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Radioactive decay and carbon dating

Exercise 1.1 Radioactive isotopes decay at random, with a fized probability
of decay per unit time. Quer a time interval At, suppose that the probability
of any one isotope decaying is kAt. If there are N isotopes, how many will
decay on average over a time interval At? Deduce that

N(t+ At) — N(t) ~ —NkAt,
and hence that AN/dt = —kN is an appropriate model for radioactive decay.
Over a time interval At, NkAt isotopes will decay. We then have
N(t+ At) — N(t) = —NEAt.
Dividing by At gives
N(t+ At) — N(t)

= —Nk
At ’
and letting At — 0 we obtain, using the definition of the derivative,
dN
— = —kN.
dt

Exercise 1.2 Plutonium 239, virtually non-existent in nature, is one of the
radioactive materials used in the production of nuclear weapons, and is a
by-product of the generation of power in a nuclear reactor. Its half-life is
approximately 24 000 years. What is the value of k that should be used in
(1.1) for this isotope?

Since N(t) = N(s)e #(=%) half of the isotopes decay after a time T,
where

N(s+T)= %N(s) = N(s)e™*T,
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2 1 Radioactive decay and carbon dating

i.e. when § = e ¥ Thus the half-life 7 = In2/k (as derived in Section
1.1). If T = 24000 then k = In2/T ~ 2.888 x 10~°. O

Exercise 1.3 In 1947 a large collection of papyrus scrolls, including the old-
est known manuscript version of portions of the Old Testament, was found
in a cave near the Dead Sea; they have come to be known as the ‘Dead Sea
Scrolls’. The scroll containing the book of Isaiah was dated in 1994 using
the radiocarbon technique'; it was found to contain between 75% and 77%
of the initial level of carbon 14. Between which dates was the scroll written?

We have
N(1994) = pN(s) = N(s)e k(1994=s),
where 0.75 < p < 0.77. Taking logarithms gives
logp = —k(1994 — s),

and so
logp
k

With k = 1.216 x 10~ this gives (approximately)

s =1994 +

—372 < s < —155,
dating the scrolls between 372 BC and 155 BC. O

Exercise 1.4 A large round table hangs on the wall of the castle in Winch-
ester. Many would like to believe that this is the Round Table of King Arthur,
who (so legend would have it) was at the height of his powers in about AD
500. If the table dates from this time, what proportion of the original carbon
14 would remain? In 1976 the table was dated using the radiocarbon tech-
nique, and 91.6% of the original quantity of carbon 14 was found®*. From
when does the table date?

If the table dates from 500 AD then we would expect
N (t) = e k(=500 N (500),
and so in 2003 we have
N(2003) = e 1593% N (500).
The proportion of *C isotopes remaining should there be e 1593 ~ 83%,

L A.J. Jull et al., ‘Radiocarbon Dating of the Scrolls and Linen Fragments from the Judean
Desert’, Radiocarbon (1995) 37, 11-19.
2 M. Biddle, King Arthur’s Round Table (Boydell Press, 2001).
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However, we in fact have 91.6% remaining in 1976. Therefore
N(1976) = 0.915N(s) = N(s)e *(1993=3),
Taking logarithms gives

log 0.916
k

the table probably dates from during the reign of the English King Edward
I, who took the throne in 1270 AD (once the wood was well seasoned) and
had a passion for all things Arthurian.

s =1976 + ~ 1255;

Exercise 1.5 Radiocarbon dating is an extremely delicate process. Suppose
that the percentage of carbon 14 remaining is known to lie in the range 0.99p
to 1.01p. What is the range of possible dates for the sample?

Suppose that a proportion ap of the original *C isotopes remain. Then
apN(s) = N(t) = e *E=5IN (s),
and so
loga +logp = —k(t — s).
It follows that

logp loga
k k-

Denote by S the value of this expression when o =1, i.e. S =t + (logp)/k.
For a proportion 0.99p the expression (S1.1) gives

s =8 — 82.65,
while for a proportion 1.01p the expression gives
s=5481.83

(both correct to two decimal places). Small errors can give a difference of
over 160 years in the estimated date.
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Integration variables

There are no exercises for this chapter.
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Classification of differential equations

Exercise 3.1 Classify the following equations as ordinary or partial, give
their order, and state whether they are linear or nonlinear. In each case
identify the dependent and independent variables.

(i) Bessel’s equation (v is a parameter)

x2y”+xy'+(x2—u2)y:0,

(i) Burger’s equation (v is a parameter)

%—V@—F %—O
ot o2 " Yor

(iii) van der Pol’s equation (m, k, a and b are parameters)

mi + kx = ai — bi>,

(v) the wave equation (c is a parameter)

P _ aty
otz ox?’
(vi) Newton’s law of cooling (k is a parameter and A(t) is a specified
function)
dT
— = —k(T — A(t

(vii) the logistic population model (k is a parameter)

& p(1—p),



3 Classification of differential equations

(viii) Newton’s second law for a particle of mass m moving in a potential
V(x),
mi = —V'(x),
(ix) the coupled equations in (3.9)
t = z(4-2x—vy)
y = y(—3z-3y),

and

()
dx
@ A

where X s an n-component vector and A is an n X n matriz.

) linear 2nd order ODE for y(x);
) nonlinear 2nd order PDE for u(x,t);
) nonlinear 2nd order ODE for z(t);
) nonlinear 1st order ODE for y(t);
(v) linear 2nd order PDE for y(z,t)
)
)
)

9

linear 1st order ODE for T'(¢);

nonlinear 1st order ODE for p(t);

2nd order ODE for x(t), linear if V'(z) = ax + b for some a,b € R,
otherwise nonlinear;

(ix) nonlinear 1st order ODE for the pair (z(t),y(t)); and

(x) linear 1st order ODE for the vector x(t).
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*Graphical representation of solutions using
MATLAB

Exercise 4.1 Plot the graphs of the following functions:
(i) y(t) = sinbtsin 50t for 0 <t < 3,
(ii) z(t) = e (cos 2t +sin2t) for 0 <t <5,
(iii)
t
T(t) = / e~ ginsds for 0<t<T,
0

(iv) x(t) =tlnt for 0 <t <5,
(v) plot y against x, where

z(t) = Be ! + Ate™? and y(t) = Ae™,
for A and B taking integer values between —3 and 3.

(i) >> t=linspace(0,3);
>> y=sin(5*t) .*sin(50%*t) ;
>> plot(t,y)
The result is shown in Figure 4.1.
(ii) >> t=linspace(0,5);
>> x=exp(-t) .*(cos(2xt)+sin(2*t));
>> plot(t,x)
The result is shown in Figure 4.2.
(iii) Use the short M-file exint.m:

f=inline(’exp(-(t-s)) .*sin(s)’,’t’,’s’);

for j=0:100;
t(j+1)=7%3j/100;
T(j+1)=quad(£f,0,t(j+1),[1,[]1,t(G+1));
end



(iv)

4 *Graphical representation of solutions using MATLAB

Fig. 4.2. The graph of x(t) = e !(cos 2t + sin 2t) against ¢.

plot(t,T)

The plot is shown in Figure 4.3.
>> t=linspace(0,5);
>> x=t.*log(t);
>> plot(t,x)
The resulting graph is shown in Figure 4.4.
Use the short M-file param.m:

t=linspace(0,5);
hold on

for A=-3:3;



*Graphical representation of solutions using MATLAB

Fig. 4.3. The graph of the integral in Exercise 4.1(iii).

Fig. 4.4. The graph of z(t) = tInt against ¢.

for B=-3:3;
x=B*exp(-t)+A.*t.*exp(-t);
y=A*xexp(-t);
plot(x,y)
end
end

hold off

See Figure 4.5.



10 4 *Graphical representation of solutions using MATLAB

3
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Fig. 4.5. A collection of curves defined parametrically by z(t) = Be™! + Ate™" and
y(t) = Ae ",

Exercise 4.2 Draw contour plots of the following functions:

(1)
F(z,y) = 2° + 3> for —2<z,y<2;
(ii)
F(z,y) = xy? for —1<z,y<1,
with contour lines where F' = £0.1, £0.2, 0.4, and +0.8;
(i)
E(z,y) =y* — 2cosx for —4<ax,y<4
(i)
E(x,y) =z — %1'3 + 3y%(zt — 222 4+ 2)
for =2 < x < 4 and -2 < y < 2, showing the contour lines where
E=0,0.5,08, 1, 2, 3, and 4;
(v)

Ex,y)=y*+23—z for —2<mzy<2.

(i) >> [x, yl=meshgrid(-2:.1:2, -2:.1:2);
>> F=x.72+y."2;
>> contour(x,y,F)
These contours are shown in Figure 4.6.
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Fig. 4.6. Contours of 22 + y?
(ii) >> [x, yl=meshgrid(-1:.1:1, -1:.1:1);
>> F=x.*xy."2;

>> contour(x,y,F,[.1 .2 .4 .8 -.1 -.2 -.4 -.8])
These contours are shown in Figure 4.7.

1 T T T

08f 4

06F |

-06F 4

-08F 4
e o8 06 04 oz o 0.2 0.4 06 08 1

Fig. 4.7. Contours of zy?

(iii) >> [x, yl=meshgrid(-4:.1:4, -4:.1:4);
>> E=y. 2-2%cos(x);
>> contour(x,y,E)
These contours are shown in Figure 4.8.
(iv) > [x, yl=meshgrid(-2:.1:4, -2:.1:2);
>> E=x-(x.73)/3+(y."2/2) . *(x."4-2%x."2+2) ;
>> contour(x,y,E,[0 .6 .8 1 2 3 4])
These contours are shown in Figure 4.9.
(v) > [x, yl=meshgrid(-2:.1:2, -2:.1:2);
>> E=y. 2+x.73-x;
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2F

Fig. 4.9. Contours of x — 12 + 1y?(2? — 227 + 2)

>> contour(x,y,E)
These contours are shown in Figure 4.10.

Fig. 4.10. Contours of y? + 2% — x
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“Trivial’ differential equations

Exercise 5.1 Find the general solution of the following differential equa-
tions, and in each case find also the particular solution that passes through
the origin.
(i)
de

— —sint + cost
dt + ’

(i)
dy 1
de  22-1

(use partial fractions)

(iii)
dU
— =4tInt
dt e
(iv)
d
é = ge 27,
and
(v)
T
(iTt = e tsin 2¢.

(i) Integrating both sides of

a9 int + cost
— =sint + cos
dt

with respect to t we get

6(t) = —cost +sint + c.

13



5 “Trivial’ differential equations

For the solution to pass through the origin we need 6(0) = 0,
i.e. 0 = —1+ c or ¢ =1, and thus this solution is

O(t) =1 — cost + sint.
(ii) We have

and so

y(z) = L (log |z — 1| —log |z + 1]) + ¢ = L log ==

For this solution to pass through the origin we need

-1
0=1y(0) = %10g| i Lie,
i.e. ¢ =0, and so we get
1 [z — 1]
=1 :
(iii) Integrating
dU
— =A4tint
dt "
we have
1 1
U(t) = /4tlntdt = 5152 Int — 1:52 + c.
To ensure that U(0) = 0 we need ¢ = 0, and so
1 1
Ut) = t’Int — —¢*.
(iv) Integrating the right-hand side of
j—z — e 2
x

by parts we have

Az) = / ve % dz
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and for z(0) = 0 we need 0 = —(1/4) + ¢, i.e. ¢ = 1/4 giving

1

z(x) = 1(1 —e % _2ge72),
(v) We need to integrate

dr

dt
The integral of e~ sin 2¢ will be a linear combination of e~ sin 2¢ and
e~ ! cos2t. For

et sin 2t.

2(t) = ae'sin 2t + Be ! cos 2t

we have
dz

T - a(—e 'sin2t 4+ 2e~  cos 2t + B(—e ' cos 2t — 2e " sin 2t)

= (—a—2p)e 'sin2t + (2a — B)e ' cos2t,
and so we need
—a—28=1 and 2a0 — =0,
ie. « = —1/5 and § = —2/5. Therefore

~tsin 2t + 2e "t cos 2t
T(t):—e sin —i—5e Ccos te

For T'(0) = 0 we need 0 = —(2/5) + ¢, i.e. ¢ =2/5, and so

2 — e~ !(sin 2t + 2 cos 2t)
T(t) = i .

Exercise 5.2 Find the function f(x) defined for —mw/2 < x < 7/2 whose
graph passes through the point (0,2) and has slope —tanz.

We want to find a function f that satisfies
g = —tanx with f(0) =2.

So we integrate between the limits that correspond to x values 0 and z,

f@) - F(0) = /Ox—tanaﬁdi

r .~

—sin®

= — dz
0 COST

= [In|cosz|];

= In|cosz],
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and so, since cosx > 0 for —m/2 <z < /2

f(z) =Incosz + 2.

Exercise 5.3 Find the function g(x) defined for x > —1 that has slope
In(1+ z) and passes through the origin.

The required function g(x) satisfies

dg _
de

Integrating both sides of the differential equation between 0 and z gives

In(1+ x) with ~ ¢(0) =0.

glz) = g¢(0) +/O In(1+z)dz
- (1+:i)1n(1+:i)—:i‘]
#=0
= (I+2)In(l+=z)— =z,
since In1 = 0.

Exercise 5.4 Find the solutions of the following equations satisfying the
given initial conditions:

(1)

i = sec’t with z(m/4) =0,

(i)

(iii)
%:25111275 with  0(r/4) = 7 /4,

(iv)

and

(v)
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(i) Integrating & = sec?®t from /4 to t gives

x(t

)

= 0+ [tanf]

t

= .CC(7T/4)+/ sec? tdf

w/4
t

t=m/4

_ 1
= tant — 5-

(i) Integrating v/ = x — %.%3 from —1 to z gives

y(z)

= y(—1)+/ i—1i*dz

-1

> 12 2 12
T, e

12+ 2 12°

(ili) Integrating 9 = 2sin’¢ between /4 and ¢ we have

t
9(7r/4)+/ 2sin £ df
w/4

t

77/4—1—/ 1 — cos2tdt
w/4

t

T/4+ [f— ;smzi]
t=n/4
T/4+t—Lsin2t —7w/4+ 1

1 1.
§+t—§sm2t.

17

(iv) Dividing 9% = 1 4 22 by = and then integrating between 1 and z

we obtain

V(x)

1
V(1)+/ 4 adi
1 X

1+ [hﬂi—i— ;#}
=1

1+lnaj+%m2—ln1—%

%—l—lnx—}— %:L’Q.
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(v) Integrating both sides of

between 0 and ¢ gives

z(t)ed = :15(0)—1—/Otet~dt~

At

= 3+[—et}
t=0

= 3—et41

= 4—et,

and so

x(t) = 473 — e,

Exercise 5.5 The Navier-Stokes equations that govern fluid flow were given
as an example in Chapter 3 (see equations (3.1) and (3.2)). It is not possible
to find explicit solutions of these equations in general. However, in certain
cases the equations reduce to something much simpler.

Suppose that a fluid is flowing down a pipe that has a circular cross-section
of radius a. Assuming that the velocity V' of the fluid depends only on its
distance from the centre of the pipe, the equation satisfied by V is

1d dv

(2 = p

rdr <T dr > ’
where P is a positive constant.

Multiply by r and integrate once to show that

v Pr . c
dr 2 r
where ¢ is an arbitrary constant. Integrate again to find an expression for
the wvelocity, and then use the facts that (i) the velocity should be finite at
all points in the pipe and (ii) that fluids ‘stick’ to boundaries (which means
that V(a) = 0) to show that
P

V() = Jla? =),

see Figure 5.1. (This is known as Poiseuille flow.)
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i

V(r)=P(a®-r)/4

Fig. 5.1. The quadratic velocity profile in a circular pipe.

Multiplying the equation by r we obtain

d dVv
(vom)—‘”’

and integrating both sides gives

dr 2 ’
which implies that

v _ proc

dr 2 r

Integrating this equation gives

2

P
V(r)= —TT +clnr+d.

Since Inr — —oo0 as r — 0, for V(r) to be finite when r = 0 we have to take
¢ = 0. This then leaves

P 2
Vir)=-""+4,
4
and to ensure that V(a) = 0 we take d = Pa?/4, so that
P
V() = (e - )

as claimed.

Exercise 5.6 An apple of mass m falls from a height h above the ground.
Neglecting air resistance its velocity satisfies

d
md—: = —myg v(0) =0,
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where v =1y and y is the height above ground level. Show that the apple hits
the ground when

t=4/—.
g
The velocity at time ¢ is given by
v(t) =v(0) — gt = —gt,
and its height y above ground level satisfies
y = U(t) = _gta

and hence

y(t) = y(0) — 39t* = h — 391>,
It follows that y(t) = 0 when t = \/2h/g as claimed.
Exercise 5.7 An artillery shell is fired from a gun, leaving the muzzle with
velocity V. If the gun is at an angle 6 to the horizontal then the initial
horizontal velocity is V cos 8, and the initial vertical velocity is V sin@ (see
Figure 5.2). The horizontal velocity remains constant, but the vertical ve-
locity is affected by gravity, and obeys the equation v = —g. How far does

the shell travel before it hits the ground? (Give your answer in terms of V
and 6.)

Fig. 5.2. Firing a shell at muzzle velocity V' at an angle 6 to the horizontal. The
shell follows a parabolic path.

The vertical velocity v satisfies
U=—g with v(0) = Vsin#,

and so integrating both sides of the differential equation between times 0
and t we obtain

v(t) =v(0) — gt = Vsinf — gt.
The height y(t) of the shell at time ¢ satisfies
j=v="Vsinf — gt with y(0) =0,
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and so integrating both sides of this between zero and ¢ we have
y(t) = Vitsing — gt
The shell strikes the ground at time t¢,, where
Vitesing — %gtz =0,

i.e. when t* = (2Vsinf)/g. Since the horizontal velocity is constant and
equal to V cos@, the shell will have travelled a distance

2V2sin 6 cos # B V2 sin 26
g g

Vit*cos =

Exercise 5.8 In Dallas on 22 November 1963, President Kennedy was as-
sassinated; by Lee Harvey Oswald if you do not believe any of the conspiracy
theories. Oswald fired a Mannlicher-Carcano rifle from approximately 90 m
away. The sight on Oswald’s rifle was less than ideal: if the bullet travelled
in a straight line after leaving the rifle (at a velocity of roughly 700 m/s)
then the sight aimed about 10cm too high at a target 90 m away. How much
would the drop in the trajectory due to gravity compensate for this? (The
initial vertical velocity v is zero, and satisfies the equation v = —g, while the
horizontal velocity is constant if we neglect air resistance.)

There is nothing to slow down the horizontal velocity of the bullet if we
neglect air resistance: so it takes the bullet 9/70 seconds to travel 90 m. In
this time it will have dropped vertically, its height h satisfying

d?h B
az -
The solution of this, integrating twice, is
h(t) = h(0) — 391,

and so with ¢ = 9/70 and h(0) = 0 this gives a drop of 0.081 m or 8.1 cm,
compensating quite well for the dodgy sight.

Exercise 5.9 This exercise fills in the gaps in the proof of the Fundamental
Theorem of Calculus. Suppose that f is continuous at x, i.e. given any
€ > 0, there exists a § = d(€) such that

z—z| <6 = 1f(2) = flz)] <e

By writing



22 5 “Trivial’ differential equations
show that for all dx with |dx| < d(e)

Vm—glwﬁwﬁ

and hence that

r+ox
1/ (@) dE = f(z).

lim —
S5z—0 0x

You will need to use the fact that

b
/ g(r)dx
‘We have

o g [ i@

b
< [ o)l de < b~ @) max lg(o)].

z€[a,b]

1 T+o0x 1 T+0x
ot [ @

1
ox

x40z
o[ 1@ - @)

Then, given any € > 0, there exists a d(e) > 0 such that if dx < §(e) then
for every Z € [z, z + dz| we have |f(x) — f(Z)| <€, and so

1 T+ 1 x40z
_ - Ndil < — 7
‘f(x) 5 /m f@)ydz| < 5 /x edz

= %[66$]

= €.

x+ox
[ 1@ - @

Therefore, using the definition of a limit,

x+ox
L @)

lim —
Sz—0 0

as claimed.
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Existence and uniqueness of solutions

Exercise 6.1 Which of the following differential equations have unique so-
lutions (at least on some small time interval) for any non-negative initial
condition (z(0) >0)?
(i) & =x(1 - 2?)
(i) & = 23
(iii) & = z'/3
(i) &= x'/?(1 + z)?
(v) &= (14 2)%2.
In each of these questions we will denote by f(z) the right-hand side of

the differential equation. We need to check whether or not f and f’ are
continuous for x > 0.

(i) Here f(x) = z(1 — 2?) and f'(z) = 1 — 322 are both continuous, so
solutions are unique. [In fact for z(0) > 0 solutions exist for all t € R,
while for £(0) < 0 they ‘blow up’ to x = —o0 in a finite time.]

(ii) For this example f(z) = 2% and f/(x) = 322 so solutions are unique.
[Solutions blow up in a finite time unless z(0) = 0.]

(iii) We have f(x) = 2/ (which is continuous), but f'(z) = 2=2/3/3, so
f'(x) — oo as x — 0, and the solution of

i=a"3  with  2(0)=0
is not unique: for any choice of ¢ > 0, the function

0 t<c
t) = 3/2
x(t) (2(t;c)> P> e

solves this equation. [Note that unlike the example & = z1/2 this
equation also makes sense for x < 0.]

23
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(iv) We have f(z) = 2'/2(1 + 2?) which is continuous, and
fl(z) = 32712(1 4 2%) + 22%/2.

Near zero f'(xz) — oo, and so the solutions with z(0) = 0 are not
unique.
. . . 3
(v) The function f(z) = (14 )3/ is continuous, and f'(z) = 3(1+z)/2
is also continuous, so solutions are unique. [Solutions blow up in a
finite time.]

Exercise 6.2 The Mean Value Theorem says that if f is differentiable on
an interval [a,b] then f(a)— f(b) = (b—a)f'(c) for some ¢ € (a,b). Suppose
that f(x) is differentiable with |f'(z)| < L for a < x < b. Use the Mean
Value Theorem to show that for a < x,y < b we have

[f(x) = f(y)l < Llz —yl.

The result is clearly true if x = y. Using the mean value theorem for
x >y we have

f@) = fly) = f'(e) (= —y)

for some ¢ € (x,y). It follows that

[f(@) = fW < 1 (Ollz =yl

and since |f’(c)| < L we have

|f(z) = f(y)l < Llz —yl. (S6.1)
If y > x then f(y) — f(x) = f'(¢)(y — x) and on taking the modulus of both
sides we once again arrive at (S6.1).
Exercise 6.3 This Fxercise gives a simple proof of the uniqueness of solu-
tions of
&= f(z,t)  x(to) = zo, (S6.2)

under the assumption that

[f (@, t) = f(y, )] < Llz —yl. (S6.3)

Suppose that x(t) and y(t) are two solutions of (S6.2). Write down the
differential equation satisfied by z(t) = x(t) — y(t), and hence show that

d

&'Z‘Q = 22[f(x(t), ) — f(y(1),1)].
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Now use (S6.3) to show that
d 2 2
z|7 < 2L|z|".
SJal? < 21)e

If dZ/dt < cZ it follows that Z(t) < Z(tp)e“!"1) (see Ezercise 9.7): use
this to deduce that the solution of (S6.2) is unique. Hint: any two solutions
of (56.2) agree when t = t.

We have
dx
and
dy
2 = f(y,t
% f(y,t)
It follows that
dz d dr dy
Zo—(r—y) = — — =2 = fz,t) — fy,b).
Now,
d, o dz? dz
&’Z’ T QZE = 22[f(x,t) — f(y,1)].

Using the Lipschitz property (S6.3) we have
[l t) = fy. 1) < [f(@,t) = f(y, )| < L]z —y| = Lz,
and so

d
a|z|2 < 2Lz|z| < 2L|z)?.

It follows (using dZ/dt < cZ = Z(t) < Z(tp)e*~t0)) that
[2(0)* < [2(to) [Pe* 10 (S6.4)
Since x(ty) = y(to) we have z(tg) = 0, and so (S6.4) becomes |z(t)|?> = 0. It

follows that z(t) = 0, and so z(¢) = y(t), which shows that the two solutions
must be identical.

Exercise 6.4 (T) The proof of existence of solutions is much more involved
than the proof of their uniqueness. We will consider here the slightly simpler
case

T = f(x) with z(0) = o, (S6.5)

assuming that

[f(x) = f(y)l < Llz -yl (S6.6)
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The first step is to convert the differential equation into an integral equation
that is easier to deal with: we integrate both sides of (S6.5) between times 0
and t to give

o(t) = 20 + /0 F(a(d)) di. (S6.7)

This integral equation is equivalent to the original differential equation: any
solution of (S6.7) will solve (S6.5), and vice versa.

The idea behind the method is to use the right-hand side of (S6.7) as a
means of refining any ‘quess’ of the solution x,(t) by replacing it with

Tt (t) = 20 + /0 F(zn(®) di. (S6.8)

We start with xo(t) = zo for all t, set

n=at [ sl

and continue in this way using (£6.6). The hope is that x,(t) will converge
to the solution of the differential equation as n — oo.

(i) Use (S6.6) to show that

t
e (£) — 2a(t) < L / () — 21 (D) I,
0
and deduce that

max |Tp41(t) — 2, ()| < L
X n — In >3
t€[0,1/21L] 1 2 tefo,1/2L)

(ii) Using (S6.9) show that

1
max  |241(t) = 2a(t)] < m —2o(t). (S6.1
ez [Tnn(8) —en(®] < omp | max ) e (8) = o(6)]. - (86.10)

(i1i) By writing
Zult) = (D)~ 1 (O] 01 ()22 (O)] 4 -+ [1 ()20 (1) +20(1)
deduce that

1
e [2n(t) = 2m(t)] < Sx= e |1 (t) — 20 ())]

for all n,m > N.
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It follows that xz,(t) converges to some function xoo(t) as n — oo, and
therefore taking limits in both sides of (E6.6) implies that

Zoo(t) = 20 + /0 Flaoo(D)) di.

Thus T (t) satisfies (S6.7), and so is a solution of the differential equation.
The previous Exercise shows that this solution is unique.

(i) We have

Tpi1(t) —zn(t) = 20+ | flzn(t)dt —zg — /0 flxp_q(1))dt

and so

|[Znt1(t) — ()] =

|[f(@n(t)) — fan-1(D))]

0

/tL]mn(f) ~ o1 (B)]dE,
0

IN

IN

t
= L[ |za(t) — zn_1(f)|di,
0

using (S6.6).

Since, therefore,

|Zn41(t) — zn(t)] < Lt max |2, (8) — zp-1(?)]
t€[0,t]

1 - -
< L— max |x,(t) — x,—1(t
- 2L Ee[0,1/2L1| n(t) n-1(0)]

for any t € [0,1/2L], it follows that

1
nt1(t) —zn(t)] < 3 n(t) — zn_1(%)], S6.11
te[lg}f%uh +1(t) = (1)) 2t€[13?/}§”|x (t) — 21 (B)],  (S6.11)
as claimed.
(il) We will write

D, = n(t) — Tn—1(1)[;
te[rg}?;;ulw() Tp1(t)]
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6 FExistence and uniqueness of solutions
then (S6.11) reads Dy, 11 < £D,,. It follows easily that
Dyyy <27V,

which is (S6.10).
(iii) Taking (wlog) n > m we have

Tn(t) —xzm(t) = xp(t) —zp_1(t) + Tp_1(t) — xp_2(t)
+ oo+ () — 2 (t),
it follows that

max |Tp(t) —xm(t)] < Dp+Dp1+4...4 Dy

tel0,1/2L)]
1 1 1
= on—2 + an—3 +...ot om—1 Dl
< D

2m—2 :
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Scalar autonomous ODEs

Exercise 7.1 For each of the following differential equations draw the phase
diagram, labelling the stationary points as stable or unstable.
(i) £ =—-x+1
(ii) & =x(2 —x)
(i) © = (1+z)(2—z)sinx
(v) & =—x(1 —x)(2—x)

(v) © = 2% —2*

The Figures all show the phase diagram and the graph of the function
f(z) on the right-hand side of the equation.

(i)
T=—x+1.

There is a single stationary point at x = 1, as shown in Figure 7.1.

A4
Vi

Fig. 7.1. The phase diagram for & = —z + 1.

29
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(i)

T =uz(2—x).
There are two stationary points, x = 0 and x = 2, as shown in Figure
7.2.
T u s
Fig. 7.2. The phase diagram for & = (2 — x).
(iii)
t=(1+2z)(2—2z)sinx.

There are an infinite number of stationary points, x = —1, x = 2,

and x = nm for any integer n, as shown in Figure 7.3.

20

15—

Fig. 7.3. The phase diagram for & = (14 x)(2 — z) sinz for =7 < z < 7. There are
other stationary points at x = n7 for any integer n.

(iv)
t=—z(l—2)(2—2).

There are three stationary points, x = 0, x = 1, and x = 2, as shown
in Figure 7.4.

(v)
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Fig. 7.4. The phase diagram for & = —z(1 — z)(2 — x).

There three are stationary points, at x =0, = 1, and z = —1, as
shown in Figure 7.5.

0.5

s

-1 L L L
-15 -1 -0.5 0 05 1 15

Fig. 7.5. The phase diagram for & = z? — 2*.

Exercise 7.2 For the equations in Exercise 7.1 determine the stability of
the stationary points analytically, by considering the sign of the derivative
of the right-hand side.

(i) When f(z) = —z + 1 we have f’(z) = —1, and the stationary point
at x = 1 is stable.

(ii) When f(z) = 2(2 — z) we have f/(z) = 2 — 2x: we have f'(0) = 2, so
that the stationary point x = 0 is unstable; and we have f'(2) = —2,
and this stationary point is stable.
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(iii)

(iv)

7 Scalar autonomous ODEs
For f(z) = (1 4+ z)(2 — z)sinx we have
fl(x) =1 —2z)sinz + (1 +2)(2 — x) cos .
So at z = —1 we have
f'(=1) = 3sin(—1) ~ —2.52 < 0
and this point is stable; at x = 2 we have
f(2) = —3sin2~ —2.73< 0

and this point is also stable.
At x = nm we have

f'(nm) = (14 nm)(2 = nm)(=1)"™

taking n = 0 gives f/(0) = 2, and this point is unstable. For integer
n # 0,

(1+nm)(2—nm) <0,
and so f’(nm) > 0 (these points are unstable) if n is odd and f'(n7) <
0 if n is even (and these points are stable).
We have f(z) = —z(1 —x)(2 — ), and so

f'(z) = —32% + 62 — 2.

Therefore

FO)=-2,  FO=1, ad f2)=-2

and so x = 0 and z = 2 are stable, while x = 1 is unstable.

Now we have f(z) = 22 — 2%, and so f'(z) = 2 — 42®. This gives

fl(=1) =2, f'(0) =0, and  f'(1) = -2.

We can only tell using this method that x = —1 is unstable and
that x = 1 is stable. To find the stability of z = 0 we need to work
from the phase diagram (it is unstable, or, if you prefer, ‘semi-stable’,
i.e. stable on one side and unstable on the other).

Exercise 7.3 For all positive values of ¢ find all the stationary points of

x .
— =snx + ¢,

dt

and determine analytically which are stable and unstable. Draw the portion
of the phase diagram between —m and w. There are three different cases,
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0<c<l1,ec=1, and ¢ > 1. You will need to be more careful with the case
c=1.

Stationary points occur whenever
f(x)=sinx +¢

is zero, so whenever sinx = —c. If 0 < ¢ < 1 then there are two solutions
in (—m, 7|, 1 between —7 and —7/2, and x2 between —7/2 and 0. Since
f'(x) = cosz we have

f(z1) <0 and f'(z2) >0,
so that xp is stable and xo is unstable, see Figure 7.6.

151

05

oH>- 4 'S

V \N/ V
_o5LL I I . .
-3 -2 -1 0 1

Fig. 7.6. The two stationary points in the interval [—m, 7] for the equation & =
sinx 4+ ¢ when 0 < ¢ < 1. This figure has ¢ = 1/2.

2 3

When ¢ = 1 the equation sinxz = —1 has only one solution between —m
and 7, which is x = —7/2. Since f'(—7/2) = cos(—m/2) = 0 we need to look
more closely. We have f”(z) = —sinz, so at —7/2 the second derivative is
positive. So f(x) is a minimum when x = —7 /2. It follows that f(x) itself
is positive on both sides on © = —m/2, so the stationary point is unstable
(“stable from the left” but “unstable to the right”), as in Figure 7.7.

Finally when ¢ > 1 there are no stationary points, and f(x) > 0 for all .
So all trajectories move to the right, as in Figure 7.8.

Exercise 7.4 A simple model of the spread of an infection in a population
18

H = —kIH
I = kIH,
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0.2 U
Fig. 7.7. The phase portrait near the single stationary point x = —n/2 for the

equation & = sinx + 1.

L L 1\ L L 1N L
-2 -1 LS 1 2 ¥ 3

Fig. 7.8. The phase portrait for the equation & = sinz + ¢ when ¢ > 1 (this figure
has ¢ = 1.5). There are no stationary points.

where H(t) is the number of healthy people, I(t) the number of infected people
and k the rate of infection. Since (d/dt)(H + 1) = 0, it follows that the size
of the population is constant, H + 1 = N, say. Substitute I = N — H in
order to obtain a single equation for H(t),

dHd

— —kH(N — H).
5 = FH( )

Determine the stability of the stationary points for this equation, and draw its
phase diagram. Deduce that eventually all the population becomes infected.

We have H = —kIH and [ = N — H. Tt follows that
dH

= —kH(N — H).
P ( )
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The stationary points are H = 0 (everybody infected) and H = N (nobody
infected). If f(H) = —kH(N — H) then f'(H) = —kN + 2kH; since f'(0) =
—kN and f'(N) = kN it follows that H = 0 is stable and H = N is
unstable. The phase diagram is shown in Figure 7.9; the whole population
is eventually infected.

Stable Unstable

0 N

Fig. 7.9. The phase diagram for H = —KH(N — H): eventually there are no
healthy members of the population left.

Exercise 7.5 Consider the equation

%zf(x)zﬁ—k.
Draw the phase diagram for the three cases k < 0, k =0 and k > 0, labelling
the stationary points as stable or unstable in each case. Find the stability
of the stationary points using an analytic method when k > 0. Show that
f(0) =0 when k = 0. Why is this significant?

Draw the bifurcation diagram, with k on the horizontal axis and the fized
points plotted against k, indicating stable fized points by a solid line and
unstable fized points by a dashed line. (This is known as a saddle node
bifurcation.)

For & = x? — k when k < 0 there are no stationary points and the particle
always moves to the right, as in Figure 7.10.

When k& = 0 the equation is & = x?: there is one stationary point at x = 0;
we have finite-time blowup for (0) > 0, see Figure 7.11.

However, when k > 0 there are two stationary points at +v/k, one stable
and one unstable, as shown in Figure 7.12.

We can check the stability and instability of the stationary points for
k > 0 analytically, since f'(z) = 2x: f'(—vk) = —2vk and so this point is
stable, while f’ (\/E) = 2v/k and this point is unstable.
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>

Fig. 7.10. The phase diagram for # = 22 — k when k < 0. There are no stationary
points.

U

v
v

0

Fig. 7.11. The phase diagram for & = z2. There is one stationary point at zero.

When k& = 0 we have f/(0) = 0. This is a necessary condition for a
bifurcation, which is precisely what we have here (the so-called saddle node
bifurcation). Plotting the stationary points on a graph of (x vs k), with
the stable points shown as a solid line and the unstable points as a dashed
line we have the bifurcation diagram shown in Figure 7.13 (cf. the pitchfork
bifurcation in section 7.6). In this ‘saddle-node bifurcation’ two stationary
points (a stable point and an unstable point) appear ‘from nowhere’.

Exercise 7.6 Draw the phase diagram for the equation

i =g(z) = kx — 2°

for k<0, k=0, and k > 0. Check the stability of the stationary points by
considering ¢'(x), and show that the two stationary points exchange stability
as k passes through zero. Draw the bifurcation diagram for this transcritical
bifurcation.

The stationary points occur where kx — 22 = 0, i.e. at + = 0 and x = k.
Figure 7.14 shows the phase diagrams (along with the graph of f) for k < 0,
k=0, and k > 0.
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\4
VN
\4

Fig. 7.12. The phase diagram for & = x? — k when k is positive. There are two
stationary points, a stable point at x = —v/k and an unstable point at x = VEk.

stationary points

L L L L .
0.2 0 02 .6 0.8 1

04 0.
parameter k

Fig. 7.13. The bifurcation for the ‘saddle-node bifurcation’ that occurs in the equa-
tion @ = 2% — k.

With g(z) = kx — 22 we have ¢’(z) = k — 2z, and so ¢/(0) = k and

g (k) = —k. Tt follows that for k& < 0, the point x = 0 is stable and
x = k is unstable, while for k£ > 0 this stability is reversed, with z = 0
becoming unstable and * = k becoming stable. When £ = 0 we have

only one stationary point, at x = 0, and there ¢’(0) = 0; the stability is
indeterminate and their is the possibility of a bifurcation. The bifurcation
diagram is shown in Figure 7.15.

Exercise 7.7 One equation can exhibit a number of bifurcations. Find,
depending on the value of k, all the stationary points of the equation

i=h(z)=—(1+z)(2*—Fk)
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Fig. 7.14. The phase diagram for & = kz — 22 for (left to right) k < 0, k = 0, and
k> 0.
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stationary points
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Fig. 7.15. A transcritical bifurcation: stability is exchanged between the origin and
x = k as k passes through zero. A solid line indicates a stable stationary point,
and a dashed line an unstable stationary point

and by considering h'(z) determine their stability. At which points, and for
which values of k, are there possible bifurcations?

Draw representative phase portraits for the five distinct parameter ranges
k<0, k=0,0<k<1, k=1, and k > 1, and then draw the bifurcation
diagram. Identify the type of the two bifurcations.

The stationary points occur when
h(a) = —(1+2)(2% — k) =0,

soat = —1 and & = +Vk. For k < 0 there is only one stationary point
(x = —1), for k = 0 there are two (x = —1 and z = 0), and for & > 0
there are three, z = —1 and = = £k, apart from k = 1 when the points at
x = —1 and = —Vk coincide. Since

W(x)= 32> -2z +k
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we have
W(-1)=k—1 and  K(£Vk)=—-2(k+Vk).

So x = —1 is stable for £ < 1 and unstable for £ > 1. When k£ =1 we
have h/(—1) = 0, and there may be a bifurcation near this point.

When k& = 0 we have h'(0) = 0, meaning that there may be a bifurcation
near zero. For k > 0 we always have h'(vk) < 0 so that this point is
always stable. For k < 1 we have h'(—vk) > 0 implying that + = —V/k is
unstable, but for & > 1 we have h/(—vk) < 0 giving stability; for k = 1 the
derivative takes the indeterminate value h'(—v/k) = 0, giving the chance of a
bifurcation (this again indicates the possibility of a bifurcation near z = —1
when k = 1, as above).

The phase portraits for K < 0, k =0, 0 < k< 1, k=1, and k > 1,
are shown in Figure 7.17. The bifurcation diagram is shown in Figure 7.16.
The bifurcation at k = 0 is a saddle-node bifurcation (two new stationary
points appear), and that at k = 1 is a transcritical bifurcation (a transfer of
stability).

15

o
=) o
T

stationary points

Fig. 7.16. The bifurcation diagram for the equation & = —(1 + z)(z? — k)
[solid/dashed lines indicate stable/unstable stationary points]. There is a saddle-
node bifurcation near x = 0 as k passes through zero, and a transcritical bifurcation
near x = —1 and k passes through one.

In the remaining exercises assume that f is a C' function, i.e. that both
f and df/dz are continuous functions. Note that such an f is smooth
enough to guarantee that the equation © = f(z) with x(tg) = xo has a
unique solution. You may also assume that the solutions are defined for all
t>0.
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/
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Fig. 7.17. Phase portraits for the equation & = —(1 + x)(2? — k) for, from top to
bottom: k<0, k=0,0<k< 1, k=1,and k> 1.

Exercise 7.8 Let x(t) be one solution of the differential equation

T = f(x).

Show that
(i) if f(x(t*)) = 0 for some t* then x(t) = x(t*) for all t € R (the

solution is constant, and x(t*) is a stationary point); and hence
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(i) if f(x(t*)) > 0 for some t* then f(x(t)) > 0 for allt € R (the solution
cannot ‘reverse direction’). Hint: Use the Intermediate Value The-
orem, which states that if g is a continuous function with g(a) < 0
and g(b) > 0 then there is a point ¢ between a and b with g(c) = 0.

Of course, a similar result to (ii) holds if f(xz(t*)) < 0 for some t*.

(i) If f(z(t*)) = 0 then write z* = z(t*). Now, since f(z*) = 0, it
follows that z(t) = z* for all ¢ € R is a solution of the equation
& = f(x). Since solutions are unique, there is only one solution with
z(t*) = x*, and so this must be z(¢) = z* for all t. So we must have
x(t) = z(t*) for all ¢, as claimed. This shows that if a solution is ever
at a stationary point, then it is always there.

(ii) First note that since f and x are continuous, f(z(t)) is a continuous
function of t. We know that f(z(¢*)) > 0; now suppose that f(z(s)) <
0 for some s. It follows from the intermediate value theorem that
there must be some 7 between t* and s with f(x(7)) = 0. But, then,
by part (i), the solution must in fact be constant with z(t) = x(7)
for all ¢, a contradiction. So f(x(t)) > 0 for all t.

Exercise 7.9 Show that for autonomous scalar equations, if x* is attracting
then it must also be stable. Hint: use (ii) above.

If x* is attracting then there exists some € > 0 such that
lzg — 2™ <€ = |x(t) —2"| - 0 as t— oc.

Suppose that zp < z* (a similar argument works if zy > x*). Then since
the solution has to move towards x*, at some time we must have z(t) > xg,
and at some time t* > 0 we must have f(z(¢t*)) > 0. But then, by part (ii)
of the previous question, the solution x(t) must have f(z(t)) > 0 for all ¢,
so be increasing for all ¢. It follows that

|xg — 2| < e = lz(t) — 2| < e for all t>0,

and so z* is stable.

Exercise 7.10 Suppose that x(t) is a solution of & = f(x) that is moving
to the right. Show that either x(t) — +oo, or x(t) — x*, where z* is a
stationary point. (Hint: If x(t) does not tend to infinity then it is increasing
and bounded above, and so tends to a limit x*. Show that in this case we
must have f(z*) = 0.) A similar result holds if z(t) is moving to the left,
with +00 replaced by —oo.
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Following the hint, either x(¢) — 400, or z(t) is an increasing function
that is bounded above. In the latter case, it follows that z(¢) — x* for some
x*. Suppose that f(z*) # 0. If f(z*) < 0 then f(z) < 0 for z sufficiently
close to x*, which contradicts the fact that xz(¢) must always move right.
If f(z*) > O then, since f is continuous, for some ¢ > 0 we know that
f(z) > 3 f(z*) for all z € (x* — €, 2* +€). Since z(t) — z*, for some T large
enough z(7T") > x* — €. But then

dz

() = f®) > 3 /(@) >0,

and integrating this from 7' to ¢ gives z(t) > x(T) + 4(t — T)f(z*). This
shows that for ¢ large enough z(¢) > z*, contradicting the fact that x(¢) T «*.

Exercise 7.11 Suppose that & = f(x) has a stable stationary point at g,
with f(xg) < 0. Let g be another C' function. Use the following scalar
version of the Implicit Function Theorem to show that for € sufficiently small
the equation

&= f(z) +eg(z)

has a unique stationary point near xo which is still stable.

Theorem. Suppose that h(x,€), Oh/0x, Oh/0e are all continuous functions
of both x and €. Suppose also that h(xo,0) = 0 and Oh/0x(xo,0) # 0. Then
there is an open interval I that contains xo such that for each € sufficiently
small there is a unique solution y(€) € I of

h(y(ﬁ), 6) =0,
and y(€) depends continuously on €.

To use the theorem set

h(w;, €) = f(z) + eg(x).
Then h, 0h/0x = f'(x) + eg'(x), and Oh/Oe = g(z) are all continuous

functions of € and .

Clearly h(z*,0) = f(z*) = 0 at the stationary point z*, while from our
assumption that f'(z*) < 0 we have dh/dz(z*,0) = f'(x*) < 0.

Then in some open interval containing z* (i.e. (x* — §,2* + §) for some
small ¢) there is a unique solution y of the equation

f(y) +eg(y) =0,

i.e. a unique stationary point of the equation

& = f(z) + eg(x).
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Since f’ and ¢’ are continuous functions of z, and y depends continuously
on ¢, it follows for € sufficiently small that

f'(y) +ed'(y) <0,

and so y is still stable.
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Separable equations

Exercise 8.1 Solve the following equations:
(i) & =t3(1 — x) with x(0) = 3;
(i) ' = (1+y?) tanz with y(0) = 1;
(iii) @ = t?x (general solution);
(iv) @ = —2% (general solution);
(v) for dy/dt = ety give the solution in terms of an integral and

describe the behaviour of the solution as t — +oo, depending on the
initial condition. You may assume that [° e ds = /2.

(i) Separate variables in the equation dz/dt = t3(1 — x) to give
dx

— T

=3dt

and integrate between the limits associated with ¢ values 0 and ¢,

z(t) t R
/ dz :/th
3 l1—uw 0

z(t) 77t
{—ln\l—x\] :[] .
=3 4 =0

4
—In|1 —z(t)|+In2 = T

to give

Therefore

Exponentiating both sides gives

2 t4/4
—— = e
|z(t) — 1

44
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and rearranging we have
|m(t) — 1| = 2~ 1/4,
Since z(0) = 3 for small ¢ we have y(¢) — 1 > 0, so
y(t) =14 2e71"/4,

Noting that this gives y(t) — 1 > 0 for all ¢ this is indeed the required
solution.
Separating the variables in the equation dy/dzr = (1 + y?)tanz we
have
dy

1+ y2
and so integrating both sides between the limits associated with x
values 0 and x we get

y(z) z
/ dy _ / tan & dZ
1 1+ 2 0

] ]
Y = ncos
y=1

= tanzdz,

which gives

Putting in the limits we have
tan_l(y(x)) - tan_l(l) = —Incosx.

Since tan~! = /4 we have

Separating the variables in dz/dt = t2x we have

d
&2,
x
and integrating gives
t3
Injz|==+c
o] = =

Exponentiating both sides we have
[o(t)] = Ae'/?,

where A = e° is positive. Taking |z(t)| = z(t) gives a positive solu-
tion, while taking |z(t)| = —x(t) gives a negative solution. Thus the
general solution is z(t) = Aet’/3, allowing any A € R.
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2

(iv) By separating the variables in dz/dt = —x* we obtain the equation

dx
_ﬁ - dt,
and integrating both sides we obtain
1
—=t+c
x
It follows that
1
t) = .
z(t) t+c

For the initial value problem with x(0) = xg, we need ¢ = 1/x,

and so the solution is
1

oty

x(t)

If zp > 0 then z(t) — 0 as t — oo; if z9 < 0 then the solution blows
up in a finite time 2(t) — —o0o as t — —xy .
(v) Separate variables in dy/dt = e y2 to give

dy B
Y2

y(t) to
[ e
Yo ) 0

Although we can integrate the left-hand side, we can find no closed
form integral for the right-hand side, so we leave it as it is:

y(t) t
[— 1} = / e ds
Y1 y=yo 0

(changing the dummy variable £ to an s). So

1 1 t
——1—2/ e ds,
y(t) o 0

which can be rearranged to give

et dt,

and integrate,

1
vl = Joeds

t 2
/ e ds
0

y(t) =

Now, note that
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is increasing in ¢, and tends to /7m/2 as t — oo. It follows that if
Yo < 2/4/m then the solution is always finite, and reaches a limiting
value,

1

o — (V7/2)

If yo = 2/y/m then as t — oo, y(t) — oo, while if yo > 2/4/7 the
solution blows up in a finite time given by that value of t* for which

t*
&2 _
/ e’ ds:yol.
0

Exercise 8.2 Solve the linear equation

y(t) —

T+pr=q
by separation of variables.

Separating variables we have
1
q — px

dz = dt,
and so, integrating
1
——Inlg—pz|=t+ec.
p
Multiplying up by —p and exponentiating both sides gives
g — pa| = Ae™

where A = e™P¢. Taking either sign for the modulus gives positive or negative
values of A, and so we have

q - pz(t) = Ae”"",
and finally

x(t) = Be™P' + ki
p

(where B = —A/p could be any constant).
Exercise 8.3 Find the general solution of the equation
xy' = ky

that is valid for x > 0.
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After separating the variables the equation is
dy _ kds
Y x
Integrating both sides gives
Inly|=klnz +e¢,
since > 0. Exponentiating this yields
ly = Aa*
with A = e® > 0. Depending on the sign of y(1) we obtain
y(z) = A"

for any A € R (since y(x) = 0 is clearly a solution).

Exercise 8.4 Find the function 1(t) that satisfies

df

T p(t)I.

(Your answer will involve an integral.)

Separating the variables we obtain

drl

Integrating both sides gives

In|I| = /p(t)dt

where we have used the notation [ p(t)dt to denote any anti-derivative of
p. Thus

1(t)] = e/ PO,
or

I(t) = +el P,

Exercise 8.5 Use the method of separation of variables to show that the
general solution of the linear equation

T =A\r

is 2(t) = Ae for any A € R.
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First notice that z(t) = 0 for all ¢ is a solution. Now write

d
= aat,
x
an integrate both sides to give
Injz| =Xt +c
Exponentiating we have
lz(t)| = Ae,

where A = e > 0. Now, depending on the sign of z(t) we either have
x(t) = AeM with A > 0, or z(t) = Ae* with A < 0. Thus the general
solution is

z(t) = AeM

for any A € R.

Exercise 8.6 In Exercise 5.6 we showed, neglecting air resistance, that an
apple falling from a height h reaches the ground when t = \/2h/g. If we
mnclude air resistance then provided that v < 0 the equation becomes

d
md—qt} = —mg + kv? v(0) =0 (S8.1)

with k& > 0. Show that

v(t) = —,/%tanh ( i:t) ,

and hence that the apple now takes a time
= /kzﬁ In (ekh/m —\/e2kh/m _ 1)
g

to reach the ground. Check that this coincides with the answer with no air
resistance (t* = \/2h/g) as k — 0. Hint: for small x, €* ~ 1+ x and
In(l1+2z)~z.

Separating variables in (S8.1) we have

dv

kv2 —g

=dt  v(0)=0,

where we have set k = k/m for notational simplicity. Integrating both sides
of the differential equation between limits corresponding to times zero and
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1 [v do to
> YN dt,
K Jo 92— (g/K) 0

which, using the standard integral

1 1 x
= —tanh ! 2
/a2—3:2 a a

t gives

yields

g ()L

i.e.

—1tanh1< Y )zt
VIE Vi)

which implies that

u(t) = —\/Etanh(,/gﬁt).
K
Writing y(t) for the height above the ground, we now have

d
di; = —\/gtanh(\/ﬁt) with y(0) = h.

Integrating both sides of the differential equation between times zero and ¢

gives
y(t) = \/> / tanh(y/gr d) d

t
= h—[[lncosh( gk t)

k| e VRO |
= h—%lncosh(\/ﬁt).

since cosh 0 = 1.
The apple will hit the ground when y = 0, so when

In cosh(\/gr t*) = kh,

i.e. when

t* = cosh™1(e").

1
TS
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Since

her=—"+—
cosh x 5 ,

it follows that if cosh x = y then
e? — e +1 =0,
and solving this quadratic for e* gives

2 _
oo 2y EVAYyT -4 v;y‘l:yi [F-1

and so
r=1In(y+Vy?—1).

We want the solution with t* > 0, so we take

1
t* = —— In(e" + \e2eh — 1),

N

as given in the question.
If £ is small then & is small, so we can use the approximations

e =1+ and In(l1+z)~z

(valid for small ) to write

1
t* =~ ——1In(l+kh+ V2kh
v )
—— In(1 + V2kh),
o L+ V2sh)

1
——V2kh
N

2h

)

g

%

&

where we have used the fact that when z is small, /z is much larger than
x.

Exercise 8.7 Show that for k # 0 the solution of the differential equation

dz 9

i kx —x with x(0) = xg

18
k eftyg

() = xo(eFt — 1) + &k
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Using this explicit solution describe the behaviour of x(t) ast — oo fork <0
and k > 0. (Note that this is much easier to do using the phase diagram
than using the explicit form of the solution.) For k = 0 see part (iv) of
Ezercise 8.1.

Separating variables we have

dx
— =dt.
kx — 2
Using partial fractions we have
1]1 1
— |-+ ——| dzx=dt
k [:1: = .CC:| v ’

and so integrating both sides between the limits corresponds to times zero

and t we have
z(t) t _
/ 1 + 1 dx = / kdt.
w T k—z 0

z(t)
[ln|$\—ln|k—x|] = kt,

T=x0

This gives

which is
In|z(t)] — In|k — z(t)] — In|xo| + In|k — xo| = kt.
Exponentiating both sides gives
() lk — ol _
[zollk — x(t)]

From the phase diagram, shown in Figure 8.1 (cf. Figure 7.14 above), we
can see that the signs of both z(¢) and k& — z(t) do not change over time.

e X XA e X X
k 0 0 k

Fig. 8.1. The phase diagram for the equation # = kx — 22, for k < 0 (left) and for
k> 0 (right).

We can remove the modulus signs and then rearrange to get

k eFx

() = xo(eFt — 1) + &k
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When % > 0 the term zge** on the bottom will dominate, and so the solution
will tend to k. When k < 0 the denominator tends to £ — 1, and the top
tends to zero, so x(t) — 0.

Exercise 8.8 Show that the solution of the equation

d
d—f = —x(k? + 2?)

with initial condition x(0) = xg is

2

K
x(t) = ZII )
®) \/(1 + K2m52)e2”2t -1

where the + is chosen according to the sign of the initial condition. Deduce
that x(t) — 0 as t — oo. Ast decreases from zero the solution blows up as

t approaches a finite value t* < 0. When is this ‘blow up time’?

After separating variables we are left with

dx

——— = —dt.
z(K? + 2?)

Using the method of partial fractions we can write

11 (1w
r(k2+22) w2 \x kKZ4+a22)’

z(t) /q t -
/ < — 21.2> dzx = —/ /€2 dt,
Lo r K+ 0

1 x(t)
[ln |z| — 3 In(x? + a:Q)} = —r%t,

T=x0

and so
which gives

or
L EOWVEER
w0l /w2 + x(t)?

Now we exponentiate both sides and square to give
PO +38) _ o
w3 (k? + 2(1)?) ’

and after a rearrangement we can obtain

2

x(t)? = .
®) (1+ m2x52)e2“2t -1
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Since © < 0 for x > 0, and © > 0 for x < 0, while £ = 0 if z = 0, it is clear
that the sign of z(t) does not change.
Thus depending on the sign of xg, we have

2

K
z(t) =+ .
Q \/(1 + K2zy%)e2st — 1

As t — oo the denominator tends to infinity, and so x(t) — 0. As t decreases
from zero the denominator decreases, and the solution will blow up as ¢
approaches t* where

(1+ /12:(:52)e2”‘2t* —-1=0,
ie.

LI WERE IS

t __ﬁ n( +/€.’I)O )

Exercise 8.9 We found the solution of the equation & = z(k
Section 8.6.1,

+ s
z(t) = .
Q 14 e 2r% (k252 — 1)

Show that if |xo| > K the solution blows up as t decreases towards a finite
negative value, and find this critical time.

The solution will blow up if the expression
_9x2 _
L+e 2 (k2?2 — 1)

2

becomes zero. If |xg| > & then 0 < /{21‘62 < 1, and the expression « :L‘a2 -1

is negative. As t decreases from zero the contribution of the second term
becomes larger, and will tends to —1 as t — t* with

1+ e 2870 (k2252 — 1) =0,
S0

s 1 —
= 32 In(1 — w2y ?).

[This is negative, since 1 — x?x5? < 1.]
Exercise 8.10 Consider the equation
T =z with z(0) >0

for o > 0. Show that the only value of a for which the equation has solutions
that are both unique and exist for all time is o = 1. You should be able to
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find an initial condition for which the solutions are not unique when o < 1
(cf. (6.3)), and show that solutions with x(0) > 0 blow up in a finite time if
a>1 (cf. (6.6)).

First we solve the equation by separating the variables,

dx

e

=dt.

Integrating from times zero to ¢ gives

1 x(t)
[ x1+a} =t,

1+a

o
which implies that
st — 2y = (1 - at,
and so
2(t) = [(1 — @)t + 2§00,
If o < 1 then (cf. example & = 2'/2
the function

in section 6.1) for any choice of ¢ > 0

0 t<0
z(t) = { [(1—aQ)(t—c)+ap /0= ¢ >¢

satisfies # = 2% with x(0) = 0.
If @ > 1 then for positive initial conditions to solution will blow up in
finite time, since 1 — a < 0: z(t) — 400 as t — t*, where

11—«
= 20

a—1

(cf. the example & = 22

in section 6.3).
If & =1 then solutions are unique since f(z) = z and f’(x) =1 are both
continuous for all z € R, and the explicit form of the solution z(t) = zge

shows that the solution exists for all time.

Exercise 8.11 Assuming that f(x) and f'(x) are continuous, show that if
the solution of

T = f(x) with z(0) = xo

blows up to x = +00 in finite time then

/: f(z)dz < oc.
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The solution of the equation can be found by separating variables:
dzx
f(=)

Integrating between times zero and ¢ gives

= dt.

/w(t) f(z)dz =t. (S8.2)

If there is a solution with x(0) = xo that blows up to z = +o0 in a finite
time, i.e. as ¢t — t*, then taking limits as ¢ — ¢* on both sides of (S8.2) we
get

/oof(a:)dx:t*<oo.
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First order linear equations and the integrating
factor

Exercise 9.1 Use an integrating factor to solve the following differential
equations:

(1)

dy 'y o
d:n+:1:_x

(find the general solution and the only solution that is finite when
z=0),
(ii)
dz
— 4t =4t
a + tx
(find the solution with x(0) = 2),
(iii)
dz .
— =z tany +siny
dy
(find the general solution),
(i)
y/ + effl'y — 1
(find the solution when y(0) = e, leaving your answer as an integral),
(v)
T+ x tanht =3

(find the general solution, and compare it to that for & +x = 3),
(vi)

y +2ycotx =5
(find the solution with y(m/2) = 1),

o7
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(vii)
dz
— +br =t
dt
(find the general solution),
(viit) with a > 0 find the solution of the equation

dj—i— cH—1 x=>b
dt |7

for a general initial condition x(1) = xo, and show that x(t) — b/a
as t — oo (you would get the same result if you replaced a +t=1 by

a).

(i) The integrating factor for

— 4 21‘2

dx

1
I(xz) =exp (/xdx> =explnz = =,

and so we have

dy |y
x

is

dy d 3
v TY= a(xy)—x .
Integrating both sides with respect to x gives
zt n
xy=—+c
V=
and so
3
x c
v =gty

Note that we only have a solution near z = 0 if y(0) = 0, and this
solution is y(z) = x3/4.
(ii) The integrating factor for

dx
— +tx =4t
a T

I(t) = exp (/tdt) = e’/2,

d d
et2/2£ + e 2ty = d—(xet2/2) = 4tet’/2.

is

Therefore we have
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Integrating both sides between 0 and ¢ gives
x(t)et2/2 —z(0) = 4612 — 4
or, since z(0) = 2
2(t) =4 — 207072,

(iii) Before looking for the integrating factor we need to rearrange the

equation
dz .
— =ztany +siny
dy
into the standard form
dz

Q- (tany)z = siny.

Now the integrating factor is

I(y) = exp </ —tanydy> = exp(Incosy) = cosvy,

and so we have
d .o d | L
COSy@ + zsiny = d—y(zcosy) =sinycosy = 5 sin2y.
Integrating both sides gives

cos 2y
;. te

+(y) cosy = —

and so
cos 2y c

z(y) =

(iv) The integrating factor for the equation

" dcosy | cosy’

y/+e—$y: 1

I(z) = exp ( / e_”C) ~ exp(—e) = e "

Then we have
d —e— % —e~ %
g () =,

and integrating between zero and x we get

y(2)e " — y(0)e " = / 7 di,
0

is
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which simplifies, since y(0) = e, to give

T -
y(x) =1+¢ " / e ¢ " di.
0

T + xtanht = 3.

Here the integrating factor is

I(t) = exp (/ tanhtdt> = exp(Incosht) = cosht.

So we have

d
&(:E cosht) = 3 cosht.

Integrating both sides gives
x(t) cosht = 3sinht + ¢,

and so

x(t) = 3tanht 4 csecht.
Ast — oo,

t —t —2t
e —e 1-e ot
tanht = ot 1rom”™ 1—2e
and
2 —t
secht = N 2e ",
et + et

So as t — oo we have z(t) ~ 3 + 2ce™.
To find the solution of & + 2 = 3 we use the integrating factor e,
and so
d
dt

The equations have similar solutions for ¢ large; this is not surprising,

(q;et) = 3¢t = x(t)et =3¢t +d = xz(t) =3+ de?t.

since for large ¢ we have tanht ~ 1 (as shown above).

y +2ycotx = 5.

The integrating factor is

I(xz) = exp (/200txdx> = exp(2In|sinz|) = |sinz|? = sin® z.
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Then we have

d—(y sin? ) = 5sin’ .
x

Integrating between 7/2 and =z,

[y(gz) sin2§c] :5/ sin?  di
T=m/2 w/2

we obtain
] 27
y(z)sinz —1 = 5/ R LT
/2 2
_ 5|:.CU B sin2$]x
2 4 T=m/2
_ 5 r sin2x w
2 4 4)’
and so

(vii)

5

The integrating factor is e®, and so

d
a(e%(t)) = tedt.

Integrating both sides gives

la(t) = /teStdt

te5t eSt
= 5 T3 e
and so
t_ 1 —5t
t—f_i
=5t

(viii) The integrating factor for

A PR
a YT

61
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is
1 at
exp a+¥dt = exp(at + Int) = te®.

Multiplying both sides by this we get

d

— (z(t)te™) = bte™.
dt

Integrating between times 1 and t gives

t 7 o~
z(t)te™ — xpe® = / bte™ dt.
1

Integrating the right-hand side by parts gives

- ot -

ut u bteat tbeat B

x(t)te™ — xpe® = - dt
i=1 1

a a

Rearranging gives
b b b b
x(t) = -+ (1:0 + -+ 2) et _ -
a a a
and so z(t) — b/a as claimed.

Exercise 9.2 A body is found in a cold room (temperature 5°C) at 3 p.m.
and its temperature then is 19°C. An hour later its temperature has dropped
to 15°C. Use Newton’s law of cooling to estimate the time of death, assuming
that body temperature is 37°C.

Newton’s law of cooling is

dT dT

— = —k(T — A(t — + kT = kEA(t).

D= kT -AMW) o S+ (1)

When A(t) = A, a constant, we can use the integrating factor e and then

we have

g T = k Aekt.
dt

Integrating between tg and t we obtain

eMT(t) — eFT(tg) = A(eft — eFo),
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or
T(t) = A+ e FE0)[T(45) — A (S9.1)
First we find k using T'(3) = 19, T'(4) = 15, and A = 5:
15="T(4) =5+ "[19 - 5] = 10 = 14e7*

which gives k = —In(5/7) ~ 0.337.
If the time of death was to then, using T'(tg) = 37, we have

19=T(3)=5+e ¥ 0375 =  14=232 ),

so that

In(14/32)
k

which fixes the time of death at approximately 12:33 a.m.

to =3+ ~ 0.543,

Exercise 9.3 At 7 a.m. in the morning I make my wife a cup of tea using
boiling water; after adding some milk it is about 90°C. When we leave for
the station at 7:30 a.m. the tea is still drinkable at about 45°C. When I get
back home at 8 a.m. the neglected tea has cooled to about 30°C. What is the
temperature of our house?

We use the solution (S9.1) from the previous exercise. We have T'(7) = 90,
T(7.5) = 45, and T'(8) = 30. Therefore

45=A+e®2[90—A]  and 30 =A+e 90— A].
Since e #/2 = (45 — A)/(90 — A) we have

(45 — A)?

30 =4
T 0-a

which gives an equation for A,
(30 — A)(90 — A) = (45 — A)>.
Solving this equation gives A = 22.5, and so the house is 22.5°C.
Exercise 9.4 Use the integrating factor method to find T'(t2) in terms of

T(t1) when

dT
= —K(T(t) — A(t)

and

A(t) =p+acosw(t — ¢).
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Rearrange the equation as
dT

o+ KT = RA().

exp </kdt> = Mt

d
dt
Integrating both sides between #; and ¢y gives

The integrating factor is

and so we have

(T(t)eM) = ket A(t).

to
T(tg)ek2 — T(t))elt = k:/ eFA(t) dt.

t1
With the choice A(t) = p+ acosw(t — ¢) we get
to to
T(tg)eM2 — T(ty)eMr = lw/ e dt + ak:/ e cosw(t — ¢) dt.
t1 t1
An anti-derivative of e* cosw(t — ¢) is (cf. example in Section 9.4.2)

k kt

P2t cosw(t — ¢) M sinw(t — ¢),

LY
k2 4+ w?

and so

T(tg)em - T(tl)ekt1 = ,u[ekt2 — ektl]

+ak [kQ T M2 cosw(ty — ¢) + ﬁ M2 gin w(ty — gzb)]
—ak [k‘2 e M cosw(ty — ¢) + 2w M sinw(ty — gi))] :

Rearranging we have
ak
by

cosw(ta — ¢) + ﬁ sinw(ty — ¢)]

+ [T(tl) (kcosw(ts — @) + wsinw(t; — (;5))] e k2=t
Exercise 9.5 A dead body is found outside on a winter’s morning at 7 a.m.;
its temperature is measured as 20°C. Measured an hour later it has dropped
to 15°C. The air temperature A(t) fluctuates on a daily cycle about a mean
of 3°C with A(t) = 3—5cosw(t—2), where t is measured in hours witht =0
corresponding to midnight, and w = w/12.
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(iii)

(iv)
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Use the solution from question 9.4 and the temperature observations
at 7 a.m. and 8 a.m. to show that

E— _In 12(k? + w?) — 5k(k cos 6w + w sin 6w)
B 17(k? + w?) — 5k(k cos bw + wsinbw) |

(59.2)

(C) This is a MATLAB exercise. Choose an initial guess for k, and
then substitute this into the right-hand side of (S9.2) to obtain a new
guess. Continue doing this until your ‘guess’ stabilises. Once this
happens you have actually obtained the required solution of (S59.2).
Can you see why? [You should find k ~ 0.3640./

If the time of death was tgy, use the fact that body temperature is 37°C
(so T(to) = 37) and T(7) = 20 to show that

P 1 I 17(k? + w?) — 5k(k cos 5w + wsin 5w)
07 TR T 34(k? + w?) — 5k(kcosw(ty — 2) + wsinw(ty — 2)) f

(C) Use MATLAB again to refine an initial guess for the time of death
as in part (it). You should find that ty ~ 4.8803, or 4:53 a.m.

We have T(7) =20, T(8) =15, u=3,a =05, ¢ =2, and w = 7/12.
We need to find ¢y such that 7'(tp) = 37. We should be able to use
the information from 7 a.m. and 8 a.m. to estimate k. Our solution
gives (leaving w = 7/12 in the equations)

k w .
15=3+ 5k [M cos bw + WSID6Q}:|
+ |17 ok (K cos 5w + wsin 5w) | e ¥
— 5 5 w W S11 W .
k2 + w?

No matter how we rearrange this equation we cannot solve it explic-
itly for k. However, if we rearrange it as

_p_ 12(k* 4+ w?) — 5k(k cos 6w + w sin 6w)
~ 17(k% + w?) — 5k(k cos bw + w sin 5w)

we can obtain an equation for k ‘in terms of k’:

k= _In 12(k? + w?) — 5k(k cos 6w + w sin 6w)
B 17(k? + w?) — 5k(k cos bw + wsinbw) |

(S9.3)

What we can do with this is to guess k, and then substitute our guess
into the right-hand side to obtain a new guess for k, and continue like
this until, if we are lucky, our guess settles down to a fixed value which
will be the solution we want.



66 9 First order linear equations and the integrating factor

Writing this more mathematically, given an initial guess kg we then
calculate successive guesses k, by setting

o 12(k2 + w?) — 5k (K, cos 6w + w sin 6w)
T 17(k2 + w?) — 5ky(ky cosbw + wsinbw) |

If kpy1 = k +n =k then k£ must be a solution of (59.3).

You can do this fairly easily in MATLAB, and the result is k£ ~
0.3640. [The M-file findk.m will do this for you; you can check your
answer with the file temperature.m which will compute the solution
at time t9 given the temperature at time ¢, and the value of £.]

(iii) To find the time of death will require a similar computer calculation,
since once again we have an equation that we cannot solve explicitly.
If we set T'(tp) = 37 and T'(7) = 20 then we should be able to find to
from (we don’t replace k by 0.3640 here to simplify the algebra)

k w .
20 = 3 + 5k |:k}2—i—(,02 cos bw + WSIH5W:|
5k
+ [34 - m(k cosw(tp — 2) + wsinw(ty — 2))] e~ k(T=t0)

We can rearrange this as

—k(T—to) 17(k% + w?) — 5k(k cos 5w + wsin 5w)
e =
34(k2 + w?) — 5k(kcosw(ty — 2) + wsinw(tg — 2))’

or
1 17(k? + w?) — 5k(k cos bw + w sin 5w)
to=74+— log - .
k 34(k? + w?) — 5k(k cosw(ty — 2) + wsinw(ty — 2))
(iv) Iterating this (you could use the M-file £indt0.m) gives ¢y ~ 4.8803,

which puts the time of death at 4:53 a.m. (Again, you could check
that this works with the temperature.m file.)

Exercise 9.6 Show that if y1 and ys are any two solutions of

dy
= =0
P + p(x)y

then yy(x)/y2(x) is constant. (You do not need to solve the equation!)

Differentiating y;(x)/y2(z) with respect to x gives

d [yl($):| _ Uy
dz [y2(z) y%
y2[—p(@)y1] — y1[—p(z)y2]
Y5
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= 0,

and so y1(x)/y2(z) is constant.

Exercise 9.7 Suppose that

$<
— < ax
dt —

(this is known as a differential inequality). Use an appropriate integrating
factor to show that

dt
and then integrate both sides between appropriate limits to deduce that

z(t) < z(s)et=)

for any t and s. Hint: it is a fundamental property of integration that if

f(x) < g(x) then
b b
/ f(z)dx g/ g(x)dz.

We can rewrite the equation as

E—a:rgo,

and then use the integrating factor e to obtain

(this is allowed since e is always positive). The left-hand side of the equa-
tion is just %(e_atx), so we now have

d

a [e_atfb] <0

as required. Integrating both sides between times s and t gives
e Ua(t) —e x(s) <0

which on rearrangement yields

z(t) < e” =3y (s).
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Exercise 9.8 The function sinwt can be written as a combination of complex
exponentials,
elwt _ a—iwt

. " €
sinwt = -
2i

Using this form for sinwt, and assuming that the usual rules of integration
apply to such complex exponentials, find

/ e sin wt dt.

You may also need to use the identity

oSt — eiwt + e—iwt
B 2
See Appendix A for more on these complex exponentials.
We write
eiwt _ e—iwt
/ekt sinwtdt = ekt — dt
i

Q\*“\

/ kW) _ ki)t gy

e(k+iw)t e(k—iw)t
k+iw k—iw
_ ek:t eiwt efiwt

21 |k+iw k—iw

= MIm[(k — iw)(cos wt + isinwt)]

S

= eM(ksinwt — wcoswt)

since z — z* = 2ilm[z].
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Two ‘tricks’ for nonlinear equations

Exercise 10.1 Check that the following equations are exact and hence solve
them.

(i)
d
(2zy — sec® ) + (z* + 2y)—y =0,

dz

(ii)
. - ¢, o dY
(1+e"y + ze®y) + (ze®* +2)— =0,
dx

(iii)

dy :

(xcosy + COS.%‘)@ +siny —ysinz = 0,
and
(iv)
o . dy
e“siny +y+ (e cosy+x+ey)£ =0.
(i) We have
2 2 dy
(2zy — sec* z) + (x* 4+ 2y) — = 0.
—— dx
f(z.y) 9(zy)

To check that this equation this exact, i.e. that there is an F(z,y)

such that
F F
gxzf(x7y) and ;:g(xvy)
we need to make sure that
of _ 9
oy oz’

69
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So we check

of Jg
ZL—op =22,
oy ox
Now to find F' we first solve
oF
— = 22y — sec? z.
ox

Integrating with respect to x we get
F(z,y) = 2%y — tanz + C(y).

In order to find C(y) we partially differentiate F'(x,y) with respect
to v,

oF 5 dC 9
By 7+ ay (7,y) = 2" + 2y,
and so
dC
—~ _9
dy Y

which gives C(y) = y? + ¢. So the solution is

F(z,y) = 2%y —tanz + > = c.

Now for
x z z dy
(1+e"y+aze’y)+ (ze* +2)—= =0
——— dz
f(zy) g(z,y)
we check
of _ 4+, 2 _0g
(37/ =e twe = e
and the equation is exact. First we solve
oF
— =14 ey + ze”y,
Oox

integrating both sides with respect to x to give
F(z,y) =z + ze"y + C(y).
So we have
oF . dC
— =ze’ + — =zxe” + 2,
dy dy
so in fact
dac

— =2
dy
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which gives C' = 2y. Therefore F(z,y) = x + ze®y + 2y, and we have
x+xe®y+2y=C.

This simplifies to give
_ C—x
24 zet

)
(iii) For

(siny — ysinx) + (x cosy + cos x) d—y =0
-~ x
fzy) 9(z,y)
we check that
af _ g
—— =cosy —sinx = =
oy 4 ox’

and so the equation is exact.
Now we solve

oF . .
5, = Sy —ysing,
which gives
F(z,y) = zsiny +ycosx + C(y).

In order to find C(y) we differentiate partially with respect to y, and
then

oF
o= xcosy + cosx + C'(y) = g(x,y) = zcosy + cosx,
Yy

and so C'(y) = 0 and C' is a constant. So the solution is
rsinx +ycosx =c

for any constant c.
(iv) Now we have

d
(e*siny 4+ y) + (e” cosy + = + €Y) d—y =0,
— x
f(zy) 9(zy)

and we check that it is exact by showing that

0 0
a‘z:excosy—klz 8—3:
We first solve the equation
OF .
— =e'smy + vy,

ox
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so that
F(z,y) =e"siny + zy + C(y).

Now we have

OF
e’cosy+x+e¥= B =e"cosy +z+ C'(y).
Y

and so C'(y) = €Y which implies that C(y) = e¥ + ¢. So we obtain
the solution

e’siny +xy+eY+c=0..
Exercise 10.2 Find an integrating factor depending only on x that makes

the equation

d
e Ysecx +2cotx — e_y—y =0
dx

ezact, and hence find its solution. Hint: [ cosecx dx = In |cosecz — cot z|.

To look for an integrating factor I(z) depending only on = we want

d
I(z)(e Ysecx +2cotz) + (—I(x)e™Y) % —0
@) 9(xy)
to be exact. This needs
g?]; = —I(z)e Vsecx = —I'(z)e ¥ = gi,

ie.
I'(x) = (secx)I(z).
The solution of this is I(z) = e/ sec@)dr — en(secattan) — goe 2 4 tan z.

Using this integrating factor the original equation becomes

d
(secx +tanx)(e ¥Ysecx + 2cotx) + [—(secx + tanz)e Y| d7y =0.
x

flzy) 9(z,y)

This new equation is exact, since

8 ry ~
é?yJ; = (secx + tanx)(—e Ysecz) = —e Y(sec? x + secx tan ) = 8—i
So we can now find F(z,y): we will do this by solving
OF

— =g(x,y) = —(secx + tanx)e Y,

dy
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giving
F(z,y) = ¢ Y(secx + tanz) + C(x).
Now we want g—i = f(z,y), so we need
e Y(secx tan z+sec? z)+C'(x) = e sec z(sec z+tan )+2 cot z(sec z+tan z),
which gives
C'(x) = 2cosecz + 2 = 21In|cosecx — cot x| + 2z + ¢,
and so

e Y(secx + tanz) + 21n |cosecx — cot x| + 2x + ¢ = 0.

Exercise 10.3 Show that any equation that can be written in the form
dy
2 _0
F@)+aly)

s exact, and find its solution in terms of integrals of f and g. Hence find
the solutions of

(i)

dy
174 2y—= =10
(@) + 2y
and
(i)
1 d 2
<—a> £+——b:0,
Y dr =z
forx,y > 0.
Here we have
o1 _y_ 0
oy Oy
First we can solve
oF
Dz f(z)

giving

We then need
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and so C(y) = [ g(y) dy + ¢, giving the solution

/f(x)dx+/g(y)dy+c=0.

(i) The solution is V(x) +y? = E.
(ii) The solution is Iny —ay +2Inz — bx = c.

Exercise 10.4 By substituting u = y/x solve the following homogeneous
equations:

(i)

d
zy+yi+at—x 0

249y _
dx
(the solution is y = xtan(In|z| + ¢) ).
(i)
dr 2 +tVt2 + 22

dt ta
(the solution is z(t) = +t\/(In|t| +¢)2 —1).

(i) Divide through by 22, then the equation becomes

dy y  y?
YW_Y, Y
dz x+x2+

This is clearly homogeneous. If we put u = y/x then

v Y Y
2z’
and so
, u  u+ut+1
U = —— ,
T T
1.e.
du 9
r—=1+u
dx

Separating the variables and integrating we have
du 1
du= [ —d
/ T+u2® / e

tan"!(u) = In|z| + ¢,

and so

or u = tan(ln |x| + ¢). Since y = zu we get

y(x) = z tan(In |x| + ¢).
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(ii) Rearranging the equation

dr 22 + V2 + a2

dt tx

we have
dr =«
E:?+\/(t/l’)2+l

which is clearly homogeneous. So we substitute u = x/t, and then

. a:+$'
U=——+—
2t
or
tu=—u+x,

which gives

ti=—-u+u+vVu2+1=u2+1.

So separating variables we have
w1y
Vu=?+1 ot

which gives after a rearrangement of the left-hand side

/ udu ldt
V14 u? t
Therefore

(14 u®)Y2 =nt| +c
Squaring both sides we have

(1+u?) = (Inft| + ),
and so

u==++/(Inlt| +¢)? -1,

which, since y = tu, gives the required solution.

Exercise 10.5 You could solve
d
L kr— a2

dt

by separating variables (see Ezercise 8.7). Instead, substitute u = x~
show that u satisfies the linear equation

du
e
at b

L and
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Solve this equation for u(t), and hence find the solution x(t).

Making the substitution u = 2~! we have du/dt = —z =2, and so
du 1 9 k
This is
du
— +ku=1
a + Ku

which we can solve with the integrating factor e*t,

d
a(uekt) =M,
Integrating both sides we get
kt
u(t)ekt = % +c,

and so

Since z(t) = u(t)~! we have
1 k

z(t) = k=1 4 cekt 1 + cke—kt

which is the same answer as before (Exercise 8.7) if we set A = ck.

Exercise 10.6 Use an appropriate substitution to solve the equation
i = x(k? —2?).
You should recover the solution (8.16) found by separating variables.
This is a Bernoulli equation: we can put « = =2 and then
o = 22
= —2k%z7242
= 2-2x%u.

Solving the equation

d
ditt +2Kk%u =2
2¢

using the integrating factor e?** we obtain

%(ue252t) — 2e2/@2t
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and so, integrating between times zero and ¢

2kt
e -1
u(t)e2“2t = U(O) + T,
which gives
1— e—2li2t
u(t) = u(O)e*%Qt + —a
Since u(t) = z(t)~2 we have
1— e—2li2t

:c(t)*2 = x52e72”2t + "

Rearranging this for x(t) gives

12
z(t) = £ )
®) 1+ 6*2”%(/@2:662 —1)

7

the same solution we obtain using the method of separation of variables as

(8.16).
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Second order linear equations: general theory

Exercise 11.1 By finding the Wronskian of the following pairs of solutions,
show that they are linearly independent:
(i) z1(t) = et and zo(t) = ¥t with ky # ko,
(i) z1(t) = ¥ and xo(t) = te*, and
(iii) x1(t) = eftsinwt and x2(t) = et coswt.

In each case we want to show that W (xy,z2) # 0. We have
(i)

W(eklt,eth) — eklthGth . ekgtkleklt — (k2 . kl)e(k1+k2)t;

W(ekt,tekt) — ekt(ekt + ktekt) _ tektkekt — e?kt.

i

W (e sin wt, e”* cos wt)

= e sinwt(pe’ cos wt
—we! sinwt) — et

= —we?t,

cos wt(pe! sin wt + we! cos wt)

In each case W(x1,x2) # 0, and so the two solutions are linearly indepen-
dent.

Exercise 11.2 Show that the Wronskian for two solutions x1(t) and x2(t)
of the second order differential equation

d?z dx
+pa(t)

de?

= 11.1
T +pa(t)r =0 (S11.1)

78
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satisfies
W(t) = —pi ()W (t).
(Write W (t) = x1(t)d2(t) — z2(t)E1(t), differentiate, and use the fact that
x1(t) and x2(t) satisfy the equation (S11.1).) Deduce that either W (t) = 0
for all t, or W(t) # 0 for all t.
We have W (t) = x1&9 — x2d1, and so
W = @@y + @iy — dody — 20
T1To — Tax1
= zi[—p1d2 — pawo| — To[—p1i#1 — pai]
—p1[r1d2 — w21 ]

= —mW.

Solving this linear equation (use an integrating factor) for W gives

W (t) = W(0) exp ( /O s df) |

Since e” is always positive, either W (t) is never zero (if W (0) # 0) or W (t)
is identically zero (if W (0) = 0).

Exercise 11.3 We have seen that if x1 and xo are two solutions of a linear
differential equation, then they are linearly independent if and only if their
Wronskian is non-zero. The simple example of this question shows that this
1 not true for general functions that are not the solutions of some differential
equation.

(i) Check carefully that if f(t) = t2|t| then df/dt = 3t|t| (this is easy
when t # 0; you will have to use the formal definition of the derivative
att=0).

(ii) Let

filt)y =2t and  fo(t) =t

Show that although these two functions are linearly independent on
R, their Wronskian is identically zero.

(i) For t <0, f(t) = —t3, so f = —3t> = 3t|t|; for t > 0 similarly
f(t) =13 and f =3t2 = 3t[t|. At t=0,
; . f(h) = f(0) . REA
— lim 2 S gy 2 — 0.
10) hod h heo h hli%h‘h‘ 0

So f = 3t|t| as claimed.
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(ii) We have fi(t) = 3t|t| from part (i), and fo(t) = 3t2. Therefore
Wf1, f2](t) = [£2|t] x 3t%] — [t3 x 3t[t|] = 3t4|t| — 3t*|t| = 0.
However, it is clear that the functions are linearly independent on R,
since if
at’[t| +pt2 =0  forall teR

then taking any t > 0 implies that « = —f, while taking any ¢t < 0
gives @ = 3, and so the only solution is o = g = 0.
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Homogeneous linear 2nd order equations with
constant coefficients

Exercise 12.1 Find the general solution of the following differential equa-
tions, and then the solution satisfying the specified initial conditions.

(i) & — 3%+ 2z = 0 with (0) = 2 and £(0) = 6;
(it) y" — 4y' + 4y = 0 with y(0) =0 and y'(0) = 3;
(iii) 2" — 42" + 13z = 0 with z(0) = 7 and 2'(0) = 42;
(iv) 4§+ y— 6y =0 with y(0) = —1 and y(0) = §;
(v) § — 4y =0 with y(0) = 13 and y(0) = 0;
(vi) 0+ 40 = 0 with 6(0) = 0 and 6(0) = 10;
(vit) §+ 2y + 10y = 0 with y(0) = 3 and y(0)
(viii) 2%+ 7z — 4z = 0 with z(0) = 0 and 2(0)
(iz) §+ 2y +y =0 with y(0) =0 and y(0) =
(z) &+ 6& + 10x = 0 with z(0) = 3 and ©(0) =
(zi) 4% — 20& + 21x = 0 with x(0) = —4 and (0
(zii) §+ vy — 2y = 0 with y(0) =4 and y(0) = —4;
(xiii) § — 4y = 0 with y(0) = 10 and §(0) = 0;
(ziv) y" + 4y' + 4y = 0 with y(0) = 27 and y'(0) = —54; and
(zv) §j + w?y = 0 with y(0) = 0 and y(0) = 1.

(i)

1,
1;
) =

Z—3t+2x=0 with z(0)=2 and %(0)=6.
Try & = e* and obtain the auxiliary equation for k,
k*—3k+2=0
with solutions k£ = 2 and k = 4. The general solution is therefore

z(t) = Ae* + Be™.

81
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(i)

(iii)

12 Homogeneous 2nd order linear ODEs
Since #(t) = 2A4e* 4 4Be* the particular solution with
z(0)=A+B=2 and #(0) =2A+4B =6
has A= B =1 and is

z(t) = e? + e,

y' — 4y +4y=0 with y(0) =0 and %/(0)=3.
Try y(z) = e to obtain the auxiliary equation
k*—4k+4=0
which has k = 4 as a repeated root. The general solution is therefore
y(z) = Ae'™ + Bxe'l®.
Since ¢/ (z) = 4Ae*® + Ble*® + 4z¢?] the solution with
y(0)=A+B=0 and y'(0)=4A+ B =3
has A=1and B=—1: it is

2 — 42 +132=0 with 2(0)=7 and 2/(0)=42.
Try z(x) = e*® to obtain
k? — 4k +13 =0,
with solutions & = 4 4+ 6i. The general solution is therefore
2(z) = e**(Acos 62 4 Bsin6x).
We have

Z(x) = e"(4Acosbx + 4B sin6x — 6Asin 6z + 6B cos 6z)
= ¢'?[(4A + 6B) cos 6z + (4B — 6A) sin 6],

and so the solution with
200=A+B=7 and 2'(0) =44+ 6B =42
has A=0and B =7, and is

2(z) = 7’ sin 6.
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J+y—6y=0 with y(0)=—-1 and g(0)=S8.
Trying y(t) = e* gives the auxiliary equation
K +k—6=0
with solutions k = 2 or k = —3. So the general solution is
y(t) = Ae* 4+ Be 3.
Since 7(t) = 2A4e?" — 3Be~3! the solution with
y(0)=A+B=-1 and  y(0)=24-3B=38

has A=1and B = —2; it is

y(t) = e* — 273

j—4y=0 with y(0)=13 and 5(0)=0.
We try y(t) = e** then
k* — 4k =0

with solutions k = 0 or £k = 4. The general solution is
y(t) = A+ Be*.
We have (t) = 4Be*. The initial conditions
y(0)=A+B=13 and 9(0) =4B =0
imply that A = 13 and B = 0, so the solution is

y(t) = 13.

6+40=0 with  #(0)=0 and 6(0)=10.
With 0(t) = e* we have
k2 +4=0,

and so k = +2i. The general solution is

0(t) = Acos2t 4 Bsin 2t.
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(vii)

(viii)

12 Homogeneous 2nd order linear ODFEs

The derivative is given by 6 = —2Asin 2t + 2B cos2t. In order to
satisfy

0(0)=A=0 and  6(0)=2B =10
we must have A = 0 and B = 5, and the solution is

0(t) = 5sin 2t.

J+2y+10y=0 with y(0)=3 and y(0)=0.
Try y(t) = e** and then
k> +2k+10=0

giving the complex conjugate roots & = —1 4+ 3i and the general
solution

y(t) = e *(Acos 3t + Bsin3t).
We have

y(t) = e (—Acos3t — Bsin3t — 3Asin3t + 3B cos 3t)
e '[(3B — A)cos 3t — (3A + B)sin 3t].

The solution with
y(0)=A=3 and 9(0)=3B—-A=0
has A =3 and B =1, and is

y(t) = e (3 cos 3t + sin 3t).

22472 —-42=0 with 2(0)=0 and 2(0)=9.
When we substitute z(t) = e* we obtain the equation
2> + Tk —4=0

for k. This equation has roots kK = 1/2 and k = —4, so the general
solution is

2(t) = Aet/? + Be™.
We have #(t) = (A/2)et/? — 4Be~*, and so when
H0)=A+B=0 and  2(0)=(A/2)—4B =19
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A =2 and B = —2; the solution is

2(t) = 2(et/? — e 1),

J+29+y=0 with y(0) =0 and g(0)=-1.
With y(t) = ¥ we obtain
k*+2k+1=0
and so kK = —1 is a repeated root, giving the general solution
y(t) = Ae™" + Bte™".

The derivative is §(t) = —Ae™' + B(e™! —te™"), and so the solution
with

y(0)=A=0 and y(0)=—-A+B=-1
has A=0and B = —1: it is

y(t) = —te "

&+ 62+ 10z =0 with z(0)=3 and (0)=1.
We try z(t) = e** and then
k* 4+ 6k + 10 = 0;
this implies that k = —3 £ i, and gives the general solution

z(t) = e 3 (Acost + Bsint).

i(t) = e 3(—3Acost —3Bsint — Asint + Bcost)
= e (B —3A)cost — (A+ 3B)sint].

The solution with
z(0)=A=3 and #(0)=B-3A=1
has A =3 and B = 10:

z(t) = e 3% (3cost + 10sint).
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(xii)

(xiii)

12 Homogeneous 2nd order linear ODFEs

4% — 208 4+ 21z =0 with z(0) =—4 and (0) = —12.
Substituting z(t) = e** produces the auxiliary equation
4k* — 20k +21 =0
with roots k = 3/2 and k = 7/2. The general solution is
z(t) = Ae3/?  Be™/?.
We have z(t) = %[3Ae3t/2 + 7Be™/?], and so for

_3A+7B
=

z(0) = A+ —12

Ssi

=—4 and %(0)
we need A = —1 and B = —3 and the solution is

x(t) = —eBt/2 _ 372,

J+y—2y=0 with y(0) =4 and 9(0)=—4.

Trying y(t) = e* gives the equation for k

P —k—-2=0
with roots k = 2 and k = —1. The general solution is

y(t) = Ae* 4+ Be™.
With ¢(t) = 24e? — Be™! we need
y0)=A+B=4 and y(0)=24—-B=-4
i.e. A=0and B =4, and so
y(t) = 4e™".

j—4y=0 with y(0)=10 and g(0)=0.

Try y(t) = e* and then
K —4=0

which gives k = —2 or k = 2 and the general solution

y(t) = Ae*" + Be 2",
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The derivative is given by 7(t) = 24e? — 2Be~?!, and so for
y(0)=A+B=10 and 9(0) =2A—-2B =0
we need A = B =5 and the solution

y(t) = 5(e* + 2.

y' +4y +4y=0  with  y(0)=27 and %/(0) = —54.

kx and obtain

Try y(z) =e
k*+4k+4=0
with k = —2 a repeated root. The general solution is

y(x) = Ae™*" + Bre **.

We have y/(z) = —24e2* 4+ B(e 2 — 2z¢2%), and so to match
the initial conditions we need

y(0)=A=27 and  ¢'(0)=—-24+ B = —54,
i.e. A =27 and B = 0. The solution is

y(x) = 27e .

j+w’y=0 with y0)=0 and ¢(0)=1.
Try y(t) = e* and the k must satisfy
k* +w? =0,
so k = 4iw, and we obtain the general solution
y(t) = Acoswt + Bsinwt.
Since y(t) = —Awsinwt + Bw cos wt we need
y(0)=A=0 and y(0) = —Aw+ Bw =1
which gives A = 0 and B = 1/w; the solution we require is

sin wt

y(t) =

w



88 12 Homogeneous 2nd order linear ODFEs

Exercise 12.2 If the roots of the auxiliary equation are k1 > 0 and —ko < 0
then the solution is

z(t) = AeMt 4 Be~k2t,
For most choices of initial conditions
z(0) =z  #(0) =wo
we will have x(t) — o0 as t — co. However, there are some special initial
conditions for which x(t) — 0 as t — co. Find the relationship between xg
and yo that ensures this.
The solution is
z(t) = AeMt 4 Be~ket,
this will only tend to zero as ¢t — oo if A = 0, and then the solution is

x(t) = Be "2 for some B. In this case, since @(t) = —koBe *2t, we should
have

z(0)=1B and %(0) = —koB.

So the solution only tends to zero if yyg = —kox.

Exercise 12.3 Solutions of linear equations with constant coefficients can-
not blow up in finite time: it follows that their solutions exist for all t € R.
To see this, we will consider

Z4+pt+qr=0 with x(0) = xg and z(0) = yo
fort >0 (a similar argument applies for t < 0). By setting y = &, we can
rewrite this as a coupled pair of first order equations
o=y
Yy = —py—qw.

Show that

1d 2 2
= —(1— _
th( +y°) = (1 - q)zy —py~,
and hence that

d
a(ﬂfg +y%) < (1+ g +2lp]) (2* + ¢?).

Using the result of Exercise 9.7 deduce that fort >0

2t +y(t)? < (2(0)° + y(0)?)elHaH+2IY,
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showing that finite-time blowup is impossible. Hint: zy < (2® +y?). (The
same argument works, essentially unchanged, for

Z+pt)t+qt)r=0
provided that |p(t)| < p and |q(t)| < q for allt € R.)
We have
%%(3:2 +9?) = %(29393 + 2y79)

= xT+yy

= wy+y(—py —qz)

= (1-qzy—py*.
Now it follows (using the hint) that

2 2
¢ +y
(L+lg)=——+ ply?

(258 1vl) a2+ 47,

1422 +4?)

IA

IN

2

or

d

@) <+ lal +2p) (=" + 7).
It follows using the result of Exercise 9.7 that

2t + (1) < (2(0)° + y(0)?)el HaH+2Y,

and so z(t) and #(t) remain bounded for all ¢ > 0.
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Oscillations

Exercise 13.1 A spring of natural length | and spring constant k is sus-
pended vertically from a fized point, and a weight of mass m attached. If
the system is at rest (i = & = 0) how far has the spring extended? If the
mass is pulled down slightly from this rest position and then released, show

that it then oscillates about its equilibrium position with period 27 /w, where
2
w” =k/m.

Denoting by x the extension from the spring’s natural length, then the
forces on the spring are that due to the weight of the mass, mg, and the
restoring force —kx from the spring, so

mi = —kx + mg.

When the spring is at rest we have & = 0 and so x = mg/k. If we write
x =1y + (mg/k) then y satisfies

my = —ky.

The solution of this can either be found by trying y(t) = e** which gives
ma? = —k and so a = +iy/k/m; or preferably you should just recognise
the equation as giving rise to simple harmonic motion. Whichever way, the
solution is

y(t) = Acos/k/mt+ Bsiny/k/mt,

and the spring oscillates about its equilibrium position with period 27 /w
with w? = k/m as claimed.

Exercise 13.2 The acceleration due to gravity in fact depends on the dis-
tance R from the centre of the earth: g = GM/R?, where M is the mass
of the earth and G Newton’s gravitational constant. Show that the period of
oscillation of a pendulum will increase as it is taken higher.

90
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The equation of motion for a pendulum is (cf. (13.5))

The period of oscillation is 27 /w, i.e.

L
2wy —.
g

Since g = GM/R? decreases as R increases, it follows that the period will
increase as the pendulum moves further from the centre of the earth.

Exercise 13.3 The earth bulges at the equator: at a latitude 0, the distance
to the centre of the earth (measured in kilometres) is approximately

R(O) = \/Rg cos? 0 + R2sin 0,

where Re = 6378 and R, = 6357.

I decide to move from Leamington Spa, at a latitude of 52°, to Sewville,
which is lies at a latitude of 37°. My grandfather clock, which keeps perfect
time, has a pendulum of length 75 cm. How long would the pendulum need
to be to keep perfect time in Seville?

The approximate distance of Leamington from the centre of the earth
is 6365 km, while for Seville the Figure is roughly 6370 km. To keep the
period of oscillations constant I would need to keep L/g constant. Since g
is proportional to R~2, this is the same as keeping LR? constant, i.e.

2 2
LLeam RLeam = LSevRSeV )

which gives
63652

Loey = 75 x 2222
Se 63702 €

m = 74.88 cm

a minimal adjustment.

Exercise 13.4 The buoyancy force on an object is equal to the weight of
water that it displaces: if an object has mass M and displaces a volume V
of water then the forces on it are Mg — Vg, in units where the density of
water is one; see Figure 15.1.

A bird of mass m is sitting on a cylindrical buoy of density p, radius R,
and height h, which is floating at rest. How much of the buoy lies below the
surface?

The bird flies away. Show that the buoy now bobs up and down, with
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Displaced volume
Y,

Fig. 13.1. The buoyancy force on an object is equal to the weight of water that it
displaces.

the amount below the surface oscillating about ph with period 2w+/ph/g and
amplitude m /7 R2.

Suppose that the buoy is immersed to a depth y. While the bird is there
the forces on the buoy are a buoyancy force mR?yg and gravitational forces
due to the mass of the buoy (M = pmR?h) and the bird (m). So y obeys
the equation

(m 4 M)jj = (M +m)g — nR*yg.
At rest y is constant, and so 4 = 0, and so

_ M+m
YT TIR?
When the bird leaves the equation of motion becomes
Mij = Mg — nR%yg.
The new equilibrium depth of immersion is y = M/mR? = ph; the initial
condition when the bird flies away is

M+m m
O = — = h _—
y(0) = — g =ph+
and ¢(0) = 0. The displacement from the equilibrium position, z = y — ph,
satisfies

M% = —(7R%g)z.
The general solution of this equation is

z(t) = Acoswt + Bsinwt,
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with w = \/7R2g/M = \/g/ph. The particular solution satisfying the initial
conditions

2(0) = m/nR? and 2(0)=0

is

z(t) = % cos wt.
Therefore the buoy oscillations about y = ph with amplitude m/7R? and
frequency 2m+/ph/g, as claimed.

Exercise 13.5 An open tin can, half full of water, is floating in a canal.
The can is 11cm tall, has a diameter of 7.5 ¢m, and has a mass of 50 .
Show that at rest the can is submerged a distance of approximately 6.63 cm
below the surface of the canal. If the can is pushed down further it will
then perform oscillations about its equilibrium position. Show that the can
bobs up and down every 0.21 seconds (a little under five times per second).
The acceleration due to gravity is approzimately 9.8 m/s>=980 cm/s*; the
density of water is 1 g/ecm>. You can check your answers in a sink with a
baked bean can.

Denote by y the amount in excess of half the height of the can that is
submerged. The forces on the can are then 509 downwards and a buoyancy
force of (7.5/2)%yg. So, since (7.5/2)% = 14.0625,

50§ = 50g — 14.06257gy,

and the equilibrium position is

50

=2 ~1.13,
14.06257

Ye

which means that the can is submerged a distance of roughly 6.63 cm below
the surface.
If z = y — ye then z satisfies

507 = —14.06257gz,
and so the can oscillates with period
27 /4/14.06257¢g /50 ~ 0.21s.

[You need to use g in the correct units, 980 cm/s?.]
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Exercise 13.6 A right circular cone, of height h, radius p, and with base
radius R, is placed point downward in a lake. Assuming that the apex re-
mains point vertically downwards, show that if the cone is submerged to a

depth x then
PRI (z)?’ g
= g h p.

(You need not solve this equation.) At equilibrium how far is the cone sub-
merged?
When the cone is submerged to a height x the volume submerged is
1
gﬁ[(x/h)R]zx.

Then
1 2 . 1 2 1 2
§7rR hpd = §7TR hpg — gﬂ[(x/h)R] xg,
which simplifies to give

and so x = hp'/3.

Exercise 13.7 A dashpot is a device designed to add damping to a system,
consisting essentially of a plunger in a cylinder of liquid or gas, see Figure

=

Fig. 13.2. A dashpot. Hlustration © 2001 Airpot Corporation. Airpot is a regis-
tered trademark of Airpot Corporation.

It produces a resisting force proportional to the velocity, precisely the kind
of ‘damping’ that we used in our model

m + px + kx = 0, (S13.1)
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with p indicating the ‘strength’ of the dashpot. Dashpots are used in a variety
of applications, for example, cushioning the opening mechanism on a tape
recorder, or in car shock absorbers.

A mass-spring-dashpot system consists of a mass attached to a spring and
a dashpot, as shown in Figure 13.3. A weight of mass 10 kg is attached to
a spring with spring constant 5, and to a dashpot of strength p. How strong
should the dashpot be to ensure that the system is over-damped? What would
the period of oscillations be if u = 14¢

Fig. 13.3. A mass-spring-dashpot system.

Trying z = e® in the model
ma + px + kxr =0
yields the auxiliary equation for «,
ma? + pa+ k=0,
with solutions

(07

_ —pEkN/p?—4mk
N 2m ’

For the system to be overdamped we require
p? —4mk > 0,

so we need p > 2v/50 = 14.14. If y = 14 then the system is under-damped:
we would have

_ —14+/196—-200 —14+2i
- 20 20

giving oscillations that decay like e™*7 and have period 27/v/0.1 ~ 19.9
seconds.

(07

Exercise 13.8 When first opened, the Millennium Bridge in London (see
Figure 13.4) wobbled from side to side as people crossed; you can see this on
video at www.arup.com/MillenniumBridge. Footfalls created small side-to-
side movements of the bridge, which were then enhanced by the tendency of
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people to adjust their steps to compensate for the wobbling. With more than
a critical number of pedestrians (around 160) the bridge began to wobble
violently".

Without any pedestrians, the displacement x of a representative point on
the bridge away from its normal position would satisfy

M3+ ki 4+ dx =0,
where
M~4x10°kg, k~5x10*kg/s, and X~ 10"kg/s%

Show that the level of damping here is only around 1% of the critical level.

Fig. 13.4. The Millennium Bridge in London (courtesy of Arup).

The effective forcing from each pedestrian was found by experiment (which
involved varying numbers of people walking across the bridge) to be propor-

1 A detailed analysis is given in P. Dallard et al., The London Millennium Footbridge, The
Structural Engineer 79 (2001) 17-33.



Oscillations 97

tional to &, with
F ~ 300z.

If there are N pedestrians, the displacement of the bridge satisfies
Mi + ki + Ax = 300N 1.

Find the critical number Ny of pedestrians, such that if there are more than
Ny pedestrians the bridge is no longer damped. Show that if there are 200
pedestrians then there will be oscillations with a frequency of approxzimately
0.8 Hertz (oscillations per second) and with an amplitude which grows as
ot/80

The problem was corrected by adding additional damping, a large part of
which was essentially a collection of dashpots, in order to bring the damping
up to 20% of the critical level. What would this do to the value of k, and
how many people can now walk across the bridge without counteracting all
the damping?

Trying z = e® in the equation gives
Ma? +ka+X=0,

and so

—k + Vk%2 —4M\
o = .
2M

The critical level of damping is when k? = 4M\, i.e. when
k= VAMA = 4 x 10°.

The value of k here, 5 x 10%, is 1.25% of the critical level.
The forcing term 300N & decreases the effect of the damping term kz. The
two terms would balance if

300N =5 x 104

which gives N = 166%. So with 167 pedestrians the bridge is no longer
damped.
If there are 200 pedestrians then the equation of motion is

Mi+ (k—6 x 10%) & + Az = 0.
~———
k
Trying z(t) = e® yields the auxiliary equation

Mo? +ka+ =0,
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with roots

—k+VE2 —4M)
oM

1
= 45
80 0

&

and hence solutions
2(t) = e!/%0(A cos 5t + Bsin5t).

The oscillations have frequency 5/27 &~ 0.8Hz, and their amplitude grows
like et/80.
With the damping at 20% of the critical level, i.e. k is now 8 x 10°, the
damping is now exactly matched if
300N = 8 x 10°,

ie. N = 2666%. So it will now take 2667 pedestrians to counteract all the
damping, and 2666 should still be able to cross without the wobble setting
in.

Exercise 13.9 In the case of critical damping (see Section 13.3), the general
solution of (13.6) is of the form

z(t) = (A + Bt)e /2,

Show that if NA < 2B then x(t) increases initially, reaching its mazximum

value at

24
A B’

If 2(t) = (A + Bt)e */? then we have

#(t) = e M2 <B -~ %(A + Bt)> :

and so £ > 0 while

A
B— §(A+Bt) > 0,
i.e. while

t<2-4
B

2
)
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Inhomogeneous 2nd order linear equations

Exercise 14.1 Find the general solution to the following differential equa-
tions (the homogeneous parts of the equations are all treated in FExercise
12.1) In part (n) also find the one solution that has (0) = n and (0) = 0.
(i) & — dx = t2,
(ii) & — 43 = 12,
(iii) & + 3 — 2z = 3e™ ¢,
(iv) &+ i —2x = e,
(v) &+ 2 + 7 = ot
(vi) for a # w: &+ w?r = sin o,
(vii) for a = w: & + w?x = sinat,
(viii) &+ 2@ + 10z = e,
(iz) @ + 2@ + 10z = e~ cos 3t,
(z) i@+ 61 + 10z = e 3t cost, and
(zi) & + 4i + 4o = e*'.

The solutions of the homogeneous equation can all be found in the answers
to Exercise 12.1.

(i)
i — 4z = t°.

The complementary function is the general solution of the homogeneous
equation § — 4y = 0, i.e.

y(t) = Ae* 4+ Be

(see part (xiii) of Exercise 12.1).

The function on the right-hand side, ¢2, is a second-order polynomial.

99
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Neither 2 nor any of its derivatives are solutions of the homogeneous equa-
tion, so for a particular integral we try a general second order polynomial,
zp(t) = at® + bt + c. Then

Tp = 2at +b and Ip = 2a,

so we need

2a — 4(at® + bt + ¢) = t*.
This requires a = —1/4, b = 0, and ¢ = —1/8. So the particular integral
is

21
Tp(t) = 1%

and the general solution is

z(t) = Ae® + Be % — ﬁ 1
4 8
If we want z(0) = 1 and #(0) = 0 then, since

: 2t 2t _ 1
i(t) = 24e” —2Be” ™" — 5t

we need

1
1:x(0):A+B—§ and  0=1(0) =2A—-2B,

ie. A= B =9/16, and so
|

z(t) = 9(e* +e2") /16 — 173

i —4d =12,
The complementary function is the general solution of the homogeneous
equation § — 4y = 0, which is
y(t) = A + Be't

(see part (v) of Exercise 12.1). If we were to try, as before, a second-order
polynomial for a particular integral then we would have the problem that
one of its derivatives (the second) would be a constant — and this is now
a solution of the homogeneous equation. So we have to multiply by an
extra factor ¢, and try z,(t) = at + bt? + ct. So we have

i, =3at> +2bt +¢  and i, = 6at + 2b.
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Substituting in we get
6at + 2b — 4(3at® 4 2bt + ¢) = 12,

requiring a = —1/12, 6a — 8 = 0 so b = —1/16, and 2b — 4¢ = 0 so that
c = —1/32, giving

0 B2t
x =—— - — - —
P 12 16 32
The general solution is therefore
B2t
t)=A+4 Bel' — — — — — —.
o) = A+ B = 576 3
For the solution with z(0) = 2 and #(0) = 0 we need
1
A+B=2 d 4B— — =0
+ an 39 ,
so B =1/128 and A = 255/128, and
1 B2t
— (9 a0y U o
1) = 55+~ 5715 " 3

44 —2r=3e"

The complementary function is the general solution of the homogeneous
equation §y + 9y — 2y =0,

y(t) = Ae' + Be 2

(see part (xii) of Exercise 12.1). The function on the right hand side is not

a solution of the homogeneous equation, so we can just try zp(t) = ae™.

‘We have

Tp = —ae”! and Ip = ae™t,
so we want
ae™t —ae ! —2aet =3e!
requiring a = —3/2 and giving the particular integral
3
Tp(t) = —z€
o(t) =~

and the general solution

z(t) = Ae' + Be ™2t — ge_t.
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To find the solution with x(0) = 3 and #(0) = 0 we need, since, & =
Aet —2Be ™ + (3e71/2),
3 3
This gives A = 5/2 and B = 2, and so

b} 3
z(t) = 56t +2e7 2 — §e_t.

P44 — 2z =¢l.

The complementary function is as in part (iii), but now the right-hand side
is a solution of the homogeneous equation, so we have to try z,(t) = ate’
for a particular integral. For this guess

ip = ae’ + ate’ and ip = 2ae’ + ate',
and so we want

2ae’ + ate! + ae + ate’ — 2ate’ = €',

requiring a = 1/3. So the particular integral is xp(t) = te’/3 and the
general solution is

t t
z(t) = Ae' + Be 2 + %

For the solution with z(0) = 4 and #(0) = 0 we require, since & =
Ael + Be™? + (et/3) + (te!/3),
A+B=4 A—QB+%:O,
and so A =23/9 and B = 13/9, giving
23e! + 13e™2 + 3te!
x(t) = 5 .

P42t +x=e".

The complementary function is the general solution of the homogeneous
equation ¢ + 2y + y = 0, which is
y(t) = Ae™" + Bte™*

(part (ix) of Exercise 12.1). Now observe that the right-hand side e~ is a
solution of the homogeneous equation, and so is te~t. Therefore we have
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to use one power of ¢ more, and try x,(t) = at?e”'. For this guess we
have

—t and Ip = 2aqe~t — date™t + at?et.

Tp = 2ate™! — at’e
Substituting in gives
2ae! — date™t + at?et 4+ 2(2ate™t — at?e”!) + at?e Tt =7,

notice that the terms with te=* and t2e~* cancel, leaving just 2ae~, and
so we want a = 1/2. So the particular integral is z,(t) = t?¢~!/2, and the
general solution is

2
z(t) = <A + Bt + 7;) e .
We have

(t) = (—A +B+(1—B)t— t;) et

and so the solution with z(0) =5 and #(0) = 0 must have
A=5 and —A+B=0.
This gives A = B =5, and so

z(t) = (54 5t + 5t?)e~".

7 + w?z = sin of.

The complementary function is the general solution of the homogeneous
problem §j + w?y = 0,

y(t) = Acoswt + Bsinwt

(part (xv) of Exercise 12.1). The function on the right-hand side is not
a solution of the homogeneous equation, so we would in general try a
combination of sin at and cosat. However, we can note here that there
is no # term on the left-hand side, and it is such a term that would
generally make us include a cosine term (since the derivative of sinat
would give a term in cosat). So here we just try xp(t) = asinat. Since

Ip = —aa? sin at we need

—aa?sin ot + w?asin ot = sin at,
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or a = 1/(w? — a?). This gives the particular integral
sin at
Tp (t) = 02 — o2

and the general solution

in at
x(t) = Acoswt + Bsinwt + %.
w? —«
We have
t
&(t) = —Awsinwt + Bw coswt + %,
w? — o
and so for x(0) = 6 and ©(0) = 0 we need
A=6 and Bw + % =0.
w? — o
This gives A =6, B = —a/[w(w? — a?)], and so this solution is

wsinat — asin wt
x(t) = 6 coswt +

w(w? — a?)
(vii) We now have
i+ w?r = sinwt.

We cannot try sin wt since this is a solution of the homogeneous equation,
so we have to try a combination of ¢sinwt and ¢ coswt, z,(t) = atsinwt +
bt coswt. Then

Tp = asinwt + awt cos wt + bcoswt — bwt sin wt

and

Tp = 2aw cos wt — aw?t sin wt — bw sin wt — 2bw?t cos wt.
Substituting in we get

2aw cos wt — aw’t sin wt — 2bw sin wt — bw?t cos wt

+aw?t sinwt + bw?t cos wt = sinwt;
the terms with a factor of ¢ cancel, leaving
2aw cos wt — 2bw sin wt = sin wt

requiring @ = 0 and b = —1/2w. So the particular integral is x,(t) =
—(tcoswt)/2 and the general solution is

1
z(t) = Acoswt + Bsinwt — 2—tcoswt.
w
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The solution with 2(0) = 7 and #(0) = 0 must have

A=T7 and Bw—§:0,

so A=17, B=1/2w, and the solution is

sinwt — t cos wt
2w '

x(t) = Tcoswt +

i+42i+ 10z =e".
The complementary function is the general solution
y(t) = e *(Acos3t + Bsin3t).

of the homogeneous problem § + 2y + 10y = 0 (part (vii) of Exercise
12.1). Now to get the correct right-hand side (e™!) we note that although
this is involved in the complementary function, it is not a solution of the

homogeneous equation, so we can just try xp(t) = ae~t: we have
.t . —t
Tp = —ae and Ip =ae ",
so we need
ae”t —2ae” "t + 10ae t =7,

and this requires a = 1/9. The particular integral is z,(f) = e~*/9, and
the general solution is

1
z(t) =e (A cos 3t + Bsin 3t + 9> .
We have
1
i(t) =e <(—3A — B)sin3t+ (3B — A) cos 3t — 9> ,

and so for x(0) = 8 and 4(0) = 0 we want

1 1
A+§:8 and 3B—A—§:O

which implies that A = 71/9 and B = 8/3. Therefore

—t
x(t) = %(71 cos 3t + 24 sin 3t + 1).
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&+ 24 4+ 10z = et cos 3t.

The complementary function is as in part (viii), and you can see that now
the right-hand side is a solution of the homogeneous equation. So in fact
we need to try something like ate™! cos3t. But differentiating this will
give similar terms with the cosine replaced by a sine, so we have to try

xp(t) = ate" cos 3t + bte " sin 3t.

So
i, = ae 'cos3t — ate ' cos3t — 3ate sin 3t + be ' sin 3t
—bte "sin 3t + 3bte” ' cos 3t
= ae 'cos3t+ (3b— a)te ' cos3t — (3a + b)te 'sin 3t
+be " sin 3t
and
Ip = —ae " cos 3t — 3ae "sin 3t

+(3b — a)[e " cos 3t — te ™" cos 3t — 3te” " sin 3¢
—(3a + b)[e 'sin 3t — te ' sin 3t + 3te ™" cos 3¢
—be " sin 3t + 3be " cos 3t
= (6b—2a)e " cos3t — (8a + 6b)te " cos 3t + (6a — 8b)te " sin 3t
—(6a + 2b)e " sin 3t.

Substituting in we get, after careful tidying of terms
6be ! cos 3t — 6ae sin 3t = et cos 3t,

and so we need a = 0 and b = —1/6. The particular integral is z,(t) =
—(te"tcos 3t) /6, and the general solution is

te"tcos 3t

z(t) = e *(Acos3t + Bsin3t) — 5

With this general solution we have

t t tsin 3t
Q'U(t):eft ((2B—A—é)coth—(3A+B)sin3t+ cos 3 — Sm3>,

6 2
and so to ensure that 2(0) =9 and £(0) = 0 we must have
1

A=9 and QB—A—gzO,
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which gives B = 55/12. The solution satisfying these initial conditions in

therefore
—t
a(t) = 61—2(108 cos 3t -+ 55 sin 3¢ — 2t cos 3t).

Z + 6@ + 10z = e 3 cost.

The complementary function is the general solution of the homogeneous
equation ¢ + 6y + 10y = 0, which is

y(t) = e 3 (Acost + Bsint)

(part (x) of Exercise 12.1). So the right-hand side is one solution of the
homogeneous equation, and for a particular integral we have to try

z,(t) = Cte 3 cost + Dte ' sint.

Therefore

ip(t) = Cle cost — 3te  cost — te * sint]

+Dle 3t sint — 3te 3 sint + te 3! cost]
= e cost[C + (D —3C)t] + e 3 sint[D — (C + 3D)t]
and
ip(t) = (D—3C)e  cost+ [C+ (D —3C)t|[~3e * cost — e * sint]
—(C +3D)e 3 sint + [D — (C 4 3D)t][-3e ! sint + ¢ cos t]
= e 3t cost[(2D — 6C) + (8C — 6D)t]
+e 3 sint[(6C + 8D)t — (2C + 6D))].

So we have

ip + 6@y + 10z, = (2D +10C)e > cost — 2Ce * sint,
and need

2D +10C =1 and 2C =0,

i.e. D = 1/2. So the particular integral is z,(t) = Ste3'sint, and the

-2
general solution is
t
x(t) = e 3 (Acost + Bsint + 5 sint).
We have

3t
#(t) = e 3 | (B — 3A + 3t) cost + <3B—A+§+2> sint} ,
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and so to fit the initial conditions we need
z(0)=A=10 and #(0) =B —-3A4A=0,

which gives A = 10 and B = 30, so the solution is

t
z(t) =e 3 <1O cost+ 30sint + B sin t) .

&+ 4d + 4y = e

The complementary function is the general solution of the homogeneous
equation § + 4y + 4y = 0, and this is

y(t) = Ae™? + Bte .

The right-hand side is not a solution of the homogeneous equation, so
we can try x,(t) = Ce?. Since

ip = 2Ce* and ip = 4Ce*

we require

4C+8C +4C =1,

and so C = 1/16, giving the particular integral z,(t) = ?*/16. The
general solution is therefore

o2t
x(t) = Ae 2 4+ Bte 2 + —.
16
The derivative is given by

o2t
i(t) = —24e™? + Be™? — 2Bte™* + <

and so to satisfy the initial conditions we want
+ L_
16
i.e. A=175/16 and B = 87/4. So the solution is

175e =2t 4 348te 2t + 12862t
z(t) = 16 .

1
z(0)=A4 11 and  #(0) =—-2A+ B+ 3= 0,

Exercise 14.2 Find a particular integral for
i+ & —2r = 12" — 6e'. (S14.1)

(You might find parts (iii) and (iv) of the previous exercise useful.)
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Since the equation is linear we can take an appropriate linear combination
of the particular integrals for

F4+d—2r=f(t)=3e" [this was zf(t) = —ge*t]
and
. . t . tet
T+i—2x=g(t)=e [this was z4(t) = ?]

The right-hand side of (S14.1) is 4f(t) —6g(t), so the particular integral will
be

(1) = dap(t) — 6a,(t) = —6e~F — 2t
Exercise 14.3 If you are feeling strong, find a particular integral for
i + 4z = 289te’ sin 2t.

The complementary function is the solution of the homogeneous equation
Z 4 4x = 0, which is

x.(t) = Acos2t + Bsin 2t.

The right-hand side does not solve the homogeneous equation, and for a
particular integral we try

zp(t) = [Ct + D]e'[E'sin 2t + F cos 2t].
A more convenient form for this is
zp(t) = (at + B)e’ sint + (yt + &)e cost.
We have
ip(t) = [(a+B—208)+ (a—27)t)]e sin 2t + [(28 + v+ 8) + (2a+7)t]e cos 2t
and

ip(t) = [(2a — 38 — 4y — 46) — (3a + 4)t]e’ sin 2t
+[(4a + 4B + 27 — 368) + (4a — 37y)t]e’ cos 2t,

and therefore

Fp+4r, = [2a+ B — 4y —45) + (o — 4y)t]e’ sin 2t
+[(4a + 48 + 27y + 6) + (4o + v)t]e! cos 2t.
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To produce 289te! sin 2t we therefore require
20+ —4y—-456 = 0
a—4y = 289
da+438+2v+6 = 0
dao+v = 0,
with solution
a=17, [f=-2, yv=-68, and 0 =76.

[You could find this by writing the simultaneous equations as a matrix equa-
tion and using MATLAB’s matrix inversion function inv.] The particular
integral is therefore

zp(t) = (17t — 2)e’ sin 2t + (76 — 68t )e’ cos 2t.



15

Resonance

Exercise 15.1 For a # w show that the solution of the equation
i+ w?r = cosat (S15.1)

with (0) = £(0) =0 s

z(t) = ﬁ (cos at — coswt). (515.2)

We want to find the solution of
&+ w?z = cosat with z(0) = %(0) = 0.
The complementary function is the solution of the homogeneous equation
T =—wx,
which is
x(t) = Acoswt + B sinwt.

To find the particular integral we try x,(t) = acosat (the term & does not
occur in the equation, so there is no reason to include the sin at term in our

guess for a particular integral). Since &), = —aa? cos at we want

a(—a® 4+ w?) cosat = cos at

so the particular integral is

giving the general solution

cos at
z(t) = Acoswt + Bsinwt + ———.
w? —

111
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To ensure that 2(0) = #(0) = 0 we need

1
A+W:0 and B:O,

so the solution for these initial conditions is
cos at — coswt

t) =

as given.

Exercise 15.2 Use the double angle formulae
cos(f £ ¢) = cos cos ¢ F sin @ sin ¢

to find an expression for cosx — cosy as a product of two sine functions,
and hence rewrite the solution in (S15.2) as
2 . (wHa)t | (w—a)t
5z 5in 5 sin 5
If «v is close to w then | + w| is much larger than w — a; one of the two
terms oscillates much faster than the other. A graph of such an expression
when w = 1 and o = 0.8 is shown in Figure 15.1. The periodic variation
of the amplitude of the basic oscillation is known as beating. You can hear
this when, for example, two flutes play slightly out of tune with each other.

1 - 3 = T ~ -
0.8 /
06F / N ! \ / \ / \ ,
0.4 \ / \ \ J
0.2

0

-02pH Iy ;o

-04+ | A\l I \ / \ \ .

-0.6- / \ / \ P \ / \ 4

-0.8F \ /
0.8 \ ; / \

-1 i ~ I - N 7
0 50 100 150

Fig. 15.1. The phenomenon of beats: the graph of sin0.9¢sin0.1¢ against ¢ (the
dashed line shows how the amplitude of the faster oscillation varies like sin 0.1¢).
We have

cos(f + ¢) = cosBcos¢ — sinfsin ¢
cos(f — @) = cosfcoso+ sinfsin @,
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and subtracting these two expressions gives
cos(f + @) — cos(f — @) = —2sin O sin .
Choosing 6 + ¢ = z and 0 — ¢ = y implies that

o=""Y  ad e=""Y
2 2
and so
LTty . r—y
cosx — cosy = —2sin sin 5 -
We therefore have

2 w4+ a)t w—a)t
M(cosat—coswt)ZWQ_a2sin( z )sin( 5 )

Exercise 15.3 When o = w show that the solution of (515.1) with z(0) =
(0) =0 is z(t) = tsinwt/2w. Recover this solution from that for o # w by
letting o — w in (S15.2) and using L’Hopital’s rule.
L’Hopital’s rule: if f(z) — 0 as ¢ — a, and g(z) — 0 as x — a then
i 1)y, 710 7@
v=ag(z)  eag'(z)  g'(a)

(provided that f and g have continuous derivatives at x = a).

If we try to take the limit as & — w in the solution

t) = ——(cosat — coswt
x(t) T (cos at — coswt)

we find that both numerator and denominator tend to zero. However,

P (cos at — coswt) = —tsinat
o
and

d o 2

el _ = —2a,

o (w® —a”) o'
so using L’Hopital’s rule the limit is

tsin wt
2w

as given.

Exercise 15.4 A model for the vibrations of a wine glass is

P+ M+ Wiz =0,
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where X\ and w are constants. Suppose that when struck the glass vibrates at
660 Hz (about the second E above middle C on a piano). Show that

vV 4w? — A2 = 26407.

If it takes about 3 seconds for the sound to die away, and this happens when
the original vibrations have reduced to 1/100 of their initial level, show that

21og 100
A= ———
3 )
and hence that A = 3.07 and w = 4.15 x 10® (both to three significant Fig-

ures).

The glass can stand deforming only to x ~ 1. A pure tone at 660 Hz
1s produced at D decibels and aimed at the glass, forcing it at its natural
frequency, so that the vibrations are now modelled by

) 10(D/10)—8
I+ At +wix = —g —cos 13207t. (515.3)

How loud should the sound be, i.e. how large should D be, in order to shatter
the glass? (Decibels are on a logarithmic scale, hence the exponential on the
right-hand side of (S15.3). The strange factor in front of the forcing produces
roughly the correct volume level.)

Trying z(t) = ¥ in
i+ A+ w?r =0

yields the auxiliary equation
k2 4+ Me+w? =0,

with solutions

b — A+ VA2 —4w?

When A2 < 4w? we have

and the solution is
e M2(Acos Ot + Bsin Qt),
with

Nz
Ao Sy

0=
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The wine glass vibrates at a frequency /27, so we have
Q  Viw? — )2
o2 A

VAw? — N2 = 26407 (S15.4)

The vibrations will have reached a hundredth of their initial level when

= 660,

or

100
and this happens after 3 seconds, so
100
Taking logarithms gives
21log 100
~3)/2 = —log 100 :>/\:%.

This implies that A = 3.07 and hence, using (S15.4), that w = 4.15 x 105.
We note here for use later that

)\2
w? = (1320m)% + T

From the treatment in the text, the amplitude of the response to the a

forcing a cos at is given in (15.6) as
a

V=P (a)

For
) 10(D/10)—8
T+ M\t +wx = fcosl?ﬁom

we have a = 10(D/10)_8/3 and o = 13207, and so the amplitude of the
resulting oscillations in the glass is

10(D/10)—8 1
X
3 VvV (A2/4) + (1320A)2

This amplitude is one when

~ 2.6182 x 10(P/10)=3

D

so when D =~ 136.



16

Higher order linear equations with constant
cocfficients

Exercise 16.1 Find the general solution of the following equations:

(i)
d3z d%x dx
=65 11— —6r=e""
@ Cae T T
(i)
y" — 3y +2=sinz,
(iii)

dz d3z 4 d?z de L4 -
— —4— — — 8— r = sin
dt4 de3 d¢?

dt
(if z = e* one solution of the corresponding quartic equation is k =
1+1i), and
(i)
d*z d?x
—Z -5 4d4r=c¢.
an " PaE T

d3x d2x dz
— 66— + 11— — 6x = 48e~".
B Pqe T e

First we solve the homogeneous equation

d3z d2z dz
— —6—+11— —62x =0
FTEE TP VA

by trying x(t) = e*, which gives the auxiliary cubic

k3 —6k*>+ 11k — 6 = 0.

116
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By inspection one solution is £k = 1, and so we can factorise
k> —6k* + 11k — 6 = (k — 1)(k* — 5k + 6)

and obtain the quadratic equation k? — 5k + 6 = 0 which gives two
other roots, k = 2 and k = 3. So the complementary function is

zo(t) = Aet + Be? + Ce¥.

Since e~* does not solve the homogeneous equation we can try
zp(t) = De™* for a particular integral. Then

ip = A3z, /dt® = —De™* and ip = De™ ",
so for
Dl—e ' —6e7" —1le”" — 6e "] = 48"
we must have D = —2, and the general solution is

x(t) = Ae' + Be* + Ce’ — 27"

y" — 3y + 2y =sinx.

First we find the complementary function by solving the homogeneous
equation

y/// _ 3y/ _|_ 2y — 0'
Trying y(x) = e** gives the cubic equation for k,
kP —3k+2=0.

Again we can see by guessing that k = 1 is a solution. Factorising
once more gives

P —3k+2=(k—1)(k+k—2),

and so the other roots are the solutions of k? + k — 2 = 0, which are
k=1and k = —2. So we have k = 1 a repeated root, and k = —2.
So the complementary function is

ye(z) = Ae® 4+ Bre® 4+ Ce 2.
For a particular integral we try y,(z) = Dsinz+ E cos z, for which
Yp(x) = Dcosz — Esinz, yp(x) = —Dsinz — Ecosz,

and
"

Yp () = —Dcosz + Esinz.
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(iii)
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So we have
Yy — 3y, + 2y = (2D + 4E)sinz + (2E — 4D) cos .
To obtain sinx on the right-hand side we need
2D+4FE =1 and 2E —4D =0,
so D =1/10 and F = 1/5, and so the solution is

sinz n CcosS T
10 5
First we try to solve the homogeneous equation

diz A3z Az dx
— —4—+4+8—-—5 —-8—+4x=0
e e T tw Y

by trying = e**. We get a quartic equation for k,

kt — 4k® 4+ 8k? — 8k 4+ 4 = 0. (S16.1)

y(r) = Ae” + Bre® + Ce " +

If one root is 1 4+ i then another must be 1 — i, and so
(k—1—i)(k—14+1i) =k —2k+2

must be a factor of (S16.1). So we can divide by this factor using

polynomial long division,

K2 —2k 42
K2 —2k+2 ) K* —4k® +8k* —8k +4
E* —2k3  42k2
—2k3 46k* —8k +4
—2k3  44k* —4k

2k —4k +4
2k —4k 44
0.

So in fact the equation factorises into
(k* —2k+2)% =0

and the roots are 141 twice, and 1 — i twice. So the complementary
function is

Aetsint + Bel cost + Ctel sint + Dtel cost.
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Now to find the particular integral. Is the right-hand side a solution
of the homogeneous equation? Thankfully not, so we can just try a
sum of sint and cost, x(t) = Asint + Bcost. Then

£ = Acost— Bsint

& = —Asint— Bcost
z® = —Acost+ Bsint
@ = Asint+ Bcost.

Substituting in we want
Asint + Bcost —4(—Acost + Bsint) + 8(—Asint — Bcost)
—8(Acost — Bsint) + 4(Asint + Bcost) = sint.
Tidying this up we want
(=3A+4B)sint — (4A + 3B) cost = sint

and so A = —3/25 and B = 4/25. So the particular integral is
(—3sint +4cost)/25 and the general solution is

4cost — 3sint
Aelsint + Bel cost + Ctel sint + Dtel cost + —m.

25
First we solve the homogeneous equation
d*z d?z
— —5—+4x=0
ar " CaE T

by trying = e**. Then we want
k' —5k*+4=0.
We can factor this,
(k> —4)(k* —1) =0,
and so k = £2, £1. So the complementary function is
Ae?* + Be™' 4 Ce' 4 De™".

Now to find the particular integral. Sadly, e is a solution of the
homogeneous equation, so we have to try z(t) = Ate’. Then

d3x ‘ diz

= A(l+t)e! &= A(2+t)e’ n

and so we want

A4 +t)e' —5A(2 + t)e! + 4Ate’ =€

= A(4+t)et7
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or =64 =1, i.e. A = —1/6. So a particular integral is —te'/6 and
the general solution is

tet

Ae? + Be % 4+ Cet + De™t — 5

Exercise 16.2 The linear independence of three functions f1, fo, and f3 on
an interval 1 depends on the number of solutions of the equation
Oélfl(t) + Olgfg(t) + Oégfg(t) =0 for all tel.

By differentiating this equation once, and then once more, show that oy, ao,
and ag satisfy the matriz equation

N f2 E o 0
dfy/dt  dfy/dt  dfs/dt ay | =10
d2 f1 /dt2 d2f2/dt2 dzfg/dtQ a3 0

Deduce that if W|[f1, fa, f3](t), the Wronskian of fi, f2, and fs, defined
as

i fo f3
Wlf1, fa, f3](t) = | dfy/dt dfy/dt dfs/dt
d?fi/dt? d%fy/dt?  d?fs/dt?

s non-zero for any t € I then f1, fa, and f3 are linearly independent.
We start with
a1 f1(t) + aafa(t) + agfa2(t) =0 for all tel.
Differentiating once we obtain
arfi(t) + aofolt) + asfs(t) =0  forall  tel,
and differentiating again we have
a1 fi(t) + agfo(t) + asfz(t) =0 for all tel.

Combining these three we obtain the matrix equation

fi(t) f2(t) f3(t) ay 0
dfy/de(t)  dfa/dt(t)  dfs/dt(t) ay | =1 0|, (S16.2)
d2fy/dt?(t) d2fo/dt?(t) d2fs/dt3(t) as 0

which should hold for all t € I.

If the determinant of the matrix on the left-hand side is non-zero for any
t € I then we can choose this value of ¢ and multiply by the inverse of the
matrix to show that oy = as = a3 = 0, which implies that fi, fo, and f3
must be linearly independent on 1.
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Exercise 16.3 Show that any three solutions of a third order linear differ-
ential equation are linearly independent on an interval I if and only if their
Wronskian is non-zero on 1.

If W(t) # 0 for all ¢t € I then we know from the previous exercise that
the three solutions x1(t), z2(t), and x3(t) are linearly independent.

If W = 0 then for some (and in fact for any) s € I there is a non-trivial
solution (o, a2, a3) of the matrix equation (5S16.2) with t = s. Now,

l‘(t) = 0411’1(75) + OZQIL‘Q(t) + OégfL‘g(t)

is a solution of (S16.3) that satisfies

But we know one solution of (S16.3) that satisfies these initial conditions,
namely x(t) = 0. Since the solutions are unique, it follows that we must
have

a1z (t) + agwa(t) + aszs(t) =0,

and so 1,2, and x3 are linearly dependent on 1.

Exercise 16.4 Suppose that x1, x2, and x3 are three solutions of the third
order linear equation

d3z d?z dx
— —_— p— 1 .
w + p(t) D + q(t) T +r(t)x =0, (516.3)

all defined on some interval I. We now show that, just as for two solutions
of a second order linear equation,

ddll/ = —p(t)W (516.4)

(see Ezercise 11.2). You will need various properties of determinants, which
you can prove by longhand (if you wish) in the next exercise.

(i) By differentiating the determinant form of the Wronskian, show that

€1 €2 x3
W = :t‘l $'2 x'?)
dg:l,‘l/dt?’ d3$2/dt3 dsl'g/dtg

(You will need parts (i) and (ii) of the next exercise.)
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(i)

(iii)

(iv)

16 Higher order linear equations

Substitute in for d3x;/dt> using the differential equation (S16.3), and
hence show that

xr1 T2 I3
W = _p(t) j}l m"2 j33 )
T1 To X3

i.e. that (S16.4) holds. (You will need parts (ii) and (iii) of the next
exercise. )

Solve equation (S16.4) to find an expression for W (t) involving an
integral, and deduce that either W (t) = 0 for allt € I, or W(t) #0
forallt e 1.

Deduce that any three solutions of a third order differential equation
are linearly independent if and only if their Wronskian is non-zero.

Using part (i) from the next exercise, which tells us how to differen-
tiate determinants, we have

aw 9:61 3?2 9:63
W= g
Iy T2 I3
Tr1 T2 I3 I i) I3
+| Z1 T2 A3 |+ 21 ) T3
I1 o I3 d3xq/dt? Bwy/dt? dPxz/de?

Now, if two rows in a determinant are proportional then the de-
terminant is zero [part (ii) of the next exercise|. In particular this is
true if two rows are equal, so the first two terms here vanish and we
have just

Ty x2 x3
W(t) = Ztl i2 ig
dga?l/dtg d3$2/dt3 d31/‘3/dt3
From the equation we know that
3 3 .. .
d’z;/dt® = —p(t)Z; — q(t)E; — r(t)zy,
and substituting into the expression for W obtained above we have
€1 X2 L3
i?l jSQ j33
—p¥1 — q¥ —Tx  —ply —qiy —rry —pIy — qiz — T3
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Using part (iii) of the next exercise we can rewrite this as

T T2 I3 T T2 I3 T1 T2 T3
W(t) =D jjl i2 3.33 —(q 1'31 i2 j?3 -7 i‘l i,‘z i’g
T1 I 43 T1 Ty X2 T1 T2 T3

Once again we can use the fact that if two rows are proportional then
the determinant is zero [part (ii) of the next exercise] to get rid of
the last two terms and end up with just

) r1 T2 X3
W(t)=—p(t) | @1 4o i3 |=—pt)W(t),

T1 T2 I3

since the determinant is precisely the definition of Wx1, z2, z3](t).
It follows from the equation

daw

e
7 = P
that
t
W) = W(s)exp (— NG df) ,
and so, since e* is never zero, either W(t) = 0 for all ¢ € I, or

W (t) # 0 for all t € I (cf. Exercise 11.2).

Exercise 16.5 For the previous question you will need the following prop-
erties of determinants: you should be able to prove them in the 3 X 3 case
treated here by simple (if laborious) calculation, using the explicit expression
for the determinant of a 3 X 3 matriz

(1)

s t |=ua(sz—ty)—b(rz—tz)+ c(ry — sx).

z

q b ¢ a b ¢ a b c a b c

ars =|r s t|+|7r s t|+|1r s t
z T oy z Tz Yy z Ty z

(i.e. differentiate one row at a time; this is essentially the product
rule),



124 16 Higher order linear equations

(i1) If any two rows are proportional then the determinant is zero: check

this for
a b ¢
Aa b Ac | =0,
x Yy =z

(iii) Determinants depend linearly on their rows: show this for the case

a b c
T S t
ari + fxre ay; + By2 az; + Bz
a b ¢ a b ¢
=a|lr s t |+0|r s t
oy 2 T2 Y2 22

(i) One way to show this result would be to use the explicit form of the
determinant, differentiate each term using the product rule, and then
recombine the results appropriately:

%[a(sz —ty) — b(rz —tz) + c(ry — sx))

8 3 2
< w o
N+ O
Il

= a(sz —ty) + a(sz — ty) + a(sz — ty)
—b(rz — tz) — b(rz — tx) — b(rz — ti)
+é(ry — sx) + c(ry — sz) + c(ry — s&)

= a(sz—ty) — b(rz —tx) + ¢(ry — sx)
+a(sz — ty) — b(rz — L) + c(ry — 52)
+a(sz —ty) — b(rz — ti) + c(ry — sx)

a b ¢ a b c a b ¢
= |r s t|+|7r § t|+|r s t
r Yy z T Yy 2 T oy z

A quicker way is to note that each term in the expression for the
determinant involves one entry from each row. Thus, having differ-
entiated using the product rule, we obtain three terms which we could
group together according to which row has been differentiated, and
this will give the required expression.
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(ii) We have

a b c
Aa Ab Ae | = a(Abz — Aey) — b(Aaz — Aex) 4+ ¢(Aay — \bx)
r Yy =z

= Aabz — acy — abz + bex + acy — bex]
= 0.

(iii) Expanding the determinant we have

a b c
T S t

az1+ PBry ayi + By az + Bz
= a(slaz1 + Bzo] — tlayr + By2]) — b(rlazr + Bzo] — tlaws + Brs])
+e(rlays + Bya| — slazy + Brs))
= afa(sz1 — ty1) — b(rz1 — tx1) + c(ry; — sx1)]
+0[a(sza — tya) — b(rze — txa) + c(ry2 — sa)]
a b ¢ a b ¢
=a|l r s t |+0|r s t
I Y1 A T2 Y2 =2
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Reduction of order

For further examples of the reduction of order method see also Fxercises

18.1(vi), 18.1(vii), and 20.5.

Exercise 17.1 One solution of the equation
2 — 205+ (t+2)y=0

is y(t) = t. Use the reduction of order method to find a second solution, and
hence write down the general solution.

We try y = tu, and so
y=u-+ti and 9 = 2u + ti.

Remembering that when we substitute into the equation the terms in which
v has not been differentiated will cancel' we have

(il + 20) — (2 + 2t)ta = 0. (S17.1)
Simplifying this we have
34 — 30 = 0,
and so
i —u=0.

L If you don’t remember this you will just have more algebra to do:

2 (tis + 20) — (2 4 2t) (u + t0) + (¢t + 2)tu = 0,
and so
34 + 2620 — (82 4 2t)u — (82 + 262)i + (82 + 20)u = 0;

the terms involving u now cancel and lead to (S17.1).
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Usually we would set v = 4 to obtain a first order equation for v, but in this
case we can just try u(t) = e and obtain the auxiliary equation for k,

k> —k=0.
So k=0or k=1, and we have
u(t) = A+ Be'.
Therefore we have the general solution
y(t) = At + Bte';

the ‘new solution’ is y(t) = te’.

Exercise 17.2 One solution of
(z—1)y" —2y +y=0

that is valid for x > 1 is y(z) = e*. Find a second linearly independent
solution z(x), and check that the Wronskian of y(z) and z(x) is non-zero
forx > 1.

If we try y(z) = e"u(x) then
Y (x) = e"u(x) + "/ (z) and Y (x) = e"u + 2e"u + e"u”,
and so, remembering that the terms in which w is not differentiated will
cancel, we have
(x —1)[2e"u + e"u"] — z[e"u/] = 0.
Cancelling the e* gives
(x — Du" + (x —2)u’ =0.
Setting v = u we obtain a first order equation for v,

, =2

v+ v =20.

r—1

We can solve this equation using the integrating factor

exp</m_2d$> = exp(/l— 1 da:)
rz—1 rz—1

= exp(z—Injz—1|)

)

r—1

since |z — 1| =2 — 1 when = > 1.
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Multiplying both sides by this integrating factor we get

i |z e@) =0

dt a:—lv

and so

giving (recall that v(x) = u/(z))
v (z) = Ae " (x — 1).
Now we integrate this to give
u(x) = —Aze™™ + B.
Since A is an arbitrary constant we can replace A by —A to give
y(x) = Ax + Be”.

In this case, the new solution is just y(z) = z.
The Wronskian of y;(z) = e* and ya(z) = x is

Wy, y2](x) = y1ys — yoyy = € — ze” = (1 — x)e”,
which is non-zero when = > 1.
Exercise 17.3 One solution of
(tcost —sint)E + @tsint — xsint =0
is z(t) = t. Find a second linearly independent solution.
With y = tu we have
y=u-+ti and i = 2u + ti,
and substituting in gives
(tcost —sint)(2u + til) + tsint(tw) = 0,
which after rearrangement is
(t2cost — tsint)ii + (t*sint 4 2t cost — 2sint)iu = 0.
Setting v = @ we have the first order linear equation

(t*cost — tsint)v + (t*sint + 2t cost — 2sint)v = 0.
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/ tsint +2
ex _— -
P tcost —sint ¢t

= exp(—In(tcost —sint) + 21Int)
2
tcost —sint

d t2v
—(——) =0,
dt \tcost —sint

The integrating factor for this equation is

t?sint 4+ 2t cost — 2sint
exp 3 - dt
t“cost —tsint

‘We therefore have

and so
t2v

tcost—sint
which gives

du tcost —sint

i T
This implies that
u(t) =c SlTnt,

and so
x(t) = tu(t) = csint,

and the second linearly independent solution is z(t) = sint¢.

Exercise 17.4 One solution of
t—t)i+2-tHe+(2—-t)z=0
is x(t) = e~ . Find a second linearly independent solution.
We put z(t) = e~ tu(t), and so
t=—eutelu and i =e'u—2e 0+ el
Substituting into the equation we obtain
(t —t?)[e bl — 2e 0] + (2 — t2)e tu = 0.

Cancelling the e~ terms and rearranging we have

(t —t2)ii 4 (t* — 2t + 2)u = 0.
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Setting v = @ we obtain a first order equation for v,

@_,_wv:()_
t — 2
We can rewrite this as
1')+<2+1—1>v:0,
t 1-—1¢

and so the integrating factor is

2 1
eXp(/t+1—15_1dt) = exp(2Int—1In(1 —¢t) —1¢)

The equation for v therefore becomes
d (vt?e”!
d (utey
dt \ 1—t¢

du et et
V= —=20¢ _———
dt 12 t]’

and so

which implies that
¢

e
t) =—c—.
u(t) ¢
This gives a second solution x(t) = e~tu(t) = —c/t; a second linearly inde-

pendent solution is z(t) = 1/t.

Exercise 17.5 One solution of
y' —xy +y=0

isy = x. Find a second linearly independent solution in the form of an
integral. FExpanding the integrand in powers of x using the power series
form for €%,

and assuming that the resulting expression can be integrated term-by-term
show that this second solution can be written as

et 2n
X
yla) = A\ =1+ nz::l 2n(2n — 1)nl
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(cf. Exercise 20.2(i)).
To find a second solution we put y(x) = zu(z), and so
v () = u(x) + 2/ (v) and Y (z) = 24/ (z) + 2u” (z),
and so when we substitute into the original equation we obtain
2w’ + au” — 2% =0

which, with v =/, gives

The integrating factor is
2
exp </ - — xdx) =exp(2lnz — %xQ) = xQe_I2/2,
x

and so multiplying by this the equation for v becomes

% (x2e_z2/2v(:n)) =0,
and so
v (z) = v(z) = Az—2e""/2,
Therefore
u(x) = A/x_26x2/2 dzx
and

y(z) = Ax/a:Qer/z dz.

Using the power series expansion for e*,

o n

T
oS
n!

n=0

oo 2n
— Az [ 272 ) da
) = oo (S 50) o
) oo x2n72
= A -
x/:r —I—; T, dx

. l,2n—1
ot nz::l 2n(2n — 1)n!

we have

= Az
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e x2n

= A|-1 —_—

* ; 27(2n — 1)n!

Exercise 17.6 One solution of

d2z

d
tant@ — 3% + (tant + 3cot t)x =0

is x(t) = sint. Find a second linearly independent solution.

We try x(t) = u(t)sint and then

T =usint + ucost and T =usint + 20 cost — usint.
Substituting into the equation we obtain
tant[iisint 4+ 2ucost] — 3[usint] =0
which is just
usinttant —usint = 0.
Setting v = 4 gives
v—vcott =0.

This can be solved using the integrating factor

exp <—/ cost dt> = exp(—Insint) = 1/sint,

sint

so we have
d
&(v/ sint) =0,
which gives the solution
v(t) = esint.

Therefore u(t) = ccost and z(t) = u(t)sint = csintcost = c¢sin2t/2. So
we have shown that a second solution is x(t) = sin 2¢.

Exercise 17.7 If we know one solution u(t) of the equation

d?z dx
it = 17.2
12 + p(t) 1 +q(t)r =0 (S17.2)

then the reduction of order method with x(t) = u(t)y(t), leads to the first
order linear equation

u(t)z + [2a(t) + p(t)u(t))z = 0.
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for z =19 (c¢f. (17.8). Show that

Ae— [ p(t)de
u(t)?

and hence find the second linearly independent solution in the form of an

z(t) =

integral.

We start with
w(t)z + [24(t) + p(t)u(t)]z = 0.

Dividing by u(t) we obtain
i [2Z +p(t)] 2 =0. (S17.3)

We can solve this equation using the integrating factor

exp ( / 2" 4 p(t dt) — exp (2 Inu+ / p(t) dt)
— u(t)exp < / (1) dt) .

Multiplying both sides of (S17.3) by the integrating factor the equation

becomes
2 [z@)u(t)?eXp < [ o0 dtﬂ o

2(t)u(t)? exp ( / (1) dt) 'y

and so

which implies that
Ae™ f p(t)dt
)= "—o—

Since y = z and z(t) = u(t)y(t) we have

o [ p(t)dt
z(t) = u(t) / Au(t)2 dt.

(S17.4)

Exercise 17.8 Suppose that the two solutions of a second order linear dif-
ferential equation (S17.2) are u(t) and v(t). Use the result of the previous
exercise, to show that

-5
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and hence that
ud — vi

t) =— .
p(t) uv — v

Find the function q(t) such that u(t) is a solution of
(1271: ui — vt do
dt?  wo —wvu dt

(rearrange the equation for q(t) and substitute x(t) = u(t)), and hence show

+q(t)xr=0

that the second order linear differential equation with solutions u(t) and v(t)
can be written as

& d
(uv — m)d—tf — (i — mz)d% + (4 — i)z = 0.

This produced Exercises 17.1-17.6 above.

If we know wu(t) and use the reduction of order method to find v(t) then
we set z(t) = u(t)y(t); if we want to end up with x(¢) = v(t) then we must
find y(t) = v(t)/u(t). From the previous Exercise, z(t) = dy/dt is given by
(S17.4), and so

d [v(t)} Ae—Jp(t)dt
dt [u(t) u(t)?
Differentiating the left-hand side we have
ub — i Ae~Jrt)dt
u? u(t)?

and so

Ae™ JPOA — .
Differentiating this we obtain
—Ap(t)e PO — i 4 uis — v — vii = ub — vii,

and so we have
uv — v

t) = — .
p() uv — VU

We now know p(t), so the equation satisfied by u(t) and v(¢) is of the form

A%z ub —vi dz

2 _WTUET L () =0.
dt2  wo —ovu dt +alt)z

This implies that
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and since u(t) is a solution we can put z(t) = u(t) to find
U fub—vii .\ b — i
u \ub — vt ub — vl
The equation is therefore

%z wb—widr oAb — a0

- T =0
e wb—ovu dt  w—ovao
and multiplying up by ud — vu yields
d? d
QW—umag—mmmwmh§+@w—umx:0

Exercise 17.9 Using the result of the previous exercise, find a second order
linear differential equation whose solutions are et and cost. Check that both
of these two functions satisfy the resulting equation.

With u(t) = e’ and v(t) = cost we have
u(t) = u(t) = ii(t) = e
and
v(t) = cost, 0(t) = —sint, and ¥(t) = — cost.
Then the linear equation with u(t) and v(t) as solutions is
(—e'sint — e’ cost)# — (—e' cost — e’ cost)i + (—e’ cost + e’ sint)z = 0.
Dividing by e! we obtain

d%z

d
(sint + cost)@ - 2costd—:§ + (cost —sint)z = 0.

First we check that z(t) = e is a solution:
(sint + cost)e’ — 2e cost + (cost — sint)e’ = 0,
as required. For z(t) = cost we obtain

—(sint + cost)cost + 2costsint + (cost — sint) cost

= —sintcost — cos’t + 2costsint + cos’t — sintcost = 0,

verifying that this is also a solution.
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The variation of constants formula

Exercise 18.1 Use the method of variation of constants to find a particular
integral for the following equations:

(i) y" —y' — 6y = e” (you could use the method of undetermined coeffi-
cients for this example, which would be much more sensible);
(ii) & —x =11 (you can leave the answer as an integral);
(iii) y" + 4y = cot 2z. Hint: [ cosec x dx = In |cosecz — cot z|;
(iv) t2& — 2z =3 (to find the solutions of the homogeneous equation try
x =t*, see next chapter);
(v) & — 4t = tant (leave your answer as an integral);
(vi)
2
(tan® z — 1)% — 4tan® ZE% + 2ysectz = (tan? z — 1)(1 — 2sin” ),

one solution of the homogeneous equation is y(x) = sec’x, and the

reduction of order method, which is somewhat painful, can be used
(if you wish) to show that a second linearly independent solution is
tanz. You should be able to find a particular integral explicitly for
this example.

(vii)
(1 +sin®t)# — (2tant +sint cost)i + (1 — 2tan’t)z = f(t),

one solution of the homogeneous equation is tant, and again the re-
duction of order method will provide a second solution, cost, after
some effort. You should leave your final answer as an integral.

iz / x

y —y —6by=e".

136
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To find solutions of the homogeneous equation we try y(z) = e** and
obtain the auxiliary equation

K —k—-6=0,
so k= —2 or k = 3. So two linearly independent solutions are e=2*

and e>*. So we look for a particular integral of the form
y(x) = u(x)e > + v(x)e®.
Differentiating once we have

Y (z) = u'(z)e™® — 2 2u(z) + ' (2)e3® + 3v(z)e3”.

We choose
u'(2)e™ + 0/ (2)e3® = 0,
so that
Y (z) = =2 2u(x) 4 3v(x)e®®
and

y'(x) = de " u(z) — 272"/ () + 9v(z)e” + 30/ (x)e** = 0.
Substituting for y, ¥/, and 3" into the equation we have
de™*u(z) — 22/ (z) + Yu(x)e®® + 3/ (z)e”
—[—2e 72 u(x) + 3v(x)e®] — 6[u(z)e?® + v(x)e®] = €7,

which simplifies (any terms in which u(z) and v(z) are not differenti-
ated will cancel, since e 2% and €3 are solutions of the homogeneous
equation) to give

—2e 2%/ () + 3370 (z) = €”.
So we have two equations for «/(z) and v'(x), which are

e 2/ (z) + 3%/ (z) = 0

—2e” %/ (x) + 337/ (x) = €.

The easiest way to solve these for v/ and v’ is to write them as a
matrix equation

e—2x eB:v o - 0
_26—2:5 363:1: o' - e” ’
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and multiply both sides by the inverse of the matrix on the left-hand

side,
u 1 3edr ¥ 0
’U/ = @ 2672:1: 6723: e® )

which gives

3x —2x
o' (z) = —% and v'(z) = © 5
Therefore
3x —2x
u(z) = —el—5 and V'(x) = —610 .

This gives the particular integral

y(z) = u(z)e™** +v(z)e’ = —iex — iex - e
15 10 6
Of course, it would be much easier to find this by trying y(z) = Ae”®
to start with.

F—x=t1

Two linearly independent solutions of the homogeneous equation & =
rare z = e and x = e~ (try z = e*). So for a particular integral
we try

z(t) = u(t)e’ +v(t)e ™.

Then
& = uet + ue + ve ! —vet.
We introduce the condition
ue! + et =0
so that no second derivatives of u and v occur in Z:

7 = uet + uet — ve t + vet.

Substituting for & and x into the equation we get, after some cancel-
lations,

el — et = =,
t
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Solving the matrix equation

we obtain
o\ i —e bt —et 0
v ) =2 —et et 1
and so
et et
= — d = ——
U o7 an D 57

Therefore we have
ot ot
t)=—e [ —dt+et | —dt.
x(t) e / of +e /2t

y" + 4y = cot 2z.

Two linearly independent solutions of the homogeneous equation 3" +
4y = 0 are sin 2z and cos2x. So we look for a particular integral in
the form

y(x) = u(x)sin 2z + v(z) cos 2z.
Differentiating gives
y' = u'sin 2z + v’ cos 2z + 2u cos 2z — 2vsin 2z.
We impose the condition
v sin 22 + v’ cos 2z = 0

so that

Yy = 2ucos 2z — 2vsin 2z

and

y" = —4u cos 2x — 4vsin 2z + 2u’ cos 2z — 20’ sin 2z.

When we substitute into the equation all the terms in which v and v
have not been differentiated will cancel, and we will be left with

2u' cos 2z — 20’ sin 2z = cot 2x.

Solving the matrix equation

sin 2z cos 2z u ) 0
2cos2x —2sin2x v )\ cot2zx
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for ' and v’ we obtain

u ) 1 ([ —2sin2r —cos2z 0
v ) —2\ —2cos2x sin2x cot2z )’

and so
2 .
, cos” 2z 1 sin 2z , cos 2x
g g — d = — .
)= Senar T Zemax | 2 and () 2
So we have
u(z) = In(cosec 21 — cot 2x) n conm and o(x) = _51114291:7

which gives the particular integral

In(cosec 2z — cot 2z) sin2z  cos2xsin2x  sin 2x cos 2z
y(x) = + -
4 4 4
In(cosec 2z — cot 2x) sin 2z
1 .

%5 — 20 = 3.
Following the hint, we try z = ¢ to find solutions of the homogeneous
equation t2% — 2z = 0. This guess gives
i=kt*1'  and  i=k(k—1)t"2
and so we want
E(k—1tF—2tF =0  iek?-k-2=0,

cancelling the factor of t*. There are two solutions of this quadratic
equation, kK = —1 and k = 2, so we obtain two linearly independent
solutions x(t) = t~! and z(t) = 2.

We look for a particular integral of the form

x(t) = uit) + t2u(t).

Differentiating we have
. ’LL 2. u
z(t) = — +t°v — = + 2tv.
(t) =5+ 2T
After imposing the condition

U 9.
—4+tv=0
t+
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we obtain

2u

3
Substituting in, and bearing in mind that all the terms in which «

and v have not been differentiated will cancel, we obtain

u U
al":—t—2—|—2tv and T = —t—2+2v+2ti}.

12 [—;er] =3 or — a4 2830 = 3.

(S ) () -(5)

by multiplying by the inverse of the matrix on the left-hand side,

wY 1 (28 ¢ 0
v ) 32 1 ¢! 3 )7

Solving

we obtain
t3
U=—— and U= -,
3 3
which implies that
4 t
u(t) = T and u(t) = 3

This yields the particular integral
A

[Again this would be much quicker with the ‘guess’ x(t) = At3.]

T — 4z = tant.
The homogeneous equation has solutions e* and e~2, so we try
z(t) = e®tu(t) + e 2u(t).
Differentiating gives
i = 2e?tu(t) — 2 v (t) + e*u + e 0.
We set

lu+ep=0
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and then

i = 2e%tu — 2%y and 7 = 4%ty + 2620 + de %y — 2720,

Substituting for x and & into the equation gives

2e%t, — 272 = tant.

We can now solve the simultaneous equations

e2t e—2t U 0
< 202t _9e—2t > < U ) - < tant )
w\ 1 [ —2e7H e 0
v ) —4 —2¢e2t et tant /)’

. e 2 tant . et tant
U= —- and V=——

4 4

The best we can do is to write the particular integral in the form

—2t 2t
e tant e“‘tant
2(t) = e / Tndt—e’% / Tndt.

for w and o,

giving

For parts (vi) and (vii) we will give here the reduction of order calculations
that yield the second solution, but in both cases they are quite unpleasant.

(vi)

(tan® z — 1)@ — 4tan’ x% + 2ysect z = (tan®z — 1)(1 — 2sin’ z)

dz? dz )

Our first task is to find a second solution of the homogeneous equation
2

d d
(tan® z — 1)d—‘g - 4tan3xd—y + 2ysectz =0 (S18.1)
x T

given that one solution is sec? . To do this we use the reduction of
order method, trying y(z) = u(z)sec? z. For this we have

Y (z) = /() sec? z + 2u(x) sec? z tan

and

4

Y (z) = o (x) sec? z+4u’ () sec? z tan z+2u(z) [2 sec® x tan® z4-sec? z].
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When we substitute these expressions into (S18.1) terms in which
u(z) is not differentiated will cancel and we obtain

(tan®z — 1)(u” sec? x + 4u’ sec? 2 tan ) — 4 tan® z(u' sec? ) = 0.
Putting v = «’ we obtain a first order equation for v,

4 tan3
anx]zo‘

/
v +v|4tans — ———
[ tan?z — 1

To solve this we use an integrating factor
4tan® z
e 4tanex — ——dz | .
P < / tan?z — 1 )
One of these integrals is somewhat tricky,
4tan® z
Ry
tan‘z — 1
If we substitute z = tanz then dz = sec? zdz. Since sec’z = 1 +
tan?z = 1 4 22 we have

423
I = d
/ (Z-DE+1)
2z 2z
N /22—1+22+1d2
= In(z* - 1) +In(z* +1)
= In(z*'—1),

and so
I =1In(tan*z — 1).
So we use the integrating factor

1
cos?z(tan*x — 1)’

exp (—4In(cosz) — In(tan z — 1)) =

so that

(i)
dt \ costz(tan*x — 1) ’
which implies that
v(r) = Cf(sin*z — costz)
= C[(1— cos*z)sin®x — (1 — sin® x) cos? z]
= C[sin®z — cos® 1]

= (cos2z,
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and so
u(z) = (C/2)sin2z = C'sinx cos x.
The second solution is therefore

2

y(x) = sec” rsinx cosz = tan x.

In order to apply the variation of constants method we now try
y(x) = u(x)sec® r + v(x) tan z.
Taking the derivative we have
y'(x) =/ (x) sec? x + 0'(2) tan x + 2u(x) sec?  tan x + v(x) sec? .
We impose the condition
u'(z)sec? x4 v'(x) tana = 0
and so obtain

Y (z) = 2u(z) sec? ztan z + v(x) sec? z

and
y'(z) = 2u/(z)sec? ztanx + v'(x)sec’ z
+[(4sec? ztan? x + sec* x)u(x) + 2v(x) sec? z tan z].
Substituting these into the original equation we obtain
(tan® z — 1)[2u/ () sec? z tan z 4 v/ () sec? z]
= (tan?z — 1)(1 — 2sin® z),
and so
2

2 2

2u/(x) sec® rtanx + v'(2) sec’ x = 1 — 2sin® x = cos® z — sin® z.

Solving the equation

sec x tanx u ) 0
2sec?xtanz secx o )]\ cos?z —sin?x

for ' and v’ we obtain

u ) 1 sec? x —tanz 0
v ] sec?z(l —tan?z) \ —2sec?ztanz sec’z cos?x —sinz )’

noting that the determinant

4

sect 7 — 2sec? z tan® z = sec?

2

z(sec? z — tan® z) = sec? z(1 — tan® z).
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This gives
, —tanxz(cos?z — sin®x) , cos’x—sin’x
u = 5 and V=
sec?(1 — tan® x) 1 —tan?z
which simplify:
. 1+ cos2z
v = —sinzcos®x and V' (x) = cos’ x = —
So
4 .
cos™ x r sin2zx
u(x) = and v(xr) = - .
(@) = — (@) =5 +—

This gives the particular integral

cos’x xtanz sin’z

4 + 2 + 2
rtanz sin?z
+

! +
4 2 4

y(z) =

(vii)
(1+sin?t)# — (2tant + sintcost)d + (1 — 2tan?t)z = f(t).

The first task is to find a second linearly independent solution of

the homogeneous problem

(1 +sin®t)# — (2tant +sint cost)i 4 (1 — 2tan®t)z = 0,

given that one solution is tant. We use the reduction of order method,

trying x(t) = y(t) tant, so that

i =ysec’ t+ytant and & = 2ysec? ttan t+ 2y sec? t+ij tan t.

Substituting into the equation we obtain
(1 + sin’t)[2g sec® t 4 jjtant] — (2tant + sint cost)[y tant] = 0,

or, with z = g,

. 2sec®t 2tant + sintcost 0
z — = 0.
tant 1+ sin®t

The integrating factor is given by

2sec®t 2tant + sintcost
exp — — dt | .
tant 1+ sin“t

To calculate the integral

I / 2tant + sintcost

dt
1+ sin?t
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make the substitution s = sint. Then ds = costdt, and
2s
+s 35 — 53
I = [ as= / d
/ 1+ ©° -t O°
S 2s
= d
/ 1—s2 + 14 52 s

= —2In(1-s?) +1In(1+s?),

.9 . 9
I—In 1+ sin“t _ln<1+sm t).
1 —sin®t cost

So the integrating factor is

and so

N 1+ sin2t

1+ sin?t inttant
exp [2 In(tant) — In < +sin )] St AR
cost
and we have

d [z(t) sinttant] 0

dt | 1+sin’t
Therefore
. 1+ sin?t cost
Yy=2z= m: LmQt—i-cost],

which implies that

1 cos?t
t)y=C |——— int| = -C ——
y(t) [ sng o } sint’

and so the second solution is
x(t) = y(t) tant = cost.

To use the variation of constant formula we look for a particular
integral of the form

x(t) = u(t) cost + v(t) tant.
Differentiating gives
& =ucost+ vtant — usint + vsec? t.

We set

ucost +vtant = 0,

and then

&= —usint + vsec’ t
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and

&= —usint + vsec’ t — ucost + 2usec’ t tant.
Substituting into the original equation gives
(1 +sin?t)(—usint + vsec®t) = f(t).

Solving

< —C(s)frft ;j;i ) < Z ) - < f(t)/(l(irsin%) )

for @ and ¥ gives

w\ 1 sec’t —tant 0
O ) costsec?t —sinttant \ sint  cost f(t)/(1 +sin?t) )’

which is

) f(t)sint . f(t)cos?t
U= and V=
(1 + sin® )2 (1 + sin® ¢)?
A particular integral is

B f(t) cos®t B f(t)sint
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Cauchy-Euler equations

Exercise 19.1 Find the general solution of the following equations, and also
the particular solution satisfying the two specified conditions.

(i) 2%y" —dxy’ + 6y =0, y(1) =0 and y'(1) = 1;
(it) 4zy" +y =0, y(1) =1 and y'(1) = 0;
(iti) t*& — 5ti + 10z = 0; z(1) = 2 and (1) = 1;
(iv) 25 +ti —x =0, z(1) = 2(1) = 1;
(v) 222" + 322 +42 =0, 2(1) =0 and 2'(1) = 5;
(vi) 22y" —xy' — 3y =0, y(1) =1 and y'(1) = —1;
(vii) 4t%i + 8ti + 5z =0, 2(1) = 2 and @(1) = 0;
(viii) 22y" —5zy + 5y =0, y(1) = —2 and y'(1) = 1;
(iz) 322" + 522" — 2 =0, 2(1) =3 and 2'(1) = —1; and
(z) 123 + 3ti + 132 =0, x(1) = —1 and @(1) = 2.
Q)
:I:Qy” —d4xy’ +6y =0 with y(1)=0 and ¢'(1)=1.

We try y = 2%, and so ¢/ = kz*~! and 3/ = k(k—1)2"~2. Substituting
in gives

k(k —1)zF — 4ka® + 62*.
Cancelling z* we obtain
k> —5k+6=0,
with roots k = 2 and k = 3. So the general solution is
y(x) = Az* + Ba?.
Since y/(z) = 2Ax + 3Bx3 to fit the initial conditions we want
A+B=0 and 2A+3B =1,

148
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so A= —1and B =1, giving the solution

y(z) = 23 — 22,
42?y" +y=0  with y(1)=1 and (1) =0.
Trying y = ¥ gives the indicial equation
4k(k—1)+1=0 = 4k* —4k+1=0
which has a repeated root k = 1/2. So the general solution is
y(z) = Az*/? + Bz'?1nz.

We have
A Blnzx

repy A2 o 2Ad —-1/2
y (Z’) 21_1/2 + 23;1/2 +B.7J )

and so to fit the initial conditions we require
y(l)=A=1 and y'(1)=3A+B=0,
so A=1and B = —%, so the solution is

y(z) = /2 + %IE1/2 Inz.

t2 — 5t + 10z with  z(1)=2 and #(1)=1.
With z(t) = t* we obtain
k(k—1)—5k+10=0 = k? — 6k +10 =0,
with roots £k = 3 +1i. So the general solution is
x(t) = t3[Acos(Int) + Bsin(Int)].
The derivative is
i(t) = t*[(3A + B) cos(Int) + (3B — A)sin(Int)],
and so to fit the initial conditions we require
z(l)=A=2 and #(l) =3A+ B =1,
i.e. A=2and B = —5, so the solution is

z(t) = t*[2 cos(Int) — 5sin(Int)].
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(iv)
ittt —2x=0  with z(1)=2(1)=1.
We try z(t) = t* and so
k(k—1)+k—1=0 = k2 —1=0,
which gives k = —1 or £k = 1 and so the general solution is
x(t) = é + Bt.
The derivative is given by & = —At~2 + B, and so to fit the initial
conditions we want
A+B=1 and B-A=1,
iie. A=0and B =1, giving

x(t) =t.

222" 4302 +42=0 with 2(1)=0 and 2'(1)=5.

k we obtain

Trying z = x
k(k—1)+3k+4=0 = k2 +2k+4=0
with solutions k = —1 4 v/3i. So the general solution is

o) = Acos(v/3Inz) + Bsin(v/31n x)

X

We have
V3B — A) cos(v3Inz) — (B + v/3A)sin(v31Inz)

22

2 (x) = ( .
To fit the initial conditions we take

2(1)=A=0 and Z(1)=V3B—-A=5,
so A=0, B=5//3, and the solution is

_ 5sin(v/31n )
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22y —xy —3y=0  with y(1)=1 and 7'(1)= -1

k we obtain

Ifwetryy==x
E(k—1)—k—-3=0 = k2 —2k—3=0

with roots £k = —1 and k = 3. So the general solution is
A
y(x) = = + Ba?.
x

We have ¢/ (x) = —Azx~2+3Bx?, so to satisfy the initial conditions
we need

y1)=A+B=1 and ¢(1)=-A+3B=-1,

so B =0 and A =1, giving the solution

425 4 8tk + 52 =0  with  2(1)=2 and (1) =0.
We try z(t) = t* and then
4k(k—1)+8k+5=0 = 4k* + 4k +5 =0,
which has solutions k = —% +1i. The general solution is therefore

w(t) = A cos(In t)\—/k%B sin(In t).

Differentiating gives

(1) = (B — 3A)cos(Int) — (A+ $B)sin(Int)
t o $3/2 ’

so in order to satisfy the initial conditions we want
z(1)=A=2 and i(1)=B-3A=0,

so A =2, B =1, and the solution is

_ 2cos(Int) + sin(Int)

(t) = N
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(viii)
z2y" — b5xy + 5y =0 with y(1) = =2 and ¢'(1) =1.

k we obtain

Setting y(z) =z
k(k—1) =5k +5=0 = k> —6k+5=0
which has roots £ = 1 and k£ = 5 so the general solution is
y(r) = Az + Ba®.

We have /() = A+ 5Bx?, and so to obtain the correct values at
r = 1 we want

y(1)=A+B=-2 and y(1)=A+5B =1,
which implies that B = 3/4 and A = —11/4, so the solution is

() = 3a° ; Lz
(ix)
3022 + 522 —2=0 with 2(1)=3 and 2/(1)=-1.
We try z(z) = z* and then
3k(k—1)+5k—-1=0 = 3k +2k—1=0

which implies that ¥ = 1/3 or k = —1. The general solution is
therefore

2(z) = Az'/? + g

We have 2/(z) = Az=%/3/3 — Bx~2, and so to fit the initial condi-
tions we want

2(1)=A+B=3 and  2/(1) =

so A = B = 3/2, and the solution is
_3 (s L
z(x) = 5 <x + x) .

2% +3ti + 13z =0  with  2(1)=—-1 and (1) =2.
Trying z(t) = t* we obtain
k(k—1)+3k+13=0 = k? +2k+13 =0,
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which has roots k = —1 + 24/3i. So the general solution is

_ Acos(2v/31Int) + Bsin(2V31nt)

x(t) . :

The derivative is given by

() = (2v/3B — A) cos(2v/31Int) — (B + 2/34) sin(2v/31nt)
_ - |

and so to fit the initial conditions we take

r(1)=A=-1 and &(1)=2V3B—-A=2,
which gives A = —1, B = /3/2, and the solution
~ V3sin(2v/31nt) — 2cos(2v/31nt)

x(t) 5 .
Exercise 19.2 If x = e® then
d _,d
dr ¢ dr
Show that
Py _ e (P _dy
da? dz2 dz)’
and hence that substituting x = €* in
d’y . dy
2 _
yields the linear equation
d*y dy

By solving (S519.2) find the solution of (519.1) when the auziliary equation
ak? +(b—a)k+c=0
has

(i) two distinct real roots k1 and ka;
(ii) a repeated real root k; and
(iii) a complex conjugate pair of roots p + iw.

When x = e* we have
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SO
dy _ .y
dr dz

and
Py _ d .y
dz2 dx dz

a dz dz

S P T
= e [—e &—I-e dz2]

dz2  dz|°

If we substitute z = €® in

d’y . dy
2

then we obtain

d?y  dy dy
2z ,—2z Za—% —
ae e |:(122—(u:|+bee &—I—cy—(),

which is
aii‘g—k(b—a)j?:—i—cy—o.
We try y = e** and obtain the auxiliary equation
ak® 4+ (b—a)k+c=0.
(i) When this equation has two distinct roots k; and k2 we have
y = Aef* 4+ BeF?? = Agkt 4 Bak2,

since e* = r;
(ii) when there is a repeated root k we have

y = Ae™ + Bze" = Az* + BaFInx,

since z = Inx; and finally
(iii) when k = p £ iw we have

y =eP*(Acoswz + Bsinwz) = x[Acos(wlnz) + Bsin(wlnx)).
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Series solutions of second order linear equations

You may find the following two identities useful for these exercises:

2.4.6---2n=2"nl

and
(2n)!
1-3:5---(2n—1) = o]
Exercise 20.1 Legendre’s equation is
(1 —2?)y" —2xy +1(1+ 1)y = 0. (S20.1)

If y(x) is given by a power series,

[e%¢)
y({L‘) = Z an'xnv
n=0

find the recurrence relation satisfied by the coefficients a,. Show that if | is
a positive integer then there is a solution given by a power series that has
only a finite number of terms, i.e. a polynomial. For each valuel =1, 2, 3,
and 4 find the polynomial solution that has y(1) = 1 (these are the ‘Legendre
polynomials’” P(x)).

We will try to find a solution of Legendre’s equation
(1 -2y —2zy +1(1+1)y=0 (S20.2)

given as a power series in z,
[e.e]
y(z) = Z anz".
n=0

155
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Assuming that we can differentiate term-by-term we have

(o)
= E napz" !,
n=1

and
y'(x) = Zn(n — Dapz™ 2
n=2

Substituting in to the original equation we obtain

(1—3:2)271(71—1 Yapx"™ —2x2nanaj” 14 l(l—i—l)Zana:”—
n=2 n=0

and so

o0 oo oo
Z (n—1)ay[z Q—x"]—QZnanx"+l(l+l)Zan:c”—
_ n=1 n=0

Relabelling the sums so that the powers are all 2™ we obtain

D I+ 1) (n+2)ansa +1(1+ Dagla” =Y n(n—1apga™ -2  napa™ =0.
n=0 n=2 n=1

The constant (coefficient of zV) is

(141
2a2 + (I +1)ag =0 = as = — ( _2{— )ao, (520.3)
and the coefficient of  (when n = 1) is
2-Il(l+1
6az + (1 +1)ay —2a1 =0 =  az= (6+)a1. (S20.4)

For n > 2 we have non-zero coefficients of ™ from each term in the series,
which we can group together to give
(n+1)(n+2)apy2 —n(n+ a, + (1 + 1)a, =0,
ie.
I(l+1)—n(n+1)
= - a
(n+1)(n+2) "
(=n)(l+n+1) "
(n+1)(n+2) "
Now suppose that [ is a positive integer. If it is odd then we choose ag = 0,
which implies that a; = 0 (from (S20.3)), and then the recurrence relation
shows that a,, = 0 for all even n. With a non-zero choice of a;, (520.4) then

Apn+4-2
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gives ag: if [ = 1 we have az = 0, and then the recurrence relation will give
a, = 0 for all odd n.

If I > 1 then we use the recurrence relation to find a,, for each odd n,
until

=D+ 1)
aj4+2 = —mah

which implies that a;;0 = 0. It then follows that a, = 0 for all n > [ + 2.
So the power series is the sum of a finite number of terms, i.e. a polynomial.
The same argument works if [ is an even integer, where we now take ag # 0
and a; = 0.

If I =1 we have

P (z) = x.
For | = 2 we choose a; = 0 and obtain
y(x) = agll — 327);
with a9 = —1/2 we obtain
Py(x) = 3 (32— 1).

For [ = 3 we set apg = 0 and end up with

)
y(x) =a [m - zg] ;
3
to ensure that P3(1) =1 we choose a; = —3/2 to give

1
Ps(x) = 5(5x3 — 3x).
Finally, when [ = 4 we set a; = 0 to obtain the polynomial solution

35
y(z) =agp |1 — 1022 + ?le ;

we choose ag = 3/8 so that y(1) = 1 and have
1
Py(z) = §(35m4 — 3022 + 3).

Exercise 20.2 Find two independent power series solutions of the following
equations, and use the ratio test to find their radius of convergence.

(1) y' —xy +y =0 (cf. Exercise 17.5),
(ii) (1+a2?)y" +y =0,
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(iii) 2zy" +y' — 2y = 0 (you should be able to sum the two power series
to obtain explicit forms for the two solutions),

(iv) y" — 2xy' 4+ 2ky = 0. By finding the recurrence relation for the co-
efficients in the power series identify those wvalues of k for which
one solution is a polynomial. Find both solutions when k = —2 and
k = 2:; in each case you should be able to find a simple expression for
one of the two solutions, while the other can be written as a power
series whose gemeral term you should be able to find explicitly.

(i)
' —xy +y=0.

The point z = 0 is not a singular point, so we can try a simple power
series solution

Then

0.) [o.¢]
= g na,z" ! and E n(n —1)ayx n=2,
n=1 =

Substituting these into the equation we obtain

o0

Zn(n—lana: Znana: —i—Zan =

n=2
Relabelling the first sum we obtain

o0

Z(n +2)(n+ 1Dapyox" Z napz" + Z anx"

n=0

So we have

2a9 + ag + Z[(n +2)(n+ 1ant2 — (n — 1)ay)z™ = 0.

n=1
Equating coefficients of " on both sides we have
(n—1)ay
(n+1)(n+2)
If we choose ag # 0 and a1 = 0 then we obtain

1 1 3
_ 112 4 6
y(@) 0 2% 934" 234567

ag = f%ao and Gpto =
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= 2n — 2)! "
= @ [1 2 —(1)!2n—1(2n)! v ]

n=1
= 1
a0 ! D nl2n(2n — 1) ]
n=1
The sum converges for all z, since the ratio of consecutive terms is
1 p2(n+1) 1 220
(n 4 1)12n+1(2n + 1) n!27(2n — 1)
2n—1 9

BCENCE

which converges to zero as n — co.

For a second linearly independent solution we choose ag = 0 and
a1 # 0. In this case we obtain ag = 0 from the recurrence relation,
and so a, = 0 for all n > 2, and the solution is y(z) = a;x.

(1+2%)y" +y=0.

Once again « = 0 is not a singular point, so we try

With

n=2
the equation becomes
[e.e] [ee]
Z n(n — ap[z" 2 4+ 2" + Z anz™.
n=2 n=0
So we have
(o) o
D [+ 1) (n+ 2)ansa + anla” + ) n(n — apa™ =0
n=0 n=2

or

(2a2 +ap) + (6as +a1)x + Z[(n +1)(n+2)anro + (n* —n+1)a,)z".

n=2
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So

1 ax n?—mn+1
az = —3ao, ag = ——, and Ot = —(

6 n+Dn+2) ™™

For one solution we take ag # 0 and a; = 0, to obtain
(@) ) x2+3x4 3-131‘6+
r)=a -t —— - — 4 ...

Yy 0 2 4l 7l

and for the other we choose ap = 0 and a; # 0,

(x)=a x_a:73+77335’_77-21x7
Y2 = 6 5l 7

The radius of convergence can be found by considering the ratio of
successive terms in each series:

2 2
P ang2 n“-n+l o 2

Gpt2x”
= — T

ap " an, v __(71—}—1)(11—}—2):C

as n — oo. This is less than one provided that |z| < 1, and greater
than one if |x| > 1, so the radius of convergence is 1.

2xy" + 4y — 2y =0. (520.5)
Written in the standard form this is

yl

"
y +2QZ

]|

=0,

and so x = 0 is a regular singular point. We can look for a solution
in the form

y(x) = Z anz® " (520.6)
n=0

For this we have

and
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Substituting these expressions into the equation (520.5) we obtain

o oo
2 Z(n +0)(n+o—1)apz® ™ 4 Z(n + o)apzo Tt

n=0 n=0
o0
-2 g anx®t = 0.
n=0

If we set the coefficient of the lowest order power in z, 2t to
zero, we obtain the indicial equation

apl20(c —1)+0] =0 = 20> —0 =0

which has solutions ¢ = 0 and 0 = % These do not differ by an
integer, so we should be able to find two linearly independent series
solutions in the form (520.6)

First we use o = 0, for which the equation reads

[o.¢] o [o.¢]
2 Z n(n — 1)(1%95”_l + Z napz” !t —2 Z anx™ = 0.
n=2 n=1 n=0

This is the same as
o0 o0 (o)
2 Z nn+ Dappi12"™ + Z(n + Dapyi1a™ —2 Z anpz™ =0,
n=1 n=0 n=0

and so equating coefficients of powers of x on both sides we have
a1 —2a9g =0 and 2n(n+ 1ap+1 + (n+ 1)ap+1 — 2a, =0

where the general relation, valid only for n > 1, can be simplified to
give

2
So, if we choose ag =1,
22 23 24
- 1492 2 3 ST
y1(x) +x—|—2.3a: +2'3_3'5x +2.3'3.5.4.7x+
B DL ol
! ! !
ot n!(2n)! = (2n)!
_ i@ﬁ)%
= 7‘
— (2n)!
VT 4 e 2VE

2
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= cosh2y/x.

This converges for all = since the series for cosh z converges; or you
can check it directly since the ratio of consecutive terms in the power
series form of the solution is

i1 xn—f—l 2

P T G 1 R

as n — OQ.

%, and then the equation is

o0 1 o
ZZ(TH-%)( — Dana""2 + Z n+3)apz" "2 — 2Zana;"+2 =0.
n=0 n=0 n=0

The coefficient of 271/2 vanishes by the choice of o, and for n > 1
the coefficient of n + % is

To find a second solution we use o =

)_l

2(n+ %)(n — %)an +(n+ %)an —2a,-1 =0.

So
_ 2
n = n(2n + 1)an,1.
Now we have (choosing ay = 1)
2 22 23
- 22 (14Z 2 34 ...
ya(x) x (+3$+3.2.51‘ +3_2'5.3.7x+ )

oo

PALALTN
_ 1/2 "
a Zn' 2n + 1)!
_ 1/2 R )
-7 Z 2n—i— 1) !x
-2 Z

2n —|— 1)!
e 2
4
= 3sinh2y/z,

and so a second linearly independent solution is sinh2y/z (and the
series converges, as before, for all x).

(iv)
y" — 2zy’ + 2ky = 0.
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Zero is not a singular point, so we try

We therefore have
oo o
y'(z) = Z na,z" and y"(z) = Zn(n — Dapz™ 2,
n=1

and substituting into the original equation we obtain

o o [o¢]
Z n(n — 1)an:c”*2 -2 Z na,x” + 2k Z apz” =0,
n=2 n=1 n=0

Relabelling the first sum we have

2a3 + 2kag] + Y _[(n+ 1)(n + 2)ant2 + 2(k — n)ay]a"™ = 0,

n=1

and so

2(n —k
as = —kag and Ont2 = ( (n ) a, for n>1.

n+1)(n+2)

One solution will be a polynomial if £ is a positive integer, since
then ap42 = 0. Otherwise we have

2(9 _ 39 _ _
y1(x) = ag [1 — ka? — 2 (24! k)x4 _ 20 ]2(4 k)xG —]
and
_ 201 — —_
y2(x) = ay [az+ 2(13! k)x3+ 2°(1 ?(3 k)x5+...] .

The ratio of successive terms in these series are

anox™?  (n+1)(n+2)(n—k—-2) , 9

anz® nin—1)(n—k) o
as n — 00, so the radius of convergence is 1.
If K = —2 then the two solutions are
2 2 4 2
= 142 — — ..
y1(x) a0[+x+3$+3'5x+

o0
2"2"n! o,
- %Ez(mn!x
n=0
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o0
4"l 5

= a Yy T
!
= (2n)!

and

5 .’L'7

X
y2(2) = @ [$+x3+2!+4!+...

o]
x2n+1

— (z2)"
n!

2
= ajze” .

If £ = 2 then the two solutions are
yi(z) = ap [1 — 227]

and

2 4 22375 23-3%7
3! 5! 7!

2n+1

In general, for n > 2 the coefficient of z is given by

2" .3.5.(2n — 3)

ap+1 = —ai

(2n+1)!
2n(2n — 2)!
= —a
Y on=T(n = 1)I(2n + 1)!
2n — 2)!
_ _gq (212

(n—112n+ 1)

With the convention that 0! = 1 we can write the solution as

[e.9]

B 262 —2)l
(o) =a o= Z:I (n—1!2n+ 1)!$2 o

Exercise 20.3 Find one power series solution of the equation
2(l—a)y" —3xy —y=0.

You should be able to sum this power series to write down the solution ex-
plicitly. Now use the reduction of order method to find a second solution.
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Zero is a regular singular point, so we try a solution of the form

oo
y(z) = Z anz’ "
n=0

We therefore have

0 o0
y'(z) = Z(a—i—n)anx‘”"*l and Y (z) = Z(g_,_n)(o_,_n_l)anxwrnd’
n=0 n=0

and substituting into the equation gives

oo o0 (o]
Z(a—l—n)(a+n—1)an A ] Z(a+n)anx”+”—z anz®™ = 0.
n=0 n=0 n=0

Setting the coefficient of the lowest power of , 27! to zero gives the indicial
equation for o,

olc—1)=0.

This gives 0 = 0 or ¢ = 1. These roots differ by an integer, so we would
anticipate problems.

We use the larger choice, o = 1, in order to find one series solution of this
form, and put

oo [e.e] oo
y(r) = Z anx”, Y (x) = Znanxnfl, and ¢’ (x) = Z n(n—1)a,z" 2,
n=1 n=1 n=2
and then we have
o0 [e.e] oo
Z n(n — 1ay[z" ' — 2" — 3 Z napz" — Z anz™ = 0.
n=2 n=1 n=1

With some relabelling and rearrangement this becomes
o0 oo oo
— Z n(n — 1aa™ + Z[n(n + Dan41 — 3nay|z" — Z apz” = 0.
n=2 n=1 n=1
From the coeflicient of x we have
2a9 —4a1 =0 = as = 2a;

and from the coefficient of ™ for n > 2 we obtain

n+1
An+1 = n Q.
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Therefore, taking a; = 1, one solution is

y(x) = z+22% 4323+ 42t +52° 4 ...
= [l 42z +32% 4+ 423 + ..

d
= o—[l+a+a?+23+2"+..]

dx
d 1
= xXr—
del—2z
B x
(1-x)*
To use the reduction of order method we try
_ zu(x)
y(x> - (1 o .I')2,
and so
(z) = xu/ PR 2xu
N N (e Bk
and

") xu” N 2u/ n dxu’ N 4u N 6xu
x) = :
R e N e R (R R (R R (RO,

When we substitute these expressions into the original equation — remem-
bering that the terms in which u has not been differentiated will (thankfully)
cancel — we obtain

(1- 1) xu” N 2u/ n 4’ 32/ 0
x — X — = .
1-z)? (Q-z)* (A-2?] (1-z)
Multiplying up by (1 — z)? we obtain
4 /
x(1—1x) [:Uu" +2u’ + 1 T } —32% = 0.
Setting v = v/ and rearranging gives
2 1
v+ [ + ] = 0.
z l—-=a
The integrating factor for this equation is
2 1 2
exp (/:E + T2 d:L‘> =exp(2lnz —In(l — x)) = 1311"

and so we have
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Therefore

This gives

and so the second solution is

1 n rlnx
1—x)2 (1—:13)2'

y(z) = (
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Exercise 20.4 Find one series solution of the ‘modified Bessel equation’

22y + zy — 2Py =0.

Zero is a regular singular point, so we try a solution of the form

o
= E anz’ "
n=0

and then

[e.9] [e.9]

Y (x) = Z(a+n)anx”+"_l and y'(x) = Z((H—n)(a—i—n—l)anx

n=0 n=0

Substituting these into the equation we have

e 00 0
o+n o+n o+n+2
- n mn - n
E (c+n)(oc+n—1)az™ + E (0 +n)ayx E anx
n=0 n=0 n=0

The coefficient of z7

o(c—1)+0 =07

o+n—2

=0.

so we have a repeated root 0 = 0. We can therefore try a standard power

series solution
o
x) = E anz”,
n=0

and obtain

o [e.e]

Z n(n — apx" + Znanm Z anz™t? = 0.

n=2 n=1 n=0
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Relabelling the final sum we have

o0 o0 o0
E n(n — ayx" + g na,xr" — g ap—ox’™ = 0.
n=2 n=1 n=2

From the coeflicient of z we obtain a7 = 0, and from the coefficient of x"
with n > 2 we have

a —
n+2 = 5
So, taking ag = 1, one solution is
24 26 28
y(r) = 1422 +7+2242+m+”'

LL’
= 14 g2 —

Exercise 20.5 Find a series solution for Bessel’s equation of order one,
22y +ay + (2* — 1)y =0. (S20.7)
You should obtain
(—1)ng2n
y(z) = cx Z m,

with the choice ¢ = 1/2 this gives the standard form of the Bessel function
Ji (:U)}

s —1)" 2\ 2n+1
Jl(x)z;mw -

From the analysis in the text (Section 20.4) we look for a solution Y o ; a,z7 ™"
with o = 1:

o0
T) = Z anxz".
n=1

With this choice for y(z) we have

o0 (o]
= g na,x™ ! and E n(n — 1)apx n=2
n=1 n=2

Substituting into the equation we obtain

(n—Daz™ + Y naz™+ Y ay[z"? — 2" =0.
> Z Z

n=2
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Relabelling we have

i (n — Dayz" +Zn_1an$ +Zan ox™ = 0.
n=2 n=3

The coefficient of 2 vanishes; the coefficient of 22 is 3as, and so ay = 0,
and the recurrence relation, valid for n > 3,

@ = @n-2
" (n+1)(n—-1)
shows that a, = 0 for all even n. With a; = ¢ we therefore obtain the
solution
3 z° x’
y@) = C[x_2.4+2.4-4.6_2.4-4.6-6.8+'”]
B . 22 . 4 - 26 .
- YT 2472446 2.4.4.66-8

1)n 2n
- 9 —~
er Z < 22n](n + 1)1
with the choice ¢ = 1/4 we obtain
oo
(=1)" N 2n+1
Nw) =S 2 (f) .
() Z (n+1)n! \2
n=0
Exercise 20.6 In order to find a second solution of (S20.7), substitute
>,

where Jy(x) is the series solution from the previous question, to show that

y(x) = Ji(x lnaz+

K2k +1) s\ 2k+1
b1—|—b0£ﬂ+nz:2 n? —1)bn+1+bn1 22 k‘—i—l'k" (5) .
Hence show that by = —1, by = 0, and that b, obeys the recurrence relation

(n* — Dbps1 +by1 =0
if n is even and, fork=1,2,3,...,

(—DF(2k +1)

2
[(2k +1)° = 1]bo(g 1) + bak = T )k

(520.8)

Deduce that bj = 0 for all odd values of j.
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Denoting by H, the sum
"1
Hy=) =
=17

verify that
(—1)F(Hy + Hy_1)

Dok = oo (k—1)!
solves (S20.8) and hence write down a second solution of (S20.7).

To find a second solution of

%y +xy + (2* — 1)y =0 (S20.9)
we try
bo o0 n
y(z) = Ji(x)Inx + - + Zn = 0%by 12",
and so
Jl X b() > n—1
y'(z) = Ji(x)Inx + 2 + Z nbp+1x
n=1
and

o0

!
2Ji(x) _ Alz) + 250 + Zn(” — Dbpyra™ >
n=2

z x2 3

y'(x) = J/(z)Inz +

Substituting these expressions into the equation (S20.9) gives

%y b
waJi Inx + 22 J] — Jy + =2 + Zn(n — Dbpra” +adilnw 4+ Jy — =
. x

n=2

o0 o0
b
+ E nbn12" + (w2 —1) ({Jilnz + 24 g bpr1x™| =0,
x
n=1 n=0

which after cancellations becomes

2zJ1(x) + Z n(n — 1)byy12" + Z nbp 1™ + box
n=2 n=1

+ Z(bn+1$n+2 — bn+1.7]n) =0.

Using the series solution for J;(z) we obtain

"(2n +1) 2n+1 >
—2 Z Din! ( ) = Z Dbp12™ + Z bp_1z" + box.

n=2
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The coefficients of 20 and x give
b1 =0 and by = —1.
For even n > 2 we have
(n® = 1)bng1 + bp—1 =0,

which, given that by = 0, shows that all odd coefficients are zero.
For odd n = 2k + 1, the coefficient of z2**! gives

(—DF(2k + 1)

2 _
(2K + 1)% = 1by(k41) + bagh—1) = I

We write

and want to check that

_ (=1)*(Hy + Hj_1)
b2k - ok
22kEN Kk — 1)!

satisfies this equation. We have

—1)k1(H, H —Dk(H, + Hy,—
0[] - S
_ —(=D* {((% +1)* = 1)(Hyy1 + Hy)

22kl (k — 1)! 4(k+ 1)k
I G O
22kl (k —1)!
—(=1)* [ 1 1]

~ (k1) Tk

— (Hk + kal)

[(H1 + Hy) — (Hy + Hy—1)]

k+1 k
—(=1*  2k+1
T2k — 1) k(k+ 1)
(—1)F(2k +1)
~ (k+ 1)lk122F

as required.
The second solution to Bessel’s equation of order one is therefore

= (=0 a2l 1 A (D) (Hy + Hoo1) o,
y<x):lnx§_:0(n+1)!n! <§) 3 [Z_:O (n + 1)lni22n =’
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Exercise 20.7 Show that when n is a positive integer one solution of
Bessel’s equation

dy | dy
2 2 2\, _
5554—$ag'+($ —n M/——O
can be written as the power series
o .
. 1 T\ n+2)
Ta(z) =3 (~1 Jf(f) . $20.10
)= 2V s (5 (520.10)

Bessel’s equation of order n is

Since zero is a regular singular point we try a solution of the form
o
y(x) = Z ajz’t,
j=0

and then from the treatment in section 20.4 the indicial equation implies
that 0 = £n. We take o0 = n, the larger of the two roots, and so try for a
solution in the form

o0
y(z) = Z a;x’.
j=n
We therefore have
o0 oo
y(x) =) jae’™t  and  y'(x) =) 4 — a2l
j=n j=n
Substituting these two expressions into the equation we obtain
Zj(j —Dajz’ + Zjajx] + Zaﬂm’“ —n227] = 0.
j=n Jj=n j=n

The coefficients of 2" and 2"+! give
n(n—l)an+nan—n2an =0 and n(n+1)an+1+(n+1)an+1—nQanH =0,
S0 ay, is arbitrary and a,41 = 0. The coefficient of 27 for j > n + 2 gives
i — Daj + ja; + aj—o — n®a; = 0,
which provides the recurrence relation
aj—2 aj—2

TR T T G —n)
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So we have

1 1
J — n _ n+2 n+4
n(@) = an [m ent22” Tn+2ntdpz- 4’

1
_(2n+ 2)(2n +4)(2n +6)2-4-6

n!
_ 12
= Qanpx Z 2] n+]>'2]]'

n+2j
- ann'z n—l—j () '

Choosing a, = 1/(2"n!) we obtain the standard form of .J,(z),
B = (1)t
J”(x)jz:%j!(nﬂ)! (2) '

Exercise 20.8 The gamma function generalises the factorial function to

"o

values that are not integers. For any real number z we define

oo
I'(z) :/ t*le 7t dt.
0
Integrate by parts in order to show that for a positive integer n
I'(n+1) =nl'(n).

Since I'(1) = 1, deduce that I'(n + 1) = n!l. (Using the gamma function in
place of one of the factorials in the power series (S20.10) gives

o0

. 1 X\ V+27
Jy<x>=20<—1>fﬂr(y+j+1)(2) ,

j:
and this formula now applies for any real number v. This is where the

strange normalisation of J, for non-integer v comes from (see comments
after Example 20.3).)

We have

Integrating by parts we obtain

oo [e'e)
F'n+1) = [—t”e_t] +/ nt"te~t dt
0
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o0
= n/ t"lemtdt
0

and we have

SO

F'(n+1)=n!

Exercise 20.9 (C) Write a short program to generate the coefficients in
the power series expansion of J,(x) for any value of v using the recurrence
relation (20.17). Investigate how many terms of the expansion you need to
take in order to approximate the solution well on a fixed interval (0 < z < 10,
say). (You might like to look at the M-file besselseries.m, which produced
the Bessel function figures in this chapter.)

Below is the listing of the file besselseries.m, which calculates the coef-
ficients in the power series expansion, and then plots various approximations
given by a finite number of terms, along with the ‘exact’ values generated
by MATLAB’s besselj function.

%% Bessel function of order nu from its series expansion
%% Sum up to power x~(2n)
nu=input (’nu = ’); N=input(’N= ’);
a(1)=-1/(4x(1+nuw));
% a(i) is coefficient of x~(2i)
for i=2:N;
a(i)=-a(i-1)/(4*i*(i+nu));
end
x=linspace(0,10,1000) ;

y=1+0.%*x; hold on
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for k=1:N;
y=y+a (k) *x." (2*k) ;
ay=y.*x. nu;
if (k/2)"=floor(k/2) & k>1;
plot(x,ay);
end
end

%% Change the normalisation
z=besselj (nu,x)*2 nu*gamma (1+nu) ;
plot(x,z,’linewidth’,2)
ylim([1.5*min(z),1.5*max(z)])

Exercise 20.10 (T) The Bessel functions might seem exotic, but they arise
very naturally in problems that have radial symmetry. For example, the
vibrations of a circular drum satisfy

Pu 10 ou 1 0%u
aﬁ—rm<ww>+ﬂaw (520.11)

where u(r,0,t) is the displacement of the circular skin of the drum at a point
expressed in polar coordinates. In the method of separation of variables we
look for a solution of the form

u(r,0,t) = R(r)©(0)T'(t),

and try this guess in the equation. Substitute this in to (S20.11) and show
that

1 42T 1 1 d2
o _ d < dR> " (520.12)

7da2 ~rrar \Uar ) T e ar
The left-hand side of this equation is a function of t alone, and the right-
hand side a function of r and 6, so in order to be always equal they must
both be constants. Choosing
14T,
T dez
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(there are good physical reasons for choosing this constant to be negative)
show that we can rearrange (S20.12) to give
1d’0  r d dR

Bl Y (P

© d#2  Rdr \ dr

Now the left-hand side is a function of 6 alone, while the right-hand side is
a function of v alone: so both sides must be equal to a constant. Now we

) + r2k2. (S20.13)

choose
1d?0
L —y
O de?
(again there are good physical reasons why this constant should be positive);
show that in this case (S20.13) can be rearranged to give

Finally substitute x = rk to show that R satisfies Bessel’s equation of order
v,
inQx‘f + xi—f + (2 =R = 0.
Substituting v = R(r)©(0)T'(t) into
Pu 10 ou 1 0%u
a%‘Tm(%%>+ﬂaw
we obtain

ret L - 2% RT "6
d¢? r dr dr + r2 d62

Dividing by ROT gives
14’7 1 d<dR> 1 d?e

Taz  rRar \"ar ) T e A

T erd <ro'lR) RT d*0

The left-hand side is a function of ¢ alone, and the right-hand side depends
only on r and 6. For these always to be equal they must equal a constant,
which we choose as —k?. In this case we have

ii dj L@ R
rRar ' dr ) " 20d2 ~ "
Multiplying through by r? and rearranging yields

rd [ dR s 14d%0
Rw<r>+kr__ |



Series solutions of second order linear equations 177

In this equation the left-hand side depends only on 7 and the right-hand
side depends only on 6: so both sides must be equal to a constant, which
we choose to be v2. This gives

Td dR 292 2
Rd7’<rd7‘>+kr =rv,

and if we differentiate on the left we have

and so the equation becomes

d2R dR
2= v D 2 2 _
i —F +r—+ (2" v )R =0,

which is Bessel’s equation of order v.
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Euler’s method

Exercise 21.1 Apply FEuler’s method to the general linear equation & =
Ax. Find the approzimation x,, and using (21.6) show that as h — 0 the
numerical solution converges to the true solution.

We have
Tnt1 = Tn + hAx, = (1 4+ ANz,

and so
xn = (14 hX)"xo.
The approximation this provides to x(t) is given by x,, where nh = t, so
is
x(t) mx, = (14 %)"mo,

where we have replaced h by t/n in this expression. We now use the limiting

t n
<1+> — e
n

to deduce that as h — 0, i.e. as n — 0o, we have
At\"
<1 + ) Ty — e)‘txo,
n

which is the exact solution.

behaviour

Exercise 21.2 There are variants of the Euler method that have the ad-
vantage of better stability properties, but have the disadvantage of no longer
being explicit schemes. For example, the backwards Euler method s

Tn+l = Tp + hf(xn—i-la tn+1)’

178
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which has to be solved at each stage to find xpy1 in terms of x,,. Apply this
method to the linear equation & = x, and show that once again the method
converges to the true solution x(t) = e’ ast — oo.

If we use the backwards Euler method for # = x then we have
Tptl = Tn + h$n+1-

In this simple case we can solve easily to find an expression for x,41 in terms
of x,,, namely

Tn
Jln+1 = 1 _ h
This has solution
Zo
Ty = ——.
T —h)

The approximation this gives for x(t) when ¢t = nh is

2(t) ~ 20 <1 _ ;) -

and as h — 0, i.e. as n — oo, this converges to

o t
T Zo€,
e

the exact solution.

Exercise 21.3 Another variant of the standard Euler method is the trape-
zoidal Euler method. If x(t) is the solution of & = f(x,t) then we have

t+h
z(t+h) =xz(t) + t f(z(s),s)ds.

Use the trapezium rule to approzimate the integral to derive this scheme,

Tp41 = Tp + h[%f(fﬁna tn) + %f(xn+1a tn+1)]~

Starting with

t+h
x(t+h)=x(t) + t f(z(s),s)ds,

we can approximate the integral using the trapezium rule,

t+h h
| Hats e ds = 500 + Fate+ b+ )

see Figure 21.1.
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f(x)

f(x+h)

X x+h

Fig. 21.1. The trapezium rule: the integral between x and x + h is approximated
by the shaded area.

With x,, = z(nh) this gives the numerical approximation
Tpyl = Tp + h[%f(xn, tn) + %f($n+1, tnt1)]-

Exercise 21.4 (T) Since %ex = e, if we calculate the derivative of * at
x =0 as a limit it follows that

h
1
lim —1.
h—0

By rearranging this (note that 1 = limp_o1) show that
e = lim (14 h)Y",
h—0

and hence that

1/
e’ = lim (1—|—§) n.
n

[Hint: if

1i = i —
lim f (h) lim g(h) = v,

and k(x) is continuous at x =y, then

lim w[f ()] = lim £[g(h)].

You will need to use this once for each step.]
Using the hint we take f(h) = (e" —1)/h, g(h) = 1, and
k(z) = (zf(z) + 1)V
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Since k is continuous at x = 1 the limit is preserved, and so we have

e = lim (14 h)Y/".
h—0

Since the functions z — e and h +— (1 + h)Y/" are also continuous, we
have

¢® = lim (1 + h)*/".
h—0
If we put n = 2/h then we will have n — oo and h = x/n, which gives

1/n
e’ = lim (1+§>/ ,
n

n—oo

as required.

Exercise 21.5 (T) In this question we suppose that f satisfies the Lipschitz
condition

[f(z) = f(y)| < Llz —y| (S21.1)

and consider the Euler 0-method for approzimating the solutions of & = f(x),

Tn+1 = Tn + h[(1 = 0) f(zn) + 0f (@n41)].

For 0 = 0 this is the standard Euler method; for 6 = % this is the trapezoidal
Euler method; and for 8 = 1 this is the ‘backwards Euler’ method. Since
Tnt1 18 not given explicitly as a function of xn41, we need a way of reliable
way of calculating it numerically.

(i) The first thing we must check is that there is a unique solution for
Tp+1- Suppose that

= @+ (1= 0)f(za) +60f(y)]  and
e = @+ AL - 0)f(xa) +0f(2)],

i.e. that both y and z satisfy the equation. By subtracting these two
equations show that

y —z=0h[f(y) — f(2)],
and hence deduce that
ly — z| < hLOly — 2|,

and therefore that y = z provided that h < 1/L#6.
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(i)

(iii)

21 Euler’s method

Suppose therefore that h < 1/L6. Given an initial guess yo for Tp41,
we can refine this guess successively by setting

Yi+1 = Tn + h[(1 = 0) f(zn) + 01 (y;)); (S21.2)
if yj+1 =y; =y then
Yy=1=oTn+ h[(l - G)f(xn) + 0f(y)],

and so y would be the required value for x,.1. Show that

lyj+1 — y;| < hLOly; — yj—1], (521.3)

and hence that successive values of y; are closer together. Thus,
for large j, we would expect that y;j11 ~ y; and that y; is a good
approximation 10 Ty41.

Still assuming that h < 1/L6, use (521.3) show that

Y1 — y5l < (hLOY |y — wol,
and hence that
(hLO)’
1—hLO

[y — yr| < ly1 — Yo

for any j, k> J.

It follows that {y;} is a Cauchy sequence, and so converges to a limit y.
Taking limits as j — oo on both sides of (521.2) we get

y =+ 3h[f(za) + f(y)),

and thus xny+1 = y.

(i)

We have

Tn+h[(1—0)f(zn) +0f(y)]  and
= @p +h[(1 = 0)f(zn) +0f(2)],

and subtracting these two equations we obtain
y—z=0h[f(y) — f(z)].
Using the Lipschitz condition from (S21.1),
[f(y) = F()| < Lly — =],
this implies that
ly — 2| = 0| f(y) — f(2)| < hLOly — 2|.
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Now if y # z and hLf < 1, i.e. if h < 1/L6, we have
‘y—Z’ < |y—Z|7

which is impossible. So for h < 1/L6# we have y = z and the solution

is unique.
We have

Yj+1 = n + h[(1 = 0)f(xn) + 0F(y;)]
and

Yj = n + h[(1 = 0)f(xn) + 0f (yj-1)],
and so

yirr =y = hOLf (y;) — fyj-)]-

Using the Lipschitz property of f we can obtain

i1 = 5l < LBy — yjpal- (S21.4)
If we write §; = |yj+1 — y;| then (S21.4) is

d; < hLO6;q,
and so
5 < (hLOY 14,

ie.

[yj+1 =yl < (RLOY[yr — yol-
Assuming wlog that j > k > J, it follows that

lyi —ykl = |y —yj—1+Yi—1 —Yj—2+yj—2— -+ Ykt1 — Ukl
|yj - yj71| + |yj—1 - yj72| +...+ |yk+1 - yk’

Z ‘yn—I—l - yn|
< [Z (hLO)"

(hLO)”
< |
1-— hLG

IN

IN

ly1 — yol

— Yol-

Exercise 21.6 (C) For a number of values of t and h compare the exact
solution of © = x with the solution from FEuler’s method, and verify the error
estimate in (21.7).
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The exact solution is z(t) = x(0)e?, while the solution of Euler’s method
is &, = xo(1 + h)"/". Comparing the solutions for £(0) = 1 at time ¢t = 1
(the exact solution is z(1) = e) for h = 27" we have

w(l)"_aﬁ/h:: e—(1+2)"

h 2—n ’
and so, when h = 27", we have
" [n — @ (1))/h
1 0.9366
2 1.1075
3 1.2200
4 1.2857
5 1.3213
6 1.3400
7 1.3495
8 1.3543
9 1.3567
10 1.3579
11 1.3585
12 1.3588
13 1.3590
14 1.3591
15 1.3591

showing that for h small enough we have
z1/p — (1) = 1.3591h

and the Euler scheme is indeed of order h. These numbers were produced
by the simple MATLAB code

for i=1:20;
x()=(1+2"(-1))"(271);
d(1)=(exp(1)-x(1)) /(2" (-1))

end

Exercise 21.7 (C) Implement the backwards Euler scheme of Ezxercise 21.2
numerically, and apply it to the equation © = x(1 — x) to find the solution
when x(0) = % for 0 <t < 8. In order to find xny1 given x, you can use
the approach of Exercise 21.5, and iterate

k1 = T + hgr(1 — gr)
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to give a succession of ‘quesses’ gy for xn+1 until gr appears to stabilise
(e.g. until |grr1—gi| < h?®). You will need to choose h carefully to ensure that
your sequence of guesses converges. (Can you work out, using the theoretical
results of Exercise 21.5, what value of h should suffice?) The MATLAB M-file
backeuler.m, implementing this scheme, can be downloaded from the web.

The M-file backeuler.m is as follows:
%% backwards Euler method
T=8; %% final time
h=0.5; %% timestep

%% MATLAB does not allow an index O
%% on a vector, so x_n is x(n+1) here

t(1)=0; %% initial time
x(1)=0.5; %% initial condition
for n=1:T/h;

t(n+1)=nx*h;

%% Use iterative method to find x(n+1) given x(n)
gn=x(n); g=gn+2*h~3;

while abs(gn-g)>h~3;

%% method is 0(h) so approximate x(n+1) to within 0(h~3)

g=gn;
gn=x(n) +h*g* (1-g) ;

end
x(n+1)=gn;

end



186 21 Euler’s method

plot(t,x)

The resulting solution is shown in figure 21.2.

1
0.95
0.9
0.85
0.8
0.751-
0.7
0.65
0.6

0.55

05 I I I I I I I )
0

Fig. 21.2. The solution of the equation & = x(1 — x) with (0) = 1, calculated
using the backwards Euler scheme with h = 0.5.

We have f(z) = (1 —z), and so f'(z) = 1 —2z. If the numerical solution
is consistent with the true solution then z(¢) < 1 for all ¢, and so we should
have f'(z(t)) < 1, and therefore (using the result of Exercise 6.2), we should
have L < 1. Since 8 = 1 for the backwards Euler scheme, we expect that
our iteration for x,4; will work provided that h < 1. The numerics above
are calculated with h = 0.5.

Exercise 21.8 (C) Write a MATLAB program to implement the Runge-Kutta
method introduced at the end of the chapter. Apply this method to & = t— x>
when h = 0.5, and compare this to the solution obtained using Fuler’s method
with the same timestep. You can download the MATLAB M-file rungekutta.m
from the web if you wish.

The method is implemented in the M-file rungekutta.m:

%% Runge-Kutta scheme

T=12;



Fuler’s method

h=0.5;

t(1)=0; %% initial time
x(1)=0; %% initial condition
for n=1:T/h;

t(n+1)=nx*h;

f1=t(n)-x(n)"2;

f2=(t () +(/2))-(x(n)+(h*£1/2))"2;
£3=(t () +(1/2)) - (x(n)+(h*x£2/2))"2;
f4=(t (n)+h) - (x(n) +h*£3) ~2;

x(n+1)=x(n) + h * (f1+(2*%f2)+(2%£3)+f4)/6;

end
[t x] %% display values

plot(t,x)
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This is shown (as a solid line) along with the Euler solution with the same

timestep (dashed line) in figure 21.3.

5

-1

-2 L L I

0 2 4 6

8

10

Fig. 21.3. The solution of & = ¢ — 22 calculated using the fourth order Runge-Kutta

scheme (solid line) and the Euler method (dashed line), both with h = 3.
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Difference equations

Exercise 22.1 Find the solutions of the following difference equations sat-
isfying the given initial conditions.

(i) Tpyo —4xpt1 + 3z, =0 with xo =0 and x1 = 1;
(11) 2xp41 — 3Ty — 2251 = 0 with x1 =z = 1;
(111) Tpio = 2xpy1 — 22, with xog =1 and x1 = 2;
(1v) Tpio + 6Tpt1 + 92, =0 with x9 =1 and 1 = 6;
(v) 22, = 3xp_1 — Tp—o with zyg = 3 and r1 = 2; and
(Vi) Tpio — 2%pi1 + 52, = 0 with 29 = /5 and 21 = 5costan™! 2.

(i)
Tnt2 — 4xny1 + 32, with x0=0 and r1 = 1.
We try x, = k™ and obtain the auxiliary equation for &,
k* — 4k +3=0.
This has solutions £ = 1 and k = 3, and so the general solution is
r, = A+ B3".
For the initial conditions we need
r0=A+B=0 and rn=A+3B=1,

ie. A=—1/2 and B = 1/2, and so the solution is
3" -1

Ty = )

2

20p41 — 32y — 2251 =0 with T =29 = 1.

188
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With z,, = ¥ we obtain
2k* — 3k —2 =0,

which has solutions £ = 2 and k£ = —%. The general solution is
therefore

zn, = A2" + B(—1)".
In order to satisfy the initial conditions we must have
3:1:2A—%B:1 and m2:4A—|—%:1.
So we have A = 3/10, B = —4/5, and the solution is
33X 2" —8(—3)"
10 '

Iy

(iii)
Tpto = 2Xp41 — 22y with ro=1 and x1=2.

k¥ we obtain the auxiliary equation

Setting z,, = n
k? =2k — 1,
and so k = 1 twice. The general solution is therefore
T, = A+ Bn.
The initial conditions require
ro=A=1 and r1=A+ B =2,
and so A = B =1 and the solution is

T, =n—+ 1.

Tpt2 +62n41 + 92, =0 with ro=1 and xz; =6.
We set x, = n*, and so
k* + 6k +9 = 0.
This has a repeated root k = —3, so the general solution is
Ty = A(—=3)" + Bn(-3)".
The initial conditions are

z9=A=1 and r1=A—-3A—-3B =06,
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and so A =1, B = —1, and the solution is
xn = (=3)"(1+n).

2T, = 3Tp—1 — Tn—oa with ro=3 and x1=2.
With z,, = k™ we obtain
2k% =3k —1,

andsok=1or k= % The general solution is therefore

xn,=A+ B27".
In order to satisfy
r0=A+B=3 and x1:A+%B:2

we need A =1 and B = 2, giving the solution

T, =1+27"

Tpt2—2Tn+1+5T, =0 with To = V5 and 21 = 5costan"! 2.

k we obtain

Trying x, =n
k> —2k+5=0,

which has a complex conjugate pair of roots, k = 14+2i = VBeltan™'(2)
The general solution of the equation is therefore

Zn = 5"%(Acosntan™!(2) + Bsinntan~!(2)).
In order to fit the initial conditions we need
zo=A=+5 and 5(Acostan™!(2) + Bsintan~1(2)),
and so A = /5, B =0, and the solution is

(14n)/2

Tp =05 cosntan™(2).

Exercise 22.2 Show that if the auxiliary equation

ak®> +bk+c¢=0

has a repeated root k = X\ then the difference equation

axp+o + 0Tl +cxy =0
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can be rewritten in the form
Tpyo — 2ATpq1 + )\23571 =0.

Since the roots of the equation ak?+bk-+c = 0 are k = (—b++/b? — 4ac)/2a,
if the equation has a repeated real root then > = 4ac and the root is
k=X = —b/2a. If we divide the original difference equation

axTpy2 + brpi1 +cxy, =0

through by a we obtain
c
Tn+42 + —Tp+1 + -z, = 0.
a a

Since ¢ = b?/4a we can rewrite this as

2
Tpt+2 + —Tpt1 + T odtn = 0,
a 4a

which is just
Tpy2 — 2ATpy1 + /\an =0,

as claimed.

Exercise 22.3 The “golden ratio” is the ratio (greater than one) of the sides
of a rectangle with the following property: remove a square whose sides are
the length of the shorter side of the rectangle, and the remaining rectangle is
similar to the original one (its sides are in the same ratio), see Figure 22.1.
This ratio was used by the Greeks in constructing the Parthenon (among
many other monuments), and has been a favourite tool of artists ever since.

Remove
this
square

Fig. 22.1. The golden rectangle.
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Suppose that {x,} is a sequence of numbers satisfying the recurrence re-
lation

Tn42 = Tntl + Tn.

Show that if all the elements of the sequence are integers then the ratio of
consecutive terms, Tpy1/Ty, converges to the golden ration. Show that the
same result is true if all the terms in the sequence have the same sign. (In
particular this is true for the Fibonacci numbers, which have zog = 0 and
xTr1 = 1)

First we have to find an expression for the golden ratio (the ratio of the
longer side of the rectangle to the shorter). If the original sides are x and rz,
then the sides of the smaller rectangle are (r — 1)z and z; the ratio between
them is 1/(r — 1), and this should be r. So

1
r—1

=r
giving
r—r—1=0.

The solutions of this are

1+5
5
We want the positive square root (since r > 0), giving r = (1 + /5)/2.
Now we find an expression for z,. We try z, = k" in

Tpil = Tnal + Tn (S22.1)
and find that
K =k+1.
So

1++5

k=
2 )

and the general solution of (522.1) is
n n
1 ) 1—-+/5
T =A V5 + B V5 .
2 2
The ratio xy41/x, is given by
1— n+1
(%)

1+v5
Tn+l A( +2
1+ (1— 5)”
2

S

A0 s
Tn A(55)" 4

n+1
n

B
B

S




Difference equations 193

If A # 0 then as n — oo the second terms on both the top and the bottom
of this fraction tend to zero (since (1 — +/5)/2 is smaller than 1), and so we
would expect the limiting value to be

1+V5
2 9

precisely the golden ration.
To be more careful, we have

Tnt1 _ <1+\/5> 1 . B (1—2\/5)”+1
tn 2 S (22) a(58) 1B (55)"
and this tends to (1 ++/5)/2 since
e
1+V5
(for the first term) and (1 —+/5)/2 < 1 (for the second).

If A =0 the above argument does not work, and then

1-+5
2
and it is not possible for all terms in the sequence to be integers. Similarly,
since (1 —+/5)/2 < 0, the signs of the terms in the sequence must alternate.
So it is not possible for all terms in the sequence to have the same sign

1

Tpt+1 = Tn,

either.

Exercise 22.4 Find the general solution of the following difference equa-
tions, and then find the solution that satisfies the specified initial conditions:
(i) Tpyo — 4z, = 2702, with 2o = 1 and x1 = 3;
(ii) Tpy1 — 4y + 32,1 = 3602, with xo = 12 and v1 = 0;
(i4i) Tpy1 — 4xy + 3xp—1 = 2", with 9 = —4 and 1 = —6;
(1v) Tpi1 — 4z + 3xp—1 = 3", with xog = 2 and x; = 13/2;
(v) Ty —2xpi1 + xpn = 1, with xg = 3 and x1 = 6;
(vi) Tpio + xp = 2", with o = x1 = 0;
(vii) Tpio + Tpt1 + Tn = ¢ (the general solution is enough here).
0
Tpgo — 4z, = 27n? with rzo=1 and =z =3.
First solve the homogeneous problem

Tpto — 4z, =0
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by trying x, = k™. Then k must satisfy
k*—4=0,

so that k = 2 or —2, giving the complementary function A2"™ +
B(—2)". For the particular solution we try a polynomial of the same
order, ,, = an? + bn + ¢, so that

Lo = a(n+2)2+b(n+2)+c:an2+(2a+b)n+(4a+2b+0),
and we need

an® 4 (2a + b)n + (4a + 2b + ¢) — 4(an® + bn + ¢)
= —3an® + (2a — 3b)n + (4a + 2b — 3¢) = 27n?,

So we take a = —9, b = —6, and ¢ = —16, so that the general solution
is

A2" 4 B(—=2)" — 9n? — 6n — 16.
To fit the initial conditions we want
rn=A+B-16=1 and r1=2A-2B—-9—-6—-16 =3,
i.e. A=17 and B = 0, so that
T, = 17(2") — 9n? — 6n — 16.

Tpt1 — 4T, +3xp—1 = 36n> with To = 12 and z1 = 0.
To solve the homogeneous problem
Tpt1 — 4Ty + 32,1 =0
we try x, = k™, and then
k> —4k+3=0,

giving k = 1 or k = 3. So the complementary function is A + B3™.
In this case a derivative of the right-hand side (n?) is a solution of
the homogeneous equation (d2/dn?(n?) = 2), and so we have to try
a polynomial of one order higher, z,, = an® +bn?+ cn (we don’t need
the constant term, since that will just give zero). Then

Tno1 = a(n—1%+bn—1)*+c(n—1)
= a(n®-3n*+3n—-1)+b(n*>—2n+1)+c(n—1)
= an®+ (b—3a)n* + (Ba—2b+c)n+(b—a—c)
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and

Tnpr = an+13+bn+1)%+c¢(n+1)
= am+3n*+3n4+1)+b(n*+2n+1)+c(n+1)
= an®+ (Ba+b)n®+ Ba+2b+c)n+ (a+b+c).

Substituting into the difference equation gives

an® + (3a +b)n* + (3a+2b+c)n + (a + b+ c)
—4[an® + bn? + cn)
+3[an® + (b —3a)n® + (3a — 2b+ c)n + (b — a — ¢)] = 360>

or tidying up
—6an® + (12a — 4b)n + (—2a + 4b — 6¢) = 36n°.

So we need a = —6, b = —18, and ¢ = —10. So the general solution
is

A+ B3™ — 6n® — 18n? — 10n.
To fit the initial conditions we need
xo=A+B=12 and A+3B—-6—-18—-10=0,
which implies that A = 1, B = 11, and the solution is
T, = 11(3") — 6n> — 18n? — 10n + 1.
(iii)
Tpa1 — 4xy + 32,1 = 2" with rg=—4 and =z = —6.

We have already solved the homogeneous equation, and note that 2"
is not a solution. So we can just try z,, = a2", and then we need

a2t — 442" 4 302"t = 27,

or

4a — 8a + 3a =4,
i.e. we want a = —4, so the general solution is

A+ B3 —2mt2,
The initial conditions require

z0=A+B—-4=-4 and A+ 3B —8= -6,
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which implies that A = —1, B = 1, and the solution is
T, =3" —2"2 1.
(iv)
Tpy1 — 4xpy + 321 = 3" with xo=2 and xz1=13/2.

Now, 3" is a solution of the homogeneous equation. So we have to
try x, = an3d™. So

Tn_1 = a(n—1)3""" and Tni1 = a(n +1)3"
and we want
an3™ 1 4+ 43" — 4an3"™ + 3an3"! — 343"t = 37,
which tidies up to give
a3"tt — q3" = 3",
or 2a =1, i.e. a = 1/2. So the general solution is

3n

The initial conditions,

3 13
ro=A+B=2 and x1:A+3B+§:?
imply that A = % and B = %, and therefore
1+ 37T 4 p3n
T, = .
2
(v)
Tpto — 2Tpg1 + 2 =1 with z0o=3 and x1 =6.

To solve the homogeneous equation
Tn+2 — 2Tpy1 + T =0
we try x, = k™. Then
k*—2k+1=0
which gives k = 1 twice. So the complementary function is
A(1™) 4+ Bn(1") = A+ Bn.

To try to find a particular solution we can’t try x, = ¢, since this
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would be a solution of the homogeneous equation; nor can we try
Tn = cn, since this also solves the homogeneous equation. So we
have to try x,, = cn?. Substituting this in we get

cn®+4n+4-2n* +2n+1) +n? =2c=1,

so we want ¢ = 1/2 and the general solution is

2
A+Bn—|—%.

The initial conditions require us to choose A and B such that

1
ro=A=3 and r1=A+ B+ - =6,

2
i.e. A=3 and B = 5/2: the solution is
o 6F5n+ n?
Tpto + Ty = 2" with zo=x1 =0.

In order to solve the homogeneous equation
Tpy2 + Ty =0,

we put x, = k" and find that k& must satisfy k2 = —1. The roots are
+i = e*7/2_and so the solution is

xn = Asin(nm/2) + B cos(nw/2).

To find the particular solution note that 2™ is not a solution of the
homogeneous equation, so we can just try z,, = a2™, and need

a2"t? 4 a2" = 2",

or ba = 1. So the general solution is

2’)’1
Asin(nm/2) + Bcos(nm/2) + =
To fit the initial conditions we take
2
ro=B=0 and x1:A+g:0,

SO
2" — 2sin(nm/2)
g .

Ty =
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(vii)
Tpt+2 + Tpt1 + Ty =cC
To solve
Tpt2 + Tpge1 + 25, =0
we put x, = k™ and get
+k+1=0.

The solutions of this are

_Clevi-a L .V3
-2 o272

Rewriting this in modulus and argument form gives

k

k= eii?ﬂ'/?}
and so
xy = Acos2nm/3 + Bsin2n7/3.

We now try z,, = C, and then 3C = ¢, which implies that C' = ¢/3,
giving the solution

Ty = % + Acos2nm/3 + Bsin2nm/3.

Exercise 22.5 Find the solution of the difference equation
Tn+1 = fEn(l + Q?n),
with x1 = 1. Now show that if x1 = c then

I(c+n)
Tp =C—FF,
F(c+1)

where the I function, which was defined in Ezercise 20.8, satisfies I'(x+1) =
xl(x).

When 1 = 1 we have
IL‘1:1, 33'2:2-1, 1}3:3-2~1,

and so x, = n!. To check this using induction, we know that z; = 1 = 1.
Now suppose that zy = k!; then x5 = (k+ 1)k! = (k+ 1)!. It follows that
xn = n! for all n, as claimed.

If 21 = ¢ then

x9 = c(c+1), x3 = c(c+1)(c+2), xg = c(c+1)(c+2)(c+3),



Difference equations 199

It follows that =, = ¢I'(c+n)/I'(c+1), which is simple to check by induction,
since x1 = ¢, and if xp = c['(c+ k) /T'(c+ 1),

cle+k)(c+k) cI(c+k+1)

I'(c+1) - T(e+1)

Tht1 = = Tk+1,

as required.
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Nonlinear first order difference equations

Exercise 23.1 Show that there is an orbit of period 8 containing the point
x =1 for the difference equation

4, 13 7

Trl = gl Tyt g
We have
14 13 7
1) = —— —+ -
1) 3 2 3
_ 1
= 3
141 131 7
2 1
1 = Ny - _ - = -

N

)

14 1 131 7

PO = F0M =St
= 1,

1

and so there is a periodic orbit of period 3, consisting of the points 1, 5, and

1/4.

Exercise 23.2 Suppose that the differential equation © = f(x) has a sta-
tionary point x* where f'(x*) < 0. We saw that the point x* is a stable fized
point for

Tpt1 = T + hf(xy).

provided that h < 1/|f'(x*)|. Assuming that xq is sufficiently close to x*,
show that if h > 1/(2|f'(z*)|) then x,, is alternately greater than and less
than x*, while if h < 1/(2]f'(z*)|) the orbit x,, approaches x* monotonically.

200
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Writing x, = z* 4 J,, we have
2+ 0p1 = ¥+ 0, +Fhf(x" +0n)
= 2"+ 0, +hf(@®)+hf (") + ...,

and so, since f(z*) = 0, if we drop the higher order terms (which are very
small when §,, is small), we obtain

Opt1 = (L+hf'(z7))dn.
If 1/2f'(z*)]) < h < 1/|f'(x*)| then, since f'(z*) < 0, we have
—1<1+hf'(z*) <0,
and so the sign of §,, switches between successive values of n; while if h <

1/(2|f(x*|) we have 0 < 1+ hf'(z*) < 1, and the sign of §,, doesn’t change.

Exercise 23.3 In this question we consider the trapezoidal Fuler method

Tn+l = Tp + %h[f($n> + f(fEnJrl)]
Show that xn11 = x, = x* if and only if f(x*) = 0, i.e. that the fized
points of the numerical scheme coincide with the stationary points of the
differential equation & = f(x).
Using the chain rule show that
dzper 1+ Shf'(zn)
dap 1- %hf/(ﬂfnﬂ)7
and hence that a fized point x* is stable if f'(x*) < 0 and unstable if f'(z*) >
0, i.e. that whatever the timestep the stability coincides with that of the

corresponding stationary point in the differential equation.

For the trapezoidal Euler method

Tpt+l = Tn + %h[f(m'n) + f(xn-l-l)]a

we have a fixed point z, = x4 = o™ if
ot ="+ Jh[f (@) + f(2¥)),

i.e. if f(z*) = 0. So the fixed points of the numerical scheme are the same
as those of the differential equation & = f(x).
Applying the chain rule we differentiate both sides with respect to z,, and
obtain
dzp1 dzp 41

dz, |’

=1+ %h f,(wn) + f/(anrl)

dx,
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Rearranging this we have

deper 1+ Shf'(zn)
de, — 1- %hf/(ﬂfnﬂ).

The fixed point is stable provided that at x,, = z* this derivative has
modulus less than 1. Since z* is a fixed point we also have z,41 = z*, and
so the fixed point is stable if

1+ %hf’(x*)

—2 = L,
1—Shf'(z%)

which is the same as
1+ 5hf' ()] < 1= ghf'(z")].
Squaring both sides we obtain
1 1
L hf'(@) + 02 f'(@7)? < 1= hf' (") + 02 f'(27),

ie. if f/(z*) < 0. In a similar way we obtain instability of z* whenever
f'(z*) > 0. So the stability of the fixed points coincides with that of the

stationary points of the original differential equation whatever the value of
h.

Exercise 23.4 (T) It follows from the definition of the derivative that
P + ) = F(@*) + F@")h + o(h),
where o(h) indicates that the remainder terms satisfy

o(h)

h — 0 as h — 0.

In particular, given € > 0 there exists a § > 0 such that
lo(h)| < €h

for all |h| < 6. Use this to show rigorously that a fized point ©* of Tp41 =
f(z) is stable if | f'(x*)| < 1 and unstable if | f'(z*)| > 1. (Recall that a fized
point x* is stable if given an € > 0 there exists a § > 0 such that whenever
|zg — x*| < & we have |f"(xo) — x*| < € for alln = 0,1,.... In fact you
should be able to show that when |f'(z*)| < 1 the fized point is attracting.)
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If we write z,, = 2* + §,, then we have
¥+ 6p41 = Tpy1 = fzn) = f(2* +6n)

f@) + f'(@")on + 0(0n)
= a" + f(2%)6, + 0o(6n),

and so
Ont1 = f'(x")0n + 0(0n).

Now choose € = &|f/(z*) — 1|, and then §* small enough that |o(h)| < eh for
all h with |h| < 0*; this means that if |0,,| < §* then

Snr1 = [ (@) + g(6,)]0n, (S23.1)

where |g(6,)| < € for |0,] < 6*.
By the way we have chosen ¢, for all |§,| < §* we have

(@) +g0n) <1 i |f(a")] <1,
and
(@) +g(6,) >1  if  [f(=)] > 1.

It follows by iterating (S23.1) that if |f/(z*)| < 1 then 6, — 0 as n — oo,
and so x* is stable; while if | f/(z*)| > 1 then |§,,| — 0o as n — o0, so that
Ty leaves any small neighbourhood of x*, showing that z* is unstable.

Exercise 23.5 (T) Suppose that f has a periodic orbit of order k, consisting
of the points {x1,...,x}. Show that each of the points on the orbit is a fized
point for the map g(x) = f*(z).

A periodic orbit is said to be stable if each point on the orbit is a stable
fized point of f*. Show that a periodic orbit {x1, 29} of period 2 is stable
provided that

[f' (1) f'(@2)] < 1,
and that a periodic orbit {x1,...,x} of period k is stable provided that
|f' (@) [ (z2) - f (1) [ (r)] < L.

Note in particular that if one point on the orbit is a stable fized point of f*
then so are all the others.

If f(x) has a periodic orbit of period k, {z1,..., 2y}, then

zj=f(x1) and  fH(x1) =21
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Applying f7 to both sides of f¥(x1) = z; shows that
) = (1) = () = f (@) = 2y,

so all the points on the orbit are fixed points of f*.
Each element of a periodic orbit of period 2, {x1,x2}, is a fixed point of
the map g = f2. By definition this orbit is stable if |¢/(x;)| < 1. Now,

and so using the chain rule
g'(x) = f'(f(@)f'(2).
It follows that x1 lies on a stable periodic orbit if
9" (z1)| = |f' (@) [ (@0)] = [f(z2) f'(21)] < 1

we obtain the same condition starting with xs, since f(x2) = ;.
If g = f* then we have

glx) = f(f(C--f(f(2) ),
—_——

k times

and so
(@) = f'(fH ) f (2 =) - f(2).
A periodic orbit is stable if |¢'(x;)| < 1, i.e. if
g/ (@)l = 1 () ) - F ()
= |f(zj—0)f'(@j—2) - f@) f (@r) - f(25)]
= |f'(@1) - flaw) < 1.
Exercise 23.6 (T) Consider the iterated map

Yni1 = F(Yn) = TYn + vz

forr < 0. Find the two fixed points, and show that the fized point at y =0
is stable for —1 < r <0 and unstable for r < —1.
Show that if y lies on an orbit of period 2 then

Y+ (r+1Ly+(r+1)=0,

and deduce that there is a period 2 orbit if r < —1. [Hint: we must have
f?(y) =y, and you can factorise the resulting equation since f(0) = 0 and

fA=r)y=1-r.]
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If y1 and ya are the points on this orbit, show that
Py f (y2) =442r —r?
and hence that this orbit is stable for 1 — /6 <r < —1.

There are two fixed points, i.e. values of y for which y = f(y) = ry + %
One is y = 0, and the otherisy =1 —r.

The stability of the fixed point at y = 0 is determined by the modulus of
1/(0). Since f’(0) = r, this fixed point is stable if —1 < r < 0 and unstable
for r < —1.

If y lies on an orbit of period 2 then f2(y) =¥, so

rlry +y° + ry + °° = .
This implies that
ry +ry? + 2y + 2ry +yt =y,

and so, cancelling a factor of y (this would give the fixed point at y = 0) we
have

v 4+2r + (r+riy+ (2 -1)=0.
Since y = 1 — r is also a solution, a factor of this equation will be y — 1 + r:
(y—1+7r) >+ + 1)y +(r+1)=0.

The initial factor gives the fixed point at 1 — r, so there will be a periodic
orbit of period 2 if
v+ (r+Dy+(r+1)=0 (S23.2)

has a solution; since the solution is

_ —(r+1):|:\/(7“+1)2_4(r—|—1)
2 ;

for this solution to be real we require
(r+1)2—4(r+1)>0 = r? —2r —3 >0,

which implies that » < —1.
If y; and yo are the points on this orbit then we have

P f(y2) = (5 +290)(r + 2y2) = 1% + 2r(y1 +y2) + dy1ya.
Since y; and yo are the solutions of (523.2), it follows that

n+y2=—(r+1) and nye = (r+1).



206 23 Nonlinear first order difference equations

[You can see this if you expand (y — y1)(y — y2) = 0 and compare with
(523.2).] So therefore

Py f ) =r—2r(r+1)+4(r+1) = =% + 2r + 4.
Using the result of Exercise 23.5, this orbit is stable provided that
| —r®4+2r4+4| < 1.

The maximum value of the expression in the modulus signs is when r = —1,
and is 1; the expression has the value —1 when

—r? 4 2r 4 =1,
i.e. when 72 —2r — 5 =0,

24442

So this periodic orbit is stable while 1 — /6 < r < —1.

Exercise 23.7 (C) Apply Euler’s method with timestep h to the equation
& = x(k — x) (c¢f. Exercise 7.6). Investigate how the stability of the fized
points depends on k and h. Now implement this Euler scheme numerically
and verify your results (e.g. compare the cases k =1 and k = 3 with timestep
h=1). (You could adapt the MATLAB M-file euler.m, which is available on
the web.)

Euler’s method applied to this equation gives rise to the map
Tnt1 = 9(Tn) := Tpn + hay(k — ).

The fixed points of this map are the same as the stationary points of the
differential equation & = x(k — x), namely zero and k.
To investigate the stability of the fixed points we consider

g (z) =1+ hk — 2hx
at the two fixed points. We have
g (0) =1+ hk and g (k) =1— hk.

We saw in Exercise 7.6 that for £ < 0 the origin is stable and x = k is
unstable, while for k£ > 0 the origin is unstable and x = k is stable.
For Euler’s method, the origin will be stable if

|9'(0) = [1+ hk| < 1,
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i.e. if —2 < hk < 0, and unstable otherwise. The fixed point at = k will be
unstable if |1 —hk| > 1, so for any choice of k < 0 (h is always positive), and
also if hk > 2. Thus for a fixed h the fixed points have the correct stability
properties for |k| < 2/h, while to ensure the correct stability properties for
a fixed k we need to take h < 2/|k|.

The output shown graphically in Figure 23.1 (k = 1 and h = 1 with
the correct stability properties) and Figure 23.2 (k = 3 and h = 1 with
strange stability properties) was produced by the two M-files tccobweb.m
and tcgraph.m.

Fig. 23.1. Successive values of x,, (on the left) and the cobweb diagram (on the
right) for the map z,+1 = 2, + x,(1 — x,). The fixed points have the same
stability properties as those of the corresponding differential equation & = z(1 — ).

A\

AN A

L L L L L L L L L 1
2 4 6 8 10 12 14 16 18 20 1 05 o0 05 1 15 2 25 3 35 4

Fig. 23.2. Successive values of x,, (on the left) and the cobweb diagram (on the
right) for the map z,41 = ©, + ©,(3 — x,). Although zero is still unstable, the
fixed point at = 3 is also unstable, in contrast to the behaviour of the differential
equation & = z(3 — z).
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The logistic map

Exercise 24.1 Consider the iterated map
Tpi1 = ren(l —x2).

Show that for 0 < r < 3\/3/2 if 0 <xzp <1then 0 <zy11 <1. Show that
if r < 1 then the only fized point in [0, 1] is zero, and that this is stable.
When r > 1 there is another fixed point in [0,1]. Find the value of this
fized point (as a function of r). For which values of v is it stable, and for
which values is it unstable?
What would you expect to happen when r > 27¢

Clearly x,,+1 > 0. The thing to check is the maximum value of f(x) =
rz(1 — z?) for x € [0,1]. This occurs when f’(z) = 0, and

f'(z) = r(1 — 32%).

So the maximum is always at = 1/v/3, and is 2r/3v/3. So this is no greater
than 1 provided that r < 3v/3 /2 as claimed.
The fixed points are given by x = f(x), so are solutions of

z = rz(l —z?).

One of them is x = 0, leaving 1 = r — rz?, or 22 = (r —1)/r. When r < 1
there is only one fixed point at z = 0, since the quadratic equation has no
real root.

The stability of this fixed point can be found by considering f'(z) at
x = 0. We have f/'(0) = r, so for r < 1 the fixed point will be stable (while
for r > 1 it will be unstable).

When 7 > 1 there is another fixed point in [0, 1], namely /1 — (1/r). If
we look at

ffA—=@1/r)=3-2r

208
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we can see that this point is stable when 1 < r < 2 and unstable once r > 2.
For r > 2 we would expect an orbit of period 2, then period 4, then 8...
the “period doubling cascade”.

Exercise 24.2 (C) Use the M-files logistic.m (which draws cobweb dia-
grams), xnvsn.m (which plots successive values of x,, vsn), and bifurcation.m
(which draws the bifurcation diagram for a given range of r) to investigate
the dynamics of the logistic map. Modify the programs to investigate the
dynamics of the map in the previous exercise.

The figures below show some of the behaviour of the map
Tyl = 12,(1 — 22)

which was the subject of the previous exercise. There we saw that for r < 1
the origin is stable, as shown in Figure 24.1.

0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 24.1. The cobweb diagram for » = 0.5. The origin is the only fixed point, and
it is stable.

For r > 1 the origin loses stability, and there is a new fixed point which
is stable while < 2. This shown in Figure 24.2.

When r > 2 the non-zero fixed point loses stability, and a stable periodic
orbit of period 2 appears (see Figure 24.3).

As predicted above, the period-doubling sequence then sets in: Figure
24.4 shows an orbit of period 4, and Figure 24.5 has an orbit of period 8.

Beyond a critical value of r the orbits appear to be chaotic, as shown in
Figure 24.6 for r = 2.5.

Figure 24.7 shows the bifurcation diagram for this equation for all allow-
able values of 7 (0 < r < 3v/3/2), while Figure 24.8 shows the ‘interesting’
region where r > 1.9.
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0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 24.2. The cobweb diagram for » = 1.5. The new non-zero fixed point is now
stable, and the origin is unstable.

L L L L L L L L L
0 0.1 0.2 03 0.4 05 0.6 07 0.8 0.9 1

Fig. 24.3. The cobweb diagram when r = 2.1: there is a stable periodic orbit of
period 2.

Having the bifurcation diagram allows us to find other parameter values
with interesting behaviour. For example, there is a stable periodic orbit of
period three for r = 2.46, as shown in Figure 24.9.

Exercise 24.3 (C & T) The M-file £2.m plots the graph of f(x) and of f?(x)
in the left-hand Figure, and the graph of f? restricted to the little box in a
blown-up version on the right (see Figure 24.14). By looking at a succession
of pictures as r increases from 0 to 4, observe that the rescaled version of
f? behaves in the same way that f does as r increases. This can be made
precise, and explains the period doubling cascade. Since the fixed point of f
becomes unstable and gives rise to a period 2 orbit, the same thing happens
to f?: its fived point (a period 2 orbit for f) becomes unstable and gives
rise to a period 2 orbit (a period 4 orbit for f). Since whatever happens



The logistic map 211

Fig. 24.5. A stable periodic orbit of period 8 when r = 2.29.

to f happens to f?, whatever happens to f* happens to (f%)? = f4: its
fized point (a period 4 orbit for f) will become unstable and give rise to a
period 2 orbit (a period 8 orbit for f). Similar reasoning holds for each
orbit of period 2F, showing that it becomes unstable and produces an orbit
of period 251, The map formed by restricting f? to the little box, and then
rescaling to the interval [0,1], is known as the renormalisation of f. You
can investigate the dynamics of the renormalised map as r changes using
the M-file renormalised.m.

We know that for r < 3 there are no periodic orbits, and the non-zero
fixed point is stable. So f? should only have fixed point at the origin and
at the non-zero fixed point. This is shown in Figure 24.10 when r = 2.5.
The process of creating a new map from the old one by looking at the
little box and then blowing it up is called ‘renormalisation’. The M-file
renormalised.m enables you to investigate the dynamics of this map as r
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Fig. 24.6. A chaotic orbit when r = 2.5.
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Fig. 24.7. The bifurcation diagram for the map z,+1 = r2,, (1 — 22). Thirty points
on the orbit (after an initial 500 iterations) are plotted on the vertical axis for a
range of values of r.

is varied (the sequence of pictures will match that in the text for the logistic
map itself, and the sequence above for the cubic version of Exercise 24.1, so
we will not repeat the whole set here).

When r > 3, however, a periodic orbits of period 2 appears. This situation
is shown in Figure 24.12, and the cobweb diagram for the renormalised map
in Figure 24.13.

When the period 2 orbit becomes unstable for f, this means that fixed
point of f2 will become unstable and give rise to an orbit of period 2, as
illustrated in Figure 24.14.
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e

0.3

0.2

0.1

Fig. 24.8. The more ‘interesting’ part of Figure 24.7 showing greater detail for
1.9 <r < 3V3/2.

Fig. 24.9. A stable orbit of period 3 when r = 2.46.
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0.6 0.72
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0.62

00 0.2 0.4 0.6 0.8 1 0‘%.6 0.65 0.7 0.75

Fig. 24.10. For r < 3 (in the figure » = 2.5) there are no periodic orbits, and f?
has no fixed points ‘of its own’, merely inheriting those of f. On the left is the
graph of f and f2 (in bold), while on the right the ‘renormalised’ map only has the
uninteresting fixed point at the origin, as shown in Figure ?7.
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Fig. 24.11. The renormalised map when r = 2.5 has only a fixed point at zero.
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Fig. 24.12. On the left is the graph of f and f? (in bold) for r = 14 /5. On the
right is a magnified version of the box in the left-hand Figure, showing that f2 has

a new fixed point.
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Fig. 24.13. The phase diagram for the renormalised map when r = 1 + /5; this

now has a non-zero fixed point, corresponding to a period 2 orbit.
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Fig. 24.14. For r = 3.5 there is in fact an orbit of period 4. The non-zero fixed
point of the ‘renormalised’ map in the right-hand picture is in fact now unstable,
as can be seen in the cobweb diagram of Figure 24.15.
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Fig. 24.15. The cobweb diagram of the renormalised map when r = 3.5: this map
has a periodic orbit of period 2, corresponding to an orbit of period 4 for f.



25

Vector first order equations and higher order
equations

Exercise 25.1 By choosing an appropriate collection of new variables x1, ...y
rewrite the nth order differential equation

d™x (d”_la: dz )
T _ (Y

di” dgn—1”’ dt
as a set of n coupled linear first order equations. Find the conditions on
the function f(zy,...,x1,t) for the original differential equation to have a

unique solution.

We set 1 = z, 22 = 4, and in general z; = d’~'z/d#/~!. Then we can
write

:i‘l = X9
i:g = X3
Tp-1 = Tn
Tp = f(p-1,...,22,71,1).

With x = (z1,...,2,) and

f(X) = (1’2,1‘3, ey f(xn_l, e ,33'1,t))7
we can rewrite the original nth order equation as

dx

T f(x).

The equation has a unique solution provided that f and its partial derivatives
are continuous functions of x and ¢t. Since the first n — 1 components of f
clearly satisfy these conditions, we only require that f and Jf/0x; for each
j=1,...,n are continuous functions of x = (z1,...,x,) and t.

217
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Exercise 25.2 Suppose that f is a Lipschitz function of x, i.e. that for some
L>0

f(x) — f(y)| < Lix —y|.

Use an argument similar to that of Exercise 6.3 to show that if x(t) and y(t)
are two solutions of

dx/dt = f(x) with x(0) = xq (S25.1)

and z(t) = x(t) — y(t) then
el < 2LfaP,
and hence that the solution of (525.1) is unique. [You might find the Cauchy-
Schwarz inequality |a - b| < |a||b| useful.]
Suppose that x(¢) and y(t) satisfy

dx/dt = f(x) with x(0) = %o
and

dy/dt = f(y) with y(0) = xo.
Then, if z =x — y we have

dz/dt = f(x) — f(y) and z(0) = 0.

Taking the inner product of the equation with z we have

and so
d
%@Z\Q < x-[f(x) = £(y)]] < [z][f(x) — £(y)]
< Lz,
using the Lipschitz condition on f,

f(x) - f(y)[ < Lix —y].
It follows that d|z|?/dt < 2L|z|?, and so, using the result of Exercise 9.7,
we must have
2(t)* < €*H|2(0) .
However, z(0) = 0, from which it follows that z(¢) = 0 for all ¢, and so
x(t) = y(t) for all ¢: the solutions are unique.



26

Explicit solutions of coupled linear systems

Exercise 26.1 Find the general solutions of the following differential equa-
tions by converting them into a single second-order equation. Also find the
solution that satisfies the given initial conditions.

(1)

T = 4dx—vy

y = 2x+y+t2 z(0)=0 and y(0)=1;
(ii)

'z z 513?4_(305% z(0)=1 and y(0)=1,;
(iii)

:; z giingret’ z(0)=0 and #(0)=1;
(i)

i’y_ - ix+—yjly+e3t 2(0)=1 and y(0) = —1;
(v)

Zj) z 2—:1:2:1_45—%3053@ 2(0) =2 and y(0)=—1;
(vi)

; _ Zj_y;?;i;t7 y(0)= -1 and =z(0) =1;

and

219
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(vii)
T = 8x+ 14y
y = Tr+ty,

T = 4dxr—y

g o= oyt with z(0)=0 and y(0)=1.

From the first equation we have y = 4x — %, and so y = 4z — Z.
Substituting these expressions into the equation for y we obtain
4% — i = 22 + [dx — 3] + 12,
and so
i —5% + 6z = —t%.
We can find the solution of the homogeneous equation
Z—52+62=0

by trying z = e, and then k? — 5k + 6 = 0. This gives k = 2 or
k = 3, and so the complementary function is z(t) = Ae* + Be3t. To
find the particular integral we try

z,(t) = Ct* + Dt + F,
for which
ip(t) =2Ct+ D and Zp(t) = 2C.
We therefore want
2C — 5[2Ct + D] + 6[Ct* + Dt + E] = —t?,

which implies that

6C=-1, —10C+6D=0, and 20 —5D+6E =0,
ie. C=-1/6, D= —-5/18, and E = —19/18. We therefore have
3t* + 5t + 19

x(t) e” + Be 18

Since y = 4x — & we have

4(3t2 + 5t + 1 t
(37 + 5t +19) 24e% — 3Be3 + bt5

18 18
12t2 + 14t + 71

18

y(t) = 4Ae* 4 4Be3 —

= 24e* + Be® —
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Now in order to satisfy the initial conditions we require
19 71
x(0) + 18 0 and  y(0) + 13
This gives A =6, B = —89/18, and the solution

B 89e% + 3t2 4+ 5t + 19

t) = 6e*
z(t) ¢ 18
89e3t — 122 — 14t — 71
t) = 12e% — )
y(t) e 13
(ii)
P = x—4 2
;; B i+ yy +cos 2t with z(0)=1 and y(0)=1.

From the second equation we have x = y — y, and so © = § — 9.
Substituting these into the equation for & we obtain

y—y=19y—1y— 4y + cos2t,

or

Yy — 2y + dy = cos 2t.

In order to solve this we first find the solution of the homogeneous
equation

Z—=2z+52=0
by trying z(t) = e¥*. This gives the auxiliary equation for k,
k> —2k+5=0,
with solutions k& = 1 + 2i. Therefore
z(t) = e'(Acos2t + Bsin2t).

For a particular integral we try y,(t) = C cos 2t + D sin2¢, and then
we have

Up(t) = =2Csin2t+2Dcos2t  and  §p(t) = —4C cos 2t—4D sin 2t.
Substituting these into the equation we require

[—4C cos 2t — 4D sin 2t] — 2[—2C'sin 2t 4 2.D cos 2t]
+5[C cos 2t + D sin 2t]
= cos 2t[C — 4D] +sin 2t[D + 4C]|

= cos 2t,
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i.e. we need
C—-4D =1 and D +4C =0,
which implies that C' = 1/17 and D = —4/17, and so

cos 2t — 4sin 2t
17 '

Now we can recover z(t) using = = § — y, giving

y(t) = e'(Acos2t + Bsin2t) +

7 cos 2t + 6sin 2t
x(t) = ¢ [2B cos 2t — 2Asin 2t] — cos 2t + 6sin '

17
In order to satisfy the initial conditions we now need
7 1
x(O)zQBfl—zl and y(O):AJrT?:l,

which gives A = 16/17, B = 12/17, and the solution
e!(24 cos 2t — 32sin 2t) — 7 cos 2t + 6 sin 2t

17
e' (16 cos 2t + 12sin 2t) + cos 2t — 4sin 2t
yt) = :
17
(iii)
T = 2042y . .
th = d =1
g = 6ot 3+ wi z(0)=0 and (0)
From the first equation we have y = %:1; —x, Y= %m — Z, and so
3@ — & = 6 + 3[3d — 2] + ¢,
which is

i — 51 — 6z = 2¢'.

First we solve the homogeneous problem Z — 5z — 6z = 0 by setting
z = e*; we obtain two roots k = —1 and k = 6 as the solutions of

k? — 5k — 6 = 0, giving the complementary function
2(t) = Ae™! + Be®.

To find a particular integral we try z,,(¢t) = Ce', and so we require
—10C =2, or C = —1/5. So the solution for z(t) is

t
z(t) = Ae™t + Bebt — %.
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Using y = %:c — x we therefore have

¢ ¢
y(t) = 3|—-Ae™'+6Be" — i’)} — [Aet + Beb — %
3Ae7t el
= - 2BeSt + — .
5 + 20e™ + 10
Now we satisfy the initial conditions, by taking
1 1
x(O):A—l—B—g:O and :E(O):—A—l—ﬁB—g:l,
ie. B=1/5and A = 0, yielding the solution
obt _ ot
t) =
(1) :
y(t) = ——5—
10
(iv)
& = bxr—dy+edt

J o= oty with z(0)=1 and y(0)=—1.

From the second equation we have x = y — y and & = ¢ — y; substi-
tuting these into the first equation we obtain

j—g=>5[g—yl—dy+e¥,
which simplifies to give
ij — 67 4 9y = &>,
The solution of the homogeneous equation
Z—62+92=0

can be found by setting z = e**. From this we obtain the auxiliary

equation k> — 6k +9 = 0, which has a repeated root kK = 3. The
complementary function is therefore

2(t) = Ae® + Bte®,

In order to find a particular integral we have to try y,(t) = Ct2e.
For this guess we have

Up(t) = C(3t2 +2)e3  and  §p(t) = C(9t2 + 12t + 2)e,
and so we need

C[(9t* 4+ 12t +2) — 6(3t% + 2t) + 9% = 1,
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ie. C= % It follows that
y(t) = (A+ Bt + $t?)e¥,
and so, using r =y — y, we also have
z(t) = e3[(2A+ B) + (2B + 1)t + 7).
Choosing A and B to satisfy the initial conditions we require
z(0) =24+ B =1 and y(0) = A= -1,

i.e. A= —1, B =3, and the solution is

z(t) = (1+Tt+1%)
y(t) = e¥(—1+3t+ 3t%).
(v)
T = 2a+5y : B o
y = —2x+cosdt with 2(0) =2 and y(0) = -1

From first equation we have y = (& — 2z)/5, and so

T — 2%

5

= —2x + cos 3¢,
or more neatly
Z — 22 + 102 = 5 cos 3t.

Solving the homogeneous equation Z — 2z + 10z = 0 using the substi-
tution z(t) = e yields the auxiliary equation

k* — 2k +10 =0,
which has roots k£ = 1 4+ 3i, and so the complementary function is
z(t) = e'(Acos 3t + Bsin3t).
For the particular integral we try z(t) = C cos 3t + Dsin 3t, so
&p(t) = —3C'sin 3t+3D cos 3t and Zp(t) = —9C cos 3t—9D sin 3t.
Substituting these into the equation gives

(—9C cos 3t — 9D sin 3t) — 2(—3C'sin 3t + 3D cos 3t)
+10(C cos 3t + D sin 3t)
(C —6D)cos3t + (D + 6C)sin 3t = 5 cos 3t,
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and so
C—-6D=5 and D +6C =0.
This implies that C' = 5/37, D = —30/37, and so
5 cos 3t — 30sin 3¢t

x(t) = e'(Acos 3t + Bsin3t) +

37
Now, using y = (& — 2x)/5, we have
1
y(t) = B (et([SA + B]cos3t + [3B — A]sin 3t)

in 3t t

_30sin3 ;790 cosdt _ 2¢' (A cos 3t + Bsin 3t)
~ 10cos 3t — 60sin 3¢

37

_ ;(et([A + B]cos3t + [B — A]sin3t)

N 305sin 3t — 100 cos 3t>

37
Now for the initial conditions we want
5 1 100
=A+—-=2 d =—(A+B—-—— | =-1
O =+ g =2 ad g0 =1 (445 ) =L

which implies that A = 69/37, B = —154/37, and the solution is
e' (69 cos 3t — 154sin 3t) + 5 cos 3t — 30 sin 3t

z(t) =

37
t) = el (=17 cos 3t — (223/5) sin 3t) + 6 sin 3t — 20 cos 3t
T 37 :
(vi)
- —t
J = e lmaen W wO)=1 andy0)=-1

From the first equation we have y =& —x — e ™!

, SO
y=i—d+e
and substituting these into the equation for y we obtain
i—d+el=dr 20—z —e ] +e*,
which is just

F+i—6x=ect+e*t
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In order to solve the homogeneous equation
Z4+2—-62=0

we put z = e** and obtain the auxiliary equation k> 4k —6 = 0, with
solutions k = 2 and k = —3, so that the complementary function is

2(t) = Ae** + Be ¥,
For a particular integral we can try z,(t) = Ce™ + Dte?. This gives
ip(t) = —Ce '+ D(1+2t)e*  and  ip(t) = Ce '+ D(4+4t)e*,
and so we want
Cll—1—6le" +D[4+4t+1+2t—6t] =e ' +e*,
which implies that C = —1/6, D = 1/5, and

1 1
z(t) = Ae®® + Be 3 — ée_t + gtezt.

We can now obtain y(¢) using y = & —x — e

2 1
ge_t + g(t + ].)CQt.

For the initial conditions we require

y(t) = Ae* —2Be ™3 —

1 2 1

The solutions of these equations for A and B are A = 18/30 and
B =17/30, and so

18e2t 4+ 17e 3t — He~t + 6te

30
24 — 3473t — 20e~t + 6te?
(vii)
T = 8x+ 14y . . .
J = Toty with z(0) =y(0) = 1.

We have y = (& — 8z)/14, and so
i — 84 = 98z + & — 8z,
which simplifies to give

T —92 — 90z = 0.



Eaplicit solutions of coupled linear systems 9297
Trying z(t) = ¥ we obtain the auxiliary equation k? — 9k — 90 = 0,
which has roots k = —6 and k& = 15. The solution for z(t) is therefore
z(t) + Ae™® + Bel™
while y(t) = (¢ — 8x)/14, and so
y(t) = —Ae % — L1 Bel?.
In order to satisfy the initial conditions we need
A+B=1 and —A—%le,
so A = —3, B =4, and the solution is

z(t) = 4e! — 370

y(t) = 3e 0 — 215t
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Eigenvalues and eigenvectors

Exercise 27.1 Find the eigenvectors and eigenvalues of the following ma-

trices:
(i)
(10)
" <2 p >
0 —4 )’
(i)
(2% 1)
" (9 2)
2 6 /)’
(v) o
(1)
(vi) <2 _3>
3 2 ’
(vii)
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(1 7)

(viii)

(i)

(3 %)
a=(1 )

we find the eigenvalues A by setting |A — Al| = 0, so

(i) With

‘1—>\ 2

— _ _:2__:
. )\‘_)\(1)\)2/\ A—2=0.

The solutions are this quadratic equation are the eigenvalues, A\; =
—1 and Ay = 2. To find the eigenvector corresponding to A\; = —1 we

solve (A — \MI)v =0,
2 2 U1 .
(11)(0)=e

and so v1 +wv9 = 0, i.e. v = —v1. A representative choice of eigen-

w(1).

For the eigenvector corresponding to Ay = 2 we consider

(3 5)0)=e

which implies that v; = 2v2, so the eigenvector is

e ().

vector is therefore
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(i)

(iii)

27 FEigenvalues and eigenvectors

=0 4)

is one of those that we can recognise using Example 27.3 as having

The matrix

eigenvalues that we can simply read off: they are the diagonal ele-
ments A\; = 2 and Ay = —4. The eigenvector corresponding to A\; = 2

18
v — 1
1=\ 9 )

For the eigenvector corresponding to A = —4 we have to consider

(A — AoI)v = 0
(0a)(5)=e

which gives 6v; 4+ 2vy = 0, so vo = —3wv1, and a representative eigen-

vector is
Vo — 1
2=\ _3 |-

7 -2
A_<26 —1)

7T—A —2
26 —1—2AX

With

we have

A — M| = ’z(?—A)(—l—A)+52:0.

This simplifies to
N —6A+45=0,

with roots
+4/36—-1
)\:—6 326 80:3j:6i.

Since the eigenvalues form a complex conjugate pair, so do the cor-
responding eigenvectors; so we only have to perform the calculations
to find one of them. We will do this for the eigenvalue Ay = 3 + 6i.
The eigenvector v satisfies (A — AL I)vy = 0, so we have

4—61 -2 ) _,
26 —4-6i )\ w )
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which means that we need (4 — 6i)v; — 2vy = 0, so vy = (2 — 3i)vy,
yielding the eigenvector

o 1
tT\2-31 )

The eigenvector corresponding to A\ = 3—6i is the complex conjugate

of this,
v 1
“\2+31 )7

9 2
=(20);

and so the eigenvalues are the solutions of

9—- A 2
2 6— A

We now have

]A—A]I|:' ‘:(9—>\)(6—)\)—4:O.

This gives the quadratic equation
A? — 15\ + 50 = 0,

with solutions Ay = 5 and Ay = 10. To find the eigenvalue corre-
sponding to \; = 5 we consider

(21)()=e

which implies that 2v; 4+ vo = 0, so v9 = —2v; and the eigenvector is

w(h).

For the eigenvector corresponding to Ay = 10 we want
-1 2
1 _ 07
2 —4 V2
S0 we require —v1 + 2vo = 0, i.e. v1 = 2v and the eigenvector is

we ().
(7 1)
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(vii)

27 FEigenvalues and eigenvectors

We have

A — | =

7T—A 1
-4  11-A

‘ =(T7T-=XN(11-=X)+4=0.
The quadratic equation

A2 —18\4+81=0

has a repeated root A = 9, so there is only one eigenvalue. Conse-
quently we only expect to find one eigenvector, given by

(2 o)(n)=e

This implies that —2v; + v9 = 0, so v = 2v; and the eigenvector is

The eigenvalues are the solutions of

’A_Am:‘ 2—-X -3

5 9y ‘:(2—)\)2+9:)\2—4)\+13:0,

SO are

At

_ 4% vI16-52 ”126_52:2i3i.

The eigenvector corresponding to Ay = 2 + 3i is given by
-3i -3 v\
3 =3 vy )
so we must have —3iv; — 3vgs = 0, i.e. v = —iv; and the eigenvectors

are
(1
Vi = wi )
6 0
A‘(o —13)'
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This is a diagonal matrix, as in Example 27.2. The eigenvalues are
A1 =6 and Ay = —13 with corresponding eigenvectors

as(1) i ()

To find the eigenvalues consider

4—-X =2

R P —_ — 2_ f—
L,y | m@=NE=N 2= X —6a+10=0,

|A—>\]I|:‘

which has solutions

6 £ /36 — 40
)\i:f:?):ti.

The eigenvector corresponding to Ay = 3 +1i is given by

1—i =2 v\
< 1 —1—i><vg>_0’

so we require v; = (1 4 i)vg, and one choice for the eigenvector is

1+i
Vi = 1 .

The eigenvector corresponding to A = 3 — i is just the complex

conjugate of this,
v - 1—i
_ = 1 :
3 -1
A= ( . ) .

‘:(3—)\)(1—>\)+1:)\2—4)\+4:0,

The eigenvalues satisfy

3—x -1

A=AT=17 0 )

and so there is just one eigenvalue A\ = 2. It follows that there is just
one eigenvector given by

(o) ()=
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i.e. v1 —v2 = 0 and so the eigenvector is

(1)
b= %)

has eigenvalues given by the solutions of the characteristic equation

(x) Finally

—7=A 6 _ e B
19 _1_)\‘—(—7—)\)(—1—/\)—72—>\ +8\—65=0,
i.e. A\ = —13 or Ay = 5. The eigenvector corresponding to A\; = —13

can be found from

6 6 (%] o
<12 12><uz)_0’

and so has v; +vo =0, i.e. is

w(1).

The eigenvector for Ay = 5 satisfies

—12 6 U1 o
< 12 —6><U2)_0’

1
sz — .
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Distinct real eigenvalues

Exercise 28.1 Write down the general solution and draw the phase portrait
for the equation x = Ax, when the eigenvalues and eigenvectors of A are as
follows. You should take particular care with stable (or unstable) nodes to
ensure that the trajectories approach (or move away from) the origin tangent
to the correct eigenvector.

(i) M=1,vi=(1, 1) and Ay =2, vo = (1, —1);

(i) M1 =1, vi=(1, 0) and Ay = =2, vo = (1, 1);
(i) M= -2, vi = (1, 2) and \a = =3, va = (2, —3);
(z'v) )\1 = 3 vy = (2, ) and )\2 = —5, Vo = (0, 1),‘
(U) )\1 = 3 V1 = (1, 2) and /\2 = 1 Vo = (1, —3),‘
(vi) M1 =2, vi=(0, 1) and Ay = =3, vo = (1, 5);

) and Ay =2, vo = (2, 1); and

(vii) My =1, vi=(1, 1 ,
(viii) \1 = =3, vi = (1, 3) and A2 = —1, vo = (=3, 2).

(i)

A =1 with v1:<1> and Ay =2 with v2:< 1 >

The general solution is

x(t):Aet< 1>+Be2t( ! )

The origin is an unstable node, and solutions move away tangent to
vy (since [A1] < |A2]).
(i)
. 1 . 1
AM =1 with v = 0 and Ay = —2 with vy = e

235
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Fig. 28.1. The phase portrait for Exercise 28.1(i).

The general solution is

and the origin is a saddle point.

TN

)

Fig. 28.2. The phase portrait for Exercise 28.1(ii).
(iii)

A1 = —2 with V1:<;> and Ay = —3 with V2:(2 )

The general solution is

x(t) = Ae~2 < ; ) + Be® ( 2 ) .

Trajectories approach to origin, a stable node, tangent to vy (since
(A1 < [Azl).
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Fig. 28.3. The phase portrait for Exercise 28.1(iii).

(iv)

A1 =3 with V1:<§>

and A2 =—5 with vy= (

The origin is a saddle point, and the general solution is

x(t):Ae3t< . ) +Be_5t< ?)

g

i

Fig. 28.4. The phase portrait for Exercise 28.1(iv).

(v)

A1 =3 with v1:<1>

The general solution is

and A =1 with wvy= (

237

0
1

1
-3

).

).
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Trajectories move away from the origin, which is an unstable node,
tangent to vo (since [Ag| < |A1]).

Fig. 28.5. The phase portrait for Exercise 28.1(v).
(vi)
. 0 .
A =2 with vy = 1 and A= -3 with vy =

The general solution is

x(t)—Aezt<(1)>+Be_3t< é)

and the origin is a saddle.

f

Fig. 28.6. The phase portrait for Exercise 28.1(vi).
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(viii)
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A =1 with V1:<1> and Ay =2 with V2:<?>.

The general solution is

x(t):Aet<1>+Be2t<i>.

The origin is an unstable node, and trajectories move away tangent
to vy, since |A1] < |Az|.

I

Fig. 28.7. The phase portrait for Exercise 28.1(vii).

A = —3 with Vlz(;)) and Ay = —1 with v2:<_3

The general solution is

x(t) = Ae~? < ; > +Be—t( S >

The origin is a stable node, approached tangent to vo since || < [A1].

Exercise 28.2 For the following equations find the eigenvalues and eigen-
vectors of the matriz on the right-hand side, and hence find the coordinate
transformation that will decouple the equations. Show that this transforma-
tion has the desired effect. (You can also write down the general solution
and draw the phase portrait for the equation if you wish.)

(i)

dj_814x
dt \ 7 1
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Fig. 28.8. The phase portrait for Exercise 28.1(viii).
(ii)

dx_ 2 0
a -5 —3 )%

dx (11 -2 N
d \ 3 4

(iii)

and

(iv)
dx (1 20 .
dt  \ 40 -—19 :

Throughout these solutions we use A to denote the matrix appearing on
the right-hand side of the differential equation, and X = (z, 7).

(i) The eigenvalues of the matrix
8 14
71
are the solutions of
‘ S ‘—(8—)\)(1—)\)—98—)\ 9\ — 90 =0,

and so are A\; = —6 and Ao = 15. The corresponding eigenvectors
are: for A — 1 = —6, given by

14 14\ (v _
(7 7)(5)=e
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and so is vi = (1, —1); for Ay = 15 given by

=7 14 (%] -
(7 ) ()=e

and so is vo = (2, 1).
1 2
-1 1

If we write

()l

then we have

K

J=(4 1)

<

and so

dx 1/ 1 -2 8 14 125{
d  3\1 1 7 1 -1 1
1
7—605(
- 0 15 )7

The eigenvalues of the matrix

(5 5)

are A\ = —3 and Ay = 2 (see Example 27.3). The eigenvector cor-
responding to A\; = —3 is vi = (0, 1), while that corresponding to
A2 = 2 can be found by considering

0 0 v\
(5 5)(h)=e
so is v = (1, —1).

s 2)-(3 )
(3 4) (1)

If we set

we have
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Therefore

dx
dt

(iii) The eigenvalues of the matrix

11 -2
3 4
are the solutions of the characteristic equation,

‘ 11-X =2

5 ‘:(11—/\)(4—/\)+6:/\2—15)\+50:0,

and so are A\; = 5 and Ao = 10. The eigenvector corresponding to Ay

(3 5)(0)=e

and so is vi = (1, 3); while that corresponding to Ae can be found

(s 0) ()0

and so is vo = (2, 1).

is given by
from

We now set

= (s) (1) =0 1)
(5 1) (s )

We therefore have
1 -2 11 -2 1 2 -
X
<—3 1 ><3 4 ><3 1>

dx
1 -2 5 20
-3 1 15 10

and so

dt

M
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_ (50,
— \o10)7

(iv) To find the eigenvalues of

1 20
40 -19

we consider

1—A 20 B o B
40 _19_/\‘—(1—>\)(—19—>\)—800—)\ + 18\ — 819 =0,
which has solutions A\; = 21 and Ay = —39. The eigenvector corre-

sponding to A; = 21 is given by

—20 20 U1 —0
40 —40 vy )

and so is vi = (1, 1); while that corresponding to Ao = —39 is given

by
40 20 U1 -0
40 20 vy )

ie. it is vo = (1, —2).

We now set
(1 i 1 (11 -
1 IV 2 )71 2 )™

which implies that

11\ 'L 12 -1
1 —2) *~ 73\ -1 1 )%

X

% =
Thus
ax  1(2 1 1 20 11\
a ~ 3\1 -1 40 —19 1 -2 )%
12 1 21 —39 \ _
— 301 21 21 78 )%
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the M-file lportrait.m will draw the phase portrait for the linear equation
x = Ax. The program draws the trajectory forwards and backwards from a
given initial condition, placing an arrow there indicating the direction the
solution moves as t increases. Draw the phase portraits for the equations in
the previous exercise using this program.

All the phase portraits above in the solutions for Exercise 28.1 were pro-
duced using lportait.m.

Exercise 28.4 (T) Using the chain rule, if y = y(z(t)) then

dy _ dy ds
dt  dx dt’
from which it follows that
dy _dy Jdo
dr  dt/ dt’
Therefore if
dx d
i A1z and d—g; = Aoy (528.1)
we have
dy _ Ay
de Mz’

Solve this to find the equation of the curves traced out by trajectories of
(528.1).

We can separate variables in the equation

dy _ day
dr Mz
to give
dy dz
Aoy Mz

Integrating both sides we obtain
Aeln|y| = A\ Inl|z| + ¢,
or taking exponentials,
ly}2 = Alz|M with A >0,

or
[yl = O™/
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(where C' = A2 ig another arbitrary, but positive, constant). We obtain
all possible solutions by removing the modulus signs:

Y= CaM/*2,

of. (28.13).

Exercise 28.5 (T) We have seen in this chapter that if A has distinct real
etgenvalues A1 and Ao, with corresponding eigenvectors vi and va, then

MO
—1 _ 1
P A]P’_<O A2>,

where P = [vy va|. It follows, conversely, that the matriz with these eigen-
values and eigenvector is

A0 -1
A=P P~
< 0 A >
(This is how the M-file makematrix.m constructs matrices with specified eigen-

values and eigenvectors.) Find the matrices whose eigenvalues and eigen-
vectors are as follows:

(i) )\1 = 3, Vi = (1, 2) and /\2 = 6, Vo = (1, —1);
(ii) )\1 = 3, V] = (1, 0) and )\2 = —1, Vo = (2, 1),’ and
(’l"l"i) )\1:5, V1:(1, 1) and /\2:1, VQZ(l—l, )
(You could now check your phase portraits for Exercise 28.1, using the M-file

makematrix.m to find the matrixz with the specified eigenvalues and eigen-
vectors, and then lportrait.m to draw the phase portraits.)

(i) The matrix with eigenvalues and eigenvectors A\; = 3, vi = (1, 2)
and Ay =6, vo = (1, —1) is given by

A:
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(ii) The matrix with eigenvalues and eigenvectors A\; = 3, vi = (1, 0)
and Ay = —1, vo = (2, 1) is given by

c= (0D ()
S )
()
(5.

(iii) The matrix with eigenvalues and eigenvectors \; = 5, vi = (1, 1)
and Ao =1, vo = (1 — 1, ) is given by

(G0
- (DGO ()
- T
- (33)

Exercise 28.6 Suppose that A has two eigenvalues, A\ = 0 with eigenvector
vi and Ay # 0 with eigenvector vs.

(i) Write down the general solution of the equation x = Ax.

(ii) After changing to a coordinate system referred to the eigenvectors the

dx _ (0 0
at -\ 0 A )7

dz dy
T 0 and T

equation will become

i.e
AY.

By solving these equations draw the phase portrait in the (Z,7) sys-
tem, and hence sketch the phase portrait for the original coordinates.
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(i4i) Draw the phase portrait for the equation

dx [ -2 2
a L1 -1)%

(i) The general solution is
x(t) = AeMtvy + BeMtvy = Avy + Be*?tv,.

(ii) When
dz/dt =0 and dg/dt = Ay

the solutions are Z(t) = #(0) and §(t) = eM§(0). So Z is constant,
and g either increases exponentially (if A > 0) or tends to zero expo-
nentially (if A < 0). The phase portrait for the case A > 0 is shown
to the left in Figure 28.9, while the phase portrait in the original
coordinates in shown to the right.

N

Fig. 28.9. Phase portraits when one real eigenvalue is zero: canonical coordinates
on the left, original coordinates on the right.

(iii) The matrix occurring in the equation

dx -2 2

dt_( 1 _1>x (528.2)
has eigenvalues given by the solutions of the characteristic equation

—-2—-A 2

|\ -/ — —_— — — :2 =
, _1_A‘_(2 A(=1=A) —2= 2 +31=0,

so A1 = 0 or Ay = —3. The corresponding eigenvectors are vi = (1, 1)
and vy = (=2, 1), and the phase portrait is shown in Figure 28.10.
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Fig. 28.10. The phase portrait for equation (528.2).
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Complex eigenvalues

Exercise 29.1 Draw the phase portrait for the equation dx/dt = Ax, when
the eigenvalues (Ay) and eigenvectors (n+) of A are as follows. Also given
is the sign of  when x =0 and y > 0.
(i) Ao =1+3i withny = (1, 2Fi), & < 0;
(i) Ay = +3i withny = (1£2i, 1 3i), & < 0;
(iii) Ay = —2 %1 withne = (1Fi, 3+i), &> 0;
(iv) \p = —1+iwithny = (1, £i), £ >0;
(v) Ay =2+ 2i withny = (£3i, 5 F 4i), & < 0;
(vi) Ax =5+ 3i with n,. = (2+ 51, Fi), & < 0;
(vit) A\x = £71 with ny = (1 £1i, —1£2i), £ > 0; and
(viii) Ay = —13 £ 171 with n,. = (£6i — 8, 4 F 5i), & > 0.

(i)
Ar =131 with ny=(1, 2Fi) #<0 when xz=0andy>0.

Since the real part of A is positive the origin is an unstable spiral;
since £ < 0 when z = 0 and y > 0 the orbits rotate anti-clockwise
around the origin, and the phase portrait is as in Figure 29.1.

Ar =431 with n, = (142, 1F3)) #<0 when 2 =0andy > 0.

The eigenvalues have zero real part, so the origin is a centre. Since
& < 0 when = 0 and y > 0 the orbits rotate anti-clockwise around
the origin, and the phase portrait is as in Figure 29.2.

(iii)
Ay = —2+i with ny=(17Fi, 3+i) £>0 when z=0andy>0.

Since the real part of the eigenvalues is negative the origin is a stable

249
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Fig. 29.1. Phase portrait for Exercise 29.1(i).

Fig. 29.2. Phase portrait for Exercise 29.1(ii).

spiral; with £ > 0 when x = 0 and y > 0 the solutions circle the
origin is a clockwise direction, and the phase portrait is shown in
Figure 29.3.

Fig. 29.3. Phase portrait for Exercise 29.1(iii).
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Ay =—1+i with . =(1, £i) #>0 when x=0andy>0.

Since the real part of the eigenvalues is negative the origin is a stable
spiral; since £ > 0 when = = 0 and y > 0 the solutions move clockwise
around the origin, and the phase portrait is shown in Figure 29.4.

Fig. 29.4. Phase portrait for Exercise 29.1(iv).

A+ =2421 with m4 = (£3i, 574i) <0 when z=0andy > 0.

Since the real part of the eigenvalues is positive the origin is an un-
stable spiral; since £ < 0 when x = 0 and y > 0 orbits circle the
origin anti-clockwise, and the phase portrait is as in Figure 29.5.

Fig. 29.5. Phase portrait for Exercise 29.1(v).

(vi)
Ar =5431 with ny = (2451, Fi) £<0 when z=0andy > 0.
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Since the real part of the eigenvalues is positive the origin is an un-
stable spiral; since £ < 0 when z = 0 and y > 0 the orbits spiral
around the origin anti-clockwise, and the phase portrait is shown in
Figure 29.6.

ol

Fig. 29.6. Phase portrait for Exercise 29.1(vi).
(vii)
Ar =47 with 7y = (1+i, —1£2i) >0 when x=0andy > 0.

The real part of the eigenvalues is zero, so the origin is a centre.
Orbits circle to origin clockwise, since £ > 0 when z = 0 and y > 0.
The phase portrait is shown in Figure 29.7.

Fig. 29.7. Phase portrait for Exercise 29.1(vii).

(viii)

Ar = —13£17i with n,. = (+6i—8, 4F5i) #>0 when z=0andy > 0.
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The real part of the eigenvalues is negative, so the origin is a stable
spiral. Since © > 0 when x = 0 and y > 0, orbits circle the origin
clockwise, as shown in Figure 29.8.

Fig. 29.8. Phase portrait for Exercise 29.1(viii).

Exercise 29.2 Write down the general solution of the equation dx/dt =
Ax when the eigenvalues (A1) and eigenvectors (my) of A are those in the
previous erercise.

Throughout this exercise, the arbitrary constant C' is the complex number
a+ig.

(i) When Ay =14+ 3i with ;. = (1, 2F1) the general solution is given
by

) 1 : 1
(1+3i)t * (1-3i)t
x(t) = Ce (2 i>—1—Ce (2 i>

— 9Re |:Ce(1+3i)t< 1 )}
2—1

= 2¢'Re [(a +16)(cos 3t + isin 3t) ( 9 l_i >]

1
= 2¢'Re |:<(Oé cos 3t — Bsin 3t) + i( cos 3t + asin3t)> ( 9_ i >]
9t acos 3t — Bsin 3t
N +2(ccos 3t — Bsin 3t) + (8 cos 3t + asin 3t)

of Acos 3t + Bsin3t
(2A — B)cos3t + (A+2B)sin3t )’

where A = 2« and B = —20.
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(ii) When Ay = £3i with . = (1 £ 2i, 1 F 3i) the general solution is
given by

L 142 g [ 12
— 3it *  —3it
x(t) = Ce <1—31)+Ce <1—|—31>

[ ey [ 1421
_ 3it
= 2Re _Ce ( 1—3i>}

= 2Re (a—l—iﬁ)(cos3t—|—isin3t)< 11_31 ﬂ

1-3i

= 2Re-((ozcos?)t—ﬂsin?)t)+i(asin3t—|—ﬁcos?>t)>< 1+i >}

_ 9 acos 3t — (3sin 3t — asin 3t — (B cos 3t
acos 3t — (Bsin 3t + 3asin 3t + 33 cos 3t
_ (A— B)cos3t — (A+ B)sin3t
N (A+3B)cos3t+ (3A— B)sin3t )’
where A = 2o and B = 20.
(iii) When Ay = —2 41 with n,. = (1 F1i, 3 £1) the explicit solution is
given by

_ (24t (1 —1 « (—2-i) ( 1+1
x(t) Ce <3+i>+Ce (3—1

— 2Re |Cel-2t1 1-i
341

= 2¢ *Re [(a +1if5)(cost +isint) < ?1)11 >]

= 2 %'Re K(acost — fOsint) +i(asint + ﬂcost)) < ;11 ﬂ
_ ge2 acost — fBsint + asint + B cost
- 3acost — 3F3sint — asint — Bcost
_ (A+ B)cost + (A — B)sint
N (3A — B)cost — (A+3B)sint )’
with A = 2« and B = 20.
(iv) When Ay = —1 £1i with n. = (1, £i) the explicit solution is given
by

x(0) = cdr (L)1)
i —i
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2Re [C’e(_lJri)t < 1 ﬂ
i
¢ . . . 1
2¢ "Re | (o +if)(cost +isint) :

207 e [<(a cost — Bsint) +i(cvcost + 5“’“)) ( } >]

ot Acost — Bsint
—Acost — Bsint /)’

with A = 2« and B = 20.
(v) When Ay = 2 £ 2i with . = (£3i, 5 F 4i) the explicit solution is

given by

x(t)

(2+2i)t 3i « (2-2i)¢ ( 31
Ce <5—4i>+0e <5—|—4i>

(2+2i)t 3
2Re [C’e (5—4i>]

2¢*'Re [(a +15)(cos 2t + isin 2t) < 5 3141 ﬂ

2¢*'Re [((a cos 2t — [Bsin 2t) + i(asin 2t + [ cos 2t)> ( 3

902t —3asin 2t — 3( cos 2t
S cos 2t — 53 sin 2t + 4acsin 2t + 43 cos 2t
2t < 3Asin 2t + 3B cos 2t
( )

© \ (5B —4A)sin2t — (5A + 4B) cos 2t

where A = —2a and B = —20.
(vi) When Ay =5 =+ 3i with n = (2 £ 51, Fi) the explicit solution is

x(t)

Ce(5+31)t ( 2 + 5% > + O*e(5_3i)t < 2 —bi )

—1 1

2Re [Ce(5+3i)t ( 2 +.5i )]

1

2¢*'Re [(a +15)(cos 3t + isin 3t) < 2 j_Li5l ﬂ
2¢”'Re [((a cos 3t — (Fsin 3t) 4 i(B cos 3t + asin St)) <

95t 2a.cos 3t — 2(0sin 3t — 55 cos 3t — basin 3t
B cos3t + arsin 3t

5—4i

2+ 5i

—1

)

)
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_ (2A —5B)cos 3t — (5A + 2B) sin 3t
- Bcos3t + Asin 3t ’

where A = 2« and B = 20.
(viil) When Ay = £7i with n. = (1 £1i, —1 &+ 2i) the explicit solution is
given by

; 1+i i 1—i
Tit * —Tit
x(t) = Ce (—1+21> Cre <—1—21>

[ o 1+i
_ Tit
= 2Re _Ce ( 1+21>]

= 2Re (oz—i—iﬁ)(cos?t—i—isin?t)( _11—:_121 >]

—-1+2i

= 2Re((acos?t—ﬁsin?t}—l—i(asin’?t—i—ﬁcos?t))< 1+1 )]

AcosTt — BsinTt — Asin7t — Bcos Tt
—AcosTt+ Bsin7t — 2Asin Tt — 2B cos Tt
B (A—B)cosTt— (A+ B)sinTt
N (B—2A)sinTt — (A+2B)cosTt )’
where A = 2« and B = 20.
(viii)) When Ay = —13+17i with n = (£61—8, 4F5i) the explicit solution
is given by

_ (—13+170)t [ 61— 8 « (—13—17i)¢ [ —61—8
() = cosnmn (G784 gt (0

(—13+4170)¢ [ 61 —38
2Re [Ce (4—51)]

13 [(a+iﬂ)(cos 17¢ + isin 17¢) ( il_—; )]

— 9e-13IR, [((a cos 17t — Bsin17t) + i(Bcos 17t + asin 17t)> < 21:52? )}

_ olst —6B cos17t —6Asin 17t — 8Acos 17t +8Bsin 17t
N 4Acos17t —4Bsin17t + 5B cos 17t + 5Asin 17t
o138t (8B —6A)sin17t — (8A 4 6B) cos 17t
(4A+5B)cos 17t + (A —4B)sinl7t )

Exercise 29.3 For the following equations find the eigenvalues and eigen-
vectors of the matriz on the right-hand side, and hence find the coordinate
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transformation that will put the equations into their standard simple (canon-
ical) form. Show that this transformation has the desired effect.

(i)
dx (0 -1
a \1 -1)F
dx (=2 3\ |
a -6 4 )%

dx ([ -11 -2 "
dt 13 -9 ’

(ii)
(iii)

and

(i)
dx 7T =5
a \10 -3)%
Throughout these solutions we use A to denote the matrix appearing on
the right-hand side of the differential equation, and x = (Z, 7).

a=(1 )

(i) The eigenvalues of

are the solutions of

S | B .2 B
) _1_/\‘——)\(—1—)\)+1_)\ +A4+1=0,
which are
—1+y1—-14 1 V3.
A:f:_iiTI'

M\»—A
+
g

¥3i is given by

\S

(7, )(zz)

i)v1, and a representative eigenvector is

(%)

M\»—*

i

and so va = (3 —
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So we set

a1 2a) (7 )

which implies that

(3 %) e ()

Therefore we have

w030 )
ol ) ()
1 (V3 =3\,
- aals i)
_1
2 2

(ii) The matrix
-2 3
—6 4
has eigenvalues given by the roots of the characteristic equation

‘ R N

6 4 ‘:(—2—)\)(4—)\)+18:)\2—2)\+10:0,

l.e.

A

_2EVIA0 L
=== .

The eigenvector corresponding to Ay = 1+ 3i is given by
-3 —-3i 3 ' v _ 0,
—6 3 —3i V9
so —(1+1)v; +v2 = 0, and a representative eigenvector is

(11+i>'
=+ (1) (1)

If we set

(17)
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then

and we have
& (1 0o\/-23\(10
a -1 1 —6 4 11
B 1 0 1 3 %
a -1 1 -2 4
B 1 3 %
- -3 1)7
(iii) To find the eigenvalues of the matrix
—-11 -2
13 -9

we consider

—11-X -2 | o -
13 —9_) '—(—11—/\)(—9—/\)+26—)\ +20A+125 =0,
and obtain
—20 + /400 —
- 00500 _ .o

2

The eigenvector corresponding to the eigenvalue —10 + 5i can be

determined from
—-1-51 =2 ' v\ _ 0,
13 1—5i U2

i.e. (—1 —bHi)v; — 2v9 = 0. A representative eigenvector is therefore

(15)

We set

and then
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Therefore
a1/ 5 0 “11 =2\ (=2 0
dt 10\ -1 -2 13 -9 1 5
_ _i 5 0 20 -10 %
10\ -1 =2 —35 —45
_ 10 5 %
- -5 10 '
The eigenvalues of
7 -5
10 -3

are given by the solutions of

7T—A -5 _ Y -
‘ 10 _3_)\‘—(7—)\)(—3—)\)—1—50—)\ —4A4+29=0,
i.e.
44416 —11
VARV

The eigenvector corresponding to 2 + 5i is determined by
5 — 5i -5 ) _o
10 —5—5i vo )

and so is

Now if we set

which gives

we obtain

dx (1 0 7 =5 105(
d 1 -1 10 -3 1 -1
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B 2 5 %

N -5 2 )7
Exercise 29.4 (T) In the previous chapter we used the result that the eigen-
vectors corresponding to distinct eigenvalues are linearly independent. Use

this result to show that the real and imaginary parts of complex eigenvectors
are linearly independent.

Denote the eigenvalues by AL, and the corresponding eigenvectors by
14 = vixivy. Since Ay # A_, the two eigenvectors n, and n_ are linearly
independent. Now suppose that

avy + vy =0. (529.1)
Since 2vi =n, +n_ and 2vy = —i(n, —n_), equation (S29.1) is the same
as
a(ny+n-)—pi(n, —n_) =0,
or
(o =2iB)nL + (a+2if)n_ = 0.
Since ;. and n_ are linearly independent it follows that

a—23=0 and a+2i3 =0,

from which we obtain & = 8 = 0, and so v; and vs are linearly independent.

Exercise 29.5 (T) Following the same line of reasoning as in Ezercise 28.5,
show how to construct a matrixz with a complex conjugate pair of eigenvalues
A+ = p L iw and corresponding eigenvectors ny = vi £ivy. Hence find the
matrices with the following eigenvalues and eigenvectors:

(i) Ax =3+3i withmy =(2+1, 1F1i);
(ii) Ay = £3i with ny = (£i, 3 £2i); and
(i1i) Ay = —2+1iwithmny = (1+i, 1F1i).
(The M-file makematrix.m will do this for you. You could use this to check

that the signs of & given in Exercise 29.1 are correct by finding the appro-
priate matriz A and then looking at & when x =0 and y > 0.)

If A has complex conjugate eigenvalues A+ = p £ iw with corresponding
eigenvectors 1, = v = ivy, we have seen that if we define

P = [Vl VQ]
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plap=( * Y

so it follows that the matrix A with these specified eigenvalues and eigen-
vectors can be written in the form

A:]P’( P )]Pl.

(i) The matrix with eigenvalues A+ = 3 + 3i and eigenvectors 1, =
(241, 1F1) is

no_ (21 3 3) _1(/-1 -1
N 1 -1 -3 3 3\ -1 2
(21 -2 1
N 1 -1 0 3
(4 -5
N 2 2 '
(ii) The matrix with eigenvalues Ay = £3i and eigenvectors n, = (%i, 3+
21) is
01 0 3 1 2 -1
A= (3 2>(—3 0>X_3(—3 0 )
1701 -9 0
- 3\3 2 —6 3
17 -6 3\ _ (2 -1
- 3\U-396/) \13 -2)°

(iii) The matrix with eigenvalues Ay = —2 £ i and eigenvectors n, =
(I+1, 1F1)1is

p e (U2 L) ()
(A6
(52)=(73).

then

1
2
1
2
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Yet more phase portraits: a repeated real
eigenvalue

Exercise 30.1 Find the eigenvalue and eigenvector of the matrices occurring
in the following equations, and hence draw the phase portrait. Find also the
coordinate transformation that will put the equation into canonical form and
show that this works. Write down the general solution.

(i)
a (1)

(i)

(iii)

dx (-3 —1)\_
ad U1 -5 )%

dx (13 0 <
dt 0 13 ’

(iv)

and

(v)
dx (7 -4
a1 3 )%
Throughout these solutions we use A to denote the matrix appearing on
the right-hand side of the differential equation, and x = (Z, 7).

263
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30 A repeated real eigenvalue

dx (5 —4
a \1 1 )*

The eigenvalue is the solution of

‘5—)\ —4 ‘

L1 =5-AN1 =N +4=X-61+9=0,

so is A = 3. The corresponding eigenvector, determined by

(7 ) ()0
().

When z =0 and y > 0, © = —4y < 0; £ = 0 on the line 5z = 4y,
and the phase portrait is as shown in Figure 30.1.

is

Fig. 30.1. Phase portrait for the equation in Exercise 30.1(i).

We now choose a second vector that is linearly independent from
v, e.g. here we choose the vector

o= (4)



A repeated real eigenvalue 265

that is orthogonal to v, but any choice would do. We then set

amwone (1 2)(4)-(2)

Now we make the change of coordinates

s (D)o ( L) = (0 D)x s

which implies that

B (I e S S e A
5 =2 —25\ =5 10 :
Therefore

dx 1 (-2 -1 5 —4 1015{
dt =25\ =5 10 1 1 5 =2

The explicit solution is
3t st (10 st 1
x(t) = [Ate’ + Be™| 5 )T Ae 9 (S30.2)
[ 10Ate3 + (A +10B)e™
N 5Ate’ + (5B — 2A)e3
[Rather than try to remember the form of the explicit solution,

x(t) = [Ate* + BeMvy + AeMvs, (S30.3)

it is perhaps safer to derive it each time from the decoupled system.
In this case we have

dz/dt = 33+
dg/dt = 37,

And so clearly §(t) = Ae3’. Using this in the equation for dz/dt we

obtain
A7 _ 35 1 ach
dt '
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Using the integrating factor e 3! this is
d . 3
X [xe ] =A,

and so
F(t)e ' =At+ B = i(t) = [At + Ble™.

Now using (S30.1) we obtain (S30.2). In the remaining solutions we
will use (S30.3) directly.]

dx (-6 2
a \—2 —2 )%

The eigenvalue of the matrix A is the solution of

—6— A 2

9 _9_) ‘:(—6—/\)(—2—)\)+4:)\2+8/\+16:0,

i.e. A = —4. The corresponding eigenvector is determined by
-2 2 (%]
=0
(Z2)(0)-e
v 1
=)

The derivative £ = 0 on the line 62 = 2y, and when x = 0 and

so is

y > 0 this derivative is positive. The phase portrait is shown in
Figure 30.2.

In order to transform the equation into its canonical form we choose
another direction vo. Again, we will make the canonical choice of a
vector perpendicular to v, taking

vo — 1
2=\ _q /-
‘We now set

wmmrme=(22)(4)=(71),

and make the change of coordinates

er (e 1) =( 1)
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Fig. 30.2. Phase portrait for the equation of Exercise 30.1(ii).
It follows that
N R T R YA
S\ -4 -1 8\ 4 -4 )7
and the differential equation satisfied by X is
-1 -1 -6 2 —4 1 .
X
4 —4 -2 =2 -4 -1
-1 -1 16 —8 \ .
4 —4)\16 o ¥

dx

dt

The explicit solution is

x(t) = [Ate™* + Be %] < :i ) +Ae ! < _11 )

_ (A —4B)e™* — 4 Ate=*
- —(A+4B)e 4 — 4Ate=#

(iii)

dx [ -3 -1
a1 -5 )%
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The eigenvalue is the repeated real root of

-3-A -1

— | — —_— —_— —_— = 2 =
L sy [FB NN F 1= 816 =0,

i.e. A = —4 again. This time the eigenvector is (by inspection) v =
(1, 1).

We have 2 = 0 on the line y = —3z, and when x = 0 and y > 0,
& < 0, so the phase portrait is as in Figure 30.3.

Fig. 30.3. The phase portrait for the equation of Exercise 30.1(iii).

The axes for our new coordinate system we choose to be

we () me w=(0 ) ()= (3)
=2(5)+1(4)=(3 L)=

which implies that

(2 1N\ 1/-1 -1
*={9 1 =74\l 2 92 )*

The derivative of x satisfies the differential equation

dx 1/ -1 -1 -3 -1 215(
dt 4\ -2 2 1 =5 2 -1
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- _1 -1 -1 -8 -2 %
o4\ -2 2 -8 6
_ -4 1 %
N 0 -4 '
The explicit solution is given by

w0 = e (G Jeane ()

(A+2B)e * + 2Ate™4
- (2B — A)e ¥ + 2Ate™4 )~

dx (13 0 <

d  \ 0 13 ’
Here the repeated eigenvalue is A = 13. The matrix is a multiple of
the identity, so every vector is an eigenvector. Since the eigenvalue

is positive, the origin is an unstable star, and the phase portrait is
shown in Figure 30.4.

Fig. 30.4. The phase portrait for the equation in Exercise 30.1(iv).

The equation is already in its ‘canonical form’, and the explicit
solution is simply

x(t) = ve

for any vector v.
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dx (7 -4 <
d  \\1 3
The eigenvalue is the solution of

‘7—/\ —4

JR— — —_ —_— 2_ f—
. 3_A‘_(7 A)(B=A)+4=2x%—10A+25=0,

i.e. A = 5. The eigenvector can be determined from
2 —4 (%] o
(1) ()=
v 2
=71 )

We have £ = 0 when 7x = 4y, and for x = 0 and y > 0 the
derivative & < 0; the phase portrait is shown in Figure 30.5.

so is

Fig. 30.5. The phase portrait for the equation in Exercise 30.1(v).

To transform the equation into its canonical form we choose

() ()2
() 5)-(2 4)x
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It follows that

A (U R e B A
U5 =2 25\ -5 10

-2 -1 7T —4 10 1 %
-5 10 1 3 5 =2
-2 -1 50 15 %
-5 10 25 =5
—125 =25 %
0 —125
- 5 1 %
N 05 '
The explicit solution is given by

x(t) = [Ate® 4 Bed] < 150 ) + Ae ( _12 )
[ (A+10B)e™ + 10Ate™
N (5B — 2A)e? + 5Ated!

and so

dx

dt

gl- &~ &~

Exercise 30.2 (T) The characteristic equation for a 2 X 2 matriz
a b
A =
(£ a)

k* — (a4 d)k + (ad — be) = 0.

is |A — EI| =0, i.e.

By explicit calculation show that A satisfies its own characteristic equation,
i.e. that

A% — (a+d)A + (ad — be)l = O,

where Q is the 2 x 2 matriz of zeros. This is a particular case of the Cayley-
Hamilton Theorem.

We have

~(a b s (a b a b\ [ a®+bc bla+d)
a=(ta) meow=(Ta) (0 a)=(41s iR )
Substituting these into the expression

A? — (a+d)A + (ad — bo)T
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we obtain

a’*+bc blat+d)\ [ a®+ad (a+d)b . ad — bc 0
cla+d) be+ d? (a+d)e ad+ d? 0 ad — bc

(00
~\0 0 )’
so we do indeed have
A% — (a4 d)A + (ad — be)l = O,

and A satisfies its own characteristic equation.

Exercise 30.3 (T) If A has a repeated eigenvalue \ with eigenvector v then
its characteristic equation can be written

(k—\)?2=0.
Use the Cayley-Hamilton Theorem from the previous exercise to deduce that
(A — )2 =0,

and hence that (A — AI)x is an eigenvector of A for any choice of non-zero
vector X # V.

Using (A — M) = Q it follows in particular that
(A — \I)*x = O.
Setting v = (A — Al)x this equation can be rewritten as
(A = AI)v =0,
or, upon rearrangement,
AV = \v,

showing that v is an eigenvector of A with eigenvalue A. It follows, since
there is only one ‘eigendirection’, that (A — Al)x = v is in the same direction
as v.

Exercise 30.4 (T) By following the ideas of Exercise 28.5, show how to
construct a matriz with a single eigenvalue A\ and corresponding eigenvector
v. (There will be many such matrices.) Find two matrices with eigenvalue
—1 and eigenvector (1, 1).
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Given a matrix A with eigenvector v and eigenvalue A, we have seen that
for an arbitrary choice of vector v in a different direction to v, if we set
vi = (A — M)vy this is in the same direction as v, and then if we define

P= [Vl VQ] (8304)
we have
1 (A1
P AP-( 0 /\). (S30.5)

To find a matrix A with specified eigenvalue A and eigenvector v we can
choose vi to be v, and vy to be arbitrary. The matrix A that we obtain

from (S30.5),
(A 1.,
oo 1)

with P defined as in (S30.4), will have the required eigenvalue and eigenvec-
tor (and will be consistent, in that vi = (A — Al)va).

So, to construct a matrix with a repeated eigenvalue —1 and eigenvector
vi = (1, 1) we first have to choose another direction. If we choose vy =
(1, —1) (the orthogonal direction) then

(1 1 1 1/ -1 -1
IP)_<1—1> - F __2<—1 1>’
and we can take
171 1 -1 1 -1 -1
A= _2<1 —1>< 0 —1)(—1 1 )
_ /11 0 2
o2\ 1 -1 1 -1
B -1/2 —-1/2
N /2 =3/2 )
For another matrix with the same eigenvalue and eigenvector, we make a
different choice for v, for example vy = (1, 0). Then we have

(11 (0 1
p_(lo) S~ P _<1_1).

We now obtain the matrix

= (o) (0 )0 )
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B 11 1 -2

N 10 -1 1

_ 0 -1

N 1 -2 )
Exercise 30.5 (T) Suppose that the matriz A has zero as a repeated eigen-
value, with eigenvector v. Then we can change to coordinates referred to vo

and vi = Avy, where vy is any vector in a different direction to v, so that
X = vy + yva. The equation becomes

ax (0 1),
ad \oo)®
47

E:g] and 7 =0.

(1) Solve the equations for z(t) and y(t), and hence write down the gen-
eral solution for x(t).
(i) Draw the phase diagram in the (Z,9) plane, and hence in the (z,y)
plane.
(i4i) Draw the phase diagram for the equation

dx (-1 1
at—\ -1 1)%
(i) We have g(t) = A, which gives dZ/dt = A, and hence Z(t) = At + B.
Since x = vy + yva the general solution is

and so

x(t) = [At + B]vy + Ava.

(ii) The phase portrait in the (Z, §) plane is shown in the left-hand picture
of Figure 30.6, and the phase portrait in the (z,y) plane in the right-
hand picture.

(iii) The matrix in the equation

dx (-1 1

a - \-11)%
has repeated eigenvalue zero corresponding to the eigenvector (1, 1).
The phase portrait is shown in Figure 30.7.
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N

Fig. 30.6. Phase portraits for a repeated real eigenvalue zero with eigenvector vy,
in the transformed plane (left) and the original coordinates (right). In both cases
the bold line consists entirely of stationary points.

N\

Fig. 30.7. The phase portrait for the equation in Exercise 30.5(iii). All points on
the bold line are stationary.
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Summary of phase portraits for linear equations

Exercise 31.1 Draw the phase portrait for the equation dx/dt = Ax when
the eigenvalues and eigenvectors of A are the following:

(i) A\ =3 with vy = (1, 1) and Ao = =2 with vo = (1, —2);
(ii) complex conjugate eigenvalues Ay = —1 + 3i, with & < 0 when z =0
and y > 0;
(iii) a single eigenvalue N = 13 with eigenvector (3, 2), and & > 0 when
=0 andy > 0;
(iv) \i = =2 with vi = (2, 1) and Ay = —3 with vo = (1, —1);
(v) a single eigenvalue A = —3 with eigenvector (1, —1), and & > 0 when
x=0andy > 0;
(vi) A = £2i, where y <0 when y =0 and x > 0;
(vii) A\1 = 1 with vi = (3, 2) and Ao =5 with vo = (1, —4);
(viii)) A=5=+x1, and y > 0 when y =0 and x > 0; and
(ix) a single eigenvalue N\ = —7, with the matriz A a multiple of the
identity.

(i) When A\; = 3 with v; = (1, 1) and A2 = —2 with vo = (1, —2), the
two eigenvalues are both real, but have opposite sign. The origin is
therefore a saddle point, and the phase portrait is shown in Figure
31.1.

(ii) When there are complex conjugate eigenvalues A\ = —1 + 3i, with
# < 0 when z = 0 and y > 0, the origin is a stable spiral (the real
part of Ay is negative), with orbits circling anti-clockwise, as shown
in Figure 31.2.

(iii) When there is a single eigenvalue A = 13 with eigenvector (3, 2), and
£ > 0 when z = 0 and y > 0, the origin is an unstable improper
node. The phase portrait is shown in Figure 31.3.

276
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Fig. 31.1. The phase portrait for Exercise 31.1(i).

Fig. 31.2. The phase portrait for Exercise 31.1(ii).

(iv) When A\; = —2 with vi = (2, 1) and A2 = —3 with vo = (1, —1)
both eigenvalues are real and negative, so the origin is a stable node,
and trajectories approach tangent to vi, as shown in Figure 31.4.

(v) When there is a single eigenvalue A = —3 with eigenvector (1, —1),
and £ > 0 when x = 0 and y > 0, the origin is a stable improper
node. The phase portrait is shown in Figure 31.5.

(vi) When A\ = +2i, with y < 0 when y = 0 and = > 0, the origin is a
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Fig. 31.3. The phase portrait for Exercise 31.1(iii).

Fig. 31.4. The phase portrait for Exercise 31.1(iv).

centre, and trajectories spiral clockwise around it, as shown in Figure
31.6.

(viil) When A; = 1 with v; = (3, 2) and Ay = 5 with vo = (1, —4) the
origin is an unstable node (both eigenvalues are real and positive).
Trajectories move away from the origin tangent to vi: the phase
portrait is shown in Figure 31.7.

(viii) When A = 5+1i, and § > 0 when y = 0 and = > 0, the origin is a
centre. Orbits circle it anti-clockwise, as shown in Figure 31.8.

(ix) Finally, if there is a single eigenvalue A = —7 and the matrix A a
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Fig. 31.5. The phase portrait for Exercise 31.1(v).

Fig. 31.6. The phase portrait for Exercise 31.1(vi).

multiple of the identity the origin is a stable star. The phase portrait
is shown in Figure 31.9.
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Fig. 31.7. The phase portrait for Exercise 31.1(vii).

Fig. 31.8. The phase portrait for Exercise 31.1(viii).
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Fig. 31.9. The phase portrait for Exercise 31.1(ix).
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Coupled nonlinear equations

In the solutions for this and all subsequent chapters, the eigenvalues and
eigenvectors have been calculated using MATLAB.

Exercise 32.1 The Hartman-Grobman theorem guarantees that the phase
portrait for a nonlinear equation looks like the linearised phase portrait suf-
ficiently close to a stationary point provided that the eigenvalues have non-
zero real part. In particular, the linearised system may not give a quali-
tatively correct picture when the linearised equation produces a centre, as
this example demonstrates. First show that the origin is a centre for the
linearised version of the equation

i = —y+z(z? +y?)
g = x4 My(@®+1?).
Now write down the equation satisfied by r, where
2

P = 4y

and hence show that the stability of the origin depends on the sign of \.
Draw the phase portrait for A < 0.

The linearisation of the equations

i o= —y+ (@ +y7)
y = m+)\y(x2+y2).

near the origin is just

()00

282
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O

Fig. 32.1. The phase portrait for the linearised equation near the origin.

The matrix has eigenvalues =i, so the linearisation yields a centre, see Figure
32.1.

However, if we set © = rcosf and y = rsinf then we have (see the
discussion after (29.8))

? Y — YT

o=
2 day(@? + ) + v - Aay(a? + y?)
— .

so that 6(t) = 6y + t, and, since 72 = 22 + y? then we obtain

2rr = 2xT + 2yy
= 2% (2 + 9?) + 202 (2% + )
= 2,

and so we have
r = \rs.

We can solve this equation explicitly, since we can separate the variables to
give

dr

— = Adt.

r3

Integrating both sides between limits corresponding to times 0 and t we

obtain
1 r(t)
w

r=rg
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and so
1

/7ol — 20t

Therefore if A > 0 trajectories move away from the origin, while if A < 0

trajectories move slowly towards the origin, see Figure 32.2 for the case
A=—1

r(t) =

-1 -08  -06 -04  -0.2 0 0.2 0.4 0.6 08 1

Fig. 32.2. The phase portrait for the nonlinear equation for A = —1: trajectories
spiral slowly in towards the origin on curves like those shown here.
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Pictures of the local phase portraits (the linearised phase diagrams) near all

the stationary points are given in the solutions of Exercise 33.1, but not for
the subsequent exercises.

Exercise 33.1 For each of the following models of two species, describe first
the type of situation being modelled, then find the stationary points, deter-
mine their stability type and draw the phase portrait for x,y > 0. Finally,
say what the phase portrait means for the two species.

()
t = z(2—x—y)
gy = y(2—-2y—2)
(ii)
T = z2—z—y)
gy = y(2-2y—ux/4)
(iii)

t = z(2—x—-3y)

— Y22y 30)
(iv)
z = z(1-2y)

find also the equations of the curves along which the solutions mowve,

285
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(v)
t = xz(4—x/2—3y)
= y(—2+ux)
(vi)
&t = z(10 —x — 3y)

= y(1+z—10y)
(vii)
t = z(3—z—y)
y = y(—2+z).

(You could use the MATLAB program lotkaplane.m to help draw some of
these phase portraits. It asks for the parameters that occur in the general
form of the equations

&t = z(A+ax+by)
= y(B+cx +dy),

and then draws the trajectory forwards and backwards through specified initial

conditions.)

To find out what type of situation is being modelled you can consider first
the behaviour of one species without the other, and then the interaction

terms.
(i)
T = z(2—x—y)
= y(2 -2y —2z).
On its own x evolves according to & = z(2 — x), a normal population
equation. So z can survive on the natural resources available. Sim-
ilarly, on its own y satisfies (2 — 2y), so y is also living on natural
resources. The interaction terms means that y disadvantages x and

vice versa, so we have a competition situation.
The stationary points are at

(0,0), 0,1), (2,0).

(There is no fourth stationary point with z,y > 0.)
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The Jacobian matrix is

[ 2-2z—y -
J(x’y)_< —2y 2—4y—2m>‘

At the origin we get
20

so that both eigenvalues are equal to 2 and this point is an unstable
star, see Figure 33.1.

Fig. 33.1. The phase portrait near (0, 0).

At (0,1) we get

J(0,1) = < 4 _02)

The eigenvalues are 1 and —2, so that this point is a saddle. The
A =1 eigenvector is given by

(2 5)()=e

and so is (3, —2); the eigenvector for A = —2 is just along the y
axis, (0, 1). The linearised phase portrait near this stationary point
is shown in Figure 33.2.

At (2,0) we get
-2 =2

so the eigenvalues are both —2 and we have an stable improper node.
The one eigenvector is along the x axis, (1, 0). The local phase
portrait is shown in Figure 33.3.
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Fig. 33.2. The phase portrait near (0,1).

Fig. 33.3. The phase portrait near (2,0).

The global phase portrait, incorporating these three local pictures,
is as shown in Figure 33.4.
12
i
os|
05l
04l

021

o

Fig. 33.4. The phase portrait for Exercise 33.1(i).

Species z is stronger, and always drives species y to extinction.
(i)

T = z2—z—1y)
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o= y2-2y—ux/4)
The stationary points occur when
z2—x—y)=0 and y(2—-2y—x/4) =0,
so we have
(0,0), (0,1), (2,0), and (8/7,6/7).

The Jacobian matrix is
[ 2-2z—y —2z
J(m,y)( —y/4 2—4y—a:/4)'

At the origin
2 0

and so the origin is an unstable star, and the phase portrait is as in
Figure 33.1.
At the stationary point on the z axis, (2,0), we have

-2 —4
seo= (2 4.
The eigenvalues are —2 with corresponding eigenvector (1, 0), and

3/2 with eigenvector (1, —7/8), and so this stationary point is a
saddle, as in Figure 33.5.

\

Fig. 33.5. The phase portrait near (2,0).

At the stationary point on the y axis, (0,1), we have

on-( L %)

and so the eigenvalues here are —2 with eigenvector (0, 1), and 1 with
eigenvector (1, —1/12); the phase portrait of the linearised equation
near this point is shown in Figure 33.6.
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(iii)
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Fig. 33.6. The linearised phase portrait near (0, 1).

Finally at the interior stationary point (8/7,6/7) we have

-8/7 —12/7
J(8/7,6/7) = < -3/14 —12/7 >

and so the eigenvalues are given by
—8/7— A —12/7 _ _§_)\ _B_/\ 18
—3/14  —12/7-X| 7 7 49
20 78
= M4+TA+—=0
+ 7 + 49 ’
which gives
_ —20+400 312  —10+ V22
B 14 - T

The eigenvector corresponding to Ay = (—10 + /22)/7 is given by

< 2/7_4;/%1?/7 _2/7—?{/7@/7 ) ( Z; ) o

A

i.e.

vi_<2;2m>.

This point is a stable node; the local phase portrait is shown in Figure
33.7.
The global phase portrait is shown in Figure 33.8.

T = z(2—x-—3y)
= y(2 -2y —3x).
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Fig. 33.7. The local phase portrait near (8/7,6/7).

Fig. 33.8. The phase portrait for Exercise 33.1(ii).
A competition case again. Here the stationary points are (0,0), (0, 1),
(2,0) and a fourth given by finding the solution of
2—x—-3y=0 with 2—-2y—3z=0.

Solving these gives © = 2/7 and y = 4/7. So we have four stationary
points

0,0),  (0,1),  (2,0), and  (2/7,4/7).

The Jacobian matrix is

[ 2—=2x—-3y —3x
J(mzy)—( —2 2—4y—2:13>
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(5 3)

so that the origin is an unstable star again (see Figure 33.1).
At (0,1) we have
-1 0
-2 =2 )7

so the eigenvalues are —2 (with eigenvector along the y axis) and —1

At the origin this is

with eigenvector given by

(2 5)()=e

i.e. (3, —2). This point is a stable node, and trajectories approach
tangent to the (3, —2) direction, and shown in Figure 33.9.

Fig. 33.9. The local phase portrait (0,1).

(o2

so the eigenvalues are —2 (along the z axis) and —4, with eigenvector

given by
—6 —6 T
(0 0)(5)-

i.e. (1,—1)T. This is another stable node, approached by trajectories
tangent to the x axis, as in Figure 33.10.

At (2,0) we have
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Fig. 33.10. The phase portrait near (2,0).

Finally, at the interior stationary point (2/7,4/7) we have

sermam=( 207 ) =35 0)

The eigenvalues will be —2/7 times the eigenvalues of

(3 3)

and will have the same eigenvectors. The eigenvalues of this simpler
matrix are given by the solutions of

’1—)\ 3

S S
L[ =Xsa-s=0

These are real and of opposite sign, so this point is a saddle, as
shown in Figure 33.11. (Ideally we should calculate the directions of
the eigenvectors, but this would be too messy.)

Fig. 33.11. The phase portrait near the interior stationary point (2/7,4/7).

The full phase portrait is shown in Figure 33.12.

The stable manifold of the saddle point separates the phase space
into two regions: in one species x always “wins”, while in the other
it is species y that comes out on top.
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14+

12r

0.8
0.6
0.4r

0.2

z = z(1-2y)

y = y(—2+3x).
Left alone species = satisfies # = x and reproduces without bound,
happily feeding on the natural resources. But species y alone has
1 = —2y and dies out. The interaction shows that this is a predator-
prey situation (with z the prey), since presence of y disadvantages x,

but presence of x is good for y.
There are only two stationary points, (0,0) and (2/3,1/2). The

Jacobian is
1—2y —2x
3y —2+43z )’

(b %)

with eigenvalues 1 (along the z axis) and —2 (along the y axis) so
this is a saddle (see Figure 33.13).
At the interior stationary point we have

(a2 0"):

so that the eigenvalues are ++/2i, and this point is a linear centre, as
shown in Figure 33.14.

At the origin this is
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Fig. 33.13. The phase portrait near (0, 0).

Fig. 33.14. The interior stationary point (2/3,1/2) is a linearised centre.

In fact it is surrounded by closed orbits: we can find the equation
of these. Dividing ¢ by & we get

dy  y(=2+32)
dr  2(1-2y)’

and this equation can be separated to give

/1—2dy:/—2—|—3dx.
Y x

Integrating both sides we get
Iny —2y =—-2lnz + 3x +c,

and so
ye Y = Ko 237,

The phase portrait is shown in Figure 33.15.
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121

0.8
0.6
04

0.2

L L L L L L L )
0 0.2 0.4 0.6 0.8 1 12 1.4

Fig. 33.15. The phase portrait for Exercise 33.1(iv). The populations cycle repeat-
edly.

(v)
&t = z(4—x/2-3y)
= y(-2+u).
On its own x obeys & = x(4 — x/2), the logistic population equation,
so settles down to a steady population of z = 8. On its own once

again y will die out (§ = —2y), and the interaction terms show that
x is the prey and y the predator once again.

There are now three stationary points,
(0,0), (8,0), and  (2,1).

The Jacobian matrix is

4 —x—3 —3x
J(:U,y):( ’ 4 _2+x>.

So at the origin

7(0,0) = (3 ° >

and this gives a saddle (with the z axis unstable and the y axis stable);
see Figure 33.16.
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Fig. 33.16. The phase portrait near the origin.

At (8,0) we get

o= (3 )

so the eigenvalues are —4 (along the x axis) and 6: the eigenvalue in
the unstable direction can be found from

(2 )(5)-

and so is (12, —5)7. This point is a saddle, as shown in Figure 33.17.

>§\\

> N

Fig. 33.17. The local phase portrait at (8,0).

At the interior stationary point we have

J(2,1) = < _11 _06).

The eigenvalues of this matrix are the solutions of

~1-A 6] _ _
‘ L ==

and so are

A=—-1++v1-242:
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a complex conjugate pair with negative real part, so this point is a
stable focus, as shown in Figure 33.18.

\F/

Fig. 33.18. The phase portrait of the linearised equation near (2, 1).

The global phase portrait is shown in Figure 33.19.

3
250

2H
1.5

1H

0.5 *L

Fig. 33.19. The phase portrait for Exercise 33.1(v).

Provided that there is a mixture of the species, they eventually
settle down to the coexistent steady state (2,1).

z = z(10 —x — 3y)
y = y(l+z—10y).

On its own z satisfies & = x(10 — x): reproducing quickly and set-
tling to a population of 10. On its own y satisfies § = y(1 — 10y), so
reproduces more slowly, and has a much smaller limiting population
of 1/10. The interaction terms show that the presence of y disad-
vantages x, while the presence of x advantages y. This could be a
predator-prey situation, or perhaps a host-parasite model.

The stationary points are at

(0,0),  (10,0),  (0,1/10), and  (97/13,11/13).
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The Jacobian matrix is

J(m,y)z( 10 — 22 — 3y -3z >

Y 1+ 2 —20y
At the origin we get

10 0

0o 1)’

so this is an unstable node as in Figure 33.20.

—

< >

Fig. 33.20. The phase portrait near the origin.

97 0\
01 —1)°

the point is a saddle, with a eigenvalue —1 in the direction of the y
axis, and eigenvalue 9.7 corresponding to the eigenvector (1,—9.6)7.
See Figure 33.21.

At (0,1/10) we have

Fig. 33.21. The phase portrait near (0,1/10). Note that this point is very close to
the origin, so that we will see little of the behaviour shown in Figure 33.20 in our
final phase diagram.
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-10 —-30
0 11 ’

another saddle, with eigenvalues —10 along the z axis and eigenvalue
11 in the direction (30, —21)7’; see Figure 33.22.

D

> pa

At (10,0) we have

Fig. 33.22. The linearised phase portrait at (10,0).
At the interior stationary point

J(97/13,11/13) = ( —97/13 —201/13 > .

11/13  —110/13

A messy calculation (or a quick use of MATLAB) shows that the eigen-
values here are a complex conjugate pair with negative real part, so
this is a stable focus, as you can see in Figure 33.23.

Fig. 33.23. The stable focus (97/13,11/13).

The global phase portrait is shown in Figure 33.24.
(vii) The model

T = z(3—x—1y)
= y(-2+ux)
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15

=

0.5

O T T T T T T T T T ]

0 1 2 3 4 5 6 7 8 9 10

Fig. 33.24. The phase portrait for Exercise 33.1(vi). The population always settles
down to a coexistent state.

has stationary points at
(0,0), (2,1), and (3,0).

The matrix of partial derivatives is given by

3—2x—y —T
Di(ay) = (PTEY

& (3 0
a‘<0-a>&

and the eigenvalues and eigenvectors of the matrix are

At the origin we have

A1 =3 with V1=<(1)> and Ay = -2 with vQ:<(1)>'

This is a saddle point; see Figure 33.25.

Fig. 33.25. The origin is a saddle point.

e [ -2 -2
&‘(1 0>£

At (2,1) we have
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The eigenvalues are —1 + i; this point is a stable spiral, as shown in
Figure 33.26.

Fig. 33.26. The interior stationary point (2,1) is a stable spiral.

¢ [ -3 -3
dt_< 0 1 >5‘

The matrix has eigenvalues and eigenvectors

At (3,0) we have

A = —3 with v1:<é> and Xo =1 with V2:<_3>.

This is a saddle point.

Fig. 33.27. A second saddle point at (3,0).
The global phase portrait is shown in Figure 33.28.

Exercise 33.2 The situation in which two species cooperate, so that the
presence of one enhances the environment for the other, can be modelled by
a coupled pair of equations of the form
z = z(A—azx+by)
= y(B+cx—dy),
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25r

051

Fig. 33.28. The phase portrait for Exercise 33.1(vii).

where all the parameters are positive. Draw the phase portraits for the fol-
lowing cooperative equations:

()
i = z(1-x+y)
= y(1+4+z—2y).
and
(i)
T = z(2—x+vy)

= y(d+2z—y).
(i) The equations
i = z(1-x+vy)
y = y(+z-2)

have the stationary points
(0,0),  (0,3), (1,0), and  (3,2).

The matrix of partial derivatives Df is

1-2z+y T
Df(x,y)z( Yy 1+x—4y>’
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The linearisation near (0,0) is

¢ (1 0\,
dt_(O 1)5'

this points is an unstable star.
Near (0, 1) we have

d¢ 3/2 0
. 57
dt 1/2 -1
so the eigenvalues here are —1 with eigenvector (0, 1) and 3/2 with

eigenvector (5, 1). So this point is a saddle.
Near (1,0) the linearisation is

d¢ -1 1
dat < 0 2 >€'
One eigenvalue is —1 with eigenvector (1, 0), and the other is 2 with

eigenvector (1, 3). This point is another saddle.
Near the interior stationary point (3,2) the linearisation is

¢ (-3 3

dat < p R >§‘
The eigenvalues here are \; = —1 with eigenvector (3, 2) and Ay = —6
with eigenvector (1, —1). In particular, both of these eigenvalues are
negative, so the interior stationary point is a stable node.

The phase portrait is shown in Figure 33.29: the species settle to

the coexistent state (8,6).
The equations

i = z(2—x+y)
gy = y(d+2z—y)
have only three non-negative stationary points, at
(0,0), (2,0), and (0,4).

The matrix of partial derivatives is

2-2x+y x
Df =
(z,9) < 2y 4+2x—2y)’

and so the linearisation at the origin is

& (2 0,
dt_(O 4)5’
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Fig. 33.29. The phase portrait for the cooperative system of Exercise 33.2(i), set-
tling to a coexistent state with bounded numbers of both species.

this is an unstable node, with the eigenvectors directed along the
axes.
At the stationary point (2,0) on the x axis the linearisation is

€ [ -2 2 ¢
a \ 0 6/~
The eigenvalues and eigenvectors are

A1 = —2 with Vlz((1)> and Ao =6 with V2:<i>,

and this is a saddle point.
At the stationary point on the y axis, (0,4), we obtain the linearised

equation
g (6 0 ¢
dt— \8 —4 )~

Here the eigenvalues and eigenvectors are

)\12—4 with V1:<1> and )\226 with V2=<Z>,

another saddle.
The phase portrait is shown in Figure 33.30: the number of both
species increases to +00 as t — 0.
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35

25r

I I I i ! I
0 0.5 1 15 2 25 3

Fig. 33.30. For the cooperative system of Exercise 33.2(ii) both populations increase
forever.

Exercise 33.3 (T) Consider the general model of two competing species,
&t = z(A—azx—by)
y = y(B—cx—dy),

where all the parameters are positive. Assuming that the intercepts of the
nullclines (lines on which @ = 0 and y = 0) with the © and y azes do
not coincide, by considering the relative positions of these intercepts show
that there are four distinct possibilities for the behaviour of solutions, and
find the parameter ranges over which they occur. Check that your results
are consistent with what you found for the competitive examples in FExercise

38.1.

The nullclines for & = 0 occur when z = 0 and when A — ax — by = 0; the
second of these two lines intercepts the y axis at y = A/b and the x axis at
x = A/a. The nullclines for y = 0 occur when y = 0 and when B —cx —dy =
0; the second of these two lines intercepts the y axis at y = B/d and the
x axis at x = B/c. The relative positions of these intercepts determine the
asymptotic behaviour of the model. We can therefore distinguish four cases:

[Y] When A/b < B/d and A/a < B/c. The nullclines do not intersect, except
on the axes, yielding only three stationary points with x,y > 0, as shown
in Figure 33.31. The trajectories are attracted to the stationary point
(0, B/d) on the y axis.

[X/Y] When A/b < B/d and A/a > B/c the nullclines intersect in the interior of
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B/

Alb >

~

|
Ala Blc

Fig. 33.31. The nullclines when A/b < B/d and A/a < B/c (¢ = 0 on solid line,
y = 0 on dashed line). Trajectories are attracted to (0, B/d) (case [Y]).

the quadrant, and we have four stationary points in total, see Figure 33.32.
In this case there are two possible attracting stationary points, one on the
x axis and one on the y axis. The nullclines give little indication of the role
of the stable manifold of the interior stationary points as the ‘separatrix’
that divides the two regions leading to these different outcomes.

Blc )

Fig. 33.32. The nullclines when A/b < B/d and A/a > B/c (# = 0 on solid line,
¢ = 0 on dashed line). In this case there are two possible attracting points, those
on either axis (case [X/Y]).
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[X] When A/b > B/d and A/a > B/c the nullclines do not intersect and we
have only three stationary points, see Figure 33.33. This time it is the
point on the z axis, (A/a,0), which attracts all the trajectories.

Alb

B/dK

)

Blc

Fig. 33.33. The nullclines when A/b > B/d and A/a > B/c (¢ = 0 on solid line,
¢ = 0 on dashed line). The stationary point (A/a,0) attracts all trajectories (case
[X])-

[XY] When A/b > B/d and B/c > A/a there is once again an interior station-
ary point, as shown in Figure 33.34, and now all trajectories are attracted

(i)

to this coexistent state.

The following parts of Exercise 33.1 are competitive:

T
Y
Here A=B=2,a=b=1,

Ab=2>1=B/d

22—z —y)
y(2 — 2y — 2x).

and ¢ = d = 2: we have

and Ala=2>1=DB/c,

so we are in case [X], and all trajectories are attracted to the stationary

point on the z axis.

z(2—z—y)
y(2 -2y —x/4).
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Alb

B/dx

4
Blc

Fig. 33.34. The nullclines when A/b > B/d and B/c > A/a (& = 0 on solid line,
y = 0 on dashed line). There is an attracting coexistent state (case [XY]).

(iii)

Now A=B=2,a=b=1,c=1/4 and d = 2. We have
A/b=2>1=B/d and AJa=2<8=B/c,

so we are in case [XY] and the interior (coexistent) stationary point is
attracting.

t = z(2—x—3y)
y = y(2-2y—3z).
Now A=B=2a=1,b=c=3,and d=2. So
A/b=2/3<B/d=1 and Ala=1>2/3=B/c

we are in case [X/Y] and could end up at the stationary point on either
axis depending on the initial condition.
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2

0

0 -1 -2
-1 0 1 -2 0 2 -2 0 2

Fig. 34.1. From left to right, the potentials from parts (i), (ii), and (iii) of Exercise
34.1, plotted against x.

Exercise 34.1 For the following choices of potential functions V(x) write
down the total energy for a particle of unit mass, and assuming that this is
conserved write down a coupled system for x and y = . Draw the phase
portrait and interpret the dynamics.

(i) V(x) = qw’a?;
(i) V(z) = 12" — 22; and
(iii) V(z) = 320 — 221 + 222,
(Pictures of these potentials are shown in Figure 34.1.)
(i) When V(z) = $w?2? the energy is
E= %i‘z + %meQ.

Differentiating this gives

0= — = &i + w’ai,
dt +

310
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yielding the differential equation
= —-wz.

This equation gives rise to simple harmonic motion, and has the
general solution

A coswt + Bsin wt.

Here we look at this from the phase plane point of view.
If we put y = & then we get

T =y
) = —wir.

There is only one stationary point, at the origin, and there the Jaco-

(2 0)

The eigenvalues of this matrix are +iw, and since the equation is

bian matrix is

linear we really do have a centre. Indeed, it is easy to see that the
trajectories move on ellipses, since

12,2 1,2

is constant. This should bring home the fact that oscillations corre-
spond to closed orbits in the phase plane.

Fig. 34.2. The phase portrait for a particle in the potential V(z) = %w%g.

(ii) For the potential V(z) = 224 — 22 the total energy is

B =1+ Lot — a2,
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(iii)

34 Newtonian dynamics
Differentiating we have
i3+ 203% — 2xd = 0,

and so dividing by & we obtain

i+ 223 — 22 =0.
Setting y = & we obtain the coupled system

To=y

—223 + 2z.

The stationary points of this equation are at (+1,0) and (0,0).
The matrix of partial derivatives is

0 1
Df(x7y) = < —6$2+2 0 >7

and so

DE(+£1,0) = < _04 (1) )

which shows that (£1,0) are centres (eigenvalues +2i); and at (0,0)

we have
0 1
Df(O,O)—(2 0).

the eigenvalues are £+/2 with eigenvectors (1, 4+/2), and this is a
saddle point. The phase portrait is shown in Figure 34.3.
When the potential is

1
V(z) = 61'6 - %x4 + 222

the total energy is given by
_ 12, 1,6 _ 5.4 2
E = 33"+ 5a° — Ja° + 22~
Since F is constant, if we differentiate we obtain

dE
B =0=ii+a2°% — bx’i + dwi.

Dividing by & we obtain the second order equation

&4 2% — 52 +4z =0,
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Fig. 34.3. The phase portrait for a particle moving in the potential V(x) = %x‘lfo.

and on setting y = % this can be rewritten as the coupled equations
T o=y
y = —x°+ 52 — 4z,
The stationary points for this system occur at
(=2,0), (=1,0), (0,0), (1,0), and (2,0).

The matrix of partial derivatives is

0 1
Df_<—5x4—|-15x2—4 0)'

The linearisations at the two points (£2,0) are the same:

g 0 1 ¢
a \ -24 0)%
so that this point is a centre (the eigenvalues are +21/6i).
The linearisations at the two points (£1,0) are also the same:

¢ (01 ¢

a \6 0/~
with eigenvalues 41/6 and eigenvectors (1, £+/6). These points are
both saddles, while at the origin the linearisation

¢ [0 1
dt_<—4 0)5
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shows that this point is another centre.

Since the energy is constant all the ‘linearised centres’ here are
indeed centres for the nonlinear equation: the phase portrait is shown
in Figure 34.4.
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Fig. 34.4. The phase portrait for a particle moving in the potential V' (z) = 22° —
Sat + 227

Exercise 34.2 For the functions V(x) in parts (i) and (i) of exercise 34.1
write down the kinetic energy of a particle of unit mass moving on a wire
whose height as a function of x is V(x). Taking g = 1 write down the total
energy, and hence derive the second order equation satisfied by x. Write
down a coupled system for x and y = &, and draw the phase portrait.

(i) The coordinates of a particle of unit mass moving on a wire whose

height at position z is V(z) = jw?z? are

its velocity is therefore
x = (&,w
and so
%2 = #2(1 + w'z?).
The total energy of the particle (taking g = 1) is therefore

E = 1i2(1 4 w'z?) + fw?z?
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Since F is constant if we differentiate with respect to ¢ we obtain

dE
o =0 =ai(l+ whz?) + wirid + vl

Dividing by # we obtain the second order equation
(1 +wizh)i + wlzi? + Wiz = 0.
With y = & we can write this as the coupled system

r o=y
o W14 wiy?)
SO NNy

Although this looks complicated, we know that the stationary
points will be the same as for the much simpler problem in part
(i) of the previous exercise. Indeed, it is easy to see that if y = 0
(which we need to ensure that & = 0) then the only stationary point
must have z = 0 also.

The matrix of partial derivatives here is very messy,

0 1
(1+wiz2)2 1+wa?

but at the origin it reduces to the much more manageable

Df(0,0):< 01 )

—w* 0

showing that the origin is a centre for the linearised equation (the
eigenvalues are +iw). This will still be a centre for the nonlinear
equation due to the conservation of the energy F.

The phase portrait (equivalent to a plot of curves of constant F)
is shown in Figure 34.5.
The position of the particle is given by

x = (z, 2t — 2?),
and so its velocity is
x = (&, 2(22% — z)).
The total energy is therefore
E = %‘X|2 + [%:1:4 —z?

= 332(1+ (223 — 2)?) + 22t — 2%,
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051

-05[

2 15 a1 -5 0 05 1 15 2
Fig. 34.5. The phase portrait for a particle rolling on a wire in the shape %xQ

(w=1).

and so differentiating we have

dE
5 = 0= (1 + (22° — 2)?) + #3(223 — 2)(622 — 1) 4 223% — 2.

Dividing by & we obtain
(1+ (223 — 2)?)i = —i%(22% — ) (622 — 1) — 223 + 2z,
and on setting y = & we have the coupled system

T =y
—(22% — 2)(62% — 1)y? — 223 + 22
1+ (223 — z)? '

Y

The stationary points occur when y = 0 (for £ = 0) and then y = 0
requires x = £1 or x = 0.

In order to find the stability of the stationary points it is much eas-
ier to use the general analysis of Section 34.2 than to write down the
matrix of partial derivatives of the right-hand side of the governing
equation (although we did this for the very simple example in part
(i) of this Exercise above). Indeed, the general analysis shows that
the stability of the fixed points is the same as for the simple equation
# = —V'(x). We analysed this in part (ii) of the previous Exercise:
(£1,0) are centres, and (0,0) is a saddle. The qualitative behaviour
is the same, although the details of the phase portrait (the curves of
which E is constant) and somewhat different, see Figure 34.6.
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-15F

-2

4 2

Fig. 34.6. The phase portrait for a particle moving on a wire in the shape %a: —z°.

Exercise 34.3 Write down the equation of motion for a particle of unit

mass moving in each of the potentials in Exercise 34.1, when there is an

additional damping force —% (in part (i) take w = 1). Draw the phase

portrait for each case.

(i)

With w =1 and a damping force —& the equations are now

T =y
y = —r—-y.
The origin is still the only stationary point; the equation is linear
already,
dx 0 1
= _ x
dt -1 -1 ’
and the matrix has eigenvalues —% + @i, so the origin is a stable

spiral. The phase portrait is shown in Figure 34.7.
The equations are

T =y
y = —223+2c—y,

with stationary points (£1,0) and (0, 0).
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Fig. 34.7. The phase portrait for a particle moving in the potential %xQ with damp-
ing —a.

The matrix of partial derivatives is

0 1
Df(z,y) = < 622 +2 -1 >

At (£1,0) the linearisation is

¢ (0 1
dt<—4 —1)5’

with eigenvalues given by the solutions of

—A 1 B 2 B
‘ 41— ‘——)\(—1—)\)+4—)\ +A+4=0,
l.e.
-1+£v1-1 S
A:—Gz—%i%i,

2

so these two points are stable spirals.
At the origin the linearisation is

dg 0 1
dat < 2 -1 )5’
with eigenvalues and eigenvectors
. 1 . 1
A =1 with V1:<1> and Ay = —2 with v2:<_2>,

so this point is a saddle.
The phase portrait is shown in Figure 34.8.
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-3 1 1 1 1 1
-2 -1 0 1 2

Fig. 34.8. The phase portrait for a particle moving the potenual Lg% — 22 with
damping —z.

(iii) The equations of motion are now

T =y
gy = —a°+52° — 4z —y,

with stationary points at (+£2,0), (£1,0), and (0,0). The matrix Df
of partial derivatives is given by

0 1
Di(z,y) = ( 5zt 41522 —4 -1 > ‘

The linearisation at (£2,0) is

S5 e

and the eigenvalues are % + \ﬁl so these two points are stable
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spirals, as is the origin where the linearisation is

d§ 0 1
dt:(—4 —1)5

1 V15
—3E 50

and the relevant eigenvalues are
Near the other two stationary points, (£1,0), the linearisation

¢ (0 1 ¢
d  \ 6 -1
yields eigenvalues and eigenvectors
. 1 . 1
A =2 with vy = 9 and Ao =—3 with vy = 3 )

so this point is a saddle.
The phase portrait is shown in Figure 34.9.

o
T

-3 ! ! ! !
-3 -2 -1 0 1 2 3

Fig. 34.9. The phase portrait for a particle moving in the potential §z%— 52+ 222
with damping —z.
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Exercise 34.4 (T) A particle of unit mass moves on a wire whose height
as a function of x is V(x), and is subject to an additional damping force
—kz. Write down the equation of motion, and show that the behaviour of
this system is qualitatively the same as that of

i =—V'(x) — ki.

The equation of motion for the particle on a wire was derived as equation
(34.6), namely
1 V// -2
i = —V(z) | L
14+ V/'(x)?
With the addition of a damping force —kz the equation becomes
1 Vl/ -2
1 V@A
1+ V()2
We want to compare the qualitative behaviour of this equation with that
of

i=-V'(x) [ (S34.1)

i=-V'(z) — ki.

The general analysis of dissipative systems in Section 34.3 shows that the
stationary points occur at turning points of V: at maxima the stationary
point is a saddle, while at minima it is a stable spiral. We want to recover
the same results for the more complicated model (S34.1)

First we write the equations as a coupled system: setting y = & we obtain

T =y
. / 1+V”(ﬂ$)y2
IRt

At a stationary point we must have £ = 0, which implies that y = 0; then

| - b

have © = 0 we require

, 1
V@ |y =

and since the term in square brackets is always strictly greater than zero,
stationary points only occur when V/(z) = 0. So our two systems have the
same stationary points.

Now we look at the matrix of partial derivatives. This is the same horrific
expression as we obtained in Section 34.2 before, with the addition of a —k
term in the lower right entry:

0 1

Df(x) = _V” 1+V”y2 B V’ (1+V’2)V”’y2—QV’V”(1+V”y2) —2yV’V” . k; .
1+v/2 (1+V/2)2 1+V’2
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As before, we obtain a significant simplification of this at any stationary
point (z*,0), since we have both y = 0 and V'(z*) = 0:

Df(a*,0) = ( —V’(’)(x*) —1;<; )

This gives rise to the same linearisation near the stationary point (z*,0)
as we obtained in equation (34.10) for the simple system

i=—V'(z) - ki. (S34.2)

It follows that not only does the ‘damped particle on a wire’ equation have
the same stationary points as (S34.2), but that all the stationary points have
the same stability properties. It follows that the two systems have the same
qualitative behaviour.

Exercise 34.5 (C) Investigate the dynamics of the equations in exercise
34.1 both with and without damping, using the M-file newtonplane.m. The
program asks for the level of damping k, and then a succession of initial
conditions. The equation is specified in the file newtonde.m, currently set
up for the example V(z) = x — %xS in the main text. By changing this file
you should be able to consider all the examples in Exercise 34.1, and also

the equivalent problems for a ball rolling on a wire.

The phase portraits in the solutions for this chapter were all drawn using
the M-file newtonplane.m. It can also be useful to plot the contours of
constant ' using the MATLAB’s contour command.
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The ‘real” pendulum

Exercise 35.1 Draw the phase portrait for the damped pendulum equations
in (35.5) when k =2 and when k = 3.

Here we use the analysis from Section 35.2, inserting the correct value of
k. In both cases the points at (£, 0) are still saddles; it is the stability type
of the stable equilibrium position (0,0) that depends on K.

e When k = 2 the matrix on the right-hand side of the linearised equation

¢ (0 -1 ¢

dt 1 -2
has a repeated real eigenvalue —1. So the origin is a stable improper node.
The single eigenvector is (1, —1). The phase portrait is shown in Figure

35.1.
e When £ = 3 we have the linearisation

& [0 -1
dt_<1 —3>5’

and the relevant eigenvalues and eigenvectors are

—34+V5 . 2
)\1—? with V1—<3_\/5>

and

—3—-5h . 2
)\Q—T with v2—(3+\/5>.

Both these eigenvalues are negative, and so this point is a stable node.
Trajectories approach tangent to the eigenvector vi, and the phase por-
trait is shown in Figure 35.2.

323
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Fig. 35.2. The phase portrait for the damped pendulum when k& = 3.

Exercise 35.2 Consider the equation for a pendulum with a quadratic damp-
g term

T =y
) = —sinz — kyly|.
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Show that if E = %yQ — cosx then

dE
— = —kyyl. S35.1
" vyl ( )

Show that the point (0,0) is a centre for the linearised equation, but using
(585.1) deduce that for the nonlinear equation it behaves like a stable spiral,
and hence draw the phase diagram. (Remember that ‘linearised centres’ do
not have to be centres for the nonlinear equation.)

We consider the system
T o=y
y = —sinz — kyly|.
Defining £ = %yQ — cos x, the total energy, we have

dE ) 1 sinzi
— = sin x&
a2 vy
= —ysinz — ky?|y| + ysinz
= —ky’ly|.
It follows that this energy decreases while y # 0, i.e. while the particle is
moving.
The matrix of partial derivatives is
0 1
Df =
(z,9) < —cosz  —2k|y| )’

so at the origin the linearisation is

dg 0 1 ¢
a \-10)/)%
giving a centre. So solutions will certainly circle around the origin.
However, near the origin we have
Ergy?+ iz —1+...

(using the series expansion cosz ~ 1 — 122, valid for small z). Since E
decreases it follows that the distance from the origin, \/22 + 92, decreases,
and so the origin behaves like a stable spiral. The phase portrait is shown
in Figure 35.3.
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15K

Fig. 35.3. The phase portrait for the nonlinearly damped pendulum.
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Periodic orbits

Exercise 36.1 Use Dulac’s criterion to show that periodic orbits in the
equations

T =y
gy = —ky—V'(z)
are only possible if k = 0.

If we write

f(z,y) = (f(z,9), 9(z,y)) = (y, —ky —V'(2))
then we have
of dg

="+ ==k
v or Oy

Therefore we can apply Dulac’s criterion with h = 1, and deduce that there
can be no periodic orbits in any region if k # 0.

Exercise 36.2 Consider the coupled system!
i = y+iz(1-2r?
§ = —z+5y(l—r?),

where 12 = 22 + y2. First, show that the system has only one stationary
point which lies at the origin. Now, by finding the equation satisfied by r,
show that trajectories enter (and do not leave) the region D, where

D={(z,y): &+ <r?<1}.

1 This example is taken from P.A. Glendinning, Stability, instability, and chaos (Cambridge
University Press, 1994)
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Use the Poincaré-Bendixzson Theorem to deduce that the system has a peri-
odic orbit lying within D.

The stationary points occur when & = ¢ = 0, i.e. when

y+§(1—2r2)20 and x = Zy(l—r?).
Substituting for « in the first equation we obtain
(1—7r?)(1—2r?)

=0.
8

1+

If y = 0 then it follows from the equation for y that x = 0; so we now
consider the term in the square brackets. For this to be zero we require

(1-r)1-2r")+8=0 =  2r'-3r*+9=0.

This has a real solution for 72 if the discriminant (b2 — 4ac) is positive. But
b2 —dac = 9 — 72 < 0, so the equation has no real solution. Thus there is
only one stationary point, which is at the origin.

We can find the equation for 7 simply. From the identity r? = 22 + y? we
obtain

rr = x&+yy
1 4 2 3/2 2
= a:y—l—zx (1—2r)—xy+5(1—r)
2 2 4
,
I
4 4 2
2 4
T T
= —_(1+sin%20) — —
(1 +sin?0) -

since in polar coordinates y = rsin 6.

It follows that if 72 < 1/2 then 7 > 0, while if 7> > 1 we must have 7 < 0.
Thus on trajectories r increases if 12 < 1/2, and decreases if r > 1. Therefore
trajectories will enter, and cannot leave the region D. Since D contains no
stationary points (the only such point is the origin), the Poincaré-Bendixson

Theorem can be applied to deduce the existence of a periodic orbit within
D.
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The Lorenz equations

There are no exercises for this chapter.
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What next?

This sequence of exercises treats the problem of the vibrating string using the
method of separation of variables. This produces a simple boundary value
problem, and serves to introduce the idea of Fourier series.

The equation for the wvibrations of a string stretched between x = 0 and
x =1 and attached at both endpoints is

0?u  ,0%

R s

ot? ox?’
with u(x,t) representing the height of the string at position x at time t. Since
the string is fixed at the endpoints, we should have u(0,t) = u(1,t) = 0 for
all t. See Figure 38.1.

(S38.1)

Fig. 38.1. A vibrating string, fixed at the endpoints x = 0 and = = 1.

Exercise 38.1 Show that the principle of superposition is valid: if two func-
tions uy(x,t) and ug(z,t) satisfy the equation and the boundary conditions,
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then u(x,t) = auy(z,t) + Pua(x,t) also satisfies both the equation and the
boundary conditions.

Suppose that

2 2
Our _ 20U Gk g (0,6) = wi(1,8) = 0

ot? Ox?
and
52 = C o2 with u2(0,t) = ua(1,t) = 0.
Then if u(x,t) = aui(x,t) + fuaz(z,t) we have
d%u A%uy 9% us
e ~ Yo o
82711 82u2
_ 2 2
B 022 pe Ox?
5 0%
= PIEL

while clearly
u(0,t) = auy(0,t) 4+ Pusa(0,t)

and similarly for u(1,t). So u(z,t) is also a solution of the equation satisfying
the boundary conditions.

Exercise 38.2 Show that if we guess that a solution has the form u(z,t) =
X(z)T(t) then X(z) and T(t) must satisfy
1 d*T 142X
AT A2~ X da?’
Now we try u(x,t) = X (2)T'(t) in the equation. This yields
d’T d2X
Xz = AT PR
or equivalently
1 d*7 142X
AT A2 X da?’
|
Since the left-hand side is a function of t alone, and the right-hand side is
a function of x alone, the only way that they can be equal is if they are both
constant. If we choose this constant to be —\ then we obtain two equations:
d*T

7= AT (S38.2)
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and the boundary value problem
d?X
W —AX with X(0)=X(1)=0. (S38.3)

Exercise 38.3 Show that if A < 0 then the only solution of (538.3) is
X(xz) =0 for all x € [0,1]. (You can find the general solution using the
methods you have learned in this book, and then choose the constants in
order to satisfy the boundary conditions.)

In order to find the general solution of the second order differential equa-
tion

d2x
2 x
da?

we try X (z) = e*®, and obtain the auxiliary equation k? = —\. Since A < 0
this gives two real roots, £k = 4/|\|, so the general solution is

X(x) = A" 4 Be %,
The boundary conditions require

X0)=A+B=0 and X(1)=Ae" +Be*=0,
which implies that A = B =0, and so X (x) = 0.
Exercise 38.4 Show that if A > 0 then we only have X (x) # 0 if we choose
\ = n2x? for some integer n, and then
X(z) = AX,(2), where X, (z) = sinnnx
and A is an arbitrary constant.
Now the general solution of the second order equation X” = —AX is
X () = Acos Vx4 BsinVz.

In order to satisfy the boundary condition X (0) = 0 we must have A = 0;
then to satisfy the boundary condition at z = 1 we need

BsinV\ = 0.

Choosing B = 0 just gives X (x) = 0; but we can also satisfy this boundary
condition by choosing VA = nr for some integer n. So if we take A = n’n?

we have the solution

X(z) = AX, () with Xp(z) = sinnrx.
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|
72, and the corresponding solutions X, (z), are known
as the eigenvalues and eigenfunctions for the problem

The values A, = n?

d?x

L2 = A with  X(0)=X(1)=0. (S38.4)

Exercise 38.5 By requiring the solution of (S38.4) to be non-zero we have

restricted the possible values of X to the eigenvalues \, = n*n%. Find the

solution of (S38.2) when A\ = \,, and hence show that once solution of
(5588.1) is

u(z,t) = (Asinnwet + B cosnret) sinnme. (S38.5)

Use the principle of superposition to show that

u(z,t) = Z(A” sinnmet + By, cosnet) sinnmwx (538.6)

n=1
solves (838.1) for any choice of coefficients A, and By,.
When A = n?7?, the equation (S38.2) for T'(t) becomes

d?T
az = —n?72PT.

This has the general solution
T(t) = Asinnrct + B cosnret,
and since we originally put u(z,t) = X (x)T'(t) this gives us the solution
u(z,t) = (Asinnwcet + B cosnret) sinnme.

The principle of superposition means that we can add up linear combinations
of individual solutions. Assuming that this works for an infinite number of
solutions, we obtain a solution in the form of a series,

oo
u(x,t) = Z(An sinnwct + By, cosnmet) sinnme. (S38.7)

n=1

Exercise 38.6 Assuming that any solution of (538.1) can be written in
the form (538.6), the problem becomes to determine the coefficients A, and
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B,,. Show that if the initial position and velocity of the string, u(xz,0) and
Ou/0t(x,0), are given then A, and B, must satisfy

u(z,0) = Z By, sinnmx (S38.8)
n=1

and
ou

a(m, 0) = Z nmwe Ay sinnwx.

n=1
If the solution is given in the form (S38.7) then we have

o0
u(z,0) = Z B, sinnnz,
n=1

and since, assuming that we can differentiate the series term-by-term, we

have
Ou > . .
5 (z,t) = Z(nﬂ'cAn cos nmet — nmeBy, sinnret) sinnwe,
n=1

it follows that
ou

en (x,0) = nzzzl nmwcAy sinnr.

An expansion of a function f(x) as a sum of sine functions,
f(z) = Z cp sinnme (S38.9)
n=1

1s known as a Fourier series expansion of f. It is one of the wonders of
mathematics that any reasonably smooth function f that has f(0) = f(1) =0
can be expanded in such a series. (If we also include cosine functions then
we can remove the restrictions at the endpoints.) Finding the coefficients cy,
18 also relatively straightforward, at least in principle.

Exercise 38.7 Check that

t . 0 n#m
sinnre sinmredr =4
0

5 n=m.
(‘The functions sinnmx and sinmnzx are orthogonal on [0,1]".)
If n # m then, using the double angle formula

2sinasinb = cos(a — b) — cos(a + b)
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we have
1
/0 sinnresinmrrdr = % fol cos(n —m)mx — cos(n + m)rx dx
= 1 m sin(n — m)mx — m sin(n + m)mx
= 0,

while if n = m we have
2sin’a = 1 — cos 2a,

and so

1
/ sinnrrdr = %fo 1 — cos2nmz dz
0

|
N[ =

Exercise 38.8 Multiply both sides of (538.9) by sinmmx and, assuming that
it is possible to integrate the series term-by-term, show that the coefficient
Cm 1S given by

1
Cm = 2/ f(z) sinmrzx dz.
0

If we multiply both sides of (S38.9) by sinmmz and integrate we obtain

1 [e.¢]
/ f(x)sinmrzdr = / sinmmz E cp sinnrx de.
0

n=1
Assuming that we can change the order of the sum and integral on the
right-hand side we have

o0

1 1
/ f(x)sinmraxdzr = Z ( / sinmnz ¢, sinnwz da:)
0 0

n=1

—

= 3Cm;

[\

since all the integrals vanish except when n = m. Therefore the coefficient
¢ 1s given by the integral

1
Cm = 2/ f(z)sinmrx dz.
0
Sturm-Liouville theory treats the more general eigenvalue problem

i (P F) + e =ru withyta) = y(0) =0

0
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(in equation (S38.3) we had p(x) = w(x) =1, ¢(x) =0, a=0, and b=1).
There are, again, an infinite set of eigenvalues Ay, for which there is a cor-
responding non-zero eigenfunction y,(x). The eigenfunctions are ‘orthonor-
mal on [a,b] with respect to the weight function w(x)’,

0 n#m

Lol (S38.10)

/ab Yn(@)ym (z)w(x) dz = {

Furthermore, any function f(x) satisfying the boundary conditions can be
expanded as a generalised Fourier series using the eigenfunctions y,(z),

f(.%') = chyn(x)- (838.11)
n=1

Exercise 38.9 Using the orthonormality relation in (538.10) show that the
coefficients ¢y, in (538.11) are given by

b
e = / £ (@) ym (@)(z) da.

Now we assume that

/-ab Yn (@) ym (2)w(z) dz = { (1) nm

n=rm.

If we try to write
o0
f(l’) = Z Cnyn(x)
n=1

then to find the coefficients we multiply both sides by y,,(x)w(z) and inte-
grate between 0 and 1. Feeling free to change the order of summation and
integral we obtain

1 1 [e'e)
/0 f@)ym(@yw(z) de = /0 Y (@0 () S enn() da

n=1
: 2 ([ smntortaar)

and so

e = / F(@)ym () (z) de.
0



