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I dislike arguments of any kind.
They are always vulgar, and often convincing.
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Preface

These notes are concerned with the representation theories of the quantum
general linear groups, the ¢-Schur algebras and the Hecke algebras of type
A, and, most importantly, the relationships between these theories. Roughly
speaking, we are presenting a g-analogue of the monograph by J. A. Green,
[51], which treats the representation theory of general linear groups, Schur
algebras and symmetric groups. The theory developed here is a generaliza-
tion of the classical case (which one recovers by putting ¢ = 1). But the
main difference between [51] and this text is that whereas Green’s approach
is combinatorial ours is (for the most part) homological, informed (or made
possible even) by Kempf’s vanishing theorem (for quantum GL,). This ap-
proach is a continuation of one developed in our earlier papers on Schur
algebras and related algebras, [31], [32], [33], [34], [35].

The version of quantum GL,, that we shall use is the one introduced
by R. Dipper and the author. The g-Schur algebras were introduced by
Dipper and James, [21], as endomorphism algebras of certain modules over
Hecke algebras. Mostly, we work over an arbitrary field ¥ and ¢ is an ele-
ment of k, which is usually required to be non-zero. For a positive integer
n and a non-negative integer r, we have the Schur algebra S;(n,r). In the
approach taken here (modelled on the treatment of ordinary Schur alge-
bras by Green, [51]) S4(n,r) is constructed as the dual algebra of a certain
coalgebra. More precisely, the coordinate algebra k[G4(n)] of the quantum
general linear group G,(n) of degree n is generated by “coefficient func-
tions” ¢;5, 1 £ 4,5 < n, and the inverse of the quantum determinant. Thus
the (in general non-commutative) algebra A,(n) generated by the ¢;; is a
subbialgebra of k[G4(n)], and A4(n) has an algebra grading and coalgebra
decomposition A,(n) = @, A¢(n,7) in which each ¢;; has degree 1. The
coalgebra A4(n,r) has dimension ("2"':'1) and its dual algebra is Sg(n,r). A
module for S¢(n,r) is naturally an Ay(n,r)-comodule and hence a k[G,(n))-
comodule, i.e. a module for the quantum group G4(n). Thus the category
of Sg(n,r)-modules is naturally embedded as a full subcategory of the cat-
egory of G4(n)-modules, namely the category of G4(n)-modules which are
polynomial of degree r.

Suppose now that » < n. Then there is a distinguished idempotent
e € Sy(n,r) such that eSy(n,r)e is the Hecke algebra Hec(r) defined by
the symmetric group Sym(r) of degree r (regarded as a Coxeter group).
Thus one has, as in the classical case ¢ = 1 (see Green, [51, Chapter 6]),
the Schur functor from the category of S;(n,r)-modules to the category of
Hec(r)-modules, taking an S¢(n, r)-module V to the subspace eV, viewed as a
module for Hec(r) = eSy(n,r)e. Our philosophy here is to proceed uniformly
in this direction: that is, to first prove results about our quantum version
of GL,, then to use this knowledge to deduce results about the g-Schur
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algebras and finally, by a further “descent”, to obtain results on the Hecke
algebra. Our purpose then is twofold: not only to present new results but also
to rederive known results by these descents. Perhaps an extreme example
of the latter, given in Section 4.3, is the determination of the labelling of
irreducible modules for Hecke algebras, first obtained by Dipper and James,
[20], by decomposing E®", the rth tensor power of the natural module for
quantum GL,,, viewed as a tilting module. An exception to this philosophy
is Section 2.2, where we use the representation theory of the Hecke algebra
at ¢ = 0 to describe explicitly the characters of the irreducible modules for
the 0-Schur algebras.

These notes started life as part of a manuscript which dealt with the
standard homological properties of Gy(n) as well as some other topics. We
published the homological parts separately, [36], and prepared as a compan-
ion paper the other topics (as detailed in the last paragraph of the introduc-
tion of [36]). However, as time went by, we kept adding to this manuscript,
and a desire to keep the material together and the prospect of an opportunity
to present the material from the uniform point of view described above led
to the existence of the notes in their present form. The original intention of
publication as a research article is responsible for the terse journal style of
the main body of the text (and the fact that these notes are referred to in
various places as “On Schur algebras and related algebras VI: The ¢-Schur
algebra”). We have tried to compensate for this, and to make the notes
reasonably self contained, by adding a long expository introductory chapter,
which starts with the representation theory of algebraic groups and makes
a gradual transition to the representation theory of quantum GL,, and also
by adding an appendix on quasihereditary algebras.

We defer a more detailed description of the contents of the notes until
the end of the introductory chapter, so as to avail ourselves of the notation
and definitions given there.

I am grateful to the School of Mathematical Sciences (especially to the
Algebraic Lie Theory seminar) of Queen Mary and Westfield College, Uni-
versity of London, for the opportunity to present various parts of these notes
at various times and also to the Institute for Experimental Mathematics,
Essen, for the opportunity to lecture there (on the results given in Section
4.1 and Section 4.2(14), on the Ringel dual of the ¢-Schur algebras) in April
1994.

I am grateful to Anton Cox for his help in detecting numerous minor
errors in earlier versions of these notes.



0. Introduction

0.1 In this chapter we endeavour to take the reader slowly from the fa-
miliar world of rational representations of algebraic groups to that of rational
representations of general linear quantum groups, ¢-Schur algebras and Hecke
algebras of type A. We do this partly to stress the close analogies between
the theories, partly to establish some notation and list in a convenient form
some results which are to be used in the sequel, and partly so that we will
be able to describe in outline, towards the end of this chapter, the contents
of the main part of these notes. Appropriate references for each section are
given at the end of the chapter.

0.2 We fix an algebraically closed field K and a subfield k. We begin by
recalling the basics of the theory of affine varieties and linear algebraic groups
over K. Suppose given a set V and an algebra R of K-valued functions on
V. For each point £ € V we have the evaluation map ¢, : R — K, defined
by e,(f) = f(z), for f € R. The pair (V, R) is called an affine variety (over
K) if the algebra R is finitely generated over K and the map z — &g, from V
to the set Homg _a1g(R, K), of K-algebra homomorphisms from R to K, is
bijective. An affine variety (V, R) is usually abbreviated to V. The algebra
R, usually written K[V], is called the coordinate algebra of V, or algebra of
regular functions on V.

If (V, R) and (W, S) are affine varieties, amap ¢ : V — W is a morphism
of affine varieties if we have go¢ € R for every g € S. Such a map determines
a K-algebra homomorphism ¢* : § — R, given by ¢*(¢9) = g o ¢, and
conversely, one checks that each K-algebra homomorphism 6 : S — R may
be written § = ¢* for a unique morphism ¢ : V — W. For a subset Z of
V we define Iz = {f € R| f(z) =0 for all z € Z}. A subset Z is closed if
there exist regular functions fi,...,fr on Vsuchthat Z={z € V | fi(z) =
-+ = fr(z) = 0}. The closed sets of V form the closed sets of the Zariski
topology of V. If Z is closed in V then Z is naturally an affine variety with
coordinate algebra K([V]/Iz. (That is, the regular functions on Z are just
the restriction to Z of regular functions on V.)

We write A" for K x --- x K (n times). For 1 < ¢ < n we have
the coordinate function X; : A® — K, defined by X;(z) = =i, for z =
(z1,...,2n) € A®. The functions X, ..., X, are algebraically independent
over K and one quickly verifies that (A", K[Xy,..., X,]) is an affine algebraic
variety. Moreover if V is an algebraic variety, with coordinate algebra A
generated by ay,...,a,, then the algebra map 6 : K[Xy,...,X,] — A given
by 6(X;) = a;, 1 < ¢ < r, corresponds to a morphism ¢ : V — A" which
identifies V' with a closed subset of A". (The image of ¢ is the set of z € A"
such that f(z) = 0 for all f in the kernel of 8 : K[X;,...,X;] = A.) In this
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way we recover the usual description of affine K-varieties as closed subsets
of affine r-space.

Given a finitely generated commutative K-algebra R without nilpotent
elements (i.e. f™ = 0 implies f = 0, for f € R and m > 0) we may con-
struct an affine variety with R as its coordinate algebra. For V we take
Hompg —ag(R, K). For each f € R we have the function f : V — K defined
by f(z) = z(f), z € V. We define R to be the algebra of functions on V
consisting of all f, f € R. If 0 # f € R we may choose a maximal ideal
M of R not containing f. By the Nullstellensatz, inclusion K — R induces
an isomorphism K — R/M. Thus we have some K-algebra homomorphism
z : R — K with kernel M and z(f) # 0. Hence the natural map R — R
is injective and therefore an isomorphism. Identifying R with R via this
map we have that (V, R) is an affine variety. Thus the category of affine
K-varieties is equivalent to the category of reduced (i.e. without nilpotent
elements) finitely generated commutative K-algebras.

Let (V, R) and (W, S) be affine varieties. For f € R, g € S we have the
function hy gy : V X W — K defined by hy 4(z,y) = f(x)g(y), for z € V,
y €Y. Let T be the algebra of K-valued functions on ¥V x W generated by
all such functions. The natural map R®gk S — T (taking f @ g to hy ) is
an isomorphism and we thereby identify R ® ¢ S with T. One checks that
(V x W,T) is an affine K-variety and indeed this is the product of (V, R)
and (W, S) in the category of affine varieties. (Alternatively, we could define
V x W to be the affine variety whose coordinate algebra is R ®x S, in view
of the paragraph above.) Note that we have A™ x A® = Am+n,

0.3 By a linear algebraic group over K we mean a group G which is also
an affine K-variety in such a way that the structure maps m : G x G —
G (multiplication) and ¢ : G — G (inversion) are morphisms of varieties.
Consider the general linear group GL,(K) of invertible n x n matrices. We
define ¢;; : GL,(K) — K to be the (i,j) coordinate function, 1 < ¢,j < n.
We define d : GL,(K) — K to be the determinant function. The coordinate
functions ¢;;, 1 £ 4,j < n, are algebraically independent over K. The
coordinate algebra K[GLn(K)] is, by definition, the algebra of K-valued
functions on GL,(K) generated by all coordinate functions c;; together with
d~! (the function taking # € GL,(K) to the reciprocal of the determinant
of ). Then GL,(K) is a linear algebraic group (with coordinate algebra
K[GLn(K))).

0.4 Let G be a linear algebraic group. We say that a matrix representa-
tion p : G — GL,(K) is rational if p is a homomorphism of linear algebraic
groups (i.e. a group homomorphism and a morphism of varieties). We say
that a finite dimensional K G-module V is rational if it affords a rational
matrix representation with respect to some (and hence every) basis. Let us
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be quite explicit. Choose a K-basis vy,...,v, of V and define coefficient
functions f;; : G — K by the equations

zv; = ij,-(:c)vj (e G, 1<ign).
j=1

The coefficient space of V is defined to be the space of K-valued functions
on G spanned by the coefficient functions f;;, 1 < 4,7 < n. This space
is independent of the choice of basis and we denote it by c¢f(V). Then the
condition for V' to be rational is that ¢f(V') should consist of regular functions,
1e. cf(V) < K[G]. Note that if V,W are finite dimensional K G-modules
then we have cf(V ® W) = cf(V).cf(W), the K-span of all functions fg
with f € cf(V), g € cf(W). In particular V @ W is rational if V and W
are rational. For a K-valued function f on G we write f for the K-valued
function on G defined by the formula f(z) = f(z7!), z € G. Note that
f=1(f) € K[G] if f € K[G]. For a finite dimensional (left) K G-module
V with coefficient space C' we have that the coefficient space of the dual left
module V* is C' = {f | f € C}. It follows that if V is rational then so is V*.

We say that a KG-module V' of arbitrary dimension is rational if it is
the union of finite dimensional rational submodules. If V' is rational then
so is every submodule and quotient module. A module is rational if it is
generated by rational submodules.

0.5 Let G be a linear algebraic group over K. Then K[G] is naturally
a left KG-module for the left regular action, which we now describe. For
z € G, f € K[G] the function zf is given by the formula (zf)(y) = f(yz),
fory € G. If m*(f) = Y;., fi © f! then we have zf = Y [, f{(z)f;. In
particular  f € K[G] and so K[G] is naturally a left K G-module. We choose
a basis {v; | i € I'} of K[G]. Then, for i € I, we have m*(v;) = 3 ;1 vj ® fii
for elements f;; of K[G]. We fix an ¢ € I. For ¢ € G we have zv; =
> ;er fii(z)v;. Since only finitely many of the f;; are non-zero (for fixed i),
for all # € G the element zv; lies in the finite dimensional space spanned by
the v; for which f;; is non-zero. Hence the K G-module V;, say, generated by
v;, 1s finite dimensional. Let W = V; and let wq,...,w; be a basis of W. We
have m*(w,) = le=1 ws @ gsr, for elements g, € K[G] with 1 < r,s < L
Hence zw, = Ziﬂ gsr(2)w;s and the coefficient space of W is the K-span
of the gr,, in particular V; is a rational module. But K[G] = ) ;.; Vi and
hence K[G] is a rational G-module with respect to the left regular action.

0.6 An importance consequence of 0.5 is that every linear algebraic
group is isomorphic to a closed subgroup of GL,(K), for suitable n. Let
G be a linear algebraic group. Let ay,...,a,, be a set of algebra generators
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of K[G] and let W be a finite dimensional subspace of K[G] which contains
these generators and is a submodule for the left regular G-module action.
Let wn,...,w, be a basis of W and let f;; be the corresponding coefficient
functions. Thus we have zw; = Y ;) fji(z)w;, for 1 < i < n. We define
p: G — GL,(K) by p(z) = (fij(2 S, z € G. Then p is a group homomor-
phism. We claim that p is a morphism of varieties, and hence a morphism of
algebraic groups. We have ¢;;0p = f;;, and hence cop € K[G] for all ¢ in the
subalgebra of K[GL,(K)] generated by all ¢;;. Moreover, since K[GL,(K)] is
generated by all ¢;; together with d—1, it suffices to show that d=Yop € K[G].
Solet f=dopand g = d'op. Then we have fg = 1 and hence f is a
regular function on G which is everywhere non-zero. However, it is a general
fact that if h is a regular function on an affine variety V' which is everywhere
non-zero then h=! = 1/h is regular. (If not then the ideal of K[V] generated
by h is a proper ideal and hence contained in a maximal ideal M, say. By
the Nullstellensatz, once more, M has codimension 1 in K[V] and there is a
K-algebra homomorphism 6 : K[V] — K which vanishes on M. But we have
f = ¢, for some z € V and h(z) = €;(h) = 6(h) = 0, a contradiction.) Hence
g =d lop € K[G]. Thus p : G — GL,(K) is indeed a morphism of algebraic
groups. The image of p* contains the generators ay,...,a, of K[G]. Thus
p* : K[GL,(K)] — K|[G] is surjective and it follows that the image of p is
closed in GL,(K) and that p induces an isomorphism of algebraic groups
from G onto the image of p.

0.7 Let & be an arbitrary field. We take tensor products over k. A
coalgebra over k (or k-coalgebra) is a triple (C, 6,¢) consisting of a k-vector
space C and linear maps 6 : C — C ® C (comultiplication) and ¢ : C — k
(the counit or augmentation map) satisfying the equations

(6@id)os=(id®8)os:C>CRCO®C

and
(e®id)od=(d®e)ob=id:C—-C

where id denotes the identity map on C. The first equation is called the
coassociativity condition and the second is called the counit condition.

A bialgebra over k (or k-bialgebra) is a coalgebra (A, §, €) such that A is
a k-algebra and the structure maps § : A — A® A and ¢ : A — k are algebra
homomorphisms. A bialgebra (A4, §,¢) is called a Hopf algebra if there exists
a linear map o : A — A such that

ploid)d=p(l®o)d=¢

where p : A® A — A is the multiplication map and £ : A — A is defined by
é(a) = €(a)l, for a € A. The above equation is called the antipode condition.
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If such a linear map ¢ : A — A exists, it is uniquely determined by the
antipode condition and called the antipode of (A, 8, ¢€). A bialgebra (or Hopf
algebra) is said to be commutative if the algebra A is commutative. In general
the antipode of a Hopf algebra (4, 8, €) is an algebra anti-homomorphism and
hence is an algebra homomorphism if A is commutative. If (4, §,¢), (A, 6',¢’)
are coalgebras, a linear map ¢ : A — A’ is a morphism of coalgebras if §'o¢ =
(®¢p)ob and £ 0 ¢ = £. A coalgebra, bialgebra or Hopf algebra (4,4, ¢)
will often be abbreviated to A. If A, A’ are bialgebras a map ¢ : 4 — A’
is a morphism of bialgebras if it is an algebra and coalgebra morphism. If
A, A’ are Hopf algebras with antipodes o, ¢’ then a morphism of bialgebras
¢ : A — A’ automatically has the property that ¢’ 0 ¢ = ¢ 0 7, and such a
map ¢ is also called a morphism of Hopf algebras.

Let G be a linear algebraic group over K. Then it is easy to check
that (K[G], m*,¢1) is a commutative Hopf algebra over K with antipode ¢*.
Conversely, suppose that (4, §,¢) is a commutative Hopf K-algebra with an-
tipode o and suppose that A is finitely generated and reduced (i.e. is without
nilpotent elements). Then we associate with A the set G = Homg _aig(4, K)
and regard (G, A) as an affine variety, as in 0.2. We have m: Gx G — G
given by m(z,y) = (zQy)ob,z,y € G,andi: G — G given by i(z) = z oo,
z € G. Moreover G is a group with multiplication m : G x G — G, inver-
sion ¢ : G — G and identity . By construction we have fom = §(f) €
K[G]® K[G] and foi = o(f) € K[G], for f € K[G]. Thus G is an algebraic
group and m* = §, i* = &. In this way we obtain an equivalence of categories
between linear algebraic groups over K and finitely generated, commutative,
reduced Hopf algebras over K.

0.8 As well as preparing the way for our transition to quantum groups,
the formalism of the previous paragraph provides a convenient language for
discussing rationality properties of algebraic groups. So now let k be a sub-
field of our algebraically closed field K. For a K-vector space N, a k-form of
N is a k-subspace M such that the natural map K ®; M — N is an isomor-
phism. (This amounts to saying that some, and hence every, k-basis of M is
a K-basis of N.) For a K-algebra S we say that R is an algebra k-form of S
if R is a k-subalgebra of S and a (vector space) k-form of S. Let (V, K[V]) be
an affine algebraic variety over K. By the expression “V is a k-variety’” we
indicate that we have in mind a fixed algebra k-form k[V] of K[V]. For exam-
ple, affine n-space A" has coordinate algebra K[Xi,...,X,] and is usually
regarded as a k-variety by taking k[A"] = k[Xi,...,X,]. Let Z be a closed
subset in the affine k-variety V. We say that Z is defined over k if the ideal
Iz is spanned, over K, by k[V]NIz. If this is the case then the natural map
K ® k[V] — K[V] restricts to an isomorphism K ®; (k[V]N Iz) — Iz and
Z is viewed as a k-variety with k[Z] consisting of the k-algebra of functions
flz, for f € k[V].
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Let (C, 6,€) be a coalgebra over K. We say that B is a coalgebra k-form
of C if B is a vector space k-form of C' which is closed under the structure
maps, i.e. if §(B) < B®j, B and €(B) < k. If B is a coalgebra k-form of C
then B is naturally a k-coalgebra whose structure maps B — B ®; B and
B — k are the restrictions of § and e. If (C, 6,¢€) is a bialgebra we say that
B is a bialgebra k-form of C if B is both an algebra and coalgebra k-form
of C. Finally, if (C,é,¢) is a Hopf algebra with antipode o then we say that
B is a Hopf k-form of C if B is a bialgebra k-form and ¢(B) < B. If Bis a
bialgebra k-form of the K-bialgebra C then B is naturally a bialgebra over k
with comultiplication and counit as above. If B is a Hopf k-form of the Hopf
K-algebra C, with antipode o, then B is a Hopf algebra whose antipode is
the restriction of o.

By the expression “G is a k-group” or “G is a linear algebraic group
defined over k” we indicate that G is a linear algebraic group over K and
that we have in mind a Hopf k-form of K[G], which we denote k[G]. We say
that a closed subgroup H is defined over k if H is defined over &, as a closed
set in G. In this case H has a natural k-group structure.

Suppose that G and H are k-groups. A map ¢ : G — H is a morphism
of k-groups if it is morphism of linear algebraic groups such that ¢*(k[H]) <
k[G]. Thus ¢ gives rise to a morphism of Hopf algebras k[H] — k[G] and,
conversely, a morphism of Hopf algebras k[H] — k[G] corresponds to a unique
morphism of k-groups G — H.

We regard the linear algebraic group GL,(K) as a k-group via the Hopf
form k[GL,(K)] = k[c11,¢125 - - -, Cnn,d™ ] of K[GLy(K)]. From now on we
shall also write GLy, for GLn(K), regarded as a k-group.

0.9 Let (C,6,€) be a k-coalgebra. By a right C-comodule we mean a
pair (V,7) consisting of a k-space V and a linear map 7 : V — V ® C such
that

(r®id)or=(1d®8or:V-VRC®C

and
(d®e)or=id: V-V

where id is the identity map on V. We often write simply V for the comodule
(V,7) and call 7 the structure map of the comodule V. Let {v; | i € I} be a
basis of V. We have elements c;;, ¢,j € I, defined by the equations

T(vi) =D v ® cji
jel

(for ¢ € I). The k-span of {c;; | i,j € I} is called the coefficient space of V'
and denoted cf(V). It is independent of the choice of basis of V. Note that
cf(V) is a subcoalgebra of C and that V is naturally a right c¢f(V')-comodule.



0. Introduction 7

Let (V,7), (V',7') be (right) comodules. A linear map ¢ : V — V' is a
morphism of comodules (or comodule homomorphism) if 7/ o¢ = (¢Qid¢)oT
(where id¢ is the identity map on C). We write Comod(C) for the category
of right C-comodules and comod(C) for the category of finite dimensional
right C-comodules. A subspace U of a comodule V is a subcomodule if
7(U) < U ® C, where 7 is the structure map of V. A subcomodule U is
naturally a comodule whose structure map U — U ® C is the restriction of
7:V — V @ C. The structure map 7 also induces a map V/U — V/U ® C,
making V/U into a comodule. The inclusion map U — V and the quotient
map V — V/U are homomorphisms of comodules. An important feature of
the representation theory of coalgebras is the local finiteness property. If V
is any right C-comodule then for every finite dimensional subspace T there is
a finite dimensional subcomodule U of V such that 7' < U. The argument is
similar to that of 0.5. Left comodules are defined similarly and have similar
properties.

The dual space C* = Homy(C, k) has the structure of an associative
k-algebra with multiplication af = (a ® p)é, for o, € C*, and identity
¢+ = €. For an algebra S, we write Mod(S) for the category of left S-
modules and mod(S) for the category of finite dimensional left S-modules.
Let (V,7) be a right C-comodule. We regard the k-space V as a left C*-
module via the product av = (id ® a)r(v), for « € C*, v € V. For X,Y €
Comod(C), a linear map ¢ : X — Y is a morphism of C-comodules if
and only if it is a morphism of C*-modules. In this way we obtain a full
embedding of Comod(C) into Mod(C*). If C is finite dimensional then we
obtain, in this way, equivalences of categories Comod(C) — Mod(C*) and
comod(C) — mod(C*).

0.10 We now return to our discussion of the representation theory of
linear algebraic groups in general, and general linear groups in particular.
Let G be a linear algebraic group over K. Let V be a (possibly infinite
dimensional) rational representation and let {v; | i € I'} be a basis of V. We
have coefficient functions fi; € K[G] defined by

rv; = Efji(:c)vj
jel
for ¢ € I. We define 7: V — V ® K[G] by
T(vi) =Y v ® fii
jel

for : € I. Then (V,7) is a K[G]-comodule and we obtain, in this way, an
equivalence of categories between rational left G-modules and right K[G]-
comodules. Similar remarks apply to rational right G-modules and left K[G]-
comodules.
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We identify the categories of left rational G-modules and right K[G]-
comodules via the above. We now want to discuss the representation theory
of k-groups. Let G be a k-group. We shall simply define a left module
for G to be a right k[G]-comodule and write Mod(G) (resp. mod(G)) for
Comod(k[G]) (resp. comod(k[G]). One could instead decree that a rational
G-module over k is a rational G-module V together with a vector space k-
form U of V such that for some (and hence every) basis {u; | ¢ € I} the
corresponding coefficient functions f;; all belong to k[G]. We leave it to the
reader to check the equivalence of this with the comodule point of view.

0.11 Let G be a k-group. We write G(k) for the set of ¢ € G such that
ex(k[G]) < k. 1t is easy to check that G(k) is a subgroup of G (called the
subgroup of k-rational points). If G(k) is dense in the Zariski topology on G
then we have available yet another description of the category of G-modules
(defined over k). This is very close to our original formulation of the notion
of a rational module for a linear algebraic group. For f € k[G] let f be the
k-valued function on G(k) defined by f(z) = e+(f), « € G(k). Let R be
the algebra of k-valued functions on G(k) consisting of all functions f, with
f € k[G]. Note that if f = 0 then the closed set Z = {z € G | f(z) = 0} of
G contains G(k), hence G, and therefore f = 0. Thus the map k[G] — R,
taking f to f, is injective, and we identify k[G] with a k-algebra of functions
on G(k) by this map. We say that a finite dimensional kG(k)-module V
1s rational if for some (and hence every) basis v,...,v,, the corresponding
k-valued functions f;; on G(k), defined by the equations

zv; = ij,-(x)vj
j=1

for 1 < ¢ < n, all belong to k[G]. Given such a kG(k)-module we ob-
tain a k[G]-comodule structure on V by defining 7 : V — V ® k[G] by
7(v;) = 2 7=, vj ® fji- We leave it to the reader to check that one obtains,
in this way, an equivalence of categories between finite dimensional ratio-
nal left ¥G(k)-modules and finite dimensional right k[G]-comodules, hence
G-modules (defined over k).

0.12 We consider now the representation theory of a torus, i.e. a linear
algebraic group of the form GL;(K)® = GL1(K) x - -+ X GL1(K) (n times).
Thus K[GL;(K)"] is the Laurent polynomial algebra K[t1,t7",...,t,, 5],
where t;(21,...,2,) = 23, 1 < i < n, for (z1,...,2,) € GL1(K)*. We
consider GL;(K)" as a k-group, which we now write as GL7, via the form
k[GL}) = k[ty, 17, ..., tn,t;!]. We put X(n) = Z”. For a = (@1,...,a,) €
X (n) put t* = ¢7*...t2». We have the 1-dimensional GL}-module k, with
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structure map ko — ko ® k[GL]] taking z € ko to z ® t*. We have the
comodule decomposition k[GLY] = @ 4¢ x(s) kt*. 1t follows that {ko | o €
X (n)} is a complete set of pairwise non-isomorphic irreducible GL}-modules
and that every GLT-module is completely reducible.

We form the integral group ring ZX(n). This has Z-basis {e(a) | a €
X(n)} whose elements multiply according to the rule e(a)e(8) = e(a + B).
For a GL{-module V and a € X(n) we have the corresponding weight space
Ve={veV|r(v) = v®t*}, where 7 : V — V®k[GL]] is the structure map.
We say that a € X(n) is a weight of V if V* # 0. The character ch V of a fi-
nite dimensional GL-module is defined by ch V' = 37 ¢ x(,)(dim V*)e(a) €
ZX(n).

Note that each o = (a3,...,am) € X(n) gives rise to an algebraic
group homomorphism GL] — GL,, also denoted & and given by the formula
a(z) =27 ...a%, forz = (z1,...,7m) € GLT. If k is infinite then GL, (k)"
is dense in GL1(K )" and, by the formalism of 0.11, for a rational GL}-module
V (over K) and o € X(n) we have V* = {v € V | zv = a(z)v for all z €
GLT}.

0.13 We now wish to discuss the rational representation theory of GL,.
Let k be a subfield of K. We view GL,, as a group over k, as in 0.8.

Let ¢ : B — C be a morphism of k-coalgebras. If (V,7) is a B-comodule
then we may regard V as a C-comodule via the structure map (id @ ) o7 :
V — V®C. We say that this C-comodule is obtained by ¢-inflation, or just
inflation if ¢ is inclusion. Suppose that B is a subcoalgebra of C. We say that
a C-comodule V belongs to B if c¢f(V) < B. The C-comodules belonging to
B are the objects of a full subcategory of Comod(C') and inflation defines an
equivalence of categories between B-comodules and C-comodules belonging
to B.

Let A be a bialgebra. For right comodules (V,7v), (W, 7w ) we have the
tensor product right comodule (V ® W, rvgw). The structure map rvegw
is given by Tvew(v@w) = 3, ;v ® w; ® figj, forv € V, w € W with
tv(v) = 3; v ® fi and rw(w) = 3; w; ® gj. Moreover, if A is a Hopf
algebra and (V,7v) is a finite dimensional right A-comodule then we have
the dual right comodule (V*,ry.). The structure map 7 : V* — V* Q@ A
may be described as follows. Let vy,...,v, be a basis of V and let ay, ...,y
be the dual basis of V*. Then we have 7™(aj) = Y ;) & ® o(fij), where
T(v;) = Zj=1 v; @ fji, for 1 < i < n, and where o is the antipode. In the case
in which A = K[G], for a linear algebraic group G over K, these constructions
correspond, via the formalism of 0.10, to the usual group action on the tensor
product of modules and on the dual of a finite dimensional module. Similar
remarks apply to left comodules and right modules.

We set A(n) = k[e;j | 1 < ¢,j < n]. Then A(n) is a subbialgebra of
k[GL,) and we say that a GL,-module V is polynomial if cf(V) < A(n), i.e.
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if V belongs to A(n). We identify the category of polynomial GL,-modules
with the category of A(n)-comodules, via the equivalence above. Thus a
finite dimensional K GL, (K )-module V is polynomial if and only if for some
(and hence every) basis {v; | ¢ € I} the corresponding coefficient functions
fij, determined by the equations

wvi =Y Ful@)y
jeI
for £ € GL,(K) and ¢ € I, all lie in K[c11,...,¢nn]. More generally, if k is
infinite then GL, (k) is dense in GL,(K) and, by the formalism of 0.11, we
have the same description of polynomial GL,-modules. That is, a finite di-
mensional polynomial GL,-module is is a finite dimensional kGL,,(k)-module
V such that for some (and hence every) basis {v; | i € I} the corresponding
coefficient functions f;;, determined by the equations

zv; = Z fii(x)v;
jer
for ¢ € GL,(k) and 7 € I, all lie in k[e1y,. .., cnn). In [51], Green considers
polynomial GL,-modules (over an infinite field &) from this perspective.

We have the natural GL,-module E with basis ey, ..., e, and structure
map 7 : E — E ® k[G] given by 7(e;) = Z;'l=1 ej ®cjs, for 1 < i < n. Note
that E is a polynomial module. Moreover (since A(n) is a bialgebra) V@ W
is a polynomial module if V and W are polynomial modules. Hence the rth
tensor power E®", the rth symmetric power S"E and the rth exterior power
A" E are polynomial modules, for r any non-negative integer. In particular
the determinant module D = A"E is polynomial.

From the point of view of algebraic group representation theory, one is
interested in the category of rational modules. However, as we now describe,
this differs only trivially from the category of polynomial modules, and the
latter category has strong connections with the theory of representations of
certain finite dimensional algebras. So let V be a finite dimensional GL,,-
module. Then cf(V) is a finite dimensional subspace of k[G], which is the
localization of A(n) at the determinant d. Hence we have cf(V) < d™".N,
for some finite dimensional subspace N of A(n), and so cf(D® ® V) =
cf(D)".cf(V) = d".cf(V) < A(n). Thus D®" ®V is a polynomial module, for
r > 0, and every finite dimensional rational module is isomorphic to one of
the form D®-" @ U, for some r > 0 and polynomial module U (where D®~"
denotes the dual of D®").

Thus all finite dimensional rational modules can be understood in terms
of the polynomial ones. We regard A(n) as a graded algebra by giving each
cij degree 1. So A(n) decomposes

A(n) = P An,7) (%)

r=0
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into homogeneous components. The dimension of A(n,r) is the number of

L . L n?pie .
monomials in n? variables of total degree r, and this is (" *'~"). Since

8(cij) = Yoh=1Cin ® cnj, for 1 < i,j < n, we have §(A(n,1)) < A(n,1) ®
A(n,1), and then since 6 is an algebra homomorphism we get §(A(n,r)) <
A(n,r) @ A(n,r). Hence (*) is a coalgebra decomposition. We say that
a polynomial module has degree r if it belongs to A(n,r) and say that a
polynomial module is homogeneous if it has degree r for some » > 0. Let V
be a polynomial module (i.e. an A(n)-comodule) and for » > 0, let V(r) be
the largest subcomodule of V belonging to A(n,r). It follows from (*) that
we have

v=pv.
r=0

Hence every polynomial module is a direct sum of homogeneous modules. We
define the Schur algebra S(n,r) = A(n,r)*, the dual algebra. We identify
right A(n,r)-comodules with left S(n,r)-modules, as in 0.9. To summarize:
for any finite dimensional rational module U, we have that I/ is isomorphic
to D®~" @ V, for some polynomial module V, each polynomial module de-
composes into a direct sum of homogeneous modules and the category of
polynomial modules of degree r is equivalent to the category of modules for
the Schur algebra S(n,r).

Thus from the representation theory of the the finite dimensional alge-
bras S(n, r), one can obtain all finite dimensional rational modules. However,
the point of view relevant for this work is that one should use the represen-
tation theory of GL, to illuminate the representation theory of the finite
dimensional algebras S(n,r) and from there, via the Schur functors, the rep-
resentation theory of the symmetric groups. It is the g-analogue of this point
of view (from quantum general linear groups to ¢-Schur algebras to Hecke
algebras) that is explored in detail in the subsequent chapters.

0.14 Before going further, we give another version of the theory of weights
for GL,-modules. We now write G(n) for GL,. We write T(n) for the
group of diagonal matrices in G(n). We identify T'(n) with GLT via the
map GL] — T(n) taking z = (z1,...,2,) to diag(x), the diagonal matrix
with (1,1)-entry z;, with (2,2)-entry 2 and so on. In particular, T(n) has
the structure of a k-group, and we have the theory of weights for T'(n), as
developed in 0.12. We define the weight spaces and character of a G(n)-
module to be the weight spaces and character of its restriction to T'(n).

If V is a polynomial module of degree » we may also assign weight spaces
in another way. We write I(n,r) for the set of functions ¢ : [1,r] — [1,n].
We often represent ¢ € I(n,r) as the r-tuple (41,...,%,) (where i, = i(a),
1 <a<r) Forije€ I(n,r) we put cjj = ¢;,j, --.Ci,j,- Note that the
symmetric group Sym(r) has a natural right action on I(n,r). Moreover,
we have ¢;; = ¢y if and only if the sequence of pairs (i1,41), .., (r,Jr) is
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a permutation of the sequence of pairs (3},41),...,(é.,j.), i.e. if and only if
(4,7),(¢,j") € I(n,r) x I(n,r) belong to the same Sym(r)-orbit. We write
the dual basis &5, ¢,j € I(n,r), with the understanding that &; = & if
(7,7) and (¢, j') are Sym(r)-conjugate.

For a sequence a = (a1, ag,...) of non-negative integers we set |o| =
aj; + ag + ---. Let A(n,r) denote the set of @ € N§ such that |a| = r. We
define the content o = (e, ...,an) € A(n,r) of i € I(n,r) by ag = |i"1(a)|,
1 < a < n. Thus we have §; = §;; if and only if ¢ and j have the same
content. For o € A(n,r) we write £, for &;;, where 7 € I(n,r) has content o.

Now
1= ) &

a€A(n,r)

is a decomposition of 1 as an orthogonal sum of idempotents in S(n,r).
Moreover, for a polynomial module V' of degree r and o € A(n,r) we have
Ve =¢,V.

0.15 We define the so-called dominance order on X(n) = Z". For o =
(e1,..,0n), B=(B1,...,Pn) wewrite « < Bif |a| = |f]and oy +-- -+ aa <
Bi+ -+ Ba, forall 1l <a< n. Wesaythat A = (A,...,A,) € X(n) is
dominant if Ay > Az, Ay > As, ..., A1 > A, We write X ¥ (n) for the set of
dominant weights. For each A € X *(n) there is an irreducible G(n)-module
L(X) such that dim L(A)* = 1 and p < X for every weight p of L(}) not
equal to A. Moreover, {L(A) | A € X*+(n)} is a complete set of irreducible,
mutually non-isomorphic G(n)-modules. From this, and the fact that

ch L(X) = e(A) + lower terms,

it follows that finite dimensional rational modules V, V'’ have the same compo-
sition factors (counted according to multiplicity) if and only if ch V' = ch V.
Thus the character of a finite dimensional rational module plays the same
role as the Brauer character of a finite dimensional module for a finite group.

0.16 We wish to give a sketch of how the parametrization of irreducible
modules in 0.15 may be brought about. We shall need a theory of induction
for coalgebras. Let C be a coalgebra. Let V € Comod(C) and let X be a
k-vector space (which may come to us with some additional structure). We
write |X| ® V for the vector space X ® V regarded as a right C-comodule
via the structure map id® 7 : X QV - XQV QRQC,where7: V=V QC
is the structure map of V. For any right comodule V, the structure map
7:V — |V|® C is a morphism of right comodules.

Let § : C — D be a coalgebra map. We have already seen that we
have a functor Comod(C) — Comod(D), given by “f-inflation”. We now
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write @y for this functor. Now let W € Comod(D). We write §°(W) for
the C-subcomodule of |W|® C consisting of the elements f € W @ C such
that (1 ® Wd¢)(f) = (dw ® (8 ® id¢) 0 8)(f), where 6 : C — CQ®C is
comultiplication. If @ : W — W’ is a morphism of D-comodules, then
(a®ide) : [W|® C — |[W'| ® C restricts to a C-comodule map §°(W) —
g°(W’), which we denote 6°(a). In this way we get a left exact functor
8° : Comod(D) — Comod(C). There is a natural map v : §o(8°(W)) — W,
namely the restriction of (id®¢) : W®C — W, where¢ : C — k is the counit.
Moreover, the functors 8y and 4° are adjoint in that, for any V € Comod(C)
and W € Comod(D), the map Hom¢(V,8°(W)) — Homp (8o(V), W), taking
a:V—=8°(W)tovoa:6y(V)— W,is a linear isomorphism.

Now let ¢ : G; — G2 be a morphism of k-groups. Then we have
the associated comorphism 6 : k[G2] — k[G1]. We write Res(¢) for 6y :
Mod(G2) — Mod(G;) and Ind(¢) for 6° : Mod(G;) — Mod(Gz). We
call Res(¢) : Mod(G2) — Mod(G;) the ¢-restriction functor and Ind(®) :
Mod(G3) — Mod(G1) the ¢-induction functor. If ¢ : H — G is inclusion
then we also write Res(¢)(U) as Res§U, or just Uly, and call it the restric-
tion of U to H, for U € Mod(G); we also write Ind(¢)(V) as Ind§V, and
call this the G-module induced from V, for V € Mod(H).

We now consider the general linear k-group G(n). We take B(n) to
be the Borel subgroup consisting of the lower triangular matrices. We have
a homomorphism B(n) — T(n) taking a lower triangular matrix to the
corresponding diagonal matrix. For each A € X(n) we have the 1-dimensional
T(n)-module ky, and we regard this as a B(n)-module via inflation. The

modules Indggzgk)\ are finite dimensional and we have IndgE:;kA # 0 if and

only if A is dominant. For A € X*(n) we put V()) = Indggzgkx. Then one
proves that V() has a simple socle L()), say, and that {L(}) | A € Xt (n)}
is a complete set of pairwise non-isomorphic G(n)-modules.

In fact it is not difficult to produce, for each dominant weight A, an
irreducible module L()) such that dim L(A\)* = 1 and u < A for every weight
p of L(X) not equal to A. Suppose first that all entries of A = (A1,...,Ap) are
non-negative. For any finite sequence @ = (a1, s, ...) with entries in [0, n],
we define the polynomial module A“E = A EQ A*?E®- - -. One may check
that if o is the transpose of the partition A then A”*E has unique highest
weight A and that A occurs with multiplicity 1. Hence there is a unique
composition factor, with these properties, which we may take to be L(}).
For an arbitrary dominant A, we may choose » > 0 such that all entries
of p = A+ r(1,1,...,1) are non-negative and take for L(A) the module
D87 © L(u).

Let A*(n,r) = A(n,r) N X*(n). The character of V(}A), A € X*(n),
is given by Weyl’s character formula and, for A € A*(n,r), may be viewed
as the corresponding Schur symmetric function. Moreover the characters of
the V(A) and L()\), A € A*(n,r), are connected by a unitriangular matrix.
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One of the main problems of this area is to obtain an explicit formula for
ch L(X), for A € A*(n,r), for example as an explicit Z-linear combination of
the chV(u), 4 € At(n,r). A solution to this problem would also give an
explicit formula for the Brauer characters of all irreducible modules for the
symmetric groups.

0.17 It follows from 0.14 that the weights of any G(n)-module which is
polynomial of degree r belong to A(n,r). The modules L(}), A € At(n,r),
are all polynomial of degree r and we therefore obtain that {L(A) | A €
At(n,r)} is a complete set of pairwise non-isomorphic irreducible S(n, r)-
modules. Moreover, the modules V(X), A € At(n,r), are all polynomial.
Thus the main problem (of finding the characters of the irreducible G(n)-
modules) may be formulated entirely within the representation theory of
the Schur algebras S(n,r). We have the S(n,r)-modules V(A), L(}A), for
A € A*(n,r), and a knowledge of the composition multiplicities [V(}) : L(p)],
for A,u € A*(n,r), would give an explicit formula for the character of the
irreducible modules L(A), A € A*(n,r).

Not only is there a strong connection between simple modules for the
k-group G(n), and the finite dimensional algebra S(n,r), but also between
the homological algebra of these objects. More precisely, let U, V be homoge-
neous G(n)-modules which have the same degree r. Then we have a natural
isomorphism _ _

Ext (s, (U, V) 2 Extgn)(U, V)

for each ¢ > 0. The observation that this was the case (for a class of groups
and algebras including the general linear groups and Schur algebras) was the
starting point of our investigations into Schur algebras and related algebras
(see [31],(32],[34],[35],[40]) of which the present work is a continuation.

0.18 The above section describes the first “process of descent” and we now
come to the second, from Schur algebras to group algebras of symmetric
groups. We assume that » < n and let w = (1,...,1) € A(n,r). We put
S =8(n,r) and e = &, € S. We call eSe a subalgebra of S even though
the identity element, e, of eSe is not the identity of S(n,r) (unless » = 1).
Let u = (1,2,...,7) € I(n,r). Then the subalgebra eSe has basis &uxu,
7 € Sym(r), and these elements multiply according to the rule

fu‘n’,ufur',u = {um",u-

Thus eSe is a realization of the group algebra over & of the symmetric group of
degree r. We have the exact functor f : mod(S) — mod(eSe), known as the
Schur functor, given by fV = eV = V¥ on objects and given by restriction of
mappings on morphisms. If L € mod(S) is simple then eL is either simple or
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zero. Moreover the set of modules eL()), as A runs over those A € A*(n,7)
for which eL(}) is not zero, form a complete set of pairwise non-isomorphic
simple eSe-modules.

Let p be a positive integer. We say that A = (A1,...,A,) € AT(n,r)
is column p-regular if A; — Ajp1 < pforall 1 €< i < n. We say that A €
At(n,r) is row p-regular if the transpose partition )’ is column p-regular.
Thus A = (A,...,,) is Tow p-regular if there isno i with 0 < i < n—-p
such that Aj41 = .-+ = Ajyp > 0. All elements of A*(n,r) are declared to
be column O-regular and row O-regular. Now let p be the characteristic of
k. We write A*(n,7)co (resp. At (n,7)row) for the set of column p-regular
(resp. row p-regular) elements in A*(n,r).

The set of A € At(n,r) such that eL(A) # 0 is exactly AT (n,r)co and
thus we have the parametrization {fL()) | A € AT (n,r)ca} of irreducible
modules of the symmetric group of degree r. Applying the Schur functor to
other naturally occurring modules for S(n, r)-modules (i.e. polynomial G(n)-
modules of degree r) produces other modules familiar from the representation
theory of the symmetric group. For example applying the Schur functor to
V(1) yields the Specht module and applying the Schur functor to the injective
envelope, as an S(n,r)-module, of L(}) yields the Young module, labelled
by A.

0.19 The story so far has been both a review of the classical theory and a
dry run for the ¢g-analogue, which we now describe. One has a well known
g-analogue of the group algebra of the symmetric group Sym(r), namely the
Hecke algebra Hec(r). We fix a field k£ and an element ¢ € k. We denote the
length of w € Sym(r) by {(w). Then Hec(r) has k-basis T,,, w € Sym(r),
and multiplication satisfying

ToTw = Ty, if l(ww’) = l(w) + l(w’)
(Te+1)(Ts —q) =0

for w,w’ € Sym(r), and a basic transposition s € W.

The idea is to study the representation theory of the Hecke algebra
Hec(r), as in the classical case, by a sequence of two descents: from a quan-
tization (i.e. g-analogue) of G(n) to a ¢-Schur algebra and from there to the
Hecke algebra via a Schur functor. The point of view taken in these notes is
that the information should flow uniformly in this direction. (Other points
of view are possible, see the work of Dipper and James, e.g. [21], and there
is an exception to this principle in Section 2.2, where we use the representa-
tion theory of Hecke algebras to determine the characters of the irreducible
modules for the ¢-Schur algebras at ¢ = 0.)

0.20 We view G(n) as a group over k. Recall that a G(n)-module is, by
definition, a right comodule for the Hopf algebra k[G(n)]. We shall introduce
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a deformation of this Hopf algebra. Thus our quantum general linear group
will, in reality, be a Hopf k-algebra. However, we do not wish to abandon,
at this point, the carefully developed intuition and notation of group repre-
sentation theory and therefore stretch the analogy between groups and Hopf
algebras somewhat beyond its legal limits. That is, we shall regard the cat-
egory of quantum groups as the opposite category of the category of Hopf
algebras. Thus, when we say “G is a quantum group over £”, we mean that
we have in mind a Hopf algebra which is denoted k[G], and when we say
that ¢ : G1 — G is a morphism of quantum groups we mean that we have
in mind a homomorphism of Hopf algebras ¢ : k[G3] — k[G1]. We call ¢ the
comorphism of ¢. We use the expression “H is a quantum subgroup of G” (or
just “H is a subgroup of G”) to indicate that we have in mind a Hopf ideal Iy
of k[G] (i.e. Iy is an ideal of k[G] such that 6(Iy) < k[G]® Iy + Iy ® k[G],
e(Ig) = 0 and o(Ig) < Iy) and that k[H] = k[G]/Ig. In this case we
have the morphism ¢ : H — G, called inclusion, whose comorphism é is the
natural map k[G] — k[G]/Iy.

Let G be a quantum group. A left G-module is, by definition, a right
k[G]-comodule. We write Mod(G) for Comod(k[G]) and write mod(G) for
comod(k[G]). Let ¢ : G — G2 be a morphism of quantum groups and let § =
¢ : k[G2] — k[G1]. As in 0.16, we write Res(¢) for 8 : Mod(G2) — Mod(Gh)
and Ind(@) for 6° : Mod(G1) — Mod(G2). We call Res(¢) : Mod(G2) —
Mod(G1) the ¢-restriction functor and Ind(¢) : Mod(G1) — Mod(G2) the
¢-induction functor. If ¢ : H — G is inclusion then we also write Res(¢)(U)
as Resf,U, or just U|g, and call it the restriction of U to H, for U € Mod(G);
we also write Ind(¢)(V) as IndeV, and call this the G-module induced from
V, for V € Mod(H).

To construct our quantization of the general linear group G(n), we start
with the associative algebra F freely generated by Xj;, 1 < i,j < n. Define
§: F — F @ F to be the algebra map such that §(X;;) = 3 ;_; Xir @ X,
and € : F — k to be the algebra map such that e(X;;) = 6;; (the Kronecker
delta), for 1 < 4,5 < n. Then (F, §,¢) is a bialgebra over k. We view F as a
graded k-algebra, by giving X;; degree 1, for 1 < i,j < n. Let I be the ideal
of F generated by the elements

Xir Xis — Xis Xir for all i,r,s
XjrXis — ¢ Xis Xjr foralli<jand r<s
XjsXir = XirXjs — (¢ — 1)Xi; X, foralli<jandr<s

(for 1 € ¢,4,7,s < n). Then I is a biideal, i.e. we have 6(I1) < FQI+IQF
and ¢(I) = 0. The quotient algebra A,(n) = F/I is therefore a bialgebra
with structure maps, also denoted 6, ¢, induced from those of F. Thus A,(n)
is the k-algebra generated by ¢;;, 1 < ¢,j < n, subject to the relations

CirCis = CisCir foralli,r,s
CjrCis = qCisCjr foralli< j,and r<s
CjsCir = CirCjs + (¢ — 1)ciscjr  foralli<j,andr<s



0. Introduction 17

(for 1 < 4,4,7,5s < n). The bialgebra structure on A4(n) is given by

n

6(6"]‘) = Z Cir & Cpj and 5(31']') = 6‘-]-

r=1

for 1 < 4,57 < n. Moreover, the generators of I above are homogeneous so
that I is a graded ideal and A,(n) inherits the structure of a graded algebra
with ¢;; having degree 1, for 1 < 4,5 < n. Note that putting ¢ = 1 gives the
bialgebra A(n) discussed above.

For a = (@11,a12,...,0nn) € N{,‘9 we put ¢® = cf}'cfd?...cann. The
elements ¢®, a € N3’, form a k-basis of Ag(n). From the grading on A,(n)
we get a coalgebra decomposition A4(n) = @0, Ag(n,r). Hence we get an
algebra S,(n,r) = A4(n,r)* of dimension ("2"':_1), for r > 0. The algebras
Sg(n,r) are called the ¢g-Schur algebras, and were originally constructed (by
other means) by Dipper and James.

We have now constructed a g-analogue of the algebra A(n) and of the
Schur algebras S(n,r). To make possible our investigation of the representa-
tion of Hec(r) by means of the sequence of descents outlined above, we need
to construct a Hopf algebra k[G,(n)], to take the place of k[G(n)] in the case
g = 1. Recall that k[G(n)] is the localization of A(n) at the determinant.
We define the quantum determinant

dq = Z sgn(w)cl,l,,czyz,, .iConr € Aq(n)
T€Sym(n)

Then we have ¢(dy) = 1 and 6(d,) = d,®@d,, i.e. dg is a group-like element of
Aqg(n). Assume now that ¢ # 0. We have ¢;jd, = ¢*~Id,c;;, for 1 <i,5 < n.
It follows that we can localize the bialgebra A,(n) at dy. It turns out that
the localization A4(n)q, is a Hopf algebra and we define the quantum general
linear group G,(n) to be the quantum group whose coordinate algebra is

Ag(n)q,.

0.21 We now consider the representation theory of G4(n). We do this, as
in the classical case (¢ = 1), by means of subgroups T;(n) and B,(n). The
defining ideal of Ty(n) is the Hopf ideal of k[G4(n)] generated by all c;;,
with ¢ # j. We have an isomorphism of Hopf algebras k[T(n)] — k[T,(n)]
taking ¢; to cii + IT,(n), for 1 < i < n. In particular, Ty(n) is independent
of ¢, and we identify it with T(n) via the above isomorphism. Thus we
have a theory of weights for G4(n) and, as before, for V € mod(Gy(n))
we define the character chV € ZX(n) to be the character of V|p(n). The
defining ideal of By(n) is the Hopf ideal of k¥[G] generated by all c;; with
i < j. We have T'(n) < By(n) < G4(n). We also have a homomorphism

¢ : By(n) — T(n), whose comorphism ¢ : k[T(n)] — k[G,(n)] takes t; to
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G = ¢is + IBq(n), for 1 < ¢ < n. Thus each irreducible T(n)-module %,
for @ = (@1,...,0n) € X(n), may be regarded as a B,y(n)-module, by ¢-
restriction. Precisely, the structure map 7 : ko — ko @ k[By(n)] is given by
T(z) = ¢ @ ¢°, for z € kq, where ¢ = &7 ...E%:. Then {ky | @ € X(n)}
is a full set of simple By(n)-modules. We have the following fundamental
properties of induction from By(n) to G4(n) and its derived functors. The
second property is known as Grothendieck vanishing.

(1) The derived functor RiIndgzgg takes finite dimensional modules to fi-

nite dimensional modules, for i > 0, and RiIndg:E:; =0fori> (3).
Of central importance to our approach is Kempf’s vanishing theorem, which
is the second assertion of (2) below.

(2) For A € X(n), we have Indg“:g:;k»‘ # 0 if and only if A € X*(n) and
furthermore we have R"Indgq"g;’;b =0,for A€ X*(n) and i > 0.

We define Vy(}) = Indg*(Jkx, for A € X*(n). We define Ly(}) to be the
socle of V4(X), for A € X*(n).

(3) For € X*(n), the module V() has character given by Weyl’s charac-
ter formula. Moreover L4()) is a simple module of highest weight A and fur-
thermore {Ly()) | A € X*(n)} is a complete set of pairwise non-isomorphic
simple G4(n)-modules.

Thus we are in the same situation as in the non-quantized case. Two fi-
nite dimensional G4(n)-modules have the same composition factors (counting
multiplicities) if and only if they have the same character. The main prob-
lem is to find the characters of the irreducible modules. We have a supply
of modules whose characters are well understood, i.e. the V4(A)’s, and the
characters of the simple modules L,(A) are related to those of the V4(A)’s by
a unitriangular matrix. The main problem is thus equivalent to determining
the decomposition matrix ([A : u]), where, for A, u € X*(n), we are writing
[A : p] for the multiplicity of Ly(u) as a composition factor of V4(X).

0.22 We now turn to the g-Schur algebra Sy(n,r). For A € At(n,r),
the Gy(n)-module V(1)) is polynomial of degree r, and thus naturally an
S4(n,r)-module. Furthermore {Ly(A) | A € A*(n,r)} is a complete set of
pairwise non-isomorphic simple Sg(n,r)-modules. Moreover we have, as in
0.17, natural isomorphisms

Exts 0y (U, V) 2 Extl ()(U, V)
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for i > 0 and U,V € mod(Sy(n,r)).

One also has a g-version of the theory of weights for S(n,r) described in
0.14. We first construct a suitable basis of Ay(n,r). For i = (i1,...,%),j =
(J1,.--,Jr) € I(n,r) we put ¢;; = ¢;yj, ---Ci,j,. For a = (o1,...,0p) €
A(n,r), we write I~ (a) for the set of all j = (j1,...,jr) € I(n,r) such that
J1 2 2 Jars Jou+1 2+ 2 Jay+asg, and so on. We write U for the set of
all pairs (¢,j) € I(n,r) x I(n,r) such that 7 is weakly increasing of content
@, say, and j € I”(a). Then {c;; | (¢,j) € U} is a basis of A(n,r). Thus we
get a dual basis {&;; | (¢,5) € U} of Sy(n,r). For a = (ay,...,a,) € A(n, 1)
we put i = (1,...,1,2,...,2,3,...) (where 1 occurs a; times, 2 occurs oz
times, and so on). We put £, = &;a ;o. Then each £, is an idempotent and
we have the orthogonal decomposition

1= Z o

a€A(n,r)

as before. Moreover, if ¢ # 0 and V € mod(G,(n)), we have V = £,V for
o € A(n,r).

0.23 We now assume r < n. As in the classical case, we single out the
idempotent e = &, for special treatment, where w = (1,...,1) € A(n,r).
Then we have:

(1) eSy(n,r)e has basis {€y ux | * € Sym(r)}, where u = (1,2,...,r) €
I(n,r).

We define Ty, = &, yu-1, for w € Sym(r). For 1 < a < r we write s, for the
basic transposition (a,a + 1). Then we have the following.

(2) Letl<a<randwé€ Sym(r). We have

Tsows if l(sqw) = l(w) + 1;

T“Tw = {quaw + (q - l)va jfl(s“w) = I(w) -1

These are defining relations for the Hecke algebra Hec(r). Thus we get a
surjection Hec(r) — eSy(n,r)e. However, both Hec(r) and eS,(n,r)e have
dimension r!, so that Hec(r) — eSy(n,r)e is an isomorphism, and eSy(n,r)e
is the Hecke algebra of type A,_; on generators Ty, .

Thus we have, as in the classical case, the Schur functor

fq : mod(Sy(n,r)) — Hec(r),

taking an object V' € mod(S,(n,r)) to eV € mod(eSy(n,r)e). The non-zero
modules among the f;Ly(\) parametrize the simple modules for Hec(r). To
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describe this set we need some more notation. If ¢ is not a root of unity
then we set A*(n,r)cq = At(n,r). If ¢ = 1 and k has characteristic 0, we
again set AT(n,r)col = A*(n,r). In the remaining cases we define a positive
integer s to be the (non-zero) characteristic of k if ¢ = 1 and to be ! if ¢ is
a primitive lth root of unity (and ! > 1). We write AT(n,r)cq for the set of
column s-regular elements of A*(n,r).

(3) For A € AT(n,r), the Hec(r)-module f;Ly(}) is non-zero if and only if
A € At(n,r)col. Moreover {fyLq(A) | X € AT(n,7)cal} is a complete set of
pairwise non-isomorphic simple Hec(r}-modules.

0.24 Having described the general framework, we now briefly describe the
contents of these notes. There is a well-known basis of bideterminants of the
polynomial algebra A(n), in the n? commuting variables c;;. The bideter-
minants are products of minors of the matrix (c;;). This basis gives rise to
a certain filtration of A(n) as a (G(n),G(n))-bimodule. In Chapter 1, we
give a ¢g-analogue of this. The bideterminants are realized as coefficient func-
tions of exterior powers of the natural G4(n)-module. In the second chapter,
we describe the formalism of the ¢-Schur functor and use it to describe the
character of the irreducible S¢(n,r)-modules when ¢ = 0.

The third chapter is concerned with the infinitesimal theory of Gy(n),
assuming that ¢ is a primitive Ith root of 1, with [ > 1; this proceeds by
analogy with Jantzen’s theory of G;T modules, for a reductive group G
with maximal torus T. We have the finite quantum subgroup G,4(n);, whose
defining ideal Ig,(n), 1s generated by all ci-j, with 7 # j. We discuss the repre-
sentation theory of Gq(n)l, in particular the irreducible modules, Steinberg’s
tensor product theorem, the principal indecomposable modules, we describe
the theory of tilting modules for quantum GL,, and use the infinitesimal the-
ory to completely determine the tilting modules for quantum GL2. This has
an application to decomposition numbers for Hecke algebras, which is given
in 4.5.

The final chapter is concerned with the connections between the Hecke
algebra and the ¢-Schur algebra, as well as various other topics. Among
the other topics is the determination of the global dimension of Sy(n, ), for
r < n, given in 4.8. This is strongly influenced by the recent work of Totaro
dealing with the classical case ¢ = 1.

We conclude this exposition with a warning that the index ¢, added in
the above to the notation given in the classical case, will be dropped in the
main text. This is unlikely to lead to confusion, since we do not often need
to compare with the classical case, and avoids some unnecessary notational
complications. Thus we shall simply write G(n) for G4(n), write S(n, r) for
S¢(n,r), write L(A) for Ly(A) and so on.

0.25 The approach to linear algebraic groups in 0.2 to 0.6 is taken from
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Chapter 1 of Steinberg, [74]. For more on k-groups and their relationship
with Hopf k-algebras (Sections 0.7, 0.8 and 0.10, 0.11, 0.12) see Chapter AG
of Borel, [6]. For further reading relevant to 0.9 see the thorough account
of the representation theory of coalgebras given by Green in [50]. For the
aspects of the representation theory of GLT and GL,, featured in 0.12, 0.13,
0.14 and 0.15 see Green, [51], especially Chapter 3 and Sections 2.1, 2.2, 2.3.
For the approach to the induced modules V(}) in 0.16, see Jantzen, [61],
Part II, Chapter 5. For the isomorphism Ext, .\(U,V) — Extg,)(U,V)
of 0.17 see [31]. For the material of 0.18 as formulated here see Green, [51],
Chapter 6. Section 0.19 needs no reference. The construction of quantum
GL, given in 0.20 is taken from [18]. The material on quantum GL, in 0.21
is taken from [36]. The ¢-Schur algebras were introduced by Dipper and
James, [21]. For the isomorphism Ext} a(n, ,)(U V) = Extg (n)(U, V) of 0.22
see [36]. The rest of 0.22 and the remaining sections concern topics to be
described in more detail in the main body of the text. The parametrization
of the irreducible modules for Hecke algebras of type A, given in 0.22, is due
to Dipper and James, [20].



1. Exterior Algebra

The purpose of this chapter is to give a basis of A(n) consisting of bidetermi-
nants. This basis is a g-analogue of the basis given by several authors in the
classical case: see Mead, [67]; Doubilet, Rota and Stein, [43]; De Concini,
Eisenbud and Procesi, [17]; and Green, [52]. Our treatment differs from
these in that we view the bideterminants throughout as coefficient functions
on modules for quantum GL,, which are tensor products of exterior powers
of the natural module.

We shall later give a basis of the induced module V() (for A € A*(n,r))
consisting of bideterminants, Proposition 4.5.2, in the spirit of Green’s treat-
ment in the classical case, [51; (4.5a)].

We shall also see later that the tensor products of exterior powers of
the natural module are distinguished by being tilting modules for GL,, and
that every indecomposable polynomial tilting module is a direct summand of
such a module. However, these features are not used in this chapter, which
is entirely combinatorial.

In the first section we introduce the notion of a comodule pairing and
list some elementary properties for future use. In the second section we
describe an algebra which is a quotient of the tensor algebra on the exterior
algebra of the natural module E for the quantum general linear group. In
the last section we define (two kinds of) bideterminants as certain coefficient
functions and prove the basis theorem.

1.1 Preliminaries

We begin by establishing some notation and listing, without proof, some
elementary properties of representations of comodules for future use. For a
set X we denote by idx (or simply id) the identity map on X. We fix a
field k. Let (A,6,¢) be a k-coalgebra. We often denote by 7g (resp. 7v)
the structure map E — E ® A (resp. V — A® V) of a right (resp. left) A-
comodule E (resp. V). Suppose that ¢ : Y — Z is a morphism of comodules.
Recall that we have cf(Y) < cf(Z) if ¢ is injective and that cf(Z) < cf(Y) if
¢ is surjective, [50; (1.2¢)].

For a k-space X we write |X|® E for the k-space X ® E, regarded as a
comodule via the structure map id® g : X @ F — X ® E ® A. Similarly
we define a right comodule E ® |X|. We define left comodules V ® |X| and
|X| ® V in the same way. Note that the structure maps E — |E| ® A and
V — A ® |V| are morphisms of comodules.

We shall identify a bilinear map b : X XY — k with its k-linear extension
X®Y — k. We say that a bilinear map b : V x E — k is a pairing if it is
non-singular and (id ® b) o (rv ®id) = (b®id)o(id® 7g). If b is a pairing we
write ®; for the map (id ®b)o(rv ®id) = (b®id)o(id®TE) : VQ E — A.
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By an (A, A)-bicomodule we mean a triple (U, A, p) consisting of a k-
space U and linear maps A : U - AQU, p: U — U ® A such that (U, }) is
a left A-comodule, (U, p) is a right A-comodule and we have (id ® p) o A =
(A®id)op: U — A®Q U ® A. Note that (4,4,6) is an (A, A)-bicomodule.
Note also that V ® E is naturally an (A, A)-comodule with structure maps
TZvQId:VQE - AQVQF andid®m: VQFE -V QREQRA. Let T and
U be A-bicomodules. A map ¢ : T — U is a morphism of bicomodules if it
is a morphism of left comodules and a morphism of right comodules. The
following is an easy consequence of the definitions.

Lemma 1.1.1  Suppose that b: V X E — k is a pairing.
(i) ®, : V ® E — A is a morphism of (A, A)-bicomodules.
(ii) cf(V) = cf(E).

For left (resp. right) A-comodules X,Y we denote by Hom4(X,Y') the
space of comodule homomorphisms from X to Y. For a k-space Z we denote
the dual space Homg(Z, K) by Z*. For a linear map « : Z; — Z3 we write o*
for the dual map Z; — Z7. For a comodule X we have a natural isomorphism
Homa(X,A) — X*, taking § € Homa(X,A) to ¢08 € X*. In particular
the functor Hom4(—, A), from A-comodules to k-spaces, is exact and so A is
injective as a comodule over itself. (A detailed account of the representation
theory of coalgebras is to be found in [50].) We now suppose that £ is finite
dimensional and let ¢;, ¢ € I, be the basis dual to ¢;, i € I. We make E* into
a right module with structure map 7g+ satisfying 7g+ () = D ;e cij ® ;5.
The construction does not depend on the choice of basis. Similarly the dual
V* of the left A-comodule V is naturally a right A-comodule. We leave it to
the reader to check the following.

Lemma 1.1.2 (i) Let X; and X3 be either both finite dimensional left
A-comodules or both finite dimensional right A-comodules. Then we have
the natural isomorphism

Hom4 (X1, X2) = Homa (X5, XT)

taking @ € Hom4 (X1, X2) to o* € Homy (X3, X7).

(ii) If V (resp. E) is injective then V* (resp. E*) is projective and if V (resp.
E) is projective then V* (resp. E*) is injective.

(iii) Suppose we have a pairing V x E — k. Then we have V* 2 E and
E* 2V, as A-comodules. If V (resp. E) is injective then E (resp. V) is
projective. If V (resp. E) is projective then E (resp. V') is injective.

(iv) Suppose we have pairings by : Vi x E1 — k, by : Vo x E3 — k of finite
dimensional A-comodules. For each ¢ € Homy(V1, V) we have the adjoint
map ad(¢) € Hom(E3, E1), defined by b1(v1,ad(d)es) = ba(d(v1),ez), for
v1 € V4, e2 € Ey. Furthermore ¢ is an A-comodule map if and only if ad(¢)
is an A-comodule map.
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1.2 Exterior algebra

For integers a < b we write [a, b] for the set of integers m such that a < m < b.
For a set X we write Sym(X) for the group of permutations of X. Thus
Sym(r) = Sym[1, r], for » > 1.

We fix a positive integer n. Let R be a commutative ring and ¢ € R.
Let A(n) = Ag,4(n) be the R-algebra generated by c;;, 1 < ¢,j < n, subject
to the relations

Al CirCis = CisCir  for all i,7,s;
All CjrCis = qciscyr forall i< jand r <s;
Alll CjsCir = CirCjs + (¢ — 1)Ciscjr foralli< jandr<s

(with ¢,7,7,s € [1,n]). Note that AIII, in the presence of Al, All, is equiva-
lent to

AIlT CirCjs+CjrCis = CjsCirt+cCisCjr, forall 1<i<j<n, 1< r<s<n.

For elements a,b,c,d of a ring X we write fl for ad — bc € X. Thus
AIIl' may be expressed
NI Cir GCis| _ _1Cjr Cjs

Cir Cjs Cir Cis

forall1<i<j<n,1<r<s<n.

Note that A(n) has a natural R-algebra grading A(n) = @2, A(n,r),
where each c¢;; has degree 1. From [18; 1.1.8 Theorem] we have that the con-
struction commutes with base change, i.e. the natural map R®z; Azpy,:(n) —
AR, ¢(n) (where t is an indeterminant) is an R-algebra isomorphism, inducing
an R-module isomorphism R ®z[;) Azp,¢(n,7) — AR,(n,r) in each degree.

Suppose R = k, a field. We denote by M = M(n) the quantum monoid
with coordinate algebra k[M] = A(n), where k is a field. Here, by analogy
with 0.20, we use the expression “H is a quantum monoid” simply to indicate
that we have in mind a k-bialgebra denoted k[H] and called the coordinate
algebra of M. By definition a left (resp. right) H-module is a right (resp.
left) k[H] comodule and a homomorphism of H-modules is a k[H]-comodule
map.

Now assume that ¢ # 0. Then, as in 0.20, the quantum group G = G(n)
with coordinate algebra k[G] = A(n)q4 is obtained by localizing A(n) at the
(quantum) determinant d. If 0 # ¢ then any left (resp. right) M-module
V, with structure map 7 : V — V @ k[M] (resp. 7 : V — k[M]® V), is
naturally a G-module with structure map 7' = ¢ o 7, where ¢ is inclusion
V®k[M] — V Qk[G] (resp. k[M]®V — k[G]® V). A G-module V may be
obtained from an M-module in this way if and only if the coefficient space
cf(V') lies in k[M] (i.e. V is a polynomial G-module).

We now take E to be the natural left M-module and V to be the natural
right M-module. Thus E has k-basis ey, ..., e, and structure map taking e;
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to 2?:1 e; ® cj; and V has k-basis vy,...,v, and structure map taking v;
to 351 cij ® vy (for 1 < i < n). We recall from [18; 2.1] the construction of
the exterior powers of the natural modules E and V. Let T(E) = .2, E®"
be the tensor algebra on E. We define J to be the ideal of T'(E) generated
by the elements e2, with 1 < h < n, and e;e; + geje;, with 1 < i < j <
n. Then J is an M-submodule of T(E). We define A(E) = T(£)/J and
write A for the multiplication in A(E). Since J is homogeneous we have
an induced grading and M-module decomposition \(E) = @;2, A"E. The
rth exterior power A" E has k-basis consisting of the elements e;, A---Ae;,,
with n > ¢; > .-+ > i, > 1. Moreover, it follows from the invariance of the
character of A" E under the action of Sym(r) that A" E is an irreducible left
M-module, for 1 < r < n, see [36; Remark 3.7]. Similarly we define K to
be the ideal of T(V) generated by the elements vZ, with 1 < h < n, and
v;vj; + v;v;, with 1 <1 < j < n. Then K is an M-submodule of T(V). We
define A(V) = T(V)/K and write A for the multiplication in A(V). Since K
is homogeneous we have an induced grading and M-module decomposition
AV) = @;2, N'V. The rth exterior power A"V has k-basis consisting of
the elements v;, A---Av;,, with 1 < i) < --- < i, < n. Moreover, A"V is an
irreducible right M-module, for 1 < r < n.

Recall, from 0.14, that I(n,r) denotes the set of functions ¢ : [1,7] —
[1,n]. We shall often write ¢ € I(n,r) as the sequence (¢1,...,%,) (where
ig = i(a), 1 < a <r) Leti= (i1,...,i) € I(n,r). We define ¢; =
e, ® - Qe € E® and v; = v;, ® --- Q@ v;, € VO'. We define ¢; =
ei, A+ Aei, € A"E, the image of ¢; under the natural map E®" — A"E
and define 9; = v;, A---Av;, € A"V, the image of v; under the natural map
Ver - A'V.

We write P = P(n) for a certain set of sequences of non-negative in-
tegers. We define P to be 0 together with sequences & = (ay,...,ay), for
some positive integer m, with entries a1,...,an € [1,n]. For a,8 € P we
define («|B) to be a if B = 0, to be B if @ = 0 and to be the concatenation
(1. 00,81, Pm) if @ = (e1,...,071), B = (B1,...,Bm). We make P
into a monoid with binary operation (|3). For @ € P we set AE = k
ifoa=0and AE = A"E® - @ A*™E if a = (@1,...,0m). In the
same way, we set A°V = kifa =0and A°V = AV --- @ A"V if
a=(ay,...,an).

We set P(n,0) = {0}. For r > 0 we write P(n,r) for the set of ¢ =
(@1,...,am) € P(n) such that 3 i, a; = r. We write P*(n,r) for the set
of partitions in P(n,r) (for » > 0). For a € P we denote by & the partition
associated with ¢, i.e. the partition obtained by arranging the terms in o
in descending order. We shall use the natural (dominance) partial order on
partitions. Thus, for partitions A = (A1, A2,...) and g = (p1,p2,...) we
write A > pif |A| = |pland Ay + -+ A > p1+ -+ pgforala > 1
(see 0.15). For a partition A we denote by A’ the conjugate partition. For
partitions A, u we have the partition A |Jp, whose parts are those of A and p
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arranged in descending order (see [63; I,1]). Note that for , 8,7 € P with
& > [ we have a7 > a7, ie. (aly) > (Blv), for any v € P.

Let R denote the tensor algebra on @;_, A’E. Thus we have an M-
module decomposition R = @ ,¢p R*, where R* = A\°E, a € P.

For & € P we write J¥ for the M-submodule of R* generated by the
images of all M-module homomorphisms R? — R® for 8 € P with 8 £ a.
Weset J = @,ep /™.

Proposition 1.2.1 (i) J is an ideal of R.
(ii) For o. € P, the module R*/J® has unique highest weight &' and

dim (R*/J*)¥ =1.

Proof (i) Let @, € P. Clearly J°R?,R*J? C Jif a or B is 0. We
suppose o, # 0 and show that R*J? C J (the other case is similar). It
suffices to show that R*®Im(#) C J for any M-map 6 : R* — RP with¥ £ 3.
However, we have R* @ Im(#) = Im(¢), where ¢ = (id®_0)_:R(°‘|7) — R(8),
Thus R* ® Im(@) is contained in J unless (aly) < (a|B). However, that
would give &% < &|J B and hence, by [63,1,(1.8)], & +7 > & + #, and
so ¥ > B’ and ¥ < B, a contradiction.

(ii) Suppose 0 # a = (ai,...,am) € P. If a is a partition then it is easy to
see that e A+ -Aeq, @e1 A+ -Aeq, ®- - - spans the o’ weight space of A%E and
o’ is the unique highest weight of R* = A”E. For general a the module R*
has the same character, hence the same weight multiplicities, as R®. Hence
R* has unique highest weight &' and this occurs with multiplicity 1. Note
this holds also in the case @ = 0. To get the required assertion, we need to
know that &' is not a weight of the image of a homomorphism R? — R~
with 8 £ &. But this would give that & is a weight of R® and so & < §
and hence 3 < &, a contradiction.

We now introduce some additional notation. Let » be a positive integer.
We write Io(n,r) for the set of ¢ € I(n,r) with distinct entries and define
I1(n,7) to be the set of strictly decreasing sequences in I(n,r). For a parti-
tion A = (A,...,A,) we write Tab()) for the set of A-tableaux with entries
in [1,n]. We call a A-tableau standard if the entries are strictly increasing
along rows and weakly increasing down columns. (Note that we have re-
versed rows and columns in the notion of standard used in [51].) We call a
A-tableau antistandard if the entries are strictly decreasing along rows and
weakly decreasing down columns. We write AStan()) for the set of antis-
tandard A-tableaux. We write Tabg(A) for the set of A-tableaux S such that
the entries in each row of S are distinct and write Tab;(A) for the set of
A-tableaux such that the entries in each row of S are strictly decreasing. For
S € Tabo(A) we write S for the element of Tab;()A) obtained by arranging
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the elements in each row of S in descending order. For a partition A € P
and S € Tab()) we put

€s =esan A Aesaa) Oesen A Aeser)® .

We note that és = 0 if S & Tabg()). We note also that for S € Tabo()) we
have és = (—¢)'éz for some ! > 0 (from the description of A(E) given above)
and that the elements ég, S € Taby()), form a basis of A*E. The content
of a A-tableau Sis ¢ = (1, ..., cn) € Z™, where ¢, is the number positions in
the tableau in which the entry r appears, for 1 < r < n.

We order r-tuples of non-negative integers lexicographically. We order
elements of Tab; (A) of given content lexicographically by row. Thus if S and
T are in Taby()) with rows S!,..., 8™ and T!,...,T™ respectively (where
A=(M,...,An)) then § < T if S and T have the same content and, for
some 1 < a < m, we have S* = T* for i < a and S® < T°.

Lemma 1.2.2 For o € P(n) we have an M-pairing b: \°V x A°E — k
such that (bg,ér) = égr, for S,T € Tabi(a).

Proof We have a pairing b; : V" x E®" — [k such that b;(vi,e;) = 6ij,
for ,j € I(n,r), see [36], the discussion preceding Lemma 3.3. We have the
natural map ¥ : A\"E — E®", ¢(é;) = 2 resym(r) S8R(T)ejn, for j € Ii(n,r),
and hence a map by : VO™ x A"E — k given by ba(z,y) = bi(z, ¥(y)) (for
z € V®, y € \"E). Specifically, we have by(v;,é;) = 2 resym(r) S8(T)di jr,
for ¢ € I(n,r) and j € Ij(n,r). The kernel N, say, of the natural map
V® — A"V is spanned by elements v; such that i has a repeated entry,
together with the elements v; — sgn(o)v;,, ¢ € Sym(r). However, we have
ba(v,€;) = 0, for j € I1(n,r), if v is one of these elements. Hence by(v,e) = 0
for all v € N, e € A"E and b, induces a map b3 : A'V® AN"E — k. For
i,j € I1(n,r) we have bs(9;,€;) = ba(vi,€;) = bi(vi,e;) = é;;. Thus, for each
i, we have a pairing A*V x A“*E — k as above and for b: AV x \*E = k
we take the product form (see [36; Section 3]).

We write X (r, s) for the set of ¢ € Sym(r+s) such that o(a) < o(b) whenever
a<banda,befl,rlora,befr+1,r+s]

Lemma 1.2.3 The linear map ¥ : N'*'E — N'E @ N’ E given by
v(é;) = zaex(r,s)Sgn(")éia’ fori € I)(n,r+s), where &;, denotes the image
of e;, under the natural map E®(r+3) — E® @ E® is an M-module map.

Proof We have the natural pairings A"’V x A"Y’E — k and A’V ®
NV x A"E® \°E — k. We leave it to the reader to check that the map ¢
is the adjoint of multiplication A"V ® A’V — AT’V (cf. [18; Section 2.1})
and so is an M-module map, by Lemma 1.1.2(iv).
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Theorem 1.2.4 Let A be a partition in P. For each S € Tab()) there
exist elements cr of k, for T € AStan()), such that ¢y = 0 unless T > S and
és = Y reastan() cTéT (mod J*). In particular, the elements és + J*,
S € AStan()), form a spanning set of R*/J*.

Proof If A = 0 there is nothing to prove. If A = ();) (a 1-part partition)
then /\>‘E = /\'\‘E is simple, J* = 0 and again the result is clear.

Now suppose that A has 2 parts, A = (I,m), say, with { > m > 0. If
S & Tabg()A), then és = 0. We assume inductively that S € Tabg(A) and
that the result holds for all U € Tabg(A) with U > 5. We have és = (—¢)'ég,
for some r > 0, so we may assume that S € Taby(A). Let S(1,1) =4, ...,
S(1,1) = 4; and S(2,1) = j1, ..., S(2,m) = jm. Thus we have i; > --- > 4,
J1> > jm. If S is antistandard there is nothing to prove. So we assume
S ¢ AStan()) and let a be as small as possible such that i; < j;. Thus
we have j3 > -+ > jg > ig > -+ > ;. We have the map ¢ : /\I'HE —
AF1"°E © A°E of Lemma 1.2.3 and the multiplication maps § : A° 'E @
ANT'E 5> N'E andn: A°E® A" *E — A™E. Hence we have the map
d=0Wono(doyid) : A" 'EQANTEQ A" E - NE® \™E.
Let 4 = (a— 1,1+ 1,m — a). The first part of 7 is [ + 1 so that & £ X and
therefore Im(®) < J*. Let B = (hy,...,hi41) = (J1,---»>Ja>tas- -, 41), the
result of arranging the sequence (ig,...,%1,Jj1,...,J4) in descending order.
We have

<I>(e,'1 A---Aeg,_, ®éh®eja_“ A---Aejm)

= Z sgn(a)(@ ® 77)(31’1 A Aej,_, @€ @ €iat1 Ao A ejm)
ceX
where X = X(I+1 - a,a). For 0 € X we write f, = (ho(1), .., Rog+1-a))
and go = (ho(142-a)s- - - Ro@41))- Thus we have

Pei, A Nei,_, QEpQej Ao Aej,)

= Z sgn(o)ei, A---Aei,_, ANég, @ €g, Aej . A+ Aej,
oeX

and hence

> sgn(o)ei, Ao Aei,_, Aég, ® g, Nejyy A---Aej, € 2.
ceX

This may also be expressed

Z sgn(o)és, € J* (*)
ceX
where S, is the A-tableau whose first row is (41, . . ., Za—1, ho(1), - - -» ha(l+l—a))

and second row is (R,(142-a); - - +» Ro(141)s Jat1,- .-, Jm). Note that, for o €
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X, the first a — 1 entries of the first row of the tableau S, are i;,...,74-1
and the remaining entries belong to the set {iq,...,%,71,...,44}- Thereis a
unique permutation oo € X such that

(hog(1)7 .. ')hoo(1+1)) = (iay .. ';ihjly s )ja)'

Thus we have S,, = S. For any o # ¢ € X, some j,, with 1 < s < a, occurs
in the first [ — a + 1 entries of (hy(1),...,ho041)), S0 that js occurs in the
first row of S,, in position a or later. Since j; > j, > 1., we have S, > S,
for ¢ # 0¢. From (*) we get

Z sgn(cog)és, (mod J*)
0eEX,0#00

és

and therefore

és = ZaTéT (mod JA)
T

for scalars ap with ag = 0 for T ¥ S. By the inductive hypothesis each ér,
with T > S, has an expression (mod J*) of the required form and therefore
so does ég.

Now let A be arbitrary. We assume inductively that for each U € Tab())
with U > S the element éy has an expression of the required form. Again we
may suppose that S € Tab;(\) and that S is not antistandard. Thus there is
some h such that the tableau obtained by deleting all rows except the hth and
(h+ 1)st is not antistandard. We define & = (Ay1,...,Ap=1), B = (An, An41),
¥ = (Ap42,-..). Thus we have R*> = R* ® R® ® R'. Let A denote the
tableau formed by the first h — 1 rows of S, let B denote the tableau formed
by rows h,h+ 1 of S and let C denote the tableau formed by rows h + 2 etc.
of S. Now by the case considered already we have ép —) g/ cpiép: € J# for
B’ € Tab(p) with cgs = 0 unless B’ > B. By Proposition 1.2.1(i) we have
that R* @ JP ® JY < R* and és = é4 ® éB @ éc so we get

és — ZCB'éA Q€ép Qéc € JA.
BI
Now, for cg: # 0, we have B’ > B and hence é4 Q ép' ® éc = ésr with
S’ > S. The result follows now from the inductive hypothesis on S.

Remark The above development works also with the natural right
M-module V in place of E. Thus, for r,s > 0, one has an M-
module map ¢ : A"V — A"V @ A’V given by 6(i:) = 3, c x(—0)(V%is,
for i a decreasing sequence in I(n,r + s). We define, for « € P, the
module Q* = AV tobe kif a = 0 and A“V® - @AV ifa =
(a1,...,am). We form the algebra Q@ = @,p Q°, sraded as an alge-
bra and M-module. For a € P we define I* < Q% to be the submodule
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generated by the image of all M-module homomorphisms QP — Q* with
B > & Then I = @, cpI® is an ideal and there exists a “straightening
formula”, vp = ET,eAStan(a) errvpr (mod I%), for T € Tab(a).

1.3 Bideterminants
We work over an arbitrary commutative ring R.

Definitions For ¢ = (¢1,...,%,), § = (j1,...,Jr) With entries in [1,n] we
define the determinant (i:j) = EweSym(r) sgn(m)c; jx. Let S,T be tableaux
of shape A with entries in [1, n]. We define the bideterminant (S : T) = (S! :
TY)(S?:T?)...(S™ : T™), where A = (A1,...,Am) and S7 (resp. 79) is the
jth row of S (resp. T'), for 1 < j < m.

In fact there are two contenders for the title determinant and for the
title bideterminant. Let ¢, j, S, T, A be as above. We define

)= Y. (0™
7€Sym(r)
and (S:T)=(S':TYH...(S™:T™).
For a tableau S, of shape A = (Ay,...,An) and with entries in [1, n], we
define (by analogy with the definition of é5 in Section 1.2)

s = vs,) A Avs() Vs A AUS2,) @

Lemma 1.3.1 Suppose R =k, a fleld. Let A € P(n) and let 7 : /\}‘V —
E[M]® AV and 5 : \*E — A\ E @ k[M] be the structure maps.
(i) For S € Tab;()) we have

nis)= >, (S:T)®ér
TeTab,(X)
and

nés)= >, ér®(T:S).
TeTab,(X)
(ii) For S,T € Tab;(A) we have (S :T) = (S :T).

Proof (i) Let 1 < r < mandputa=2A, S" =1¢=(1,...,%), lp =
Io(n,a), I} = I;(n,a). Then we have

Tl(f)sr) = Tl(f),') = ’7'1('0,'1 A A'Ui.,)

= E Cirjy « -+ Cigje ® Vi Ao Avj, = E Cij @ V5

J1,-ide j€lo
= Z Cijn @ ﬁ]-)r = Z Sgn(ﬂ.)ci,j-)r ® f’]
j€I,,m€Sym(r) j€J1,m€Sym(r)

=) (i:5)® ;.

jel
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Thus we get
i(ts) = T(is1 ® ... @ Ggm)

= > (8 :TH...(S™ : T™)Qir ® - @ bpm
Trel(n,A,),r=1,...m

= Y. (S:T)@ir.

T€eTab,(A)

The proof of the second assertion is similar.
(ii) We use the pairing b : A’V x A*E — k of Lemma 1.2.2. The result
follows by applying (id® ) o (13 ®id) = (b® id) o (id ® 73) to s @ ér.

Lemma 1.3.2 Let o = (a1,...,0,) € P(n) and let S, T be a-tableaux.
(i) If S or T has a repeated entry in some row then (S :T) = 0.

(ii) If S’ is obtained by permuting the entries in a row of S according to the
permutation © and T” is obtained by permuting the entries in a row of T
according to the permutation p then we have (S’ : T') = sgn(wp)(S : T).

Proof The assertions follow by base change from the case R = Z[t], ¢ =1
(an indeterminant). This case follows from the case R = Q(t), ¢ = t. In
particular we may assume that R is a field. Since we have (S : T) = (S :
TY)...(S™ : T™) both assertions immediately reduce to the case of a single-
rowed partition. Thus we must prove that for 7,j € I(n,r) we have (i : j) =0
if i or j has a repeated entry and (iw : jp) = sgn(wp)(i : j), for m, p € Sym(r).
We have (h : jp) = sgn(p)(h : j), for any h € I(n,r), directly from the
definition. Thus it suffices to show (in the generic case) that (i : j) = 0 if
i has a repeated entry and that (ic : j) = sgn(e)(i : j), for i and j strictly
decreasing. Let 7: A"V — k[M]® A"V denote the structure map. We have

T(%;) = 7(sgn(7)dir) = sgn(m)T(vi ) A -+ Avi )

=Sgn(T) D Ciyayis - Cingnir @ Vi A-o- A,
jl:---yjr
= sgn(m) Z sgn(p)cin,jp ® b
jenh(n,r),p€Sym(r)
= sgn(m) Z (im : §) @ 1;.
jell(ﬂ,f‘)
But we also have 7(9:) = } ey, (n (i : J) ® 9 and comparing terms in 4;
with the above gives that (ix : j) = sgn(m)(7 : j).
Now suppose that i has a repeated entry. Then the natural map ¢ :

VO — A"V takes v; to 0. Since ¢ is an M-module map, we have 7o ¢(v;) =
(id @ ¢) o 7(v;). Thus we have

0= Z cij @ Uj = Z sgn(m)ci jx @ V5.

jel(n,r) j€h(n,r),m€Sym(r)
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Equating terms in 9; gives (i : j) = 0 for j € I i(n,r).

In order to prove our main result we shall need to know that, up to
M-module isomorphism, A*E does not depend on the order of the parts of
a € P(n). This is of course obvious in the classical case ¢ = 1 but requires
some argument in general. However, it is a consequence of the theory of
tilting modules which we discuss in Chapter 4. (Tilting modules with the
same character are isomorphic: this is clear from 3.3(1).) To make this
chapter self contained, we give below a sketch proof from first principles. In
the following lemma we shall take R to be a field. Let Hec(m) denote the
Hecke algebra of Sym(m). Let {T}, | w € Sym(m)} be the usual generators
of Hec(m) (see 0.23). Recall we have an action of Hec(m) on E®™, as M-
module endomorphisms, as described in [18; Section 3.1]. For s = (a,a + 1),
a basic transposition (with 1 < a < m), and ¢ € I(n, m) we have

T e: = qeis, %f l:a < 3:a+1
o eis + (g — 1)e;, if ig > dg4a.

For w € Sym(m) denote by N(w) the set of pairs (a,5) such that 1 < a <
b < m and w(a) > w(b). (Thus we have l(w) = |[N(w)|, for w € Sym(m).)
It follows by an easy induction on I(w) that Tye; = ¢'®e;, -1 provided that
iqg < 1p for all (a,b) € N(w) (for w € Sym(m), i € I(n,m)). In particular we
have Tye; = ¢'We-1 if 43 < -+ < iy

For 1 < a < m we write s, for the basic transposition (a,a + 1).

Lemma 1.3.3 Let R =k, a field, and suppose ¢ # 0.

(i) Let r,s > 1. There is an M -module isomorphism ¢ : A"EQA’E — N\ E®
A" E such that ¢(n(d)) = ((T,d), for all d € E®"+9) where 5 : E®("+8) —
NE®NE,(:E®+) o A°E® A"E are the natural maps and ¢ €
Sym(r+s) isdefined by e(i) = i+s,1<i<r,ando(r+j)=j1<j<s.
Furthermore we have ¢(é; Q é;) = ¢'é; @¢; for all i = (iq,...,i,) € I(n,r),
i=(1,---,7s) €EI(n,8) withi; < -+ < ip < j3 < -+ < Js.

(ii) If o, B € P(n) and & = (3 then we have \*V & /\ﬁV, as right M -modules,
and N°E = NPE, as left M-modules.

Proof (i) For X C Sym(r+s) defineex = Ewex(—q)"l("’)Tw € Hec(r+s)
and define £x : E®(+8) — EOC+9) by ¢xh = exh, for h € E®U+9). We
now put X = Sym[l,7] x Sym[r+ 1,7 +s], Y = {r € Sym(r + s) | 7[l,r] =
[1+s,7+5s] and 7[r+1,7r+ 5] = [1,s]} and Z = Sym([l, s] x Sym[l + 5,7+ 5].
Wehave Y =0X = Zo, where 0 € Y is defined by 6(i) =i+, 1 < i< r.
Furthermore, as one may easily check, we have I(o7) = l(o)+{(7), for 7 € X,
and l(wo) = l(7) + (), for 7 € Z. Hence we have

ey = (=) Tyex = (—¢) e, T,. (1)
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We now show that £y factors through the natural map E®"+s) —
AN E® N E. Let N be the kernel of this map. Let a € [1,r — 1]U[r +
1,r + s —1]. Then we have e; + ge;s;, € N if ig < ig4) and also ej € N
if jo = jat1 (for 4,5 € I(n,r + s)). Moreover it follows from the definition
of the exterior powers that N is spanned by all such elements. So let a,z,j
be as above. We have a factorization ex = ex/(1 — ¢~ 'T},), where X/ C X
is the set of left coset representatives of Sym[a, a + 1] of shortest length. It
follows that éxh = 0, for h = €; +gei;, and h = ¢;. Thus, by (1), €y factors
through the natural map E®"+9) . A"E ® A\’E, giving an induced map
&y :NE®AN'E — Im(éy) = K, say.

We claim that £y is an isomorphism. It suffices to prove that the image
has dimension at least dim A"E ® A°E = (?)(?). By (1), it suffices to
prove that the dimension of the image of £x is at least (’r‘) (’:) Define 6 :
E®(r+s) — E®("+2) t0 be the k-linear map taking e;, ®- - -®e;, @ej, ®- - -®e¢;,
to itself if i) < ... < i,, j1 < ... < Js, and to 0 otherwise. Then the image
of the composite map 6 o Ex contains all tensors of the forme;, ® ---Qe; Q@
ej, ® - ®ej, with i) < ... < i, j1 <... < J,. Thus the image of § o x
has dimension at least (’r‘) (’:), and hence the image of £x has at least this
dimension, as required.

Similarly, £z : E®("+s) —, E®(r+s) factors through E®"+3) - A’E ®
A" E, giving an injective map éz : A°’E ® A"E — Im(€z), and by (}) we
have Im(§z) = K. Thus we have an isomorphism ¢ = (—¢)"(©)é;' 0 &y :
NESNE-NEQNE.

Let  : E®C+$) o A"E® A’E and ¢ : E®"+$)  A’E ® A"E be the
natural maps. For d € E®("+*) we have (—¢)~'(?)zz(¢(n(d))) = &y (n(d) and
hence (—¢)~()éz(#(n(d))) = & (d) so that £2(((Tod)) = 2(6(n(d))), by

(1), and therefore
¢(n(d)) = ¢(T,d). )

Now suppose that h = (hy,...,hrys) € I(n,r + s) is strictly increasing.
Then we have Tyep = ¢'(Depo-1. Now if i = (iy,...,ir) € I(n,r), j =
(J1,---+Js) € I(n,s) satisfy i) < --- < ip < j1 < --- < j, then taking h =
(81y---yiryJ1y-- -, Js) and d = e; @ ¢; in (}) we get ¢(&; ® ;) = ¢"()(&; ® &),
as required.

(ii) In view of Lemma 1.1.2(iv) and the pairing of Lemma 1.2.2 it suffices
to prove that A\°E = /\ﬂ E. This follows from (i) and the fact that any
permutation is a product of basic transpositions.

We define a filtration on A(n,r) = Aggq(n,r). For A € P*(n,r) we
define C(A) to be the R-span of all bideterminants (S : T'), with 5,T €
Tab()). Notice that C()) is spanned by all bideterminants (S : T) with
S,T € Tab;()), by Lemma 1.3.2, and that if R is a field then C(}) is the
coefficient space of A’V and of A*E, by Lemma 1.3.1. We define F()) =
Fg ¢(}) to be the sum of all C(u)’s with g € P*(n,r) and pp £ A. We define
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F'(X) = Fp ,(A) to be the sum of all C(p)’s with p € P*(n,r) and p £ A
We are now ready to prove the main result of this chapter.

Theorem 1.3.4 For any commutative ring R, any unit ¢ € R and any
A € P*(n,r), the bideterminants (S : T), with S,T antistandard of shape
p £ A, form an R-basis of F()). In particular, Ag 4(n,r) has R-basis (S : T),
with S, T antistandard of shape y € P*(n,r).

Proof We first suppose that R = k, a field. For A € P*(n,r) let dy
denote the number of antistandard tableaux of shape A. If R = C and
g = 1 then dy is the dimension of the irreducible M-module L()’), whose
highest weight is the transpose X, see [51; (5.3b),(2.6e)]. Moreover, by
[51; (3.5a)(iii)], the modules L(X\'), A € P*(n,r), form a complete set of
pairwise non-isomorphic irreducible modules for the dual algebra S(n,r)
of the coalgebra A(n,r). By Wedderburn’s theorem, and absolute irre-
ducibility [51; (3.5a)], we have S(n,r) = Dicp+(n,r) Endc(L(X)) and hence
dim S(n,7) = Fsept(ny(dim LX) = 3y cprin ) 93 However, the di-
mension of A(n,r) is independent of the field of definition and of the choice
of parameter ¢ (see 0.20). Hence we get

dim Az (n,r)= Y. d ().

AeP+(n,r)

Fix A € P¥(n,r) and let 7 : A’V = k[M]@ A’V and 7 : A*E —
/\)‘E ® k[M] be the structure maps. We have the natural map ® = (id® b)o
(n®id) = (b®id)o(id®m) : A*VOA E — k[M] (where b: A*VXAE — k
is the natural pairing of Lemma 1.2.2). Now ® is an (M, M)-bimodule map
and the image is the coefficient space of A*V and A*E. Thus & has image in
F(X) and induces an (M, M)-bimodule map ¥ : /\)‘V®/\)‘E — F(X)/F'(X).
We claim that ® maps I* ® A E + AM ® J* into F/()). We shall prove
&(I* ® A\ E) = 0; the proof that ®(AV @ J*) = 0 is similar. It suffices
to show that if U is the image of an M-homomorphism 8 : A"V — /\)‘V
with i £ A then (U ® A*E) < F/(\). Moreover, by Lemma 1.3.3 we
can assume g € P*(n,r). Now ®o (8 ®id) : A"V @ AN'E — k[M] is a
morphism of left M-modules and hence has image in the coefficient space
of AV @ IN*E| (see [50; (1.2¢)(i),(1.2f)]) which is C(x). Hence ¥ maps
e /\)‘E + /\)‘ ® J* into F’()) and therefore induces a surjective map Q :
AV @ AN E — FO)/F'(A) , where AV = A*V/I* and A'E = N E/J.
By Theorem 1.2.4 we have that F()) is spanned, modulo F’(}A), by the
elements Q(ds @ ér + (I* ® A*E + A*V ® J*)), with S, T antistandard
of shape A. Thus the elements ¥(9s ® ér), with S,T € AStan(}), span
F(X) modulo F’()). Thus F(}) is spanned by F’(}) and the bideterminants
(S:T)=®(ds ® ér), with S,T € AStan(]}).
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Now, for A € P*(n,r), we define a()) to be the cardinality of {y €
Pt(n,r) | p £ A}. We claim that F()) is spanned by all bideterminants (S :
T), with S, T antistandard of shape u £ X, and we prove this by induction on
a(A). We assume that the claim holds for g € P*(n,r) with a(u) < a(A). By
the paragraph above, F(}) is spanned by all (S : T'), with S, T antistandard
of shape A, together with F'(X) = 3, ., F(u). Moreover, for 4 £ A, we
have a(g) < a(A) so that, by the inducitve hypothesis, F(1) is spanned by
all (S :T), with S,T antistandard of shape 7 £ p. Hence F(J) is spanned
by all (S : T) with S, T antistandard of shape u £ A, as required.

Taking A = (1") we get F(A) = A(n,r) and hence A(n,r) is spanned
by all bideterminants (S : T') with S, T antistandard of shape p € P*(n,r).
By (§) the number of these is dim A(n,r) and hence the elements (S : T),
with S, T antistandard of the same shape, are linearly independent. Hence
we have for arbitrary A € P*(n,r) that the bideterminants (S : T'), with
S, T antistandard of shape y £ A, form a k-basis of F(A).

We now deal with the case of an arbitrary coefficient ring R and unit
g € R. Clearly this follows, by base change via the natural isomorphism
R ®z[1,t-1) Az[t,i-1),:(n,7) — Ar(n, r), from the case R = Z[t,t7], g =1t (an
indeterminant). Certainly the elements (S : T') (with S,T antistandard of
the same shape) are independent over Z[t,t~!] since they are over Q(t) by the
above (and we have the natural isomorphism Q(t) ®zj:,:-1] Az[z,t-17,:(ns ) —
Ag(t),:(n,r)). It therefore suffices to show that the antistandard bidetermi-
nants span F(X) (for A € P*(n,r)) over an arbitrary commutative ring R.
We let Fy()) denote the R-span of the bideterminants (S : T'), with S, T an-
tistandard of shape u > A. Then, for every field k, inclusion Fi(A) — F(})
induces an isomorphism k ®g F1(A) — k ®g F()) for every field homomor-
phism R — k, by the above. However, if X is a submodule of a finitely
generated module Y over a commutative ring R such that k®p X — k®rY
is onto, for every homomorphism from R into a field &k, then X =Y. Hence
we have Fy(A) = F(}), as required.

Remark This does not work if ¢ = 0. For example consider the case n = 2,
r =3 and A = (2,1). Then F(}) is the coefficient space of A°’E ® E and is
spanned by the elements de;;, with 1 < 4,j < 2, where d is the determinant
c11€12 — C12¢21. By direct calculation using AIII or by [18; 4.1.9 Theorem],
we have dcy2 = 0. Hence F(A) has dimension at most (and in fact exactly) 3.
But there are 2 antistandard A tableaux and hence 4 bideterminants (S : T')
with S, T antistandard of shape A.

It is easy to check that cf(E®/\2E) has k-basis ¢11d, ¢12d, c22d and that
f(EQN’E) # f(A’EQ® E); hence A’E® E % E® \’E and Lemma 1.3.3
also fails if ¢ = 0.



2. The Schur Functor and a Character Formula

In the first part of this chapter we shall make some remarks on the Schur
functor, from modules for the Schur algebra to modules for the Hecke algebra.
In the latter part we concentrate on the case ¢ = 0 and obtain a formula for
the character of the simple modules. The first part proceeds by analogy with
the classical case ¢ = 1, [51], and there is some overlap here with S. Martin,
[66]. A further study of the Schur functor and the relationship between
the representation theories of Schur algebra and Hecke algebra is made in
Chapter 4 (see especially Section 4.4). The second part of this chapter uses
work of Norton, [69], on 0-Hecke algebras. I am grateful to Richard Dipper
for bringing the work of Norton to my attention.

2.1 The Schur functor

We begin by recalling from [18; 2.1] the construction of the symmetric powers
of the natural modules £ and V. We define J to be the ideal of the tensor
algebra T(F) generated by the elements e;e; — eje;, with 1 < 4,5 < n.
Then J is an M-submodule of T(E). We define S(E) = T(E)/J. Since J
is homogeneous we have an induced grading and M-module decomposition
S(E) = @;~, STE. The rth symmetric power S™E has k-basis consisting
of the elements e;, ...e;,, with n > ¢ > --- > ¢, > 1. Similarly we define
K to be the ideal of the tensor algebra T(V) generated by the elements
quiv; — vjv;, for 1 < i < j < n. Then K is an M-submodule of T(V). We
define S(V) = T(V)/K. Since K is homogeneous we have an induced grading
and M-module decomposition S(V) = @;2, S*V. The rth symmetric power
STV has k-basis consisting of the elements v;, ...v;,, with 1 <4 < -+ £
ir < n. For i € I(n,r), we define & € STE to be the i image of e; under the
natural map E®" — STE and define %; € SV to be the image of v; under
the natural map V®" — S"V. For a = (a1,...,a,) € A(n,r) we define
the left M-module S*F = S**"E ® --- ® S*E and the right M-module
SV =850¢... §*V
We briefly dlscuss multlpllcatlon in the Schur algebra S(n, r) A(n,r)*.
For i € I(n,r) and o € A(n,r) we write ¢ € o to indicate that ¢ has content
a. We write ¢ ~ j, for ¢,j € I(n,r), to indicate that ¢ and j have the same
content. We define elements i*,j* € @ by i* = (1,...,1,2,...,2,3,...) and
=(...,3,2,...,2,1,...,1) (where 1 occurs a; times, 2 occurs oy times
and so on). We define I*(a) to be the set of i = (i1,...,%;) € I(n,r) such
that iy < -+ < iay, fay 41 < - - < fgy 40, and so on and define I~ (o) to be the
set of i = (41,...,i,) € I(n,r) such that 43 > - > 44, tay+1 2+ 2 Tay4ay
and so on. We define “A(n,r) to be the k-span of the elements c¢;; with
i € a and define A(n,r)® to be the k-span of the elements ¢;; with j € a.
Then *A(n,r) is a left M-submodule of A(n,r) and A(n,r)* is a right M-
submodule of A(n,r). It is easy to check, from the defining relations, that
A(n) is spanned by the elements c¢;«;, with a € A(n,r) for some r and



2.1 The Schur functor 37

J € I"(a), and that A(n) is spanned by the elements c;j«, with o € A(n, )
for some r and ¢ € I'*t(e). It follows that for a« € A(n,r), the elements cj«;
with j € I~ (a) span *A(n,r) and the elements c;j«, with ¢ € I*t(a) span
A(n,r)®. For a € A(n,r) the linear map E®" — A(n,r) taking e; to c;«; (for
J € I(n,r)) induces an M-module epimorphism ¢* : S*E — *A(n,r). Thus
we have a surjective homomorphism ¢ : @oep(n,r) S*E — A(n,7). In the
special case ¢ = 1 this map is an isomorphism, by [51; Section 4.8], but the
dimension of both domain and codomain of ¢ is independent of ¢ and hence
¢ is an isomorphism in general. Similar remarks apply to the corresponding
right modules and so we have the following.

(1) (i) For each « € A(n,r) we have an isomorphism of left M-modules
¢* : S*E — *A(n,r) such that ¢*(é;) = cjej, for j € I(n,r), and an
isomorphism of right M -modules ¥® : S*V — A(n,r)*, such that ¥*(%) =
Cije, for i € I(n,r).

(ii) We have an isomorphism ¢ : EBaeA(n,r) S*E — A(n,r) of left M -modules
and an isomorphism 1 : EBaeA(n’r) S*V — A(n,r) of right M-modules.

In particular, for @ € A(n,r), the elements ciaj, j € I™(a), form a basis
of *A(n,r) and the elements c;j«, i € IT(a), form a basis of A(n,r)*. For
B € A(n,r) we write *A(n,r)? for the span of the elements c;; with i € a,
j € B. Now by [18; 2.2.1] we have A(n,r) = @D, gea(n,r) *A(n,r)? from
which we get the following.

(2) “A(n,r)? has a basis consisting of the elements c;«; with j € I~ (a) of
content § and has a basis consisting of the elements c;js with i € I*(8) of
content c.

Let U denote the set of pairs (1, j) of elements of I(n, r) such that ¢ is weakly
increasing of content a, say, and j € I~ (o). We define &;, (¢,5) € U, to be
the basis of S(n,r) dual to the basis c;j, (¢,5) € U, of A(n,r). Let U’ denote
the set of pairs (i, j) of elements of I(n,r) such that j is weakly decreasing
of content 3, say, and i € I'*(8). We define &;, (i,5) € U, to be the basis of
S(n,r) dual to the basis ¢;;, (4,5) € U, of A(n, 7).

From (2) we note that if (¢,j) € U and s, € I(n,r) then &;(cst) =
&j(cst) = 0 unless i ~ s and j ~ t. We put {, = &« i« and note that
Ea(f) = e(f) for f € *A(n,r)* and &,(f) = 0 for f € PA(n,r)? with
(8,7) # (a,a). Similar remarks apply to &/, and so we get:

(3) éa=¢&., for a € A(n,r).
Let (7,4),(s,t) € U and a,b € I(n,r). We have

(&ij * &st)(cab) = Z &ij(cah)ﬁst(chb)-

hel(n,r)
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From this and earlier remarks one sees:

(4) (i) &;j*&: =0 unless j ~ s.
(i) 1=3,¢ An,r) € is an orthogonal decomposition.

Fix a,8 € A(n,r). Let B denote the span of the set B of elements ioj,
where j has content 38, and let B’ denote the span of the set B’ of elements
&ij2, where ¢ has content o. Then B = B’ is exactly the set of elements
which vanish on *° A(n,r)P | for all (ag,Bo) # (a,B). It is easy to deduce
the following.

(5) The elements &;o; (resp. &;;6) with j € I~ (a) of content 8 (resp. i €
I'*(«) of content a) form a basis of £,5¢5.

We now suppose r < n and put w = (1,1,...,1) € A(n,r), u = (1,2,...,7)
and v = (r,...,2,1). Putting e = £, we have the following.

(6) eSe has a basis {{u,ur | ™ € Sym(r)} and a basis {{,, , | T € Sym(r)}.
We shall also need the following.

(7) We have a left S-module isomorphism 6 : Se — E®" satisfying 6(e) =
ey and a right S-module isomorphism n : eS — VO satisfying n(e) = vy.
In particular E®" is a projective left S-module and V®" is a projective right
S-module.

We prove only the left module version. Let g:5— E® be the S-module
homomorphism defined by 6(s) = se,, s € S. We have 6(¢},) = &l 60 =
2iel(n,r) Civ(civ)e; = e;. This shows that 6 is surjective and that 0(e) = ey.
Thus S(1 — e) < Ker(d) and so the restriction 6 of § to Se is surjective.
However, it follows from (5) that Se has basis &y, ¢ € I(n,r). By dimensions
we obtain that § : Se — E®" is an isomorphism.

For a left S(n,r)-module X we write X* for £xX, for a € A(n,r).
Regarding X as a right A(n,r)-comodule, hence a k[{G(n)]-comodule, ie. a
G(n)-module, we have that X* is the a weight space of X, see 0.22. More-
over, we have X* = {z € X | 7(z) € X ® A(n,r)*}, by [18; 2.2] (where
7: X — X ® A(n,r) is the structure map of X, regarded as a right A(n,r)-
comodule). Similar remarks apply to right S(n,r)-modules. In particular
A(n, r) is naturally an (S(n, r), S(n, r))-bimodule. The left and right actions
are given by £ -c = 3, €&(cf)e; and ¢ - &€ = ), €(ci)c}, for € € S(n,r) and
c € A(n,r) with 8(c) = 3 ;ci @ ¢j. It is easy to check that “A(n,r) =
A(n,r)€y and A(n,r)* = £,A(n,r). We have the canonical linear isomor-
phism & : X* — Homg, (X, A(n,r)), given by &(n)(z) = (n ® id)7(),
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for £ € X. Moreover ® is an isomorphism of right S(n,r)-modules and
induces an isomorphism X*{o — Homg(, (X, A(n,7))q, ie. (X&u)* —
Homgp, »)(X, A(n,7)¢a). Thus we have that X* and Homg(, (X, *A(n,r))
are isomorphic k-spaces. Combining this with (1)(i) and the corresponding
results for right modules we obtain the following. (See also the proof of [32;
(2.4)] for the classical case.)

(8) Letw € A(n,r). For any finite dimensional left (resp. right) S-module X
we have Homg(X,S*E) = X (resp. Homg(X,S*V) = X®). In particular
S®E (resp. S*V') is an injective left (resp. right) S-module.

We shall now discuss the Schur functor. We are interested in the algebra

eS(n,r)e. For ¢ € Sym(r) we put by = €y uo, b, = &, ,- It is easy to check
the following from the defining relations.

(9) Letl<a< randc € Sym(r). We have

c _ ) 9Cuuosq> ifo(a)<o(a+1);
USa,u0 Cuuosy + (0 — ey uo, ifo(a)>o(a+1)

and

c _ ) Cvose,ws ifo(a) < o(a +1);
Vo, USe Vyose,v — (q - l)Cvo,va ifU(a) > 0’((1 + 1).

From (9) we obtain the following.
(10) Let1<a<r and o € Sym(r). We have

b b = bos., ifl(osg) =l(o) + 1;
279 7 gbgs, + (g —1)by, ifl(oss) =1(c)—1

Wy = blsy s ifl(osg) =1(0) + 1;
obse =\ gl — (g = 1), ifl(oss) = I(o) — 1.

We write T, for b,-1, ¢ € Sym(r). The first part of (10) may thus be
reformulated as follows.

(10)’ Let1<a<r ando € Sym(r). We have

Tso0, ifl(sqo) =1l(0) + 1;

fouto = {qTM +(2=VTs, ifl(sa0) = I{o) - 1.

Thus eS(n, r)e is the Hecke algebra of Sym(r) with basic generators
Tsyy--s Ts,_,-
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We often write eS(n,r)e as Hec(r), or just H(r) or even simply H.

As in [51; Chapter 6], we have the Schur functor f : mod(S(n,r)) —
mod(Hec(r)) defined as follows. For X € mod(S), f(X) is the k-space eX
viewed as an H-module by restricting the action. For a morphism#n: X — 7Y,
of S-modules, f(n7) : eX — €Y is the restriction of 7.

Remarks (i) For ¢ = 1 and ¢ € Sym(r) we have Ty = &y yo-1 = Euo,u 80
that, in the classical case, {T, | ¢ € Sym(r)} is the basis which Green uses
to identify eSe with the group algebra kSym(r), [51; (6.1d)].

(ii) We have the natural functor F' : Homg(Se,—) : mod(S) — mod(B°P),
where B = Endg(Se) = eSe and B is the opposite algebra. We also
have an algebra isomorphism ¢ : H — (eSe)°P given by ¢(T,) = b,-1,
for 0 € Sym(r) (by (6) and (10)). This gives rise to an equivalence of
categories ¢ : mod((eSe)°P) — mod(H). It is clear from the construction
that f = ¢ o F. Note that we have also observed that Hec(r) is naturally
isomorphic to Ends(Se) = Endp (E®").

(iii) Suppose g # 0. Suppose further that ¢ is not a root of unity or that k has
characteristic 0 and ¢ = 1. Then S(n, r) is semisimple, by [36; Section 4,(8)],
and {V(a) | @ € A*(n,r)} is a complete set of inequivalent simple modules.
Let n > r. We get that Hec(r) = Endg(,,)(E®") is semisimple. Moreover,
we have fV(a) = V(a)® # 0, for each @ € A*(n,r), so that {fV(a) | a €
At(n,r)} is a complete set of inequivalent irreducible Hec(r)-modules, by
[51; (6.2g) Theorem], and it follows that f : mod(S(n,r)) — mod(H(r)) is
an equivalence of categories.

We now define a non-degenerate associative bilinear form on H. Recall
that we have the pairing V®" x E®" — k, satisfying (v;,e;) = 8;5, for ,j €
I(n,r). In general if C is a coalgebra and (,) : X ® Y — k is a pairing of
C-comodules then it follows directly from the defining property of a pairing
that (zs,y) = (z, sy), for all s € C* (regarding X as aright and Y as a left S-
module in the natural way.) Regarding V®" as a right S-module and E®" as
a left S-module we thus have (zs,y) = (z, sy), for all z € V®", y € E®" and
s € S. We introduce a form on S by defining (z,y) = (vy,ye,) (for z,y € S).
For z,y,z € S we have (zy,2) = (vu2y, zey) = (vuZ, yzey) = (z,¥2),1e. ()
is associative. Now for o, 7 € Sym(r) we have

vub, = Z ba(cuj )Uj = Uyo
J

and

bley, = Zb;(c]',,)ej = eyx
J
so that

i _J1, ifuoc=vm
(baabw) - (’Uua,evw) - {0’ otherwise.
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Putting wo = (1,7)(2,7 — 1) ... we obtain:

(11) (bs,b,,+) = bon, in particular (, ) is non-singular on H, and hence H
is a Frobenius algebra.

We note that (b,,1) = (1,b}) is 1 if ¢ = wo and 0 otherwise. Hence we have,
for z,y € H:

(12) (=,y) is equal to the coefficient of by,, when zy is expressed as a linear
combination of the elements b,, ¢ € Sym(r), and is equal to the coefficient
of b, when zy is expressed as a linear combination of the elements b,
7 € Sym(r).

To make further progress it is convenient to make use of some of the homo-
logical properties of G and S(n,r) established in [36]. Suppose that ¢ # 0.
We say that a G-module filtration 0 = Xy < X3 € - < X, < --- of
X € mod(G) is good if X = |J;2, X; and for each i > 1, we have that
Xi/Xi—1 is either 0 or isomorphic to V();), for some A; € X+ (n). We write
X € F(V) to indicate that X € mod(G) admits a good filtration. We may
also call a good filtration a V-filtration.

Let wq be the longest element of Sym(n). For A € X(n) we set A* =
—wpA. For A € X*(n) we write A()) for the dual module V()\*)*.

(13) (i) For dominant weights A, and i > 1 we have Ext(V()), V(g)) = 0
unless A > p.

(ii) For a G-module X the following are equivalent:

(a) X € F(V);

(b) Extg(A(X), X) = 0 for all dominant weights ;

(c) Extg(A(A),X) =0 for all i > 1 and all dominant weights A.

(iii) Let 0 = X' = X — X" — 0 be a short exact sequence of G-modules.
IFX' X € F(V) then X" € F(V) and if X', X" € F(V) then X € F(V).

The proofs of (i) and (ii) are as in the case of semisimple algebraic groups:
for (i) see [29; Lemma 3.2.1] (a consequence of a result of Cline, Parshall,
Scott and van der Kallen, [13; (3.2) Corollary]); and for (ii) see [49] (or
[26; Corollary 1.3] for the finite dimensional case) and [36; Section 4(2)].
Part (iii) follows from (ii). Alternatively, one may remark that S(n,r) is
a quasihereditary algebra with standard modules {A(X) | A € A*(n,r)}
and costandard modules {V(}) | A € A*(n,r)}, with respect to the natural
partial order on A*(n,r) (see e.g. [36; Section 4]). Moreover, one has a
natural isomorphism Extj,, ,\(X,Y) — Extg(X,Y), for each i > 0, by 0.17.
Thus one may deduce the above (for X finite dimensional) from standard
properties of modules over a quasihereditary algebra, see Appendix, A2.2
Proposition.
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Definition We shall call an epimorphism of G-modules ¢ : X — Y good
if X, Y and the kernel of ¢ belong to F(V). We shall call a monomorphism
of G-modules ¢ : X — Y good if X and Y belong to F(V) (and in this case
the cokernel of ¢ also belongs to F(V), by (13)(iii)).

(14) Ifé; : X; — Y; is a good epimorphism (resp. monomorphism), for
1<i<m,then 1 ® -+ - Q@dp X710 - X, - Y180---®Y,, is a good
epimorphism (resp. monomorphism).

We give the argument for epimorphisms. It suffices to consider the case
m = 2. Let ¥ = ¢, ® ¢2. Note that X; ® X2,Y1®Y2 € F(V), by [36; Section
4(3)(i)]. Thus it suffices to show that Ker(¢) € F(V). Let K; = Ker(¢;),
¢t = 1,2. Then % has kernel K; ® X3 + X; ® K,. However, we have a short
exact sequence 0 — K1Q@ Ky — K1@Xo P X19Kry — K1@ X+ X10Ky — 0
and K; ® K2 and K; @ X2 @ X1 ® K2 belong to F(V), by [36; Section 4,
(3)(1)] (and (13)(ii) above). Hence Ker(y) € F(V), by (13)(iii), as required.

Remark These definitions and arguments (and results) also apply to
rational modules for reductive groups.

(15) Suppose that ¢ # 0.

(i) (a) For A € A*(n,r) the space Homg(/\'\lE, V())) is 1-dimensional and
any non-zero element is a good epimorphism.

(b) For A € A*(n,r) the space Homg(V()), S*E) is 1-dimensional and any
non-zero element is a good monomorphism.

(ii)(a) The space Homg(E®", S™ E) (resp. Homg(\'E, E®")) is 1-dimensional
and any non-zero element is a good epimorphism (resp good monomorphism).
(b) For any o € A(n,r), the natural map E®" — S®E (resp. \*E — E®")
is a good epimorphism (resp. good monomorphism).

The module /\'\IE has a good filtration, [36; Section 4(3)(i)], and [36; Re-
mark 3.7], and has unique highest weight A, which occurs with multiplicity
1. From these facts (i)(a) follows via a standard argument, see e.g. [29; proof
of (11.4.1) Theorem]. Part (i)(b) follows in the same way using (8). Noting
that S"E = V(r,0,...,0), [36; Remark 3.7], we get (ii)(a) in the same way.
Part (ii)(b) follows from (ii)(a) and (14).

(16) Suppose that ¢ # 0.

(i) If X,Y € F(V) are polynomial modules of degree r then restriction
Homs(X,Y) — Homy(fX, fY) is injective.

(ii) For « € A(n,r) and Y € F(V) restriction

Homg(S®E,Y) — Homy(fS®E, fY)

is an isomorphism.
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(iii) For oo € A(n,7) and X € F(V) restriction
Homs(X, \°E) — Homy(fX, fA\"E)

is an isomorphism.

For (i) we argue (as in [66; Section 4]) using a mixture of the argument given
in the classical case [32; (2.3)], and a refinement due to Erdmann, [45; 1.8].
For (i) one reduces (as in the classical case) to X = V()). However, we have
an epimorphism Se — E®" — /\}‘IE — V(A) = X (the first map is the map
6 of (7), the second map is the natural map, and the third map comes from
(15)(i)(a)). We conclude that Homg(X,Y) — Hompg(fX, fY) is injective by
part (3) of the argument of the proof of [45; 1.8 Proposition ] (or by invoking
the Proposition directly).

For (ii) we use the argument of [45; 1.8 Proposition] once again. Cer-
tainly Homg(S*E,|Y) — Hompy(fS“E, fY) is injective by (i). Let ¢ :
E®" — S®E be a good epimorphism (see (15)(ii)(b) and let K = Ker(¢).
We have a commutative diagram

0 — Homg(S*E,Y) —  Homg(E®",Y) — Homg(K,Y)

! ! !
0 — Homp(fS*E,fY) — Homg(fE®",fY) — Hompu(fK,fY)

with rows exact and injective vertical maps. Furthermore we have
dim Homg(E®",Y) = dim Y* = dim fY,

by (8)(ii), and dim Homg(fE®", fY) = dim fY, since fE®" = fSe = H.
Thus the central vertical map is an isomorphism. Now a diagram chase gives
that Homs(S?E,Y) — Hompg(fS®, fY) is surjective, as required.

We now consider (iii). First take @ = w. We have dim Homg(X, E®T) =
dim X = dim fX, by (8), and

dim Hompg(fX, fE®") = dim Homg(fX,H) = dim fX

since H is Frobenius. Moreover Homg(X, E®") — Homy(f X, fE®") is in-
jective, by (i), and hence is an isomorphism, by dimensions. Now let o be
arbitrary. We have a short exact sequence 0 — A“E — E®" — @ — 0, with
Q € F(V), by (15)(ii)(b). Thus we have a commutative diagram

0 — Homgs(X,A“E) — Homs(X,E®") — Homg(X,Q)
!

! !
0 — Homp(fX,fA*E) — Hompu(fX,fE®") — Homu(fX,fQ)

and the surjectivity of Homg(X, A*E) — Homp(fX, f\°E) follows from a
diagram chase.
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We have linear characters v, ¢ of the Hecke algebra H given by v(Ty,) =
¢'™®) and ¢(T,,) = sgn(w), for w € W. We call these (respectively) the trivial
and sign representations of H. We write simply k (resp. k;) for the field &
regarded as a left H-module via the representation v (resp. ¢).

We set N = (}). The following is an exercise (which we leave to the
reader) in the use of the form (, ).

(17) (i) We have v(b,) = ¢"(9), &(b,) = sgn(c), for ¢ € Sym(r).

(11) We have ZaeSym(r) b = ZWESym(r) qN_I(")b;r = er say, and
ZaeSym(r)(_q)N_I(a)bU = ZweSym(r) b;r = be, say.

(iii) The elements b, and b, belong to the centre of H and span left H-
submodules of H affording representations v and ¢ respectively.

We now fix 1 < a < r and calculate the action of Ty, on (E®")*. For
o € Sym(r) we have v,b, = vy, (see before (11)). Hence we have

Uuobs., = Uubabs.,

_ [ vybs, 0, if l(sq0) = (o) + 1;
T L quubs,o + (@ = Doy, ifl(sqo) =1(0)—1
_ | vus, o if l(sq0) = l(0) + 1;
T | QUuseo + (¢ — Dvue, ifl(sqo) =1(c) - 1.

We have b, eyr = ZUESym(r) Ageyo for scalars Ag. Now Ay = (4o, bs, €ur) =
(Vuobs, , ur) from which it is easy to determine A,, ¢ € Sym(r) and obtain
the following.

(18) For1<a<r and o € Sym(r) we have

T e, = qCusqo) -ifl(SGO’) = I(O’) +1;
2787 T euseo + (¢ — Dews, ifl(sgo) =1(0) ~ 1.

By writing vo as uwoo we deduce the following,.
(19) Forl < a< r,o € Sym(r) we have

T e, = QCys,_q0; ifI(s,_ao) = I(O’) -1
2e7Y7 TV eysp_go + (¢ = Veye, ifl(sr—q0) =1(c) + 1.

Let @ = (a1,...,an) € A(n,r). For 1 < i < r we define a subset J;(c)
of [1,7—1] as follows. We define J;(a) to be the set of asuchthat 1 < a < a3
and, for ¢ > 1, define J;(@) to be the set of a such that a3 + --- + a1 <
a < aj+-+a;. Wedefine J(e) = i, Ji(e). We write Sym(c) for the
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Young subgroup Sym[1, a1] x Sym[e; + 1, @1 4+ e2] X - - of Sym(r). We write
H(a) for the subalgebra of H(r) generated by {T;, | a € J(«)}. We have a
natural isomorphism H(a) = H(a1) @ H(o2) ® - - -. Moreover, H is free as a
right H(o)-module of rank r!/(oqlas!. . ).

Notation
We write z(a) for 3, esym(a) Tw and y(a) for EWGSym(o{)(_Q)N_I(W)T‘w‘

The following is the g-analogue of [33; (3.5) Lemma).

(20) (i) For o € A(n,r) we have an isomorphism of left H(r)-modules
¢ : H(r) ®H(a) k — fS®E taking (1® 1) to &, and an isomorphism of left
H(r)-modules ¢ : H(r) ® (o) k — H(r)z(c) taking 1® 1 to z(«).

(ii) Let @ = (a4, ..., am) be a composition of r and let B = (o, ..., o1). We
have an isomorphism of left H(r)-modules { : H(r)®pg ) ks — f\*E taking
1®1 to é, and an isomorphism of left H(r)-modules n : H(r) ®p(p) ks —
H(r)y(B) taking 1 ® 1 to y(p).

Proof (i) We get T;_ ¢, = &, for all a € J(«) from (18) so that ke, =k,
as H(a)-modules. Thus (by the universal property of induction) the H(«a)-
map k — fS*E gives rise to a H(r)-module homomorphism ¢ : H(r) ®(a)
k — fS*E taking 1 ® 1 to &,. We have dim H(r) ®g(q) k¥ = dim fSE =
[Sym(r) : Sym(e)]; hence we only have to check that ¢ is surjective, i.e.
FS“E = H(r)é,. But we have b, &, = €,, for # € Sym(r) (see before
(11)) and the result follows. We let H;(a) be the subalgebra of H gener-
ated by the elements T,, a € J;(«). The subalgebras H;(o), H;j(o) com-
mute for ¢ # j and we have z(a) = z1(a)ze(e).... We have a natural
isomorphism H(e;) — H;(e) and it follows that T, z;(a) = gz;i(a) for
a € Ji(a). Thus we get T, z(a) = qz(e), for a € J(a). By the univer-
sal property of induction, this gives rise to an H(r)-module homomorphism
¥ : H(r) ®p(a) k = H(r)z(c), taking 1 ® 1 to z(a). Now ¥ is surjective and
dim H(r) ®g(a) k¥ = dim H(r)z(a) = [Sym(r) : Sym(«)] (this follows from
the freeness of H(r) over H(«)) and hence ¢ is an isomorphism.
(ii) For a € J(B) we have r—a € J(«) and hence T _é, = €ys,_, +(g—1)éy =
—qéy + (¢ —1)éy, = —é,, by (19). Hence ké, = k;, as H(B)-modules. By the
universal property of induction we get an H(r)-module map ¢ : H(r) ®n(g)
ks — fA\"E taking 1®1 to é,. The image of { is H(r)é, and b€, = é,, for
7 € Sym(r), so H(r)é, = fA°E and ( is surjective. Now dim H(r) ®g(p)
ks = [Sym(r) : Sym(B)] = [Sym(r) : Sym(a)] = dim fA*E so that ¢ is an
isomorphism.

One gets the isomorphism 5 : H(r) ® () ks — H(r)y(5) by arguing as
in part (i).
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2.2 The 0-Schur algebra

We fix a field k. We shall derive a simple formula for the character of the
irreducible S(n,r)-modules at ¢ = 0. This will emerge as a consequence
of the analysis of the the Hecke algebra of a finite Coxeter group at ¢ = 0
made by P. N. Norton, [69] (a variation on a theme of Solomon, {73]). The
representation theory of the 0-Schur algebra is also discussed by Krob and
Thibon, [62].

For 1 < i < n we define ¢; to be the element (0,...,0,1,0,...,0) (with
1 in the sth position) of X(n). Thus we have X(n) =Ze; @ - - - & Ze,.

Suppose that n > m. Let £ = ZaEA(m,r) £n. We shall produce an
isomorphism ¥ : S(m,r) — £S(n,r)§. The classical case, ¢ = 1, is given in
(51, Section 6.5]. The general case is somewhat more complicated, at least
from the point of view of notation.

To emphasize dependence on n (resp. m) we write, for the moment, "c;;
(resp. ™c;i;) for the element of A(n) (resp. A(m)) previously denoted c;;, for
i,j € I(n,r) (resp. ¢,j € I(m,r)) andr > 1.

Also we write, for the moment, "I~ (a) (resp. ™I~ (a)) for the set pre-
viously denoted I~ («), for a € A(n,r) (resp. a € A(m,r)). We also write
"o (resp. ™Ey) and "&ia; (resp. ™Eia;) for the elements of S(n,r) (resp.
S(m,r)) previously denoted £y and jaj, for o € A(n, r) (resp. « € A(m, 1))
and j € "I~ (a) (resp. j € ™I~ (a)). We identify I(m,r) with a subset of
I(n,r) and identify A(m,r) with a subset of A(n,r) and identify ™I~ ()
with a subset of I~ («), for @ € A(m, ), in the obvious way.

From the description of A(m) and A(n) by generators and relations we
see that there is a k-algebra map ¢ : A(m) — A(n) taking ™c;; to "c;j.
Moreover, from the basis of A(m,r) (resp. A(n,r)), for r > 0, given in
2.1(2), we see that ¢ is injective. We write A(m,r) for the image of A(m,r)
under ¢. Then we have A(m,r) = @, BeA(m,r) A, r)? and so we have a
decomposition A(n,r) = A(m,r)® Z, where Z = Do s A(n r)?, the sum
running over (a, §) € A(n,r) x A(n,r) with either o or ,B not in A(m r). Let
7 : A(n,r) = A(m,r) be the projection. Thus we have

n o r )
n.) — Cijy lfzaj GI(m,T),
m("eis) = { 0, otherwise.

We define £ : A(m,r) — k to be the restriction of € : A(n,r) — k. We
define § : A(m r) — A(m,r) ® A(m,r) to be (7 ® 7r) 06 o4, where ¢ :
A(m,r) — A(n,r) is inclusion. Let 8 : A(m,r) — A(m,r) be the restriction
of ¢ : A(m) — A(n). Thus 0 is a linear isomorphism. We write "¢ and "6
for the augmentation and comultiplication maps for the coalgebra A(n,r)
and we write ™¢ and ™§ for the augmentation and comultiplication maps
for the coalgebra A(m,r). For i,j € I(m,r) we have € 0 8(™c;;) = &("cij) =
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g(™cij) = 6i; = ™e(™ei;) and hence o § = ™e. Moreover, we have

600(™cij) = 8("ci;) = (7 ® T)( Z "ein ® "enj)
hel(n,r)

_( Z "ein @™ Ch]

hel(m,r)
=(0®0)o™6("cij)

for i,j € I(m,r), and s0 608 = (6®6)0™é. Thus (f—l(m, r),8,&) is the coalge-
bra obtained by transport of structure from the coalgebra (A(m,r),™8,¢),
via the linear isomorphism 8 : A(m, r)—>A(m r). In particular, (A(m,),6,£)
is a k-coalgebra and 8 : A(m,r) — A(m,r) is a coalgebra isomorphism. Let
S(m,r) the the dual algebra of the coalgebra A(m,r).

We define a linear map x : S'(m,r) — S(n,r) by x(z) = zom, for
z € S(m,r). For i,j € I(n,r) we have

x(1)("eij) = &(x("cij))
_ {5("c,-j), ifi,j € I(m,r);

0, otherwise
_ 6,']', ifi,jGI(m,r);
— 10, otherwise.

Hence we have x(1) = ZaGA(m,r)n£°‘ = £. We now prove that y is multi-
plicative. Let z,y € S(m,r) and i,j € I(n,r). For i,j € I(m,r) we have

xX(zy)(Peig) = (zy)(w("cij))
= (2 ® y)(6("cij))
= Y a(x("cin))y(r("cn;))
he€l(n,r)

= (x(@)x(¥))("cij)-

Moreover, if i or j is not in I(n,r) then x(zy)("ci;) = (zy)(7("c;;)) = 0 and

x@)x@)(Pei) = Y, a(m(Pein))y(x(Penz)) = 0.

h€l(n,r)

Hence x(zy) = x(z)x(y), and x is multiplicative. Now we have x(z) =
x(1z1) = x(1)x(2)x(1) € £S(n,r)¢ and the restriction xo : S(m,r) —
£S(n,r)E, of x : S(m,r) — S(n,r), is an algebra map. Since 7 is surjec-
tive, xo is injective. The dimension of S(m,r) is equal to the dimension of
S(m,r) and it follows from 2.1(5) that this is also the dimension of £S(n, ).
Hence xo is an isomorphism. We put ¢ = xo 0 (8*)7! : S(m,r) — £S(n,r)¢,
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where 6* : S(m,r) — S(m,r) is the algebra isomorphism dual to the coalge-
bra isomorphism 8 : A(m,r) — A(m,r). We claim that

P(MEiaj) = "Eioj (*)
for @ € A(m,r), j € "I (). For a € A(m,r) and j € ™I~ () we write Eiaj
for the restriction of "€« to A(m,r). Then {a; |« € A(m,7), j € I ()}
is the basis of S(m,r) dual to the basis {"c;ej | @ € A(m,7), j € "I (a)}
of A(m,r). Thus we have (6*)(&a;) = ™&i=; and, to prove (x), it suffices to

show that xo(e;) = "&aj. Solet a € A(n,r) and suppose that a € A(m,r)
or ¢ € Z. Then we have

xo(iej)(a) = "&iej(n(a))
_ {" jaj(a), ifae A(m,r);
10, otherwise

= "iaj(a)

(since "&aj(a) = 0 if @ € Z) and hence xo(&i=j) = "&iaj, completing the
proof of (). To summarize: we have shown the following.

(1) For m < n, there is an algebra isomorphism ¢ : S(m,r) — £S(n,r)¢
such that Y(M€iaj) = "iaj, for all « € A(m,7), j € ™I ().

For the rest of this section we take ¢ = 0.

(2) Suppose A = (A1,...,A,) € X(n) and A1,..., A, # 0. Then there is a
1-dimensional M (n)-module of weight A.

Proof Let y = (p1,...,4n) € X(n) with p3,...,p, > 0. We define ¢* =
cfl...chr. We claim that dc# is a group-like element of k[M], i.e. that
de* # 0 and 6(dc*) = é(dc*) ® 6(dc*). Note that e(dc#) = 1 (where d is
the determinant), in particular de* # 0. Certainly d = dc® is group-like (e.g.
because of the status of d as coefficient function of A" E, cf. [18; Section 4.1]).
Now suppose that g = (u1,..., #tm,0,...,0) with g, # 0 and suppose that
de? is group-like for v = p — €, = (p1,. -, tm — 1,0,...,0). Recall that we
have de;j = ¢/ ~ic;jd, if 1 < i< j < n,and ¢;jd = ¢ Vde;;,if 1 < j<i<n,
for arbitrary ¢, see [18; 4.1.9 Theorem]. Thus, in our situation, we have
deij =0, for 1 €4 < j <n, and der = ¢prd, for 1 < r < n. Thus we have
de¥ = ¢¥d and

8(dct) = 6(dc”)8(cmm) = (de” ® de”)(D _ emi ® Cim)

i=1

= (¢ @ ¢")(D_ demi ® deim)

i=1

=(c” ® c")(demm @ demm) = dc* @ de”.
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Thus we get that dc¢# is group-like for all 4 € X (n), with p1,...,u4, 2 0, by
induction.

Now let g = A —(1,...,1) and put f = dc¥. Then é(f) = f ® f so that
kf is a 1-dimensional M-submodule of k[{M], of weight A.

We write X (n) for the set of A = (Ay,...,)\,) € X(n) such that, for
some 0 < m < n, we have A; #0 for all 1 < ¢ < m and A; =0 for i > m.

(3) (i) For A = (A1,...,2m,0,...,0) € X{,"(n), with Ap, # 0, there exists
an irreducible M (n)-module L(}), say, such that L()) has weight A, which
occurs with multiplicity 1, and if p = (p1,...,pn) is any other weight then
pi # 0 for some i > m.

(ii) The modules L(}), A € X§ (n), are pairwise non-isomorphic.

Proof (i) We take £ as in (1). By (1) and (2), there is a 1-dimensional
simple £S(n, r)é-module with weight A. By the general theory of the Schur
functor, Appendix A1(4)(iv), there exists a simple S(n,r)-module L, say,
such that {L is a 1-dimensional £5(n,r)é-module of weight A. Now we have
L = ZaGA(m,r) ol = ®GGA(m,r) L%, from which we deduce that dim L* =
1 and L* = 0 for A # o € A(m,r). Thus L(A) = L has the required
properties.

(ii) It follows from the description of weight spaces of L(A) that ch L(}X) #
ch L(y) and therefore L(A) and L(u) are not isomorphic for distinct elements
A pof XF(n).

(4) For o € A(n,r) the natural map E®" — S®E is a split epimorphism.

Proof If ¢;: X; —Y; is a split epimorphism of M-modules, for 1 < ¢ < m,
then ¢1 @« @ ¢y : X1 @ X = Y1 ®---® Yy, is a split epimorphism.
Hence it suffices to show that the natural map n : E®" — STE is split. Let
@ denote the k-span of e; € E®" with i weakly increasing and let 7 : E®" —
E®T @ k[M(n)] denote the structure map. Then we have

7(e:) = Z e; @ ¢ji

j€l(n,r)

for i € I(n,r). If i = (41,...,i,) is weakly decreasing and j = (j1,...,4r)
has j; > ja+1 for some 1 < a < r then, by the defining relations, we have
CiaiaCiagriats = 9Cjepriaq1Cisie = 0 and hence ¢j; = 0. Thus 7(Q) < @ ®
k[M(n)] and @ is an M-submodule of E®". Now 5 : E®" — S"E restricts
to an isomorphism on @ and so 7 is split.

(5) For r < n we have:
(i) S(n,r) is a quasi-Frobenius algebra;
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(ii) E®" is a projective generator of S(n,r);
(iii) the algebras S(n,r) and H(r) are Morita equivalent via the equivalence
of categories f : mod(S(n,r)) — mod(H(r)).

Proof Let S = S(n,r). We have A(n,r) = @aeA(n - S®E, by 2.1(1)(ii).
Hence any injective indecomposable S-module is 1somorphlc to a component
of S*E for some o € A(n,r) and hence, by (4), isomorphic to a direct
summand of E®". Hence, by 2.1(7), every injective S-module is projective
and so S is quasi-Frobenius. A projective indecomposable module is therefore
injective and hence a component of E®. Hence E®" is a projective generator.
Recall the factorization f = ¢oF of Remark (ii) of Section 2.1 following (10)'.
Certainly ¢ is an isomorphism and since E®" is a projective generator we
have that F : mod(S) — mod(Endg(E®")°P) is an equivalence of categories,
see e.g. [4; Lemma 2.2.3]. Hence f is an equivalence of categories.

Let r > 1. We put AF(n,r) = XF(n)NA(n,r). From [69], we have that
the irreducible H(r)-modules are labelled by the subsets J of [I,» — 1]. To
A= (A1 0, Am,0,...,0) € AF(n,r) (with Ay, # 0) there corresponds the
subset J(A) = [1,A; — 1]JU[A1 + 1,A1 + A2 = 1]J---. From [69; Section 3],
we get a 1-dimensional H(r)-module k) such that

[0, ifaeJ();
Tz = {-1, if a g J(A)

for z € ky, and furthermore {kx | A € A} (n,r)} is a complete set of pairwise
non-isomorphic irreducible H{r)-modules.

From (5)(iii), the number of isomorphism classes of irreducible S(n,r)-
modules, for » < n, is equal to the number of isomorphism classes of irre-
ducible H(r)-modules, i.e. 2"~1. But this is also the number of isomorphism
classes of irreducible M-modules of degree r, i.e. S(n,r)-modules, described
in (3). Thus we have the following.

(6) The modules {L()) | A € Af(n,r)} (of (3) above) form a complete set
of pairwise non-isomorphic irreducible S(n,r)-modules, for r < n.

Let P()) denote the projective cover of ky and () denote the injective
hull of ky, for A € Af(n,r). Since H(r) is a Frobenius algebra (there is a
non-singular invariant bilinear form on H(r) by 2.1(11)) there is a bijection
A — X such that P(/\) Q(}), for A € Af(n,r). Now by the explicit
description of P(A) given by Norton, [69; 4.22 Theorem] and by [69; 4.23
Lemma], we have that A = (Ap,..., A1), for A = (Ay,...,Am) € Af(n,7)
(with A, # 0).

We write I()) for the injective hull of L(A), A € A+(n r). Since f is an
equivalence of categories, we have a bijection A — ) on A (n,r) determined
by the condition fI()) = Q(}). We claim that in fact A = /\ for A € Af(n,r).
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Now, for A € Af(n,r), the module S*E is injective and hence a direct sum
of copies of I(y), 4 € AF(n,r). Further, since f is an equivalence, the
multiplicity of I(x) as a summand of S* E is equal to the multiplicity of fI(u)
as a summand of fS*E, which is isomorphic to H(r)z(}), by 2.1(20)(i). But

we have
H(r)z(\) = P P(u) = P Qi) (1)

ACu ACH

by [69; 4.14 Corollary (2)] (and [69; 4.22 Theorem]), where A C x means
that J(A) C J(u). Hence the multiplicity of I(u), as a summand of S*E, is

at most 1 and we have
S*Ex P I
HEF(X)

for some subset F(A) of Af(n,r). By 2.1(8), the multiplicity of I(u) as a
summand of S*E is dim L(A)*. By (3)(i) we have

SNE=INS (P 1)

ueFI(A)

where Fj()) consists of elements of A (n,r) which have more parts than A.
We can assume inductively that fI(x) = Q(&) for all 4 € Fy(A). Hence we
obtain 5

He() = fS'E=QN) e ( P Q).

BEFI(X)

By (1) (and the Krull-Schmidt theorem) Q(X) occurs as a summand of fS*E.
But A is not equal to i for any g € Fi()) (since all elements of Fy()) have
more parts than A). Hence we must have A = X. _

Since L() is the socle of I(A) and kj is the socle of Q(A) we get fL()) =
ks, for A € AT (n,r). Let o € A(n,r) and write & for the element of A} (n,r)
obtained by deleting the zeros from « = (a1,a3,...,a,). Now we have
S*E = S%FE and so

dim L(A)* = dim Homg(L(A), $*E) = dim Homg(L()), S*F)
= dim Homg (k;, H(r)z(a))
which (by (1)) is 1 if @ C A and 0 otherwise.
We write ; for the canonical generator e(¢;) of the character ring ZX

(see 0.12) and write z* for £ ...z, for @ € A(n,r). We have shown that,
for A € Af(n,r), the character of L(}) is given by the formula

chL(N)= Y, =% (1)

a€A(n,r),aCx

We now note that A C p implies A < p (where < is the usual partial
order) for A, u € Af(n,r). Let A = (A1, A2,...) and g = (p1, .-, 1,0,...,0),
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with gy # 0. Then J(A) = [1,7\{A1, A1+ A2,...} and J(g) = [1,?]\{p1, 1+
p2,...} so that J(A) C J(p) gives {u1, 1 + p2,...} € {A, A1 +Az,...}. In
particular gy = Ay + -+ + A, for some 1 < s < n, giving Ay < p1. Now
suppose that 1 < A < b and we have proved Ay + --- 4+ Ap < p1 + -+ + K.
We have py + -+ pp + ptp+1 = A1+ -+ A, forsome 1 <1 <n. fi<h
we get

At NSt St pn St

so we must have equality throughout. But then we have 41 = 0, a contra-
diction. Hence we have [ > h and hence Ay +- - -+ Ap+Apt1 S Ai+---+ A =
g1+ -+ ppe1. Thusweget Ay + -+ X <pr1+---+p;forall 1 <i<b
and hence A < p.

Now let m > 1, » > 0 and choose n 3> 0. For A € Af(n,r) the £S(n, r)¢-
module £L()) is either 0 or a simple £S(n,r)-module and each irreducible
£S(n,r)é-module is isomorphic to some such £L(A), by the general theory
of the Schur functor, Appendix A1(4)(iv). Now £L(}) = @ yen(m ) L(A)”
is non-zero if and only if there is some a € A(m,r) with @ < A, by (1).
In that case we have @ < A andsor = a1+ -+ @&, < A1+ -+ An
(where @ = (@;,@s,...)). This gives A; + -+ Ay = 7 so that Ap41 = 0
and A € Af(m,r). Hence the number of isomorphism classes of £S(n, r)¢-
modules is at most |[A$(m,r)|. By (1) and (3)(ii), it is at least this number.
Hence {£L(X) | A € Af(m,r)} is a complete set of pairwise inequivalent
irreducible £S(n,r)é-modules. Applying € to a weight space decomposition
of L()), using (1) and (1) and replacing m by n we get the following.

(1) {L(N) | A € Af(n)} is a complete set of pairwise non-isomorphic irre-
ducible M(n)-modules and, for A € X{ (n), we have

ch L(A) = Z z®.

a€A(n,r),aCr



3. Infinitesimal Theory and
Steinberg’s Tensor Product Theorem

Suppose that ¢ is a primitive Ith root of unity. Then the quantum general
linear group G = G(n) has a finite subgroup G, called the infinitesimal sub-
group, and G; plays the role that the first infinitesimal subgroup enjoys in
the representation theory of reductive groups in positive characteristic (as in
[61; I Chapter 9, II Chapter 9]). We establish the main features of the rep-
resentation theory of G; and related subgroups in Section 3.1. Of particular
importance is the subgroup G4, generated by Gy and the torus T' = T'(n).
The main attraction of G is that while its representation differs only triv-
ially from that of G in most respects it has, unlike G1, a theory of weights,
and the weight structure of a G-module is preserved on restriction to G1. We
call G1 and related subgroups “Jantzen subgroups”. These correspond to the
subgroups introduced into the representation theory of reductive groups in
positive characteristic by Jantzen, [59]. Most of the results of 3.1 have been
proved for the Manin quantization (and ! odd) by Parshall and Wang, [71;
Chapter 9].

In Section 3.2 we give the g-analogue of the famous tensor product theo-
rem of Steinberg. The proof we shall give is similar to that given by Parshall
and Wang, [71; (9.4.1) Theorem], for the Manin quantization when ¢ is an
odd root of unity, and has some elements in common with the proof of the
classical Steinberg tensor product theorem given in [5]. Cliff, [9], has given
a proof of this theorem for the Manin quantization in the remaining cases.
Moreover Dipper and Du, [19; 5.6 Theorem], have given a proof of the ten-
sor product theorem for the quantization we use here. Their proof is quite
different from that given here and is based on the representation theory of
the Hecke algebra of type A.

In Section 3.3 we record the basic properties of tilting modules for quan-
tum general linear group G and relationships with modules for infinitesimal
subgroups of G. Here the arguments of [33] carry over with little change.

In the final section we give the tilting modules for quantum GL; and
again, for the most part, this is simply a modification of the classical case,
[33; Section 2, Example 2].

3.1 Infinitesimal theory

If H is a quantum group and Hq, H, are subgroups then we denote by H1NH,
the subgroup whose defining ideal of k[H] is Iy, + In,.

Throughout this section ¢ is a primitive {th root of unity, for some
positive integer I. We put N = (;), the number of positive roots. We consider
the quantum subgroup G of G defined by the ideal of k[G] generated by the

elements ci-j —6ij, 1 <4,j < n. We define By = BNGy, Bf = Bt NGy
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and 77 = T N Gy. To keep track of weight spaces in the infinitesimal theory
we define the Jantzen subgroups G1, By and B+ of G. The group G, has
ideal Iz (of k[G]) generated by the elements ci;, with 1 < 4,5 < n and
i # j. Weput By = BNG, and B} = B+ NG,. Since the irreducible
modules for 7, B and B?* are 1-dimensional we get (cf. the argument of
[36; Lemma 2.6]) that any irreducible Ty, By or Bjf-module is a restriction
of a 1-dimensional module for the corresponding “global” quantum group.
More precisely, writing X; for the set of A = (A1,...,A,) € X such that
Al — A2y ooy Anc1 = Ap,An € [0,1 = 1], it is easy to derive the following
results.

(1) {kx | A € X} is a full set of irreducible H-modules, for H = T, B, and
Bf.

(2) For A,p € X we have kxlg, = ku|g, if and only if A — u € IX and
indeed {kx|n, | A € X1} is a full set of irreducible Hy-modules, for H = T, B
and Bt

Let H be an arbitrary finite quantum group over k. We write |H| for the
dimension of k[H] (and call |H| the order of H). Let J be a (quantum)
subgroup of H. Then k[H]|; is a direct sum of copies of k[J], by [38] or
by (the dual of the main result of) [68]. This, together with [71; (2.9.1)
Theorem)], gives the following.

(3) IfJ is a subgroup of a finite quantum group H then |J| divides H|
For V € mod(J) we have dim Ind¥V = [H : J]dim V. In particular Ind¥ is
exact.

We are writing [H : J] for the integer |H|/|J|, which we call the indez of J
in H. For A € X we write I;(A) for the injective hull of k, as a Bff-module
and I ()) for the injective hull of kj as a Bf-module. It is easy to check
that the images of the elements c{}' ...c2n, 1 < ayy,...,04n <!, under the

restriction map k[G] — k[G;], form a Ic—bams of k[G,]. From this and similar
observations we obtain:

(4) 1G1]=1"", |By| = |Bf| = ('Y and |Ty| = I".

Let p = (n,n — S1) € X. Let ®F = {e; —¢; | 1 < i < j < n}, the
set of positive roots For A€ X let A(A) = 3 csym(n)sen(m)e(nd) € ZX.
Then A(A+p) is divisible by A(p) in ZX(n) (see e.g. [29; (2.2.7)]) and we set
x(A) = A(A + p)/A(p) , for A € X. Note that x(}) is the Schur symmetric
function in n variables, for A a dominant polynomial weight, see e.g. [63;
I,(3.1)]. The character formula may also be expressed in the form x(A) =
A(A+ p)e(=p)/ [Taca+ (1 — e(—a)), cf. [54; Section 24.2]. Taking A = 0, we



3.1 Infinitesimal theory 55

get A(p)e(—p) = [[,eq+(l — e(—a)). We consider the case A = (r — 1)p,
for r > 1. For ¢ = 3, x myue(p) € ZX, we write Y™ for Youex Mmue(rp).
Note the map ZX — ZX sending ¢ to (") is a ring homomorphism. Now
we have

x((r=1p)= D sga(w)e(rwp)e(-p)/ [] (1-e(-a))

weSym(n) acdt
=e(=p)( D sen(we(wp))”/ [T (1-e(-a))
we€Sym(n) aedt
= e(=p)e(e) [ (1 -e(=a)®/ [ (1 - e(=a))
acdt aedt
=e((r=1p) J] 1 -e(-))/ I] (1 ~e(-a))
aedt acdt
= e((r=1p) [T (1= e(~0) = -+ = e(~(r ~ D)a).
acdt

Now by the argument of the proof of [36; Lemma 2.8(i)] (or compare
with the algebraic group case, [61; II, 9.2]) we have that for A,u € X, the
dimension of Il(/\‘” is the number of ways of expressing A — p as a sum
Laca+ Ta, With 0 < 1o < I for o € &%, and that L) = Ind k,\
Thus I;((I — 1)p) has character given by the Weyl character x(({ — 1)p) and
ch 11 (A) = e(A — (1 — 1)p)ch Fi((1 ~ 1)p).

(5) For A € X we have I)(\) = Ind?rkx and
ch1(A) = e(A = (1= Dp)x((I = 1)p).

From (4) we have dim Ind%:k,\ =[Bf :Th] = 1(3). Tt follows from Frobe-

nius reciprocity that Ind%rk,\ contains k) in its socle and, since induction
takes injectives to injectives, must therefore contain a copy of I;(A). Hence
dim I;(A) < IN. However, we have a Bjf-module decomposition k[B;] =
Diex, [1(A) (by [50; (1.5g)(iii)]). It follows from a dimension count that

dim I;(A) = IV, for A € X;. Also, the natural map k[Bff] — k[T) ® k[Bf]
is injective and it follows that I;()) = IndB'k) has a simple B -socle k.
Thus fl(/\)|B;L embeds in I;()A) and by dimensions we must have:

(6) LNl = Lh(d), for A€ X.

We define V3(A) = Ind§!ky and V1(A) = Ind$ ks, for A € X. It is easy to
1

prove (cf. [36; Lemma 2.9]) that the natural maps k[G1] — k[B;] ® k[B]]

and k[G1] — k[B1] ® k[B{] are injective and we get the following.
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(7) For A € X we have socg+V1(A) = kx and socgs V(X) & ka.

Now from (3) and (4) we get dim V;(A) = IV and so, from (7), we get:

(8) Vi(\)lps = Lh(}) for all A € X.

We define a quotient group S of Gy by setting k[S] to be the k- subalgebra
of k[Gl] generated by (the images in k[G}] of) the elements ¢}, ...,ch, and
d~!. Note that S is an n-dimensional split torus and hence every S-module
is completely reducible. Note also that k[S] is central in k[G] and that the
subgroup of G defined by the ideal generated by Ker(es ) N k[S] is Gi.

Indeed k[Gl] is faithfully flat (in fact free) over k[S]. Similar remarks apply
to By and Bf . Hence we get the following, from [71; (2.10.2) Theorem] and
(36; Corollary 1.4].

(9) The restriction of any injective Hy-module to Hj is injective and Indgi
is exact, for H = G, B and Bt.

The following result may be applied in several cases in the present set-up.

(10) Let H be a quantum group. Suppose that J and K are subgroups
such that the natural map k[H] — k[J] ® k[K] is injective. A subspace of an
H-module is an H-submodule if and only if it is both a J-submodule and a
K -submodule.

Proof Let Z be an H-module and let V be a subspace of Z. Certainly if
V is an H-submodule then it is a J-submodule and a K-submodule. Now
suppose that V is a J-submodule and a K-submodule. Let z,, r € R, be
a k-basis of Z such that z,.,r» € Ry, is a k-basis of V for some subset Ry
of R. We have 1z(z,) = ) ,cp s ® for for some elements f,s € k[G]. By
hypothesis we have f,, € I; NIk, for r € Ry and s € R\R,. However, we
have 6(f,;) = Y_,cg fst ® fir and it follows that the canonical map k[H] —
k[J] ® k[K] takes f,r to 0. Hence f;r = 0 for r € Ry, s € R\Rp, and V is a
G-submodule.

We leave it to the reader to verify injectivity of the appropriate map (cf. [36;
Lemma 2.9]) in each of the cases below.

(11) In each of the following cases the natural map k[H] — k[J] @ k[K] is
injective and hence a subspace of an H-module is an H-submodule if and
only if it is both a J-submodule and a K-submodule: (a) H = G,J =
B,K = B*; (b) H=G1,J = B,K =BF; () H=0G1,d =G1, K = T; (d)
H=B,,J=B,K="T;(e)H=B}J=Bf K=T.
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We shall also need:

(12) Each isotypic component of the By-socle (resp. By -socle) of any B-
module (resp. B*-module) is a B-submodule (resp. Bt -submodule).

Proof We shall prove the B-version. Let V be a B-module and let V), be
the kj-isotypic component of the B;-socle of V. We have Vi = VB1 | which
is B-stable by [36; Proposition 1.5(i)]. For general A € X; we note that
identifying V with k) @ (k- ® V) identifies V with k) ® (k- ® V))o, which
is a B-submodule by the case already considered.

We now consider the simple Gj-modules and simple G1-modules. For

A € X the Gi-module V,(}) has a simple Gi-socle, which we denote by

Ly(}), and the Gi-module V()) has a simple G)-socle, which we denote

1(/\) Let V be a simple G1-module and let A € X be such that there is

a non-zero Bj-homomorphism V — k). By Frobenius reciprocity, we have

a non-zero G1-module homomorphism V' — V;(A) and hence V' = L;(A).
Similar remarks apply to G, so we obtain the following.

(13) (i) For A € X the Gi-socle (resp. G1-socle) of V() (resp. V() is
isomorphic to L1()) (resp. L1(})).

(i) For A € X the Gy-module Ly(}) has a simple Bi -socle k and the G-
module L1()) has a simple B -socle k|, .

(iii) {L1(X) | A € X1} is a full set of simple G,-modules and {L,()) | A € X}
is a full set of simple G1-modules.

Let K be an extension field of k. For a k-coalgebra C' we write Cx for the
K-coalgebra K @ C obtained by base change. For a quantum group H over k
we write Hg for the quantum group over K obtained by base change, i.e. Hg
is the quantum group whose coordinate algebra is K @ k[H]. Recall that if V
is a finite dimensional simple module over a k-algebra A then V is absolutely
irreducible if and only if Ends(V) = k (see [16; (29.13) Theorem]). Now
let C be a k-coalgebra, let V be an irreducible C-comodule and let D be a
finite dimensional subcoalgebra of C containing the coefficient space of V.
Then the comodule Vx = K ®; V is irreducible over Ck if and only if it
is irreducible over Dk . Furthermore, every (right) D-comodule is naturally
a left module for the dual coalgebra D* = Homg(D,k) and in this way we
have an equivalence of categories between (right) D-comodules and (left)
D*-modules. Furthermore we have a natural isomorphism (D*)x — (Dk)*.
It follows that V is absolutely irreducible if and only if End¢ (V) = Endp (V)
is equal to k. Thus we have the following.

(14) A simple module V for a quantum group H over k is absolutely irre-
ducible (i.e. the Hg-module Vi obtained by base change is irreducible for
every field extension K of k) if and only if Endg (V) =
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Now if 6 is a Gy-endomorphism of L1(X) (for A € X) then @ stabilizes the
B -socle of L1(A) and hence, by (13)(ii), § — ¢I is zero on the Bj-socle for
some ¢ € k, where I is the identity map on L;()). Thus the kernel of 6 — ¢I
1s non-zero and therefore equal to L;(A). Hence Endg,(L1(A)) = k. The
same argument applies to G; and G so we obtain the following.

(15)  Every szmple H-module is absolutely irreducible, for H = G, Gl, Gy,
B, By, By, Bt B and Bj.

Let H be a quantum group over k and let K be an extension field. If V is an
essential submodule of an H-module Z then Vi is an essential submodule of
the Hx-module Zg, e.g. by [37; Lemma 6(i)]. Hence we get the following.

(16) For any H-module V we have socg(V)kx = soch, (Vk), for H =
G,G1,G1, B, By, By, Bt, Bf and Bf.

For A = (A1,...,A) € X, the element ¢}} .. l,’;{' spans a 1-dimensional S-
submodule, My, say, of k[S]. We regard M), as a G1-module by ¢-restriction
(see 0.16). The weight of this module is IA. Hence we obtain that L;(I}) is
1-dimensional and trivial as a Gj-module. We shall often write simply k;»

for L1(I\). We now get the following.
(17)  Li(A +1p) = L1(X) ® ki, as Gy-modules, for A, pt € X.

Note that if k is algebraically closed then T may be identified with the group
of its k-rational points and, furthermore, if T acts as k-algebra automor-
phisms of some finite dimensional k-algebra A then T fixes some decomposi-
tion of 1 as a sum of mutually orthogonal primitive idempotents. This is well
known but we include a proof for the sake of completeness. Suppose not and
that A is a counterexample of minimal dimension. If T fixes a non-trivial
idempotent e, say, then by minimality T fixes a primitive decomposition in
e and in (1 - e)A(1 — e), and putting these together gives a primitive de-
composition of 1 in A fixed by T. Thus T fixes no non-trivial idempotent.
Now there are finitely many central idempotents and these are permuted by
T. Since T is connected, T must fix all central idempotents. Hence the only
central idempotents are 0 and 1, and A consists of a single block. If the
nilpotent radical N of A is non-zero and A/N has non-trivial idempotents,
then, by minimality, there is a non-trivial f, say, of A/N fixed by T. But
the sequence of fixed points 0 — N7 — AT — (A/N)T — 0 is exact, since
T is linearly reductive, and hence there is an element & € AT such that
f =« + N. But now one gets an idempotent g € A, such that g is a polyno-
mial in  and £ + N = f, by the usual idempotent lifting procedure, see e.g.
[41; Section 44], and this is a contradiction. But then A/N, and hence A,
has only trivial idempotents and A is not a counterexample. Thus we must
have N = 0. Thus A is a product of matrix algebras over k and, since A has
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only one block, A = M,(k), the algebra of r X r matrices, for some positive
integer ». Now every algebra automorphism of M, (k) is inner and hence, for
each t € T, there exists some g; € GL,(k), such that ¢ -a = g;ag; !, for all
a € A. Moreover g¢; is determined up to a scalar multiple so we get a homo-
morphism of algebraic groups ¢ : T' — PGL,(K), given by 8(t) = ¢;Z, where
Z is the centre of GL,(K), i.e. the group of non-zero scalar matrices. Now
the image of # is a torus. The maximal tori in PGL,(k) are the conjugates
of Ty, say, the image in PGL, (k) of the group of invertible diagonal matrices
in GL, (k). Thus there exists some h € GL,(k) such that hc;h~! is diagonal
for all t € T. Now let e; be the matrix with entry 1 in the (%, {)-position
and all other entries 0, for 1 < i < r. Then e; is centralized by hc;h™! (for
1<i<r,teT)and T fixes the decomposition 1 = ef + -+ + e/, where
el = h~le;h, for 1 < i < r, a contradiction.

(18) Let H=G,B or B*.

(i) Suppose that k is algebraically closed and let V,V',V" be finite dimen-
sional Hy-modules. Then T acts on Hompg, (V', V") and Homy (V/, V") =
Hompg, (V/,V")T. The action of T' on Endg,(V) is by k-algebra automor-
phisms. Furthermore, V is indecomposable as an Hi-module if and only if it
is indecomposable as an H;-module.

(ii) We have L1(Mg, = Li1(X), forany A € X.

(iii) For any H;-module V we have socg, (V) = socy (V) and furthermore,

each isotypic component of socy, (V) is an Hy-submodule.
Proof We have that
Hompg, (V/, V") = Homy(V', V")

is an H;-submodule of Homg(V’, V"), by [36; Proposition 1.5]. Since T' < H
we have Homp (V',V") < Hompg, (V’,V”)T and the reverse inclusion holds
by (11) above. Note that T acts on Endg(V') naturally as k-algebra automor-
phisms and hence on the T-stable subalgebra Endg, (V). If V' is a decompos-
able Hj-module then the length n, say, of an expression for 1 € Endg, (V)
as a sum of mutually orthogonal primitive idempotents is greater than 1.
By the remark above, 1 can be written as a sum of n mutually orthogonal
idempotents in Endg (V). In particular Endg (V) contains a non-trivial

idempotent and hence V is a decomposable Hi-module. This proves that if
V is indecomposable then V'|g, is indecomposable. The converse is clear and
the proof of (i) is complete.

In proving (ii) and (iil) we may assume, by (16), that & is algebraically
closed. We claim that if Z is an ﬁl-module, U is an Hj;-submodule of
Z and t € T then ¢t -U is also an Hj-submodule. We may assume that
Z is finite dimensional. Suppose first that H = BT. Let P be a finite
dimensional projective Bi"-module mapping onto U. Since B is finite, P is
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1nJect1ve It follows from (6) that there is an injective Bl-module P such that
P|131 >~ P. Now P is also projective as a Bi-module. Now T acts naturally
on Homp, (P,Z). Let 8 € HomB+(P Z) be such that Im(f) = U. Then
Im(t-8) =t-U and hence t - U is a Bj-submodule.

The case H = B is similar. Now consider the case H = G. So let Z
be a G1-module and let U be a Gj-submodule. Then U is a B;-submodule
and Bj-submodule. Hence, by the above, ¢ - U is a Bj-submodule and By -
submodule. Hence t - U is a Gj-submodule, by (11)(a). This proves the
claim.

Now let L be a simple H;-submodule of V. Fort € T, t- L is an H;-
submodule of V' and must be simple, for if J is an Hj-submodule of ¢- L then
t~1.J is an Hj-submodule of the simple Hi-module L. Thus socy,(Z) is
an Hj-submodule and a T-submodule of Z and hence, by (11),(c)—(e), also
an Hj-submodule. By (1), each indecomposable Hy-summand of socg, (V)
is also indecomposable, and hence simple, as an Hj-module. Thus we have
socy, (V) < socy (V). Let L be a simple Hi-module. Then socy, (L) is

an Hj-submodule and therefore L = socy, (L), i.e. L is semisimple as an
Hi-module. Now (i) gives that L is simple as an Hi-module. We get that
socg (V) < socy, (V) and so socy, (V) = socy (V). Furthermore we get

that, for A € X, the G1-module il(/\) is simple as a Gj-module. Now
(13)(ii) implies that L;())|g, is isomorphic to Ly ().

It only remains to prove the last assertion of (iii). We may assume that V'
is finite dimensional and, replacing V by socg, (V), that V is semisimple as an
Hi-module. Let V =V, @ -.- @ V, be the decomposition of V into isotypic
components. The idempotent ¢; € A = Endg, (V), describing projection
onto V;, is central. Moreover, T permutes the central idempotents of A.
Since A is finite dimensional it has only finitely many central idempotents
and since T is a connected group it must fix each central idempotent. By
(i), each e; belongs to Endﬁl(V) and hence V;, the image of e;, is an H;-
submodule of V.

We consider now induction from T to Gy. The coordinate algebra
k[G1] has a basis of (right and left) weight vectors ¢} ...caancli? ... cf,"_"lt’,’,' ,
with @11,...,8nn € Z and b1a,...,bn—1, € [0,1 — 1]. (We are writing
the restriction of a coordinate function cij to Gy also as c;;.) Let A €

X. For each choice of by2,...,bp—1,n € [0, — 1], there is exactly 1 way

of choosing the aji,...,ann € Z in such a way that the basis element
e}t ... clnn 02‘22 .. i"‘f » has weight A. It follows that the A weight space of

[Gl] has dimension I2V. Hence the induced module IndT‘kA has dimension
I?N | By exactness of induction we get the following.

(19) For V € mod(T) we have dim IndZ'V = 12V dim V.
We shall also need:
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(20) (i) dim Indgi V =V dim V, for all V € mod(B), in particular Indgi
is exact. R .

(i) Vi(N)gs = F1(A), and so ch V1(3) = e(A = (I = Dp)x((I - 1)p), for all
AeX.

Proof From (7) we get that @1(/\)|B;+ embeds in I;()). Furthermore, by

(5), we have dim I;(A) = IV, so it will follow from (i) that this is an isomor-
phism. The second assertion of (ii) follows from the first and (5). Thus it
only remains to prove (i). )

Let V GAmod(Bl). By left exactness we have dim Ind?l V<iVdim V.

LetY = Ind?l V. Frobenius reciprocity provides us with an embedding V' —
Y, so we have a short exact sequence of Bl-modules 0-V-oY—->Q—0.
Moreover, we have dim IndG‘Y = dim Ind W = *N dim V, by (19) (and

transitivity of induction). By left exactness and the first paragraph of the
proof we have

1N dim V < dim Indgl V+dim Indng <V dim V+1¥ dim Q = IV dim Y.
1 1

Butdim Y < ¥ dim V. It follows that we have equality throughout and that
dim Indgi V =¥ dim V, as required.

We have the so called dot action of Sym(n) on X defined by w - A =
w(A + p) — p, for w € Sym(r), A € X. Let A € X. We have chV;()) =
e(A — (1 = 1)p)x((t — 1)p) and therefore V;()) has unique smallest weight
A+ (I = Dwp - 0, and this occurs with multiplicity 1. Hence Vl(/\)* has
highest weight u, where —p = A + (I — 1)wo - 0. Hence there is a non-
ZETo Bl-homomorphlsm ¢ : Vl(/\)* — k, and, by Frobenius rec1proc1ty,
a G1 homomorphism ¢ : V3(A)* — Vl(/.c), such that ¢ = 5o ¢, where
n: Vl(/.c) — k, is the natural map. Since Bj is finite, V1(}) is projective
as well as injective. Hence the dual V; (/\)* is an injective indecomposable
Bf -module. Hence V;(\)* has a simple Bj-socle k,. Since ¢ is non-zero
on (V1(A)*)# the map must be injective and hence an isomorphism. Thus
we have the following important result (the g-analogue of a result sometimes
known as Serre duality).

(21) For A € X we have V1(A)* = V(= = (I = 1wy - 0) as G1-modules,
and hence also V1(A)* 2 V(=X — (I = 1wy - 0) (as G1-modules).

From (21) we obtain:

(22) For A € X the Gy-module (resp. G1-module) Vi(A) (resp. Vi())) has
simple head, which is isomorphic to Ly(—X — (I — 1)wg - 0)* (resp. L1(=\ —
(I = Dwp - 0)*).
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3.2 Steinberg’s tensor product theorem

Let a = (a1,...,am) be a composition of n. Thus ay,...,an, are positive
integers whose sum is n. We recall, from [36; Section 2], the construction of
various subgroups defined by a. Let ¥(a) be the subset [1,a1]% x [a; +1,a; +
az)?x - -x[ay+---+am-1+1,n)? of [L,n)%. Let ¥+ = {(i,j) |1 £ i < j < n},
U~ = {(4,j) | 1 £ j < i < n} andlet ¥H(a) = ¥H{J¥(a), T (a) =
¥~ |J¥(a). We define P(a) (resp. P*(a)) to be the subgroup of G whose
defining ideal is generated by the elements ¢;; with (i,j) € [1,n]?\¥~(a)
(resp. (i,7) € [1,n)?\¥*(a)). We define G(a) = P*(a) N P(a), B(a) = BN
G(a) and B*(a) = B(a)NG(a). We have natural isomorphisms G(a1) X - - - X
G(am) — G(a), B(a1) x -+ - x B(am) — B(a) and B*(a1) X --- X B¥(a,,) —
B(a) (see [36; Section 2]).
We shall need the following.

(1) For1l < r < n let a(r) be the composition (1,...,1,2,1,...,1) (where
2 occurs in the rth position) of n and put A = {a(1),...,a(n — 1)}. For
a B-module (resp. B*-module) Z, a subspace V is a B-submodule (resp.
B*-submodule) if and only if it is a B(a) (resp. B*(a)-submodule) for all
a € A

Proof We shall prove the version involving B. Certainly if V is a B-
submodule then it is a B(a)-submodule for all « € A. We now prove the
converse. By local finiteness we can assume that Z is finite dimensional.
Suppose the result is false and choose Z of minimal dimension for which it
fails. Let L be a non-zero B-submodule of Z. Now (L + V)/L is a B(a)-
submodule of Z/L, for all a € A, and hence, by minimality, a B-submodule.
If L +V # Z then, by minimality, V is a B-submodule of L + V and hence
of Z, a contradiction. Thus L + V = Z for every non-zero B-submodule L
of Z. Taking, in particular, L to be a 1-dimensional submodule we get that
V has codimension 1 in Z. Let N be a B-submodule of Z of codimension 1.
Now V N N is subspace of N which is B(a)-stable, for all a € A, and hence
a B-submodule. If VN N # 0 we therefore get Z = (VNN)+ N =N, a
contradiction. Hence VNN = 0. Thus Z is 2-dimensional and Z = L&V, for
some 1-dimensional submodule L. Tensoring Z by (Z/L)*, we can assume
that Z/L is trivial. If L is trivial then Z is a trivial B-module, by [36;
Lemma 2.8(ii)]. But then every subspace is a B-submodule and again we
have a contradiction. Thus L = kg, say, for some 0 # 6 = (61,...,0,) € X.
Now V = ZT and if Z is semisimple then V = ZB, a B-submodule. Thus
Z is a non-split extension of k by ky. By [36; Lemma 2.8(ii)], we have
6 < 0, in particular we have 6; — 6,41 < 0 for some 1 < i < n. We take
a=(1,...,1,2,1,...,1), with 2 in the ith position. For any v € X\X *(a)
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we have the b-term exact sequence

0 — HY(P(a),Ind5®k,) — HY(B,k,) — (R'Ind5 @k, )P(®)
— H%(P(a),Ind5®k,) — H*(B, k)

from [36; Proposition 1.1]. Thus we have H'(B,k,) & (RIIndg(a)k,,)P(“).
It follows from [36; Lemmas 3.1(iv) and 2.12] that ¥ = sa for some s <
0, where @ = ¢ — €;41. Putting S = {s < 0 | H}(B,kso) # 0} we get
that dim H!(B,ksq) = 1 for all s € S. Another application of the 5-term

exact sequence gives that H'(B(a),ksq) = (RIIndgEZ;k,Q)G(“), for s < 0,
and [36; Lemma 2.12] gives that H!(B(a),kss) # 0 if and only if s € S
and dim H!(B(a),ksq) = 1 for all s € S. Thus there is precisely 1 non-
split B-module extension of k by k., and precisely 1 non-split B(a)-module
extension of k by k;q (up to isomorphism) for each s € S. However, we
have a natural homomorphism B — B(a) and each B(a)-module extension
0 — ks — E — k — 0 gives rise, via inflation, to a B-module extension
and the extension is B-split if and only if it is B(a)-split. In particular Z
is a non-split B(a)-module extension, in contradiction to the B(a)-module
decomposition Z = L& V.

(2) Let A € X*. The B-socle of V(]) is isomorphic to ky,x and the B*-
socle of V() is isomorphic to k.

Proof For yt € X we have Homp(ky, V(})) & (k-,®V(A))? = (IndGk_,.®
V(X))¢, by the tensor identity and Frobenius reciprocity. If k, appears in
the B-socle of V() we therefore have Indgk.,, # 0 and hence, by 0.21(2),
we have —p € X*. In that case we get Homp(k,, V(})) & H(G,V(~—p) ®
V(X)) =k, if p = woA, and 0 otherwise, by [36; Section 4(2)]. This shows
that ky,» is the B-socle of V(X).

We write the restriction of c;; to Bt also as ¢;;. Now k[B*] has a
k-algebra grading k[B*] = @,cx k[B¥]a, Where c;; has degree ¢;. Then
k[B*] = @, x k[BT ]« is aleft B*-module decomposition and k[B*]q is the
injective hull of k4, as a Bt-module, for @ € X (see [36; Lemma 2.7] for the
B-version). Now V(X) = Ind$k, is naturally identified with the submodule
of k[G] consisting of the elements f such that (7 ® id)6(f) = fr ® f, where
7 : k[G] — k[B] is the natural map and f) = 7(c}}c3?...cAn). The natural
map (r®71)oé : k[G] — k[B]® k[B*] is injective (where 7t : k[G] — k[B*]
is restriction). It follows that restriction V(A) — k[B*] is injective and it
is easy to check that the image of this map lies in k[B*],. Hence V(X) has
simple Bt-socle k.

We now take ¢ to be a primitive [th root of unity and write, as in Section
3.1, X, for {/\ = (/\1,...,/\n) € X l 0 < AL — /\2,...,/\n_1 - /\n,/\n < l}
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We write G for the algebraic group scheme GL,(k). For 1 < i,j < n let
z;; denote the (i,j)-coordinate function on GL,(k). Now ci-j is a central
element of k[G] (see [18; 1.3.2 Corollary]). We have the Frobenius morphism
F : G — G whose comorphism takes zij to cﬁj, for1<i,j<n. FordAe Xt
let L()) denote the irreducible rational G-module of highest weight A. Then
the G-module L(A)F is irreducible and has highest weight I\ and hence is
isomorphic to L(IA).
We can now prove, as in [71; (9.3.4) Proposition], the following.

(3) {L(N)|e, | A € X1} is a full set of irreducible G1-modules.

Proof We shall show that if A = (A,...,Ap) € Xt and 0 < A; — Aip1 < U,
for 1 < i < n, then L(A)|g, is irreducible. It will be important to know that
if A — ra is a weight of L(A), for a simple root & and r > 0, then r < L
Since L(A) is a submodule of V(A) it suffices to observe this for V(A). Now
the character of V() is given by Weyl’s character formula and it is easy to
deduce the required property from Freudenthal’s formula, [54; 22.3 Theorem)]
(or by reducing to the rank 1 case using [27; p. 230 para. 2]).

We claim that L()) has simple Bj -socle k)\IBl+. By (2) and the fact

that L(A) embeds in V(X), we have that L(A) has simple B*-socle k. This
gives, by 3.2(11), that the B -socle is sum of copies of k)\IB,‘f- Let L be the

Bt-socle and let N be the B;-socle of L()). We assume, for a contradiction,
that L # N. Let u be a maximal weight of M/L. Then p = A — lv, for some
v € X. Since A occurs with multiplicity 1 as a weight of L(A), we have
v # 0. By (the Bt version of) [36; Lemma 2.8(ii)], there is a 1-dimensional
B* submodule M/L, say, of N/L of weight 4. Let 1 < r < n and take
a = a(r) as in (1). If the extension M, of M/L by L, is non-split as a B*(a)-
module then we have, by (the B*(a) version of) [36; Lemma 2.8(ii)], that
A—u = lv is a multiple of & = ¢, — €,_;. But then v is a multiple of & and p
has the form A+ lsa for some s # 0, contrary to the paragraph above. Hence
the extension of Bt (a(r))-modules splits and M* is a B(a(r))-submodule of
L(A), for 1 < r < n. By (1) we get that M* is a Bt-submodule of L(}),
contrary to the fact that the B*-socle of L(A) is L. This proves the claim.
Similarly we have that L(A) has simple B-socle ky, .

Hence L()) has simple G;-socle R, say, and R contains L(A)*. But now,
the dual module L(A)* = L(A*) has simple B;-socle ky,x» = k_). Hence
L()) has simple head k), as a B;-module. Hence there is a unique maximal
G;-submodule S, say, and S £ L(A)* = L. If S # 0 then S contains R and
hence L, a contradiction. Hence S = 0 and L(]) is simple, as a G -module.

Let L; be an irreducible Gi-module. Then L, is a composition factor
of some G-module and hence of some irreducible G-module L(y), say, with
€ Xt. We can express y as A + lv, where A € X; and v € X*. Then
L(A) ® L(v)F has highest weight p so that L(y) is a composition factor of
L(A\)® L(v)F and hence L, is a G, composition factor of L(A)® L(v)F. But
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L(A) ® L(v)F, as a G1-module, is a direct sum of the irreducible Gj-module
L(A)|g,- Hence L, is isomorphic to L(A)|g,. Now by 3.1(13)(iii), the number
of isomorphism classes of irreducible G1-modules is the cardinality of X; and
therefore we must have that {L())|g, | A € X1} is a complete set of pairwise
inequivalent irreducible G;-modules, as required.

Now we obtain, as in [71; bottom of p. 107]:

(4) For A € X, and V € mod(G), the natural map Homg, (L(A),V) ®
L(A) — V is a morphism of G-modules. In particular the L(M)-isotypic
component of the G-socle of V is a G-submodule.

(5) (Steinberg’s tensor product theorem) For e X; and p€ Xt we
have

LA +i) = L) L(p)".

Proof (Compare with [71; (9.41)] or [23; 2.4(A)].) Let V be a non-zero
submodule of L(A) ® L(p)F. Then we have the G-module isomorphism
Homg, (L(A), V) ® L(A) — V. Moreover we have

Homg, (L(}), V) < Homg, (L(A), L(A) ® L(1)F) = Endg, (L(A) ® L(p)F
= L(w)"
by Schur’s lemma and (3). Since L(u)F is irreducible, we get
Home, (L(), V) 2 L(u)"
so that dim Homg, (L(}),V) = dim L(g)¥ and
dim V = dim L(A).dim L(u)F
and hence V = L(A) ® L(p)F.
We record the following for future use.

(6) Let a,f € X; and A\, p € XT. If ExtG(L(a + IX), L(B + lu)) # O then
either o = § or Extbl(L(a), L(B)) # 0.

Proof Fory € X1, 7 € X% the G-module L(7)F ® L(y) has highest weight
4 + Ir and so has L(y) ® L(r)F as a composition factor. By dimensions
we must have L(r)F ® L(y) = L(y) ® L(r)F. Thus we have Extg(L(o +
12), L(B +1p)) = ExtG(L(A)F @ L(e), L()F ® L(B)), which is isomorphic to
HYG, L(p)F @ L(B) ® L(e)* ® (L(A)F)*), by [71; (2.4.1) Lemma and (2.8.2)
Proposition (3)]. If this non-zero then, by the 5-term exact sequence (see [71;
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(2.11.2) Corollary] and the proof of [36; Proposition 3.10]), we must have
HY(G, H(G1, L()F ® L(B) ® L(e)* @ (LMNF))) # 0 or H'(G1, L(w)T ®
L(B) @ L(a)* @ (L(MF)*)¢ # 0. Since L(A\)F and L(p)F are trivial, as
G1-modules, the first condition gives H°(G1,L(8) ® L(a)*) # 0 and the
second gives H1(Gy, L(B8) ® L()*) # 0. A further application of [71; (2.8.2)
Proposition,(3)] (and (3) above) gives & = 8 or Extél(L(a),L(ﬁ)) # 0.

We now consider the effect of the Weyl group on the composition mul-
tiplicities [V1(A) : L1(p)] (for A, p € X).

(7) For \,v e X, p€ X, andw € W we have [Vi(A) : La(p + )] =
Vi(w-A=1w-0): Li(p + lwy)].

Proof We have

ch Vi(7) = e(r = (I = Dp)x((I = 1)p).
for any 7 € X so that

chVi(w-A=lw-0)=e(w-A=lw-0=(I=1)p)x((I - 1)p)
= w(e(A — (I = Dp))x((I - 1)p)
= w(ch V1(}))

=w( Y [0 : Eals + W)le(iv)eh Ly(u))
HEXy veX

= > [Vai(A) : Li(p + W)]e(twv)ch Ly ()
HEX ,veX

and we also have

ch Vi(w-A—lw-0) = Z [V1(w-A=1w-0) : Ly(u+Ilwv)]e(lwv)ch Li(p).
HEX, vEX

Comparing these two expressions gives the result.

We call ¢ = (01,...,0,) € X a Steinberg weight if o9 — 02,...,0n-1 —
¢, = —1 modulo .

(8) For a Steinberg weight o we have V() = L1(o) (as Gi-modules) and
Vi(e) & Li(o) (as G1-modules).

Clearly the second assertion follows from the first, which we now prove. Since
Li(o) embeds in Vi(c) and V1(¢) has dimension ¥ it suffices to prove
that Li(c) also has this dimension. We can write ¢ = (I = )p+ lv + rw
for suitable v € X and r € Ng where w = (1,1,...,1). We have Li(0) =
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Li((1-1)p)® L1(lv)® L1(w)®", and both L, (Iv) and L;(w) are 1-dimensional
so we may assume o = (I — 1)p. By 3.1(21) the head of V1((I — 1)p) is
Ll( (l ~Dp~-(- l)wo 0)* = Ll( (- l)wop)* Now (I-1)p € X; so
that Ll((l - 1)p)=L((I - 1)p)|G1 and hence Ll((l — 1)p) has lowest weight
(! = )wop and L1((I = 1)p)* has highest weight —(I — 1)wqp. Hence we have
Ly (=(1-1)wpp)* = Ly((I—1)p). Thus both the head and socle of V1 ((I~1)p)
are isomorphic to Ly ((1 - 1)p). Since (I =1)p occurs with multiplicity 1 as a
weight of V1((!— 1)p) we must have V,((I — 1)p) = Ly(({ - 1)p), as required.

We continue with some further “classical” infinitesimal theory. The
head of a ﬁnlte dimensional module Y will be denoted hdY. We define
Vi) = Ind® +k>‘, for A € X. Arguing as in 3.1(13)(i), (20)(ii), (21) and

(22) we get the following.

(9) Let A€ X. Then {7+(/\)|B is the injective hull of ky in mod(B,). The
character of VT ()) is e(A — (1— 1)p)x((I ~1)p) and Vi) = v+( A+(1-
L)wo - 0). We have socg VT(X) = Lyi(—A)* and hdg Vi) =LA -(-
l)wo 0)

For A € X we write @(A) for the injective envelope of Ly(A) (as a
G,-module) and write Q;()) for the injective envelope of L)) (as a Gi-
module). Note that, for A € X, the simple module L;()\) embeds in the

induced module IndG‘kA and hence the injective envelope @1(}) of Li(})

occurs as a summand of Indg‘kj‘. This gives the first part of the following.
The second part holds since tensoring with a 1-dimensional module preserves
injectivity and indecomposability. The final part may be obtained by arguing
as in the proof of 3.1(18).

(10) Let A € X. Then

(i) Ql(/\) is finite dimensional;

(i1) Q}(’\) ® kiu = Q1 (A + ), for every pu € X;
(iii) Q1 (Mle, = Q1(}).

We shall write V € F(V)) to indicate that V is a finite dimensional
G1-module which has a filtration 0 = Vj <V £+ LV, =V such that,
for each 1 < ¢ < r, we have V;/V;_; is either 0 or isomorphic to V;(A) for
some A € X. Note that if V € F(V;) as above then chV = 3. e(Xi —
(I =1)p)x(( - l)p), where [ is the set of ¢ € [1,r] such that V;/Vi_1 # 0
and where V;/V;_; = V;(\;), for i € I. Tt follows that, for each A € X, the
cardinality of {i € [1,7] | Vi/Vi=1 = V1(})} is independent of the choice of
the V;-filtration. We denote this cardinality by (V : Vl(/\))

For A € X we define Aj(A) = V(=A)*. Then ch A;(X) = ch V1(}) and
A1()) has simple Gy-head L;(}).
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We obtain the following as in the “global” case.

(11) (i) For A, 4 € X we have Extgl(@l(/\), Vi(p)) =0 for A # p.
(ii) For i € Ng, A, u € X we have

LA e R, ifi=0,)=p
Extl, (a0, au) = { 7 Ei=00 =
(iii) For V € mod(G') we have V € F(V) if and only if Extg, (A;(}),V)) =
0 forall A € X. .
(iv) For V € F(V,) and p € X we have (V : Vy(g))=dim HomG (Aq(p), V).
(v) For all A € X we have Q:1(N) € F(V1) and (Q1(A) : Vai(w)) = [Va(g) :
Ly(M)).

Proof We have
Ext} (Vi(A), Vi(s)) = Exty (Vi(}), ky)

by Shapiro’s lemma (valid in this context since Indgl is exact). If this is
1
non-zero then, by the long exact sequence, we have Extlﬁl(kr,kk) # 0 for

some weight 7 of @1(/\). Hence we have 7 > g, by [36; Lemma 2.8(ii)]. But
A is the unique highest weight of V1(A) so we get A > p, proving (i).

We have Exty, (A1()), Vi(p)) = Extly (A1(A), k). This is 0 if i > 0
since ?i"(/\) is injective and hence projective as a By-module. For i = 0 we
get Homp, (A1()), k). Now X is the highest weight of A;()) and occurs with
multiplicity 1 so we get dim Hompg, (A1()), k) = 1. Furthermore A, Mg, is
an injective, hence projective, indecomposable Bj-module (by (9)) and so has
a simple head. Thus the head of A ()) is kx and we get Hompg, (Ay(A), k) =
0 for A # p.

One now obtains (iii) from the argument of [26; Corollary 1.3]. Part
(iv) follows directly from (ii).

Since Q,()) is injective it satisfies the condition of (iii) and so has a
Vl-ﬁltratlon Since V1(X) has socle L;(A) the first term in a Vl-ﬁltra,tlon of
Ql(/\) must be V;(A). Hence we have a short exact sequence 0 — V(X)) —
Q1()) = Y — 0, where Y € F(V;1())). We now get by dimension shift-
ing that Ext' (V+(1/) V(X)) = 0 for all i > 0. The filtration multiplicity

(@10 : Vv (y)) is equal to dim Homél(AI(y),Ql(A)), which is the compo-
sition multiplicity [A;(g) : L1 ()] = [V1(r) : L1(A)] (since A;(u) and Vi (g)
have the same character), proving the last part of (v).

Let o be a Steinberg weight. Then we have (Q (6): V, 1(p) = [Va(p) :
L1()], which is 1 if o = - 41 and 0 otherwise (since V(o) = L,(0) is simple).
Thus we have Q;(¢) = V(o). This gives part (i) of the following.
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(12) Let o be a Steinberg weight.
(i) We have Q,(c) = V(o) = Ly(0), as G1-modules.
(i) If 0 € Xt then V(o)g, = = [1(0).

For part (ii) we note that, by Weyl’s dimensional formula (or the argument
after 3.1(4)) we have dim V(a) IV Since V(o) has highest weight o it has
Li(0) as a G- -composition factor and since dim Li(e) = dim V(o) = IV
we must have V(o) = Li(o), as required.

Now fix a Steinberg weight ¢ € X; and let 7, = {o+ 1A | A € Xt}.
For any subset 7 of X* and V € mod(G) we say that V belongs to = if all
composition factors of V belong to {L(A) | A € 7}. We write mod(r) for the
full subcategory of mod(G) whose objects are the G-modules belonging to .
The arguments of for example [35; Section 4, Theorem], combined with (6)
above, give the following.

(13) 7, is a union of blocks of G and the functor g : mod(C_—P) — mod(7,),
taking V — L(¢)® V¥, is an equivalence of categories and g(V(})) = L(0)®
V(A)F is isomorphic to V(o + 1)), for A € X+.

We now consider the effect of the operation of the Weyl group on filtra-
tion multiplicities of the injective Gi-modules.

(14) Let A€ Xy, pp,v€ X andw e W.

() (011 + 1) s V1)) = (Qu(A + hww) : 3w s — - 0)).

(ii) The module Q,()) has unique smallest weight A — (I — 1)wq - 0, and this
weight occurs with multiplicity 1.

(iii) ch Q1)) € (ZX)V.

(iv) Q1() has unique highest weight woA—(I—1)wq -0 and this weight occurs
with multiplicity 1. R

(v) (Q1(A) : Vi(w-A—=lw-0)) =1 for all w € W and if (Q1()) : V1(7)) # 0
for some 7 € X then we have A < 7 < woA — (I — )wo - 0.

(vi) Q1()) has a simple head Ly(}).

Proof (i) This follows from (7) and (11)(iii).
(ii) For v € X we have

dim Q1(3)” = D (Q1(Y) : Vi(w)) dim Vi(p)”

BEX

= z [@1(#) : i’l(’\)] dim ﬁl(ﬂ)"
uex

=Y Vi) : L)) dim Vi(p)”.

a2
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Now (v) follows from the fact that V;(x) has unique lowest weight y — (I —
1)wg - p, and this weight occurs with multiplicity 1, for p € X.

(iii) We have

hQu(d) = 3 (Qu(A) : Vi(w)ehV1 ()

ueXx

= 3@ : Viw)e(k — (1 - Dp)X(( 1))
ueXx

= 3 (1Y) : Va4 (= Dp)e(ux( - ).
puex

Hence ch Q1()) € (ZX)" provided that (Ql(,\) Vi(e+(1=1)p) = (Qi1(}) :
Vi(wp + (I = 1)p), for w € W, and this is true by (i).

Now part (iv) follows from (iii) and (11)(v) and part (v) follows from
(iv) and (11)(v).
(vi) The module Ql(/\) is an injective indecomposable GG1-module and hence
a projective indecomposable G1-module. Thus Ql(/\) has a simple head as
a Gi-module and therefore as a Gi-module. It follows from (v) and (11)(i)
that there is an epimorphism Q1(A) — Vi(wo — (I — L)wp - 0). Hence the
head of Ql(/\) is the head of V(woA — (I — 1)wg - 0), which by 3.1(22) is the
dual of Ly(—wo}), ie. Li(N).

3.3 Tilting modules

In this section and the next we briefly describe the application of infinites-
imal methods to the calculation of tilting modules and work out explicitly
the tilting modules for quantum GL,. This calculation gives the decom-
position numbers for 2-rowed partitions for the Hecke algebra, as we shall
see in Section 4.4. We write F(A) for the class of finite dimensional G-
modules which have a filtration with sections isomorphic to modules of the
form A(X), A € Xt. We recall that S(n,r) is a quasihereditary algebra with
standard modules A()) and costandard modules V(}), for A € A*(n,r) (and
the dominance order on partitions), see [36; Section 4]. Thus we have, by
results of Ringel (see the Appendix, Section A4), for each A € X ¥, an in-
decomposable finite dimensional S(n,r)-module T'(A) € F(V) N F(A) such
that (T(X) : V(X)) = 1 and, for p € A*(n,7), (T(X) : V(g)) = 0 unless
g < A. Thus we have dim T(A\)* = 1 and, for u € At(n,r), dim T(A)* =0
unless 4 < A. (See also [36; Section 4(6)] and compare with [33, Section 1].)
Furthermore, every module in F(V) N F(A) is isomorphic to a direct sum
of the modules T(X), A € X*. Modules in F(V)N F(A) are here called the
tilting modules.

We note that, by [36; Section 4(3)(ii)], if T, T € F(A) N F(V) then
T®T € F(A)NF(V). Moreover we have A"E = V(17) = A(1"), for
1 < r < n,sothat A"E € F(A)NF(V). Hence we get A"EQ®---QA\*"E €
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F(A)NF(V). By examining the highest weight of a tensor product of exterior
powers of the natural module we get the following (as in the classical case
[33; Section 3)).

(1) The indecomposable tilting modules for S(n,r) are precisely the in-
decomposable summands of /\aIE, for « € A*(n,r). Furthermore, for
o € A*(n,r), the module T(a) occurs exactly once as a summand of /\a,E
and if T()) is a summand of A\* E then ) < a (for A € A*(n, r)).

(Here o denotes the transpose of the partition a.)

Remarks (i) From the classification of tilting modules discussed in the
first paragraph above it follows that tilting modules T',T" are isomorphic if
and only if they have the same character. If «,8 € P(n) and § is obtained
by permuting the parts of a then we have ch A*E = ch A’ E and therefore
A*E and /\ﬁ E are isomorphic. Similar remarks apply to right M-modules
so that the classification of partial tilting modules by highest weight gives a
short, calculation-free proof of Lemma 1.3.3.

We also have the corresponding results for symmetric powers. Let 7 €
At(n,r) and, for A € 7, let Ir(\) denote the injective hull of L()) as an
S(n,r)-module. It follows from the reciprocity principle, [36, Section 4(4)],
that the characters of the Ir()A), A € =, are linearly independent and that
injective finite dimensional S(n,r)-modules I and I’ are isomorphic if and
only if ch I = ch I'. It follows that the symmetric powers S®E and SPE are
isomorphic if « is obtained by permuting the parts of 8 (for a, 8 € A(n,r)).
Similar remarks apply to the symmetric powers of the natural right module
V.

(ii) Note that (1) describes the polynomial tilting modules. We say an arbi-
trary finite dimensional G-module T is a tilting module if T' € F(A)NF(V).
Suppose T is an indecomposable tilting module. Then T' ® L(sw) is polyno-
mial, for s > 0. Hence we have T ® L(sw) = T(A) for A € At(n,r) (and
some r > 0). Hence we have T' 2 T(\) ® L(—sw) and therefore (1) describes
all indecomposable tilting modules for G.

We assume, in the next 2 statements, that ¢ is a root of unity. One has
the following, by the arguments of [33; Section 2].

(2) For A € X*, the tilting module T()) is projective as a Gy-module
(equivalently as a Gi-module) if and only if \; — Ajpq > 1—1, for i =
1,...,n—-1.

For A = (A1,...,An) € X we define f(A) = A1 — A,. We obtain the following
by the arguments of the proof of [33; (2.5) Theorem] (an observation of
Cornelius Pillen).
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(3) Let o,y € X; and suppose that o is a Steinberg weight.

(i) Let V = L(¢) ® L(p) or T(o + p). Then Homg,(L(o + wop),V) =
Homg(L(o + wop), V) = k and moreover whenever Homg, (L()), V') # 0, for
o+ wop # X € X1, we have f(A) > f(o + wop).

(i1) T (o + 1) occurs exactly once as a component of L(¢)® L(y) and contains
a copy of L(e + wop) in its G-socle.

(iii) Q1(¢ + wop) occurs exactly once as a Gy-component of T(o + p).

The next 2 statements are made in order to justify a g-analogue of [33; (2.1)
Proposition]. We start with some generalities. Let H be a quantum group
over k and Z € mod(H). We call Z absolutely indecomposable if the module
Zk, obtained by base change from Z, is an indecomposable Gg-module
(where G is the K-quantum group obtained by base change), for every field
extension K of k. For V,Z € mod(H) the natural map K ®; Homg(V,Z) —
Homg, (Vk, Zk) is an isomorphism (where K is an extension of k) and we
get the following result.

(4) A finite dimensional G-module Z is absolutely indecomposable if and
only if the nilpotent radical of Endg(Z) has codimension 1.

We assume again that ¢ is a root of unity. The following is an analogue of
[25; Section 2, Lemmal].

(5) Let V,Z € mod(G) and suppose that V|g, is absolutely indecompos-
able, that G, acts trivially on Z and that Z is absolutely indecomposable as
a G-module. Then V ® Z is an absolutely indecomposable G-module.

Proof Let Q,R € mod(H), for a quantum group H over k; then we re-
gard Homy(Q, R) as an H-module via the canonical isomorphism R® Q* —
Hom(Q, R) (as in [71; (2.4.2) Theorem]). Suppose also S € mod(H). The
natural map @Q* ®  — k is a G-module homomorphism. Thus we get a
G-module homomorphism S ® @* ® @ ® R* — S ® R* and so the linear
map Homg(Q, R) ® Homg(R, S) — Homg(Q, S), taking e ® B to f o a (for
a € Homy(Q, R), 8 € Homg(R, S)) is a G-module map. In particular, mul-
tiplication End(Q)°° ® Endx(Q)°? — Endi(Q)°P is a G-module map.

By (4) we can assume that k is algebraically closed. From the hy-
potheses, the natural map Endg, (V) ® Endg(Z) — Endg,(V ® Z) is a G-
module isomorphism. Also, from the hypotheses, we have a k-algebra map
¢ : Endg, (V)°P — k with nilpotent kernel. Such a map must be given by
the formula ¢(cf + 2) = ¢, for ¢ € k and # nilpotent, where I : V — V is the
identity map. Since « € Endg, (V) is nilpotent if and only if it is nilpotent
as an element of Endg, (V)°P, the linear map ¢ is also an algebra map when
Endg, (V) is regarded as a k-algebra in the natural manner. Hence we get a k-
algebra map ® = ¢Q®id : Endg,(V ® Z) = Endg, (V) ® Endx(Z) — Endi(Z2)
with nilpotent kernel. By restriction we have a k-algebra map ¥ : Endg(V®
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Z) = Endg,(V ® Z)¢ — Endi(Z)® = Endg(Z). But Z is indecomposable
so that Endg(Z) is local and hence there is a k-algebra © : Endg(Z) — k
with nilpotent kernel. The composite @o¥ : Endg(V ®Z) — k has nilpotent
kernel. Hence Endg(V ®Z) is alocal k-algebra and V®Z is indecomposable.

Let A € X, and suppose there exists a module Q(}) € mod(G) such that
QMN)le, = Ql(/\) and assume furthermore that Q(X) is a tilting module. The
top weight of Q1()) (for A € X;) is wo — (I — 1)wo - 0 so we have:

(6) Q(A) = T(woA — (I — Dwo - 0), for A € X;.

_ For A € X% we write T()) for the indecomposable tilting module and
V(A) for the induced G-module of highest weight A. Using (5), we obtain as
in [33; (2.1) Proposition):

(1) Q)@ T(p)F = T(wod — (I = 1w -0+1p), for A\ € X, and p € X+.
In particular, for a Steinberg weight o we have T'(¢) = L(c) so we have:
(8) L(e)®T(u)F =T(s+1p), forallpe Xt.

Now a G-module filtration 0 =Ty < Ty < - < T, = T(u) with T,-/T,-_l =
V(/\ ), for 1 < % < r, gives rise to a filtration 0 = L(¢) @ T§ < L(0) @ TF <

< L(o)® TF L(0) ® T(g)F. Hence, using 2.1(13) we get a g-analogue
of a result of Erdmann [47; (2.2) Corollary].

(9) For a Steinberg weight o € X, and A\, € Xt we have

. _J(T()):V(r)), ifp=0c+Ir, for somer € XT;
(T(o +13) - V(w)) = {0, otherwise.

In particular, defining t : X* — X* by t(A\) = (I - 1)6 + I\, where § =
(n—1,...,1,0), we have (T(t(}X)) : V(t(g)) = (T'(X) : V().

Here, for a finite dimensional G-module V which has a filtration with sections
of the form V(e), @ € X%, (i.e. a good G-module filtration) and 7 € X,
we are using (V : V(7)) to denote the number of occurrences of V(7) as a
section in such a filtration.

3.4 Tilting modules for quantum GL,

We are now in a position to calculate the characters of the tilting modules
for quantum GL». The tilting modules were described in the classical case
for SL2 in [33]. If ¢ is not a root of unity then all G-modules are completely
reducible and it follows that T(A) = V(X), for all A € X*. We assume
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therefore that ¢ is a primitive lth root of unity, and [ > 1. Let 7 denote the
subset of Xt consisting of elements (a,b) with a,b6 > 0and a —b < 2(I - 1).
Let mod(w) denote the category of finite dimensional G-modules V' such that
every composition factor of V comes from {L(A) | A € r}. Note that 7 is a
saturated subset of Xt i.e. w has the property that whenever p € 7 and Aisa
dominant weight such that A < p then A € 7. Hence mod(r) is equivalent to
the category of finite dimensional modules for the generalized Schur algebra
S(m) (see [36; Section 4]). We have L(/\) V() if Ay — Az <, e.g. by [75].
Hence we have L(A) = V(A) = A(A), in that case, and so T(A) = V(}).
IfA — Ay =1+ r with 0 < r <1—2 then V(A) has composition factors
L(A) = L(A =1e1)® L(1,0)F and L(A = (r+1)(€; — €3)). We denote by I())
the injective hull of L(A) in mod(n), for A € m. By reciprocity, [36; Section
4,(6)], we have (Iy()) : V(g)) = [V(n) : L(})], for A\, u € m. Specifically,
we have I (A) = V(A) if Ay — Ay > 1= 1. For Ay — A2 = I 4+ r we put
= A —(r+1)(e1 — €3). Then we have (I;(p) : V(7)) = 1if 7 = A or

p and is 0 otherwise (for 7 € ). Thus the block of A in mod(r) is {A} if
A=Ay =(~-=1),and if A\ — Ay =+ r with 0 < r <[ — 2 then the block
containing A is {A, A — (r + 1)(e; — €3)}. Each block of mod(x) (or S(mr)) is
of one of the kinds just specified.

An explicit description of the blocks of the ¢g-Schur algebra S(n,r), for
arbitrary n,r, ¢, has been given by Cox, [15; Chapter 4].

Now suppose A = (A1,A;) € 7 and that A; — Ay = I 4+ r, for some
0 < r <1-2. We have the Steinberg weight ¢ = (I — 1 + A3, A2) and
A = 0+ p, where p = (A; — Ay — 1+ 1,0). We have the Clebsch—Gordan
expansion x(o)x(¢) = EH'I x(A = i(e1 — €2)). We write T’(A) for the block
component of V(¢)®V () which has highest weight A. Then T"()) is a tilting
module and has character x(A) + x(A — (r + 1)(e1 — €2)). The dimension
of T (A)is Ay = Ao+ 1+ X —A2=2(r+1)+1 =2l Now T(\) is a
direct summand of 7”(A) and hence we get dim T'(A) < 2l. Furthermore,
by 3.3(3)(iii), dim @,(I — 1 + A2,A; — 1+ 1) < 2 and therefore we have
dim @Q;(v) < 2l for any non-Steinberg weight v € X;. Now, as left G;-
modules, we have k[G1] = D, cx, Q1(v){%), where d, is the dimension of
L(v) (for v € X;). Hence we have I* = dim k[G)] = }_, ¢ x, dv dim Q:1(v).
For v = (1,13) € X; we have d, = dim L(») < dim V(¥)=v1 —w»pe + 1. If
v1 —vy = 1—1 then v is a Steinberg weight and so dim Q(v) = dim V(v) = [.
Now we have X = {(a +b,b) | 0 < a,b < I} giving

I < Z (1 — v + 12l + Z 12

VEX 1, v —vaFl-1 vEX 1,1 —va=l-1
-2 1-1

—ZZ2(a+1)I+ZlZ—I(l NE2+83 =1
a=0 b=0

It follows that we must have dim @Q;(v) = 2! for all non-Steinberg weights
in X;. Further we deduce that T'(A) = T(A) and (from 3.3(3)(iii)) deduce
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that T(A)|g, = @1(I — 1+ Ao, A =1 +1). For v = (v1,15) € X+ with
v — vy < | we write Q(v) for T(¥), where v = (I — 1 + vy, — 1+ 1). By
the above discussion we have Q(v)|s, = Qi(v) if ¥ € 7. We write w for
the non-identity element of W. By tensoring with a suitable power of the
(1-dimensional) determinant representation L(1,1), it follows that for any
A =(A1,A2) € X with 0 < Ay — Ay < I, writing Q()) for T(wA — (I - 1)w-0),
we have:

(1) Qg = @1(A) and ch Q(A) = s(wA — (I — Dywp)x((l - 1)p).

Here, for v € X, we are writing s(v) for the orbit sum, i.e. s(v) = e(v) if
v = wv and s(v) = e(v) + e(wv) if wv # v.

For 4 = 3 aue(n) € ZX, we put F = 3 a,e(lp) € ZX. Thus for
V € mod(G) we have ch V¥ = (chV)¥. We denote by F the (ordinary)
Frobenius morphism on G-modules and similarly define F on ZX.

We denote by p the characteristic of k. We shall give the character of
the tilting module T'(A) in terms of the (I,p) expansion of a non-negative
integer associated with A € X*. Let a be a non-negative integer. Then
@ has a unique expression in the form a = a.; + lag, with 0 < a.y < L
If p = 0 we call this expression the ({,p)-ezpansion of a. If p > 0 then a
has a unique expression of the form a.; + lZfio pla;, with 0 < ay < 1
and 0 < ag,a1,... < p, and we call this expression the (I, p)-ezpansion of a.
Assume first that p > 0. For g = (p1,p2) € X T with g1 — pa < p we write
Q(p) for the tilting module for G of highest weight wy — (p — 1)w - 0. By
[33; Section 2, Example 1], we have that Q(x) ® T(¥)F is an indecomposable
tilting module, for any v € X*. (Actually in [33], this remark is made for
the group SL, but the same argument applies to GL3.) Hence, inductively
for A(—1),A(0),...,A(m = 1),p € X+ with A(=1); — A(=1)2 < I, A(0); -
A(0)z, ..., A(m = 1)1 — A(m — 1)z, 41 — p2 < p, we get that RQ(A(-1)) ®
QMO ®---® Q(A(m — 1)F™ " © T(u)F™)F is an indecomposable tilting
module. This has highest weight

m—1
wA(=1) = (1= Dw -0+ 1> (P (wA(E) — (p — Dw - 0) + p™p)
=0
50 we get
m-—1
T(wA(~1) = (I = Dw-0+1 Y (o' (wA(@) — (p — Dw - 0) + p™p))
=0

ZQ(A(-1))® (Q(/\(O)) Q- Q(/\(m _ I)F"“l) ® ﬁ(ﬂ)pm)p.

Replacing A(=1) by (I — 1)p + wA(=1) and A(é) by (p — 1)p + wA(3), for
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0<i<m-—1, we get
m-=1
TO(-1)+ = Dp+1D (FF(AG) + (= 1)p) +2™4)
=0
= Q((! - )p + wA(-1)) ® (Q((p — 1)p + wA(0))
& ®Q(p - Dp+wm—1)F"" @ V().

Now for v € X+ with v; — v, < p, the character of Q((! - 1)p+wv) is x((I—
1)p)s(v) and for v € X; the character of Q((p — 1)p + wv) is x((p — 1)p)s(v)
(by the argument of (1) or the GL, version of [33; Section 2, Example 1]).
Thus we get

m=1

chT(A(=1) + (1= )p+1 ) (F*(AG) - (p— 1)p) + 2™ 1))

i=0

_ m-1 . .
= x((1 = Dp)s(M=1))x )" T] x((e — D) s(A@))")F
=0
. m-—1 _,
= x((1 = D)p)s(A(=1)(x((e™ = Vp)x(w)*™ ] s(A@)*)*F
=0
m—1

= x((1p™ = Dp + ™ w)s(A(=D)(J] s
i=0

using the fact that x((I-1)p)x(#)" = x((I=1)p+Ip) and x((p—1)p)x(1)" =
x((p=1)p+pu), for u € X, by e.g. [58; equation (7’)] (or direct calculation).

Setting A = A(=1) + I ST 0! pA() we get

i=0
m-—1 .
ch T(A+(Ip™ — 1)p+1p™p) = x((Ip™ = Dp+1p™ w)s(M=D) [T s(r@)*)F.
i=0

To recapitulate, we have the following.

(2) Suppose that A(—=1), X(0),...,A(m=1),p € Xt with A\(=1);-A(—1)2 <
I, with A(3); — A(3)2 < p for 0 < i < m, and with yu; — ps < p. Then we have

m-—1 _,
ch T(A+(Ip™ = 1)p+1p™p) = x((Ip™ = Dp+Ip™ w)s(M=1))( [] s(x@)™)F-

i=0

Let a be a non-negative integer with (I, p) expansion

m-—~1
a=a_,+ Z Ip'a;.
i=0
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For a subset J of [~1,m — 1] we define a; to be the sum of the terms indexed
by J, i.e. we define a; to be a_; + 2_1#6.,11)’@,- if =1 € J, and to be
Yied Ipia; if =1 & J. Now let A = (A1, A2), suppose that A; — Ay > [—1 and
let m be the non-negative integer such that Ip™ — 1 < A\j — A < Ip™+! — 1,
We write Ay — A; in the form (Ip™ — 1) +a + Ip™b for (uniquely determined)
integers a,b with 0 < a < Ip™ - 1,0 < b < p. Let D = L(1,1) be the
determinant module. Then we have

T(X) = T(A1, A2) = DX @ T((A1 — A2)er)
> D%z @ T((Ip™ — 1)e1 + aeq + Ip™be,)
= DeCa=(r"=D) @ T((Ip™ ~ 1)p + acr + p™be)

and hence, from (2), we have

ch T(X) =D " x((A2 —(Ip™ = D))w)x((Ip™ —1)p + ac1—ay(e1~€3) + Ip™be1)

JC[-1,m-1]
= Z X(A2w)x((Ip™ — 1)e1 + aex — ag(eq — €3) + Ip™bey)
JC[-1,m~1]
= Y x(A-as(a-e)).
JC[-1,m-1]

Thus we have proved the following.

(3) Let A = (A, X2) € X*. If A — Ay < I —1 then T(A) = V(}). F
M—Xd>l—-1land Ay = Ay =lp™ —1+a+lp™b, witha < lp™ — 1 and
0<b<p, then for p € Xt we have

. _ 1, ifp=X—aj(ey —€) for some J C [-1,m —1];
(T(A): V() = {0, otherwise.

Now suppose that p = 0. A much shortened version of the above discussion
gives the following,.

(4) Let A = (A\1,X2) € Xt. If Ay — A2 < 1 -1 then T(A) = V(X). If
AM—d>l—-land A — A =1l—-1+a+1b with0<a< -1, then for
u € Xt we have

0, otherwise.

) vy = { b Fa=ord-ale =)
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This chapter is concerned with diverse topics in the representation theory of
¢-Schur algebra and connections with the Hecke algebra. We shall not give a
general introduction to the chapter but rather treat each section separately.

4.1 The Ringel dual of the Schur algebra

In [33] we determined the Morita type of the “Ringel dual” of the ordinary
Schur algebra S(n,r). The result was obtained with the aid of the Schur
functor from S(n,r)-modules to Sym(r)-modules. Another treatment, valid
in somewhat more generality, was given in [35; Section 5(2)], by making
the exterior algebra on the space of n X n-matrices into an (S(n,r), S(n,r))-
bimodule. This is the approach we take here. So the main point is to produce
an appropriate g-exterior algebra which is an (S(n,r),S(n,r))-bimodule.
This we do by brute calculation.

Note that B = V ® E is naturally an (M, M)-bimodule with left M-
module structure map structure map A : B — B ® A and right M-module
structure map p: B — A ® B given on b;; = v; @ ¢; by

A(bss) = Z bir @ cis
t=1

and n
p(bis) = Z cij @ bjs
i=1

for 1 < i,s < n. We have an induced (M, M)-bimodule structure on the
tensor algebra T(B) = @,2,B®". Let J = J(n) be the ideal of T(B)
generated by the elements

TI b%, forall1<i,s<n;

TII bishjt + bjsbi; foralll<i<j<n 1<s<t<nm;

TIII bishis + qbishis forall 1<i<m, 1<s<t<n

TIV bisbis+qbisbjs+(g—1)bjibis forall1<i<j<n, 1<s<t<n

Note that J is generated by all elements of the form TI-TIII together with
those of the form

TIV' bisbj: + qbjibis + bjsbis + gbisbj,, 1<i<j<n, 1<s<t<n.
Lemma 4.1.1 J is a subbimodule of T(B).

Proof We need to check that J is both a left and right submodule. This
may done in eight stages by checking that the generators of type TI-TIV
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map into J ® A under A and into A ® J under p. We label the calculation
showing that generators of type TI-TTV map into J® A under A by RI-RIV,
and the calculation showing that generators of type TI-TIV map into A® J
under p by LI-LIV. In RI-RIV the symbol = denotes congruence modulo
J ® A and in LI-LIV denotes congruence modulo A ® J.

LI For 1 < 7,5 < n we have

ML) =Y bikbir @ ciacis
Py

=) bikbi @ crecis + Y birbik ® ciscis

k< k<

= " (bixbi + gbitbir) @ ciscis
k<

=0

using AII from Section 1.2 and the fact that elements of types TI, TIII belong
to J.

RI For 1 < i,s < n we have

p(b?, = Z CikCil ® brsbis
k1

=) cikcit @ babis + Y circik ® bisbis

k<l k<l

=) cikcit ® (berbs + bisbs)
k<l

=0

using Al and the fact that elements of types TI, TII belong to J.

LI1X Let 1<i<j<nand 1< s<t<n Wehave

A(bisbjs + bjibis) = Z birbj1 @ crscrn + Z‘bjkbu ® Cricls
k1l k)l

= bikbjt ® cscre + Y bikbjk ® cisChe
k<l k

+ > bubjk ® ciscir + Y, bikbir ® cricis
k<l k<l

+ D bjkbik ® crrcks + Y bisbik ® ciecks.
k k<
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Moreover we have birbjr ® ciscrt + bjrbir @ cricks € A® J, by Al and TII.
Thus we have

A(bisbje + bjibis) = Z bixbj1 @ crscrr + Z birbjr @ crsciy
k<l k<l

+ Z birbit @ cricis + Z bjtbix ® crcs.
k<l k<l
If s =1t thisis
Z(bikbjl + gbirbjr + bjxbir + qbirbir) @ crscrs
k<l

by AII, and this belongs to J ® A, since elements of type TIV’ belong to J.
Now suppose s < t. We get

A(bishjs + bjibis) = Z bikbj1 ® ckscrs + qz bithjr ® cricis
k<l k<l

+ Z birbit @ cricrs + Z bj1bir @ crscie
k<l k<l

+(g— 1)) bjrbik ® crecis
k<l

by AII and AIIL In this the “coeflicient” of ciscr is bsxbjr + bjibix, which is
an element of type TII and so belongs to J, and the “coefficient” of cj:ci, is
qbirbjr + bjrbir + (¢ — 1)bj1bix, which is an element of type TIV and so belongs
to J. Hence we have A(bisbj; + bj1bis) € J @ A, as required.

RII Let1<i<j<nand1<s<t<n Wehave
p(bishjs + bjibis) = Z cikCj1 @ brsbu + Z cjkcit ® biibis

k)l k1

= Z cikcil ® brsby + Z CikCik ® brsbrs
k<l k

+ Z cirCik @ bisbrs + Z cikCit @ bribis
k<l k<l

+ D cikcik @ biibrs + Y circik @ biibys
k k<l

=) circit ® bpsby + Y cikcik @ brabre
k<l k

+ D cucik ® biabre +4 ) circi ® brsbis
k<l k<l

+4q Z CikCik ® brebis

k

+ Z cikCjt @ bpbgs + (¢ — 1) Z CitCik ® brbis
k<l k<l
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using AII and AIII. However, we have ¢;x¢ji ® brsbi + circji @ bisbps € AQJ
by TII and c;x¢jk @ brsbr: + qCikCik ® bribrs € A® J by TIIL. Hence we have

p(bisbe + bjibis) = Z Ci1Cik @ (bisbrs + qbrebis + (g — 1)bisby,)
k<l

which belongs to A ® J by TIV.
By similar, but somewhat more complicated calculations, which we leave
to the reader, one obtains:

LIII Forl1 <i<nandl<s<t<nwehave A(by by +gbithis) € J® A.
RIII Forl <i<nandl<s<t<nwehave p(b;b;:+qb;ib;s) € AR J.

LIV For1<i<j<nandl<s<t<nwehave A(bisbj: + qbith;s +
(q - l)bjtbis) eJ®A

RIV Forl1<i<j<mnandl<s<t<nwehave p(bisb;: + gbith;s +
(g —1)bjebis) € J @ A.

We have shown that elements of the form TI-TIV span an (M, M) sub-
bimodule of (V ® E)®2. However, p: T(B) —» A® T(B) and A : T(B) —
T(B) @ A are algebra maps sothat p(J) < A® J and A(J) < J ® A, as
required.

We write A(V ® E) for T(V ® E)/J. We write ¢ Ay for the product zy
in A(V ® E) (for z,y € A(V ® E)). Notice that J is a homogeneous ideal
for the natural grading of T(V ® E). Thus A(V ® E) inherits a grading.
We write A"(V ® E) for the rth component of A(V ® E), r > 0. We order
the basis v; @ e; for V@ E by v; Qe, < v;®e; if ¢ < jori = j and
s<t Let {vi®e; |1 <i<nl<s<n}={m,my...,mp}, with
my < mg < --- < my3. We leave it to the reader to check the following.

Lemma 4.1.2 Let r be a positive integer. The set {mp, A---Amp_|1<
h1 < hy <-- < h, < n?}isa K-basis of \"(V® E).

Let @ = (aj,a2,...) € P(n,r) (see Section 1.2). We define a map
ba : E®" — N"(E ® V) to be the k-map taking e; to (v @ €;,)A -+ A(v1 ®
Cia A2 ®€i, 1)) A Av2®eip, 4.,)) Ao Tt is easy to check that
¢ is a morphism of left M-modules. Furthermore, it follows from TI that
$ale;) = 0 if we have i; = igq4g forsomel<a<aoyora;+--+ap <a<
a1+ -+ A+ @me1 With m > 1. It follows from TIII that ¢, (e; +qes,) =0
ifig < ig4),forsomel <a<ayoran+--+ap <a<ar+-+om+amit
with m > 1. Hence ¢, induces an M-module homomorphism ¢4 : A*E —
AN (V ® E), satisfying $a(é,-) = ¢q(ei), for all i € I(n,r). It follows from
Lemma 4.1.1 that ¢, is injective and that A"(V ® E) = @ ¢ p(n ) IM(da).
In particular we get part (i) of the following. The second part is obtained by
the mirror argument.
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Lemma 4.1.3 (i) A"(E® V) = @ ,cp(nm A" E, as left M-modules.
(H)AN(EQV) = Dacpinr A°V, as right M-modules.

Suppose now that r < n. By 3.3(1), the left module T = A"(V®E)is a
full tilting module for S(n,r). We write S(n,r)’ for Endg(, r(T), the Ringel
dual of S(n,r). It follows, e.g. from 2.1(13), that the dimension of S(n,r)’
is independent of ¢ and the characteristic of k (cf. the proof of [35; Section
5(2)]). Hence, by [33; (3.7) Proposition], we have dim S(n,r)’ = dim S(n,r).
Now T is a polynomial right M-module of degree r, and hence a right S(n, r)-
module. We thus get a homomorphism 75 : S(n,r)°® — S(n,r)’, given by
n(s)(z) = zs, for z € T, s € S(n,r). It follows from the fact that the
coefficient space of V@ is A(n,r) that V®7 is a faithful right S(n, r)-module.
Moreover V" is a right M-module summand of A\"(V ®E), by Lemma 4.1.3,
so that A"(V ® E) is faithful and 5 : S(n,r)°® — S(n,r) is injective. Now
by dimensions we have:

(1) n:8(n,r)°P — S(n,r) is an isomorphism.

We have the involutory antiautomorphism J of the Hecke algebra H(r)
defined on the generators by J(T;) = T, for a simple basic reflection s.
For { = (41,...,4,) € I(n,r) we define d(i) to be the number of the set
of pairs (a,b) of elements of [1,7] such that ¢ < b and i; < 7. We de-
fine a bilinear form (,) on E®" by (ei,e;) = 6;;¢%%), for i,j € I(n,r).
Note that (, ) is symmetric and non-degenerate (since ¢ # 0) so we have
an involutory antiautomorphism J' : Endy(E®") — End;(E®"), given by
(€ei,ej) = (e, J'(€)ej), for & € Endi(E®) and 4,j € I(n,r). Now the natu-
ral representation S(n,r) — End;(E®") is faithful and the image is exactly
the centralizer of the action p : H(r) — End;(E®"), given in [18; Section
3.1]. Moreover, it is easy to check that (p(T)e;, e;) = (es, p(Ts)e;), for sim-
ple reflections s and all 4,5 € I(n,r). It follows that if ¢ € Endg(E®")
then J'(§) € Endg(E®"). Thus we obtain, by restriction, an involutory
antiautomorphism of S(n,r), also denoted J'.

We claim that, for r < n, we have J'(§) = J(€), for all £ € H(r) <
S(n,r). It suffices to prove this for § = T;,, 1< a<r. Weput T =T;,. We
must show that (Te;, e;) = (ei, Te;) for all ¢,j € I(n,r). We have

(Teiye;) = Y, T(eni)en,e;) = ¢*IT(css)
hel(n,r)
and similarly ‘
(e;, Tej) = qd(’)T(c,-j).
Furthermore, for z,y € I(n,r), we have T(czy) = &€u us, (Czy) = 0 unless both

z and y have content w. Thus it suffices to show that qd(“")T(cua,w) =
qd(“”)T(cu,,,w), ie.

ql(”)T(Cuc',uW) = ql(a)T(Cumuo) (%)
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for all 7,6 € Sym(r).
We have

Vuol = v, T, Ty,

_ S vuTys,, if i{osq) > l(o);
T quuTos, + (g = D T,, ifl(os,s) < (o).

Equating coefficients of v,, we get

T(c ) - eu,uos,, (cu,uvr), if I(O’Sa) > I(O’);
YuT) = gy wose (Conr) + (7 = Déuno(Cunr), if i(oss) < U(a),

ie.
T(C ) = 603.;,#; if I(O'Sa) > I(U)’
“OETET | €60sa,r + (0= Déor, if l(asq) < (o).

Hence we also have

T(cur o) = { T0 if I(7sq) > I(7);
T\ rsao + (4= Doy i U(ms) < U(m).

Thus both sides of (*) are 0 unless 6s, = 7 or ¢ = 7, and both sides are
equal in the case ¢ = 7. If 65, = m and I(¢) < I(7) then both sides of ()
are ¢'(™). If ¢s, = 7 and I(¢) < I(r) then both sides of (*) are ¢'(?). This
completes the proof of the claim. By abuse of notation we now write J for
J.

For £ € S(n,r) and %,5 € I(n,r) from (€e;,e;) = (ei, J(€)e;) we obtain
¢ji(€)q%9) = ¢;;(J(£))q?®. In particular, for h € I(n,r) we have ¢;;(€nn) = 0
for i # j and ¢;;(€pp) = bpi. It follows that J(€4) = €4, for all & € A(n, 7).

Remarks (i) Given a finite dimensional left H(r)-module U we write U°
for the dual space Homy(U, k) regarded as an H(r)-module via the action
(h8)(u)= 6(J(h)u), for h € H(r), 8§ € Homy(U,k) and u € U.

(ii) Given a finite dimensional left S(n,r)-module U we write U° for the
dual space Homy (U, k) regarded as an S(n, r)-module via the action (h8)(u)=
6(J(h)u), for h € S(n,r), 8 € Homy(U,k) and u € U. We call U° the
contravariant dual (see [51; Section 2.7] for the classical case). Since J(€q) =
o, for o € A(n,r), the character of U® is equal to the character of U. Hence
we have L())° = L(}A), for all A € A*(n,r). Moreover, since J : H(r) —
H(r) is the restriction of J : S(n,r) — S(n,r), we have (fU)° = fU°, for
U € mod(S(n,r)). Since J is an involution on S(n,r) the natural linear
map U — (U®)° is an S(n,r)-module isomorphism. Note also that the
natural isomorphism ¢ : E®" — (E®")°, given by ¥(e;)(e;) = (e, ej), for
i,j € I(n,r), is an S(n, r)-module isomorphism.

Combining the antiautomorphism J with n we get, from (1), the follow-
ing.
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Proposition 4.1.4  We have a k-algebra isomorphism ¢ : S(n,r) —
S(n,r) given by 8(¢)(z) = zJ(€), for £ € S(n,r), ¢ € E®".

We have the functor F : mod S(n,r) — mod S(n,r), satisfying

F(V) = Homg(y (T, V), for V € mod S(n,r). We thus have the functor
F:mod S(n,r)—mod S(n, r) satisfying F(V)=(FV)? (for V € mod S(n,r)),
the S(n, r)-module obtained from FV by composing the action S(n,r) —
Endg(FV) with 8 : S(n,r) — S(n,r). For a € A(n,r) we put £, = 8(£,).
An easy check reveals that ¢/, is the identity map on Im(¢,) = A“E and is 0
on Im(¢g) = APE, for B # . Now the arguments of the proof of [33; (3.8)
Corollary and (8.9) Corollary] give the following.

Proposition 4.1.5 Assumer < n.

(i) We have F(V (X)) = A(X), for A € At(n,r).

(i) For A, € At (n,r) we have (T(A) : V(p)) = [A(¢') : L(X)].
(iii)OExt'(;(V(/\),V(p)) =~ Exth(AN),A)), for all A,p € A*(n,r) and
> 0.

Finally we record the following results for use later.

Proposition 4.1.6 For A € A*(n,r) we have A(X)® = V()) and V())° =
A(X).

Proof Since A()) has head L()) the contravariant dual A(A)° has simple
socle L(A) and the same character as V(}), and hence A())° = V(A) (cf. the
argument of [36; Section 4(1)]).

Proposition 4.1.7 For a € A(n,r) we have (A\“E)° % \“E.

Proof From Proposition 4.1.6 we get that & € A(n,r) and (A“E)° = A°E
are tilting modules with the same character and are hence isomorphic.

One can also construct a more elementary proof by showing that the
image of the natural embedding AE — E®T is orthogonal to the kernel
of the natural map E®” — A®E and hence the form on E®" induces a
non-singular bilinear form (, )o : A“E x A”E — k such that (éz,y)s =
(2, J(€)Y)a, for all z,y € A\“E and £ € S(n,r).

4.2 Truncation to Levi subgroups

We now consider the effect of truncation to Levi subgroups on modules and

decomposition numbers. Let a = (ai,....an,) be a composition of n. We
associate to a a subset X, of the set Il = {ay,...,0n_1} of simple roots. We
define T, to be the set {aj,...,qa,-1, % 41, Xay+az—1> Xaytas+ls - -}

The assignment a +— X, defines a bijection between the set of composi-
tions of n and the set of subsets of II. We now fix a subset X of II with
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corresponding composition a = (ay,...,an). We write Pg,Gx and By for
the subgroups of G denoted P(a),G(a) and B(a) in [36; Section 2]. We
shall study truncation mod(G) — mod(Gg). We write X for the set de-
noted X*(a), in [36; Section 2], we write Lg(A) for the Gg-module de-
noted Lo(A) in [36; Section 2], and write Vg(A) for the induced module
Ind vka, for A € X&. We shall now describe the character of V(). For
o= ea — €41 € IT we write s, for the transposition (@,a + 1) and Wyg for
the subgroup of W = Sym(n) generated by s4, @ € . For A € X we write
As(A) for 3, cw,, sen(w)e¥?. Then Ag(]) is divisible by As(p) in ZX and
we write xz(X) for the quotient Ag(A + p)/As(p). For =M and A € Xt
we have xs(A) = x(A) and by [36; Theorem 3.6] we have ch V(X) = x(})
(Weyl’s character formula). For A(1) € X*(a1), A(2) € X*(as), ..., and
A =(A(1),A(2),...) (the concatenation) we have A € X&t. Moreover, via the
natural isomorphism G(a) — G(al) x G(as) X - - - the module Indggkj\ iden-
tifies with IndBEa‘;kA(l) ® IndB(a )kA(Z) ® - --. From this (or arguing directly

from [36; Theorem 3.4] (Kempf’s vanlshlng theorem) as in the classical case
[29; Section 2.2]) one obtains:

(1) For any A € Xx we have ch Vg(X) = xz(A).

For A,u € X we write A >5 u to mean that A — x4 has an expression
Y wes Ma® With r4 > 0, for all a € . We write A >z p to indicate that
A>s s and A # p. It follows from (1) that A >x p for every weight p
of V() different from A, and since Lg(A) embeds in Vg(A) we also have
A >3 p for every weight u of Lg()) different from A.

(i) If Extp,_(Lz()), Vs(u)) # 0 then A > p.
(i) If Extg, (Ls()), Le(i)) # 0 then A — p € ZX.

Proof (i) We have R’IndPEk = 0 for all ¢ > 0, by [36; Theorem 3.4]. It
follows from [36; Propos1t10n 1 1] that Exty(Ls(A),ku) # 0. Thus we get
v > u for some weight v of Lg()), by [36; Lemma 2.8(ii)], and since A > v
we have A > p.

(i) We have a short exact sequence of Gg-modules

0 — Ls(u) = Vs(u) = Q — 0.

Applying Homg,,(Lg()), —) we obtain that either Homg (Lz()), Q) # 0 or
Extg (Ls(A), Vs(u)) # 0. In the first case we have that A is a weight of
Vs(p) and hence A—p € ZX. So we suppose Exth(Lz(,\), Vs(u)) #0. We
have RiIndggk,, =0 for all ¢ > 0, by [36; Theorem 3.4 and Lemma 2.12].
It follows from [36; Proposition 1.1] that Extp_(Lz(}), k) # 0. Thus we
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get v >z u, in particular ¥ — y € ZX, for some weight v of Ls(A), by [36;
Lemma 2.8(ii)], and since A — v € ZX we have A — y € ZX.

We now define submodules of Gg-modules and filtrations of Ps-modules
as in [29; Section 3.3]. We define an R-linear map f : R®z X — R by setting
f(a) =0 for @ € £ and f(a) =1 for @ € I\Z. Let » € R. For a T-module
V we define Fg)V to be the sum of the weight spaces V# with f(u) = r. We
define F'V to be the sum of all weight spaces V# with f(u) < f(}).

(3) (i) KV is a Gg-module then F(")V is a Gg-module summand.
(ii) If V is a Ps-module then F'V is a Pg-submodule.

Proof In both (i) and (ii) we may assume that V is finite dimensional. For
A € Xz the Gz-module Lg(A) embeds in Vg(A). It follows from (1) that f
is constant on the weights of Vg(A) and hence on the weights of Lg(A). In
proving (i) we may assume that V is indecomposable. But then (2)(ii) gives
that f is constant on the weights which occur as composition factors of V
and hence, by the above remarks, constant on all weights of V.. Thus Fy
is either 0 or V and so certainly a module summand.

We now turn to (ii). If V is simple we have V = Lg()) for some
A € X5. Then we have F'V = V if f(A) < r and F'V = 0if f(A) > 0. Now
assume that V is not simple and the result holds for all modules of smaller
dimension. Clearly we may (and do) assume that V is indecomposable. Let
S be a simple submodule of V. We have F"(V/S) = U/S for some submodule
U of V and we get F"V = F"U. Thus we are done unless F"(V/S) = V/S.
Thus we may assume that f(A) < » for every composition factor Lg(A) of
V/S. By indecomposability we thus have Ext};E(Lz(/\), Lz(p)) # 0, for some
A € X5 with f(A) < r, where S = Ly(u). We have a short exact sequence
0 — Lg(p) — Ve(p) = Q — 0. Applying Homp,(Ls(A), —) we deduce that
either Lg()) is a composition factor of Vg(u) or that Ext};E (Lg(X), V() #
0. The first possibility gives A — u € ZX and hence f(A) = f(u). The second
possibility gives A > p and hence f(A) > f(u). Hence we get S < F"V and
so f(v) < r for every weight v of V, and therefore F"V = V.

Fix an element A € X&. It follows from (2)(ii) that if V is a finite
dimensional indecomposable G'g-module which has A as a weight then for
each weight p of V we have A—y € ZX. It follows that if V is any rational G-
module then ¢ x »_,cz5 V* is a Gs-submodule. We thus obtain an exact
functor T3 : Mod(G) — Mod(Gg) such that TryV = D ex r—pezs V¥, for
V € Mod(G). We call Tr3 the (), Z)-truncation functor.

(4) For p € Xt we have:
. v , fA—pels;
G) THAV(p) = {0’2(/") 1 H

otherwise
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and

.. A _ Lz(/.t), ifA—p€els;
(i) TrpLin) = {0, otherwise.

Proof (i) By the argument of [27; p. 230] we have that the character of
FAV(p)ischxs(p)if A\—p € ZT and is 0 otherwise. Thus we get FAV(¢) = 0
if A\— p ¢ ZX. Suppose that A — y € ZE. Then by [36; Section 4, (3)(ii)],
V(1) has a Gg-module section isomorphic to Vg (g). It follows that Vg (p) is
a section of FAV(y) and since ch FAV(u) = xz(u) we get FAV(p) = Vz(u)
(ii) We have an embedding L(y) — V(u). Hence Tr3L(pt) embeds in TrEV(u)
and so Try L(p) = 0if A\—p & ZX. Now suppose A—p €ZT. Then Try = Trk,
so may assume A = y. Since V() = Tr) has a simple Gg-socle Lg()) so
has FAL(p). Let r = f(A). Since A is the unique highest weight of L(})
we have F"L()) = Tr)‘ sL(}) and L(}) = P,<, FG)L()). Thus we have
L(A) = U@ Try L()), where U = Yos<r FPL(A). Since Tr3L(A) has a simple
Gxz-socle Lz(A) we have that L(A)/U has a simple Pg-socle Lx(A). Sup-
pose that Ly(v) occurs in the Pg-module head of L(A)/U. Then we have
Homp,(L(A), Le(v)) # 0 and hence Hompg(L(A),Ve(v)) # 0. Thus, by
Frobenius reciprocity and transitivity of induction, we have

Homg(L()),Ind$k,) = Homg(L(/\),IndgEIndgEk,,)
= Homp, (L()),IndE2k,) # 0.

Thus Ind$k, # 0, giving » € X+, and Homg(L(}), V(v)) # 0, giving A = v.
Thus L(/\)/U has a simple socle isomorphic to Lz(A) and moreover Lx(A)
also occurs in the head of L(A)/U. Since A occurs with multlpllclty lasa
weight of L(A) we must have L(\)/U = Lz()). Hence we have TryL()) =
Lz(X).

We write [Vg()) : Vg(g)] for the multlphclty of Ly(p) as a Gz-module
composition factor of Vg(A). Applying ’I‘rz to a composition series of V()
we deduce the following analogue of [27; Section 2, Theorem].

(5) We have [V()) : L(p)] = [Vs(X) : Lg(p)], for A, p € X+ withA—p €
7x.

Now suppose n = h+ 1 and put ¥ = {a),...,ap-1}. Let A,y be parti-
tions of r into at most h parts. Then we have A— 4 € ZX and hence we have
[V(A) : L(p)] = [V=(XA) : Le(p)]. Now we have the natural isomorphism
G(h) x G(1) — Gg = G(h,1). Writing now Vu(v) for the induced G(h)-
module and Ly(v) for the simple G(h)-module of highest weight » € X*(h)
we have that Vg()A) identifies with V4(A) ® k and Lz(p) identifies with
Lp(p) ® k (where k denotes the trivial G(1)-module). It follows that the
multiplicity of Lg(p) as a composition factor of Vg(A) is equal to the multi-
plicity of Lp(p) as a composition factor of V(A). Thus we have the following
analogue of [51; (6.6e) Theorem (i)].
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(6) Let XA and p be fixed partitions of r. The composition multiplicity
[V(A) : L(p)] is the same for all quantum groups G(n) such that A and p
have at most n parts.

We denote this stable composition multiplicity [A : p].

Let A € X5z have non-negative entries. We can write A uniquely as the
concatenation A = (A(1),...,A(m)), with A(¢) € Xt(a;),for 1 < i < m. We
similarly write g = (p(1),...,p(m)) € Xz, where g(1),...,p(m) also have
non-negative entries. Identifying V(A) with V4, (A(1)) ® --- ® Vg, (A(m))
and L(p) with Lg, (1(1)) ® -+ - ® L, (#(m)) we get:

(7) [V=(A) : V()] = TTL [AG) « #())-
Thus from (5) we have:
(8) IfA—p€ZX then [A: p] =TT, [AGE) : £(9)).

Suppose that A = (Ay,...) and g = (p1,...) are partitions of r. We
say that the partitions (A, #) admit a horizontal h-cut if we have Ay +--- 4
Ap = g1+ -+ pp. Put A(R) = (Aq,...,An), AB(R) = (Ap41, Ant2,...) and
p(h) = (1, -+, 1), #¥(h) = (#a+1, #at2, .. -) (the top and bottom parts of
A and p). Taking X corresponding to the composition (h,n — k) of n we get:

(9) IfX and p are a pair of partitions admitting a horizontal h-cut then we

have [A : p] = [X*(h) : p*(R).[N(R) : ¥(R))].

This is a g-analogue of [28; Theorem 1] (generalizing James’s result on row
removal for decomposition numbers,[55]). The result was also proved for ¢
a prime power in [57], and the argument given there is valid for arbitrary
(non-zero) g.

We now discuss the effect of truncation on tilting modules. We first note
that mod(Gg) has a tilting theory. For A € X*(n) we write T,(}) for the
tilting module for G(n) of highest weight A if we wish to emphasize the role of
n. We write V € F(Vg) to denote that V is a finite dimensional Gs-module
which has a filtration with sections isomorphic to Vg(2), for various A € Xs.
We write wy for the longest element of the Weyl group Wg. For A € Xz
we write Ag(A) for the dual module Vg(—wgA)*. It follows from (1) that
ch Ag(X) = ch Vg(A) = xz(XA). We write V € F(Agx) to indicate that V is a
finite dimensional Gg-module which has a filtration with sections Ag(}), for
various A € Xx. We write V € F(Vg) N F(Ag) to indicate that V € F(Vx)
and V € F(Ag). It follows from the natural isomorphism G(a;) x --- X
G(am) — G(a) = Gx and the first paragraph of Section 3.3, that for each
A € Xy there is a unique (up to isomorphism) indecomposable module Tx ()
such that Tx()) € F(Vg)NF(Ag) and that Tx(A) has unique highest weight



4.2 Truncation to Levi subgroups 89

A and this weight occurs with multiplicity 1. We call T(A) the tilting module
for Gz of highest weight A. We write (Tx(A) : Vg(p)) for the multiplicity
of Vx(i) as a section in a filtration of Tx(A) with all sections of the form
Vz(v) (for various v € Xg). Note that (Tx(}A) : Vz(p)) is independent of
the choice of such a filtration as it is the coefficient of x5 () in an expression
of chTx(X) as a linear combination of xz(v)’s (v € Xg). It follows from
the natural isomorphism G(a;) x -+ X G(am) — G(a) = Gy that we may
identify Tx(A) with T,,(A(1))®: - -® T, (A(m)), where X = (A(1),..., A(m)),
with A(1) € X*(a1),...,A(m) € X*(a,,). Writing y € Xy also in the form
g = (p(1),...,p(m)), with (1) € X*(ay),...,u(m) € X+ (m) we obtain:

(10) (T2 : V(w) = T121(Ta, (M) : Ve, (4(3)))-

Furthermore, the arguments of [33; (1.5) Proposition and (1.6) Corol-
lary] go through essentially unchanged and we obtain we obtain the following
results.

(11) Let A€ X+,

(1) U € F(A), V € F(V) and every weight of U and V is < A then the
map Homg (U, V) — Homg,(TraU, TrxV) is surjective.

(ii) For A € X+ we have TraT(A) = Ts()).

(12) For A € Xt and u € X5 we have

otherwise.

(Ts() : Va(w) = { (TO): (), ity € X+ and A — p € I;

In particular, if we have that n = h 4+ 1 and A, u are partitions of h, taking
Y = {aj,...,an-1} and arguing as in the paragraph preceding (6) we get
that (Tn(A) : V() = (Ta(A) : Va(p)). Thus we have:

(13) Let X and p be fixed partitions of r. The filtration multiplicity (T'()) :
V(w)) is the same for all quantum groups G(n) such that A and p have at
most n parts.

This gives the following version of Proposition 4.1.5(1) without restrictions
on n and r:

(14) For A, € A*(n,r) we have (T(X) : V(p)) = [¢ : X'].

Suppose that A, u are partitions of 7 and let X = n, u’ = (. We say that the
pair (A, #) admits a vertical h-cut if the pair (7,{) admits a horizontal h-cut.
We put X (k) = *(h), A"(h) = n*(h) and g'(h) = C(R)', u"(h) = ¢b(hY
(the left and right parts of A and p); for a pictorial representation see [28;
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Section 1]). Now we have [A : y] = (T(¢') : V(X')), by (14), and applying (12)
and (10) with £ = {a1,...,ap-1,Qp41,...,an-1} we get (T(¢') : V(X)) =
(Th(E' ()Y : VRN (R))(Ton (" (R)) : Tn-n(N"(R)'). Reformulating this
equation via (14) we obtain the following.

(15) If A and p are a pair of partitions admitting a vertical h-cut then we
have [A : u] = [A(h) : g (R)).[A(R) = " (R))].

This is a ¢ analogue of [28; Theorem 2] (generalizing James’s result on column
removal for decomposition numbers,[55]). It was proved, in case the case in
which ¢ is a prime power, in [57]. It may also be deduced from (9) by
dualizing, as in [28].

We now give (in (17) below) a homological analogue of (5). This will
be not be used in this book, so we shall be brief with the details. For the
case ¢ = 1 (for arbitrary reductive groups) see [46; (4.3) Corollary]. For
the moment let G be an arbitrary quantum group over k and let G be a
quotient group (i.e. k[G] is a sub Hopf algebra of k[G]). For V € Mod(G)
we obtain inflation maps H'(G,V) — H!(G,V) in the following manner.
Choose an injective G-module resolution 0 — k — Ey — E; — --- of the
trivial G-module and an injective resolution 0 — k — Fg — F} — --- of the
trivial G-module. Then (by injectivity) there are G-module homomorphisms
E; — F;, 1 > 0, such that

0 — k& — Ey — E — .-

! | | !

0 - k& - Fp — F — .-
commutes. Let V € Mod(G). Calculating H*(G,V) as the homology of
the complex 0 = V® Ey — V ® E; — --- and H*(G,V) as the homology
of the complex 0 — V® Fp — V ® F; — --- we obtain induced maps

Hi(G,V) — H!(G,V), for i > 0.

We now identify G5 with a quotient of Py via the natural map Py — Gyx.

(16) Suppose that all weights of the Gg-module V lie in ZE. Then we have
HY(Gg,V) = Hi(Pg,V), for all i > 0.

The morphisms H!(Gg,V) — Hi(Pg,V) constructed above commute
with direct limits so we may suppose V finite dimensional. Certainly we
have H%(Gg,V) = H%(Pg,V) so the result is true in degree 0. We suppose
now that ¢ > 0 and the result holds in degree ¢ — 1 for all finite dimensional
Gg-modules (satisfying the hypotheses). Consider first the special case V =
Vs()), where A € X5 and A € ZZ. We get H¥(Gg, Vs())) & H¥(Bg, k») and
Hi(Ps,Vs(X)) = HY(B,ky), by [36; Theorem 3.4] (Kempf’s vanishing theo-
rem) and Lemma 2.12. If either of these cohomology spaces is non-zero then
we get A < 0, by [36; Lemma 2.8]. Since A € ZE we get A = — 3" s rac,
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where ro > 0 for o € ¥ and rg # 0 for some 8 € £. However, this is
incompatible with the condition A € Xz. Thus we have H*(Gg, Vs(})) =
Hi(Pg, Vs())) = 0. Hence we also have Hi(Gg,V) = Hi(Pg,V) = 0, for
every Gz-module which is filtered by Vg(A), A € Xz NZE. Now let V be a
finite dimensional G'g-module such that all weights of X belong to ZX. We
claim that V' embeds in a finite dimensional Gx-module which has a filtration
with sections of the form Vg(A), A € Xs NZX. If Uy, Uy are submodules
of V and V/U; embeds in Z; and V/U; embeds in Z; then V embeds in
Z1 @ Z3. We may therefore suppose that V has a simple socle Lg()) (with
A€ Xy NZX). Let p(l),...,u(r) € Xz be the set of maximal weights of
V and let m be the set of weights ¥ € X5 such that v < p(i) for some
1 < i< r. Wesay that a Gg-module Y belongs to 7 if all composition
factors of ¥ come from {Lx(v) | v € m}. For an arbitrary Gg-module Y
we write Ox(Y') for the largest submodule belonging to #. We write Ig(A)
for the Gs-module injective hull of Lx(X). Let Z = Of(I(A)). Then Z is
a finite dimensional submodule of Ix(A) and has a filtration with sections
belonging to {Vs(v) | v € Xg}. Moreover for each section Vg(v) occurring
we have A <3 p(i), for some ¢, which gives v € Xy NZXE. Now we have an
embedding Lx(A) — V and this extends (by injectivity) to an embedding
V — Ig(A) and hence to an embedding V = O(V) — O<(Ig(A)) = Z. This
proves the claim. Thus, for V a finite dimensional G'z-module with weights
in 2%, let Z be a finite dimensional Gg-module containing V' such that Z
has a filtration with sections Vg(v), v € Xg NZX. Let @ = Z/V. Now we
have H(Gg,Y) = H*(Pg,Y) for all i > 0 by the case already considered.
Thus for ¢ = 1 we have a commutative diagram

0 — HY%Gs,V) — HGs,Y) — HYGz,Q) — HGs,V) — 0
! ! ! !
0 — HO(PEaV) - HO(PE:Y) - HO(PE:Q) - HI(PE’V) - 0

with rows exact and the first three vertical maps isomorphisms. Hence the
map H!(Gg,V) — H!(Pg,V) is also an isomorphism. For i > 1 we have, by

dimension shifting, H!(Gg, V) = Hi"1(Gx,Q) and H'(Pg,V) = Hi(Pg, Q),
from which the result follows by induction.

Now the arguments of [46; Section 4] (including the arguments used in
the results cited from [29]) go through without change and we get:

(17) For A\, u € X+t with A — p € ZX and all i > 0 we have

Ext, (Vz(A), Vs(r)) = Extp, (Vs()), Ve(n) = Exta(V(R), V(p).

We conclude this section by giving a description of S(n,r), for general
n,r, as a generalized Schur algebra (cf. [33; (3.11) Proposition]). Suppose
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that # C o are finite saturated subsets of X*. Then we have generalized
Schur coalgebras A(7) < A(0) (see [36; Section 4]) and the restriction map
Res : S(¢) — S(=) between the generalized Schur algebras We have the
(T, T)-weight space decomposition A(¢c) = D, e AA(n,r)%. For a € Wo
we define £, € A(6)* = S(o) to be the projection onto *A(s)* followed
by the evaluation map. (Note that this coincides with our use of the sym-
bol €, in Chapter 2, in the case ¢ = At(n,r), ie. S(o) = S(n,r).) Then
1= EQEW o £o 18 decomposition of 1 as a sum of mutually orthogonal idem-
potents. By the argument of [33; (3.3) Lemma] we get the g-analogue of that
result:

(18) Res : S(¢6) — S(m) induces an isomorphism S/SeS — S(w), where
S=S5(c) and e = ZaeWa\Ww €a

Now let n,r be arbitrary and choose N > r and n. Let E denote the the natu-
ral left M (N)-module and let V' denote the natural right M (N )-module. Let
T= /\T(E® V) and S(N,r) = Endgn)(T). Let & = {al, ey Ome1h, A=
Ne¢y and Trz The natural map S(N,r) — EndGz(TrzT) is surJectlve by
(11)(i). Moreover we have (as in [33; p. 57]) Endg,, (Tr3T) = EndG(n)(TrzT)
and T is a full tilting module for G = G(n). Thus, we obtain a surjective al-
gebra map ¢ : S(N,r) = S(N,r) — S(n,r) = Endg(’I‘rzT) where the first
map is the map 6 of Proposition 4.1.4. Arguing as in the proof of [33; (3.7)
Proposition], we obtain that the kernel of ¢ is exactly S(N,r)eS(N,r), where
¢ = Ecve/\(N:7‘)\Sym(N)A“'(n,7‘)' o (and A*(n,r) = {o' | @ € At(n,r)}).
Hence, by (17), we obtain the following general form of Proposition 4.1.4.

(19) Let n,r be arbitrary and N > n and r. Then the Ringel dual S(n,r)’
is naturally isomorphic to the generalized Schur algebra S(w), determined

by the quantum group G(N) and the saturated subset # = A*(n,r)’ of
At(N,r).

Remark Using the cell structure of the Hecke algebra, Du, Parshall and
Scott have recently also obtained a similar result, and also a proof of (14)
above in the case n = r, see [44; (7.9) Theorem and (8.3) Proposition].

4.3 Components of E®"

We now wish to consider some connections between representations of the
Schur algebra and the Hecke algebra. It is convenient to first consider which
modules occur as components of E®". Throughout this section we assume
r<n Letw=(1,1,...,1,0,...,0) € A(n,7).. Recall the definition of
At (n,r)row and At (n,7)cq from 0.18.

(1) Let A€ A*(n,r). If L(A)¥ # 0 then A € At (n,7)cal.
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Proof If ¢ is not a root of unity or k has characteristic 0 and ¢ = 1 then
there is nothing to prove.

We now assume that ¢ is a primitive /th root of unity and suppose first
that { > 1. We write A = g + lv, with g € X; and v € Xt. By Steinberg’s
tensor product theorem we have L()) = L(i) ® L(v)F, where F: G — G is
the (quantum) Frobenius map. Then p € A*(n, s) and v € At(n,t) for some
s,t with r = s+1t. The weights of L(\) thus have the form o413, where « is
a weight of L(y) and S is a weight of L(v). If w = a+18 we deduce that § = 0
and @« = w. Thus ¢t = 0 and v = 0. Hence A € AT(n,r) N X; = A*(n,r)cal-
Similarly, if { = 1 and % has characteristic p > 0, writing A = g+ pr and using
the (ordinary) Steinberg tensor product theorem we get A € At (n, r)col.

For A € At(n,r) we denote by I()) the injective envelope of L()) and
by P()) the projective cover of L()), as S(n,r)-modules. Recall that for
V € mod S(n, r), we have the contravariant dual V°, defined in Section 4.1.

(2) (i) For X,Y € mod S(n,r) we have
HomS(n,r)(X,Y) = Homs(n’r)(yo,Xo)‘

(ii) We have P()\)° = I()) and I(X)° = P(]), for each X € A*(n,r).
(1ii) We have (E®T)° = E®r.

Proof (i) This is true because J : S(n,r) — S(n,r) is an antiautomor-
phism.

(ii) It follows from (i) and the fact that J : S(n,r) — S(n,r) is an involution
that P € mod S(n, r) is projective if and only if P° is injective. Now L(A)° is
a simple S(n,r)-module and ch L(A)® = ch L()) (see Remark (ii) of Section
4.1). Hence we have L(A)° = L()). Now P(])) is a projective module with
socle L(A) and hence P())° is an injective module with socle L(A)° = L())
and so we have P())° = I()).

(iii) See Remark (ii) of Section 4.1.

To make further progress we need the following, which is a well known
property of symmetric functions.

(3) We have (A®E : V(X)) = (S°E : V())) for all « € A(n,r) and A €
At(n,r).

Proof Since chS®E = chSPE and ch \°E = chA\°E if B € A(n,r) is
obtained by rearranging the parts of a, we may assume that a € AT (n,r).
Let ey, e3,... denote the elementary symmetric functions and hy, hs,... the
complete symmetric functions in infinitely many variables z1,%3,..., as in
[63; I}. For any partition A = (A1, A2, ...) we have symmetric functions ey =
€x,€x5 -+ hy = hx,ha, ... and the Schur function sy (see [63; I, Sections
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2 and 3]). We identify the character of an S(n,r)-module as a symmetric
function in the n variables z, = e(ey),. .., 2z, = e(¢en). Restricting the Schur
function s to n variables we obtain the character x(}), for A € A*(n,r) (see
(63;1, (3.1)]). We write e, and h, as linear combinations of Schur functions:

o = E axsy and h, = E brsy.

AeAt(n,r) A€A+(n,r)

Now there is the ring automorphism & (denoted w in [63]) on the ring of
symmetric functions, defined by &(e,) = h,, for » > 1. Furthermore we
have &(sx) = sas, for all partitions A, by [63; (5.6)]. Applying & to the
above equations we get by = ays, for all A € A*(n,r). Restricting ey to n
variables gives ch A°E and restricting ho gives ch S*E so we get ch A°E =
Loneat(nr) WX(A) and chS¥E = 37, p4(n @ X(X). Thus we get (A\°E :
V(X)) = (S*E : V())), for all A € A*(n,r), as required.

For modules Y, Z of finite length with Z indecomposable we write (Y | Z)
for the number of components of Y isomorphic to Z in a decomposition of
Z as a direct sum of indecomposable modules.

(4) Let A € At(n,r).

(i) We have (S°E | I(X)) = (AYE | T(X)) for all « € A(n,r). In particular
I()) occurs as a component of E®" if and only if T(\') occurs as a component
of E®T.

(ii) The following are equivalent:

(a) I()) is projective;

(b) I()\) occurs as a component of E®";

(c) I(}) is a tilting module;

(d) L(\)* # 0.

Proof (i) As in the proof of (3) we may assume that « is dominant. For
a, p € A*(n,r) we have

Y. U@ :VE)S*E|Iw)= Y (TC):VENAE|TW)),

veAt(n,r) veAt(n,r)

le.

Y. WA EIE)= Y k:AAE|TE)),

veAt(n,r) veAt(n,r)

by Proposition 4.1.5 and [36; Section 4, (6)]. The matrix ([ : V]), vea+(n,r)
is invertible (in fact unitriangular) so we get (I(1) | S*E) = (A*E | T(1')),
for all p € At(n,r).

(ii) Suppose that I()) is projective. We have Homg(L()), S*E) & L(M)* #
0 and hence L(\) embeds in S*E. Thus I()) is a component of S*E so
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there is an epimorphism S*E — I()). Composing with the natural map
E®" — S*E we get an epimorphism E®" — I()). By projectivity this
map splits and so I()) occurs as a component of E®”. If I()\) occurs as a
component of E®” then it is tilting module, by 3.3(1). If I(}) is tilting module
then I()) embeds in A“E, for some o € At(n,r), by 3.3(1). Tensoring
together natural embeddings A“E — E®?, [36; Lemma 3.3(i)], (where a
runs over the components of a) we obtain an embedding A“E — E®" and
hence an embedding I()A) — E®". By injectivity this splits, so I()\) occurs
as a component of E®". If I()) occurs as a component of E®" then it is
projective, by 2.1(7). Thus (a), (b) and (c) are equivalent. Now I()) occurs
as a component of E®" if and only if Homg(L()), E®") # 0. By 2.1(8) this
holds if and only if L(A)* # 0 and so (b) and (d) are equivalent.

We now describe explicitly the set of A € A*(n,r) which satisfy (4)(ii).
We shall need a couple of preliminary remarks.

(5) (i) Let H be a quantum group over k. Let g be a group-like element of
k[H] and let L, be the corresponding 1-dimensional H-module. (Thus the
structure map takes ¢ € Ly tox®g € Ly ® k[H].) Suppose further that k[H]
has a k-basis f;, ¢ € I, such that gf;g~! is a scalar multiple of f;, for each
tel. U VEModH,if¢ :UQV — VU is an H-module monomorphism
and if L is a submodule of U isomorphic to Ly then {v € V | ¢(L®v) < vQL}
is an H-submodule of V.

(ii) For H = B or Bt every group-like element of k[H| has the property
described in (i).

Proof () Let Vo={veV |¢(L®v)<v®L} Wehave gfig~! = \ifi,
for scalars A;, i € I. We have L = kug, for some ug € U satisfying 7y (ug) =
o ® g. Now suppose that v € Vj, ¢(up ® v) = a(v ® ug) (with « € k) and
that 7v(v) = >, v; ® fi. We have

veud(uo @ v) = a Y v; @ uo ® fig
i

and

(p®@id)ryev(u®v)=a D ¢(uo®v) ®gfi = o Y Nid(uo ® v:) ® fig.

Since ¢ is a module homomorphism these two expressions are equal and since
fig, t € 1, is a basis of k[H] we have ¢(uo ® v;) = X;(v; ® ug), for all ¢ € I.
Thus all v; € Vy and V; is an H-submodule of V.

(ii) We consider H = B and leave BT to the reader. By abuse of notation
we write simply c;; for the restriction of ¢;; € k[G] to B. The modules
kx, A € X, form a complete set of 1-dimensional B-modules and it follows
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that the elements ¢* = ci‘ll co.cpm with A = (Aq,..., M) € X, are exactly the
group-like elements of k[B] (see the proof of [36; Lemma 2.6]). Let 1 < i < n.
It follows from the defining relations, given in Section 1.2, that ¢;;¢,s € k[B]
is a scalar multiple of ¢,,¢;; € k[B]. Thus we have that c,-ifc,-',-1 is a scalar
multiple of f, and therefore that ¢*fc=* is a scalar multiple of f, for any
monomial f in the elements ¢, (1 < s <r < n)and any A € X. Since k[B]
has a basis consisting of monomials in the ¢, [36; Corollary 2.4], we get

that each ¢* (with A € X) has the property described in (i).

Now let a,b > 1 with a + b < n. Recall, we have the isomorphism
¢$:NESQNE - N'E® \E of Lemma 1.3.3. To save on notation, for the
rest of this section we shall indicate multiplication in the exterior algebra on
E simply by juxtaposition.

(6) ¢(e1...eq ®v) is a scalar multiple of v® ey ...€,, forallv € /\bE.

Proof This holds for v = é; with j = (n—b+1,...,n) by Lemma 1.3.3(i).
Moreover, ug = € ...e, spans a 1-dimensional B¥-submodule of A*E. Thus,
by (5), the set Vy of elements v of A’E such that ¢(uo ® v) is a multiple
of v ® ug is a B*+-submodule of A’E. However, it is easy to check that é;
generates /\bE, as a Bt-module, so that Vy = /\bE, as required.

We shall need the fact that the natural map E®" — A"E splits when
r is “small”’. It is convenient to record at this point the following list of
semisimple ¢-Schur algebras. Here r is arbitrary once more. The result for
¢ = 1is given in [42].

(7Y S(n,r) is semisimple if and only if either:

(i) ¢ is not a root of unity or k has characteristic 0 and ¢ = 1; or

(ii) q is a primitive lth root of unity with 1> 1 and r < I; or

(iii) k has characteristic p > 0, ¢ = 1 and r < p; or
(iv)n=2,l=2andr=3;or

(v n=2,l=1,p=2andr =3;o0r

(vi) n =1 and I, p are arbitrary.

In particular, in these cases, the natural map E®" — A®E splits, for a €
A(n,r).

Proof If (i),(ii) or (iii) then S(n,r) is semisimple by the argument of [36;
Section 4, (7)]. Also, in cases (iv),(v) one gets L(A) = A(A) = V(A), for
A = (3,0),(2,1), using the Steinberg tensor product theorem, and again one
gets that S(n,r) is semisimple by the argument of [36; Section 4, (7)]. If
n = 1 then S(n,r) is 1-dimensional, and hence semisimple.

Now suppose that S(n,r) is semisimple. Then we have L(A) = V(A)
for all A € A*(n,r). Suppose that n > 3. Suppose ! > 1 and r > . We
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write » = r_y + Is, with 0 < r_; < [. By the Steinberg tensor product
theorem we have S"E = L(re;) = L(r_1€e1) ® L(s€1)F. Moreover L(r_i€1)
is a submodule of S"-! E' so that every weight of S"F is a weight of ST™'E®
L(se1)F. In particular (Is — 1,7_1,1,0,...,0) may be expressed in the form
a+183, with o, f € X and « a weight of S™-1 E. But then we have |o| > r_4,
a contradiction. Hence n < 2. If I = 1 and » > p we get n < 2 by the
same argument but using the ordinary Steinberg tensor product theorem. It
remains to consider the case n = 2. Suppose I > 1 and r > I. We write
r = r_; + ls as above. Again S"E embeds in S™'E ® L(se;)F and the
weight (Is — 1,7_; + 1) has the from a + I, with |a| = r_;. This can only
happen if r_; =l —-1,i.e. r = ~1 (mod !). But applying the same argument
to L(r — 1,1) = V(r — 1,1) we get that r — 2 = —1 (mod /). Hence 2 =0
mod ! so ! =2 and » = 1 + 2s is odd. Suppose that » is at least 5. If s = 2m
is even we get

STE = L(re1) = L{e1) ® E(SEI)F = L(e1)® (f/‘(mfl)F)F

and comparing dimensions gives r + 1 < 2(m + 1), ie. 1 +4m < 2m + 2,
a contradiction. Hence s is even. Applying this argument to L(r — 1,1) we
get that s — 1 is also even, which is impossible. Hence 7 is at least 2, is odd
and is less than 5. Thus r = 3. Similarly, if [ = 1, k has characteristic p > 0
and r > p we get p = 2 and » = 3 by the same argument, using the ordinary
Steinberg tensor product theorem.

We now embark on the converse of (1).

(8) Foraiy,...,am,b> 0 withay + -+ ap, + b < n there is a G-module
isomorphism ¢ : A"E® - - @ AN"EQN'E—~>NEQANE® -9 \""E
such that (21 ® --- ® T, ® €1€2...€p) is a scalar multiple of e1ez...€, ®
L1Q - ®@&m, forallz; e A\"E,1<i<m.

Proof In the case m = 1 we can take the inverse of the map ¢ of (6). Now
assume m > 1. Let y = ejea...e;. We have an isomorphism ; : /\a"'E ®
ANE - N'E ® \°™E taking @ y to a multiple of y® z, for z € A\*"E.
Weput ¢ = (id@ 1) : AYE® - - SN EQA"EQNE - A\"E®
@A™ E® N'E ® \°"E. We can assume inductively that there is an
isomorphism 3 : A” E®@---@ A" EQN'E - N EQA"E® -9\ E
such that ¢2(2; ® -+ @ ;-1 Q@ y) is amultiple of y@ 21 ® - -- ® Ty 1, for
z; E N"E,1<i<m-—1. Putting ¥, = 2 ®id : AE® - - A" 'E®
/\bE QN™E — /\bE IN"E® - @A™ 'E® A" E we have that the
map ¥ = Yhot) :AYE®--- 9N "EQNE - NESGAE®---O\*"E
has the required property.

We are now ready to prove the main result of this section.
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(9) For A € At(n,r) we have L(A)* # 0 if and only if A € At (n,7)cql.

Proof If L(A\)* # 0 then A € A*(n,7)ca, by (1).

The reverse is equivalent, by (4), to the statement that T'(}) is a com-
ponent of E®" for A € A*(n,7)row, and this is what we shall prove. So let
A€ AT(n,7)row. Let X = @ = (a,...,an). Then T(]) is isomorphic to an
indecomposable component of A“E containing the highest weight vector. If
S(n,r) is semisimple then we get that T()) is a component of E®" by (7).
Thus we can, and do, assume either { > 1 or [ = 1 and k has characteristic
p>0.

We shall produce a G-endomorphism 6 of A®E which is non-zero on
the highest weight space (A*E)* and factors through E®". For the rest of
this proof we shall write simply /\b for /\bE, b > 0, and /\ﬁ for /\'GE, for
B=(P1,..,Br), Br,...,Bn > 0. Let @ = (az,...,2m,) and let s = 7 — ay.
We can assume, inductively, that there is an endomorphism ¢ : A® — .
which is non-zero on the highest weight space and which factors through
E®:. For a subset X of [1,n] we write éx for the element e, ...e,, of A
where X = {z;,...,z;} with z; < --- < z;. Suppose that a;,...,a; > 0
and ¢ = a; + --- + a;. By iterating the map of Lemma 1.2.3 we get an
injective G-module homomorphism x : A* = A" @ A ® ---® A" given
by x{ei, ---€i,) =D 4cacaéa, @ - - ® éa,, where A is the set of sequences
A= (Ay,...,A) of subsets of [1,n] such that {i;,...,7,} is the disjoint union
of Ay,..., Ay and where each ¢4 is 1. Taking a; = a3 —a3, a2 = az—ag,.. .,
Am—1 = Qme1—0m, &y = &y, We get a G-module homomorphism ¥ = x®4¢ :
/\a N /\al—ag ® .”®/\am_1—am ®/\am ®AO’2 ®/\¢13 ® “.®/\am‘

We put y; = e1...e4, € A™, for 1 < i < m. Now by (8) we have a
G-module isomorphism f: A®*" " @ - @ A" A = AT OAT"®
@ A*™ taking 22 ® -+ ® T, @ Y2 to a multiple of Y2 R T2 ® -+ @ Ty, for
z; € A¥T, 1< i< m,and z,, € A®™. Hence we have the isomorphism
g1 = (d®f®id) : AT IAN T - .®/\°"" ®/\°" ®/\°‘3®. QAT —
AT OANTONTTQ AN RN ® - @A™ taking 21 @ T2® - ®
EmQ@Y2@Ys® - @Ym to amultipleof 2; @ Q229 QL QYs @ - O Ym,
for z; € A¥'7¥* for 1 <i < mand z,, € \°".

PRI G A oy V- enting il W W LY A
. . —

A0 N "N @ @A™ taking 2, @y; @22 @239 - QT @

Ys®@ - QYm toamultiple of 21 QY Q22 QY30 23R+ RTm QY3 ® - - Q Y,

for z; € A7+ for 1 < i< m and z,, € A*™.

Continuing in this way we obtain isomorphisms g3, g4, . .. and the com-
posite g = gm-10-+-0g; :/\m—cm@/\az—as@'_'®/\am®/\az®/\as®_"®
/\am — Aal—ag ® A(l’g ® /\ag—a;s ®AQ’3 ® . ®/\am_1—am ®/\am ®/\am
takes 21 @22 Q- T, QU2 QU3 P+ @ YUm to a multiple of 21 @ Y2 @ 22 ®
Y3® @ Tme1 @Ym @ Tm, for z; € AT+ for1 < i< m,and z,,, € \*™.
Let h; : AV 7%+ @ A¥'** — A® be the multiplication map, for 1 < i < m,
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andlet A= (A1 @ @ hm_1 ®I) : A" T IAIA "IN ® - ®
AR g A AT\

We claim that the composite map 8 = hogoty : A — A% is a G-module
homomorphism which factors through E®" and acts as non-zero scalar multi-
plication on y; ® - - - @ ym . We first observe that § does indeed factor through
E®T. 1t suffices to show that ¢ factors through E®". Moreover ¢ = x @ ¢
and, by assumption, ¢ factors through E®('—a1) o it suffices to show that
XA = AN - @ A factors through E®%1. Since
A€ AT(n,r)row Wwe have | > 1 and 0 < a1 — ag,...,Qm-1 — Am,am < |
or { = 1 and k has characteristic p > 0. By (7) we have homomorphisms
G N7 o E®(@i—ai41) and ¢, A*™ — E®%m such that ¢; o ny = id,
where the maps n; : E®(®i=ai+1) , AST¥41 and g E®m — A%™ are the
natural maps, 1 < ¢ < m. Thus we have y = no(, where { = ({1 ® - ®(m) :
/\"‘1_"‘2 ®...®/\°""-1‘°‘m ®/\°‘m — E® andn=(m® - ®@0m): E®x _,
/\al—ag ® ‘”®/\am_1—am ®/\am

We now track the effect of 6 = hogoyy on 1 QY2 Q@ -+ Q Y. We
have ¥(y1 @ Y2 ® - @ Ym) = D_4caCaa, ® - Q€4, QY2 @ -+ @ Ym,
where A is the set of sequences A = (Aj,...,Am) of sets such that [1, ]
is the disjoint union of Aj,..., An, and each ¢4 is £1. Applying g we get
Doacabaéa, @U@ ®E4,0Y30 @4, _, OYn®Ea,,, where each ba is
a non-zero scalar. Thus we obtain 8(y; ® - - Q@ ym) = ZAG.A ba€a, 2@ - ®
€A,._,Um @ €4, . However, A; is some subset of [1,a;] of size a; — az and
Y2 = €1€3...€q, S0 that é4,ys, when written as a product of e;’s, contains a
repeated entry and hence is 0 unless A; = [az+1, a31]. Thus for any non-zero
term baéa, Y2 ® - @ €a,_,Ym @ €4, we have A; = [ag + 1,1). Hence, in
a non-zero term, we have A; C [1,a3] (since [1, ;] is the disjoint union of
the A;’s) and the condition é4,ys # 0 now gives Ay = [a3 + 1, a3). Carrying
on in this way we get that, in any non-zero term, we have A; = [a;41, i),
for 1 € i € m ~ 1, and since [1,a1] is the disjoint union of Ay,..., Am,
we must also have A, = [l,a,). For this choice of A;,..., Ay we have
€a,¥i+1 = ty;, for1 < i< m,and é4,, = Ym. Thus wehave §(11®- - -Qym) =
+by1 QY2 ® -+ ® Ym, where b = by, for A = (A4y,...,An) as above. This
proves the claim.

Now T(X) occurs exactly once as a component of A“, by 3.3(1). Let
i:T(A) = A% and j : A* — T()) be G-module maps such that j o is the
identity map on T'()). Then & = j 0§ 07 is an endomorphism of T(A) which
is non-zero on T(A)* and factors through E®". Since T'()\) is absolutely
indecomposable Endg(T'())) is local and « is an isomorphism. Hence the
identity map T()\) — T(}) factors through E®" and so T(\) occurs as a
component of E®7.

(10) (i) For A € A*(n,r)row we have T(A)° = T(X) and I(N)° = I(X).
(ii) There is a bijection i : At (n,r)col = At (n, 7)row such that I(X) = T(i(X))
(for all X € AT (n,7)co1)-
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(iii) For A € A*(n,r)co the injective module I()) has simple head L()) and
the tilting module T'(i(A)) has simple head L()).

(iv) For A € At(n,r)co the module V(i(X)) has simple head L()) and the
module A(i(A)) has simple socle L(}).

Proof Since T()) is a component of E®" and (E®")° & E®" we have that
T(X)° is component of E®". Hence T'(A)° is a tilting module T'(u) for some
p. Since tilting modules are classified by highest weight and ch J° = ch J, for
any finite dimensional S(n,r)-module J, we have p = A, i.e. T(A)° = T(A).
Since the modules I()), with A € A*(n,r)col, and the modules T(}), with
A € AT(n,r)row, are exactly the indecomposable components of E®" we
must have, for A € A*(n,r)cq, that I()) is isomorphic to T'(u), for some
¢ € At (n, r)row, and therefore I(A)° = I(X). This completes the proof of (i)
and also proves (ii). Part (iii) follows from (ii). Part (iv) follows from (iii)
since V(#(A)) is a homomorphic image of T(i())), for A € At(n,r)cal.

4.4 Connections with the Hecke algebra

In the first part of this section we apply the Schur functor
f :mod(S(n,r)) — Hec(r)

to various results already obtained for the ¢-Schur algebra to obtain results
for the Hecke algebra. In particular we obtain the parametrization of Young
modules and signed Young modules (many treatments of the parametrization
are available in the classical case, see e.g. Section 3 of [33] and the references
given there). Applying the Schur functor to filtration results on injective
modules and tilting modules for S(n,r) gives, as in the classical case (see [32;
Section 2] for Young modules), the existence of Specht filtrations for Young
modules and signed Young modules (compare with the paper of Martin, [66]).
Applying the Schur functor to the irreducible S(n, r)-module and using 4.3(9)
gives the parametrization of irreducible Hec(r)-modules due to Dipper and
James, [20; Section 6]. Our approach is close to the treatment of the classical
case given in [51; Chapter 6]. We give the relationship between filtration
multiplicities for tilting modules of S(n,r) and decomposition numbers for
the Hecke algebra and give the g-version of a result of Erdmann, [47; (2.3)
Proposition].

In the second part of the section we form a graded ring whose degree d
component is the Grothendieck group of finite dimensional Hec(d)-modules.
We give a description of this ring by generators and relations. This is related
to recent work of Erdmann, [48].

We assume that » < n. Throughout this section e denotes the idempo-
tent involved in the definition of f. We write S short for S(n,r) and H or
H(r) short for Hec(r).
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Definitions Let A € A*(n,r). We write Y(X) for fI()) (where I(])) is the
S(n,r)-module injective envelope of L(A)) and call Y () the Young module
labelled by A. We write Y;()) for fT(A) and call Y;()) the signed Young
module labelled by A.

We summarize the main properties of Young modules and signed Young
modules. For the first assertion see also [20].

(1) (i) Suppose a,8 € A(n,r) have the same content. Then we have
H(r) ®H(a) k= H(r) ®H(p) k and H(r) OH(a) ks = H(r) ®H(B) ks.

(ii) For finite dimensional S-modules Iy, Iz, with I; injective and I, € F(V),
the natural map Homg (I, I5) — Homy(f1I1, fI2) is an isomorphism and for
finite dimensional S-modules Ty, T», with Ty € F(V) and T3 a tilting module,
the natural map Homg(Ty,T2) — Hompgy (fT1, fT3) is an isomorphism.

(iii) The modules {Y (A) | A € At (n,r)} are pairwise non-isomorphic and are
precisely (up to isomorphism) the indecomposable summands of the modules
H(T) ®H(a) k, a € A(nar)'

(iv) The modules {Y,()) | A € At(n,r)} are pairwise non-isomorphic and are
precisely (up to isomorphism) the indecomposable summands of the modules
H(r) ®H(a) ks, @ € A(n, 7).

(v) For A € At (n,r), u € A(n,r) we have

(H(r) @u(w) k | Y (X)) = (SHE | I(X)) = dim L(A)*.

In particular (H(r) ®puy k | Y (X)) is 1 for A = p and is 0 for A 2 u.

(vi) For A € A*(n,r), p € A(n,r) we have (H(r) @u(u) ks | Ys(X)) =
(AYE | T(A)) = dim L(XN)#. In particular (H(r) ®@g(u) ks | Y(A)) is 1
for X' = p and is 0 for X' # p.

Proof (i) To prove H(r) ®m(a) k = H(r) ®@n(p) k it suffices, by 2.1(20)(i),
to note that S*E = SPE, which is true since S*E and SPE are injective
modules with the same character. To prove H(r) ®m(a) ks = H(r) ®H(p) ks
it suffices, by 2.1(20)(ii), to note that A*E = /\pE, which is true since A®E
and /\p E are tilting modules with the same character.

(i) Since every injective module is a direct sum of I())’s it suffices to show
that Homg(I(A),I2) — Hompg(fI(A), fI;) is an isomorphism. Since I(})
is a direct summand of S*E it suffices to note that Homg(S*E,I;) —
Hompg(fS*E, fI,) is an isomorphism and this is the case by 2.1(16)(ii).

Similarly it suffices to observe that

Homg(Tl, /\AE) hand HomH(le, f/\AE)

is an isomorphism, for A € At (n,r), and this is true by 2.1(16)(iii).

(iii) For A € A*(n,r), Endg(I(})) is a local algebra since I(}) is indecom-
posable. Hence Endg(fI())) is local by (ii) and so Y (A) = fI(}) is inde-
composable. Let A,u € At (n,r) and suppose that ¢ : fI(A) — fI(u) is an
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H-module isomorphism with inverse ¥, say. Then ¢ is the restriction of some
¢ € Homs(I(A), I(p)) and ¢ is the restriction of some ¥ € Homs(I(), I())),
by (i). Then ¢ o ¢ € Ends(I(X))_is the identity on fI(A) and hence
Yo ¢ = idyn), by (i). Similarly ¢ o ¢ = idy(,) so that I(A) = I(u)
and A = p. Hence the modules {Y()) | A € A*(n,r)} are pairwise non-
isomorphic. Let A € A*(n,r). The multiplicity of I(X) as a component
of S*E is dim Homg(L()),S*E) = 1. Thus Y(A) = fI(A) occurs as a
component of fS*E = H(r) ®H(x) k. For a € A(n,r) the module S°E is
injective and hence a direct sum of modules I(y), g € At(n,r) and thus
H(r) ®H(o) k = fS®E is a direct sum of modules Y(u), p € A*(n,r). This
completes the proof of (iii).

(iv) Similar to (iii).

(v) This follows from (i),(iii) and the fact that the multiplicity of I(}) as a
component of S*E (for A € At(n,r), a € A(n,r)) is dim L(X)?.

(vi) This follows from (iv) and 4.3(3).

(2) (i) The modules {fL()A) | A € At (n,r)col} form a complete set of in-
equivalent irreducible representations of H(r).

(ii) The modules Y ()), A € AT (n,r)cal, are precisely the projective indecom-
posable H(r)-modules and the modules Y;()), A € At (n,7)row, are precisely
the projective indecomposable H(r)-modules. We have Y (A) 2 Y, (i(})), for
A € At (n, r)col, where i is the bijection of 4.3(10)(ii).

Proof (i) This is true by 4.3(9) and the Appendix, A1(4).
(i1) This is true by A1(4)(v) and 4.3(4) and (10).

Definition For A € At(n,r) we call the Hec(r)-module Sp(X) = fV(})
the Specht module labelled by A.

(3) Let A € At(n,r).

(i) There exist p',...,u* € At(n,r) and an H-module filtration 0 = Y° <
Y! < - < Y¥ = Y()) such that y; $ pj for 1 < i < j < u, such that
Yi/Yi-1 = Sp(u?) for 1 < i < u and such that for each p € At (n,r) we have
[{i € (Lu] [ 4" = p}=[p: A

(ii) There exist u',...,u* € At(n,r) and an H-module filtration 0 = Y <
Yl < .- < Y? = Y,(}) such that y; # pj for 1 < i < j < v, such that
Y¢/Yi-1 2 Sp(u?) for 1 < i < v and such that for each p € A*(n,r) we have
i€ [1,8] | b = u}l = [ : X].

Proof These results are obtained by applying the Schur functor from the
corresponding results for I(A) and T'(X) (see [36; Section 4, (6)] and Propo-
sition 4.1.5(ii) above) and 2.1(13).

(4) Suppose q is a root of unity.
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(i) For A € A*(n,7)ow the head hdSp()) of the Specht module Sp(}) is
simple.

(ii) The modules hdSp(A), A € A*(n,r)co, form a complete set of in-
equivalent irreducible H-modules and we have fL(A) = hdSp(i())), for
A € A*(n,r)col, where i : AT (n,7)e) — AT(n,7)ow is the bijection of
4.3(10)(ii).

Proof (i) Let A € A*(n,7)on. We have afiltration 0 = Vo < Y < --- <
Y? = Y,(A) as in (3)(ii). For 1 < ¢ < v we have [y’ : X'] # 0 and hence
p! < X. Thus we must have u* = A. Hence Sp(]) is an epimorphic image of
Ys(A). Now Y,()) is a projective indecomposable H-module and hence has
a simple head. Thus hd Sp(A) = hd Y,(}) is simple.

(ii) Since {Ys(X) | A € A*(n,7)row} is a full set of projective indecomposable
modules, {hd Y;(A) | A € A*(n, r)ow} is a full set of irreducible H-modules,
ie. {hdSp(A) | A € AT (n,7)row} is a full set of simple H-modules. For
A € A*(n,r)col We have an epimorphism V(i(A)) — L()), by 4.3(10)(iii),
and hence we have an epimorphism Sp(i(A)) = fV(i(A)) — fL()). Hence
we have fL()) = hdSp(i(})), as required.

Definition We write D(A) for the irreducible H-module hd V(}), for A €
At (n,7)row-

For the ¢ = 1 case of the following see [45; 4.5 Lemma).

(5) Suppose q is a root of unity. For A € AT (n,7)row and pp € AT (n,7) we
have (T(X) : V(u)) = [Sp(k) : D(A)].

Proof We write A = i(v), for v € A*T(n,r)co (wWhere 7 is as in 4.3(10)(ii).
We have (T'(i(v)) : V(1)) = [I(v) : V(p)], by 4.3(10)(ii), which is [V(y) :
L(v)], by [36; Section 4, (6)]. However, by applying the Schur functor to a
composition series of V(u), one sees that [V(x) : L(v)] = [fV(r) : fL(v)],
which is [Sp(x) : D(i(v))], by (4)(ii).

We can now read off the Hecke algebra decomposition multiplicities for
2-part partitions from 3.4(3) and 4.2(6). We assume for definiteness that
I > 1 and k has characteristic p > 0. (A derivation along similar lines in the
classical case I = 1 is given in [45; Section 6].) As James has pointed out, the
result may be obtained by methods similar to those used in [56; Section 20]
to determine the decomposition numbers for 2-part partitions for the finite
general linear groups.

Recall, from Section 3.4, that if ¢ has (I,p) decomposition ¢ = a_1 +
12?51 p‘a; and J is a subset of [~1,m — 1] then a; denotes the sum of
the terms indexed by J, i.e. ay denotes a_; + Z—I#GJ Ipa; if -1 € J, and
denotes 3 ;. Ip'a; if —1 ¢ J.
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(6) Let A = (A1,A2), # = (p1,p2) be 2-part partitions of r and assume
B € AT (n,7)row. Ifp1—po < 1=1then [Sp(A) : D(p)] = bxy. Fpn—p2 > 1-1
and py — po =Ilpm -1+ a+p™b witha < Ip™ —1 and 0 < b < p then for
A € Xt we have

(Sp(A) : D(p)) = { 1, if A= (p1—ay,p2+ay) for some J C [-1,m —1];

0, otherwise.

Combining (5) and 3.3(9) we get (where ¢ is as in 3.3(9)):

(7) Suppose that ¢ # 1 is a root of unity. For A, p € At (n,r) we have
[Sp(t(#')) : Sp(¢(A))] = [A(g) : L(M)]-

Here A(y) denotes the Weyl module of highest weight g for the ordinary gen-
eral linear group G of degree n. This is the formal g-analogue of Erdmann’s
result, [47; (2.3) Proposition], proved for ordinary general linear groups and
symmetric groups. The result in the classical case has the consequence that
each decomposition number for a general linear group is also a decomposi-
tion number for a symmetric group. However, in our case the decomposition
number on the left of the equation is for a Hecke algebra and on the right is
for an ordinary general linear group, so we have no such g-analogue of this
punch-line.

We now consider an involution # : A*(n,7)row — AT (n,7)row Which
is closely related to the bijection ¢ : At(n,r)eo) — AT(n,7)row. From the
standard description of H(r) by generators and relations one sees that there
is an involutory algebra automorphism # : H(r) — H(r) given on the gen-
erators by #(Ts,) = =T, + (¢ — 1)1, for 1 < a < r. We also write #(h)
as h#, for h € H(r). For an H(r)-module U affording the representation
7 : H(r) — Endg(U) we write U¥# for the vector space U regarded as an
H(r)-module via the representation 7 o #. Putting ¢# = ¢, for a morphism
¢ : U — U’ of finite dimensional H(r)-modules, we obtain an isomorphism
from the category of finite dimensional H(r)-modules to itself.

From the definitions, we have:
(8) #0J = J o # and therefore (U°)¥ = (U#)°, for U € mod(H(r)).
We shall also need:

(9) for @ = (@, ...,am) € AT(n,r) we have z(a)#* = (=1)"(®y(a), where
n(a) is the number of parts of a of size 2.

Proof It is enough to consider the case a = (r). Since H(r) is a Frobenius
algebra, there is a unique submodule of H(r) isomorphic to the trivial mod-
ule. It follows that kz(r) = {h € H(r) | Ts,h = qh, for all 1 < a < r}, and
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similarly we have ky(r) = {h € H(r) | T, ,h = —h, forall1 < a < r}. Now
for 1 < a < r we have
To,2(r)* = (=T# + (¢ - DD)z(r)*
=~ (T, 2(r))* + (¢ = Dz(r)*
= —s(r)*

so that z(r)# € ky(r) and 2(r)# = cy(r) for some ¢ € k. Comparing

coefficients of Ty, in z(r)# and cy(r) we get ¢ = (——1)(;), which gives the
result.

(10) Fora = (ay,...,am) € At(n,r) we have

(H(T’) ®H(a) k)# = H(T’) ®H(a) k.
Proof We have H(r) ®g(a) ¥ = Hz(a) and H(r) ®g(a) ks = Hy(a) by
2.1(20). The restriction of # : H(r) — H(r) defines an H(r)-module isomor-

phism (Hz(a))¥ — Hy(a).

We also have the following, from Proposition 4.1.7 and the remarks before
Proposition 4.1.4.

(11) Fora=(ai,...,an) € At(n,r) we have

(H(T’) ®H(Ot) kS)o = H(T’) ®H(a) ks.

Now from (8) and (10) we obtain:
(12) (H(r) ®H(a) k)° = H(r) ®H(a) k, for a € A(n,r).

Let S be a finite dimensional k-algebra. We write Grot(S) for the
Grothendieck group of the category of finite dimensional left S-modules. For
a finite dimensional left S-module X we write [X] for the corresponding ele-
ment of Grot(S). Note that since the functor f : mod(S(n,r)) — mod(H(r))
is exact, it defines a homomorphism [f] : Grot(S(n,r)) — Grot(H(r)) satis-
fying [f]([X]) = [fX], for a finite dimensional S(n,r)-module X. Similarly
we have defined a homomorphism Grot(H(r)) — Grot(H(r)) taking [U] to
[U#], for a finite dimensional H(r)-module U.

(18) For A € A*(n,r) we have [Sp(M)#] = [Sp())].

Remark We give a more precise version of this in the next section, see
Proposition 4.5.9.
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Proof We write @ for the standard involution of symmetric function theory
(denoted w in [63]). We identify the formal character of a G-module which
is polynomial of degree r with a symmetric function of degree ». We have
@(ch A"E) = ch S*E, from the definition of @, and &(x(y)) = x(1') for all
p € At(n,r), by [63; 1, (3.8)]. We have ch/\)‘lE = x(N) + X, aux(p), for
non-negative integers a,, 4 € A*(n,r), with a, zero unless 4 > A. Applying
@, we also have ch S* E = x(\') + >, aux(#). Hence we have the formulas

AN E] = (VO + 3 au[V (k)]

and

[S* E] = [VO)] + 3 aulV ()]
in Grot(S(n,r)). Applying [f] and using 2.1(20), and (1) we obtain the
formulas
[H(r) @nev) ks] = 1SPN)] + D aulSp()]

and

[H(r) ®r) k] = [SP(V)]+ D a,[Sp(w']

in Grot(H(r)). Applying the homomorphism Grot(H(r)) — Grot(H(r))
defined by the automorphism # : H(r) — H(r) to the first formula and
invoking (11) we obtain

[H(r) ®a vy k] = [SPO)*]+ D au[Sp(s#)).

Assuming inductively that [Sp(z)#] = [Sp(y')] for all 4 > A and comparing
the above displayed formula with the previous one we obtain [Sp(A\)#] =
[Sp(A\")], as required.

We now give the promised relationship between # and ¢. We define an
involution A — A# on A+(n,r)w by D(A)# = D(O¥).

(14) For A € At(n,r)ow we have A* = 4()).
Proof We have

1= (T((}) : V(X))
= [Sp(') : D(«(N)] = [Sp(}) : D(UN)#)]
= (TN#) : V(V)
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and hence A < «(A)#. Thus we have a bijection
¢ A+(n, T)row — A+(n, 7)rows

#(A) = «(N)#, such that ¢(A) > A for all A. It follows that ¢ is the identity,
le. A% = (X)), for all A € AT (n, ")row-

We consider the direct sum of the Grothendieck groups of finite dimen-
sional H(r)-modules, for » > 0. We make a graded commutative ring with
identity R = @ 5o R?, where R? = Grot(H(d)) for d > 0 and where R° is
freely generated, as an abelian group, by 1z. The multiplication R* x R® —
R%**? is given by [X] - [Y] = [Indgggj;;')(X ®Y)], for X € mod(H(a)),
Y € mod(H (b)) (and a,b > 0). We leave it to the reader to check that mul-
tiplication is well-defined, associative and commutative (cf. the case ¢ = 1 in
[63; 1,Section 7]). This ring is also discussed, in the classical case ¢ = 1, in
[39; Section 4.7, Remark 3] and in [48]. We shall give a description of R by
generators and relations.

Let A denote the ring of symmetric functions in infinitely many variables
T1,Z3,..., as in [63]. Thus A = @ 5, A is a graded ring, freely generated
by the complete symmetric functions hy € Ay, d > 0. For A = (A1, As,...)
we put Ay = hyx,hy, ... (as in [63]). The complete symmetric functions hy
form a Z-basis of A, consisting of homogeneous elements, as do the mono-
mial symmetric functions m) (as A varies over partitions). We define a ring
homomorphism 6 : A — R by putting 6(hs) = [k] € R?, for d > 0. Then
0 = @ 50 6 is a homomorphism of graded rings and Ker(8) = @, Ker(6¢)
is a homogeneous ideal of A. -

Let n > d. We identify a character of an S(n,d)-module with an ele-
ment of A%, in the usual way (see Section 4.3). Thus we have §(ch S*E) =
0(hx) = [H(d) ®u(x) k] = [fS*E], by 2.1(20), for any A € A*(n,d), where
f : mod(S(n,d)) — mod(H(d)) denotes the Schur functor. However, the
elements hy = chS*E, A € A*(n,d), generate the additive group A? and
so we must have §(ch X) = [fX], for every X € mod(S(n,d)). Thus, from
(2)(ii), we have §(A?) = Grot(H(d)) and 6 : A — R is surjective. If ¢ is not
a root of unity, or ¢ = 1 and k has characteristic 0, then the Schur functor
f : mod(S(n,d)) — mod(H(d)) (for n > d) is an equivalence of categories,
Section 2.1 Remark (iii), and it follows that § : A — R is an isomorphism (cf.
[63; I, Section 7], where the case ¢ = 1, k = C is discussed). So we assume
for the rest of this section that ¢ is a primitive {th root of unity and either
that ! > 1 or that I = 1 and %k has characteristic p > 0.

For an integer ¢, we denote by ¢ : A — A the corresponding Adams
operation. Thus ¥ is the ring homomorphism such that ¥*(m,) = my,, for a
partition A. We now take ¢ to be [ if [ > 1 and take ¢ tobe pif{ = 1 and k has
characteristic p > 0. The map 1* is essentially the map induced on characters
by the appropriate Frobenius morphism. Suppose first that [ > 0. We fix a
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degree d > 0 and choose n > Id. We have the quantum general linear group
G of degree n, the “classical” general linear group scheme G of degree n and
the quantum Frobenius morphism F : G — G. For A € A*(n,d) we have the
simple G-module L()) and hence the simple S(n,ld)-module L(A\)F = L(1)).
Thus the character of L(I\) is ¢*(ch L())). Since fL(I)) = 0, by 4.3(1), we
have 8(ch L(IA)) = 0. Moreover A¢ is spanned by the characters ch L(}),
A € At (n,d), so that 8(y*(A?)) = 0. Similarly, in the case I = 1, one may
argue as above using the ordinary Frobenius morphism G — G so that we
have 8(¥*(A%)) = 0 in that case too.

Let I < Ker(f) be the ideal of A generated by %*(A¢), for all d > 0.
Note that I = @ 51 4 is a homogeneous ideal of A. A partition A may be
expressed in the form o 4 t8, for unique partitions o, # with « restricted.
Moreover, we have mom;s € matip + Eu<a+tﬁ Zm,. Hence the elements
mqmp (0,8 partitions and o restricted) form a Z-basis of A, consisting of
homogeneous elements. Thus A?/I¢ is a free abelian group of rank equal
to the number of restricted partitions of d, for d > 0. Thus 6¢ induces a
surjective homomorphism 8¢ : A4/I¢ — Grot(H(d)) and, since A¢/I¢ and
Grot(H(d)) are free abelian groups of the same rank, 8¢ is an isomorphism
and hence I¢ = Ker(8)¢, for d > 0, and I = Ker(9).

Remark The characteristic map of symmetric function theory is an iso-
morphism between the graded commutative ring whose dth component is
the group X(Sym(d)) of generalized characters of Sym(d) and A¢, see [63;
I, Section 7). Under the isomorphism X (Sym(d)) — A¢, the subgroup I¢ =
Ker(9)? corresponds to the additive group of generalized characters which
vanish of all r-regular elements of Sym(d), where we say that g € Sym(d)
is r-regular if no cycle length of g is divisible by r (cf. [48]). We leave the
details to the interested reader.

Now A is free on the complete symmetric functions hg4, d > 1, so that, to
describe R = A/ by generators and relations, it is enough to give an explicit
formula for ¢*(hy) in terms of the generators h,. Let { € C be a primitive
tth root of unity. We have the formula

Yha) = D, ma(L¢,.. ¢y (+)

A€A+(z,2d)

due to Nuttall, [70].

There are many instances of a formal similarity between the represen-
tation theory of the symmetric groups over a field of characteristic p > 0
and that of the Hecke algebras over a field of characteristic 0 at a pth root
of unity, for example in the works of Dipper and James [20]. From (%), and
the fact that I = Ker(6), proved above, we have another example of this
phenomenon, as follows.
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(15) Let p be a prime. Let ky be a field of characteristicp > 0 and let ¢ be a
primitive pth root of unity in a field ky. Then the rings @ ;5 o Grot(k;Sym(d))
and @ 45, Grot(H(d)) are isomorphic (as graded rings), where H(d) denotes
the Hecke algebra of degree d over ks constructed via q.

It remains to give the promised explicit description of ¢*(h4), for d > 0.
Let S be the set of sequences of positive integers of length at most ¢, includ-
ing the empty sequence which we denote by 0. For 0 # a = (a1,...,ay) €
S, we define the “unnormalized monomial symmetric polynomial” m, =
2(in,rin) Tiy - - 0., where the sum runs over sequences (i1,.. ., 4y) of dis-
tinct elements of [1,t]. We put /g = 1. Our aim is to give an explicit formula
for f(a) = Mma(1,¢,...,{t ).

Let 0 # o = (e1,...,0y4) € S. Note that if ¢t divides a then we have
z% =1, for x € {1,¢,...,{*"1}, from which we get:

(1) flat,...,eu)=@—u+ 1) f(a1,...,04-1), if ay is a multiple of t.

Note also that if ¢ does not divide a then Z§=1 ¢-Da = 0, from which we
get:

(i)  flet,--.,ou) = —flar +au,02,...,au—1) — fo1, 02+ @y, . .., u—1)
coo= o,y aumt + ay)
= - i) fe()
if ay, is not a multiple of t, where a(i) =(c1, . . ., i1, CitOy, Xig1, - - ., Xu—1),
forl<i<u-—1.

We denote the length of & € S by u(a). For 0 # a = (a1,...,ay) € S we
consider a set S(a) of associated partitions. Precisely, we denote by S(«) the
set of all sequences A = (A1, ..., A,) of non-empty subsets of [1,u] such that
[1, u] is the disjoint union of Ay,..., A, and such that ZieA,- «; is divisible
by t, for 1 < j < r. We denote the number of components of A € S(a) by
r(A). For A € S(a) we set

1 r Ul ) 4T
na(4) = ;(T)!(_l) (AFs(@r (A1 = D .. (JArcayl = 1)

We claim that

Ma(1,(,...,¢ = D na(4) (1)

A€ES(a)

that is, f(a) = g(«), where

g@)= Y na(4)

A€S(a)
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for 0 # o € S. We set g(0) = 1. Clearly, f : S — Z is determined by
the properties (i),(ii), and the condition f(0) = 1, so it suffices to show that
g : S — Z also has these properties.

Consider property (i). Let o = (oi,...,ay) and suppose that oy is
divisible by ¢. Let S(a)’ denote the set of A € S(a) such that {u} occurs
as some component of A and let S(a)” denote the complement of S(a) in
S(a). Note that S(«)’ is the disjoint union of the sets S(e, 5)’, 5 > 1, where
S(a,j) is the set of A = (4y,..., A,) € S(a) such that A; = {u}. Thus we

have
g(a) = Z Z na(4) + Z na(4).
j21 A€S(a,5) AeS(a)”

Let 8 = (o,...,04-1). For B=(Bi,..., B,) € §(8) we define
B'(j) = (B1,...,Bj-1,{u}, Bj, Bj4+1,...,By), for 1 < j < r+ 1. Then we
have

r(B)+1

DT (A= DY D na(BG)).

A€S(a) Bes(p) i=1
Now we have

1
(r(B) + 1)!

np(B)

na(B'(5)) = (=1)uBH1+r B+ (BY+1(| By |~ 1) ... (|Brpy|— 1)

_ t
T r(B)+1

for B € §(8), 1 <j <r(B) + 1. Hence we have §_ 4 5,y na(4) = t9(8).
Now consider ZAES(C«)” na(A). For B =(By,...,B,) € §(f) we define
B"(j) = (Bi1,.-., Bj—1,B; U{u}, Bj+1,-..,B;), for 1 < j < r. We get

r(B)
Z na(4) = Z Z"a(B”(j))-
A€eS(a)" Bes(p) i=1
Now we have
1
"V = —1)4(B)+14r(B)yr(B)
na(B"(3)) =55~ t
X (|1B1| = D! (I1Bj—1] =DUB;{[(IBj41] —1)!... (|Brzy| = 1)!

= — |Bjlnp(B)
for B € §(B), 1 £ j < r(B). Thus we have
r(B)

Y na(B"(4)) = ~(u—1)np(B)

i=1
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and hence
Y na(4)=—(u—1)g(B).
AeS(a)!
Thus we have g(a) = (t — u + 1)g(B).
We now consider property (ii). So let @ = (a1,...,ay) € S with ay

not divisible by ¢. Let X C [1,u — 1] x N x S(«) be the subset consisting
of the triples (7,j, A) such that ¢ and u belong to the component A; of
A = (A1, As,...,A). Consider the sum

gl(a) - Z na(A)

(i.5,A)EX 4] -1

gl(a) Z Z na(A)

JEN(5,A)EX; Aj]

We have

where X; is the subset of [1,u — 1] x S(«) consisting of the pairs (%, A) such
that (7, j, A) € X. Now for given j and A such that A; contains u, there are
|A;] — 1 values of 7 € [1,u — 1] such that (i, A) € X;. Hence we have

g'(a) = Z Z no(4) = Z nq(4)
JEN A€eS(a,j) A€S(a)
= g(e)

where S(a,j) = {4 € S(a) | u € 4;}.
We now break the sum up another way. We have

g(a) =¢'(a) = Z Z na(A)

=1 (j, A)EX' 4;]

where X? = {(j,A) € N x 8(e) | (4,j,4) € X}, for 1 < i < u—1
We write Y*? for the subset of N x S(a(s)) consisting of those pairs (j, B)
such that i € Bj. Note that if (j,B) € Y*, then (j, B(i)) € X*, where
B(i) = (B1,...,Bj-1,Bj |U{u}, Bj+1,..., B;), and moreover, the assign-
ment (j, B) +— (j, B(i)) determines a bijection from Y? to X*. Hence we

have )
S nq(B(7))
g@)=3 > —IB
i=1(j,B)ey* 7

Now we have
no{B(1)) = (B)'( 1)T(B)+u(a(l))+1

% (1Bl = ... (1Bj-1| = DIB;11Bsaa] - 1! (|Brgy| — 1)
== |Bj |na(i)(B)
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for (j, B) € Y. Thus we get

|
-

u

g9(e) = - Y na@(B)

i=1 (§,B)EY"

|

1
u—1
=~ 9(a(d)

i=1

as required.

We have shown that g : S — Z has the properties (i),(i1) enjoyed by
J: S5 — Z. Therefore f = g and () holds for all 0 £ o € S.

We can rewrite () so that the summands do not involve denominators
as follows. We write S(a) for the set of “normalized” partitions in S(«),
that is, the set of A = (A1,...,A,) € S(a) such that 1 occurs in A;, such
that the minimal element of A\A; occurs in Ay, and so on. We define
fig(A) = (=1)rAD+uD (4| — 1)1, (|Ara)| — 1)}, for A € 8(a). Note that
fig(A) is the sum of all terms ny(A’), in which A’ is obtained by permuting
the components of A. Thus we have

Ma(L,(,....¢" )= D na(A).

A€S(a)
Finally, note that, for A = (1¥12%2...), we have

1
-1y 5 t-1
m/\(]')Ca"'aC )_y1|y2|m/\(la<aa< )
so that identifying A/T with R, via the map induced by 8, we get the follow-
ing.

(16) R is the commutative ring given by generators hq, d > 1 and relations
1 _
A=(1v1292..) A€S(N)

for d > 1, where the sum is over partitions of td having at most t parts. In
this presentation hy corresponds to [k] € Grot(H(d)), d > 0.

4.5 Some identifications

We identify the module V() with the module of bideterminants, as in [51],
and we identify the Specht module Sp(\) with the Dipper-James Specht
module, as in [20]. We first describe V(A) by bideterminants.

Recall that, for A € X(n), we have a 1-dimensional B-module k) with
weight A. Let 7 : kx — kx ® k[B)] be the structure map and let ay € k[B] be
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the element given by m\(z) = z ® ay, for all z € k). By definition, for A €
X*(n), the module V() = Ind$k, is the space of elements z® f € kx Q k[G]
such that (n\®id)(¢Q f) = (1d®(7®id)é)(z®f), where 7 : k[G] — k[B] is the
restriction map. We identify V() with the G-submodule of k£[G] consisting
of the elements f such that ay ® f = (7 @ id)é(f).

Proposition 4.5.1 Let M be a finite dimensional G-module with high
weight A € X*(n) and dim M* = 1. Let my,---,m, be a basis of weight
vectors with m; € M?, and let fij,1 £ 4, < r, be the corresponding
coefficient functions.

(i) We have fi; € V(X), for1 <i<r.

(ii) If M has a good filtration then V() is spanned by the elements f1;,1 <
1< r.

Proof (i) Let N = z“;ﬂ MH# = kms+ ...+ km,. Since A is a high weight
of M, we have that N is a B-submodule of M. Since M/N 2 k) we have
ay = 7(f11). To show that fi; € V(}X), we must verify that ay ® f1; =
(r ® id)5(fus), ie.

©(f1) ® fui = Y 7(f15) ® 7(fj:) (%)

J

for 1 < i < r. However, for 2 < j < r, we have x(m;) = 3, m; @ n(fi;) €
N ® k[B] and hence 7(fy;) = 0. This gives (*).

(ii) Since M has high weight A, occurring with multiplicity 1, and has a
good filtration, there is a G-submodule M’, say, such that M/M' = V())
and X is not a weight of M’. The linear map ¢ : M — V(1), defined by
#(m;) = fii,1 < ¢ < r, is a G-module homomorphism. Since €(f11) = 1,
the map ¢ is not zero. Since L(\) < V(A), and has weight A, we have
#(M'YN L(A) = 0. But L(}) is the G-socle of V() so that ¢(M’) = 0 and
so ¢ induces a non-zero G-module homomorphism ¢ : M/M’ — V()). Now
M/M' = V()) and Endg(V())) = &, so that any non-zero homomorphism
M /M’ — V(}) is an isomorphism. In particular ¢ is an isomorphism and ¢
is surjective, i.e. V() is spanned by the coefficient functions fy;,1 < i< r.

Proposition 4.5.2 Let A € At(n,r) and let X = p = (p1,p2,...).
Let S denote the p-tableau with first row entries py,...,2,1 (from left to

right), second row entries ps,...,2,1 and so on. Then V()) has k-basis
{(S:T) | T € AStan(p)}.

Proof The module A*E has a good filtration and has highest weight A,
which occurs with multiplicity 1. The module A“E has basis of weight
vectors ér, T € Tab;(u), in the notation of Section 1.2. Furthermore we
have és € (A“E)?, so that, by Proposition 4.5.1 and Lemma 1.3.1, V(})
is spanned by {(S : T) | T € Taby(z)}. By Theorem 1.3.4, the elements
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(S :T), T € AStan(p), are linearly independent and hence the dimension
of the space V(X) spanned by all such bideterminants has dimension equal
of the number of antistandard p-tableaux. This is equal to the number of
standard A-tableaux. Moreover, the dimension of V() is independent of ¢
(e.g. by Weyl’s character formula) and is equal to the number of standard
A-tableaux when ¢ = 1 (e.g. by [51; (4.5a)]). Hence we have V()) = V()
and {(S:T) | T € AStan(u)} is a k-basis.

For the rest of this section we assume r < n. To identify the Specht
module Sp(A) with that of Dipper and James we give another realization
of V(A), this time as the image of a homomorphism between an exterior
power and a symmetric power. For & € A(n,r), we write & for the partition
obtained by writing the parts of « in descending order.

Proposition 4.5.3 Let o,8 € A(n,r) with A = & and p = §.

(i) If Homg(A*E,S*E) # 0 then we have A’ > p and if X' = p then we have
Homg(A®E,SPE) = k.

(ii) The image of any non-zero homomorphism from \* E — S*E is isomor-
phic to V().

Proof By 3.3 Remark (i) we have \*E = /\’\E and SPE = S*E so that
we may assume a = A and 8 = p. By 2.1(8), we have Homg(\ E, S*E) =
(A*E)*. Now both assertions of (i) follow from the fact that A E has unique
highest weight A’ and this occurs with multiplicity 1.

Let ¢ : /\"IE — SHE be a non-zero homomorphism. Since /\"IE €
F(V) and has highest weight pu occurring with multiplicity 1, there is a

submodule M of /\uIE such that /\uIE/M is isomorphic to V(z) and all
weights of M are less than u. We now get Homg(M,S#E) = 0, by 2.1(8), and
hence ¢(M) = 0. Thus ¢ induces a non-zero homomorphism 45 V(u) — S*E
and the image of ¢ is the image of ¢. If ¢(L(x)) = 0 then ¢ induces a non-
zero map V(u)/L(p) — S*E. But all weights of V(u)/L(x) are less than
¢ so that another application of 2.1(8) gives Homg(V(¢)/L(u), S¥E) = 0.
Thus we must have $(L(r)) # 0 and, since L(u) is the socle of V(u), we get
that ¢ is injective. Thus the image of ¢, and therefore also of ¢, is isomorphic
to V(p), as required.

To continue we shall need the following generality.

Proposition 4.5.4 Let X € F(V) be polynomial of degree r. We have
X = S(n,r) - X%, wherew = (1,1,...,1) € AT (n,r).

Proof We first take X = Se, where S = S(n,r) and e = £§,. We have S -
“ = SeSe = Se = X. Now suppose that X = V() for some A € A*(n,r).
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We have Se = E® by 2.1(7) and we have an S-module epimorphism 6 :
E® — V(). Hence we have S - V(M) = S - ((E®")*) = 6(S - (E®")) =
§(E®") = X. Now suppose that X has a submodule Y € F(V) with X/Y &
V(A) for some A € A*(n,r) and that Y = S -Y“. From the above we get
XY =85 - (X/Y) =S-(X“+Y). Hence we have X = §-X“ +Y =
S-X“4+8.Y¥=58-X" and so the result follows for arbitrary X € F(V)
by induction on filtration length.

We now execute a base change argument. Let R = k[t,t~!], where t is
an indeterminant. Recall that any S(n,r)g-module X has its weight space
decomposition X = @aeA(w,) X%, where X® = £, X, o € A(n,7).

Proposition 4.5.5 Suppose X is a finitely generated S(n, r)g-module such
that, for every homomorphisin of R into a field, R — k', the S(n, r)-module
X = k' @p X has a good filtration. Then we have X = S(n,r)g - X*.

Remark The base change condition on X is equivalent to the condition

that it has a good filtration (suitably defined) as an S(n,r)g-module; see
(66].

Proof LetY = S(n,r)g - X*“. Let R — k'’ be a homomorphism into a field.
The image of ¥’ @pY — k' ©r X is S(n,)ps - Xy, and this is X by the
hypothesis. Thus we have ¥ = X, as in the last paragraph of the proof of
Theorem 1.3.4.

We fix A = (A1, A2,...) € AT(n,r). Let T} : [A] — [L,7] be the tableau
whose first row is 1,...,A;, whose second rowis Ay +1,..., 1+, and so on,
and let Ty : [A] — [1,7] be the tableau whose first column is 1,..., 1, whose
second column is gy + 2,..., 41 + g2, and so on, where g = (g1, pa,...) is
the transpose A’ of A. We have a uniquely determined element wy € Sym(r)
such that Ty = w) o T3.

By [20; proof of 4.1 Lemma], we have a unique (Sym()’), Sym(})) double
coset in Sym(r), D = Sym())dSym()) such that d=!Sym()')d N Sym(}) =
{1}. By [20; 1.6 Lenuma (iii)], each element ¢ € Sym()X)dSym(}) has a
unique expression ¢ = wudv with v € Sym()'), v € Sym(}) and, if d is
chosen to have minimal length in this double coset, then we have l(udv) =
l(w) + 1(d) + I(v). Thus we have y(XN)Tyz(A) = 3 ;cp cyTy, Where ¢g =
(—)V-'™) for g € D with ¢ = udv, u € Sym(X), v € Sym(}). In particular
we have y(A)Tyx()) # 0. Moreover, if ¢ = udv € D (with u € Sym(}')
and v € Sym(})) then we have y(N)Tyz()) = (—g)'™y(XN)Taz()) # 0.
Furthermore we have D = Sym()\)T,,,,Sym(}), by [20; proof of 4.1 Lemma),
so we have:

Proposition 4.5.6 y()')7,,, x(A) # 0.
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We append k' to our usual notation when we wish to emphasize that the
construction is with respect to the general linear quantum group over the
field k. Let K = k(t) and take, as above, R = k[t,t~!] (where ¢ is an
indeterminant). Let M = pu = (u1,...,m) (with g > 0) and let o denote
the element of A(n,r) obtained by reversing the order of the parts of X, i.e.
a = (/Jma; .. aﬂl)-

By Proposition 4.5.6, right multiplication by T.,, x#(A)x defines a non-
zero H(r)k-module H(r)gy(N)x — H(r)kz()). By 2.1(20), we have the
isomorphism H(r)k ®m(a)x Ks — H(r)ky(N)k taking 1 ® 1 to y(N)xk
and the isomorphism H(r)k ®pm(), ¥ — H(r)kz(A)x taking 1 ® 1 to
z(A)k. Hence we have a non-zero homomorphism H(r)k ®g(a)x Ks —
H(r)k®H(a), K taking 101 to y(N )k Tw,, k®1. In view of the isomorphisms

H(r)k ®n(a) Ks — fK/\’\'EK and H(r)k @) K — fx S*Ex, of 2.1(20),
we have a non-zero H(r)g-module homomorphism fx A®Ex — fx S Eg
taking é, g to Tu,, k€u,k. Now by 2.1 Remark (iii), this H(r)x-module
homomorphism extends to an S(n,r)g-module homomorphism A®“Egx —
S*Ek. Thus we have an S(n,r)g-module ¢ : A*Ex — S*Eg such that
#(v.k) = Tw,, KEu K-

We write Ep for Rey g + -+ + Ren k. We write H(r)g for the R-
subalgebra of H(r)k generated by T , a € [1,n — 1], and write H(a)g for
the R-subalgebra generated by T, , a € J(«), where J(¢) is as in 2.1. We
write R, for R viewed as an H(r)g-submodule of K;. We write A*ERg for the
R-submodule of A®Ex spanned by the elements é; g, i € I(n,r). Similarly
we write S*Eg for the R-submodule of S*Eg spanned by the elements &; g,
i € I(n,r). It is easy to check that A*Eg is an S(n,r)g-submodule of
A®Ek and that S*Epg is an S(n,r)g-submodule of S*Eg. Furthermore, it
is easy to check that one has, for any homomorphism R — k' into a field, an
S(n, r)g-module isomorphism k' @ g A*ERr — A\®Ej: taking 1® é; x to é; ¢/
and an S(n, r);-module isomorphism k' Qg S ER — S Ej: taking 1 ® € K
to é; ys, for i € I(n,r).

We leave it to the reader to check that the isomorphism H(r)kx ®g(a)x
K; — fx \*Exk restricts to an isomorphism H(r)r ®H(a)x Rs — (A ER)“.
In particular we have (A*ER)* = H(r)gré,. Now A®E}: has a good S(n,r)p:-
module filtration for every homomorphism R — k' and every field &’ so that,
by Proposition 4.5.4, we have A“Egr = S(n,r)r - H(r)ré, = S(n,r)ré,.
Thus we have ¢(A\*ER) < S(n,r)ry(N)kTw,, kéu,k < S*Er. Thus, by
base change, we obtain an S(n,r)-module homomorphism 6 : A*E — S E
such that 6(é,) = y(A\')Tw,,éu. Now we have Im(f) = 6(S(n,r)é,) =
S(n,r)y(A')Tw,,&u. Thus from Proposition 4.5.3 we have the following.

Proposition 4.5.7 V(1) is isomorphic to the submodule of S*E generated
by y(’\l)TwA/ u-

Applying the Schur functor and identifying fS*E with Hz(}), as in 2.1(20),
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we obtain our promised identification of Sp(A) with the Dipper—James defi-
nition of the Specht module.

Proposition 4.5.8 Sp(}) = H(r)y(AN)T,,,z(A).

Remarks (i) This shows incidentally that the module Sp(2) is independent
of the choice of n > r.

(ii) The presence of Ty,,, in the above rather than T, , which occurs in [20],
may be accounted for by the fact that our Specht module is a left H(r)-
module and that of Dipper and James is a right H(r)-module.

Examples Taking A = (r) we get Sp(r) < Hz(r) = kz(r) so that Sp(r) =
k. Similarly we get Sp(17) = k.

We now give the promised improvement on 4.4(13).
Proposition 4.5.9 For A € A*(n,r) we have Sp(\)# = Sp()).

Proof Note that if S(n,r) (and hence H(r)) is semisimple then this is true
by 4.4,(13). Let X = g = (p1,...,4m) and let & = (am,...,03,01). We
have a surjective homomorphism ¢ : A*E — V()) and so a surjection fé :
FAYE — fV()) with kernel N, say. We have a non-singular contravariant
form on A% E, inducing one on fA*E (see the final paragraph of Section 4.1).
Thus we get N1 = Sp(A)°. On the other hand, since Sp(}’) is isomorphic
to the left ideal H(r)y(2)Tw,z(}'), by Proposition 4.5.8, we get Sp(\')# =
#(H(r)y(A)Tu, (X)) = H(r)a(A)TE, y(X) so that, in view of 2.1(20)(ii), we
have

Sp(V)* = H(ra(\TE ¢, < FAE. ()

Thus it suffices to prove that H(r)z(A\)T# é, = NL. Indeed it suffices to
prove that
e(A\)T# é, e Nt

for then we get Sp(N)# = H(r)z(A\)T# é, < Nt = Sp())° and, since
dim Sp(A’)# = dim Sp(A)° (e.g. by 4.4(13)), we must have equality.

Note that if S(n, r) is semisimple then A*E contains a unique submodule
isomorphic to L(A) and fA“E contains a unique submodule isomorphic to
Sp(}), and this is isomorphic to Sp(X)#, by 4.4(13). Thus, by (1) we get
H(r)z(\)T¥ é, = Nt = Sp())° = Sp(}). In particular we have 2(A\)T¥ é, €
N+*, in this case.

We now append k'’ to our notation to indicate that constructions are
made with respect to the quantum general linear group over the field /. Let
K = k(t), where t is an indeterminant, and let R = k[t]. Let ¢x : A*Ex —
S*Ek be the Gx-homomorphism such that Ok (év,x) = Tu,, Kéux (see
the proof of Proposition 4.5.6). Then ¢k restricts to an S(n,r)r-module
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homomorphism ¢r : A*Er — S*Eg (where the notation is as in the proof
of Proposition 4.5.6). Let Ng denote the intersection of the kernel of ¢ with
fA“Ex N \*ERg. Note that the form on A*ERp is obtained by base change
from the form on A*Ex and that Ny = k ®g Ng. Since x(/\)KTfMKév,K €

Nﬁ we get x(/\)kahkév,k € N,f‘ by base change, as required.

4.6 Standard Levi subalgebras of Schur algebras

Let v = (v1,...,vm) be a composition of n. We put Z;(v) = [1,11], Z2(v) =
i, +val, ooy Zm(V) = Y1 + -+ + Vm—1 + 1,n]. We write D(v, ) for the
set of (7, j) € I(n,r) x I(n,r) such that,forall 1 <a<rand 1< b<m, we
have iq € Zy(v) if and only if j, € Zy(v). We define the v-type of i € I(n,r)
to be p = (p1,.--,pm) € A(m,r), where p, = |[i~1Z(v)|, for 1 < b < m.
We define D(v, p) to be the set of elements (7, j) € D(v,r) such that ¢ (and
hence j) is of v-type p.

Let A = (A1,As,...) € A(n,r). We say that j € I(n,r) is A-decreasing
i ja, > 2 d2 2 J1y autre 2 -+ 2 gt and so on. We write Q(n,r)
for the set of all (¢, j) € I(n,r) X I(n,r) such that ¢ is weakly increasing and
J is A-decreasing, where X is the content of 7. We recall, from Section 2.1,
that A(n,r) has k-basis {c;; | (¢,7) € Q(n,r)} and hence S(n, r) has the dual
basis {£; | (i,5) € Q(n,r)}.

We have the quantum submonoid M(v) of M(n), as defined in [36;
Section 2]. Let A(v) = k[M(v)] and let R(v) be the kernel of restriction
k[M(n)] — k[M(v)] (i.e. R(v) is the defining ideal of M(v) in M(n)).
For i,j € I(n,r) we write ¢; for the restriction of ¢;; to M(v). Now
R(v) = @;2, R(v,r) is a graded biideal and coideal so that A(v) inher-
its a grading A(v) = @,y A(v,r). Furthermore, we have the natural iso-
morphism M(v) — M(v1) x --- x M(vp) so that, by transport of struc-
ture, we obtain a multigrading A(v) = ®p€N3. A(v,p), with A(v,r) =
®p€A(m’r) A(v,p), for r > 0. We write ¢,, for the coalgebra isomorphism
A(v1,p1) ® -+ ® A(Vm, pm) — A(v, p), obtained by restricting the isomor-
phism k[M(v1) x - -- X M(vm)] — k[M(v)] to degree p = (p1,...,pm) € NF.
We have

dim A(v,p) = [] dim A(w,p:) = []1Q(w4, )]
i=1 i=1

and so

dim A(w,r) = Y. dimA(w,p)= Y. [11Qws el

pPEA(mM,r) pPEA(M,r)i=1

for p=(p1,...,pm) ENJ.
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We set Q(v, p) =Q(n, r)ND(v, p) and note that |Q(v, p)|=TT;Z, 1Q(, o).
Suppose that (7,7) € Q(n,7)\U,ea(m,r) Q¥ p)- Then, for some 1 <a < r

and 1 < b < m, we have i; € Zy(v) and j, € Z3(v) so that ¢;,;, € R(v) and
hence ¢;; € R(v). By a dimension count we therefore get:

(1) {Cij l (i’j) € Q(Tl, T‘)\ UpeA(m,r) Q(V’ P)} is a k-basis of R(V)
and {¢;; | (¢,j) € UPGA(er) Q(v,p)} is a k-basis of A(v,r).

Similarly we get:

(2) For p € A(m,r) we have that {¢;; | (¢,7) € Q(v,p)} is a k-basis of
A(v, p).

We define the dual algebras S(v,r) = A(v,r)* and S(v,p) = A(v,p)*,
for r € Ng, p € A(m,r). The dual of restriction A(n,r) — A(v,r) gives an
injective algebra map S(v,r) — S(n,r) by which we identify S(v,r) with
a subalgebra of S(n,r). Dualizing the coalgebra decomposition A(v,r) =
@D ca(m,) AV, p) gives an algebra decomposition S(v,7)=€D ,c A(m,r) S (¥, £)-
We call the algebras S(v,r) and S(v, p) Levi subalgebras of S(n,r), for r € Ng,
p € A(m,r). From (1) and (2) we get:

(3) {&; | (i,j) € Q(v,p)} is a k-basis of S(v, p).

Writing 1 = ZPGA(m’r) Nvp, a8 an orthogonal sum of central idempotents,
according to the algebra decomposition S(v,7) = @ ,ea(m ») S (¥ £), it is not
difficult to convince oneself of the following.

(4) Forp € A(m,r) we haven,, = 3, €a, Where the sum is over all {5 = s
with i of v-type p.

We have an exact functor d,, : mod(S(v, r)) — mod(S(v, p)) as follows.
For U € mod(S(v,r)) we set d,,U = n,,U and for a morphism 8 : U — U’
of S(v,r)-modules we set d,,0 : n,,U — n,,U’ to be the restriction of 6.

We now take r = n. Recall that e = £, where w = (1,...,1).
(5) eS(v,v)e = H(v).

Proof Note that eS(v,v)e = eS(n,n)e N S(v,v). For € Sym(r) we have
Euur € eS(v,v)e, by (3). Hence H(v), the k-span of {€, ur | 7 € Sym(v)}, is
contained in eS(v,v)e. Now let (4, j) € Q(v,v) and suppose that £uuijluu #
0. Then we have ¢ ~ u, by 2.1(4). Since 7 is weakly increasing we have i = u.
Also, &j€uu # 0 gives j ~ u. Hence j = um, for some 7 € Sym(r), and the
condition (u,ur) € Q(v,v) gives 7 € Sym(v).



120 4. Further Topics

Thus we have an exact functor f, : mod(S(v,v)) — mod(H(v)), defined
on objects by f,U = eU, and defined on morphisms by restriction.

We need to keep track of the degree of the general linear group over
which we are working so we now write V(n, A) for the G(n)-module V(1) if
we wish to emphasize the role of n. For p = (p1,...,pm) € NI let A*(v,p) =
At(vi,p1) X - X At (v, pm)- For A = (A(1), ..., A(m)) € A*(v, p) we have
the module Vz()) for G(v) (where I is the subset of II corresponding to v,
as in Section 4.2). Regarding the G(11) X - - - X G(vp)-module V(v1, A(1)) ®
-+ @ V(vm, A(m)) as a G(v)-module via the natural isomorphism G(v) —
G(v1) x -+ x G(vm) we have V() 2 V(r1,A(1) @ - - - ® V(Um, A(m)).

Now Vz(X) is a polynomial G(v)-module of degree r and any polynomial
G(v)-module U of degree r decomposes as a direct sum U = @D ;¢ p(m ) MoU-
Since V() is indecomposable we must have 7, ,Vz()) # 0 for precisely one
p € At(m,r). We also write A € A(n,r) for the result of concatenating
A1), A(2),...,A(m). We have dim V(A)* = 1 so that £, V(A)* # 0 and
hence 1,,V(A)* # 0, where p = (p1, . .., pm), with p; = |A(3)|, for 1 < i < m.
Hence we have:

6) n,,Vs(A) = {OV,E(A)’ izejw(ils);(l)l,---,l)\(m)l);
for p € A(m,r).

We express the character x()) as a sum of characters of Vg (u)’s, i.e.

M= Y Y auxs@.

PEA(m,r) BEA+(v,p)

The coefficient a, is the multiplicity of Vz(u) as a composition factor of
V{M)lg(v) in the (very) classical case k = C and ¢ = 1.

(7)  V(X) has an S(v,r)-module filtration 0 = Vo < Vi < --- < Vj = V(}),
where V;/V;_1 = Vg(y') and |{i € [1,h] | u* = p}| = a,, for p € At(v,r).
Moreover, we may arrange the order such that p* <y y’ implies i < j.

Applying n,,, for p € A(m,r), we get the following.

(8) 1,,V(A) has an S(v, p)-module filtration 0 = Vi < V} < --- < Vj =
M, V(A), where V. /V!_, = Vy(r!), with * € At(v,p), for 1 < ¢ < g, and
{i € [1,4] | ¥ = 7}| = a, for T € A*(v, p). Moreover, we may arrange the
order such that 7' < 7/ implies i < j.

We now specialize to the case n=r and p=v. For p=(u(1),...,u(m)) €
A*(v,v) we set Spy(u) = eVg(), which is naturally an H(v)-module, as
H(v) = eS(v,v)e. Our identification of Vyg(u) with V(i (1)) ® --- ®
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V(Um, p(m)) identifies Vg(u)* with V(v (1)) @ -+ ® V(¥m, p(m))¥™
(where w; = (1,1,...,1) € A(v;,v;) and |u(3)| = v, for 1 < i < m) so we
have:

(9) Sps(k) = Sp(u(1)) @ - - @ Sp(u(m)), as H(v) = H(1) @ --- @ H(vm)-

modules.
Moreover, from (8) we get:

(10) Sp(A) = eV(A) has an H(v)-module filtration 0 = Sp, < Sp; < --- <
Sp, = Sp(A) with Sp;/Sp;_; = Spy(r) and |{i € [L,g] | 7 = 7}| = ax,
for p € At(v,p). Moreover, we may arrange the order such that r* <g 7
implies i < j.

We conclude with a result which will be needed in Section 4.7.

(11) Let X € F(V).

(i) For any Y € mod(S(n,r)) the natural map Homg(X,Y)—Homg(fX, fY)
is injective.

(ii) Assume that 1 4+ ¢ # 0. For u € A(n,r), the natural map
Homg(X,S*E) — Homy(fX, fS*F) is an isomorphism.

Proof (i) Let § € Homg(X,Y). If 6(fX) = 0 then § = 0 by Proposition
4.54.
(ii) We have dim Homg(X,S#E) = dim X¥ so, by part (i), it suffices to
show that dim Hompg(fX, fS#E) < dim X#. Thus, by left exactness of
Hompg(f—,SH*E), it suffices to prove this in the case X = V(A), for A €
At(n,r).

We prove this first in the case y = (r). Assume Homy(fV(A), fSHE) #
0. Let o denote the element of A*(n,r) obtained by writing the entries in
M in reverse order. Thus we have a surjection A*E — V(}), by Proposition
4.5.3(ii)). We have Hz(r) = k so that if Homg(Sp(A), Hz(r)) # 0 then
Homp(fA\®E, k) # 0. Moreover we have fA®E = H®pg(ayks, by 2.1(20)(ii).
Thus we get Homp(a)(ks, k) # 0, by Frobenius reciprocity, i.e. ks and k are
isomorphic as H(A')-modules. In particular, if ¢ is any entry of A’ then
ks = k as H(a)-modules. Since ¢+ 1 # 0, this can only happen if a = 1.
Thus A = (17) and A = (r). For A = (r) we have Homg(Sp(}), Hz(r)) =
Homp(k, k) = k and we get dim Homg(Sp()), Hz(r)) = dim V(M) in all
cases.

Now let A, 4 be arbitrary. Note that, for any U € mod(H ), we have

Hompg (U, Hz(p)) = Homy ((Hz(1))°,U°)
= Hompg(Ha(w),U°®) = Hompg,)(k,U°)
= Hompy(,)(U, k)
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by 4.4(11) and Frobenius reciprocity. Thus we have Homg (Sp(A), Hz(p)) =
Hompg,)(Sp(A), k). Moreover, by (10), we have an H(u)-module filtration
0 = Spy < Sp; < --- < Sp, = Sp(A) with Sp;/Sp;_; = Spx(r*) and [{i €
[1,9] | 7" = 7}| = a,, where X is the subset of II corresponding to  and the
numbers a, are defined by the equation

X()\): Z Z ) a-,-XE(T).

pEA(M,r) TEAT (u,p)

Thus we get, by left exactness,

dim Homg (Sp(A), Hz(p)) < ZaT dim Hompg,)(Sps(7), k)

and, by the case already considered, and (9), this is a,. Moreover, in the
generic case (¢ an indeterminate) this gives dim Hompg (Sp(A), Ha(p)) = a,,
by complete reducibility. Furthermore, in the generic case, the Schur functor
is an equivalence of categories and hence a¢, = dim Homg(V(A),S*E) =
dim V(A)#. Thus, in general, we have

dim Homg(V(X), S*E) > dim Hompg(Sp()), Hz(u)), completing the proof.

4.7 Quotients of Hecke algebras

Let n > » and let # C A*(n,r) be a cosaturated set of dominant weights
consisting of row regular partitions. Here cosaturated means that the com-
plement 7¢ = A*(n,r)\r is saturated, in the sense that whenever we have
A€ 7 and p € At(n,r) is such that g < A then we also have y € 7°.
Associated to 7 we have an idempotent £ € S(n,r). The algebra £S(n,r)¢ is
quasihereditary and we shall show that the Ringel dual (£5(n, r)¢)’ is equiv-
alent to a certain quotient of the Hecke algebra H(r). This generalizes a
result of Erdmann, [45], which applies when ¢ = 1 and # = A*(m,r) (for
m < n) consists of row regular partitions.

We first observe that S(n,r) has a theory of weights, in the sense of
the Appendix, Definition A3.8. We define 6 : A(n,7) — S(n,r) by 8(a) =
£ Note that 1 = ZQGA(n’r)H(a) = ZQGA(n’T)ﬁa is an decomposition of
1 as an orthogonal sum of non-zero idempotents, and condition (i) for a
theory of weights is satisfied. For o € A(n,r) and A € A*(n,r) we have
dim Homg(n ,)(S(n, r)éa, L(A)) = dim L(A)®. Thus, writing

Sn,r)éa= @ PO

a€At(n,r)

(where P()) is the projective cover of L(A)) we have dy = dim L(A)%. In par-
ticular we have dy = 1 (where & is the dominant weight conjugate obtained
by writing the parts of « in descending order) and if d, # 0, for u € A*(n,r),
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then L(4)®* # 0 and hence p > &. This verifies condition (ii) and shows that
the element a® of condition (ii) is &, for & € A(n,r). Certainly the map
A(n,r) — A*(n,r), taking o to at = &, is onto, so that property (iii) is
satisfied and 8 : A(n,r) — S(n,r) is a theory of weights. (Indeed this is the
motivating example for the general definition.)

Let 7 be a cosaturated subset of A*(n,r) and let T' C A be such that
Tt =7 (where Tt = {at | a € T}). We put € ={p, ie. ér =3 cpéa- As-
sume that n > r and let e = §,. We put S = S(n,r) and S¢ = £5€. We have
Se = E®T. In particular Se is a tilting module. Hence, by the Appendix,
Lemma A3.9, the restriction map p : Endg(Se) — Endg, (£Se) is surjective.
We calculate the dimension of the kernel of p. For A € At(n, r) we have (Se :
V(X)) = dim Homg(Se, V(X)) = dim V(A)* = dim Sp()), by Proposition
A2.2(ii)). Thus we have ch E®" = ZAGAJ,(n’r) dim Sp(A)ch V(). Since we
have ch V() = ch A(X) we also have ch E®" = 37, 14(, »y dim Sp(A)ch A(})
and so (Se : A(A)) = dim Sp(A), for A € At(n,r). Hence, by Proposition
A2.2(ii), we have dim Ends(Se) = Y ,c+(dim Sp(A))®. It follows from
Proposition A3.11(ii) (and Proposition A2.2(ii)) that dim Endg, (£Se) =
> xex dim (Sp(A))?2. Hence we have:

(1) p:Ends(Se) — Endg, (£Se) is surjective and Ker(p) has dimension
> aexe dim Sp(A)?, where 7¢ = AT\,

Note we have an isomorphism (eSe)°? — Endg(Se) and so, combin-
ing this with the above, we have the surjective algebra homomorphism p’ :
(eSe)°P — Endg, (£Se), given by p'(z)(y) = y, for & € eSe, y € £Se. Since
Se = E®" we have Se € F(V) and hence Oz<(Se) € Fr<(V) and it follows
from Proposition A3.11(i), that £Oy<(Se) = 0. Hence eOx<(Se) < Ker(p').
However, Oz<(Se) has a filtration with sections V(A), A € 7, by Lemma
A3.1(ii), with V() occurring dim V(A)“ = dim Sp(A) times. Thus we have:

(2) €Ogxe(Se) has dimension Y, ..(dim Sp(A))? and is precisely the kernel
of p'. Hence p' induces an isomorphism (eSe)°P [eOr(Se) — Endg, (£Se).

We put I(7¢) = eOz<(Se). Now eSe = H(r) and we have the antiauto-
morphism J : H(r) — H(r) taking T,, — T, for 1 < a < r. Combining this
with the above we obtain an isomorphism p” : H(r)/I(7¢) — Endg, (£Se).

There is another description of I(7¢), which we now give. Let K = k(¢)
(where t is an indeterminate). Let Sk = S(n,r)k be the Schur algebra over
K and S(n,r)g the Schur algebra over R = k[t,t™!]. Let er,ér r € S(n,7)R
be the idempotents as above but over R. We let I(7¢) g be the corresponding
ideal over K and I(7°)g = I(n®)k NH(r)r. Then we have I(7¢)r < Ker(p")
and by base change we obtain k ® I(7°)r < Ker(p"”). By dimensions we
obtain:

(3) I(m°) =k ®r I(7°)Rr.
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Note that, from the semisimplicity of S(n,r)x, we get that I(7°)x is the
direct sum of all submodules of H(r)x which are isomorphic to Sp(A)x for
some A € 7°.

Now assume that 7 consists of row regular partitions. We define T =
Se ® (Dxere T(X)). By 4.3(4), (9) and (10) we have that T(A) occurs as a
component of Se, for all A € m. Thus T is a full tilting module. Hence we
have S’(7) = Ends, (§T)°P = Ends, (§Se)°P, by Proposition A4.9, and so:

(4) §'(m) = S;® = Ends, (£Se)° is isomorphic to H(r)/I(x®).

In particular H(r)/I(r®) is a quasihereditary algebra.

It was claimed in [45] that the category F»(Sp) of finite dimensional
H(r)-modules which have a filtration by the modules of the form Sp(A),
A€m(for g =1, 7 = At(m,r), m < n), is equivalent to the category of
S(n,r)-modules which have a filtration with terms A(A), A € 7. However,
as noticed by Cline, Parshall and Scott, [12], it is not shown in [45] that
such an H(r)-module must be annihilated by I(x). This problem is rectified
in [12; (3.8.3)] (for the case ¢ = 1, # = A*(n,r)). We found the following
general argument (which is anyway quite different) before seeing [12], but
after being informed of the difficulty in [45].

(5) Suppose that 1+ ¢ # 0. Let m be a cosaturated subset of A% (n,r)
consisting of row regular weights. Then I(m) acts trivially on every H(r)-
module which admits a filtration with sections of the form Sp(}A), A € .

Proof Let H = H(r),I=I(r)and A = H/I. We claim that Ext};(4,Y) =
0 for all Y € mod(H) which are filtered by Sp(x)’s, with p € 7. It suffices
to prove that Ext}; (A,Sp(g)) = 0, for 4 € 7. We have an exact sequence

0 — Hompg (A, Sp(r)) — Homp(H,Sp(p)) — Hompg (I, Sp(p))
— Extl(4,Sp(r)) — 0.

Now Hompg(A,Sp(p)) = Homa(A,Sp(p)) (as Sp(p) is an A-module) so
dim Hompg (A, Sp(u)) = dim Sp(g) and of course dim Homg(H,Sp(u)) =
dim Sp(p) so that Hompg (I,Sp(p)) = Extl(A,Sp(k)). To establish the claim
it therefore suffices to show that Homg (7,Sp(u)) = 0, for all 4 € 7. Since
Sp(u) embeds in Hz(u), it therefore suffices to prove that Homg (I, Hz(u)) =
0. Since I is filtered by modules Sp(A), with A € =€, it suffices to note
that Homg(Sp(A), Hz(p)) = 0, for A € #°, p € 7. By 4.6(10), we have
Hompg(Sp(A), Hz(u)) = Homg(V(A),S¥E) = V(A)¥. If this is non-zero
then one must have u < X and since ¢ is saturated, ¢ € 7°, which is impos-
sible since p € 7. This completes the proof of the claim.

Now suppose that X,Y € mod(A4) admit filtrations by Sp(A)’s, with
A € m. Let F € mod(A) be a free module mapping onto X with kernel NV,
say. We get exact sequences

0 — Homu(X,Y) — Homa(F,Y) — Homu(N,Y) — Ext}y (X,Y) = 0
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and
0 — Homp (X,Y) — Homy(F,Y) — Homg(N,Y) — Ext}(X,Y) — 0

since Ext}(F,Y) = 0, by the claim just proved. But Hompg(X,Y)
Homy4(X,Y) (for all A-modules X,Y). Hence we have dim Ext)(X,Y)
dim Hompg (X,Y) so the natural (injective) map Ext} (X,Y) — Exth(X,Y),
on equivalence classes of extensions, is an isomorphism. In particular, every
H-module extension of Y by X arises via an A-module extension of Y by
X. By induction on the filtration length one therefore concludes that every
H-module which admits a filtration by Sp(A)’s, with A € =, arises from an
A-module (i.e. I acts as zero on every such module).

Now the quasihereditary algebra S has costandard modules {V(A), A €
7, by Proposition A3.11(ii). Hence, by Theorem A4.7, the quasihereditary
algebra Ends, (£Se) has standard modules A’()) = Homg, (£Se,EV(X)), A €
7. Hence the isomorphism H(r)/I(7°) — Ends, (£Se)°P gives H(r)/I(r) the
structure of a quasihereditary algebra with standard modules

Homg, (£Se,EV(A)).
Now by Proposition A3.13, the natural map
Homg(Se, V(X)) — Homg, (£Se,EV (X))

is a linear isomorphism. Clearly this commutes with the action of H(r) so
we get that H(r)/I(r) has standard modules Homg(Se, V(X)) = Sp(}), for
AE .

Thus we get that the category of H(r)/I(m)-modules with a filtration by
Sp(A), A € 7, is equivalent to the category of S'(7)-modules with a filtration
by A’(X), A € x. By Proposition A3.3, this is equivalent to the category
of modules for S’ which have a filtration by modules A’(A), A € 7, and it
follows from Proposition A4.8(i), that this is equivalent to the category of
S-modules with a filtration by V(}), A € 7. Summarizing and using (5), we
have:

(6) Let m be a cosaturated subset of A*(n,r) consisting of row regular
partitions. The category of H(r)/I(r)-modules which have a filtration with
sections from {Sp(}) | A € =} is equivalent to the category of S(n, r)-modules
which have a filtration with sections from {V(A) | A € 7}. If 1+ ¢ # 0,
these categories are equivalent to the category of H(r)-modules which have
a filtration with sections from {Sp(A) | A € 7}.

Let m < n and suppose that At (m,r) consists of row regular partitions.
We take T' = A(m,r). We write E,, for the natural left G(m)-module,
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and we view this as a G(m)-submodule of E. We identify S¢ with S(m,r)
via the natural isomorphism given at the beginning of Section 2.2. Now
ESe = (E® = E$" and the isomorphism H(r)/I(r) — Ends,(£Se)°P of
(4) gives an isomorphism H(r)/I(7) — S(m,r)’, the Ringel dual of S(m,r).
Thus H(r)/I(r) is quasihereditary and, as above, we find that the standard
modules are Sp(}), A € A*(n,r), and obtain the following.

(7) Let m < n and suppose that m = A%*(m,r) consists of row regular
partitions. Then H(r)/I(w) is the Ringel dual of S(m,r). Furthermore, the
category of H(r)/I(m)-modules which have a filtration with sections from
{Sp(X) | A € A*(m,r)} is equivalent to the category of S(m,r)-modules
which have a filtration with sections from {V(}) | A € At(m,r)}. If 149 # 0,
these categories are equivalent to the category of H(r)-modules which have
a filtration with sections from {Sp(}) | A € A*(m,r)}.

This is the g-analogue of Erdmann, [45; 4.4 Theorem)].
4.8 The global dimension of the Schur algebras for r <n

We calculate the global dimension of the Schur algebra S(n,r), for r < n.
Our result generalizes a recent result of Totaro, [76], who determined this
in the classical case, ¢ = 1, and our arguments are based very firmly on his
work. If ¢ is not a root of unity then S(n,r) is semisimple. We assume
from now on that ¢ is a primitive {th root of unity and that » < n. Let
the characteristic of k be p > 0. If p = 0 and r has ({,p) expansion r =
r—y + Ir' we define d(r) = r_; + v’ and if p > 0 and r has ({,p) expansion
r=r_y+Irg+Ipry +Ip*ry + -- - we define d(r) = r_y +ro + r1 + -+ - (the
sum of the digits). We show that the global dimension of S(n,r) is precisely
2(r — d(r)).

We begin by introducing the divided powers modules. Recall that we
have the pairing V®" x E®" — k. Let A = (A1, Ag,...) be a composition of
r and let X* denote the kernel of the natural map V& — S*V. We define
the divided powers module D*E = (X*)* = {y € E®" | (X*,y) = 0}. Then
we have the induced form S*V x D*E — k. From the definitions we have

X=X oVohg.. L Vg xhg.. LY@ gV g Xlg ... ...
so that

XMt =xM)te XMt e =D eDM - -
Thus we have:

(1) DPE=DMEQ@DME®---.
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The right divided powers modules D*V, A € A(n,r), may be defined analo-
gously (though these are not used in the sequel). Dualizing the isomorphism
A(n, 1) = @reaen,ry SV, 2.1(1)(i), of right G-modules, and using Lemma
1.1.2(iii), we obtain a left S(n,r)-module decomposition:

(2) S(”" 7’) = @AeA(n,r) D*E.

We write glob(S) for the global dimension of an algebra S. For X €
mod(S(n,r)) we write inj(X) for the injective dimension and proj(X) for
the projective dimension of X. Let N = glob(S5), where S = S(n,r), and let
X,Y € mod(S) be such that ExtY (X,Y) # 0. We have Y & F/R for some
free module F € mod(S) and submodule R. We have an exact sequence
Ext%’r(X,F) — Ext} (X,Y) — Extd*!1(X,R). Since Ext}(X,Y) # 0 and
Extg T}(X,R) = 0 we have Ext} (X, F) # 0. Thus the global dimension of
S is the injective dimension of F', which is the injective dimension of the left
regular module S. Thus, from (2), we get:

(3) glob(S(n,r)) = max{inj(D*E) | A € A(n,r)}.
This prompts the following observation.

(4) Suppose thatr,s € Ng, r+s < n, X € mod(S(n,r)),Y € mod(S(n,s)).
Then we have inj(X ® Y) < inj(X) +inj(Y") (resp. proj(X  Y) < proj(X) +
proj(Y')). In particular if X and Y are injective (resp. projective) then X @Y
is injective (resp. projective).

Proof We suppose first that X and Y and injective and prove that X @Y is
injective. We may assume that X and Y are indecomposable. By 2.1(1)(ii),
we have that X is isomorphic to a component of S*E and Y is isomorphic
to a summand of S¥E for some A = (Ay,...,A,) € A(n,r) and some p =
(#1,...,ps) € A(n,s). But then X ® Y is isomorphic to a direct summand
of STE, where 7 = (A1,..., Ar, 11, .-, Hs) € A(n,r+ 5) and this is injective,
by a further application of 2.1(1)(ii). Hence X ® Y is injective. In general
one gets that inj(X ® Y) < inj(X) + inj(Y'), either by dimension shifting, or
by tensoring an injective resolution of X with an injective resolution of Y to
get one of X ® Y, in the usual way.

The arguments for projective dimension are similar, using (2) to get that
X ®Y is projective if both X and Y are projective.

Now from (3) we get:

(5) Forr<n we have glob(S(n,r)) < max{y_;inj(D*E) | A=(A1,X2,...) €
At(n,r)}.

We shall also need to construct resolutions for the divided powers modules.
We could do this by arguing as in [1], to produce projective resolutions, but
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(for the sake of variety) our treatment is based on the Koszul resolution,
which we now produce. We write A, for the algebra given by generators
z1,...,&n subject to the relations 2;; = quixj, for ¢ < j. We write simply
k for A,/(z1,...,2,). We identify A,_; with a subalgebra of 4,, and note
that A, = Ay, ® Ap—y (for n > 1). We write W, for the n-dimensional
vector space on basis y1,...,y, and, as usual, write AW, for the exterior
algebra B, N W,. We identify AW,_; with a subalgebra of AW, (for
n > 1). For 1 < r < n we define ¢, : A, © N'W, — A, @ AW, to be
the linear map such that

S (fOUY - yi,) =f2i, QUiy - Yi, — 0f i, @ YirYig - Yi, + -
ot (=) i, @iy - Uiy

for fe Apand n >4 > --- > i, > 1. We claim that:

6) 0= A @A Wp — -+ = A QAN Wn = Ap@ N ™W, — - —
A, Q@W, — A, — k — 0 Is exact.

We call this the ¢g-Koszul resolution of the A,-module k. It is easy to check
that it is a complex. Also, exactness at A, 1s clear and we leave it to the
reader to check that 4, @ A"W, — 4, ® /\"'1Wn is injective. To prove
that Ker(¢7) < Im(¢5,*!), for n > r > 1, we argue by induction on n. For
n = 1 there is nothing to prove. We now suppose that n > 1 and that the
result holds for n — 1 > » > 1. We note that the restriction of ¢; maps
An1 @ N W1 into An_1 @ N7 'W,_1 via ¢7,_,. Note also that we have
a k-space decomposition

An ® /\TWn =A,1® /\TWn—l @C;

where C7 = A2 @ A" Woo1 + 4, ® yn/\"lwn_l. Let 7: A @ AN"W, —
An_1® A"W,_1 be the projection.

We must show that if ¢],(F) = 0, where F' = Ziell(n,r)fi ® yi, with
fi€Apandy; =y, ...y, fori=(i1,...,i,) € I1(n,r), then F € Im(¢7+1).
Let X = I (n,7)\I1(n—1,r). Foreachi € I;(n—1,r) we write f; = flzn+f!,
with f/ € A,, fI! € An—1. We have

Sn(Fy=¢( > flza@u)+on( Y.  flow+e,(d_ fiouw)=0.

ieh(n,r) i€l(n-1,r) iex
Note that ¢, (f/zn, @ yi) € CL, for i € I1(n— 1,r), and ¢}, (fi @ y;) € C7,, for
t € X. Thus, applying 7, we get ¢>fl(zieh(n1r)f,~" ®y)=0,ie.

el D> flew)=o0.

i€l (n-1,r)
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Ifr=n—1 we get zieh(n,r)fz!l ®y; =0 and if » < n — 1 we get, by the
inductive hypothesis,

> f' @y € Im(gnth) < Im(ght).
ieli(n,r)

Thus F is congruent to zieh(n_l’r) flzn®yit) ;e x fi®yi, modulo Im(g7 %)
We may therefore assume F = 37 p o1y fiZn @4 + X x fi ® Ui

We put U = ziex A, Quy = A ® yn/\r'an_l. Now, for ¢ =
(f1,...,ir) € I(n — 1, 7), we have

LTl © yuui)
=fien @Yy .. Yi, — 4fiTi, @ Yn¥iy - - Yi, + - +(=0) fizi, ® Yn¥iy - .- Yi,_,
=fi®uy +G;

for some G; € U. Thus we have that F is congruent to 3=,/ (n_y ) Gi +

Y iex fi ® yi modulo Im(4.,*!). Hence we can assume that F' € U. We have
F = ziel;(n—l,r) 9i ® yny; for some g; € A,. But the condition ¢/ (F) =10
gives

Z (9i%n ® Yiy - - Yi, — 99i%i, @ YnViy - - Yi, + -
i=(i1,...,ir)€L(n—1,)

+(—9)"9i%i, @ Yn¥i, -+ Yi,_1) =0

and hence g;z, = 0 and therefore g; = 0, for all : € I1(n — 1,7). Thus we
have F = 0 € Im(4",*!), as required.

efixadegreerand,forl <a<rletd, : 5"V — VR
We fixad d, for 1 let 4, : S"~%V Y — Srtl-ay
A"V be the k-map given by

Ba(f @iy Ao Avi ) = foi, @vig A Avi, — qfvi, @iy Avig Ao A,
+...+(.-q)“'1fv,;a (8'()5‘1 /\"'Avia_l

for feS* W, n>i > - >ig>1.

(7) 0 — /\rV — V® /\r_IV _ e — S‘T—GV®/\“V — Srtl-ay &
/\a_lV — o= ST Q®V — SV — 0 is an exact sequence of right
G-modules.

Proof We have a natural grading on A, such that #; has degree 1, and an
isomorphism of graded algebras A, — S(V), taking #; to v;, for 1 < < n.
Moreover, the linear isomorphism W, — V, taking y; to v;, 1 £ 1 < n,
induces an isomorphism of k-spaces A’W,, — A’V, for each j > 0. Thus
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we have natural isomorphisms A, ® AW, — S(V)® A’V. We obtain, by
transport of structure from (6), a resolution of graded S(V')-modules

0=S(V)@AV =SWV)@ A"V = ... =50V = S(V)=k—0

and the rth component of this is the sequence (7), which is therefore exact.
It remains to show that each map 6, : S™=9V @ A°V — S"+1-9V o A*~'V
is a G-module map. Note that 6, factorizes as (m ®id) o (id ® ¢), where m :
STV QV — STHl-ey g multiplication and where ¢ : /\aV —-Ve® /\a_lV
is the linear map given by

SV, Ao AV ) =05, ®Uip A A, — qui, @5, Ay Ao Aoy,
+o (=) o, @ i, @i A A

for 11 > --- > 14. Thus it suffices to prove that ¢ is a G-module homomor-
phism. This may be easily checked by observing that ¢ may be obtained
by dualizing multiplication F ® /\a_lE — A®E, via the natural pairing
VOA'VXEQATE —k.

Now for a,b € Ny we have pairings S°V x D°E — kand A’V XA’E — k
and hence the product pairing SV @ /\bV x D*E ® /\bE — k. Dualizing
(7) using these pairings:

(8) We have an exact sequence of left G-modules) — D"E — D" "'EQE —
= DrH-eER NTIE L DAEQAE — .- = EQA 'E = \E —
0.

By dimension shifting we have the following.

(9) 00— A — X9 — Xy — - = X, — 0 is an exact sequence of
modules over a ring then we have inj(4) < max{inj(X;)+J | 0<j < m}.

Thus from (4), the usual Koszul resolution 0 — A™E — EQ A" 'E —
= Sm-1E® E — S™E — 0 (we leave it to the reader to check that the
maps are G-homomorphisms) and induction we get:
(10) mj(A"E)<m—1,for1<m<n.
From (8), (10), (9) and (4) (and induction) we get:
(11) mj(D™EY<2(m—=1),for1 <m < n.

We fix non-negative integers » and a and let f(z) € Z[z] be the corre-
sponding Gaussian polynomial (see e.g. [2; p. 33]). Thus the value of f(z) at
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a prime power ¢ is the number of a-dimensional subspaces in a vector space
of dimension r, over the field of cardinality q. We claim that for » > a we

have
f@y= >

c€X(a,b)

where b = r — ¢ and X (a,b), as in Section 1.2, is the set of & € Sym(r) such
that o(¢) < o(j) whenever 1 < i< j<aora+1<i<j<r. Itsuffices to
show that the polynomials agree at prime powers ¢. We have f(g) = [GL,(¢) :
P], where P is the stabilizer of an a-dimensional subspace. We take P to be
the set of ¢ = (g;;) € GL,(g) such that g;; = 0 for (4,7) € [1,a] x [a+1,a+b].
Let % = {(i,j) | 1 < i< j < n}={a,...,an} (where N = (})). For
a € &t let U, denote the corresponding root subgroups of GL.(q). For
o € Sym(n) let ®F = {(i,5) € ®t | ¢(§) > 0(j)} and let Uy = Uy, - . Ua,,,
where ®F = {an,,...,on,} and by < .-+ < hp. Then |U,| = ¢/, for
o € Sym(r). We identify ¢ € Sym(n) with the corresponding permutation
matrix. It follows from the Bruhat decomposition that GL,(q) is the disjoint
union of the sets U,o0P, ¢ € X(a,b), and that the map U, x P — U,0P
is bijective (for o € X(a,b)). This gives [GLn(q) : Pl = 3 oex(an) 79, as
required.

We now return to our usual understanding that ¢ is a non-zero element
of the field k. We write [7] for ZUGX(a,b) ¢'“). By [75; Lemma 2.1(i)],
if ¢ is a primitive lth root of unity and » = r_; + Ir',s = s_; + ls’, with
0<7r_.q1,8-1 <l then we have

J=120). ®

(12) Proposition Let a,b> 0. Let X = A\E® N\'E (resp. /\“+bV, resp.
SSE ® SPE, resp. DtV resp. D+PE, resp. S°V @ S*V) and Y = \*T'E
(resp. N°V & \°V, resp. DV @ DV, resp. S**E, resp. D°E @ D'E, resp.
S9+V ). Then dim Homg(X,Y) = 1 and the natural map X — Y is split if
and only if [“:b] # 0.

Proof By using suitable pairings and Lemma 1.1.2, we are reduced to prov-
ing this for X = AE® /\bE (resp. S°E @ S*E, resp. S°V @ S®V) and
Y = A"ME (resp. ST E| resp. SOV,

Let » = a + b, We first consider the case X = A°E ® /\bE and
Y = \'E. Since \"E € F(A) and A*EQA’E € F(V) we get, from the Ap-
pendix, Proposition A2.2(ii), dim Homg(A"E, A\°"EQA\'E) = (N"EQN'E :
/\'H'bE). This the coefficient of s1r in s3¢s;s (where sy denotes the Schur
symmetric function determined by the partition A) expressed as a Z-linear
combination of Schur symmetric functions, and this is 1 e.g. by [63; 1,(5.17)].
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By Lemma 1.2.3, the natural G-module map : A“E ® /\bE — /\a+bE
is split if and only ¢ oy € Endg(A"E) is a non-zero multiple of the iden-
tity, where ¢ : A"E — A®E ® \'E is the linear map such that ¢(é;) =
Y oex(ap) T(€io), for i € Ii(n,r) (and where 7 : E®” — \"E® A'E is the
natural map). Moreover, since Endg(A"E) = k, we have that 5 is split if
and only if 7 o5 # 0. Now for ¢ = (1,...,%r) € I1(n,r) we have

ron(e)= D (=1)Vé.

oc€X(a,b)

Moreover, it follows from the defining relations for \(E) that é;, = (—¢)"(?)é;,
for 7 € I1(n,r) and o € Sym(r). Thus we have

rone)=( ¥ ¢ e="1"a

oc€X(a,b)

for i € I1(n,r). Thus 7 is split if and only if [a';b] # 0.

We now consider the case X = S°EQ® S*E and Y = S"E. By 2.1(8) we
have dim Homg(S™E, S°E @ S*E) = dim §” E(®%9) and this is 1.

We now consider the natural map n: S°E ® S’E — S™E. We produce
a non-zero G-homomorphism S™E — S®E ® S*E. Recall we have the iso-
morphism ¢ : S°E @ S°E — ¥ A(n,r), of 2.1(1), where pp = (a,b). Let ¢
be the inverse of ¢ and let v : STE — S?E ® S*E be the composite ¥ o 3,
where § : STE — ¥ A(n,r) is given by B(&;) = Ejeu ¢j;. Note that § is a
G-map since we have 8 = (v ® id)r, where 7 : S"E — S"E ® A(n,r) is the
structure map and v : S”E — k is the linear map such that v(efel) = 1 and
V(STE?) = 0 for p # a € A(n,r). Note also that ef(efed) = e(ci;) = 1,
where ¢ = (1,1,...,1,2,2,...,2). Thus 3, and hence ¥, is a non-zero G-
map. Thus, multiplication n : S°E @ S*E — STE splits if and only if
noy € Endg(S"E) is an isomorphism, and since Endg(S"™F) = &, this is if
and only if noy is non-zero. Thus 7 is split if and only if 7y(e]) # 0, i.e. if and
only if ”'/’(Ejeu ¢js) # 0, where now ¢ = (1,1,...,1). Let h € I(n,r) and let
k' € I(n,r) be the result of writing the components of h in ascending order.
It is easy to check, from the defining relations, that c¢; ; = g9¢h i, where g is
the number of pairs (u, v), of elements of [1, 7], such that u < v and hy > hy.
Let h =(1,1,...,1,2,2,...,2). Then each j € p may be written uniquely in
the form ho, for o € X (a,b). We get cho i = ¢/(“en, for ¢ € X(a,b). More-
over, we have 9(cni) = ef ® e} so we get nY(T ;¢ ¢ji) = (Zoex(an) e
and so 7 is split if and only if [a':b] #0.

The case X = 5%V ® S*V and Y = SV is similar.

We assume that ! > 0 and that k has characteristic p > 0, and leave it
to the reader to make the simplifications in the following arguments needed
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to cover the remaining cases. Let m < n and let m = m_y +Imo+Ipmi+---
be the (I, p)-expansion. By repeated application of (12), using (), we get
that A™E is a G-module summand of E®™-1 @ (A'E)e™ @ (APE)y™ @ - -
and that S™V is a G-module direct summand of V®™-1 @ (S'V)®me
(8'?V)®™1 @ ... and hence, by duality, that D™E is a G-module summand
of E®™m-1 @ (D'E)®™° ® (D'?)®™ @ ... Thus, from (4), (10) and (11) we
obtain:

(13) inj(A"E) < m — d(m) and inj(D™E) < 2(m — d(m)).

It is easy to check that, for A = (A1, As,...) € A(n,r) we have d(A;) +
d(A2) + - -- < d(r). Hence, from (3), (5) and (13) we have:

(14) glob(S(n,r)) < 2(r — d(r)), for r < n.
We now show that in fact we have equality.
(15) For r < n we have glob(D"E) = 2(r — d(r)).

Proof By (14) we may assume r > [ and r > p if { = 1. Moreover, by
(14), it suffices to demonstrate the existence of some A,B € mod(S(n,r))
with ExtX" 4" (4, B) # 0.

Let » = r_y + lrg + lpry + --- be the (I,p) expansion of r. We take
A= S*E and B = D*E where A = (1"-10"°(Ip)™ ...).

For each component m of A = (17-1{"(Ip)™ ...), we have, by (8), the
exact sequence 0 — D™E — Xy — X1 — -+- = X1 — 0, where X; =
D™=1=i E @ N'T'E. By (4), (10) and (11) we have inj(X;) < 2(m — 1) — j,
for 0 < j<m—1,and inj(X;) < 2(m—1)—j—2for j <m~1. Tensoring
together all such sequences we obtain an exact sequence 0 — D*E — Yy —

- — Yy — 0, where N = r — d(r) and Yy = A" E. Moreover, by (4), we
have inj(Y;) < 2N — j — 2, for j < N. Thus we have Ext¥(S*E,D*E) =
ExtZ¥(S*,Yn) = Ext} (S*E, A E).

Now by [1], we have, for a positive integer m, an exact sequence of
vector spaces 0 - K — X9 — X1 — -+ — X1 — 0, where X154 is
the direct sum of all tensor products S'E ® --- @ S9* E with j1,...,ja > 1
and j1 + -+ jo = m, for 0 < a < m—1. Moreover K — X is inclusion
and X,_1 — X, is derived from multiplication in the symmetric algebra
S(E),for 1 <a<m. Thus0 - K —- Xy - X; — -+ = Xpo1 — 0
is an exact sequence of G-modules. In the classical case, by [1], we have
K = A™E, and so the character of K, in general, is ch A™E. Since A" E
is an irreducible G-module, we must have K & A™E, in general. Hence,
for each component m of A = (17-1{"(Ip)™ ...) we have an exact sequence
of G-modules 0 — A™E — Xo — -+ — X1 — 0. Tensoring together
all such sequences we obtain an injective resolution 0 — /\'\E - Y —
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.= Yy — 0, with Yy = S*E. Hence we get that ExtY (S*E,A\*E) # 0
provided that Homg(S*E,Yn_1) — Homg(S*E,Yn) = Homg(S*E, S*E)
is not surjective, and this will certainly be so if Yy_1 — Yy is non-split.

We shall prove (cf. [76]) that any homomorphism S*E — Yxn_; is zero
on the (r,0,...) weight space. Note that Yy_; is a direct sum of modules of
the form S*E, where p is obtained from A = (1"-1{"°(Ip)™ ...) by replacing
one of the components Ip” by the pair (Ip” — 1,1). Thus it suffices to show
that, for all such p, every G-module homomorphism S*E — SHE is 0 on
the (r,0,...) weight space. One may do this by giving a g-analogue of the
argument of Totaro, [76]. For the sake of variety, we give a deduction based
on the Steinberg tensor product theorem. Suppose, for a contradiction, that
we have a G-module homomorphism S*E — S*E which is non-zero on
the (r,0,...) weight space. Now S"F is a G-module direct summand of
S*E (see the proof of (13)) so there must be a G-module homomorphism
S"E — S*E which is non-zero on the G-socle L = L(r,0,...) of S"E. Thus
we get dim Homg (L, S*E) # 0 and therefore, by 2.1(8), u is a weight of L.
By the Steinberg tensor product theorem, 3.2(5), we have L. & L(r_1,0,...)®
L(s,0,...)F, where r = r_y + Is. Thus g has the form « + I3, for suitable
weights @ of L(r-1,0,...) and 3 of L(s,0,...). Now, in g, we have 1 and
Ip" — 1 occurring as entries in consecutive positions. Restricting to these
positions we get (1,lp" — 1) =~ + v, for ¥y = (a,b), v = (¢,d) and a + b < [.
This is clearly impossible. Thus we have that L(»,0,...)* = 0, that any
homomorphism Yy — Yn_; is 0 on the (r,0,...) weight space of Yn and
that Yny_; — Yn is non-split, as required.

Remark Though we knew at the outset that S(n,r) has finite global di-
mension, this follows from the resolutions given in this section. We have
inj(S*E) = 0 < oo, for all A € A(n,r). We have inj(A™E) < oo, by (6),
(4) and induction. Hence we have inj(A“E) < oo for all & € A(n,r), by (4).
Assume that A € AT(n,r) and we have inj(L(u)) < oo for all 4 € A*(n,r)
which are less than A in the dominance order. The simple module L(A) oc-
curs exactly once as a composition factor of A*E, where « is the transpose
of A, and all other composition factors have highest weight smaller than A
in the dominance order. Thus we have submodules N; < N2 of A*E, with
No/N1 = L()) and all weights of N1 and A®*E/N, less than A. By the
inductive hypothesis we have inj(N1),inj(A*E/N2) < oo. It follows that
inj(N2) < oo and therefore inj(L(A)) = inj(N2/N1) < 0.

Thus, by induction, we have inj(L())) < oo for all A € At(n,r), ie.
inj(L) < oo for all simple modules L and therefore glob(S5) < 0.
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We give a self contained account of the theory of quasihereditary algebras

and their associated tilting modules. References are given in the discussion
in A5.

A1l Let k be afield and let S be a finite dimensional k-algebra. We assume
that S is Schurian, in the (other) sense that Endg(L) = k, for every simple
S-module L. We fix a complete set of pairwise non-isomorphic simple S-
modules {L(X) | A € A*}. For A € A*, we fix a (minimal) projective cover
P(A) and a (minimal) injective envelope I(X) of L(}).

We write mod(S) for the category of finite dimensional left S-modules
and, for X € mod(S), A € A*, write [X : L())] for the multiplicity of L(})
as a composition factor of X.

Let m be a subset of A*. We say that V € mod(S) belongs to = if all
composition factors of V' belong to {L()A) | A € 7}. Among all submodules
belonging to =, of an arbitrary V' € mod(S), there is a unique maximal one
which we denote O,(V) (by analogy with the standard notation O(G) for
the largest normal m subgroup of G, for G a finite group and 7 a set of
primes). Moreover, among all submodules U of V such that V/U belongs to
7 there is a unique minimal one, which we denote by O™ (V') (also by analogy
with standard notation in finite group theory). Note that if ¢ : V — V' is
a morphism in mod(S) then ¢(0(V)) < O(V’) and ¢(0O™(V)) < O™ (V’).
Defining O, (@) : Oz (V) — O(V') and O™ (¢) : O™(V) — O™ (V') to be the
restrictions of ¢, we have functors O, and O™ from mod(S) to the category
of k-spaces. It is easy to check that O, is left exact and that O7 is right
exact.

Let 2 € S and let ¢ : S — S be right multiplication by . Then we have
#(O07™(S)) < 0O™(S5), by functoriality, i.e. O™(S)e < O™(S) so that O™(S) is
an ideal of S.

(1) ForV € mod(S) we have O™(V) = O™(S) - V. In particular we have
O™(S)-V =0 if V belongs to .

This trivially holds for V = S and hence also for V' a direct sum of copies
of S. In general we write V = F/T, where F € mod(S) is free and T is
a submodule. By right exactness we have O™(F/T) = (O™(F) + T)/T =
(O™(S)-F+T)/T =0"(S)-(F/T).

Now if V belongs to 7 then O™ (V) = 0 so that O"(S5) -V = 0.

We put S(7) = S/O™(S) and regard O,(V) and V/O™(V) as S(w)-
modules, for V € mod(S). Note that, for A € m, we have that L(}) is
naturally an S(7)-module and indeed it is easy to check that:
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(2) {L(A) | A € ©} is a complete set of pairwise non-isomorphic simple
S(m)-modules, P(X)/O"(P(])) is an S(w)-module projective cover of L(}A),
and Ox(I())) is an S(r)-module injective envelope of L()), for A € 7.

As well as the “truncation functor” O, we shall also consider a trun-
cation functor defined by an idempotent. Let £ € S be a non-zero idem-
potent and let S¢ denote the algebra £S¢. We have the Schur functor
f : mod(S) — mod(S¢). For V a finite dimensional left S-module, fV is
the subspace £V of V regarded as a left £5¢-module, and for a morphism
6 : V — V' of left S-modules, f6 : fV — fV’ is the restriction of 6.
Note that we have a natural k-space isomorphism Homg(S¢,V) — £V, for
V € mod(S), and since S¢ is a projective module (or arguing directly) we
get:

(3) f:mod(S) — mod(S;) is exact.

Let AY = {A € At | £L()\) # 0}. For a finite dimensional left S-module V
we regard the dual space V* = Hom(V, k) as a left module for the opposite
algebra S°P in the usual way. Note that the natural map Homg(U,V) —
Homgep (V*,U*) is a k-space isomorphism, for U, V € mod(S). In particular,
for X € mod(S), the algebra Ends(X) is local if and only if Endges(X™)
is local so that X is indecomposable if and only if X* is indecomposable.
Similarly, we get that X € mod(S) is projective (resp. injective) if and only
if X* € mod(S°P) is injective (resp. projective).
Let g : mod(S°P) — mod(Sg) be the Schur functor.

(4) (i) For V € mod(S) restriction gV* — (fV)* is an isomorphism of
S'gp-modules.

(i) Af is the set of A € A* such that P(}) is a direct summand of S§.

(iii) For A € Ag’ and V € mod(S), the natural map Homg(P(}),V) —
Homg, (f P(A), fV) is an isomorphism.

(){fLX) | e Ag’} is a complete set of pairwise non-isomorphic irreducible
S¢-modules.

(v) fP(X) is a projective cover of fL(})), for A € Ag’.

(vi) fI(X) is an injective envelope of fL()), for A € Ag’.

(vii) For X € mod(S) and X € A}, we have [X : L(A)] = [fX : fL())].

Proof We leave (i) for the reader to check.

We take parts (ii) to (v) together. We note that if U is a simple left
S-module then fU is either simple or zero. Suppose 0 # £u € £U. Then
we have S¢éu = £(S€u). Since U is simple, we have S€u = U and hence
S¢fu = EU. Thus fU, if non-zero, is generated by each non-zero element
and hence is simple. Now let 0 = Vj < V; < .-+ < V,, be a composition
series of S¢. Then we get a series 0 = fVy < fV4 < --- < fV, for the left
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regular module S¢. For 1 < ¢ < n, the section fV;/fV;_1 is isomorphic to
f(Vi/Vi~1) and hence is either 0 or simple. Thus every composition factor
of S¢ is isomorphic to fU, for some simple module S-module U. Since every
simple left S¢-module is a composition factor of the left regular module every
simple left S¢-module is isomorphic to fU, for some simple S-module U.

If fL(A) # 0 then Homg(SE, L(A)) # 0 so that P()) occurs as a direct
summand of S¢. Now suppose that P(}) is a direct summand of S§. We
write £ = & + .-+ + &,, as an orthogonal sum of primitive idempotents.
Thus we have S¢ = S¢ & --- & SE, and P(A) = S¢;, for some 1 < ¢ <
n. Let V € mod(S) and consider the restriction map Homg(S&;,V) —
Homg, (£5¢;,£V). Let § € Homg(Sé;, V). Then we have 6(s;) = sv for all
s € S, where v = 6(&) = &6(&) € &V, If the restriction of § to S¢&; is
zero then v = 6(¢;) = 0 and 6 = 0. Now suppose that n € Homs, (£S5&;,£V).
Then we have n(s§;) = sv’, for all s € S¢, where v/ = n(&;) € &V. Then
n is the restriction to £S¢; of the S-module homomorphism ¢’ : S¢ — V,
defined by 6'(sf) = sv’, for s € S. Hence restriction Homg(P(A),V) —
Homg, (f P(A), fV) is an isomorphism. Since fP()) = £S¢; = S¢é; is a direct
summand of the left regular module S¢, it is projective. Taking V = P(X)
we have a k-algebra isomorphism Ends(P(A)) — Ends, (fP(})) and, since
P(}) is indecomposable, we obtain that fP()) is indecomposable. Taking
V = L(pn), for p € AT, we get Homs, (fP(A), fL(p)) = Homs(P(}), L(p)),
which is 0 for 1 # A. This gives that fP()) has head fL(}), in particular that
FL(A) # 0 and also that fL(A) 2 fL(u), for u # A. Thus Ag‘ is precisely the
set of A € AT such that P()) is a direct summand of S¢ and fL(A) 2 fL(u),
FP(A) % fP(X), for A, u distinct elements of Ag‘. This completes the proof
of (i1)—(v).

Now let I be an injective indecomposable with socle L. Then P = I*
is a projective S°P-module with head H = L*. If fI # 0 then gP # 0,
by (i), and has head gH = (fL)*, by (v) and (i). Thus fL # 0,ie. L =
L{A) and I = I(}), for some A € AZ‘. Moreover gP = (fI)* is projective
indecomposable and hence fI is injective indecomposable. Conversely, for
A€ AZ‘ we have fL(A) # 0 and hence fI(A) # 0 and so is the injective
indecomposable Sg-module with socle fL()). This proves (vi).

We get (vii) from (iv) and (3) above.

We now fix a partial ordering < on A*. For A € At we define 7(\) =
{1 € AT | p < A}. Let M(X) be the unique maximal submodule of P(}). We
define K(A) = O"M)(M (X)) and A(X) = P(A)/K()). Similarly we define
V(A) < I(A) by the formula V(A)/L(A) = Oxoy(I(A)/L(})). We call the
modules A(A), A € AT, the standard modules and the modules V(A), A € At
the costandard modules.

(5) We have Ends(A())) = k and Ends(V(X)) = k, for all A € A™T.

Proof Let 8 € Ends(A(A)). Now A(X) has a unique maximal submodule
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M = M(X)/K()) and @ induces a homomorphism 6, say, on the head
A(A)/M. But we have A(M\)/M = L()\) and Ends(L()\)) = k so that ¢
is scalar multiplication by ¢, say. Thus, putting ¢ = ¢ — c.id (where id
is the identity map on A(X)) we have ¢(A(X)) < M. Thus L(A) is not a
composition factor of Im(¢) and hence is a composition factor of Ker(¢). If
Ker(¢) # A(A) then Ker(¢) < M, which does not have L()) as a composi-
tion factor. Hence Ker(¢) = A(A) so ¢ = 0 and 6 is multiplication by ¢. This
shows that Endgs(A())) = k, and one similarly shows that Endg(V(})) = &.

(6) (i) For A\,p € A*, we have

k, iIfl=y;
Homs(A(}), V(#)) = {0, otherwl;se.

(i) Let X € mod(S) and A € At. IfExtL(A(X), X) # 0 or Ext}(X,V(})) #
0 then X has a composition factor L(p) with p £ A.

Proof (i) Suppose 0 # ¢ € Homg(A(X),V(x)). Since V(u) has simple
socle L(p), we have that L{g) occurs as a composition factor of Im{¢) and
hence of A()). This gives A > u. We have Ker(¢) # A(X) and A(A) has a
unique maximal submodule M = M())/K()) and L(\) = A(X)/M. Thus
L()) is a composition factor of A(A)/Ker(¢) and hence of Im(¢) < V(u).
This gives A < u and hence A = pu.

Let ¥ : A(A) — V()) be any homomorphism. Now M, and hence
¥(M), does not have L()) as a composition factor. However, V()) has
simple socle L(\) so that every non-zero submodule of V()) has L(A) as
a composition factor. Thus M < Ker(¢) and 1 induces a homomorphism
¥ : L(X\) = V()). Moreover, the image of 1 is contained in the socle L(})
of V(A). In this way we obtain an endomorphism of L(A) and obtain an
isomorphism Homg(A(}), V(A)) — Ends(L{})) = k.

(ii) By the long exact sequence we may assume that X = L{u) for some
it € At. Suppose that Exts(A()), L(x)) # 0. From the short exact sequence
0 — K(A) — P(A) — A()) — 0, we get an exact sequence

Homs(K (), L(#)) — Extg(A(A), L(g)) — 0

(since P(A) is projective). Thus we have Homg(K (), L(p)) # 0 and hence
there is a submodule K’ of K()) such that K(X)/K’' = L(p). But now, if
g < A then both M()X)/K()\) and K(X)/K’ belong to m(A) and therefore
M(X)/K’ belongs to m()). Thus we have K(A) = O"(M(})) < K’ <
K()), a contradiction. Hence we have u £ A. If ExtL(L(p), V() # 0 we
similarly obtain u £ A.

For X € mod(S) we write [X] for the class of X in Grot(S), the
Grothendieck group of mod(S). Thus Grot(S) is free abelian on {[L(A)] | A €
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A*}. Moreover, L()\) occurs with multiplicity 1 in A()) and other composi-
tion factors have the form L(z), with ¢ < A. Thus we have

[AN)] = [ZO)] + D aulL(w)]

u<A

for certain non-negative integers a,. Thus the sets of the elements [V(})],
A € A, and [L(A)], A € AT, are related by a unitriangular matrix and
therefore the elements [V()A)], A € A*, form a Z-basis of Grot(S). Similar
remarks apply to the modules V()A), A € AT. To summarize, we have the
following,.

(7) The Grothendieck group Grot(S) of mod(S) has Z-bases:
DAL | A € AT}, () {[AMN)] | A € A*}, and, (iif) {[V(A)] | A € AT}

By exactness of Homg(P(A),—) and Homg(—, I{))) we have:

(8) dim Homg(P(A),X) = dim Homg(X,I(A)) = [X : L(N)), for X €
mod(S) and A € AT.

For X € mod(S), in addition to the composition multiplicities, we have the
integers (X : A(A)) and (X : V(X)) (for A € A1) defined by the equations

[X]= > (X : AQ)[AM)]

AeAt

and
[X]= Y (X : VORIV
A€At
Note that the functions X + (X : A(A)) and X +— (X : V(X)) are additive
on short exact sequences of S-modules.

Let X € mod(S). We call an S-module filtration 0 = Xy < X3 <
€ X, = X of X a A-filtration (resp. V-filtration) if, for 1 < ¢ < r, the
factor X;/X;_1 is either 0 or isomorphic to A(A) (resp. isomorphic to V(X))
for some A € At. We write X € F(A) (resp. X € F(V)) to indicate that
X is a finite dimensional left S-module which has some A-filtration (resp.
V-filtration). Note that if X € F(A) (resp. X € F(V)) then (X : A(}))
(resp. (X : V(A))) is the multiplicity of A(A) (resp. V(X)) as a factor in any
A-filtration (resp. V-filtration) of X.

A2 We are now ready to give the key definition.
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Definition A2.1 We say that mod(S) is a high weight category (with
respect to the ordering <) if the following properties hold for all A € A*:
(1) I(A)/V(A) € F(V);

(ii) whenever (I(A)/V(}) : V(1)) # 0, for p € At, we have u > A.

To emphasize the dependence on the ordering we will sometimes say that
(mod(S), <) is a high weight category, or that (mod(S), At) is a high weight
category. We assume from now on that mod(S) is a high weight category.
We call the elements of At dominant weights.

Some basic properties are summarized as follows.

Proposition A2.2 (i) Let X € mod(S) and A € At. FExtL(A(X),X) #0
or

Exty(X,V())) # 0 then X has a composition factor L(p) with g > A.
In particular if Exty(A()), A(g)) # 0 or Exts(V(i), V(X)) # 0, for some
p € At then we have p > .

(ii) For X € F(A) and Y € F(V) we have

dim Exti(X,Y) = {Eyw(x LAWY : V() ifi=0;

0, otherwise.

In particular, for \,u € A, we have

; _Jk Hi=0,A=p;
Exts(A(A), V(w) = {0, otherwise.
We have
(X : A(X)) = dim Homg(X, V()))
and
(Y : V(X)) = dim Homg(A(}),Y)
for A € AT,

(iii) For X € mod(S) we have X € F(A) (resp. X € F(V)) if and only if
Ext5(X,V()) =0

(resp. Ext5(A()),X) =0) for all A € A*.
(iv) For XA € AT we have P()) € F(A) (resp. I(X) € F(V)) and

(P(X) : An) = [V(g) : L(N)]
(resp. (I(A) : V(p)) = [A(p) : L(N)]) for p € AT

(v) Let 0 = X' — X — X" — 0 be a short exact sequence in mod(S). If
X' X € F(V) (resp. X, X" € F(A)) then X" € F(V) (resp. X' € F(A)).
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(vi) If X € F(A) (resp. X € F(V)) and Y is a direct summand of X then
Y € F(A) (resp. Y € F(V)).

Proof (i) Assume that Ext}(X,V())) # 0. By the long exact sequence we
can assume that X = L(y) for some dominant weight p. The short exact
sequence 0 — V(A) — I(X) — I(A)/V(A) — 0 gives rise to an exact sequence

Homs(L(u), [()/V(A)) — Ext}(L(n), V(1)) —

(since I(A) is injective). Thus we have Homg(L(x),I(A)/V())) # 0. Now
I{X)/V(X) has a filtration with sections of the form V(7), with 7 > X. By left
exactness of Homg(L(p), ~), we get Homg(L(u), V(7)) # 0 for some 7 > A.
But V(7) has simple socle L(7) so we get p =7 > A.

We deal with the remaining part of (i) at the end of the proof of the
proposition.
(ii) We suppose first that X = A(X) and Y = V(u). The case i = 0 is
A1(6)(i). Now consider the case i = 1. If Ext}(A()), V(k)) # 0 then
we have A > u, by what we proved of part (i), and A ¥ p, by A1(6)(ii), a
contradiction. By induction on filtration length, and the long exact sequence,
we get Ext5(X,Y) = 0forall X € F(A),Y € F(V). Now suppose that i > 1
and we have proved that Exty '(X,Y) = 0 for all X € F(A), Y € F(V).
Let X € F(A) and p € A™. From the short exact sequence 0 — V(u) —
I(p) — I(p)/V(p) — 0 we obtain

Extis (X, I(u)/V(p)) & Exts(X, V(s))

and, since I(p)/V(u) € F(V), we get Ext4(X,V(g)) = 0. By the long exact
sequence (and induction on filtration length) we get Extk(X,Y) = 0 for all
Y € F(V). Hence we have Exts(X,Y) = 0 for all X € F(A), Y € F(V)
and ¢ > 1 by induction.

The formula dimHomg(X,Y) = 3,2+ (X : A))(Y : V(v)) is valid
for X = A(N), Y = V(u) by A1(6)(i). For arbitrary X € F(A), Y € F(V),
the formula follows by induction on filtration length (and the vanishing of
Ext§(X’,Y’) for X' € F(A), Y’ € F(V)).

(iii) If X € F(A) (resp. X € F(V)) then Exty(X, V(X)) =
(resp. Ext(A(X), X) = 0) for all A € At by (ii).

Now suppose that X € mod(S) and Ext}(A()),X) =0 for all A € A*.
(The other case is similar.) We argue by induction on the dimension of
X. There is nothing to prove if X = 0. We now assume X # 0 and that
X' € F(V), whenever X’ € mod(S) with dim X’ < dim X satisfies the
condition Extg(A(X), X’) =0 for all A € A*t.

Let 4 € AT be as small as possible such that Homg(L(p), X) # 0. We
claim that Extg(L(v),X) = 0 for all » < p. For such an element v we have
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a short exact sequence 0 — N — A(v) — L(v) — 0 and hence an exact
sequence

Homg(N, X) — Exty(L(v), X) — Exts(A(v), X).

For a composition factor L(v') of N we have v/ < v and therefore v/ < p.
Hence we have Homg(N,X) = 0 by the choice of y. But we also have
Exty(A(v), X) = 0, by the hypothesis, and so we get Exty(L(v), X) = 0,
proving the claim.

We have a short exact sequence 0 — L(p) — V(¢) — @ — 0 and hence
an exact sequence

Homg(V(p), X) — Homs(L(g), X) — Ext§(Q, X).

Composition factors of @ have the form L(v), with v < p, so we have
Ext5(Q, X) = 0, by the claim. Thus the map

Homs(V(g), X) — Homg(L(n), X)

is onto, and we have a homomorphism V(y) — X, whose restriction to
L(y) is non-zero. Since V(u) has simple socle L(y), this homomorphism is
injective. Thus we have a copy X1, say, of V(¢) in X. Now for A € A, by
the long exact sequence, we have an exact sequence

Ext5(A(X), X) — Ext5(A(X), X/X1) — ExtZ(A()), X1)-
We have Ext}(A()), X) = 0 by hypothesis and
Ext3(A()), X1) 2 Ext3(A(}), V(i) =0,

by (ii), and hence we have Ext}(A(X), X/X;) = 0 for all A € At. By the
inductive hypothesis we have X/X; € F(V). But X; = V(u) so we get
X e F(V).

(iv) We have Extg(P(X), V(y)) = 0, for all u € At, since P()) is projective.
Hence P()) € F(A), by (iii). We have

(P(}) : A(p)) = dim Homg(P(X), V(p)) = [V(k) : L(N)]
by (i) and A1(8). We have I()) € F(V) by hypothesis and

(I()) : V(p)) = dim Homs(A(g), (X)) = [A(n) : L(M)]
by (ii) and A1(8) again.
(v),(vi) These follow from (iii).

Finally, returning to (i), we now have, by (iv) and (v), that K () has
a filtration with sections of the form A(X'), with A’ > A. The dual of the
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argument given above at the start of the proof shows that if Ext}(A()), X) #
0 then X has a composition factor L(p) with g > A.

For A € At we define I(\) = I, where [ is the length of a longest chain
Ao < A; < -+ < N = Ain At. Define (A1) to be the maximum of the
lengths I(A), for A € AT,

Proposition A2.3 We have Exty(L()),L(g)) = 0 for \,up € AT and
i > l(A) +{(p). Thus S has finite global dimension, bounded by 2I(AY).

Proof We argue by induction on I(A)+1(x). We assume that for all X, y’ €
At with I(X) + I(g") < I(A) + {(p) we have Exts(L(N),L(p')) = 0 for all
i > I(A)+1(p'). We have a short exact sequence 0 — N — A(X) — L(A) = 0
and, for every composition factor L(v) of N, we have v < A and hence
l(v) < I(X). For i > I(A) + I(p), we have the exact sequence

Ext (N, L(n)) — Ext(L(A), L()) — Ext5(A(A), L(k)).

Now i — 1 > I(v) +I(p) for every composition factor L(v) of N and hence,
by the inductive hypothesis, we have Extiy ! (N, L(u)) = 0. Thus it suffices
to prove that Exti(A(X), L(u)) = 0. We have a short exact sequence 0 —

L(p) = V() — @ — 0 and for every composition factor L(v) of @, we have
v < p. We get an exact sequence

Ext ! (A(X), Q) — Ext(A(A), L(w)) — Extis(A(X), V(w)).

Now, for every composition factor L(\') of A(
L(v) of @, we have I(X) +1(v) < I(A) + (v
i—1>I(A) + (v). Thus we have Ext’s " (A(A),Q) = 0, by the inductive
hypothesis. We also have Exti(A(N), (/.t)) = 0, by Proposition A2.2(ii),
and therefore Ext'q(A(A),L(#)) = 0 and hence Extg(L(A),L(u)) = 0, as
required.

A) and every composition factor
) < I(A) + {(g) and therefore

A3 We call a set 7 of dominant weights saturated if it has the property
that A € 7 whenever A < p and p € 7.

Lemma A3.1 (i) Let X € F(V) (resp. X € F(A)) and let p be a minimal
element of the set {v € AT | (X : V(v)) # 0} (resp. {v € At | (X : A(v)) #
0}). Then some submodule (resp. quotient module) of X is isomorphic to

V(p) (resp. A(p)).

Let m be a saturated set of dominant weights.

(ii)) If X € F(V) then O(X) € F(V) and, for A € A*, we have

(Ox(X) : V(X)) = {EX D e
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(iii) If X € F(A) then O™(X), X/O™(X) € F(A) and we have
(X :A(A), ifrem

0, otherwise.

(X/0™(X): AQN)) = {

Proof Part (i) follows from Proposition A2.2(i).

We now prove part (ii), and leave part (iii) to the reader. We argue
by induction on dimension. If X = 0 there is nothing to prove. We leave
the case in which X = V(u), for some p € A*, to the reader. Now assume
X # 0 and the result holds for all X’ € F(V) with dim X’ < dim X. Let
¢ be a minimal element of the set {v € AT | (X : V(v)) # 0}. By (i), X
contains a submodule X isomorphic to V(u). Suppose first that 4 € =.
Then X3 < O(X) and it follows that Ox(X)/X1 = O(X/X1). By the
inductive hypothesis O, (X/X1) has a V-filtration and

(Ox(X/XD) =900 = {g?(/XI VA icflsl)l\efwlix;;.

Thus Ox(X)/ X1 € F(V) and therefore O, (X) € F(V). For A € m we get

(02(X) : V(X)) =(02(X)/ X1 : V(X)) + (X1 : V(X))
= (X/X1:V(A) + (X1: V(A)
=(X:V(A)

and for A ¢ 7 we get

(02(X) : V(X)) =(0x(X)/ X1 : V(X)) + (X1 : V(}))
=04+0=0

using the inductive hypothesis and the fact that A # p.

Thus we may assume that no minimal element of the support of X
belongs to 7. But then (X : V(X)) = 0 for every A € 7 so that X has a
filtration in which we have O,(Y) = 0 for each section Y. Hence Or(X) =0,
and the result holds.

For a set of dominant weights m we now regard O, as a functor from
mod(S) to mod(S(7)) (as in Al). We consider now the right derived functors
RiO,. We regard an S(7)-module X also as an S-module (also denoted X)
via the natural map S — S(w). Note that, for V € mod(S(7)) and W €
mod(S), the image of any S-module homomorphism V — W lies in O (W).
Thus we have Homg(V, W) = Homg)(V,Ox(W)) and hence we have the
factorization Homg(V, —) = Homg(+)(V, —) 0 Ox. Note that Ox(I())) = 0 if
A ¢ mand, by A1(2), Ox(I(}))) is the injective envelope of L(A) in mod(S(7)),
if A € m. Thus Oy : mod(S) — mod(S(r)) takes injectives to acyclics and
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we therefore have, for W € mod(S), a Grothendieck spectral sequence with
Ey-page Extis(,y(V, RI Ox(W)), converging to Exts(V, W).

Proposition A3.2 Let 7 be a saturated set of dominant weights.
(i) For W € F(V) we have R*O,(W) =0 for all i > 0.
(ii) For X € mod(S) belonging to = we have R'O,(X) for all i > 0.

Proof (i) Consider first the case i = 1. For A € AT we have a short exact
sequence 0 — V() — I(}) = Q()) — 0, where Q(X) has a V-filtration with
sections of the form V{u), u > X. Hence we get an exact sequence

0 — Ox(V(X)) = O:(I(X)) = O0:(Q(N)) — RO(V (X)) — 0.

Suppose that A € 7. Then we have O (I{A)/V(A)) = Or(I(A))/V(A) so
that O (I(X)) — O(Q(X)) is surjective and RO(V(A)) = 0. Now suppose
A ¢ m. Then Q(A) is filtered by modules V (i), with ¢ > A, and no such
p belongs to w. Hence Or(Q())) = 0 and again RO,(V())) = 0. Hence
in all cases RO,(V())) = 0 and therefore, by the long exact sequence, we
have RO,(X) = 0 for all X € F(V). Now suppose, for some ¢ > 0, we
have shown that RO, (X) = 0 for all X € F(V). We get R*10,(V(})) =
RO (Q())) = 0 and hence RI*10,(X) =0, for all X € F(V), by the long
exact sequence. This proves (i) by induction on 1.

(1) For A € 7 we have a short exact sequence 0 — L(A) — V() —
V(A)/L(A) — 0 and hence, by (i), an exact sequence

0 — L(A) = V(X)) = V(X)/L(A) — RO (L(A)) = 0

and isomorphisms Ri=10,(V(A))/L(\)) — R:O,(L())), for i > 1. Thus we
get

RO, (L())) =0, and hence RO, (X) = 0 for X belonging to =. Now suppose
that ¢ > 1 and that R*=10,(X) for all X belonging to 7. Then, for A € =,
we get RO, (L()\)) = R=10,(V(XN)/L(X)) = 0 and hence, R!O,(X) = 0
for all X belonging to m. Thus we have R'O,(X) = 0 for all i > 1 and X
belonging to m, by induction.

We leave it to the reader to formulate and prove the corresponding results
for O7.

Proposition A3.3 Let M, N be finite dimensional S-modules belonging
to the saturated set w. Then, for all i > 0, we have

Exth . (M, N) = Exts(M, N).

Proof By the discussion before Proposition A3.2, we have a Grothendieck
spectral sequence with Ej-page Exty (M, R Ox(N)) which converges to
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Exts(M, N). But R#O,(N) =0 for j > 0, so the spectral sequence degener-
ates and we have Exts(M, N) = Ext,) (M, N) for all r > 0.

Let 7 be a saturated set of dominant weights. By A1(2) {L()\) | X € =}
is a complete set of pairwise non-isomorphic irreducible S(m)-modules and,
moreover, for A € w, the S(w)-module I(A) = Or(I(})) is the injective
envelope of L(A). By Lemma A3.1(ii), I»(A)/V()) has a filtration with
sections of the form V(u), with A < p e wm. Let o = {vr € AT | v < A}.
We have O,(V(p)) = 0 for p > X (since V(i) has socle L(1)) and hence, by
left exactness of O,, we have O,(I:(1)/V(A)) = 0. Hence, applying O, to
the short exact sequence 0 — V(A)/L()) — Ir(A)/L(A) = Ix(X)/V(X) — 0,
we get Oy (Ir(A)/L(A)) = O,(V(AN)/L(A)) = V(X)/L(A). Hence the modules
V(A), A € m, are the costandard modules for S(7). Now we have that
I:(A)/V(X) has a V-filtration, by Lemma A3.1(ii), and Ir(A)/V(}A) has a
filtration with sections V(u). Moreover, we have (Ir(A)/V(}) : V(p)) =
(Ix(A) : V(p)) = (V(A) : V(u)), which gives that we have A < p € m,
whenever (I;(A)/V(X) : V(u)) # 0. This shows that mod(S()) is a high
weight category with costandard modules V(X), A € 7. A similar argument,
using Lemma A3.1(iii), shows that the modules A()), A € w, are the standard
modules. We collect these facts together for future reference.

Proposition A3.4 For a saturated set of dominant weights m we have that
mod(S(m)) is a high weight category with standard modules A()), A € w,
and costandard modules V(A), A € m, with respect to the labelling of the
complete set of irreducible modules {L(A) | A € 7} and the induced partial
ordering on .

We drop, for the moment, our standing assumption that mod(S) is a
high weight category.

Lemma A3.5 (S,A%) is a high weight category if and only if the following
properties hold for all A € AT:

(i) K(X) € F(A);

(ii) whenever (K()) : A(p)) # 0, for p € At, we have p > A.

Proof Suppose that (S,A%) is a high weight category. Let A € At and
let 7 = {u € AT | u # A}. Note that P(A)/K(X) belongs to = so that
O™(P())) < K()). For u € m we have (P(A)/O™(P(X)) : A(p)) = (P(A) :
A(p)) = [V(@) : L(N)], by Lemma A3.1(iii), so when this is non-zero we have
p# > A, and hence gy = A. In this case we get (P(X)/O™(P(})) : A(X)) =
[V(A) : L(A)] = 1. Hence we have dim P(X)/O™(P(A)) = dim A(A)
dim P(A)/K(A) so that dim O™ (P(A)) = dim K(XA) and hence O™ (P(A))
K(A). Thus we have K(X) € F(A) and (K(A) : A(u)) = 0, for p € w, by
Lemma A3.1(iii), so that whenever (K (X)) : A(g)) # 0, we have p > A, as
required.
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Now suppose that (i) and (ii) hold for all A € A*. These conditions are
dual to the defining conditions for mod(S) to be a high weight category and
imply that mod(S°P) is a high weight category with respect to the labelling
{L(A)* | A € At} of the irreducible S°P-modules, and moreover, the mod-
ules (P(A)/K(A))*, A € A*, are the costandard modules for S°P. Writing
P*(X) = I(A)* we then get that the maximal submodule M*(}X) of P*(})
is (I(A)/L(A))* and that the submodule K*(A), such that M*())/K*())
is the largest quotient of M*(A) belonging to #(A), is (I(A)/V(A))* and
A*(X) = P*(A)/K*(X) = V(A)*. Now, by what we have proved so far, the
conditions (i) and (ii) hold for the algebra S°P. Hence (I(A)/V(A))* has a
filtration with sections V(u)*, with u > A, and it follows that I(A)/V(A)
has a filtration with sections V(u), ¢ > A. Hence mod(S) is a high weight
category, with respect to the given ordering <.

An ideal H of S is called a hereditary ideal if it satisfies the following
conditions:
(i) H is projective as a left S-module;
(it) Homg(H,S/H) = 0;
(i) HNH = 0, where N is the radical of S.

Definition A3.6 The algebra S is called quasihereditary if there exists a
chain of ideals S = Hy > Hy > --- > H, = 0 with H;/H; hereditary in
S/Hiy1, for 0 < i < n. Such a chain of ideals is called a hereditary chain.

Proposition A3.7 (i) Suppose that mod(S) is a high weight category with
respect to a given partial order <. Write out the elements of At as Aq,..., Ay
in such a way that ¢ < j whenever \; < A; and define 7(i) = {A1,..., A},
for 1 < i< n. Then S > O"M(S) > ... > O™")(S) = 0 is a hereditary
chain of ideals, and hence S is quasihereditary.

(ii) Suppose given a hereditary chain S = Hp > Hy > - > H, = 01in S.
Let {L(X) | X € A*} be a complete set of pairwise inequivalent irreducible
S-modules. Let At (i) be the set of A € At such that L()\) occurs as a
composition factor of S/H;, for 1 < i < n, and define a positive integer
7(A) < n, for A € A, by the condition A € At (r(A))\A+(r()A) — 1) (where
A*(0) is the empty set). Let < be the partial ordering such that A < p if and
only if r(A) < r(p) (for A\, u € A*). Then mod(S) is a high weight category
with respect to <.

Proof (i) We first show that if 4 is any maximal element of A* and ¢ =
At\{u} then O9(S) is a hereditary ideal of S. Since S is a direct sum
of the modules P()A), A € A*, and each P()\) € F(A), the left regular
module S has a A-filtration. By Lemma A3.1(iii), O?(S) has a filtration
with sections all of the form A(p). Hence, by Proposition A2.2(i), 09(S) is a
direct sum of copies of A(y). But K () < P(u) has a filtration with sections
of the form A(v), v > p, and p is maximal in A* so that K(p) = 0, i.e.
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P(u) = A(p) and A(p) is projective. Hence O?(S) is projective. We have
dim Homg(P(p),S/0°(S)) = [S/S°(S) : L(r)] = 0, since all composition
factors of S/0°(S) come from {L(A) | A € ¢} and 4 € 0. Hence we have
Homg(0°(S), S/0°(S)) = 0.

We write 09(S) = A1 & --- @ A, with Ay, ..., A, isomorphic to A(g).
Now A(p) has unique maximal submodule M(u), so that N - A; =2 M(u)
belongs to o, for 1 < ¢ < ¢t. By A1(2) we therefore have O?(S)NA; = 0,
1 < i<t and hence O?(S)NO°(S) = 0. Thus O?(S) is a hereditary ideal
in S.

Now we must show that O7()(5)/0"(+1)(S) is a hereditary ideal in

S/0™G+1)(S), for 0 < i < n. Let 7 = (i + 1), ¢ = n(i) and define A € =
by {A} = m\o. We must show that 0?(S)/O"(S) is a hereditary ideal of
S/07(8), i.e. that O7(S(w)) is a hereditary ideal of S(x). But this is true
by the previous paragraph and Proposition A3.4.
(ii)) Let H = H,_; and let 7 = AT (n — 1) with the partial ordering in-
duced from the specified partial ordering on At. We assume inductively that
mod(S/H) is a high weight category for the partial ordering on 7 induced by
that on A*. Since H is projective, we have H = @, ¢+ P(A)(4) for non-
negative integers dy. If dy >0 with A €7 then we have dim Homg(H,S/H) >
dim Homg(P(X),S/H) = [S/H : L(A\)] # 0, a contradiction. Hence we have
H=@, ., P(u)%), where m, = A*\m, the complement of 7. Hence S/H
is the largest quotient of S belonging to w, i.e. we have H = O™(S).

Now if d) # 0 then M(A) = NP(}) embeds in NO"(S). But we have
O™ (S)NO™(S) = 0 so that O™(S)M(A) = 0 and M(A) is an S/H-module
and so belongs to m, by A1(1). Thus all composition factors of M(A) have
the form L{y), for p < A, and so K(X) = 0, i.e. P(A) = A(A). Moreover,
since each L(u), with g € ., occurs as a composition factor of H and hence
as a composition factor of P(A) for some A € 7, with d) > 0, we must have
dx > 0 for all A € 7. Thus we have H 2= @, ., P(1){®), with d) > 0 for
all A € m,. For A € . we have shown P(A) = A()) and K(A) = 0 so that
K(X) € F(A) and trivially K()) has a filtration with sections A(g), ¢ > A.

For A € 7 define R(A) = O™(P(A)) = HP(A). Then Py(A) = P(A)/R(A)
is the projective cover of L(}A), as an S(mr) = S/H-module, by A1(2). We
define My(A) to be the unique maximal submodule of Py(\) and define
Ko(X) < My(X) by the condition that Mo(A)/Ko()) is the largest quotient
of Mo(A) with all composition factors of the form L(v), with v < A, i.e.
Ko(A) = O"™)(My(X)). By hypothesis, H = O™(S) is projective and, since
P(}) is a direct summand of S, we get that R(A) = O™(P(})) is projec-
tive. Moreover, R()) has no quotient belonging to m. Hence if P(u) is a
summand of R(A) then u € m, and hence P{y) = A(p). In particular, we
have O"™)(R(X)) = 0 and so, applying O™ to the short exact sequence
0 — R(\) — M(X) = My(X) — 0, we get O™ (M (X)) = O™ (Mp())) and
hence P(A) — Py(]A) induces an isomorphism A(A) — Ag(A). Now we have
a short exact sequence 0 — R(A) — K(A) — Ko(A) — 0. By the inductive
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hypothesis, Ko()) has a filtration with sections A(g), with A < ¢ € 7, and,
as we have shown, R()) has a filtration with sections A(u) with 4 € 7, and
therefore g > A. Hence mod(S) is a high weight category with respect to <,
by Lemma A3.5.

From now on we shall use the expressions “S is quasihereditary” and
“mod(S) is a high weight category” interchangeably. We return to our stand-
ing assumption that (S, A") is a quasihereditary algebra.

We now explore a form of truncation, defined by an idempotent, analo-
gous to that brought about by the O functor. It is convenient to introduce
at this point the concept of a theory of weights for a quasihereditary algebra.

Definition A3.8 A theory of weights for (S,A") is an injective map 6 :
A — S which has the following properties:

(i) {#()} consists of pairwise orthogonal non-zero idempotents whose sum
1s 1;

(ii) for each o € A, writing S8(a) & @, ¢+ P(X)(), theset {A € At | dy #
0} has a unique minimal element, which we write at, and d,+ = 1;

(iii) the map A — A%, given by a — a¥, is surjective.

Note that the quasihereditary algebra (S, A1) has the following trivial
theory of weights. Let 1 =Y .., e; be a primitive orthogonal decomposition
of 1. We take A = [1,n] and define 6 : A — S by 6(i) = e;, i € [1,n]. Then
6 is a theory of weights and, for i € [1,n], we have it = A, where X is the
dominant weight such that Se; & P(}).

We assume from now on that (S,A%) is a quasihereditary algebra with
a given theory of weights 8. We call the elements of A weights. For I' C A
we set It = {at | a € T'}. We write £, for 6(a), for « € A, and write ép for
Y acra for T C A. For U € mod(S) we define the weight space U* = §,U
and note that U* = Homg(S€,,U). Thus we have

dim U® = ) d,dimHoms(P(g),U) = Y du[U : L(u)]
BEAT BEAT

where S€o 2 x4 P(u)(%). From the property (ii) we get:

(1) dim L(A\)* = 1 if A = at and L(A)® # 0 implies at < A, for A €
AT, a € A.

From the defining properties of A(A) and V() we also get the following.

(2) For U = A(}) or V(X) we have that dim U® = 1 if at = X and that
U* # 0 implies ot < A.



150 Appendix: Quasihereditary Algebras

Lemma A3.9 Let 7 be a saturated set of dominant weights. We have
O™ (S) = S¢rS, whereT' = {a € A | a™ & 7}

Proof Let o € A and suppose that O"(S¢,) # S&w. Then we have
O™(P(X)) # P()) for some A > a*. Since P()\) has unique simple quo-
tient L(\) we get A € 7 and hence, by saturation, at € 7. Hence we
get O7(S¢y) = Séu < O7(S), for all @ € A with a ¢ 7, and therefore
Sér < O™(S). Since O™(S) is an ideal, we have S¢S < O™(S). Suppose, for
a contradiction, that S¢pS # O™ (S). Then we have a maximal submodule
M, say, of O"(S) containing S¢rS with O™(S)/M =2 L()X) and A € 7. Let
a € A with at = A, Then we have £,L()) = L(A\)* # 0 and therefore
&rL(A) # 0 and hence £rO™(S) € S&rS, which is not true. Thus we have
O™ (S) = S¢rS, as required.

Lemma A3.10 Let 7 be a saturated set of dominant weights. The quasi-
hereditary algebra S = S(m) has the theory of weights 0 : A — m, where
A={a€eA|at €r}andb(a)=0(a)+ O"(S), for a € A.

Proof We set £, = £, + O7(S), for @ € A. Since 1 = Yoaeao is an
orthogonal decomposition in S and £, € O™(S) for a ¢ A, by Lemma A3.9,
we have the orthogonal decomposition 1 =} o Aﬁﬂl in S(7r) Moreover, if
a € A and £, = 0 then we have £, € O™(S) = ®ﬁEA (Sép), giving €4 €
O™ (S€,) and hence S¢, < O™(S€,) and therefore S€y = O™(S€,). From the
defining property (ii), of a theory of weights, we get that P()X) = O™ (P(X)),
where A = at € 7. But P()) has simple quotient L()) so OT(P())) # P(A),
a contradiction. Hence the image of @ consists of non-zero idempotents. For
o € A we have S(m)f, = (Sty + O7(S))/O™(S) = S€,/O™(S€,). Writing
Séa = 6,\EA+ P( )(dA) we get S€/O"(S6a) = 6,\E7r (A/om(p ()‘))(dA)
which gives property (ii).

We now consider the form of truncation defined by idempotents corre-
sponding to cosaturated subsets.

Proposition A3.11 Let 7 be a set of dominant weights which is cosatu-
rated (i.e. A*\x is saturated). Let T be a set of weights such that I't =,
let £ = {1 and let f : mod(S) — mod(Se) be the Schur functor.

(i) For A € At we have fL()\) # 0 (resp. fA(X) # 0, resp. fV(X) #0) if and
only if A € m.

(ii) {fL(X) | A € 7} is a complete set of pairwise non-isomorphic irreducible
S¢-modules and (S¢, ) is a quasihereditary algebra (where the ordering on
7 is induced from that on A% ) with standard modules fA(X), A € 7, and
costandard modules fV(A), X € .

Proof (i) This follows from (2) above.
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(i1) The first statement holds by A1(4)(iv). Let A € . The surjection P(A) —
A(A) gives rise to a surjection fP(A) — fA(X). Now fP(X) has simple
head fL()), by A1(4)(v), so that fA(A) has simple head fL()). Similarly
FV(A) has simple socle fL(A). By exactness of f, we have fP(A)/fM(A) =
fL(A) so that fM()) is the unique maximal submodule of fP()). Let K¢())
be the smallest submodule of fM()) such that all composition factors of
FM(X)/Ke(X) come from {fL(x) | # < A, p € w}. Certainly all composition
factors of fM(A)/fK(X) have this form (by exactness) so we have K¢(A) <
FEK(X). Now if K¢(A) # fK(X) then fK(A)/K¢(X), and hence fK(X), has
a quotient fL(y) with u < A, ¢ € m. But fK(}) is filtered by modules
of the form fA(v), with v > A, so that some fA(v), with » > A, would
have to have a quotient fL(x). But fA(v) has simple head fL(v) so we
would get 4 = v > A, a contradiction. Hence we have K¢(A) = fK(})
and, putting Ag(A) = fA(A) we have, by exactness, that K¢()) is filtered
by the modules Ag(x), with g4 > A. Hence mod(S¢) is quasihereditary with
standard modules A¢(A) = fA()X), A € 7. Similarly we obtain that fV(A),
A € 7 are the costandard modules.

We record the following for future use.

Lemma A3.12 Assume the hypotheses and notation of Proposition A3.11.
For X € F(A) andY € F(V) the natural map

Homs(X,Y) — Homs, (fX, fY)

is surjective.

Proof Suppose we have a short exact sequence 0 — X/ — X — X" — 0
with X'/, X" € F(A). Then we get the commutative diagram

0 — Homs(X",Y) — Homg(X,Y) — Homg(X'Y) — 0

| ! !
0 — Homs,(fX",fY) — Homs,(fX,fY) — Homs,(fX',fY) — 0

with rows exact (by Proposition A2.2(i1)). If the outer vertical maps are sur-
jective then so is the middle one. Thus, by induction on the dimension of X,
we are reduced to the case X = A(])), for some A € AT. A similar reduction
allows us to assume that Y = V(y), for some p € A*. If either A or y does
not belong to 7 then fX = 0 or fY = 0 so that Homs, (fX, fY) = 0 and
the map is certainly surjective. Thus we may assume A,y € 7. If A # p we
get Homg, (fX, fY') = 0 by Proposition A2.2(ii). Thus we may assume that
X = A()) and Y = V(X). But now dim Homs, (fX, fY) = 1, by Proposi-
tion A2.2(ii), and it suffices to prove that Homg(X,Y) — Homs, (fX, fY) is
not the zero map. Let § : X — Y be the composition A(A) — L(A) — V(}),
where the first map is the canonical surjection and the second is inclu-
sion. By exactness f@ is the composition fA(A) — fL(A) — fV(XA), and
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the the first map is surjective and the second injective. Thus fé # 0 and
Homg(X,Y) — Homg, (fX, fY) is surjective.

For m C At we write V € Fr(A) to indicate that V € mod(S) has a
filtration with sections belonging to {A(X) | A € }.

We have the following relationship between the homological algebra of
S and S;.

Proposition A3.13 Let m be a cosaturated subset of AT, let T' C A be
such that 't =, and let §{ = ép. For X € Fr(A), Y € mod(S) and ¢ > 0
we have Exts(X,Y) = Extj, (§X,£Y).

Proof We consider first the case : = 0. For U € Fr(A) we define
S(U)={p e At | p> A for some A € A* with (U : A(})) # 0}

and define the depth of U to be the cardinality of S(U). We claim that, for
given X € Fr(A), the restriction map Homs(X,Y) — Homs, (X,£Y) is an
isomorphism for all Y € mod(S5).

We first prove injectivity. Suppose that X = A(A), for some A € 7.
If ¢ € Homg(A(A),Y) maps to 0 then g(§A(X)) = 0. If ¢ # 0 then the
kernel of g lies in the unique maximal submodule M, say, of A(A). Choosing
o € T such that at = A, we have g(A()A)®) = 0, giving A(A\)* < M. But
A(X) is generated by any weight space A(A)* with a* = A (by (1) and
(2)) so this is impossible. Hence g = 0 and restriction Homg(A()),Y) —
Homg, (§A(X),£Y) is injective. Now suppose that X is not isomorphic to
A(}), for any A € m. Then we have a short exact sequence 0 — X' — X —
X" — 0, where 0 # X', X" € Fr(A). Thus we get a commutative diagram

0 — Homg(X",Y) — Homg(X,Y) —  Homg(X'Y)

l l l
0 — Homg,(£X",£Y) — Homg,(6X,6Y) — Homg, (EX',EY)

with rows exact. Assuming inductively that the first and third vertical maps
are injective, a diagram chase reveals that the second is too. Hence we
get that Homg(X,Y) — Homg,(§X,£Y) is injective for all X € Fr(A),
Y € mod(S), by induction on dimension.

Now suppose that X = P()), for some A € 7. The dimension of
Homg(P(X), X) is the composition multiplicity [X : L())] and the dimension
of Homg, (6 P()),£Y) is the composition multiplicity [X : €L())]. However,
we have [X : L(A)] = [€X : €L(X)], by A1(4)(vii), so that

dim Homs(P()),Y) = dim Homg, (§P(A),£Y).

Since we know that the map Homg(P(}A),Y) — Homg, (P()),£€Y) is in-
jective, it must be an isomorphism. Hence the claim holds for projective
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modules in Fz(A). Now let P be the projective cover of X and let J be
the kernel of a surjection P — X. Then P € F,(A). Hence we also have
J € Fx(A), by Proposition A2.2(v), and the additivity of (— : A(A)) on
mod(S), for A € At (see Al). We get a commutative diagram

0 - Homg(X,Y) — Homg(PY) — Homgs(J,Y)

) ) )
0 — Homs,(X,£Y) — Homs,(6P,€Y) — Homs,(€J,6Y)

with rows exact, vertical maps injective and middle vertical map an iso-
morphism. A diagram chase reveals that Homs(X,Y) — Homs, (£X,£Y) is
surjective.

Thus we have, for fixed X € Fp(A), an isomorphism of (left exact)
functors Homg(X,—-) — Homsg, (€X,€-). Taking derived functors we obtain
an isomorphism

Ext%(X,—) — R‘Homs, (£X,£-)

in each degree. Now F = Homs, (X,£—) is the composite G o H, where
H = {— : mod(S) — mod(S¢) (the Schur functor) and G = Homs, (X, —) :
mod(S¢) — mod(k). If I € mod(S) is injective then I € F(V) and hence
H(I)=¢&Iis a S¢-module which has a costandard filtration. Since éX has a
standard filtration we have Ext’s(£X,£I) = 0 for ¢ > 0. Thus H takes injec-
tive modules to G-acyclic modules and thus we have a Grothendieck spectral
sequence with Eo-page R'G o R H(Y) converging to R*F(Y). But H is ex-
act, so the spectral sequence degenerates and we get R'F(Y) = R'G(H(Y)),
in other words R“'Homge (EX,EY) = Ext'ge (EX,EY), for all ¢ > 0. Thus we

have Extis(X,Y) 2 Extl, (§X,£Y), for all i > 0.

A4  We now describe the theory of tilting modules for a quasihereditary
algebra (S, At), due to Ringel. We call a finite dimensional S-module X a
tilting module if X € F(A) and X € F(V), i.e. if X has both a A-filtration
and a V-filtration.

For X € mod(S) define the defect set of X to be the set of A € A such
that for some yu € At we have A < p and Ext}(A(u), X) # 0.

Lemma A4.1 Let X € F(A). Then X embeds in some tilting module
T. Moreover, if there is some A € A% such that (X : A(\)) = 1 and
v < X whenever (X : A(v)) # 0 then we can choose T so that we also have
(T : A(X)) =1 and v < X whenever (T : A(v)) # 0.

Proof Suppose not and let A be a defect set of smallest possible size among
all counterexamples X. If A is empty then X € F(V), by Proposition
A2.2(ii), so we may take T = X, a contradiction. Thus A is non-empty.
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Let p be a maximal element of A and let X be a counterexample with
defect set A such that dim Ext}(A(u),X) is as small as possible. Now we
have a non-split extension 0 — X — X — A(u) — 0 and this gives rise to
an exact sequence

0 —Homg(A(r), X) — Homg(A(v), X) — Homs(A(v), A(x))
—ExtL(A(v), X) — Exti(A(v), X) — Ext5(A(v), A(k))

for v € At. Thus if Extt(A(v), X) # 0 then either Ext5(A(v),X) # 0, in
which case v € A, or Ext§(A(v), A(g)) # 0, in which case we get v < p, by
Proposition A2.2(i), and again v € A. Hence the defect set of X is contained
in A. We now take v = y. Any homomorphism 6 : A(u) — X has image in
X, for otherwise # would induce a non-zero map 8 : A(y) — X /X and since
X/X A(p) and Ends(A(p)) = k, this map would have to be an isomor-
phism. But then we would have X = X@Im(#), contradicting the fact that X
is a non-split extension. Hence the map Homs(A(g), X) — Homg(A(p), X)
is an isomorphism and Homg(A(g),X) — Homgs(A(p), A(y)) is the zero
map. Thus we have an exact sequence

0—Homs (A(x), A())—Ext(A(), X)=Exty(A(n), X)—~ExtsA(k), Ap))-

But now Homs(A(g), A(p)) = k and Ext}(A(g), A(g)) = 0 so we get
dim ExtS(A(u) X) = dimExt}(A(g), X) — 1. Thus, by the choice of X, the
module X embeds in a tilting module. Hence X embeds in a tilting module.
Suppose A € At issuch that (X : A(X)) = 1 and v < A for all v such that
(X : A(v)) # 0. Since Ext5(A(p), X) # 0 we have Exti(A(r),A(v)) # 0
for some v € At with (X : A(v)) # 0. Thus we have g < v and v < A
and hence g < A. Thus X also has the property that (X : A(A)) = 1 and
v < XA whenever (X : A(v)) # 0. Again, by the choice of X, the module
X, and hence X, embeds in some tilting module T' with the property that
(T : A(X)) =1 and v < A whenever (T : A(v)) #0.

We can now prove the classification of tilting modules.

Theorem A4.2 (i) For each A € At there exists a unique (up to isomor-
phism) indecomposable tilting module T'()\) such that [T(A) : L(A)] = 1 and
p < A whenever [T(X) : L(p)] # 0.

(ii) Every tilting module is a direct sum of the modules T(X), A € A¥.

(iii} Every indecomposable tilting module is absolutely indecomposable.

Proof  For A € At we take X = A()) in Lemma A4.1 and obtain a tilting
module Ty such that (T : A(X)) = 1 and g < A whenever (T : A(p)) # 0.
Note that every indecomposable summand of T is also a tilting module, by
Proposition A2.2(vi). Let T(A) be the indecomposable direct summand of T'
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such that (T'(X) : A(X)) = 1. Then T'(})) is an indecomposable tilting module
with the required properties.

For A € AT we put #(A) = {u € At | 4 < A} and define U(}\) =
Ox(x)(T(X)) and V(A) = O™A)(T(X)). Then we have T(X)/U(X) & V(X)
and V(A) = A()), by Lemma A3.1(ii),(iii). Let 6 € Endg(T())). Then 6
induces an endomorphism of T(A)/U(A) and, since Ends(V(A)) = k, the
induced endomorphism is multiplication by a scalar c, say. Thus, putting
¢ = 6 —c.id (where id is the identity map on T'(})), we have ¢(T(A)) < U(A).
By indecomposability and the Fitting lemma, we have that ¢ is nilpotent.
Thus the ideal I = {§ € Ends(T())) | 8(T())) < U(N)} of Endg(T(N)) is
nilpotent and Endg(7(A)) = k.id @ I. Hence I is the nilpotent radical of
Ends(T(A)) and, since Endg(T()))/I = k, the module T()) is absolutely
indecomposable.

Let T be a non-zero tilting module and let A € At be maximal such that
(T : V(X)) # 0. From Proposition A2.2(i), we get that T has a homomorphic
image isomorphic to V(A), and hence there exists an epimorphism T —
T(A)/U(A) = V()). Now we have an exact sequence

Homg (T, T(A)) — Homg (T, T(A)/U(X)) — Exts(T, U(N)).

Moreover Ext§(T,U())) = 0 (since T € F(A), U(X) € F(V)) and hence
there exists a homomorphism ¢ : T — T(}\) inducing a surjection T —
T(A) — T(A)/U(A). Let U = Ker(¢). By the same argument we have
a homomorphism ¢ : T()\) — T inducing a surjection ¥ : T(\) —» T —
T/U = V(X). Now L()) does not occur as a composition factor of U())
and hence does not occur as a composition factor of ¥(U())). However, the
module V() has simple socle L()) and so we must have $(U())) = 0. Since
dim T(X)/U()) = dim T/U = dim V(}), we must have U(A) = Ker(¥) and
so ¥ induces an isomorphism % : T(A)/U(A) — T/U. Thus the composite
¢oy : T(X) — T(A) induces an isomorphism T(A)/U(A) — T(A)/U(X). Thus
¢ot € Ends(T())) is not nilpotent. But the nilpotent radical of Ends(T'(1))
has codimension 1, so ¢ o ¢ is an isomorphism and hence ¢ : T — T()) is
a splitting. Thus T()) is a direct summand of T. By induction on the
dimension of T' we obtain that T is a direct sum of copies of T(A), A € A*.
In particular an indecomposable tilting module is isomorphic to T(}), for
some A € AT, and so is absolutely indecomposable.

For X € F(V) we define the support, denoted supp(X), to be the set of
A € AT such that we have A < y for some pu € At such that (X : V()) # 0.

Lemma A4.3 Let 0 # X € F(V). Then there exists a short exact sequence
0 - X' - T — X — 0 in mod(S) such that T is a tilting module and
X' € F(V) has support strictly contained in the support of X.

Proof We suppose, inductively, that the result holds for all non-zero mod-
ules in F(V) which have support strictly contained in supp(X). Let A be
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maximal such that L(}) is a composition factor of X and let A=supp(X)\{A}.
Then by Proposition A2.2(i), we have a submodule Y, say, such that X/Y is
a direct sum of copies of V(X), say n of them, and A & supp(Y). Now T(})
has a submodule U(}), say, such that T(A)/U(A) & V(A), and U(A) € F(V).
Putting Ty = T(A)™ and Uy = U(A)™), we have To/Us = X/Y. We choose
an epimorphism 7 : Ty — X/Y with kernel Uy. We have an exact sequence

Homg(To, X) — Homgs(Ty, X/Y) — Ext}(To,Y)

and Ext}(To,Y) = 0 by Proposition A2.2(ii), so there is an S-homomorphism
¢ : Ty — X such that the composite Tp — X — X/Y is the surjective map
m. Let ¥ : Ty ®Y — X be the sum of ¢ and the inclusion map ¥ — X.
Then % is surjective and the kernel consists of those pairs (t0,y) € To @Y
with ¢(t0) + y = 0. Thus we have Ker(¢) = {(to,—¢(t0)) | to € Uo}, which
is isomorphic to Uy.

We have supp(Y) < supp(X)\{A}. Hence, by minimality, there is an
epimorphism & : Ty — Y such that T} is a tilting module and Ker(¢) € F(V)
has support in supp(Y). Let { : T =To® Ty — To ® Y be the sum of the
identity map and £ and let 6 : T'— X be the composite 3 o (.

We must show that the kernel X’ of & belongs to F(V) and has support
contained in A. We have X’ = Ker(c) = Ker(¢ o ¢) = (~!(Ker(¢)). Thus
¢ induces an isomorphism ¢ : X'/Ker(¢) — Ker(y). Now both Ker(¢) and
Ker(+) are in (V) and have support in A so that

supp(X’) C supp(Ker(()) Usupp(Ker(w)) C A,

as required.

Proposition A4.4 For X € mod(S) we have X € F(V) if and only if X
has a finite left resolution by tilting modules.

Proof Suppose that X has a finite left resolution by tilting modules. In
particular X has a resolution 0 — X, — --- — Xg — X — 0, for some
Xo,..., X, € F(V), and this implies X € F(V) by Proposition A2.2(v)
(and induction).

Now suppose X € F(V) and assume inductively that every module
in F(V) which has support strictly contained in the support of X has a
finite resolution by tilting modules. By Lemma A4.3 we have a short exact
sequence 0 — X’ — T — X — 0, where T is a tilting module and X’ €
F(V) has support strictly contained in the support of X. By the inductive
hypothesis there is a resolution 0 — T, — --- — Ty — X’ — 0, where each
T; is a tilting module. Combining these sequences, we obtain a resolution
0—T,— - =Ty —T— X — 0, of the required form.

Remark Suppose that the global dimension of S is » and that we have a
resolution 0 —» T, — - = T} — Tg — X — 0 of X € F(V) by tilting
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modules, with » > n. Let I; be the image of the map T; — T;_,, for
r > j > 1. Thus we have exact sequences 0 — T, — T,_; — I,_3 — 0, and
0—-1—-Tj.1—>Ij.1—0,forr—1>3j>2,and0—-1; - To — X —0.
Using Proposition A2.2(ii), we obtain

Extg(lr-1,T;) = Ext3(lr-2,T;) = - - = Exty (11, T}) = Ext(X, T;) = 0.

Hence T, — T,._; is split. Thus I,._; is a direct summand of a tilting module,

and hence a tilting module. Hence we have a resolution by tilting modules

0—=I 1 —>Trg —---—Tyg — X — 0, of length » - 1. Continuing in this

way, we obtain, for X € F(V), a tilting module resolution 0 = T'— T,_; —
-- =Ty — X — 0, of length at most n.

We call the indecomposable tilting modules T'((A), A € At, as above, the
partial tilting modules. The partial tilting modules behave well under both
forms of truncation.

Lemma A4.5 Let A€ At.

(i) Let 7 be a saturated subset of A*. If A € 7 then O,(T())) = T(A) and
this is the partial tilting module for S(r), labelled by A.

(ii) Let m be a cosaturated subset of A*. Assume that S has a theory of
weights 8 : A — S. Let T' be a set of weights such that I't = «, let £ = ér
and let f : mod(S) — mod(S¢) be the Schur functor. If A € = then fT(}) is
the partial tilting module for S¢, labelled by A. If A ¢ 7 then fT()) = 0.

Proof (i) Every composition factor of T'(X) belongs to {L(A) | A € =}, i.e.
T(A) belongs to  and so O (T'(A)) = T()). Since T(()), regarded as an S(m)-
module, has a A-filtration and a V-filtration, it is a tilting module and since
it is indecomposable T'()) is a partial tilting module for S(w). Moreover,
since T'(A) has a V-filtration with V()) occurring once and other sections of
the form V(u) with g < A, we have that T'()) is the tilting module for S()
labelled by A.

(ii) Let A € . Then fV(A) # 0 and so, by exactness, we have fT()) # 0.
Moreover, as an Sg-module, fT(A) has a V-filtration and a A-filtration, by
PropositionA3.11(ii). Thus fT(A) is a tilting module. The natural map
Ends(T(A)) — Ends, (fT(X)) is surjective by Lemma A3.12 and since T'(A)
is indecomposable, fT'()A) is too. Thus fT(A) is a partial tilting module.
Since fT(A) has a filtration by modules of the form fV(u), with p < A, and
FV(A) occurring exactly once, fT(A) is the partial tilting module labelled
by A.

By a full tilting module we mean a tilting module T such that T(A)
occurs as a component of T, for every A € AT. Let T be a full tilting
module. We define S’ = Endg(T')°P and call S’ the Ringel dual of S. (Note
that if T is any full tilting module then Ends(Tp) is Morita equivalent, but
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not necessarily isomorphic, to Endgs(T) so that to be accurate we should
perhaps call Ends(T) a Ringel dual of S.) For X € mod(X) we define
FX to be Homg(T, X), regarded as an S’-module in the natural manner.
For a morphism ¢ : X — X’ in mod(S) we define Fi¢ : FX — FX' by
F¢(a) = poa, for « € Homs(T, X). In this way we have a left exact functor
F : mod(S) — mod(S’). We put P/(A) = FT(}), for A € A, and note that
{P'(A) | A € A*} is a complete set of pairwise non-isomorphic projective
indecomposable S’-modules. Thus defining L’()) to be the head of P/(}),
for A € A*, we have that {L'(A) | A € A*} is a complete set of pairwise non-
isomorphic simple S’-modules. We further define A’(A) = FV(A), A € At.

(1) IO — X' — X — X" — 0 is a short exact sequence of finite
dimensional S-modules with X’ € F(V) then 0 — FX' - FX — FX" — 0
is exact.

(ii) For any tilting module Ty and X € mod(S) the map

Homg(Ty, X)) — Homg:(FTo, FX) is an isomorphism.

Proof (i) This follows from Proposition A2.2(ii).

(ii) Since Tp is a direct summand of a direct sum of copies of T, it is enough
to prove this with To = T'. If 6§ € Homg(7, X) and F(6) =0 then foax =0
for all @ € Homg(T'), in particular 6 o id = 0, where id is the identity map
on T, and hence § = 0. Thus Homg(T,X) — Homg/(FT, FX) is injective.
However, we have dim Homg(T, X) = dim FX and dim Homg/.(FT,FX) =
dim Homg/(S, FX) = dim FX so that

Homg(T, X) — Homg/(FT, FX) is an isomorphism.

(2) S’ is Schurian, i.e. we have Endg:/(L/(A)) = k for all A € AT,

Proof For A € AT we have Ends(T(A)) = Endg/(P’(A)), by (1)(il). More-
over, T()) is absolutely indecomposable, by Theorem A4.2(iii). Hence P’(})
is absolutely indecomposable. Now the quotient map P’/(A) — L’/(A) gives
rise to a surjective map Endg/(P/(A)) — Endg/(L’(A)). But Endg/(P’/(A))
has a nilpotent ideal of codimension 1 and Endg/(L/(A)) is a division ring.
It follows that Endgs/(L/(A)) = k, and L’(}) is absolutely irreducible.

Lemma A4.6 For A, pu € At we have [A'()) : L'(p)] = (T(p) : A(X)).
Proof We have
[A'(A) : ()] = dim Homs/(P'(4), A'(X))
= dim Homg(T(1), V(X)) = (T(n) : A(R))
by A1(8), and (1)(ii) above and Proposition A2.2(ii).

We denote the partial ordering on AT opposite to the given order < by
<’. We now prove that S’ is a quasihereditary algebra with respect to the
labelling of simples {L/(A) | A € AT} and opposite order <’ on A*.
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Theorem A4.7 (S5,<') is a quasihereditary algebra with standard mod-
ules A’(X), A € AT,

Proof Applying F to a V-filtration of T()) with final section V(}), we
have, by (1)(i), that P’()) has filtration 0 = P§ < --- < P, = P, say, with
Pl/P_; = A'(X\;) with A, = X and X; >’ X (ie. A; < A) for 1 < ¢ < n. Note
that all composition factors of A’()) come from the set {L'(x) | # <’ A} and
that [A’()) : L'())] = 1, by Lemma A4.5. Thus if A’(A) = P'(A)/K’()) and
L'(X) = P'(A\)/M'()), then M'(X)/K'(}) is the largest quotient of M’'(}) all
of whose composition factors come from {L'(x) | # <’ A} and S’ is quasi-
hereditary, with respect to the ordering <’, as required.

For a homomorphism ¢ : S; — Sy, of finite dimensional algebras, and
V € mod(S2) we write V¢ for the k-space V regarded as an Sj-module
via the action z * v = ¢(z)v, for £ € S;, v € V. Now suppose given
quasihereditary algebras (S1,A]), with simple modules L1()), A € A*, and
(S2,A3), with simple modules Ls()), A € A. We say that an algebra
isomorphism ¢ : §; — S5 is an isomorphism of quasihereditary algebras if
the bijection v : A} — A}, defined by L1(}) = La(v(X))?, for X € AT, is
order preserving.

For A € At we write 7'()) for an indecomposable tilting module for S’
with highest composition factor L/(}).

Proposition A4.8 (i) Let X,Y € F(V). Then F induces isomorphisms
Exty(X,Y) — ExtL, (FX,FY), for all i > 0.

(ii) We have T'()\) = FI()), for A € AT,

(iii) A suitable choice of full tilting modules for S and S’ gives rise to an
isomorphism S — S” of quasihereditary algebras.

Proof (i) Let I € mod(S) be injective. We have FI € F(A’) by (1)(i). By
Proposition A4.4, we have a finite resolution 0 — 7, — -+ = T3 — Ty —
X — 0. Thus we get an exact sequence 0 — FT,, — --- — FT} — FT; —
FX — 0 and, since each FTj is projective, this is a projective resolution of
FX. Now we get complexes

0 — Homgs(Tp,I) — Homg(Ty,I) — -+ — Homg(T;,I) — 0
and
0 — Homg:(FTy, FI) — Homg:(FTy, FI) — --- — Homg:(F T, FI) — 0.
Moreover, we have the canonical isomorphisms

Homs(T;,I) — Homg:(FI;, FI),
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for 0 < j £ r. Thus the complexes have the same homology. The top
complex has homology Homg(X, ) in degree 0 and homology 0 in posi-
tive degree, since I is injective, and the homology of the bottom complex
is Exts,(FX, FI). Hence we get that the natural map Homs(X,I) —
Homg:/(FX, FI) is an isomorphism and Exts, (FX,FI) =0, for ¢ > 0.

Let 0 = Y — I — @ — 0 be an exact sequence with I injective,
and hence Q € F(V) by Proposition A2.2(iv),(v). We have a commutative
diagram

Homs(X,Y) — Homg(X,I) — Homs(X,Q) — Exti(X,Y)

! ! ! !
Homg/(FX,FY) — Homg (FX,FI) — Homg:/(FX,FQ) — Extl(FX,FY)

where, in each row, the sequence is exact, the first map is injective, and the
final map is surjective. Moreover, the map Homg(X,I) — Homg/(F X, FI)
is an isomorphism. It follows that Homg(X,Y) — Homg/(FX, FY) is in-
jective, and hence also Homg(X, Q) — Homg:(F X, FQ) is injective. Now a
diagram chase reveals that Homs(X,Y) — Homg/(FX,FY’) is an epimor-
phism and hence an isomorphism. Hence Homg(X, Q) — Homg/(FX, FQ)
is also an isomorphism. We now have that the first three vertical maps
are isomorphisms, and hence so is the final map. Thus we have that for
i =0,1 Exts(X,Y) — Extg(FX, FY') is an isomorphism. For i > 1 we have
Exts(X,Y) = Exty (X, Q) and Exts,(FX,FY) = Ext; }(FX, FQ) (since
Ext},(FX, FI) = 0, for j > 2, as proved above) so we get Ext%(X,Y) =
Ext's:/(FX, FY) for all ¢ by induction.

(ii) Taking X = V(u) in (i), with z € A, we get Extg.(A'(p), FI) = 0, for I
injective. Hence, by Proposition A2.2(iii), /I € F(V’). Thus, FI is a tilting
module, for I injective. Let A € At and take X = I = I()), in (i). We get
an isomorphism Endg(I(A)) — Endg/(FI())). Hence FI(A) is absolutely
indecomposable. Moreover, I()A) has a filtration with sections V(u), with
# > A and V(A) occurring precisely once. Hence FI(A) has filtration with
sections A’(u), with g <’ X and A’(Q) occurring precisely once. Hence FI(A)
is the partial tilting module 7”(A) with highest composition factor L’(}).
(iii) We take I = (Ss)*, the natural left dual of the right regular module.
It follows from (ii) that I is a full tilting module for S’. Moreover, by (i),
the map Endg((Ss)*) — Endgs/(F(Ss)*) is an isomorphism, giving an iso-
morphism Endg((Ss)*) — (5”)°P. However, we have a natural isomorphism
S°P — Endg((Ss)*) and hence an isomorphism S°P — (S5”)°P, and hence an
isomorphism S — 5", which, as one can easily check, is an isomorphism of
quasihereditary algebras.

Remark It follows from Proposition A4.8(i) that the category F(V), of
S-modules filtered by V())’s, is equivalent to the category F(A'), of S'-
modules filtered by A’(A)’s. In view of the isomorphism S — S” we also get
that that the category F(A) of S-modules filtered by A(A)’s is equivalent to
the category F(V’) of S’-modules filtered by V/(A)’s.
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We leave it to the reader to check the following.

(3) Suppose we have a finite set Q and for each o € Q a partial tilting
module Ty such that, writing To = @ycp+ T(A\)9), we have that the set
{A € At | d) # 0} has a unique maximal element, which we denote at, and
do+ = 1. Suppose also that the map Q@ — A1, a > a¥, is surjective. Put
T = @,eqTo- Then the Ringel dual algebra S’ = Ends(T) has theory of
weights n : Q@ — S’ given by n(a) = €., where &/, € S’ is projection onto T,
for a € Q.

We shall call a system of tilting modules {T, | « € Q} satisfying the hy-
potheses of (3) a weighted system of tilting modules. Note we always have
the trivial weighted system Q = At, T) = T((}), for A € A*.

We conclude by showing that the two forms of truncation are inter-
changed by Ringel’s dual construction. Recall that, for X,Y € mod(S) with
Y indecomposable, we are writing (X | Y) for the multiplicity of Y as a
direct summand of X.

Proposition A4.9 Letf: A — At be a theory of weights for (S,AT). Let
T be a full tilting module. Let m be a cosaturated subset of At and let T
be a subset of A such that I't = 7. Restriction Ends(T) — Endg, s¢ (6rT)
induces an isomorphism S'(7) — Endg,s¢. (60T)°P.

Proof Put & = ¢r. We first check that the dimension of S’(7) agrees with
that of Ends, (¢T'). From Proposition A2.2(ii) for X € F(A), Y € F(V) we
have dim Homg(X,Y) = 3, 4+ (X : A(A))(Y : V(X)). Applying this to the
Sg-module (T we get
dim Ends, (€T) = > _(ET : EAN))(ET : EV(N)).
AET
We have (T | T(X)) = (S’ | P/(2)) = dim L/(A). Thus we have

dim S'(r) = dim $'/0™(S') = Y _ dim L'(}).dim P'())/0"(P'(}))

= i:‘,, dim L'(A).(]-;\'G(:) : A'(w)). dim A'(g)

= zi dim L'(\).(T(}) : V()). dim Homg (T, V(u))

= A%‘E,”(T | T())-(T(A) : V()T : Au))

= i(T V()T : Aw) = “Z;(éT EV(R))ET : EA(H))

= dim Endg, (7).
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Thus the dimensions agree. Moreover, the restriction map ® : Endg(T) —
Ends, (€T') is surjective, by Lemma A3.12. Let T =Ty @ --- @ T;,, be a
decomposition of T with indecomposable (non-zero) summands. We regard
{T; | 1 < i £ m} as a weighted system, in the trivial way, i.e. we put
2 = [1,m] so that, for i € [1,m], we have it = X where A € At is such that
T; 2 T(X). We let £ € Endg(T) be projection onto T;, for ¢ € [1,m]. Thus
by (3) and Lemma A3.9, the ideal O™(S’) is generated by the £; such that
T; is not isomorphic to T(XA), for any A € w. Let i € [1,m]. If ®(§}) # 0
then &/ is not zero on €T and hence £T; # 0. This gives £T;+ # 0 and hence
it € 7. Thus ® is zero on the generators of O™ (S’) described above. But
now, S'(7) = §'/O™(S"), so that ® induces a surjective map @ : S'(7) —
Ends, (£T)°P and by dimensions this is an isomorphism.

A5 The definitions of quasihereditary algebra and high weight category
first appeared in the paper by Cline, Parshall and Scott, [11]. These ideas
provide a common framework for discussing representation theory in various
situations, including the category O of Bernstein, Gel’fand and Gel’fand and
the rational representation theory of reductive algebraic groups in positive
characteristic. In the category @ the notion of a A-filtration corresponds to
a filtration by Verma modules and in the category of rational representations
the notion of a V-filtration corresponds to that of a good filtration. We should
also mention Jantzen’s treatment of the basic properties of rational modules
with a Weyl filtration (corresponding to a A-filtration in the general theory)
in [59]. Many of the results and arguments were around in these contexts
prior to [11] and much of the treatment of the fundamental properties that
we give here is based on our own work on good filtrations in the algebraic
group context. In particular we make consistent use of the O, functors,
introduced in [26].

Our notation and terminology is chosen to emphasize the analogy with
weight theory for Lie algebras and algebraic groups. Thus we write A* for our
partially ordered set, calling the elements of A* the dominant weights, and
write A for the set of weights (as defined in A3), adopting the notation of [51]
from the representation theory of the general linear group. Moreover we call
a set of dominant weights which is downward closed under the partial order
a saturated set, as in Lie theory, [54; 13.4], rather than an ideal. (This also
avoids possible confusion with the algebraic structure of the quasihereditary
algebra S.)

The algebra S¢ is discussed in [3] and [51; Chapter 6]. We now make
some remarks on parts of Proposition A2.2. The vanishing of

Ext5(A(X), V(p)) = 0

for all £ > 0, of part (ii), was proved in [11] (see the proof of [11; Theorem
3.11]). In the context of algebraic groups, it was proved by Cline, Parshall,
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Scott and van der Kallen, [13; (3.3) Corollary], as a corollary of Kempf’s
vanishing theorem. From our perspective, [13; (3.3) Corollary] is seen as the
origin and kernel of the theory of quasihereditary algebras. Part (iii) in the
context of rational modules is the criterion, due to the author, for a module to
have a good filtration appearing in [26; Corollary 1.3}, from which the proof
is taken. Part (iv) is often known as Brauer—-Humphreys reciprocity because
of the obvious analogy with the well known Brauer reciprocity for finite
groups, [7; p. 257] and Humphreys reciprocity for Chevalley Lie algebras,
[53; 4.4,4.5], though neither of these can be derived as a special case of
Proposition A2.2(iv). However, the formula ((P(}) : A(p)) = [V{(p) : L(A)]
is the well known Bernstein—Gel’fand-Gel’fand reciprocity in the category
O, see e.g. [60; 2.24,(1)]. The formula (I(}) : V(y)) = [A(g) : L(})] in
the category of rational modules was proved in [26; Theorem 2.6]. It was
proved for “generalized Schur algebras” (which include the ordinary Schur
algebras S(n,r), see [32; (1.3)]) in [31; (2.2h)]. This proved in particular
that mod(S(n,r)) has the defining properties of a highest weight category
(though somewhat before the phrase had been coined). For algebras Morita
equivalent to the generalized Schur algebras see [10].

Proposition A2.3 is proved for generalized Schur algebras in [31; (2.2¢)],
from which we have taken the proof given here. For Lemma A3.1 (and its
proof) in the context of rational representations see [29; (12.1.6)] (also [26;
Remark (2)]). For Proposition A3.2 (in the rational module context) see [31;
(2.1b),(2.1¢)] and Proposition A3.3 (in the context of rational modules and
generalized Schur algebras) see [31; (2.2d)]. The equivalence of the notions of
high weight category and quasihereditary algebra is shown in [11; Theorem
3.6] (by arguments different from those given here). Lemma A3.9 is taken
from [33; (3.3)]. A3 Proposition A3.11 and Lemma A3.12, due to Erdmann,
are taken from [45; 1.6] and [45; 1.7] (in turn modelled on the algebraic group
case [33; 1.5]). This covers the case when ¢ is a sum of pairwise inequivalent
idempotents: the notion of theory of weights is introduced in A3 to make a
slight generalization to a context directly applicable to Schur algebras.

Section A4 is largely concerned with the theory of tilting modules as-
sociated with a quasihereditary algebra, as introduced by Ringel, [72]. The
corresponding notion was introduced in the category @ by Collingwood and
Irving, [14], and in the rational module context by the author, [30], where
a set of tilting modules was called a “special resolving system” (though it
should be pointed out that we had at that time existence only for GL,, in gen-
eral and under certain characteristic assumptions for other reductive groups,
and we had no uniqueness statement). Most of A4 is based on Ringel’s pa-
per, though we have expressed the arguments so as to be independent of
earlier work of Happel and of Auslander and Reiten. For Lemma A4.3 and
Proposition A4.4, see [30; Section 1, Theorem and Lemma 2]. For Lemma
A4.5 in the basic context see [45; 1.7], and see [33; 1.5] for the algebraic
group setting.
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Finally, we mention the excellent survey article by Dlab and Ringel,
[22], which has similar aims to those of our appendix. The general set-
up we have adopted is similar to theirs. In particular, for A1(6) see [22;
Lemma 1.2(c) and Lemma 1.3], for Proposition A2.2(i) see [22; Lemma 1.3],
for Proposition A2.2(ii),(iii) see [22; Theorem 1 and Lemma 2.4], and for
Proposition A2.2(iv) see [22; Lemma 2.4 and Lemma 2.5].
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