ < T, passing through A(t,a) (a > z,(t)), we
draw the nth characteristic, which intersects the z-axis at a point C. Let B
denote the point (¢,2,(t)). By Lemma 2.6.1, similarly to (5.2.24), we have

/ |wn (¢, z)|dx §/ |w, (0, z)|dx + // Z | T (w)wjwy(t, z)|dtdz.
BA

ABOC k=1
(5.2.27)
Then, similarly to (4.2.8), it is easy to get
[ laltolds <Clo+ WP + WL DWA@), (229
mn(t)
where C' is independent of a. Thus, letting a — 400, we get
Wi(T) < C{0+ (WS (T))* + WE(T)Wi(T)}. (5.2.29)

The combination of (5.2.23), (5.2.26), and (5.2.29) gives (5.2.15)—(5.2.16).

Finally, we estimate Uy (T).

Passing through any fixed point (¢, ) € DT, we draw the nth characteristic
cn: & = x,(7) (0 < 7 < t), which intersects the z-axis at a point (0, o).
Noting (2.6.43), we have

= nz_:()\n(u) — Mg (w)wgrg. (5.2.30)

3
=
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Integrating (5.2.30) along ¢,, from 0 to ¢ yields

1

u(t,z) = (xo) / (W) wgr (7 z(T)dr. (5.2.31)
0 k=1

Then, noting (5.1.9) and (5.2.5) and using (5.2.16), we get
lu(t,z)] < C{O+ WE(T)} < C0. (5.2.32)

Hence, (5.2.17) holds. Moreover, it turns out from (5.2.32) that hypothesis
(5.2.4) is reasonable.

Lemma 5.2.2 Under the assumptions of the first part of Theorem 5.1.1,
in corresponding generalized normalized coordinates, there exists 6y > 0 so
small that for any given 0 € [0,6y], on any given evistence domain DT =
{(t,2)|0 <t < T,z > x,(t)} of the C solution u = u(t,z) to the Cauchy
problem (2.1.1) and (5.1.5), we have the following uniform a priori estimates:

U(T), Uy(T) < k4, (5.2.33)
US(T) < ksb, (5.2.34)

and
Wao (T) < k. (5.2.35)

Proof. We first estimate US (7).
Similarly to (5.2.18), integrating (2.6.44), we have

wi(t, ) = u; (0, zi0) / Z pijk (W ujwy (1, 2:(7))dr (i #n). (5.2.36)

7,k=1

Noting (2.6.45), we can rewrite (5.2.36) as

n—1 n—1
ui(t,x) = u;(0,2i0) / Z pijk (W) ujwy + Z(pijn(u)ujwn
J,k=1 j=1
+ pz‘nj(ﬂ)unwj)] (r,&(r))dr (i #n). (5.2.37)

Then, noting (5.2.15)—(5.2.17), similarly to (5.2.23), we have

US(T) < C {0+ UL (T)WE(T) + W (T)TL(T) + Us (T)WA(T) |
< CO{1+ U (T) + Uy (T)}. (5.2.38)
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Hence, we have
US (T) < €9 {1 + ﬁl(T)} . (5.2.39)
We next estimate Uy (T) and Uy (T).
Since A, (u) is WLD, by (2.6.52) we have
Fryn (tinen) = 0. (5.2.40)

Then, using (2.6.48) and noting (2.6.50), similarly to (5.2.25), we have
+oo
/ |t (7, 2 (7)) |dT < C / |1, (0, x)|dx
Cq 0

+// Zn: |Fnjk(U)UjWk(t,I)|dtd£C}

ABC J:k=1

<o ]

ABC

n—1
D | Fuji(wyugwy(t, )

J,k=1

n—1
+Z | Frng (w)unw; (t, )| + | (Fapn (u)
=1

- ann(unen))unwn (ta 'T)|

dtdx} (t #£mn). (5.2.41)

Hence, noting (5.2.5) and using Lemma 5.2.1, we get

UL(T) < C{0+ US(TYWE(T) + WE(T)UL(T) + Uso (TYUS ()W (T)}
< CO{1 + US,(T) + Uy(T)}. (5.2.42)

Moreover, similarly to (5.2.29), we have

U(T) < CO{1 + UL(T) + Un(T)},

which gives us

UL (T) < CO{1 + US,(T)}. (5.2.43)

The combination of (5.2.39), (5.2.42), and (5.2.43) yields (5.2.33)—(5.2.34).
We finally estimate Weo (T).
Since A, (u) is WLD, by (2.6.17) we have

Ynnn(Unen) = 0. (5.2.44)
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Similarly to (5.2.31), integrating (2.6.14) (in which we take ¢ = n) along
¢, from 0 to t gives

wy(t, ) = wy (0, z0) —i—/o Z Yrjk (W) wiwe (T, 2, (7))dT

t j)k:il n—1
= w,(0,x0) + / ( Z Tnjk(W)wjwy + 2 Z Vnjn (W)w;wy,
0 \jk=1 j=1
+ (Ynnn (W) — Ynnn (unen))(wn)2> (1,2, (7))dT. (5.2.45)

Then, noting (5.1.9) and using (5.2.16) and (5.2.34), we get

|wa(t, )| < C{O + (WL (T))* + WE(T)Wee(T) + (Wee(T)*US,(T)}
< CO{L+ Woo (T) + (Wao (T))?}. (5.2.46)

Hence, we have
Weo(T) < CO{1 + W (T) + (Wao (T))?}, (5.2.47)
which implies (5.2.35).

The sufficiency in Theorem 5.1.1 follows immediately from Lemmas 5.2.1
and 5.2.2.

5.3 Application

Consider the following Cauchy problem for the system of traffic flow (cf.
Section 1.3.2):

Op + 0 (pv) =0,
{at(v+p(p)) +v0:(v+p(p)) =0 o3
with the initial data
t=0: (p,v) = (po + po(x), Vo +vo(x)) (z=0), (5.3.2)

where p(> 0) and v are the density and velocity of cars at point  and time ¢,
respectively, p(-) is a suitably smooth and strictly increasing function, pg > 0
and vp are constants, and (po(z),vo(x)) € C! and satisfies the decaying
property as shown in (5.1.9).
Let
U=(p,v)". (5.3.3)
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For p > 0, (5.3.1) is a strictly hyperbolic system with the following distinct
real eigenvalues:
MU) =v—pp(p) < X(U) =w. (5.3.4)

Tt is easy to see that A\2(U) is LD, then WLD with respect to U = Uy def-

(507;50)7—"
By Theorem 5.1.1, we have

Theorem 5.3.1 There exists 6y > 0 so small that for any fized 6 € [0, 6],
the Cauchy problem (5.3.1)—(5.3.2) admits a unique global C* solution U =
U(t,z) on the domain D = {(t,x)|t > 0,2 > x2(t)}, where x = x2(t) is the
second characteristic passing through the origin O(0,0).
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Chapter VI

One-Sided Mixed Initial-Boundary
Value Problem

In this chapter we consider the one-sided mixed initial-boundary value prob-
lem for quasilinear hyperbolic systems with nonlinear boundary conditions
on the domain {(¢,z)| ¢t > 0,2 > 0}.

6.1 Global Existence of the Classical Solution

6.1.1 Introduction and Main Results

Consider the following first-order quasilinear hyperbolic system:

ou ou

— + A(u)=— =0 6.1.1

2 Al =0, (6:1.1)
where v = (u1,...,u,)7 is the unknown vector function of (¢,z) and A(u) is
an n X n matrix with suitably smooth elements a;;(u) (4,7 =1,...,n).

By the definition of hyperbolicity, for any given v on the domain under con-
sideration, A(u) has n real eigenvalues A\ (u), ..., A\, (u) and a complete set of
left (resp. right) eigenvectors. For i = 1,....n, let l;(u) = (Li1(w), ..., lin(w))
[resp. 7i(u) = (r1;(u),...,mni(u))T] be a left (resp. right) eigenvector corre-
sponding to A;(u):

Li(w)A(u) = A (u)l;(u) (6.1.2)
and
A(u)ri(u) = N (u)ri(u). (6.1.3)
We have
det |1;;(u)] # 0 [resp. det |r;;(u)| # 0]. (6.1.4)
Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 127
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Without loss of generality, we suppose that on the domain under considera-
tion,

li(u)rj(u) = 51’]’ (Z,] = 1,...,71), (615)

where 0;; stands for Kronecker’s delta.

We suppose that all \;(w), l;;(u), and r;;(u) (2,7 = 1,...,n) have the same
regularity as a;;(u) (4,7 =1,...,n).

For the Cauchy problem of system (6.1.1) with the initial data

t=0: u=¢(x), —oo<z<+o0, (6.1.6)

where ¢(z) is a C* vector function with a small C'' norm and certain decay-
ing properties, by means of the concept of weak linear degeneracy, the global
existence and the blow-up phenomenon of C'! solution have been studied in
Chapters 3 and 4, respectively. Moreover, the global existence of the C'!' so-
lution to the Cauchy problem on a semibounded initial axis has been studied
in Chapter 5. In order to consider the effect of boundary conditions on the
global regularity of classical solution, in this section we consider the one-sided
mixed initial-boundary value problem for system (6.1.1) in a semibounded
domain.
We suppose that the eigenvalues satisfy

AL(0), - A (0) < 0 < A1 (0) < -+ < A (0). (6.1.7)

On the domain
D ={(t,z)|t >0, = >0}, (6.1.8)

we consider the following one-sided mixed initial-boundary value
problem for system (6.1.1) with the initial condition

t=0: u=¢(x), x>0, (6.1.9)
and the boundary condition
x=0: vs= folalt),vr,...,0m) + hs(t) (s=m+1,...,n), (6.1.10)
in which

and
a(t) = (ar(t),...,ax(t)). (6.1.12)

Without loss of generality, we suppose that
fs(a(t),0,...,0) =0 (s=m+1,...,n). (6.1.13)

Remark 6.1.1 In a neighbourhood of w = 0, the boundary condition
(6.1.10) takes a similar form under any possibly different choice of left eigen-
vectors.
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The main result of the section is

Theorem 6.1.1 Suppose that in a neighbourhood of u =0, A(u) € C? and
(6.1.7) holds. Suppose furthermore that ¢, fs, o, and hs (s =m+1,...,n)
are all C' functions with respect to their arguments. Suppose finally that the
conditions of C1 compatibility are satisfied at the point (t,x) = (0,0) and
(6.1.13) holds. If As(u) (s = m + 1,...,n) are weakly linearly degenerate
(WLD) and

0 max { sup(1 +2) (19(@)] + |4/ (@),

x>0

sup(1 + ) (o) + [AE)] + o' (1) + Ih’(t))}

< +o0, (6.1.14)
where 11 > 0 s a constant and

then there exists 6y > 0 so small that for any given 0 € [0,6¢], the one-sided
mized initial-boundary value problem (6.1.1) and (6.1.9)—(6.1.10) admits a
unique global C' solution u = u(t,x) with a small C* norm on the domain
D ={(t,z)| t > 0,2 > 0} (cf. [66]).

Remark 6.1.2 Comparing with the result on the Cauchy problem in Chap-
ter 3 (also see [75], [76]), Theorem 6.1.1 shows that when there is only
one boundary, the interaction of linear or monlinear boundary conditions
with nonlinear hyperbolic waves causes a positive effect on the global regu-
larity of the solution: The weak linear degeneracy of negative characteris-
tics \(u) (r = 1,...,m) is not necessary for the global existence of the C*
solution.

Remark 6.1.3 The global existence of the weakly discontinuous solution
to the one-sided mized initial-boundary value problem (6.1.1) and (6.1.9)-
(6.1.10) can be similarly discussed (see [29]).

Remark 6.1.4 For the one-sided mized initial-boundary value problem
of the inhomogeneous quasilinear hyperbolic system (2.1.19) with (6.1.9)-
(6.1.10), suppose that the inhomogeneous term B(u) satisfies some conditions.
Then similar results hold (see [18]).

Remark 6.1.5 For the mized initial-boundary value problem on a bounded
domain {(t,x)|t > 0,0 < x < L}, the results on the global regularity of the
C*t solution can be found in [28], [50], [60], [61], and [85].
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6.1.2 Proof of Theorem 6.1.1

In what follows, we always assume that 6 > 0 is suitably small.
By (6.1.7), there exist positive constants dy and § such that

)\1('&) - )\J(u/) > 4607 v |U‘, ‘ul‘ g 57VZ € {m+ 17' s 7”}7

vie{l,...,mlorj=i—1, (6.1.16)
M) =N < D Vel | <6 (=1m), (617

and
M) >0 (i=1,...,n). (6.1.18)

For the time being, we assume that on any given existence domain of the
C' solution u = u(t, z) to the one-sided mixed initial-boundary value problem
(6.1.1) and (6.1.9)—(6.1.10), we have

|u(t, z)| < 4. (6.1.19)

At the end of the proof of Lemma 6.1.2, we will explain that this hypothesis
is reasonable.

In order to prove Theorem 6.1.1, it is sufficient to establish a uniform
a priori estimate on the C' norm of the C! solution u = u(t,z) to the
one-sided mixed initial-boundary value problem (6.1.1) and (6.1.9)—(6.1.10)
(cf. [72]). By (2.6.3)—(2.6.4), it is easy to see that it is only necessary to
establish a uniform a priori estimate on the C° norm of v = (vq,...,v,) and
w=(wy,...,Wy).

For any given T' > 0, let

DY ={(t,2)| 0 <t < T,z > (Aa(0) + o)t} (6.1.20)
DI ={(t,)| 0 <t <T,0 <2< (Any1(0) — o)t} (6.1.21)
DT ={(t,z)| 0 <t < T, (Anp1(0) — o)t < & < (Au(0) + 0)t}, (6.1.22)

and for s=m-+1,...,n,
DT = {(t,x)] 0 <t < T, |z — A\ (0)t] < 5ot} (6.1.23)
It is easy to see that
DT uDf uD" ={(t,2)|0 <t < T,z >0}
and

CJ DT c DT,

s=m+1
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On each existence domain {(t,z)[0 < t < T,z > 0} of the C* solution
u = u(t,z) to the one-sided mixed initial-boundary value problem (6.1.1)
and (6.1.9)—(6.1.10), let

V(DY) = nax [[(1 4+ :E)H“vi(t,x)HLoo(DI), (6.1.24)
W(DY) = max [[(1+2)" wi(t 2)llp o), (6.1.25)
V(DF) = max [|(1+8) vt 2) | 1= (), (6.1.26)
W(Dg) = max (146" wi(t, )]l L~ (o) (6.1.27)

VE(T) =max{ max sup (146" |v.(t, )],
r=1,..., m (t,z)eDT

max sup (1 +6) s (t, )| o, (6.1.28)
s=m+1,...,n (t,m)GDT\DZ

WS (T) =max{ max  sup (1+ 1) w,.(¢ ),
r=L..m (4 2yeDT

max sup  (L+8)"|ws(t,2)| p,  (6.1.29)
s=m+1,.. 7"(t x)eDT\DT
Vi(T) = max maxsup/ lvs(t, x)|dt, (6.1.30)
s=m Lnog#
Wi(T)= max maxsup/ |ws (t, x)|dt, (6.1.31)
s=m+1,...,n j#s
where ¢; denotes any given jth characteristic on DT (j # s,s = m+1,...,n),
Voo(T) = max sup |v;(t,z)], (6.1.32)
1=1,...,n 0<t<T
>0
and
W (T) = max sup |w;(t,z)| (6.1.33)
i=1,...,n o<i<T
1>O

Lemma 6.1.1 Suppose that in a neighbourhood of u = 0, A(u) € C?, (6.1.1)
is hyperbolic and (6.1.7) holds. Suppose furthermore that ¢(x) satisfies the
requirement of (6.1.14). Then there exists 8y > 0 so small that for any given
0 € [0,6p], on any given ezistence domain {(t,z)|0 <t < T,z > 0} of the
C*' solution u = u(t, ) to the one-sided mized initial-boundary value problem
(6.1.1) and (6.1.9)—(6.1.10), we have the following uniform a priori estimates:

V(DY), W(DY) < k1. (6.1.34)
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Henceforth, r; (i =1,2,...) are positive constants independent of § and T.

Proof. For each i = 1,...,n, passing through any given point (t,z) € DT,
we draw the ith characteristic ¢; : £ = x;(7;;) in which 0 < 7 < ¢ and
y; stands for the z-coordinate of the intersection point of this characteristic
with the z-axis. Noting (6.1.7) and (6.1.16)—(6.1.18), it is easy to see that the
whole characteristic ¢; is included in DI and there exist positive constants
dy and dy such that

di(14+y) <1l+ai(ry) <do(l+y;) for0<7 <t (6.1.35)
Integrating (2.6.5) along ¢; from 0 to ¢ gives
t n
vi(t, z) = vi(0, ;) +/ > Bijk(w)vjwi(r, zi(r; y:))dr. (6.1.36)
0 .
7,k=1
Then, noting (6.1.14), (6.1.19), and (6.1.35), we get

(14-2) T vy (¢, )|

<C(+ x)1+u{w(0,y¢) +V(DDyw (D) /0 (1+ xi(T;yi))—2(1+u)dT}

<C {‘9 +V(DDHW (DY) /Ot(l + Ii(T;yi))(H“)dT}
<c{o+V(DHw(DL)}. (6.1.37)
Hence, we have
V(DY) < c{o+ V(DLW (DY)} (6.1.38)
Similarly, we have
w(DY) < c{o+v(DDHw (D)} (6.1.39)

Then, we get (6.1.34) via the method in the proof of Lemma 3.2.2.

Lemma 6.1.2 Suppose that in a neighbourhood of u = 0, A(u) € C?, (6.1.1)
is hyperbolic and (6.1.7) holds. Suppose furthermore that (6.1.14) holds. Then
there exists 0y > 0 so small that for any given 6 € [0,00], on any given
ezistence domain {(t,z)|0 < t < T,x > 0} of the C* solution u = u(t,z)
to the one-sided mized initial-boundary value problem (6.1.1) and (6.1.9)—
(6.1.10), we have the following uniform a priori estimates:

W(DL) < ka8, (6.1.40)
Wi (T) < ks, (6.1.41)
WE(T) < kb, (6.1.42)
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and
Voo (T) < ks (6.1.43)
Proof. Differentiating the boundary condition (6.1.10) with respect to ¢
gives
(%S 0 fS vy
- 0 ) y Um
v Z Fo, (D00 vm)

Ofs
; (8%) (@lt), 01, vm) (@ (O)T + HL(E)(s = m+1,...., ).
(6.1.44)
Noting (6.1.1) and (2.6.4), it is easy to see that

Ovi = 2(ll(u)u) = —\(w)w; + Zaik(u)wk (i=1,...,n), (6.1.45)

where
ain(u) = =M, (w)rf () Vi (u)u. (6.1.46)

Then, noting (6.1.7) and (6.1.19), for § > 0 small enough, by (6.1.44)—
(6.1.45) we have

m k n
r=0: ws = Z fsr(t, u)wy + Zfsi(tvu)a;(t) + Z fsg(t’u)hlg(t)
r=1 i=1 F=m—+1
(s=m+1,...,n),
(6.1.47)

where for, f.;, and fo are continuous functions of ¢ [via a(t)] and u.

We first estimate W (D).

i. For r = 1,...,m, passing through any fixed point (t,z) € D,
we draw the rth characteristic c,, which intersects the straight lines © =
(Am41(0) = dp)t and = = (A, (0) + do)t at points (¢1,21) and (t2, z2), respec-
tively. Integrating (2.6.14) along ¢, from t5 to ¢ yields

t n
wy(t, ) = w,(ta, 12) —|—/ Z Yrjk(W)wjwrdr
ta

jk=1
t1 n n

r(ta, x2) + Z Yrjk (U ijde—i—/ Z Yrjk (W) wjwedr.

bz jr—1 b j k=1
(6.1.48)

By (6.1.17), we have
50 T — X9 50

Ar(0) — = < < A (0 —. 6.1.49
0 -3 < <00+ (6.1.49)
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Then, noting (6.1.18) and using the fact that the point (2, x2) lies on the
straight line x = (A, (0) + dp)t, we get

to > —
S W()

Thus, noting Lemma 6.1.1, we see from (6.1.48) that

A-(0) 4+ & .
O+ 3 —t < at (a,>0). (6.1.50)
- )\7‘(0) +

(14 )" |w,.(t, 2)|

<( +t)1+u{wr(t2,a:2 |+/ Z [Yrjk (w)wjwy |dT

t2 k=1

t n
> mjk(u)ijm}
ty

Jik=1

<C(1+ t)””{(l +t2) "W (DY) + (W(D{))? /t(l + )20 gy

ty

+/tf<i+ Z + Z Z )h’rjk ijk|dr}

7,k=1 je{1,--- ,m} ke{1l,--- ,m} s k m+1
kKE{1l,--- ,m} JE{L,--- ,m}

< C{w(DY) + (W(Dg )) + W (T )Wl( T)+ (W (1))}

< O+ (W(DF))? + WL (T)WA(T) + (W5 (T)*} (6.1.51)
Henceforth, C' denotes different positive constants independent of 6 and 7.

ii. For s =m+1,...,n, passing through any fixed point (¢,z) € D}, we

draw the sth characteristic ¢y, which intersects the ¢-axis at a point (¢, 0).
Integrating (2.6.14) along ¢ from ¢y to ¢ yields

wg(t, x) = ws(tp,0) / Z Vojk(W)wjwydr. (6.1.52)
to

J,k=1

By (6.1.47), we have

t07 )

HM?r

s(to,0) Zfsr (to, u)wy(to,0)

+ Z Fslto, u)h(to)(s =m +1,...,n). (6.1.53)

S=m+1

Then, passing through (£9,0), we draw the rth characteristic ¢, (r €
{1,...,m}), which intersects the straight line = (\,,(0) + dp)t at a point
(t3a $3)~
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By (6.1.51), we have

(1 + to) ¥ |w,(to, 0)] < C{O+ (W(DJ)? + WE(T)Wi(T) + (WE,(T))?}.
(6.1.54)

Similarly to (6.1.50), we have

bt (b > 0). (6.1.55)
Then, noting (6.1.14), (6.1.19), and (6.1.54)—(6.1.55), we see from (6.1.53)

that

(1+ 1) |ws(to, 0)] < C(1 + to) ¥ |ws(to, 0)]
< C{O + (W(DJ)> + WL (T)Wi(T) + (W5 (T))}.

(6.1.56)
Hence, it follows from (6.1.52) that
(1+ ) ws (¢, 2)] < (1+8)Hws(to, 0)]
t n
F @0 [ s
to j k=1
<C{0+ (W(DJ)) + WE(T)WA(T) + (W (T))*}.
(6.1.57)

Thus, by (6.1.51) and (6.1.57), we get

W(DE) < C{6 + (W(DE))? + W (TYWL(T) + (WS (T))?}.  (6.1.58)

We next estimate W (T).
Let

Wi(T)= max  sup / |ws (¢, x)|dz, (6.1.59)
s=m-+1,..., no<t<T DST(t)

where DT (t) = {(r,2)| 7 =t,(7,z) € DT}

We arbitrarily draw a jth characteristic ¢; on DT (j # s,s = m+1,...,n),
which intersects the boundary of DT at points P; and P,. Then, we draw the
sth characteristics passing through P; and Ps, respectively, which intersect,
for instance, the straight lines @ = (A, +1(0) — dp)t and = = (A, (0) + do)t
at points A and B, respectively [when these two sth characteristics inter-
sect the straight line & = (A, 4+1(0) — do)t or & = (A, (0) + dp)t twice, we
have the same conclusion]. The sth characteristic passing through O(0,0)
intersects ¢; at a point Fy. Applying Lemma 2.6.1 on the domain Py AOF,,
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we get

/N |ws(dx — As(u)dt)| < |ws (da — As(u)dt)|
PPy OA

Z | Csp (w)wywy |dida; (6.1.60)

PLAOP, bF=1

then

[zl = At < [ 0) = 6 = A ()

// Z+ Z + Z Z | Dor (w)wywy |dtda.

Ik=l le{1,-- Ice{l Som} Lk=mtl
PLAOPy k{1, m} 1E{1,--- ,m} #k

(6.1.61)
Thus, noting (6.1.16), we have

/FF s (1, 2)|dt < C{W(DT) + W (TYW(T) + (WE(T)2}.  (6.1.62)

Similarly, we have

/ﬁﬁ lwa(t, 2)|dt < C{W(DT) + WE(TYWA(T) + (WS, (T))%}.  (6.1.63)

Then, if we note Lemma 6.1.1, it follows from (6.1.62)—(6.1.63) that
Wi(T) < C{0+ W(DT) + W (T)W1(T) + (WS, (T))?}. (6.1.64)
Similarly, we have
Wi (T) < C{0+W(Dg) + WS (T)Wi(T) + (W5 (T))*}. (6.1.65)
Now we estimate WS (T).
i. Forr=1,...,m, passing through any fixed point (¢,z) € DT, we draw

the rth characteristic ¢, which intersects the straight line = (\,,(0) + do)t
at a point (¢,7). Integrating (2.6.14) along c, from ¢ to ¢ yields

wy(t, ) = w.(¢,T / Z Vrjk(W)wjwedr. (6.1.66)
7,k=1

Similarly to (6.1.50), it is easy to see that

00 , de
0t a.t (d, > 0). (6.1.67)
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Then, using Lemma 6.1.1, similarly to (6.1.51) we get

(146w, (t, )| < C{W (D) + WE(T)WA(T) + (WE(T))*}
< C{O+ WS (T)WL(T) + (WE(T))?Y.  (6.1.68)
ii. Fors=m+1,...,n, passing through any fixed point (¢,z) € DT\DT,
we draw the sth characteristic c,, which intersects the boundary of DT at a
point (¢,Z). Similarly to (6.1.68), we have
(1+6) T wy(t,2)| < CLW(DF) + W(DY) + WEL(T)Wi(T) + (W (T))*}
< C{0+ W(DE) + W (T)Wi(T) + (WS (T))?}.
(6.1.69)

Thus, it follows from (6.1.68)—(6.1.69) that
WE(T) < C{0+ W(DL) + WE(TYWi(T) + (WE(T))?}. (6.1.70)

Then, the combination of (6.1.58), (6.1.64)-(6.1.65), and (6.1.70) gives
(6.1.40)~(6.1.42) and

Finally, we estimate Vo (T).
By (6.1.11) and noting (6.1.19), we have

[vi(t, )| < Clu(t,z)] (i=1,...,n). (6.1.72)

For any fixed point (¢,z) in the domain {(¢,2)|0 <t < T,z > 0}, we have

zo o M n
u(t,z) = —/ ug(t, §)dE+u(t, zo) = —/ Zwkm(tf)df+z vk (L, o),
* Tok=1 k=1
(6.1.73)
in which the point (¢, () lies on the straight line z = (A,(0) 4 dp)t. Then,
using Lemma 6.1.1 and noting (6.1.40), (6.1.42), and (6.1.71), we get
lu(t,2)| < C{W(Dg ) + W5, (T) + Wi(T) + W(DT) + V(D)}
< Co. (6.1.74)
Thus, (6.1.43) follows immediately from (6.1.72) and (6.1.74). Moreover,
by (6.1.74), we know that hypothesis (6.1.19) is reasonable.
The proof of Lemma 6.1.2 is finished.
Let
W2(T)= max sup |wy(t,x)|. (6.1.75)

r=1,...m o<t<T
>0
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By (6.1.34), (6.1.40), and (6.1.42), it is easy to get the following:

Lemma 6.1.3 Under the assumptions of Lemma 6.1.2, there exists 0y > 0
so small that for any given 6 € [0,600], on any given existence domain
{(t,2)|0 <t < T,z > 0} of the C* solution u = u(t,x) to the one-sided
mized initial-boundary value problem (6.1.1) and (6.1.9)—(6.1.10), we have
the following uniform a priori estimate:

WI(T) < krf. (6.1.76)

In order to consider the one-sided mixed initial-boundary value problem
in generalized normalized coordinates, we prove

Lemma 6.1.4 The boundary condition (6.1.10) keeps a similar form under
any giwen smooth invertible transformation v = u(u) [u(0) = 0].

Proof. Let u = u(u) [u(0) = 0] be a smooth invertible transformation. We
have

vi = Li(w)u = 1;(0) <%> (0)@ + of|)). (6.1.77)

Noting Remark 6.1.1, in the u-space we may suppose

1:(0) = 1;(0) (%) 0) (i=1,...,n). (6.1.78)

Then
v; = L0)a+o(a)) =T +o(5]) (i=1,...,n), (6.1.79)
where _
vi=L@u (i=1,...,n) (6.1.80)
and U = (Vy,...,0,)7.

Substituting (6.1.79) into (6.1.10), it is easy to see that in a neighbourhood
of u = 0, we have the following boundary condition similar to (6.1.10):

x=0: Us = gs(a(t), hms1(t), s hn(t),01,. .., Um)
def. ~ ,~

S (@), 01, ) F hs(t) (s=m+1,...,n), (6.1.81)

where g5, 9, € Ct (s=m+1,...,n),
a(t) = (a(t), himi1(t), ..., ha(t)), (6.1.82)
Tls(t):gs(a(t)7hm+1(t)7"~7hn(t)707"’ ,0) (s=m+1,...,n); (6.1.83)

then
gs(a(t),0,...,0)0=0 (s=m+1,...,n). (6.1.84)
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Moreover, noting (6.1.13), it is easy to see that
gs(a(t),0,...,0) =0 (s=m+1,...,n). (6.1.85)

Hence, condition (6.1.14) is also invariant under any given smooth invert-
ible transformation.

By Lemma 6.1.4, in what follows we still denote generalized normalized
variables as u = (ug, ..., u,)T.

Lemma 6.1.5 Under the assumptions of Theorem 6.1.1, in generalized nor-
malized coordinates, there exists 6y > 0 so small that for any given 6 € [0,00],
on any given existence domain {(t,z)|0 < t < T,z > 0} of the C' solution
u = u(t,z) to the one-sided mized initial-boundary value problem (6.1.1) and
(6.1.9)(6.1.10), we have the following uniform a priori estimates:

V(D{) < ks, (6.1.86)
Vi(T) < ko, (6.1.87)
and
Proof. Let

US(T) =max{ max sup (1+)"|u.(t2),
r=1,....m (t,x)eDT

max sup (14 8) T ug(t, z)] p. (6.1.89)
s=m+l,..n (¢ 2yeDT\DT

By

wi(t,x) = karg(u)ei = karg(u)ei + Z vprE (u)e; (6.1.90)
k=1 k=1

and noting (2.4.20), it is easy to see that
UL (T) < CVL(T). (6.1.91)

Now we estimate V(D{).
i. Forr=1,...,m, for any fixed point (¢,z) € D, similarly to (6.1.48),
we have

t n
v (t, ) = vy (te, z2) +/ Z Brjr(w)vjwidr
to

jk=1

t, n t n
:vr(tg,xg)—i-/ Z ﬁTjk(u)vjwde—i—/ Z Brjk(w)vjwidr.
2 k=1 b k=1
(6.1.92)
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Then, noting (2.6.12), by Hadamand’s formula,
Brjj(u) = Brjj(u ) Brjj(uje;)

/ aaﬂrjj sul,.--75Uj—1vuja5uj+1""’su”)uld‘s’ (6193)
uj

l#J

we have

(1+ t)H"vr(t, x)

— (1 + t)l"ru tg, 562 / Z ﬂ”k ijkdr

t1 j,k=1
t1 m
+ / o+ DY+ D E Brjk(w)vjwy
ta jk=1 J€{l...m} ke{l,....m}  j.k=m-+1
KE{1,..., m} JE{1,..., m} J#k

+ sul,...,suj,l,u],suﬁl,...,sun)ul slvjw; | drp.

jmma1 8ul
l#]

(6.1.94)
Hence, noting (6.1.50) and (6.1.91) and using Lemmas 6.1.1 and 6.1.2, we get

1+ t)l+“|vT(t7m)|
< C{V(DT) + V(DIYW(DI) + VE(T)WE(T) + VE(T)Wy(T)

+VAUT)WE(T) + VE(T) Voo (T)WA(T) }
< CO{1 + V(DI) + VE(T) + Vi(T)}. (6.1.95)
ii. For s = m+1,...,n, for any fixed point (t,2) € D, similarly to
(6.1.52), we have
vs(t, &) = vs(to, 0) / Z Bsjrx(w)vjwidr. (6.1.96)
to 3,k=1
Noting (6.1.13), by (6.1.10) it is easy to get
vs(t0,0) =Y _ gar(to)vr(to, 0) + ha(to), (6.1.97)
r=1
in which
Lofs
gsr(to) = (a(to), 7v1(t0,0), ..., TUm(to,0))dT. (6.1.98)

0 avr
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By (6.1.95), we have

(14 to) |, (to, 0)] < CO{1 + V(DE) + VE(T) + VA(T)} (r=1,...,m).
(6.1.99)

Then, noting (6.1.14) and (6.1.55), it easily follows from (6.1.96) that
(1+ )" o (t, )| < CO{1 + V(DL + VE(T) + Vi(T)}. (6.1.100)

Combining (6.1.95) and (6.1.100), we get

V(DY) < CO{1 + VE(T) + Vi(T)}. (6.1.101)

We next estimate V3 (T).
Let

Vi(T) = max sup / |vs(t, z)|dx. (6.1.102)
s=m+1,...,n 0<t<T Dz(t)

Similarly to (6.1.60), for s =m +1,...,n, we have

/PTFO v (dz— s (w)dt)] < /O Ion(da=Au(wdo)+ / / S | Buae(u)opugldid.

PLAOP, bF=1
(6.1.103)
Then we have

/N [0a(Ag () — As(u))dt
P Py

< /OA 108 (Am1(0) — 8o — Aq(w))|dt

- <Z+ Y o Z+Z >|lek<u>vzwk

PLAOP, - NPREE Ry L AT

n
+ |Bs”(u)vlwl|]dtdx. (6.1.104)
l=m+1

Noting that As(u) (s =m+1,...,n) are WLD, by (2.6.11) and (2.6.13),
we have
By (we) =0, Vi (6.1.105)

Then, using Lemma 6.1.2 and (6.1.91), we see from (6.1.104) that

/N [vs(t, @) |dt < C{V(Dg) + Vi(T)WS,(T) + VS (T)(Wi(T) + W5, (T))
PPy

+ Voo (TYWA(T) VL (T) }
< C{V(DL) + 0Vi(T) + 0VE(T)}. (6.1.106)
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Similarly, we have
/N log(t,2)|dt < C{V(DT) + OVi(T) + OVE,(T)). (6.1.107)
PoPs
Then, using Lemma 6.1.1, we get
Vi(T) < C{0+ V(DL + 0Vi(T) + OVE (T)}. (6.1.108)
Similarly, we have
Vi(T) < C{0+ V(D) + 0Vi(T) + 0V (T)}. (6.1.109)
Noting that 6 > 0 is suitably small, we see from (6.1.108)—(6.1.109) that
Vi(T) < C{0+ V(DY) + 0V (T)}. (6.1.110)

We next estimate V.S (7).

i. Forr=1,...,m, similarly to (6.1.66), we have
7,k=1
t m
[0 X+ X 3 Jontinm
7
kE{1,...,m} jE{1,....,m}
+ Z (ﬁr]‘j(u) —ﬁrjj(ujej))vjwj] dr. (6.1.111)

v (t, ) = v.(1,T) / E Brjk(w)vjwidr
je{1,...,m} ke{l,...,m}  jk=m+1
i#k
j=m+1

Then, noting (6.1.67) and using Lemma 6.1.1, Lemma 6.1.2, and (6.1.91),
similarly to (6.1.68), we get

(14 ) o (t, 2)| < C{V (DY) +VE(T)WA(T) + WE(T)(Vi(T) + VE(T))
+ VS (T)Vao (T)W(T)}
< CO{1 + VE(T) + Vi(T)}. (6.1.112)

ii. For s=m+1,...,n, noting (6.1.91), similarly to (6.1.69), we have
(1+6)" " [vs(t, @)l
< C{V(DE) + V(DL) + VE(T)WA(T) + WE(T)(VA(T) + VE(T))
+VE (T)Vio (T) W, (T)}. (6.1.113)
Then, using Lemmas 6.1.1 and 6.1.2, we have

(148" g (t,2)| < C{V(DI) +0(1 + VE(T) + VA(T))}.  (6.1.114)
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Noting that 6 > 0 is suitably small, we see from (6.1.112) and (6.1.114)
that
VE(T) < C{0+V (DY) + 0Vi(T)}. (6.1.115)

From (6.1.101), (6.1.110), and (6.1.115), it is easy to get (6.1.86)—(6.1.88).
The proof of Lemma 6.1.5 is finished.

Lemma 6.1.6 Under the assumptions of Theorem 6.1.1, there exists 6y >
0 so small that for any given 6 € [0,6y], on any given existence domain
{(t,2)|0 <t < T,z > 0} of the C* solution u = u(t,x) to the one-sided
mized initial-boundary value problem (6.1.1) and (6.1.9)—(6.1.10), we have
the following uniform a priori estimate:

Woo(T) < K110. (6.1.116)

Proof. By Lemmas 6.1.1-6.1.3, it is only necessary to estimate |w;s(¢, z)| for
(t,z) € DT (s € {m+1,...,n}). For this purpose, passing through any fixed
point (t,z) € DT (s € {m +1,...,n}), we draw the sth characteristic c;,
which intersects the boundary of DT at a point (fy, 7). Integrating (2.6.14)
along c,, from t, to t yields

ws(t, )

s(to, To) + Z Veik(W)wjwedr
to 7,k=1

—ws(to,xo)+[ <Z+ S+ > Z )%;k u)w;wy,

to Gk=1 Jc{l,...m} ke{l,...,m} ]km+1
KE{1,...,m}  JE{1,...,m}

+ Ysss (w)w? | dr. (6.1.117)

Noting that A\s(u) (s =m+1,...,n) are WLD, by (2.6.17), we have
Ysss(uses) =0, V|ug| small (s=m+1,...,n). (6.1.118)

Then, using Lemmas 6.1.1, 6.1.2, and 6.1.5 and noting (6.1.91), we see
from (6.1.117) that

|ws (8, 2)| < C{W (Dg ) +W (D) HW(T)) W T) Wao T) + Vi (T) (Woel T))?}
<O+ Woo (T) + (Woo (T))?}. (6.1.119)

Hence, noting Lemmas 6.1.1-6.1.3, we get
WoolT) < CO{L + Woo(T) + (Weo(T))?}. (6.1.120)

Equation (6.1.116) follows immediately from (6.1.120).
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The proof of Lemma 6.1.6 is finished.

Proof of Theorem 6.1.1. By Lemmas 6.1.2 and 6.1.6, it is easy to see
that on any given existence domain {(t,z)[0 < t < T,x > 0} of the C!
solution u = u(t,z) to the one-sided mixed initial-boundary value problem
(6.1.1) and (6.1.9)-(6.1.10), we have the following uniform a priori estimate:

def.
[u(t, ler =" llult,)llco + lua(t,)llco < C6. (6.1.121)

Hence, the one-sided mixed initial-boundary value problem (6.1.1) and
(6.1.9)-(6.1.10) admits a unique C* solution u = u(t,z) with a small C!

norm on the domain D = {(¢,x)[t > 0,z > 0}.
This proves Theorem 6.1.1. |

6.2 Formation of Singularities of the C' Solution

For the one-sided mixed initial-boundary value problem (6.1.1) and (6.1.9)—
(6.1.10), if the positive characteristics of system (6.1.1) are not all WLD, the
following blow-up result can be obtained ([80]).

Theorem 6.2.1 Suppose that in a neighbourhood of uw = 0, A(u) is suitably
smooth and (6.1.7) holds. Suppose furthermore that ¢(x) = ep(x), a(t) =
cA(t), and h(t) = eH(t), where € > 0 is a small parameter, Y(-), A(-), and
H(-) are all C functions, and

e { sup(L+ )1 ([h()] + [0’ (@),

x>0

sup(1+ 1) (JA6)] + [H (1) + |A' ()] + IH'(t)I)}
t>0

< 400, (6.2.1)
where > 0 is a constant. Suppose finally that fs(-) (s=m+1,...,n) with
(6.1.13) are C' functions with respect to their arguments and the conditions
of C' compatibility are satisfied at the point (t,z) = (0,0). If A\s(u) (s =
m+1,...,n) are not all WLD and the nonempty set of non-WLD indices is
denoted by J C {m +1,...,n}, let

a =min{w;li € J} < 400, (6.2.2)
where «; is defined by (2.5.14)—(2.5.15) and

Jy={ili € J,a; = a}. (6.2.3)
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If there exists mg € J1 such that
Imo (0)(z) £0, x>0, (6.2.4)

then there exists e9 > 0 so small that for any fived € € (0,20, the C* solution
u = u(t,x) to the one-sided mized initial-boundary value problem (6.1.1)
and (6.1.9)~(6.1.10) must blow up in a finite time and the life span T() of
u=u(t,z) satisfies

lim(e* 1T (e)) = Mo, (6.2.5)
e]0
where
1 d* T (u) (s)) U
My = {rzré%}filelﬁ l: PR — . (Pi(x)) @Z(x)]} ,  (6.2.6)

in which u = u'"(s) is defined by (2.5.1) and
Li(0)y(x), =0,

"7 NE om0 (380) o () <o
(6.

.

(%

Remark 6.2.1 Compared to the corresponding result on the Cauchy prob-
lem in Chapter 4 (also see [57] and [76]), the negative characteristics \.(u)
(r=1,...,m) have no effect on the blow-up of the C' solution.

6.3 Applications

In this section we give some applications of Theorems 6.1.1 and 6.2.1 for the
system of the planar motion of an elastic string.

6.3.1 Planar Motion of an FElastic String
with a Fixed End

Consider the following one-sided mixed initial-boundary value problem for
the system of the planar motion of an elastic string (cf. [15], [62],
[76]):

U — vy =0,

. (T(r) u) L (6.3.1)

r
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with the initial condition
t=0: u=1uy+up(z), v=2v9(x), z>0, (6.3.2)

and the boundary condition on the fixed end

x=0: v=0, (6.3.3)
where u = (uy,u2)T, v = (v1,v2)T, 7 = |u| = \/u? +u3, T(r) is a C* function
of » > 1 such that -

() > L00) 5 g (6.3.4)
To
in which 7y = |tp| > 1, @ is a constant vector, (ul (z),vd (x)) € C*, and

there exists a constant ;4 > 0 such that

0 % sup{(1+ )" (juoa) | + [00(@)] + lup(@)] + e (@))} < +o5. (6:3.5)

x>0

Moreover, the conditions of C'' compatibility are supposed to be satisfied

at the point (¢,z) = (0,0).
Let
u
U= <v> . (6.3.6)
g

0
bolic system with the following distinct real eigenvalues:

By (6.3.4), in a neighbourhood of Uy = , (6.3.1) is a strictly hyper-

M(U) = /T < do(U) = — @ <0< M(U)
-/ )= VT (6:37)

r

and the corresponding left eigenvectors can be taken as

L(U) = (VT ()uT uT), 12<U>=< Tff")w,w), (6.3.8)

zg(U)—< T(T)w,—w>, L(U) = (VT ()T, —uT), (6.3.9)

where w = (—ug,uy).
A2(U) and A3(U) are LD, then WLD with respect to U = Uy. Moreover,
A (U) and A\ (U) are WLD with respect to U = Uy, provided that

T"(r)=0, V|r—ro| small. (6.3.10)
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Let
Vi=LU)U-Uy) (i=1,...,4). (6.3.11)

The boundary condition (6.3.3) can be rewritten as
r=0: V3:V2, ‘/4:‘/1 (6.3.12)
By Theorem 6.1.1, we have

Theorem 6.3.1 Suppose that (6.3.10) holds. There exists 0y > 0 so small
that for any fized 0 € [0, 00], the one-sided mixed initial-boundary value prob-
lem (6.3.1)—(6.3.3) admits a unique global C' solution U = U(t,x) on the
domain D = {(t,z)|t > 0,2 > 0}.

However, if (6.3.10) fails, A1 (U) and \y(U) are not WLD with respect to
U = Up. By Theorem 6.2.1, we have

Theorem 6.3.2 Suppose that there exists an integer o > 0 such that
T"(7o) = -+ =T (F) =0, but T (F) # 0. (6.3.13)

Suppose furthermore that ug(x) = etp(x) and vo(x) = evo(x), where e >0
is a small parameter, ug(-) and vo(-) are C' functions, and

sup(L + ) ([to(@)| + [o(2)| + [0 (@) + v (@)]) < +oe,  (6.3.14)

where p > 0 is a constant. If
VT (Fo)tg tio(x) # g vo(x), = >0, (6.3.15)

then there exists ¢9 > 0 so small that for any fived e € (0,20, the C* solution
U = Ul(t,x) to the one-sided mized initial-boundary value problem (6.3.1)—
(6.3.3) must blow up in a finite time and the life span T(¢) of U = U(t, )
satisfies

an(gaHT(s)) = Mo, (6.3.16)
1>
where
-1
(_1)a+2F3+1T(a+2)(;0) ,
My = <su D(x))*P (x , 6.3.17
i which

"(70) L ao () — ul vo(x T
B(z) = VI (To)ug to(z) — ug vo(x), x>0, (63.18)

V' (Fo)ud uo(—x) + uf vo(—x),  <O0.
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6.3.2 Planar Motion of an FElastic String with a
Dissipative Boundary

If the initial condition (6.3.2) is replaced by
t=0: u=1uy+up(z), v="09~+uwve(x), x>0, (6.3.19)

and the boundary condition (6.3.3) is replaced by the following dissipative
boundary condition:

u=av (a>0isa constant), (6.3.20)

where g, Uy are constant vectors such that 7o = |tg| > 1 and

e
o)z — oo, (6.3.21)
To

the conclusion of Theorem 6.3.1 is still valid. In fact, noting (6.3.11), in which
Uy = <%0), it is easy to see that (6.3.20) can be rewritten as
0

r=0: Vs=f3(V1,V2), Vi = fs(V1,V2), (6.3.22)
where f3 and f; are C! functions with respect to their arguments and
f3(0,0) = f4(0,0) = 0. (6.3.23)
By Theorem 6.1.1, we have

Theorem 6.3.3 Suppose that (6.3.10) holds. There exists 0y > 0 so small
that for any fized 0 € [0,6y], the one-sided mized initial-boundary value
problem (6.3.1) and (6.3.19)-(6.3.20) admits a unique global C* solution
U=U(t,z) on the domain D = {(t,z)|t > 0,z > 0}.

If (6.3.10) fails, A1 (U) and A\4(U) are not WLD with respect to U = U.
By Theorem 6.2.1, we can obtain a corresponding blow-up result.



Chapter VII
Generalized Riemann Problem

7.1 Introduction and Main Results

Consider the following quasilinear system of conservation laws:

ou  Of(u)

—— =0 7.1.1

ot + Ox ’ ( )
where u = (u1,...,u,)? is the unknown vector function of (t,z) and f(u) =
(fi(u), ..., fo(u))T is a given C? vector function of u.

Suppose that on the domain under consideration, system (7.1.1) is strictly
hyperbolic, i.e., V f(u) possesses n distinct real eigenvalues

A(u) < Ao(w) < -+ < Ap(u). (7.1.2)

For i = 1,...,n, let [;(u) = (Li1(u),...,lLin(w) and r;(u) = (r1;(w),. ..,
rni(u))T be the left and right eigenvectors corresponding to \;(u), respec-
tively. Without loss of generality, we assume that on the domain under
consideration

l,;(u)rj(u) = 57J (Z,] = 1,...771), (713)

where d;; stands for Kronecker’s delta.
Consider the generalized Riemann problem for system (7.1.1) with
the following piecewise C'! initial data:

<
bo0: = @) TS0, (7.1.4)
Uy 3;‘), z >0,

where u;(z) and wu,.(z) are C! vector functions on z < 0 and x > 0, respec-

tively, and

7 <, (0) — w(0)] > 0 (7.1.5)

is suitably small.
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Suppose that all the characteristics are genuinely nonlinear (GN) in the
sense of Lax: Without loss of generality, for i =1,...,n,

VAi(u)r;(u) = 1. (7.1.6)

Suppose furthermore that the corresponding Riemann problem for system
(7.1.1) with the piecewise constant initial data

<
t=0: u=qu@ T=0, (7.1.7)
ur(0), x>0,

admits a unique small amplitude self-similar solution « = U (z/t) which con-
tains n nondegenerate typical shocks & = A\t (i = 1,...,7n) (cf. Lax [42]).
Suppose finally that u;(z) and u,(x) are C* vector functions with a small
C'! norm and certain decaying properties as |z| — +o00. Then the generalized
Riemann problem (7.1.1) and (7.1.4) admits a unique piecewise C'* solution
u = u(t,x) containing only n nondegenerate shocks, which possesses a sim-
ilar structure to the self-similar solution v = U(x/t) to the corresponding
Riemann problem (see [50] and [73]).

On the other hand, suppose that all the characteristics are linearly degen-
erate (LD) in the sense of Lax:

VAiwri(u)=0 (i=1,...,n). (7.1.8)

By Lax [42], the corresponding Riemann problem (7.1.1) and (7.1.7)
admits a unique small amplitude self-similar solution v = U(z/t) that con-
tains n typical contact discontinuities z = \;t (i =1,...,n) (some of them
may degenerate). Under the same hypothesis on u;(x) and u, () as mentioned
above, the generalized Riemann problem (7.1.1) and (7.1.4) admits a unique
piecewise C! solution u = u(t,x) containing only n contact discontinuities
(some of them may degenerate to weak discontinuities), which possesses a
similar structure to the self-similar solution v = U(x/t) to the corresponding
Riemann problem (see [55]).

Because that, for many practical quasilinear hyperbolic systems, have both
GN and LD characteristics, in this chapter we generalize the previous results
to the case that each characteristic is either GN or LD; correspondingly, the
piecewise C'! solution to the generalized Riemann problem (7.1.1) and (7.1.4)
may contain both nondegenerate shocks and contact discontinuities. For this
reason, the methods used in [73] and [55], which cannot be applied directly
to this general situation, should be unified and improved.

We first give the following:

Definition 7.1.1 A piecewise smooth vector function u = u(t,x) is said to
be a classical discontinuous solution containing a kth shock x = x4 (t)
for system (7.1.1) if u = u(t, x) satisfies system (7.1.1) in the classical sense
on both sides of x = xy(t) and verifies the Rankine—Hugoniot condition
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fuw®) = fu™) =s(u" —u7) (7.1.9)

and the entropy condition

A (ut A(u™
e(u) <o <Alum), . (7.1.10)
Aim1(u™) <8 < Apyr(u™)
on & = x(t), where ut = u(t,zy(t) £0) and s = day(t)/dt. When [u] =
ut —u~ #0, 2 = x4(t) is a kth nondegenerate shock.

Definition 7.1.2 A piecewise smooth vector function u = u(t,x) is said to
be a classical discontinuous solution containing a kth contact discon-
tinuity = = x(t) for system (7.1.1) if v = u(t,z) satisfies system (7.1.1)
in the classical sense on both sides of © = xy(t) and verifies the Rankine—
Hugoniot condition (7.1.9) and

s=M(u") = Ap(u) (7.1.11)

on x = x(t), where ut = u(t,zy(t) £0) and s = day(t)/dt. When [u] =
ut —u~ = 0, the kth contact discontinuity x = w1 (t) is degenerate and
becomes a kth weak discontinuity, where x = x(t) is a kth characteristic.

Remark 7.1.1 If the kth characteristic \(u) is GN, then any given kth
wave ¥ = x(t), on which u is discontinuous and the amplitude |u™ —u™| is
small, must be a kth shock. On the other hand, if \i,(u) is LD, then any given
kth wave x = 1 (t), on which u is discontinuous and the amplitude |u* —u~|
is small, must be a kth contact discontinuity (see [72]).

We now give the following hypotheses:
(Hy) Forany given k (k=1,...,n), A\x(u) is either GN or LD.
(H2) There exists a constant g > 0 such that

0 sup{(1-+ Ja) (@) — w1 0)] + @)}
+sup{(L+ ) (ur () = 0, (0) + [y (@))} < 400 (7.112)

(H3) The corresponding Riemann problem (7.1.1) and (7.1.7) admits a
unique self-similar solution v = U(x/t) composed of n + 1 constant states
4© = u(0),a™, ... a1V 4" = y,.(0) and n small amplitude waves
= Mt (k=1,...,n) (nondegenerate shocks corresponding to GN charac-
teristics and contact discontinuities corresponding to LD characteristics):

0,z < A\t
u:U(%) ={a0, Nt<z<iaat (I=1,...,n—1), (7.1.13)
ﬂ(”), T > S\nt
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The main results of this chapter are the following theorems.

Theorem 7.1.1 Suppose that system (7.1.1) is strictly hyperbolic and f(u) €
C3. Suppose furthermore that w/(z) and u,(z) are C' vector functions on
x <0 and x > 0, respectively, and n = |u,(0) — w,(0)| > 0 is suitably small.
Under assumptions (Hy)—(Hs), there exists 6y > 0 so small that for any
given 0 € (0,0¢], the generalized Riemann problem (7.1.1) and (7.1.4) admits
a unique global piecewise C' solution u = u(t,z) which contains n small
amplitude waves © = xi(t) with ,(0) = 0 (k = 1,...,n) (nondegenerate
shocks corresponding to GN characteristics and contact discontinuities
corresponding to LD characteristics):

uO(t,z), (t,z) € Ry,
u=u(t,z) = u(t,2), (tx)eR (I=1,...,n—1), (7.1.14)
u™(t,x), (t,x) € R,

in which uV(t,x) € O satisfies system (7.1.1) in the classical sense on R,
n

(1=0,1,...,n) with
Ry ={(t,x)|t >0, = < z1(t)}, (7.1.15)
Ry ={(t,z)[t>0, z;(t) <z <z ()} (I=1,...,n—1), (7.1.16)
Ry, ={(t.2)[t >0, z >z, (t)}. (7.1.17)
Moreover, for k = 1,...,n, u* Y (t,z) and u¥(t,z) are connected to

each other by the kth wave © = xy(t) (the kth nondegenerate shock or the
kth contact discontinuity). This solution possesses a global structure similar
to that of the self-similar solution (7.1.13) to Riemann problem (7.1.1) and
(7.1.7), namely,

u(0,0) =0 (1=0,1,...,n), (7.1.18)
2 0) =X\ (k=1,...,n), (7.1.19)
B (t,z) —aW|<Co, Vt,z)eR (1=0,1,...,n), (7.1.20)
ouD(t,z)| | ouB(t,z)
’ < =0,1,... 1.21
et ot <00, VY(t,z)eR (1=0,1,...,n), (7.1.21)
and .
|z (t) — \g| <CO, t>0 (k=1,...,n), (7.1.22)

where C' is a positive constant independent of t, x, and 6.

Remark 7.1.2 The result and the proof in [65] have been improved in
Theorem 7.1.1.
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Remark 7.1.3 In (Hs), when some of contact discontinuilies in the
self-similar solution disappear, we still have Theorem 7.1.1, in which the cor-
responding contact discontinuities degenerate to weak discontinuities.

Remark 7.1.4 Suppose that (7.1.1) is a nonstrictly hyperbolic system with
characteristics with constant multiplicity, say,

A (u) < - <Ap(u) < App (W) = -+ = Mg (1) < Mg (0) < -+ < Ay () (p>1).
(7.1.23)

Let
Au) def Metr1(u) = - = App(u). (7.1.24)

Per Boillat [7] and Freistihler [25], A(w) is always LD. Suppose that each
simple eigenvalue \;j(u) (i = 1,...,k,;k+p+1,...,n) is either GN or LD.
Similar conclusions hold as in Theorem 7.1.1 and Remark 7.1.3 (cf. [49]).

Theorem 7.1.2 Under the assumptions of Theorem 7.1.1, suppose further-
more that all the characteristics \p(u) (K =1,...,n) are GN and p =0 in
(Hs), there exists 6y > 0 so small that for any given 6 € (0,6¢], the gener-
alized Riemann problem (7.1.1) and (7.1.4) admits a unique global piecewise
C*' solution u = u(t,x) which contains only n small amplitude nondegenerate
shocks x = x,(t) with z,(0) =0 (k=1,...,n):

uO(t,z), (t,z) € Ry,
u=u(t,x) = uW(t,2), (t,x)eR (I=1,...,n—1), (7.1.25)
u™(t,z), (t,x) € R,,

in which uD(t,x) € C' satisfies system (7.1.1) in the classical sense on
R (I =0,1,...,n) given by (7.1.15)~(7.1.17). Moreover, for k = 1,...,n,
uF=D(t, ) and u®) (t,z) are connected to each other by the kth nondegener-
ate shock © = xy(t). This solution possesses a global structure similar to that
of the self-similar solution (7.1.13) to Riemann problem (7.1.1) and (7.1.7),
namely,

uD(0,0) =4 (1=0,1,...,n), (7.1.26)
2. 0)=X e (k=1,...,n), (7.1.27)
9
|u(l)(t,x)—ﬂ(l)| Slc_—i—f V(t,x) e Ry (1=0,1,...,n),
(7.1.28)
ouWO(t,z)| |ouD(t,x) co
) ) < — 1
o , ot St Y(t,z) e Ry (1=0,1,...,n),
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and o
T — e € —=, t> =1,... 1.
|xk(t) )‘k| - 14 t t=>0 (k 1, ,’I’L)7 (7 1 30)

where C' is a positive constant independent of t, x, and 6.

Remark 7.1.5 The result of Theorem 7.1.2 can be found in [73], but in this
book we prove it in a different way.

In Section 7.2 we give some preliminaries. Then the main results are proved
in Section 7.3. Finally, some applications are given in Section 7.4.

7.2 Preliminaries

7.2.1 Decomposition of Waves

Let
o = LDy w® —a®y (i=1,...,n; 1=0,1,...,n) (7.2.1)

and
wgl) =Ll (G=1,...,n; 1=0,1,...,n). (7.2.2)

By (7.1.3), we have

u® =a® + 3" 6" () (1=0,1,...,n) (7.2.3)
k=1
and N
ul) = wre(w®) (1=0,1,....n). (7.2.4)
k=1
Let d P 5
o mt A(w) 5 (7.2.5)

denote the directional derivative with respect to ¢ along the ith characteristic.
We have (see Chapter 2)

dA(l) n
D= N B )P (=1, n 1=0,1,...,n),  (7.2.6)
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Hence, we have
ﬁiji(u(l)) = O, V’L,j (728)

On the other hand, we have (see Chapter 2)

=Y P (=1, 1=0,1,...,0),  (7.2.9)
Z
k;:

where
() = 2{0 () = MOl () Ty ()1 ()
— V(D) (w®)dir, + (1K)} (7.2.10)

in which (j|k) stands for all terms obtained by changing j and k in the
previous terms. Hence,

Yigg () =0, Vi#i. (7.2.11)
Moreover, if A;(u) is LD, we have
~iai(u) = 0. (7.2.12)

Noting (7.2.4) and (7.2.9), we have (see Chapter 2)

dfw® (dz — Xi(u®)dt)] Z Fije(uD)ywPwl dt A do
7,k=1
(i=1,...,n; 1=0,1,...,n), (7.2.13)

where

Fi(u®) = S0 @) =MD ) (a0~ (0O ().
(7.2.14)

Obviously, ® .
Fijj (U ) = 0, VZ,]. (7215)

7.2.2 Rankine—Hugoniot Condition

Lemma 7.2.1 For any fired k =1,...,n, the Rankine—Hugoniot condition
(7.1.9) on & = xi(t) (the kth small amplitude shock or the kth small amplitude

contact discontinuity) can be rewritten in a neighbourhood of (u™,u™) =
(a(kil),fa(k)) as

o, = Gi(oF, ... 08 0y ,...,0,) (i=1,...,k—1), (7.2.16)

7
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of = Gi(of, .. 00, 0, 0,) (i=k+1,...,n), (7.2.17)
and dre(t
x(’;t( ) = Me(u,u"), (7.2.18)

where u* = u(t, x1(t) £ 0),
oy = Li(w ) (w —a* ), of =)t —a®) (i=1,...,n), (7.2.19)
Ai(u™,ut) is the kth eigenvalue of the matriz
1
dlu=,ut) = /0 Viu +out —u))do,

and Gi(-) (i = 1,...,k — 1,k +1,...,n) and \.(-,-) are all C* functions

with respect to their arguments. Moreover, fori=1,....k—1,k+1,...,n,
we have
G;(0,...,0) =0, (7.2.20)
aG"(o 0) =d;; + O(Ja™® —a*=D) (i =1,...,k) (7.2.21)
5F 00 0) =03 1 U ji=1,...,k), 2.
J
and
0G;
e 0,...,0) =i + O(la® —a*=V)) (G =k,...,n). (7.2.22)
V-
J

Proof. Noting that |ut — a®)| and |u~ — @~ are sufficiently small, the
proof is similar to that of the corresponding result in [72].

Lemma 7.2.2 Suppose that |ut —a®| and |u= —a®*=V| [u* = u(t, z1(t) £
0)] are sufficiently small. Then on x = xi(t) (the kth small amplitude shock
or the kth small amplitude contact discontinuily) we have

k n
b =07+ _0(la®—a*V)of+> "o(a® —a* D )or+0(|6%?) (i # k)

(3

j=1 J=Fk
(7.2.23)
and
k n
wy =wf+ 30 0(a® — ¢V + 3 0(a® — iV,
m=1 m=k
+ > Ot w, + > 0(jo*w,, (i # k), (7.2.24)

m=1 m=1
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+ _ (A:I: Ai)T

where ¥ 07, ..., 05)" . Moreover, if x = xi(t) is the kth contact discon-

tinuity, the summation in (7.2.24) is only for m # k.

Proof. By Lemma 7.2.1, it is easy to get (7.2.23).
We now prove (7.2.24).
Differentiating (7.2.16) with respect to ¢ gives

" k ~4 n P
dv; 0G; d'Uj 0G; dl}j
— = —_— —_— , =1,...,k—1). 2.2
dt c—~ 9pt dt + L~ 9 dt (=1 k=1) (7:225)
Jj=1 J j=k J

Noting (7.2.4) and (7.2.18), it easily follows from (7.2.19) that on
x = x(t),

dof oo ouf
T

+ ) (s = An@)r @H VL) (uh = a)wh, Vi, (7.2.26)

where
s = (u",uh). (7.2.27)
Similarly, we have
do;  0; 00, — (s — Aa(um))wr

at ot ox
D (s = A () (W) V(™) (w = a* " Dywo Vi (7.2.28)
m=1

Then, noting (7.1.2) and (7.1.10)—(7.1.11), we get

k
o 0G; s — A 0G; s — Aj(u™) _
wz‘_z§;-3_ (u~- +ZaA— Zu)wj

= 00
£ 1‘_17(%_*; A i
+ Zn: %Gﬁﬂ(u— —a* N, (i=1,...,k—1), (7.2.29)
m=1 v
where
k
Gh) =rh (™) %wxuw (7.2.30)
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n

G =rh) Y 0 Vij(u™) = Vi(u™) | . (7.2.31)

m A—
P (%j

Hence, noting (7.2.21) and (7.2.22), it is easy to get

k n
wo = wt + Z o(ja™® — =yt + Z o(ja® — a* =D
m=k

m=1
n

+ f: O([o=Nwy, + YO0 hwy, (i=1,....k—1). (7.2.32)

m=1

_

m=

Moreover, noting (7.1.11), if = x(¢) is the kth contact discontinuity, the
summation in (7.2.32) is only for m # k.
Similarly, we have

k n
w; =w + Y O([a®) —a* Dt + > o(a® — a* Y w,,
m=1 m=k
+ oo wi, + > 0o hwy, (i=k+1,...,n), (7.2.33)
m=1 m=1

and if & = 24(t) is the kth contact discontinuity, the summation in (7.2.33)
is only for m # k.
The combination of (7.2.32) and (7.2.33) gives (7.2.24).

7.3 Proof of Main Results

In what follows, we always assume that 6 > 0 is suitably small.

By the existence and uniqueness of the local piecewise C' solution to
the generalized Riemann problem (see [72]), there exists Tp > 0 so small
that the generalized Riemann problem (7.1.1) and (7.1.4) admits a unique
piecewise C'! solution u = wu(t,x) containing n small amplitude waves z =
xr(t) (k =1,...,n) (shocks corresponding to GN characteristics and contact
discontinuities corresponding to LD characteristics) on the domain R(Tp) =
{(t,z)|0 <t < Tp,—00 < & < +00}:

uO(t,z), (t,z) € Ro(Tp),
u=u(t,z) = qul(t,z), (tz)eR(Ty) (=1,...,n-1), (7.3.1)
u™(t,z), (t,x) € R,(Tp),
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where

Ro(To) = {(t,2)[0 <t <Tp, x <x1(t)},
RuTy) = {(£,2)|0 <t < To, m(t) <2 < a1 (®)} (=1,...,n—1),

and
R, (To) = {(t,2)]|0 <t < Ty, = > x,(t)}.

This solution possesses a structure similar to the self-similar solution
u = U(x/t) of the corresponding Riemann problem (7.1.1) and (7.1.7),

namely,
uD(0,0) =0V (1=0,1,...,n) (7.3.2)

and .
2. (0) =X (k=1,...,n). (7.3.3)

In order to prove Theorem 7.1.1, it suffices to establish a uniform a priori
estimate on the piecewise C' norm of u on any given existence domain of the
piecewise C! solution u = u(t, z).

Without loss of generality, we suppose that

[ (0)], Jur(0)] < 1. (7.3.4)

Noting (7.1.2), we have

A1(0) < A2(0) < -+ < A (0). (7.3.5)
Then there exist positive constants  and Jy so small that

Xiv1(u) — Ni(u') > 469, V|u|,|u'|<§ (i=1,...,n—1), (7.3.6)

and 5
I\ (u) — X ()] < 50 Viu,[W'| <8 (i=1,...,n). (7.3.7)

Without loss of generality, we may suppose that
Ai(0) >0 (i=1,...,n). (7.3.8)
For the time being we suppose that on any given existence domain R(T") =
{(t,2)]0 <t <T,—0c0 < & < +oo} of the piecewise C! solution u = u(t,z
to the generalized Riemann problem (7.1.1) and (7.1.4), we have
W (t,2)| <6, V(t,z)e R(T) (1=0,1,...,n), (7.3.9)
where

Ro(T) = {(t,2)[0 <t < T, = < 21 ()}, (7.3.10)
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R(T)={(t,2)[0 <t <T, ;(t) <z <z1(t)} (I=1,...,n—1),
(7.3.11)

Ro(T) = {(t,2)[0 <t < T, &> an(t)), (7.3.12)

where x = x4(t) is the kth wave (k = 1,...,n). At the end of the proof of
Lemma 7.3.3, we will explain that this hypothesis is reasonable.

Let I and J be the sets of indices such that 7 UJ = {1,...,n} and, when
i €I, \i(u) is LD, whereas, when i € J, \;(u) is GN.

Let

(LO)|0<t<T, > an(t)) ifn e,
{ , )| x> a,(t)}ifn e (7.3.13)

)0 <t <T, x> (A(0)+ o)t} if n eI,
DT = {(t,x)[0 <t < T, z < —t}, (7.3.14)

)0 <t <T, —t<ax<xz(t)}ifle ], (7.3.15)
T {t2)0<t<T, —t <x< (A (0)=8)t}tif 1€l o
T={t,2)0<t<T,—o0 <z <+oo}\(DLUDTUD]), (7.3.16)

and, for k=1,...,n

DT {t,0)|0 <t <T, v =uax(t)} if k € J,
P 2)[0 << T, (AR(0) = 80)t < & < (A(0) + So)t} if k€ 1.

(7.3.17)
Obviously,
| bic D" (7.3.18)
k=1
It is easy to see that
DT U D! C Ry(T) (7.3.19)
and
DT uUDy =Ry(T) iff 1€, (7.3.20)
DT C R, (T), (7.3.21)
and
DY =R,(T) iff neJ (7.3.22)

On any given existence domain

{(t,2)|0 <t <T,—00 <z < 400} = D" UDTUDT UDJ = | JR(T)
1=0
(7.3.23)
of the piecewise C! solution u = u(t, r) to the generalized Riemann problem
(7.1.1) and (7.1.4), let
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@ =", 6®), w® =@ w®) (1=0,1,...,n),

(7.3.24)
WDT) = max sup {(1+a)" ™ (ta)[}, (7.3.25)
=1 (4,2)eDT
W(DT) = max sup {(1+ |z))" w2}, (7.3.26)
=L 4 )eDT
W(DLI) = max sup {(146)" ¢t 2)[}, (7.3.27)
i=1,. n(t T)EDT
W(fo(T): max | max sup {(1—|—t)1+“\w (t,x)]},
Leom=0,1,.m (4 4 e (DT\DT )R (T)
(7.3.28)
Wl( )—maxmax{sup/ |wz D (t,x |dt—|—sup/ |w (t,x |dt}
(7.3.29)

where c; denotes any given jth characteristic on DT,

z;(t) - (Ai(0)+60)t
Wi(T) = max sup / 1wt )| da +/ lw'(t, z)|da b,
(

el 0<t<T i (0)—60)t @i (t)
(7.3.30)
n
= Z lu (¢, z) — @(l)HLw(R,(T)), (7.3.31)
=0
T) = |[0D(t,2)l o (ry(1)» (7.3.32)
and .
Woo(T) = Y | (t, )| L (r, 1)) (7.3.33)
1=0
Lemma 7.3.1 Let
M={tz2)0<t<T, g1(t) <z < go(t)} (7.3.34)

be any given existence domain of the solution u = u(t,z) (in the classical
sense) to system (7.1.1), in which

[u(t, )] <6, V(t,z)e M, (7.3.35)

gz(o) =0 (Z - 172)7 gl(t) < 92(75)’ vt € (O,T], gll(o) < 9/2(0)7 and
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1)
i) — gi(0)| < 5, Ve 0.T) (i=1.2). (7.3.36)

Suppose that
|g:(0) — M\e(u(0,0))] > 260 (i =1,2), (7.3.37)

which, noting (7.3.7) and (7.3.36), implies that the kth characteristic passing
through the origin O(0,0) never enters the domain (7.3.34). Moreover, let
ek € =& (1) (0 <7 < t) be the kth characteristic passing through any given
point (t,x) € M and (ty,xy) be the intersection point of ci with the boundary
of M. Then there exists a positive constant ny independent of t and x such
that

tr > nMit. (7.3.38)

Proof. Without loss of generality, we assume that
Ae(u(0,0)) < g1(0) < g5(0). (7.3.39)

Then, noting (7.3.7) and (7.3.36), we have

(0~ 3) - (w0 + % ) 0l -t -

t— 1t - t— 1t —t—1t

0
< M (u(0,0)) + 5

then
(0= 3) = (50 + 3 ) < (wtw0.0) + 3 ) 0= 0.

Thus, noting (7.3.37) and (7.3.39), we get (7.3.38) immediately (cf. [73]).

In the present situation, similarly to Lemma 6.1.1 (also see the correspond-
ing result in [57] and [76]), we have

Lemma 7.3.2 Under the assumptions of Theorem 7.1.1, there exists 8y > 0
so small that for any fized 0 € (0,6q], on any given existence domain 0 <
t < T of the piecewise C' solution u = u(t,z) to the generalized Riemann
problem (7.1.1) and (7.1.4), we have the following uniform a priori estimate:

W(DY), W(D§) < k6. (7.3.40)

Here and henceforth, k; (i = 1,2,...) denote positive constants independent

of @ and T

Lemma 7.3.3 Under the assumptions of Theorem 7.1.1, there exists 0y > 0
so small that for any fired 0 € (0,6p], on any given existence domain
0 <t < T of the piecewise C'* solution u = u(t, x) to the generalized Riemann
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problem (7.1.1) and (7.1.4), we have the following uniform a priori estimates:

WE(T) < ks, (7.3.41)
WA (T), Wi(T) < k30, (7.3.42)

and
Vo (T) < k4. (7.3.43)

Proof. We first estimate W< (7).

For any given i € {1,...,n}, passing through any fixed point (t,z) €
(DT\DIYN R/(T) (I = 0,1,...,n), we draw the ith characteristic ¢;: £ =
&(r) (0 < 7 < t), which, noting (7.1.10) and (7.1.11), must intersect the
boundary of DT at a point (t;0,2;0). Without loss of generality, we assume
that if [ > 4, then i < n and (t;0,2i0) lies on the right boundary of DI
(ifnel)oronz=ux,(t) (if n € J). Integrating (7.2.9) along ¢; from ;o to
t yields

(l)(t T)= 5" 1 (tios io) Z U/zk+/ u(l))wﬁl)w%)(T,gi(T))dT
= ”Jrljm—l
ik—1 ™
+ Z / ST i @)Dk (7 g () dr i ned
k=142 jm=1
(7.3.44)
and
l = ¢
wi(t, @) =w{(tio, :0) - wmm/ z)mm<lwuwv¢<»f
k=1+1 tif jm=1
n tik—1 n
*-Eiu/ > Aigm D)l w0 (7 (7)) dr
k=1+2"tik jm=1

+/ Z Yigm (W) wl (7, €;(r))dr if n € I, (7.3.45)

tio jm=1

where o

fwilie = w0l (b, wn(tin)) = wf ™ (b, wntin)), (7.3.46)
in which (¢;x, 2k (t;x)) stands for the intersection point of ¢; with the kth wave
x=uz(t) (k=1,...,n); moreover, when n € J, t;g = t;p.

When n € J, notlng (7.1.10), (7.3.7)7 and (7.3.9), we easily see that

(An(()) - %0) tio < Tio < (An(o) + %) tio- (7.3.47)
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By Lemma 7.2.2, we have

w" Y (ti0, 2i0) = w" (o, Tio) + Z O(Ja™ — "=V Nw (tio, zio)

m=1
+0(Jal “Nw Y (to, Iz‘o)
+ ) 00wl (tio, wio) + Z O([0* 1w (tio, wi0)-
m=1 m=1

(7.3.48)

Then, noting (7.3.47) and using Lemma 7.3.2, we get

(L4 2i0) 1 w" ™ (b0, 200)] < C{W (DL +( + Voo 1) (WE (T)+W (D))}
< OO+ Vio(T)) + (0 + Vao T)WE(T)).
(7.3.49)

Here and henceforth, C' denotes different positive constants independent
of @ and T'. Similarly, using Lemmas 7.2.2 and 7.3.1, noting (7.1.10), and
noting that g is suitably small, it is easy to see that

n—1

> fwilk

k=141

(14t)tm < C(n+ Voo (T)WE(T). (7.3.50)

Then, by Lemmas 7.3.1 and 7.3.2 and noting (7.2.11), it follows from
(7.3.44) that

L+ 0wl (1)
< CLO(1 + Vie (1) + (0 + Voo T))WE(T) + (W (T))* + WE(T)Wi(T)}.
(7.3.51)
When n € I, by the definition of DI instead of (7.3.47) we have

Then, in a completely similar manner, from (7.3.45) we still get (7.3.51).
Thus, noting that 1 > 0 is suitably small, we have

WE(T) < CLO(1 + Vio(T)) + Vo (T)WES(T) + (WS (T))? + WS (T)WA(T)}.
(7.3.53)

Next, we estimate W, (T') and W1 (T).

For i € I, passing through any fixed point A € DI N R;(T), we draw the
jth characteristic ¢;: € = &;(7) (j > 1), which intersects z = (\;(0) + do)t or
the straight line t = T at a point B and, in the meantime, intersects the ith
contact discontinuity x = z;(t) at a point C.
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When B lies on the straight line = (A;(0) + )¢, by (7.2.13) and using
Stokes’ formula on the domain BC'O, we have

[ 05w = xw) e 0)lar
= / ™ (A (0) + 8o — A (uD)) (2, (Ai(0) + 6o)t)|dt
OB

> D (W wli) (¢, 2) | dtda (7.3.54)

j,m=1

+
BCO

Then, noting (7.2.15) and (7.3.6), it is easy to get
/ lw (t,(t))|dt < CIWE(T) + (WE(T))? + W (T)Wi(T)}. (7.3.55)

On the other hand, when B lies on the straight line t = T, passing through
B, we draw the ith characteristic, which intersects z = (\;(0) + dp)t at a
point E. Using Stokes’ formula on the domain BCOE, we still have (7.3.55).
Moreover, (7.3.55) also holds for j < 4. Similarly, we have

/ ™V (¢, (1) |dt < C{WS(T) +(WE(T))? + WS (T)Wi(T)}. (7.3.56)

Then we get
W1(T) < C{WE(T) + (WE(T))? + WS (T)Wi(T)}. (7.3.57)
Similarly, we have
Wi(T) < C{WE(T) + (WS (T))* + WS (T)Wy(T)}. (7.3.58)
Finally, we estimate V. (T).
For ¢ = 1,...,n, passing through any given point (t,z) € Ry(T) (I =
0,1,...,n), we draw the ith characteristic ¢;: £ = &(7) (0 < 7 < t), which

intersects the z-axis at a point (0, x;). Integrating (7.2.6) along ¢; from 0 to
t gives

l
()(t J,‘) = ’U O -13;0 + Z 'Uz k +/ Z ﬁzgm l) (l)(Ta 52(7—))d7—
k=1

Lit jm=1
+Z/
]m 1

/Ll zn: Bijm (@®)o'wO (r, &i(r))dr ifi>1  (7.3.59)

j,m=1

ik+1 "

i ()P (v, €4(7))dr
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where A -
0]k = 8 (ti, i (tin)) — 07 (ti 2 (tir)), (7.3.61)

in which (¢;%, 2% (¢)) stands for the intersection point of ¢; with the kth wave
r=uxi(t) (k=1,...,n).
Noting (7.1.12) and (7.3.9), by (7.2.1), we have

1600, 2:0),  [6(0,250)| <CO (i =1,...,n). (7.3.62)

By Lemma 7.2.2, we have
[0i]k] < C{nVeo(T) + (Voo (1))} (i # K). (7.3.63)
Then, noting (7.2.8) and using Lemma 7.3.2, it follows from (7.3.59)—

(7.3.60) that for i = 1,...,n and for any given (¢,z) € R)(T) (1=0,1,...,n),
we have

167 (¢, 2)| < C{O + Voo (T) (5 + Vo (T) + WE(T) + WA (T)
+W(DL) +W(Dg))}
< C{O 4 Voo (T) (1 + 0 + Vao (T) + WE(T) + W1 (T))}.  (7.3.64)

Then we get
Voo (T) < C{8 + Vi (T) (Voo (T) + WE(T) + W1 (T))}. (7.3.65)

It is easy to see that the combination of (7.3.53), (7.3.57)—(7.3.58), and
(7.3.65) gives (7.3.41)—(7.3.43). Then, noting (7.2.3), we have

U (T) < €9, (7.3.66)

which means that hypothesis (7.3.9) is reasonable.

Lemma 7.3.4 Under the assumptions of Theorem 7.1.1, there exists 0y > 0
so small that for any fized 6 € (0,60p], on any given existence domain 0 <
t < T of the piecewise C' solution u = u(t,x) to the generalized Riemann



7.3 Proof of Main Results 167
problem (7.1.1) and (7.1.4), we have the following uniform a priori estimate:

Weo(T) < 150, (7.3.67)

Proof. For i = 1,...,n and for any given point (t,2) € R)(T) (I =
0,1,...,n), we distinguish the following two cases:
i. ieJ.
By Lemmas 7.3.2 and 7.3.3, it is easy to see that
i (t,2)] < C{W(DL) + W(DJ) + WE(T)} <CO (I =0,1,...,n).
(7.3.68)
ii. iel.
When (t,7) € R(T)\DI (I=0,1,...,n), similarly to (7.3.68), we have

i (¢, )| < C{W (DL) + W(DF) + We,(T)} C8 (1=0,1,...,n),
(7.3.69)

whereas, when (¢, z) € DT, passing through (¢, ), we draw the ith character-
istic ¢;: € = &(7) (0 < 7 <), which intersects the z-axis at a point (0, z;p).
Integrating (7.2.9) along ¢; from 0 to ¢, we get

e ()
7—1

:w£0’<o,xio>+2wzk+/ Z Yo (WD) DD (7, & (7)) dr
k=1

tiyi—1 jm=1
+Z/ > g @) wd (7, &(r))dr

ik j,m=1

i,k4+1

it ™
/ Z Yijm (U ul®) (-O)wf,?) (,&(7))dr if (t,2) € DT N R;_1(T)

J,m=1
(7.3.70)
and
wi(t,z) = wi™ (0, 210) = Y [wilk + / S Yim @ )ww (7, €;(7))dr
k= z+1 ti, vitlgim=1
tzk 1
Ly / 5™ g (D)ol 7))
k=i+2 J,m=1

/ 3 W) 5, (7)) i (,5) € DT A RA(T),

7,m=1

(7.3.71)
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where [w;]y, is given by (7.3.46) and ¢;;, is the same as in (7.3.46). Then, since
Ai(u) (i € I) is LD, noting (7.1.12) and (7.2.11)—(7.2.12) and using Lemma
7.2.2, it is easy to get

Y (t,2)], [l (t,2)] < C{0 + Vo (T)(WE(T) + W(DT) + W(DE))
+ (W(DD)? + (W(DI))? + (W (T))?
+ WS (T)Wa(T)}, V(t,z)e DF.  (7.3.72)

Hence, by Lemmas 7.3.2 and 7.3.3, we have
WV (¢, 2)|, [w(t,2)| < CO{L+ Wa(T)}, V(t,z) € DT.  (7.3.73)
The combination of (7.3.68)—(7.3.69) and (7.3.73) gives
Wae(T) < CO{1 + Woo (T)}, (7.3.74)
which implies (7.3.67).

From Lemmas 7.3.3 and 7.3.4 and noting (7.2.3)—(7.2.4), (7.2.18), system
(7.1.1), and (7.3.2)—(7.3.3), we immediately get Theorem 7.1.1.

In order to prove Theorem 7.1.2, we take p = 0 in (7.3.25)—(7.3.28) and
let

V(DT) = max sup {(1+=)[8\"(t )}, (7.3.75)
i=1,...,n T
(t,I)ED+
V(DT) = max sup {(1+]a])[o{" (t,2)]}, (7.3.76)
1=1,..., n(t,x)EDT
V(DY) = max sup {(1+1)[0\”(t,2)[}, (7.3.77)
i=1,...,n T
ot (ta)eDE
VE(T) = max max sup {1+ 0Pt 2)}. (7.3.78)

i=1,...,n1=0,1,....n (t,z)E(DT\DiT)ﬂRL(T)

Similarly to Lemmas 7.3.2 and 7.3.3, we have

Lemma 7.3.5 Under the assumptions of Theorem 7.1.2, there exists 8y > 0
so small that for any fized 0 € (0,00], on any given existence domain 0 <
t < T of the piecewise C' solution u = u(t,z) to the generalized Riemann
problem (7.1.1) and (7.1.4), we have the following uniform a priori estimate:

V(D), V(Dg), W(DL), W(D{) < rgb. (7.3.79)

Lemma 7.3.6 Under the assumptions of Theorem 7.1.2, there exists 0y > 0
so small that for any fized 6 € (0,6p], on any given existence domain 0 <
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t < T of the piecewise C' solution u = u(t,z) to the generalized Riemann
problem (7.1.1) and (7.1.4), we have the following uniform a priori estimate:

Ve (T), W (T) < k70 (7.3.80)

Using Lemmas 7.3.5 and 7.3.6 and noting

lz| > Ct on DL, (7.3.81)
we have
co
|’Oz(l)(t7x)‘7 ‘wfl)(tax)|<m7 v(tax)eRl (Z:Lany l:O,l,,n)
(7.3.82)
Then, noting (7.2.3)—(7.2.4) and system (7.1.1), we get (7.1.28) and

(7.1.29).
By (7.2.18) in Lemma 7.2.1, we have

dry(t)
dt

= Ne(uF V(2 (), Pt 2(0) (k=1,...,n). (7.3.83)

Then, noting A\, = M(a* D, a®)) (k = 1,...,n) and (7.1.28), we
obtain (7.1.30).
Thus, we finish the proof of Theorem 7.1.2.

7.4 Applications

7.4.1 System of Traffic Flow

For the system of traffic flow (cf. Section 1.3.2)

(7.4.1)

Otp + 0. (pv) = 0,
I(p(v +p(p))) + 0z (pv(v + p(p))) =0,

where p(> 0) and v are the density and velocity of cars at point 2 and time
t, respectively, and

p(p) =p” (7> 0is a constant), (7.4.2)

we consider the generalized Riemann problem with the initial data

t=20:

(p7 1}) _ {(/N)O + pl(x)ago + 'Ul(x))v <0, (743)

| (Bo + pr(2),To + ve(2)), x>0,
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where pp > 0 and vy are constants, p;(x), pr(x), vi(z), and v,.(x) € C1,
lor(0) — p1(0)] + |v-(0) — v;(0)] >0 (7.4.4)

is suitably small, and

0 sup{(1 + 1) (@) = (0)] + (@) = w(O)] +1pi(@)] + o} ()}

Fsup{(l+ 2)'(|pr(x) = pr(0)| + o (2) = vr (0)] + 7 ()] + vy ())}

< +o00. (7.4.5)

Let
U= (p,v)T. (7.4.6)

It is easy to see that for p > 0, (7.4.1) is a strictly hyperbolic system with
the following two distinct real eigenvalues:

M(U) =v—pp(p) < X(U) =, (7.4.7)

in which A, (U) is GN and A\ (U) is LD.
Let
U = (u,u2)" % (p.plv +p(p))" (7.4.8)
System (7.4.1) can be rewritten in the form of (7.1.1) and the correspond-
ing initial data satisfy the decaying property (7.1.12).
By Theorem 7.1.1 and Remark 7.1.3, we have

Theorem 7.4.1 Suppose that the corresponding Riemann problem for sys-
tem (7.4.1) with the initial data

P 0), v 0 <0
t=0: (p,v) = (fo+pl( )’zﬁ)_‘_vl( ), =0, (7.4.9)
(pO =+ pr(0)7 vy + UT(O))a x> 07
admits a unique self-similar solution U = Uy(x/t) containing one

nondegenerate shock (corresponding to the left characteristic) and one con-
tact discontinuity (corresponding to the right characteristic) with small
amplitude. Then there exists 0y > 0 so small that for any fized 6 € (0,00],
the generalized Riemann problem (7.4.1) and (7.4.3) admits a unique global
piecewise C' solution U = U(t,x) on t > 0, containing one nondegen-
erate shock (corresponding to the left characteristic) and one contact dis-
continuity (corresponding to the right characteristic) with small amplitude.
This solution possesses a global structure similar to that of the self-similar
solution U = Uy(x/t). Moreover, the contact discontinuity degenerates into a
weak discontinuity, if the contact discontinuity disappears in the self-similar
solution U = Uy(z/t).
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7.4.2 System of One-Dimensional Gas Dynamics

For the system of one-dimensional gas dynamics in Lagrangian rep-
resentation (see [22], [72], [76], and [87])

Ot — 0z (pu) =0,
Oy + Opp = 0, (7.4.10)
d(e + 2u?) + 8, (pu) =0,

where 7(> 0) is the specific volume, u the velocity, p the pressure, e(> 0) the
internal energy, and

p=p(t,5) (7.4.11)
with
pr(7,8) <0, V7r>0, (7.4.12)
in which S is the entropy:
S = S(r,e), (7.4.13)

we consider the generalized Riemann problem with the initial data

t=0:

(ru,e) = {(%O+Tl(x),ao+ul(x),ao+el(x)), 70y

) Fo + (@), o + ur(x), & + e (x), >0,

where 7y > 0, €y > 0, and g are constants, 7;(z), 7.(x), w(x), u.(x), e;(z),
and e,.(z) € C1, satisfying the decaying property as shown in (7.1.12), and

|7,-(0) — 71(0)] + |u-(0) — w;(0)] + |e-(0) — €,(0)] > 0 (7.4.15)
is suitably small.
Let
U=(r,ue)l. (7.4.16)

It is easy to see that under hypothesis (7.4.12), (7.4.10) is a strictly hy-
perbolic system with the following three distinct real eigenvalues:

)\1(U) = —vV-—pr < )\Q(U) =0< )\3(U) =+ —Dr. (7417)
A2(U) is LD, and if N
p-,—-,—(?(), S()) 7é O7 (7418)
in which
So = S(7, ¢0), (7.4.19)

then A1 (U) and A3(U) are GN in a neighbourhood of U = Us def. (To, Uo, €0) L.
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By Theorem 7.1.1 and Remark 7.1.3, we have

Theorem 7.4.2 Suppose that the corresponding Riemann problem for sys-
tem (7.4.10) with the initial data

(70 + 71(0), o + u1(0), €0 + €(0)), <0,

’ 7.4.20
(7o + 7-(0), Uy + u,-(0), €0 + €,-(0)), x>0, ( )

t=0: (T,u,e){

admits a unique self-similar solution U = Uy(x/t) containing two nondegen-
erate

shocks (corresponding to the first and third characteristics) and one contact
discontinuity (corresponding to the second characteristic) with small ampli-
tude. Then there exists 0y > 0 so small that for any fized 6 € (0, 6], the gener-
alized Riemann problem (7.4.10) and (7.4.14) admits a unique global piecewise
C*' solution U = U(t,x) on t > 0, which contains two nondegenerate shocks
(corresponding to the first and the third characteristics) and one contact
discontinuity (corresponding to the second characteristic) with small ampli-
tude. This solution possesses a global structure similar to that of the self-
similar solution U = Up(x/t). Moreover, the contact discontinuity degener-
ates into a weak discontinuity if the contact discontinuity disppears in the
self-similar solution U = Uy(x/t).

7.4.3 System of Plane Elastic Waves for Hyperelastic
Material

We now consider the time-dependent deformation of an elastic medium from
the natural state, in which the position vector of a particle is denoted by
X = (X1, X5, X3)T. At time ¢, the same particle has a position vector Y =
Y(t,X) = (Y1,Ys,Y3)T. For homogeneous hyperelastic materials, there
exists a stored energy function W = W (p), where

= (pix) = 9Y;
P = pir) = X,
is the strain tensor.

For Ciarlet—-Geymonat material (see [20]), the stored energy function is
given by

W(p) = alpl|” + b]|Cof p||* + I'(det p) +e, (7.4.21)
where a, b are positive constants, e is a real number, and
Ipll = (t2(p"p))?, Cof p=detp-(p~")", I'(0) = 2 — dlogs, ¥ >0,

(7.4.22)
in which ¢ and d are two positive constants.
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By [54] or [58] we know that for this kind of material, the system of
plane elastic waves can be written as

U afU)

— = 4.2
ot Ox 0. (7.4.23)
where U = (uy,...,ug)T and
0o I
Vf{U) = <—V”(u) 0 ) ) (7.4.24)
where [ is the 3 x 3 unit matrix,
V" (u) = 2(a + b)I +[2(b+ ¢) + d(1 + wu) Hw’ w, (7.4.25)

in which v = (u1,u2,u3)T, and w is a three-dimensional constant vector with
lw| = 1.

It is easy to see that (7.4.23) is a hyperbolic system with the following six
real eigenvalues:

MU) ==X, X(U) =X3(U) = =Xg, M(U) =A5(U) = Ao, X6(U) = A,
(7.4.26)
where

A=12(a+0b)+2(b+c)+d(1+wu)"2, X =+2(a+b). (7.4.27)

Moreover, the simple characteristics A1 (U) and Ag(U) are GN, whereas,
Ai(U) (i =2,...,5) are LD characteristics with constant multiplicity 2.

We counsider the generalized Riemann problem for system (7.4.23) with the
following initial data:

<
T L G (7.4.28)
U-(z), x>0,

where U;(z) and U,.(x) are two given C'! vector functions satisfying the decay
property as shown in (7.1.12) and

U.(0) — U;(0)] > 0 (7.4.29)

is suitably small.
By Theorem 7.1.1 and Remarks 7.1.3 and 7.1.4, we have

Theorem 7.4.3 Suppose that the corresponding Riemann problem for sys-
tem (7.4.23) with the initial data

<
t=0: U= {Ul(o)’ z<0, (7.4.30)
X
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admits a unique self-similar solution U = Uy(z/t) containing two nonde-
generate shocks (corresponding to the leftmost and rightmost characteristics)
and two contact discontinuities [corresponding to the second (or third) char-
acteristic and the fourth (or fifth) characteristic] with small amplitude. Then
there exists 0y > 0 so small that for any fized 6 € (0,0], the generalized
Riemann problem (7.4.23) and (7.4.28) admits a unique global piecewise C!
solution U = U(t,x) on t > 0, which contains two nondegenerate shocks
(corresponding to the leftmost and rightmost characteristics) and two contact
discontinuities [corresponding to the second (or third) characteristic and the
forth (or fifth) characteristic] with small amplitude. This solution possesses
a global structure similar to that of the self-similar solution U = Uy(z/t).
Moreover, if a contact discontinuity disappears in the self-similar solution
U = Uy(x/t), then the corresponding contact discontinuity degenerates into
a weak discontinuity.



Chapter VIII

Generalized Nonlinear
Initial-Boundary Riemann Problem

8.1 Introduction and Main Results

In hydrodynamics one often meets the mixed initial-boundary value problem
for first-order quasilinear hyperbolic system of conservation laws. In certain
situations, for example, the piston problem, the conditions of CY compatibil-
ity may fail at the corner where the initial axis meets the boundary (see [22],
[26], [50], and [84]). Moreover, one also uses this kind of problem in numerical
analysis (see [88] and [94]).

The aim of this chapter is to discuss this kind of problem in the general
case with nonlinear boundary conditions.

First, we consider the following nonlinear initial-boundary Riemann
problem with constant initial data:

ou  Of(u)
54— oz =0, t>0, z>0,
t=0: u=uy, x>0, (8.1.1)
x=0: vy =Gs(v1,...,0) (s=m+1,...,n), t>0,
where u = (ug,...,un)?, f(u) = (fi(u),..., fu(u)? is a given C® vector
function of u, such that V f(u) has n real eigenvalues:

Ar(u), .o Am(u) <0< Apga(u) < -+ < Ap(u) (8.1.2)
and a complete set of left (resp. right) eigenvectors lj(u),..., L, (u) [resp.
ri(u),...,rn(u)], uy is a constant vector,

v =lL(wu (Gi=1,...,n), (8.1.3)

and G4(+) € C' (s =m+1,...,n). However, the conditions of C° compati-
bility at the point (¢,2) = (0,0),

+ _ + + _
vy =Gs(v], . o) (s=m+1,...,n), (8.1.4)
Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 175
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fail, in which
v =Li(up)uy (i=1,...,n). (8.1.5)

All A\;(w), li(u), and r;(u) (i = 1,...,n) are supposed to have the same
regularity as V f(u), and, without loss of generality, we assume that on the
domain under consideration,

li(u)rj(u) = (Sij (Z,] = 1,...,77,), (816)

where 0;; stands for Kronecker’s delta.

Suppose that on the domain under consideration, each positive eigenvalue
As(u) (s € {m+1,...,n}) is either genuinely nonlinear (GN): Without loss of
generality,

Vs(u)rs(u) =1, Vu, (8.1.7)

or linearly degenerate (LD):
Vs(u)rs(u) =0, Vu. (8.1.8)

For the nonlinear initial-boundary Riemann problem (8.1.1), we have

Theorem 8.1.1 Suppose that (8.1.2) holds and each positive eigenvalue is
either GN or LD. If |uy| and v — Gs(vf,...,vf)| (s=m+1,...,n) are
suitably small, then the nonlinear initial-boundary Riemann problem (8.1.1)
admits a unique small amplitude self-similar solution w = U(xz/t). This so-
lution is composed of n —m + 1 constant states 4" (i = m,...,n), with
W) = uy and n —m elementary waves with small amplitude (shocks or
centered rarefaction waves corresponding to GN characteristics, contact dis-
continuities corresponding to LD characteristics).

Remark 8.1.1 The result of Theorem 8.1.1 can be found in [67].
Remark 8.1.2 Ifuy is suitably small and

Gy(0,...,0)=0 (s=m+1,...,n), (8.1.9)
then [vF — G(vi,...,vE)| (s =m+1,...,n) must be suitably small.

Remark 8.1.3 If there are positive characteristics with constant multiplic-
ity p (> 1), a similar result holds as in Theorem 8.1.1.

Remark 8.1.4 Theorem 8.1.1 generalizes Theorem 2.2 with the special
boundary conditions in [26].
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We next investigate the following generalized nonlinear initial-
boundary Riemann problem:

ot ox
t=0: u=u.(x), x>0,

Qu I _ oy s w0,

x=0: vy =Gs(as(t),v1,...,0m)+hs(t) (s=m+1,....,n), t>0,
(8.1.10)
where f(-) € C3, u.(-), as(-), hs(-), and G4(-) € Ct (s = m +1,...,n).
Moreover, without loss of generality, we assume that

Gs(as(t),0,...,0) =0 (s=m+1,...,n). (8.1.11)
However, we assume that at the point (¢,2) = (0,0), the conditions of C°
compatibility fail.

In order to construct the globally defined piecewise C'! solution to problem

(8.1.10), we give the following hypotheses:

(H1) 1 |un(0)] + |a(0)] + |h(0)| > 0 is suitably small, where

a(t) = (mpi(t), o an(®), h(t) = (hpsi(t),- .., halt)), VE> 0.

(H2) There is a constant g > 0 such that

def.

0 S sup{(1 4 2)" (s (x) = e (0)] + [u )}
+sup{(1+ )4 (Ja(®) — a(0)] + o (5)] + |h() ~ hO)| + W (D))
<+ 0. (8.1.12)

(H3) The corresponding nonlinear initial-boundary Riemann problem

Ou Of(u)
EJF o =0, t>0, z>0,

t=0: u=u.(0), z>0,
x=0: vy =Gs(as(0),v1,...,0m) + hs(0)

G, om) (s=m+41,...,n), t>0,

(8.1.13)

admits a unique self-similar solution v = U(a/t) composed of n —m + 1
constant states a(™, ..., 41 4™ = 4, (0), and n — m small amplitude
elementary waves © = At (k = m +1,...,n) (nondegenerate shocks corre-
sponding to GN characteristics and contact discontinuities corresponding to
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LD characteristics):

(™), 0<2 < Angit,
uzU(%)z o, 5\lt§x§5\l+1t (l=m+1,...,n—1),
), >\t

(8.1.14)
For the generalized nonlinear initial-boundary Riemann problem (8.1.10),
our main result is

Theorem 8.1.2 Suppose that (8.1.2) holds and each positive characteristic
is either GN or LD. Under assumptions (Hy)—(Hs), there exists 0y > 0 so
small that for any given 6 € (0, 0], the generalized nonlinear initial-boundary
Riemann problem (8.1.10) admits a unique global piecewise C solution

u™(t,x), 0<x < ap(t),
u=u(t,r) = uW(t,z), xz(t) <z <z1(t) (=m+1,...,n—1),
u(n)(t,a:), T > zp(t),
(8.1.15)
in which, for | = m,...,n, u)(t,z) € C' satisfies the system in (8.1.10)
in the classical sense on the corresponding angular domain. Moreover, for
E=m+1,...,n, u* Dt 2) and u¥)(t,z) are connected to each other by
the kth small amplitude wave x = x(t) with x1(0) = 0 [the kth nondegenerate
shock when A\, (u) is GN or the kth contact discontinuity when A\ (u) is LD].
This solution possesses a global structure similar to that of the self-similar

solution (8.1.14) to the corresponding nonlinear initial-boundary Riemann
problem (8.1.13), namely,

uD(0,0) =0V (I=m,...,n), (8.1.16)
2 (0) =X (k=m+1,...,n), (8.1.17)
wW(t,z) —aV|<CO+n), Ytz)eR (=m,...,n), (8.1.18)

and

25 (1) — M| <CO, t>0 (k=m+1,...,n), (8.1.19)
where C' is a positive constant independent of t, x, 0, and 7.

Thus, we claim that the corresponding small amplitude self-similar solu-
tion u = U(x/t) to the nonlinear initial-boundary Riemann problem (8.1.13)
has global structural stability.

Remark 8.1.5 The corresponding result and proof in [67] have been
improved in Theorem 8.1.2.
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Remark 8.1.6 Suppose that the system in (8.1.10) has some positive char-
acteristics with constant multiplicity. Then similar results hold as in Theo-
rem 8.1.2.

Remark 8.1.7 In (Hs), when some contact discontinuities disappear in
the self-similar solution (8.1.14), we still have Theorem 8.1.2 in which the
corresponding contact discontinuities degenerate to weak discontinuities.

This chapter is organized as follows. In Section 8.2 we give some pre-
liminaries. Then Theorems 8.1.1 and 8.1.2 proved in Sections 8.3 and 8.4,
respectively.

8.2 Preliminaries

Let
@gl) = L) @® —aWy (G=1,....,n; l=m,...,n) (8.2.1)

and
wl(l) =Ll (i=1,....,n; l=m,... n). (8.2.2)

By (8.1.6), we have

u® = a0 4 Z o) (I=m,...,n) (8.2.3)
k=1
and "
W =3 wOr@®) (=m,...,n). (8.2.4)
k=1
Let

d 0 0

denote the directional derivative with respect to t along the ¢th characteristic.
We have (see Chapter 7)

d{}(l) n X ‘
d‘zt = Z ﬂijk(u(l))vj(l)w,(cl) (i=1,....,n; l=m,...,n), (8.2.6)
v j.k=1

where

Bk (V) = e (uW) = N (O (D) (u®D)rg (u?). (8.2.7)



180 VIII Generalized Nonlinear Initial-Boundary Riemann Problem

Hence, we have
Bii(wV) =0, Vi, j (8.2.8)

On the other hand, we have (see Chapter 7)

dw”
Wi Z vijk(u(l))w;l)w,(cl) (i=1,...,n; l=m,...,n), (8.2.9)
k=1

() = S{OG) = Nl i) T () ()
= V() ()83 + (1)}, (8.2.10)

in which (j]k) stands for all terms obtained by changing j and k in the
previous terms. Hence,

Yigg () =0, Vi (8.2.11)
Moreover, if A;(u) is LD, we have
Yiii(u®) = 0. (8.2.12)

Noting (8.2.4) and (8.2.9), we have (see Chapter 7)

d[wil)(das—)\i(u(l))dt)] :ZF’J’“( (l))w( )w( )dt/\dx( Ln; l=m, ... n),
jk=1

where

Tiji(u®) = %(Ag‘(u(”)%k(u(”)) () [V (@) ()= Vs (1) ().

(8.2.14)
Obviously,

Ty () =0, Vi, j. (8.2.15)

8.3 Proof of Theorem 8.1.1

First, we give the following lemma (see [42], [49] and [72]).

Lemma 8.3.1 For any given GN or LD simple characteristic A\i(u) and
any given left (resp. right) state w, the right (resp. left) state @, which can be
connected with u, by a kth elementary wave with small amplitude, forms a
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one-parameter family
u=W(ue), —eg<e<eg (g0>0 suitably small), (8.3.1)
where W is a C' function of €, satisfying
W(u;0) =u (8.3.2)

and AW

E(g; 0) = rp(w). (8.3.3)
Here, when Mg (u) is LD, the kth elementary wave with small amplitude is a
contact discontinuity, whereas, when A\(u) is GN, the kth wave with small

amplitude is a shock or a centered rarefaction wave.

Proof of Theorem 8.1.1. By Lemma 8.3.1, there is a one-parameter fam-
ily of states u(™~" = w(™=Y(u,;e,) which can be connected with the right
state us by an mth elementary wave. Similarly, there is a one-parameter
family of states u(*~2 = 72 (u(*=Y ¢, 1) = u" " (uy;e,,e,_1) which
can be connected with the right state v~ by an (n — 1)st elementary
wave. Repeating this procedure, we obtain a one-parameter family of states
u™ = g () e ) = w™ (uysen,en 1, Emy1), which can be
connected with the right state u(™*1) by an (m 4 1)st elementary wave.
Noting (8.3.2)—(8.3.3), for

u(™ = u(m)(u+; EmsEn—ly -y Emtl)s (8.3.4)
we have
u™ (ug;0,...,0) = ug, (8.3.5)
oul™)
. (us;0,...,0) =ri(uy) (G=m+1,...,n). (8.3.6)

On the other hand, u("™ should satisfy the boundary condition in (8.1.1):

o™ = Gs(vgm), oMY (s=m+1,...,n), (8.3.7)

where
o™ = L™ (i=1,... ). (8.3.8)

Let
Fo(Ug;€maty - en;cs) =™ —Gs(vim), o™y —eg (s=m+1,...,n),
(8.3.9)
where ¢; (s = m+1,...,n) are independent variables. Noting (8.1.6) and

(8.3.5)—(8.3.6), we can easily get

Fo(uys;0,...,0;0F —Go(vf,...,05) =0 (s=m+1,...,n), (83.10)

S r¥m
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and at (g;41,.-,6n
1,...,n), where v;" (

)= (0,...,0) and ¢s = v — Gs(v],...,v}) (s =m +
i=1,...,n) are given by (8.1.5), we have

O(Frst1,.-, Fp)
D Emiroen) # 0, (8.3.11)
provided that |uy| is suitably small. Then when [vi — G4(v],...,v})|
(s =m+1,...,n) are suitably small, by the implicit function theorem and
taking ¢ = 0 (s = m+1,...,n), we uniquely get &,,,11, ..., &, in a neighbour-
hood of (€m41,--.,6n) = (0,...,0) such that (8.3.4) with (€y41,...,6n) =
(Emt1s- - -, En) satisfies (8.3.7). Thus, the nonlinear initial-boundary Riemann
problem (8.1.1) admits a unique self-similar solution with small ampli-
tude, composed of the constant states a(™ = (™) (Ut5€nyEn1y -y Emil),s
amtD) = D) (uy 8 6 a e Ema)s e, 0T = w( D (5 4,), and
4™ = u,. By Lemma 8.3.1, for k = m + 1,...,n, if A\g(u) is GN, o+~
and (%) are connected by a shock or a centered rarefaction wave, whereas if
Ae(u) is LD, a*=Y and 4(®) are connected by a contact discontinuity.

The proof of Theorem 8.1.1 is finished. ([

8.4 Proof of Theorem 8.1.2

First, we show the existence and uniqueness of a local piecewise C! solu-
tion to the generalized nonlinear initial-boundary Riemann problem (8.1.10).
Let

5§k> =L u®  G=1,... nk=m,...,n), (8.4.1)
where @(®) (k = m,...,n) stand for the constant states in the self-similar
solution u = U(z/t) to the nonlinear initial-boundary Riemann problem

(8.1.13). Tt is easy to see that the boundary condition in (8.1.10) can be
equivalently rewritten as

z=0: 3 =Gt 5™, .. 3™) (s=m+1,...,n). (8.4.2)

Then, similarly to the proof of the existence and uniqueness of a local
piecewise C! solution to the generalized Riemann problem (see [72] and
[49]), we obtain that there exists Tp > 0 such that the generalized non-
linear initial-boundary Riemann problem (8.1.10) admits a unique piecewise
C! solution u = u(t,z) on R(Ty) containing n — m small amplitude waves
x = xp(t) with 2,(0) = 0 (k = m + 1,...,n) (nondegenerate shocks cor-
responding to GN characteristics or contact discontinuities corresponding to
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LD characteristics):

u™(t,z), (t,z) € Ry(Typ),
u=u(t,z) = uD(t,x), (t,x) € R(Ty) (I=m+1,...,n—1),

u™(t,x), (t,x) € R,(Ty),
(8.4.3)
where

{(t,x)|0§t§To, 0§x§xm+l(t)} (l:m)v
Ri(Ty) = ¢ {(t,2)[0 <t <Tp, o(t) <x <zp31(t)} (I=m+1,....,n—1),

{(t,2)|0 <t < Ty, x> x,(t)} (I=n),
(8.4.4)
and

R(Ty) = | J Ru(Ty). (8.4.5)
l=m

Moreover, this solution possesses a structure similar to that of the self-
similar solution w = U(x/t) to the corresponding nonlinear initial-boundary
Riemann problem (8.1.13), namely,

u(0,0) =0V (I=m,...,n) (8.4.6)

and R
2,00 =X (k=m+1,...,n). (8.4.7)

In order to obtain the global piecewise C! solution to the generalized
nonlinear initial-boundary Riemann problem (8.1.10), we need to establish
a uniform a priori estimate on the piecewise C! norm of the piecewise C!
solution u = u(t, ) on any given existence domain.

By (8.1.2), there exist small positive constants o and § such that

Xi(u) = \j(u') > 460, Vul,|v'| < (i=m+1,...,n,
j=i—lorj=1,...,m), (8.4.8)
INi(u) — N (u)] < %0, Viul,[/| <§ (i=1,...,n), (8.4.9)

and

For the time being, we assume that on any given existence domain R(T') =
{(t,)|0 <t < T,z > 0} of the piecewise C! solution u = u(t,z) to the
generalized nonlinear initial-boundary Riemann problem (8.1.10), we have

WO (t,z)| <6, Y(t,z)e R(T) (I=m,...,n), (8.4.11)
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where the piecewise C! solution

u™ (t,2), (t,x) € Ryn(T),
u=ut,z) =< uD(t,x), (t,x) e R(T) (I=m+1,....,n—1),
u™(t,z), (t,x) € R,(T),
(8.4.12)
in which

{t,2)0<t<T, 0<z<zp(t)} (@=m),
R(T)=<¢{t, )0 <t <T, ;y(t) <z <ap1 ()} (I=m+1,....,n—1),
(L0 <t<T, 2> w,()) (=n),

(8.4.13)
where z = x1,(t) with 2;(0) = 0 is the kth wave (k =m+1,...,n). Later we
will explain that hypothesis (8.4.11) is reasonable.

Let I and J be the sets of indices such that TUJ ={m+1,...,n}. Also,
when i € I, \;(u) is LD, whereas when i € J, A\;(u) is GN. Let

DI ={(t,2)|0 <t < T,z =x;(t)} foricJ (8.4.14)
and for i € I, let

{(t,2)|0 <t <T,(N(0) = do)t <x <(Ni(0)+0)t} (i #m+1,n),
Df = q{(t.x)|0 <t <T,0 <z < (Ang1(0) + d0)t} (i =m+ 1),
{(t, )0 <t < T, (Mu(0) = 8o)t <z} (i =n).
(8.4.15)
Obviously,

U DI cRrm). (8.4.16)
i=m-+1

On any given existence domain R(T) of the piecewise C! solution u =
u(t,z) to the generalized nonlinear initial-boundary Riemann problem
(8.1.10), let

a0 =", 60y, w® =@, w®) (=m,...,n), (84.17)
in which
3 = L) (w® - a®), W =1D)9W®  (G=1,...,n), (34.18)

WC

o0

(T) = max max sup (1+ t)l—w'wgl)(t’ 2)l;
=L | l=mon=1 (4 e g, (T)\DT

sup (1+ m)l'ﬂ“‘\wg") (t,x)| ¢, (8.4.19)
(t:m)eRn(T)\Dz‘T
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in which DI =0 fori=1,...,m,

Wl(T):malxm;zxsup{ / "V (¢, 2)|dt + / |w§”(t,x)|dt}, (8.4.20)
1€ J7r ¢ ¢ ¢

where ¢; denotes any given jth characteristic on DI,

z;(t) (i-1) bi(t) @)
Wi(T) = max sup / lw;" (t,x)\dm—l—/ lw;" (t,z)|dz 3,

i€ o<t<T | Jai(t) i(t)
(8.4.21)
where
for i = 1
ai(t) = 0 fori=m+ - and
()\1(0) — 50)t for 4 75 m+ 1,
+o00 for i = n,
bi(t) = 8.4.22
®) {()\i(O) + o)t for i # n, ( )
Veo(T) = Z ||'D(l)(t7x)||L°°(Rl(T))» (8.4.23)
l=m
and
Woo(T) =Y [Jw D (t,2)|| oo (ry (1) - (8.4.24)

l=m

In what follows, we show that there exists 6y > 0 so small that for
any fixed 0 € (0,60p], on any given existence domain R(T) of the piece-
wise Ol solution u = wu(t,z) [see (8.4.12)] to the generalized nonlinear
initial-boundary Riemann problem (8.1.10), we have the following uniform a
priori estimates:

WS (T) < k10, (8.4.25)
Wi(T), Wi(T) < ka8, (8.4.26)
Voo (T) < K3(0 + 1), (8.4.27)
and
Woo(T) < K4, (8.4.28)
where k; (i =1,...,4) are positive constants independent of 6, 7, and T

We first estimate W< (7).

For » = 1,...,m, passing through any given point (¢t,z) € R(T), we
draw the rth characteristic ¢,: & = &.(7;t,2) (0 < 7 < t), which, noting
(8.1.2), must intersect the z-axis at a point (0,z9). If (¢,2) € R(T) for
some [ € {m,...,n — 1}, integrating the rth equation in (8.2.9) along ¢,
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from 0 to ¢ yields

wr(’l)(tax):wf"n)(oaer)*Z Wy k+/ Z"Y ’LL(l U/ w(l ( ,gr(’l"t 1’))

k=41 tr HLj =1
rk—1 ™
+ Z / Z ’Yr]q (k= 1) ](k_l)w(gkil)(,rvfr(,r;tax))dT
k=142 7,q=1
t’l’!‘L n
/ > Yol (1€, (75t, 2))dr, (8.4.29)
Jra=1

where t,, stands for the t-coordinate of the intersection point of ¢, with the
kth wave © = xy(t) and

[wrlk = w (b, 2 (k) = w71 (ks 20 (tr)- (8.4.30)
Noting (7.1.10)—(7.1.11) and (8.4.8)—(8.4.11), by Lemma 7.3.1, we have
te > Ct (k=1+1,...,n). (8.4.31)

Here and henceforth, C' denotes different positive constants independent
of 6, n, and T. Moreover, noting (8.1.2) and (8.4.9)—(8.4.10), we have

Zr0 > Ctym (8.4.32)

and
& (mityx) > Capg, V(1,6 (T3 t,2)) € Ry (T). (8.4.33)

Then, noting (8.4.11), (8.2.11), (8.1.12), and Lemma 7.2.2, it follows from
(8.4.29) that

(140wt @) < CLO+(+Vao (T))WE (T)+(WE (T) 4+ WS (T)W1 (T) }.
(8.4.34)
If (t,x) € R,(T), similarly to (8.4.34), we have

(L+ ) wl (b, 2)] < C19+ (W (D)) + WS (DWA(T)}.  (3.4.35)

For s = m + 1,...,n and for any fixed point (t,z) € R(T) \ DT, if
(t,x) € Ry(T) for some | > s, similarly we have (8.4.34)—(8.4.35), in which
the subscript r should be replaced by s. If (t,z) € Ry(T) for some [ < s,
the s-th characteristic ¢, passing through (t,x): & = & (7;t,2) (0 <7 <'t)
intersects the t-axis at a point (ts9, 0). Integrating the sth equation in (8.2.9)
along cg from ts to ¢ yields

W) (t,7) =" w,+2wwﬁn2mq Nuwd (r,&(rit,2)dr

k=m+1 ”qu



8.4 Proof of Theorem 8.1.2 187

-1 tspt1 M .
£ [ v i)

k=m+17tsk =1

tomp1 T
+/ Z ’ysjq(u(m))w§m)wém)(7', Es(T5t,2))dr. (8.4.36)
tso

Jq=1

By the boundary condition in (8.1.10), noting (8.1.2) and (8.4.11), it is
easy to get (cf. Chapter 6)

m
w{™ (ts0,0) = Y For(a(tso), u™)w™ (t40,0)
r=1

+ Z Tss(a(tso), U(m))a{?(tw)

s=m+1

+ Y Falalto), u™)h(te) (s=m+1,....n),
s=m+1

(8.4.37)

where fo.(), fos(-), and fu3(-) are continuous functions of o and u. Similarly
to (8.4.31), we have

lso, tsp >ct (k=m+1,...;Ls=m+1,...,n). (8.4.38)

Thus, noting (8.1.12), (8.4.11), (8.2.11), and Lemma 7.2.2, it follows from
(8.4.36)—(8.4.37) that

(14 )" D (t, z)| < 0{9 + (14 ta0) D (™ (0, 0)]

r=1

+ (1 + Voo (T)WE(T) +(WE(T))? +W§O(T)W1(T)}-
Then, by (8.4.34), we get

(1) 1w (8, 2)] < CLO+(n+Vio (T) WE (T)F(WE () +WE (T) WA (T) }.
(8.4.39)
The combination of (8.4.34)—(8.4.35) and (8.4.39) gives

WE(T) < C{O+ WE(T) (Voo (T) + WE(T) + Wi (T))}. (8.4.40)

Next we estimate Voo (T).
When r = 1,...,m, for any given point (t,z) € R;(T) with [ € {m, ...,
n — 1}, similarly to (8.4.29), integrating the rth equation in (8.2.6) along ¢,
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from 0 to ¢ gives

n t n
ﬁr(’l) (t, ZL’) :@T(,n) (07 er) - Z [QA}T]k +/' ZBT’J'(I (u(l))@g(l)w((;l) (7—, ET(T; ta x))dT

k=l+1 tr jg=1
n trgk—1 T
> > Briaw D)oVt (1,6 (73t ) dr
k=i+27trk jia=1
tT‘n n
+ /0 3 Brigu™)olwM (7, &0(758, 2))dr (8.4.41)
J,q=1

Then, noting Lemma 7.2.2, (8.1.12), and (8.4.9)—(8.4.11) we get

|5 (1, 2)| < C{O + Voo T) + (Vi (T))? + Ve (T)WE(T) + Voo (T) W/ (T)}.

(8.4.42)
Moreover, similarly to (8.4.35), for any given point (¢,2) € R,,(T"), we have
00 (¢, 2)| < C{O + Voo (T)WE(T) + Vo (T)W(T)}. (8.4.43)

When s =m+1,...,n,ifl > s, for f)gl)(t, x) we still have (8.4.42)—(8.4.43),
whereas, if [ < s, similarly to (8.4.36), we have

l t n
o0 (t,2) =0l (0, 0)+ D (ot [ D Busalw®)s uwfd (. (it )i
k=m-+1

bt jg=1

Y [ B e (it
ts,m+1 (m)
+ /t > Bajg (™)™ w(™ (7, &4(it, x))dr. (8.4.44)

Noting (8.1.11)—(8.1.12) and (8.4.11), by the boundary condition in (8.1.10),
it is easy to get

[0 (t40,0)| < C (e 04 ) [0 (te0, 0)|> : (8.4.45)

r=1

Then, noting (8.4.42), it follows from (8.4.44) that

60 (t,2)] < CLO+1+1Voo(T) + (Voo (T))? 4 Vi (TYW 5, (T) + Vo (T) W1 (T}
(8.4.46)
Thus, finally, we have

Vo (T) < C{O 4 1 + Vi (T) (Vo (T) + WE(T) + W1 (T)}. (8.4.47)

Now we estimate W1 (T') and Wi (T).
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We first estimate fcj |w§z) (t,z)|dr. Suppose that for i € I, ¢; : £ =§&;(7) is
a jth characteristic (j # i) on R;(T) N DI whose ends are denoted by A and
B. Passing through A and B, we draw the ith characteristics, respectively,
which intersect the boundary of DI at C and D, respectively, where if i < n,
C and D lie on x = (\;(0) +dp)t; however, if i = n, C' and D lie on the z-axis.
On the domain ACDB, by (8.2.13) and noting (8.4.9), it is easy to get

/ o Oy () — A (u)) (2, 2)dt

Z Lijg(u®) Jw; @ wéi) (t,x)|dtdx.

Ja=1

D
< [ ol - )
C

ACDB
(8.4.48)

Then, noting (8.1.12), (8.4.8), (8.4.11), and (8.2.15), we have

/ w0 (¢, 2)|dt < C{O + WE,(T) + (WS (T))? + WE(T)Wi(T)}. (8.4.49)

For [ \wgifl)(t,x)\dt, noting (8.1.12) and (8.4.37) (when m + 1 € I), we
-J
similarly have

/ lw Y (¢, 2)|dt < CLO+WE, (T)+(WE,(T))2+WE (TYWy(T))}. (8.4.50)

Thus, we get

Wi(T) < C{0 + WE(T)(1+ W (T) + Wi (T))}. (8.4.51)
Similarly, we have

Wy(T) < C{0+ WS (T)(1 + WE(T) + Wi (T))}. (8.4.52)

Then, by the method in Chapter 3 (see the proof of Lemma 3.2.2), the
combination of (8.4.40), (8.4.47), and (8.4.51)—(8.4.52) gives (8.4.25)—(8.4.27).

Noting (8.2.3) and (8.4.27), we easily to see that hypothesis (8.4.11) is
reasonable.

Finally, we estimate W, (7).

By the definition of W< (T'), we need only to estimate wl® )( t,x) for s eI
and (t,x) € Rs(T) N DI and to estimate w*™ 1)( t,x) for s € I and (t,z) €
R._1(T)N DT To this end, passing through any given point (t,z) € Rs(T) N
DT [resp. (t,z) € Ry_1(T ) N DT, we draw the sth characteristic ¢, : & =

&(Tit,z) (0 < 7 < t), which intersects the boundary of DT at (s) a:( s)
0

s—1 s—1
ty V2]

[resp. (t . Then, integrating the sth equation in (8.2.9) along Cs
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from tésfl) to ¢t and from t(()s) to t, respectively, we get

wl D (k) = w0 (6 )

/ - 5 gDl VD (7,6, (758, 0) )

to 7,qg=1
(8.4.53)
and
wl00) =00+ [ 3 sl ) et )
ty 7,9=1
(8.4.54)

n (8.4.53), when s = m + 1, (t7", 2{"™") lies on the t-axis, whereas in
(8.4.54), when s = n, (tés),m(()s)) lies on the z-axis. Then, since A\s(u) (s € I)
is LD, noting (8.2.12), (8.1.12), and (8.4.37), we casily get

WD (@), Wl (t,2)] < CLO+ WL(T) + (WS (T))? + W (T)Wee(T)}
(8.4.55)
Hence, noting (8.4.25), we have

Woo(T) < CO{1 + Wao(T))}, (8.4.56)

which implies (8.4.28).
Then, noting (8.2.3) and (7.2.18), we finish the proof of Theorem 8.1.2.



Chapter IX
Inverse Generalized Riemann Problem

9.1 Introduction and Main Results

Consider the following hyperbolic system of conservation laws:

ou  Of(u)

— =0 9.1.1

ot Ox ’ ( )
where u = (ug,...,u,)" is the unknown vector function of ¢ and z, and
fu) = (fi(u),..., fu(u)T is a given C? vector function of u.

Suppose that on the domain under consideration,
(Hp) System (9.1.1) is strictly hyperbolic, i.e., the matrix V f(u) has n
distinct real eigenvalues

AL(u) < Aa(w) < -+ < An(u). (9.1.2)

For i = 1,...,n, let l;(u) = (lix(w),...,Lin(u)) and ri(u) = (ryi(u),...,
7ni(u))T be the left and right eigenvectors corresponding to A;(u), respec-
tively. Without loss of generality, we assume that on the domain under con-

sideration,
li(u)rj(u) = (Sij (Z,j = 1,...7n), (913)

where §;; stands for Kronecker’s delta.
(Hz) System (9.1.1) is genuinely nonlinear (GN) in the sense of Lax:
Without loss of generality, for i =1,...,n,

VAi(u) - ri(u) = 1. (9.1.4)

(H3) For the Riemann problem of system (9.1.1) with the following piece-
wise constant initial data:

u—, x <0,
t=0: u= (9.1.5)
Uy, €T Z 0
Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 191
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with |uy —u_| small enough, suppose that the self-similar solution u = U (z/t)

is composed of n+1 constants states 4(9) = u_, o™, ... 4D and () = Uy
and n small amplitude nondegenerate typical shocks © = s;t (i = 1,...,n)
with

51 < 82 < -+ < Sp, (9.1.6)

on which we have the Rankine-Hugoniot condition
@) = f@) = i@ —at=) (9.1.7)

and the entropy condition

{mw) < s < \(a0Y), (9.1.8)

)\i_l(ﬂ(iil)) < 85 < )\H_l(ﬂ(z)),

fori=1,...,n (cf. [42]).

In order to comnsider the local or global structural stability of the self-
similar solution u = U(z/t) to Riemann problem (9.1.1) and (9.1.5), we
consider the corresponding generalized Riemann problem of system (9.1.1)
with the following piecewise smooth initial data:

t=0: u= {“l(x)’ z<0, (9.1.9)

ur(x), x>0,

in which
w(0) =u_, u,(0)=uy. (9.1.10)

In [72], Li and Yu got the local structural stability. On the other hand,
in [50] and [73], Li and Zhao got the following (also see Theorem 7.1.2 in
Chapter 7).

Proposition 9.1.1 Under assumptions (Hy)—(Hs), suppose that u(x) and
ur(x) are C1 functions on x < 0 and x > 0, respectively, and that f(u) is
a C? wvector function. Then there exists a positive constant g > 0 so small
that for any given € with 0 < € < eg, if

g () — w(0)], |u)(z)] < 1+€|a:|’ Vz <0, (9.1.11)
and
fur(z) = ur (O)], ()] € ——, Vx>0, (9-1.12)

T

1+
then the generalized Riemann problem (9.1.1) and (9.1.9) admits a unique
global piecewise C* solution on t > 0:
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U(O)(t,aj), (tvx) € Ro,
u=u(t,z) =< uV(t,z), (ba)eR (I=1,...,n—1), (9.1.13)

u(”)(t,av)7 (t,z) € Ry,

containing only n small amplitude nondegenerate shocks x = x;(t) (i =
1,...,n) passing through the origin, in which vV (t,z) € C' with

u(0,0) =0 (1=0,1,...,n) (9.1.14)

satisfies system (9.1.1) in the classical sense on the domain Rj(l = 0,1,...,n),
respectively, where

Ry ={(t,x)|t >0,z < z1(t)},
R ={(t,z)[t >0,2;(t) <z <z 1(t)} (I=1,...,n—1), (9.1.15)
R, ={(t,x)|t > 0,2 > z,(1)},

and z;(t) € C? on t > 0 with

z;(0) =0, 2,(0)=s; (i=1,...,n). (9.1.16)
Fori=1,...,n, on x = x;(t) we have the Rankine—Hugoniot condition
F®) = fl=V) = 2i() () — uY) (9.1.17)

and the entropy condition

{/\i(u(i)) < zl(t) < A(ul=Y), (9.1.18)

Ao (WD) < () < Appr (u),

where v = uD (t,2;(t)) and uY = u=D(t,24(t)). Moreover, we have

Ke
O _ 70 < =
[ul (¢, x) |_1—|—t7 V(t,z)e Ry (1=0,1,...,n),
(9.1.19)
ouW(t,z)| |ouW(t,z) Ke
: < V(¢ 1=0,1,...
ax B 8t 71—|—t7 (,iE)GRl ( 07 ) 777‘)7
(9.1.20)
and
, , Ke .

where K is a positive constant independent of €, t, and x.
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From Proposition 9.1.1, under perturbation (9.1.9) satisfying (9.1.10), we
have the global structural stability of the self-similar solution u = U(z/t) to
Riemann problem (9.1.1) and (9.1.5). Moreover, under the assumptions of
Proposition 9.1.1, noting (9.1.17), we have

2h(t) = X (uY u®), (9.1.22)
where \;(u(~1), u()) is the ith eigenvalue of the matrix

1
/ VY + o(u® —uli=V))do. (9.1.23)
0

Differentiating (9.1.22) with respect to ¢ gives

. ) ) (i—1) (i—1)
2(t) = =N <u<l—1>,u<”>(a” ¢ xé(t))

T D) ot Ox
O\ ; N Ou®D u®
2, 1) (8) /
+ O] (u ,utt) ( T + o mz(t)> . (9.1.24)

Then, noting (9.1.19)—(9.1.21), we easily to get

K
2 (0] < 7. V20, (9.1.25)

where K is still a positive constant independent of € and t.

Inversely, under assumptions (H;)—(Hs), when the position of n small
amplitude nondegenerate shocks z = x;(t) € C? (i = 1,...,n) satisfying
(9.1.16) is given, to what degree can we determine the initial data (9.1.9)
satisfying (9.1.10), such that the corresponding generalized Riemann prob-
lem (9.1.1) and (9.1.9) admits a unique piecewise C! solution (9.1.13) in
which n small amplitude nondegenerate shocks passing through the origin
are just ¢ = x;(¢t) (1 = 1,...,n)? In [53], Li first considered the inverse
generalized Riemann problem for system (9.1.1) and got a local result as
follows: Suppose that the position of n small amplitude nondegenerate shocks
x = x;(t) € C? (i = 1,...,n) satisfying (9.1.16) is prescribed. For any
given u(x) € CY with u;(0) = u_, in a neighbourhood of the origin, one can
uniquely determine u,(z) € C* with u,(0) = uy such that the corresponding
generalized Riemann problem (9.1.1) and (9.1.9) admits a unique local piece-
wise C1 solution (9.1.13) in which n small amplitude nondegenerate shocks
passing through the origin are just x = x;(t) (i=1,...,n).

In this chapter we generalize the previous local result to the global case
and get

Theorem 9.1.1 Under assumptions (Hy)—(Hs), there exists an g9 > 0 so
small that for any given € with 0 < € < ¢, if one knows the position of n
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small amplitude nondegenerate shocks v = z;(t) € C? (i = 1,...,n) satisfying
(9.1.16) and
#(0) = O], [ (0] € 7 V20 (=1 (9.1.26)
then for any given u;(x) € C' (z < 0) satisfying u,(0) = u_ and
€
uy(z) — w (0)], |uj(x)] < , Vo <0, 9.1.27
() z()||z()|71+|x| < ( )

we can uniquely determine u,.(x) € Ct (z > 0) satisfying u,(0) = uy and

, Ke

[ur(2) — ur(0)], Ju.(z)] < T Va > 0, (9.1.28)
where K is a positive constant independent of € and x such that the corre-
sponding generalized Riemann problem (9.1.1) and (9.1.9) admits a unique
global piecewise C1 solution (9.1.13) in which n small amplitude nondegen-
erate shocks passing through the origin are just x = xz;(t) (i = 1,...,n),
on which we have the Rankine—Hugoniot condition (9.1.17) and the entropy
condition (9.1.18).

Remark 9.1.1 In Theorem 9.1.1, if we arbitrarily give u,.(x) € C* (x > 0)
satisfying u,.(0) = uy and

e
1+

|ur(z) = up(0)], Jug(2)] < , Ve =0, (9.1.29)

we can obtain a similar result.
Remark 9.1.2 The results in this chapter can be found in [68].

This chapter is organized as follows. In Section 9.2 we first discuss the
generalized Cauchy problem; then in Section 9.3 we prove Theorem 9.1.1.

9.2 Generalized Cauchy Problem

In this section we first consider the Cauchy problem for the quasilinear strictly
hyperbolic system of the general form

ou ou

S+ AW =0 (9.2.1)

with the initial data on the negative x-axis

t=0: u=a¢x), =<0, (9.2.2)
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where A(u) € C'. Suppose that the distinct real eigenvalues \;(u) and the
corresponding right eigenvectors r;(u) (i = 1,...,n) of A(u) have the same
regularity as A(u).

Lemma 9.2.1 There exists a positive constant g so small that for any given
e with 0 < € < &g, if p(x) € C! and

6(2) = 6O, 16/@)] < 7 VeSO, (9:2.3)
then on the domain
D ={(t,z)|t >0,z <&t} (9.2.4)
where & satisfies
¢ < min {X(6(0)}, (9:2:5)

the Cauchy problem (9.2.1) and (9.2.2) admits a unique global C* solution
u=u(t,z) with

— < 2.
|u(t, z) — u(0,0)] < e V(t,x) € D, (9.2.6)
ou ou Ke R
el = < 2.
o (t,2)], By (t,z)| < e Y(t,x) € D, (9.2.7)

where K is a positive constant independent of €, t, and x.

Proof. According to the existence and uniqueness of the local C! solution
to the Cauchy problem (cf. [72]), there exists 79 > 0 such that on the domain
{(t,z)|0 <t < 719, & < &t}, the Cauchy problem (9.2.1)-(9.2.2) has a unique
C! solution u = u(t,z).

In order to obtain the unique global C! solution u = u(t,z) on ﬁ, it is
only necessary to establish a uniform a priori estimate on the C'' norm of the
C! solution u = u(t, ) to the Cauchy problem (9.2.1)-(9.2.2) on any given
existence domain D(T') = {(t,z)[0 <t < T, z < £t}.

Let

V(D(T)) = i_nfaxn sup {1+ |z = X ((0)t) v (t, )|}, (9.2.8)
T (t,x)eD(T)
W (D(T)) = Jmax o osup  {(L4 [z = Ai(@(0)t)[wit 2)[}, - (9.2.9)
T (t,x)eD(T)
where

7 = Li(w)(u—(0) (i=1,...,n) (9.2.10)

and
w; =lLi(wu, (1=1,...,n). (9.2.11)
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By (9.1.3), we have

(0)+ > vxre(u) (9.2.12)
k=1
and N
Uy = Zwkrk(u). (9.2.13)
k=1

Similarly to (7.2.6) and (7.2.9) (also see Chapter 2), we have

d_i ef. 8_i 3_ n )
djt = 81;5 +iu >5; g,k:lﬁwk( Jojwg (i =1,...,n),  (9.2.14)
where
Bige(w) = (i () = Xs(w))li (w) Vi (w)r (w), (9.2.15)
and

dwi def. 8’([)@ 8wl .
dit ot A kzlm Jwjwg,  (i=1,...,n), (9.2.16)
Js

where

Vg (u) = %{(Ag‘ (w) = Ak (w)li(w) Ve (u)r; (w) = VAk(w)r; (w)dar + (j[F)},
(9.2.17)
in which (j]k) stands for all terms obtained by changing j and k in the
previous terms.
By continuity, there exist, positive constants dy (< r:laln {Ai(6(0)} =€)

FRREE)

and ¢ so small that
[Ai(u) — Xi(0(0))] < % Viu—9¢0)] < (i=1,...,n). (9.2.18)
For the time being, we assume that on any given existence domain ﬁ(T)
of the C* solution u = u(t, z) to the Cauchy problem (9.2.1)—(9.2.2), we have
lu(t,z) — ¢(0)] < 6. (9.2.19)

At the end of the proof, we will explain why this hypothesis is reasonable.
For each ¢ = 1,...,n and any given point (t,z) € f)(T), let ¢; : & =
&(7) (0 < 7 < t) be the ith characteristic passing through (¢, z), which
intersects the a-axis at (0, z;0). Noting dg < i_r{linn{/\i(qS(O))}—f and (9.2.18),

it is easy to see that ¢; : & = &(7) (0 < 7 < t) always stays in D(T) and
|z — Xi(6(0))t] > dot, (9.2.20)

2 ol < 16(r) — A(0(0))7] < 2ol (9.221)
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Then, integrating the ith equation in (9.2.14) and (9.2.16) along ¢; from
0 to t, respectively, we get

0;(t, ) = 050, z40) +/ Z Bijr () 0w (7, & (1))dT (9.2.22)
0 jk=1
and
w;(t, z) = w; (0, z40) +/ Z Yijk(Wwjwg (T, & (T))dT. (9.2.23)
0 %h
Noting (9.1.27) and (9.2.19)-(9.2.21), we get
(L4 |z = Ai(0(0))t])|vi (¢, )|
< C(1+aal {50, 2) +V(DINWDT)) [ (-+16()= (6 0))7]) )
< C{e + V(D(T))W(D(T))}. (9.2.24)

Here and henceforth, C' denotes different positive constants independent
of ¢ and T'. Hence, we have

V(D(T)) < C{e + V(D(T))W(D(T))}. (9.2.25)

Similarly, we have

W(D(T)) < C{e + (W(D(T)))?}. (9.2.26)

Then, similarly to the proof of Lemma 3.2.2, it follows from (9.2.25)—
(9.2.26) that

V(D(T)), W(D(T)) < Ce. (9.2.27)

Thus, noting (9.2.20) and system (9.2.1), we get (9.2.6)—(9.2.7)
immediately.

Moreover, noting (9.2.12), from (9.2.27) we see that hypothesis (9.2.19) is
reasonable.

Remark 9.2.1 The result of Lemma 9.2.1 can be found in Lemma 3.1 in
Chapter 8 of [50] or Corollary 3.2 in [73]. Here we prove it in a different
way.

From Lemma 9.2.1, we have

Lemma 9.2.2 Under the assumptions of Lemma 9.2.1, on the domain

D={(t.a)|t = 0,2 < g(t)}, (0.2.28)
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where g(t) € C1 satisfies g(0) = 0,

l9'(t) = g'(0)] <&, VE>0, (9.2.29)
and
g'(0) < min {Xi($(0))}, (9-2.30)

the Cauchy problem (9.2.1) and (9.2.2) admits a unique global C* solution
u = u(t,z) with (9.2.6)-(9.2.7) on D.

Proof. Let
g:% min {g'(0) + X (6(0))}. (9.2.31)

.....

Using (9.2.29)-(9.2.30) and noting that ey > 0 is suitably small, we easily see
that D C D.

Next, we consider the generalized Cauchy problem for system (9.2.1)
with the following generalized initial data:

r=g1(t): u=y(t), t>0, (9.2.32)

where x = ¢ (t) is a noncharacteristic curve.
In order to get the global C'! solution to problem (9.2.1) and (9.2.32), we
assume that z = g1(t) € C? and x = go(t) € C? (t > 0) satisfy

91(0) = g2(0) = 0, (9.2.33)

Ar(1(0)) < g1(0) < g5(0) < As(4(0)) (r=1,....mss=m+1,...,n),

(9.2.34)

94 = GO < . V20 (i=12), (9.2.35)
and

|97 ()] < ILH vt > 0, (9.2.36)

where 0 < € < g¢ with g¢ suitably small. We have

Theorem 9.2.1 Under assumptions (9.2.33)-(9.2.36), if ¢(t) € C* and

€
1+t

[W(t) = (0)], [¢'(t)] < , V>0, (9.2.37)

then on the domain

D={(t,a)|t >0, gi(t) <z < ga(t)}, (9.2.38)
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the generalized Cauchy problem (9.2.1) and (9.2.32) admits a unique global
C' solution u = u(t, z) with

Ke

_ <= D 2.
lu(t, z) —u(0,0)] < " Y(t,x) € D, (9.2.39)
ou ou Ke ~
— — < — 2.
Seta)|. |G| € s, Wta) €D (9240

where K is a positive constant independent of €, t, and x.
Proof. We first suppose that on the domain 5,
[ult, 2) — $(0)] < o, (9.2.41)

where Jp > 0 is a suitably small constant. At the end of the proof, we will
explain why this hypothesis is reasonable.
Taking the transformation of independent variables

T=—t, t=x—q(t) (9.2.42)

and noting (9.2.33)—(9.2.35) and (9.2.41), we easily see that the original gen-

eralized Cauchy problem on D is reduced to the following Cauchy problem
on D={(t,z)|[t >0, z<g()}:

% — (A(u) — g;(—f)l)*% =0, (9.2.43)
t=0: u=9(-z), <0, (9.2.44)

where Z = g(t) (< 0) € C? with g(0) = 0 is determined by

F= go(—7) — g1 (~7). (9.2.45)
Let
Unt1 = g1(=17), (9.2.46)
U= (U:+1> , (9.2.47)
and )

U(z) = (;ﬁtﬁ%) . (9.2.48)

On the domain D, (9.2.43)—(9.2.44) can be rewritten as
%—lg + A(U)g—g =0, (9.2.49)

t=0: U=%(z), =<0, (9.2.50)
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where

(9.2.51)

A0y = <—<A<u> —Oun+1f>—1 8) |

The eigenvalues of A(U) are given by

MU) = (unsr = M) ™ A (U) = (ngr = A1) ™ Apga (U) = 0,
(9.2.52)

and, noting (9.2.34)—-(9.2.35) and (9.2.41), we see that (9.2.49) is still a strictly
hyperbolic system with

MN(U)> X1 (U)=0>M,U) (r=1,....,m;s=m+1,....,n). (9.2.53)

Tt follows from (9.2.35)—(9.2.37) that

@ (z) —w(0)], |¥'(z)] < et vz < 0. (9.2.54)
From (9.2.45), we have
70 = L iz o0, (9.2.55)
91(=9()) — 95(=9(?))
then, noting (9.2.34)—(9.2.35) we easily get
lg'(t) — ¢'(0)] < Ke, Vt>0. (9.2.56)

Here and henceforth, K denotes a positive constant independent of € and
t. Moreover, noting (9.2.46), from (9.2.52)-(9.2.53), we have

o B 1
it M O) = T o)) (9:2:57)

s=m-+1,....n

Then, noting (9.2.34) and ¢’(0) = 1/[¢7(0) — ¢5(0)], we get

g'(0) < i:fflf,%l i (w(0)). (9.2.58)

Hence, by Lemma 9.2.2, the Cauchy problem (9.2.49)-(9.2.50) admits a
unique global C*! solution U = U(¢,%) on D and

U(E7) - U(0,0)] < 5. V({#.7) e D, (9.2.59)
141
ou ou Ke _ _
T hw), | S| < —— 7) € D. 2.
aj(t,:zc), 5 (t, ) S Y(t,z) € D (9.2.60)
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Then the Cauchy problem (9.2.43)-(9.2.44) admits a unique global C!
solution v = @(¢,z) on D and

u(f, z) — u <=, Viz 2.
|a(t, z) —u(0,0)] < e Y(t,z) € D, (9.2.61)
ou ou Ke _ _
—(t,x —(t,x)| < = T . 2.

As a result, the generalized Cauchy problem (9.2.1) and (9.2.32) admits
a unique global C! solution u = u(t,z) = w(x — g1(t), —t) on D. Moreover,
since

%(t, z) = —gi(t)%(az —qi(t),—t) — %(m —qi1(t), 1) (9.2.63)
and 5 0
FZ“’ z) = itf(x —qi(b), 1), (9.2.64)

noting (9.2.33)—(9.2.35) and (9.2.42), we see that (9.2.39)—(9.2.40) follow from
(9.2.61)~(9.2.62).
Then, from (9.2.39), we have

lu(t,z) — u(0,0)| < Ke < Keo, V(t,z) € D, (9.2.65)

which implies the validity of hypothesis (9.2.41), provided that g > 0 is
suitably small.
The proof of Theorem 9.2.1 is finished.

Remark 9.2.2 In Theorem 9.2.1, when x = go(t) is replaced by the positive
x-axis and (9.2.34) is replaced by

Ai((0) < g4 (0) (i=1,...,n), (9.2.66)

Theorem 9.2.1 still holds.

9.3 Proof of Theorem 9.1.1

In what follows, we assume that all assumptions of Theorem 9.1.1 hold. First,
we prove

Lemma 9.3.1 Fori=1,...,n, suppose that on the left side of the ith shock
x = x;(t) satisfying x;(0) =0, x(0) = s;, and

|25(t) — 23(0)], |27 (1)] <

vt >0, (9.3.1)
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the value of the solution u'” = v (t) € C! satisfies
u?(0) = at—V (9.3.2)

and
du? (t)
dt

Ke

(@) ~(i—1)
t
|ul’(t) —u [, 15

<

vt > 0. (9.3.3)

Henceforth, K stands for different positive constants independent of €, t,
and . Then, on the right side of ©x = x;(t), we can uniquely determine the

value of solution uﬁ) = ugf) (t) such that

u(0) = @ (9.3.4)
and
(1) — 4], |d“(§i(t)| < fft, vt > 0. 9.3.5)
Proof. Similarly to [53], let
Hul u, s0) = ) — ) = sO @ —u®), (9:3.6)
where s() = 2/(t). Noting (9.1.7)~(9.1.8), we have
H(a®, a0 s)=0 (9.3.7)
and
M{)( O 0D, 50y =) - sO1 (9.3.8)
3u+

is nonsingular at (ugf), ul®, sy = (a9, 401 s;). Then, in a neighbourhood
of (4™, (=1 s;), the Rankine-Hugoniot condition

Fl)) = F?) = sO @) —u?) (9.3.9)
can be rewritten as _ ' ,
uf) = G s0), (9.3.10)

where G(-,-) € C? and 49 = G(a"~Y, s;). Hence, as we have (9.3.1)-(9.3.3),
the value of solution on the right side of x = x;(¢) can be uniquely determined
as ugf) = ugf) (t) = G(u (Z)( t), x%(t)), which satisfies (9.3.4).

From (9.3.10), we have
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m(u@ (t), s; + (s — si))dr} (s — s
0

e
@

[18G

+

@ () - at), sz—)dT}(u(” (1) — @), (93.11)
0 ou

in which s} = 2/(t). Noting (9.3.1) and (9.3.3), we have the first inequality
of (9.3.5). On the other hand, differentiating ugf) (t) = G(u(_l)(t),xg(t)) with
respect to t yields

wl(t) oG )y oG

Then, noting (9.3.1) and (9.3.3), we get the second inequality of (9.3.5).
The proof of Lemma 9.3.1 is finished.

Proof of Theorem. 9.1.1. First, on the domain Ry [see (9.1.15)], we solve
the Cauchy problem for system (9.1.1) with the initial data

t=0: u=wuy(x), x<0. (9.3.13)

By the entropy condition (9.1.8) (in which we take ¢ = 1) and noting (H;),
we have
25 (0) < M (a0) <o < A (al0), (9.3.14)

where
4 = 1y(0). (9.3.15)

Then, noting (9.1.26) (in which we take ¢ = 1), by Lemma 9.2.2, the
Cauchy problem (9.1.1) and (9.3.13) admits a unique global C'* solution u =
w9 (t,z) on the domain Ry, satisfying

u(©(0,0) = a®, (9.3.16)
© 10 < BE

| (¢, ) — 4] < , Y(t,x) € Ro, (9.3.17)
1+t

and
O (t,z)| | ouO(t,x) Ke
’ ) < . 3.1
et 5t <1 V)€ R (9.3.18)

Since x = x1(t) satisfies (9.1.16) and (9.1.26) and, according to (9.3.16)—
(9.3.18), 'V (t) = u(® (¢, 21 (t)) satisfies (9.3.2)-(9.3.3) (in which i = 1), we
can use Lemma 9.3.1 to uniquely determine the value of the right side of

x=ux1(t) as usrl) = ugrl)(t) with

w1 (0) = a® (9.3.19)
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alld

Then, on the domain R; [see (9.1.15)] we solve the generalized Cauchy
problem for system (9.1.1) with the generalized initial data

r=z(t): u=ul(t), t>0. (9.3.21)
Noting (9.1.16), the entropy condition (9.1.8), and (H;), we have
M (aM) < 2(0) < 25(0) < Aa(aM) < -+ < A (aD). (9.3.22)

Noting (9.1.26) (in which we take ¢ = 1,2) and (9.3.19), by Theorem 9.2.1,
the generalized Cauchy problem (9.1.1) and (9.3.21) admits a unique global
C" solution u = u (¢, z) on the domain Ry, with

Ke
Oty —aV| < ——= (¢t 3.2
[t (t, x) — 4 |*1+x—z1(t)’ (t,z) € Ry, (9.3.23)
and
ouM (t, )| |ouM(t,x) Ke
: : t . 3.24

Noting (9.1.6), (9.1.16), and (9.1.26) (in which we take i = 1,2), we have
2o(t) — 21 (t) > Ct, Yt >0,

where C'is a positive constant independent of ¢. Then it follows from (9.3.23)—
(9.3.24) that u® (t) = u) (¢, zo(t)) satisfies (9.3.2)-(9.3.3) (in which i = 2).
Thus, by Lemma 9.3.1, the value of the right side of 2z = 2:5(¢) can be uniquely
determined as u(f) = uf)(t) with

u2(0) = a® (9.3.25)
and
2
@ @) g () Ke
t < vt > 0. 3.2
ui () =@ | = | S T >0 (9.3.26)
Repeating the previous procedure, for any given ¢ = 2,...,n — 1, we can

uniquely determine the value of the right side of z = x;(t) as ugf) = ugf) (t)
with
u$(0) = (9.3.27)
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and
- . )| Ke
(4) ) +
t — T < Vi > 0. 3.2
uy” (t) — @], | ST V=20 (9.3.28)
Then for any given ¢ = 2,...,n— 1, on the domain R; [see (9.1.15)], we solve

the generalized Cauchy problem for system (9.1.1) with the generalized initial
data

r=z(t): u=ul(t), t>0. (9.3.29)

Noting (9.1.6) and (9.1.16), the entropy condition (9.1.8), and (H;), we have

M(aD) << (@) < 24(0) < 2l (0) < Nipr (@) < - < A (@),
(9.3.30)
Noting (9.1.26) and (9.3.27), by Theorem 9.2.1, the generalized Cauchy prob-
lem (9.1.1) and (9.3.29) admits a unique global C! solution u = u( (¢, ) on
the domain R;, with

Ke

Ot 2) -V < o, Y . 3.31
ju'(t,x) —a |*1+x—xi(t)’ V(t,z) € R;, (9.3.31)
and
ou (t, ) ou (t, x) Ke
| ’ i .3.32
ox | ot T l4a—a(t)’ v(t,z) € Ry (9.3.32)

Finally, since © = x,(t) satisfies (9.1.16) and (9.1.26) (in which we take
t=mn—1,n), noting (9.1.6), we have

Tn(t) —xp-1(t) = Ct, Vt >0,

where C' is a positive constant independent of ¢. Then according to (9.3.31)—
(9.3.32) (in which i = n—1), u™ (t) = u"=D (¢, 2, (t)) satisfies (9.3.2)—(9.3.3)
(in which ¢ = n). By Lemma 9.3.1, on the right side of z = x,,(t), we can

uniquely determine the value of solution ugf) = uf)(t) satisfying

u$(0) = o™ (9.3.33)
and -
(n) ) du+ (t) Ke
t V¢ > 0. 3.34
luf” () — 4], @ | S >0 (9.3.34)

Then we solve the generalized Cauchy problem on the domain R, [see
(9.1.15)] for system (9.1.1) with the generalized initial data

r=x,(t): u= ugfb) (t), t>0. (9.3.35)
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Noting (9.1.16), the entropy condition (9.1.8), and, (H;), we have
2 (0) > A (a™) > - > A (al™). (9.3.36)

Using (9.1.26) (in which we take i = n) and (9.3.33), by Remark 9.2.2, the
generalized Cauchy problem (9.1.1) and (9.3.35) admits a unique global C*
solution u = u(™ (¢, z) on the domain R, with

Ke
[ut™(t,x) — 4" < st V(t,x) € Ry, (9.3.37)
and
ou™ (t, x) ou™ (t, x) Ke
t n- 3.
e , 5t S Y e—mn() V(t,x) € R (9.3.38)

Thus, noting z,,(0) = 0, (9.3.33), and 4™ = wu,, on the positive z-axis,
we see that the initial value u,(z) = u(™ (0, z) satisfies

ur(0) = uy (9.3.39)

and

[ur(z) — - (0)], |ul(z)| < , Vz>0. (9.3.40)

The proof of Theorem 9.1.1 is complete. [
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Chapter X
Inverse Piston Problem

10.1 Inverse Piston Problem for the System of
One-Dimensional Isentropic Flow

10.1.1 Introduction and Main Results

Suppose that a piston originally located at the origin at ¢ = 0 moves with the
speed v, = ¢(t) (t > 0) in a tube whose the length is assumed to be infinite
and that the gas on the right side of the piston possesses an isentropic state.
In order to determine the state of the gas on the right side of this piston, in
Lagrangian representation this piston problem reduces to the following
mixed initial-boundary value problem for the system

or _du_,
o ox
(10.1.1)
ou  9Ip(7)
e -0
ot + Ox ’
with the initial data
t=0: TZTJ(.%‘) (> 0), u:ug(x), x>0, (10.1.2)
and the boundary condition
r=0: u=¢(), t>0, (10.1.3)

where 7 is the specific volume, u the velocity, and p = p(7) the pressure. For
polytropic gases,

p=p(r)=Ar""7, V1 >0, (10.1.4)
where v > 1 is the adiabatic exponent and A is a positive constant.

Li Tatsien, Wang Libin, Global Propagation of Regular Nonlinear 209
Hyperbolic Waves, DOI 10.1007/b78335_10,
© Birkhduser Boston, a part of Springer Science+Business Media, LLC 2009
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Suppose that
+
$(0) > uZ (0). (10.1.5)
The motion of the piston produces a forward shock = = z5(t) passing

through the origin at least for a short time Ty > 0 (see [50], [72], [74]) such
that the corresponding piecewise C'' solution on the domain

D(To) = {(t,z)[0 <t < Tp,z = 0} (10.1.6)
is written as

(ryu) = {(TO(t’x)’%(t’x))’ 0< o< aah)

(10.1.7)
(TJr(tﬂx)’UJr(t»x))v x> xQ(t)v

where (7, (t, ), u,(t,x)), (T4 (t,x),uq(t,x)) € C' satisfy system (10.1.1) in
the classical sense on their domains, respectively, and verify the Rankine—
Hugoniot condition

{[T]w’z(t)Jr [u] =0, (10.18)
[u]zy(t) — [p(7)] = 0
and the entropy condition
{wo (t,2s(1))) < 24(t) < Na(ry (t,22(1)), o)
z5(t) > Ao (74 (¢, 22(1)))
on z = w(t), in which [7] = 74 (¢, 22(t)) — 7, (¢, 22(t)), etc. and
=X (7) = Xa(T) = /=P (7). (10.1.10)
Introducing the Riemann invariants
r=Y(u— [P n)dn) = fu— LT, 1011
s=2(u+ [~ V=p'(n)dn) = tu + QT’%I

as new unknown functions, we can reduce (10.1.1)—(10.1.3) to the following
problem:

(10.1.12)

t=0: (r,s)= (r;(x),sa'(a:)), x>0, (10.1.13)
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and
2=0: s=—r+¢(t), t>0, (10.1.14)
where
ri (@) = dul () = L (rH (@) T,
0 2% :;Ai . (10.1.15)
sy (@) = guf (@) + X5 (7 (2)) 77,
with
sg(x) - rg(a:) >0, Vz>0, (10.1.16)
and
G
—A(r,s) = p(r,s) =/ —p(r(s —71)) = ——=—(s—r)>1. (10.1.17)
(Ay)7=T

In the special case that the piston moves with a constant speed u, and the
initial state is a constant state (7, ) (74 > 0) with

Uy > g, (10.1.18)

(10.1.13) and (10.1.14) become, respectively,

t=0: (r,s)=(Fy,84), x>0, (10.1.19)
and
r=0: s=-r+4+u, t>0, (10.1.20)
where
_ _ T~ -2t
T+ = %U+ - g(u) )
. - (10.1.21)
§+—%ﬂ++Q(ﬂ) )
with
5.—74>0 (10.1.22)
and
Uy > Ty + 54 (10.1.23)

The solution to the previous problem is the typical forward shock

(ro,s,), 0<az<Vt,
(rs)=4¢ """ (10.1.24)
(f+,§+), x> Vt,
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where V is the speed of propagation of the typical forward shock:

V= G(’F+,§+,TO7SO) (10125)

satisfying the entropy condition

)‘(T07so) <V< :U/(roaso)a

(10.1.26)
V> ,LL(’F+, ‘§+)7
in which r, s, and (10.1.25) are uniquely determined by
To + 8y = Up (10.1.27)

and the Rankine-Hugoniot condition:

(rg +585) — (T4 +54)

- \/_(p(T(So —71)) = p(T(54+ = 7)) (T(55 — 1) — T(84 —74)),
(10.1.28)

_ | (s —mp)) —p(7(54 — 7))
V= \/ P R (10.1.29)
(see [22] or [50]).

As a perturbation of the simplest piston problem mentioned above, in [50]
and [74], the piston problem (10.1.1)—(10.1.3) is globally studied and we have
the following:

Proposition 10.1.1 Suppose that 77 (z), ul (), and ¢(t) € C! and

THO) =7y, ul(0) =y, $(0) = up (10.1.30)

Suppose furthermore that

\TJ(QC) — T4, |ug(x) —uy| <e, Va>0, (10.1.31)
6(t) —uy| <&, VE>0, (10.1.32)
+ + n
Iy @), Jug @) < 77—, V220, (10.1.33)
and
6] < ——, Vit >0, (10.1.34)
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where ¢ > 0 and n > 0 are suitably small. Then the piston problem
(10.1.1)~(10.1.3) admits a unique global piecewise C* solution

_ (T ( ,:L’),’LL (tax))7 0<z< ‘r2(t)a
(t(t,z),u(t,z)) = {(Ti(t7x),u0+(t,x)), 2 a(D), (10.1.35)
on the domain
D =A{(t,z)[t >0, = > 0}. (10.1.36)

This solution, containing only one forward shock v = xo(t) passing through
the origin with x5(0) =V, satisfies the following estimates: On the domain

Dy ={(t,z)|t >0, x > xa(t)}, (10.1.37)
we have
|T+(t,.’1?) - 7:+|, I’U/+(t,$) — 1]+| < K]_E, (10138)
6’7'+ 8T+ au+ 8u+ K277
— (2 —(t —(t —(t —; 10.1.39
3x(7x)’ 8t(’w)’ 8:0(’36)’ 8t(’x)*1+t’ ( )
on the domain
D_={tz)|t>0, 0<z<as(t)}, (10.1.40)
we have
|7t ) — 70|, uy(t, ) —u,| < Kse, (10.1.41)
or, or, ou U Ky
o U TR U =2 (t —O(t,2)| < 10.1.42
gz B0 |y o)) gy o)l 1) < o )
where 7, is determined by (10.1.11) (in which r = 1o, s = so, and u = uy).

Additionally,

|24(t) — V| < Kse, V>0, (10.1.43)
K
2l(t)] < 1—::2 vt > 0. (10.1.44)

Here and henceforth, K; (i = 1,2,...) are positive constants independent
of € and .

In this section we consider the corresponding inverse piston problem:
Suppose that we know the original state (7" (z),u; (2)) of the gas on the
right side of this piston and the position of the forward shock z = x5(t) € C?
with

22(0) =0 (10.1.45)
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and
25(0) =V (10.1.46)

Then can we determine the piston velocity v, = ¢(t)?

For the supersonic plane flow past a curved wedge, the direct problem
aims to determine the shock from the given curved wedge, while the target in
the inverse problem is to determine the curved wedge from the given shock
(see [47], [48], [72], [86]). The problem under consideration in this section can
be regarded as an analogue in one-dimensional gas dynamics in which the
moving piston corresponds to the curved wedge.

As in [53], this problem can be easily solved in the local sense. In this
section we will give an affirmative answer to this problem in the global sense.
We have

Theorem 10.1.1 Suppose that the position of the forward shock x = xs(t) €
C? (t > 0) with (10.1.45)—~(10.1.46) is prescribed and, for suitably smalle > 0
and n > 0, we have

() — V| <e VE>0, (10.1.47)

and
"< —1 >0 10.1.48
ey ()] < 77 >0, ( )

where V' satisfies (10.1.25)—(10.1.26). Then for any given 7'0+(z) and uar(x) €
C! (z > 0) satisfying

7H(0) = 74, ul (0) = uy, (10.1.49)
\TJ(JC) — 74l |u;(x) —uy| <e, Vx>0, (10.1.50)

and
7 @I, (@) < 7= Ve =0, (10.1.51)

we can uniquely determine the piston velocity v, = ¢(t) (t > 0) with

#(0) = up, (10.1.52)
lo(t) — up| < Kre, Vt>0, (10.1.53)
and
Kzgn
()] < t > 10.1.54
()] < 5 VE=0, (10.1.54)
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where u, is the same as in (10.1.18), such that by Proposition 10.1.1, the
corresponding direct piston problem (10.1.1)—(10.1.3) admits a unique global
piecewise C1 solution (7(t,x),u(t,x)) in which the forward shock passing
through the origin is just x = xo(t).

Remark 10.1.1 The inverse piston problem under consideration can be
regarded as a perturbation of the simplest inverse piston problem: to determine
the constant piston velocity under the condition that the constant speed V' of
propagation of the forward typical shock and the constant initial state (T4, u4.)
of the gas on the right side of the piston are given.

Remark 10.1.2 The results in this section can be found in [71].

Theorem 10.1.1 is proved in Section 10.1.2. Then the corresponding dis-
cussion in Eulerian representation is given in Section 10.1.3.

10.1.2 Proof of Theorem 10.1.1

By (10.1.15) and (10.1.21), it follows from (10.1.49)—(10.1.51) that

rH(0) = 74, 57(0) = 5, (10.1.55)
|r:)r(x) — 7y, |33'(:1c) — 54| < Cye, Va >0, (10.1.56)
and
i (@), s (@) < 2L va 0. (10.1.57)
O ) 0 —_ 1 + x? iy

Here and henceforth, C; (i = 1,2, ...) are positive constants independent of
€ and 7.

Lemma 10.1.1 Suppose that (10.1.55)~(10.1.57) hold for suitably smalle >
0 and n > 0. Then the Cauchy problem

or or

E + )\(T‘7 8)6 - 03

s s (10.1.58)
at +lu’(r55)am 707

1=0: (r8) = (5 @) sy (@), 20,
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admits a unique global C solution (r,s) = (74 (t,z),54(t,7)) on the domain
Dy ={(t,x)|t >0, = > &t} (10.1.59)

where & is a constant satisfying

Moreover, we have
Sy(t,x) =7y (t,z) >0, Y(t,z)e Dy, (10.1.61)
|’If:+(t71‘) - F+|7 |g+(t7$) - ‘§+| < Kge, V(t,l') € D+7 (10162)
and
8?+ 3F+ 8’5} 6§+ K1077 ~
—(t —(t —(7 — (2 < V(t D..
gz 0O |Gy Bl |G a1 o)l < T, V() € Dy
(10.1.63)

Proof. Similarly to the proof of Lemma 9.2.1, it is easy to get (10.1.62)—
(10.1.63). Then, noting that 5, — 7y > 0 and that € > 0 is suitably small,
we have (10.1.61).

Remark 10.1.3 The result of Lemma 10.1.1 can be found in Chapter 6
of [50].

The proof of Theorem 10.1.1 is as follows.

Step 1. We first solve the Cauchy problem (10.1.58) on the domain D
defined by (10.1.37).
Let

¢ = %(v + (P 51)), (10.1.64)
Noting (10.1.26), we have
V> &> p(fy, s4). (10.1.65)
Hence, for suitably small £ > 0, by (10.1.45)—(10.1.47), we have
D, CD,.

Hence, by Lemma 10.1.1, the Cauchy problem (10.1.58) admits a unique
global C*! solution (r,s) = (ry (t,x), s, (t,r)) on the domain D, and we have
sy(t,x) —ry(t,x) >0, V(t,z) € Dy, (10.1.66)

|T+(t,(£) - 77+|a |S+(t, .’E) - ‘§+| < 0357 V(t,x) € DJrv (10167)
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and
37’+ 3r+ 88+ 8$+ C4’I7
il o e o it it ol <
or (tax)‘a ot (tax)‘a o1 (tvx) ) ot (tv ) =1 —|—t’ V(t,x) € D+
(10.1.68)

Then we obtain the value of (r,s) on the right side of z = z5(%):

(r;8) = (7 (8),54(8)) = (r4 (8 22(1)), 54 (¢, 22(1))), V>0,  (10.1.69)

and we have

7(0) =74, 54(0) =54, (10.1.70)
() =T (t) >0, Wt=>0, (10.1.71)
|?+( ) ’I"+‘ |S+( ) — S+| S 035, Yt Z 0. (10172)

In additions, noting (10.1.47), we also have

ds(t)
dt

Csn
>~ 1+t’

dr(t)
dt

vt > 0. (10.1.73)

)

Step 2. By the Rankine-Hugoniot condition, we now find the value of (r, s)
on the left side of & = xa(t).

On the forward shock x = w5(t), the Rankine-Hugoniot condition is
written as

{[T(s —)]zh(t) + [r+ ] =0, (10.1.74)

[r + s]a5(t) — [p(7(s — 7)) = 0,

where [7] = 7(¢,22(t) + 0) — 7(t, 22(t) — 0), etc. Denoting the value of (r, s)

on the left side of x = x4(t) as (r,s) = (7—(t),5-(t)) and z5(t) = d, we can
rewrite (10.1.74) as
{(7(5_ —7_)—=7(sy —T)d+ (T- +5- -1y —5;4) =0,

(- +5 =7y —50)d— (p(r(5- — 7)) = p(r(34 = 74)) = 0.
(10.1.75)

Similarly to the proof of Lemma 9.3.1 (also see [53] and [68]), in a neigh-
bourhood of (74,54,7,,5,,V), (10.1.75) can be rewritten as

{? = g(F+7/§+7 d)a

(10.1.76)
= h(ry,s4,d),
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where g(-), h(-) € C? and

TO :g(F"F?g-"?V)’ (10177)
80 = h(F+,§+,V). o

]

8

Hence, the value of (r,s) on the left side of x = z2(t) can be uniquely
(), 55 (1), 25(t
(74 (1), 54 (1), (1), ot

determined as
{r (1) = g7y
s =35_(t) = h(r(t), 5+(t), 25(1))

Moreover, noting (10.1.45)-(10.1.48), (10.1.70), (10.1.72), (10.1.73), and
(10.1.77), we have

+

7—(0) = Ty 5_(0) = S0 (10.1.79)
[F_(t) — 7"0|7 |s_(t) — sO| < Cge, Vt >0, (10.1.80)
and
dr_(t), ,ds_(t) Crn
< > 0. 10.1.81
o 1 < T ez 0 (10.1.81)

Also, noting (10.1.26), (10.1.46), and (10.1.47), we have

AF_ (1), 3 (1) < h(t) < p(F_(t),5_(t)). (10.1.82)

Step 3. We finally solve the generalized Cauchy problem

or or

ET + )\(r,s)% =0,

9s Os _ (10.1.83)
5 + pu(r, 5)895 =0,

x=uao(t): (r,s) = (r_(t),s_(¢)), t>0,

on the domain D_ defined by (10.1.40).

Noting (10.1.82), we see that the generalized Cauchy problem (10.1.83)
always admits a unique local C! solution (r,s) = (r_(t,x),s_(t,z)) (see
[72]). For the time being, we assume that on any existence domain of (r,s) =
(r_(t,z),s_(t,z)), we have

Ir—(t,x) — 7yl [s—(t, ) —s,| <6, (10.1.84)

where ¢ > 0 is suitably small. At the end of the proof, we will why this
hypothesis is reasonable.
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Let
{f =_562(t) -, (10.1.85)

Then, noting (10.1.26), (10.1.45)—(10.1.47), and (10.1.84), we can reduce
the generalized Cauchy problem (10.1.83) on the domain D_ to the following
Cauchy problem:

or <, _ __or

a—f—l—)\(x,r,s)%—ﬂ,

95 iz r5d5_ (10.1.86)
afJFH(LTaS)aj 707

t=0: (1,5 = (F-(2),5-(2), z=0,

on the domain D_ = {(£,z)|t > 0, > 6(f)}, where

(7(t,2),5(t, 7)) = (r—(z,22() — 1), s— (T, x2(T) — 1)), (10.1.87)
N 1
Az,7,5) = AE 5 (10.1.88)
I 1
f(z, T, 5) @) =) (10.1.89)
and 7 = 0(t) € C? with 6(0) = 0 is determined by
To(T) = 1. (10.1.90)

Additionally, by (10.1.26), (10.1.46), (10.1.47), and (10.1.84), we have

x,;f) > \z,7,8) > (7,7, 5), (10.1.91)
and it follows from (10.1.80)—(10.1.81) that
[ (z) —71yl, [5-(Z) — 55| < Cse, VI >0, (10.1.92)
and
(@), 7@ < 2 vz o (10.1.93)
1+z

Obviously, problem (10.1.86) admits a unique local C! solution
(F 5) = (7(t,2),35(t, %)) = (r—(Z,22(%) — t),s_(T,22(T) — t)) on the domain
D_(0p) = {(t,2)|0 <t < dp, T > 6(t)}, where dp > 0 is a small number (see
[72]). In order to get the global existence of the C'* solution on D _, we need a
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uniform a priori estimate on the C' norm of the C* solution (7(t, z), 5(, 7))
on any existence domain D_(T).
Noting (10.1.80), we have
F(E2) — 1), [8(E.7) — 5| < Coe, W(EE) €D_(T).  (10.194)

In what follows, we want to get a uniform a priori estimate on the C°
norm of 97/dx, Or /0t, 95/0x and 05/0t on D_(T). For this purpose, since
the system in (10.1.86) depends explicitly on z, differently from the usual
Lax transformation, we introduce

w = e(Td) g: (10.1.95)

where ¢(7, 5) € C! satisfies

dq 1 o\

R e (10.1.96)

By (10.1.86)—(10.1.89), it is easy to get

'(10.1.97)

By (10.1.91), each characteristic passing through any given point (,z) =
(0, 3)(3 > 0) intersects the boundary Z = (f) (£ > 0) of D_ in a finite time.
Let & = z1(t,3) be the forward characteristic passing through a point (0, 3)
and let (T, 21 (T, 3)) be the intersection point of = Z; (¢, 3) with Z = 0(¢).

Noting (10.1.45), (10.1.47), (10.1.84), and (10.1.87), for suitably small £ >
0 and § > 0, we have

T B T
m <z(T,B) = ﬁ'f'/ Az, 7, 5) (1, 21(1,3)) dr < 8
T
T D\ (10.1.98)
Hence,
F'< Mof, (10.1.99)
where
(4V = A(r,.5,))(2V = A(ry, 5,))
°- —2X(ry,5,) > 0. (10.1.100)
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Noting (10.1.86), on Z = 71 (¢, 3) we have
7(E,7) = F(E 515 B)) = 7 (5) (10.1.101)
and
5(t,z) = 5(t, 21 (L, 8)) = s—(a(t, B)), (10.1.102)

where «a(t,3) is the Z-coordinate of the intersection point of the backward
characteristic passing through (Z,71(%,3)) with the Z-axis. Then it follows
from (10.1.97) that on = Z4(¢, 3) we have

—edT=B)5-ODX\(B,7_(B),35_(B))7_(3)
1+ B ’
(10.1.103)

w(t, z) = w(t,z1(t, 3))

where
B / (7, 71 (7, ) AB, 7 (8), 5 (B) M@, B), 7 (),
s(r, 217, 8))) - 7 (B)e?- - (N =aGT-B15 (D) g7 (10.1.104)

Hence, by (10.1.95), we get

oF et (9)5- () -al- (B SEREIN (3,7 (8), 5 () (8)
a_{(t7x1(ta = 1+B .
(10.1.105)
By (10.1.47), (10.1.92), (10.1.101), and (10.1.102) and noting (10.1.26), on
Z = Z1(t, 3) we have
1 _
E(V ATy, 80)) < x5(Z) = AT, 5) < 2(V = A(ry, 5,))- (10.1.106)

Then, noting (10.1.92), (10.1.101), and (10.1.102), we get
_ NE
el |\ < My, ‘g—‘ N2e2lal < M, (10.1.107)
-

where M; and M are two positive constants independent of € and 7.
We choose 1 > 0 so small that

1
Then it follows from (10.1.105) that

—1
g’; (F, %1 (7, 5))‘ < ap, C1 <1 — M, fj"BT) . (10.1.109)
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Thus, noting (10.1.99) and (10.1.108), we get

or - _ -
a(tvjl(tvﬂ))‘ < Csﬂ%ﬁ(l — CoMoMan) ™
U
< 20y M
= 9 1 +ﬁ
<G yier (10.1.110)
1+1

or Cun =
—_— < - <t<T. 10.1.111
o) < L o0sis (10:1.111)
Finally, we obtain
or,_ _ or _ Cian e\ T
— — < = D_(T). 10.1.112
i) | Tem| <2 vemen ). o1
Similarly, we have
05 _ 0s Clg’r] _ —
— (¢t —(t < - t D_(T). 10.1.11
S| [Faa| < L veoeD@. ot

Thus, we get a unique global C' solution (7,5) = (7(t,7),5(t,%)) to
(10.1.86) on D_. Noting (10.1.85), for the generalized Cauchy problem
(10.1.83), we obtain the unique global C'! solution

(rys) = (r—(t,z),s_(t,x)) = (F(x2(t) — x,t), 5(x2(t) — x,t))  (10.1.114)
on the domain D_. Noting (10.1.94) and (10.1.114), we immediately obtain

[r—(t,z) —ryl, [s—(t,2) = s,| < Crae, V(t,x) € D_, (10.1.115)

which also implies that hypothesis (10.1.84) is reasonable. In addition, noting
(10.1.47), it follows from (10.1.112)—(10.1.113) that

or_ or_ 0s_ 0s_ C1sn
— (¢ — (¢ — (¢ — (2 < t D_
o o) o) |G| |G| < £ vina) e
(10.1.116)
Hence, we get the piston velocity
o(t) = r_(t,0) + s_(£,0), t>0. (10.1.117)

Moreover, noting (10.1.79) and (10.1.27), we see that (10.1.52)—(10.1.54)
hold.
Theorem 10.1.1 is then proved.
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10.1.3 Related Problem in FEulerian Representation

In Eulerian representation, the system of one-dimensional isentropic flow
is written as

* (10.1.118)
O(pu) | Olpu® +p(p)) _
ot Ox -

where p is the density, u the velocity, and p = p(p) the pressure. For polytropic
gases,

p=np(p)=Ap?, Vp>0, (10.1.119)

where v > 1 is the adiabatic exponent and A is a positive constant. In this
situation the corresponding piston problem asks us to solve the following
mixed initial-boundary value problem for system (10.1.118) with the initial
data

t=0: p:pg(m) (>0), u:ug(x), x>0, (10.1.120)

and the boundary condition

x=f(t): u=p(t), t>0, (10.1.121)
with
f(t) = / @(§)dE. (10.1.122)
0
Suppose that
©(0) > ur(0). (10.1.123)

Then the motion of the piston produces a forward shock x = x¢(t) pass-
ing through the origin at least for a short time 77 (see [72]) such that the
corresponding piecewise C' solution on the domain

AT = {(L,2)|0 < t < Tz > f(£)} (10.1.124)
is written as
(po(t@),uo(t,x)), ! t) ngxf(t)v
u) = 10.1.125)
(p {(p+(t,l‘),U+(t,SE)), xr Z Zf t)v (

where (p, (t,2),u,(t, x)), (p4+(t,z),us(t,z)) € C' satisfy system (10.1.118)
in the classical sense on their domains, respectively, and verify the
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Rankine—Hugoniot condition

[Pl (t) — [pu] =0,

(10.1.126)
[pula’ (£) — [ + pl(p)] = 0
and the entropy condition
Ai(py (8 w4 (1)) < @y (t) < Aalpy (t x4 (1)), (10.1.127)
2 (t) > Ao (p4-(t, 24 (1))
on z = xy(t), in which [p] = py(t,24(t)) — p,(t,2¢(t)), etc. and
—A1(p) = A2(p) = VP (p)- (10.1.128)

In the special case that the piston moves with a constant speed u,, and the
initial state is a constant state (py, ) (p4 > 0) with u, > @4, the solution
to the previous problem is the typical forward shock (see [22])

(po,up), upt <ax <Ut,
(pwy=4 " " (10.1.129)
(ﬁ+,ﬂ+)7 T > Ut7

where U, the speed of propagation of the typical forward shock, and p, are
determined by the Rankine-Hugoniot condition:

(Poup — P+14)? = (py — P+ )(pyup + p(py) — P+U% — p(p)),

_ Polp — P1U4
po - ﬁJr

U
(10.1.130)

As a global perturbation of the simplest piston problem mentioned above,
for the piston problem (10.1.118) and (10.1.120)-(10.1.121), we have the
following:

Theorem 10.1.2  Suppose that p} (z), uf (x) € Cl, and f(t) € C? with

pe(0) =py, ul(0)=1ay, ¢(0)=u,. (10.1.131)

Suppose furthermore that
|p3r(x) =+l |u§(x) —uy| <e, Vx>0, (10.1.132)
lo(t) —u,| <e, Vt>0, (10.1.133)

+' +/ n
oy @, lug @) < 77—, Y220, (10.1.134)
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and

225

o' ()] < —

o w>o0
1+t

)

(10.1.135)

where e > 0 and n > 0 are suitably small. Then the piston problem (10.1.118)
and (10.1.120)—(10.1.121) admits a unique global piecewise C* solution

_ ) (g (), uy (), f() <
(p(t,z),u(t,z)) = {(pi(t,x),ui(t,a:)), . (10.1.136)

on the domain

Q={tz2)t>0, x> f(t)} (10.1.137)
This solution, containing only one forward shock x = x(t) passing through
the origin with 2, (0) = U, satisfies the following estimates: On the domain

Q= {(t, )|t >0, > zs(t)},

(10.1.138)
we have
lp+(t, @) = pil, |us(t, @) — ug| < Kipe,  (10.1.139)
Opy Op+ duy duy Ko
—_— —_— —_— — < — 10.1.14
vt | %), |G| (G| < T o010

on the domain

2_= {(tvx”t >0, f(t) <a < mf(t)}v

(10.1.141)
we have
lpg (L) — pols |ug(t,2) —u,| < Kize, (10.1.142)
Ip, Ip, A, du, Kian
— — —_— —_ < . 10.1.14
o, | T |G| G| < 2L poraa
Moreover,

|2 (t) — U] < Kise, (10.1.144)
K
250 < T

Proof. Taking the Lagrange coordinates (,m):

(t,w)
m = / pdx — pudt,
(0,0)

(10.1.146)
t=t

(10.1.145)
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as new variables, problem (10.1.118) and (10.1.120)—(10.1.121) reduces to
(10.1.1)~(10.1.3) in which (¢,z) is replaced by (,m) and

1

T(;r(m) = W’ ug'(m) = ug(x(m)), (10.1.147)
o(t) = (1), (10.1.148)
where z = x(m) is determined by
m = / pH(€) de. (10.1.149)
0
By (10.1.131)—(10.1.135), it is easy to see that
1
T;(O) = E =T, USF(O) = Uy, ¢(0) = Up,
(10.1.150)
H(m) — 7|, |ut(m) —ay| < Ciee, Ym >0, 10.1.151
0 0
t) — <e, V>0, 1.
|6(t) — &(0)] Vi >0 (10.1.152)
/ ! Cim
+ +
IT,” (m)], |uy (m)] < Trm’ Ym >0, (10.1.153)
and
M < L. vi>o. 10.1.154
0 < 1L Vi (10.1.151)

By Proposition 10.1.1, we obtain that problem (10.1.1)-(10.1.3) corre-
sponding to problem (10.1.118) and (10.1.120)—(10.1.121) admits a unique
global piecewise C'! solution

= T (10.1.155)

on the domain
{(t,m)|t >0, m >0}. (10.1.156)

This solution, containing only one forward shock m = my(f) passing
through the origin with m4(0) =V, where

satisfies the following estimates: On the domain

{(t,m)|t >0, m >may(f)}, (10.1.158)
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we have
|74 (E,m) — 71|, Jug(f,m) —uy| < Cige, (10.1.159)
88%({, m)|, 87* ' '— aaLt*(t, m)’ < 101)27 (10.1.160)
on the domain
{(E,m)|[t >0, 0 <m < may(f)}, (10.1.161)
we have
7o (Em) = 7o, fug (£,m) — | < Cooe, (10.1.162)
%(E, m)|, %O(E, m)|, %(j ), %(ﬂ m)’ < fi”z (10.1.163)
Moreover,
|mb(t) — V| < Cage, VE>0, (10.1.164)
imY(7)] < 10257; Vi > 0. (10.1.165)
Using the inverse transformation of (10.1.146):
(E.m) i
e /(0,0) Tdm + udt, (10.1.166)
t =1,
we get
m = m(t,z). (10.1.167)

Then, by (p(t,z),u(t,z)) = (1/7(t,m(t, x)),u(t,m(t,x))), it is easy to see
that the original piston problem (10.1.118) and (10.1.120)—(10.1.121) admits
a unique global piecewise C'' solution

(po (t,z), Uy (t,z)) = (mv Uy (t,m(t, .73))) )
0 ) )
(p(t,x),ult,z)) = f(t) Slx <zs(t),
(p+(t 2),us(t,z)) = (mﬂw(ﬂm(tafﬂ))) ;
x> wp(t),

(10.1.168)
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on the domain (10.1.137), where

xp(t) = /0 (7(o,ma(c))mb(c) + u(e, mz(0)))do; (10.1.169)

moreover, (10.1.138)—(10.1.145) hold.
This proves Theorem 10.1.2.

For the global inverse piston problem, we have

Theorem 10.1.3 Suppose that the position of the forward shock x = x¢(t) €
C? (t > 0) with

zp(0)=0 (10.1.170)
and
:c’f(()) =U (10.1.171)

is prescribed and for suitably small € > 0 and n > 0, we have

2% (t) —U| <e, Vt>0, (10.1.172)
and
) < > 0. 10.1.1
2% ()] < T 20 (10.1.173)

Then for any given pa‘(:v) and ua‘(m) € Ct (x > 0) satisfying

b (0) = 5y, ut(0) =y, (10.1.174)
|pg(:c) — il |u§(z) —uy| <e, Vz>0, (10.1.175)
and
+ + n
lpg (@], | (2)] < T+ 2 Vo >0, (10.1.176)

we can uniquely determine the piston velocity v, = p(t) (t > 0) with

©0(0) = up, (10.1.177)
lo(t) — up| < Ki7e, VYt >0, (10.1.178)
and
Kign
"(¢ YVt >0 10.1.179
W0l < T V=0, ( )

where uy, is the same as in (10.1.129), such that by Theorem 10.1.2, the cor-
responding direct piston problem (10.1.118) and (10.1.120)—(10.1.121) admits
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a unique global piecewise C solution (p(t, ), u(t, z)) [see (10.1.136)] in which
the forward shock passing through the origin is just x = ¢ (t).

Proof. First, we solve the Cauchy problem (10.1.118) and (10.1.120) on
the domain 2, defined by (10.1.138). Noting (10.1.174)—(10.1.176), just as
we did in Lagrangian representation (see Lemma 10.1.1), the Cauchy prob-
lem (10.1.118) and (10.1.120) admits a unique global C* solution (p,u) =
(p+(t,z),us(t,z)) on the domain 2, and we have

lp+(t, @) — pil, Jus(t @) —ug| < Case, V(t ) € 24, (10.1.180)
and
Op+ Ip+ duy duy Casn
W(f fE) s W(t,l’) s a—x(t,l') , W(t,fl}) ~ 1+t7 V(t7.')3) c Q+.
(10.1.181)

Using the Lagrange transformation (10.1.146), the forward shock in
Eulerian representation = x¢(t) reduces to the forward shock m = ma(t)
in Lagrangian representation with

ma(t) = /0 py(0,25(0)) (s (0) = uy(o,24(0))) do. (10.1.182)

Noting (10.1.170)—(10.1.173) and (10.1.180)—(10.1.181), we have

ma(0) =0, (10.1.183)
my(0) =V, (10.1.184)
|mb(t) — V| < Coee, VE>0, (10.1.185)
mi@) < 7 viso, (10.1.186)

where V' is given by (10.1.157). Furthermore, 7.7 (m) and u} (m) defined by
(10.1.147) satisty

TH0) =7, ul(0) =uy, (10.1.187)
[7F(m) = 74, Juf (m) —ay| < Cose,  ¥m >0, (10.1.188)
and
4/ C’2977
[T (m)l, Jud ‘(m)] < Ym > 0. (10.1.189)

Thus, the inverse piston problem in Eulerian representation reduces to
the corresponding one in Lagrangian representation. By Theorem 10.1.1; in
Lagrangian representation we can uniquely determine the piston velocity v, =
#(t) (t > 0) with (10.1.52)-(10.1.54), such that the corresponding direct
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piston problem (10.1.1)-(10.1.3), where (¢, x) is replaced by (£,m), admits a
unique global piecewise C'! solution (7(f,m), u(,m)) [see (10.1.155)] in which
the forward shock passing through the origin is just m = ma(%).

Using the inverse transformation (10.1.166), in Eulerian representation we
get the piston path

z = f(t) = /O $(€)de. (10.1.190)

Then, noting (10.1.52)—(10.1.54), the piston velocity ¢(t), which is nothing
but ¢(t), satisfies (10.1.177)—(10.1.179). Thus, by Theorem 10.1.2, the corre-
sponding direct piston problem (10.1.118) and (10.1.120)—(10.1.121) admits a
unique global piecewise C! solution (p(t,z),u(t, z)) [see (10.1.136)] in which
the forward shock passing through the origin is just « = z¢(t).

Theorem 10.1.3 is then proved.

10.2 Generalized Cauchy Problem with Cauchy Data
Given on a Semibounded Noncharacteristic Curve

Consider the following first-order quasilinear hyperbolic system:

ou ou

— 4+ Au)— = 10.2.1

APt =, (10.2.)
where u = (u1,...,u,)? is the unknown vector function of (¢,7) and A(u) is
an n X n matrix with suitably smooth elements a;;(u) (4,7 = 1,...,n).

By hyperbolicity, for any given u on the domain under consideration,
A(u) has n real eigenvalues A1 (u), ..., \,(u) and a complete set of left (resp.
right) eigenvectors. For ¢ = 1,...,n, let {;(u) = (l;1(u),...,Ln(u)) [resp.
ri(u) = (rii(u), ..., 7 (u))?] be a left (resp. right) eigenvector correspond-
ing to \;(u):

Li(uw)A(w) = N(u)l;(u) (10.2.2)
and
A(u)ri(u) = N (u)r;(u). (10.2.3)
Then we have
det |1;;(u)] # 0 [resp. det|r;;(u)] # 0]. (10.2.4)

Without loss of generality, we assume that on the domain under
consideration,

L(wrj(u) =46 (i,j=1,...,n), (10.2.5)

where 0;; stands for Kronecker’s delta.
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We suppose that all X\;(u), l;;(u), and r;;(w) (4,7 = 1,...,n) have the same
regularity as a;;(u) (4,7 =1,...,n).

In Chapter 5 we showed that for the Cauchy problem of system (10.2.1)
with small and decaying initial data given on a semibounded initial axis

t=0: u=¢(x), x>0, (10.2.6)

there exists a unique global C' solution on the corresponding maximum
determinate domain if and only if the rightmost characteristic A, (u)
satisfying

Ar(u), .o Ao () < Ap(u) (10.2.7)

is weakly linearly degenerate (WLD). Precisely speaking, we have the
following:

Lemma 10.2.1 Suppose that in a neighbourhood of u = 0, A(u) € C?,
system (10.2.1) is hyperbolic and (10.2.7) holds. Suppose furthermore that
An(u) is WLD. Suppose finally that

0 sup{(1-+ ) (10(a) + 10/ (@)} < +ox.

where p > 0 is a constant. Then there exists 6y > 0 so small that for any
given 0 € [0,6y], the Cauchy problem (10.2.1) and (10.2.6) admits a unique
global C1 solution u = u(t,x) with

ou ou
a(tax) a..

ju(t, )], -

)

(t,:n)‘ < k0

on the domain D = {(t,x)| t > 0,2 > x,(t)}, where k is a positive constant
independent of 0 and x = x,(t) is the nth characteristic passing through the
origin O(0,0).

Recall that the ith characteristic A;(u) is said to be WLD (see Chapter 2)
if, along the ith characteristic trajectory u = u(i)(s) passing through u = uy,
defined by

du
— =ri(u),
ds (10.2.8)
s=0: u=0,
we have
VAi(uw)r;(u) =0, V|u| small, (10.2.9)
ie.,

Xi(uD(s)) = Xi(0),  V|s| small. (10.2.10)
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Obviously, if a characteristic A;(u) is linearly degenerate (LD) in the sense
of Lax:

VAi(u)r;(u) =0, (10.2.11)

then it is WLD.

In order to solve the inverse piston problem for the system of one-
dimensional adiabatic flow, we should generalize the previous result to the
generalized Cauchy problem with Cauchy data given on a semibounded non-
characteristic curve. For this purpose, we consider the generalized Cauchy
problem for system (10.2.1) with the following generalized Cauchy data:

r=ga(t): u=19(t), t=0, (10.2.12)
where the curve x = go(t) is noncharacteristic everywhere.

Theorem 10.2.1 Suppose that for any given u on the domain under con-
sideration, the eigenvalues of A(u) satisfy

AL, o A1 () < A (1) < A1 (1), -+, An (). (10.2.13)

Suppose furthermore that x = ga(t) € C? with g2(0) = 0 and %(t) € CL.
Suppose finally that

A ($(0)) < gh(0) < As((0)) (s=m+1,...,n), (10.2.14)
|95(t) — 95(0)] < m vt >0, (10.2.15)
g5 ()] < a Jj)lﬂﬂ Vvt > 0, (10.2.16)
and
[W(t) —¥(0)], W' (@) < W vt > 0, (10.2.17)

where 0 < & < &g with gg suitably small and p > 0 is a constant. If Ay, (u) is
WLD, then the generalized Cauchy problem (10.2.1) and (10.2.12) admits a
unique global C* solution u = u(t,x) on the mazimum determinate domain
D ={(t,z)|t >0, g1(t) <z < go(t)}, where x = ¢1(¢t) (t > 0) is the mth
characteristic passing through the origin O(0,0):

WD utt 0 0),

g1(0) = 0.

(10.2.18)

Moreover,

|u(t, z) — u(0,0)| < Ke, V(t,x)€ D, (10.2.19)
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and
ou

ou
%(ta .T)

—(t
¢

where K is a positive constant independent of €, t, and x.

, x)| < Ke, VY(t,x)€ D, (10.2.20)

Remark 10.2.1 Ifz = g1(t) and x = g2(t) are all noncharacteristic curves,
the corresponding generalized Cauchy problem is as discussed in Chapter 9.

Remark 10.2.2 Suppose that on the domain under consideration,

M), dmm1(w) < Ap(u) = - = Apap (1) < Apgpr1 (W) -, A (),
(10.2.21)
where A(u) D (u) = -+ = Anap(u) is a characteristic with con-

stant multiplicity p + 1, where 0 < p < n — m. Suppose furthermore that
Am (W), ..y Amgp(w) are WLD (see Chapter 2). Then the conclusion of The-
orem 10.2.1 is still valid.

Remark 10.2.3 The result in this section can be found in [70].

Proof of Theorem 10.2.1. It is well known that the generalized Cauchy
problem (10.2.1) and (10.2.12) always admits a local C! solution u = u(t, x)
(see [72]). For the time being, we assume that on any existence domain of
u = u(t,z), we have

lu(t, z) — (0)] < b, (10.2.22)

where §g > 0 is a suitably small constant. At the end of the proof, we will,
explain why this hypothesis is reasonable.
Taking the transformation of independent variables

{

and noting ¢1(0) = g2(0) = 0, (10.2.14)—(10.2.15), (10.2.18), and (10.2.22),
we can rewrite the original generalized Cauchy problem (10.2.1) and (10.2.12)
on D as the following Cauchy problem on D = {(t,z)|[t > 0, & > p(})}:

R

=1,
a2 (10.2.23)

P _
ai; + (gh(@)] — A(a))‘la—; =0 (10.2.24)
and
t=0: u=1(z), T>0, (10.2.25)
where
ﬂ({, ‘(E) = u(‘vaZ(f) - 1?), (10226)

and 7 = p(#)(> 0) € C? with p(0) = 0 is determined by

t=02(2) — q1(). (10.2.27)
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Let
Tns1 = g4(7) (10.2.28)
and
= U
U= <_ ) . (10.2.29)
Un41

The Cauchy problem (10.2.24)—(10.2.25) on the domain D can be rewritten
as

ou _oU
5 B(U)% =0 (10.2.30)
and
t=0: U=w(z), =>0, (10.2.31)
where
B(U) — ((’l_lzn-‘rl[ *()A(a))il 8) (10232)
and
[ v(@)
U(z) = (9,2(33)> . (10.2.33)

The eigenvalues of B(U) are

N(U) = (i1 — Mi(@)™F (i=1,...,n), Ay (U)=0. (10.2.34)
Noting (10.2.13)—(10.2.15) and (10.2.22), it is easy to see that

M), A1 (U), A1 (U)o, A1 (U) < A (0). (10.2.35)

Moreover, the right eigenvectors corresponding to A\;(U) (i = 1,...,n+1)
can be taken as

7 (U) = <”g—‘)> (i=1,...,n) (10.2.36)
" P () = (?) . (10.2.37)

Then the weak linear degeneracy of A, (u) implies the weak linear
degeneracy of A\, (U).
For the initial data ¥(Z), noting (10.2.15)—(10.2.17), we have
€

(z) — W (0)], | (z)] < T Yo (10.2.38)

Besides, noting (10.2.18), by (10.2.27), we have

1 1
7> 0. (10.2.39)
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Hence, = p(t) is the mth characteristic and the rightmost characteristic
for system (10.2.30) passing through the origin (¢,z) = (0,0).

By Lemma 10.2.1, it is easy to see that the Cauchy problem (10.2.30)—
(10.2.31) admits a unique global C! solution U = U(#,7) on D and

U, z) —w(0)| < Ke, VY(t,z)€ D, (10.2.40)
oU - oU - _ _
—(t,x —(t,x)| < T 2.
o (t,7)|, ‘ 5 (t,7)| < Ke, V(t,7) € D, (10.2.41)

where K is a positive constant independent of . As a result, the generalized
Cauchy problem (10.2.1) and (10.2.12) admits a unique global C! solution
u=u(t,z) =u(g2(t) — x,t) on D and (10.2.19)—(10.2.20) hold.

Finally, by (10.2.19), we have

lu(t,z) —¥(0)| < Ke < Keg, V(t,x)€ D, (10.2.42)

which implies the validity of hypothesis (10.2.22), provided that ey > 0 is
suitably small.
The proof of Theorem 10.2.1 is finished.

10.3 Inverse Piston Problem for the System of
One-Dimensional Adiabatic Flow

10.3.1 Introduction

Suppose that a piston originally located at the origin at ¢ = 0 moves with the
speed v, = ¢(t) in a straight tube, whose length is assumed to be infinite. In
order to determine the state of the ideal gas on the right side of this piston, in
Lagrangian representation this piston problem asks us to solve the following
mixed initial-boundary value problem:

8,57 — aru = 0,

Oyu + O.p = 0, t, x>0, (10.3.1)
dy(e + 3u’) + 0u(pu) = 0,

t=0: (r,u,e) = (10 + 74 (x),up + uy(x),e0 +er(z)), x>0, (10.3.2)
and
r=0: u=¢(), t>0, (10.3.3)

where 7 is the specific volume, u the velocity, p the pressure, e the internal

energy, and
p=p(7,9), (10.3.4)
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with
pr(1,8) <0, V¥Y7>0, (10.3.5)

in which S is the entropy:
S = S(r,e). (10.3.6)

Moreover, 19 > 0, g > 0, and ug are constants, and 74 (z), ui(z), e4(x),
and ¢(t) € CL.
Let
U= (r,u,e)T. (10.3.7)

It is easy to see that under hypothesis (10.3.5), (10.3.1) is a strictly hy-
perbolic system with three distinct real eigenvalues:

M(U) = —V=pr < Ma(l) =0 < N(U) = V=7 (10.3.8)
Moreover, A\3(U) is linearly degenerate (LD), and if
prr(70,50) # 0, (10.3.9)
where
So = S(70,€0), (10.3.10)

then A1 (U) and A3(U) are genuinely nonlinear (GN) in a neighbourhood of

def.
U="U = (10,u0,€0).

If
T(z) =uy(x) =ey(x) =0, Vo>0, (10.3.11)

and
o(t) =a, V>0, (10.3.12)

with
a > ug, (10.3.13)

then the solution to the piston problem is given by

(r_,a,e_) L U_, 0<z<Vt,

(T, u,e) = (10.3.14)

Q.

@

i
>

(TOauOveO) +; X > Vta
where V' is the speed of propagation of the forward typical shock, satisfying
V=GU,,U.) (10.3.15)

and the entropy condition

(10.3.16)

)\3((7,) >V > )\Q(U,),
V> As(Uy),
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in which 7_, e_, and (10.3.15) are uniquely determined by the Rankine—
Hugoniot condition

[V + [u]
u]V —[p] =0,
e+ 2u?lV — [pu] =0,

0,
0 (10.3.17)

[N

where [1] = 7(¢t,Vt+0) — 7(t,Vt — 0) = 79 — 7_, etc. (see [22]).
As a perturbation of the simplest piston problem mentioned above, for the
piston problem (10.3.1)—(10.3.3), suppose that

T+(0) = U4 (O) = €+(0) =0 (10318)

and
¢(0) =a (10.3.19)

with (10.3.13). Then the motion of the piston should produce a forward
shock & = x3(t) passing through the origin at least for a short time 7. More
precisely, the corresponding piecewise C'! solution is written as (see [72])

(10.3.20)
where U = U~ (t,2) and U = U™ (t, z) satisfy system (10.3.1) in the classical
sense on the domain {(¢,2)|0 < x < z3(t)} and {(¢,2)|z > x3(t)}, respec-
tively, and verify the Rankine—Hugoniot condition

[T]a5(t) + [u] =0,
[u]zs(t) — [p] = 0, (10.3.21)
e+ sulat(t) — [pu] = 0
and the entropy condition
{)\3(U) > ay(t) > A3(UT), (10.3.22)
xh(t) > A2(U7)

on x = x3(t), where UT = U(t,z3(t) £ 0) and [r] = 7 (¢, z3(t) + 0) —
77 (¢, 23(t) — 0), etc. Moreover, we have

U*t0,0)=0U,, U (0,0)=0_, (10.3.23)
and
25(0) = V. (10.3.24)

In this section we consider the corresponding inverse piston problem:
Under the hypotheses that we know the original state (10.3.2) of the gas on
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the right side of the piston and the position of the forward shock x = 5(¢),
is it possible to determine the speed v, = ¢(t) of the piston?

In the case of one-dimensional isentropic flow, since the system consists of
two equations and both the boundary x = 0 and the forward shock z = x3(t)
are noncharacteristic, the inverse piston problem can be solved not only
locally but also globally by means of the method given in Chapter 9 (see
Section 9.1). In the case of the one-dimensional adiabatic flow considered
in this section, the corresponding inverse piston problem is more difficult
because the system consists of three equations and x = 0 is a characteris-
tic curve. Even though this inverse piston problem can also be easily solved
locally via the method in [53], however, to get a unique global solution to the
inverse piston problem, we need a generalization of the global existence on
the maximum determinate domain for the Cauchy problem with Cauchy data
on a semibounded initial axis—this has been done in Section 10.2. Thus, in
Sections 10.3.2 and 10.3.3 the inverse piston problem for one-dimensional
adiabatic gas dynamics is discussed in Lagrangian representation and in
Eulerian representation, respectively.

Remark 10.3.1 The result in this section can be found in [70].

10.3.2 Inverse Piston Problem in Lagrangian
Representation

As mentioned in Section 10.3.1, the inverse problem can be easily solved in
the local sense. We now discuss this inverse problem globally. We have

Theorem 10.3.1 Suppose that the position of the forward shock x = x5(t) €
C? is given and

23(0) =0, 24(0) =V, (10.3.25)

|z5(t) = VI, |23(8)] < Ty 720 (10.3.26)

where € > 0 is suitably small and p > 0 is a constant. Then for any given
(7+(2), us(2), e4(x)) € C satisfying

71(0) = uy (0) = e, (0) =0, (10.3.27)
7 @), g (@), Jer (2)] < W Va >0, (10.3.28)
and
7 @),y (@), Je (2)] < W W > 0, (10.3.29)
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there exists a unique speed v, = ¢(t) (t > 0) of the piston such that

¢(0) = a, (10.3.30)
6(t) — a| < ke, Vt>0, (10.3.31)

and
6" (1) < ke, VE>0, (10.3.32)

where Kk is a positive constant independent of €.

Proof. Since x = x3(t) is a given forward shock, noting (10.3.27)—-(10.3.29)
and the entropy condition

{/\3(U_) > ay(t) > A (U-), (10.3.33)

z3(t) > As(Uy),

where Uy denote the value of U on the right and left sides of z = z3(¢),
respectively, similarly to Lemma 9.2.2 (also see [50], [73] and [76]), we easily
show that on the domain D+ = {(¢, z)|z > x3(t), t > 0}, the Cauchy problem
(10.3.1) and (10.3.2) admits a unique C' solution U = U, (¢, x) satisfying

U, (0,0) = Uy, (10.3.34)
~ 8U+ 5'U+ Ke +
— —— T —_— < —m——— .
|U+(t71') U+|7 ot (tﬂx)‘ ) ‘ ox (t,l‘)‘ = (1 + t)l'H“ V(t,:l?) €D
(10.3.35)

Here and henceforth, K denotes a positive constant independent of e.
Hence, the value of U on the right side of = xz5(¢) is given by

Uy (t) = Us (£, 25(t)) (10.3.36)

with U, (0) = U,. Then, by Lemma 9.3.1 in Chapter 9 (also see [53]), via the
Rankine-Hugoniot condition, we can uniquely determine the value U_(t) of
U on the left side of = z5(t) such that

U_(0) =0 (10.3.37)
and dU_ (1) K
~ _(t £
_ < > 0. L.
U0 -0, | ‘ < g W20 (10.3.38)

Noting (10.3.16), (10.3.25)—(10.3.26), and that A2(U) is LD, by Theorem
10.2.1, we get that on the domain D~ = {(t,2)|0 < z < x3(¢t),t > 0}, the
generalized Cauchy problem (10.3.1) with the Cauchy data

z=mx3(t): U=U_(t), t>0, (10.3.39)
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admits a unique C* solution U = U_(t,7) = (7_(t,x),u_(t,7),e_(t,x)) with

U_(0,0)=0U_, (10.3.40)
and
|U_(t,z) —U_|, %(t,x), %(t,x) < Ke, Y(t,z) e D™. (10.3.41)

Thus, we obtain the speed of the piston:
o(t) = u_(t,0). (10.3.42)

Moreover, noting (10.3.40)-(10.3.41), we see that (10.3.30)-(10.3.32)
hold.

10.3.3 Inverse Piston Problem in Eulerian
Representation

Let us consider the system of one-dimensional gas dynamics in Eulerian rep-
resentation

dp | O(pu) _
o " or O
Apu)  I(pu® + p)
= 10.3.43

ot T oz 0 ( :

A(pe + 5pu?)  O((pe + Lpu? + p)u)
- =0,
ot or

where p is the density, u the velocity, p the pressure, e the internal energy,
and

p=p(p,5) (10.3.44)
with
Pp(p,S) >0, Vp>0, (10.3.45)
in which S is the entropy:
S =S(p,e). (10.3.46)

The corresponding piston problem asks us to solve the mixed initial-
boundary value problem for system (10.3.43) with the initial data

t=0: (p,v,e) = (po+ p+(x),up + us(z),e0 +es(x)), x>0, (10.3.47)
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and the boundary condition
w=f(t): u=p(t), t>0, (10.3.48)

where pg > 0, eg > 0, and ug are constants, and p (), us(z), ex(x), and
o(t) € C* with

p+(0) =uy(0) =es(0) =0, (10.3.49)
©(0) = a, (10.3.50)
and .
1) = [ elepde (10.3.51)
Let
W = (p,u,e)T. (10.3.52)

Tt is easy to see that under hypothesis (10.3.45), (10.3.43) is a strictly hyper-
bolic system with the three distinct real eigenvalues

MW)=u—c, A(W)=u, X(W)=u+rc, (10.3.53)
where 5
2 P
= . 10.3.54
= ( )
Moreover, A\o(W) is LD, and if
po 0%p
5 g2 o> So) + ¢*(po, S0) # 0, (10.3.55)
where
So = S(po, €o), (10.3.56)
then A\ (W) and A3(W) are GN in a neighbourhood of W = W, def.
(p07u07 BO)T'
Suppose that
a > ugp. (10.3.57)

Then the motion of the piston produces a forward shock = x¢(t) passing
through the origin at least for a short time T3 (see [72]). Furthermore, the
corresponding piecewise C'! solution is written as

W(t,) = (p~(t,x),u(t,x), e (t,x)) = W (t,z), f(t) <x<ap(t),
’ (p*(t,2), ut (t,2), et (t,2) L WH(t,2), = >a(1),
(10.3.58)
where W = W= (t,z) and W = WT(t,z) satisfy system (10.3.43) in the
classical sense on the domain {(¢,z)|f(¢t) <z < x(t)} and {(¢,x)|x > zf(t)},



242 X Inverse Piston Problem
respectively, and verify the Rankine-Hugoniot condition
o]’y (t) — [pu] =0,
[pula’y (t) — [pu® + p] = 0, (10.3.59)
[oe + 3pul2’s(t) — [(pe + 5pu® +p)u] = 0
and the entropy condition
As(WT) > @ (t) > As(W),
(10.3.60)
ac’f(t) > A (W)

on x = z(t), where W* = W(t,x;(t) £ 0) and [p] = p*(t,z,(t) + 0) —
p~(t,z¢(t) — 0) etc. Moreover,

p (0,0)=p_, u (0,0)=a, e (0,0)=e_, (10.3.61)
pt(0,0) = po, u"(0,0) =ug, €T(0,0)= e, (10.3.62)

and
2p(0) =0, 24(0)=V. (10.3.63)

Here, p_,e_, and V are uniquely determined by the solution
def. 2 i
(p—,a,e_) = W_, at <z <Vt
(pyuse) = r B (10.3.64)
(P07U0760) = W+7 x> Vta

to the previous piston problem in the special case that the piston moves with
a constant speed a and the initial state is a constant state (pg, ug, eg) with
a > ug (see [22]).

For the corresponding inverse piston problem, using Theorem 10.2.1 as in
the proof of Theorem 10.3.1 or using the Lagrange transformation as in the
proof of Theorem 10.1.3, we get

Theorem 10.3.2  Suppose that the position of the forward shock
x=xs(t) € C? with (10.3.63) is given and

c Vi >0, (10.3.65)

’ 7 "
\mf(t) -V, |17f(t)| < W, =

where € > 0 is suitably small and p > 0 is a constant. Then for any given
(p1(z),us(x),eq(z)) € Ct with (10.3.49) satisfying

€
o (@), Jur(2)]; [eq(2)] < Ao @20 (10.3.66)
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and
€

Pl ()], Wi (@)]s [ey (@) < At Ve > 0, (10.3.67)

we can uniquely determine the speed v, = @(t) (t > 0) of the piston with
(10.3.50) and
lp(t) —al < Re, Vt>0, (10.3.68)

and
¢/ (t)] < Re, V>0, (10.3.69)

where K is a positive constant independent of €.
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