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THE ADAPTED COMPLEXIFICATION OF THE TWO-SPHERE

WITH A LIOUVILLE METRIC
by RAUL M. AGUILAR

(Department of Science and Mathematics, Massachusetts Maritime Academy, Buzzards Bay,
Massachusetts, USA)

[Received 20 April 2007. Revised 22 November 2007]

Abstract

We show that the two-sphere with a Riemannian metric that is Liouville with finite isometry group
does not admit an unbounded adapted complexification in the sense of Lempert and Sz6ke and of
Guillemin and Stenzel; that is, its Grauert tube cannot have infinite radius. We prove this by first
extending a classical theorem valid for umbilical geodesics in a triaxial ellipsoid to general Liouville
metrics. Furthermore, we derive an isometric rigidity result for the Monge—Ampére foliation of a
two-dimensional Grauert tube with infinite radius.

1. Introduction

The geodesic flow of a Riemannian metric on the two-sphere (S?, g) is said to be integrable if there
is a smooth function F: T*S* — R on the cotangent bundle, invariant by the co-geodesic flow, with
dF AdH # 0 in a dense subset of 7*S?, with H the Hamiltonian induced by g. It is well known
that an F' as above and which is homogeneous quadratic in the cotangent fibers exists if and only
if g can be put in Liouville form g = (f(x) + g(y))(dx? + dy?) for coordinates (x, y) defined in a
dense subset of S? (see [4, 7, 11]). Such g is called a Liouville metric.

Consider a Liouville metric g with F given as above and such that F is not a constant linear
combination of H and the square of a function that is both invariant by geodesic flow and linearly
homogeneous in the cotangent fibers. Then (see [4, 11] and Section 2) there are exactly four ‘branch’
points where F is proportional to H along the cotangent fibers. These points are contained in the
fixed-point set, X, of an isometric involution o %o Another involution of 82, the ‘antipodal involution’
o', which is an isometry if the metric g is real analytic, divides these branch points into two ‘antipodal’
pairs. With these facts we now describe the results in this paper.

We first prove in Theorem 5.1 that, given a branch point p, there is a constant C > 0 such that
for any geodesic y passing through p and not supported by ¥, and for one of the two possible
orientations of y, the angle w; formed by y with the curve ¥, the kth instance they meet follows

the rule © o
tan? (—k) = C* tan® (—O) ,
2 2

while for the other orientation of y the constant C~! applies.

This is an extension to Liouville metrics of a classical theorem of Hart for a triaxial ellipsoid (see
2,9, 17)), {Z?zl xl.z/ai =1} c R, with0 < a; < a, < a3, whose geodesic flow was explained by
Jacobi in the nineteenth century. (In a triaxial ellipsoid such C exists and moreover C # 1. But, in
general we may have C = 1 if the geodesics through p are closed.)
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134 R. M. AGUILAR

Our interest in an extension of the Hart theorem to general Liouville metrics in S§? originates from
[2] where we use the classical result to show that in a triaxial ellipsoid the adapted complexification
in the sense of Lempert and Sz6ke [15] and Guillemin and Stenzel [8] cannot have infinite radius.
We recall what this means.

Let X be a Stein manifold of dimension n over C with a smooth strictly plurisubharmonic exhaus-
tion function u : X — R such that off M := u~!(0) the complex homogeneous Monge—Ampére
equation (85@)” = Oholds. Forr > 0, X, := u~'([0, r)) C X is a Grauert tube of radius r, which
is regarded as a canonical complexification of the Riemannian manifold (M, g), called the center,
where g is the restriction of the Kihler metric induced from 9du and the complex structure on X.
Here, the Riemannian metric g must be real analytic [14].

Conversely, given a compact real analytic Riemannian manifold (M, g) there are an » > 0 and
a unique complex structure J on U, := E~!([0, r)) C TM, where E is the energy function on T M,
such that 2 F has the properties of the function u above. Such J is the adapted complex structure in
U, associated to (M, g) (see [15, 18]).

DEerINITION 1.1 The adapted complex structure is said to have infinite radius if and only if it is defined
on the entire tangent bundle 7 M. In this case the Grauert tube with center (M, g) is said to be
unbounded or to have infinite radius.

The question of which Riemannian manifolds admit adapted complexifications with infinite radius
was raised in [15, 18], and is motivated by the problem of classifying Stein manifolds by exhaustion
functions as in the case of C" (see [6]). First examples of Grauert tubes with infinite radius and of
dimension at least 2 are those whose centers are compact symmetric spaces [16] and certain metrics
of revolution in S? (see [18]); further examples are constructed by isometric actions [3].

It is known that in dimension two only the two-torus, the Klein bottle, S? or the projective space
RP? can support a metric with adapted complexification with infinite radius [15]. But while it was
established in [15] that in the two-torus and the Klein bottle only flat metrics have such unbounded
complexifications, in S? or RP? the question is not yet settled.

It was shown by Sz6ke [18] that the set of all the metrics of revolution in S? that have adapted
complexification with infinite radius is a certain family depending on two real parameters that includes
the Euclidean sphere.! Thus, it remains to study the case of metrics in S? with finite isometry group.

Concerning this problem, using Theorem 5.1 we extend the result for a triaxial ellipsoid shown
in [2]: we prove in Theorem 7.1 that a Liouville Riemannian metric with finite isometry group in S?
cannot have an adapted complexification with infinite radius (and as a consequence the only Liouville
metrics with such complexifications are the metrics of revolution by Széke mentioned earlier) and
similarly for RIP?, by Corollary 7.2.

The proof of Theorem 7.1 is based on the following. On the one hand the Jacobi field induced by
X along a geodesic y through a branch point vanishes only at branch points if y is generic (that is,
not supported by ) and vanishes identically if y is otherwise, as explained in Lemma 3.9. This has
implications, if the constant C # 1, for the length of the covariant derivative of J,, as described in
Theorem 6.1, and especially Corollary 6.2.

On the other hand, for any Riemannian manifold with adapted complexification with infinite
radius, if a Jacobi field along a geodesic vanishes periodically the covariant derivative satisfies a

I'The proof in [18] refers to surfaces of revolution in R?, but it can be easily adjusted to metrics in §> with S!-symmetry that
are not assumed a priori to be isometrically embedded in R>.
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certain growth condition described by Proposition 7.3 which, when C # 1, is incompatible with the
growth in Corollary 6.2.

In addition, the symmetry property of any Jacobi field vanishing periodically in the presence of
an adapted complexification with infinite radius given in Proposition 7.4 is incompatible with the
finiteness of the isometry group of g, dealing with the case C = 1.

Finally, applying Theorem 7.1 we prove Theorem 8.1 which shows that the Kéhler geometry of a
Grauert tube of infinite radius and of complex dimension two is determined by the leaves, as sets, of
the Monge—Ampere foliation. The proof uses the global version of a classical theorem of Dini [19]
relating the existence of geodesically equivalent metrics with the existence of an F as above.

Sections 2 and 3 contain background material with proofs included, since the set-up is needed for
the following sections; our main references for this part are [4, 11].

2. Background
2.1. Integrability and the induced Jacobi field

Let 7: T*S? — S? be the cotangent bundle of S, and df the canonical symplectic two-form on
T*S?, with 6 = > pidg; in canonical local coordinates.
For any function G: T*S?> — R let X be the vector field in 7*S? defined by

df(Xg, ) = —dG; ey

this is the symplectic gradient or Hamiltonian vector field of G (see [1, 10]).
Give S? the Riemannian metric g and consider the Hamiltonian H: T*S?> — R with H = E o A,
where E: TS? — R is the energy function with 2E(z) = g(z, z) = ||z||%>, and
A TS? > T*S? )

the Legendre transformation defined by Az = g(z, -) for all z € TS

The flow of X is known as the co-geodesic flow. By (1) it leaves invariant the level sets of H,
and the trajectories on the unit cotangent bundle {H = %} projected on S? via 7 are the unit-speed
geodesics on S? (see [10]).

PROPOSITION 2.1 Let F: T*S? — R be any function which is homogeneous quadratic along the fibers
of m: T*S? — 8. Then for all 7* € T*S?

g0 2", mu(Xpl)) = 2F(2). 3

Proof. Let B be the vector field on T*S? generated by fiber-wise scaling, E = Y p;d/p; in canonical
coordinates; d6 (&, -) = 6. By (1) and (2)
gV 2" (X p L) = 2 (1 Xp)
= 0(XFlz)
=dO(E|x, XFlx)
=dF(E|,)
=2F(z%), 4)
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where we used in the last equality that F' is a fiber-wise homogeneous quadratic.

Assume that the geodesic flow of the metric g in S? is integrable. This means that there is a function
F: T*S? — R, smooth and withdF A dE # 0 on a dense subset of T*S2, so that the Poisson bracket
vanishes, d0 (X r, Xg) = 0, and thus the Lie bracket vanishes, [ X, X ] = 0, and the flows commute,
[®F, ] =0.

Given z* € {H = %} C T*S? the map ¥: (—a,a) x R — S?, for some a > 0,

W(r,s) = m(®F o z%),

is a variation of the geodesic y defined by s > y(s) = 7w (P z*) via the geodesics y, given by
s > yi(s) := m(®F ®Hz*); here y = yp. Then we have the following.

DEFINITION 2.2 Let F: T*S? — R be invariant by the co-geodesic flow. For a unit-speed geodesic
Y, y(s) = m(®z*), let J, be the Jacobi field along y

d
Jy(s) =Y, (5'1—0) = Ty (XF|<I>fz*)' (5)

PROPOSITION 2.3 Let F be as in Definition 2.2 and, in addition, homogeneous quadratic along the
cotangent fibers. For z* € {H = %} let y be the unit-speed geodesic y (s) = w(®Hz*). Then for all
seR

g8y (s), Jy (5)) = 2F (2"). (6)

In particular, the left-hand side is a constant independent of s.
Proof. Foralls € R, @ z* =y (s). Use Proposition 2.1 and the ®"-invariance of F.

REMARK 2.4 The vector field J, may be =0 along a geodesic y, as the lift of y may live where
dE A dF = 0. For instance, J,, = 0 along y supported by Xy in Lemma 3.9.

2.2. Liouville metrics on S? after [4, 11]

We describe smooth and real analytic Liouville metrics in S2 with F #aF 12 + bH fora,b € R and
F; homogeneous linear in the cotangent fiber. We follow [4]; see also [11].
Fix 0 < L € R and consider the lattice ' on C = {(x, y) = x + /=1y | x,y € R}

[:={(kIL)eC | (k1) eZx 7).

The Weierstrass function

1
P = Z ((z—w)z_g)

el'\{
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YLT
Qo Qi

L2 c3 »—

QOO QI,O

g

T
0 172 1

Figure 1. The shaded region covers §? with branch points corresponding to %l".

is a meromorphic map with poles in I'. Identify C U oo >~ S? to get the commutative diagram

6’,)
C—>CUoo ~§?

r
2-to-1

C/T ~T?
@)
with 71 induced by C > z +— —z; here, ‘2-to-1’ is a branched double cover.
DEFINITION 2.5 Qo0 :={(x,y) € C|0<x <1/2, 0<y < L/2}, Q:= Qo0 U Q1.0
Qry = Qoo+ (k/2,1L/2), (k,])eZ xZ. ®)

The restriction of g to Q = Q0 U Q1,9 is onto, and one-to-one when restricted to Q \ 9 Q, where
‘0’ indicates boundary (see Fig. 1).

DEFINITION 2.6 Consider the set
Yo 1= (3000 = £ (001,0)- )
DEFINITION 2.7 The branch points of g in 8% are {p, ..., ps} = o (%F) C %o,

p1:=(0,0), p2:=p(1/2,0),

(10)
p3 =9 ((1/2,L/2)), pa:= ((0.L/2)).

We describe a class of metrics g on S? (Kolokol’tsov metrics in [4]; see also [11]).
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e Data for g smooth: On the complex plane C take the symmetric two-form

g=(f(x) +gNAx* +dy?), (1

where f and g are smooth functions satisfying ¥x, y € R
fx)y=fx+1=f(=x)=0, (12)
gy =gy +L)=¢g(=y) =0, (13)
f1(0)={§|kez}, gl(O):{ngkeZ}. (14)

In addition, there is a smooth function 2z = h(u), u € R, defined near u = 0 with £(0) = 0 and
dh/du|,—o # O such that for all kK € Z and small ¢

f (t + g) =h(t*), ¢ <t + gL) = —h(=1%). (15)

e Data for g real analytic: Take a symmetric two-form in C as in (11) with f and g now real
analytic, also satisfying (12) through (15). The real analyticity and (15) implies the additional
1T -periodicity (see [4, p. 462]) Vx, y € R

1 L
f(x)=f(X+5>, g(y)=g(y+5>' (16)

DEFINITION 2.8 Via g the symmetric two-form g on C in (11) induces a Riemannian metric on S?
denoted by g and satisfying p*g = 8.

By the definitions g: (C\ i, 8§) — (S>\ {p1.,....p4}, g) is a local isometry and provides
Liouville coordinates (x, y) in a dense subset of S?:

g = (f(x) + g(»)(dx* + dy?). (17)

Then, by [4, Theorem 11.21; 11, § 3], the metric g so constructed has an integrable geodesic flow
with a quadratic F, where F # aF? + bH fora, b € R and F; homogeneous linear in the cotangent
fibers.

Conversely, a Liouville metric with a homogenous quadratic ' (normalized so that F = 0O at the
branch points) and F # aF? + bH fora, b € R and F; homogeneous linear is isometric to g as above
for appropriate choices of f, g and L.

REMARK 2.9 Note that g described above has an F # aFl2 + bH for a,b € R and F; co-geodesic
flow invariant and homogeneous linear. However this does not imply that no such linear F; exists.’

2In a triaxial ellipsoid the metric g, which has a finite isometry group, is written as above in terms of elliptic coordinates
and the resulting F # aFl2 + bH; the branch points determined by F are inherently special for g since they are the four
umbilical points. In contrast the standard metric in S? is written in Liouville form in the sphero-conical coordinates A1, 1> ([4,
p- 539]) which for (x1, x2, x3) € S? are the roots of x|2/(a + A1)+ x%/(b +A) + x%/(c + A) =0, where a < b < c. The four
branch points are located at (s;/(b — a)/(c — a), 0, s24/(c — b)/(c — a)), s1, s2 € {1, —1}, whichliein g = {x, = 0} N s2.
A rotation in R? will locate X in any great circle; so here the four branch points determined by F are special in relation to
the chosen coordinate system.
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AssuMPTION 1 Henceforth 8? is endowed with the Riemannian metric g which is Liouville with a
fixed F with F # aF? + bH for a, b € R and F; a function homogeneous linear in the cotangent
fibers; g is assumed as given in (17) for some f, g and L as above. Moreover, throughout g will be
assumed smooth, or real analytic as indicated.

2.3. Involutions 0> and o’ (‘antipodal map’)

(See also [4] or [11])
PROPOSITION 2.10 There is an isometric involution o> on (S?, g) with fixed-point set .

Proof. T is invariant by complex conjugation in C, so z = (x, y) = z = (x, —y) in C induces the
involution o * on S with fixed-point set . It is an isometry by the I'-periodicity of g in (11).

PROPOSITION 2.11 There is an involution o' on S* (‘antipodal map’) such that

o'(p) =ps, o'(p2) = pa (18)
Moreover, if g is real analytic o’ is an isometry.

Proof. Theinvolution ¢’ is the one induced by (x, y) — (1/2 — x, L/2 + y) in C. If g isreal analytic
the ¢ % [-periodicity’ of g indicated in (16) renders ¢’ an isometry.

REMARK 2.12 There are two more involutions o and o,. They both leave ¥ invariant, and o (p;) =
P4, 01(p2) = p3, while 02 (p1) = p2, 02(p3) = p4. Here, oy is induced by (x, y) — (x, L/2 — y) and
oy by (x,y) > (A —x,y)inC.

Note that from (16) when g is real analytic o7 and o, are isometries.

3. Exponential map at a branch point

In this section we recall some known facts and provide proofs since we need the set up for later
sections. The main result is Proposition 3.6 and Corollary 3.8; see, for example, [11, Theorem 2.1
and §3]

(*) the exponential map based at a branch point p-restricted to an appropriate disk is a
diffeomorphism onto S8* \ o’ (p).

In addition to the statement (*) an important result for us in this section is Lemma 3.9 derived at
the end.

3.1. Geodesics in Liouville coordinates

Take the canonical coordinates (x, y, Py, P,) associated with the coordinates (17) and trivializing
T*(S*\{p1. ... pa}), 2% = (x(7w2%), y(z¥), 2%(3/0x), 2*(3/y)).
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The Hamiltonian reads H = %(sz + Pyz)( f(x) + g(y))~", while the quadratic F is

1 1gP>— fP? 1
F=_Pl— fH=-52"710 A =gH — - P;. (19)
2 2 f+g 27
Now df = dP; Adx +dP, Ady, hence
Xy= -+ (p2 + P 9 +— il fo— + 0 (20)
=g Mo Ty ) T g \UMan, T an,
and
Xp= (g P [ P )+ (8 — foy e
F—f+g gxax f+ gx g)ap

From d0(Xr, Xg) = 0, a unit-speed geodesic y has a constant value of F.
PROPOSITION 3.1 For all z* € T*S?, in the (x, y) Liouville coordinates with w(z*) = (x, y),
72 (X p )P = 2F ()8 H () +2(8(y) — f(x)F (). (22)

Proof. By (19), on S? \{p1,..., pa},

— 2 —
—2fH=2F, P;j—2g¢H=-2F. (23)
Use this together with (17) and (21) to get (22) on 8% \ {p1, ..., p4}. This equality holds by continuity
on {p1, ..., ps}, both sides being equal to zero.

PROPOSITION 3.2 Let y be a unit-speed geodesic in (S*, g) and J,, the Jacobi field induced by X r as
in Definition 2.2. Then, for all s € R, putting, in the (x, y) coordinates, y (s) = (xg, Ys),

1y ()17 = f () 8 () + 2 (g(ys) — f(xs) F. (24)

Proof. Use Proposition 3.1, the expression J,(s) = m.(XF|on,») as in Definition 2.2 and the
Legendre transformation A® z* = y (s). Note that here H(z*) = 1/2.

3.2. Exponential at a branch point

There follows a description in terms of F of the geodesics in (S?, g) through any of the branch points
defined in (10).

By Proposition 2.10 and the fact that any fixed-point set of an isometry is totally geodesic ([13
Theorem 5.1]), the set X is the trajectory of a closed simple geodesic

0. R — S% (25)

This geodesic (up to parametrization) is the singular branch geodesic.
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PROPOSITION 3.3 A unit-speed geodesic y meets a branch point if and only if the corresponding F is
equal to 0.

Proof. For a geodesic y : R — S2, consider a continuous g-lift 7 : R — C and put

=R @), 3 =3 0) (26)

for ¢ the arc-length of y.

(To show =) Let y(fy) = p, a branch point. Since p € go(%r‘), due to (14) f(x,,) = g(¥,) = 0.
So, since p*g = &, from (24) it follows that J,, (fy) = 0, where J,, is the Jacobi field in Proposition 2.3;
thus, by (6), F = 0.

(To show <) Let y be a geodesic with F = 0. We show that there is a #y € R for which y (1) €
iD= '(p1.....pa).

(*) Assume y is not supported by Xy C S?, since we know that % contains branch points. Thus,

there are t* € R and (k, ) € Z x Z such that, with Oy ; as in (8),

Y (") € Qi \ 90, 27

CLAM 3.4 The functions (26) are strictly monotone on L*, where T* C R is any connected component
containing t* of the set {t € R|p(t) € O \ 90k}

Proof. By translation in C, if necessary identify Q) ; with Qg ¢ or Q; ¢, so that we may assume
7(t1) € O = Qo0 U O1.0, and use the Liouville coordinates there. Then, for all t € Z* we put x, = X,
and y, = y,. Since F = 0 we have, with an overdot indicating derivative with respect to arc-length ¢,

(Fe) + 200 2 2 P22 f(x)), (28)

() + 8?52 2 P22 g, (29)

where we get (i) by (2), and (ii) by setting F' = 0 in (23).
But f~10)Ug '(0) = %F C I_l(k,l)erZ 00k, by (8) and (14). Thus, by (28) and (29) we have
X #0and y, # 0 forall t € Z*. So the claim is proved.

Now Claim 3.4, (27) and the boundedness of QO ; imply that there is a #y € R such that y (f) €
Q.. Moreover, it follows that P (19) € 3T Indeed, if P (1) ¢ 3T then: (1) € (30 N £7'(0)) \

(001 N g7'(0)), or P (1) € (00ks N g~ (0)) \ (3Qk; N f~1(0)). But, by (28) and (29), in either
case y (o) is tangential to X at y (f), forcing y to be the geodesic y * supported by ¢, contradicting
the assumption (*). The proposition is proved.

DEFINITION 3.5 Put T := I, + I, where
1/2 L/2

I, = VIix)ydx, I, := V&) dy. (30)
0 0

PROPOSITION 3.6 Lety : R — S? be a unit-speed geodesic not supported by X and such that y (ty) =
P, a branch point.
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)
Pairs {® m} and {% 4}
Q ko 1+1 Q k1, 1+1

are preimages of antipodal branch points

0 . ,'l Q i
-

P

Y X

—_—

Figure 2. Inside O ; x(y(t)) and y(y(t)) are strictly monotone in 7.

Then y meets X precisely at p and o'(p), alternating between the two, over and over, at integer
multiples of T.
In other words, y (R) N 2y = {p, o’ (p)} with

y N p) = {to +2kT | k € Z}, @31
y o' ) = {to+ 2k + DT | k € Z).

Proof. Assume that y (f)) = p € {p1, ..., p4} for some 7y € R and that the trajectory of y is not ¥.
Consider a lift y : R — C of y. From the proof of Claim 3.4 in Proposition 3.3 we conclude that

e p only meets a 0y, at a vertex (€ %F= g-preimage of branch points);
e the x and y components of y are strictly monotone functions of arc length as y traverses the
interior of a Oy ;.

Thus (see Fig. 2) the sequence according to which y meets a branch point must be of the form

{....p.o’(p).,p.o'(p),p.o'(p), ...} withp=p_orp=p,.
Thus, this defines a sequence {#; € R, k € Z} for which

P for k even,

t) is not a branch point for  # t;, and y (t;) =
y (1) p Tl Y (%) o'(p)  for k odd.

Now, it just remains to show that
1 —te=T Vk € Z. (32)

To prove this, for #; < s < ;4 consider the functions s +— x; and s > y, describing any g-lift of
y, once again as in the proof of Claim 3.4. Since y is unit-speed,

L=y = (f(x5) + g)) &2 + 3D). (33)

But by (28) and (29)
17O = PV f () + 1351V 8 () (34)

Thus, using (33) and (34),

et it
Ievl — I = f |5Cs|\/ S(xs)ds +/ [Ys1v/ 8 (ys) ds,
4

4
Iy

M $2
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where the two integrals S; and S, are improper as indicated. Now, recall that after translation in C
if necessary, the portion of the gp-lift of y from #; to #;4; exists in Qo0 \ Qo0 orin Q10 \ 3010,
depending on p. In either case we have

L2
5 = fo e dy = 1, 35)

and, since f is even and 1-periodic and hence f(x) = f(—x) = f(1 —x),

1/2 1
S; = / F(x)dx = [ F(x)dx = I,. (36)
0 1/2

By Definition 3.5 this shows (32) and finishes the proof of the proposition.
COROLLARY 3.7 The distance between p and o' (p) is T in Definition 3.5.

Proof. This follows from the calculation above for geodesics not supported by X, together with
that, by (35) and (36), T = S| + S, is also the length of the two segments from p to o’ (p) along the
geodesic y > supported by .

COROLLARY 3.8 The exponential map at a branch point p,
exp,: B, T) = {v € ,S* | lv]| < T} — $*\ {o'(p)}, 37)
is a diffeomorphism.

Proof . Step 1: We show first that the map (37) is one-to-one.

Assume there are geodesics y; and y, with y;(0) = y»(0) = p and y,(¢;) = y»(t2), where 0 <
t) <t < T, and get a contradiction to Corollary 3.7 as we now sketch.

Let € > 0 be small enough so that there is a unique geodesic segment y3 connecting y; (f; — €)
with y» (¢, + €). The segment of y; from p = y;(0) to y;(#; — €) has length #; — €; the segment y;3
from y; (¢t — €) to y»(t, + €) has length a < 2¢ by the triangle inequality; and the segment of y, from
Y2 (ty + €) to o’ (p) has length T — 1, — €.

By smoothing the broken curve of total length (ty —€)4+a+ (T —th —€) =T — (t, — ;) —
(2¢ — a) < T determined by those three segments, get a smooth curve from p to o’ (p) of length less
than T, violating Corollary 3.7. This shows step 1.

Step 2: Assume y with y (0) = p with (exp;, )., singular for some 0 < ¢ < T and get a contradic-
tion to step 1. Now y (c) is a conjugate point of y (0) along y, hence y does not minimize the distance
from p beyond y (¢) ([12, Theorem 4.1]). So, fora ¢’ with ¢ < ¢’ < T, there are a unit-speed geodesic
yand ac” with 0 < ¢” < ¢’ < T such that y(0) = p and y(¢”) = y(c’), contradicting step 1.

We close this section with a result used repeatedly later.
LEMMA 3.9 Let y be a unit-speed geodesic passing through a branch point p = y (0). If y is not
supported by X the Jacobi field in Definition 2.2 satisfies
(i) Jy is normal, that is, g(J, (), y(t)) =0 forallt € R;
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) J,0) =0&t=kT, ke Z.
On the other hand if y is the geodesic supported by X, that is, y = y >, then J,m = 0.

Proof. Since y meets a branch point, F,, = 0 by Proposition 3.3; so (i) follows from (6).

To show (ii) combine the formula for the length of J, in Proposition 3.2 with the fact that
f(x)g(y) =0 if and only if (x, y) € X9 D {p1, ..., P4}) by (14); then use Proposition 3.6. This
argument also shows the vanishing of J,z,.

4. The one-form £ on S? \ X, (Theorem 4.5)

After the set-up from the previous sections we now take two systems of polar coordinates centered
at two chosen non-antipodal branch points, p_ and p, p+ # o’(p-), and define a one-form 2 on
S?\ % that will be used in the proof of Theorem 5.1.

We will show that Q can be integrated along geodesic segments connecting any pair p and o’ (p)
of antipodal branch points, and that the result of the integration does not depend on the geodesic
segment. (In fact, the same holds for any path nowhere tangent to ¥, and meeting it only at p and
o’'(p), but we focus on geodesic segments.)

4.1. Definition of Q

Consider a pair of (always distinct) branch points {p_, p+} C {p1, ..., psa} With p; # o'(p-).
Henceforth such a pair will be called non-antipodal.

Let d5_ and dy_ be, respectively, the radial and angular one-forms on the punctured disk
B(p_,T)\ {0} C T, S*. Put

ds_ = (exp,)*ds_, dy_ = (exp,)*dyr_, (38)

and denote the dual frame by 9/9ds_ and 9/9v_. Similarly, using exp, on Tp, S?\ {0}, define ds_.,
dyry, 0/0s4 and 9/0v. We have the metric expressed as

g=ds> +p2dy2 and g=ds] +p7dy], (39)
respectively, on 8% \ {p_, o’ (p_)} and 8? \ {p., o’(p, )} for functions p_ and p,.

DEFINITION 4.1 Denote the orthonormal frames on 8% \ {p_, o’(p_)} by

3 1 a
Vo= ——, (40)

U_ = —,
ds_ o_ Y

and analogously {U,, V,} on 82\ {p,, o' (p4)}.
Then, on S? \ {pi, ..., ps}, put

cosw=gU_,Uy), sino=gU_,V,). 41
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Figure 3. o measures the angle between geodesic rays issued from two fixed non-antipodal branch points p_ and p.

DEFINITION4.2 Given a pair of non-antipodal branch points {p_, p} define the one-form on S* \ X
(see Fig. 3) by

(42)

CLAIM 4.3 Q is well defined and smooth on 8* \ X. (It depends on the choice of the pair {p_, p,}
up to sign, but we do not make that explicit in our notation.)

Proof. Simply observe that
sinw(g) #0 forallg € %\ Xo. (43)

Indeed, sin w(g) = 0 implies by (41) that U, (¢) = £U_(gq), which means that a geodesic pass-
ing through p_ is, at ¢, tangent (hence equal) to a geodesic passing through p, # o’(p_); this is
impossible unless g € Xy, by Proposition 3.6.

The next property of €2 will be used in (71) during the proof of Theorem 4.5.
PROPOSITION 4.4 Let o0 be the isometric involution from Proposition 2.10. Then
(0T Q = Q.

Proof. Once we show that

(@) (6Z°)*cosw = cos w,
(b) (6¥)*sinw = —sin w,

the result follows by taking derivative in (a), and using (b) with (43).

Let {u;, u>} be an orthonormal oriented basis of 7},_ S? with u; € T, %o, where we recall X
(O{p_, p.}) is the fixed-point set of o *. Put 5_(v) = ||v|| and forv € B(p_, T) \ {tu;,0 <t < T},
let 1_ be the corresponding angle of v in (0, 27) measured from u,. Then

exp,' o 6™ oexp, (G_,¥_)=(_.27 —y_).
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Hence, putting g = expy_ (s_, IZ_), we have first on B(p_, T) \ {tu;,0 <t < T} and then, by
continuity of o * and of exp,_, throughout B(p_, T),

0
o0ty =0 (@0 g i) “

d
= (expp_)*ﬁ |(§_,2n71/}_)

= U—|020(t])'
Also,
d
0*20(V7|q) = aEO ((epr)*Tl(EnﬁO )
Ay
ad
= —(epri)*th,lﬂ—‘;—)
= —V_lsz(g)-
Similarly, working from p., we get 60Uy = U, and 6>V, = —V,.
We now show (a):
cosw(q) =g (U_lg. Uyly) o

9 ((0™)*g) (U_|,, Uyly)

=g (o2 (U_lp), o> (Usly))
(i)
é g (U7 |¢77:0(q)a U+|1720(q))

= cosw(0™(q)),

where equality (i) uses that o> is an isometry, and (ii) uses (44).
Similarly one shows (b) using (41) and (45).

4.2. Integral of Q2 along segments connecting antipodal branch points

THEOREM 4.5 Lety : [0, T] — S? be a unit-speed geodesic segment not supported by %o with y (0) =
p, a branch point, and thus y (T) = o’ (p). Then

-
/ Q(y(t))dt < oo, 47
0+

and the result is independent of y. (Here the integral is improper because 2 is not defined along

%o D {p,o'(M})

We give the proof of Theorem 4.5 at the end of this section after deriving the results needed to
apply Stokes’s theorem. (Of course, adjusting the proof, it would follow that (47) holds along any
path that meets X only at the end points p and ¢’ (p) and does so non-tangentially.)
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Branch point ; .
/«\ anch p Branch point antipodal to P
s b
AN
A N E i
4 xponential ma
Tangent space at P 5 y . »
2 . g -
pe i
P “I
i
-t
P L
...............
- e e ,: M
Branch point P "

Singular branch geodesic

Figure 4. O(p, V1, ¥2) is open, disjoint from X and enclosed by two geodesics through p not supported by .

DEeFINITION 4.6 (See Fig. 4) Letp € {p1, ..., p4} and ¥ < ¥ such that the interval
(Y1, ¥21 € (0, ) U (, 27) C R. (48)
For 0 # v € T,S?, let Arg(v) be the angle of v with respect to T, ¥ for a fixed orientation of X. Put

O, Y1, ¥2) == exp, ({0 < vl < T, ¥ <Arg(v) < ¥}) C S, (49)

DEFINITION 4.7 Put Ho U H; = S? \ ¢, where H; is a connected component of the complement of
%o, given with notation as in Definition 2.5, by

Hi = (Qio\ 30:0).

PROPOSITION 4.8
O, Y1, Yy2) CHi fori=1,2. (50)

Proof. With the notation as in Definition 4.12,

Ho =exp, ({0 < [lvl < T, 0 <Arg(v) <},

Hi=exp, {0 < |lvll < T, 7 <Arg(v) <2r}).
Thus, inclusion (50) is a consequence of Proposition 3.6 and the fact that the connected set
O(p, Y1, ¥) is the union of all the geodesics that start at p with initial velocities restricted according

to (48) and hence does not include the singular geodesic supported by 3.

PROPOSITION 4.9 The closure of O, 0, satisfies

.....

(i) O(p, Y1, ¥2) N Zo = {p, o’ (P)}.

Proof. This follows from the definitions and Corollary 3.8.
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PROPOSITION 4.10
m(p, V1, = inf sin w > 0. 51
P, Y1, ¥2) 4O, 2)| @] (€29)

Proof. The proof is by contradiction. Assume inequality (51) is not true. Then there is a sequence
{gi}ien With g; € O(p, Y1, ¥2) and

lim sinw(g;) = 0. (52)
11— 00

A subsequence of {g;}ien Will have a limit ¢* € O(p, V1, ¥»), so that, by (43),

q* € O(p, ¥, ¥2) N Zp = {p, o' (p)}. (53)

Now, choose a branch point p # p with p # o’(p) as well; that is, p is one of the two branch points
notin O(p, V1, ¥2).

Since each ¢; belongs to O(p, ¥, ¥) C mp*e{pl,...,m} expy- (B(p*, T) \ {0}), by Corollary 3.8
applied to p and p there are two sequences of geodesics in 82, {¥;}ien and {n; }ien such that, for each
ieN,

e i(0) = pand 1;(0) = p;
e y; and n; are minimizing for arc length from O to T'.

Let s; be the distance from p to g;, and #; the distance from p to ¢;. Thus y; (s;) = ¢; and n; (;) = ¢;.
Since s;, t; € [0, T'], the two sequences of distances converge,

{sitien = sz, {titien — 14,
and by (53) they do so according to these two possibilities:

q¢* =o'(p), hences, = T and t; = (distance from p to o’ (p)) # 0;

g" =p, hences; =0and ty = (distance from p to p) # O.

In either case, compactness of the set of unit vectors in T]g,S2 implies that a subsequence of {1;(0)};en
has as limit a unit vector & € Tf,Sz, and the geodesic : R — S? defined by 1(0) = p and 7(0) = i
satisfies

n(t:) € {p, o’ (P)}- (54)

So, since by definition n(0) = p ¢ {p, o'(p)}, it follows from by Proposition 3.6 that n must be the
geodesic supported by X, that is,

nR) =y ™ R) = Zo. (55)
But, from the definition of @ and by (52), we have the convergence of the sequence
{lcosw(gi)| = Ig (Vi (si), n:i (@) [tien — 1. (56)
From this and (55) it follows that in 7,;»S? we have the convergence

{le@i(ss), 7)) hiew — L.
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This is incompatible with the definition (49) of O(p, ¥, ¥»), which consists of geodesics issued
from ¢* € {p, o/(p)}, since the two geodesics segments starting at p and ending at o’(p) that form
aO(p, V1, ¥,) are not tangent to X.

PrROPOSITION4.11 Let y be a unit-speed geodesic not supported by X with y (0) = p, a branch point,
and y(T) = o' (p). Then

b
lim /Q()}(t))dt<oo. (57)

a—>0t,b—>T~

Proof. Note that the segment of y for 0 <t < T is contained in dO(p, ¥, ¥,) for some | and
Y, as in Definition 4.6. Now, to define €2 we fixed two branch points p_ # p+ € {p1, ..., p4} with
p+ # o’(p-). We express dw in (42) in terms of

(@] i=ds_, @ = p_dy_}, (D] :=dsy, ®F := pidyyy}, (58)

the co-frames dual of {U_, V_} and of {U,, V,}, respectively, on S\ {p_,o’(p_)} and on

SZ \ {p+7 U/(p+)}~
To do this consider the connections K_ and K,

dlnp_

(dcbr): 0 b5 22 (@:)
do, _Blnp_q)z_ 0 o )
Js_
=K_
and a1
npy o
0 ®
dey \ _ as. ? o
T T L. 2
8s+
=K,

o cosw  sinw oF
. 2 1) 1 ;
Since,onS~ \ {p1, ..., p4},< by ) = ( —in cos ) ( I;r >,fromthechangeofconnectlon

=M
equation K_ = dMM~! + MK, M~ it follows that

dlnp_ 3l
_dnp_ . 3lnp,

dw 2
as_ asy

;.

So, using again the matrix M, on S? \ {p, ..., p4}, we get the following useful expressions (note
that the 4+ and — labels turn up mixed):

al olnp_ 01
do = np+sina)<1>1_+< np- 24P+

_ e o5, cos a)> o5, (59)

S+

dlnp_ ol dlnp_
do = -2 Ginw o — Nor 200~ osw 5. (60)
as_ asy as_



150 R. M. AGUILAR

Now, according to our definition of the frames UL, there are two possibilities:

(D pe{p_,o'(p_)},in which case, for0 <r < T,
y () ifp=p_,
U-lyoy = { . . , (61)
—y(T —1) ifp=o'(p-);

D) p € {p+, o’ (py)}, in which case

Uil = y(t) ifp=ps, 62)
TOT -0 ifp=o'(pe)

If (I) holds, for 0 <a < b < T, putting t(¢t) =t ifp=p_,ort(t) =T —tif p=o0o'(p-), we
have using (61) in (59) that

b b
0l
/ Q) di sf nprl g
a a | 95t )
< (b—a) MY, (63)
where
ol -
MY = max H a“ Prl 1 g e O, v, 1//2>} < 003 (64)
S+ q

M, is finite since, as remarked in Proposition 4.9, whenever p € {p_,o'(p-)} we have

O(p, V1, ¥2) C S?\ {o/(p+)} = {Domain of In p,}.
Taking @ — 0" and b — T~ in (63) shows (57).
If (I) holds, use (62) in (60); the inequality analogous to (63) now involves

Inp_
MY = max Ha i
s

lg € O, Y1, w] < o0, (65)
q

finite since O(p, V1, ¥») C S?\ {0’ (p_)} = {Domain of In p_}.

DEFINITION 4.12 For O < r < T consider the set of points of O(p, ¥, ¥,) at a distance r from p,
that is, with the notation as in Definition 4.6, the arc

a(p, Y, Yo, r) =expy({[[vll = r, Y1 < Arg(v) < ¥}),

oriented in the direction from v, to ¥, (see Fig. 5).

ProprosITION 4.13

lim Q=0, lim Q=0. (66)
0" Jap,y1. 9.0 =T Jap,yi,ya.r)
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Figure 5. Set of points in O(p, ¥, ¥») at a distance r from p.

Proof. Let
9p_

| - [oos
05_

Bs+

El

R = max{p, Ot } 67)

qe $?

By Proposition 3.6 and Corollary 3.8, R is well defined and finite since p_ (respectively p. ) along
any unit-speed geodesic from p_ to o’ (p_) (respectively from p, to ¢’ (p.)) is a smooth solution to
the Jacobi field equation 3%p_/ds? + gpo— = 0 (respectively 8%p, /ds3 + op+ = 0), where g is the
Gauss curvature of g, with p_ and p, vanishing with period 7.

Now, consider the two possibilities as before:

O {p,o’'(P)} = {p-,o'(p-)};
D {p.o'(P)} = {p+. o' (P}

In case (I) by (59) and (42) we have along O(p, ¥, V)

d p— (dlnp_  Odlnp,
Q = |— — cos w
aY_ sin @ as_ asy
1
< .
~ | sinw|

R
1 M(‘//MPZ) , 68
Sm(p,wl,xm( + M) (65)

ap—
as_

dlnp,
8S+

with m(p, ¥1, ¥,) as in Proposition 4.10, R as in (67) and Mfr‘/’"%) as in (64).
In case (IT) use(60) and (42) to get on O(p, V1, ¥2)

0 R W1,v2)
2 1+ M , 60
‘ <aw+)‘ = m(pa wlv IﬂZ) ( + B ) ( )

with MY from (65).
So, there is a constant R* = R*(yr(, ¥,) such that for0 <r < T,

f Q
a(p,¥1,¥2,r)

But the length of «(p, 1, Y2, ) goes to 0 as r goes to 0 and also as r goes to T, by Corollary 3.8.

< R* x (length of a(p, ¥, ¥, 7)).
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Figure 6. Asr — 0 we recover the closure of O(p, Y1, ¥2).

4.3. Proof of Theorem 4.5

Let y; and y, be two unit-speed geodesic segments not supported by X, connecting the branch points
y;(0) = p and y;(T) = o’'(p). In light of Proposition 4.11, to prove Theorem 4.5 it only remains to
show that

T T
/OQ(J?l)dIZ/O Q(y2) dr. (70)

CLAaM4.14 Thereisno loss in generality if both open segments y ({0 <t < T and ({0 <t < T})
are assumed contained in the same connected component of 8> \ o, Ho or H, as in Definition 7.7.

Proof. Assume y;({0 <t < T}) C Hyand »({0 <t < T}) C Hy. Then, by applying the isometric
involution o>, since o > (Ho) = H,,

yii=0 oy :[0,T] - S?

is a geodesic segment not supported by Xy with y3(0) = p, y3(T) = o’(p) such that y3({0 <t <
T}) C Hoy. Moreover, since by Proposition 4.4  is o Z0-invariant,

T T T T
f Q(;@)dt:/ Q((UZO)* ?1)dt=/ (GEO)*Q(%)dt:/ Q(y1) dt, (71)
0 0 0 0

and the claim follows.

So,y;: [0, T] = Ho U {p,o'(p)},i = 1,2,bound O(p, 1, ¥2) C Ho where, after renaming 1 =
2 if necessary, ¥; = Arg(y;(0)). Now we show that

7§ Q= o. (72)
A0, v1,v¥2)

To do this, consider for 0 < r < T the truncation of O(p, ¥, V) (see Fig. 6),

O, Y1, ¥, 1) :=exp,({r < vl =T —r. 91 = Arg(v) < ¥}).
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Since dQ =00nS8?\ Xy D O(p, V1, ¥2,7), by Stokes’s theorem, for all 0 <r <T,
d2 = 0. Thus, we have

/ 2=
00(p.¥1.92.€) JOWM.Y1.¥2.r)

0 :/ Q -I—/ Q —/ Q —/ Q.
n(lr,T—r]) a(p,y1.¥2,T—r) v ([r,T—r]) a(p,v1,¥2,r)

As r — 0, according to Proposition 4.13 the second and fourth integrals above go to zero, while
by Proposition 4.11 the first and the third integrals have a limit each; so, (72) holds. Consequently,
Fnqo.ry @ = Jyqo,ry 2 showing (70).

COROLLARY 4.15 Lety : R — S? be a unit-speed geodesic not supported by X and such that y (0) =
P, a branch point. Then, for all k € Z,

T k+1)T
f Q@) di = (—1)F / Q) dr. (73)
0 k

Proof. By Proposition 3.6, for k in Z the restrictions y : [kT, (k + 1)T] — 8? are geodesic segments
not supported by ¥y going from p to o’(p) or vice-versa, depending on the parity of k, hence the
(—1)* factor, when we apply Theorem 4.5.

5. The angle formed by a geodesic through a branch point with X,

THEOREM 5.1 Let (S%, g) be a smooth Liouville metric on S* with F homogeneous quadratic along
the fibers of T*S?, where F # aFl2 + H for a,b € R for any F; homogeneous linear, and let p be
a branch point. Orient the singular geodesic (25) supported by ¥. Then, there is a constant 0 < C
with the following property.

Let y be any unit-speed geodesic, not supported by %o, that meets p at t = ty, and hence o’ (p) at
to + T. Then, for one of the two orientations of y, if we let wy be the angle that y forms with ¥ at

time ty + kT, for k € Z, then
tan? (%) = C* tan? <@> (74)
2 2
For the other orientation of y the valid constant is C™".
Theorem 5.1 is proved after establishing Propositions 5.5 and 5.7 below.
REMARK 5.2 The constant C is the same for all geodesics meeting the branch points p and ¢’ (p). In
addition, if g is real analytic, C is the same for all geodesics meeting any of the four branch points.

This follows from Remark 2.12 since the involutions act transitively on the set of branch points.

REMARK 5.3 It might be the case that C = 1, if the geodesics through p are closed.

5.1. The angle w,, along a geodesic y

Let y : R — S? be a unit-speed geodesic not supported by X, with y(0) = p_, a branch point, and
thus y(T) = o’ (p_).
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We will consider the angle that y () makes with the geodesic rays radiating from a non-antipodal
branch point p., chosen in {py, ..., ps} \ {p—, 0’(p-)} according to the following remarks leading
to (76).

e The two branch points p_ and p; # o’(p) are used to define the two sets of frames {U_, V_}
and {U,, V4}, and also the one-form 2 as before. Now, by Proposition 3.6, since y passes
through p_ it misses the pair of branch points {p,, o’(p4)}, so

y(R) C S\ {p+, o/ (p+)} = {Domain of (U, V,}}. (75)

e Forallt e R, |g(y (), Uy)y| # 1; equality would mean that y is tangent and hence equal to
a geodesic passing through p., but since y goes through p_ by hypothesis, this is not possible
because y is not supported by X.

So, in light of these facts, we can take the one p,. for which, for all t € R
gy @), Vi)yw > 0. (76)
Now we make the following definition.
DEFINITION 5.4 Let w, : R — (0, ) be given by
wy (1) == arccos g (y (1), Ui), (- a7
The relation between w,, and wy in Theorem 5.1 is as follows.

PROPOSITION 5.5 Forall k € Z,
|wg| = |wy (KT)]. (78)

Proof. For p_ and p, as above the singular geodesic y*: R — % is parametrized and oriented
according to increasing arc length so that

PO =p-, y*(T)=0'@), p+ey™{0<1<T).
By definition of the frame {U,., V. } in (40), for all k € Z (see Fig. 7),
Uilp = —7p™(kT) € T, Xy for k even, (79)
Utlopy = 7> *T) € Typ ) Zo  for k odd.

Thus, for k € Z, from the expression of w, in Definition 5.4,

wi = (angle formed by y (kT) and Xy) = (—l)k“a)y(kT).

PROPOSITION 5.6 For all k € Z, assuming y (0) = p_, forkT <t < (k+ DT,

1 do,

O =Gro @ ar

(80)
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Figure 7. Uilp_ € Ty_Eo and Uy |srp_y € Torp_) Zo-

Proof. By Proposition 3.6, for all k € Z,
y(2kT) =p_, y(2k+DT)=0'(p-). (81)
Hence, in light of Corollary 3.8, for all k € Z,

y (t) moves away from p_ if k is even;
vVt e (kT, (k+ 1)T)
y (t) moves towards p_ if k is odd.

So, by (38) and (40) (see Fig. 8),
Y (@) = (=DFU_|, 0. (82)

Thus, for all k € Z, whenever ¢t € (KT, (k+ 1)T),

by (41)
cosw(y(1) "= gU_, Up)yo

by (82) .
=T (=D ey @), Upyo

0D (1 cosw, (). (83)

Similarly,

sinw(y () =gWU_, V+)y(r)
=D g ®, Vi),
= (=D sin w,, (¢). (84)

Use the #-derivative in (83) and the last equality in (84) to get (80).

5.2. Proof of Theorem 5.1

Lety: R — S? be a unit-speed geodesic not supported by X, with y (kT) = p_, a branch point, for
k € Zeven,and y (kT) = o’ (p_) for k € Z odd.
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e 7

e Exponential map

+
£d

Disk of radius 7' in tangent space at p

Figure 8. Illustrating (82), segments of y towards and away from p_.

Letw, : R — (0, ) as before, and recall d In tan(x/2) = dx/sin x. Then, Vk € Z,

tan(wg41/2) | by Prop.5.5 . |tan(w, ((k +1)T)/2)
tan (wy /2) o tan(w, (kT)/2)
by () /(k“)r 1 do, dr
T sinw, () dt
k+1)T
by Prop. 5.6 .
T2 (- / Qy @) dt
kT
T
by (73) .
= / Q@) dt
0

by Prop. 5.6 /T 1 dw,
0o sinw,(t) dt

= A().

Now, take C = e?40, Reversing the orientation of y gives C~!.

6. The derivative at branch points of the Jacobi field induced by F
THEOREM 6.1 Let (S?, g) with F, p, y and C be as in Theorem 5.1. Put

wo
A, = tan> <—) ,
N an >

where wy (# 0 for y # y*) is the angle formed by y (0) and %; also, for k € Z, let

(44t
T4+ A, CHY

Ak

Let J,, be the Jacobi field induced by X r, J): its covariant derivative along y. Then

(85)

(86)
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e when g is smooth

, x| J. (0> fork € Z even,
17, (kT)|* = e (87)
ozk||Jy’(T)|| fork € Z odd,
e when g is real analytic
17, KT = |l 1, O) > for all k € Z. (88)
COROLLARY 6.2 Fory # y* and if C # 1
e8] ’ -2
I/, (kT
> TrErE =% (89)
k=—o00

Corollary 6.2 is used in Theorem 7.3.
Proof. (Assuming Theorem 6.1 and for g real analytic.)
Using (88)
i I, kD72 17,0072 & (C2 + A, CH2)°
1+k2T2  (1+A,))2 = 1+ k272

k=—00

’

which diverges, since 0 < C # 1, and A, > 0 for y is not supported by X.

The proof of Theorem 6.1 is given at the end of this section after we relate the Jacobi field J,
along y with the angle w,, .

Fix the branch point p_ :=p = y(0), and a second branch point p, # ¢’(p-). Consider the
co-frames {®|, @, } and {®F, dD;'} as in (58).

PROPOSITION 6.3 The images of ®| and (I>fr livein{F =0}N{H =1/2} C T*S%.

Proof. The unit vector field U- is, by definition of exp,, , tangential to the geodesics through p_
which all have a value of F equal to zero by Proposition 3.3. Similarly for U, using exp,, .

PROPOSITION 6.4 There is a smooth function Y : 82\ {p4, o’ (p+)} = R such that the diagram below
commutes.
of
S\ {p+,0'(p)} —= T*§?

u E

T —— D

Proof. We can always write 7,0 Xro® =aU; + YV, for appropriate smooth functions
o and Y on S?\ {p4, o’ (p;)}. To show « =0, first use that, by Proposition 2.1, for every
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e {F=0\N{H =1/2} C T*S$?
g2 ', T Xpl) = 0. (90)

Then, putting z* = CI>T|q =AUilyg.q € S?\ {p+. o’ (p4)}, with A the Legendre transformation (2),
in light of Proposition 6.3, we get

o =gWU4lg, m(Xrlot,)) =0. oD

lq

PROPOSITION 6.5 Let y: R — S?\ {p4, 0/ (p4)} be any unit-speed geodesic that passes through a
branch point p and J,, the Jacobi field induced by X p as in Definition 2.2. Then, for all t € R’

Ty ) = 114, (D]l 92)

Proof. By Proposition 3.1, forall z* € {F =0} N {H = %} c T*S?,

7 (X Fl) 1 = F()g(),

where z* = (x, y) in Liouville coordinates. Using this, first with z* = ®] |, and then with z* = ®[ |,
forg € S\ {pi, ..., ps4}, we get due to Proposition 6.3,

(T(@)* 2 7 (X rlo) I 93)

D g

(i)
= (X ploo I
where g = (x, y). From these equalities we derive the following.

(1) By (ii), Y is extended continuously to S? (as zero at the branch points), and
T = {q € S’ (g) =0}, 94)

since from (8) and (14), Xy = $ (0Q0,0) and f(x) or g(y) vanishes on 90 o.

(2) Let y through p be a unit-speed geodesic not supported by X.
e Ifp € {p4,0’(p+)} use (i) and put for t € R, with A asin (2),g = y(¢) and )»))(t)cbﬂy(t).
e If p € {p_, o’(p-)} use (iii) and put instead ¢ = y (t) and Ay (1) D] |,/ ().
In either case, in light of Definition 2.2 we get forall # € R (Y (y (1)) = || Jy, GIE

(3) If y = y*0, the one supported by %, by Lemma 3.9, J, = 0. Now use (94). Thus (92) is
proved.

3To illustrate, a calculation similar to that in [2] for the triaxial ellipsoid shows that in the case of the round metric in S? written
in Liouville form in the sphero-conical coordinates (see footnote for Remark 2.9) we have, up to a multiplicative constant,
|1 X = 12 = x% for z* in the unit cotangent bundle of S2. Let y be a geodesic issued from a branch point y (0) = p, « the
angle formed by y and X at p, s the distance of S? from p and Jy, (s) the Jacobi field along y induced by X r evaluated at
y(s). Then ||/, (s)]|* = sin® & sin? s, and | Y (y (1)) = | sin e sinss|.
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6.1. Proof of Theorem 6.1

Let y be a unit-speed geodesic passing through the branch point p at + = 0 not supported by Xy and
oriented so that the constant C in Theorem 5.1 applies. The Jacobi field J,, is normal along y and
J,(t) = 0if and only if t = kT for k € Z by Lemma 3.9. Thus we write

Jy(t) = hy(t)Py(t)a

where h,: R — R is a smooth function and P,: R — T'S? is a parallel vector field so that
{y (), P,(¢)} is an orthonormal oriented frame of T],(,)S2 for all t € R.

Moreover, since, by Proposition 6.5, forallz € R ||/, (t)]| = [T (y (¢))], there is a sequence {€; }rez,
with €; € {1, —1} such that for kT <t < (k+ DT,

hy (t) = € Y (y(1)).
Thus,

hy (kT +s) — h, (kT) |
s
h, (kT
=| lim M|
s—0+t N

— | lim aY(y (kT +S))|
o s—0F s

1, (kD) = | lim

= [dY(y (kT))|

® | cosw, (kT) dY (U)yar) + sinw, (kT) dY (Vy), 41, |

(k) |

r="| sinw, (kT) dYy (Vi) iry |-

Here we used Definition 5.4 in (*), and in (**) that for all k € Z
dYUp)yar) =0, 95)

which holds since (see Fig. 9)

o y(kT) € {p-,o'(p-)}
° U+|p7 € T[L Yo and U+|o'/(p7) € Taf(pi)Z(), and
e T, vanishes along ¥, by Corollary 6.9.

Consequently
a (sinw, (kT) for k even,
17 (KT = sin e, ()| (96)
b |51n w, (kT)| for k odd,
where
a:=[dYVip |,
o7

b:=1dY(Vi)epyl-
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Figure 9. Uily@rk) € Tp_Zo, Uy ly@r+1)k) € Torp_y To. Mlustrates (95).

Botha > Oand b > 0, since J,, (kT) = 0 and the Jacobi field J,, is notidentically zero, by Lemma 3.9,
since y is not supported by X.
But, from Theorem 5.1,

. (@) — C*tan? (“’VT(O)) © cha,, (98)

where the equality () uses both (86) and that, by the definitions and parametrizations,
| coswo| = Ig (7(0), 7 (0)) | = Ig (¥ (0), Us(p-))| = | cosw, (0)) |.

Now, use (96), (98) and the identity cosx = (1 — tan?(x/2))(1 + tan?(x/2))~! to get, for all
rev,

4A,C”
J/ 2T 2 — Y 2,
I, rT)]| s, cop °
4A C2r+1
17,(2r + DD = ——F—5—= b (99)

- (1+ Ay C2r+1)2
Use these formulae to calculate || J)L (0)]|72 and || J; (T)||~2 first, and use them again to eliminate a>
and b? to obtain (87).

To show (88), note that the constants a and b in (99) are defined by (97). Now, if g is real analytic
o’ is an isometry (by Proposition 2.11) that leaves ¥ invariant; so

s (Vilp) = £Vilom,

for V| and V, |, (p) are unit vectors orthogonal to X at p and o’ (p), respectively. Thus, since Y is
invariant by the isometry o”,

a=1dYVilp )| =1dY (0 (Vilp )| = dT (Vilop))| = b,

and (88) follows.
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7. Non-existence of adapted complexifications with infinite radius

Recall that the adapted complex structure J on the open set Y C TM with M C U is the unique
complex structure such that for every unit-speed geodesic y: R — M

C(TR~C)Ny,'U) - (TM,)), x+ V—=1ly = yy(x) (100)

is holomorphic [15]. J we call unbounded if the maximal U equals T M, in which case U is said to
have infinite radius.
In this section we prove the following.

THEOREM 7.1 A real analytic Liouville Riemannian metric on the two-sphere 8* with finite isometry
group cannot have an adapted complexification with infinite radius.

COROLLARY 7.2 Similarly for the real projective space RP?.
Theorem 7.1 and Corollary 7.2 are proved after the next two propositions.

PROPOSITION 7.3 Let g be a real analytic Riemannian metric on S* whose adapted complexification
has infinite radius. Let y be a unit-speed geodesic in 8* and J a Jacobi field normal along y (that
is, point-wise orthogonal to y). Assume that there is a constant 0 < T € R such that

J(t)=0 < te{kT | ke Z). (101)

Then, denoting by J' the covariant derivative of J in the direction of y,
o0

' &1~
Z i <% (102)

Proof. Let G be the Jacobi field normal along y and linearly independent from J such that the
Wronskian between J and G,

g(J(),G'0) —g(Gn),J1) =1
Since J is normal to y then off the zeros of J, thatis, forallz € R\ {kT | k € Z},
G(1) =m(1)J (1), (103)
where m: R\ {kT | k € Z} — R is real analytic with
m'(0) I ()] = 1. (104)

As a particular case of the results in [15] it follows that if the adapted complex structure exists on
the whole 7'S? then

(a) any Jacobi field canonically extends as a holomorphic section of the pull-back bundle
v, 'T1O(TS?) over C (cf. 100), and
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(b) any such extension does not vanish on C \ R4

Hence the canonical holomorphic extension of G divided by that of J gives a meromorphic extension
mc in the complex plane C of the real-valued function m in (103),

mc: C— CU oo, m = Mc|R\KT | kez}»
whose poles, in light of (104) and (b) in the previous paragraph, correspond to the zeros of J, namely
{z=kT +04—-1 | keZ}CcRCC.
More is shown in [15] about mc ( see also [18]): (up to switching to —G and adjusting the
Wronskian condition and the right-hand side of (104)) we have

Sme(z) >0

for y = Jz > 0. Consequently the classical Fatou representation gives

y [ dpyy
3 =yD = —_—, 105
Sme(z) = y y,1+n/_m(x_t)2+y2 (105)
where
0<D,,;eR (106)
is a constant and du,, ; > 0 a Borel measure on R, both depending on y and J, with
~d t
/ W@ _ o (107)
oo 141t

Now, since m = mc|r\ir | kez) and m is real-valued,

Smelr\ixr | kezy = 0,

so the support of du,, s, being defined by means of the weak limit of Jmc as Jz — 07, lies in
{t = kT | k € Z}; thus there is a sequence {(r,,j )k }kez With (7, ;)x = 0 so that (107) becomes

o0

(ry,J)k

k=—o00
To identify each (v, ;)i calculate, always with z = x + +/—1y,

f dm@ an’l(c
n'l([j = —-———= —
dz ox

“4For any Riemannian manifold M, a Jacobi field along a geodesic y extends canonically as a section of y,:l T (T M) invariant
by geodesic flow and rescaling along the fibers of 7 M; when the adapted structure J is defined on the whole T M, and as a
consequence of (100), the corresponding holomorphic extension is obtained by taking the (1, 0) component with respect to J
in y 1T(T M) ® C; see [15].
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on C\ {x = kT | k € Z} using the Cauchy—Riemann equations and (105) to obtain

© du(t)

1
c@=D — , 109
M) = Dy + /m e (109)
to get
m(z) = D J+l§:M (110)
¢ Y (z —kT)?’
k=—00
and thus, from (104), applying I’Hopital’s rule twice,
1 ) (t — kT)?
— (ry, )k = lim ————r— (111)
T =k g (J (1), J(1))

. (t —kT)
lim ——— > —
kT g (J'(1), J (1)
lim 1
1—kT g (J'(2), J'()) + g (J" (), J (1))
17 (kT)|| 72,

the last equality by (101). This used in (108) implies (102).

PROPOSITION 7.4 Let g be a real analytic Riemannian metric on S* whose adapted complexification
has infinite radius. Let the geodesic y, the Jacobi field J, and T be as in Proposition7.3; in particular
(101) holds. If, in addition, for all k € 7

(FAOIENPACISI (112)
then there is a constant E depending only on y (0) such that for all t € R,

IJolI* 1> sin*(e/T)

1772~ 72 1+ E sin’(zt/T)

(113)

where, denoting by o: M — R the Gauss curvature,

T2
3E=PQ(V(O))—1- (114)



164 R. M. AGUILAR

Proof. By (111) and hypothesis (112), for all k € Z,
ry k=7 I GD) 7 =7 17707 = (r).1)o. (115)

Thus, with m as in the proof of Proposition 7.3, for all z € C

, by (110) | )
E%p -y
mc(2) v+ E14 (z —kT)?

k=—o00

by (115) (ry.y) 1
y y,J )0
v.J 7T 2 kZ (Z/ ] k)2

=—00

) (ry,.s)om 1
2D, +
v T2 sin’*(rz/T)

o) Py, 7)o 1 )
= v P [ E -, 116
T2 ( vt sin?(m z/T) (116)

where in () we used the classical identity ), ., (x — k)=2 = w%/sin?(7 x), and in (%) we are
defining the quantity

D, ;T?
E, =—21". (117)
v (ry,J)O
(Of course, (r,, 7)o # 0 since J is not the identically zero Jacobi field.)
But, forr e R\ {kT | k € Z}

by (104
Y1001,

me(t) =m'(t)
and thus by (115) and (116) we get (113).
We now show that E,, ; in (117) is the constant £ in (114); in particular independent of y and of J.
Since by (103) m is the quotient of two solutions of y”(¢) + o (y(¢)) y(t) = 0, where o is the
Gaussian curvature, the Schwarzian derivative of m equals 2p.
Explicitly, (m” (t)/m’(t)) — 1/2(m"(t)/m'(t))> = 20 (y(t)). A calculation shows

n? , (Tt AN
Q()/(l‘))zﬁ 1+ E, ;+2E, cos T 1+ E, ;sin T ;

setting ¢ = 0 and solving for E,, ; yields (114) if we put £ := E,, ;.

7.1. Proof of Theorem 7.1

Let (S?, g) be real analytic Liouville with finite isometry group. In particular, since the isometry
group does not contain any S! subgroup, it follows that F # aF? + bH for a, b € R and F; linear
homogenous along the fibers of T*S?. Then, for any unit-speed geodesic y not supported by X,
with y(0) = p one of the four branch points associated to F, the Jacobi field J,, induced by F as
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in Definition 2.2 has the following properties (with 7" € R the distance between antipodal branch
points).

e By Theorem 5.1 and (88) in Theorem 6.1, there is a real constant 0 < A,, that depends only on
1(0), and a real constant C > 0 independent of p and of y, such that for all k € Z

_(1+4,)ct

J kD = ——X —
I KDIP =

[FAO]R (118)

e By Lemma 3.9, J, satisfies all the hypotheses on the Jacobi field needed in Proposition 7.3;
hence, if (S2, g) has adapted complexification with infinite radius,

= I, kDI

> Ty <> (119)
k=—00

Armed with these facts we treat the two possible cases (a) C # 1 and (b) C = 1.
(a) Case (S?, g) with C # 1: Pick any unit-speed geodesic y not supported by X, and y (0) = p,
a branch point. By (118), since C # 1 (this is Corollary 6.2),

= g, kDI

2 Syer T

k=—00

violating (119) if the adapted complexification of (S?, g) has infinite radius.

(b) Case (S?, g) with C = 1: Pick a branch point p. Consider an oriented orthonormal frame of
Tp82 given by {y >, ;)fo}, where >0 is tangent to X at p. Express the metric on S? \ {¢/(p)} in
polar coordinates centered at p as done in (39),

g =ds*> + p?dy’. (120)

We will show that, under the hypotheses, p does not depend on 1, which implies an S'-symmetry
contrary to the finiteness of the isometry group.

Take two families of Jacobi fields normal along the geodesic rays {y¥ }yc0,2r) emitted from p,
parametrized as follows: for ¥ € [0, 27r), put vy := cos ¢ ¥ + sin ))f" € TpSZ, and let y¥ be
the unit-speed geodesic

t > V(1) == exp, (1 vy). (121)

The two families of normal Jacobi fields along the geodesic segments y ¥ restricted to ¢ € [0, T'] are
{Jyv}yero2n and {Gyv 1= 3/0V|,v}yer0,27) defined as follows.

e For each v let J,v be the field induced by X along y¥ as in Definition 2.2,
Ty (1) =, (Xp(® A vy).

By (6), J,v is point-wise orthogonal to y¥ since the geodesic y¥ passes through the branch
point p and hence has F-value equal to zero by Proposition 3.3.
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e For each vy take the vector field along ¥V given by G v (1) := expy |« (tv¢+ﬂ/2). Each G,y is
a Jacobi field normal along ¥, by Gauss lemma. In terms of the polar coordinates and the
function p in (120), for0 <¢ < T,

0
Gye (1) = 5Ly = P Py (1), (122)
v
where P,v: R — T),‘W(,)S2 is parallel and orthogonal to y V.

Now, for all ¥ € (0, 7) U (7, 27), from (122) and Lemma3.9,
G0 =J,0)=0, Guw(T)=J(T)=0, (123)

while for 0 < ¢ < T we have both that G,v(r) # 0 and J,v () # 0. So, given that exp, is non-

singular on {v € Tp52 |lvll < T}, from the initial conditions on these Jacobi fields it follows that for
0<t<T,

1 OIF = 17, O Gy )72 [1Gyv ()]

A4

= 11, ()% p*, (124)

where we used (122) and that ||G/y¢, O = lvygrpell = 1.
Since C = 1, by (118), forall ¢ € (0, 7) U (7,27) and all k € Z

17 kT = 1177, (0)].

Consequently, for each i € (0, w) U (i, 27) all the hypotheses on the Jacobi field in Proposition 7.3
as well as those in Proposition 7.4 are met when we put J = J,v and y = y¥.Thus, forallt € [0, T]
and all Y € (0, m) U (7, 27),

2 IJ,eI>  T>  sin’(wt/T)
v = = — R
PO OF T 7 1+ E sinGre/T)

(125)

where E is the constant in (114) that depends only on the Gauss curvature at y¥ (0) = p. So, in
principle on 8% \ X and then, by smoothness, on S \ {o’(p)}, we have dp (3/3v) = 0.

Thus, the vector field given by Xy, = 9/9v on S?\ {o’(p)} and Xy =0ato’(p) is a complete
Killing vector field on (S, g), contrary to the hypothesis on g.

7.2. Proof of Corollary 7.2

Let (RP?, gy) be real analytic, Liouville, with finite isometry group. Lift g, to g in S? to get the
2-to-1 Riemannian cover my: (82, g) — (R]P’z, go). The lift g will be Liouville real analytic with
finite isometry group. Now, from (100) it follows that if (]RIP’z, go) has adapted complexification with
infinite radius so will (S2, g), contrary to Theorem 7.1.
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8. Isometric rigidity of the foliation

As an application of Theorem 7.1 we prove the following.

THEOREM 8.1 Let ¢ : X; — X, be a real analytic bijection between unbounded Grauert tubes with
centers M; := ui_1 (0) =~ 8. Assume that ¢ sends, as sets, the leaves of the Monge—Ampere foliation
defined by the exhaustion uy in X, to those defined by u, in X,. Endow X; with the Kdhler metric
from 3du;. Then X, is, up to rescaling of u,, biholomorphically isometric to X».

Proof. The Monge—Ampere foliation of X; consists of leaves that are Riemann surfaces; this foliation
is singular precisely along M;: each leaf intersects M; along a geodesic of the metric g; induced by
restriction of the Kéhler metric defined by 90u; (see [15]).

It follows that ¢ maps M| onto M,, and that ¢*g, is a real analytic Riemannian metric on M,
geodesically equivalent to g;.

Now, the global version of a theorem of Dini ([4; 19, Theorem 15.13]; also [7, pp. 62-65], for
the local version) states that if a two-dimensional manifold has two, non-homothetic, geodesically
equivalent Riemannian metrics (that is, one metric is not a constant multiple of the other, and they
have the same geodesics as sets) then both metrics are Liouville.

In light of this we have

(1) g1 = cp*g, for a constant ¢ > 0, and hence, by uniqueness of the adapted complex structure
[8, 15], up to rescaling of the function u, the tubes X; and X, are biholomorphically isometric
with respect to their Kédhler metrics, or

(2) g; is a Liouville metric.

But possibility (2) is ruled out by Theorem 7.1 in case (M|, g;) has finite isometry group for X is
assumed a Grauert tube with infinite radius.

On the other hand, if (M, g;) has S'-symmetry, so does ¢*g, (see for instance [19]); thus both
g and ¢*g, are in the two-parameter family of Szoke’s metrics of revolution from [18], and their
geodesic equivalence implies that they are homothetic; that is, they must conform to option (1).
Indeed, after a rescaling of the metrics by constants if necessary, g, = g. and ¢*g, = g/, where, for
0<s<m0<y¢¥ <2m

g = ds’ + pldy?, (126)
2.

pe? = sin? s /(1 + €*sin’ 5), which are geodesically inequivalent for € # €’.
To show this last fact® let V¢ denote the Levi-Civita connection for g.; then if g, is geodesically
equivalent to g, there is a one-form L such that (see [5] for instance)

AU, V) :=VEV —VEV = L(U)V + L(V)U.

Here A is symmetric and tensorial in U and V which are vector fields.
Since the meridians are geodesics with s the arc-length for any value of €, V§ /950/0s =0, and

thus
o=a( 2 2 oo (2) 2
ds os ds ) ds

SWe thank the referee for suggesting the infinitesimal argument given here which replaces our previous longer proof in an
earlier version, in which we explicitly described geodesics of g¢ that were not geodesics of g.- when €’ # €.

hence L(d/ds) = 0.
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Similarly the vector field (1/p¢)(d/9v) is parallel with regard to the metric g. along meridians,
hence Vg/asa/aw = (01In pe/ds)(0/0y) and thus, using L(d/ds) = 0,

Al (2 ) Sl
os oy \es'ay) oy os

implying L(8/9v) = 0, L = 0, and that the metrics must be identical, that is, € = €’.
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Abstract

Carlitz [Solvability of certain equations in a finite field, Quart. J. Math. (Oxford) 7 (1956),
3—4] determined conditions under which infinite families of polynomials have solutions in a finite
field. In this paper we extend some of Carlitz’s results by computing the exact p-divisibility of
certain exponential sums. As a by-product we obtain an upper bound for the Waring number for
polynomials over extensions of finite fields.

1. Introduction

Exponential sums over finite fields have many applications to different areas of mathematics [7]. One
of the problems of interest is the estimation of its p-divisibility. By computing the exact p-divisibility
of the exponential sum associated to a polynomial, one can determine if families of equations have
solutions over a finite field.

A common tool for the estimation of this divisibility is the well-known theorem of Stickelberger [8].
If the exponential sum is expressed as the sum of Gauss sums, then Stickelberger’s theorem gives
the exact divisibility of each of the Gauss sums. Of the many known results on the divisibility of
exponential sums, we use results presented in [9] that give conditions to obtain exact divisibility.

In [2], Carlitz determined conditions under which infinite families of polynomials have solutions
in a finite field. In this paper we compute the exact p-divisibility of certain exponential sums under
some natural conditions and extend some of Carlitz’s results.

We also apply our results to generalizations of Waring’s problem over finite fields, where we con-
sider sums of polynomials. These generalizations lead to examples where the degree of the polynomial
can be arbitrarily large but its Waring number is small.
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2. Preliminaries

Letg = p/, p aprime, IF, be the finite field with ¢ elements and F,* = F,\0. Given 0 < j, j; integers
such that 0 < j; < p and j = Y/—, jip', we define the p-weight of j by o,(j) = >/_s ji. The
p-weight degree of a monomial X{' --- X% is defined by w,(X{' --- X2) = 0,(e1) + -+ -+ 0p(en).
Sometimes we use X to denote the variables X, ..., X,. The p-weight degree of a polynomial
F(Xy,...,Xn) =>4 X" - X2, a; # 0overF,, isdefined by w,(F) = max; w, (X" --- X2).
The p-weight degree with respect to the variable X; of the monomial X{'--- X% is denoted by
wp x, (X{' - X&) = o,(e;). We denote the p-weight degree with respect to the variable X; of a
polynomial F over [, by w, x,(F) = max; wp x,(X{" - -- X2). From now on, we assume that a
polynomial F (X1, ..., X,) contains all the variables X, ..., X,,.

Q, is the p-adic field with ring of integers Z,. Let K be the extension over @, obtained by
adjoining a primitive (p/ — 1)th root of unity in @ the algebraic closure of @@,. The residue class
field is isomorphic to [, and let 7 denote the Teichmiiller representatives of If, in K. Let £ be a
primitive pth root of unity in @p Define 6 = 1 — & and denote by vy the valuation over 6. Note that
ve(p) = p —Tandv,(x) = vp(x)/(p = 1).

Let ¢ : F, — Q(&) be a non-trivial additive character. The exponential sum associated to F is
defined as follows:

S(Fy= Y ¢(F(xr.....x)).

Note that, since ¢ is an additive character, if F = Zi ain" s X = G(Xyq, ..., X,) + B, where
G(@,---,0) =0, then

Yo sE)= > ¢GHH=6B) Y, Q).

X{yeees xn€F, X yeees x, €, X1 Xn €F,

Since ¢ (B) is a unit, the constant term does not affect the p-divisibility of the sum.
The following theorem [9] gives a bound for the valuation of an exponential sum with respect to 6.

THEOREM 2.1 Let F(X) = ZlNzl ain‘i < Xp,oap # 0. If S(F) is the exponential sum

S(FYy=Y  ¢(Fxi,...,x), (1)
xl...A,x,le]Fq
then ve(S(F)) > L, where L = ming;, . ;. {vazla,,(ji) 10<ji < q}, and (jr, ..., jn) is a

solution to the system

611j1+€12j2+...+€1NjN EOmodq—l
: s @)
6,11j1+€n2j2+...+€anN EOmodq—l,

where ZlN:l e;iji #0,forl=1,...,n
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To obtain this bound, the authors in [9] use the Teichmiiller representatives a; € 7 of the
coefficients @; of F to lift and expand the exponential sum S(F):

q-1 -1 [N N
S(F) = Z - Z |:l_[C(]l)i| |:Z tj181+~~.+jNeN:| |:1_[a/l{i:| ) 3)
J1=0 Jjn=0 Li=1 teTn ie1

Foreachterm T = H,N:1 c(ji) D, et tiney ]_LN=1 a'’ in the sum 3),

N
o [f1e] [ o] 1)
t i=1

op(ji) + f(p— Ds,

™M= 1=

i=1

where s is the number of expressions in (2) that are equal to zero for the vector (ji, ..., jy) asso-
ciated to the term. Since the polynomial F contains all the variables, we can always find a solution
(J1, -+, jn) such that ZlN=1 0, (ji) is minimum and all the expressions in (2) are positive multiples
of g — 1, giving f(p — 1)s = 0. The triangle inequality is then used to obtain the bound.

Note that one does not have equality on the valuation of S(F’) because it could happen that there
are more than one solutions (ji, . .., jy) that give the minimum value and when the associated terms
are added they could produce higher powers of 6 dividing the exponential sum. In section 4 we prove
that, for many infinite families of polynomials, there is a unique solution (ji, ..., jy) that gives the
minimum. This implies that vy (S(F)) = L. To prove that there is a unique minimum solution one
has to consider all the possible solutions to the modular system, including those that make some of
the equations in (2) equal to zero.

In our computations we will be using the following lemma, which was proved in [9].

LeEMMA 2.1 For any natural number k, crp((pf — Dk) > Up(pf - =f(p—-1.

The relation between an exponential sum S(F) = erlE,” ¢ (F (x)) and the number of zeros of a
system of polynomials P;(X), ..., P;(X) is given by the following lemma that can be found in [1].

LEMMA 2.2 Let ¢ = p/, Pi(X), ..., P,(X) € F,[X] and let N be the number of common zeros of
Py, ..., P. Then

N=p™ > ¢0PIX++yPX).

t
xel,", yel,

In this paper we use p-divisibility of exponential sums to prove solvability of polynomial equations.
Another common method to prove solvability of equations is to estimate the absolute value of the
corresponding exponential sum. Usually, for the absolute value method, the solvability only depends
on having g > d€, where d is the degree of the polynomial and q is the size of the field (see [6, 7, 10]).
The results presented here cover cases that are not covered by the absolute value method.
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3. Carlitz’s results

There are many results on divisibility properties of the number of solutions of systems of polynomial
equations over finite fields. Our work generalizes the following results of Carlitz [2].

THEOREM 3.1 If F(X1, ..., X,) is homogeneous of degree n while G(X1, ..., X,) is of degree less
than n, and

> TN, x) #0,
then the equation F(Xy, ..., X,) = G(Xy, ..., X)) has at least one solution over ;.

This is a very general theorem but the condition erlﬁ," F471(x) # 0 could be hard to verify. The
following results do not assume this condition.

THEOREM 3.2 Let d be a divisor of p — 1, and a; € Fq* fori=1,....d. If G(X1,...,Xy) is a
polynomial over I, with deg(G) < d, then the equation alX‘f + o+ ang +G(Xy,...,Xs) =0
has at least one solution over I,.

COROLLARY 3.1 Letd be adivisorof p — 1and Fi(X,), ..., Fy(Xg) be polynomials over I, of degree
d. Then the equation F1(X1) + - - -+ F;(X4) = 0 has at least one solution over I,.

4. Exact divisibility of exponential sums and solvability of equations

In this section we compute the exact divisibility of certain exponential sums and of the number of
solutions of the related equations. With this we guarantee that these equations are solvable and obtain
generalizations of Carlitz’s results.

THEOREM 4.1 Let d; be a divisor of p — 1 and a; € F,* fori =1, ..., t. Consider the monomials
X - X )M Xy X, ) (X, X ©)
all with the same degree d > 1, disjoint support and 1 <i; <n=n, If G(X1,...,X,) is a

polynomial over I, with w,(G) < d, and

Y 4
+a(Xi, X))+ G(Xy, . Xy,

F(X1, ..., X)) =ar(Xi, -+ X, )" + (X, -+ X

g1 " tny

then

‘1
w(S(F) = fp—1) —
i=1 '
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Proof. Without loss of generality, we can assume that the monomials in (5) are of the form
X1 X )M Kt X)X Xa) ™,

and F(0,...,0)=0.Let G(Xy,..., X,) = Zf]:l b,Xf" -+ X¢ . Asin Theorem 2.1, we associate
a modular system to the polynomial F. The following is the modular system associated to F:

dihi+ei1s1+e20+---+ensy =0modg — 1
1) : : ©)
dihy +ep 151+ -+ e NSN =0mod g — 1

drhy +ep 11,151 + -+ e sy =0mod g — 1
2 z ;
dyhy +ep, 151+ +epnsy =0modg — 1

dih; + e, 11151+ + e, rinSy =0modg —1

1) : :
dihy +e,1851+ -+ ey nSN =0mod g — 1
Let (hy, ..., hy, S1, ..., Sy) be any solution to system (6), and T be the term in (3) associated to
this solution. Then
t N
vo(T) =Y op(hi) + Y _0p(s) + f(p— Ds,
i=1 i=1
where s is the number of equations in (6) that are equal to zero. Letng = O and, fori =1, ..., ¢,letr;

be the number of equations that are equal to zero in each block i of n; — n;_; equations in (6). Since
di < p—1, 0,(d;) =d;. Applying o, to (6), using Lemma 2.1, adding the first n; — r; non-zero
inequalities, and dividing by d\n;, we obtain

0'p(el,l) + -+ Up(enl,l)
dﬂ’ll

_fp =D —r)

- n1d1

0'p(el,N) +--- O'p(en],N)

diny

Gp(hl)+ Gp(51)+"'+ Up(SN)

We repeat the same to each block i of modular equations in (6) to obtain:

Gp(en,;l-&-l,N) +- 4+ Op(eni,N)
di(ni —n;_1)

Gp(en,;l-&-l,l) + -+ Gp(eni,l)

di(nj —n;_y)
- fp—Dm —ni_y —1p)
- (ni —ni—1)d;

Up(hi)+ Up(s1)+"'+ Gp(SN)

forl <i <t.
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Recall that d; (n; — n;—;) = d, and add the above inequalities to get

+o,(e, o,(e +.---4+0,(e,
p( ’1)0’,,(51)4--“-{- p( I,N) p( ,N)

oyt + T _

i=l1 d

>f(p_1)z (nl_—k, Sar

Up(sN)

Since o, (e1,1) + - - - + op(e, k) is the p-weight degree of the kth monomial of G, and w,(G) < d,
we have that (o, (e1x) + -+ 0p(enr))/d < 1. Therefore,

t N t
de(hi) n de(si) > Zap(hi) n oplern) + d + Up(en,l)ap(sl)

i=1 i=1 i=1

Up(el,N) +--- Up(en,N)
d

1 — T

(I_nl l)d

op(sn) = f(p— )Z

and

()= f(p—1 [Z (n; —nj_ 1)d +Zrl}
t 1 i [(n, —ni_1)d; — 1]
=f(p—-1 [;z"'; (n; —ni—1)d; :|

Note that if s; #0 for some i, we have strict inequality in (7). Also note that since
T [(ni —n;_)d; — 1] > 0, any solution withvy(T) = f(p — 1) Z::l 1/d; is minimal and hass; = 0
foralli=1,...,N

(N

Consider
rMlg—1) Mg —1)
e, ,0,...,0]), 8
( dl dt ( )
where 0 < ); < d; foralli =1, ...,t. This is a solution to (6) with
rilg — 1)
Zapm ) + Zop(s,) = Z (d—)
i=1 !
ri(p—1) f—k d A
_ . — -1 il
N e S ) ¥
k=1 i=1
and,

t A
v(T)=f(p—1) [Zz +s],

i=1

where s is the number of equations in (6) that are equal to zero for this solution.
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IfA; =1fori =1,...,t,then none of the equations in (6) are equal to zero and vy (T) = f(p —
1) Zf:l 1/d;. Therefore, ((q — 1)/d;, ..., (g —1)/d;,0,...,0) is a minimal solution. Any other
minimal solution must have the form (8) and Zle (ril(n; —n;j—1)d; — 11)/(n; — n;—1)d; = 0. Since
ri[(nj —ni—1)d; — 1] = 0, this sum is zero if and only if n; —n;_; =d; =1 or r; =0 for each
i=1,...,t.Ifr; # 0 for some i, then n; — n;_; = d; = 1, and this implies that the polynomial F
has degree 1, which is a contradiction. If , =0 foralli =1,...,¢,then A; > 1 for all i, vy (T) =
f(p—=1) Z;zl A;/d;, and this is a minimal solution if and only if A; = 1 for all ;.

Therefore ((¢ — 1)/dy,...,(q —1)/d,,0,...,0) is the unique minimal solution and vy (F) =
fp=D Y, 1/d;.

ReEMARK 4.1 This result is false if we allow d = 1. For example, consider G (X1, ..., X,,) = ¢, acon-

stant, and F (X, --- , X,)) = a1 X1 + --- + a,X,, + ¢. Then S(F) = 0, and the formula for vy (S(F))
is not correct.

Even though the above theorem includes the case p = 2, because of the importance of Boolean
functions, we include this case as a corollary.

COROLLARY 4.1 Let p = 2 and consider the monomials

Xy X, ) (X - X Do eo, (XG0 XG,)
all with the same degree d > 1, disjoint support, and 1 <i; <n=mn;. If G(Xy,...,X,) is a
polynomial over B, with w,(G) < d, and
F(Xy,....,. X)) =X, - X, +Xi, X, +- + X, X, £ 6K, X)),
then
v2(S(F)) =tf.
The next corollaries give information about S(F) when r = 1.
COROLLARY 4.2 Let d be a divisorof p — 1, nd > landa € ,*. If G(X1, ..., X,,) is a polynomial

over I, with w,(G) < dn, and
F(X1,...., X)) =aX! - X+ G(Xy,..., X,),
then vg(S(F)) = f(p — 1)/d.
COROLLARY 4.3 Letd # 1beadivisorof p — landa € B* If F(X) = aX? + b X% + - + b, X%
is a polynomial over ,, where o,(d;) < d for every i; then vy(S(F)) = f(p — 1)/d. Furthermore

S(F) # 0.

As a consequence of Theorem 4.1 we can compute the exact divisibility of the number of solutions
of families of polynomial equations.



176 F. N. CASTRO et al.

THEOREM 4.2 Let d; be a divisor of p — 1 and a; € B,* fori = 1,...,t. Suppose that 3 _i_, 1/d; is
an integer, and consider the monomials

(Xil : ’nl )dl (X1111+1 ' lnz )dz ’ (Xinz—1+1 T Xin)d’ (9)
all with the same degree d > 1, disjoint support and 1 <i; <n=n, If G(X1,...,X,) is a
polynomial over I, with w,(G) < d, and
FXi,.... X)) =ai(X;, - X )" + (X, - X, )2 +

+a,(X;

Ing_y+1 "

X)) G(X, LX),

then pf(E: 1/di=V) s the exact divisibility of the number of solutions of F = 0. In particular, F has
at least one solution over .

Proof. Consider
F =y (al(Xil - -X,'”])dl +.-- 4 a,(Xi,,,,,H .. 'Xin)d’ + G(Xq, ..., Xn)> .

By Lemma 2.2, the number of solutions of F =0 is p~/S(F’). To compute S(F’) we follow the
proof of Theorem 4.1 with F’ instead of F. The modular system associated to F’ is the same as that
associated to F but with the additional equation

hi+-+h+s+--+sy=0modg — 1.

If G(0,...,0) =0, then the proof is almost the same as that for Theorem 4.1. If G has a constant
term by X{" - - - X 2 0, then the term sy appears in the last new equation of system (6), but ¢; ysy
do not appear in the other equations. In any case, we follow the proof of Theorem 4.1 and note that
expression (7) becomes

d i d -1
w(l) = f(p—1) [Z Z Lo _nnAl)])dA ] +“]
i=1 i=1 T

where o« = 1ifhy+---+h; + 51+ -+ sy =0 and o = 0 otherwise. Again, note that if 5s; # 0
for some i, then we have a strict inequality. Also note that

t

ril(n; —ni—1)d; — 1]
>0,
Z (n; —ni—1)d; ez

i=1
and any solution with vg(T) = f(p — 1) Z§=1 1/d; is minimal and has s; = O foralli =1,..., N

The vector
A -1 A -1
( ig=b ki ),o,...,0>, (10)

d] dt

is a solution to the new modular system if and only if Zle A;/d; is an integer. By hypothesis,
ZE:] 1/d; is an integer, and therefore ((¢ — 1)/d, ..., (g — 1)/d;,0, ..., 0) is a minimal solution.
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Any other minimal solution must have the form (10) and

t

Z ril(ni —n;—)d; — 1]
(n; —ni_1)d;

+a=0.

i=1

This implies that
t

A
v(T) = f(p—1) [Z ,

i=1

&
[

and this is minimal if and only if A; = 1 for all i. Therefore,

—1 —1
=1 1= .0
d] dl

is the only minimal solution and the result follows.

Using the above theorem one can generalize Theorem 3.2 by substituting the degree by the
p-weight degree.

COROLLARY 4.4 Letd > 1 be a divisor of p — 1 and a; € Fq*fori =1,...,d. IfG(Xy, ..., Xy) is
polynomial over T, with w,(G) < d, then the equation alX‘ll + -4 ang +G(Xy,...,X0) =0
has at least one solution over If,.

ExAMPLE 4.1 Let

F(Xi,....X) =X+ X] 4+ + X]+ > ai ;X X, + XPH o X3

i<j
over 9. The equation F' = B has at least one solution for any 8 € Fyr.

In the following theorem we impose conditions on the partial weight of the monomials to compute
the exact divisibility of exponential sums. With the exact divisibility we prove that the related equation
is solvable.

THEOREM 4.3 Let d; > 1 be a divisor of p — 1 and a; € IFq*fori =1,...,n Let Gy,...,Gy be

monomials. If G(X1, ..., X,) = Gy + - - - + Gy is polynomial over F, with Z?:l wy.x,(Gj)/di <1
forj=1,...,N,and F = a; X" + -+ a, X% + G(X|, ..., X,,), then

1
w(S(F) = f(p—1)
i=1 "

Proof. We can assume that
G(X1,..., X)) = b XP o X oy XY

and G(0,...,0) =0.
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The following is the system of modular equations associated to F':

dih; +dysi+---+diysy =0mod g — 1

(11)
dnhn +dn1S1 =+ +anSN = 0 mod q — 1.
Let (A, ..., hy,, 51, ..., Sy) be any solution to system (11). As in Theorem 4.1, applying o, we
obtain:
0,(d)o (h) + 0,(di)oy(s1) + -+ 0, (din)oy(sy) = @ioy(g — 1) = a; f(p — 1),
where ; =0 oro; = 1.
Since d; < p — 1, 0,(d;) = d;. Dividing by d; we obtain
o d,' o di o -1
0y )+ L g 51) 4 G G5y = BT =D (12)

fori=1,...,n.
Note that Y 7", 0,(dij) = Y_/_, wp x,(G ;). Adding all the inequalities and using the fact that
Yo wyx, (G))/di <1, we get

n N
D ophi)+ Y oplsi) =
i=1 i=1

n n dl n dl n l
o+ 30 sy 4+ 3 g ) = oY
i=1 i=1 ! i=1 ! i=1 "

If T is the term in (3) associated to this solution then

v (T) = f(p—1) [Z T4y a»]
i=1 ' i=1
"1 (1 —a)(di —1
=f(p—1)[zz+2—( i )],
i=1 !

i=1 '

where > !, (1 — «;) is the number of equations in (11) that are equal to zero. Note that if s5; # 0
for some i we have strict inequality and, since (1 — o;)(d; — 1) > 0, any solution with vg(T) =
f(p—1)>",1/d; is minimal and has s; = 0 for all i.

As in Theorem 4.1, taking h; = (g — 1)/d; and s; = - -- = sy = 0, we obtain a solution to the
system with Y ", o, (h;) + Z,N=1 o,(si) = f(p—1) Y7, 1/d; and therefore is minimal. Any other
solution with sy = --- = sy =0has h; = X;(g — 1)/d; for 0 < X; < d; and

n N n )L[
vo(T) =Y 0,(hi)+ Y op(s)+ f(p—Ds=f(p—1) [Z -+ s] :

i=1 i=1 i=1

where s is the number of equations in (11) that are equal to zero for this solution. For this solution
to be minimal we must have Z;’:](l —a;)(d; — 1)/d; =0.1f 1 —«; # 0 for some i, then d; = 1,
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which is a contradiction. If 1 — a; = Oforalli,then; > 1, vo(T) = f(p — 1) Z:’Zl Ai/d;, and this
is minimal if and only if A; = 1 for all 7.

Therefore, ((¢ — 1)/dy, ..., (g —1)/d,,0,...,0) is the unique minimal solution and vy(T) =
fp =D, 1/d:.

Note that in Theorem 3.2 the polynomial has the same degree on each variable and the degree
is equal to the number of variables. Applying Theorem 4.3 we can get another improvement to
Theorem 3.2 that has less restrictions on the degrees. In section 5 this improvement will be applied
to generalizations of Waring’s problem.

THEOREM 4.4 Letd; > 1be adivisorof p — 1and a; € F,* fori = 1,...,n. Suppose thaty_;_, 1/d;
is an integer, and let Gy, ..., Gy be monomials. If G(X1,...,X,) =G1+---+ Gy is a poly-
nomial over B, with Y'_ w, x,(G)/di <1 for j=1,...,N, and F(X,, ..., X,) =a, X{" +
st ay X% + G(Xy, ..., Xy), then the exact divisibility of the number of solutions of F =0 is
p/ = V4= [y particular, the equation has at least one solution over F,.

Proof. The proof is similar to the proof of Theorem 4.2.

EXAMPLE 4.2 Let F(X1,..., X)) =X+ + X2+ X2 + X2+ X3 + X1 X2 X3 + XuX5X6 X7
over [F5;. Then F = $ has solution for every 8 € I;,.

The following corollary improves Corollary 3.1.

COROLLARY 4.5 Let d > 1 be a divisor of p — 1, and suppose that n/d is an integer. If F;(X;) =
a; lel + G;(X;) is a polynomial over I, with w,(G;) < d for every i, then the exact divisibility of
the number of solutions Fi(X;) +---+ F,(X,) =0is pf(”/d’l). In particular, the equation has at
least one solution over T,.

EXAMPLE4.3 Let p > 5, d = (p — 1)/2, and consider the polynomial
FX0 oo Xa) = X4 X+ X x

over If,. Then F' = B has at least one solution over [, for each 8 € F,.
Ifg = p¥, then the equation X ™' 4 ... + X7 *' = B does not have solution forall 8 € F\F,.

The above corollary implies that the extra terms force Xf 4+ + Xg + Xfi+1 4+ -+ Xgiﬂ =p
to have solutions for all 8 € F,a.

5. Applications to generalizations of Waring’s Problem

The original Waring’s problem is to find the minimum number of variables such that the equation
X f + -4 Xff = B has solutions for any natural number 8. This minimum number is called the
Waring number associated to d. Waring’s problem has also been considered for equations over finite
fields and there are many bounds for their Waring numbers ([6, 7, 11]). Many of these bounds are
consequences of good estimates of the absolute value of Gauss sums [5, 7].
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In this section we consider a generalization of Waring’s problem: Given a polynomial F(X) over
[F,, find the minimum number of variables such that

FX)+--+FX,)=p 13)

has solution over F, for any 8 € If;,. We denote this number by y (F, ¢). The above problem can be
related to the following problem: Given polynomials F;(X), ..., F,(X,) over I, find conditions
such that every 8 € I, can be written as

/8=F1(X1)+~‘~+F;1(xn), (14’)

where x, ..., x, € If,. This problem was considered by Carlitz et al. [3] and Cochrane et al. [4] for
the prime field. Carlitz et al. proved that given Fi(X1), ..., F,(X,) polynomials over F, of degree
dy,...,d,, every element B € [F, can be written as 8 = Fi(x;) + - - - + F,(x,), provided that

Z |:_p 11| +t > p,
o Lodi

where 7 is the number of F;s which are neither of degree p — 1 nor of the form ar(X; — 8)!/2P=D 4 1.
If F=F, =---= Fy, the above result implies that y (F, p) < d, where d is the degree of F and
d#p—1,(p—1)/2 (see [4]). In [4], Cochrane et al. use estimates for exponential sums to prove
that (13) has at least one solution for every g € IF,, whenever ry 4 - - - + r,(r,) > log p, where the
absolute value of the exponential sum corresponding to each r; is less than or equal to p(1 — r;).
Note that these results are for polynomials over IF,.

We now apply Theorem 4.4 and obtain some natural conditions so that the elements g € [, can
be written as 8 = Fi(x1) + ...+ F,(x,). This gives an upper bound on y (F, q) for polynomials F
that satisfy certain natural conditions.

Our results apply to extension fields, while the above results only apply for polynomials over IF,.

THEOREM 5.1 Letd; > lbeadivisorofp — 1, a; € E,* and F;(X) = aiXid' + G, (X;) be polynomials
over B, fori =1, ...,n. Suppose that y_:_, 1/d; is an integer. If w,(G;) < d;, then every B € I,
can be written as

/3 = Fl(x1)+"'+Fn(xn)v

for some xy, ..., x, €,

EXAMPLE 5.1 Let Fi(X)) = X$+ X8, F2(X2) = X3 + X2*, F5(X3) = X3 + X; over F3/. Then
every B € Fi3/ can be written as 8 = x? + x/ + x5 + x)* + x3 + x3.

COROLLARY 5.1 Let F(X) = aX? + G(X) be a polynomial over F,, where d # 1 divides p — 1. If
w,(G) < d, theny(F, q) < d.

EXAMPLE 5.2 Let F(X) = X3 +aX”*! over [,, where 3 divides p — 1. Then y (F, g) < 3. Using
Maple, we obtain that y(x3+x%,49) =2 and y(x® + x4, 169) = 2. Note that y(x%,49) and
y(x'*,169) do not exist.

EXAMPLE 5.3 Let F(X) = X* + a, XP" P 1 4 gy XP2+r2 40 ooy g, XP" P+ over ooy, then
y(F,297) < 4.
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Abstract

Using the L2-norm of the Higgs field as a Morse function, we study the moduli space of parabolic
U(p, q)-Higgs bundles over a Riemann surface with a finite number of marked points, under certain
genericity conditions on the parabolic structure. When the parabolic degree is zero this space is
homeomorphic to the moduli space of representations of the fundamental group of the punctured
surface in U(p, ¢), with fixed compact holonomy classes around the marked points. By means
of this homeomorphism we count the number of connected components of this moduli space of
representations. Finally, we apply our results to the study of representations of the fundamental
group of elliptic surfaces of general type.

1. Introduction

A parabolic vector bundle over a compact Riemann surface with marked points consists of a vector
bundle, equipped with a weighted flag structure on the fibre over each marked point. These objects
were introduced by Seshadri [29] in relation to certain desingularizations of the moduli space of
semistable vector bundles. It turns out that, similarly to the Narasimhan and Seshadri correspondence
[14, 25] between stable vector bundles and representations of the fundamental group of the surface
in the unitary group U(n), there is an analogous correspondence, proved by Metha and Seshadri [23]
(see also [3]), relating stable parabolic bundles to unitary representations of the fundamental group
of the punctured surface with a fixed holonomy class around each marked point.
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In order to study representations of the fundamental group of the punctured surface in GL(n, C)
one has to consider parabolic Higgs bundles. These are pairs consisting of a parabolic vector bundle
and a meromorphic endomorphism valued 1-form with a simple pole along each marked point,
whose residue is nilpotent with respect to the flag. Moduli spaces of parabolic Higgs bundles provide
interesting examples of hyperkihler manifolds. This theory, studied by Simpson in [31] and others
[7, 20, 24, 26], generalizes the non-parabolic Higgs bundle theory studied by Hitchin [19], Donaldson
[15], Simpson [30] and Corlette [12].

In this paper we study parabolic U(p, g)-Higgs bundles. These are the objects that correspond to
representations of the fundamental group of the punctured surface in U(p, ¢g), with fixed compact
holonomy classes around the marked points. Our approach combines the techniques used in [10] in
the study of U(p, ¢)-Higgs bundles in the non-parabolic case as well as those used in [18] to study
the topology of moduli spaces of GL(n, C)-parabolic Higgs bundles.

For a parabolic U(p, ¢)-Higgs bundle there is an invariant, similar to the Toledo invariant in
the non-parabolic case. We show that this parabolic Toledo invariant has a bound provided by a
generalization of the Milnor—Wood inequality. Our main result in the paper is to show that if the
genus of the surface and the number of marked points are both at least one, then the moduli space
of parabolic U(p, q)-Higgs bundles with fixed topological type, generic parabolic weights and full
flags is non-empty and connected if and only if the parabolic Toledo invariant satisfies a generalized
Milnor—Wood inequality (see Theorem 6.13).

As in [10, 18], the main strategy is to use the Bott—Morse-theoretic techniques introduced by
Hitchin [19]. The connectedness properties of our moduli space reduce to the connectedness of a
certain moduli space of parabolic triples introduced in [4] in connection with the study of the parabolic
vortex equations and instantons of infinite energy. Much of the paper is devoted to a thorough study
of these moduli spaces of triples and their connectedness properties.

After spelling out the correspondence between parabolic U(p, g)-Higgs bundles and represen-
tations of the fundamental group of the punctured surface in U(p, g), we transfer our results on
connectedness of the moduli space of parabolic U(p, g)-Higgs bundles to the moduli space of rep-
resentations (see Theorems 13.2 and 13.3). We then apply this to the study of representations of the
fundamental group of certain complex elliptic surfaces of general type (see Theorem 14.4). These
are complex surfaces whose fundamental group is isomorphic to the orbifold fundamental group of
an orbifold Riemann surface.

We should point out that our main results do not apply when the genus of the Riemann surface is
zero. This is not surprising if we have in mind that on P! the parabolic weights must satisfy certain
inequalites in order for parabolic bundles to exist [2, 5]. Presumably, something similar must be true
also in the case of parabolic U(p, g)-Higgs bundles. We plan to come back to this problem in a future
paper.

In the process of finishing our paper we have come across several papers [9, 21, 22] that seem
to be related to our work in the case of U(p, 1). It would be interesting to investigate further the
relationship between these different approaches.

2. Parabolic Higgs bundles

Let X be a closed, connected, smooth Riemann surface of genus g > 0 together with a finite set
of marked points xi, ..., x,. Denote by D the effective divisor D = x| + - - - + x; defined by the
marked points. A parabolic vector bundle E over X consists of a holomorphic vector bundle together
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with a parabolic structure at each x € D, that is, a weighted flag on the fibre E,,

EX = Equ D) Ex,2 DD Ex,r(x)+1 = {O}v

O0<o(x) < - <appx) <.

We denote by k;(x) = dim(E, ;/Ex ;+1) the multiplicity of the weight o; (x). It will sometimes
be convenient to repeat each weight according to its multiplicity, that is, we set ¢;(x) =--- =
Qg (v)(x) = a1 (x), etc. We then have weights 0 < @ (x) < --- < &,(x) < 1, wheren = rk E. Denote
also by a(x) = (&;(x), ..., a&,(x)) the system of weights at x of E and by o = (a(x)),ep the
weight type of E. We say that the flags are full if k;(x) = 1 for all i and x € D. Note that in this
case a(x) = (a1 (x), ..., & (x)) = (@1 (x), ..., o,(x)). A holomorphic map f : E — E’ between
parabolic bundles is called parabolic if «;(x) > a} (x) implies f(E ;) C E;_j_H for all x € D, and
f is strongly parabolic if o; (x) > a_’i (x) implies f(E, ;) C E;!‘Hl for all x € D, where we denote
by oe} (x) the weights on E’. We denote by ParHom (E, E’) and SParHom (E, E’) the sheaves of
parabolic and strongly parabolic morphisms from E to E’, respectively. If E’ = E we denote these
sheaves by ParEnd (E) and SParEnd (E), respectively.
We define the parabolic degree and parabolic slope of E by

r(x)

pardeg (E) = deg(E) + Y . Y ki(x)ai (x), (1)
xeD i=l1
deg (E

par u(E) = %gE())' (2)

A parabolic bundle E is said to be (semi)-stable if for every non-trivial proper parabolic subbundle
E’ of E we have par u(E") < par w(E) (resp. par uw(E’) < par u(E)).

In the following we will use the following construction for parabolic bundles, called the parabolic
direct sum. Let V and W be two parabolic bundles with weight types « and «’; we say that E is the
parabolic direct sum of V and W if and only if E = V @ W as holomorphic bundles, the system of
weights, &, on E consists of the ordered collection of the weights in « and o, and the corresponding
filtration is such that

Ex,k = Vx,i ® Wx,js

where i (resp. j) is the smallest integer such that & (x) < «; (x) (resp. ax(x) < a; (x)).

A parabolic Higgs bundle is a pair (E, ®) consisting of a parabolic bundle E and ® €
H° (SParEnd (E) ® K (D)), that is, ® is a meromorphic endomorphism valued 1-form with simple
poles along D whose residue at x € D is nilpotent with respect to the flag. A parabolic Higgs bun-
dle is called (semi-) stable if for every ®-invariant subbundle E’ of E, its parabolic slope satisfies
par w(E’") < par w(E) (resp. par u(E) < par u(E)), and it is said to be polystable if it is the direct
sum of stable parabolic Higgs bundles of the same parabolic slope.

Fixing the topological invariants n = rk E and d = deg E and the weight type o, the moduli space
M = M(n, d; o) is defined as the set of isomorphism classes of polystable parabolic Higgs bundles
of type (n, d; ). Using geometric invariant theory, Yokogawa [34, 35] has shown that M is a complex
quasi-projective variety, which is smooth at the stable points.
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A parabolic U(p, q)-Higgs bundle on X is aparabolic Higgs bundle (E, ®) suchthat E =V @ W,
where V and W are parabolic vector bundles of ranks p and ¢, respectively, and

q>=(3 g):(VGBW)—NVGBW)@K(D),

where 8 : W — V® K(D)andy : V — W ® K (D) are strongly parabolic morphisms. A parabolic
U(p, q)-Higgsbundle (E = V @ W, ®) is (semi-) stable if the slope stability condition par u(E’) <
par w(E) (resp. par w(E") < par u(E)) is satisfied for all ®-invariant parabolic subbundles of the
form E' = V' @ W', that is, for all parabolic subbundles V' C V and W C W such that (W’) C
V' '® K(D) and y (V') € W ® K(D). Note that, a priori, this definition of stability seems to be
weaker than the stability definition for parabolic Higgs bundles (we ask for V' C V and W' C W).
But this is not the case, since for any ®-invariant £’ C E, we apply the U(p, g)-stability condition to
Ve WandtoV' @ W/, where V =VNE W =WNE,V'=ny(E), W =ay(E’) (Where
my, my are the projections of V. @ W onto V, W, respectively). Then using the exact sequences
V' — E'— W”"and W — E’ — V”, one gets easily that par u(E’) < par u(FE)).

Fix the topological invariants ¢« = deg V and b = deg W and the weight types « and &’ for V and
W, respectively. This determines a system of weights & and a flag structure, given by the parabolic
direct sum construction,on £ =V @& W. Let

U=U(p,q,a,b;ad)

be the moduli space of polystable parabolic U(p, ¢)-Higgs bundles of degrees (a, b) and weights
(o, ).

We say that the weights are generic when every semistable parabolic Higgs bundle is automatically
stable, that is, there are no properly semistable parabolic Higgs bundles. We will keep the following
assumption on the weights all throughout the paper (although some of the results hold in more general
situations).

ASSUMPTION 2.1 The weights of (E, ®) are generic and (E, ) has full flags at each parabolic point.
This means that all the weights of V and W are different and of multiplicity one.

Note that the set of weights such that, for fixed degree and rank of E, make (E, ®) strictly
semistable has positive codimension. This justifies the term generic for the weights which do not
allow strict semistability.

The construction of I/ follows the same arguments given in the non-parabolic case (see [10]).

PROPOSITION 2.2 Let n = p 4+ q, d = a + b, and let & be the system of weights defined by o and o'
as above. ThenU(p, q, a, b; o, ') embeds as a closed subvariety in M(n, d; @).

Proof. The proof is similar to that in the non-parabolic case (see [10, Proposition 3.11]). One only
notices that in the case p = ¢, the parabolic bundles V and W cannot be parabolically isomorphic
since they have different weights.

REMARK 2.3 Sometimes we refer to elements (E, ®) € M as parabolic GL(n, C)-Higgs bundles,
since the structure group of the frame bundle of E is GL(n, C).
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3. Deformation theory

The results of Yokogawa [10, 34] can be readily adapted to describe the deformation theory of
parabolic U(p, g)-Higgs bundles.
Let (E =V & W, ®) be a parabolic U(p, ¢q)-Higgs bundle. We introduce the following notation:

U = ParEnd (E), U = SParEnd (E),
U* = ParEnd (V) @ ParEnd (W), U" = SParEnd (V) @ SParEnd (W),
U~ = ParHom (W, V) & ParHom (V, W), U~ = SParHom (W, V) & SParHom (V, W).

With this notation, U = UT @ U~,U = U & U~,® € H'(U~ ® K(D)), and ad(®) sends U+
to U~ and U~ to U™. We consider the complex of sheaves

c - ut M2 0- 9 k(D). 3)

LEMMA 3.1 Let (E, @) be a stable parabolic U(p, q)-Higgs bundle. Then
ker(ad(®): H'(UT) — H'(U~ ® K(D))) =C, 4)
ker(ad(®): H'(U™) — H(U* ® K(D))) = 0. 5)

Proof. Since (E, ®) is stable as a parabolic GL(n, C)-Higgs bundle, it is simple, that is, its only
endomorphisms are the non-zero scalars. Thus

ker(ad(®): H'(U) — H(U ® K(D))) = C.

Since U = UT @ U~ and ad(®) sends U+t to U~ and U~ to U™, the statements of the lemma
follow.

PROPOSITION 3.2 (i) The space of endomorphisms of (E, ®) is isomorphic to the zeroth hypercoho-
mology group H(C*).
(i) The space of infinitesimal deformations of (E, ®) is isomorphic to the first hypercohomology
group H'(C*).
(iii) There is a long exact sequence

0 — H(C*) — H'(U') — H°(U~ ® K(D)) — H'(C*)
— H'(U') — H'(U~ ® K(D)) — HX(C*) — 0, (6)
where the maps H'(U') — H' (U~ ® K (D)) are induced by ad(®).

PROPOSITION 3.3 Let (E, ®) be a stable parabolic U(p, q)-Higgs bundle, then

(a) HO(C*) = C (in other words (E, ®) is simple), and
(b) H2(C*) = 0.
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Proof. (a) This follows immediately from Lemma 3.1 and (iii) of Proposition 3.2.
(b) For parabolic bundles E and F the sheaves ParHom (E, F) and SParHom (F, E) ® O(D) are
naturally dual to each other (see for example [7]) and we thus have that

ad(®): H'(U) — H'(U~ ® K(D))

is Serre dual to ad(®): HO(U™) — H°(U* ® K (D)). Hence Lemma 3.1 and (iii) of Proposition 3.2
show that H?(C*®) = 0.

PROPOSITION 3.4 Assuming Assumption 2.1, the moduli space U of stable parabolic U(p, q)-Higgs
bundles is a smooth complex variety of dimension

1+(g—1)(p+q>2+§(<p+q)2—(p+q>), %)

where g is the genus of X, and s is the number of marked points.

REMARK 3.5 The formula (7) is also valid in the case s = 0 and genus g > 2. In such cases we
recover the formula for the dimension of the moduli space of non-parabolic U(p, g)-Higgs bundles
given in [10]. As expected, this dimension is half the dimension of the moduli space M of parabolic
GL(n, C)-Higgs bundles of rank n = p 4 g. Observe also that, in order to have a non-empty moduli
space we need s > 3 when g = 0.

Proof. Our assumption on the genericity of the weights implies that there are no properly semistable
parabolic U(p, g)-Higgs bundles and hence every point in U/ is stable. Smoothness follows from
Propositions 3.2 and 3.3. Now, our assumptions on having full flags and different weights on V and
W imply that

SParHom (V, W) = ParHom (V, W)

and

dim ParHom (V, W), 4 dim ParHom (W, V), = pq,

dim ParEnd (V), = w
dim ParEnd (W), = w
Also, the short exact sequence
0 — ParHom (V, W) — Hom (V, W) — @ M -0

ParHom (V,., W,)
xeD

implies that

deg(ParHom (V, W)) = pdeg(W) — g deg(V) + Z(dim ParHom (V,, W) — pq).
xeD



MODULI SPACES OF PARABOLIC U(p, ¢)-HIGGS BUNDLES 189

Using the above information and Proposition 3.2 we have that the dimension of the tangent space of
U at a point (E, ) is
dimH'(C*) = dimH°(C*) 4+ dimH>(C*) — x(C*)
=1 — x(ParEnd (V) & ParEnd (W))
+ x ((SParHom (V, W) @ SParHom (W, V)) ® K (D))
=1—(p* +¢»H( — g) — deg(ParEnd (V)) — deg(ParEnd (W)) + 2pq((1 — g)
+ deg(ParHom (V, W)) 4 deg(ParHom (W, V)) 4+ 2pq(2g — 2) + 2pgs
=14+ —-D(p+9*+2pgs + (p*+q° —2pq)s + Z (dim ParHom (V, W),
xeD

+ dim ParHom (W, V), — dim ParEnd (V), — dim ParEnd (W)x)

=1+ (- D(p+a9*+ §(<p+q)2 —(p+).

4. Parabolic Toledo invariant

In analogy with the non-parabolic case [10], one can associate a Toledo invariant to a parabolic
U(p, q)-Higgs bundle.

DEFINITION 4.1 The parabolic Toledo invariant corresponding to the parabolic Higgs bundle (E =
VoW, d)is
pPq

+q

T = 2p (par u(V) — par u(W)). 3

The Toledo invariant will give us a way to classify components of the moduli space of parabolic
U(p, g)-Higgs bundles. So we first determine the possible values that it can take.

PROPOSITION 4.2 Let (E =VeW o= <?/ g)) be a semistable parabolic U(p, q)-Higgs
bundle. Then

p(par u(V) = par p(E)) < tk(y) (g =14 3)

g(par (W) = par p(E)) < tk(B) (g = 1+3).

Proof. Consider the parabolic bundles N = ker(y) and I = im (y) ® K(D)~'. We have an exact
sequence of parabolic bundles

0—N—V—>IQK(D) —0
and

pardeg (V) = pardeg (N) + pardeg (I ® K (D))
= pardeg (N) + pardeg (1) +rk(I)(2g — 2 + s). ©)]
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Note that / is a subsheaf of W and the map I < W is a parabolic map. Let I/ C W be its saturation,
which is a subbundle of W, and endow it with the induced parabolic structure. So N,V & I C E are
d-invariant parabolic subbundles of E. The semistability of (E, ®) implies that

par u(N) < par u(E),

- (10)
par u(V @ I) < par u(V @ I) < par u(E).
This yields

pardeg (N) < rk(N) par u(E),
pardeg (V) + pardeg (/) < (p + rk([1)) par w(E).

Adding both and using (9) we have the inequality
2 pardeg (V) < 2ppar u(E) +rk(1)(2g — 2 +s),

and hence

p(par u(V) — par u(E)) < rk(y) (g -1+ %) )

The other case is analogous.

REMARK 4.3 The inequalities in Proposition 4.2 are not sharp. This is due to the fact that (10) can be
improved by assigning to / the weights induced by the inclusion / C W.

One has the following bound for the Toledo invariant.
PROPOSITION 4.4 Let (E, ®) be a semistable parabolic U(p, q)-Higgs subbundle. Then
7] < T = min{p, ¢} (2g — 2+ ).

Proof. Noting that

P parp(vy + —2

par u(W), an
p+q p+q

par u(E) =

Proposition 4.2 may be rewritten as
s
g(par j(E) — par p(W)) = tk(y) (g =143

ppar u(E) = par (V) = 1k(B) (g = 1+ ).

By (11) we also have t =2p(par u(V) — par u(E)) = 2q(par u(E) — par u(W)). The result
follows.
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5. Hitchin equations and parabolic Higgs bundles

In order to study the topology of ¢/ we need a gauge-theoretic interpretation of this moduli space in
terms of solutions to the Hitchin equations. One can adapt the arguments given by Simpson [31] for
the case of parabolic GL(n, C)-Higgs bundles to the U(p, ¢) situation, along the lines of what is done
in [10] in the non-parabolic case. Similarly, to construct the moduli space from this point of view,
one can adapt the construction given by Konno [20] (see also [26]) in the parabolic GL(n, C) case.

A parabolic structure on a smooth vector bundle is defined in a similar way to what is done in the
holomorphic category. Let E be a smooth parabolic vector bundle of rank » and fix a hermitian metric
h on E which is smooth in X \ D and whose (degenerate) behaviour around the marked points is
given as follows. We say that a local frame {ey, ..., e,} for E around x respects the flag at x if E ; is
spanned by the vectors {ep,41(x), ..., e,(x)}, where M; = ) ._; k;(x). Let z be a local coordinate
around x such that z(x) = 0. We require that / be of the form

j=si

|Z|25l1 0
h = )
0 |Z|2&”

with respect to some local frame around x which respects the flag at x, where &; = &; (x).

A unitary connection d, associated to a smooth 8 operator 3z on E via the hermitian metric / is
singular at the marked points: if we write z = p exp(v/—16) and {e;} is the local frame used in the
definition of 4, then with respect to the local frame {€; = ¢;/|z|%}, the connection is of the form

&0
dy=d+~—1 do + A,

0 oy

where A’ is regular. We denote the space of smooth 3-operators on E by %7, the space of associated
h-unitary connections by .27, the group of complex parabolic gauge transformations by %g and the
subgroup of A-unitary parabolic gauge transformations by ¥.

Let V and W be smooth parabolic vector bundles equipped with hermitian metrics 4y and
hy adapted to the parabolic structures in the sense explained above. We denote € := %y x Gw,
GC =9C x GS, G =%y x Gy. The space of Higgs fields is = T ® 2, where Q" =
Q0(SParHom (W, V) @ O(D)) and €~ = Q'9(SParHom (V, W) ® O(D)). Here we regard
SParHom (W, V) and SParHom (V, W) as smooth vector bundles defined as in the holomorphic
category.

Following Biquard [3] and Konno [20], we introduce certain weighted Sobolev norms and denote
the corresponding Sobolev completions of the spaces defined above by %, SZ’f, € C); and %k Let

H = {0, D) €€ x | 9P = 0}

and let 7 be the corresponding subspace of €¥ x .

Let 8 = (v, dw), where 9y € €y and dy € Gy, and & = (?/ g) with € " andy € Q.

Let F(Ay) and F(Ay) be the curvatures of the /1y - and /iy -unitary connections corresponding to dy
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and 9y, respectively. Let 8* and y* be the adjoints with respect to 4y and hy. Fix a Kihler form
on X with volume of X normalized to 27r. We consider the moduli space S defined by the subspace
of elements in ¥ satisfying Hitchin equations

F(Ay) +BB* + vy = —vV-1uldy o,

F(Aw) +yy*+ B = —vV~Tnldy o,
modulo gauge transformations in %%, where the equations are only defined on X \ D. Taking the
traces of the equations, adding them, integrating over X \ D, and using the Chern—Weil formula for
parabolic bundles, we find that u = par u(V & W).

The subspace of smooth points in ijk carries a Kihler metric induced by the complex structure
of X and the hermitian metrics &y and &y . The Hitchin equations are moment map equations for the
action of %X on this subspace. In particular, the smooth part of S, which corresponds to irreducible
solutions, is obtained as a Kéhler quotient. Under the genericity assumptions on the parabolic weights
in Assumption 2.1, all the solutions are irreducible and the moduli space S is a smooth Kédhler
manifold.

Fix the topological invariants p =1k V,q =1tk W, a = deg V, b = deg W and the weight types
a and o’ of V and W, respectively. Then

Up,q,a,b;a,a) = (%S)’{/(%C)';

where 77 are the stable elements in .7#. Moreover, if S(p, ¢, a, b; a, &’) is the moduli space of
solutions for these fixed invariants, we have the following.

THEOREM 5.1 There is a homeomorphism

Up,q,a,b;a,a') =S(p,q,a,b;a, ).

6. Morse theory on the moduli space of parabolic U(p, q)-Higgs bundles

In this section we recall the Bott—Morse theory used already in the study of parabolic Higgs bundles
in [7, 18]. There is an action of C* on U/ given by

v C'xU—->U
A, (E, D)) — (E, 1D).

This restricts to a Hamiltonian action of the circle on the moduli space S of solutions to the Hitchin
equations, which is isomorphic to ¢/ (Theorem 5.1), with associated moment map

1
[(E, )] —§||c1>||2 - —«/—1/ Tr (G D*).
X

We choose to use the positive function, f : 4/ — R

fUE, @) = ||®|* (12)
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Clearly f is bounded below since it is non-negative. It is also proper; this follows from the properness
of the moment map associated to the circle action on M [5] (see also [18]) and the fact thatif C M
is a closed subset.

To study the connectedness properties of I/, we use the following basic result: if Z is a Hausdorff
space and f : Z — R is proper and bounded below then f attains a minimum on each connected
component of Z. Therefore, if the subspace of local minima of f is connected then so is Z. We thus
have the following.

LEMMA 6.1 The function f : U — R defined in (12) has a minimum on each connected component
of U. Moreover, if the subspace of local minima of f is connected then so is U.

Now we will describe the minima of f. For this we introduce the subset of I/ defined by
N =N(p,q,a,b;a,a')={(E,®) eld(p,q,a,b;a,a)suchthat B =0 or y =0}. (13)
PROPOSITION 6.2 For every (E, ®) e U

I7|
f(Esq))273

with equality if and only if (E, ®) € N.

Proof. The proof is similar to the one for [10, Proposition 4.5] apart from the fact that we are using
adapted metrics on the bundle.

We will prove that V" is the subvariety of local minima of f. For this we have to describe the critical
points of f and characterize the local minima. By a theorem of Frankel [16], the critical points of f
are exactly the fixed points of the circle action.

For a fixed point (E, ®) of the circle action, we have an isomorphism (E, ®) = (E, eV=1o D)
which yields the following commutative diagram.

E -2, EQK(DD)

%l l%@lk(n)

eVl
E —— EQ®K(D)
PROPOSITION 6.3 [31, Theorem 8] The equivalence class of a stable parabolic Higgs bundle (E, ®)
is fixed under the action of S' if and only if it is a parabolic Hodge bundle. This means that E
decomposes as a direct sum
E=EQE & - -DE,

of parabolic bundles, such that ®; = ®|g, belongs to H’(SParHom (E;, E;1) ® K(D)). If ®; # 0,
then the weight of the isomorphism g : E —> E on E;y is one plus the weight of Vg on E;.

The decomposition of E is given by the eigenbundles corresponding to the eigenvalues of the
circle action on (E, ®).
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COROLLARY 6.4 In the situation of Proposition 6.3, if (E, ®) is stable, then each ®; is non-zero and
the E; are alternately contained in V and W.

Proof. The proof goes similarly to the non-parabolic case (see [10, Proposition 4.10]).

Now we want to compute the index of a critical point (£, ®). For this we need to write the complex
in (3) in terms of the eigenbundle decomposition provided by Proposition 6.3. Hence

ParEnd (V) @ ParEnd (W) = EB Usy

—m<2k<m

SParHom (V. W) @ SParHom (W. V) = P Unci.
—m=<2k+1<m

where
Uy = @ ParHom (E;, Ey).
i—j=I
o (14)
U, = @ SParHom (E;, E;).

i—j=l

Therefore the deformation complex (3) for a parabolic U(p, g)-Higgs bundle (E, ®) can be written as

. d(®) ~
C*: @ Uy =3 @ Usr1 ® K(D).

—m<2k<m —m=<2k+1<m

Each piece of this complex gives a subcomplex whose hypercohomology gives an eigenspace of the
tangent space T(g ¢)U for the circle action.

PROPOSITION 6.5 Let (E, ®) be a stable parabolic U(p, q)-Higgs bundle which represents a fixed
point of the circle action on U. Then the eigenspace of the Hessian of f corresponding to the eigen-
value —2k is H' of the following complex:

o d(P)
C3 : Uy == Uyyy ® K(D).
Proof. This is similar to the non-parabolic case (see [10, Proposition 4.11]).
COROLLARY 6.6 (E, ®) is a local minimum of f if and only if H'(C3,) = 0 for all k > 1.

PROPOSITION 6.7 Let (E, ®) be a stable parabolic U(p, q)-Higgs bundle which is a fixed point of the
S'-action onU. Then x(C3;) < 0 for all k > 1, and equality holds if and only if

ad(®)|y,, : Un — Unysr ® K(D)

is an isomorphism of bundles.
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Proof. We want to get a bound for
X(C3) = x(Un) = x (U1 ® K(D)). (15)
The dual of each Uj is
Uy = @ (ParHom (E;, E;))Y = @ SParHom (E;, E;(D)) = U_i(D).
i—j=l i—j=l
The dual of ad(®)|y,, is
@d(®)|1,)" = ad(®)|y_,_, ® Ix1: U1 ® K~ — U_pi(D).

The vector bundle ParEnd (E) has a natural parabolic structure induced by the parabolic structure
of E. In fact ParEnd (E) as a parabolic bundle is the parabolic tensor product of the parabolic bundle
E and the parabolic dual of E (see [34]), and hence its parabolic degree is 0. With respect to this
parabolic structure (ParEnd (E), ad(®)), where ad(®) : ParEnd (E) — SParEnd (E) ® K (D), is a
parabolic Higgs bundle. Now, the stability of (E, ®) implies the polystability of (ParEnd (E), ad(®)).
This can be seen by producing a solution to the Hitchin equations on (ParEnd (E), ad(®)) out of the
solution on (E, @), which exists by Theorem 5.1. Since the solution on (ParEnd (E), ad(®)) may
not be irreducible, we only have polystability (in particular, semistability) of (ParEnd (E), ad(®)).
The subbundles ker(ad(®)|y,,) and ker(ad(®)|y ,, ,) of ParEnd (E) are ad(®)-invariant and hence
we can apply the stability condition on the parabolic slopes. Since the ordinary degree is smaller than
the parabolic degree, we have deg(ker(ad(®)|y,,)) < 0 and deg(ker(ad(®)|y_,,_,)) < 0. Therefore
we have the following chain of inequalities:

deg(Uy) = deg(ker(ad(®)|v,)) + deg(im (ad(P)|u;,))

< deg(im (ad(®)|p,,)) < — deg(im ((ad(P)|r,)"))

= —deg(im (ad(®)|v_,,_, ® 1x-1))

= —deg(im (ad(P)|y_,_,)) + rk(im (ad(P)[y_,,_,)) (28 —2)
deg(ker(ad(®)|v_,,_,)) — deg(U_x-1) + 1k(im (ad(P)[y_,,_,))(2¢ — 2)
—deg(U_x—1) +1k(im (ad(P)[y_,,_,)) (28 — 2)
= deg(Up11(D)) + tk(im (ad(®)|y_,_,))(2g — 2), (16)

IA

where we have used that rk(im (%)) = rk(im (h")) and that deg(im (h)) < — deg(im (k")) for any
morphism of sheaves h.
Using this we have that

x(C5) = deg(Uz) + tk(Uni) (1 — g) — deg(Uni+1 @ K (D)) — tk(Upi+1)(1 — g)
= deg(Ux) + tk(Uzx)(1 — g) — deg(Uax+1) — tk(Uk11)(g — 1 + )
< deg(Up41(D)) + rk(im (ad(®)]0,,)) (28 — 2) + tk(Un) (1 — &) — deg(Unis1)
—1k(Uyy1)(g —1+5)
= (g — D@2rk(im (ad(P)|v,)) — rk(Uxn) — tk(Uzk+1)),



196 0. GARCIA-PRADA et al.

where we have used that 02k+1 = Ujy1 since all the weights are different and of multiplicity 1,
and hence for i # j it is SParHom (E;, E;) = ParHom (E;, E;), since E; and E; are different
pieces in the decomposition of Proposition 6.3. We thus have x (C3,) < 0. If equality holds then
rk(im (ad(®)|y,, ) = rk(Ux) = 1k(Uak+1), and also equality holds in (16), showing that ad(®)|y,,
is an isomorphism as claimed.

COROLLARY 6.8 Let (E, ®) be a stable parabolic U(p, q)-Higgs bundle which represents a critical
point of the Morse function f. This critical point is a minimum if and only if

ad(®)|vy, : Uk = Unis1 ® K (D)
is an isomorphism for all k > 1.
Proof. By Corollary 6.6, (E, ®) is a local minimum if and only if
H'(C3) =0 Vk>1. 17)

Note that by Proposition 3.3, HO(Cz‘k) =0 and Hz(Cz‘k) =0, for k > 1. Hence (E, ®) is a local
minimum if and only if

X(C3) = (=) dimH'(C3) =0 Vk > 1.
By Proposition 6.7, this is equivalent to requiring that
ad(®) : Uy — Upeyy ® K (D)

be an isomorphism of sheaves.

Finally, we show that all these minima are in V.

PROPOSITION 6.9 Let (E, ®) = (Eq® - @ E,,, ) be stable and a fixed point of the circle action,
withm > 2. Then (E, ®) is not a local minimum.

Proof. Firstnote that U; = 0, = Ofor!/ > m, and note also that for = m, U,, = ParHom (Ey, E,,).
Now we divide the proof conforming the different possibilities for U; and U, as the number m of
terms in the bundle decomposition of E is even or odd.

If m is even then 2k = m and

ad(®)|y, : ParHom (Ey, E,) — 0

does not satisfy Corollary 6.8, hence (E, ®) is not a local minimum.
If m > 2is odd, then 2k =m — 1 and

ad(®)|y,_, : ParHom (Ey, E,,—1) @ ParHom (E,, E,;) — SParHom (Ey, E,,) ® K(D).

We will show that this is not an injective map of sheaves, and therefore (Eo @ --- @ E,,, ®) is not
a minimum. We prove this in a small open set where all the bundles trivialize. We need to find
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¢ = (1, &) € Uy—1, ¢ # 0 such that ad(®)|y, ,(¢) = 0, that is, we need to find ¢; and ¢, making
the following diagram commutative.

Ey, —— E, ® K(D)

l{] J}ZQNK(D)

o]
Em—l I Em®K(D)

For this, take ¢, 7 0 such that £, ® 1x(p)(E1 ® K(D)) C ®(E,,—1); this is possible by taking ¢, as
the composition of ®; in Proposition 6.3 tensor the appropriate power of K (D) (note that they are
non-zero by Corollary 6.4). Now take ¢; such that

Dol = (L ®lgwp)) o P
therefore ®,,_1(¢) = (L2 @ 1gpy) 0 @ — P o ¢ = 0 with ¢ # 0. So &,,_; is not injective.

COROLLARY 6.10 The subvariety of local minima of f : U(p, q, a, b; o, @’) — R coincides with the
set N(p, q,a, b;a,a’) defined in (13).

Proof. By Proposition 6.9, for (E, ®) to be a minimum it must have a decomposition of the form
E = Ey ® E, with ® mapping E into E;. But by definition the only possible decompositions are
E=V ®&Wwith ® = (3 8) and E =W @V with & = <8 g).So(E,CD) eN.

Conversely, if (E, ®) € N thenm = 1 and Uy, = [72k+1 = 0 for k > 1. So Corollary 6.8 applies
and (E, ®) is a minimum.

Which of the two components of the Higgs field vanishes is given by the following.

LEMMA 6.11 Let (E, ®) € N. Then the Toledo invariant T # 0 and

i) y =0ifand only if t <0,
(i) B =0ifand only ift > 0.

Proof. Observe that T cannot be equal to zero because this implies ¥y = 8 = 0 and then (E, ®)
cannot be stable. The rest follows directly from the definition of the Toledo invariant.

Our main goal in the rest of the paper is to show the following.
THEOREM 6.12 Suppose g > 0. Then there is a value

lp —ql
p+a

7, = min{p, q}(2g — 2 +s) — €,

with € > 0 explicitly computable (see Remark 11.9), such that the subvariety N'(p, q, a, b; a, a’) is
non-empty and connected if and only if the parabolic Toledo invariant t satisfies the bound |t| < 1.
The moduli space of parabolic U(p, q)-Higgs bundles U(p, q, a, b; o, &') is empty for |t| > Tp.
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Proof. In the case p # g, the result will follow from Proposition 7.4 and Theorem 11.8. In the case
p = q, the result will follow from Propositions 7.4 and 7.7, Corollary 12.12 and Remark 12.13. Note
that 7, = 1) for p = q.

Combining Theorem 6.12, Corollary 6.10 and Lemma 6.1, we have the main result of our paper.

THEOREM 6.13 Suppose g > 0 and s > 0. The moduli space of parabolic U(p, q)-Higgs bundles
U(p,q,a,b;a, o) is non-empty and connected if and only if |t| < t..The moduli space is empty
whenever |T| > 1.

REMARK 6.14 1t is likely that Theorem 6.13 holds more generally than under Assumption 2.1. It
should be enough to assume that V @& W have full flags, but arbitrary (non-generic) weights. The
reason is that the assumption of full flags is strong enough to avoid the type of problem that comes
up in [10, Theorem 3.32], since all the weights are distinct. One way to prove this would be to show
that the moduli spaces for different choices of weights are related by flips as with the moduli spaces
of triples (as in [32]).

REMARK 6.15 Actually, in both Theorems 6.12 and 6.13, the case |t| = 7, does not occur under
Assumption 2.1. This is true since ¢ = 2g — 2 is not a critical value for the appropriate moduli space
of triples appearing in Proposition 7.4 (see Remark 7.5). For p = g, it cannot happen that |t| = 1y,
as pointed out in Remark 12.13.

7. Parabolic triples

In the previous section, we have concluded that it is necessary to study the connectedness of the
subspace A of U. This subset consists of parabolic U(p, ¢)-Higgs bundles with y = 0 or 8 = 0, and
hence gives rise in a natural way to objects called parabolic triples.

We recall the basics of parabolic triples from [4, 18]. A parabolic triple is a holomorphic triple
T = (Ey, E», ¢), where E; and E; are parabolic bundles and ¢ : E; — E;(D) is a strongly parabolic
homomorphism, that is, ¢ € H°(SParHom (E», E (D))). We denote by a = (a', o?) the parabolic
system of weights for the triple (E;, E», ¢), where o' is the system of weights of E; withi = 1, 2.

For o € R the parabolic o-degree and o -slope of T are defined as

pardeg , (T') = pardeg (E;) + pardeg (E2) + o tk(E>),
pardeg E; + pardeg E; rk(E») (18)
o .
tk(E}) + 1k(E2) tk(Ey) + 1k(E>)

par 1, (T) =

A parabolic triple 7’ = (E{, E}, ¢') is a parabolic subtriple of T = (E,, E», ¢) if E] C E; are
parabolic subbundles for i = 1,2 and ¢’ = ¢|g; being ¢ (E}) C E{(D). As usual, T is called o-
stable (resp. o -semistable) if for any non-zero proper subtriple 7’ we have par . (T’) < par u, (T)
(resp. par u, (T’) < par u,(T)). The triple T is called o -polystable if it is the direct sum of parabolic
triples with the same parabolic o -slope.

Let

Ny = Ny (r1, 12, dy, do; o, o)
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be the moduli space of isomorphism classes of o-polystable triples with fixed system of weights
(o', @?) and r; = 1k(E)), r; = tk(E,), d; = deg(E)), d = deg(E>). Let

N C N,
be the open subset consisting of o-stable triples.
PROPOSITION 7.1 A necessary condition for N, (r1, ra, dy, da, o', a?) to be non-empty is
op <o <oy ifr #r,
op, <o if ry =nr,
where
om = par u(Ey) — par u(E,),

r +I’2
lr1 — ra|

r +r2
Iri —ral’

oM = <1 + ) (par w(E1) — par u(Ez)) +s ifri #ra.

Proof. See [18, Proposition 4.3].

REMARK 7.2 We will see later on that there is an effective upper bound o, given by equation (38)
which in general is strictly smaller than oy,.

The correspondence between parabolic triples and parabolic U(p, ¢)-Higgs bundles goes as
follows. Let (E, ®) be a parabolic U(p, g)-Higgs bundle with ® =8: W — V ® K(D). This
definesatriple T = (E|, E», ¢),where E; =V ® K, E, = W, ¢ = B. Conversely, given a parabolic
triple T = (Ey, E», ¢) we get a parabolic U(p, g)-Higgs bundle with & = (8 g) by defining
(E=VeW,d)whereV=E, ® K~',W =E,and 8 = ¢. When (E, ®) is a parabolic U(p, q)-
Higgs bundle with ® = 0 8
the corresponding triple to (E, ®)is T = (W QR K, V, y).

: V. — W ® K (D) we have an analogous correspondence. That is,

LemMMmA 7.3 A parabolic U(p, q)-Higgs bundle (E, ®) with 8 =0 or y =0 is parabolically
(semi-)stable if and only if the corresponding parabolic triple is o -(semi-)stable forc = 2g — 2.

Proof. Let T = (E|, E,, ¢) be the triple defined by (E, ®) (without loss of generality we assume
that ¥ = 0). Therefore if we set 0 = 2g — 2 we have

pardeg (E) + pardeg (E») rk(E»)
par u, (T) = o
tk(E1) + rk(E7) tk(E;) + 1tk(E,)
_ pardeg (V) + pardeg (W) + p(2g —2) to4
p+q p+q
= par u(E) +2g — 2. (19)

Note that the correspondence between parabolic triples and U(p, q) parabolic bundles with 8 = 0 or
y = 0 gives also a correspondence between parabolic subtriples and parabolic subbundles. That is,
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given asubtriple 7’ of T the corresponding parabolic U(p, ¢)-Higgs bundle is a ®-invariant subbundle
of (E, @), and conversely given (E’, ®’) the corresponding triple gives a parabolic subtriple of 7.
Hence equation (19) gives that par ,uzg_z(T’) < par Mzg_z(T) if and only if par u(E’) < par u(E)
(and analogously for the semistability condition).

Combining the arguments above and Lemma 6.11, we have the following correspondence.

PROPOSITION 7.4 Let N'(p, q, a, b; o, ') be the submanifold of local minima of U(p, q, a, b; o, o)
and let T be the Toledo invariant.

() Ift <Othen N(p,q,a,b;a,a') = Noy_2(p,q.a+ p(2g —2), by o, &').
(i) If t > O then N(p,q,a,b;a,&') = Nag_2(q, p, b+ q(28 —2), a; &', ).

Proof. This follows immediately from Lemma 6.11.

ReEMARK 7.5 Note that the genericity condition on the weights implies that there are no properly
o-semistable triples for o = 2g — 2, that s, 'A/.éyg—Z = Nogos.

So we state the following assumption that we shall use during the rest of the paper, and which is
a translation of Assumption 2.1 via Proposition 7.4.

ASSUMPTION 7.6 We consider moduli spaces of o-stable triples N, (r1, 2, d, db; ol a?) satisfying
that there are no properly (2g — 2)-semistable triples and such that all the weights are of multiplicity
one, and the weights of E| and E, are all different.

It is clear that in order for N'(p, ¢, a, b, a, @’) to be non-empty, 2g — 2 must be in the range
for o given by Proposition 7.1, where o, and o), are determined by the correspondence given in
Proposition 7.4. In fact, one has the following comparison of such a necessary condition with the
Milnor—Wood inequality for the parabolic Toledo invariant t given in Proposition 4.4

PROPOSITION 7.7 Let o, and oy be the bounds for o defined in Proposition 7.1 for the moduli space
of parabolic triples identified in Proposition 7.4 with the subvariety N (p, q, a, b, a, ). Recall that
Ty = min{p, q}(2g — 2 +s). Then

om <28—2=<o0oy ifp#gq,

O<|t| <ty & .
o <2g—72 ifp=q.

Proof. Write o,, and o in terms of 7, that is,

am:Mr+2g—2 ift <0,
2pq
an,z—(p+Q)r+2g—2 ifr >0,
2pq
aM=<1+ p+q><(p+Q)7:+2g—2>+sp—+q ift <0,
lp —ql 2pq lp—ql
0M=<1+p+q>(—(p+q)r+2g—2>+sp+q if r > 0.
lp —ql 2pq lp —ql

From these equalities, the result is clear.
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REMARK 7.8 Proposition 7.7 gives conditions for the number of marked points in order for N to be
non-empty. Namely

(i) if g = O then s > 3,
(i) if g = I then s > 1,

and no extra condition when g > 2.

8. Extensions and deformations of parabolic triples

In order to study the differences between the moduli spaces N, as o changes, we need to study
extensions and deformations of parabolic triples. This study is done in [18]. We summarize the main
results.

Let 7' = (E}, E}, ¢') and T" = (EY, EY, ¢") be two parabolic triples. Let Hom (7", T") denote
the vector space of homomorphisms from 7" to 7”, and Ext' (T, T") be the vector space of extensions
of the form

0T -T—>T —0,

that is, commutative diagrams.
0O—— E, —— E, ——> Ef —— 0
s J# |
0 —— E{(D) —— E(D) —— E{(D) —— 0
In order to study extensions of parabolic triples, we consider the following complex of sheaves:

C*(T", T') : ParHom (EY, E|) @ ParHom (E7, E;) — SParHom (E}, E{(D))

/ " (20)
Y1, ¥2) > ¢y — Y.
PropPOSITION 8.1 [18, Proposition 4.7]  There are natural isomorphisms
Hom (", T') = H(C*(T", T")),
Ext!(T", T') = H'(CY(T", T")),
and a long exact sequence
0 — H® — H°(ParHom (E/, E}) @ ParHom (E}, E})) — H°(SParHom (E}, E|(D)))
— H' — H'(ParHom (E}, E|) @ ParHom (ES, E;)) — H'(SParHom (ES, E|(D)))
— H? — 0. 2D
We denote
R(T", T") = dimH (C*(T", T")),
(22)

X(TN’ T/) — hO(T”, T/) _ hl(T//7 T/) 4 /’l2(T”, T/).
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ProposITION 8.2 [18, Proposition 4.8] For parabolic triples T’ and T"
x(T",T") = x(ParHom (E{, E})) + x (ParHom (E}, E})) — x (SParHom (EY, E|(D))).

COROLLARY 8.3 [18, Corollary 4.9] For any extension0) — T' — T — T” — 0 of parabolic triples
we have that
X(T,T)=x(T",T)+ x(T", T") + x(T", T") + x(T'. T").

Using the same arguments as in [11, Proposition 3.5] one can prove the following.

PROPOSITION 8.4 Suppose that T’ and T" are o -semistable.

() Ifpar u, (T") < par u, (T"), then H'(C*(T", T")) = 0.
(i) If par u, (T") = par u (T") and T', T" are o -stable, then

C ifT' =T",

HO L] T// T/ E
(CX(T", 1Y) 0 T 2T,

(23)

THEOREM 8.5 Let T = (E1, E», ¢) be a o-stable parabolic triple.

(i) The Zariski tangent space at the point defined by T in the moduli space N of o -stable triples
is isomorphic to H'(C*(T, T)).
(i) IfH2(C*(T, T)) = 0, then the moduli space N of o-stable parabolic triples is smooth in a
neighbourhood of the point defined by T.
(iii) H?(C*(T, T)) = 0 if and only if the homomorphism

H'(ParEnd (E;)) @ H'(ParEnd (E»)) — H'(SParHom (E,, E;(D)))

is surjective.
(iv) Af the smooth point in N¥ represented by T, the dimension of the moduli space of o -stable
parabolic triples is

dim N} = h'"(T, T) = 1 — x(T, T)
=1 — x(ParEnd (E)) — x (ParEnd (E>)) + x (SParHom (E,, E|(D))).

(v) If ¢ is injective or surjective then T defines a smooth point in the moduli space.

Proof. The proof is analogous to the non-parabolic situation (see [11, Proof of Theorem 3.8]).
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9. Critical values

A parabolic triple T = (E|, E», ¢) is strictly o-semistable if and only if there is a proper subtriple
T’ = (EY, E}, ¢) such that par j1 . (T) = par u, (T’), that is,

ry r
=paru(T)+o , 24)

ar w(T) + o
par (1) ri+r r +nr

where r| = rk(E}), r) = 1k(E}). There are two ways in which this can happen. One is that there
exists a parabolic subtriple such that

r . n

/ r ’
r+r, ry+nr

therefore this implies

par u(T") = par u(T).
In this case 7 is strictly o -semistable for all o (or at least for an interval of values of o) and it is called
o -independent semistable. The other way in which strict o-semistability can happen is if equality

holds for (24) but with
r r

r 4 r+nr

DErFINITION 9.1 The values of o such that there exists a strictly o-semistable triple 7 with a subtriple
T’ such that par u, (T") = par u,(T) and

/
r r

’ /
r + ry ry+r
are called critical values.

PROPOSITION 9.2 [18, Proposition 5.2] (i) The critical values of o form a discrete subset of [0y, o]
ifr1 # ra, and of [0, 00) if ri = ra.
(i) The stability criteria for two values of o between two consecutive critical values are equivalent;
thus the corresponding moduli spaces are isomorphic.
(iii) For generic weights, o0 = 2g — 2 is not a critical value.

Let o, be a critical value such that 0,, < o, < o). Here we adopt the convention that o)y, = 00

when r; = r,. Set

+ _ _
o, =0.+¢€, 0, =0,—E,

where € > 0 is small enough so that o is the only critical value in the interval (o,”, o).

LEMMA 9.3 Let o, € (0, 0u) be a critical value. We define the flip loci S,+ as the set of triples in
N, which are ot-stable but not o -stable. Then

S — L S
Ngj _Sa;r _NGL. _Ng; - So'f'
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The following result is analogous to [11, Proposition 5.4].

PROPOSITION 9.4 Let o, € (0, 0y) be a critical value. Let T = (E1, E», ¢) be a triple which is
o.-semistable.

(1) Suppose that T represents apoint in S, +, that is, suppose that T is o." -stable but not o -stable.
Then T has a description as the middle term in an extension

0T -T—->T"=0 (25)

in which
(@) T" and T" are both o} -stable, with par ju,+(T") < par ju,+(T),
(b) T" and T" are both o.-semistable with par w, (T") = par p, (T).
(2) Similarly, if T represents a point in S,-, that is, if T is o, -stable but not o -stable, then T
has a description as the middle term in an extension (25) in which
(@) T" and T" are both o -stable with par j1,-(T") < par ju,-(T),
(b) T" and T" are both o.-semistable with par ., (T") = par p, (T).

The following lemma is proved with arguments analogous to those in [11, Proposition 3.6].

LEMMA 9.5 Let T' and T" be triples which are o -stable and of the same o -slope, for some o > 2g — 2.
Then
H*(C*(T",T")) = 0.

COROLLARY 9.6 N, is smooth of the expected dimension, for any o > 2g — 2.

PROPOSITION 9.7 If o, > 2g — 2 then the loci S,+ C N;_i have codimension bigger than or equal to
—x(T",T").

Proof. Let us do the case of o.t. For simplicity we denote

Nox = Ny, s, dy, do; all,azl),
Ne =N o(rf ), df, dys o ca?).
It is known from [35] that A/ ’i and ./\/ ", are fine moduli spaces. That is, there are universal parabolic

triples 7' = (&7, &, @) and T = (5{’, &, ®)over N/, x X and N/ ”+ x X, respectively. Thus we
consider the complex C*(7”, T”) as defined in (20) and take relative hypercohomology with respect
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to the projection

. / 1/ / 1/
X % Naj X Naf — Naj X Naf'

We define W+ :=HL (C*(T”, T")). By Proposition 9.4, S, is a subset of the projective fibration
PWT over N;f X N;’f. The fibres of this fibration are projective spaces of dimension

dim P(Ext'(T", T")) = dimExt' (7", T") — 1
— I’ZO(T//, T/) + hZ(T”, T/) _ X(T//’ T/) —1
— _X(T”v T/) _ 1,

using Lemma 9.5 and Proposition 8.4 to substitute 1°(T"”, T') = h*(T”, T') = 0. Therefore

dimS,+ < — x(T", T") + dim(N . x Ny)
=—x(I"T)—1+1-x(T"T)+1-xT".T"
=dim N, + x(T", T"),
since the moduli spaces ./\/(;_+ and Né’f are smooth of the expected dimension. Therefore
dim./\/;+ —dimS,+ > —x(T', T").

Hence, if we prove that this codimension is positive then the moduli spaces N? for different values
of o > 2g — 2 are birational, and in particular have the same number of irreducible components.

10. Codimension of the flip loci

Let o, be a critical value in the interval (o, o)) such that . >2g¢ —2. Let T’ and T”
be two of—stable (and o.-semistable) parabolic triples with par ua(_(T/) = par ,LLO,C(T”). Chang-
ing the roles of 7’ and T”, we may compute the bound x(7”,7T’) for the codimension of
the flip locus (Proposition 9.7) using the complex (20). Under our Assumption 7.6, we have
SParHom (E7, E{ (D)) = ParHom (E}, E{(D)), and hence the complex (20) is

C*(T",T') : C; = ParHom (E}, E}) @ ParHom (E}, E;) —> Co(D) = ParHom (E}, E{(D))
(€1, 6) — 9’5 — 19",
Our task is to bound the Euler characteristic of the complex C*(T”, T’), that is,
X(C*(T".T") = (1 = )Wk (Cy) — 1k(Co)) + deg(C)) — deg(Co(D)).

In order to obtain bounds for deg(C;) and deg(Cy), we follow a similar strategy to that used in
[10] in the non-parabolic case, exploiting the existence theorem for parabolic vortex equations.

THEOREM 10.1 [4, Theorem 3.4] Let T = (E1, E», ¢) be a parabolic triple. Let T\ and t, satisfy
11 1k(E}) + 1o tk(E,) = pardeg (E;) + pardeg (E,), and let 0 = 11 — 1p. Then E| and E, admit
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hermitian metrics, adapted to the parabolic structures, satisfying
V=IAF(E) +¢¢" =11 1d g,
V=1AF(Ey) —¢*¢ = n21d ,,

if and only if T is o -polystable. Here F (E;) is the curvature of the hermitian metric of E; and A is
the contraction with a Kdhler form on X with volume normalized to 2.

One can easily show that
T = par i, (T),
7, = par u,(T) —o.

Moreover, adding up the equations in Theorem 10.1, integrating, and using the Chern—Weil formula
for parabolic bundles, we have that

r171 + ra71y = pardeg (E) + pardeg (E»).

In our situation, the triples 7’ and T"” are o -stable for o = aci, and hence, by Theorem 10.1, there
exist adapted hermitian metrics such that

V=IAF(E) +¢'(¢)" = 1ldg, V—IAF(E) —(@)'¢ =71dg,
V-IAF(E) +¢"(¢") =1ldg, ~—1AF(E)) —(¢")"¢" =1/ 1d gy,
where 0 = 7] — 75 = 1/ — v). In particular, t1{ — 7/ =7} — 7.

Let us consider the induced adapted hermitian metrics on C and C;. The corresponding curvatures
are given by

F(Co) = —F(Ey) ® Id g +1d @F (E}),
F(C) = (—F(E)) ®d g +1d g QF(E}), —F(E3)' ® Id g, +1d g QF (E})) .

Actually, we have defined Cy and C; as holomorphic bundles, but they admit parabolic structures
in a natural way: given parabolic bundles E and F, there are parabolic duals E*” and parabolic
tensor products £ ®” F (see [18, 34]). Then the parabolic structure on ParHom (E, F) is given by
E*P @ F. In the formulae for F'(Cy) and F(C;) we have to consider the adapted metrics for the
parabolic structures on each (E7)*” ®” E|, induced by the adapted metrics on the bundles E; and
E/ fork =1,2. ‘

Consider the homomorphism a, defined by

ParHom (E{, E})(—D) —=> ParHom (E/, E|) @ ParHom (E}, E})
£ — (9’8, £9").
The connections on Cy and C satisfy

VZIAF(Co) + aral = (1] — t)) 1d .
(26)

V—=IAF(Cy) —dfa) + axa; = (r{ — 7)) 1d ¢, .
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LEMMA 10.2 Let K and Q(D) denote the kernel and the torsion-free part of the cokernel, respectively,
of the homomorphism ay. Then

par j(K) < par i, (T") — par 1, (T"),
par ;1(Q) > par 1, (T") — par u,(T) + 0.

Proof. The kernel K is a subbundle of the hermitian bundle C}, so that we may take the C* orthog-
onal splitting C; = K @ S. Since K is a holomorphic subbundle, the induced connection Dg on K
satisfies D¢, |x = Dk + A, where Dc, is the connection on C; and A € Q""*(Hom (K, S)) is the
second fundamental form of K C C;. Therefore the curvature F (K) of the connection on K satisfies
F(C)|x = F(K)+ A" A A.

We now use the second equation in (26) restricted to K, take the trace and integrate on X \ D, to
get

/ Tr(x/—lA(F(K)—i-A’/\A)—afa1|1< +a2a’2“|,<)=/ Tr((r{—rl”)ldcl k).
X\D X\D

That is,

pardeg (K) + | All7. + / Tr (a2a5|g) = (7] — 7{) tk(K),
X\D
obtaining
pardeg (K) < (z; — /) tk(K)

as desired, since | = par u,(T’) and t;" = par u, (T").

To get the second inequality, let S"(D) be the saturation of the image of a, which is a holomorphic
subbundle of Cy(D). Then there is a C* orthogonal splitting Cy = S’ @ Q. The curvature of the
induced connection on Q satisfies F(Co)|g = F(Q) + B A B! with B € Q%'(Hom (0,95)).If we
consider the first equation in (26) restricted to Q, take the trace and integrate, we get

/ Tr(\/—_lA(F(Q)+B/\l§”)+a]aT)|Q=/ Tr ((r) — 5) Id ¢, | 0)-
X\D X

\D
That is,
pardeg (Q) — || Bl|7> = (t] — 7)) (tk(Cy) — rk(im (ay)).
Hence
pardeg (Q) > (z; — 7,)(tk(Cy) — rk(im (ay)) 27)
as stated.

THEOREM 10.3 Let T' and T" be o F-stable parabolic triples over a punctured Riemann surface of
genus g > 0 such that par i, (T') = par u, (T") for o, > 2g — 2. Suppose that the morphism a; is
not an isomorphism of bundles. Then

x(C(T",T")) < 0.
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Proof. We have

X(CX(T", T") = (1 — g)(tk(C1) — 1k(Co)) + deg(C1) — deg(Co(D))
= (1 = @) (k(Cy) —1k(Cp)) + deg(K) + deg(im (a1)) — deg(Co(D))
= (I = g)(tk(Cy) — 1k(Co)) + deg(K) — deg(Q)
= (1 = g)(tk(Cy) — 1k(Cy)) + deg(K) — deg(Q(—D)(D)). (28)
Observe that for any (non-zero) parabolic bundle E, deg(E (D)) > pardeg (E) > deg(E), where the
strict inequality is given by the fact that the weights on E always satisfy 0 < ¢;(x) < 1 for all i and
all x € D. Using this, the hypothesis ¢ > 2g — 2, and Lemma 10.2, we have
x(C(T",T") = (1 — g)(tk(C1) — tk(Cy)) + pardeg (K) — pardeg (Q(—D))
= (1 = ) k(Cy) —1k(Cp)) — o (tk(Co(D)) — rk(im (a1))
=< (I = g)(k(Cy) —1k(Co)) + 2(1 — g)(tk(Cp) — rk(im (a1))
= (1 — g)(tk(Cy) + 1k(Cp) — 2rk(im (a1))
=<0, (29)
using that g > 1. If either K or Q is a non-zero bundle, then the first line of (29) is a strict inequality.
If both are zero and a; is not an isomorphism, then the third line of (28) is a strict inequality since

im (a;) # Co(D). In both cases,
x(C(T",T") < 0.

REMARK 10.4 Note that this theorem does not cover the case g = 0. This is not so surprising if
we recall that, in order for parabolic bundles to exist on P!, the parabolic weights must satisfy
certain inequalites [2, 5]. Presumably something similar must be true also in the case of parabolic
U(p, q)-Higgs bundles.

The following result will be useful in the next sections.

LeMMA 10.5 If a; is generically an isomorphism of bundles, then either
(a) E{ =0and ¢’ : E}, — E| is generically an isomorphism, in which case ry > ry, or

(b) E;, =0and ¢” : E} — E is generically an isomorphism, in which case ry < ry.

Proof. One may look at a generic point x € X \ D, that is, a point where the maps ¢’ and ¢” are
generic. We have

(a1), : ParHom (C™', C") @ ParHom (C”?, C"?) —> ParHom (C”?, C')
(o, B) — ¢, B —a @) .

If ¢ is not surjective, take B = 0 and & # 0 with a|im g7) = 0. Then (a1),(«, B) = 0. If ¢, is
not injective, take @ = 0 and 8 # 0 with im (8) C ker ¢/, to get (a;).(«, 8) = 0. Both possibilities
contradict the injectivity of (a;),. Therefore ¢/ is surjective and ¢/, is injective.
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If neither of ¢/ and ¢ is an isomorphism, then take a map C"> — C’' which induces a non-zero
map ker(¢,) — coker (¢,). This cannot be in the image of (a;),, contradicting our assumption. So
either ¢, or ¢, is an isomorphism. In the first case rir{ + rjr) = rjr| gives r{ = 0 and we are in

case (a). In the second, we are in case (b).

11. Irreducibility of the moduli space of triples for r; # r;

This section is devoted to study the irreducibility and non-emptiness of the moduli space of o -stable
parabolic triples for ranks r; # ry.

Given a triple T = (E), E, ¢) one has the dual triple T* = (E,”, E", ¢"), where E;” is the
parabolic dual of E; and ¢’ is the dual of ¢.

PROPOSITION 11.1 The o -stability of T is equivalent to the o -stability of T*. The map T + T* defines
an isomorphism of the corresponding moduli spaces of o -stable triples.

This allows us to restrict to the case r; > r, and appeal to duality for the case r; < r,. So throughout
this section we assume that r| > r,.

LEMMA 11.2 Let X be a Riemann surface with a finite number of marked points and let E, F be
parabolic bundles on X. Let p € X be a parabolic point. Then there is a natural exact sequence

Hom (E,, F))

m ®O(—p) —_—> ParHom(E, F)[, — ParHom(E,,, F[,) —> 0.

The second map is induced by restriction to p. The first map is multiplication by a holomorphic
function vanishing once at p.

Proof. We have a defining exact sequence for the bundle of parabolic homomorphisms from E to F
given by

Hom (E,, Fy)
0 —> ParHom (E, F) — Hom (E, F) — @P— —0.
= arHom (E,, F;)

S

Now we tensor with the skyscraper sheaf C(p), to get

Hom (E,, F))

0— Tor | ———————,
ParHom (E, F),)

(C(p)> — ParHom (E, F),

Hom (E,, F))

— Hom(E,F)p — ————
ParHom (E, F))

Hom (Ex, Fy)

ParHom (E,, F,)’
supported scheme-theoretically at p (thatis, supported at p and with no infinitesimal information), we

This is because Tor < C( p)) = Ofor p # x, and the fact thatif ® is a torsion sheaf
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have that Tor (®, C(p)) = © ® O(—p) naturally (to see this, tensor the exact sequence O(—p) —
O — C(p) with ®). Hence

Hom (E,, F))

0 — —— ———
ParHom (E,, F)

® O(—p) —> ParHom (E, F),
Hom (E,, F),)

— 50,
ParHom (E,, F))

—> Hom (E,, F,) —

which yields

Hom (E,, F))

0 — —— ———
ParHom (E, F),)

® O(—=p) — ParHom (E, F), — ParHom (E,, F},) — 0.

Locally, with alocal coordinate z vanishing at p, the second mapis givenby (fo + fiz+---), = fo.
The first map is fi = (f12),.

To clarify the Lemma, let us see an example, where E has rank 3 and weights g8;, F has rank 4
and weights «; and B < a; < @ < a3 < B2 < B3 < ay. Then a typical parabolic homomorphism
from E to F has matrix of the form

P11(2) | d12(2)

(25(2) _ ¢21(Z) ¢’22(z)

' #31(2) | P32(2) o3
(2)

around p. The parabolicity of ¢ means that for z = 0, the only non-zero entries are those below
the broken line. The line in the matrix is easy to construct: starting by the upper-left corner, draw a
horizontal line for each §;, and a vertical line for each «;, considering the as and Bs in increasing
order. The sheaf ParHom (E, F) is actually a bundle (since it is torsion-free) of rank rk(E) rk(F).
Its stalk at p, ParHom (E, F),, is formed by the matrices with entries which are complex numbers
below the broken line, and which are complex numbers times z above the line.

PROPOSITION 11.3 Assume that g > 0, 0. > 2g¢ —2andr| > ry. Let T', T be of-stable triples with
o (T") = o (T"). Then x (C*(T", T")) = 0 if and only if the following conditions hold:

(1) E; =0;

(2) ¢" : Efj — E{(D) is a fibre bundle isomorphism at X \ D. In particular, rj =r{;

(3) at any point p € D, write ¢" = 77 (o + ¢12 + ¢22> + - - ), where 7 is a local holomorphic
coordinate around p in X. Then ParHom (E{ ,, E ) — ParHom (Ej ,, EY ), f > —f o
o, is surjective;

(4) at any p € D, consider the induced homomorphism ¢, : ker ¢pg — coker ¢g. Then
ParHom (coker ¢y, E;’p) — Hom (ker ¢, E{,p), f = —f oy, is surjective.

Proof. By Theorem 10.3, x (C*(T”, T’)) = 0 if and only if @, is an isomorphism. By Lemma 10.5, if
a; is generically an isomorphism and r; > r, then E) = 0. This proves (1). Also ¢” : Ej — E{(D)
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is generically an isomorphism. Moreover the two bundles involved in the complex C*(T"”, T') must
be of the same rank and of the same degree. The complex C*(T”, T') reduces to

ParHom (E{, E}) -2 ParHom (E}, E| (D)),

where a;(f) = — f o ¢” is an isomorphism of bundles. Restricting a; to the open subset U = X \ D,
we have that Hom (E{, E})|y — Hom (E}, E{(D))|y is an isomorphism. Hence E |y — E{(D)|y
is an isomorphism of bundles, and (2) follows.

Now let p € D, take a neighbourhood U of p, and a coordinate z vanishing at p. Hence we may
write ¢” = ¢oz~! + ¢1 + ¢rz + - - -, where ¢; € Hom (E5 ,, EY ,) and ¢y € ParHom (E7 , EY ),
on U. We want to characterize when

ParHom (EY, E}), — ParHom (E,, E| (D)), = ParHom (E}, E{(p)),

is an isomorphism of vector spaces. It is enough to analyse when this map is surjective. Using
Lemma 11.2, we have a commutative diagram whose rows are short exact sequences.

Hom (£7,. E;,,) ® O(—-p) —~> ParHom (E/, E|), ——> ParHom(E/ ,E/ )

ParHom (E} . E} ) b e
Jo o J»

Hom (£3. £i.p) Z . ParHom (E, E|(p)), ——> ParHom (EJ . E} )

ParHom (E7 , E| ,) ponr nor e

®0(p)

The middle vertical arrow is induced by f + — f o ¢”. Thus the right vertical arrow is induced by
for> —(foodo)z~". The left vertical arrow is thus given by f; — —(f o ¢g)z~".

We want to characterize the cases where the middle vertical arrow is surjective. Using the long
exact sequence produced by the snake lemma, we see that b; being surjective is equivalent to b, being
surjective and the connecting homomorphism ker b, — coker b also being surjective. The condition
that b, is surjective is exactly (3).

For the remaining condition, we need to spell out the connecting homomorphism. Take fj €
ParHom (EY ,, EY ) lying in

ker b, = ParHom (Ei”p/qu(Eé”p), Ei’p).

Lift fy to a local section of ParHom (E{, E}) on U, for example, taking f(z) = fy. Compose with
¢"toget —(f oo+ fogiz+---)z~!. Recalling that f o ¢y = 0, the leading term is
Hom (E7 ,, E| ,)

—foo ¢ € coker by = 7 7 TNy
E} )+ bo(Hom (EY ,, E| ,))

ParHom (Eé/‘p,

Assuming that (3) holds already, we have that ParHom (E} p, E} ») C bo(ParHom (EY »E L ) C

bo(Hom (EY o E} ), since the maps by and b, are both composition with ¢o. Hence the image of
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fo under the connecting homomorphism is

Hom (E} p, )

_ ker by =
Jo o1 € coker by bo(Hom (EY ., 1,p>)

= Hom (ker ¢, E} ,) -

Therefore the surjectivity of the connecting homomorphism is equivalent to (4).

LEMMA 11.4 Condition (4) of Proposition 11.3 holds if and only if all the weights of E p are bigger
than those of coker ¢g, and ¢, : ker ¢pg — coker @ is an isomorphism.

Proof. The condition (4) says that

"

E
ParHom (d)o(ll?’l’, X E;p) — Hom (ker ¢y, E;yp), fr=—fod,

is surjective. Since EY » /$o(E5 ») and ker ¢y are vector spaces of the same dimension, this is
equivalent to the following two conditions:

o ¢ : Eg,p — E”p C E\,, satisfies that ¢, : ker ¢g — coker ¢ is an isomorphism;
e ParHom (EY /gbo(E”,p) E; 1.,) = Hom (E” /qbo(E” !p) Hence all the weights of
E i” » /¢0(Eé” ) are smaller than those of E| 1

Let 0. € (0,,, o) be a critical value with o. > 2g — 2. We aim to characterize when J\f Y, and
N are birational by using Proposition 9.7. Let us deal with either of S,+. Suppose that 7" and T"
are o.-semistable, o *_stable triples with (i, (T') = s (T"). We con31der extensions

0—T7T"'—-T—T —0 (30)

(note that we have changed the role of 7’ and 7" in the computation of the codimension of the flip loci
in Section 10, so that now T” is the subtriple), where 1, (T") < p,=(T), by Proposition 9.4. The
first conclusion to infer from Proposition 11.3 is that, if x (C*(T”, T')) =O0thenr) = Oandr) =r{.
So ,uG;(T”) > o+ (T). Therefore S,+ cannot be of zero codimension. So our study is limited to
S, the only situation we may encounter when x (C*(T”, T')) = 0 is that ' .- has more irreducible
components than N s ‘

To analyse when X (C (T”, T")) = 0 we have to check when conditions (3) and (4) of Proposition
11.3 are satisfied. Let p € D be a parabolic point. We need to understand the parabolic vector
spaces E, , and E . These have parabolic weights of multiplicity one and all weights are different,
by Assumption 7.6. We shall keep the following notation for the rest of the section: ¢; denote the
weights of £ , and 8; denote the weights of E; , (we drop p from the notation in the weights when
this causes no confusion).
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Since T is a triple which is an extension (30) with r; =0 and r} = r{, then ¢ : E; — E;(D)
comes from a map ¢” : E; — E{(D) as follows.

E2 _ E2 e 0

% o] |

E!(D) —> E,(D) —> E|(D)

Take a neighbourhood U of p where Ei|ly = E{|ly @ E{|y. Then ¢ = (¢o + 1z +---)z~! and
¢o: Ezp — EY , 18 a parabolic map. This gives decompositions of the parabolic vector spaces

E],p = E?,p @ E;/,p’

(3D
Ei”p = 1im ¢y @ coker ¢,

as direct sums of parabolic vector subspaces (the splitting is non-canonical, but the weights of the
different subspaces are well determined).

Let us see that there is a ‘canonical’ distribution of weights in (31) such that conditions (3) and (4)
hold. Note that ParHom (E,, ,, E;, ,) is a vector space, in particular an irreducible affine variety. We
may consider the action of ParAut (E; ,) x ParAut (E ,) on this space (this corresponds to lower
triangular changes of bases). Then there is a unique open dense orbit, which is the only orbit of
maximal dimension. We shall call an element of such orbit a generic parabolic homomorphism of
E, , to E . For instance, if E, , is 7-dimensional with weights 8; and E| , is 9-dimensional with
weights o;, and

g <Br<BPr<m<Bi<Ba<az<ap<os<0g<pPfs<oar<ag<pPfs<pPr<ao,

then the generic elements are the orbit of the element

(32)

0
1
0
0
0
0
0
0
0

[ el eNeoNel =l =l
[N eNoelolBoleol S i=Ne)
O O HIO O OO OO
OO O OO O O o O

LEMMA 11.5 Suppose that ¢o : E> , — Ei , is a generic parabolic homomorphism, and let E| , =
Ei,p &) Ei”p be any parabolic splitting with im ¢y C Ei”p. Then condition (3) in Proposition 11.3
is satisfied.

Proof. Suppose that ¢ is a generic element in ParHom (E; ,, Ei,), and let us see

that the map ParHom(Ef’p, E{’p) — ParHom (E ,, E/l.,p)’ f = —fody, is surjective. Take
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g € ParHom (£ p, Ej’p). Consider the map ¢ = ¢o D eg: Er , > E{”p ® E;,p. For € small we
have that ¢. also lives in the generic open set, so it is equivalent to ¢y by the action of
ParAut (E, ,) x ParAut (E; ,). This means that

Ae be ¢0 _ ¢0
(&) ()= ()

Ce

Both matrices, (aé Z€> and M., are the identity for € = 0, so a, is invertible for small €. Therefore
€

¢0Me

= a_'¢o and c.poM, = €g. This yields

1, 1
g =€ cea; ¢,

as required.

Recall that we have fixed topological data (fixed ranks, degrees and parabolic weights) for the
triples T we are studying. When we write such a triple 7 as an extension 7" — T — T’, there are
different possible topological types for T’ and T"”. By the above discussion, our best chance to obtain
x(C*(T’, T")) = 0 is to arrange the topological types as follows.

Fix the ranks ) = 0, ) = ra, r{ = rp, r{ = ri — r». This is necessary for conditions (1) and
(2) to hold. So ¢ : E; — E;(D) should be induced by ¢” : EY — E{(D) by means of the
inclusion E{ (D) — E (D).

e At each p € D, consider a generic element ¢, € ParHom (E; ,, E; ,). This determines the

weights of im ¢, C Ei/,p‘ By Lemma 11.5 condition (3) is satisfied.
Choose the weights of coker ¢” in the unique way such that Lemma 11.4 is satisfied. This
gives the weights of EY , = im ¢,, @ coker ¢, ateach p € D, and hence the weights of E} Ly
dj = d». Now condition (2) determines the degree of EY, since the map ¢” : E; — E{(D) is
an isomorphism on X \ D and it is of a specified form at each p € D. Namely, introduce the
number

rp = min{dim coker v | Yo € ParHom (E; ,, E1 )} — (r1 — 12). (33)

Obviously this minimum is obtained for a generic parabolic morphism. Moreover r, =
dim coker ¢g, where ¢, : E» , — E; , is generic, and ¢9 = ¢, : E> , > E;”p, using that
Ei’,p C E,,. With this notation, E, — E{(D) — @,., C(p)’» is an exact sequence of
sheaves,sod] =dy —rps +

peD
peD Tp

This does not guarantee the existence or uniqueness of the topological types of T’ and 7" to have
X (C*(T', T")) = 0, but tells us in which direction to look for such distributions of topological types.
Let us see this discussion in the particular example (32). For a generic ¢, : E> , — E ,, the
weights of im ¢ are ay, o3, a4, a5, 07, a9, and the weight of coker ¢q is «. Thus the weights of
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E; p are de, a3. The map ¢ takes the form

+0() |27t

el ool =l elo] N
O O OO OO o o
el eleoleoNol =l l=le)
O O RO OO o oo
HIO O O OO o o o

OIS © O O O O O

O OO O O O o o

around p € D. Note that such ¢ : E; — E|(D) is injective for z # 0, as required by condition (2).

REMARK 11.6 The definitions of generic parabolic map and of r, given in (33) are also valid in the
case r| = rp.

PROPOSITION 11.7 Assume g > 0, ry > ry and o, > 2g —2. Let T', T" be o -stable triples with
o (T") = o (T"). If x (C*(T", T")) = O then the following hold:

) r,=0r=r=r{d =dy

(ii) foreach p € D, the parabolic map ¢, : E» , — Ei’!p has rankry — rp, withr, defined in (33);
(lll) d;/ = d2 — s + ZpED r,,;
(iv) foreach 1 <k <ry —rp, define

k=min{j |1 <j<r,pf < j> i1} (34)

and let I = {iy, ..., i,z_,p}. Let J C{1,...,r1} — I be the set of the lowest r, elements of
{1,....r1} — 1. Then the weights of EY , are exactly {e; | i € I U J}.

In particular, the ranks, degrees and weights of T' and T" are univocally determined. Thus there is
at most one possible value of o, for which x (C*(T", T")) = 0.

Proof. Ttem (i) follows from Proposition 11.3 (1).
Item (iii) follows once we know item (ii), and using Proposition 11.3 (2), since in this case we
have an exact sequence of sheaves

E; = Ef % E{(D) » @ C(p).
peD

Next, note that the increasing sequence of numbers iy, iz, ... € {1,...,r} is well defined for
1 <k <ry—r,. Actually, looking at a generic parabolic map vy : E> , — E; p, the weights of
im vy are o, . . ., iy, s with r, — r, = dimim v (see (32) for a specific example).
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Now we shall prove (2) and (4) using Proposition 11.3 (3), that is, that

ParHom (E7 E{””) — ParHom (E; , Ei,p)

h (35)
> fogo
is surjective, denoting as before, ¢y = qb;. Let{ey, ..., e, } beabasis for E; , adapted to its parabolic
structure (and adapted to the splitting £} , @ EY ,, that is, each ¢; belongs either to EY , or EY ),
and let {vy, ..., v, } be a basis for E; , adapted to its parabolic structure.

Now let tp € {1, ..., r1} such that o, is the lowest weight of ELP. Let0 < a < r, —r, such that
iy <ty < iz (introducing the notation iy = 0, Irymrpt1 =11+ 1). Let us see that o, ..., Ory—r,
are weights of im ¢y (if a = r, — r), then there is nothing to prove). Actually, they cannot be weights
of coker ¢, since by Lemma 11.4 all the weights of coker ¢y are smaller than «y,. So they are
weights of im ¢ or of E| , by (31). Suppose that &, ..., &;, , are weights of im ¢ but o;, is the
first weight of E{,p in the list. Then take V = (vy, ..., vp) C E3 ,. The surjectivity of (35) gives that

ParHom (Ei’,p, (e;,)) — ParHom (E p, {e;,)) — ParHom (V, {¢;,)) = Hom (V, {(e;,))

is surjective (the last equality follows from «;, > f,). Therefore ¢oly : V — EY , must be injective,
and all the weights of ¢o(V) C EY , should be smaller than «;,. So there are weights o, <--- <

ay, < a;, with B; < o,,. This implies that i; < x;, j = 1, ..., b, which contradicts that x;, < ij.
The next step is to see that there are y; < --- <y, < fysuchthati; <y;,j=1,...,a and ),
are weights of im ¢y. As before, take V = (vy, ..., vs) C E» . The surjectivity of (35) gives that

ParHom (Ei”p, (e,)) — ParHom (E> ,, (e;,)) — ParHom (V, (e;,)) = Hom (V, (e,,))

is surjective. So ¢yly : V — E{ , must be injective, and all the weights or ¢(V) C E{ , should be
smaller than a,. So there are weights oy, < - -+ < ay, < o, with 8; < «,,. This implies thati; < y;,
j=1,...,a.

The elements

{YI,~~y}’a,l’a+1,'--,ir2—rp} (36)
are weights of im ¢y. So dimim ¢y > r, —r,. As obviously dimim ¢y < r, —r,, it must be
dimim ¢y = rp — rp, implying item (2). Thus the weights of im ¢, are exactly those in (36). The
elements

{1,....00 =1} = {y1,---, Ya} 37

are the subindices of the weights of coker ¢y, by Lemma 11.4. So #p — 1 —a =r), that is,
to = rp + a + 1. Finally (the subindices of) the weights of EY  are

({ls-n’t()_1}_{yl9-~',ya})U{yls"~7yaaia+lv'~-3ir27rp}
= {1, oot = DU gty eensingy ) =T U,

as required.

Our final result in this section completes the proof of Theorem 6.12. We have to use Theorem 12.10,
which will be proved in the next section. First, consider the distribution of weights and degrees given
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by Proposition 11.7, and consider the critical value associated to it, which is

ri+r ri+r ardeg (E{(D)) — pardeg (E
oL=<1+ : 2>(Pan(E1)—Pan(E2))+Sl 2 _ pandeg (%(D)) — pardep ()
r—nr r—rnr r

1
=0M — —€, (38)
r
where

€ = pardeg (E{ (D)) — pardeg (E») > 0, (39)

and the weights and degree of E{ are given by Proposition 11.7. For instance, in the example worked

outin (32),e =3, i — > B; + L.
The value of o7, is very close to oy, but strictly smaller, as expected.

THEOREM 11.8 Assume ry > ry and g > 0. If o, > 2g — 2 then N? is irreducible and non-empty for
all2g —2 <o < oyp. If o <2g — 2 then N is empty for all o > 2g — 2.

Proof. First,note thatforo > oy, N, is empty by Proposition 7.1. Assume for a while that /? is non-
empty for some value of o > 2g — 2, then there must exist the minimum value 6;, € 2g — 2, oy)
of o such that V! g; =@ and V! ;Z # . Clearly this & is a critical value and must correspond to a set
of extensions 7" — T — T’ with x(C*(T”,T")) = 0.

By Proposition 11.7 there is at most one (topological) possibility for 7’ and T” to have
x(C*(T”, T")) = 0. This implies that 6; = o. For any other critical value o, the moduli spaces
N;+ and J\f;_ are birational, by Proposition 9.7. So all moduli spaces N} are birational for
26 —2<o0 <og.

Moreover there may be different distributions of weights, ranks and degrees giving rise to the
critical value oy, but only the one given by Proposition 11.7 gives critical subsets Sa[ of codimension
zero. So the number of irreducible components is given by the number of irreducible components of
a subset of the space of extensions T” — T — T’ with the distribution of weights, ranks and degrees
given by Proposition 11.7. Let us see that this space of extensions is non-empty and irreducible:
the triples T’ have r;, = 0, rj = r; — r, so they are parametrized by a moduli space of parabolic
bundles E’, which is non-empty, irreducible and of the expected dimension by [8]. The triples 7"
have r{ =r) =ry, and d{ +r{'s —d) — 3 r, =0, so they are parametrized by a moduli space of
o} -stable triples which is non-empty, irreducible and of the expected dimension by Theorem 12.10.
Now the dimension of the projective fibres of the space of extensions 7”7 — T — T'is

—x(CN(T,T") - 1=0,

since x (C*(T’, T")) < 0, by Theorem 10.3. Therefore there is a non-empty space of extensions.
Moreover, a generic triple 7’ is o -stable. In that case, any non-trivial extension 7”7 — T — T’ is
o, -stable (see Proposition 9.4). So the space S, - is non-empty, and irreducible.

Finally, if o, > 2g — 2, the argument above proves that N;L, is non-empty, so there is some non-
empty N, with o > 2g — 2 and the statement of the theorem follows. Conversely, if some A, with
o > 2g — 2 is non-empty, then it must be o, > 2g — 2 completing the argument.
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Now Proposition 7.7 transfers the inequalities o,, < 2g — 2 < o1 into a Milnor—Wood type
inequality 0 < |t| < 71, where

2 = min{p. ¢}(2g — 2+ ) — 2=l (40)
p+q

where € is given in (39).

REMARK 11.9 One can spell out the process for computing €, by using the procedure of Propo-
sition 11.7 and the identification of Proposition 7.4. Let p = rk(V), ¢ = tk(W), « the system of
weights of V and B the system of weights of W. Suppose that ¢ < p (the other case is similar,
interchanging the roles of V and W). Define, ateach x € D, o4,/ (x) = o;(x) + [, forany [ > 1. Put
ip = 0 and define, for 1 <k < g,

ik = l’nln{] | ] > l'k_1,0lj > ,Bk}

Then

P
€= D (@) = Bilx)).

xeD k=1

12. The moduli space of triples for r; = r, and large o

In this section, we study the moduli space of triples with equal ranks r; = r,. We prove that some
of them are irreducible and non-empty for o > 2g — 2. The results here are enough for the proof
of Theorem 11.8 to work, but we also analyse some other cases. It is likely that the result holds in
general.

PROPOSITION 12.1 Suppose that ry = r, and g > 0. Then all the moduli spaces N, for c > 2g — 2
are birational to each other.

Proof. This is a consequence of Theorem 10.3 and Proposition 9.7. For x (C*(T’, T")) to vanish, a,
must be an isomorphism. But this is impossible if 7; = r, by Lemma 10.5.

Now let us see that the moduli spaces N, stabilize for o large.

PROPOSITION 12.2 Suppose that ry = ry. Then there is a value o, such that any o-stable parabolic
triple T = (E1, E», @) with o > oy satisfies that ¢ is injective. Hence

0— E, — E{(D)— § — 0, 41)

where S is a torsion sheaf.



MODULI SPACES OF PARABOLIC U(p,¢)-HIGGS BUNDLES 219

Proof. Denote N =ker¢ and consider the parabolic subtriple (0, N, ¢). Suppose that
k = rk(N) > 0. The o-stability of T implies that

pardeg (Ey ® E;) 1 )
5.

deg N +k k
pardeg +a<( s >

Now consider the subtriple (I, E», ¢) where (D) is the parabolic image sheaf of ¢, with rank
rk(I) = r; — k. The o -stability of T gives us

deg (E, ® E2) 1
pardeg (I & Ez) + rio < (2 — k) (W n 50) _
1

Adding up both equations, and noting that pardeg N + pardeg I (D) = pardeg E,, we get
2pardeg E; — (r; —k)s + (r] + k)o < pardeg (E| ® E,) + ry0,

which is rewritten as

- pardeg E; — pardeg E; + (r; — k)s

o .
- k

So for oy = pardeg E; — pardeg E, + (r; — 1)s the result follows.

LEMMA 12.3 Suppose that r\ = r, and o > o|. Let T be a o-stable triple and T’ a subtriple of T
with r{ = ry. Write E; — E(D) — S, Ej, — E{(D) — §, t =length S, t' = length §'. Then

1 /¢ t
par u(E}) < par u(Ey) + = (—, - —) +,

2 \r r1
, 1/t ¢t

par u(E}) < parpu(E2) — = [ = — — ) +5.
2 \r r

Proof. From Proposition 12.2, as ¢ > oy, ¢ is an injective morphism. So ¢’ is injective for any
subtriple 7’ of T'. Hence for a subtriple T’ with r| = r}, we have the following commutative diagram

0 E} E/(D) s’ 0
| | |
0 E> E((D) S 0

where S and S’ are torsion sheaves. Let ¢ and ¢’ denote the lengths of S and S’ respectively, as in the
statement. By stability,

0 > par 11, (T') — par 1, (T)

1
=5 (par w(E}) + par u(E}) — par w(E;) — par u(E))

1 1
= par u(E}) — par u(E;) — E(par w(E}) — par u(E})) + E(par w(Ey) — par u(Ey))

1 1
= par u(E3) — par u(E) + z(par w(E}) — par u(E3)) — E(par w(Er) — par u(Ey)).



220 0. GARCIA-PRADA et al.

Now at each point p € D, | Y B;(p) — > ai(p)| <ri,sot —ris < pardeg E|(D) — pardeg E, <
t + rys, equivalently t — 2r;s < pardeg E; — pardeg E, <t or

t t

— —2s < par u(Ey) — par u(Ep) < —.

r r
Analogously, for T’ we have

t t
— 25 < par u(E}) — par u(Ey) < —.

"
1

<
—_

Substituting into the formulae above, we get the result in the statement.

PROPOSITION 12.4 Suppose that ry = ry. Then there is a value o, > oy such that N3 = N?, for any
0,0’ > o9, that is, there are no critical values above 0.

Proof. Consider a o-stable triple T = (E, E,, ¢) with o0 > ;. Suppose that T is properly o,-
semistable for some o, and let T’ C T be a o -destabilizing subtriple. Clearly r, < r{, since ¢ being
injective implies that ¢’ is also injective. On the other hand, if | = r} then T is o-semistable for
generic values of o and could not be o-stable for some o. Therefore ;, < r}. In the formula

T RN S s
0. = 2par u(EY)) ——— + 2 par u(E;) ——— — (par u(Ey) + par u(E2))———
r—r, r—r, r—r,

) (42)

we want to bound the values of par u(E/) and par u(E%) in order to get a bound for the critical value
o, which is independent of T'.

Apply Lemma 12.3 to the subtriples (¢'(E5)(—D), E5, ¢') and (E}, (¢')~'(E| (D)), ¢'), both of
which satisfy the equal rank condition. The first one has no torsion, the second has torsion with
0<t <t Weget

, t
par u(E;) < par u(Ez) + E. + s,
1

, 1/t ¢t
par u(E) < par u(Ey) + 3 (r—, - r—) +s < par u(Ey) +
1 1

t(ry —ry)
2rir}

Using that (¢/r;) < par u(E;) — par u(E») + 2s, by the exactsequence (41)and 1 <rj <r; — 1,we
getbounds on par w(E1) and par (£(E). Substituting these bounds into (42) and using that rj — rj > 1
and r{, r; <ry = r, we get a bound on o, as required.

With this result, we may introduce the notation AV; for the moduli space of o -stable triples for any
value o > o0,. We shall refer to this as the moduli space for large values of o. There is an obvious
condition for \V; ; tobe non-empty. Let ¢ : E; — E{(D) be a parabolic morphism which is moreover
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injective. For any p € D, it induces a parabolic map ¢, € ParHom (E; ,, E; ;). This satisfies
dimim ¢, <r —rp,

with r,, defined in (33) (cf. Remark 11.6). Therefore for any parabolic map ¢ € ParHom (E,, E;(D)),
we have that
di+rns—dy=) 1 (43)

peD

Let us now see that this is a sufficient condition for non-emptiness and irreducibility of ;. First we
need some preliminary results.

Lemma 12.5 If both E, and E; are parabolic stable bundles, and ¢ : E;, — E|(D) is an injective
parabolic map, then T = (E1, E», ¢) is a o-stable triple for large values of o.

Proof. Any subtriple T’ C T should have rj <rj. The stability of the bundles implies that
par w(E}) < par u(E;) and par i(E}) < par u(E), from where it follows that par pu, (T") <
par i, (T), for any o, and in particular for large values of o.

LEMMA 12.6 Let L be afixed parabolic line bundle. Consider the moduli space Ny (r1, 2, dy, do; ct, B)
of o-stable parabolic triples T = (Ey, E», ¢) of degrees (di, d>) and weight types (o, B). Let
(di, d>) and (@, B) be the degrees and weight types of the triples of the form (E; " L, E, ®”
L, ). Then~(El, E,, <~p) — (E1 ®” L, E; ®P L, ¢) gives an isomorphism Ny (r1, r2, dy, do; a, B) =
Ny (ri, 2, dv, da; @, B).

Let us see that tensoring with a suitable parabolic line bundle allows us to reduce to the case
r, = 0 for all p € D. For this we need an alternative characterization of r,. Fix p € D, and denote
byo; < -+ < o, theweightsof E| ,andby §; < --- < B, the weightsof E» ,,sincer, = r;. Extend
the weights to an infinite sequence of real numbers by declaring oty = @ +m,1 <k <r;,m € Z.
This means that we have a sequence

<o, —l<oy <o <o, <ot l<ap+1l<---

In this strictly increasing sequence Z — R, 1 is sent to o characterized as the smallest non-negative
number in the sequence. Similarly consider the infinite sequence By from the weights of E, ,. Define
the functions

f:10,00) — R,
x — #Hoy |0 < o < x},
(44)
g :[0,00) — R,

x> #{Br |1 0 < Br < x}.
Note that f(x + 1) = f(x) +r; and g(x + 1) = g(x) + r;. Now we have the following.

LEMMA 12.7 rp, = max(f — g) = maxo,)(f — &)



222 0. GARCIA-PRADA et al.

Proof. From the way f and g are defined, f — g is a right-continuous step function, with jumps by
+1 at the points o and —1 at the points B;. As f — g is 1-periodic, the existence of a maximum
and the equality max(f — g) = maxo,1)(f — g) are clear. Let M = max(f — g) and xo € [0, 1) be
a point that is not a weight and that satisfies (f — g)(xo) = M. Then, writing k = f(x(), we have
o < Xxo < 41 and k — M = g(xp), thatis, Br—y < X0 < Br—m+1- The maximality of f — g at x¢
implies that we have Bi_y < ax < xo < Br—m+1 < Q1. So any parabolic map ¢g : E> , — Ey
satisfies that ¢o(E>, , k—m+1) C E1,pk+1 and hence

dim ker ¢g > dimEz,p!kaJr] —dimEl,p,k+1 =r—k+M)—(rhn—k =M.

Conversely, let ¢o : E> , — E{ , be amap such that ¢o(E> p x—m+1) C Ey p 41 for each k. Then
¢o is a parabolic map: for if B; > o, take B; > x > ;. So g(x) <i—1land f(x) > j.So j—i+
1 < f(x)—g(x) <M and hence i > j — M + 1. Thus ¢o(E2 ;) C ¢o(E2 p.j—m+1) C Ei1 p j+1-
On the other hand, it is clear that there are maps satisfying ¢o(E>, , x—m+1) C E1,p k41 for each k
with dim ker ¢9 = M. Hence there are parabolic maps ¢y with dim ker ¢9 = M, completing the proof
that M =r),.

PROPOSITION 12.8 There exists a suitable parabolic line bundle L such that the moduli space of
o -stable triples of the form (E; " L, E; ®” L, ¢) has associated 7, = 0, for all p € D.

Proof. We shall assume that there is only one point p € D and we shall tensor with a parabolic
line bundle of the form L = Oy, that is, the trivial line bundle with weight x € [0, 1) at p. Take
xo € (0, 1) which does not coincide with any weight and gives the maximum value of the function
f —g.Let L = Ofj_y,). Denoting by ko = f(xo), the weights of E, ®” L are

O<opt1—xo<: <oy —Xp<o—xo+1< - <oy, —x0+1<1

(see [18]). Put otherwise, if ¢y, is the ir)ﬁnite sequence~associated with the weights of Ez =FE,®"L,
then &x = x4, — Xo. The function f associated to E; as in (44) is

fO) =#a |0 < <x)
=#{a, |0 < ay — xp < x}
= #{ay | xo < o < x + x0}
= f(x 4+ x0) — f(x0),

the last equality follows because xg is not a weight of E; ,. Analogously for E, = E, ®” L, the
function g associated to it is

g(x) = g(x + xo) — g(x0).

Then the number r, associated to the moduli spaces of triples (E 1, Ez, @) is

7p = max(f(x) — §(x)) = max(f(x + xo) — g(x + x9)) — M = 0.

PROPOSITION 12.9 Assume that ry = rp andr, = 0 for all p € D. Then the moduli space of o -stable
triples for o large and d, + rs = d, is irreducible.

Proof. Any triple T = (E;, E, ¢) in Ni satisfies that ¢ : E, — E(D) is generically an isomor-
phism by Proposition 12.2. So the condition on the degrees implies that it is an isomorphism of
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bundles. Moreover, by Lemma 12.3, the family # of bundles E; appearing as part of triples of NV} is
a bounded family which is irreducible and the generic element is a stable bundle (see [11]).

Let us study the fibres of N — H. Fix E; € H and consider the fibre over E;. Identifying E,
with E;(D) (as bundles) via the isomorphism ¢, an element (Ey, E», ¢) = (Ey, E{(D),1d) in the
fibre consists of giving for each p € D a flag for V = E , and a flag for V = E, , such that the
identity map Id : V — V is a parabolic map with respect to these flags. For simplicity, assume there
is only one point p € D. Let

Fi=0cvicwv,Cc---CV,=E,|dmV;, =i}

be the space parametrizing (complete) flags at E; ,, with fixed weights oy < --- < a,,. This is an
irreducible variety. Analogously define the space

Fo={0CW,CW,C---CW, =Ey,|dmW, =i}

of (complete) flags for E; ,, with fixed weights 8; < --- < . The condition r, = 0 means that
g(x) < f(x), for all x, with the notation of (44). The identity map is parabolic if W; C Vjixa),
1 <i<ry, for some set of integers k(i) >0 such that 0 <1+4+k(1) <24+kQ2)<---<
r1 + k(r;) = r;. The set of compatible flags is given by

F={F, D)W, CViqi, 1 <i<n}CcFixF. (45)

This is also an irreducible variety, as 7 — F is a fibration with irreducible base and irreducible
fibres. Note that the other projection F — F; is also surjective.

A generic stable bundle E satisfies that a generic flag F; € F; gives a parabolic stable bundle.
Let U; C Fi be a (dense) open subset with this property. Analogously consider a dense open subset
U, C F, such that E, = E (D) with a flag F, € F, is parabolically stable. If F N (U; x Up) =@
then F C ((F; — Uy) x F2) U (F| x (F, — U,)). Being irreducible, F should be contained in either
((Fi1 — Uy) x Fp) or (F| x (F, — U,)). This contradicts the surjectivity of both 7 — F; and F —
F,. This proves that 7 N (U; x U,) # ¥, so the generic element of F gives parabolic stable bundles
E and E,. By Lemma 12.5, such element is o -stable for o large. Therefore the generic stable bundle
E, satisfies that the fibre of NJ — H is an open subset of the space of compatible flags F. This
shows that V] is irreducible and non-empty.

THEOREM 12.10 Suppose thatry = rp, and thatd, +ris — d, = ZpeD 7p. Then the moduli space /\/,f
is irreducible, of the expected dimension and non-empty.

Proof. By Proposition 12.8 there exists a parabolic line bundle L such that (Ej, Ez, @) —
(E1 E, ®" L, Ez E,®P L, ) glves an 1somorph1sm of moduli spaces of o-stable triples
Ny (ri, 1, dy, do; o, B) = N, (r1, 11, dy, do; @, B) such that 7, = 0 for each p € D. Then

d~1+r1s—(22:d1+r1s—d2—2r,,.

peD
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This is easily seen by computing the degrees d; and d5. For instance, suppose that there is only one
point p € D. Then, with the notation of the proof of Proposition 12.8,

d~1 = deg El = pardeg (El ®p L) - Z&k
= pardeg (E) + r| pardeg (L) — (Z(Olk — Xxo) + kO)

=d1+Zak+r1(1—xo)—Zak—i-rlxo—ko
=di+rn —ko=d +r — f(xo).

Analogously, &2 =d, +r; — g(xp), so that c]l — c?z =d —d)—71,.

Now the moduli space N HGHSE &1, &2; a, B) is non-empty and irreducible by Proposition 12.9.
So the same is true of our initial moduli space by using Lemma 12.6. The dimension statement follows
from Corollary 9.6.

THEOREM 12.11 Suppose that ri = ry and dy + ris — dp > Zpel) 7p. Then the moduli space Nz is
non-empty, of the expected dimension and irreducible.

Proof. The dimension statement follows from Corollary 9.6. Arguing as in the proof of Theorem
12.10, we may suppose that 7, = 0, for p € D. Now, there exist triples ¢ : E; — E(D), with ¢
injective, E| and E, stable bundles and satisfying that the torsion sheaf quotient of the map ¢ is
generic (in particular, supported on X \ D). This follows from [11], where non-parabolic o-stable
triples for o large are found by constructing o -stable triples with these properties.

Now the argument of the proof of Proposition 12.9 works here to find parabolic structures on E;
and E; such that (E|, E,, ¢) is a o-stable parabolic triple for o large, since the only necessary fact
is that ¢, : E, , — E; , is an isomorphism for all p € D. This gives the non-emptiness of N/} .

For proving the irreducibility of A/}, the main obstacle are the triples with quotient supported
at points of D. We work as follows. Let H be the family of bundles E; appearing in triples
T = (Ey, Ey, 9) € NV: . This is a bounded and irreducible family whose generic element £, € H is a
generic stable bundle. Let @ = Quot ' (#) be the Quot scheme parametrizing quotients E{ (D) — S,
with £y € Handt =length S =d; +ris —dy — ZpeD rp. The kernel of a generic element in Q is
a stable bundle E;. If the support of S is contained in X \ D, then the fibre of the map N; — Q over
aquotient E;(D) — S in Q is a subset of the set of compatible flags F defined in (45). For a generic
element in Q, this is actually an open subset of F, as proved in the proof of Proposition 12.9. This
produces an open subset U C N, which is of dimension

dim Q + dim F .

Let us see the irreducibility of ] by checking that dim(N; \ U) < dim U. Certainly, the only
effect that we must take care of is the jumping in the dimension of the fibre of N} — Q when the
torsion sheaf is supported at some points of D. Let p € D, and suppose that p is in the support of
S,say S, = C'. The set of quotients E;. p» — Sp is parametrized by the grassmannian Gr(/, r1). The
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codimension of the space Q' C Q parametrizing such quotients is
r lengthS — (rl(lengthS—l) +l(r1 —l)) = r|l —lr] +12 = 12,

Now let us compute the dimension of the fibre of V; | — Q overapoint in Q!. With the definition of
k(i) given in Proposition 12.9, such fibre is the space

Fe={W;, Vi) e Fi x B | ¢ (W) C Vi) -
Equivalently, (W;, V;) e F, & W; C ¢! (Vitk@y)- It remains to see that
dim F, — dim F < [%.

The fibration 7 — Fj is surjective and the dimension of the fibre is
r
Z k@).
i=1

Let us compute the dimension of a fibre of F, — F;. Such dimension depends on the flag {V;} € F,
so we need to stratify JF as follows. The flag {V;} is determined by a collection of numbers 0 < a; <
-+ < a, =r; — [ such that

0 Cc ViNim(@) C - C V,Nim($) = im(¢)

I l I
0 C Cco c -+ C Cwn =Cn,

Clearly, a;+1 = a; + 8i11 (ap = 0), where there are uniquely defined 1 <i; < -+ < i,,—; < ry such
that§;, = land§; =O0for j #ix,k=1,...,r — . The codimension of the stratum S, a, C F
defined by such {V;} is

.....
r—l

Z(l — i + k).
k=1

The fibre of F, — F; over {V;} € Sal,-..,arl is given by flags {W;} € F, such that W; C ‘7,-+k(,-),
with V; = ¢~'(V;) = C/*4 . The dimension of such a fibre is thus

D U+ aiwn —i) <Y (+ai—i)+ Y k()
i=1 i=1

r r—l
=Y A=+ Y (n—ik+ D+ k().
i=1 k=1

So the dimension of the preimage of S,

.....

a, by the map F, — F is less than or equal to
ri—l

ri—l |
dimFy = (0 — i +k)+ ) A=)+ Y =i+ D+ Y k@)
k=1 i=1 k=1

. . ?—1 . 1?1
=d1m.7:1+2k(1)+T=dlm]:+ 7
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Since this is true for any stratum, we have

2
< dim F + 2

dim F, fdim]:—i—l

as required.

Combining Theorem 12.11 with Proposition 12.1 we have the following.

COROLLARY 12.12 Letg > 0,ry =rpandd; +r1s —dp > ZpeD 7p. Then the moduli spaces N, are
non-empty, irreducible and of the expected dimension for any o > 2g — 2.

REMARK 12.13 Corollary 12.12 and the correspondence in Proposition 7.4 gives that the moduli space
U(p, p,a, b; o, B) is non-empty and connected if and only if the following is satisfied.

(i) In the case 7 < 0. It must be that |t| < 1) by Proposition 7.7. Also, defining r, =
min{dim coker ¢ | ¢ € ParHom (V,, W,)}, for x € D, we must have b + (2¢g — 2+ s)p —
a > ZX <p x> by Corollary 12.12. But this last condition is redundant: 7 < 0 is equivalent to
par u(V) < par u(W), hence

a = deg(V) < pardeg (V) < pardeg (W) < deg(W) + ps =b+ ps + (2g — 2)s,

since g > 0. Also, we may tensor with a suitable parabolic line bundle L to arrange r, = 0,
for all x € D, by Proposition 12.8 (this does not change 7 or the inequality that we need to
check). Sob + 2g — 2+ s)p —a > 0, as required.

(i1) The case T > 0 is worked out similarly, and the only condition we obtain is |7| < Ty.

Note that the genericity of the weights (Assumption 2.1) prevents the case |t| = t), from happening.

13. Representations of fundamental groups in U(p, q)

Let X be a compact Riemann surface of genus g > Oandlet S = {x, ..., x;} be aset of distinct points
of X.LetI' = m;(X \ S) be the fundamental group of X \ S. The group I" is generated by the usual
generators a;, b;, | <i < g, of m(X), together with additional generators y|, ..., ¥, corresponding
to loops enclosing each x; simply, not enclosing any x;, j # i, and which are homotopic to zero
relatively to the base point on X. There is also the relation [ay, bi]- - - [ag, bgly: - - - ¥s = 1, where
[a;, b;] is the commutator of @; and b;.

Parabolic Higgs bundles are related to representations of I'. To be precise, let us fix integers
n =1k E, d = deg E and the weight type a = {or(x)}res, Where a(x) = (o1 (x), ..., o) (x)) are
weights with multiplicities k; (x) for every x € S. It is convenient to repeat each weight according to
its multiplicity, by setting & (x) = - - - = 0y, ) (x) = a1 (x), etc., thus having weights 0 < &;(x) <

- < @,(x) < 1 (see Section 1).
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For every x; € S there is C; € U(n) defined by

exp(2mrv/—1a; (x;)) 0
C;i = . . (46)
0 exp(2r/— 1@, (x;))

Consider the set of representations Hom [ (I', GL(n, C)) defined by semisimple homomorphisms
p : T — GL(n, C) such that p(y;) is conjugated to C; by an element in GL(n, C) for 1 <i <.
Here by semisimple we mean that p is a direct sum of irreducible representations. The moduli space
of representations of I" in GL(n, C) with fixed holonomy in the conjugacy class of C; is defined by
the quotient

_ Hom}(I', GL(n, ©))

Rin; o) : GL(1,C)

where GL(n, C) acts by conjugation. The set R(n; ) has a natural structure of a complex algebraic
variety. The following is proved by Simpson in [31].

THEOREM 13.1 Let (n, d; o) be such that

d+) @)+ + &) =0,

xeS

that is, the parabolic degree vanishes. Then there is a homeomorphism
R, a) 2 M, d; o).

This generalizes the theorem of Metha and Seshadri [23] which identifies the moduli space
of parabolic bundles of type (n, d, ) with vanishing parabolic degree with the moduli space of
representations of I" in U(n) with fixed holonomy conjugated to C; around the marked points.

There is a similar correspondence between representations of I' in U(p, ¢) and parabolic U(p, q)-
Higgs bundles. To explain this, let us come back to the notation in Section 2 and fix the types of the
parabolic bundles V and W to be (p, a, @) and (g, b, &), respectively. For every x; € S there are
matrices C; € U(p) and C; € U(q) defined as in (46) by the weight systems o and o', respectively.

Consider now the set of representations Hom O‘:a,(F, U(p, g)) defined by semisimple homo-
morphisms p : I' = U(p, ¢) such that p(y;) is conjugated to C; x C; € U(p) x U(g) (recall that
U(p) x U(g) is the maximal compact subgroup of U(p, ¢g)) by an element in U(p, g) for 1 <i <.
Define the moduli space of representations of I' in U(p, ¢) with fixed holonomy U(p, g)-conjugated
to C; x C; by the quotient

HOm ;:a’(ra U(p7 Q))
U(p, q)

R(p,q;a,a) ==

The set R(p, q; o, &’) is a real analytic variety. We can adapt the arguments of Simpson [31] to
prove the following.
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THEOREM 13.2 Let (p, a, o) and (q, b, &’) be such that

pardeg (V) + pardeg (W) = a + b+ Y (@ (x) + -+ + @, (x) + & ) + - + @, (x)) = 0.

xeS

Then there is a homeomorphism

R(p.g; o, ) = | _|U(p,q,a,b;e, o).
a,b

Note that (p, ¢, a, b; &, &’) must also satisfy the Milnor—Wood inequality, which in these cases
reduces to

. K
| pardeg (V)] < min{p. g} (g = 1+3).

since pardeg (W) = — pardeg (V).
Combining Theorem 13.2 and Theorem 6.12 we have the following.

THEOREM 13.3 Under the genericity conditions given by Assumption 2.1, and for g > 0, the number
of non-empty connected components of R(p, q; o, &’) equals the number of integers a such that

a+ Y @+ a0 <

xeS

where Ty, is given by (40).
REMARK 13.4 The condition on the genus g comes from Theorem 13.2.

As in [31, proof of Theorem 13.1], the main ingredients in the proof of Theorem 13.2 are, on the
one hand, the correspondence given by Theorem 5.1 between polystable parabolic U(p, g)-Higgs
bundles and solutions to Hitchin equations, and, on the other, the existence of a harmonic adapted
metric on a U(p, g)-bundle with a semisimple meromorphic flat connection with simple poles. To
see this, let us come back to the framework of Section 5, and consider smooth parabolic vector
bundles V and W of types (p, a; «) and (g, b; '), respectively. On the bundle V & W we consider
flat U(p, g)-connections D on X \ S, meromorphic at x; € S and whose residue at x; is conjugated
to C; x C. We say that D is semisimple if the corresponding representation is semisimple. These
connections are in correspondence with elements in Hom ;a/ T, Up, q9)).

Let h = (hy, hw), where hy and hy are adapted hermitian metrics on V and W, respectively.
We decompose D as D = ds + W, where d4 is a U(p) x U(g) connection and W takes values in m,
where u(p, g) = u(p) ® u(g) + m is the Cartan decomposition of the Lie algebra of U(p, q). We
say that 4 is harmonic if d; W = 0. Then the following can be proved easily adapting the results in
[12, 31].

THEOREM 13.5 A connection D as above is semisimple if and only if there exists a harmonic hermitian
metrich = (hy, hy).

The relation with parabolic U(p, ¢)-Higgs bundle is given as follows. If D is a semisimple flat
connection as above and A is a harmonic solution, then the pair (d4, ), where @ is determined
by the equation ¥ = & + ®*, solves the U(p, ¢g)-Hitchin equations and hence, by Theorem 5.1,
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corresponds to a polystable parabolic U(p, ¢)-Higgs bundle. Conversely, if we have a polystable
parabolic U(p, ¢)-Higgs bundle we can find a solution (d4, ®) to the Hitchin equations, and then
out of it a solution to the harmonic equation on the flat connection D = d4 + ® + ®*, which is then
semisimple by Theorem 13.5.

14. Elliptic surfaces, orbifolds and parabolic Higgs bundles

Parabolic bundles have been related by several authors to unitary representations of the fundamental
group of elliptic surfaces of general type [1, 28]. The key fact is that the fundamental group of such
a surface is isomorphic to the orbifold fundamental group of an orbifold Riemann surface, whose
unitary representations are, in turn, related to parabolic bundles by the Metha—Seshadri theorem
[3, 6,23, 27].

Let X be a compact Riemann surface of genus g > 0 and let S = {xy, ..., x,} be a set of distinct
points of X. Suppose that for each i we are given integers m; > 1, such that 2g + )", _,_ (1 —
1/m;) > 2. We call the data of X, S and m;, 1 <i < g, a 2-orbifold. As in Section 13, let I’ =
(X \ S) be the fundamental group of X \ S. As we have seen in Section 13, I" has 2g + s generators
a;,bi,1 <i <g,andy;, 1 < j <s, satisfying the relation

[Ttabd- [T v=1

I<i<g l<j<s

We define the orbifold fundamental group rrfrb(X) as the quotient of I' by the smallest normal
subgroup containing yi'"i . Thus n,orb(X ) is freely generated by the elements a;, b;, 1 <i < g,and y;,
1 < j < s, subject to the relations

[[la.bd- [T vi=1 and y" =1 1<j<s.

I<i<g 1<j<s

The 2-orbifold Riemann surface ought to be thought of as a Riemann surface with singularities at the
points x;, which locally are of the form A /Z,,,, where A is the unit disc in C. The group n{’rb(X )
is clearly the fundamental group of this orbifold surface (see [6, 26] and references therein for basic
facts on orbifold surfaces).

The following is proved in [13, 33] (see also [17, 28]).

THEOREM 14.1 Given an orbifold fundamental group ™ (X) and an integer x > 0, there is an
elliptic surface Y, unique up to diffeomorphism, with

mi(Y) =7 (X), and x(Oy) = x.
Conversely, given an elliptic surface Y with by (Y) even, x (Oy) > 0 and kod(Y) = 1 we have
mi(Y) = 7 (X),
for some 2-orbifold Riemann surface X.

To understand this result and the relation of Y to the 2-orbifold X, recall that an elliptic surface
is a smooth compact complex surface Y with a fibration f : ¥ — X onto a Riemann surface X such
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that the generic fibre is an elliptic curve (the complex structure of the fibre may vary from point to
point). In some special points the fibre may degenerate into nodal fibres. This is always the case for
the elliptic surfaces we are dealing with. Technically this is the condition x > 0. The effect of these
singularities is that they kill the extra generators of the fundamental group determined by the fibre.
In addition to these nodal fibres there are multiple fibres, located over the marked points of X. They
are defined analogously to orbifold singularities: a neighbourhood Y, of such a multiple fibre in X
is the quotient by a finite cyclic group,

~ (A X Er(z)) A
~ N —

Y, =
! Lim L = A

defined by [(z, ¢)] — t" = z, where A is the unit disc in C, E; is the torus C/Z @ Zt and the
generator of Z,, acts as (¢, ¢) > (¢ - exp(2m/—1/m), ¢ + 1/m). The crutial difference of a multiple
fibre of Y and the orbifold point is, however, that this action is free and hence the quotient is smooth.
Roughly speaking, the orbifold singularity is now hidden in the map f between two smooth manifolds
Y and X.

To relate representations p : 7™ (X) — GL(n, C) to parabolic Higgs bundles, we observe that
o (y;) must be conjugated to a matrix of the form

exp(2w \/—_ll"il—f’)) 0
C;, = 47
0 exp(Zn«/—l%)
for integers /; (x;) such that
0<h(x)=<-=<Li(x)) <m,. (43)

This follows from the fact that p(y;)™ = I. Such a representation of nl"rb(X ) lifts to a representation
p : T — GL(n, C). Conversely, if p : I' — GL(n, C) is such that p(y;) is conjugated to a matrix
C; as above then / descends to a representation p : 7, (X°®) — GL(n, C). We thus have proved the
following.

PROPOSITION 14.2 There is a one-to-one correspondence between representations p : w1 (X°) —
GL(n, C) and representations p : I' — GL(n, C) such that p(y;) is conjugated to a matrix of the
Sform (47) for integers 1 ;(x;) satisfying (48).

Similarly, we have the following.

PROPOSITION 14.3 There is a one-to-one correspondence between representations p : tP™(X) —
U(p, q) and representations p : I' — U(p, q) such that p(y;) is U(p, q)-conjugated to an element
of the form C; x C! C U(p) x U(g) with C; and C| as in (47), defined for integers [ ;(x;) and I (x;)
satisfying

0<h(x)<--<Il,(x;)) <m; and 0=<I[j(x;) <---< l;(xi) < m;. 49)
Let

A= {A(x) = (L), - b(xi))bxes, (50)
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where [ (x;) are integers satisfying (48). Let Rg{b(n; A) and Ry (n; A) be the moduli spaces of semi-
simple representations of nl‘”b (X) and 71 (Y) in GL(n, C) such that p(y;) is conjugated to the matrix
(47). Similarly, let

A=) = ), L (i)es and 3 = {3(0) = @(x), - () byes (5D

satisfying (49). Let R‘;{b( p,q; ,, A and Ry(p, g; A, ') be the moduli spaces of semisimple repre-
sentations of nfrb(X) and 71 (Y) in U(p, ¢) such that p(y;) is conjugated to a matrix C; x C; as in
Proposition 14.3. Of course, since nl"rb(X) = m(Y), R‘)}rb(n; M) ERy(n; L) and R‘)’(rb(p, g A A)E
Ry(p,q; 2, ).

Combining Propositions 14.2 and 14.3 and Theorems 13.1 and 13.2 we have the following.

THEOREM 14.4 Let ) given by (50) satisfying (48) and let a(x;) = A(x;)/m;. Let (n, d) be such that

d+ Y @)+ & () = 0.

xeS

Then
R‘})(rb(n; MNERy(n; L) ZER(n,d; o) = MM, d; a).

Similarly, let A and )" given by (51) satisfying (49) and let &(x;) = A(x;)/m; and & (x;) = X (x;)/m;.
Let (p, q, a, b) be such that

a+b+Y (@) 4 +ap) +a& @)+ +a,x) =0.

xeS

Then

RGP, q; 7 M) = Ry(p, g3 M M) ZER(p, qs . 0) Z|_[U(p, g, a, by, ).
a,b

As established by Simpson and Corlette, higher-dimensional non-abelian Hodge theory [12, 30]
gives a correspondence between semisimple flat bundles or representations of the fundamental group
of a compact Kihler manifold (Y, w), and polystable Higgs bundles on (Y, w) with vanishing first and
second Chern classes (see [30] for the definition of stability). Now, a GL(n, C)-Higgs bundle on Y is
defined as a pair (E, ®) consisting of a holomorphic vector bundle E over Y and a homomorphism
®: E — E ® Q) such that [®, ®] = 0, where Q) is the bundle of holomorphic 1-forms on Y. If
E =V @& W, where V and W are holomorphic bundles of ranks p and g respectively, and

c1>:(?/ g):(VGBW)e(VeBW)@Ql,

then (E, @) is said to be a U(p, g)-Higgs bundle. Of course, when Y is a Riemann surface we recover
the original definition of Higgs bundle since Q%, is the canonical bundle and the condition [®, ®] = 0
is trivially satisfied.

If Y is a complex elliptic surface as above, equipped with a Kihler metric w, non-abelian Hodge
theory on (Y, ) combined with Theorem 14.4 gives the following.
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THEOREM 14.5 There is a one-to-one correspondence between the moduli space of polystable
GL(n, C)-Higgs bundles on (Y, w) with vanishing Chern classes and the moduli space of parabolic
GL(n, C)-Higgs bundles on X with parabolic structure on the orbifold points.

Similarly, there is a one-to-one correspondence between the moduli space of polystable U(p, q)-
Higgs bundles on (Y, w) with vanishing Chern classes and the moduli space of parabolic U(p, q)-
Higgs bundles on X with parabolic structure on the orbifold points.

REMARK 14.6 It would be very interesting to work out this correspondence directly in a similar
fashion to that done by Bauer [1] for the case of moduli spaces of vector bundles. We plan to come
back to this problem in a future paper.
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Abstract

Let X be a smooth projective curve of genus g > 2 over the complex numbers. A holomorphic triple
(E1, E2, ¢) on X consists of two holomorphic vector bundles £ and E; over X and a holomorphic
map ¢: Ex — Ej. There is a concept of stability for triples which depends on a real parameter o.
In this paper, we determine the Hodge polynomials of the moduli spaces of o-stable triples with
rk(E1) = rk(E>) = 2, using the theory of mixed Hodge structures (in the cases that these moduli
spaces are smooth and compact). This gives in particular the Poincaré polynomials of these moduli
spaces. As a byproduct, we also give the Hodge polynomial of the moduli space of even degree
rank 2 stable vector bundles.

1. Introduction

Let X be a smooth projective curve of genus g > 2 over the field of complex numbers. A holomorphic
triple T = (E}, E», ¢) on X of rank (n1, n,) consists of two holomorphic vector bundles E; and E,
over X (of ranks n and n,, and degrees d; and d», respectively) and a holomorphic map ¢: E, — E|.
There is a concept of stability for a triple which depends on the choice of a parameter o € R. Let NV,
and N denote the moduli spaces of o -semistable and o -stable triples, respectively. These have been
widely studied in [4, 5, 14, 21].

The range of the parameter o is an interval I C R split by a finite number of critical values o,
in such a way that when o moves without crossing a critical value, then N, remains unchanged, but
when o crosses a critical value, A, undergoes a transformation which we call flip. The study of this
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process allows us to obtain information on the topology of all moduli spaces N, for any o, once
we know such information for one particular A, (usually the one corresponding to the minimum or
maximum possible values of the parameter).

One of the main motivations to study the topology of the moduli spaces of triples is that they appear
when looking at the topology of the moduli spaces of Higgs bundles [14, 15, 18] via Morse theory
techniques. Higgs bundles are pairs (E, ®), formed by a holomorphic vector bundle E of rank r and
a holomorphic map ® : E — E ® K, where K is the canonical bundle of the curve, and they are
intimately related to the representation varieties of the fundamental group of the surface underlying
the complex curve into the general Lie group G L(r, C). The moduli spaces of triples and the more
general moduli spaces of chains [1, 2, 16] appear as critical sets of a natural Morse—Bott function on
the moduli space of Higgs bundles [15, 18].

When the rank of E; is one, we have the so-called pairs [3, 13, 21]. The moduli spaces of
pairs are smooth for any rank 7, and in the case of rank n; = 2 and fixed determinant, they are
very well-understood thanks to the work of Thaddeus [24]. In this case, the flips have a very nice
geometrical interpretation, consisting of blowing up an embedded subvariety and then blowing down
the exceptional divisor in a different way. Moreover, there are also very explicit descriptions of the
moduli spaces of pairs for the minimum and maximum possible values of o.

The flips do not have such a nice behavior for moduli spaces of triples of rank (ny, ny) with
ny + ny > 3. The flip locus may have singularities, it may consist of several irreducible components
intersecting in a non-transverse way, the moduli spaces themselves may have singularities forny, n, >
2, and the moduli spaces for o large are difficult to handle in the situation when n; = n,, since then
they are described in terms of Quot schemes.

These difficulties can be overcome in two different ways. The first way is to introduce parabolic
structures with generic weights. The moduli spaces of parabolic triples have been studied in [14],
where the Poincaré polynomials have been given for the moduli of parabolic triples of ranks (2, 1).
The parabolic weights tend to prevent the singularities of the moduli spaces and flip loci. However, for
obtaining information on the moduli space of non-parabolic triples, one should relate the parabolic
and the non-parabolic situations.

The second route to compute the Poincaré polynomials of the moduli spaces of triples was intro-
duced in [21]. It consists in using the theory of mixed Hodge structures of Deligne [8] to compute
the Hodge polynomials of the moduli space. The Hodge polynomials recover the usual Poincaré
polynomial when we deal with a smooth compact algebraic variety, but they can be defined for
non-smooth and non-compact algebraic varieties as well. This allows to compute the Poincaré poly-
nomials of the moduli spaces of triples which are smooth and compact, no matter if the flip loci have
singularities.

In this paper, we use the mixed Hodge theory to compute the Hodge polynomials of some of
the moduli spaces of triples of rank (2, 2). By the results of [5], if dy — dy > 4g — 4 then N} is
smooth. Moreover, when d; + d; is odd, the moduli spaces N, only consist of o-stable triples for
non-critical values of o, therefore /¥ are projective varieties. Because of this, we shall compute the
Hodge polynomials of the moduli spaces of triples of rank (2, 2) in the case d; — d, > 4g — 4 and
di + d, odd. This gives in particular the Poincaré polynomials of these moduli spaces.

We start by reviewing the rudiments of mixed Hodge theory and the standard results on triples that
we shall use throughout the paper, in Sections 2 and 3. Then Section 4 recalls the computations of the
Hodge polynomials of the moduli spaces of triples of ranks (2, 1) and (1, 2), from [21]. In Section 5
we use the Hodge polynomial of the moduli spaces of triples to deduce the Hodge polynomials of
the moduli spaces of rank 2 stable vector bundles. The case of odd degree rank 2 bundles is already
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known [7, 11, 21], but we do the case of even degree rank 2 stable bundles, proving the following
result (see Theorem 5.2).

THEOREM 1.1 Let M*(2, d) denote the moduli space of rank 2, degree d stable vector bundles on X.
If d is even then the Hodge polynomial of M* (2, d) is

1
2(1 — uv)(1 — (uv)?)
— (I +u)* (1 + )% (1 + 2us ot — y?0?) — (1 — w?)* (1 — vH)4(1 — uv)?).

e(M*(2,d)) = (201 + w)B (1 + v) (1 + u?v)(1 + uv®)®

Note that the moduli space M*(2, d) is smooth but non-compact. The formula for the Hodge
polynomial of the moduli space of rank 2, even degree and fixed determinant stable vector bundles
appears in [19, Section 6.2].

Next we move to the study of the moduli spaces of triples of rank (2, 2), which are the main focus
of the paper. The critical values are computed in Section 6.

In Section 7 we compute the Hodge polynomial of the moduli space of stable triples of rank (2, 2)
for the smallest allowable values of the parameter o, proving the following result (see Theorem 7.2
and Corollary 7.3).

THEOREM 1.2 Let Ny = N, (2, 2, dy, da) be the moduli space of o -stable triples of rank (2, 2). Assume
thatd, — dy > 4g — 4andthatd, + d, is odd. Let 0, = (d/2) — (d»/2) be the minimum value of the
parameter o and o, = 0, + € for € > 0 small. Then N+ is smooth and projective, it only consists
of stable triples, and its Hodge polynomial is

(14 w)* (1 + )21 = @)™ @1+ w1+ )¢ = (L+ 1)1+ uvd)s)

eNGy) = (1 —uv)3(1 — (uv)?)?

((1 + )81 + v)8 s st 4 Ve lpN+e=y (1 4 w204 (1 4+ uv®)4(1 + quN)>,

where N =dy —dy —2g + 2.

Under the condition d; — d, > 4g — 4, the Hodge polynomial of Nﬂ (2,2, d,, d>) when both
dy, d, are odd is easily given (see Theorem 7.1). When both d|, d, are even, it may be computed with
similar techniques to those of Theorem 7.2. However, to remove the condition d; — d, > 4g — 4 is
not possible with the current techniques.

The contribution of the flips to the Hodge polynomials of the moduli spaces of o-stables triples of
rank (2, 2) is computed in Section 8. This is added up to the information of the Hodge polynomial of
the small parameter moduli space to get the Hodge polynomial of the moduli space of o -stable triples
of rank (2, 2) for the largest values of o in Section 9. We get the following result (see Theorem 9.2
and Corollary 9.3).

THEOREM 1.3 Let Ny = N, (2, 2, dy, da) be the moduli space of o -stable triples of rank (2, 2). Assume
thatd; — d, > 4g — 4 and that d, + d, is odd. Let o)y = dy — d,. Then all the moduli spaces N, are
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isomorphic for o > oy. Let o,y = oy + € for € > 0. Then /\/:,/; is smooth and projective, it consists
only of stable triples, and

(1+u)?6(1 +v)*
(1 —uv)*(1 — (uv)?)?
— N1+ 041 4+ uv®A 4+ )41 + ) @)V 411 = (wv)?)

e(N,i) = [(1 +1P0) 2 (14 uv?)* (1 — (uv)*Y)

(L P (1 0P (1 )@y 22 ((1 = o)V )

N +1

— T(l — uv)(l + (uv)N)>

_ g(l + u)2g71(1 + v)2g71(1 _ (MU)2)2(MU)2g72+(N+l)/2(1 _ (MU)N)},

where N =dy —dy —2g + 2.

The computation of the contribution of the flips to the Hodge polynomials of the moduli spaces
of o -stables triples of rank (2, 2) is done under the assumptions d; + d, odd and d; — d, > 2g — 2.
This can be extended to the case d; + d, even, keeping in mind that in this case we will find the
Hodge polynomials of the moduli spaces N} which are non-compact and of the moduli spaces N,
which have singularities at non-stable points. However the assumption d; — d, > 2g — 2 cannot be
removed with the current techniques.

The Poincaré polynomials of the moduli spaces A+ and Na,; are obtained from the Hodge
polynomials, for dy —d, > 4g — 4 and d; + d, odd (see Corollaries 7.4 and 9.4), since they are
smooth projective varieties.

2. Hodge polynomials
2.1. Hodge—Deligne theory

Let us start by recalling the Hodge—Deligne theory of algebraic varieties over C. Let H be a finite-
dimensional complex vector space equipped with a conjugation (that is, H is the complexification of
a real vector space). A pure Hodge structure of weight k on H is a decomposition

He @ 1
p+q=k
such that H%? = H"? the bar denoting complex conjugation in H. We denote
hP1(H) = dim H",

which is called the Hogde number of type (p, g). A Hodge structure of weight k on H gives rise to
the so-called Hodge filtration F on H, where

FP — @ Hs,k—s
s=p

which is a descending filtration. Note that Grf, H = F?/FPT! = HP4.
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Let H be a finite-dimensional complex vector space equipped with a conjugation. A (mixed) Hodge
structure over H consists of an ascending weight filtration W on H invariant by the conjugation, and
a descending Hodge filtration ¥ on H, such that F induces a pure Hodge filtration of weight k on
each Gr}¥ H = W;/ W;_,. Again we define

. — i . g4 _ P W
h?4(H) = dim H?1, WhereH”q_GrFGrp+qH.

A morphism of Hodge structures L : H — H’, between two Hodge structures H and H’, is a complex
linear map which commutes with the conjugation and respects both the weight and Hodge filtrations.

Deligne has shown [8] that, for each complex algebraic variety Z, the cohomology H¥(Z) and
the cohomology with compact support H*(Z) both carry natural Hodge structures. If Z is a compact
smooth projective variety (hence compact Kihler) then the Hodge structure H*(Z) is pure of weight
k and coincides with the classical Hodge structure given by the Hodge decomposition of harmonic
forms into (p, q) types.

DEerINITION 2.1 For any complex algebraic variety Z (not necessarily smooth, compact or irreducible),
we define the Hodge numbers as

Wri(Z) = hP1(HY(Z)) = dim Gr}, GrlY,, HY(2).

Introduce the Euler characteristic

X292y =Y (=D hEPI(2).
k

The Hodge polynomial of Z is defined [6] as

e(2) = e(Z)(u,v) = Y (=P yPU(Zulv’.
p.q

If Z is smooth and projective then the mixed Hodge structure on HL’,‘(Z) is pure of weight k, so
Gr,fv HC"(Z) = HCk(Z) = H*(Z) and the other pieces Gr,vnv Hf(Z) =0,m # k. So

XPNUZ) = (=) HRPZ),

where h7-4(Z) is the usual Hodge number of Z. In this case,

e(Z)(u,v) =Y hPI(Z)ulv*

p.q

is the (usual) Hodge polynomial of Z. Note that in this case, the Poincaré polynomial of Z is

Pty =) L= | Y nr9(2) |t =e2)(t. 1), (1)
k

k p+q=k

where b*(Z) is the kth Betti number of Z.
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THEOREM 2.2 [10, Theorem 2] Let Z be a complex algebraic variety. Suppose that Z is a finite disjoint
union Z = Zy U ---U Z,, where the Z; are algebraic subvarieties. Then

e(2) = e(Z).

i

Note that we can assign to any complex algebraic variety Z (not necessarily smooth, compact or
irreducible) a polynomial

Pz(t) = e(Z)(t, 1) = Y _(=D)"x(Dt" =Y (=1 dim Gr), HX(Z)1",
m k,m

where
XNZy= Y x2).
ptq=m
This is called the virtual Poincaré polynomial of Z, see [10, 12]. It satisfies an additive property
analogous to that of Theorem 2.2, and it recovers the usual Poincaré polynomial when Z is a smooth
projective variety.
The following Hodge polynomials will be needed later:

o let Z=P" then e¢(Z)=14uv+ wv)>+- -+ @v)' = (1 — (uv)”“)/(l —uv). For
future reference, we shall denote
1 — n
ey = e(P" ) = e(P(C")) = ﬂ. 2
1—uv
e Let Jac? X be the Jacobian of (any) degree d of a (smooth, projective) complex curve X of
genus g. Then

e(Jac? X) = (1 + u)8(1 + v)4. 3)

LEmMMA 2.3 [6, Corollary 1.9] Suppose that = : Z — Y is an algebraic fiber bundle with fiber F
which is locally trivial in the Zariski topology, then e(Z) = e(F) e(Y). (In particular this is true for
Z=FxY.)

LEMMA 2.4 Suppose that w : Z — Y is a map between quasi-projective varieties which is a locally
trivial fiber bundle in the usual topology, with fibers projective spaces F = P for some N > 0. Then
e(Z) =e(F)e(Y).

Proof. This follows from [9, 17]. For completeness we provide a proof. Let H be a hyperplane section
of Z (here we use that Z is quasi-projective). Then H has degree k > 0 on the fiber F = P C Z.
Therefore H - F = k h, where h is the hyperplane class of the projective space. We have a morphism
of (mixed) Hodge structures:

L:H*P")® H'(Y) — H}(Z) @
K'h®oar— H Nx*(a).

Note that 7 is a proper map, so that #* : H*(Y) — H}(Z) is a morphism of Hodge structures
(see [8]). This easily yields that L is a morphism of Hodge structures.
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Note that L is not multiplicative. Let us see that L is injective. If x = ) H Na*(e) =0, let i
be the maximum i for which «; # 0. Then

0=m.(H" ™ Nx) =q.

So L must be injective. On the other hand, the Leray spectral sequence of the fibration 7 has E,-term
isomorphic to H*(PY) ® H*(Y) and converges to H*(Z). So dim H*(PY) ® H*(Y) > dim H*(Z)
and L must be bijective. Therefore L is an isomorphism of Hodge structures, and the result follows.

LEMMA 2.5 The Hodge polynomial of the Grassmannian Gr(k, N) is

(1 — @)V (1 = @) HA — @v)™)

e(Gr(k, N)) = (1 —uv)--- (1 — @u)kH(1 — (uv)*)

Proof. This is well known, but we provide a proof for completeness.

Let us review first the case of the projective space PV~ = (CV — {0})/(C — {0}). Then
CY — {0} — PN~ s a locally trivial fibration, since it is the restriction of the universal line bundle
U — PN~! to the complement of the zero section. Using either Lemma 2.3 or Lemma 2.4, we
have e(CN — {0}) = e(C — {0}) e(P¥ 1), that is (uv)Y — 1 = (uv — D)e(PV1), from where (2) is
recovered. Now in the case of k > 1, denote

F(k,n) = {(vy, ..., v)|v; are linearly independent vectors of C"}.

Then Gr(k, N) = F(k, N)/GL(k,C) and there is a locally trivial fibration F'(k, N) — Gr(k, N)
with fiber GL (k, C) = F (k, k) (again it is the principal bundle associated with the universal bundle
U — Gr(k, N)). So by Lemma 2.3, e(Gr(k, N)) = e(F(k, N))/e(F(k, k)). Now we use that the
map

Fk,n) — Fk—1,n),

given by forgetting the last vector, is a locally trivial fibration, with fiber C" — C*~!, Using Lemma 2.3
and Theorem 2.2, we have e(F(k,n)) = e(F(k — 1,n)) e(C* — C* 1) = e(F(k — 1, n)) ((uv)* —
(uv)*~1). By recursion this gives

e(F(k,n)) = ()" — @v)* ") -+ (@v)" — uv)(@v)" - 1).
So
(@) = @v)*= - ()Y — uv) ((@v)¥ —1)
(o) — @v)k=1) - - - ((uv)* — uv)((uv)* - 1)
A= @M (1= @)V H (A = o))
B (1= uv)--- (1 = @v)*H(1 = (uv)k)

e(Gr(k, N)) =

LEMMA 2.6 Let M be a smooth projective variety. Consider the algebraic variety Z = (M x M) /Z;,
where 7 acts as (x, y) — (y, x). The Hodge polynomial of Z is

e(Z) = %(e(M)(u, )2 + e(M)(—i?, —vz)).
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Proof. The cohomology of Z is
H*(Z) = H*(M x M)* = (H*(M)  H*(M))".

We claim that this is an equality of Hodge structures: certainly, o (x, y) = (y, x) acts algebraically
on M x M,soc*: H* (M x M) — H*(M x M) is a morphism of Hodge structures, and hence
H*(M x M)* is a Hodge substructure of H*(M x M). Also, the map M x M — Z is algebraic,
so H*(Z) — H*(M x M) is a morphism of Hodge structures, which is moreover injective and with
image H*(M x M)?. The claim follows.

The Hodge structure of M is of pure type, therefore the Hodge structure of Z is also of pure type.

Moreover,
7y

HP(Z) = @ HP (M) @ HP>" (M)

pit+p2=p
q1+92=q

Therefore we have

1
WUZy =2 S R ORRE (M) + €p g,

p1+p2=p
q1+q2=q
(P1.9)#(p2.92)

where
0, p or g odd,
€pg = 1 dim (Sym*HP 4 (M), p =2p1,q =2qi, p1 + q1 even,
dim (/\2 H”“‘“(M)), p =2p1,q =2q1, p1 + q; odd.

If V is a vector space of dimension 7, then dim (Sym*V) = (1/2)(n*> 4+ n) and dim (/\2 V) =
(1/2)(n* —n), so

0, porgodd,

€pq =
5 (PR (M)? + (=1 RP (M), p =2p1, g =241

This yields

e(Z) = E h?9(Z)uP v
1 1
— 2 , , + + _ 2 : _ + , 2p1,,2
— 3 h? f/l(M)hl’z ‘iZ(M)uPl P2 41792 + 3 ( ])m qip Py f/l(M)u P4

— Loy e + Loy —u2, -2
—56‘( )e( )+Ee( )(_uv_v)'
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3. Moduli spaces of triples
3.1. Holomorphic triples

Let X be a smooth projective curve of genus g > 2 over C. A holomorphic triple T = (E, E3, ¢)
on X consists of two holomorphic vector bundles E; and E; over X, of ranks n; and n, and degrees
d; and d,, respectively, and a holomorphic map ¢: E; — E|. We refer to (n, n,, di, d») as the type
of T to (ny, ny) as the rank of T, and to (dy, d») as the degree of T'.

A homomorphism from T’ = (E}, E}, ¢') to T = (E|, E,, ¢) is a commutative diagram

E, —*— E

! l

E2 —¢—> El,
where the vertical arrows are holomorphic maps. A triple T’ = (E{, E}, ¢’) is a subtriple of
T =(E, Ez,¢) if E| C Ey and E; C E, are subbundles, ¢(E}) C E} and ¢’ = ¢|g,. A sub-
triple 7" C T is called proper if T' # 0 and T’ # T. The quotient triple 7” = T/T"' is given by
E{ = E|/E}|, E] = E,/E} and ¢": EJ — E! being the map induced by ¢. We usually denote by
(ny, nh, di,dy) and (n', n3, d{, d;) the types of the subtriple 7’ and the quotient triple T”.

DErINITION 3.1 For any o € R the o-slope of T is defined by

di+d n
po(T) = ———= + o ——>—.
ny+no ny+n,

To shorten the notation, we define the w-slope and A-slope of the triple T as u = u(E; @ Ez) =
(di +dy)/(n) +ny) and A = ny/(ny + ny), sothat u,(T) = w+oi.

DEFINITION 3.2 We say that a triple T = (Ey, E,, ¢) is o-stable if

1o (T') < po (T)

for any proper subtriple T’ = (E|, E}, ¢'). We define o-semistability by replacing the above strict
inequality with a weak inequality. A triple is called o-polystable if it is the direct sum of o-stable
triples of the same o-slope. It is o -unstable if it is not o -semistable, and strictly o-semistable if it
is o-semistable but not o -stable. A o -destabilizing subtriple 7’ C T is a proper subtriple satisfying
Mo (T") = e (T).

We denote by
No =Ny (ny,ny, dy, dy)

the moduli space of (S-equivalence classes of) o-semistable triples T = (Ey, E», ¢) of type
(n1, ny, dy, d») and drop the type from the notation when it is clear from the context. This is identified
as a set with the space formed by the o-polystable triples of the given type. The open subset of
o-stable triples is denoted by N¥ = N3 (ny, na, di, d2). This moduli space is constructed in [4] by
using dimensional reduction. A direct construction is given by Schmitt [23] using geometric invariant
theory.
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There are certain necessary conditions in order for o -semistable triples to exist. Let u; = w(E;) =
d; /n; stand for the slope of E;, fori = 1, 2. We write

Om = K1 — K2,

ny+ny .

oy = (1 + —) (1 — p2), ifng #no.
[ny — ny|

PROPOSITION 3.3 [5] The moduli space N, (ni,ny,dy,d>) is a complex projective variety. For

ny, ny >0, let I denote the interval I = [o,,, oy ifny # ny, or I = [0y, 0) if n1 = ny. A necessary

condition for Ny (ny, ny, dy, d>) to be non-empty is that o € 1.

REMARK 3.4 It is not clear if the condition o € [ is also sufficient. This is a delicate issue studied
in [5], where it is proved the following result: if ,, > 2g — 2, then the condition o € I is necessary
and sufficient for N (n1, ny, dy, d>) to be non-empty [5, Theorem A]. This is the best known result.

3.2. Critical values

To study the dependence of the moduli spaces NV, on the parameter, we need to introduce the concept
of critical value [4, 21].

DEFINITION 3.5 The values of o, € I for which there exist0 < n| < n;, 0 < n), < ny, d| and d;, with
nyny # ninj, such that

_ (i m) ]+ dy) — () + nh) (@1 + do)

/ /
nny —nin,

&)

Oc

are called the critical values.

Given a triple T = (E;, E», ¢), the condition of o-(semi)stability for 7T can only change when o
crosses a critical value. If 0 = o, as in (5) and if T has a subtriple 7" C T of type (n}, n}, dj, d;),
then po (T') = o, (T) and

(1) if A > A (where A is the A-slope of T”), then T is not o -stable for o > o,
(2) if A’ < A, then T is not o -stable for o < o.

Note that n\n, 7 nin) is equivalent to A" # A.
Of course, it may happen that there is no triple T as above and hence that the moduli spaces N,
and NV} do not change when crossing o, (see Remark 6.6).

PROPOSITION 3.6 [5, Proposition 2.6] Fix (ny, ny, d;, d>). Then

(1) The critical values are a finite number of values o € I.

(2) The stability and semistability criteria for two values of o lying between two consecutive
critical values are equivalent; thus the corresponding moduli spaces are isomorphic.

(3) If o is not a critical value and gcd(n, ny, dy + dy) = 1, then o -semistability is equivalent to
o -stability, that is, N, = N3.

Note that if ged(ny, ny, dy + d>) # 1 then it may happen that there exists triples 7 which are
strictly o -semistable for non-critical values of o.
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3.3. Extensions and deformations of triples

The homological algebra of triples is controlled by the hypercohomology of a certain complex of
sheaves which appears when studying infinitesimal deformations [5, Section 3]. Let T’ = (E{, E}, ¢')
and 7" = (E{, EJ, ¢") be two triples of types (n}, n}, di, d;) and (nf, n}, d{, d), respectively. Let
Hom(T”, T') denote the linear space of homomorphisms from 7" to 7”, and let Ext! (7", T") denote
the linear space of equivalence classes of extensions of the form

0—T7T —T—T —0,

where by this we mean a commutative diagram

0 E| E, E/ 0
I B
0 E, E, E} 0.

To analyze Ext' (T, T') one considers the complex of sheaves
CH(T".T): (E{" ® E}) @ (E}* ® E}) — E}" ® E, (6)

where the map c is defined by
cW1,92) = ¢'v2 —Yg”.

PROPOSITION 3.7 [5, Proposition 3.1] There are natural isomorphisms
Hom(T", T') = H(C*(T", T")),
Ext!(T”, Ty = H'(C*(T", T")),
and a long exact sequence associated with the complex C*(T", T'):
0 — HO(CX(T", T') — H°((E{" ® E}) & (E" ® Ej3)) — H(E}" ® E})
— H'(C*(T",T")) — H'(E{" ® E}) ® (E}" ® E})) — H'(E;" ® E})
—s H2(C*(T",T")) —> 0.
We introduce the following notation:
K(T", T = dimH (C*(T", T")),
x(T", T =h(T", T") — h"(T", T") + h*(T", T").
ProPOSITION 3.8 [5, Proposition 3.2] For any holomorphic triples T' and T”, we have
x(T", T") = x(E{" ® E)) + x(E]" ® E}) — x(E}" ® EY)
= (1 — g)(n|n| + niny — nin)) + nd; — n\d| + nsd;, — nydy — nyd| + n\dy,

where x(E) = dim H(E) — dim H'(E) is the Euler characteristic of E.
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Since the space of infinitesimal deformations of T is isomorphic to H'(C*(T, T)), the previous
results also apply to studying deformations of a holomorphic triple 7.
THEOREM 3.9 Let T = (Ei, E,, ¢) be a o-stable triple of type (n1, n,, dy, dy). Then
(1) The triple T is simple. In particular, H*(C*(T, T)) = C.
(2) The Zariski tangent space at the point defined by T in the moduli space of stable triples is
isomorphic to H' (C*(T, T)).
3 If H2(C*(T, T)) = 0, then the moduli space of o-stable triples is smooth in a neighbourhood
of the point defined by T.
(4) Ata smoothpoint T € /\/:; (n1, na, dy, do) the dimension of the moduli space of o -stable triples
is
dim N (ny, ny, dy, dy) = h' (T, T) =1 — (T, T)
= (g — D} +n3 —ninz) —nidy + nady + 1.

(5) LetT = (Ey, E,, @) beao-stable triple. If T is injective or surjective (meaning that ¢ : E; —
E| is injective or surjective) then the moduli space is smooth at T .

Proof. (1) follows from [4, Corollary 3.2]. (2)—(5) are the content of [5, Theorem 3.8].

3.4. Crossing critical values

Fix the type (n1, n,, d;, d,) for the moduli spaces of holomorphic triples. We want to describe the
differences between the two spaces N 5, and N 5, When o1 and o, are separated by a critical value.
Let 0. € I be a critical value and set

aj:oc—f—e, 0, = 0c — €,

where € > 0 is small enough so that o is the only critical value in the interval (o, 7).
DEeFINITION 3.10 We define the flip loci as

Syr ={T € N,+|| T is o -unstable} C N+,
S, =(T e Na{ | T is oj—unstable} C J\fac—,

and §’. = 5,2 N N(j.i for the stable part of the flip loci.

Note that for o = 0y, N, is empty, hence N+ = S,+. Analogously, when n; # na, N+ is
empty and N~ = S,
LEMMA 3.11 Let o, be a critical value. Then

(D) Ny =S =Nym = S,
2) J\/;;r — S;J =N5g -8 =N,
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Proof. Ttem (1) is an easy consequence of the definition of flip loci. Item (2) is the content of [5,
Lemma 5.3].

Let us describe the flip loci S,=. Let o. be a critical value, and let (n', n}, d{, d;) be such
that A’ # A and (5) holds. Put (n/, n, d}, d)) = (ny — n',n, —n), dy — d|, d, — d}). Denote N, =
NG (n)y, nh, dy, d}) and N = N(nl,nz,di/,d

LEMMA3.12[21, Lemma 4.7] LetT € S, (resp. T € S, ). Then T sits in a non-split exact sequence

0T ->T—>T"—0, @)

where o (T') = o, (T) = po, (T"), X < X (resp. M > LX) and T' and T" are both o.-semistable.

Conversely, if T' € N, and T" € N} are both o.-stable, and )" < ) (resp. \' > X). Then for any
non-trivial extension (7), T lies in SS ( resp. in 85 ). Moreover, such T can be written uniquely as
an extension (7) with ps (T') = MJC(T)

In particular, suppose o. is not a critical value for the moduli spaces of triples of types
(ny,nh, di, dy) and (n{,n},d{,d}), gcd(ny, n}, di +d}) =1 and ged(ny, ny, d{ +d5) = 1. Then
if \' < A (resp. M > L), there is a bijective correspondence between non-trivial extensions (7), with
T'e N, andT" € N and triples T € S, (resp. S,-).

THEOREM 3.13 [21, Theorem 4.8] Let o, be a critical value with A" < A (resp. A’ > A). Assume

(1) o¢ is not a critical value for the moduli spaces of triples of types (n},n5,dj,d;) and
(ny,ny,d{,d), ged(n}, ny, di +dy) = 1 and ged(nf, ns, d{ + dj) = 1.

(2) HO(C*(T", T")) = H>(C*(T", T")) = 0, for every (T', T") € J\/:;C X /\/:;i
Then S, (resp. S,-) is the projectivization of a bundle of rank —x (T", T") over N x N

The construction of the flip loci can be used for the critical value o, = o,,, which allows to describe
the moduli space N+ We refer to the value of o given by o = 0.} = 0,, + € as small.

Let M (n, d) denote the moduli space of (S-equivalence classes of) semistable vector bundles of
rank n and degree d over X. This moduli space is projective. We also denote by M*(n, d) the open

subset of stable bundles, which is smooth and is of dimension n%(g — 1) + 1. If ged(n, d) = 1, then
M@m,d) = M*(n,d).

PROPOSITION 3.14 [21, Proposition 4.10] There is a map
7 Nyt =N+ (ny, na, dy, dy) — M(ny, dy) x M(na, do)

which sends T = (E1, E», ¢) to (Ey, E).

(1) Ifged(ny, dy) =1, ged(na, dy) = 1 and g — puy > 2g — 2, then J\/’S+ = N, is a projective
bundle over M (n1, dy) x M(n,, d,), whose fibers are projective spaces ofdlmenswn nyd; —
I’l]d2 —nlnz(g - 1) — 1.

(2) In general, if uy — o > 2g — 2, then the open subset

T (M (ny, dy) x M*(ny, db)) C N+

is a projective bundle over M*(ny,d;) X M*(n,, d>), whose fibers are projective spaces of
dimension npdy —nid, —niny(g — 1) — 1.
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4. Hodge polynomials of the moduli spaces of triples of ranks (2,1) and (1,2)
4.1. Moduli space of triples of rank (2, 1)

In this section we recall the main results of [21]. Let N, = N, (2, 1, d|, d») denote the moduli space
of o-semistable triples T = (E;, E,, ¢) where E is a vector bundle of degree d; and rank 2 and E,
is a line bundle of degree d,. By Proposition , o is in the interval

I =[om,op] =1 — p2, 4y — u2)] = [d1/2 — dp, 2d) — 4dp],  where py — up > 0.
Otherwise N, is empty.

THEOREM 4.1 [21, Theorem 5.1] For o € I, N is a projective variety. It is smooth and of (complex)
dimension 3g — 2 + d| — 2d; at the stable points N:. Moreover, for non-critical values of o, Ny =
N (hence it is smooth and projective).

The critical values corresponding to n; = 2 and n, = 1 are given by Definition 3.5:

(1) n; =1, n}, = 0. The corresponding o.-destabilizing subtriple is of the form 0 — E’, where
E| = L. is aline bundle of degree deg(L.) = d_. The critical value is

O, = 3dLC — dl - dz.

(2) n; =1, n, = 1. The corresponding o.-destabilizing subtriple 7" is of the form E, — Ej,
where E7 is a line bundle. Let T” = T/T' be the quotient bundle, which is of the form
0 — E{, where E| = L. is aline bundle, and let d;, = deg(L.) be its degree. Then d, = d,
di = d] — ch and

0c = —(3(d) — dp, +do) — 2(dy + db)) = 3dy, — dy — d».

(3) n} =2, n, = 0. In this case, the only possible subtriple is 0 — E|. This produces the critical

value
d, — 2d,
O = ———
2

that is, the minimum of the interval / for o.
(4) n; =0, n, = 1. The subtriple 7’ must be of the form E, — 0. This forces ¢ =0 in

T =(Ey, E,, ¢). So T is decomposable, of the form 7' & T” = (0, E», 0) & (E1, 0, 0), and
T is o-unstable for any o # o, where

= W1 — U2 = Op,

_2d, —dy

= — =0,
) 1231 M2 m

Oc
LEMMA 4.2 [21, Lemma 5.3] Let o, = 3dy, — di — d; be a critical value. Then
n1 <dp, <d —dy, (8)

and o, = 0,y & dp, = 1.
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The Hodge polynomials of the moduli spaces N, for non-critical values of o are given in [21]. As
this moduli space is projective and smooth, we may recover the Poincaré polynomial from the Hodge
polynomial via the formula (1).

THEOREM 4.3 [21, Theorem 6.2] Suppose that o > o, is not a critical value. Set dy = [(1/3)(0 +
d, + dy)] + 1. Then the Hodge polynomial of Ny = N (2, 1,d,, do) is

e(N,) = coeff [(1 +u)2 (1 4+ v)%5 (1 + ux)8(1 + vx)8 <(uv)dl—d2—du (up)—di+e=1+2do >:|

(1 —uv)(1 — x)(1 —uvx)xd—da=d \1—@v)"'x  1— (uv)’x

4.2. Moduli space of triples of rank (1, 2)

Triples of rank (1, 2) are of the form ¢ : E, — E;, where E; is a rank 2 bundle and E; is a line
bundle. By Proposition 3.3, o is in the interval

I = (o, opm] =[p1 — p2, 4(01 — 2)1 = [dy — d>/2,4dy — 2d>], where py — s > 0.

THEOREM 4.4 For o € I, N, is a projective variety. It is smooth and of (complex) dimension 3g —
2 + 2d, — d; at the stable points N3. Moreover, for non-critical o, Ny = N¥ (hence it is smooth and
projective).

Proof. Given a triple T = (Ey, E», ¢) one has the dual triple 7* = (E3, E}, ¢*), where E} is the
dual of E; and ¢* is the transpose of ¢. The map T +— T* defines an isomorphism

NO'(ls 2a dl’ dz) = NO‘(2’ 11 _dza _dl)'

The result now follows from Theorem 4.1.

Also from Lemma 4.2, we get

LEMMA 4.5 [21, Lemma 7.2] The critical values for Ny (1,2, dy, dy) are the numbers o, = 3d;, +
dy + dy, where —py < dp, < dy — dy. Also o, = 0,y & dp, = — 2.

THEOREM 4.6 [21, Theorem 7.3] Consider N, = Ny (1,2,d,,d>). Let ¢ > o,, be a non-critical
value. Set dy = [(1/3) (o0 —dy — dz)] + 1. Then the Hodge polynomial of N, is

(N,) = coeff [U + 161+ )2 (14 un)é(1 + vx)f ((uv)dl—dz-do B (uv)d2+g-1+2"°)]
eV = O T — i) =) (1 —wvxd a4 \1— v)-x  1— (uv)’x

5. Hodge polynomial of the moduli space of rank 2 even degree stable bundles

Let M (2, d) denote the moduli space of semistable vector bundles of rank 2 and degree d over X.
As M(2,d) = M(2,d + 2k), for any integer k, there are two moduli spaces, depending on whether
the degree is even or odd. We are going to apply the results of Section 4 to compute the Hodge
polynomials of these moduli spaces.
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We first recall the Hodge polynomial of the moduli space of rank 2 odd degree stable bundles from
[7,11, 21].

THEOREM 5.1 [21, Proposition 8.1] The Hodge polynomial of M (2, d) with odd degree d is

A4+ w4+ v)(1 + u?v)4 (1 + uv?)® — ()41 +u)* (1 + v)*

e(M2,d)) = (1 — uv)(1 — (uv)?)

Now we compute the Hodge polynomial of the moduli space of rank 2 even degree stable bundles.
Note that this moduli space is smooth but non-compact. It is irreducible and of dimension 4g — 3.

THEOREM 5.2 The Hodge polynomial of M* (2, d) with even degree d is

1
(1 —uv)(1 = (uv)?)

e(M*(2,d)) = 5 <2(1 + )41+ )81 + u?v)4(1 + uv?)?

— (14w +v)A + 2u8 v —y20?) — (1 — w4 (1 —v?)E — uv)z).

Proof. We compute this by relating M* (2, d) with the moduli space /\C,nt = J\/’er (2,1,d, dy) of triples
of rank (2, 1) for small . Choose (n1,d;) = (2,d) and (n», d») = (1, d»). If d, is very negative so
that u; — uy = d/2 — dy > 2g — 2 then Proposition 3.14 (2) applies. We shall choose the maximum
possible value of d, for this condition to hold, that is, d — 2d, = 4g — 2.

There is a decomposition Na;ﬁ = Xo U X U X, U X3 U Xy into locally closed algebraic subsets,
defined by the following strata:

(1) The open subset Xy C N+ consists of those triples of the form ¢ : L — E, where E is a
stable rank 2 bundle of degree d, L is a line bundle of degree d, and ¢ is a non-zero map
(defined up to multiplication by non-zero scalars). Actually, by Proposition 3.14 there is a map

7 Nys — M2, d) x Jac™ X,

and Xo = 7Y (M*(2, d) x Jac® X). Proposition 3.14 (2) says that X is a projective bundle
over M*(2, d) x Jac® X with fibers isomorphic to P4~2%2¢+2-1 — p2~1 By emma 2.4,

e(Xo) = e(M*(2,d))e(Jac X)ey,,

where ey, = e(IP>$~1), following the notation in (2).
(2) The subset X parameterizes triples ¢ : L — E where E is a strictly semistable bundle of
degree d which sits as a non-trivial extension

0—-L —E—L,— 0, O]

with Ly £ L,, Ly, L, € Jac?/? X and L € Jac® X.

Let Y| be the family which parameterizes such bundles E. For fixed L, L, with L; #
L,, the extensions (9) are determined by PExt!(L,, Ly). As Ly, L, are non-isomorphic,
dim Ext'(L,, L) = dim H'(L; ® L}) = g — 1,50 PExt'(L,, L) = P¢~2. Therefore Y is a
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fiber bundle over Jac?/? X x Jac?/? X — A, where A is the diagonal, with fibers isomorphic
to P¢~2, Thus using Theorem 2.2 and Lemma 2.4,

e(Y)) = (e(Jac X)* — e(Jac X))e,_;. (10)

Now we want to describe X;. For each fixed E € Y; asin (9),and L € Jac® X, there is an
exact sequence

0 — Hom(L, L;) — Hom(L, E) — Hom(L, L,) —> O.

Here Ext'(L, L;) =0 since deg(L;) —deg(L) =d/2 —d, >2g —2. So we may write
Hom(L, E) = Hom(L, L) & Hom(L, L), non-canonically. Let us see when ¢ €
Hom(L, E) gives rise to a o, -stable triple T = (E, L, ¢). First note that T is o,,-semistable,
since by Section 4.1, the only possibility for not being o,,-semistable is to have a subtriple
of rank (0, 1), that is, a line subbundle L. C E, which by Lemma 4.2 should have degree
dr, > w1, contradicting the semistability of E. If T is not o, -stable then it must have a o,-
destabilizing subtriple T’ of rank (1, 1) by Section 4.1. Such subtriple is of the form ¢ : L —
L' with L' C E.As p,, (T') = o, (T) = n(L') = n(E), L' is a destabilizing subbundle
of E. But the only destabilizing subbundle of E is L, so ¢ satisfies ¢ (L) C L;. Equivalently,
¢ = (¢1,0) € Hom(L, E) = Hom(L, L1) @ Hom(L, L,) gives rise to o, -unstable triples.

This discussion implies that given (E, L) € Y; x Jac® X, the morphisms ¢ giving rise to
o,F-stable triples (E, L, ¢) are those in

Hom(L, E) — Hom(L, L,). (11)

By Riemann-Roch, dimHom(L, E) =d —2d, —2g+2 =2g and dimHom(L, L) =
d/2 —d, — g+ 1 = g. So the space (11) is isomorphic to C?¢ — C¢.

The isomorphism class of the triple 7 = (E, L, ¢) is determined up to multiplication by
non-zero scalar (E, L, ¢) — (E, L, L), since Aut(T) = C*. This follows from the fact that
Aut(E) = C* [since E is a non-trivial extension (9)] and Aut(L) = C*. Taking into account
the C*-action by automorphisms, the fibers of the map 7 : X; — ¥; x Jac® X are isomorphic
to the projectivization of (11), that is, P2¢~! — P¢~! Hence

e(X1) = e(Jac X)e(Y1)(ezg — €5) = e(Jac X)z(e(Jac X) — Deg_1(ez, — ).
(For this, write X; = X| — X{, where X/ is aP?¢~!-bundle over ¥; x Jac X and X/ isaP¢~!-
bundle over ¥; x Jac X. By Theorem 2.2, e(X;) = e(X]) — e(X}). Now use Lemma 2.4 to
compute e(X}) and e(X{).)
(3) The subset X, parameterizes triples ¢ : L — E where E is a strictly semistable bundle of
degree d which sits as a non-trivial extension

0O—L —E—L —0

with L, € Jac?/?> X and L € Jac® X.
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The family Y, parameterizing such bundles E is a fiber bundle over Jac?/? X with fibers
PExt!(L,, L) = PH'(O) = Pt~ (actually, this fiber bundle is trivial, so ¥, = Jac?/> X x
P¢~1). Thus by Lemma 2.3,

e(Y2) = e(Jac X)e,. (12)

/2 X | there is an exact sequence

For each L, € Jac
0 — Hom(L, L;) — Hom(L, E) — Hom(L, L;) — 0.

So we may write Hom(L, E) = Hom(L, L) @ Hom(L, L), non-canonically. In order to
describe X5, let us see when a triple T = (E, L, ¢), with E € Y3, is onf—stable. As before, the
morphisms ¢ giving rise to o} -stable triples (E, L, ¢) are those in

Hom(L, E) —Hom(L, L;) = Hom(L, L) x (Hom(L, L;) — {0}). (13)

For a bundle E in Y;, the automorphism group of E is C x C*, where C x C* acts on
Hom(L, E) by
(@, ) - (@1, ¢2) = (A1 + aga, Ag2).
Thus forany (E, L) € Y» x Jac® X, the morphisms ¢ giving rise to o -stable triples (E, L, ¢)
are parameterized by

(Hom(L, Ly) x (Hom(L, L) — {0}))/C x C*. (14)

This is a fiber bundle over PHom(L, L) = (Hom(L, L) — {0})/C* with fibers isomorphic
to Hom(L, L)/Ce¢, for every [¢,] € PHom(L, L;). AsdimHom(L, E) =d —2d, —2g +
2 =2g and dimHom(L, L) =d/2 —d, — g + 1 = g, the space (14) is a C#~!-bundle over
Pe-1.

Therefore X, — Y» x Jac®X is C#~'-bundle over a P¢~!-bundle over ¥, x Jac®X. So

e(X2) = e(Jac X)e(Ya)eg(eg — eg1) = e(Jac X)’ep(eg — eg1).

(To apply Lemma 2.4, we write X, — P, where P is the P¢~!-bundle over ¥, x Jac*> X. Then
X, = X, — XJ, where X} is a P#~!-bundle over P and X} is a P~>-bundle over P.)

The subset X3 parameterizes triples ¢ : L — E where E is a decomposable bundle of the
form E = L; ® Ly, Ly % Ly, L1, L, € Jac”/? X and L € Jac®> X. The space parameterizing
such bundles E is

Y; = 173/22, where V3 = Jac?? X x Jac’? X — A, (15)

with Z, acting by permuting the two factors.

As before, the condition for ¢ € Hom(L, E) to give rise to a onf -unstable triple is that there
is a subtriple ¢ : L — L’ where u(L’) = w(E). There are only two possible such choices for
L', namely L; and L,. So given (E, L) € Y3 x Jac® X, the morphisms ¢ € Hom(L, E) =
Hom(L, Ly) ® Hom(L, L,) giving rise to o -stable triples (E, L, ¢) are those with both
components non-zero, that is, lying in

(Hom(L, L) — {0}) x Hom(L, L,) — {0}).

The automorphisms of E are Aut(E) = C* x C*, therefore the map ¢ € Hom(L, E) =
Hom(L, L;) & Hom(L, L;) is determined up to the action of C* x C* on both factors. So ¢



HODGE POLYNOMIALS OF MODULI SPACES OF TRIPLES 253

are parameterized by
PHom(L, L;) x PHom(L, L,).

Let X 3 — }73 x Jac® X be the fiber bundle with fiber over (L, L,, L) equal to
PHom(L, L) x PHom(L, L,). Then X5 = X;/Zz, where Z, acts by permuting (¢, ¢,)
(¢2, ¢1). This covers the action of Z, on Y;. Now X5 = X}, — X5, wherem : X, — Jac¥? X x
Jac?? X x Jac® X isaP$~! x P¢~!-bundle and Xy =n"YA x Jac X).If A — Jac?/? X x
Jac® X is the P¢~!-bundle with fiber over L; equal to PHom(L, L;), then X} = A X, y A.
We apply Lemma 2.6 fiberwise: A — Jac® X is a fibration whose fiber is A, which in turn
is a fibration over Jac?/? X with fibers PHom(L, L;). Then X 4 fibers over J ac® X with fibers
(AL X AL)/Zz Now

H*((A XJach X A)/ZZ) = H*(A XJach x A)Z2
= (H*(AL x Ap) ® H*(Jac™ X))%
= (H*(AL x Ap)"™ ® H*(Jac® X).

So

/

el == )=e((AL x AL)/Zp)e(Jac X)
Zy

_ 2
= % <e(Jac X)’e; + (1 —u)$(1 — v2)g%> e(Jac X).

On the other hand, X g/ isaPs~! x P¢~!-pundle over A x Jac® X, the action of Z, is trivial on
the base and acts by permutation on the fibers. So X5 /Z, is a bundle over A x J ac® X with
fibers

(PHom(L, L;) x PHom(L, L\))/Z, = (P$~' x P71 /Z,.

This fibration is locally trivial in the Zariski topology, since it is associated with a locally
trivial (in the Zariski topology) vector bundle over A x Jac® X. Hence by Lemma 2.3 and
Lemma 2.4,

” 2 -1 -1 1 2 o, 1= @)’
e(X5/Zy) = e(Jac X)“e(P*™ x P87 /Zy) = —e(Jac X)" e, + ——— | -
2 8 1 —u?v?
Finally using Theorem 2.2,
e(X3) = e(X3/Za) = e(X}/Zn) — (X5 /o)
1 1-— 28
=5 (e(Jac X)zei, +(1=uds1 - vz)g%> e(Jac X)
1 o 51— (uv)®
_Ee(JaCX) <€g+m)
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(5) The subset X4 parameterizes triples ¢ : L — E, where E is a decomposable bundle of the

form E =L, & Ly, L, € Jac?/? X and L € Jac® X. Such bundles E are parameterized by
Y4 = Jac?/? X. The morphism ¢ lives in

Hom(L, E) = Hom(L, L) ® Hom(L, L;) = Hom(L, L,) ® C>. (16)

The condition for a triple T = (E, L, ¢) to be o -unstable is that there is a destabi-
lizing subbundle L’ C E. A destabilizing subbundle of E is necessarily isomorphic to L;
and there exists (a, b) # (0,0) such that L' = L; — FE is given by x — (ax, bx). This
means that ¢ = (ayr, byy) € Hom(L, L) ® C?, for some ¢ € Hom(L, L;). All this dis-
cussion implies that the set of ¢ giving rise to o,'-stable triples are those of the form
¢ = (¢1, ¢2) € Hom(L, L) ® C?, with ¢;, ¢, linearly independent.

The automorphisms of 7' = (E, L, ¢) are Aut(T) = Aut(E) = GL(2,C). This acts on
(16) via the standard representation of GL(2, C) on C?. So the morphisms ¢ are para-
meterized by the grassmannian Gr(2, Hom(L, L;)). As dim Hom(L, L) = g, we have that
Gr(2, Hom(L, L)) = Gr(2, g).

Moreover, X4 — Y4 x Jac® X is a locally trivial fibration in the Zariski topology since it
is associated with the (locally trivial in the Zariski topology) vector bundle over Y, x Jac®? X
with fibers Hom(L, L;). Using Lemma 2.5,

, (1= @v)EH(d = (uv)?)

_ 2 —
e(X4) = e(Jac X)"e(Gr(2, g)) = e(Jac X) 1= @)1 —uv)

Putting all together,

e(N,) = e(Xo) + e(X1) + e(X2) + e(X3) + e(Xa)
=e(M’(2,d))e(Jac X)ez, + e(Jac X)*(e(Jac X) — Deg—1(e2e — €g)
+ e(Jac X)’e; (g — €g1)

1 1 — (uv)?8
+5 <e(Jac X)’e; + (1 —u)*(1 — vz)gm>e(Jac X)
_ 2
L eaexy <e§, + ﬂ) + e(Jac X)*e(Gr(2, g)). (17)
2 1 —u2v?

To compute the left hand side, we use Theorem 4.3 for o = anf =1 — My + €, € > 0 small. It

gives

d
do=[5(m1 —pate+2m+ )] +1=lul+1=2+1

Substituting into the formula for e(N, ) withd; = d/2 andd — 2d, = 4g — 2, the Hodge polynomial
of N+ equals

e(N,:) = coeff [

(I 4+ )% (1 +v)%8(1 + ux)8(1 + vx)? ( (uv)*~2 _ (uv)st!
(1 —uv)(1 —x)(1 — uvx)x28-2 I—(wv)y'x 1- (uv)2x> '
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Using the following equality (see the proof of [21, Proposition 8.1])

14+ ux)8(1 +vx)8 (a+uws@a+v) (B+u)db+v)s
o T e — b0 e %2~ @—ba—-0 & G-—ab-0
(c +u)(c+v)®
(c—a)c—b)’

one gets the following expression
(1+u)*(1 +v)%

(I —uv)*(1 — (wv)?)

+ (1 + w1+ ) (@) + @) — @) — @)t

e(N,:) = [(1+ uv)%(1 + v u)* (1 — (uv)*)+

Finally we substitute this into (17) to get the Hodge polynomial e(M* (2, d)) as in the statement.
COROLLARY 5.3 The Hodge polynomial of the moduli space of semistable rank 2 even degree d vector
bundles is

1
(1 —uv)(1 — (uv)?)
— A+ w1+ )21+ 2uf Tt — w20 — (1 — w21 — )21 — uv)?)

e(M2,d)) = 5 201+ w1+ v)* (1 + w?v)*(1 + uv?)®

+ %((1 +u)* (14 v)* + (1 —uH)s(1 — v?)¥).

Proof. We only need to compute e(M**(2, d)), where M**(2,d) = M (2,d) — M*(2, d) is the locus
of non-stable and polystable rank 2 bundles of degree d. Such bundles are of the form L; & L,, where
Ly, Ly € Jac? X. Therefore M** (2, d) = (Jac X x Jac X)/Z,. By Lemma 2.6 and (3),

e((Jac X x Jac X)/Z,) = %((1 +u)*$ (14 v)* + (1 —u?)*(1 —v*)¥).
Adding this to e(M*(2, d)) in Theorem 5.2 we get the result.
For instance, the formula of Corollary 5.3 for g = 2 gives
e(M(2,0)) = (1 +u)*(1 + v)*(1 + uv + u*v* + u’v?).
This formula agrees with [20, Remark 4.11]. Note that the moduli space M (2, 0) is smooth for g = 2

(see [22]).

6. Critical values for triples of rank (2,2)

Now we move to the analysis of the moduli spaces of o -semistable triples of rank (2, 2). Let N, =
N5 (2,2,d;,d>). By Proposition 3.3, o takes values in the interval

I = [0y, 00) =1 — (2, 00), whered; —d, > 0.

Otherwise N, is empty.
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THEOREM 6.1 For o € I, N, is a projective variety. It is smooth of dimension 4g + 2d; — 2d, — 3
at any o -stable point for o > 2g — 2, or at any o -stable injective triple. Moreover, if di + d, is odd
then Ny = N for non-critical o.

Proof. Projectiveness follows from Proposition 3.3. The smoothness at injective triples follows from
Theorem 3.9(4); the dimension follows from Theorem 3.9(3); the smoothness result for o > 2g — 2
comes from [5, Theorem 3.8 (6)]. If d| + d, is odd then gcd (2, 2, d; + d») = 1 and so, for non-critical
o, N, =N >, by Proposition 3.6(3). On the other hand, if d; + d; is even, then it may happen that
there are strictly o-semistable triples for non-critical values of o

Let us now compute the critical values for N, (2, 2, d1, d»). According to (5) we have the following
possibilities for n; = 2, np = 2:

(1) n; =1, n}, = 0. The corresponding o.-destabilizing subtriple is of the form 0 — E| where
E| = L is aline bundle of degree d . The critical value is

_4d, — (di +dy)

oc > =2dp — pu1 — pa.

(2) n} =1, n, = 2. The o-destabilizing subtriple T’ is of the form E, — E| where E, is a line
bundle. The quotient triple 7" = T/ T is of the form 0 — E{, where E| = L is a line bundle
of degree dr, and d] = d, — d. Note that ¢ : E; — E| is not injective. The critical value is

_ AMd—dp+dy) —3(d + db)
B -2

¢ =2dp — w1 — Wa.

(3) n} =2, n}, = 1. The o.-destabilizing subtriple 7’ is of the form E), — E|, where E} is a line
bundle. Then the quotient triple 77 = T/ T’ is of the form EJ — 0, where E] = F is a line
bundle of degree dr, and d) = d> — dp.

A4(dy +dy —dr) — 3(d) +d
oo = (d +d» 1;) (d + 2)=M1+H2—2dF-

(4) n}; =0, n} = 1. The o.-destabilizing subtriple is of the form E), — 0, where E, = F is aline
bundle of degree dr. Again in this case ¢ is not injective. The corresponding critical value is

ddr — (dy + d
:%:mwz_%_

(5) n; =2, nj, = 0. The subtriple is of the form 0 — E;. The corresponding critical value is
Oc = U1 — U2 = On-

(6) ny =0, n, = 2. The subtriple is of the form E; — 0. This only happens if ¢ =0,andso T =
(0, E»,0) & (Eq, 0, 0). The critical value is o, = u| — U2 = oy, and the triple is o -unstable
for any o # o,,.

Note that the case n} = 1, n, = 1 does not appear, since A’ = A and therefore this does not give a
critical value. In the Cases (1), (3) and (5), we have 1’ < A, so the corresponding triples are o -unstable
for o < 0. In the Cases (2), (4) and (6), we have " > A, so the corresponding triples are o -unstable
foro > o..
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PROPOSITION 6.2 (1) Let o, = 2d;, — 1 — o be a critical value corresponding to the Case (1)
or (3). Then i < dp < Bu1 — u2)/2. Alsodp, = 11 < oc = 0oy (2) Let 0. = 1 + o — 2dp
be a critical value corresponding to the Cases (2) or (4). Then (Buy — m1)/2 <dp < py. Also
dr = [y <= 0. = 0y

Proof. We shall do the firstitem, since the second is analogous. Fix the critical value o, = 2d;, — 1 —
W2 and suppose that there is a strictly o.-semistable triple 7 in either Case (1) or (3) above. Then the
subtriple 7’ and quotient triple 7" are both o.-semistable by Lemma 3.12. In either case, there exists
a o.-semistable triple of type (1, 2, d; — d, d»). By Proposition 3.3 applied to this situation, we get

di—dp - L o moa, DL g g P
1 L 2_Gc— L ) 7 = 1 L 7 )

We can write this inequality in the equivalent form

d] 3dl_d2
— <d<—F—.
2 4

THEOREM 6.3 Let oy = 2(u1 — ). For 0 > oy the moduli spaces of o-(semi)stable triples do
not change, and all o-semistable triples T = (Ey, E», ¢) are injective, that is, T defines an exact
sequence of the form

O—>E21>E1—>S—>0,

where S is a torsion sheaf of degree di — d5.

Proof. If we are in the first situation in Proposition 6.2, then o, = 2d; — ) — o < 3p; — o —
w1 — po = 2(py — p2). In the second situation, oc = | + w2 — 2dp < py +po — Gua — 1) =
2(p1 — p2).

Now let T be a o-semistable triple for o > 2(u; — o). If ¢ : E; — E; were not injective, then
T has a subtriple T’ = (0, ker ¢, 0), which clearly has A’ > . This forces u,(T’) > pu,(T) for o
large, and hence for o bigger than the last critical value.

REMARK 6.4 Note that for any critical value o, all the triples in S~ are not injective.

REMARK 6.5 By [5, Proposition 6.5] there is a value oy such that all o-semistable triples for o > oy
are injective. By [5, Theorem 8.6] there is a value o7, such that the moduli spaces NV, are isomorphic
for all ¢ > oy. In our case, n; = ny = 2, both numbers are 2(u; — o).

REMARK 6.6 In Proposition 6.2 we see that, for the triples of rank (2,2), there are critical values
for which the moduli spaces do not change (those corresponding to d; > (3t — 2)/2 and those
corresponding to dp < (B — 1)/2).

REMARK 6.7 If we have simultaneously o. = 2d; — u1 — uo and o = 1 + o — 2dp, then 2d; —
w1 — pmy = 1 + o —2dr = dy + d, = 2d;, + 2dp is an even number.

Therefore, if d| + d, ¢ 2Z, then Cases (1) and (3) (resp. Cases (2) and (4)) do not happen simul-
taneously (for the same critical value). So the flip locus S, + (resp. S,-) will consist only of triples
of one type for any o, > o0,,. In this situation the critical values o, € (1| + (2 +7Z) N [ — Ko,
2(py — u2)l.
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If d| 4+ d, € 27Z, then Cases (1) and (3) (resp. Cases (2) and (4)) do happen simultaneously.
The flip locus S,+ (resp. S,-) consists of two types of triples, which yields two components that
must be considered independently. In this situation the critical values o, € (1 + uz + 22) N [ —
U2, 2(;1 — o)) Moreover, it may happen that, for the same triple 7, both Cases (1) and (3) (or
Cases (2) and (4)) occur. So the two components intersects. This causes extra difficulties, and that is
one of the reasons for us to restrict to the case d; + d> odd in Sections 8 and 9.

In the next section, it will be useful to have a vanishing result for the hypercohomology H? to find
the flip loci S+ for the moduli spaces of triples of type (2, 2, di, d>).

PROPOSITION 6.8 Let T = (Ey, E,, @) be a strictly o.-semistable triple of type (2,2, dy, d,) with o, >
om, T' = (E{, E}, ¢') a destabilizing subtriple and T" =T /T' = (EY, E, $") the corresponding
quotient triple.

(1) If T € S,- then HX(C*(T", T")) = 0.
Q) If T € S,+ then HA(C*(T", T")) = 0, if dy — dy > 2 — 2.

Proof. By Proposition 3.7 and Serre duality, the vanishing H?(C*(T"”, T')) = 0 is equivalent to the
injectivity of the map

HUE" @ EY® K) —> HO(E{"® E{ ® K) ® H'(E}" ® E} ® K)
v — (" @ Id) oy, ¥ o).

(1) IfT € S,,then H*(E}* ® Ej ® K) is trivial because either we are in Case (4) and so E = 0
or we are in Case (2) and so EJ = 0.

(2) If T € S,+, we may have two cases:
(a) If we are in Case (3), then E{ = E; and E{ = 0. The map P is

HYEf® E}®K) —> HYE)®E!®K)
v — Yo

If P is not injective, let  : E; — EJ ® K be anon-trivial homomorphism in ker P. Then,
as ¢’ : E; — Ej, ¥ must factor through the quotient £, /E}. Both E; /E} and E] ® K are
line bundles, hence deg(E,/E}) = d; — d; < deg(E; ® K) = d; + 2g — 2. This yields
dy—dy < 2g —2.

(b) If we are in Case (1), then E), = 0 and E) = E,. Then the map P is

HYE*® E;® K) — HY(E]*® E|®K)
v — (@' ®1d) oy

If P is notinjective,lety : E] — E, ® K be anon-trivial homomorphisminker P. Denote
by Q the kernel of ¢” : E; — E{, so ¥ must factor through Q ® K. As E{ and Q ®
K are line bundles, we have deg(E}) = d| < deg(Q ® K) =d, — d{ + 2g — 2, which is
rewritten as dy — dp, < 2g — 2.
In both cases, if P is not injective then d| — d, < 2g — 2. Therefore, if d| — d, > 2g — 2,
then P must be injective.
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REMARK 6.9 This result is a sort of improvement of [5, Proposition 3.6] for the case of triples of rank
(2,2). Here we prove the vanishing of H? for any critical value o, under the condition o, = | —
> > g — 1, whereas in [5, Proposition 3.6] it is proved the vanishing of H? only for critical values
0. > 2g — 2 (but without condition on o,,).

7. Hodge polynomial of the moduli of triples of rank (2,2) and small ¢

In this section we want to compute the Hodge polynomial of the moduli space
Nt =Ny (2,2, dy, dy)

of o-stable triples of types (2, 2, d;, d») for o small, under the assumption @; — uy > 2g — 2. The
study of N(,‘x is simpler when both d; and d, are odd, since in this case the bundles are automatically
stable. However in this case d; + d is even and hence ged(2, 2, d; + d») # 1. So there may be strictly
o-semistable triples in N, for non-critical values of o', making the moduli space N} non-compact
and the moduli space A, singular (this does not happen for o = o,}; see Theorem 7.1).

THEOREM 7.1 Suppose that di and d, are odd and that pu; — uy > 2g — 2. Then N+ = ./\/;+, it is
smooth, compact and

(1 4+ w8+ v)8(1 + u2v)8(1 + uv?)8 — wv)s(1 +u)?8(1 + v)28)2

eWNG:) = ( (I —uv)(1 — (uv)?)

1 — (uv)2d1 —2d,—4g+4

1 —uv

Proof. The equality N + =N °+ is a consequence of Proposition 3.14(i). Next, since o, =
w1 — Ha > 28 —2, Theorem 6. [ 1mphes that the moduli NV, + is smooth and compact. By Propo-
sition 3.14(i), it is the projectivization of a fiber bundle over M(2,d;) x M(2,d,) of rank
2d, — 2d, — 4g + 4. Therefore

eN,:) = e(M(2,d))e(M(2, da))ers, —2d,—4g+4-

The result follows now applying Theorem 5.1.

The case where d; is odd and d, is even is more involved, since we have to deal with the presence
of strictly semistable bundles in M (2, d).

THEOREM 7.2 Suppose that dy is odd and d is even and that @, — puy > 2g — 2. Then N, - = N "
it is smooth and compact and

1+ w2 (1 + )22 (1 — @)™ @S (1 + u)f (1 + )¢ — (1 + w0)E(1 + uv?)¥)

W) = (1 — uv)3(1 — (uv)?)?

X ((1 +u)8(1 + v) st Ve TpN+e=1y (1 4 20)8(1 4+ uv?)¥(1 4+ qu’V)),

where N =dy —dy —2g + 2.
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Proof. As di + d, is odd, Theorem 6.1 implies that N, + = =N Y+ and it is smooth and compact,
since 0, = 1 — po > 2¢ — 2. To compute e(N, +) wedecomposeN = XoU X UXoUX3U Xy,

where:

ey

2

The open subset Xo C N+ consists of those triples of the form ¢ : E; — E;, where E; and
E, are both stable bundles, and ¢ is a non-zero map defined up to multiplication by scalars.
By Proposition 13.4(2), Xog — M(2,d,) x M*(2, d,) is a projective fibration whose fibers are
projective spaces of dimension 2d; — 2d, —4g +4 — 1 = 2N — 1. Therefore, and using the
notation (2),

e(Xo) = e(M(2,d))e(M’ (2, dy))exn.

The subset X parameterizes o, -stable triples of the form ¢ : E, — E; where E, is a strictly
semistable bundle of degree d, which is a non-split extension

0—L — E,— L, — 0,

where Ly, L, € Jac®/* X are non-isomorphic and E; is a stable bundle. The space Y; para-
meterizing such bundles E, was described in (2) of the proof of Theorem 5.2 and its Hodge
polynomial is given in (10).

Now in order to describe X, we must characterize when a triple T = (E}, E», ¢), with
E, € Yy,isof-stable. As T is 0,,-semistable, then the only possibility for T’ being o -unstable
is that it has a subtriple 7’ of rank (1, 2) or (0, 1), corresponding to Cases (2) or (4) of Section 6,
respectively. If T’ is of rank (1, 2), then it is of the form E, — L, where L is a line bundle
of degree d; = 1, by Proposition 6.2. But this is impossible, since d; is odd. If T’ is of
rank (0, 1), then it is of the form F — 0, where F is a line bundle of degree dr = u,, by
Proposition 6.2. Therefore F is a destabilizing subbundle for E,. Since the only destabilizing
subbundle of E, is L;, we have F = Lj. So it must be ¢ (L;) = 0. Any such ¢ lies in the
image of the inclusion Hom(L,, E|) < Hom(E;, E}), under the natural projection £, — L.
This discussion implies that given (E,, E») € M (2, d;) x Y1, the morphisms ¢ giving rise to
o, -stable triples (E;, Es, ¢) are those in

Hom(E,, E1) — Hom(L,, E/).

Note that since the group of automorphisms of E; and E; are both equal to C*, ¢ is defined
up to multiplication by non-zero scalars. So the map = : X| — M(2,d;) x Y) is a fibration
with fiber over (E|, E,) equal to

PHom(E,, E;) — PHom(Ls, E,) . (18)

By Riemman—Roch,dim Hom(E,, E;) = 2d; —2d, —4g +4 = 2N,sinceu; — U, >2g —2
implies that H'(E} ® E;) = H'(E; ® E; ® K) =0, E; and E being both semistable
bundles. Also dimHom(L,, E;) =d; —2(d»/2) —2g+2=d, —d, —2g+2 = N, since

—deg Ly = 1 — do/2 > 2g — 2. Hence (18) is isomorphic to PV ~! — PN~ Therefore
as in (2) of the proof of Theorem 5.2,

e(X1) =e(MQ2,dy))e(Y1)(eay — en)
= e(M (2, dy))e(Jac X)(e(Jac X) — 1)e,_1(ean — en).
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The subset X, parameterizes o,! -stable triples of the form ¢ : E; — E, where E; is a strictly
semistable bundle of degree d, which is non-split extension

0— L — E,— L, — 0,

where L, € Jac®/? X and E| is a stable bundle. The space Y, parameterizing such bundles E;
was described in (3) of the proof of Theorem 5.2 and its Hodge polynomial is given in (12).

To describe X,, we must characterize when a triple 7' = (E|, E», ¢), with E; € Y», is o[i-
stable. As before, given (Ey, Ez) € M(2, dy) x Y2, the morphisms ¢ giving rise to o, -stable
triples (E;, E,, ¢) are those in

HOIII(Ez, El) — HOl’Il(Ll, El)

For a triple T = (Ey, E», ¢) € X», Aut(E;) = C*, so Aut(T) = Aut(E,) = C x C*.
There is an exact sequence

0 — Hom(L,, E;) — Hom(E,, E;) — Hom(L,, E;) — 0.

Under the (non-canonical) decomposition Hom(E,, E1) = Hom(L, E;) @ Hom(L,, E),
Aut(E») acts as (a, M) (x, y) — (Ax +ay, Ly). Sothe fiberof 7 : X, - M(2,d;) x Y, is

(Hom(E,, E|) —Hom(L,, E,))/C x C* = (C* —CV)/C x C*,
which is a C¥~!-bundle over P¥~!. Therefore as in (3) of the proof of Theorem 5.2,

e(X2) = e(M(2,d1))e(Y2)(eny — en—1)en
=e(M(2,d))e(Jac X)e,(ey — en—1)en.

The subset X3 parameterizes anf -stable triples of the form ¢ : E; — E; where E is a sta-
ble bundle and E, = L1 @ L,, Ly % L, are two line bundles of degree d,/2. The space Y3
parameterizing such bundles is described in (15).

As above, the condition for ¢ € Hom(E,, E;) to give rise to a anf -unstable triple is that
there is a subtriple 7’ of the form F — 0, with F a line bundle of degree dr = ;. Then
it must be either F = L; or F = L,. This means that ¢ € (Hom(L,, E;) & {0}) U ({0} &
Hom(L,, Ey)) C Hom(E,, E). Therefore, given (E, E;) € M(2,d;) x Y3, the morphisms
¢ giving rise to Urj-stable triples (E;, E», ¢) are those in

(Hom(Ly, Ey) —{0}) x (Hom(Lz, E1) —{0}).

The group of automorphisms of E; is C* x C* acting on L; & L, by diagonal matrices.
Therefore ¢ € (Hom(L, E) — {0}) x (Hom(L,, E;) — {0}) is defined up to the action of
C* x C*, where each C* acts by multiplication on each of the two summands. So the map
X3 —> M(2,d;) x Y3 has fiber

PHom(Lq, E1) x PHom(L,, E1). (19)

By Riemann—Roch,dim Hom(L, E;) = dimHom(L,, Ey) = dy — d» —2g + 2 = N.There-
fore (19) is isomorphic P¥~! x P¥~!. To compute e(X3) we work as in (4) of the proof of
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Theorem 5.2. Write X3 = X3/Z, = X4/Z, — X5/ Z,, where X is a fibration over M (2, d;)
with fiber (Ag, x Ag,)/Z,, where Ag, is a projective bundle over Jac®/? X with fibers
PHom(L, E;) =PN¥~!, and Z, acts by permutation. X} is a fibration over M(2,d;) x
Jac®/? X with fibers (PN ~! x PN~1)/Z,. So using Theorem 2.2,

e(X3) = e(X3/Zs) = e(X}/Zs) — (X} /L)

_ 2N
= %e(M(Z, dl))<<e(Jac X)2e3 + (1 — ub)*(1 — vz)gﬂ)

1 — u2v?
_ 2N
— e(Jac X) <e12V + 1&))

1 — u2v?

The subset X, parameterizes triples ¢ : E;, — E;, where E; is a stable bundle and
Ey;=L &Ly, L, €Jac®? X. Such bundles E, are parameterized by Y; = Jac®/> X. The
map ¢ lies in

Hom(E,, E;) = Hom(L1, E;) ® Hom(L{, E;) = Hom(L,, E;) ® C2. (20)

The condition for atriple T = (E|, E», ¢) tobe onf -unstable is that there is a line subbundle
F C E, of degree dr = u; suchthat ¢ (F)) = 0. A destabilizing subbundle of E; is necessarily
isomorphic to L; and there exists (a, b) # (0, 0) such that F = L; < Ej is given by x
(ax, bx). So ¢ = (ay, byy) € Hom(L, E|) ® C?, for some Y € Hom(L, E}). Therefore
T = (Ey, Ez, ¢) is o} -stable if ¢ = (¢1, ¢2) € Hom(L4, E;) ® C? satisfies that ¢; and ¢,
are linearly independent.

On the other hand, a triple (E|, E», ¢) € X4 is determined up to the action of Aut(E,) =
GL(2,C). This acts on (20) via the standard representation on C2. Thus for (E;, E») €
M (2, d;) x Yy, the morphisms ¢ giving rise to ot -stable triples (E;, E», ¢) are parameter-
ized by Gr(2, Hom(L,, E})). But dimHom(L, E|) =d, —d, —2g +2 = N, so this fiber
is isomorphic to Gr(2, N). So

e(Xy) = e(M(2,dy))e(Ys)e(Gr(2, N)) = e(M (2, dy))e(Jac X)e(Gr(2, N)).
Adding up all contributions together we get
e(N,+) = e(Xo) + e(X)) + e(X2) + e(X3) + e(X4)
=e(M(Q2,d)) (e(MS (2, d2))ean + e(Jac X)(e(Jac X) — D)e,_i(eay — ey)
+ e(Jac X)eg(eny — en—1)en

— 2N
* %(E(Jac X)%eg, + (1 —uh)s (1 = v2)8ﬂ>

1 — u2v?

Logacxy (e 4 L= Jac X)e(Gr(2, N
_Ee( ac )(6N+1——uzv2>+e( ac X)e(Gr(2, )))
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_ I+ )21+ v)20 — o)) @81 + )31 + v)8 — (1 + uv)8(1 + uv?)?8)
B (1 —uv)3(1 — (uv)?)?
X ((1 + u)g(l + v)g(ug+lvg+l + uN+g—1UN+g—l)

— (1 +u?v)fA +uv?) (1 +uo)).

COROLLARY 7.3 Suppose that d, is even and d, is odd and that |1, — o > 2g — 2. Then Nojx = N7,
it is smooth and compact and its Hodge polynomial has the same formula as that of Theorem 7.2,
where N =dy —dy —2g + 2.

Proof. We use the isomorphism N, (2, 2, dy, d2) = N, (2,2, —d,, —d,). Note that

dy — dy = (—db) — (=dy),
so that the small value 0,7 = j; — 1, and the condition on the slopes 41 — , > 2g — 2 is the same
for both moduli spaces N5 (2, 2, dy, d>) and N, (2,2, —d,, —d,). Now we apply Theorem 7.2 to get
the stated formula where N = —d, — (—d;) —2g + 2.

COROLLARY 7.4 Suppose that dy + d, is odd and p\ — p, > 2g — 2. Then the Poincaré polynomial
of N+ is

(L+ )% (1= 2Ny (28 (14 1) — (1 + 7)) ((1 +1)*
(t2g+2 + t2N+2g72) _ (1 + t3)23(l + IZN))

(I =12)3(1 —14)? ’

PI(NU,?{) =

where N =dy —dy —2g + 2.

Proof. N,+ is smooth and projective, so P;(N,+) =e(N,:+)(r,1). The result follows from
Theorem 7.2 and Corollary 7.3.

We could also deal with the case when d; and d, are both even and d; — d, > 4g — 4. This is
similar to the case just treated in Theorem 7.2, with further complication that there are semistable
loci for both E; and E>.

However, dealing with the case d; — d, < 4g — 4 is more complicated, since Proposition 3.14 does
not apply as there is a Brill-Noether problem consisting on determining the loci of those (E;, E;)
where dim Hom(E,, E; ® K) is constant.

8. Contribution of the flips to the Hodge polynomials

In this section, we shall compute the change in the Hodge polynomial of N, (2, 2, d;, d;) when we
cross a critical value o.. We restrict to the case d; + d, is odd, since in the case d; + d, even there
may be strictly o -semistable triples for non-critical values of o (and in this case N is non-compact
and N, is non-smooth). For d; + d5 odd, Theorem 6.1 guarantees that NV, is compact and smooth
for any non-critical o > 2g — 2. The critical values are given in Proposition 6.2. These are of two
types. The following two propositions treat them separately.
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PROPOSITION 8.1 Let 0. = 2d; — 41 — o be a critical value for triples of type (2,2, d,, dy) with
di + dy odd, such that o, > o,,. Suppose that 1y — y > g — 1. Then

e(Nac+) - e( (7;)
(L+u)* (1 + v)*8 (1 + ux)® (1 4 vx)8 ((uv)s ==+ — (yp)l—stdi=dz)
(I —uv)>(1 — x)(1 — uvx)xBri—pal-2d

<(uv)(3d1d21)/22dL (uv)Zde]Jrg)}

1 — (uv)~'x 1= (uv)2x

= coeff |:
XO

Proof. Theorem 6.1 implies that A;= = N’.. Then Lemma 3.11 and the properties of the Hodge
polynomials give

E(Naf) —e€ Na{) = e(Sof) - e(Sa[)~

Let us start by studying S,+. By Lemma 3.12, any T € S+ sits in a non-split extension
0T -T—->T"'—-0 21)

in which 7" and T” are o -semistable, " < A and o, (T") = o (T) = pe, (T"). Since T corresponds
to Case (1) in Section 6, we have T’ € /\/'U/C and T" e J\/:;’, where

Ny, =Ny (1,0,d,,0) = Jac™ X,

Ny =N5. (1,2, dy —dp, dy).
The moduli space of triples of rank (1, 0) has no critical values; and for the moduli space of triples
of rank (1, 2), the critical values are of the form 3d; + d{ + d;, by Lemma 4.5, and are in particular
integers. But o, = 2d;, — (d; + d»)/2 ¢ Z, so o, is not a critical value for Né:

By [5, Proposition 3.5], H°(T”,T’) =0 and by Proposition 6.8 (2), H*(T”,T') =0 . So
Theorem 3.13 implies that S+ is the projectivization of a bundle over NV x N’ of rank

—x(T", Th=1- g+d —ds.

Therefore
e(S,r) = e(Jac™ X) e(N;, (1,2, dy — dp. do))er g rd,—a,-

The case of S,,- is similar. Any 7 € S, sits in an exact sequence (21) with 7" € N and 7" € N/,
where

N(;C = Na‘.(ly 27 dl - dL9 d2)7

c

NI = N (1,0,dy,0) = Jac X,

corresponding to the Case (2) in Section 6. The hypothesis of Theorem 3.13 are satisfied and so S,, -
is the projectivization of a bundle over N x N of rank

—x(T", T = g—1—d+2d.
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Therefore
e(S,-) = e(Jac™ X) e(No. (1,2, dy — dp, db))eg—1-d,+24, -

Subtracting, we get

e(S,+) — e(Sy-) = (e1—grdy—a» — €g—1—-dy+24,) (1 + W) (1 +v)eN,. (1,2, d) —dp, db)) =

g—1—d\+2d; _ 1—g+d—d,
_ ) (uv) (1+ w21 +v)feN, (1,2, dy — dy, d)).

1 —uv

Being o, a non-critical value for the moduli of triples of rank (1, 2), we can apply Theorem 4.6 to
compute the Hodge polynomial of N, (1,2, d; — dy, d,). First,

1
do = |:§(2dL — 1 — 2 — (dy —dp) — dz)} +1
=dp + [—pu1 — pu2] + 1.

So e(N,(1,2,dy —dy, d>)) equals

coeff
XO

[(1 F )21+ )25 (1 + ux)$ (1 + vx)$ ((uv)dldzdeO  (uuyhte ﬂ
(1 —uv)(1 —x)(1 — yvx)x9—d—di=do \ 1 — (yv)~lx 1 — (uv)2x

where d] — d2 — dL — d() = [3,(1,1 — /J,z] — 2dL = (3d1 — dz — 1)/2 — 2dL and dz + 2d0 = 2dL —
d; + 1. The result follows from this.

PROPOSITION 8.2 Let 0. = 1 + o — 2dF be a critical value for triples of type (2,2, d,, d,) with
dy + d, odd, such that o. > o,,. Suppose that (1| — (1o > g — 1. Then

e(Naﬁ) —-e Nac’)

— cocfi (14 w)* (1 4+ v)*$ (1 + ux)8 (1 4 vx)8 ((up)s~Th=2r — (yp)l-stdi=d)
- (I —uv)?(1 — x)(1 — uvx)x2dr—Bra—pul=1

<(uv)2dF+(d| —3d,—1)/2 (uv)dZZdF+g>:|
X — .

1 — (uv)~'x 1 — (uv)2x
Proof. This is very similar to the proof of Proposition 8.1. Again
eN,+) —eN,-) = e(S,r) — e(S,,).

We start with S,+. Any T € S+ sits in a non-split extension like (21), with p, (T") = o (T) =
o (T, T € /\/:;C and T" e /\/:;/, where

N(;C =/\/:,c(2, 17d17d2 _dF),
N =N, (0,1,0,dp) = Jac™ X,

corresponding to the Case (3) in Section 6. The moduli space of triples of rank (0, 1) has no crit-
ical values; and for the moduli space of triples of rank (2, 1), the critical values are of the form
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3dy, —d; —dy € Z, while o, = ((d\ + d2)/2) — 2dFr ¢ Z, so o, is not a critical value for N(; The
other conditions of Theorem 3.13 are checked as before. So S+ is the projectivization of a bundle
over N x N of rank

—x(T", T =1-g+d —d.

Therefore
e(S,+) = e(Jac™ X) e(N, (2, 1, d1, do — dF)) €1-gidy—as-

Moving to S,-, any T € S, sits in an exact sequence (21) with T’ € N(;C and T” € N;’c , Where

N(;c ZN(TC(O’ 17 05 dF) = JaCdF X,
Néﬁ ZNO'-(21 1,dy,d, — dF),

¢

corresponding to the Case (4) in Section 6. Arguing as before, we have that S, - is the projectivization
of a bundle over N, x N of rank

—x(T", T =g—1+d, —2dp.

Therefore
(S, ) = e(Jac™ X) e(N, (2, 1, d1, do — dF))eg—1+dy—2dy -

Subtracting, we get

e(Ser) — €(Sg) = (€1-grdi—d, — €g—1+dr—24,) (1 + W) (1 +0)*e(NG, (2, 1, d1, d> — dF)) =

g—1+dr—2dp __ 1—g+d—d>
CL) (uv) (14w (1 + v)fe(Niy 2. 1, dy. dy — dp)).

1—uv

Being o, a non-critical value for the moduli of triples of rank (2, 1), we can apply Theorem 4.3 to
compute the Hodge polynomial of N, (2, 1, d, d, — dF). First,

1
dy = |:§(M] +M2—2dp+d1+d2—dpi|+1
= [+ p2l —dr + 1.

So e(Ny(2, 1,dy, d> — dF)) equals

coeff
xt)

(1 4+w)28(1 4+ v)%8(1 4+ ux)8(1 + vx)& [ (up)h—dtdr—do B (uv)~h+s—142d
(1 —uv)(1 — x)(1 — yvx)xdi—datdr—do < 1 — (uv)~lx 1 — (uv)2x ’

where dy —dy +dp —dy =2dp — [Buo — 1] — 1 =2dp + (dy —3d, — 1)/2 and —d, + 2dy =
d> — 2dr + 1. The result follows from this.

We gather together Propositions 8.1 and 8.2 in a single result.
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COROLLARY 8.3 The critical values o. > o,, for triples of type (2,2, dy, dy) with di + d, odd are of
the formo. = w1 — o +n, 1 <n <[y — wal, n € Z. Suppose that | — pu, > g — 1. Then

(T4 u)32 (1 4+ v)38 (1 4+ ux)8(1 + vx)g((uv)g—lﬂz _ (uv)17g+d]—d2)
(1 — uv)2(1 — x)(1 — uvx)xli—ml-n

(uv)(dl—dz—l)/Z—n (uv)g+n
X - .
( 1 — (uv)~lx 1 - (uv)2x>i|

Proof. For simplicity let us assume that d; is odd and d, is even (the other case is analogous). We
have the following possibilities:

eN,+) —eN,-) = coeff [

(a) If oo =2d; — 1 — po, write dp = uy + 1/2 + m with m integer. Then o, = 1 — ur +
2m+ 1. As py <dp < (Bu; — mn2)/2 by Proposition 6.2 (1), we have 0 <m < (u; —
W — 1)/2. Substituting the values 3d) —d, — 1 —4d;, =d) —d, — 1 —4m — 2,2d; — d, +
g=g+2m+1, Buy —pu2]l—2dy, =[p1 —p2l—2m—1 and g —1—d; +2d, =g+
2m into the formula of Proposition 8.1, one gets

eN,+) — e(N,,-)
(1 4+ w3 (14 )3 (1 4+ ux) (1 4 v)f (u)s+2m — (up)!-s+d-a)
|: (1 —uv)2(1 — x)(A — uvx)(1 — (uv)~lx)x1—n2l-2m-1

<(uv)(d1—d2—l)/2—2m—l (uv)g+2m+1 )]

1—@v)'x  1— (uv)2x

= coeff
XO

() If 0. = 1 + o — 2dp, write dp = iy —m — 1 with m an integer. Then o, = | — s +
2m +2. As Bup, — u1)/2 <dp < pu, by Proposition 6.2 (1), we have 0 <m < (u; —
U2)/2 — 1.Substituting the values4dp +dy —3dy, — 1 =dy —do — 1 —4m — 4,d, — 2dp +
g=g+2m+2, 2dp — Bua— il =1 =[u1 — 2l =2m -2 and g —1+d, —2dr =
g + 2m + 1 into the formula of Proposition 8.2, we have

e(Naf) - e(NU;)
(1 +w)* (1 +v)*$ (1 4 ux) (1 + vx)* ()2 H — (o) —gtdi=d)
(1 —uv)2(1 —x)(A — uvx)(1 — (uv)~lx)xmi—p2l=2m=2

<(uv)(dl —dr—1)/2-2m—2 (Mv)g+2m+2):|

1 — (uv)~'x C 1 — (uv)2x

= coeff [
)CU

Case (a) corresponds to n = 2m + 1 odd, and Case (b) to n = 2m + 2 even in the formula in the
statement. The range for n is 1 <n < u; — u,. But, since w; — w; is not an integer, this range is
actually 1 <n < [u; — ual.

9. Hodge polynomial of the moduli of triples of rank (2,2) and large o

Now we use all the information in Sections 6—8 to compute the Hodge polynomial of the
N5 (2,2,dy,d,), for any non-critical o > o,,. Recall that by Theorem 6.3, there is a value
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oy =2(1 — w2) such that for o > oy, all the moduli spaces N, are isomorphic. We refer to
Nyy = N,: (2,2, d1, db)
as the large o moduli space.

PROPOSITION 9.1 Suppose that d; is even and d, is odd and that jt; — u, > g — 1. Let 0 > 0, be a
non-critical value. Set ng = min{[o — w1 + wz], [ — w2l}. Then
(I +u)3 (1 4+ 0321 + ux)$(1 + vx)$

1 —uv)2(1 — x)(1— uvx)xmi—nal

e(Ny) —e(NGi) = CO%ff|:

((uv)g_1+(dl—d2_l)/2x(1 —x")  (y)Bh—3=D/2=gx (1 — (yy)Mox"0)

(1= @v)~x)(1 —x) (1 — (uv)~1x)?
@)X x (1 = (uv)?ox™)  (uv)~2t2x(1 — (uv)™0x™)
B (1 — (uv)2x)? (1 — (uv)2x)(1 — uvx) >:|

Proof. By Corollary 8.3, the critical values are of the form o, = pu; — o +nwith 1 <n < [u; —

u2]. Now o0, < 0. < o is equivalentton < [0 — 1 + 2] (note that o — w1 + wr & Z since o is
not critical). Therefore,

eNG) —eWNp) = ) eNpe) — e(N,)
a (14 w)* (1 4+ v)*$ (1 + ux) (1 4 vx)$ ((w)s~ 1" — (uv)! =~ —k)
= Zcoeff[
= (1 —uv)2(1 — x)(1 — uvx)xi—wal-n

y <(uv)(d1—dz—1>/2—n (uv)g+" )i|

1—@v)'x 11— (uv)ix

(I 4+ )32 (1 +v)38 (1 4+ ux)2(1 4+ vx)$
= coeff
x0 (1 —uv)?2(1 — x)(1 — uvx)xmi—pel
1 o
[ — g—1+(d1—dr—=1)/2 .n
x <1 — (uv)~x ;(uv) *
1

no
—g+@3d|—3d,—1)/2—n .n
_ (uv)l g+(3d; > X
1 — (uv)~lx ;

1 no s 1 noy
_ g—14+2n n 1+d|—dy+n .n
1 — (uv)2x ;(uv) o 1 — (uv)2x ;(uv) * )i|

(1 +w)¥ (1 + )%+ ux)$ (1 + vx)
(1 —uv)2(1 — x)(1 — uvx)xlmi—nl
(uv)8~1H=B=D/25 (] _ xnoy ()l =g+ Gd=3d=D/2=1 (] _ (yy)~"oxm)
( (1 — (v)~lx)(1 —x) - (1 — (uv)~'x)2
)22 (1 — (uv)®ox™)  (uv) ey (1 — (uv)am)
- (I = (uv)’x)? (1 — (uv)2x)(1 — uvx) )i|

= coeff [
)CU
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THEOREM 9.2 Suppose that d, is odd and d, is even. Then the large o moduli space Naﬁ; = ./\/;+ is
M
smooth and compact. If 11 — uy > 2g — 2, its Hodge polynomial is

1+ w1 +v)*
(I = uv)*(1 = (uv)?)?
— N+ u?v)* (1 +uv?)* (1 + 1) (1 + ) @)V (1 = @v)®)
+ (1410 (14 0)* (1 + uv)*(uv)*2FNFD/2

x ((1 ~ @M — NT“

eNoy) = [(1 +1’0)* (1 4 uv?)* (1 — (uv)*Y)

(1 —uv)(1 + (uv)N))

— g+ w11+ 0)* 71— @v)*)? (u)* DR - (uv>N>},

where N =dy —dy —2g + 2.

Proof. The first statement follows from Theorem 9.1. To compute e(./\fg;) — e(N,+) we use Propo-
sition 9.1 for o0 = o;;. Note that in this case ng = [ — w2]. All the terms in the formula of
Proposition 9.1 involving x™ yield positive powers of x, so they can be disregarded for computing
coeff 0. Hence

(14 u)3 (1 +v)3 (1 + ux)4(1 + vx)®
(1 —uv)?2(1 — x)(1 — uvx)xmi—ral
(uv)s=—1Hdi—d=D/2y () Gei=3da=1)/2g
) ((1 “w) (-2 (- @)y x)?

B (uv)?+lx (uv)h—+2x i|
11— @v)2x)? (1 - wv)2x)([1 — uvx)) '

e(Naﬁ;) =eWN,:) + co%ff [

As py — py >2g —2, let m > 0 such that [p; — uy] = 2g — 2 + m. Introduce the following
function

1 8(1 8,3-2g—m 1 2(] g 2-2¢-m
F(d,b,c):coeoff<( +ux)® (1 + vx)sx >= x_()(( + ux)$(1 4 vx)éx )’

(1 —ax)?2(1 — bx)(1 — cx) (1 —ax)2(1 — bx)(1 — cx)
where a, b, ¢ # 0. So

(1 +uw)**(1 + v)*
(1 — uv)>

x F((uv)™", 1, uv) — @v)* 2 F(wv)?, 1, uv) + o) 2" Fuv, 1, (uv)2)> (22)

e(NGr) = e(Noi) +

<(uv)3g—3+m F(], uv, (uv)_l) _ (uv)Sg—5+3m

usingd, —d, = 4g — 3+ 2m.
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The function

(1 4+ ux)8(1 + vx)8x> 2"

(1 —ax)2(1 — bx)(1 — cx)

is a meromorphic function on C U {oco} with poles at x =0, x = 1/a, x = 1/b and x = 1/c. Note
that there is no pole at co. So

G(x) =

F(a,b,c) = —Resy—1,,G(x) — Resy—i/,G(x) — Resy—{,.G(x).

An easy calculation, using that

d
Resio1/aG ) = (Gx)(x — 1/a)?).
x=1/a

Res,—1/sG(x) = G(x)(x — 1/b)|x=1/5>
Res,—1/:G(x) = G(x)(x — 1/0)|x=1/c,

yields
Fla.b.c) = a" 'ba+u)d@a+v)e  a" ela+u)da+ v)8
o (a —b)*(c —a) (b —a)(c—a)?
b"b+u)dSh+v)¢  "(c+u)d(c+v)s
(a—b)*(b—oc) (c —a)*(c—b)
a" Ya+u)e(a+v)s!

@—ba—o seatutv)t+m=2@+ui@t)).

Using this in (22) and Theorem 7.2, we have
4w +v)%
(1 —uv)3(1 — (uv)?)?
+ (1 =2m —22)(1 + u*v)¢(1 + uv?( + ) (1 + v)8 V)" 2(1 — (uv)?)
+ (1 +w)*$ (1 + ) (1 + uv) o) 72 ((1 = (uv)*+>")
— (m + g)(1 —uv)(1 + (uv)*>" 1)

(No;)

[(1 +u20)2 (1 + ur?)2 (1 — (u)eHin—2)

_ g(l + M)ngl(l + U)2g71(1 _ (uv)2)2(uv)3g+m72(1 _ (uv)2g+2m71)].
AsSN =d; —d, —2g+2=2m+2g — 1, we get the formula in the statement.

COROLLARY 9.3 Suppose that d; is even and d, is odd. Then the large o moduli space ./\/'U;l =N,

(o}

is smooth and compact. If | — wy > 2g — 2, its Hodge polynomial has the same formula as that oMf
Theorem 9.2.

Proof. Use the isomorphism N, (2,2, d;, d») = N5 (2,2, —d», —d,) together with Theorem 9.2.
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COROLLARY 9.4 Suppose that dy + d; is odd and (. — , > 2g — 2. Then the Poincaré polynomial
of Ny is

. (4n*
(1 =1)3(1 =142

Pi(NG) [ )% = ) = N+ 2901 0224221 - )

N+1
+ (14 0% (1 412N ((1 — M) — T+(1 — )1+ r2N>)
_ g(l + t)4g—2(1 _ t4)2tN+4g_3(1 _ tZN)],

where N =dy —d, —2g + 2.
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