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PREFACE

This volume contains the invited addresses and contributed
papers presented at a Regional Research Conference sponsored by
the National Science Foundation and the Conference Board of the
Mathematical Sciences and held at Mississippi State University
from August 11 to 15, 1975. The subject of the conference was
the stability of dynamical systems, and Professor J. P. LaSalle
of the Lefschetz Center for Dynamical Systems, Brown University,
was the Principal Lecturer. Professor LaSalle's lecture notes
appear as Volume 25 in the SIAM Regional Conference Series in
Applied Mathematics.

With the exception of Chapter 1 by Artstein, all the chapters
in this volume were presented at the Conference; Artstein's
lectures at the Conference appear as an appendix to LaSalle's
notes. The contribution by Artstein in this volume is research
completed after he returned to the Weizmann Institute, but due
to its relevance to the theme of the Conference, it is included
here for completeness.

The range of topics discussed in this book -- control theory,
mathematical economics, nonlinear oscillations, random integral
equations, various stability criteria -- attest to the importance
and broad influence that stability theory in general, and
LaSalle's famous invariance principle in particular, have had
on the mathematical sciences.

I wish to especially thank the National Science Foundation
and the Conference Board of the Mathematical Sciences for
funding the Conference. I also wish to thank those who gave
the invited addresses: Z. Artstein, T. A. Burton, A. G. Kartsatos,
and R. Reissig. I am grateful to Paul W. Spikes who helped with
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the local arrangements for the conference, Gail Hudson who did
an excellent job of typing the manuscript, and the staff at
Marcel Dekker for their help in the preparation of this volume.
A very special thanks goes to J. P. LaSalle not only for serving
as Principal Lecturer for the Conference, but also for his many
contributions to mathematics which have so strongly influenced
current research in stabiliby theory and its applications.

John R. Graef
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Chapter 1

ON THE LIMITING EQUATIONS
AND INVARIANCE OF TIME-DEPENDENT
DIFFERENCE EQUATIONS

ZVI ARTSTEIN®

Division of Applied Mathematics
Brown University
Providence, Rhode Island

INTRODUCTION

In the main series of lectures in the conference Professor
LaSalle developed the analogue of Liapunov's theory and the
invariance principle for discrete dynamical systems. He
showed how the many concepts which were extensively discussed
in the context of ordinary differential equations (o.d.e.'s)
can be reinterpreted and used in connection with discrete
systems, see [3] and [4]. Here we shall focus on one concept,
namely the limiting equations. The basic use of the limiting
equations was discussed by LaSalle [3]; here we shall examine
the situation where the limiting equations are not of the same
type as the original equation. This idea was investigated for
o.d.e.'s (see [1] and the references therein.) Mathematically
our chapter will be self-contained, but we shall hardly discuss

*
Present address: Department of Mathematics, The
Weizmann Institute of Science, Rehovot, Israel.
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motivation or applications. These can be found in [1,3,4]
and the references contained there.

We develop the theory for difference relations of the form
x(n+1) € T(n,x(n)) where T is a set-valued mapping. This is
a generalization of the linear iterates x(n+l) = g(n,x(n)).

We are interested in the extension not only for the sake of
generalization; we shall show how several types of difference
equations can be reduced to this general form. Moreover, cven
if we start with a linear iterate, the limiting equations have
in general the form of a difference relation.

By passing to the general form of a difference relation
the theory becomes embarrassingly simple. The definitions are
straightforward and natural, and the problem of the existence
of the limiting equations (the positive precompactness in [1])
disappears. We shall return to this in our concluding remarks.

NOTATIONS AND TERMINOLOGY

Let X be a finite dimensional euclidean space. (This assumption
is only for simplicity, all the results and proofs will be
valid for a locally compact space if '"bounded'" is systematically
changed to "precompact'".) Let J be the set of all integers.
Let T:J x X + X be a set-valued mapping, i.e., for each n € J
and x € X a subset T(n,x) (may be empty) of X is given.

A solution of the difference relation

x' € T(n,x) (*)

is a sequence (finite or infinite) {x(n) :M < n < N} which
satisfies x(n+l1) ¢ T(n,x(n)) for M < n < N-1, A solution is
maximal if either N = » (respectively, M = - ®) or
T(N-1,x(N-1)) is empty (respectively, for no y the relation
x(M+1) € T(M,y) holds). We shall often associate an initial
value x(0) = X with (*).

We shall always assume the following.

ASSUMPTION H. The mapping T has a closed graph, i.e.,

for each n ¢ J the set {(x,y) :y € T(n,x)} is closed in
X x X. In particular all the values of T are closed.



Limiting Equations and Invariance

If R(.) is a set-valued mapping we write R™(.) for the
set-valued mapping R (x) = {z :x € R(z)}. If T is as above,
we shall denote by T  the mapping T (n,x) = {z:x € T(n-1,2)}.
Notice that the relation x' ¢ T (n,x) represents a change in
the direction of the time variable.

Let ¢ = {¢(n)} be a solution of (*). The w-limit set of
¢, denoted by Q(¢), consists of all the vectors z such that
z = lim ¢(ki) where ki + o, In particular if ¢ is defined
only for a finite number of positive integers then Q(¢)
is empty.

THE INVARIANCE IN THE AUTONOMOUS CASE

Since we generalize in this note the invariance property from
the autonomous (= time independent) to the nonautonomous case,
we feel an obligation to at least state the former property.
Suppose T is autonomous, that is T(n,x) does not depend on n,
and we write it as T(x). Let ¢ be a solution of x' e Tx.
A. If {¢(n) :n > 0} is bounded then the w-1limit
set Q(¢) is invariant, i.e., for each z e Q(¢)

the sets T(z) N Q(¢) and T (z) N Q(¢) are
not empty.

B. If for every bounded set B in X the set
U{T(x) : x € B} is bounded then Q(¢) is
positively invariant, i.e., T(z) N Q(¢)
is not empty for every z ¢ Q(¢). If for
every bounded B the set U{T (x) : x ¢ B} is
bounded_then Q(¢) is negatively invariant,
i.e., T (z2) N Q(¢) is not empty for every
z e Q9).

It is not difficult to prove the two statements; they
follow from Assumption H. At any rate, they are particular
cases of their generalizations (Propositions 4 and 5) below.
Notice that the positive (and respectively the negative)
invariance implies that for z € Q(¢) the initial value
problem x' € T(x), x(0) = z has a solution defined for all

n > 0 (respectively n < 0).
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THE LIMITING EQUATIONS AND INVARIANCE

The following definition, concerning the convergence of the
right hand side of (*), will be the basis for introducing the
limiting equations below.

DEFINITION 1. The set-valued mapping T:J x X + X is
the 2-1imit of the sequence T(m) of set-valued mappings
T(m) :J x X » X provided y ¢ T(n,x) if and only if (x,y) =
lim (xm,ym), where y € T(m)(n,xm).

The & in the definition stands for "lower', and the
convergence is motivated by the lower limit of a sequence of
sets (the graphs of T(m) in our case); see Kuratowski
[2; p. 335].

DEFINITION 2. The translate of T by the integer k is
the mapping Tk defined by Tk(n,x) = T(n+k,x).

Notice that the initial value problem x' € T(n,x),
x(k) = X is equivalent, up to a translate n + n+k in the
domain of the solutions, to the initial value problem
x' e Tk(n,x), x(0) = Xg-

DEFINITION 3. The relation x' € S(n,x) is an %£-limiting
equation of x' € T(n,x) if there is a sequence of integers

k.1 + o such that S is the 2-1limit of Tk as i » o,
i

It is easily seen that S satisfies Assumption H.

Remark. Any sequence ki + o determines a limiting
equation, since the £-1limit is defined. This is not the
situation in o.d.e.'s (see [1,3] and references therein) or
if we restrict ourselves to linear iterates (as in [4]). In
these cases even the existence of a limiting equation is
sometimes in doubt.

We shall now state and prove the two invariance results
analogous to A and B.

PROPOSITION 4., Let ¢ be a bounded solution of
x' € T(n,x). Then for each z ¢ Q(¢) there is an 2-limiting
equation x' € S(n,x) such that the initial value problem
x' € S(n,x), x(0) = z has a solution y defined on the entire
set J and satisfies y(n) € Q2(¢) for all n e J.
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Proof. The vector z is a limit of a sequence ¢(ki) with

k.1 + o, We now successively define subsequences as follows.
First, k1 0 is given by k 0~ k Suppose k )i is given.
For each k Jj consider the block [¢(k1 Jj -j- 1), ¢(k1 Jj “3)y ey
o(k +3+1)] A subsequence of this sequence of (23+3) -
vectors converges. The indices of this subsequence are denoted

i,j+1° Let m run over the diagonal sequence k ,m* Let S be
the 2-1limit of Tm We claim that this S is the des1red
limiting equation. Indeed, for n ¢ J, if m is large enough
then wm(n) = ¢(m+n) is defined and converges, say to y(n),

as m > ©, Being the limit of ¢(m+n) as m + » implies that
y(n) is a member of Q(¢). From the definition of £-limit it
then follows that ¢ is a solution of x' ¢ S(n,x), x(0) = z.

PROPOSITION 5. If for every bounded B in X the sct
U{T(n,x) :n > ng, X € B} is bounded, then the w-1limit set
Q(¢) of any solution ¢ is positively invariant in the sense
that for each z ¢ Q(¢) there is an 2-1limiting equation
x' € S(n,x) such that the initial value problem x' ¢ S(n,x),
x(0) = z has a solution ¢ defined for n > 0 and satisfying
y(n) € Q(¢) for all n > 0. Similarly, the set Q(¢) is
negatively invariant if for any bounded B the set
U{T (n,x) :n > n,, x e B} is bounded.

The proof is almost the same as in the preceding proposi-
tion. The only change is that in order to establish the
positive invariance, we consider blocks of the form [¢ (k. ,j)’
ceey (kg J+3+1)] (and of course [¢(k; -j-1), ..., o(k;
for the negatlve invariance). The boundedness of these
blocks, which guarantees the convergence of the subsequences,
is deduced from the boundedness condition in the statement
of the proposition.

Remark. We established the invariance with respect to
2-1limiting equations. Obviously, positive or negative
invariance with respect to this class of difference relations
implies the respective invariance with respect to any other
class of relations provided that the graph of any #-limiting
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equation is contained in the graph of an element in the
corresponding class. Sometimes it may be easier to determine
the larger class of cquations.

HOW DIFFERENCE RELATIONS ARISE
We have presented the general theory for the difference relation
x' € T(n,x) *

In this setting the limiting equations have the same form as
the original equation and its translates. The situation is
different when the original equation has the form of a linear
iterate

x' = g(n,x) (n
where g is a single-valued map. Equation (1) is of course the
particular case of (*) where T(n,x) = {g(n,x)}. But the
limiting equations of (1) do not in general have the form (1).
Sufficient conditions for the existence of limiting equations
of the form (1) can be found in LaSalle [3].

Another case where difference relations arise is when we
deal with a control system

x' = g(n,x,c) (2)

and the control c takes values in a certain prescribed set
C. The admissible trajectories (namely the solutions) are
identical with the solutions of the difference relation (*) if
we let T(n,x) = {g(n,x,c) : c € C}. The limiting equations can
(under quite general conditions) be presented in the form (2).
We shall not pursue this direction here.

We do want to emphasize here that (*) includes difference
equations which are not linear iterates, for example

x' = f(n,x,x") (3)

A solution of (3) is a function ¢ such that ¢(n+l) =
f(n,¢(n),¢(n+1l)), so here we have to "solve" the equation and
not just iterate the mapping. (Notice that since (3) is a
system, this form includes higher order equations of the form
x(n+1) = f(n,x(n-k),...,x(n),x(n+1).) If we define the mapping
T in (*) by T(n,x) = {y:y = f(n,x,y)} we again obtain a
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difference relation which is identical, (solution-wise) to (3).
The difficulty here is that T is given implicitly. But,
basically, we can regard the limiting cquations of the
difference relation obtained as the limiting equations of the
equation (3). It would be better to be able to express these
equations in terms of the function f and not in terms of the
implicitly given mapping T. To get exactly the %-limiting
equations might be too difficult. What can be more easily
done is to obtain a class of equations which contain the
2-1imiting equations in the sense described in the previous
remark. We shall not do this here.

Finally we want to point out that we have proved the
invariance with respect to a quite large family of limiting
equations. It is so rich that we do not have the problem of
the existence of a limiting equation. If we want to establish
the invariance with respect to a certain subclass E, it will
be enough to show that for every sequence of integers ki + ®
a subsequence m; exists such that the #2-limiting equation
determined by that subsequence belongs to the subclass E.
This property can be regarded as positive precompactness with
respect to E. The conditions for positive precompactness in
[3] give the result for the equation (1) and the class E of
equations of the same form.

REFERENCES
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4. J. P. LaSalle, Stability of difference equations; in A
Study in Ordinary Differential Equations, (edited by
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Chapter 2

LIAPUNOV FUNCTIONS AND
BOUNDEDNESS OF SOLUTIONS

T. A. BURTON

Department of Mathematics
Southern Illinois University
Carbondale, Illinois

INTRODUCTION
We consider a system of ordinary differential equations
X' = F(t,X) (' = d/dt) , ¢h)

where F: [0,») x R" + R™ with F continuous. Assume that there
is a function V : [0,») Xx " -+ [0,») with continuous first partial
derivatives and with V'(t,X) < 0 along solutions of (1).

If V(t,X) » » as |X| = «» uniformly for 0 < t < =, then V
is said to be radially unbounded. In this case, it is well
known that all solutions of (1) are bounded in the future.
However, often V is not radially unbounded and the problem
here is to then see what can be salvaged.

Radial unboundedness is merely a convenience for proving
boundedness results. A considerably more fundamental property
showing boundedness is the angle between the vectors F and
grad V, at least when V is autonomous. In that case, .
V' = grad V'F = |grad V||F|cos 8, and if there are unbounded

n
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sets satisfying V(x) = constant, along which cos 6 < -e for
some € > 0, no solution can become unbounded along that set.

We generalize this idea and obtain a boundedness result
which we then apply to the problem of Lurie.

The reader is referred to Hahn [7] for a general treatment
of Liapunov's direct method. Complete details of the results in
this chapter will appear elsewhere in [3].

BOUNDEDNESS

It is assumed that there are k disjoint unbounded sets on which

V may be bounded and through which a solution could escape.

Each such set may be distinguished by a '"level" surface

V(t,X) = Li’ i=1,...,k. We first augment V by adding a

function p so that V(t,X) + u(X) is radially unbounded. This

is the affect of Definition 1. The function u is not continuous

except on certain open sets and so V + p is not a Liapunov

function. However, one can show that if grad u-F < 0 when

grad y is defined, then the solutions of (1) are bounded. That

is the content of Theorem 0. If grad u'F < 0 fails, then we ask

essentially that [grad V-F]/|grad V||F| not decrease too

rapidly as |X| increases in certain subsets of those sets in

which V is bounded. That is, we ask that cos 6 not approach

zero too rapidly. This condition is formalized as Definition 2.
Below, R denotes the closure of R and RS denotes

the complement.

DEFINITION 1. A function V: [0,») x R® + [0,») is augmented
by p if there is a function p (R - [0,») such that V(t,X) + u(X)
is radially unbounded and if the following two conditions hold.

a. There are disjoint open sets Rl,...,Rk in R"
and continuous functions Hyses sk with
Hy :ﬁi + [0,»). Each My has continuous first

partial derivatives in Ri’ and

ui(X) if X € Ri for some i
u(x) =
0 if X e (UR))C
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b. There are positive constants Ll""’Lk such
that for each i, if 0 < L; < Li’ then there
exists D > 0 such that if

X € Ri and V(t,X) < L;, then ui(X) <D (2)

Note that since V(t,X) + u(X) is radially unbounded, for
each L > 0, there exists H > 0 such that

if V(t,X) < L and |X| > H, then X ¢ R, for some i (3)

The following result is well-known, at least for second
order systems, and has been used in many examples. The present
formulation, however, is both new and useful. Note that part
b of Definition 1 is not required here.

THEOREM 0. Suppose that V is augmented by u according to
Definition 1. If for each X ¢ URi we have grad u(X)-F(t,X) <0
for all t > 0, then all solutions of (1) are bounded.

The proof will appear in [3].

DEFINITION 2. A function V is an augmented Liapunov
function if V is augmented by u according to Definition 1 and
if for each i and for each L > Li’ there exists a positive
constant J and continuous functions g: (0, L - Li] + (0,») and
h:[J,o) - [0,») with

L-Li @
I . [ds/g(s)] < = and f h(s)ds = «
0 J
while ui(X) >J and L > V(t,X) > Li imply
Vi(t,X) < -g(V(t,X) - Li)h(ui(x))lgrad ui(X)-F(t,X)l

THEOREM 1. Suppose that V is an augmented Liapunov function
according to Definition 2 and that for each i, if ui(X) > J and
V(t,X) = Li, then V' (t,X) < 0. Then all solutions of (1) are
bounded.

The proof will appear in [3].

Since this result is fairly general and, as a consequence,
is quite complicated, we will state and prove a simplified version.
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THEOREM 2. Suppose that the following conditions hold.
I. There exists L > 0 such that 0 < L* < L and
V(t,X) < L* imply |X| bounded.

II. There exists J > 0 such that V(t,X) = L and
|X] > J imply V' (t,X) < O.

III. For each € > 0, there exist g: (0,e) » (0,)
and h: [J,») + [0,®) such that L + € > V(t,X)
> L and |X| > J imply:

i, V(t,X) < -g(V(t,X) - LYh(|X]|)|F(t,X)], and
ii. f [ds/g(s)] < = and j h(s)ds = =,
J

Then all solutions of (1) are bounded.

Proof. If the theorem is false, then there is an unbounded
solution X(t) on a right maximal interval [to,T). We can argue
from II and then I that V(t, X(t)) > L. We choose ¢ by setting
V(to, X(to)) = L + ¢ and obtain g and h from III.

Either |X(t)| > J on some interval [tl,T) or there are
sequences {t '} and {T } with t < T <t ., IX(t) |
IX(t)| > J on [t , T ], and |X(Tn)| + ®© as n -+ @,

In the first case, we separate variables in IIIi and
tot >t

integrate from t to obtain

1 1’

t
jt V' (s, X(s))/g(V(s, X(s)) - L)1ds

1 t
<[ naxes nIxes) las
t
1
t
< -J R(IX(s) ) [ [X(s) | |ds
t

Changing variables on both sides of the inequality yields
r(t) [x(t) ]
[ tessgs) <ol [T mwaul
r(tl)
IX(t)) |

where r(t) = V(t, X(t)) - L. This yields X(t) bounded. A
similar argument on the intervals [tn, Tn] completes the proof.
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Remark 1. The present author [1, 2] attempted to show
boundedness by requiring that V' have certain strong properties.
It was subsequently shown by Erhart [S5; Th. 2.1] that the
property on V' generally implied V radially unbounded. The
example in the next section shows that our conditions hold
without V being radially unbounded.

Remark 2. If F is bounded for X bounded, then results of
LaSalle [8] and Haddock [6] yield interesting additional infor-
mation about solutions. If some component of F is bounded for

X bounded, then the results in [4] yield similar additional
information.

A LURIE PROBLEM

We consider the system

x! Ax + b¢ (o)

o' = ch - 1¢(0)

in which ¢ : R+ R, o¢(0) > 0 if ¢ # 0, ¢ is continuous, A is an
n x n matrix all of whose characteristic roots have negative
real parts, c and b are constant n-vectors. The reader is

referred to Lefschetz [10; pp. 20-21] for a general discussion
of the problem.

One uses

V(x,0) = x'Bx + ¢(0)

g
where ¢(0) = j ¢(s)ds and B is positive definite and
0
symmetric, obtaining
V' = -xTDx + ¢(o)[2bTB + cT]x - r¢2(o)
which is negative definite in (x,¢(0)) when D = -(ATB + BA) and
r> (Bb + ¢/2)TD 1 (Bb + c¢/2) 4
We note that if ¢(+=) # =, then V is not radially un-
bounded. For brevity, take ¢(») = ¢(-») so that the choice
of L1 =1L, = ¢(~) will satisfy (2) and (3) when R1 =

{(x,0) : o > 0}, R, = {(x,0) : 0 <0}, ul(x,o) = g, and
uz(x,o) = -g.
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If (4) holds, then V' negative definite in (x, ¢(o)) implies
that there exists m > 0 with V' < -m(xTx + ¢2(o)). Now
V(x,0) - ¢(=) = xTBx + ¢(0) - o(») < xTBx < QxTx for some
Q > 0. Also,

lo'] = |cTx - ro(0)] < PCxTx + ¢2(0)3}/?

for some P > 0.
Thus, we pick h(s) = m/PYQ and g the square root function
since we have

Vo< - (m/PRQ)IV(x,0) - e(=)1 2

Theorem 1 then yields all solutions bounded.
We note that there is also a largely algebraic proof of
this result given by LaSalle [9].
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Chapter 3

RECENT RESULTS ON OSCILLATION OF
SOLUTIONS OF FORCED AND PERTURBED NONLINEAR
DIFFERENTIAL EQUATIONS OF EVEN ORDER

ATHANASSIOS G. KARTSATOS

Department of Mathematics
University of South Florida
Tampa, Florida

INTRODUCTION

The main purpose of this paper is to present some modern results
pertaining to the oscillation of solutions of forced and
perturbed nonlinear equations. We are mostly concerned here
with integral criteria guaranteeing oscillation. The interest
of mathematicians in this direction was triggered by the now
classical paper of Atkinson [2] in 1955 concerning the important
case of an Emden-Fowler-like equation of second order.

For two reasons we almost always consider, with few
exceptions, only even order equations. First, we avoid state-
ments concerning n even and n odd separately; and second, those
familiar with the theory will be able to interpret the results
for n odd without any difficulty. Many of the results presented
here were originally formulated for more complicated and/or
functional equations. We gave a simplified version in order
to make the exposition easier. An extensive bibliography on
the subject is also given at the end of the paper. Some

17



18 Kartsatos

"linear'" papers affecting the nonlinear case are included
therein; some others have been excluded and might be found in
the bibliography of Wong's second order survey article [342].
The paper is divided into six sections. The first is devoted
to the preliminaries. In the second we consider the homogeneous
case whose oscillatory behavior definitely affects the
behavior of the forced and the perturbed case. The third and
fourth sections are concerned with the forced and the perturbed
case respectively. In the fifth section some new results are
given, and the last section is devoted to the formulation of
several problems which, according to the opinion of this author,
are still open.

The author wishes to express his thanks to Professor
J. R. Graef of the Mississippi State University for the oppor-
tunity of presenting an invited address, and his, as well as
Professor Spikes', hospitality. The author also wishes to
apologize to those of his colleagues whom he did not mention
either in the text, or in the bibliography, due to his
ignorance concerning their work.

PRELIMINARIES

In what follows we let R = (-=, =), R_ = [0,®), R,° = R_ - {0},
R = (-«,0], R_° = R_ - {0}. The letter T will denote a fixed
nonnegative number, and RT = [T,»). Without further mention
all the functions considered will be assumed continuous on
their respective domains. Unless otherwise stated, the letter
n will always denote an even integer > 2. Now consider

the equation

x(n) + H(t,x,x',...,x(n'l)) =0 (1.1)

with n arbitrary and H :RT x R® + R, By a solution of (1.1)

we mean any real function x(t) which is n times continuously
differentiable on an interval [tx’m) (tx > T) and satisfies
(1.1) on this interval. The number ty depends on the particular
solution x(t). A function f :[a,®) - R (a > T) is said to be
oscillatory if it has an unbounded set of zeros on [a,x).
Equation (1.1) is said to be oscillatory if all of its solutions
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are oscillatory. A function f as above is said to be bounded
if there exists a positive constant k such that [f(t)| < k,
t > a. Equation (1.1) is said to be B-oscillatory if all of
its bounded solutions are oscillatory. Only non-eventually
trivial solutions are considered here.

Now we consider the following three types of equations:

(™) H(t,x) = 0 (1)
x™ 4 H(t,x) = Q1) (11)
M) H(e %) = Qy(e,%) (111)

The functions H, Ql’ Q2 will occasionally satisfy one of the
following hypotheses:

(H) H :RT x R+ R, uH(t,u) > 0 for every u # 0.
(Ql) Q1 :RT + R and there exists a function P :RT + R,

which is n times continuously differentiable on RT
; (n) _
with P = Ql(t), t e RT'
(QZ) Q2 :RT x R » R and there exists a continuous
function Q_ : Ry x R, > R, such that |Q2(t,u)| <
Qo(t,|u|) for every (t,u) € R, x R.

Let us now show that a nonlinear equation of order two may
have oscillatory and nonoscillatory solutions. This behavior
has been exhibited by Moore and Nehari [227]. 1In fact, it was
shown there that the equation

x'" + p(t)g(x) =0 (1.2)

with p(t) = (1/4)t'(m*2), g(u) = uZm*l’ t > 1, m a natural
number, has the following three types of solutions: (i) x(t)
is nonoscillatory and tends to a finite limit as t + o

(ii) x(t) is nonoscillatory, monotone, and such that the
function x(t) - t1 2, t > 1 is oscillatory; (iii) x(t) is
oscillatory. This example implies immediately that Sturm's
comparison theorem does not hold in its full generality even
for second order equations. It is also proper to note here
that an equation of the form (1.1) might have nonextendable
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solutions for which our definition of oscillation does not
apply. In fact, in the interesting and extensively studied
casc (1.2), Burton and Grimmer [33] proved thc following:

THEOREM 1.1. (Burton and Grimmer [33]). Consider (1.2)
with p :Rp + R, g:R ~ R and ug(u) > 0 for every u # 0. Let
p(tl) < 0 for some t, > T. Then if anyone of the following
conditions holds, (1l.2) has solutions which are not continuable
to +o:

(a) j [1+6(s)1 Y 2s < 4+,
(o)

(b) J [1+ 6(s)1 Y25 > -e,
[o]

u
where G(u) = J g(v)dv.
o

The sufficiency part of this result has been shown to hold
in the arbitrary nth order case by Mahfoud [218] and for large
classes of functions H as in (1.1). In an unpublished result,
Prof. Burton has shown the necessity part to be also true in
third order equations. In this connection, the reader is also
referred to Kiguradge [161], who, among other results, establishes
conditions under which a certain particular form of (1.2) has
some extendable oscillatory solutions despite the oscillatory
character of p(t). In this same paper, Kiguradge shows the
sufficiency part of the above theorem for a special case again
of (1.2). Nevertheless, under (H), all nonoscillatory solutions
of (I) are extendable to +»=, and a reference to the proof of
this fact is Foster's paper [73]. The uniqueness problem will
not concern us here because it hardly ever enters into the
research for oscillation criteria in the present spirit.

THE HOMOGENEOQOUS CASE

In this section we shall start with the pioneering result of
Atkinson [2] and continue with some of the highlights of
its extensions. ’
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THEOREM 2.1. (Atkinson [2]). Consider the equation

+1

X"+ p)x®™1 (2.1)

where p :RT -+ R+° and m is a positive integer. Then
the condition

[mtp(t)dt -t (2.2)
T

is necessary and sufficient for (2.1) to be oscillatory.
Atkinson [2] also gave a result whose conclusion ensures
the nonoscillation of all solutions of (2.1):

THEOREM 2.2. (Atkinson [2]). Let p(t) be positive and
continuously differentiable on RT with p'(t) < 0 there. Let
m be a nonnegative integer. If

I 2™ (1) de < v
T

then (2.1) has no oscillatory solutions.

The proof of the above theorem is based on the fact that
all solutions of (2.1) have bounded derivatives under these
hypotheses. As far as the author knows, there is no analogue
to this theorem covering the nth order case (cf. Problem I).
The present author [138] gave a result which ensures the
nonoscillation of all bounded solutions of nth order super-
linear equations:

THEOREM 2.3. (Kartsatos [138]). Consider the equation
x(n) + H(t,x,x',...,x(n-l)) =0 (2.3)

where t ¢ RT’ H :RT x R » R, and such that
[H(t,u(t),...,u® D (e))| < Ht;w |uce) ]
f t" Iy (t;u)dt < e
T

for every bounded function u which is defined and n times
continuously differentiable on RT' Here H maps RT into R_ and
depends on u. Then every bounded oscillatory solution of
(2.2) is identically equal to zero for all large t.
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Li¢ko and Svec [203] gave the following result.
THEOREM 2.4. (Licko and Svec [203]). Consider the

equation (I) with H(t,u) = P(t)u®, where p(t) is positive on
RT and o is the quotient of two odd positive integers. Let n

be even and 0 < o < 1. Then the condition
f 2 Do yde = +w (2.4)
T

is necessary and sufficient for the oscillation of Equation (I)
Let n be odd, 0 < o < 1. Then (2.4) is necessary and
sufficient for all solutions of (I) to oscillate or tend mono-
tonically to zero. In the case a > 1 both these conclusions
hold if (2.4) is replaced by

f thlp(t)dt = +e (2.5)
T

The sufficiency part of the above criterion for n even
and o > 1 was actually given for the first time by Kiguradge
[157; Theorem 5] in 1962. The case n even and 0 < o < 1 in
the above theorem extends a result of Belohorec [6] who
considered second order equations. Tn [132], the author
considered equations of the form (2.3) with H jointly homo-
geneous with respect to its last n variables, and established
the following.

THEOREM 2.5. (Kartsatos [132]). Consider the equation
(2.3) and assume that H(t,ul,...,un) = p(t)g(ul,uz,...,un),
where p :RT > RTO, g :R" > R, ulg(ul,uz,...,un) > 0 for uy #0
and such that for some positive constant K and for every

n
(ul,uz,...,un) € R* and every A > K, g(-ul,-uz,...,-un) =
-g(ul,uz,...,un) and g(A, Auz,...,Xun) = xag(l,uz,...,un),
where o = q/r with q and r odd positive integers. Then, under
anyone of the following conditions, (a) for n even, (2.3) is

oscillatory, (b) for n odd, every solution of (2.3) oscillates
or tends monotonically to zero as t + =:
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A

(1) o<1, ITta(n_l)p(t)dt = e

(i) o =1, I tn'l'ep(t)dt = +w, for some € > 0
T

(1ii) o> 1, J t" o) dt = +o
T

The case (ii) above extends a linear theorem of Mikusinski
[224]. Mikusinski claims that the conclusion (b) above holds
in the case (ii) without € in the integral condition. This is
false, however, and a counterexample was given by the author
in [134]:
(n)

X +p(t)x =0, t >1, n = odd, (2.6)
with p(t) 2 m(m - 1)(m - 2)+++(m - (n-2))(n - 1 - m)t ™, where
n-2<m<n- 1, A family of solutions of (2.6) is given by

<
xC(t) = ct™ for every C # 0, while (2.6) satisfies the assump-
tions of Mikusinski's theorem. For an earlier example the
reader is referred to Ananeva and Balaganskii [1].

Equations like the ones considered in the above theorem
with homogeneous g are rather interesting. Their fundamental
properties in the second order case were studied by Bihari in
[18-20]. From the proof of the above theorem, it is easy to
see that almost all the known criteria for oscillation of
equations of the type (I) with H(t,u) = p(t)ua (e as above)
imply corresponding ones for homogeneous functions H provided
that p(t) > 0. With this in mind, it becomes evident that
some of the results of Gustafson [97] are immediate consequences
of the proof of the above theorem. Equations (I) with homo-
geneous-like sublinear H have also been considered by Kiguradge
in [160]. Several extensions of Theorem 2.5 were given by
Onose in [238, 239, 243, and 244]. The reader is also referred
to the paper of Staikos and Sficas [291] for further extensions
to functional equations. It should also be mentioned here that
Theorem 2 in Ryder and Wend [258] can also be proved as the
above theorem, and their case is covered by the remarks of
the author on page 602 of [132].
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It is convenient now to state a theorem which was estab-
lished by the author in [140]. This result extends the famous
Sturm's comparison theorem (in a certain direction), and, in
addition to being important in its own right, appears to be a
valuable tool in oscillation arguments. This result was in-
spired by a certain theorem of Atkinson [3] which pertains to
the existence of positive solutions of homogeneous second
order equations.

THEOREM 2,6. (Kartsatos [140]). Consider the two
equations
™ L H (0 = Q(t), i=1, 2 (2.7)
i’ 1 bl » “ 'i
where each Hi satisfies (H) (with H replaced by Hi) and is

increasing with respect to the second variable. Let Q1 satisfy
(Ql) with P(t) oscillatory and such that 1lim P(t) = 0. More-

tro
over, let
Hl(t,u) < Hz(t,u) if t e RT and u > 0 (2.8)
Hl(t,u) > Hz(t,u) if t e RT and u < 0 (2.9)

and the equation (2.7)1 be oscillatory. Then this is also
the case for the equation (2.7)2.

Actually, the assumptions (2.8), (2.9) of this theorem
can be weakened to the following:

*

Hy (t,u) < Hy(t,u) if t e Ry and u > 0 (2.10)
*

HZ (t,u) > Hz(t,u) if te RT and u < 0 (2.11)

* o o * o o : -
where H1 :RT x R~ ~+R,~ and H, :RT X R_© + R_" and increasing

in u, and such that the equation
(n) * -
x* o+ Hy (t,x) = Qq(1) (2.12)
has no positive solution and the equation
(n) * -
x + Hy (t,x) = Ql(t) (2.13)

has no negative solution. The conclusion of the theorem
remains the same. Of course (2.7)1 does not play any role now.
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Having this improvement in m1nd one can easily deduce the main
result of Jones (H(t,u) = 21 =1 Pi (t)u ) in [117] from the main
theorem of Atkinson [2], the maln theorem of Macki and Wong
[217] from the oscillation theorem of Pinter [256], and
Theorem 1 of Ryder and Wend [258] from Theorem 2 of Kartsatos
[133] (cf. note added in proof of [133]). Similarly, a host

of other oscillation criteria can now be obtained by this
comparison theorem, but they are too many to enumerate. One of
the first results on the oscillation of (I) with nonhomogeneous
H was given by Kiguradge in [157] and concerns the superlinear
case.

THEOREM 2.7. (Kiguradge [157]). Consider (I) with
H(t,u) = F(t,u“)u where F(t,v) is defined on RT x R, and is non-
negative and increasing in v. Moreover, assume that there
exists a function g :R+° -+ R+° such that g'(u) > 0, and

F(t,uz) > F(t,cz)g(u) for every u e R+° and every c > 0 with
u > c. Furthermore, suppose that for every ¢ > 0,

[ [sg(s)1 lds < +=, j F(s,c?)s" lds = 4w
€

Then, for n even, (I) is oscillatory, and, for n odd, every
solution of (I) oscillates or tends monotonically to zero as
t > »,

The author showed in [133] that the conclusion of the
above theorem remains valid if H(t,u) = p(t)g(u) with p(t) > 0,
ug(u) > 0 for u # 0, g'(u) > 0 for |u|] > K > 0 and

I tn-lp(t)dt = +o, [ [g(S)J_Ids < +o,
T €

e (2.18)
[ [g(s)]1 Yds < +w

for some ¢ > 0. The assumption on the differentiability of
g(u) was replaced later by a monotonicity assumption and the
use of Riemann-Stieltjes integrals by the author in [136].
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The integral condition on p(t) above is also necessary in the
case of n even, and this was shown by the author in [134], and,
independently, by Onose in [240]. Onose considered also the
case n even, and his result is the following:

THEOREM 2.8. (Onose [240]). Suppose that n is even,
p:Rp R, is bounded, and for the function g : R® + R we have
ulg(ul,uz,...,un) > 0 for every uy # 0. Then the first of

(2.14) is necessary and sufficient for the equation

™ p(t)g(x,X',.-.,x(“'n) =0

to oscillate.

Onose used a successive approximation technique by which
he obtained a positive solution to an integral equation
associated with (I), under the assumption that the first integral
in (2.14) converges. This technique is quite old of course,
and an interesting but rather complicated application of it
for nonlinear nth order equations was given by Villari [333].
In [134], the author, inspired by the results of Svec [302Z,
303], used Schauder's fixed point theorem. In the functional
case, Schauder's fixed point theorem was applied by Staikos
and Sficas [292]. Naturally, mention should be made of the
various asymptotic results that Kiguradge obtained, for example,
in [159, 160]. In this connection, Pui-Kei Wong's papers
[346, 347] are also of importance. In addition to [157],
sublinear analogues of Theorem 2.7 above can be found, for
example, in the paper [181] by Kusano and Onose. Their result
follows however from the corresponding result of Licko and
Svec [203; Theorem 2.6] by use of the comparison result,
Theorem 2.6, above. Three years ago, Staikos and Sficas
[291] established a so-called "fundamental principle'. This
principle is the statement, in a compact form, of a method that
had been used previously by many authors. In the case of (I)
with H = p(t)g(u) and (1.1), it simply asserts that information
about (I) can be used to obtain information about (1.1) if we
write it as

™ e, x,xt . ,x Py g0 1g(x) = 0
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provided that x(t) belongs to a certain function class. This
idea has been exploited, for example, by Wong [342], Kartsatos
[132], and Onose [240], and it works mainly with integral
criteria on p(t) which carry over to H/g. We now take a

brief look at the notion of strong continuity. This notion

was introduced by J. S. W. Wong [342] for second order equations
and, independently, by the author [134] for nth order equations.
Although the two concepts are different, they do overlap in
special cases.

We state here the notion introduced by the author in [134]
because it is simpler and we refer the reader to the paper [243]
of Onose, who extended Wong's concept to functions of more
than two variables, and applied it to nth order equations.
Actually, we state here a slightly more general concept than

the one in [134].

DEFINITION. (Kartsatos [134]). Assume that H: Ry x R" = R,
ulH(t,ul,uZ,...,un) > 0 for every uy # 0, H is increasing in
u, ¢ R, and decreasing in u, € R_ and the following condition
holds:

Condition S. For every ¢ > 0 and a > ¢ there exists

T,,e > T and a function Py(+,a,e) : [T ,®) + R,

B —
(Pz(-,a,e) :[Ta,e’m) + R_) such that H(t,xl,x,O) >
Pl(t,a,e)(H(t,xl,i,O) < Py(t,a,e)) for any X =

(X2.Xg50 0% 01) € R 2 with |x;] < e, i=2,3,...,0-1,

any xy € R with X, > u-e(xl < -a*e) and any t > Ta,e'
Then H is said to be a strongly continuous function.

The following theorem of the author is a new result and a
better version of a theorem in [134]; it ensures the oscillation
of all the bounded solutions of Equation (1.1).

THEOREM 2.9. (Kartsatos [134]). Let the function H in
(1.1) be strongly continuous and such that

f t"‘lpl(t,a,e)dt = +o and J t“'lpz(t,a,é)dt = -
Ta,e Tu,e

Then (1.1) is B-oscillatory.
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The proof of this theorem is trivial if one uses the
comparison Theorem 2.6. In fact, let x(t), t > T1 >T, be a
positive solution of (1.1). Then, if x(t) is also bounded, all
of its derivatives are of constant sign (up to the order n),
1m x3 ey =0, 5 =1,2,...,n-2, and x® D (t) > 0 for all

t+»

large t. If lim x(t)

tr>

L > 0, then taking € > 0 with e < L,

there exists t = > T. such that L-e¢ < x(t) < L,

T
. L,e - "1
|x(J)(t)| <g, j= i,Z,...,n-Z and x(n'l)(t) < 0 for every

t >T. Now from (1.1) we get

M 6y« H(Ex(t),..LxP D)) /x@)x(e) =0 (2.15)

where [H(t,x(t),...,x® 1 (£))/x(t)1 > (1/L)P (t,L,e) for all
t > t. The contradiction can be obtained now from Theorem
2.6 and the fact that the equation

x(™ + (/1P (1,1, e)x(t) = 0 (2.16)

for t > t, cannot have bounded positive solutions (c.f.
Kartsatos [133]). A similar proof holds if x(t) is negative
for t > Tl'

The reader is referred again to the papcr of Onose [243],
where necessary conditions are also obtained for strongly
continuous functions. Obviously, the above definition of
strong continuity, as well as the one given by Onose in [243],
can be applied only in arguments concerning solutions with
bounded derivatives. More general definitions can be given
to guarantee the oscillation of all solutions of (1.1), but,
again the main role would be played by the comparison Theorem
2.6. 1t might be helpful to know that the monotonicity
assumption of H above with respect to its last variable can be
replaced by a condition like the one imposed on XgsXgyeonsX -
With this in mind, the above definition of strong continuity
applies to the function H = p(t)g(ul,uz,...,un) with p(t) > 0,
xlg(ul,...,un) > 0 for Xy # 0. This is also noted by Onose
in [243] concerning the concept introduced there. Taking this
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remark into consideration, let us assume that H is strongly
continuous according to the above definition, but without any
monotonicity assumption on the last variable. Moreover,
H(t,xl,E,O) is replaced now by H(t,x;,X,,...,x ). Then we
have the following result.

THEOREM 2.10. (Kartsatos [134], Onose [243]). Let H be
strongly continuous from the left (H > Pl) or from the right
(H < PZ). Then Equation (1.1) has a nonoscillatory solution
if, for some a and €

JT tn'lPl(t,a,e)dt < 4o, JT tn_le(t,a,e)dt > -
Q,€ Q,€

respectively.

This is actually a new result, but it can be obtained as
a consequence of a result of the author in [134; Chapter 31;
it was stated under slightly less general hypotheses
(P1 = -P2 bounded in t) by Onose in [243]. The proof is based
on Schauder's fixed point theorem for the operator

(TE) (t) = K + [t(t-s)“'lﬂ(s,f(s),f'(s),...,f(“'l)(s))ds/(n-l):

(K a nonzero constant) in a suitable Banach space, and
is omitted.

Another aspect of interest is the following: under what
conditions on H does (I) have at least one oscillatory solution?
This question was answered by Jasny [116] and Kurzweil [175]
in the case n = 2. The reader is also referred to the papers
of Heidel and Hinton [105], and Heidel and Kiguradge [106]
for further second order considerations. The case n odd has
been covered by the following result of Heidel.

THEOREM 2.11. (Heidel [103]). In the equation (I) assume
that n > 3 is odd and that H(t,u) = p(t)uY, where p :RT + R,
Yy > 1 is the quotient of two odd positive integers, and

f ST Yp(s)ds = 4w
T
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Then (I) has at least one oscillatory solution which is not
identically equal to zero on any infinite ray of [T,=).

Concluding this section, we should mention that Lyapunov
functions were introduced in oscillation theory by Yoshizawa in
[348, 349]. Yoshizawa considered second order equations, and
it would be very interesting to see some developments in the
nth order case. Howard and Hayden [113] abstracting a criterion
of Howard [110] of 1962, established several results for
equations with values in a certain Banach operator space.
Dom$lak [64, 66] considered differential equations in Hilbert
spaces and finite dimensional systems. Such systems were also
considered by the author [134] and Olekhnik [237]. Finally,
Nehari [234] studied a quasi-linear system and established an
interesting oscillation property.

THE EQUATION (II)

The first result that ensured the oscillation of all solutions
of a forced nonlinear equation (II) is contained in [136] and
a simpler case than the one considered there could be stated
as follows:

THEOREM 3.1. (Kartsatos [136]). Consider the equation
(IT) with H(t,u) = p(t)g(u) and Q1 satisfying (Ql), where
P :RT > R+°, g :R > R, g increasing, ug(u) > 0 for u # 0 and
such that (2.14) is satisfied. Then if the function
P(t)(P(n)(t) = Ql(t)) is oscillatory and such that lim P(t) = 0,

t+o
(II) is oscillatory.

A corresponding result also holds for bounded solutions
if all bounded solutions of (I) are assumed to be oscillatory.
In 1972, the author answered a problem given by Wong in [342].
This problem concerns the oscillation of forced equations
with periodic forcing term., A simpler version of it is
the following:

THEOREM 3.2. (Kartsatos [138]). Let H be as in Theorem
3.1 without the integral conditions on g. Moreover, let Q1
satisfy (Ql) with P(t) periodic and oscillatory on RT. Then
(IT) is oscillatory if (I) is oscillatory.
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Actually, a weaker result was proved in [138]. In the
theorem above we took into consideration the comparison
Theorem 2.6. Simultaneously, a paper of Teufel [319] appeared
ensuring the oscillation of all solutions of (II) withn = 2
for certain forcing terms whose class also contains the
periodic functions. We shall give a simplified version of
Theorem 2 in [319].

THEOREM 3.3. (Teufel [319]). Let n = 2 in (II) and
assume that H(t,u) = p(t)g(u) with p :RT -+ R+°, g:R + R is
increasing, and ug(u) > 0 for u # 0. Moreover, let there
exist two positive constants §, A and a sequence of intervals
of the form [a + mb, a + mb + 3A], m = 1,2,..., on which the
function Q1 :RT + R satisfies Ql(t) < -§, and a sequence of
intervals [c + md, ¢ + md + 3A], m = 1,2,..., on which

Ql(t) > §. Then the conditions
t
=0 (I p(s)ds
T

are sufficient for (II) to be oscillatory.

L3

f p(t)dt = +» and
T

J:Ql(s)ds

As Teufel notes in [319], Duffing's equation satisfies
the above hypotheses.

Theorems 3.1 and 3.2 were extended by True [325; Chapter 3]
to functional differential equations. Similar considerations
can be found in the papers of True [326], Kusano and Onose [183]
and Onose [247].

At the annual AMS meeting in 1973 (San Francisco),
Professor Grimmer announced several results that can be obtained
by looking at things in a quite different manner. These
results concern homogeneous equations and are contained in
[95]. They have been based on the fact that 'a nonoscillatory
solution of (I) satisfies a first order integral inequality
while its (n-1)st derivative satisfies a first order differential
inequality. By applying the comparison principle, results are
obtained by analyzing the two associated first order scalar
differential equations." These basic results of Grimmer were
extended to forced equations by Foster [73, 74]. We are quoting
here some of the results of Foster in [73].
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THEOREM 3.4. (Foster [73]). Let (H) and (Ql) hold with
H increasing in x, and P taking positive and negative values on
any interval [b,e), b > T. Moreover, assume that for any
a > 0 and vy # 0 all solutions v(t,a,vo) of the problem

vt = (t-a) MH(t,v) /-1, v(a) = v (3.1)

(o]

have finite escape times. Then if 1im P(t) = 0, (II) is
oscillatory. toe

THEOREM 3.5. (Foster [73]). Assume that the hypotheses of
the above theorem are satisfied (except P(t) » 0 as t + =),
Moreover, assume that there exist two sequences {sm}, {tm}
with Spr th T e asmo> e, and such that P(sm) = M0 >0, P(tm) =

-L_ < 0, and inf P(s) = -L_, and sup r(s) = M_for every a > 0.
° s>a ° s>a °

Then (II) is oscillatory.

THEOREM 3.6. (Foster [73]). Let the assumptions of
Theorem 3.4 hold but with P(t) eventually of one sign. Then
every solution of (II) either oscillates, or is eventually
bounded between 0 and r(t) and tends to zero as t + =,

These results of Foster, as well as those in [74] which
cover the sublinear cases, are closely related to Theorem 3.1
and other results of the author in [140] (cf. Theorem 3.7
below); this is due to the existence of necessary and sufficient
conditions for the oscillation of sublinear and superlinear
cases when H(t,u) can be separated in the form p(t)g(u). The
examples of Foster in [73, 74] are also covered by a result of
the author in [140], which we now state.

THEOREM 3.7. (Kartsatos [140]). Let (H) and (Ql) be
satisfied with H increasing in u. Then under anyone of the
following conditions (II) is oscillatory.

(i) P(t) is oscillatory and P(t) » 0 as t + =,

(ii) there exists Pl(t) satisfying (Ql) (with P

replaced by Pl) and such that P and P1 are
oscillatory with lim inf P(t) 0 and

t > >

lim sup Pl(t) = 0.

t >
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This theorem extends to the nth order case Theorem 5 in
Atkinson's paper [3], which in turn extends results of the
author in [136] and [138]. The criterion (iii) in [3; Theorem
5] also holds in the nth order case; this follows from Theorem
3.3 of the author [140]. The reader should notice that no
explicit integral conditions were assumed on H in Theorem 3.7.
Thus, it provides a very general result in cases of 'small"
or "periodic-1like" forcing terms. The part of the above
theorem referring to (i) has been extended to functional
equations by Onose [248]. Atkinson's paper [3] contains
several other results that need to be extended to the nth
order case (cf. also Kartsatos [140]).

Now denote by Fk the class of all n times continuously
differentiable functions u(t), t € [T,») such that [u(t)]| =
O(tk) as t > », Then we have the following.

THEOREM 3.8. (Staikos and Sficas [297]). Consider
Equation (1.1) with H :RT x R® + R. Moreover, assume the
existence of integers k, &, and m such that 0 < m < n-1,
0 <2<k <n-m-1 and

thmH(t,u(t),u'(t),...,u(“'l)(t))dt =t (3.2)

for every nonoscillatory u e Fi with lim inf (]u(t)]/tl) # 0.
t -+

Then for all Fk - solutions x(t) of (1.1) we have
lim inf |x(t)]/t* = o.

t > o
This theorem implies that for k = 0 all bounded solutions
x(t) of (1.1) are either oscillatory or such that
lim inf |[x(t)| = 0. The case k = 0 and 0 < m < n-2 was con-
t > - )

sidered by the author in [136], which in turn extended

Theorem 1 in [129] for second-order equations. For more
consequences of the above theorem and for functional equations,
the reader is referred to the same paper [297].
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A result related to the above theorem is the following
theorem of Graef and Spikes [87], which, besides being
important in itself, implies an interesting corollary. Graef
and Spikes considered functional equations. We take the
"functional' x(g(t)) = x(t).

THEOREM 3.9. (Graef and Spikes [87]). Let (1.1) be such
that

fTH(t,u(t),u'(t),...,u(“'”(t))dt = be (-m)

for any u ¢ Cn[T,w) with 1im inf u(t) > K (1im sup u(t) < -K).

t + @ t > x
Then every solution of (1.1) oscillates, or satisfies
lim inf }x(t)] < K.

t > o
For K = 0 this theorem answers a recent question raised by
the author in [136]. As we mentioned above, the above theorem
has the following very interesting corollary concerning
forced equations.

THEOREM 3.10. (Graef and Spikes [87]). Assume that
H = p(t)g(t,u,u',...,u(n'l)) - q(t,u,u',...,u(n'l)) in (1.1)
and moreover, assume that p: RT -+ R+°, g, q :RT x R 7 R,
ulg(t,ul,uz,...,un) > 0 for uy # 0, g is bounded away from zero
if uy is bounded away from zero, there exists h :RT - R, such
that Iq(t,ul,...,un)l < h(t) for (t,ul,uz,...,un) € Ry x Rn,

-]

f p(t)dt = +o, and lim h(t)/p(t) =0
T

t-+o

Then every solution x(t) of (1.1) either oscillates, or is
such that 1lim inf |x(t)| = 0.

t > o
Another corollary in [87] ensures that the conclusion
above holds if 1im h(t)/p(t) = 0 is replaced by

t+o

[ h(t)dt < +o
T
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In the following result, which appears in [149], we
assume that Ql(t) has an oscillating nth antiderivative which
"'stays away' from zero.

THEOREM 3.11. (Kartsatos and Manougian [149]). Assume
that (H) is satisfied and there exists a continuous function
P(t) such that P(M(¢) = Q,(t), t € R, and

lim sup P(t) > 0, 1lim inf P(t) < 0
t » o t » o
Moreover, assume that for some k > 0,

r‘"'llﬂ(t.u(t) + P(t))]dt < +=
T

for all u: Ry » Rwith |u(t)| <k, t e R
least one oscillatory solution.

T Then (II) has at
An example of an equation for the above theorem is
the following:

x4 17149 %3 < sin ¢

Here we can take P(t) = sin t. This equation has in fact
infinitely many bounded solutions. This can be shown by use
of Schauder's fixed point theorem in the equation

W(t) = A + f (t-5)3[1/(1+s®) JW(s) + cos s)1/3as/3:
t

This equation has a solution Wx(t) for any A with 0 < A < 1,
and the function xk(t) = wx(t) + cos t satisfies
lim [xx(t) - cos t] = A, and equation (II). Obviously,

tro
xx(t), 0 <A <1, is oscillatory.

The above result can be extended to all solutions of (II)
(cf. remarks following the above theorem in [149]).

Now we are quoting a useful theorem from Graef and
Spikes [87] which improves a result of Kartsatos and Manougian
[149; Theorem 2.1].
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THEOREM 3.12. (Graef and Spikes [87]). Consider
the equation

M L Hex,x, .. x(®TDy o Q, () (3.3)

where H: Ry x R" > R, Qq : Rp » R and xqH(t,up,...,u) >0

for uy # 0. Moreover, assume for every k > 0 and t > T we have

t
lim sup [I_(t-s)n_lQl(s)ds - kt™ 1150 (3.4)
t > t

t
lin inf [[_(t-s)"'lql(s)ds « ket 13 <o (3.5)
t»r= t

Then (3.3) is oscillatory.

Manougian and the author assumed in [149] that the second
members of (3.4) and (3.5) were +« and -« respectively. It is
important to notice here that no growth condition has been
placed on the function H. Thus, the oscillation in the above
theorem could be created by the forcing term Ql(t). In this
connection, the following theorem was proved in [148].

THEOREM 3.13. (Kartsatos and Manougian [148]). Consider
Equation (II) under hypotheses (H) and (Ql). Moreover, let

t
lim sup f H(s, A + P(s))ds = +», and
t » » T

lim inf ftH(s, -X + P(s))ds = -=
t + o T
for every A > 0. Then (II) is oscillatory.

This theorem was actually shown in the separated case
H(t,u) = p(t)g(u), but its proof carries over to the present
case without modifications. An interesting corollary to the
above result reads as follows.

COROLLARY 3.14. (Kartsatos and Manougian [148]). Let
H(t,u) = p(t)u2u+Irwith P :RT + R, and u a nonnegative integer.
Moreover, let (Ql) be satisfied with P oscillatory,
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o L

f p(t)dt = +», and f p(t)IP(t)|mdt < 4
T T

for every m = 1,2,...,2y + 1. Then (II) is oscillatory.
An example of Theorem 3.13 is the following equation

x4 (1/t%x = t%in 11(4) (3.6)

6

t
Here, T = 1, P(t) = t sin t and I H(s, +x + P(s))ds =
1

t
jl[ (l/ss)ds - tcost+sint+ (cos1- sin 1). It is well
1

known that the homogeneous equation does not oscillate (cf., for
example, Onose [240]).

THE EQUATION (III)

In this section, several theorems are quoted from the author's
papers [143, 144]. In [143], the author initiated the study

of perturbed equations as far as oscillation is concerned. The
main result in [143] concerns itself with the B-oscillation of
(II1I) provided that the homogeneous equation (I) is B-oscillatory.

THEOREM 4.1. (Kartsatos [143]). Consider equation (III)
with |Q2(t,u)| < Q(t)|ulT, r > 1, where Q: Rp »~ R, and such that

[wtn°lQ(t)dt <+ (4.1)
T

Moreover, let (H) be satisfied. Then (III) is B-oscillatory
if (I) is B-oscillatory.

In the following corollary it is shown that Lipschitzian
perturbations imply the '"relative" oscillation of pairs of
bounded solutions. This phenomenon should be further researched
because it implies certain asymptotic behavior of one bounded
solution as compared to another bounded, but known, solution.

COROLLARY 4.2. (Kartsatos [143]). Consider Equation (III)
with H(t,u) = P(t)u with P(t) positive, continuous, and let

Bp = {x ¢ R; |x| < p}. Let Q(t,u) be continuous and such that
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2 € Bp.

Here QO :Rp x (R, - {0}) » R, is continuous and such that

lQ(t,u)) - Q(t,up)| < Qy(t,p)[u; - u,| for every u), u

[ e 2o, prat < v
T

Then the difference A(t) = x(t) - y(t) oscillates, where x(t),
y(t) are any two bounded solutions of (III).

The proof follows immediately from the above theorem
because the function A(t) satisfies the equation
A" (t) + P(t)a(t) = Q(t,x(t)) - Q(t,y(t)).

The following result provides a comparison of the non-
oscillatory solutions of (III) to those of the equation
u(n) = Qo(t,u), where Q, is as in (QZ)'

THEOREM 4.3. (Kartsatos [143]). Assume that H is as in
(H) and (QZ) is satisfied with Qo(t,u) increasing in u and
such that qu(t,u) > 0 for all (t,u) € RT x R. Let x(t) be a
positive solution of (III). Then there exists a constant
M > 0 and a point T > T such that x(t) < y(t) for t > T, where
y(t) is any solution of v(n) = Qo(t,v) such that v(t) > M and
v @ =0, i=1,2,...,n-1.

We shall indicate below how the above theorem can be used
to formulate criteria for oscillation of perturbed equations.
Before we do this, we state a theorem from [144] which again
ensures the B-oscillation of (III).

THEOREM 4.4. (Kartsatos [144]). Let H satisfy (H) and
be increasing in u. Assume further that for every a > 0 there
exists a function Q, : Ry » R, such that [Q(t,u)| < Q,(t) for
every u € R with |u] < a; here Q :RT x R » R. Finally, let

f P UH(E, k) () 1dt = 4w
T

for any k > 0 and « > 0. Then if x(t) is a bounded eventually
positive (negative) solution of (III), there exists a sequence
{tn} + » such that H(tn,x(tn) < Q(tn,x(tn))(H(tn,x(tn)) >

Q(tn,x(tn))). If, in addition, we assume that
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lim sup {|Q(t,u)/H(t,u)| : Ju] < k} =0
> ®
then (III) is B-oscillatory.

Now, for any € > T and any M > 0, let C(T,M) =
{ueC[t,») :0 <u(t) <y(t,M), t e [t,°)}, where y = y(t,M) is
as in Theorem 4.3 but fixed (for each M > 0) and such that
y(t,M) = M. Then we have the following theorem which actually
contains as a special case both Theorems 3 and 4 of the author
in [144]; the proofs there carry over to this case without
modifications.

THEOREM 4.5. (Kartsatos [144]). Let the assumptions of
Theorem 4.3 be satisfied and let h: R - R be increasing and
such that uh(u) > 0 for u # 0. Furthermore, assume that for
each T > T, M > 0, and u ¢ C(t,M), the equation

x4 (e, u(t)) - QE,u(t)) /h(u(t)) Th(x) = 0
is oscillatory. Then the first conclusion of Theorem 4.4 holds

for all solutions of (III). If, moreover,

lim[Q(t,u(t))/H(t,u(t))] = 0

tro

for every t > T, M > 0 and u ¢ C(t, L), then every solution of
(I) is oscillatory.

COROLLARY 4.6. (Kartsatos [144]). Consider the equation
x" + p(t)|x|%gnx = q(t) |x|Psgnx

where p and q are positive for t > 0, and 0 < a < B < 1;
furthermore, suppose that

[“e%p(trar = +a, [0 - a@enfoar = v
o t

and
iim[q(t)(u(t))s‘“/p(t)} =0

for every t > 0 and M > 0, where u(t) is any function with
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t
0 < u(t) < M7B (1-5)[_(t-s)q(s)dsjl/(l-s)
t

for t > t. Then (4.2) is oscillatory.

The last assertion in Theorems 4.4, 4.5, and Corollary 4.6
can be shown independently by use of the comparison Theorem 2.6.
As an example of the above corollary, we can take a 1/5,
8= 1/3, p(t) = (t+1)71, q(t) = (t+1)73. Then u(t) < atl/?
(for some A > 0) and the second of the above integral
conditions becomes

"

I_tl/s[(t+1)-1 e 3234t = ve
t

which is true for all A > 0 and t > 0.

SOME NEW RESULTS
We consider first a differential equation of the form

oY) (n-1)

+ p(t)x + H(t,x) = Q(t) (5.1)

where H satisfies (H), p :RT + R and Q :RT + R. Moreover by
r(t) we denote a fixed solution of the equation

™) + p)r™ V() = o) (5.2)
for t > T. Then if we let w(t) = x(t) - r(t), where x(t) is
a solution of (5.1), we obtain

w™ ey« po)w™ D) 4 H(t,w + () = 0 (5.3)

Now we present a lemma which was given by Onose and the
author in [150] and, for the sake of completeness, we include
a rather simpler proof of it.

LEMMA 5.1. (Kartsatos and Onose [150]). Consider (5.1)
with Q = 0. Moreover, let p(t) < m(t) where m :RT + R, satisfies

t u
limf_exp[-j_m(s)dsjdu = +
tro/t t
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for every t > T. Then if x(t) is a nonoscillatory solution
of (5.1), we have x(n_l)(t)x(t) > 0 for all large t.

Proof. Let x(t) be a nonoscillatory solution of (5.1) and
assume that x(t) >0, t > t, > T. Now let x(n'l)(to) = 0 for
some t0 > tl. Then

(n) - -

X (to) H(to,x(to)) <0 (5.4)
which implies that x(n'l)(t) cannot have another zero after it
vanishes once. Thus, x(n'l)(t) has fixed sign for all large t.
Let x(n_l)(t) < 0 for all large t (say t > t, > t;). Then if

we put ¢(t) = x(n)(t) + p(t)x(n_l)(t), t > t,, we get
x™ )+ p)x™ Dy = o(t) = -H(e,x(t) < o0, (5.5)
for t > t,. Thus, solving for x(n‘l)(t), we find

x(n~1)(t)

t
exp[-]t p(s)dsILx ™D ()
2
t u
+ ¢(u)exp[[ p(s)dsldu]
t, t,

A

) t
«(n 1)(t2)exp[—ft p(s)ds]
2

‘A

_ t
x(n 1)(t2)exp[-ft m(s)ds] (5.6)
2

An integration of (5.6) from t, tot> tz yields x(n’z)(t) > -0

as t » +o, which implies lim x(t) = -, a contradiction. Thus
t+o

x(n'l)(t)x(t) > 0 for x(t) eventually positive, and a similar
proof can be given for an eventually negative x(t).
The above lemma has been also shown by Naito [228] by use

of Langenhop's inequality, and part of its proof for n=2 goes
back to Bobisud [23].
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THEOREM 5.2. Let p(t) in (5.1) be nonnegative for t > T

and assume that 1lim sup r(t) = +«, lim infr(t) = -». Then (5.1)
t + x t » »

is B-oscillatory.

Proof. Let x(t), t > t1 T be a bounded positive
solution of (5.1). Then w(t) x(t) - r(t), t > ts satisfies
(5.3). Since w(t) + r(t) > 0 for t > t, it follows from the

m v

proof of Lemma 5.1 that w(n'l)(t) > 0, or w(n-l)(t) < 0 for all
large t. Thus, w(t) is monotonic (and hence of one sign) for
all large t. Consequently, x(t) - r(t) > 0, or x(t) - r(t) <0

for all large t. This implies 1lim sup x(t) = += or 1lim inf x(t)
t » t > o

= -» respectively. Since x(t) is bounded, we have the desired
contradiction. A similar proof holds for x(t) eventually
negative.

It is interesting to remark here that no growth condition
was placed on the function H in the above theorem.

THEOREM 5.3. Let p and H be as in Theorem 5.2 and Lemma
5.1, and assume that r(t) is oscillatory and satisfies
lim r(t) = 0. Then if (I) is oscillatory (B-oscillatory),

tro

(5.1) is oscillatory (B-oscillatory).

Proof. Let x(t) be an eventually positive solution of
(5.1). Then as in the proof of Lemma 5.1, w(n_l)(t)w(t) >0
for all large t, say for t > ty 2 T. Let w(t) > 0 for t > tl.
Since n is even, it follows from usual arguments that w'(t) > 0
for (say) t > t, > t;. Now let ¢ be given with w(tz) >e >0,
and let |r(t)| < e for t > t,. Thus w(t) + r(t) > w(t) - ¢ >0
for t > tz. Consequently, from (5.3) we obtain

w™ £y« H(ew(t) - €)

< w6y« H(t,w(t) + r(t)) < 0 (5.7)

for every t > tZ' If we let w(t) - € = v(t), t > tz, then it
follows from (5.7) that the inequality
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y ™ () + H(t,y(t)) <0 (5.8)

has a positive solution v(t), t > tZ' Now we can use Lemma 2.1
in [140], where it is concluded that (I) must also have a
positive solution on [tz,w). This leads to a contradiction if
we assume that (I) is oscillatory. The same conclusion can be
drawn if we assume that (I) is B-oscillatory by calling our
attention to Corollary 2.1 in [140]. Thus, x(t) < r(t) for
all large t which is a contradiction to the positiveness of
x(t). A similar argument covers the case of an eventually
negative x(t), and this completes the proof.

Actually, as in Theorem 3.7, we could have assumed instead

of lim r(t) = 0, the existence of another function rl(t) such
t+o

that rl(t) is also oscillatory, rl(n)(t) + p(t)rl(n'l)(t) =
Q(t), r,rg bounded, lim sup rl(t) = 0, and 1im inf r(t) = 0.

t -+ t >
The above theorem improves Theorems 1 and 2 of Naito's
paper [228], and it also includes the linear case. It should
be remarked now that if we multiply (5.1) by s(t) = exp[A(t)],
where A(t) is any antiderivative of p(t), we obtain

[so)x™ D1 v b (8,0 = Qg (1) (5.9)

where Hl(t,u) = s(t)H(t,u) and Q3(t) = s(t)Q(t). 1In this case,
if we let r(t) satisfy

[s()r ™D ()1 = qu(0) (5.10)
we obtain, instead of (5.3),
[syw™ g o Hy(tw + (1) = 0 (5.11)

Let us now give an easy but important lemma concerning
the monotonicity of nonoscillatory solutions of (5.11).

LEMMA S5.4. Consider (5.11), where r(t) satisfies (5.10)
and is bounded, and w(t) = x(t) - r(t) corresponds to a positive
(negative) solution x(t) of (5.9) with H(t,x) satisfying (H).
Moreover, let
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r[s(u)J‘ldu - e
T

Then w(n'l)(t)w(t) > 0 for all large t.
Proof. Let w(t) + r(t) >0, t > tl > T. Then since
[s(t)w(n_l)(t)]' <0, t>t, s(t)w(n_l)(t) is strictly

decreasing. Let t, 2 t1 be such that s(t)w(nhl)(t) < 0 for
t > t,. Then
sw® D () < s B (e,) = w <o (5.12)

for every t > t,. Dividing by s(t) and integrating we get

1im w2 (¢) = -w. This implies that lim w(t) = -= which
toro ta>o
contradicts the fact that w(t) + r(t) > 0 and r(t) is bounded.

Consequently, w(n'l)(t) > 0 for all large t, and similar

considerations cover the case of a negative x(t). This
completes the proof.

Now it is easy to state criteria for the oscillation of
(5.11) by taking into consideration the above lemma. We omit
the corresponding statements which resemble those of the
above theorems.

The reader is also referred to the paper of Sficas [269]
for some developments concerning functional equations.

Let us now make some remarks about the case

™ p(t)x("_z) + H(t,x) = Q(t) (5.12)

Let x(t) be a solution of (5.12) and w(t) = x(t) - r(t),

where r(t) is a solution of r(n) + p(t)r(n'z) = Q(t). Then
w(t) satisfies
W p(t)w(n"z) + H(t,w + r(t)) = 0 (5.13)

Now we can state the following lemma concerning the sign
of wm 2 (¢) in (5.13).
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LEMMA 5.5. In (5.13) assume that H :RT xR + R,
p:Rp >R, and Q :RT + R with uH(t,u) < 0 for every (t,u) ¢
Rp X (R - {0}). If w(t) + r(t) > 0 (w(t) + r(t) < 0) for

t>t 2 T, then w(n'z)(t) is of fixed sign on the interval
[tl,w). I1f, moreover,

@

J tp(t)dt > -» (5.14)
T

then w(n'z)(t) >0 (w(n'z)(t) < 0) eventually.

Proof. Let w(t) + r(t) > 0 for t > t) 2 T. Moreover,
assume that y(t) = w(n'2 (t) takes positive and negative values

for all large t. Then y(t) satisfies the equation
y"' + p(t)y + q(t) =0

where q(t) = H(t,w(t) + r(t)) <0, t > tl. Consequently, in
each interval of positiveness of y(t), we have y"(t) > 0. This
implies that y(t) is convex whenever it is positive, and this
contradicts the fact that it is oscillatory. Thus, y(t) is of
fixed sign for all large t. The rest of the proof follows
exactly as in Theorem 3.12 of Liossatos [205] and we omit it.

The dissertation of Liossatos [205] is devoted to the
equation (5.12) with Q(t) = 0, and concerns itself with the
extension of the main results of Heidel's paper [101] to the
general nth order case.

We note now that the integral condition on p(t) in the
above lemma can be replaced by the condition p(t) > -Z/tz,
t > T, (cf. Liossatos [205; Theorem 3.1.3]).

In the following theorem conditions are given for the B-
oscillation of equation (5.12).

THEOREM 5.6. Let p, H, and Q be as in Lemma 5.5, and let
p(t) satisfy (5.14). Moreover, let rl(t) and rz(t) be

oscillatory with L n , p(t)ri(n'z) =Q(t), i = 1,2,
lim inf rl(t) = 0, lim sup rl(t) = +o, lim inf rz(t) = -»  and
t > t »> @ t +»> =

lim sup rz(t) = 0. Then (5.12) is B-oscillatory.
t o>
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Proof. Let x(t) be a bounded nonoscillatory solution of
(5.12) and assume that x(t) > 0 for t > tl > T. Let w(t) =
x(t) - rl(t). Then w(t) satisfies (5.12) (with r replaced
by rl) for every t > t. Since w(t) + rl(t) > 0, it follows

from Lemma 5.5 that w(n‘z)(t) > 0 for every t > t, for some
t2 > tl. Then w(t) is either positive or negative for all
large t. This implies x(t) > rl(t) or x(t) < rl(t) for all
large t, which both yield a contradiction. We omit the
argument for a negative x(t).

The following theorem improves a result of Liossatos
[205; Theorem 3.1.4].

THEOREM 5.7. Let p, H, and Q be as in Lemma 5.5, let p(t)
satisfy (5.14), H be decreasing in u, and

[ " (e, +k)dt = (5.15)
T

for every k > 0. Then if r(t) is oscillatory and lim r(t) = 0,
t+>oo

every nonoscillatory solution x(t) of (5.12) satisfies
lim |x(t)| = 0 or +e,

t+o

Proof. Let x(t) be a solution of (5.12) with x(t) > 0 for
12 T. Let w(t) = x(t) - r(t). Since w(t) + r(t) > 0,
it follows from Lemma 5.5 that w'™ “J(t) > 0 for every t >t
for some t, > t). Thus w(t) is either positive or negative

and monotonic for all large t. Let w(t) > 0 for all t > t

t>t

2

>t
3 - "2
Then if w(t) is unbounded, it satisfies lim w(t) = +», which
t>o

implies 1lim x(t) = +o, If w(t) is bounded, then, since n is
t>o

even, w'(t) < 0 for t > ts. Actually, we have (-l)Jw(j)(t) >0
for j = 1,2,...,n. This follows because no two consecutive
derivatives of w(t) can eventually be of the same sign due to
the boundedness of w(t). Now let lim w(t) = A > 0. Then,

t>o

given € with 0 < € < A/2 there exists ty > tg such that
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w(t) > A - ¢ and r(t) > -¢ for all t > ty- Thus, w(t) + r(t) >
A - 2¢e > 0 for all t > t,. Now consider the function

tn-lx(n'l)(t). By differentiation of this function and then

integration from t, to t > t, we obtain

4 4

t
e 1, (1) ey (n-1)f $0-2,(n=1) (oygs
t
4

t
> £, D ey - f sP lH(s ,A-2¢)ds
t
4
R . : . (n-1)
which implies, because of the negativeness of w (t) and
the integral condition on H,

t
lim f "2 (M1 64 = - (5.16)

Now the proof follows as in Theorem 1 of [133] to obtain

lim w(t) = +o, a contradiction to the boundedness of w(t).
t>oo

Consequently, A = 0, in which case 1lim x(t) - r(t) = 0 =

t+x

lim x(t). It remains to consider w(t) < 0 for all large t, but
t+

this is not allowed due to the oscillation of r(t). The
analogous proof for x(t) eventually negative is omitted.

Liossatos assumed in [205] that H(t,u) = q(t)g(u), with
q(t) < 0, ug(u) > 0 for u # 0, Q(t) = 0, and

[wtzq(t)dt = e (5.17)
T

instead of (5.15). We should note here that if H is separated

as above, then g(u) does not have to be increasing for all u,

as it would follow from the assumption on H of the above theorem
It is now obvious that if we want to apply the methods

exhibited above we must have qualitative information about

the solutions of (5.2) and (5.3) which is a serious problem in

itself, If we try functions r(t) with r(n)(t) = Q(t), then

the equations (5.3) and (5.13) must be replaced by
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n-1)

w(n) + p(t)[w + r(t)]( + H(t,w + r(t)) =0 (5.18)

w@® s pemw ¢ r ()12 s Ht,w s T(8)) = 0 (5.19)

for which there is nothing known (cf. Problems IV and V below).

OPEN PROBLEMS

PROBLEM I. Extend Atkinson's Theorem 2.2 to nth order
equations.

PROBLEM II. Extend and improve (by considering linear,
superlinear, and sublinear cases) Teufel's Theorem 3.3 to nth
order equations.

PROBLEM III. Extend Heidel's Theorem 2.11 to even
order equations.

PROBLEM IV. Study the oscillation of (5.1) using (5.18)
= x - (n) _
where w X r, T Q.
PROBLEM V. Study the oscillation of (5.12) using (5.19)
where w = x - 1, r(n) = Q.

PROBLEM VI. Provide conditions for the oscillation of
(5.12) in case n even, p(t) < 0, and uH(t,u) < 0 for u # 0.
(None known).

PROBLEM VII. Study the behavior of (5.12) where p and H
are not necessarily as above.

PROBLEM VIII. Extend Corollary 4.2 to equations with
nonlinear homogeneous parts.

PROBLEM IX. Establish conditions under which (III) is
oscillatory without necessarily requiring

lim[Q(t,u(t))/H(t,u(t))] = 0

to o
as in Theorem 4.5.

PROBLEM X. Same as above but for bounded solutions with-
out necessarily assuming that
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lim su [Q(t,u)/H(t,u)] =0
toe Ju]<k

as in Theorem 4.4.

PROBLEM XI. Extend the comparison Theorem 2.6 in any
possible direction.

PROBLEM XII. Study nth order forced 'dynamical systems"
generalizing results of Graef [80] and Burton, Townsend [37].

PROBLEM XIII. Prove or disprove: (II) is oscillatory if

H(t,u) = p(t)g(u), p:Ry > R, g'(uw) >0, ug(u) > 0 for u =0,
and, for every € > 0,

-

®.n-1 - e [T_ds - ds -
th p(t)de = +=, IEETET <t I_EETET <

provided that Q1 satisfies (Ql) with P(t) » 0 and oscillatory.
(cf. Legatos and Kartsatos [200], Bobisud [22], Travis [323],
Coles [55], Onose [246]). Consider also the general problem
for the two other cases as in Problem II, as well as the case
Q = 0.

PROBLEM XIV. Develop oscillation criteria in the spirit
of Howard [112] for the equation (II). (Howard's results are
rather difficult to apply, but very interesting and need some
"'smoothing'". His methods go back to 1962 [110] (cf. also [111].
It seems that Condition 3 in Theorem 1 there is impossible)).

PROBLEM XV. Obtain a classification of solutions of (II)
as in Ladas, Lakshmikantham, and Papadakis [196], by use of
w =Xx - P with P(n) = Q1 (cf. also Bogar [28], Staikos and
Sficas [296], Liu [207]).

PROBLEM XVI. Find upper and lower bounds for the non-
oscillatory solutions of (II) with uH(t,u) > 0. These bounds
define classes of functions by which we can provide integral
criteria for oscillation as in Theorem 4.5.



50

1.

10.

11.

12.

13.

14.

15.

16.

Kartsatos

REFERENCES

G. V. Ananeva and B. I. Balaganskii, Oscillation of the
solutions of certain differential equations of high
order, Uspehi Mat. Nauk 14 (1959), 135-140.

F. V. Atkinson, On second order nonlinear oscillation,
Pacific J. Math. 5 (1955), 643-647.

F. V. Atkinson, On second order differential inequalities,
Proc. Royal Soc. Edinburgh Sect. A 72 (1972/73), 109-127.

J. W. Baker, Oscillation theorems of a second order damped
nonlinear differential equation, SIAM J. Appl. Math. 25
(1973), 37-40.

R. Bellman, Stability theory of differential equations,
McGraw-Hill, New York, 1953.

§. Belohorec, Oscillatory solutions of certain nonlinear
differential equations of second order, Mat.-Fyz. Casopis
Sloven, Akad. Vied. 11 (1961), 250-255.

§. Belohorec, Oscillatory solutions of certain nonlinear
differential equations of second order, Mat.-Fyz. Casopis
Sloven. Akad. Vied. 12 (1962), 253-262.

S. Belohorec,uOn some properties of the equation
y"(x) + £(x)y (x) = 0, 0<a<l, Mat.-Fyz. Casopis Sloven.
Akad. Vied. 17 (1967), 10-19.

S. Belohorec, Monotone and oscillatory solutions of a
class of nonlinear differential equations, Mat.-Fyz.
Casopls Sloven., Akad. Vied. 19 (1969), 169-187.

S. Belohorec, A criterion for oscillation and non-
oscillation, Acta Fac. Rerum. Natur. Univ. Comenian 20
(1969-70), 75-79.

§. Belohorec, Two remarks on the properties of solutions
of a nonlinear differential equation, Acta Fac. Rerum.
Natur. Univ. Comenian 22 (1969), 19-26.

D. C. Benson, Comparison theory for y 12 2p(x)y =
-p(x)a(x), SIAM J. Appl. Math. 21 (1971), 9 286

D. C. Benson, Oscillation of solutions of a general1zed
Liénard equat1on Proc. Amer. Math. Soc. 33 (1972),
101-106.

D. C. Benson, Comparison and oscillation theory for
Liénard's equatlon with positive damping, SIAM J. Appl.
Math. 24 (1973), 251-271.

S. R. Bernfeld and A. Lasota, Quickly oscillating
solutions of autonomous ordinary differential equations,
Proc. Amer. Math. Soc. 30 (1971), 519-526.

S. R. Bernfeld and J. A. Yorke, The behav1our of
oscillatory solutions of x"(t)+p(t)g(x(t)) 0, SIAM J.
Math. Anal. 3 (1972), 654-667



Recent Results on Oscillation 51

17.

18.

19.

20.

21.

22.

23,

24,

25.

26.

27.

28.

29,

30.

31.

32.

N. P. Bhatia, Some oscillation theorems for second order
differential equations, J. Math. Anal. Appl. 15 (1966),
442-446.

I. Bihari, Ausdehnung der Sturmschen Oszillations und
Vergleichssidtze auf die L&sungen gewisser nichtlinearen
differentialgleichungen sweiter Ordnung, Magyar Tud.
Acad. Mat. Kutaté Int. Kozl. 2 (1957), 155-173.

I. Bihari, Extension of certain theorems of the Sturmian
type to nonlinear second order equations, Magyar Tud. Acad.
Mat. Kutat6é Int. Kozl. 3 (1958), 13-20.

I. Bihari, Oscillation and monotonity theorems concerning
nonlinear differential equations of the second order,
Acta Math., Sci. Hungarica 9 (1958), 83-104.

I. Bihari, An oscillation theorem concerning the half-
line differential equation of the second order, Magyar
Tud. Akad. Kutaté Int. Kozl. 8 (1963), 275-280.

L. E. Bobisud, Oscillation of nonlinear second order
equations, Proc. Amer. Math. Soc. 23 (1969), 501-505.

L. E. Bobisud, Oscillation of nonlinear differential
equations with small nonlinear damping, SIAM J. Appl.
Math. 18 (1970), 74-76.

L. E. Bobisud, Comparison and oscillation theorems for
nonlinear second-order diffcrential equations, J. Math.
Anal. Appl. 32 (1970), 5-14.

L. E. Bobisud, Oscillation of solutions of damped non-
linear equations, SIAM J. Appl. Math. 19 (1970), 601-606.

L. E. Bobisud, Oscillation of second-order differential
equations with retarded argument, J. Math. Anal. Appl.
43 (1973), 201-205,

G. A. Bogar, Oscillation properties of two term linear
differential equations, Trans. Amer. Math. Soc. 161
(1971), 25-33.

G. A. Bogar, Oscillations of nth order differential
equations with retarded argument, SIAM J. Math. Anal. 5
(1974), 473-481.

J. S. Bradley, Oscillation theorems for a second order
delay equation, J. Differential Equations 8 (1970),
394-403.

F. Burkowski, Oscillation theorems for a second order
nonlinear functional differential equation, J. Math.
Anal. Appl. 33 (1971), 258-262.

F. Burkowski, Nonlinear oscillation of a second order
sublinear functional differential equation, SIAM J.
Appl. Math. 21 (1971), 486-490.

T. A. Burton and R. C. Grimmer, Stability properties of
gr(t)u')' + a(t)f(u)g(u') = 0, Monatsh. Math. 74 (1970),
11-222.



52

33.

34,

35.

36.

37.

38.

39.

40.

41.

42,

43,

44,

45,

46.

47.

Kartsatos

T. A. Burton and R. Grimmer, On continuability of
solutions of second order differential equations, Proc.
Amer. Math. Soc. 29 (1971), 277-283.

T. A. Burton and R. Grimmer, On the asymptotic behavior
of solutions of x'"+a(t)f(x) = e(t), Pacific J. Math. 41
(1972), 43-55.

T. Burton and R. Grimmer, Oscillatory solutions of

x" + a(t)f(x(q(t))) = 0, in Delay and Functional Diff.
Equations and their Applications, Academic, New York,
1972, 335-343.

T. Burton and R. Grimmer, Oscillation, continuation, and
uniqueness of solutions of retarded differential equations,
Trans. Amer. Math. Soc. 179 (1973), 193-209.

T. A. Burton and C. G. Townsend, On the Generalized
Liénard equation with forcing function, J. Differential
Equations 4 (1968), 620-633.

G. J. Butler, The oscillatory behaviour of a second order
nonlinear diffcrential equation with damping, J. Math.
Anal. Appl., to appear.

G. J. Butler, Oscillation theorems for a nonlinear
analogue of Hill's equation, Quart. J. Math. Oxford,
to appear.

G. J. Butler, The existence of continuable solutions of
a second order differential equation, to appear.

Y. V. Bykov, L. Y. Bykova and E. 1. Sercov, Sufficient
conditions for oscillation of solutions of nonlinear
differential equations with deviating argument,
Differencial'nye Uravnenija 9 (1973), 1555-1560.

Y. V. Bykov and G. D. Merzlyakova, On the oscillatoriness
of solutions of nonlinear differential equations with a
deviating argument, Differencial'nye Uravnenija 10
(1974), 210-220.

Y. M. Chen, An oscillation criterion for the second order
nonlinear differential equation x'" + F(x'z,xz,t) =0,
Quart. J. Math. Oxford Ser. (2) 24 (1973), 165-168.

Kuo-Liang Chiou, A second order nonlinear oscillation
theorem, SIAM J. Appl. Math. 21 (1971), 221-224.

Kuo-Liang Chiou, A nonoscillation theorem for the super-
linear case of second order differential equations

v + yE(y2,x) = 0, SIAM J. Appl. Math. 23 (1972),
456-459.

Kuo-Liang Chiou, The existence of oscillatory solutions

for the equation y"+q(t)yr = 0, 0<r<l, Proc. Amer. Math.
Soc. 35 (1972), 120-122.

Kuo-Liang Chiou, Oscillation and nonoscillation theorems
for second order functional differential equations, J.
Math. Anal. Appl. 45 (1974), 382-403.



Recent Results on Oscillation 53

48.

49.

50.

51.

52.

53.

54,

55.

56.

57.

58.

59.

60.

61.

62.

63.

C. V. Coffman and D. F. Ullrich, On the continuation of
solutions of a certain nonlinear differential equation,
Monatsh. Math. 71 (1967), 385-392.

C. V. Coffman and J. S. W. Wong, Second order nonlinear
oscillations, Bull. Amer. Math. Soc. 75 (1969), 1379-1382.

C. V. Coffman and J. S. W. Wong, On a second order non-
linear oscillation problem, Trans. Amer. Math. Soc. 147
(1970), 357-366.

C. V. Coffman and J. S. W. Wong, Oscillation and non-
oscillation of solutions of generalized Emden-Fowler
equations, Trans. Amer. Math. Soc. 167 (1972), 399-434.

C. V. Coffman and J. S. W. Wong, Oscillation and non-
oscillation theorems for second order ordinary differential
equations, Funkcial. Ekvac. 15 (1972), 119-130.

W. J. Coles, A simple proof of a well-known oscillation
theorem, Proc. Amer. Math. Soc. 19 (1968), 507.

W. J. Coles, An oscillation criterion for second-order
linear differential equations, Proc. Amer. Math. Soc.
19 (1968), 755-759.

W. J. Coles, Oscillation criterion for nonlinear second
order equations, Ann. Mat. Pura Appl. (4) 82 (1969),
123-133.

W. J. Coles, A nonlinear oscillation theorem, International
Conference on Differential Equations, Academic, New York,
1975, 193-202.

W. J. Coles and D. Willett, Summability criteria for
oscillation of second order linear differential equations,
Ann, Mat. Pura Appl. (4) 79 (1968), 391-398.

R. S. Dahiya, Nonoscillation of arbitrary order retarded
differential equations of non-homogeneous type, Bull.
Austral. Math. Soc. 10 (1974), 453-458.

R. S. Dahiya, Oscillation generating delay terms in even
orger retarded equations, J. Math. Anal. Appl. 49 (1975),
158-164.

R. S. Dahiya and B. Singh, A Lyapunov inequality and
nonoscillation theorem for a second order nonlinear
differential-difference equation, J. Math. Phys. Sci.
7 (1973), 163-170.

R. S. Dahiya and B. Singh, On oscillatory behaviour of
even order delay equations, J. Math. Anal. Appl. 42
(1973), 183-190.

R. S. Dahiya and B. Singh, Certain results on nonoscillation
and asymptotic nature of delay equations, Hiroshima
Math. J. 5 (1975), 7-15.

K. M. Das, Properties of solutions of certain nonlinear

differential equations, J. Math. Anal. Appl. 8 (1964),
445-451,



54

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

Kartsatos

Y. I. DomSlak, On the oscillation of solutions of vector
differential equations, Soviet Math. Dokl. 11 (1970),
21-23.

Y. I. DomS$lak, On oscillation of solutions of differential
equations of second order, Differencial'nye Uravnenija
7 (1971), 205-214.

Y. I. Dom$lak, On oscillatory and nonoscillatory solutions
of vector differential equations, Differencial'nye
Uravnenija 7 (1971), 961-969.

L. Erbe, Nonoscillatory solutions of second order non-
linear differential equations, Pacific J. Math. 28
(1969), 77-85.

L. Erbe, Oscillation theorems for second order nonlinear
differential equations, Proc. Amer. Math. Soc. 24 (1970),
811-814.

L. Erbe, Oscillation criteria for second order nonlinear
differential equations, Ann. Mat. Pura Appl. (4) 94
(1972), 257-268.

L. Erbe, Oscillation criteria for second order nonlinear
delay equations, Canad. Math. Bull. 16 (1973), 49-56.

L. Erbe and J. S. Muldowney, On the existence of
oscillatory solutions to nonlinear differential equations,
Ann. Mat. Pura Appl., to appear.

W. B. Fite, Concerning the zeros of the solutions of
certain differential equations, Trans. Amer. Math. Soc.
19 (1918), 341-352.

K. Foster, Criteria for oscillation and growth of
nonoscillatory solutions of forced differential equations
of even order, J. Differential Equations 20 (1976),
115-132.

K. Foster, Oscillations of forced sublinear differential
equations of even order, J. Math. Anal. Appl.,
to appear.

J. B. Garner, Oscillatory criteria for a general second
order functional differential equation, SIAM J. Appl.
Math. 29 (1975), 690-698.

H. E. Gollwitzer, On nonlinear oscillations for a second
order delay equation, J. Math. Anal. Appl. 26 (1969),
385-389.

H. E. Gollwitzer, On the nonoscillatory behaviour of a
second order linear equation, Quart. J. Math. Oxford
Ser. (2) 21 (1970), 125-128.

H. E. Gollwitzer, Nonoscillation theorems for a nonlinear
differential equation, Proc. Amer. Math. Soc. 26 (1970),
78-84.

H. E. Gollwitzer, Growth estimates for nonoscillatory
solutions of a nonlinear differential equation, Casopis
Pest. Mat. 96 (1971), 119-125.



Recent Results on Oscillation 55

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92,

93.

94.

J. R. Graef, On the Generalized Liénard equation with
negative damping, J. Differential Equations 12 (1972),
34-62.

J. R. Graef, Oscillation, nonoscillation, and growth of
solutions of nonlinear functional differential equations
of arbitrary order, J. Math. Anal. Appl., to appear.

J. R. Graef, Some nonoscillation criteria for higher
order nonlinear differential equations, Pacific J. Math.,
to appear.

J. R. Graef, A comparison and oscillation result for
second order nonlinear differential equations, to appear.

J. R. Graef and P. W. Spikes, A nonoscillation result
for second order ordinary differential equations, Rend.
Accad. Sci. Fis. Mat. Napoli (4) 41 (1974), 3-12.

J. R. Graef and P. W, Spikes, Asymptotic behaviour of
solutions of a second order nonlinear differential
equation, J. Differential Equations 17 (1975), 461-476.

J. R. Graef and P. W. Spikes, Nonoscillation theorems

for forced second order nonlinear differential equations,
Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur.,
to appear.

J. R. Graef and P. W. Spikes, Asymptotic properties of
solutions of functional differential equations of
arbitrary order, J. Math. Anal. Appl., to appear.

M. K. Grammatikopoulos, Oscillatory and asymptotic
behaviour of differential equations with deviating
arguments, Hiroshima Math. J. 6 (1976), 31-53.

M. K. Grammatikopoulos, Y. G. Sficas, and V. A. Staikos,
Oscillatory properties of strongly superlinear
differential equations with deviating arguments, Univ.
Ioannina, Tech. Report No. 36, 1975.

M. K. Grammatikopoulos, Y. G. Sficas, and V. A. Staikos,
Asymptotic and oscillatory criteria for retarded
differential equations, Univ. Ioannina, Tech. Report No.
37, 1975.

M. K. Grammatikopoulos, Y. G. Sficas, and V. A. Staikos,
On the types of nonoscillatory solutions of differential
equations with deviating arguments, University of
Ioannina, Tech. Report No. 46, 1975.

G. W. Grefsrud, Existence and oscillation of solutions
of certain functional differential equations, Ph.D.
Thesis, Montana State Univ., Bozeman, 1971.

G. W. Grefsrud, Oscillatory properties of solutions of
certain n-th order functional differential equations,
Pacific J. Math. 60 (1975), 83-93.

R. Grimmer, On nonoscillatory solutions of a nonlinear
differential equation, Proc. Amer. Math. Soc. 34 (1972),
118-120.



56

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

Kartsatos

R. Grimmer, Oscillation criteria and growth of non-
oscillatory solutions of even order ordinary and delay-
differential equations, Trans. Amer. Math. Soc. 198
(1974), 215-228.

R. Grimmer and W. T. Patula, Nonoscillatory solutions of
forced second order linear equations, to appear.

G. B. Gustafson, Oscillation criteria for y"+p(t)f(y,y )
0 with f homogeneous of degree one, Canadian J. Math
25 (1973), 323-337.

G. B. Gustafson, Bounded oscillations of linear and non-
linear delay differential equations of even order, J.
Math. Anal. Appl. 46 (1974), 175-189.

M. E. Hammett, Oscillation and nonoscillation theorems
for nonhomogeneous linear differential equations of
second order, Ph.D. Dissertation, Auburn University,
Auburn, 1967.

M. E. Hammett, Nonoscillation properties of a nonlinear
differential equation, Proc. Amer. Math. Soc. 30 (1971),
92-96.

J. W. Heidel, Qualitative behaviour of solutions of a
third order nonlinear differential equation, Pacific J.
Math. 27 (1968), 507-526.

J. W. Heidel, A nonoscillation theorcm for a nonlinear
second order differential equation, Proc. Amer. Math.
Soc. 22 (1969), 485-488.

J. W. Heidel, The existence of oscillatory solutions for
a nonlinear odd order differential equation, Czechoslvak
Math. J. 20 (1970), 93-97.

J. W. Heidel, Rate of growth of nonoscillatory solutions

for the differential equation y"+q(t)|y|Ysgny = 0,
0<y<1l, Quart. J. Appl. Math. 28 (1971), 601-606.

J. W. Heidel and D. B. Hinton, Existence of oscillatory
solutions for a nonlinear differential equation, SIAM
J. Math. Anal. 3 (1972), 344-351,

J. W. Heidel and I. T. Kiguradge, Oscillatory solutions

for a generalized sublinear second order differential
equation, Proc. Amer. Math. Soc. 38 (1973), 80-82.

Y. Hino, On oscillation of the solution of second order
functional differential equations, Funkcial. Ekvac. 17
(1974), 95-105.

D. Hinton, An oscillation criterion for solutions of
(ry')'+qu = 0, Michigan Math. J. 16 (1969), 349-352,

J. W. Hooker, Existence and oscillation theorems for a
class of non-linear second order differential equations,
J. Differential Equations 5 (1969), 283-306.



Recent Results on Oscillation 57

110.

111,

112.

113,

114,

115.

117.

118.

119.

120.

121.

122.

123.

124.

125.

H. C. Howard, Oscillation and nonoscillation criteria for
y"(x)+£f(y(x))-p(x) = 0, Pacific J. Math. 12 (1962),
243-251.

H. C. Howard, Oscillation criteria for even order
differential equations, Ann., Mat. Pura Appl. (4) 66
(1964), 221-231.

H. C. Howard, Oscillation and nonoscillation criteria
for nonhomogeneous differential equations, to appear.

H. C. Howard and T. L. Hayden, Oscillation of
differential equations in Banach spaces, Ann. Mat. Pura
Appl. (4) 85 (1970), 383-394,

D. V. Izumova, On conditions for oscillation and non-
oscillation for solutions of a nonlinear differential
equation of the second order, Differencial'nye
Uravnenija 12 (1966), 1572-1586.

D. V. Izumova and I. T, Kiguradge, Some remarks on the
solutions of the equation u" + a(t)f(u) = 0,
Differencial'nye Uravnenija 4 (1968), 589-605.

M. Jasny, On the existence of an oscillatory solution of
the nonlinear differential equation of second order

y" o+ f(x))'zn-1 = 0, f(x)>0, Casopis Pest. Mat. 85 (1960),
78-83.

J. Jones, Jr., On the extension of a theorem of Atkinson,
Quart. J. Math. Oxford Ser. (2) 7 (1956), 306-309.

J. Jones, Jr., On a nonlinear second order differential
equation, Proc. Amer. Math. Soc. 9 (1958), 586-588.

I. V. Kamenev, On oscillatory solutions of nonlinear
equations of second order, Trans. Moscow Electrical -
Machine Design Institute 5 (1969/70), 125-136.

I. V. Kamenev, On some criteria of oscillation of solutions
of ordinary differential equations of second order,
Mat. Zametki 8 (1970), 773-776.

I. V. Kamenev, Oscillation of solutions of second-order
nonlinear equations with sign-variable coefficients,
Differencial'nye Uravnenija 6 (1970), 1718-1721.

I. V. Kamenev, Oscillation of solutions of a high-order
nonlinear equation, Differencial'nye Uravnenija 7 (1971),
927-929.

I. V. Kamenev, A sufficient condition for oscillation of
solutions of a high-order differential equation, Mat.
Zametki 9 (1971), 421-423.

I. V. Kamenev, On some specific nonlinear oscillation
theorems, Mat. Zametki 10 (1971), 129-134.

I. V. Kamenev, On integral criteria for nonoscillation,
Mat. Zametki 13 (1973), 51-54.



58

126.

127.

128.

129.

130.

131.

132.

133.

134,

135.

136.

137.

138.

139.

140.

141.

Kartsatos

G. A. Kamenskii, On the solutions of a linear homogeneous
second order differential equation of the unstable type
with retarded argument, Trudy Sem. Teor, Differents. Uravn
Otklon. Argum. 2 (1963), 82-93.

A. G. Kartsatos, Some theorems on oscillations of certain
nonlinear second order ordinary differential equations,
Archiv Math. 18 (1967), 425-429.

A. G. Kartsatos, On the relation between boundedness
and oscillation of differential equations of second
order, Canad. Math. Bull. 10 (1967), 675-679.

A. G. Kartsatos, Properties of bounded solutions of
nonlinear equations of second order, Proc. Amer. Math.
Soc. 19 (1968), 1057-1059.

A. G. Kartsatos, On oscillations of nonlinear equations
of second order, J. Math. Anal. Appl. 24 (1968), 663-668.

A. G. Kartsatos, On oscillation and boundedness of
solutions of second order nonlinear equations, Boll. Un.
Mat. Ital. (4) 4 (1968), 357-361.

A. G. Kartsatos, Criteria for oscillation of solutions of
differential equations of arbitrary order, Proc. Japan
Acad. 44 (1968), 599-602.

A. G. Kartsatos, On oscillations of even order nonlinear
differential equations, J. Differential Equations 6
(1969), 232-237,

A. G. Kartsatos, Contributions to the research of the
oscillation and the asymptotic behaviour of solutions of
ordinary differential equations, Bull. Soc. Math. Gréce
10 (1969), 1-48. (Greek).

A. G. Kartsatos, Oscillation properties of solutions of
even order differential equations, Bull. Fac. Sci.
Ibaraki Univ. Ser. A (1969), 9-14,

A. G. Kartsatos, On the maintenance of oscillations of
nth order equations under the effect of a small forcing
term, J. Differential Equations, 10 (1971), 355-363.

A. G. Kartsatos, Oscillation of nonlinear systems of
matrix differential equations, Proc. Amer. Math. Soc.
30 (1971), 97-101.

A. G. Kartsatos, On the maintenance of oscillations under
the effect of a periodic forcing term, Proc. Amer. Math.
Soc. 34 (1972), 377-383.

A. G. Kartsatos, On positive solutions of perturbed non-
linear differential equations, J. Math. Anal. Appl. 47
(1974), 58-68.

A. G. Kartsatos, On nth order differential inequalities,
J. Math. Anal. Appl. 52 (1975), 1-9.

A. G. Kartsatos, Oscillation and existence of unique
positive solutions for nonlinear nth order equations
with forcing term, Hiroshima Math. J. 6 (1976), 1-6.



Recent Results on Oscillation 59

142,

143,

144,

145,

146.

147,

148,

149.

150.

151.

152.

153.

154.

155.

156.

157.

A. G. Kartsatos, Analysis of the effect of certain
forcings on the nonoscillatory solutions of even order
equations, to appear.

A. G. Kartsatos, Oscillation of nth order equations with
perturbations, J. Math. Anal. Appl. to appear.

A. G. Kartsatos, Oscillation and nonoscillation for
perturbed differential equations, to appear.

A. G. Kartsatos, Nth order oscillations with middle
terms of order n-2, to appear.

A. G. Kartsatos, Analysis of the effect of certain
forcings on the nonoscillatory solutions of even order
equations, to appear.

A. G. Kartsatos, On the behaviour near infinity of
oscillatory solutions of functional n-th order equations,
to appear.

A. G. Kartsatos and M. N. Manougian, Perturbations
causing oscillations of functional-differential equations,
Proc. Amer. Math. Soc. 43 (1974), 111-117.

A. G. Kartsatos and M. N. Manougian, Further results on
oscillation of functional differential equations, J.
Math. Anal., Appl. 53 (1976), 28-37.

A. G. Kartsatos and H. Onose, On the maintenance of
oscillations under the effect of a small nonlinear

damplng, Bull. Faculty Sci. Ibaraki Univ., Ser. A (1972),
1-11

A. G. Kartsatos and H. Onose, Remarks on oscillation of
second order differential equations, Bull. Faculty Sci.
Ibaraki Univ. Ser. A (973), 23-31.

A. G. Kartsatos and J. Toro, Oscillation and asymptotic
behaviour of forced nonlinear equations’, to appear.

A. G. Katranov, On zeros of oscillatory solutions of the
equation x" + a(t)f(x) = 0, Differencial'nye Uravnenija
7 (1971), 930-933.

A. G. Katranov, On the question of asymptotic behaviour
of oscillatory solutions of nonlinear differential
equations of second order, Differencial'nye Uravnenija
8 (1972), 785-789.

A. G. Katranov, On asymptotic behaviour of oscillatory
solutions of the equation x"+f(t,x)g(x) = 0, Differencial'
nye Uravnenija 8 (1972), 1111-1115.

M. S. Kenner, On the solutions of certain linear
nonhomogeneous second-order differential equations,
Applicable Anal. 1 (1971), 57-63.

I. T. Kiguradge, On oscillatory solutions of some
ordinary differential equations, Soviet Math. Dokl.
144 (1962), 33-36.



60 Kartsatos

158. I. T. Kiguradge, On conditions for oscillation of solutions

of the equation u" + a(t)[ulnsgnu = 0, Casopis Pest. Mat.
87 (1962), 492-495.

159. I. T. Kiguradge, On oscillatory solutions of the equation

d™u/dt™ + a(t)|u|Msignu = 0, Mat. Sbornik 65 (107)(1964),
172-187.

160. I. T. Kiguradge, On the question of oscillation of
solutions of nonlinear differential equations, Differencial'
nye Uravnenija 1 (1965), 995-1006.

161. I. T. Kiguradge, A note on the oscillation of solutions of

the equation u" + a(t)lu!n sgnu = 0, Casopis Pe3t. Mat.
92 (1967), 343-350.

162. I. T. Kiguradge, The oscillatoriness of solutions of non-
linear ordinary differential equations, Proc. Fifth
Inter. Conf. Nonlinear Oscillations, Vol. 1, Kiev, 1970,
293-298.

163. A. Kneser, Untersuchungen uber die reellen Nullstellen
der Integrale linearer Differentialgleichungen, Math.
Annalen 42 (1893), 409-435.

164. V. Komkov, On boundedness and oscillation of the
d1fferent1a1 equation x" + A(t)g(x) = f(t) in Rn, SIAM
J. Appl. Math. 22 (1972), 561-568.

165. V. Komkov, On the location of zeros of second order
differential equations, Proc. Amer. Math. Soc. 35 (1972),
217-222.

166. V. Komkov, A technique for the detection of oscillation
of second order ordinary differential equations, Pacific
J. Math. 42 (1972), 105-115.

167. V. Komkov, A generalization of Leighton's variational
theorem, Applicable Anal. 1 (1972), 1-7.

168. V. Komkov, Asymptotic behaviour of nonlinear inhomogeneous
differential equations via non-standard analysis,
Part II. Ann. Polon. Math. 30 (1974), 93-106.

169. V. Komkov and C. Waid, Asymptotic behaviour of nonlinear
inhomogeneous equations via non-standard analysis, Part
I. Ann. Polon. Math. 28 (1973), 67-86.

170. V. A. Kondrat'ev, Oscillatory properties of solutions of

the equation y(n) + p(x)y = 0, Trudy Moskov Mat. Obsc.
10 (1961), 419-436.

171. R. G. Koplatadge, On the existence of oscillatory
solutions of second order nonlinear differential
equations with retarded argument, Soviet Math. Dokl.
210 (1973), 260-262.

172. R. G. Koplatadge, On oscillatory solutions of second
order delay differential inequalities, J. Math. Anal.
Appl. 42 (1973), 148-157.



Recent Results on Oscillation 61

173. R. G. Koplatadge, Remarks on the oscillation of solutions
of higher order differential inequalities and equations
with retarded argument, Differencial'nye Uravneniya 10
(1974), 1400-1405.

174, G. C. T. Kung, Oscillation and nonoscillation of
differential equations with time lag, SIAM J. Appl. Math.
21 (1971), 207-213.

175. J. Kurzweil, A note on oscillatory solution of equation
y' o+ £()y2™ 1 = 0, Casopis Peit. Mat. 85 (1960), 357-358.

176. T. Kusano, Oscillatory behavior of solutions of higher-
order retarded differential equations, Proc. C.
Caratheodory Symp., Math. Soc. Gréce, Athens, 1973,
370-389.

177. T. Kusano and M. Naito, Nonlinear oscillation of second
order differential equations with retarded argument,
Ann. Mat. Pura Appl. (4) 106 (1975), 171-185.

178. T. Kusano and M. Naito, Nonlinear oscillation of fourth
order differential equations, Canad. J. Math., to appear.

179. T. Kusano and H. Onose, Oscillation of solutions of non-
linear differential delay equations of arbitrary order,
Hiroshima Math. J. 2 (1972), 1-13.

180. T. Kusano and H. Onose, Oscillation theorems for delay
equations of arbitrary order, Hiroshima Math. J. 2
(1972), 263-270.

181. T. Kusano and H. Onose, Nonlinear oscillation of a sub-
linear delay equation of arbitrary order, Proc. Amer.
Math, Soc. 40 (1973), 219-224.

182. T. Kusano and H. Onose, An oscillation theorem for
differential equations with deviating argument, Proc.
Japan Acad. 50 (1974), 809-811.

183. T. Kusano and H. Onose, Oscillations of functional
differential equations with retarded argument, J.
Differential Equations 15 (1974), 269-277.

184, T. Kusano and H. Onose, Oscillatory and asymptotic
behavior of sublinear retarded differential equations,
Hiroshima Math. J. 4 (1974), 343-355,

185. T. Kusano and H. Onose, Nonoscillatory solutions of
differential equations with retarded arguments, Bull.
Fac. Sci. Ibaraki Univ. Ser. A (1975), 1-11.

186. T. Kusano and H. Onose, Asymptotic behaviour of
nonoscillatory solutions of second order functional
differential equations, Bull. Austral. Math. Soc. 13
(1975), 291-299.

187. T. Kusano and H. Onose, Remarks on the oscillatory
behaviour of solutions of functional differential
equations with deviating argument, Hiroshima Math. J.
6 (1976), 183-189.



62

188.

189.

190.

191.

192,

193.

194.

195,

196.

197.

198.

199,

200.

201.

202.

Kartsatos

T. Kusano and H. Onose, Nonoscillation theorems for
differential equations with deviating argument, Pacific
J. Math. 63 (1976), 185-192.

T. Kusano and H. Onose, Asymptotic behavior of non-
oscillatory solutions of functional differential
equations of arbitrary order, J. London Math. Soc.,
to appear.

T. Kusano and H. Onose, Asymptotic behavior of non-
oscillatory solutions of nonlinear differential equations
with forcing term, Ann. Mat. Pura Appl., to appear.

T. Kusano, H. Onose, and H. Tobe, On the oscillation of
second order nonlinear ordinary differential equations,
Hiroshima Math. J. 4 (1974), 491-499.

G. Ladas, On oscillation and boundedness of solutions of
nonlinear differential equations, Bull. Soc. Math. Gréce
10 (1969), 48-54.

G. Ladas, Oscillation and asymptotic behaviour of
solutions of differcntial equations with retarded
argument, J. Differential Equations 10 (1971), 281-290.

G. Ladas, G. Ladde, and J. S. Papadakis, Oscillations
of functional-differential equations generated by delays,
J. Differential Equations 12 (1972), 385-395.

G. Ladas and V. Lakshmikantham, Oscillations caused by
retarded actions, Applicable Anal. 4 (1974), 9-15.

G. Ladas, V. Lakshmikantham, and J. S. Papadakis,
Oscillations of higher-order retarded differential
equations generated by the retarded argument, in Delay
and Functional Differential Equations and Their
Applications, Academic, New York, 1972, 219-231.

G. S. Ladde, Oscillations of nonlinear functional
differential equations generated by retarded actions,
in Delay and Functional Differential Equations and
Their Applications, Academic, New York, 1972, 355-365.

B. S. Lalli and R. P. Jahagirdar, Comparison theorems
of Levin type, J. Math. Anal. Appl. 49 (1975), 705-709.

A. Lasota, On convergence to zero of oscillating
integrals of an ordinary differential equation of the
second order, Zeszyty Nauk Uniw. Jagiell. Prace Mat. 6
(1961), 27-33.

G. G. Legatos and A. G. Kartsatos, Further results on
oscillation of solutions of second order equations,
Math, Japon. 14 (1968), 67-73.

W. Leighton, The detection of the oscillation of
solutions of a second order linear differential equation,
Duke Math. J. 17 (1950), 57-62.

W. Leighton, Comparison theorem for linear differential
equations of second order, Proc. Amer. Math. Soc. 13
(1962), 603-610.



Recent Results on Oscillation 63

203.

204.

205.

206.

207.

208.

209.

210.

212,

213,

214,

215.

216.

217.

218.

I. Licko and M. évec, Le caractere oscillatorie des

(n) o

solutions de 1l'equation y no, f(x)y" = 0, n>1,
Czechoslovak Math. J. 13 (1963), 481-489.

G. E. Liossatos, Some oscillation theorems for second
order nonlinear differential equations with functional
argument, Bull. Soc. Math. Gréce 11 (1970), 61-65.

G. E. Liossatos, Qualitative behaviour of solutions on
nonlinear differential equations of order n, Doct.
Dissertation, Univ. of Athens, Athens, Greece, 1973.

Tsai-Sheng Liu, Oscillation of even order differential
equations with deviating arguments, Pacific J. Math.
61 (1975), 493-502.

Tsai-Sheng Liu, Classification of solutions of higher
order differential equations and inequalities with
deviating arguments, J. Differential Equations 21 (1976),
417-430.

Tsai-Sheng Liu, Oscillation of solutions of higher order
functional differential equations and damped differential
equations, to appear.

Stig-0lof Londen, Some nonoscillation theorems for a
second order nonlinear differential equation, SIAM J.
Math. Anal. 4 (1973), 460-46S.

D. L. Lovelady, On the oscillatory behaviour of bounded
solutions of higher order differential equations, J.
Differential Equations 19 (1975), 167-175.

D. L. Lovelady, Asymptotic analysis of a second order
nonlinear functional differential equation, Funkc.
Ekvacioj 18 (1975), 15-22.

D. L. Lovelady, Nonoscillation in linear second order
differential equations, Hiroshima Math. J. 5 (1975),
135-139.

D. L. Lovelady, Oscillation and a class of linear delay
equations, to appear.

D. L. Lovelady, Oscillation and a class of forced even
order differential equations, to appear.

D. L. Lovelady, Positive bounded solutions for a class
of linear delay differential equations, to appear.

M. Luczynski, On the convergence to zero of oscillating
solutions of an ordinary differential equation of order
n, Zeszyty Nauk Uniw, Jagiell. Prace Mat. 7 (1962), 17-20

J. W. Macki and J. S. W. Wong, Oscillation of solutions
to second-order nonlinear differential equations,
Pacific J. Math. 24 (1968), 111-117.

W. Mahfoud, A noncontinuation criterion for an n-th
order equation with a retarded argument, This Volume,
Chapter 11.



64

219.

220.

221.

222.

224,

225.

226.

227.

228.

229.

230.

231.

232.

233.

234,

Kartsatos

W. E. Mahfoud, Noncontinuation and uniqueness of

solutions of the delay equation x(n)(t) +
a(t)e(x(t))f(x(q(t))) = 0, J. Math. Anal. Appl., to
appear,

W. E. Mahfoud, Oscillation and asymptotic behavior of
solutions of nth order nonlinear delay differential
equations, J. Differential Equations, to appear.

W. E. Mahfoud, Remarks on some oscillation theorems for
nth order differential equations with a retarded
argument, to appear.

P. Marusiak, Note on the Ladas' paper on oscillation and
asymptotic behaviour of solutions of differential
equations with retarded argument, J. Differential
Equations 13 (1973), 150-156.

P. Marusiak, Oscillation of solutions of the delay
differential equation y (%M (t) + TP (O rIh ()] = 0,
n>1, Casopis Pe3t. Mat. 99 (1974), 131-141.

J. G. Mikusinski, On Fite's oscillation theorems, Colloq.
Math. 2 (1949), 34-39.

W. E. Milne, A theorem on oscillation, Bull. Amer. Math.
Soc. 28 (1922), 102-104.

R. A. Moore, The behaviour of solutions of a linear
differential equation of second order, Pacific J. Math.
S (1955), 125-145.

R. A. Moore and Z. Nehari, Non-oscillation theorems for
a class of nonlinear differential equations, Trans. Amer.
Math. Soc. 93 (1959), 30-52.

M. Naito, Oscillation theorems for a damped nonlinear
differential equation, Proc. Japan Acad. 50 (1974),
104-108.

M. Naito, Oscillations of differential inequalities with
retarded arguments, Hiroshima Math. J. 5 (1975), 187-192.

M. Naito, Oscillation criteria for a second order
differential equation with a damping term, to appear.

Z. Nehari, On a class of nonlinear second-order
differential equations, Trans. Amer. Math. Soc. 95
(1960), 101-123.

Z. Nehari, Oscillation theorems for systems of linear
equations, Trans. Amer. Math. Soc. 139 (1969), 339-347.

Z. Nehari, A nonlinear oscillation problem, J.
Differential Equations 5 (1969), 452-460.

Z. Nehari, Oscillation and boundedness criteria for a
class of nonlinear differential systems, J.
Differential Equations 11 (1972), 1-9.



Recent Results on Oscillation 65

235. Z. Nehari, A nonlinear oscillation theorem, Duke Math.
J. 42 (1975), 183-189.

236. 0. N. Odari¢ and V. N. Sevelo, Certain problems of the
asymptotic behaviour of solutions of nonlinear
differential equations with retarded argument, Differencial'
nye Uravnenija 9 (1973), 637-646.

237. S. N. Olekhnik, Oscillatory character of solutions of a
system of ordinary differential equations of second
order, Differencial'nye Uravnenija 9 (1973), 2146-2151.

238. H. Onose, Oscillatory property of certain nonlinear
ordinary differential equations, Proc. Japan Acad. 44
(1968), 110-113.

239, H. Onose, Oscillatory property of certain nonlinear
ordinary differential equations, II, Proc. Japan Acad.
44 (1968), 876-878.

240. H. Onose, Oscillatory property of ordinary differential
equations of arbitrary order, J. Differential Equations
7 (1970), 454-458.

241. H. Onose, Oscillatory property of certain nonlinear
ordinary differential equations, SIAM J. Appl. Math. 18
(1970), 715-719.

242. H. Onose, Oscillation theorems for nonlinear second order
differential equations, Proc. Amer. Math. Soc. 26 (1970),
461-464,

243, H. Onose, Oscillatory properties of solutions of even
order differential equations, Pacific J. Math. 38 (1971),
747-757.

244, H. Onose, Some oscillation criteria for nth order non-
linear delay-differential equations, Hiroshima Math. J.
1 (1971), 171-176.

245. H. Onose, On oscillations for solutions of nth order
differential equations, Proc. Amer. Math. Soc. 33 (1972),
495-500.

246. H. Onose, On oscillations of nonlinear second-order
equations, J. Math. Anal. Appl. 39 (1972), 122-124.

247. H. Onose, Oscillation and asymptotic behaviour of
solutions of retarded differential equations of arbitrary
order, Hiroshima Math. J. 3 (1973), 333-360.

248, H. Onose, A comparison theorem and the forced oscillation,
Bull. Austral. Math. Soc. 13 (1975), 13-19.

249. H. Onose, Oscillation criteria for second order nonlinear
differential equations, Proc. Amer. Math. Soc. 51
(1975), 67-73.

250. H. Onose, Oscillation and nonoscillation of delay
differential equations, Ann. Mat. Pura Appl., to appear.



66

251.

252.

253,

254,

255,

256.

257.

258.

259.

260.

261.

262,

263.

264.

Kartsatos

Z. Opial, Sur les intégrales oscillantes de 1'équation
différentielle u" + f(t)u = 0, Ann. Polon. Math. 4 (1958),
308-313.

Z. Opial, Sur une critere d'oscillation de 1l'équation
différentielle (Q(t)x')' + f(t)x = 0, Ann. Polon. Math.
6 (1959), 99-104.

W. F. Osgood, On a theorem of oscillation, Bull. Amer.
Math. Soc. 25 (1919), 216-221.

R. V. Petropavlovskaya, On the oscillatory aspect of
solutions of the differential equation u" = f(u,u',t),
Dokl. Akad. Nauk SSSR 108 (1956), 389-391.

C. M. Petty and W. E. Johnson, Properties of solutions of
u" + c(t)f(u)h(u') = 0 with explicit initial conditions,
SIAM J. Math. Anal. 4 (1973), 269-282.

L. Pintér, Oszillationssdtze fur einen Typ von
nichtlinearen Differentialgleichungen sweiter ordnung,
Magyar Tud. Akad. Mat. Kutato Int. Kozl. 6 (1961),
333-350.

S. M. Rankin, Oscillation of a forced second order non-
linear differential equation, Proc. Amer. Math. Soc.,
to appear.

G. H. Ryder and D. V. V. Wend, Oscillation of solutions
of certain ordinary differential equations of nth order,
Proc. Amer. Math. Soc. 21 (1970), 463-469.

V. M. Sakhare, Asymptotic and oscillation theorems for
a second order differential equation with delay, Doct.
Dissertation, Univ. of Tennessee, Knosville, 1973,

V. N. Sevelo, Some questions of the theory of oscillation
of solutions of nonlinear nonautonomous differential
equations, Proc. Fourth Inter. Conf. Nonlinear Oscillations,
Prague, 1968, 251-256.

V. N. Sevelo, On the influence of retarded arguments on
the oscillation of solutions of differential equations of
even order, Proc. Fifth Inter. Conf. Nonlinear Oscillation,
Kiev, 1970, 553-557.

V. N. Sevelo and O. N, Odarié¢, Some questions in the
theory of oscillation (nonoscillation) of solutions of
differential equations of second order, Ukrain. Mat. Z.
23 (1971), 508-516.

V. N. Sevelo and V. N. Vareh, On the oscillation of .
solutions of higher order linear differential equations
with retarded argument, Ukrain. Mat. Z. 24 (1972),
513-520.

V. N. Sevelo and V. N. Vareh, On some properties of
solutions of differential equations with delay, Ukrain.
Mat. Z. 24 (1972), 807-813.



Recent Results on Oscillation 67

265.

266.

267.

268.

269.

270.

273.

274.

275.

276.

277.

278.

279.

280.

Y. G. Sficas, On oscillation and asymptotic behaviour of
certain class of differential equations with retarded
argument, Utilitas Math. 3 (1973), 239-249.

Y. G. Sficas, An oscillation criterion for second order
delay differential equations, Bull. Soc. Math. Gréce
12 (1974), 41-44.

Y. G. Sficas, Retarded actions on oscillations, Univ. of
Ioannina, Tech. Report No. 15, 1974.

Y. G. Sficas, The effect of the delay on the oscillatory
and asymptotic behaviour of nth order retarded differential
equations, J. Math. Anal. Appl. 49 (1975), 748-757.

Y. G. Sficas, On the oscillatory and asymptotic behaviour
of damped differential equations with retarded argument,
Univ. of Ioannina, Tech. Report No. 41, 197S.

Y. G. Sficas and V. A. Staikos, Oscillations of retarded
differential equations, Proc. Camb. Phil. Soc. 75 (1974),
95-101.

Y. G. Sficas and V. A. Staikos, Oscillations of
differential equations with retardations, Hiroshima Math.
J. 4 (1974), 1-8.

Y. G. Sficas and V. A. Staikos, The effect of retarded
actions on nonlinear oscillations, Proc. Amer. Math. Soc.
46 (1974), 259-264.

Y. G. Sficas and V. A. Staikos, Oscillations of
differential equations with deviating arguments, Funkcial.
Ekvac., to appear.

K. D. Shere, Nonoscillation of second order linear
differential equations with retarded argument, J. Math.
Anal. Appl. 41 (1973), 293-299.

W. E. Shreve, Oscillation in first order nonlinear
retarded argument differential equations, Proc. Amer.
Math. Soc. 40 (1973), 565-568.

B. Singh, A necessary and sufficient condition for the
oscillation of an even order nonlinear delay differential
equation, Can. J. Math 25 (1973), 1078-1089.

B. Singh, Oscillation and nonoscillation of even order
nonlinear delay-differential equations, Quart. Appl.
Math. 31 (1973), 343-349,

B. Singh, Asymptotic nature of nonoscillatory solutions
of nth order retarded differential equations, SIAM J.
Math. Anal, 6 (1975), 784-795.

B. Singh, Comparison theorems for even order differential
delay equations, Bull., Cal. Math. Soc. 67 (1975), 23-28.

B. Singh, Impact of delays on oscillation in general
functional equations, Hiroshima Math. J. 5 (1975),
351-361.



68 Kartsatos

281. B. Singh, Damp nonoscillation in third order retarded
equations, Funkcial. Ekvac. 18 (1975), 5-14.

282. B. Singh, Forced oscillations in general ordinary
differential equations with deviating arguments,
Hiroshima Math. J. 6 (1976), 7-14.

283. B. Singh and R. S. Dahiya, On oscillation of second-order
retarded equations, J. Math. Anal. Appl. 47 (1974),
504-512.

284. B. Singh and R. S. Dahiya, Nonoscillation of third
order retarded equations, Bull. Austral. Math. Soc. 10
(1974), 9-14.

285. P. W. Spikes, Behaviour of the solutions of the
differential equation y" + qyP = r, Applicable Anal.
4 (1974), 253-264.

286. V. A, Staikos, Oscillatory property of certain delay-
differential equations, Bull. Soc. Math. Gréce 11 (1970),
1-5.

287. V. A. Staikos and A. G. Petsoulas, Some oscillation
criteria for second order nonlinear delay differential
equations, J. Math. Anal. Appl. 30 (1970), 695-701.

288. V. A. Staikos and Ch. G. Philos, On the asymptotic
behavior of nonoscillatory solutions of differential
equations with deviating arguments, Univ. of Ioannina,
Tech. Report No. 45, 1975.

289. V. A, Staikos and Ch. G. Philos, Some oscillation and
asymptotic properties for linear differential equations,
Univ. of Ioannina, Tech. Report No. 54, 1976.

290. V. A, Staikos and Ch. G. Philos, Asymptotic properties
of nonoscillatory solutions of differential equations
with deviating arguments, Univ. of Ioannina, Tech.
Report No. 55, 1976.

291. V. A. Staikos and Y. G. Sficas, Oscillatory and
asymptotic behavior of functional differential equations,
J. Differential Equations 12 (1972), 426-437.

292. V. A. Staikos and Y. G. Sficas, Criteria for asymptotic
and oscillatory character of functional differential
equations of arbitrary order, Boll. Un. Mat. Ital. 6
(1972), 185-192.

293, V. A, Staikos and Y. G. Sficas, Some results on oscillatory
and asymptotic behavior of differential equations with
deviating arguments, Proc. Caratheodory Symp., Math.

Soc. Greece, Athens, 1973, 546-553.

294. V. A. Staikos and Y. G. Sficas, Oscillations for forced
second order nonlinear differential equations, Atti
Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8)
55 (1973), 25-30.



Recent Results on Oscillation 69

295,

296.

297.

298.

299.

300.

301.

302.

303.

304.

305.

306.

307.

308.

309.

310.

V. A. Staikos and Y. G. Sficas, Oscillatory and asymptotic
properties of differential equations with retarded
arguments, Applicable Anal. 5 (1975), 141-148.

V. A. Staikos and Y. G. Sficas, Oscillatory and asymptotic
characterization of the solutions of differential
equations with deviating arguments, J. London Math. Soc.
10 (1975), 39-47.

V. A. Staikos and Y. G. Sficas, Forced oscillations for
differential equations of arbitrary order, J. Differential
Equations 17 (1975), 1-11.

V. A. Staikos and Y. G. Sficas, On the oscillation of
bounded solutions of forced differential equations with
deviating argument, Atti Accad. Naz. Lincei Rend. Cl.
Sci. Fis. Mat. Natur. (8) 58 (1975), 318-322.

V. A. Staikos and I. P, Stavroulakis, Bounded oscillations
under the effect of retardations for differential
equations of arbitrary order, Univ. of Ioannina, Tech.
Report No. 58, 1976.

I. P. Stavroulakis, Oscillatory and asymptotic properties
of differential equations with deviating arguments,
Univ. of Ioannina, Tech. Report No. 59, 1976.

E. Sturm, Sur les équations différentielles linéaires du
second ordré, J. Math. Pures Appl. 1 (1836), 106-186.

M. Svec, Fixtpunktsatz und monotone Losungen der

Differentialgleichungen y(n) + B(x,y,y',...,y(n_l)) =0,
Arch. Math. (Brno) 2 (1966), 43-55.

M. Svec, Monotone solutions of some differential
equations, Colloq. Math. 18 (1967), 7-21.

M. Svec, Some oscillatory properties of second order non-
linear differential equations, Ann. Mat. Pura Appl. (4)
77 (1967), 179-192.

M. Svec, Les propriété€s asymptotiques des solutions d'une
équation différentielle nonlinéaire d'ordre n,
Czechoslovak Math. J. 17 (1967), 550-557.

C. A. Swanson, Comparison and oscillation theory of
linear differential equations, Academic, New York, 1968.

S. C. Tefteller, Oscillation of second order nonhomo-
geneous differential equations, Ph.D. Dissertation,
Univ. of Houston, Houston, 1972.

S. C. Tefteller, Oscillation of second order nonhomo-
geneous linear differential equations, SIAM J. Appl.
Math., to appear.

S. C. Tefteller, Oscillation of n-th order nonhomogeneous
linear differential equations, to appear.

R. D. Terry, Oscillatory properties of a fourth order
delay differential equation, 2, Funkcial. Ekvac. 16
(1973), 213-224.



70

311,

312.

313.

314.

315.

316.

317.

318.

319.

320.

321.

322,

323,

324,

325.

326.

327,

Kartsatos

R. D. Terry, Oscillatory properties of a delay
differential equation of even order, Pacific J. Math.
52 (1974), 269-282.

R. D. Terry, Some oscillation criteria for delay-
differential equations of even order, SIAM J. Appl. Math.
28 (1975), 319-334,

R. D. Terry, Delay differential equations of odd order
satisfying Property Pk’ J. Austral. Math. Soc. 20 (1975),
451-467.

R. D. Terry and P. K. Wong, Oscillatory properties of a
fourth order delay differential equation, Funkcial.
Ekvac. 15 (1972), 209-221.

H. Teufel, Jr., Second order nonlinear oscillation-
deviating arguments, Monatsh. Math. 75 (1971), 341-345.

H. Teufel, Jr., On the behavior of solutions of sublinear
second order differential equations, Proc. Amer. Math.
Soc. 32 (1972), 445-451,

H. Teufel, Jr., Second order almost linear functional
equations-oscillation, Proc. Amer. Math. Soc. 35 (1972),
117-119. ’

H. Teufel, Jr., A note on second order differential
inequalities and functional differential equations,
Pacific J. Math. 41 (1972), 537-541.

H. Teufel, Jr., Forced second order nonlinear oscillation,
J. Math. Anal. Appl. 40 (1972), 148-152.

H. Teufel, Jr., Remarks on damped nonlinear delay-
oscillators, to appear.

E. C. Tomastik, Oscillation of a nonlinear second order
differential equation, SIAM J. Appl. Math. 15 (1967),
1275-1277.

C. C. Travis, Oscillation theorems for second order
differential equations with functional arguments, Proc.
Amer. Math. Soc. 31 (1972), 199-202.

C. C. Travis, A note on second order nonlinear oscillations,
Math. Japon. 18 (1973), 261-264.

W. F. Trench, Oscillation properties of perturbed dis-
conjugate equations, Proc. Amer. Math. Soc. 52 (1975),
147-155.

E. True, Existence, comparison and oscillation results
for some functional differential equations, Doctoral
Dissertation, Montana State Unv., Bozeman, 1972.

E. True, A comparison theorem for certain functional
differential equations, Proc. Amer. Math. Soc. 47
(1975), 127-132.

W. R. Utz, A note on second-order nonlinear differential
equations, Proc. Amer. Math. Soc., 7 (1956), 1047-1048.



Recent Results on Oscillation 71

328. W. R. Utz, Properties of solutions of certain second
order nonlinear differential equations, Proc. Amer. Math.
Soc. 8 (1957), 1024-1028.

329. W. R. Utz, Properties of solutions of u" + g(t)uzn'l =0,
Monatsh. Math. 66 (1962), 55-60. )
330. W. R. Utz, Properties of solutions of u" + g(t)u n-l_ o,

Monatsh. Math. 69 (1965), 353-361.

331. W. R. Utz, The behavior of solutions of the equations
x" + xx'? + x% = 0, Amer. Math. Monthly 74 (1967), 420-422.
332. W. R, Utz, Properties of solutions of certain Qonlinear
differential equations of the form x" + g(x)x'¢ + f(x) = 0,
Ann. Mat. Pura Appl. (4) 81 (1969), 61-68.

333, G. Villari, Sal comportamento asintotico degli integrali
di una classe di equazioni differenziali non lineari,
Rev. Mat. Univ. Parma 5 (1954), 83-98.

334, P. Waltman, Oscillation of solutions of nonlinear
equations, SIAM Review 5 (1963), 128-130.

335. P. Waltman, Some properties of solutions of u" + a(t)f(u)
= 0, Monatsh. Math. 67 (1963), 50-54.

336. P. Waltman, On the asymptotic behavior of solutions of a
nonlinear equation, Proc. Amer. Math. Soc. 15 (1964),
918-923.

337. P. Waltman, An oscillation criterion for a nonlinear
second order equation, J. Math. Anal. Appl. 10 (1965),
439-441.,

338. P. Waltman, Oscillation criteria for third order non-
linear differential equations, Pacific J. Math. 18
(1966), 385-389.

339. P. Waltman, A note on an oscillation criterion for an
equation with a functional argument, Canad. Math. Bull.
11 (1968), 593-595.

340. D. Willett, Classification of second order linear
differential equations with respect to oscillation,
Advances in Math. 3 (1969), 594-693.

341. A. Wintner, A criterion of oscillatory stability, Quart.
Appl. Math. 7 (1949), 115-117.

342, J. S. W. Wong, On second order nonlinear oscillation,
Funkcial, Ekvac. 11 (1968), 207-234.

343, J. S. W. Wong, Second order oscillation with retarded
arguments, in Ordinary Differential Equations 1971
NRL-MRC Conference, Academic, New York, 1972, 581-596.

344, J. S. W. Wong, On the generalized Emden-Fowler Equation,
SIAM Review 17 (1975), 339-360.

345. J. S. W. Wong, Oscillation theorems for second order
nonlinear differential equations, Bull. Inst. Math.
Acad. Sinica 3 (1975), 283-309.



72

346.

347,

348.

349,

350.

Kartsatos

Pui-Kei Wong, Existence and asymptotic behavior of
proper solutions of a class of second-order nonlinear
differential equations, Pacific J. Math. 13 (1963),
737-760.

Pui-Kei Wong, On a class of nonlinear fourth order
differential equations, Ann. Mat. Pura Appl. (4) 81
(1969), 331-346.

T. Yoshizawa, Oscillatory property of second order
differential equations, Tohoku Math. J. 22 (1970),
619-634.

T. Yoshizawa, Oscillatory property for second order
differential equations, In Ordinary Differential Equations
1971 NRC-MRC Conference, Academic, New York, 1972,
315-327.

M. Zlamal, Asymptotische Eigenschaften der LOsungen
linearer Differentialgleichungen, Math. Nach. 10 (1953),
169-174.



Chapter 4

CONTRACTIVE MAPPINGS
AND PERIODICALLY PERTURBED
NON-CONSERVATIVE SYSTEMS

R. REISSIG

Institut flir Mathematik
Ruhr-Universitdt Bochum
Federal Republic of Germany

INTRODUCTION

Let us consider the vector differential equation of Liénard
type

x'" + Cx' + grad G(x) = e(t), x ¢ R" (1)
where G € Cz(Rn, R) with the Hessian matrix H(x) = (hrs(x))’

e € CO(R, Rn), e(t+2n) = e(t), and C = C* is a constant

real matrix. Let us look for conditions which ensure the
existence of one and only one 2n-periodic solution. Especially
we are interested in the construction of this solution by means
of Picard's iteration.

There are some recent papers which are devoted to the forced
vibration problem of the conservative system (1) corresponding
to the special case C = 0 (see (11,(3]1,(5] - [8]). The most
general condition was developed by A. C. Lazer [5]. Let the
constant real matrices P = P* and Q = Q* be such that

Q < H(x) < P for all x ¢ R" (2

73
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(where Q < P means that x*(P - Q)x > 0 for all x ¢ R") and let

“‘rz <@ €A (P) < (me?, 1 <r<n (3)

(where Mmys...,m are non-negative integers). Assuming (2) and
(3) Lazer [5)] proved the uniqueness of the periodic solution
whereas S. Ahmad [1] completed this result by solving the
existence problem.

J. Mawhin [11] showed that the periodic solution can be
constructed via successive approximations provided that the
conditions (2), (3) are specialized as

m’I < qI < H(x) < pI < (m*1)% I for all x ¢ R® 4)

(m a non-negative integer). The basic idea of Mawhin's proof
is to generalize the periodic boundary value problem as an
operator problem in a suitable Hilbert space. The linear
differential operator of this problem is studied with the aid
of spectral theory of self-adjoint unbounded operators. This
procedure is no longer applicable when equation (1) contains a
damping term (C # 0). But in the present paper we show that it
can be replaced by a simpler argument based on Green functions
which is, however, more efficient.

Let us start from a linear higher order differential
operator with periodic boundary conditions in order to derive a
corresponding mapping theorem in a Hilbert function space. This
theorem will be applied to the Liénard equation (1) in case
n =1, As a complement of this study, we point out some further
results concerning the periodic solutions of the generalized
Liénard equation which contains an arbitrary nonlinear damping
term and a less restrictive restoring term. Finally, we apply
the results of case n = 1 in order to construct the 2w-periodic
solution of the vector equation (1). This is possible when
Lazer's condition is somewhat modified:

1. Assume that the symmetric matrices C, Q and P can

be diagonalized by means of the same orthogonal
-1).
2. Replace condition (2) written in a symmetric form

transformation y = Tx(T* = T

-(P-Q)/2 < N - H(x) < (P-Q)/2 where N = (P+Q)/2  (5)
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by a similar estimate which is, however, independent
upon (5), see [9]:

N - HEx)) 2 < (p-Q) /4 (6)

3. Admit a weaker version of the eigenvalue condition
(3) and replace it (for some r) by

A (@ < AL(P) <0 @)
Remark. Introducing y = Tx we obtain
y'" + (TCT*)y' + gradyG(T*y) = T(x" + Cx' + grade(x))
since
gradyG(T*y) =T grade(x)

Moreover, we have
22 32 ) .
= G(T*y) =T [ =—=——— G(x T
3y Y 39X 3X
Consequently, the estimates (5) or (6) are invariant with
respect to an orthogonal transformation.

A LINEAR PERIODIC BOUNDARY VALUE PROBLEM

Let us consider a linear differential operator with real constant
coefficients which is defined on class Ck:

Lz x®) e (D ks 2 (8)
The equation Lx = e(t) e C°[0,2n] possesses exactly one solution
satisfying the periodic boundary conditions

x3)0) = xG)2my, 0 < j < k1 9)
provided that p(im) # 0 for all integers m where p(A) the

characteristic polynomial. This solution can be represented
by means of a Green function:

2w
x(t) = JO y(t-s)e(s)ds

A similar representation is valid for the derivatives up to

order k-1; the kernel is the corresponding derivative of the Green
function which is continuous if the order doesn't exceed k-2, and
which is piecewise continuous if the order is equal k-1:
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k-1 k-1
yE D on -y & D2y <1
Now the boundary value problem will be generalized as
follows. Let H be the complex Hilbert space LZ[O,Zn] supplied
with the inner product

1

_ 2w
o = 07 [ Txwzmar
0

Let the subspace D C H consist of all x € H possessing Lebesgue
derivatives in H up to order k and satisfying the boundary con-
ditions (9). Define the linear mapping

L:D~+H, x+ Lx

L is an injection since Lx = 0 implies x(t) = 0 for all
t e [0,2n] by virtue of the assumption p(im) # 0 if m an
integer. Let us show that L is a surjection, L(D) = H, and that
the inverse mapping L'1 is compact.

Define the linear mappings

2T (5)
%:H»&y*J vy (t-s)y(s)ds, 0 < j < k-1
0

which are bounded,
[ )] < eilivll, o5 = 2nlly ], ¢ e 10,2m) (10)

If y € c°[0,27] then Iy ¢l (0 <j <k-1) and

t
ryl§ = fotrj+1y)(s)ds, ryIET =0 (0 <3 < k-2)
(11)
t
t _ - 2m
Te-vlo = Io((1dﬂ-alrk_l-...-akro)y)(s)ds, Tyl =0

Since C° dense in H, by virtue of (10) the equations (11) are
also valid for an arbitrary y € H. Consequently we have

x = Ty € D (where the denotation T = Fo is used)
x(J) = rjy (absolutely continuous, 1 < j < k-1)
x(k) = (idy - afy.1 - «-- - 3Tl )y (derivative in

Lebesgue's sense)
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Hence
L(Ty) = y for all y € H, LT = idH
r(Lx) = x for all x ¢ D, I'L = idD
r = L'1 (bounded linear operator on H)
1

To see that the inverse operator L = is compact, let {yn}

be a bounded sequence in H, ||yn|| < R for all n. Let

{xn} be its image, i.e. x, = Ty,. Then, according to (10), the
L, D are equibounded and equicontinuous,

|xn(t)| <p, R for all n ¢ N, for all t ¢ [0,2n]
|xn(t)-xn(s)| <e R|t-s| for all n and for all
(t,s) e [0,2m)°

There must be a uniformly convergent subsequence the limit of
which is continuous and therefore an element of H. That is,
r = L'1 maps each bounded subset of H into a compact subset.

In order to calculate ||L'1|| let us consider an eigen-
value A and a corresponding normed eigenfunction ¢(t):

L1 = 20

Since » # 0, ¢ ¢ D and ¢ = AL¢, or (AL - idD)¢ = 0. This is

a homogeneous linear differential equation (in the classical
sense) having only non-trivial solutions of the type exp(im t),
m an integer, when the periodic boundary conditions are
prescribed. So, without loss of generality

- - - = 1
¢ =0y = e, A=Ay p(im)

Since the Hilbert space H is separable, and since the family
(¢»m)m e 7 is a complete orthonormal system each y € H can be
represented as the sum of its Fourier series

+ o

7= 1 bty

Consequently,
+ 0

_1 1 +o
L =Y b L =Y b
Y .qu n’ Om _{) m°m®m
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-1
[A_ | = Ix_| < [IL77]| < sup|Ar_| for all p e N
P P meN ™
and
L] = sup[a, | (12)
meN

Consider, for example,
Lx = x" + cx' + vx (13)

where ¢ is an arbitrary real value, (i) m2 < v < (m+l)2 for a
non-negative integer m, or (ii) v < 0. Then

Al = ((p2-v) 2+cPp?y1/2

and

max ((v-m¥)" 1, (m+1)%-v)71), in case (i)

L) < a- . (14)
|v]™", in case (ii)

(norm of the operator when c = 0).

THE SCALAR LIENARD EQUATION

In order to solve the periodic boundary value problem of the
scalar Liénard equation

X" + cx' + g(x) = e(t) = e(t+2m) e C° (15)

under the condition (i) m2 <q<g'(x) <pc< (m+1)2, or,
(ii) q < g'(x) < p < 0, we consider the generalized problem

Lx - Bx = y ¢ H (real Hilbert space LZ[0,2n]) (16)

where x ¢ D, Lx is given by (13), and

Bx vx - g(x)

is a bounded nonlinear operator from H into H. This is due to
the fact that the nonlinear restoring term g is continuous and
linearly bounded: |vx - g(x)| < |g(0)| + 8|x| for x € R where
B = max (|q-v|,|p-v|). Moreover, the nonlinear operator B is
globally Lipschitzian:

|1Bx, - Bxyl| < 8lIx, - x,1] an
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The solutions of equation (16) are the fixed points of
the mapping

H+H, x> L 1Bx+ L1y

which is a contraction provided that [|L'1B|| < 1. This is
ensured when af < 1, and it can be realized by a suitable

choice of v (see [11]): (i) m2+p < 2v < (m+1)2+q, or,

(ii) 2v < q. Then there is exactly one fixed point

x* = L 1Bx* + L'ly € D which can be obtained by means of Picard's
iteration. If {xn}n e N is a sequence of successive
approximations then

[x*(t)-x (&) ] < o Bl|x* - x [|
(18)
[x*' (£)-x' ()] < o8l |x* - x ||

This means that the approximations xn(t) and their first
derivatives converge uniformly on [0,2n] in the usual sense.
Replacing y € H by a continuous 2m-periodic forcing term
e(t), we obtain the classical periodic solution of the initial
equation (15).
J. Mawhin has mentioned that equation (16) has still a
solution when the nonlinearity g fulfils a weaker condition:

g(x) € C°(R), q < X < p (x| > x) (19)

where the bounds q and p are like before.

gng%n x}, |x| <X

g(x) = g*(x) + p(x), g*(x) = (20)
gx), |x| > X

Defining

we can estimate

[vx - g(x)| < [vx - g*(x)| + |o(x)]
< Blx| + P

(with the same values v and B as before). Therefore, the

operator equation (16) written in the form

1

x = LlBx + L1y (21)
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can be considered again. But this time we will apply Schauder's
fixed point theorem with respect to a closed ball ER € H of
sufficiently large radius R. For this reason we must show that
the nonlinear operator B is still continuous; then, by virtue
of the compactness of L'l, the composition L 1s is completely
continuous on the ball FR.

Assume that there is an element h € H and a sequence {xn}
in H for which

lim[[h - x || =0, |[Bh - Bx_||Z>n >0 (22)

n->w
Let E = [0,2n] and M be a measurable subset of E; let, for
abbreviation, (Bh)(t) = k(t), (an)(t) = yn(t). Then we have

[k(£)-y ()] < B[h(t)-x (t)] + 28|n(t)| + 2P a.e.

and
I (k(t) - vy (t)) %t < % for all n if [M| <y (23")
M n

due to the absolute continuity of the Lebesgue integral. From
(22) it follows that 1lim xn(t) = h(t) a.e. and, by continuity

n+o

of g(x), lim yn(t) = k(t) a.e. According to Egorov's theorem
n+e

the subset M can be chosen in such a way that lim[yn(t)-k(t)] =0
n-»o

uniformly on E - M. Hence,

lim J v, (1) -k(t)) dt = 0 (23
7 eiM

The results (23') and (23") are in contradiction to the second
part of (22). Thus the operator B is continuous.

Choosing

R > aBR + af|y]|

we find that the image of FR under the completely
continuous mapping

1

x » L7iBx + LYy
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is within ER' According to Schauder's theorem there is at
least one solution of (21) with ||x|| < R.

THE GENERALIZED LIENARD EQUATION
The generalized Liénard equation
x" + f(x)x' + g(x) = e(t) = e(t+2m) (24)

where f(x), g(x), and e(t) are continuous functions has been
studied extensively in some recent papers (see, for instance,
[4]1,[10],[12],[13]). Admitting a forcing term with vanishing
mean value, i.e.

2m
j e(t)dt = 0,
0
Lazer [4] and Mawhin [10] considered the case when the
restoring term is sublinear:
0<BX L0 (X< x| > =) (25)

The damping coefficient f(x) was assumed to be an arbitrary
constant or an arbitrary function, respectively.

By means of the Leray-Schauder topological degree the
following extension of these results can be proved ([12],[13]).
There is at least one 2w-periodic solution of equation (24) when

27
A, xg(x) <0 (|x] > X), f e(t)dt = 0, or
0

B. 0
q

™
e(t)dt = 0 in case

2
qsgxﬂ‘)-5p<l(l><l_>)<),f0
0.

A

Let us outline the proof in case B which is more important
than case A. Consider a more general differential equation

X" + px = ple(t) + px - g(x) - (F(x))'} , 0 <u<1l (26)

where the bound p is assumed to be positive and where
X

F(x) = f f(s)ds. Using the Green function y(t) of example
0

(13) (where ¢ = 0, v = p, m = 0) we can represent the 2wn-periodic
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solutions of (26) as the continuous solutions of an integral
equation of Hammerstein type:

x(t)

uT x(t)

2m
ufo y(t-s){e(s) + px(s) - g(x(s))l}ds (27)

2w
u[ ¥' (t-3)F(x(s))ds
0

The operator T is considered as a mapping of a suitable
Banach space

X = {x(t) e CO(R,R) : x(t+2m) = x(t), |1x]] = max|x(t)]}
t

into itself. This mapping is bounded as well as completely
continuous on each bounded subset of X. A fixed point under T
corresponds to a 2m-periodic solution of the original
equation (24).

If there is a bounded open subset @ C X with the property

(idX - uT)x # 0 for all x € 3@ (0 < u < 1)

the Leray - Schauder degree of the mapping idx - uT with
respect to Q and to the zero vector is defined :d[idx-uT,Q,OJ.
Applying the homotopy theorem according to which this mapping
degree is independent of u we obtain that d[idX -T, @, 0] =
d[idx, Q, 0]. Taking account of the fact that d[idx, Q, 0] =1
if and only if 0 € Q, and that d[idx - T, @, 0] # 0 implies
there exists x € Q such that (idx - T)x = 0, we can solve the
problem of periodic solutions, for instance, by constructing a
ball Bp C X with a sufficiently large radius B such that
(idy - uT)x # 0 for all x ¢ 3Bp. This could be done by means
of the proof that all 2m- periodic solutions of equation (26)
admit an a priori bound which is the same for all parameter
values pu € [0,1].

Note that a restriction to u € [0,1) is possible since
in the case (idy - T)x = 0 for an x ¢ 3Bp no further argumenta-
tion is needed.

The boundedness results from two simple lemmas concerning
the oscillatory behavior of the solutions of (26) (see [13]).
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The proofs of these lemmas include, as an essential part, some
estimates of the LZ-norms of x and of x' (or of expressions
composed of x and of x') corresponding to certain subintervals
[a,b].
LEMMA 1. Let x(t), a <t <b (b-a < 2m), be a solution of

(26), let x(t) > 0 (< 0) for all t ¢ [a,b]. Moreover, let

(i) x(a) = x(b) = 0, |x'(a)-x'(b)| < n' or (ii) x(a) = x(b)
with |x(a)| < n, x'(a) = x'"(b). Then there is an estimate

[x(t)]| < L (n, n') for all t e [a,b] (28)

where the bound Lo is independent of p and where n = 0 in case
(1), n' = 0 in case (ii).

LEMMA 2. Let x(t), a <t <b (b-a < ), be a solution of
(26), and let x(a) = x(b) = 0. Then

|x(t)] < K, [x'(t)]| < XK, for all t ¢ [a,b] (29)

1
where the bounds are system constants, independent of yu'
Consider, on the basis of these statements, a 2w-periodic
solution x(t) of equation (26) (fixed point under uT),
0 <u<1.
Assume that this solution is non-oscillatory: x(t) # 0
for all t € R. Integrating differential equation (26) from
0 to 27 and taking account of the periodicity we find that

2w 2w
1-w pfo x(t)dt + ufo [g(x(t)) - e(t)ldt = 0
Consequently, |x(t)| > X for all t ¢ R is excluded: q = 0,
27
fo e(t)dt = 0, (1 - wplx| + ug(x)sgn x > 0 (|x| > X); q > 0,

(1 - wpelx| + ulgx)sgn x - |le]]1 >0 (x| > X > q Y|]e|]).
Thus, |x(t)| < X for some T e¢ [0,27]; applying Lemma 1 where
a=1,b=1+2m; n=X,n'" =0 (case (ii)) we obtain a
uniform bound for the considered type of periodic solutions.
Now assume that the periodic solution x(t) is oscillatory
and that there is an interval [a,b], 7™ < b-a < 2w where x(a) =
x(b) = 0, but x(t) # 0 on (a,b). Ifb - a = 2n, Lemma 1 yields
that |x(t)]| < LO(O,O) for all t. If b - a < 27, Lemma 2 is
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applied to the intervals [b-2m,a], [b,a+2n]; so |x(t)] < K, and

[x'(t)] < K- After that, Lemma 1 is applied to the interval

[a,b]; so |x(t)] < L (0,n') with n' = 2K,.

rinally, assume that the periodic solution x(t) is

oscillatory and that x(t) # 0 on (a,b), x(a)=x(b)=0 implies b-a
= sup{t PTy <t STt x(t) = 0},

T, = inf{t PT, t WSt < T+ 2T, x(t) = 0}; then x(rl) = x(15)

= 0. Applying Lemma 2 to the intervals [TO,TIJ, [11,12] and

< m. Let X(TO) = 0 and T

[12,10+2n] (in case T < rz) or to the intervals [ro,ro+n] and
[to*m,1,*27] (in case 1) = T1,) we obtain that [x(t)] < K, for
all t.

Note. The generalized Liénard equation (24) admits a 2mw-
Xl < p <1 (pq<0), and
{r e R:g(x)sgn x < -||e|| if |x| = r} is an unbounded set.

periodic solution, too, when q <

THE VECTOR LIENARD EQUATION

According to our initial remarks (see the Introduction) we con-
sider equation (1) under the following simplified conditions:
C = diag(c),...,c), (N - H))Z < (P - %/, N = (P + /2,
P = diag(pl,...,pn), Q = diag(ql,...,qn) and (i) m."<qp <
P < (mr+1) » M non-negative integer, or, (ii) 4, < Py < 0.
Introducing the matrices M = diag(ul,...,un) where (i) u, =m
or (ii) u,. < 0, and M' = diag(u,',...,u_') where (i) u ' =
2 r 1 n r

(mr+1) or (ii) ur'
generality, that Py

n

0, we can assume, without loss of

' -oe(uptmu)/2, qp = oup toe(ug-ug)/2
(0 < e <1, ¢ sufficiently small). Then N = diag(vl,...,vn),
v = (u'"+u )/2 and

- HED P a - ef o - mlye (30)
Hence ||N - H(x)|| = sup{||(N - H(x))e|| :e ¢ R", |]el| = 1}
< l%EIIM‘ - M]|. An immediate consequence of this estimate is

the linear boundedness of the vector field Nx - grad G(x):
[INx - grad G(x) || < k |Ix|] + kg (31)

In order to generalize the periodic boundary value problem
of the vector differential equation (1) in a similar way to the
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above, we make use of the previous results concerning the
operator L = L_ of equation (13) where c = c_ and v = v_ namely

T T T
that there is a bounded inverse, and
-1 2
Ly 71 ¢ ap = o (32)
T T “r' My

Consider the (real) Hilbert space H of all x(t) = col(xl(t),
...,xn(t)) with xr(t) e H (1 < r <n); let us introduce the

inner product
n

~ -2
<X,y>; = § a C<x_,y >
H =1 T 1T H
Moreover, consider the subspace D which consists of all x ¢ H
the components of which belong to D = D(L). Define on D,

Lx = col(lel,...,L X ) (33)

~

The operator L maps D onto H and it has a bounded inverse,
L y col(L1 yl, e nhlyn)' Taking account of (31) we define
a nonlinear operator on H by
gx = Nx - grad G(x)
= col(lel(t)-le(x(t)),...,vnxn(t)-Gxn(x(t))) (34)

(a.e.)
At each point x ¢ H it has a G;teaux derivative B'(x) which is
a linear operator on H, defined by
(B'(xJu)(t) = (N - H(x))u(t)
col (vyu (t) - Zlhrs(x(t))us(t)) (a.e.)
S=

where u e H arbitrary, H(x) (h (x)). Note that E-IE has

the Gateaux derivative L B'(x) Furthermore, note that the
mean value theorem (see [14]) can be applied in order to derive
the estimate

~n e T
[IL™%Bu - L7'Bv|| < [IL7IBr GO []u - v]| (35)

(x € H on the segment of extremities u, v).
Now we replace the differential equation (1) with periodic
boundary conditions by the operator equation

~

Lx - Bx =y (x € 6, y € ﬁ)

or, equivalently,
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~

“lpx + L7y (36)

x =L

It can easily be shown that the operator L 1B is a contraction
in H. For this purpose we apply (35) and we derive a global
estimate for ||L B'(x)||

111728 owl 1]

-2 -1 n 2
rzlar L, {sglnrs(t)wsct)}llH

A

2m n
(Zn)'lj0 I {8t (tw (t)de

r,s=1

where, for abbreviation, N-H(;) = (nrs(t)), (N—H(;c))2 =

(n (2)(t)). Taking account of (30) we obtain

) {8 v (Hw (1) < ta- v g2 2
1 7 e)? Zl(ur -u) fw (1)

r,s=

2§ 2.2
(1-e)° ) a “w “(t)(a.e.)
r=1
from which we conclude that ||L'1B'(x)w|\z < (l-e)zllwllz
H H

and ||£'lﬁ'(;)|| < 1l-e. Hence, Banach's fixed point

theorem is applicable in order to solve equation (36). Again,
the successive approximations and their first derivatives
converge uniformly on [0,27]. Using a 2wn-periodic continuous
function e(t) we obtain the classical periodic solution of
equation (1).
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AN OSCILLATION THEOREM FOR A
HIGHER ORDER DIFFERENTIAL EQUATION
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This chapter is devoted to the n-th order vector
differential equation

L[x(k)] + f(x) = <™ Alx(n'l) + Azx(nﬁz) + ..

+ A x(k’l) + A kx(k) + £(x) = e(t) (1)

n-k-1 n-

where n > 2, 1 <k < n-1, x ¢ R" (m>1), f :R™ > R continuous,
e: R + R™ continuous and 2m-periodic, Av(° < v € n-k) a real
constant mx m-matrix, AO = Im. Note that the characteristic
polynomial belonging to the linear differential operator L is
Amk p(X) where

p(A) = det POV, P(A) = § AV Ka

va n-v

Let us introduce some abbreviations:
t
max|e(t)| = E*, I e(s)ds = E(t)[2r-periodic if E(27) = 0]
0

#(r) = sup(|£()| : |x| < 1)

89
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Y(r) = inf{<x,f(x)>: |x| = 1}

£, = (1E(x)/2 - (1-WE(-x)/2, 0 < w1
¢,(r) = supl|£ ()| Ix| <1} < o(x)
wu(r) = inf{<x,fu(x)> B |x| = r} > v(r)

The aim of our chapter is to develop conditions which ensure
the existence of at least one 2m-periodic solution. In the
special case k = 1 there are some recent results of Sedziwy,
Mawhin and of other authors (see [1-5]) which shall be extended
partially. Applying Brouwer's fixed point theorem on the basis
of boundedness results, Sedziwy stated the following theorem
concerning the oscillatory properties of equation (1).

THEOREM 1. ([4]) Assume that (i) p(A)
Red < 0, (ii) A

lim <x,f(x)-q>
| x|+

0 implies that

s = A% > 0, (i11) [£()]| ¢ F*, and (iv')

for all q € R™ such that |q] < E*, or

(iv") ?iT <x,f(x)> = =, E(2n) = 0. Then there exists at least
X | >

one 2m-periodic solution of (1).
Another result of Sedziwy was derived by means of Borsuk's
theory on odd mappings of finite dimensional spaces.

THEOREM 2. ([5]) Assume that (i) p(A) = 0 implies that
A # ri (r an arbitrary integer), (ii) An_1 = An?l > 0, (iii)
[£(x)| < e|x| for all x € Rm-Bh, (iv) <x,£(x)> > & |x||£(x)],

0 <8 <1 for all x € R™, and (v') inf{|f(x)| : x € Rm-Bh} >
G'IE*, or (v") E(27) = 0. Then there is at least one periodic
solution provided that ¢ > 0 is small enough.

Using the functional analytic method based on completely
continuous operators in certain Banach spaces Mawhin proved a
rather general result; however, his condition on the nonlinear
restoring term f concerns its components whereas a condition
for the inner product <x,f(x)> seems to be more natural.

THEOREM 3. ([1,2]) Assume that (i) p(A) = 0 implies that
A#ri (r# 0 an arbitrary integer), (ii) }iT [1£x)|/]x|1 = o0,
X | oo

(iii) o x £ (x) > 0 if |x

> h 1 < < = +
pXufy u| >hy (1 < u < m) where o, 1 or
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-1, and (iv) E(2w) = 0. Then equation (1) admits at least one
periodic solution.
Now let us formulate our statement.

THEOREM 4. The following conditions are sufficient for
the existence of a periodic solution: (i) p(Ax) = 0 implies that
A # ri (r an arbitrary integer); (ii) An-l = A *1 (in case k = 1);
(iii) E(27m) = 0; there is some domain {x ¢ R" : TH < |x| < 2H, H
large enough} where (iv') ¢(r) < 8r® (0 < a < 1), ¥(r) > Krza
(K large enough), or (iv") ¢(r) < 1 + er® (0 < o<1, € small
enough if a = 1), ¥(r) > er @

COROLLARY. If n is odd and Av = 0 for v odd, Av = Av*
for v even, or, if n a multiple of 4 and Av = 0 for v even,
Av = Av‘ for v odd, then rZa can be replaced by r® in the
estimate for y(r).

The proof of Theorem 4 is based on the Leray-Schauder
fixed point theory and on the fundamental theorem on odd
mappings of Banach spaces. To begin with we choose a sufficiently
small p051t1ve number a such that the polynomial P, ) =
det (A p(k) + al ) has no zero A=r71i (r an 1nteger) This is
possible since po(x) = " p(A) = 0 implies that either X = 0
or p(A\) = 0 (which means that x # ri), p,(0) = a" > 0, and
since the roots of pa(k) are continuously depending upon the
parameter value a. Now we consider the auxiliary equation

Lix® 7+ ax = pe(t) + ax - fu(X), 0 <puc<l (2)
where fu(x) is defined above. Note that fo(-x) = -f (x),

fl(x) = f(x) and that f (x) satisfies conditions (iv') or (iv").
The periodic solutions of (2) can be represented as

2w
x(t) = eu[x(t)J = I G(t~s)[ue(s)+ax(s)-fu(x(s))]ds (3)
0

where G is the Green's matrix belonging to the linear differential
operator L[x(k)] + ax in connection with periodic boundary
conditions x(v)(Zn) = x(v)(o) (0 < v<n-1).

Introducing the Banach space

= {x(t) & CO(R) : x(t+2m) = x(t)}, Hx[ly = max|x(t)|
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we can state that the mapping
x > eu(X), u e [0,1] fixed

is completely continuous on each bounded subset of X. The para-
meter p describes a continuous deformation. If there is a ball
Bp = {x e X: ||x|| < R} such that (idy - eu) x # 0 on 3By for
all p € [0,1] then the Leray-Schauder degree d[idx-eu, Bps 0]
is independent of u. It is an odd integer since the mapping
eo(x) is odd. Consequently, the equation- (idy - eu) x = 0 has
at least one solution x € BR‘ In case p = 1 this solution
satisfies equation (1) under periodic boundary conditions. Let
us show that Bp for R = 2H (according to conditions (iv') or
(iv")) is such a ball. For this purpose assume that

x(t) = eu[x(t)], 0 <w<l; |Ixfly = 2H, min[x(t)| = h

We are looking for an estimate of the derivatives y(v) =
x(k+v), 0 < v <n-1-k. Since

Lly] = we(t) - fu(x(t))

y®2m =y 0) (0 < v < n-1-K) 4

where the "homogeneous'" problem Ly = 0 only admits the zero
solution, the derivatives y(“)(t) can be represented in integral
form by means of a Green's matrix which is, at least, piecewise
continuous. As an immediate consequence we can estimate

||Y(V)||x < Py [E* + 0(2H)], 0 < v < n-k-1 (8)

(k-1)

In case k > 1 we consider x On an arbitrary interval

with extremities t, and o * 2w we have
D 0y x D (e )| < 2mp (B4 + ¢(2H)]

This estimate is valid, too, for every single component; using
a zero t of the component and taking into account the m
components we find that
k-1
x D ] < o JTE* + ¢(2H))
Continuing this procedure, if necessary, we obtain the result

HxO )1y < o (E* + 0(2H)], 1 < v < k-1 (6)
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Integration of the inner product between x(t) and both

2w
members of equation (2) yields I <x,x(n) + Alx(n-l) + ...+
0

A
An_kx(k) - uE'>dt + I

27
<x,f (x)>dt = J <x,f (x)>dt -
0 u 0 M

2w
I et ,x (D Alx(n'z) + ..+ An_kx(k'l) - uE>dt = 0.
0

Using the fact that in case k =1
27 YAl
] = ] =
Io <x',A _yx>dt (1/2)[0 <X,AL qx>'dt =0

we conclude, with the aid of (5) and (6),

27 2
[0 <x,£,(x)>dt < o[E® + (2H)] %

The constant p only depends on the characteristics of the
differential operator L.

Note. In the special cases described in the Corollary
the estimate (7) can be improved as follows:

27
[ <x,£ (x)>dt < 2mp ER[E* + ¢(2H)] (8)
0 Y]

Let Ix(tl)l = h and |x(t,)| = 2H where [t;-t,| < 2m. Then
2H - h < |x(t1)-x(t2)| < 2mp [E* + ¢(20)], h/H > 2 - 4mwp [E* +
$(2H)1/2H > 1, i.e. H < h if H > dnp E*, ¢(2H)/2H < (8mp))
which is ensured, under conditions (iv') or (iv"), whenever
H is large enough and (in case o« = 1) € > 0 is small enough.
Taking into account the last result and assuming condition
(iv') holds, we derive from (7)

VA 2a
K < (1/2m) fo [<x,fu(x)>/|x| ]dt

20{[E* + ¢(2H)1/(2H)*}2/n
20[E*/(2H)® + 81%/n
20(E* + 8)%/n

IAOIA

A
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provided that H > 1. This is a contradiction when K is large
enough. Assuming condition (iv'") holds, we calculate

e < 2p[(E*+1)/(2H)® + €1%/n < 8pe?/n

E*+1.1/a

provided that H < (—1?-) /2. This is a contradiction when

¢ is small enough.

A similar argumentation can be given in the particular
situation of the Corollary.

As a result we state that there is no x(t) = eu[x(t)J,
0 <w <1, with |[x]||y = 2H.
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Chapter 6
SEMI-COMPACTNESS IN SEMI-DYNAMICAL SYSTEMS
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INTRODUCTION

Semi-dynamical systems (s.d.s.) are continuous flows defined
for all future time (non-negative t). Natural examples of
s.d.s.are provided by functional differential equations for
which existence and uniqueness conditions hold. S.d.s.
generalize the theory of Dynamical Systems. Moreover many new
and interesting notions (e.g., start point [2], [3], singular
point [1], [4]) arise in s.d.s.

In this chapter, an attempt is made to weaken the
hypothesis on the phase space. It is the semi-compactness,
rather the local compactness, that counts. After introducing
basic notions, we proceed to examine some properties of limit
sets, prolongations, and their 1limit sets. In particular, we
prove that in a rim-compact space, the positive limit set and
the positive prolongational limit set are weakly negatively
invariant and do not contain any start points. The goal of
the last section (on stability and asymptotic stability) is
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to prove that, in a rim-compact space, if a positively invariant
closed set with compact boundary is a uniform attractor, it is
asymptotically stable.

BASIC NOTIONS
Definitions

A semi-dynamical system (s.d.s.) is a pair (X,m) where X is a
topological space and m is a continuous map from X x R* into
X satisfying the conditions:

n(x,0) = x, x € X, (identity axiom)

wv(w(x,t),s) = n(x,t + s), xe X; t, s ¢ R (semi-group

axiom)

(R+ is the set of nonnegative reals with usual topology). For
brevity wm(x,t) will be denoted by xt, the set {xt:x e MC X,
t e KCR'} by MK etc.

For any t in R+, the map 7t X » X is defined by nt(x) =
xt. The negative funnel, F(x), from x is the set {y ¢ X:yt = x
for some t € R+}. For any t in R+, the function "—t defined on
X with values in the set of subsets of X is given by n't(x) =
{y e X:yt = x}. Clearly F(x) = uln t(x) : t € R'}. Positive
trajectory, Y+(x), and positive invariance are defined as in
dynamical systems, [5], [6]. A negative trajectory, y (x),
from any point x is a maximal non-empty subset of F(x) such
that for any y,z in y (x), if t(y) = Inf {s > 0 :ys = x} and
t(z) = Inf {s > 0:2zs = x}, then y ¢ z[0, t(z)] or z ¢
y[0, t(y)]. In general there will be more than one negative
trajectory from x. A negative trajectory y (x) will be called
a principal negative trajectory if the set {t ¢ R :yt = x for
some y in y (x)} is unbounded. A point n e X is said to be
positive critical (or simply critical) if y+(x) = {x}.

A subset K of X is said to be negatively invariant (weakly
negative invariant) if the negative funnel (at least one negative
trajectory) from each point of K lies in K.

For any x in X, let E(x) = {t > 0:yt = x for some y in
X}. The escape time of x is said to be infinite or Sup E(x)
according to whether E(x) is unbounded or bounded. A point
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with zero escape time is said to be a start point. See [2], [3]
for some results on start points.

Notation

Throughout this chapter (X,n) denotes a semi-dynamical system
where X is taken to be Hausdorff. N(x) denotes the neighborhood
(nbd.) filter [10; p. 78] of x. A net in X will be referred to
as x; where i is in the directed set and Xy is its image.

LIMIT SETS, PROLONGATIONS AND PROLONGATIONAL LIMIT SETS

Definition
The positive limit set A(x), positive prolongation D(x), and
positive prolongational limit set J(x) of a point x in X are
defined by:

. +
inR", t, » »,

A(x) = {y € X: there exists a net t i

such that xt, » y} i

D(x) = {y € X : there exists a net x; in X, x; + x, and
a net t in R" such that x;t; >y}

J(x) = {y € X: there exists a net x; in X, x; > x, and

. +
anet t. in R, t;+= such that Xty > y}

PROPOSITION 1. Let x € X. Then A(x) = n{CL(y' (xt)) :
+
te R}

DEFINITION. A topological space is said to be rim-compact
(or semi-compact) if it has a base of open sets with compact
boundaries ([9; p. 111]).

Rim-compact Hausdorff space is easily seen to be regular.

THEOREM 2. Let X be rim-compact, x € X, and A(x) be non-
empty and compact. Then (a) Cz(xR+) is compact, and (b) A(x)
is connected.

The above theorem, in effect, states that if X is rim-
compact, then the compactness of A(x) implies positive Lagrange
Stability [5].

The following theorem, well-known for Dynamical Systenms,
holds for semi-dynamical systems also.
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THEOREM 3. Let x ¢ X. Then D(x) = ﬁ{Cz(VR+) :V is a nbd.
of x}.

THEOREM 4. Let X be rim-compact and x ¢ X. Then both
A(x) and J(x) are weakly negatively invariant and contain no
start points.

Proof. We outline the proof for J(x) only; the proof for
A(x) is similar.

Let y € J(x). Then there exists a net x; in X, X, * X,
and a net t, in R+, ty > e, such that x;t; > y. Let t > 0 be
arbitrary but fixed. We may suppose ti > t for every i. Now
consider the net xi(ti - t) in X. If xi(ti - t) converges to
y, then xi(ti - t)t > yt, moreover xi(ti -t)t = xiti +y, so
that yt = y.

If xi(ti - t) does not converge to y, there exists a nbd.
V of y such that a subnet of xi(ti - t) is in X - V; we may take
V open, with its boundary, Fr(V), compact. For simplicity of
notation, let the subnet be xi(t.1 - t) itself. Since xiti >y,
there exists an I in the directed set such that xiti e V when-
ever i > I. Now for each i > I, there exists an Sip t; - t<
s; < ti’ such that x;s; € Fr(V). By compactness of Fr(V),
X853 has a convergent subnet. Let Xjs; >z Fr(V). Since
0 < ti - sy < t, the net ti - sy has a convergent subnet; let
ty - s, > s, where 0 < s < t. Then xisi(ti - Si) = Xty >y
and xisi(ti - si) + 2zs, so that zs = y. But z € Fr(V), y e V
and V is open; therefore s # 0.

In either case y is not a start point. Using the point y
or z above, the existence of negative trajectory from y now
follows from Hausdorff's maximality principle.

The following theorems, interesting in their own right,

will be needed later.

THEOREM 5. Let x e X, A(x) # ¢, and w € A(x). Then J(x)
CJ(w).

Proof. Since w € A(x), there exists a net ti in R+, t, >
+o, such that Xxt; > w. Letye J(x), io that there exists a
net x; in X, X; X, and a net S5 in R, S; > e such that
X;$; > Y. By making adjustments, we have Sy Tty 7ot Let
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U be an open nbd. of w. Then for some I in the directed set,
xt; ¢ U for every i > I.

Let xt, e U for an arbitrary but fixed i > I. Since
xjti + xt; whenever x; * X and i is held fixed, we can pick
j = j(i) > i such that xj(i)ti e U. Now the net xj(i)ti con-
verges to w. Moreover xj(i)ti (Sj(i) - ti) = xj(i)sj(i) >y
and (sj(i) - ti) + o, Hence y € J(w), and so J(x) C J(w).

THEOREM 6. Let X be rim-compact, x € X, and let J(x) be
non-empty and compact. Then A(x) is non-empty (and compact).

NOTATION. For a subset M of X, let D(M) = U{D(x) : x € M}.
For a closed set M with compact boundary, we have the
following theorems.

THEOREM 7. Let M be a closed subset of X with compact
boundary, and let y € D(x) - M for some x in M. Then y ¢ D(z)
and z € D(x) for some z € Fr(M).

Proof. If x ¢ Fr(M), let z = x. If x ¢ Int(M), there
exists a net x4 in Int(M), X; > X, and a net ts in R* such that
Xty ¢ M and Xjty >y, For each i there exists an Si» 0 < s; <
ti such that X;8; € Fr(M). By compactness of Fr(M), X84 has a
convergent subnet, With no loss in generality we can let

X;s; > z¢ Fr(M). Clearly y € D(z) and z € D(x).

THEOREM 8. Let M be a closed subset of X with compact
boundary. Then (a) D(M) = ﬂ{Cz(UR+) : U is a nbd. of M}, and
(b) D(M) = N{U:U is a closed, positively invariant nbd. of M},
In particular, it follows that D(M) is closed.

Proof. To prove (a) let K = O{CE(UR+) :U is a nbd. of M}.
For any x ¢ M, D(x) = n{Cz(VR+) :V is a nbd. of M}. Since a
nbd. of M is a nbd. of x, it follows that D(x) C K. As x ¢ M
is arbitrary, D(M) C K.

Next let y ¢ D(M). In particular y ¢ D(x) for every
x € Fr(M). Then for each x € Fr(M), there exists a nbd. U, of
X, a nbd. V. of y such that V, N UxR+ = ¢. Let {Ul’UZ""’Un}
be a finite subcover of the open cover {Ux :x ¢ Fr(M)} of the

compact set Fr(M). Let V = Vlﬂ...ﬁvn and W = U1U...UUn.
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Clearly V N (M UWR" = ¢ and, so, y ¢ C& (MUWR"'., But MUW
is a nbd. of M. Hence y ¢ K etc.
The proof of (b) part is similar.

STABILITY, ATTRACTION AND ASYMPTOTIC STABILITY

DEFINITION. Let M be a closed subset of X with compact
boundary. Then M is said to be stable if given a nbd. U of M,
there exists a nbd. V of M such that VR+(: u.

THEOREM 9. Let M be a closed subset of X with compact
boundary. If M is stable, then D(M) = M. If X is rim-compact,
the converse also holds.

Proof. We outline only the proof of the converse. Let U
be a nbd. of M. We may take U to be open and with a compact
boundary. It is easy to see that for each x € Fr(M), there
exists a nbd. W, of x such that WXR+ C U. Let {wl,...,wn} be
a subcover of the open cover {Wx :x € Fr(M)} of Fr(M). Let
V= WU...UW UM Clearly VR' C U.

DEFINITION. Let M be a closed subset of X with compact
boundary. The region of attraction, A(M), of M is defined to
be the set {x ¢ X:¢ # A(x) C M}. M is said to be an attractor
if A(M) is a nbd. of M. If M is an attractor, it is said to be
a uniform attractor if given a compact set K C A(M), and a nbd.
V of M, there exists T > 0 such that x[T, + ] C V for each
x in K. Finally M is said to be asymptotically stable if it is
stable and is an attractor.

THEOREM 10. Let M be a closed subset of X with compact
boundary. Let M be positively invariant. (a) If M is
asymptotically stable, J(A(M)) C M. (b) If X is rim-compact,
and there exists a nbd. U of M such that ¢ # J(x) C M for each
x in U, then M is asymptotically stable.

THEOREM 11. Let X be rim-compact, M be a closed subset of
X with compact boundary, and let M be positively invariant. If
M is a uniform attractor, then it is asymptotically stable.
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Proof. We need show that M is stable., Let V be a neighbor-
hood of M. We may take V to be open, Fr(V) to be compact, and
CL VCAM).

For the compact set Fr(V), let T > 0 be of the definition
of uniform attraction. For x ¢ Fr(V), let t(x) = Inf {t > 0:
x[t,») C V}. Since M is a uniform attractor, t(x) is well
defined and t(x) < T. Clearly xt(x) ¢ Fr(V). Moreover,
x[0,T(x)J N M= ¢. (This follows from the observation that M
is positively invariant). Consider F = u{x[0,t(x)]:x € Fr(V)}.
We assert that F is compact. Let Xjti, X5 € Fr(V), be any net
in F, 0 < t; < 1(xi) < T; ti being bounded, has a convergent
subnet. With no loss in generality, we let t, > t. Similarly,
let r(xi) + T so that

0<t<T<T *

The net X5 being in a compact set Fr(V), has a convergent
subnet. As hefore, let X; T xe Fr(V). Now xiti + xt. We

have to show that xt ¢ F, i.e., t < 1(x). Now xit(xi) + XT €
Fr(V) (notice that Fr(V) is closed). Therefore t < t(x). Hence,
by (*), 0 < t(< 1) < t(x), and so xt € X[0, t(x)] C F. This
proves the compactness of F. Since X is T,, F is closed. Next
FAM=¢ as F N x[0,t(x)] = ¢ for each x ¢ Fr(V). Let U =

V- F. Then U is a nbd. of M and UR' C V. Hence M is stable.

Remarks. The proof is significant for many reasons. We
have avoided the local compactness condition on the space X,
and t(x) is not necessarily continuous, as can easily be seen.
Moreover, the proof is constructive in the sense that not only
stability of M is established, but also the neighborhood U
corresponding to the given neighborhood V is actually found
such that UR' C V. Moreover, the neighborhood U we found is
the LARGEST such neighborhood.
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Chapter 7
NON-UNIFORM SAMPLING AND N-DIMENSION SAMPLING

Kuang-Ho Chen

Department of Mathematics
University of New Orleans
New Orleans, Louisiana

INTRODUCTION

Two sampling theorems concerning n-dimensional uniform sampling
and one-dimensional non-uniform sample are proved. 1In the
former case, the constructing function is assumed to have the
Fourier transform bandlimited and is uniquely determined.

There is no need to assume the existence of the Fourier trans-
form. The Fourier transform derived exists in the distribution
sense. The latter case verifies the 1959 Balth van der Pol
conjecture for non-uniform sampling, and both imply the one-
dimensional uniform sampling. None of the results here apply
to the stochastic case.

A survey of the early literature on the problem can be
found in Reza [3]. Recently, most work concerns either one-
dimensional sampling or statistics, for example, see Masry [2],
Todd (4], or Bar-David [1].

The next section studies n-dimensional uniform sampling,
and the last section is devoted to non-uniform sampling.
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THE N-DIMENSION UNIFORM SAMPLING THEOREM

A distribution F(x) is said to be bandlimited with a cutoff
angular frequency of w, where w = (wl,...,wn), if F(x) = 0
for Ixil > w;, for some i = 1,...,n. This F is called a
w-bandlimited function here for convenience.

THEOREM 1. For a given function f(x) with w-bandlimited
Fourier transform, there exists only one f(x) with the
representation

f(x) = § cee ) f(nml/wl, e, nmn/wn)
m_=-o m,=-e
n 1
sin wl(x1 - ﬂml/wl) o sin wn(xn - nmn/wn) 0
wl(x1 - ﬂmllwl) wn(xn - ﬂmn/wn)

Recall, from the well-known Paley-Wiener theorem, that
since the Fourier transform F(y) of f(x) is compactly
supported, its extension in the complex space C" is an entire
function of finite exponential type. In particular, f(x) is
an analytic function. With this fact, this theorem is proved
as follows.

Proof. In terms of distributions with support contained
in the parallelpipe P(w) = {y :|yi| < wil,

£(z) = (F(y), (1/zm™ & 127 (2)
F(y) = . Z_m . Z_m C(ml,...,mn)exp(ni(mlyl/w1+
n 1
coemy /W) (3)

Clmy,.oeom) = (E(y), exp(mi(myy,/wi+...+m y /w )))/

15 ¥ (4)

Substitution of (4) in (3) yields
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o © n - 1rm1 - 1rmn
F(y) = } ce T m f( T )/wl...wn
m =-® my=-® 1 n
[exp(ﬂi(mlyl/w1 oL+ mnyn/wn))]/wl...wn (5)

’ ® o -mmy -

Then, by (2), we have f(z) = } T f( R s )
m =-® my=-e Y1 “n
(exp(wi(mlyl/w1 oL, + mnyn/wn)), exp(-i(zly1 + oL, 4+ znyn)))/

n
2 wl...wn.

The distributions on the right side are just usual integrals
over the region P(w). After integrating, interchange each
index m, with -m;, and then equation (1) is obtained. As for
uniqueness, let two functions have the expression (1) with
same values at (wml/wl,...,wmn/wn). Set f(x) equal to the
difference between these two functions. Then, (1) implies
that £(x) = 0 for each x in R".

Consequently, we have the following commonly used
sampling theorem.

COROLLARY 2. For a time-function f(t) with a bandlimited
frequency function with a cutoff angular frequency of w,

3

£(0) = 1 £AD[sin wt-mj/w)1/w(t-m5/w) (6)

j=-

THE ONE DIMENSION NON-UNIFORM SAMPLING THEOREM

In 1959, Balth van der Pol [5] made the following statement.
Let P(x) be an entire function with simple roots at

{..., aj;, 3, ...} and f(x) be a bandlimited time function with
a cutoff angular frequency w; then, assuming that f(x) and

p(x) have no common roots,

© f(a )
g%%% = Z-w ETTEETT%TEET , (m integers) (7
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Employing standard complex variable techniques, the
following non-uniform sampling is proved without assuming f(x)
to be a bandlimited time function. The van der Pol conjecture
then follows as a consequence.

THEOREM 3. Let P(z) and f(z) be two entire functions
with the order of f less than the order of P, or with same
order, but the type of f less that of P. Assume further that
the roots as (m=1,2,...) of P(z) are real and simple, and
the complement of the roots of f(z) with respect to {am} is a
non-decreasing sequence in absolute values. Then, f(x)/P(x)
has the representation (7), which is convergent uniformly on
every compact set in the complex plane disjoint from {am}.

Proof. Set q(z) equal to the quotient f(z)/P(z). Then,
q(z) is an analytic function with the only possible
singularities being {am}, which are just simple poles. Denote
by C(rm) the circle with center at the origin and radius T
such that for each m, C(rm) contains in its interior at most
2m points of {a.}, and no a. is on C(rm). Then, the conditions
imposed on f and P about the order and the type, leads to the
estimate

lim sup § la(z)| |dz] = M < +=
m -+ o« C(I‘m)

Therefore, all conditions for the well-known Cauchy theorem on
partial fraction expansions are satisfied and so, the
assertion is proved.

It is remarkable to notice that P(x) can be arbitrarily
chosen; only the constructed function f(x) shall have the
properties imposed by the theorem. This choice of P(x) is
just an extra-freedom on constructing the function f(x).
Finally, let us derive the usual one-dimensional uniform
sampling theorem (i.e. Corollary 2) from this theorem. Choose
P(x) to be sin(wx) and a, = mn/w. Then, by the trigonometric
identity,
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sin(wx) = sin{w(x - mn/w) + mn] = sin w(x - mm/w) cos mm

we have the representation (6) from (7).

COMMENT

Mr. N. A. Gross produced in his master's degree thesis some
results based on the idea presented here. However, his proofs
need stronger conditions and his results are much weaker

than what appears here.
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Chapter 8

COMPLETE STABILITY AND BOUNDEDNESS
OF SOLUTIONS OF A NONLINEAR DIFFERENTIAL EQUATION
OF THE FIFTH ORDER

Ethelbert N. Chukwu

Department of Mathematics
Cleveland State University
Cleveland, Ohio

INTRODUCTION
The differential equation considered here is of the form:

NONNPHSME IO MO INOIME
v 5D 3B L (D @) g D
s £ = ple,x,x(1) x(2) x(3) (4], (1)

in which fi (i=1,2,3,4,5) and p are real valued functions
which depend at most on the arguments displayed explicitly.

It will be assumed that fé(x), fA(y), afs(y,z)/ay,
8f2(z,w)/3w, afz(z,w)/az, fl(x,y,z,w,u) and p(t,x,y,z,w,u) are
continuous for all values of x,y,z,w,u, and t.

The problem of interest here is to investigate conditions
under which equation (1) is completely stable (asymptotically
stable in the large) or has all solutions bounded. For
specialized cases of (1), this problem has received some
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attention in Chukwu [1] and [2]. This chapter extends these
earlier results to equations of the form (1). The stability
study is inspired by similar treatments of third order equations
by Harrow [4] and Tejumola [9], and fourth order equations by
Ezeilo and Tejumola [3], Lalli and Skrapek [5], and Sinha and
Hoft [8]. The boundedness result is motivated by a result of
Ezeilo and Tejumola [3; Theorem 2]. The nonlinearities in (1)
fi (i=1,2,3,4,5) satisfy gencralized Routh-Hurwitz conditions;
the non-Routh-Hurwitz conditions which are imposed are trivial
in the constant coefficient situation. These extra conditions
have analogues in [3-5, 7-9]. The investigations here rest on
a Lyapunov function which is constructed by forming, by a trial
method, linear combinations of line integrals. The complete
stability result follows from a basic theorem of LaSalle [6].

In what follows we shall deal with the equivalent system

x' =y, y'=2, 2' =w, w =u
u' = -f, (x,y,z,w,u)u - £, (z,w)w - £5(y,2)

- £,00) - £,(x) + p(t,x,y,z,w,u)
obtained from (1).

NOTATION. 1In what follows the letters D and Di
represent positive finite constants whose magnitudes depend
only on the constants which appear in the statements of
Theorem 1 and 2 below as well as the functions fi (i =1,2,3,4,5)
They are independent of any particular solutions chosen.
While the Di retain their identities in each place of occurence
the values of D may vary.

STATEMENTS OF RESULTS

THEOREM 1. Consider (2) with p(t,x,y,z,w,u) = 0 and
suppose that the following conditions hold.

Hl‘ There are positive constants a,b,c,d,e such that
a>0, ab-c >0, (ab-c)c - (ad-e)a > 0, e > 0,
and A = (dc-be)(ab-c) - (ad-e)? > 0,
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i

Al (dc-be) (ab-c)/(ad-e) - (afa(y)-e) > 2be and
A2 = (dc-be)/(ad-e) - y(ad-e)/d(ab-c) - €/a > 0,
where v = f4(y)/y if y # 0 and v = fi(O) if y =0,
and ¢ is sufficiently small positive constant.

5+ Let fs(y,O) =0 = f4(0) = fS(O) for all y.

3 Assume that fl(x,y,z,w,u) > a+2k, for some k > 0,
fz(z,w) > b, fs(y,z)/z >c for z # 0, f4(y)/y > d
for y # 0, and fé(x) < e.

X
H,. Let f.(x) sgn x > 0 if x # 0, and F.(x) = f.(s)ds
4 5 5 0 )

-+ o as le <> o,

2

ed/166%, 8, (388)%/644%1, £,(z,w) - b < cad/26%,
(£5(y,2)/z - <) < min [ka,/16, eda /646%] if

H;. Suppose that fl(x,y,z,w,u) - a < min [e/32a

2 #0, (d- £5(0)% < ea/128, and e - £1(x) <
ed(ab-c)/8(ad-e), where § = e(ab-c)/(ad-e) + €.

6° Let zafz(z,w)/aw >0, wafz(z,w)/az < €e/2,
z
1/z I (afs(y,x)/ay)ds < A1/4a if z # 0, and
0
£4(y) - £,(y)/y < eb/d°(ab-c) if y # O.

Then every solution (x(t),y(t),z(t),w(t),u(t)) of (2) satisfies
x2(t) + y2(t) + z2(t) + wi(t) + ul(t) + 0 as t » .

The usual Routh Hurwitz restrictions in H1 imply that
a>0,b>0,c>0,d>0, e >0, ad-e > 0, dc-be > 0. The
special case f1 = a, fz(z,w)w = gz(w), fs(y,z) = c was
studied in [2], while the case fz(z,w) = b, fs(y,z) = gs(z)
was studied in [1]. The conditions He are comparable to
analogous criteria in [9; Theorem 1(iii)], [3; Theorem 1(iii)],
and [8; Theorem 1(ii)].

THEOREM 2. Suppose that in (2), fs(y,O) = f4(0) =0,
and conditions Hl’ H3, HS and H6 hold. Furthermore, assume
that (i) fs(x) sgn x > 0 for |x| > 1, and (ii) the function

p(t,x,y,z,w,u) satisfies

[p(t,x,y,z,w,u)| < {A+|y[+]|z|+]|w|+|u]}u(t) (3)
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where A is a constant and ¥(t) > 0 is a continuous function

of t. Then for any finite X0sY(2202%goYgs there exist constants
Ki = Ki(xo,yo,zo,wo,uo) i = 0,1 and a constant A > 0 whose
magnitude is independent of X(0,Ygr2p:¥gsYg such that any

solution x(t),y(t),z(t),w(t),u(t) of (2) determined by
x(0) = XO’ y(0) = YO’ z(0) = Zp» w(0) = Wo; u(0) = UO 4)

satisfies, for all t > 0,

yrty+z2 () sl () +u? ()

A

_1 t
Ko (14X (t)t1+[ W(s)x(s)ds]}
0

x(t)
P = [ egoras

A

-1 t
K L] b x(s)dsD)
0

t
where x(t) = exp(-xjow(s)ds).

The following corollary is an immediate consequence of
Theorem 2.

COROLLARY 3. Suppose, in addition to the conditions of
Theorem 2, that Fs(x) + 4+ as |x| » <, and I ¥(t)dt < «. Then
0

there exists a constant KZ = Kz(xo,yo,zo,wo,uo) such that the
unique solution (x(t),y(t),z(t),w(t),u(t)) of (2) determined
by (4) satisfies |[x(t)]| < Ky, ly(t)| < Ky, lz()]| < X,,

lw(t)| < K,, and lu(t)] < K,, for all t > 0.

A

SOME PRELIMINARY LEMMAS

The proof of the results above rest on the following
Lyapunov function

2V = u2 + 2auw + 2d(ab-c)uz/(ad-e) + 28yu

. le . 5 2
s 2(z,s)ds + [a“-d(ab-c)/(ad-e) 1w
0

+ 2[c+ad(ab-c)/(ad-e)-§]wz + 2aéwy + wa4(y)
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+

YA
2w (x) + ZaI £,(y,5)ds - (d+as)z® + 26byz
0

+

z
2d(ab-c) J sfz(s,O)ds/(ad-c) + Zazf4(y)
0

y
2ezy + Zazfs(x) + 2d(ab-c) J f4(s)ds/(ad-e)
0

X
+ (sc-ea)y? + 2d(ab-c)yfy(x)/(ad-e) + 25[ £ (s)ds
0

where § is defined by 6 = e(ab-c)/(ad-e) + e.

The required properties of V will be stated in the next
two lemmas; their proofs will not be given. The full force
of Lemma 4 may not be required. The well-known theorem of
LaSalle [6] which we shall apply, requires that V » = as
x2+y2+zz+w2+u2 + o, but there seems to be no direct or simpler

way of showing this other than by the way of Lemma 4.

LEMMA 4. Assume that all the conditions of Theorem 1
hold. Then there are positive constants Di (i =1,2,3,4,5)
such that for all x,y,z,w, and u,

2 2 2 2
2V > DlFs(x) + Dzy + 932 + D4w + D5u

provided that e is sufficiently small.

LEMMA 5. Assume that all the conditions of Theorem 1
hold. Then there exist positive constants Di (i=6,7,8)
such that if (x(t),y(t),z(t),w(t),u(t)) is a solution of (2)
with p(t,x,y,z,w,u) = 0 then

Vo< okul - (0gy? v Dz s Dgwd)

PROOFS OF THE THEOREMS

PROOF OF THEOREM 1. From Lemma 4 and Lemma 5 we have

V(x,y,z,w,u) > 0 for x2+y2+z2+w2+u2 >0 (5)
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V + +» as xz#y2+zz+w2+uz + (6)

and

2,2

\'Al -D(y2+z +W +uZ) (7)

A

where D > 0 is a constant. It follows from the system

x'=y.y' =12, 2z' =w. W =u (8)
u' = -f, (x,y,z,w,u)u-f,(z.w)-f5(y 2)-f,(y)-£f5(x)

hypothesis H2 and (7) that the set E of all solutions of (8)
such that V' = 0 consists of just the origin. Thus the largest
invariant set M in E is the origin. It also follows from (7)
that V(x(t),y(t),z(t),w(t),u(t) < V(x(0),y(0),z(0),w(0),u(0))
for all t > 0, so that by (6) all solutions of (8) are bounded
for all t > 0. It is now clear that all the conditions of
Theorem 3 of LaSalle [6] are satisfied. Since M is the origin.
complete stability (asymptotic stability in the large) follows
at once.

PROOF OF THEOREM 2. The proof is analogous to the proof
of Theorem 2 in Chukwu [2].
It is no longer true that the estimate for 2V in Lemma 4

holds valid under the restriction (i) of Theorem 2. However,
it is rather simple to verify that V, at least, satisfies

2 2 2 2
v > DlFS(x) + Dzy + DSZ + D4w + Dsu - ZD9

for some Dg; it follows that

V> Dlo(y2+22+wz+u2) + DllFs(x) - D9

for sufficiently small Dyp- Also, since fs(x) sgn x > 0 for
{x] > 1, and fo(x) continuous, there exists a D;, such that
Fs(x) > -D12 for all x. Therefore

Zeu?) - b4 (9)

v > Dlo(y2*22+w
where D5 = D11D12 + Dy. Now let (x(t),y(t),z(t),w(t),u(t))

be the solution of (2) satisfying the initial conditions (4)
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and set V(t) = V(x(t),y(t),z(t),w(t),u(t)). It follows. just
as in Lemma 5, that

L/ANES -D(y2+22+w2)+[a+aw+d(ab-c)z/(ad-e)+6y]p(t,x,y,z,w,u)
so that
V‘ S D14(‘YI+|ZI+IW'+IUI)|p(tpx9y,zyw‘u)l

Thus, by (3) and the obv1ous inequalities |y| < 1+y2,
lz] < 1427 |w| < 1%, lu| < 1+u?, and c|y|+|z|+|w|+|u|)

2 2,2

< 4(y +2 +wo+u )]w(t)

SO

+w +u ), we have V' < D14[4A+(A+4)(y +z

vo- Dlsv(t)w(t) f D16w(t)
t
On multiplying both sides by x(t) = exp(-DlSI ¢(s)ds) and
0
integrating, we obtain
t
V()X(t) < V(0)+n16[0w(s)x(s)ds
for t > 0, and on dividing both sides by x(t) we have
-1 t
{ORBROIOEINRTEMSES (10)
0
where V(0) = V(xo,yo,zo,wo,uo). This together with (9)

shows that

t
y2ezlawlan? < Dlo'ltx'l(t){V(0)+Dl6f0w(s)x(s)ds}+D13]

The other conclusion follows from (10) and the fact that
11 5(x) < V+D9 The proof is now complete.
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Chapter 9

STABILITY TYPE PROPERTIES FOR SECOND
ORDER NONLINEAR DIFFERENTIAL EQUATIONS

JOHN R. GRAEF AND PAUL W. SPIKES

Department of Mathematics
Mississippi State University
Mississippi State, Mississippi

INTRODUCTION

Stability type properties of second order nonlinear differential
equations of the form

(a(t)x')"' + h(t,x,x') + q(t)f(x)g(x"') = e(t,x,x') (*)
have been studied by a number of authors. As examples we cite
the recent work of Baker [1], Graef and Spikes [3-5], Grimmer
et. al. [2,6], Hammett [7], Kartsatos [8], Londen [9], and
Wong [10,11]. In this chapter we discuss the boundedness and
convergence to zero of solutions of (*) without making the usual
assumption that the perturbation term e(t,x,x') is small, Other
conditions often required by other authors have also been relaxed.

The first three theorems concern the boundedness of all
solutions and the convergence to zero of the nonoscillatory and
Z-type solutions. Theorems 5 and 6 give sufficient conditions
for the oscillatory and Z-type solutions to converge to zero,
and are extensions of results of Wong [10,11). Complete details
of the results in this paper will appear in [4].
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120 Graef and Spikes

STABILITY PROPERTIES

Consider the equation

(a(t)x')" + h(t,x,x") + q(t)f(x)g(x") = e(t,x,x’) (1)

where a,q :[to,w) + R, f,g: R > R, and h,e :[to,w) sz + R are

continuous, a(t) > 0, q(t) > 0, and g(x') > 0, It will be con-
venient to write equation (1) as the system

x' =y

(2)

y' = (-a'(t)y-h(t,x,y)-a(t)£(x)g(y)+e(t,x,y))/a(t)
Let q'(t), = max {q'(t),0} and q'(t)_ = max {-q'(t),0} so that

X
a'(t) = a'(t), - q'(t)_. Define F(x) = [ £(s)ds, G(y) =
(o]

Y
] [s/g(s)]ds and assume that there is a continuous function
o

T: [to,w) + R such that

le(t,x,y)| < r(t) (3)

and
h(t,x,y)y > 0 (4

We will use the same classification of solutions that was
used in [3-5]. That is, a solution x(t) of (1) will be called
nonoscillatory if there exists tl > tO such that x(t) # 0 for
t >ty the solution will be called oscillatory if for any given
t) >t there exist t, and ts satisfying t) <ty < tg, x(tZ) >
0, and x(t3) < 0; and it will be called a Z-type solution if it
has arbitrarily large zeros but is ultimately nonnegative or
nonpositive. The following additional assumptions are needed
in order to show that nonoscillatory solutions of (1) converge
to zero. Assume that:

(i) xf(x) > 0 if x # 0 and f(x) is bounded away from
zero if x is bounded away from zero
(ii) condition (3) holds and r(t)/q(t) - 0 as t +» =
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(iii) if x is bounded, then there exists a continuous
function k and t; > t_ such that |h(t,x,y)]| <

K(t)g(y) for (t,x,y) in [t ,=) xR® and k(t)/q(t) ~
0 as t »

(iv) g{) > c >0, [ q(s)ds = «, and J [1/a(s)]ds = «
t t
o o
LEMMA 1. If (i) - (iv) hold and x(t) is a bounded non-

oscillatory solution of (1), then lim inf |[x(t)| = 0.
toro

To see that condition (iii) in Lemma 1 is essential,
observe that both the equations

x" + tx' + x/t = 1/t2 + 2/t3, t>0
X' otx' o+ x[1+(x") 27/t = (tte2t3ee1y/e8, £ > 0

have the nonoscillatory solution x(t) = (1 + t)/t. 1In the
first equation we do not have |h(t,x,x")]| < k(t)g(x') and in
the second equation we do not have k(t)/q(t) - 0 as t » =,
The proof of Lemma 1 as well as the proofs of the following
three theorems will appear in [4]. We will also make use of
the following notation.

CONDITION W. If x(t) is a nonoscillatory or Z-type solu-
tion of (1), then 1lim x(t) = 0.

t+oo

THEOREM 2. Suppose that conditions (3) and (4) hold,

F(x) + = as |x]| + = (5)
J [a'(s)_/a(s)]ds < » and a(t) < a; (6)
t

o
[ tares) sacsynes < )
t
Jt [r(s)/q(s)]ds < = (8)

(o]
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and there is a positive constant N such that

y/g(y) < N 9
Then all solutions of (1) are bounded. If, in addition (i) -
(iv) hold, then Condition W holds.

THEOREM 3. If (3) - (S) and (7) - (8) hold, there is a
positive constant L such that |y|/g(y) < L, and

a'(t) > 0 and a(t) < a (10)
then all solutions of (1) are bounded. Under the additional
assumptions (i) - (iv), Condition W holds.

THEOREM 4. Suppose conditions (3) - (7) hold, g(y) > c > 0,
there are positive constants M and k such that

y2/8(y) < MG(y) for |y| > k (11)
and

o

[t [r(s)/(a(s))

o

/2345 < » (12)

Then all solutions of (1) are bounded. Moreover, if (i) - (iv)
hold, then Condition W is satisfied.

Examples showing the relationship between Theorems 1-3
and some recent results of Hammett [7], Grimmer [6] and Londen
[9] can be found in [4].

The next two theorems give sufficient conditions for the
oscillatory and Z-type solutions of (1) to converge to zero.
They are extensions of some results of Wong [10,11]. We shall
assume that

xf(x) > 0 if x £ 0 (13)
q(t) + » as t + (14)
0 <c<g(y) <Cand|a'(t)] < a, (19)
H(t) = r(t)/q(t) - 0 as t + « (16)

xf(x) > dF(x) (17)



Stability Properties for Nonlinear Equations 123

for some positive constant d, and there is a continuous function
k :[to,w) + R such that

|h(t,x,y)| < k(t) and k(t)/q(t) > 0 as t + = (18)

THEOREM 5. Suppose conditions (3) - (7) and (12) - (18)
hold. If

t
It [(@1(s))"" 1ds = o(lnq(t)), t » =
[0}

then every oscillatory or Z-type solution x(t) of (1) satisfies
lim x(t) = 0.
tro

THEOREM 6. Let conditions (3) - (5), (10), and (12) - (18)
hold. 1If for every w with 1/2 < w < 1 we have

f (a'(s)_/q"(s)1ds < = (19)
t

[o]
and

t .
jt [@¥(s))" |ds = o(al™(t)), t » = (20)
(o]

then every oscillatory or Z-type solution x(t) of (1) satisfies
lim x(t) = 0.

tro

We will outline a proof of this theorem. Complete details
of the proofs of both Theorems 5 and 6 will appear in [4].

Let x(t) be an oscillatory or Z-type solution of (1).
First note that conditions (14) and (19) imply that (7) holds
so by Theorem 4 x(t) is bounded, say |x(t)| < B. With no loss
in generality we may assume that C > dc. Let N (4C - dc)/2dc
and w = Ndc/(2C + dc); then 1/2 <w < 1. For t > z > to define

V,(x,y,t) = F(x)/a(t) + G(y)/a(t)

t
+ J [h(s,x(s),y(s))y(s)/g(y(s))q(s)a(s)]lds
Z

t
- [ Le(s,x(s),y(s))y(s)/g(y(s))a(s)a(s) Ids
Z
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It can be shown that Vz(t) approaches a finite limit as t + =,
so there exists z > t, such that

o

] [h(s,x(s),y(s))y(s)/g(y(s))a(s)a(s)Ids < Ne(l-w)1sw
VA

[ le(s,x(s),y(s))y(s)/g(y(s))a(s)a(s) |ds
YA

< min{Ne(1-w)/15w, €/8}
and
Blr(t) + k(t)]/q(t)a(t) < Ndce(l-w)/15w
for t > z,
Let T(t) = 1/q"(t) and K(t) = NdcT(t)q(t)V,(t) + T"(t)x/2
- T'(t)xy. Then K'(t) < T"'(t)x2/2 + clq'(t)/qb(t) +
c,a' (t)_/q" () + Dq' (t),V,(£)/q"(t) - Dq'(t)_V,(t)/q"(t) +

dc|q'(t) | [2Ne(1-w)/151q%(t) + Ndce(1-w)|q'(t)|/15q¥(t). Since
Vz(t) converges, suppose that 1lim Vz(t) =L > 3e/4. Now x(t)

t>o
is an oscillatory or Z-type solution so we let {tn} be an
increasing sequence of zeros of y(t) such that t, > ®as
n > » and 4L/5 < Vz(t) < 6L/5 for t > t- Hence K'(t)
IT"" (£) [B2/2 + cja' (1) /aP(t) + c,q' (t)_/a¥ (1) + 6DLq’ (£)/5¢" (1)
4NdcL(1-w)q'(t)/15q% (¢). Integrating from t; tot we have

A

+

t
K(t,) < (BZ/Z)Itan"'(s)|ds + cat e/ - b
1

t
+ c3J "q'(s)_/q"(s)1ds + 6DLq1'"(tn)/5(1 - W)
t
1

+ 4Nchq1'"(tn)/15 ¢y

Now K(t;) = NdeT(t )a(t )V, (t)) + T"(t )x*(t )/2 >
4NdeLq' (¢ )/5 + T(t)x?(t )/2, and since b > 1 and
[1-w(l+ 1/N)J/(1 - w) = 1/3, we have
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t
2NdcLa ™ (t ) /15 < 32[ BT (s) |ds + g
31
which is impossible in view of (14) and (20). Therefore
lim vV, (t) = L < 3e/4. Hence there exists T1 > z such that

t+oo

Vz(t) < '7¢/8 for t > T1 so
F(x(t))/a(t)

t
< Te/8 * f le(s,x(s),y(s))y(s)/g(y(s))a(s)a(s)|ds
T
< €
for t > Tl. Since a(t) is bounded from above, we have that
F(x(t)) - 0 as t + «» which implies that x(t) + 0 as t +
completing the proof of the theorem.
By combining various theorems we could obtain results which
would guarantee that all solutions of (1) tend to zero as t + =,
One such example is the following.

THEOREM 7. If conditions (3) - (7), (10) - (20), and (i) -
(iv) hold, then every solution x(t) of (1) satisfies
lim x(t) = 0.
t+o
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Chapter 10

PRICE STABILITY
IN UNIONS OF MARKETS

*
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University of Maryland
College Park, Maryland

CLASSICAL EQUILIBRIUM MODELS

We consider markets in the set of commodities Cl""’cn’

n > 2. Let P; 2 0 be a variable indicating the price of Ci’
i=1,...,n, and let p = (pl,...,pn) denote the vector of
prevailing prices. Given the prices p, each potential market
buyer of Ci is assumed to demand a certain quantity of C; while
each potential supplier is assumed willing to supply some
quantity of Ci. By simple summation, the total market demand
for Ci at prices p is obtained and, likewise, the total market
supply of Ci at prices p. The former yields the demand function
di(p), and the latter yields the market supply function si(p)
for Ci‘ We may then define for each i = 1,...,n,

the market "excess demand function" for Ci at the prices p.
The traditional assumption is that if fi(p) > 0 then P; should

*
Other affiliation: Applied Mathematics Division, National
Bureau of Standards, Washington, D. C.
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tend to rise over time, while, if fi(p) < 0, then P; should
tend to fall over time [14]. This notion first suggests the
very simple model

dpi

o - f@), i= 1., (1)
The price vector p is then naturally defined to be an
equilibrium if

fi(ﬁ) =0,1i=1,...,n (2)

In order to allow for more general rates of adjustment,
the slightly more complicated model

dpi .

=t - H(E; (), 1 =1,...,n (3)
may be advanced where H is a differentiable function satisfying
H(0) = 0 and H'(0) > 0 [1]. The notion of equilibrium is then
still as indicated by (2). We do not address the issue here,

but the existence of equilibrium for market models such as (1)
(and, thus, (3)) is known under quite general circumstances [2].

STABILITY ANALYSIS OF EQUILIBRIUM

An equilibrium price vector p is said to be stable (locally
asymptotically stable) if, after any ''small", one-time
perturbation, the system (1) (or (3)) tends to return to p over
time. If all partials of the excess demand functions fi’
i=1,...,n, exist, then we may define the n-by-n Jacobian

of;

A = (Wl' (ﬁ)) (4
of the system (1), which we shall call the Jacobian of the
excess demand functions at f. It is then well-known that g is
stable if the real part of each eigenvalue of A is negative [5].
Such a matrix is thus also called stable. Since the Jacobian
of the system (3) is simply H'(0)A and H'(0) > 0, the stability
of f in (3) is equivalent to the stability of p in (1).

For an n-by-n matrix B, we denote the 'real part" (or
"Hermitian part") of B by Re(B) = (B+B*)/2. The classical
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result of Lyapunov [12] then characterizes the stability of A
(and thus p) in the following way: 'A is stable if and only if
there is a positive definite Hermitian matrix G such that

-Re (GA) (s)

is positive definite". The set of all positive definite
Hermitian G for which (5) is positive definite is easily
verified to form a cone, and we shall denote this cone by L(A).

Remark 1. Thus A is stable if and only if L(A) # 8.

A condition sufficient, but not necessary, for the stability
of A = (ai‘) may be deduced from Gersgorin's theorem [15]. If
a;; < 0 and DA is diagonally dominant of its columns for some
positive diagonal matrix D, then all Gersgorin column discs for
DAD'l, and thus all eigenvalues of A, lie in the opcn left half-
plane so that A is stable. Denote by D(A) the set all positive
diagonal matrices D such that ag; < 0 and DA is column diagonally
dominant, and then D(A) is also a cone.

Remark 2. If D(A) # #, then A is stable.

Global asymptotic stability of systems such as (3) is less
well understood and is only known in certain special cases
[2,13]. Most notable among these is the case of '"gross
substitutes', that is, when the Jacobian of the excess demand
functions is an M-matrix at all price vectors [3]. In this case
D(A) # # for all p and it is reasonable to ask if this condition
is sufficient for global asymptotic stability in other than the
gross substitute case. As of this writing the answer is
not known [13].

THE PROBLEM OF D-STABILITY

The model (3) may be further complicated by supposing, realis-
tically, that the adjustment rates differ from commodity to
commodity within the market (i.e. from i-th market to the j-th
market, i # j, within the large market). This suggests
the model

dpi

gt - By (£;,(P)) (6)
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where Hi is differentiable and satisfies Hi(O) = 0 and Hi'(O)
>0, i=1,...,n. The Hi's might be thought of as commodity-
specific adjustment functions. Stability analysis of this
system is complicated by the fact that the adjustment functions
are taken to be unknown [1], other than the above requirements,
and this renders the analysis intrinsically different from that
of (3). The Jacobian of (6) at an equilibrium f is simply DA
where A is the Jacobian of the excess demand functions and D
is the positive diagonal matrix whose i-th diagonal entry is
Hi'(O). For f to be a stable equilibrium regardless of the
adjustment rates, DA must be stable for all positive diagonal
matrices D. Such a matrix A is called D-stable. No effective
characterization of the D-stable matrices is known despite a
good deal of research [6], and one would be most welcome. How-
ever, because of the main result of [7], it is clear that this
problem is difficult. It is not difficult to demonstrate that
A is D-stable if D(A) # # and also, more generally, that A is
D-stable if L(A) contains a diagonal matrix; however, neither
of these conditions is necessary. For D(A) to be nonempty,
effective necessary and sufficient conditions are well-known in
terms of the positivity of the leading principal minors of a
matrix derived from A [6]. On the other hand no precise method
of determining when L(A) contains a diagonal matrix seems to be
known, although some sufficient and other necessary conditions
can be formulated [8]. Here there is room for interesting
further research on both a theoretical and a numerical level.

Two economically interesting variations on the D-stability
question should also be mentioned because they too merit
further study. If the adjustment rates comprising D, while
still unknown, are known to fall within certain ranges, then
the class of matrices A, stable under multiplication by only
the allowable D's, would be of interest. Such a matrix A might
be called conditionally D-stable, and, generally speaking, the
greater the knowledge of the adjustment rates, the larger would
be the class of conditionally D-stable A's.

1f, further, the adjustment rates were not only known but
were regarded as controllable policy variables, then, if
achievement of stability were the goal, the existence of a
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positive diagonal matrix D such that DA is stable would be at
issue. Such matrices A might be called D-stabilizable, and an
effective characterization for them is also lacking. The
Fisher-Fuller conditions are sufficient (an elegant and simple
proof is given in [4]) but not necessary. The consummate
mathematical question one is led to is to characterize, for a
given matrix A, the set of all positive diagonal matrices D
such that DA is stable. This would, of course, contain the
questions of D-stability, conditional D-stability, and
D-stabilizability.

UNIONS OF TWO MARKETS

We next consider the case of two entirely separate markets,

both in the same set of commodities C ,C_. Then, imagine

yo o
the two markets to be instantaneouslyljoinedninto one (e.g. upon
the removal of a high tariff barrier or after the revolutionary
lowering of a significant transportation cost etc.). The mar-
ket supply and demand functions, and thus the excess demand
function, for Ci in the new market will then just be the sum of
those from the two old markets. Because of the linearity of
the derivative, the new Jacobian of the excess demand functions
will be the sum of the two prior Jacobians. If a given price
vector f is an equilibrium in both of the old markets, then p
will again be an equilibrium in the surviving market. However,
even if f is a stable equilibrium in both markets, it is not
necessarily stable in the union since, as can easily be shown
by example, the sum of two stable matrices is not always stable.
In the following we assume the very simplest case: that
our markets obey the model (1) and that f is an equilibrium
price vector common to and stable in each of the original
markets. We denote by A the Jacobian of the excess demand
functions of the first market and by B the Jacobian of the
second. Equivalent to the question of the stability of p in
the union of the two markets, then, is the mathematical
question: ‘''given two stable matrices A and B, when is A+B
stable?"” 1In economic terms, what must the structure of the
two markets have in common for the union to be stable?
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SUFFICIENT CONDITIONS FOR STABILITY OF SUMS
It is a straightforward computation to show that
D(A) N D(B) C D(A+B)
and that
L(A) N L(B) C L(A+B)

From these observations, two sufficient conditions for the
stability of A+B follow.

THEOREM 1. If A and B are stable matrices and § #
D(A) N D(B) then A+B is stable.

THEOREM 2. If A and B are stable matrices and § #
L(A) N L(B) then A+B is stable.

Theorem 2 says, for example, that if the two Jacobians
have a common Lyapunov solution, then the common equilibrium
is stable in the union of the two markets. Unfortunately, the
converse of neither theorem is valid as may be shown via 2-by-2
examples., It is still an interesting question to determine for
the stable pair A and B nontrivial necessary and sufficient
conditions which insure that A+B is stable. In the next two
sections we give a characterization for a slight variation
on this problen.

A "LOCAL'" LYAPUNOV THEOREM

Lyapunov's theorem may be interpreted as a global result in the
following way. The nonemptiness of L(A) is equivalent to the
existence of a fixed positive definite matrix P such that

-Re(x*PAx) > 0
for all 0 # x ¢ C™. Thus one P must work for all (nonzero) x.

It turns out that this global condition may be relaxed. Analogous
to the ''global'" cone L(A), we define the "local" cone

L(A,x) = {P* = P > 0 : -Re(x*PAx) > 0} (7)

We may then prove a local analog of Lyapunov's theorem (compare
to Remark 1).
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THEOREM 3. The n-by-n matrix A is stable if and only if
L(A,x) # § for all 0 # x € ct.

Proof. This theorem is implied by the observation that
L(A,x) = @ if and only if Ax = Ax for some X with Re(A) > 0.
First suppose that Ax = Ax and Re(X) > 0. Then, Re(x*PAx) =
Re (x*P(Ax)) Re(A) - (x*Px) > 0, for all positive definite P.
Thus L(A,x) #. On the other hand, suppose x € c" is such
that Ax # Ax for any complex number A. Then it suffices to
note that for x and y (=Ax), which are linearly independent,
a P* = P > 0 may always be constructed so that Re(x*Py) < 0.
To see this, pick S, non-singular, so that

-
: 5
. X2
Sy = . and Sx = 0
0 .
0

where x, # 0 and Re(xl) < 0. Then S*S € L(A,x), which is,
therefore, nonempty. This completes the proof.

Remark 3. Since L(A) = N{L(A,x) : 0 # x € Cn}, it follows
from Remark 1 and Theorem 3 that L(A,x) # # for all 0 # x ¢ c?
if and only if L(A) # 8.

THE STABILITY OF A + oB

A rather stronger condition than that the sum be stable may now
be characterized for the pair A,B of stable matrices. The
following two lemmas may be proved in a straightforward manner.

LEMMA 1. For all a > 0, all A € Mn(C), and all x € Cn,
L(aA,x) = L(A,x).

LEMMA 2. For all A,B e M_(C) and all x ¢ ", L(A,x) N
L(B,x) C L(A+B,x) C L(A,x) U L(B,x).

The principal result is that the analog of Theorem 2 now
becomes a characterization.
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THEOREM 4. Suppose A and B are stable. Then A + aB is
stable for all o > 0 if and only if L(A,x) N L(B,x) # P for all
0#xecCh.

Proof. Suppose L(A,x) N L(B,x) # # for all 0 # x € cm.
Given o > 0, for any 0 # x € c" we have, by Lemmas 1 and 2, that
L(A+aB,x) # #. Thus, by Theorem 1, A + oB is stable.

Conversely, suppose that A + aB is stable for all a > 0,
that 0 # x ¢ c" is arbitrary and that P € L(A,x) and Q € L(B,x).
Then there is some @y > 0 such that P ¢ L(A+aB,x) for 0 < a < a
and there is some 0y > 0 such that Q € L(A+aB,x) for a > a,.
Now L(A+aB,x) is a continuous, set valued function of a > 0

1’

and is nonempty for all o > 0 because of Theorem 1. Also,
L(A+aB,x) ¢ L(A,x) U L(B,x) for all a« > 0, and L(A,x) and

L(B,x) are open sets. If it were true that L(A,x) N L(B,x) = @,
then either (i) L(A+aB,x) C L(A,x) for all o« > 0, or, (ii)
L(A+aB,x) C L(B,x) for all a > 0. However, these cases are
both impossible, since L(A,x) N L(A+aB,x) # # for 0 < a < oy

and L(B,x) N L(A+aB,x) # @ for a > ay. We conclude that

L(A,x) N L(B,x) # @#, which completes the proof.

Remark 4. In the context of Theorem 4 it should be noted
that none of the following three similarly attractive statements
about stable A,B is valid, since 2 by 2 counterexamples may be
constructed in each case:

1. A + B is stable if and only if L(A) N L(B) # @

2. A + oB is stable for all « > 0 if and only if
L(A) N L(B) # #

3. A+ B is stable if and only if L(A,x) N L(B,x) # @
for all 0 # x e C".
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Chapter 11

A NONCONTINUATION CRITERIDN FOR AN
N-TH ORDER EQUATION WITH A RETARDED ARGUMENT

W. E. MAHFOUD"

Department of Mathematics
Southern Illinois University
Carbondale, Illinois

INTRODUCTION

In [1] Burton and Grimmer discussed noncontinuation of solutions
of the second order ordinary differential equation

x"(t) + a(t)f(x(t)) =0 (A)

when a(t) becomes negative at a point and xf(x) > 0 for x # 0,
and gave the following result.

THEOREM A. Suppose a(tl) < 0 for some t, > 0. If either

0

(i) Jofl + F(x)17 1 %x < =, or

-0

(ii) JO [1+ Fx)1 M %4x > -=, where F(x) = J;f(s)ds,

then (A) has solutions which are not continuable to =,

*
Present address: Department of Mathematics, Murray
State University, Murray, Kentucky.
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They also proved the conversc of Theorem A and extended it
later in [2] to the delay differential equation

x"(t) + a(t)f(x(q(t))) =0 (B)
when a(t) becomes negative at a point, f is nondecreasing, and
xf(x) > 0 for x # 0.

It is unknown whether or not Theorem A is extendable to
Equation (B).

Recently, Burton [3] extended Theorem A to the n-th order
ordinary differential equation

x™ (¢) + a(t)E(x(t)) = 0

where n > 2.

MAIN RESULT
In this chapter we extend Theorem A to the differential equation
xM (1) + a(@fx(®),x@a(1)) =0 )

where n > 2, a: [0,») » R, R = (-»,+x), q: [0,®) + R, and
f:RxR > R.

We assume a(t), q(t), and f(x,y) are continuous, q(t) <t
for all t > 0, and f(x,y) > 0 when x > 0 and y > 0 while
f(x,y) < 0 when x < 0 and y < 0.

Following El'sgol'ts [4] , for any tO > 0, we let EtO =
{s:s = q(t) < t, for t > to} U {to}. By a solution of (1) at
t, is meant a function x :Et U [to,tl] + R, for some t; >ty

which satisfies (1) for all t ¢ [to,tlj. Given a continuous

function ¢ :Et + R and constants c there exists
0

y seey C
1 n-1°
a solution x(t) of (1).at t0 with the property that x(t) = ¢(t)
for all t ¢ Et and x(l)(to) =cy for i =1, ..., n-1. A

solution x(t) of (1) at to is said to be continuable if x(t)

exists for all t > tos otherwise, it is said to be noncontinuable.
X X
We define Fl(x) = Jof(s,s)ds and Fn+1(x) = IOFH(S)dS for

n=1,2,3,... . It is clear from the definition of Fn(x) that
(-1)“1=n_1(x) >0 for x < 0 and for n = 2,3,... . Let
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Q1 = {(x,y) :x >0 and y > 0} and Qs = {(x,y) :x <0andy <0
Define a function f* :Ql U Q>R such that for x < 0 and y < 0
we have f*(x,y) = f(x,y) and f*(-x,-y) = -f*(x,y).

Consider the equation

x(M (£) + a(t)£*(x(t),x(a(t))) = 0 (2)

It is clear, from the definition of f*, that f* is continuous

in QllJ Qs and if x and y have the same sign, then f*(x,y) has
that sign. Also, if x(t) is a solution of (2) such that
x(t)x(q(t)) > 0, then -x(t) is also a solution of (2). Moreover,
x(t) < 0 with x(t)x(q(t)) > 0 is a solution of (2) if and only
if x(t) is a solution of (1).

bq x
We define F*l(x) = [Of*(s,s)ds and F*n*l(x) = IOF*n(s)ds

for n = 1,2,3,... . Then F*n_l(x) is even when n is even and
odd when n is odd, and hence

GO ) = CDPFF(x) = FA_(x) (3)
for all x < 0.

NOTATION. For d > 0, we write

=~
n
(A2

g = y) ix >y > dl,

Ry {(x,y) :x <y < -d},

C={f:RxR~+ R:f is continuous}, and,

for any set T C RxR,

CD(T) = {f ¢ C:f is nonincreasing with respect to y
for every fixed x whenever (x,y) ¢ T}

THEOREM. Suppose a(tl) < 0 for some t
d > 0 such that either

12 0 and there is

o0

(i) Jo[l . Fn_l(x)]'l/“dx <wand £ e Cp(Ry"), or

-0

(i1) [0 1+ D%, (1"

dx > - and f ¢ CD(Rd-).

Then (1) has noncontinuable solutions.
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00
Proof. Suppose Jofl + Fn_l(X)]-l/ndx < o and f ¢ CD(Rd*);

then for any given e > 0 there exists x; > d such that
00

I [1+ Fn_l(x)]-l/ndx < €.

X1

Since a(t) is continuous and a(tl) < 0, there exists t, > t1
and positive constants m and M such that -M < a(t) < -m for all
t e [tl, tz].

Let C;, Cpy «1v,y Ch-1 bc positive constants to be determined.

Let x(t) be a solution of (1) such that x(t) = x; on Et and
1

x(l)(tl) = Ci for i = 1,2,...,n-1. We propose to show that, for
some choice of the Ci's, x(t) does not exist on [tl’ t2]. If

x(t) exists on [tl, t2], then it is clear that x(i)(t), i=
0,1,...,n-1, are increasing on [tl, t ] Since q(t) < t for all
t >0, then d < x, < x(q(t)) < x(t) for all t ¢ [tl, t ] Since
fe CD(Rd ), then £(x(t), x(q(t))) > f(x(t), x(t)) for all

t e [tl, tZJ and hence, by (1), we have x( )(t) > -a(t)f(x(t),x(t))
> mf (x(t),x(t)) for all t ¢ [tl, tz]. Multiply both sides of

this inequality by x'(t) and integrate from t, to t € [tl’ t2]

1
to get

t t
J x(™ (s)x1 (s)ds > mf £(x(s) ,x(s))x' (s)ds
Bt Y

x(t)
mJ f(s,s)ds
X1
= m{Fy (x(t)) - Fy(x)]
An integration by parts on the left-hand side yields
. t
D nxrey - x(n'l)(tl)x'(t1) ) Jt x (071 (5)x (s)ds

. 1
> mFl(x(t)) - mF(xl)

x(l)(tl) = Ci and x(l)(t) >0 for i = 1,...,n-1 and
t e [tl, t2], we obtain
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x(n'l)(t)x'(t) > C € - mFl(xl) *+ mF, (x(t))

-171

Choose C__ = mFl(xl)/C1 so that x(n'l)(t)x'(t) > mFl(x(t)) for
all t ¢ [tl, t2]. Multiply both sides of this inequality by
x'(t) and proceed as above to get

t
mJ Fl(x(s))x'(s)ds
1 t1

m[Fz(x(t)) = Fz(xl)]

t
J x(n_l)(s)[x'(s)]zds
t

v

and hence x(n'z)(t)[x'(t)]2

"W

cn-chz - mF,(x;) + mF,(x)].

Choose Cn_2 = mFZ(xl)/Cl2 so that x(n'z)(t)[x'(t)]2 > sz(x(t))
for all t ¢ [tl, tz]. Con?inue this process (n-1) times and
choose C; = an_i(xl)/Cln'l, i=2,...,n-1, to get
X () [x' ()32 > mF__,(x(t)) for all t e [t;, t,]. Multiply
both sides by x'(t) and integrate from ty to t to obtain
[x'(t)]n - Cln > ann_l(x(t)) - ann_l(xl) and hence x'(t) >
[k + mnFn_l(x(t))]l/n, where k = Cln - ann_l(xl). Choose
C; 2 [mn(1 + Fn_l(xl))]l/n; then k > mn and hence x'(t) >
k [1+ F l(x(t))]l/“ where k; = ()™, Thus k dt <
n-

-1/n

(1 + F 1 (x(£)]

dx(t). Integrate from t. to t to get

1

x(t) -1/n

kl(t - tl) < J [1+ Fn_l(s)] ds < ¢ for all t ¢ [tl, tz].
X1

Choose ¢ = kl(t2 - tl); then we obtain t - tl < t2 - tl for all

t e [tl, t2]. This is a contradiction. Thus x(t) + « before
t reaches tz.

Now, suppose J [1 + (—l)nFn_l(x)]‘l/ndx > - and
0 -]

£ e Ch(Ry7); then, by (3), we obtain | [1 + F*_ _(x)]1 1/Ddx < w.
D'd 0 n-1

As f* ¢ CD(Rd+)’ then by the above proof, (2) has a noncontinuable
solution y(t) > 0. Let x(t) = -y(t), then x(t) is a solution of
(1) which is not continuable. The proof is now complete.
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EXAMPLE. The equation
X(t) + a(){x3(t) + x(e/2)[1 + x*(e/2)17h) =0
where a(t) = -2[4 + (t-2)21[4 + (t-2)% + 2(t-2)(t-1)377! if

0 <t<1anda(t)=-2if t > 1, has x(t) = (t-1)"! as a
solution on [0,1).
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Chapter 12
NEGATIVE ESCAPE TIME FOR SEMIDYNAMICAL SYSTEMS

ROGER C. McCANN

Department of Mathematics
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The purpose of this chapter is to investigate the concept of
negative escape time for semidynamical systems.

R* will denote the non-negative reals. A semidynamical
system on a topological space X is a continuous mapping
I:X x R » X such that

nN(x,0) = x for all x € X
nm(m(x,t),s) = nN(x,t+s) for all x € X and s,t ¢ R*

If AC X and BC R*, then T(A,B) and F(A,B) will denote the
sets {N(x,t) :x € A, t ¢ B and {y :l(y,t) € A for some t ¢ B}
respectively. A point x € X is called a start point if
x ¢ N(y,(0,»)) for any y ¢ X.

Let I and p be semidynamical systems on topological spaces
X and Y respectively. T is said to be isomorphic to p in the
sense of Gottschalk and Hedlund (abbreviated as GH-isomorphic)
if there exists a homeomorphism h:X » Y and a continuous
mapping ¢ : X x R* > R* such that

143
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¢(x,0) = 0 for each x ¢ X
o (X, ) :RY » RY is a homeomorphism for each x ¢ X
h(n(x,t)) = p(h(x),¢(x,t)) for each (x,t) € X x R

Isomorphisms of local dynamical systems have been studied in
depth by T. Ura [6,7]. We will say that T can be embedded
into p if there exists a homeomorphism h of X onto a subset of
Y such that h(l(x,t)) = p(h(x),t) for every (x,t) € X x R".

Henceforth, I will denote a semidynamical system on a
Hausdorff space X. Intuitively, the negative escape time of
a point x ¢ X should be the minimal time length of all negative
trajectories through x. Negative trajectories are defined and
discussed at length in [1].

Since only an intuitive concept of negative trajectory is
required in this chapter, we omit a precise definition and
refer the interested reader to [1]. In order to make the con-
cept of negative escape time precise, we need to consider the
set M of all negative trajectories through x which originate
at start points, and the set Nx of negative trajectories
through x which do not originate at start points. We first
define a negative escape time with respect to each set. Set
m(x) = inf {t > 0:1I(y,t) = x for some start point y} if
Mx # # and m(x) +o if M, = . Set n(x) = inf {t > 0: there

exist sequences {t;} in R" and {x;} in X such that t, » t,

H(xi,ti) =X, X5 € H(xi,R*), and {xi) has no convergent
subsequence} if Nx # § and n(x) = +» if Nx = f.

DEFINITION. The negative escape time, N(x), of x € X is
given by N(x) = min {n(x),m(x)}. If MC X, N(M) = inf {N(x) :
X € M}.

It should be noted that the negative escape time of
x € X is with respect to all negative trajectories through x
and not'just a particular trajectory through x.

THEOREM 1. Let I be a semidynamical system on a Hausdorff
space X. Then I can be embedded into a semidynamical system
p on a Hausdorff space Y such that N(y) = += for all y ¢ Y.
Moreover, p is minimal in the sense that if I can also be
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embedded into a semidynamical system p' on a space Y', then
p can be embedded into p'. Also, if h:X + Y is an embedding
of I into p, then h(X) is positively invariant and if y ¢ Y,
then N(y,t) € h(X) for some t € R".

In the proof of Theorem 1 (see McCann [4]), the space Y
is constructed. Unfortunately, topological properties of X do
not seem to be inherited by Y. 1In fact, the construction of Y
is so complicated that it is difficult to determine any
topological properties of Y. However, in certain circumstances
it is possible to choose Y as X.

THEOREM 2. 1If there exists a continuous function f : X =+
(0,11 such that f(x) < N(x) for all x € X, then I is GH-
isomorphic to a semidynamical system p on X which has infinite
negative escape time for each x e X.

The condition f(x) < N(x) imposes some type of continuity
property on N(*). The following examples show that if Il has
start points (Mx # #) or if X is not locally compact, then N(*)
does not possess any ''nice" continuity properties. In each
example, M will be the semidynamical system indicated in the
diagram where N(x,t) is the point a distance t from x along
the trajectory through x.

" 5/z

y

In each example there are sequences {yi}, y. + y, and

i
{zi}, z; > z, such that lim sup N(y;) < N(y) and lim inf N(z,)

i+ e i+

> N(z). In light of these examples, we will restrict our
attention to the situation that the semidynamical system I has
no start points and the phase space X is locally compact.



146 McCann

THEOREM 3. Let X be locally compact and I have no start
points. Then the negative escape time, N(:), is a lower semi-

continuous function, i.e., 1lim inf N(y) > N(x) for all x ¢ X.
y » X

Since N(*) is a lower semicontinuous function, so is the
function g : X » R defined by g(x) = min {1,N(x)}. Since there
are no start points, N(x) > 0 and, hence, g(x) > 0 for all
x € X. The constant function h(x) = 0 for all x € X is an
upper semicontinuous function such that h(x) < g(x). If X is
locally compact and Lindeldf, then, by a well-known result of
Dowker [2], there is a continuous f : X - R" such that 0 = h(x)
< f(x) < g(x) < N(x) for all x ¢ X. Theorem 2 yields

THEOREM 4. Let I have no start points and X be locally
compact and Lindeldf. Then I is GH-isomorphic to a semi-
dynamical system p on X which has infinite negative escape time
for each x ¢ X.

It is well-known that a dynamical system on a locally
compact space X can be extended to a dynamical system on the
one point compactification X* of X. This is not always
possible for a semidynamical system (see [3; Chapter VI,
Section 3.15]). Let X* = XU{»} be the one point compactification
of the locally compact space X and define II* : X* x RY » x* by
nm(x,t) if x € X

n*(x,t) =
© if x = »

THEOREM 5. Let X be locally compact and I have no start
points. Then II can be extended to the semidynamical systcm
* on X* if and only if N(x) = += for every x ¢ X.

Since a semidynamical system on a manifold has no start
points, [1; Theorem 11.8], the hypotheses of Theorems 3, 4, and
5 are satisfied whenever X is a manifold.
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Chapter 13

ON THE UNIFORM ASYMPTOTIC STABILITY OF THE
LINEAR NONAUTONOMOUS EQUATION x = -P(t)x WITH SYMMETRIC
POSITIVE SEMI-DEFINITE MATRIX P(t)

A. P. MORGAN™ AND K. S. NARENDRA

Department of Engineering and Applied Science
Yale University
New Haven, Connecticut

INTRODUCTION

The ordinary differential equation X = -P(t)x where P(t) is
symmetric positive semi-definite time-varying matrix arises
often in mathematical control theory. (See, for example,
Narendra and McBride [7; p. 34], Lion [5; p. 1837], and Sondhi
and Mitra [10; p. 53.)

In this chapter we consider the stability properties (in
the sense of Lyapunov) of the equilibrium state x = 0. Since
for V(x) = x'x, Q(x) < 0, the origin is uniformly stable.
However (uniform) asymptotic stability does not generally hold
unless P(t) is positive definite. The semi-definite case arises
much more frequently in practice than the definite one, and the
main effort in this paper is directed towards finding conditions
characterizing uniform asymptotic stability in such a case.

*
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For applications, uniform asymptotic stability is important
because this property is preserved under perturbations (see Hale
(2; Thcorems 2.3, 2.4 and 5.2]). On the other hand, this
"structural stability'" is not necessarily possessed by (non-
uniform) asymptotically stable systems (see Hale [2; p. 87]).
Note also that since X = -P(t)x is linear, all stability
properties are global.

The principal results are stated in Theorem 1 and Lemma 2.
The following Theorem, which is a part of Theorem 1, gives a
simple and complete characterization of uniform asymptotic
stability and is illustrative of the type of result derived
in this chapter.

THEOREM. Suppose P(t) is a symmetric positive semi-definite
matrix of bounded piecewise continuous functions. Then the
equation

x = -P(t)x (1)

is uniformly asymptotically stable if and only if there are
real numbers a > 0 and b such that

t
[ |[P(s)-w|ds > a(t - ty) + b
t
0
for all t > to > 0 and all fixed unit vectors w,

In the next section we discuss some examples. In the last
section the principal results are stated, and a lemma useful in
showing uniform asymptotic stability for other classes of linear
and nonlinear systems of equations is given. For proofs of the
results presented here, see Morgan and Narendra [6].

PRELIMINARY DISCUSSION

Before stating all our main results, we will discuss some impli-
cations of the theorem above. Our discussion divides naturally
into five parts (a,b,c,d, and e below). First, however, we
state the following.

DEFINITION. The equilibrium state x = 0 of the uniformly
stable differential equation x = f(x,t) is uniformly
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asymptotically stable (u.a.s.) if for some € > 0 and all
€, > 0 there is a T = T(el,ez) > 0 such that if x(t) is a
solution and lx(to)l < €;, then [x(t) | < e, if t > ty + T. If
T depends on tys then ¥ = f(x,t) is (non-uniformly) asymptotically
stable (a.s.).
(a) If P(t) = P is a constant nxn matrix, then the following
are equivalent. (i) Equation (1) is u.a.s. (ii) Equation (1)
is a.s. (iii) P has rank n.
(b) Let A(t) denote the eigenvalue of minimal length of
P(t). Then u.a.s. holds if there are a > 0 and b such that

t
f {A(s)|ds > a(t - to) + b
N 2
0
for all t > tgy- In particular, if P(t) has (maximal) rank n
for all t and A(t) is bounded above zero or periodic, then
%X = -P(t)x is u.a.s. Thus if P(t) is rank n and periodic, then
u.a.s. holds. However,

t
f |A(s)|ds > a(t - to) + b
to
is not necessary but only sufficient. This will be clear from
the discussion of the 2x2 rank 1 case in part (c) below.

(c) Suppose there is u: [0,x) » R? such that
2
! U1tz
P(t) = u(t) » u(t)T =
2
b ) uz

The eigenvalues of P(t) are then lu(t)|2 = ul(t)Z + uz(t)2 and
0. Now

X = -P(t).x
becomes kX = -<u(t),x>-u(t) where <, > denotes the canonical

inner product on RZ. Thus the condition

t t
f |P(s)w|ds = J |<u(s),w>||u(s)|ds > a(t - ty) + b
t B
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for fixed unit vectors w requires that both |<u(s),w>| and
|u(s)| "not get too small for too long." Thus, u(s) must change
direction uniformly so that its inner product wqfh any fixed
direction w does not converge too quickly to zero, and u(s) it-
self must not converge too quickly to zero. To further illustrate
this, consider the following explicit examples.

(d) Let e; = (1,0) and e, = (0,1). Define vectors u(t) and
u'(t) to alternate between ey and e, according to the follow-
ing formulas.

e;» t e [2n,2n+1)
u(t) = n=0,1,2,..
e,, te [2n+1,2n+2)

e, te [0,1) U [2,4) U [5,8) U ...
u'(t) =
e,, te [1,2) U [4,5) U [8,9) U..

Now x = -u(t)u(t)Tx is u.a.s., because for at least half the
time |<u(s),w>||u(s)| > max {|<e1,w>|,[<e2,w>|} > 0. But x =
-u'(t)u'(t)Tx is not u.a.s. because u' spends longer and longer
time in the e, direction. Solutions with initial conditions

on the y-axis must wait longer and longer before they can go

to zero. It is clear that

t t
I [<u'(s),e,>|u'(s)|ds = I [<u'(s),e,>|ds
t t
0 0
equals zero for longer and longer intervals and can dominate no
linear function with positive slope. However, the above integral
does go to infinity as t + =, and this implies that X =
-u'(t)u’(t)Tx is asymptotically stable.
(e) Consider the following final example. Let u(t) =
(1,t°Y2). Then
1 t71/2
T _
u(t)u(t) =

t-1/2 1
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and |<u(s),w>||u(s)]| = |w1 + t-l/zwzll(l + l/t)l/zl. Thus for
w = (0,1), we require that

t ‘ t t
f 5'1/2(1 + 1/s)l/zds < f Zs_l/zds = 251/5]

to t %o

dominate a linear function. But this is false. It is easy to
confirm that if u(t) = (l,t“) where a < 0, then %X = ~u(t)u(t)Tx
is not u.a.s. It can be shown that such equations are not
even a.s.

We close this section by noting that the comments made in
(c), (d), and (e) clearly hold for the general nxn case.

PRINCIPAL RESULTS

If P(t) is symmetric positive semi-definite, then there is a
symmetric u(t) such that P(t) = u(t)2 = u(t)u(t)T (see Reed and
Simon [9; p. 196]). We will usually assume P(t) is in this
form. As a special case we consider P(t) = u(t)u(t)T with u(t)
an nxk matrix with k < n. In this case, u(t)u(t) can have at
most rank k. In general, u(t) is nxn but not necessarily of
full rank. In fact, the rank of u(t)u(t)T may change with t.
We do assume that u(t) is piecewise continuous and uniformly
bounded.

2 2

Letting V(x) = XU X xnz, we see that V(x) =

-xTP(t)x < 0 for x = -P(t)x. Thus the equation is easily seen
to be uniformly stable. If P(t) is constant or periodic, we
have the well known result of LaSalle [3] by which, if V is not
constant on any solution of k = -P(t)x, asymptotic stability
follows. This result breaks down for general non-autonomous
P(t). This can be seen as a result of the lack of an invariance
property for the w-1limit set (see LaSalle [4]).

DEFINITION. Let asr denote a sphere of radius r about 0

and S, a ball of radius r about 0. Thus 35 = {x ¢ R |x] = 1}

and S = {x ¢ R"||x] < r}. By a conical neighborhood C® for
y we mean that o is an open subset of the unit sphere
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s, C R®, y/lyl € o or -y/|y| € o if y # 0, and C*_is defined
to be the union of all lines through 0 in R" that intersect a.
The width of C* is defined to be thc diameter of a. For
simplicity, we sometimes omit the a and write Cy instead of Cuy.
DEFINITION. By f : [0,2) + R1 piecewise continuous, we mean
that there is a decomposition of [0,») into half-open intervals,

[0,o) = ;ﬁltan’an+1) such that the restriction f|(an,an+1) is

continuous for all n.

The following theorem gives a characterization of uniform
asymptotic stability for X = -P(t)x. The statement of the theorem
is followed by a key lemma and some remarks. Proofs will appear
in Morgan and Narendra [6]. In reading the following material,
the reader may find the case u: [0,») -+ R? an illuminating example.

THEOREM 1. Let u: [0,=) + Rnk be a piecewise continuous
and bounded function, where R", denotes the space of real nxk
matrices. (We identify Rnl and Rn.) Then the following
are equivalent.

(i) % = -u(t)u(t)Tx is uniformly asymptotically stable.
(ii) There are real numbers a > 0 and b such that if
y € R" is a fixed unit vector, then

tor T
I y u(s)u(s) yds > a(t - tO) + b
N
for all t > t, > 0.
(iii) There are real numbers a > 0 and b such that

t T
A, J u(s)u(s) ds >a(t - t,) +b
i tO - 0

for i =1,2,...,n where Ai denotes the ith

eigen-
value of the nxn matrix

t
J u(s)u(s)Tds
o
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(iv) Given y a unit vector in Rn, there is a conical
neighborhood C_ for y and there are real numbers

¢ 0 and b_ such that
4y > y

2
u(s)|®ds > a_(t - t,) + Db
I[tg,tJ-slzy T vy

for all t > to

# 0}, and u(t)1 = orthogonal complement of u(t) =
kernel (u(t)T).

> 0 where = {t ¢ [0, jutt)y! n c,

Part (iv) is more technical than the others and helps to
bridge the gap between parts (i) and (ii) in the proof. It
says, intuitively, that u(t) is bounded away from each unit
direction for a sufficient part of time over any reasonably
long period of time. However, it is formulated to say that
u(t)1 is bounded away from any unit direction, which is actually
more to the point.

REMARK. We may replace the integral expression in (ii) by

t T

I Ju(s)u(s)'ylds > a (t - ty) + b
o

or by

t T
u(s)'y|ds > a(t - t,) + b
t - 0
0

The theorem stated in the first section asserts the
equivalence of parts (i) and (ii) of Theorem 1, except that
only one of the three formulations of part (ii) (see the previous
Remark) is given there. In practice, it would seem that the
equivalence of parts (i) and (ii) would be the most useful
implication of this theorem. We should also note that the
equivalence of part (ii) and the eigenvalue condition, part (iii),
is not hard to show.

REMARK. After the presentation of this chapter, it was
pointed out to the authors that B. D. O. Anderson (Department of
Electrical Engineering, Univ. of New Castle, Australia), for the
case that P(t) is almost periodic, has established results from
which it follows that (ii) implies (i).
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The following key lemma will be applicable to many cases
besides those discussed in this chapter. To indicate this, we
present some corollaries after the statement of the lemma.

First we need a definition.

DEFINITION. A function ¢ : [0,») » [0,») is said to belong
to class K, ¢ € K, if it is continuous, strictly increasing,
and ¢(0) = 0.

LEMMA 2. Let f(x,t) :R? x [0,»=) » R" be piecewise continuous
with £(0,t) = 0 for all t. Assume:

(i) There is ¢; € K and an ¢ > 0 such that |f(x,t) -
fly,t)| < ¢1(|x - yl) for all x,y,t with |x - y| < e.

(ii) There are real numbers a > 0 and b and ¢2 e K
such that

t
[ 1£0s)1as > 0p0xDIace - tg) + b
to
for all fixed x ¢ R™ and t >ty 2 0.
(iii) There is a continuously differentiable function
V:R"x[0,2) » [0,°) and ¢ € K such that ¢5(|x]|)

> V(x,t) > 0 if x # 0, V(0,t) 0, and V(x,t) <0
for all t,x where

Vit = 3ot s Wik - E(x, D)
iv) There is a ¢, € K such that -V(x,t) > |f(x,t) Z.
4
0,(1x]) for all x ¢ R", t e [0,=).

(v) The solution x

= 0 of the equation x = f(x,t) is
uniformly stable.

Then the solution x = 0 for the equatibn x = f(x,t) is
uniformly asymptotically stable.

REMARKS. Condition (i) is satisfied if f(x,t) = A(t)x and
|[A(t)| < M for some constant M, all t. It is also satisfied if
f is differentiable in x and its derivative with respect to x
is bounded uniformly in t. Intuitively, something like condition
(ii) seems necessary for u.a.s. However, it probably is not
necessary as written. Since Lyapunov function converse theorems
for uniform asymptotic stability exist, condition (iii) is very

~
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natural. (See Hale [2; Chapter X]). We know, from Krasovskii's
theorem, that if X = A(t)x is u.a.s., then a quadratic Lyapunov
function exists (see Narendra and Taylor [8; p. 62]). In this
case, if |A(t)| is uniformly bounded, it is easy to see that we
can choose ¢ to make condition (ii) hold. Thus, for f(x,t)
linear and V quadratic, condition (iv) is necessary for u.a.s.
If there is a ¢ & K such that V(x,t) > ¢(|x|) for all x and t,
then uniform stability (condition (v)) follows.

DEFINITION. A > B means A - B is positive semi-definite.

COROLLARY 3. 1If f(x,t) = -P(t)x, where P(t) is a symmetric
positive definite uniformly bounded matrix, and if there are
real numbers a > 0 and b such that

t
J |P(s)w|ds < a(t - to) + b
t
0
for all t > to > 0 and all fixed unit vectors w, then % =
-P(t)x is u.a.s.

Proof. Applying Lemma Z, conditions (i) and (ii) are
immediate. Letting V(x) = |x( , we have V(x t) = -xTP(t)x <0
so conditions (iii) and (v) are also easy. Condition (V)
follows because 0 < P(t) < I implies P(t)Z < P(t) for symmetric
P > 0. (We may as well assume P(t) < I.) Thus -V(x,t) =
x'P(t)x > x'P(t)%x = |P(t)x|2

COROLLARY 4., Suppose X = A(t)x is uniformly stable,bA(t)

is uniformly bounded, and there are real numbers a > 0 and b
such that

t
I [A(s)wlds > a(t - t;) + b
%o

for all t > ty 2 0 and all unit vectors w. Assume there is a
positive definite Q(t) uniformly bounded such that

-(Q(0AL) + A)TQ(t) + Q) > cact)Tacy)

for all t where c is some positive constant. Then kX = A(t)x
is u.a.s.
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Proof. Let V(x,t) = xTQ(t)x. Then the result follows
immediately from Lemma 2.
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Chapter 14

SMOOTHING CONTINUOUS
DYNAMICAL SYSTEMS ON MANIFOLDS

DEAN A. NEUMANN

Department of Mathematics
Bowling Gleen State University
Bowling Green, Ohio

INTRODUCTION

Let M be a C” manifold and let ¢t M x R1 +~ M be a continuous
flow (dynamical system) on M. We consider the question, posed
by Hajek in [6], of the existence of a C flow ¥ on M that is
topologically equivalent to ¢ (we say that ¢ and y are
topologically equivalent if there is a homeomorphism of M that
takes orbits of ¢ onto orbits of ¢, preserving the natural
orientation of the orbits). If there is such a C~ flow y

we Will say that ¢ is smoothable. The purpose of this chapter
is to indicate several recent results on this smoothing problem.
Complete proofs will appear in [14] and [15].

COMPLETELY UNSTABLE FLOWS

It is known that considerable restriction must be placed on
(M,¢) in order to guarantee that ¢ is smoothable. For example,
the non-ergodic ct flows on the 2-dimensional torus described
bx Denjoy [5] (also see Hartman [8; Chapter 7]), are known to

be inequivalent to even C2 flows. -In this case the reason is

159
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the existence of an exotic non-wandering set. Since these
examples can be embedded in flows on any manifold of higher
dimension, some restriction must be placed on the non-wandering
set Q(¢) of ¢.

It is therefore natural to consider first flows (M,¢) in
which Q(¢) is empty; such a flow is called completely unstable.
Even in this case the dimension of M must be restricted to
guarantee that ¢ is smoothable; we have in fact:

THEOREM 1. If M is a C m-manifold with m < 3 and ¢ is
any completely unstable continuous flow on M, then ¢ is
smoothable. For each m > 4, there is a completely unstable
continuous flow ¢, on R™ that is not smoothable.

The first part of Theorem 1 is proved by reducing the
smoothing problem for (M,¢) to the problem of imposing a c”-
structure on the orbit space M/¢ (here M/¢ denotes the set of
orbits of ¢ with the strongest topology in which the natural
projection m : M » M/¢ is continuous). Under thc assumptions
of Theorem 1, M/¢ is a non-separated (topological) (m-1)-
manifold, i.e., a (not necessarily Hausdorff) space with a
countable basis of open sets each homeomorphic to Rm'l. This
may be seen as follows: if ¢ is a completely unstable continuous
flow on an m-manifold M (of arbitrary dimension) then, through
each point of M, there is a local section S of ¢ such that
S-Rl = {¢(s,t) :s €S, te Rl} is an open subset of M
homeomorphic with S x R1 under (the inverse of) the restriction
of ¢ (cf. [1; Theorem 2.12]). If m < 3 then we may assume that
S is homeomorphic to Rm-1 (cf. (6], [17]) for m = 2; (4], [16]
for m = 3). The first assertion of Theorem 1 then follows from
the next two theorems and the fact that the C* structure on a
manifold of dimension m < 3 is unique up to diffeomorphism
(Munkres [13]).

THEOREM 2. Let M be a (Hausdorff) topological m-manifold
and let ¢ : M x RL > M be a completely unstable continuous flow
on M. Then M can be given a C” structure with respect to which
¢ is C” if and only if M/¢ can be given the structure of a C*

non-separated (m-1)-manifold.
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THEOREM 3. Any non-separated m-manifold, with m < 3,
admits a C” structure.

Note that there is no restriction on dimension in Theorem
2. The definition of C* structure for non-separated manifolds
is just as in the case of Hausdorff manifolds. The dimension
restriction in Theorem 3 is imposed by the proof. It is known
that in each dimension m > 5, there are (Hausdorff) m-manifolds
that do not admit any C” structure (this follows from results of
Kirby and Sibenman [10]), but the remaining casec (m = 4) is
unknown and includes the difficult triangulation-smoothing
problem for (Hausdorff) 4-manifolds.

The existence of non-smoothable completely unstable flows
on R™ (m > 4) follows from the existence of non-Euclidean
factors of R™ (m > 4). The first such example was given by
Bing in [2]. 1In [3], Chewning uses Bing's example to construct
a non-smoothable flow on R'. Similar examples, which we describe
briefly, exist in all higher dimensions: it is proved in [11]

that, for each m > 4, there is a space Xm that is not locally
1 m

Euclidean at any point, but with Xm x R- =R, The flow ¢m
defined on R" by
9, ((x,t),5) = (x,t + s) (x ¢ X ;s,teR)

is completely unstable, but cannot be equivalent to even a C1

flow. To see this observe that the orbit space R"/¢ of a
continuous flow ¢ is an invariant of the topological equivalence
class of ¢. The orbit space of a completecly unstable C1 flow

on R™ is known to be locally (m-1)-Euclidean (Markus [12;
Theorem 3]), while Rm/¢m = Xm is not.

LOCALLY TRIVIAL, COMPLETELY UNSTABLE FLOWS

We will say that a continuous flow ¢ on an m-manifold M is
locally trivial if, through each regular point in M, ¢ admits
a local section that is homeomorphic to R™ 1. The examples of
non-smoothable flows given in the preceding section depend on
the fact that, in higher dimensions, a continuous flow need

not be locally trivial. The next theorem shows that, for
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4-manifolds, this is the only way in which a completely unstable
flow can fail to be smoothable in some C~ structure. In higher
dimensions the situation is more complicated.

THEOREM 4. Let M be a topological 4-manifold and let ¢
be a locally trivial, completely unstable, continuous flow on
M. Then there is a C” structure on M with respect to which
¢ is C".

The conclusion does not necessarily imply that ¢ is
smoothable, in the sense defined above, when M has a given c”
structure. We could make the stronger assertion if it werec
known that a C* structure on a 4-manifold was unique up to
diffeomorphism, but this question is still unresolved.

The analogous result fails for manifolds of dimension
m > 6. We may construct counterexamples using the fact
mentioned above that, for each m > 5, there is a topological
m-manifold Mo that does not admit any C” structure. The natural
flow ¢m on Mm X Rl, defined by ¢m(x,s,t) = (x,s + t), is then
locally trivial and completely unstable. But, as Mm X R1/¢m = M
Theorem 2 implies that om
Mm X Rl.

The remaining case (m = 5) appears to be very difficult.

k4
w© o m
cannot be C in any C structure on

SMOOTHING ! FLOWS

In contrast to the Denjoy examples (which are Cl, but inequivalent
to CZ flows) a completely unstable flow is smoothable if and
only if it is equivalent to a c! fiow.

THEOREM S. Let M be a C~ manifold of arbitrary dimension,
and let ¢ be a completely unstable Cl flow on M. Then ¢
is smoothable.

This is the analogue of the well known fact that any
maximal C1 structure on a (Hausdorff) differentiable manifold
contains a C~ structure. Theorem 5 follows from a slight
strengthening of Theorem 2 and the following generalization
of this fact.

THEOREM 6. Let M be a Cl non-separated manifold. Then
any maximal C~ atlas on M contains a C* atlas.
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FLOWS WITH NON-WANDERING POINTS; FLOWS ON 2-MANTFOLDS

We next consider flows (M,¢) with Q(¢) nonempty. In this case
the orbit space M/¢ is almost never a manifold and the technique
of the preceding sections is no longer applicable. However, in
the simple case in which Q(¢) consists entirely of rest points,
we can apply Theorem 1 as follows: let M denote M - Q(¢) and
let 3 denote the restriction of ¢ to M. By Theorem 1, there is
a C” flow $ on M that is topologically equivalent to $. It can
be arranged that the homeomorphism of M that realizes the
equivalence is the restriction to Mof a homeomorphism of M
that fixes each point of Q(¢). If u:M » [0,1] is a C*
function that vanishes exactly on Q(¢), and is c” flat at Q(e),
then the fector field u - %f ¥ :M > T™ extends to a C* vector
field x : M > TM, whose induced flow is topologically equivalent
to ¢. We thus have the following extension of Theorem 1.

THEOREM 1'. If M is a C” m-manifold with m < 3 and ¢ is
any continuous flow on M such that Q(¢) consists entirely of
rest points, then ¢ is smoothable.

Beyond this our results on flows with non-wandering points
are restricted to compact 2-manifolds, but in this case are
reasonably complete.

THEOREM 7. Suppose that ¢ is a continuous flow on the
compact orientable 2-manifold M. Assume that ¢ has at most
finitely many rest points and that any recurrent point of ¢ is
periodic. Then ¢ is smoothable.

The Denjoy examples mentioned above show that the restriction
on recurrent orbits is necessary.

Since there can be no non-periodic recurrence in the plane
we have the following corollary.

COROLLARY. Any continuous flow on R2 with at most finitely
many rest points is smoothable.

The corollary was proved by Kaplan in [9] in the case of
flows with no rest points.

The proof of Theorem 8 depends on a partial classification
of flows with no non-periodic recurrence on 2-manifolds. It
can be shown that, if (M,¢) satisfies the hypothesis of the
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theorem, and M denotes the complement in M of the rest points of
¢, then M can be decomposed into a locally finite collection of
closed, ¢-invariant submanifolds, on each of which the restriction
of ¢ is of a simple type (roughly, either a flow that admits a
complete cross-scction, or a flow that is completely unstable on
the interior of the submanifold). We can construct C° models

of arbitrary flows of these simple types, in the latter casc,
using the results in the second section of this Chapter. We
then construct a C* model of (M,$ = ¢Iﬁ) by glueing up models

of the submanifolds of the decomposition. The equivalence of
(M,E) with this model induces a C” structure on M with respect
to which $ itself is C°. Munkres' theorem on the uniqueness of
a differentiable structure on a 2-manifold then implies that
there is a flow y on M that is C” with respect to the given
structure on M and is topologically equivalent to x; Y is

easily extended to a c” flow on M that is topologically
equivalent to ¢.
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Chapter 15

GLOBAL ASYMPTOTIC STABILITY OF
SOME AUTONOMOUS THIRD ORDER SYSTEMS

R. REISSIG

Institut flir Mathematik
Ruhr-Universitdt Bochum
Federal Republic of Germany

The intention of the present chapter is to point out that the
invariance principle of J. P. LaSalle [6] which played an
important role in the principal lectures of this conference, is
not only interesting in connection with the theory of dynamical
systems, but is particularly useful in solving practical
problems. Applying the invariance principle we are able to
derive stability criteria which only depend upon the nature of
the considered dynamical system, and which are optimal, in a
certain sense, whereas other procedures lead to stability
conditions which are more or less artificial.

Let us refer to a recent paper of S. Kasprzyk [4] which is
devoted to four nonlinear third order systems, and the purpose
of which is the application of the well-known Hartman-Olech
theorem on global asymptotic stability (3]. This procedure
requires a subtle transformation of the considered differential
system which, of course, influences the stability conditions.
However, such a transformation becomes superfluous and the
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stability theorem of Kasprzyk can be improved considerably when
the study of the systems is based on LaSalle's invariance
principle.

Consider the following differential systems where the
coefficients of the linear terms are assumed to be positive
real numbers:

x"' + ax" + bx' + f(x) =0 (1)
x"' + ax" + f(x') + cx =0 (2)
X"' + £(x") + bx' + cx = 0 (3)
xl' = -cx1+x27f(x1), Xp' = "X *Xg, x3' = -cx1+bf(x1) 4

Let £(0) = 0; then each system admits the zero solution the
stability properties of which will be examined. In cases (1),
(3), and (4) this problem is solved in [4]; equation (2) is
added for the sake of completeness. Kasprzyk also investigates
the system

xl' = xz-f(xl), xz' = "X tXg, xs’ = -ax (a > 0) (S)

which is, however, equivalent to a special form of equation
(3). Introducing

X = a 2(x3 - axz) [x!

]
)
N
tel
[
.
%
"
tal
—

we derive from (S5):
x"' + f(x") + x'" + ax = 0

Let us mention the generalized Hurwitz conditions of the
systems (1) - (4):

0 < x YE(x) < ab (x # 0) (1
y ) > ale iy #0) (2"
2l > vl (2 # 0) (3")
0 < x;7 M(x) < b le (x; # 0) (4")

The following theorem is proved by Kasprzyk:

Assume in (1) that £(x) ¢ CI(R), x£(x) > 0 (x # 0),

[ Min{f(s),-f(-s)]ds = +=, 0 < £'(0) < ab, and
0
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J£'(x)| < ab for all x ¢ R. Then x(t) = 0 is a globally
asymptotically stable solution of (1).

Assume in (3) that f£(z) ¢ CI(R), £'(0) > b 1lc but £'(z) >

b Llc for all z # 0; then x(t) = 0 is a globally
asymptotically stable solution of (3).

2 1

Assume in (4) that ¢’ > b, £(x)) € clr)y, 0 < £°(0) < b e
but £'(x)) > 0 for all x; # 0, xl’lf(xl) < b lc. Then
the trivial solution of (4) is globally asymptotically
stable.

In generalizing this theorem we emphasize the difference

between systems (1), (2) and (3), (4).

THEOREM A. Assume in equations (1) and (2) that f ¢ CO(R),
and that the initial value problem has a uniquely determined
solution which is continuously depending upon the initial values.
ab for all x # 0 but
0 is a globally

Assume in equation (1) that 0 < x_lf(x)
0 e Ce{x # 0: x 1£(x) < ab}. Then x(t)
asymptotically stable solution of (1). Assume in equation (2)
that y Y£(y) > a lc for all y # 0 but 0 ¢ Caly # 0:y l£(y) >

a-lc}. Then x(t) = 0 is a globally asymptotically stable
solution of (2).

arA

THEOREM B. Assume in systems (3) and (4) that f € Cl(R).
Assume in equation (3) that z-lf(z) > b-lc for all z # 0 and
£f'(z) > b-lc for all z. Then x(t) = 0 is a globally asymptotically
stable solution of (3). Assume in system (4) that 0 < xl-lf(xl)
< b ¢ for all x; # 0 and £'(x;) > 0 for all x,. Then the
trivial solution of (4) is globally asymptotically stable.

These theorems will be proved in the following way. Let
us consider an autonomous differential equation

x' = E(x) [x e R", E(x) ¢ C°(R",R)] (6)
the solution of which is assumed to be a continuous function of
its initial value x(0) = X,- Let a Liapunov function V(x) €
Cl(Rn,R) such that

V(x) > 0, V'(x) = (grad V, F) < 0 for all x e R®

be given. Assume that all solutions of (6) are bounded for
t > 0; this is ensured when V(x) is radially unbounded;
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V(x) » = as |x| » »

Let E = {x ¢ R" :V'(x) = 0}, and let M C E be the maximum
invariant subset. Then d(x(t),M) ~ 0 as t » = where x(t) is an
arbitrary solution of (6). This variant of LaSalle's invariance
principle (see [16]) is an immediate consequence of the fact
that the bounded solution x(t) has a non-empty w-limit set
Q(io) which is an invariant subset of E, i.e. 9(50) C MCE.
Let us further assume that F(0) = 0 and that the zero
solution of (6) is weakly stable. This is ensured by virtue
of the principal theorem of Liapunov when V(x) positive
definite. Then we have global asymptotic stability (i.e. weak
stability and global attractiveness of the equilibrium point
x = 0) when M = {0}. But this is also true when x(t) » 0 as
t » = provided that x(0) ¢ M. Since all w-limit trajectories
are contained in M, the origin is an w-limit point of each
solution; being a stable equilibrium point, it is the only
w-1limit point. '

PROOF OF THEOREM A
Introducing the variables
X] = X, X, = ax' + x", Xz = x'
we transform equation (1) into the system
xl' = X3, xz' = -f(xl) - bx3, x3' = X, - oaxg (7)

The function
V(x) = (bx, + x)% + (x, - axg? + bx.? + 2a] e(uydu
X 1 2 2 3 3 0 u

where x = col(xl,xz,xs), is positive definite and radially un-
bounded. Its total derivative, by virtue of system (7), is

V' o= -2a7l(abx €0 £(x)) - 2a(E(x))vax,-alxg)? < 0
Consequently it is a sufficient criterion for weak stability
of the origin as well as for boundedness of all solutions. In
order to apply the invariance principle we investigate those

solutions x(t) for which V' (x(t))

0. That mcans:

abx;(t) = £0x,(6)), £(x;(t)) = -ax,(t) + a’xg(t)
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The components X,, Xg are solutions of the linear system

3

Xp' = ax, - (az+b)x3, Xgz' = X, - axg (8)

from which we derive xi" + bxi 0 (i = 2,3). Therefore,
xl(t) = -bhlxz(t) + ab_lxs(t) =psin(vbt + ¢), p >0

In case p > 0 we have f(xl) = abx; for all x; ¢ [-p,+p] which
is in contradiction to the assumption. So, we obtain xl(t) =0

m

and, according to (7), xz(t) = x3(t) 0. The maximum invariant
subset M C E reduces to the origin.

By means of
x; = x', X, = ax' + x'", Xz = X
equation (2) is transformed into the system
xl' = -axg * X, xz‘ = -f(xl) - Cxg, Xz' = X (9)

The positive semidefinite function

1 1

V) = (2ah) leqx ¢ axg? + (2a)1x,?

X
+ a'l[ Legu) - ateu)du
0

has the total derivative, by virtue of (9),

Vio= ex (E(x) - aTtex)) <0
This time Liapunov's principal theorem on stability is not
applicable but it can be replaced by a simple argument. Let
x(0) = x.,
we can estimate for all t > 0:

V(fo) = Vo; since V(x(t)) is monotone-decreasing,

lx, (1) + axg(t)]| < (2a’c™lv )1/2

lx,(0) ] < (2av)t/?

> 0 as '50, + 0
+~0as [x | >0
The differential equation for the first component xl(t) is con-

sidered as a nonhomogeneous linear one (xz(t) being a bounded
forcing term):

t
x (t) = xl(O)e'at + Joe'a(t's)xz(s)ds

hence
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Ix ()] < 1%, 0] + (22”2 > 0 as [x | + 0

Summarizing, we have boundedness of all solutions and weak
stability of the zero solution.

Finally, let us show that V'(x(t)) = 0 implies that x(t) -+ 0
as t ~ », Obviously, we have

f(xl(t)) = a'lcxl(t)

Taking account of this equation we obtain linear differential
equations for the considered solutions (belonging to M); the
differential system is equivalent to the third order equation

X"+ ax” + alex' ¢ oex = 0

the characteristic polynomial of which has the roots -a,

+iv/b (where the abbreviation b = a'lc is used). Thus, Xy =

x' can be represented as

at

x;(t) = p sin (v/bt + ¢) + qe ~, p > 0

from which we conclude that f(xl) = a'lcx for all x| € [-p,*pr],
and p = 0, by assumption. Then xl(t) = qe-at, xz(t) =0,

x5(t) -qa le”3% (but not necessarily q = 0). Since all
trajectories belonging to M are approaching the origin, it

must be a globally attractive equilibrium point.

Note. Systems (7) and (9) are of Tuzov type. Tuzov [17]
studied autonomous third order systems including one nonlinear
term which depends upon one of the variables, but which does
not occur in the differential equation for this variable. For
a detailed discussion see [15]. Such a system is called of
Pliss type when the nonlinear term is contained in the differential
equation for its argument. Systems (3) and (4) are two examples.
Whereas Aizerman's conjecture is valid for the system of Tuzov
type (apart from one exceptional subcase), the situation con-
cerning the system of Pliss type is much more complicated. In
studying the asymptotic behavior of this system (see [10],[12],
[13],[15]), there are numerous subcases to be distinguished.
Aizerman's conjecture fails in several subcases.
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PROOF OF THEOREM B
Equation (3) is equivalent to the system

xl‘ =X, - f(xl), x,' = -bx1 - CXg, x3' = x (10)
which is obtained by means of the transformation

Xy = x", X, = -Cx - bx', Xz = x'

Consider the positive definite function V(x),

-1

2 2
V = b(b cxq - f(xl) + xz) + (bx1 + cx3) +

+ Zcfxl(f'(u) - b-lc)udu
0

possessing the total derivative, by virtue of (10),
- . ' a1 _ 2
A b(f (xl) b c)(f(xl) xz) <0
Boundedness of the solutions and weak stability of the zero
solution is proved as in the previous case:
b Lex ()~ £(x; (0))+x, ()| < (267} 172

bx, (D) +exg ()| < (V)12 (¢ > 0)

VO)

xy' = b lex) v 7 lex s£(x))exy), dee.

lx ()] < 1x, 0] + < Hzv )2 (x> 0)

Let x(t) be a solution satisfying the additional condition
V' (x(t)) = 0 (which means that x(t) € M). (a) Let f'(xl(to))
> b_lc for some to‘ Then there is an interval i = [to,to+h]
where f(xl(t)) = x,(t) and xl'(t) = Xxp'(t) = 0. We derive
successively from (10) that for all t e i, x3'(t) = c'l(xz"(t)
+bx1'(t)) =0, i.e. xl(t) = 0 and x,(t) = 0, x3(t) = 0. By
virtue of uniqueness, the considered solution is the trivial one.
(b) Let f'(x,(t)) = a for all t € R (a = b lc); from (10) it

follows that xl(t) € C (R) and Xy "o+ axl" + bxl' +ocxy = 0,

x(t) =p sin (/Bt + ¢) + qe 2t (p>0). Ifp>0o0rp-=020,
q # 0 we obtain a contradiction to the assumption: f(xl) =
b'l x, on the segment of the real axis with extremities -p, +p

c

1
or 0, q, respectively. Consequently, xl(t) = 0(x(t) = 0).
Summarizing (a) and (b) we have that M = {0).
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Note. Global asymptotic stability of the trivial solution

can also be proved under the conditions f(z) ¢ CO(R), b-lc <

27 18(z) <blc+ ¢ 1b? for all z # 0, but 0 ¢ Ca{z # 0: 2 1f(2)
> b_lc}. A nonlinear function f(z) satisfying the conditions
2 Ye(z) > bl (2 # 0), £700) > b lc + cT1p2

has been constructed by Pliss [11] (see [15]) in such a way that
there are nontrivial periodic solutions. Hence, Aizerman's
conjecture fails in the case of equation (3).

In case of system (4) we consider the positive definite
function V(x),

2V = ((1+b)£(x,) - xz)z . (xl-x3)2
X

+ 2(1+b)f Lev(u)(cu - bf(u))du
0

yielding the total derivative, by virtue of (4),
2
AR —(l+b)f'(xl)(f(x1) + cxy - xz) <0
V is a sufficient criterion for weak stability of the zero

solution. A further consequence of the monotonous decrease of
V along every solution is the boundedness of the terms

(1+b)f(x1(t))-x2(t), xl(t)—x3(t) for t > 0
If |x1(t)-x3(t)| < X then sgnx;(t) = sgnx;(t) in case

|x3(t)| > X, hence

1

|x3]" = xg'sgnx; = —blxll(b‘ c - xl_lf(xl)) <0

and
|x3(t)| < Max (}x3(0)|,X) for t > 0

Now we conclude that the components xl(t), xz(t) are bounded also.
Finally, let us show again that the maximum invariant

subset M C E reduces to the origin. If {x(t) :-w<t<+e} C M

then either (a) f'(xl(to)) > 0 for some to or (b) f'(xl(t)) = 0.

(a) There is an interval i = [to,t0+h] where xl' = mCX X,
-f(xl) = 0 (hence x,' = xl" =0), X, = X3 (hence xg' =0, i.e.
cx, = bf(xl) which means that X, = 0 and Xy = Xz = 0). The
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considered solution is the trivial one. (b) xl(t) € CS(R),
f(xl(t)) = fo (constant) and xl"‘ + cxl" +ox)toroexgy o= bfo.

Hence x,(t) = psin(t + ¢) + qe % + c'lbf0 (p > 0). Consider
the sequence {tk}, t = km - ¢; xl(tk) > u = c'lbfo, f(xl(tk))
= fo = f(u) and cu - bf(u) 0, i.e. u =20 (fo = 0). An
immediate consequence is that xl(t) = 0 (since xlf(xl) is
positive definite) and xz(t) = xs(t) = 0.

n
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Chapter 16

A REPRESENTATION FOR INPUT-OUTPUT
OPERATORS FOR HEREDITARY SYSTEMS
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Suppose that S is an interval of numbers containing 0, X is a
linear space, and G is a linear space of functions from S into
X. Suppose that N is a function from S into the class of
pseudonorms on G such that (1) if u is in S and f is in G then
Nu(f) = 0 if and only if f(x) = 0 (the zero of X) for each x
in S which does not exceed u, (2) if [u,v] is a subinterval of
S and f is in G then Nu(f) < Nv(f), and (3) {G,N} is complete.
Suppose that H denotes the class of linear transformations of G,
1 denotes the identity in H, and P is a function from S into
the indempotents of H such that NV(Puf) = Nu(f) for each sub-
interval [u,v] of S and £ in G. We will let A denote the sub-
set of H to which A belongs if and only if (1) [Af](u) = f(u)
for £ in G and u in S not exceeding 0, and (2) there is a
ngndecreasing function k from S to the numbers such that

v
N, (P [1-AJf - P [1-A]f) < (L)fuNx(f)dk(x) *

for each (f,g) in G x G and nondecreasing sequence {u,v,w} in
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S. We will define a linear hereditary system to be in a 6-tuple
{s,Xx,G,N,P,A}, where S,X,G,N, and P are as above and A is in
A, and call A the input-output operator for the system.

Our purpose in this chapter is to obtain a representation
for a linear input-output operator and to develop a stability
result for the system in terms of that representation.

In what follows we will take S = [0,»), d to be a positive
integer, X to be the space of d-tuples of complex numbers with
the Euclidean inner product <-,-> and norm || = <~,->1/2, G to
be the functions from S into X which have bounded variation

u
on compact intervals, Nu(f) = |£(0)] + J |df| for each f in G
0

and u in S,

[P £1(x) = {f(x), 0

<x<u
f(u), u<x

for each f in G and u in S, A to be a member of A, and k to be
an increasing function from S to the numbers such that the pair
(A,k) satisfies condition (*). We will obtain a representation
of A on a subspace of G as a 'matrix' using the theory of
reproducing kernels for inner product spaces. Our inner product
space will be those members of G which are Hellinger integrable
[1]) with respect to k. Since the definition and properties of
the Hellinger integral are not so widely known, we will summarize
a few facts here.

A member f of G is said to be Hellinger integrable with
respect to k on a subinterval [u,v] of S provided there is a
number b such that

n
2
df (s .S dk(s s <b

L 1OECs, s [P/aKGs )

for each partition {s }3 of [u,v]. 1If each of f and g is
Hellinger integrable on [u,v] then there is a complex number
J with the property that for each positive number c there is
a partition {sp}g of [u,v] such that
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m
| - § <df(t

o4 q-l’tq)’ dg(tq_l,tq)>/dk(t

q-18 1 <«

for each refinement {tq}g of s. We will denote such a number

J by [V<df, dg>/dk.
u

For each positive number u let ﬁu denote the subset of G
to which f belongs if and only if f is Hellinger integrable on
[0,u] with respect to k. Let Gu denote the pseudo-inner
product for Cu defined as follows:

u
Q.8 = <£(0),(0)> + jo<df,dg>/dk

for each (f,g) in EUJ<§u. We will take Nu = Qu(',-)l/z. If
C_ is the common part of the G, 's then {G_,N} is complete.
Let K denote the function from SxS into H# defined by

(k(u)-k(0)+1)x, 0 <u <yv
K(u,v)x =
(k(v)-k(0)+1)x, v

A

u

for each (u,v) in SxS and x in X. K is a reproducing kernel

for {G_,Q} in the sense that (1) K[ ,ulx is in G_ for each

u in S and x in X, and (2) if [u,v] is a subinterval of S,

x is in X, and f is in G, then Qv(f,K[ ,ulx) = <f(u),x».
THEOREM 1. The restriction of A to C; is a reversible

function from G_ onto G_ and is continuous with respect to N.

Proof. We have shown [2] that A is a reversible function
from G onto G. Suppose that f is in G and u is a positive
number., If {sp}g is a partition of [0,u] then

n
- - N 2
pgllt(l MEI(s) - [A-AEI(s, ) |7/ dk(s, q55))
n
2
< pleu(Ps(p)[l-A]f - Ps(p_l)[l-A]f)/dk(sp_l,sp)
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A

E [(L)fs(p) N (£)dk (x)12/dk(s._ 1,5.)
p=1 s(p-1) * p-1""p

A

Ni(f)dk(o,u)
Therefore 1-A maps G into G_ and so A maps G_ into G_. Suppose
that h is in G_. Then A"!h is in G and [1-AJA"*h = A"1h -
is in G,. Therefore A lh is in G, or A maps G_ onto G_.
The above inequality shows that

N, ([1-A16) < N (£)dk!Z(0,u)
N, (£)akt/2(0,u) (1+ak/2(0,u))

A

Therefore the restriction of A to C; is continuous with respect
to N.

The following theorem appears in MacNerney's paper [1]
in a more general setting.

THEOREM 2., There is a function L from S xS into the
linear transformations of X such that, for each u in S and x
in X, (1) L[ ,ulx is in G_, and (2) <[Af](u),x> = Qu(f,L[ ,ulx)
for each f in G_.

Proof. For each (u,x) in SxX, let L[ ,u]x be that number
g of G_ such that <[Af](u),x> = Q,(f,g) for each f in 6u and
g(v) = g(u) for u < v. If [u,v] is a subinterval of S and
(x,y) is in Xx X then <x,L(u,v)y> = QV(K[ ,ulx,L[ ,v]y) =
<[A(K[ ,ulx)](v),y>. Therefore L is a function from S xS into
the continuous linear transformations of X.

We will assume for the remainder of the chapter that k is
continuous and k(0) = 0. For each positive number b and f in
G such that £(0) = 0, we will denote by Sb(f) and S_b(f) the
members of G defined, respectively, as follows: :

0, 0<ucx<b
[Sbf] =
-1
f(k “(k(u)+b)), b <u
and [S_bf](u) = f(k_l(k(u)+b)). We will say that the hereditary
system with input-output operator A is time invariant provided,
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for each positive number b and f in G such that £(0) = 0,

Af =S bASbf

THEOREM 3. If the system is time invariant, then L(v,w) -
L(u,w) = Lek T(k(v)+b) Kk Lk(w)+b)) - LGk L(k(u)+b) kT (k(w) +b))
for each positive number b and 0 < u < v < w.

Proof. If (x,y) is in Xx X then <y,L(v,w)x-L(u,w)x> =
<[A(KL ,v)y-K[ ,uly)I(w),x> = <[AS (K[ ,vIy-K[ ,uly) 1k (kQw)+
b)),x> If0<t<b then 0 = Sy (K[ ,vly-K[ ,uly)(t) =
K(t,k~ (k(v)*b))y - K(t,k~ (k(u)+b)y If b < t then

Sy, (KL ,v]y K[ ,uly)(t)
= K(k (k(t) b),v)y - K(k “(k(t)-b),u)y
0, 1(k(t) -b)<u or t<k L(k(u)+b)
usk L (k(t)-b)<v
K(t)-b-k(u), |or
kL (k(u)+b) <t <k L (k(v)+b)
K(v)-k(u), v<k l(k(t)-b) or k l(kw)+b)<t
K(t,k L (k(v)+b))y - K(t, k™ T(k(u)+b))y.

Therefore <y,L(v,w)x-L(u,w)x> = <[A(K[ ,k'l(k(v)*b)]y -
KLk L (k(u)+bly) 30k (k(w)+b)) x> = <y, L(k 2k (v)+b) K L (k(w)+
b))x - LK™ L(kw)+b) k™ L (k(w)+b))x>.

The system is said to be BIBO stable provided: if f is in
G, and £(S) is bounded, then [Af](S) is bounded.

-1

THEOREM 4. If J |dL[u,I]| < = for each u in S and
0

lim sup (l/k(h))J |d{Ll0,I] - L(k'l(h),I]}l < o then the system
h + 0+

is BIBO stable.

Proof. Suppose that f is in Ew, m is a positive number,
|£(u)| < m for each u in S, and x is in X. If u is in S and
c is a positive number, then there is a positive integer n such
that 1f {s } is the partition of [0,u] given by Sy = 0 and
s (k(s _1) + k(u)/n) for p = 1,2,...,n, then |<[Af](u),x>|
= |Q (f L[ ,u)x)| < c + [<£(0) »L(sg,u)x> + zp <df(s__1,5.),

L(s u)x - L(s _1,u)x>/dk(sp_1,s )| = ¢+ |<f(so),L(so,h)x>
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+ Zn=1<f(s ),L(sl,sn_ +1)x - L(so,sn_p*l)x - L(sl,sn_p)x +
L(SO,Sn_p)X>'(n/k(u)) - <f(50),L(51,ll)X - L(SO,U)X>’(H/]((U))I

00 ©

<c+ m(l+[ |dLfo,1]]) 1x] + 2m|x| {1lim sup (1/k(h))[ |d{L[0,I]
0 h + 0+ 0

- L[k(h),I1}] + c. Therefore |[AL](u)] < m(l+[ |dL[0,I]] +
0

0

2 lim sup (l/k(h))f |d{L{0,I] - L{k(h),I]}|), for each u in S,
h » 0+ 0

and so the system is BIBO stable.

The significance of the result lies in the fact that we can
deduce BIBO stability from a 'row' condition on the matrix L.
In other words, we can achieve BIBO stability by imposing
conditions on the class of functions A(K[ ,ulx) where (u,x) is
in S x X.
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Chapter 17

STABILITY OF PASSIVE AMCD-SPACECRAFT EQUATIONS OF MOTION:
A FUTURE GENERATION SPACECRAFT ATTITUDE CONTROL SYSTEM

A. S. C. SINHA

Departments of Electrical Engineering and Mathematics
Indiana Institute of Technology
Fort Wayne, Indiana

INTRODUCTION

The system under consideration represents a new concept in
attitude control actuators. Basically, it consists of an annular
rim driven by a rim drive motor and supported by magnetic
bearing. Detailed descriptions and advantages are given by
Anderson and Groom [1].

Accurate modeling is extremely difficult to achieve for
flexible dissipative spacecraft structures and various damping
mechanisms that have been used in the spacecraft. The energy
dissipation in either the high speed Annular Momentum Control
Device (AMCD) or the despun main spacecraft structure introduced
through a damping mechanism, is modeled by one ball-in-tube
damper. The AMCD is considered symmetrical and the energy
dissipation must, therefore, be symmetric in the two transverse
axes. Three additional particles, each of whose mass is equal
to the total mass of damping mechanism, are rigidly attached to

183
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the spacecraft in such a way that the combination of damper
and three particles becomes inertially symmetrical about
the spin axis.

Equations of motion of this system are derived here in
rather more general terms, in order to permit easier
visualization of the more general case. A new mathematical
model is introduced and analyzed from the first principles.
Euler's equations for the spacecraft and AMCD rim are written,
where external disturbance torques are included. The torque
on the AMCD rim about the axis of rotation resulting from
magnetic bearing torques are expressed as a function of the
rotation and the axial magnetic bearing constants. The torques
experienced due to three balancing masses and the damper are
also included.

Since the inertial attitude stability of the spin axis
is of interest, the natural choice is the set of attitude
coordinates (e.g., Euler's angles) defining the orientation
of the body frame with respect to the inertial frame. The
equations are transformed into inertial frame which on consider-
able algebraic manipulation gives eight second degree
differential equations with periodic coefficients, coupled
even in the highest order.

A necessary and sufficient condition for the asymptotic
stability of AMCD-spacecraft equation is developed. The
criterion is based on a theorem of LaSalle.

It is only recently that dual-spin stabilization technology
has been developed and used, although it was long ago that
Euler formulated and described the motion of rigid bodies
[3,6]. With the increasing complexities of dual-spin space-
craft, the stability and dynamic behaviors of the system with
the energy dissipation taken into account have recently become
of more concern to system designers. In the last several
years, the concept, analysis, and design of dual-spin bodies
have been developed by outstanding works of many people; see,
for example [1,2,4,5,7,9-11,13-25, and 27].
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FORMULATION

Let Tb’ Ib’ wy and Hb be the external torques, the inertia
matrix, the body rates of rotation, and the angular momentum
respectively for an arbitrary rigid body. This body represents
the rotating rim of AMCD. Then the standard Euler's equation
of motion has the following form

Tb = Ibwb + wbe (1)
Since the magnetic bearings which produce the torques,

Tb’ are fixed to the spacecraft, it is required to transform

equation (1) to a second arbitrarily oriented axes system.

The transformation, Eab’ is defined by the equation

Va * Eabvb

where Va and v, are arbitrary vectors and the transformation

is defined by denoting ca = cos a, and sa = sin a, as

co -sa 0
Eab =| sa ca 0 (2)
0 0 1

Then the Euler's equation (1) is premultiplied by Eab and

-1

noting that Eab Eab = I (unit matrix), (1) is rewritten as

= -1 . -1
Eab™s = Eab'bBab  Eab® * EBab“bEab Eab'lp
Now define the following:
T, = EabTb

_ -1
a EabIbEab

w, = EabwbEab—l (matrix)

w, = Eabwb (vector) (3)
Differentiating (3) yields

0y = Egplp * Egpuy

or
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Eap® = %2 = Egp¥p
Combining the above equations gives

- . . E -1
Ty = Iqu, * waly IaEabEab Wa (4)

Assuming AMCD rim symmetry, that is, Ib
equation (4) can be expanded as

x - Iby a’

Tax = Taax * ( -1 )“aymaz * dIaway ()
Tay = Ia"“ay I Ig ey, ~al (6)
Taz = Tag®a, (7

Equations (5) - (7) can now be modified to separate the effect
of the large AMCD rim spin velocity by introducing the
variable w;z which will represent the angular velocity of the

a-coordinate system about the z-axis, where Wy, = w;z + a.
Substituting in equations (5) - (7) gives
Tax * Gax = Taax * (I5,°1 )way az * Iaz&‘”ay (®)
Tay * Gay = Iaaay T Tgdugway - Ta 80,y (%)
Taz * Gaz = Tap03; * I8 (10)

where the additional terms Gax’ Ga . Gaz are external distur-
bance torques, added to (5) - (7) due to three balancing
masses and one ball-in-tube damper; these are derived in the
next section.

When the AMCD and spacecraft centers-of-mass are coinci-
dence, a second set of Euler's equations for the spacecraft

similar to (8) - (10) follows:

Tox * Gsx = Ixbgy * (Ig, Is)“’sy“’gz v I Bugy (11)
Tsy * Ggy = Lghgy + (I T )wgugy - Tg Bugy (12)
Tgy * Ggp = Tg,05, * Ig,8 (13)

The rates w;z and m;z will be set equal to zero, and the a-

and s-coordinate axes assumed nearly coincident except for
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small transverse relative rotations. This allows a simplifica-
tion in the calculation of the interaction torques by introducing
a transformation matrix from the s-coordinate system to the

a-coordinate system as follows: E ¢ = EaiEis = Ez(ea)El(¢a)

[E,(6)E) (6)171 = E,(0,)E (6,0, (6 )E; 1 (6) = E5(8,)E;(4,)
E;(-¢)E,(-8,) = Ez(ea)El(¢a-es)E2(-es) where the subscript i
is introduced to tepresent an inertial reference and the
notation Ej(arg.), j =1 and 2, refers to a transformation from
one coordinate system to another which has been rotated through
an arg about an axis j. The Euler angles chosen to represent
the position of the a- and s-coordinate axes are ¢ and 6 with
a 1-2 rotation sequence selected.

By expanding the matrices in the last equation for the
case when ¢a - ¢s and ea - 95 are small, the following is
found to hold: Eas & Ez(ea-es)El(¢a-¢s) 2 El(¢a-¢S)E2(ea-es).
This is true irrespective of the magnitudes of one set of
variables (¢a,ea) or (¢S,es) and corresponds to a single
rotation of the a-coordinate system about an axis in the x-y
plane of s-coordinate system. This rotation represents the
physical rotation of the plane of the AMCD rim with respect
to the spacecraft.

With the rates w;z and wgz set equal to zero and the a-
and s-coordinate axes nearly coincident except for small
transverse relative rotation, equations (8) - (13) are
rewritten in the form:

Tax * Bax = Ia.d;a * Haéa (14)
Tay * Goy = 1,6, - Hb, (15)
Taz ¥ Gyp = l:la (16)
Tox * Gsx = Isas * Hsés a7
Toy * Gsy = 1.6, - Hbg (18)
TSZ + GSZ = I:{S (19)
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Hy = I, .0 (20)

Hy = I,8 (21)
where G is damper torque vector and torque due to balancing
masses. T is bearing and spin torque vectors.

Equations (14) - (21) represent equations of motion for
AMCD-spacecraft and will be further analyzed. In the next
section, the torques G and T are developed.

TORQUE EQUATION

The torques Gax’ Gay’ and Gaz due to three balancing masses and
the damper system will now be derived by kinematic principle.

Similarly, the torques G G.,, and Gg, for the spacecraft

’
will be introduced omittiﬁg t;Z algebra. Then, the bearing
and spin torque vectors T are derived.

By kinematic principle V = T + @ x T where "-" denotes
differentiation with respect to body axis. Then, the
acceleration of the mass a is a = VHOXVeET+wxT+ 20x
T+ ®x (wxT). The inertial force F due to this acceleration
is

F = -ma

ME+UXT+2WXT+ax (@x71)) (22)

The torque is then given by Gy = -Fx T1; T
the damper

?0 + P. With

T =a, r =0, T =0; P_ =P
0xq ’ oy, ’ 0z, I 4 y

]
o
dJ

]
ja~]

(23)
(the motion of the damper is constrained to vibrate along the
z-axis only) and balancing weights

roxz =0, roy2 =a, rr =0, P =P =P_ =20
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=0, rr = -a, T =0; P =P =P =0
rox4 > ooy, ’ oz, X y z

the total torque components become

Gbx/m P[wza - wP - waP + wy(mxa + sz)]

- 2alu, + wow,al (24)

Yy z

Gby/m = a[P - w_a + mz(mxa + w,P) - P Z, w, 2, w 2)]

y X b4 z
- [Péyp + wx(wxa + sz) - a(wx2 + myz + wzz)
+ Zwyb] - a[;ya - wzwxa] (25)
Gy, /m = -a[wza - WP+ wy(mxa + wpP) - waéj
+ Za[-éza + wxmya] + a[-éza - wywxa] (26)

The last term in brackets in each of the equations (24) -
(26) are torques due to balancing masses which have been added
to get the total torque due to both damper and three balancing
masses.

We separate equations (24) - (26) into two terms such
that G = G, *+ G* where G0 are terms due to rigid body which are
directly addable to Ix’ I_ and I, respectively, and G* is then
torque due to vibrating system. Then

2"
Gbxolm -2a [wx + wywz]

2. -
G., /m = -2a°[w_ - w w,]
by, y 2%
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- _aalr.
szo/m = -4a%[w,]

and
Ghy/m = Ploja - 0P - 2uP + u (wa + wP)] (27)
- 2 2
G*by/m = alP - P(w,~ + wy )]
S PlaP + 0P+ ww,P - ate’ 0] (28)
G*bz/m = -a[-wxP + wysz - waP] (29)
Hence, Ga = +EaSGb where E s is as defined in (2), and
the components of torque are
L] L]
Gax = Gby ca - Gby sa (30)
x *
Gay = Gby ca + Gbx sa (31)
- * 3
Gaz = Cp, (32)

We shall now derive bearing torques. The torque on the
AMCD rim about the axis of rotation resulting from magnetic
bearing forces Fl, FZ’ and F3 can be expressed in terms of
axial magnetic bearing gains k, and k,. The bearing forces
are defined by the equations (see Anderson and Groom [1]).

F

1 r(k¢$ + k$¢)sina + k$¢rdcosa

Fp = -T(kyd * k&&)sin(60° + @) - kj¢ricos(60° + a)

Fy = T(kyo + ké&)sin(60° - a) - kyéracos (60° - o)

3

The torque is the resultant of the individual torques produced
by the bearing forces:

T = (-Fysiné + F,sin(60° + ) - F,sin(60° - 8))r
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¢¢ where

Substituting and simplifying we have T = —ké& -k
ky = 1.5 r’k, and ky = 1.5 K,
Thus, the net bearing torque is not dependent on the
position of the magnetic bearing segments relative to the rim
(the torque is independent of a) and, therefore, the three
linear bearings may be treated as two rotational bearings.

The bearing torques can now be written as

Tox = Kp(8, = 0) + ky(o, - ) + kyB(0, - 0,)

T k, (6

sy $'% - es) + k¢(ea - 95) - k¢6(¢a - ¢s)
The spin motor torque Tsz can be used to control either space-
craft z-axis attitude or attitude rate, as well as to counter-
act rim drag torque (hypteresis and eddy current losses). In
this derivation, the component of motor torque, which is
greater than the drag torque, is of interest and Tsz = Tc - Td
where subscripts c¢ and d refer to control and drag. Noting
that

Taz = “Bas Tsy (33)
and assuming small angular motion for the case where TC =T
and G = 0, the equation (33), with Eas = I (unity), becomes

d

Tax = 'Tsx = -k¢(¢a - ¢S) - k&(¢a - ¢s)

- k&s(ea - 8) (34)
Tay = -TSy = 'k¢(ea - es) - k$(ea - es)

*+ kyB(o, - 05) (35)
Taz = -Tsz = 0 for no friction (36)

STATE EQUATION AND STABILITY CRITERION

Eliminating torques T T, and T T._ in

ax’ Tay’ az sx’ Tsy’ sz
equations (14) - (21), and using equations (34) - (36) yields

the following set of AMCD spacecraft equations:
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Io, = “Ky(b, = 8) - Kjlo, - 8) - Hyo,
- k;bé(ea -8 + G,y (37)

1,6, = Kk, (0, - 8) - K;(6, - 8) - Hyo,
+ K88, - 0g) * Gy (38)

Tbg = ko8, - ¢5) *+ ky(o, - 0) - HB,
+ k&)é(ea -8 + Gy (39)

T8y = ky(8, - 8) + ki(6, - 8) + Hoog
- kyB(0, - 8) + Gy (40)
l:la = Gyp = I,,8 (41)
Hy = G, = 1_,8 (42)

Equations of motion for dampers are given by
cP + kP = F,, (43)
C'P' + k'P' = F (44)

az

where F., is force along z-axis and is obtained from equations
(22) and (23) as

iy . 2 2
Foz = -m{P - boa + wwa - P(w ™ + wy )} (45)

and similarly

Fsz' = -m'{P' - wy'a! + wszxiat - pr(wxvz + wy.Z)) (46)

where G G.., and G

zx’ Cay given by equations (30} - (32). With

az
the subscript changed, and omitting the algebra, we can write

Gsx = Opx'*cB - Gyy'"sB, Ggy = Gpy'ch + Gpx'*sB, and G, =

sz'* where Gbx'*, Gby'* and sz'* are derived similar to
equations (27) - (29). Equations (37) - (46) are
linearized and are written in the form
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T(£)%(t) + B(t)x(t) + C(t)x(t) = 0 (47)
where the vector x = (¢a, ea, @S, P, P'), and I(t), B(t) and
C(t) are matrices

Ia 0 0 0 alg 0
0 Ia 0 0 a,s 0
0 0 I 0 0 a
1(t) = s 36
0 0 0 IS 0 a6
ag, ag, 0 0 m 0
ags g, 0 m'
where
ajg = ag; = masa, a,c = ag, = -maca
azg = agq = m'a'sg, a6 = 364 = -m'a'cB
k¢ Iazwao -k& 0 0 0
'Iaz“ao k& 0 -k& 0 0
-k; 0
B(t) = ¢ o R I
0 -ké 'Iszwso k¢ 0 0
Zawaomca Zamaomsa 0 0 c 0
0 0 Za'msom'cs Za'wsom'ss 0 c'
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k kiw -k kiw maw 2sa
¢ ¢ Bo ¢ ¢ Bo ao
. . _ B 2
_k‘bwﬂo k¢ k‘wao k¢ maw,  “ca
2
- tot
cety = . k® k¢w80 k¢ k¢wBo 0 m'atwg, sB
. - . —mtalt 2
k@“eo k¢ k¢“eo k¢ 0 m'a'wg, cB
0 0 0 0 k 0
0 0 0 0 0 k'
I —
Case Without Dampers
The system without dampers is obtained by deleting the last
two equations (43) - (44) in the state equations, since they
represent the equations of motions for the dampers. We then
write the equations in the form
IX(t) + (B1 + Bz)x(t) + (C1 + Cz)x(t) =0 (48)
where
k¢ 0 -k¢ 0
. 0 -k
5, - 0 k® ¢
-k'i) 0 k¢ Iszwso
0 —k& -Iszweo k&
0 ax®ao 0 0
"I, %0 0 0 0
B, = 0 0 0 0
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B o]
k¢ 0 -k¢ -k¢w80
0 k¢ k$wBo —k¢
¢y .
-k¢ -k¢w60 k¢ k¢w80
k¢w8° -k¢ -k¢w80 k¢

and

C, = vB, where v = k;w /1

¢ Bo az%o0

The results with no dampers are summarized into the
following theorem:

THEOREM 1. If I >0, C; > 0, B, - vI > 0, then the
system (48) is asymptotically stable provided

c, * vBl - (1+A)vZI/A >0

for some A > 0, and Weo 0.

Proof. Consider a Liapunov function

T

Vo= xTIx + (1 + x)xT[c1 + VB, - (1+2)v3I/Alx

1

e AL+ vx/A + xITIC(LA)vx/A + x] (49)

whose time derivative along the trajectories of (48) yields:

Vo= 20(1 + A)xTCIx v 2(1 + x)iT[Bl - vIx

By assumption, V > 0 and v < 0, which implies that the system
is asymptotically stable by LaSalle's Theorem [12].

Remark 1. If I > 0, B1 + B2 = B > 0, and Cl + C2 =C>0

then the system (48) is asymptotically stable. The result
follows by choosing v = 0 and Liapunov-function in (49).
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We next derive the necessary condition for the system (47)
to be asymptotically stable. We first state a well-known lemma.

LEMMA 2. Halanay [8]. 1If the characteristic roots of M in
the equation x = Mx are stable then the equation

T

M's + sM = -C (C > 0)

is unique and is given by the formula
o T
s = f M teeMtar
0

Conversely, if C > 0 and S > 0 then M is stable.

THEOREM 3. (Necessary Condition). If (48) is asymptotically
stable then B > 0 and C > 0.

Proof. Consider a function

511 512
V = xIsx, S = >0
T
512 522
such that
Q) 0
e aexs @ -
0 Q;
. . . T
A simple computation of V gives C S12 + SlZC = Qll’
e T, T _ ) Te
"Syp " Sz * BSy; *+ SyB = Qpps Syp - SyB - €Sy, = 0, and
S11 - BTSIZT - §,5,C = 0. If in -C the real parts of

characteristic roots are positive, then 812 can be uniquely
determined from Lemma 2. Therefore, from the second set of

equations -BTSZZ - SZZB = - 812 - leT < 0. Therefore,

Q2
-B must be stable if SZZ > 0.
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Case With Dampers

The passive AMCD-spacecraft equations of motion with one damper
and three symmetrical masses on AMCD and spacecraft are
represented by the state equations (47). To study the stability
properties of the system (47), we represent it in the form

X = M(t)x (50)
where

0 1

=
I

Py = T H0)B),q; = -1 H)e(o)
@ P

We rewrite equation (50) as
x = [A + B(t)Ix (51)

such that the matrices A and B(t) satisfy the conditions of
Theorem S5, given subsequently.

The following lemma gives a constant positive definite
matrix S for the system (50). The result for constant matrix
B is given in [26].

LEMMA 4. There exists a constant matrix S satisfying

SB(t) + BI(t)S = 0

if and only if

“ 1 (T o1
S = lim 7T J_TX (s,t)PX(s,t)ds

exists and is finite, is independent of t, and is nonsingular
for some positive matrix P.

Proof. Let x(t,to) be the fundamental matrix of B(t)
such that X(to,to) = I. If s exists and is constant, then

~

XT(s,t)sX(s,t) = s and s = 5. If § exists and is independent
of t, then by pre-multiplying with X(t,to) and post-multiplying
by X(t,to), we get
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T
XT(t,t))3X(t,ty) = Lin o7 f ] xT(s,t))PX(s,tg)ds
+o0 -

§ is clearly symmetric and non-negative, but it is assumed to
be nonsingular, so it must be positive-definite.

THEOREM 5. Suppose that A < 0 and the matrix B(t) satisfies
the conditions of Lemma 4; then the system (51) is stable.

Proof. Consider the V-function V = szx whose time
derivative along the trajectories of (51) is V = xT[BTs + sBlx

+ xT(ATs + sAlx = x'[ATs + sAJx < 0. Stability of the system
follows from LaSalle's Theorem.

Discussion. The stability criterion obtained was simulated
with the parameters of a prototype AMCD-spacecraft model under
investigation at Langiey Research Center, NASA. The system was
found to be asymptotically stable. The parameters used were
the same as those given by Anderson and Groom [1]: I_ =

a
680 kg-m”, I, = 1360 kg-m, I_ = 680 kg-m®, I_ = 453.3 kg-n?,
m= .15 kg, m* = .15 kg, a = 0.76 m, a' = 0.76 m, Yoo

sz
401.3
rad/sec, w = 0.1 rad/sec, k = 1.2, k' = 4.1412, c = .16,
Bo
c' = .0688, k¢ = 1020, k& = 2856.0. Simulation was repeated

with k¢ = 1360 and ké = 3808. The results for the case with

no dampers was simulated.

The results presented in this paper are concerned with a
reasonably realistic model of an important type of attitude
control system. They answer key questions concerning the
stability of the system, and provide an analytical basis for
using a computer for further studies.

On the other hand, although we have proved the basic
stability properties of the system, in this paper we have not
considered the next natural problem, that of determining the
extent to which the system performance can be improved as a
result of the presence of the non-linearities. There are
several other important practical problems that are not
considered here such as: (i) the problem of predicting a
control law which will stabilize the system; (ii) other
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design considerations; (iii) the problem of comparing the
performance with alternative systems. Considerable amount of
work is needed before NASA will use AMCD for spacecraft
attitude control system.
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Chapter 18

THE IMPLICIT FUNCTION THEOREM
AND A RANDOM INTEGRAL EQUATION

JAMES R. WARD"

Department of Mathematics
University of Oklahoma
Norman, Oklahoma

INTRODUCTION

One of the many approaches to random integral and differential
equations is to extend the methods of functional analysis to
random problems ([1,8]). Here we apply one of the most powerful
methods of nonlinear functional analysis to a random Volterra
integral equation of the form

t
x(tiw) = y(t;u) + foa(t,r;w)g(r,x(m))dr )
The method we speak of is the application of the Hildebrandt-
Graves implicit function theorem (see [2] or [11]) for equations
in a Banach space. We use the implicit function theorem to
obtain existence (for t ¢ R+ = [0,»)) and stability results

for (1). This method has been widely used to study the existence
and qualitative behavior of solutions to deterministic equations;
see, e.g., [3, 9, or 10].

*
Present address: Department of Mathematics, Pan American
University, Edinburg, Texas.
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PRELIMINARIES

R denote the set of real numbers, R = {0,»), and R" the
of n-dimensional real column vectors. For x e R we use
to denote the absolute value of x if n = 1, and to denote
convenient vector norm if n > 1. If A is any nxn matrix
|A] = sup |Ax], x e R".

|x$ =1

We will assume that w € Q@ is an element in the supporting
of a complete probability measure space (Q,A,u). For
p <»andn > 1 we use L n(Q) to denote the space of all

A-measurable R™-valued functions x(w) defined on Q such that

[Ix(w) || = {J |X(w)|pdu}l/p <@
P Q

By Lwn(Q) we mean the space of all A-measurable R"-valued
functions x(w) such that

Flx(w) ||, = n-ess sup|x(w)| < =
Q

C(R+,Lpn(9)) will denote the set of all continuous

functions x(t;w) on R* with values in Lpn(ﬂ). Cb(R+,Lpn(Q))

will denote the Banach space of all continuous functions

x(t;

w) on R" into Lpn(Q) which are bounded in Lp“(n) with norm

lixlly, = igglIX(t;w)llp (2)

STATEMENT OF RESULTS

We use the following result which is an extension of the classi-

cal

theory of Volterra equations. Let 4 = {(t,7) ; 0 <1 <t

< »},

PROPOSITION 1. Let X be a Banach space with norm ||.]|],

L(X) the space of bounded linear operators on X with the
uniform operator norm. If y ¢ C(R+,X) and a ¢ C(a,L(X)), with

a(t,

X €

t) = 0 if v > t, then there is a unique solution
C(R',X) to the linear equation
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t
x(t) = y(t) + Jr a(t,t)x(1)d (3)
o

Moreover, x(t) is given by

t
x(t) = y(v) - [ r(e,0y(0d

o
where r € C(A,L(X)) is the unique continuous solution to the

operator equation

t
r(t,tr) = -a(t,t) + [ a(t,u)r(u,t)du (4)
T

We will omit the proof of Proposition 1, as the method is
essentially the same as that for the classical case of X = R,
see [7], with norms replacing absolute values. The operator
valued function r(t,t) is called the resolvent kernel for
a(t,t) or the kernel reciprocal to r(t,t).

COROLLARY 2. Suppose a = a(t,r;w) € C(4,M_"(2)) where
Mm“(n) is the space of nxn random matrices A(w) all of whose
components are in Lw“(n). Then if y(t;w) € C(R*,Lpn(ﬂ)),

1l < p < =, there exists a unique x(t;w) € C(R*,Lpn(n)) such that

t
x(t;0) = y(t;u) + [ a(t,t;w)x(1;w)de (5)
o]
and
t
x(t,w) = y(t;w) - f r(t,t;0)y(t;u)de (6)
[o]

where r(t,t;w) is given by (4).

The proof follows directly from Proposition 1 and the
observation that a(t,t;w) is a bounded linear operator on
Lpn(Q) for each (t,t) ¢ A, and the map (t,t) » a(t,t;w) from

A into L(Lpn(Q)) is continuous.

If there is a number ¢ > 0 such that
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t t
sup[ fla(t,t;w) || dt + sup] [r(t,t5w) ] dt < ¢ (7
t>0/0 t>0’0

then for each y(t;w) € Cb(R*,Lpn(Q)) the solution x(t;w) of
equation (5) is in the same space, and the mapping y -+ x is an
invertible bounded linear operator on Cb(R+,Lpn(Q)).

We now consider the nonlinear equation (1). Let
g :R" x R® + R" be continuous on R* x R" and continuously
differentiable with respect to x ¢ R" for all (t,x) ¢ R" x RD.

We write the Jacobian matrix g% g(t,x) = gx'(t,x). Also
assume g,'(t,x) is continuous in x uniformly with respect to

t e R for x in compact subsets of R", and that g(t,0) = 0.
If g(t,x) satisfies these assumptions then the mappings
G and G, on cb(R*,Lw“(sz)) given by G(u)(t,w) = g(t,u(t,w)) and

Gx(u)(t,w) = gx'(t,u(t;w)) are each continuous mappings on

R" x Lwn(ﬂ) into Lwn(ﬂ). These facts are used in the proof of
the following theorem which is the main result of this chapter.

THEOREM 3. Let g(t,x) satisfy the above assumptions, and
let a(t,T;w) € C(A,Mwn(Q)). Let ro(t,T;w) denote the kernel

reciprocal to a(t,t;w)gx'(t,O). If

t
sup f ||a(t,r;w)gx'(t,0)||mdr
t>0 ‘o

t
+ sup f Ilro(t"r;w)llwd‘l' = C < ® (8)
t>0 ‘o

then there are numbers o > 0 and B > 0 and an (solution)
operator T : S(a) = {y ¢ Cb(R*,Lwn(Q)) : ||y||b < a} + S(B)
such that

(i) T(y) = x solves equation (1) for each y ¢ S(a),

and moreover, there is no other solution in the
ball S(B);

(ii) T is continuously Frechét differentiable on S(a)
and T'(y)h = z is the solution to the linear equation
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t
2(650) = h(t0) + [ att,Tie)g,! (1x(r) (e
o

We omit the proof of Theorem 3, which follows the follow-
ing scheme: Define the operator F on C(R+,Lmn(9)) by

t
F(u) (t;w) = u(t;w) - [ a(t,t;0)g(t,u(t;0)dt
o

One then shows that F maps Cb(R+,Lmn(Q)) into itself and is
continuously Fréchet differentiable on Cb(R*,Lmn(Q)), with

F'(uwh, for h ¢ Cb(R+,Lmn(Q)) given by

t
F'(u)h(t;w) = h(t;w) - ! a(t,t;w)g, ' (1,u(t;w))h(t;w)dr
o]

Then one uses (8) and the remarks following (7) to show that
F'(0) is invertible in L(Lmn(ﬂ)). One then has (1) F is
continuously Fréchet differentiable, (2) F'(0) is invertible,
and (3) F(0) = 0. These are the hypotheses of the implicit
function theorem (see [2] or [11]); the conclusions of Theorem
3 are the conclusions of the implicit function theorem
interprcted for equation (1).

COROLLARY 4. If the hypotheses of Theorem 3 are satisfied,
then equation (1) is stable in the sense that if € > 0 is given
there is a number 6§ > 0 such that if y ¢ Cb(R+,Lwn(Q)) with

||y||b < § then there is a solution x ¢ Cb(R+,L®n(Q)) with

Hxlly < e

Proof. The operator T is continuously Frechét differentiable
on S(a) and is therefore continuous there; in particular, it
is continuous at the origin,

It would be interesting to see if Theorem 3 can be extended
to the case of y ¢ Cb(R+,Lpn(Q)), 1 < p <=, That such an

extension is not straightforward can perhaps be seen by the
observation that if g :R" x R™ > R™ and for each t > 0 the
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operator G(t) is given by G(t)u(w) = g(t,u(w)), then G(t) may
map all of LG(ﬂ) into itself, but such an operator can never
be Frechet differentiable at any point of LG(ﬂ) (cf. [9]).
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ASYMPTOTIC STABILITY IN THE o-NORM FOR AN
ABSTRACT NONLINEAR VOLTERRA INTEGRAL EQUATION

G. F. Webb

Department of Mathematics
Vanderbilt University
Nashville, Tennessee

INTRODUCTION

Let X be a Banach space with norm || || . Our objective is to
discuss the asymptotic behavior of solutions to the abstract
semi-linear differential equation in X

du(t)/dt = -Au(t) + B(t,u(t)), t > ty (1)
u(to) =x e X

where -A is the infintesimal generator of a strongly continuous
holomorphic semigroup of linear operators in X and B(t,-) is a
nonlinear operator defined on the domain of a fractional power
of A to X. The equation (1) has been studied extensively in
this framework and it is known that local solutions exist

under reasonable general continuity assumptions on the non-
linear term B (see [1, 2, and 4]). In our study we shall
assume the existence of a global solution of (1) satisfying an
a priori bound. Roughly speaking, our results say that if the

207
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linearized equation du(t)/dt = -Au(t) is asymptotically stable,
and if the nonlinear perturbation B is sufficiently small, then
the semi-linear equation (1) is asymptotically stable.

We make the following assymptions on A and B:

Hl‘ -A is the infinitesimal generator of a strongly
continuous holomorphic semigroup of linear operators
T(t), t > 0 in X;

H,. there exist constants M > 1 and « < 0 such that

[|T(t)x]|} < Mewt||xll for t > 0, x e X;

Hy. there exists a € (0,1) such that A% is 1-1 and onto,
so that A"% is bounded and everywhere defined and
D(A%) def Xcl is a Banach space with norm
lxlly = I, x e X3

Hyo B :[to,w) x Xa + X.

Under the assumptions above it is advantageous to study
the integrated version of equation (1) given by the singular
nonlinear Volterra integral equation

t
u(t) = T(t-to)x + [ T(t-s)B(s,u(s))ds, t > t0 (2)
t

If B(t,u(t)) is HGlder continuous in t for t > to, then u(t) as
given in (2) is continuous for t > t,» continuously differentiable
for t > ty, and satisfies (1) (see [3; Theorem 1.27]). In our
treatment we shall suppose that x e D(Aa) and study the

asymptotic properties of the solutions of equation (2) in the

a-norm, that is, in the space Xa.

ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS
THEOREM. Suppose H; - H, hold, x ¢ D(A%), and there

exists a continuous function u :[to,w) > D(AY) satisfying (2).
Suppose there exists a constant L > 0 and a continuous function
h: [to,w) + [0,) such that ||B(t,u(t))] < L(Hu(t)”cl + h(t))
for t > ty- Finally, suppose that L < (-w)l’a/cr(l-u). Then:

(i) if h(t) is bounded on [to,w), then ]]u(t)lia is bounded
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on [ty,=); (ii) if h(t) = 0(e°%), where u + (CLT(1-a)) /1@

<o <0, then [[u(t)|l = 0(e’%); (iii) if h(t) = o(1), then

luo) |, = o().

Proof. We will use the gamma function formula
f e Bt %t = r(1-0)8% ! for 0 < a < 1, 8> 0 (3)
0

(see [6; p. 265]). Let y be a real number such that w +
(CLr(1-a)) /1% <y < 0. Define c(y) = CLF(1-a) (y-w)® ! and
for t > t; define S = sup{e'YS||u(s)||a: ty <s <t} and

He = sup{e YSh(s) ity < s < th. Let t > t; and using (3)

we obtain

A

-yt -yt
e Y lu(e) ]|, < e THIAT (t-tg)x]l

t
+ e'YtJ [|A®T (t-s)B(s,u(s)) ||ds
t
0

A

t
e-th Ce®(t%) (e-s) " L(flu(s) Il
%o

+ h(s))ds + e YoMt t0) | x|

A

t
CLI e'(Y-w)(t’s)(t-S)'“e'Ys(Hu(S)Ha
R

+ h(s))ds + M||x||

t
CLJ e (V0 (E-8) (e gymO(s, + H)ds
t
0

A

e Ml|x]l,

A

Milx|l, + CLr(1-a) (y-w)® 1S, + HY)
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Then, for t > ty this implies that

S, < Mlix|l, + c(x)(5¢ *+ Hp) )

Since c(y) < 1, (4) implies that for t > t,
-1
Sp < (1-c(M)) "MlIx]l, + c(VH)
which in turn implies that for t > to

o)l < e a-ce Tmllxlly + c(Hy) ()

Suppose that h(t) is bounded on [to,w). Then for t > to,
eYth = e¥%sup{e ™ ®n(s) 1ty < s <t} < sup{h(s) 1ty <5 < t)

< sup{h(s) 1ty < s < »}. Thus, the right-side of (5) is
bounded for t 2> tozand (i) is established. Suppose that

h(t) = 0(e°%), where w + (CLr(1-a)%/1°®

) <o < 0. Choose
Yy = o and observe that for t > t,, H < sup{e YSke%® ity < s

< t} = K where K is a constant independent of t. Thus, the
right-side of (5) is O(eot) and (ii) is established. Finally,
suppose that h(t) = o(l). Then, (5) implies that for tg <ty
<ty Jludll, < e"t(1-c(v)) te(y)suple YSh(s) fty s < ty)

+ eV (1-c(1)) e(vIsuple Yn(s) tt) <5 < t)o+

¥ (e () MMllxIl, < e¥E-c(v)) MMlix]l, +
eY(t'tl)(l-c(y))'lc(y)sup{h(s) Pty s <) o+

(1'C(Y))-1c(Y)sup{h(s) 1ty <s <t} This implies that
||u(t)[|a = 0(1) and (iii) is established.

In conclusion we remark that our results relate to the
development given in [1] and, in particular, provide a
clarification of Theorem 16.7 of [1].

REFERENCES

1. A. Friedman, Partial Differential Equations, Holt,
Rinehart, and Winston, New York, 1969.



Asymptotic Stability in a-norm 2N

2.

D. Henry, Geometric Theory of Nonlinear Parabolic
Equations, to appear.

T. Kato, Perturbation Theory for Linear Operators, Springer-
Verlag, New York, 1966.

A. Pazy, A class of semi-linear equations of evolution, to
appear.

G. Webb, Exponential representation of solutions to an
abstract semi-linear differential equation, to appear.

K. Yosida, Functional Analysis, Springer-Verlag, New
York, 1968.






INDEX

Abstract differential
equations, 207
Aizerman's conjecture, 172
Attitude control systems, 183
Attraction, region of, 102
Attractor, 102
uniform, 102
Augmented functions, 12
Liapunov, 13

B-oscillatory equations, 19, 27
Boundedness of solutions, 11,
111, 119, 207

Comparison theorem, 24
Cone, 129, 132
Conical neighborhood, 153
Conservative systems, 73
Continuability of solutions,
20, 137
Control theory, 8, 149, 183
Convergence to zero:
of nonoscillatory solutions,
22, 121
of oscillatory solutions, 123
of Z-type solutions, 121
Critical point, 98

Demand functions, 127
Difference equations, 4
Distributions, bandlimited, 106
D-stabilizable, 131

Dual-spin spacecraft, 183
Dynamical systems, 97, 159

Escape time, 98, 144
Excess demand functions, 127

Fk-solutions, 33

Flow, 159
completely unstable, 160
locally trivial, 161
smoothable, 159

Forced equations, 19, 30
Forced oscillations, 19, 30,
73, 78, 89

GH-isomorphic systems, 143
Gross substitutes, 129

Hereditary systems, 177
linear, 178
time invariant, 180

Implicit function theorem, 201

Infintesimal generators, 207

Input-output operators, 178

Integral equations, 201, 207

Invariance:
negative, 5, 98

weak, 98
positive, S
principle, 5, 116, 153, 167,
170, 195
of sets, S

Kernels:
reproducing, 179
resolvent, 203

LaSalle's invariance principle
(see Invariance principle)

Leray-Shauder degree, 91
Liapunov functions, 11, 13,

_ 114, 153, 169-174
Lienard equation:

scalar, 78, 81

vector, 73, 84
£-1limiting equation, 6
2-1limit of a sequence, 6
Lurie problem, 12, 15

Manifolds, 159
Market, 127

Maximal solution, 4
M-matrix, 129

213



214

Negative escape time, 144

Negative funnel, 98

Negative trajectory, 98, 144

Non-conservative systems, 73

Noncontinuation of solutions,
137

Nonlinear oscillations, 17,
73, 89, 119

Nonoscillatory solutions, 120

w-1limit point, 170
w-1limit set, S
w-limit grajectory, 17Q

N}

"*Oscillation criteria, 17, 89

Oscillatory solutions, 18,
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Periodic boundary value
problems, 74

Periodic solutions, 73, :90

Perturbed equations, 19, 37,
111, 119, 207

Pliss systems, 172

Positive limit set, 5, 99

Positive prolongation, 99

limit set, 99
Positive trajectory, 98

Radially unbounded, 11

Random equations, 201

Rim compact space, 99

Routh-Hurwitz conditions,
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Sampling, 10§
non-uniform, 105, 107
theorem, 107
uniform, 105, 106

Index

Semi-compact spaces, 99
Semi-dynamical systems, 98,
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Semi-group of operators, 207
Stability, 111, 119, 127,
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Convergence to zero)
asymptotic, 111, 129, 149,
167, 169, 195, 207
in a-norm, 207
of sets, 102
uniform, 149
attitude, 184
BIBO, 181
complete, 111
conditional, 130
D-stability, 130
Lagrange, 99
price, 128
uniform, 149

Stable matrix, 128

Stable price vector, 128

Start point, 99, 143

Strongly continuous functions,
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Supply functions, 127

Tuzov systems, 172

van der Pol conjecture, 107
Volterra equations, 201

Z-type solutions, 120
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