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Abstract

Focus of this study is to cover up some gaps and further build up the theory of discrete
fractional calculus. This dissertation starts with brief introduction and definitions to discrete
fractional calculus. Two new definitions of generalized fractional difference operator are intro-
duced namely Hilfer fractional difference operator and substantial fractional difference operator.
A missing property in the literature for delta Laplace transform i.e. delta exponential shift
is established. The delta Laplace transform is presented for the newly introduced Hilfer and
substantial fractional differences. The double Laplace transform in a delta discrete setting is
introduced, and its existence, uniqueness and basic properties are discussed. The delta double
Laplace transform is presented for integer and non-integer order partial differences.

Another goal of this study is to establish the existence and UHR stability for various classes
of fractional difference equations. Conditions are acquired for RL, Caputo, Hilfer and substantial-
type fractional difference equations. Moreover we establish a technique to transforming arbitrary
real order delta difference equations with impulses to corresponding summation equations.
Existence results are built up for impulsive delta fractional difference equation with nonlocal
initial condition and two-point and four-point boundary conditions. The conditions for existence

and UHR stability of the solution to multi-point summation boundary value problem are

established.
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Chapter 1

Introduction

The mathematical field that deals with operators of an arbitrary real or complex order is called

fractional calculus(FC). Some working areas of FC are:

Hahn h-FC.

Quantum ¢-FC.

(¢, h)-FC.

Stochastic FC.

Variational FC.

Fuzzy FC.

Conformable FC.

Mathematical problems are often solved from recursive set of values by computing the
approximation of differential operators or that a discrete analogue can be considered as difference
equation(DE). Discrete models often arise for solving continuous models using numerical methods.
Computers can work only with discrete data, so continuous equations must be discretized before

they can be solved numerically. Forward or delta difference operator(DO) on isolated time scale



has been considered for unit graininess. The fractional form of delta difference operator is an
important breakthrough owing to non-locality property. On the basis of various motivations,

delta fractional difference(FD) operators have been generalized and applied in various contexts.

1.1 History of fractional calculus

The fractional calculus(FC) originated parallel to classical calculus. The FC has lasting and
storied past inside the broader mathematical discipline of analysis. Indeed, research into this
area was initiated in 1695 in a scientific letter in which L’Hopital inquired Leibniz about the
interpretation of a one-half derivative. While precise mathematical investigation of this and
related concepts was not realized for almost two centuries. This simple question laid the initial
foundation for the area of FC. At first, it seems that questions regarding fractional operators
were largely academic being as they were separated effectively from any applicative interest. The
“father of an arbitrary order calculus” viewed with respect was Abel (1823). Later, however as
the FC matured, it become clear that the FC could be used effectively in a variety of modeling
situations. Ostensibly, Leibniz could not possibly have envisioned the very bright and important
future for the FC.

Euler (1738), Laplace (1812) and Fourier (1827) are among the many popular mathematicians
who gradually make up the theory of FC. Many mathematicians with best mathematical minds
are using their own specific documentation and frame work to came up with definitions that
encouraged the development of theory of FC. Some other scientists who come up with the middle
of the 20th century are Liouville (1832, 1837), Holmgren (1865), Grunwald (1867), Letnikov(1868),

Riemann (1876), Laurent (1884), Nekrassov (1888), Pincherele (1888), Kryg (1890), Heaviside



(1892), Weyl (1917), Hardy and Littlewood (1926), Marchaud (1927), Davis (1936), Erdelyi
(1939), Kober (1940), Zygmund (1945), Riesz (1949), Feller (1952), Levy (1954), and Love (1967).
The topic is novel and around 70 years ago, it has become an object of specialized conferences
and treatises. In June 1974, Ross arranged the initiatory conference on the topic right after
completion of his Ph.D., Oldham and Spanier (1974) put in black and white the first monograph.
The texts in book form with title explicitly devoted to FC are Oldham and Spanier (1974),
Rubin (1975), Mc Bride (1979), Nishimoto (1991), Samko et al. (1993), Miller and Rgss (1993),
Kiryakova (1994), Podlubny (1999), Kilbs et al. (2006), Diethelm (2010). Furthermore, the
treatise by Davis (1936), Gelfand and Shilov (1964), Erdelyi (1965), Caputo (1969), Babenko
(1986), Gorenflo and Vassella (1991), Dzherbashian (1993, 1996), Zaslavsky (2005), Magin
(2006), Sengul (2010), Holm (2011), Rehman (2011), Asif (2011), Goodrich (2012), Brackins
(2014), Saeed (2015), Mctier (2016), Julia (2016), Areeba (2018) and Setniker (2019) contained
a comprehensive examination of FC. Despite the fact that few significant fractional derivatives
were brought forward, the Riemann-Liouville and Caputo derivatives got special attention of
scientists. In the literature, one can discover many definitions of fractional derivatives, for
instance, Caputo, Liouville, Hadamard, Erdélyi-Kober, Weyl, Grunwald-Letnikov, Katugampola,
1y—Riemann-Liouville, ©»—Caputo, substantial, ¢)—Hilfer definitions and many other. Generally,
most of these definitions are not alike with the exception of some those generalize some of
previously introduced definitions. The most significant property of fractional derivatives in
comparison with ordinary derivative is that the fractional derivatives are not local, this fact

allow the execution of memory effects for different phenomenon.



1.2 Background of discrete fractional calculus and differ-
ence equations

The origin of calculus of finite differences is found from Brook Taylor (1717), rather it was Jacob
Stirling, who found the theory (1730) and introduce the Delta ”A” symbol for the difference
operator, which is common in use currently. Finite differences trace their origins back to Burgi’s
(1592) and Isaac Newton work. The development on calculus of finite differences in the beginning
of nineteenth century by Lacroix and remarkable work of George Boole, Narlund and Stefensen
appeared later in nineteenth Century. The work of Thomson (1933) and Jordan (1939) related
with classical approach to calculus of finite differences is appreciable. Lagrange and Laplace
discussed the solution of partial DE in the area of probability theory and dynamics. Phillips
and Wiener (1923) and Courant et al., (1928) considered the partial DE for study. By making
use of the Laplace transform, Warschawski (1937) discussed ordinary linear non-homogeneous
DE with constant coefficients. Mickens (2001) discussed linear, nonlinear DE and partial DE
with applications in different areas especially in: physical, social and biological sciences as well
as in economics and warfare.

Practically, each theory of mathematics exhibits its discrete analogue which shape the concept
of theory understandable and ease the task of application. For the function having natural
number domain the process of integer-order difference can be generalized to non-integer order
differences in such a way that it is compatible with classic difference.

Mainly because of vast applications in different areas of FC and due to higher significance level
in last twenty years investigation of fractional difference equations(FDE) has been attracting.

Scientists from different areas believe that differences and sums of fractional order are appropriate



for modeling the physical problems. On contemporary many studies with non-integer-order
equations are found, especially in viscoelasticity, control theory, signal processing, rheology,

hereditary and solid mechanics, where fractional order derivatives are used.

1.3 Literature survey

In the modern era, focus of mathematician is to construct ambiguity free unified mathematics.
The calculus of finite differences is applied to both continuous and discrete functions. Application
of FC can be found in [76}/131,/143,/155,/165,/195]. Criteria for being fractional derivative is
presented in [143]. Two characteristics properties for not-being fractional operator are showcased
by Tarasov [175,/176]. For modeling purpose, choice of fractional verses ordinary operator
need not to be suitable always; this fact is demonstrated by Ortigueira [150] for two physical
models. The order of the fractional equation is determined that better describes the experimental
data, for different types of fractional operators by using the least squares fitting technique [22].
Fractional calculus in the continuous setting is developed in [17]18},21}26.|42-48 69,72, 75/ /80-82,
94,95,(121}128-132,135,|138,|142} /146, 147,167,174}, 183,184, |189-19§].

A glimpse of ordinary DE can be found in [15,50]. The theory of FC for functions of the
natural numbers, however, is far less developed. Any significant work was not appeared in this
area before 1974 when Diaz and Osler [74] introduced a discrete non-integer order operator. In
1988, Gray and Zhang [105] introduced the type of fractional difference operator(FDO); they
developed Leibniz formula, a limited composition and a version of a powerrule for differentiation.
However, they dealt exclusively with the nabla (backward) difference operator and hence obtained

results distinct from present one, where the delta (forward) difference operator is used exclusively.



A rigorous intrigue in FC of differences was exhibited by Atici and Eloe [29}30,32,35], and they
explored characteristics of falling function, a new power law for delta difference operators and
the commutativity of sums and differences of arbitrary order [29]. They also presented advance
composition formulas for sums and differences of non-integer-order in [30]. For non-integer-order,
changes in the domain of function to sums and differences are an important aspect which got
special attention by Atici and Eloe [29,30] for a rigorous and correct dealing of the fractional
composition formulas. Anastassiou [23,24], Bastos et al. [39], Abdeljawad et al. |2,/4}6,7,122],
Cheng [62-64], and Sangul [168] made significant contribution in this area. For DE, Bohner
and Peterson treated the dynamic equations on time scales in [50] and got surprisingly different
results from continuous counterpart. Gronwall’s, Holder’s, Jensen’s and Opial’s inequalities
were presented on time scales and some application of inequalities in discrete FC can be found
in [33/82,90].

Fractional calculus is extended to time scales in [40,41], and discrete FC in the delta setting
is developed in [34138,90-92,/96101},118,119,|122]. A variety of results can be found in [4-7,|13]
27,29-311[504/51,,83,,89},/ 1034|116, 117, 169,/188] which has helped to construct theory of the subject
in the topics of discrete FC. The mathematical models of many real world phenomena can be
represented by impulsive equations [112}[134,/137139,[141,/178] and references therein. Fractional
delta DE with impulse have recently took attention, see [185]. The concept of existence of
solutions for delta difference system of arbitrary order with boundary condition(BC) has been
examined broadly by a lot of researcher, for instance we refer a few of them [1658-61}68,(77,83,,84,
8993}, 1131|136,/145, 152154} 159|[161,[169-172,177]. The majority of researchers considered FDE

with an extensive variety of BC, meanwhile among others such as Reunsumrit, Kaewwisetkul and



Sitthiwirattham considered sum BC with two and three points in [126}/162}169,[170]. However
Goodrich [102] considered multi-point sum BC with growth. Coon and Bernstein [49,/66,/67]
defined the double Laplace transforms (continuous) and investigated many properties of it.
Debnath [71] modified the properties of double Laplace transforms (continuous) and used it
to solve functional, integral and partial differential equations. Dhunde and Waghmare [73]
discussed convergence, absolute convergence with applications of double Laplace transforms
(continuous) to solve Volterra integro-partial differential equation. For applications of triple,
quadruple and n-dimensional Laplace transforms (continuous), we refer the readers to [28]/70,(160].
Goodrich and Peterson [103] developed discrete delta Laplace transform analogous to Laplace
transform discussed by Bohner and Peterson [50] in the continuous case to solve difference
and summation equations with initial data by applying the delta Laplace transform. Delta
Laplace transform has also been studied in [29,50,/116]. However an important shifting property
is missing in this setting. Only few simple cases have been addressed by implication of the
definition of delta Laplace transform (see Theorem 2.10 and Theorem 2.11) in [103]). Our
proposed shifting property is a modest attempt to fill that void. Bohner et al. [52] extend the
properties of the Laplace transform to the delta Laplace transform on arbitrary time scales and
discussed translation theorems and transforms of periodic functions. Compatible discrete time
Laplace transforms with Laplace transforms was introduced in [149]. Savoye [166] highlighted
the importance of discrete time problems and relationship of Z transform to Laplace transform
on time scale. The qualitative analysis of delay partial DE was given by Zhang in [192].

Hilfer fractional order derivative was introduced in [115]. Furati et al. [86,[87] primarily

studied the existence theory of Hilfer fractional differential equations and also explained the type



parameter ¢ as interpolation between the Riemann-Liouville(RL) and the Caputos derivatives.
It generate more types of stationary states and gives an extra degree of freedom on the initial
conditions.

Some recent studies involving Hilfer fractional derivatives can be found in [65}(163],|173,
180-182]. Majority of the work in discrete FC developed as analogues of continuous FC.
Extensive work on Hilfer fractional derivative and on its extensions has been done, i.e., Hilfer-
Hadamard [1},19,(127,/156], K-fractional Hilfer [78], Hilfer-Prabhakar [88], Hilfer-Katugampola
[148] and w-Hilfer [12] fractional operators. Abdeljawad defined FD with different types of kernel
having; discrete power law [2,3], with discrete exponential and generalized Mittag-Leffler(ML)
functions [8,/11], with discrete exponential and ML functions on generalized hZ time scale |9,
and kernel containing product of both power law and exponential function in [10].

The majority of researchers considered fractional substantial and tempered derivative with
an extensive variety of applications in physics, see for example [43]55.|56,,85,/133,[171]. Chen
and Deng discussed some useful composition properties of substantial fractional integral and
derivative in [57]. It is believed that substantial FC and tempered FC are equivalent concepts.
Cao et al. [54] presented the fact that the expression of fractional order tempered integral and
derivative is similar to that of fractional order substantial integral and derivative respectively, but
they are different in nature. However tempered derivative becomes a special case of substantial
derivative for non-negative values of parameter . These operators arise from unassociated
physical phenomenon. Mathematically, arbitrary order substantial calculus is defined on time
and space but the tempered calculus is different from couple of time and space. However,

arbitrary order tempered integral and derivative are mostly utilized in truncated exponential



power law phenomenon.

1.4 Motivation

Every integer order differential equation can be transformed into DE, but converse is not true
generally. Consequently, notice the same for non-integer order and if it does happen, then theory
of FDE alone serve the purpose for differential equations as well. Although sizeable literature of
FC is available, only small evolutionary research was available in discrete setting till previous
decade. In the evolution of discrete FC various unpredicted issues and technical problems arise.
A natural question arise: which fractional operator is useful among extensive definitions and
what should be the criteria for acceptable operator? Why only Caputo type fractional operators
are preferred for obeying nice properties?.

Miller and Ross, proposed a few standards for being fractional order operators, i.e., zero
property, compatibility, linearity, and law of exponents. In general, not all fractional operators
satisfy the product rule, quotient rule, chain rule, semigroup property and non-singularity
property. Fractional derivatives of non-integer orders do not satisfy the Leibniz rule. Fractional
derivative that satisfies the Leibniz rule coincides with differentiation of the first order. Because
if the linear operator satisfies the Leibniz rule, then the action on the unit is equal to zero.
Following operators are considered as integer-order because they violate non-locality property:
the conformable, the alternative and M, the local derivative of Kolwankar and Gangal, and the
Caputo—Fabrizio with exponential kernels. Derivatives violating non-locality property are of less
importance because they can not be considered as fractional derivatives. This means that all

results obtained for these operators can be derived by using the integer-order operators. It is



dire need to justify a wrong perception that the theory of continuous case trivially holds in the
discrete setting.

The gaps found in the theory of non-integer-order operators provide motivation to further
work in this area. As compared to ordinary operators, non-integer-order operators may capable
of modeling various physical phenomenon. following are the commonly used FDO: Riemann FD,
Caputo FD, Baliarsingh generalized FD, proportional FD, tempered FD, Atangana—Baleanu FD,
generalized uncertain fractional forward difference, Weyl-Like FD, forward and backward h FDO,
g-fractional difference operator, fractional h—differences with exponential kernel, fractional (q, h)
difference operator, and FDOs with discrete generalized ML kernel. To overcome the variety of
definitions of fractional operators, some general operators need to be introduced. The discrete
analogues are practically important and easier to use in real life problems. A brief discussion on
the need to study discrete analogue operator is given by Abdeljawad [10]. Discrete version of
substantial derivative is a potential candidate to productively describe many physical phenomena.
No literature is available for Hilfer FDO and substantial FDO in the delta fractional setting.
Also formation of FDO is an important aspect in view of mathematical interest and numerical
formulae as well as the applications. This is the motivation behind generalization of the two
existing FDO i.e., Riemann-Liouville and Caputo difference operator in Hilfer’s sense and also
to define substantial difference in delta fractional setting in the (Riemann-Liouville)RL sense.
The exact analytical solutions of initial value problem(IVP) for FDE have been studied by delta
Laplace transform method. This motivates us to introduce the delta double Laplace transforms
with aim to work out problems accompanied by initial conditions for integer and fractional

order partial DE.
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The mathematical models of many real world phenomena can be represented by impulsive
equations. Occurrence of impulse effect shows up as a natural representation of many real world
phenomenon and demonstrates incredible potential for breaking down true applications. These
impulses are concerned due to small outer influences during establishment process. The length
is trivial in comparison with whole length of the subjected phenomena. Therefore it can be
assumed that these outer influences are sudden that is they are in the form of impulses. The use
of mathematical modeling in the form of impulsive DE is natural. Therefore the study of such
sudden effects established potential applications in numerous fields. Fractional delta DE with
impulse have recently received attention in [151,/185,186]. There is no literature related to the
existence and uniqueness(EU) theory of solution for fractional delta DE with impulse. Moreover
the discrete counterpart of differential equations picked up significance from applications angle
of consideration. This inspired us to further discuss the topic under consideration.

The mathematical models of many real world phenomena can be represented by multi-point
boundary value problem(BVP). Such models have a large numbers of applications in numerous
areas including: modeling and analyzing problems arising in elasticity, from electric power
networks, electric railway systems, thermodynamics, telecommunication lines, wave propagation
and also in chemistry to analyzing kinetical reaction problems.

The concept of continuity in discrete setting taken from topological spaces. The idea of
Ulam-Hyers(UH) type stability is important to both functional and applied problems; especially
in biology, economics and numerical analysis. It may have potential application in nonlinear
analysis including difference and summation equations. Rassias introduced continuity condition

which produced an acceptable stronger results. In the continuous setting, extensive work on
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Ulam-Hyers-Rassias(UHR) stability for non-integer-order differential equation has been done.

However only a limited work can be found in discrete fractional setting.

1.5 Objective

The theory of discrete FC shows extraordinary potential for breaking down true applications, as
classical calculus is still substantially more frequently utilized in such problems. Main objective
is to cover up some gaps in the theory of discrete FC. Moreover as the theory is less developed,
another purpose of the dissertation is to further build up the theory of discrete FC. Even
though there are different approaches to FC, here we deals with the discrete one based on delta
differences with isolated time scale. However there are many gaps in the theory of discrete FC,

some of the main objectives of dissertation are as follows:

e We will introduce Hilfer and substantial fractional difference operators. We will also

explore well-posedness of Hilfer and substantial IVP.

e We will develop technique of the delta double Laplace transforms with aim to work out
IVP and BVP for integer and fractional order partial DE. We will also introduced the

delta Laplace transforms of Hilfer and substantial fractional difference operators.

o We will examine the well-posedness of fractional order impulsive difference and summation

equations on isolated time scale with distinct kind of initial and BC.

e Existence theory of DE for multi-point fractional boundary value problem(MPFBVP)

with integral BC on isolated time scale will also be discussed.

e We will develop some basic theory of inequalities on delta calculus. We will use Gronwall’s

inequality on discrete time scale for qualitative investigation.
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In the research undertaken, the fractional order difference operators shall be used to develop
basic theory of delta FC. In past, research in this area has been carried out using the fractional
differential operators. To understand the significance of new results, we will compare the results

to the cases for integer order difference operators.

1.6 Organization of dissertation

In Chapter |2, a few basic but important results from discrete calculus are stated.

In Chapter [3| some new fractional difference operators are introduced. A fractional Hilfer
difference operator is introduced in Section [3.1] which interpolate RL and Caputos FD, we also
develop some important properties of newly defined operator. A fractional substantial difference
operator is introduced in Riemann-Liouville sense. Some composition rules and connection
between Riemann-Liouville and substantial differences are developed in Section (3.2

The motion of Chapter [4]is to introduce the delta double Laplace transform method. The
definition, EU, and series representation of the delta double Laplace transform are given in
Section Some basic properties are derived in Section [£.2l We present the delta double
Laplace transform of partial differences in Section [£.3] The delta Laplace transform for fractional
Hilfer difference operator is given in Section [4.4] The exponential shift property of delta Laplace
transform are proposed in Section [£.5, and an application of exponential shift property, delta
Laplace transform for fractional substantial sum and difference operator are presented.

In Chapter [f fixed point operator(FPO) and Green'’s function(GF) to different types of FD

equations are established. In Section [5.1] we shall present the general method of construction of
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summation equation related to IVP with the following nonlinear FDE with impulse.

Afz(t) + f(o+ p(t),z(p+p(t) =0, t € Noy1—p, tFa+n;+1—¢,
ANt — ATy = (1) ATy, t=a+n;+1— ¢,
r; = (=1)'Alz(a),i = 0,1,--- ,r =1, [¢] =7, ke N, je N

where “A?z(t) is the Caputo difference of x(t) for ¢ > 0.

In Section [5.2] we apply the general construction to several specific BC. Then the GF for
two-point and four-point boundary value problems are derived with some useful properties.

In Section [5.3 first we derive the GF for the following multi-point boundary value problem

with summation condition

—AY_y(t) =g(t), teN;!
y(0 —2) =0, y(@ +b+1) + AT y(s) =0,

where g : No™' — R, 9 € (1,2], b € Ny, and 0 < A € R, and then we derive some useful
properties of the GF and construct the FPO for the following nonlinear DE of non-integer order

with multi-point summation BC

—A_px(t) = hp(t) + 0, z(p(t) + 9)), t e N5,
(¥ —2) = p, z(W+b+1)+ A Zfig_l z(s) = q,

where h: [0 —2,b+ 9V + 1]y, , x R—=R, ¥ € (1,2], be Ngand A >0, p,qg € R.
Fixed point operator for the followig Cauchy type problem of Hilfer FD system with 0 < 9 < 1,

0<p<l,and n =19+ p— Vo,

AZex(@) + g+ =1 x(z+9 = 1)) =0, for v € Nays_y,
A (@+1-m)=¢ (€ER

is obtained in Section Fixed point operator for the following substantial FD system with

initial condition is obtained in Section [5.5],

SA?x(2) + flo+p—1,x(x+p—1)=0, forzcN,,
SAW*i*FlX(,[L‘OZCL—l—m—gO):XZ»’ 7::0,17"',777/—]_,
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where m — 1 < ¢ < m with positive integer m.

In Chapter [6] EU of solutions to different types of FDEs are established. Conditions for
EU of impulsive DE with 1IC or BC are obtained by applying the Schaefer’s fixed point
theorem(FPT) and the contraction mapping in Section and . In Section , conditions
for EU for multi point fractional boundary value problem(MPFBVP) are obtained by applying
the Schauder’s FPT and Banach FPT. Conditions for EU of solutions for Hilfer FD system and
substantial FD system are respectively obtained in Section and by applying the Brouwer
FPT and Banach FPT.

In Chapter [, UH stability and UHR stability shall be discussed. In Section [7.1], conditions
are acquired under which the nonlinear MPFBVP is UH stable, generalized UH stable, UHR
stable and generalized UHR stable. In Section conditions are acquired under which the
nonlinear Hilfer FD system is UH stable, generalized UH stable, UHR stable and generalized
UHR stable. Modification and application of discrete Gronwall’s inequality in delta setting is
also presented. In Section [7.3] conditions are acquired under which the nonlinear substantial FD
system is UH stable, generalized UH stable, UHR stable and generalized UHR stable. Examples
are presented to demonstrate the applicability of the results.

Finally, in Chapter [§] dissertation is summarize.
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Chapter 2

Preliminaries

In this chapter, we present some fundamentals of fractional calculus, special functions and fixed

point theory that are helpful in the following chapters.

2.1 Basics of delta fractional calculus

Some basics from discrete FC are given for later use in this sections. The functions we will
consider are usually defined on the set N, := {a,a+ 1,a + 2,---}, where a € R is fixed. Some
times the set N, is called isolated time scale. Similarly the set N2 := {a,a + 1,a + 2,--- ,b}
and [a,b]n, := [a,b] NN, [82] for b = a + k, k € Ny. The jump operators o(t) =t + 1, and
p(t) =t — 1 defined to be forward and backward respectively, for ¢t € N,,.

Following concepts are discussed in [103,/116]. The collection of regressive functions is

given for z € N, as R = {p; : 1 + p;(x) # 0}. The circle plus sum of p;,p, € R is given by

p1 @ p2 = p1 + p2 + p1pa. The circle minus of p € R is given by &p(z) = 111;(3) for x € N,. The
floor function |.| maps a real number to the largest preceding integer. The smallest integer

followed by a number is the ceiling [.] function.
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Definition 2.1.1. [50/ Assume f : N, — R. The delta definite integral is defined by

c c—1
/f(fE)AJU:Zf(a:), b,ce N, and b < c.
b x=b

Note that the value of integral [, f(x)Axz, depending on the set {b,b+1,--- ,c—1}. Also by

the empty sum convention

T
ol

f(z) =0 whenever k € Nj.

Il
>

T

The delta indefinite integral is defined by

[ = i:jﬂx).

In the next definition, we consider only delta difference with increment 1, and do not bothered

with different operators that we will not be using here. One can find the details of Definition
in [106}/124].
Definition 2.1.2. Assume x : N, x N, = R be a function of two independent variables. Then
the partial difference of x(x,y) regarding x, taking y as a constant is defined as,

Aux(z,y)] = x(z +1,y) — x(z,y).

The partial difference of x(x,y) regarding y, taking x as a constant is defined as,

AyIx(z, )] = x(z,y +1) — x(z,y).
Partial difference equation is an equation containing partial differences.
Note that A,, = AJA, = AA, = Ay,. Followed by the rule for integer order difference
operator A" = AA™ ! we adopt the symbol for partial differences as follows: A” = A, A1
Al = AyA;”_l.
The falling function is defined for positive integer n by z * = z(x — 1)(x —2)--- (z —n+ 1).
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Definition 2.1.3. The discrete Taylor monomial based at s = a is given as
hp(x,a) = ———— for x € N,.
Definition 2.1.4. The generalized falling function is defined in terms of gamma function by

__I(e(®))
tﬁ_m teN, veR,

provided that the expression in above equation is justifiable. It is convenient to take t2 = 0

whenever t + 1 is natural number and t — 9 4+ 1 is zero or negative integer.

Definition 2.1.5. The 9™ order Taylor monomial is defined by hy(t,s) = lgt(;i)i for t,s € N,.

Lemma 2.1.6. Ift,s € N,, then Y hy(t,o(s))As = —hyi1(t,s) + C as for some constant C

and

> hy(t,a)At = hy(t,a) + C.

Definition 2.1.7. [105] Assume p(xz) € R and x,y € N,. Then the delta exponential function

s given by

L+ ()], if v €N,
[ +p@®)Y ifzeNy ™

Ep(x) (z,y) = {

By empty product convention Hf:_yl [h(t)] :=1 for any function h.

Example 2.1.8. [105] If pi(z) = ¢ is a constant such that ¢ € R (that is ¢ # —1), then delta
exponential function for constant is given by e, (z,s) = e.(x,s) = [1 + ¢]*° for x € N,. In

particular, for the initial point of the domain of definition s = a, we have

ec(z,a) =[14+c** forx €N,
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Lemma 2.1.9. [103|(Fundamental theorem for the difference calculus) Assume f: N2 — R

and F is an antidifference of f on NY*1. Then
b b
S ft) =) _AF({t)=F(b+1) - F(a).
t=a

t=a

Lemma 2.1.10. [103] Assume p(x) € R. Then Azepm)(x,y) = p(x)ep@) (2, y).

Lemma 2.1.11. [103]/Leibniz formula] Assume f : Nypy X N, = R and 9 > 0. Then for

S Na+197
r—19 r—19
A f@,F)=> Auf(x,F)+ flw+ 1,0 -0 +1),
F=a F=a

Lemma 2.1.12. [103] Assume two functions are defined by ¥, ¢ : N, — R. Let by,by € N,

such that by < by. Then we have the summation by parts formula,

ba+1 b2

iw(a(t)mqﬁ(tmt =pM)o(t)| = d()AD(E)AL.

b

Lemma 2.1.13. [103] Assume c¢1,¢; € R and © € N,. Then e, (x,a)e.,(z,a) = ¢ pe (T, a).

Lemma 2.1.14. [103] Assume f,g: N° — R. Then for x € No™!

Alf(x)g(x)] = f(o(x)Ag(x) + [Af(x)]g(x).

Definition 2.1.15. [103] Assume f: N, = R, ¥ > 0. Then the delta fractional sum of f is

defined by A7 f(z) == S5 ho 1 (2, 0(F)) f(F) for & € Nopg, where hy(t,s) = &;ii is the

9" fractional Taylor monomial based at s and t L is the generalized falling function.

Lemma 2.1.16. [103] Assume ¢ > 0 and 9 > 0. Then A;}f@(z —a)f = F(Féf;i)l) (x — a)’+¢

for v € Nyjyio.
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Definition 2.1.17. [31,144] Assume f: N, > R, ¥ > 0 and m — 1 <9 < m, for m € Nj.

Then the Riemaan-Liouville FD of f at a is defined by

T+
AVf(x) = A"A; D f(2) = hogoa(@,0(F))F(F) for © € Nosmy.
F=a

Definition 2.1.18. [2,4] Assume f:N, = R, 9 >0 and m —1 <9 <m, form € N;. Then

the Caputo FD of f at a is defined by

z—(m—19)

N f(x) = ATIAT (@) = Y By (3, 0(F)ATF(F)
F=a
for © € Nyyp_g.

Definition 2.1.19. [50] Assume f: N, — R. Then the delta Laplace transform of f based at

a 1s defined by

L5 = [ eao@)a) (o)A

for all complex numbers y # —1 such that this improper integral converges.
The following concepts are also discussed in [103,116].

Definition 2.1.20. [103/ A function f is of exponential order(EQO) ry > 0 if there exist a

constant Ay > 0 and the following inequality
|f(x)] < Ayr{  holds for sufficiently large = € N,.

If fis of EO, then Z,{f}(p) converges absolutely for |[p+1| > r;, which ensures the existence
of the Laplace transform. Even though the converse is not true, we restrict ourself to only EO

functions. For f: N, — R, the following are useful expression for the delta Laplace transform
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of f based at a

> fla+i)
ZAf}p) = p+13+1

_i (a+ )
- (p+1)i+t

for all complex numbers p # —1 such that this infinite series converges.

Q

Example 2.1.21. If ¢ # —1, then for |p+ 1| > |c + 1| we have

Zufec(r,a)}(p) =

p—c
Lemma 2.1.22. [103] Assume f: N, = R is of EOr > 1 and ¥ > 0. Then

(y+1)’

for |y + 1| > r, we have, $a+79{A;79f}(y) = Fa(y).

Lemma 2.1.23. [103] Assume that f : N, — R is of EO r > 0 and m is positive integer. Then
for ly+ 1] >r

LA FY) =y ) — Y AT (o

Lemma 2.1.24. [103] Assume f:N, = R is of EOr >1 and m — 1 <19 < m with positive

integer m. Then for |y + 1| > r
m—1
Lrm-o{ DY) = 0" (y+ )" Fuly) = D ¢/ AL I fla+m — ).
7=0

Definition 2.1.25. [1053] Assume f,g: N, — R. The convolution product is defined by

(o)) =S f(P)gla—o(r) +a) for z€N,

r=a

Note that by the empty sum convention (f x g)(a) = 0.
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Lemma 2.1.26. [103] Assume f,g: N, — R. If both £, f(x) and Z,g(x) exist, then the delta

Laplace transform of convolution product can be represented as

LA x9)(2)} = Zo{f(2)}Lefg(2)} = Ze{(g % f)(2)}.

Lemma 2.1.27. [105] The following hold for delta Laplace of Taylor monomial of degree

n>0:

(i) Zofhn(z,0)}(p) = i for Ip+1]> 1,

(it) Zo{(x —a)"}(p) = ;&= for |p+1]>1.

Lemma 2.1.28. [117] Assume f : N, = R, m —1 < ¢ < m, where m and k are positive

integers. Then [AF(A7? )](z) = (AFYf)(x), for v € Nayy.

Lemma 2.1.29. Suppose that 9 > 0 and r is a positive integer in such a way thatr—1 < ¢ < r.
For arbitrary real number a, y(t) = by(t—a)’=L+by(t —a)?=2- -+ b.(t—a)’="  for all constants

bi,ba, -+, by, is a solution of Agﬂgﬂ,y(t) =0 for t€ Ngy_,.

Lemma 2.1.30. Let r be a positive integer such thatr —1 <9 <r. If g : Ng — R, then the

problem
Agfry(t) :g(t>7 t e NO

y(—r—i)=0, 0<i<r-—1

has a solution represented by

t—1
y(t) = 2g%g(t) =D hoa(t,0(s)g(s), €Ny

22



2.2 Special functions

Special functions are particular mathematical functions that play a significant role in the theory
of fractional calculus. To proceed further in this work, we first provide necessary information

about Euler’s gamma function and discrete ML function.

2.2.1 Gamma function

The extension of factorial function for non-integer values is known as gamma function. The
gamma function plays a key role in the development of the theory of FC. In 1729, Euler
defined the integral fol (In(§))*~'dt which later published in [79]. By slight modification and

substituting ¢t = e~*, Karl Weierstras introduced new representation which is now known as the

gamma function.
Definition 2.1. The gamma function I' : (0,00) — R is defined as
['(z) = /00 o e da, z>0. (2.1)
0
By parts integration of yields the fundamental equation
[(z+1)=2I'(2), z>-1, z#0. (2.2)

The integral defining gamma function is uniformly convergent for all z € [a, b], where 0 < a <
b < oo, and hence I' is a continuous function for all z > 0.
The domain of gamma function can be further extends to non-negative real number by using

reposition of equation ([2.2)) as follows:



Since I" is not defined on z = 0, therefore it is not possible to define at —1. Further continues in

the same way yields

r 2
F(Z):%, —2<2<0,z# —1,
and so forth. Therefore x = 0,—1,—2,--- are vertical asymptotes of gamma functions.

2.2.2 Mittage-Leffler functions

Gosta Mittag-Leffler (1846-1927) introduced a function as a generalization of exponential
function, known as ML function. The one parameter ML function Ey is defined by the power

series

9= mETT

where ¢ > 0 is a parameter.
The generalization of one parameter ML function was introduced by Wiman in 1905. The

two parameter ML function is defined by the power series

E
vpt ;Fkﬁthp

where 9, ¢ > 0 are the parameters.

The discrete ML functions in delta setting are defined by Abdeljawad in [4]

Eou(\, 2) :iAk (4 (k= D)0 = D) + k(9 — D)=t

— (k9 +n)

Remark 1. If we set ¢ = 1 in Example (hence n = 1), and take a = ¥ — 1, then it recovers

Example 17 in [4]. In fact, the solution of the initial Caputo DE

ONA%z(t) = dAx(t+9 — 1), z(a) =z, V€ (0,1],
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is given by

Mot —a+ k(9 — 1))
x(t) = xoEy(\,t — a) —SL‘OZ ﬁk—f—l) )

Observe that the case a = ¥ — 1 reduces as (66) in [4]. That is, the formula (66) in [4] represents
Ey(At— (U —1)). Also, one can see that the substitution ¥ = 1 gives the delta discrete Taylor

expansion of the delta discrete exponential function.

The observations in Remark (1], suggest the following modified definitions those are different

from that appeared in [4].

Definition 2.2.1. For A € R, |\ < 1 and 9,1n,v,z € C with Re(¥) > 0, the discrete Mit-

tag Leffler functions are defined by

B ZAk Hk(ﬁ(ﬁkl)n)l;(m’ Mk =70+ 1D (v+k=1)

k(?? ))19k+77—1
I'(9k + n) ’

Eon(\ 2) = EL(\, 2) ZAk (4

kz—i—k —1))%k
Es(A\z) = Esa(), 2) Z)\ WH) .

19+<,0_(

Using z r — ) 2%, note that

Eialh2) = ZAk ﬁki)i‘})k;' =

2+ (k=10 = 1)E(z + k(Y — 1))"(y)
= ol T (k) + 0)] -

Definition 2.2.2. For A € R, |A\| < 1 and 9,n,7,z € C with Re(Y¥) > 0, the discrete ML

functions are defined by

(2 H RO = 1) 49— D),
Fia(A2) = ZA T(Jk + n)k! ’

k=0

- + k(0 — 1) +n — 1)%kdn=tL
Ba(h )= B () =S a2 ,
0. (A, 2) 5.0 (A, 2) kZ:O ['(Vk + n)
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q9k;+1)

Es(\, 2) = Eou(\, 2) = FEa(), 2) Z
2.3 Ulam-Hyers-Rassias stability

The definitions of Ulam stability for FDE was introduced in [61]. Consider the system

{_Ag_2x(t) = h(p(t) + 0, 2(p(t) + ), te Ngt, 23)

z(V —2) =p, x(19+b+1)+)‘23+§ 1$(5) q,
where h: [0 —2,b+9+ 1]y, , x R >R, J € (1,2], b€ Nyand A > 0, p,q € R. Consider the

following inequalities:

AS_gy(t) + h(p(t) + 0, y(p(t) + )| S, € 0,b+ U, (2.4)

[AS_ay(t) + h(p() + 0, y(p(t) + 9))| < D(p(t) +9),  tE[0b+1],,  (25)

where 0 : [0 — 2,b+ ¥ + 1]y, , — RT.

Definition 2.3.1. If there exists a real number d, > 0 such that for each € > 0 and for every

solution y(t) € K of inequality (2.4), then a solution x(t) € K of system (2.3) satisfying
’x(t) - y(t)( <edy, te[d—2,b+9+1n,,, (2.6)

is UH stable. The solution of system (2.3)) is generalized UH stable if we substitute the function

on(€) for the constant edy, in inequality (2.6), where pp(€) € C(RT, RT) and pi(0) = 0.

Definition 2.3.2. If there exists a real number dj 5 > 0 such that for each e > 0 and for every

solution y(t) € K of inequality (2.5), then a solution x(t) € K of system ({2.3) satisfying

‘x(t) - y(t)‘ < db)dpg, te[d—2.b+9+ 1, ., (2.7)
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is UHR stable with respect to function d. The solution of system (2.3)) is generalized UHR stable

if we substitute the function ®(t) for the function €d(t) in inequalities (2.5)) and (2.7).

2.4 Gronwall type inequalities

Gronwall’s inequality is a bound to the solution of difference and summation equations with
different available versions. Also it provides estimation and comparison principle which are
helpful for uniqueness and stability of solution for IVP. First it was introduced by Gronwall in
1919 and later by Bellman in 1943. Its discrete analogue was introduced in [33] and generalized
in [20,36]. Here, we present Gronwall’s inequality for discrete calculus with the delta DO
in modified form. An application of Gronwall’s inequality has been given for the stability of
solution to fractional order Hilfer DE with different initial conditions. For this purpose, first we
develop a Gronwall’s inequality for the delta difference operator. Then a simple utilization of

Gronwall’s inequality leads to stability for Hilfer DE. Choose y and ¢ such that
x(z) < x(a)hy—1(z,a+1—n) + A;}Zl_ﬂp(az + 9 x(z +9), (2.8)
¢(x) > dp(a)hy1(z,a+1—n) + A7, yp(@ + )z + ). (2.9)

Lemma 2.4.1. Assume u and w satisfy (2.8)) and (2.9), respectively. If ¢(a) > x(a), then

o(x) > x(x) for z € N,.

Proof. We give the proof by induction principle. Assume ¢(F) — x(F) > 0 holds for F =
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a,a+1,---,x — 1. Then we have
o(x) = x(x) 2hy-1(z,a+ 1 =n)(6(a) = x(a)) + A, _gp(z + ) (x + )

— A ez +9)x(z +9)

where the last summation is valid for x € N, . Now, we shifted the domain of summation to

N,.

¢(x) = x(x) Zhy-1(z, 0 +1 =n)(¢(a) — x(a))

x

DI ;(ggg”pww — ().

F=a+1

By given assumption, we have
¢(x) = x(x) Zp(x)(¢(z) — x(x)) for F=a,a+1,--- 21

This implies that (1 — p(x))(¢(x) — x(x)) > 0 and for |p(x)| < 1, which is desired result.

O

Following the approach for nabla fractional difference in [36], let E,p = A}Y, 0 (z)p(z).

For constant @, one can use F,p to express Mittag-Leffler function.

Theorem 2.2. Assume n = 9+ ¢ — ¢ with 0 < 9 <1 and 0 < ¢ < 1. The solution of

summation equation
X(@) =x(a)hy—1(z,a+1—n) + A (@ +9 — Dx(z+9 — 1)

x(a

is given by x(x) =
I'(n

;iEf(x+n—a—1+€(19—l))’7_l.
=0

Proof. By method of successive approximation, the following is obtained:

Xk(z) =x0(T) + A;}Zl_ﬂw(x +9—1)xpa(zc+09-1), k=1,2,3,--,
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where xo(z) = x(a)hy1(z,0+1— 7).
For k =1, we have
Y1(@) =x(@)hy-1(w,a + 1= 1) + Afy e +9 — Dxole +0 — 1)
X( ) o 1, x(a) —1
——Ex+n—a—-1)"—+=—=<FE (zr+n—a—-1+9—-1)"—=
(e I gy B )

Proceed inductively, we obtained

k
_xl@) ST Bl ztn—a—1+09- 1)L k=123,
I'(n) =
. x(a) ‘
and letting k — oo then, we have x(z) = (77 ZE r+n—a—1+0010—1))"=
=0

Next, we derived a Gronwall’s inequality in delta discrete setting.

Theorem 2.3. Letn =9+ ¢ —Jp, with 0 <9 <1 and 0 < ¢ < 1. Assume |[¢(x)| <1 for

x € N,. If x and ¢ are nonnegative real valued functions satisfying

x(z) <x(a)h,—1(z,a+1—n)+ Aa+1 GV 49 —1)x(x+9 —1),

then we have x(x) g%ZEﬁ(g:—|—n—a—l+€(19—l))"_l
=0

Proof. Consider ¢(z) = % Yo ES(x4+n—a—1+000—1))=L.

n

The proof of theorem follows from Lemma and Theorem n
For n =1, a special case is obtained as follow.

Corollary 2.4.2. Let 0 <9 <1 and 0 < p < 1. Assume 0 < ¢(z) < 1 for x € N,. If x is

nonnegative real-valued function satisfying

X(@) <x(a) + ATV _pv(w +9 = 1)x(z +9 - 1),

then we have x(x) <x(a)e,(x,a),

where e,(x,a) is the delta exponential function.
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Proof. Following Theorem [7.2] that

a) ) Ei(1)

We claimed that > ,°) E%(1) = e,(z,a). To justify our claim, we utilized the uniqueness of
solution of following IVP, Ax(z) = ¢(z)x(z), x(a) = 1. A unique solution x(z) = e,(z,a)
of IVP is given in [103] for regressive function ¢ (). Thus, we have to show that > =, Ef(1)
satisfies the IVP Ax(z) = ¢ (z)x(z), x(a) = 1. Indeed,
ASE(1) =3 AE)
=0 =0
= Z AE,(E, (1))
S AN B ) = i) 3 L
(=

We have > ;2 E4(1)(a) = 14+ >,°, E4(1)(a) = 1, by Definition and empty sum convention.

Then the proof complete. O
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Chapter 3

New fractional difference operators

The classical method of obtaining fractional operators relies on iterating an integral to find
the integral of the n'" order and then exchanging n with any real number. The corresponding
derivatives are described after that. We start by introducing a generalized difference operator
analogous to Hilfer fractional derivative |[115]. To keep the interpolative property of Hilfer
fractional difference operators, we carefully choose the starting points of fractional sums. Some
important composition properties are developed and utilized to construct fixed point operator
for a new class of Hilfer fractional nonlinear difference equation with initial conditions involving
Reimann-Liouville fractional sum.

Hilfer’s definition in continuous fractional calculus is illustrated as follows: the frac-

tional derivative of order 0 < ¥ < 1 and type 0 < p < 1is

d

D f(x) = (107" (1879070 5) ) (o),

The special cases are Riemann-Liouville fractional derivative for ¢ = 0 and the Caputo frac-
tional derivative for ¢ = 1. Furati et al. [86,87] primarily studied the existence theory of
Hilfer fractional differential equations and also explained the type parameter ¢ as interpolation
between the RL and the Caputo derivatives. It generates more types of stationary states and
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gives an extra degree of freedom on the initial condition. Also we develop some important

properties of newly defined operator.

3.1 Hilfer fractional difference

Findings of this section appeared in [109]. In this section, we give the general definition of
the Hilfer like fractional difference operator. Motivated by the concept of Hilfer fractional
derivative [115], and to keeping the interpolative property, we present the following definition.
Assume f : N, — R, then the FD of order m — 1 < 9 < m, for m € Nj is given by

AV f(z) = A;fgn_;?gm_ﬁ)AmA;(l_W)(m_ﬁ)f(a:), for © € Nyim—g, where 0 < ¢ < 1 is the

type of difference operator. Observe that starting point of domain for A, (1=¢)(m=5) f(z) is
a+ (1 —¢)(m — J), whereas integer-order differences keep the same domain [116]. The starting
point of the last sum is compatible with the starting point for the domain of the function
AmA;(l_@(m_ﬁ)f(x), which is a + (1 — ¢)(m — ). This allows us the successive composition of

operators in above expression and the final domain of AV¥ f(x) is Nyy,,_g. To get some nice

properties, we restrict 0 < 9 < 1 in further analysis.

Definition 3.1.1. Assume f : N, — R. The fractional difference of order 0 < < 1 and type

0 < <1 s defined by

—p(1—9 —(1—p)(1—
AP f(z) = Aaf((k(p))(pﬁ)AAa(l D1-9) ()

forx € Nyy1_g.

The special cases are Riemann-Liouville fractional difference [31,/144] for ¢ = 0 and Caputo

fractional difference |2,/4] for ¢ = 1.
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3.1.1 Properties of Hilfer fractional difference operator

First we develop some composition properties to construct a FPO for a new class of Hilfer

nonlinear FDE with initial conditions involving RL fractional sum.
Lemma 3.1.2. Assume f: N, = R is defined, 0 <9 <1 and 0 < o <1, forx € Ny

(i) AL _y[A%f(x)) = A AN f (),

at+(1—¢p
(i1) A7 _y[ADe f(a)] = A28 ) AV f (),

(i) ALEAL ()] = A FGT0 AL f(x),

—p+9¢p)

(i) AV2IA;7f(2)] = f(a) = Ad P fla+1— (1 = 0)) X hoa_g)-1(z, a+1— (1 —0)).

Proof. (i) On the left hand side, if we use Definition and (Theorem 5 [116]), then we obtain
1 9) -
Aaf1 A7 f(2)] =A a+1 PITAW SO Lp)(l 9) AN =AU £ ()]

(¥ ¥ —
7Aa+(;_4p4p fﬂ)AA (=t 19)-]0(1’,)

(#7) On the left hand side, use (i) and first part of (Lemma 6 [116]),

AT GIALe f(a)] =AU AN £ ()

(9+p—D
—Aa+(1 Ay fﬁ AT f ().

(74) Using Definition and (Theorem 5 [116]), we get
— —9 —
ALHIA @] =B - A8 78 @)

=AY ) AN ) f ()

a+(1 so+19so

_A—p(1-9) 1—¢
_Aaf(1—<p+ﬁ<p)Af( )f@)

In preceding step, we also used first part of (Lemma 6 [116]).
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(iv) Consider the left hand side, use (iii) and second part of (Theorem 8 [116]),

AVEIAT f(a)) =A 700 A2 f(x)

—p(1-0 -
:Aaﬁf@(ifﬁ)Af(l ﬂ)f(g;)

=f(x) = A fla + 1 — p(1 - 9))

X h@(l_ﬁ)_l(ilf, a + 1-— (10(1 — 19)) O

For nonempty set N7 the set of all real-valued bounded functions B(N7) is a normed space
with || f|| = sup,enr {f(2)}. We consider a weighted space of bounded functions By(N7) := {f :
NI = R;|(x —a—9)Af(x)| < M} with 0 < X\ <9 and M > 0. The weighted space of bounded
functions is considered for finding left inverse property, but further analysis is not influenced by

this space.
Lemma 3.1.3. Let f € By\(NI) be given and 0 < X < 1. Then A % f(a+19) =0 for 0 < X < 9.

Proof. Since f € By(NT), we have |(x —a —9)2f(z)| < M, for some positive integer M and for

each x € NI. Therefore it follows

AL f (@) <M[AT"(y — a — 0)=](x)

(x —a —09)2=2
<MT(1— X\ .
<MY ) L —A+1)
In the preceding step, we used the fact A% (z —a)=2 = (z — a)ur(rﬂ(:i)l). The desired result
is achieved by applying limit process x — a + 9. O]

Next, we state the left inverse property.
Lemma 3.1.4. Assume 0 <9 <1,0< ¢ <1 andn=19+ ¢ —dg, then for f € Bi_,(NI),
AchA F(@)] = f(2).

Proof. Since 0 < 1—n < 1—p(1—19). Thus Lemma/3.1.3 gives Ay ' ?T") f(a+1—p+d¢p) = 0.

Hence the result follows from the part (iv) of Lemma [3.1.2] O
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3.2 Substantial fractional difference

Findings of this section appeared in [108]. Substantial fractional order integral and derivative
were introduced by Chen and Deng [57] in recent form. The definition in RL sense is as follows:
Assume that a function f is (m — 1)-times continuously differentiable on interval (a, c0) and mth
order derivatives are integrable on some finite subinterval of [a, c0), where m — 1 < 9 < m for a

positive integer m. Furthermore assume o to be a constant, then DY f(x) = D™ [Iém_ﬁ)f(:p)} :

where D" = <g + U)m, and I(m=?) = /
Ox y=a

y=r (.I _ y>m—19—1

—o(z—y)
T —0) ¢ f(y)dy.

Before giving the formal definition of difference operator, we define the product e., (z, a)e.,(y, a)
for z,y € N, as a solution of the delta partial difference Cauchy problem
A x(7,y) — ardyx(z,y) = 0,

with  x(x,a) =e., (x,a), x(a,y) = eq(y,a),

where c1, ¢y € R for the set Rofregressive functions. Note that the product of two exponential
functions in continuous calculus enjoy the exponent law, i.e. e“%e®¥ = e“1%+<2¥  This is the
key motivation behind the product of two delta exponential functions in discrete calculus.
Surprisingly, the analogous result does not hold in general for the discrete case. However
ec(x,0)ec(y,0) = e.(x + y,0) holds for x,y € Ny.

Lizama [140] considered abstract fractional difference equations with the kernel of Poisson
distribution. To define fractional substantial sum, here we shall use the same kernel in discrete
setting, specifically by using the delta exponential and Taylor monomial on discrete time scale

as in [|10].

Definition 3.2.1. Assume f: N, - R, 0 <9 € R and a constant —p € R. Then the fractional
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substantial sum of f of order ¥ is defined by

SN f(x) =300 ho1(2,0(F))e_p(x — F,0)f(F), for x € Nays.

Definition 3.2.2. Assume f: N, = R, m — 1 <9 < m with positive integer m and a constant

—p € R. Then for x € Nyim_y the fractional substantial difference of f of order ¥ is defined

by SAV f(z) := SAm[SAaJ:; 7S)f(x)], where SA™ = (Ali;p)m, and A, is delta partial difference

with respect to x.

Remark 2. Note that for p = 0, substantial sum and difference operators reduce to RL sum

(Definition [2.1.15)), and RL difference (Definition [2.1.17]), respectively.

3.2.1 Properties of substantial fractional sum and difference opera-
tor

Lemma 3.2.3. (Composition of fractional Sums) Assume f : N, — R and 9, ¢ are positive real

numbers. Then for x € Nyyyy,, we have

PALCAL (@) = (CA T f) (@) = [PAL,CA7 ().
Proof. For x € Ngyy4,, consider the left hand side

FAZCATEA Z hy1(z, 0(F))ep(z = F,0)CA7F)(F)

F-9

= i: ho_1(z,0(F))e_,(z — F,0) Z ho—1(F,0(w))

S8 (@ — ()L (F = ofw))e=t
‘2%%%“? [(0) Ty W



Let F — o(w) =y,

1 z—(9+p)
[ Aa+g&< A, (pf)]( ) F(ﬂ)F((p) Z e*P('%. U),O)
w=0
z—9—w—1
x Y (z—y—w—2)" (e f(w)
y=p—1
1 z—(04p)
A CAZZ (@) B0 Y el —w,0)
w=0
1 z—I9—w—1
i X @ w- - )W f(w)
y=p—1
By using Definition [2.1.15 we get
] oY
[Aa+4p( A, gOf)]( ):W Z e—P —w 0) [Ago 1ZEL'D l]w_}w w— 1f(w>
By Lemma [2.1.16 we have A;fle = % 9+¢=1 which yields the following
z—(9+¢)
PAYCAZZ () = UZO e_p(r —w,0) [m(z —w — 1)%71] f(w)
—(9+¢)

Z hosp1(z,0(w))e_p(x — w,0) f(w)
=( SA (00) f) ()

for € Nyyyyp,. We may interchange ¥ and ¢ to get

PALCAT () = (AT f)(2).

Lemma 3.2.4. (Left inverse property) Assume f: N, — R and ¢ > 0 and for positive integer

m, m—1<9 <m. Then for x € N, y,

CATCA (@) = f(2). (3.1)
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Proof. First, we prove the identity (3.1) for integer m by induction. Consider the base case for

m=1, SALAMf(2)} =

[Zhowa e_p(x—Qf,O)f(g’)]

Since ho(x,0(F)) = 1, we have

SALAT (2 [:éepx—go (5)}+1P%p[;§e_p(x—5,0)f(5)].

Now, applying Leibniz formula Lemma [2.1.11] on first bracket, we obtain

ALAS ()} = |

— i Age_p(x — F 00 f(F) +e_p(z+1— 1, O)f(x)]

| e p(z = F,0)/(7)]
:%p { —pep(z = F,0)f(F) + (1-p)"f(2)]
e [ xil e_plz—F, O)f(rf)} = f(2).

Assume the statement in Equation (3.1]) is true for m. For induction step consider
sAm—i-l SA;(m+1)f(ilj') _ sAm—i—l{ SAa—i];m SA;m}f(x)
= SAT{A AL} AT f(x)

=A™ AT f(x) = ().

For positive integer m and m — 1 < 9 < m, we have

APA @) = CATPALTIA f ().

Finally, using Lemma |3.2.3, we arrive at

ATPAT f(@)] = AT AT f(2)} = f(x).
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Lemma 3.2.5. (Composition of sum with difference) Assume f: N, — R, 9 >0 and k € Ny.

Then for x € Ngyy

8 a0 =3 () o ) = eyt -t L)
(3.2)

Further, ¢ > 0 such that for positive integer m, m —1 < ¢ < m. Then for x € Nojm—pto

A A @) =Y (m) (py™d s A-O=med ()

=0 \7
m—1 1—1 .
) 3.3
—epo—a+ 02 Y (1) 43)
i—0 j—o \J
X hy—jri(z,a) *AP7F fla+m — o)

Proof. Case I: Suppose ¥ ¢ N¥~1. First note by Lemma that
Ay [hﬁ,l(x, Fe_p(a—F+1, 0)} = hy1(z,0(F)) [pe,p(x—ff, 0)] —hyoo(z,0(F)) [e,p(x—ffﬂ, 0)] .

Now using Definition and applying summation by parts formula (Lemma [2.1.12)), we have

AL CAFf( Zhﬂ (2, 0(F))e_p(x — a(F),0)[ A" f(F)]

r—09+1

=hy_1(2,Fle_p(x —F +1,0) “AFLf(F)

—Z[ph“xa F)e_p(z — F,0)

— hys(z, 0(F))e_p(z — F + 1, 0)] TARLE(F)

F=a

=l.e_,(9,0) SAF 1 f(x =9+ 1) — hy_1(x,a)e_p(x — a+1,0)

x SAFLf(a) thg 1z, 0(F))e_p(z — F, 05 AP F(F)

+ ) hya(z,0(F))e_y(z — F + 1,0)°AF f(F).
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Combining the first term with last sum, we have

sA;ﬂ[ SAkf(l’)] _ SA;(ﬁ—l) [ SAk_lf(:L‘)} —p SA;ﬂ[ SAk_lf(:L')}
—hy_1(z,a)e_p(z —a+1,0) *AF 1 f(a)
:( —p SA;ﬂ + SA;(ﬁ—l)) [ SAk_lf(iL‘)}

—e_p(r—a+1,0)hy_(z,a) *AF 1 f(a).
Another application of summation by parts formula

sAgﬁ[ SAkf(CL‘)] :(pQ SA;ﬁ . 2p SA;(ﬁ—l) + sA;(ﬁ—Q)) [ SAk_Qf(iL')}
—e_p(r—a+1,0)hy_(z,a) *AF 1 f(a)

—e_p(x—a+1,0){ = phy_1(z,a) + hg_s(z,a)} *A*?f(a).
Again using summation by parts, we get

AN ARf ()] =(= PP AT 4 3p7 ALY — 3p AT s AT
x [PAF3f(2)] = e p(@ — a+1,0)hy_1(z,a) *A* f(a)
—e_p(z —a+1,00{ — phy_1(z,a) + hy_s(z,a)} *A**f(a)
—e_p(x —a+1,0){p’hy_1(z,a) — 2phy_s(z,a) + hy_3(z,a)}
x SAF3f(a).

Further (k — 3) times application of summation by parts gives

AP (PAY)](2) :Z (k) (=p)" 7 ATV f(x) —e_p(z —a+1,0)

Jj=0 J
k—1 +—1 Z

« 3 (j) (=p)Y ho_s i1 (. @) "N f(a)
i=0 j=0

where by assumption hy_j.1(z,a) is well defined for ¢ ¢ Nf~*.

Case II: Now Suppose ¥ € N~ Then k — 9 € Ny, we have for z € Ny,
(A AR () ={ AP AT A AN f (o)

a+9

_ sAkﬂ?{ sA;’(ff;ﬁ) SAgﬁ} SAkf((IJ)

— sAk—ﬂ[ SA;k SAkf(I)}
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By Case I and Equation (3.2), we arrive at

8 AN = S () ot satpta) eyt = at 1.0

=0 \J
— Z 7 s A k—i+1
<Y ()bt 85 )]
i=0 j=0

Using Lemma and Lemma [2.1.16 we get

[ sAgﬂ( SAkf)]({L’) :Z (k> (_p)k—j SAj—ﬂf(x) i 6_p(l’ —a+ 170)

Jj=0 J
k—1 +—1 i

« ( ) (=pVho_sor (@, @) *AF1 £(a).
i—0 j—0 \J

Now consider the Equation (3.3) for z € Nyiy,—,1+9, where m is positive integer such that

m—1< ¢ <m and define g(z) :== *A; " f(z) on Nyym_,, then by Lemma we have

AL A E) = AL, AT ().

a+m—ep at+m—e

By using Equation ((3.2))

AT (AP () =3 ”7) (—p)™3 AT g(x) — e_y(x—a+1,0)

=0 7
m—1 i1—1 i
DI (J) (=pVho—jea(w,a) *A™ " g(a+m — @)
=0 j=0
- m —J sAJ—Y s A—(m—
=3 () oAt A )
J=0 J .

j=0
m—1 i—1
7 . .
N> (J) (=pYho—jra(z,a) *A*"F fla+m — ).
=0 j=0
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Lemma 3.2.6. (Relation between Riemann-Liouville and substantial fractional operators) As-

sume f: N, = R, m —1 <9 < m with positive integer m and a constant —p € R. Then

(i) A7 f(x) = e_p(x,0)A % [e_p(—x,0) f(z)] for x € Nuyry where A7 is substantial frac-
tional sum operator and A;” is Riemann-Liouville fractional sum operator.

(i) *AY f(x) = e_p(z,0)AY yle_p(—2,0) f(x)] for x € Nyym_y where *AY is substantial frac-

tional difference operator and Agw is Riemann-Liouville fractional difference operator.
Proof. (i) Note that e_,(z — F,0) = e_,(z,0)e_,(—=F,0). For z € N 4y, consider

ALY f(x Zhﬁ (z,0(F))e_p(z — F,0)f(F)
z—19

—e_p(@,0) 3 hy-r(a,0(F))e—p(~F, 0) /()

F=a
By Definition
A f(a) = ep(@,0)A, " [ep(—,0) f ()],

(73) For x € Ny, _y, consider

SAYf(r) = AT AL f (o)

a+9
z+9—m
A “’ Z hong1 (0, 0 (F))e_p(x — F,0)f(F)
7 z+I—m
=<A1%p)m- (G S a0l eyl = ,0)7(9)]
9 at+p
z+9—m
N :(Al%zp)m—l [%{ep(x, 0) g;w B2, 0(F))ep(~F,0)f(F)}

S m—1
- 1—p AL @),
By using Lemma [2.1.14] and Lemma [2.1.10} we have

z+93—m
1

S _ AE +p m—1 1
() =G0 [T ealo(0), 00A) 2 Fnsa(@o()
< (T0N(T) —p AL )} + T A @),
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2.1.15, we obtain

using the fact %(?’0) = e_,(2,0) and Definition

w)m_l[e_p(x 0)ALA ey (~T,0)/(9)}].

A f ) =(F

By Lemma Z-T.29
AI‘ m—
A (@) =G e @ 008 ey (-7, 0 £(7))]

= A p(w)]

Repetition the same processm — 1 times, we obtain

AT f(x) = eop(w,0) A7 yle—p(—,0) f(x)].

Remark 3. One can find the relation between substantial and Caputo difference by making use

of relation between substantial and RL difference Lemma [3.2.6| along with the relation given

in [4, Theorem 14] for Caputo and RL difference.
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Chapter 4

Delta Laplace and double Laplace
transform

In this chapter, we introduced the delta double Laplace transform similar to the one presented
by Bernstein [49] in such a way that properties and expressions bear a resemblance to that
appearing in Debnath [71] for the continuous calculus. The double convolution product that
we introduce in this chapter, resemble with the convolution product defined for delta calculus
in [50,|103], but it differs from the one defined by Atici in [29]. We consider the problem with
constant coefficients in two independent variables and solve partial difference equations with

initial data by applying the delta double Laplace transform. Findings of Sections and

are appeared in [111].

4.1 The delta double Laplace transforms

In this section, we give abstract definition of the delta double Laplace transform. For convenience,
we simplify definition to series representation following the pattern by Goodrich and Peterson
[103] for the delta Laplace transform. Also conditions for existence, uniqueness and linearity of

the delta double Laplace transform has also been revealed.

Definition 4.1.1. Assume f : N, x N, — R. Then the delta double Laplace transform of f
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based at (a,a) is the successive application of the delta Laplace transform on x and y in any

order

Lol f(2, y)l(p: q) = Zo[ L (2. y);y — g2 — p
= 2L f (v, y);2 = phy — q]
= Z,[F(p,y);y — 4

= F(p,g),
where £, and £, are the delta Laplace transforms (single) based at a with respect to x and y,

respectively and that % is the delta double Laplace transform based at (a,a). The delta double
Laplace transform of a function f(z,y) of two variables x and y is defined in p-q plane provided

that the following double sum converges

ALY / / ecp((2), a)ecy(o(y), ) f (2, y) Arlry

for all complex numbers p # —1 and q # —1.

One can easily verify by using Lemma that .£,.%, = £,.%,. Later in Theorem
we will prove that the double infinite series is absolutely convergent. It is well known that
absolutely convergent series behave nicely and change in the order of summation ) .- Z;io is

allowed. Therefore, we can use .£,.%, = £,.%,.

Lemma 4.1.2. Assume f : N, x N, = R.Then

[S oo o]

fla+j,a+k)

:L‘ y - Z +1 k+1
— = (p+ 1) g+ 1)

for all complex numbers p # —1 and q # —1 such that the infinite series converges.
Proof. By using the definition of the delta double Laplace transform, we have

Aty / / eop(0(2), Q)eag(o(y), a) f (2, y) Aziy.
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Now by the definition of delta integral from discrete calculus, we get

L{f}p.q ZZe@p a)ecq(o(y), a)f(z,y)

y a Tz=a
—ZZ 16p)" @716 q)"W " f(z,y)
y a T=a
_ Y)
yz;; p+1 erl a q_i_l)erlfa'

In preceding steps, we used the definition of delta exponential function and the fact that
l1op =1 +p and 10 q = +q since p and ¢ are regressive functions. In the following step, we let

x —a =7 and y — a = k to re-index the sums as follow:

oo o0

fla+j,a+k)

z:%]zo (p+1)i+t Q“‘l)kﬂ‘

]

Theorem 4.1. Assume that the functions f(x,y) : Ny x N, — R, g(z) : N, — R and

h(y) : N, = R such that the delta double Laplace transforms exists, then the following holds:
(i) Z{9(2)}(p,q) = ;Z:d9(2)}(p),
(ii) ZL{h(y)}(p,q) = ;L {h(y)}(a),
(i) f(x,y) = g(@)h(y), impliesLo{ f(x,y)}(p, ¢) = Le{9(2) }p)ZLy{h(y) }(0)-
Proof. Under the assumption stated above and by Lemma [4.1.2
(i) For p # —1, ¢ # 0, —1, we have
PR o L

R 1 — gla+))
- Z (g + 1)k j:ZO (p+ 1)+




(ii) The proof is similar to part (i) for p # 0, —1, ¢ # —1.
(iii) For p # —1, ¢ # —1, we have

Bl )M ZZ gla+j)h(a+ k)

k=0 j=0 (p+ 1) (g + 1)+
_ N glet)) - hatk)
— JZO (p+ 1)j+1 § (q+ 1)k+1
= Z{g(@)}p) L, {h(y)}Ha)-

Example 4.1.3. (i) If f(z,y) =1 for z,y € N,, then £{1} = pq,

(i) If f(z,y) = (x — a)™(y — a)® for x,y € N, then Lo{(x — a)™(y — a)™} = me+272+1-

(i) By Lemma

[e.e]

= 1
{1} = Z p+1)]+1<q+1)k+1

k=0

o0

1 1
T 2

I
S

fO?" b, q 7& 07 —1.

(ii) By using Theorem [{.1] part (ii1), we get

L{(r —a)™(y — a)*} = Z{(x — a)*} L {(y — a)*}.

By using Lemma on the right hand side of above equation

m/!

Lo{(x —a)™(y —a)"} = Wiﬂy{(y —a)*}
m! n!
- pm—l—l qn+1 :
If we choose either m =0 orn =0, then as a special case of above equation

n!

$2{<y_a)ﬁ}:W7 fOT p7Q7é07_]-7

m)!

L{(x —a)™} = iy for p,q#0,—-1.
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Coon and Bernstein [49,66] defined the double Laplace transforms and discussed convergence
and existence for continuous case. We present now discrete analogue of the double Laplace

transforms.

Definition 4.1.4. Let f(z,y) : N, x N, — R, be a function of EO ri,m9 > 0 with respect
to x and y respectively. If there exists a constant A > 0 and m,n € Ny such that for each
x € Nypy, and y € Ny, then inequality |f(x,y)| < Arfry holds, where A = max{A;, As} for

(2, a)l < Ay and | f(a,y)| < Aary.

Theorem 4.2. If a function f(z,y): N, x N, = R is of EO ry,r9 > 0, then the delta double
Laplace transform £{f}(p,q) converges absolutely for p and q provided that|p + 1| > r1, and

lg + 1| > rs.

Proof. Assume f(z,y) : Ny, xN, — Ris of EO ry, 75 > 0. Then there exists a constant A > 0 and
m,n € Ny such that for each z € Nyyp, and y € Ny, |f(z,9)| < Arfry. Thus for [p+ 1] > rq,

|g + 1| > r5 we consider the following:
>3 | il < XS
— = p_|_ ]+1 q+1 k+1 — |p+1|]+1‘(]+1|k+1
i () ()
T p |q+1|ZZ lp+ 1/ \[g+1
Arirg (|p+1|> (\q+1|>

\p—|—1| |Q+1’ (1_ r1 ><1_T_2>

lp+1] lg+1|
Ara-i—m a+n

p+ 1 lg+ 11 [(Ip+ 1] = 1) (g + 1] = 72)]
< 00.

Since |p+ 1| > ry and |q + 1| > rg, therefore [p + 1| — 1y > 0, |¢ + 1| — 72 > 0. Hence the delta

double Laplace transform of f converges absolutely. O
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Theorem ensures the existence of the delta double Laplace transform. In general, the converse
does not hold. We should consider functions f of some EO r > 0, to ensure the delta double
Laplace transform of f does converge somewhere in the complex plane outside the both closed
balls of radius r; and rq, centered at —1, that is we can choose r = max{ry,ro} for [p+ 1| > rq,

|q—|—1| > To.

Theorem 4.3. Suppose f, g : N, x N, — R. [If the delta double Laplace transform of f, g
converges for |p+ 1| > ry, |¢ + 1| > re, where ri,r9 > 0, and let ¢;, co € C. Then the
delta double Laplace transform of ¢ f + cag converges for |p + 1| > ry, |q¢ + 1| > rq, and that

Lo{erf + cag}(p, @) = e o{f}(p, @) + c2%{g}(p, q) converges for |p+ 1| > ry, |¢+ 1| > ro.

Proof. Since f,g: N, x N, — R and the delta double Laplace transform of f, g converges for

lp 4+ 1] > 71, |¢ + 1| > re, where ry,r9 > 0. We have that for |p+ 1| > 7y, [¢ + 1| > 7,

fla+j,a+k)
(p+ )it (g + 1)k+1

6132{][}(2?7 ) + 02$2{g} b,q C1 ZZ
k=0 j=0

gla+j,a+k)
—i—CQkZOJZO (p + 1)i+1(q + 1)k+1

ii (c1f +cag)(a+j,a+k)

1 k+1
—  (p+ 17 g+ D
z{clf+02g}(p, q).

]

Theorem exposed the linearity property of the delta double Laplace transform and

Theorem [4.4] revealed the uniqueness.

Theorem 4.4. Let f,g : N, x N, = R and r > 0, o > 0. If L{f}p,q) = L{9}(p,q),

provided |p + 1| > 11, |q + 1| > ra, with p,q # 0,—1, then f(z,y) = g(x,y) for all z,y € N,.
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Proof. By hypothesis, we have

LAY q) = L9} (p,q)

for |[p+ 1| > r1, |¢ + 1| > r2. This implies that

= fla+j,a+k) = glatj,a+k)
ZZ p_|_ j+1 q+1 k+1 ZZ p_|_1]+1 q+1)k+1

k=0 j=0 k=0 j=0
for [p+ 1| > r1, |¢+ 1| > 2. Since by Theorem [4.2] the double infinite series is absolute

convergent, therefore comparison of both sides of above equation imply that
fla+j,a+k)=gla+ja+ k) forall j ke N,.
For each fix j and for all y € N, this implies that
fla+j.y) =gla+j,y)

For each fix k, we get

f(x,y) = g(z,y),for all z,y € N,.

4.2 Properties of the delta double Laplace transform

In this section, following by Bohner et al. [52] we prove some properties of the delta double
Laplace transform. We also define double convolution product of discrete functions following
convolution product (single) of discrete functions introduced by Goodrich and Peterson [103].
We present the delta double Laplace transform of double convolution product for later use to

solve difference equations.
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Theorem 4.5. Assume that f : N, x N, = R and Z[f(z,y)] exists. If L[f(x,y)] = I%(p, q),

then

Do — vy — B)H(x — a,y — B)] = copla, 0)eay(5,0) [F@, 2

-y

s=0 =

c—a—1

fla+F,a+s)
p+ 1)7+1(q + 1)s+1

0
where H(x,y) is the Heaviside unit step function defined by,

07 Z‘fZL’—Oé,y—ﬂERlzil,

H(m—a,y—ﬁ):{L if v—a,y—p €N,

Proof. We have by Lemma [4.1.2]

Lfa =y = —ay- ) =y 5 HEe e TERAe e P

Z Z a aj+f(;+1)k+1 :

k=B+c—a j=a+c—a

Re-indexing by j —a =% and k — § = s,

fla+F,a+s)
Lolf(r —a,y — B)H(x — a,y — B)] Z 72 a+3’+1<q F1)F+st
fla+F,a+s)
= ZZ T
(p+1) { 0q0p+1 g+ 1)t
c—a—1c—a—1

fla+F,a+s) ]

— = p+ )74—1 q+1)s+1
0

2 2 fla+F,a+s) }
i p+ ff+1 q+1)s+1 ’

In the last step, we use Lemma [4.1.2| with the fact eg,(a, 0) = W and eg,(3,0) =

]

_1
(g+1)B"

Theorem gives a different result from its continuous counterpart stated in [71]. We state the

useful shifting Theorem [£.6] for discrete setting.

Theorem 4.6. Assume that f : N, x N, = R and L[f(z,y)] exists. If L[f(x,y)] = l%(p, q),
then
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(i) Blf (@ — (c—a),y — (¢ — a))H(z,9)] = Gy F (0. 0),

(1) L@+ (c— )y + (c—a))] = [(p+ (g + 1] [F<p, 2

o Zc a—1 c—a—1 fla+F,a+s)
F=0 (p+1)7H (g+1)*+t |7

where H(x,y) is the Heaviside unit step function defined by

0, if x,ye N1
1, if x,y € N.

Proof. (i) We have by Lemma[l.1.2] %[f(z — (c — a),y — (c — a))H (z,y)]

_iif(j—|—2a—c,k+2a—c)H(a+j,a+k)
B (p+ 1)1 (g + 1)k+!

B fG+2a—ck+2a—c)
B2 R Ea e

_ii fla+F,a+s)
- (p+ 1)9+c—a+1(q+ l)s-i-c—a-i-l

s=0 =0
= 1 fla+F.a+s)
o+ D+ D &5 45 o+ D77 (g + )
|

“ T Da+ 1>]HF“” 2

(i) By using of Lemma and re-indexing by ¥ = j+c—a and s =k + ¢ — a,

= — fU+ek+c
DLlf(x+ (c—a),y+ (c—a) :E E 7 +1)>k+1
— = P+ 1) (g

Z Z a—l—g’ Cl“—S)
p+]_ ?+a c+1(q+1)s+a c+1

s=c—a F=c—a

fla+F,a+s)
1 Ca
[(p+ Q+ Z Z p_|_ 5+1 q_|_1)5+1

s=c—a F=c—a
c—a—1c—a—1

= [(p+1)(g+ D] [ﬁ -2 X p+‘{l?ff qfl))

s=0 5=0
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Theorem 4.7. Assume that f(x,y) is periodic with periods Ty, Ty € Ny and L[ f(x,y)] exists,

then

& flatga+k)

[]. — eep(Tl, @@q T27 ]Z; 0 p+ ]+1 q+ 1>k+1

XQ[f(SC, y)] =

Proof. Under the assumption, we have by Lemma [4.1.2]

= fla+ja+k)
Lf(z,y)] = kZ:Ong (p+ 171 (g + 1)k+1

(]

fla+j,a+k) 5353 fla+j,a+k)
.O(erl)J“qul’c+1 o (0 1) (g + DR
1

Il

o
<

Il

5o
|
A

1

fla+j,a+k)
= = g+ )M

= fla+u+Ty,a+v+Ty)
ZZ p_|_ 1 T1+u+1 q_|_ 1)T2+v+1'

Il
=)

+

v=0 u=0

In last step, we used j = T7 +u and k = T, + v to re-index second double summation. In second

double summation, periodicity of f implies that

To—1T1—-1 co 00
Lol f(x,y)] = kz:; JZ_; (p f_(?)j;f’;l:fkﬂ + Uz;uz: (p+1 Tirjflt ;:f))Tngerl

& & flatjatk)

kﬁjﬂ(p+nﬂ%m+wﬂl
N 1 T2 Z fla+u,a+v)

( +1) et i (p+ 1)+t (g + 1)+

_”*ﬂ’l ﬂa+xa+@

2 2 (p g 1)t (g + )R

fla+u,a+wv)
+€@p<TI; €oq T27 ZZ p+1 u+1 q+1)v+1
v=0 u=0

20 _{(f);if’(j - f;m +eep(Th, 0)cc (T3, 01 (2, y)]

[1— eep(Th €oq (13,0) o =0 p—l—l Vit (g + 1)k+1
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Definition 4.2.1. Let f,g: N, x N, = R. The double convolution product is defined by,

rx—1 y—1

(f **g)(x,y) ZZfrs (x —o(r)+a,y—o(s)+a) for z,y € N,

r=a s=a

with empty sums convention (f * xg)(a,a) = 0.

Lemma 4.2.2. Let f,g: N, xN, — R. The double convolution product is commutative, namely

(f *xg)(x,y) = (g *f)(x,y) for x,y € N,.

Proof. By Definition and the change of variables t —r—1+a=wvandy—s—1+a=v

z—1 y—1

(g**f)(x,y) ZZgrs (x—o(r)+a,y—o(s)+a) for z,y € N,

r=a s=a
z—1 y—1

=S oo — o(w) + 0,y — o (v) + a)f(u,v),

u=a v=a

= (f*xg)(x,y), for z,y € N,.

Theorem 4.8. (Convolution theorem) Let f,g : N, x N, — R. If both Z&[f(x,y)], and

Lg(x,y)] exist, then the delta double Laplace transform of double convolution product is

LA(f xx9)(z,y)} = Lo f(z,y) ) Lo{g(z,y) }-

Proof. Under the assumption of Theorem we have by Lemma 2| and the fact (f*xg)(a,a) =0
(f*xg)la+j,a+Fk)
(p+ 1)+ (g + D+

(fxx*g)(a+j,a+k)
(p+ 1)t (g + 1)+

I
NE

LoA(f *xg)(w,y)}

Il
M+
1M1

k

o 1
- ; Z (p+ 1)7+1(q + 1)k+1

1

a+k la+j—1

X Z Z fr.s)g(a+j—o(r)+a,a+k—o(s)+a).

r=a s=a

o4



In last step, we used the Definition [£.2.1 next making the change of variables r — a + r and

s — a + s gives us that

g2{(f**g)(x,y)}:Zzzzf(a"i_r G+S)g(a—?-j—o'(r) a+k—o(s))

(p+1)7t (g 4 1)k+1

> fla+r,a+s)gla+j—o(r),a+k—o(s))
Z Z (p+ 1)it1(q + 1)k+1

B S m = fla+ra+s)gla+j—o(r),a+k—o(s))
_ZZZZ (p+1)j+1(q+1)k+1

S flatrats)glat Fiiat F)

o Z Z Z Z (p+ 1)«71+7“+2(q+ 1)«724-5—&—2

= (at+ra+ts) ZZ gla+F,a+ %)
= i (p+1)r+1(g+ 1)+ (p + 1)7+1(q + 1)%+1

= L f(x,y)}La{g(z, y)}-

In previous steps, we interchange the order of first pairs and second pairs of summation and

HFo=0 F1=0

change variables j —r—1 =% and k—s—1=%. n

Corollary 4.2.3. Let fag : Na X Na — R. [f f(xay) - X1($)¢1(y)7 and g<x>y) - XZ(x>w2(y)

and the delta Laplace transforms exists, then

LA+ x9)(2,y)} = La{ (X1 * x2) () }-Z{ (1 12) () },

where the product on right and left hand sides are given by Definition and Definition|2.1.25

respectively.

Proof. By double convolution theorem, we have

LA(f xx9)(z,y)} = Lo f(z,y) ) Lo{g(2,y).}

Since L[f (7, y)] = La[x1(2)1(y)] = Zelxa(7)] L[ (y)],
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and Z[g(7,y)] = Laxa(2)V2(y)] = Zex2(2)] L, [V2(v)],
Consider LoA(f +xg)(x,9)} = Lolxa(2)| L, [ (v)] L [x2 ()] 2 [¥2(y)]

= Za[x1(0)] Lz [x2(2)1 L [¥1 ()] 2, [ (y)]

= 201 * x2) ()} { (Y1 % ¢2) () }-

Last step followed from single convolution Lemma [2.1.26 ]

4.3 Delta double Laplace transform of partial differ-
ences

In this section, we examine the action of the delta double Laplace transform on first order
partial differences. The results developed for first order partial differences are further used to
establish properties of the delta double Laplace transform of generalized order partial difference,
similar to that appeared in [25] for fractional order partial derivatives. We usually consider
functions x : N, x N, — R of EO 71,7, > 0 with respect to x and y, respectively, ensuring that

delta and the delta double Laplace transform of x(x,y) and its partial differences exist.

Lemma 4.3.1. Assume x : N, x N, — R such that the delta Laplace transforms exists for

constants p # —1, q # —1.Then

ZoAo[x(z,y)] = pZe{x(z, )} — x(a,y), (4.1)
LAy [x(z,9)] = 4L {x(z, y)} — x(z, a), (4.2)
LoDy [x(2,y)] = Ay Lax(z,y), (4.3)
ZyAs[x(2,y)] = AoZyx (2, y). (4.4)

Proof. By definition of the delta Laplace transform on =z,

LA ()] = / " eoplo(x), a)Asx(z, y)Ax.
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Apply summation by parts Theorem [2.1.12] on =, and using the fact

Aglecp(o(x),a)] = Spesy(x, a), we have that

LN Ix (@, y)] = ecp(z, a)x(x,y)

T | epecy alar

Use the the fact egy(z,a) = W and ©p = 5,
L] = )| =[xt (s et
(p + 1)-?-& Tr=a a (p + 1)

Since (p+ 1)eep(0(2), a) = eople, a),
LA ()] = 0= xla.p)] +p T (@ y)eaplo(a), a)Az
- —X(CL, y) + pgx{X(‘ra y)}

=pZ:Ax(@,9)} — x(a,y).
Let Z.x(z,y) = u(p,y). Consider the left hand side of equation (4.3]) and use the definition of

delta difference
LAy Ix(7,y)] = Le[x(z,y + 1) — x(z,y)].

By using linearity property of the delta Laplace transform, we get
ZoAyIx(z,y)] = Lox(z,y + 1) — Lox(z,y)

=u(p,y +1) —ulp,y). (4.5)
Now consider the right hand side of equation (4.3)) and use Z,x(x,y) = @(p,y)

Ay Zx(x,y)] = Ayu(p,y).

By using the definition of delta difference, we get

AyZx(@,y)] = alp,y + 1) — alp, y). (4.6)
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Equality holds in equation (4.3)) from equations (4.5) and (4.6]). Proof of equations (4.2)), (4.4)

is similar to those of equations (4.1)), (4.3)), respectively. ]

Theorem 4.9. Assume x : N, x N, — R such that the delta double Laplace transforms exists

for constants p # —1, q # —1.Then

(i) LAx(z,y)] = pLo{x(2,y)} — L {x(a,y)},
(i) L0 [x(z,y)] = ¢L{x(z,y)} — L{x(z,a)}.

Proof. Since by definition the delta double Laplace transform is the successive application of
the delta Laplace transform on x and y in any order, therefore % = £,.%, = £,.Z,.
(1)  Consider

By using equation of Lemma , we get
LD[x(@,y)] = L ZLe{x(@,y)} — x(a,y)].

Use linearity property of the delta Laplace transform for .7},

(i)  The proof is similar to that of part (). O

Note that for constant a, A.{x(a,y)} = x(a,y)—x(a,y) = 0. We adopt the following symbols

in our result which are non zero in general A {x(a,y)} = A {x(z,y)}| , Ay{x(z,a)} =

r=a

Ay{x(z,y)} that is first we take difference and then evaluate at a.
y=a

Lemma 4.3.2. Assume x : N, x N, — R such that delta Laplace transforms exist for constants

p# —1,q# —1.Then
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(i) LD [x(2,y)] = p* Zo{x(2,9)} — px(a,y) — Au{x(a,y)},
(ii) Z,05x(z,y)] = L {x(2,9)} — ax(z,a) — Ay{x(2,a)},
(111) LoAgy[x(2,9)] = pLedy{x(2,9)} — Ay{x(a,9)},
(iv) L0y lx(2,y)] = ¢Z,A:{x(2,y)} — Au{x(z,0)}.
Theorem 4.10. Assume y : N, x N, = R, such that delta double Laplace transforms eists for

constants p # —1, ¢ # —1. Then
(i) L% x(z,y)] = p*L{x(z,y)} — pZL{x(a,9)} = LA {x(a,9)},
(it) LAl x(z,y)] = - Lf{x(@,9)} — ¢ZLo{x(z,a)} — LAy {x(z,a)},
(i) Lolay[x(,y)] = paax(z, )] — 4L {x(a,y)} — pLe{x(x,0)} + x(a a).
Proof. (iii) ~ Consider

L0y X (2,9)] = L Ly Ay [X (7, 9)].
Using Lemma part (iv), we have
LoDy (2,y)] = ZLelaLyAc{x(z,y)} — Au{x(2,a)}].
By linearity property of delta Laplace transform for .%, and the fact that .%,.%, = .%,.%,,
LoDy x(2,y)] = ¢4, [ZLeDu{x (2, y)}] — Zo[A{X(z, ) }].

Equation (4.1)) of Lemma and linearity property of delta Laplace transform for ., imply

that

LAgyIx (2, y)] = peLoix(z,y)} — ¢ ZLyx(a,y) — pZLei{x(z,a)} + x(a,a).
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Now, we generalized the results for non negative integer m and n.

Lemma 4.3.3. Assume x : N, x N, — R such that the delta Laplace transforms exists for

constants p # —1, q # —1.Then

(i) LA x(x,y)] = p"Lolx(2,9)} — Yo P F AR (a, y),

(ii) L,A7[x(z,y)] = "L {x(x,y)} — X0 ¢ A (2, a),
(iii) LA [x(x,y)] = p"LeAr{x(x,y)} — S psg P TFARAT (4, ),
(iv) LA [y (x,y)] = ¢" LA {x(x, )} = S0 " I ALA X (, a).

=0

Proof. (1)  We prove this part by induction on n. The case for n = 1 has been proved in
Lemma [£.3.1] Assume that the result is true for n > 1,
n—1

LA x(z,y)] = p"Lo{x(x,m)} = > p" AL (a,y).

k=0

We will establish result for n 4 1, start with the following
LoDy X (2, y)] = La[AoAix(@,y)].
Let ¢(z,y) = A?[x(x,y)] we have that
LoD (2, y)] = Zi[Dod(@, y)].

Again using equation of Lemma m,
LN (2, y)] = pLe{d(x,y)} — d(a,y)]

= pL{ A2 x (2, y)]} — AZ[x(a, y)].
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By using assumption for n,

LA X (@,y)] = pl" Lo {x (@, 9)} — ip”‘l‘kﬁix(a, y)] — Ablx(a,y)]

n—1

=p" " Zx(@.y)} =) p A (a,y) — p" AL X (a, y)]
k=0

=" LX)} = Y p A (e, y).
k=0

The result holds for n + 1, whenever it holds for n. Hence by induction, result in part (i) holds.

(7i)  We prove this part by induction on m, case for m = 1 has been proved in Lemma m
Assume that the result is true for m > 1,

m—1

LA (@) = ¢"LAx(@ )} =D " A, a).

J=0

We will establish result for m + 1, begin with the following
LA X ()] = L (A AT X (2, y)].
Let ¢(z,y) = Ay [x(z,y)], we have that
LA ()] = £ [Ay 6@, y)].

Again using equation (4.2)) of Lemma |4.3.1}

LA X (3,y)] = L {o(x,y)} — ¢(x,a)]

= ¢ Z{A) [x(z, )]} — AY [x(z, a)].
By using assumption for m,

m—1

LA (2, y)] = ala™ Lo x(x,y)} — Z "IN X (@, a)] = A [x(x, )]

m—1

= "L (@)} = D "IN (@ a) — ¢ AT X (@, a)]
=0

=" L {x(x,y)} =Y "I A x(x, a).

=0
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The result holds for m + 1, whenever it holds for m. Hence by induction, result in part (i)

holds.
(id)
LA X (x,y)] = LA AT X (,y)]-

Let ¢(z,y) = Ay'x(7,y), and use part (i) of the same Lemma,

LAy X (2, y)] = LeAL (2, y)]

n—1
= p" L, y)} =D " AL (a, y)
k=0
n—1
= "L AT, y)} = Y FALAT X (a,y).
k=0
Proof of (iv) is similar to that of part (iii). O

Theorem 4.11. Assume x : N, Xx N, — R such that the delta double Laplace transforms exists

for constants p # —1, q # —1. Then

(i) LA x(z,y)] = p"Lo{x(2,y)} — STy " RL A X (0, )}
(ii) LA (x,y)] = " Lo{x(,9)} — X0 " L Al x (v, a)},
(iii) LA [x(2,y)] = p"q™ | Lo{x(z.9)} — S rso p T RL {A N (0, y)}

=20 a7 LA N (@ a)} + T Y p e A x(a, a)} |

Proof. Since by definition, the delta double Laplace transform is the successive application of

the delta Laplace transform on x and y in any order, therefore % = £,.%4, = £,.Z,.
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(i) Using Lemma[4.3.3 part (i) and linearity of Laplace, we consider the following

LA (2, y)] = L[ LA x (2, y)]

= L, "L Ax(z,y)} - i "EALX (a,y)]

k=0

n—1
:pngygx{x<$ay)}_$yz e kAkX<a y)

k=0

=p"Lo{x(z,y)} - i L AN ()}

k=0

(17)  Using Lemma part (i) and linearity of Laplace, we consider the following
LAY (2, y)] = L[ 2y A) X (2, y)]

-1

3

= 2" L {x(x, )} = ) ¢" T A x(x,a)]

(7]

L
3

J
-1

=" L. LAx(x,y)} — 2 g Jij(x a)

j=

m—1
=" L@y} =Y " LA x(x,a)}.
7=0

=]

(i7i) Using Lemma part (iii) and linearity of Laplace, we consider the following,

LA (@ y)] = 2 [ LA X (4, y)]

n—1
= L LA x(x,y)} = > " TFARAT Y (a, y)]
k=0

P, LAy {x(x, )} p”Zp {%AQ’ZA;”X(G,Z/)}

= p"[ LA {x(z,9)}] - p" Zp‘l""’ {qmcfyﬁﬁ{x(a, v)}

k=0
m—1

R stague)].
=0

In previous step, we used Lemma m part (iv). In following step, using Theorem m part
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LA [x(2,y)] = p" {qm%{x(w, )} - z_: ¢ "L AN X, a)}}

j=0
n—1 m—1
—p" Y ptE [qm%ﬁﬁ{x(a, )} =D g I AN (a, a>}
k=0 Jj=0
n—1
g {Zz{x(:c,y)} =3 R Ak (0 )
—1 h=0 m—1 n—1
—1-j j —1—k —1-jf Akj
LS LN )b+ S S g {Axyxm,a)}]-
j=0 j=0 k=0

Now, we solve partial difference equation.

Example 4.3.4. (a) Consider the partial difference equation

with  x(z,a) =(z —a)*,  x(a,y) = (y — a)-

Application of the delta Laplace transform to initial conditions by Lemma

1 1
Zox(z,a) = ZLp(x —a) 1 Zyx(a,y) = Z,(y — a) 1 _—

p?’ ¢

Apply the delta double Laplace transform to difference equation and then use linearity property
gZ[AxX(aja y) - AyX(SC, y)] = 07
Lolox(v,y) — LAy x(z,y) = 0.

Using Theorem [/.9,

Lo {x(z,y)} — L Ax(a,9)}] — [aLo{x(z,y)} — Le{x(z,a)}] =0, (4.7)
11
(r— )Loix(z,y)} = 2
1 1
Lo{x(z,y)} = e + s
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Inverting the delta Laplace transform pairs

x(x,y) = (z —a)t + (y — a)t.

(b) Consider the same partial difference equation as in (a) with slight different initial conditions

X(z,a) = (x —a)®, and x(a,y) = (y — )

Application of the delta Laplace transform to initial conditions by Lemma

2 2
ZLox(e,a) = Zo(w —a) 2 = 5. Zx(ay) = Ly o) *= .
. 2 2
From equation (4.7)) (p—q)Lof{x(z,y)} = ? _ ];’
2 2 2
Loix(z,y)} = — + —— + ——.

pg®  p*¢*  piq

Inverting delta Laplace transform pairs

X(@,y) = (r —a)P* +2(x —a)t (y—a)+(y—a)*

Let f : N, — R, then the RL FDO N —1 < a < N for N € Ny is given by A% f(z) =
AVAZN ™ f(2) for # € Nasny_a. By using the discussion and results from Theorem 2.65 to
Theorem 2.70 in [103], we take the starting point of the double Laplace a+a — N and a+ N —«,

respectively for sum and difference operator.

Corollary 4.3.5. Assume x : N, x N, — R such that the delta double Laplace transforms ezists
for constants p #0,—1, ¢ # 0, —1 and denote Lox(x,y) = u(p,q). Then for [N —a] = M and

[k +a — N| =L, the delta double Laplace transforms of fractional order operators is given by

0+ 1) g+ )Y
P*q”

(1) LA "X (z,9)](p, q) = a(p, q), where N—1<a < N,
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(it) Lo[Ax (2, 9)](p, @) =p¢* N (p+ DV Mg+ DN Ma(p, q)

. N—1-k| k+a—N L—(k+a—N) ~
p [q (¢+1) u(a, q)
2 48)

L—-1
=S PAE N (g0t L (k+a - N))]

J=0

(iii) Lol Ayx (2, )]0, q) =p* Vg (p+ 1)V M (g + DN Ma(p, q)

_ Z N1k [pk+a—N(p+ 1>L—(k+a—N)ﬂ(p7 a)

k=0
L—-1

— ijA’;*a’N’lx(a—irL —(k+a—N),a)|.
=0

Proof. (i) Proof is an implication of Definition and Theorem 2.67 in [103].
(77) Result is obtained by application of Theorem part (i) and Theorem 2.70 in [103]. (4i7)

Result is obtained by application of Theorem [4.11] part (ii) and Theorem 2.70 in [103]. [

Example 4.3.6. Consider the fractional difference equation for 0 < a <1,
Agx(z.y) = (y — a)* with x(a,y) =0. (4.9)

Apply the delta Laplace transforms to initial condition Z,x(a,y) = £,0 =0. For 0 < o < 1,
we have N = 1 which implies k = 0 and hence [k +a —1] =L =0, and [1 — o] = M = 1.
Application of the delta double Laplace transforms on both sides of FDE in (4.9) and making use

of equation (4.8)) on left hand side, and on the right hand side we used Example to obtain,

paqafl 0 L L 1
p.q) —pq* (¢+1)“u(a, q) = —.
(p+1)(qg+ 1) (#.9) ( ) ila,q) P

n

Using tu(a,q) = 0 and simplifying the above

(p+1)*(@+1)*

(p,q) = parlgat]

0
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Inverting the delta Laplace transforms pairs by making use of Theorem (i), together

with Lemma (111),

(r—a) (y—a)p
Fla+1)T(a+1)

xX(z,y) =

4.4 Delta Laplace transform of Hilfer like fractional dif-
ference

Findings of this section appeared in [109]. In this section, we presented the delta Laplace trans-
form for newly defined Hilfer fractional difference operator. Note that, if in Theorem [4.12] we
set ¢ = 0, then we recovered [103, Theorem 2.70]. Further, if we set ¢ = 1, we obtained the

delta Laplace transform for the Caputo FD.

Theorem 4.12. Assume f : N, — R is of EO r > 1 with that Z,{f(x)}(y) = F,(y) and

0<9<1,0<¢<1. Then for|y+ 1| > r we have the delta Laplace transform given as

Lol ALY ) =y (y + 1) Fuly)

(y+1)#0—)
N y‘P(l—ﬁ)

Proof: Considering the left hand side and using the Lemmas [2.1.22 and [2.1.23]
Lol AV FHY) = Lo ol A7 g AA; D0 f ()] ()

AU fa+ (1= 9)(1 = ).

y_|_1 (1 ) o -

! y@(l)—ﬁ—) Lt (1—p) 1) [AA; 20D £ (2] (y)
y _|_ 1 ‘P(l_ﬂ)

:%[93 - =D, T ()] (y)

— A0 [0t (1= 9)(1 - 0))]

(y+ )P0 1 (g 4 1)1-9)(-9)
= | 4 @)

— A0 [0 (1 - )(1 - 0))]

=y (y+ 1) Fu(y)

(y + 1)#t?

i AT et (L - ) (1 - 9)).
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4.5 Delta Laplace transform of substantial fractional dif-
ference, exponential shift and double exponential shift

property
Some findings of this section appeared in [108]. In this section, we introduce an important
shifting property which is missing in the theory of delta Laplace transform. Only few simple
cases have been addressed by implication of the definition [103, Theorem 2.10,Theorem 2.11].
Also delta Laplace transform of substantial operators and double exponential shift property of

delta Laplace transform have been presented too.

Lemma 4.5.1. Let Z{f(x)}(y) = F(y). Then for c € R,

(i) Leclz,a)f(x)}y) = 7. Fy©c), where yoec=1{7,
(i) L{ec(—2,0)f(2)}(y) = (L + ) F(y @ o).

Proof. (i) By Definition [2.1.19| of delta Laplace transform on a,

2%%@@#@H@%=/W%AdﬂﬂkAmwﬂ@A%

By Example and by additive inverse property

1 oo

Zalecw, ) f(@)} ) = 7

6oy (0(2), )ecioq (0(x),a) f(x) A

By using Lemma [2.1.13]

B 1
C1l+4c

Zifeda,a) f(2)} () | copealotaa) @

Again by Definition [2.1.19] of delta Laplace transform,

1

F .
1+c¢ )

ZLolec(r, a)f(2)Hy) =
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(#7) By using the fact that e.(—xz,0) = ecc(z,0) = (1 4 ¢)eac(o(x),0), one can prove it on the

similar line as in part (7). O

Theorem 4.13. Assume f : N, — R is of EO r > 1 with that Z,{f(x)}(y) = F.(y) and 9 > 0.

9 .
Then for ly + 1| > r we have ZLyio{ A7 f}(y) = (ﬂI) F.(y).

y+p

Proof. Considering the left hand side for —p € R and using the Lemma |3.2.6(1),

Fueol B, 1Y) =Zivole—pla. 08, e (=2, 0) f () )
= [ e 01 @)} 0]

[ e 0r@w)]

In the preceding steps, we used Lemma [4.5.1]i) and then Lemma [2.1.22] In the following step

we applying Lemma [4.5.1](ii),

Zueal 85110~ [ - pRwe o],
—[(yzgnﬁ{ﬁzﬁ/—lr—yplﬂy%y?
y+ 1\~ p
:<m) Fa(y)

Theorem 4.14. Assume f : N, — R is of EO v > 1 with that Z,{f(x)}(y) = Fy(y) and

m — 1 <9 < m with positive integer m. Then for |y + 1| > r,

9 ml J
Lol BLFH) = 1y )} - 3 (L)

(1—p)m L—piz\l—p
at+m—1—j
ST hioni(atm—0,0(F))ey(~F 0 F(F).
F=a
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Proof. Consider the left hand side for —p € R and use Lemma (ii),

ga-l—m—ﬁ{ SAﬁf}(y) :«ifﬂa—&-m—ﬁ [e—p<m7 0)A2+19{6—p(_x7 O)f(fb)}] (y)
= [ oAl e (2,0 @)}

:%p V" (y + 1) Ly (~2,0)f (@)} )

_yytp
1-p

1

=3 AT e (-2, 0)@)} ]

ytp
3=0 vy 1-p

In the preceding steps, we used Lemma [4.5.1]i) and then Lemma [2.1.24] In the following step

we apply Lemma [4.5.1fii) and Definition [2.1.17

Lurm-ol "B =1 [+ 0O =Ry ® () - D

> heoa(@o(@))e o(~F,0/(F) }

x%a+m719:| y%%

:%p [yﬂ(y +1)" (1= p)Faly —p —yp)} — Z_ Y’

1
a+m—1—j
X Z h_ﬂ—l(a + m — 197 0(‘7))6—?<_‘77 O)f(gf)] y+p
F=a e

:M(y + 1) Fy(y)} ! > (y +p>j

(1—p)m Clope Moy
atm—1—j
< S0 hegi(atm—9,0(F))e_p(~F,0) /().
F=a

]

The product of two exponential function in continuous calculus e“1%e®Y = “12+¢2Y motivate
the product of two delta exponential function in discrete calculus e, (x, a)e.,(y, a). Surprisingly,
analogous result e.(z,a)e.(y,a) = e.(r + y,a), x,y € N,, does not holds in general for discrete
case, where ¢ € R. However e.(z,a)e.(y,0) = e.(z,0)e.(y,a) = e.(x + y,a) hold but it is not
useful for isolated time scale unless @ = 0. Further, more generally e.(z,a—b)e.(y,b) = e.(x+y, a)

where ¢ € R on all N,, N, and N,_;. Note that ¢ € R on N, does not ensure ¢ € (R on N, as a
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counter example z —2 € R on N1 but not on Ny. The product e, (x,a)ec, (Y, a) = ecie, (T,Y,a)

is defined as unique solution of IVP.

Definition 4.5.2. Assume c1,co € R. Denote the double delta exponential function by
€er0e, (T, Y, a) which define to be the unique solution e, (x,a)e.(y,a) for x,y € N, of the

IVP

CQAIX(x7y) - ClAyX<x7y) = 07 X(a> CL) =L

Note that for derivation of double delta exponential function by application of delta double

Laplace transform, we need two initial conditions.

Theorem 4.15. Let ¢1,co € R. Then the IVP
A x(1,y) — adyx(z,y) =0,

with  x(z,a) =€, (z,a),  x(a,y) = €, (y, a).
has a unique solution x(x,y) = e, (x,a)eq,(y,a) for z,y € N,.

Proof. Let Z{x(z,y)}(p,q) = U(p,q). Applying delta double Laplace transform on partial

difference equation and using linearity property of delta double Laplace transform Theorem [£.3]
02$2AIX(I7 y) - 01$2Ayx<x7 y) = 0.
Using Theorem [4.9]

colpLax(x,y) — ZLyx(a,y)] — aleLax(x,y) — Lex(x,a)] = 0.

Take delta Laplace of initial conditions by using Example [2.1.21, Z,x(x,a) = —— and

p—c1
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Zyxla,y) = L

T og—c?

= Cq Co
[CQP - CIQ]U(p) Q) = - )
p—¢c  q—¢C

_ P~ GG —agt+al
(p—c)lg—c2)
= 1
Up,q) = )
w0 = =)

Inverting delta Laplace transform pairs

X(2,y) = eq (z,a)eq,(y, a).

To find the discrete analogue of |71, Equations 11-15], first we define the following.

Definition 4.5.3. Let c1,co € R. Then delta hyperbolic cosine and sine functions for x,y € N,

are defined as follows:

€c1®co ({E, Y, CL) + € _c1®—ca (l’, Y, a)
2 )

coshe,ge, (T, Y, a) =:

€ei®co (‘1'7 Y, a) — € 1®—co (x> Y, CL)
5 .

Sinhe, e (T, Y, a) =:

Definition 4.5.4. Let c¢1,co € R. Then delta trigonometric cosine and sine functions for

x,y € N, are defined as follows:

€ici®icy (iE, Y, CL) + €_ici®@—ico (33’, Y, Cl)
2 ’

COSci®cy (:L“, Y, CL) =

. eicl®i02 (xJ yv a’) - e—icl®—i02 (I7 y7 a)

Sincl®cz (.Z', Y, CL) = 2

Example 4.5.5. Forp# —1,¢; and q# —1, ¢

(i) ZLo{ecge,(T,y,a)} = m7
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(i) LaDi{eciee (v, 0)} = a1 Loleqsn (. y,a)},
(iii) Lo {eqne(2,y,0)} = aLol{ecve(r,y.a)},
(i) LA eciee(2,y,0)} = 2 Lo{ecsen 2,y a)},
(v) Lol {ecne(r.y,a)} = Lo leqsen(2,y,a)},

(1)2) gQAZCy{eCNX)CQ ("L‘w Y, CL)} = 01629%{6016902 (:L‘, Y, a)}

(i) For p# —1,c1; q # —1,¢o. By using Theorem[{.1] part (iii), we get
‘”2”2{601@02 (l’, y? CL)} = D%[ecl (I‘7 a‘)€C2 (y7 CL)]]

= Zrlec, (z,a)]Z,lec, (y, a)]

_ 1
T (p-a)(g—c2)”

By using Example|2.1.21

(i) By Theorem [4.9 part (i),

D%Am{qum(x’y:a)} = -

(r—a
= 0132{6(:1@@ (CC) y? a)}

(iii) By Theorem[{.9 part (ii),
q 1

"%Ay{ecu&cz (l‘, Y, a)} = (p — Cl)(q — 02) — p—

(P —c1)g = c2)

= 0232{601@)02 (ZB, Y, a)}

i) First note that £,A{ec,00,(a,y,a)} = ==. Then by Theorem |4.10 part (7).
Y 1®c2

qg—c2’

2 Cq
p p
G%Ar ec C 17 7([ J— - 2
2 { 1® 2( Y )} (p —C1)q Cg) q (&) q ¢

>g
(p—c1)(q —c2)
= C%gg{e(n@@ (x,y,a)}-
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(v) Observe that £, Ay{ec,ec, (7, a,a)} = 2. By Theorem part (i1), we get

2
q q Co
‘,?A 601 C: x,y,a/ — p_

2 y{ ® 2( )} (p — Cl)((] CQ) p Cq C1

&

(p—c)(g—c2)
= Cga%{eq@@ (LE, Y, a)}

(vi) By Theorem part (iii), we get
pq q p

gAm c1®c ' Y = - - 1
2 y{e 1® 2(33 Y CL)} (p—C1)(q—Cz) q— s p—c +
C1Co

a (p—c1)(qg—c2)

= CICQD%{601®CQ (JI, Y, CL)}

Example 4.5.6. Forp# —1,+c¢; and q # —1,+cy

(1) Zo{coshe,ge, (2, y,a)} = (m—i—%v

p2—ci)(4?—c3

(i) Lafsinheoe(o.9,0)} = oroge
(1it) L2Ao{coshe,we, (7, a)} = c1.La{sinhe,ge, (2, y, )},
() Loy {coshe,ge, (7, a)} = c2.ZLp{sinhe g, (2,y, )},
(v) ZL2A{sinhe, e, (2,y,a)} = c12o{coshe,ge, (2,4, 0)},
(vi) LA {sinhe,ge, (2, y,0)} = c2Lo{coshe,pe, (7,5, a)},
(vii) oA {coshe,ge, (2,y,a)} = i L{coshe,ge, (7,4, a) },
(viii) LoA2{coshe,ge, (2,y,a)} = 3.Lo{coshe, e, (2,4, a)},

(Zx) $2A:%{Sinhc1®62 (Iv Y, a>} - C%D%{Sinhm@mz (ZE, Y, a)}a

(I) XQAZ{Sinhq@Q (ZL‘, Y, a)} = C%XQ{Sinhq@CQ (ZL‘, Y, a)}7
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(7i) LoDy {coshe,ge, (T, y,a)} = c1ca.L{cosh,gc, (2,y,a)},

(ZCZZ) $2A13y{81nh01®02 (xﬂ Y, a)} = Clc?gQ{SinhQ@Cz (ZL’, Y, a)}

(7’) FOT’p 7& —1,i01; q 7£ _17:l:027

€2\ T,Y,a) + € g (T, Y, 0
zg{coshcmu,y,a)}:%{ GUL) o=l )]

2
1 1
B [<p—a><q—c2> + (p+c1><q+c2>]
2

pq + C1C2
(p? = c1)(¢* = c3)

(ZZ) FOTp 7& —1,:i:61; q 7é _17:t02;

— € 1®—co (ZB, Y, CL)
2

1 1
_ [<p—c1><q—c2> - (p+c1>(q+c2>}
2

c1q + cop
(P? — e)(g* = c3)

Remaining parts can be obtained by application of Theorem [£.9 and Theorem [£.10]

gg{Sil’lhq@Q (l’, Y, (I)} _ 32 |:€c1®02 (l’, Y, a)

Example 4.5.7. For p # —1,+icy; q # —1, %ico,

(i) Laf{coseser(,y. )} = blcsss
(i) Lofsite o (@,9.0)} = .
(111) LoD {08, 00, (T,Y,a)} = —c1.Lo{sing ge, (T, y,a) },
(i) LA {coSe,00,(7,y,0)} = =2 Lo{sinc,ge, (2,9, )},
(v) ZLoAufsine ge, (7, Y, a)} = c12o{cosc g0, (7, Y, a)},
(vi) LA{sing 00, (2,y,a)} = 225{c08c,00, (7, a)},

(vii) $2A§{COSC1®CQ (z,y,0)} = _C%"%{COSCI‘@CQ (z,y,a)},
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(UZZZ) XQAS{COSC&?Q (x7 Y, a)} = _0332{“)861@62 (l’, Ys a)}’
(’LZC) $2A3:{Sin01®02 (ZL’, Y, a)} = _0%32{Sin01®02 (ﬂf, Y, (1,)},

(x) gQAZQJ{SinCl@Q (.T, Y, a>} = _C%Dg?{SinCl@Cz (LU, Y, CL)},
(IZ) gQAIy{COSCﬂ@CQ (CL’, Y, a)} = _clcQZQ{COSq@cz (I, Y, CL)}7

(zii) Loz {sinc, 0e, (T, Yy, a)} = —c1c2-Lo{sing g0, (2, ¥, a) }.

(Z) FOT‘p 7& _]wj:icl; q 7é _17:|:i027

€ici®icy (377 Y, Cl) + €—ic1®—ico (ZL‘, Y, (1,):|

XQ{COSQ@Q(x,y,a)} ZXQ[ 92
1 1
+ <p+ic1)(q+icz)]

2

{ (r—ic1) (g—ic2)

pq — C1C2
(P? + ) +c3)

(ii) For p # —1,+icy; q # —1, %ic,

— € jci®@—ico ('I? Y, a)‘|

Lolsinonln,y0)) = | 2l
1
1 _ 1
(p—ic1)(g—ic2) (p+ic1)(g+ica)
21

€19 + cap
(P2 + ) (¢* + c3)

(iii) For p # —1,+icy; q # —1, Lice, and by using Theorem part (i),

pq — cic L1 !
XA:U c1Qc r ) = 2 J .
52z {Ccosc e, (7, Y, @)} p(p2 +A)(P+c3) 2 {q—icz * CH'ZCJ
. pq — C1Co . 1 L
P+ +3) 20+ )

_ p*q — peica — pPq — ciq
(P + ) (g* + )
= —619%2{(308@1@02 ($, Y, CL)}
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(i) For p # —1,+icy; q # —1,%icy, and by using Theorem [4.9 part (ii),

pPgq — C1C2 1 1 1
LN, {08 00, (T, y,a) = - = - -
Al OB (T 4,0)) TP+ D@+ 3) 2[29—201 P+ZCJ
_ . ha—ao _1{ 2p }
(P + )@ +c3) 2| (p*+cf)

_ pg’ —qeica — pg° — c3p
(P? + )(¢* + c3)

= —0222{C0801®02 (x7 y? a’)}

(v) For p # —1,+ici; q # —1,%xic, and by using Theorem [4.9 part (i),

) c1q + cop 1 1 1 }
LA AsIng e, (T,y,a)} = - = — — -
280 {8l e (2,9, )} p(p2+c%)(q2+c§) 2i |:q—ZCQ q+icy
c1q + cop 1 [ 2icy }
(P> +e)(g* +c3) 20 [(*+c3)

pger +pPes — ep? — e
(P + D) (g* + c3)
= 1.%{C0S¢, 90, (T, Y, a) }.

(vi) For p # —1,%icy; q # —1,%icy, and by using Theorem part (ii),

' C1q + Cop 1 1 1
,%A C C bl Y = 9 . - .
2 y{Sm 1® 2(m Y a)} (](p2 + c%)(q2 + C%) 21 {p —wc; pHta
c1q + cop 1 [ 2icy 1
P+ (@ +d) 2>+

a1q® + pges — c1q” — 163
0+ D+ B
= CQD%{COSq@Q (xv Y, CL)}

(vii) First note that £,A{cosc,gc, (T, y,a)} = 52%. For p # —1,+ic; and q # —1,%icy, by

a*+c3

using Theorem part (i),

pPq — C1Co —p q GG
P +)@+a) TPt E ¢a
— 2 pq — C1C2
"+ P+ )

.,%Ai{cosc@c2 (z,y,a)} = p?

= —C%XQ{COS(H@CQ (.T, Y, a>}

(viii) First note that £, Ay {cosc g, (T, y,a)} = 2%, For p # —1,%ic; and q # —1,%icy, by

p?+ct
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using Theorem part (ii),

bq — C1C2 p —C1C2
"%QA?/{COSCUX)Q (17, Y, a)} = q2

PP+ pPrdE pPrd
— _2 bq — ciC
"W+ AP+ 3)

= _cg"%{coscl®62 (ZE, Y, (1)}

(iz) First note that ZLyA{sine,gc,(2,y,0)} = L. For p # —1,+ic; and q # —1, Licy, by

q2+02

using Theorem part (i),

. c1q + cop Co c1q
XQAQ{SIHC ®c ({L‘, Y, CL)} = p2 ) -
e P+A)P+3) P4 ¢+
2 14 + Cop

—C
2+ A (P + B

= _C%"%{Sinq@wz (‘Ta Y, CL)}

x) First note that L, A, {sin., g, (T, y,a)} = 525, For p # —1,+ic; and q # —1,+icy, by
y 1 2

P2+t

using Theorem part (ii),

: €14 + Cop 1 Cop
LN s y,a)} = ¢ - -
2 y{ N ge, (7,y,0)} = q P2+ A (P + D) qu—}-c% P2+
9 c1q + cap

= —c
Y0+ ) (@ + )
= —c3. L {sing, oo, (2,9, a)}.
(xi) For p # —1,+ic; and q # —1,%ice, by using Theorem part (iii), we get

Pqg — GC2 S q _p p +1
P +d) 7rd P
pq — C1Co
(P* + ) (g* + c3)
= —010252{COSC1®C2 (17; Y, a)}.

(xzii) For p # —1,+ic; and q # —1,%icy, by using Theorem part (iii), we get
C1q + Cop g Co 0 1
P+ +a) "Pt+a Tp+d
€19 + C2p
(P +D)(¢® + )

- _010232{511101@02 (:L‘a Y, CL)}

D%Axy{(:osq@Cz (x7 y7 CL)} = pQ<

= —(C1C2

+0

G%QAaty{Sincl@cz (.Z‘, Y, CL)} = Dq

= —C1C9

Now, we states and proves the double shift property.
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Theorem 4.16. Assume that double Laplace of f exists, then for ci,co € R,

1
(14 c¢1)(1 4+ co)

"%{661@362(177yva)f(xay)}(p> Q) F:’<p6017q602)-

Proof. By Definition of delta double Laplace transform,

Loleersen(y, 0)f (., 9)} = / / eop(0(2), 0)ecg(0(1), @)earsen (v, a) (2, ) Ay,

By Definition [4.5.2}

/ / ep(0(2), 0)emg(0(y), )ees (2, 0)ers (3, @) (2, y) A Ay,

By Example 2.1.8 e, (x,a) = qu e, (0(x),a) and e, (y,a) = ﬁecz(a(y), a)

~roars ) [ eele@ e o) o @), e )0 e Asdy,

By using Lemma 2.1.13] ec,(0(2), a)egioe)(0(), a) = egpee(o(x), a) and

694(0(3/)7 a)ee[GCQ] (J(y)’ a) = €o[goca] (U(y)’ a)

1
- AzAy.
(14 c1)(1 4+ c) /a /a eopod(0(), a)esec (0(y), a) f(x, y)AzAy
Again by definition of delta double Laplace transform

1

= ];E’ ©c,q00 .
(1+Cl)(1+62) (p C1,q 62)

32{6c1®02 (377 Y, a)f(ac, y)}
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Chapter 5

Fixed point operators and Green’s
functions

In order to apply FPT for difference equations, we convert the IVP and BVP to equivalent
summation equation. In this chapter, we present an alternative approach to obtain a general
method for converting the fractional delta difference equation with impulse to an equivalent
summation equations. The basic motive is to exhibit a simple and well established method to
construct FPO for impulsive delta difference equations of Caputo type with arbitrary order. We
shall demonstrate the applicability of procedure by building the operator for a few particular
problems of interest with initial and BC in order to find fixed point. We shall derive Green’s
function with some of its properties for impulsive delta DE with two and four-point BC and
nonlinear FDE with multi-point summation boundary conditions. FPO for Hilfer FDE and

substantial FDE shall be obtained too. Findings of Sections [5.1] and [5.2 appeared in [110].

5.1 Fixed point operators for IVP with impulse

Motivated by the work in [158] where authors established a method for transforming differential
equations of arbitrary order with impulse to their corresponding integral equations and also

considered BVP with nonlinear impulsive FDE for existence of solution. In this section, we use
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the fundamental theorem to obtain an equivalent summation equation for nonlinear difference

equation of non integer order ¢ > 0 with impulses:

AZT(t) + Flo+ pl0)wlp+ (1) =0, tENurs gy tAatm+1—g
ATt — N7y = (1) Aday, t=a+n;+1— g, (5.1)
xi:(— YiAiz(a),i=0,1,---,r—1, [¢] =7, ke N, je N,

where “°A?z(t) is the Caputo difference of x(t) for ¢ > 0. Choose the numbers n; € Ny in
such a way that 0 =ng < n; < --- < n; < nj1, and a + ny, = ¢ are impulse points. Choose

1 <mnj;1 —nj to ensure that ¢, and ¢4 are separated by at least two time steps.

Remark 4. We define the notations as AV~ tay = AV e (t) |, and AV el i= AT 2 (8) iy 1er s

where ¢;, are numbers such that a + ¢, € N, for ¢, € Ny and ¢, # ny,.

The concept of continuity in discrete setting is in the sense of topological spaces. The
notation [a, Ty, is used to denote the set [a, T]NN, [107]. Under the choice nj4; —n; > 1, there
exist atleast one non-impulsive point between two impulsive points ¢, and ¢;1. The purpose
of using the space PC([a,T]n,,R) = {z : [a,T]n, — R,z € C((tk, tk41]n,, R), & € N'}, is to
cover up the continuity of all impulsive and non-impulsive points on (g, tx41]y, through the
space C((tg, tk+1]n,, R) and consequently to cover up the continuity of all impulsive and non-
impulsive points on [a, T]y,. The space PC([a,T]n,,R) is a Banach space equipped with norm
||lz|| = ?up] | 2(t)|. To obtain an impulsive solution of system , first we establish equivalent

tefa,Tx,

summation equation for integer-order difference equation accompanied with impulses and initial

conditions

Arz(t)+g(t) =0,t €N,, t#a+mn; jeNi
JACA Tng AJ Yz = (— )j_lijk, t=a+n;, keN, (5.2)
= (—1)'A’z(a),i = 0,1,--- ,7 — 1, for a positive integer r.
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Lemma 5.1.1. Let g : N, — R be given and let r be a positive integer. Solution x(t) (5.2)), can

be explained as if and only if

2 t—l—z—a—l
-y 7
z+1

=0 =0 a<ig <t

xk} — A7"g(t). (5.3)

Proof. Assume that A"z(t) = —g(t). For s € (1j,1;11], k¥ € N and j € Nf ™!, by using Theorem

2.1.29[ and Definition [2.1.15) we have k equations for each value of j:

tj+1—1

- AT?IiE( s vite; — Z g .7 € ngil'

S=Lj

For s € (u,t], again we apply Theorem [2.1.29] and Definition 2.1.15
t—1

A" (8)| gt — AT (8) lomipte, = — Z 9(s).

S=L

A"z (s)]

S=ljt1

Adding these k + 1 equations to get

A" g(t) = AT Zg Z (=) tA" .

a<ltp<t
By following the above procedure, we have
t—1
A" 2g(t) = A" x(a) — Z A" 1x(s) + Z (—1)"2A" gy,
a a<lip<t

A" 3g(t) = A" 3x(a) — i A" 25 (s) + Z (=1 PA g,

a<lip<t

A’x(t) = A’x(a) — i Alx(s)+ Z (—1)2A%zy. (5.4)

Alz(t) = Alz(a) — i Nx(s)+ Y (=1) A% (5.5)

a<tp<t

—iAlx(s)+ D (=) Al (5.6)

a<tp<t
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Substituting (5.5]) into (5.6, we get

t—1 s—1
x(t) = xg — Z [— a1 — Z A?z(u) — Z A’z + Z Ay,
a a a<ltp<s a<lip<t
1 51 -1 (5.7)
=zo+(t—a)z + Y Y Az(u)+ Y Y Az Y Al
a a a a<lip<s a<lip<t

Interchange the order of summations and evaluation yields

t—1 s—1 t—1

Z Z Az (u) = Z(t —u)A?x(u)

a

t—1
and Z Z A%gy = Z (t — 1) A2y,

a a<ip<s a<lip<t
Thus (5.7) implies that
t—1
x(t) =xo + (t — a)zy + Z(t —u) Az (u) + Z (t — 1) A2y,
a a<u<t (5.8)

+ Z AIZL‘k.

a<ip<t

Substituting (5.4]) into (5.8)), we get

x(t) =xo + (t — a)z + Z (t — 1) A%y + Z Az,

a<i<t a<tp<t
t—1 u—1
+ Z(t —u) [z — Z Adx(s) + Z APy,
u=a s=a a<tp<u
= t— t— 1) A? Al
ZTo + ( a)xl + Z ( Lk) Tk + Z T (59)
a<lip<t a<tp<t

u=t t—1 u—1

- DDt —u)Aix(s)

u=a s=a

+ i Z (t — u)A®zy.

u=a a<tp<u

t+1—u)?
G0

2

Interchange in the order of summations and evaluation yields

t—1 u—1 t—1

t+1—s)2
SNt —u)Aia(s) =) %A%(s)
t’lizla S=a S=a (t _, )z
and Z Z (t —u)A’xy, = Z TkAgxk.
u=a a<tp<u a<tp<t
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Equation (5.9)) becomes

z(t) =zxo + (t — a)xry + (t+1-a)

t—1
2 (t+1—s)2
5 2 Z 2

) A3x(s)

+ > Alagt Y (- w) A+ Y (t_—““)zA%k,

a<tp<t a<Lk<t a<Lk<t

2 (t+i—a—1)
Z Zeral 1+Z{ Zt z+1 xk}
a<tp<

i= 1=0

- Z ha_1(t, o (s))Ax(s).

Proceeding inductively, we get

r—1
(t—i—z—a—l

£ —

=) =, F(z—l—l

t—Lk }
.T
z—l—l g

=0 a<y<t

ATx(s),

t—Lk }
.T
z—l—l g

—(t+i—a—1% S t— )t
R ( T(i+1) : xﬁ; a<sz<t ( (i Jrkl))AHl }
ATATx(t),
_Tl(t—l—z—a—l x}
- i=0 L@+1) i=0 a<u “l '
—A,"9(1)
Conversely, one proves that satisfies by straight forward substitution. m

Now, we extend Lemma to Caputo type difference operators of fractional order .

Consider
APz(t)+ flo+pt) =0, tENyyy oy, t#a+n;+1—yp, jENT
AN g — Ny = (1) Ay, t=a+n;+1—¢, keNP, (5.10)
xi—(— )iA'z(a),i =0,1,--- ,r — 1, where [¢] =r.

The proof of the following lemma is obvious therefore it is omitted.
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Lemma 5.1.2. Let f : N, — R be given and let r € N and r — 1 < ¢ < r. Solution x(t) of

(5.10), can explained as if and only if

x(t):;(t—i_;(;fl_l 7,—1-2{ Z 2—1—1 1.Tk}

=0 a<y<t

- A;frﬂpf“O + p(t))> fO?“t S I\Ia-i-1~
Example 5.1.3. To illustrate the construction in Lemmal[5.1.3, consider the example

(cAgx(t) +tE2 =0, 1<p<2 te N?G;w, t £ 11, 19,13,
() — () =10, Az(f) — Aw(n) =3, foru=T7—,
2(13) —x(2) =30, Awx(3) — Aw(we) = 3, for =14 — ¢,
(1) —z(13) =50, Ax(d) — Az(iz) = % for 13 =21 — o,

| Afz(0) =0, i=0,1,

has solution for t & Ny,
LBl 0<t<u,
0 LO=0) 42 1 10+ (¢ — 1), 0 <t <,
€T =
F(3 )t2+40+ (2t—L1—L2), Lo <t <z,
”3 LO2042 4 90 + L(3t — 11 — 1o —13), 13 <t < 25.
400 : : . .
30} + p=15 *,
#*
300 b ¥y .
#*,
0k . d
S *‘*‘ .
150 F o &
e
1o 5
-
Ead
S0t i -
*-*“*‘**
,*.*‘;ﬂg*‘l I I I
% 5 10 15 20 5

Figure 5.1: The graph of z(t) for ¢ = 1.5 and 1.9.

The following corollary conveys that one can apply Lemma to solve nonlinear impulse

difference equation of arbitrary order.
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Corollary 5.1.4. Let f: N, x R — R be given and let r € N and r — 1 < ¢ < r. Solution z(t)

of (5.1)), can explained as if and only if

—(t+i—a—17F A (t— )
x(t):z; rG+ 1) xi+Z{ZF(i+1)A o

=0 a<i<t
— AL flo+p(t), z(e + p(1))).

We apply Corollary to obtain appropriate FPO for several family of problems for

fractional difference equation with impulse. For t € N, ;_, consider

NZe(t) + flo+pt),x(0+p) =0, t#a+n;+1-¢, (5.11)
with impulsive conditions, A'z = Iy(z(w)), (5.12)
A’zy = I (2(1g)), for t=a+n;+1—¢, and k € N". (5.13)

We use (5.11))—(5.13]) under the following set of initial and boundary conditions.

Forr—1<¢<r, (=1)'Az(a)=xz; i=0,1,---,r—1, (5.14)

for 1 < ¢ < 2,the nonlocal conditions, z(a) = xy — h(x), —Azx(a) = x;. (5.15)
The first two lemmas are immediate applications of Corollary [5.1.4]

Lemma 5.1.5. Assume that f : N, xR = R, h: R = R are given and 1 < o < 2. Then

(5.11))~(5.13)) with initial condition (5.14)) has solution x(t), if and only if
p(t) =zo+ a1t —a)+ Y Ie(w(w)) + Y Te(z(w))(t — u)

a<tp<t a<tp<t

— A flo+ o),z +p(t))).
Lemma 5.1.6. Let f: N, X R — R be given and 1 < ¢ < 2. Then problem (5.11)—(5.13)) with

nonlocal initial condition (5.15) has solution xz(t), if and only if

2(t) =zo — h(z) + 21t —a) + Y I(z(w) + Y Ie(z(w))(t — u)

a<ltp<t a<ltp<t

— AL Jflo4pt),z(0+ p(t))).
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5.2 Fixed point operators for impulsive BVP

We use (5.11))—(5.13]) under the following sets of BC.

for 0 < ¢ <1, the boundary condition, ciz(a)+ cox(T) =10 (5.16)

for 1 < ¢ <2, the four-point BC,

z(a) = ax(§), =(T) = fz(n), &n € (a, T, (5.17)

We state the next two lemmas without proof; we shall provide the related algebraic details in

the proof of Lemma [5.2.4]

Lemma 5.2.1. Let f : N, x R — R be given and 0 < ¢ < 1 with ¢y + co # 0. Then problem

(5.11)—(5.12)) with BC' (5.16) has solution x(t), if and only if

o) =t Y B )) 3 R a1 0 + (52l 0(6))
O[S R + 3 e (T )6 + ()l ()]

For the sake of abbreviation, define

p(t) :=t(1 —a) + af —a,

q(t) :=t(1 = pB)+ 6n—T,
and
0:=(T-Pn+ap—a)(l—a)+({—EB+aB —a)a

We solve the following for £ < 7, the case for which 1 < £ can be solved in similar manner.

87



Lemma 5.2.2. Let f : N, — R be given, 1 < ¢ < 2, and § # 0, for a,5,6,n € R, £,n €

(a,T)n,. Then BVP (5.11)) with (5.17)) in absence of impulsive condition, has solution x(t), if

and only if

oty =20 [Z hors(T, () 1(8) = B homa(n,0(5) (5]

a6 0(NF) =3 sl o ($))F(5)

Remark 5. One may note that Lemma is a slight generalization of the problem (1.1) in [91]

for three point nonlocal condition.

5.2.1 Green’s function for impulsive BVP

Theorem 5.1. Let f : NI' — R be given and 1 < ¢ < 2. Assume a,3,6,n € R, £,n €
(a, T)n,witho # 0. The solution x(t) of the problem (5.11)) with boundary conditions (5.17)) is
given by x(t) = Zf:a G(t,s)f(s), where Green’s function for the boundary value problem is

defined by

(207 1(T,0(5)) = Bhgr(n, o(5))]
+250h g <£a< ) = hpa(t,o(s),  a<s<t-g,

P t) [h ,0(8)) — Bhy-1(n 70(3))]

+aq§t) 90— (é, (s)), t—p+1<s<E&— o,
G(t,s) == § B [hyr (T, 0(s)) — Bhypr(n,0(s))]
—he- ( ()), E—p+1<s<t—op,
25 [ (S))—ﬁhw—l(n,U(S))L t—p+l<s<n—g¢,
XWh,_ ( o(s)) = hy-1(t, 0(s)), n—p+1<s<t—og,
| B2 he (T, 0(s)), t—p+1<s<T—op.
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Proof. 1f a <t < &, then the solution can be stated from Lemma as

(t) :‘ﬂé’(” lzhw_l(n (s))f(s) + sjg:;lh@-l(n a(5))f(s)
n _Zil hoa(n,o(s)f(s)| + ]%t) :Zjhw(ﬂ a(s))f(s)
4 :Z; ho (T, o(s)) f(s) + S:::H ho—1(T,0(s)) f(s)
+ s_:z_;hwa’,a(s)) fls)| + O‘qét) lghw@ a(s))f(s)
n Sj:ﬂ he_1(,0(s)) f(s)] —~ ghw(t o(s))f(s)
R { — hga(t,0(s)) — *BpT“)hw( o (s)) + @hw@a(s))
+ O (o)} + £+{ 0, .o(s)
@) + M o))} 1(s)
. ; M0 o) - POt} £(s)
; Z A (o)) (9
Similarly, if € < ¢ <7, then the solution can be stated as
o(t) = ézw {Z?h@_l(T, o(s)) + %@hw(&, 0(s)) = ho-1(t,0(s))
S o))} ) + _il{@h@-l(ﬂa(sw —hea(t0(5))
O ot b+ Z [P (()
o) }o1s) + 1@1@ o) (s)



Furthermore, if n < ¢, then the solution can be stated as

o) =3 {2 (1,06 + D, 0(9) — hpa(t,0(5)
SO o))} o)+ p [P0 (T 0(5)) ~ hmr(t.0(5)
s o D} )+ 3 {E el
o) @+ Y MWh @),

Finally, define GF as given in the statement. Then it is clear that solution takes the desired

form z(t) = 3.1 G(t, s)f(s). O

Remark 6. It is observed that the GF given in Theorem which is a generalization of GF

derived in [177].

The function H(t,t;) can be derived in similar way by the same technique that used in

Theorem (.1t

(20 [8(n — ) — (T — )] — “50(¢ — 1)
+(t — ), a<uy <t
PR[B0 — ) = (T = )] = #§R(E —u). t+1<u<E,

H(t,Lk) =9 Z@[ﬁ(n—bk)—(T—Lk)] —{-(t—Lk), E+1 <y <t
T80 = u) = (T — w)), t+1<uy <n,
%(t)(T—Lk)—i-(t—ak, n+1<u <t,
\%@)(T—Lk% t—i—lSLkST

Corollary 5.2.3. For G(t,s) and H(t, ), following equations are hold

T

St =D 1) - g 0)] + W (ea) - hfr.a),
Z:QH(t, o) :@ [6h2(n 4 1,a) — ho(T + 1, a)} + O“-’;t) ha(€ + 1, a)
+ hg(t,@).
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Lemma 5.2.4. Let f : N, xR — R be given, 1 < ¢ <2, and § # 0. Then problem ((5.11))—(5.13))

with boundary conditions (5.17)) has solution x(t), if and only if

o)=Y 560) - "2 Y K@) -8 Y L)

a<lip<t a<ip<T a<itp<n
D S La) + Y H ) a(u)
a<tp<& a<ip<T

+ZGt8 Flo+ pls), x(0 + p(s)))-

Proof. Suppose that z(t) solves (5.11]). Then by using Corollary [5.1.4] we have

() A+Bt—a ka ka t—Lk)
a<ip<t a<ip<t (518)
—Zh Flo+p(s), z( + p(s))).
Using boundary condition z(a) = ax(£) in equation (5.18)), we get
Al =)= Ba(§ —a) =a Y I(z(w)+a Y L(@(w)(E - w)
a<Lk<i a<tp<& (519)
— ) hoa(60()flp + pls), 20 + p(s))):
Now, using z(T') = Bz(n) in equation(5.18)), we get A(1 — 8) + B(T — fn — a(1l — j))
== > ()T —u)+ Z T Flo+ p(s), (0 + p(s)))
+8 Y Lw(w)n—uw) — B Z ho-1(n,0(5)) F (0 + pls), 2(p + p(s))) (5.20)
= > L(zw)+B8 Y Iu(z(w)

Solving linear system of equations ([5.19)) and (5.20)) for A and B, we get

A=Y S L) +8 Y R u)

3 L ()T~ u +Zh Fle +p(s), x(e + p(s)))
18 Y Kl 5Zh [+ p(s). 2l + p(s)) }
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n a(T—a—(Sﬁ(??—a)){ Yo L)+ Y L)€ —w)

a<lip<€ a<tp<€
—Zh Flp+ pls),alo+ () },
B :(1 ; o) {BWZ@M () — a;T[k<$(Lk))
— Y L) (T —w)+8 D> Il(w)(n —uw)
+Zh fp+p(s), z( + p(s)))

—ﬁzm {(n, o w+p<s>,x<w+p<s>>>}

(15—6){ Y L)+ > Tlaw)(E — w)
a<ip<§ a<ip<€
—Zh Flo -+ p(s). (e + pl) .

Substitution of A and B, in equation ([5.18)) yields

o(t) = ;tlk( )t — up) Zh o+ p(s),z(p+ p(s)))
RIUTE TR S X
5 a;;ﬁuk» ny a;a:ki?xm)(n 1)
—Zh flo+p(s),2(p + p(s)))
+ﬂzh [+ pls), 2+ p(s) }
- %@{ ;« lelo) + 3 Blelo)€ =
. i_Zjh@_l(E?U(S))f(sO £o) D} + 3 et
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which implies

w(t)= > Ii(a(u —]%{ Y L(x(w) -8 ) fk(fv(bk))}

a<lip<t a<ipy<T a<ip<n
_ %@ ;5 Lo () + ;t To(@(u)(t = t0)
SIS RGN -0 -8 Y D) - )
a<Lk<T a<i<n

. f@{ Z B r (T, 0(3)) £ (0 + p(s), 20 + p(5))

=3 s o+ ().t )}

+ 20t) éihw(&,a(é’))f(so T p(s),2(p + p(s)))

- :i:hw(t, () f (g + p(s), 2l + p(s))) — %(t) > I(a(u))(& = ).

a<ip <€

The desired expression for z(t) follows by Lemmalp.2.2] Theorem|[5.1)and the value of H (¢, t5). U

5.3 Fixed point operators for MPFBVP

Findings of this section appeared in [107]. In this section, we shall obtain GF and FPO for the
given nonlinear difference equation of non-integer order with multi-point summation boundary

conditions:

{_Azz_zx(t) = h(p(t) + 0, 2(p(t) + 1)), tENG, (5.21)

20 —2) =p, p(@+ b+ 1)+ AN 2(s) = q,
where h: [0 —2,b+ 0V + 1]y, , x R—=>R, ¥ € (1,2], be Ngand A >0, p,qg € R.

5.3.1 Green’s function for MPFBVP with summation condition

In this subsection, our purpose is to obtain Green’s function for MPFBVP (/5.22), further the

maximum value of its sum is acquired for later use.
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Now, we examine the non-homogeneous MPFBVP with summation conditions:

{—Az_gy(t) =g(t), teNg" (5.22)

y(9 —2) =0, Yy +b+ 1)+ A y(s) =0,

where g : Ni™' = R, 9 € (1,2], b€ Ny and 0 < X € R.

Theorem 5.2. The solution y of the MPFBVP (5.22)) is given by

b+1
y(t) = G(t,s)g(s), teNGH,
s=0

where G(t, s)

X(t,s) = [ho1(9 +b+1,0(s)) + Ahg(D+ b+ 1,0(s)) |07, 0<o(t) =9 <s<b+1,

= QU(t,s) = x(t,s) — ho-1(t, 0(s)), 0<s<t-—1,
0, for (t,s) € {9 —2} x[0,b+ 1]y,,
with 0 =: v where hy(t,s) is the 9" fractional Taylor monomial given in

(94b+1)2=L[9+ A (b42))]

Definition [2.1.5

Proof. Suppose y on N4T9+! satisfying the equation —AY ,y(t) = g(t), t € Nit.

By making use of Lemma [2.1.29| and Lemma [2.1.30, we get
y(t) = crt"L + ct?2 — A7, g(t).
Definition [2.1.15| implies that
t—0
y(t) = it + et™=2 = " hy_y(t,0(s))g(s). (5.23)
s=0
Using the first BC y(¢ — 2) = 0, we have

e (¥ —2)%=L 4 ep(9 — 2)7=2 — i hy_1(9 —2,0(s))g(s) = 0.
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First term is zero by Definition 2.1.4] and by empty sum convention, last term also vanishes.

Therefore we left with ¢, = 0. Let 32" y(s) = A. Now (0 + b+ 1) + AA = 0 implies that

b+1

_ Y+b+1—0(s))=L
o=t S =0.
(¥ +b+1) ; ) g(s)+AA =0
Solving for ¢;, we have that
A 1 b+1
= 9+ b—5)"2g(s).
S =l v ) DDLU AU
Thus from equation ([5.23]), we have
AL po-1 b+l 2 (t— o(s))2=L
t) = I4+b—5) " Lg(s) =Y ———L g(s). (5.24
V= b DL @1 bt D) s;( Foms () =2, Ty o) (524)
9+b
To evaluate A use y in A = Z y(s)
s=v—1
J+b _ _ b+1 s—1 _
—AAs?=L g9=1 (s — o(F))=L
= V+b—F ) =Lg(F)— F
A= {(19+b+ DT 5 b D) 2= (T e9) NOREE
s=0—1 F=0 F=0
A\ 9+b 1 9+b b+1
Al =) = PN+ b — F) (T
[+ T 2 )~ g A, 2 0 - 90
19+b s—1 _ 19;1
I'(9)
s=v—1F=0
(5.25)
Change the order of summation in last double sum of equation (|5.25))
9+b  s— b bto
(s —a(F)=  _ (s —o(F)—
s=0—15=0 F=0s=F+9

F=0 z=9-1
b 9 b+9—F
xi
= 9(F)
F—0 F@+1) 5,



bb—l—z?S"

—~ F19+1

Since sums are independent in first double sum of equation ([5.25)), use Definition . Definition

g(F). (5.26)

Lemma and Lemma to evaluate the sum

b+19 b+19
Zt”l ZF Vho_1(t,0)At
t=9—1 t=9—1

b+9+1
= [(0)hs(t,0)

9—1
=T(@)hs(b+9+1,0) — T(9)hy(d —1,0)
_ T 9
= F(ﬁ+1)(b+19+1)’9—0
(b+9+1)E
= (5.27)

Making use of equations ({5.26]), (5.27) in equation ([5.25)

b+1

A (1 * g (ngjbﬁ:&&) - (1(96:1;9:1;)91’;1 > v j;fﬁjrg;;“g(?) - ;i:o %9(%.
Note that % = (b+2). Since we choose 0 < A therefore A # =% A =
T+ 1??([312;(6 +2) gzow =) - 1)[191: b+ 2)] 20(19 b= F)9()
Pick value of A in equation (5.24)
v = 1)[01%(%12?]221 b+ 121 g(ﬁ +h-9)=g(s)
CET R A?bAiﬁQ;] (9 +b+1)2=1 szi;w +b—5)%(s)
! rwwfl = :Z;W e — ol
o f; 1)“{ - % Zi;(ﬁ b 5)%g(s)
TT@0+AG it;]lw oI ;;“9 +b-9y(s) - o s
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b+1

Y=L »
TTW) 0+ b+ DLW + A + 2)] ;(19 +b—5)"g(s)
il ” §2 (=o)L
TTWW b+ 2] b+ 122 ;(ﬁ +o=9%(s) = ) gy 90

Since 1 <9 <2 and (¥ +b— s)¥ =0 for s = b+ 1, therefore for convenience, we can write

emo(V 40— 5)2g(s) = SUL5(0 +b — 5)%g(s).

b+1 9—1 19
1 (P+b—s5)=L ANI+b—s)¥
y(t) =6t 2;[ ) + ENG) } Zhﬁ Lt a(s))g(s)
b+1
=0t""1 " [hg_1(0 + b+ 1,0(s)) + Mg(0 + b+ 1,0(s) Zhﬁ 1t 0(5))g(s).
s=0
It follows that
b+1
y(t):Zth Zhﬁltg g(s)
f:g b1
= [x(t.s) = hoa(t,o(s)]g(s) + D> x(t s)g(s)
s=0 s=ao(t)—19
t—1 b+1
= Wt s)g(s)+ > x(t,s)g(s)
s=0 s=o(t)—9
b1
=) Gt s)g(s)
s=0
This completes the proof. O

Next we sum Green’s function on N§™ for later use to prove existence of solutions for

nonlinear MPFBVP.

Lemma 5.3.1. The Green’s function for MPFBVP (5.22)) satisfies the identity

ig(t’ 5) = [9{(19+1)(z9+b+1)”+(z;(gb:ml)“l} ~ W+ D) =) 4y .

s=0
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Proof. Fort e Nb+ﬂ+1 consider the left hand side

b+1 b+1

ZGts Z (ts)+ > x(ts),

s=o(t)—v
b+1
= [x(t.s) — hoa(to()]+ > x(ts),
=0 s=o(t)—19
1 t—19
— Z hg_l(t, O'(S))

For ¢t € N4 using the expression y(, s) and Lemmas [2.1.6) we get

b+1 bt b+1 o(t)—v
Z G(t, s) =621 Z[hﬁ_l(ﬁ +b+1,0(s)) + Z hy(9 4+ b+ 1, J(S))] + hy(t, s)
5= 5= 5= s=0
" T b+2 ’ b+2
:etﬁ;l _hﬂ(ﬂ—i—b_’_]-?s) _hﬁ—&-l(ﬁ—'—b_’_]-?s) ] _hﬂ(tv())v
s=0 5=0
g1 @+b+1)*  (@+b+1)E
I'(W+1) I'(v+2) I'(W+1)

O+ )0+ 0+ 1)+ (0 + b+ )2 — (9 + 1)

B ['(9+2) ’

_ {0+ 1) +b+1)2+ (I +b+ 1)L} — (9 + 1)(o(t) — V)] 1

I'(Y+2) '
In last step, we used the fact that t2 = (¢ — 9 + 1)t2=L
Next lemma gives the maximum value of 3" G(t, s).
Lemma 5.3.2. The following expression holds for Zgié G(t,s):
b1 1
—— b+1)%+ (9 +b+ 1)
NI&%S OG(t ,s) = NCED) [0{(9+1)(I+b+ 1)L+ (9 + b+ 1)" L}
00— {0+ 1) +b+1)2+ (0 +b+ 1)
00— D{(W+ 1)@ +b+ 12+ (9 +b+ 1)} 5y
x (0—2+4T P10 1)
M*
r(W+2)
Proof. By Lemma [5.3.1] we have
- [H{@+ D@+ 1)+ (9 + b+ DL — (@ + (o) = 9)]
ZG =L
L'(Y+2)
__F®)
CT(W+2)
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where F(t) = [0{(d+1)(J + b+ 1)2+ (9 + b+ 1)L} — (9 + 1) (o(t) — )] t9=L

To find critical point of F'(t), we consider

AF(t)=— 0+ D=L+ (0 — D2 [0{ (9 + D@ + b+ )2+ (9 + b+ 1)7}
— @+ )(E— 9 +2)],
(1) — I+ 22 (9 — [e{m (0 +b+ 1)L+ (0 + b+ )2}
—(19+1)(t—z9+2)},

=22 — (P D) (= 0+ 2) + 000 = D{(0+ )0+ b+ 1)+ (9 + b+ 1T,

t19—2 -1
T ot—9+2

In preceding step, we used the fact that and product rule given in Lemma [2.1.14

The only critical point of F(t) is at ¢t = ¢ — 2 + [20=D{ 1””“9;’;11,?0 (19+b+1)0i}1. Note that
F (¥ — 2) = 0, however for each fix value of ¢, A and b, it is clear from observation that critical

point is a point of maximum value. Hence evaluation give the desired result. ]

Theorem 5.3. Assume that ¥ € (1,2], p,q € R and f :[0,b+ 1]y, — R. Then solution to the

non-homogeneous MPFBVP

—AY u(t) = f(t),  teNg™ (5.28)
z(9 - 2) = p, (@ +b+ 1)+ A x(s) =g, '
b+1
can be represented  x(t) = ¢(t) + Z G(t,s)f(s), teNy,
for unique solution ¢(t) of following problem
—AY ,0(t) =0,  teNg" (5.29)
oW —2)=p,  SO+b+D)+ANT] o) =q |

Proof. By virtue of Theorem , suppose that y(t) = ZbH G(t,s)f(s), t € N5 is a solution

of the MPFBVP (5.22) on N5+ Suppose z(t) and ¢(t) as stated above. Then

2(V =2) = o0 = 2) +y(0 - 2) = p,

99



v+b v+b
and 2 +b+1)+A D a(s) =y +b+ 1)+ W +b+1)+1 > ¢(s) =q.

s=9—1 s=v—1
Finally, — Ay Lx(t) = =AY _Ly(t) — AY_,o(t) = f(t) for t € NG

]

Theorem can be helpful for treating nonlinear system with summation condition as next

result reflects.

Corollary 5.3.3. Assume that ¥ € (1,2] and h : [V —2,b+ 9 + 1]y, , x R — R. Then the

solution to system (5.21)) is given by

b+1
2(t) = 6(t) + 3 Glt, $)hp(s) + 9, 2(pls) +0)), € Ny, (5.30)

for ¢(t) as given in Theorem[5.5.

5.4 Fixed point operator for Hilfer fractional difference
system for IVP

Findings of this section appeared in [109]. To establish the existence theory for Hilfer fractional

difference equation with initial conditions:

{A}Z’Wx(:r:) +g(x+9—-1,x(z+9—1)) =0, for x € Nyyq_y, (5.31)

Ay (a+l-m)=( (ER,
where 7 = ¥ + ¢ — 9. We transforms the problem to an equivalent summation equation which

in turn defined an appropriate FPO.

Lemma 5.4.1. Let g : [a,T]ny, x R = R be given and 0 < ¥ <1, 0 < ¢ < 1. Then x solves

a

system (5.31)) if and only if

X(@) = Chyr(z,a+1—n) =AY _yg(z+9 -1, x(z +9 — 1)),
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for all v € Nyyy.

The proof of above lemma is an implication of Lemma [3.1.2] (¢) and (i7) and second part of
Theorem 8 in |116]. In next chapter, the Brouwer’s FPT [61] is utilized for establishing existence
conditions. The set Z of all real sequences u = {x(z)}._, with ||u|| = sup | x(z)| is a Banach

zeNT

space.

Using Definition [2.1.15[ and Lemma [5.4.1] we define an operator A : Z — Z by

Ax(x) =Chy—1(z,a+1—n) — X_: ho—1(z,0(F))g(F+09 -1, x(F+09-1)). (5.32)

The fixed points of A coincides with the solutions of the problem ([5.31)).

5.5 Fixed point operator for substantial fractional differ-
ence system for IVP

Findings of this section appeared in [10§]. In order to apply FPT to establish existence theory

for substantial fractional difference equation with initial conditions:

{ SAgx(@) + flx+ o —Lx(z+9—1)) =0, forzeN, (5.33)

SNy (mg=a+m—p)=x;, =01, m-—1,
where m — 1 < ¢ < m with positive integer m. Here we use a type of initial conditions
involving non-integer order differences, suggested by Heymans and Podlubny [114]. However
these conditions may be converted to whole order conditions by a technique used by Holm [117]
in his doctorate dissertation. Physical entity of initial conditions that involves RL derivative has
been challenged by few researchers. However Heymans and Podlubny discussed some expositions
and provided a physical interpretation for the initial conditions [114,/149]. We convert the

problem to an equivalent summation equation to obtain an appropriate fixed point operators.
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Lemma 5.5.1. Lemma Let f : [a,T]n, X R — R be given and m—1 < ¢ < m form € N. Then

u solves system ((5.33)) if and only if

m—1 i—1

-t B8 ()

1=

S .
X (D) B e e+ o = Lx(a + o - 1)).
/=0

The proof of above lemma is an implication of Equation (3.3)) of Lemma m The Brouwer’s

FPT [61] is utilized for establishing the condition for existence, in the next chapter. The set Z

T

of all real sequences u = {x(x)},_, with a norm defined ||u|| = sup | x(z)| is a Banach space.

xeNT

Define the operator A : Z — Z by

m—1 i—1

x:e,p(x—a—l—lo gDmﬂxa AV 1
) == T > ()~ s
T—p+m—j
XD hemega(@o(F)ey(w — F0)f(F + o — Lx(F +p—1)).
F=a+m—yp

Fixed points of A coincide with the solutions of the problem (5.33]).
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Chapter 6

Existence and uniqueness of solutions

In this chapter, EU conditions of solutions to IVP and BVP shall acquire for different type of
fractional delta difference equations. We deal explicitly with impulsive difference equations for
nonlocal initial condition and two and four point boundary conditions, nonlinear FDE with
multi point summation BC, Hilfer fractional difference Cauchy system and substantial fractional
difference Cauchy system. Findings of sections and appeared in [110].

6.1 Existence and uniqueness of solutions for IVP with

impulse
Following are the assumptions to apply in the contraction principle:

(C1) there exists a constant 11 such that

|f(t,z) — f(t,z)| < N|x—z|, for eacht € [a,T]y, and all 2,z € R;

a

(Cq) there exist constants 77; and 11, such that

() [ Ie(z) — Iu(Z)| < My|o — &

, forall z,z € R, k € NT";

(74) | Ie(z) — ]_k(f)| < 7Z2|x - j:}, for all z,z € R, k € NT";
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(C3) there exists a constant 11, such that
|h(z) — h(z)| < Nyl —z|, forall 2,z € R.
Proof of the following two theorems is similar to that of Theorem [6.4]

Theorem 6.1. Let f : [a,T]n, X R — R be continuous, and 1 < ¢ < 2. Assume that
I, Iy : R — R are continuous for k € N7, In addition, assume that (Cy), (Cy) hold and

n<teth m < 3=, 1y < 5. Then the problem (5.11))~ (5.13) with initial condition (5.14)

3(T—a)¥”

has a unique solution.

Theorem 6.2. Assume that f :[a, Ty, X R = R, h: R = R are continuous, and 1 < ¢ < 2.

Assume that Iy, I, : R — R are continuous for k € NI*. In addition, assume that (C;) — (Cs)

—a

hold and N < f(,f;@“);, Ny< &, Ny < &, My < L. Then the problem (5.11)~(5.13) with initial
condition (5.15) has a unique solution.

6.2 Existence and uniqueness of solutions for impulsive
BVP

We shall illustrate the usefulness of Lemma by establishing existence conditions with
straight forward use of Schaefer’s FPT and accomplish the contraction principle for uniqueness

conditions. We define for further use

t
M, := sup %, My := sup

t€la,Tln, t€la.Tly,

olla(t]
9

Theorem 6.3. Let [ : [a,T|n, X R = R be continuous, and 1 < ¢ < 2. Assume that I,

I, : R = R are continuous for k € N7'. Assume o, ,§,m € R, &, n € (a,T)n,whered # 0. If
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following conditions hold for positive constants L, Ly, Ly, such that
|f(t,2)| < L, |In(2)| < Ly, |Ik(x)] < Lk, fortea,T]n,, k€N (6.1)
Then the problem (5.11)— (5.13) with boundary condition (5.17) has at least one solution.

Proof. Define the operator A : PC([a,T]n,,R) = PC(la, T]y,,R) by

)= Y 56 -2 S )8 Y hw)]

a<ip<t a<i<T a<tp<n
aq(t _
_ 2dlt) S Lw(w)+ Y H(t ) Ik(x(w))
a<tp<& a<ip<T

T
+ Y Gty s) [+ p(s), 2(p + p(s))).
The fixed points of A coincide with the solutions of the given problem. The continuity of
f, I, and I, implies the continuity of operator A. To prove that A is completely continuous.
Let Q = {x € PC([a,T]n,,R) : ||z|| < ¢} for some T < {. Let ky € NJ*. For x € €, and
6t € [a, T,y thy <t <t < thys1, by using (6.1)), we get

| Ax(t) — Ax@®)] <E-1) > i+ t_”a(l_ml[ d L

a<ltp<t B a<in<€
+h2(§,a)ik+hw(§7a)Lk}+(t—t)|\(<5|1—a)][ S 1
a<i<T
+ho(T,a)Ly + ha(T )Ly — 8L Y L+ ha(n,a) Ly
a<itp<n
(t — t—a)? -
* helm )Ly ]+) i _(F(:;;)

(t—a)2 (t—a)‘p

F<p+1) [(p+1)

The right hand side is independent of z and || Az (t)—Ax(f)|| — 0ast — t for 1y, <t < T < 1.
By the Arzela-Ascoli theorem we conclude that A : PC([a,T]n,,R) — PC([a,T]n,,R) is

completely continuous. In order to prove Z = {x € PC([a,T|n,,R) : 2 = AA(x), for some 0 <
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A < 1} is bounded. If z € Z, then x = AA (z)for some 0 < A\ < 1. For any ¢ € [a,T]y,, we have
|lz(t)| =A[(A)z(t)]

< 3 RG]+ M [ X )] + 181 S [T

a<tp<t a<ip<T a<tp<n

+ My > |Te(x(w)| +

a<ip <€

+ halt,0)| L+ M [T, @) = Bho(n, )] + Maho(€, a)

M, [hQ(T, a) — Bha(n, a)] + Mahsl(€, a)

+h¢(t,a)‘L

Ml{ N L+ ho(T.a) Ly + hy(T, )L + || [ha(n,a) Ly + hy(n, a)L

+ > Wb Y Lt ha(& @)L+ hol€ a) L)

a<ip<n a<tp<§
+ Y Li+ ho(T, a) Ly + hy(T,a) L := M.
k=1

This implies that the set Z is bounded. By the virtue of Schaefer’s FPT fixed point exist for

operator A . Hence given problem has a solution in PC([a,T]y,,R). O

Theorem 6.4. Let [ : [a,T|n, X R = R be continuous, and 1 < ¢ < 2. Assume that Iy,
I, : R = R are continuous for k € N, Assume «,3,6,n € R, &1 € (a,T) whered # 0. In
addition, assume that (Cy), (Cq) hold and

1< D (14 M)(T = a)2 + 8| M (n — @) + Ma(€ — a)?) o

n, <1t (m+M1(m+}ﬁ\ a)) + Ma(¢ — )>_1,

Mo < 2((1+ M)(T = )2 + |5 Ma(n — 0)2 + Ma(€ ~ a)Q)_l.

Then unique solution to the problem (5.11)—(5.13)) with boundary condition (5.17)) exists.

Proof. Let z,& € R. For each t € [a, T]y,, we have | Ax(t) — AZ(t)|

< Z | L (2 (k) — Te(Tn) | + ’pw |{ Z | L(2 (i) — Tn(2) |
18] 30 Iularu)) — Iy xk>!}+‘““’§"(t” S [elae)) - Tl
a<ip<n a<tp<&
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a<Lk<T a<ip<t

+ZG t,s)|f(o+ p(s), 2o+ p(5))) = flo+ p(s), 2(p + p(s)))].

<[z — z]

N

m?’ll—i—]\/[l mn1+}5\n )}+M2n1(§—a)

(T —a)? (n — a)? (—a) (T—a)f
{ T(3) + |5|M1 T(3) + M, T(3) + r(3) }772
(0 0 o

a)® (n
TR R S T e v

= 2ot o 4 - ) + -
{04 M)T — )2 B M(n — )2 + Ma(e — a2} 2
+ {(1 + M)(T = a)2 + |B|Mi(n — a) + Ma(€ - a)“’}%),

<(5+3+3)lle =7l < lle— 2.
3 3 s T xr T

A is a contraction mapping. As a consequence of the Banach FPT the given BVP has a

unique solution. O

Theorem 6.5. Let f: [a, Ty, x R = R be continuous, ¢1,c2,0 €ER, 1 +c2 #0 and 0 < p < 1.

Assume that I, I, - R — R are continuous for k € NT. In addition, assume that (Cy),(Cs) (i),

-1
hold and 1 < 5 )) <1 + ‘ckﬂcﬂ) , < 5 (1 + |c1|ic|:2|) . Then the problem ((5.11))—(5.12])

with boundary condition (5.16)) has a unique solution.

Finally we give an example to illustrate the usefulness of Theorem [6.3]

Example 6.2.1. Consider the FDE with impulses and four-point BC

CAfz(t) + 2 sin(z) =0, 1<p<2 te Nfﬂ, .t F Ly, Lo, L3,
I, =3, ke N:%

I_k - ﬁa

x(0) = 2x(3), x(25) = 3z(5).
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Since § = —22 # 0, and there ewist positive constants L, Ly, Lj, such that

|2 sin(z)| < [t(t —1)| =600 = L, |Ix(2))] < Ly =3,

k € N3. Hence all the assumptions of Theorem are satisfied. Which shows that problem

possess at least one solution.

6.3 Existence and uniqueness of solutions for MPFBVP

Findings of this section appeared in [107]. In this section, we shall study the existence for
the nonlinear difference equation of non integer order with multi-point summation boundary
conditions. The Schauder’s FPT is utilized for existence, and the contraction mapping theorem

[191] is utilized for uniqueness of solutions.

Theorem 6.6. Let h: [ — 2,0+ 9 + 1]y, , x R = R be continuous function in 2"* variable,
MaX, b1 o(t) < M, where ¢ is the unique solution to the MPFBVP (5.29). Let C =
max{|h(t,u)|: 0 <t <b+1,u € R,|ul <2M} > 0. Then the nonlinear MPFBVP (5.21) has a

solution provided

T(0+2)M
—

M* <
Proof. Define a norm ||.|| on space of real valued functions X as ||y|| = max{|y(t)| : t € N§*5H

so that the pair (X, ||.||) is a Banach space. Thus X is a topological vector space. Define the

compact, convex subset K = {z € X : ||z|| < 2M} of X. The operator 7 : X — X is given by
b+1

Ta(t) =Y Gt s)h(s,z(p(s) + V) + ¢(t), te NI
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First we shall show that J is self map. For arbitrary ¢t € Nb+ﬁ+1 and x € K, we have

Ta(t)] =| D2 Gt s)hls 2(p(s) +9)) + 6(1)

b+1

<D Glt,9)lh(s,z(p(s) +0)| +|(t)]

s=0

To show 7 is continuous on K, let € > 0 and substitute maxypss1 ZZ;:(I) G(t,s) = L. Then by

Lemma [5.3.2] we have
S TW+2)

Continuity of h on R, implies its uniform continuity on [—2M,2M]. So there exists 6 > 0 for all

t, and for all z, & € [-2M,2M] with |(t,z) — (t,Z)| < 6 we have
_ 5
|h(t,x) — h(t,Z)| < T

Thus for all ¢ € Nf;*_‘;“ it follows that

b+1 b+1
Ta(t) — Ta(t)] = ‘ZG (t,5)h(s, x(p(s) +9)) — S Gt 5)h(s, Z(p(s) + )

€
<Gt,‘h, 9)) — h(s, ] G(t,s)S <
_g (t,5)|h(s, z(p(s) + 7)) — h(s, Z(p Z 8)T S
This proves the continuity of operator J from K into K. Thus the application of Schauder’s

theorem implies that 7 (z) = z for some x € K. This prove the desired result. ]

The Contraction mapping theorem [191] is utilized for uniqueness, in the following theorem.
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Theorem 6.7. Assume h : [9—2,b+39+1]y,_, xR — R is uniform Lipschitz in 2" variable, with

constant k > 0. If k< FWH , then the nonlinear fractional BVP (5.21)) has unique solution.

Proof. Define a norm ||.|| on space of real valued functions X by ||y|| = max{|y(t)| : t € NJ*5H
in such a way that (X,||.]|) is a Banach space. Define operator J as stated in Theorem [6.6] To

show that 7 is a contraction map, observe for all ¢+ € N4t9*! and for all #,7 € X that

b1
172(t) - T2@)ll = max, ZGt $)[h(s, x(p(s) + 9)) — h(s, 2(p(s) +V))]
b+1
<teg})%<“ G(t, s)k|z(p(s) + ) — 2(p(s) + V)|
v—2 s=0
b1
<k||z — z|| max G(t,s)
S A —
_ M _
<k||= —Iﬂm < alfe—z|.
Thus by given condition o = % < 1, consequently J is a contraction on X. Hence fixed

point of J in X is unique. O

6.4 Existence and uniqueness of solutions for Hilfer frac-
tional difference system

An application of Brouwer’s FPT gives us conditions for the existence of solution for a class of
Hilfer nonlinear FDE. For uniqueness of solution we applied Banach contraction principle. To
solve linear fractional Hilfer difference equation we used successive approximation method and
then define the discrete ML function in the delta difference setting. Findings of this section

appeared in [109)].

Theorem 6.8. Let f : [a, T|n, — R be a bounded function in such a way that |g(z,u)| < f(x)|u]
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for all uw € Z given in Lemmal5.4.1. Then IVP (5.31)) has at least one solution on Z, provided

T+ 1)
L' <
ST —a—119)

(6.2)

where L* = sup fle+9-1).

zeNT

Proof. For M > 0, define the set
W ={u:|lu—Chy_1(z,a+1—n)|| <M, forz e N ,_,}.

To prove this theorem we just have to show that A maps W into itself. For u € W, we have

Au() = Gy r(w,0+ 1= 7)]

flx+9-1) Z hy—1(x,0(F))|u(F +9—1) =0

F=a+1-9
z—19

<L* sup Ju(z+9—1)—0] Y hy(x,0(F))

xENaTH 9 F=a+1-19

\ (z—a—1+9)2

[lu— o) [+ (19+1) }
SL*M(T—G 1—|—19) <

T+ 1)

We get || Awu|| < M which implies that A is self map. Therefore by Brouwer’s FPT A has at

least one fixed point. O

Theorem 6.9. For k > 0 and u,v € Z assume that |g(z,u) — g(x,v)| < klu — v| for all
€ [a,T|n,. Then IVP (5.31)) has unique solution on Z, provided

T +1)

k .
ST —a-1+0¢2

Proof. Let u,v € Z and x € [a, T|y,, we have by assumption

ﬂu(x)—ﬂv(a:)’ﬁ‘ Zﬁ ho1(z, o(F))

F=a+1-1

X|g(F+I9—1LuF+9-1)—g(F+9—-1v(F+9-1))|
<]0—(:v—a—1+19)ﬁ|
- I'W+1)

kElu(F +9—1) —o(F +9 —1)|.
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In the preceding step, we used >, hy—1(x,0(F)) = —hy(z, F) and Lemma [2.1.9, Now taking

supremum on both sides we have

KT —a—1+9)2
< — ||
S S

sup
zeNT

Au(z) — Av(z)

Using inequality (6.3)), we get || Au— Av|| < ||u — v|| which implies A is contraction. Therefore

by Banach FPT A has unique fixed point. O

To solve the linear Hilfer fractional difference IVP, we use the successive approximation

method.

Example 6.4.1. Letn =9+ p — vy, with0 < ¥ <1 and 0 < ¢ < 1. Consider the IVP for

linear Hilfer fractional difference equation,

APPx(x) = Ax(z +9 = 1) =0, (6.4
A x(@+1-m)=¢, CEeR
The solution of (6.4) is given by
x(z) =Chy_1(xz,a+1—1n) + )\A;le_ﬂx(m +9—1).
The Definition and successive approzimation yields the following
z—7
Xe(@) =xo(z) + A D> hy_i(z,o(F))xa-1 (F + 0 — 1), (6.5)

F=a+1-0
fork=1,2,3,---, where xo(z) = Chy—1(z,a +1—n).

Initially for k =1 and by Lemma

Xﬂ($)::Chw71($>a‘+]»—'U)4‘AChm71+ﬁ($‘+?9——1,G'+]»—'U)
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Stmilarly for k = 2
XQ(JI) :C [hn—l('r; a+1— T]) + )\hn—l—o—ﬁ(I + Y — 1, a+1-— T]) + )\2hn_1+279($

1200 —1),a+1—n)

_ 4 _ 1\0.94n-1 o _ 1.94n-1
_poltnmas DR b ma Lt (01
I'(n) ['(J +n)
e (z4+n—a—1+42(0— 1))zt

(29 +n)

Proceeding inductively and let k — oo

Ik @tn—a—1+k@— 1))kt
=[x o |

Now, we use property x92 = (x — p)? 22 in the following step,

=@t —a-1+ (k- -1))"@+n—a—1+k@ —1))=L
_C[Z)\ L'(kd +n)

Now, from the discrete form (6.5)), we have numerical formula

A =T —j+9)
x(a+n) =x(a) +

M) 2

with x(a) = Cropi oD n);bz;il) From (6.6), we can have

__ T(n+n) A T(n—j+9)
X0 = 1) T T W) > T(n—j+1)

' x(j—1).

For different values of ¢ numerical solutions for ¥ = 0.8 and ¥ = 0.5 are shown in Fig. 1
and Fig. 2 respectively. Fig. 1 and Fig. 2 show the interpolative behavior of Hilfer difference

operator between the RL [188] and the Caputo difference operator [187].
Definition 6.4.2. For A € R and 9,1,z € C with Re(¥) > 0, the discrete ML functions are
defined by

e E =D -0z 4 k(9 — 1)1t
Fal g o+ 1)

k=0

113



300 T T T T T T T T T T
- (P e ]_ :
280+ g = 0.8 S
. =08
200+ =04 .
+ .
* (p s 0.2 *“f\.’e
S 180 B
=]
100 4
50 B
0la "
0 10

Figure 6.1: Solutions for A = 0.1, ¥ = 0.8 and different values of ¢.
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Figure 6.2: Solutions for A = 0.1, ¢ = 0.5 and different values of .

Note that Es., (A, z) are same discrete Mittag-Leffler functions appeared in [4].

Next we solve the non-homogeneous Hilfer fractional difference IVP.

Example 6.4.3. Let n = ¥+ ¢ — 9, with 0 < ¥ < 1 and 0 < ¢ < 1. Consider Hilfer
non-homogeneous fractional difference equation,

Aex(z) = Ax(z +9 = 1) = f(),

ATx(a+1-n) =( CER oD
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The solution of (6.7)) is given by

x(z) =Chy 1 (z,a+1—1n)+ AAY o1 ﬂx(:c+q9—1)+Aa+1 of ().

The Definition and successive approzimation yields

z—1
Xe(@) =xo(@) + A D hoa(w,o(F))xea(F +0 = 1)+ A7, f(w),
F=a+1-9
fork=1,2,3,---, where xo(z) = Chy—1(z,a+1—n).

Initially for k =1 and by Lemma

x1(z) =Chy—1(z,a+1—n) + AXhy_119(x + 0 — 1, a+1—n)+Aa+1 of ().

Similarly for k = 2
Xg(l’) :C [hn,1($, a+1— T]) + )\hn,1+qg<$ + Y — 1, a+1— 77) + )\2hn,1+279(.’17

+2(W—1),a+1—n) +)\Aa+1 19]‘?(:76%—19—1)+Aa+1 of ()

¢ [)\0 (zn—a— 1P (@t —a—1+ @ 1))

['(n) ot F(ﬁ +n)

a+1 19f( )

Proceeding inductively and let k — oo

I (@t —a— 1 k(0 — 1))kt
_C[ZA TS ]

+ZA'“ AT pf (x4 (k= 1)(9 — 1))

:C[Z)‘k (x+n-— a—1+k(19—1))’“’”“’7_1]

(k9 +n)
+Z>\k1 Z hig—1(z, 0 (F + (k — 1) — 1)) f(F)
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(kY +n)

P3N S mold) Hk - 1)
k=0  F=a+1-9 F(kﬁ T 19)

I k@t n—a—14 k(@0 — 1))kt
_C[;Ak (kY +n) }

o T —a— _ kv+n—1
X($) —¢ Z)\k( +7n 1+ kW 1))}
k=0

f(F)

a—9 oo b — o(F) 4 k(0 — 1))E0+0-1
+ZZA< ) MO

In preceding step, we have interchanged summation of second expression. Now, we use property

292 = (z — )Y 22 in the following step,

(kY +n)

z—19 00
(@ —o(F) + (k= 1)@ = D))z — o(F) + k(¥ — 1))=L
R P, (k9 + 0)

N L —a- - — 1) (x —a— — 1))t
x(@) zg[zkk( tn—a—1+ (k=10 - 1))z +n—a—1+k® 1)
k=0

F=a+1—0 k=0
Using Definition we have

r—19

@) = CBuuha+n—a—1+ Y [Bu(ha—o(@)]f()

F=a+1-9

Note that above is the generalization of Caputo fractional difference IVP [4], one can prevail it

for p = 1.

6.5 Existence and uniqueness of solutions for substantial
fractional difference system

The Brouwer’s FPT is utilized for existence, and the Banach FPT is utilized for uniqueness of

solutions for a class of substantial nonlinear FDE. Findings of this section appeared in [108§].

Theorem 6.10. Let g : [a, T|n, — R be a bounded function in such a way that | f(z,u)] < g(x)|ul

for allw € Z. Then IVP (5.33)) has at least a solution on Z, provided that

L <(1-p", (6.8)
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z—p+m—j
where L* = sup > hpomyjo1(z,0(F))e_p(x — F,0)9(F + ¢ —1).

2€NT F=a+m—op
Proof. For M > 0, define the set

( m—1 i—1

5= (o) = S e 35 () ol < )

=U J=

To prove theorem we just show that A maps B into B. For u € B, we have

Au(w) - S et VI T () (o)

T Moy (@,0(F)ey(a = F0)g(F + ¢~ 1)

T=atm—p w0
ST (D) (o) =0

Since Yy, () (=p)™ ™ = (1 — p)™. Take supremum on both sides we have

m—1 i—1 .
e_p(x—a+1,0)h m+1:va <z) L*M
S A S — <p =p)u;| < ——.
s [Aule) S (r )( ZZ ZJO i) P S T

By using inequality (6.8), we get |[Au|| < M which implies that A is self map and therefore by

Brouwer fixed point theorem it has at least a fixed point. O

Theorem 6.11. Under the assumption (Hy) |f(z,u) — f(z,v)| < k|lu —v|, for k > 0 and for

alu,v e Z and x € [a,T|n,. The IVP (5.33) has a unique solution on Z, provided

|1 — p|Pm—e

k< .
|hommti (T a — o +m)|

Proof: Let u,v € Z and z € [a,T]y,. Then, we have

F=a+m—¢p %0 m+j—1
>ty (7) (=p)ym=t
X[f(F+e—LuF +¢o—-1) = f(F+e—-1LoF +p—-1))

< |hp—msi(z,a —@+m
L= ppme

Au(x) —

‘ ’Zx e -1z, 0(F))ep(z = F,0)

)|k|u(g+¢— 1) —v(F+p—1)
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In the preceding step, we use condition (Hi), > ;- () (=p)"* = (1 — p)™, Lemma [2.1.9

Yogho1(x,0(F)) = —hy(x, F) and the inequality

i S by (. 0(9))]
Z hp—msi—1(z,0(F))e_p(x — 5",0)‘ < ,
T
F=a+m—¢

Now taking supremum on both sides

sup kllu — vl].

zeNT

Au(z) — ﬂv(aﬁ)‘ < ho-ms(Toa = ¢ +m)]
- |1 — p[prm-ey

By using inequality (6.9), we get |[Au — Av|| < ||u — v|| which implies A is contraction.

Therefore by Banach FPT it has unique fixed point.
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Chapter 7

Stability analysis

In this chapter, four kinds of Ulam stability to initial and boundary value problems is discussed.
Conditions shall acquire for different type of fractional delta difference problems namely, nonlin-
ear FDE with multi-point summation BC, Hilfer fractional difference with initial condition and
substantial fractional difference with initial condition. Also continuous dependence of solution
to fractional order Hilfer difference equation with on initial conditions will be discussed through
modified Gronwall’s inequality.

The definition of Ulam stability for fractional difference equations is introduced in [61].

Consider the system (5.31]) and the following inequalities:
ALy + gy + 9~ Lo+ 9 - 1) e y€la,Th, (7.1)
AT(y) +gly+0 = Luly+0 - 1) D) +9). yE0Th,  (72)

where 0 : [a, Ty, — RT.

Definition 7.0.1. [109] A solution u € Z of system (5.31) is UH stable if there exists a

real number dy > 0 such that for each € > 0 and for every solution v € Z of inequality (7.1)), if
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it satisfies
v — ul| < edy. (7.3)
A solution of system (5.31)) is generalized UH stable if we substitute the function g (e) for the

constant edy in inequality (7.3)), where ps(e) € C(RT,R") and ps(0) = 0.

Definition 7.0.2. [109] A solution uw € Z of system (5.31)) is UHR stable with respect to

function O if there exists a real number dsg > 0 such that for each e > 0 and for every solution

v € Z of inequality (7.2)) if it satisfies
v —ul|| < €d(y)dss, € a,T]n,. (7.4)

The solution of system (5.31)) is generalized UHR stable if we substitute the function ®(y) for

the function €d(y) in inequalities (7.2) and ([7.4)).

Now consider the system (5.33)) and the following inequalities:

“Azo(@) + [(p(@) + ¢,0(p(@) + @) <& @€ 0 Th,, (75)

Do) + f(p(@) + pv(p(@) +¢))| < Dlp@) +¢), e[0T, (70

where 0 : [a,T]y, — R™.

Definition 7.0.3. [108] If there exists a real number dy > 0 such that for each € > 0 and for
every solution v € Z in inequality (7.5) the solution uw € Z of system (5.33)) is UH stable if it
satisfies

v — ul| < edy. (7.7)

The solution of system ([5.33)) is generalized UH stable if we substitute the function g (e) for the
constant edy in inequality (7.7), where ps(e) € C(RT,R") and ps(0) = 0.
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Definition 7.0.4. [108] If there exists a real number dgs > 0 such that for each € > 0 and for
every solution v € Z of inequality (7.6]) then, a solution u € Z of system (5.33) is UHR stable

with respect to function 0 if it satisfies

(7.8)

a*

v —u|| < €d(x)dss, x€[a,T)n
The solution of system (5.33)) is generalized UHR stable if we substitute the function ®(x) for
the function €d(x) in inequalities ((7.6]) and (7.8]).

7.1 Stability of solutions for MPFBVP

In this section, we shall discuss UHR stability for the nonlinear difference equation of non integer
order with multi-point summation boundary conditions. Findings of this section appeared

in [107].

Theorem 7.1. Assume for constant Ly, > 0, |h(t,z(t)) — h(t,y(t))| < Lh‘x(t) - y(t)‘ holds,
for eacht € [0 —2,b+ 9+ 1]n,_, and z(t),y(t) € K. Let z(t) € K be a solution of system
(5.21) and y(t) € K be a solution of inequality and M* s given in Lemma . Then for
M*Ly, <1 then the nonlinear MPFBVP 1s UH stable and consequently, generalized UH

stable.

Proof. By Corollary the solution x(t) of nonlinear MPFBVP (5.21)) is given by equation

(5.30). From inequality (2.4) for t € [¥ —2,b+ 9 + 1]y,_,, it follows that
b+1
[y(t) = (o) = S G(t, 9)h(p(s) + 0, y(p(s) + )| < e (7.9)

s=0

By making use of equation (5.30)) and inequality (7.9) together for t € [J — 2,0+ 9 + 1]n,_,, we
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have

ly(t) = 2()] =Ju(t) - (o0 bi(;ts $)+ 0, 2(p(s) + ) ) |
g‘ ( biiGts s)+ 1, y(()—i—ﬁ)))‘
+\b+zlc: t, s)h(p(s) + 9, z(p(s )+z9))—§G(t,s>h<p<s)+0,y(p(s)+ﬁ)))

< e+ M* Lh‘y —:v(t)‘.
In preceding step, we use the assumption on h and Lemma [5.3.2 Simplification yields the
following
€ 1

H—a2t) < — g ith dp — —
’y() x()_l—M*Lh Ghy W1 P MAL,

Therefore solution of the MPFBVP ((5.21]) is UH stable. Further by using oy, (€) = edj, pr(0) =0,

implies that solution of system ([5.21]) is generalized UH stable. n

Theorem 7.2. Assume for constant Ly, > 0, |h(t,z(t)) — h(t,y(t))| < Lh‘x(t) - y(t)‘ holds,
for each t € [0 —2,b+ 9+ 1]n,_, and z(t),y(t) € K. Let x(t) € K be a solution of system
and y(t) € K be a solution of inequality where M* s given in Lemma .
Then for M*L, < 1, the nonlinear MPFBVP 1s UHR stable with respect to function

0:[0—2,b+9+1]n,_, = RT and consequently, generalized UHR stable.

Proof. By Corollary the solution z(t) of nonlinear MPFBVP (j5.21)) is given by equation

(5.30). From inequality ({2.5)), for t € [¢ —2,b+ ¥ + 1]y,_,, it follows that
b+1

o ZG (t,5)h(p(s) + 9, y(p(s) + 0))) | < D(p(t) + ). (7.10)

By making use of equation ((5.30) and inequality (7.10) together for ¢t € [0 — 2,b+ ¥ + 1]n,_,,
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we have

ly(t) = 2(0)] =Ju(t) - (ot bi(;ts $) + 9, 2(p(s) + 1))
g‘ ( biiGts s)+ 1, y(()—i—ﬁ)))‘
+\b+zlc: t, s)h(p(s) + 9, z(p(s )+z9)>—§G(t,s>h<p<s)+z9,y(p(s)+q9)))

< @(p(t) + ) + M*Lh\ya) ~ (b))

In preceding step, we use the assumption on h and Lemma [5.3.2 Simplification yields the

following
€0(p(t) + ) . 9(p(t) +9)
y(t) ()] < TR = o, with dyy = TS
Therefore solution of the MPFBVP ((5.21)) is UHR stable. Further ®(p(t) 4+ ) = €d(p(t) + V),
implies that solution of system ([5.21)) is generalized UHR stable. n

Finally, to illustrate the usefulness of Theorem [7.1] we present the following example.

Example 7.1.1. Consider the delta DE with summation condition

A2 x(t) = C(t+0.2)32(t + 0.2), t € [0, 14]y,
2(=0.8) =p,  2(152)+103.10, x(s) = ¢,

we have Ly = 221.76¢, fort € [—0.8,15.2]n_,4, since b = 13, ¥ = 1.2 and A = 10, therefore

M* =2.12. Then for % < 470.1, the solution to given problem with inequalities
‘Alogy £) + h(t+0.2,y(t + 0.2))‘ <e telo 14y,

)Al 2 () + h(t +0.2,y(t + 0.2))( <Dt +02)  tel0 14,

is respectively UH stable and UHR stable with respect to function 0 : [—0.8,15.2]y_,, — RT.
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7.2 Stability of solutions for Hilfer fractional difference
system

In this section, conditions are acquired for four type of Ulam stability. An application of
modified Gronwall’s inequality has been given for the stability of solution to fractional order

Hilfer difference equation with initial conditions. Findings of this section appeared in [109].

Theorem 7.3. For k > 0 assume that |g(x,u) — g(z,v)| < klu —v|, for all x € [a,T|n,. Let
u € Z be a solution of system (5.31)) and v € Z be a solution of inequality (7.1)). Then for k in

inequality (6.3), the nonlinear IVP (5.31)) is UH stable and consequently, generalized UH stable.

Proof. For simplicity the solution of IVP (5.31)) can be rewritten as by using Equation (6.1))

z—19
u(@) =p(z) — > hoi(z,0(F)g(F +9 - Lu(F +9 - 1)), (7.11)
F=a+1-9

where ¢(z) = Chy—1(z,a +1 —n). Now, for [a, Ty, it follows from inequality (7.1]) that

a

)v(x)—(¢<x>— f hﬁ,l(x,a(G))g(?+19—1,@(9’—}—19—1)))) <e (7.12)

F=a+1-9

For [a, T|y,, making use of equation ((7.11]) and inequality (7.12)) together for [a, T]y,, we have

o(z) - (¢(x) - iﬁ ha-1(w,0(F)g(F +9 — Lu(T +0 - 1))

F=a+1-9

STORICOR f ha-1(w,0(F)g(F +9 = Lo(F +9 1))

F=a+1-1

+| f ho-1(z, 0(5))|

F=a+1-29

v(x) — u(m)‘ =

x ]g(9+ﬁ—1,v(9f+0—1))—g(9f+z9—1,u(9+19—1))\

< e+|0—h19(36,a—|—1—19)|k‘v(ff—|—cp—1)—u(9”—|—<p—1)‘.
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In preceding step, we used assumption and the same argument used in Theorem [6.9 Now,

taking supremum on both sides and simplifying, we have

‘ = ed;, with df = !
1 hy(Toat+ 11—k 0 " =T (Ta+1— 0k

o —ull <

Therefore by inequality (6.3)), (5.31) is UH stable. Further by using pf(e) = edy, pf(0) = 0,

which implies that (5.31)) is generalized UH stable. O

Theorem 7.4. For k > 0 assume that |g(x,u) — g(z,v)| < klu — v|, for all x € [a,T]y,
Let w € Z be a solution of system (5.31) and v € Z be a solution of inequality (7.2)). Then
for k in inequality (6.3), the nonlinear IVP (5.31)) is UHR stable with respect to function

0:[a,T]n, = R and consequently, generalized UHR stable.
To illustrate the usefulness of Theorem we present the following example.

Example 7.2.1. Consider the fractional Hilfer difference equation with initial conditions in-

volving Reimann-Liouville fractional sum

AO'7 05’&(33) (x — 0.3)u(xz — 0.3), x € [0.3,9.3]|n, 5
A 30 15) w(0.45) = C.

Here a = 0.3, T'=9.3, ¥ = 0.7 and ¢ = 0.5. Therefore n = 0.85. Thus for k < 0.1974, the

solution to the given problem with inequalities
‘A‘”OE‘ () + (x — 0.3)v(z — 0.3)’ <e 2€[0.3,9.3).,

‘AO 2050 (2) + (z — 0.3)0(z — 0.3)( <Dz —03) z€[0.3,93],,

is UH stable and UHR stable with respect to function 0 : [0.3,9.3]n,, — R*.
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7.2.1 Application of modified Gronwall’s inequality in delta differ-
ence setting

A simple utilization of Gronwall’s inequality leads to stability for Hilfer difference equation.
Let n =04 ¢ — vy, then for 0 < ¥ <1 and 0 < ¢ <1, we have 0 < n < 1. Following result

illustrates the application of Gronwall’s inequality, for the system

{Ag’%(x) +g(x+9—1vx+9—1))=0,for z € Nyyi_y, (7.13)

A;(l_n)v(a +1—-n)=¢ €€R.
Theorem 7.5. Assume Lipschitz condition |g(x,u) — g(x,v)| < k|u — v| holds for function g.

Then the solution to Hilfer fractional difference system is stable.

Proof. Let u € Z be a solution of system ([5.31)) and v € Z be a solution of system ([7.13)). Then

the corresponding summation equations are
w(x) =Chy-1(z,a+1=n) = A _yg(x + 9 — Lu(z+ 9 —1)),

v(z) =Ehy—1(z,a+1—n) — A;fl_ﬁg(m +9—Lv(x+9-1)).

For the absolute value of the difference, we have |u(z) — v(x)]
<|¢ = &llhp-a(z,a+1 =n)

+1A7 g+ 9 —Lu+9—1)) —glz+9 — Lo+ 9 —1)))]

<|¢ —&lhya(z,a+1—n)+ A;’fl_ﬁk\u(x +9—1)—v(x+9—1).
Then it follows from the Theorem 2.3 that

I —¢]
['(n)

lu(z) —v(z)] < Y Ef(z+n—a— 140 — 1))

By using Lemma/2.1.16, we get E% (z+n—a—1+£(9—1))2=L = I{E;i(&)) (z+n—a—1+£0(9—1))2=L
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To shape in the form of discrete Mittag-Leffler function, we use property 92 = (2 — )2 22,
u(zx) —v(z)| <|¢— —(+n—a—-1+ (k-1 —-1))**
u(a) =) <IC =€ g (k= 1)(0 - 1)

x(z+n—a—1+k@®—1))=2

=[¢ = &lEon(K,x+n—a—1),

where Esq (A, x) is discrete Mittag-Leffler functions defined in [4]. Replace system ([7.13]) with

A%2y(z) + gl +9 — Lv(x +9 — 1)) =0,
- (7.14)
Ag via+1—n)=7(,
for x € Nyy1_y and ¢, — (. The solutions are denoted by v,,. Now we have
lu(z) — va(2)] <|C = Col Bow(k,x +1—a—1).
This leads to |u(z) — v, (x)| — 0, when ¢, — ¢ for n — oco. This complete the proof. O

7.3 Stability of solutions for substantial fractional differ-
ence system

In this section, conditions will be acquire for four type of Ulam stability to fractional order

substantial difference equation with initial conditions. Findings of this section appeared in [108].

Theorem 7.6. Assume condition (Hy) holds. Let u € Z be a solution of system (5.33) and
v € Z be a solution of inequality (7.5)). Then for k in inequality , the nonlinear IVP (5.33)

1s UH stable and consequently, generalized UH stable.

Proof. By Lemma [5.5.1] for simplicity we can rewrite the solution of IVP (5.33)) as

@) o) 3 Bemmnr@enlr 20,0

F=a+m—yp

f(F+eo—LulF+¢—-1)), (7.15)
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where ¢(z) = 6"’%;:3;;3?2;@*_14@@) St Z;;lo (;) (—p)?u;. From inequality (7.5) for [a, Ty, , it

follows that

s—ptm—j
_ ) — h<p—m+j—1($a o(F))ep(x —F,0)
@ (¢( ) g_;;%—¢ (1-p)m (7.16)

xﬂ9+¢—ng+¢_nQ‘ga

Making use of equation (7.15)) and inequality (7.16) together for [a, Ty,, we have

T—p+m—j

I R T e
X f(9”+<p—1,u(9’+¢_1)))‘
T hp—mij-1(x,0(F))e_p(x —F,0
Shuﬂ_(d@_lp§: <<ﬁ_3m ( )
Xﬂ5+¢—ng+¢_UD‘
T—pt+m—j hp—mij—1(z,0(F))e_p(z — F,0)
*_’g;;;_w (I—p)m ’

>4ﬂg+¢—Lm5+¢—1»_ﬂ9+¢—ng+¢—nﬂ

< et \hp—mtj(T, 0 — @ +m
- 1 — pfpm—ed

”4“5+@_”_M5+¢_”W
In preceding step, we used (H;) and the argument used in Theorem[6.9) Now, taking supremum

on both sides and simplification yields the following

€ ' 1
1— |hw—m+j(T,a*<p+m)\k = €df7 with df =

[L—p|2m=e=i

[lo—ull <

|h<p—m+j (T7a790+m)|
L= =y K

Therefore, by inequality (6.9), (5.33)) is UH stable. Further by using ¢ (e) = edy, p(0) = 0,

which implies that ([5.33)) is generalized UH stable. H

Theorem 7.7. Assume condition (Hy) holds. Let w € Z be a solution of system and
v € Z be a solution of inequality , Then for k in inequality , the nonlinear IVP ((5.33)
is UHR stable with respect to function O : [a, T|n, — R and consequently, generalized UHR
stable.
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Finally, to illustrate the usefulness of Theorem [7.6], we present following example.

Example 7.3.1. Consider the fractional substantial equation with difference condition

— SASBu(z) = (z — 0.2)u(z — 0.2), z € [0,10]n,
SALBu(0.2) = ug.

Since a =0, ¢ = 0.8 and T = 10, therefore m =1, i =0 and j = 0. Then for any p # 1, we
have k < L= For instant if we choose p = 1001 then for k < =, the solution to given

335179.01° 84.27

problem with inequalities

SAYPU(z) + (2 — 0.2)v(x — 0-2)’ <e 2€[0,10,,

SASP(z) 4 (2 — 0.2)v(x — 0.2)‘ <ed(z—02) =z €l0,10]n,,

is UH stable and UHR stable with respect to function 0 : [0,10]y, — RT.
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Chapter 8

Summary

In Chapter [1} we outlined some working areas of FC and present the motivation behind using
delta FDO. History of FC is given in Section where we highlighted some researcher who
gradually build the theory. Also we highlighted some dominant treatise in the field of FC and
enlist some prominent fractional operators available in the literature. Section contained
the discussion on origin of difference equation and some major contribution. As the discrete
analogue of fractional derivative the integer order difference has the generalization to non-integer
order in such a way that it is compatible with classical difference operators. In Section
references of FC in continuous setting are listed. A short survey of BVP with different types
of boundary conditions, double Laplace transform, Hilfer and substantial fractional derivative
are given to set a track for main research work. Detailed survey of discrete fractional calculus
with some important contributions are presented. Specifically some references in the area of
delta FC are discussed. In Section properties of fractional operators are enlisted with some
rules which are not satisfied by fractional operator. Also some commonly used FDO are enlisted.
Motivations for defining new FDO and for defining delta double Laplace transform are given.

Motivations for discussion of multipoint BVP, impulsive difference system and UHR stability
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are also given. To cover up some gaps and to further build up the theory of discrete FC are
two main goal of the dissertation which are described in Section [1.5] Pointwise objective of
dissertation are also enlisted. Detailed organization of dissertation is given in Section [1.6]

In Chapter [2| some fundamentals and special functions are given. Definitions of discrete
FC are given in Section [2.1I] Euler Gamma function and alternative versions of discrete ML
functions are presented in comparison to [4] in Section 2.2] The definitions of UHR stability for
delta FDE are stated in Section [2.3] In Section [2.4] a Gronwall’s inequality in delta discrete
setting is furbished.

In Chapter (3, some generalizations of FDO are constructed. In Section [3.1] a new definition
of Hilfer like FD on discrete time scale has been introduced. Some basic composition properties
are also presented for newly defined Hilfer FDO. In Section substantial fractional sum and
DO on discrete time scale are constructed. Some important properties including left inverse
property and composition properties are presented. Also a relation between RL and substantial
FDO is induced.

In Chapter 4l the delta double Laplace transform method is introduced. Definition, EU and
series representation of the delta double Laplace transform are given in Section [£.1} Some basic
properties are derived in Section 4.2 The delta double Laplace transform of partial differences
is presented in Section 4.3 The delta Laplace transform is developed for newly defined Hilfer
FDO in Section [£.4] The exponential shift property of delta Laplace transform are proposed in
Section 4.5 as an application of exponential shift property, delta Laplace transform for fractional

substantial sum and DO are presented.

In Chapter [f, FPO and GF to different types of FDE are obtained. In Section [5.1]the general
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method of construction of summation equation from nonlinear FDE with impulse is presented.
This construction applied to obtain FPO for IVP.

In Section the general construction is applied to the two point BC and the four point
BC. Then the GF for two points and four points BVP are derived with some useful properties.

In Section the GF' for multi-points BVP with summation condition are derived. Some
useful properties of the GF are presented. The fixed point operator for the nonlinear FDE with
multi-point summation BC are obtained.

FPO for Cauchy type problem of Hilfer FD system is obtained in Section [5.4 FPO is obtained
in Section for substantial FD system with initial condition.

In Chapter [0 conditions for the EU of solutions to different types of FDE are obtained.
Conditions for EU of impulsive difference equations with IVP and BVP are obtained in Section
[6.2] and Section 6.1l In Section [6.3] conditions for EU for MPFBVP are obtained. Conditions for
the EU of solutions for Hilfer FD system and substantial FD system are respectively obtained
in Section [6.4] and Section [6.5

In Chapter [7, UH stability and UHR stability are discussed for different types of FDE.
In Section conditions are acquired under which the nonlinear MPFBVP is UH stable,
generalized UH stable, UHR stable and generalized UHR stable. In Section [7.2, conditions are
acquired under which the nonlinear Hilfer FD system is UH stable, generalized UH stable, UHR
stable and generalized UHR stable. An application of the modified discrete Gronwall’s inequality
in delta setting is presented. In Section [7.3| conditions are acquired under which the nonlinear
substantial FD system is UH stable, generalized UH stable, UHR stable and generalized UHR

stable.
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