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Abstract

Depth and Stanley depth are the algebraic and geometric invariants, respectively, which
have been computed for various classes of edge ideals on graphs. Earlier, for the edge
ideal associated with trees and the computed bounds were dependent upon diameter,
power and number of connected components. The present thesis is primarily concerned
with the exact value and bound of depth and Stanley depth of edge ideals associated

with corona product of some trees.
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Introduction

In this thesis, some exact values of depth and Stanley depth are computed for the edge
ideals of the corona product of some graphs. This thesis consists of four chapters

Chapter 1 gives the overview definitions and results related to Abstract Algebra and
Commutative Algebra. This chapter covers the basics of Rings and Module Theory.

Chapter 2 presents the brief introduction of basic Graph Theory and the funda-
mental products of graphs.

Chapter 3 reviews the fundamentals of the theory of depth and Stanley depth and
Stanley decomposition of modules.

In Chapter 4, edge ideal associated to corona product of some graphs are intro-
duced and their depth and Stanley depth are computed by using induction and Depth

Lemma on short exact sequences.



Chapter 1

Preliminaries

This chapter is devoted to the basic definitions of Ring Theory and Module Theory.

1.1 Ring Theory

Definition 1.1.1. A non-empty set R together with the two binary operations addition

"+ and multiplication ”x” forms a ring if the following conditions are satisfied.

a. R with respect to the operation of addition forms a commutative group that is,

(R,+) is a commutative group.

b. The associative laws hold for R with respect to the operation of multiplication

that is, for all ¢1,t5 and t3 € R
t1 X (ta X t3) = (t1 X tg) X ts.
c. The left and right distributive laws hold, that is for all ¢;,¢, and t3 € R
i. left distributive law
t1 X (tg +t3) = (t1 X ta) + (t1 X t3)
ii. right distributive law

(tl -+ tQ) X t3 = (tl X t3) + (tg X tg)

2



A ring R is said to be commutative ring if it is commutative w.r.t multiplication and

if for all t € R we have 1 € R such that,
Ixt=tx1=t
then we say R is a commutative ring with unity.

Throughout this thesis rings will be commutative with unity.

1.1.1 Polynomial ring

Definition 1.1.2. The ring of polynomial denoted by S = M|z], where z is the indeter-
minate with coefficients from the field M. The sum of the form a,2" + a,_12" '+ ...+
a1z + ag, a; € M is known as the polynomial of degree n if a,, # 0. The set of all such
polynomials form a ring with respect to component wise addition and multiplication

defined by

k k k
Z a; 2" + Z b2t = Z(ai + b;) 2
=0 =0 =0
7 4 k ' jt+k n
D a2y x Y (bi2) =) 0> (a5 X byi)z"
=0 =0 n=0 =0

M [z, 5] is the ring of polynomials in two indeterminate and also M|z, zo]=M [21][22]
where M |[z1][22] is the polynomial ring whose coefficients are from M|z] and indeter-

minate is z5. In general, we have
M{Zla R25 %3y -+s An—1, Zn} = M[Zlv Ry R35 +eny Zn—lHZn].

Throughout this thesis S represents a polynomial ring in n indeterminate over field
M that is, S := M|z, 29, ..., 2,]. Let R" represents the set of all those vectors b =
(b1, b, .., b,) € R such that each b; > 0 and Z; = R} NZ". Any product 2% --- 2% is

known as a monomial. In general, we can write it as, v = 2° with b = (by, bs, ..., b,) €

Zt.



1.1.2 Ring homomorphisms

Definition 1.1.3. Let R and R’ be two rings

1. The ring homomorphism is a map ¥ : R — R satisfying the following two

axioms:
a. ‘I’(tl + tg) = \I/(tl) -+ \Ij(tg) for all tl,tg € R.
b. qf(tl X tg) = \I/<t1) X \D(tg) for all t1,t2 € R.

2. The kernal of the ring homomorphism V¥, denoted by kerWU are those elements of

R that maps to additive identity in R’

3. A bijective homomorphism is called an isomorphism.

1.1.3 1Ideal of a ring

Definition 1.1.4. The subring V' of a ring R is said to be an ideal if it absorbs the
multiplication of the elements of R from both side, that is for any ¢ € R, we have

tVeVand Vte V.

Principal ideal and maximal ideal

An ideal is called principal ideal if it is generated by a single element. An ideal p of
R (1 # R) is said be maximal if there exist no proper ideal containing p. Similarly
an ideal p is called prime ideal if for any ¢;,t,€ R such that t1t; € p implies ¢t; € p
or ty € p. In a polynomial ring the ideal is called monomial ideal if it is generated by
monomials. Square-free monomial ideal which is generated by square-free monomials.

Let S = M|z, z1, ..., z6] be a ring of polynomial then

2.4 3.3 .5 ! 4.5 6.2
U:(2122721Z272122) and U :(212272122)

are monomial ideals of S. Also the ideals of the form I = (z1), J = (2124, 2225) and

K = (21, 29, ..., 2¢) are the square-free monomial ideals in the ring of polynomial S.



Definition 1.1.5. Let U be an ideal of a ring S. Then S/U forms ring if we define

multiplication in S/U as follows

(p1+U) x (po+U) = (p1 Xp2) + U forall p;,ps € 8.

Nilradical and Jacobson radical

Let S be a ring the nilradical, N(S) be the intersection of all prime ideals of S. The

Jacobson radical J(S) is the intersection all maximal ideals of S.

Remark 1.1.6. As all mazrimal ideals are prime ideals and therefore, nilradical is a

subset of Jacobson radical.
Definition 1.1.7. A ring having a unique maximal ideal is callde local ring.
Remark 1.1.8. In the case when a ring is local ring then, Jacobson radical is equal to

the mazimal ideal.

1.1.4 Operations on ideals

Addition of ideals

Suppose R is ring. Let V and V' are two ideals of the ring. Then the sum of these
ideals is defined as:

V+V/:{q+ql:q€V,q,€V/}

this set forms the smallest ideal containing both V and V'. The sum can be extended
to any arbitrary number of ideals. For the family V; where j € I in the sum ng[ Vi
the elements are of the form Zje] y; with only finite many y; # 0 where, y; € Vj.

Multiplication of ideals

The product of two ideals is defined as:

VV’:{Z U,-v;:viEV,U;GV/}

finite



is an ideal generated by vv" where v € V and v € V'. The set V'V’ is the finite sum
of the form > w;v;. Finite product of ideals can be defined in the similar way. For
any m > 0, V™ is generated by all the products, v,vs...v,,, with each v; € V. We will
consider V0 = (1).

Intersection of ideals

The intersection of any family of ideals again forms an ideal. In Z, for any two principal
ideals we have

(mZ) N (nZ) = mnZ.
In general, union of ideals is not an ideal.
Radical of an ideal
Let V' be an ideal in a ring R. The radical ideal is defined as
VV ={te R:t" cV,m>0}.

In a commutative ring if v/V =V, then V is called a radical ideal of the ring. All the
square-free ideals are radical ideals. The radical ideal V' is the intersection of all prime

ideals containing V.

Colon ideal

Let V and V' be two ideals of a ring R. Then the quotient ideal is defined as
(V:VY={teR:tV CV}.

(0: V) is an ideal called the annihilator of V' represented as Ann(V') defined as
Ann(V)={t € R:tV =0}.

Definition 1.1.9. Primary ideal V' is proper ideal of a ring R given that, if {1, € V,
for some t;,%, € V, then either ¢; € V or ¢5' € V for some m > 1.



Definition 1.1.10. Let p be a prime ideal the height of p written as htt(p), is defined

as

htt(p) = maz{j : (0) = po C p1 C ... € p; = (p), where p;’s are prime ideals}.

= =

For an ideal V'
htt(V') = min{htt(p) : V C p},

where p is a prime ideal.

1.1.5 Primary decomposition of ideals

Let R be a ring which is Noetherian and D be a finitely generated R—module. [14] A
prime ideal p C R is called associated prime ideal of D, if there exist an element d € D
such that p = Ann(d). The set of associated prime ideals of D is represented by by
Ass(D).
For an ideal V| primary decomposition is a way of representing V' as an intersection
V = M7, Kj;, where each Kj is primary ideal containing V. Let {p;} = Ass(Kj) if
neither of the K; can be omitted in this intersection and p, # p, for all r # s, then it
is called irredundant primary decomposition.
Example 1.1.11. Let U = (23, 23, 2523, 202323, 2523 ) be an ideal of S, then

U= (25,25, 25, 202328, 2525) N (25, 23, 25, 2232y, 2525

3

_ 4 3 3.3 4 4 3

= (%9, %3, 222324 23’24) N (’227 23 s 24)

_ 3 4 3.3 3 4 3 3.3 4 4 3

- Z27’Z37Z27Z3Z4>ﬂ(227237Z3Z4723’Z4)m<Z27Z37Z4)
3

(
(
= (22, 45, 242;) N (25, 25, 2320) N (%, %, 2
(
(

27Z§,Z§) m <227z§722) m ('237251723) m

N

Zvag) N (22>Z§>Zi) N (23723) N (23723722)

:(22723) N (23723) N (Zévzglvzi)

It is the primary decomposition of U but not irredundant. Here, Ass(zy, 2z3) =
Ass( 23, 23) = {( 22, z3)}. Now for irredundant primary decomposition, take an inter-

section of (29, 25) and (23, 23), that is
(’227 Zg)m(’?‘g? ZS>:(Z§)7 Zo%3 Zg)

7



Hence

U= (25, 25,2;) N (25, 23, 23).

Example 1.1.12. Let U = (2122, 2325, 2223, 2224, 2324, 2124 ) be an ideal of S, then

RZ1R2, Z3R%5, 2224, 2324, ZIZ4>

21 24725) (23721227222472124)

29, 24, 25) N (22, 24, 23) N (21, 23, 24) N (21, 22, 23)

=
=
= (29,24, 25,) N (21, 23, 29) N (2122, 23, 24)
=
(

29, 24, 25) N (21, 23, 24) N (22, 24, 23) N (21, 22, 23).

Since U is square free monomial ideal so it can be seen that (2o, 24, 25), (21, 23, 24),

(21, 22, 23) and (zg, 24, 23) are minimal prime ideals of U.

1.2 Modules Theory

Let R be a commutative ring, an abelian group D is said to be R—module if there
exist a map x : S x D — D defined as, x((t,d)) = td, for all t,t;, to € R and for all
d,dy, dy € D satistying the following axioms:

t(dy + dy) = tdy + td,
. (t; +ta)d = t1d + tad
il (t1ta)d = t1(tad)
iv. 1d =d.
Module over a field F' is called vector space over F.

Examples 1.2.1. 1. For a commutative group L, let [ € L and z € Z, then define
*: 74 x L — L, such that
(=) +---+ (=0, if z<0;

*z,)=z2l=< l+1+---+1, it z > 0;
it z=0.



Then [ is a Z-module.

2. For ring R, R* = {(t1,t2,...,tx) : t; € R} is an R-module via the scalar multi-
plication:

t(ty, tay . ) = (tty, tto, ... tts).
3. A ring R is a module over itself.

4. Tdeals of a ring are also R-modules.

1.2.1 R-module homomorphism

Definition 1.2.2. Let D and D' are two R-modules. A map v : D — D’ is an

R-module homomorphism if
a. ")/(dl—l-dg) :’}/(d1>+”y(d2>, for all dl,dg eD.
b. v(td) = ty(d), forallte R, de D.

If v is bijective then it becomes an R-module isomorphism.

1.2.2 Graded ring and graded module

For a commutative additive semigroup L. 14| Ring R is said to be L-graded ring if it

R=Er,

such that R;R,, C Ry, for all ;m € L. Then for t € R, we will have a unique

t=> t#,

leL

has a decomposition

representation of the form

where ¢, € R; and almost all t;, = 0 and ¢; is known to be the [-th homogeneous
component. If ¢ = ¢, then ¢ is called homogeneous of degree I. S = MJy|] and
S = My, z] are Z-graded rings as

i Ml=MoOMz:OMP2OMBOMLAOMPD---.

9



ii. Mly,z] = R&(My+Mz)®(My*+Myz+Mz*)B(My*+My*24+Myz>+Mz3)&---.

Similarly, for L — graded ring R such that
R=@n
leL

and D be R — module. D is called L — graded module if

D:@Dl

leL

and R/ D,, C Dy, for all [,m € L.
Let d = (di,ds,...,d,) € Z", then s € S is known as homogeneous of degree d if s
has the form yyd, where v € M, y = 5,25, ---x;, and y? = 93;1133;2 o xf Also S is

Z"-graded with graded components:
[ Myd, ifde AR
Sa = { 0, otherwise.
An S-module D is called Z"-graded if D = @ 4., Da and Sq, Dg, C Dyg, 4a, for all
d;,d; € Z".

1.2.3 Exact sequence

An exact sequence is sequence of objects (Group, Rings, Modules) and morphisms

between them. A sequence of R-homomorphisms and R-modules

Ly li+1 lj+2
Lj > Lj+1

. — Lj—l

is said to be exact at L; if Im(l;) = ker(l;+1). The sequence is exact if it is exact at
every L;. The sequence 0 — F’ < E is exact at F’ if and only if e is injective, and
similarly F Lo P 0is exact at F” if and only if f is surjective homomorphism.
The sequence

e

0— FF 5B — 0

is exact sequence if and only if e is injective, f is surjective and Im(e) = ker(f). This

exact sequence is called short exact sequence.

10



Example 1.2.3. 1. Let F' and E are R-modules, then
0— C—=CeoE—"—SE— 0

is a short exact sequence, where e(c) = (¢,0) and 7(c,e) = e .

2.0 — Z 2 mzZ = Z/mZ — 0 is a short exact equence, where m defines

a map y — my, given by multiplication by m and 7 defines a map = — = + mZ.

Definition 1.2.4. A relation R over a set M is called partial order, if it is reflexive,
transitive and anti-symmetric. A poset is a none-empty set which is ordered by partial
order relation. A poset is defined as an ordered pair P = (M, <), where M is the
ground set of P and < is the partial ordered relation of M.

1.2.4 Noetherian ring

Proposition 1.2.5. Let 3 be a poset with respect to <. Then the following are equiv-

alent.

1. Fvery increasing sequence z1 < zo < ... < z, < ... in X is stationary, that is

there exist ¢ € N for which z, = 2,4, for all p > q.
2. For all ) # B C X has an element which is mazimal.

Definition 1.2.6. Let D be an R — module. D is said to be Noetherian if every
decreasing chain of R — modules of D is stationary. The ring is said to be Noetherian

if it is Noetherian as an R — module.

11



Chapter 2

Graph Theory

In this chapter we will discuss some basic definitions of Graph Theory and product
of graphs. Graph is created set of vertices and which are connected by edges. Graph
Theory deals with graphs in which we study the pairwise relationship between objects

for different structure modeling.

2.1 Basic definitions

A graph L be a non-empty set of vertices V;, and an edge set E, and is represented as,
L = (Vy, Ep). The vertices u,v € Vi, are known as adjacent in L if these are connected
by an edge, which is denoted by wv (or vu). While, two edges ey, e5 € Ey, are adjacent
if e; and es have a common vertex. The order and size of the graph is defined as | V, |
and | Ep |, respectively. The graph L is finite if it has finite number of vertices and
edges, otherwise infinite. If there are two or more edges between two vertices then the
edges are known as multiple (parallel) edges. Similarly, if an edge has same starting

and end vertex it is said to be a loop.

Path, cycle and tree

A walk is defined as a sequence of alternating vertices and edges. The vertex from
where the walk is stared is know as a start vertex while, the vertex at which the walk

end is known as the end vertex of the walk. A walk is said to be a closed walk if the

12



start and end vertices are same. A closed walk is also known as a circuit. A trail
is defined as a walk with no repeated edges while a path is defined as trail with no
repeated vertices. A closed trail is also known as a circuit. Furthermore, a circuit with
distinct vertices (except the starting and ending point) is known as a cycle. An acyclic

graphhaving no cycle. Moreover, tree is acyclic and connected graph.

e @ @ @ @ @ @ o
U1 V2 U3 Uy Us Ve v Us
(a) Py
C3
C4 Ca
Cs C1
Ce C12
C7 C11 e
1
Cg C10 [
Cg U1
(b) Crz (c) Tree

Figure 2.1: (a) Cycle, (b) Path and (c) Tree.

A graph is known as simple graph if it contains no loops and no multiple edges.
A simple graph is called complete if every two arbitrary verteces are adjacent to each
others. Since, each vertex is linked with every other vertex therefore, a complete graph
has the largest possible size among all the graphs. A complete graph is denoted by
K,, where K is trivially complete. For u € Vj, the neighborhood N, is defined as
N, = {a: au € Er}. The degree of the vertex u is the number of the edges incident
on it or precisely the cardinality of neighborhood N,. If | N, |[=0 or | N, |= 1 then u
is called an isolated vertex or pendant vertex respectively. Every edge contributes 1 to

the degree of a vertex while loop adds 2 to the degree of the vertex. The degree of L is

13



different from the vertex degree. Graph degree is of two types minimum or maximum
degree. The minimum (resp. maximum) degree, denoted by d(resp. A), is the smallest

(resp. largest) vertex degree. Therefore, if v € Vj, then
d <deg(v) <A.

The graph is a regular graph if degree of each vertex of the graph is same.

Throughout this thesis, we take simple and connected graphs.

Vg V10
€8 €9
V4 es Vg e U7 ey (%]
@ @
€4
@ @ @
(51 €1 U2 €2 U3 €3 U3

Figure 2.2: Simple connected Graph

Union and intersection of graphs

Let L; and Ly are two vertex-disjoint graphs. The union of Ly and Ly L U Lo, is a
graph whose vertex and edge set is defined as V; UV, and E7 U E; respectively. Similarly,
the intersection, Ly N Lo, is a graph with V; N V5 and F; N Es as the vertex and edge

sets respectively.

Subgraph and minor of a graph

A graph H is said to be a subgraph of L if Vi C V, and EFy C E; and is denoted as
H C L. Minor of a graph is subgraph L’ of a graph L which is formed by deleting the

successive edges one by one.

14



® U2 @ U2

Uy
Vs @ Us
€3 €4
€5
€9 U3
%)
€1 €1
([ J o
U1 U1
(a) L (b) L'

Figure 2.3: From left to right Tree (L) and minor tree (L').

Definition 2.1.1. A graph is said to be bipartite graph if the vertex V' can partitioned
into two subsets having no element in common such that each edge has one end in one
set the other end in other set. A complete bipartite graph with one partition set has

the number of vertex equal to one is called star graph, denoted by S,,.

C3
Cy P (&)
Cs C1
C6 @ ® C12
U1
C7 C11
[
cs o C10
Cy

Figure 2.4: Si3

15



2.1.1 Products of graphs

Definition 2.1.2. Let L and L' be two graphs with set of vertices V(L) = {vy, vo, ......v, }
and V(L) = {v},vy,.....v, } respectively. The Cartesian product of L and L' is a
graph, with set of vertices V/(LOL') = V(L) x V(L") (the Cartesian product of sets),
for (vi,v;), (vj,v;) € V(LOL) and (v;v;)(v;v;) € E(LOL'), whenever

1. v; = v; and v;v; € E(L) or

2. U;U; € BE(L) and v, = v;-

°
°
° ° ° ° °
(b) Ps
'y
(a) Ps

° ° ° ° °

° 'S ° s 'y

° ° ° ® °

Figure 2.5: Cartesian product of P3 and Ps (PsO0F5).

16



Two more examples of Cartesian product of two graphs are shown in the figure 2.6

and 2.7.

Figure 2.6: Cartesian product of Ps and P, (Ps0P)

17



Figure 2.7: Cartesian product of Cg and P3 (CsOP)

Definition 2.1.3. Let L and L' be two graphs with set of vertices V(L) = {v1, v, ......v, }
and V(L) = {v],vy, ......v,, } respectively. The standard strong product of L and L' is
the graph, with V(L X L) = V(L) x V(L") (the Cartesian product of sets), and for

’

(vi, v;), (vj,05) € V(LRIL'), (vs,v;)(v;,v;) € E(LK L"), whenever
a. U;U;- € E(L") and v; = v; or
b. v; = v;. and v;v; € E(L) or
c. v; € V(L),v; € V(L), v;v; € E(L") and vyv; € E(L) or

d. v; € V(L),v;- cV(L), U;"U; € E(L") and vv; € E(L).

18



(b) Ps

Figure 2.8: Strong product of P; and Ps (P; X Ps)

19



Chapter 3

Depth and Stanley depth of Z" graded
modules

In this chapter, we will discuss depth and Stanley depth of Z"-graded modules over
7"*-graded commutative ring. We will also discuss the well known conjecture of stanley
known as Stanley’s conjecture. This chapter will summarize the basic results of depth

and Stanley depth of some classes of monomial ideals and their quotient rings.

3.1 Regular sequnce and depth

Definition 3.1.1. Let R be a ring and D be a module over R. An element ¢ # 0 of R
is called a zero divisor of module D if ¢td = 0 for some non-zero d € D. An element is

said to be regular element if it is not a zero divisor.

Definition 3.1.2. A sequence t = ty,to, ..., t,, of element of R is said to be D-regular

if it satisfies the following conditions: [5]
i. t; is D/(ty,ta, ..., t;_1)D regular for any i;
ii. D# (t)D.

Definition 3.1.3. Let D be a finitely generated R-module and let ;1 be the unique
maximal ideal of local Noetherian ring R. Then depth of D is the common length of

all maximal D-sequences in p, denoted by depth(D).

20



3.2 Stanley decomposition and Stanley depth

Definition 3.2.1. Let S = M][z,...,2,] be a polynomial ring, where M is a field
and let D be a finitely generated Z"-graded S-module. [13] Let d € D be a homo-
geneous element and consider a subset K C {z1,...,2,}, then dM[K] represents the
M-subspace of D, whose generating set consists of homogeneous elements of the type
dv. This linear M-subspace dM K] is known as Stanley space whose dimension is |K|
if it is a free M[K]-module, where |K| is the number of variables in K. The presenta-
tion of the M-vector space D as a finite direct sum of Stanley spaces is called Stanley

decomposition.
t
D: D=HvMK]],
j=1
and the Stanley depth of this decomposition D is
sdepthD = min{ |K,|, j =1,...,t}.
The Stanley depth of D is

sdepthg(D) = max{ sdepth D }.

3.2.1 Computing Stanley depth for square-free monomial ideals

In 2009, Herzog et al. [16] gave a technique of computing the lower bound for stanley
depth of square-free monomial ideals. Let U is a square-free monomial ideal and
G(U) = (uy,...,uy) be the minimal generating set of U. The characteristic poset of

Uwrte=(1,...,1), written as pg """ Y is defined to be

pg """ = {l C [m] | I contains supp(u;) for some i},
where supp(u;) = {j : zjlw;} € [m]:={1,...,m}. Foreach p,q € ,08 """ Y where p Cq,

and
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Let p : py Y = U¥_[l;, r;] be a partition of p(I1 """ Y and for every i, suppose s(i) €
{0,1}™ is the tuple with supp(2*®) = I;, then the Stanley decomposition D(p) of U is

given by
Dip) : I =D=M [{a]l €]
=1
Clearly, sdepthD(p) = min{|r1|,...,|r,|} and

3.2.2 Stanley’s conjecture

In 1982, Stanley [25] presented a conjecture that interrelate two different invariants

and gave bound to the depth of a Z"-graded S-modules

Conjecture 3.2.2. Let D be Z"-graded S-modules the stanley conjectured that
depth(D) < sdepth(D).

For a polynomial ring S in m indeterminate, let U C S is a monomial ideal, then
for m < 3, m = 4 and m = 5 the conjecture for S/U is proved by Apel |3|, Anwar
[2] and Popescu [23], respectively. Also, when U is an intersection of three monomial
prime ideals, or three monomial primary ideals or four monomial prime ideals of S,
the conjecture is true for U. But in general it does not hold, in 2016 Duval et al. [10]
proved that Stanley’s conjecture is generally false, by giving a counter example for the

module of type S/U.

Example 3.2.3. Let U = (2124, 2123, 2223, 2324) C M |21, 23, 23, 24] be a square-free

monomial ideal and U" = 0. Consider [; = (1,0,0,1), I = (1,0,1,0), I3 = (0,1,1,0)

and l; = (0,0,1,1). Thus U is generated by 2!, 212, 23 2 and select g = (1,1,1,1).
g

The poset p = Py 18 given by

p - {(170’ 07 1)7 (170’ 1’ 0)7 (07 17 1’ 0)7 (07 07 1’ 1)’ (]‘7 17 170)’ (17 1707 1)7 (1’ 07 17 1)7
(0,1,1,1),(1,1,1,1)}.
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The Partitions of p can be written as

pr: [(1,0,0,1),(1,0,0,1)] | J1(1,0,1,0),(1,0,1,0)] | J[(0,1,1,0),(0,1,1,0)]
[(0,0,1,1),(0,0,1, D] [ J1(1,1,1,0),(1,1,1,0)] | J[(1,1,0,1),(1,1,0,1)] |
[(1,0,1,1),(1,0,1, )] [ J[(0,1,1,1),(0,1,1,1)] | J[1 ),(1,1,1,1)].

p2: [(1,0,0,1),(1,1,0,1)] | J1(1,0,1,0),(1,1,1,0)] | J[(0,1,1,0),(0,1,1,1)]
[(0,0,1,1),(1,0,1,1)] U [(1,1,1,1),(1,1,1,1)].
So the corresponding Stanley decomposition of the partitions will be
D(p1) = z124M|z1, 24) © 2123 M [21, 23] D 2223 M |29, 23] D 2324 M [23, 24] B 212023 M [21, 22, 23]B
212024 M (21, 22, 24] © 212320 M [21, 23, 24 © 222324 M [29, 23, 24)®
21292324 M (21, 29, 23, 24].
D(pa) = z124M |21, 29, 24) B z123M |21, 29, 23] B 2023 M |22, 23, 24] B 2324 M |21, 23, 24]D

21202324 M 21, 22, 23, 24].
Then

sdepth(U) > max{sdepth(D(p;)), sdepth(D(p2))}
= max{2,3}
= 3.
Because U is not principal, so sdepth(U) = 3.
Example 3.2.4. Let U = (2123, 2024, 212425) C M|21, 29, 23, 24, 25] be a square-free
monomial ideal and U = 0. Set v, = (1,0,1,0,0), 72 = (0,1,0,1,0) and 3 =
(1,0,0,1,1) so U is generated by 27,272 27 and choose g = (1,1,1,1,1). The poset
p= p‘;’]/U, is written as
p={(1,0,1,0,0),(0,1,0,1,0),(1,1,1,0,0),(1,1,0,1,0), (1,0, 1,1,0), (1,0, 1,0, 1),
(1,0,0,1,1),(0,1,1,1,0),(0,1,0,1,1),(1,1,1,1,0),(1,1,1,0,1),(1,1,0,1,1),
(1,0,1,1,1),(0,1,1,1,1),(1,1,1,1,1)}.
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The Partitions of P can be written as

p1: [(1,0,1,0,0),(1,0,1,0,0 [(0,1,0,1,0),(0,1,0,1,0)]
[(1,1,1,0,0),(1,1,1,0,0)] | ][(1,1,0,1,0),(1,1,0,1,0)]
(1,0,1,1,0),(1,0,1,1,0)] | J[(1,0,1,0,1),(1,0,1,0,1)]
(1,0,0,1,1),(1,0,0,1,1 [(0,1,1,1,0),(0,1,1,1,0)]
[(1,1,1,1,0),(1,1,1,1,0)]
[(0,1,1,1,1),(0,1,1,1,1 [(1,1,1,0,1),(1,1,1,0,1)]
[( ) ( )]

[(1,0,1,1,1),(1,0,1,1,1 1,1,0,1,1),(1,1,0,1,1

cCccCcccccc
cCccCcccccc

( ) ( )]
( ) ( )]
( ) ( )]
( ) ( )]
(0,1,0,1,1),(0,1,0,1,1)]
( ) ( )]
( ) ( )]
( ) ( )]

[(1,1,1,1,1),(1,1,1,1,1)].

ps: [(1,0,1,0,0),(1,1,1,1,0 0,1,0,1,0),(1,1,0,1,1

U
U
[(1,0,1,1,0),(1,0,1,1,0 U

( ) ( )
[(1,1,1,0,0),(1,1,1,0,0)
( ), ( ) 1,0,1,0,1),(1,1,1,0,1
( ) ( )

Tl ) ( )]
I JI(1,1,0,1,0),(1,1,0,1,0)]
Tl ) ( )]
[(1,0,0,1,1),(1,0,1, 1, )]  J[(1,1,1,1,1),(1,1,1,1,1)].

ps: [(1,0,1,0,0),(1,1,1,1,0)] | J[(0,1,0,1,0),(1,1,0,1,1)] |
[(1,0,1,0,1),(1,1,1,0,1)] U ((1,0,0,1,1),(1,0,1,1,1)] U
[(0,1,1,1,0),(0,1,1,1,1)] U [(1,1,1,1,1),(1,1,1,1,1)].
So the corresponding Stanley decomposition of the partition will be
D(p1) = z1zsM|z1, 23] © 2024 M2, 24] © 212023 M [21, 22, 23] © 212024 M [21, 20, 24]D
212324 M (21, 23, 24] B 212325 M [212325] @ 212425 M [21, 24, 25| D
2023245 M |29, 23, 24] D 202425 M (29, 24, 25] B 21222324 M |21, 29, 23, 24D
2232425 M (22, 23, 24, 25) © 21222325 K (21, 22, 23, 25] © 21232425 M |21, 23, 24, 25D
21202425 M 21, 29, 24, 25| B 2120232425 M [21, 22, 23, 24, 25).
D(p2) = z123M|z1, 22, 23, 24) B 2224 M [21, 29, 24, 25) B 212223 M [21, 22, 23D
212024 M (21, 29, 24| B 212324 M |21, 23, 24] © 212325 M [21, 22, 23, 25D

212025 M (21, 23, 24, 25) © 2120232425 M [21, 22, 23, 24, 25).
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D(ps3)

now

= 2123M (21, 22, 23, 24] B 2225 M |29, 23, 24, 25) B 212325 M |21, 22, 23, 25|P

22425 M 21, 29, 24, 25) B 212325 M [21, 23, 24, 25) B 2120232425 M 21, 22, 23, 24, 25).

sdepth(U) > max{sdepth(D(p;)), sdepth(D(pz)), sdepth(D(p3))}
= max{2,3,4}
= 4

Because U is not principal, so sdepth(U) = 4.

Now we will illustrate another erxample for the method of computing the Stanley

depth of quotient S/U.

Example 3.2.5. Let S = M|z, 29, 23, 24, 25, 2], consider U = (2123, 2225, 2426, 212426 -

Then select g = (1,1,1,1,1,1) and the poset p = pg/U is given by

p:

{(0,0,0,0,0,0),(1,0,0,0,0,0),(0,1,0,0,0,0),(0,0,1,0,0,0), (0,0,0,1,0,0),
(0,0,0,0,1,0),(0,0,0,0,0,1),(1,1,0,0,0,0),(1,0,0,1,0,0),(1,0,0,0,1,0),
(1,0,0,0,0,1),(0,1,1,0,0.0),(0,1,0,1,0.0), (0,0, 1,1,0,0),(0,0,0,1,1,0),
(0,0,1,0,0,1),(0,0,0,1,1,0),(0,0,0,1,0.1).(0,0,0,0,1,1),(1,1,0,1,0,0),
(1,0,0,1,1,0),(1,0,0,0,1,1),(0,1,1,1,0,0), (0,0,1,1,1,0),(0,0,1,1,0, 1),
(0,0,1,0,1,1),(0,0,0,1,1,1),(0,0,1,1,1,1)}.
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The partitions of p can be written as

p1: [(0,0,0,0,0,0),(1,0,0,0,0,0 0,1,0,0,0,0),(0,1,0,0,0,0

(0,0,1,0,0,0),(0,0,1,0,0,0 0,0,0,1,0,0),(0,0,0,1,0,0
(0,0,0,0,1,0),(0,0,0,0,1,0
(1,1,0,0,0,0),(1,1,0,0,0,0 1,0,0,1,0,0), (1,0,0,1,0,0

[(0,1,0,1,0,0),(0,1,0,1,0,0

) ( )
) ( )
0,0,0,0,0,1),(0,0,0,0,0,1)
) ( )
0,0,1,1,0,0),(0,0,1,1,0,0)

) ( )

]
]
]
]
]
(0,0,0,1,1,0),(0,0,0,1,1,0 ]

( ) ( )l
( ) ( )]
( ) ( )]
( ) ( )]
( ) ( )]
( ), ( ) | J1(0,0,0,1,0,1),(0,0,0,1,0,1
(0,0,0,0,1,1),(0,0,0,0,1,1)]
( ) ( )]
( ) ( )l
( ) ( )]
( ) ( )]
( ) ( )]
( ) ( )]

CCCCccCccc

(1,0,0,1,1,0),(1,0,0,1,1,0 1,0,0,0,1,1),(1,0,0,0,1,1

(0,0,0,1,1,0),(0,0,0,1,1,0 0,0,0,0,1,1),(0,0,0,0,1,1

) ( )
) ( )
(1,1,0,1,0,0),(1,1,0,1,0,0 1,0,0,1,1,0),(1,0,0,1,1,0)]
(1,0,0,0,1,1),(1,0,0,0,1,1 ), ( )]
(0,0,1,1,1,0),(0,0,1,1,1,0 ), (
) (

0,1,1,1,0,0),(0,1,1,1,0,0

CcCCCC

[(
[(
[(
[(
It
It
(1,1,0,1,0.0),(1,1,0,1,0,0)]
((
[(
((
[(
(0,0,1,1,0,1),(0,0,1,1,0,1,)]
It

[(0,0,0,1,1,1),(0,0,0,1,1,1 0,0,1,1,1,1),(0,0,1,1,1,1,)].

p2: 1(0,0,0,0,0,0),(1,1,0,1,0,0)] |_J[(0,0,1,0,0,0),(0,1,1,1,0,0)] | J
[(0,0,0,0,0,1), (1,0,0,0,1,1)] | J
0,0,1,0,0,1),(0,0,0,1,0,1)] |_J

U
U
U
U
U
U
U
U
U
U
U
U
U
Ul
Ul
Ul

( ) ( )]
[(0,0,0,0,1,0),(1,0,0,1,1,0)]
[(0,0,0,1,1,0),(0,0,1,1,1,0)]
[(0,0,0,1,0,1),(0,0,0,1,1,1)].
So the corresponding Stanley decomposition is of the partitions will be
D(p1) = M|z1] ® 2o M|[25] & 25M [23] B 24 M [24] B 25 M [25] B 26 M [26]D

2120 M [21, 20) B 2124 M |21, 24] B 2224 M |29, 24] B 2324 M [23, 24] D 2425 M |24, 25|D

2426 M |24, 26] ® 2526 M [25, 26] D 212024 M [21, 29, 24] D 212425 M [21, 24, 25D

212526 M [21, 25, 26) @ 2425 M |24, 25] B 2425 K 24, 25] B 2526 M [25, 26] B 212224 M [21, 22, 24D

212425 M (21, 24, 25 B 212526 M [21, 25, 26| @ 202324 M [22, 23, 24] D 232425 M |23, 24, 25|

232426 M |23, 24, 26] B 242526 M [24, 25, 26] B 23242526 M |23, 24, 25, 26).
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D(p2) = M|z, 29, 24] © 25M |29, 23, 24] B 25 M [21, 24, 25] B 26 M [21, 25, 26]P

Z4Z5M[2’3, 24, 25] (&) ZgZ@M[Z4, 26] D Z4ZﬁM[Z4, 25, 26].
Then

sdepth(S/U) > max{sdepth(D(P;)), sdepth(D(P))}
= max{l,3}
Lemma 3.2.6. [5, Proposition 1.2.9] (Depth Lemma) Consider the following short

exact sequence

0—F, — FEy—>H;— 0

then i) depth(FE;) > min{depth(E>), 1 + depth(FEj3)},
it) depth(Ey) > min{depth(E;), depth(E3)},
11¢) depth(F3) > min{depth(E;) — 1, depth(Es)}.

Lemma 3.2.7. [17, Lemma 2.4] Suppose D is a Z™-graded S-module. let Ey and

Es be the submodules of D and consider the short exact sequence of the of the form

0—F, —D— Ey — 0. Then we have
sdepth(D) > min{sdepth(E}), sdepth(E>)}.

Remark 3.2.8. Let [ C S be a monomial ideal. Let x be a variable in S and x ¢ I

then, the short exact sequence
0— S/(I:2) 5 S/T— S/(I,z) — 0,
implies that
depth(S/I) > min{depth(S/(I : x)),depth(S/(I,z))},

sdepth(S/I) > min{sdepth(S/(I : z)),sdepth(S/(I,z))}.
This will be used frequently throughout the thesis.

Proposition 3.2.9. For a monomial ideal U C S, consider a monomial s such that

s€ S and s ¢ U then
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1. sdepthg(U : s) > sdepthg(U), [23, Proposition 1.3/
2. depthg(S/(U : s)) > depthg(S/U), [21, Corollary 1.3].

Proposition 3.2.10. /6, Proposition 2.7] For a monomial ideal U C S, consider a
monomial s such that s € S and s ¢ U then

sdepthg(S/(U : s)) > sdepthg(S/U).

Theorem 3.2.11. [22, Theorem 1.1] Suppose that U C S be a monomial ideal and

s € S be a monomial reqular on S/U, then
sdepth(S/(U, s)) = sdepth(S/U) — 1.

Lemma 3.2.12. [16, Lemma 3.6/ Let U and U be two monomial ideals of S and
U C U, suppose S' = S[zmy1], then

depth(US'/U'S") = depth(US/U'S) + 1.
sdepth(US"/US") = sdepth(US/U'S) + 1.

Lemma 3.2.13. /6, Proposition 1.1] Consider U C S" = M[z,..., 2], U C S" =

Mzmi1, - - 20| be monomial ideals, with 1 < m < n, then we have
depthg(S/(US + U'S)) = depthg (S’ /U) 4 depthg, (5" /U").

Theorem 3.2.14. /21, Theorem 3.1] Consider U C S" = M|z, ... ,zn),U C S" =

M[zmi1, - -+ 2n] be monomial ideals, with 1 < m < n, then we have
sdepthg(S/(US + U'S)) > sdepthg (S’ /U) + sdepthg. (S”/U").

Lemma 3.2.15. [15, Lemma 3.1] Let m > 2 be an integer, and consider {M; : 1 <
J <m} and {N; : 0 < j < m} be sequence of Z"—graded S — modules and consider

the chain of exact sequences of the form

00— M; — Noy— Ny — 0

28



0— My— Ny — No— 0

00— M,,-.1 — Ny_a— N1 — 0

0— M, — Nyj,-1— N, — 0

such that depth M, < depth N,,, and depth M;_, < depthM;, for all 2 < j <m
then depth M; = depth N.
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Chapter 4

Depth and Stanley depth of corona
product of some trees

4.1 Definition and notations

Definition 4.1.1. Let L and T be two graphs. [29] The corona product of L and T'
denoted by LoT is the graph obtained by taking one copy of L of order n and n copies
of T'; and the by joining the i-th vertex of L to every vertex in the i-th copy of T

Figure 4.1: From left to right Py o P, and P, o Cs.

Definition 4.1.2. A graph with only one vertex is called a trivial graph. We denote
the trivial graph by T.

Definition 4.1.3. A graph with one internal vertex and k£ — 1 leaves is called a k-star,

denoted by S.

Definition 4.1.4. Let z > 1 and £ > 2 be integers and P, be a path on z vertices
Up, Us, ..., u, that is E(P,) = {wu;q : 1 <i < z2—1} (for 2 = 1, E(P,) = 0). We
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define a graph on zk vertices by attaching £ — 1 pendant vertices at each u;. We denote

this graph by P, ;.

Definition 4.1.5. Let z > 3 and k£ > 2 be integers and C, be a cycle on z vertices
Uy, Uz, . .., u, that is B(C,) = {uuip1 1 1 <i < z—1}U{uju,}. We define a graph on
zk vertices by attaching k — 1 pendant vertices at each u;. We denote this graph by

Y

Figure 4.2: From left to right P55 and Cs 5.

Definition 4.1.6. Firecracker is a graph formed by the concatenation of @ number of

k-stars by linking exactly one leaf from each star. It is denoted by F, .

Definition 4.1.7. The graph obtained by joining the end vertices of the path joining
the leaves of the « stars in F,, ;. We call this graph circular firecracker and is denoted
by CFayk.

Figure 4.3: From left to right P55 and Cs 5.

Definition 4.1.8. Let z > 3 and £ > 2 be integers and P, be a path on z vertices
Uy, Us, ..., u, that is B(P,) = {wu;q 1 1 <i < 2z—1} (for 2 = 1, E(P,) = 0). We
define a graph by attaching k; — 1 pendants at each u; when 7 is odd and no pendants

when i is even. We denote this graph by P..x, ks, k. ok, -
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Figure 4.4: Ps.534
4.2 Results

Lemma 4.2.1. Let T be a trivial graph and G be any connected graph on more than
one vertices. Consider X = K|[x1,xa, ..., x,] be the polynomial ring. Let U = U(ToG),
then depth(X/U) = 1.

Figure 4.5: Trivial graphs

Proof. By definition of T'o G the only vertex x of T" has an edge with every vertex of G.
Therefore X/(U : z) = Klz], and depth(X/(U : z)) = 1. Now X/(U,z) = X, /U(G),
where X, := X/(x). We have depth(X/(U,z)) = depth(X,/U(G)) > 1, by using
Depth Lemma 3.2.6, we have depth(X/U) = 1. O

Proposition 4.2.2. Let k > 2, G be any connected graph with |V (G)|> 2, then
depth(X/U(Sk o G)) =k — 1+,
where t = depth (K[V(G)]/U(G)).
Proof. If k= 2. let e be a variable corresponding to a leaf in S5, we have
XU :e) = KV(G)]/U(G)@kKlel,

by using 3.2.12, we have
depth(X/(U :e)) =t + 1.

32



It is easy to see that X/(U,e) = K[V (T o G)|/U(T o G)®@x K[V (G)]/U(G)). Hence by

using 4.2.1, we have
depth(X/(U,e)) =1+t = depth(X/(U : e)).

Thus by Depth Lemma we have depth(X/U) =1+ ¢, holds for k = 2.
Consider k£ > 3, the proof is done by induction on k. Let e be a variable corresponding

to a leaf in S, we have

X)(U : ) = é’ﬁK[V(T) o Gl/U(T o Q)2 K[V (G)]JU(G)0x Ke]

depth(X/(U Z depth(K [V (ToG)]/U(ToG))+depth(K [V (G)]/U(G))+depth K e],
by 3.2.12, we have
depth(X/(U :e)) =k —2+t+1=k—1+t.

It is easy to see that X/(U,e) = K[V (Sk_1 o G)]/U(Sk_1 0 G)@k(K[V(G)]/U(G)),

hence by using Induction on k£ and we have

depth(X/(U,e)) = (k—2+4+t)+t=k+2t —2>k — 1+t = depth(X/(U : e)).
Thus by Depth Lemma we have depth(X/U) = k — 1 + ¢, this complete the proof. [
Theorem 4.2.3. Let z > 1 and k > 2 be integers and G be a connected graph with

|[V(G)|> 2. Then depth(X/U(P, x0G)) = z(k—1+t), where t = depth((K[V(G)])/U(G)).

Proof. If z = 1 then proof follows from Proposition 4.2.2. Assume that z = 2. Let
€1, €, ..., ex_1 be leaves attached to ug in P, . Let U = U(P,,0G), for 0 <i < k—2,

U; := (Ui, eit1), where Uy = U. Consider the chain of short exact sequences of the
form
0— X/(Up:e1) —  X/(Uy) — X/(Uy,e1)— 0
0— X/(Uy:e) —  X/(U;) — X/(Up,ea) — 0
0— X/(Ugp—a:ex1) — X/(Up—2) — X/(Ug_2,ex-1) — O
0— X/(Upq:w) — X/(Up1) — X/(Up_1,u1) — 0

33



Fody

Figure 4.6: From left to right P50 P3 and P50 Cy.

X/(Us : eri1) = K[V (Sk 0 G)]/U(S o G)képz;%iK[V(T o G)/U(T o G)

S K[V (G)]JU(G)@ kK er1],

depth(X/(U; : ei41)) = depth(K[V (SkoG)]/U(SkoG))+3 51" depth(K[V(ToG)]/U(ToG))
i+1
+) " depth(K[V(G)]/U(G)) + 1,

hence by Lemma 4.2.1 and Proposition 4.2.2, we get

depth X/(U; : e;11) :k‘—1+t+2§;127i1—|—2?;11t+1
=k+t+k—2—i+ G+ Dt=2k—1+t)+Ut—1). (4.1)

X/(User s ) = S K[V (T 0 Q/U(T 0 Q)& KV (G))/U(G)@ K ]
by Proposition 4.2.2, we get
depth(X/(Ug—1:w)) =k +kt =2(k —1+1t)+ (k—2)(t - 1). (4.2)
And

X/ (Uer,m) = K[V (Si 0 G)]/U (S0 Q)8 KV (Q]/U(G)

depth X/(Ug_1,u1) = depth K[V (Sk 0 G)]/U(Sk o G) + Z depth K[V (G)]/U(G)

j=1
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by Proposition 4.2.2, we get
depth(X/(Up—1,w)) =k —1+t+kt=2(k—1+1t)+ (k—1)(t - 1). (4.3)
Hence by Lemma 3.2.15, we get
depth(X/U(Por 0 G)) = 2(k —1+1)

hold for z = 2. Now consider z > 2. Let eq,es,...,ex_1 be leaves attached to u, in
P,y Let U=U(P,;,0G), for 0 <i<k—2 U := (U,e;s1) where Uy = U. Consider
the chain of short exact sequences of the form
0— X/(U()Iel)—> X/(Ug)
0— X/(Ulieg)—> X/(Ul)

— X/(U0,61>—> 0
— X/(U1,62>—> 0
00— X/(Uk_g : 6k_1) — X/(Uk_g)

0— X/(Uk,1 :ul) — X/(kal)

— X/(Uk_g,ek_l) — 0
— X/(kal,ul) — 0

we have,

X/(Us: e42) = KIV(Peo1p 0 GO)/U(P. 100 G) S K[V(T 0 G))/U(T 0 G)

S K[V(G)/U(G)@xKess)

depth(X/(U; : ei+1_)) = depth(K[V(P,—15 0 G)|/U(P,—15 0 G))+
k—2—i i+1
Z depth(K[V(T o G)]/U(T o G)) + Y _ depth(K[V(G)]/U(G)) + 1

j=1

hence by Lemma 4.2.1, Proposition 4.2.2 and induction on z we get,

depth X/ (U s ei1) = (z = D)k =14+ + 32 145 41 =

Jj=1 J

=1k -14+4)+k—2—i+ G+ 1)t+1=2(k—1+t)+U(t—1). (4.4)

X/ (Ut : w1) = K[V (Ps_gp o G)JU(Psgyo G)é%lK[V(T o Q)/U(T 0 G)

%K[V(G)]/U(G)@M[uﬂ
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by Proposition 4.2.2, we get
depth(X/(Ug_1 :u1)) = 2z(E —14+t)+ (k—2)(t —1). (4.5)
And

X/ (U1, 1) = K[V(Por 0 G)JU(P. — 1,k 0 G)2) KKIV(G)U(E)

depth X/(Uy—1,u1) = depthK[V(Pz—l,kOG)]/U(PZ—1,I<:OG)+Z depth K[V(G)]/U(G),

J=1

by Proposition 4.2.2 and induction on z we get
depth(X/(Ug—1,w1)) = (z—1)(k—1+t)+kt=2(k—1+t)+ (k—1)(t —1). (4.6)
Hence by Lemma 3.2.15, we get
depth(S/U(P,x 0 G)) = z(k — 1+ t).
hold for z > 4. O

Theorem 4.2.4. Let z > 3 and k > 2 be integers and G be a connected graph with
|[V(G)|> 2. Then depth(X/U(C, x0G)) = z(k—1+t), wheret = depth((K[V(G)])/U(G)).

Proof. Assume that z = 3. Let ej,e,...,ex_1 be leaves attached to us in C, . Let
U=U(C.p0G), for 0<i<k—2 U :=(U;,ep1) where Uy = U. Consider the chain

of short exact sequences of the form

0— X/(Uoiel) — X/(U()) — X/(U(),Gl) — 0
0— X/(Uy:e) —  X/(U) — X/(Up,ea) — 0

0— X/(Uk,Q : €k,1) — X/(kag)
0—> X/(Uk_l :ul) — X/(Uk_l)

X/(kag,ekfl) — 0
X/(Uk_l,ul) — 0

L]
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Figure 4.7: From left to right P50 P3 and P50 Cy.

we have,

X)(U; : e141) = K[V(Pg,koen/U(Pz,koef“gafgmvwoen/U(ToG)jé}}KMG)]/U(G)@KKK[M

depth(X/(U; : ei41)) = depth(K[V (Py20G)]/U(Py20G))+ 352" depth(K [V (ToG)]/U(ToG))

Jj=1
i+1

+) " depth(K[V(G)]/U(G)) + 1
j=1
hence by Lemma 4.2.1, Proposition 4.2.2 and 4.2.3, we get

depth X/(U; : es1) =2k —14+8) + S8 2771 4 Z;g +1=

7j=1

2k —14+t)+k—2—itit+t+1=3k—-14+)+U(t—1). (4.7)

X/(Uscr ) = O K[V(ToG)| U (ToG)2x K[V (To@)] U (ToG) & K1V (G))/U(G) @ K]

j=1

by Lemma 4.2.1, we get
depth(X/(Up—1 :w)) =3(k—1+1¢t) + (k—2)(t - 1). (4.8)

And
X/ (Upr, ) = K[V (Pag 0 Q)] /U(Pay o G)%%K[V(G)] (@)

depth X/(Up—1,u1) = depth K[V (Py 0 G)|/U(Poi 0 G) + Y _ depth K[V(G)]/U(G).

j=1
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by Theorem 4.2.3 we get
depth(X/(Ug—1,w)) =2k —1+t) + kt =3k —1+1¢)+ (k—1)(t - 1). (4.9)
Hence by Lemma 3.2.15, we get
depth(X/U(C5,0G)) =3(k—1+1)

holds for z = 3.
Now consider that z > 4. Let ej,ez,...,e5-1 be leaves attached to u, in C, . Let
U=U(C,r0G), for 0 <i<k—2,U;:= (U;e;1) where Uy = U. Consider the chain

of short exact sequences of the form

0— X/(Uy:e1) — X/ (Up)
0— X/(Uy:e) —  X/(Uy)

— X/(U0,€1>—> 0
— X/(U1,62>—> 0

0— X/(Uk_g : ek_l) — X/(Uk_g) X/(Uk_Q,ek_l) — 0

—
0— X/(Uk_l :ul) — X/(Uk_l) — X/(Uk_l,ul) — 0

X/(Us + ei1) 2 K[V(P. 1 0G| /U(Poy 40G) ®K K[V(Toan/U<ToG>jé{%K[V(G)]/U(G)@KK[ei.

depth(X/(U; : e;41)) = depth(K [V (P,_ 1koG)]/U( o 1koG))+Zk 27" depth(K[V (ToG)] /U (ToG))
i+1

—l—Zdepth @)/UG)) +1

Hence by Lemma 4.2.1, Proposition 4.2.2 and 4.2.3, we get
depth X/(U; : e;41) = (z—l)(k—1+t)+zk > 11—{—Z’+1t+1
=(z-1k—-1+t)+k—-2—i+it+t+1=2(k—-—1+t)+U(t—1). (4.10)
k—1
X/(Ug-1 2 ur) = K[V (Poo310G)] /U (P.- 3k0G)®KK[ (ToG)/U(ToG)@x K[V (T)oG]/U(ToG)
j=

S K[V (G)]/U(G)@ K ]
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by Proposition 4.2.2 and Theorem 4.2.3, we get
depth(X/(Ug—1 :u1)) = 2z(E —14+t)+ (k—=2)(t — 1). (4.11)

And
X/ (Upr, ) = K[V(Po1 g0 G))JU(Poyp 0 G)(J&%K[V(G)} (@)

depth X/(Up—1,u1) = depth K[V (P._1 40 G)]/U(P.cy ,0G)+ Y _ depth K[V(G)]/U(G)

J=1

by Lemma 4.2.2 and Theorem 4.2.3, we get
depth(X/(Up—1,w)) = (z—1)(k—1+t)+kt=2(k—14+t)+ (k- 1)t —1). (4.12)
Hence by Lemma 3.2.15, we get
depth(X/U(C, 0 G)) = z(k — 1 +1)
hold for z > 4. O

Theorem 4.2.5. Let a« > 2 and k > 2 be integers and G be a connected graph with
\V(G)|> 2.Then

alk—1+1t)+5(t—1) a = even
depth S/U(Fpr 0 G) =
alk—1+t)+21 (1t —1) a = odd

Proof. Consider a = 2. Let {ej.e,.....,ex_1} be leaves attached to us in F(2,k). Let
U = U(Fy 0 G). Consider the short exact sequence of the form

0— X/(U:¢) — X/U— X/(U,e)— 0
where e; is leave of second star that is attached to the previous star.
k—2
X/(U :e) =2 K[V(Sk_10G)]/U(Sk-1 0 G)®;§K[V(T o G)|/U(T o G)
J:

K[V OV (G)@xKle

depth(X/(U : e1)) = depth(K[V(Sk,loG)]/U(Sk,loG))—i—z:;:l2 depth(K [V (ToG)]/U(ToG))

+ 2depth(K[V(G)]/U(G)) + 1,
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Figure 4.8: F350 Ps

hence by Lemma 4.2.1 and Proposition 4.2.2, we get
depth X/(U:er) =k —2+t+ 371 +2t+1=
k—2+t+k—24+2t+1=2(k—141t)+(t—1). (4.13)

X/(U,e1) = K[V(SpoG)|JU(Sk 0 G)@k K[V (Sk—10G)|/U(Sk-1)@x K[V (G)]/U(G)

depth X/(U,e;) = (k—1+t)+(k—2+4+1t)+t
depth X/(U,e;) = 2(k—14+1t)+ (t—1). (4.14)

So by using 3.2.6, we have

Now consider o = 3. Let {ej.eq,.....,ex_1} be leaves attached to uz in F(3,k). Let
U =U(F3 0 G). Consider the short exact sequence of the form

0— X/(U:¢e) — X/U— X/(U,e)— 0

where e, is leave of third star that is attached to the previous star. We have

X/(U : 61) = K[V(Sk o G)]/U(Sk o G)@KK[V(Sk_l o G)]/U(Sk_l o G)
SEK[V(T 0 Q)/U(T o Q)&x K[V (G)/U(G) &k Kei]

j=1 j=1

depth(X/(U : €1)) = depth(K [V (S40G)] /U (SpoG))+depth( K[V (S_10G)] /U (Sk_10G))

+ i depth(K[V(T o G)|/U(T o G)) + 2depth(K [V (G)]/U(G)) + 1
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hence by Lemma 4.2.1 and Proposition 4.2.2, we get

depthX/(U:e)) =k —1+t+k—2+t+ 371 +2t+1=
E—1+t+k—-2+t+k—-24+2t4+1=3k—-14+1t)+(t—1). (4.15)

X/(U,e1) = K[V(Fy,0G)]| /U (Fo0G)@k K[V (Sk-10G)] /U (Sk—10G) @k K[V (G)]/U(G)
depthX/(U,e1) = 2(k—14+t)+(t—-1)+(k—2+1)+1
depth X/(U,e;) = 3(k—1+1)+2(t—1). (4.16)
So by using 3.2.6, we have
depth X/U(Fy0G) =3(k—1+1) + (t — 1)

holds for o = 3. Consider « is even so a«—1 and o —2 are odd and even respectively. Let
{e1.€,.....,e,_1} be leaves attached to u, in F(a, k). Let U = U(F, o G). Consider

the short exact sequence of the form
0— X/(U:e)) — X/U— X/(U,e)— 0
where e; is leave of last star that is attached to the previous star. We have

X/(U:e1) 2 K[V(Fa_sy 0 G)|JU(Fasy 0 Q)@ K[V (Si_1 0 G)|/U(Sk1 0 G)
SKV(T 0 GUT o QExKIV(G)U(G)@ ke

J=1

depth(X/(U : e1)) = depth K[V (F—240G)] /U (Fy—2,0G)+depth(K [V (Sk_10G)]/U(Sk-10G))

k—2
+ 3" depth(K[V(T 0 G)J/U(T o G)) + 2depth(K [V (G)]/U(G)) + 1
j=1
hence by Lemma 4.2.1, Proposition 4.2.2 and induction on «, we get

depth X/(U te1) = (@ —2)(k — 1+ 1)+ 252(t — 1)+ (k— 2+ 1) + 5 [ 1+ 2t +1
:a(k—1+t)+%(t—1). (4.17)

X/(U,e1) = K[V (Fo1£0G)]/U(Faz1,0G)@k K[V (Sk-10G)] /U (Sk-10G) @ K[V (G)]/U(G)
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depth X/(U,e;) = (a—1)(k—1+1)+ OZT_Q(IS— D4+ (k—24+1t)+t
depth X/(U : e1) = alk—1+1)+ %(t —1). (4.18)
So by using 3.2.6, we have
depth X/(Fly 0 G) = a(k — 1+ 1) + %(t —1)

holds for « is even. Consider « is odd so a—1 and o — 2 are even and odd respectively.
Let {ej.€q, ....., ex_1 } be leaves attached to u, in F(a, k). Let U = U(F, 0G). Consider

the short exact sequence of the form
0— X/(U:e)) — X/U— X/(Ue)— 0
where e; is leave of last star that is attached to the previous star. We have

X/(U . 61) = K[V(Fa_zk o) G)]/U(Fa_zk o) G)@KK[V(Sk_l 9 G)]/U(Sk_l 9 G)
SR K[V(T o G)|/U(T G)@i KKV (G))/U(G)@xK]el]

j=1

depth(X/(U : e1)) = depth K[V (Fy_40 G)]/U(Fa-210G) + depth(Si_1/U(Sk_10G))
+ g depth(K[V(T o G)]/U(T o G)) + 2depth(K[V(G)]/U(G)) + 1
=1
hence by Lemma 4.2.1, Proposition 4.2.2 and induction on «, we get
depth X/(U :e1) = (@ —2)(k —1+8)+ 252t — 1)+ (k= 2+ + > 11+ 2t +1
:oz(k:—1+t)+aT_1(t—1).
X/(U,e1) = K[V(Fuo1£0G)]/U(Fb-110G)@kSK[V (Sk-10G)]JU(Sk-10G) 2k K[V (G)]/U(G)
depth X/(U,e;) = (a—1)(k—1+1t)+ QT_l(t — D)+ (k—24+1t)+t
depth X/(U,e1) = a(k—1+1)+ O‘T“@ —1). (4.19)
So by using 3.2.6, we have
depth X/(Fop0G) = alk — 1+1t) + O‘T_l(t —1)
holds for « is an odd. O
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Theorem 4.2.6. Let a > 3 and k > 2 be integers and G be a connected graph with
\V(G)|> 2.Then
ak—14+1t)+ 5t —1) a = even
depth X/U(CF,;0G) =
alk—1+1t)+ 2t —1) a = odd

Proof. Consider a = 3. Let {ej.eq,.....,ex_1} be leaves attached to uz in CF(3,k). Let
U =U(CF;)0G). Consider the short exact sequence of the form

Figure 4.9: CF350 Ps

0— X/(U:¢) — X/U— X/(U,e)— 0

where e is leave of third star that is attached to the previous star and first star. We

have
X/(U:er) = <>3i[§1r<[v(sk1 o Q)]/U(Sp1 0 G)

Sk KT 0 Q)/U(T 0 Q)0 KV(E))/U(G)ex el

depth(X/(U : e1)) = 2depth(K [V (Sk_1 0 G)]/U(Sk_1 0 G))+

2 depth(K[V(T o G)]/U(T o G)) + 3depth(K[V (G)]/U(G)) + 1

hence by Lemma 4.2.1 and Proposition 4.2.2, we get

depth X/(U : ;) :2(/<;—2+t)+2_:1+3t+1:3(k—1+t)+2(t—1). (4.20)

j=1
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X/ (U, e1) = K[V (Fx0G)] /U (For0G) @k K[V (Sk-10G)] /U (Sk10G) @k K[V (G)]/U(G)
depthX/(U,e;) = 2(k—-14+t)+(t—-1)+(k—2+1)+1
depth X/(U :e1) = 3(k—1+4+1t)+2(t—1). (4.21)
So by using 3.2.6, we have
depth X/U(CFy0G) =3(k —1+1) +2(t — 1).

Now consider o = 4. Let {ej.eq,.....,ex_1} be leaves attached to uy in CF(4,k). Let
U =U(CFy,i 0 G). Consider the short exact sequence of the form

0— X/(U:e)) — X/U— X/(U,e)— 0

where ey is leave of third star that is attached to the previous star and first star. We

have
X/(U:e1) 2 K[V(Sk 0 G)|/U(Sy G)?i KKV (St 0 O]/ U(Si1 0 G)
ExKIV(T 0 G))/U(T o OY@icK[V (@)U (G)exK e
depth(X /(U : e1)) = depth(K [V (SgoG)]/U(SkoG))+2 depth(K [V (Sk_10G)] /U (Sk-10G))

k—2
+ 3" depth(K[V(T 0 G)J/U(T o G)) + 3depth(K[V(G)]/U(G)) + 1
7=1
hence by Lemma 4.2.1 and Proposition 4.2.2, we get

depth X/(U :eq) = k—14t+2(k—2+t)+ 7 143t +1 = 4(k—1+1)+2(t— 1).
(4.22)

X/ (U, e1) = K[V (F5,0G)]/U(Fs 40G)@k K[V (Sk-10G)] /U (Sk-10G) K[V (G)]/U(G)
depthX/(U,e;) = 3(k—14+t)+(t—-1)+(k—2+1t)+1t
depth X/(U,e1) = Ak —1-+1t)+2(t—1). (4.23)
So by using 3.2.6, we have
depth X/(Fyro0G) =4k —1+1t)+2(t—1)
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holds for a = 4. Consider « is odd so & — 1 and a — 3 are even. Let {ej.e9,.....;ex_1}
be leaves attached to u, in CF(a, k). Let U = U(CF,oG). Consider the short exact

sequence of the form
0— X/(U:¢1) — X/U— X/(U,e)— 0

where e; is leave of last star that is attached to the previous star and first star. We

have
X/(U . 61) = K[V(Fa_&k o) G)]/U(Fa_&k o) G)(gi]fK[v(Sk_l o G)]/U(Sk_l o) G)
ExKIV(T 0 G))/U(T o QY@K [V (G)U(G)exK e
depth(X/(U : e1)) = depth K[V (F,—540G)] /U (Fy—3,0G)+2 depth( K[V (Sk—10G)] /U (Sk-10G))

k—2
+ 3" depth(K[V(T 0 G)J/U(T o G)) + 3depth(K[V(G)]/U(G)) + 1
7=1
hence by Lemma 4.2.1, Proposition 4.2.2 and Theorem 4.2.5, we get

depth X/(U s e1) = (= 3)(k —1+1) + 93t = 1)+ 2(k —2+) + > - 71+ 3t +1

—alk—1+t)+ O‘Tﬂ(t —1). (4.24)

X/(U,e1) = K[V(Fu1,0G)]/U(Foae1,40G) @k K[V (Sk—10G)] /U (Sk-10G)@k K[V (G)] /U (G)
depth X/(U,e;) = (a—1)(k—1+1)+ QT_l(t — )+ (k—2+4+1t)+t
depth X/(U,e;) = a(k—1+1t)+ QTH(t —1). (4.25)
So by using 3.2.6, we have
depth X/U(CFayo0G) = alk —1+1t) + O‘Tﬂ(t —1)

holds for « is odd. Consider « is even so «—1 and a— 3 are odds. Let {ej.eq,.....,ex_1}
be leaves attached to u, in F(a,k). Let U = U(F,; o G). Consider the short exact

sequence of the form
0— X/(U:e)) — X/U— X/(U,e)) — 0
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where e; is leave of last star that is attached to the previous star and first star. We

have
X/(U: e1) 2 K[V (Fogp0G)]/U(Fasyo G)?%K[V(Sk_l 0 G)|/U(Sk_1 0 G)

K[V (T o GI/U(T 0 Ok KIV (G))/U(G)@xKle

depth(X/(U : 61;) = depth K[V (Fo—3,0G)]/U(F4—3,0G)+2 depth( K[V (Sk-10G)]/U(Sk-10G))

k—2
+ 37 depth(K[V(T 0 G)/U(T 0 G)) + 3depth(K[V (G /U(G)) + 1
j=1
hence by Lemma 4.2.1, Proposition 4.2.2 and induction on «, we get

—alk—1+1t)+ %(t —1). (4.26)

depthX/(U:el):(oz—3)(k:—1—|—t)+o‘7_4(t—1)+2(k5—2+t)—|—2§_21+3t+1

X/(U, e1) = K[V (Fo140G)] /U (Far1 40G) @ K[V (Sk-10G)] /U (Sk-10G) 2k K[V(G)]/U(G)

depth X/(U,e1) = (a—1)(k — 1+t)+O‘T_2<t— Dt (k—24+1)+1

depth X/(U,e1) = a(k—1+1)+ %(t —1). (4.27)
So by using 3.2.6, we have
depth X/U(CFyy0G) = alk —1+1) + %(t —1)
holds for « is an even. ]
Proposition 4.2.7. [1] For a star graph S, let U = U(Sk), then
depth(S/I) = sdepth(X/U) =1,

and

depth(X/U"), sdepth(X/U*) > 1.
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Theorem 4.2.8. Let z > 3 and k > 2 be integers and consider U = U(Pyp, ks....k. )-
Then depth(X/U) = £

Proof. The proof is done by induction on z. Now consider z = 3, we have
(I:ug) = (v:2¢€ N(ug)) + U(Sk,) and X/(U : u3) = S'[us]/U(S,), thus by Lemma
3.2.12 and 4.2.7,

depth X/(U : u3) = depth S /(Sk,) + 1 = 2
clearly (I,us) = (U(Sk,4+1),u3) and X/(U,us) = S"[N(u3)]/U(Sk,4+1) so by 4.2.7,

depth X/(U,ug) = depthS"/(U(Sk,+1)) + | N(us)]
depthX/(U,u;;) = 1+ k?g —1= k?g

hence by using 3.2.6, we have
depth S/U(P,k, ks) = 2,
holds for z = 3. Assume that z > 4, consider a short exact sequence of the form
0— X/(U:u,) — X/U— X/(Uu,) — 0,

then (U : u,) = (x: 2 € N(uy)+U(Po—oiky,.. k. o) Since X/(U :uy) = S, o[t /U(Poogey, k)

)

so by induction on z, we get

depth X/(U 1 u,) = depthS,_o/U(Ps—oiky,. k. ») +1
—241
depth X/(U :u,) = %—Fl
1
depth X/(U : u,) = Z; :

And (U, u.,) = U(Pz—Q;kh---,szz-l—l,uz)' Since X/(U, u.) = Sz—l[N(UZ)]/U(Pz—Q;kh---,kzq—f—Luz)

by using induction on z, we get

depth X/(U,u,) = depthS,_o/U(Po1ky,. k. o41) + k2
z—2+1

depth X/(U,u,) = — + k.,
z+1
= k, — 1.
5 +
Hence by 3.2.6 we have depth X/U = £ O
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