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Abstract

This dissertation addresses the algebraic invariants such as depth, Stanley depth,
projective dimension and regularity of some graphs. For this purpose, we investigate
certain types of monomial ideals of polynomial rings over the fields. Primarily, our
interest is to compute Stanley depth and depth of the edge ideals (or equivalently the
quotient of the polynomial ring by the monomial ideals) as module over the polynomial
ring. Indeed, this work is restricted to those ideals which are generated by square free
monomials of degree 2. The geometrical interpretation of such an ideal is the underlying
graph. This provides a bridge between algebraic objects and combinatorial objects,
that is, the monomial ideals and the graphs. From this correspondence, one can define
the algebraic invariants, Stanley depth and depth of graphs. The idea of projective
dimension is then explored through Auslander-Buchsbaum formula by using the former
concept of depth. Lastly, the regularity of underlying graph is computed by considering
minimal free resolutions of modules. In literature, some bounds and exact values of
depth and Stanley depth for the edge ideal associated with standard strong product
of graphs are given. This research is conducted to address such bounds of edge ideals
associated with restricted partial strong product, ladder and cubic circulant graphs.
Furthermore, we define a new family of circulant graphs and explore the algebraic

concepts of projective dimension and regularity by analyzing their bounds.
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Introduction

Monomial ideals play a crucial role in analyzing the relation between combinatorics
and commutative algebra. Generally, the combinatorics’ problems are translated as
monomial ideals and are solved using methods and techniques used in commutative
algebra. The upper bound conjecture proved by Stanley (for simplicial spheres) is
marked as the earliest attempt of exploiting this link between aforementioned fields.
He used square-free monomial ideals to interlink these two streams (combinatorics and
commutative algebra) of mathematics. In the year 1982, Stanley [1| introduced an
invariant for finitely generated Z"-graded modules over the commutative ring, known
as Stanley depth. He also provided a conjecture linking the Stanley depth and depth
of a module. Later on it was proved by Duval et al. [2] in year 2015 that Stanley’s
conjecture generally does not hold for P/E type modules, where P is defined as a ring
of polynomials with n variables and F is a monomial ideal. Nevertheless, discovery for
classes that still fulfill the conjecture is still a challenging phenomena.

In this thesis, some improved lower and upper bounds of Stanley depth and depth are
computed for edge ideals associated to the restricted partial strong product of path
and cycles. Moreover, it highlights the bounds of regularity, depth and Stanley depth
of edge ideal corresponding to the ladder graph and some families of circulant graphs.
This thesis consist of six chapters

Chapter 1 includes the fundamental concepts, basic definitions and results from
abstract algebra and commutative algebra. It starts with a brief overview of algebra
which is followed later by definitions and examples of ring theory. Moreover, it includes
types, basic properties, standard operations and primary decompositions of edge ideal.

Furthermore, it encompasses some basic of module theory including the generation of



modules, exact sequences and graded rings. Toward the end, the chapter enlists sim-
plicial complexes and Stanley-Reisner ideal with some basic examples.

In Chapter 2, a brief introduction of graph theory and fundamental products of
graphs (cartesian product, standard strong product, partial and restricted partial
strong product) is presented. In addition to that, the chapter also includes some basics
of circulants. The chapter concludes with cubic circulants and its previously published
results.

Commencing with the introduction of depth and regular sequences, Chapter 3 is
comprised of Stanley decomposition, Stanley depth of modules and well known Stan-
ley’s conjecture. Additionally, it entails a detailed introduction to compute the Stan-
ley depth for square free monomial ideals. It also includes a concise introduction to
Castelnuovo-Mumford regularity of an ideal. Finally, the chapter concludes with some
worked out examples of edge ideal and regularity (using graded minimal free resolution
of edge ideal).

In Chapter 4, the edge ideal associated to partial strong product of some graphs
are introduced and their Stanley depth and depth are computed by using the principle
of mathematical induction and depth lemma on short exact sequences.

In Chapter 5, the edge ideal associated to a specific family of circulant graphs are
presented and their bounds of regularity are computed by using some well known re-
sults.

The edge ideals associated with ladder and cubic circulant graphs are introduced in
Chapter 6 and their Stanley depth and depth are determined by making use of principle

of mathematical induction and depth lemma on short exact sequences.



Chapter 1

Ring theory and module theory

1.1 Introduction

The branch of mathematics which deals with algebraic structures called rings is
known as ring theory. For instance, the structure properties of rings and polynomials
are explored as rings. Modern ring theory is known to be a very active mathematical
discipline that endeavors to study rings in their own right. Ring theory is basically
classified into two sections: (1) Commutative ring theory and (2) Non-commutative
ring theory. The commutative algebra generally deals with ideas and problems occur-
ring naturally in algebraic number theory and algebraic geometry. Polynomial rings,
fields, ring of integers of a number field and coordinate rings of an affine algebraic va-
riety are a few important examples of commutative rings. Likewise, the corresponding
theory for non-commutative ring takes examples from non-commutative division ring,

representation theory, functional analysis and so on.

The primary concept of a ring first came to surface from an early attempt to prove
Fermat’s last theorem, which could be traced back to Richard Dedekind [3]. Adolf
Fraenkel [4] gave the first axiomatic definition of ring, however, his axioms were more
rigorous than those in the most recent definition. After certain attempts from different
fields, primarily number theory, the generalized and modern notion of ring (commuta-

tive) was established by Emmy Noether and Wolfgang Krull [5].



Recently, the idea of associating a graph with a specific algebraic structure and
exploring the interactions between the structure of the algebraic objects and the graph
theoretic properties of the graphs connected with them is an absorbing and active area

of research. The idea of associating a graph to a commutative ring was initiated by I.
Beck in [6].

1.2 Ring theory

In the realm of algebra, the algebraic structures are dealt under the flag of ring

theory, which have defined operations of multiplication and addition.

Definition 1.2.1. A non empty set R alongside the well defined operations

“ + 7 and “ x 7 forms a ring if it fulfills the following axioms:

e R under “ + 7 is an abelian group.
e Associative law under “ x ” holds in R.

e Distributive laws (left and right) holds in R.

If a ring R is commutative w.r.t multiplication, then it is called a commutative ring.

The ring R is known to have an identity 1 € Rif Vr e R
rxl=1xr=r.
Example 1.2.2. Following are a few instances of ring.

1. Z, Q@ , R and C are examples of commutative rings having identity 1.

2. Z/nZ with multiplicative identity 1 under multiplication and addition of residue

classes, forms a commutative ring.

3. Suppose R = R3, then R is a non commutative ring without unity, where the
operation of addition to be the usual addition of vectors and multiplication is the

cross product of vectors.



1.2.1 Ring of polynomials

The polynomial ring is a particular type of ring which is formed by a set of polyno-
mials. These polynomials are in one or more than one variable where the coefficients
belong to a ring or maybe a field. Polynomial rings are used in several fields of math-
ematics and the investigation of their properties is among the primary inspirations for

the advancement of Commutative Algebra and Ring theory.

Definition 1.2.3. Let R be a commutative ring having unity, a polynomial in variable
x has the form

-1
ro+rx+ -+ rpx" oyt

with n € ZT U {0} and every r; € R. The polynomial is of degree n if r, # 0. Such a

set of polynomials is denoted by
Rlz] = {ro+rz+ - +rp 2" ' +ra” :neZtU{0},r € R}

R[z] is a commutative ring with unity under polynomial addition and polynomial

multiplication and the unity of R[z] is the unity of coefficient R.

Definition 1.2.4. The polynomial ring in the variables vy, ys, ..., y, and coefficients
belonging to R (commutative with identity) is defined inductively

R[yla Ya, - - 7yn] = R[yl» Yo, 7yn—1][yn]-

A ring homomorphism is a map from one ring to another that respects the same

additive and multiplicative structures.

Definition 1.2.5. Consider two rings R; and R,. A ring homomorphism is a map

‘H : Ry — Ry which satisfies the following axioms for all ry,75 € Ry
° H(T’l + 7”2) = 7‘[(7“1) + H(T‘Q),
o 7—[(7“17“2) = H(’f’l)H(Tg),

A ring homomorphism which is both injective and surjective is known as ring isomor-

phism.



1.2.2 Standard operations and properties of ideals

Proposition 1.2.6. A non-empty subset I of a ring R is known to be an ideal if and

only if sy —so €1 ,sr €l andrs €I for all sy,s9,s € I andr € R.

Definition 1.2.7. For a proper ideal I, a quotient ring R/I can be formed, which

consists of cosets r + I, where r € R, and the product of cosets is defined as:
(Tl +I)(T2 +I> = 7’17’2+I.
Next there are the isomorphism theorems for rings.

Theorem 1.2.8. (Isomorphism Theorems)
1. For a ring homomorphism m: Ry — Ro, m(Ry) is isomorphic to Ry/ker(r), i.e.,

Ry /ker(m) = w(Ry).

2. Consider the ideals I, and Iy of ring Ry, with I; C Iy, then Iy/I; is an ideal of
Rl/[l- Also
(Ba/1)/(I2/ 1) = Ry /.

For ideals I and K of the ring R, the set of sums a + b with a € I, b € K is not
only a subring of R but also is an ideal in R (the set is clearly closed under addition

and a(a+b) = aa+ ab € I + K since aa € I and ab € K).

Definition 1.2.9. Assume that Z; and Z, be the ideals of ring R. Product of two
ideals, say Z; and Z,, is a set consisting of all possible finite sums of the form s;s,,

where s; € Z; and sy € Z,. It is represented by Z,Z,.

Example 1.2.10. Let [y = 147Z and I, = 217Z in Z. Then I; 4+ I comprises all integers
of the form 14s; 4 21sy with s1, 59 € Z. For each such type of integer is divisible by
7, s0 147Z + 21Z C TZ. On the other hand, 7 = 14(—1) + 21(1) shows that 7Z is
contained in 147 + 217, hence 147 + 217 = 77Z. In general, p1Z + psZ = dZ, whereas
d = (p1,p2). The product I comprises all possible finite sums of the components of

the form (14s1)(21sy) where sy, s2 € Z, which clearly gives the ideal 2947.

6



Definition 1.2.11. For a ring R, principal ideal is an ideal with a single element in
its generating set. Finitely generated ideal is an ideal with a finite elements in its

generating set.

Definition 1.2.12. A maximal ideal M in a ring R is a proper ideal such that there
is no proper ideal in between M and R.

In other words, if J is an ideal contains M, then either M = 7 or J = R.
Definition 1.2.13. Local ring is a ring R with unique maximal ideal.

Example 1.2.14. Ideal generated by (2) = {0,2,4,6} is the maximal ideal in Zs. (2)

is also the unique maximal ideal in Zg. So Zg is a local ring.

Definition 1.2.15. A prime ideal P is a proper ideal of a ring R such that if for
p1,P2 € R, pip2 € P, then either p; € P or py € P.

Definition 1.2.16. For a ring R, let us suppose two ideals Z; and Z,. Then their ideal
quotient is defined as

(Zl 31-2) = {S eER : SIQ Q_’Zl}

Definition 1.2.17. Let R be a ring and Z is an ideal of R. Then (0 : Z) is an ideal

known as the annihilator of Z represented as Ann(Z) defined as
Ann(Z) ={r e R : rZ = 0}.

Definition 1.2.18. An ideal N of R is primary ideal if s;s5 € N, for s1, s, € R, then
either s; € N or s5 € N for some k > 1.

When N is a primary ideal, P is a prime ideal and also P = VA, then N is called
P-primary.

1.2.3 Monomial ideal

Let S = K|z, ...,x,] be a ring over field K, monomials forms the natural K-basis for

S. Let b = (by,...,b,) € R" where every b; > 0. A monomial is any product of the



form 28 ... abr with b; € Z,. Ifw = 25" .. 2l b

with b = (by,...,b,) € Z%, and

is a monomial, then we write w = x

b1 bz _ ,.bitb2

T T

An ideal whose generating set only consists of monomials is said to be a monomial
ideal. Mon(S) denotes the set of all monomials in S and it forms the basis of S. For

any polynomial f € S and for b, € K

f - Z byw,

weMon(S)

where support of f is defined as

supp(f) = {w € Mon(S) : b, # 0}.
Proposition 1.2.19. Consider two monomial ideals I and Iy. Then

1. I1 N Iy is a monomial ideal, and {lem(p,q) : p € G(I1),q € G(I3)} is the
generating set of I N Is.

2. (I : I) is a monomial ideal and (I : ) = (,eqr,) (L1 ().

A monomial 2P is said to be squarefree if b has components 0 and 1. An ideal with a
generating set containing only squarefree monomials is known as squarefree monomial

ideal.

1.2.4 Primary decomposition

For an ideal J, primary decomposition is a way of representing J as an intersection
J = _, Nim, whereas cach N, is a primary ideal. Let {P,,} = Ass(N,,). If none of
the N,, can be omitted in this intersection and P, # P; for all r # s then it is called

irredundant primary decomposition.



Example 1.2.20. Let [ = (y%yg, yi, yéyi, y1y2y§ ), then

I =

U s, Yaya s viveys ) N (ys, vi . YsYi  viveys )
N

Yt Vi, Yol iy ) N (s, Ui Yays)

?

(i, vis vas yiveys) N (ys, v, va) N (Y3, vi, U3 )
(i

(v )
=i,y )
= (Y7, ¥i s v2 > 1yay3) N
= (v N (i, i miveys) N (s, vi, va) N (s, U3)-

Ui, Ui, Ys s Y1Y2Y3)

In the above example, the obtained primary decomposition is irredundant as P, #

P, for 1 <r,s < 4. But generally it does not happen, as in the following example.
Example 1.2.21. Let I = (v3, y3, Ysy3, y2us3ys , y5y3 ), then

LY Us, Yausys, yays ) N (Ys, Ys, iy YoysYs, Yays)

LY, Yoysys . Yays ) N (Ys, Y3, vi)

Ys
v
Yo Y Y2, Y3 ) N (U5, vs, Usvs» U3us) N (Ya, U3, v)

(ys
yi)
N (

Yo, Y3, ¥3) N (v2, ys, ui) N (ya, vz, ys) N (v, v3, vi) N (Yas Ys, Ys)

(
(
(
(w2, s> w3us) N (U3, s, ysvs ) N (2, 43,
(
(y2, 93) N (Y2, u5,98) N (Y5, 98) O (Y2, Y35 1)
(

Yo, vs) N (Y5, ys) N (vs, vs, U3).

It is the primary decompostion of I but not irredundant. Here Ass(ys, y3) = Ass(ys , y3) =
{(y2, y3)}. Now for irredundant primary decomposition, take an intersection of (y, y3 )

and (y5, y3 ), that is

(y2, v3) N (Y5, ys) = (¥5, vous, ¥3 )

Hence

I:(y;L?ygayi’) N (ygayQySayg)

Example 1.2.22. Let U = (0102, 0305, 0203, 0204, 0304, 0104 ) be an ideal of S, then



0102, 0305, 0204, 0304, 0104)

01, Q47@5) (Q3,Q1027Q2Q4,Q1@4)

(
(

= (02, 014,05,) N (01,03, 02) N (0102, 03, 04)
(02, 04, 05) N (02, 04, 03) N (01, 03, 04) N (01, 02, 03)
(

02, 04, 05) N (01, 03, 04) N (02, 04, 03) N (01, 02, 03)-

Since U is square free monomial ideal, so it can be seen that (g2, 04, 05), (01, 03, 04),

(01, 02, 03) and (g2, 04, 03) are minimal prime ideals of U.

1.3 Module theory

Definition 1.3.1. Consider a commutative ring R, an R-module M is an commutative
group w.r.t addition, along with a scalar multiplication map - : R x M — M, defined

as - ((a, 0)) = ap, which holds the succeeding axioms

L. a(or + 02) = ao1 + aps,
2. (g +az)o = a0+ azp,
3. (041042)9 = 041(042Q>,

4. 1p = o,
YV a1, a0 € R and g1, 00 € M.
Examples 1.3.2. 1. For a commutative group D, let d € D and z € Z, then define
- : Z x D — D, such that
(—d)+---+(=d), if z<0
(z,d)=zd=< d+d+---+d, if z>0;
0, if z=0.

Then D is a Z-module.
2. The ideals of the ring are also R-modules.

10



Definition 1.3.3. For a ring R, let us suppose U and V' be R-modules. A function

f U — V is known as R-module homomorphism if
o flor+02) = flo1) + fe2), for all g1, 0, € U.
o f(ro)=rf(o), forallr e R, 0eU.

If f is injective and onto then it becomes an R-module isomorphism.

Examples 1.3.4. 1. For a ring R, consider R-module R. Then R-module homo-
morphism (even from R into itself) needs not to be a ring homomorphism. Con-

sider R = Z, then Z-module homomorphism z — 2x is not a ring homomorphism.

2. When R = F[y|, the ring homomorphism ¢ : h(y) — h(y?) is not an F[y]-module

homomorphism.

Definition 1.3.5. Consider a ring R, and a submodule ) of R-module M. Then
(additive abelian) quotient group M /@ becomes an R-module by using scalar multi-
plication defined as

r(m+Q)=rm+Q
VreR, m+Q e M/Q.

1.3.1 Generation of modules

For any subset W of R-module M, let
RW ={rywy + - +rpw, : r1,...,7 € R, wy,...,w, €W and n € Z"}.

If W is a finite set, {wy,...,w,}, then RW = Rw; + Rwy + - - - + wa,,. Let M1 = RW
for some subset W of M and say M; is a submodule of M. W is the generating set for
M. A submodule M is said to be finitely generated if for M; = RW, W is a finite
subset of M.

Definition 1.3.6. Let S be an R-module then it is called free on the subset T" of S if
for 0 # s € S, there are unique non-zero elements rq, ..., r; of R and unique tq, ..., %
in T, such that

s =1ty + -+ rity.
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Definition 1.3.7. Let S be a commutative ring, consider a chain of prime ideals in

the ring of length m;
QC QS CQn,

then dimension of ring S is defined as
dim S = sup{m;}.
Suppose N be an S-module, then Krull dimension of N is
dim(N) = dim(S/Ann(N)).
For the modules of the type §/Z

dim(S/Z) = max{dim(S/J;) : J; € Ass(S/1)}.

1.3.2 Exact sequences

Definition 1.3.8. Let .S be a commutative ring, Consider a sequence of S-homomorphisms

on S-modules

hj hjio .

hjt1
el —> uj—l > Z/{j > Uj+1

it is exact at U; if Im(h;) = ker(hj41). The sequence is known to be exact if it is
observed to be exact at every U;. Particularly, 0 — V' L U is exact at V' if and

only if 4 is one to one, and U =5 V" —s 0 is exact at V" if and only if ¢ is onto.
Proposition 1.3.9. The sequence

0— VUL v — 0
is an exact sequence if and only if h is one to one, g is onto and Im(h) = ker(g).
Remark 1.3.10. The sequence in Proposition 1.3.9 is called a short exact sequence.
Proposition 1.3.11. Let v be a poset with respect to <. Then the following are

equivalent.
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1. Any increasing sequence oy < ag < ... < «a, < ... Wn v is stationary, that is

there exist r € N for which as = ., for all s > r.

2. Any ) #£ W C v possesses a mazimal element.

Let 7 be the set of submodules of A/ which is ordered w.r.t the relation C then statement
1 is known as ascending chain condition and statement 2 is known as the mazimal

condition.

1.3.3 Graded rings

Consider a commutative semigroup (w.r.t addition) U. A U-graded ring is such type

of a ring R alongside a decomposition

R = @Ru (as a group),

uel

such that R, R, C Ruiv ¥V u,v € U.

Then for r € R, we can write a unique expression

TZE Tu,

where r, € R, and almost all r, = 0. The element r, is called the uth homogeneous
component and if » = r,, then r is homogeneous of degree u. R[z] and R[z,y| are

Z-graded rings as

e Rz =ROPRzx DR1*®Rx* B R DR’ - - -.

e Rlz,y] = R®&(Rx+Ry)® (Ra*+Rary+Ry?) & (Rx*+ Ra*y+Rary* +Ry*)®---.
For a U-graded ring R and R-module M

M = @MU (as a group),

ueU

with R, M, C M, for all u,v € U, then M is said to be a U-graded module. A non

zero element of M, is called a homogeneous element of degree w.
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For a polynomial ring S defined over the field K, suppose b € Z", then h € S is
said to be homogeneous of degree b when h has the form BzP, where 3 € K. Also S

is Z"-graded with graded components:

b : n.
Sb_{Kx, if b e Z7;

0, otherwise.

An S-module M is Z"-graded if M = @, ;. Mp and Sp, My, C My, 41, for all
by, by € Z".

1.4 Simplicial complexes and squarefree monomial ide-
als

1.4.1 Simplicial complexes

Definition 1.4.1. Let V be the collection of subsets of vertex set [n] = {1,...,n},
such that if Z € V called face of V and Z’/ C Z, then Z' € V and V is called simplicial

complex on vertex set [n].

Definition 1.4.2. The dimension of the face Z of V is |Z|—1 and it is denoted and
defined by dimV = d — 1, where d = max{|Z|: Z € V}. An edge of simplicial complex

is a face of dimension 1 and a vertex of simplicial complex is a 0 dimensional face.

Definition 1.4.3. With respect to inclusion, let us suppose Z be the maximal face of
V, then Z is known as a facet. Let Z (V) refers to the set of facets of V. Obvious Z (V)
determines V. Whenever Z(V) = {Z1,..., Z,}, then one can write V = (7, ..., Z,,).

If all facets of V have the same cardinality, then V is called pure simplicial complex.

Definition 1.4.4. Let Z be a subset of [n]. Z is called a nonface of V if Z ¢ V. Let

N(V) represents the set of minimal nonfaces of V.

Example 1.4.5. An example of geometric realization of a simplicial complex is shown
in Figure 1.1, which typifies simplicial complex V having dimension 1 and vertex set
[5] alongside

Z(V) ={{2,3},{1,3},{3,4},{1,2},{4,5},{1,5}}

14



and

N(V) = {{17 4}7 {27 4}7 {27 5}’ {37 5}}

Figure 1.1: Simplicial complex

1.4.2 Facet ideals and Stanley—Reisner ideals

Let R = Kyi,...,Ym| be a ring of polynomials over the field K and V is a simplicial

complex on [m] vertices. For every subset Z C |[m|, we establish

Yz = H?Ji-

i€z
Definition 1.4.6. An ideal (V) of R is called facet ideal, if I(V) is generated by
the monomials yz with Z € Z(V). Thus, if Z(V) = {Z,,...,Z,}, then I(V) =
(yZ17 cee ’yZp)'
Definition 1.4.7. An ideal Iy of R is called Stanley—Reisner ideal of V if Iy is gen-
erated by monomials yz with Z ¢ Z(V). i.e., Iv = (yz : Z € N(V)).

Example 1.4.8. Consider V on the vertex set [6], as shown in figure 1.2 with

Z(V) = {{1,3},{1,6},{2,4},{2,5},{3,4},{3,5}, {4,6}}

and

N(V) = {{1,2},{1,4},{1,5},{2,3},{2,6},{3,6}, {4,5}, {5,6}}
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Figure 1.2: Simplicial complex V

Hence facet ideal and Stanley—Reisner ideal associated to the simplicial complex V

would be
I(V) = (y193, Y1Y6, Y2Ya, Y2Ys, Y3Ya, Y3Ys, YaYe)
and
Iy = (y1y2, Yy1Ya, Y195, Y2Y3, Y2Y6: Y3Ys YaYs, YsYe)
respectively.
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Chapter 2

Preliminaries and basic concepts

2.1 Graph theory: A brief introduction

Finite graphs are the most simple structures in Mathematics. For this particular rea-
son, before any systematic study of graph theory itself, many graph-theoretic problems
remained unsolved. Leonhard Euler’s 1735 Konig’s bridges Problem [7] is the noto-
rious example of such a problem and the Four-Color Problem which Francis Guthrie
originally presented in 1852, as a coloring problem of the map of England’s coun-
ties. (Although Euler himself sought a simple but ingenious solution for the former,
in 1976 Appel and Haken [8] and in 1997 Robertson, Sanders, Seymour and Thomas
[9] needed more than 100 years and much advances in graph theory to be resolved in
2 phases.) Such important early experiments include research on polyhedra cycles by
Thomas Kirkman and William Hamilton [10], the circuit laws by Gustav Kirchhoff [11],
and research by Arthur Cayley and James Sylvester [12] that had ties to theoretical
chemistry to the structure of molecules in particular. In 1878, it was Sylvester who
suggested the name of "Graph" to the structure he was researching. Graph theory
has huge applications in engineering and science especially in chemical engineering,
mechanical engineering, architecture, operational research, technology, combinatorics,

and computer science.

Over the last ten years, commutative algebraists have been involved in study of

the properties of finite simple graphs by employing monomial ideals. Simis, Froberg,
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Vasconcelos, and Villarreal are considered to be the pioneers in this field. The departure
point for these attempts is to create a monomial ideal by employing the edges of a
finite simple graph and it is usually called the edge ideal, and studying the properties

of monomial ideal employing the graph properties, and vice versa.

In this chapter basic definition and concept of graph theory are given. This chapter
gives a detailed overview of different types of graphs, different representation operations

of graph and results which we will use in our last two chapter.

2.2 Basic graph theory

Graph theory consists of the study of graphs, whereas the graphs are the mathematical
framework used to model the relation between the objects. The basic fundamental

principles of graph theory are presented in this section.

Definition 2.2.1. A graph is a set of points and lines that connects some subset of
them (possibly empty). The points are most frequently referred to as graph vertices.
Similarly, lines linking the vertexes of a graph are most commonly referred to as graph

edges.

Definition 2.2.2. An edge with same end points is known as a loop. The edges with
exactly the same set of endpoints are known as multiple edges. A simple graph is a

graph with no multiple edges and loops.

Given below is a graph with vertices {uy, ug, ug, ug, us, ug} and edges {ey, ea, €3, €4, €5, €g, €7}

Uy ey Us es Ug
L
er 3 €6
{
Uy €1 Ug €2 us

Figure 2.1: Simple Graph
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Consider an edge with endpoints wuy, us. Then uq, us are said to be adjacent and
they are neighbors of each other. The focus is restricted to only simple graphs in

various important applications.

Definition 2.2.3. The total edges incident on vertex v of a graph G is known as
degree of v, which is usually represented by dg(v) or d(v). The set with all the vertices
adjacent to v forms the neighbourhood of v, represented by Ng(v).

Definition 2.2.4. The total vertices in V(G) is known as the order of graph G, rep-
resented by n(G). While the total edges in F(G) determines the size of graph, written
as e(G).

Definition 2.2.5. A graph G is said to be a path if V(G) can be ordered in a way that
whenever two vertices are consecutive in the list, there is an edge between them. A
graph whose vertex and edge sets have the same cardinality and vertices can be placed
around the circle so that whenever two vertices appear consecutive along the circle,
an edge lies between them, such a graph is known as a cycle. Deleting one edge from

a cycle forms a path. A cycle and path on n vertices are represented by C, and P,,

respectively.
C2
1
C3
Cr
C4
[ ® ® ® ® ® Ce
Uy U9 us Uy Us Ug Cy
(a) P (b) C7

Figure 2.2: Path and Cycle

Definition 2.2.6. A simple graph in which there is an edge between every two vertices

is known as a complete graph.
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Definition 2.2.7. A subgraph B of a graph A, written as B C A, is a type of graph
such that V(B) C V(A) and E(B) C E(A) and the endpoints of edges in B are exactly

the same as in A.

(a) A (b) B

Figure 2.3: Graph and its Subgraph

Definition 2.2.8. Consider a graph B = (V(B), E(B)) is a subgraph of A so that
V(B) CV(A) and E(B) C E(A). Given a subset D C V(A), the induced subgraph of
A on D is the graph Ap = (D, E(Ap)) where E(Ap) = {uwv € E(A)|{u,v} C D}.

Definition 2.2.9. A°is called complement of a graph A, is a graph with (V' (A°), E(A))
where V(A¢) = V(A) and E(A°) = {uv|uv ¢ E(A)}.

Definition 2.2.10. The neighbours of u € V(A) are the setN(u) = {v € V(A)|uv €
E(A)}. The closed neighbourhood of u is N[u] = N(u) U {u}. The degree of u is
deg(u) = |N(u)|. If we need to highlight the associated graph, we write N[u| or
Na(u).

Proposition 2.2.11. Any graph with k vertices and [ edges has at least k — [ compo-

nents.

Definition 2.2.12. If there is an edge between every two vertices of a simple graph

then graph is known as complete graph.

Definition 2.2.13. Consider a u,v-path in A. The distance from u to v is the mini-

mum length of u, v-path, written as d(u,v). The path with the maximum length in A
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determines the diameter i.e.,

diamA = max d(u,v).
u,v € V(A)

Remark 2.2.14. The cycle C, has diameter | %] and the path has the diameter n — 1.

The elimination of a vertex also removes the edges incident on it and the obtained

graph is again a graph.

2.3 Some products of graphs

2.3.1 Cartesian product

Definition 2.3.1. Consider two graphs # and IC with vertex sets V(H) = {uy, ua, ..., up, }
and V(K) = {v1,va,...,v,,}, respectively. The Cartesian product of H and K is

a graph, with V(HOK) = V(H) x V(K) (the cartesian product of sets), and for
(wi, v5), (u, v) € V(HOK), (u;, v;)(ug, vi) € E(HOK), whenever

e v; = v and wu, € E(H) or

o vju; € E(K) and u; = uy,

Figure 2.4: Cartesian Product of P5 and P, (Ps0P;)
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2.3.2 Partial cartesian product of graphs

Definition 2.3.2. Consider two graphs H and C with vertex set V(H) = {uy, ua, ..., up, }
and V(K) = {v1,vq,...,v,,} respectively. If W C V(K), then the partial carte-
sian product of H and K w.r.t W is the graph, with V(HOwK) = V(H) x V(K)
(the cartesian product of sets), and for (u;,v;), (ug, v;) € V(HOwK), (us, v;)(ug, v1) €
E(HOwK), whenever

e v;u; € E(K) and u; = uy, or

e v, =u, € W and uu, € E(H).

The Partial Cartesian Product of P5 and P, with respect to {vi,vs} is Ps0gy, 0,1 Pa-

Figure 2.5: The Partial Cartesian Product graph PsUy,, 1 Fs

2.3.3 Standard strong product of graphs

Definition 2.3.3. Consider two graphs H and K with vertex set V/(H) = {uy, ug, ..un, }
and V(K) = {vy, vy, ..v,,} respectively. The standard strong product of H and K is
a graph, with V(XX K) = V(H) x V(K) (the cartesian product of sets), and for
(wi, v;), (ug, v) € VIHRK), (u;,v;)(ug,v) € E(H X K), whenever

e v;u; € E(K) and u; = uy, or

e v; = v and wu, € E(H) or
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o u; € V(H),,v; € V(K), vju € E(K) and wuy € E(H) or
o u, € V(H),u € V(K), vju € E(K) and wu, € E(H).

Figure 2.6: Standard Strong Product of P; and P, (Ps X Py)

2.3.4 Partial strong product of graphs

Definition 2.3.4. Consider two graphs H and K with vertex set V/(H) = {uq, uz, ..., up,, }
and V(K) = {v1, v, ..., v,,} respectively. Now, If P C V(H) and @ C V(K), then the
partial strong product of H and K w.r.t P and () is the graph, with V(H Kpg K) =
V(H) x V(K) (the cartesian product of sets), and for (u;, v;), (ug, v;) € V(H Kpg K),
(ui,vj)(ug, v) € E(HXpg K), whenever

e vy € E(K) and w; = uy, or

e v; = v and wu, € E(H) or

o u, € PveQ, vy € EK) and wuy, € E(H) or

o u, € Py €Q, vy € E(K) and wyu, € E(H).
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Figure 2.7: The Partial Strong Product Graph Ps; Xpg Pj.

2.3.5 Restricted partial strong product of graphs

Definition 2.3.5. Consider two graphs H and K with vertex set V(H) = {u1, ug, ..., Uy, }
and V(K) = {v1,ve,...,v,,} respectively. If H C V(H) and £ C V(K), then
the restricted partial strong product of ‘H and K with respect to H and K is the
graph, with V(Hy X K) = V(H) x V(K) (the cartesian product of sets), and for
(ui,vj), (ug, v) € V(Hu Wi K), (ui, v))(ug, v) € E(Hy M K), whenever

e vy € E(K) and w; = uy, or

e v; = v; and w;uy € E(H) or

eu, € H,u, & Hyiv; € Koo ¢ K, vy € E(K) and wuy, € E(H) or

ou; ¢ H,u, € H,v; & K,v € K, vju € E(K) and wuy, € E(H).

Example 2.3.6. The Restricted Partial Strong Product of Ps and P, with respect to
H = {Ug, U4} and I = {Ul, 'Ug} 18 P5{u2,U4} &{0171)3} P4.
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Figure 2.8: Restricted Partial Strong Product of Ps and Py (Psy, .1 Miv, sy Pa)

Example 2.3.7. The Restricted Partial Strong Product of P, and P, with respect to
H={z;:1€2ZN1<i<n}and K={x;:j¢2ZN1<j<m} is Py K Ps.

When n is odd

e  &—0— 8 — @6 —— @~~~

VY19¢ &——— & —— @6 ——— @ — @ -

.....
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When n is even

26  6—0—— 00— 06— 0 -~

Y19e¢ &———& —@ —— & — @ -~

-----

Example 2.3.8. The Restricted Partial Strong Product of P, and P3 with respect to
H={x;:i€2ZN1<i<n} and K={x;:j¢2ZN1<j<m} is P,y Ky Ps.

When n is odd

Ve @ &— O — 00— @~~~

2 - &—— 6 — &6 @ -~~~

N9e @ &————¢— @ —— @ -------
[ ® ° ®-------- [ ° °
T T2 I3 Ty Tp—2 Tp—1 Iy

7777
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When n is even

v = &—— @6 — @6 — @ -------

e - & — 6K — @~

he - &——— — @@ -------
[ ® ® ®---—-—--—- [ ° ®
T T3 T3 Ty Tp—2 Tpn-1 In

.....

Example 2.3.9. The Restricted Partial Strong Product of Cs and P, with respect to
H ={c,c4,...,c8} and K = {p1} is Csey e,

.....

Figure 2.13: 08{62,04

.....

Example 2.3.10. The Restricted Partial Strong Product of Cs and Ps with respect to
H = {ca,ca,...,cs} and K = {p1,p3} 15 Csfe,cu,...cs} Riprps} Ps-
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Figure 2.14: Cgic, ey, .cs} Riprps} P3

2.4 Circulant graphs

Analysis of asymmetries or symmetries of structures give potent outcomes in math-
ematics. Circulants give a class of symmetric mathematical structures. In the year
1846, Catalan, the renowned mathematician endeavored to introduce properties of cir-
culant graphs and circulant matrices which were investigated by plentiful authors. A

magnificent account can be searched in the works of Davis [13].

Circulant graphs are vertex-transitive and regular, and they are a subset of Cayley
graphs which is a more general family of graphs. Circulants take different form in a
array of graph applications comprising also the theory of designs and error correcting

codes and the modeling of data connection networks.

Definition 2.4.1. Suppose k& > 2 and take a subset P C {1,..., {gJ }. Then, the
circulant graph Cy(P) with vertex set {ai,...,x} is a graph such that {a;,o;} €
E(Cy(P)) <= |i — jl€ P or k — |i — j|€ P. For instance, the graph C7(1,3) is drawn
in Figure 2.15.
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Figure 2.15: C%(1, 3)

We generally write C,, for C,,(1). We will usually suppose, without further remark,
that the vertices of circulant graph C,,(S) are observed to be the corners of a regular

n-gon, labeled anticlockwise.

Examples 2.4.2. 1. C,(0) = O,, totally disconnected graphs on n vertices
2. Cy(1) = P,

3. Cu(1) 2 C,

Theorem 2.4.3. Circulant graph C,(R) for a set R = 71,79, ...,7 is connected iff
ged(n,ry,re, ...,m) = 1.
2.4.1 Cubic circulant graph

A circulant graph is cubic if each vertex has degree three. Consequently, the cubic
circulant graphs are of the form Cy(a, k) where 1 < o < k.

The structural result by Davis and Domke [14] for cubic circulant graphs is as follows.

Theorem 2.4.4. [14] Let 1 < a <k and d = ged(2k, ).
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(i) If % is odd, then Cox(av, k) is isomorphic to g copies of C%(Z, %)

(it) If % is even, then Coy(av, k) is isomorphic to d copies of C%(l, E).

So, the connected cubic circulant graphs are isomorphic to either Co(2, k) with
odd k (>1) or Cy(1,k) for any k > 2(for the first circulant, if k£ is not odd, then this

circulant is not connected by using Theorem 2.4.4).

Lop—1

Tpt1 Lp—7 Ln41

$n+2 :L‘n+3

Tn+3 Tn+5

Figure 2.16: From left to right Cs,(1,n) and Cy,(2,n).
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Chapter 3

Depth, Stanley depth and regularity

The present chapter concerns the Stanley depth and depth (named after Richard
Stanley [1| in 1982) of Z"-graded modules over a commutative ring, including the
Stanley’s conjecture. It summarises the known bounds and values of Stanley depth
and depth for monomial ideals of polynomial rings and their quotients. Throughout

this chapter, ring R has identity 1 # 0.

3.1 Depth

Definition 3.1.1. Consider an S module N. A zero divisor of a module N is an

element 0 # s € S such that sn = 0, where 0 #n € N.

Definition 3.1.2. A ring R is called Noetherian if it satisfies the ascending chain

condition on its ideals that is given any chain:
21 C 2y C ... C Zpsa C ...
there exists a positive integer n such that
T ="lps1= ...
Example 3.1.3. A ring R = K|z, ...,2,| with n variables is a Noetherian ring.

Definition 3.1.4. Suppose W be an T-module. An element ¢ of 7" which is non-zero
is W regular if for every w € W, tw = 0 implies w = 0.
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Definition 3.1.5. A sequence a = «y, ..., a, of elements of S is said to be N-regular

if it satisfies the given axioms:
1. apis N/(aq,...,ax_1)N regular for any k;
2. N # (a)N.

Example 3.1.6. Consider R = K[z, z9, 23] as a module over itself. As x; is regular
in R/(0)R, x5 is regular in R/(z1)R, z3 is regular in R/(z1,22)R. x1,x9,x3 is the

M-regular sequence in R.

Definition 3.1.7. Consider N, a finitely generated S-module, and let n be unique
maximal ideal of local Noetherian ring S. Then, depth of N is common length of all

maximal N-sequences in n, represented by depth(N).

Example 3.1.8. Let Z = (0%, 0203) be an ideal of polynomial ring S = K|oy, 02, 03)-
Then Ass(S/Z) = {(o1, 02), (01, 03)}. Since the set of zero divisors, say Z is the union
of all associated primes, therefore clearly oo — 03 ¢ Z and hence a regular element.

Thus, depth(S/Z) > 1. Also, as depth(S/Z) < dim(S/Z) = 1, hence depth(S/Z) = 1.

Definition 3.1.9. Consider a ring of polynomials S in n variables and let H be its

ideal, then S/H is Cohen-Macaulay [15] if
dim(S/H) = depth(S/H).

Lemma 3.1.10. (Depth Lemma)[15] Given a short exact sequence 0 — & — & —

&3 — 0 of S-modules where S is a local ring, then

1. depth(&s) > min{depth(&s), depth(&;)}.
2. depth(&s) > min{depth(&s), depth(&1) + 1}.

3. depth(&:) > min{depth(&s) — 1, depth(&s)}-
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3.2 Stanley decomposition and Stanley depth

Definition 3.2.1. Let P = Z[ay,...,a,] be a ring of polynomials and consider Z"-
graded P-module U. Suppose u € U and also consider V' C {ay,...,a,}, then uZ[V]
represents the Z-subspace of U, whose generating set comprises of elements (homo-
geneous in degree) of the form wr, where r is a monomial in Z[V]. If uZ[V] is a
free Z[V]-module then it is known as a Stanley space of dimension |V|. A Stanley

decomposition of U is defined as:

k
D:U=rZ[Vy),
j=1

and

sdepthD = min{ |V}|, j=1,... ,k}.

Also,

sdepth,(U) = max{sdepthD : Dis a Stanley decomposition of U}.

3.2.1 Stanley’s conjecture

In 1982, Stanley [1] gave a conjecture about an upper bound for the depth of a Z"-
graded S-modules.
depth(M) < sdepth(M).

It has been immensely significant as it gave a comparison of two very different invariants
of modules. For a ring of polynomials .S in n number of variables, Consider I C S be
the monomial ideal, then for n < 3, n = 4 and n = 5 the conjecture for S/I is proved
by Apel [16], Anwar [17] and Popescu [18], respectively. Also, when I is an intersection
of three monomial prime ideals, or three monomial primary ideals or four monomial
prime ideals of S, the conjecture holds for I. But in 2016, Duval et al. [2] proved that
Stanley’s conjecture is generally false, by giving a counter example for the module of

type S/I for which the conjecture does not hold.
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3.2.2 Method of computing Stanley depth for squarefree mono-
mial ideals

In 2009, Herzog et al. [19] gave a method of computing the lower bound for Stanley
depth of monomial ideals in finite number of steps by using posets. Assume E be a

squarefree monomial ideal with G(E) = (ey,...,ey). The characteristic poset of E

......

wrt g=(1,...,1), written as 77](31 is defined as

Pt — {5 C [n] | 7 contains supp(e;) for some j},

where supp(e;) = {i : z;le;} C [n] :={1,...,n}. For each p,o € 77( """ Y where p C o,
and

p ol ={yePy" : pCryCoal.
Let P 77](51 """ D= U’C 1175, mj] be a partition of PE """ 2 , and for every j, suppose
s(j) € {0,1}™ is the tuple with supp(z*?)) = ~;, then the Stanley decomposition D(P)
of F is given by

@x Kl |k € i},
Clearly, sdepth D(P) = min{|n|, ..., |T)r|} and
sdepth(E) = max{sdepth D(P) | P is a partition of P,(El """ 1)}.

Example 3.2.2. Consider I = (0104, 0102, 0204, 0103) C K|o1, 02, 03, 04] be a square-
free monomial ideal and J = 0. Set o7 = (1,0,0,1), 0o = (1,1,0,0), o3 = (0,1,0,1)
and o4 = (1,0, 1,0). Thus I is generated by o7, 072, 073, ¢°* and choose g = (1,1,1,1).
The poset P = P/ 1 is given by
P=1{(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,0,1),(1,1,1,0),(1,1,0,1),(1,0,1, 1),
(0,1,1,1),(1,1,1,1)}.
Partitions of P are given by
Pr1: [(1,1,0,0),(1,1,0,0)] | J[(1,0,1,0),(1,0,1,0)]  J[(0,1,0,1),(0,1,0,1)] | J
[(1,0,0,1),(1,0,0, )}  J[(1,1,1,0),(1,1,1,0)] [ J[(1,1,0,1),(1,1,0,1)] |
[(1,0,1,1),(1,0,1, D)} [ J[(0,1,1,1),(0,1,1,1)] | J[1 ),(1,1,1,1)].
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Py [(1,1,0,0),(1,1,1,0)]  J[(1,0,0,1),(1,1,0,1)] [ J[(1,0,1,0),(1,0,1,1)] |
[(0,1,0,1),(0,1,1, 1)] | J1(1,1,1,1), (1, 1,1,1)].
and the corresponding Stanley decomposition is
D(P1) = 010:K[o1, 00] ® 0103K [01, 03] © 010401, 04] ® 0204K (02, 04]®
02030403, 03, 04] © 010204K 01, 02, 04] D 010304 K [01, 03, 04]®
010203K[01, 02, 03] © 01020304K 01, 02, 03, 04]-

D(P2) = 0103K|01, 03, 04] ® 0104K 01, 02, 04] ® 0102K 01, 02, 03] D 0204 [02, 03, 04]D

01020304K (01, 02, 03, 04].

sdepth(I) > max{sdepth(D(P;)), sdepth(D(P2))}
= max{2,3}
= 3.

Since [ is not principal, so sdepth(I) = 3.

Example 3.2.3. Consider I = (0104, 0205, 030405) C K[01, 02, 03, 04, 05] and J = 0.
Set o1 = (1,0,0,1,0), 05 = (0,1,0,0,1) and o3 = (0,0,1,1,1). Thus [ is generated by
0°', 072, 07 and choose g = (1,1,1,1,1). The poset P = P;’/J is given by

P =1{(1,0,0,1,0),(0,1,0,0,1),(1,1,0,1,0),(1,1,0,0,1),(1,0,1,1,0), (1,0,0,1, 1),
(0,1,1,0,1),(0,1,0,1,1),(0,0,1,1,1),(1,1,1,1,0),(1,1,1,0,1), (1,1,0,1, 1),
(1,0,1,1,1),(0,1,1,1,1),(1,1,1,1,1)}.
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Partitions of P are given by

1,0,0,1,0),(1,0,0,1,0 0,1,0,0,1),(0,1,0,0,1

Ui ) ( )]
1,1,0,1,0),(1,1,0,1,0)]  J[(1,0,0,1,1),(1,0,0,1,1)]
1,1,0,0,1),(1,1,0,0,1)] | J[(1,0,1,1,0),(1,0,1,1,0)]

J1(0,1,0,1,1),(0,1,0,1,1)]
0,0,1,1,1),(0,0,1,1,1)] | J[(1,1,1,1,0),(1,1,1,1,0)]
U ) ( )]
Ui ) ( )]

==}

bl

1,1,1,0,1),(1,1,1,0,1 1,1,0,1,1),(1,1,0,1,1

cCccCcccccac

1,0,1,1,1),(1,0,1,1,1 0,1,1,1,1),(0,1,1,1,1

1,1,1,1,1

? Y Y

1,1,1,1,1

Y e A

It ) ( )]
It ) ( )]
It ) ( )]
[(0,1,1,0,1),(0,1,1,0,1)]
It ) ( )]
It ) ( )]
[( ) ( )l
It ) ( )

J

Y

P, : [(1,0,0,1,0),(1,1,0,1,0

( ). ( )| J1(0,1,0,0,1),(1,1,0,0,1
(1,0,1,1,0),(1,1,1,1,0)]
( ) ( )
( ) ( )]

( ) ( )
(1,0,0,1,1),(1,1,0,1,1)
( ) ( )
( ) ( )

C CC

0,1,1,0,1),(1,1,1,0,1 0,1,0,1,1),(0,1,1,1,1

[ Ul ]
[ Ul ]
[ Ul ]
[(0,0,1,1,1),(1,0,1,1, )] ( JI(L, 1,1, 1,1),(1,1,1,1,1)].

Ps: [(1,0,0,1,0), (1,1,1,1,0)] [ J[(0,1,0,0,1),(1,1,1,0,1)]
[(1,0,0,1,1),(1,1,0,1,1)]  J[(0,1,0,1,1),(0,1,1,1,1)]
[(0,0,1,1,1),(1,0,1, 1, 1)] { J[(1,1,1,1,1),(1,1,1, 1, 1)].

C C

and the corresponding Stanley decomposition is
D(P1) = 0104K o1, 04] ® 0205K 02, 05] ® 010204K 01, 02, 04] & 010205K 01, 02, 05]®
010304K (01, 03, 04] ® 010405K[010405) ® 020305K [02, 03, 05]D
020405 K (02, 04, 05] ® 030405 K (03, 04, 05] ® 01020304 K [01, 02, 03, 04]D
01020305 K01, 02, 03, 05] D 01020405 K01, 02, 04, 05] 01030405 K [01, 03, 04, 05D
02030405 K[02, 03, 04, 05] D 0102030405 K01, 02, 03, 04, 05]-
D(P2) = 0104K]01, 02, 04] ® 0205K[01, 02, 05] D 010304K 01, 02, 03, 04]D
010405 K01, 02, 04, 05] ® 020305 K [01, 02, 03, 05] © 020405K[02, 03, 04, 05]D
Q3Q4Q5K[Q17 03, 04, 95] D QIQQQ3Q4Q5K[917 025 03, 04, 95]-
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D(P3) = 0104K|01, 02, 03, 04] ® 0205K[01, 02, 03, 05] D 010405 K [01, 02, 04, 05|
020105 K02, 03, 01, 05] ® 030405K [01, 03, 04, 05] © 0102030105 K01, 02, 03, 04, 05].
Then
sdepth(I) > max{sdepth(D(P;)), sdepth(D(P;)), sdepth(D(Ps))}
= max{2,3,4}
= 4.

The next example illustrates the method of finding the Stanley depth of S/I.

Example 3.2.4. For S = K|ey,e9,¢3,64,¢5), consider I = (g165,696384,E169,E164).

Then choose g = (1,1,1,1,1) and the poset P = P 5/ T is given by

P ={(0,0,0,0,0),(1,0,0,0,0),(0,1,0,0,0),(0,0,1,0,0), (0,0,0,1,0), (0,0,0,0, 1),
(1,0,1,0,0),(0,1,1,0,0),(0,1,0,1,0), (0,1,0,0,1), (0,0, 1,1,0), (0,0, 1,0, 1),
(0,0,0,1,1),(0,1,1,0,1),(0,1,0,1,1),(0,0,1,1,1)}.

Partitions of P are given by

0,0,0,0,0),(0,0,1,1,1 1,0,0,0,0), (1,0,0,0,0

[( ) ( NI ) ( )]
[(0,1,0,0,0),(0,1,0,0,0)] |_J[(0,0,1,0,0),(0,0,1,0,0)]
[(0,0,0,1,0),(0,0,0,1,0)] |_J[(0,0,0,0,1),(0,0,0,0,1)]
[(1,0,1,0,0),(1,0,1,0,0)] | J[(0,1,1,0,0),(0,1,1,0,0)]
[(0,1,0,1,0),(0,1,0,1,0)] |_J[(0,1,0,0,1),(0,1,0,0,1)]
[( ) ( I ) ( )]
[( ) ( NI ) ( )]
[( ) ( )

0,0,1,1,0),(0,0,1,1,0 0,0,1,0,1),(0,0,1,0,1

cCcCcCcccccc

0,0,0,1,1),(0,0,0,1,1 0,1,1,0,1),(0,1,1,0,1

0,1,0,1,1),(0,1,0,1,1)].

Py : [(0,0,0,0,0),(1,0,1,0,0)] _J[(0,1,0,0,0),(0,1,1,0,0)]
( ) (J1(0,0,0,0,1),(0,1,0,0,1)]
(0,1,0,1,1)] [ J[(0,0,1,0,1),(0,1,1,0,1)]
(0 )

,0,1,1,1)].

)
0,0,0,1,0),(0,1,0,1,0
0,0,0,1,1),
)

C CC

It
[0,
It
(0,0,1,1,0),
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and the corresponding Stanley decomposition is

D

(Pl) = K[€3, €4, 85] D 81K[€1] D €2K[€2] D €3K[€3] D €4K[E4] D 55K[E5]@
€1€3K[€1, 63] D €2€3K[€2, 63] D €2€4K[€2, 84] (&) €2€5K[€2, 55]@
e3e4K[e3,64) D e3e5K[e3, €5] B eae5K €4, €5) B e2e385K |2, €3, €5)D

€2€4€5K[€2> &y, 65]-

D(Pz) = K[El, 83] () €2K[€2, 83] ) €4K[€2, 84] () 85K[€2, 85] D €4€5K[€2, &4, 85]@

Then

e3e5 K (9,63, 5] @ e3e4K €3, €4, €5].

sdepth(S/I) > max{sdepth(D(Py)), sdepth(D(P,))}
= max{l,2}
= 2.

Example 3.2.5. Let S = M{o1, 02, 03, 01, 05, 06], consider U = (0103, 0205, 0106, 010406)-
Then select g = (1,1,1,1,1,1) and the poset p = p:qg/U is given by

p:

{(0,0,0,0,0,0),(1,0,0,0,0,0),(0,1,0,0,0,0), (0,0, 1,0,0,0), (0,0,0,1,0,0),
(0,0,0,0,1,0),(0,0,0,0,0,1),(1,1,0,0,0,0), (1,0,0,1,0,0), (1,0,0,0,1,0),
(1,0,0,0,0,1),(0,1,1,0,0.0),(0,1,0,1,0.0), (0,0, 1,1,0,0),(0,0,0,1,1,0),
(0,0,1,0,0,1),(0,0,0,1,1,0),(0,0,0,1,0.1).(0,0,0,0,1,1), (1,1,0,1,0,0),
(1,0,0,1,1,0),(1,0,0,0,1,1),(0,1,1,1,0,0),(0,0,1,1,1,0),(0,0,1,1,0, 1),
(0,0,1,0,1,1),(0,0,0,1,1,1),(0,0,1,1,1,1)}.
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The partitions of p can be written as

0,0,0,0,0,0),(1,0,0,0,0,0)] | J[(0,1,0,0,0,0),(0,1,0,0,0,0

0,0,1,0,0,0),(0,0,1,0,0,0)] | J[(0,0,0,1,0,0),(0,0,0,1,0,0
0,0,0,0,1,0),(0,0,0,0,1,0)]
1,1,0,0,0,0),(1,1,0,0,0,0)] 1,0,0,1,0,0),

0,1,0,1,0,0),(0,1,0,1,0,0)]

)
)
0,0,0,0,0,1)
)
0,0,1,1,0,0),(0,0,1,1,0,0
)

)
)
,(0,0,0,0,0,1)
)
)
)

( ]
( ]
( ]
(1,0,0,1,0,0)]
( ]
( ]
(

0,0,0,1,0,1),(0,0,0,1,0,1

CCCcCccCccc

1,0,0,1,1,0),(1,0,0,1,1,0)] 1,0,0,0,1,1),(1,0,0,0,1,1

0,0,0,1,1,0),(0,0,0,1,1,0) | ][(0,0,0,0,1,1),(0,0,0,0,1,1

1,1,0,1,0,0),(1,1,0,1,0,0

Scccc

( )
( )
,(1,0,0,1,1,0)
1,0,0,0,1,1),(1,0,0,0,1,1 0,1,1,1,0,0),(0,1,1,1,0,0)
(
(

0,0,1,1,1,0),(0,0,1,1,1,0
0,0,0,1,1,1),(0,0,0,1,1,1

p1: [(
[(
[(
[(
[(
[(0,0,0,1,1,0),(0,0,0,1,1,0)]
[(
I
[(
[(
[(
[( 0,0,1,1,0,1),(0,0,1,1,0,1,)]
[(

) ( )
) ( )
) ( )
) ( )
) ( )
) ( )
0,0,0,0,1,1),(0,0,0,0,1,1)]
) ( )
) ( )
) ( )
) ( )
) ( )
) ( )

— — — — — — — — — — — —  —

(
(
(
(
(
(
(1,1,0,1,0.0),(1,1,0,1,0,0)]
(
(
(
(
(
(

)
)
I J1(1,0,0,1,1,0)
] )
] )
I J10,0,1,1,1,1),(0,0,1,1,1,1,)].

0,0,0,0,0,0),(1,1,0,1,0,0)] | J[(0,0,1,0,0,0),(0,1,1,1,0,0)] | J
[(0,0,0,0,0,1),(1,0,0,0,1,1)] |
U

[(0,0,1,0,0,1),(0,0,0,1,0,1

p2 -

CCC cCcccCccccccocococccoc

[( ) ( )]
[(0,0,0,0,1,0),(1,0,0,1,1,0)]
[(0,0,0,1,1,0),(0,0,1,1,1,0)]
[(0,0,0,1,0,1),(0,0,0,1,1,1)].
So the corresponding Stanley decomposition is of the partitions will be

D(p1) = Mlo1] ® 02 M [02] © 03M 03] B 04M [04] ® 05 M [05] ® 06 M [06]®

0102M 01, 02) @ 0104 M 01, 04] B 0204 M [02, 04] B 0304 M |03, 04] B 0105M |04, 05]F

0406 M |04, 06) B 0506 M [05, 06] B 010204M |01, 02, 04] B 010405M[01, 04, 05]P
010506 M [01, 05, 06) ® 0405 M [04, 05] D 0405K |04, 05) ® 0506 M |05, 06|®

010204 M (01, 02, 04] B 010405M |01, 04, 05) B 010506 M [01, 05, 06] D 020304 M |02, 03, 04] P

030405 M [03, 04, 05] ® 030406 M |03, 04, 06] B 040506 M [04, 05, 06D
Q3Q4Q5Q6M[Q37 04, 05, QG]-
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D(p2) = M]p1, 02, 04] ® 03M 02, 03, 04] B 05M |01, 04, 05] B 06 M [01, 05, 06]P

0105 M 03, 04, 05] B 0306 M [04, 06] D 0406 M [04, 05, 06)-
Then

sdepth(S/U) > max{sdepth(D(P,)), sdepth(D(P2))}
= max{l,3}
= 3.
Some fundamental results on Stanley depth and depth of S-modules are given below.

Theorem 3.2.6. /20, Theorem 1.3] Let k1, ..., k,, be some positive integers, then

sdepth((uf?, ... ufm)) = sdepth((uy, . .., um)) = (%}
In particular, for any 1 <n <m
k k n
sdepth((ui,...,u.")) =m —n+ [5}

n

Proposition 3.2.7. [21, Proposition 2.7] For J C M and ¥ v ¢ J,
1. sdepth \,(J : v) > sdepth,(J), [22, Proposition 1.3]
2. depth (M/(J : v)) > depth, (M/J), [23]
3. sdepth \ (M/(J : v)) > sdepth,, (M/J).

Lemma 3.2.8. [15, Lemma 3.6] Let I and J be two monomial ideals with J C I,
suppose M’ = M{z,41], then

depth(IM'/JM') = depth(IM/JM) + 1.
sdepth(IM'/JM') = sdepth(IM/JIJM) + 1.

Lemma 3.2.9. /21, Proposition 1.1] Assume that I C M' = K[y, ...,2,],J C M" =

Klxpiq, ...,z be monomial ideals, with 1 < r <n, then
depth (M /(IM + JM)) = depth,,, (M'/I) + depth . (M" ] J).
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Lemma 3.2.10. /23] Let a short exact sequence 0 — Uy — Us — Us — 0 of Z"-graded
M-modules. Then

sdepth(Us) > min{sdepth (U, ), sdepth(Us)}.

Lemma 3.2.11 ([24, Lemma 3.6]). Consider a monomial ideal I C M and M =

MZpi1, ... Toiy] be a ring of polynomials then
depth(M/IM) = depth(M/IM) +r and sdepth(M/IM) = sdepth(M/IM) +r

Corollary 3.2.12 ([23|). Let I be a proper monomial ideal of M and uw ¢ I. Then
depth(M /(I : u)) > depth(M/I).

Proposition 3.2.13 (|25, Proposition 2.7]). Let I be a proper monomial ideal of M
and u ¢ I. Then sdepth(M /(I : u)) > sdepth(M/I).

3.3 Castelnuovo Mumford regularity of an ideal

Let E be an ideal of homogeneous degree in S = K|[xq, s, ..., 2,]. Then the minimal

graded free resolution of E' is given by

0— EBS )P (B —>@S )1 BO)

@S )P (E@D) s B(G) — 0

Since, I < n and f; ;j(E) is the graded (i, j)th Betti number of E(G). We also let S(—j)
denote the shifted polynomial ring in degree j.

Definition 3.3.1. The Castelnuovo Mumford regularity (or regularity) of an ideal F
is

reg(E) = max{j —ilB:;(E(G)) # 0}.
Example 3.3.2. Consider the edge ideal I[(Bs) = (122, Tax3, T3Ty, T4T1, T1T3, T2Tyg)

associated to the graph Bs.
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T4 T3

X1 X2

Figure 3.1: (By)

The minimal graded free resolution of I(Bs) is then given by
0 — S*(—4) — S¥(-3) — S°(—2) — I(By) — 0

SO; 60,2(-[) - 67 51,3(-[) = 87 5274(‘[) = 3
Then
reg(I) = mazx{2 —0,3 —1,4 -2} = 2.

Example 3.3.3. Consider the edge ideal
I(Ay) = (102, D223, T3T4, T4T1, T1 T3, ToTy, ToT5, T3T5)

associated to the graph A;.
Ty T3
L5

T X2

Figure 3.2: (A})
The minimal graded free resolution of 1(Ay) is then given by
0— S*(=5) — S%(—4) — S"(-3) — S¥(-2) — I(4) — 0
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reg(l) =mazx{2—-0,3—-1,4—2,5—-3}=2.
Example 3.3.4. Consider the edge ideal
I(Ag) = (2179, L2703, U374, T4T1, T1T3, ToTy, Tols, T3T5, T1T6, T4T6)

associated to the graph As.

Ty €3

x X2

Figure 3.3: (A2)

The minimal graded free resolution of I(As) is then given by
0— S*(=5) — S¥(—4) — S¥(=3) — §(-2) — I(Ay) — 0

So,  fo2(I) =10, Bi3(l) =20, PBoa(l) =15, B35(I)=4
Then

reg(I) = mazx{2 —0,3—-1,4—2,5—-3} =2.
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Chapter 4

Stanley depth and depth for the
monomial ideals of restricted partial
strong product of path and cycle
graphs

Let V(P,) :=={z;: 1 <i<n}and V(P,) =={z; : 1 <j <m}.

Let A:={z; 11 €2ZN1 <i<n}CV(P,)and B:={z;:j¢2ZN1<j<
m} C V(P,,). For defined A and B, let P,4, g P,, := P, . Since the graphs P, ,, is
defined by mn vertices, just for the ease, we name the vertices of P, ,,, by using m set

of variables {x1;, zaj, ...... xpn;} where 1 < j < m. For example of P, ,, see Fig 4.1.

Figure 4.1: P54
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Let V(Cy) i=={x;: 1 <i<ne2Z"} and V(P,) :={z; : 1 < j <m}.
Let A={z; : 1 €2ZN1<i<n}CV(C,)and B:={z; : j ¢2ZN1<j <
m} C V(P,,). For defined A and B Let C,,4 g P, := C,, . Since the graphs C,, ,, is
defined on mn vertices, just for the ease, we name the vertices of C,, ,, by using m set

of variables {x1;, x9;, ...... T} where 1 < j < m. For example of C,, ,, see Fig 4.2.

Figure 4.2: Cy3

4.1 Bounds for depth of modules associated to P, ,,.

Let 1 < i < n, for convenience, we take x; := ;1,y; := Ty, z; := Z;3 (see Figure 4.2).
We set S, 1 = K[x1,29,...,%], Sno = K[x1,22, ..., Tpn,Y1,Y2, - .., Yn| and
Sn,2 = K[mlax% oy Ty Y1,Y2, - - Yny 15,225 - - 7Zn]' Cleaﬂy Pn,l = Pn7
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25

21 2 z3 Z4
Y Y2 Yz Y+ Y5 Y
@ @ @ @ o
i T2 €3 Xy X5 X X2 X3 Tyq

Ts

Figure 4.3: From left to right P51, P52 and P53

The minimal generating sets of monomials for the edge ideals of P, 5 and P, 5 are
given as:

If n is even
. n—2
G(E(P,2)) = U {zyi, Tiisr, YiYir1 } U {U, 2 {z2:92i-1, Zoiyoit1 } } U {@nYn—1, Tnyn }-

n—2
G(E(P,3)) = U M@, ©iis 1, YiViier, Yizi, Ziziv1 } U {U; 2 {@2iY2i1, Toioira,

Y2i—1%24, y2i+122i}} U {ﬂfnyn—b TnYn, Yn—12n, ynzn}-

If n is odd
-1 n-l
G(E(Pn2)) = Ul {ziyi, vixigr, Yivier F U {U, 2 {@2iy2i—1, 2iy2i+1 1} U {xnyn }-

n—1
G(E(P,3)) = U?;ll{l’z’yi, TiTit1, YilYir1, Yizis Ziziv1 ) U {U; 2 {T2:90i-1, T2iY2it1, Y2io129i,

Yoit122i} } U{ZnYn, Ynzn}-

Remark 4.1.1. [t is clear that forn > 1,
n

Sni1/(E(P,1)) = S/E(P,). Thus by [26, Lemma 2.8] depth(S,1/E(P,1)) = [g—‘ .
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Theorem 4.1.2. Let n > 1, then

M < depth(S,,»/E(P,2)) < [n 7 1]

Proof. When n = 1 the result is contained by Remark 4.1.1. Let n > 2, As diam/(P,2) =
n — 1, Therefore, using [27]

depth(Sy2/E(Py2)) > m . (4.1)
We prove the reverse of inequality. The required inequality is trivial for n = 2,3 . Let
n > 4, We hereby prove the result by the aid of mathematical induction on n. Since

y1 ¢ E(P,2) hence by [23]

depth(S,,2)/E(P,2)) < depth(Sy2)/(E(Ppz2) : y1)). (4.2)

Y1 Y2 Y3 Ya  Yn—2 Yn—-1 Yn Y2 Ys3 Y4 Yn—2 Yn—1 Yn
- — - = . - — - =

WM ° ° NM

Iy o) I3 Ty Tp—2 Tp-1 Tn Zy X2 xs3 Ty Tp—2 Tp-1 Tn

Figure 4.4: From left to right E(P,2) and (E(P,2) : y1).

It follows that
Sn2/(E(Pn2) i y1)) = Sn_o2/E(Pr22)[y1]-

Therefore, by induction

depth(Sya/(E(Pus) : 1)) < ["‘THW +1= W‘ - ﬂ. (4.3)

Now by combining Eqgs. (4.1), (4.2) and (4.3), we get

m < depth(Sya/B(Pn2)) < [n 3 1]
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Theorem 4.1.3. If n > 1, then

m < depth(Sys/E(Pn3)) < [n D 1]

Proof. For n =1 the result holds by Remark 4.1.1. Let n > 2, As diam(P,3) =n — 1,

Therefore, using [27]
n

depth(Sps/E(Pyg)) > H (4.4)

We prove the reverse of inequality. Above inequality is trivial for n = 2,3. Let n > 4,

We hereby prove the result by the aid of induction on n. Since y; ¢ E(P,3), by [23]

depth(S,3)/E(Pn3)) < depth(S,3)/(E(Pns) : y1)). (4.5)

<1 Z2 Z3 24 Fn—2 Zn—1 Zn 21 29 Z3 24 Zn—2 Zn—1 Zn

Nﬂ

X1 X2 X3 T4 Tp—2 Tp—1 In X1 X2 €3 Tp—2 Tp—1 Tp

Figure 4.5: From left to right E(P,3) and (E(P,3) : y1).

It follows that

Sna/(E(Pag) i y1)) = Sn-as/E(Pu-23)[y1].

Therefore, by induction

dopth(S,a/(B(P) w) < | "2 +1= ["5H] o

Now by combining Eqs. (4.4), (4.5) and (4.6), we get

{gw < depth(Sy 3/ E(FPy3)) < F”L 2 1]
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4.2 Bounds for depth of modules associated to some
special graphs

In the case of n > 2, we thus construct a supergraph of P, represented by P, on
V(Pry) == V(Pa2) U{ynt1} and E(P},) = E(Pu2) U {yn¥Ynt1}. Also we construct
a supergraph of Py, rrepresented by P;% by the aid of the vertex set V(P;%) =
V(P ;) U{yni2} and edge set E(Py%) := E(P;,) U{y1Yni2} For examples of P, and
Py (see Fig 4.6 and Fig 4.7). Let Sy, = Spa[yni1] and Sy := Sy o[yn o] then we

have the following lemmas:
1 Y2 Y3 Ya Ys Yo
N/N/I .

T T2 X3 Ty Ts

Figure 4.6: (P ,)

Y7 U1 Y2 Y3 Ya Ys Ys
TN

x T2 €3 T4 Ts

Figure 4.7: (P53)

Lemma 4.2.1. Let n > 2, then,

{”‘; 11 < depth(5; 5/ E(F;,)) < WL D ﬂ |

2
Proof. For n = 1, it follows from Remark 4.1.1. Let n > 2, As diam(P;;,) = n, Thus
by [27]

depth(S:,/B(PLy)) > [” i 1} .

(4.7)
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For the reverse inequality. The cases n = 2, 3 are trivial. So, let n > 4, Asy, ¢ E(P,),
by [23]
depth(S;, )/ E(P;,)) < depth(S},,)/(E(F5) < yn))- (4.8)
It follows that
Sl (E(Pr2) 1 yn)) = Sn22/E(Po22)(yn]-
Therefore, by Theorem 4.1.2

epth(S;/(B(PLa) ) < | "5 | +1= | "5 | (19)

Now by combining Eqs. (4.7), (4.8) and (4.9), we get

P < epth(St,/E(PL) < | P L.
3

Lemma 4.2.2. Let n > 2, then,

{n + 2_‘ < depth(S;%/E(PLh)) < [”; 1-‘.

Proof. For n = 1 it follows from Remark 4.1.1. Let n > 2, Since diam(F;%5) = n + 1,
By [27]

(4.10)

depth(S:5/E(P)) > [” * 2} .

3
Now, we prove the reverse of 4.10. The cases n = 2,3 are trivial. Let n > 4,, Since

yn & E(B}3), by [23]
depth(Sy5)/E(Py3)) < depth(S)5)/(E(P%) < yn))- (4.11)
It follows that
Snal (E(P3) 1 yn)) = S5 00/ E(Py 5 9)[Un]-
Therefore, by Lemma 4.2.5
dopth(Si/ (B ) < |3 1= [P @

Now by combining Eqs. (4.10), (4.11) and (4.12), we get

52| < aemnisin/ ) < |5
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For n > 2, One can construct Py 3 with V(P 3) .= V (P, 3) U{zn1} and E(P; 3) =
E(P,3) U{zn2ns1}. Similarly, Py5 can be constructed with V(P%) = V(P 3) U
{Zn12} and E(P}%) := E(Py;3) U{212n42}. Figures 4.8 and 4.9 represent P, ; and %,
respectively. Assume Sy 3 := S, 3[2p41] and S35 := S 3[2,42], we have the following

lemmas:

21 z2 zZ3 Z4 25 26
@
Y1 Ys
2 4
T X2 €3 ) Zs

Figure 4.8: (P53)

z7 Z1 Z9 z3 Z4 Z5 26
® ]
"N Ys
2 4
I T2 T3 Ty Ty

Figure 4.9: (F5%)

Lemma 4.2.3. Let n > 2, then,

[n ; ﬂ < depth(S; 3/ E(Fy5)) < m

Proof. For n = 1 it follows from Remark 4.1.1. Let n > 2, Since diam(P, ;) = n, By
27]

(4.13)

depth(S? o/ E(P2y)) > [” + 1} |

3
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For the reverse of inequality. The cases n = 2,3 are trivial. Let n > 4,, Since y,,_1 ¢

E(Py ), by [23]

depth(S, 3)/ E(F, 5)) < depth(S;, 3)/(E(Fy3) : Yn—1))- (4.14)
It follows that

Sha/(E(Pr3) i yYn-1)) = Sn-s33/E(Po-33)[Yn-1, 2nt1]-

Therefore, by Theorem 4.1.2

epth(S; (B(PL) s nei) < | P3| 2= [ 5], (4.15)
Now by combining Eqs. (4.19), (4.20) and (4.21), we get
| < aennisi B < |5
[
Lemma 4.2.4. Let n > 2, then,
2] < depmnsnm) < | |

Proof. For n = 1 it follows from Remark 4.1.1. Let n > 2, Since diam(F;3) = n + 1,
Thus by [27]

. (4.16)

We prove the reverse of inequality. The cases n = 2,3 are trivial. Let n > 4,, Since

Yyn—1 & E(P3) , by [23]

depth(S¥/E(PYy)) > [” + 2} .

depth(5y)/E(Fy5)) < depth(Shs)/(E(Py3) : yn-1)). (4.17)
It follows that
52*3/(E(P;§) P Yn-1)) = 82—3,3/E(P:—3,3)[Z/n—1, Rn+1]-

Therefore, by Lemma 4.2.5

dopth(Si5 B o) < | P50 |42 =[5 s
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Now by combining Eqs. (4.22), (4.23) and (4.24), we get

1
["’;ﬂ < depth(S2%/B(PY)) < [H w

]

For n > 2, one can construct Py, with V(Py3) := V(Pu3) U {Zp41, 2041} and
E(Py3) = E(P,3)U{2nTny1, Znzny1}- Similarly, Py% can be constructed by V(Pr%) 1=
V(P 3) U{Tnia, 2nia} and E(Pr%) = E(Py3) U{Z1Zn 42, 212042} (see Fig 4.10 and Fig
4.11). Consider Sy 3 := Sy 3[Tni1, Zny1] and Sy% 1= S5 3[Tni2, Znyo), then we have the

following lemmas:

21 z9 Z3 Z4 Z5 Z6
@
Y1 Ys
2 4
@
L1 L2 L3 L4 s Lo

Figure 4.10: (Pj3)

7 21 Z9 z3 24 25 26
® @
Y1 Ys
2 4
® @
X7 | X2 X3 Tyq X5 Ze

Figure 4.11: (FP3%)

Lemma 4.2.5. Let n > 2, then,

[n 5 1} < depth(S55/E(Py)) < [n ; 21

2
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Proof. For n = 1 it follows from Remark 4.1.1. Let n > 2, Since diam(Py 3) = n, Thus
by [27]

depth(S,.a/E(P2y)) > [” * ﬂ |

3
For the reverse inequality. The cases n = 2,3 are trivial. Let n > 4,, Since y,_1 ¢

E(Py3), by [23]

(4.19)

depth(Sy 3)/E(Py3)) < depth(S,.3)/(E(Py3) : Yn-1))- (4.20)
It follows that
So s/ (E(Pr3) i yn-1)) = Sp33/E(Pa-33)[Yn—1,Tni1s Zni1]-

Therefore, by Theorem 4.1.2

depth(S%,/(E(P23) < yn_1)) < V—Tg_ﬂ 43— [” . ﬂ | (4.21)

Now by combining Eqs. (4.19), (4.20) and (4.21), we get
[n +1

w < depth(Sy 3/E(Py3)) < PLJFQW.

Lemma 4.2.6. Let n > 2, then,

[n;ﬂ < depth(S7%/E(FY3)) < Wﬁﬂ

2
Proof. For n = 1 it follows from Remark 4.1.1. Let n > 2, Since diam(P3%) = n + 1,
Thus by [27]

(4.22)

depth(S2%/E(P)) > [” + ﬂ .

3

For reverse of inequality. The cases n = 2,3 are trivial. Let n > 4,, Since vy, 1 ¢

E(P}%), by [23]
depth(S7%)/E(F%)) < depth(S3%)/(E(P3Y%) < yn-1))- (4.23)
It follows that
S;L.3/(E(PT:.3> Y1) & 5573’3/E(P,;,373)[yn_1, Tn+1; Znt1]-
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Therefore, by Lemma 4.2.5

. 349 n+5
dopth(Se/ (B ) < |52 [ ra= [P0
Combine Egs. (4.22), (4.23) and (4.24), we have
n+2 . e n-+>5
[ ! } < depth(Sy5/E(P) < [ ! }
[

4.3 Bounds for depth of modules associated to Cj, ,.

Let 1 < ¢ < n, for convenience we take x; := x;1,y; ‘= X0, z; := X3 (see Figure 4.3).
We set S, 1 := K[x1,29,...,%,], Sno = K[z1,29,...,Zn,Y1,Y2,...,Ys] and
Sno2 = K[x1,Z9, ..., TnsY1,Y2, -y Yn, 21, 22, - - ., 2n). Clearly P,; = P, and C,,1 = C,,

T2
T3 T

Ty xg

Ty T
Te

Figure 4.12: From left to right Cs;,Cs2 and Cy 3.

For C, , and C,, 3 we define minimal generating set of edge ideals as follow:

G(E(Cr2)) = G(E(Fy2)) U{z120, y1Yn, Tayr }-
G(E(On,?))) = G(E(Pn,i&)) U {$1$m Y1Yn, TnlY1, Y12n, Z1Zn}-
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Remark 4.3.1. Note that for n € 2Z* and n > 2, Then S,1/(E(Cyn1)) = S/E(Cy),
and depth(Sy/E(Cpy)) = [” _ 1} |

3

Theorem 4.3.2. Let n is even, and n > 4, then

[” = ﬂ < depth(S,2/E(Chz)) < [” > 2} .

Proof. Let n > 4, consider following short exact sequence
0 — Sna/(B(Cha): xn) == Sno/E(Cha) — Sna/(E(Cha),z,) — 0
By depth lemma, we have
depth (S, 2/E(C,2)) > min{depth(S, 2/(E(Ch2) : z,)), depth(S,2/(E(Cha), xn))}-
Since z,, ¢ E(Cy2), by [23].

depth(sn,Q/E(On,Q)) S depth(sn,2)/(E(Cn,2) : xn))

n—

4
(E(an) LX) = (U?;zg{:myi, TiTig1, Yilhir1 br Uie {T2Y2i-1, Toil2ig }

y Tn—2Yn—3, Tn—2Yn—2, Tn—1, Yn—1, Yn, 1, yl)

Y2
Ys o

Ya Tyq ® Yn
\ n
' :xn—S Tp—1
1

\
\

N Tpn—2 @
) ® YUn—1
Yn—3

Yn—2

Figure 4.13: From left to right E(C,2) and (E(C,,2) : y).
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It follows that
Sn,?/(E(Cn,2> : xn) = Sn—3,2/E(Pn—3,2)[xn]-
Therefore, by Theorem 4.1.2

depth(Sya/(E(Chs) : 7)) < [”_—3_1} L1 [” - 2}.

and

depth(Sy2/E(Cps)) < [” 5 ﬂ . (4.25)

For lower bound again consider
Sn,Z/(E(Cn,Z) : xn) = Sn73,2/E(Pn73,2)[xn]'

Therefore, by Theorem 4.1.2

depth(Sya/(E(Crs) : 22)) > {” . 31 b1 m
" depth(Sna/E(Cps)) > @ (4.26)
Now let,

n—2
J = (BE(Cp2), xn) =(U2{zyi, TiTis1, ViVisr b Ui 2y {Toi2i— 15 Toilig1 by Tno1Yn—1,

Yn—1Yn, YnlY1, xn) - (E<Pn—1,2)a Tny Yn—1Yn, ylyn>-

Figure 4.14: From left to right E(C,, ) and (E(Ch2), Ty).
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Consider
00— Sna/(J:yn) -2 Sno/J — Spa/(J,yn) — 0
by applying depth lemma, we get
depth (S, 2/J) > min{depth(S,2/(J : yn)), depth(Sn2/(J,yn))}-

Since (Ja yn) = <E<Pn—1,2)a i yn) and Sn,Q/(Ja yn)) = Sn—l,Q/E(Pn—l,Q)'

I
\ :Q)nf?y Tn—1
\

Yn—1

Yn—2

Figure 4.15: From left to right J and (J, y,).

Therefore, by Theorem 4.1.2

depth(Sn s/ (J, yn)) = [" - ﬂ |

and

n—4
(J : yn) :(U?;;{J?z‘yi, TiTit1, YilYir1 > Ui e {@oiyoio1, ToiYoitr }

s Tn—2Yn—3, Tn—2Yn—2; Tn—2Tn—1, T2T1, Yn—1, Tn, Y1)-
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Y2

Ys o

Yn—2

Figure 4.16: From left to right J and (J : y,,).

After renumbering the variables, we can see that

Sn,Q/(‘] : yn)) = Sn—3,2/E(P;i3,2)[yn]'

Hence, by Lemma 4.2.2

depth(Sna/(J : yn)) > V_TMW 1= {”‘gﬂ

By applying depth lemma, we have

depth(S,.2/J) > [”; 1}.

and

0— Sn72/(E(Cn72) :xn) ﬂ> Sn,Q/E<Cn72) — Sng/q] — 0

and it follows

depth(Sys/E(Crs)) > [” = ﬂ. (4.27)

Combine Egs. (4.26) and (4.27), we get

{n ; 1} < depth(S,.2/E(Chz)) < {n g 2“ |
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Theorem 4.3.3. Let n is even, and n > 4, then

[" > 3} < depth(S,3/E(Chs)) < [” > 2} .

Proof. Let n > 4, Since y,—1 ¢ E(C,3), by |23].
depth(S,,3)/ E(Cr3)) < depth(Sns)/(E(Cns) : Yn-1))

n—4
. _ n—4
(E(On,S) : yn_1) = (Ul-:l {%’yu TiTi+1, YilYi+1, Yici, Zi2i+1}7 Uiﬁl {3321'?/2i—1, T2iY2i+1, Y2i—1%2i,5

y2i+lz2i}a Tn—3Yn—3, Yn—32n—3, Zn—2, n—15 Zns Yn—2; Yn, Tn—2, Tn-1, mn)

Figure 4.17

It follows that

Sn,3/(E(Cn,3) : ynfl)) = Snf3,3/E<Pnf3,3>[ynfl]-

Therefore, by Theorem 4.1.2,

depth(S,3/(E(Chn3) : Yn-1))

IN
-1
S
|
DO Lo
|
—_
1
+
—_
I
I
S
Do |
[\
R |



and

depth(Sys/E(Crs)) < [” - 2} | (4.28)

Let n > 4, we have
0— Sus/(E(Chs) : @) = Sns/E(Chs) — Sns/(E(Cng),zn) — 0
by Depth Lemma
depth(Sy 3/ E(Cn3)) = min{depth(Sys/(E(Chs) : 2n)), depth(Sya/(E(Chs), 2n))}-
Let

n—3
_ . _(; m—3 2 o
A= (E(Cn,?,) : xn) —(Uizz {xz‘yu TiXit1, YiYi+1, Yizi, Zizi+1}7 U, {xzifym‘—h T2iY2i+1,
Y2i—1%2;, y2¢+12’2@‘}, Tp—2Yn—2,Yn—27n—2, Fn—22n—1, fn—1~n; #n<l, £1%2,

Yn—1sYn, Y1, Tn1, L1).

Figure 4.18

Consider the following exact sequence
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by Depth Lemma

depth(S,3/A)) > min{depth(S,3/A : z,)), depth(S, 3/A, z,))}.

n—3
. _ n—3 2
(A : Zn) = (Uizg {xz’yi,xixi—kla YiYi+1, Yiki, Zizz'+1}7 U, 5 {xziym‘—l, T2iY2i+1, y2z‘—1Z2i7y2i+122z'}

y In—2Yn—2, Yn—22n—2, 2n—1, 21, Yn—1, Yn, Y1, Tn—1, Il)'

Figure 4.19: ((E(Cp3) : @) © 2n).

It follows that
Sna/(A:z,)) = Sps3/E(Py_33)[Tn, 2nl.

Therefore, by Theorem 4.1.2

depth(S,s/(A : 2)) > [” = 3} o= m .

Now
3 n—3
_ n— 2
(A, Zn) = (Uizg {l’z‘yz‘, TiZit1, YiYit+1, Yizi, ZiZiJrl}a U, 2 {xzz‘ym’fl, T2iY2i4+1, Y2i—122i, y2i+122i}
y In—2Yn—2, Yn—22n—2, 2n—228n—1; 1225 Zny Yn—1,Yn, Y1, Tn—1, 1’1).
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Figure 4.20: ((E(Cpn3) : @n), Zn)-

We can see that after renumbering the variables,

Sn,3/(A> Zn)) = Sn*3,3/E<Prti3,3>[xn]'

Therefore, by Lemma 4.2.2,

depth(Sys/(A, 7)) > [” - ﬂ 1= m

Therefore, by Depth Lemma

depth(S,./A) > {—w .

Now let

n—2

n—2 2
B = (E(Cn,3)7xn) = (Uizl {xiyz',ilf’ifliiﬂa YiYi+1, Yizi, ZiZHl}, U; 2 {55212/21'71, T2iY2i+1, Y2i—122i5

Y2i+122i by Tne1Yn—1s Yn—1%n—15 Zn—12ns Zn?1s Yn—1Yn, YnY1, Tn)-
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Figure 4.21

Consider the following exact sequence
0— Sus/(B:yn) == Spz/B — Sn/(B,ys) — 0
by Depth Lemma

depth(S, 3/B)) > min{depth(S,3/B : y,)), depth(S,3/B,yn))}

n—3
. _ n—3 2
(B : yn) = (Uizg {xiyia TiZiv1, YilYi+1, Yizi, ZiZi—‘rl}a U, 5 {$2iy2z’—171’2iy2z‘+1, Y2i—1224,

Y2i+122iy Tn—2Yn—2, Yn—22n—2, Zn—22n—1, Zn; 2122, Yn—1, Y1, Tn—2Tn—-1, T1T2, xn)
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Figure 4.22: ((E(Cpn3),%n) : Yn)

and
Sn,?)/(B D Yn)) = 5513,3/E(P7::3,3)[?Jn]~

Therefore, by Lemma 4.2.6

depth(S,s/(B : ya)) > V—TMW 1= {” ‘g 2} .

Now

n—2
n—2 D)
C= (Bv yn) = (Uizl {xiyia TiTit1, YilYi+1, Yizi, Zizi-l-l}u U, 5 {fEQini—l, L2iY2i+1, Y2i—122i,

y2i+122i}7 Tp—1Yn—1,Yn—1”7n—15 Bn—1”n, Znl, Yn—1%2n, 2nlY1, Tn, yn)
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Figure 4.23: ((E(Cp3),Tn), Yn)

Consider the following exact sequence,
0 — S,u3/(C:2,) = S,3/C — S,3/(C,2,) — 0
and by Depth Lemma, we get
depth(S, 3/C)) > min{depth(S,,3/C : z,)), depth(S,3/C, z,))}.
and

n—3
. _ n—3 2
(C : Zn) = (Uizz {wiymﬂiil’iﬂa YilYi+1, Yizi, Z¢Zi+1}, U, {wziymel, x2iy2z’+17y2i7122i7y2i+lz2i}

sy Tn—2Yn—2, Yn—22n—2, Zn—15 21, Yn—1,Yn, Y1, Tn, Ln—-1Tn—2, I1l’2).
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(a) (C) (b) (C: zn)

Figure 4.24: (((E(Cpn3)s®n),Yn) : Zn)-

It follows that
Sn,3/(C D 2n)) & S:Lt3,3/E(P:i3,3)[Zn]‘

Therefore, by Lemma 4.2.4,

depth(S,s/(C : zn)) > V—TMW 1= {”‘;ﬂ

Now,

n—2
_ n—2 2
(07 Zn) = (Uizl {xz‘yi, Tilit1, YilYit1, YiZi, Zizi+1}7 U, 25 {$2z‘y2z‘—17 L2iY2i+1, Y2i—122i, y2i+122i}

y Tpn—1Yn—1 Yn—12n-1, Zn; Yn, xn)-
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Figure 4.25: (((E(Cns),Tn)s Yn)s Zn)-

Sn,g/(c, Zn)) = Sn—l,S/E(Pn—l,ii)-

Therefore, by Therorem 4.1.3,

depth(S,3/(C, 2,)) > V’ S 1} .

Therefore, by Depth Lemma,

depth(S, 5/C) > V S 1]

Now, we have

0— Sn,?)/(B : yn) i) Sn,S/B — Sn,3/(B7yn) — 0

1
depth(S,.3/B) > [” . w

and

0— Sn73/<AIZn) i)snyg/A—> Sn’g/(A,Zn) — 0
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depth(S, 5/ A) > [” - 3} |

Finally,
0— Smg/A ﬂ) Snﬁg/E(Cmg) — Smg/B — 0

By Depth Lemma we get

depth(Sys/E(Crs)) > [” - 3} | (4.29)

So, combine 4.28 and 4.29, we will get

n

[n 5 ﬂ < depth(S,a/B(Chs)) < H
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Chapter 5

Projective dimension and regularity of
some circulants

5.1 Regularity for edge ideals of Cy,(1,n — 1,n).

This section deals with the regularity of edge ideal associated with the circulant graph
G = (9,(S) with S = {1,n — 1,n}. As an example of Cy,(1,n — 1,n), the graph
C16(1,7,8) is drawn in Figure 5.1

Figure 5.1: C14(1,7,8)
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A convenient approach is use the labeling and representation of the graphs as given

in Figure 5.2

Figure 5.2: Cy,(1,n — 1,n)

One introduces the following families of graphs,

i) The family A,:

n Y2 Y3 Y4 Yn—2 Yn—1 Yn

X1 X2 X3 Ty Tp—2 ITp-1 Tp

Figure 5.3: A,

ii) The family B,:
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Figure 5.4: B,

Lemma 5.1.1. Following the above introduced notations, we have:

i3 i fnis odd

reg(I(A,)) < {_

5-  if niseven.

Proof. One carries the proof by using principle of mathematical induction on n. By
Example 3.3.4, we have reg(I(As)) = 2. let n > 3. Graph A,, can be decomposed into
A, o and A,, ie.,

U1 Y2 Ys3 Y4 Yn—2 Yn—1 YUn
Yo N
3 o

Z1 X2 x3 Ty Tp—2 Tp—1 Tp

Figure 5.5: As and A,,_»

Case I: If n is even, by the principle of mathematical induction and the well known

result that reg(R/I) = reg(I) — 1, we get:

reg(R/1(An)) < reg(R/I(As)) + reg(RR/1(An-2))
(n—2)—|—2_1:n_—i—2_
2 2

<1+ 1.

Case 1II: If n is odd, the proof is similar. O
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Lemma 5.1.2. Following the above introduced notations, we have:

3 i fnis odd

reg(I(B,) < { 2

5~ 1f niseven.

Proof. Suppose that n > 2. The graph B, can be decomposed into three subgraphs
A, B and (| i.e.,

n Y2 Ys Ys  Yn—2 Yn—1  Yn
X1 T2 X3 Tyg Tp-—2 Ipn—1 In

Figure 5.6: Subgraphs of B,,.(A, B and C)

Case I: If n is even, By Example 3.3.3 we have reg(I(A)) = reg(I(C)) = 2.
and by relabeling B we can see that B = A, 4. By Lemma 5.1.1 and the fact that
reg(R/1) =reg(I) — 1, we get:

reg(R/1(By)) < reg(R/I(A)) +reg(R/I(B)) + reg(R/1(C))

(n—4)+2 n+ 2

<1+ 14+1= 1.

Case II: If n is odd, the proof is similar. ]

We now determine bounds on the regularity.
Lemma 5.1.3. Letn > 4. If G = Cy,(1,n — 1,n), then:

23 i fnis odd
reg(I(G))S{é I

5 1f niseven.

Proof. Suppose that n > 4. The graph G can be decomposed into the subgraphs A,,_»

and As, i.e.,
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Tn

Tn4+1 Tn4+2 Ti4l T2n—3Toan—2

(a) Ogn(l,n — 1, n) (b) A2 and An_g

Figure 5.7: G and Subgraphs of G

Case I: If n is even, by Example 3.3.4, we have reg(I/(As)) = 2. By Lemma 5.1.1
and the fact that reg(R/I) = reg(l) — 1, we get:

reg(R/1(G)) < reg(R/1(As)) + reg(R/1(An-2))
(n—2)+2_1:n_—i—2_

<1
<1+ 5 5

1.
Case I: If n is odd, the proof is analogous. n

Lemma 5.1.4. Following the above introduced notations, we have:
pdim(1(Ay)) < 2n— 1.

Proof. The proof is carried out by principle of mathematical induction on n. One can
find pdim(1(Az)) = 3 and pdim(I(A3)) = 5 via a direct computation (Macaulay?2 [28]).
These computations agrees with upper bounds given in problem statement, implies,
the basic case holds. Now, assume that n > 4. The graph A,, can be decomposed A,,_»

and A,, i.e.,
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Figure 5.8: As and A, _»

By induction on n, we get:

pdim(I(A,)) < pdim(I1(As)) + pdim(I(A,—2)) + 1
<34+ (@2Mn-2)—1)+1=2n—1.

Lemma 5.1.5. Letn > 4. If G = Cy,(1,n — 1,n), then:

Ak —1 ifn=2k

pdim(I(G)) < {4k+1 if n=2k+1.

Proof. Suppose that n > 4. The graph G can be decomposed into A,,_5 and A,, i.e.,
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Ln

T+l Tp+2 Litl Ton—3T2n—2
(a) Ogn(l,n — 1, n) (b) A2 and An_g
Figure 5.9: G and subgraphs of G
Case I: If n is odd, i.e., n = 2k + 1. By lemma 5.1.4, we get:

pdim(I(G)) < pdim(I(Az)) + pdim(I(A,—2)) + 1
<34+(2n—2)—1)+1=4k 1.

Case II: If in is even, i.e., n = 2k. By lemma 5.1.4, we get:

pdim(I(G)) < pdim(I(Az)) + pdim(I(A,—2)) + 1
<34 (2n-2)—1)+1=4dk+1.
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Chapter 6

Stanley depth and depth of cubic
circulant graph

6.1 Stanley depth and depth of module associated
with ladder graphs

If n > 2, then £, := PP, is called ladder graph on 2n vertices. Examples of L,

is shown in Figure 6.1. Clearly |E(L,)|= 3n — 2. We label the vertices of the graphs

L, by using two sets {z1,xa,...,2,} and {y1,y2,...,Yn}; (see Figure 6.1). Let S, :=
Klzy,29,...,Tn, Y1, Y2, - - ., Yn) be the ring of polynomials in variables x1, o, . .., Tpn, Y1, Y2, - - -, Yn
over the field K. Then I(L£,) is a monomial ideal of S,, with G(I(L,)) = UM @i, 2241, Yii1 JU
{#nyn}-

n Y2 Ys Ya Ys

] L] ]

T1 X2 X3 Ty Ts

Figure 6.1: Ls

We compute the Stanley depth and depth of S,,/I(L,) and S,/I(CL,). We in-

troduce three super graphs L, L5 and L} of £, with vertex sets and edge sets
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VI(LY) = V(Ln) U{yni1}, E(L}) = E(Ln) U{ynynia}, V(LY) = V(L) U{yns1, Ynsa}
E(L7) = E(Ly) UA{ynYns1, h1yns2}, and V(L]) = VI(Ln) U {1, g}, E(L) =
E(L,) U {YnYni1, T1Zns1}, respectively. For examples of £r, LS and L?; see Figures
6.2, 6.3 and 6.4. It is easy to see that G(I(L})) = G(I(L,)) U {ynYns1}, GI(LS)) =
G (L)) HY1Ynt2, Ynynia } and G(I(L3)) = G(I (L)) {2 1Zn11, YnYn1 }- For S5/T(L),
Se/I(Ls) and Sp/I(Lr), We compute Stanley depth and depth, where S} = S, [yn+1],
Se = SulYnt1, Yni2] Sy = SulTni1, Ynt1]. Then, by using these results, we find Stanley
depth and depth of S,,/I(L,) and S,,/I(Can(a,n)).

U1 Yo Y3 Ya Ys Ys

L] ]

x T2 €3 Ty X5

Figure 6.2: L7

Y Y1 Y2 Y3 Ya Ys Ys

ST

X1 X2 X3 Ly X5

Figure 6.3: L?

U1 Y2 Y3 Ya Ys Ys

T ][]

Tg T i) I3 Ty Ty

Figure 6.4: L}
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As a first result of this section, we compute the precise values of Stanley depth and

depth of S¥/I(L}) in the following proposition.

Proposition 6.1.1. For n > 2, we have depth(S}/I(L})) = sdepth(S:/I(L})) =
(%51

Proof. To prove depth(S3/I(L})) = [%4+] using mathematical induction. If 2 < n < 3,

then result is obvious. For n > 4, we have.

0 — S5 /(I(L3) s ya) = Sy /I(L7) — Si/(I(L7),yn) — 0. (6.1)

([(52) : ?Jn) = (U?;f {xiyi, $i$i+1,yiyi+1}, Tn—2Yn—2; Tn—2Tn—1, Yn—1, Tn, yn+1)

- (g(I<£n72))a Tn—2Tn—1,Yn—1,Tn, yn+1) = (g<1<£272)); Yn—1, Tn, yn+1)7

since S¥/(I(LY) = yn) = (Sk_o/(I(LE_5))|yn], by mathematical induction and Lemma

3.2.11,

n—2+1 n+1
e 41= .
=

depth(S5/(1(L5) : yn) = [

Since

(I(LE), yn) = (UL {xii, Tiis 1, Yilhis1 b T 1Yn—1, Tn1Zn, Yn) = (GI(LE_1), Yn)),

we get S¥/(I(LE),yn) = (SE_1/I(LE 1)) [Yns1]- Again by Lemma 3.2.11, we have

n—1+1

1T

depth(S;/(1(£7,), yn) = [ I+1

|3

Also depth(S*/(I(Lr), yn)) > depth(S*/(I(LY) : yn)), so Depth Lemma yields

n+1
2

depth(S;/1(£7)) = [——1.

If n = 2, then

Sy/1(L5) = K[z1,y2) @ 1 Ky1, x2] ® w2 K2, y3] & ys K [21,y3] B y1ys K[y1, x2, ys).
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If n = 3, then

S3/I(L3) = K[z, ya] © 1 K [y1, 12] © 2o K [12, ys] © 13K |21, 73] © y3 K21, y3]
Dys K1, ya] & 123 K[y1, w3, y4] S n1ys K [y1, T2, y3| © Y192 K [y1, T2, Ya]

Droys K[T2, ys| © 2ya K[Ta, ya] © yox3 K1, Yo, T3] © y2ya K |71, Y2, Y]

Dr3ys K[T1, Y2, T3, Ya].

For n > 4, by using induction on n, and by Lemma 3.2.10, we obtain

n+1
2

sdepth(S;/1(L7)) = [——1.

For the reverse inequality, we again use induction hypothesis on n. The result is obvious

for2<n<3. Ifn>4, asy, ¢ I(L}), therefore, by Proposition 3.2.13
sdepth(S;/1(Ly,)) < sdepth(S;/(1(L}) : yn))-

Since S’/(I(L) = yn) = (Sr_o/I(Lr_5))[yn], by mathematical induction on n and

Lemma 3.2.11, we have

n—2+1 n+1
S 1=
2 1+ ( 2

sdepth((S;_o/ (L5 2))lyn]) < [ 1.

Remark 6.1.2. For k > 1 and n = 2k or n = 2k + 1 we have that

depth(S;/I1(L})) = sdepth(S;/I(L))) =k + 1.

With the back-up of Proposition 6.1.1, we have the upcoming results for Stanley
depth and depth of S,,/I(L,). This result says in particular Stanley’s inequality holds
for S,,/1(L,).

Theorem 6.1.3. Let n > 2. Then sdepth(S,/I1(L,)) > depth(S,/I1(L,)) = [5].

Proof. We first show that depth(S,/I(L,)) = [%2]. If n = 2, then G(I(L,)) =

2
{z1y1, Y192, Y22, Tox1 }, which is a minimal generating set of the edge ideal of Cy. By
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[29, Proposition 1.3] it follows depth(Sy/I(L2)) = 1. If 3 < n < 4, then one can easily
verify the result. For n > 5,

( U?;lg {2:iYi, Ti%i1, YiVir1 }, Tn—2Yn—2, Tn—2Tn_1, Tn, Yn—1)
= (g<I(£n—2>)7 Tp—2Tn—1,Tn, yn—l) = (g(I(E:L*Z)? Ty yn—1>)7
so we obtain S, /(I(Ly) : yn) = (Si_o/1(L:_5))[yn]. By Proposition 6.1.1 and Lemma

3.2.11,
depth(S,/(I1(Ly,) : yn) = [2=2*] + 1 = [21]. Now consider the following S,-module

(L(£n) : yn)

isomorphism:

Klzy,. o T2, Y15+ Yn_3]
( U?:_fl {2aYi, i, YiYyir1 }> Tn3Yn—3, Tn—3Tn—2
Ky, ... Tn-2,Y1, -, Yn_2]
(U2 {2y, i1, Vil s Tne2Yn—2)

If ue (I(L,) : yp) and u & I(L,). It follows x,|u or y,—i|u. If x,|u then u =

(I(Ln) 2 yn)/T(Ln) = Y ) [Yn—1]

&z,

x,vr with vy € Sy, since u ¢ I(L,), it follows v; = z%w;, with a > 1 and w; ¢
Klzy, ..., Tpn—2,Y1,- -, Yn—o). Similarly, if z, 1 u, then y,_1|ju and v = y,_1vy with
vy € S,, since u ¢ I(L,), it follows that v, = y° ,w, with 8 > 1 and w, ¢
Klx1,...,Zp—2,Y1,--,Yn—3]. Then,

K[l’l, . ,ZEn_27y1, e ,yn_g]
( U?:_fl {Tii, TiTig1, YilYYis1 }s Tn—3Yn—3, Tn_3Tn_2)

= Sa/1(L5 )

and

K[Il, ey Ip—2,Y1, . - 7yn—2]
n— = n72/I<Ln72>-
( Ui:13 {2, Ti%ig1, Yilhis1 |, Tn2Yn—2)
By Proposition 6.1.1 and Lemma 3.2.11, we have

P L ey =

depth((1(Ly) : yn)/1(L,)) = min{[
Consider
0— (I(L,) :yn)/1(Ly) BN Sn/I(Ly) — Sp/(I(Ly) = yn) — 0. (6.2)

Now we prove that sdepth(S,/I(L,)) > [5]. For 2 < n < 4, by [24], we have the

following Stanley decompositions. If n = 2, then
So/I1(Ls) = K1, y2] © 22K [y1, 72 © y1 K[y1].
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If n = 3, then

Ss/I(L3) = K[x1,y2] ® y1 K[y1, 2] ® 22K 29, y3) ® 3K 21, 3] B ys K [1, Y3

Gy Ky1, x3) ® 11ys K[y, T2, Y] B yoxs K21, y2, 3).

If n =4, then

Sy/I(Ly) = K[z1, 23, y2] B y1 K[2, y1, y3] © w2 K [xo, T4, y3] & ys K [x1, 24, ys3]
Gy K w1, 24, y2) ® YaKK (T2, y1, ya] S 192K (21, Y2, ya) B y123K [y1, 23, ya]

Cy174 K [0, T4, Y1] © yoya K [13, Yo, Ya] © w3y2 K[, 73, Y4].

For n > 5, by Proposition 6.1.1, induction on n and Lemma 3.2.11 on the exact

sequence (6.2), we have the required lower bound. ]

Corollary 6.1.4. Let n > 2. If n =0 (mod2) then [2] < sdepth(S,/I(L,)) < [%+],
otherwise sdepth(S,/I(L,)) = [%].

2

Proof. One can easily verify the result for 2 < n < 3. If n > 4, then by Theorem
6.1.3, we only need to show that sdepth(S,/I(L,)) < [2]. As y, ¢ I(L,), from
Proposition 3.2.13, sdepth(S,/I(L,)) < sdepth(S,/(I(£Ly) : yn)). Since

S/ (I(Ln) = yn) = (S5o/1(L5-2))[Ynl;

by Lemma 3.2.11 and Proposition 6.1.1,

n—2-+1 n-+1

sdepth((S, o/ I(L52))lyn]) = [—F—1+1=]

1.
and the required result follows. O

Example 6.1.5. If n =4, then we make some calculations for Stanley depth by using
CoCoA, (SdepthLib:coc [30]). Calculations show that sdepth(Sy/I(Ly)) = 3 = [4].
Thus the upper bound in Corollary 6.1.4 is found.

By using Theorem 6.1.3 and Auslander-Buchsbaum formula |33, Theorem 3.7|, we

have the exact value of projective dimension of cyclic module S,,/I1(L,) as follows:
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Corollary 6.1.6. Forn > 2, pdg, (S,/I1(L,)) =n+ 5]

Theorem 6.1.7. Let n > 2. Then sdepth(I(Ly)) > [%H] + 1.

Proof. The result is clear for 2 <n < 3. For n > 4, as y,, & I(L}), so we have
I(L5) = 1(L5) N S" @ yu(I(LL) : yn)SE,

where S" = K[x1,Zo, ..., Zpy Y1, Y2y - -+ s Y1, Ynti)s
(I(L3) 2 yn) = (GUI(L3-2))s Yn—15 Tn, Yns1) Sy, and 1(L3) N S" = (G(I(L5,_1)))S". Thus

sdepth (1(£5)) > min { sdepth ((G(I(£]_2)). 1. 7. 911 S5),slepth (GI(£5 )
By Lemma 3.2.11, we have
sdepth ((G(1(L5-2)), Yn—1, T, Yn41)57) = sdepth (G(I(L],2)), Yn—1, Tn; Yns1)S") + 1,
and by [25, Theorem 1.3|, it follows that
SAepth ((G(1(L5,2)) 1. s is1)) = min { sdepth (1(L3_)S;) + 3
Sdepth (31, T, Y1) S) + sdepth (S;_o/1(£;_5)) i) |-

where S = K[y,,_1, Tn, Yns+1]. The induction hypothesis, [32, Theorem 2.2] and Theorem
6.1.1 yield

) —-2+1 —2+1
sdepth (G(1(L}5)): Y1, T 1)) 2 min {[——=1+ 143,24+ [=———1}
n+1
=[——1+1

Thus, sdepth ((G(I(L_5)), Yn—1, T, Ynt1)S5) > [%1] + 1. By [31, Lemma 2.11], we
have

sdepth (G(I(£;,_,))S") > sdepth (I(L},_1)Sy_1[Ynt1]),

by Lemma 3.2.11, we have

N . n—1+1
sdepth (1(Ly, 1)1 [yni]) 2 [——F—T+1+1.
Therefore,
1
sdepth(Z(L})) > (n+ 14+ 1.

2
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Corollary 6.1.8. Let n > 2. Then sdepth(I(L})) > sdepth(S/I(L})) + 1.

Theorem 6.1.9. Let n > 2. Then sdepth(I(L,)) > [%] + 1.

Proof. Tt is easy to see that the result holds for 2 < n < 3. For n > 4, since y,, & 1(L,,),
we have

I(£,) = 1(L,) N S" @y (I(Ly) : Yn)Sn,

where S// = K[l’l, T2y ooy Ty Y1,Y25 - - - aynfl]a ([(£n> : yn) = (g([(£;72)7 T, yn71>>sn7
and 1(£,)NS" = (GUI(L%_,)))S". Thus

sdepth (I(£,)) = min { sdepth (G(I(£;_5)), yn-1,2)Sn), sdepth (G(I(£5_1))S") }.
By Lemma 3.2.11,
sdepth (G(I(L}_)): Y1, @n)Sn) = sdepth (G(I(L5_y)), Y1, 7)S") + 1,
and by [25, Theorem 1.3, it follows
sdepth (G(I(L*_y)), Yn1,)S") > min { sdepth (I(L5_,)S*_,) + 2,
sdepth ((yn-1,20)3) + sdepth (S3_o/T(£5_5))S7_0) }.

where S = Kyn—1,2,]. By Theorem 6.1.7, [32, Theorem 2.2|] and Theorem 6.1.1, we

have

sdepth ((G(I(Ly_3)), Yn—1,20)S") > mm{[n_TM%LH_Z H_[n - ; - 1” - [n;— 11'

Thus, sdepth ((G(I(L%_5)), Yn—1,2n)Sn) > [*2]. By [31, Lemma 2.11],
sdepth (G(I(L}_,))S") > sdepth (I(L:_,)S;_ 1),

by Theorem 6.1.7, we have

n—1+1

sdepth (1(£},_1)S)_1) > [ 9

1+ 1.

Thus,
sdepth(I(L,)) > (gw +1.
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Corollary 6.1.10. Let n > 2. Then sdepth(I(L,)) > sdepth(S,/I(L,)).

Now, we determine Stanley depth and depth of cyclic module SS/I(L¢) by using

induction on n and Proposition 6.1.1.
Proposition 6.1.11. Let n > 2. Then sdepth(S3/1(L3)), depth(SS/I(L£S)) > [H].

Proof. We first show that depth(SS/I(£%)) > [®H] by using induction on n. The

result is obvious for 2 < n < 3. For n > 4, consider,

0 — Sp/(1(L5) : Y1) = Sp/I(L3) — S5/ (L(L3), Y1) — 0. (6.3)

Let 1= (I(LS): Yns1) = (U'Z {ii, Tiisg1, YilYis1 b T 1Yn—1s Tn1Tn, Y1Ynt2, Yn)
= (g(l(ﬁn—l))a Tp—1Tny Y1Yn+2, yn)7

and considering
0— S°/(I:m,) 2 ST — S¢/(1,2,) — 0. (6.4)

Here (I,2,) = (G(I(Ln-1)), Tn, Y1Unsa, Yn), after a suitable renumbering of the vari-
ables, we obtain (I,z,) = (G(I(L%_,)), Tp, Yn), which further implies that

SZ/(Tv Tn) = (S5 1 /(L5 1) [Ynta]-

By Proposition 6.1.1 and Lemma 3.2.11, it follows that

n—1+1

depth(S¢/(I,2,)) > [ 5

J+1=15]+1
As

(I:2,) = (U2 {2, Tii 1, Yilhio1 s TroYn—2s Yn—2Yn—15 Y1Ynt2; Yns Tn_1)

= (g(I([’n*Q))a Yn—2Yn—1, Y1Yn+2, Yn, xn71)7
(T : flfn) = (g([(‘CZ—Q))> Yn, xn—l)
Sl (I 2 w0) = Sp_o/T(L5,5) n, Ynra)-
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The induction hypothesis and Lemma 3.2.11 yield

n—2+1 n+1
L

depth(Sy /(1 : 2,)) = [
Also

(I(CZ)»ynH) = (U?:_f {xiyiaxixi-i-la yz‘yi+1}7$n?/m ylyn+27yn+1)
= (g([(ﬁn)), Y1Yn+2, yn+1)7

after renumbering the variables, (1(L%), yn+1) = (G(I(L))), Yni+1), SO we have
Sul(I(L3), yns1) = S5 /1(LY).

By Proposition 6.1.1, we have depth(SS/(1(LS), Yni1) = (”T“] Finally, by applying
Depth Lemma on (6.5) and (6.4), we conclude that

depth(S¢/1(£2)) > [ ; o]

Now, we show that sdepth(SS/I(L:)) > [2]. For 2 < n < 3, one can easily show
that the result holds. For n > 4, result follows by using mathematical induction on n,

Proposition 6.1.1, and Lemma 3.2.10 on the exact sequences (6.5) and (6.4). O

Corollary 6.1.12. Let n > 2. If n =0 (mod?2) then

[

"N < depth(S:/T(£5)), sdepth(S5/T(£5) < [

T+1

otherwise

"0 < depth(8/1(£3), sdepth(S3/1(£5) < 1

[ 1.

Proof. First, we show the result for depth. It can be easily verified that the result is true
for 2 < n < 5. Now, if n > 6, then by Proposition 6.1.11, it is enough to show that If
n = 0(mod2) then depth(S2/1(L3)) <[]+ 1 otherwise depth(S3/I(L£3)) < [™£2].
Case 1, If n = 0(mod2), Since z,,_2y, & I(L:), from Corollary 3.2.12 we obtain that
depth(S5/1(L7)) < depth(S7/(I1(L7) : Tn-2yn)). As

Sp/I(Ly) + @nayn) = (Sp_a/T(L54))[Zn—2, Y],
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by the principle of mathematical induction and Lemma 3.2.11 we have

441 +1
———l+1+2=[—]

depth((S, 4/ 1(L5 1)) [en—2,yn]) <[ + 1.

Case 2, If n =1 (mod2), Since x,,_oy, & I(L:), from Corollary 3.2.12 we attain that
depth(SS/1(L:)) < depth(SS/(1(LS) : xp_oyn)). As

S/ (I(L3) = &nzyn) = (Sy_a/T(L5a))[Tn—2, Yn),

by the principle of mathematical induction and Lemma 3.2.11 we have

n—4-+2 n -+ 2
_— 2= .
51 t2=[——]

depth((S, 4/ 1(L; 1)) [Tn—2,yn]) < [

Proof for Stanley depth is similar by using Propositions 3.2.13 and 6.1.11. O]

Now, we determine the depth and Stanley depth of cyclic module S® /I(L?) by using

induction on n and Proposition 6.1.1.
Proposition 6.1.13. Let n > 2. Then sdepth(S%/I(L?)),depth(Ss/I(L2)) > [2].

Proof. We first show that depth(S3/I(L£s)) > ["+]. The result is obvious for 2 < n <
3. For n > 4,

0 — Su/(L(L3) : @asr) = Sp/I(L5) — Sh/(L(L}), Tnsn) — 0. (6.5)

Let (I(L?):xpi1) = (U?;; {ZYi, Ti%is1, YilYYis1 } TuYn, YnYnt1, Y1Y2, T1).
(I(L7) s Tny1) = (GI(L5_1)), 71),

which further implies that

Sp/U(L7) + @nga) = (S50 /(L5 1)) [0 ]

By Proposition 6.1.11 and Lemma 3.2.11, it follows that

n—1+1

depth(S2/(I(LY) : xpy1)) > | 5
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Also

([(E:L)7 xn-‘rl) = ( U?:_l1 {xiyh TiXi1, yiyi+1}> TnYny YnYn+1, $n+1)
= (g([<£n))7 ynyn+17 xn+1)7

after renumbering the variables, (I(L}), Tn+1) = (G(I(L})), Tnt1), so we have
Sa/U(L3), wnsr) = ST/I(LT).
Applying Proposition 6.1.1, we have depth(S%/(I(LS), 241) = [%31]. Finally, by using

Depth Lemma on (6.5) and (6.4), we conclude that

n+1

depth(S3/1(£3)) > [

1.

Now, we show that sdepth(S2/I(Ls)) > [2]. For 2 < n < 3, one can easily show
that the result holds. For n > 4, result follows by Proposition 6.1.1, and Lemma 3.2.10

on the exact sequence (6.5). O

Corollary 6.1.14. Let n > 2. If n = 0(mod2) then

"1 < depth(s2/I(C2)), sdepth(s2/1(£2)) < [

[ 1+1,

otherwise

"2 < depth(S3/I(£3). sdepth(S3/T(£3) < [ > al

[

Proof. First, we show the result for depth. It can be easily verified that the result is true
for 2 < n < 5. Now, if n > 6, then by Proposition 6.1.11, it is enough to show that If
n = 0 (mod2) then depth(S2/I(Ly)) <[]+ 1 otherwise depth(S2/I(L3)) < [™£2].
Case 1, If n = 0(mod?2), Since z,_2y, & I(L?), from Corollary 3.2.12 we attain
that depth(S3/1(£3)) < depth(S3/(I(L7) = &n-ayn)). As S3/(I(L}) © Zn_2yn) =
(St _,/I(L:_)))|[Tn—2,Yyn], by the principle of mathematical induction and Lemma 3.2.11

we have

n—4+1 n+1
_ 1+2=
2 I+ 1+ (2

depth((Sy_a/1(L5 1)) [wn—2,yn]) <[ I+1
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Case 2, If n = 1(mod?2), Since z,_2y, & I(L?), from Corollary 3.2.12 we attain
that depth(S2/I(Lr)) < depth(Se/(I(LL) : xpn—oyn)). As S2/(I(LY) : Tp_oyn) =
(S2_,/I(L:_)))[Tn—2,yn], by the principle of mathematical induction and Lemma 3.2.11

we have
. . n—4+2 n+2
Aepth((S3_o/ (L) lrn-2,3)) < 2] +2 = [ 22].
Proof for Stanley depth is similar by using Propositions 3.2.13 and 6.1.11. O

6.2 Cubic Circulant Graphs

By using Corollary 6.1.8, Theorem 6.1.3 and Proposition 6.1.11, we have the following
outcomes for Sy, /I(Ca,(1,n)) and Sa,/I(Con(2,n)).

Theorem 6.2.1. If G = Cy,(1,n) or Co,(2,n), then for n > 3 we have that
n—1
2 I
Proof. Let G = Cy,(1,n), If 3 <n <4, one easily see that result holds. For n > 5,

sdepth(S2,/1(Q)),depth(Ss,/1(G)) > |

0 — Son/(1(G) : 0) =25 Son/I(G) — Son/(I(G), ) — 0. (6.6)

Lon—1

® Untl

\ ~
\ h ~ ~
z Ln42

Tn+43

Figure 6.5: (I(Cy,(1,n)) : z,)
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Since, (I(G) : ) = (G(I(L2_5)), Tn—1, Tpni1, To,) implies that
Son/I(G) = Sy_3/1(L5,_3)[2].

By Proposition 6.1.13 and Lemma 3.2.11, it follows that depth(Ss,/(I(G)) > [2=2+1]+
1 = [%]. Now assume that J = (I(G), z,)

TLon—1

Tn41

xn+2

Tn43

Figure 6.6: (I(Can(1,n)),,)

and short exact sequence

Since (J, x2,) = (G(I(Lyn-1)), T, T2n), so we have Sy, /(J, x2,) = Sp1/I1(L,-1). By
Theorem 6.1.3 and Lemma 3.2.11 we obtain depth(Sa,/(J,22,) = [%51]. Also af-
ter renumbering the variables, we have (J : xq,) = (G(L(L)_3)), Ton—1, %1, Ty), since

Son/(J @ xay) = Sp_g/I(L_4)[x2,]. By Proposition 6.1.13 and Lemma 3.2.11,

n—3+1 n

1=

depth(Sa,/(J : x2,)) > [ 2

Finally, by applying Depth Lemma on (6.6) and (6.7), we conclude that depth(Ss,/I(G)) >
[2=1]. Now, we show that sdepth(Ss,/I(G)) > [251]. If 3 < n < 4, then result is ob-
vious. For n > 5, one can prove the result by applying Lemma 3.2.10 on (6.6) and (6.7).
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Now let G = C5,(2,n), If 3 < n <4, then result obviously holds. For n > 5,

0 — Son/(I(G) : 1) 2% Son/I(G) — Son/(I(G), 1) — 0. (6.8)

Tnts

Figure 6.7: (I(C2,(2,n)) : 1)

after renumbering the variables, we have (I(G) : z1) = (G(I(L£5_3)), T2n—1, Tni1, T3),
that follows that Su,/I(G) = SS_5/1(L_3)[z1]. By Proposition 6.1.11 and Lemma
3.2.11, it follows that depth(Sa,/(1(G)) > [2=3+1] + 1 = [2]. Now assume that J =
(I(G), 1) and

00— SQn/(J : .TnJrl) m Sgn/J — Sgn/(J, xn+1) — 0. (69)
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Figure 6.8: (I(C2,(2,n)),z1)

Since (J, py1) = (GI(Lr-1)), 1, Tnt1), so we have So, /(J, Xpi1) = Sp1/1(Ln—1).
By Theorem 6.1.3 and Lemma 3.2.11, we obtain depth(Sa,/(J, z,41) = [25+]. Also, we
have (J = wni1) = (G(L53)); Tn-1; Tnys, ©1), 50 San/ (S = nyn) = 555/ 1L 3)[wnia].
By Proposition 6.1.11 and Lemma 3.2.11,

n—3+1 n

5 1+1=[=].

depth(Sa,/(J @ Zpi1)) > [ 2

Finally, by applying Depth Lemma on (6.6) and (6.7), we conclude that depth(Ss,/I(G)) >
[25%]. Now, we show that sdepth(Ss,/I(G)) > [25+]. If 3 < n < 4, then one can
easily see that result holds. For n > 5, the required result follows by using Lemma

3.2.10 on (6.8) and (6.9). 0

Corollary 6.2.2. If G = Cy,(1,n) or Cs,(2,n), and n > 3, If n =0 (mod2) then

(1 < sdepth(Son/I(G)), depth(San/T(G)) < [~ ; L
otherwise
(1 < sdepth(Son/1(G)), depth(San/I(G)) < I

Proof. First, we prove result for depth; this can be easily verified if 3 < n < 4.
For n > 5, by Theorem 6.2.1, we just need to show that If n = 0(mod2) then
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depth(S2,/I(G)) < [2] + 1 otherwise depth(S2,/1(G)) <[]

Case 1,If n =0 (mod2). Let G = Cy,(1,n), Since z,, & I(G), thus depth(Ss,/I(G)) <
depth(S2,/(I(G) : z,)) by Corollary 3.2.12. As Sy, /(I(G) : xn) = Se_s/1(LS_5)[xn].
Asn =0 (mod2) then (n—3) = 1 (mod 2). Therefore, by Corollary 6.1.14, and Lemma

3.2.11,

n—3+2 n—+1
R My NI
2 I+ [ 2

depth(S,_5/1(L5 3)[wn] < T 1.

Now let G = C5,(2,n), Since x1 ¢ I(G), thus depth(S2,/I(G)) < depth(Ss,/(I(G) :
x1)) by Corollary 3.2.12. As S, /(I(G) : 1) = S5 _4/I(LS_5)[x1).

Asn = 0(mod2) then (n—3) = 1 (mod 2). Therefore, by Corollary 6.1.12, and Lemma

3.2.11,
n—34+2 n+1

depth(S3_a/1(£5 o)lmi]) < [—5=] +1= [0,

Case 2, If n =1 (mod 2). Let G = Cy,(1,n), Since z,, € I(G), thus depth(S2,/I1(G)) <
depth(Ss,/(I(G) : x,)) by Corollary 3.2.12. As Sa,/(I(G) : ) = Sh_s/1(Ly_3)[x].
Asn =1 (mod2) then (n—3) = 0 (mod 2). Therefore, by Corollary 6.1.14, and Lemma
3.2.11,

n—3+1 n

depth(S7_y/1(£5_y)fon] <[] +2 = [5]+1

Now let G = C5,(2,n), Since 1 € I(G), thus depth(S,/I(G)) < depth(S2,/(I(G) :
x1)) by Corollary 3.2.12. As So,/(I(G) : x1) = S8 _5/I(LS_3)[x1].

Asn =1 (mod2) then (n—3) = 0 (mod 2). Therefore, by Corollary 6.1.12, and Lemma
3.2.11,

n—3+1 n

depth(S;_3/I(Ly)le]) < [—F—T+2=[5]+1

It remains to show the result for Stanley depth, for this it is similar as in the case of

depth by using Proposition 3.2.13 instead of Corollary 3.2.12. O]

Label the graphs Cs,, (1, n) and Cs, (2, n) by using two sets of variables {z1, za, ..., 2, }
and {y1, Y2, ...,Yn} (see Figure 6.9). Let S, := K[x1,22,...,Zn,Y1,Y2,---,Ys] be the
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ring of polynomials in variables xy, xs,. . .,

Tny Y1, Y2, - - -, Yn over the field K. Then I(I(Cs,(1,n)) and I(I(C2,(2,n)) are mono-
mial ideals of S,, with G(I(Ca,(1,n))) = G(I(L,))U{z1yn, 12, } and G(1(Ca,(2,n))) =
G (L)) U {z12n, y1yn}-

Figure 6.9: From left to right Cs,(1,n) and Cy,(2,n).

Proposition 6.2.3. Let n > 3. Then sdepth(I(Cs,(1,n))/I(L,)) > [25].

Proof. For 3 < n <5, by using [24], there exist Stanley decompositions.
If n = 3, then The poset P is given by

P =1{(1,0,0,0,0,1),(0,0,1,1,0,0)}.
Partitions of P are given by
P: [(1,0,0,0,0,1),(1,0,0,0,0,1)] U [(0,0,1,1,0,0),(0,0,1,1,0,0)].
and the corresponding Stanley decomposition is
I(C6(1,3))/1(L3) = 21ys K [z1, y3] © x3y1 K23, y1].
If n =4, then

](08<174>)/I(£4) = $1y4K[$17$3ay2,y4] D x4y1K[I2,x4,y1,yg].
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If n =5, then

1(010(17 5))/1(55) = xlysK[%, T4,Y3, ys] D 1’196395}([%, T3, Y2, ys] D x1y2y5K[x1, x47y2,y5]
Sxsyr K[z3, 25, Y1, Ys] © T5y1ys K 22, T5, Y1, ys] B Toxsy1 K22, T5, Y1, Yal.

For n > 6, we have

~ K[:C3Jy37"'7xn727yn727$n717y2]
= T1Yn [$1, yn]
(£U3y3> T3T4,Y3Yay - - - s Tpn—3Yn—3; Tn—-3Tn—2; Yn—3Yn—2, Tn—2Yn—2, Tn—2Tn—1, yz?/s)
KJI, yory In—2yYn—-2,Yn—1,T
DYy1 7 [ 3,Y3 2, Yn—2, Yn—1 2] [3/1, xn]
($393; T3T4,Y3Y4, - - -y Tn—3Yn—3, Tn—3Tn—2, Yn—3Yn—2, Tn—2Yn—2; Yn—2Yn—1, I2I3)
= 11y K[l’g, Ysy oo o3 Tpn—2,Yn—2, Tn-1, yQ] [(L’ y ]
— 41Yn 1, Yn
(I(ﬁn—4)7 Y293, xn—an—l)
K e s T2, Yn—2, Y1,
EByﬁn [l’g,yg, y Tn—25 Yn—2, Yn—1 :UQ] [y1,$n].

(I(/Cn—él)a Tol3, yn—Qyn—l)

Figure 6.10: I(Cy,(1,n))/I1(L,).

If u e I(Cy,(1,n)) such that u & I(L,). It follows that (z1y,)|u or (yiz,)|u. If
(21yn)|u then u = 2790 vy, v1 € K[3,Y3, -+, Tn_2, Yn_2, Tn_1, Yo, since vy & I(L,), it
follows that vi ¢ (¥3Y3, 324, Y3Ya, - - - » Tn-3Yn—3, Tn—3Tn—2, Yn—3Yn—2, Tn—2Yn—2, Tn—2Tn—1, Y2Y3).
Now if (y12,)|u then u = y*2%%vy, vy € K[3,Y3,- ., Tn_2, Yn_2, Yn_1, T2, since vy &

I(L,), it follows that
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vy & (T3Y3, T3T4, Y3Ya - - - » Tn—3Yn—3; Tn—3Tn—2, Yn—3Yn—2, Tn—2Yn—2, Yn—2Yn—1, T2x3). Clearly

we can see that

K['riia Ysy oo o3 Tn—25,Yn—2, Tn-1, 92]
(I<£n—4)7 Y2Ys3, l‘nfﬂnq)

= Shoa/ 1L )

and
K[xs3,y3, .. s Tn_2,Yn—2,Yn—1, T2
(I(Ln-1), 7273, Yp—2Yn—1)
By Proposition 6.1.13 and Lemma 3.2.11, we have

= Shoa/ (L5 )

n—4+1 n—4+1 n-+1

sdepth(1(Czn(1,n))/1(Ln)) 2 min{[————]+ 2, [———]+2} =

1.

Proposition 6.2.4. For n > 3, Then sdepth(I(Cs,(2,n))/I(L,)) > [22].

Proof. For 3 <n <5, by using [24| we have
If n = 3, then The poset P is given by

P={(1,0,1,0,0,0),(0,0,0,1,0,1),(1,0,1,0,1,0),(0,1,0,1,0,1) }.
Partitions of P are given by

P [(1,0,1,0,0,0),(1,0,1,0,0,0)] {_J[(0,0,0,1,0,1),(0,0,0,1,0,1)] | ]
[(1,0,1,0,1,0),(1,0,1,0,1,0)] { J[(0,1,0,1,0,1),(0,1,0,1,0,1)]

and the corresponding Stanley decomposition is

1(06(27 3))/1(£3) = $1$3K[$17$3] D yly?)K[Z/b y3] D $1$3y2K[$1,$3792]

Droy1ysK[z2, y1, ys)-

If n =4, then

I1(Cs(2,4))/1(Ly) = v1204K [, T4, Y2] © 1Y K [2, Y1, ya] © 11y374 K 21, Y3, 74

Dy13ys K [y1, 3, Yal.
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If n =5, then

1(C10(2,5))/1(L5) = mz5 K [21, 5, Y2] D Y1ys K (22, Y1, Ys] & w12375 K 21, w3, 5]
Dr1y305 K [21, Y3, 5] © v1yaxs K|w1, ya, 5] @ y1xsys Kyr, v3, y5] © y1y3y5 K [y1, ys, ys]
Droy1T4Y3Ys K (2, Y1, Ta, Y3, Ys] © 112325y K21, T3, T5, Y2] © T125Y2ya K [T1, T5, Y2, Y4
Dray1ysys K[T2, Y1, Y3, ys| © T19223yaxs K[21, Y2, T3, Ya, 5] © Tay10ays K [T, Y1, T4, Y5]
DY1Y3T1Ys K[Y1, Y3, T4, ys| © Y17325Ya K [y1, T3, Ts, Ya] © Y174y K [y1, T4, Y5)-

For n > 6, we have,

1(C2n(2,n))/1(Ly)
K[I?n Y3y -y Tn—2,Yn—-2,Yn—-1, yQ]

= 1Ty [wla xn]
(373y37 T3T4,Y3Yay - -+ s Tn—3Yn—3; Tn—3Tn—2; Yn—3Yn—2, Tn—2Yn—2, Yn—2Yn—1, y2y3)
K[ZEg, Ysy oo o s Tpn—2,Yn—2,Tp—1, 132]
DY1Yn (Y1, Yn)
(I3y37 T3Ta,Y3Yay -+ -, Tn—3Yn—3, Tn—3Tn—2; Yn—3Yn—2; Tn—2Yn—2, Tn—2Tn—1, $2$3)
— oy K[:C?n Y3y 3 Tn—2,Yn—-2,Yn—-1, y?] [l‘ T ]
— L1dn 1) 4n
(I(Ln-1):Y2Y3, Yn—2Yn—1)
K T3,Y3y- -3 Tpn—2,Yn—2,Tn—-1, T2
S Y1Un [ ] [yb yn]

(I(ﬁn—zl), T2Z3, $n72xn71)

If u € I(Co,(2,n)) such that u & I(L,). It follows that (x;x,)|u or (y1y,)|u. If (z12,)|u

then u = 27" 2% vy, v1 € K[X3,Y3, .-, Tn_2, Un—2,Yn_1,Y2), since v; & I1(L,), it follows
that v1 & (23ys, T3%4, Y3Ya, - - -, Tn—3Yn—3, Tn—3Tn—2, Yn—3Yn—2, Tn—2Un—2, Yn—2Yn—1, Y2U3)-
Now if (y1y,)|u then u = y]?y2vs, vo € K[T3,Y3,- -, Tn_2,Yn_2, Tn_1, To, since vy &

I(L,), it follows that

U2 ¢ (C(,’gyg, T3T4, Y3Yay -+ -y Tn—-3Yn—3, Tn—-3Tn—2; Yn—3Yn—2, Tn—2Yn—2, Ln—2Tn—1, IQZES)- Clearly

we can see that

KI7 yeor oy In—2yYn—2, Yn—1, ~U
Sl ton bt it o
(L(Ln-1), Y2Y3, Yn—2Yn—1)

and
K[ZB3, Ysy - oo 3 Tpn—2, Yn—2, Tn—-1, 1'2]
(I(ﬁn—4), T2Z3, $n—290n—1)

By Proposition 6.1.11 and Lemma 3.2.11, we have

sdepth(1(Cha(2,m))/T(£) > minf[ =227 42, (M= 250y oy = (20

= S /(L5 )
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]

Theorem 6.2.5. If G = Cy,(1,n) or Cy,(2,n) and n > 3. Then, sdepth(I(G)) >

(%51

Proof. Consider
0— I(L,) — I(G) — I(G)/I(L,) — 0,
then by Lemma 3.2.10,
sdepth(7(G)) > min{sdepth(1(L,)),sdepth(I(G)/I(L,))}.
By Theorem 6.1.9, it follows that
sdepth(I(£,)) > [5]+ 1,
and by Proposition 6.2.3 and 6.2.4, we have

sdepth(1(C)/1(£,)) > ["24] = "4 41

[

Corollary 6.2.6. If G = Cy,(1,n) or Cs,(2,n) and n > 3. Then

sdepth(I(G)) > sdepth(S,/1(G)).
Proof. Let n > 3, by Theorem 6.2.5 and corollary 6.2.2 we have,
If n=0(mod?2)
n+1
sdepth(I(G)) > " 211 > sdepth(S,/1(G).

O

By considering Theorem 6.2.1, Corollary 6.2.2 and Auslander-Buchsbaum formula
[33, Theorem 3.7|, we have,

Corollary 6.2.7. If G = Cy,(1,n) or Cs,(2,n), For n > 3,
—1
n+ (5] = 1< pds, (Su/I(G) < n+ 14 [——].
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Summary

In this thesis, the existing lower bounds and values for the Stanley depth and

depth of modules are discussed.

Our newly computed bounds are presented for Stanley depth and of edge ideals

associated with different families of graphs.

The detailed procedure is given to compute the bounds and values for Stanley
depth and depth of the edge ideals corresponding to ladder graph and restricted
partial strong product of the graphs.

The lower and upper bounds of depth, Stanley depth and projective dimension

are presented for the cubic circulant graphs.

The upper bound of regularity and projective dimension for some families of

circulant graph are also given.
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