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Abstract

The energy of a graph is given by
n∑

q=1
|θq|, where θq′s are the adjacency eigenvalues of the graph.

A graph has real eigenvalues because its adjacency matrix is always symmetric. The energy of a

sidigraph is defined by
n∑

q=1
|Re(ξq)|, where Re(ξq) represents the real part of eigenvalue ξq of the

sidigraph. A sidigraph has complex eigenvalues because its adjacency matrix is not necessarily

symmetric. A topological index is recognized as molecular descriptor that is a conversion of a

molecular structure into some real number.

In our disquisition, we first focused on the extremal energy of sidigraphs. We investigate the

bicyclic sidigraphs having largest energy in the set of all bicyclic sidigraphs with fixed order.

We construct some non-cospectral bicyclic sidigraphs having equal energy. We also investigate

the energy ordering of signed digraphs in the class of all vertex-disjoint bicyclic sidigraphs. Our

second focus is on the energy of graphs based on the inverse sum indeg matrix and generalized

inverse sum indeg matrix. These matrices are defined by using definition of respective indices.

We give inverse sum indeg energy formula of some graphs. Bounds on inverse sum indeg energy

of graphs are obtained. Some non-cospectral equienergetic graphs with respect to inverse sum

indeg energy are also obtained. In the end, we introduce generalized inverse sum indeg index

and generalized inverse sum indeg energy of graphs. We study the generalized inverse sum

indeg index and energy from an algebraic point of view. Extremal values of this index for some

graph classes are determined. Some spectral properties of generalized inverse sum indeg matrix

are studied. We also find Nordhaus-Gaddum-type results for generalized sum indeg energy and

spectral radius of generalized inverse sum indeg matrix.
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Chapter 1

Introduction to Graph Theory

In the first section of current chapter, a brief history review of graph theory is given. Some

terminologies of graph theory that we have used in our whole disquisition is given in Section

1.2. In next sections, a short review on spectral graph theory is given and some special types of

graphs are discussed. In the end, we give plan of the whole disquisition.

1.1 Background

A Swiss mathematician Leonhard Euler introduced the notion of graphs in the 18th century.

His attempt of solution to the eminent “Königsberg bridge” problem given below is the origin

of graph theory: On the Pregel river, the Königsberg city (now Kaliningrad, Russia) is situated.

The river divides city into four parts of land connected by seven bridges. A question arose that

whether there is the possibility of a walk over the city such that every bridge is crossed exactly

once? The visual representation of this problem is given in Figure 1.1.

In 1736, Euler solved the problem using graph theory and proved that such type of walk is

not possible. In the graph given by Euler (see Figure 1.2), he represented the lands by vertices

and bridges by edges.

For further study on the historical aspects and Königsberg bridge problem solution given

by Euler, see [5, 42]. In 1936, the first known graph theory book titled ”Theorie der endlichen

1



Figure 1.1: Königsberg bridge problem

Figure 1.2: The Königsberg bridge problem graph

und unendlichen Graphen” was given by König. Graph theory has remarkable applications in

almost every branch of science such as applied mathematics, chemistry, engineering, computer

science, biology and a lot more.
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1.2 Graph terminologies

An m-vertex graph G = (VG,EG), consists of VG, a set of m vertices and EG, a set of edges. If

w, z ∈ VG are joined by an edge then they are called adjacent, denoted by wz (or zw) and an edge

wz is an incident edge on w and z. Two edges are called adjacent if their some of end vertices

are common. For a graph G, the size eG and order nG are given by eG = |EG| and nG = |VG|,

respectively. For any w ∈ VG, the neighbourhood NG(w) of w is given as NG(w) = {z | wz ∈ EG}.

Parallel edges are the edges that have same end vertices. An edge wz ∈ EG is said to be a loop

if w = z. A graph is simple whenever it contains no loop or parallel edges. For vertex w ∈ VG,

the degree of w is the cardinality |NG(w)|, denoted by dG(w) or d(w) or d (w)
G

. For any vertex w,

if |NG(w)| = 0, then w is recognized as an isolated vertex and if |NG(w)| = 1, then w is a leaf.

A graph formed from G by eliminating w ∈ VG and each edge incident on w is expressed as

G r {w}. For any wz ∈ EG, the term G r {wz} is defined similarly.

The largest (respectively, smallest) degree of G is the largest (respectively, smallest) vertex

degree in G, represented as ∇G (respectively, δG). A graph of order nG, size eG, largest degree

∇G and smallest degree δG is represented by G(nG, eG,∇G, δG) and a graph of order nG and size

eG is represented by G eGnG . A graph with d (w)
G

= b for every w ∈ VG, is a b-regular graph.

The complement of a simple graph G is a graph represented by G with the property that

VG = V
G

and wz ∈ EG if and only if wz < E
G

. Therefore nG = n
G

, e
G

= 1
2 (n2
G
− nG) − eG,

∇
G

= nG − 1 − δG and δ
G

= nG − 1 − ∇G.

Suppose G is a graph with VG = {w0, . . . ,wm} and EG = {s1, . . . , sm}. Then a terminable

sequence w0, s1,w1, s2,w2, s3, . . . ,wm−1, sm,wm, where sq = wq−1wq, q = 1, . . . ,m is said to be

a walk between w0 and wm. An m-vertex path Pm, (m ≥ 1), is a simple graph with VPm =

{w1, . . .wm} and EPm = {wqwq+1 | q = 1, 2 . . . ,m − 1}. An m-vertex cycle Cm (m ≥ 3) is a simple

graph with VCm = {w1, . . . ,wm} and ECm = {wqwq+1 | q = 1, 2, . . . ,m − 1} ∪ {wmw1}. A graph not

containing any cycle is an acyclic graph. If for every pair w, z ∈ VG of G, a path exists between

w and z, then G is a connected graph; otherwise disconnected.

A connected and acyclic graph of order m is a tree represented by Tm. A star graph Sm is a
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tree with nSm = m, in which one vertex is adjacent to m − 1 leafs. For w, z ∈ VG, the distance

between w and z is the length of the smallest path between w and z. The largest distance between

a vertex w of a graph G to every other vertex of G is called the eccentricity of w. The diameter

of G is the largest eccentricity of a vertex in G.

An m-vertex simple graph whose every vertex is adjacent to other m−1 vertices is termed as

a complete graph represented byKm. If we can split vertex set VG of a graph G into two disjoint

sets X1 and X2 with the property that vertices of the same set are pairwise nonadjacent then G is

termed as a bipartite graph. The sets X1 and X2 are called partite sets of a bipartite graph G. A

complete bipartite graph Kr,s is a bipartite graph with partite sets X1 and X2 such that |X1| = r,

|X2| = s and each vertex in X1 is adjacent to each vertex in X2.

Suppose H1 and H2 are two simple graphs with VH1 ∩ VH2 = φ. The disjoint graph union

H1 ∪ H2 is a graph with VH1∪H2 = VH1 ∪ VH2 and EH1∪H2 = EH1 ∪ EH2 . For any vertex

w ∈ VH1∪H2 , d (w)
H1∪H2

= d (w)
Hq

, q = 1, 2. The join H1 fH2 is formed by adding wz ∈ EH1fH2 for

each w ∈ VH1 and z ∈ VH2 . Two graphs H1 and H2 are said to be isomorphic if there exists a

bijection ψ among VH1 and VH2 with the property that wz ∈ EH1 if and only if ψ(w) ψ(z) ∈ EH2 ,

represented asH1 � H2.

A subgraphG1 ofG is the graph withVG1 ⊆ VG and EG1 ⊆ EG. A largest connected subgraph

of G is a component of G. A graph G is said to be an elementary figure if G � K2 or G � Cm,

m ≥ 3. A basic figure is a graph with elementary figures as components.

Any subset of non-adjacent vertices of G forms an independent set of G. An independence

number of a graph G is the largest size of its independent set. The line graph LG of G is the

graph with VLG = EG and two vertices of LG are adjacent if and only if their corresponding

edges in G have a common end vertex.

1.3 Spectral graph theory

Spectral graph theory is a field of graph theory that study the graph properties through some

properties of a matrix related to it, that is, eigenvalues and characteristic polynomial. It is used
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to find the solutions of some chemical problems. Spectral graph theory appears in 1950. At

that time two major researches were going on: a technique suggested by Erich Hückel in 1930

called Hückel molecular orbital (HMO) method and a connection among spectral and structural

properties of graphs.

In 1980, Cvetković et al. [16] study the connection between these directions. The authors

compiled approximately whole research till date in aforementioned area. The authors revised

the survey in 1988 [14]. In 1995, Cvetkovic et al. [15] give the third edition of the book.

The adjacency matrixA(G) = [ars]m×m of a simple graph G with nG = m is an m×m matrix,

where

ars =

 1 if wrws ∈ EG

0 otherwise.

TheA-characteristic polynomial of G is given by:

ΨG(θ) = det(A(G) − θIm)

= θm +

m∑
q=1

aq θ
m−q, (1.1)

where Im is an m × m identity matrix. The A-eigenvalues of G are the roots of ΨG(θ) given in

Equation (1.1). TheA-spectrum, specA(G), is the collection of allA-eigenvalues of G together

with multiplicities.

Graph energy is one of the strongest area in spectral graph theory. This concept of graph

energy is given by Hückel. The equation (P − E)ϕ = 0 with P as the energy operator and E

as the energy of electron is the Schrodinger wave equation. The solution of this equation is ϕ

(also called wave function). To get the result for the molecules, a very important role is played

by Hückel. Hückel normalizes the system in such a way that P becomesA(G) of the respective

graph G. The solution ϕ becomes the roots of ΨG(θ).

One can study about Hückel theory and its relation with spectral graph theory in [16]. In

chemistry, the levels of energy of many classes of conjugated hydrocarbons can be determined

by knowing about the energy levels of general class of graphs. A significant amount of research

has been done by Hückel [46] till date.

5



If a graph G represents a structural formula of some chemical compound, then G is called

a molecular graph or chemical graph. In this graph, hydrogen atoms are not considered, see

[26]. The edges and vertices of such graph corresponds to the chemical bond and atom of the

compound, respectively.

The graph energy determines the π-electron energy of a conjugated carbon molecule. The

energy of a graph G is given by:

E (G) =

m∑
q=1

|θq|,

where θq′s are theA-eigenvalues of G.

Gutman [27] gave the concept of graph energy in 1978. Till now, a significant amount of

research has been done in this direction.

1.3.1 Spectra and graph energy

In the current section, a brief introduction to graph energy is given. Next theorem is used to find

the coefficients of theA-characteristic polynomial of a graph.

Theorem 1.1 (Cvetković et al. [16]). Suppose G is a graph with nG = m and A-characteristic

polynomial of the form

ΨG(θ) = θm +

m∑
q=1

aq θ
m−q.

Then for each q = 1, . . . ,m,

aq =
∑
Y∈ Lq

(−1)p(Y)2|c(Y)|
,

where Lp is the collection of every basic figure Y of G of order q, p(Y) represents the number of

components of Y and c(Y) represents the collection of each cycle of Y.

Coulson’s integral formula is one of the most important formula that calculates the graph en-

ergy without finding the eigenvalues. It finds the energy by using the characteristic polynomial.

The term p.v.
∫ ∞
−∞

F(z)dz represents the principal value of
∫ ∞
−∞

F(z)dz.

6



Theorem 1.2 (Coulson [13]). Suppose G is a graph with nG = m andA-characteristic polyno-

mial ΨG(θ). Then

E (G) =
1
π

p.v
∫ +∞

−∞

(
m −

ι̇θ Ψ ′
G

(ι̇θ)

ΨG(ι̇θ)

)
dθ,

where Ψ ′
G

(ι̇θ) = d
d(ι̇θ)ΨG(ι̇θ).

An alternative form of Coulson integral formula is given by Gutman [27].

Theorem 1.3 (Gutman [27]). Suppose G is a graph with nG = m andA-characteristic polyno-

mial ΨG(θ) = θm +
∑m

q=1 bq θ
m−q. Then

E (G) =
1

2π

∫ ∞

−∞

1
θ2 log

[
(
bm

2 c∑
q=0

(−1)q b2q θ
2q )2 + (

bm
2 c∑

q=0

(−1)q b2q+1 θ
2q+1 )2

]
dθ.

Many bounds for the graph energy are known. We here give some of the bounds. The

following theorem gives bounds on graph energy.

Theorem 1.4 (McCelland [55]). SupposeH = G
eG
nG

is a graph. Then√
2eG + nG(nG − 1)|A(H)|

nG

2 ≤ E (H) ≤
√

2eHnH . (1.2)

A graph is nonsingular if it has nonsingular adjacency matrix. Das and Gutman [19] gave

the following lower bound.

Theorem 1.5 (Das and Gutman [19]). Suppose H = G
eG
nG

is a nonsingular graph with nH ≥ 1.

Also let W = 4
(nH+1) (nH−2)

[√
2eH
nH
−

(
2eH
nH

) 1
4
]2

. Then

E (H) ≥
√

2eH + nH (nH − 1)| detA(H)|
2
nH + W,

where the inequality becomes equality for H � KnG or H is isomorphic to nG

2 copies of K2

(when nG is even).

Next theorem gives bounds on graph energy with respect to its size and order.
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Theorem 1.6 (Koolen and Moulton [52]). Suppose H = G
eG
nG

is a graph with 2eH ≥ nH . Also

suppose G1 is a graph which is connected and has exactly two non trivial A-eigenvalues with

absolute value

√
2eH−

4e2
H

n2
H

nH−1 . Then

E (H) ≤
2eH
nH

+

√
(nH − 1)

2eH − 4e2
H

n2
H

,
where the inequality becomes equality for H � G1 or H � KnH or H is isomorphic to nH

2

copies of K2.

Following two theorems give some information about the energy of a graph G.

Theorem 1.7 (Bapat and Pati [3]). For an odd integer b, E (G) , b.

Theorem 1.8 (Pirzada and Gutman [63]). For an odd integer b, E (G) ,
√

b.

Next result is about the bounds on graph spectra.

Theorem 1.9 (Brigham and Dutton [6]). Suppose H = G
eG
nG

is a graph with A-eigenvalues

θ1 ≥ · · · ≥ θnH . Then for each integer f ∈ [1, nH ]

−

√
2( f − 1)eH

(nH + 1 − f )
≤
√
nH θ f ≤

√
2(− f + nH )eH

f
.

Nikiforov [59] proved the following conjecture given by Koolen and Moulton [51]: For

some ε > 0, a graphH = G
eG
nG

exists with

E (H) ≥ (
√
nH + 1) (1 − ε)

nH

2
,

for almost every nH ≥ 1.

1.4 Weighted graphs

A wighted graph is a pair W = (G, $), where G = (VG,EG) is the underlying graph and

$ : EG → R\{0} is the corresponding weight function. For any edge e ∈ EW, the weight of e

8



is denoted by $(e). If $(e) = 1 for each e ∈ EW, thenW is considered as a graph. Therefore

graphs are subclass of weighted graphs. The weight of W, represented by $(W) is defined

as $(W) =
∏

wz∈EW
$(wz). If $(W) > 0 (respectively, $(W) < 0), thenW is called positive

(respectively, negative) weighted graph. If every cycle of weighted graphW is positive, then

W is called balanced; otherwise unbalanced. Note that if the conjugated molecule has atoms

that are not carbon or hydrogen, then its respective graph has weighted edges. Hence there is

chemical significance of results on the energy of weighted graphs.

The adjacency matrixA(W) = [apq]m×m of a weighted graphW with nW = m, is an m ×m

matrix, where

apq =

 $(wpwq) if wpwq ∈ EW

0 otherwise.

TheA-characteristic polynomial ofW is given by:

ΨW(θ) = det(A(W) − θIm)

= θm +

m∑
q=1

cq θ
m−q,

where Im is an m × m identity matrix. TheA-eigenvalues ofW are the roots of ΨW(θ).

The recursive formula for characteristic polynomial ofW is given in next theorem.

Theorem 1.10 (Gutman and Shao [32]). SupposeW = (G, $) be a weighted graph and wz ∈

EW. Then,

ΨW(θ) = ΨWr{wz}(θ) −$2(wz) ΨWr{w}r{z}(θ) − 2
∑
C

ω(C) ΨWrC(θ),

where the summation is taken on each cycle C containing wz.

Now if $ : EW → {1,−1}, thenW is called a signed graph. Thus weighted graphs are the

generalization of signed graphs.

Gutman and Shao [32] defined the energy of weighted graphs as

E (W) =

m∑
q=1

|θq|,

where θq denotes theA-eigenvalues ofW. For the study about eigenvalues of weighted graphs

and chemical theories related to it, see [12, 24]
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1.5 Weighted digraphs

A directed graph (for short, digraph) D = (VD ,AD ) consists of VD , a set of nodes (vertices)

and AD , a set of arcs. A weighted digraph W = (D , ψ) is a pair, where D = (VW,AW) is the

underlying digraph of W and ψ : AW −→ R\{0} is the corresponding weight function. For any

w, z ∈ W, if there is an arc form w to z then they are called adjacent, represented by (w, z). A

weighted arc is an arc with a given weight. The weight of (w, z) is denoted by ψ(w, z). The sign

of a weighted arc is the sign of its weight. The weight of W, represented by ψ(W), is defined as

ψ(W) =
∏

wz∈AW
ψ(w, z). The weighted digraph W is said to be positive if ψ(W) > 0 and negative

if ψ(W) < 0. The order nW and size eW of W are the cardinalities nW = |VW| and eW = |AW|,

respectively.

An m-vertex directed weighted path Pm is a weighted digraph with VPm = {w1,w2, . . . ,wm}

and weighted arcs APm = {(wq,wq+1) | q = 1, 2, . . . ,m − 1}. An m-vertex weighted directed

cycle Cm, (m ≥ 2), is a weighted digraph with VCm = {w1,w2, . . . ,wm} and weighted arcs

ACm = {(wq,wq+1) ∪ (wm,w1), q = 1, 2, . . . ,m − 1}. For every cycle Cm of W, if ψ(Cm) > 0

(respectively, ψ(Cm) < 0), then W is called cycle-balanced (respectively, cycle unbalanced)

weighted digraph. A linear weighted digraph is a digraph whose all components are cycles. If

for every pair w, z ∈ VW, a weighted directed path from a vertex w to a vertex z and from a

vertex z to a vertex w exists, then W is said to be a strongly connected weighted digraph. The

maximal connected subdigraphs of W are the strong components of W.

If all arcs of a weighted digraph W are replaced by undirected edges then the corresponding

graph is called the underlying weighted graph of W. A weighted digraph in which nW = eW

and has a unique cycle is a unicyclic weighted digraph. A weighted digraph whose underly-

ing weighted graph is connected and that has exactly two weighted directed cycles is called a

bicyclic weighted digraph.

A symmetric weighted digraph
←→
W is a weighted digraph with the property that if (w, z) ∈

A←→
W

with ψ(w, z) = p, then (z,w) ∈ A←→
W

with ψ(z,w) = p. A one to one correspondence between

W and
←→
W is given by W  

←→
W , where V←→

W
= VW and each wz ∈ EW with $(wz) = p is

10



replaced by two arcs (w, z), (z,w) with ψ(w, z) = ψ(z,w) = p.

The adjacency matrix A(W) = [apq]m×m of a weighted digraph W with nW = m is defined

by

apq =

 ψ(wp,wq) if (wp,wq) ∈ AW,

0 otherwise.

TheA-characteristic polynomial of W is given by:

ΨW(ξ) = det(A(W) − ξIm),

where Im is an m × m identity matrix. The A-eigenvalues of W are the roots of ΨW(ξ). The

A-spectrum, specA(W), is the collection of all A-eigenvalues of W together with their mul-

tiplicities. Next theorem is used to find the coefficients of the A-characteristic polynomial of

weighted digraph.

Theorem 1.11 (Achariya [1]). Suppose W is a weighted digraph with A-characteristic poly-

nomial

ΨW(ξ) = ξm +

m∑
q=1

bq ξ
m−q.

Then for each q = 1, 2, . . . ,m

bq =
∑
Y∈Lq

(−1)p(Y)|ω(Y)|s(Y),

where Lq represents the collection of each linear weighted subdigraph Y of W of order q, p(Y)

represents the number of components of Y, ω(Y) is the weight of linear weighted subdigraph Y

and s(Y) denotes the sign of Y.

Now if ψ(w, z) = 1 for each arc (w, z) ∈ AW, then W is called a digraph. Also if in weighted

digraphW = (D , ψ), we take ψ : AW −→ {1,−1}, thenW is called a signed digraph or sidigraph.

Hence weighted digraphs are generalizations of digraphs and sidigraphs.
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1.6 Overview

We give here whole plan of our disquisition. In second chapter, some results related to en-

ergy of sidigraphs and degree based energies of graphs are given. In third chapter, we find

extremal energy over a set of all bicyclic sidigraphs. At the end of this chapter, we find some

noncospectral equienergetic sidigraphs. For this chapter, see the paper by Hafeez et al. [36]. In

fourth chapter, we investigate the ordering of all vertex-disjoint bicyclic sidigraphs with respect

to energy. In fifth chapter, we give some properties of inverse sum indeg matrix and energy.

This matrix is defined using definition of inverse sum indeg index. We give energy formula

for some graphs with respect to ISI matrix and also find bounds for ISI energy. We also give

some non-cospectral graphs having same ISI energy. For this chapter, see the paper by Hafeez

and Farooq [37]. In sixth chapter, we define generalized inverse sum indeg index and energy.

We determine the largest and smallest value of this index in some graph classes. We study the

spectral properties of generalized ISI matrix. Some bounds on generalized ISI spectral radius

and energy are calculated and finds the Nordhaus-Gaddum type inequalities for them. For this

chapter, see the paper by Hafeez and Farooq [38]
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Chapter 2

Graphs and sidigraphs energy

In first section of the current chapter, we give a review of energy of sidigraphs. This concept

was introduced by Pirzada and Bhat [62]. In second section, we discuss about the energy of

graphs based on degree of vertices and give some basic results. This concept of the adjacency

matrix related to topological indices was introduced in [67]. Later, many types of graph energies

related to topological indices are introduced and some of them have applications in chemistry.

2.1 Energy of sidigraphs

Suppose ξ1, . . . , ξm are the eigenvalues of a sidigraph S. The energy of S is given by

E (S) =

m∑
q=1

∣∣∣Re(ξq)
∣∣∣, (2.1)

where Re(ξq) represents the real part of ξq, see [60].

The A-characteristic polynomials of a positive directed signed cycle Cm and a negative

directed signed cycle Cm computed through Theorem 1.11 are:

ΨCm(ξ) = ξm − 1,

ΨCm(ξ) = ξm + 1.

13



Therefore, the energy of Cm and Cm are, respectively, computed as:

E (Cm) =

m−1∑
q=0

∣∣∣∣∣ cos
2qπ
m

∣∣∣∣∣,
E (Cm) =

m−1∑
q=0

∣∣∣∣∣ cos
(2q + 1)π

m

∣∣∣∣∣.
Pirzada and Bhat [62] computed the following formulas for energy of Cm and Cm:

E (Cm) =


2 cot π

m if m ≡ 0(mod4)

2 csc π
m if m ≡ 2(mod4)

csc π
2m if m ≡ 1(mod2),

(2.2)

E (Cm) =


2 csc π

m if m ≡ 0(mod4)

2 cot π
m if m ≡ 2(mod4)

csc π
2m if m ≡ 1(mod2).

(2.3)

We denote a signed cycle of order m by C′m with either a positive sign or negative sign.

Next two theorems give extremal energy among m-vertex unicyclic cycle-balanced and cycle

unbalanced sidigraphs, m ≥ 2.

Theorem 2.1 (Peña and Rada [60]). In the class of all m-vertex unicyclic cycle balanced sidi-

graphs, the sidigraphs containing C2, C3 or C4 has the smallest energy and the sidigraphs

containing Cm has the largest energy.

Theorem 2.2 (Pirzada and Bhat [62]). For each q ≥ 2, E (Cq) < E (Cq+1). In addition, in the set

of all m-vertex unicyclic cycle unbalanced sidigraphs, the sidigraphs containing C2 has smallest

energy and the sidigraphs containing Cm has the largest energy.

Pirzada and Bhat [62] proved the following relation between energy of a sidigraph and its

strong components.

Theorem 2.3 (Pirzada and Bhat [62]). Suppose S is a sidigraph and H1, . . . ,Hs be its strong

components. Then E (S) =
∑s

q=1 E (Hq).
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Integral representation of energy is very useful as one can find the sidigraph energy without

knowing the eigenvalues of the sidigraph.

Theorem 2.4 (Pirzada and Bhat [62]). SupposeS is a sidigraph with nS = m andA-characteristic

polynomial ΨS(ξ). Then

E (S) =
1
π

p.v.
∫ +∞

−∞

(
m −

ι̇ξ Ψ ′
S
(ι̇ξ)

ΨS(ι̇ξ)

)
dξ.

Next corollary is obtained from Theorem 2.4.

Corollary 2.5 (Pirzada and Bhat [62]). Let Ψ be a monic polynomial of degree m with roots

ξ1, . . . , ξm and define γS(y) = ymΨ ( ι̇y ). Then

E (S) =
1
π

p.v.
∫ +∞

−∞

ln |γS(y)|
dy
y2 .

The sidigraph energy also satisfies the following integral formula [56, 62]:

E (S) =
2
π

∫ ∞

0

1
y2 ln |γS(y) | dy. (2.4)

Now we give some bounds on sidigraph energy. In next theorem, Pirzada and Bhat [62] give

the McCelland inequality for sidigraphs.

Theorem 2.6 (Pirzada and Bhat [62]). Suppose S is a sidigraph of order nS and size eS. Then

E (S) ≤
√
nS

2
(eS + c2 − c2),

where c2 and c2 are the number of positive and negative closed walks of size 2, respectively.

The inequality becomes equality when S is isomorphic to nS2 copies of
−→
K2.

Next theorem gives another upper bound on sidigraph energy.

Theorem 2.7 (Pirzada and Bhat [62]). Suppose S is a sidigraph of order nS and size eS. Then

E (S) ≤ eS, where the inequality becomes equality when S is isomorphic to nS2 copies of
−→
K2.

Following theorem gives some further information about energy of a sidigraph.

Theorem 2.8 (Pirzada and Bhat [62]). Suppose S be a sidigraph. Then

(1). E (S) , (2pb)
1
r , where b is an odd integer, 0 ≤ p < r and r ≥ 1.

(2). E (S) ,
(

k
s

) 1
t , where k

s is a rational number, k
s < Z and t ≥ 1.
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2.2 Energy of graphs based on degree

In current section, we discuss about the graph energy which is based on vertex degree. These

types of energies are related to the topological index of a graph.

A topological index T I(G) of a graph G is recognized as a molecular descriptor which is

a conversion of a molecular structure into some real numbers. In computational chemistry,

topological indices are of vital importance. Numerous types of topological indices are found in

literature which include indices based on vertex degree, indices based on distance of vertices,

indices that are based on eccentricities of vertices, etc.

A topological index of a graph G which is based on vertex degree is given as

T I(G) =
∑

wpwq∈EG

F (d (wp)
G

, d (wq)
G

),

where F is a function satisfying F (w, z) = F (z,w).

To every T I(G), an m-square adjacency matrixATI(G) = [apq] is defined and given as

apq =

 F (d (wp)
G

, d (wq)
G

) if wpwq ∈ EG

0 otherwise.

TheATI-characteristic polynomial of G is

ΨG(θ̃) = det(ATI(G) − θ̃Im),

where Im is an m × m identity matrix. The ATI-eigenvalues of G are the roots of ΨG(θ̃). The

ATI-spectrum, specTI(G) of G is the collection of all ATI-eigenvalues G together with their

multiplicities. A graph has realATI-eigenvalues becauseATI(G) is always symmetric. If G is a

graph with distinct ATI-eigenvalues θi and respective multiplicities are pi, theATI-spectrum of

G is represented as specTI(G) = {θ
(pi)
i | i = 1, 2, . . . , k}.

Let θ1, . . . , θm be the eigenvalues ofATI(G). Then graph energy related toATI(G) is defined

by

ETI(G) =

m∑
q=1

|θq|.
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After the remarkable success of the graph energy concept, the energies that are based on

eigenvalues of degree-based graph matrices are introduced. Recently, a significant amount of

research has been done in this direction. We list here some of the topological indices of graphs

based on vertex degree and energies related to it.

1. If F (d (wp)
G

, d (wq)
G

) = d (wp)
G

+ d (wq)
G

, then T I(G) is the first Zagreb index [35], represented by

M1(G). The first Zagreb energy EM1(G) was introduced in [64].

2. If F (d (wp)
G

, d (wq)
G

) = (d (wp)
G

+ d (wq)
G

)−1/2, then T I(G) is the sum connectivity index [78],

denoted by χ(G). The sum-connectivity energy Eχ(G) was defined in [80].

3. If F (d (wp)
G

, d (wq)
G

) = (d (wp)
G

+ d (wq)
G

)α, where α ∈ R, then T I(G) is the general sum con-

nectivity index [79], represented by χα(G). The general sum-connectivity energy Eχα(G)

could also be defined by using this function inAχα(G).

4. If F (d (wp)
G

, d (wq)
G

) = (d (wp)
G

d (wq)
G

)−1/2, then T I(G) is the Randic̀ index [66], denoted by

R(G). The Randic̀ energy ER(G) was defined in [9, 10].

5. If F (d (wp)
G

, d (wq)
G

) = (d (wp)
G

d (wq)
G

)α, then T I(G), where α ∈ R, is the generalized form of

Randic̀ index [8], represented by Rα(G). The general Randic̀ energy ERα
(G) was intro-

duced in [30].

6. IfF (d (wp)
G

, d (wq)
G

) = 2(d (wp)
G

d (wq)
G

)1/2(d (wp)
G

+d (wq)
G

)−1, then T I(G) is the geometric-arithmetic

index [73], denoted by GA(G). The geometric-arithmetic energy EGA(G) was defined

in [68].

7. If F (d (wp)
G

, d (wq)
G

) = (d (wp)
G

d (wq)
G

) (d (wp)
G

+ d (wq)
G

)−1, then T I(G) is the inverse sum indeg

index [74], denoted by ISI(G). The inverse sum indeg energy EISI(G) was defined in [77].

8. If F (d (wp)
G

, d (wq)
G

) = 2 (d (wp)
G

+ d (wq)
G

)−1, then T I(G) is the harmonic index [22], represented

by H(G). The Harmonic energy EH(G) was defined in [45].
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The first well known graph energy based on vertex degree is the Randić energy. The adjacency

matrix related to Randić index is called Randić matrix. For detailed study on Randić energy,

see [9, 10, 29, 30, 41, 53, 69] and references therein.

2.2.1 Some known results

In this section, we discuss some valuable results about degree based energies of graphs. By

det(M), we meant determinant of a mtarix M.

The most studied degree based graph energy is Randić energy. First, we give result about

the Randić energy.

Theorem 2.9 (Gutman et al. [29]). Let Pm be an m-vertex path. Then ER(Pm) = 2 + 1
2E (Pm−2).

Note that for a b-regular graph G, ER(G) = 1
bE (G).

Next theorem is about the Randić spectral radius.

Theorem 2.10 (Liu et al. [53]). The Randić spectral radius of a graph is equal to 1.

In the following theorem, we give bounds on Randić energy.

Theorem 2.11 (He et al. [41]). SupposeG is a graph of order nG. Also suppose Γ = det(AR(G)).

Then

ER(G) ≥ 1 +

√ ∑
wz∈EG

2

d (w)
G

d (z)
G

− 1 + (nG − 1) (nG − 2) Γ
2
nG−1 ,

ER(G) ≤ 1 +

√
(nG − 2)

( ∑
wz∈EG

2

d (w)
G

d (z)
G

− 1
)

+ (nG − 1) Γ
2
nG−1 .

The concept of Randić energy was further extended to general Randić energy by Gu et

al. [30]. The authors obtained bounds for general Randić energy and general Randić spectral

radius. In the following two theorems, Gu et al. [30] give some property of general Randić

matrix.

Theorem 2.12 (Gu et al. [30]). TheARα
-eigenvalues of a simple and connected m-vertex graph

G are exactly two if and only if G � Km.
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Theorem 2.13 (Gu et al. [30]). Suppose G is a graph that has no isolated vertex and VG =

{w1, . . . ,wm}. Then det(ARα
(G)) = (d (w1)

G
d (w2)
G

. . . d (wm)
G

)α det(A(G)).

This concept was also extended to Hermitian Randić energy by Lu et al. [54]. For detailed

study about general Randić energy and Hermitian Randić energy, we refer to [30, 54].

Zhou and Trinajstić [80] put forward the concept of sum connectivity energy. The authors

studied the algebraic properties of eigenvalues of sum connectivity matrix and energy. Later,

this concept was extended to distance sum connectivity matrix [25] but we here discuss only

about sum connectivity matrix and energy.

In the following result, Zhou and Trinajstić [80] obtained bounds for sum-connectivity en-

ergy.

Theorem 2.14 (Zhou and Trinajstić [80]). Suppose G is a graph of order nG. Then

2

√ ∑
wz ∈ EG

1

d (w)
G

+ d (z)
G

≤ Eχ(G) ≤

√
2nG

∑
wz ∈ EG

1

d (w)
G

+ d (z)
G

,

where the left inequality becomes equality for a null graph or a 1-regular graph and right

inequality becomes equality for a null graph or a complete bipartite graph possibly having

isolated vertices.

Note that for a b-regular graph G, Eχ(G) = 1
√

2b
E (G). For sum-connectivity energy formulas

of some specific graphs, study [61].

Next theorem gives bounds on largest eigenvalue ofAχ(G).

Theorem 2.15 (Zhou and Trinajstić [80]). Suppose G be a graph of order nG and θ1 ≥ · · · ≥ θnG

be itsAχ-eigenvalues. Then

2Aχ(G)
nG

≤ θ1 ≤

√
2(nG − 1)
nG

∑
wz∈EG

1

d (w)
G

+ d (z)
G

,

where left inequality becomes equality for Aχ(G) having equal row sums and right inequality

becomes equality for an empty graph or a complete graph.
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Recently, Zangi et al. [77] put forward the concept of inverse sum indeg energy of graphs.

The authors have not studied the ISI energy in detail. This detailed study was done by Hafeez

and Farooq [37]. They discuss the properties of ISI matrix and obtained several results about

ISI energy bounds (see Chapter 5).

The trace of the ISI matrix AISI(G) = [apq]m×m is defined by
m∑

q=1
aqq and is denoted by

tr(AISI(G)). Zangi et al. [77] prove the following lemma.

Lemma 2.16 (Zangi et al. [77]). Suppose G be a graph with nG = m and let θ1, . . . , θm be its

AISI-eigenvalues. Then

(1)
m∑

q=1
θq = 0,

(2) tr(A2
ISI(G)) =

m∑
q=1

θ2
q = 2

∑
wz ∈ EG

(
d (w)
G

d (z)
G

d (w)
G

+d (z)
G

)2

.

Zangi et al. [77] prove the following result for b-regular graphs.

Theorem 2.17 (Zangi et al. [77]). For a b-regular graph G, it holds that EISI(G) = b
2 E (G).

For more information about degree-based energies of graphs, study [21] and references

therein.
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Chapter 3

Bicyclic signed digraphs with maximal

energy

Finding sidigraphs with extremal energy over a certain set of sidigraphs is one of the funda-

mental concept in the theory of sidigraph energy. In 2015, Khan et al. [49] studied the problem

to find the smallest and largest energy in the set of all vertex-disjoint bicylic digraphs with m

vertices. In 2017, Khan and Farooq [50] considered the problem to find the extremal energy

over the set of all vertex-disjoint bicylic sidigraphs with m vertices. Monslave and Rada [58]

determined the bicyclic digraphs with largest energy over the set of all bicyclic digraphs. In

this chapter, we determine the largest energy of bicyclic sidigraphs in the set of all bicyclic

sidigraphs.

3.1 Known results and notations

In this section, we will give some notations and familiar results. LetDm represents the collection

of m-vertex-disjoint bicyclic digraphs and Dsm represents the collection of m-vertex-disjoint

bicyclic sidigraphs. Suppose Bm represents the set of all m-vertex bicyclic digraphs and Bsm

represents the set of all m-vertex bicyclic sidigraphs. Sidigraphs in Bsm are classified in three

categories: the sidigraphs whose cycles are vertex-disjoint; the sidigraphs whose cycles share
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exactly one vertex and the sidigraphs whose cycles share atleast one edge.

Let q, s ≥ 2 and let Dsm[q, s] = Cq ∪ Cs and Dsm[q, s] = Cq ∪ C s. Also suppose Dsm[q, s] =

Cq ∪ Cs and Dsm[q, s] = Cq ∪ C s. Let Dsm[q, s] =
{
Dsm[q, s], Dsm[q, s], Dsm[q, s], Dsm[q, s]

}
. Note

that nS = q + s for any S ∈ Dsm[q, s].

Let g, r, t are positive integers with g ≥ r and (g, r) , (1, 1). A ϑ-sidigraph with parameters

g, r, t is made up of three directed signed paths Pg+1, Pr+1 and Pt+1 so that the end vertex of Pt+1

is the starting vertex ofPg+1 andPr+1 and the starting vertex ofPt+1 is the end vertex ofPg+1 and

Pr+1. Note that the paths Pg+1 and Pt+1 constitute a signed cycle of size g + t in a ϑ-sidigraph.

Similarly, the paths Pr+1 and Pt+1 constitute a signed cycle of size r + t in a ϑ-sidigraph. Both

cycles in a ϑ-sidigraph share at least one common edge. We denote a ϑ-sidigraph with param-

eters g, r and t by ϑ[g, r, t] when both of its cycles are positive. Similarly a ϑ-sidigraph with

parameters g, r and t is denoted by ϑ[g, r, t] when both of its cycles are negative. A ϑ-sidigraph

whose cycle constituted by paths Pg+1 and Pt+1 is positive and the cycle constituted by paths

Pr+1 and Pt+1 is negative is denoted by ϑ[g, r, t]. Similarly, a ϑ-sidigraph whose cycle con-

stituted by paths Pg+1 and Pt+1 is negative and the cycle constituted by paths Pr+1 and Pt+1 is

positive is denoted by ϑ[g, r, t]. Let ϑ̃[g, r, t] = {ϑ[g, r, t], ϑ[g, r, t], ϑ[g, r, t], ϑ[g, r, t]}. Note

that a ϑ-sidigraph has g + r + t − 1 vertices.

Let q, s be two positive integers with q ≥ s ≥ 2. A Θ-sidigraph with parameters q, s is made

up of two directed signed cycles of sizes q and s, which share only one vertex. A Θ-sidigraph

in which both cycles are positive is denoted by Θ[q, s] and a Θ-sidigraph in which both cycles

are negative is denoted by Θ[q, s]. Let Θ[q, s] be the Θ-sidigraph whose q-cycle is negative

and s-cycle is positive and Θ[q, s] be the Θ-sidigraph whose q-cycle is positive and s-cycle is

negative. Let Θ̃[q, s] = {Θ[q, s], Θ[q, s], Θ[q, s], Θ[q, s]}. Note that a Θ-sidigraph has q+ s−1

vertices.

By Theorem 2.3, to find the sidigraph energy, it is enough to find the energy of its strong

components. Using this fact, following two theorems give extremal energy inDm and Bm.

Theorem 3.1 (Khan et al. [49]). For each D ∈ Dm, E (D) ≤ E (Dsm [m − 2, 2]) .
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Figure 3.1: On left, a ϑ-sidigraph with parameters g = 6, r = 4 and t = 5. In middle, a

Θ-sidigraph with parameters q = 6 and s = 5. On right is Dsm[6, 5].

Theorem 3.2 (Monslave and Rada [58]). If m ≥ 19, then for each D ∈ Bm, E (D) ≤ E (Dsm[ m−

2, 2 ]).

In the following theorem, Khan et al. [50] give extremal energy among m-vertex bicyclic

sidigraphs inDsm.

Theorem 3.3 (Khan et al. [50]). Let S ∈ Dsm. Then we have

(i) E (S) ≥ E (Dsm[2, 2]).

(ii) For each m ≡ 0(mod 4), E (S) ≤ E (Dsm[m − 2, 2]).

(iii) For each m ≡ 2(mod 4), E (S) ≤ E (Dsm[m − 2, 2]).

(iv) For each m ≡ 1(mod 2), E (S) ≤ E (Dsm[m − 2, 2]) = E (m − 2, 2]).

3.2 Maximal energy

In this section, we find those sidigraphs inBsm which have largest energy. Recall that the polyno-

mial γS(y) is defined by γS(y) = ymΨS( ι̇y ), where S is a sidigraph (see (2.4)). Following lemma

will be used to compare energies of sidigraphs. The proof is analogous to the proof of Lemma

2.1 [58] and thus neglected.

Lemma 3.4. Suppose S1,S2,S3 and S4 are sidigraphs. Then
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(1.) For each 0 ≤ y < ∞, if |γS1(y)| ≤ |γS2(y)|, then E (S1) ≤ E (S2);

(2.) For each 0 ≤ y < ∞, if |γS2(y)| . |γS3(y)| ≤ |γS1(y)| . |γS4(y)|, then

E (S3) − E (S4) ≤ E (S1) − E (S2).

LetH ∈ Dsm[q, s] ∪ Θ̃[q, s] ∪ ϑ̃[g, r, t].

1. WhenH ∈ Dsm[q, s].

ΨH (ξ) =



ξq+s − ξq − ξs + 1 if H = Dsm[q, s]

ξq+s + ξq + ξs + 1 if H = Dsm[q, s]

ξq+s + ξq − ξs − 1 if H = Dsm[q, s]

ξq+s − ξq + ξs − 1 if H = Dsm[q, s].

(3.1)

2. WhenH ∈ Θ̃[q, s].

ΨH (ξ) =



ξq+s−1 − ξq−1 − ξs−1 if H = Θ[q, s]

ξq+s−1 + ξq−1 + ξs−1 if H = Θ[q, s]

ξq+s−1 + ξq−1 − ξs−1 if H = Θ[q, s]

ξq+s−1 − ξq−1 + ξs−1 if H = Θ[q, s] .

(3.2)

3. WhenH ∈ ϑ̃[g, r, t].

ΨH (ξ) =



ξg+r+t−1 − ξg−1 − ξr−1 if H = ϑ[g, r, t]

ξg+r+t−1 + ξg−1 + ξr−1 if H = ϑ[e, r, t]

ξg+r+t−1 + ξg−1 − ξr−1, if H = ϑ[g, r, t]

ξg+r+t−1 − ξg−1 + ξr−1 if H = ϑ[g, r, t].

(3.3)

The strong components of any sidigraph S ∈ Bsm are: some isolated vertices and a sidigraph

either belong to the set Dsm[q, s] or Θ̃[q, s] or ϑΘ[g, r, t]. Hence by using Theorem 2.3, it is

enough to compute the energy of sidigraphs in the setsDsm[q, s], Θ̃[q, s] and ϑ̃[g, r, t].

Next lemma determines the relationship between a ϑ-sidigraph energy and a Θ-sidigraph

energy.
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Lemma 3.5. The following equations hold true:

(1). E (ϑ[g, r, t]) = E (Θ[g + t, r + t]).

(2). E (ϑ[g, r, t]) = E (Θ[g + t, r + t]).

(3). E (ϑ[g, r, t]) = E (Θ[g + t, r + t]).

(4). E (ϑ[g, r, t]) = E (Θ[g + t, r + t]).

Proof. (1). It follows from Lemma 2.2 [58].

(2). From Equation (3.2), we have

ΨΘ[g+t,r+t](ξ) = ξg+r+2t−1 + ξg+t−1 + ξr+t−1

= ξt(ξg+r+t−1 + ξg−1 + ξr−1)

= ξtΨϑ[g,r,t](ξ).

(3). From Equation (3.3), we obtain

ΨΘ[g+t,r+t](ξ) = ξg+r+2t−1 + ξg+t−1 − ξr+t−1

= ξt(ξg+r+t−1 + ξg−1 − ξr−1)

= ξtΨϑ[g,r,t](ξ).

(4). From Equation (3.3), we get

ΨΘ[g+t,r+t](ξ) = ξg+r+2t−1 − ξg+t−1 + ξr+t−1

= ξt(ξg+r+t−1 − ξg−1 + ξr−1)

= ξtΨϑ[g,r,t](ξ).

This completes the proof. �

Thus by Lemma 3.5, it is enough to deal with the energies of sidigraphs belonging to the

sets Dsm[q, s] and Θ̃[q, s]. For finding sidigraphs with maximal energy in Bsm, we compute the

polynomials γΘ[q,s], γΘ[q,s] and γΘ[q,s]. See Tables 3.1 ∼ 3.5.

In the next two propositions, we will show that E (Θ[q, q]) ≤ E (Dsm[q−1, 2]) and E (Θ[q, q]) ≤

E (Dsm[q − 1, 2]).
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Table 3.1: The polynomials γΘ[q,s](y) (see [58])

q ≡ 0(mod 4) q ≡ 1(mod 4) q ≡ 2(mod 4) q ≡ 3(mod 4)

s ≡ 0(mod 4) ι̇yq + ι̇ys − ι̇ ι̇yq − ys + 1 ι̇yq − ι̇ys + ι̇ ι̇yq + ys − 1

s ≡ 1(mod 4) −yq + ι̇ys + 1 −yq − ys + ι̇ −yq − ι̇ys − 1 −yq + ys − ι̇

s ≡ 2(mod 4) −ι̇yq + ι̇ys + ι̇ −ι̇yq − ys − 1 −ι̇yq − ι̇ys − ι̇ −ι̇yq + ys + 1

s ≡ 3(mod 4) yq + ι̇ys − 1 yq − ys − ι̇ yq − ι̇ys + 1 yq + ys + ι̇

Table 3.2: The polynomials γΘ[q,s](y)

q ≡ 0(mod 4) q ≡ 1(mod 4) q ≡ 2(mod 4) q ≡ 3(mod 4)

s ≡ 0(mod 4) −ι̇yq − ι̇ys − ι̇ −ι̇yq + ys + 1 −ι̇yq + ι̇ys + ι̇ −ι̇yq − ys − 1

s ≡ 1(mod 4) yq − ι̇ys + 1 yq + ys + ι̇ yq + ι̇ys − 1 yq − ys − ι̇

s ≡ 2(mod 4) ι̇yq − ι̇ys + ι̇ ι̇yq + ys − 1 ι̇yq + ι̇ys − ι̇ ι̇yq − ys + 1

s ≡ 3(mod 4) −yq − ι̇ys − 1 −yq + ys − ι̇ −yq + ι̇ys + 1 −yq − ys + ι̇

Table 3.3: The polynomials γDsm[q,2](y) (see [58])

q ≡ 0(mod 4) q ≡ 1(mod 4) q ≡ 2(mod 4) q ≡ 3(mod 4)

yq+2 + yq − y2 − 1 yq+2 + yq − ι̇(y2 + 1) yq+2 + yq + y2 + 1 yq+2 + yq + ι̇(y2 + 1)

Table 3.4: The polynomials γΘ[q,s](y)

q ≡ 0(mod 4) q ≡ 1(mod 4) q ≡ 2(mod 4) q ≡ 3(mod 4)

s ≡ 0(mod 4) ι̇yq − ι̇ys − ι̇ ι̇yq + ys + 1 ι̇yq + ι̇ys + ι̇ ι̇yq − ys − 1

s ≡ 1(mod 4) −yq − ι̇ys + 1 −yq + ys + ι̇ −yq + ι̇ys − 1 −yq − ys − ι̇

s ≡ 2(mod 4) −ι̇yq − ι̇ys + ι̇ −ι̇yq + ys − 1 −ι̇yq + ι̇ys − ι̇ −ι̇yq − ys + 1

s ≡ 3(mod 4) yq − ι̇ys − 1 yq + ys − ι̇ yq + ι̇ys + 1 yq − ys + ι̇

Proposition 3.6. For each q ≥ 3, E (Θ[q, q]) ≤ E (Dsm[q − 1, 2]).

Proof. We consider four cases for all values of q to prove the result.
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Table 3.5: The polynomials γΘ[q,s](y)

q ≡ 0(mod 4) q ≡ 1(mod 4) q ≡ 2(mod 4) q ≡ 3(mod 4)

s ≡ 0(mod 4) −ι̇yq + ι̇ys − ι̇ −ι̇yq − ys + 1 −ι̇yq − ι̇ys + ι̇ −ι̇yq + ys − 1

s ≡ 1(mod 4) yq + ι̇ys + 1 yq − ys + ι̇ yq − ι̇ys − 1 yq + ys − ι̇

s ≡ 2(mod 4) ι̇yq + ι̇ys + ι̇ ι̇yq − ys − 1 ι̇yq − ι̇ys − ι̇ ι̇yq + ys + 1

s ≡ 3(mod 4) −yq + ι̇ys − 1 −yq − ys − ι̇ −yq − ι̇ys + 1 −yq + ys + ι̇

(1). If q ≡ 2(mod 4) or q ≡ 0(mod 4), then

|γDsm[q−1,2]|
2 − |γΘ[q,q]|

2 = y2q−2 (y2 + 1)2 + y4 + 2y2 ≥ 0,

for each 0 ≤ y < ∞. Hence Part 1 of Lemma 3.4 implies E (Θ[q, q]) ≤ E (Dsm[q−1, 2]) for every

q ≥ 4.

(2). If q ≡ 3(mod 4), then

|γDsm[q−1,2]|
2 − |γΘ[q,q]|

2 = y2q−2(y2 + 1)2 + y2(y2 + 2) + 2yq−1(y4 + 2y2 + 1) ≥ 0,

for each 0 ≤ y < ∞. Therefore Part 1 of Lemma 3.4 implies that E (Θ[q, q]) ≤ E (Dsm[q − 1, 2])

for every q ≥ 3.

(3). If q ≡ 1(mod 4) then

|γDsm[q−2,2]|
2 − |γΘ[q,q]|

2 = (yq + yq−2)2 + y4 + 2y2 ≥ 0,

for each 0 ≤ y < ∞. Thus by Theorem 2.1 and Part 1 of Lemma 3.4, we obtain E (Θ[q, q]) ≤

E (Dsm[q − 2, 2]) ≤ E (Dsm[q − 1, 2]) for all q ≥ 5. �

Proposition 3.7. For each q ≥ 3, E (Θ[q, q]) ≤ E (Dsm[q − 1, 2]).

Proof. Since |γΘ[q,q]|
2 − |γΘ[q,q]|

2 = 0, for every 0 ≤ y < ∞. Hence by using Proposition 3.6 and

Part 1 of Lemma 3.4, we get E (Θ[q, q]) ≤ E (Dsm[q − 1, 2]). �

In next two propositions, we prove that E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) and E (Θ[q, s]) ≤

E (Dsm[q − 2, 2]) for all q > s. We would like to mention that the idea of proofs are taken from

the proof of Proposition 2.5 [58].
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Proposition 3.8. Suppose q > s and q ≥ 22. Then E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]).

Proof. We will prove this result by considering different cases for q and s.

(1). If q ≡ 2(mod 4) and s ≡ 2(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = −4(yq + ys) ≤ 0,

for each 0 ≤ y < ∞. Thus Part 1 of Lemma 3.4 implies that E (Θ[q, s]) ≤ E (Θ[q, s]) and by

Proposition 2.5 [58], we have E (Θ[q, s]) ≤ E (Dsm[q−2, 2]). Hence E (Θ[q, s]) ≤ E (Dsm[q−2, 2])

for s ≥ 2.

(2). If q ≡ 2(mod 4) and s ≡ 3(mod 4) or s ≡ 1(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = −4yq ≤ 0,

for each 0 ≤ y < ∞. Therefore by Part 1 of Lemma 3.4 and Proposition 2.5 [58], we have

E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for s ≥ 3.

(3). If q ≡ 2(mod 4) and s ≡ 0(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,2]|

2 = −(y2 + 2yq − ys) × (2 + y2 + ys).

Let

q1(y) = y2 + 2yq − ys

= (y2 − ys) + 2yq (3.4)

= (yq − ys) + y2 + yq. (3.5)

Take p1(y) = −(2 + y2 + ys) q1(y). When 0 ≤ y < 1, then by Equation (3.4), it is clear that

q1(y) ≥ 0 and by Equation (3.5), clearly q1(y) ≥ 0 if y ≥ 1. So p1(y) ≤ 0 for each 0 ≤ y < ∞.

Therefore Part 1 of Lemma 3.4 implies E (Θ[q, s]) ≤ E (Θ[q, 2]), and by Proposition 2.5 [58],

we have E (Θ[q, 2]) ≤ E (Dsm[q − 2, 2]). Therefore E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for s ≥ 4 and

we are done.
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(4). If q ≡ 3(mod 4) and s ≡ 2(mod 4) then

|γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 = y2q−4 + 2y2q−2 + y4 + 2y2 − y2s + 2ys

= (y4 − y2s) + y2q−4 + 2y2q−2 + 2y2 + 2ys (3.6)

= (y2q−2 − y2s) + y2q−4 + y2q−2 + y4 + 2y2 + 2ys. (3.7)

Since s ≤ q − 1, therefore from Equations (3.6) and (3.7), clearly |γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 ≥ 0 for

each 0 ≤ y < ∞. Hence by Part 1 of Lemma 3.4, we have E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for

s ≥ 2.

(5). If q ≡ 3(mod 4) and s ≡ 3(mod 4) then we have

|γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 = y2q−4 + 2y2q−2 + y4 + 2y2 − y2s − 2yq+s

= (y4 − y2s) + (2y2 − 2yq+s) + y2q−4 + 2y2q−2 (3.8)

= (y2q−4 − y2s) + (2y2q−2 − 2yq+s) + y4 + 2y2. (3.9)

From Equations (3.8) and (3.9), it is clear that |γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 ≥ 0 for each 0 ≤ y < ∞,

since s ≤ q − 4. Therefore Part 1 of Lemma 3.4 implies that E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for

s ≥ 3.

(6). If q ≡ 3(mod 4) and s ≡ 1(mod 4) then

|γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 = y2q−4 + 2y2q−2 + y4 + 2y2 − y2s + 2yq+s

= (y4 − y2s) + y2q−4 + 2y2q−2 + 2y2 + 2yq+s (3.10)

= (y2q−2 − y2s) + y2q−4 + y2q−2 + y4 + 2y2 + 2yq+s. (3.11)

Since s ≤ q − 2, therefore from Equations (3.10) and (3.11), clearly |γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 ≥ 0

for each 0 ≤ y < ∞. Thus by Part 1 of Lemma 3.4, we get E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for

s ≥ 5.

(7). If q ≡ 3(mod 4) and s ≡ 0(mod 4) then

|γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 = y2q−4 + 2y2q−2 + y4 + 2y2 − y2s − 2ys

= (y4 − y2s) + (2y2 − 2ys) + y2q−4 + 2y2q−2 (3.12)

= (y2q−4 − y2s) + (2y2q−2 − 2ys) + y4 + 2y2. (3.13)
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From Equations (3.12) and (3.13), we get |γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 ≥ 0 for each 0 ≤ y < ∞, since

s ≤ q − 3. Consequently by Part 1 of Lemma 3.4, we have E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for

s ≥ 4.

Analogously one can prove for q ≡ 0(mod 4) and q ≡ 1(mod 4). �

Proposition 3.9. Suppose q > s and q ≥ 22. Then E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]).

Proof. For q . 2(mod 4) and q > s, one can easily check that |γDsm[q−2,2]|
2 − |γΘ[q,s]|

2 ≥ 0 for

each 0 ≤ y < ∞. Therefore by Part 1 of Lemma 3.4, we obtain E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]).

To prove the assertion for all s ≥ 2 when q ≡ 2(mod 4), we consider four cases.

(1). If q ≡ 2(mod 4) and s ≡ 2(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = 4ys (1 + yq) ≥ 0,

for each 0 ≤ y < ∞. Therefore by Part 1 of Lemma 3.4 and Proposition 2.5 [58], we have

E (Θ[q, s]) ≤ E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for s ≥ 2.

(2). If q ≡ 2(mod 4) and s ≡ 3(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = 0, (3.14)

for each 0 ≤ y < ∞. Therefore by Part 1 of Lemma 3.4 and Proposition 2.5 [58], we get

E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]) for s ≥ 3.

(3). If q ≡ 2(mod 4) and s ≡ 0(mod 4) then

|γDsm[q−2,2]|
2 |γΘ[q+4,s]|

2 − |γDsm[q+2,2]|
2 |γΘ[q,s]|

2

= −(y2 − 1) (y2 + 1)3 (y2 + ys + 1) yq−4

× (yq+s + yq+s+4 − yq+2 + yq+4 − yq+6 + 2y2q+4 + yq − 2ys+2 − 2y2).

Let

q2(y) = yq+s + yq+s+4 − yq+2 + yq+4 − yq+6 + 2y2q+4 + yq − 2ys+2 − 2y2

= (y2q+4 − yq+2) + (y2q+4 − yq+6) + (yq+s − y2) + (yq+4 − ys+2)

+ (yq+s+4 − ys+2) + (yq − y2).

(3.15)
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Take p2(y) = −(y2 − 1) (y2 + 1)3 (y2 + ys + 1) yq−4 q2(y). By Equation (3.15), clearly q2(y) ≤ 0

for each 0 ≤ y < 1 and q2(y) ≥ 0 for y ≥ 1. Hence p2(y) ≤ 0 for each 0 ≤ y < ∞. Consequently

by Part 2 of Lemma 3.4, it holds that

E (Dsm[q + 2, 2]) − E (Θ[q + 4, s]) ≥ E (Dsm[q − 2, 2]) − E (Θ[q, s])

≥ E (Dsm[q − 6, 2]) − E (Θ[q − 4, s])

≥ . . . . . . (3.16)

≥ E (Dsm[s, 2]) − E (Θ[s + 2, s]).

Also

|γDsm[q−2,2]|
2 |γΘ[q+4,q+2]|

2 − |γDsm[q+2,2]|
2 |γΘ[q,q−2]|

2

= −(y2 − 1) (y2 + 1)3 (2 + y2) yq−2 × (−2 − yq + 2y2q − yq+4 + 2y2q+2).

Let

q3(y) = −2 − yq + 2y2q − yq+4 + 2y2q+2

= (y2q − yq) + (y2q − yq+4) + (2y2q+2 − 2) (3.17)

= (2y2q − 2) + (y2q+2 − y2q) + (y2q+2 − yq+4). (3.18)

Take p3(y) = −(y2 − 1) (y2 + 1)3 (2 + y2) yq−4 q3(y). From Equations (3.17) and (3.18), we see

that q3(y) ≤ 0 for each 0 ≤ y < 1 and q3(y) ≥ 0 for y ≥ 1. Thus p3(y) ≤ 0 for each 0 ≤ y < ∞.

Now Part 2 of Lemma 3.4 with q = s + 2 gives

E (Dsm[s + 4, 2]) − E (Θ[s + 6, s + 4]) ≥ E (Dsm[s, 2]) − E (Θ[s + 2, s])

≥ E (Dsm[s − 4, 2]) − E (Θ[s − 2, s − 4])

≥ . . . . . .

≥ E (Dsm[8, 2]) − E (Θ[10, 8])

> 0,

for each s ≥ 8. Therefore E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]). As E (Dsm[8, 2]) − E (Θ[10, 4]) > 0, so

the case s = 4 follows from Equation (3.16) and the result is proved.
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(4). If q ≡ 2(mod 4) and s ≡ 1(mod 4) then

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = 0, (3.19)

for each 0 ≤ y < ∞ . Hence by Part 1 of Lemma 3.4 and Proposition 2.5 [58], we get

E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]). The proof is completed. �

The proofs of next propositions are similar to the proofs of Propositions 3.6 ∼ 3.9, Proposi-

tions 2.3 and 2.5 [58] and are thus omitted.

Proposition 3.10. If q ≥ 3, then E (Θ[q, q]) ≤ E (Dsm[q − 1, 2]).

Proposition 3.11. Let q ≥ s, 22. Then E (Θ[q, s]) ≤ E (Dsm[q − 2, 2]).

Now we will find the sidigraphs with maximal energy in Bsm and to do this, two results are

required, which we compute using MATLAB.

Lemma 3.12. The following inequalities hold:

(1). If q+s−1 < 43 then E (Θ[q, s]) ≤ E (Dsm[41, 2]), E (Θ[q, s]) ≤ E (Dsm[41, 2]) and E (Θ[q, s]) ≤

E (Dsm[41, 2]).

(2). If g + r + t − 1 < 43 then E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]), E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]) and

E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]) .

Theorem 3.13. Let m ≥ 43 and let S ∈ Bsm.

(1). For each m ≡ 0(mod 4), S has the largest energy if it has Dsm[m− 2, 2] as its strong compo-

nent.

(2). For each m ≡ 2(mod 4), S has the largest energy if it has Dsm[m − 2, 2] as its strong com-

ponent.

(3). For each m ≡ 1(mod 2), S has the largest energy if it has Dsm[m − 2, 2] or Dsm[m − 2, 2] as

its strong component.
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Proof. We consider three posibilities:

(i). When S has a strong component in the set Dsm[q, s] with q, s ≥ 2 and q + s ≤ m. Let

H ∈ Dsm[q, s]. Then by Theorem 3.3, E (S) = E (H) ≤ E (Dsm[m − 2, 2]) for m ≡ 0(mod 4) or

m ≡ 1(mod 2) and E (S) = E (H) ≤ E (Dsm[m − 2, 2]) for each m ≡ 2(mod 4).

(ii). When S has a strong component in the set Θ̃[q, s] with q ≥ s ≥ 2 and q + s − 1 ≤ m. If

q + s − 1 < 43 then by Part 1 of Lemma 3.12 and Theorem 3.2, we have

E (Θ[q, s]) ≤ E (Dsm[m − 2, 2]),

E (Θ[q, s]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]),

E (Θ[q, s]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]),

E (Θ[q, s]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]).

(3.20)

Now assume that q + s − 1 ≥ 43. Then q ≥ 22 as q ≥ s. Thus by Proposition 3.6 ∼ 3.11 and

Theorem 3.2, we have

E (S) = E (Θ[q, s]) ≤ E (Dsm[m − 2, 2]),

E (S) = E (Θ[q, s]) ≤ E (Dsm[q − 1, 2]) ≤ E (Dsm[m − 2, 2]),

E (S) = E (Θ[q, s]) ≤ E (Dsm[q − 1, 2] ≤ E (Dsm[m − 2, 2]),

E (S) = E (Θ[q, s]) ≤ E (Dsm[q − 1, 2] ≤ E (Dsm[m − 2, 2]),

(3.21)

by reason of q − 1 ≤ m − s ≤ m − 2.

Let H ∈ Θ̃[q, s]. Now using Equations (3.20), (3.21) and Theorem 3.3, E (S) = E (H) ≤

E (Dsm[m−2, 2]) for each m ≡ 0 (mod 4) or m ≡ 1 (mod 2) and E (S) = E (H) ≤ E (Dsm[m − 2, 2])

for each m ≡ 2(mod 4).

(iii). When S has a strong component in the set ϑ̃[g, r, t], where g, r and t are positive integers

with g ≥ r, (g, r) , (1, 1) and g + r + t − 1 ≤ m. Since 41 ≤ m− 2, therefore if g + r + t − 1 < 43
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then by Theorem 3.2 and Lemma 3.12 (2), it holds

(ϑ[g, r, t]) ≤ E (Dsm[m − 2, 2]),

E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]),

E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]),

E (ϑ[g, r, t]) ≤ E (Dsm[41, 2]) ≤ E (Dsm[m − 2, 2]).

Now suppose that g + r + t − 1 ≥ 43. Then g + t ≥ 22. Since g ≥ r, therefore if g + t < 22

then r−1 > 21. This implies g < 22 and r > 21, which is a contradiction. Therefore by Lemma

3.5, Proposition 3.6 ∼ 3.11 and Theorem 3.2, we have

E (S) = E (ϑ[g, r, t]) ≤

 E (Dsm[g + t − 1, 2]) if g = r

E (Dsm[g + t − 2, 2]) if g > r ,

E (S) = E (ϑ[g, r, t]) ≤

 E (Dsm[g + t − 1, 2]) if g = r

E (Dsm[g + t − 2, 2]) if g > r ,

E (S) = E (ϑ[g, r, t]) ≤

 E (Dsm[g + t − 1, 2]) if g = r

E (Dsm[g + t − 2, 2]) if g > r ,

E (S) = E (ϑ[g, r, t]) ≤ E (Dsm[m − 2, 2]).

Now if g > r then m ≥ g + r + t − 1 ≥ g + t and thus g + t − 2 ≤ m − 2. Hence Theorem 2.1

implies E (Dsm[g + t − 2, 2]) ≤ E (Dsm[m − 2, 2]).

If g = r then r ≥ 2. Thus g+t−1 ≤ m−r ≤ m−2. Again by Theorem 2.1, E (Dsm[g+t−1, 2]) ≤

E (Dsm[m − 2, 2]).

Let H ∈ ϑ̃[g, r, t]. Using Theorem 3.3 and all above facts, it holds that E (S) = E (H) ≤

E (Dsm[m − 2, 2]) for m ≡ 0(mod 4) or m ≡ 1(mod 2). If m ≡ 2(mod 4) then E (S) = E (H) ≤

E (Dsm[m − 2, 2]) and we are done. �
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3.3 Equienergetic bicyclic sidigraphs

Two sidigraphs with same spectrum are called cospectral sidigraphs, otherwise non-cospectral.

Two sidigraphs with equal energy are called equienergetic sidigraphs. Two isomorphic sidi-

graphs are always cospectral and thus are equienergetic. In this section, we will find few classes

of non-cospectral equienergetic bicyclic sidigraphs.

Figure 3.2: Equienergetic bicyclic sidigraphs.

Example 3.14. Let S be the sidigraph on left side and H be the sidigraph on right side of

the Figure 3.2. The dotted lines represent negative arcs and solid ones represent positive arcs.

TheirA-characteristic polynomials are:

ΨS(ξ) = (ξ4 + 1) (ξ3 + 1),

ΨH (ξ) = (ξ4 + 1) (ξ3 − 1).

Thus

specA(S) =

{
− 1,

1 ± ι̇
√

2
,
−1 ± ι̇
√

2
,

1 ±
√

3ι̇
2

}
, (3.22)

specA(H) =

{
1,

1 ± ι̇
√

2
,
−1 ± ι̇
√

2
,
−1 ±

√
3ι̇

2

}
. (3.23)

From (3.22) and (3.23), S andH are non-cospectral equienergetic bicyclic sidigraphs.

Theorem 3.15. Let q ≡ 0(mod 2) and s ≡ 1(mod 2). Let S1 and S2 be m-vertex bicyclic

sidigraphs which contain Θ[q, s] and Θ[q, s], respectively. Take m-vertex bicyclic sidigraphs

H1 andH2 which contain Θ[q, s] and Θ[q, s], respectively. Then S1 andH1 are non-cospectral

equienergetic sidigraphs. Similarly, S2 andH2 are non-cospectral equienergetic sidigraphs.
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Proof. By Theorem 1.11, A-characteristic polynomials of S1 and H1 are, respectively, given

by

ΨS1(ξ) = ξm − ξm−q − ξm−s,

ΨH1(ξ) = ξm − ξm−q + ξm−s.

Similarly,A-characteristic polynomials of S2 andH2 are, respectively, given by

ΦS2(ξ) = ξm + ξm−q + ξm−s,

ΦH2(ξ) = ξm + ξm−q − ξm−s.

It is evident that the zeros of polynomials for S1 andH1 are not the same. Thus S1 andH1 are

non-cospectral.

The strong components of S1 are Θ[q, s] and m− (q + s− 1) isolated vertices and the strong

components of H1 are Θ[q, s] and m − (q + s − 1) isolated vertices. Therefore by Theorem

2.3, E (S1) = E (Θ[q, s]) and E (H1) = E (Θ[q, s]). The sidigraphs Θ[q, s] and Θ[q, s] are non-

cospectral. Also

|γΘ[q,s]|
2 − |γΘ[q,s]|

2 = 0,

for each 0 ≤ y < ∞. Hence by Part 1 of Lemma 3.4, we have E (Θ[q, s]) = E (Θ[q, s]). Thus

E (S1) = E (H1).

Similarly, one can show that S2 andH2 are non-cospectral equienergetic sidigraphs. �

In Theorems 3.16 ∼ 3.19, we give few classes of pair of non-cospectral equienergetic bi-

cyclic sidigraphs. The proofs of these theorems are same as the proof of Theorem 3.15 and are

thus neglected.

Theorem 3.16. Let q ≡ 1(mod 2) and s ≡ 1(mod 2). Let S3 and S4 be m-vertex bicyclic

sidigraphs which contain Θ[q, s] and Θ[q, s], respectively. Take m-vertex bicyclic sidigraphs

H3 andH4 which contain Θ[q, s] and Θ[q, s], respectively. Then S3 andH3 are non-cospectral

equienergetic sidigraphs. Also, S4 andH4 are non-cospectral equienergetic sidigraphs.
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Theorem 3.17. Let q ≡ 0(mod 2) and s ≡ 1(mod 2). Let S5, S6, H5 and H6 be m-vertex

bicyclic sidigraphs which contain Dsm[q, s], Dsm[q, s], Dsm[q, s] and Dsm[q, s], respectively. Then

S5,H5 and S6,H6 are non-cospectral equienergetic sidigraphs.

Theorem 3.18. Let q ≡ 1(mod 2) and s ≡ 0(mod 2). Let S7, S8, H7 and H8 be m-vertex

bicyclic sidigraphs which contain Dsm[q, s], Dsm[q, s], Dsm[q, s] and Dsm[q, s], respectively. Then

S7,H7 and S8,H8 are non-cospectral equienergetic sidigraphs.

Theorem 3.19. Let q ≡ 1(mod 2) and s ≡ 1(mod 2). Let S9, S10, H9 and H10 be m-vertex

bicyclic sidigraphs which contain Dsm[q, s], Dsm[q, s], Dsm[q, s] and Dsm[q, s], respectively. Then

S9, H9 and S10, H10 and S9,S10 and S9,H10 and S10,H9 and H9,H10 are non-cospectral

equienergetic sidigraphs.

Using Theorem 3.16 and Lemma 3.5, one can easily prove the following two theorems.

Theorem 3.20. Let g + t ≡ 0(mod 2) and r + t ≡ 1(mod 2) such that g ≥ r and (g, r) , (1, 1).

Let S11, S12, H11 and H12 be m-vertex bicyclic sidigraphs which contain ϑ[g, r, t], ϑ[g, r, t],

ϑ[g, r, t] and ϑ[g, r, t], respectively. Then S11, H11 and S12, H12 are non-cospectral equiener-

getic sidigraphs.

Theorem 3.21. Let g + t ≡ 1(mod 2) and r + t ≡ 1(mod 2) such that g ≥ r and (g, r) , (1, 1).

Let S13, S14, H13 and H14 be m-vertex bicyclic sidigraphs which contain ϑ[g, r, t], ϑ[g, r, t],

ϑ[g, r, t] and ϑ[g, r, t], respectively. Then S13, H13 and S14, H14 are non-cospectral equiener-

getic sidigraphs.

3.4 Conclusion

In the current chapter, we determine the largest energy of sidigraphs inBsm, whereBsm represents

the set of m-vertex bicyclic sidigraphs with m ≥ 4. We also construct few classes of non-

cospectral equienergetic sidigraphs.
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Chapter 4

On energy ordering of vertex-disjoint

bicyclic sidigraphs

Recently, Yang and Wang [75] find the energy ordering of digraphs in Dm and compute the

maximal energy and iota energy. In the current chapter, we investigate the energy ordering of

sidigraphs in the class ofDsm and find extremal energy.

4.1 Some results and notations

Let q, s ≥ 2. For any S ∈ Dsm, its strong components are: a sidigraph from the set Dsm[q, s]

and few isolated vertices. Therefore using Theorem 2.3, we can only use the energy of strong

components to find the energy ordering inDsm.

Using Theorem 2.3, we give the following equations.

E (Dsm[q, s]) = E (Cq) + E (Cs),

E (Dsm[q, s]) = E (Cq) + E (C s),

E (Dsm[q, s]) = E (Cq) + E (Cs),

E (Dsm[q, s]) = E (Cq) + E (C s).

Let m > 4. In Lemmas 4.1∼ 4.9, we gave some results about the monotonicity of some
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functions which will be used to find the energy ordering of sidigraphs inDsm.

Lemma 4.1 (Farooq et al. [23]). Suppose f (z) = 2
(
cot πz + cot π

m−z

)
. For z ∈

[
2, m

2

]
, f (z) is

increasing and for z ∈
[

m
2 ,m − 2

]
, f (z) is decreasing.

Lemma 4.2 (Yang and Wang [75]). Let f (z) = 2
(
csc π

z + cot π
m−z

)
. For z ∈ [2,m − 2], f (z) is

decreasing.

Lemma 4.3 (Yang and Wang [75]). Suppose f (z) = 2
(
csc π

z + csc π
m−z

)
. For z ∈

[
2, m

2

]
, f (z) is

decreasing.

Lemma 4.4 (Farooq et al. [23]). Suppose f (z) = z sin π
z . For z ∈ [2,∞), f (z) is increasing.

Lemma 4.5 (Yang and Wang [75]). Suppose f (z) = π
z2 cos π

z csc2 π
z . For z ∈ [2,m − 2], f (z) is

increasing.

Next lemma has same proof as of Lemma 4.5 and is thus omitted.

Lemma 4.6. Suppose f (z) = π
z2 cos π

2z csc2 π
2z and g(z) = π

z2 cos π
z csc2 π

z . For z ∈ [2,∞), f (z) and

g(z) are increasing.

Now we prove the following results.

Lemma 4.7. Suppose f (z) = 2
(
cot πz + csc π

m−z

)
. For z ∈ [2,m − 2], f (z) is increasing.

Proof. To prove the result, we will show that for all z ∈ [2,m − 2], f ′(z) ≥ 0.

Now

f ′(z) = 2
(
π

z2 csc2 π

z
−

π

(m − z)2 csc
π

m − z
cot

π

m − z

)
. (4.1)

Divide the interval in two parts. Firstly, let z ∈
[

m
2 ,m − 2

]
. Then z ≥ m − z. By Lemma 4.5, we

know that for z ∈ [2,m − 2], π
z2 cos π

z csc2 π
z is increasing. Therefore

π

(m − z)2 csc
π

m − z
cot

π

m − z
=

π

(m − z)2 csc2 π

m − z
cos

π

m − z

≤
π

z2 csc2 π

z
cos

π

z

<
π

z2 csc2 π

z
.

39



Using Equation (4.1), f ′(z) ≥ 0 for z ∈
[

m
2 ,m − 2

]
.

Next, let z ∈
[
2, m

2

]
. Then z ≤ m−z. By Lemma 4.4, we know that z sin π

z is strictly increasing

on [2,∞). We have z sin π
z ≤ (m−z) sin π

m−z . From this, we get 1
z csc π

z−
1

m−z csc π
m−z ≥ 0. Consider

π

z2 csc2 π

z
−

π

(m − z)2 csc2 π

m − z
= π

(1
z

csc
π

z
+

1
m − z

csc
π

m − z

)(1
z

csc
π

z
−

1
m − z

csc
π

m − z

)
.

Clearly 1
z csc π

z + 1
m−z csc π

m−z > 0 and 1
z csc π

z −
1

m−z csc π
m−z ≥ 0. Hence π

z2 csc2 π
z −

π
(m−z)2 csc2 π

m−z ≥

0. This implies that

π

(m − z)2 csc
π

m − z
cot

π

m − z
=

π

(m − z)2 cos
π

m − z
csc2 π

m − z

<
π

(m − z)2 csc2 π

m − z

<
π

z2 csc2 π

z
.

(4.2)

Using Equations (4.1) and (4.2), f ′(z) ≥ 0 for z ∈
[
2, m

2

]
. Thus f ′(z) ≥ 0 for z ∈ [2,m − 2]. This

proves the result. �

Lemma 4.8. Let z ∈ [2,m − 2]. The following holds.

(1) Suppose f (z) = csc π
2z +csc π

2(m−z) . For z ∈
[
2, m

2

]
, f (z) is decreasing and for z ∈

[
m
2 ,m − 2

]
,

f (z) is increasing.

(2) Suppose f (z) = 2 csc π
z + csc π

2(m−z) . For z ∈
[
2, 2m

3

]
, f (z) is is decreasing and for z ∈[

2m
3 ,m − 2

]
, f (z) is increasing.

(3) Suppose f (z) = csc π
2z + 2 csc π

(m−z) . For z ∈
[
2, m

3

]
, f (z) is decreasing and for z ∈[

m
3 ,m − 2

]
, f (z) is increasing.

Proof. (1). To show that f (z) is decreasing on
[
2, m

2

]
, it is sufficient to prove f ′(z) ≤ 0.

Since z ≤ (m − z) for z ∈
[
2, m

2

]
, therefore using Lemma 4.6, we get

f ′(z) =
π

2z2 csc2 π

2z
cos

π

2z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(n − z)

≤
π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
= 0

40



Hence f (z) is decreasing on
[
2, m

2

]
.

Now we will show that f ′(z) ≥ 0. Since z ≥ (m − z) for z ∈
[

m
2 ,m − 2

]
, therefore using

Lemma 4.6, we obtain

f ′(z) =
π

2z2 csc2 π

2z
cos

π

2z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(n − z)

≥
π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
= 0.

Therefore f (z) is increasing on
[

m
2 ,m − 2

]
.

(2). To show that f (z) is decreasing on
[
2, 2m

3

]
, we will prove that f ′(z) ≤ 0.

Since z ≤ 2(m − z) for z ∈
[
2, 2m

3

]
, therefore using Lemma 4.6, we get

f ′(z) =
2π
z2 csc2 π

z
cos

π

z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)

≤
2π

4(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
= 0.

Hence f (z) is decreasing on
[
2, 2m

3

]
.

Now we will show that f ′(z) ≥ 0. Since z ≥ 2(m − z) for z ∈
[

2m
3 ,m − 2

]
, therefore using

Lemma 4.6, we obtain

f ′(z) =
2π
z2 csc2 π

z
cos

π

z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)

≥
2π

4(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
= 0.

Hence f (z) is increasing on [2m
3 ,m − 2].

Analogously (3) can be proved. �

Lemma 4.9. Suppose f (z) = 2 cot πz + csc π
2(m−z) . For z ∈ [2,m − 2], f (z) is increasing.

Proof. We will prove that f ′(z) ≥ 0 for z ∈ [2,m − 2].

Since cos π
z ≤ 1 and z ≥ 2(m − z) for z ∈

[
2m
3 ,m − 2

]
, therefore by Lemma 4.6, we have

f ′(z) =
2π
z2 csc2 π

z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)

≥
2π
z2 csc2 π

z
cos

π

z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)

≥
2π

4(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)
= 0
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Also − cos π
z ≥ −1 and z ≤ 2(m − z) for z ∈

[
2, 2m

3

]
. Thus by proof of Lemma 2.4 [23], we see

that

f ′(z) =
2π
z2 csc2 π

z
−

π

2(m − z)2 csc2 π

2(m − z)
cos

π

2(m − z)

≥
2π
z2 csc2 π

z
−

π

2(m − z)2 csc2 π

2(m − z)
≥ 0.

Therefore f (z) is increasing on [2,m − 2]. �

Lemma 4.10 (Farooq et al. [23]). For 0 < z ≤ π
2 ,

1
z
− 0.429z ≤ cot z ≤

1
z
−

z
3
.

For 0 < z < π
2 , we have

z −
z3

3!
≤ sin z ≤ z. (4.3)

Khan et al. [49] prove the following result.

Lemma 4.11 (Khan et al. [49]). Suppose z, d, e ∈ R with z ≥ d > 0 and e > 0. Then

πz
ez2 − π2 ≤

πd
ed2 − π2 .

4.2 Energy ordering

Sidigraphs in Dsm are classified into three categories: the sidigraphs whose cycles are of even

length, the sidigraphs whose cycles are of odd length and the sidigraphs whose one cycle is

of even length and one is of odd length. In the following section, we investigate separately

energy ordering in all three categories and find maximal energy. Throughout this section, we

take b ∈ [2,m − 2] and m > 5.

4.2.1 Both cycles are of even length

Yang and Wang [76] gave the following energy ordering of bicyclic sidigraphs in Dsm, where

each cycle is of even length.
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Theorem 4.12 (Yang and Wang [76]). Let m > 5 and b ∈ [2,m − 2]. Also let the two directed

even cycles are both positive or negative.

(i) If m ≡ 2 (mod 4) then we have the following energy ordering:

(a) When m
2 − 1 ≡ 0 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 2

2
,

m − 2
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m − 2

2
,

m − 2
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 6

2
,

m − 6
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 6

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) When m
2 − 1 ≡ 2 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 2

2
,

m − 2
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m − 2

2
,

m − 2
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 6

2
,

m − 6
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 6

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(ii) If m ≡ 3(mod 4) then the following energy ordering holds:
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(a) When m−1
2 − 1 ≡ 0 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 3

2
,

m − 3
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 3

2
,

m − 3
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 7

2
,

m − 7
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 7

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) When m−1
2 − 1 ≡ 2 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 3

2
,

m − 3
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 3

2
,

m − 3
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 7

2
,

m − 7
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 7

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(iii) If m ≡ 0 (mod 4) then we have the following energy ordering:
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(a) When m
2 ≡ 0 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E
(
Dsm

[m
2
,

m
2

] )
> E

(
Dsm

[m
2
,

m
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 4

2
,

m
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m
2
,

m − 4
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 4

2
,

m − 4
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 4

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 8

2
,

m − 8
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 8
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) If m
2 ≡ 2 (mod 2).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E
(
Dsm

[m
2
,

m
2

] )
> E

(
Dsm

[m
2
,

m
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 4

2
,

m
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m
2
,

m − 4
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 4

2
,

m − 4
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 4

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 8

2
,

m − 8
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 8
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(iv) If m ≡ 1 (mod 4) then the following energy ordering holds:
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(a) When m−1
2 ≡ 0 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 1
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 1

2
,

m − 4
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 5
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 5

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 9

2
,

m − 9
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 9
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) When m−1
2 ≡ 2 (mod 2).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 1
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 1

2
,

m − 4
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 5
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 5

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 9

2
,

m − 9
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 9

2
,

m − 9
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 9
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
= E

(
Dsm [2, 2]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

Theorem 4.13 (Yang and Wang [76]). Let m > 5 and b ∈ [2,m − 2]. Also let that one of the

even cycle is positive and one of the even cycle is negative.

(i) If m ≡ 2 (mod 4) then we have the following energy ordering:
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(a) When m
2 − 1 ≡ 0 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 6

2
,

m + 2
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m + 2

2
,

m − 6
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 6

2
,

m − 2
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 10

2
,

m − 2
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 10

2
,

m − 2
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 10

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

51



(b) When m
2 − 1 ≡ 2 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m + 2

2
,

m − 2
2

] )
> E

(
Dsm

[
m + 2

2
,

m − 2
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m + 2

2
,

m − 6
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m − 6

2
,

m + 2
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 2

2
,

m − 6
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m − 2

2
,

m − 6
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 2

2
,

m − 10
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 2

2
,

m − 10
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 6

2
,

m − 10
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 6

2
,

m − 10
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(ii) If m ≡ 3(mod 4) then the following energy ordering holds:
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(a) When m−1
2 − 1 ≡ 0 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 7

2
,

m + 1
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m + 1

2
,

m − 7
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 7

2
,

m − 3
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 11

2
,

m − 3
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 11

2
,

m − 3
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 11

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) When m−1
2 − 1 ≡ 2 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m + 1

2
,

m − 3
2

] )
> E

(
Dsm

[
m + 1

2
,

m − 3
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m + 1

2
,

m − 7
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 7

2
,

m + 1
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 3

2
,

m − 7
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 3

2
,

m − 7
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 3

2
,

m − 11
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 3

2
,

m − 11
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 7

2
,

m − 11
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 7

2
,

m − 11
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(iii) If m ≡ 0 (mod 4) then we have the following energy ordering:
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(a) When m
2 ≡ 0 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m − 4

2
,

m + 4
2

] )
> E

(
Dsm

[m
2
,

m
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 4

2
,

m
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m
2
,

m − 4
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 8

2
,

m
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m
2
,

m − 8
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 12

2
,

m − 4
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 4

2
,

m − 12
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) If m
2 ≡ 2 (mod 4).

E (Dsm[2,m − 2]) > E (Dsm[4,m − 4]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
m − 4

2
,

m + 4
2

] )
> E

(
Dsm

[m
2
,

m
2

] )
> · · · > E (Dsm[m − 4, 4]) = E (Dsm[2,m − 4]) > E (Dsm[4,m − 6])

> E (Dsm[6,m − 8]) > · · · > E

(
Dsm

[
m − 4

2
,

m
2

] )
> E (Dsm[m − 2, 2])

> E

(
Dsm

[
m
2
,

m − 4
2

] )
> · · · > E (Dsm[m − 6, 4]) = E (Dsm[2,m − 6]) > E (Dsm[4,m − 8])

> E (Dsm[6,m − 10]) > · · · > E

(
Dsm

[
m − 8

2
,

m
2

] )
> E (Dsm[m − 4, 2])

> E

(
Dsm

[
m
2
,

m − 8
2

] )
> · · · > E

(
Dsm [m − 8, 4]

)
= E

(
Dsm [2,m − 8]

)
> E

(
Dsm [4,m − 10]

)
> E

(
Dsm [6,m − 12]

)
> · · · > E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> E

(
Dsm [m − 6, 2]

)
> E

(
Dsm

[
m − 8

2
,

m − 4
2

] )
> · · · > E

(
Dsm [m − 10, 4]

)
= E

(
Dsm [2,m − 10]

)
> E

(
Dsm [4,m − 12]

)
> E

(
Dsm [6,m − 14]

)
> . . .

> E

(
Dsm

[
m − 12

2
,

m − 4
2

] )
> E

(
Dsm [m − 8, 2]

)
> E

(
Dsm

[
m − 4

2
,

m − 12
2

] )
> · · · > E

(
Dsm [m − 12, 4]

)
= E

(
Dsm [2,m − 12]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

(iv) If m ≡ 1 (mod 4) then the following energy ordering holds:

56



(a) When m−1
2 ≡ 0 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 5

2
,

m + 3
2

] )
> E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 1
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 1

2
,

m − 5
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 9

2
,

m − 1
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 1

2
,

m − 9
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 13

2
,

m − 5
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 5

2
,

m − 13
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).
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(b) When m−1
2 ≡ 2 (mod 4).

E (Dsm[2,m − 3]) > E (Dsm[4,m − 5]) > E (Dsm[6,m − 7]) > · · · > E

(
Dsm

[
m − 5

2
,

m + 3
2

] )
> E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> · · · > E (Dsm[m − 5, 4]) = E (Dsm[2,m − 5]) > E (Dsm[4,m − 7])

> E (Dsm[6,m − 9]) > · · · > E

(
Dsm

[
m − 5

2
,

m − 1
2

] )
> E (Dsm[m − 3, 2])

> E

(
Dsm

[
m − 1

2
,

m − 5
2

] )
> · · · > E (Dsm[m − 7, 4]) = E (Dsm[2,m − 7]) > E (Dsm[4,m − 9])

> E (Dsm[6,m − 11]) > · · · > E

(
Dsm

[
m − 9

2
,

m − 1
2

] )
> E (Dsm[m − 5, 2])

> E

(
Dsm

[
m − 1

2
,

m − 9
2

] )
> · · · > E

(
Dsm [m − 9, 4]

)
= E

(
Dsm [2,m − 9]

)
> E

(
Dsm [4,m − 11]

)
> E

(
Dsm [6,m − 13]

)
> · · · > E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> E

(
Dsm [m − 7, 2]

)
> E

(
Dsm

[
m − 9

2
,

m − 5
2

] )
> · · · > E

(
Dsm [m − 11, 4]

)
= E

(
Dsm [2,m − 11]

)
> E

(
Dsm [4,m − 13]

)
> E

(
Dsm [6,m − 15]

)
> . . .

> E

(
Dsm

[
m − 13

2
,

m − 5
2

] )
> E

(
Dsm [m − 9, 2]

)
> E

(
Dsm

[
m − 5

2
,

m − 13
2

] )
> · · · > E

(
Dsm [m − 13, 4]

)
= E

(
Dsm [2,m − 13]

)
> · · · > E

(
Dsm [4, 4]

)
= E

(
Dsm [2, 4]

)
> E

(
Dsm [6, 2]

)
> E (Dsm[2, 2]).

Xang and Yang prove the following theorem about the extremal energy of those bicyclic

sidigraphs in the classDsm whose both cycles are of even length.

Theorem 4.14 (Xang and Yang [76]). Suppose a sidigraph S ∈ Dsm has even directed cycles.

(i) For m ≡ 0 (mod 4), the largest energy of S is obtained if S � Dsm[2,m − 2].

(ii) For m ≡ 1 (mod 4), the largest energy of S is obtained if S � Dsm[2,m − 3].

(iii) For m ≡ 2 (mod 4), the largest energy of S is obtained if S � Dsm[2,m − 2].

(iv) For m ≡ 3 (mod 4), the largest energy of S is obtained if S � Dsm[2,m − 3].

(v) The smallest energy of S is obtained for S � Dsm[2, 2].
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4.2.2 Both cycles are of odd length

In this subsection, we find energy ordering of those bicyclic sidigraphs inDsm that contain cycles

of odd length. Note that for b ≡ 1 (mod 2), E (Cb) = E (Cb). Hence we only consider the case

when both cycles are positive.

Lemma 4.15. Suppose m ≡ 0 (mod 4) and b ≡ 1 (mod 2). Then E (Dsm[b,m − b]) attains

largest value at b = 3. Therefore the following energy ordering holds:

E (Dsm[3,m − 3]) > E (Dsm[5,m − 5]) > · · · > E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
.

Proof. Using Equation (2.2), we get

E (Dsm[b,m − b]) = csc
π

2b
+ csc

π

2(m − b)
.

By Part (1) of Lemma 4.8, we see that csc π
2b + csc π

2(m−b) is decreasing on [2, m
2 ] and increasing

on [m
2 ,m−2]. Therefore the smallest odd number in [2, m

2 ] where E (Dsm[b,m−b]) has maximum

value is b = 3 and the largest odd number in [m
2 ,m − 2] where E (Dsm[b,m − b]) has maximum

value is b = m − 3. Thus we have

E (Dsm[3,m − 3]) > E (Dsm[5,m − 5]) > · · · > E
(
Dsm

[m
2
− 1,

m
2

+ 1
] )
.

The proof is completed. �

Similar to Lemma 4.15, the following result can be proved.

Lemma 4.16. Suppose m ≡ 2 (mod 4) and b ≡ 1 (mod 2). Then E (Dsm[b,m − b]) attains

largest value at b = 3. Therefore the following energy ordering holds:

E (Dsm[3,m − 3]) > E (Dsm[5,m − 5]) > · · · > E
(
Dsm

[m
2
,

m
2

] )
.

Lemma 4.17. Suppose m ≡ 1 (mod 4) and b ≡ 1 (mod 2). Then E (Dsm[b,m − b − 1]) has

largest value at b = 3. Therefore the following energy ordering holds:

E (Dsm[3,m − 4]) > E (Dsm[5,m − 6]) > · · · > E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
.
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Proof. Since b ≡ 1 (mod 2) and m ≡ 1 (mod 4), therefore m − b − 1 ≡ (mod 2). Using

Equation (2.2), we have

E (Dsm[b,m − b − 1] = csc
π

2b
+ csc

π

2(m − b − 1)
.

Hence by changing m to m − 1 is Lemma 4.15, we get the desired result. �

By changing m with Lemma 4.16 to m − 1, the following result is obtained.

Lemma 4.18. Suppose m ≡ 3(mod 4) and b ≡ 1(mod 2). Then E (Dsm[b,m − b − 1]) has

maximum value at b = 3. Therefore the following energy ordering holds:

E (Dsm[3,m − 4]) > E (Dsm[5,m − 6]) > · · · > E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
.

Combining Lemmas 4.15 ∼ 4.18, the following corollary is obtained.

Corollary 4.19. Suppose b ≡ 1 (mod 2).

(i) For each m ≡ 0 (mod 2),

E (Dsm[3,m − 3]) ≥ E (Dsm[b,m − b]).

(ii) For each m ≡ 1 (mod 2),

E (Dsm[3,m − 4]) ≥ E (Dsm[b,m − b − 1]).

Now we give the extremal energy of those bicyclic sidigraphs in the class Dsm whose both

cycles are of odd length.

Theorem 4.20. Suppose the sidigraph S ∈ Dsm has odd directed cycles.

(i) For m ≡ 0 (mod 2), the largest energy of S is attained if S � Dsm[3,m − 3].

(ii) For m ≡ 1 (mod 2), the largest energy of S is attained if S � Dsm[3,m − 4].

(iii) The smallest energy of S is attained if S � Dsm[3, 3].
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Proof. The proof of Parts (i) and (ii) follows from Corollary 4.19.

(iii). As for odd integers b1 and b2 with b1 ≥ b2 ≥ 3, it holds that E (Cb1) ≥ E (Cb2). Hence the

smallest energy of S is attained if S � Dsm[3, 3]. �

In next theorem, we give complete energy ordering of those bicyclic sidigraphs inDsm whose

both cycles are of odd length.

Theorem 4.21. Suppose m > 5 and b ∈ [2,m − 2].

(i) If m ≡ 0 (mod 4) then

E (Dsm[3,m − 3]) > E (Dsm[5,m − 5]) > · · · > E

(
Dsm

[
m − 2

2
,

m + 2
2

] )
> E

(
Dsm

[
m − 6

2
,

m + 2
2

] )
> E

(
Dsm

[
m − 10

2
,

m + 2
2

] )
> · · · > E

(
Dsm

[
3,

m + 2
2

] )
> E

(
Dsm

[
3,

m − 2
2

] )
> E

(
Dsm

[
3,

m − 6
2

] )
> · · · > E (Dsm[3, 3]).

(ii) If m ≡ 1 (mod 4) then

E (Dsm[3,m − 4]) > E (Dsm[5,m − 6]) > · · · > E

(
Dsm

[
m − 3

2
,

m + 1
2

] )
> E

(
Dsm

[
m − 7

2
,

m + 1
2

] )
> E

(
Dsm

[
m − 11

2
,

m + 1
2

] )
> · · · > E

(
Dsm

[
3,

m + 1
2

] )
> E

(
Dsm

[
3,

m − 3
2

] )
> E

(
Dsm

[
3,

m − 7
2

] )
> · · · > E (Dsm[3, 3]).

(iii) If m ≡ 2 (mod 4) then

E (Dsm[3,m − 3]) > E (Dsm[5,m − 5]) > · · · > E
(
Dsm

[m
2
,

m
2

] )
> E

(
Dsm

[
m − 4

2
,

m
2

] )
> E

(
Dsm

[
m − 8

2
,

m
2

] )
> · · · > E

(
Dsm

[
3,

m
2

] )
> E

(
Dsm

[
3,

m − 4
2

] )
> E

(
Dsm

[
3,

m − 8
2

] )
> · · · > E (Dsm[3, 3]).
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(iv) If m ≡ 3 (mod 4) then

E (Dsm[3,m − 4]) > E (Dsm[5,m − 6]) > · · · > E

(
Dsm

[
m − 1

2
,

m − 1
2

] )
> E

(
Dsm

[
m − 5

2
,

m − 1
2

] )
> E

(
Dsm

[
m − 9

2
,

m − 1
2

] )
> · · · > E

(
Dsm

[
3,

m − 1
2

] )
> E

(
Dsm

[
3,

m − 5
2

] )
> E

(
Dsm

[
3,

m − 9
2

] )
> · · · > E (Dsm[3, 3]).

Proof. We know that csc z and cot z are decreasing for z ∈
(
0, π2

]
. Therefore we get the required

energy ordering of bicyclic sidigraphs inDsm when both cycles are of odd length. �

4.2.3 One cycle is of odd length and one cycle is of even length

In this subsection, we find energy ordering of those bicyclic sidigraphs in Dsm whose one cycle

is of even length and one is of odd length. For m ≡ 0 (mod 2), if b ≡ 1 (mod 2) then m− b ≡ 1

(mod 2) and if b ≡ 0 (mod 2) then m − b ≡ 0 (mod 2). So we only have to consider the case

when m ≡ 1 (mod 2). Note that if b ≡ 0 (mod 2) and m−b ≡ 1 (mod 2) then E (Dsm[b,m−b]) =

E (Dsm[b,m − b]). Hence we only have to give the energy ordering of those bicyclic sidigraphs

inDsm whose both cycles are positive or both cycles are negative.

Now we give the energy ordering of those bicyclic sidigraphs in Dsm whose both cycles are

positive.

Lemma 4.22. Suppose m is odd with m ≡ 0 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 2 (mod 4).

(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
.

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
.

62



(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
.

(ii) Let b ≡ 0 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4]).

Proof. (i). Suppose b ≡ 2 (mod 4) then m − b ≡ 1 (mod 2). Using Equation (2.2), we have

E (Dsm[b,m − b]) = 2 csc
π

b
+ csc

π

2(m − b)
.

By Part (2) of Lemma 4.8, we see that 2 csc π
b + csc π

2(m−b) is decreasing on
[
2, 2m

3

]
. So the

smallest even number where 2 csc π
b + csc π

2(m−b) attains maximum value is b = 2. Therefore we

have

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
.

Also Part (2) of Lemma 4.8, we see that 2 csc π
b + csc π

2(m−b) is increasing on
[

2m
3 ,m − 2

]
. So the

largest even number where 2 csc π
b + csc π

2(m−b) attains maximum value is b = m − 3 if m − 3 ≡ 2

(mod 4) and b = m − 5 if m − 3 ≡ 0 (mod 4). Therefore we have

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
,

and

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
.

Analogously one can prove Part (ii). �

Next two lemmas have same proofs as of Lemma 4.22 and thus proofs are omitted.
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Lemma 4.23. Suppose m is odd with m ≡ 1 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 2 (mod 4).

(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m − 8

3
,

m + 8
3

] )
.

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 4

3
,

m − 4
3

] )
.

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 4

3
,

m − 4
3

] )
.

(ii) Let b ≡ 0 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4]).

Lemma 4.24. Suppose m is odd with m ≡ 2 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 2 (mod 4).

(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m − 4

3
,

m + 4
3

] )
.
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(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 8

3
,

m − 8
3

] )
.

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 8

3
,

m − 8
3

] )
.

(ii) Let b ≡ 0 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4]).

Now we give the energy ordering of those bicyclic sidigraphs in Dsm whose both cycles are

negative.

Lemma 4.25. Suppose m is odd with m ≡ 0 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 0 (mod 4).

(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 6

3
,

m + 6
3

] )
.

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
.

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
.
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(ii) Let b ≡ 2 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2]).

Proof. (i). Suppose b ≡ 0 (mod 4) then m − b ≡ 1 (mod 2). Using Equation (2.3), we get

E (Dsm[b,m − b]) = 2 csc
π

b
+ csc

π

2(m − b)
.

Part (2) of Lemma 4.8 tells us that 2 csc π
b + csc π

2(m−b) is decreasing on
[
2, 2m

3

]
. So the smallest

even number where 2 csc π
b + csc π

2(m−b) has largest value is b = 4. Therefore we have

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 6

3
,

m + 6
3

] )
.

Also Part (2) of Lemma 4.8, we see that 2 csc π
b + csc π

2(m−b) is increasing on
[

2m
3 ,m − 2

]
. So the

largest even number where 2 csc π
b + csc π

2(m−b) attains largest value is b = m − 3 if m − 3 ≡ 0

(mod 4) and b = m − 5 if m − 3 ≡ 2 (mod 4). Therefore we have

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
.

and

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
.

Similarly, Part (ii) can be proved. �

Next two lemmas has same proof as of Lemma 4.25 and are thus neglected.

Lemma 4.26. Suppose m is odd with m ≡ 1 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 0 (mod 4).
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(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 2

3
,

m + 2
3

] )
.

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 10

3
,

m − 10
3

] )
.

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 10

3
,

m − 10
3

] )
.

(ii) Let b ≡ 2 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2]).

Lemma 4.27. Suppose m is odd with m ≡ 2 (mod 3) and b ≡ 0 (mod 2). Then the following

energy ordering holds:

(i) Let b ≡ 0 (mod 4).

(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 10

3
,

m + 10
3

] )
.

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 2

3
,

m − 2
3

] )
.

67



(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 2

3
,

m − 2
3

] )
.

(ii) Let b ≡ 2 (mod 4).

(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2]).

Now we give the extremal energy of those bicyclic sidigraphs in the class Dsm whose one

cycle is of even length and one is of odd length.

Theorem 4.28. Suppose a sidigraph S ∈ Dsm has one cycle of even length and one of odd

length.

(i) For m ≡ 1 (mod 2), the largest energy of S is attained if S � Dsm[2,m − 2].

(iii) The smallest energy of S is attained if S � Dsm[2, 3].

Proof. (i). For proof, see Theorem 7 [50].

(ii). Since for odd integers b1 and b2 with b1 ≥ b2 ≥ 3, it holds that E (Cb1) ≥ E (Cb2) and

E (C2) = 0. Hence the minimal energy of S is attained if S � Dsm[2, 3]. �

In next theorem, we give the complete energy ordering of those bicyclic sidigraphs in Dsm

whose one cycle is of even length and one is of odd length.

Theorem 4.29. Let m > 5 is odd and b ∈ [2,m − 2].

(1) Suppose m ≡ 0 (mod 3).

(i) Let b ≡ 2 (mod 4).
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(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
> E

(
Dsm

[
2m − 12

3
,

m
3

] )
> E

(
Dsm

[
2m − 24

3
,

m
3

] )
> · · · > E

(
Dsm

[
2,

m
3

] )
> E

(
Dsm

[
2,

m − 6
3

] )
> E

(
Dsm

[
2,

m − 12
3

] )
> · · · > E (Dsm[2, 3]).

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
> E

(
Dsm

[
2m
3
,

m − 6
3

] )
> E

(
Dsm

[
2m
3
,

m − 12
3

] )
> · · · > E

(
Dsm

[
2m
3
, 3

] )
> E

(
Dsm

[
2m − 12

3
, 3

] )
> E

(
Dsm

[
2m − 24

3
, 3

] )
> · · · > E (Dsm[2, 3]).

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m
3
,

m
3

] )
> E

(
Dsm

[
2m − 12

3
,

m
3

] )
> E

(
Dsm

[
2m − 24

3
,

m
3

] )
> · · · > E

(
Dsm

[
2,

m
3

] )
> E

(
Dsm

[
2,

m − 6
3

] )
> E

(
Dsm

[
2,

m − 12
3

] )
> · · · > E (Dsm[2, 3]).

(d) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]) > E (Dsm[2, 2]).

(e) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]) > E (Dsm[2, 2]).

(ii) Let b ≡ 0 (mod 4).
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(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(c) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 6

3
,

m + 6
3

] )
> E

(
Dsm

[
2m − 18

3
,

m + 6
3

] )
> E

(
Dsm

[
2m − 30

3
,

m + 6
3

] )
> · · · > E

(
Dsm

[
4,

m + 6
3

] )
> E

(
Dsm

[
4,

m
3

] )
> E

(
Dsm

[
4,

m − 6
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(d) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
> E

(
Dsm

[
2m − 6

3
,

m − 6
3

] )
> E

(
Dsm

[
2m − 18

3
,

m − 6
3

] )
> · · · > E

(
Dsm

[
4,

m − 6
3

] )
> E

(
Dsm

[
4,

m − 12
3

] )
> E

(
Dsm

[
4,

m − 18
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(e) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 6

3
,

m − 6
3

] )
> E

(
Dsm

[
2m + 6

3
,

m − 12
3

] )
> E

(
Dsm

[
2m + 6

3
,

m − 18
3

] )
> · · · > E

(
Dsm

[
2m + 6

3
, 3

] )
> E

(
Dsm

[
2m − 6

3
, 3

] )
> E

(
Dsm

[
2m − 18

3
, 3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(2) Suppose m ≡ 1 (mod 3).

(i) Let b ≡ 2 (mod 4).
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(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m − 8

3
,

m + 8
3

] )
> E

(
Dsm

[
2m − 20

3
,

m + 8
3

] )
> E

(
Dsm

[
2m − 32

3
,

m + 8
3

] )
> · · · > E

(
Dsm

[
2,

m + 8
3

] )
> E

(
Dsm

[
2,

m + 2
3

] )
> E

(
Dsm

[
2,

m − 4
3

] )
> · · · > E (Dsm[2, 3]).

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 4

3
,

m − 4
3

] )
> E

(
Dsm

[
2m − 8

3
,

m − 4
3

] )
> E

(
Dsm

[
2m − 20

3
,

m − 4
3

] )
> · · · > E

(
Dsm

[
2,

m − 4
3

] )
> E

(
Dsm

[
2,

m − 10
3

] )
> E

(
Dsm

[
2,

m − 16
3

] )
> · · · > E (Dsm[2, 3]).

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 4

3
,

m − 4
3

] )
> E

(
Dsm

[
2m + 4

3
,

m − 10
3

] )
> E

(
Dsm

[
2m + 4

3
,

m − 16
3

] )
> · · · > E

(
Dsm

[
2m + 4

3
, 3

] )
> E

(
Dsm

[
2m − 8

3
, 3

] )
> E

(
Dsm

[
2m − 20

3
, 3

] )
> · · · > E (Dsm[2, 3]).

(d) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]).

(e) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]).

(ii) Let b ≡ 0 (mod 4).
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(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(c) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 2

3
,

m + 2
3

] )
> E

(
Dsm

[
2m − 14

3
,

m + 2
3

] )
> E

(
Dsm

[
2m − 26

3
,

m + 2
3

] )
> · · · > E

(
Dsm

[
4,

m + 2
3

] )
> E

(
Dsm

[
4,

m − 4
3

] )
> E

(
Dsm

[
4,

m − 10
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(d) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 10

3
,

m − 10
3

] )
> E

(
Dsm

[
2m − 2

3
,

m − 10
3

] )
> E

(
Dsm

[
2m − 14

3
,

m − 10
3

] )
> · · · > E

(
Dsm

[
4,

m − 10
3

] )
> E

(
Dsm

[
4,

m − 16
3

] )
> E

(
Dsm

[
4,

m − 22
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(e) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 10

3
,

m − 10
3

] )
> E

(
Dsm

[
2m + 10

3
,

m − 16
3

] )
> E

(
Dsm

[
2m + 10

3
,

m − 22
3

] )
> E

(
Dsm

[
2m + 10

3
, 3

] )
> E

(
Dsm

[
2m − 2

3
, 3

] )
> E

(
Dsm

[
2m − 14

3
, 3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(3) Suppose m ≡ 2 (mod 3).

(i) Let b ≡ 2 (mod 4).
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(a) If b ∈
[
2, 2m

3

]
then

E (Dsm[2,m − 2]) > E (Dsm[6,m − 6]) > · · · > E

(
Dsm

[
2m − 4

3
,

m + 4
3

] )
> E

(
Dsm

[
2m − 16

3
,

m + 4
3

] )
> E

(
Dsm

[
2m − 28

3
,

m + 4
3

] )
> · · · > E

(
Dsm

[
2,

m + 4
3

] )
> E

(
Dsm

[
2,

m − 2
3

] )
> E

(
Dsm

[
2,

m − 8
3

] )
> E (Dsm[2, 3]).

(b) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 8

3
,

m − 8
3

] )
> E

(
Dsm

[
2m − 4

3
,

m − 8
3

] )
> E

(
Dsm

[
2m − 16

3
,

m − 8
3

] )
> · · · > E

(
Dsm

[
2,

m − 8
3

] )
> E

(
Dsm

[
2,

m − 14
3

] )
> E

(
Dsm

[
2,

m − 20
3

] )
> · · · > E (Dsm[2, 3]).

(c) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 8

3
,

m − 8
3

] )
> E

(
Dsm

[
2m + 8

3
,

m − 14
3

] )
> E

(
Dsm

[
2m + 8

3
,

m − 20
3

] )
> · · · > E

(
Dsm

[
2m + 8

3
, 3

] )
> E

(
Dsm

[
2m − 4

3
, 3

] )
> E

(
Dsm

[
2m − 16

3
, 3

] )
> · · · > E (Dsm[2, 3]).

(d) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]).

(e) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[2,m − 2])

> E (Dsm[2,m − 4]) > E (Dsm[2,m − 6]) > · · · > E (Dsm[2, 3]).

(ii) Let b ≡ 0 (mod 4).
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(a) If m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(b) If m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 5]) > E (Dsm[m − 7, 9]) > · · · > E (Dsm[4,m − 4])

> E (Dsm[4,m − 6]) > E (Dsm[4,m − 8]) > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(c) If b ∈
[
2, 2m

3

]
then

E (Dsm[4,m − 4]) > E (Dsm[8,m − 8]) > · · · > E

(
Dsm

[
2m − 10

3
,

m + 10
3

] )
> E

(
Dsm

[
2m − 22

3
,

m + 10
3

] )
> E

(
Dsm

[
2m − 34

3
,

m + 10
3

] )
> · · · > E

(
Dsm

[
4,

m + 10
3

] )
> E

(
Dsm

[
4,

m + 4
3

] )
> E

(
Dsm

[
4,

m − 2
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(d) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 2 (mod 4) then

E (Dsm[m − 5, 5]) > E (Dsm[m − 9, 9]) > · · · > E

(
Dsm

[
2m + 2

3
,

m − 2
3

] )
> E

(
Dsm

[
2m − 10

3
,

m − 2
3

] )
> E

(
Dsm

[
2m − 22

3
,

m − 2
3

] )
> E

(
Dsm

[
4,

m − 2
3

] )
> E

(
Dsm

[
4,

m − 8
3

] )
> E

(
Dsm

[
4,

m − 14
3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

(e) If b ∈
[

2m
3 ,m − 2

]
and m − 3 ≡ 0 (mod 4) then

E (Dsm[m − 3, 3]) > E (Dsm[m − 7, 7]) > · · · > E

(
Dsm

[
2m + 2

3
,

m − 2
3

] )
> E

(
Dsm

[
2m + 2

3
,

m − 8
3

] )
> E

(
Dsm

[
2m + 2

3
,

m − 14
3

] )
> · · · > E

(
Dsm

[
2m + 2

3
, 3

] )
> E

(
Dsm

[
2m − 10

3
, 3

] )
> E

(
Dsm

[
2m − 22

3
, 3

] )
> · · · > E (Dsm[4, 3]) > E (Dsm[2, 3]).

Proof. We know that csc z and cot z are decreasing for z ∈
(
0, π2

]
. Therefore we get the required

energy ordering of bicyclic sidigraphs inDsm when both cycles are of odd length. �
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4.3 Conclusion

Vertex-disjoint bicyclic sidigraphs are classified into three categories: the sidigraphs whose

cycles are of even length, the sidigraphs whose cycles are of odd length and the sidigraphs

whose one cycle is of even length and one is of odd length. In the current chapter, we separately

investigated the energy ordering in each category. We also find largest and smallest energy in

each category.
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Chapter 5

Inverse sum indeg energy of graphs

In this chapter, we discuss about graph energy which is based on ISI matrix and study few prop-

erties of the ISI matrix. The ISI energy formula for some well-known graphs are determined.

Some bounds for ISI energy of graphs are obtained. We also give integral representation of ISI

energy of graphs. In the end, we give some noncospectral equienergetic graphs with respect to

inverse sum indeg energy.

5.1 Inverse sum indeg energy

Let G = (VG,EG) be a graph. Zangi et al. [77] defined the ISI matrix AISI(G) = [apq]m×m of an

m-vertex graph G as:

apq =


d

(wp)
G

d
(wq)
G

d
(wp)
G

+d
(wq)
G

if wpwq ∈ EG,

0 otherwise.

TheAISI-characteristic polynomial of G is given by:

ΨG(θ̃) = det(AISI(G) − θ̃Im) (5.1)

Let θ1, . . . , θm be theAISI-eigenvalues of G. Then Zangi et al. [77] define ISI energy of G as

EISI(G) =

m∑
q=1

|θq|. (5.2)
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For convenience, we define some notations. Let

B = 2
∑

1≤p<q≤m

( d (wp)
G

d (wq)
G

d (wp)
G

+ d (wq)
G

)2

, Υ = det(AISI(G)). (5.3)

Theorem 5.1. Suppose G r
m is a simple connected graph. Then

tr(A2
ISI(G

r
m)) ≤ tr(A2

ISI(Km)),

where the inequality becomes equality for G r
m � Km.

Proof. For convenience, writeH = G r
m. First, letH � Km. Then d (wp)

H
≤ m− 1 for every vertex

wp ofH , p = 1, . . . ,m. Therefore

d (wp)
H

d (wq)
H

d (wp)
H

+ d (wq)
H

=
1

1
d

(wp)
H

+ 1
d

(wq)
H

≤
1

1
m−1 + 1

m−1

=
m − 1

2
.

Now

tr(A2
ISI(H)) = 2

∑
1≤p<q≤m

( d (wp)
H

d (wq)
H

d (wp)
H

+ d (wq)
H

)2

≤
2r (m − 1)2

4
=

r(m − 1)2

2
.

AsH � Km, it holds that r < m(m−1)
2 . Consequently

tr(A2
ISI(H)) ≤

r(m − 1)2

2
<

m(m − 1)
2

×
(m − 1)2

2
=

m
4

(m − 1)3.

Now letH � Km. Lemma 2.16 implies

tr(A2
ISI(Km)) = 2

[
m(m − 1)

2
×

(m − 1)2

4

]
=

m
4

(m − 1)3.

Hence tr(A2
ISI(H)) ≤ tr(A2

ISI(Km)). This proves the result. �

A square diagonal matrix whose diagonal elements are square matrices and the non-diagonal

elements are 0 is called a block diagonal matrix.

Next theorem determines the relationship among ISI energy of graph components and a

graph.
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Theorem 5.2. Suppose a graph G has components Q1,Q2, . . . ,Qs. Then EISI(G) =
s∑

q=1
EISI(Qq).

Proof. Since Q1,Q2, . . . ,Qs are the components of G, we can write G = Q1 ∪ Q2 ∪ · · · ∪ Qs.

ThenAISI(G) is a block diagonal matrix with diagonal elementsAISI(Q1),AISI(Q2), . . .AISI(Qs).

Therefore

specISI(G) = specISI(Q1) ∪ specISI(Q2) ∪ · · · ∪ specISI(Qs).

Hence

EISI(G) =

s∑
q=1

EISI(Qq).

The proof is complete. �

Following result follows directly from ISI matrix of Km.

Lemma 5.3. Suppose G is a graph with nG = m. Then EISI(G) = 0 for G � Km.

Theorem 5.4. If a graph G � Km and EISI(G) is an integer then EISI(G) be an even positive

integer.

Proof. With no loss of generality, suppose that θ1, . . . , θs are positive and θs+1, . . . , θm are non-

negative. From Lemma 2.16, we have
s∑

q=1

θq +

m∑
q=s+1

θq =

m∑
q=1

θq = 0.

This gives
s∑

q=1

θq = −

m∑
q=s+1

θq.

Now

EISI(G) =

m∑
q=1

|θq|

=

s∑
q=1

θq +

m∑
q=s+1

θq

= 2
s∑

q=1

θq.

Therefore EISI(G) is an even integer. �
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A matrix M is irreducible if the digraph associated with M is strongly connected. A matrix

is non-negative if its all entries are non-negative.

Theorem 5.5 (Perron-Frobenius). Let A , 0 be an irreducible matrix. Then A has a positive

eigenvalue ν with corresponding eigenvector y > 0. If ω is another eigenvalue for A, then

ν > |ω|.

In the following two results, we determine some properties of the AISI-eigenvalues of a

graph G. The idea of proof is taken from proof of Lemma 1.1 [17]

Lemma 5.6. Suppose G is a simple connected graph with nG = m, m ≥ 2, andAISI-eigenvalues

θ1 ≥ θ2 ≥ · · · ≥ θm. If G has diameter at least 3, then θ1 > θ2 > 0.

Proof. Since the graph G is connected therefore AISI(G) is an irreducible non-negative square

matrix of order m. By Perron-Frobenius theorem, we have θ1 > θ2. Since the diameter of G

is at least 3, P4 is the subgraph of G. So θ2(G) ≥ θ2(P4) = 4
3 > 0, where θ2(G) is the second

largest AISI-eigenvalue of G and θ2(P4) is the second largest AISI-eigenvalue of P4 . Hence

θ1 > θ2 > 0. �

Lemma 5.7 (Brouwer and Haemers [7]). Suppose a connected graph G has its largest A-

eigenvalue λ1. Then −λ1 is an eigenvalue of G if and only if it is bipartite.

Theorem 5.8. Suppose G is a graph with nG = m, m ≥ 2 and let its A-spectrum and AISI-

spectrum are symmetric about the origin. Then |θ1| = |θ2| = · · · = |θq| > 0 (q ≥ 2) and rest of

theAISI-eigenvalues are zero (if exist) if and only if
t⋃

j=1
Kr,s � G, where t(r + s) = m and one of

the r or s is greater than 1.

Proof. First assume that

|θ1| = |θ2| = · · · = |θq| > 0 (q ≥ 2), (5.4)

and rest of theAISI-eigenvalues are zero (if exist). Then each component of G has atmost three

distinct AISI-eigenvalues. Let Q be a component of G. From Equation (5.4) and Lemma 5.7,

we see that Q is bipartite. The diameter of Q is at least 3 if Q is not a complete bipartite graph.
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Therefore using Lemma 5.6 and Equation (5.4), we get a contradiction. Hence Q is a complete

bipartite graph. As Q is arbitrary component of G, therefore G �
t⋃

j=1
Kr,s, where t(r + s) = m.

The converse statement is easy to prove. �

5.2 ISI energy of some graphs

Now we prove ISI energy formula for some classes of graphs.

TheA-spectrum of Km and Km,n is, respectively, given by

specA(Km) = {(−1)m−1, (m − 1)},

specA(Km,n) = {(0)m+n−2,±
√

mn}.

Using Theorem 2.17, we get the following results.

Theorem 5.9. EISI(Cm) = E (Cm).

Theorem 5.10. EISI(Km) = (m − 1)2.

Remark 5.11. Let m ≡ 2(mod 4). Then from energy formula of cycle Cm [4], one can see that

EISI(Cm) = 2EISI(Cm
2
).

Now we obtain the ISI energy formula for a complete bipartite graph.

Theorem 5.12. EISI(Km,n) =
2(mn)

3
2

m+n .

Proof. Let B be an m×n matrix and C be an n×m matrix, where each entry of B and C is equal

to mn
m+n . Let O be a zero matrix of order m × m and O′ be a zero matrix of order n × n. Now

AISI(Km,n) =

O B

C O′

 .
That is,

AISI(Km,n) =
mn

m + n
A(Km,n).
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Hence

specISI(Km,n) =

 (mn)
3
2

m + n
, 0(m+n−2), −

(mn)
3
2

m + n

 .
Therefore

EISI(Km,n) =

m+n∑
q=1

|θISI
q |

=

∣∣∣∣∣ (mn)
3
2

m + n

∣∣∣∣∣ +

∣∣∣∣∣ − (mn)
3
2

m + n

∣∣∣∣∣
=

2(mn)
3
2

m + n
.

The proof is complete. �

Next corollary is easily obtained from Theorem 5.12 .

Corollary 5.13. EISI(Sm) =
2(m−1)

3
2

m .

Remark 5.14. By Theorem 5.2 and Theorem 5.10, it is easily seen that EISI(Km,n) = m2 + n2 −

2(m − 1 + n).

Let F = ( fi j) be a p× p matrix with eigenvalues λk and B be a q× q matrix with eigenvalues

βl, i, j, k = 1, . . . , p, l = 1, . . . , q. The Kronecker product of F and B, represented by F ⊗ B,

gives the matrix which is formed by substituting each entry fi j of F by fi j B. The eigenvalues

of F ⊗ B are λk βl.

Suppose G(VG,EG) be a graph and V′ be the set such that VG ∩ V′ = φ, |VG| = |V′| and

π : VG −→ V′ is a bijection. For w ∈ VG, we write π(w) = w′. The duplication of G, represented

by G?, is the graph with the property that VG? = VG ∪ V
′ and its edges are as follows: In G,

wz ∈ EG if and only if wz′ ∈ EG? and zw′ ∈ EG? .

LetH1, . . . ,Hd be the d copies ofGwith vertex setsV1
H1
, . . . ,Vd

Hd
and letVq

Hq
= {w1q, . . . ,wmq},

q = 1, . . . , d and w jq represents the j-th vertex of the q-th copy of G, j = 1, . . . ,m. The d-double

graph Gd of G is the graph with the property that VGd = V1
H1
∪ · · · ∪ Vd

Hd
and its edges are as

follows: In G, w1w2 ∈ EG if and only if w1iw2k ∈ EGd with i , k and k = 1, . . . , d. See Figure

5.1.

Now we give the relation between EISI(G) and EISI(G?).
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Figure 5.1: P3 and its 2-double graph P2
3.

Theorem 5.15. EISI(G?) = 2 EISI(G) for a graph G with nG = m.

Proof. Let O be an m × m zero matrix. By proper labelling of the vertices in G?, we get

AISI(G?) =

 O AISI(G)

AISI(G) O

 =

0 1

1 0

 ⊗AISI(G).

Thus the spectrum ofAISI(G∗) is ±θISI
q , q = 1, . . . ,m. Hence EISI(G?) = 2 EISI(G). �

Theorem 5.16. EISI(Gd) = d2 EISI(G) for a graph G with nG = m.

Proof. Let Jd be a d × d matrix whose every entry is equal to 1. By proper labeling of the

vertices in Gd, we have

AISI(Gd) =



dAISI(G) dAISI(G) . . . dAISI(G)

dAISI(G) dAISI(G) . . . dAISI(G)
...

...
...

...

dAISI(G) dAISI(G) . . . dAISI(G)


dm×dm

Therefore AISI(Gd) = d (AISI(G) ⊗ Jd), where A-spectrum of Jd is d(1) and 0(d−1). By property

of Kronecker product of matrices, the AISI-spectrum of Gd is 0 with multiplicity d − 1 and

AISI-spectrum of G. Therefore we get EISI(Gd) = d2 EISI(G). �
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5.3 Bounds and integral representation of ISI energy

In this section, few bounds on ISI energy of graphs are given. Das et al. [21] prove the following

theorem for eigenvalues of degree-based energies of graphs.

Theorem 5.17 (Das et al. [21]). For the eigenvalues f1 ≥ f2 ≥ · · · ≥ fm of a matrixAT I(G), the

following inequalities hold. √
tr(A2

T I(G))
m(m − 1)

≤ f1 ≤

√
(m − 1) tr(A2

T I(G))
m

,

−

√
(m − 1) tr(A2

T I(G))
m

≤ fm ≤ −

√
tr(A2

T I(G))
m(m − 1)

,

−

√
(k − 1) tr(A2

T I(G))
m(m − k + 1)

≤ fk ≤

√
(m − k) tr(A2

T I(G))
km

,

for each k = 2, . . . ,m − 1.

Next result is obtained by using Theorem 5.17.

Theorem 5.18. For the eigenvalues θ1 ≥ θ2 ≥ · · · ≥ θm of AISI(G), the following inequalities

hold. √
B

m(m − 1)
≤ θ1 ≤

√
(m − 1) B

m
,

−

√
(m − 1) B

m
≤ θm ≤ −

√
B

m(m − 1)
,

−

√
(k − 1) B

m(m − k + 1)
≤ θk ≤

√
(m − k) B

km
,

for each k = 2, . . . ,m − 1 and B is defined in Equation (5.3).

Next result is obtained using Theorem 5.1 and Theorem 5.18.

Theorem 5.19. ForAISI-eigenvalues θ1 ≥ θ2 ≥ · · · ≥ θm of a connected graph G, the following
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inequalities hold. √
B

m(m − 1)
≤ θ1 ≤ EISI(Km),

−EISI(Km) ≤ θm ≤ −

√
B

m(m − 1)
,

−

√
(k − 1) (m − 1)3

4(m − k + 1)
≤ θk ≤

√
(m − k) (m − 1)3

4k
,

for each k = 2, . . . ,m − 1.

In next theorem, we find bounds for ISI energy using tr(A2
ISI(G)) and det(AISI(G)).

Theorem 5.20. Suppose G be a simple graph with nG = m, m ≥ 2. Then

m |Υ|
2
m ≤ EISI(G) ≤

√
m B,

where Υ and B are defined in Equation (5.3).

Proof. We know that arithmetic mean is always less than quadratic mean. Therefore

EISI(G) =

m∑
q=1

|θq|

≤

√√
m

m∑
q=1

|θq|
2

=

√√
m

m∑
q=1

θ2
q =
√

m B.

Quadratic-Geometric mean inequality gives

[EISI(G)]2 =

 m∑
q=1

|θq|


2

≥

m∑
q=1

|θq|
2

≥ m

 m∏
q=1

|θq|


2
m

= m |Υ|
2
m .

This completes the proof. �
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Now we have the following theorem. The proof is similar to the proof of Theorem 3 [21]

and is thus excluded.

Theorem 5.21. Suppose G be a simple graph with nG = m ≥ 2.Then√
B + m |Υ|

2
m (m − 1) ≤ EISI(G) ≤

√
(m − 1) B + m |Υ|

2
m ,

where Υ and B are defined in Equation (5.3).

In Theorem 5.22, we obtain bounds for ISI energy using size, smallest and largest degrees

of a simple graph.

Theorem 5.22. SupposeH = G(m, r,∇G, δG) be a graph. Then

EISI(H) ≥

√
r δ2
H

2
+ m (m − 1) |Υ|

2
m

EISI(H) ≤

√
r (m − 1)

∇2
H

2
+ m|Υ|

2
m .

Proof. For each vertex wp ofH , δH ≤ d (wp)
H
≤ ∇H , p = 1, 2, . . .m. Using this fact, we get

1
1

d
(wp)
H

+ 1
d

(wq)
H

≤
1

1
∇H

+ 1
∇H

=
∇H

2
,

1
1

d
(wp)
H

+ 1
d

(wq)
H

≥
1

1
δH

+ 1
δH

=
δH
2
.

Hence

B = 2
∑

1≤p<q≤m

( d (wp)
H

d (wq)
H

d (wp)
H

+ d (wq)
H

)2

≤ 2r
∇2
H

4
=

r∇2
H

2
,

B = 2
∑

1≤p<q≤m

( d (wp)
H

d (wq)
H

d (wp)
H

+ d (wq)
H

)2

≥ 2r
δ2
H

4
=

rδ2
H

2
.

Now using Theorem 5.21, we obtain the desired result. �

An analogue of Theorem 1.2 is Theorem 5.23.
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Theorem 5.23. Suppose G be a simple graph with nG = m and AISI-characteristic polynomial

Ψ (θ). Then

EISI(G) =
1
π

∫ ∞

−∞

(
m −

ι̇θ̃ Ψ ′
G

(ι̇θ̃)

ΨG(ι̇θ̃)

)
dθ̃,

where Ψ ′
G

(θ̃) = d
dθ̃ΨG(θ̃) and ι̇ =

√
−1.

Corollary 5.24. Suppose G be a graph with nG = m. Then

EISI(G) =
1
π

∫ ∞

−∞

1
θ̃2

ln
(
θ̃mΨG(

ι̇

θ̃
)
)

dθ̃.

Next result is similar to graph energy.

Theorem 5.25. Let G be a graph with nG = m and AISI-characteristic polynomial ΨG(θ̃) =

θ̃m +
∑m

q=1 bqθ̃
m−q. Then

EISI(G) =
1

2π

∫ ∞

−∞

1
θ̃2

log
[

(
bm

2 c∑
q=0

(−1)q b2q(G) θ̃2q )2

+ (
bm

2 c∑
q=0

(−1)q b2q+1(G) θ̃2q+1 )2
]

dθ̃.

5.4 AISI-Equienergetic graphs

Two graphs with sameAISI-spectrum are said to beAISI-cospectral, otherwiseAISI-noncospectral.

TwoAISI-equienergetic graphs are the graphs with same ISI energy. Two isomorphic graphs are

alwaysAISI-cospectral and thus areAISI-equienergetic. In this section, we construct few classes

ofAISI-noncospectralAISI-equienergetic graphs.

SupposeG be a b-regular graph with nG = m. Let L (1)(G) = L (G), L (q)(G) = L (L (q−1)(G)),

q = 1, 2, . . . , be the iterated line graphs of G. Ramane et al. [65] prove the following energy

formula for L (2)(G).

E (L (2)(G)) = 2mb(b − 2). (5.5)

Theorem 5.26. SupposeH1 andH2 are two b-regular m-vertexA-noncospectral graphs. Then

L (2)(H1) and L (2)(H2) areAISI-noncospectralAISI-equienergetic graphs.
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Proof. For an m-vertex b-regular G, L (2)(G) is 1
2mb(b − 1)-vertex (4b − 6)-regular graph. By

Theorem 2.17 and Equation (5.5), we get

EISI(L (2)(G)) = (2b − 3) E (L (2)(G))

= 2mb(2b − 3)(b − 2).

Hence EISI(L (2)(H1)) = EISI(L (2)(H2)).

SinceAISI(L (2)(G)) = (2b−3)A(L (2)(G)) and L (2)(H1) and, L (2)(H2) areA-noncospectral

graphs, therefore L (2)(H1) and L (2)(H2) are alsoAISI-noncospectral graphs. �

Corollary 5.27. SupposeH1 andH2 are two b-regular m-vertex andA-noncospectral graphs.

Then for any q ≥ 2, L (q)(H1) and L (q)(H2) areAISI-noncospectralAISI-equienergetic.

Theorem 5.28. Suppose H1 and H2 are two m-vertex AISI-noncospectral AISI-equienergetic.

ThenH1 ∪ K r andH2 ∪ K r areAISI-noncospectralAISI-equienergetic.

Proof. By Theorem 5.2, we have

EISI(H1 ∪ K r) = EISI(H1) + EISI(K r)

= EISI(H2) + EISI(K r)

= EISI(H2 ∪ K r).

Since H1 and H2 are AISI-noncospectral, therefore H1 ∪ K r and H2 ∪ K r are also AISI-

noncospectral. �

Corollary 5.29. SupposeH1 andH2 are two b-regular m-vertexA-noncospectral graphs. Then

for any q ≥ 2, L (q)(H1) ∪ K r and L (q)(H2) ∪ K r areAISI-noncospectralAISI-equienergetic.

The following two theorems give some more classes ofAISI-equienergetic graphs.

Theorem 5.30. Let G be any m-vertex graph and d ≡ 0(mod 2). Also let G̃ be the graph which

is the union of d2

2 copies of G?. Then EISI(Gd) = EISI(G̃).

87



Proof. By definition of G̃ and proof of Theorem 5.2, note that AISI(G̃) is a block diagonal

matrix with diagonal elements AISI(G?) and AISI-spectrum of G̃ is ±θ̃q each with multiplicity
d2

2 , q = 1, . . . ,m. Also in proof of Theorem 5.16, we see that the AISI-spectrum of Gd is 0

with multiplicity d − 1 and d2 θ̃q, q = 1, . . . ,m. Therefore G̃ and Gd areAISI-noncospectral and

AISI-equienergetic graphs. �

Theorem 5.31. Let G be an m-vertex graph whose at least one component is a cycle. Take

another m-vertex graph H with same components as of G except for the component which is

cycle. Corresponding to each cycle (say Cr) in G, where r ≡ 2(mod 4), the graph H has

two cycles of half the order of Cr (say C r
2
, C r

2
). Then G and H are AISI-noncospectral and

AISI-equienergetic graphs.

Proof. Using Theorem 5.2 and Remark 5.11, one can get the desired result.

5.5 Conclusion

The energy of a graph has wide range of applications in chemistry. Energy of many types of

graphs can be found by using inverse sum indeg energy of those graphs. We present some

properties of ISI energy andAISI-spectra of graphs. We also find relation of ISI energy of some

graphs with graph energy.
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Chapter 6

On generalized inverse sum indeg index

and energy of graphs

In this chapter, we introduce generalized inverse sum indeg index and generalized inverse sum

indeg energy of graphs. Our strong motivation to define generalized ISI index and energy is

the fact that the degree based topological indices and energies are derived from them by giving

the specific values to the parameters involved. We study the generalized inverse sum indeg

index and energy from an algebraic point of view. Extremal values of this index for some graph

classes are determined. Some spectral properties of generalized inverse sum indeg matrix are

studied. We also find Nordhaus-Gaddum-type results for generalized ISI index spectral radius

and energy.

6.1 Basic results

Let G = (VG,EG) be a graph. We define generalized inverse sum indeg index as

Sα, β(G) =
∑

wpwq ∈ EG

(
d (wp)
G

d (wq)
G

)α
(
d (wp)
G

+ d (wq)
G

)β , (6.1)

where α and β are real numbers.

89



We define generalized ISI matrixASα, β(G) = [apq]m×m of an m-vertex graph G as

apq =



(
d

(wp)
G

d
(wq)
G

)α
(

d
(wp)
G

+d
(wq)
G

)β if wpwq ∈ EG,

0 otherwise.

TheASα, β-characteristic polynomial of G is given by:

ΨG(θ̃) = det(ASα, β(G) − θ̃Im)

= θ̃m +

m∑
q=1

cq θ̃
m−q, (6.2)

where Im is an m × m identity matrix. The ASα, β -eigenvalues of G are the roots of polynomial

in Equation (6.2).

Let θ1, . . . , θm be the ASα, β -eigenvalues of G. Then we define the generalized ISI energy of

graph G as

Eα, β (G) =

m∑
q=1

|θq|. (6.3)

We list here few degree-based topological indices and energies of a graph G. These types of

degree based indices and energies can be derived from generalized ISI index and energy by only

giving specific values to α and β.

1. If α = 0 and β = −1, then Sα, β(G) = M1(G) and matrix A0, −1(G) is the first Zagreb

matrix. The energy corresponding to A0,−1(G) is the first Zagreb energy EM1(G). Note that

EM1(G) = E0, −1(G).

2. If α = 0 and β = 1/2, then Sα, β(G) = χ(G) and matrix A0, 1/2(G) is the sum-connectivity

matrix. The energy corresponding to A0,1/2(G) is the sum-connectivity energy Eχ(G).

Now see that Eχ(G) = E0, 1/2(G).

3. If α = 0 and β = −α then Sα, β(G) = χα(G) and matrix A0,−α(G) is the general sum-

connectivity matrix. The energy corresponding toA0,−α(G) is the general sum-connectivity

energy Eχα(G). Note that Eχα(G) = E0,−α(G).
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4. If α = 1 and β = 0 then Sα, β(G) = M2(G) and matrix A1,0(G) is the second Zagreb

matrix. The energy corresponding to A1,0(G) is the second Zagreb energy EM2(G). Note

that EM2(G) = E1,0(G).

5. If α = −1/2 and β = 0 then Sα, β(G) = R(G) and matrix A−1/2,0(G) is the Randić ma-

trix. The energy corresponding to A−1/2,0(G) is the Randić energy ER(G). Observe that

ER(G) = E−1/2,0(G).

6. If β = 0 then Sα, β(G) = Rα(G) and matrix Aα,0(G) is the general Randić matrix. The

energy corresponding toAα,0(G) is the general Randić energy ERα
(G). Note that ERα

(G) =

Eα,0(G).

7. If α = 1 and β = 1 then Sα, β(G) = ISI(G) and matrix A1,1(G) is the inverse sum indeg

matrix. The energy corresponding to A1,1(G) is the inverse sum indeg energy EISI(G).

Note that EISI(G) = E1,1(G).

For study of more degree-based topological indices, see [28] and references therein.

Under certain conditions, we now determine the monotonicity of the generalized ISI index

of a graph G when new edges are added in G.

Lemma 6.1. Let w and z be two non-adjacent vertices of a graph G. Also let G + {wz} is the

graph formed from G by joining w and z by an edge wz. If α, β ∈ R with α ≥ 0 and α ≥ β, then

Sα, β(G + {wz}) > Sα, β(G).

Proof. If α, β ∈ R with α ≥ 0 and α ≥ β, then for any real numbers x, y ≥ 1, we have(
1 + 1

x

)α
≥

(
1 + 1

x+y

)β
. This implies (x+1)α

(x+y+1)β ≥
xα

(x+y)β . Hence ((x+1)y)α

(x+y+1)β ≥
(xy)α

(x+y)β .
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Let NG(w) = {w1, . . . ,wr} and NG(z) = {z1, . . . , zt}. Then

Sα, β(G + {wz}) − Sα, β(G) =


(
(d (w)
G

+ 1) (d (z)
G

+ 1)
)α

(
d (w)
G

+ d (z)
G

+ 2
)β


+

r∑
p=1


(
(d (w)
G

+ 1) d (wp)
G

)α
(
d (w)
G

+ d (wp)
G

+ 1
)β −

(
d (w)
G

d (wp)
G

)α
(
d (w)
G

+ d (wp)
G

)β


+

t∑
q=1


(
(d (z)
G

+ 1) d (zq)
G

)α
(
d (z)
G

+ d (zq)
G

+ 1
)β −

(
d (z)
G

d (zq)
G

)α
(
d (z)
G

+ (d (zq)
G

)β


> 0,

where


(

(d (w)
G

+1) (d (z)
G

+1)

)α
(

d (w)
G

+d (z)
G

+2

)β
 > 0. Therefore Sα, β(G + {wz}) > Sα, β(G). �

Next corollary is obtained from Lemma 6.1.

Corollary 6.2. Suppose α, β ∈ R with α ≥ 0 and α ≥ β. Also suppose T is a spanning tree of a

graph G with nG = m and G � T . Then Sα, β(G) > Sα, β(T ).

Next theorem relates Sα, β(G) with χβ(G).

Theorem 6.3. SupposeH = G(m, r,∇G, δG) is a graph.

(1). If α ≥ 0, then Sα, β(H) ≥
r2δ2α
H

χβ(H) .

(2). If α ≤ 0, then Sα, β(H) ≥
r2∇2α

H

χβ(H) .

In both cases, the inequality becomes equality ifH is a regular graph.

Proof. By arithmetic mean-harmonic mean inequality, we have

r
Sα, β(H)

=
r

∑
wpwq ∈ EH

(
d

(wp)
H

d
(wq)
H

)α
(

d
(wp)
H

+d
(wq)
H

)β
≤

1
r

∑
wpwq ∈ EH

(
d (wp)
H

+ d (wq)
H

)β
(
d (wp)
H

d (wq)
H

)α .
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Now if α ≥ 0, then
(
d (wp)
H

d (wq)
H

)α
≥ δ2α

H
. Therefore

1
r

∑
wpwq ∈ EH

(
d (wp)
H

+ d (wq)
H

)β
(
d (wp)
H

d (wq)
H

)α ≤ 1
r

∑
wpwq ∈ EH

(
d (wp)
H

+ d (wq)
H

)β
δ2α
H

=
χβ(H)
rδ2α
H

.

Hence Sα, β(H) ≥
r2δ2α
H

χβ(H) . Now the above inequality becomes equality if and only if for every

wpwq ∈ EH ,
(d

(wp)
H

d
(wq)
H

)α

(d
(wp)
H

+d
(wq)
H

)β
= b2α−β

2β , where b is some positive constant. This is possible if and only

ifH is a b-regular graph.

Analogously, one can prove (2). �

Now we give relationship between Sα, β(G) and Rα(G).

Theorem 6.4. SupposeH = G(m, r,∇G, δG) is a graph. Then

(1). If β ≥ 0, then Rα(H)
2β∆β

H

≤ Sα, β(H) ≤ Rα(H)
2βδβ
H

.

(2). If β ≤ 0, then Rα(H)
2βδβ
H

≤ Sα, β(H) ≤ Rα(H)
2β∇β

H

.

In both cases, the inequality becomes equality ifH is a regular graph.

Proof. (1). If β ≥ 0, then
(
d (wp)
H

+ d (wq)
H

)β
≤ (2∇H )β and

(
d (wp)
H

+ d (wq)
H

)β
≥ (2δH )β. Hence

Rα(H)

2β∇β
H

=

∑
wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
2β∇β

H

≤
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β

= Sα, β(H) ≤

∑
wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
2βδβ

H

=
Rα(H)

2βδβ
H

.

Clearly the inequality becomes equality ifH is a regular graph.

Part (2) can be proved analogously. �

By direct computation, the following results are obtained.

Theorem 6.5. Suppose a graphG has componenetsQ1,Q2, . . . ,Qs . Then Eα, β(G) =
s∑

q=1
Eα, β(Qq).
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Theorem 6.6. Suppose G is an m-vertex and b-regular graph. Then Eα, β(G) = b2α

2β bβ E (G).

Theorem 6.7. Eα, β(Km,n) =
2(mn)

1
2 +α

(m+n)β .

Proof. SinceASα, β(Km,n) =
(mn)α

(m+n)βA(Km,n), therefore Eα, β(Km,n) =
(mn)α

(m+n)βE (Km,n) =
2(mn)

1
2 +α

(m+n)β . �

The following two results are obtained using Theorem 6.6.

Theorem 6.8. Eα, β(Cm) = 4α−βE (Cm).

Theorem 6.9. Eα, β(Km) = 21−β (m − 1)2α−β+1.

6.2 Extremal values of generalized ISI index

In the current section, we find extremal values of graphs with respect to generalized ISI index

in some graph classes.

Theorem 6.10. Suppose T is a tree with nT = m. If α = β and 0 ≤ α ≤ 1, then

Sα, β(T ) ≥
(m − 1) (m − 1)α

mα
,

where the inequality becomes equality if T � Sm.

Proof. The result is proved by induction on m.

For m ∈ {1, 2, 3}, the only tree is the star graph Sm. So the statement follows trivially for

m ≤ 3. Now assume that the statement holds true for m ≥ 4.

Suppose T is a tree with nT = m. Let wz be a pendent edge of T with d (z)
T

= 1 and d (w)
T

= t.

As m ≥ 4, we have 2 ≤ t ≤ m. Further, since T is not isomorphic to a star, we have that there

exists at least one neighbor u of w in T with dT (u) ≥ 2. Let NT (w)\{z, u} = {w1, . . .wt−2}.

Let T̃ = T r {z}. Then n
T̃

= m − 1. By induction hypothesis

Sα, β(T̃ ) ≥
(m − 2)(m − 2)α

(m − 1)α
.

Hence

Sα, β(T )−Sα, β(T̃ ) =

( t
t + 1

)α
+

( d (u)
T

t

d (u)
T

+ t

)α
−

( d (u)
T

(t − 1)

d (u)
T

+ t − 1

)α+ t−2∑
q=1

( d (wq)
T

t

d (wq)
T

+ t

)α
−

( d (wq)
T

(t − 1)

d (wq)
T

+ t − 1

)α .
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Let ξ > 0 and define

g(ξ) =

(
ξt
ξ + t

)α
−

(
ξ(t − 1)
ξ + t − 1

)α
.

Then

g′(ξ) = αξα−1
[( t
ξ + t

)α+1

−

( t − 1
ξ + t − 1

)α+1]
= αξα−1

[
(ξt + t2 − t)α+1 − (ξt + t2 − t − ξ)α+1

(ξ + t)α+1 (ξ + t − 1)α+1

]
.

As t ≥ 2, 0 ≤ α ≤ 1 and ξ > 0, we have (ξ + t)α+1 > 0 and (ξ + t − 1)α+1 > 0. Also

(ξt + t2 − t) > (ξt + t2 − t − ξ). Therefore (ξt + t2 − t)α+1 > (ξt + t2 − t − ξ)α+1. Hence g′(ξ) > 0

and thus g(ξ) is strictly increasing for ξ > 0. Also 2α > 1 for 0 ≤ α ≤ 1, d (wq)
T
≥ 1 and d (u)

T
≥ 2,

we have

Sα, β(T ) − Sα, β(T̃ ) ≥
( t
t + 1

)α
+

[( 2 t
2 + t

)α
−

(2(t − 1)
t + 1

)α]
+

t−2∑
q=1

[( t
t + 1

)α
−

( t − 1
t

)α]
≥

( t
t + 1

)α
+

[( 2 t
2 + t

)α
−

(2(t − 1)
t + 1

)α]
>

( t
t + 1

)α
+ 2α

( t
2 + t

)α
>

( t
t + 2

)α
+ 2α

( t
t + 2

)α
=

( t
t + 2

)α
(1 + 2α) > 2

( t
t + 2

)α
.

Since t ≥ 2, we have

Sα, β(T ) − Sα, β(T̃ ) > 2
( t
t + 2

)α
> 1

≥
(m − 1)(m − 1)α

mα
−

(m − 2)(m − 2)α

(m − 1)α
= Sα, β(Sm) − Sα, β(Sm−1)

Therefore by induction hypothesis Sα, β(T ) − Sα, β(Sm) > Sα, β(T̃ ) − Sα, β(Sm−1) ≥ 0. This con-

cludes the proof by induction and clearly equality holds if T � Sm. �

Next theorem gives the minimal graph with respect to generalized ISI index in the set of all

connected graphs with smallest degree 2.

Theorem 6.11. Among all connected graphsH = G r
m with smallest degree 2, we have

(1). If α ≥ 0 and β ≤ 0, then Sα, β(H) ≥ r 4α−β.

(2). If α = β ≥ 0, then Sα, β(H) ≥ r.
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In both cases, the inequality becomes equality forH � Cm.

Proof. (1). If α ≥ 0 and β ≤ 0, then for any wp,wq ∈ VH , we have
(
d (wp)
H

d (wq)
H

)α
≥ 4α and(

d (wp)
H

+ d (wq)
H

)β
≤ 4β. Therefore

Sα, β(H) =
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ≥ r 4α−β.

Now Sα, β(H) = r 4α−β if and only if d (wp)
H

= d (wq)
H

= 2 for every edge wpwq ∈ EH . Therefore the

inequality becomes equality forH � Cm.

(2). Since δH = 2, therefore (d (wp)
H

d (wq)
H

) ≥ (d (wp)
H

+ d (wq)
H

). Hence

Sα, β(H) =
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ≥ r.

Similar to the proof of Part (1), the inequality becomes equality forH � Cm. �

Next theorem has same proof as of Theorem 3.2 [2] and thus neglected.

Theorem 6.12. Suppose α, β ∈ R with α ≥ 0 and α ≥ β. Also let m ≥ 4 and G be a connected

graph with nG = m and independence number σ. Then

Sα, β(G) ≤
(m − σ) (m − 1)2α−β (m − σ − 1)

2β+1 + σ (m − σ)
[
(m − σ)α (m − 1)α

(2m − σ − 1)β

]
,

where the inequality becomes equality when G � Kσ fKm−σ.

6.3 On spectral radius and spread of the generalized ISI ma-

trix

In this section, we give bounds on spectral radius and spread of graphs with respect to general-

ized ISI matrix. For any complex m×m matrix M with eigenvalues µ1, . . . , µm, the spread s(M)

of M is introduced in [57] and is defined as s(M) = max
p, q
|µp − µq|.
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Let ω1 ≥ · · · ≥ ωm be the ASα, β-eigenvalues of a simple graph G. Then spread of ASα, β(G)

is defined as s(ASα, β(G)) = ω1 − ωm, since the eigenvalues ω ≥ · · · ≥ ωm are all real.

For convenience, we define some notations. Let

J =
∑

1≤p<q≤m

(d (wp)
G

d (wq)
G

)2α

(d (wp)
G

+ d (wq)
G

)2β
, Ω = det(ASα, β(G)). (6.4)

We first give some lemmas that are used for proving our main results.

Lemma 6.13. Let G be an m-vertex graph and ω1, . . . , ωm be itsASα, β-eigenvalues. Then

(1).
m∑

q=1
ωq = 0,

(2).
m∑

q=1
ω2

q = 2J .

Proof. The proof is straight forward. �

Lemma 6.14 (Zhang [81]). Suppose y ∈ Rm with y , 0. For any m × m symmetric matrix C

with eigenvalues η1 ≥ · · · ≥ ηm, it holds that,

yTCy ≤ η1yT y,

where yT is the transpose of y. The inequality becomes equality if and only if y is an eigenvector

of C corresponding to η1.

Lemma 6.15 (Horn and Johnson [44]). Let A1 = [apq]m×m and A2 = [bpq]m×m be m×m symmetric

and non-negative matrices. If A1 ≥ A2, that is, apq ≥ bpq for each p, q = 1, . . . ,m, then

η1(A1) ≥ η1(A2), where η1(Ak), k = 1, 2 is the greatest eigenvalue of the respective matrix.

Theorem 6.16 (Hong [43]). SupposeG r
m is a connected graph havingA-eigenvalues λ1 ≥ · · · ≥

λm. Then

λ1 ≤
√

2r − m + 1.

The inequality becomes equality if and only if G r
m � Sm or G r

m � Km.
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Theorem 6.17 (Cao [11]). Let H = G(m, r,∇G, δG) be a graph with A-eigenvalues λ1 ≥ · · · ≥

λm and δH ≥ 1. Then

λ1 ≤
√

2r − δH (m − 1) + (δH − 1)∇H .

Now we give bounds on largestASα, β-eigenvalue of a graph.

Theorem 6.18. Let m ≥ 2. Also let H = G(m, r,∇G, δG) be a connected graph with ASα, β-

eigenvalues ω1 ≥ · · · ≥ ωm and α, β ∈ R.

(1). If α, β ≥ 0 then
Rα(H)

m 2β ∇β
H

≤ ω1 ≤
(m − 1)2α

√
2r − m + 1

2β
.

(2). If α, β ≤ 0 then
Rα(H)

m 2β δβ
H

≤ ω1 ≤

√
2r − m + 1

2β (m − 1)β
.

(3). If α ≥ 0 and β ≤ 0 then

Rα(H)

m 2β δβ
H

≤ ω1 ≤
(m − 1)2α−β

√
2r − m + 1

2β
.

(4). If α ≤ 0 and β ≥ 0 then
Rα(H)

m 2β ∇β
H

≤ ω1 ≤

√
2r − m + 1

2β
.

Proof. (1). Let y ∈ Rm such that y = (y1, y2, . . . , ym)T . Then

yTASα, β(H) y =
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ypyq

≥
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
2β ∇β

H

ypyq.

Taking y = ( 1
√

m ,
1
√

m , . . . ,
1
√

m )T , we get 1
2β∇β

H

∑
wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
ypyq =

Rα(H)
m 2β ∇β

H

. Therefore by

Lemma 6.14, ω1 ≥
Rα(H)

m 2β ∇β
H

.
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Now for any vertex wp ∈ VG, p = 1, . . . ,m, we have 1 ≤ δH ≤ d (wp)
H
≤ ∇H ≤ (m − 1).

Therefore (
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ≤ ∇2α
H

2β δβ
H

≤
(m − 1)2α

2β
.

If η1 is the spectral radius of a matrix (m−1)2α

2β A(H), then by Lemma 6.15 and Theorem 6.16, we

obtain

ω1 ≤ η1 =
(m − 1)2αλ1

2β
≤

(m − 1)2α
√

2r − m + 1
2β

,

where λ1 is the spectral radius ofA(H).

(2). Let y ∈ Rm such that y = (y1, y2, . . . , ym)T . Then

yTASα, β(H) y =
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ypyq

≥
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
2β δβ

H

ypyq.

Taking y = ( 1
√

m ,
1
√

m , . . . ,
1
√

m )T , we get 1
2βδβ
H

∑
wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
ypyq =

Rα(H)
m 2β δβ

H

. Therefore by

Lemma 6.14, ω1 ≥
Rα(H)

m 2β δβ
H

.

Now for any vertex wp ∈ VG, p = 1, . . . ,m, we have 1 ≤ δH ≤ d (wp)
H
≤ ∇H ≤ (m − 1). Since

α, β ≤ 0, therefore δ2α
H
≤ 1 and ∇β

H
≥ (m − 1)β. Now(

d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ≤ δ2α
H

2β ∇β
H

≤
1

2β (m − 1)β
.

If η1 is the spectral radius of a matrix 1
2β (m−1)βA(H), then by Lemma 6.15 and Theorem 6.16,

we obtain

ω1 ≤ η1 =
λ1

2β (m − 1)β
≤

√
2r − m + 1

2β (m − 1)β
,

where λ1 is the spectral radius ofA(H).

Parts (3) and (4) can be proved analogously. �
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Next theorem gives bounds on the smallestASα, β-eigenvalue of a graph.

Theorem 6.19. Let H = G(m, r,∇G, δG) be a graph with ASα, β-eigenvalues ω1 ≥ · · · ≥ ωm.

Then √
2J + (m − 1) (m − 2) Ω2/m−1

2
≤ ωm ≤

√
2 (m − 1)J

m
,

where α, β ∈ R and J is defined in Equation (6.4).

Proof. By Part (1) of Lemma 6.13, we get

ω2
m =

(
−

m−1∑
q=1

ωq

)2

=

m−1∑
q=1

ω2
q + 2

∑
1≤p<q≤m−1

ωp ωq.

Now by arithmetic-geometric mean inequality, we get

2
(m − 1) (m − 2)

∑
1≤p<q≤m−1

ωp ωq ≥

(
ωm−2

1 ωm−2
2 . . . ωm−2

m

)2/(m−1) (m−2)

=

(
det(Aα, β(H))

)2/m−1

= Ω2/m−1.

Hence ω2
m ≥ 2J − ω2

m + (m − 1) (m − 2) Ω2/m−1 and ωm ≥

√
2J+(m−1) (m−2) Ω2/m−1

2 .

Again using Part (1) of Lemma 6.13 and Cauchy-Schwartz inequality, we have

ω2
m ≤ (m − 1)

m−1∑
q=1

ω2
q = (m − 1) (2J − ω2

m).

Hence ωm ≤

√
2 (m−1)J

m . �

In the following theorem, we give bounds on spread of the generalized ISI matrix of a graph.

Theorem 6.20. Suppose H = G(m, r,∇G, δG) be a graph having ASα, β-eigenvalues ω1 ≥ · · · ≥

ωm.

(1). If α, β ≥ 0 then

s(ASα, β(H)) ≥
Rα(H)

m 2β ∇β
H

−
(m − 1)2α

2β

√
2r (m − 1)

m
,

s(ASα, β(H) ≤
(m − 1)2α

√
2r − m + 1

2β
−

√
2r + 22β (m − 1)2β+1 (m − 2) Ω2/m−1

2
1
2 +β (m − 1)β

.
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(2). If α, β ≤ 0 then

s(ASα, β(H)) ≥
Rα(H)

m 2β δβ
H

−
1

2β (m − 1)β

√
2r (m − 1)

m
,

s(ASα, β(H) ≤

√
2r − m + 1

2β (m − 1)β
−

√
2r (m − 1)4α + 22β (m − 1) (m − 2) Ω2/m−1

2
1
2 +β

.

(3). If α ≥ 0 and β ≤ 0 then

s(ASα, β(H)) ≥
Rα(H)

m 2β δβ
H

−
(m − 1)2α−β

2β

√
2r (m − 1)

m
,

s(ASα, β(H)) ≤
(m − 1)2α−β

√
2r − m + 1

2β
−

√
2r + 22β (m − 1) (m − 2) Ω2/m−1

2
1
2 +β

.

(4). If α ≤ 0 and β ≥ 0 then

s(ASα, β(H)) ≥
Rα(H)

m 2β ∇β
H

−
1
2β

√
2r (m − 1)

m
,

s(ASα, β(H)) ≤

√
2r − m + 1

2β
−

√
2r (m − 1)4α + 22β (m − 1)1+2β (m − 2) Ω2/m−1

2
1
2 +β(m − 1)β

.

Proof. (1). We have 1 ≤ δH ≤ d (wp)
H
≤ ∇H ≤ (m − 1) for any vertex wp ∈ VH , p = 1, . . . ,m.

Using Equation (6.4), we get

2J = 2
∑

1≤p<q≤m

(
d (wp)
G

d (wq)
G

)2α

(
d (wp)
G

+ d (wq)
G

)2β

≥ 2
∑

1≤p<q≤m

δ4α
H

22β ∇
2β
H

≥
r 21−2β

(m − 1)2β .

(6.5)

Also

2J = 2
∑

1≤p<q≤m

(
d (wp)
G

d (wq)
G

)2α

(
d (wp)
G

+ d (wq)
G

)2β

≤ 2
∑

1≤p<q≤m

∇4α
H

22β δ
2β
H

≤ r 21−2β (m − 1)4α.

(6.6)
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Hence using Theorem 6.18, Theorem 6.19 and Equations (6.5) and (6.6), we get

s(ASα, β(H)) = ω1 − ωm

≤
(m − 1)2α

√
2r − m + 1

2β
−

√
2J + (m − 1) (m − 2) Ω2/m−1

2

≤
(m − 1)2α

√
2r − m + 1

2β
−

1
2

√
2r

(2(m − 1))2β + (m − 1) (m − 2) Ω2/m−1

=
(m − 1)2α

√
2r − m + 1

2β
−

√
2r + 22β (m − 1)2β+1 (m − 2) Ω2/m−1

2
1
2 +β (m − 1)β

.

Also

s(Aα, β(H)) = ω1 − ωm

≥
Rα(H)

m 2β ∇β
H

−

√
2 (m − 1)J

m

≥
Rα(H)

m 2β ∇β
H

−
(m − 1)2α

2β

√
2r (m − 1)

m
.

(2). We have 1 ≤ δH ≤ d (wp)
H
≤ ∇H ≤ (m − 1) for any vertex wp ∈ VH , p = 1, . . . ,m. Since

α, β ≤ 0, therefore ∇α
H
≥ (m − 1)α and δβ

H
≤ 1. Using Equation (6.4), we obtain

2J = 2
∑

1≤p<q≤m

(
d (wp)
G

d (wq)
G

)2α

(
d (wp)
G

+ d (wq)
G

)2β

≥ 2
∑

1≤p<q≤m

∇4α
H

22β δ
2β
H

≥ r 21−2β (m − 1)4α.

(6.7)

Also

2J = 2
∑

1≤p<q≤m

(
d (wp)
G

d (wq)
G

)2α

(
d (wp)
G

+ d (wq)
G

)2β

≤ 2
∑

1≤p<q≤m

δ4α
H

22β ∇
2β
H

=
r 21−2β

(m − 1)2β .

(6.8)
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Hence using Theorem 6.18, Theorem 6.19 and Equations (6.7) and (6.8), we get

s(ASα, β(H)) = ω1 − ωm

≤

√
2r − m + 1

2β (m − 1)β
−

√
2J + (m − 1) (m − 2) Ω2/m−1

2

≤

√
2r − m + 1

2β (m − 1)β
−

1
2

√
2r (m − 1)4α

22β + (m − 1) (m − 2) Ω2/m−1

=

√
2r − m + 1

2β (m − 1)β
−

√
2r (m − 1)4α + 22β (m − 1) (m − 2) Ω2/m−1

2
1
2 +β

.

Also

s(Aα, β(H)) = ω1 − ωm

≥
Rα(H)

m 2β δβ
H

−

√
2 (m − 1)J

m

≥
Rα(H)

m 2β δβ
H

−
1

2β (m − 1)β

√
2r (m − 1)

m
.

Similarly, one can prove Parts (3) and (4).

The proof is complete. �

6.4 Bounds on generalized ISI energy

In the current section, some bounds for the generalized ISI energy of graphs are given. We

would like to mention that the idea of proof of next theorem is taken from Theorem 13 [20].

Theorem 6.21. Let H = G(m, r,∇G, δG) be a connected graph having ASα, β-eigenvalues ω1 ≥

· · · ≥ ωm and α, β ∈ R.

(1). If α, β ≥ 0 then
21−β Rα(H)
m (m − 1)β

≤ Eα, β(H) ≤
(m − 1)2α

2β
√

2mr.

(2). If α, β ≤ 0 then
21−β Rα(H)

m
≤ Eα, β(H) ≤

1
2β (m − 1)β

√
2mr.
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(3). If α ≥ 0 and β ≤ 0 then

21−β Rα(H)
m

≤ Eα, β(H) ≤
(m − 1)2α−β

2β
√

2mr.

(4). If α ≤ 0 and β ≥ 0 then

21−β Rα(H)
m (m − 1)β

≤ Eα, β(H) ≤
1
2β
√

2mr.

Proof. (1). With no loss of generality, suppose that ω1, . . . , ωt are positive and ωt+1, . . . , ωm are

negative. Using Theorem 6.18, we get

Eα, β(H) =

m∑
q=1

|ωq| = 2
t∑

q=1

ωq

≥ 2 ω1 ≥
2 Rα(H)

m 2β ∇β
H

≥
21−β Rα(H)
m (m − 1)β

.

Now applying Cauchy-Schwartz inequality, Part (2) of Lemma 6.13 and Equation (6.6), we

have

Eα, β(H) =

m∑
q=1

|ωq| ≤

√√
m

m∑
q=1

ω2
q =

√
2mJ

≤

√
2mr (m − 1)4α

22β =
(m − 1)2α

2β
√

2mr.

(2). With no loss of generality, suppose that ω1, . . . , ωt are positive and ωt+1, . . . , ωm are nega-

tive. Since α, β ≤ 0 therefore δβ
H
≤ 1. Now using Theorem 6.18 (2), we get

Eα, β(H) =

m∑
q=1

|ωq| = 2
t∑

q=1

ωq

≥ 2 ω1 ≥
2 Rα(H)

m 2β δβ
H

≥
21−β Rα(H)

m
.

Now applying Cauchy-Schwartz inequality, Part (2) of Lemma 6.13 and Equation (6.8), we

have

Eα, β(H) =

m∑
q=1

|ωq| ≤

√√
m

m∑
q=1

ω2
q =

√
2mJ

≤

√
2mr

(m − 1)2β 22β =
1

2β (m − 1)β
√

2mr.
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One can prove Parts (3) and (4) in a similar manner.

The result is proved. �

Theorem 6.22. Let H = G(m, r,∇G, δG) be a connected graph with ASα, β-eigenvalues ω1 ≥

· · · ≥ ωm.

(1). If α, β ≥ 0 then

21−β√r
(m − 1)β

≤ Eα, β(H) ≤
(m − 1)2α

2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H) (m − 1)1−2β−4α

m2

 .
(2). If α, β ≤ 0 then

21−β(m−1)2α√r ≤ Eα, β(H) ≤
1

2β (m − 1)β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H) (m − 1)1+2β

m2 δ
2β
H

 .
(3). If α ≥ 0 and β ≤ 0 then

21−β√r ≤ Eα, β(H) ≤
(m − 1)2α−β

2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H) (m − 1)1+2β−4α

m2 δ
2β
H

 .
(4). If α ≤ 0 and β ≥ 0 then

21−β (m − 1)2α−β√r ≤ Eα, β(H) ≤
1
2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H) (m − 1)

m2 ∇
2β
H

 .
Proof. (1). By Part (1) of Lemma 6.13, we have

m∑
q=1

ω2
q = −2

∑
1≤p<q≤m

ωp ωq. Using Part (2) of

Lemma 6.13, we obtain

(Eα, β(H))2 =

( m∑
q=1

|ωq|

)2

=

m∑
q=1

ω2
q + 2

∑
1≤p<q≤m

|ωp ωq|

≥ 2J + 2 |
∑

1≤p<q≤m

ωp ωq| = 4J .

Now

4J = 4
∑

1≤p<q≤m

(
d (wp)
H

d (wq)
H

)2α

(
d (wp)
H

+ d (wq)
H

)2β ≥
∑

1≤p<q≤m

4δ4α
H

22β ∇
2β
H

≥
r 22−2β

(m − 1)2β .
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Hence Eα, β(H) ≥ 21−β √r
(m−1)β .

To prove inequality on the right side, we apply Cauchy-Schwartz inequality to obtain (
m∑

q=2
|ωq|)2 ≤

(m − 1)
m∑

q=2
ω2

q. Therefore using Part (2) of Lemma 6.13, (Eα, β(H) − ω1)2 ≤ (m − 1) (2J − ω2
1).

Hence by Theorem 6.18 (1), we get

Eα, β(H) ≤ ω1 +

√
(m − 1) (2J − ω2

1)

≤
(m − 1)2α

√
2r − m + 1

2β
+

√
(m − 1)

[
r 21−2β (m − 1)4α −

Rα
2(H)

m2 22β (m − 1)2β

]

=
(m − 1)2α

2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H)(m − 1)1−2β−4α

m2

 .
(2). Using Equation (6.7), we get

4J = 2(2J) ≥ 22−2β r (m − 1)4α.

Hence Eα, β(H) ≥ 21−β (m − 1)2α√r.

Now using Theorem 6.18 (2) and Equation (6.8), we get

Eα, β(H) ≤ ω1 +

√
(m − 1) (2J − ω2

1)

≤

√
2r − m + 1

2β (m − 1)β
+

√√
(m − 1)

 r 21−2β

(m − 1)2β −
Rα

2(H)

m2 22β δ
2β
H


=

1
2β (m − 1)β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H)(m − 1)1+2β

m2 δ
2β
H

 .
This gives the required result.

Analogously, one can prove Parts (3) and (4). �

6.5 Nordhaus-Gaddum-type results for generalized ISI spec-

tral radius and energy

Suppose theASα, β-eigenvalues of G are υq, q = 1, 2, . . . ,m.

We first present bounds on ω1 + υ1.
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Theorem 6.23. LetH = G(m, r,∇G, δG) be a connected graph and α, β ∈ R.

(1). If β ≥ 0 then

ω1 + υ1 ≥
1

m 2β

 Rα(H)
(m − 1)β

+
Rα(H)

(m − 1 − δH )β

 .
(2). If β ≤ 0 then

ω1 + υ1 ≥
1

m 2β

Rα(H)

δ
β

H

+
Rα(H)

(m − 1 − ∇H )β

 .
Proof. (1). Let y ∈ Rm such that y = (y1, y2, . . . , ym)T . Then

yT
[
ASα, β(H) +ASα, β(H)

]
y =

∑
wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
(
d (wp)
H

+ d (wq)
H

)β ypyq +
∑

wpwq ∈ EH

(
d (wp)

H
d (wq)

H

)α
(
d (wp)

H
+ d (wq)

H

)β ypyq

≥
∑

wpwq ∈ EH

(
d (wp)
H

d (wq)
H

)α
2β ∇β

H

ypyq +
∑

wpwq ∈ EH

(
d (wp)

H
d (wq)

H

)α
2β ∇β

H

ypyq.

Since ∇
H

= m − 1 − δH and ∇H ≤ m − 1 therefore taking y = ( 1
√

m ,
1
√

m , . . . ,
1
√

m )T and using

Lemma 6.14, we obtain

ω1 + υ1 ≥
1

m 2β

 Rα(H)
(m − 1)β

+
Rα(H)

(m − 1 − δH )β

 .
Similarly Part (2) can be proved. �

Theorem 6.24. Let H = G(m, r,∇G, δG) be a connected graph and H1 is a connected compo-

nent ofH with υ1 = ω1(H1).

(1). Let α, β ≥ 0 .

(a). If ∇H = m − 1 or ∇
H

= m − 1, then

ω1 + υ1 ≤
1
2β

[
(m − 1)2α

√
2r − m + 1 + (nH1 − 1)2α

√
2eH1 − nH1 + 1

]
,

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then

ω1 + υ1 ≤
(m − 2)2α

2β
[√

2r − m + 1 +
√

(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)
]
.
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(2) Let α, β ≤ 0.

(a). If ∇H = m − 1 or ∇
G

= m − 1, then

ω1 + υ1 ≤
1
2β

 √2r − m + 1
(m − 1)β

+

√
2eH1 − nH1 + 1
(nH1 − 1)β

 ,
(b). If ∇H ≤ m − 2 and ∇

H
≤ m − 2, then

ω1 + υ1 ≤
1

2β (m − 2)β
[√

2r − m + 1 +
√

(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)
]
.

(3). Let α ≥ 0 and β ≤ 0 .

(a). If ∇H = m − 1 or ∇
G

= m − 1, then

ω1 + υ1 ≤
1
2β

[
(m − 1)2α−β

√
2r − m + 1 + (nH1 − 1)2α−β

√
2eH1 − nH1 + 1

]
,

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then

ω1 + υ1 ≤
(m − 2)2α−β

2β
[√

2r − m + 1 +
√

(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)
]
.

(4) Let α ≤ 0 and β ≥ 0.

(a). If ∇H = m − 1 or ∇
G

= m − 1, then

ω1 + υ1 ≤
1
2β

[√
2r − m + 1 +

√
2eH1 − nH1 + 1

]
,

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then

ω1 + υ1 ≤
1
2β

[√
2r − m + 1 +

√
(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)

]
.

Proof. (1).

(a). Assume that ∇H = m − 1. From Theorem 6.18, we have

ω1 ≤
(m − 1)2α

√
2r − m + 1

2β
. (6.9)
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Let H1,H2, . . . ,Ht be connected components of H . With no loss of generality, assume that

ω1(H1) ≥ ω1(H2) ≥ · · · ≥ ω1(Ht). Also note that υ1 = ω1(H1). Therefore using Theorem 6.18,

we get

υ1 ≤
(nH1 − 1)2α

√
2eH1 − nH1 + 1
2β

. (6.10)

The desired result is obtained by adding equations (6.9) and (6.10).

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then δ

H
≥ 1. From Theorem 6.18, we have

ω1 ≤
(m − 2)2α

√
2r − m + 1

2β
. (6.11)

Now using inequalities δ
H

= m− 1−∇H and ∇
H
≤ m− 2, Theorem 6.17 and proof of Theorem

6.18, we get

υ1 ≤
(m − 2)2α

√
2
(

m
2

)
− 2r − δ

H
(m − 1) + (δ

H
− 1) ∇

H

2β δβ
H

=
(m − 2)2α

2βδβ
H

√
(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)

≤
(m − 2)2α

2β
√

(m2 − 2m − 2r + 1) + δH (2 + ∇H − m).

(6.12)

By adding Equations (6.11) and (6.12), we get the result.

Now similarly using Theorem 6.17 and Theorem 6.18, one can prove Parts (2) ∼ (4). �

We now give bounds on Eα, β(G(m, r,∇G, δG)) + Eα, β(G(m, r,∇
G
, δ
G

)).

Theorem 6.25. Let H = G(m, r,∇G, δG) be a connected graph and H1 is a connected compo-

nent ofH with υ1 = ω1(H1).

(1). If α, β ≥ 0 then

(a). If ∇H = m − 1 or ∇
H

= m − 1, then

Eα, β(H) + Eα, β(H) ≤
(m − 1)2α

2β
U +

1
2β

[
(nH1 − 1)2α

√
2eH1 − nH1 + 1 + W1

]
,

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then

Eα, β(H) + Eα, β(H) ≤
(m − 2)2α

2β
U′ +

(m − 1 − δH )2α
√

m2 − m − 2r
2β (m − 1 − ∇H )β

W2,
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(2). If α, β ≤ 0 then

(a). If ∇H = m − 1 or ∇
H

= m − 1, then

Eα, β(H)+Eα, β(H) ≤
1

2β (m − 1)β
U1+

1
2β

 √
2eH1 − nH1 + 1
(nH1 − 1)β

+
W3

√
m2 − m − 2r

(m − 1 − δH )β (m − 1 − ∇H )β

 ,
(b). If ∇H ≤ m − 2 and ∇

H
≤ m − 2, then

Eα, β(H) + Eα, β(H) ≤
1

2β (m − 2)β
U′1 +

(m − 1 − ∇H )2α
√

m2 − m − 2r
2β (m − 1 − δH )β

W4.

(3). If α ≥ 0 and β ≤ 0 then

(a). If ∇H = m − 1 or ∇
H

= m − 1, then

Eα, β(H)+Eα, β(H) ≤
(m − 1)2α−β

2β
U2+

1
2β

 √2eH1 − nH1 + 1(nH1 − 1)2α−β + W5

√
m2 − m − 2r

2β

 ,
(b). If ∇H ≤ m − 2 and ∇

H
≤ m − 2, then

Eα, β(H) + Eα, β(H) ≤
(m − 2)2α−β

2β
U′2 +

(m − 1 − δH )2α−β
√

m2 − m − 2r
2β

W6.

(4). If α ≤ 0 and β ≥ 0 then

(a). If ∇H = m − 1 or ∇
H

= m − 1, then

Eα, β(H) + Eα, β(H) ≤
1
2β

U3 +
1
2β

[ √
2eH1 − nH1 + 1 + W7

√
m2 − m − 2r

]
,

(b). If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then

Eα, β(H) + Eα, β(H) ≤
1
2β

U3 +
(m − 1 − ∇H )2α−β

√
m2 − m − 2r

2β
W8,
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where

U =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)1−4α−2β

m2 ,

U′ = ,
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)

m2 (m − 2)4α+2β ,

U1 =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)1+2β

m2 δ
2β
H

,

U′1 =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1) (m − 2)2β

m2 δ
2β
H

,

U2 =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)1−4α+2β

m2 δ
2β
H

,

U′2 =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)

m2 (m − 2)4α−2β δ
2β
H

,

U3 =
√

2r − m + 1 +

√
2r (m − 1) −

Rα
2 (H) (m − 1)

m2 ∇
2β
H

,

W1 =

√
(m − 1)

[
(m − 1 − δH )4α (m2 − m − 2r)

(m − 1 − ∇H )2β −
(m − 1 − ∇H )4α (m2 − m − 2r)2

4m2 (m − 1 − δH )2β

]
,

W2 =

√
1 +

1 − m + δH (2 + ∇H − m)
m2 − m − 2r

+

√
(m − 1) −

(m − 1) (m − 1 − ∇H )4α+2β (m2 − m − 2r)
4m2 (m − 1 − δH )2β+4α ,

W3 =

√
(m − 1)

[
(m − 1 − ∇H )4α+2β −

(m − 1 − δH )4α+2β (m2 − m − 2r)
4m2

]
,

W4 =

√
1 +

1 − m + δH (2 + ∇H − m)
m2 − m − 2r

+

√
(m − 1) −

(m − 1) (m − 1 − δH )4α+2β (m2 − m − 2r)
4m2 (m − 1 − ∇H )2β+4α ,

W5 =

√
(m − 1)

[
(m − 1 − δH )4α−2β −

(m − 1 − ∇H )4α−2β (m2 − m − 2r)
4m2

]
,

W6 =

√
1 +

1 − m + δH (2 + ∇H − m)
m2 − m − 2r

+

√
(m − 1) −

(m − 1) (m − 1 − ∇H )4α−2β (m2 − m − 2r)
4m2 (m − 1 − δH )4α−2β ,

W7 =

√
(m − 1)

[
(m − 1 − ∇H )4α−2β −

(m − 1 − δH )4α−2β (m2 − m − 2r)
4m2

]
,

W8 =

√
1 +

1 − m + δH (2 + ∇H − m)
m2 − m − 2r

+

√
(m − 1) −

(m − 1) (m − 1 − δH )4α−2β (m2 − m − 2r)
4m2 (m − 1 − ∇H )4α−2β .
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Proof. (1). Note that ∇
H

= m − 1 − δH and δ
H

= m − 1 − ∇H . Using Part (2) of Lemma 6.13

onH , we see that

2J = 2
∑

1≤p<q≤m

(
d (wp)

H
d (wq)

H

)2α

(
d (wp)

H
+ d (wq)

H

)2β

≤ 2
∑

wpwq ∈ EH

(∇
H

)4α

22β (δ
H

)2β

= 2
[((

m
2

)
− r

)
(m − 1 − δH )4α

22β (m − 1 − ∇H )2β

]
=

(m − 1 − δH )4α (m2 − m − 2r)
22β (m − 1 − ∇H )2β .

Similar to the proof of Theorem 6.18, we get

υ1 ≥
(δ
H

)2α (m2 − m − 2r)
m 2β+1 (∇

H
)β

=
(m − 1 − ∇H )2α (m2 − m − 2r)

m 2β+1 (m − 1 − δH )β
. (6.13)

Applying Cauchy-Schwartz inequality we obtain (
m∑

q=2
|υq|)2 ≤ (m − 1)

m∑
q=2

υ2
q. Therefore using

Part (2) of Lemma 6.13, (Eα, β(H) − υ1)2 ≤ (m − 1) (2J − υ2
1).

(a). From Theorem 6.22, we see that

Eα, β(H) ≤
(m − 1)2α

2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H)(m − 1)1−2β−4α

m2

 . (6.14)

If ∇H = m − 1 or ∇
H

= m − 1, then by using inequality (6.10), we obtain

Eα, β(H) ≤ υ1 +

√
(m − 1) (2J − υ2

1)

≤
(nH1 − 1)2α

√
2eH1 − nH1 + 1
2β

+

√
(m − 1)

[
(m − 1 − δH )4α (m2 − m − 2r)

22β(m − 1 − ∇H )2β −
(m − 1 − ∇H )4α (m2 − m − 2r)2

m2 22β+2 (m − 1 − δH )2β

]
=

1
2β

[
(nH1 − 1)2α

√
2eH1 − nH1 + 1 + W1

]
.

(6.15)

By adding Equations (6.14) and (6.15), we get the desired result.
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(b). From proof of Theorem 6.22 (1), we see that

Eα, β(H) ≤
(m − 2)2α

2β

√2r − m + 1 +

√
2r (m − 1) −

Rα
2(H) (m − 1)

m2 (m − 2)2β+4α

 . (6.16)

If ∇H ≤ m − 2 and ∇
H
≤ m − 2, then using Lemma 6.17 and proof of Theorem 6.18, we get

Eα, β(H) ≤ υ1 +

√
(m − 1) (2J − υ2

1)

≤
(m − 1 − δH )2α

2β (m − 1 − ∇H )β
√

(m2 − 2m − 2r + 1) + δH (2 + ∇H − m)

+

√
(m − 1)

[
(m − 1 − δH )4α (m2 − m − 2r)

22β (m − 1 − ∇H )2β −
(m − 1 − ∇H )4α (m2 − m − 2r)2

m2 22β+2 (m − 1 − δH )2β

]
=

(m − 1 − δH )2α
√

m2 − m − 2r
2β (m − 1 − ∇H )β

W2

(6.17)

The desired result is obtained by adding Equations (6.16) and (6.17).

Similarly, one can prove Parts (2) ∼ (4). �

Theorem 6.26. LetH = G(m, r,∇G, δG) be a connected graph and α, β are real numbers.

(1). If α, β ≥ 0 then

Eα, β(H) + Eα, β(H) ≥
21−β √r
(m − 1)β

+

√
2 (m2 − m − 2r) (m − 1 − ∇H )2α

2β (m − 1 − δH )β
.

(2). If α, β ≤ 0 then

Eα, β(H) + Eα, β(H) ≥ 21−β (m − 1)2α √r +

√
2 (m2 − m − 2r) (m − 1 − δH )2α

2β (m − 1 − ∇H )β
.

(3). If α ≥ 0 and β ≤ 0 then

Eα, β(H) + Eα, β(H) ≥ 21−β √r +

√
2 (m2 − m − 2r) (m − 1 − ∇H )2α−β

2β
.

(4). If α ≤ 0 and β ≥ 0 then

Eα, β(H) + Eα, β(H) ≥ 21−β (m − 1)2α−β √r +

√
2 (m2 − m − 2r) (m − 1 − δH )2α−β

2β
.
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Proof. (1). From Theorem 6.22 (1), we see that

Eα,β(H) ≥
21−β √r
(m − 1)β

. (6.18)

By Part (1) of Lemma 6.13, we have
m∑

q=1
υ2

q = −2
∑

1≤p<q≤m
υp υq. Using Part (2) of Lemma 6.13,

we obtain

(Eα, β(H))2 =

( m∑
q=1

|υq|

)2

=

m∑
q=1

υ2
q + 2

∑
1≤p<q≤m

|υp υq|

≥ 2J + 2 |
∑

1≤p<q≤m

υp υq| = 4J .

We know that ∇
H

= m − 1 − δH and δ
H

= m − 1 − ∇H . Now

4J = 4
∑

1≤p<q≤m

(
d (wp)

H
d (wq)

H

)2α

(
d (wp)

H
+ d (wq)

H

)2β ≥
∑

1≤p<q≤m

4(δ
H

)4α

22β (∇
H

)2β =
21−2β (m2 − m − 2r) (m − 1 − ∇H )4α

(m − 1 − δH )2β .

Hence

Eα, β(H) ≥
(m − 1 − ∇H )2α

√
2 (m2 − m − 2r)

2β (m − 1 − δH )β
. (6.19)

The result is obtained by adding equations (6.18) and (6.19).

Now using Theorem 6.22, one can prove Parts (2) ∼ (4) in a similar manner. �

6.6 Conclusion

We introduce generalized inverse sum indeg index and energy of graphs. Under certain con-

ditions, we discuss the monotonicity of generalized ISI index by adding edges to a graph. We

find extremal graphs with respect to generalized ISI index in class of trees, a class of connected

graphs with smallest degree 2 and a class of graphs with given independence number. Bounds

on spectral radius and spread of generalized ISI matrix are determined. We also find bounds on

generalized ISI energy and Nordhaus-Gaddum-type results for generalized inverse sum indeg

index spectral radius and energy.
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Chapter 7

Some open problems

In the current chapter, we discuss about some open problems related to energy of graphs and

digraphs. We also give few conjectures that are based on our numerical computation and proof

of which are so far not available.

7.1 Energy of digraphs

The iota energy of a digraph D (sidigraph S) is defined as the sum of absolute values of imag-

inary parts of its eigenvalues, represented by Ec(D) (Ec(S)). Recall that Bm represents the set

of all m-vertex bicyclic digraphs and Dsm[q, s] = Cq ∪ Cs. Also recall that ϑ[g, r, t] represents

a ϑ-sidigraph with parameters g, r and t whose both cycles are positive and Θ[q, s] represents

a Θ-sidigraph in which both cycles are positive. Khan et al. [23] determine the extremal iota

energy in the class of vertex-disjoint bicyclic digraphs. Since Ec(Dsm[2, 2]) = 2 cot π2 = 0, there-

fore, the digraph having minimal iota energy in Bm is Dsm[2, 2]. We mention here a related iota

energy problem.

Problem 1: Find the bicyclic digraphs with maximal iota energy in the class of all bicyclic

digraphs.

Based on our numerical computation we give following conjectures about Problem 1. The

results are obtained using MATLAB. The validity of these conjectures up to m = 20 was ver-
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ified by computing the values of iota energy for these bicyclic digraphs. Assuming that the

results also hold for m > 20, we arrived at these given conjectures. We give here some of the

computational results which prove the validity of the given conjectures. See Table 7.1 and Table

7.2.

Conjecture 7.1. If q ≥ s ≥ 2 then Ec(Θ[q, s]) ≤ Ec(Dsm[q, s]).

Conjecture 7.2. Let g ≥ r, (g, r) , (1, 1) and g+r+t−1 ≤ m. Then Ec(ϑ[g, r, t]) ≤ Ec(ϑ[3, 1,m−

3]).

Conjecture 7.3. Let m ≥ 8. Then Ec(ϑ[3, 1,m − 3]) is greater than the maximal value of iota

energy of the vertex-disjoint bicyclic digraph for each m.

For study of maximal iota energy in class of vertex-disjoint bicyclic digraphs see [23].

By proving the Conjectures 7.1 ∼ 7.3, one can obtain the the following result.

Conjecture 7.4. Let m ≥ 8 and D ∈ Bm. Then Ec(D) ≤ Ec(ϑ[3, 1,m − 3]).

Table 7.1: Values of Iota energy of bicyclic digraphs.

q s Ec(Dsm[q, s]) Ec(Θ[q, s]) q s Ec(Dsm[q, s]) Ec(Θ[q, s])

2 6 3.4641 2.9104 2 8 4.8284 4.2118

3 5 4.8097 3.2254 3 7 6.1133 4.4503

4 4 4 2.3784 4 6 5.4641 3.4999

2 7 4.3813 3.6979 5 5 6.1554 3.5353

3 6 5.1962 3.5088 2 9 5.6713 4.9650

4 5 5.0777 2.8729 3 8 6.5605 4.8490

4 7 6.3813 4.1906

5 6 6.5418 3.4762

Now we give some more problems related to iota energy of digraphs (sidigraphs).

Problem 2: Find the bicyclic sidigraphs with extremal iota energy in class of all bicyclic sidi-

graphs.

116



Table 7.2: Values of Iota energy of bicyclic digraphs.

m g r t Ec(ϑ[g, r, t]) m g r t Ec(ϑ[g, r, t])

8 2 1 6 4.8056 9 2 1 7 5.5378

2 2 5 4.8373 2 2 6 5.2654

3 1 5 4.9414 3 1 6 5.8449

3 2 4 4.2326 3 2 5 4.8056

3 3 3 3.8883 3 3 4 4.8373

4 1 4 4.8646 4 1 5 5.5608

4 2 3 4.5503 4 2 4 4.9414

4 3 2 3.4762 4 3 3 4.2326

4 4 1 3.5353 4 4 2 3.8883

5 1 3 4.7635 5 1 4 5.7662

5 2 2 4.1906 5 2 3 4.8646

5 3 1 3.4999 5 3 2 4.5503

6 1 2 4.8490 5 4 1 3.4762

6 2 1 4.4503 6 1 3 5.4695

7 1 1 4.2118 6 2 2 4.7635

7 1 2 5.7035

7 2 1 4.8490

8 1 1 4.9650

Problem 3: Give the lower bounds for iota energy energy of sidigraphs and find extremal sid-

graphs satisfying these lower bounds.

Problem 4: Determine the extremal iota energy in the class of those digraphs which contain no

even cycles.

Khan et al. [47] find the digraphs having equal iota energy and these digraphs contains

cycles as their strong components. Therefore we suggest the following problem.

Problem 5: Find the equienergetic digraphs with respect to iota energy that are not regular.
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In Chapter 4, we determine the energy ordering of vertex-disjoint bicyclic sidigraphs and

Yang and Wang [75] determine the energy and iota energy ordering of vertex-disjoint bicyclic

digraphs. The following two problems are not solved yet.

Problem 6: Determine the energy ordering of all digraphs in Bm and all sidigraphs in Bsm.

Problem 7: Determine the iota energy ordering of all digraphs in Bm and all sidigraphs in Bsm.

Hafeez and Mehtab [39] find the extremal energy of those vertex-disjoint bicyclic weighted

digraphs whose weights of both cycles are between −1 and 1. One may consider the following

problem.

Problem 8: Compute the extremal energy of all those bicyclic weighted digraphs whose weights

of both cycles are between −1 and 1.

7.2 Degree-based topological index and energy of graphs

In this section, we give some open problems related to inverse sum indeg energy and generalized

inverse sum indeg index and energy of graphs.

We mention here a problem related to the ISI energy of trees.

Problem 9: In class of trees, find the graphs having minimal and maximal ISI energy.

Now we give the following conjecture about Problem 9 which is based on our numerical

testing. To prove the conjecture using the Coulson-type integral expressions was (so far) not

successful.

1 2
3

Figure 7.1: All trees of order 5.

Conjecture 7.5. In the class of m-vertex trees, Sm has the smallest ISI energy and Pm has the

largest ISI energy.
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4
6

7

5

8 9

Figure 7.2: All trees of order 6.

The validity of Conjecture 7.5 up to m = 10 was verified by computing the EISI values of all

trees with 10 vertices. Assuming that the conjecture holds also for m > 10, we arrived at a most

likely guess about the structure of the extremal trees with respect to ISI energy. We give here

some of the computational results about ISI energy which shows the validity of Conjecture 7.5

for all trees with m = 5 and m = 6. See Figure 7.1, 7.2 and Table 7.3.

Table 7.3: ISI energy values.

Tree T EISI(T ) Tree T EISI(T )

1 4.4602 6 5.7546

2 3.4118 7 4.8948

3 3.2 8 5.1962

4 5.8703 9 3.7268

5 5.0698

One may also consider the following problems.

Problem 10: In class of chemical trees, unicyclic graphs and bicyclic graphs, find the graphs

having minimal and maximal ISI energy.

Problem 11: Find the extremal ISI energy in the class of graphs with fixed minimum or maxi-

mum degree or with fixed pendant vertices and fixed diameter.
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In Chapter 5, we determine some classes of graphs having same ISI energy. The following

problem can also be considered.

Problem 12: Find some more classes of graphs having same ISI energy.

We now give some problems related to generalized ISI index.

Problem 13: In the class of trees, compute the extremal value of generalized ISI index and

finds the corresponding graphs.

The following result about minimal value of generalized ISI index in class of trees as stated

in Problem 11 is based on our numerical testing. To prove the conjecture using the technique as

in Theorem 6.10 was not so far successful.

Conjecture 7.6. Suppose T is a tree with nT = m. If α = β and α > 1, then

Sα, β(T ) ≥
(m − 1) (m − 1)α

mα
,

where the inequality becomes equality if T � Sm.

The validity of Conjecture 7.6 in the class of trees up to m = 10 and 1 < α ≤ 10 was verified

by computing the values of generalized ISI index. Assuming that the conjecture holds also for

m > 10, we arrived at a most likely guess about the structure of the minimal tree with respect

to generalized ISI index. We give here some of the computational results about generalized ISI

index for all trees with m = 5 and m = 6 which shows the validity of Conjecture 7.6. We take

α ∈ [1, 4] with a difference of 0.5. See Figure 7.1, 7.2 and Table 7.4.

The following problems can also be considered.

Problem 14: Find the extremal value of generalized ISI index in class of chemical trees, uni-

cyclic graphs, bicyclic graphs or in the class of graphs with fixed pendant vertices, fixed diam-

eter and fixed independence number etc.

The total transformation graph denoted by T (G) is a graph with vertex set VG ∪ EG, such that

two vertices are adjacent in T (G) if and only if they are either adjacent or incident in G.

Problem 15: Compute the extremal value of generalized ISI index of total transformation

graphs.
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Table 7.4: Values of generalized ISI index of trees.

Sα, β(T )

α = 1 α = 1.5 α = 2 α = 2.5 α = 3 α = 3.5 α = 4

Tree T

1 3.3333 3.0887 2.8889 2.7258 2.5926 2.4838 2.3951

2 3.3667 3.1579 3.0094 2.9146 2.8680 2.8656 2.9039

3 3.2000 2.8622 2.5600 2.2897 2.0480 1.8318 1.6384

4 4.3333 4.0887 3.8889 3.7258 3.5926 3.4838 3.3951

5 4.2833 4.0527 3.8914 3.7904 3.7425 3.7421 3.7851

6 4.4833 4.3672 4.3314 4.3678 4.4705 4.6351 4.8587

7 4.4000 4.2306 4.1422 4.1330 4.2027 4.3528 4.5868

8 4.5000 4.4352 4.5000 4.7042 5.0625 5.5949 6.3281

9 4.1667 3.8036 3.4722 3.1697 2.8935 2.6414 2.4113

We now give some problems related to generalized ISI energy.

Problem 16: Compute the graphs that are equienergetic with respect to generalized ISI energy.

Problem 17: Find the extremal value of generalized ISI energy in class of trees, chemical trees,

unicyclic graphs, bicyclic graphs or in the class of graphs with fixed pendant vertices, fixed

diameter and fixed independence number etc.
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(2005), 339–344.

127



[68] J.M. Rodriguez, J.M. Sigarreta, Spectral properties of geometric-arithmetic index, Appl.

Math. Comput., 277 (2016), 142–153.

[69] O. Rojo, L. Medina, Construction of bipartite graphs having the same Randić energy,
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