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Preface

In July 2009, Imperial College London hosted the 7th Congress of the Interna-
tional Society for Analysis, its Applications and Computations. One of the invited
sections of the Congress was devoted to Stochastic Analysis and Applications. It
proved to be one of the most popular sections with talks covering a variety of topics
within Stochastic Analysis. Spearheaded by the success of the meeting, the partic-
ipants agreed to contribute to a special volume dedicated to the subject. The book
“Stochastic Analysis 2010” is the result of their joint efforts.

Springer Verlag has kindly agreed to publish the collected works of the partici-
pants and we owe a special thanks to the publisher and, in particular, to Dr Catriona
Byrne, Springer’s Editorial Director for Mathematics. I would also like to acknowl-
edge the Mathematics editorial team, in particular, Dr Marina Reizakis Associate
Editor for Mathematics and Annika Elting Editorial Assistant for Mathematics for
the smooth and efficient handling of the book project.

London Dan Crisan
July 2010
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Introduction

Dan Crisan

Stochastic Analysis has emerged as one of the main branches of the latter half of
twentieth century mathematics. Situated at the confluence between Analysis and
Probability Theory, Stochastic Analysis impresses through its wide range of topics
and applications. It aims to provide mathematical tools to describe and model ran-
dom dynamical systems. Such tools arise in the study of stochastic differential equa-
tions and stochastic partial differential equations, infinite dimensional stochastic
geometry, random media and interacting particle systems, super-processes, stochas-
tic filtering, mathematical finance, etc. Its roots can be traced back to the work
of Kiyosi Itd6 who has laid the foundations of the theory of stochastic differential
equations and of stochastic integration in the 1940s.

Since the early 1950s, Stochastic Analysis has developed at an accelerated rate,
gaining new perspectives through interactions with various branches of mathemat-
ics, including partial differential equations, potential theory, Lie groups and Lie
algebras, differential geometry, and harmonic analysis. Stochastic Analysis embod-
ies the main characteristics of twentieth century mathematical sciences — having
elegance, mathematical depth and strong interactions with a wide range of areas.
Its influence has gone far beyond the confines of mathematics by providing tools
for analyzing random phenomena in fields as diverse as physics, biology, eco-
nomics, and engineering. For example, the research on filtering theory with its many
engineering applications could not have developed to its current stage without the
use of stochastic analysis tools, including martingale theory, stochastic differential
equations and stochastic partial differential equations. Similarly, in mathematical
finance, stochastic differential equations and Itd calculus play crucial roles in pric-
ing financial derivatives such as options (as embodied in the famous results of Black
and Scholes), futures, interest rate derivatives, etc.

It is difficult, if not impossible, to summarize a subject that has experienced such
rapid fundamental developments both in the vertical and in the horizontal direction.

D. Crisan

Department of Mathematics, Imperial College London, 180 Queen’s Gate, London SW7 2AZ,
United Kingdom

e-mail: d.crisan@imperial.ac.uk
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2 D. Crisan

The special volume “Stochastic Analysis 2010” aims to provide only a sample of
the current research in the different branches of the subject. It includes the collected
works of the participants at the Stochastic Analysis section of the 7th Congress
of the International Society for Analysis, its Applications and Computations orga-
nized at Imperial College London in July 2009. In the following, we give a brief
description of the contributions comprising the volume:

The contribution of Bally and Clément considers a class of stochastic differen-
tial equations (SDEs) driven by Poisson point measures and aims to give sufficient
conditions for proving the absolute continuity with respect to the Lebesgue measure
of the law of their solution and for the smoothness of the corresponding density.
The authors prove that, under certain non-degeneracy assumptions, the solution X;
of the stochastic differential equation will have a smooth density for sufficiently
large ¢ (explicit bounds are given). The results do not apply for small #: one has
to wait for a while until the regularization effect takes place. The main tool of the
analysis is a Malliavin type integration by parts formula for stochastic differential
equations with the basic noise given by the jump times.

Ortiz—Lépez and Sanz—Solé analyse in their contribution a family of stochastic
wave equations in spatial dimension three, driven by a Gaussian noise, white in time
and with a stationary spatial covariance. The family is constructed by perturbing the
driving noise with a multiplicative parameter ¢ € ]0, 1]. They show that this family
satisfies a Laplace principle (as € tends to 0) in the Holder norm and identify the
corresponding large deviation rate function. In the proof of main result, they use
the weak convergence approach to large deviations developed by Dupuis and Ellis.
An essential ingredient of this method is a variational representation for a reference
Gaussian process, e.g., Brownian motion when studying diffusion processes, or var-
ious generalizations of the infinite-dimensional Wiener process when dealing with
stochastic partial differential equations.

The paper of Li lies within the area of stochastic geometry. Let p be a dif-
ferentiable map from a manifold N to another manifold M which intertwines a
diffusion operator 5 on N with another (elliptic) diffusion operator .A on M, that is
(Af)op = B(f o p) for a given smooth function f from M to R. The paper stud-
ies the geometry induced by the pair of diffusion operators (A, I5). The geometry
leads to an intrinsic point of view on the filtering framework. This is explained by
examples, in local coordinates and in the metric setting. The article draws largely on
recent work of Elworthy, LeJan and Li and aims to have a comprehensive account
of the topic for a general audience.

The contribution of Gyurké and Lyons explores high order numerical schemes
for integrating linear parabolic partial differential equations with piece-wise smooth
boundary data. The high order Monte-Carlo methods presented give accurate app-
roximations with computation times comparable with much less accurate finite
difference and basic Monte-Carlo schemes. A key feature of these algorithms is that
the order of the approximation is tuned to the accuracy one requires. A considerable
improvement in efficiency can be attained by using ultra high order cubature for-
mulae. The methods presented belong to the Kusuoka—Lyons—Victoir (KLV) family
of numerical methods for integrating solutions to partial differential equations that
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occur in mathematical finance and many other fields. Sofar, Lyons and Victoir have
given a degree 5 approximation. Gyurké and Lyons present here the cubature of
degrees 9 and 11 in one-dimensional space-time and describe the advantages of
using these new methods.

The paper of Kurtz studies the equivalence between stochastic equations and
martingale problems. Stroock and Varadhan proved that the solution of a martin-
gale problem for a diffusion process gives a weak solution of the corresponding It6
equation. The result is obtained by constructing the driving Brownian motion from
the solution of the martingale problem. This constructive approach is much more
challenging for more general Markov processes. A “soft” approach to this equiva-
lence is presented here which begins with a joint martingale problem for the solution
of the desired stochastic equation and the driving processes and applies a Markov
mapping theorem to show that any solution of the original martingale problem cor-
responds to a solution of the joint martingale problem. These results coupled with
earlier results on the equivalence of forward equations and martingale problems
show that the three standard approaches to specifying Markov processes (stochas-
tic equations, martingale problems, and forward equations) are, under very general
conditions, equivalent in the sense that existence and/or uniqueness of one implies
existence and/or uniqueness of the other two.

Gyongy and Krylov present in their contribution a survey of numerical meth-
ods for some classes of deterministic and stochastic PDEs. The methods presented
are distinguished from other methods as they all include Richardson’s extrapo-
lation method as an acceleration step. The first class of methods considered are
monotone finite difference schemes for parabolic PDEs. The authors present the-
orems on power series expansions of finite difference approximations in terms of
the mesh-size of the grid. These theorems imply that one can accelerate the conver-
gence of finite difference approximations to any order by taking suitable mixtures of
approximations corresponding to different mesh-sizes. The results are extended to
degenerate elliptic equations in spaces with supremum norm. Similar methods and
results are also presented for finite difference approximations of linear stochastic
PDE:s. Finally, the authors present results on power series expansion in the parame-
ters of the approximations and introduce theorems on their acceleration for a large
class of equations and various types of time discretizations.

The contribution of Papavasiliou studies the problem of estimating the parame-
ters of the limiting equation of a multiscale diffusion in the case of averaging and
homogenization. The parameters are estimated given data from the corresponding
multiscale system. The author reviews recent results that make use of the maximum
likelihood of the limiting equation. The results show that, in the averaging case,
the maximum likelihood estimator will be asymptotically consistent in the limit.
However, in the homogenization case, the maximum likelihood estimator will be
asymptotically consistent only if one subsamples the data. The paper also contains a
study of the problem of estimating the diffusion coefficient. Here, a novel approach
is presented that makes use of the total p-variation. The author shows that in order to
compute the diffusion coefficient, one should not use the quadratic variation com-
monly defined as a limit where the size of a partition goes to zero but rather as a
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supremum over all partitions. This definition is at the core of the theory of rough
paths as it gives rise to a topology with respect to which the Itd map is continuous.
The advantage of this approach is that it avoids the subsampling step. The method
is applied to a multiscale Ornstein—Uhlenbeck process.

Stanciulescu and Tretyakov present in their contribution a class of numerical
methods for solving the Dirichlet problem of linear parabolic stochastic partial dif-
ferential equations. The methods are based on a probabilistic representation of the
solution of the corresponding SPDE which involves averaging characteristics over
an auxiliary Wiener process w independent of the Wiener process W that drives
the SPDE. The numerical methods are constructed by approximating the stochas-
tic characteristics for a fixed trajectory of W. The authors introduce first-order and
order 1/2 (in the mean-square sense) numerical methods. To make them fully imple-
mentable, the methods require an additional Monte-Carlo step. The corresponding
convergence theorems, both in the mean-square sense and in the sense of almost
sure convergence, are given. All results are proved under rather strong assumptions,
in particular that the SPDE has a sufficiently smooth classical solution. This allows
the authors to obtain convergence of the proposed methods in a strong norm and
with optimal orders. However, the numerical algorithms of this paper can be used
under broader conditions. The paper is concluded with results of some numerical
experiments.

The contribution of Davie analyses the problem of uniqueness of solutions of
stochastic differential equations. Consider the equation

dx(t) = f(t, x(1))dt + b(t, x(£))dW(t), x(0) = xo, (1)

where W is a standard Brownian motion. Then, under suitable assumptions on the
coefficients f* and b, (1) has a unique strong solution. That is, there is a unique
process x, adapted to the filtration of the Brownian motion, satisfying (1). Here,
the author gives an answer to a different uniqueness problem: Given a particular
Brownian path W, does (1) have a unique solution for that particular path? The first
problem with this question is to interpret it, since the stochastic integral implied by
the equation is not well-defined for individual paths. The author uses methods of
rough path theory to give an interpretation of (1), under slightly stronger regularity
conditions on b. The main result states that for almost all Brownian paths W there is
a unique solution in this sense. The proof requires estimates for solutions of related
equations which are given in the paper.

The paper by Kolokoltsov develops the theory of stochastic differential equa-
tions driven by nonlinear Lévy noise, aiming at applications to Markov processes.
It is shown that a conditionally positive integro-differential operator (of the Lévy-
Khintchine type) with variable coefficients (diffusion, drift and Lévy measure)
depending Lipschitz continuously on its parameters generates a Markov semigroup.
The analysis of SDEs driven by nonlinear Lévy noise was initiated by the author in
previous publications. Here, the author suggests an alternative, more straightforward
approach based on the path-wise interpretation of these integrals as nonhomoge-
neous Lévy processes. The paper uses a general result on the duality for propagators
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and develops stochastic integration with respect to a nonlinear Lévy noise. The
well-posedness of SDEs driven by nonlinear Lévy noises is reformulated in terms of
the uniqueness of an invariant measure for a certain probability kernel on the Sko-
rohod space of cadlag paths. Uniqueness results are obtained for the case of Levy
measures depending Lipschitz continuously on the position x in the Wasserstein—
Kantorovich metric W),. The paper is concluded with some basic coupling results
of Lévy processes that form the cornerstone of the required W,-estimates.

The contribution of Tunaru lies in the area of mathematical finance. Financial
calculus is dominated by numerical approximations of integrals related to various
moments of probability distributions used for modeling financial products. Here,
the author develops a general technique that facilitates the numerical calculations
of option prices for the difficult case of multi-assets, for the majority of European
payoff contracts. The algorithms proposed here rely on known weak convergence
results, making use of the gaussian probability kernel even when modeling with
non-gaussian distributions. Even though the underpinning theory behind the approx-
imations is probabilistic in nature, the methods described here are deterministic, thus
they avoid common pitfalls related to Monte-Carlo simulation techniques. In addi-
tion, they can be adapted to a wide range of modeling situations. The techniques can
also be employed for calculating greek parameters. The paper contains results that
prove that the weak convergence characterizing condition can still be applied under
some mild assumption on the payoff function of financial options.

Similar to the previous paper, Brody, Hughston and Macrina contribute with a
paper in mathematical finance. The authors propose a model for the credit markets
in which the random default times of bonds are assumed to be given as functions
of one or more independent “market factors”. Market participants are assumed to
have partial information about each of the market factors, represented by the val-
ues of a set of market factor information processes. The market filtration is taken
to be generated jointly by various information processes and by the default indi-
cator processes of the various bonds. The value of a discount bond is obtained by
taking the discounted expectation of the value of the default indicator function at
the maturity of the bond, conditional on the information provided by the market
filtration. Explicit expressions are derived for the bond price processes and the asso-
ciated default hazard rates. The latter are not given a priori as part of the model
but rather are deduced and shown to be functions of the values of the information
processes. Thus, the “perceived” hazard rates, based on the available information,
determine bond prices, and as perceptions change so do the prices. In conclusion,
explicit expressions are derived for options on discount bonds, the values of which
also fluctuate in line with the vicissitudes of market sentiment.

The contribution of Kelbert and Suhov addresses the continuity properties of
mutual and conditional entropies between the input and output of a channel with
additive noise. The authors study mainly a non-Gaussian situation for both large
and small signal-to-noise ratio. This nontrivial aspect has not been discussed before
at the level of generality adopted in this paper. The complex character of the con-
tinuity properties of various entropies was acknowledged as early as in the 1950s.
An example can be found in Dobrushin’s work where a number of important (and
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elegant) results about limiting behavior of various entropies have been proven. The
paper studies the entropy power inequality (EPI), an important tool in the analysis of
Gaussian channels of information transmission, proposed by Shannon. The authors
analyse the continuity properties of the mutual entropy of the input and output sig-
nals in an additive memoryless channel and discuss assumptions under which the
entropy-power inequality holds true.



Integration by Parts Formula with Respect
to Jump Times for Stochastic Differential
Equations

Vlad Bally and Emmanuelle Clément

Abstract We establish an integration by parts formula based on jump times in an
abstract framework in order to study the regularity of the law for processes solution
of stochastic differential equations with jumps.

Keywords Integration by parts formula - Poisson Point Measures - Stochastic
Equations

MSC (2010): Primary: 60HO7, Secondary: 60G55, 60G57

1 Introduction

We consider the one-dimensional equation

t

t
X = x+ / [ c(u,a. Xy )AN(u, @) + [ ¢, X.)du )
0 E 0

where N is a Poisson point measure of intensity measure ( on some abstract mea-
surable space E. We assume that ¢ and g are infinitely differentiable with respect to
t and x, have bounded derivatives of any order, and have linear growth with respect
to x. Moreover we assume that the derivatives of ¢ are bounded by a function ¢
such that [ ¢(a)du(a) < oo. Under these hypotheses, the equation has a unique
solution and the stochastic integral with respect to the Poisson point measure is a
Stieltjes integral.

Our aim is to give sufficient conditions in order to prove that the law of X,
is absolutely continuous with respect to the Lebesgue measure and has a smooth
density. If £ = R™ and if the measure p admits a smooth density %, then one
may develop a Malliavin calculus based on the amplitudes of the jumps in order

V. Bally and E. Clément (<)
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8 V. Bally and E. Clément

to solve this problem. This has been done first in Bismut [4] and then in Bichteler,
Gravereaux, and Jacod [3]. But if u is a singular measure, this approach fails and one
has to use the noise given by the jump times of the Poisson point measure in order
to settle a differential calculus analogous to the Malliavin calculus. This is a much
more delicate problem and several approaches have been proposed. A first step is to
prove that the law of X; is absolutely continuous with respect to the Lebesgue mea-
sure, without taking care of the regularity. A first result in this sense was obtained by
Carlen and Pardoux [5] and was followed by a lot of other papers (see [1,7,11, 13]).
The second step is to obtain the regularity of the density. Recently two results of
this type have been obtained by Ishikawa and Kunita [10] and by Kulik [12]. In both
cases, one deals with an equation of the form

dXt = g(l, Xt)dt + f(t, X[—)dUt (2)

where U is a Lévy process. The above equation is multi-dimensional (let us men-
tion that the method presented in our paper may be used in the multi-dimensional
case as well, but then some technical problems related to the control of the Malli-
avin covariance matrix have to be solved — and for simplicity we preferred to leave
out this kind of difficulties in this paper). Ishikawa and Kunita [10] used the finite
difference approach given by Picard [14] in order to obtain sufficient conditions for
the regularity of the density of the solution of an equation of type (1) (in a somehow
more particular form, close to linear equations). The result in that paper produces a
large class of examples in which we get a smooth density even for an intensity mea-
sure which is singular with respect to the Lebesgue measure. The second approach
is due to Kulik [12]. He settled a Malliavin type calculus based on perturbations of
the time structure in order to give sufficient conditions for the smoothness of the
density. In his paper, the coefficient f is equal to one so the non-degeneracy comes
from the drift term g only. As before, he obtains the regularity of the density even
if the intensity measure w is singular. He also proves that under some appropriate
conditions, the density is not smooth for a small 7 so that one has to wait before the
regularization effect of the noise produces a regular density.
The result proved in our paper is the following. We consider the function

aft,a,x) = g(x) —g(x +c(t,a,x)) + (gdxc + 9;¢)(t,a, x).

Except the regularity and boundedness conditions on g and ¢ we consider the fol-
lowing non-degeneracy assumption. There exists a measurable function ¢ such that
la(t,a,x)| > a(a) > 0 for every (¢,a,x) € Ry x E x R. We assume that there
exists a sequence of subsets £, 1 E such that u(E,) < oo and

, 1 1 B
By oo o) (/E,, c_v(—a>d“(“>) =0 =

We need this hypothesis in order to control the error due to the fact that we localize
our differential calculus on a non-degeneracy set. If & = 0, then for every ¢ > 0, the
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law of X; has a C* density with respect to the Lebesgue measure. Suppose now
that > 0 and let g € N. Then, for t > 166(q + 2)(¢ + 1)? the law of X; has a
density of class C?. Notice that for small ¢ we are not able to prove that a density
exists and we have to wait for a sufficiently large 7 in order to obtain a regularization
effect.

In the paper of Kulik [12], one takes c(¢,a,x) = asoa(t,a,x) = g(x)—g(x +
¢(t,a, x)). Then the non-degeneracy condition concerns just the drift coefficient g.
And in the paper of Ishikawa and Kunita, the basic example (which corresponds
to the geometric Lévy process) is c(¢,a,x) = xa(e* — 1) and g constant. So
a(t,a,x) = a(e® —1) ~ a? as a — 0. The drift coefficient does not contribute
to the non-degeneracy condition (which is analogous to the uniform ellipticity
condition).

The paper is organized as follows. In Sect.2, we give an integration by parts
formula of Malliavin type. This is analogous to the integration by parts formulas
given in [2] and [1]. But there are two specific points: first of all the integration by
parts formula take into account the border terms (in the above-mentioned papers the
border terms cancel because one makes use of some weights which are null on the
border; but in the paper of Kulik [12] such border terms appear as well). The second
point is that we use here a “one shot” integration by parts formula: in the classical
gaussian Malliavin calculus, one employs all the noise which is available — so one
derives an infinite dimensional differential calculus based on “all the increments” of
the Brownian motion. The analogous approach in the case of Poisson point measures
is to use all the noise which comes from the random structure (jumps). And this is
the point of view of almost all the papers on this topic. But in our paper, we use just
“one jump time” which is chosen in a cleaver way (according to the non-degeneracy
condition). In Sect. 3, we apply the general integration by parts formula to stochastic
equations with jumps. The basic noise is given by the jump times.

2 Integration by Parts Formula

2.1 Notations-Derivative Operators

The abstract framework is quite similar to the one developed in Bally and Clément
[2], but we introduce here some modifications in order to take into account the
border terms appearing in the integration by parts formula. We consider a sequence
of random variables (V;);en+* on a probability space (£2, F, P), a sub o-algebra
G C F and a random variable J, G measurable, with values in N. Our aim is to
establish a differential calculus based on the variables (V;), conditionally on G. In
order to derive an integration by parts formula, we need some assumptions on the
random variables (V;). The main hypothesis is that conditionally on G, the law of V;
admits a locally smooth density with respect to the Lebesgue measure.
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HO. (a) Conditionally on G, the random variables (V;)1<; <y are independent and
foreachi € {1,...,J} the law of V; is absolutely continuous with respect to the
Lebesgue measure. We note p; the conditional density.

(b) For all i € {1,...,J}, there exist some G measurable random variables a;
and b; such that —oco < a; < b; < 400, (a;,b;) C {p; > 0}. We also assume that
pi admits a continuous bounded derivative on (a;, b;) and that In p; is bounded on
(a;,bi).

We define now the class of functions on which this differential calculus will
apply. We consider in this paper functions f : £ x RN" — R which can be
written as

f@.0) =" [ (@010 ) @) =m) 3)
m=1

where f : 2 x R™ — R are G x B(R™)—measurable functions.

In the following, we fix L € N and we will perform integration by parts L times.
But we will use another set of variables for each integration by parts. So for 1 <
[ < L, we fix a set of indices I; C {1,...,J}suchthatif/ # ', [; NIy = @. In
order to do [ integration by parts, we will use successively the variables V;,i € I;,
then the variables V;,i € I;_; and end with V;,i € I;. Moreover, given [ we fix a
partition (A; ; )iy, of §2 such thatthe sets A;; € G,i € I;. If w € A;;, we will use
only the variable V; in our integration by parts.

With these notations, we define our basic spaces. We consider in this paper
random variables ' = f(w, V) where V = (V;); and f is given by (3). To sim-
plify the notation we write F = f J (w, V1,...,Vy) so that conditionally on G
we have / = m and F = f™(w,V1,..., V). We denote by SO the space of
random variables F = f7(w,V;....,Vs) where f7/ is a continuous function
on 05 = ]_[ile(a,- ,b;) such that there exists a G measurable random variable C
satisfying

sup | £/ (w,v)] < C(w) < 400 ae. 4)
veOy
We also assume that £ has left limits (respectively right limits) in a; (respectively
in b;). Let us be more precise.
With the notations

Vip=W o Vicn Vi Vo) (Vs vi) = (N Vi v Vi, -2 V),

for v; € (a;, b;) our assumption is that the following limits exist and are finite:

m%fJ(w,V(,-),a,- +e):= F(ah), lir%fj(a),V(,-),b,- —¢&):=F(b7). (5)

Now fork > 1, Sk (I17) denotes the space of random variables F:fJ (w,V1,...,
V) € SO such that £/ admits partial derivatives up to order k with respect to the
variables v;,i € I; and these partial derivatives belong to S°.
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We are now able to define our differential operators.

e The derivative operators. We define D; : S'(I;) — S°(I;) : by

DiF :=10,(V) Y 14, (@)dy, f(@.V).

iel;
where Oy = ]_[ilzl(a,-,b,-).
e The divergence operators. We note
P =Y la,pi. (6)
iel;

and we define §; : S'(I;) — S°(1;) by

81/(F) = DiF + FD;Inpgy = 10,(V) Y _ 14,,(0y, F + Fdy, In p;)

iEI]
We can easily see that if F,U € S'(I;) we have
8;(FU)=F§(U)+ UD,F. ™

e The border terms. Let U € S°(1I;). We define (using the notation (5))

Ul =) 14,10, (Vi) (Up)(B]) = Upi)(a]")

iel;

with OJ’[ = HISjSJ,j¢i(aj,bj)

2.2 Duality and Basic Integration by Parts Formula

In our framework, the duality between §; and D; is given by the following proposi-
tion. In the sequel, we denote by Eg the conditional expectation with respect to the
sigma-algebra G.

Proposition 1. Assuming HO then VF,U € S'(I;) we have
Eg(UD;F) = —Eg(F§,(U)) + Eg[FU];. ®)

For simplicity, we assume in this proposition that the random variables F and U take
values in R but such a result can easily be extended to R? value random variables.
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Proof. We have Eg(UDF) = Y ey 1a,,Eglo, (V)@ [ (0, V)u! (0, V).
From HO we obtain

b;
Eglo, (V)@ [ (@,V)u! (@, V) = Eglo,; (V) [ 0 (f ! pivir)d;.

By using the classical integration by parts formula, we have

[ B, (F e prCon)dvs = L7 pil f £ 0, o).
Observing that 0y, w’ pi) = (0, ) +u’ 0y; (In p;)) pi, we have
Eg(lo, (V)dy, /7 u”) = Eglo, (V) f”u’ pill;
—Eglo, (V)F(y,(U) + Udy, (In p;))
and the proposition is proved. O

We can now state a first integration by parts formula.

Proposition 2. Let HO hold true and let F € S*(1}), G € S'(I}) and @ : R — R
be a bounded function with bounded derivative. We assume that F = f7(w,V)
satisfies the condition

min 1nf 13y, £ (w,0)] > y(w), 9)

iel; veO

where y is G measurable and we define on {y > 0}

(D;F)~ 1_101(1/)1621:1111“31}: f(l 7
then
=01 Eg(@V(F)G) = —1(=0)Eg (®(F)H;(F, G))
+1y=0 Eg[®(F)G(D F)™'; (10)
with

H|(F,G) = §(G(D;F)™") = G§ (D, F)™") + D/G(D,F)™". (1)

Proof. We observe that

Di®(F) =10,(V) Y 1a,,00,@(F) = 10,(V)@D(F) Y 14,0, F.

i€l i€l
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so that

D;®(F).D;F = @V (F)(D;F)?,
and then 1>, @V (F) = lgy=0yD;@(F).(D; F)~'. Now since F € S2(I}), we

deduce that (D; F)~! € S'(I;) on {y > 0} and applying Proposition 1 with U =
G(D; F)~! we obtain the result. O

2.3 Iterations of the Integration by Parts Formula

We will iterate the integration by parts formula given in Proposition 2. We recall that
if we iterate / times the integration by parts formula, we will integrate by parts suc-
cessively with respect to the variables (V;);cr, for 1 <k <. 1In order to give some
estimates of the weights appearing in these formulas, we introduce the following
norm on S’ (Uizllk)’ forl <[ <L.

I
IFli=1|Flo+ >, > |Dy...D} Fleo. (12)
k=11<li<..<lg=<l
where |.|oo is defined on S° by

|Floo = sup |f7(w.v)].

veDy

Forl = 0, we set | F|g = | F|oo- We remark that we have for 1 <[} < ... <[ <
k
|Dy, ... Dy Floo = > (]‘[1,1,jiij)|avi1 vy, Floo,
ilelll ..... ikellk j=1
and since for each [ (A;;)ies, is a partition of §2, for @ fixed, the preceding
sum has only one term not equal to zero. This family of norms satisfies for
F e S*Y U, I):
|Flit1 = |Dis1Fli +|F|; so |Dig1Fli < |Fli41. (13)
Moreover, it is easy to check that if F,G € Sl(Ufczllk)

|FG|; < Ci|F|i|G|;, (14)

where Cj is a constant depending on /. Finally for any function ¢ € c! (R,R) we
have
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1

[$(F)r = C Y18 (F)loel FIf < €1 max 19O (F)loo(1 + [FI}).  (15)
k=0 -

With these notations, we can iterate the integration by parts formula.

Theorem 1. Let HO hold true and let @ : R +— R be a bounded function with
bounded derivatives up to order L. Let F = 7 (w,V) € S! (Ull‘zlll) such that

inf  inf |3vl.f1(a), v)| > y(w), y €[0,1] G measurable (16)
iE{l,...,J} veOy

then we have forl € {1,..., L}, G € Sl(Ufczllk) and F € SHI(UfC:lIk)

L=l Eg® P (F)G| < Cill®lloolty=0yEg (G111 + 1plo) TU(F))  (17)

where ||@|lc = sup, [@(X)], |plo = maxj=1,..L|p@)le, Ci is a constant
depending on | and IT;(F) is defined on {y > 0} by

1
m(F) = [T+ 1D F) - + 18 (D F) D). (18)
k=1

Moreover, we have the bound

I
[T+ IFE" + IDeFITH?, (19)
k=1

(1+ [ p[y)!

I (F) <G
J,l(l+2)

where |In p|; = max;=1,...7 |(In p;)|co-

Proof. We proceed by induction. For [ = 1, we have from Proposition 2 since
G € S'(I1) and F € 8%(1;)

=01 Eg(@V(F)G) = —1(y=0yEg (P(F)Hi (F, G))
+1g>0 Eg[®(F)G(D1F)™'];. (20)

We have on {y > 0}
|H\(F,G)| < |G18:((D1F)~ )| + |D1G|[(D1 F)7',
< (|Gloo + [D1Goo)(1 + [(D1F) ™ oo) (1 + [81((D1 F) ™) o),
= [G[i(1 + [(D1F) " o)(1 4 [8:1 (D1 F)™Hlo)-

Turning to the border term [@(F)G (D F)™ ']y, we check that



Integration by Parts Formula with Respect to Jump Times for SDE’s 15

1

[@(F)G(D1F)™'1| < 2||@|00|Glow Z la,; |ﬁ|oo Z L4, ;1 Piloos
iel vi iel

< 2[|2]lo|Glol (D1 F)~ ol Plo-

This proves the result for / = 1.

Now assume that Theorem 1 is true for / > 1 and let us prove it for / 4+ 1. By
assumption, we have G € S'*! (UL 1) € S'(1;41) and F € S+2(ULE 1) ©
S?(I;41). Consequently, we can apply Proposition 2 on /; ;. This gives

ly=01Eg (@1 (F)G) = —1(yn01Eg (¢ (F) Hi11(F. G))
+ly>0 Eg[@ D (F)G(D1y1 F) g1, 21

with
Hi11(F.G) = G841((Dy1 F)™) + Dy41G(Dy41 F) 71,

@O E)GDr 1 FY i = 3 1aysrsl0,, (Vi) ((@‘“(F)G o p,-)<b,.—)
i€lj1q vi
1
_ (cD(l)(F)Gmpi) (al-'")) .

We easily see that H;,{(F,G) € S’ (Uf{zllk), and so using the induction hypoth-
esis we obtain

ly=03| Eg@ D (F)H 41 (F, G)|
< C1|®|looliy=0y EglHi41(F. G)|;(1 + | plo) T (F),

and we just have to bound |H; 41 (F, G)|; on {y > 0}. But using successively (14)
and (13)

|Hi11(F.G)i < C1(1G|118141((Di41 F) ™M) + D11 Glil(Dr41 F)™ Y11,
< GGl (1 + (D41 F)™HIDA + 18i41((Di+1 F)™H11).

This finally gives
|Eg0@ D (F)Hy41(F, G)| < Cll|@loo Eg|Gli1(1 + | plo) Mis1(F).  (22)

So we just have to prove a similar inequality for Eg[(b(l)(F)G(DlHF)_1]1+1.
This reduces to consider

1
> @) Eslo,, o) (2062 )60 @
i€l vi
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since the other term can be treated similarly. Consequently, we just have to bound

1
Eglo, (V) (@“(F)G i F) Gl

1

Since all variables satisfy (4), we obtain from Lebesgue Theorem, using the nota-
tion (5)

. ) ! -
Eglo, (Vi) (95 (F)G 8v,-F) ()

. 1
= lim Eglo, (Vi) @ (f? (Vi bi —€)) (gfw) (Viy. bi — ).

To shorten the notation, we write simply F(b; — &) = f/ (V). bi — ¢).

Now one can prove that if U € Sl/(UiJ;lllk) for 1 </’ <lthenVi € I;44,
Ubi—e¢) € Sl/(Uizllk) and |U(b; —¢)|;r < |U|p. We deduce then that Vi € I},
F(bi — ) € S (Uj_ Ii) and that (G g -7) (bi — &) € S'(Uj_, Ix)) and from
induction hypothesis

|Eg@D(F(bi —e))lo,, (G;)(bi —e)

dy, F
1
< Cll®lloo EgilG (i — 1| s————1i(1 "I (F (b — o))},
< Cull®lloo EgHIG s — )l grp—s b 1+ [plo) I (F (b1 — )}
1
= Gill®lloo Eg|Glil =5 li(1 + | plo) I (F).

1

Putting this in (23) we obtain

1
Oy; F

i

Eg Z Laji1o,, (¢(l)(F)G
i€l

pz-) o)

< Cll|PlocEg 1 IG1(1+ plo) T (F) Y 1a,,;|pilool
iEI]+1

< CilIPlloo Eg{|Gli(1 + | plo) T i (F)|(Di1 F) 7'} 24)

L
anFl .

Finally plugging (22) and (24) in (21)

|Eg(@"*D(F)G)| < C/l|®lloo (Eg|Glis1 (1 + plo) Hiy1 (F)

+Eg|Gli (1 + [plo) T (F) (D1 FY ')
< Cil|®lloo Eg|Glis1(1 + | plo) ' i (F),
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and inequality (17) is proved for / + 1. This achieves the first part of the proof of

Theorem 1.
It remains to prove (19). We assume that w € {y > 0}.
Let 1 <k <. We first notice that combining (13) and (14), we obtain

18k (F)lg—1 < |Flg (14 |DiIn poy] )

since p) only depends on the variables V;,i € Ii. So we deduce the bound

8k (DEF)™) | _y < [(DF)7H, (14 [In py).

Now we have |
|(DkF) et = D Ly,

iely aviF k—1
From (15) with ¢(x) = 1/x
1 (1+|FIEH
—_— Ck—k’
D F |y 14
and consequently
_ (1+I[FIEh
(DiF) et = Ce— .

Moreover, we have, using successively (13) and (26),

|(Dk F) i = [(DiF) ™ Yi—1 + | Dr(Di F) ™ i—1,

k—1 k—1
<C ((1+|Fk|k ) (HID;'Efl'" ))’
Y Y
(+|F &= +|D Ik~ 1)
< Cx = JEFT £
Putting this in (25)
B (1+ [FIf™ + | D FIEY
|8k (DK F)™),_, < Ck £ s A1+ [Inply).

Finally from (26) and (27), we deduce

1
(1+ [In p|,)* _
M(F) = Cr— gy = 1‘[<1+|F| U+ | DeFIET2,

and Theorem 1 is proved.

(25)

(26)

27)
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3 Stochastic Equations with Jumps

3.1 Notations and Hypotheses

We consider a Poisson point process p with measurable state space (E, B(E)). We
refer to Ikeda and Watanabe [9] for the notation. We denote by N the counting
measure associated to p so N;(A) := N((0,t) x A) = #{s < t; ps € A}. The
intensity measure is df x du(a) where u is a sigma-finite measure on (E, B(E))
and we fix a non-decreasing sequence (E,) of subsets of E such that £ = U, E,,,
W(Ey) <ooand w(Ey+1) < n(Ey,) + K for all n and for a constant K > 0.

We consider the one-dimensional stochastic equation

t

¢
Xy =x+/ [c(s,a,Xr)dN(s,a)—i—[ g(s, X5)ds. (28)
o JE 0

Our aim is to give sufficient conditions on the coefficients ¢ and g in order to prove
that the law of X; is absolutely continuous with respect to the Lebesgue measure
and has a smooth density. We make the following assumptions on the coefficients ¢
and g.

H1. We assume that the functions ¢ and g are infinitely differentiable with respect
to the variables (¢, x) and that there exist a bounded function ¢ and a constant g, such
that

V(t,a,x) |c(t,a,x)| <c(a)(1+|x|), sup |8§/3;c(t,a,x)| <c(a);
1+1'>1
VX))l SEA+ D, sup (0 deg(t. )] S B:
+'>1

We assume moreover that [ ¢(a)du(a) < oc.
Under H1, (28) admits a unique solution.
H2. We assume that there exists a measurable function ¢ : E + R such that
JE ¢(a)dp(a) < oo and
Y(t,a,x) |0xc(t,a,x)(1 + dxc(t,a,x) | < é(a).
To simplify the notation, we take ¢ = ¢. Under H2, the tangent flow associated to

(28) is invertible. At last we give a non-degeneracy condition which will imply (16).
We denote by « the function

alt,a,x) = g(t,x) —g(t.x +c(t,a,x)) + (gdxc + d;¢)(t,a, x). (29)
H3. We assume that there exists a measurable function @ : E +— R such that

V(t,a,x) |a(t,a,x)| > ala) >0,



Integration by Parts Formula with Respect to Jump Times for SDE’s 19

1 1 |
v /En @du(a) <oo and lirrzinfM(En) In (/En @du(a)) =0 < oo.

We give in the following some examples where £ = (0, 1] and «(a) = a.

3.2 Main Results and Examples

Following the methodology introduced in Bally and Clément [2], our aim is to
bound the Fourier transform of X;, px, (£), in terms of 1/|&|, recalling that if
Jr 1E1%1px, (§)|d§ < oo, for g > 0, then the law of X, is absolutely continuous and
its density is C[9). This is done in the next proposition. The proof of this proposition
relies on an approximation of X; which will be given in the next section.

Proposition 3. Assuming HI, H2 and H3 we have for alln, L € N*
1
5% ©)] < Cus (e—MEn)f/@L) ; WAH,L) ,

with An,L = “(E")L(fEn L _du(a))LL+2),

a(a)
From this proposition, we deduce our main result.
Theorem 2. We assume that HI, H2 and H3 hold. Let g € N, then fort>166(q+2)
(g+1)2, the law of X, is absolutely continuous with respect to the Lebesgue measure
and its density is of class C4. In particular if 6 = 0, the law of X, is absolutely

continuous with respect to the Lebesgue measure and its density is of class C* for
everyt > 0.

Proof. From Proposition 3, we have

1
x, ()] = Cr (e—MEn)f/ZL i WA,,,L) .

Now Vk, ko > 0,if t /2L > k6, we deduce from H3 that forn > np

In ([E Ld/L(a)) + —k In p(En)

1/2L> (@) kou(En)

w(En)
since the second term on the right-hand side tends to zero. This implies
1 k
e B2l ( / —du(a)) W(En)/Fo.
E, o(a)

Choosing k = L(L + 2) and k/ko = L, we obtain that forn > ny and /2L >
L(L +2)6
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eM(En)t/ZL > An,L~

and then

|Px, ()] = CrL (e_“(E")’/ZL + #e“(En)t/zL) ’

1 B, (1)
= Cur (Bn(w T )

with B, (1) = e Ent/2L Now recalling that u(E,) < uw(Ens1) < K + n(Ey),
we have B, (t) < By+1(t) < K;B,(t). Moreover, since By, (t) goes to infinity with
n we have

Le1/25 8, @03 = D VBay<élL/2<Bpsr )

nznjy,

Butif B, (1) < [§[%/% < But1(0), | px, (§)] < Cr./I§|"/? and so

/ £19]px, ()& = [ 1£17] i, (6)]dE + [ 16171 px, (6)1de.
E1L/2<B,,, () §1L/25 By, (1)

<CiLn, +/ &9~/ dg.

|EIL/22 By, (1)

For ¢ € N, choosing L such that L/2 — g > 1, we obtain [ |£|7|px, (§)|dE < oo
for t/2L > L(L + 2)0 and consequently the law of X; admits a density C? for
t >2L%*(L+2)0and L > 2(q + 1), thatis ¢ > 166(g + 1)%>(g +2) and Theorem 2
is proved. O

We end this section with two examples

Example 1. We take E = (0,1], ua = Y p»q zx01/k With 0 < A < 1and E, =

[1/n,1]. We have Uy Ep, = E, (t(En) = 3§ _y zx and pa(Ept1) < pa(En) + 1.
We consider the process (X;) solution of (28) with ¢(¢,a,x) = a and g(¢,x) =
g(x) assuming that the derivatives of g are bounded and that |g’(x)| > g > 0. We

have [ adpy(a) = Zkil ﬁ < 00 so H1 and H2 hold. Moreover, a(z,a, x) =
g(x) — g(x + a) so a(a) = ga. Now ‘fEn %d/u(a) = >0 k'=*, which is
equivalent as 7, go to infinity to n2~* /(2 — 1). Now we have

1 1 In(g Y 5—, k1=%) In(n2=*)
ln/—d a)z—n—~ﬁ cM ) o,
Ha(En) ( E, 9(a) #a (@) ket TR o

and then H3 is satisfied with & = 0. We conclude from Theorem 2 that V¢ > 0, X;
admits a density C*°.
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Inthe case A = 1, we have i1(En) = Y j—; § ~n—oo Inn then
1 1 In(g 35— D)
In —dul(a) = ———— ~y5o L,
E,

/,Ll(En) Q(a) ZZ=1 %

and this gives H3 with 6§ = 1. So the density of X; is regular as soon as ¢ is large
enough. In fact it is proved in Kulik [12] that under some appropriate conditions the
density of X is not continuous for small 7.

Example 2. We take the intensity measure i, as in the previous example and we
consider the process (X;) solution of (28) with g = 1 and ¢(¢,a,x) = ax. This
gives ¢(a) = a and a(a) = a. So the conclusions are similar to example 1 in both
cases 0 < A < 1 and A = 1. But in this example we can compare our result to the
one given by Ichikawa and Kunita [10]. They assume the condition

1
lim inf —- a*du(a) >0, (%)

u—>0 uy la|<u

for some & € (0, 2). Here we have

1+A

1 u
2
a“du(a) = E ~u—0 .

Soif 0 < A < 1, (%) holds and their results apply. In the case A = 1, (%) fails and
they do not conclude. However, in our approach we conclude that the density of X;
is C? fort > 16(qg + 2)(g + 1)2.

The next section is devoted to the proof of Proposition 3.

3.3 Approximation of X, and Integration by Parts Formula

In order to bound the Fourier transform of the process X; solution of (28), we will
apply the differential calculus developed in Sect.2. The first step consists in an
approximation of X; by a random variable X ,N which can be viewed as an element
of our basic space S°. We assume that the process (X tN ) is solution of the discrete
version of (28)

t t
xN =x+/ / c(s,a,X;!)dN(s,a)Jr/ g(s, XN)ds. (30)
0o JEN 0

Since (Exn) < 0o, the number of jumps of the process XV on the interval (0, 1)
is finite and consequently we may consider the random variable X ,N as a function
of these jump times and apply the methodology proposed in Sect.2. We denote by
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(JN) the Poisson process defined by J¥ = N((0,1), Ex) = #{s < t;ps € En}
and we note (7Y ) its jump times. We also introduce the notation AY = Pry-
With these notations, the process solution of (30) can be written

JN /
XV =x+) @AY XN ) +/ g(s, XN)ds. (31)
k=1 k 0

We will not work with all the variables (TkN )i but only with the jump times (7}")
of the Poisson process J;*, where n < N. In the following we will keep n fixed
and we will make N go to infinity. We note (T,jv )« the jump times of the Poisson
process JN" = N((0,1), Ex\E,) and AZ’N = pyn~.Now we fix L € N*, the
number of integration by parts and we note #; = ¢/ /kL, 0 < < L. Assuming that
Jn Jt’l’ L =my for 1 <[ < L, we denote by (Tl"’l.)lf,-fml the jump times of J;
belongmg to the time interval (f;_1, ;). In the following we assume that m; > 1,
VI.Fori = 0 we set Tl’,’0 =tj_1and fori = m; + 1, Tlm 4+1 = 1. With these
definitions we choose our basic variables (V;,i € I;) as

Visi € I1) = (T)}5; 41,0 < i < [(m; = 1)/2)). (32)

The o-algebra which contains the noise which is not involved in our differential
calculus is

G =o{(U<i<r: (T)'5)1<2i <m; 1<1<L; (TkN’n)kQ Ak} (33)

Using some well-known results on Poisson processes, we easily see that condi-
tionally on G the variables (V;) are independent and for i € I; the law of V;
conditionally on G is uniform on (Tl"2 P Tl"2 ; +2) and we have

1

pi(v) = Lrn y), i€l (34)
Tlr,lzi+2 - Tl',lzi TarTiaise
Consequently, taking a; = Tl and b, = l 2ita WE check that hypothesis HO
holds. It remains to define the locahzmg sets (Al iiel, -

We denote
n_ t — 11— . t

™ omp T 2Lmy

and n; = [(m; — 1)/2]. We will work on the G measurable set

;= ?1=0{Tl',12i+2 T/ = hi'} (35)

and we consider the following partition of this set:
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Al,O = {Tlr’lz - Tlr’l() > h;l}»

Ari = OeeidTio = Tloga <y AT i 0 = T Z B} i =1.....np.
After L — [ iterations of the integration by parts we will work with the variables
Vi,i € I; so the corresponding derivative is

DiF = 1a,9vF =7 la,0rp, F

iel; i€l

If we are on A} then we have at least one i such that ;1 < T/",, < T}/ <

1,2i+1
. . . _1
Tl’,’zi+2 < t; and TﬁZi-ﬁ-Z’_ Tl”’zi > hj. Notlce.that in this case 1A,9{ [Piloo < (l}?)
and roughly speaking this means that the variable V; = T7",, | gives a sufficiently
large quantity of noise. Moreover, in order to perform L integrations by parts we
will work on

I} =nk A7 (36)

and we will leave out the complementary of I';'. The following lemma says that on
the set I';" we have enough noise and that the complementary of this set may be
ignored.

Lemma 1. Using the notation given in Theorem 1 one has

(i) |plo := maxi</<p Ziel, La,;, |Piloo < %Jtn’

(i) P((I'7)°) < Lexp(—u(En)t/2L).
Proof. As mentioned before 14, , |pils < (h?)‘1 =2Lm;/t < %Jt” and so we
have (i). In order to prove (ii) we have to estimate P((A})¢) for1 < < L. We
denote 5; = %(tl + #;—1) and we will prove that {J;; — J§ > 1} C Aj. Suppose

first that m; = Jt’l’ — J,’;fl is even. Then 2n; + 2 = my. If l’le.+2 - Tl',lzi < hj for
everyi =0,...,n; then
nj [
Tlr’lml —lh-r = Z(TI’TZHZ - Tl',lzi) <(n+1)x 2Lm; < 1L <s;—1-1
i=0

so there are no jumps in (s7, #;). Suppose now that m; is odd so 2n; +2 = m; + 1

and Tl"’2n1+2 = t;. If we have l’,’2i+2 - Tl',lzi < hj foreveryi = 0,...,ny, then
we deduce

il mp+1 t ¢

E ",.. ., —T" ) < 1) x < <,

,-:o( baiva = Tia) < (DX g < =03 = ar

and there are no jumps in (sz, ;). So we have proved that {J;/ — JJ > 1} C A} and
since P(J; — J§, = 0) = exp(—p(En)t/2L) the inequality (ii) follows. O

Now we will apply Theorem 1, with F¥ = XN, G = 1 and De(x) = elfx,
So we have to check that F¥ e SEHI(UL ;) and that condition (16) holds.
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Moreover, we have to bound |FN|§_1 and |D1FN|5_1, for 1 <1 < L. This needs
some preliminary lemma.

Lemma 2. Let v = (v;)i>0 be a positive non-increasing sequence with vy = 0 and
(ai)i>1 a sequence of E. We define J;(v) by J;(v) = v; ifv; <t < vi41 and we
consider the process solution of

Ji

t
X =x+ ZC(vk,ak,Xuk—) + / g(s, Xg)ds. (37)
k=1 0

We assume that HI holds. Then X; admits some derivatives with respect to v; and
if we note U;(t) = 0y; X; and W;(t) = B%i Xy, the processes (Ui(t))s>v, and
(Wi (£))s=v; solve, respectively,

Ji t

Uiy =a(v;.a;. Xo,-)+ Y dcc(ur. ax. Xo,—)Uj (v—) —l—/axg(s,Xs)U,»(s)ds,
k=i+1 vi

(38)

Jt t
Wit) = Bi(0) + Y dxc(up. ar. Xo)Wi(vg—) + / 08 (s, Xs) Wi (s)ds,
k=i+1 vi

(39
with

alt,a,x) =g(t,x)—g(t,x+c(t,a,x)) + g(t,x)dcc(t,a,x) + d,c(t,a, x),
ﬁi (t) = ala(viaaiv Xvi—) + axa(v,‘,a,‘,Xv,._)g(v,‘, Xv,’—)_axg(viaxv,')Ui (U,‘)

Ji t
+ 3 Pl ar XU wi-) + f Bg(s. X,) (Ui (5))ds.
k=i+1 vi

Proof. If s < v;, we have 3y, X; = 0. Now we have

Vi—1 v;
Xv,-— =X+ Zc(vk7akaka—)+/ g(S’XS)dS’
k=1 0
and consequently
8v,~Xv,~— = g(vi, Xvi—)-
For t > v;, we observe that
Jt t
X: =Xy, + Z c(vg, ak, Xv;—) +/ g(s, Xs)ds,
k=l),' vi

this gives
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av,‘Xt = g(Ui, Xvi—) + g(vi, Xvi—)axc(vi»ai, Xvi—) + 8tC(U[,Cli, Xvi—)
Jt
_g(vi,Xvi) + Z axc(vk»ak»Xvk—)avink—
k=i+1

t
+ / 0x8(s, Xs5)0y; Xsds.
v;

Remarking that X,, = X,,— + c¢(v;,a;, Xy,—), we obtain (38). The proof of (39) is
similar and we omit it. O
We give next a bound for X; and its derivatives with respect to the variables (v;).

Lemma 3. Let (X;) be the process solution of (37). We assume that HI holds and

we note
Jt

ne (@) = ) clar).

k=1

Then we have: B
sup | X;| < C;(1 4 ny (€))e™©.

s<t

Moreover Y1 > 1, there exist some constants Cy; and C; such that ¥ (v, )i=1,....1
with t > vy, we have

sup |8,,k1 ...8vk1_1 Uk, (s)| + sup |8,)k1 ...kal_l Wg, (s)]

Vg, ==t v, SS<t

< Coa(1 + 1, (©)C1eCm @

We observe that the previous bound does not depend on the variables (v;).

Proof. We just give a sketch of the proof. We first remark that the process (e;)

solution of
J[ t

e, =1+ ZE(ak)evk_ +§/ esds,

k=1 0
is given by e; = i (1 + ¢(ay))e®’. Now from H1, we deduce for s < ¢
k=1
Js

N
X0 < e+ 3 2@ + X ) +/ 2(1 + | X.|)du,
k=1 0

Ji Js s
<lxl+ Y cla0) + 8+ Y c@) X |+ [ ElXufdu
k=1 k=1 0

Jt
= (|x| + ZE(ak) +§t> es

k=1
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where the last inequality follows from Gronwall lemma. Then using the previous
remark

Ji
sup [ Xs| < G(1+n,(@) [ [(1 +2(ar) < G+ n, (@)@, (40)

s=t k=1

We check easily that |a(z,a, x)| < C(1 + |x|)c(a), and we get successively from
(38) and (40)

sup |Ug, ()] < C(14|Xo, —De(ar, ) (147, @)e" @ < G (140, (©))*e*™ ©.

g, <s<t

Putting this in (39), we obtain a similar bound for SUPy,, <<t | Wk, (s)| and we end

the proof of Lemma 3 by induction since we can derive equations for the higher
order derivatives of Uy, (s) and W, (s) analogous to (39). O

We come back to the process (X ,N ) solution of (30). We recall that FV = X tN
and we will check that FV satisfies the hypotheses of Theorem 1.

Lemma 4. (i) We assume that HI holds. Then Y1 > 1, 3C, ;, C; independent of N
such that

_\C
[F¥ )+ 1D FY < G (14 Ne@)eM @)

with N¢(€) = [y [z ¢(@)dN (s, a).
(ii) Moreover, if we assume in addition that H2 and H3 hold and that m; = J,’l’ —
JP >1,Vlie{l,...,L}, thenwehave V1 <[ < L, Vi € I

f1—1
N 2N, (C -1
oy, FN| > (e ’(C)Nt(lEnl/oz)) = v

and (16) holds.

We remark that on the non-degeneracy set I'}’ given by (36) we have at least one
jumpon (f;_1, 1), thatism; >1, VI €{l,..., L}. Moreover, we have I'}' C{y,>0}.

Proof. The proof of (i) is a straightforward consequence of Lemma 3, replacing

— J[N — /AN .
n;(c) by szl ¢(Ay) and observing that

JN

> el = /Ot /EN Z(a)dN(s,a) < fot/EE(a)dN(s,a) = N,(2).

r=1

Turning to (ii) we have from Lemma 2
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JN
N N AN yN N AN yN N
aT,éVXt :“(Tk’Ak’XT,gV—)+ E dxc(T ’AP’XT},V—)BT;(NXTQ’—
p=k+1

t
+/ 0xg(s, XSN)BTNXSds.
TN k

Assuming H2, we define (Y,V), and (Z} ), as the solutions of the equations

JN ‘
YN=1+>" 8xc(TN,Ag,X;VpN_)YTI£v_ +[ dxg(s, XN Nds,
p=1 0

IN B (TN, AN XN, ) ¢
p>=p>TN_
zZVN=1-Y" L V4 N_—/ dcg(s, XN ZNds.
! p:11+8xc(TI§V,Ag,X;V}’V_) T} 0 s /%

We have YN x ZN =1,V > 0 and

|YtN| < etgeNr(lEN?) < eNr(?)7 |ZtN| — ‘_ < eNt(?).

t

Now one can easily check that
N N AN yN N N
BT]évX, =a(T;, A} ,XT]?,_)Y, ZTkN,
and using H3 and the preceding bound it yields
N —2N; (€ N
ory XN| = 2N @g(al).
Recalling that we do not consider the derivatives with respect to all the variables

(TkN ) but only with respect to (V;) = (Tl',’zl. 45 with n < N fixed, we have
Vi<l <LandVi €I

-1

I
N, (@ 1 = -1
oy XNz e M@ 3| = (SN ONE )
p=1—""7°
and Lemma 4 is proved. O

With this lemma we are at last able to prove Proposition 3.

Proof. From Theorem 1 we have since I')' C {y» > 0}

Lrp|Eg@® (FY)| < CL|I®|lool rp Eg(1 + | po)“ITL(F™).



28 V. Bally and E. Clément

Now from Lemma 1 (i) we have
|pol =2LJ//t

and moreover we can check that | In p|; = 0. So we deduce from Lemma 4

CiL B _\CL
Iy (FN) < —L(IL+2) ((1 + Nz(c))eNt(C))
Yn
_\CL
<G, LN/(1E, 1/Q)L(L+2) ((1 + N[(E))CN[(C)> .
This finally gives
|E1pp @B (FN))|

< 101 (N5, 12 (14 Mi@ne @) 7). oy

Now we know from a classical computation (see e.g., [2]) that the Laplace transform
of N;(f) satisfies

Ee™Ni() — e710r®) g (5) = / (1 — e Ddu(a). (42)
E

From H1, we have [ ¢(a)dj(a) < oo, so we deduce using (42) with f = ¢ that,
Vg >0

_\4
E ((1 n N,(E))eN’(C)) < Cryq < 0.

Since J/* is a Poisson process with intensity #i.(E,), we have Vg > 0
E(JN? < Crgu(Ep).

Finally, using once again (42) with f = 1g,1/a, we see easily that Vg > 0

EN/(15,1/@)" < Cry ( /E Ldu(a))q.

L, ala)

Turning back to (41) and combining Cauchy—Schwarz inequality and the previous
bounds, we deduce

)L(L+2)

1
ELpy 8D (FY)] < [[0]]aoCr it (En) ( [ —au
E, «(a)

= ||(p||ooct,LAn,L- (43)
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We are now ready to give a bound for ﬁXtN (£). We have ﬁXtN () = E®e(FN),
with @¢(x) = e/*. Since & (x) = (i£)FPe(x), we can write | Py ®)] =
|E ch(L)(F N)|/1€|F and consequently we deduce from (43)

|hxx E) = PI{)) + CrpAn,/IEI".

But from Lemma 1 (ii) we have

P((Ff)c) < Le—u(En)t/(ZL)

and finally

[y ©)] = Cry (7 ENICD 14, /e[

We achieve the proof of Proposition 3 by letting N go to infinity, keeping n fixed.

O
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A Laplace Principle for a Stochastic Wave
Equation in Spatial Dimension Three

Victor Ortiz-Lépez and Marta Sanz-Solé

Abstract We consider a stochastic wave equation in spatial dimension three, driven
by a Gaussian noise, white in time and with a stationary spatial covariance. The
free terms are non-linear with Lipschitz continuous coefficients. Under suitable
conditions on the covariance measure, Dalang and Sanz-Solé [7] have proved the
existence of a random field solution with Holder continuous sample paths, jointly in
both arguments, time and space. By perturbing the driving noise with a multiplica-
tive parameter ¢ € ]0, 1], a family of probability laws corresponding to the respective
solutions to the equation is obtained. Using the weak convergence approach to large
deviations developed in (A weak convergence approach to the theory of large devi-
ations [10]), we prove that this family satisfies a Laplace principle in the Holder
norm.

Keywords Large deviation principle - Stochastic partial differential equations -
Wave equation
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1 Introduction

We consider the stochastic wave equation in spatial dimension d = 3
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where A denotes the Laplacian on R3. The coefficients o and b are Lipschitz con-
tinuous functions and the process F' is the formal derivative of a Gaussian random
field, white in time and correlated in space. More precisely, for any d > 1, let
D(R4*1) be the space of Schwartz test functions and let I' be a non-negative and
non-negative definite tempered measure on R¢. Then, on some probability space,
there exists a Gaussian process F = (F (@), ¢ € D(Rd+1)) with mean zero and
covariance functional

EF@Fw) = [ as [ T@owe «den. @
+

where ¥ (s)(x) = ¥ (s)(—x) and the notation “*” means the convolution operator.
As has been proved in [5], the process F can be extended to a martingale mea-
sure M = (M;(A),t > 0, A € By(R%)), where B, (R?) denotes the set of bounded
Borel sets of R?.

For any ¢, ¥ € D(R"), define the inner product

= [ T i)

and denote by H the Hilbert space obtained by the completion of D(R") with
the inner product (-,-)s;. Using the theory of stochastic integration with respect
to martingale measures (see for instance [16]), the stochastic integral B;(h) :=
fé ds [ga h(y)M(ds,dy) is well defined, and for any & € H with [kl = 1,
the process (B;(h),t € [0,T]) is a standard Wiener process. In addition, for
any fixed ¢+ € [0,7T], the mapping # — B (h) is linear. Thus, the process
(Bs,t € [0,T]) is a cylindrical Wiener process on H (see [9] for a definition of
this notion). Let (ex,k > 1) be a complete orthonormal system of H. Clearly,
Br(t) = fé ds [pa ex(y)M(ds,dy), k > 1, defines a sequence of independent,
standard Wiener processes, and we have the representation

B; = Z By (t)eg. (3)

k>1
Let F;, ¢t € [0,T], be the o-field generated by the random variables (B (s),s €
[0,¢],k > 1). (F;)-predictable processes @ € L?(£2 x [0, T]; H) can be integrated
with respect to the cylindrical Wiener process (B;,t € [0, T]), and the stochastic
integral fé @(s)dB; coincides with the It6 stochastic integral with respect to the

infinite dimensional Brownian motion (B (¢),¢t € [0, T],k > 1), Zkzl fé(@(s),

ex)nd B (7).
We shall consider the mild formulation of (1),

e, ) = w03 + 3 [ {60 =55 =90 us. ), ex (N Bits)

k>1

+ / [G( —s) * b(u(s,-))](x)ds, 4)
0
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tel0,T],x € R3. Here
Wit x) = (%G(r) i Uo) () + (G(1) * T0) ().

and G(t) = #0,, where o; denotes the uniform surface measure (with total mass

47t?) on the sphere of radius ¢.
Throughout the paper, we consider the following set of assumptions.
(H)

1. The coefficients o, b are real Lipschitz continuous functions.

2. The spatial covariance measure I' is absolutely continuous with respect to
Lebesgue measure, and the density is f(x) = @(x)|x|™#, x € R3\{0}. The
function ¢ is bounded and positive, ¢ € C1(R?), Vp € C3(R3) (the space of
bounded and Holder continuous functions with exponent § €]0, 1]) and 8 €]0, 2][.

3. The initial values vg, U9 are bounded and such that vy € C 2(R3), Vv is bounded
and Avg and 3¢ are Holder continuous with degrees y1, y2 €]0, 1], respectively.

We remark that the assumptions on I' imply

swp [ PGP < . )

t€l0,T]

where F denotes the Fourier transform operator and . = F~!T'. This is a relevant
condition in connection with the definition of the stochastic integral with respect to
the martingale measure M ([4]).

The set of hypotheses (H) are used in Chap. 4 of [7] to prove a theorem on exis-
tence and uniqueness of solution to (4) and the properties of the sample paths.
More precisely, under a slightly weaker set of assumptions than (H) (not requir-
ing boundedness of the functions vy, U9, Vvg), Theorem 4.11 in [7] states that for
any g € [2,00[, @ €]0,y1 A Y2 A % A #[, there exists C > 0 such that for
(t,x),(t,y)€[0,T] x D,

E(Ju(t, x) —u(@, y)I7) = C(|It — 1] + [x — y)™, (6)

where D is a fixed bounded domain of R3. Consequently, a.s., the stochastic process
(u(t, x), (t,x) € [0, T] x D) solution of (4) has ¢-Holder continuous sample paths,
jointly in (%, x).

The reason for strengthening the assumptions of [7] is to ensure that

sup [w(t, x)| < oo @)
(t,x)e[0,T]xR3

(see Hypothesis 4.1 and Lemma 4.2 in [8]), a condition that is needed in the proof of
Theorem 2.3 below. This is in addition to (4.19) in [7], which provides an estimate
of a fractional Sobolev norm of the function w.
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We notice that in [7], the mild formulation of (1) is stated using the stochastic
integral developed in [6]. Recent results by Dalang and Quer-Sardanyons (see [8],
Proposition 2.11 and Proposition 2.6 (b)) show that this formulation is equivalent
to (4).

In this paper, we consider the family of stochastic wave equations

00 = w0 +VE Y [ (6 =5 =906 ). ) Bi()

k>1
+ / [G( —s) * b(u®(s,-))](x)ds, ®)
0

£ €]0, 1], and we establish a large deviation principle for the family (%, ¢ €]0, 1])
in a Polish space closely related to C*([0, T'] x D), the space of functions defined on
[0, T] x D, Holder continuous jointly in its two arguments, of degree o € Z, where

2—8 146
=10, y1 A2 A —— A ——]| .
} YiANY2 > > [

To formulate the large deviation principle, we should consider a Polish space
carrying the probability laws of the family (#°, & > 0). This cannot be C*([0, T'] x
D), since this space is not separable. Instead, we consider the space C%-°([0, T']x D)
of Holder continuous functions g of degree o’ < «, with modulus of continuity

0,():=  sup |g(t.5) —g(s. )| /
[t—s|+|x—y|<6 (|t - Sl + |x - y|)a

satisfying limg_, o+ Og(8) = 0. This is a Banach space and C*([0,T] x D) C
([0, T] x D).

In the sequel, we shall denote by (€, || - ||) the Banach space C*°([0, T] x D)
endowed with the Holder norm of degree o, and consider values of o € 7.

Let Hr = L?([0,T);H). For any h € Hr, we consider the deterministic
evolution equation

t

Vh(t,x) = W(t, X) +/ (G(t — 85X — )U(Vh(s7))’h(s7))7'fds
0
TG —s) % bV ds.
+ [ ou=s b0 eas ©)

The second term on the right-hand side of this equation can be written as

> /0 (Gt = 5.x =)o (V2 (s.)). e () pehic(s) ds.

k>1

with i (1) = (h(t), ex)pe t € [0, T], k > 1.
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Existence and uniqueness of solution of (9) can be proved in a similar (but easier)
way than for (4). This will be obtained in the next section as a by-product of Theo-
rem 2.3, where it is also proved that Vh e &,. We will denote by G° : Hr — &,
the mapping defined by GO(h) = V.

For any f € &y, define

1=, it S| (10)

heHT:G0(h)=f

and for any A C &, [(A) = inf{I(f), [ € A}.
The main result of this paper is the following theorem.

Theorem 1.1. Assume that the set of hypotheses (H) are satisfied. Then, the family
{u®, € €10, 1]} given by (8) satisfies a large deviation principle on Ey with rate func-
tion I given by (10). That means, for any closed subset F € &, and any open subset
G e &,

limsup elog P(u® € F) < —I(F),
e—>0t

liminf elog P(u® € G) > —I(G).
e—07t

In the proof of this theorem, we will use the weak convergence approach to large
deviations developed in [10]. An essential ingredient of this method is a variational
representation for a reference Gaussian process (Brownian motion when studying
diffusion processes, or different generalizations of infinite-dimensional Wiener pro-
cess when dealing with stochastic partial differential equations). As it is shown in
[2], a variational representation for an infinite-dimensional Brownian motion along
with a transfer principle based on compactness and weak convergence allows to
derive a large deviation principle for some functionals of this process. This method
has been applied in [3] to establish a large deviation principle to reaction-diffusion
systems considered in [12] and also in several subsequent papers, for instance in
[11,15,17]. We next give the ingredients for the proof of Theorem 1.1 based on this
method.

Variational Representation of Infinite Dimensional Brownian Motion

Let B = (Bg(t),t € [0,T],k = 1) be a sequence of independent standard
Brownian motions. Denote by P(/?) the set of predictable processes belonging to
L?(£2 x [0, T]);1?) and let g be a real-valued, bounded, Borel measurable function
defined on C([0, T']; R®®). Then,

1 |
~tog Eexpl-g(B)) = int E(Slulsqoms +e (B4 [ 0)) av

uepP (12

(see Theorem 2 in [3]).



36 V. Ortiz-Lépez and M. Sanz-Solé

Weak Regularity

Denote by P the set of predictable processes belonging to L2(£2 x [0, T']); H). For
any N > 0, we define

HY = {h e Hr : |hlls, < N},

7771}’ ={vePy:v €H¥,a.s.},

and we consider 1% endowed with the weak topology of H7.
Forany v € P4, € €]0, 1], let u*? be the solution to

WV x) = wltx) +VEY fo (Gt — 5.3 =)o (4 (5.). e ()1 d By (5)

k>1

+ [0 (G(t —s,x — )o@’ (s,-)), v(s,-))x ds
+ /0 [G(t —5) * bu®’(s,-))](x)ds. (12)

We will prove in Theorem 2.3 that this equation has a unique solution and that
utv € £, withoa € 7.
Consider the following conditions:

(a) The set {Vh, h e HI}’ } is a compact subset of &, where V" is the solution of
9).

(b) For any family (v%,e > 0) C 7971}' that converges in distribution as ¢ — 0 to
v E 77,1}’ , as HITY -valued random variables, we have

. &
lim u®? =VVY,
e—0

in distribution, as &£,-valued random variables.

Here V'V stands for the solution of (9) corresponding to a HITY -valued random vari-
able v (instead of a deterministic function /). The solution is a stochastic process
{Vh(t,x), (t,x) € [0, T] x R3} defined path-wise by (9).

According to [3], Theorem 6 applied to the functional G : C([0, T]; R*®) — &g,
G(v/eB) := uf (the solution of (8)), and G° : Hy — &, GO(h) := V" (the solution
of (9)), conditions (a) and (b) above imply the validity of Theorem 1.1.

2 Laplace Principle for the Wave Equation

Following the discussion of the preceding section, the proof of Theorem 1.1 will
consist of checking that conditions (a) and (b) above hold true. As we next show,
both conditions will follow from a single continuity result. Indeed, the set HI}’ isa
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compact subset of Hr endowed with the weak topology (see [13], Chap. 12, Theo-
rem 4). Thus, (a) can be obtained by proving that the mapping & € HITY = Vhe&,
is continuous with respect to the weak topology. For this, we consider a sequence
(hp,n > 1) C Hj}’ and h € HI}’ satisfying lim, oo ||, — h||,, = 0, which means
that for any g € Hr, lim,oo{hn — I, g}, = 0, and we will prove that

lim ||V — V|, = 0. (13)
n—>o00

As for (b), we invoke Skorohod Representation Theorem and rephrase this con-
dition as follows. On some probability space (£2,F, P), consider a sequence of
independent Brownian motions B = {Bj,k > 1} along with the corresponding
filtration (]-_"t,t € [0,T]), where F, is the o-field generated by the random vari-
ables (B (s), s € [0,1],k > 1). Furthermore, consider a family of (F;)-predictable
processes (#¢,¢ > 0,7) belonging to L2(£2 x [0, T]; H) taking values on HY, P
a.s., such that the joint law of (v®, v, B) (under P) coincides with that of (v, v, E)
(under P) and such that,

lim ||0° = 3|, =0, P —a.s.
e—>0

as H¥ -valued random variables. Let ii>*" be the solution to a similar equation as
(12) obtained by changing v into v® and By into Bg. Then, we will prove that for
any g € [0, oo[,

lim E ( T

e—>0

Z) —0, (14)

where E denotes the expectation operator on (£2, F, P). Notice that if in (12) we
considere = 0andv :=h € Pﬁ deterministic, we obtain the equation satisfied by
V" Consequently, the convergence (13) can be obtained as a particular case of (14).
Therefore, we will focus our efforts on the proof of (14). In the sequel, we shall
omit any reference to the bars in the notation, for the sake of simplicity.
According to Lemma Al in [1], the proof of (14) can be carried out into two
steps:

1. Estimates on increments

sup E (’ [us’"g (t,x) =V, x)] — [us’"g (r.z) =V, Z)] ‘q)

e>1

= Cllt —rl+ |x —2[]*. (15)

2. Pointwise convergence
lim £ (|u8’”8(t,x) - V”(t,x)|q) —0. (16)

£—

Here, g € [1,00[, (¢,x),(r,z) € [0,T]x D and @ € .
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Before proving these facts, we will address the problem of giving a rigorous
formulation of (12). As we have already mentioned, the stochastic integral with
respect to (By, k > 1) in (12) is equivalent to the stochastic integral f(f Jr3 Gt —s,
x — )o@t (s, y))M(ds, dy) considered in the sense of [6]. We recall that such
an integral is defined for stochastic processes Z = (Z(s,+),s € [0, T]) with values
in L2(R3) a.s., adapted and mean-square continuous, and the integral

o,z i= 3 [160 =5 =9ZG)eOndBis) ()

k>1

satisfies

£ (16,2 o) = [ s [ $EFZO@P) [ w@niFou—s el

(18)
(see [6], Theorem 6).

As a function of the argument x, for any v € Pﬁ , the path-wise integral

/OZ(G(I — 8. x =)o >"(s,+), v(s, ) ds,

is also a well-defined L?(R3)-valued random variable. Indeed, let Z be a stochastic
process satisfying the hypotheses described before. Set

th,Z(*) = /0 (G(t —s,%x—-)Z(s,-),v(s,-))n ds. (19)

By Cauchy-Schwarz’ inequality applied to the inner product on Hr, we have

||VZG,Z||i2(R3) < N? A3 dx/; dS”G(l‘—S,x—-)Z(S,.)”%_‘
a2 [ 2 _ N2
=¥ [ a5 [ alFZ0©F [ w@nliFoe-se-nk

where the last equality is derived following the arguments for the proof of The-
orem 6 in [6]. We recall that this formula is firstly established for Z sufficiently
smooth and by smoothing G by convolution with an approximation of the iden-
tity. The extension of the formula to the standing assumptions is done by a limit
procedure.

From this, we clearly have

E (” UtG,Z ||iZ(R3))

< N2 fo ds fR EE(FZ6)©P) [R RADIFGE = E=nP 0)
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Remark 2.1. Up to a positive constant, the L?(82; L>(R3))-norm of the stochastic
integral v’G 7 and the path-wise integral v’G » are bounded by the same expression.

Let O be a bounded or unbounded open subset of R3, ¢ € [1,00[, y €]0,1[. We
denote by W7"-4(0O) the fractional Sobolev Banach space consisting of functions
¢ : R3 — R such that

1
lglwracor = (1140 + I01%40) " < oo

_ a\ q
lolhgo = ( [ ar [ ey EDE)".

For any ¢ > 0, we denote by O° the e-enlargement of O, that is,

where

Q=

Of ={x eR?®:d(x,0) <¢}.

In the proof of Theorem 2.3 below, we will use a smoothed version of the funda-
mental solution G defined as follows. Consider a function ¢ € C*®(R3; R ) with
support included in the unit ball, such that fR3 Y (x)dx = 1. For any t €]0, 1] and

n>1,set ;
o= (2 (1)

and
Gn(t,x) = (Yn(t,-) * G(1)) (x). 2D
Notice that for any 7 € [0, T'], supp Gx(,-) C B, ;1 1,(0).

Remark 2.2. Since Gy(t) is smooth and has compact support, thn (x) is well-
defined as a Walsh stochastic integral, and this integral defines a random field
indexed by (t, x). By Burkholder’s inequality, for any q € [2, 00|,

E (lvg, .(x)|7) < CE (/0 Gt —s5,x —)Z(s,) I3, ds) )

As for the path-wise integral Vth,z(x)’ by applying Cauchy-Schwarz’ inequality to
the inner product on Hr, we have

E (v, .(0)|?) = N1E (/0 IG(t —s,x —)Z(s,)3, ds)

Hence, as in Remark 2.1, up to a constant, L9(82)-estimates for both type of
integrals at fixed (t, x) € [0, T] x R3 coincide.

The following proposition is the analogue of Theorem 3.1 in [7] for the path-wise
integral v, .
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Proposition 2.1. Fix ¢ €]3, oo[ and a bounded domain © C R3. Suppose that

2
_ﬂAﬂ)_i>o
2 2

r0(.8) = ( :

and fix y €]0,1], p €]0,74(B,8) A y[. Let {Z;,t € [0,T]} be a L*>(R3)-valued,
(Fy)-adapted, mean-square continuous stochastic process. Assume that for some
fixedt € [0,T],

t
q
| E (1260 o) 85 <.

We have the following estimates:

t
E(6.218000) =€ [ E (126 0or)) ds. @)

t

t q q

E (IIan,zllp,q,o) < C/O E (”Z(S)”Wpiq(oasm+,g))) ds, (23

t
E(6.21800) = € [ E(1Z60Hynaons) 4 (24)

Consequently,
t

E (1062 1400(0y) = € /0 E(1Z618 0 ou—y) 05 (25)

Proof. By virtue of Remark 2.2, we see that the estimate (22) follows from the same
arguments used in [7], Proposition 3.4. We recall that this proposition is devoted
to prove an analogue property for the stochastic integral v’G’ 7. In the very same
way, (23) is established using the arguments of the proof of Proposition 3.5 in [7].
Then, as in [7], (24) is obtained from (23) by applying Fatou’s lemma. Finally, (25)
is a consequence of (22), (24) and the definition of the fractional Sobolev norm
|+ lwe.a(0)- O

Next, we present an analogue of Theorem 3.8 [7] for the path-wise integral v ’G 7
which gives the sample path properties in the argument ¢ for this integral. As in
Proposition 2.1, O is a bounded domain in R3.

Proposition 2.2. Consider a stochastic process {Z;,t € [0,T]}, (Fr)-adapted,
with values in L?>(R3), mean-square continuous. Assume that for some fixed q €
3.coland y €]2.1],

sup E(||Z(t)||q T )<oo.
tel0,T] wra©or=h
Then, the stochastic process {v’G,Z(x),t € [0,T]}, x € O, satisfies

sup E (|vf; 7 (x) = v5 £ (0I7) = Cle — 1147, (26)
x€O

foreacht,t €[0,T], any g €]2,4], p €]0, (y — g) A (#) A (#)[.
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Proof. We follow the same scheme as in the proof of [7], Theorem 3.8. To start
with, we should prove an analogue of (3.26) in [7], with thn, 7 thn,  replaced
by v 7. Vg, z» respectively. Once again, we apply Remark 2.2, obtaining similar
upper bounds for the L9(£2)-moments (up to a positive constant) as for the stochas-
tic integrals considered in the above mentioned reference. More precisely, assume
0 <t <t < T; by applying Cauchy-Schwarz’ inequality to the inner product on
‘Hr, we obtain

/t(Gn(t_— s, X —)Z(s,*),v(s,*)) ds

q
E

< NIE (/t_t 1Gn(s,x —)Z(& — s, )||$_l ds) ,
0
q
d )

< NIE (/ 1G5, % =) = Gt — 5. — ) Z(s.) |2, ds)
0

ok

[t((Gn(f— $,X =)= Gu(t —s,x —)Z(s,),v(s,))x ds
0

Y

These are, up to a positive constant, the same upper bounds obtained in [7] for the
expressions termed 77 (z, f,x) and Ty, f, x), respectively. After this remark, the
proof follows the same arguments as in [7]. O

Foranyt € [0,T],a > 1,let KP(t) = {y € R3 : d(y, D) < a(T —1)}. For
a = 1, we shall simply write K P (¢); this is the light cone of {T'} x D.

In the next theorem, the statement on existence and uniqueness of solution, as
well as (27), extend Theorem 4.3 in [8], while (28) and (29) are extensions of the
inequality (4.24) of Theorem 4.6 and (4.41) of Theorem 4.11 in [7], respectively.
Indeed in the cited references, the results apply to (4), while in the next theorem,
they apply to (12).

Theorem 2.3. Assuming (H), the following statements hold true:
There exists a unique random field solution to (12), {u®’(¢t, x), (t,x) € [0, T] x
R3}, and this solution satisfies

sup sup E (Ju®"(t,x)]|7) < oo, 27
£€]0,1],veP (1,x)€[0,TIxR3

spsup E ([0 ()% 0y ) < 0 (28)
e€lo,1],vePl 1€[0.T] wea (k= @)

forany q € [2,00[, @ € T.
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Moreover, for any q € [2,00[ and o € I, there exists C > 0 such that for
(t,x),(t,y)€[0,T] x D,

sup  E(lu®"(t,x) —u®(@, )| = C(t — i + [x —yD*. (29

£€]0,1],vePly

Thus, a.s., {u®’(t, x), (t,x) € [0, T] x D} has Holder continuous sample paths
of degree a € I, jointly in (¢, x).

Proof. For the sake of simplicity, we shall consider ¢ = 1 and write u” instead of
usv.

We start by proving existence and uniqueness along with (27). For this, we will

follow the method of the proof of [8], Theorem 4.3 (borrowed from [14], Theorem
1.2 and [4], Theorem 13). It is based on the Picard iteration scheme:

u®O (1, x) = w(t, x),

) = w0 + Y [ (G — 5. % = 90D (s, 9), e (N Bi(s)
0

k>1

t
+ [ (6 = sx = 90w D s, w65 e b
0
t
+ [ [G(t —s) % b ™ (s,)](x)ds, n=>0. (30)
0
The steps of the proof are as follows. Firstly, we check that

sup sup E (|u”’(”)(t,x)|q> < 00, 31
vePd (t,x)€[0,T]xR3

and then

sup sup sup E (|uv’(”)(t,x)|q) < 0. (32)
n=0 1)6737}_\[ (t,x)€[0,T1xR3

Secondly, by setting

My (t) == sup E(|u"""+”<s,x)—u"""’(s,x)w),nzo,
(s,x)€[0,¢]xR3

we prove

M) =€ [ ) (14 [ nolFGe-9©R) 4 63

With these facts, we conclude that (u”’(") (z,x),n > 0) converges uniformly in (¢, x)
in L2(£2) to a limit u” (¢, x), which satisfies (12) with e = 1.
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In comparison with the proof of Theorem 4.3 in [8], establishing (31)—(33)
requires additionally the analysis of the term given by the path-wise integral

t
v = / (Gt —s,x =)o "™ (s,-)), v(s,))x ds, n = 0. (34)
0

This is done as follows. We assume that (31) holds true for some n > 0. This is
definitely the case for n = 0 (see (7)). By applying Cauchy-Schwarz inequality on
the Hilbert space Hr, and since ||v|#, < N a.s., we have

q)

i
2 %
G(t — 5, x — o™, ))HH ds) )

t
o
0

Notice that, by applying Burkholder’s inequality to the stochastic integral term
in (30), we obtain

/ t(G(t — 5, x =)o@’ (s, ), v(s, ) ds
0

q

E(> /0 (G(t —s.x =)o "™ (s5.)), ex () 1dBy (s)

k>1

o]

Thus, as has already been mentioned in Remark 2.2, up to a positive constant,
L4(£2) estimates of the stochastic integral and of the path-wise integral Z%®+1)
lead to the same upper bounds.

This simple but important remark yields the extension of properties (31)—(33),
which are valid for (4), as is proved in Theorem 4.3 in [8], to (12) with ¢ = 1 and
actually, for any € €]0, 1]. In fact, those properties can be proved to hold uniformly
ine€]0,1].

Let us now argue on the validity of (28). We will follow the programme of
Sect. 4.2 in [7], taking into account the new term

2 %
Gt —5,x — Yo (P (s,-) HH ds) .

[o (Gt = 5.3 — Yo (5, 9), (s, e ds

of (12) (with e = 1) that did not appear in [7]. This consists of the following steps.

Firstly, we need an extension of Proposition 4.3 in [7]. This refers to an approx-
imation of the localized version of (12) on a light cone. In the approximating
sequence, the fundamental solution G of the wave equation is replaced by a
smoothed version G, defined in (21). Going through the proof of that Proposition,
we see that for the required extension, the term
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- t t q
My(1) := E (||UG,,,Z - UG,Z||L4(K£(Z))) :

with Z(s, y) = a(u’(s, y))lKl?(s)(y), should be replaced by

Mn(l‘) =F (||Ué;n’z - U&z”iq(&?m)) +E (”‘)é;,,,z - th,Z”;{q(KuD(,)))’

where we have used the notation introduced in (17), (19). Then, we should prove
that lim, o, M, (t) = 0. This is carried out by considering first the case g = 2.
By Remark 2.1, it suffices to have lim, o, M,(¢) = 0 for g = 2, and this fact is
proved in [7], Proposition 4.3.

To extend the convergence to any ¢ €]2, co[, we must establish that for some
fixed ng > O,

t q

nS;rIl’o E (” VG,.z ”Lf/(Ké’(z))) < 35)
a result that holds true for Ué}n, - Once more, the first step in the proof of (35)
consists in obtaining the upper bound

t
E (” vé;n,Z ”iq(Kz?(t))) = CE/() ds /]{D(z)) dxE (”Gn(t e ')Z(S’ )”ffl-() .
’ (36)
This follows easily by applying first Cauchy-Schwarz’ inequality to the inner prod-
uct on H7 and then Holder’s inequality. Once we have (36), we can obtain (35) by
following the steps of the proof of Proposition 3.4 in [7].
The last ingredient for the proof of (28) consist of the extension of Theorem 4.6 in
[7]. This requires the following additional arguments. Firstly, using similar notations
as in that reference, we set

Ry P (@) = E (™ 1%, 4 cn o)

where 42" (¢, x) stands for the mth Picard iteration of a similar equation as (12)

with G replaced by the smoothed version G,. In comparison with [7], in order to
check that sup,, ,,»; Rn"""” < 0o, we have to study the additional term

m,y,D,3 — t q
I ®:=E (””Gn,o(u};*""))l,(u ”WM(KaD(z)))

and more specifically to check that
t
P31y < € + Gy / ds RP17D(s), (37)
0

for some positive constants Cy, C,.
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: m,y,D,3 .
This property holds true when 75, (¢) is replaced by

t q
E (”UGn,o(uZ’(m))lKD ||WV~4(K£(t)))

(see the arguments on page 42 of [7] based upon Proposition 3.5 of this reference).
In a similar way, (37) follows from Proposition 2.1 and more precisely from (23).
This completes the proof of (28).

An important consequence of (28) is the following. For any ¢+ > 0, a.s., the
sample paths of (u®"(¢.x)1 gp ()(x), x € R3) are a-Holder continuous with a € Z.
In addition, for any ¢ € [2, o<,

sup sup E (lu®"(z, x) —u®"(z, y)|7) < Clx — y|*?, (38)
£€]0,1],vePd 1€[0,T]

forany x,y € KP(t), @ € Z. Hence, in order to prove (29), it remains to establish
that for any ¢ € [2,00[ and @ € Z, there exists C > 0 such that for every 7,7 €
[0. 71,

sup sup E (|u*"(t, x) —u®"(t,x)|?) < Clt —t]™, (39)
e€lo,1],vePly x€D

For this, we will follow the steps of Sect.4.3 in [7] devoted to the analysis of the
time regularity of the solution to (4) and get an extension of Theorem 4.10.

As in the first part of the proof, we consider the case ¢ = 1. The additional
required ingredient consists of showing that

E (‘/0 (Gt —s.x =)o (u”(s. )N gD (5 (). v(s. )2 ds

)

<Clt—1t]*, (40)

- /0 (GG — 5.3 — o (5. )1 ey (). v(5. ) ds

uniformly in x € D.
Remark that the stochastic process

{Z(Sv y) = O,(uv(& y))lKD(s)(y)’ (S’ y) € [Ov T] XR3}7

satisfies the assumptions of Proposition 2.2 with O = D and arbitrarily large q.
This fact is proved in Theorem 4.10 in [7]. Thus, (40) follows from that Proposition.

Going through the arguments, it is easy to realize that for u”-¢, we can get uniform
estimatesine €]0, 1]and v € Pﬁ , and therefore (39) holds true. This ends the proof
of (29) and of the Theorem. |

Remark 2.3. In connection with conclusion (4.8) of Theorem 4.1 in [7], we notice
that property (27) implies
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sup sup E (||u€’v(t)||‘17 b ) < o0.
e€lo,1],vepl 1€[0.T] Lax=@n)

The estimates on increments described in (15) are a consequence of (29). Indeed,
as has been already mentioned, for any v € Pﬁ , the stochastic process V'V is the
solution to the particular (12) obtained by setting ¢ = 0.

Proposition 2.4. Assume (H). Consider a family (v¥,e > 0) C 7371}’ and v € Pﬁ
such that a.s.,

lim |[v® — v],, = 0.

e—>0

Then, for any (t,x) € [0,T] x D and any q € [2, 00|,
lim E (|u8’”8(t,x) - V”(t,x)|q) —0. (1)
g—>0

Proof. We write

4
us’vg(t,x) —VP(t,x) = Z TE(t, x),

i=1

with
Tf(t.x) = /0 t (Gt = 5) % (b (5.9) = b(*(5.0)) | ) ds,
TS(t.x) = fo t (6 —s.x =) [0 (5.) =0 (V5. 0] v (s), as.
TS(t.x) = /0 (G = 5,5 = o (V7 (5,90, 0505, ) — 05, M s,

Tix) = VEY /0 (Gt — 5.2 =)o (™" (s.)). €5 () 1 B 5).

k>1

Fix q € [2, oo[. Holder’s inequality with respect to the measure on [0, f] x R3 given
by G(¢ — s,dy)ds, along with the Lipschitz continuity of b yield

t q-1
E(ITY (t,x)|?) < (/0 ds [1;3 G(s,dy))

X /Ot sup E <|u6’v8(r, 7)) — V¥, z)|q> (/R3 G(s,dy)) ds

(r,2)€[0,s]xR3

t
<C sup E <|u8’"£(r, 72) =V, z)|q> ds
0 (r,2)€l0,s]xR3
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To study 75 (¢, x), we apply Cauchy-Schwarz’ inequality to the inner product on
H and then Holder’s inequality with respect to the measure on [0,¢] x R3 given
by | FG(s)(£)|?ds n(d€). Notice that this measure can also be written as [G(s) *
G (5)](x)T'(dx)ds. The Lipschitz continuity of ¢ along with (5) and the property
sup, [V 172, < N imply

E(TS.2)9) < E ([0

([ 1eotga)
]
0

¢ g-1

<c ([0 ds [R WD) FG (1 —s)<s)|2)

X /0 sup E (|u8’"£(i’, 7) = V(. Z)|q)

(r,2)€[0,s]xR3

x ( / u(dsnfG(s)(s)P) ds
]R3

<c / sup  E (" (.2 = V'(1,2)|7) ds
0 @,

2)€[0,s]xR3

[N}

2
Gt —s5,x —>) [a(us’vg(s, ) —a(V¥(s, -))] HH ds)

(SIS

2
Gt —s,x—-) [a(u's"’g(s, ) —a(V(s, -))] HH ds)

For any (¢, x) € [0, T] x R3, the stochastic process
{G(t —s5,x = y)o(V (s, ), (5. y) € [0, T] x R?}
satisfies the property

sup sup E (|Gt —s,x—)a(V'(s,)|?,) < oo. 42)
UE’P{_\Z SE[OsT]

Indeed, by applying (27) to the particular case ¢ = 0, we get

sup sup E (VP (¢, x)|?) < oo. (43)
vePd (t,x)€[0,T]xR3

Then, we apply Holder’s inequality with respect to the measure on R3 given by
|FG(t — 5)(§)|*IL(d§), along with the linear growth property of o, and we obtain



48 V. Ortiz-Lépez and M. Sanz-Solé
E(I6¢ —sx 9006l = ¢ ([ 1766 - 9@ Pues )

X (1 + sup E (|V"(s,y)|q)> .

(s,y)€[0,T1xR3

With (5) and (43), we have (42).
From (42), it follows that {G(t —s, x — y)a(VV(s, y), (s, y) € [0, T] x R3} takes
its values in Hr, a.s. Since lim;— ||[v® — v|\,, = 0, a.s.,

lim =0.
e—>0

./Ot (G(t—s,x =) (VV(s,-), v°(s,-) — v(s,))p ds

Applying (42) and bounded convergence, we see that the above convergence takes
place in L4(£2) as well. Thus,

1 3 q)y —
lim E (|75 (1. 0)[7) = 0.

By the L9 estimates of the stochastic integral and (27), we have

q

E Z/O (Gt —s,x =)o (""" (s,-)), ek (-)) 1A B (s)

k>1

=E (/0 IG(t —s.x =)o@ (5.3, ds)

t g-1
< ( [0 ds /R n@)IFGa —s)<s>|2)

x /0’(1+ sup E(|u8’"5(r,z)|q)) ([, nesnreeor)as

(r,2)€[0,s]xR3

? &

< C/ (1 + sup E (|u8’" (r, Z)|q)> ds
0

<C.

(r,2)€[0,s]xR3

This yields
lim E (|T;(t,x)|?) = 0.
e—>0

We end the proof of the Proposition by applying the usual version of Gronwall’s
lemma.
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Notice that we have actually proved the stronger statement

lim  sup E <|u's’”£(t,x) _ V”(t,x)|1’) —0. (44)
20 (s x)e[0,T]xR3
O

Proof of Theorem 1.1. As has been argued, it suffices to check the validity of (15) and
(16). These statements follow from Theorem 2.3 and Proposition 2.4, respectively.
0
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Intertwinned Diffusions by Examples

Xue-Mei Li

Abstract We discuss the geometry induced by pairs of diffusion operators on two
states spaces related by a map from one space to the other. This geometry led us to
an intrinsic point of view on filtering. This will be explained plainly by examples, in
local coordinates and in the metric setting. This article draws largely from the books
On the geometry of diffusion operators and stochastic flows [11] and The Geometry
of Filtering [13], and aims to have a comprehensive account of the geometry for a
general audience.

Keywords Linear and equi-variant connections - stochastic differential equations -
geometry of diffusion operators

MSC (2010): 60Hxx, 60Dxx

1 Introduction

Let p be a differentiable map from a manifold N to M which intertwines a diffu-
sion operator 3 on N with another diffusion operator, A on M, thatis (Af)o p =
B(f o p) for a given function f from M to R. Suppose that A is elliptic and f
is smooth. It is stated in [11] that this intertwining pair of operators determines a
unique horizontal lifting map §) from TM to TN which is induced by the symbols
of A and B and the image of the lifting map determines a subspace of the tan-
gent space to N and is called the associated horizontal tangent space and denoted
by H. The condition that A is elliptic can be replaced by cohesiveness, that is,
the symbol 04 : T*M — TyM has constant non-zero rank and A is along the
image of 0. If A is of the form, A = 3 Y7L, LyiLyi + Lxo, it is cohesive if
span{ X (x),..., X" (x)} is of constant rank and contains X °(x). Throughout this
paper, we assume that A is cohesive.
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For simplicity, we assume that the B-diffusion does not explode. The pair of
intertwining operators induces the splitting of 7N in the case that B is elliptic or
the splitting of Tp~[Im(c*)] = ker(T, p) ® H,. Hence, a diffusion operator A in
Hormander form has a horizontal lift A , operator on N, through the horizontal lift
of the defining corresponding vector fields. For operators not in Hérmander form,
an intrinsic definition of horizontal lift can also be defined by the lift of its symbols
and another associated operator §4 from the space of differential forms to the space
of functions and such that §$4(df) = Af. In this case, the diffusion operator B
splits and B = A® + BV where BY acts only on the vertical bundle, which leads
to computation of the conditional distribution of the B diffusion given A diffusion.
We describe this in a number of special cases.

This work was inspired by an observation for gradient stochastic flows. Let

dxt = X(Xt) (o) dBt + X()(Xt)dt

be a gradient stochastic differential equations (SDEs). As usual, (B;) is an R” val-
ued Brownian motion. The bundle map X : R” x M — TM is induced by an
isometric embedding map f : M — R™. Define Y(x) := df(x) : TxM — R™
and

(X(x)e,v) := (e, Y(x)(v)).

Then, ker X (x) is the normal bundle vM and [ker X (x)]* corresponds to the tan-
gential bundle. It was observed by It6 that the solution is a Brownian motion, that
is the infinitesimal generator of the solutions is %A. It was further developed in
[6] that if we choose an orthonormal basis {e¢;} of R™ and define the vector fields

X;(x) = X(x)(e), then the SDE now written as

dxp = ) Xi(xr) 0 dBy + Xo(xe)dr M

i=1

and the It6 correction term Y VX?(X') vanishes. In [16], this observation is used
to prove a Bismut type formula for differential forms related to gradient Brownian
flow, in [18] to obtain an effective criterion for strong 1-completeness, and in [17] to
obtain moment estimates for the derivative flow T&; of the gradient SDEs. The key
observation was that for each i either VX; or X; vanishes, and if 7§ (v) is the
derivative flow for the SDE, T& (v) is in fact the derivative in probability of the
solution & (x) at x in the direction v satisfying

m
Jed(Jf7 ve) =D VXi(vr) 0 dB] + V Xo(v;)dr.
i=1
where //;(0) : TopuM — T5, M denotes the stochastic parallel translation corre-

sponding to the Levi-Civita connection along a path ¢ which is defined almost surely
for almost all continuous paths. Consider the Girsanov transform
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t (Vo Xi,vs) xg . _ ot (Ve X)* (vy) ~ ~
and fo > We, ds = J, st' Let X; and v; be the correspond-

ing solutions to the above two SDEs. Then E|v|f, = E||7 G; where G, is the
Girsanov density. It transpires that the transformation does not change (1). Since
|v¢|? = |vo |PG,e“f(xf), where a; is a term only depending on x; not on v;, see (18)
in [18] E|v|? = Ee% () = Eet 1) In summary, the exponential martingale
term in the formula for |v;|? can be considered as the Radon—Nikodym derivative
of a new measure given by a Cameron—Martin transformation on the path space and
this Cameron—Martin transformation has no effect on the x-process.
Letting F* = o{&(x) : 0 < s < t}, E{//; 1v,|F¥} satisfies [7],

S = L @Rt

where Ricy : TxM — TxM is the linear map induced by the Ricci tensor. The
process W; is called damped stochastic parallel translation, and this observation
allows us to give pointwise bounds on the conditional expectation of the derivative
flow. Together with an intertwining formula

dP;(v) = Ed f(T&(v)),

this gives an intrinsic probabilistic representation for dP; f = Ed f(W;) and leads
to
1
VP f1(x) < |[Pe(V )L (x)(E[W|7)7 (x)

and V|P; f|(x) < |df|L<E|W;|(x), which in the case of the Ricci curvature is
bounded below by a positive constant that leads to:

VP |(x) < e PV f)|Lr(x)

and
V|P f1(x) < |df]reee ",

respectively.
If the Ricci curvature is bounded below by a function p, one has the following
pointwise bound on the derivative of the heat semigroup:

VP (x) < | PV f)| o () (Bem /2o o35 3.

See [19] for an application, and [4, 5, 20, 22] for interesting work associated with
differentiation of heat semi-groups.

It turns out that the discussion for the gradient SDE is not particular to the gradi-
ent system. Given a cohesive operator, the same consideration works provided that
the linear connection, equivalently stochastic parallel transport or horizontal lifting
map, we use is the correct one.

To put the gradient SDE into context we introduce a diffusion generator on GLM,
the general linear frame bundle of M. Let ni be the partial flow of X; and let X l.G
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be the vector field corresponding to the flow {77! (1) : u € GLM}. Let

1
B= 5ZLXI_GLX[G +Lyg-

Then B is over A, the generator of SDE (1). The symbol of A is X*(x)X(x) and
likewise there is a similar formulation for o8 and &, = XL (u)Y (7 (u)) where
Y(x) is the partial inverse of X(x) and X% (e) = }_ XI-G (e,e;).

Open Question. Let W, be the Wasserstein distance on the space of probability
measures on M associated to the Riemannian distance function, show that if

Wa (P, PFv) < e“"Wy(u,v),

the same inequality holds true for the Riemannian covering space of M. Note that
if this inequality is obtained by an estimate through lower bound on the Ricci
curvature, the same inequality holds on the universal covering space. It would be
interesting to see a direct transfer of the inequality from one space to the other. On
the other hand, if e¢7 is replaced by Ce¢, we do not expect the same conclusion.

2 Horizontal Lift of Vectors and Operators

Let p : N — M be a smooth map and B, A intertwining diffusions, that is

B(fop)=Afop

for all smooth function f : M — R, with semi-groups Q; and Py, respectively.
Instead of intertwining, we also say that B3 is over A.

Note that for some authors intertwining may refer to a more general concept for
operators: AD = D(B + k), where k is a constant and D an oprator. For example,
if A7 is the Laplace—Beltrami operator on differential g-forms over a Riemannian
manifold dA = Ald. The usefulness of such relation comes largely from the rela-
tion between their respective eigenfunctions. For /4 a smooth positive function, the
following relation (A —2Lyp)(e") = ¢ (A + V) relates to /-transform and links a
diffusion operator A —2 Ly, with L + V for a suitable potential function V. See [1]
for further discussion.

It follows that

0 d
5 Prfop)=o(Pif)op=APif)op=DBPfop)

Since P; fop = fopatt = 0and P; f o p solves (% = B, we have the intertwining
relation of semi-groups:

Pifop=Q«fop). (2)
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The B diffusion u; is seen to satisfy Dynkin’s criterion for p(u;) to be a Markov
process. This intertwining of semi-groups has come up in other context. The relation
VP = Q;V,where V is a Markov kernel from N to M , is relates to this one when a
choice of an inverse to p is made. For example, take M to be a smooth Riemannian
manifold and N the orthonormal frame bundle. One would fix a frame for each point
in M. Note that the law of the Horizontal Brownian motion has been shown to be
the law of the Brownian motion and independent of the initial frame [6].

The symbol of an operator £ on a manifold M is amap from T*M xT*M — R
such that for f,g : M — R,

0%(@f.dg) = 5 [L(fe) ~ fLg — gL,

2 . - . . .
IfL = %ai i ija—ax] + by % is an elliptic operator on R”, its symbol is (a;;) which
induces a Riemannian metric (g;;) = (a;;)~! on R™.

For the intertwining diffusions: p*o® = o4, or

T.p o oB((Tup)*) = ok,

if the symbols are considered as linear maps from the cotangent to the tangent
spaces. We stress again that throughout this article we assume that A is cohesive,
i.e. o has constant rank and A is along the distribution E = I'm[o].

There is a unique horizontal lifting map [11] such that now with the symbols
considered as linear maps from the cotangent space to the tangent spaces

b, o 0';4(,4) = 0L¢B(Tup)*~

G%
T'"N—— TN
Iy
(Tp) Tup
o
Orlu)

TM ———— TyuM

Let H, to be the image of §),, called the horizontal distribution. They consists of
image of differential forms of the form ¢ (T p—) for ¢ € T* M by 0. Note that this
cannot be reduced to the case of A being elliptic because Ex may not give rise to a
submanifold of M.

If an operator £ has the Hormander form representation

1 m
»C:E E LXjoj +LX0 (3)
j=1
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Define X(x) : R™ — TxM by X(x) = > X'(x)e; for {e;} an orthonormal basis
of R™. Then |
ﬁ:imnﬂwwﬁManM.

In the elliptic case, 0* induces a Riemannian metric and X *(x)¢ = Y (x)¢".

An operator L is along a distribution S := {Sy : x € M}, where each Sy is
a subspace of Ty M, if Ly = 0 whenever ¥ (Sx) = {0}. The horizontal lifts of
tangent vectors induce a horizontal lift of the operator which is denoted as A .
To define a horizontal lift of a diffusion operator intrinsically, we introduced an
operator §“. If M is endowed with a Riemannian metric let £ = A be the Laplace—
Beltrami operator, this is d*, the L2 adjoint of d the differential operator d. Then,
d*(f¢) = fd*¢ + 1v (@) for ¢ a differential 1-form and f a function, using the
Riemannian metric to define the gradient operator, and A = d*d.

For a general diffusion operator, it was shown in [11] that there is a unique linear
operator §% : C"T1T*M — C" (M) determined by §“(df) = L f and §%(f¢) =
f8%(p) + d fo*(¢). If £ has the representation (3),

1
8¢ = 5 ZLXAILX/' + tyo.
i=1

Here ¢ is the interior product, t,¢ := ¢ (v). The symbol of the operator now plays
the role of the Riemannian metric. For B over A,

88(p*(df)) = p*(84d /).

There are many operators over A and only one of which, A, is horizontal. An
operator L is horizontal (respectively vertical) if it is along the horizontal or the
vertical distribution. An operator 3 is vertical if and only if B(f o p) = 0 forall f
and B — A* is a vertical operator.

The foundation of the noise decomposition theorem in [11] depends on the
following decomposition of operator 3, when A is cohesive,

B=A" 4+ (B—Af) 4)

and it can be proven that B — AH is a vertical operator.

2.1 In Metric Form

Note that o gives rise to a positive definite bilinear form on 7* M :

(@.V) = p(x) (o (W (x)))
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and this induces an inner product on E:

(u,v), = (@) W)

For an orthonormal basis {e;} of Ey, let e} = (0;4)—1(61_). Then, e;‘O—A(e;k) _
(097 (e;)(ei) = (e, e;) and hence

(@ V), = ej.ei)pleV(e)) = Z¢<e,->w<e,-).

1

Likewise the symbol oA™ induces an inner product on T* N with the property
that (¢ o Tp, ¥ o Tp) = (¢, V) and a metric on H C TN which is the same as
that induced by §) from 7M. Note that oB = O'AH + 0B v , where BY is the vertical
part of B, and [ m[aBV] N H = {0}. Let u be an invariant measure for A7 and
Um = p«(p) the pushed forward measure which is an invariant measure for .A.

If A is symmetric,

| @hdg) partan = [ oA fd) uar(an
1
= 5 AU ~ F(Ag) = g(AD] uas @)
=~ [ fAg dus .
M
Hence, A = —d*d and
§4 = —d*
for d* the L? adjoint. Similarly, we have an L? adjoint on N and A¥ = —d*d.

For a 1-form ¢ on M,
[ (poTp.d(gop))dun = / (d*(¢ o Tp).go p)dun
N
= / (E{d*(¢ o Tp)|p}, g o p)dun

Hence, E{d*(¢ o Tp)|p} = (d*¢) o p. Since for u + v € H & ker[Tp], h o
Tp(u+ v) = u, every differential form i on N induces a form ¢ = i o §) such that
Y = ¢(Tx) when restricted to H, hence E{d*y)|p} = (d*( o h)) o p.

2.2 Onthe Heisenberg Group

A Lie group is a group G with a manifold structure such that the group multiplica-
tion G x G — G and taking inverse are smooth. Its tangent space at the identity
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g can be identified with left invariant vector fields on G, X(a) = TL, X (e) and we
denote A* the left invariant vector field with value A at the identity. The tangent
space T, G at a can be identified with g by the derivative 7L, of the left translation
map. Let o = exp(tA) be the solution flow to the left invariant vector field 7L, A
whose value at 0 is the identity then it is also the flow for the corresponding right
invariant vector field: @ = %| t=s exp(’ —5)4 expSA = TRy, A. Thenu; = aexp(tA)
is the solution flow through a.

Consider the Heisenberg group G whose elements are (x, y,z) € R? with group
product

1
(x1,y1,21)(x2,¥2,22) = (x1 + X2, 1 + Y2, 21 + 22 + E(lez — X2)1))-

The Lie bracket operation is [(a, b, ¢), (a’,b’, ¢’)] = (0,0,ab’ — a’b). Note that for
X,Y e q,eXe¥ = eXHYHIXY] If 4 = (a,b,c), then A* = (a,b,c + %(xb —
ya)). Consider the projection 7 : G — R? where n(x, y,z) = (x, y). Let

1 1
Xi(x,y,2) = (1,0,—§y), Xo(x,y,2) = (0, 1’§x)’
X3(X,y,Z) = (0’09_1)

be the left invariant vector fields corresponding to the standard basis of g. The vector
spaces H(y ;) = span{X1, X2} = {(a, b, %(xb — ya))} are of rank 2. They are the

2 2
a({;—z =+ 3(1;—2) on R2 and
the left invariant Laplacian B := % Zf’:l Lx, Lx; on G. The vertical tangent space

is {(0,0, ¢)}, and there is a a horizontal lifting map from Ty ;) R:

horizontal tangent spaces associated to the Laplacian A = %(

1
hx,yz(a.b) = (a, b, E(Xb - ya)) .

The horizontal lift of A is the hypo-elliptic diffusion operator A¥ = % Zl-zzl Ly,
Ly, and the horizontal lift of a 2-dimensional Brownian motion, the horizontal
Brownian motion, has its third component the Levy area. In fact for almost surely
all continuous path ¢ : [0,T] — M with 6(0) = 0, we have the horizontal lift
curve:

t

5(t) = (al(t),az(t),%/o (o'(t) o do®(t) — o™(1) oda‘(t))).

The hypoelliptic semi-group Q; in R? and the heat semigroup P; satisfy Q;(f o
7) =34 fox andd(edA f) = Q;(df o) 0.
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2.3 The Local Coordinate Formulation

Let M be a smooth Riemannian manifold and = : P — M a principal bundle with
group G acting on the right, of which we are mainly interested in the case when P
is the general linear frame bundle of M or the orthonormal frame bundle with G the
special general linear group or the special orthogonal group of R”. For 4 € g,
the Lie algebra of G, the action of the one parameter group exp(tA4) on P induces
the fundamental vector field A* on P. Let VTP be the vertical tangent bundle con-
sisting of tangent vectors in the kernel of the projection T7 so the fundamental
vector fields are tangent to the fibres and A — A*(u) is a linear isomorphism from
g to VT, P. At each point, a complementary space, called the horizontal space, can
be assigned in a right invariant way: HT,, P = (R,)+HT,P.

For the general linear group GL(n), its Lie algebra is the vector space of all n
by n matrices and the value at a of the left invariant vector field A* is aA. The
Lie bracket is just the matrix commutator, [A, B] = AB — BA. Every finite dimen-
sional Lie group is homomorphic to a matrix Lie group by the adjoint map. For
a € G, the tangent map to the conjugation ¢ : ¢ € G +— aga™! € G induces
the adjoint representation ad(a) : G — GL(g;q). For X € g, ¢ X*(g) =
TL,TR,~1 (X(a"'ga)) = TR,~1X(ga) = (R,-1)«X(g) and is left invariant so
ad(a)(A) = TR,—1X*(a). The Lie bracket of two left invariant vector fields
[X*,Y*] = lim/—o T (exp(tY)« X *—X*) = lim/—o L (Ru»))«X*—X*)isagaina
left invariant vector field and this defines a Lie bracket on g by [X, Y]* = [X*, Y *].
The Lie algebra homomorphism induced by a + ad(a) is denoted by Ad : g —
gl(n,R) is given by Adx (Y) = [X, Y]. A tangent vector at ¢ € G can be repre-
sented in a number of different ways, notably by the curves of the form a exp(¢A4),
exp(tB)a. The Lie algebra elements are related by B = aAa™! = ad(a)A and
4]i—0Aexp(TB)A™! = ad(A)B so Aexp(tB)A™' = exp(tad(4)B). The left
invariant vector fields provide a parallelism of 7°G, and there is a canonical left
invariant 1-form on G, wg (TLg (v)) = G.(v), determined by 6(A*) = A.

The collection of left invariant vector fields on TP forms also an algebra and
the map A — A* is a Lie-algebra isomorphism. A horizontal subspace of the tan-
gent space to the principal bundle TP is determined by the kernel of a connection
1-form w, which is a g-value differential 1-form on P such that (i) w(4*) = A4,
forall A € g, and (2) (Ry)*w = ad(a~')w(—). Here, A* refers to the TP val-
ued left invariant vector field. The first condition means that the connection 1-form
restricts to an isomorphism from VTP to g and the second is a compatibility con-
dition following from that the fundamental vector field corresponding to ad (a~1') A
is (Rg)«A*. The kernel of w is right invariant since w,, (TR, V) = (Ry)*w (V) =
ad(a) w,(V) forany V € T,P.

In a local chart 77! (U) with U an open set of M and u € n ' (U) —
(7 (u), ¢(u)) the chart map where ¢p(ua) = ¢(u)a, the connection map satisfies
W(x,a)(0, B¥) = B for B* the left invariant vector field of G corresponding to
B € gand

OV, B*(@) = ad(@™)(Myv) + B
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where M, : Tx M — g is a linear map varying smoothly with x. The trivial connec-
tion for a product manifold M x G would correspond to a choice of M, with M,
identically zero and so the horizontal vectors are of the form (v, 0). The horizontal
tangent space at (x, a) is the linear space generated by

H(x,a)TP = {(v, =TR4(M,v)), veTyU,aceG}.

Given a connection on P, for every differentiable path o; on M, through each
frame ug over op, there is a unique u; which projects down to o; on M given by
w(ity) = 0. In local coordinates u; = (o7, g¢), w(ity) = ad(gt_l)a)(o,,e)(d,, TR;tlgt)
and g, 7' g; +ad(gt_1)Mg, 6 = 0. If u; is a lift of x;, then u; o g is the horizontal lift
of x; through ugg so u; : w~'(09) — 7! (0;) is an isomorphism. This formulation
works for continuous paths. Consider the path of continuous paths over M and a
Brownian motion measure. For almost surely all continuous paths oy, a horizontal
curve exists, as solution to the stochastic differential equation in Stratnovitch form:

dgr = —Mao, (¢;)(g1) 0 o .

Here, (e;) is an orthonormal basis of R”, and the M.(e;)s are matrices in g and the
solution u; induces a transformation from the fibre at oy to the fibre at o;.

2.4 The Orthonormal Frame Bundle

Let N = OM be the orthonormal frame bundle with 7 the natural projection to a
Riemannian manifold M and a right invariant Riemannian metric. Let A = A be
the Laplacian on M and B the Laplacian on N. We may choose the Laplacian B
to be of the form %L A;kL Ax + %L H; L, where A; are fundamental vector fields
and { H; } the standard horizontal vector fields. The horizontal lifting map §,, is: v €
T™ + (v,0). We mention two Hérmander form representation for the horizontal
lift. The first one consists of horizontal lifts of vector fields that defines 4. The
second one is more canonical. Let { B(e), e € R"} be the standard horizontal vector
fields on OM determined by 6(B(e)) = e where 0 is the canonical form of OM,
that is T7w[B(e)(u)] = u(e). Take an orthonormal basis of R” and obtaining never
vanishing vector fields H; =: B(e;), then A = Y L H; Lg, and AH i called
the horizontal Laplacian. The two heat semigroups Q, upstairs, and Py intertwine:
Q:(f om) = P, f om. Let us observe that if Q9 is the semigroup corresponding
to horizontal Laplacian A | since dQ; f o T annihilates the vertical bundle, QtH
(fom) = O4(f om) and Q,H restricts to a semigroup on the set of bounded
measurable functions of the form f o 7.

Denote by the semi-group corresponding to the Laplace—Beltrami operators by
the same letters with the supscript one indicates the semi-group on 1-forms, then
dP, f=P}d and dQ,=Q}d, which follows from that the exterior differentiation d
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and the Laplace—Beltrami operator commute. Now
d(P;form)=d(P;f)oTn = P,l(df) oTm.

Similarly, d(Q;(f o w)) = QL(df o Tx). Now, we represent Q, by the hori-
zontal diffusion which does not satisfy the commutation relation: dAH # AfH4
in general. Let W; be the solution to a differential equation involving the Weitzen-
bock curvature operator, see Proposition 3.4.5 in [11], Wt//t = W, where %W, =

—%Mt_l RiC#(utVT/Z).

d(QF f om)(hv) = d(P: f)(v) = Edf (Wyus 0 ug ' (v)),

the formula as we explained in the introduction, after conditioning the derivative
flow. Note also that d(QH (f o)) = d(P; f o) =dP; f o T and

d(P f)(=) = Qi(df o Tm)(h-).

3 Examples

3.1 Diffusions on the Euclidean Space

Take the example that N = R? and M = R. Any elliptic diffusion operators
on M is of the form a(x)d‘jc—z2 and a diffusion operator on N is of the form B =
a(x, y)d‘ic—z2 +d(x, y)ddy—z2 + c(x, y)% with 4ad > ¢? and a > 0. Now, B is over
A implies that a(x, y) = a(x) forall y. If a, b, ¢ are constants, a change of variable
of the form x = uand y = (c/2+/a)u+v transforms B to az% +(d —c2/4a)%.
In this local coordinates, B and A have a trivial projective relation. In general, we
may seek a diffeomorphism @ : (x,y) — (u,v) so that @ intertwines 53 and B

~ . 2 2 . . .
where B is the sum of aza% and an operator of the form ;v—z This calculation is
quite messy. However, according to the theory in [11], the horizontal lifting map

v B (Tp)* (o) (v) = o® (E’O)T - (g 6%) (é) B (U» %U)'

where p : (x,y) — x and Tp is the derivative map and (7T p)* is the correspond-
ing adjoint map. Hence, the lifting of A, as the square of the lifting /a % gives

Ja (% + ﬁ%) and resulting the completion of the square procedure and the

d ¢ d)’ %\ d
B=a|—+—— d——)—.
a(dx+2ady) +( 4a) dy?

splitting of :
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This procedure trivially generalises to multidimensional case p : R"t? — R" with
p(x.y) = x.If 7 : R¥ — R™ is a surjective smooth map not necessarily of the
form p(x,y) = x, we may try to find two diffeomorphisms ¥ on RY and ¢ on
R™ and so that p = ¢ o ¥~ if of simple form. The diffusion operators B and A
induce two operators B and A. If B and A are intertwining, then so are B and A.
Indeed from

B(gp)(»)) = B(gp o v)(¥ () = B(g o pm)(¥ (1)) i
= A(g o)y~ (y) = A(g o )¢~ ' p(y)) = Ag(p(y)).

This transformation is again not necessary because of the for-mentioned theorem.
In general, [11], if p : R” x R — R” is the trivial projection and B is defined by

92

+Zbk(x y) +c(x y)—g

Bg(x,y) =" ()5

with @ = (a;;) symmetric positive definite and of constant rank, [b(x, y)]7 b(x, y)

< ¢(x, y)a(x), there is a horizontal lift induced by B and o/ (x) 5 xa, 2a§j given by

hy (V) = (v, (a(x)7'h.v)).

Or even more generally, if p : R®tP+t4 — R™*P with 4Aa (m + p) x (m + p)
matrix and B a (m+ p) xq matrix and C a g xg matrix with each column of B(x, y)
in the image of .4, the horizontal lift map is Ay ) (v) = (v, BT (x,y)A7 ).

3.2 The SDE Example and the Associated Connection

Consider SDE (1). For each y € M, define the linear map X(y)(e) : R — T, M
by X()(e©) = Y, Xi()e.ei). Let Y(y) : TyM — [ker X(»)I* be the
right inverse to X(y). The symbol of the generator A is 0;4 = %X MX(y)*,
which induces a Riemannian metric on the manifold in the elliptic case, and a
sub-Riemannian metric in the case of 0** being of constant rank .

This map X also induces an affine connection 6, which we called the LW con-
nection, on the tangent bundle which is compatible with the Riemannian metric it

induced as below. If v € Ty, M is a tangent vector and U € I'TM a vector field,

(VoU)(y0) = X(30) DY (MU (V).
At each point y € M, the linear map

X(y):R™ =ker X(y) ® [ker X(y)|* — T, M
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induces a direct sum decomposition of R”. The connection defined above is a metric
connection with the property that

VoX(e) =0, Ve € [ker X(yo)l*.v € Ty M.

This connection is the adjoint connection by the induced diffusion pair on the gen-
eral linear frame bundle mentioned earlier. See [9] where it is stated any metric
connection on M can be defined through an SDE, using Narasimhan and Ramanan’s
universal connection.

3.3 The Sphere Example

Consider the inclusion i : $” — R"*!, The tangent space to T, S” for x € S" is of
the form:
TeS" ={v: {(x,v) =0}, (u,v), = (U, V)gn+1.

Let P, be the orthogonal projection of R” to 75 S":

X
PrieeR" s e— (e, x)—.
|x?

This induces the vector fields X;(x) = Px(e;) and the gradient SDE

m
dx; = Z Py, (ei) o dBti.

i=1

For a vector field U € I'TS" on S” and a tangent vector v € T, S", define the
Levi—Civita connection as following:

VyU == Py ((DU)x(v))

= (DU)x(v) — <(DU)x<v>,x>ﬁ.

The term X
(DU)x(v), %) =5
|x|
is actually tensorial since ((DU ) (v), x) = (U, v) and hence defines the Christoffel
symbols Fl']‘ , where

Vee; =T, (VuU)F = DU + Thvu;.

Solution to gradient SDE are BMs since Vy, X; = 0 as observed by Itd. From
tensorial property, get Gauss and Weingarten’s formula,
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(DU)x(v) = VU + ax(Z(x),v), velxM,Uel'TM
(D§)x(v) — AE(x).v) + [(DE)«W)]", & €vM

For e € R™, write e = Px(e) + e”(x) and obtain
Dy[Px(e)] + Dyle"] = 0.
Take the tangential part of all terms in the above equation to see that

if e € [ker X(xo)]t, Vy[Px(e)] = A(v,e”(x0)) = 0.

3.4 The Pairs of SDEs Example and Decomposition of Noise

In general, if we have p : N — M and the bundle maps X :NxR" > TN and
X : M xR™ — TM are p-related: TpX (u) = X(p(u)), let y; = p(u;) for u; the
solution to

du, = X(Mt) o dBt + X()(th)dt

Then, y; satisfies
dy: = X(ys) odB; + Xo(y:)dt.

Consider the orthogonal projections at each y € M,

K+(y):R™ - [ker X(»)I*.  KH(y) :==Y(»)X(»)
K(y) : R™ — ker[X(y)], K(y):=1-Y(»)X().

Then
dy: = X(v) KL (y:) 0 dB, + Xo(y)ds 5)

where the term K+ (y;) o dB; captures the noise in y;.

To find the conditional law of y;, we express the SDE for u; use the term
K*(y;) o dB;. For a suitable stochastic parallel translation [11] that preserves the
splitting of R™ as the kernel and orthogonal kernel of X(y), define two independent
Brownian motions

B = /0 7 K (o)) dB,

By = [0 /7 K (p(ur)) o dB.

See also [10,12]. Assume now the parallel translation on [ker X (x)]* is that given
in Sect. 3.2. Since dx; = X(x;)K+(x;) o dB; + Xo(x;)dt, the following filtrations
are equal:

o{xu:0§u§s}=a{BML:0§u§s}.
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The horizontal lifting map induced by the pair (A, B) is given as following:
h.(v) = X@Y(x(w)v),  ue TpuM.
From which we obtain the horizontal lift X # (1) of the bundle map X:
X (u) = X () K*(p(u)
and it follows that

du; = X (u) K (p(ur)) 0 dB; + X (u) K (p(ur)) o dBy + Xo(uy)dt
= X" (u;)odB; + X(u)K(p(us)) o dB; + Xo(u;)dt
= Iy, o dx; + X (ur) K(p(ur)) 0 dB; + (Xo — X¢7) (ur)dt

If this equation is linear in u;, it is possible to compute the conditional expectation
of u; with respect to o{x, : 0 < u < s} as in the derivative flow case (Sect.2.8
below). This discussion is continued at the end of the article.

3.5 The Diffeomorphism Group Example

If M is a compact smooth manifold and X is smooth we may consider an equation
on the space of smooth diffeomorphisms Diff(M). Define X (f)(x) = X(f(x))
and Xo(f)(x) = Xo(f(x)) and consider the SDE on Diff(M):

dfs = X(f1) o dB, + Xo(fy)dt

with fy(x) = x. Then, f;(x) is solution to dx; = X(x;) o dB; with initial point x.
Fix xo € M, we have a map 0 : Diff(M) — M given by 6(f) = f(x¢). Let
B=jLg Lg and A= 3Lx, Lx,. Then,

hy(@)(x) = X(f) (Y(f(x0))v) (x) = X(f ()Y (f (x0))v).

3.6 The Twist Effect

Consider the polar coordinates in R”, with the origin removed. Consider the con-
ditional expectation of a Brownian motion W; on R" on |W;| where |W;|, and
n-dimensional Bessel Process, n > 1, lives in R4.. For n = 2, we are in the sit-
uation that p : R> — R given by p : (r,0) ~ r. The B and A diffusion are
the Laplacians, AY 22 The map p(r,0) = r? would result the lifting map

il v _ v d
vax P (35.0) = 55
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At this stage, we note that if B; is a one dimensional Brownian motion, /; the
local time at 0 of B, and Y; = |B;| + ¢;, a 3-dimensional Bessel process starting
from 0. There is the following beautiful result of Pitman:

1
ELF(BDIo(Ys 5 < 1)} = /0 F(Ydx = V(Y

where V is the Markov kernel: V(x,dz) = l(’—<;—<idz [2,21].

A second example, [11], which demonstrates the twist effect is on the product
space of the circle. Let p : S x S! — S be the projection on the first factor. For
0 < & < Z, define the diffusion operator on S* x §*:

3 1 [ 0° N a2 Lt a2
=—|=—=+-— n .
2 \dx2 = 0dy2 4 Olaxay

and the diffusion operator A = (.;1—22 on S!. Then,

1
2
2

0
V —
B 52

%(1 — (tana)?)

1/ 932 02 02
H _ ~(*~ 2 7
AP = 2(8x2 + (tan) 8y2)+tana8x8y'

4 Applications

4.1 Parallel Translation

Let P = GLM, the space of linear frames on M with an assignment of metrics on
the fibres. The connection on P is said to be metric if the parallel translation pre-
serves the metric on the fibres. A connection on P reduces to a connection on the
sub-bundle of oriented orthonormal frame bundles OM, i.e. the horizontal lifting
belongs to OM if and only if it is metric. Let F = P x R"/ ~ be the associ-
ated vector bundle determined by the equivalent relation [u, e] ~ [ug, g~ 'e] hence
the vector bundle is {ue} where e € R",u € P. A section of F corresponds to a
vector field over M . A parallel translation is induced on 7M in the obvious way and
given a connection on P let H(e) be the standard horizontal vector field such that
H (e), is the horizontal lift through u of the vector u(e). If e # 0, H(e) are never
vanishing vector fields such that TR, (H(e)) = H(a 'e). The fundamental vector
fields generated by a basis of g/ (n, R) and H(e;) for e; a basis of R” forms a basis
of TP at any point and gives a global parallelism on 7P.
If we have a curve o; with 09 = x and 69 = v,

VoY = lim [/ Y(00) = Y.
e—>0 &
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Alternatively, Vx Y (x) = ug (X f) where X is a horizontal lift of X, f : P — R”
is defined by f(u) = u~'[Y (7 (u))] and

X (o) = Jim =" V(o) — 5" V()

for up, a horizontal lift of x; starting from ug. Note that the linear maps M, (¢) which
define the connection form on TP are skew symmetric in the case of P = OM and
determine the Christoffel symbols. A vector field Y is horizontal along a curve o;
if Ven)Y = limpo %[//;lY(ah) — Y(x)] = 0. Define the curvature form to be
the 2-form §2(—, —) := dw(P,—, P,—) where Py, is the projection to the horizontal
space. Then, the horizontal part of the Lie bracket of two horizontal vector fields
X, Y is the horizontal lift of [7(X),w(Y)] and its vertical part is determined by
o(X,Y]) = 22(X.Y).
The horizontal lift map u; can also be thought of solutions to:

du; = ZH(ei)(”t) o doy.

In fact, if ¥, is the horizontal lift of 6, v; = Z?:l (61, e;)H(e;)(Gr). Note that,
//¢(0) is not a solution to a Markovian equation, the pair (//¢(0). u;) is. In local
coordinates for v; the ith component of //;(0)(v), v € To, M,

dvf = —IF(o1)v] o dof. (6)
If oy is the solution of the SDE dx,k = Xl-k (x;) odB! + X{f (x;)dt, then

dvf =~k (xo)v] XF(xp) 0 dBl — T, (x)v] X§ (xp)dr.

4.2 How Does the Choice of Connection Help in the Case
of the Derivative Flow?

One may wonder why a choice of a linear connection removes a martingale term
in a SDE? The answer is that it does not and what it does is the careful choice of
a matrix which transforms the original objects of interest. Recall the differentiation
formula:

d(P, f)(v) = Edf(X})

where for each ¢, X/ is a vector field with X(x) = v. The choice of X, is by
no means unique. Both the derivative flows and the damped parallel translations are
valid choices and the linear connection which is intrinsic to the SDE leads to the cor-
rect choice. To make this plain, let us now consider R” as a trivial manifold with the
non-trivial Riemannian metric and affine connection induced by X. In components,
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let U; be functions on R” and U = (Uy,...,Uy) and xg,v € R”,

(VoU)i(x0) = (DUk)xy(v) + Y (X (x0) D(Y(x)(e;). ex) ().
J

The last term determines the Christoffel symbols, c.f. [13].
Given a vector field along a continuous curve, there is the stochastic covariant
differentiation defined for almost surely all paths, given by DV, = // v D7

where // ; 1s the stochastic parallel translation using the connection V, the adjoint
connection to V to take into account of the torsion effect. Alternatively,

. d
(DV)k = d—Vk + Ik (o)W o do.

The derivative flow V; = T&; (vy) satisfies the SDE:

DV, =VX;(Vy) odB] + VXo(V,)dt.

Let V; = E{V;| x; : 0 < s < T}. Then,
A - 1 o _ _
DV, = —E(Ric)#(V,)dt + VXo(V;)dt.

In the setting of the Wiener space §2 and Z = £.(x¢) the It6 map, let V; = TZ,(h)
for h a Cameron Martin vector then

= VX, (V;) odB] + VXo(Vy)dt + X (x;)(hy)dt

and the corresponding conditional expectation of the vector field V; satisfies
A = 1 . _ o _ .
DV; = —E(Ric)#(V,)dt + VXo(Vy)dt + X(x;)(hy)dt.

ATLls . . .
This means, //, V; is differentiable in 7 and hence a Cameron-Martin vector and
V; is the induced Bismut-tangent vector by parallel translation.

4.3 A Word About the Stochastic Filtering Problem

Consider the filtering problem for a one dimensional signal process x (¢) transmitted
through a noise channel

dx; = a(x,)dt + o dW,;
dy: = B(x;)dt 4+ VadB;
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where B; and W; are independent Brownian motions. The problem is to find the
probability density of x(¢) conditioned on the observation process y(¢) which is
closely associated to the following horizontal lifting problem.

Let B and A be intertwined diffusion operators. Consider the martingale prob-
lems on the path spaces, C,,, N and Cy, M, on N and M, respectively. Let u; and
y: be the canonical process on N and on M, assumed to exist for all time, so that
for f e CX(M)and g € C°(N)

M2 = £(3) — f(v0) - /0 AS(ys)ds
M%P = g(u) — g(uo) —/0 Bg(us)ds

are martingales. Fora o{ys : 0 < s < t}-predictable T* M -valued process ¢; which
is along, y; we could also define a local martingale M,¢’A by

t
(A M) =2 [ a et @) mds
It is also denoted by

Mt¢’A E/O dsd{ys}.

The conditional law of u; given y, is given by integration against function f
from N to R, define

1 f (0)(0) = E{ f(un)| plae) = o. ™

This conditional expectation is defined for P ;}uo)’ the A diffusion measures, almost
surely all o and extends to ¢, o h,, for ¢ as before and / the horizontal lifting map.
The following is from Theorem 4.5.1 in [11].

Theorem 1. If f is C? with B f and o®(d f,d f) o § bounded, then

t

e f (o) = f(uo) + /0 73 (B.f ) (tto)ds + /0 7 @f 0 h)uo)d {ysh.  (8)

To see this holds, taking conditional expectation of the following equation:

t
fl) = fo) + [ Bws)ds + Mo
0
and use the following theorem, Proposition 4.3.5 in [11],

d’B Edd Ohuq u.:_’A
E{Mtf |P(u.)=x.}=Mt{f s|lp)=x3.A
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In the case that p : M x My — M is the trivial projection of the product manifold
to M, let A be a cohesive diffusion operator on M, L the diffusion generator on
My, and u; = (y;, x;) a B diffusion. If x; is a Markov process with generator £
and B a coupling of £ and A, by which we mean that 5 is intertwined with £ and
A by the projections p; to the first or the second coordinates, there is a bilinear
I'B:T*M x T*M, — R such that

B(g1®g2)(x,y) = (Lg1)(¥)g2(y) + 81 (x)(Ag2) (») + TP ((dg1)x. (dg2)y) (9)

where g1 ® g2 : M x My — R denotes the map (x, y) — g1(x)g2(y) and g1, g2
are C*. In fact, I'®((dg1)x, (dg2)y) = 0. ,,(dg1,dg>) where & = g(p;). Then,
o8B T*My x T*M, — TM; x TM, is of the following form. For £; € TXM,,

l € T;Mz
L 12
B O0x  O(x,y) 4y
(o 61 s 62 = Y .
e : 0(23;,1))) 03! b2

The horizontal lifting map is given by
v > (v,a o (6) 7 (v))

where o : Tx M* — Ty, My are defined by

L) = 375, 6).

In the theorem above, take 1 ® f to see that 73B8(1 ® f) reduces to L f and the
filtering equation is:

70 f(x0) = f(x0) + [0 73 (C.f) (xo)ds + [0 (@ (@ 0 (6*4) ") (xo)d {ys).

The case of non-Markovian observation when the non-Makovian factor is intro-
duced through the drift equation for the noise process y; can be dealt with through
a Girsanov transformation. See [11] for detail. Finally, we note that the field of
stochastic filtering is vast and deep, and we did not and would not attempt to give
historical references as they deserve. However, we would like to mention a recent
development [3] which explore the geometry of the signal-observation system. See
also [12, 14, 15] and recent work of T. Kurtz.
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Efficient and Practical Implementations
of Cubature on Wiener Space

Lajos Gergely Gyurkoé and Terry J. Lyons

Abstract This paper explores and implements high-order numerical schemes for
integrating linear parabolic partial differential equations with piece-wise smooth
boundary data. The high-order Monte-Carlo methods we present give extremely
accurate approximations in computation times that we believe are comparable with
much less accurate finite difference and basic Monte-Carlo schemes.

A key step in these algorithms seems to be that the order of the approximation is
tuned to the accuracy one requires. A considerable improvement in efficiency can be
attained by using ultra high-order cubature formulae. Lyons and Victoir (Cubature
on Wiener Space [19]) give a degree 5 approximation of Brownian motion. We
extend this cubature to degrees 9 and 11 in 1-dimensional space-time. The benefits
are immediately apparent.

Keywords Stochastic differential equation - Numerical solution - Weak approxi-
mation - Cubature - Wiener space - Expected signature - High order

MSC (2010): 65C05, 65C30, 65M75, 91G60

1 Introduction

In this paper, we provide practical tools based on the Kusuoka—Lyons—Victoir
(KLV) family of numerical methods for integrating solutions to partial differen-
tial equations that occur in mathematical finance and many other fields. These
KLV methods, with the refinements of recombination, offer considerable poten-
tial for numerically solving partial differential equations. However, until now, these
methods have only been implemented using at most a seventh order cubature for-
mula, and more generally a fifth order cubature. A more detailed analysis shows that
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the maximum benefit of the method will only be achieved if one adapts genuinely
high-order approximations and uses the expensive process of high-order recombina-
tion [13, 14] to keep the “Monte-Carlo” sample population size under control. This
paper explores these numerical methods in the 1-dimensional space-time case and
gives cubature formulae of order up to 11 for this setting.

The paper is structured as follows. In Sect. 2, a brief introduction to the KLV
method is given with special focus on the Cubature on Wiener space framework
that interprets the method as a quadrature-type numerical integration technique on
the infinite dimensional Wiener space.

Section 3 focuses on the abstract algebraic background required for the construc-
tion of cubature formulae. The algebraic background consists of the representation
of continuous paths in terms of elements in a certain Lie algebra and the derivation
of the moment matching conditions in terms of simplified polynomial equations.
The particular polynomial systems corresponding to degree 3 in high dimensions,
degree 5 in dimensions 1 and 2, degree 7 in 1-dimension, degree 9 in 1-dimension
and degree 11 cubature formula in 1-dimension are derived and solved in the
appendix.

In Sect. 4, we consider piece-wise smooth terminal conditions allowing discon-
tinuities. We combine high-order cubature formulae and iterative strategies and
introduce a new extension that leads to efficient and highly accurate approxima-
tions. The new variant is referred to as repeated cubature. Furthermore, we outline
a scheme that is expected to perform well if used for the approximation of solutions
to Dirichlet boundary problems.

Some numerical results are presented in Sect. 5. We test different versions and
extensions on parabolic partial differential equations with globally smooth and with
piece-wise smooth terminal conditions.

2 Cubature on Wiener Space

The approximation of expectations of diffusion processes is required in many prac-
tical applications. Kusuoka [9, 10] constructed a high-order numerical method for
this purpose, which we regard as the first version of (or Kusuoka’s approach to)
the KLV methods. Lyons and Victoir [18] described a framework that interprets the
method as a generalisation of quadrature formulae on finite dimensional spaces to
the infinite dimensional Wiener space. We refer to this latter approach as Cubature
on Wiener space.

2.1 Background

Let the R¥-valued process Y be the solution of the following Stratonovich
stochastic differential equation

d
4y = Vo(¥)dt + ) " Vi(¥)odB]. Y§ =y (1)

i=1
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where Vo, ..., Vg are elements of the space C°(RY, RY) of R¥ -valued smooth
functions defined in R"Y with bounded derivatives of any order,' and B = (B',...,
B?) is a Brownian motion in R . The underlying probability space is the Wiener
space (27, F,P), where 27 := C2([0,T], R%) denotes the space of R%-valued
continuous functions defined in [0, 7], which start at zero. For w € §2, we make the
convention w?(¢) := ¢ and B (w) :=t.

In this section, we focus on the numerical approximation of the expectation

E[£(¥))] = /ﬂ £V (@)P (do)

where f is a smooth or Lipschitz continuous real valued function defined in RY .
In numerical analysis, integrals with respect to some measure & on R¢ are often
approximated by integrals with respect to a finitely supported measure v

/I;d P(x)p(dx) =~ []Rd P(x)v(dx) := Zv,-P(x,-) 2)

i=1

where v = > 7_, v;8x, and the points xi,...,x, are in the support of u. By
Tchakaloff’s theorem [23], for any positive integer m, there exists a finitely sup-
ported measure v = v,,, such that the approximation (2) is exact for polynomials
P e Ry[X1,...,Xg]; furthermore, n < dimR,,[Xy,..., Xy4]. For d > 1, the
finitely supported approximating measure v is referred to as cubature formulae, and
for d = 1 we talk about quadrature formulae.

The approach by Lyons and Victoir generalises and adapts this idea to the infi-
nite dimensional Wiener space by constructing a finitely supported measure Q
determined by weights A1, ..., A, and paths wy,...,w, € 27:

n
Q=) Aibuw;

i=1
such that

| 107 @Pas) ~ Y a 107 @), @)
r i=1
where

d
Y7 (@) = VoV (@)dt + Y ViV (@) odol. Yy (@) =y. (&)
i=1

The nature of the approximation (3) is specified in Sect. 2.2.

I'The condition can be relaxed; the boundedness of the derivatives is required up to certain order,
which we will specify later.
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The interpretation of (4) is not obvious; one might consider interpreting the
Y7 (w;) as a solution to a differential equation driven by the rough path w; [16,17];
however, the existence of Q supported by piece-wise linear paths is proven in
[18], in which case, (4) is an ordinary differential equation. A general approach
to constructing the measure QQ supported by piece-wise linear paths is described in
Sect. 3.

Finally, we recall the fact [6] that the function u defined by u(t,x) =
Ep[ f(Y;_,)] satisfies the partial differential equation (PDE)

d
%Mm@+W@U¢}+%XﬁWﬂmﬂzauﬁmﬁzﬂm 5)

i=1

where the operators W, ..., Wy are defined by
N _ p
: — J
Wi =3V g

Therefore, the KLV family is also useful for the approximation of certain PDEs.

2.2 The Scheme and Its Convergence

In this section, we specify the approximation (3). The cubature (quadrature) formula
(2) on the finite dimensional space is chosen to be exact for polynomials up to cer-
tain degree. The cubature on Wiener space is constructed to be exact for Brownian
iterated integrals up to certain degree. This idea is induced by the stochastic Taylor
expansion.

For smooth functions f/ : RY — R, the stochastic Taylor expansion represents
f(Y7) in terms of objects indexed by multi-indices of the form

I=0(,....i) €40, 1,....d¥Y k=0,1,2,...

Definition 1. The set of all finite multi-indices is denoted by .A. The empty multi-

index is denoted by @. Given a multi-index I = (i1, ..., ix), we define
(a) The length |I| of the multi-index I by |I| = |(i1,...,ix)| := k.
(b) The function || - || : A — N —referred to as the degree of a multi-index — as

171 =[Gy, ... i)l := [I] +card{i; =0 [l = j <k}
(c) The left decrement as

_I =_(i1,...,ik) = (iz,...,ik)
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Finally, for the multi-index I = (iy, ..., i), we introduce the notation
Wi f(x) = Wiy - Wi f(x).

We define the norm || - | ¥ by

1118 = max {[l flloos W1 flloos -+ | Wa f lloo} -

Lemma 1 (Stochastic Taylor expansion). Let f be a real-valued smooth function
defined in RN . Then,

O =+ Y W) / odBIl -0 dBIk + R, (6)

1T ll<m 0<up<-<up <t

Furthermore, the following inequality holds

\/E]P’[(R;"P] <C Z ||W1f||ovzt(m+l)/2 +C Z ||W1f||oot(m+2)/2

I-1l<m I-Tll<m
11|=m+1 11]|=m+2

(7
where C only depends on m and d.

The expansion (6) is based on the repeated use of Itd’s lemma written in Stratonovich
form:

d .t
1) = ) +Z/ Wi f(Y?) o dBL.
i=0"0

The bound (7) on the remainder term is derived in [7] and also in [4].

Definition 2 (Cubature formula). Let m be a positive integer. A measure Qr =
S, Ai8w, supported by finitely many R4+ !-valued paths wy, ..., w, defined in
[0, T satisfying @? (1) = ¢ is called a degree m cubature formula on [0, T if for all
multi-indeces [ = (i1,...,ik), k = 1, [[I|| < m the following inequality holds

EP[/ OdBLI;}"'OdBiﬁ}ZEQr[/ OdB,i}---odBii]
O<uy <--<up<T O<uy <--<uy<T
®)

Note, that by the rescaling property of Brownian motion

/ OdBtii "‘OdBZ/,i £ tll(il,...,ik)ll/z/ OdBLi,} ---odBL’;’;.
O0<up <-<up <t

O<uj <--<ugp<l1

Therefore, the paths wi,...,w, in the support of a cubature formula Q; =
> 71 Aidw,; on [0, 1] can be rescaled to a cubature formula Q; = Y 7_; 1;i8(1,0);
on [0, 7] by
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. tw! (s/t) ifj=0
oyl =] [0 ©)
Viel(s/t) if1<j<d
fors € [0,t]andi = 1,...,n.

In the rest of this section, we assume the existence of a degree m cubature formula
Q1 = Y7, 28w, on [0, 1] supported by piece-wise linear paths of finite length,
and we assume that the cubature formula Q, = >/, Aib(t,w); is constructed by
rescaling (9) from Q;. This rescaling property implies the following bound on the
local cubature error.

Lemma 2. There exists a positive constant C depending on d and m and on the
length of the paths in the support of the measure Q1, such that

|(Ep—Eg)[fX)]|<C Y Wi fILm D2 4C 37 Wy f oot 272,

-1ll<m -1ll<m
[I]=m+1 [1]|=m+2

The proof is based on the stochastic Taylor expansion of the SDE (1) and on the
Taylor expansion of the ODE (4).

The lemma describes a high-order approximation on [0, ¢] for small enough ¢.
For a longer time interval [0, T'], we introduce the global cubature measure.

Definition 3. Let measure Q; = 27:1 A;8w, define a Cubature formula on [0, 1]
and D = {0 =19 < --- < tx = T} be a partition of [0, T']. The global cubature
measure Qp is defined by

Qp = Z Ay ”'Aik(s(tl—to,w)il 0w0(tg —t—1,0) i)

(i1 ,...,ik)E{l,...,n}k

where w o @ denotes the concatenation of the paths w and @.

First, we establish a bound on the global error when the terminal condition
function f is smooth with bounded derivatives up to order m.

Proposition 1. Let D = {0 =ty < --- < ty = T} be a partition of [0,T] and f
a real-valued smooth function with bounded derivatives up to order m. Then, there

exists a constant C depending only on d, m and on the length of the paths in the
support of Q1, such that

k
sup |(EP—E@D)[f<YTy>]|ch( D WPy FII% (G—tim) "D/
yeRN =2 |_I|<m

I ll=m+1

Y W Pa— ot = 1)),
I-1l<m
11 l=m+2

(10)
where P; f(x) := Ep [f(th)].
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Sketch of the proof:We introduce the operator Q; by Q; f(x) := Eq,[f(¥Y/")].
Exploiting the semi-group property P; P; = P, of the operator P;, we rewrite the
left hand side of the inequality (10) in terms of the following sum.

(Pr— Qui—10) "+ Q—t5_p)) f(¥)

k
= Z Qui-t0) " Qti—1~ti—) (P(ti_tifl) - Q(ti—tiﬂ)) P(T—ti).f(x)~ Y

i=1

Then, the inequality (10) is implied by lemma 2 and by the fact that Q; is a
probability measure for each ¢ > 0. O

In order to give a bound on the global error when the terminal condition f is not
smooth but Lipschitz continuous, some stronger condition is required on the vector
fields Wy, ..., Wy.

Definition 4 (UFG condition). The set of vector fields {Wj, ..., W, } satisfies the
UFG condition, if there exists a positive integer /, such that for each multi-index

J =01 JK) #(0), k=1,

Wi Wi b Wyll--1= Y0 pra Wiy, W [+ Wi 1]

I=(i1,...ir)#(0)
=11 =<!

for some smooth functions ¢;_; : RY — R with bounded derivatives, where [W, V]
denotes the Lie-bracket of the vector fields V' and W.

Proposition 2. Let D = {0 = ty < --- < t = T} be a partition of [0, T] and
f a real-valued Lipschitz continuous function defined in RN . Then, there exists a
constant C depending only on d, m and on the length of the paths in the support of
Q1, such that

sup [(Ep — Eu)[f DI = CIV £ oo (T = t-)"/2

yeRN
k—
n i (ti = ti—) D2
(T —t;)m/?

i=1

12)

Sketch of the proof: The decomposition (11) is used again. Since f is not smooth,
the last term in the telescopic sum (11) is estimated as follows.

|(Pr—ty_) = Qi) F )| < [(Pr—g_ ) f(x) = f(0)]
+(QT—_p f(xX) = )] = Ki(T = ti=) 2|V oo

for some constant K; depending on the vector fields Wy, ..., Wy.
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Exploiting the fact that P; f is smooth for ¢ > 0, the bound on the rest of the
terms is derived from a result by Kusuoka and Stroock [8, 11] proving that under the
UFG condition 4, for any multi-index /:

Kzsl/z
W1 Pef oo = 7719 oo
for some constant K, depending on the vector fields Wy, ..., W;. For detailed
proof, the reader is referred to Kusuoka [10] and Litterer [13]. O

Remark 1. Note that the bound (12) is not optimal for partitions D of even steps.
Kusuoka constructed the partition {0 =g <ty <--- <t =T}

= (-(-1)

sup |(Ep —E@u)[f (YD) < ClIV ook ™2
yeRN

and proved that

if0<y<m-—1,

sup |(Ep — Eq)[f (Y]] < CIV fllock ™ V2 log(k + 1)
yeR

ify=m—1and

sup [(Ep — Eg,)[f(YD)]| < C|IV fllook ="~/
yeRN

ify >m—1.

On Fig. 1, the structure of an equal step-size Cubature tree is demonstrated. On
Fig. 2, a Cubature formula corresponding to Kusuoka’s uneven partition is sketched.
On both figures, the piece-wise linear paths are replace with straight arrows.

2.3 A Note on the Support Size of the Cubature Measure

The support of Qp grows exponentially with the number of time-steps in D. If
the support of Q; is big and/or many time-steps are required to attain the desired
accuracy, the method loses its tractability. This problem has been addressed in the
literature.

Ninomiya and Kusuoka considered Monte-Carlo sampling from the global mea-
sure Qp as well as random re-sampling [12, 19]. They implemented the tree-based
branching algorithm [3] and observed lower variance compared to the Monte-Carlo
estimates. The variance reduction feature of the tree-based branching algorithm
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T
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Fig. 1 Equal step-size cubature tree
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Fig. 2 Cubature tree with Kusuoka’s partition

applied to the global cubature measure was further analysed by Gyurké [5]. The
drawback of these versions is that they introduce randomness and an approximation
error component due to the sampling variance.

Litterer and Lyons [13, 14] considered the recombination of the global cubature
measure. By recombination, they refer to an algorithm that constructs a measure Q
from a finitely supported measure Q, such that the support of Q is a subset of the
support of Q; furthermore, the expectations of certain test functions are the same
under the two measures. Litterer and Lyons [13, 14] proved that the growth of the
cubature measure can be reduced to a polynomial function of the number of time-
steps using recombination. The cost of reducing a cloud of N points to a cloud
of d + 1 points preserving d-moments is C;13Nd + C,log,(N/d)d* for some
constants C; and Cs. In a typical implementation, the cloud of points reached by
the cubature method at level k is split up into smaller subsets, such that the diameter
of each subset is sufficiently small. The recombination is applied to each subset
separately.
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The recombination tool has proven to be essential for the extensions introduced
in Sect. 4.

3 Cubature Formulae

This section is focused on the construction of cubature formulae satisfying the
equality (8).

3.1 Signature of Paths

The Sect. 2.2 demonstrates the importance of the iterated integral

I ._ i1 ik
B, = / odB,) ---0dB)k
S<u) <--<up <t

where I = (i, ...,i) is a multi-index. Following some of the most crucial ideas
in Rough Paths Theory [15-17], we introduce the following algebraic structure for
handling a collection of iterated integrals simultaneously and for exploiting some
algebraic properties of continuous paths.

Definition 5. Let 7 denote the associative and non-commutative tensor algebra
with unit 1 generated by the letters ey, ..., eq.

(a) For a multi-index I = (iy, ..., i), we will use the notation
ef:=¢e;; @ - ej.
(b) The exponential and logarithm functions on 7 are defined by power series:

X ®i
exp(a) :=1+ Z T

i=1

0 (_1)1'—1 a ®i .
log(a) := log(ag) + Z - (— — 1) , assuming ag # 0
i=1 ! 4o
wherea =) ;. ares
(c) The m-truncated tensor algebra 7 is spanned by the set {e7| ||I|| < m}.
(d) The projection to 7™ is denoted by 7,,.
(e) The free Lie-algebra generated by the letters ey, ..., eq, and the Lie-bracket
[a,b] :=a®b—b ® ais denoted by L.
(f) The m-truncated Lie-algebra L™ := 1, L.

The key algebraic objects are the signature and log-signature of paths.
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Definition 6. For 0 < s <t < T, the signature of a continuous path w : [0, T] —
R of finite length is defined as

Sst(w) = Z el/ da)L’,‘l dw;’]‘(

IeA S<uy <-<up <t

The log-signature of w is defined by log(Ss,; (w)).
The Brownian signature S ;(B) is defined as

Ss«(B) := Y Brer.

IeA
The Brownian log-signature is defined by log(Ss.;(B)).

The (realization of) signatures of paths lie in 7'; however, not all elements in 7~
represent a signature. The following theorem by Chen has a crucial importance for
the construction of cubature formulae.

Theorem 1 (Chen’s theorem). (a) The signature is multiplicative, that is for a con-
tinuous path @ : [0, T] — R? of finite length and for 0 < s <t <u < T, we
have

Ss,t(a)) &® St,u(a)) = Ss,u(w)~

(b) The log-signature 10g(Ss,;(®)) of a continuous path » : [0, T] — R? of finite
length lies in L forany0 <s <t <T.

(c) The Brownian log-signature 10g(Ss,:(B)) a.s. lies in L for any 0 <s < t.

(d) Given an element L in L™ there exists a (not necessarily unique) continuous
path o : [s,t] — R?, such that 7, 10g(Ss,(w)) = L.

The reader is referred to [2, 15] for proof.

3.2 Construction of Cubature Measures in L™

The definition 2 can be rephrased in terms of the Brownian signature: a measure Q1
on £2 defines a degree m cubature formula if

Ep [77m So,1(B)] = Eq, [7m So,1(B)].

Assume that the Lie-elements Ly, ..., L, in £/ and the positive weights
Al ..., Ay satisfy

Ep 70 S0,1(B)] = ) Xi7tm exp(Li). (13)

i=1
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Then by part iv) of Chen’s theorem, there exist paths w1, ..., wp, such that 7, So,1
(w;j) = mmexp(Li) and Qg := Z:’l:l Ai8w,; defines a degree m cubature formula.
In this section, the focus is on the solution of (13).

Lemma 3. The expected value of the Brownian signature is

d
1
Ep[So,1(B)] = exp (80 +3 Zei ® ei) : (14)

i=1

The lemma is proven in [18].

We have no general algorithm to construct the solution to (13); however, the
equation can be simplified since the expected Brownian signature (14) is a sparse
and symmetric element in 7. The following theorem has crucial importance.

Theorem 2 (Poincaré-Birkhoff-Witt). Let B, = {{{,{>,...} be a basis of L
equipped with a total order <. The set

Ut ® @ i | 4y = = 4y}
k>0

forms a basis of T.

If [4, ..., I are elements in 7, we introduce their symmetrized product by

1
(o) = o D ey @ ® Lo

’ oSk

where Sy denotes the set of all permutations of k elements.
Theorem 2 implies the following corollary.

Corollary 1. Let By = {{1,4>, ...} be a basis of L equipped with a total order <.
The set

U{(eil’”' ’eik)|£il = "'ﬁeik}

k>0
forms a basis of T.

An approach to solving (13) could consist of exponentiating the Lie-elements
Li =% €ll<m %i.j {; parametrized with some real valued coefficients «; j, i =
I,...,nand j = 1,...,|B,| and solving

n d
1
E Ai Tt exp(L;) = 7 exp (eo + > E e ® €i) (15)

i=1 i=1

for A,’ and Q-
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We propose two improvements to this strategy. First, we note that it is possible
to narrow down the number of parameters. In this paper, we take the Philip Hall
basis for B.. Given the basis B, of £, we construct the basis of the tensor alge-
bra 7 determined by Corollary 1. We use the notation B+ for this tensor basis. We
denote by St ;, the smallest subset of B spanning the truncated expected signature
7Tm expl(eo + % Z?:l ei ®e;). Let Sz, denote the smallest subset of B that gener-
ates the set S, via symmetrized products. In general, the set S , is significantly
smaller than the set {£ € B, |£|| < m}. This way we can reduce the number of
parameters, and it is sufficient to look for L; of the following form

Li = Z o, @j.
Li€Sc.m
The next step is to solve (15). Note the following lemma.

Lemma 4. 7, exp(L;) is a linear combination of symmetrized products of the Lie
basis elements:

Tm exp(L,-) = Z m1(0[,",'1,...,Oli,ik)(eil,...,eik) (16)

I=(i1,...,ik)€A
e,‘j €Se.m,j=1,..., k

k>0

where each my is a monomial of its arguments.

Sketch of the proof: The proof is based on the following two facts. On the one hand,
by the definition of the exponential function, the product of the Lie basis elements

liy,.... i, € Scm, k > 0 will appear in all possible order in exp(L;). Again by
definition, the coefficient of the product {;, ® ---®{;, inexp(L;) is %ai,,-l SO
hence a monomial. The coefficient of the symmetrized product (¢;,,...,¢;, ) is a

scalar multiple of this monomial.

On the other hand, due to the construction of the Philip Hall basis, each Lie basis
element £ is a (possibly compound) bracket of the letters ey, ..., es, and hence it
is a sum of tensor monomials of the same degree when expressed in the tensor
basis {ey, I € A}. Hence any product of Lie basis elements is a sum of tensor
monomials of the same degree. Therefore, when applying m,, to a symmetrised
product (¢;,, ..., £;, ), we either get 0 or ({;,, ..., ¢;, ) itself. O

Equation (16) represents m,, exp(L;) in the basis Br. If we express the 1,-
truncated expected signature in the basis B, then (15) specifies the values of the
weighted monomials:

n
D o dimp(eiy. ..o eig) =cr. I €{(ir. ... i), €Sem. j=1.....k.k =0}
i=1

a7
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where c; is the coefficient of ({;,, ..., £;, ) in the expected signature. Thus, the sec-
ond improvement we propose is to derive the polynomial equations (17), resulting
in a relatively simple system equivalent to (15).

We derived the set S, and solved the corresponding simplified system of poly-
nomial equations (17) for the following pairs of m and d: (3,1), (5,1), (5,2),
(7,1), (7,2), (9,1) and (11, 1). We also derived general solutions to the degree 3
and degree 5 cases. See the appendix for details.

Remark 2 (Construction of Cubature measures on the Wiener space). Given the
weights A1,..., A, and Lie elements L, ..., L, satisfying (15), we need to con-
struct the piece-wise linear paths w; on [0, 1] satisfying So,1(w) = mm exp(L;).
Chen’s theorem guarantees the existence of such paths; however, it does not give
a construction. We recall that the signature of a piece-wise linear path of /-many
pieces is of the form

d d
exp | oeo+ D pjae; | ®---@exp | poseo + Y bjue;

ji=1 j=1
where we make the additional assumptions Z?:l ¢o,, = 1 and ¢o; > O for
i = 1...n. The log-signature of the m,,-truncation of the above product can be

worked out using the Campbell-Baker—Hausdorff formula. This determines a sys-
tem of polynomial equations on the coefficients ¢;x fork = 1...] j = 0...d
for each L;. The paths corresponding to the general degree 3 and degree 5 cubature
formulae are derived in [18].

3.3 Solving the ODEs

Once the cubature measure Q; = Z:’l:l A8, has been constructed, the method
requires the solution of the ODE

d
Yy (&) = VoY (@:)ds + Y Vi(Y) (@))ddy, Yg (@) =y.  (18)

i=1

where &; = (t, w;) for some ¢ € [0, T']. In general, the exact solution might not be
known and numerical techniques are required. We note that the convergence results
(propositions 1 and 2) are based on the inequality

(=@ s =C 3o IWLfIZI TR HC YT W f oot PP,
I—1ll<m I—1l<m
I1ll=m+1 17=m+2
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The operator Q; f(y) = Y_/_; Ai f(¥; ({t. ;))) can be replaced with any operator
Q; satisfying

(000 /M| =C Y W FILD21E 3 Wy flloat ™22,

[-I]l<m [I-Ill<m
I1ll=m+1 I l=m+2

for some constant C not depending on 7, and the order of the global convergence
determined by propositions 1 and 2 remains the same. The choice of Q; considered
in the literature [9, 10, 18,20] etc. can be described by

O f(y) =D ki f( ({1, 1)),

i=1

where )?,y ({t, w;)) is some numerical approximation of Y,” ({(t, w;)).

The numerical approximations in the literature can be split into two main cate-
gories. The first approach approximates the solution to the non-autonomous ODE
(18) directly using high-order numerical ODE schemes. The reader is referred to [1]
for particular high-order numerical ODE schemes.

The second approach is based on the results by [22] deriving an autonomous
ODE approximating the solution of (18) on short time intervals. The solution of this
autonomous ODE is then approximated by high-order ODE schemes. Let I" denote
the algebra homomorphism generated by I"(e;) := W;,i = 0...d. Note that I"
assigns vector fields to the elements of £ . We introduce the rescaling operator

(t,-) on T by
<l‘, Z a1e1> = Z 1”1”/261161.

IeA IeA
Then, the autonomous ODE derived in [22] can be represented as

dZy (e, Li)) = T'({(t. Li)(Z3)ds, Z7({t. Li)) = y. (19)

Proposition 3. There exists a constant Cy depending on m, d, the length of w; and
on L;, such that

Per—o) OV (1, 0)=Pr—oy) f(ZT (6 LIS Cr Y Wi Pr—o f [loot 172

m<|I|<2m

Furthermore, if Wy, ..., Wy satisfy the UFG condition4 and T —t > t, there exists
a constant C depending on m, d, the length of w; and on L;, such that

fm+1)/2

|Par—o) £V ({8, @) = Par—oy f(Z7 (£, Li))| < CZ(T_—_E)m“Vf”oo

for any Lipschitz continuous function f.
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The proof is based on the termwise Taylor expansion of the ODEs (18) and (19).
We refer the reader to [4, 9] and [10] for details.
Propositions 1 and 2 combined with 3 imply the following.

Corollary 2. Let us define the operator Q,f(y) =" A f(ZT((t, L)) and
let0 =ty < --- <ty = T. For a smooth function f with bounded derivatives up to
order 2m, we have

k
sup|(Pr—=0Q 1) " Qr—1,_)) SMI=C1 (Z > WPy floot 12
y

i=1m<|I|<2m

+ E W1 P(T—t,-_1)f||oné(ti — tj_g) D2
[-Ill<m
I7l|l=m+1

+ Y W@y f ooty — i) D12),
[-Il<m
I I|l=m+2

Furthermore, for Lipschitz continuous f

sup |(PT - Q(tl—to) e QA(T—tkfl))f(y)|
y

k—1
t — t‘_l)(m+1)/2
< G|V T 24 3 Gzt :
= 2|| f”oo (( k—1) ; (T_[l.)m/z

4 Extensions

In this section, we outline the extension of the cubature on Wiener space method
to problems with piece-wise smooth terminal conditions that are not required to be
continuous and to certain problems with path dependent terminal conditions.

4.1 Piece-Wise Smooth Terminal Conditions

So far, the terminal condition f has been assumed to be smooth or Lipschitz con-
tinuous. In this section, we relax the conditions on the terminal condition function
f and construct a strategy resulting in an accurate approximation of the expectation
of f'. We investigate the case when f is piece-wise smooth. The method sketched
here works under two conditions. First, we require that P; f is smooth with bounded
derivatives up to certain order. If this condition is satisfied, we can apply the cubature
on Wiener space method on an accurate enough estimate of Py f as it is described
in the previous section. The second condition guarantees the existence of accurate
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estimates of P; f for small enough ¢. In particular, we will assume that if the dis-
continuities are far enough from Y7_;, then P; f(Y7r—;) = P,f(YT_t) where f is
a smooth function equal to f* around Y7_;.

In this section, we fix the initial value Yo = y™*. For a positive integer K, we
define |VK f||; := E[VX f(Y7)|Yo = y*], where V is understood in the weak
sense. If |[VK f||; < oo, the boundedness of the derivatives of P, is guaranteed
under the following conditions.

Assumption 1 ((K, m)-assumption). For positive integers K and m and multi-
indices I: m + 1 < ||I] < m + 2, the semi-group P, satisfies

IWr Py f |l oo < Cre~WI+d=K/2) gK 1))

Lemma 5. Let K be a positive integer and 0 € (0, 1). Let us assume that |[VX £,
is finite. Furthermore, let us assume that the semi-group Py satisfies the (K, m)-
assumption. Let the partition {0 = ty < t1 < -+ < tr = T} be defined by
t;j =T(A—1—=0))for j =1,....k — 1. Then, there exists a positive constant
C depending on Cy,m + 1 < ||I|| < m + 2 and possibly on T, such that

|(Ptk—1 - Q(t1—t0) e Q(tk—l—tk—z)) P(T—tk—l)f(y*)|
ng1 o

<C|VEfh (%) > (ra- 6))| K=/

i=1

Proof. By definition, T —t; = T(1 —6) and t; — t;_; = T(1 — 6)'~10 for
i =1,...,k — 1. Then, Lemma 2 and the assumptions imply

|(Ptk—1 - Q(tl—to) e Q(tk—l—tk—z)) P(T—tk—l)f(y*)|
k—1

Z |Q(t1—t0) Qo —ti—2) (P(ti—ti—l) - Q(ti—ti—l)) P(T_ti)f(y*)|

=2

IA

1
g 2kt

C2||VKf||1 (m) Z(T(l _ 9))i(K—d)/2
i=1

IA

Remark 3. There is a trade-off when constructing numerical methods based on
lemma 5. The closer 6 is to 0, the higher the convergence order becomes. How-
ever, since T — tx_1 = T'(1 — 0)K~!, when 6 is close to 0, more steps are required
to get close enough to the boundary. There is another trade-off; the high value of
m, that is a high-degree cubature measure improves the convergence; however, it
increases the support of the global measure. In the remainder of this section, we
highlight the importance of high-degree cubature measures.

To describe the accuracy of the global measure Qp, we must combine the esti-
mate of lemma 5 with an estimate on |(P; — Q) f(Y7—;)|. For this purpose, we
make the following assumption.
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Assumption 2. RY can be partitioned into finitely many disjoint connected
domains RY = U?ZID,-, such that f = Z?zlﬁlpi where f; : D; - R is
bounded and smooth with bounded derivatives fori = 1... h. Furthermore, each f;
can be extended to f; : RN — R, such that f; is smooth satisfying || f; leo < || |loo
and | Wy filleo < |Wr filleo for I:m + 1 < |I|| <m + 2.

Condition 1. Given y € RY and ¢ > 0, there exist an index i: 1 < i < /4 such that
P[Yr ¢ Di|Yr—, =yl <eandy € D;, Y ({t,w;)) € D; for j = 1...k.

Under assumption 2, we cannot give a uniform bound on |(P; — Q;) f(Y7—;)|; how-
ever, we can make local estimates. We consider two cases. First, if condition 1 holds,
then

(P = Q) fOD) < P f() = Pe fODIHI(Pr = Q) fFOIH0: £ () — O f ()]
<26 flloo + Ct+V/2, (20)

Second, if ¥ ({(t,w;)) € D; does not hold forall j = 1...n, then

|(Pr = Q1) f(D] = 2 f llco- 21

If f is globally Lipschitz, the inequality (21) can be replaced with

(Pt = Q) fFO)| = VIV fllso- (22)

The Repeated Cubature Scheme

The inequality (20) makes the reduction of the computational cost possible. Let
¢ and t be positive numbers chosen in advance. At a starting point y with time #
to maturity, the repeated cubature estimate denoted by Q7" f(y) is computed as
follows.

(a) At y, we check the condition 1.

(b) If the condition is met with a pre-defined ¢, we jump straight to the boundary
(type-(b) step), that is we estimate P; f(y) with Q; f(»).

(c) If the condition is not met, but ¢ < 7, we jump straight to the boundary (type-(c)

step). We estimate P; f(y) by Q; f ().
(d) If the condition is not met and ¢ > 7, we solve the ODE along each rescaled

cubature path (6¢, ;) fori = 1...k generating the points y1, ..., yx with time
t(1 — 0) to maturity (type-(d) step).
(e) We recursively repeat the algorithm starting at the points yy, ..., yx generated

by type-(c) steps resulting in an estimate denoted by Q;{_g) f(yi). Then, we
. k
estimate Py f(y) by >-i_; 4i Q/(_g).f (i)-
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Corollary 3. Let ¢ and t be positive real numbers. Let N ¢ denote the set of start-
ing points of the type-(c) steps using the algorithm above. Suppose that Ny ¢ is
non-emptyand T < T. For Y € Ny, Ay denotes the measure of the set of cubature
paths along which we solved ODEs during the method and reached Y at timet < t

to maturity. Under assumptions 1 and 2, the error of the repeated cubature scheme
is bounded by

(Pr = Q5 f(™)]| = Cr e+ (T —)™HD/2 4 3™ ay
YeNT ¢

K 0 mTHk_l i(K—d)/2

+ G| VE fl (m) Z(T(l _ 9))1( —d)/

i=1

(23)

where k satisfies t > T (1—0)K1, the constants Cy and C dependonm, d, || f || oo,
andon Wy filleo fori = 1,...,hand I: m + 1 < ||I|| <m + 2.

Sketch of the proof: The second term on the right-hand-side of the inequality (23)
is the estimate of Lemma 5 on the difference

[(Poy = Qi) Qe 1t —2) Pty F(V)]

describing the approximation error when we approximate Py, Pir—;, ) f(»™)
by Qy—10) " Qs 1—tx—o) Pt =15 (™). When applying the repeated cubature,
we work out a slightly different measure, because a few sub-trees are replaced with
type-(b) steps (see Fig. 3). By the inequality (20), the total additional error due to
type-(b) steps can be bounded by

C (s (T - 9))<m+1>/2) :

)

Y,

Fig. 3 Tree produced by the repeated cubature algorithm
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where the constant C depends on m, d, || f ||co, and on || W} fi|leo fori = 1,...,h
and I:m+1=<|I|| <m+2.

There is another source of additional error due to type-(c) steps, which can be
bounded by 2| f[loc Xy ey, . A¥ (see inequality (21)). O

Remark 4. The method requires the estimation of the probability
P[Y7 ¢ DilYr— = y].

If the expectation of some positive functional of Y7 — Yr_; (e.g. Laplace-transform)
is known or can be estimated, one can use Chebyshev-type inequalities. If this is not
the case, we suggest the comparison of Q; f(y) and Qg; Q11— f(y). If the dif-
ference is of order 1™+ /2 then the condition 1 is likely to be met. Otherwise, the
condition is unlikely to be satisfied. This latter decision rule works well, if the inner-
diameter of the domains D1, ..., Dy, is big enough and the operator Qg; Q(1—g); is
able to detect the non-smoothness of f.

4.2 Path Dependent Functions

In this section, we outline potential extensions to PDEs with Dirichlet boundary
condition. Although no theoretical or empirical justification has been given yet, we
believe these extensions should perform reasonably well.

In many applications, the focus is on the expectations of path dependent function-
als. We consider path dependent functionals that can be approximated by functions
of the signature of the underlying process. A particular example is the Asian option
with payoff depending on fOT Y:dz, which is one component in the signature of the
process ¢ — (¢, Y;). Ninomiya [19] tested Kusuoka’s version on Asian options.

As a second example, we consider adapting the cubature on Wiener space method
to estimating solutions to boundary value problems. In particular, we aim to estimate
the following expectation:

Ep [¢(Y7) o1y + cliz<Ty] (24)

where D is a domain in RY, 7 is the stopping time defined as t = min{t|Y; € D}
and ¢ is some constant. We note that the expectation (24) is equal to the solution
u(y,0) of the PDE (5) defined on D with boundary condition u(x,t) = c¢ for
x € dD.

To adapt the method, we extend the process Y; as follows

d

4y} = Vo(¥)dr + ) Vi(¥)) o dB]. Y§ = y.
i=1

d4; = ¢(Yy)dr, Ap =0
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where ¢ is zero in D and positive in R\ D. Then, the terminal condition in the
expectation (24) can be rewritten as a non-path dependent function

g sty + lirery = (¥ ) ay <0y + cliar >0y (25)

In the general case, the solution to the ODE (18) is numerically approximated,
typically on a discrete time-scale. This approximation rarely gives us accurate
information on the crossing of the boundary of the domain D. The role of the
process A; is to detect the boundary crossing of the process Y; with high accuracy.

We claim that the repeated cubature algorithm can be adapted to approximate the
expectation of (25).

One possible extension is based on the fact that a Wong-Zakai type strong
approximation can be constructed from cubature paths on fine time-partitions;” that
is cubature paths on very fine time scales are approaching Brownian paths. This
application of the cubature paths leads to a low order approximation of the bound-
ary value problems that we focus on. The fine scale global cubature measure is
supported by a huge set of paths; however, fine scale paths are only required close
to the boundary. The purpose of the repeated cubature is to detect a point far enough
away from the boundary of the domain D so that a longer time-step can be taken.

The following second extension leads to a proper high-order scheme. We suggest
refining the steps when the boundary of D is approached as follows. Let us assume
that an accurate approximation u(y, t) of the solution u(y, t) of the PDE is given
exogenously in a neighbourhood of the boundary of D with radius §.

(a) In order to compute an approximation of the solution to the PDE at a point Y7,
with time T — t; to maturity, we attempt to take a step of length 7" — ;. If the
solution of an ODE (18) along one of the paths in the cubature formula started
at Y;, with step length 7' —¢; leaves the domain, we take a shorter step of length
O(T — t;) from Y;, for some 0 € (0, 1).

(b) We keep refining this step until the paths of each of the solved ODEs stay inside
D resulting in nodes Yt;, e Yf; fort, = t; + OI(T — t1) for some positive
integer /.

(c) If any of these nodes, for example Yt;, are in the §-radius neighbourhood of the
boundary of D, we define the approximation to our PDE problem to be equal
to the exogenously given approximation at the point Yt"2 and time 7 — 1, to
maturity.

(d) From all other nodes, we repeat this procedure from point (a).

To ensure tractability, we put a lower bound ¢ on the length of the time-steps. If at
any time #; and point Y;, the next step of length at least ¢ results in an ODE solution
trajectory leaving the domain D, we use the exogenously given approximation at
Y;; and time T' — ¢; from maturity. Fig. 4 outlines the algorithm.

2 We acknowledge Peter Friz who brought the Wong-Zakai approximation property of the cubature
paths to our attention.
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Y, K-8 K

Fig. 4 Detection of boundary crossing

If the boundary condition is not constant, for example when one would like to
approximate the expectation

Ep [§(Y7)Les1y + h(Y))r<Ty] (26)
for some function 4, the following extension of the state space might be useful:
d .
4y} = Vo(¥)dr + ) Vi(¥)) o dBl. Y§ = y.
i=1

dAt == ¢(Yt)dt, A() == O
dX; = n(A)dY;, Xo=y

where 7 is a smooth approximation of the Dirac delta function assigned to O.
The process X; approximates the stopped process Y;a;, and the payoff can be
approximated by

gV sty + h(Y ) r<ry = g(Y2) i, <0y + H(XT) 14,513

The accuracy of this method depends on the choice of 7.

5 Numerical Results

In this section, we present some numerical results. We tested the classical version
of the cubature on Wiener space method on PDEs with smooth terminal condi-
tions; furthermore, we tested Kusuoka’s uneven partition and the repeated cubature
method on PDEs with piece-wise continuous terminal condition. The algorithm was
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implemented in C++ using double precision floating point numbers. We remark
that the accuracy of high-order cubature formulae combined with the repeated cuba-
ture algorithm can be better exploited using higher precision numbers. Packages
with high precision number are available for C++.

In all the test runs, we worked with autonomous ODEs defined by (19). One
should use high-order numerical solvers to approximate the solution to these ODEs.
However, we have chosen our test cases such that the exact solution to the arising
ODE:s is known, and there is no need for the numerical approximation of these
ODE:s. The impact of the high and the low accuracy numerical ODE solvers was
numerically analysed in [5] and in [20].

5.1 Smooth Terminal Condition

The following SDE was chosen for the first set of test runs.

dYt = ClYtdt +bYtdBt
dAt == Ytdt,

that is Vo(x,y) = (ax,x) and Vi(x,y) = (bx,0). This choice was motivated
by the following two facts. Firstly, the solution to the above SDE and the explicit
expectation of any polynomial of Y7 and A7 is known; the approximation error can
directly be measured. Secondly, the Lie-bracket of the corresponding vector fields
Wo and W is of the form

d
[Wo, W1i](x,y) = —bxa—.
y

This implies that for any Lie polynomial L € £, the vector field I'({z, L)) has
the following form

rq:L)) = c1xi + czxi

0x ay

where ¢ and ¢, are some constants depending on L. Therefore, the solution to the
autonomous ODE driven by the vector field I"({¢, L)) is explicitly known, and there
is no need for any numerical approximation. This also implies that the set { Wy, W1}
satisfies the UFG condition 4.

Furthermore, note that the system {Wy, W1} is not nilpotent, that is the algebra
homomorphism I does not map any of the Lie-brackets appearing in the cubature
formulae (written in terms of Lie polynomials, see the appendix) to the constant
zero function. Therefore, the above SDE is also useful for testing the newly derived
cubature formulae for typos and mistakes.

We implemented the degree 3, 5, 7, 9 and 11 cubature formulae corresponding
to the 1-dimensional driving noise with respectively 2, 3, 6, 12 and 30 Lie elements
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Fig. 6 Estimating E[A2Yr]

in their support (see the appendix for details). The method was applied to the esti-
mation of the expectation of certain polynomials of Y7 and Ar with parameters
T = 0.25,a = 0.1 and b = 0.2. Figures 5 and 6 show the results corresponding
to E[A3] and E[A2.S7], respectively. On the left-hand side chart of each figure the
approximation error is plotted against the number of steps in the cubature tree. On
the right-hand side graphs in each figure, we plotted the approximation error against
the number of ODEs solved for the approximation. Since we were working with the
exact solution of the arising ODEs and the evaluation of this solution had roughly
equal computational expense for each of the different degree cubature formulae, the
number of ODEs solved in each run results in a reasonable accurate measure of the
computational expense.

We can observe that the empirical rate of convergence (also plotted) is very close
to the theoretical one. The efficiency of high-degree cubature formulae in terms of
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accuracy at a given computational expense is conspicuous. We ran each formula
up to a level with at most 10° ODEs. When estimating E[A3.], the degree 11 for-
mula after 3 steps (corresponding to 27, 930 ODEs) outperformed each of the lower
degree formulae.

The performance of the degree 11 formula becomes even more remarkable if
we estimate the sample size required by a pure Monte-Carlo method (based on
independent sampling without any variance reduction technique) to attain similar
accuracy. The standard deviation of A% is approximately 0.00287597203, and the
standard deviation of AZTST is approximately 0.01407034093. Recalling that the
standard deviation of the Monte-Carlo estimate scales with the square root of the
sample size, a sample of size at least 10?° is required of both A3 and A%S7 to
result in an estimate with standard deviation of order of magnitude 10~'2. With the
4-step degree 11 formula (with less than 10° ODEs), we attained an error smaller
than 10712,

Admittedly, in 1-dimension, the Monte-Carlo method is outperformed by finite
difference and finite element methods. However, we believe that high-degree cuba-
ture methods (especially when combined with recombination) are significantly more
efficient compared to finite difference or finite element methods on problems with
smooth terminal conditions.

5.2 Piece-Wise Smooth Terminal Condition

In this section, we consider two piece-wise smooth terminal condition functions:
f(x) = (xg)T and g(x) = 1{x>k}. The underlying SDE is dY; = dB, that is
Vo(x) = 0, V1(x) = 1. The parameters used are T = 0.25, K = 0.6. The function
f is Lipschitz continuous; hence, Kusuoka’s estimate based on uneven partitions
applies. The function g is discontinuous and Kusuoka’s results do not apply. Never-
theless, we experimented with Kusuoka’s uneven partition. Partitions corresponding
to different y parameters were tested. Figure 7 illustrates the results corresponding
to the least absolute error. We attained an error of order of magnitude 10~7 on the
Lipschitz continuous terminal condition and 10™* accuracy on the discontinuous
terminal condition. Empirically, we observed convergence in both cases, although
the order of convergence is not clear.

Since this system satisfies Assumption 1, we also applied the repeated cubature
algorithm to the same SDE and terminal conditions. We used cubature formulae of
degree’ 9, 11 and 23, 6 parameters between 0.2 and 0.4. Condition 1 was checked
by comparing Q; to Qg;Q(1—r)s as described in Remark 4. Furthermore, the algo-
rithm was using the recombination algorithm of Litterer and Lyons [13,14]. Figure 8
shows the error of different approximations of E[(By — K)*] and E[l{g, <k}]
respectively. Given a cubature formula of degree m and a 8 € (0, 1), the estimate

3 This test case falls under the scope of the nilpotent problem; therefore, cubature formulae of
degree greater than 11 are available. See Sect. A.11 for details.
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is not expected to be better than the accuracy of the degree m formula on a time
step of length 7. Each curve on the graphs of Fig. 8 corresponds to a cubature for-
mula and a fixed 6. In general, on each curve, we observe a downward trend up to
certain number of levels (depending on the degree and 6), then the curve flattens.
Corollary 3 implies this behaviour.

Running the repeated cubature method with many different sets of parameters,
we observe that the smaller 6 is, the higher accuracy is achievable, however the
more levels we need to work out. The empirical results suggest that the repeated
cubature is efficient with a combination of 6 close to 1/2 and a very high degree
cubature formula. Furthermore, recombination is a crucial ingredient.
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Appendix: Polynomial Equations and Solutions

The construction of the cubature formulae consists of two steps. First, the sys-
tem (17) corresponding to the pair m and d is derived. We adapted and used the
libalgebra® package for this purpose. This package contains an implementation
of polynomial, lie algebra and tensor algebra objects and operations. This phase is
completely done by software.

The second phase is to derive a solution to the system (17). We have no general
algorithm solving the system; in each case, we have an ad-hoc approach. Typically,
we use a degree m (or higher) Gaussian cubature formula in d-dimensions to deter-
mine the random coefficients of ey, ..., eg. Then, we split some cases into further
sub-cases satisfying the rest of the conditions.

Note that in some special nilpotent cases, the elements in the cubature formu-
lae introduced below can be simplified and the number of elements in the support
of the formula can be reduced. For example, in the 3-nilpotent case (i.e. when all
Lie-brackets formed by more than two vector fields in the set {Wj,..., W;} van-
ish), the degree 3 cubature formula corresponding to the 1-dimensional case also
satisfies the moment conditions of the degree 5 cubature formula. Coincidentally, in
the 3-nilpotent case in 1-dimension, the degree 9 cubature formula also satisfies the
moment conditions of the degree 11 cubature formula.

A.l1 Degree 3, Dimension 1

For the degree 3 case in one dimension, (15) has a solution of the form
L =eo+a;1e1
where the corresponding system (17) is
n n n n
Z)\i =1 Zkiai,l =0 ZA,’O{,-Z’I =1 ZA,’O[?,I =0
i=1 i=1 i=1 i=1

The vectors (A1, A2) = (%, %), (a1,1,2,1) = (—1,1) solve the above system of
polynomial equations.

* Implemented by the CoRoPa project, http://coropa.sourceforge.net/
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A.2 Degree 3 in General

In general, ford > 1 and m = 3, (15) has a solution of the form

d
L; =ep+ Za,-,jej
Jj=1

where the corresponding system (17) is

doki=1 Yo} =1 j=1...d

i=1 i=1

and all coefficients of terms in ) _._; 7, exp(L;) (when expressed in the basis given
by the symmetrized products of Lie-basis elements described in Corollary 1) differ-
ent from the ones above are all zero. There is a solution with n = 2¢ derived in
[18]. Here we present a solution with n = 2d.

1 ifi =2j —1

24

;=93 — 12)1_ ifi =2j
1

0 otherwise

where Aog = Agg—1 > Ofork =1...d suchthat ) ;_, A; = 1.

A.3 Degree 5, Dimension 1
Equation (15) has a solution of the form

Li = eo + ai1e1 + i 2[er, [eo, e1]]
where the corresponding system (17) is

n n n n
doai=1 odier =1 ) ket =3 Y heeia=0

i=1 i=1 i=1 i=1

n n n n
Yk =0 Y had =0 Ydal =0 Y heia=-1

i=1 i=1 i=1 i=1

The vectors (A1, A2,A3) = (%, % %), (@1,1.02.1.3,1) = (—/3,0,+/3) and
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( (oLl 1
a1,27a2,27a3,2 - 12’ 12’ 12

solve the above system of polynomial equations.

A.4 Degree 5, Dimension 2

The degree 5 cubature formula in 2 dimensions satisfies the following conditions.

Li = e+ 161 + @ize2 + @i 3ler, e2] + aialer, [eo, e1]]

+ a;sler, [e1, ea]] + aislez. [eo, e2]] + ai7]ea, [e1, e2]]

where the corresponding system (17) is

n n n 1 n 1
doai=1 dodial, =1 Y hiia= 5 D it = T

i=1 i=1 i=1 i=1

n n n n
1
4
E A,’Olil =1 E A,'Oli,Z =3 E )\iOli,6 = _E E Aiailaiz =1

i=1 i=1 i=1 i=1

Yhet =3 Yhet=1 Y ke =

i=1 i=1 i=1

and all coefficients of terms in ) ;_; A; 7, exp(L;) (when expressed in the basis
given by the symmetrized products of Lie-basis elements described in Corollary 1)
different from the ones above are all zero. A solution to this system is derived in
[18] with n = 18. Here we present an alternative solution with n = 10:

i|A o1 aip Qi3
Ll V3 V3 0
22 V3 0 0
3l V3 =3 0
4ipu2 0 V3 0
5\us 0 0 1/(2/2u3)
6lus 0 0 —1/(2y2u3)
7ipn2 0 -3 0
8 (1 —v3 V3 0
92 —v3 0 0
10{u1 —v/3 —/3 0
furthermore, o; 4 = —1/12, o5 = o 2/12, ;6 = —1/12 and o; 7 = ;1 /12 for

i=1...10with gy =1/36, u, = 1/9and u3z =2/9.
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Another solution, that is not permutation-invariant with n = 8:

iAo @il aip Qi3
1lvp V3 1 0
2(v; V3 —1 0
3lvy O 2 0
4va 0 0 1/(24/2v2)
S5v2 0 0 —1/(24/2v2)
6lvy 0 =2 0
7lv1 —v/3 1 0
8lv1 —v/3 —1 0
furthermore, ;4 = —1/12, i 5 = i 2/12, ;6 = —1/12 and o; 7 = «;,1/12 for

i=1...8withv; =1/12,v, = 1/4.

A.5 Degree 5 in General

In [18], a general construction of degree 5 cubature formulae in d dimensions
is derived that is based on the d-dimensional Gaussian cubature formula. If the
underlying Gaussian cubature measure has k points in its support, the construction
generates a cubature formula on the Wiener space with 2k points.

Using the key idea in Sect. A.2, it’s possible to generate a cubature formula with
k 4+ 2d — 1 points.

A.6 Degree 7, Dimension 1

The degree 7 cubature formula in 1 dimension satisfies the following conditions.
Li = eo + a;,1e1 + ai2fen, e1] + ai3ler, [eo, e1]] + o aleq, [er, [e1, [eo, en]]]]

where the corresponding system (17) is

n n n n
1 1
Zki =1 ZA"O‘?’I =3 Zki“iz,z =D ZA,‘O&A = 7360
=l i=1 i=1 i=1
Sheti =1 ket =15 ks =y Y hehes =y
1

i=1 i=1 i=1 i =1

and all coefficients of terms in >/, A; 7, exp(L;) (when expressed in the basis
given by the symmetrized products of Lie-basis elements described in Corollary 1)
different from the ones above are all zero.
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A solution is derived in [13] with n = 8. Here we present a solution with n = 6.

Let the weights Aq, ...,

As and points z1, ...

,Z5 define a degree 5 Gaussian

cubature formula, such that zz3 = 0. The solution is specified in the table below:

i A o a2

I w1 =1 0

2| 2 22 0
3lus/2 0 1/J/12u3
4lus/2 0 —1/4/12pu3
5| ma  z4 0

6| us zs 0

furthermore, o; 3 = —1/12 and o; 4 = —1/360 fori = 1...6.

A.7 Degree 7, Dimension 2

The degree 7 cubature formula in 2 dimensions satisfies the following conditions.
The parametrized lie element is

L; = e +aj1e1 + a;2e2 + 05 3[ep, e1] + @; aleon, e2] + @; s[e1, e2] + o4 g[e1, [eo, e1]]
+ aj 7le1, [e1, e2]] + «; glez, [en. e2]] + o; olea, [e1, e2]] + o4 10(e1, [e1, [e1, e2]]]
+ aj,11le2, [e2, [e1, e2]]] + @;i,12[e1. [e1, [e1, [eo, e1]]]] + a;,13[e1. [e1. [e1. [e1, e2]]]]

+ ai,14le2, [e1, [e1, [eo, e2]]l] + @i 15]e2, [e1. [eq, [e1, e2]]]]

leo, e1]]l] + ai,17[e2, [e2, [e1, [e1, e2]]]

+ ai18le2, [e2, [e2, [eo, e2]]l] + @i 10le2, [e2, [e2, [e1, 2]
1. [e2. [e1. e2]]] + @i 21(leo. e2]. [e1.[e1. e2

+a; 22(le1, e2], [e1, [eo, e2]]] + @; 23[[e1, e2], [e1, [e1, e2]]
I le2. [eo, e1]]] + @i 25(le1. e2], [e2

[
+ a;j 16[e2. [e2. [e1.
[
+ @ 20l[eo, €1

+ a;j 24fle1, €2

where the corresponding system (17) is

|

]
11]
11]
11]
11]
11]

.[e1, e2]]

n
Zkiailaiz =3
S s =
1 2047 — 12

n
1

Zki =1 ZAI Qj16 = 360 .

i=1 i=1 i=1

Z 1

Zliaiz,l =1 Z/\zoh 18= 35 .

i=1 i=1 i=1

Z 1

Zl,‘ail =3 Z/Lotl 20 = 360

i=1

i=1

- 1
> didiwiis = 360

i=1
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n
> diaf =15

i=1

Zlalzzl

i=1

Z A,'Ol;-tz =3

i=1

Z)Loz,Z:lS

i=1

Z)‘i“iz,s =1

i=1

1
ZAO[“‘:E

i=1

1
Z A,'Oll-z,s = Z

i=1

n
D didie = T

i=1

n
5
D kil =T

i=1

n
Z A g = T

i=1

n
5
D Aoy =T

i=1

ZA Qi 12 =

i=1

1
leal 14 = 360

i=1

1
360

z 1
A“ ' = —
§ i0i21 180

i=1

- 1
> didiz = ~%0

i=1

n
Z Aot 24 = %

i=1

- 1
> diaigai = 1z

i=1

E )\'al 1%i,15 =

i=1

- 1
> diaj e = ~360

i=1

1
360

1
ZA Q1023 = 90

i=1

n
2 2 2
Alalalal’z = 1

i=1

n
24
E /\1%‘,10‘5,2—3

i=1

n
5
Zliailais =1

i=1
n
1
Zkiaiz,laiﬁ = _E
i=1
1

ZA of g = T

i=1

z 1
D ki) tig = 2

i=1
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- 1
> didinwiir = 360

i=1

- 1
> didiawins = 120

i=1

z 5
inaizzaizs =75
= 12

u 1
D hio e = 12

i=1

n
Zkio‘iz,zo‘i,fi BT

i=1

u 1
D hio iy = 1

i=1

n
Mt Ot 1 = —
Z i0,50,10 77

i=1

n
Z i, 50011 7

i=1

. 1
> " Aiti 10700 = ——
— S 1,200 12
i=

n
E Ao 10 a0t s = —

i=1

- 1
> Ao} @iy = —
i,1%1, s 12

i=1

n
> " Aiti a0 30tis = ——
2 23, 2

and all coefficients of terms in > ;_; A; 7, exp(L;) (when expressed in the basis
given by the symmetrized products of Lie-basis elements described in Corollary 1)
different from the ones above are all zero. A solution to this system is derived in
[13] with n = 50.



Efficient and Practical Implementations of Cubature on Wiener Space 105

A.8 Degree 7, Dimension 3

The Lie-elements in the support of the 3-dimensional degree 7 cubature formula
are spanned by 91 Lie-basis elements. There are over 150 conditions in the form of
inhomogeneous polynomial equations satisfied by the parameters and a couple of
more homogeneous polynomial equations.

A.9 Degree 9, Dimension 1

The degree 9 cubature formula in 1 dimension satisfies the following conditions.

L; = ey +aj e + aialep, e1] + aisler, [eo, er]] + o 4ler, [er, [eo, er]]]
+ a;5ler, [eo, [eo, [eo, el]]]] + aisler, [er, [eo, [eo, er]]]] + aizler, [er. [er, [eo, er]]]]
+ ais[eo. e1], [eo, [eo. e1]]] + i o[[eo, e1]. [e1, [eo, e1]]]

+ aiofer, [er, [e1, [e1, [er, [eo, e ]]1]]]

where the corresponding system (17) is

n

n n n
ZA[ =1 ZA[O{?I =105 Zkiam = —31% ZA[O{EIO[EZ = %

i=1 i=1 i=1 i=1

n n n n
1 1
Vo=t Yhah=g YLhei=-r Yheas=—b

i=1 i=1 i=1 i=1

n n n n
1 1 1
E Ao =3 E Az = BT E At 10 = 50 E ity eis = ~1

i=1 i=1 i=1 i=1

n

n n n
1 1 1
2 6 __ § 2 § — E —
A[O{H =15 Aiotij = 7 )\iai,laiﬁ = 360 Aiaivza,ﬂ = 144

i=1 i=1 i=1 i=1

n n
1 1
A’i e Je—— )\, i 9= ——
D hiais 720 2 hieicis 720

i=1 i=1

and all coefficients of terms in Z?:l Aitm exp(L;) (when expressed in the basis
given by the symmetrized products of Lie-basis elements described in Corollary 1)
different from the ones above are all zero.

A solution to this system with n = 12 is constructed as follows. Let the weights
M1, ..., Ms and points z1, 22, 0, —z2 and —z; define a degree 9 Gaussian quadrature
formula in 1 dimension. The solution is specified in the table below:
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il A oaig ip Qi3 o7
1 /2 2o 1/V/12 —1/12 0
2|pu1/2 21 —1//12 —1/12 0
3 p2/2 22 1/4/12 —1/12 0
4|u2/2 z2 —1//12 —1/12 0
5|us/4 0 1/V12 ¢ —ca —1/(36013)
6|us/4 0 —1/v/12 ¢y —ca —1/(36013)
7|us/4 0 1/V/12 c1 +cp —1/(36013)
8|us/4 0 —1/v/12 ¢y +c2 —1/(36013)
9| a/2 =22 1/4/12 —1/12 0
10{p14/2 =22 —1/4/12 —=1/12 0
1|ps/2 —z1 1/4/12 —1/12 0
12|pn5/2 —z1 -1//12 —1/12 0

furthermore, ;4 = «i2/12, ;5 = 1/720, aj 6 = «,1/360, aj g = —1/720,
oo =—0;1/720 and o;,10 = —1/6720 fori = 1...12, where

A.10 Degree 11, Dimension 1

The degree 11 cubature formula in 1 dimensions satisfies the following conditions.

L; = eq + aj,1e1 + o 2[eq, e1] + a4 3[eo, [eo, e1]] + o 4ler, [eo, e1]]
+ @i 5[eo, [eo, [eo, e1]]] + ai,6[e1, [eo, [eo, e1]]] + ai,7]e1, [e1, [eo, e1]]]
+ aisler. [eo. [eo, [eo, en]]]] + @ioler, [e1, [eo, [eo, e1]]]]
+ ai,10len, [e, [er, [eo, e1]]]] + i 11[[eo. e1], [eo. [eo. e1]]]
+ o, 12[[eo, e1], [e1, [eo, e1]]] + @i 13en, [eq, [eq, [e1, [eo, e1]]]]]
+ o5, 14]e1, [e1, [e1, [eo, [eo. [eo, er]]]]]] 4+ 15]e1, [e1, [e1, [e1, [eo, [eo, e1]]]]]]
+ ai,i6len, [e1, [e1, [er, [er, [eo. ex]]l]]]+ai,17[[eo, e1]. [e1. [e1. [eo. [eo. e1]]]]]
+ ai,18([eo, e1]. [e1. [e1. [e1, [eo. er]]]]]+ai,10][[eo, e1]. [[eo. e1]. [e1. [eo, e1]]]]
+ ai20([eo, [eo, e1]], [e1, [e1, [eo, ex]]l]+ai,21[e1, [eo, e1]], [e1, [eo, [eo, e1]]]]
+ i 22][e1, [eo, e1]], [e1, [e1, [eo, e1]]]]

+ a; 23ler, [e1, [e1, [e1, [e1. [e1. [e1. [eo. er]]INI]

where the corresponding system (17) is
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i=1

n
Zkiaiz,l =1

i=1

Zklal 1 =3

i=1

Z)\iaiﬁ,l =15

i=1

Zkall—wS

i=1

ZA ol =945
i=1

1
ijaiz’z = E

i=1

" 1
2,\ e
1.3 = 720

i=1

Zklal 4= _1_12

i=1

1
Z’llam = b

i=1

1

> ket = 5
i=1

1

/'\' _

Z %8 =720

i=1
n

1
2 :,\. S
£ i%i 10 360
n
1
A" 7 = —_—
§ i, 11 720

i=1

1
Aia
; 191,14 = 710080

“ 1
A 16 = —
Z i%i,16 6720
i=1
n
1
A 17 =
2 @17 = ~jo0e
i=1
n
1
A 10 =
2 hi@i19 = ~j50e
i=1
n
1
A ng = ——
2 M@z = 5o
i=1
n
1
Aoy = ———
Z P21 1680
i=1
n
1
At na =
,; 1923 = 501600
> :
o 10 I
' iU 1479 360
i=1
S s - ]
' 1, 1%5,12 — 720
i=1
S s -]
' 1, 1%4,15 — 5040
i=1
Z)Loz o1y = — !
i,1%7,18 = 10080
i=1
Zk'a' Qi vy = 1
. 1, 107,22 — 5040
i=1
1
ZA al lal 2 = E
i=1
1
ZA oc, 1“!42_5
i=1
1
Zliailai4 =%
i=1
n
1
2 hiah s = 555
i=1
1

E AO[,IOZ,HZ

i=1

720
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1
ZA @La%i16 = ~5ees

i=1

“ 1
Do = s

i=1

" 1
2 Maiiie = =5

" 1
4 2
E Aia;jar, = 7

i=1

~ 1
D e i = 4

i=1

~ 1
4
Z Ao ai10 = 20

i=1

n
5
D it g = 2

i=1

1
Ai =
Z Qi 205 = 720

i=1

- 1
> diinwig = 123

i=1

2 1
; )LiOli,ZOli,n = %

E Aalzaﬂ;

i=1

~ 1
2 :)&- e
i0,404,10 1440

i=1

~ 1
2 :)&- g
£ i 10 20 6 360

z 1
§ :)L- Ay 4 —
010G 300 4 720

i=1

- 1
D Ao w0 = 340

i=1
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720
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and all coefficients of terms in Z?:l Aitm exp(L;) (when expressed in the basis
given by the symmetrized products of Lie-basis elements described in Corollary 1)
different from the ones above are all zero.

Here we present a solution to this system with n = 30. Let the weights
M1,..., 7 and the roots of the roots zj,...,z7 of the 7th Hermite polynomial
define a degree 13 Gaussian cubature formula, such that i, = pus—;, z; = —zg—i

fori =1,2,3and z4 = 0, 4 > 0. The solution is specified in the table below:

il A o a3 Qi 4 Qi Qi Q.10

L m/4 21 e cann csarn+ce clo a12/20 ci3af; +cua
2| p1/4 71 —c1 —c3@2,1 —C502,1 +C6 —C1o

3| mi/4 21 ¢ —e3s; —Cs503,1 +C6  Cro

4| u/4 z1 —c1 c3oa csa41 4 ce —Cio

5 p2/4 z2 ¢ casy Cs051+C6 Cro

6| n2/4 z2 —C1 —C3q6,1 —C506,1 +C6 —C10

T| n2/4 22 c¢1 —c3az1 —Cs07,1 +C6  Cro

8| m2/4 z2 —c1 c3agy  csag +Ce —Clo

9| n3/4 z3 c1 c3agy  csa91 +Ce  Clo

10| n3/4 z3 —c1 —c300,1 —C5Q10,1 + C6 —C10

11| pu3/4 z3 ¢ —c30q1,1 —Cs5Q11,1 +C6  Clo

12| pu3/4 z3 —c1 caoizn Cseia1 + ¢ —Cro @12,2/20  ci3af, ; + cia
13 /,L47/32 0 0 Ca cg — Co 0 C12 C16

14 /,L47/32 0 0 —C4 Cg + Co 0 C12 Cle6

15 /,L4/16 0 Co 0 c7 0 C11 C15

16 /,L4/16 0 —C2 0 c7 0 —C11 C15

17 /,L47/32 0 0 C4 Cg + Co 0 —C12 Cle6

18 /,L47/32 0 0 —C4 cg — Co 0 —C12 C16

19| ps/4 zs 1 —c3019,1  C5019,1 +C6 —C10 ¥192/20 1303 | + C1a
20| ps/4 zs —c1 c30020,1 —C5020,1 +C6  Clo
21| ps/4 zs 1 c3021,1 —C5021,1 + C6 —C1o
22| ps/4 zs —c1 —c3022,1 C50022,1 +C6  Clo
23| ue/4 76 €1 —C3023,1 C5023,1 + C6 —C10
24| pe/4 76 —C1 C3024,1 —C5024,1 +C6  Clo
25| me/4 76 c1 C300251 —C5025,1 + C6 —C10
26| pue/4 76 —C1 —C30026,1 C50261 +C6  Clo
27| w7/4 z7 €1 —c307,1  C5027,1 + C6 —C1o
28| w7/4 z7 —c1 30081 —Cs5Q28,1 +C6  Clo
29| w7/4 z7 €1 c3009,1 —C5029,1 + C6 —C1o0
30| ur/4 z7 —c1 —c3wz0,1  Cs5@301 +C6 Cro @30,2/20 13030 + C1a
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furthermore,
—Oli’z 1 Oli’l 1
oo — Grg = Y Wy =
B3 7760 B8 7700 527 360 o 720
I V781 I 120 > S 1 o e Qi1
B2 7 TE000 TR T 0880 BT 00800 T T T 5040°
5 1 1 1
oj16 = C170 1 —C18, W17 = —————, Q18 = ——, Q]9 =—""—,
i,16 17%; 1 18 i,17 10080 7,18 10080 i,19 10080
1 1 Qi 1
U2 = ——, Ojsg] =——m——, iy =———, (Qjr3=——
1207 5520 B2l 1680 B2 7 75040 523 7 201600
fori =1...30, and
1 \/5 1
1L = —, Cy = -, Cc3 = ,
! V12 2 3 ’ 720c5 Z;l:l Ai |Oll‘3,1|
1/720 — ¢2 1/60 — ¢2 1
Cq = - . 5 C5 = ) C6e = ——=,
* (1—1/8) 14 > 3 *T 12
—11/720— cies(1 — ug) —1/12 — (1 — pa)ce — c7jua/8
c7 =28 3 . g = )
Hacs (1—=1/8)p4
o = 1/72—c2 — (1 — pa)c — c3pua/8 — (1 — 1/8) puac
(I —=1/8)juq '
. —1/360 g/ (- 114)c2/20
10 = —<=n __ ~ . 11 = 5
1 Z:'lzl Ao 1] M4C2
1/960 — (1 = j1a)c} /400 — jract, /8 I X
Cl2 = , C13=—, C14= —3c13,
12 (1= 1/8) 13 3= 755 14 13
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-1
(615) — (C% (1 _I%)I/M ) ( l—ﬁ—clg,—(l—pm)cm )
C16 754 (1 - §) Hacs Taa0 — ¢6¢13 — (1 — pa)cecra

RYa 1 o
7= 516720 2880 €18 = 6720~ 17

A.11 The 2-Nilpotent Case

Let the weights A1, ..., A and points z1, ..., 7x in R4 form a degree m Gaussian
cubature formula in d-dimensions. Then, in the special case when [W;, W;] = 0 for
all0 <i,j <d theweights Aq,..., A and Lie elements L1, ..., Ly form a degree
m cubature formula on the Wiener space, where

d
Li =ep+ Zz{ej.
j=1

For example, when N = 1, that is when the functions Vp,...,V; are R — R
functions and V; (x) = oz,-xﬁ foranyreal fando;,i = 0, ..., d, the above nilpotent
condition is satisfied. Furthermore, the path ¢ +— (t, zilt, .. ,zl‘.it) has log-signature
L; on [0, 1].
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1 Introduction

Let X be a solution of an It6 equation
t t
X() = X(0) + / o(X(s)dW(s) + | b(X(s))ds, (1)
0 0

where X has values in RY , W is standard, m-dimensional Brownian motion, o is
a locally bounded d x m-matrix-valued function, and b is a locally bounded R4
valued function. Let L be the corresponding differential generator

Lf(x) = Zm Voma, T+ Zb <x>— f().

If we define Af = Lf for f € D(A) = C? (R?), the twice continuously differen-
tiable functions with compact support in R¢, then it follows from Itd’s formula and
the properties of the It0 integral that

FXW) — (X)) /0 Af(X(5))ds = /0 V(X)) o(X()AW ) Q)

is a martingale and hence that X is a solution of the martingale problem for A
(or more precisely, the Cra [0, 00)-martingale problem for A). That the converse to
this observation is, in a useful sense, true is an important fact observed early in the
study of martingale problems for diffusion processes (Stroock and Varachan [1]).
To state precisely the sense in which the assertion is true, we say that a process
X with sample paths in Cra [0, 00) is a weak solution of (1) if and only if there
exists a probability space (£2, 7, P) and stochastic processes X and W adapted to
a filtration {7} such that X has the same distribution as X, W is an {; }-Brownian
motion, and

X(t) = X(0) + fo o (X (5))dW (s) + i b(X (s))ds. 3)

We then have

Theorem 1.1. X is a solution of the Cra [0, 00)-martingale problem for A if and
only if X is a weak solution of (1).

Taking expectations in (2), we obtain the identity

v f = vof—}—/ vsAfds, f € D(A), 4)
0



Equivalence of Stochastic Equations and Martingale Problems 115

which is just the weak form of the forward equation for {v;}, the one-dimensional
distributions of X. The converse of the observation that every solution of the
martingale problem gives a solution of the forward equation is also true, and we
have the following theorem. (See the construction in [2], Theorem 4.9.19, or [3],
Theorem 2.6.)

Theorem 1.2. If X is a solution of the martingale problem for A, then {v;}, the
one-dimensional distributions of X, is a solution of the forward equation (4). If {v;}
is a solution of (4), then there exists a solution X of the martingale problem for A
such that {v,} are the one-dimensional distributions of X .

Note that Theorem 1.1, as stated, applies to solutions of the Cga [0, 00)-mart-
ingale problem, that is, solutions whose sample paths are in Cga [0, 00), while
Theorem 1.2 does not have this restriction. In general, we cannot rule out the pos-
sibility that a solution of (1) hits infinity in finite time unless we add additional
restrictions to the coefficients. One way around this issue is to allow X to take val-
ues in R%4, the one-point compactification of R?, and to allow v; to be in P(R%4).
To avoid problems with the definition of the stochastic integral in (1), we can replace
(1) by the requirement that (2) hold for all f € C2(R?), extending f to R4 by
defining f(4) = 0.

Given an initial distribution vy € P(R%4), we say that uniqueness holds for the
martingale problem (or C« [0, 00)-martingale problem) for (A4, vg) if any two solu-
tions of the martingale problem (resp. Cra [0, 00)-martingale problem) for A with
initial distribution v have the same finite dimensional distributions. Similarly, weak
uniqueness holds for (2) (or (1)) with initial distribution vy if any two weak solu-
tions of (2) (resp. (1)) with initial distribution vy have the same finite dimensional
distributions, and uniqueness holds for the forward equation (4) if any two solutions
with initial distribution v are the same.

Note that neither Theorem 1.1 nor Theorem 1.2 assumes uniqueness. Conse-
quently, existence and uniqueness for the three problems are equivalent.

Corollary 1.3. Let vy € P(R?). The following are equivalent:

(a) Uniqueness holds for the martingale problem for (A, vy).
(b) Weak uniqueness holds for (2) with initial distribution vy.
(c) Uniqueness holds for (4) with initial distribution vy.

The usual proof of Theorem 1.1 involves the construction of W in terms of the
given solution X of the martingale problem. If d = m and o is nonsingular, this
construction is simple. In particular, if we define

M) = X(1) — /0 b(X(s))ds,

then

W) = /0 o~ (X(s))dM(s).
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where 0! denotes the inverse of ¢. If ¢ is singular, the construction involves an
auxiliary Brownian motion independent of X. (See, for example, [4], Theorems
4.5.1 and 4.5.2, or [2], Theorem 5.3.3.)

A possible alternative approach is to consider the process Z = (X,Y) =
(X, Y(0) + W). Of course,

_ X(@) _ (o(X(®)) b(X(t)
dZ(t)_d(Y(0)+W(t))_( ; )dW(t)+( 0 )dt. 5)

Note that each weak solution of (1) gives a weak solution of (5), and each weak solu-
tion of (5) gives a weak solutlon of (1). As before, using 1t6’s formula, it is simple to
compute the generator A corresponding to (5) (take the domain to be C, 2(IR"””"))
Furthermore, since if one knows Z one knows W, it follows immediately that every

solution of the martingale problem for 4 is a weak solution of the stochastic dif-
ferential equation. In particular, weak uniqueness for (5) implies uniqueness for the
martingale problem for A. Note, however, that the assertion that every solution of
the martingale problem for A is a weak solution of (5) (and hence gives a weak
solution of (1)) does not immediately imply that every solution of the martingale
problem for A is a weak solution of (1) since we must obtain the driving Brown-
ian motion. In particular, we cannot immediately conclude that uniqueness for (1)
implies uniqueness for the martingale problem for A.

In fact, however, an argument along the lines described can be used to show
that each solution of the martingale problem for A is a weak solution of (1). For
simplicity, assume d = m = 1. Instead of augmenting the state by Y (0) + W,
augment the state by

Y(t) = Y(0) + W(¢) mod 2.

We can still recover W from observations of the increments of Y. For example, if

we set f
_ [cos(Y(t)) + [, 5 cos(Y(s))ds
(0= (sm(Y(t)) + ff L sin(r(s))ds ) ©
and ,
W) = [ sin(Ys), sy (L ), @
then W is a standard Brownian motion and ¢ satisfies
dz(t) = (;;;?1%()?) AW (1), @)

The introduction of ¥ may look strange, but the heart of our argument depends on
being able to compute the conditional distribution of Y (¢) given .7-",X = o(X(s) :
s < t).If Y(0) is uniformly distributed on [0, 277] and is independent of W, then the
conditional distribution of Y (¢) given F/X is uniform on [0, 27r]. In fact, that is the
conditional distribution even if we condition on both X and W'.
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Let D(A) be the collection of f € C2Z(R x [0,27)) such that f(x,0) =
f(x,27—), fy(x,O)Az fy(x,2mw—),and fy, (x,0) = fy,(x,27w—). Applying Itd’s
formula, for f € D(A), we have

~ 1 1
Af = Engxx +foy + Efyy + bfx

Suppose Z = (X, Y) is a solution of the martingale problem for A, and define 4
by (6) and W by (7). Applying Lemma A.2 with fi(x,y) = f(x), f2(x,y) =
cos(y), f3(x,y) = sin(y), gi(x,y) = 1, g2(x,y) = f'(x)o(x)sin(y), and
g3(x.y) = —f'(x)o(x) cos(y) implies

M) = F(X(©) — FX0)) — /0 AF(X(5)ds
+ /0 F1(X()0 (X (5)) sin(¥ (5))dE (5)
- [0 FUX(5))0(X(s)) cos(¥ (5))dLa(s)

satisfies (M) = 0so M = 0 and hence
FX©) = F(XO) + [0 F/(X(5)a (X(s)dW(s) + [0 AF(X(s)ds.  (9)

It follows that any solution of the martingale problem for A satisfying sup _, | X (s)]
< oo a.s. for each ¢ is a weak solution of (1). -

Of course, this last observation does not prove Theorem 1.1. We still have the
question of whether or not every solution of the martingale problem for A corre-
sponds to a solution of the martingale problem for A. The following result from
[3] provides the tools needed to answer this question affirmatively. Let (E,r) be
a complete, separable metric space, B(E), the bounded, measurable functions on
E, and C(E), the bounded continuous functions on E. If E is locally compact,
then C (E) will denote the continuous functions vanishing at infinity. We say that
an operator B C B(E) x B(E) is separable if there exists a countable subset
{gx} C D(B) such that B is contained in the bounded, pointwise closure of the
linear span of {(gx, Bgx)}. B is a pregenerator if it is dissipative and there are
sequences of functions u, : E — P(E) and A, : E — [0, 0c0) such that for each

(f.g) e B
g(x) = lim A, (x) [S (f(¥) = f(xX)pn(x,dy), (10)

foreachx € E. N
For a measurable, E¢-valued process U, F tU is the completion of
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o (/rh(U(s))ds cr<the B(Eo)) v a(U(0)).
0

Let TV = {¢ : U(t) is F ,U -measurable}. (TY has full Lebesgue measure, and if U
is cadlag with no fixed points of discontinuity, then TV = [0, 00). See Appendix
A.2 of [5].) Let Mg, [0, 0o) be the space of measurable functions from [0, co) to Ey
topologized by convergence in Lebesgue measure.

Theorem 1.4. Suppose that B C C(E) x C(E) is separable and a pregenerator
and that D(B) is closed under multiplication and separates points in E. Let (Eg, ro)
be a complete, separable metric space, y : E — Eq be Borel measurable, and o
be a transition function from Ey into E (y € Ey — «(y,:) € P(E) is Borel
measurable) satisfying a(y, y~'(y)) = 1. Define

C = {(/ f(z)oz(-,dz),/ Bf(z)a(-,dz)) 1 fe D(B)} )
E E

Let juo € P(Eo), and define vo = [ a(y,-)po(dy). Ifﬁ is a solution of the martin-
gale problem for (C, o), then there exists a solution V of the martingale problem
for (B, vo) such that U has the same distribution on Mg,[0,00) asU =y oV and

P{V(t) e T\FY} = a(U(r).I), I €B(E),teTY. (11)

If U (and hence U) has a modification with sample paths in Dg [0, 00), then the
modified U and U have the same distribution on D g0, 00).

Assume that o and b in (1) are continuous. (This assumption can be removed
with the application of more complicated technology. See Sect.4.) Let B in the
statement of Theorem 1.4 be A, E = R X [O 2r), Eo = R, y(x,y) = x, and for
f € B(R x [0,2m)), define af (x) = 2n 0 ™ f(x,y)dy.For f € D(A), a straight
forward calculation gives

@A f(x) = Aaf (x),

so A = C. It follows that if X is a solution of the martingale problem for A, then
there exists a solution (X Y) of the martingale problem for A such that X and X
have the same distribution. Consequently, if X has sample paths in Cr[0, 00), then
X is a weak solution for (1), and Theorem 1.1 follows. Every solution of the martin-
gale problem for A will have a modification with sample paths in D4 [0, 00), where
R4 denotes the one-point compactification of R, and any solution with sample paths
in DR[O, oo) will, in fact, have sample paths in Cr[0, c0).

Invoking Theorem 1.4 is obviously a much less straight forward approach to
Theorem 1.1 than the usual argument; however, the state augmentation approach
extends easily to much more general settings in which the constructive argument
becomes technically very complicated if not impossible.
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2 Stochastic Differential Equations for Markov Processes

Typically, a Markov process X in R? has a generator of the form

d

92 ~
AF@) = 5 Y a5 () + 50 VS ()
i0X;

0
=1
[0 = 0 18,00 - S d)

where B is the ball of radius 1 centered at the origin and 7 satisfies

/IA |y*n(x.dy) < oo (12)

for each x. (See, for example, [6] and [7].) The three terms are, respectively, the
diffusion term, the drift term, and the jump term. In particular, n(x, I") gives the
“rate” at which jumps satisfying X(s) — X(s—) € I" occur. Note that B; can be
replaced by any set C containing an open neighborhood of the origin provided that
the drift term is replaced by

o) V() = (b+ [ y1e() = 15,00 ) - V10

Suppose that there exist A : R x § — [0,1], y : R? x § — R¢, and a o-finite
measure v on a measurable space (S, S) such that

n(x.T) = [S AGe )L (y (e, ) (d).

This representation is always possible. In fact, there are many such representations.
For example, we can rewrite

N, I") = /S/\(x,u)l[o,l](ly(x,ul))lr(y(x,u))v(du)
+ [Sl(x,u)l(l,oo)(l)/(x,ul))lr(y(x,u))V(du)

:/Skl(x,u)lp()/(x,u))v(du)~|—/Skz(x,u)1p()/(x,u))v(du)

:/S /\(x,u)lp(y(x,u))v(du)+fs A, u)1r (y(x, w)v(du),

where S; and S are copies of S, and A on S is given by A1 and A on S, is given by
A>. Noting that 15, (1) = 1p, (y(x, u)), we can replace S by S; U S,, and assuming



120 T.G. Kurtz

[Sl(x,u)(lsl )]y (x, w)[? + s, (w))v(du) < oo,

1 ¢ 2
Af(x) =3 ,-j2=1 @y () g L) + 5 () -V () (13)

+ [Sl(%u)(f(x +y(w) — f(x) — 1 @)y (x,u) - V f(x))v(du).

We will take D(A) = C2(R?) and assume that for f € D(A4), Af € C(R?).
Removal of the continuity assumption is discussed in Sect. 4. The assumption that
Af is bounded can also be relaxed, but that issue is not addressed here.

Let £ be a Poisson random measure on [0, 1] x S x [0, o0) with mean measure
m x v x m,and let £(4) = £(A) —m x v x m(A). Let (So, So) be a measurable
space, i a o-finite measure on (So, Sp), W a Gaussian white noise on Sy x [0, 00)
satisfying E[W(A, s)W(B,1)] = s Atu(AN B), and o : R? x Sy — R¥ satisfying
s, lo(x. u)|?u(du) < oo and

a(x)=/s o(x,wol (x, u)pu(du).

Again, there are many possible choices for © and o. The usual form for an It6
equation corresponds to taking p to be counting measure on a finite set Sp.
Assume that for each compact K ¢ R?

sup (161 + [ fote. P + [ AlyroPud )

xeK

+/S2/\(x,u)|y(x,u)| A 1v(du)) < 0.

Then, X should satisfy a stochastic differential equation of the form

X(1) = X(0) + / o (X(s), u)W(du x ds) + [0 t b(X(s))ds (15)

Sox[0,7]

+ / 104 Gsm0) (V)7 (X (5—), E(dv x due x ds)
[0,1]1x S x[0,¢]

+ / 104 Gsmu0) (V)Y (X (5—). 0 (v x due x ds).
[0,1]1x 8> x[0,¢]

fort < Too = limg_oo inf{t : | X(t—)| or | X(¢)| > k}. Stochastic equations of this
form appeared first in [8].

An application of 1t6’s formula again shows that any solution of (15) gives a
solution of the martingale problem for A. We will apply an extension of Theorem 1.4
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to show that every solution of the Dy« [0, 00)-martingale problem for A4 is a weak
solution of (15), or more generally, we can replace (15) by the analog of (2) and drop
the requirement that the solution have sample paths in Dy« [0, 00). (In any case, the
solution will have a modification with sample paths in Dgaa[0, 00).)

As in the introduction, we will need to represent the driving processes W and &
in terms of processes whose conditional distributions given X are their stationary
distributions. To avoid the danger of measure-theoretic or functional-analytic faux-
pas, we will assume that S and Sy are complete, separable metric spaces and that v
and p are o-finite Borel measures.

2.1 Representation of W by Stationary Processes

Let ¢1, 2, ... be a complete, orthonormal basis for L, (u). Then, W is completely
determined by

W((p,-,t):/ ei)W(duxds), i=1,2,....
Sox[0,z]

In particular, if H is an {F;}-adapted process with sample paths in Dy, [0, 00),
then

[Sox[o,t] H(s—, u)W(du x ds) = Z[O (H(s—,-), @i )dW(@;, 5).

i=1
In turn, if we define Y;(¢) = Y;(0) + W(g;,t) mod 27 and
Gi(t) = (COS(Yi @) + fot 3 cos(Y; (S))ds) _ (—fé sin(Y; (S))dW(gal-’s))
i sin(Y; (1)) + fy 3 sin(¥; (s))ds S cos(¥; (s))dW (gi.5) )
then

Wg.1) = /0 (= sin(¥; (s)). cos(¥; (5))) d&; (). (16)

and hence,

| HGaWaxds) = 3 [0 sl 5).cos(F ()G 5.
Sox[0,z] 0

i=1

Note that if ¥;(0) is uniformly distributed on [0, 277) and independent of W, then
Y; is a stationary process and for each z, the Y; (¢) are independent and independent
of o(W(gp;,s):s <t,j =1,2,...). Identifying 27 with 0, [0, 277) is compact and
Y = {Y;} is a Markov process with compact state space [0, 277)*°.
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2.2 Representation of & by Stationary Processes

Let {D;} C B(S) be a partition of S satisfying v(D;) < oo, and define &; (Cy X
C, x[0,t]) = &(Cy xCyN D; x[0,t]). Then, the &; are independent Poisson random
measures, and setting N; () = £([0, 1] x D; x [0,¢]), & can be written as

N;i(1)—1

ECx0.) = D Swivin
i=0

where {V; x,U; x,i > 1,k > 0} are independent, V; ¢ is uniform-[0, 1], and Uj; x is
D;-valued with distribution
v(-N Dj)

pi = v(D;)
Define

Zi(t) = (Vineo) Uin,0)-

Then, Z; is a Markov process with stationary distribution £ x f;, where £ is the
uniform distribution on [0, 1], and Z; (¢) is independent of o (£ (- x [0, 5]), s < ?).

Since, with probability one, V; x # Vi x+1., N; can be recovered from Z;, and
since

/[‘0,1]><S><[o,t] H (v, u, s=)E(dv x dux ds) = IZ/(; H(Z;(s—),s—)dNi(s),

& can be recovered from {Z; }.

2.3 Egquivalence to Martingale Problem

To simplify notation, we will replace 1jg a(x,.)](v)y (x,u) by y(x,u). There is no
loss of generality since S is arbitrary and we can replace [0, 1] x S by S. Under
the new notation, £ is a Poisson random measure on S x [0, co) with mean measure
v x m. We will also assume that v is nonatomic, so it is still the case that, with
probability one, N; can be recovered from observations of Z;.

Let Dy C C2([0,27)) be the collection of functions satisfying 7(0) = f(2n—),
£'(0) = f'(2n—), and f”(0) = f"(2n—), and let D; = C (D;). Define

D(A) =4 fo) [[ /) [ ] /i @) : fo € C2R?), fii € Do, foi € Dy

i=1 i=1

and for f € D(Z), derive A f by applying It6’s formula to
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SoXO) [T i@ [ ] fi(Zi (@),

i=1 i=1
Define L, by
1 ¢ 2
=3 ij -V .
Lef(x) = ,-,-Z=1 iy () g )+ () - VF ()
and L, by

1 02
Lyf» =52 @f(y).
k

Note that L, would be the generator for X if y were zero and L, is the generator
for Y = {Y;}. The quadratic covariation of X; and Y is

t
il = [ anxXsnds
0
where ¢;r(x) = fSo 0; (x, u)@x (1) 1 (du), so define Ly, by

Lay f(x.9) = Y ik (X)d; dy, (X, ).

ik

Foru € S and z € [[; D, let p(z, u) be the element of [ [; D; obtained by replacing
z; by u provided u € D;. Define

Diferd =[£G yz o) - fxy.2

i

— 1, )y (x.u) - Vi £ (x, 3, 2) ) ()

= [ (£ o) = £ty o
+ (Pt .96 15, @y () Ve f 5. 3.2).
Then, at least formally, by 1t6’s formula,
f(X(t),Y(t),Z(l))—J’(X(O),Y(O),Z(O))—/0 Af(X(5). Y(5), Z(s))ds

is a martingale for
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Af(6,9.2) = Lo f(6, 3,9 + Ly f(x,9,2) + Lay f(x, 3,9 + ) Ji f(x,,2)

1

=[] Ao ] £iG@)ASfo(x) + Ly f(x.y.2) + Lyy f(x..2)

i=1 i=1

+ Z /D_(f(x +y(x.z),y, plzu)—f(x +y(x,u),y, Z))v(du).

Unfortunately, in general, >, J; may not converge. Consequently, the extension
needs to be done one step at a time, so define Z" = (Z, ..., Z,) and observe that
the generator for (X, Y, Z") is

an(X,y,Z) = fo(xvyvz)+Lyf(x7y7Z)+nyf(xvyvz)+z-]if(xvyvz)
i=1

= [T A ] /i@DASG) + Ly f(x, 7.9 + Lay f(x,7,2)

i=1 i=1

+ Z /D_(f(x +y(x,2i), ¥, pz, u))— f(x + y(x, u), y,Z))v(du),

i=1

where we take D(Zn) ={f e D(//I) : my < n}. Note that as long as A fo € B(R%),
Anf € BR? x[0,2m)® x [T'_, D)).

Instead of requiring (X, Y, Z) to be a solution of the martingale problem for A,
for each n, we require (X, Y, Z") to be a solution of the martingale problem for Z,,

Lemma 2.1. If for each n, (X, Y, Z") is a solution of the martingale problem for
Apn with sample paths in Dgaa o 2o xqi_, p;[0-00), W is given by (16), and §
is given by

/;x[o,t] gw)é(du x ds) = Z/{; g(Z;(s—))dN; (s),

i=1
then (X, W, §) satisfies (15) for 0 <t < Teo.

Remark 2.2. Any process (X, Y, Z) such that for each n, (X, Y, Z") is a solution
of the martingale problem for A, will have a modification with sample paths in
Draaxio2myox1e2, p; [0, 00), and the modification will satisfy (17) for all f €
C2(RY), taking f(A) = 0.

Proof. As in the verification of (9), Lemma A.2 can again be used to show that
(X, W, &) satisfies
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t t
SO = XD+ [ A7 + [ VX (X0, 0 W ds)
+ / (f(X(s=) + y(X(s—).w) — f(X(s—)E(du x ds), (1)
Sx[0,t]

f e CCZ(Rd),t > 0, and it follows that X satisfies (15) for 0 < ¢ < To. O

Theorem 2.3. Let A be given by (13), and assume that (14) is satisfied and that
for f € CCZ(R“’), Af € B(R?). Then, any solution of the Dga |0, 00)-martingale
problem for A is a weak solution of (15). More generally, any solution of the mar-
tingale problem for A has a modification with sample paths in Dgaa |0, 00) and is a
weak solution of (15) on the time interval [0, Tso).

Remark 2.4. We need to relax the requirement in Theorem 1.4 that R(B) C C(E).
This extension is discussed in Sect. 4.

Proof. Let B, € P([0,27)*) be the product of uniform distributions on [0, 27)
and B" € [[/_, Bi. For x € R, ay(x,-) = 8x x By x B € P(RY x [0,27)® x
[T'—; Di). (yn is just the projection onto R?) Computing anZ,, f, observe that
anLyf = Lxanf, that ayL, f = 0 since B, is the stationary distribution for
Ly, and that o, L, f = 0 since f02” 0y, f(x,y,2dyr = 0. To see that o, J; f =
Jiay, f, note that

[[f(x+y(x,z,-),y,p(z,u))v(du)v(dz,-)
D; JD;
=/ /.ﬂx+y@m»xawmwmm.
D; JD;

Taking these observations together, we have o, Ay S =Aanf.

We apply Theorem 4.1. See Sect. 4. Note that D(A,) is closed under multipli-
cation. The separability condition follows from the separability of D(A,) under the
norm

LA e = 1A+ IV £+ 193 1

The pre-generator condition for B and B,, defined in Sect. 4 follows from existence
of solutions of the martingale problem for B! f = B, f(-,v). (See the discussion
in Sect. 2 of [3].) Consequently, taking C = A and B = A, in Theorem 4.1, any
solution X of the martingale problem for A4 corresponds to a solution (X, Y, Z") of
the martlngale problem for A,. But also note that ,BnAn_H f = Anﬁnf for f €
D(A,,+1) Consequently, any solution the martingale problem for A, extends to a
solution of the martingale problem for A,,+1. By induction, we obtain the process
(X,7, Z) so the first part of the theorem follows by Lemma 2.1.

If X is a solution of the martingale problem for A, then by [2], Corollary 4.3.7, X
has a modification with sample paths in Dgaa [0, 00). For nonnegative k € B(Rd),
let
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y(t) = inf{s : /S kY X(r))dr >t} .
0

Then, }(t) = X(y(t)) is a solution of the martingale problem for KA. If k(x) = 1
for |x| < k andk(x) = O for |x| > k + 1, then for 7y = inf{z : | X(1—)| or [X(1)] >
k}, X(1) = X(t) fort < 7 and X has sample paths in Dy [0, 00). It follows
that X is a weak solution of (15) with o replaced by +/ko, b replaced by kb and
A replaced by kA, and hence X is a weak solution of the original equation (15) for
t € [0, ). Since Too = limg_, o g, the theorem follows. O

Corollary 2.5. Uniqueness holds for the Dpa(0,00)-martingale problem for
(A, vo) if and only if weak uniqueness holds for (15) with initial distribution vy.

3 Conditions for Uniqueness

In the orginal development by Itd [8] as well as in later presentations (for exam-
ple, by Skorohod [9] and Ikeda and Watanabe [10]), L,-estimates are used to prove
uniqueness for (15). Graham [11] points out the possibility and desirability of using
Lj-estimates. (In fact, for equations controlling jump rates with factors such as
10,2 (x(r),u](v), L1-estimates are essential.) Kurtz and Protter [12] develop methods
that allow a mixing of L, L, and other estimates.

Theorem 3.1. Suppose there exists a constant M such that
b1+ [ lotemPa@o+ [ Iyl wvn) (18)
0 1
~|—/ Alx, w)|y(x,u)|v(du) < M,
S

and

\//S lo(x,u) —o(y, u)?u(du) < Mix — y| (19)
[b(x) =b(y)| <= M|x —y] (20)
/S (y(x,u) — y(y.w)?A(x,u) AA(y, u)v(du) < M|x — y|? 1)

[ = A0l - yalv@o < Mix -y @)
[S Ay -yl < Mlx -y (23)
/S|A<x,u)—A(y,u)ny(y,u)w(du) <Mix—y. @b

Then, there exists a unique solution of (15).
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Proof. Suppose X and Y are solutions of (15). Then,

X(t) = X(0) + /

Sox[0,]

t
o(X(s), u)W(du x ds) + / b(X(s))ds (25)
0
+f 104X 606,010y (X (s—), wE(do x du x ds)
[0,00)x S x[0,2]

+ / LY (5—),0) AL (X (=)0, (X (s=),0] (V)
[0,00) xS x[0,¢]
y(X(s—),u)é(dv x du x ds)

+ [ 104 smru) ()Y (X (52). 1w (v x due x ds).
[0,00) %S> x[0,2]

and similarly with the roles of X and Y interchanged. Then, (19) and (20) give the
necessary Lipschitz conditions for the coefficient functions in the first two integrals
on the right; (21) gives an Lj-Lipschitz condition for the third integral term; and
(22), (23), and (24) give L-Lipschitz conditions for the fourth and fifth integral
terms on the right. Theorem 7.1 of [12] gives uniqueness, and Corollary 7.7 of that
paper gives existence. O

Corollary 3.2. Suppose that there exists a function M(r) defined for r > 0, such
that (18)—(24) hold with M replaced by M(|x| Vv |y|). Then, there exists a stopping
time too and a process X(t) defined for t € [0, to0) such that (15) is satisfied on
[0, 7o0) and too = limg—o0 infit : |X(2)| or [X(1—)| > k}. If (X,7T) also has this
property, thenT = Too and X (t) = X (1), t < Teo.

Proof. The corollary follows by a standard localization argument. O

4 Equations with Measurable Coefficients

Let E and F be complete, separable metric spaces, and let B C C(E) x C (E x F).
Then, Theorem 1.4 can be extended to generators of the form

B (x) = [F B f(x. v)n(x. dv), 26)

where 7 is a transition function from E to F, thatis, x € E — n(x,:) € P(F) is
measurable. Note that B C C(E) x B(E) but that B may not have range in C (E).
(The boundedness assumption can also be relaxed with the addition of moment
conditions.) Theorem 1.4 extends to operators of this form.

Theorem 4.1. Suppose that B given by (26) is separable, that for each v € F,
BY f = B f(-,v) is a pregenerator, and that D(B) is closed under multiplication
and separates points in E. Let (Eg, o) be a complete, separable metric space, y :
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E — Ey be Borel measurable, and « be a transition function from Eq into E
(y € Ey — a(y,-) € P(E) is Borel measurable) satisfying a(y,y ' (y)) = 1.
Define

C = {(/ f(z)oe(-,dz),/ Bf(z)oe(-,dz)) 1 fe D(B)} )
E E
Let j1o € P(Eo), and define vo = [ a(y,-)po(dy). Ifﬁ is a solution of the martin-

gale problem for (C, wo), then there exists a solution V of the martingale problem
for (B, vo) such that U has the same distribution on Mg,[0,00) asU =y oV and

P{V(1t) e T|\FY} =a(U(r). '), T €B(E).teTY. 27)

Ifﬁ (and hence U) has a modification with sample paths in Dg[0, 00), then the
modified U and U have the same distribution on D g[0, 00).

Proof. See Corollary 3.5, Theorem 2.7, and Theorem 2.9d of [3]. |

To apply this result in the proof of Theorem 2.3, we must show that A, can be
written in the form (26). Suppose that for each compact K C Rd,

sup (Ja(x)| + |b(x)| +/ |y(x,u)|2v(du) +/ |y (x,u)| A 1v(du) < oo.
xek S S>

Let F; be the space of d x d nonnegative definite matrices with the usual matrix
norm, F, = ]Rd, and F3 the space of R4 -valued functions on S such that

[|y(u>|2v<du)+[ [y @) A Tv(du)) < oo,
S1 S>

We can define a metric on F3 by

d4<y1,yz>=\/ /S 12 0) — y2(0)[2v () + /S 1 0) — 2] A Ty (du).

Then, F = F; x F, x F3 is a complete, separable metric space, and for v =
W' v2,v3) eF,

d
1 9
Bf(rv) =3 2 g S 40V i@ (28)
i,j=1

+ /S(f(x + 03 W) = f(x) = Ls, (@)v* @) - V £ (x))v(du)

is the generator of a Levy process in R?. Let

N(X, ) = 8a(x),b(x),y(x,))-
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Then,
Af(x) = /Bf(x,v)n(x,dv).

Similarly, we can define B, to include Y and Z” so that

A fx.7.2) = [ By f(x. .2, v)1(x. dv).

Appendix

Lemma A.2. Let A C B(E) x B(E), and let X be a cadlag solution of the
martingale problem for A. For each f € D(A), define

My(1) = f(X(@)) — /0 Af(X(s))ds.

Suppose D(A) is an algebra and that f o X is cadlag for each f € D(A). Let
fi,..n, fm € D(A) and g1, ..., gm € B(E). Then,

MO =Y [ axe-nam;
i=170

is a square integrable martingale with Meyer process

(M), = > /0gi(X(S))gj(X(S))(Aﬁfj(X(S))—fi(X(S))Afj(X(S))

1<i,j<m

—fi(X(s)Af; (X(s5)))ds.

Proof. The lemma follows by standard properties of stochastic integrals and the fact
that

(Mg . Mp,)e = /0 (Af12(X(9) = [1(X(5)AS2(X(5)) = f2(X(5)) Af1(X(5)))ds.

This identity can be obtained by applying It6’s formula to f1 (X (¢)) f2(X(¢)) and
the fact that [ f; o X, f2 0 X]; = [My,, M £,]; to obtain

My Ml = AOXO) HXO) — HiXO) f(X(0) /0 Afi fo(X(5))ds
- / FU(X(5—))dM 4, (s) — / Fo(X(s—)dM , (5)
0 0

+ [0 (Af1 /(X)) = [i(X () AS2(X (5))— f2(X (5)) A f(X (5)))ds.



130 T.G. Kurtz

Since the first five terms on the right give a martingale and the last term is pre-
dictable, the last term must be (M 7, M z,);. |
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Accelerated Numerical Schemes for PDEs
and SPDEs

Istvan Gyongy and Nicolai Krylov

Abstract We give a survey of some results from Gyongy and Krylov (An accel-
erated splitting-up method for parabolic equations [10], Cauchy problems with
periodic controls [11], Expansion of solutions of arameterized equations and accel-
eration of numerical methods [12], Accelerated finite difference schemes for second
order degenerate elliptic and parabolic problems in the whole space [13], Acceler-
ated finite difference schemes for linear stochastic partial differential equations in
the whole space [14]) on accelerated numerical schemes for some classes of deter-
ministic and stochastic PDEs. First, we consider monotone finite difference schemes
for parabolic (possibly degenerate) PDEs in the spatial variable. We present some
theorems from Gyongy and Krylov (“Accelerated finite difference schemes for sec-
ond order degenerate elliptic and parabolic problems in the whole space, to appear
in Mathematics of Computation”) on power series expansions of finite difference
approximations in terms of the mesh-size of the grid. These theorems imply that
one can accelerate the convergence of finite difference approximations (in the spatial
variables) to any order by taking suitable mixtures of approximations correspond-
ing to different mesh-sizes. We extend these results to degenerate elliptic equations
in spaces with supremum norm. Then, we establish power series expansions for
finite difference approximations of linear stochastic PDEs, and hence we get, as
before that the rate of convergence of these approximations can be accelerated to
any order, provided the data and the coefficients of the equations are sufficiently
smooth. Finally, for a large class of equations and various types of time discretiza-
tions for them, we present some results from Gyongy and Krylov [10—12] on power
series expansion in the parameters of the approximations and get theorems on their
acceleration.
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1 Introduction

About a century ago, L.F. Richardson introduced an idea of accelerating the con-
vergence of numerical solutions to deterministic equations. He implemented it in
improving the accuracy of finite difference approximations for some parabolic PDE,
which he wanted to solve as accurately as one could in the time when no com-
puter existed. Richardson’s idea is based on the assumption that finite difference
approximations admit power series expansions in term of the mesh-size so that in
appropriate mixtures of approximations corresponding to different mesh-sizes, the
lower order terms vanish. Richardson showed that his idea works in some cases
and demonstrated its usefulness in [28] and [29]. His method, often called Richard-
son’s method or extrapolation to the limit, became an important method of modern
numerical analysis, and his idea is applied to various types of approximations. The
reader is referred to the survey papers [2] and [4] for a review on the history of the
method and on the scope of its applicability and to the textbooks (for instance, [23]
and [24]) concerning finite difference methods and their accelerations.

In the present paper, we give a survey of some of our recent results from
[10]-[14] on accelerated numerical schemes for linear PDEs and stochastic PDEs.
These results revolve around the possibility of power series expansions of approx-
imations for the solutions in terms of the parameter of the discretizations of equa-
tions under consideration. First, in Sect. 2, we consider monotone finite difference
schemes for parabolic PDEs in the spatial variable. We present some theorems from
[13] on power series expansions of finite difference approximations in terms of the
mesh-size of the grid. These theorems imply that if the coefficients and the data
of the equations are sufficiently regular, then one can accelerate the convergence
of finite difference approximations (in the spatial variables) to any order by tak-
ing suitable mixtures of approximations corresponding to different mesh-sizes. We
also give conditions under which the constants in our estimates are independent of
the time variable; it allows us to extend our theorems on expansions and accelera-
tions to elliptic equations in Sect. 3. Our results seem to be the first ones to justify
Richardson’s method for degenerate elliptic and parabolic equations in spaces with
supremum norm.

In Sect. 4, we consider stochastic linear PDEs of parabolic type and finite dif-
ference schemes for them in the spatial variables. The finite difference schemes
are quite general; we do not require them to be monotone. We establish again a
power series expansions in terms of the mesh-sizes and give an estimate of the
second moment of suitable Sobolev norms of the remainders. Hence, as before,
we get that if the coefficients and the free data are sufficiently regular, then by
Richardson’s method we can accelerate the rate of convergence of finite difference
approximations to any order.
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We note that there are some well-known applications of Richardson’s method
to stochastic differential equations (SDE) in the literature. In particular, in [33],
and in its generalisations [19] and [16], week convergence of Euler’s approxima-
tions of SDEs are accelerated. In contrast, here we consider acceleration of strong
convergence of finite difference approximations in the space variable for stochastic
parabolic equations. Our results have obvious applications in nonlinear filtering of
partially observed diffusion processes. As far as we know, these are the first results
in this direction.

In Sects. 2—4, we consider equations in the whole space having in mind treating
equations in bounded smooth domains in a subsequent article. In connection with
this, it may be worth noting that the results we present are applicable, for example,
to the one dimensional ODE

(1 =x>2%"(x) —c()u(x) = f(x), xe(=1,1).

The point is that one need not prescribe any boundary value of u at the points £1,
and if one considers this equation on all of R, the values of its coefficients and f
outside (—1, 1) do not affect the values of u(x) for |x| < 1. Another rather standard
example even of a uniformly nondegenerate equation with constant coefficients is
the following. Consider the one-dimensional heat equation

U = uxx, t>0, u(0,x)=cosx.
Then, the true solution is
u(t,x) =e'cosx, u(l,0)=e"! =0.3678794,

and the obvious symmetric finite difference scheme in the space variable with mesh-
size h = 1/2 and h = 1/4 give the approximations

v(1,0) = 0.3755591, and w(1,0) = 0.3697965,

respectively, for u(1, 0). These approximations are accurate up to the second digit
only, whereas the Richardson’s accelerated approximation

4w(1,0)/3 — v(1,0)/3 = 0.3678756

gives the correct value up to the fifth (out of seven) digit. By the way, if one does not
use the acceleration, then one gets such accuracy for z = 0.011, which is almost 25
times smaller than 1/4.

Finally, in Sect.5, we consider a class of deterministic equations and vari-
ous types of time discretizations for them. The class of equations includes linear
parabolic PDEs, systems of parabolic PDEs, in particular symmetric hyperbolic
systems of first order PDEs. The numerical approximations we consider include
splitting-up approximations and finite difference schemes in time. We cite some
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results from [11] and [12] on power series expansion of numerical approximations
in the parameters of the approximations. In applications, these parameters play the
role of the mesh-size of time grids. Hence we get acceleration results for those
numerical approximations that belong to the class of schemes presented here. We
refer to [12], where more general equations and numerical schemes are considered,
and more general theorems on power series expansions are proved.

Clearly, by combining the theorems of Sects. 2 and 5, one can get expansions and
accelerations for various fully discretized parabolic PDEs and systems of parabolic
PDE:s. It is natural to look also for accelerated space and time discretized schemes
of stochastic PDEs, say by using time discretization to solve the stochastic differen-
tial equations obtained after space discretizations. One knows, however, that if the
values of the driving multidimensional Wiener process are given only on the grid,
then, in general, one cannot have a numerical scheme for SDEs with (strong) rate of
convergence better than /7, where 7 is the mesh-size of the grid. On the other hand,
in some particular cases, for example, when the Wiener process is one-dimenional
or some special data, such as iterated stochastic integrals of the components of
the Wiener processes are available, then one can have accelerated fully discretised
numerical schemes for SPDEs. (See, e.g., [15] for high order strong approximations
of stochastic differential equations when appropriate iterated stochastic integrals of
the Wiener processes are used in the numerical schemes.)

2 Monotone Finite Difference Schemes for Parabolic Equations
We fix some numbers /g, T € (0, 00), and for each number & € (0, ko], we consider
the integral equation

t

u(t,x) = gx) +/0 (Lhu(s,x) + f(s,x)) ds, (t,x)e Hrt (1)

for u, where g(x) and f (s, x) are given real-valued Borel functions of x € R? and
(s,x) € Hr = [0, T] x R?, respectively, and L, is a linear operator defined by

Lug(t,x) = LYg(t, x) — c(t, x)¢(x), 2
1
Lip(t,x) =+ 3 ax(t, )82000 + 3 palt,08ae(), )
A€, A€A

for functions ¢ on R<. Here A is a finite subset of R? such that 0 g Ay,

Inap() = 2ol + 1)~ p(), A€ Ay,
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qx(t,x) >0, pa(t, x), and c(z, x) are given real-valued Borel functions of (¢, x) €
Hyo = [0,00) x RY foreach A € Ay. Set [A1]? = Y ;c4, A%
As usual, we denote

0
DaZD?l...DZd, Di:%7 |(¥|=ZO{,', D,’jZDl‘Dj

1

for multi-indices ¢« = (o1,...a4), @i € {0,1,...}. For smooth ¢ and integers
k > 0, we introduce Dk<p as the collection of partial derivatives of ¢ of order k, and
define

ID¥e? = Y D%, [l = sup [DFo)|. ol =) _leli-

la|=k xeR4 i<k

For functions v, depending on 2 € (0, hg], the notation D,’j Y, means the kth
derivative of ¥ in &. For Borel measurable bounded functions ¥ = ¥ (¢, x) on Hr,
we write Y € B = BT if, foreacht € [0, T'], ¥ (¢, x) is continuous in R4 and for
all multi-indices o with || < m the generalized functions D*v (¢, x) are bounded
on Hr. In this case, we use the notation

Iy l7 =sup D D%y (t, %),

AT o <m

This notation will be also used for functions ¥ independent of ¢.
Let m > 0 be a fixed integer. We make the following assumptions.

Assumption 2.1. For any A € Ay, we have py,q,,c, f,g € B", and for k =
0,...,m and some constants My, we have

sup (Y (ID*qal* +1D* pal?) + [D¥e?) < MZ. “)
Hr AGA]

Remark 1. One can show, see Theorem 2.3 of [6], that under Assumption 2.1 for
each h € (0, hy], there exists a unique bounded solution uj, of (1); this solution is
continuous in Hr, and all its derivatives in x up to order m are bounded. Actually,
in Theorem 2.3 of [6], it is required that the derivatives of the data up to order m
be continuous in Hr, but its proof can be easily adjusted to include our case (see
Remark 5 below).

We view (1) as a finite difference scheme for the problem
9 d
a—tu(t,x) = Lu(t,x)+ f(t,x), te(0,T], x e R%, 5)

u(0,x) =g(x), x¢€ ]Rd, (6)
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where

d d
L :=% Z Z qrrird;DiD; + Z ZPM;‘Di —c. @)

AEA] i,j=1 AEA] i=1

For this reason, we need the following assumption.

Assumption 2.2. Forall (t,x) € Ht

> Agalt.x) =0.

)LEAl

Notice that under Assumption 2.2 for continuous functions ¢ on Hr, sufficiently
smooth in x € ]Rd, we have

}}im Lyp(t,x) = Lo(t,x) for(t,x) € Hr,
—0

which can be seen from the Taylor formulas

1
> padiar = Y i [ dretex + hoi .
0

AeA, AEA]
1
Z W qadnap = Z q,x/ (1=0)33¢(t,x + hoA)do,
A€, A€, 0
where 0y = Zl‘-i:l/\i D;¢ denotes the derivative of ¢ in the direction of
A=R1,...,4q).

Remark 2. We often use also the following symmetry conditions:
(S)A; =—Ajandg) = gy forall A € A;y.
(P) Ay =—Ajand py = —p_ forall A € A;.
Clearly condition (S) implies Assumption 2.2. Moreover, if condition (S) holds, then

WY 7 qat, )8ha0(x) = (1/2) D qa(t,x) Ap (),

AEA] AEAI

where
Appp(x) = h2(p(x + hA) —29(x) + @(x — hd)).

By a solution of (5)—(6), we mean a bounded continuous function u(¢, x) on Hr,
such that it belongs to B2 and satisfies

u(t, x) = g(x) + /0 [Cu(s. x) + f(5.x)]ds ®)
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in Hr in the sense of generalized functions, that is, for any ¢ € [0,7] and ¢ €
CoRY)

[Rd¢(x)u(t,x)dx =/ d)(x)g(x)dx—}—/t[ ¢(—cu+ f)(s,x)dxds

/[qusz ZqMA D;Dju

AEA] i,j=1

+ZpA)L,-D,-u)(s,x) dxds. 9)
i=1
Observe that if u € B2, then (9) implies that (8) holds almost everywhere with
respect to x, and if u € 83, then the second derivatives of u in x are continuous in
x and (8) holds everywhere.

We remark that it is shown in [20] that in all practically interesting cases of
parabolic equations such as (8), the operator £ can be represented as in (7), which
justifies considering operators Lg in form (3).

The following theorem on existence and uniqueness of solutions is a classical
result (see, for instance, [25-27]). In [13], we give an elementary proof by using
finite-difference approximations.

Theorem 1. Let Assumption 2.1 hold with m > 2. Then, (8) has a unique solution
u® e B2 = %2 Moreover, u'® e BT and

6@l < NSl + N1gllm), (10)

where N is a constant, depending only on d, m, |A1|, My, ..., My, and T.

Assuming now that Assumption 2.1 holds with m > 2, we want to know if uy,
the unique bounded solution of (1) (see Remark 1) admits an expansion

ho .
up(t, x) = u @, x) + Z ,—'u(f)(t,x) + W, x), (11)
1<j<k 7’
for all (¢,x) € Hr and h € (0, ho], where u©® the unique solution of (8),

u(l), - u® are some functions on Hy, independent of &, and ry, is a function
on Hrp defined for each i € (0, K] such that

(2, )] = N(I[f llm =+ llgllm) (12)

forall (t,x) € Hr, h € (0, hg] with some constant N independent of /.
To formulate our first result concerning the above expansion, we introduce

Xha =4+ hpy,

and the following assumption.
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Assumption 2.3. Forall (t,x) € Hr, h € (0, ho], and A € Ay,

Xn(t,x) = 0. (13)

Theorem 2. Let Assumption 2.1 with m > 3 and Assumption 2.3 hold. Let k > 0
be an integer. Then, expansion (11) holds with ry, satisfying (12), provided one of
the following conditions is met:

(i) m > 3k + 3 and Assumption 2.2 holds
(ii) m > 2k + 3 and condition (S) holds
(iii) k is odd, m > 2k + 2, and conditions (S) and (P) are satisfied.

In each of the cases (i)—(iii), the constant N depends only on d, m, |A1|, Mo, ...,
M, and T. In case (iii), we have u) = 0 for all odd j in expansion (11).

The following corollary is one of the results of [3] proved there by using the
theory of diffusion processes. It follows immediately from case (iii) of the above
theorem with £k = 1. Of course, the result is well known for uniformly nondegener-
ate equations, but we do not assume any nondegeneracy of £, which becomes just a
zero operator at those points where g, = p), = ¢ =0.

Corollary 1. Let conditions (S) and (P) be satisfied. Let Assumption 2.1 withm = 4
and Assumption 2.3 hold. Then, we have |uj, — ug| < Nh?.

Actually, in [3], a full discretization in time and space is considered for parabolic
equations, so that, formally, Corollary 1 does not yield the corresponding result of
[3]. On the other hand, a similar corollary can be derived from Theorem 13 below,
which treats elliptic equations, and it does imply the corresponding result of [3]. It
also generalizes it because in [3], one of the assumptions, unavoidable for the meth-
ods used there, is that g, = r/% with functions r), that have four bounded derivatives
in x, which may easily be not the case under the assumptions of Theorem 13.

To formulate a result implied by Theorem 2 on acceleration for parabolic equa-
tions, we fix an integer kK > 0 and set

k
=Y pjlly—ip (14)
j=0

where, naturally, u,—;;, are the solutions to (1), with 2=/ hin place of &,
(00, p1.-- -, pr) = (1,0,0,...,0)V 1 (15)
and V! is the inverse of the Vandermonde matrix with entries
Vi == =DU=D =k + 1.

The following result is a simple corollary of Theorem 2.
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Theorem 3. In each situation when Theorem 2 is applicable, we have that the
estimate

lin (t, %) — u @, )] < NS Il + llgllm)*T! (16)

holds for all (t,x) € Hr, h € (0, ho], where N is a constant depending only on d,
nL|11ﬂ,Alop..,Alm,and7i

Proof. By Theorem 2
ko pi
S k .
iy = u® + Z 127 WD 4y yhH =010,
i=1
with 7,—;, 1= 27/%+Dp ;. which gives

up = ijuz fh—(ZP )u(o)—}—ZZpJ ,zlu ")+ijr2 th i

Jj=0i=1

k k
— 0 u® ()] Fo_ o Rkl
=u +Z,| 22114_20'01”2*%—“ +Zopjrrfhh ,
j= Jj=

i=1 =

since
k k
Yopr=1 Yp2 =0 =12k
j=0 Jj=0

by the definition of (py, ..., px). Hence,
k
sup iy, —u@| = sup | Y~ piFriy KT < NS I + 1€ lm)R*FY,
Hr Hr -9

and the theorem is proved. O

Sometimes, it suffices to combine fewer terms u,—;; to get accuracy of order
k + 1. To consider such a case for integers k > 0 define

k
Z PjUr—ip s

where B _
(Po. pi.---.pp) == (1,0,0,...,00V"", k=[], (17)

and V! is the inverse of the Vandermonde matrix with entries

Vi =47 0DG=D g =k + 1.
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Theorem 4. Suppose that the assumptions of Theorem 2 are satisfied and condition
(iii) is met. Then, for uy, we have

sup @ — i) < N(| fllm + llgllm)n*t!
T

forall h € (0, hg], where N depends only on d, m, |Ay|, My, ..., My, and T.

Proof. We obtain this result from Theorem 2 by a straightforward modification of
the proof of the previous result, taking into account that for odd j, the terms with
h’ vanish in expansion (11) when condition (iii) holds in Theorem 2. O

Example 1. Assume that in the situation of Theorem 4, we have m = 8. Then,
~ .4 1
uy = §Lih/2 — §Lih

satisfies
sup [u® — @) < Nb*
Hrp

for all i € (0, ho].

The above results show that if the data in (8) are sufficiently smooth, then the
order of accuracy in approximating the solution «® can be as high as we wish if
we use suitable mixtures of finite difference approximations calculated along nested
grids with different mesh-sizes. Assume now that we need to approximate not only
u® but its derivative D*u‘® for some multi-index o as well. What accuracy can we
achieve? The answer is closely related to the question whether the expansion

hJ .
D%y (1, x) = Du®(t, x) + Z .—‘Dau(j)(l,x) + H* DYy (2, x)  (18)
1<j<k 7~

holds for all (¢, x) € Hy and h € (0, hg], such that

[D¥ra(t. )| < N(I[f llm + 118 llm) (19)

for all (¢,x) € Hr, h € (0, ho]. It is also natural to extend the above theorems from
the parabolic to the elliptic case. The rather serious difficulty is that the constant in
our estimates depends on T. To overcome this difficulty, we introduce some more
notation and assumptions and investigate the smoothness of uj in x. As a simple
byproduct of this investigation, we also obtain smoothness of u;, with respect to #,
which, by the way, cannot be derived from (11).

Let 7, be a function defined on A; taking values in [0, 00), and for A € Ay,
introduce the operators

Thap(x) = @(x +hA), Spa = tah (T — D).
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Set

1AL ? = ) [mal™

AEA]

For uniformity of notation, we also introduce A, as the set of fixed distinct vectors
2t ..., ¢9 none of whichisin A; and define

Spei =7w0Di, Thpu=1 A=A UA,,
where 79 > 0 is a fixed parameter. For A = (1!, 12) € A2, introduce the operators
Tha =Ty Thpz. Sna =818,
Fork =1,2,u € Ak we set

Qe =h™" D Gnuan)bre. L), 0 =0nup+ Y Grupi)sag.
AEAI AEA]

Ap(@) =2 CGna@) Ly, Thag. Q@) = Y 1nalGnie)*.
A€A A€A

Below B(R?) is the set of bounded Borel functions on R?, and & is the set of
bounded operators K, = Kj,(t) mapping B(R?) into itself preserving the cone of
nonnegative functions and satisfying 51 < 1.

Finally, we fix some constants § € (0, 1] and K € [1, co) and remark that below
K = Kj = Kj(t) denotes generic elements from operators from K, which may be
different from one appearance to another.

Assumption 2.4. There exists a constant co > 0 such that ¢ > cop.

This assumption is almost irrelevant if we only consider (1) on a finite time
interval. Indeed, if ¢ is just bounded, say |¢c|] < C = const, by introducing a new
function v(¢, x) = u(t, x)e_ZC’ , we will have an equation for v similar to (1) with
sz —(c+2C)vand fe 2C in place of Lyu and f, respectively. Now for the new
c,wehavec +2C > C.

Assumption 2.5. We have m > 1, and for any h € (0, hy|, there exists an operator
Ky = Kpm € K, such that

mAn(p) < (1-8) Y Qn(8p.29) + KQn(@) +2(1—8)ckKn( D 8nael?) (20)
AeA AeA

on Hr for all smooth functions ¢.

Assumption 2.6. We have m > 2, and for any h € (0, ho]l andn =1, ..., m, there
exist operators Ky = Ky, € &, such that



142 1. Gyongy and N. Krylov

n Y AnGuv@) + 1 —=1) Y 6520)OnaThap < (1=8) Y Qu(Gnip)

veA AeA2 AeA2

+ K> 0nnag) +2(0=8)ckKn( Y 18na0?) + KKn( D 18nael®) 21
AEA reA? AEA

on Hr for all smooth functions ¢.

Obviously, Assumptions 2.5 and 2.6 are satisfied if g and p, are independent of
x. In the general case, as it is discussed in [6], not only do the above assumptions
impose analytical conditions, but they are related also to some structural conditions,
which can somewhat easier be analized under the symmetry condition (S).

Assumption 2.7. Forallt € [0,T],

Z Aqg(t,x) isindependent of x. (22)
AEAI

In the main case of applications, we will require the last sum to be identically
zero as in Assumption 2.2.

Remark 3. Assumptions 2.5 and 2.6 are discussed at length and in many details in
[6] and [7], and sufficient conditions, without involving test functions ¢ are given
for these assumptions to be satisfied. In particular, it is shown in [7] that if condition
(S) holds, m > 2, t; = 1, Assumptions 2.1 and 2.3 are satisfied, and g; > « for
a constant x > 0, then both Assumptions 2.5 and 2.6 are satisfied for any ¢o > 0
and § € (0, 1), if Ay is sufficiently small and 7o, K, and K are chosen appropriately.
Moreover, the condition ¥ > 0 can be dropped, provided, additionally, that c¢ is
large enough (this time we need not assume that / is small). Remember, that the
condition that ¢ be large is, actually, harmless as long as we are concerned with
equations on a finite time interval. Mixed situations, when c is large at those points
where some of ¢, can vanish, are also considered in [7].

In [6], we have seen that Assumption 2.5 imposes certain nontrivial structural
conditions on g, which cannot be guaranteed by the size of c¢o if ¢, is only
once continuously differentiable. In contrast, even without condition (S), given
that Assumptions 2.1, 2.5, and 2.7 are satisfied and m > 2, as is shown in [7],
Assumption 2.6 is also satisfied if ¢g is large enough.

Theorem 5. Let Assumption 2.1 through 2.6 hold withm > 3. Letk > O and [ €
[0, m] be integers. Then, for every multi-index o such that || < I, the function D*uy,
is a continuous function on Hr, and expansion (18) holds with D%ry, satisfying (19),
provided one of the following conditions is met:

(i) m>3k+3+1
(ii) m > 2k + 3 + [ and condition (S) holds
(iii) k is odd, m > 2k +2+1, and conditions (S) and (P) are satisfied. In each of the
cases (i)—(iii), the constant N depends only on d, m, 8, K, 1y, co, | A1|, || A1,
My, ..., M,,. In case (iii), we have ul) = 0 for all odd j in the expansion.
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The following is an obvious consequence of Theorem 5. (See the proof of
Theorem 3.)

Corollary 2. Suppose that the assumptions of Theorem 5 are satisfied. Then,

sup|D%it, — Du®| < NE*FL(| £ llm + 11gllm).
Hr

and if condition (iii) is met, then

sup|D%@t, — DU < NE*FU( £ llm + 11gllm).
Hr

where N depends only onond, m, 8, K, t, co, |A1l, | AL, Mo, ..., M.

Remark 4. Observe that for k = 0 Theorem 5 implies that

sup |[D%uj, — D*u®| < Nh (23)
Hp

if m > 3 + |a| and Assumption 2.1 through 2.6 hold. In addition, one can replace
D%uy, in (23) with %, where

o __ o0 aq
8, = Sh,el -...-Sh’ed
and e; is the i th basis vector in R?. This follows easily from the mean value theorem
and Theorem 6 below. The reader understands that similar assertion is true in case
of Corollary 2 with the only difference that one needs larger 7 and better finite-
difference approximations of D¢.

Next, we investigate the smoothness of 1y, in x and /. Recall that for functions ¢
depending on /, we use the notation D; ¢ for the rth derivative of ¢ in 4. As usual,

DYy :=¢.

Remark 5. Suppose that Assumption 2.1 is satisfied. Take an 1 € (0, /g), consider
(1) as an equation about a function uy (¢, x) as function of (4,1, x) € [h1, ho] X HT,
and look for solutions in the space B (h1) = BT (hy), which is defined as the
space of functions on [hy, hg] x Hr with finite norm

Z sup | DDyup(t, x)|. 4
la|4+3r<m [h1,holxHp

It is obvious that the integrand in (1) can be considered as the result of applica-
tion of an operator, which is bounded in 8™ (h1), to uy(s, x). Therefore, a standard
abstract theorem on solvability of ODEs in Banach spaces shows that there exists a
solution of (1) in B™ (h1). Since just bounded solutions are uniquely defined by (1),



144 1. Gyongy and N. Krylov

we conclude that our uy, belongs to B (hy) for any h; € (0, hg). Obviously, if the
derivatives of the data are continuous in x, the same will hold for uy,.

The above argument, actually, works if we replace |a|+3r < m with |a|+7r < m
in (24). We talk about (24) in the above form because we will show that under our
future assumptions the quantity (24) is bounded independently of /.

Theorem 6. Let k > 0 and m > 2 be integers and suppose that Assumptions 2.1
through 2.6 are satisfied. Then, for each integer r > 0 such that

3k +r <m,

the generalized derivatives D’D;lfuh exist on (0, ho] X Hr, are bounded, and we
have

ID" Dfup| < N(If llm + lglm), (25)

where N is a constant depending only on m, 8, cg, 19, K, My, ..., My, |A1|, and
| A1l In particular, uy, € B™ and

lunllm < NS llm + 1gllm)-

From the above theorem, one can get, as simple corollary, the following theorem,
which we use when we consider the elliptic case below.

Theorem 7. Suppose that Assumptions 2.1 through 2.6 hold with m > 2. Then, the
constant N in (10) depends only on m, §, co, 19, K, My, ..., My, |A1|, and || Aq]|
(thus, is independent of T ). The same is true for the constants N in Theorems 2, 3,
and 4.

Additional information on the behaviour of D" D ,’f uy, for small 4 is provided by
the following result.

Theorem 8. Let k > 1 be an odd number and suppose that Assumptions 2.1
through 2.6 hold with m > 3k + 1. Assume that the symmetry conditions (S) and
(P) are satisfied.

Then, for any integer r > 0 such that

3k+r<m-—1,

we have
sup | D" Dijus| = N(I lm + 18l (26)
T
for all h € (0, hg], where N depends only on m, 6, co, 10, K, |A1], ||A1]l,
Mo, ..., My,
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3 Acceleration for Elliptic Equations

Here we assume that p,, ¢,, ¢, and f are independent of ¢ and turn now our
attention to the equations

Lyvp(x) + f(x) =0 x e RY, (27)

Lo(x) + f(x) =0 xeR?, (28)

where L, and Ly, are defined by (2)—(7) and (8).

Naturally by a solution of (28), we mean a function v on R¢ such that it belongs
to B2, and (28) holds almost everywhere. Clearly, if a solution v belongs to 8> and
qx, P, C,and f are continuous functions on Rd, then (28) holds everywhere.

First, we prove the existence and uniqueness of the solutions of (27) and (28).

Theorem 9. Suppose that Assumption 2.1 is satisfied with an m > 0 and let
Assumptions 2.3 and 2.4 hold. Then, (27) has a unique bounded solution vy,.
Moreover, vy, belongs to B™.

Proof. Observe that (27) is equivalent to

va(x) = hEX) f(x) + E(x) D pavn(x + Ah),

AEA]

where

£ =Mc+ )
AGA]
Hence we can see that the existence and uniqueness of bounded solution of (27)
follow by contraction principle. Using smooth successive iterations yields that vy €
B, O

Theorem 10. Let Assumptions 2.1 through 2.6 hold with an m > 2. Then, (28) has
a unique solution v in the space B2. Moreover, v € B™ and there is a constant N
depending only on m, 8, co, 1o, K, My, ..., My, | A1, and || A1 || such that

[vlm = NILf lIm- (29)

Proof. First, we prove uniqueness. Let v € B2 satisfy (28) with f = 0. Take a
constant v > 0, so small that ¢ — v > ¢¢/2 and conditions (20) and (21) hold with
¢ — v and §/2 in place of ¢ and §, respectively. Then, for each T > 0, the function
u(t, x) := e’’v(x)), (¢, x) € Hr, is a solution of class %% of the equation

%u =(L+v)u onHr (30)

with initial condition u(0, x) = v(x). Hence by virtue of Theorem 7 for every 7'>0,
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" v(x)] = [w(T, x)| < NlJv]2,

where N is independent of (7', x). Multiplying both sides of the above inequality by
e T and letting T — 00, we get v = 0, which proves uniqueness.

To show the existence of a solution in B, let u be a function defined on Hy,
such that for each T > 0 its restriction onto Hr is the unique solution in B7 of
(30) with initial condition u(0, x) = f(x) (see Theorem 1). By Theorem 7

sup »  [D"ul < N|.f |m

Heoo r<m

with a constant N depending only on m, 6, ¢, t9, K, My, ..., My, |A1|, and || A1 ]|
Hence

o0
v(x) :=/ e Vlu(r,x)dt, xeR?
0

is a well-defined function on R4, v € B™, and
o0
Lv(x) =/ e V' Lu(t, x)dt
0
° 0
= / e V! (Eu(t,x) - vu(t,x)) dt = —f(x).
0

where the last equality is obtained by integration by parts. Consequently, v is a
solution of (30) and it satisfies estimate (29). O

Theorem 11. Let k > 0 and suppose that Assumptions 2.1 through 2.6 are satisfied
with an m > 3k. Then, for any h € (0, ho| and for each integer r > 0, such that

3k +r <m,

for the unique bounded solution vy, of (27), we have

sup | D" Djvy| < N f llm. (31)
(0,ho]xR4
where N is a constant depending only onm, §, cg, 19, K, |A1], | A1, Mo, ..., Mpy,.
In particular,
lvallm < NS lm-

Proof. To prove (31), take a constant v > 0 as in the proof of Theorem 10, define
u(t, x) := vp(x)e?, and observe that u is the unique bounded solution of

B%M =L)u—(c—v)u+ef, u(0,x)=vyx).

By Theorem 6 for any 7" > 0,
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e’T|D" Dk vy (x)] = D" DXu(T, x)| < Ne*T|| £ |lm + N|valm:

where N is a constant, depending only onm, 8, cg, 79, K, |A1], [|A1], Mo, - .., Mp,.
By multiplying the extreme terms by e ™*7 and letting 7 — oo, we get the result.
0

From estimate (26), we obtain the corresponding estimate for the derivatives of
vp.

Theorem 12. Let the conditions of Theorem 8 hold. Then, for any integer r > 0
such that
3k4+r<m-—1,

for the solution vy, of (27), we have

sup | D" Dfvy| < NI f |mh
]Rd

for all h € (0, hg], where N depends only on m,$§,co, 19, K, |A1], ||A1]| and
My, ..., My,.

Proof. This theorem can be deduced from Theorem 8 in the same way as Theorem
11 is obtained from Theorem 6. O

Now we want to establish an expansion for vy, that is, to show for an integer
k > 0 the existence of some functions v(o), ..., v® on Rd, and a function R; on
R for each i € (0, ho] such that for all x € R? and & € (0, hg]

ho
() =00 + Y o) + HR (), (32)
l<j<k *°
sup sup Ryl < NI flm (33)
he(0,ho] R4

with a constant N .

Theorem 13. Suppose that Assumptions 2.1 through 2.6 are satisfied with an
m > 3. Let k > 0 be an integer. Then, expansion (32) holds with v® being the
unique B™ solution of (28) and Ry, satisfying (33), provided one of the following
conditions is met:

(i) m> 3k +3
(ii) m > 2k + 3 and condition (S) holds
(iii) k is odd, m > 2k + 2, and conditions (S) and (P) are satisfied.

In each of the cases (i)—(iii), the constant N in (33) depends only on d m,
8,co0,70, K, | A1), || A1, Mo, ..., My, Moreover, when (iii) holds, we have v =0
forallodd j.
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Proof. Take a small constant v > 0, as in the proof of Theorem 10; let u be a
function defined on H, such that for each 77 > 0, its restriction onto Hr is the
unique solution in BY of

a
8_Zuh =(Lp+vu, (t,x)€ Hyp

up(0,x) = f(x) xeR?,
(see Remark 1). As in the proof of Theorem 10, we get that

o0
vp(x) =/ e uy(t, x)de.
0

By Theorem 2 in each of the cases (i)—(iii), we have

o
up(t.0) =u@@0) + Y =)+ ), G
I<j<k 7~

for all (t,x) € Hoo, h € (0, hg], and by Theorem 7, we have

k
sup sup{lup| + Y _ [P |+ [ral} < N| fllm (35)

he((),h()] Hoo j=0

with a constant N depending only on d, m, §, co, 70, K, My, ..., My, |A1], and
| A1]l. Multiplying both sides of (34) by e ™! and then integrating them over [0, 00)
with respect to df, we get expansion (32) with

o0
Ry (x) :=/ e Vit x)de,
0

o0
v (x) ::f e VU, x)dr, forj =0,... k.
0

Clearly, (35) implies that (33) holds with N depending only on d, m, §, co, 79, K,
My, ..., My, |A1], and | A1]. As we know, the function u® in (34) is the 6"
solution of

%u =(L+vu (t,x) € Heo,

u(0,x) = f(x) xeR?,

which as we have seen in the proof of Theorem 10 guarantees that v(?) is the unique
B™ solution of (28). O

The following result can be obtained easily from Theorem 5 by inspecting the
proof of the previous theorem.
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Theorem 14. Let py, q), ¢, and [ satisfy the conditions of Theorem 13, with m —1
in place of m in each of the conditions (i)—(iii) for an integer | € [0, m]. Then,
D%vy, is a bounded continuous function on R4 for every multi-index o, |a| < I,
and the expansion (32) is valid with D* vy, {D"‘v(j)}lj-zo and D* Ry, in place of vy,
{v(j)}lj-zo and Ry, respectively. Furthermore, (33) holds with D* Ry, in place of Ry,
and a constant N depending only on d, m, 8, co, 70, K, | A1), | A1, Mo, ..., Mp.
In case (iii), we have v) = 0 for all odd j in the expansion.

Set y
k i
ﬁhzzpjvzfjh’ ﬁh=Zﬁjvzﬁh,
j=0 Jj=0

where (pg, p1,-..,pr) and lg, (Po, p1, - - - ,,5,;) are defined by (15) and (17) in
Sect. 2. Then, we have the following corollary.

Corollary 3. Suppose that the assumptions of Theorem 14 are satisfied. Then, for

every multi-index o with || < [,

sup | D%y, — D*vO| < N|| f | mh* T,
]Rd

and if condition (iii) is met, then

sup | DB — DO < N|| fllmh* T,
]Rd

where N depends only on d, m, 8, K, 1y, co, |A1|, | A1, Mo, ..., Mp.

4 Acceleration for Stochastic Parabolic PDEs

We consider the equation

du(t) = (L(Ou(t) + f (1)) dr + (MP(0u(t) + g°(1)) dw’ (1), (36)

for (¢, x) € [0, T] x R? =: Hy with some initial condition, where
L()¢ = a*? (1)DaDpp.  MP(1)¢ = b**(t) Dud.

and {w”}77 , is a sequence of independent Wiener processes given on a probability

space (£2, F, P) equipped with a filtration (F);>o such that w? is F;-measurable
and w? — w§ is independent of Fy for all 0 < s < t and integers p > 1.
Here and below the summation with respect to o and f is performed over the
set {0,1,...,d} and with respect to p in the range {1,2,...}. Assume that, for
a,B €{0,1,...,d}, we have a*f = aP® and B (1) = a*P (t, x) are real-valued
and by = (b*P(t, x))p2, are [r-valued PxB (R?)-measurable functions on 2x Hr.
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Let m > 1 be an integer and let W,” be the usual Hilbert-Sobolev space of
functions on R¢ with norm || - ||W2m.

Assumption 4.1. (i) For each (v, ), the functions a®? (t) are m times and the func-
tions b®(t) are m + 1 times continuously differentiable in x. There exist constants
K;, 1 =0,...,m+ 1, such that for all values of indices and arguments, we have

ID'a®| < K;, 1<m, |D'B|, <K;. I<m+1.

(ii) There is a constant k > 0 such that for all (w.,t,x) € 2 x Hr and z € R¢

d
> @d7 = b"PhP) ) = k]

ij=1

Assumption 4.2. We have ug € L,($2, Fo, W2m+1). The function f is Wy"-valued,
gk, p=1.2,..., are W2m+1-valuedfuncti0ns given on §2 x [0, T] and they are
predictable. Moreover, for g := (g°)52, and

o0
g2, == g 12,
2 =1 2

we have

T
E | (SOl5m + 1gON,ma) dt + Eluoll?, s =: K5, < 00
0 2 W, Wy

Remark 6. 1f Assumption 4.2 holds with m > d /2, then by Sobolev’s embedding
of W3 into Cp, the space of bounded continuous functions, for almost all @, we can
find a continuous function of x that equals to uy almost everywhere. Furthermore,
for each ¢ and w, we have continuous functions of x that coincide with f; and g;,
for almost every x € R?. Therefore, when Assumption 4.2 holds with m > d /2,
we always assume that ug, f; and g; are continuous in x for all 7.

The solutions of (36) will be looked for in the Hilbert space
W2m+2(T) = LZ(Q X [Ov T]7P7 W2m+2)'

One knows, see for example, [18] or [30], how to define stochastic integrals of
Hilbert-space valued processes, and (36) is understood accordingly. Observe that
since ug € L2 (82, Fo, W3"), the solutions of (36) automatically are continuous W,"-
valued processes (a.s.).

We are going to use the following classical result (see, for instance, Theorem 5.1,
Remark 5.6, and Theorem 7.1 of [17]).
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Theorem 15. Under the above assumptions, there exists a unique solution u €
WZ’"“LZ(T) of (36) with initial condition ug. Furthermore, with probability one, the
function u; is a continuous W2m+1-valued function, and there exists a constant N
depending onlyon T, d,k, m, and K;,l < m + 1, such that

T
E sup ()[R + E [ Iy 0t = NG
t<T 2 0 2

Remark 7. In the future, we are going to assume that m + 1 > d /2. Then, by
Sobolev embedding theorems, the solution u; (x) from Theorem 15 is a continuous
function of (¢, x) (a.s). More precisely, with probability one, for any ¢, one can find
a continuous function of x that equals u, (x) for almost all x, and in addition, the so
constructed modification is continuous with respect to the couple (z, x).

We are interested in approximating the solution by means of solving a semidis-
cretized version of (36) when partial derivatives are replaced with finite differences.
For A = 0, set 8,1 to be the unit operator and for the other values of A € RY, let

u(x + hA) —u(x)
h

Spau(x) = forh € R\ {0}.

We draw the reader’s attention to the fact that 4 can be of any sign. This will be
important in the future.

To introduce difference equations, we take a finite set A C R? containing the
origin, and consider the equation

duf (1) = (LM (1) + f@)) dt + (M) (1) + g°(1)) dwP (), (37)

with
L"(t)p = oM ()8 18-n . M"P(t)p = 6* ()8, 19,

where the summation is performed over A, 4 € A and in (37) also with respect to
p = 1,2,.... Assume that, for A, u € A, att = aA“(t,x) are real-valued and
pt = pt (t,x) = (b“’(t,x));’;’=1 are [5-valued functions on §2 x Hp, measurable
with respect to P x B(R%).

Set Ag := A\ {0}. Let u > 0 be an integer. Set m = max(m, 1), and let
Ao, A1, ..., Am be some constants. The functions a and b are supposed to possess
the following properties.

Assumption 4.3. (i) For each (w,t) and A, u € Ag andv € A, a?” are m times
continuously differentiable in x, a?", a}’o are w times continuously differentiable
in x and b} are w times continuously differentiable in x as ly-valued functions.

For all values of arguments, we have

|D/a* | < A;, A pue Ay, j<m,
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ID/a*®| < A;, |D7a®*| < 4;, |DIBM,<A;, AeA, j<m
(ii) For all (w,t,x) € 2 X Hr and numbers z),, A € Ay, we have

Z (2a** — b*”b“”)zxzu >k Z 3.
)L,[LGA() AGA()

Introduce
Gp={Mh+---+2h:n=12,...,1 € AU (—-A)}

and let [ (Gy,) be the set of real-valued functions u on Gy, such that

ul} 6,y = h1* Y |u(x)[* < oc.

xEGh

The notation /(Gy,) will also be used for /-valued functions like g.

Remark 8. Observe that, under Assumption 4.3 (i), (37) is an ordinary It6 equation
with Lipschitz continuous coefficients for /,(Gy)-valued processes. Therefore, if,
for instance, (a.s.)

T
/0 (|f(t)|122((;h) + |g(t)|122((;h)) dr < oo,

and Assumption 4.3 (i) holds, then (37) has a unique solution with continuous
trajectories in /5 (Gy,), provided that the initial data ug € [,(Gy) (as.).

For (37) to be consistent with (36), we impose the following.
Assumption 4.4. Foralli,j =1,...,dandp=1,2,...
Z a“‘/\iuj =4l Z ar0ni 4 Z ao“ui =al® 4 g% % — 400
AWEAQ A€Ag HUEA(
>t =pP, p% =p%,
AEAO
Remark 9. Clearly, if

a’ = Z a'l“)ti/ﬂ, ij=1,....d
A u€Ag

is an invertible matrix for some w, ¢, x, then Ag spans the whole R<. On the other
hand, if Ao spans R4 , then clearly a constant ¥’ > 0 exists such that

Z |Zzi/\i|2 > «'|z)?, forallz = (7',... ,z%) e RY,
AEA() i
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and therefore Assumptions 4.3 (ii) and 4.4 imply Assumption 4.1 (ii). It is not hard
to see that Assumptions 4.1 (ii) and 4.4 do not imply Assumption 4.3 (ii), in general,
unless Ag is a basis in RY.

There are several ways to construct appropriate a and b.

Example 2. The most natural, albeit sometimes not optimal, way to choose a and b
istoset A = {eg,e1,...,eq}, where eg = 0 and ¢; is the ith basis vector in R4
and let

afeeB = g = pear — por a,B=01,....d.

Thus, in (37), the first order derivatives in (36) are approximated by usual finite
differences and

N y
Y aMEabpuu = —a" 8pe 8 e (38)
A €Ag

which is a standard finite-difference approximation of a”/ D; D ju. Also notice that
Z aMLZAZM — aijZeiZej, Z BA’)Z}L — bipZei-
A,uedo AeAg
It follows that a and b satisfy the above assumptions as long as a and b do.

Example 3. The second choice is to use symmetric finite differences to approximate
the first-order derivatives. Namely, we take A9 = {+te1,..., teys} and

C(O’:tei — a:l:ej,O — i(1/4)(a01 +ai0), B:l:e,‘,p — :i:(l/Z)bi’p,
(100 — CZOO, BOp — b0p7
so that, for instance,

d
Z %8 yu(x) = Zb,-p u(x + he;) —u(x — he,).

A€o i=1 2h

For A, ju € Ag, we define a?“ by

a:l:ei,:l:ej 1

za’, ateiFe =,

Then, Assumption 4.4 is satisfied, and formula (38) holds again (a/ = a’/i). If
Assumption 4.1 (ii) is satisfied, then for any numbers z;,
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d d
2. M —b¥b Nz = Y] Ve + ) diaie

Au€Ag i,j=1 i,j=1
d
—<1/4>Z|Zb%, bz
i=1 i=1
> Z a¥ze,2¢; — (1/2)2 | meZe,
',j=1 i=1
+ Z 4"z 7, —(1/2)Z|Zb”’2_e, ?
i,j=1 i=1
= KZZ?I. +KZZ3€I. =K Z Zi,
i=1 i=1 A€o

so that Assumption 4.3 (ii) is also satisfied.

Our results revolve about the possibility to prove the existence of random pro-
cesses u)(t,x),t € [0,T],x € R¢, j = 0,...,k, for some integer k > 0 such
that they are independent of /2; u® is the solution of (36) with initial value uo, and
almost surely, we have

k .
h'
uh(t,0) = ) —uP (. x) + R 1) (39)
e~ jl
Jj=0
for h # 0 and forall t € [0, 7] and x € Gy, where u” is the solution to (37) with

initial data ug and R” is a continuous I5(Gp)-valued adapted process, such that

E sup sup |R"(r,x)|? < Nn2*+D2 (40)
t€[0,T] xeGy,

with a constant N independent of /.

Theorem 16. Let Assumptions 4.1, 4.2, 4.3, and 4.4 hold with
m=m>k+1+d/2,

where k > 0 is an integer. Then, expansion (39) and estimate (40) hold with a

constant N depending only on A, d, m, Ky, ..., Ky+1, Ao, ..., Am, k, and T.

Remark 10. Actually uh (t, x) is defined for all x € R4 rather than only on Gy, and
as we will see from the proof of Theorem 16, one can replace Gy, in (40) with R4.

Remark 11. Let Ay be a basis in R4 such that Assumption 4.4 holds. Then,
Assumption 4.1 (i) implies Assumption 4.3 (i), and Assumption 4.1 (ii) implies
Assumption 4.3 (ii) with mt = m. Thus, if Assumptions 4.1 and 4.2 hold with
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m>k+1+4d/2,
then the conditions of Theorem 16 are satisfied.
Equality (39) clearly yields

k .
h’ :
8h,;tuh(t,x) = Z .—‘(Sh’xu(j)(l,x) + (Sh,ARh(t»x)
Jj=0

forany A = (11,...,A,) € A" and integer n > 0, where A® = {0} and

Sna i =08na, - Oha,
Theorem 16 can be generalised as follows.
Theorem 17. Let the conditions of Theorem 16 hold with
m=m>k+n+1+4+4d/2

for some integers k > 0 and n > 0. Then, expansion (39) holds and for A =
(A1, Ap) € A"

E sup sup |8, aR"(t,x)> + E sup Z 185 R (2, x))?|h|? < NR2*FDK2 |

t€[0,T] xeGy, t€l0,T] x€Gy,

where N depends only on A, d, m, Ky, ..., Kmt1, Aoy..., Am, k and T.

Hence in the already familiar way, we get the following acceleration result for
k .
i =) pjut "
Jj=0

where k > 0 is a fixed integer, uzfjh are the solutions to (37), with 27/ in place
of i, and the sequence of coefficients {p; }]j‘-=0 are defined by (15) in Sect. 2.

Theorem 18. Under the assumptions of Theorem 16, we have

E sup sup |i"(t,x) —u®@ (1, x)|*> < N|p2* D2, 41)

t<T x€Gy,

where N depends onlyon A, d, m, Ky, ..., Kpy1, &, Ao, ..., Am, and T.

Remark 12. Let the conditions of Theorem 16 hold with

m=m>k+14+n+d/2,
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where k and n are nonnegative integers. Then, (41) holds with 62 " and S, u©®
in place of i” and u(©®, respectively, for A € A”.

By the above remark, one can construct fast approximations for the derivatives of
u© via suitable linear combinations of finite differences of it”.

Clearly it suffices to combine fewer terms u?> " to get accuracy of order k + 1
if some of the terms in the expansion (39) vanish. For integers k > 0, define

k 4
~ ~ —J
ah— ijuz h
j=0

where k = [%] and po, p1, - - - , P are defined by (17) in Sect. 2.

Theorem 19. Let the conditions of Theorem 16 hold. Then, in the situation of
Example 3, we have

E sup sup |i"(t,x) —u®@ (1, x)|*> < N|p2* D2 (42)
t<T xeGy,
where N is a constant depending only on d, m, k, Ko, ..., Kn+1, Ao,..., Am,

and T.

To prove this result, we need only repeat the proof of Theorem 18 taking into
account that in (39), we have ugj ) = 0 for odd j < k since uﬁ’ = u,‘h owing to the

fact that in the case of Example 3, (37) does not change if we replace & with —Ah.

Remark 13. Notice that without acceleration, that is, when k = 1 in the above
theorem, the mean square norm of the supremum in ¢ and x of the error of the
finite difference approximations in Example 3 is proportional to #2. This is a sharp
result see, for example, Remark 2.21 in [3] on finite difference approximations for
deterministic parabolic PDEs.

Example 4. Assume that in the situation of Example 3, we have d =2 and m = 7.
Then,
i = %uh/z - %uh
satisfies
E sup sup |u§0)(x) — ﬁf(x)| < Nh*.
t<T xeGy

Example 5. Take d = 1 and consider the following SPDE:
du; = 3D?u; df + 2Duy dw,
with initial data ug(x) = cosx, where w; is a one-dimensional Wiener process.

Then, a unique bounded solution is u; (x) = €~ cos(x + 2w;). Example 3 suggests
the following version of (37):
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Wl (x + 1) —ul(x — h)

Wl (x + h) — 2ul (x) + ul (x — h) »

By —
duf(x) =3 e + ; dwy,
the unique bounded solution of which with initial condition cos x is given by
h inh
ul (x) = e cos(x + 2¢pwr),  h%c, = 12sin? >~ 2sin’h, ¢ = 512

Fort =1,h = 0.1, and w;, = 0, we have

u1(0) ~ 0.3678794412, 1/ (0) ~ 0.366352748, u"/*(0) ~ 0.3674966179,

i(0) = 2u277(0) — 2u(0) ~ 0.3678779079.

It is instructive to observe that such a level of accuracy is achieved for u'l’ (0) with
h = 0.00316, which is more than 15 times smaller than 4 /2.

Actually, this example does not quite fit into our scheme because ug is not
square summable over R. In connection with this, we note that our theorems can
be extended to SPDEs with growing data by the help of weighted Sobolev spaces
(see [5]), and then the above example can be included formally.

5 Accelerated Time Discretized Schemes

Instead of linear parabolic PDEs, we consider here a more general class of linear
equations, and we approximate them by various types of time-discretized schemes
whose convergence then we accelerate.

To formulate a general framework for our results, fix an integer / > 1 and assume
that we have a sequence of Banach spaces

Vo, V1,Va, ...,V

such that V; is continuously embedded into V;_1, foreveryi = 1,2,...,[, and V}
is dense in V4. Consider

du(t) = (Lu(t) + f)dt, u(0) =up €V}, (43)

fort € [0, T], where f is an element from V; and L is a bounded linear operator
from V; to Vg such that

|Lv|; < K|v|i+1 forallv e Viyq1,i =0,...,1, (44)

for a fixed constant K, where ||y ||; denotes the norm of ¥ in V;.

Definition 1. A V;-valued weakly continuous function u = u(¢) on [0, T'] is called
a solution of (43) if forall z € [0, T']
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t
u(t) = uo + /0 (L(s)us) + £(5)) ds.

where the integral is understood in Bochner’s sense.

Example 6. (Parabolic PDE) Consider the problem
Dou(t,x) = Lu(t,x) + f(x), 1 €(0,T], xeR?, (45)

u(0,x) =p(x), xe€ RY, (46)

where L is an operator of the form
L = a7 (x)D;; +a' (x)D; + a(x), (47)

a’,al a, f, and ¢ are real-valued functions on R4, Assume that the matrix (aij )
is positive semidefinit, and that for some constant K > 0 and integer v > 2 the
partial derivatives of @/, a’ and a up to order v are bounded by a constant K, and
@, f € W} such that

lellv,y < K, 1 fllv.p < K,

for some p > 1, where

Wl = (X [ 1070017 ax)"”

lyl<v

is the norm of a function ¥ in the Sobolev spaces W . Then, it is well known
(see, for instance, Theorem 3.1 in [9] and recall that v > 2) that there is a unique
W -valued weakly continuous function v(¢), ¢ > 0, such that

v(t) =@ + /0 (Lv(s) + f)ds, (48)

where one understands the integral as Bochner’s weak (= strong) integral, or equiv-
alently, one understands the equation in the sense of integral identity obtained by
multiplying by test functions and integrating with respect to x. Take V; = Wy +2i
for some v > 0 andi = O0,...,[. Notice that V; is continuously and densely
embedded into V;_; foreachi = 1,...,/ and set

Vi=Witr o j=0.1.....1,
for an integer p > 0 satisfying u + 2/ < v.

Example 7. (Systems of parabolic PDEs and hyperbolic PDEs)
As in the previous example, we consider the problem (45)—(46) with an operator L
given by (47), but this time instead of unknown real-valued functions u, we consider
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R?-valued ones, where ¢ is a fixed number. Accordingly, we assume that a'l,a are
g X g-matrix valued functions with entries '8 %%  respectively, and f and ¢ are
R4-valued. Yet, @/ is assumed to be real-valued as in the previous example. We set
p = 2 and impose the same assumptions as in the previous example with obvious
interpretation of the norms || - ||, for vector-valued functions. We also assume that

for each x, A € RY ando,B =1,...,q, we have
ISP or| < k(Y al (oaiad)' 2, (49)

i=1 ij=1

where a2 = a'@B — 4i-Bo_QObserve that this assumption is obviously satisfied if

(a) The matrix (a%) is uniformly nondegenerate, so that the systems are uniformly
parabolic, or

(b) @/ = 0 and the matrix a’ is symmetric, so that the systems are first-order
symmetric hyperbolic. Then, under the above assumptions, there exists a unique
(W,’)4-valued continuous solution (see [12]), where (W) denotes the g-fold
product of Wy. Take V; := (W4 *)4 for j = 0,1,...,1 and integer y > 0
such that it + 2/ < v. Clearly, V; is continuously and densely embedded into
Vi—iforeach j =1,....,[.

Together with the problem, (43) we consider for every t € (0, 1] the problem

m

dw(t) = Y (L,Orw(t) + f)dA, (1), 1€ (0.T], w(0) = uo, (50)

r=1

where m > 1 is a fixed integer, uy € Vi, and for each r = 1,...,m, we have that
Jfr € V1, L, is a bounded linear operator from V; into Vy, ®, = ©F is a bounded
linear operator on the space of Vp-valued weakly cadlag functions on [0, T'], and
A, = AL(t),t € [0,T] is a right-continuos real function of finite variation over
[0,T1].

We assume that

Ap(t) :=tH,(t/Tr), t>0, r=12,....m

with some right-continuous functions H, = H,(¢) on R, which have finite variation
on every finite interval, such that H,(0) = 0 and

H,(t+1)—H.(t)=H,(1) =1, VteR
forallr = 1,2,..., m. We assume, moreover, that

L=Li+L,+...+ Ly, f=f1+f2++fm
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There are various types of time discretization schemes for problem (43), which
can be represented by (50). Let us see some examples of such schemes defined on
the grid

T :={tt=it:i=0,1,2,...3Nn[0,T].

Example 8. (Finite differences in time.) Let m = 1, L; = L, H{(¢t) = [t], where
[t] denotes the integer part of ¢. Let ®; = I, the identity operator. Then, (50)
represents the implicit Euler method with step size 7. If ®; = O is the operator
defined by

(O9)(1) == Po(t-) + (1 =)o) (D

with some ¢+ € R, then (50) is the ®-method, which is often called the Crank-
Nicolson method when ¥ = 1/2, and the explicit Euler method when © = 1.

Example 9. (Splitting up approximations.) Let m > 1. Consider the splitting-up
approximations for (43) defined by

u(ty) i= (Pm(‘lf) ... P(0) Py (T))iuo, (52)

att; € T;, where Py (t)¢ denotes the solution of

%v(t) =Liv@)+ fr, v)=¢, k:=1,....,m (53)

attime ¢ € [0, T]. Formula (52) means that to get the approximationat ;41 := t; +7
from the approximation at t; = it, we solve (53) with k = 1 on [0, 7] with initial
value u(t;), then we solve (53) with k = 2 on [0, 7] again with the new initial value
Pi(7)u(t;), and so on, and finally, taking the solution at t of the preceding step as
the initial value, we solve (53) with k = m on [0, t]. We can easily represent this
method as a problem of type (50) by using an idea from [8]. Namely, instead of
going back and forth in time, when solving problems (53) one after another on [0, 7]
with up-dated initial values, we ‘stretch out the time’ and rearrange solving these
equations in forward time. This procedure can be described by the single equation

m
dia(t) = Y (Lgia(t) + fohe(t/7) dt,
k=1
where fiy = (%hk is a function of period m, such that fzk(t) = lpg—1,6)(?) for

€ [0,m], k = 1,2,...m. Indeed, clearly u(mt) = u(t) for all t € T,. Hence
w(t) := u(mt) satisfies

m

dw(t) = Y (Liw(t) + fi)tdHg (1/7),  w(0) = uo, (54)
k=1

with Hg (¢) := hy(mt), which is the type of problem (50).
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Example 10. (Fractional step) The splitting-up method described in the previous
example for problem (43) can be generalised as follows. Let p > m be an integer,
51,...,5p € Rand k1,...,k, € {1,2,...,m}, such that Zlesjzgrkj = 1, for
r=1,2,...,m, where S,kj = 1forr = k; and O otherwise. Then, we say that the
product

S(t) := Py, (spt) ...+ Pr(s17), T €(0,1] (55)

is a fractional step method, where Py (t)¢ denotes the solution of (53). The frac-
tional step approximation, u(t) = u(t,t),t € T is defined as

u(t,t) = Sy, teT,, S°:=1. (56)
We characterise the fractional step method (55) by the absolutely continuous func-

tions k, = k,(¢t) on R, for r = 1,...,m, whose derivative &, (¢) is periodic with

period p, k() := 25):1 80k 11j—1,5)(1), fort € [0, p), and k,(0) := 0. We say

that (55) is a symmetric product
kr(p—1t) = kr(t) fordz-almostallt € (0,p), r=1,2,...,m.

The product

S(t) := P1(1/2) ... Pu—1(7/2) Pn(t) Py—1(7/2) ... P1(z/2), 57
introduced and investigated in [31]-[32], is a simple example of a symmetric prod-
uct. It is often called Strang’s splitting. In the same way, as explained above, we can
see that for u(z, t) given by (56), we have

u(T’ t) = W(Tvl)v [ € T‘Ea
where w(t, t) satisfies (54) with H,(¢) := k,(pt).
Example 11. Let us now combine the fractional step method with the method of
finite differences to solve (43) numerically. Namely, we solve (53) in each ‘frac-
tional’ step by the ®-method. Thus, we get the approximation w(z, ¢;), defined by
(55)-(56) with
Pe(t)g == (I =10 L) (I + 1% Li)g + 1fi). ke{l.2,....m},

provided Py (s;7) is well-defined for for each j, where §:=1—0and ¥ € Ris

the parameter of the ®-method. Using the idea of rearranging in forward time from
[9], we see that this approximation u(t, ), t € T; equals the solution of the equation

t m
wt) =0 + [ Y (@Liow(s) + o) T 5/,
k=1
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att € Ty, where Hi (1) := [kr(pt)], and Oy is defined by (51) with ¥ in place
of 9.

Our aim is to present an expansion in powers of 7 for the difference w(z, t) — u(t)
at the points #; of the grid 7;. To formulate our results, we use the notation
D, ([0, T] : V)and C,([0,T] : V) for the space of V' -valued weakly right-continuos
functions on [0, 7], having weak limits from the right, and for the space of V-
valued weakly continuos functions on [0, T'], respectively. We equip these spaces
with the supremum norm, and use the notation W; := D,,([0, T], V;). To simplify
the presentation of the results, assume that ©, in (50) is defined by

(Orp)(t) := Vrp(1—) + (1 = D)e(1)

forsome ¥, € R, r = 1,2...,m. Set Ag(s) = s fors > 0.

Assumption 5.1. (i) L, is a bounded operator from V1 to V; forr =1,...,m,
and ||Lro|j < Kl@llj+1. forg € Vjpr, j =0,....0 =1
(ii) up € Vi, fr € Vi, and |luo|| < K, || frlli < K forr =1,2,...,m.

Assumption 5.2. For each k = 0,1,...,m, there is a bounded linear operator
Ri : Wo — Wy, such that

(i) supseio 7y | (Reg) ]l < K supyepo.ry 18O g € Wy, j = 0. 1.....1;
(ii) (existence) for any g € W1, the function u = Ry g satisfies

u(t) = /0 Lu(s)ds +/(; g(s)dAg(s), te]0,T] (58)

(iii) (uniqueness) If go, ..., 8m € Dw([0,T] : Vo) and u € Wi satisfy
t m t
u(r) = [ Lu(s) ds + Z[ gk(s)dAg(s), ¢ €[0.T],
0 0”0

thenu =Y4_o Ri8gk-

Assumption 5.3. For each (0, 1], problems (43) and (50)) have unique solutions
ueCy(0,T]:Vy)andw = w(z,t) € D([0,T] : V1), respectively, and

sup sup [w(r,1)[l; < oo.
1€(0,1]t€[0,T]

Now we are in the position to formulate our first result on expansion in 7. To ease
notation, we often suppress t in some expressions.

Theorem 20. Let k > 0 be an integer. Let Assumptions 5.1 5.2, and 5.3 hold with
I > 2(k + 1). Then, there exist functions vV, ..., v®) e Wy, independent from t,
and Ry (t) € Wy, such that for all T € (0, 1]
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wtt) = u@) + vV @) + 2P @) + ... + FvP @) + Re(z, 1) (59)

forallt € Ty, and
sup || Re(z.0)]lo < NT¥F1, (60)

teT,

where N is a constant, independent of t.

This theorem obviously implies that w(t) approximates u on the grid 7%, with
accuracy proportional to 7. Moreover, for

k
u(r.t) ==Y pjw@/T.0),

j=0
where (po, . . . , px) is defined by (15) in Sect. 2, we get the following theorem.

Theorem 21. Let the conditions of Theorem 20 hold. Then, for all T € (0, 1],

max ||u(t, 1) — u(t)|lo < NTFF1,
teT;

where N is a constant independent of t.

It is worth emphasising that expansion (59) is valid only at the points #; of the grid
T:. This expansion follows from Theorem 22 below. To formulate it, we need more
notation.

We call a sequence o = oy ... «; a multi-number of length || :=i,if a; €
{0,1,2,...,m}. The set of all multi-numbers is denoted by /\_f . For every multi-
number @ = oy ...«;, we define the operators O, = @aj, Oy = @aj on Wy,

where (@ajq))(t) =1 =9))e(t—) + ¥;¢() fora; # 0, and

Oop =19 =0, (Oop)(1):=¢(t—).

Moreover, for each y € N, we define recursively an operator Ly, f, € Vo,
a function b, and a number ¢, as follows

Lo:=0, fo:=0, L,:=L,, fy:=f

bo:=0, ¢, =cr=co=0, by(t):=21(4,(1)— A1) (61)
fory =r e {l,2,...,m},and

Lqo:= LLy, Loy :=—LoL,

62
Jao := Lfq, Jar i=—La fr (62)

1 (7 -
Cap = ;/0 O(a)by(s) dAg(s), (63)
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t
bup @) =+ ( [ 60@bu(5)8456) ~ ot (64)

forc e N,B€{0,1,...,m}, r €{1,2,...,m}.

Let M denote the set of multi-numbers y1y,...y; with y; € {1,2,...,m},
j =1,2,...,i,and integers i > 1. Introduce the sequences 0 = (81, B2,..., Bi)
of multi-numbers f; € M, where i > 1 is any integer, and set

lof == |B1l + B2l + ... + |Bil.

Let 7 denote the set of all these sequences together with the ‘empty sequence’ e of
length |e| = 0. Foro = (B1, B2,...,Bi), i > 1, we define

Se =RLg, -...-RLg,, where R :=RoB = Ro,

and for 0 = e, we set S, := R. Notice that S, is well-defined as bounded linear
operator from W; |5 to W; if j + |o| < [. If we have a collection of g, € Wy
indexed by a parameter v taking values in a set A, then we use the notation Z: cA 8v
for any linear combination of g, with coefficients depending only on ¢y, A, and v.
For instance,

*

*
ZS(JW)/Z Z Sowy = Z c(o,y)Sewy,

A (0,y)eA (0,y)€A

where ¢ (o, y) are certain functions of ¢y, @ € N, and (o, y) € A. These functions
are allowed to change from one occurrence to another.

Forpu =0,...,l,k > 0, any functions u = uy (7, t) depending on the parameters
o € N and T, we write

u= 0, if sup sup |lua(z,t)]put™™

t€(0,1]¢€[0,T]

< Q.

Finally, set
A@) ={(0,B):0€ T, peMlo|+I|B| =i},

B*(i.j)={(a.p):aeN.peMla| <i.|f] </}
and Wﬁ(l‘) = Wﬁ(‘L’,Z) = Lﬁw(‘[,l) + fﬁ, u,g(t) = L,gu(l) + fﬁ.

Theorem 22. Under the assumptions of Theorem 20, we have
k * k *
wt) =u@®)+ Y T Y Soug(®)+y 7 Y ba()wp(t) + Oo(c* Y,
i=1  A(2i) i=1  B*(ii+))

forallt € [0, T), where by(t) = by(t,t) is defined by (61)—(64). Furthermore, if
k > 1, then in the above equation,
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* m
Y Seup = Y (cij — ¢jo)Ruij,
AQ2) i,j=1

so that it vanishes if ¢;j = cjo foralli,j =1,...,m.

Theorem 22 immediately implies Theorem 20 by virtue of the following proposi-
tion, which can be proved by induction on the length of o and by change of variable
s := rt in the integrals in (63) and (64).

Proposition 1. For every a € N, the function by, is t-periodic, that is, by (t + 1) =
by (t) forallt > 0, and by (it) = O for all integers i > 0. Moreover, the numbers
Ca, the functions Cy(t) := by(tt), and

Ky :=sup |by(t)] = sulo) |Cy(2)] (65)

t>0 t>

are finite and do not depend on t.

By Theorem 22, we can investigate the term v® in expansion (59). For exam-
ple, in the case of fractional step methods, Example 10, we get the following
specification of v,

Theorem 23. Under the conditions of Theorem 20 in the case of Example 10, we
have

o = % Z /(;11 (K,- () dk; () — ki (t) di; (t))T\’,u,-j,

ij=1

where Ru;; is the solution of (45) with f = w;; = L;Lju+ L; f; and 0 initial
condition. Thus, vV vanishes if

p
/ (ki (0)dicj (1) — k(1) dii(r)) =0 forall i,j =1,2,....,m, (66)
0
which is equivalent to
p 1
[ ki(t)dkj(t) = 3 forall 1 <i < j <m. (67)
0

In particular, vV = 0 if (55) is a symmetric product, which is the case of. say
Strang’s splitting.
Proof. By Theorem 22, expansion (59) holds with
m
v = 3" (cij — ¢jo)Ruyj,

ij=1

so v = 0if ¢;j —cjo = 0. Notice that forall i, j = 0,1,2,...,m
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V4
o = [0 = ko) a0,
0

where «o(t) := t/p. Therefore,

V4 V4
2(cij — cjo) = 2/0 (Ki(f)—Ko(l))dKj(f)—2/0 (kj (1) — ko(t)) dro(t)

D 14
=2 [" a0~ 200y (p) + G0 =2 [ a0 - 1.
0 0

and we have,

14 14
2ey —cjo) = /0 i (1) di (1) — [0 (1) dii (1)

by taking into account

14 D
t= () = [ a0de 0+ [0 a0,

In particular, ¢;; — ¢jo = —(cji — cio), s0 ¢;j — cjo = 0 implies c;; — cjg = 0.
Hence conditions (66), (67) and their equivalence follow immediately. If S(7) is a
symmetric product, then obviously

ki(p—1t) =#ki(t) forall t € (0,p]\{l,....p}

and k(¢) + ki(p—t) = 1forallt € [0, plandi = 1,2,..., p. Hence

p P
/K,-(t)/'g(t)dtz/ ki(p—s)K;j(p—s)ds
0 0
P P
=/ (I—K,-(s))/'cj(s)ds=1—/ ki (s)kj(s)ds,
0 0

which immediately implies (67). The theorem is proved. O

Remark 14. Clearly, every symmetric product is a product of type (57) with respect
to a new set of operators L’ and free terms f;, obtained from L, and f, by L} :=
2S1Lk1 R fll = 2s1fk1 b e

Remark 15. There are infinitely many nonsymmetric products, which still satisfy
(67), and consequently define splitting-up approximations with accuracy of order
72. For example, when m = 2, every product of the form

_p® (1) (1)
P(0) = P14 P a)cPr Far (68)
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witha # 1,and b =

ﬁ, satisfies (67). If « = 1, then (68) is Strang’s product

withm = 2. Fora # % these products are not symmetric.

Indeed, for k1, k5 characterising (68), we have

k1(t) = alpo (@) + (1 —a)lp3)(t), Kk2(t) = bl () + (1 —b)1[34 (1),

fort € (0,4), and

that is, condition (67) holds. If a # %, then clearly (68) is not symmetric. If a =

4

1

/ k() dt =ab+1-b=1-b(l-a) = 7.
0

1
2

then b = 1, and (68) is Strang’s symmetric product with m = 2.

For parabolic PDEs and systems of parabolic PDEs (see Examples 6 and 7),

Assumptions 5.1 5.2 and 5.3 can be ensured by suitable smoothness and bound-
edness conditions on the coefficients and the free terms. Thus, we can apply the
above results on accelerated schemes to the corresponding time discretizations of
parabolic PDEs and systems of parabolic PDEs, in particular to symmetric hyper-
bolic system of first order PDEs. Hence one can also get results on accelerated
numerical schemes for nonlinear ordinary differential equations by the method of
characteristics (see [12]). For a more general framework of accelerated schemes,
we refer to [12].
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Coarse-Grained Modeling of Multiscale
Diffusions: The p-Variation Estimates

Anastasia Papavasiliou

Abstract We study the problem of estimating parameters of the limiting equation
of a multiscale diffusion in the case of averaging and homogenization, given data
from the corresponding multiscale system. First, we review some recent results that
make use of the maximum likelihood of the limiting equation. In particular, it has
been shown that in the averaging case, the MLE will be asymptotically consistent
in the limit, while in the homogenization case, the MLE will be asymptotically con-
sistent only if we subsample the data. Then, we focus on the problem of estimating
the diffusion coefficient. We suggest a novel approach that makes use of the total
p-variation, as defined in [15], and avoids the subsampling step. The method is
applied to a multiscale OU process.

Keywords Diffusion estimation - multiscale Ornstein-Uhlenbeck process - p-
variation

MSC (2010): 62MO05, 60G17, 74Q99

1 Introduction

It is often the case that the most accurate models for physical systems are large
in dimension and multiscale in nature. One of the main tasks for applied mathe-
maticians is to find coarse-grained models of smaller dimension that can effectively
describe the dynamics of the system and are efficient to use (see, for example
[11,12,16,17]). Once such a model is chosen, its free parameters are estimated by
fitting the model to the existing data. Here, we study the challenges of this statistical
estimation problem, in particular for the case where the coarse-grained model is a
diffusion. Apart from the usual challenges of parameter estimation for diffusions, an
additional problem that needs to be addressed in this setting is that of the mismatch
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between the full multiscale model that generated the data and the coarse-grained
model that is fitted to the data. A first discussion of this issue, in the context of
averaging and homogenization for multiscale diffusions, can be found in [1, 18, 19].

A similar statistical estimation problem arises in the context of “equation-free”
modeling. In this case, coarse-grained equations exist only locally and are locally
fitted to the data. The main idea of “equation-free” modeling is to use these locally
fitted coarse-grained equations in combination with a global algorithm (for example,
Newton-Raphson) in order to answer questions about the global dynamics of the
coarse-grained model (for example, finding the roots of the drift). In this process,
we go through the following steps: We simulate short paths of the system for given
initial conditions. These are used to locally estimate the effective dynamics. Then,
we carefully choose the initial conditions for the following simulations so that we
reach an answer to whatever question we set on the global dynamics of the system,
as quickly and efficiently as possible (see [14]). The statistical inference problem
is similar to the one before: we have the data coming from the full model, we have
a model for the effective local dynamics and we want to fit the data to this model.
However, there is also an important difference: the available data is short paths of the
full model. This issue has not been addressed in [18, 19] or [1], where it is assumed
that the time horizon is either fixed or goes to infinity at a certain rate. We address
this problem in Sect. 3, by letting the time horizon T" be of order O (¢%), where ¢
is the scale separation variable and @ > 0. Another important issue that we address
here is that of estimating the scale separation variable e.

We focus on a very simple Ornstein—Uhlenbeck model whose effective dynamics
can be described by a scaled Brownian motion. This allows us to perform precise
computations, reach definite conclusions and build our intuition about the behavior
of more general diffusions. We only tackle the homogenization case and our goal be
to estimate the diffusion coefficient of the effective dynamics. This problem has also
been addressed in [1, 19]. In both these papers, the diffusion coefficient is constant.
In fact, in [1], the authors also focus on the Ornstein—Uhlenbeck model. Our main
contribution is to demonstrate that in order to compute the diffusion coefficient, one
should not use the quadratic variation commonly defined as a limit where we let
the size of a partition go to zero but rather as a supremum over all partitions. This
definition is discussed in [15] and is at the core of the theory of rough paths, as it
gives rise to a topology with respect to which the Itd map is continuous.

In Sect. 2, we review some of the core results for multiscale diffusions and their
coarse-grained models. Then, we will review the results of [18, 19] and [1]. Finally,
we give a more precise description of “equation-free” modeling.

In Sect. 3, we go on to define a new set of estimators for the diffusion parameter
of the coarse-grained model, in the case of homogenization. We perform explicit
computations of their L,-error, which allows us to attest their performance. We
conclude that they outperform the subsampled quadratic variance estimate studied
in [1, 19]. Finally, we describe a heuristic way of estimating the scale separation
parameter €.
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2 MLE for Multiscale Diffusions: A Review

In this section, we review some of the main concepts that come into play in mul-
tiscale modeling. First, we describe the limiting equations for multiscale stochastic
differential equations. These allow us to reduce the dimension of the model. Then,
we discuss the problem of the statistical estimation of parameters of the limiting
equation given multiscale data and how this mismatch between model and data
affects the result. Finally, we discuss a numerical algorithm that is applied when
the limiting equations are completely unknown, which comes under the name of
“equation-free” modeling.

2.1 Limiting Equations for Multiscale Diffusions

For reasons of consistency with the section that follows, the results of this section
follow [18]. However, different versions of the same results — sometimes stronger —
can be found in several places, such as [4,6,8,9,20].

There are two basic types of multiscale diffusions. The first is described by the
following equations

dX; = fi(X:, Yy)dt + o1(X,, Y;)dW,

1 1
dy; = g_sz(XhYt)dt + ;Uz(Xt, Y:)dV; (1)

where X; € X and Y; € Y and X, ) are finite dimensional Banach spaces. We call
X the slow variable, Y the fast variable and ¢ the scale separation parameter. The
main assumptions are the following:

Assumption 1. (a) The solution of the system exists.
(b) The equation

1 1
ayy = 8_2-f2(x’ Y, )de + EGZ(X’ Y, )dv:

is ergodic with unique invariant measure [y, for every x € X.

We expect that by the time X takes a small step A ~ O (1),

t+A
%/t J1(Xs, Ys)ds ~/.f1(Xz,y)/Lx,(dy)

as a result of the ergodicity of Y. Similarly,

1 t+A
Z/ 01(Xs, Y5)o1 (X5, ¥5)'ds ~ /Ul(Xz,y)Ul(Xny)/MX;(dy)
t
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where by (-)’ we denote the transpose of a vector. We set

_ 1/2
Silx) = [ Si(x, y)px(dy), o1(x) = ( / o1(x, y)oi (x,y)’ux(dy))

and B o B
dX; = fi(Xy)dt + o1(Xy)dW;. (2)

We call (2) the averaged limiting equation and X the averaged limit. We expect that
X; ~ X;, provided that they have the same initial conditions. Indeed, the following
holds

Theorem 1 ([18]). Let X = T¢ and Y = T where T* = [0, 1]¥ for any
k > 1. We assume that all coefficients in (1) are smooth in both x and y and that
the matrix X»(x, y) = 02(x, y)oa(x, y) is positive definite, uniformly in x and y.
Also, there exists a constant C > 0 such that

(z.B(x,y)z) = Clz]%, V(x,y) € X xY and z € R4,
where (-, -) denotes the Euclidean inner product. Then, if Xo = Xo,
X = X in C([0,T].X).

The second basic type of a multiscale diffusion is described by the following
equations

1
dXt == Efl(XhYt)dt
1 1
dy, = S—Zfz(Xt,Yt)dl + EGZ(Xt’ Y,)dV; (3)

where X; € X and Yy € Y and X, ) are finite dimensional Banach spaces.
As before, we call X the slow variable and Y the fast variable. In addition to
assumption 1, we assume that

Assumption 2.
[ Si(x, y)ux(dy) =0, Vx e X
y

where Ly as defined in assumption 1.
Then, we expect that by the time X takes a small step A ~ O (1),

1 t+A

1 t+A ¥
Ae ; S (Xs, Ys)ds ~ A—g[ S1(X:, Y )ds

It follows from the Central Limit Theorem for ergodic Markov Processes (see [3])
that this will converge to a random number. More precisely, let us set
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fix) = /X /0 Fry) (P fi(x2)) (Y e (@),

and .
f(x)=(2 [ fl(x,y)(Psﬁ(x,-))(y)'ux(dy))z,

where P; are the transition kernels of the diffusion Y *. Finally, we set
dX, = Ai(X)dt + T(X,)dW;. )

We call X the homogenized limiting equation. As before, we expect that X; ~ X;,
provided that they have the same initial conditions. Indeed, similar to the averaging
case, we can prove the following:

Theorem 2 ([18]). Let X = T and Y = T4, We assume that all coefficients in
(3) are smooth in both x and y and that the matrix X,(x,y) = 02(x, y)oz(x, y)’
is positive definite, uniformly in x and y. Also, there exists a constant C > 0 such
that
(z, B(x,y)z) = Clz]?>, V(x,y) e Xx) and ze€ RY¢,
where (-, ) denotes the Euclidean inner product. Then, if Xo = Xo and assumption
2 holds, we get that _
X=X in C(0,T],X).

Theorems 1 and 2 allow us to replace the (X;, Y;) system by X;. If we are only
interested in the slow dynamics of the system, this allows us to reduce the dimen-
sion of the problem. For example, using the limiting equations, we can simulate
the slow dynamics of the process much faster, not only because of the dimension
reduction but also because the dynamics of X do not depend on &. Thus, the step
of any numerical algorithm used to simulate the dynamics can be of order O (1)
rather than O (82), which would have been the case if we wanted to simulate the
full multiscale system. However, in most cases, the drift and diffusion parameter of
the limiting equation are not known in closed form and are approximated, with an
additional computational cost. Thus, an efficient approximation is needed — which
leads to the subject of the next section. Some results regarding the efficiency of the
whole procedure (approximation and simulation of the limiting dynamics) can be
found in [4].

2.2 Parameter Estimation for Multiscale Diffusions

The theory reviewed in Sect. 2.1 allows us to reduce the dimension of a multiscale
system, approximating the slow dynamics by an diffusion of smaller dimension that
does not have a multiscale structure anymore. In addition to multiscale diffusions,
similar results hold for ordinary and partial differential equations (see [20]).

It is often the case that the dynamics of the full multiscale system — and conse-
quently those of the limiting system — are not completely known. For example, in
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the case of multiscale diffusions, the drift and variance of the full system and thus
the limiting system might depend on unknown parameters. This poses a statistical
problem: how can we estimate these parameters give the multiscale data? In fact,
it is even more realistic to ask to find the drift and diffusion coefficient of X given
only X. This problem has been discussed in [1, 18, 19].

More precisely, in [19], the authors discuss the case where the drift of the limiting
equation depends linearly on the unknown parameter while the diffusion parameter
is constant. In [18], the authors extended the results of [19] for generic drift but
did not discuss the problem of estimating the diffusion parameter. Finally, in [1],
the authors extend the results in [19] by also proving the asymptotic normality of
the estimators, but they limit their study to the Ornstein—Uhlenbeck system. The
approach taken so far is the following:

(a) We pretend that the data come from the limiting equation, and we write
down the corresponding maximum likelihood estimate (MLE) for the unknown
parameters.

(b) We study whether the mismatch between model and data leads to errors, and if
so, we try to find a way to correct them. It has been shown that in the limit as
the scale separation parameter ¢ — 0, the MLE corresponding to the averaged
equation is consistent. However, this is not true in the case of homogenization.
The method used so far to correct this problem has been that of subsampling the
data by a parameter §. Then, for § ~ O (¢%) and @ € [0, 2], it has been shown
that the MLE that corresponds to the homogenized equation will be consistent
in the limit ¢ — 0. Also, an effort has been made to identify the optimal sub-
sampling rate, i.e. the optimal «. However, since ¢ is usually an unknown, this
is of little practical value.

Note that a separate issue is that of writing the maximum likelihood of the limiting
diffusion, which in the general multi-dimensional case can still be challenging (see
[2, 13]). We will not discuss this issue here, however.

We summarize the main results for the parameter estimation of the limiting
equations of multiscale diffusions in the following theorems:

Theorem 3 (Drift estimation, averaging problem). Suppose that f_l in (2) dep-
ends on unknown parameters 0, i.e. fi(x) = fi(x;0). Let é(x; T) be the MLE
of 0 corresponding to (2). Suppose that we observe {X;,t € [0, T} of system (1)
corresponding to 0 = 6y. Then, under appropriate assumptions described in [18]
(Theorem 3.11), it is possible to show that

lim dist (é (X:T), 98) =0, in probability
e—>0

where dist (-, -) is the asymmetric Hausdorff semi-distance and 0, is a subset of the
parameter space identified in the proof. Also

lin}) dg (B¢, 0p) = 0, in probability
&e—>

where dg (-, -) is the Hausdorff distance.
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Theorem 4 (Drift estimation, homogenization problem). Suppose that fl in (4)
depends on unknown parameters 0, i.e. fi(x) = fi(x;0). Let é(x; N, 8) be the
maximizer of the discretized likelihood corresponding to (2) with step §, where T =
N3. Suppose that we observe {X;,t € [0, T]} of system (3) corresponding to 6 =
0o. Then, under appropriate assumptions described in [18] (Theorem 4.5) and for
8§ =¢&*witha € (0,2) and N = [¢77] for y > «, it is possible to show that

lim 6(X:N,8) =0, in probability.
&>

The next two theorems deal with the estimation of the diffusion parameter of the
limiting equation, given that this is constant. In that case, the MLE is the Quadratic
Variation of the process. They assume that the dimension of the slow variable is 1

Theorem 5 (Diffusion estimation, averaging problem). Let X be the solution of
(1) for o1 = 0 a constant. Then, under appropriate conditions described in [19]
(Theorem 3.4) and for every ¢ > 0, we have that

11m — Z | Xmt1)s — Xnsl® =

where T = N34 is fixed.

Theorem 6 (Diffusion estimation, homogenization problem). Let X be the solu-
tion of (3), such that T = 0 appearing in (4) is a constant. Then, under appropriate
conditions described in [19] (Theorem 3.5) and for § = &* witha € (0, 1), we have
that

lim — Z | Xt 1)s — Xnsl® =

50 N
where T = N§ is fixed.

It is conjectured that Theorem 6 should hold for any o € (0, 2) and that the opti-
mal «, i.e. the one that minimizes the error, isa = %. The reasoning is the following:
there are two competing errors, one coming from the Monte-Carlo averaging, which
should be of order \/Lﬁ o &%, and the other one coming from homogenization,

which we expect to be of order % o £27%, To achieve optimal performance, these
two errors should be balanced.

Clearly, the most interesting case is that of estimating the diffusion parameter of
the homogenized system. This is the case that we study in detail in Sect. 3, assuming
that the process is an Ornstein—Uhlenbeck process. Also, note that when estimating
the diffusion parameter, the length of the time interval 7 is fixed. We will relax this
condition later on, for reasons explained in the following section.
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2.3 Equation-Free Modeling

In practical applications, it is often the case that the limiting equations (2) and (4)
are completely unknown. More generally, let us say that we have good reasons to
believe that a certain variable of a multiscale system that evolves slowly behaves
like a diffusion at a certain scale but we have complete ignorance of its drift and
diffusion coefficients. We would like to find a way to estimate these coefficients. In
statistical terms, let us say that we are interested in the non-parametric estimation of
the drift and diffusion coefficients of the limiting equation. Note that our data come
“on demand” but for a certain cost, by simulating the multiscale model for given
conditions.

A general algorithm for answering questions regarding the limiting dynamics of
a quantity coming from a multiscale system that evolves slowly, when these are not
explicitly known, comes under the name of “equation-free” algorithm (see [14] and
also [5] for a similar approach). In our case, this would suggest pairing the problem
of local estimation with an interpolation algorithm in order to estimate the drift and
diffusion functions, denoted by f(x) and &(x) respectively. We make this more
concrete by describing the corresponding algorithm:

(0) Choose some initial condition xo and approximate £ (x) and &(x) by a local
(polynomial) approximation around x. Simulate short paths of the multiscale
system, so that the local approximation is acceptable. Note that the smaller the
path, the better or simpler the local approximation. B

(1) For n > 1, choose another starting point x, using the knowledge of f (x,—1)
and 0 (x,—1) and possibly some of their derivatives on x,_j, according to the
rules of your interpolation algorithm.

(2) Repeat step 0, replacing xo by x;,.

As mentioned above, the size of the path T needs to be small and possibly
comparable to ¢. This is what led us to consider the estimation problem for 7 = £%.

3 The p-Variation Estimate

In this section, we study the problem of estimating the diffusion parameter of the

homogenization limit of a simple multiscale Ornstein—Uhlenbeck process. We hope

that the detailed analysis will provide some intuition for the general problem.
Consider the following system:

v = Zy2edr
&

(5)
1 1
ay2e = _S_ZYf’de +—dW;
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with initial conditions Yy* = y; and Y® = y,. It is not hard to see that the
homogenization limit as ¢ — 0 is

Y S oy + oW,

and the convergence holds in a strong sense:

L
sup |Y,1’8 —y1 —oW| 20, ase — 0. 6)
t€l0,T]

Note that for this particular example, Y, ,1’6 is exactly equal to
Ytl’s =y1+oW;—¢eo (Ytz’s - yz) ,
and thus proving (6) is equivalent to proving that

2,e Ly
e sup |¥Y" —y2] =0, ase — 0.
t€[0,T]

This follows from [10].

We want to estimate the diffusion parameter o given a path {Y,l’e (w);t €10,7T17},
i.e. we assume we only observe the slow scale of the diffusion. If we were to follow
the approach discussed in the previous section, we would use the maximum like-
lihood estimate that corresponds to the limiting equation. In this case, this would
be the quadratic variation. However, as discussed earlier, this is not a good esti-
mate since the quadratic variation for any fixed ¢ > 0 is zero. To correct this, we
subsample the data, which leads to the following estimate:

1 ’ -
62 = — 1, 1, B
Os = N6 Z (Yigs _ Y(l-_sl)g) , for N = n %

The asymptotic behavior of this estimate has been studied in [1, 19]. In fact, taking
advantage of the simplicity of the model, we can compute the L,-error exactly, as a
function of 8, € and N. We find that

o4 52
2 4 _8\234e 2 \/1
+ 2—4—(1—e 82)+8—2(1— 52) te (—)
8 1 4+e ez J\NV
5\ 2 28N
et [1—e 2 e 2 —1
+5—2 N2 (8)
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For reasons explained earlier, we are interested in the behavior of this error not only
when T is fixed but also for T — 0. Thus, we set T = &% and, as before, § = 218,
which lead to N = ¢ #. We are interested in the behavior of the error as ¢ — 0.
For these choices of T and 8, the square error will be

E (6} —0%)’ ~ O (84_2("‘“3) + 27 + 8‘6) Q)

For « fixed, we see that the error will be small if 0 < 8 < 2 — . In fact, the optimal
choice for B is = 4_32"‘, in which case the error becomes

(e (67 - 02)2)% ~0(e5%) (10)

_ . . . _ 4 .
So, for ¢ = 0, we get that the 0pt12ma1 sub sampling rate is f = 3, which results
in an optimal error of order O (si). However, if « > 0, the error can increase

significantly, especially for non-optimal choices of §.

In the rest of this section, we are going to investigate the behavior of the
p-variation norm as an estimator of o. The intuition comes from the following
observation: we know that at scale O (1), {Y,l’e(a)) ;t € [0, T']} behaves like scaled
Brownian motion, while at scale O (¢), it is a process of bounded variation (finite
length). Could it be that at scale O (&%), the process behaves like a process of finite
p-variation, for some p that depends on a? If so, would the p-variation norm be a
better estimator of ¢ ?

3.1 The Total p-Variation

We say that a real-valued continuous path X : [0,7] — R has finite total
p-variation if

1/p

D, (X)p:= sup S Xy - Xe? <400, (D
D([O,T]) ZZED([O,T])

where D ([0, T']) goes through the set of all finite partitions of the interval [0, T'] (see
also [15]). It is clear by the definition that a process of bounded variation will always
have finite total p-variation for any p > 1. Also, note that the total p-variation as
defined above will only be zero if the process is constant. Thus, the total p-variation
of a non-constant bounded variation process will always be a positive number.

For ¢ > 0 fixed, the process Y1¢ : [0,T] — R defined in (5) is clearly of
bounded variation, but its total variation is of order O (%) We will say that at scale
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O (%), the process Y 1'* behaves like a process of finite total p-variation in the
limit if

lim (Dp (Yl’s) ) < 400 and Vg < p, lin}) (Dq (Yl’s)sa) =4o00. (12)
£—>

o
g—>0 €

We will prove the following:

Theorem 7. At scale O (¢*) and 1 < a < 2, the process Y 14 : [0, T] — R defined
in (5) behaves like a process of finite total (2 — a)-variation in the limit.

First, we prove the following lemma:

Lemma 1. Let X : [0,T] — R be a real-valued differentiable path of bounded
variation. Then, its total p-variation is given by

1/p

D, (X)r := sup > Xy — Xy | , (13)
&([0,T]) t0€£([0,T])

where £ ([0, T) goes through all finite sets of extremals of X in the interval [0, T].
Proof. Consider the function
fa,b(t) = |Xt - Xa|p + |Xb - Xt|p7 a<t<bh.

This is maximized for ¢ an extremal point (X, = 0)oratt = aort = b. Thus,
if D ={0,t1,...,th—1,t, = T}, there exists a set of extremals £ with cardinality
|€] <n + 1, such that

Z |Xt£+1 _th|p = Z |th+1 - th|p'

t¢y€D tee€

The set £ can be constructed by choosing 7 so that f s, (¢) is maximized and tx so
that fo, | 1, (¢) is maximized, for k = 2,...,n — 1. Thus,

1/p 1/p

sup Z |th+1 - Xte|p = sup Z |X’Hl - X’€|p
DA0.TD \ ;,ep(f0,T]) Eq0.TD \ 4, ee(f0,1)

The opposite inequality is obvious and completes the proof.

To prove the theorem, first we notice that

DY) = 80D,,(Zl)12, (14)
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where (Z!, Z?) satisfy

dz} = z}dt
dZ} = —Z2dt + dw;

Now, Z!is clearly differentiable and thus, by the lemma

N =

Dp(Zl)T = Ssup Z |Zf1£+1 - Ztlflp
8([03T]) t@Eg([OsT])

The derivative of Z! is equal to Z2, so all its extremal points correspond to zero-
crossings of Z2.So, fors,t € &,

Zp—Zg=Wi—Ws)= (2] = Z3) =W, = W,

and D ,(Z')r becomes

N =

Dy(ZY)r = sup 2. Wy = Wel?
5([0aT]) tleg([O,T])
1
= (glgr}) Z |W/te+1 o I/Vtz|p ’ ()

te€€s([0,T])

where
Es ([0, T]) = {0 =10, 01, INg(T)> T}

and {t1,...,tn5(7)} is the set of all zero-crossings of Z 2in [0, T] that are at least
distance § apart from each other, i.e. if tx € & ([0, T]) and k < Ng(T), then ;41 is
the first time that Z2 crosses zero after time #; +8. Note that the set of zero-crossings
of Z2 in [0, T] is an uncountable set that contains no intervals with probability 1.
Equation (15) follows from the following two facts: (a) in general, adding any point
to the partition will increase the L, norm and thus the supremum is achieved for a
countable set of zero-crossings and (b) any countable set that is dense in the set of
all zero-crossings will give the same result.

If 75 is the stopping time of the first zero crossing of Z? after § given Z3 = 0,
then the random variables {t,f =ty —tr—1),tx € E ([0, T]) ,k < Ng(T)} are i.i.d.
with the same law as that of 5. Thus, the sum »_, cc. (0,77 |Wee s — Wi, |7 is asum
of i.i.d. random variables of finite mean (to be computed in the following section),
and as a consequence of the Law of Large Numbers, it grows like Ng(T'). From [7],
we know that N5(T) ~ O (L). We conclude that

Dy(Z)r ~0(T7).
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Finally, from (14), it is clear that

o 1 _
Dy(Y)ea ~ O (s (i—z) F) ~0 (81+T2) ,

which proves the theorem.

3.2 The p-Variation Estimates

Similar to the quadratic variation estimate 62 defined in (7), we define the p-
variation estimates as the properly normalized total p-variation of the process:

e (Dp(YH0)7)" (16)

We will study the L,-error of this estimate in different scales. First, we need to
define the constant C,(7T'). The natural choice would be to choose C,(T') so that
E (67) = o?. So,

Cp(T) = OLPE ((D,,(YI’B)T)”) .

We need to compute E ((Dp (YI’E)T)IJ). From (14), we get that

E((Dp(")r)") = 70K ((DP(ZI)S%)I)) .

Using (15), we get that

E ((DP(ZI)T)p> = SII_IE})E Z Wier = Wel” |
10€€5([0,T])

Note that for any p > 1, D,(Z")r < D{(Z')r, where E (D1(Z")%) < +o0.
Thus, from the Dominated Convergence Theorem, the limit can come out of the
expectation. To simplify our computations, from now on, we will assume that Z2 =
Z3 = 0. We have already observed that the random variables {(W;,, — W;,).
tg € & ([0, T]),£ < Ns(T)} are independent and distributed like Wy, where 75 is
the first time Z2 crosses zero after ¢ = §, given that Z 2 = (. Thus,

E Z |th+1 _‘/Vlg|p Z]ENS(T)]E|Wr3|p+]E|WT_VVIN3(T)|IJ»
1¢€€5([0.T])
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where Ns(T) is the number of zero-crossings of Z?2 in interval [0, T'] that are
distance § apart from each other. First, we notice that

Bl =B (E () = =2 (250 B ().

To compute E ((z5)?), we note that 75 can be written as 75 = § + r(Zg), where
7(z) is the first zero-crossing of the process Z2 given that it starts at z. For Z2, an
Ornstein—Uhlenbeck process, the p.d.f. of t(z) has been computed explicitly (see
[21]) and is given by

|z|e_’ ZZC_Zt
fea= fﬁ X (—1_—)

Since Z§ = 0 by assumption, Z; is a Gaussian random variable with zero mean

and variance %(1 — e 2%). Let us denote its p.d.f. by g5 (z). It follows that the p.d.f.
of 7(Z3) is given by

o0 4efcsch(§ + ¢) sinh(8) sinh(r)
h = , dz = 17
= [ fe9se = S EESE L DVEREEE 7

where csch(?) = and sinh(¢) the hyperbolic sine. We write

smh(t)

fim ——E ((55)") = 8113})\/% /000(5 + 1)Phs(t)de

§—0 ﬁ
/‘°° 6+ 1)Phs(t)
0

= V8tH (1)

l‘H(l)dl‘.
§—0

where

de " Je ! 4e™" /e sinh(1)

H@) = - _2t)2 / tH(t)dr =

B+1)Phs@)
V/8tH (1)

theorem, we find that

The function is increasing to =177 as § | 0, and thus by the dominated

K, = [ootPH(t)dt (18)
0

Notice that for ¢+ — 0, H(¢) behaves like =3 and thus the integral K, is finite if
and only if p > % Also, for p = 1,2 we find that K; = +/2 and K, = 2+4/2log2.

Now, we need to compute the limit of VSEN;(T) as § — 0. We can use the
results in [7] to get an upper and lower bound and show that Ng(7") behaves like

@ (%) However, we need to know the exact value of the limit. We proceed as
follows: we write
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o0
ENs(T) =Y P (Ns(T) = n) = ZIP (Zf < T) (19)
n=1 i=1

where r =t —ti—y fort; € & ([0, T]) andi < Ng(T). Using (17), we find that
the Laplace transform of the distribution of g is

. . 2e 44D (AL ginh(d) - A+1 A+2
Ay () = e My (1) = = G g, (Li,i e ”),
(1l —e2d) 2 2
) (20)
where F; (a, b, ¢, x) is the regularized hypergeometric function given by
- 1 o (@i ()i F n
Fi(a,b,c,x) = B! > or &' and (d), = [[(d +k).
k=0 k=0
We find that for small d > 0, this behaves like
r A+1
Hy (M) =1-222 2v2 ( )«/_+O(8) 1)
ﬁ

Since the t{’s are i.i.d., the Laplace transform of the sum 3_7_, ¢ will be Hs (A)"
and thus we write

(Zf <T) /.c [Hs (A)"](dr),

i=1
where £~! denotes the operator of the inverse Laplace transform. Substituting this
back to (19), we get
o .T
ENy(T) = Y [ £ Q)
n=1 0
T )
—[ [Z Ay (A)"} (@
/0 n=1
r Hs (A
_ / | D ), (22)
0 1— Hs(A)

Taking the limit inside the operator, we finally see that

| CvE T
Jim VBE(N5(T)) = [0
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Finally, we note that since Z% = 0 by assumption,

(T —tng) <6 = 811_13})]E|WT ~ Wiy |” = 0.

For every p > 1, we set

1 P P =+ 1 ap
ap :—7[221“(7) and cp ——ZK%. (24)
Putting everything together, we find that
E((DP(ZI)T)p) = c,T (25)
and consequently
1,e p PP r p—2_.p
]E((DP(Y )T) ) =efole,z =e" 0 cpT.
Thus, we set
Cp(T) :=eP"2¢,T. (26)

By construction, the p-variation estimates 67 defined in (16) are consistent, i.e.
E (67) = o”. We now compute its square L,-error:

2
E (67 —o?)? = E <—(D"(Y1’S)T)p - a”)

Cy(T)
_E (wéY(T;T)) ey
_ ﬁE ((Dp(¥)7)*") = o2

4
o2P (C;TZ]E ((DP(ZI)€>ZP) - 1) 7
p &

To proceed, we need to compute the second moment of (D ,(Z')7)”. As with the
computation of the first moment, we write:
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2

2p .
4 ] s

Ns(T)

= HmE| D Wel? + Wr = Wiy, 1|7
n=1
N5(T) 2

1 p
n=

where the last line comes from the fact that (7 — 7x,(7)) < 8. To compute the above
expectation, we write

N5(T) 2 Ns(T) 2
El D Wl | =E| X W l” Wl
n=1 mmn=1

= EN;(T)E| Wy, [ + E (Ns(T)? = N5(T)) (E|Wy,|?)*
= EN; (T)E|Wy, 7 + EN5(T)? (E[Wy,|7)* + 0 (Vd) |

where the last line follows from the fact that Ng(7T') ~ O (%) and E|W; |7 ~

O(+/8). It remains to compute the limit of §E N5 (T)2. Following a similar approach
to the one before, we write

ENs(T)> = Y @2n—DP (Ns(T) = n) = (2n— 1P (Z < T)
n=1 i=1

n=1

:2;:;11? (irﬁ < T) +O(%)

i=1

and

T
n [0 £V A5 (1))

o

o0 n

P (Z 5 < T)
n=1 i=1 1
T

3
Il

Il
S—

L7 nHs ()"
n=1

T | )|y
A 2 :
(1- A5 )

[l
S—
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Taking the limit as § — 0, we get

T
lim §ENs(T)? = lim 2 / | S @) 5 | @n
§—0 §—0 Jo 1 — Hjs (A)
2
A
L - F(5>
- Z/ £ Atl @)
° r(4)
2
= T? + (2log2) T
Putting everything together, we get
. Wey 127 W7\
E((D,(zYH)7)?) =1 ENy(E Y2 L spny oy (B2
((0o(zHr)”) 85%(#%() e N2 (B

T T2 2
= e Ky + (7 + (21og2) T) (ang)

= TCzp + (T2 + (410g2) T) (cl’)z
=T (cp))’ +T (c2p + (4log2) (Cp)z) ;

where a,, and ¢, are defined in (24) and K, is defined in (18). Finally, we get

4 2
E (67 — Gp)2 = g2P (Ti_cz (7&:—4 (c,,)2 + 812 (czp + (41og2) (cp)2>) — 1)
)

2,82 [ C2p €2
=0~ | = +4log(2) | =0 = E(p), (28)
T\ cp T

C

where E(p) = % + 41log (2). This is an increasing function for p € [1,2] and
4

4log2 =: E(1) < E(p) < E(2):=10log2, Vp €[l,2].

We summarize our conclusions in the following:
Theorem 8. The L,-error of the estimator 6P defined in (16) is described by (28).
At scale O (%), the error is of order O (SZ_TQ)

We see that the performance of the estimators 67 is the same for all p > 1 and
they outperform the 652 estimator defined in (7). In terms of the constant E(p), the
smaller the p, the smaller the error. However, there is a problem: except for scale
O(1) (a = 0), the normalizing constant C,, depends on ¢, which will in general be
unknown. We go on to define a new estimator that does not assume knowledge of €.
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Fig. 1 The total 2-variation estimates for 0 = 2, @ = 0, & = .1 (left) and .01 (right) and § = &>

In Fig. 1, we plot the histogram of 1,000 realizations of the 2-variation estimate
V62 foro = 2anda = Oor T = 1. We see that the estimator seems to be
asymptotically normal, with a bias and asymptotic variance that decrease as ¢ gets
smaller. For ¢ = .1, the mean is 2.2084 and the variance is 0.1256. For ¢ = .01, the
mean is 2.0864 and the variance is 0.0012.

3.3 Estimating the Scale Separation Variable ¢

Suppose that T < 1 and T = &* for some @ > 0. We define the new estimator 67
similar to 67, and only use ¢, rather than C, as our normalization constant. Thus,
we define

57 = - (Dp(r ), (29)
Cp

where ¢, is defined in (24). Then,

Cp

2p 52p 2p PP
= C‘Z’ E ((DP(ZI)LZ) )—2&8 g

P P

2
]E(a_p _o_p)z — ]E ((DP(YI‘S)T)p _o_p)

£ ((2r5) ) o
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g2rg?r (T2 2 T 2 elo? T 2
= 2 (8—4 (cp)” + ) (cz,, + (410g2) (c,) )) — 207 . (cps—z) + o
T? T ) T
_ 2 P
= g% (84—21’ + 5 ((C % + (4log2)) -2 (82_1,) + 1) (30)
p

and by substituting 7" by &%, this becomes
]E (6p _ O_p)l — GZP (82p+2a—4 + 82p+a—2E(p) _ 28p+ll—2 + 1) ) (31)

Thus, we get the following behavior:

(a) For p > 2 — a, the error is of order O (1).

(b) For p = 2 — «, the error is well-behaved and of order O (82_Ta)

(¢) For p <2 —«a and a < 2, the error explodes like O (e2P72474),

We conclude that the optimal estimator is 62, since it does not assume knowledge

of ¢ and the estimators 67 do not outperform it even for p = 2 — o (except that the
constant E(p) is smaller). However, the estimators 6 can be used to estimate the
scale separation variable £. We set

D=

p :=arg min | (61’)% —(6?)
' 1<p<2

0.018 T

0.016

0.014

0.012

0.01

0.008

0.006

0.004

0 . 0.002 :
1 1.5 2 0 0.005 0.01

] €

Fig. 2 Left: the estimator (5”)# forc =2,¢e=.0land T = &2. Right: the error € — ¢ as a
function of ¢, foro =2and T = el
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and
a:=2—p.
Then, we estimate ¢ by
£:=Ta.
We demonstrate the method with an example. Let 0 = 2. In Fig. 2 (left), we plot
the estimator (51’)% fore = 01, T = 8% and § = 82/10. For this realization, we

find (62)% = 2.1098, so the estimator (51’)% performs best around p = 1.35, and
the corresponding ¢ is 0.0274. In Fig. 2 (right), we plot the error € — ¢, for different

values of ¢ varying from .0001 to .01, and foro = 2, T = e? and § = £2/10.
Clearly, the error decreases with ¢.

Acknowledgements The author would like to acknowledge partial support from EPSRC grant
EP/H019588/1 and the FP7-REGPOT-2009-1 project.

References

1. Azencott, R., Beri, A., Timofeyev, I.: Adaptive subsampling for parametric estimation of
Gaussian Diffusions. J. Stat. Phys. 139, 10661089 (2010)

2. Bishwal, J.P.N.: Parameter estimation in stochastic differential equations. Springer, Berlin
(2008)

3. Chen, X.: Limit theorems for functionals of ergodic Markov chains with general state space.
Mem. Am. Math. Soc. 129, (1999)

4. E, W., Liu, D., Vanden-Eijnden, E.: Analysis of multiscale methods for stochastic differential
equations. Comm. Pure Appl. Math. 58, 1544—1585 (2005)

5. E, W., Ren, W,, Vanden-Eijnden, E.: A general strategy for designing seamless multiscale
methods. J. Comput. Phys. 228, 5437-5453 (2009)
6. Ethier, S.N., Kurtz, T.G.: Markov processes. Wiley, New York (1986)

7. Florens-Zmirou, D.: Statistics on crossings of discretized diffusions and local time. Stoch.
Process. Appl. 39, 139-151 (1991)

8. Freidlin, MLL., Wentzell, A.D.: Random perturbations of dynamical systems. Springer, New
York (1998)

9. Givon, D., Kupferman, R., Stuart, A.: Extracting macroscopic dynamics: model problems and
algorithms. Nonlinearity 17, R55-R127 (2004)

10. Graversen, S.E., Peskir, G.: Maximal inequalities for the Ornstein-Uhlenbeck process. Proc.
Am. Math. Soc. 128, 3035-3041 (2000)

11. Katsoulakis, M.A., Majda, A.J., Sopasakis, A.: Multiscale couplings in prototype hybrid
deterministic/stochastic systems. I. Deterministic closures. Commun. Math. Sci. 2, 255-294
(2004)

12. Katsoulakis, M.A., Majda, A.J., Sopasakis, A.: Multiscale couplings in prototype hybrid
deterministic/stochastic systems. II. Stochastic closures. Commun. Math. Sci. 3, 453478
(2005)

13. Kutoyants, Y.A.: Statistical inference for ergodic diffusion processes. Springer, London (2004)

14. Li, J., Kevrekidis, P.G., Gear, C.W., Kevrekidis, I.G.: Deciding the nature of the coarse equation
through microscopic simulations: the baby-bathwater scheme. SIAM Rev. 49, 469487 (2007)

15. Lyons, T., Qian, Z.: System control and rough paths. Oxford University Press, Oxford (2002)

16. Majda, A.J., Timofeyev, 1., Vanden Eijnden, E.: A mathematical framework for stochastic
climate models. Comm. Pure Appl. Math. 54, 891-974 (2001)



190 A. Papavasiliou

17. Majda, A.J., Timofeyev, 1., Vanden Eijnden, E.: Stochastic models for selected slow variables
in large deterministic systems. Nonlinearity 19, 769-794 (2006)

18. Papavasiliou, A., Pavliotis, G.A., Stuart, A.M.: Maximum likelihood drift estimation for
multiscale diffusions. Stoch. Process. Appl. 119, 3173-3210 (2009)

19. Pavliotis, G.A., Stuart, A.M.: Parameter estimation for multiscale diffusions. J. Stat. Phys. 127,
741-781 (2007)

20. Pavliotis, G.A., Stuart, A.M.: Multiscale Methods: averaging and Homogenization. Springer,
New York (2008)

21. Ricciardi, L.M., Sato, S.: First-passage-time density and moments of the Ornstein-Uhlenbeck
process. J. Appl. Prob. 25, 43-57 (1988)



Numerical Solution of the Dirichlet Problem
for Linear Parabolic SPDEs Based
on Averaging over Characteristics

Vasile N. Stanciulescu and Michael V. Tretyakov

Abstract Numerical methods for the Dirichlet problem for linear parabolic stochas-
tic partial differential equations are constructed. The methods are based on the
averaging-over-characteristic formula and the weak-sense numerical integration of
ordinary stochastic differential equations in bounded domains. Their orders of con-
vergence in the mean-square sense and in the sense of almost sure convergence are
obtained. The Monte Carlo technique is used for practical realization of the methods.
Results of some numerical experiments are presented.
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1 Introduction

A great deal of attention has recently been paid to numerical methods for stochas-
tic partial differential equations (SPDEs; a comprehensive list of references on this
topic is available in, e.g., [27]). There are a number of approaches used to derive
approximations for parabolic SPDEs. Of course, SPDEs themselves differ in their
nature (see, e.g., [8, 14, 51]): linear and nonlinear; with various boundary condi-
tions; different types of noise; and various interpretations of their solutions. This
variety results in different regularity properties of the solutions, which (together
with the aims of a particular application) usually affect the choice of an approxima-
tion technique used and norms for estimating errors of numerical methods. The most
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common approach to construct a numerical method for SPDEs is, to large extent,
similar to the one used for approximating deterministic partial differential equations
(PDEs). First, one discretizes an SPDE in space using spatial finite differences (see,
e.g., [1,24,52,54] and the references therein), finite element methods (see, e.g.,
[1,21, 53] and the references therein) or spectral methods (see, e.g., [9, 23, 27]).
The result of such a space discretization is a large (obviously growing with refining
the space discretization) stiff system of ordinary stochastic differential equations
(SDEs) which is then numerically solved by appropriate numerical schemes. In
[5, 15], first an SPDE is discretized in time and then to this semi-discretization
a finite-element or finite-difference method can be applied. The other numerical
approaches include those making use of the Wiener chaos expansion (see, e.g.,
[26,39]), splitting techniques (see, e.g., [2,25,32]), and quantization [22]. In [45],
layer methods based on probabilistic representations are proposed for linear and
semilinear parabolic SPDEs. Numerical methods of all these types are applicable to
low dimensional SPDEs (say, of spatial dimension d < 3).

For problems of mathematical physics associated with multi-dimensional (deter-
ministic) linear PDEs, the Monte Carlo technique is the well-established numerical
tool (see, e.g., [43] and references therein). In the case of the Cauchy problem for
linear SPDEs, the method of characteristics (the averaging over the characteris-
tic formula) and the weak-sense numerical integration of SDEs together with the
Monte Carlo technique were used to propose numerical methods in [45] (see also
[10,31,44,46,50]). The closely related approach is branching interacting particle
systems methods (see, e.g., [11, 12]).

In this paper, we carry over the approach of [45] to numerically solve the Dirich-
let problem for linear SPDEs (see (1)—(3) below) exploiting ideas of the simplest
random walks for the deterministic Dirichlet problem for PDEs from [42] (see also
[43, Chap. 6]). We note that using the weak-sense numerical integration of SDEs
with reflection [41,43] the approach of [45] can also be exploited for the Neumann
problem for SPDEs.

Let G be a bounded domain in R4, Q = [Tp,T) x G be a cylinder in
RAt! and I' = Q\Q be the part of the cylinder’s boundary consisting of the
upper base and lateral surface. Let (2, F, P) be a complete probability space,
Fi, To <t < T, be a filtration satisfying the usual hypotheses, and (w(?), F;) =
(wi(1),...,wr(t))T, F;) be an r-dimensional standard Wiener process. We con-
sider the Dirichlet problem for the backward SPDE:

—dv = [Lv + f(t, )] de + [BT(t, x)v(t,x) + yT (¢, x)] % dw(r), (t,x) € O,

(D
v|r = o, x), (2)
where
Lo(t,x) = 1 i‘ aij(t,x)iv(t,x) + b7 (t, x)Vu(t, x) + c(t, x)v(t, x),
2 i ox!dx/

3)
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a(t,x) = {a"(t,x)} is a d x d-matrix; b(t, x) is a d-dimensional column-vector
composed of the coefficients b’(¢,x); c(t,x) and f(t,x) are scalar functions;
B(t,x) and y(¢, x) are r-dimensional column-vectors composed of the coefficients
Bi(t,x) and y(t, x), respectively. The notation “xdw” in (1) means backward Ito
integral [29,47,51] (see also Sect. 2).

The form of (1) is convenient for the probabilistic approach: the “initial” condi-
tion is prescribed at the final time moment ¢ = 7, and the equation is considered for
t < T. As aresult, stochastic characteristics for (1)—(2) are written in forward time
(see Sect.2). At the same time, we remark that by changing the time s := T —(¢—Tp)
one can re-write the backward SPDE problem (1)—(2) in the one with forward direc-
tion of time [51] (see also Remark 2.1 in [45]), and for a given forward SPDE, one
can write down the corresponding backward SPDE. Consequently, the methods for
backward SPDEs considered in this paper can be used for solving forward SPDEs
as well.

Linear SPDEs have a number of applications (see, e.g., [8,51] and the references
therein), the most popular among them is the nonlinear filtering problem (see, e.g.,
[30,33,47,51]). The backward Zakai equation with Dirichlet boundary condition
has the form of (1)-(2) withc¢ = 0, f = 0, y = 0. It arises in the nonlinear filtering
problem when the unobservable signal is modelled by killed diffusions (see [37,48]
and also the related works [9,35,49]).

The rest of the paper is organized as follows. Section 2 contains auxiliary knowl-
edge including the assumptions imposed on the problem, which are used in our
proofs, and a probabilistic representation of the solution v(¢, x), which involves
averaging characteristics over an auxiliary Wiener process W(t) independent of
w(t). In Sect. 3, we construct numerical methods for (1)-(2) by approximating the
stochastic characteristics for a fixed trajectory w(z). We note that the stochastic
characteristics belong to the bounded domain Q, and hence the approximate char-
acteristics should possess this property as well. To this end, we exploit ideas of
the simplest random walks for the deterministic Dirichlet problem from [42] (see
also [43, Chap. 6]) and propose first-order and order 1/2 (in the mean-square sense)
numerical methods for (1)—(2). To realize the proposed methods in practice, the
Monte Carlo technique can be used. The corresponding convergence theorems (both
in the mean-square sense and in the sense of almost sure convergence) are stated in
Sect. 3 and proved in Sect. 4. The theorems are proved under rather strong assump-
tions, in particular, that the problem (1)—(2) has a sufficiently smooth in x’ classical
solution, which allow us to obtain convergence of the proposed methods in a strong
norm and with optimal orders. These assumptions are not necessary and the numer-
ical algorithms of this paper can be used under broader conditions. Results of some
numerical experiments are presented in Sect. 5.

2 Preliminaries

In this section, we state the assumptions imposed on the problem (1)—(2) and write
a probabilistic representation for its solution v(¢, x).
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Let us first recall the definition of a backward Ito integral [51]. Introduce the
“backward” Wiener processes

w(t) :=w(l)—w( —(t—To), To<t =T, )

and a decreasing family of o-subalgebras F%., To < t < T induced by the incre-
ments w(T) — w(t'), t’ > t. A o-algebra induced by w(t'), t' < t coincides with
F. ; ~¢=To), Then, the backward Ito integral is defined as the Ito integral with respect
to w(s):

t T—(t—Top)
/ Y(") *dw(t”) = / (T — (" —To))dw(”), To<t <t <T,
t T—@'—To)

where Y (T — (t — Tp)), t < T,is an .7-"TT _(t_TO)—adapted square-integrable function.
The solution v(z, x) of the problem (1)—~(2) is F}.-adapted, it depends on w(s)—w(t),
t < s < T. The more precise notation for the solution of (1)-(2) is v(¢, x; ),
w € §2, but we use the shorter one v(z, x).

We impose the following conditions on the problem (1)—(2).

Assumption 2.1. (smoothness) We assume that the coefficients a’/ (¢, x), b (¢, x),
c(t,x), ft.x), Bi(t.x), and y'(t,x) in (1)~(3) are sufficiently smooth in Q,
o(t, x) is sufficiently smooth on I', and the domain G has a sufficiently smooth
boundary 0G.

Assumption 2.2. (ellipticity) We assume that a = {a} is symmetric and positive
definite in Q.

Assumption 2.3. (classical solution) We assume that the problem (1)—(2) has the
classical solution v(t, x), which has spatial derivatives up to a sufficiently high
order for all (t,x) € Q; and the solution and its spatial derivatives are such that
for some p > 1 they satisfy an inequality of the form

p
E( max _ |v(t,x)|> <K,
(t,x)eQ

where K > 0 is a constant.

We note that Assumptions 2.1-2.2 together with some compatibility condi-
tions ensure the existence of the classical solution with the properties described
in Assumption 2.3 (see [3,4,17,18,48] and also [6, 14,28,34,38,49,51]). Such com-
patibility conditions consist, e.g., in requiring that y (¢, x) and its partial derivatives
up to a sufficiently high order equal to zero for (¢, x) € [Ty, T] x dG; the function
B(t, x) agrees with (¢, x) so that the function @(¢, x) defined by

D(t, x) := (t, x) exp(=n(t; x)),

T T
n(t:x) = / BT (5. x) * dwi(s) = / BT (5. x)dw(s).
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and its spatial derivatives up to a sufficiently high order are deterministic for (¢, x) €
[To, T]x0G (e.g., D(t, x) is deterministic for (¢, x) € [Ty, T]xdG, when ¢(¢, x) =
O0or B(t,x) = 0 for (¢,x) € [Ty, T] x dG); and the function f(z,x) agrees with
o(t, x) so that

—%—(f(T, x)=Le(T,x)+ f(T,x), x € 0G.

To demonstrate that Assumptions 2.1-2.2 together with these compatibility con-
ditions imply the existence of a smooth classical solution, one can exploit the
method of robust equation [7, 47, 51], i.e., by deriving the Dirichlet problem for
the backward pathwise PDE with random coefficients corresponding to the SPDE
(1)=(2). Indeed, the transform

v(t,x) = "5V, x) + "GV e(1: x), (5)

T
st = [ 7706 iy
T K
= e_"(t;x)[ ¥ T (s, x)exp (/ ,BT(s',x)dw(s’)) dw(s)
i t t
+[ yT(s,x)ﬂ(s,x)e_"(S;x)ds,

relates the solution v(z, x) of the Dirichlet problem for the SPDE (1)—(2) with the
solution u(t, x) of the corresponding Dirichlet problem for the backward pathwise
PDE. Existence of a smooth classical solution of this PDE problem follows from
standard results on deterministic parabolic PDEs [20, 36], which together with the
transform (5) implies the existence of a smooth classical solution of the SPDE
problem (1)—(2).

Assumptions 2.1-2.3 are sufficient for the statements in this paper. At the same
time, they are not necessary and the numerical methods presented here can be
used under broader conditions. These rather strong assumptions allow us to prove
convergence of the proposed methods in a strong norm and with optimal orders.
Weakening the conditions (especially, substituting the compatibility assumptions
by using weighted spaces [28, 34, 38]) requires further study.

The probabilistic representation (or in other words, the averaging-over-character-
istic formula) for the solution of the problem (1)-(2) given below is analogous to
the ones in [18] and also to the representations for solutions of the Cauchy problem
for linear SPDEs from [29, 30,45,47,51].

Let a d x d-matrix o (¢, x) be obtained from the equation

o(t,x)o ' (t,x) = a(t, x).
The solution of the problem (1)—(2) has the following probabilistic representation:

v(t,x) = EV [p(t, Xe x (0) Y x1(0) + Zix1,0(0)], To<t <T, (6)
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where X; x(5), Yi.x,y(8), Ztx,y.(s),t <s < T, (¢t x) € Q, is the solution of the
SDEs

dX =b(s, X)ds + o(s, X)dW(s), X(t) = x, @)
dY =c(s, X)Yds + ,BT(S, X)Ydw(s), Y() =y, (8)
dZ = f(s,X)Yds + )/T(s, X)Ydw(s), Z(t) =z, 9

W(s) = (Wi(s),...,Wy(s))" is a d-dimensional standard Wiener process inde-
pendent of w(s) and T = 1, is the first exit time of the trajectory (s, X; x(s)) to
the boundary I". The expectation £ in (6) is taken over the realizations of W(s),
t <s < T, for a fixed w(s), t <s < T, in other words, E" () means the con-
ditional expectation E (-|w(s) —w(¢),t <s < T). We note that the exit time t;,x
does not depend on w(-).

To verify that (6)—(9) is a probabilistic representation for the solution v(¢, x) of
(1)—(2), we can proceed, for instance, as follows. First, using the standard results of,
e.g., [16, 19], we write down a probabilistic representation for the solution u(z, x)
of the discussed above pathwise PDE problem related to the SPDE problem (1)-
(2). Then, using the relation (5), we transform this probabilistic representation for
u(t, x) into the one for v(¢, x) and arrive at (6)—(9).

3 Numerical Methods

To construct numerical methods for the Dirichlet problem for the SPDE (1)-(2),
we use ideas of the simplest random walks for the deterministic Dirichlet problem
from [42] (see also [43, Chap. 6]) together with the approach to solving SPDEs via
averaging over characteristics developed in [45] (see also [44,40]).

We propose three algorithms: two of them (Algorithms 1A and 1B) are of mean-
square order one and Algorithm 2 is of mean-square order 1/2.

Difficulties arising in the realization of the probabilistic representation for solv-
ing deterministic Dirichlet problems were discussed in [40,42,43]. They are inher-
ited in the case of the Dirichlet problem for SPDEs. For instance, the difference
T — t in (6) can take arbitrary small values and, consequently, it is impossible to
integrate numerically the system (7) with a fixed time step. In particular, we cannot
use mean-square Euler approximations for simulating (7). Thanks to the fact that
in (6) we average realizations of the solution X(z) of (7), we can exploit simple
weak approximations X of X imposing on them some restrictions related to nonexit
of X from the domain Q as in the case of deterministic PDEs [40,42,43]. Namely,
we will require that Markov chains approximating in the weak sense the solution of
(7) remains in the domain Q with probability one.

In all the algorithms considered here, we apply the weak explicit Euler approxi-
mation with the simplest simulation of noise to (7):

Xix(s +h)~ X = x +hb(s,x) + h'?0 (s, x) €, (10)
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where & > 0 is a time step, £ = (£',...,§N)T, &, i = 1,...,d are i.i.d. ran-
dom variables taking the values +1 with probability 1/2. As we will see, this
approximation of X is used “inside” the space domain G.

Let us now introduce the boundary zone S;; C G for the time layer ¢ while
G\S, 1, will become the corresponding “inside” part of G. Clearly, the random vec-
tor X in (10) takes 2¢ different values. Introduce the set of points close to the
boundary (a boundary zone) S; ; C G on the time layer ¢ : we say that x € S; j, if
at least one of the 2¢ values of the vector X is outside G. It is not difficult to see
that due to compactness of Q there is a constant A > 0 such that if the distance
from x € G to the boundary dG is equal to or greater than A+/h, then x is out-
side the boundary zone and, therefore, for such x, all the realizations of the random
variable X belong to G.

Since restrictions connected with nonexit from the domain G should be imposed
on an approximation of (7), the formula (10) can be used only for the points
X € G_\S,,;Z on the layer ¢, and a special construction is required for points from
the boundary zone. In Algorithms 1, we use a construction based on linear interpo-
lation while in Algorithm 2 we just stop the Markov chain as soon as it reaches the
boundary zone S; 5. In the deterministic case, these constructions were exploited in
[42,43].

Below we also use the following notation. Let x € S; . Denote by x* € 9G the
projection of the point x on the boundary of the domain G (the projection is unique
because 4 is sufficiently small and dG is smooth) and by n(x”™) the unit vector of
internal normal to dG at x™.

3.1 First-Order Methods

To define our approximation of X (¢) in the boundary zone, we introduce the random
vector X7, taking two values x” and x + W2An(x™), x € S:.n, with probabilities
p = pxpand g = qxn = 1 — py ., respectively, where

h'/2)
|x + A2 n(x7) — x7|

Px.h =

It is not difficult to check that if v(x) is a twice continuously differentiable function
with the domain of definition G, then an approximation of v(x) by the expectation
Ev(X7,) corresponds to linear interpolation and

v(x) = Ev(X] ) + O(h) = pv(x™) + qu(x + h'?An(x™)) + O(h). (1)

We emphasize that the second value x + 21/2An(x™) does not belong to the bound-
ary zone. We also note that p is always greater than 1/2 (since the distance from
x to G is less than £'/21) and that if x € 3G, then p = 1 (since in this case
xT = x).
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Further, we apply the partly weak, partly mean-square explicit Euler approxi-
mation (cf. [45]) to the rest of the probabilistic representation, i.e., to (8)—(9), and
obtain

Yixy(s+h) ~Y =y+hc(s,x)y + B (s, x)yAw(s)

LS oo (wer -y
i=1

+y 3 Y B0 04w Awi (), (12)

i=1j=i+1

Zinw t +h)~Z =24+ hf(s,x)y +y (s, X)yAw(s)

+3 Y Y .08 (.01 (s), (13)

i,j=1

where £ is as in (10), Aw(s) = w(s + h) — w(s), and I;; (s) are the Ito integrals

s+h
Lij(s) = / (wj(s/)—wj(s))dw,-(s/). (14)

Let us observe that in the approximation (10), (12)—(13) we approximate the part
of the system (7)—(9) related to the auxiliary Wiener process W(¢) in the weak sense
and the part of the system related to the Wiener process w(t), which drives our
SPDE (1), in the mean-square sense. We also recall that X and w are independent.

Remark 1. We note that unless the commutativity condition 8y’ = B’ y' holds
we face the difficulty in simulating Z from (13) efficiently due to the presence of
the integral I;;(s) (see various approaches to its approximation in, e.g., [43] and
also [13]). As is well known, to realize (13) in the commutative noise situation, it
suffices to simulate the Wiener increments Aw; (s) only. We also note that in the
important case of y = 0 (e.g., it is so in the Zakai equation [33,48, 51]) the term
with /;; (s) in (13) is cancelled.

Now, we are ready to propose an algorithm for solving the SPDE problem
(1)=(2). Let a point (¢9, xo) € Q. We would like to find the value v(¢y, x¢). Introduce
a discretization of the interval [tg, T], for definiteness the equidistant one:

to<ty <---<ty=T, h:=(T—1ty)/N.

Let&;, k =1,2,..., bei.i.d. random variables with the same law as defined for
the £ in (10). We formulate the algorithm as follows.
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Algorithm 1A

STEP 0. X(') =x9, Yo=1, Zo=0, k=0.

STEP 1. If X} ¢ Sy, 5 then Xz = X/ and go to STEP 3.
If X; € Sy, 5 then either X3 = X;™ with probability Px}.h
or Xg = X} + h'/2An(X;7) with probability gx; -

STEP 2. If Xi = X/” then STOP and x =k, Xy = X[, Yy =Yg, Zy = Zk.
STEP 3. Simulate &, and find X[, |, Yis1. Zt1 due to (10), (12)~(13) for
S=1lk, x =X,y = Yi, 2= Zg, § = Ekq1, Aw(s) = Aw(iy).

STEP4. If k +1 = N,STOPandx = N, X,, = XJ/V’ Y, =Yn, Z,, = ZN,
otherwise k := k + 1 and return to STEP 1.

Having obtained the end points of the chain (¢,,, X, Yy, Z,) with (¢, X,) € T,
we get the approximation of the solution to the SPDE problem (1)—(2):

U(IO7 Xo) ~ l_}(t07 Xo) = E" [@(t;u X,)Y + Z}t] s (15)

where the approximate equality corresponds to the numerical integration error (see
Theorems 1 and 2 below). We note that in the case of the deterministic Dirichlet
problem (i.e., when § = 0 and y = 0) Algorithm 1A coincides with Algorithm
6.2.11in [43, p. 355].

To realize the approximation (15) in practice, one can use the Monte Carlo
technique:

M
i . 1
B(to, X0) ~ D (10, x0) = HmZ::I [go(t,‘,m), Xmyym 4 Zf;")] e

where (£, X ¥, 7)) are independent realizations of (ty, Xx, Ye, Zy),
each obtained by Algorithm 1A. The approximate equality in (16) corresponds to
the Monte Carlo (or in other words, statistical) error.

As it was noted, e.g., in [44, Remark 3.4], it can be computationally more
efficient to approximate (8) as

Yixy(s+h)~Y = yexp (c(s,x)h - ,BT(s,x)ﬂ(s,x)h/Z + ﬂT(s,x)Aw(s))
a7
rather than by (12) since, in particular, in comparison with (12) the approximation
(17) preserves the property of positivity of Y.

By Algorithm 1B, we denote the algorithm which coincides with Algorithm 1A
but uses (17) to approximate the component Y (¢) instead of (12). The approxima-
tion of the solution to the SPDE problem (1)—(2) in the case of Algorithm 1B has
the same form (15) as for Algorithm 1A but with the new Y, and Z, (note that
simulation of Zj; depends on simulation of Yj).

The following two convergence theorems hold for both Algorithms 1A and 1B.
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Theorem 1. Algorithms 1A and 1B satisfy the inequality for p > 1:

_ 2p\ /2P
(E 1560, x0) = v(to. x0) ")~ < Kb, (18)

where K > 0 does not depend on the time step h, i.e., in particular, these algorithms
are of mean-square order one.

A proof of this theorem is given in Sect. 4. Theorem 1 together with the Markov
inequality and Borel-Cantelli lemma (see the details of the corresponding recipe in,
e.g., [44,45]) implies the a.s. convergence as stated in the next theorem.

Theorem 2. For almost every trajectory w(-) and any & > 0, there exists C(w) > 0
such that
|9(to, x0) — v(to, X0)| < C(w)h' %, (19)

where the random variable C does not depend on the time step h, ie., both
Algorithm 1A and 1B converge with order 1 — ¢ a.s.

Remark 2. Tt might be useful to choose both & and A adaptively, depending on
the chain’s state: sy and Ag. Then, in Theorems 1 and 2, one should put 4 =
maxo<k<n fk. In practice, one can take Ay = |o(tx, X)|, possibly with small
corrections.

3.2 Method of Order 1/2

The next algorithm (Algorithm 2) is obtained by a simplification of Algorithm 1A.
In Algorithm 2, as soon as X}, gets into the boundary domain St ,h» the random walk
terminates, i.e., ¥ = k, and X,, = X]?, Y, = Y, Z,, = Zj is taken as the final
state of the Markov chain. Since this algorithm obviously cannot be of mean-square
order higher than 1/2 (it is already of the order 1/2 in the case of deterministic
PDEs [42,43]), we also simplify the approximations (12)—(13). Namely, instead of
(12)—(13), we use the approximations

Yixy(s+h) = Y = Y+ he(s,x)y + ,BT(s,x)yAw(s), (20)
Ziay:t +h) ~ Z =2+ hf(s.x)y + 7 (5.X)yAw(s). @1

Let us write this algorithm formally.

Algorithm 2

STEP 0. X() = X0, Yo = 1, Z() =0, k=0.

STEP 1. If Xy ¢ Sy ,n then goto STEP2.
If Xi € Sy, then STOP and %=k, X, = X[, Yu=Yi, Zy = Zi.

STEP 2. Simulate £ and find Xg41, Yet1, Zis1 due to (10), (200—(21) for
S =1, X = X,y = Yk, 2= Zp, § = 1, Aw(s) = Aw(t).

STEP3. If k +1 = N,STOPand x = N, X,, = XN, Y, = YN, Z,, = ZN,
otherwise k := k + 1 and return to STEP 1.
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We form the approximation of the solution to the SPDE problem (1)—(2) as (cf.
(15)): .
v(to, x0) & V(to, x0) = E" [@(tx, X3) Yy + Zy] (22)

with (2, Xy, Yy, Z,) obtained by Algorithm 2. We note that in the deterministic
case (8 = 0 and y = 0) Algorithm 2 coincides with Algorithm 6.2.6 in [43, p. 359].
We also remark that we can modify Algorithm 2 as we did with Algorithm 1A by
using the approximation (17) of Y instead of (20). This modified algorithm will
usually have better properties than Algorithm 2 using (20).

The following convergence theorem can be proved analogously to Theorems 1|
and 2.

Theorem 3. Algorithm 2 satisfies the inequality for p > 1:
1/2p
(E 1560, x0) = vto, x0)7) " = K2, (23)

where K > 0 does not depend on the time step h, i.e., in particular, Algorithm 2 is
of mean-square order 1/2.
For almost every trajectory w(-) and any & > 0, there exists C(w) > 0 such that

|50, X0) — v(t0, x0)| < C(w)h'/?>~%, (24)

where the random variable C does not depend on the time step h, i.e., Algorithm 2
converges with order 1/2 — ¢ a.s.

4 Proof of the Convergence Theorem

In this section, we prove Theorem 1 for Algorithm 1B, its proof for Algorithm 1A
is analogous. The proof makes use of some ideas from [42] (see also [43, Sect. 6.2])
and [44]. Note that in this section we shall use the letter K to denote various
constants which are independent of k and 4.

We extend the definition of the chain corresponding to Algorithm 1B for all k by
the rule: if k& > »x, then (tx, Xk, Yr, Zr) = (tx, Xx, Y. Z,). We denote by vy, x,
the number of those #;, at which X ,’C gets into the set S;, 5.

Let us first provide some intuitive guidance to the proof. “Inside” the domain,
i.e., when Xi ¢ S; 5. the Markov chain (f, Xi, Y, Zx) is analogous to the one
used in the case of the Cauchy problem for the linear SPDE (1), for which the first
mean-square order of convergence was proved in [44] (see also [45,46]). Then, it is
reasonable to expect that the approximation “inside” the domain contributes O (%)
to the global error of Algorithm 1B. Near the boundary, i.e., when X € S;, 5, the
local error is of order O (h) as it follows from the interpolation relation (11) while
the number of steps vy, on which we should count contributions of this local error
is such that its any moment is uniformly (with respect to the time step) bounded (see
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(25) below), i.e., roughly speaking, the local error O(h) is counted finite number of
times to the global error. Consequently, we can expect that the total error “inside”
the domain and the total error near the boundary should sum up to O (k).

We now proceed to the formal proof. We note that since we use here the prob-
abilistic representation (6)—(9) in which the Wiener process w(¢) driving the SPDE
(1) does not enter the X component, the Markov chain X} coincides with the corre-
sponding Markov chain used in [43, p. 355] for the deterministic Dirichlet problem.
As a result, we can exploit here some of the properties of this chain Xj established
in [42,43]. The following lemma is proved in [43, p. 356].

Lemma 1. The inequalities

1
P{vigxg =n} < n—1’

1
P{viy,xg >n} < TR n €N,

hold.
This lemma implies that for any p
Evf ., = K. (25)

where K does not depend on the time step 4.
We will also need the following uniform estimate for Y.
Lemma 2. Forany p > 1, the following inequality for Yy from Algorithm 1B holds:

p
E( max Yk) <K,
0<k<N

where K does not depend on h.

Proof. (cf. [43, p. 358]) We have for k < x

k—1
Yi = My exp <h Zc(t,-,X,-)) < M exp(E(tx — o)),
i=0
where M}, is the corresponding positive martingale and ¢ = max c(s, x). Note

(s,x)eQ
that M = M, for k > x and the moments EM 5 are finite. Then, the above
inequality together with Doob’s martingale inequality implies

p P
E( max Yk) < exp(c(T —to)p)E( max Mk)
0<k=<N 0<k<N

p
< exp(¢(T —10) p) [%] EMy < K.
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Now, we prove one-step error lemmas for Algorithm 1B. Introduce

re = v(te, Xi) Y + Zi — v(te, Xp) Yie — Zy,
R = v(tky1, Xpo ) Yirr + Ziyr — v(te, Xi) Y — Zk.,
k=0,...,N—1.

We recall that X; belongs to the layer 1 = f;; the variable r; can be nonzero
in the case of X ,’( € Sy, ,» only, i.e., ¢ has the meaning of the local error in the

boundary zone. If x > k, then X; ¢ S;,_5 and all the 24 realizations of the random

variable X;Hl belong to G; if % < k, then ty = tx41 = ty, X,’chl = Xi = X,,

Yir1 =Yk =Yy, Ziy1 = Zy = Z, and, consequently, Ry = 0. The variable Ry
has the meaning of the local error “inside” the domain.

Lemma 3. The following relation for the local error in the boundary zone holds:
|E"(ric | X Yie, Zi)| = plte, X, YidhIs, ,(Xp) Xk (26)

where | Sty (x) and y,>k are the indicator functions and the random variable p is
such that for p > 1:

2p
E[ max P(lk,X,Q,Yk)] <K (27)
0<k<N-1

with K being independent of h and k.

Proof. We have
E"(rie | X Y, Zi) = YieIs, , (Xp) toes [E" (0(th, Xio) | Xp) — v(tk, Xp) ]
and for X; € S; pandx >k
pti. Xi. Yi) = Yie |EY (v(tx, X)) | Xp) — v(te. Xp)| -
Due to the interpolation relation (11), we have

E"(v(te, Xx) | Xp) — v(tx, Xp)

1 T
= SPxL (X7 = X)) H) (e, Xi + 00(X;7 — X)) (X — X)
hA
+ S axgan T (X H©) @ Xy + 00 PAn(XE))n(X(T).

where H(v) is the Hessian of v and 0; and 6, are some values in (0, 1). Using the
assumed properties of the solution v and its spatial derivatives and recalling that
|X;™ — X} | < Ah1/2, we get
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2p
E| max |E"(v(tk, Xk) | X;) — v(tx, X;)] <K
0<k<N-1

with K being independent of / and k. Then, the Cauchy—Bunyakovskii inequality
and Lemma 2 imply (26). O

Lemma 4. The following relation for the local error “inside” the domain holds:

.
E"(R | X, Yk, Zk) = Yok Yi § 2 [hAW; (tr)eti (i1, Xi)
i=1

+ Lo (tr)oi (tk+1, Xk)]

+ X e e X g + L=k O(h?), (28)

i,jl=1

where

Tr41

Toi(te) = | wi(s) — wi (t))ds,
= [ [ e w1 dw6) + i)

o (te+1, Xk), @i (tg+1, Xx), and O‘z‘*jl (tx+1, Xx) are combinations of the coeffi-
cients of (1) and their partial derivatives at (t, Xi) and the solution v(tx+1, Xx)
and its spatial first and second derivatives; and O(h?) is a random variable such
that for p > 1

E|O(W?)?? < Kh* (29)

with K being independent of h and k.

Proof. The error Ry = 0 for » < k. Let us analyze it in the case » > k. Introduce
the notation by = b(t, Xi), ox = o(tx, Xx), and so on. We have

E"(Ri | Xie. Y. Zi) = E"(0(tiq1. X ) Yierr — v(te. Xi) Yie
+ Zis1—Zi | Xie, Y. Zi)

= Vel B[tk Xfoyy) | Xed x oxp (cch — By Bih/2 + By Awiny))

+ hfi + v Aw(te) + Y viBL L (1) — (e, Xi) (30)
ij=1

Using the Taylor formula, we expand v (tx 41, X}, +1) at (41, Xi) and obtain
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) 1/2
E"[v(tky1. Xpqy) | Xl = E¥((tx1. Xic + hbg + h 20k Ees1) | Xe)
T
= v(lk+1, Xk) + hbk Vu(tgt1, Xk)

+ 5 Z @l = 3 Jv<tk+1 X+ 0. (3
i,j=1

where O(h?) is as in (29). By the Taylor expansion, we also get
T T T
exp (ch — By Brh/2+ B Aw(t)) =1+ Bl Aw(te) + e

%Z[ﬁi]z(ﬂwt(fk) h) + Z Z BBy Awi (i) Aw; (i) (32)
i=1

i=1j=i+1

Fhiei — By B/ DB Aw) + ¢ [B awiw] + 007,
Now, we consider the last term in (30), v(#x, Xx), which we expand around
(tg+1, Xg) by iterative application of (1). Due to (1), we have
tr41
v(tk, Xi) = v(le41, Xi) + / [(Lv) (2, Xk) + f(t, Xp)]dt (33)

I

+ [ . [B7 (. Xi)v(t. Xp) + y " (¢, Xp)] * dw(?).

k
Clearly,

Tet1
/ o f(t, Xp)dt = hfi + O(h?), (34)

173
tt1 9 Tr41
/ T (1. Xp) % dw(t) =y, Aw(t) + Ey,j/ (t — tr)dw(r) + O(h?).
t,

k 173

By using the expression for v(¢, Xi) from (1) twice, we get
Tk+1
[ o e xoar = heaen. xo G5)

Ik
T 41 T 41 T
+/ / L[B" (s, Xi)v(s, Xk)
ti t

+y T (s, Xp) | *dw(s)dt + O(h?)
= hLv(tg4+1, Xp) + L [5;U(lk+1, Xi) + y];r]

Tet1
x / T ltesn) = w(O)dr + 00).

k
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where the coefficients of £ in the right-hand side are evaluated at (¢, X ). Analo-
gously, we obtain

/ BT X)u(t. Xe) % dw(t) = Bl Aw(t) (s, Xi) + v(test Xi)

k

< BBy /+ [ (1) — i (6)] % s (1)

i,j=1
"L [
+ Z ﬂka/ [Wj(tk+1)—wj(t)]*dw,-(t)
i,j=1 Ik
r . ) ,
z J
+ v(tks1. Xi) Z B Br (,B,ZCerk)
i,7,l=1

x / o [ T ) — wi)] * dw; (5) % dwi (1)
+ (BT Loltest. Xo) + fi) / T e — Ddw(0) + 0GR, (36)

It is not difficult to show that

tk+1 tr41
[ [0 (ts) = wj (0] % dws (1) =[ i () — wi )] dw  (0) = Lji (1) i #
tk Ix
(37)
1 . 2
ft” [ (1) — wi (6] % oy 1) = L2271
tr 2 2
r . . t 13
DR I I USSR BEIOR )
i,j,l=1 k
Ip,T 3 h,T T
= 2 [Be avao) | = 585 BBy Aw.
Also, recall that
Lij (k) = Awi () Awj (tx) — 1i(tx), 1 # (38)
L1
/ (6 = t0)dwi(6) = hAwi (1) — Toi (ix):
Ik

tt1 Tx41
/ Wi (t1)—wi(1))dt = hAWi(tk)—IOi(lk)§/ (tk+1—1)dw; (1) =1oi (1k)-

k
Finally, substituting (31)—(38) in (30), we arrive at (28). ]

Now, we prove the convergence theorem for Algorithm 1B.
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Proof of Theorem 1. By the standard technique (see [42, 43]) of re-writing the
global error as a sum of local errors, we obtain

E” [‘p(tm XM)YM + Zx] - U(lo,Xo) =E" [U(txa Xx) Y, + Zx] - U(lo, XO) (39)

x—1

=E" Y [w(tkt1, X+ 1) Yi+1 + Zk1 — (e, Xi)Yi — Zy]
k=0

N-1 N-1
= > E"(r)+ X E" (Ri),
k=0 k=0
where the first sum is related to the total error of Algorithm 1B in the boundary zone
while the second one is the total error “inside” the domain.
Using (26) and the conditional Jensen inequality, we obtain for the first sum in
(39):

N-1 2p N-1 2P
E [ > Ew(rk):| —E [Z EVE"(re | X}, Y, Zk):| (40)
k=0 k=0

B N-1

2p
Kh?*? E | EY Z Pt X Y Is,, ,(Xp) )(xzk:|
L k=0

IA

[N—1

2p
<KW E| Y pltx, Xp Yo ls, ,(Xp) szk:|
Lk=0

N—1 2r
2p / /
<Kh?E OSkmSaI{/i_lP(lk,Xk, Yy) x 1;—0 Is, (Xk))(xzk)

2p
max 1,o(tk,X;/c,Yk) X Vto,xo) :

0<k<N

= KthE(

Applying the Cauchy—Bunyakovskii inequality, (25), and (27) to the expression in
the last line of (40), we get

No1 2p ap1/2 "™
E|'S E*(re)| <Kh?? E( max p(zk,X,;,Yk)) [Ev;tfx()] < Kh??.
k=0 0<k<N
(41)
Consider the second sum in (39). Let

- q
R := Yok Yk { > [hAwr(tr)ar (tk+1, Xi) + Tor (t)tor (te+1. Xi)]
r=1

q
+ 2 [k, (s X+ Awr () Awn (t5) Awy (t5)trni (g1, Xi) |

r,n,l=1
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Due to Lemma 4, we have

[N—1

N-1 2p 2P
E [ > EW(Rk):| =E| Y E"E"(Ri | X, Yk, zk)}

k=0 |l k=0

rN—1 2p

=E| Y (E"(R) + Xusk 0(h2))}

Lk=0

rN—1 2p

<E Z E” (ék)} + O(h?P). (42)

Lk=0

According to Lemma 4, we have E (Iék)zp = O(h’P) and E (R¢) = 0.
Then (using only the former estimate for Ry), the sum in the right-hand side
of (42) can immediately, but roughly, be estimated as O(h?). If the coefficients
o (te1, X)), 2oi (P41, X&), ozl.*jl (tk+1, Xx) in (28) were F;, -measurable random
variables (remember that Y is J; -measurable; it depends on the increments
w(s) —wl(to). to < s < t; for x > k), then one could estimate this sum by O (h??)
as it is done in the case of deterministic PDE problems [43]. However, here, these
coefficients include the SPDE solution and its derivatives at time #; 1 ; making them
Fr-measurable; they depend on w(T) — w(s), tx+1 < s < T. This fact makes
accurate estimation of this sum difficult. In [44], such a difficulty was overcome in
the case of the Cauchy problem for SPDEs. Since the structure of Ry here and of
the one-step error in the Cauchy problem case (cf. the result of Step 1 in the proof
of Theorem 3.3 in [44]) are analogous, the approach developed in [44, Steps 2-5 in
the proof of Theorem 3.3] can be used to obtain

N-1 2p
E [Z E" (Rk)} < Kh??, (43)
k=0

We omit here the corresponding lengthy details of the proof of (43) but they can be
restored from [44].
The inequalities (41), (42), and (43) imply (18). Theorem 1 is proved. O

5 Numerical Experiments

For our numerical tests, we take the model which solution can be simulated exactly.
We consider the following Dirichlet problem

o2 3%v
—dv = Zoodr + fo ke dw(n), (63) € [T0.T) x (<L D). (@44)
o(t,£1) =0, (t,x) € [To, T), (45)

v(T,x) = p(x), xe(=1,1), (46)



Numerical Solution of the Dirichlet Problem for Linear Parabolic SPDEs 209

where w(¢) is a standard scalar Wiener process, and o and f are constants. The
solution of this problem has the probabilistic representation (see (6)—(9)):

v(t,x) = E" [Lz> 139 (Xe x(T)) Yex 1 (T)] (47)
dX = odW(s), (48)
dY = Y dw(s), 49)

where W(s) is a standard Wiener process independent of w(s) and vt = 7, x is the
first exit time of the trajectory X; x(s), s > t, from the interval (—1, 1).
For the experiments, we choose

px)=A4-(x*-1)> (50)

with some constant A. We note that the coefficients of (44)—(46), (50) satisfy the
assumptions made in Sect. 2.

The problem (44)—(46) with (50) has the explicit solution, which can be written
in the form

v(t.x) = 18;32%1 exp (—%Z(T — 1) + BO(T) — w(r))) (51)

(D2 2k + 1)* —10) 7w(k+1)x ( 02n2(2k+1)2(T—t))
X Z = cos exp| — .
= 2k 4+ 1) 2 8

We use the three algorithms from Sect. 3 to solve (44)—(46), (50). In the tests, we
fix a trajectory w(t), 0 < ¢t < T, which is obtained with a small time step equal to
0.0001. In Table 1, we present the errors for Algorithms 1A and 1B from our tests.
In the table, the “+” reflects the Monte Carlo error only, it gives the confidence
interval for the corresponding value with probability 0.95 while the values before
“+” gives the difference 0(0, 0) —v(0, 0) (see ¥ in (16)). In Table 1, one can observe
convergence of both algorithms with order one that is in good agreement with our

Table 1 Errors of Algorithms 1A and 1B. Evaluation of v(0, 0) from (44)—(46), (50) with various
time steps h. Here, 0 = 0.5, B = 0.5, A = 10, and T = 5. The expectations are computed
by the Monte Carlo technique simulating M independent realizations. The “=reflects the Monte
Carlo error only. All simulations are done along the same sample path w(¢). The boundary zone
parameter A is taken equal to 0. The corresponding reference value is —2.074421, which is found
due to (51)

h M Algorithm 1A Algorithm 1B

0.1 107 48231072 £ 0.247-1072 3.604 - 1072 4 0.249 - 1072
0.05 108 2.591-1072 £ 0.079- 1072 2.219-1072 £ 0.079- 1072
0.025 108 1.616-1072 £ 0.079- 1072 0.815-1072 £ 0.079- 1072
0.01 2.5-108 0.545-1072 4 0.050 - 102 0.338-1072 4 0.050 - 1072

00.005 2.5-108 0.210- 1072 £ 0.050 - 102 0.135- 1072 £ 0.050 - 102
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Table 2 Errors of Algorithm 2. Evaluation of v(0,0) from (44)—(46), (50) with various time
steps /1. The parameters here are the same as in Table 1

h M Algorithm 2

0.0004 107 0.886-107! 4 0.025-10~!
0.0003 107 0.380- 10! +0.025- 107!
0.0002 107 0.404 - 107! £ 0.025- 107!
0.0001 107 0.306-107! 4 0.025 - 10~!

theoretical results. We note that in this example the trajectory of Y(¢) is simulated
exactly by Algorithm 1B.

Algorithm 2 produced less accurate results than Algorithms 1 and it was pos-
sible to observe its convergence only after choosing very small time steps. Some
results are presented in Table 2. They demonstrate an evidence of convergence of
Algorithm 2 with order 1/2 and even smaller time steps are required for further
confirmation. We can conclude that, with the computational costs of Algorithms 1
and 2 being essentially the same, Algorithm 1B is the more efficient method than
the others.
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Individual Path Uniqueness of Solutions
of Stochastic Differential Equations

Alexander M. Davie

Abstract We consider the stochastic differential equation dx(¢) = f(¢, x(¢))dt +
b(t,x(1))dW(t), x(0) = xo for t > 0, where x(f) € R?, W is a standard d-
dimensional Brownian motion, f is a bounded Borel function from [0, co) X R4
to R, and b is an invertible matrix-valued function satisfying some regularity con-
ditions. We show that, for almost all Brownian paths W(¢), there is a unique x(t)
satisfying this equation, interpreted in a “rough path” sense.

MSC (2010): 60H10 (34F05)

1 Introduction

In this paper, we consider the stochastic differential equation
dx(t) = f(t,x@))dt + b(t, x(¢))dW(z), x(0) = xo €))

fort > 0, where x(¢) € R4, W is a standard d -dimensional Brownian motion, fis
a bounded Borel function from [0, c0) xR? — R to R4, and b is an invertible d xd
matrix valued function on [0, c0) X R4 satisfying a suitable regularity condition. If b
satisfies a Lipschitz condition in x, then it follows from a theorem of Veretennikov
[4] that (2) has a unique strong solution, i.e. there is a unique process x (), adapted
to the filtration of the Brownian motion, satisfying (1).

Here we consider a different question, posed by N. V. Krylov (Gyongy, Personal
communication): we choose a Brownian path W and ask whether (1) has a unique
solution for that particular path. The first problem with this question is to interpret it,
since the stochastic integral implied by the equation is not well defined for individual
paths. One case for which there is a simple interpretation is when b(z, x) is the
identity matrix for all ¢, x, since in that case we can write the equation as

A.M. Davie

School of Mathematics, University of Edinburgh, James Clerk Maxwell Building,
King’s Buildings, Mayfield Road, Edinburgh, Scotland EH9 3JZ, United Kingdom
e-mail: a.davie@ed.ac.uk

D. Crisan (ed.), Stochastic Analysis 2010, DOI 10.1007/978-3-642-15358-7_10, 213
(© Springer-Verlag Berlin Heidelberg 2011


a.davie@ed.ac.uk

214 A.M. Davie
t

x(t) = W(t) + xo +/ f(s,x(s))ds, t>0 )
0

and the existence of a unique solution to (1), for almost every path W, was proved
in [2].

In this paper, we use methods of rough path theory to give an interpretation of
(1), under slightly stronger regularity conditions on ». Our main result is then that
for almost all Brownian paths W there is a unique solution in this sense. The proof
is similar to that in [2] but requires estimates for solutions of a related equation ((3)
below) similar to those for Brownian motion in Sect.2 of [2], and different argu-
ments including a suitable 7'(1) theorem are needed for this. The rough path inter-
pretation and formulation of the main theorem are described in Sect. 2, the estimates
for solutions of (3) are given in Sect. 3 and the proof of the theorem in Sect. 4.

2 Interpretation of Individual Path Solution

We now describe our interpretations of (1) precisely. Let U be a domain in R¢
containing (xo). We assume that f(¢,x) and b;; (¢, x) are defined on [0, 00) x U
and that f is bounded and b;; is differentiable with respect to x and that b;; and
0b;; / 0xy satisty locally a Holder condition of order o for some o > O'in (¢, x). We
write (1) in components as

d
dxi (1) = fi(t. x(@O)dr + Y bij (1. x())dW; (1)

Jj=1

fori =1,---,n.Fors <t we write A,;(s,t) = f;(Wr(T) — Wi (s))dW;(z) and
(s, t,x) = Z?:l fst bij(r,x)dW;(z) forx e R4 On a suitable set of probability
1, these quantities can be defined simultaneously for all 0 < s < ¢ and x € R?,
depending continuously on (s, ¢, x), and we assume that such definitions have been
fixed.

We say that a continuous x : [0, T) — U is a solution in rough path sense of (1)

onaninterval 0 < ¢ < T where 0 < T < oo if x(0) = x¢ and, for any 7’ with
0<T'<T wecanfind$ > 0and C > 0 such that

xi (1) = xi(s) — f Ji(@, x(0)dT — (5,1, x(5)) = D gijr (X(5)) Arj (s, 1)
s Jor
< C([ _ S)l+5

where gijr = 33y gy bicr-

It is not hard to show that the strong solution of (1) is, for almost all Brownian
paths, a solution in this sense.

We can now formulate the main result.
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Theorem 1. For almost every Brownian path W, there is a unique T with0 < T <
00 and a unique continuous x : [0, T) — U, satisfying (1) in rough path sense, and
such that in case T < oo we have that |x(t)| ‘escapes from U ast — T, in the
sense that for any compact subset K of U there ist € [0, T) with x(t) ¢ K.

This theorem is essentially local in character, and this enables us to reduce it
to the case when the coefficients b;; are globally well behaved. We use a standard
localisation argument to deduce Theorem 1 from the following:

Proposition 1. Suppose [ and b;; are defined on [0, c0) x R4 and satisfy the above
regularity conditions, and also that there is K > 0 such that b;;j(t,x) = 8;; if
|x| > K. Then (1) has a solution x on [0, 00) in rough path sense, and is unique in
the sense that if y is a solution on [0,t) for some T > 0 then x(t) = y(t) on [0, T).

To deduce Theorem 1 from Proposition 1 we let U;, U,, - - - be relatively compact
open subsets of U with union U and U, C U, +1. Then for each n, we can find
functions f ™ and bl.(j'.l) satisfying the requirement of the proposition and agreeing,
respectively, with f and b;; on U,. The proposition then gives a solution x on
[0, 00) to (1) with £, bl-(;’) replacing f; b;;. Define T,, € (0, 00] by T, = supit :
x([0,1)) € Uy,}. Then by the uniqueness part of the proposition x*+1 = x@
on [0, T,) and T,,+1 > T,. Hence T, converges to a limit 7" and we can define x(¢)
on [0, T) by x(t) = x(¢) fort < T},. Then x satisfies (1).

If T is finite and K is a compact subset of U, then for some n we have K C U,.
Then 7,, < oo and by continuity x®*+(T;,) € U, € Uys1 50 Ty < Tpy1 and
hence there is ¢ so that x(t) ¢ Uy, so x(¢) ¢ K.

The proof of Proposition 1 follows the same lines as [2]. First it suffices to prove
the uniqueness for 0 < ¢ < 1. Then we need an estimate analogous to Proposition
2.1 of [2], where instead of W(¢) we have a solution y(¢) of the equation

dy(t) = a(t, y(t))dz + b(t, y(t))dW (1) 3)

. ob; ;
where. the Yector q(l, X) is Fleﬁned by a; = Zk,j ﬁbkj. . N .
This estimate is proved in the next section, and the deduction of Proposition 1 is
described in Sect. 4.

3 The Basic Estimate

In this section, we establish the following estimate for (3). We assume throughout
that b is fixed and satisfies the conditions of Proposition 1.

Proposition 2. Let g be a Borel function on [0, 1] x R? with |g(s,z)| < 1 every-
where, let I C [0, 1] be an interval, and let y satisfy the SDE (3). Then for any even
positive integer p and x € R?, we have
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V4
E ( /1 (g0t y(0) + %) —g(ny(z))}dz) < CP(p/2) x| 1P

where C is an absolute constant and | x| denotes the usual Euclidean norm.

The proof of this is similar to that of Proposition 2.1 of [2] with some differences.
One is that the reduction to the one-dimensional case no longer works, so the entire
argument has to be carried out in R? — this does not in fact change much. A more
substantial difference is that we have to replace the Gaussian transition densities
E(t — s, w — z) by transition densities E (s, ,z, w) for the diffusion defined by (3).
Then the proof of Lemma 2.3 of [2], which uses translation invariance, no longer
works. Instead we apply a T(1) theorem to prove L? boundedness of an integral
operator with kernel E(s, 1,2z, w).

Proposition 2 will be deduced from the following variant for smooth g. We
denote by g’ the derivative w.r.t. the first component of the vector x, i.e. g’'(¢, x) =

?
%(l,x).

Proposition 3. There is a constant C such that, if g is a compactly supported
smooth function on [0,1] x R? with |g(s,z)| < 1 everywhere and g’ bounded,
and 0 <ty < T <1, then for any even positive integer p we have, conditional on

y(to) = yo,
T p
E (/t g/(t,y(t))dt> < (ClI)"*(p/2)!

0

This is proved in a manner similar to that of Proposition 2.2 of [2]. If I = [ty, T']
where 0 < 19 < T < 1 we can write the LHS as

p!/ E
to<t) <-<tp<T

and using the joint distribution of y(#1), ..., ¥(¢p) this can be expressed as

p
gy, y(t;))dt ---dtp
j=1

P
P!/ / n{g’(tj,Zj)E(tj_l,tj,Zj_1,Zj)}dzl-~-dzpdt1---dtp
to<t)<-<tp<T JRAP j=1

where zo = yo.
We introduce the notation

k
Jk (fo, 20) =/ / H{g’(tj,zj-)E(tj_l,zj,Zj_l’zj)}
to<t) <<t <T Rkd j=1
dzy - - -dzgdty - - - dity

and we shall show that J, (fo, yo) < C?(T — to)p/z/l“(g + 1); Proposition 3 will
then follow since p! < 27((p/2)!)2.
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As in [2] we use integration by parts to shift the derivatives to the expo-
nential terms. We introduce some notation to handle the resulting terms — we
define Bi(s,t,z,w) = —%E(s,t,w,z), By(s,t,z,w) = _%E(s,t,z,w) and
D(s,t,z,w) = %E(s,t,z, w).

If S = Sy --- Sk is a word in the alphabet { E, B, B>, D} then we define

k
IS([O»ZO) Z/ / H{g(t]’Zj)Sj(tj—lvtjaZj—l,Z])}
to<t;<-<tr<l Rkd j=1
dzy ---dzgdtq - - - dtg

We say a word is allowed if it is of the form By EB{'DB;''E --- EB{" DB}'"
for some non-negative integers r, mq - - -m,, ny - -+ , n,. This is equivalent to the def-
inition in[2] except that there B; and B, are not distinguished. There are 2k—1
allowed words of length k. For example, the allowed words of length 3 are B, B, B»,
EDB,, BED and EB1D.

Just as in [2], we show by induction on k that

2k—1

Ji(to,z0) = Z Igih (to, 20) 4)

j=1

where each S is an allowed word of length k. (in fact each allowed word of length
k appears exactly once in this sum, but we do not need this fact). The proof will then
be completed by obtaining a bound for /.

We prove (4) by induction on k. So, assuming (4) for Ji, we have

1
Jk+1(t0. 20) =/ dtl/gl(chl)E(tl —t0,21 — 20)Jk (11, 21)dz1

o

1

= —/ dr /g(ll,m)B(ll — 10,21 — 20)Jk(t1,21)dz1
o
1
—/ /g(tlaZI)E(tl—to,Zl —20)Jy (11, 21)dz1
to

Now we observe that, if S is an allowed string, then / é = —I5 where S is defined
as BS*if S = ES* and as DS* if S = BS* (note that S is not an allowed string).

Applying this to (4) we find J/ (to, z0) = sz_l ! F15; (to. 20) and then we obtain

j=1
2k—11 2k—11
Tes1(to.z0) =F Y Ipgiltozo) £ Y Ipg;(to.20)
j=1 j=1

Noting that, if S is an allowed string, BS and F S are also allowed, this completes
the inductive proof of (4).
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We now proceed to the estimation of I (g, zo), when S is an allowed string. We
start with some standard properties on the transition density E (s, t, z, w).
E satisfies the Kolmogorov equations

oE oE 1 ?’E
s —Xi:a,-(s,x)a—m B EOU 0z; 0z
oE oE 1 ?E
— =- itw)y— + =0ij ——
T Xl_:“ ) ¥ 2% G,

recalling that a; = Zk’j %’Zbkj; o is defined by 0;; = Zj bijbi;.

Then we can combine standard decay bounds for £ with Schauder interior
estimates and obtain the following bounds: there exist ¢, C > 0 such that for
0<s<t<landy,z€ R we have |E(s,t,z,w)| < C(t — s)_d/ze_dz_‘”'z/(t_s)
and
02E(s,t,z,w)

< C(f _ S)—l—d/ZC—Clz—WIZ/(t—S)
0z; 0z;

with a similar bound for the 2nd partial derivatives w.r.t. w. We can combine these
to get | D(s, 1,2, w)| < C(t — 5)~174/2¢=¢l=wI?/(t=5)  Ag a consequence we have a
bound |D(s,t,z,w)| < Cd(s,z;t, w)~4-2 using the parabolic metric d(s, y;t,7) =
|z —w| + |s — £]1/2. Moreover, the Schauder estimates give Holder estimates from
which it follows that for some § > 0 we have a bound

d(t,wit', w8
d(& zt, W)d+2+b’

|DGs. t,2.w) = D(s ',z w))| < C

d(t,w;t’ W) 1
whenever Ao <2

‘We now assert:

Lemma 1. The operator T defined by

1
Th(s,y) =/ [ D(s,t,y,2)h(t, z)dzdt
s JRA

is bounded on L2([0, 1] x R%).

This is proved by applying a ‘T (1) theorem on spaces of homogeneous type’ for
an operator T of Calderon—Zygmund type, which, by virtue of the above bounds
on D, our T is (on [0, 1] x R4, with Lebesgue measure and the parabolic met-
ric, which is a space of homogeneous type). The 7 (1) theorem asserts that 7' is
bounded on L? provided T(1) and T*(1) are in BMO. See e.g. [1]. Our operators
T;; are of the required type, provided we equip R x R4 with the parabolic metric,
and we have in fact T;;(1) = 0, and Tl-;‘-(l) = 0 (this follows from the fact that

Jra D(s,t,y,2)dz =0and [ps D(s.1,y,2)dy = 0).
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We also note the bound | B; (s, t,z, w)| < C(t — s)_(d“)/ze_c|Z_W|2/(t_s)
We now apply Lemma 1 to show

Lemma 2. Given a > 0 we can find a constant C such that, if ¢ and h are real-
valued Borel functions on [0,1] x R with |¢(t, y)| < e/t and |h(t, y)| <1
everywhere, and 0 <ty < T <1, then

T t
/(. dt/( ds /Rd /Rd ¢(s,2)h(t,y)D(t —s,y —z)dydz| < C(T —t9)

to+T)/2 to+1)/2

Proof. We follow the proof of Lemma 2.3 of [2], using Lemma [ in place for the
Fourier transform calculation. Instead the covering of R by intervals of length 1 in
[2], we use a covering of R¢ by cubes of side (T'—#()'/2. Then with notation as there
we have Ijy = (Thp. ¢r) and | lyll2 < CL(T —10)"/2, Y, d1ll2 < CoAT —10) /2.
Also the sum of |I},,,| over pairs of cubes separated by at least (T'—1)"/? is bounded
by C3(T — tp). For other I, m pairs we use |I;,,] < |Tl¢7ll2||2mll2 to deduce

Y 1m Him| < C(T —1o).

Corollary 1. There is a constant C such that if g and h are Borel functions on
[0, 1] x R bounded by I everywhere, zo € R? and 0 <ty < T < 1, then

T t
/ dt[ ds/ g(s,2)E(to, s, z0,2)h(t,w)D(s,t,z, w)dzdw
(to+7)/2 (to+1)/2 R2d

<C(T —1t)

and

T t
/ dt[ ds/ g(s,2)B1(to, 8,20, 2)h(t,w)D(s,t,z, w)dzdw
(to+7)/2 (to+1)/2 R2d

< C(T —1)'?
Proof. These follow easily from Lemma (2).

Lemma 3. There is a constant C such that if g and h are Borel functions on [0, 1] X
R bounded by 1 everywhere, and r > 0 then

T t
/ dt/ ds/ g(s,2)E(to,s,20,2)h(t,w)D(s, t,z, w)dzdw(l — t)"
to to R2d

<CA+r)N(T —10)™"!

and



220 A.M. Davie

T t
/ dt/ ds/ g(s,2)B1(to, 5,20, 2)h(t, w)D(s,t,z, w)dzdw(1l — )"
to 1o R24

<C(L+r) VT — )2

This is proved in the same way as Lemma 2.5 of [2].
As in [2] we can now complete the proof of Proposition 3 by proving by induction
on k, for suitable choice of M, that

k

M
|15 (t0. z0)| < m(l — 1)kl2 )

for any allowed string S of length k. The proof is split into 3 cases as in [2]. The
role of B in [2] is played by Bj in case (1) and B; in case (3). With this adjustment
the proof is the same as in [2].

We can then deduce Proposition 2 from Proposition 3 in the same way that
Proposition 2.1 in [2] is deduced (but omitting the reductionto d = 1).

The following corollary is what we mainly use. For s > 0 let F; be the o-field
generated by {W(7) : 0 < t < s}.

Corollary 2. There is a constant ¢ > 0 such that if g is a Borel function on [0, 1] x
R? with |g| < 1 everywhere and 0 < s <a < b < 1, thenforx € R? and A > 0
we have

4

This is deduced from Proposition 2 in the same way as Corollary 2.6 in [2].
We also need the following technical lemma.

b
/ {g(z(1) + x) — g(2()}dt | = A(b — a)'/?|x| Ifs> <2e7e*

Lemma 4. There exists § > 0 such that, given K > 0 we can find C > 0 so that,
if0 < so <s <t and A is a matrix with |A|| < K and |(I + A)7!|| < K, then
the following holds, where we define the random vector X by X = z(t) + A(z(s) —
z2(s0)):

For any Borel function h on R? with |h| < 1 everywhere, we have

E|(h(X)|F5,) = ER(V)| < C{(t —50)°A~" + A}

where A = tt__sso and V' is a random vector, normally distributed with mean z(s¢)

and covariance (I + A)BB'(I + A)"), where B = b(z(s0)).

Proof. Let fx be the density of X, conditional on Fy,. Then we can write F(x) =
E(E(s,t, (I + A)Z(s),x)|Fs,) and using our regularity results for £ we deduce

IVE(x)| < Ci(t — 5)~F forall x € R,
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Now define
Y = z(s0) + BW(t) — W(so)) + AB(W(x) — W(so))

Then (conditional on Fy,) Y has a normal distribution with mean z(so) and covari-
ance matrix (s — so)(I + A)BB'(I + A") + (¢t — s)BB*. Now straightforward
estimates give E(| X — Y || Fy,) < Ca(¢ —so)%” for some constant 7 > 0. We need
to convert this to a bound for the difference of densities fx — fy.Fix x € R4, let
§ > 0 (to be specified later) and let ¢ be a nonnegative smooth function on R¥,
supported on the §-neighbourhood of x, such that /¢ = 1 and |V¢| < C38741,
Using the derivative bound for fy we have | fx(x) — [ ¢fx| < Ca8|t — s|_d73Ll.
And

wa —[¢fyl <Elp(X) — $(¥)| < C36 9 E[X —¥| < Cs54 |1 — 53

1y n__d4l_ .
Putting these bounds together, and choosing § = (f — s59)2 T @+2 12+ we obtain

| fx (x) = fr (x)| < Co(t — s0) T2~ 51~

and since fx(x) decays like e~ I¥I?/(t=50) we deduce that if 0 < & < dLH then
J 1 fx(x)— fy (x)|dx < C7(t—s0)*A". Finally Y and V both have normal distribu-
tions with the same mean and with covariance matrices having a relative difference
O\ so [ | fr(x) — fr(x)|dx < CsA and the result follows.

4 Proof of Theorem

As we have seen, it suffices to prove Proposition 1, so we assume the conditions of
that proposition hold. We let z(¢) denote the strong solution of (1), so we have to
show that for almost all paths W, z is the only solution of (1) for 0 < ¢ < 1 in our
‘rough path’ sense. We write x(¢) = z() + u(¢) and then we have to show that the
only solution u of

M(t)=/0 {f(S,Z(S)+u(S))—f(S,Z(S))}dS+f0 {b(s.2(s)+u(s))=b (s, 2(s)) }dW(s)

(6)

satisfying u(0) = 0 is u(t) = 0, where the [ dW is interpreted in rough path sense.

The basic idea is to approximate u by a sequence of step functions u;,, such that

uy, is constant on each interval I, = [k27",(k + 1)27"],k =0,1,2,...,2" — 1
and then use



222 A.M. Davie

/1 (. 2() +u(®) — f(t.2(1))}de

= [lim [ U 2() +u (1) — f(2,2(0))ydt
RS
0
= [ U@ +un) = f(t,2(1))}dt

Ik

#2 [ 0 F 0 0) = 00 + we)
I=n" 1k

with a similar expansion for '/Ink {b(t,z(t) + u(®)) — b(t,z(t))} dW(@).
‘We introduce the notation

B (x) = /1 F(.20) + x) — .20t
bote = [1 (Bt (1) + ) — b1, =)W (D)

and then O—nk(x) = nk(x) + ¢nk(x)a /‘l’nk(x7 y) = nk(x) - Onk(y)’ Vnk(xa y) =
$nk (x) — ¢ni () and finally

Pk (X, ) = Unk (X, ¥) + Vpg (X, ¥) = Ong(X) — 0k (¥)
Using this notation, from (7), and the similar expansion for the dW, (6) implies
oo (k+1)2/—"1—1

w((k + 127" — wk2 ™) =0 k27N + D D pryrars

l=n r=k2l—n

@@ @r + 1),u27r))

(®)

As in [2], the first stage of the proof is to show that a number of estimates for
these quantities hold with probability 1. In doing this, we need to use two distinct
probability measures on our sample space, the original measure which we denote
by P and the equivalent measure, given by the Girsanov theorem, w.r.t. which the
process z had the same law as y in Sect. 3. We denote this measure by P. We use
E and E for the corresponding expectations. As the measures are mutually abso-
lutely continuous, statements of the form ‘with probability 1’ can be made without
specifying the measure. The first estimate we need is

Lemma 5. With probability 1, for every cube Q C R? there is a constant C > 0
such that the following bounds hold:

1 1/2
n'/? 4 (log+ P —y|) } 2_"/2|x—y|

lonk (x, )| < C
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for all dyadic x,y € Q and all choices of integers n,k withn > 0 and 0 < k <
2" — 1.

This is proved by proving separately the same bound for ¢ and for v. The bound
for u is identical to that of Lemma 3.1 in [2], using and working with PP. That for v
is proved using and working with IP.

Next we have

Lemma 6. With probability 1, for every cube Q C R? there is a constant C > 0
such that foralln € N, k € {0, 1,--- ,2" — 1} and dyadic x € Q we have

|onk (X)] < Cn'/22772 (x| +272")

Again this is proved separately for 6 and ¢, using the argument of Lemma 3.2 of
[2] and the same bounds as in the previous lemma.

We also need an analogue of Lemma 3.6 of [2], for sums of p,x terms. This
requires martingale arguments as used in the proof of Lemma 3.5 of [2], but they
are complicated by the fact these arguments involve both probability measures P
and P. We manage to arrange the proof to keep them separate. First we prove the
following bound for sums of o, terms.

Lemma 7. With probability 1, for any cube Q we can find C > 0 such that, for any
choice of n,r € N withr < /4 ke {0,1,---,2" —r and xo € Q, if we define
X1, , Xy by the recurrence relation xq 11 = Xq + Op k44 (xq), then

r—1

> 10w kra () < CQ "o + 2
q=0

2—n/2

)

Proof. Again we prove the estimate separately for 6 and ¢, starting with 6. For
K > 0 and dyadic ¢ define an event yX: foralln € N, k € {0,1,...,2" — 1} with
(k + 1)27" <t and dyadic x € Q we have

|one (X)] < Kn'/2272(|x| +272")

Then X increases with K and Lemma 6 says that the union has full measure. One
easily checks that for given K there is C(K) such that in yX one has, in the situation
of the statement of this lemma, |x;| < C(K)|xo| provided (k+¢)2™" < t. We abuse
notation and write y, for y; whent = (k + ¢)27".

We fix K and define Yy = |6, k+g-1(5q-D|xK 1. Zy = E(Yy|Fyo1 and X, =
Y, — Z,. Then we have Z, < C;27"/2C(K)|xo| for each q. Also, by Burkholder’s
inequality, for any p > 2,

r
E| Y Xg|? < Cpr?P71 Y E(Y]) < CC(K)PC(p)rP/> 1272 x| P
g=1
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Using this, we can use the methods of Lemmas 3.5 and 3.6 of [2] to obtain the
required bound.
The estimate for ¢ is similar, using P, but simpler as the analogue of Z,; vanishes.

Now we apply Lemma 7 to obtain the required bound for sums of pj .

Lemma 8. With probability 1, for any cube Q we can find C > 0 such that for any
n.r € Nwithr < 2V4 andk € {0,1,---,2" —r} and any yg, -+, y, € Q we
have

r—1

r

— _ _~n/2
D pnkrqa-1, )l < C [ 274 yol 2774 "yl + 272
g=1 q=0

where yq = Yg+1 — Yq — Onk+q (¥q)-

Proof. Again we obtain bounds for ¢ and v separately. We give the proof for u.
We proceed in a manner similar to the previous lemma. Fix Q, then define )(tK

to be the event that the conclusion of Lemma 7 holds with C = K whenever (k +

r 4+ 1)27" < t. Then define Y, = |;L,,,k+q(xq_1,xq)|)(§, Zy = IE(Yq|fq and

X, =Y, —Z, Wegety Z, < CK273"/4(|xo| +272""%) and

.
E| Y X4|7 < CpKPrP2nP/227P (|xo| +272")7
g=1

which suffices for the method of proof of Lemma 3.6 in [2].

Lemma 9. There exists § > 0 such that, with probability 1, for any cube Q we can
find C > 0 such that for any n,r € N with r < /4 and k € {0,1,...,2" —=2r}
and any yy, ..., yr € Q we have

r—1

’
—(3 —

Z pn,k+2q(y2q—1» y2q) <C|2 (G+8)n +2 n/4 Z |Vq|

q=1 q=0

where Yqa = Yq+1 — Yq — On k+q (Yq)-

Proof. Again we consider © and v separately, and we only discuss @ which is
harder. We simply outline the idea, which is to use a martingale argument similar
to those in the previous two lemmas, but using a better bound for the expecta-
tion term. To do this we consider a short-term approximation to the solutions z(t)
and x(t) = z(t) + u(t). Given a time sg, for 1 > s¢ but close to so we expect
z(t) ~ z(so) + B(W(t) — W(tp)) and x(t) =~ x(so) + C(W(s) — W(sp)) where
B = b(z(sg)) and C = b(x(sg)). Then we have u(t) ~ Az(s) + w where
A=CB™!'— T andw = u(so) — Az(so).

Now consider ]E(Mn,k+2q(x, V)| Fso) where so = j27" and k +2qg — j >> 1.
We can write this as
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(k+2q+1)27" B
/ {E(g (1, x + 2(1))|Fso) —E(g(t, y + 2(2))| Fio) }dt
(k+2g)2~"

where we have suppressed the conditioning. We want to estimate these expectations
when x, y are y24—1, ¥24. The idea is that y; is an approximation to (27" (k + j))
which can in turn be approximated by Az(27" (k + j)) +w. We can use this approx-
imation and Lemma 4 to approximate each of the two terms in the integral, and the
resulting V’s are the same in the two cases, so the approximations cancel. We are left
with the various error terms which give a bound for E (i k424 (V2g—1, ¥2¢)|Fso)
which can then be used in a martingale estimate which gives the stated result.

Note that, in contrast with Lemma &, the bound in Lemma 9 does not involve
yo. Lemma 9 is applied for very large n and it is the dependence on n which is
important, the extra § in the exponent being crucial as it ensures that the bound is
small relative to the total length of the intervals involved.

The next step is to use all the above results to obtain the following:

Lemma 10. With probability 1, for any cube Q there are positive constants K and
myg such that, for all integers m > my, if u is a solution of (1) with u(t) € Q for
allt € [0, 1] and for some j € {0,1,...,2™ — 1} and some B with -2 <p <
272" \e have lu(j27™)| < B, then

lu((j + D27™)] < B{1 + K27 log(1/B)}

The proof of this Lemma uses (8) and the above bounds and mostly follows
exactly the proof of Lemma 3.7 of [2], so we merely mention the points that are
different. The estimate for Zi’i N1 521 in (33) in [2] does not work here because
u does not satisfy a Lipschitz condition, but Lemma 9 is an adequate substitute.
The other point of difference is the technical justification of the limiting process
as [ — oo involved in (7). In [2], this is handled using Lemma 3.4 of that paper.
The proof of that lemma uses the fact that u is Lipschitz, so it does not work in the
present context, but we can modify the proof using Lemma 9 as a substitute again,
and this deals with the liming question for the dz integral. For the dW integral, it
can be handled by a straightforward “rough path” argument.

Finally, Proposition 1, and hence Theorem 1, then follows from Lemma 10 as
in [2].
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Stochastic Integrals and SDE Driven
by Nonlinear Lévy Noise

Vassili N. Kolokoltsov

Abstract We develop the theory of SDE driven by nonlinear Lévy noise, aim-
ing at applications to Markov processes. It is shown that a conditionally positive
integro-differential operator (of the Lévy—Khintchine type) with variable coeffi-
cients (diffusion, drift and Lévy measure) depending Lipschitz continuously on its
parameters generates a Markov semigroup, where the measures are metricized by
the Wasserstein—Kantorovich metrics W),. The analysis of SDE driven by nonlin-
ear Lévy noise was initiated by the author in Probability Theory Related Fields,
[12] 2009 (inspired partially by Carmona and Nualart, Nonlinear Stochastic Integra-
tors, Equations and Flows [4]; see also Kolokoltsov, Nonlinear Markov Processes
and Kinetic Equations [11]). Here, we suggest an alternative (seemingly more
straightforward) approach based on the path-wise interpretation of these integrals
as nonhomogeneous Lévy processes. Moreover, we are working with more general
W,-distances rather than with W,.

Keywords SDE driven by Lévy noise - Nonlinear integrators - Wasserstein-Kantoro-
vich metric - Pseudo-differential operators - Markov processes
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1 Introduction

It is well known that the generator L of a conservative (i.e., preserving constants)
Feller semigroup in R?, with a domain containing the space CCZ(Rd ), has the
following Lévy—Khintchine form with variable coefficients:

Lf(x) = %(G(X)V,V)f(X) + (0(x). Vf(x) + /(f(x +y) - f)
—(Vf(x). )1, (y)v(x.dy), ()
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where G(x) is a symmetric non-negative matrix and v(x, .) a Borel measure on R¥
(called Lévy measure) such that

/R” min(1, [y|?)v(x;dy) < oo, v({0}) = 0. 2)

The inverse question on whether a given operator of this form (or better to say
its closure) actually generates a Feller semigroup is nontrivial and attracted lots
of attention. One can distinguish analytic and probabilistic approaches to this
problem. The existence results obtained by analytic techniques require certain non-
degeneracy condition on v, e.g., a lower bound for the symbol of pseudo-differential
operator L (see, e.g., [2,6,9] and references therein), and for the construction of
the processes via usual stochastic calculus (integration with respect to the Wiener
process combined with a Poisson measure), one needs to have a family of trans-
formations F of R preserving the origin, regularly depending on x and pushing
a certain Lévy measure v to the Lévy measures v(x,.), i.e., v(x,.) = vEx (see,
e.g., [1]). Yet more nontrivial is the problem of constructing the so called nonlinear
Markov semigroups solving the weak equations of the form

d
gm0 = (L fom). e € PRY, - po = p, 3

that should hold, say, for all f € CCZ(Rd ), where L, has form (1), but with all
coefficients additionally depending on u, i.e.,

Ly f(x) = %(G(x, WV, V) f(x) + (b(x, 1),V f(x))

+/(f(x + ) = f() = (Vf(x), )1, (M) (x, . dy).  (4)

Equations of type (3) play indispensable role in the theory of interacting parti-
cles (mean field approximation) and exhaust all positivity preserving evolutions on
measures subject to certain mild regularity assumptions (see, e.g., [10, 17]).

Our aim is to extend stochastic calculus in the way that would allow the treat-
ment of general Markov processes generated by (1) or their nonlinear counterpart
generated by (3) as solutions to certain SDEs. We will concentrate only on the lin-
ear problem specified by (1) (nonlinear extension can be done in the same way as
in [12]). But unlike [12], here, we follow a more straightforward approach based on
the path-wise interpretation of these integrals as nonhomogeneous Lévy or additive
processes.

Next section is devoted to a result on the duality for propagators, on the level of
generality required. In Sects. 3 and 4, a general approach to the stochastic integration
with respect to a nonlinear Lévy noise is developed. In particular, the well-posedness
of the corresponding SDEs is reformulated in terms of the uniqueness of an invariant
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measure for a certain probability kernel on the Skorohod space of cadlag paths.! In
Sect. 4, this uniqueness is obtained for the case of Levy measures v(x, dy) depend-
ing Lipschitz continuous on the position x in the Wasserstein—Kantorovich metric
W,. Appendix describes the basic coupling of Lévy process forming the cornerstone
of our W)-estimates.

2 Analytic Preliminaries

Suppose {U""}, t < r, is a strongly continuous backward propagator (see, €.g.,
Chap. 5 of [14]) of bounded linear operators on a Banach space B with a common
invariant domain D, which is itself a Banach space with the norm || ||[p > || || g. Let
{A:}, t = 0, be a family of bounded linear operators D — B depending strongly
measurably on ¢ (i.e., A; f is a measurable functiont +— B foreach f € D). Letus
say that the family {A4,} generates {U""} on the invariant domain D if the equations

d d
GUO =URASL U ==AUY S isssr )

hold a.s. in s for any f € D, that is there exists a set of zero-measure S in R such
that for all t < r and all f € D (5) hold for all s outside S, where the derivatives
exist in the Banach topology of B. In particular, if the operators A; depend strongly
continuously on #, this implies that (5) hold for all s and f € D, where for s = ¢
(resp. s = r) it is assumed to be only a right (resp. left) derivative.

For a Banach space B or a linear operator A, we shall denote, as usual, its Banach
dual by B* or A*, respectively.

Theorem 1. Let U"" be a strongly continuous backward propagator of bounded
linear operators in a Banach space B with a common invariant domain D, which is
itself a Banach space with the norm || |p > || || B, and let the family { A} of bounded
linear operators D — B generates U"" on D. Then, the following holds.

(i) The family of dual operators VS:* = (U5)*, t < s, forms a weakly continuous
in s,t propagator of bounded linear operators in B* such that

d
o VOlE = ATVSE, 1 <s<r, (©6)
S

weakly in D*, that is

Svie = A, txs<r fep. @

for s outside a zero-measure subset of s € R.

!'recall that a probability or stochastic kernel on a Borel space is a measurable mapping from this
space to the set of its probability measures
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(ii) V5§ is the unique solution to the Cauchy problem of (7), i.e., if & = & fora
given & € B* and &, s € [t, r], is a weakly continuous family in B* satisfying

(e = (k). t=s=r feD, ®)

for s outside a zero-measure subset of R, then £ = VS'& forall s € [t, r].
(iii) U7 f is the unique solution to the inverse Cauchy problem of the second
equation in (5), i.e., if fr = f, fs € D fors € [t, r] and satisfies the equation

d
5]% =—Asfs, t<s=<r, )

for s outside a zero-measure subset of R (with the derivative existing in the
norm topology of B), then fs = U™ f foralls € [t,r].

Proof. Statement (i) is a direct consequence of duality and (5). (ii) For a given r, let
g(s) = (US" f, &) fora given f € D. Writing

(USTDT f&s) — (UST fi6) = (USTT £ — U f65) + (U™ fibrs — &)
FUSTET f —UST fiE545 — &)

and using (5), (8) and the invariance of D, allows one to conclude that

d
8@ = —(A;U”" &) + (U™ fL ATEs) = 0,

because a.s. in s

Us+8,r —_Usr
( f(g / Es+s — Es) — 0,

as § — 0 (since the family §~1(UST8" f — US” f) is relatively compact, being
convergent, and & is weakly continuous). Hence, g(r) = (f,&) = g() =
(U"" f, &) showing that &, is uniquely defined. (iii) Similar to (ii) it follows from
the observation that

d S,t _
a(fs, V>iE) = 0.

Theorem 2. Suppose we are given a sequence of propagators {Up" \, n = 1,2, ...,
generated by the families {Al'} and a propagator {U""} generated by the family
{A;}. Suppose all these propagators satisfy the same conditions as U"" and A, from
Theorem 1 with the same D, B. Suppose also that all U"" are uniformly bounded
as operators in D.

(i) Let the families A} and A; depend cadlag on t in the Banach topology of the
space L(D, B) of bounded operators D — B and A} converge to A; asn —
00 in the corresponding Skorohod topology of the space D([0, T], L(D, B)).
Then, Uy converge to U strongly in B as n — oco.
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(ii) Let the families A} and A; depend cadlag on t in the strong topology of the
space L(D, B), A} f converge to A; f, as n — oo, in the Skorohod topology
of the space D([0,T], B) for any f and uniformly for f from any compact
subset of D. Moreover, let the family U"" is strongly continuous as a family of
operators in D. Then again, Uy converge to U"" strongly in B.

Proof. (i) By the density argument (taking into account that U, g are uniformly
bounded), in order to prove the strong convergence of U, to U, it is sufficient to
prove that U g convergeto U g forany g € D.If g € D,

r
(UL —U")g = UHUSTg I, = / UM (AT — AU gds.  (10)
t

In order to prove that expression (10) converges to zero as n — o0, it is sufficient
to show that

)
/ JA" — Ayllpopds — 0
0

as n — oo. Since A} converge to A; in the Skorohod topology, there exists a
sequence A, of the monotone bijections of [0, r] such that

sup [An(s) —s| — 0. sup[|AY — Ay, ) Ip~B — 0.
s S

as n — oo. Hence, writing

r r r
| 1= cdonds = [ 142 = Any o lpondst [ 1Ac= As,olln ds
0 0 0

we see that both terms tend to zero (the second one by the dominated convergence,
as the limiting function vanishes a.s.).
(ii) This is proved similar to (i).

3 Additive Processes as Stochastic Integrals Driven
by Nonhomogeneous Noise

Here, we are interested in the processes generated by a time dependent family of
Lévy—Khintchine operators

Lef() = 3G V) () + (b, V )0

+ [[.f(x +9) = f(x) = (. VS, (M]ve(dy).  (11)
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where for any 7, G; is a non-negative symmetric d x d-matrix, b; € R% and v; is a
Lévy measure. The set of Lévy measures is equipped with the weak topology, where
the continuous dependence of the family v; on ¢ means that [ f(y)v,(dy) depends
continuously on ¢ for any continuous f on R? with | £(y)| < ¢ min(|y|3, 1).

We shall denote by Coo (R?) the space of continuous functions on R? vanishing
at infinity, and by Cfo (R%) its subspace consisting of functions, whose derivatives
up to and including order k also belong to Coo (R?).

Proposition 3.1. For a given family {L;} of form (11) with bounded coefficients
Gtv blv Ve, i'e')

sup(1Gi | + 1] + [ (1 A y?)ue(dy)) < oo,

that depend continuously on t a.s., i.e., outside a fixed zero-measure subset S C
R, there exists a unique family {®*'} of positive linear contractions in Co(R%)
depending strongly continuously on s < t such that for any [ € Cozo(Rd) the
functions fs = @' f belong to Cgo(Rd) and solve a.s. (i.e., for s outside a zero-
measure set) the inverse-time Cauchy problem

fs=—Lsfs, s<t, fi=Ff (12)

(derivative is taken in the Banach topology of C(R%)).
Proof. Let f belong to the Schwartz space S(R?). Then, its Fourier transform

¢(p) = (Ff)(p) = / &P £(x) dx

R4

also belongs to S(R?). As the Fourier transform of (12) has the form

1 .
gs(p) = — |:_§(Gsp7 p) +i(bs. p) + /(elpy -1- iplel)Vs(dy)] gs(p),

it has the obvious unique solution

t 1 .
ap=en] [[[=3Gp.p it [@ 1= ipytaon |acer

(13)
(the integral is defined both in Lebesgue and Riemann sense, as the discontinu-
ity set of the integrand has measure zero), which belongs to Ll(Rd), so that
fs = F7lgy = @%' f belongs to Coo(R?). As for any fixed s, the operator
@3 coincides with an operator from the semigroup of a certain homogeneous Lévy
process, each @ is a positivity-preserving contraction in Coo (R?) preserving the
spaces (Coo N C2)(RY) and C2 (R?). Strong continuity is then obtained first for
f € (C? N Coxo)(R?) and then for general f by the density argument. Finally, the
uniqueness follows from Theorem 1.
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Let us define a time nonhomogeneous Lévy processes generated by the family
{L;} as a time nonhomogeneous cadlag Markov process X; such that

E(f(X)|X; = x) = (@™ f)(x). feCRY),

where @ is the propagator of positive linear contractions in Coo(R?) from Propo-
sition 3.1 (notice that a Markov process is defined uniquely up to a modification
by its transition probabilities). The processes of this kind are sometimes referred
to as additive processes (they are stochastically continuous and have independent
increments), see, e.g., [16], pp. 51-68. We use the term “nonhomogeneous Lévy”
stressing their translation invariance and the analytic properties of their propagators
which represent the most straightforward time-nonhomogeneous extensions of the
semigroups of the Lévy processes.

We like to interpret the nonhomogeneous Lévy processes as weak stochastic
integrals. For this purpose, it will be notational more convenient to work with the
generator families depending on time via a multidimensional parameter. Namely, let
Ly be a family of the operators of form (11) with coefficients G, by, v, depend-
ing continuously on a parameter n € R” (v, is continuous as usual in the above
specified weak sense). Let & be a curve in R” with not more than countably many
discontinuities and with left and right limits existing everywhere. Then, the family
of operators L¢, satisfies the assumptions of Proposition 3.1. Clearly, the resulting
propagator {@*-'} does not depend on the values of & at the points of discontinuity.

To go ahead, we shall need the following well known randomization lemma (see,
e.g., Lemma 3.22 in [8]):

Lemma 1. Let pu(x,dz) be a probability kernel from a measurable space X to a
Borel space Z. Then, there exists a measurable function f : X x [0,1] — Z such
that if 0 is uniformly distributed on [0, 1], then f(X, 0) has distribution u(x,.) for
everyx € X.

Applying Lemma 1 to the distributions of the family of the Lévy processes Y; (1)
(corresponding to the generators Lj), we can define them on a single probability
space (actually on the standard Lebesgue space) in such a way that they depend
measurably on the parameter 7).

Let &, o5 be piecewise constant left continuous functions (deterministic, to begin
with) with values in R” and d x d-matrices, respectively, that is

n n
ES = Zgl 1(t_,-,t(,‘+1](s)a Oy = Zaj l(tj,tj_i_l](s)a (14)
j=0 j=0
where 0 = 79 < t; < .... < tp+1. Then, itis natural to define the stochastic integral

with respect to the nonlinear Lévy noise Y (&) by the formula

t n . '
/ asdYs (&) = E aJYtj/\t,-_H—t,-(gj)ltjq’ (15)
o ‘ A A
Jj=0
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where Y,j (n) are independent copies of the families of Y;(n) defined above via
the randomization lemma. It is clear that so defined process fé asdYs (&) is a
nonhomogeneous Lévy process constructed by Proposition 3.1 from the generator
family

LE 100 = 3 (@ Ge o)V, V) /() + (@b, ¥ /)(2)

+[vw+%w—fw»4MLVﬂnnm@m@mwmm>

which coincides with Lg, foro, = 1. Next, if §; and «, are arbitrary cadlag function,
let us define its natural piecewise constant approximation as

n n
§ =) Ejlweginr o = Y dlicgrn)

Tj<t Tj<t

As usual, the integral fé asdYs (&) should be defined as a limit (if it exists in some
sense) of the integrals over its approximations fot aldYs(§7).

Theorem 3. The distribution of the process of integrals x + fé asdYs (&) is well
defined as the weak limit, as t — 0, of the distributions on the Skorohod space
D([0, T], R?), of the approximating simple integrals x + fé aidYs(§7), and is the
distribution of the Lévy process started at x and generated by the family (16).
This limit also holds in the sense of the convergence of the propagators of the
corresponding nonhomogeneous Lévy processes.

Proof. The right continuous versions &7, converge to & in the sense of the Sko-

rohod topology. Hence, by Theorem 2, the corresponding processes fé dYs (&)
converge to the nonhomogeneous Lévy process generated by the family (16) in
the sense of the convergence of propagators. By the standard results of stochastic
analysis, this implies the weak convergence as distributions on the Skorohod space.

In particular, we have constructed the probability kernel on the space D([0, T'],
R?) of cadlag paths that takes a curve & to the distribution of the integral x +
fot dYs(&s). The main point is that the invariant measure for this kernel defines a
weak solution to the stochastic equation & = &y + fé dYs (&), and its uniqueness is
closely linked with the Markovianity of the corresponding process, which we shall
discuss in the next section.

Now, let us describe a couple of more specific situations. We shall use the
following elementary inequalities.

Proposition 3.2. (i) For any p € [1,2] and x > —1 one has
0<(+x)P?—1-px<(p—1ax2 (17)

(ii) Forany p € [1,2], d € N and A, B € R?
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0 <|A+ B|? —|A]” — p(A, B)|A|P™? < cp| BI?, (18)
where
cp= max [(1—x)? —xP + pxP7!]. (19)
x€[0,1/2]

The next statement describes the jump type processes when L ,-estimates are
available.

Proposition 3.3. Suppose Y(n) is a family of Lévy processes in R? with cadlag
paths, depending on a parameter 1 € R" and specified by their generators

Ly f(x) = [[.f(x + ) = f(x) = (. V) ()], (dy), (20)

where
by (101 = 0, sup / Y 1Pvn(@y) = k < 00 1)
n

with a certain p € [1,2]. Then, the process f(f asdYs (&) is a martingale and

! P
E‘/ asdY (&) < 2cp/<1/|oes|”ds. (22)
0

Proof. In view of Theorem 3, it is enough to prove the statement for the approxi-
mations f(f o;dYs(£7). Then, the martingale property follows from the property of
Lévy processes. Finally, by (19), one has

p [t/7]

t .
E ‘/0 Ol::dYs(g;) =c¢p Z ||(ajr||pE|Ytj/\r(j+1)_rj(Erj)|p7
=0

implying (22). Alternatively, one can get this estimate from the martingale prob-
lem associated with the propagator of the corresponding non-homogeneous Lévy
process, but the proof given extends straightforwardly to the case of random &.

As another situation of interest let consider the case of Y;(n) that are compound
Poisson processes, i.e., they are generated by the family

Lyf(x) = / LG+ ) — £y (@dy) 23)

with uniformly bounded measures v;,.

Proposition 3.4. For any cadlag curve &, the process x+ |, Ot dYs (&) has the follow-
ing probabilistic description. Starting from the initial point x, it waits there a (non-
. . . t
homogeneous exponential) random time t, with P(t1 > t) = exp{— fo [lve, |l ds}
and then it jumps to a point yy distributed according to the law v, /||ng1 ||l. Then,
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it waits a random time t, with P(t2 > t) = exp{— frtl—im l|ve, | ds} and jumps to a
point yy + y2 with y> distributed according to the law ve,, [ ||ve,, ||, etc.

Proof. Tt follows from Theorem 3 and the basic series expansion of the propagator
of a process generated by family (23), see, e.g., [8] for time-homogeneous case and
[10] for time non-homogeneous case.

In particular, to link with a usual stochastic integration over a Poisson measure,
let us note that if N(dsdx) is the Poisson measure of a Levy process Z; in R? and
g(s, x) is a continuous bounded function on Ry x Ry, then

/Ot/Ag(s,x)N(dsdx)

is the process of the type described in Proposition 3.4, specified by the family
Lif) = [ 17+ g = Floi@n).

Remark 1. Similarly, one can define the integral fot gs(dYs(&s)) for a cadlag family
of nonlinear mappings g5 : R” — R? of the class C2(R"), as the limit of the
approximating sums

Z gjr( NG+ T— jr(gjr))ljr«,

which converge to the non-homogeneous Lévy process generated by the family of
the operators

1450 = 3 ([Eo6s (%) 0] v.9) e
3 t 0 t
+ (360520 + om0

0g:
+/[f(X+gz(y)) JS(x)- ( 5 0)y. Vf(X))lBl(y)}vEt(dy) (24)

4 SDE Driven by Nonlinear Lévy Noise

In order to solve the equation

t
X, = x + / aY,(X,), (25)
0
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with x being a random variable with a given law p, it is convenient to use Euler
type approximations. For a > 0, let the process X}“'* be defined by the recursive
equation

Xt =X vl (XED, LX) = 1, (26)

forlt <t < (I + 1)t, where £(X) means the law of X. Clearly, these approx-
imation processes are cadlag. According to the above definition of the stochastic
integral, this process satisfies the equation

t
Xt = Xo + / dYS(X[*S‘fr]), L(Xo) = p. 7
0

By conditioning, one deduces that X/*** solves the following martingale problem.
For any f € C2(R?), the process

t

M) = FOE) = f0X0) = [ LIXET LA a5, = £(Xo), @9

is a martingale, where we transferred the lower subscript to square brackets, i.e.,
L[X] = Ly in previous notations. Due to the basic convergence criteria for mar-
tingale problem solutions (see e.g [5,7, 8]), it follows that the family of processes
Xt”’r, T > 0, is tight (as was noted by many authors, see e.g [17] and [3]), and hence
relatively compact and moreover, any limiting process X/ solves the martingale
problem for the family L,: for any f € C? (R%), the process

t

Me(t) = f(XI) — f(x) — /0 LIXMf(XP)ds, p=L0).  (29)

is a martingale. Moreover, using Skorohod’s theorem, one can choose a probability
space, where all theses approximations are simultaneously defined and converge
a.s., and consequently, by Theorem 3, X;* also solves the stochastic equation (25).
In particular, this equation has a solution.

Theorem 4. Suppose for any x the probability kernel on the subset of D([0, t], R9)
of paths starting at x given by the integral constructed in Sect. 3 can have at most
one invariant measure, i.e., (25) has at most one solution. Then, the approximations
(26) converge weakly to the unique solution X} of (25), which is a Markov process
solving the martingale problem (29).

Proof. Convergence follows from the uniqueness of the limit. Passing to the limit
7 — 0 in the Markov property for the approximations

E(f(X{"T) | o (X[ ) usjr) = BOA(XT) | XIT)

yields the Markov property for the limit X .
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5 W,-Estimates

In order to apply these results, we should be able to compare the Lévy measures.
To this end, we introduce an extension of the Wasserstein—Kantorovich distance
to unbounded measures. Namely, let M p(Rd) denote the class of Borel mea-
sures 42 on R4\ {0} (not necessarily finite) with finite pth moment (i.e., such that
J1y|?p(dy) < oo). For a pair of measures vy, v, in /\/lp(Rd), we define the
distance W (v1,v2) by

1/p
Wp(\)], \)2) = (Hl}f_[ |y1 — y2|p\)(dy1dy2)) R (30)
where inf is taken over all v € M ,(R?4) such that condition

[, @160 + 52 (dxdy) = @100 + 2.2

holds for all ¢y, ¢ satisfying ¢; (.)/].|? € C(R?). It is easy to see that for finite
measures this definition coincides with the usual one.

Moreover, by the same argument as for finite measures (see [15, 18]), we can
show that whenever the distance W), (v1, v3) is finite, the infimum in (30) is achieved,
i.e., there exists a measure v € M p(de) such that

1/p
Wp(p1, n2) = (/ (1 —y2|"v(dy1dy2)) . (3D

To compare the distributions on Skorohod spaces, we shall use the correspond-
ing Wasserstein—Kantorovich distances. These distances depend on the choice of
distances between individual paths. The most natural choice of these distances is
uniform leading to the distance on the distributions:

1/p

Wy r (X', X?) = inf (E sup | X! — X,2|P> , (32)
t<T

where inf is taken over all couplings of the distributions of the random paths X, X5.

Let us now approach the stochastic differential equation (SDE) driven by nonlin-
ear Lévy noise of the form

t t t
X, =x+ / dYs(g(Xso)) + / b(X,_)ds + / G(X,_)dW;,  (33)
0 0 0

where Wj is the standard Wiener process in R? and Y; (n) is a family of pure-jump
Lévy processes from Proposition 3.3.
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Theorem 5. Let (21), (34) hold for the family (23) with a p € (1,2]. Let b, G be
bounded functions from RY to RY and to d x d-matrices, respectively, and b, G, v
be Lipschitz continuous with a common Lipschitz constant k;, where v(x,.) are
equipped with Wy-metric, i.e.,

Wp(w(x1,.),v(x2,.)) < kallx1 — x2]. (34)

Finally, let x be a random variable independent of all Ys(z). Then, the solution to
(33) exists in the sense of distribution (i.e., the equation means the coincidence of
the distributions) and is unique. Moreover, the solutions to this equation specify a
Feller process in R?, whose generator contains the set CC2 (Rd), where it is given
by the formula

L) = 3(GY. V) () + (b(x), Y /)()
+ / G+ ) — £ — (0 V£ (x.dy). 35)

Proof. It is based on the contraction principle in the complete metric space Mp(t)
of the distributions on the Skorohod space of cadlag paths & € D([0,¢], R?) with a
finite pth moment Wj,;(§,0) < oo and with the metric Wy, ;. For any £ € M,(¢),
let (§) = ®1(§) + ©2(§) with

O\ (&), = x + [0 Yy, D), = [0 b(,_)ds + [0 G (X,_)dW,.
One has

WF(@E), @E) = Inl W], g (PE). DE)).

where the first infimum is over all couplings of £, &2 and W, ; cona denotes the
distance (32) conditioned on the given values of £!, £2. Hence,

Wy (@D, @(E) < 2W) (@1 (1), @1(E%) + 20, (D% (1), P2 (£2)).

By Proposition 3.2, applied recursively to the increments of the discrete approxima-
tions of our stochastic integrals, one obtains

SUpE|@! (65) — @1 (E))]” = 2txcac, sup | — €717
s=

s<t

for the coupling of @', @2 given by Proposition 5.1. Using now Doob’s maximum
inequality for martingales yields
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W, cona (@' ), @1(E) < sty sup &) — 117,

implying
Wy (@), @1 (EY) < diate, W (€1, 62).

On the other hand, by the standard properties of the Brownian motion,
E[@?(E") — @2(8)|? < tia sup |5 — £71,
s<t

implying
W2 (@%(E1), %(8%)) < 4ot W5, (€1, 87)

and consequently
Wo (@2 (EN). D2 (6%) < (iat) P W] (E1. 8.

Thus finally,
WP (PEY, PE) < ct.k)WP,(E'.E).

Hence, the mapping & — @(§) is a contraction in M(¢) for small enough ¢. This
implies the existence and uniqueness of a fixed point and hence of the solution to
(33) for this ¢. For large ¢, this construction is extended by iterations.

Consequently, the main condition of Theorem 4 is satisfied. The Feller property is
easy to check (see [12]) and the form of the generator reads out from the martingale
problem formulation discussed in the previous section.

Theorem 5 reduces the problem of constructing a Feller processes from a given
pre-generator to a Monge—Kantorovich mass transportation (or optimal coupling)
problem, where essential progress was made recently, see books [15] and [18]. The
usual approach of stochastic analysis works in the case when all measures v (x, dy)
can be expressed as images of regular enough family of mappings Fy of a certain
given Lévy measure v, see, e.g., [1]. To find such a family, an optimal solution (or
its approximation) to the Monge problem is required. Our extension allows one to
use instead the solutions of its more easy to handle extension called the Kantorovich
problem (the introduction of which in the last century signified a major breakthrough
in dealing with mass transportation problems). It is well known (and easy to see on
examples with Dirac’s measures) that the optimal coupling of probability measures
(Kantorovich problem) can not always be realized via a mass transportation (a solu-
tion to the Monge problem), thus leading to the examples when the construction
of the process via standard stochastic calculus would not work. Let us stress also
that our coupling condition is quite different from non-degeneracy or monotonic-
ity assumptions usually required by the analytic approaches to the construction of
Markov semigroups, see [6,9, 10, 13].

Concrete examples (including stable-like processes) are discussed in [12]
together with the extensions to time nonhomogeneous and nonlinear (in distribu-
tions) evolutions, as well as some additional regularity criteria. Let us note only
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that the main assumption on v is satisfied if one can decompose the Lévy measures
v(x;.) in the countable sums v(x;.) = Y oo | v,(x;.) of probability measures so
that W, (v; (x;.), v;(z;.)) < a;|x —z| and the series Zaip converges.

Appendix

Proposition 5.1. Let Ysi i = 1,2, be two Lévy processes in R? specified by their
generators

Lif ) = [+ 5) = £ = (V70 7)) (36)
with v; € M,(R?), p € [1,2]. Let v € M ,(R??) be a coupling of vy, v, i.e.,
[ [@00+020m@nd) = @ + @om 6D
holds for all 1, ¢ satisfying ¢i(\)/|.|7 € C(RY). Then, the operator

Lf(x1,x2) = /[f(xl + y1.x2 + y2) — f(x1,x2) — ((y1. V1)
+(y2, V2)) f(x1, x2)]v(dy1dy2) (38)

(where V; means the gradient with respect to x; ) specifies a Lévy process Yy in R?¢
with the characteristic exponent

Mrs (1 P2) = / @722 1 i(yp1 4 yap2))v(dyndya),

that is a coupling of Y\, Y2 in the sense that the components of Ys have the dis-
tribution of Y and Y2, respectively. Moreover, if f(x1,x2) = h(x1 — x2) with a

function h € C*(R?), then

L.f(xl,xz)z[[h(xl_x2+y1_YZ)_h(xl_xz)_(YI_YZ»Vh(xl_XZ)]V(dyldYZ)-
(39)
And finally

El§ +Y' - Y212 <|§|P +tcp // |y1 — y2|Pv(dy dys). (40)

Proof. Tt is straightforward to see from the definition of coupling that if f depends
only on x; (resp. x3), then the operator (38) coincides with L; (resp. L). Simi-
larly, one sees that the characteristic exponent of Y coincides with the characteristic
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exponent of Y1 (resp. Y2) for pp = 0 (resp. p; = 0). Formula (39) is a conse-
quence of (38). To get (40), one uses Dynkin’s formula for the function f(x1, x2) =
|€ + x1 — x2|? observing that by (39) and (19) one has

|Lf(x1,x2)| < Cp// |y1 = y2|Pv(dy1dy»).

Acknowledgements Based on the talk given on the ISAAC Congress, London 2009.
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Discrete Algorithms for Multivariate
Financial Calculus

Radu Tunaru

Abstract Quantitative financial calculus is dominated by calculations of integrals
related to various moments of probability distributions used for modelling. Here, we
develop a general technique that facilitates the numerical calculations of options,
prices for the difficult case of multi-assets, for the majority of European payoff
contracts. The algorithms proposed here rely on known weak convergence results,
hence making use of the gaussian probability kernel even when modelling with non-
gaussian distributions. In addition, this technique can be employed for calculating
greek parameters. We prove that the weak convergence characterizing condition can
still be applied under some mild assumption on the payoff function of financial
options.

Keywords Approximation algorithms - Greeks - Multi-asset options - Weak con-
vergence

MSC (2010): 65D32, 62P05, 91G60

1 Introduction

This paper develops a general method for generating deterministic algorithms use-
ful in financial calculus. The range of applications cover the valuation of multi-asset
European contingent claims including Asian options and spread options, and risk
management calculations such as the sensitivity greeks parameters. However, the
same algorithm can be applied to any other areas where the calculation of high-
dimensional integrals is difficult. The main idea on which this paper is based is to
use general results related to weak convergence of probability measures and derive
numerical approximation schemes in closed form. The underpinning theory behind
our approximations is probabilistic in nature but the formulae are deterministic, thus
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avoiding common pitfalls related to Monte Carlo simulations techniques. In addi-
tion, the method presented here is very general and it can be adapted to a wide range
of modeling situations.

The payoffs of contingent claims generally considered in practice can be seen
as functions [T of finitely many positive random variables {Sk}1<k<q, represent-
ing asset prices. Under no-arbitrage principle, risk-neutral valuation of contingent
claims is centred upon calculating expectations of the form E[/1(Sy, ..., Sg)] under
an equivalent martingale probability measure Q. One of the strengths of our method-
ology is that it can be applied to any general finite payoff IT usually encountered
in financial markets. While the results presented here are drawn for asset processes
following generically a geometric Brownian motion, the techniques outlined in this
paper offer a numerical mathematical solution for general models and underlying
processes.

The probability theory concerning the convergence of probability measures
requires bounded and almost everywhere continuous test functions. However, in
finance, there are many contingent claims with unbounded payoffs. In Sect. 4, we
show that, under some suitable mild assumptions on the payoff functions, we can
still apply the condition defining weak convergence for the chosen probability
measure.

There is a price to pay for the high level of generality offered by this new tech-
nique and that is the computational effort required for implementation. However,
since no simulation is required, parts of the calculations can be reused for pricing
different options contingent on the same securities simultaneously. Moreover, for
specific payoffs involving the maximum function, one can improve the calculations
by imposing natural boundaries on the underlying asset.

Without reduction of generality, we therefore focus on the risk-neutral valuation
of the contingent claims on one or several asset under nonstochastic interest rates.
This is the same framework outlined in [10] and [34]. Moreover, while the focus
here in terms of applications is on European style options, our methods can be useful
also in the context of pricing American style derivatives since their calculation can
be reduced to European options, see [21] for further details.

As a preview of the developments in this paper, consider an Asian call option
on the arithmetic average over the d fixings dates #1, ..., ¢5. If {S}s>0, the under-
lying asset follows a geometric Brownian motion, then the average is given by the
expression

d
S
/hvfgkmm—#mm+am» (1)

where {W;};>0 is the associated Wiener process. The no-arbitrage risk-neutral price
of the Asian call option with fixed strike price K is given by the integral

c=€”[ww—KﬁmmMa @
0
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where K is the fixed strike price and p4(-) denotes the risk-neutral density of the
arithmetic average A considered as a random variable. Since p4 is not known in
exact form, we need to consider then the multivariate distribution of all stock prices
contributing to the Asian underlying. Because the randomness comes only from the

Wiener process {W; };>¢ considered at fixing dates ¢1,...,?4, the calculations are
determined by py, the joint probability density of the gaussian multivariate vector
Y =(T,..., Yd)T with mean zero and covariance matrix

Y = [min(4,1)))i, jeq1,...d}- (3)

For Asian option pricing, it is important then to calculate the integral of the type
/Rd g)py (y:0q, X)dy “)

where the function g : R — R is defined through

d
g(Yy,...,Y;) = max [% Zexp((r — 0?2t + oY) — K,0i| .

i=1

The multidimensional integral in (4) appears for other exotic options and therefore
methods for calculating this type of integral for general payoffs IT are very valuable
in financial markets.

2 Short Review of Numerical Methods Used in Finance

Given the complexity of the models and payoffs involved, the vast majority of
financial derivatives are priced using numerical methods. An excellent review of
Monte Carlo and deterministic methods that can be used to approximate integrals
is contained in [13]. In general, there is a clear classification of numerical methods
applied in finance. One class is represented by those numerical methods originated
in solving PDE. Finite difference approximations, implicit and explicit schemes, are
widely used in pricing financial products and calculating risk management param-
eters, see, for instance, [8] for some excellent examples. A second class applies
stochastic control techniques for problems in finance. This second class proves to be
useful for situations when the Bellman equation, appearing frequently in decision
making in finance, might not be formally given by a PDE or variational inequal-
ity. The most used stochastic control method is the Markov chain approximation
method; a review on this topic is provided in [20]. Third, the more direct Monte
Carlo simulation is very popular due to the generality of applications and rela-
tive straightforward implementation, as illustrated in [2]. Remarkable improvements
on this direction are associated with the introduction of importance sampling and
variance reduction methods such as control variates. The series of papers authored
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by Boyle, Broadie and Glasserman' contain some of the seminal ideas in this area. In
spite of its widespread popularity, the Monte Carlo simulation has a major criticism
related to the practical inability to find proper random numbers from specified dis-
tributions. This generated the development of quasi-Monte Carlo methods based on
equidistributed sequences and low-discrepancy methods. A recent revision of appli-
cations of these methods in finance has been given in [12]. Furthermore, it is known
that many nominally high-dimensional integrals arising from the pricing of options
are of low effective dimension, see [37] and [38] for a very useful discussion. As
opposed to Monte Carlo methods, quasi-Monte Carlo simulation benefits from low
effective dimensions and work with substantially smaller errors than Monte Carlo
methods even if the nominal dimension is high.

A fourth class of methods is spanned by approximations of some sort. This is
a rich and varied class containing diverse methods. Jarrow and Rudd [17] pro-
posed a technique for option pricing applying Edgeworth series expansion. This
method has some valuable benefits in explaining some of the smile associated with
options pricing but does not apply when it is used to approximate the density of
the arithmetic average of a lognormal process as pointed out in [18]. The method-
ology underpinned by the Fast Fourier transform (FFT) was advocated by Carr and
Madan [5] as a general tool for option pricing problems. One excellent applica-
tion is in pricing spread options, as illustrated in [9]. The Laplace method is the
cousin transformation of the Fourier transform. A great description of this tech-
nique in relation to Asian option pricing is given in [7] and [15]. Laplace transform
was also successfully used in [26] for analytical investigations of stochastic volatil-
ity models of the Ornstein—Uhlenbeck type. Borovkov and Novikov [4] present an
ingenious approach to calculate expectations for option pricing by simply integrat-
ing the respective moment generating function with a certain weight. In [22], Lee
extended and unified Fourier-analytic methods for pricing a wide class of options
on any underlying state variable whose characteristic function is known. Laguerre
series generalize the Fourier expansions. They were masterfully applied by Dufresne
in [10] who utilized the concept of ladder height densities for improving pricing
of Asian options. These ideas were further expanded with excellent mathematical
computational results in [34].

Saddlepoint approximations are often applied for computing the distribution of a
random variable whose moment generating function is known. This technique has
been elegantly applied in [33] to the calculation of prices for European put options
under various Levy processes. Their results compare favorably with those using
numerical integration (FFT).

Other expansion type methods are developed in [24] where the density of the
average rate is approximated with a reciprocal gamma distribution by matching the
first two moments, while in [25] the density function is approximated by matching
the first four moments. Considering the Taylor expansion of the ratio of the char-
acteristic function of the average to that of the approximating lognormal random
variable around zero volatility, it is possible to unify the treatment of basket and

I'See [16] and the references therein.
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Asian option as illustrated in [18]. A method based on small disturbance asymp-
totics applicable to pricing contingent claims where underlying forward rates follow
a continuous Ito process was developed in [19]. Using the moment expansion of the
probability distribution function underlying the model, a new quadrature method,
with applications in option pricing, has been proposed in [1].

The link between discrete time modelling and continuous time modelling has
been emphasized at various points in the past and to a certain level of complexity. It
has been proved in [6] that the limit of the discrete-binomial option pricing formula
converges to the Black—Scholes formula as the number of time steps per unit of
real time approaches zero. Duffie and Protter [11] reviewed conditions under which
the discrete-time security market models converge in the limit to continuous time
models. Moreover, they provide some pathological examples where a sequence of
security price processes S converges in distribution to a limit S and a sequence
of associated trading strategies 6" converges also in distribution to a strategy 6 but
the discrete financial gain process fails to converge in distribution to the financial
gain process defined by the limits. This line of research has been thoroughly investi-
gated in [32] where the most important results related to the convergence of discrete
pricing schemes to continuous time limits are provided.

The results developed in this paper, however, make a contribution in a different
direction. Rather than trying to establish weak convergence results of known discrete
pricing schemes, we apply known weak convergence results from probability theory
and determine discrete pricing schemes. The approximation formulae proposed here
are deterministic.

A general formula for approximating the multi-dimensional integral appearing
in the risk-neutral price of a general multi-asset option has been proposed in [3],
where there is a similar aim to the research presented here, but a different approach
has been chosen. The methods presented in this chapter are in a sense a simplified
version of the quantization methodology introduced in the early 1990’s in numerical
probability to determine some quadrature integration formulae with respect to the
distribution Py of a random variable X on R¢ using that E[IT(X)] ~ £[IT (3\( )] if
the length of the approximating sequence is large enough. This approach is efficient
in medium dimensions (see [27-29]) especially when many integrals need to be
computed with respect to the same distribution Py . Lately, optimal quantization has
been used to define tree based methods for solving multi-dimensional non-linear
problems involving the computation of many conditional expectations: American
option pricing, non-linear filtering for stochastic volatility models, portfolio opti-
mization. Examples of quantization applications to computational finance problems
are illustrated in [30, 31].

3 Framework and Notations

In this section, we outline the framework for the main results presented in the
next section. In addition, we specify the notation used throughout the chapter.
A sequence of probability measures {in},>0 is said to converge weakly to a
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probability measure p, denoted by u, — u, if the following equivalent condition
is satisfied

M1~NM=/fW 5)

n—>oo

for any bounded and p- almost everywhere continuous function f. Other equivalent
conditions are provided by Alexandrov’s theorem [23], see also [14] for a more
recent reference.

The generic notation for a probability density function is p(). For example,
the probability density of a multivariate gaussian d-dimensional vector with mean
vector m and covariance matrix 1" is

S o=m T m)|.

1
im,T) =
pyim. 1) V@) det(T) eXp[

As you may have already observed, the transpose of a matrix or vector is denoted
by T.

We assume that our primary assets have the following dynamics under an
equivalent martingale measure

dS! = rS'dt + 0;S!dW/, foralli € {1,....d} (6)
dBt = rBtdt (7)

where E(dW,dW,”) = p;;dt forany i # j. The last equation is associated with the
money account with the short rate .

Our objective is to price a European multi-asset option with payoff IT(S+, S % s
S?) at maturity 7', contingent on the assets {S}, SZ, ... S%}. For simplicity, we
shall drop the index 7" from our notations. There are many exotic options that require
powerful computational methods for pricing determination. Here, we focus only on
European style derivatives and for concreteness we consider the basket options and
the discrete Asian arithmetic options as these two are representative of multivariate
contingent claim contracts.

The value of each asset at maturity S’ can be calculated with

§i — S(t’)e(r—aiz/2)T+o,~ vTY; (8)

where Y = (Y1, ...,Yy) is distributed Ny (04, T) with the covariance matrix T =
(vijoio; T)f.ljzl. The relevant probability density function is therefore

1
pa(y:0.7) = p ——yTT‘ly] )

1
Vv (2r)4 det(Y) = [ 2

From (8), foralli € {1,...,d}
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Y, = —1 |:ln (ﬂ) - (r - i) T] (10)
e T 2) ]

For any integrable payoff IT(S', ..., S%), the value of the multi-asset claim at time
0 is given by
1
Vo =n/ / (S S exp [—EYTT Y]dSl dsd
1D
where n = 7 ndY = (Y1,...,Y,)" is determined from (10).

a

0104 4/ @rT)4 det(T)
If ¢; is the d-dimensional vector that has the value one on the i-th position and

zero elsewhere, one can calculate the delta parameters of the multi-asset option as

follows. Since A; S, , by derivation on the right side of formula (11), we obtain
A; —n/ / TT_IYH(SI,...,S”’);
Sz Uz Sl...54d

X exp [—EYTT Y]dsl -dse. (12)

The calculation of integrals in formulae (11) and (12) may become difficult as
dimension d increases. For small dimensions d, the integrals appearing in formu-
lae (11) and (12) can be calculated with cubature or quadrature methods, see [13] for
a good description of such methods. Nevertheless, in financial calculus, the dimen-
sion d can be quite large. For example, pricing a basket option may lead easily to
a d between 5 and 20. Moreover, we would like to take advantage of the gaussian
kernel as this appear quite naturally in financial mathematics.

4 Methods for Multivariate Contingent Claim Pricing

For the technique we propose in this paper, we would like to work on the (—oo, co)
scale rather than (0, co) scale resulted from the log-normal distribution of the geo-
metric Brownian motion. Thus, we prefer to work with a formula using the gaussian
kernel. For simplicity, we denote

e(Yi, ... Yy =11 (S(}e(rf—olz/Z)T-HﬂﬁYl L Sge(rf—ag/z)wradﬁyd)_

13)
Hence, we can express the value of the multi-asset derivative as

\/ (271)“’ detY

/dg( e Yd)exp[—EYTT Y]le dY;  (14)
R
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and
A e’ L Tryemn..... vy)
R - c. gry,..., Ig
" Jenddetr Jra Sioi VT
1
X exp [—EYTT_IY]le---de. (15)

Applying the Cholesky decomposition to the correlation matrix 7, we get the
square root matrix A such that Y = AAT. Making the change of variables Y = Ax
leads to

e TV, =E[g(Y)] = g(Ax)exp [—%xTx:| dx. (16)

\/(Z;T)d/u{w

This is now the expectation with respect to the standard multivariate gaussian distri-
bution. Since we are going to employ the multivariate central limit theorem, the
probability measure p is going to be a gaussian probability measure while the
measure U, is corresponding to a discrete multivariate distribution such as the multi-
nomial. Then the calculations of (16) will follow by choosing an appropriate test
function mainly driven by the payoff function /T and other subsequent transforma-
tions. Hence, there are three steps in our methodology of generating algorithms for
calculations of integrals representing financial measures. First, one needs to iden-
tify the limiting measure or distribution. Since it can be envisaged that a central
limit theorem results will be applied, it is natural to think that the limiting distri-
bution will be gaussian. If the financial modelling is done with a gaussian kernel
the normal distribution appears naturally; if not, it can be forced to appear. Sec-
ond, upon applying a well-known weak convergence result, a sequence of discrete
probability distributions defining the measures w, is identified. This is straightfor-
ward as the multinomial distribution is the only multivariate discrete distribution
widely used. The problems here may appear in finding put the correct probability
weights defined by this distribution. The third and final step consists in finding out
the test function on which the weak convergence condition will be applied to. The
test function basically absorbs all factors outside the kernel of the limiting distri-
bution. This step looks the easiest but it is the test function that presents the first
challenge.

4.1 A Solution to Payoff Unboundedness

One may think that all that is left to do now is to apply the weak convergence result-
ing from the central limit theorem for a discrete multivariate distribution such as
the multinomial distribution and a suitable test function, and the discrete approx-
imation algorithm would be established. Payoff functions in finance by default
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cannot exhibit an uncountable set of discontinuities so, from the continuity point
of view, we are safe. However, one major inconvenience is that payoffs quite often
are unbounded. Nevertheless, the payoffs cannot exhibit explosive growth so the
theoretical weak convergence results underpinning our algorithms still work when
the test functions satisfy some mild assumptions, as proved next.

We shall prove that for a given test function we have uniform convergence. More
precisely, let B(0,8) be a ball of radius § € R? and let B°(0,8) be its com-
plementary set. For a given test function ¥, if the following two conditions are
true

lim pu, = W, a7
n—>oQ
lim sup/ Yvdu, =0 (18)
8—00 n JBc(0,8)
then it follows once again that
lim | ¥vdu, = [Wdu. (19)
n—>oQ

The key is to prove that condition (18) holds. Applying Holder’s inequality for 0 <
v,s < oowith 2 + 1 =1, implies that

/ Ydu, =/W13<f(0,5)dun
B<(0,8)
< (/ I/f"dﬂn)v (Mn(BC(Oﬁ))S)% (20)

If one can prove that
lim sup i, (B€(0,8)) =0 2n
§—>00 n

sup (/ wvdun) < 00 (22)

are then the condition (18) follows which ensures that the convergence in (19) works

for the unbounded test function . In order to fix the notation, we consider the
real valued random variables Y,, = /n (S(n—n) — p) and the associated probability

and that

measure 4, = Po Y.

Proposition 1.
lim sup i, (B€(0,8)) =0
§—>00 n

Proof. Considering the function

2
B

m(x):{ il >

(23)
0, otherwise
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with | || the euclidian norm, it follows that

n (BE(0,5)) = [ 15 0.8 dttn

1
< / hsdin = 55 / ] dye

1
=5 /(x12 + x5+ ... x3)dun (24)

The probability measure p, corresponds to the random variable Y, that has
component-wise mean zero and variance equal to p; (1 — p;) for the i-th variable of
the vector. Therefore,

d
1
Hn(B€0.8)) < = 3 pi(1 = pi)

i=1

d
1
0= sup un(B(0.6)) = 55 > pi(1 = pi)

i=1
Taking the limit when § goes to infinity concludes the proof. O

For the payoff function I7 : (0, o0)¢ — R, we make the general assumption that

there exist some positive real numbers 0 < my,my, ..., mg such that
H(ul,...,ud)§u’1"'u'2"2---u';d (25)
for any large positive real numbers (u1, .. ., ug). This condition prevents explosive

growth and pathological cases.

Proposition 2.
n

Proof. Consider the application U : R? — R, U(u) = /n (% — p). Making the
notation «t; = S(")e“iT

ki+...+kg=n

= Y VUG k)P = Ky k)
0<ky,....kg<n
ki+...+kg=n o .

— Z Prlfl""’kdnv (aleolﬁ lﬁpl ,...,adea‘lﬁdf”pd)
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Then
k4. 4ka=n ki~ ks !
Thiznp o T k=i
sup (/ wvdl/«n) = sup Z Pyt [H (a1emf ' ,---,Olde(”f v )]
n o0<ky...kq<n

ki+..+kg=n d ien
O j —npj
sup E Prfq ..... ka l_[ a;}m,- evm;m ﬁ#

" 0<ki,..ka=<n i=1

IA

ki+..+kg=n ' d k
— asup o n! - 'e—v«/)lT(G]mlp]+<.4L7del7d) 1_[ (pieua,m;«/T/n) i
" o<ky,kg<n U d- i=1
n
= asup {e_UV’1T(Ulmll71+ml7dmdl7d) (plevmmm/T/n 4. pdew‘“m T/n) }
n

where & = [T, «’™ . Denoting
a= vﬁ(plolml + ... paoamyg), a; = vol-m,-ﬁ, foralli =1,...,d,
we can calculate

lim e_aﬁenln[pleul/ﬁ+...pde“d/ﬁ] — lim en{ln[ple“l/“/ﬁ+...pde”d/ﬁ]—a/ﬁ}

n—o00 n—>oo

Making use of 1’Hopital rule

In [ple‘”/‘/ﬁ +...pde”d/ﬁ] —a/Jn

li
Jim U
d )
i 3 Yo piai et/ )
= lim — n
n—o00 Z;izl piea,-/ﬁ Znﬁ
2 d
— _ A al/ﬁ
= lm | 5 2 - e

Applying I’Hopital rule four more times we get that

Yiy (@i —a)pieti/ v

i = lim Z?:](Cli—a)piaieai/«/ﬁ

n—>00 n—2 n—>00 4n—3/2
i | Zieila —anpiagecid v
o ni>oo 24

P Y (ai—a)pia} o L
The last limit is equal to =*=—————L when n goes to infinite, and this is evidently

a finite real number. Therefore, its exponential would be finite too and consequently
sup,, (/' ¥¥dun) < oo. O
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4.2 Eliminating the Singularity of the Covariance Matrix

The set-up described here is quite general and encompasses a large variety of sit-
uations. For practical applications, we consider here the multinomial distribution.

More specifically let £ = (Ef")één) ... ,E(") ) be a random vector with a

d+1
multinomial distribution with parameters n and p = (p1, ..., pg+1), where by def-
inition Zf: 11 pj = 1. The reason for taking the order d + 1 will become evident
immediately.

The central limit theorem ensures that

(n)
Ja (i - p) =z @7)
where Z ~ Ny 4+1[04+1, X (p)] and

(p) = [Diag(py,..., pat1) — pp"] (28)

is the variance-covariance matrix of the multivariate gaussian limit distribution.
The CLT applied here results in the limit probability measure p given by the
probability density pg(y;04+1, X (p)). There are two problems with this limiting
distribution. The first one is only apparent. The covariance matrix X' (p) has nega-
tive correlations off the diagonal, and therefore, it seems that it is not suitable for
financial calculus. However, by making an adjustment reminiscent of the Radon-
Nikodym derivative, we shall see later that this problem is easily solved. The second
problem is more serious as it concerns the singularity of the covariance matrix

pi(l—p1) —pip2 ...  —PpiPd+1
S(p) = —P.1P2 pa(l — p2) _p2{7d+1
—Pd+1P1 —Pd+1P2 --- Pa+1(1 — pa+1)
for any choice of probability vector p = (p1,..., pg+1). This means that there is

no probability density function for the limiting gaussian probability measure and
calculus is impossible.

Nevertheless, we are going to show that we can still perform calculations by
switching to a lower d-dimensional space. First, the delta-continuity theorem is
applied for the multivariate case of the central limit theorem.

Lemma 1. Suppose that \/n (& — p) 2, Z where Z ~ Ny[0441, X(p)] and

n
the vectors €™ and p are d + 1-dimensional. Let h : Ret! — R be defined
by h(x) = (h1(x),...hg(x)) and assume that each function h;(-) has continuous
partial derivatives at x = 04. Then
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g(n)

f(h( ) — h(P)) — Z" (29)
where Z* ~ N[04, Vh(p)Z(p)(Vh(p)T] and (Vh(p))i; = (MT‘/'”) for all
l<i<dl<j<d+1 '

Taking h; (p1,....pa+1) = pi, the projection on the i-th direction, it is obvi-

ous that (VA(p));; equals 1 for i = j and zero otherwise. Moreover, all h; are
continuous at any given probability vector p. The new covariance matrix is

pi(l—=p1) —pip2 ... —pipa
— 1— .. =
V) S hpyT = | P2 T o (30)
—Pp1DPd —p2pa .- pa(l —pg)

which is the matrix obtained from X'(p) after removing the last row and the last
column. It can be shown that this matrix is always invertible. With mathematical
induction the following result can be proved.

Lemma 2. For any probability vector p = (p1,..., pa+1) and for the projection
operators hi (p1,..., Pi+1) = pi, the following formula is true
det {(VA(p)Z(p)(Vh(p))")} ( -3 pl) []r: 31)
i=1 i=1

Since all p; > 0 and the probability vector p is d 4+ 1 dimensional, the above theo-
rem proves that det {(Vh(p) X (p)(Vh(p))T)} # 0. Consequently, the probability
distribution NVz[04, Vi(p)X(p)(Vh(p))T] has the probability density function
pa(x;0a, Vi(p) Z(p)(Vh(p)) ).

4.3 Pricing Multi-Asset Options

After this digression, we recall that pricing multi-asset options could be done with
formula (16). We aim to apply the central limit theorem for a multinomial distri-
bution to generate a deterministic algorithm for approximating the expression on
the right side of (16). However, since the covariance matrix of the limit gaussian
distribution is not the identity matrix, we need to make some adjustments.

£(g(Y))

\/(ZT)“’/ g(Ax)exp (——x x) dx (32)

/Rd g(Ax)p(x;0g4,1;)dx (33)
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= /]Rd g(Ax)%p(x,od,M)dx (34)
= /R ) ¥ (x)p(x; 04, M)dx (35)

where
V) = (a0 20 M = V) E(VHG)T. GO

After determining the functional expression of the test function, we need to iden-
tify the probabilities associated with the test function over the grid generated by the
multinomial distribution.

Recalling that £ = (¢, &, ... &%) has a multinomial distribution with
parameters n and (p1, ..., pq+1), the sequence of probability measure (i, is given

by pip =P o v, (Ef") g ...,é;"ll) where

) _ ) _
U6 0 ED ) = (51 ﬁnm’”_,éd ﬁnpd)_ 37

The vector used on the right side makes use of only a subset of the full multinomial
vector. However, its conditional distribution is still multinomial

N )wMultin(n— ; 71 Pd )
(1’ Ea €1 = J ]’p1+...+pd’ ’p1+...+%8)

In addition, the marginal distribution of é 441 1s binomial with parameters n and
Pd+1. Therefore, we can calculate the marginal distribution of the subset vector

M, ey as

PEM =ki.....80" = k)

Z EP =kio. 8 = kalES) = HPET), = 1) (39)

Making the notation p; = foralli =1,...,d, it follows that

P+ +Pd

PE™ =ki.... £ = Z( )pd+1(1 pa+1)" ( ])' ]_[

(40)
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Remarking that

1
¥(x) = g(Ax)+/det(M)exp I:_EXT(Id - M_l)x] 41
and applying the weak convergence of i, to u for the test function ¥ leads to our

main result

Theorem 1.

j=n ki+..4kg=n—j

L, vtoa i = tim 3 Y

J=0 0=ky,...kq<n—j

d
k1 —np; kg —npg n! j ki
o 42
XW( I i kl!...kd!j!pd“l,:l_[lp’ “42)

To recap, what we have done is to apply the probability convergence equivalent
condition for the test function ¥

tim [ yau, = / vdu 43)

taking into account now that u, is the probability measure corresponding to a
discrete probability function, so the integral is transformed into a sum where cal-
culations depend on ¥ (v, (k1,k2,...,kg+1)) and the associated probabilities as
determined in (40).

In other words, we have proved the following multi-asset option pricing approx-
imation formula.

Theorem 2. The no-arbitrage price of the European option with payoff function
I =1I(sh, ..., S%) can be calculated with the formula

j=n ki+..+kq=n—j

d
ki—n kyg—n n! i
—rT 1: 1 D1 d Dd J i
e lim > 2 1"’( Jn T In )kll...kd!j!pd""np’

j=0 0=<ki,..ka<n—j i=l1

(44)

where  : R4 — R
W(u) = v det(M)g(Au) exp I:_%MT(]H, _ M—l)u:|

with M = Vh(p)Z(p)(Vh(p))T andu = (u1, ..., uz)" .

Remark that kl'n—k'd'J' pé 41 ]_[,-d:1 p;"' is exactly the multinomial probability for the
d + 1 multinomial vector.
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Furthermore, since the result is true for any choice of multinomial probability
vector values, it is convenient to choose all of them equal, thatis, p; = p, = ... =
Pd+1 = d+r1' The matrix M becomes in this particular case

_d __ ___1 1
(d+%)2 (da;i-l)2 (d-iil)2
TG0 @aDZ T @a?
M= (d'+1) (d—ijl) ‘ (d.+1) 45)
I S . d
@+D% " @+DZ " @+)?

. . _ 1
which has the determinant det(M) = @
The approximation result can be rewritten simpler as:

Corollary 1. The no-arbitrage price of the European option with payoff function
T=1I(SkL, ..., S%) can be calculated with the formula

j=n ki1+..+kg=n—j
T lim Jx: o Ji ’ I//(kl —npi ka —npa n! 1
(46)

where ¥ : R4 - R
V) = ——— —g(Auyexp [—luTud - M—1>u]
d+1DF 2

with M in (45).

Similarly, for the greek parameter A, recall the formula given in (15)

A

e T 1
T /en)ddetr /]Rd SioiNT

1
X exp [—EYTT_IY] dYy---dYy

ef T lYg(Y1,....Yy)

All that needs to be done is to redefine the g function inside the integral. For
example,

e T Yg(Y1,....Yy)

g*(Y)

e’ T 1
\- [
V@r)ddetY Jra SioiT

1
X exp |:—§YTT_1Y] dy,---Y, (47)
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5 Some Univariate Considerations

In practice, the univariate case is more thoroughly studied due to safety regard-
ing the numerical dimensionality curse. The univariate counterpart of the technique
revealed above for the multidimensional case has been illustrated in [36] using the
binomial distribution as the workhorse of the numerical scheme. From a mathemati-
cal point of view, other probability distributions can be used. The first example refers
to a scheme of non-identically distributed random variables, this case presenting
more of a mathematical interest.

Approximation with Poisson Generalized Binomial Distribution

For example, consider {X,},>1 a sequence of independent random variables such
that

Plo: X;@) =1)=p;: Plo:X;@=0)=1-p=q; @4

for all j > 1. The distribution of the random variable X m = x 1+ ...+ Xy, is
sometimes called the Poisson generalized binomial. The random variable X ™) takes
only the values 0, 1,2,...,n, and Pﬁ = P(X(,) = k) is equal to the coefficient of
t* in the polynomial (p1f + ¢q1)(pat + q2) ... (put + gn). Applying Liapounov’s
theorem, the following version of De Moivre-Laplace theorem can be easily proved.

Theorem 3. Let {X (”)},,21 be a sequence of random variables such that for each
positive integer n, X,y has a Poisson generalized binomial distribution. Suppose
that ) -1 pn(1 — pn) is divergent. Then

Xy — Y421 pi
Zﬁj pi(l1 —p;i)

lim Po
n—>o00

= N(0, ). (49)

As usual, N(0, 1) denotes the probability measure corresponding to the Gaussian
distribution with mean 0 and variance 1. An example when the series ) ., pn(1 —
pn) is divergent is easily obtained for p, = 1/n. Applying the weak convergence
condition for

Xy — Y421 pi
ST (1= pi)

un =Po

and 1 = N(0, 1) (50)

leads to the next result indicated in [35].

Theorem 4. Let ¢ : [a, b] — R be Riemann integrable and { p, }n>1 a sequence of
real numbers such that 0 < p, < | and the series anl pn(1 — pp) is divergent.
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Then
b
/ ¢(x)dx = lim a,, (51)
a n—>o00
2

k=n i=n i=n
~ k=N """ p: 1 k=SN"'T"p.
an = ZPI;V2JT¢1 : Zl_l pi exp 5 . Zl_l pi N
k=0 izt pi(l=pi) Yzt pi(l=pi)

and @1 : R — R, where ¢1(x) = @(x) if x € [a, b] and ¢1(x) = 0 otherwise.

When p; = p for all i, one obtains the binomial distribution case and the
approximation scheme is then rewritten as

b
/ ¢(x)dx = lim a, (52)
a n—oo

k=n 2
k —np 1 k —np
a, = PkVam ————|exp | = | ——
! ,; " (pl(\/np(l—p)) b 2(\/np(1—p))

where PF = (}) p¥(1— p)"=* are the well known binomial probabilities. In [36], it
is illustrated why the binomial approximation algorithm is still valid for unbounded
payoffs that satisfy some mild growth constraints.

Similarly, another approximation scheme can be proposed for the Poisson gen-
eralized binomial distribution. Recalling that P is the coefficient of ¢¥ in the
polynomial (p1¢ + q1)(p2t + q2) ... (pat + qn) We have

Theorem 5. The price at time zero of an European option with payoff I1(St) at
maturity T, contingent on an underlying asset {S;}o<:<T that follows a geometric
Brownian motion with parameters i and o, can be calculated as

e tim S PET | soexp | (r— G ) 7oV T ZEL | sy
n—o00 | =
k=0 V2ot Pidi

Approximation with Negative Binomial Kernel

One can adapt the method discussed above to discrete distributions that take an
infinity of possible values. Let { X, },>1 be a sequence of iid random variables, each
variable taking only the values 1,2, ..., k, ... with probabilities

P(lw: Xj(w) = k) = p(1—p)*". (54)

Then, the random variable X ™ = X 1 + ... + X, has the negative binomial dis-
tribution with parameters —n and p, where 0 < p < 1 and n obviously positive
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integer. Applying the Central Limit Theorem leads to

Xy — %
Po| 22| —N(©I (55)
n—l;p

Following a similar route with the binomial case, we get the next approximation
scheme

Theorem 6. The price at time zero of a European option with payoff I1(St) at
maturity T, contingent on an underlying asset {S;}o<:<T that follows a geometric
Brownian motion with parameters i and o, can be calculated as

_ k—1 _ o? kp—n
e lim P (1-p)¥ ”I'[|:S exp <(r——) T+UVT—):|
"*”g("*) ’ 2 NI
(56)

In [36], it is proved that the univariate approximation grids obtained in this man-
ner are dense sets in the domain of the target integral for calculation. This is an
important property, since it guarantees a uniform covering of the domain of integra-
tion, similar to low-discrepancy sequences, that proved their superiority to Monte
Carlo methods.

6 Examples of Applications

Asian Options

Here, we consider the pricing of Asian options with discrete fixings at times
t1,t2,...,t4. The underlying is only one asset described by a geometric Brownian
motion

dSt = /,LStdl‘ + O-Stdet.

The payoff of an Asian call options with strike K is

=
max [Z Z S, — K, 0} (57)
and for a put is

i=d
1
max |:K - > S 0} . (58)

i=1

The formula (44) can be used here if we make the identification
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Sk=8,,82=8,,....58=85,,. (59)

In other words, the value of the stock at the grid pre-specified time #; is viewed as
the value of one asset at maturity 7. The correlation between the components of
the basket is the path correlation of one Brownian motion governing the dynamics
of the underlying asset referencing the Asian option. The payoff for the arithmetic
Asian put can be written as

1 i=d .
g(Sk. ..., S%) = max [K—EZS’T,O} (60)

i=1

while for the geometric Asian put would be

d
g(St.....8¢) =max | K— | []$5.0]. (61)

i=1

Application to Pricing Spread Options

Spread options can be viewed as particular cases of basket options that have the
general payoff at maturity

d
max (Z a;S; — Kbasket)

i=1

where Kpasker 18 the strike price defined in terms of the aggregate value of the bas-
ket and the coefficients o could be proper weights for standard basket contracts or
simply taking +1 and —1 values for spread options when d = 2.

Options on the Maximum or the Minimum of Risky Assets

The most common case is that, of two assets, the case of a large number of assets is
not tractable analytically and not very used. The payoff for options on the maximum
(or the minimum) of two risky assets is given by

max[e (B min(BSt, BSF) — K), 0] (62)
where @« = 1 for a call, « = —1 for a put and the option if on the maximum for
B = —1 and on the minimum for 8 = +1. Also, SL. S% are the two assets at

maturity T and K is the exercise price.
We consider that each asset follows a geometric Brownian motion
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dS! = rS}dt + o; S!dW;

where i = 1,2 and W,',..., W are correlated Wiener processes with £(dW,!,
dW/?) = pdt. Here, we should price a put on the maximum so the payoff is

g(S+. $2) = max[min(—St, —S2) + K),0] = max[K — max(S}, $2),0]. (63)

What we need to calculate is

]
Elg(¥)] = fRd g(y) exp [—yTT‘ly} dy.

1
V) det(T)

Taking 07 = 0.25,0, = 0.4, and correlation coefficient 0.10, the risk-free rate
10%, exercise price K = 110 and initial stock prices S 1'— 100 and Sg = 120 and
applying formula (44), we get the price equal to 2.071, which compares well with
the Monte Carlo price of 2.067.

With the payoff g in (63), the calculation algorithm goes through the following
steps

1. Determine the Cholesky square root matrix A of covariance matrix 7.

2. Initialise the vector of probabilities (p1, p2, p3), for our example p; = p, =

p3 = %

Calculate the matrix M from formula (30).

Initialise n.

5. Calculate the series on the right side of (46), a simplified and more direct version
of (44).

6. The calculations are done for increasing n until two consecutive calculations are
close to a pre-specified tolerance level.

Hw

Pricing Basket Options

Basket options are very popular instruments. The payoff that applies in this case is
specified as

i=1

d .
Sl

g(S},S%,...,Sg)szmax[K—§ :wis—f} (64)
0

and it is evident that this case also falls under the methodology presented above in
this chapter.
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7 Conclusions and Further Research

Numerical methods are less developed for multivariate applications due to compu-
tational problems with increased dimensionality. At the same time, it is desirable
to have general methods able to cover a wide spectrum of applied problems in
economics, finance and other sciences. The algorithms presented here clearly sat-
isfy the second objective. Moreover, due to advances in computer science related
to parallel computation and multi-thread technology, one can envisage the future
developments in this area, particularly for situations where similar calculations are
required frequently in a multi-dimensional set-up. Investment banks having exotic
options trading desks are the perfect example. The portfolio of products is usu-
ally large, hence the dimensionality problem. Given that the products that make the
portfolio are not taken in and out of the portfolio very often, considerable compu-
tation savings can be made by saving the probability weights associated with the
approximation grid suggested here.

An important line of further research is improving the speed of convergence and
designing measures to ensure convergence has been reached. Currently, this can be
done on a case by case basis where one can take advantage of the characteristics of
the specific payoff.

While the discussion here has been focused on using the gaussian distribution as
the limiting distribution, other cases may appear and are possible. For example, the
x? distribution is readily available after applying the delta-continuity theorem and a
suitable transformation to a central limit result. Hence, a connection can be made in
this way, if required, to non-gaussian models.
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and Randomly-Timed Default
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Abstract We propose a model for the credit markets in which the random default
times of bonds are assumed to be given as functions of one or more independent
“market factors”. Market participants are assumed to have partial information about
each of the market factors, represented by the values of a set of market factor infor-
mation processes. The market filtration is taken to be generated jointly by the various
information processes and by the default indicator processes of the various bonds.
The value of a discount bond is obtained by taking the discounted expectation of the
value of the default indicator function at the maturity of the bond, conditional on
the information provided by the market filtration. Explicit expressions are derived
for the bond price processes and the associated default hazard rates. The latter are
not given a priori as part of the model but rather are deduced and shown to be
functions of the values of the information processes. Thus the “perceived” hazard
rates, based on the available information, determine bond prices, and as perceptions
change so do the prices. In conclusion, explicit expressions are derived for options
on discount bonds, the values of which also fluctuate in line with the vicissitudes of
market sentiment.
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1 Credit-Risk Modeling

In this paper, we consider a simple model for defaultable securities and, more gen-
erally, for a class of financial instruments for which the cash flows depend on the
default times of a set of defaultable securities. For example, if 7 is the time of default
of a firm that has issued a simple credit-risky zero-coupon bond that matures at time
T, then the bond delivers a single cash-flow Hr at T, given by

Hr = N 1{t > T}, ey

where N is the principal, and 1{t > T} = 1ift > Tand I{t > T} =0ift < T.
By a “simple” credit-risky zero-coupon bond we mean the case of an idealised bond
where there is no recovery of the principal if the firm defaults. If a fixed fraction R
of the principal is paid at time T in the event of default, then we have

Hr = Nl{t > T} + RN1{t < T}. )

More realistic models can be developed by introducing random factors that deter-
mine the amount and timing of recovery levels. See, e.g., Brody, Hughston and
Macrina [7, 10], and Macrina and Parbhoo [24].

As another example, let 71,75 ..., 7, denote the default times of a set of n
discount bonds, each with maturity after 7. Write 7, 72,..., T, for the “order
statistics” of the default times. Hence 7; is the time of the first default (among
T1,12,...,Tn), T2 is the time of the second default, and so on. Then a structured
product that pays

Hr = K1l{te =T} 3)

is a kind of insurance policy that pays K at time 7T if there have been k& or more
defaults by time 7.

One of the outstanding problems associated with credit-risk modeling is the fol-
lowing. What counts in the valuation of credit-risky products is not necessarily the
“actual” or “objective” probability of default (even if this can be meaningfully deter-
mined), but rather the “perceived” probability of default. This can change over time,
depending on shifts in market sentiment and the flow of relevant market information.
How do we go about modeling the dynamics of such products?

2 Modeling the Market Filtration

We introduce a probability space with a measure Q which, for simplicity, we take
to be the risk-neutral measure. Thus, the price process of any non-dividend-paying
asset, when the price is expressed in units of a standard money-market account,
is a Q-martingale. We do not assume that the market is necessarily complete;
rather, we merely assume that there is an established pricing kernel. We assume,
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again for simplicity, that the default-free interest-rate term structure is deterministic.
Time O denotes the present, and we write P,y for the price at ¢ of a default-free
discount bond that matures at 7. To ensure absence of arbitrage, we require that
Pr = Por/Pos, where { Py }o<r<oco 18 the initial term structure. No attempt will
be made in the present investigation to examine the case of stochastic interest rates:
to keep credit-related issues in the foreground, we suppress considerations relating
to the default-free interest rate term structure. See Rutkowski and Yu [25], Hugh-
ston and Macrina [20], Brody and Friedman [4], and Macrina and Parbhoo [24] for
discussions of the stochastic interest rate case in an information-based setting.

The probability space comes equipped with a filtration {G;} which we take to
be the market filtration. Our first objective is to define {G,} in such a way that
market sentiments concerning the default times can be modeled explicitly. We let
71, T2, - - . , Tn be a collection of non-negative random times such that Q(zq = 0) =
0Oand Q(t, >t) >0fort >0andaw = 1,2,...,n. We set

To = fa(X1, X2,..., XN). (@=1,2,...,n). 4)

Here X1, X»,..., Xn are N independent, continuous, real-valued market factors
that determine the default times, and f, for each « is a smooth function of N vari-
ables that determines the dependence of 7, on the market factors. We note that if two
default times share an X -factor in common, then they will in general be correlated.
With each 7, we associate a “survival” indicator process 1{t, > ¢}, ¢ > 0, which
takes the value unity until default occurs, at which time it drops to zero. Addition-
ally, we introduce a set of N information processes {E,k }¢>0 in association with the
market factors, which in the present investigation we take to be of the form

£F = op1 Xy + BF. 5)

Here, for each k, oy is a parameter (“information flow rate”) and {Btk }r>0 1S a
Brownian motion (“market noise’’). We assume that the X -factors and the market
noise processes are all independent of one another.

We take the market filtration {G; };>0 to be generated jointly by the information
processes and the survival indicator processes. Therefore, we have:

k=1,..., =1,...,
G =o [EZz N e > 5. ©)

It follows that at # the market knows the information generated up to ¢ and the history
of the indicator processes up to time 7. For the purpose of calculations, it is useful
also to introduce the filtration {#; };>¢ generated by the information processes:

Fo=o [z ™

Then clearly F; C G;. We do not require as such the notion of a “background”
filtration for our theory. Indeed, we can think of the £’s and the 1’s as providing two
related but different types of information about the X’s.
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3 Credit-Risky Discount Bond

As an example, we study in more detail the case n = 1, N = 1. We have a single
random market factor X and an associated default time 7 = f(X). We assume that
X is continuous and that f(X) is monotonic. The market filtration {G; } is generated
jointly by an information process of the form

& =otX + By, 1 =0, )

and the indicator process 1{t > ¢}, t > 0. The Brownian motion {B;};~¢ is taken
to be independent of X . The value of a defaultable 7" -maturity discount bond, when
there is no recovery on default, is then given by

BlT = P,T]E []1{7,’ > T} | gt] (9)

for 0 <t < T. We shall write out an explicit expression for B,r. First, we use the
identity (see, e.g., Bielecki, Jeanblanc and Rutkowski [1]):

E [1{r > T}|F]

E[1 T =1 t , 10
(e > THG = He > g e (10)
where F; is as defined in (7). It follows that
E[1 T
Bir = Paife > =it = D7 an

E[l{zt > t}|F] "

We note that the information process {&;} has the Markov property with respect
to its own filtration. To see this, it suffices to check that

Q (& < xl&. &5y 65pn -0 65 ) = Q (& < xEy) (12)

for any collection of times¢ > s > §1 > 55 > -+ > 5 > 0. We observe that for s >
§1 > s > §3 > 0, the random variables {Bg/s — B, /s1} and { By, /s> — Bs;/53}
are independent. This follows directly from a calculation of their covariance. Hence
from the relation

& & _ B By

== (13)
N S1 N S1

we conclude that

Q(gl§x|gh$&17""g3k) :Q(gtfx gw?_;a;_ 527.“’5k—1 5

Bs le le BSz BSk—l _ Bsk)
NI 82 Sk—1 Sk

& £k gi_g)

(14)

=@(a§x
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However, since & and & are independent of B /s — By, /s1, Bs, /s1 — Bs, /$2, ...,
Bs,._, /sk—1 — Bs, / sk, the result (12) follows.

As a consequence of the Markovian property of {&} and the fact that X is
Foo-measurable, we therefore obtain

B E[l{r > T}|&]
By = Prl{t > l} m (15)

for the defaultable bond price. Thus we can write

S 1 f(x) > Tpr(x)dx
[ 1 f(x) > thpe(x)dx

B = Prl{t > 1} (16)

Here
pe(x) = E[8(X —x)|&] (17)

is the conditional density for X given &, and a calculation using the Bayes law
shows that:

po(x)exp [oxE — 202x%1]

*)= : 18
lot( ) ff(.;o po(x) exp [o’x%‘t — %02x2t] dx (18)
where po(x) is the a priori density of X. Thus for the bond price we obtain:
*° 1.2.2
X)) f(x) > Tlexp|lox& — s0°x“t|dx
By = Pylfr > 1} e PO () > Thexploxk — goPxr]dx o

J20, po()L{ f(x) > t}exp[oxE — J02x2t]dx

It should be apparent that the value of the bond fluctuates as & changes. This reflects
the effects of changes in market sentiment concerning the possibility of default.
Indeed, if we regard t as the default time of an obligor that has issued a number of
different bonds (coupon bonds can be regarded as bundles of zero-coupon bonds),
then similar formulae will apply for each of the various bond issues.

When the default times of two or more distinct obligors depend on a com-
mon market factor, the resulting bond price dynamics are correlated and so are the
default times. The modelling framework presented here therefore provides a basis
for a number of new constructions in credit-risk management, including explicit
expressions for the volatilities and correlations of credit-risky bonds.

Our methodology is to consider models for which each independent X -factor
has its own information process. Certainly, we can also consider the situation where
there may be two or more distinct information processes available concerning the
same X -factor. This situation is relevant to models with asymmetric information,
where some traders may have access to “more” information about a given market
factor than other traders; see Brody, Davis, Friedman and Hughston [3], Brody,
Brody, Meister and Parry [2], and Brody, Hughston and Macrina [10].
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In principle, a variety of different types of information processes can be consid-
ered. We have in (5) used for simplicity what is perhaps the most elementary type
of information process, a Brownian motion with a random drift. The linearity of the
drift term in the time variable ensures on the one hand that the information process
has the Markov property, and on the other hand, since the Brownian term grows
in magnitude on average like the square-root of time, that the drift term eventu-
ally comes to dominate the noise term, thus allowing for the release of information
concerning the likely time of default. Information processes based variously on the
Brownian bridge (Brody, Hughston and Macrina [7, 8]), the gamma bridge (Brody,
Hughston and Macrina [9]), and the Lévy random bridge (Hoyle, Hughston and
Macrina [18, 19]) have been applied to problems in finance and insurance.

Our work can be viewed in the context of the growing body of literature on the
role of information in finance and its application to credit risk modeling in particular.
No attempt will be made here at a systematic survey of material in this line. We
refer the reader, for example, to Kusuoka [22], Féllmer, Wu and Yor [14], Duffie
and Lando [13], Jarrow and Protter [21], Cetin, Jarrow, Protter and Yildirim [11],
Giesecke [17], Geman, Madan and Yor [16], Coculescu, Geman and Jeanblanc [12],
Frey and Schmidt [15], Bielecki, Jeanblanc and Rutkowski [1], and works cited
therein.

4 Discount Bond Dynamics

Further insight into the nature of the model can be gained by working out the dynam-
ics of the bond price. An application of Ito calculus gives the following dynamics
over the time interval from O to 7':
dBir = (r¢ + hy)Birdt + 0 Xy BrdW; + Bi—rdl{t > t}. (20)
Here
re = —0; In(Po;) (21

is the deterministic short rate of interest, and

_EB((X0) -0 7]
E[I{/(X) >} 7]

hy (22)

is the so-called hazard rate. It should be evident that if T < T, then when the default
time is reached the bond price drops to zero. The defaultable discount bond volatility
X is given by

y _E/X)>TiX | A E[L/(X) > (X | 7]
TTEMSX) > TYH A ELSX) > F]

(23)
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The process {W;} appearing in the dynamics of { B;r} is defined by the relation:

W, = /0 1 F(X) > 53 (d& — oF [X]G,] ds). (24)

To deduce the formulae above, we define a one-parameter family of {F; }-adapted
processes { Fy,} by setting

Fu = / " oIS > ufexp[oxt — Lox%] dr. (25)

Then the bond price can be written in the form

Fr

B;T = PIT]l{‘L' > l} . (26)
Fy
An application of Ito’s lemma gives
dF, E[I{f(X)>T}X
T _ GELUCO > TIX|F] o
Fir E[I{f(X)>T}|F]
and
dF, E[B(f(X)—1t E[I{f(X)>1t}X
¢ _EBUGO-DIA] B = 0XI AL
Fu E[I{f(X) > 1} | Fi] E[I{f(X) > 1} | Fi]
The desired results then follow by use of the relation
d(ﬁ) _ Fr[dFr dE, (an)z_ dF; dF, | 9,
FII El FIT FII El FIT El

The process { W} }o<¢<r defined by (24) is a {G; }-Brownian motion. This can be seen
by use of Lévy’s characterisation. Specifically, we have dW,? = dr and E[W,, | G;] =
W;. To see that {W; }o</<¢ is a {G; }-martingale, we observe that

W, = /uﬂ{f > s} (dés —oE [X | Gs]ds).
0
= Wi+ fuﬂ{f > s} (d&; — oE[X | Gs] ds). G0
t
and hence

E WG] =m+E[/"n(dss—olE[X|gs]ds>

t

Qt]. €19
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Then by inserting d§; = o X ds + d By and using the tower property, we find that the
terms involving X cancel and we are left with
o]

=W, +E |:]E [[uﬂ{t > s}dBs O{X,Q,}] ‘Qt],
t
= W. (32)

E W, |G/] = mw[[”ﬂ{ws}dm
t

The Brownian motion that “drives” the defaultable bond is not adapted to a
pre-specified background filtration. Rather, it is directly associated with informa-
tion about the factors determining default. In this respect, the information-based
approach is closer in spirit to a structural model, even though it retains the economy
of a reduced-form model.

5 Hazard Rates and Forward Hazard Rates

Let us now examine more closely properties of the intensity process {/;} given by
the expression (22). We remark first that the intensity at time ¢ is a function of &;.
This shows that in the present model, the default intensity is determined by “market
perceptions.” Our model can thus be characterised as follows:

The market does not know the “true” default intensity; rather, from the infor-
mation available to the market a kind of “best estimate” for the default
intensity is used for the pricing of bonds—but the market is “aware” of the
fact that this estimate is based on perceptions, and hence as the perceptions
change, so will the estimate, and so will the bond prices. Thus, in the present
model (and unlike the majority of credit models hitherto proposed), there is no
need for “fundamental changes” in the state of the obligor, or the underlying
economic environment, as the basis for improvement or deterioration of credit
quality: it suffices simply that the information about the credit quality should
change—whether or not this information is actually representative of the true
state of affairs.

In the present example, we can obtain a more explicit expression for the intensity
by transforming variables as follows. Since f is invertible, we can introduce the
inverse function ¢ () = f~!(r) = X and write

& =otp(r) + By (33)

for the information process. As before, we assume that the Brownian motion
{B:}+>0 is independent of the default time 7. Writing p(u) for the a priori density
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of the random variable t = f(X), we deduce from (22) that the hazard process is
given by the expression

p(t) eo?OE—20¢2 01
]’lt ==

= . (34)
[ p(u) c0¢WE—302¢2(W1 g,

This expression manifestly reminds us the fact that {/,} is a function of the infor-
mation &, and thus its value moves up and down according to the market perception
of the timing of default.

In the present context, it is also natural to consider the forward hazard rate defined
by the expression

_ EB(f(X) —w|F]

" = B0 > ) | 7]

(35)

We observe that h,du represents the a posteriori probability of default in the
infinitesimal interval [u,u + du], conditional on no default until time u. More
explicitly, we have

p(u) e7PWE—3078% W1

o =
" [ p(v) em?WE—ba262 ) g,

(36)
for the forward hazard rate.

It is a straightforward matter to simulate the dynamics of the bond price and the
associated hazard rates by Monte Carlo methods. First we simulate a value for X
by use of the a priori density po(x). From this, we deduce the corresponding value
of 7. Then we simulate an independent Brownian motion { B; }, and thereby also the
information process {£; }. Putting these ingredients together we have a simulation for
the bond price and the associated hazard rate. In Fig. 1, we sketch several sample
paths resulting from such a simulation study.

6 Options on Defaultable Bonds

We consider the problem of pricing an option on a defaultable bond with bond matu-
rity T'. Let K be the option strike price and let ¢ (< T') be the option maturity. The
payoff of the option is then (B;; — K) ™. Let us write the bond price in the form

BtT = ]1{‘[ > t}B(t7§:t)7 (37)
where the function B(¢, y) is defined by

J7° p@)exp o)y — 324> ()] du
I pw) expop )y — $02¢2 ()] du’

B(t,y) = Pr (38)
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Fig. 1 Sample paths of the defaultable discount bond and the associated hazard rate. We choose
d(t) = e %925 and the initial term structure is assumed to be flat with Py, = e %%%. The
information flow rate parameter is set to be 0 = 0.3, and the bond maturity is one year

We make note of the identity
(1{r > 1}B(t.&) — K) " = 1{r > 1}(B(t. &) — K) ™, (39)
satisfied by the option payoff. The price of the option is thus given by
Co = Po; ]E[]l{‘[ > 1}(B(t. &) — K)+]. (40)
We find, in particular, that the option payoff is a function of the random variables t

and &;. To determine the expectation (40), we need to work out the joint density of
7 and &, defined by

d
plu.y) =E[5(r —w)dE — )] = - E[l{r > ujd (& — )l (41)
Note that the expression
Ao(u, y) = Por E[I{z > u}d(§ — y)] (42)

appearing on the right side of (41), with an additional discounting factor, can be
regarded as representing the price of a “defaultable Arrow-Debreu security” based
on the value at time ¢ of the information process.

To work out the expectation appearing here we shall use the Fourier representa-
tion for the delta function:

1 o0
56 - =5 /_ exp (—iyh + i€ ) dA, 43)
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which of course has to be interpreted in an appropriate way with respect to integra-
tion against a class of test functions. We have

B[t > wde - ] = o |

—0o0

) [Jl{r > u}eiff*] . (44)
The expectation appearing in the integrand is given by

E []l{t > u}eigtk] = /00 L{x > u} p(x) exp (ioAtp(x) — 41%t) dx,  (45)

—00

where we have made use of the fact that the random variables t and B; appearing
in the definition of the information process (33) are independent. We insert this
intermediate result in (44) and rearrange terms to obtain

1 o) oo )
E[l{r > u}é — y)] = —/ x> u} P(x)[ e VATiIOAG(D)=32% ) 4
2w —00 —00

(46)
Performing the Gaussian integration associated with the A variable, we deduce that
the price of the defaultable Arrow—Debreu security is

(016(x) - y)z] o

Pt o
Aot ) = 2 [~ it > wpyexp |-

For the calculation of the price of a call option written on a defaultable discount
bond, it is convenient to rewrite (47) in the following form:

POt y2 /00 L 2.2
A = —— -5 t)dx. (48
o(») meXp( )] p(x)exp (0p(x)y — 3 0°¢*(x)t) dx. (48)
It follows that for the joint density function we have
1 1,2 1,242
u, = — u e_fy ea¢(1¢)y—§o ¢ (u)t. (49)
o) V2rt P&)

The price of the call option can therefore be worked out as follows:

Co = Por /_ du [_ dy pu, y)1{u > 14(B(t.y) — K)*

Por_ [%) 42 [ [~ 0¢W)y—102¢?Wr
= o dye 27 (B(t, y)—K) pu)e 2 du|. (50)
—00 t

‘We notice that the term inside the square brackets is identical to the denominator of
the expression for B(t, y). Therefore, we have
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Po: a2 *® 1,242
Co = dye 2077 Py p(u)emﬁ(u)y 50°¢ (u)tdu
- T

o) +
K / p(u)eoqs(u)y—éozzﬁz(u)zdu) 5D
t

An analysis similar to the one carried out in Brody and Friedman [4] shows the
following result: Provided that ¢ (1) is a decreasing function, there exists a unique
critical value y* for y such that

oo o0
PIT/ p(u)e?®Wy=30762Wig, _ K[ p(u)e®@y=30202Wiqy, 5 o (52)
T '

if y < y*. On the other hand, if ¢ (u) is increasing, then there is likewise a unique
critical value y' of y such that for y > y¥ we have

Py / T et -2, g / T et @y, - o (53
T t

Therefore, we can perform the y-integration in (51) to obtain the value

Co = POT[T p(u) N (LJ?(W) du

- POtK[w )N (L\/?(”)t) du (54)

when ¢ (1) is decreasing. If ¢ (1) is increasing, we have

00 _ T
Co = POT/T ) N (%) du

o ot
— PuK /t () N (%) du. (55)

The critical values y; (t,T,K,o0)and y; (¢, T, K, 0) can be determined numerically
to value the prices of call options. An example of the call price as a function of
its strike and maturity, when ¢ () is decreasing, is shown in Fig. 2. If the function
¢ (1) is not monotonic, then there is in general more than one critical value of y for
which the argument of the max function in (51) is positive. Therefore, in this case
there will be more terms in the option-valuation formula.

The case represented by a simple discount bond is merely an example and as
such cannot be taken as a completely realistic model. Nevertheless, it is inter-
esting that modelling the information available about the default time leads to a
dynamical model for the bond price, in which the Brownian fluctuations driving the
price process arise in a natural way as the innovations associated with the flow of
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Fig. 2 Price of a call option on a defaultable discount bond. The bond maturity is five years. The
information-adjusting function is set to be ¢ (t) = e~%%% and the initial term structure is assumed
to be flat so that Py, = e~ %02, The information flow rate is set to be ¢ = 0.25

information to the market concerning the default time. Thus no “background filtra-
tion” is required for the analysis of default in models here proposed. The information
flow-rate parameter o is not directly observable, but rather can be backed out from
option-price data on an “implied” basis. The extension of the present investigation,
which can be regarded as a synthesis of the “density” approach to interest-rate mod-
eling proposed in Brody and Hughston [5,6] and the information-based asset pricing
framework developed in Brody, Hughston and Macrina [7-9] and Macrina [23], to
multiple asset situations with portfolio credit risk will be pursued elsewhere.
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Continuity of Mutual Entropy in the Limiting
Signal-To-Noise Ratio Regimes

Mark Kelbert and Yuri Suhov

Abstract This article addresses the issue of the proof of the entropy power inequal-
ity (EPI), an important tool in the analysis of Gaussian channels of information
transmission, proposed by Shannon. We analyse continuity properties of the mutual
entropy of the input and output signals in an additive memoryless channel and
discuss assumptions under which the entropy-power inequality holds true.

Keywords Mutual entropy - Gaussian channel - Entropy power inequality

MSC (2010): 62B10, 94A15

1 Introduction

The aim of this paper is to analyse continuity properties of mutual and conditional
entropies, between the input and output of a channel with additive noise. Our atten-
tion is focused mainly on a distinctly nonGaussian situation, for both large and
small signal-to-noise ratio. To our knowledge, this nontrivial aspect has not been
discussed before at the level of generality adopted in this paper. A complex charac-
ter of the continuity properties of various entropies was acknowledged as early as
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in the 1950s; see, e.g., paper [1] where a number of important (and elegant) results
have been proven, about limiting behaviour of various entropies.

An additional motivation was provided by the short note [9] suggesting an ele-
gant method of deriving the so-called entropy-power inequality (EPI). The way of
reasoning in [9] is often referred to as the direct probabilistic method, as opposite
to the so-called analytic method; see [2, 5, 6, 8]. The results of this paper (Lemmas
2.1-2.4 and Lemma 3.1) provide additional insight on the assumptions under which
the direct probabilistic method can be used to establish the EPI in a rigorous manner.
For completeness, we give in Sect. 4 a short derivation of the EPI in which we follow
[9] but clarify a couple of steps thanks to our continuity lemmas. However, without
rigorously proven continuity properties of mutual and conditional entropies in both
signal-to-noise ratio regimes, the derivation of the EPI via the direct probabilistic
method cannot be accomplished.

Another approach to EPI, for discrete random variables (RVs) where it takes a
different form, is discussed in [4], see also references therein. For the history of the
question, see [2]; for reader’s convenience, the statement of the EPI is given at the
end of this section.

To introduce the entropy power inequality, consider two independent RVs X
and X, taking values in R?, with probability density functions (PDFs) f: ¥, (x) and
Jx, (x), respectively, where x € R¥. Let h(X;),i = 1,2, stand for the differential
entropies

h(X,) = _/]Rd in (x) In in (x)dx = —ElIn in(Xi),

and assume that —oo < h(X1), h(X2) < 400. The EPI states that

e@hX1+X2) 5 (Fh(XD) 4 o Fh(X2), )

or, equivalently,
h(X1 + X2) = h(Y1 + 12), (2)

where Y7 and Y5 are any independent normal RVs with 2(Y1) = h(X1) and h(Y>2) =
h(X>). This inequality was first proposed by Shannon [7]; as was mentioned earlier,
it is used in the analysis of (memoryless) Gaussian channels of signal transmission.
A rigorous proof of (1), (2) remains a subject of a growing amount of literature; see,
e.g., references cited above. In particular, the question under what conditions upon
PDFs fx, (1), (2) hold true remains largely open.

It is not hard to check that (1) is violated for discrete random variables (a trivial
case is where (1) is wrong is when X;, X, take one or two values). Nevertheless,
continuity properties of joint entropy remain true (although look slightly different)
when one or both of RVs X1, X, have atoms in their distributions, i.e., admit values
with positive probabilities. In our opinion, these properties can be useful in a number
of situations.
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When variables X; or X, have atoms, the corresponding differential entropies
h(X1) and h(X>) are replaced with “general” entropies:

h(XD) = — X px,(¥) I pxy (x) — / (0l fi, (x)dx

—— [ (00 gx, (m(@x) == ~En gx, (X)),

Here ) represents summation over a finite or countable set D (=D (X)) of points

X
x € R4, Further, given an RV X, px(x) stands for the (positive) probability
assigned: px(x) = P(X = x) > 0, with the total sum n(X) := )_ px(x) < L.

X
Next, fx, as before, denotes the PDF for values forming an absolutely continuous
part of the distribution of X (with [ fx (x)dx = 1 — n(X), so when n(X) = 1,
the RV X has a discrete distribution, and #(X) = — ) px(x)In px(x)). Further,

X
m(=my) is a reference measure (a linear combination of the counting measure on
the discrete part and the Lebesgue measure on the absolutely continuous part of the
distribution of X)) and gy is the respective Radon—Nikodym derivative:

gx(x) = px(M1(x € D) + fy (x). with / ax (om(dx) = 1.

We will refer to gx as a probabiliy mass function (PMF) of RV X (with a slight
abuse of traditional termonology). It is also possible to incorporate an (exotic) case
where a RV X; has a singular continuous component in its distribution, but we will
not bother about this case in the present work.

It is worth noting that the scheme of proving (1) for a discrete case fails in Lemma
4.1 (see below).

2 Continuity of the Mutual Entropy

Throughout the paper, all random variables are taking values in R? (i.e., are
d-dimensional real random vectors). If ¥ is such an RV then the notation A(Y),
fr(x), pr(x), gv (x) and m(dx) have the same meaning as in Sect. 1 (it will be
clear from the local context which particular form of the entropy /(Y) we refer to).

Similarly, fx,y(x,y) and, more generally, gx,y (x,y), x,y € R4, stand for the
joint PDF and joint PMF of two RVs X, Y (relative to a suitable reference measure
m(dx x dy)(=mx,y(dx X dy)) on R? x R%). Correspondingly, #(X,Y) denotes
the joint entropy of X and Y and /(X : Y) their mutual entropy:

h(X,Y) = —/gx,y(x,y) In gx,y (x,y)m(dx x dy),
I(X :Y) = h(X) + h(Y) — h(X, Y).
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We will use representations involving conditional entropies:
I(X:Y)=h(X)—-h(X|Y)=h(Y)—-h(Y|X),

where
hX|Y)=h(X,Y)—h(X), h(Y|X) =h(X,Y)— h(X).

In this section, we deal with various entropy-continuity properties related to the
so-called additive channel where a RV X (a signal) is transformed into the sum
X + U, with RV U representing “noise” in the channel. In fact, we will adopt a
slightly more general scheme where X is compared with X /¥y + U, y > 0 being
a parameter (called sometimes the signal-to-noise ratio), and study limits where
y — 400 or y — 0+. We will assume that RVs X and U are independent (though
this assumption may be relaxed), and that the “noise” U has a PDF fy(x) with
[ fu(x)dx = 1. However, the signal X may have a general distribution including a
discrete and an absolutely continuous part.

We begin with the analysis of behaviour of the mutual entropy /(X : X ./y +U)
when y — 4-o0: this analysis will be used in Sect. 4, in the course of proving (1).
We begin with the case where X has a PDF fx (x), with [ fx (x)dx = 1. Here and
below, we use the (standard) notation (b)4+ = max [0, b] and (b)— = min [0, b],
beR.

Lemma 2.1. Let X, U be independent RVs with PDFs fx and fy where [ fx (x)
dx = [ fu(x)dx = 1. Suppose that (A) [ fx(x)|In fx(x)|dx < +oo and that
(B) for any & > 0 there exists a domain Dy € R? x R? such that for all y > yo(e)

- dxdy1(fx()>0) fx () fu ) (] [ fx(x+E2 ) foydv|) <o
NG B

(R‘l XR’I)\DS
(3)
and for (x,y) € D¢ uniformly in y > yg(¢), the following inequality holds true:

- (ln [/fx (x + y—;) fU(v)dv])_ < We(x, ) @)

where W,(x,y) is a function not depending on y, with [dx [dyfx (x) fu (y)¥e
(x,y) < 0.

Also assume that (C) PDF fx is piece-wise continuous (that is, fx is continuous
on each of open, pair-wise disjoint domains Cy,...,Cy € R? with piece-wise
smooth boundaries 0Cy, ..., 0Cy, with dimension dim d0C; < d, and fx = 0
on the complement R4 \Ui<j<n (Cj u BCj)). Furthermore, let fx be bounded:
sup [fx(x): x e R] =b < +o0. Then

h(X) =y1er;o[1(X:Xﬁ+U)+h(U/ﬁ)]. 5
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Proof of Lemma 2.1. Set: Y := X ./y + U. The problem is obviously equivalent to
proving that

[h(X|Y) —h(U/ﬁ)] —0
Writing h(U/ /7) = —In ¥ —/ fu(u)In fy(u)du, we obtain
hX|Y)—hU/Jy)

=~ [ 41 > 0 fx@ [ fuly = xy7) S foly —x7)

[dufx @) fu(y —uyy)

+1n .y + / fu ) In fy(u)du

VY [ dufx ) fu (y+(x— u)f)
Sfx(x)

_ / axl(fx (x) > 0) fx (x) / fu(»)n [

= [an1(fx > 0)fx (0 [fo ) ln[/fx ( +fi)) fU(v)dv:|dy — 1)
©)

Next, we decompose the last integral:
I(y) = 1+(y) + I-(y) @)

where

St (x+ 22 “)ﬁ(v)dvD N

I () = / a1 (fy (x) > 0) fi (x) f fU(Y)(1n|:

Jx(x)
J’_
®
and
ff x + 222 fu()dv
I_(y) = /dxl(fx(x) > O)fX(X)/fU(y) (111 |: X ( fX(X)) v :|)_dy.
Q)

The summand /4 (y) is dealt with by using Lebesgue’s dominated convergence
theorem. In fact, as y — 400, for almost all x, y € Rd,

( [ffx( x4+ 222 ”)fu(v)dvD
1(fx@) > 0) [ 1n =0, (10)
+

Sfx (x)
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because (a) fx (x + y];) — fx(x) ¥V x,y,v € R? by continuity of fx, and (b)

[ fx (x + {;) fv()dv — fx(x) VY x,y since fx is bounded.
Next, we derive from (8) that /4 (y) — 0. Here we write

[In [ 5 (x n %) fu(v)dv —In fx(x)} < | Inb| +]1n fx(x)]
+

and again use the Lebesgue’s theorem, in conjunction with the assumption that

/fx(x)| In fy(x)|dx < 4oo0.

The summand /_(y) requires a different approach. Here we write I_(y) =
I_(y.D,) + I_(y,D,), by restricting integration in dxdy to D, and D, = (R? x
R?) \ D,, respectively. The summand /_(y, D;) — 0 by an argument similar to the
above (i.e., with the help of the Lebesgue’s theorem). For I_(y,D,) we have that

lim sup —7_(y, ﬁe) < ¢. Since ¢ can be made arbitrarily close to 0, the statement of
y—>+00
Lemma 2.1 follows. |

In Sect. 3, we check conditions of Lemma 2.1 in a number of important cases.

Remark 2.1. An assertion of the type of Lemma 2.1 is crucial for deriving the EPI
in (1) by a direct probabilistic method, and the fact that it was not provided in [9]
made the proof of the EPI given in [9] incomplete (the same is true of some other
papers on this subject).

In the discrete case where signal X takes finitely or countably many values, one
has the following

Lemma 2.2. Let X and U be independent RVs. Assume that X is non-constant,
admits discrete values x1, X3, ... with probabilities px (x1), px(x2), ..., and has
h(X) = =) px(xi)In px(x;) < +oo. Next, assume that U has a bounded

Xi

PDF fy(x) with [ fy(x)dx = land sup [fy(x) : x € R4] = a < 400, and

lim fu(x +axe) =0, ¥ x,xo € RY withxg # 0.
a—>+oo

Finally, suppose that [ fu (x)| In fU(x)|dx < +o00. Then

h(X) = Tim (X : X /7 +U). (11)
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Proof of Lemma 2.2. Setting as before, Y = X ,/y + U, we again reduce our task
to proving that 2(X|Y) — 0.
Now write

px(xi) fu(y — xi /7) v
Y px(x) fu(y —x;/7)

BX1Y) = = px) [ fuly =iy in

i>1

Jj=1
=Y px(x) f fU(y)ln[H Y px()px ()™
i>1 Jij#i
x fu(y —(x; —x,-)\/?)fu(y)‘l}dy- (12)

The expression under the logarithm clearly convergesto 1 as y — 400, Vi > 1
and y € R4, Thus,Vi > landy € ]Rd, the whole integrand

Sun [ 14+ " px(ep)px )™ fu(y — (xj —x)/7) fu(»)™" | = 0.

Ji#

To guarantee the convergence of the integral we setg; = > px (x;)px(x;)~ 1=
Jii#i
px(x;))"' —land ¥ (y) = In fy(y) and use the bound

In|1+ Z px(x)px (i) fu(y — (xj —x) V) fu() ™
Jij#i

In (1 —i—aqie_’#(y))

1(agie ™ > 1)In (2agie ™) +1(agie™® < 1)In 2

2In 2+1Ina+In(g + 1)+ [yl

IA

=
=

We then again apply Lebesgue’s dominated convergence theorem and deduce that
lim A(X|Y)=0. ||
y—>+o0

In the general case, the arguments developed lead to the following continuity
property:

Lemma 2.3. Let RVs X and U be independent. Assume a general case where X
may have discrete and absolutely continuous parts on its distribution while U has
a PDF fy with [ fy(x)dx = 1. Suppose the PDF fx, with [ fx(x)dx = 1 —
n(X) < 1, is continuous, bounded and satisfies assumption (B) from Lemma 2.1.
Next, suppose that the PDF fy is bounded and

lim  fy(x 4+ xoe) =0, V x,x0 € R, with xo # 0.
oa—>Fo00
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Finally, assume that [gx (u)|In gx (w)|mx (du) + [ fu(w)|In fu@w)|du < +oc.
Then
h(X) = lim [I(X XY+ U) + 1= (O (U] J7) ]

The proof of the EPI (1) in Sect. 4 requires an analysis of the behaviour of /(X :
X /¥ + N) also when y — 0. Here we are able to cover a general case for RV X
in a single assertion:

Lemma 2.4. Let X, U be independent RVs. Assume that U has a bounded and
continuous PDF fy € C*(R?), with [ fy(x)dx = 1 and sup [fy (x), x € R] =
a < 400 whereas the distribution of X may have discrete and continuous parts.
Next, assume, as in Lemma 2.3, that

[ex@lin gx@lmx@n + [ fut]in fuw]an < +oc.

Then
1]'],]] r ){ . X l 7y — “ 3

Proof of Lemma 2.4. Setting again Y = X /Yy + U, we now reduce the task to
proving that 2(X|Y) — h(X). Here we write

B B gx() fu(y = x/7)
h(X|Y)= /gx(X)/fU(y x/¥)n [ex @) fu(y — uyy)mx(du)

- [ gx ) fu (v + (x — ) y7)mx (du)
- / 2x (%) / fu)n [ e e dymy (dx).

dymyx (dx)

(14)

Due to continuity of fg/, the ratio under the logarithm converges to (gx (x))™!
asy — 0,V x,y € R, Hence, the integral in (14) converges to 4(X) as y — 0.
Again, the proof is completed with the help of the Lebesgue-dominated convergence
theorem. ||

Remark 2.2. Lemma 2.4 is another example of a missing step in earlier direct
probabilistic proofs of the EPI.

3 Uniform Integrability

As was said before, in this section we discuss several cases where assumptions of
Lemma 2.1 can be checked. We begin with the case where PDF f is lower-bounded
by a multiple of the normal PDF. Let ¢5 (or, briefly, ¢) stand for the standard
d -variate normal PDF with mean vector 0 and a d x d covariance matrix X', and we
assume that X is strictly positive definite:
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1 1
ox(x) = mexp |:—§(x, E_lx)i| , X € R, (15)

Here and below, ( - , - ) stands for the Euclidean scalar product in R4,

Proposition 3.1. Assume that fx(x) > a¢s(x), x € R?, where a € (0, 1], and

[ @i e, [ e x)an [l < 4

(16)
Then assumptions (A) and (B) of Lemma 2.1 hold, and the bound in (4) is satisfied,
with yo(e) = 1, D, = R? x R? and

In /exp [-2(v. Z7")] fu()dv| +p
(17)

U(x,y) = ((x, )+ (. E_Iy)) +

_ o
where p = ‘ln GO a 512

Proof of Proposition 3.1. Write:

[ (x ; %) fo)dv = a s (x n %) fo )y

o 1 y—=v _ y—v
o [ (s ) oo

exp [ (x. T x)] exp [_% [y, z! y)]

- o
~ (27w)4/2det X1/2
x/exp [—%(v,ﬂ_lv)} Jfu (v)dv.

Hence, we obtain that V x, y € R4 s

. [m [ 1 (x i y—;) fo)dv—1n fx(X)l
In /exp [—;(U,Z_lv)] fu(v)dv

1
< (x, 27 'x) + ;(y,E‘ly)jL
o

(2m)4/2det X1/2

In

’

+ |In fx(x)| +
with the RHS of this bound decreasing with y. For y = 1, it gives the bound
of (3). |

It is not difficult to extend the argument from the proof of Proposition 3.1 to the
case where a more general lower bounds holds:
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fx(x) = exp(— P(x)), x e R?

where P(x) is a polynomial in x € R¢ bounded from below. Of course, exis-
tence of finite polynomial moments should be assumed, for both PDFs fx and fy .
Moreover, the lower bounds for fx can be replaced by lower bounds for fi7(y); in
particular, this covers the case where fy(y) > a¢(y), y € R?, « € (0, 1], and (16)
holds true.

An “opposite” case of substantial interest is where both PDFs fx and fy have
compact supports. In this paper, we do not address this case in full generality, leaving
this for future work. However, we will discuss a couple of examples to show what
mechanisms are behind convergence. For A, B € R4 denote

[[A, B]]

= M Bil

(tacitly assuming that A; < B; Vi).

Proposition 3.2. Let PDF fx admit finitely many values. Further, assume that PDF
fu has a compact support [[A, B]], and satisfies the lower bound

Juy) = 1(A; <y <Bi,i=1,....d)

.«
IT (Bi —A4i)

1<i<d
where0 <o <land A = (A1,...,Ag), B=(By....,Bg) € R% obey —00 < A; <

Bi < + o00. Then assumption (B) of Lemma 2.1 holds with function W¢(x,y) = 0
and domains D, = X Dgl) where the sets Dgl) are defined in (21). Moreover,

1<j=<d
yo(e) = Ce=2/4.

Proof of Proposition 3.2. Consider first a simplified scalar case where fx(x) =
ﬁl(a < x <b),—00 <a <b < oo, while fy has support [A4, B] and satisfies
the bound fy(y) > Z571(A <y < B),with0 <a <land —0c0o < 4 < B <
+00. Take y > 4(B — A)? /(b — a)*. Then write

[ = —[dx1(fx(x) > 0) fx (x) [dyfu(y)
x(in [/ fx (v + 222) fude [ fx@)])

b B BA(y+(x—a)\/7)
=g/ &/ fu) (In S fuad
@ 4 AV(y+(x=b) /7) _

(18)

= 1(0) + I(1).

The decomposition I = 1(0) + I(1) in the RHS of (18) extracts an “interior” term
1(0), which vanishes, and a “boundary” term /(1) which has to be estimated. More
precisely, 1(0) = 1_(0) + Io(0) 4+ I+(0) where
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. a+(B-A)/ /v B B
1O == o[ avo |n| [erw|] <o
a B—(x—a)\/y A _
(19)
. b—(B-A)/\/y B B
WO =-== [ afapo|n fape]] <o
at(B-A)/y7 A 4 _
(20a)
and
) b A+ (b—x) /v B
1 0) = = [ e [ wso (ln|:/ dva(v)D 0.
b—(B—A)/ /7 A A -
(20b)

Correspondingly, set D, in the case under consideration is the union of three sets
D, =D, UDo UD, 4+ where

Ds,_z{(x,y): a<x<a+ (B—A)/e, B—(x—a)/\/§<y<B},

D.o = (a +(B—A)e.b—(B— A)ﬁ) x (A. B)

and
D, = {(x,y): b—(B—A)We<x<b, A<y <A+(b—x)/ﬁ}. 1)

Observe that so far we have not used the upper bound for PDF fy. See Fig. 1.

D._ /
( )
D £,0
a b =X
u\ A
Fig. 1 Domain of integration
for rectangular PDF fy (B—-A) %
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Further, I(1) = I_(1) + I4+(1) where

1 a+HB=A)/ 7 B—(x—a) /7 Y H—a) 7
A i A 2] L A
A A

a

(22)
and
] b B B
ro=- [ e [ wsoln [ wse
b—(B—A)/ 7  A+(b—x) /¥ y+(x—b) /¥ _
(23)

We have to upper-bound integrals /_(1) and /4 (1). For definiteness, we focus
on I_(1); the changes for 74 (1) are automatic. We have that

a+(B—A)/ /v d B—(x—a) /Y
() = - - ay fuo)n[ o (v + = a)y7 - 4)]
a A
(B—A)/ J7 ; B—A—x /7
x o
—— [ = [ wsosom [F0 0]
0 0
- TN AR =
:_b:a / dx / dy fu(y(B—A) + A)In [a(y + x/7)]
0 0
1 I—x
__B_AL/dx/dyf (y(B—A)+ A)In [a(y + x)] 24
b—a [Jy v '
o 0

It remains to check that the integral in the RHS of (24) is finite.

But the integrand in the RHS of (24) has singularity at x = y = 0 only, which is
integrable. A similar calculation applies to /4 (1). This yields that, in the simplified
case under consideration, the integral / in (18) obeys I <C/,/y. In the multidi-
mensional situation, if we assume that X ~U([[A4, B]]), then a similar argument
gives that I <Cy~%/2. The extension of this argument to the general scalar case
where fy takes a finite number of values is straightforward. In the multidimen-
sional case, when X ~U~U([0, 1]¢), a similar argument gives that / = Cy~%/2,
finally a similar bounds holds when X takes a finite number of values. |
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Proposition 3.3. Let both fx and fy have a pyramidal form

d d
1 1
fr) =0 =l fo0) =TT o (1= v =81) L xy eR?
i=1 i=1" ! +
(25)
where ay,...,ag > 0and —o0 < b; < o0, i = 1,...,d. Then assumption (B) of
Lemma 2.1 holds, with
D, = (1 +e el Ull-1 +e—el) x[b—ab+al. @6

where a = (ay,...,aq), (by,...,bg)ande = (¢,....€) € R? and e € (0,1/2).
Further, yo(e) = 1/(4¢?) and function Ve (x, y) is given by

d
We(x.y.9) =[] |in [1 P 27)
i=1

ai +b; + yi(sgn xl')]
1 — |x;] .

Proof of Proposition 3.3. First, consider a scalar case (where both PDFs have a

triangular form) and assume, w.l.o.g., that » = 0. It is convenient to denote the
rectangle (—1, 1) X (—a, a) in the (x, y)-plane by R. For (x, y) € R, set:

5= 7= [ @t fi (x + %) =7 [ du s fu (-0 y7+).
28)

Then, for /¥ > a, on the parallelogram

77+(=77+(J/))={(x,y)€7€: a—xﬁ<y<ﬁ(1—x)—a},

we have that

ﬁ x+yj7a .
J=Y0 7 —u)(l — Ly —u) —I—y))du
+

+ [j (1- u)(g(ﬁ(x —u)+y)— l)du

X+

By the direct computation

J=1—x—%(a~l—y).
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So, for ,/y > a, in parallelogram P, we have

J(X’y)zl—x—%(y ta) and 1 25X

y+a

—In [1 _ —] (29)
Jx(x) vy —x)
Geometrically, parallelogram P4 corresponds to the case where the support of the
scaled PDF

X Y fu((x—u)yy + )

(30)
lies entirely in (0, 1), the right-hand half of the support for fx. Cf. Fig.2 below.
Similarly, on the symmetric parallelogram

P (=P )={(x.,y)eR: 1+ x)J/y+a<y<-—yx—a},
we have

1
J(x,y)=1—-x——=(@—y) and In
N{a

J(x,y) _a-—y
e " [1 ﬁ(1+x)]' (D

This parallelogram corresponds with case where the support of the PDF in (30)
lies in (—1, 0). On the union P = P U P_,

J ’
H(x,y,y) :=1In ) _

_a+y(sgnx)
rrrr el kv

(32)

we have that

If we set H(x,y;y) = 0 on R \ P, then function H(x, y,y) converges to 0
pointwise on the whole of R. Given ¢ € (0, 1/2), take y > 1/(4€?). On the set D,

|H(x,y.y)| < |H(x,p,1/(4e%)| = We(x, y).

The complement R\P is partitioned in six domains (a right triangle with a ver-

tex at point (—1, —a) plus an adjacent trapezoid on the left, a right triangle with

V=i a
J B
1 -

-1
0
P()
Fig. 2 Domain of integration
for pyramidal PDF f;
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a vertex at point (1,a) plus an adjacent trapezoid on the right, and two adjacent
parallelograms in the middle). These domains correspond to various positions of
the “centre” and the endpoints of support of PDF x + /¥ fu((x — u)/¥ + »)
relative to (—1,1) (excluding the cases covered by set ). On each of these
domains, function J(x, y) is a polynomial, of degree < 3. Viz., on the RHS triangle

{()C,y) eR: ﬁ(l_x) <J’}’
1
J(x.y) = */_/ (l—u)( (VP =)+ y) = 1)du.
Next, in the RHS trapezoid {(x,y) € R: /Yy(1 —x) —a <y < Jy(1 —x)}
! 1
s =YL [ amn(i- S -0+ )
x+7
x+

i ”(1—u)(1<ﬁ(x—u)+y>—1)du].

x4+ Jv
Finally, on the RHS parallelogram {(x,y) e R : —x /¥y <y <a—x./¥},

J(x,y>=§[/o

x-‘ry

(—1 + u)(l - —(f(x —u) + y))du

+ /Oﬁfa ~w(1- —(f(x — )+ ) )du

+[(x+yywl)1—u>( (VP =) + )~ 1)du].

7

Similar formulas take place for LHS counterparts. The integrals

[ [ Fr @) fo )] In [JGeoy)/ fx (]| dxdy (33)

over each of these domains are assessed by inspection and decay as O(1/,/7).

In addition, to cover the complement R\D,, we have to consider the set
P\D; and integrate the function J(x, y) from (30) and (33). This again is done
by inspection; the corresponding integral is assessed as O(eg). Hence, the inte-
gral (19) over the entire complement R\D, is < Ce, for an appropriately chosen
constant C > 0.

The above argument can be easily extended to the d-dimensional case since we
will be dealing with products of integrals. |
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4 The Entropy-Power Inequality

In this section, we show how to deduce the EPI (1) from the lemmas estab-
lished in Sect. 2. We begin with a convenient representation of the mutual entropy
I(X : X /y + U) in the case where U is a d-variate normal RV, with a short (and
elementary) proof. We do not consider this proof as new: it follows the same line as
[3] but is more elementary.

Lemma 4.1. Let X and N be two independent RV, where N ~ N(0, X') while X
has a PDF fx. Suppose that [ fx(x)||x||*dx < +oc. Given y > 0, write the
mutual entropy between X and X \/y + N:

IX: X7+ N)=—[fx(x)¢u—xyy)In [ fx(x)u—x/7y)]dudx
+/[fx(x)In fx(x)dx
+[ fx v @n fx gy @)du

where
F pren(@) = / fr () — x/7)dx. (34)
Then d . |
@[I(X XY+ N) +h(N/ V7| = SMX) -5 (35)
where

M(X;y) :]E[HX—]E(X|X\/7+N)H2]
and the norm ||x”2 = (x, Z7'x), x e R%.

Proof of Lemma 4.1. Differentiate expression for /(X : X ,/y + N) given in (34),
and observe that the derivative of the joint entropy (X, X ,/y + N) vanishes, as
h(X, X ./y + N) does not change with y > 0:

h(X.X J7 + N)
=—[fx(xX)¢(u —xﬁ)[ln fx(x) +1n ¢(u —xﬁ)]dxdu
— h(X) + h(N).

The derivative of the marginal entropy h(X ,/y + N requires some calculations:

d d
AT N = - [ Frrntoin fi granan

_ [ - . .
_/Zﬁ/fX(y)¢(” VI = 7y), £ y)dy
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1
an [ S yrans [ o [ o= v

y [ fxw)eu— ﬁw)((u — W), Z‘_lw)dw
[ fx@¢u— Jy2)dz

du. (36)

The second summand vanishes, as (i) the integrals

[ fx (N~ J7y)dy and / Fr@blu— T2z

cancel each other and (ii) the remaining integration can be taken first in du,
which yields O for V w. The first integral we integrate by parts. This leads to the
representation

d 1
G XN = / /fx(y)¢(u — )

L Sx @ = 7 (@ = 7). T y)dx
[ fx@¢w— /yz)dz

dydu

1
-5 / / dydufx () (u — VTy)

[fx = 7o (= y7y. 25+ Y7 (0= 0.5y Ja
i [fx@¢u— /rz)dz :

37

The integral arising from the summand ((u — /7y, ¥~'y) vanishes, because the
mean vector in PDF ¢ is zero. The remaining contributions, from (y, »)) _ly) -
(x, X7 1y), is equal to

%]E[ |x —EX1Xy7+ M) ]

On the other hand, the first term in RHS of (36) equals

- 2
O

= E[IX —E(X|X 7 + N)|?] = M(X:7).

We are now going to derive the EPI (1) following the line of argument pro-
posed in [9] and based on Lemma 4.1. First, suppose that X is an RV with a PDF
fx where [ fx(x)dx = 1. Then we assume that fx (x) satisfies the assumptions
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stated in Lemma 2.1 and Lemma 2.4 and use these lemmas with U = N ~N(0, X).
Consequently, V ¢ > 0,

hX) = lim [1(x X7+ N)+ (N[ y7)]

y—>+

i [ & [I(X: X7+ N)+h(N/y7)]dy + I(X : X /e + N) +h(N/Je)

dy
= %IJM[M(X:V) -1y > 1)]dy +h(N)+ (X :Xe+N).
(38)

1
Here we use the identity [(1/y)dy = —Ine. By Lemma 2.4 the last term in (38)
&

tends to 0 as ¢ — 0. Hence, for an RV X with PDF fy € C 0 we obtain

1 [ 1
h0 = V) + 5 [ e =16 > 0 ar (39)

Remark 4.1. A straightforward calculation shows that (39) can be written in an
equivalent form

1 L[ ox
h(X) = ln (Zneox) 5 [0 [# - M(X; V)i| dy (40)
b

used in (4) from [9]. We thank the referee who pointed at this fact in his comments.
The proof of EPI is based on (39) and the following result from [5].

Lemma 4.2. ([5], Theorem 6) Let X be a given class of probability distributions
on R?, closed under convex linear combinations and convolutions. The inequality

h(X1cosf + X,sinf) > h(X) cos? 0 + h(X;)sin’ 6, 41)

forany 8 € [0,27] and any pair of independent RVs X1, X, with distributions from
X, holds true if and only if the entropy power inequality is valid for any pair of RVs
X1, X» with distributions from X.

Theorem 4.1. Let U be d—variate normal N(0,X). Assume that RV’s X, X, take
values in R4 and have continuous and bounded PDFs Jx, (%), fx,(x), x € R4
satisfying condition (A)—(B) of Lemma 2.1. Assume that the differential entropies
h(X1) and h(X>3) satisfy —oco < h(X1),h(X3) < 400. Then the EPI (see (1)-(2))
holds true.

Proof of Theorem 4.1. The proof follows Ref. [9] and is provided here only for com-
pleteness of presentation. The result of Theorem 4.1 may also be established for
piece-wise continuous PDF's fx, (x) and fx,(x) as well (cf. Lemma 3.2). Accord-
ing to Lemma 4.2, it suffices to check bound (41) ¥ 6 € (0,2x) and VY pair of
RVs X1, X, with continuous and bounded PDFs fx,(x), i = 1,2. Take any such



Continuity of Mutual Entropy in the Limiting Signal-To-Noise Ratio Regimes 299

pair and let N be N(0,1) where 1 is the d x d unit matrix. Following the argument
developed in [9], we apply formula (39) for the RV X = X cos¢ + X, sin¢p:

(X, cos ¢+ X5 sin ¢) :h(N)+1/ [M(Xl cosd + Xasing; ) —1(y > l)l]dy/.
2 0 Y

To verify (41), we need to check that
M(X,cos¢ + Xasing;y) > cosp?>M(X1;y) +sinp>M(Xa:y). (42)
To this end, we take two independent RVs N1, N» ~N(0,1) and set
Zi=X1/Yy+N1,Z2 =X2/Yy + N2, and Z = Z cos¢p + Zsin¢.

Then inequality (41) holds true because

E[IX —EX|2))? | = E[ X —E(X|Z1, Z,)) |
= E[ X1 —EQ[Z0)) [eos¢> + E[ | X2 —E(|Zo)) [sing®.  m
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