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Abstract

The basic aim of this thesis is to consider the Fejer’s inequality which is closely related
to Hadamard’s inequality, when we consider the weight function with it. We try to
collect many known theorems from the literature related to Hadamard’s inequality
and present their different results in terms of Fejer’s inequality. Examples are also
considered regarding to this inequality. Furthermore, there is an emphasis on Schur-

convexity and Schur concavity, playing the role in Fejer’s inequality.
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Chapter 1

Introduction

This Chapter covers an introduction, background of the "Hadamard Inequality", "Fe-
jer’s Inequality", convex and concave functions.

From the dawn of Newton and Euler ideas regarding mathematical inequalities to the
modern day applications; mathematical inequalities have played a vital role in the
progression of numerous branches of Mathematics. In the 19th century, there is a
considerable role of mathematical inequalities by many Mathematicians and it became
a dominant field in research areas . Consequently, generalizing the mathematical in-
equalities in a more advanced way.

As a result of applications of convex functions, it has been shown that the theory of
mathematical inequalities and convex functions are closely linked together.

In Mathematics, inequalities can be defined as the distinction of two qualities relatively
reciprocating two different objects. In easy language, the two qualities which are not
equal refer as an inequality. With the emergence of Calculus and in the 19th century,
the touch of inequalities and its role increasingly became essential. Various areas of
science such as physical and engineering sciences have several applications of inequali-
ties.

The concept of convex functions has indeed a dominant role in Mathematics and it
keeps much importance and it can be seen in many research articles and books related

to this field now-a-days.
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The convexity idea is straightforward and characteristic, and can be followed from the
Archimedes regarding his famous estimation of . This idea has immediate and round-
about effects in our regular day to day existence because of its various applications in
art, business, medicines, industry etc. An essential part of general theory of convexity
refers to the theory of convex function and convex function can be defined as one whose
super graph is a convex set.

This theory is considered as an essential part because it contracts much every part of
Mathematics, likely out of the blue we experience with this theory in graphical analysis
in which we learn the second derivative test in recognizing convexity of a graph. Also
in tracing minima and maxima of a function of several variable this their has tremen-
dous part. Also in Mathematical programming, Optimization theory, Engineering, the

convexity can be observed.

A great research regarding this field has done by J.L.W.V Jensen. Also in 20th century
enormous research was done by Hardy, littlewood and Poyla on publishing first book
in inequalities.

In the second half of 20th century a number of generalization of convex function have
been made in Mathematics and also in Professional discipline such as engineering and
€conomics.

From the last few decades, the most considerable inequality that has charmed many in-
equality’s experts is "Hermite Hadamard" inequality. ’Jacques Hadamard’(1865-1963)
was the first person, whose result has introduced "Hermite Hadamard" inequality in
the literature, this result was actually due to ’Charles Hermite’(1882-1901) as pointed
out by 'Mitrinouic’ and 'Lackovic’ in 1985.

So from these facts, most mathematicians refer to it as "Hermite-Hadamard" (or some-
times "Hadamard-Hermite")inequality. The foremost and important subject of Mathe-
matical Analysis is the" Hadamard inequality" with numerous remarkable applications

in the field of mathematical sciences.
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A number of mathematicians have done their tremendous efforts for its generaliza-
tion, refinement and for its extension for different classes of functions.

Let 6 : I C R — R be a convex function.Then we have,

d
CJe

2 d—

This double inequality (1.1) is said to be the first significant result for a convex func-
tion with a natural geometric values and different applications. If in the "Hermite-
Hadamard" inequality, both inequalities appear in the opposite direction then the case
is considered as concave. After its discovery in 1881, there are number of different texts
and research papers on it, providing new results, a number of generalization and many
more.

Various generalization of "Hermite Hadamard" inequality have been studied such as
Jensen’s inequality and Fejer’s inequality.

Basically the "Fejer’s Inequality" is generalization of "Hermite-Hadamard" inequality,
when we consider the weight function with the "Hermite-Hadamard" inequality and
this weight function is non-negative, integrable and symmetric on ¥(z) = V(c+d —x)
and 0 : I C R — R be a convex function.

It can be written as

; <c+d) - [46(x)0(2)dx _ 0(e) +0(d)
2 B fcd\Il(a:)da: B 2 7

c,d €I with ¢ <d. (1.2)

Likewise in the "Hermite Hadamard" inequality, if both inequalities in (1.2) appear in
the opposite direction, then the case is considered as concave.

The integral mean of a convex function connected with the most important inequal-
ity are "Hermite-Hadamard" inequalities and its weighted version, known as "Hermite

Hadamard Fejer’s inequality"

The thesis is divided into the following chapters:

iv



e Chapter 1 covers the background of "Hermite Hadamard" inequality and "Fejer’s

inequality"

e Chapter 2 covers the basic concepts regarding the convexity, majorization and Schur

convexity and Schur concavity.

e Chapter 3 mainly focus on literature review of "Hermite-Hadamard" inequality, and

many results are provided here regarding this inequality.

e Chapter 4 is basically the core section of the thesis. In this chapter all results
are provided in terms of "Fejers’s inequality". This chapter covers results regarding
Schur-m convexity and Schur m-concavity as well as with applications of "Fejer’s in-

equality". This chapter highlights our own findings and formulation of results.

e Chapter 5 is the conclusion of thesis.



Chapter 2

Some important definitions and the literature review is presented here.

2.1 Preliminary

In this Chapter, some necessary ideas and concepts are discussed that reader should
familiar with. It mainly include some preliminary definitions of convex function and
concave functions and their generalization. Also there are some theorems based on

these generalizations.

2.1.1 Convex and Concave function

[30] In many areas of mathematics, convex functions keep major importance. While
considering the study of optimization problems, convex functions plays a vital role
because of many practical applications(designing circuits, modeling, operation research

etc). Convex functions also facilitate one for solving inequalities with easy approach.

Definition 2.1.1. A set kK C R" is said to be convex, if for every pairs of points
v1,Vy € K and the segment with vy and vo end points lies entirely inside rk, otherwise

called not convex.

Definition 2.1.2. Mathematically, A set k C R" is said to be convex, V¥ vy,vs € Kk we

have,

avi + (1 —a)vs €k, Vael01]. (2.1)
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Example 1. (1) Empty set and singleton sets are convex.

(2) R™ is convex.

We want to characterize convex set in terms of convex combination. For this we
need to define convex combination. A point v = av; + (1 — a)vy is called convex
combination of v; and vy. The set of all convex combination of v; and v, is called as

convex hull written as:
Convlvy, vg] = [av1 + avg; a + g = 1]

with

v — Vg — U

and oy =

, for v € [vy,va] and vy # vs.
Vg — U1 Vg — U1

a1 =

Definition 2.1.3. A convexr combination of finitely many point v; € R with i =

1,2, ...,k is the point v of the form,
v = Ul)\l + UQ)\Q...Uk/\k with U)\l + )\2, ceey >\k = 1, A Z 0. (22)

We are also interested in convex function, therefore definition is given as

Definition 2.1.4. Let kK C R" be such that k is convex. A function ® : k — R s said

to be convex, if for all c1,co € Kk and X € [0,1], we have
D(Aep + (1 — N)ea) < AD(¢q) + (1 — N)P(ca). (2.3)

® is called strictly convex if the inequality is strict for A € (0,1) and ¢; # cs.
For A = %

P (Cl - CQ) < (P(Cl) + (I)(CQ) ,Vcl, Cy € R, (24)

2 2

which is called Jensen’s convex function. A function ® is concave if —® is conver and
18 strictly concave if —® s strictly convex.
Geometrically the definition of convex function is as:

If the chord connecting any pair of points in its graph rests on or above its points,
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then the function ® is said to be convexr. ® is referred as strictly convex if the chord
lies above its graph. A concave function can be defined in similar way but in opposite

direction.

A mathematical root of majorization is demonstrated after the effort of Schur on
Hadamard determinant inequality. Majorization involves the solution of many Math-

ematical characterization problems.

2.1.2 Majorization

Definition 2.1.5. If ¢ = (¢1,¢9,¢3, ..., ¢,) and d = (dy, ds, ds, ..., d,,) are two nth-ordered
real numbers. d is magjorized by c(in symbolically ¢ < d), if

S e <X dy, (k=1,2,.,n—1) and

SFep =S dy , (k=1,2,..,n) where ¢y > ¢, ooy > Cpupy dpy > djgy, ., > dj) are

readjustment of ¢ and d in a descending order.

Example 2. Consider, (1,2,3) < (2,4,0).

First we will make the readjustment in descending order,
We have

(3,2,1) < (4,2,0).

So, both conditions are satisfied here for majorization.

2.1.3 Schur-covexity and Schur-concavity

It is named after Issai Schur in 1923. Basically if we use the concept of majorization in
the definitions of convex and concave functions refers to the result of Schur-convexity
and Schur-concavity. In mathematics, Schur-convex is also known as S-function, iso-
tonic function or order preserving function. The definition of Schur-convex can be writ-
ten as a function which is convexr and symmetric. Schur-convezity and Schur-concavity
have multiple applications in inequalities, quantum physics, the theory of information
and many other research fields. Now a days, in modern analysis Schur-convezity and

Schur-concavity have a major role in research fields.
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Definition 2.1.6. [1] If ¢ = (¢1,¢2,¢3,...,¢) and d = (dy,da, ds, ..., d,) are two nth-
ordered real numbers.

A real valued function ® : T C R™ — R is said to be Schur convex on Y if
c<donYT = &)< d(d).

® is schur concave function on Y if and only if —® is a Schur conver function.

Example 3. Consider, (1,2,3) < (2,4,0), and the function we have ,
®(x) = max(x).

Applying the definition, we have

max(c) = 3,

max(d) = 4.

So, it implies that ®(c) < ®(d). It holds for Schur-convet.
Simalarly, for Schur-concave,

O (x) = min(z).

Applying the definition, we have

min(c) = 1,

min(d) = 0.

So,it implies that ®(c) > ®(d).

2.1.4 Schur-geometrically convex and Schur-geometrically con-
cave

The Schur-geometrically convexity and concavity was put forward by Zhang(2004), and
then investigated by Chu et al. (2008), Guan (2007), Sun et al. (2009), and so on.
Some authors also use the term “Schur multiplicative convexity” for the Schur- geomet-

rically convezity.

Definition 2.1.7. /2] If ¢ = (c1,¢2,¢3,...,¢,) and d = (dy,ds, ds, ...,d,) are two nth
ordered real numbers.
Let Y C R} (c",d" € R}, ¢>0, d>0). A function ® : T — R, is called Schur

geometrically convex if

X



Inc < Ind on T = ®(c) < ®(d).

® is Schur geometrically concave if —® is Schur geometrically convex.

In the theory of the Schur geometrically convexr function, the below Lemma keeps

an important place and considered as basic result.

Lemma 1. /2] Let §(c) = 0(c1, ¢z, ...cn) be symmetric and continuous on T C R}
and differentiable in Y°. Then 6 : T — R, is Schur geometrically convex (Schur

geometrically concave) if and only if

T T
(Inc; — Incy) (012—01 — 622_02) > 0 (respectively < 0). (2.5)

2.1.5 Schur-harmonically convex and Schur-harmonically con-
cave

The notion of Schur-harmonically convex function and Schur-harmonically concave are

introduced by Chu (Chu et al. (2011), Chu and Sun (2010), Chu and Lv (2009).

Definition 2.1.8. /3, 4] Let T € R".

(1) A set Y is called harmonically convez if Wdﬂ\)d €Y for every c,d € T and

1’ cn d di’ " dn

(2) A function 0 : ¥ — R, is called Schur harmonically convexr on Y zf% < Cll
implies 0(c) < 0(d). 0 is Schur harmonically concave if —0 is Schur harmonically

convex.

Lemma 2. [3, 4] Let T € R™ be a symmetric and harmonically convex set with inner
points and let 6 : T — R, be a continuously symmetric function which is differentiable
in YO, then 0 is Schur harmonically convex(Schur harmonically concave) on Y if and
only if

a0 a0
- 22— ) > ) <0). 2.
(c1 — ¢a) (cl e, e 802) > 0 (repectively < 0) (2.6)



2.1.6 Schur f-convex and Schur f-concave

Basically the Schur f-convexity and Schur f-concavity are derived from the Schur con-
vexity and Schur concavity. Yang [5] give the Schur f-convexity an schur f-concavity in

which can be follows as:

Definition 2.1.9. /5, 6/ Let T C R"™ be a set with non-empty interior and f be a

strictly monotone function define on Y. Let

f(C) = (f(cl)a f(CQ)v f(Cn)) and f(d) = (f(d1)7 f(d2)v f(dn))

Then the function 0 : T — R is said to be Schur f-convex on Y if f(c) < f(d) on T
implies 0(c) < 6(d).

0 is said to be Schur f-concave if —0 is Schur f-conver.

2.1.7 Schur m- power convex and Schur m- power concave

[5] There are variety of inequalities originating from the Schur-convezity and Schur-
concavity, same is the case with Schur m-power conver and Schur m-power concave.
Yang was the first who introduced the Schur m-power convexity and Schur m-power

concavity.

Definition 2.1.10. /5, 6/ Let ® : R., — R be defined by <= if m # 0 and
®(c) =Inc if m =0. Then the function 0 : ¥ C R" — R is said to be Schur m-power
convez on 6 if ®(c) < ©(d) on 0 implies 0(c) < 6(d). 0 is said to be Schur m-power

concave if —0 is Schur m-power conver.

Lemma 3. /5, 6/ Let x : T C R, — R be continuous on Y and differentiable in Y°.
Then x is Schur m-power convexr (Schur m-power concave) on Y if and only if x is

symmetric on T and

T — 00 00
- (c%_m — 1_”"‘—) > 0 (respectively <0), if m #0, (2.7)

3. G
m dcy Oca

x1



0 0
(Inc; — Incy) cla— — 026— > 0 (respectively <0), if m =0, (2.8)
801 802
hold for any ¢ = (c1, ¢y, ...c,) € YO with ¢; # co, where T C R is a symmetric set with

non-empty interior Y°.

Lemma 4. [7, 8] Then the two discrimination inequalities in Lemma 3 can be written

as:
1-m 80 . Jd1-m 89

(c1 — ¢2) <cl 90 e 8—62) > 0 (respectively < 0). (2.9)
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Chapter 3

Hadamard’s Inequality

3.0.1 Properties of functions related to Hadamard’s type in-
equality

In this section, we will discuss some important results and some basic properties of
"Hadamard’s Inequality” and its applications.

Let 6 : I C R — R be a convex function. The famous Hadamard’s inequality is given

6 (C;d) < dic/cde(x)d:c < w. (3.1)

In [10], S.S. Dragomir has formed the theorem which is a refinement of the inequality
(5.1).

Theorem 3.0.1. Let 6 C R,y — R be a convex function, and

as

1 d
P(t) = =0 /C O(tc+ (1 —t)x) + (O(td + (1 — t)z|dx, t € [0,1].
Then P is convex on [0,1], and for all t € [0,1]. We have
d c
y ! C/C 0(z)dx = P(0) < P(t) < P(1) = w.

Theorem 3.0.2. Let 6 C R, — R be a continuous function on I. If 0 is convex
and increasing, and a parameter m < 1 (repectively if 0 is convexr and decreasing for

m > 1), then

e =m0 (c) + d'=m0(d)
< . .
- / ape < 0T (3.2)
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If 0 is concave and decreasing, and m <1 (respectively if 0 is concave and increasing,

and m > 1), then 3.2 is reversed.

Proof. Let

d
A=+ dm / 0(x)dz — [c"™0(c) + d'"™0(d)] .

d—c
Since 0(x) is convex. Then

0(c) + 6(d)

5 } —[c""™0(c) + d 0(d)]

A < [ g @i {
=2 [F™0(c) + d0(c) + AmO(d) + d0(d)] — [Em0(ce) + dEm0(d)]
[ =™0(c) + d=™0(c) + ™0(d) + dm(d) — 2¢m0(c) — 24 "0(d)]

[ 7™0(d) + d'"™0(c) — ' ™0(c) — d'"0(d)]

NN =N =N =N =

[7(0(d) = 0(c)) — d""™(6(d) — 6(c))]

(=™ = d'™™)(0(d) — 0(c)]

e - 00~ BN )

If m < 1 and if 0 is increasing (respectively m > 1 and 6 is decreasing), by monotonoc-
ity property of function 6 and we get A < 0.

Consider again,

1
d—rc

A=l dm] / 0(x)dz — [¢'~™0(c) + d'"0(d)]

xiv



If 0 is concave,

9(c) + 6(d)

A 2 [Cl—m 4 dl—m] [ 2

} — [™0(c) + d™0(d)]
=2 ™0(c) + d0(c) + ™0(d) + d0(d)] — [ 0(c) + dm0(d)]

[=™0(c) + d™0(c) + ¢ ™0(d) + d0(d) — 20 ™0(c) — 2d0(d)]

(" 0(d) + d'™0(c) — " B(c) — d"6(d)]

[7(0(d) = 0(c)) — d"™(6(d) — 0(c)]

(NN R ORI NN NG

(¢ — d*=™)(0(d) — 6(c)]
S ) o
o 2(d — ¢)? H(d c)(0(d) — 6(c)][(d — c)(d c H '
if m <1 and 6 is decreasing (repectively m > 1 and 6 is increasing). By monotonicity

condition A > 0. O

Theorem 3.0.3. Let 0 : I C R, — R be a continuous function on I. If 0 is convex

and increasing, and a parameter m < 1 (respectively if 0 is convex and decreasing,

and m > 1), then¥ ¢,d € I

B %cfcdﬁ(x)dx, c#d
wied) = {g(c), c=d.

is Schur m-power convex on I?. If 0 is concave and decreasing, and a parameter m < 1
(respectively if 0 is concave and increasing for m > 1), then w(c,d) is Schur m-power

concave on I2.

Proof. Consider

1

—C

d
w(e,d) = y / O(z)dx for c #d.

By fundamental theorem of Calculus,

ow 1 d (c)
e ) e

XV



And

ow 1 d 0(d)

By the condition for Schur-m covexity, we have

ow ., 0w

A= (d—c) (dlm% —c §> :

It follows that

A= (d—c) ;dl_m (—ﬁ /Cd9($)d$ + ;<Td>c>) —em ((d —1 c)? /Cde(x)dx N %)}

d p )
e _ﬁ/ Oz)de.d™" + 5(——dldl_m e - SE / Oayinc = 4 7 (_L.cl‘m}
=(d—¢) _—(d_c)g/c O(x)dx - (™ +d™) + (d—c)( 0(c)+d G(d))]
1 d

Applying Theorem 3.0.2, if 6 is convex and increasing for m < 1 (and convex and

decreasing for m > 1), so

1 /d b(x)dr < =m0 (c) + dlfme(d).

d—c ct=m  dt=m
d
= (" d ) i / 0(x)dx < c'™0(c) + d'""0(d)
1— 1— 1 ! 1-m 1-m
=—(c"+d m).d—c 0(x)dz > — [¢"™0(c) + d'""0(d)]

= — (d i 0) / 0(z)dx - (lem + dlfm) + (lem9<c) + dl*m@(d)) > 0.

Hence, the condition for Schur-convexity is satisfied.

Similarly, for Schur concavity, we have

1 A=m6(c) + dm6(d)
>
d—c / ba)de 2 — g

Xvi



1

_ 1-m dl—m .
(c™™+ ) T

/dQ(:v)d:v > c™0(c) + d™0(d)

— (lem 4 dlfm) X

T C/c O(x)dz < — [¢"™0(c) + d'~"0(d)]

1

= ) /C O(z)dx - ("™ +d ™) + (' "™0(d) +d"™0(c)) < 0.

Hence, statement of Theorem 3.0.3 is valid. O

Corollary 3.0.1. Let 6 : I C R, — R be a continuous function on 1. If 0 is conver
and monotonicity, then 0(c,d) is Schur-convex. If  is concave and monotonicity, then

0(c, d) is Schur-concave.

Corollary 3.0.2. Let 0 : I C R,y — R be a continuous function on I. If 0 is con-
vex and increasing, then 0(c,d) is Schur geometrically conver and Schur harmonically
convex. If 6 is concave and decreasing, then 0(c,d) is Schur-Geometrically concave and

Schur-Harmonically concave.

Theorem 3.0.4. Let 0 C R, — R be a continuous function,and

1
2(d —¢)

P(t) = /d[e(tc+ (1—t)s) + O(td + (1 — t)s)]ds, t € [0,1].

For any t € [0,1], we define a function of c,d € I as follows;

O(c. d) = {5(?)) : 7&;

clfm
lem+d17m

(1) for m > 1 and <t <1, if 0 is convex (repectively concave) and
decreasing on I, then P(c,d) is Schur m-power convez (respectively Schur m-

power concave) on I?.

clfm

(2) form < 1 and 0 <t <

< oo if 0 is concave (respectively conver) and

increasing on I, then Q(c,d) is Schur m-power concave (repectively Schur m-

power convex) on I*.
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Proof. Consider Q(c,d) for ¢ # d, we have

Qi(c,d) = / O(tc+ (1 —t)s)ds,

Q2(c,d) = /d O(td + (1 —t)s)ds.

Then

Q(c,d) = ﬁ

By using r = tc + (1 — t)v, then

1 tc+(1—t)d
Ql(C, d) = 1——15/ Q(T)dr

1 te+(1—t)d c
= — O(r)dr — / O(r)dr.
1 - t 0 0

By Fundamental theorem of Calculas,

8Q1(C> d) _ t Q(C)
od
0Qs(c, d) _ 9 (c, d) - t
o = et =~ fte + (1~ 1)d) +
0 d 0 d
Qla(dc7 ) _ Qiscc’ ) — _Q(tc—}— (1 — t)d)

Since, Q2(c,d) = —Q1(d, ¢) from (3.4) and (3.7), so

— O(tc+ (1 —t)d).

From the condition for Schur-convexity, we have

— 1-m 8@(0, d) 1-m aQ(C> d)
A—(d—C)(d T—c T)

Differentiating equation (3.3),

(Q1(c,d) + Qa(c,d)] = P(t).

6(c)

1—t

0Qc, d) 1 1 {8@1(0, d) n

[Q1(c,d) + Qa2(c,d)] +

ad 2(d—c¢)? 2(d —¢) ad

xXviil

(3.3)

(3.8)

|



0Qc,d) 1 1 0Q1(c,d)  0Qs(c,d)
e = R e+ Qule ]+ g | PR P2

So, equation (3.8) follows that,
&z@—n)%lm(—%didJQﬂQ@+%h®dﬂ+2wtﬁ)(mﬁgd)+aQ§;®))}
— [clm (—ﬁ[@l(q d) + Q2(c,d)] + Q(dl_ 3 (ana(? 9 + 8an(cc, d)>)]

_ 1 —m an (C, d) —-m 8Q1(67 d) —-m 8Q2(07 d) —-m 8Q2(C7 d)
_§K& — )+®1 o ¢ o )}

od
Ql(cv d) + Q2(C> d) 1-m 1-m
2d—0) (™ +d™™)

{Gﬂm—ckw>mw+u-¢my+01m—fj?)mm+(p¢xﬂ

1—+¢ ] )
%{d 0(d) + c QQW

N | —

1—1
—P()( T+ d )

_%{<@1m_fij+m7ﬂﬁe@a+u—w@:

{(&m_(ijz+dlm”)e@d+(1—w@_

N | —

+

Form > 1and =4 <t < 1, then d'~"—(c! ™™ 4d ™)t < el (e m4dl ™)t <
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0. Since 6 is convex and decreasing, thus we get

1—m_1m 1m

Ale(d d t)@tc+ (1—1)d

2 1—1
1 Cl—m 1m_|_d1mt b
— Qtd 1—t
o (= a0
L [¢7mb(e) + &6 (d)|
21 — 1)

—P(t)(c T+ )
= (TB(e) + dImO(d)) — P(E)(c + )
> (c0() + d0(d)) — 5(0(e) + Bd)) (¢ + ')

= —(0(d) — 0(c))(d*™ — ™) > 0.

If 6 is concave and decreasing, thus we get
(dl—m _ (Cl—m + dl_m)t
1—t

[ G (Cll__mt+ dl_m)t) O(td + (1 — t>c)1

[clme(c) +dm0(d)

) O(tc+ (1— t)d)}

— ] — P(t)(c" 4 dm)

= (u'™0(c) +d""0(d)) — P(t) (! +db™)

< () + d0(d)) — S(0e) + Bd)) (¢ + ')

_ %(G(d) () (dm — Yy < 0.
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Corollary 3.0.3. For % <t <1, if 0 is convex (respectively concave) on I, then

Q(c,d) is Schur convex (respectively Schur concave) on I?; for 0 < t < %, if 0 is
concave (respectively convex) on I, then Q(c,d) is Schur concave (repectively Schur

convez) on I°.

Corollary 3.0.4. For _&; <t <1, if 0 is conver and decreasing on I, then Q(c,d) is

<

4 9.
Schur geometrically conver on I7; for 0 <t < &,

if 0 is concave and increasing on I,

then Q(c,d) is Schur geometrically concave on I

Corollary 3.0.5. For 521% <t <1, if 0 is conver and decreasing on I, then Q(c,d)
is Schur harmonically convex on I?; for 0 <t < 02‘_1%, if 0 is concave and increasing

on I, then Q(c,d) is Schur harmonically concave on 1.

Theorem 3.0.5. Let 0 be a continuous function on I C R and let ¥ be a positive

continuous weight function on I. Then the function Ve,d € 1

1 d
c), C=a.

is Schur-conver (repectively Schur-concave) on I? if and only if the inequality

1 d 0(c)¥(c) 4 0(d)¥(d)
fcd\lf(t)dt/c B T AT R

holds(reverses) for all c,d in I.

3.0.2 Applications of Hadamard’s inequality
Theorem 3.0.6. For c,d € Ry, and m > 1. Then

2e,d) < ——
G (C’ ) - ¢gn—1l 4 gm—1

P(e,d), (3.9)

where G(c,d) = (cd)z, P(c,d) = —4=¢

~ Inc—Ind”
Proof:

poel



Let 0(x)=1, v € (0,00) and d > c .

1 41
/—dx:P_l(c,d).

d—c x
Since 0(x) is convex and decreasing, by corollary 3.0.1, it follows that

1 d 1 cm 4 dm
—dx < i
d — c/c e = cd(cm=1 4 dm—1)

and

Thus equation (3.9) is satisfied.

Theorem 3.0.7. For a € (0,5]. Then

sina 2 2 2
> 1-— cosa | + —.

a ~ 2a-+m

stna 2 T
<254

Proof:

As we have the Hadamard’s inequality,

1 d
w(e,d) = d—c/c 0(x)dx,
Consider the functions,

9(:5) _ cosT sInx

x x?

1 4 /cosx  sinx
d) = — dt.
wie,d) d—c/c ( T x2 )

xxil

Let,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



By Lemma and Corollary 3.0.1, equation (3.15) is Schur-conver on (0, 3]. Since

a+i a+3 <7r ) ( T )
—2 -3 Z 2.0).
( 5 o )—< 5@ <f{a+ 5,

2
By definition of Schur-Convexity, then

) <e(a+30)
5 5:a) Swla ,0).
By making substitution from (3.15), we have

2
a+g . a+
COS 3 sin

a+5 a+ 3
w( 22’ 2)§w<ﬂ

2 _ .
2 ) 1 sinx , 1 sinx
—~ — 7 < & < ——latz
<a+§> <a+g> a—%5 x T =T —a 2
2 2
Firstly, taking these two, we have

a+7% . a+7g
cos 5 sin
a+% - <
2 a+

Hence, we have inequality(3.14).

Now comparing other two, we have

1

a —

sinx o < 1 sz,
— m

[ME]

T
3 T

T _ atg)
J—a T

xxiii



sina_z< a—7% _sz’n(a—i—%
a T —5—a a+ 3

sina 2 2cosa 2

> 1-— + —

a 20+ 7 2a + T

Thus, the inequality(3.13) obtained.
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Chapter 4

Fejer’s Inequality

4.0.1 Results and Theorems

Actually "Fejer’s inequality” is the gemeralization of "Hadamard inequality”, when we
consider the weight function with the "Hadamard inequality”.

Our aim 1s to investigate the different results and applications of "Fejer’s inequality "
wn this Chapter.

We have the following "Hadamard inequality” with the weighted function VU | where
"W 4s non-negative, integrable and is symmetric on V(z)=W(c+ d — x) and 0 is a

convex function,

(4.1)

; [cﬂq - [26()¥(z)dz _ 0(c) +6(d)
2 |- fcd\I/(x)dx B 2 ‘

So, above equation is referred as Fejer’s Inequality.

Theorem 4.0.1. Let 6 : [c,d] — R be a convez function, and V be a non-negative,

integrable function on [c,d] and symmetric on V(x)=V(c+ d — x), then

_ 10000+ (1= H)a) () + 0(td + (1 — ) ¥ (x)]da

P(t) = 3 T L te0,1. (4.2
Then P is convex on [0,1], for all t € [0,1] , we have
JL0(2) 0 (2)dr _6(c) +6(d)
g = PO < P < Py =MD 43)

XXV



Theorem 4.0.2. Let 0 : I C R,y — R be a continuous function on I and ¥ be a
non-negative integrable, symmetric on V(x) = W(c + d — x) and increasing function.
If 0 is convex and increasing, and a parameter m < 1 (respectively if 0 is convex and
decreasing and m > 1), then

12 0(2)¥(x)dx _ TO(W(e) +d'TmE(d) U (d)
fcd U(x)dr U (c) + dm(d)

(4.4)

and if 0 is concave and decreasing and m < 1 (respectively if 0 is concave and increasing,

and m > 1) then equation (4.4) is reversed.

Proof. Let
— [l (e 1-m fcde(ﬁ)\p(x)dx_ A>T (¢ 1-m
& =[O + U] ST [ + ).
Since 6 is convex, by (4.1),
6(c) + 6(d) |

A< [0 (e) + d(d)] — ["0(c) U (c) + d"(d) U (d)]

[ () + d @) [0(e) + 6(d)] | — [0 ¥(e) + 0¥ (d)]

NO| —

= %[cl_m\lf(c)H(c) + dU(d)0(c) + T ()(d) + dP(d)6(d)]
—[c"0(c) U (c) + d'(d) ¥ (d)]

= %[clm‘ll(c)e(c) +d7"(d)0(c) + ¢ (e)0(d) + dH " (d)6(d)]
—2¢"7"0(c) W (c) — 2d'"0(d) ¥ (d)]

("W (0)0(d) + d'™0(c) ¥ (d) — ' "0(c) ¥ (c) — d""0(d)¥(d)]

N | —

[ (e)[0(d) — O(c)] — d' = (d)[0(d) — O(c)]]

N | —
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(™ T(c) — d""™T(d)) (0(d) — 0(c))]

DO | —

1
TNd—o) [I(

d —¢)(0(d) — 0(c))][(d — c)(d" ™ (d) — ™ (c))]] -

If m < 1 and if 0 is increasing (or m > 1 and @ is decreasing), by monotonocity property
of function 6 and we get A < 0.

Again consider A for the concavity case,

“0(x)V(z)dx

_ cl—m c 1-m fc _ Cl—m c c 1-m
A= (7" (e) +dTmY(d)) () (7"0(c)¥(c) +d7"0(d)¥(d)).

If 0 is concave,

0(c) + 6(d)

A > (M (e) + d0(d)) { } — (™0(e)T(c) + dO(d)T(d))

= %[cl_mlll(c)H(c) +d"mU(d)0(c) + U (e)0(d) + d(d)0(d)]
—[c""0(c) U (c) + d'O(d) W (d)]

%[clm\ll(c)e(c) + A (d)0(e) + M (e)0(d) + dT(d)0(d)]
—2¢M9(e)W(c) — 2d"0(d) W (d)]

[0 (0)0(d) + d'™0(c) ¥ (d) — ' 7"0(c) ¥ (c) — d""0(d)¥(d)]

N | —

[ (e)(0(d) — 0(c)) — d' ¥ (d)(0(d) — 0(c)]

N

[(c 7™ W(c) — d'=™w(d))(6(d) — 6(c)]

DO | —

1 1-m 1-m
= —d—ap [[(d = ¢)(8(d) — 6())][(d — ¢)(d™W(d) — ™ W(c)]] .

if m <1 and @ is decreasing (respectively m > 1 and 6 is increasing). By monotonicity

condition A > 0. O
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Theorem 4.0.3. Let § C R, — R be a continuous function on I and ¥ be a non-
negative, integrable, symmetric on V(x) = V¥(c + d — ) and increasing function. If
0 is conver and increasing, and a parameter m < 1(respectively if 0 is convexr and
decreasing and m > 1), thenV ¢ =d € I,

[20(z)¥(z)dx

e ——— c#d

wle,d) =4 v 7

0(c),c=d.
is schur m-power convexr on 1. If 0 is concave and decreasing and m < 1(respectively
if 0 is concave and increasing m > 1), then 0(c,d) is Schur m-power concave on I.
Proof:

Consider

wled) = /: Hd(x)\lf(:c)dx‘
[ (x)dx

ow _ fje(x)\p(x)% o B
O ([ w(a)de) J: W)z

dw [ H(x)\I/(a:)da:\D 0+ 0(d)¥(d)

Od ([ w(a)dr) S ¥(@)de

The condition for the Schur-m convexity is
ow ow
—(d — dl—m_ _ A-m T > 4.
A= (d—c¢) ( 50 " © Oc) >0 (4.5)

Substituting values in equation (4.5)

_ [dl_m (_fc o) W(@)de 0T () ) _gem (fc a)ie)dry, .\ BT
(fcd\ll(x)dx) [ (x)d

(" w(w)de) S w(@)de

XXViil
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_ 1 [_ fcd O(z)W(x)dx

1 _ S O@VE
Jfu@yde | [P 0(a)da

U(d)d a
[2 VY (x)dx
+[d"O(d)W(d) + ' T™0(c) ¥ ()]

1
fcd U(x)dx

fcd O(x)V(x)dx

T 0(0)ds [~ P (c)c" ™™ = U(d)d' ]

+ A ™0(d) U (d) + ™) (c)].

By (4.4), we have

If w is convex and increasing for m < 1 (respectively convex and decreasing for m > 1),

So,

12 0(2)¥(z)dx _ TO(W(e) +dE(d) U (d)

fcd\Il(x)d:r; - =W (c) + d=m U (d)
o fcde(.ﬁﬂ)‘lf(I)dI 1-m 1-m 1-m 1—-m
LT (A= (c) + dU(d)) < ()W (e) + dm0(d)B(d)
_ fcﬁj?zgzldx (™ (e) — dU(d)) > —m0() U (e) — ()W (d)
d
_ j@gﬁ;d%&—w(o — V() + [T () + d0(d)U(d)] > 0.

Conditions for the Schur-m convezity s satisfied, and applying Theorem 4.0.2, we have

Theorem 4.0.3(valid).

Similarly, for concavity, we have,

S 0@V (@)de ()W (c) + d'"6(d) W (d)
fcd U(z)de =¥ (c) + dm(d)
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[ 0() Y (x)da

fd‘ll(x)dx ("W (e) +d' U (d)) > e TMO(e) W () + d'=6(d) W (d)

[ 0() ¥ (x)da

fd\lf(ac)dx (—cl—m\I’(C) - dl—m\IJ(d)) < —Cl_me(c)\p(c) _ dl_mg(d)\ll(d)

[26(x)¥(x))dz

fd\I/(I)dx (=™ (c) — d™U(d)) + [ ™0(c) U (c) + d'"0(d) W (d)] < 0.

As the condition for the Schur-m concavity is satisfied, and applying Theorem 4.0.2
we have Theorem 4.0.3 (valid).

Theorem 4.0.4. Let 0: I C R, — R be a continuous function, and

1[I0t + (1= H)2) () + 0(td + (1 — H)2)¥(x))] da
2 fcd\If(q:)da:

P(#) ,te(0,1], (4.6)

For any t € [0,1], we define a function as follows, Ve,d € I,

O(c,d) = {Zu)) ot

(1) for m > 1 if 6 is convex (respectively concave) and decreasing on I, then Q(c,d)
is Schur m-power convez (respectively Schur m-power concave) on I*.
(2) for m <1 if 0 is concave (respectively convex) and increasing on I, then Q(c,d)

is Schur m-power concave (respectively Schur m-power convex) on I*.

Proof. We will consider the case for ¢ # d, such that P(t) is given in (4.6), let

_Jlee+ (1 - 0a)W(x)da

1 C,d P
Gled) [2 U (x)dx

and

[20(td + (1 — t)z) U (a)da

2 C,d = a
Qale:d) [2 v (x)dx
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Then equation (4.6) becomes,

Qle.d) = P(1) = 5[Qi(e, ) + Qale ).

Now we have the following derivatives,

00 _ fcdg(tc—i— (1 —t)x)¥(x)dx W) T(e)(c) .
Oc ([0 (x)da)? ) [0 (z)da” (47)
00 = ! c c,a) —0(c)¥(c
e fcdqj(m)dw[\lf( )Q1(c,d) — 0(c)¥(c)].
00, _ _fcdg(tc +d(1 —t)x)¥(z)dz () + O(tc +§1 — t)v)\lf(d), (4.8)
ad (f W(x)dz)? (4 (z)de
oQr 1 B . . B
od fcd\y(x)dm[ U(d)Q1(c,d) + O(tc+ (1 — 1)d)W(d))].
0Q: _ JIOtd+ (L= )n)U(x)de  W(e)(td + (1~ 1)) 1o
o (7 W(w)da) S ey
0Qz 1 . o d) — NeT(e
e = fcdq/(x)dx[w )Q2(c,d) — O(td + (1 — t)c)¥(c)].
0Qx  Jl0(td+ (1 —t)x)¥(z)dx 6(d) ¥ (d)
o0 T e e )
N )
3d-:ﬁwwmg U (d)Qs(c, d) + 6(d) T (d)].
Notice that Q1 (c,d) = —Q2(c,d). From (4.7) to (4.10), we have
0Qs _ 0Qu _ [l0te+(L—na)¥(a)dz o 0(Q)U(0) .
a0~ o 7 W@ydep Ot g
0Q:  0Q:  [I0(tc+ (1 —t)x)¥(x)dx W) - Ote+ (1= 1)d)¥(d) (4.12)

e od ([T (x)dx)? S (z)da
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By the condition for the Schur-convexity as well as for Schur-concavity, we have

0Q _ 1-m9Q

_ _ 1-m
A=(d—c) (d 25 ¢ o

) > O(respectively < 0).

First we have to prove the case for the Schur-convexity, so
_ 1 1em (OQ1  0Q: Lem [(0Q1  0Q2
A_é(d 2 (d <W+W ¢ oc * Oc '

L o (pom99 a0 1-n0Q2 12 0Q2
A=sld C)(d ad ¢ 8c)+<d ad ¢ o )

d—c - o

= s Traal V(e DI+ blte+ (L= D U(dd
—U(e)Q:(c,d)ct ™™

HI(QW (O™ = W(d)Qale, ) + O V()" = W()Qale. d)e'

+0(td + (1 — t)c)¥(c)c'™™)]

Consider

= %[—\I/(d)Ql(c, d)d"™ + 0(tc + (1 — )d)¥(d)d" ™™ — ¥ (c)Qy(c, d)c ™™ + 0(c)¥(c)c' ™™

—U(d)Qa(c, d)d ™ + O(d) U (d)d ™™ — B (c)Qa(c, )™ + O(td + (1 — £)e) U (c)e )]
=~ [W(d)d"0(tc + (1 — t)d) + V() ™0(td + (1 — t)c) + U(c)0(c)c ™ + U(d)O(d)d' ]

Lem [@1 + Q2] 1om @1+ Q2]
—U(d)d — 5 U(c)e — 5

N —

[W(d)d" ™ 0(tc + (1 — t)d) + T(c)e0(td + (1 — t)e) + W(c)f(c)c ™™ + U(d)o(d)d ]

Q1+ Q2
2

N | —

—[W(d)d" ™™ + W(c)e' ]

(U (d)d" ™0(tc + (1 — t)d) + (c)c' ™0(td + (1 — t)c) + U (c)0(c)c' ™™ + U (d)f(d)d' ]

N —

—P()[W(d)d"™™ + W(c)c' ™.
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If 0 is convex and decreasing for m > 1, then we have
A > %[t@(c)\l/(d)dlm +0(d)W(d)d' ™™ — t0(d) ¥ (d)d ™™ + t0(d)¥(c)c' ™™ + O(c)¥(c)c ™™
—t0(c)U(c)c ™™ + 0(c)¥(c)c' ™™ + 0(d)V(d)d ™) — P(t)[¥(d)d' ™™ + ¥(c)c' ™™

Here, we are using P(t) < P(1) from equation (4.3),

= L0 w(@)d ™ + 0(d) W () + 8(e) () + 0(d) W (d)d ]

2
~6() + 6(d)

5 [(U(d)d' ™™ + W(c)c' ™™

1
> i[e(c)W(d)dl_m +0(d)W(c)c™™ + 0(c)¥(c)ct ™™ + 0(d) W (d)d' ™™
—0(c)¥(d)d" ™™ — 0(d)¥(c)c ™™ — 0(c)¥(c)ct ™™ — O(d)¥(d)d~™] > 0.
So, the condition for the Schur-convexity is satisfied for m > 1. Now to prove the case

for the Schur-concavity,

If 0 is concave and decreasing, then we have
A<= t9( YU(d)d ™™ + 0(d) ¥ (d)d" ™™ — t0(d) ¥ (d)d" ™™ + t0(d)¥(c)c' ™™
+0(c)¥(c)c ™™ — th(c)V(c)c ™™ + 0(c)¥(c)c' ™™ + G(d)\I/(d)dl’m]
—P@t)[¥(d)d' ™™ + ¥(c)c' ™.
Note that, P(t) > P(0), by equation (4.3) and using Theorem 4.0.2,

f 0(x)¥ (z)dx

s YD+ (e

_ %[Qg(d)\p(d)dl_m +20(c)¥(c)ct ™) —

= %[26<d>\v(d)d1‘m +20(c)¥(c)c ] = O(d)W(d)d" ™ — B(c)¥(c)c ™ < 0.

So, the case for the Schur-concavity is proved for m > 1,
Case (2) is similar for m < 1.

If 0 is concave and increasing for m < 1, then we have,
1
A< E[te(c)\lf(d)dlfm + 0(d)¥(d)d" ™™ — t0(d) W (d)d ™™ +t0(d)¥(c)c' ™™ + O(c)¥(c)c' ™™

()W ()™ 4 0() U ()™ 4 0(d) W (d)d ™ — P(E)[E(d)d™ + U (c)et ]
(4.13)
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Note that P(t) < P(1), by equation (4.3),

= Lo w(@)d ™ + 0(d) W ()™ + 8(e) T ()™ + 0(d) W (d)d ™

2
0(c) + 0(d)
L

(4.14)
(U (d)d' ™™ + ¥(c)c' ™™

1
2
—0(c)W(d)d" ™™ — O(d)¥(c)c" ™™ — 0(c)¥(c)c ™™ — 0(d)¥(d)d ~™] < 0.

< Z10(c)U(d)d™ + 0(d) T (c)c ™™ + 0(c) T (c)c ™™ + O(d) T (d)d ]

The condition for the Schur-concavity is satisfied for m < 1. Now, if 6 is convex and

increasing, then we have

A > ~[t0(c)U(d)d ™™ + 0(d)T(d)d ™ — t0(d)T(d)d~™ + tO(d) T (c)c =™ + O(c)T(c)t ™

NO| —

() T() ™ + 0() V()™ + (d) T (d)d ™) — P(1)[W(d)d ™ + T(c)e ]
(4.15)

Note that, P(t) > P(0), by equation (4.3) and using Theorem 4.0.3,
1
= 5[29(d)\11(d)d1*m +20(c)¥(c)c' ™ — O(d)¥(d)d* ™™ — O(c)¥(c)c' ™™ > 0. (4.16)
The condition for the Schur-convexity is satisfied for m < 1. n

Now we will consider possibility of further generalization in the companion map-
Pings.
Let v : [0,1] — [0,1] be a monotonic non-decreasing continuous function on [0,1]. Let

Go : [0,1] — R be a function is defined by

_ lfcd[e(oz(t)c + (1 —a(t)z)¥(z) + O(a(t)d + (1 — oz(t))x)\lf(x)]dx.

Ga(t> 2 fcd \I’(Z‘)dx

(4.17)

Lemma 5. Suppose that 0 is convex (respectively concave), then Gy (t) is convex (re-
spectively concave) if a is a linear function.
Proof: It follows that from equation (4.17), if 0 is convex, also « is linear,then we have

the composition 0 o o is linear.
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Lemma 6. Let «9(3@):%-5;#, te(0,11]. Then 0(x) is convex and decreasing on(O,% ]
and §(z) is convez and increasing on [3,7].

Proof: Since,

2sinx — 2xcosr — xr2sinx

0'(z) =

3

) —13cost + 3x?sinx + 6xcosr — Gsine
0%(x) = :

1l

Let
g(z) = 2sinz — 2xcosx — x*sinx and g(0) = 0.
Then
g'(z) = —x*cost < 0.

And g(z) < g(0), and 0" (z) < 0. Thus, () is decreasing on (0,5 ].
Let h(z)=—z3cosx + 3z*sinx + 6xcosx — 6sinz and h(0)=0. Then h'(x)=z*sinz >0
and h(z) < h(0) = 0. Further f*(z) > 0. So 6(x) is conver and increasing on (0, %]

H].

Similarly, we get that 0(x) is conver and increasing on (0, 5

4.0.2 Applications of Fejer’s Inequality

There are numerous applications of "Fejer’s inequality” which have received attention
in back years. Relating to the integral mean of a conver function are the most famous
inequalities "Hadamard inequality” and "Fejer’s inequality”. Some applications

of "Fejer’s inequality” are as follows:

Theorem 4.0.5. For c,d € R, ,and m > 2.Then

A+ d™
Cm—2 + dm—2 '

G?(c,d) <

P(c,d). (4.18)
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where G(c,d) = cd, P(c,d) = %
Proof:
Let 0(z) =%, ¥(z)=x, v € (0,00) and d > c .

Consider the fejer’s inequality and putting values,

fcd 0(x)¥(z)dx fcd Ldz 2(In(c) — In(d))

Pu@ds [ed - @@ T @D (4.19)

By definition of convez function, since 0(x) is conver and decreasing. By Theorem

4.0.2, it follows that

12 6(2)¥(2)dx _ TO(W(e) +dmE(d) U (d)
fcd U(z)de =W (c) + d = (d)

(4.20)

After simplifying,we have
— CZdQ(Cm—2 + dm—2)'

If 0 is conver and monotonicity, then 0 is Schur-conver. As from the 4.0.3, we have

(4.21)

the following equation for Schur-convezity,

1 12 6(2)¥(z)dz

[TW(@)de | [TW(x)de [—U(c)c' ™™ = W(d)d" ™ + [d'0(d)¥(d) + ¢ ~"0(c)¥(c)]| >0,

(4.22)
Then
flhis e
fd rdr c2d2 [Cm72 + dm72]’
Thus equation(4.18) is satisfied.
"Camille Jordan" [9] introduced the Jordan’s inequality for a € (0, 3].
2 sy (4.23)
m T

with equality holds iff v = 5. By Corollary 3.0.1 and 3.0.2, further inequalilies and

new refinements for Jordan’s inequality are obtained, as follows
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Theorem 4.0.6. For a € (0,5]. Then,

sina aQ—”T2{ 2 } z’ (4.24)
a — (% + a) 20+ us
sina < 2 (7‘['_2 B a_2) sina(% t ) cos(%+ %) (4.25)
a — 7 \8 2 (5+7%) (& +1)
Proof:
As we have the "Fejer’s inequality”,
d
O(x)¥(x)d
e = LR
[2 Y (x)dx
Let
cosr  SinT
O(z) = 2 g3
and V(zr) = x.
and it follows that
(4.26)

2 d (cosr  sinx
W(C,d):m/c ( T — ,1'2 )dl’

By Lemma and Corollary 3.0.1, equation (4.26) is Schur-conver on (0, 3]. Since

a+y at3g (7?) ( 7r)
(2,2>< 2,a<a+2,0.

By definition of Schur-Convexity, then

a+3 a+3 < <7r >< <+7r0>
wl—=,a wila — .
2 72 - 2’ - 2’

By making substitution, we have
g

cos <a+g) sin <a+ ) -
2 2 2 sz,
< 2 |% < 2 a+3o
J— (7T + a) A

2 2 4
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Firstly, taking these two, we have

r
2

a+ . aty )
o5\ 72 S\ =3 2 sinx,
= — <
atg a+% 2 =
2

a2 a2 sm(#) co #)
5-5)[=E-

so from above, we have inequality(4.25).

Now comparing other two, we have

2

sinx|a < 2 SINT
e T CE T
sina 2 - a’ — %2 sin (a+ %)
I T 2 - s !
a T — (5 + a) a +
sina a? — 7;—2 [1 2cosa ] N 2
— o 2 - I
a — (5 + a) 2+ T
FEquation (4.24) is satisfied.
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Chapter 5

Conclusion

FEvery Fejer’s type inequality s the Hadamard’s type inequality when we consider the
weight function is equal to one. We must say that every Fejer’s type inequality comes
i category of Hadamard’s type inequality.

Concept of Fejer’s type inequality is much more easy to understand in Hadamard’s type
wnequality. With the help of literature we came to know about many results in terms of
Hadamard’s type inequality. Authors provided many directions to resolve the problems
regarding Hadamard’s type inequality. Therefore using these results of Hadamard’s type
wnequality, many results reqarding Fejer’s type inequality are formed, presented in our
thesis.

In our thesis, we have some concepts that revolves around Schur-convexity and Schur-
concavity. However, Schur Geometrically convexity and Schur Geometrically concavity
are different direction to study. So, this is an interesting direction which we prepare
for future work. Also,some problems arise while studying the Schur-Convexity and

Schur-Concavity. So, that should also be studied in future.
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