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ABSTRACT

This thesis report presents a nonlinear robust output feedback control for a class of
autonomous underwater vehicles. In specific, we consider the nonlinear mathematical
model of a heavy-weight torpedo and design a sliding mode control to achieve robust
stabilization in the presence of parametric uncertainties and model perturbations.
The closed-loop analysis using Lyapunov methods is provided. The state feedback
sliding mode control is extended to an output feedback design by using a fourth order
observer for diving plane. It is shown that the proposed output feedback controller
recovers the performance of the state feedback arbitrarily fast in the presence of
parametric uncertainties and model perturbations. Then the nonlinear model of the
system is transformed in to normal form and nonlinear control is proposed for path
tracking in diving plane. Simulation results are provided which show the performance

of the proposed control design.
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Chapter 1

INTRODUCTION

1.1 Introduction

With the advancement in automatic control techniques and technology, Autonomous
Underwater Vehicles (AUVs) are becoming more popular due mainly to their usability
for a variety of scientific, commercial as well as military applications. In particular,
AUVs are usually deployed to explore unknown or hostile environments far too haz-
ardous for humans or manned vehicles. Whenever an AUV cruises underwater, it is
difficult to measure precisely the intrinsic hydrodynamic coefficients and the added
mass-inertia terms acting on an AUV. Due to these complex and nondeterministic
dynamics of an AUV, its control and navigation becomes a difficult and challenging

task.

1.2 Literature Review

For the past two decades, researchers have presented various methods to achieve sta-
bilization and tracking of these vehicles. In particular, [3] and [4] have presented

higher order sliding mode control for autonomous underwater vehicles. In [5], multi-
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variable sliding mode control for unmanned underwater vehicles has been presented.
Thor I. Fossen, in his contributions [6] and [7], has provided detailed mathematical
description and control approaches for various marine vehicles including submerged
vehicles (AUVs), surface ships and other high speed crafts. From the control design
viewpoint, usually we do not have access to all the states of the system since the
measurement of the complete state vector is not feasible or economically viable as
it involves various sensors and thus can result in an increased cost of the system.
Moreover, measurement causes noise and can induce time delays associated with the
sensor dynamics. To overcome these problems, usually an observer is used which
estimates the required states for the control purpose. In [9], an observer for a 6

degrees-of-freedom AUV is proposed, which estimates the velocity of the vehicle.

1.3 Scope of the Thesis

In this thesis, we focus on design of an observer based control for a heavy-weight
torpedo. A robust state feedback control is synthesized first using the sliding mode
control technique, and the closed-loop stability analysis is provided. The state feed-
back design is then extended to output feedback using a 4th order linear observer
which estimates the complete state vector, thus eliminating the requirement of any
sensors for measurement of the state variables except for the output variable which is
desired to be tracked. Stability of output feedback control is proved with Lyapunov
method in error state space. Then the system nonlinear model is transformed in to
normal form and nonlinear control based on state feedback and sliding mode control
is proposed. In the end, proposed control techniques are validated through numerical

simulation results.



1.4 Thesis Organization

The rest of the thesis is organized as follows. In Chapter II, the mathematical mod-
elling of torpedo is presented and the problem formulation is given. Chapter III
presents the robust control design using sliding mode control technique, the closed-
loop stability analysis, the state feedback design is extended to output feedback using
a linear observer and normal form transformation alongwith nonlinear control. Simu-
lation results are provided in Chapter IV. Finally, Chapter V discusses the conclusions

and presents the avenues for future work.



Chapter 2

MATHEMATICAL MODELLING

2.1 Equations of Motion

Traditionally submerged vehicles are modelled in terms of position and orientation
frame work using 6 degrees of freedom i.e. surge, sway and heave in translational
axis and roll, pitch and yaw in rotational axis as presented in [6]. The non-linear

equations of motion is

Mv + C(v)v+D(v)v+ G(n) = 7(2.1)

where

M : Inertia and added inertia matrix

C : Coriolis matrix

D : Hydrodynamic damping terms matrix
G : Gravity and buoyancy forces vector

v : Vector of linear and angular velocities in the body fixed frame of torpedo given as

T
V=1lpu v wpqr (2.2)



in which p denotes surge, v denotes sway, w denotes heave, p denotes roll, ¢ denotes
pitch and r denotes yaw.
71 : Vector of position and attitude in inertial frame of torpedo given as

T

n=\|lx y z ¢ 6 v (2.3)

in which z, y, z are the positions and ¢, 6, 1) are the orientations corresponding to

surge, sway, heave and roll, pitch, yaw respectively.

Surge
XAk I 5 TorpedoU:m]
/
Roll

/’ vaw Body Fixed
) Frame

Heave

Y
Z

Inertial Frame

Figure 2.1: Inertial Frame and Body Fixed Frame

7 : Control input vector acting in the body fixed frame of torpedo given as

r=| 6y 10 s | =|x v z K M N (24)

in which d,, denotes the diving plane angle, d, denotes the rudder angle and n de-
notes the number of propeller revolutions and defined by vector of control inputs and

external forces i.e. X,Y, Z K, M and N.



2.2 Mass and Inertia

We now proceed with the analysis of individual matrices. The matrix of inertia is

given by

M = Mgp + Mx

(2.5)

Where Mgrp show the inertia terms of the rigid body and be termed as the actual

mass of the body. M, show the added inertia terms.Usually it is considered that the

added mass is the amount of water connected to the outer surface of water which

results in a new system having considerably larger mass than the actual rigid body

mass of the underwater vechicle. This is a misconception and the added mass-inertia

or virtual mass is the pressure-induced forces and moments due to a forced harmonic

motion of the body which are proportional to the acceleration of the body [6]. The

mass-inertia matrix for the rigid body is given as

m 0 0 0
0 m 0 —Mmzga
Mgy — 0 0 m mya
0 —-mzg myg I,
mzga 0 —mrg  —Iy,
—myg mrg 0 —I

and the added mass inertia matrix is given as

mzq
0
—mIgqg
I

zy

—1I,,

—mMya

mxqg

~N O

—Lzz

~

— 1y,

&

(2.6)



X 89X 98X X 98X X
o ov ow op oq or

8y 9y 9y 9y 9y 9y
9 ov ow 9p 0q or

o7z oz o7 (o4 o7 oz
0K 9K 9K 9K 9K 0K
o 9v ow op 0q or

OM OM AM M M OM
9  ov  ow 9p 0q o

ON 9N ON ON 9N ON
o ov ow op 9q or

According to the notation used in SNAME (Society of Naval Architects and Marine
Engineers,1950) [13],

0X ON
X, = ——...... Ny = —
on or
So we can write M4 as
X, Xo Xo Xp Xy Xi
Vi Yo Ye Y Y %
Z, Ly Ly Ly Zg g
MA _ I p q (27>
K, Ky Ky K; K; K;
M, M, My M, M; M;
] N, Ny, Ny N; Ng; N; |

Adding the mass-inertia matrix of rigid body (2.6) and the added mass-inertia matrix



(2.7) yields

m— X, - X5 —Xu - X5
-Y, m— Y, -Y, —mzg — Y
M — —Z — 7 m — Z myc — Zp
-K, —mzg — Ky  myc — Ky I, — K;
mzg — M, — M, —maxg — My —Iy — M,y
—myag — N,  mzg— Ny —Ny —IL.— Ny

2.3 Coriolis and Centripetal Force

The matrix of coriolis and centripetal terms is given as

C=Crp+Ca

mzg — X4

-

—mxg — Zg

Iy —

K-

p

[y_Mzi

-1

2y

N.

p

—myc — X
mrg —Y;
_Z,
=1, — K;
—I,. — M;
L—N,

(2.8)

(2.9)

Where Crp show coriolis and centripetal terms of the rigid body and C'4 show the

added terms and given by;

0 0 0
0 0 0
0 0 0
Crp =
—m(yeq + zgr)  m(yep + w) m(zgp — v)

m(rgqg —w)  —mlzer +aep)  m(zaq+ p)

m(xar + v) m(yer —p)  —m(xep + yaq)

8

m(yaq + zar)

—m(yap + w)
—m(zgp — v)
0

Iqu + ]$zp - ]zr

—Iy.r — Lyp+Iq




—m(zgq — w) —m(xer + v)

m(zgr + zap) —m(yer — 1)
—m(zgq + 1) m(zep + yaq) (2.10)
—ly2q — Lgp + Lr - Lo + Loyp — Iyq
0 — Ly — Lpyq + Iep
Lppr + Ipyq — Ipp 0
and _ -
0O 0 0 0 = 7
0 0 0 Y3 0 -
o, 0O 0 0 =2 m O (2.11)
0 -7 7 0 =% 7
3 0 -m % 0 -m
e o 0 = 0
where;

N = Xup + Xpv + Xyw + Xpp + Xyq + Xir
Y2 = Xopt + Yov + Yyw + Yyp + Yiq + Yor
V3 = Xpp + Yyv + Zyw + Zgp + Zyq + Zir
Yo = Xpp + Ypu + Zyw + Kyp + Ky4q + Myr
V5 = Xyt + Y40 + Zyw + Kgp + Myq + Myr

Y6 = Xip + Yiv + Zpw + Kip + Myq + Npr



Adding both the matrices (2.10) and (2.11) yields

0 0
0 0
0 0

—m(yeq + zgr)

m(rgq —w) +v3  —m(zqr + zap)

m(xar +v) — 72

—m(raq —w) — 73
m(zgr + xap)
—m(zgq + p) +m
—Lypq = Luwp + LT — 76
0

Tpar + I:cyq —I,p+a

m(yep +w) — 3

m(yer — i) +m

0 m(yaq + zar)
0 —m(ygp + w) + 73
0 —m(zgp —v) — 72

m(zgp —v) + 72 0

m(ZGq + M) -Nn Iqu + Ixmp - Izr + Ve

—m(zep +yaq) —Iyr — Ly + 1,q — 75

—m(xgr 4+ v) + 72

—m(yer — p) —m
m(xap + yaq)

(2.12)
I

gl + I:chp - [yq + 75
_Iafxr - Ixyq + [:cp — V4

0

2.4 Hydrodynamic Damping

The hydrodynamic damping terms severely affects the movement of vehicle at higher

speeds and its effect can nott be neglected

D= DDrag + DLift

. It mainly consists of drag and lift forces

(2.13)

At lower speeds the effect of lift force is negligible as compared to the drag force, so

it can be neglected. The drag force is cons

the quadratic or nonlinear drag force

DDrag = DLine

ists of two parts, the linear drag force and

ar T DQuadratic (2 14)

10



[8] has presented the matrices for Dpipeqr and Dguadratic Which are as

X
0
0
Drinear =
0
0
0
Xu|u||ﬂ| 0
0 Yiylo]
0 0
DQuadratic = -
0 0
0 0
0 0
now we can write (2.13) as
Xy = Xyl 0
0 Yo = Yoplv]
0 0
D =
0 0
0 0
0 0

0O 0 O
Y, 0 0
0 Z, 0
0 0 K,
0 0 O
0O 0 0
0 0
0 0
Zwfwl|w] 0
0 Koplp
0 0
0 0
0
0
Zus = Zupul0]
0
0
0

11

0 0 _
0 0
0 0
0 0
M, 0
0 N,
0
0
0
ol 0
Mgjqlg|
0
0
0
0
Ky — KppIp|
0
0

(2.15)
0
0
0
(2.16)
0
0
Nr|r||7n| i
0
0
0
0
Mg — Mgjqlg|
0 N, —
(2.17)

0
0

Nr\r||T|



2.5 Gravitational Moments and Restoring Forces

In the terminology of hydrodynamics, restoring force consists of gravitational and
buoyant forces. Let m be the mass of the submerged vehicle, V be the fluid vol-
ume displaced by the vehicle, g be the gravitational acceleration taken positive for
downward movement and p be the density of the fluid. Since the weight is defined as
W = mg and the buoyancy as B = pgV . Then according to [13] SNAME [1950], the

vector of gravitational moments and restoring forces is given as

(W — B)siné
—(W — B) cosfsin ¢
—(W — B) cosf cos ¢
9(n) = (2.18)
—(ygW —ypB) cosfcos ¢ + (z¢W — zgB) cos fsin ¢

(2¢W — zpB)sinf + (x¢W — x5 B) cos 6 cos ¢

—(xgW — xpB)cosfsin ¢ — (yoW — ypB) sin

For any vehicle to be neutrally buoyant, its weight and buoyancy must be equal.
In this case the vehicle will not move up or down as in the case of positive or negative
buoyancy respectively. If the buoyancy and the weight are equal, also the geometric
center lying at the gravitational center of the vehicle, then g(n) can be neglected for

obvious reasons.

2.6 Symmetry of Geometrical Shape

While cruising at higher speeds the AUVs have very high degree of coupling between
the added mass, coriolis terms and hydrodynamic damping terms. In this scope of
work, it is considered that the torpedo will maneuver at relatively slower speed with

maximum speed of 10 knots and it has gravitational and geometric symmetry in all

12



three planes i.e. x, y and z , thus, the center of gravity coincides with the center of
geometry of the vehicle. This assumption suggests that the off-diagonal terms in the
matrix of added mass M4, added coriolis terms C'4 and matrix of damping terms D
and terms zq, ya, 26, B, yp&zp can be neglected.

The simplified mass inertia matrix (2.6) will become

m 0 0 0 0 0
0 m O 0 0 0
0 0 m O 0 0
Mpp = (2.19)
O 0 0 [x _Ixy _[:EZ
O 0 0 _-[yl’ Iy _Iyz
O 0 0 _sz _Izy Iz
The simplified matrix of added mass (2.7) will thus become
X, 00 0 0 0
0 Y, 0 0
0O 0 Z, 0 0 O
My =— (2.20)
0 0 0 K, 0 0
0O 0 0 0 M; O
o 0 0 0 0 N;

or

My = _dlag{Xua Y;')a ZU'H va Mq7 Nr}

13



Using (2.19) and (2.20) in (2.5), (2.8) will thus become

m— X, 0 0 0 0 0
0 m—Y; 0 0 0 0
0 0 m — Zy 0 0 0
M = (2.21)
0 0 0 I, - K, —1I —1I,.
0 0 0 —ly, I, —M, —I,
0 0 0 —I., -1, I.—N;
The simplified coriolis and centripetal force terms matrix (2.10) will become
0 0 0 0 muw —mu
0 0 0 —muw 0 mip
0 0 0 muv —mi 0
Crp =
0 mw —mu 0 —Iyoq — Lpgp+ L Lr+ Iyyp — Iyq
—mw 0 mp Lypq+ Lgp — L 0 —Ipr — Lyq + Ip
mv  —mp 0 —I.r— I+ 1,g Ipr+ Lyq— Ip 0
) (2.22)

The simplified matrix of added coriolis and centripetal force terms (2.11) will thus

become ~ _
0 0 0 0 —Zyw  Yyv
0 0 0 wa 0 — A
0 0 0 -Yiv X, 0
Cy = (2.23)

0 — Ly, W Y;ﬂ) 0 —N,;T Mq

ZU'JU} 0 —qu Nf:T O — Z‘,p

—-Yyv Xy 0 —Myq Kpp 0

14




Using (2.22) and (2.23) in(2.9), (2.12) will thus become

- 0 0 0 0
0 0 0 —muw + Zyw
C_ 0 0 0 mu — Yyv
0 mw — Zyw —mu + Yv 0
—mw + Zyw 0 mp— Xppt Lyeq + Lpep — Ly + Nyr
mv —Ysv  —mp+ X, 0 —Iy.r — I,p+ 1,0 — M;
mw — Zyw —muv + Yv _
0 mp — X
e X ! (2.24)
—lyaq — Lpup + Lr — Npr - Lyor + Lyp — Iyq + Myq
0 —Loor — Loyq + Lp — Kpp
Tpar + Iyq — IipKpp 0

And the matrix for the hydrodynamic damping terms matrix (2.17) while considering

only the linear drag force, will thus become

X, 00 0 0 0
0 Y, 0 0 0 0
0 0 Z, 0 0 0
D= (2.25)
0 0 0 K, 0 0
0 0 0 0 M, 0
0 0 0 0 N,

Similarly, for any vehicle to be neutrally buoyant, its weight and buoyancy must be

equal. If the buoyancy and the weight are equal and the geometric center lying at the

15



gravitational center of the vehicle, then g(n) can be neglected for obvious reasons.

2.7 Derivation of Kinematic Dynamic Model

Thor I. Fossen [6] has presented a generalized form for representing the mathematical

model of AUVs which is as under

X = f(x) + g(w)u

X = X + u (2.26)

Where M is the mass inertia matrix, C is the coriolis and centripetal terms matrix,
D is the hydrodynamic damping terms matrix, J is the kinematic transformation
matrix, GG is the differential of vector of gravitational moments and restoring forces
g(n) with respect to the vector of position and altitude n and u = 7 i.e. the control

input vector. The description of J is given below

J = (2.27)

in which

cosypcosf —sincos @+ cosyYsinfsing  sin sin ¢ 4 cosp cos P sin @
Ji1(¢,0,¢) = | sinipcosh costhcosd +singsinfsiny  — cos 1 sin ¢ + sin 0 sin 1) cos ¢

—sin6 cos fsin ¢ cos 6 cos ¢
(2.28)

16



and
1 singtanf cos¢tanf

J2(¢,0,9) = | 0 cos ¢ —sin ¢ (2.29)
0 sing/cos@ cos¢/cosd

2.7.1 Dynamic Model

Using (2.21),(2.24),(2.25) and (2.27) in (2.26) will results in the 6 degrees of freedom

nonlinear equations of motion for surge, sway, heave, roll, pitch and yaw respectively

mlp —vr +wql = X (2.30)
ml[o + pur —wp| =Y (2.31)
mlw — pg +vp| = Z (2.32)
Lp+ (I — L)gr + Ly(pr — q) — I.(¢* = 1°) — L.(pg +7) = K (2.33)
Iyg+ (I = L)pr = Ly(qr + p) + Lz(pg = 7) + Loz(p* = 1%) = M (2:34)
Lr+ (I, — I,)pq — Igcy(p2 —q¢*) — L.(pr +q¢) + Li.(qr —p) = N (2.35)

2.7.2 Kinematic Model

The motion of autonomous underwater vehicle in body fixed frame is defined relative
to inertial frame, however acceleration on point of earth surface is negligible in com-
parison with inertial frame. Therefore, in this case, earth fixed frame is considered
as inertial frame. Moreover, v i.e. vector of linear and angular velocities is measured
with respect to body fixed frame and 7 i.e. the vector of positions and orientations
is measured with respect to inertial frame. Thus, in order to have same reference

frame and simplify the measurements, we transform 7 i.e. the vector of positions and

17



orientations from earth fixed frame to body fixed by the following transformation

0= J(n) (2.36)

where J is kinematic transformation matrix and is given by (2.27). Subsituting values

of J, 1 (2.3) and v (2.2) in (2.36), we get

| T ] | costpcosf) —sinycoso + cosysinfsing  siny sin ¢ 4 cos ) cos @ sin
U siniy cosf  coscosp+ singsinfsiny  — cossin ¢ + sin 6 sin 1 cos ¢
z —sin6 cos 6sin ¢ cos 6 cos ¢
ol 0 0 0
0 0 0 0
¥ 0 0 0
0 0 0 11 1 _
0 0 0 v
! ! ! Y (2.37)
1 singtanf cos¢tanf P
0 cos ¢ —sin ¢ q
0 sing/cos@ cos¢p/cosd r

The kinematics equations of AUV will thus become

T = pcosthcost — v(sini cos ¢ + cossinfsin @)

+ w(sin vy sin ¢ + cos 1) cos ¢ sin 0) (2.38)
y = psinycosf + v(cos cos ¢ + sin ¢ sin O sin 1)

— w(cos 1 sin ¢ + sin 6 sin 1) cos @) (2.39)

18



Z = —psinf +vcosfsing + w cos b cos ¢ (2.40)

b = p+gsingtand + rcosdtanb (2.41)
6 = qcosd—rsing (2.42)
: sin ¢ cos ¢

= 2.4
4 qcos@ cos (2.43)

Since the shape of torpedo is symmetric in the x-y and x-z planes, we can decouple
its motion in the steering and diving planes. Thus, torpedo’s motion can be studied

separately in the steering and diving planes.

2.8 System Model in Diving Plane

Here we are considering motion of torpedo in diving plane only so the terms which are
related to motion in steering plane are not considered and forward speed i.e. surge u

is considered to be constant i.e. u = u, . Specifically, we can say

p=6=r=v=v=y=0 (2.44)

The dynamic model and the kinematics model defined by the set of equations (2.30)

- (2.35) and (2.38) - (2.43) is thus simplified and will result in the following equations

mlh, +wqgl = X (2.45)
mlts — pog] = Z (2.46)
Ii = M (2.47)
T = f,cos0 +wsinf (2.48)
Z = —pesinf + wcosd (2.49)
0 = ¢ (2.50)

19



According to [3], the effect of (2.45) and (2.48) on motion of torpedo in diving plane
is neglighle and thus these equations can be decoupled from the system. Moreover,

in [3], vector of control inputs and external forces Z and M are given as;

Z = Zyw — Xyytoq + Zyw + Zyq + Z5775n (2.51)

M = MG+ Myw+ Myq+ Ms6, (2.52)

The notion of [13] is used in above expressions. Thus, the set of equations (2.45) -

(2.50) becomes

m[w - :qu] = wa - Xu'o,uoq + wa + qu + 2677577
I,g = Mg+ Myw+ Myq+ Mgnén
Z = —p,sinf + wcosb

0 = q

Rearranging and solving above for w, ¢,0 and 2, we get the desired nonlinear model

of the torpedo in the diving plane

. D Mo — Xpflo + Zg
A
+ s,
m—Zw
' M + My (2.53)
= w .
! [y_Md ]y_qu
M;
+—"1-4,
Iy—Md
0 = ¢
z = wcosf — p,sind

In order to simplify the calculations while keeping the main features of torpedo,
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we can linearize the system for design of control law instead of using nonlinear model.
The linearizing the model at # ~ 0, the state space form of torpedo’s model in the
diving plane is given as;

X = AX + Bu (2.54)
The state vector X', and the matrices A and B are described by

X=Tw q 0 2T

Zw m#o—Xﬂuo-ﬁ-Zq

1 0 —to O

and u = 9, is the diving plane angle. In the above derivation, surge . of the torpedo
is considered to be constant i.e. u = u,. For the purpose of designing control u for the

system in the next section, it has been verified that the pair (A, B) is controllable.
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Chapter 3

CONTROL DESIGN AND
ANALYSIS

3.1 State Feedback Sliding Mode Control

In this section, we design the Sliding Mode Control (SMC) for stabilization of the
system and provide closed loop stability analysis. The proposed control design ap-
proach is based on the methodology presented in [3] and proceeds as follows. The
proposed control is composed of two parts, the nominal control or stabilizing control

1, and non-linear control or tracking control .

To proceed with the control design, we consider the torpedo’s linear model;

X = AX + Bu (3.1)

The control objective is that the torpedo states X tracks the desired reference Aj;.
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Towards that end, we define the error state vector as

T1 — T1d
X=X-X=
Ly — Tnd
where X is the desired state vector.
The sliding surface is defined as;
o=25Tx

In the error coordinates, the sliding surface can be rewritten as;

o=258Tx

or

X1 — T1d

a:{sl }

Tn — Tnd

(3.2)

(3.4)

Our first objective will be to choose S, such that lim; ,.o ¢ — 01i.e. lim; ,oc 0 — 0,

which will ensure that lim; o, X = lim;_,oo (X — X;) — 0. Towards that end, consider

the Lyapunov function

1
V(o) = 502

(3.6)

In order to determine the surface coefficients S which achieves the aforementioned
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objective, we need to determine conditions under which V(J) can be rendered negative
definite, e.g.
V(o) =06 < —1? ]a|2 (3.7)

for some n > 0, where 7 is a design parameter. The condition (3.7) can be further
written as

o < —n*sgn(o) (3.8)

which will ensure the convergence of system trajectories to the sliding surface in finite
time. Towards that end, we proceed by differentiating the sliding surface defined in

(3.5) along the trajectories of the system, we get the following expression

o =S5TX = ST(AX + Bu — X;) < —nsgn(o) (3.9)

or
STAX 4+ STBu— STX; < —n’sgn(o)
STBu < —STAX — STX, — n?sgn(o)
- 9T _GqTy, _ n2
v < STAX — ST Xy —nsgn(o)
STB
or
u< —(STB)1STAx — (STB)'STA,; — (STB) 'n?sgn(0) (3.10)

We can split the above equation in two parts, i.e. the nominal control and the non-
linear control.

u<i+a (3.11)
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where the nominal control is given by

i=—(STB)"1sTAX — (STB) 15T x, (3.12)

and the switching controller is given by

i = —(STB) 'nsgn(o) (3.13)

When X} is constant, the equation (3.12) can be simplified as

i=—(STB)'STAX = - KX (3.14)

In order to ensure that the trajectories of the closed loop system under nominal
control (3.14) converge to the sliding surface i.e. lim; o, 0 — 0; the feedback gain
matrix K is chosen such as to place the eigenvalues of the closed loop system at

0 X A3 --- A, |- This yields the closed loop system which can be represented

by the following equations

= AX 4+ Bu

= (A- BK)X

sincea:STé\?:Oandd:STf:O

Then, 6 = STX = ST(A — BK)X = 0, which can be further written as

ST(A-BK)=0= (A—BK)'S=0 (3.15)
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It can be seen that S i.e. the coefficients of sliding surface, is the eigenvector
of (A — BK)" associated to the null eigenvalue. Using equations (3.11), (3.13) and

(3.14), the system (2.54) can now be written in the error coordinates (3.2) as
X = AX + B[-(STB)'STAX — (STB) Y2sgn(o)] (3.16)

It is well known that the discontinuous control element i.e. sgn(c) can cause chatter-
ing. In order to remove the effect of chattering, we use the traditional substitute i.e.
sat(2) in which e is a small design parameter [10]. The controller (3.11) is therefore
modified as

w=1i+a=—(STB)'STAX — (STB) 'n2sat(2) (3.17)
€

which yields the closed loop system (3.16) as described by the following equation
X = AX + B[-(STB)'STAX — (STB) \psat(2)] (3.18)
€

It can be shown that with the sliding mode control (3.17), the trajectories of the
closed loop system (3.18) will reach the ¢ in finite time, and stay inside the boundary
layer o < € thereafter. The foregoing conclusions can be summarized in the following
theorem.

Theorem. Consider the closed loop system comprising of (2.54) and (3.17). Then,
under the given assumptions there exist the matriz K, n > 0 and € > 0, such that the

trajectories of the closed loop system (3.18) are bounded and limy_,, X = 0.

3.2 Output Feedback Control

In this section, we extend the state feedback control design to an output feedback

by incorporating a 4" order linear observer for diving plane. To proceed with the
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observer design, we consider the system

X = AX + Bu

= CX

where C'=[(0 0 0 1 |. It has been verified that the pair (A, C') is observable. Our

goal is to design an observer based control law i.e.

A

u:-K@h—cwprw%wé) (3.19)

in which X is the output of the observer. The output of the observer X in diving

plane is given by;

Zw A Mo — X/:'/ILLO + Zq 52’2

S m—wal m — Zy
+ Zan u+ Li(xy — T4)
m — Ly
; M, . M, .
Ty = Iy—qu1+Iy—qu2
+——£%éL—u—+l@(x4——j4) (3.20)
Iy—Md
T3 = g+ Ly(wg — 24)
T4 = @1 — flods + La(wg — 34)

We now define the estimation error as e; = x; — z;, where 1 = 1,2, 3,4. With this,

the closed loop system can now be described in estimation error coordinates as:

. Ly mp, — Xt + Z.
e = o Zu.) e+ a m _ﬂgw q€2 — L1€4
M, M,
L I
A A
ég = €2 — L3€4 (321)
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€4 = e — oy — Lyey

in which it is assumed that the system’s parameters are known. Consider the Lya-

punov function
1
Vie)=> e (3.22)

where 1 = 1,2,3,4. Then,

V(e) == 616.1 + €2é2 + €3é3 + 646.4 (323)
or
. Zw m o X o + Z
V(@) = 61(m — Zw e+ a m —#gw qu — L164)
M, M,
—L 3.24
+€2([y_Mq61+Iy_Mq€2 2€4) ( )

+ es(eg — Lgeq) + eq(er — poes — Lyey)

Putting the values in the above equation and rearranging, we get

Zw Mo — Xpflo + Zg _ﬂ

<!
o
(VAN
|
0
+

m — Zy 2(m — Zy) 2
+ 2(15\{qu-) + %) eaf
e L
+ Q(Iy]\{qu) + %) ol

or

Vie) < —aq e’ — g |ea]® — as|es)® — ay |eq)? (3.26)
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where o, as, ag and a4 are positive numbers obtained by selecting suitable observer
gains Ly, Lo, L3 and L, to achieve V(e) < 0. Thus, the convergence is ensured. By
a suitable choice of the observer gains L, Lo, L3 and Ly, it can be shown that the
performance of the observer-based control approaches to that of the state feedback
control. The observed states are used in the control law which stabilizes the closed-

loop system.

3.3 Transformation to Normal Form and Sliding

Mode Control

3.3.1 Transformation to Normal Form

In this section, we transform the nonlinear system in to normal form using diffeomor-
phism and design a nonlinear a full state feedback sliding mode control in order to
achieve desired result with minimal control effort and more insight to the closed loop

system. To proceed further we consider the system is given by;

X = F(z)+G(z)u

= h(z) (3.27)

where F', G and h are sufficiently smooth in a domain D C R". Our goal is to design

a nonlinear state feedback control law of the form;

u=a(r)+ p(x)v (3.28)
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such that there exits a diffecomorphism 7" : D — R"™ so that D, = T'(D) contains the

origin and the change of variable z = T'(x) tranforms the system (3.27) in to the form

2= Az + By(z)[u — a(z)]

(3.29)

with (A, B) contrallable and «y(x) nonsigular for all x € D. Thus, the nonlinear model

of the torpedo can be written in terms of (3.27) as under

T

T

T3

T4

Zw o — Xulho + Z.
xl_'_m:u jubbo + Zq
m—Zw m—Zw
Zs
n
+m—Zu-,u
M, n M,
T T
[y_Md ' [y_Mq' ’
M
n
—u
T,
T2
T1COS XT3 — [hoSIN T3

Xyq

For ease of calculation (3.30) can be written in the form

i
To
T3

Ty

= a11T1 + a10x9 + b11u
= a1 Ty + T + bypu
= I9

= 1I1COST3 — (41 SiN X3

= fE4

X2

(3.30)

(3.31)

where a1, a2, b1, as1, a2, bay and ay; are coresponding coefficients. To proceed

further with the transformation, first we have to find out the relative degree of the
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system. The derivatives of output are given by

Y = X4 = T1COST3— Qg1 SN T3

§J = @& — xsinxgis — ag cosxziz = (.) + cos x3biu

where (.) contains terms which are function of x. Thus, the system has relative degree

2 in R*. Therefore, the diffeomorphism will be of the form

[ b1()
Pa(x)
Tx)=| — - — (3.32)

h(x)

| Lih(z) |

where ¢1(z) and ¢o(z) are chosen such that ¢(0) = 0 and %G(m) =0, fori=1,2.
h(x) is the output and Lh(x) is the Lie Derivative of h with respect to f and is given
by

oh

Lh(z) = %F(aj) = I COS T3 — Q41 SIN T3 (3.33)

T
With G(z) = [ biy by 0 O } and satisfying the conditions ¢(0) = 0 and %G(m) =

0, for i = 1,2, we choose

$1(z) = x3
I To
pa(z) = b b

31



Thus the diffeomorphism 7'(x) on some domain containing the origin is given by

(3.34)

Xyg

T1 COS T3 — Q41 SN X3

Using above mentioned diffeomorphism , we select following varaibles to proceed with

the change of variable in order to get the desired normal form.

m = 73
o n T2
BT b
&= 7 (3.35)
& = x1cosT3 — aysinxy
Now from (3.35), we can write x1, x5, o3, and x4 in terms of 7y, 79, & and &s.
T &osecnmy + aqq tanmy
b b
T2 b—még secn; + 1722 tann; — baono
11 11
T3 M (3.36)
oz &1

Substituting values of 1, z2, z3, and x4 from (3.36) in to (3.31), we get our desired

normal form of the system

) ba2

m = b—fgsec171+
11
a1 22

2 = <E_E

12092 21

(011)>  bao

41022

tanmn; — by
11

a12b22

bll

— )[€asecn + ag tanm] — ( — ag2)72
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£ = &
& = lan + (a2 — a41)b—22][52 + ay1 sinn | — (a12 — aa1)bag cOS N1 (3.37)
11
b b
- %522 tanmn secn — 2aq bﬂéé tan® 1, + bao&y tan mimy
11 11
41092

bll

— ag ( ) tan? n; sinny + aq1beo tan ny sin s + byy cosmu

y = &
Above equation can also be written as

m = difasecn + dytann — dzne

n2 = ds€asecty + dstann — denpe

f = &

& = di& +dgsinmg — dgcosmns — dio&” tann; secn; (3.38)
— dy1& tan® 1y + dia&s tan iy — dyg tan® 7y sin g
+ dy4 tan g sinnne + dis cosnu

y = &

where di, ds, ...., dy5 are the corresponding coefficients.

3.3.2 Analysis and Control Design

The normal form (3.38) divides the system into two parts, i.e. an internal part 7;&mn;
and an external part £ &&,. It is pertinent to highlight that in (3.30), there is control
u appearing in two states and in (3.38), it appears in only one state that is in external
part only. Thus, internal part becomes unobservable by the control. However, it has
been verified that the zero dynamics of (3.38) i.e 7 = fo(n,0) are bounded input
bounded output stable in the domain of interest and the system is minimum phase.

Therefore, the objective is to design a control for only external part of the system
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such that the output y = &; i.e. the depth of torpedo tracks the desired reference
&4. The proposed control is composed of two parts i.e. stablizing or state feedback

control 4 and tracking or sliding mode control .

1

u = —d—(d7§2 + dgsinn — dg cosmny — dio&” tanny sec g — di1&s tan® ny
15 COS T
+ dyoéy tan mymy — dig tan® 1y sinmy + dig tan g, sinnn,) (3.39)
1 k —
i= ——— (Ksatd) = — (K satm &L= 8 + &2 (3.40)
dy5 COS T M d15 COS T K

where K&k, are gains, s is the sliding surface and p is design parameter. By combin-

ing (3.39) and (3.40), the overall control for the normal form of the system becomes;

L 1 .
u = u+u=————(d& + dgsinn — dgcosmne
dyi5 cOs M
— d10§22 tan nsecn — d11§2 tan2 T + dlggg tan M2 (341)

k(& — &) + &
L

)

— dygtan® ny sinny + dig tanny sin e + Ksat

Here, it is important to note that the term 7, that is diving angle of the torpedo
(m = xz3 = 0) appears in the denominator of the control. This implies that if
m — 90 = cosnm; — 0 = u — oo. It highlights the fact that the if a torpedo is
made to dive at right angle then it is impossible to control it and track the desired
path. Thus, the normal form of the system gives insight to the mathematical proof

of aforementioned fact.
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Chapter 4

SIMULATION RESULTS

This chapter proceeds with the performance analysis of the proposed control design
by the help of numerical simulations. The goal is to track a changing reference depth
zq The controller parameters chosen for this purpose are surge p = u, = 10m/s,
the controller gain n = 20, the boundary layer parameter € to reduce the effect of
chattering is 0.3. The feedback gain matrix K and the observer gains are chosen such

the Lyapunov criteria for stability i.e. V(e) <0 for all ¢ > 0.

4.1 Constant Depth Tracking - Actual Parameters

5 T T T T
0 H : ===Reference Depth|_|

Depth {m)
Bob 4L
(4] [=] (4] (=]

&
o

'
w
a1

o

i i | | |
20 40 60 80 100 120 140 160 180 200
Time (Sec)

Figure 4.1: Tracking for Constant Depth - Actual Parameters
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In figure (4.1), torpedo is commanded to track a constant depth. The state feed-
back control (3.17) derived from linearized model (2.54) of torpedo is applied to
nonlinear system (2.53) with nominal parameters and the torpedo successfully stabi-
lizes itself at the desired depth. It is because of the robustness of the slidng mode
control used in overall statefeed back control that the linear control is applicable to

nonlinear system.
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Figure 4.2: Response of States for Tracking Constant Depth - Actual Parameters

Figure (4.2) shows the response of all states of the system (2.53) i.e. heave velocity w,
pitch velocity ¢, pitch angle € and depth z. It is noteworthy that when there is change
in the reference depth i.e. desired output, there is a sharp change in all states. This
is because of the fact that when system is commanded to obtain a certain output,
all states drive themselves under the effect of control and stablizes when the desired
results are achieved.

Figure (4.3) shows the comparison between the control effort of nominal control(3.12),
nonlinear control (3.13) and the overall control (3.17). It can be seen that there is a
peak in control effort when chnage in depth is commanded and control effort reduces

to zero when desired output is achieved.
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Figure 4.3: Control Effort for Tracking Constant Depth - Actual Parameters

4.2 Varying Depth Tracking - Actual Parameters

In figure (4.4), torpedo is commanded to track a varying depth. The state feedback
control (3.17) is applied to nonlinear system (2.53) with nominal parameters and
the torpedo successfully tracks the desired varying depth. However, in practical
implimentation, the performance of the control may degrade because of the noise/

disturbance induced in the system due to the measurement of the states via sensors.

— Torpedo's Depth
0 : ; H e Reference

Depth (m)

50 i i | ; i i i | i
0 100 200 300 400 500 600 700 800 900 1000
Time (Sec)

Figure 4.4: Tracking for Varying Depth - Actual Parameters

Figure (4.5) shows the comparison between the control effort of nominal control(3.12),
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Figure 4.5: Control Effort for Varying Depth - Actual Parameters

nonlinear control (3.13) and the overall control (3.17) for tracking a varying depth

with nominal parameters of the system.

4.3 Varying Depth Tracking - Parameters Pertur-

bation
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Figure 4.6: Tracking for Varying Depth - Perturbed Parameters
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Figure (4.6) shows the performance of state feedback sliding mode control (3.17)
when the hydrodynamic coefficients and inertia terms in (2.54) are perturbed to 20%
of the actual values. Torpedo trajectory is successfully tracking the varying reference

depth. This shows the robustness of proposed sliding mode control law.
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—==Nominal Control
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Figure 4.7: Control Effort for Varying Depth - Perturbed Parameters

Figure (4.7) shows the comparison between the control effort of nominal control(3.12),
nonlinear control (3.13) and the overall control (3.17) for tracking a varying depth
with parameters of the system have been perturbed to 20% of the nominal values.

It can be seen that the control effort has increased significantly when parameters are

perturbed in comparison of control effort for nominal parameters (Figure 4.5).

4.4 Varying Depth Tracking - Output Feedback

Observer Based Control

Figures (4.8) to (4.10) show the performance of the output feedback observer based
control design (3.19). In figure (4.8), the control (3.19) derived from linear observer

(3.20) has been applied to the nonlinear system (2.53). Torpedo is commanded to
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Figure 4.8: Tracking for Varying Depth - Output Feedback Observer Based Control

track a time varying depth and it successfully tracks the desired depth with minimal

of error.
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Figure 4.9: Control Effort for Varying Depth - Output Feedback Observer Based
Control

Figure (4.9) shows the control effort of output feedback observer based control (3.19).
A significant reduction in control effort can be noticed with the use of output feedback

control in comparison with the use of state feedback control (Figure 4.5).
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Figure 4.10: Estimation Error - Depth (z — 2)

In Figure (4.10), it is shown that for a constant depth reference, the observer state

converge to the actual state arbitrarily fast.

4.5 Varying Depth Tracking - Normal Form Ac-

tual Parameters
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Figure 4.11: Tracking for Varying Depth - Normal Form Actual Parameters
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Figure (4.11) shows the performance of the system when the nonlinear model of
the system (3.30) is tranformed to normal form (3.38). Torpedo is commanded to
track a varying depth reference. The state feedback sliding mode control (3.41) is
applied to normal form of nonlinear system (3.38) with nominal parameters and the

torpedo successfully tracks the desired varying depth.
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Figure 4.12: Control Effort for Varying Depth - Normal Form Actual Parameters

Figure (4.12) shows the control effort of the state feedback sliding mode control
(3.41) applied to normal form of nonlinear system (3.38) with nominal parameters.
A significant reduction in the control effort can be noticed with the transformation
of the system to normal form in comparison with the control effort of state feedback

control for actual nonlinear system (Figure 4.5).

4.6 Varying Depth Tracking - Normal Form Pa-
rameters Perturbation

Figure (4.13) shows the performance of state feedback sliding mode control (3.41)

when the parameters of the normal form of the system (3.38) are perturbed to 20%
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Figure 4.13: Tracking for Varying Depth - Normal Form Perturbed Parameters

of the actual values. Torpedo trajectory is successfully tracking the varying reference

depth. This shows the robustness of proposed sliding mode control law.
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Figure 4.14: Control Effort for Varying Depth - Normal Form Perturbed Parameters

Figure (4.14) shows the control effort of the state feedback sliding mode control
(3.41) applied to normal form of nonlinear system (3.38) when parameters of the
system have been perturbed to 20% of the nominal values. Although, there is slight
increase in control effort when parameters are perturbed in comparison of control
effort for nominal parameters (Figure 4.12), however, a significant reduction in the

control effort can be noticed with the transformation of the system to normal form
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in comparison with the control effort of state feedback control for actual nonlinear

system (Figure 4.7).
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Chapter 5

CONCLUSION

5.1 Conclusion

In this work we presented a nonlinear robust output feedback control for a class of
autonomous underwater vehicles. In specific, we considered the nonlinear mathemat-
ical model of a heavy-weight torpedo and designed a sliding mode control to achieve
robust stabilization in the presence of parametric uncertaintiesand model perturba-
tions. First, a linearized model of the torpedo is developed from the nonlinear system
equations. Then, using this linearized model, a robust sliding mode control law is
proposed for the system. The closed-loop analysis using Lyapunov methods was also
provided. Later, the state feedback sliding mode control was extended to an output
feedback design by using a fourth order linear observer for diving plane. It was shown
that the proposed output feedback controller recovers the performance of the state
feedback in the presence of parametric uncertainties and model perturbations. Then
the system nonlinear model is transformed in to normal form and nonlinear control
based on state feedback and sliding mode control is proposed. Simulation results were

provided to show the performance of the proposed control design.
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5.2 Future Research

The future work will focus on extending the control design to achieve stabilization
in waypoint tracking of the torpedo and path tracking of torpedo in steering plan.
Various other nonlinear control design techniques like back stepping, higher order
sliding mode control, high gain observer (HGO) and extended high gain observer

(EHGO) can be used and system performance can be campared.
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