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Abstract 

This paper proposes a simplified rigid-plastic model for determining the dynamic response of 

skeletal structures under blast loading.  The proposed numerical formalism is an extension of the 

previously developed model of Khan A et al [1] to investigate the impact behaviour, which is 

validated for studying the effects of blast loading on skeletal structures.  For this purpose, three 

verification examples are studied.  In the first example, a generic theoretical solution is sought for 

a simply supported beam excited by a uniformly distributed linearly decaying triangular pulse load 

of varying magnitudes.  The numerical and theoretical results are presented and contrasted.  In the 

second study, the dynamic response of a single-story steel portal frame is investigated when the 

blast load is applied to one of the leg members.  This time the result of the proposed model is 

validated by comparing the maximum deflection with the finite element model developed in 

ABAQUS.  The final validation is made by comparing the experimental results of permanent 

transverse deformation of blast loaded reinforced concrete beams with the proposed model.  The 

results show that the prediction of the current model is in satisfactory agreement with the 

experimental results obtained from the literature. 

Keywords: Mathematical programming, rigid-plastic model, blast loading, pulse load, beams, 

frames 
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1. Introduction 

Blast loading response is a large, active, and ever-growing field of studies that encompasses a rich 

variety of engineering problems, as exemplified by civilian and military structures subject to 

accidental explosions and terrorist attacks. Such explosions may occur during storage or transport 

of dangerous substances, such as oil, gas, and radioactive material, as well as ordinary substances, 

such as milk powder and flour. The ability to predict the response of engineering structures under 

these loadings is essential for appraising the safety of chemical, nuclear and other manufacturing 

plants with respect to the potential damage of structural components [2,3].  However, due to the 

inherent complexity of the blast phenomena and costly experimental setup [4, 5-14], limited 

analytical and experimental studies can be found in blast load literature.  The existing analytical 

models not only require a high level of expertise but also are computationally expensive and time-

consuming [15].  Consequently, rigid-plastic approximations offer a simplified and 

computationally efficient procedure for dynamic analysis, owing to the exclusion of the elastic 

response [16]. This simple theory can supply a conceptual framework from which extensions to 

include the effects of other important parameters can be developed as needed [17].   

Although the application of the rigid-plastic theory to dynamic problems was suggested by Taylor 

[18], the first systematic study in this context appears to have been made by Lee and Symonds 

[19]. This yielded vast literature on the investigations of structures submitted to extreme dynamic 

loading [20–29]. Yet it is noteworthy that each closed-form theoretical solution requires to 

postulate a kinematically admissible velocity profile for the evolution of displaced configuration.  

Nevertheless, the majority of procedures incorporating the simple rigid-plastic theory are oriented 
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towards the obtaining of specific results for specific problems, and demand personal judgement 

for obtaining the best results.   

From this precedent, mathematical programming provides an approach to incorporate the rigid 

plastic theory into a unified formalism that is not specific and problem-oriented.   It has a potential 

to proffer a finite element based numerical formulation [30,31]  allowing for a general layout of 

the structural system with any interconnection between its constituent elements, and the discrete 

mathematical modelling of the system facilitates the consideration of any distribution of mass, and 

spatial placement of applied loading and any temporal variation of the associated load pulses [32-

35].  Moreover, once the physical modelling decisions have been taken, a complete algorithmic or 

completely automatic solution procedure can be obtained [36-38].   

Mathematical programming [39–42] has a wider application in various specialized fields of 

engineering, such as robotics [43], fluid simulation [44], and agriculture [45].  The benefits of 

mathematical programming have been recognized for more than sixty years. Extensive surveys of 

the use of the mathematical programming application in engineering plasticity have been reported 

by Maier  [30], Maier and Munro [46] and Maier and Lloyd Smith [47, 32]. 

An important and fundamental development in the theory of the dynamic response of rigid, 

perfectly plastic continua was offered by the kinematic minimum principle of Tamuzh [48]. Later 

Capurso [49] used this principle to formulate a mathematical programming problem capable of 

tracing the response of rigid-plastic framed structures submitted to short duration pulse loads.  In 

recent times, Patsios and Spiliopoulos [50] have analyzed structural frames using the mathematical 
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programming method.  Moreover, Milani and Tralli [51] have employed mathematical 

programming to model the behaviour of masonry walls.  In the context of dynamic problems, the 

reported applications have been few, but they show promising results [1,52].  Although full of 

potential, this tool has not been exploited to any great extent to encode and solve problems in 

dynamic plasticity (Gesualdo et al. 2019). 

In a companion paper by Khan et al. [1], a mathematical programming formulation, called the 

Linear Complementarity Problem LCP [53-58], for determining the response to the rigid-plastic 

structure was developed.  In that study, the LCP solution was employed as a novel simplified 

design procedure for the assessment of structures under impact loading.  The lack of a simple 

method, for the numerical investigation of skeletal structures subject to explosive loads, has 

motivated the current investigation to extends this LCP approach for the pulse loaded structures 

without considering the shear effects.  Although the LCP formulation incorporates the philosophy 

adopted in [1], the physics of blast loading entails an intrinsically different phenomenon than 

impact problems.  The current study proceeds with providing three verification examples testing 

the accuracy and efficiency of the LCP formulation.  First, a theoretical study is undertaken to 

examine the behaviour of a rigid perfectly plastic beam subjected to varying proportions of 

triangular pulse-type loading.  The beam considered is simply supported at both ends and the blast 

load is uniformly distributed over the whole span.  The LCP execution is validated by comparing 

various response parameters related to different patterns of motion with the theoretical results.   

Following this, a second investigation is undertaken into the dynamic plastic response of a rigid-

plastic portal frame submitted to blast loading.    The LCP predictions are then compared with the 
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finite element program ABAQUS.  Finally, an LCP and experimental investigation of Zhang et al 

[4] into the dynamic response of fully clamped RCC beam is reported.  All these examples are 

carefully chosen because of their wider use in engineering practice and nevertheless the capability 

of demonstrating the accuracy and efficiency of the LCP formulation.  

1.1. Literature Review  

“An Overview of Methods for Blast Load Testing and Devices for Pressure Measurement” written 

by H. Draganić, D. Varevac, S. Lukić suggested that Experimental tests are limited due to security 

restrictions and a lack of the considerable resources required and the blast resistance of different 

types of civilian and military structures against accidental explosions and terrorist attacks is an 

important security issue. “Behavior of reinforced concrete beams and columns subjected to blast 

loading” written by Yan Liu, Jun-bo Yan, Feng-lei Huang suggested that the concrete properties 

must be defined using a nonlinear model CDP i.e., Concrete Damage Plasticity. “Numerical 

analysis of a reinforced concrete beam under blast loading” written by Yehya Temsah, Ali Jahami, 

Jamal Khatib, M Sonebi suggested that two explosives having equal scaled distance produces same 

overpressure on the RC beam. “Structural Impact (2nd edition)” written by Norman Jones 

suggested that using rigid Plasticity model for observing structural impact on structural members 

is an accurate and time saving method and analytical model is prepared based on a rectangular 

pressure pulse. 

2. Proposed Dynamic Rigid-Plastic Model 

In the current section, the fundamental vectorial conditions, namely the kinetics, the kinematics, 

and the material constitution, characterizing the behaviour of rigid, perfectly plastic structural 
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systems undergoing dynamic disturbances due to blast loading, are combined consistently. The 

structure is envisaged as an assembly of discrete finite beam elements, such as a discretized beam 

shown in Fig.1, whose structural mass is either concentrated at the boundaries of the elements or 

continuously distributed along with the elements.  The discrete structural system can undergo 

plastic deformation at the extremities of the finite elements when subject to short term pulse 

loading.   The proposed model can easily be applied to plane frames with boundary conditions of 

choice. 

 

Fig. 1 Discretized simply supported beam under blast loading 

2.1. Representation of kinetics and kinematics as a nodal description 

 

The structure in Fig.1 is explored in the nodal description of kinetics and kinematics.  Let the 

structure be subdivided into N finite elements, in which the independent movements of the 

interconnecting nodes are governed by β degrees of freedom.  Any kinematically consistent 

velocity distribution or profile may be specified completely in terms of β independent nodal 

velocities 𝑞̇𝑗   (𝑗 = 1,2, …… , 𝛽).  For an assembly of the inextensible planar elements, with α static 

indeterminacy and S plastic rotational deformations occurring at the element extremities, the 

kinematic indeterminacy number can be established as  𝛽 = 𝑆 − 𝛼. 
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When each of the β independent nodal velocities 𝐪̇ is released, a velocity profile is generated, for 

which the independent member deformation rates 𝑥̇ℎ (ℎ = 1, 2, … . . , 2𝑁); indicated in Fig.2, the 

velocities related to centre of gravity of mass 𝑢̇𝑘(𝑘 = 1, 2, … . . , 𝛾); indicated in Fig.3 and Fig.4, 

and the load point velocities 𝛿̇ℓ (ℓ = 1, 2, … . . , 𝑛) can be easily obtained through geometric 

considerations. Hence, the nodal representation of the kinematic equations has the form: 

[
𝐱̇
𝐮̇
𝛅̇
] = [

𝐀
𝐀𝑑

𝐀0

] 𝐪̇ (1) 

where the coefficient matrix is constant, provided that the motion falls within small displacements. 

 

Fig. 2. Stress-resultants, strain-resultant rates, chord deformation rates and independent 

chord forces 

 

 

Chord

X1

X2

2s

1s

S2S1

1x

2x
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Fig. 3. Centroidal velocities in a lumped mass system 

 

 

 

 

Fig. 4. Centroidal velocities in a continuous mass system 

Let the structure be subjected to n discrete time-dependent loads 𝜆ℓ (ℓ = 1, 2, … . . , 𝑛) applied at 

the nodes.  By employing the D’ Alembert principle, during every instant of the accelerated motion 

of a structure, the applied loads and the inertia forces 𝜇𝑘(𝑘 = 1, 2, … . . , 𝛾) are in equilibrium with 

the independent member forces 𝑋ℎ (ℎ = 1, 2, … . . , 2𝑁).  Corresponding to the independent nodal 

displacements, the nodal forces of constraint  𝑄𝑗(𝑗 = 1, 2, … . . , 𝛽) are applied.  For the satisfaction 

of the dynamic equilibrium, it is necessary that the constraints 𝑄𝑗 must vanish, giving the nodal 

kinetics description for the assembly of all elements: 

 

 

1q  2q  3q  

m1 m2 m3 

1u  2u  3u  

 
1u  3u  5u  7u  

1q  2q  3q  

2u  4u  6u  8u  
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𝐐 =  𝟎 =  [𝐀𝑇 𝐀𝑑
𝑇 𝐀0

𝑇] [
𝐗

−𝛍
−𝛌

] (2) 

 

where the transposed (T) coefficient matrix remains constant by the virtue of small displacements. 

It may be observed that (1) and (2) satisfy the adjoint relationship of kinetic-kinematic duality. 

The independent relations (1) and (2) have no cause-effect relationship between the kinetic and 

kinematic variables.  Nevertheless, the relation 

𝝁 = −𝒎 𝒖̈ (3) 

implicitly links the inertia forces 𝜇𝑘(𝑘 = 1, 2, … . . , 𝛾), located at the mass centroid, with the 

corresponding centroidal accelerations 𝑢̈𝑘(𝑘 = 1, 2, … . . , 𝛾) of the actual motion of the system.  

In this inertial law, the diagonal mass matrix 𝑚𝑘(𝑘 = 1, 2, … . . , 𝛾) constitutes the mass or moment 

of inertia related to the corresponding centroidal accelerations. 

2.2. Material Model 

The cause-effect relation between the stress-resultant 𝑆1
𝑖  (bending moment 𝑀𝑖) and its dual strain-

resultant rate 𝑠̇1
𝑖  (rotation rate 𝜃̇𝑖) at critical section 𝑖, (𝑖 = 1,2, … , 𝜒), is illustrated in Fig. 5.  These 

quantities are also depicted in the discrete structural model of Fig. 1.  It is noted that the plastic 

moment 𝑋∗
+𝑖 ≥ 0 when the stress-resultant 𝑆1

𝑖  is positive.  In Fig 5, it is evident that the yielding 

at critical section i is defined by two variables, i.e., the plastic potential 𝑦∗
+𝑖 ≥ 0 and the plastic 
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multiplier rate 𝑥̇∗
+𝑖 ≥ 0.  A similar argument applies to 𝑋∗

−𝑖 ≥ 0, 𝑦∗
−𝑖 ≥ 0, 𝑥̇∗

−𝑖 ≥ 0  when 𝑆1
𝑖  is 

negative. 

 

 

Fig. 5. Variables describing a simple flexural plastic hinge 

Now, let the current plastic deformation at the critical section be 𝑠1
𝑖 = 𝑥∗

+𝑖 as in Fig. 5.  To ensure 

the irreversible nature of plasticity, it is noted that the plastic deformation   (𝑥̇∗
+𝑖 > 0), according 

to a yielding mode may occur only if the corresponding yield limit is attained by the stress 

  ( 𝑦∗
+𝑖 = 0), whereas, if the yield limit is not attained  (𝑦∗

+𝑖 > 0), then the plastic deformation 

cannot be active  ( 𝑥̇∗
+𝑖 = 0).  Mutual exclusivity between each pair of corresponding variables, 

  (𝑥̇∗
+𝑖 > 0, 𝑦∗

+𝑖 = 0) and  (𝑦∗
+𝑖 > 0, 𝑥̇∗

+𝑖 = 0), is assured by the provision of complementarity 

i
*x
  

 

i
*x
  

 

i
S  

i

*
X


 

i

*
X


  

 

i
*y


 

 

i

*
y


 

i
S  

i
s  
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condition: 𝑦∗
+𝑖 𝑥̇∗

+𝑖 = 0.  Now the rigid perfectly plastic constitutive relation for each critical 

section i is written in matrix notation: 

[𝟎 𝐍𝑇

𝐍 𝟎
] [

𝐱̇∗

𝐒
] + [

𝐲∗

𝟎
] = [

𝐗∗

𝐬̇
] (4) 

 𝐲∗ ≥ 𝟎      

 𝐲∗
𝑇𝐱̇∗  = 0       

𝐱̇∗  ≥ 𝟎 

(5) 

(6) 

(7) 

where N is the matrix defining the exterior unit normal to the yield function; 𝑁 = [𝐈 −𝐈] and I  

is the identity matrix. 

Relations (4) to (7) represent the nonholonomic constitutive relations of one-dimensional perfect 

plasticity for the structural system.  These relations can be extended for the case where yield is 

governed by several stress resultants.  In such a case the yield surface can be piecewise linearized 

into a polytope representing the hyperplanes of the polyhedral yield surface [46]. 

It is of interest to develop a governing mathematical system that couples the constitutive relations, 

(4) to (7), with the kinetic and the kinematic relations, (1) to (3).  Fig.2 clearly illustrates that the 

independent member forces X and the independent member deformation rates 𝐱̇ can be defined by 

the respective stress-resultants S and the strain resultant rates 𝐬̇.  These can be collected for all the 

constituent finite elements: 
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𝐱̇ = 𝐓𝐬̇,  

𝐒 =  𝐓𝑇𝐗 

(8) 

(9) 

2.3. The Mathematical Formulation 

The vectorial relations (1) to (3), together with the triad of complementarity conditions (5) to (7), 

can be combined into a set of second-order differential equation with respect to time.  Nevertheless, 

this set is made more complex by the complementarity conditions.  As no mathematical system is 

known to this kind of mathematical problem, adopting a numerical solution appears reasonable.  

Therefore, a time marching scheme is introduced to allow the solution to be advanced from a time 

station 𝑡𝑛 to 𝑡𝑛+1 = 𝑡𝑛 + ∆𝑡, where subscript n is an integer defining successive discrete time 

stations and ∆𝑡 in the intervening time increment.  Then the centroidal velocities and accelerations 

can be expressed in Newmark’s time-integration scheme: 

 

𝐮̈𝑛+1 = 𝑏0(𝐮̇𝑛+1 − 𝐮̇𝑛) − 𝑏1𝐮̈𝑛 (10) 

and 

𝐮̇𝑛+1 = 𝐮𝑛 + 𝑏2𝐮̇𝑛 + 𝑏3𝐮̈𝑛 + 𝑏4𝐮̈𝑛+1, (11) 

in which integration constants are 

𝑏0 =
1

𝛾̅∆𝑡
 ,  

(12)  

(13) 
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𝑏1 =
1 − 𝛾̅

𝛾̅
, 

𝑏2 = ∆𝑡,  

𝑏3 = (0.5 − 𝛼̅)∆𝑡,  

𝑏4 = 𝛼̅∆𝑡2 

(14) 

(15) 

(16) 

It is found after thorough investigations that suitable results are obtained for rigid-plastic dynamics 

if  𝛼̅ = 0.25 and 𝛾̅ = 0.5. 

Collecting (1), (2), (3), and (4) to (7), (8) and (9), at the time 1 ntt , and coupling with the 

Newmark’s scheme (10) to (16) the governing system becomes: 

[

−𝑏0𝐌𝑞 𝟎 −𝐀T

𝟎 𝟎 𝐍𝑇𝐓𝑇

−𝐀 𝐓𝐍 𝟎

] [
𝐪̇n+1

𝐱̇∗𝑛+1

𝐗𝑛+1

] + [
𝟎

𝐲∗𝑛+1

𝟎
] = [

−𝐘𝑛+1

𝐗∗

𝟎
] (17) 

 𝐲∗𝑛+1 ≥ 𝟎 

𝐲∗𝑛+1
𝑇 𝐱̇∗𝑛+1  = 0 

𝐱̇∗𝑛+1  ≥ 𝟎 

(18) 

(19) 

(20) 

with variables 𝐪̇n+1, 𝐗𝑛+1 unrestricted 
 

The right-hand side sub-vector 𝐘𝑛+1 of (17) is given by: 
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𝐘𝑛+1 = 𝐀0
𝑇𝛌𝑛 + 𝐌𝑞(𝑏0𝐪̇𝑛 + 𝑏1𝐪̈𝑛), (21) 

and the mass matrix 
qM  is given by the relation: 

𝐌𝑞 = 𝐀𝑑
𝑇𝐦𝐀𝑑 (22) 

The approximating governing system (17) to (20) has a mathematical structure of a linear 

complementarity problem (LCP).  It may be noticed that the variables  *  , yx*
  are restrained into 

the complementary pairs, whereas the leading sub-matrix related to variables[𝐪̇, 𝐗] is negative 

semi-definite.  In this work, the governing system is solved efficiently by the Lemke algorithm 

due to its simplicity and robustness. 

2.4. Initiation 

The incremental numerical process shown in (17) to (20), representing the evolutive sequence of 

the dynamic response, is not self-starting.  Therefore, it is necessary to establish a subroutine for 

calculating the relevant accelerations at a certain instant of time.  These accelerations are of 

particular relevance at the commencement of the motion and the deactivation of the previously 

active section.  At such an instant, the vector of plastic multiplier rates 𝐱̇ can be separated into Y 

yielded plastic hinges and R rigid plastic hinges.  So, these subsets of the multiplier rates 𝐱̇ can be 

expressed as:  

𝑌 = {(𝐱̇∗𝑦, 𝐲∗𝑦)|𝐱̇∗𝑦 > 𝟎, 𝐲∗𝑦 = 𝟎} (23) 
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𝑅 = {(𝐱̇∗𝑟, 𝐲∗𝑟)|𝐱̇∗𝑟 = 𝟎, 𝐲∗𝑟 ≥ 𝟎} (24) 

 

The time-derivative of the discrete law (4) to (7) is formulated as:  

[

𝟎 𝟎 𝑵𝒚
𝑻

𝟎 𝟎 𝑵𝒓
𝑻

𝑵𝒚 𝑵𝒓 𝟎

]    [
𝒙̈∗𝒚

𝒙̈∗𝒓

𝑺

] + [
𝟎

𝒚∗𝒓

𝟎
] = [

𝑿∗𝒚

𝑿∗𝒓

𝒔̈

] (25) 

 𝐲∗𝑟 ≥ 𝟎 

𝐲∗𝑟
𝑇 𝐱̈∗𝑟  = 0 

𝐱̈∗𝑟  ≥ 𝟎 

(26) 

(27) 

(28) 

𝐱̈∗𝑦 unrestricted. (29) 

It is to Tamuzh [48] that the relation (25) to (29) is due.  By comparison of these relations with the 

nonholonomic laws (4) to (7), it may be seen that the former fail to represent completely the latter 

in two important cases.  Firstly, (29) allows any of the components of  𝐱̇∗𝑦 to become negative, 

which would contradict (7).  Secondly, these same relations do not allow any of the components 

of  𝐱̇∗𝑟 associated with the yield modes, which have become activated during the finite interval, to 

decrease. 

The end of the interval is defined by one or more of the following three criteria: 

a) when the relevant functions cease to be differentiable, or  
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b) when one or more yield modes in set y unstresses, or 

c) when one or more yield modes in set r become active. 

At the instant so determined, the partition of the sets 𝑌 and 𝑅 must be adjusted and the modified 

plasticity relations then become valid for a contiguous finite interval of time.   

It has been already said that the LCP system (17) to (20) is not self-starting.  To initiate this system, 

regardless of the prescribed displacements 𝐪0 and velocities 𝐪̇0, it is not easy to infer the initial 

accelerations 𝐪̈0, and the independent member forces 𝐗0.  Differentiating with respect to the time 

the kinematic relation (1), and together with (25) to (29), Sahlit [37] re-established the governing 

system in terms of accelerations: 

 

[
 
 
 
 
−𝐌𝑞 𝟎 𝟎 −𝐀T

𝟎 𝟎 𝟎 𝐍y
T𝐓T

𝟎 𝟎 𝟎 𝐍r
T𝐓T

−𝐀 𝐓𝐍𝑦 𝐓𝐍𝑟 𝟎 ]
 
 
 
 

[

𝐪̈
𝐱̈∗y

𝐱̈∗𝑟

𝐗

] + [

𝟎
𝟎
𝐲∗

𝟎

] = [

−𝐀0
𝑇𝜆0

𝐗∗y

𝐗∗𝑟

𝟎

] (30) 

 𝐲∗𝑟 ≥ 𝟎 

𝐲∗𝑟
𝑇 𝐱̈∗𝑟  = 0 

𝐱̈∗𝑟  ≥ 𝟎 

(31) 

(32) 

(33) 

with variables 𝐪̈, 𝐱̈∗y, 𝐗 unrestricted  
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If the structure is coerced into motion by an initial impulse or by an initial velocity field, the vector 

of initial loading is null 𝛌0 = 𝟎 at the start of motion.  Accordingly, the set of 𝑌 active plastic 

hinges  (𝐱̇∗𝒚 > 𝟎) can be easily deduced.   

2.5. Plastic Un-stressing 

The LCP formulation (17) to (20) only allow the plastic un-stressing at the commencement of each 

time interval, but not within the increment ∆t. This loss of accuracy over a time step leads to 

spurious oscillations in the stress resultants.  Therefore,  it is imperative to include a subroutine 

that calculates the un-stressing time instant 𝑡𝑛+𝜀 within the interval ∆t [37].  Thus, the evolutive 

sequence of the dynamic response is terminated temporarily at the instant when un-stressing is 

detected.  Subsequently, the velocity profile and the partition active 𝑌 and in-active 𝑅 critical 

sections are adjusted.  Once the relevant structural variables at 𝑡𝑛+𝜀 are determined, then, the 

evolutive process of the LCP system (17) to (20) is re-initiated with  𝑡𝑛+𝜀 as the starting-time.  

3. Case Study: Triangular Pressure Pulse on a Simply Supported Beam 

The underlying behaviour of a pulse loaded simply supported beam is illustrated in this section.  

The primary aim is to validate the proposed mathematical model by reference to an exact solution, 

which has been derived by considering the effects of increasing magnitude of the load pulse.  

Besides giving insight into the associated physical phenomena, this example is intended to 

demonstrate the ability and the efficiency of the proposed numerical apparatus to fully represent 

the mechanics of such structural systems for performing automatic practical response calculations. 
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3.1. Problem Statement 

Let a rigid-perfectly plastic simply supported beam of length 2𝐿 and uniform mass per unit length 

𝑚 be subjected to a uniformly distributed linearly decaying pulse, shown in Fig. 6.  The pulse can 

be written as: 

𝑃 = 𝑃0 (1 −
𝑡

𝜏
) ,                             0 ≤ 𝑡 ≤  𝜏, 

𝑃 = 0,                                                        𝑡 >  𝜏 

(34) 

 

 

 

 

Fig. 6 Simply supported beam subjected to triangular pulse load 

 

Let the fully plastic bending moment of the beam be  𝑀𝑝,  while the effect of shear force on 

yielding be neglected. The exact pressure causing static collapse is given by: 

𝑃𝑐 = 2 𝑀𝑝 𝐿2⁄  (35) 
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A sequence of the response phases can be performed based on the magnitude of the force 𝑃𝟎.  

Whenever the applied load is less than the static collapse load 𝑃𝒄, the rigid-perfectly plastic beam 

remains static and undeformed [3].  The governing equations for the dynamic response of the beam 

is given by: 

𝑉 = 𝜕𝑀 𝜕⁄ 𝑥, (36) 

and: 

𝜕𝑉 𝜕⁄ 𝑥 = −𝑃 + 𝑚 𝜕2𝑤 𝜕⁄ 𝑡2 (37) 

 

3.2. Theoretical response of the beam, 𝑷𝒄 ≤ 𝑷𝟎 ≤ 𝟑𝑷𝒄 

3.2.1. Phase 1 of motion 

An analytical solution is desired using the transverse velocity distribution shown in Fig. 7.  The 

beam is idealized as two rigid arms connected by a stationary plastic hinge located at 𝑥 = 𝜉∗ from 

the clamped end.  It is found, if 𝑃𝑐 < 𝑃0 < 2𝑃𝑐, the motion commences at 𝑡 = 0, and then ceases 

before the pulse terminates; that is,  𝑡 <  𝜏.  The profile associated with both the rigid arms may 

be written as: 

ẇ =
𝑥

𝐿
Ẇ,             

for 0 ≤ 𝑥 ≤ L and 𝑃𝑐 < 𝑃0 ≤ 3𝑃𝑐, 

(38) 
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Fig. 7 Distribution of transverse velocity during Phase 1 of the motion 

 

Substituting (34) and (36) in (37) and using the velocity profile (38): 

𝜕2𝑀 𝜕⁄ 𝑥2 = −𝑃0 (1 −
𝑡

𝜏
) + 𝑚

𝑥

𝐿
𝑑2𝑊1 𝑑⁄ 𝑡2, 

(39) 

 

Equations (39) may be integrated spatially taking the boundary conditions 𝑀 = 0  at 𝑥 = 0 and 

satisfying  𝑉 = 0  and at 𝑥 = 𝐿.   

𝑀 = 𝑃0 (1 −
𝑡

𝜏
) (L𝑥 −

𝑥2

2
) +

𝑚

2

𝑑2𝑊1

𝑑𝑡2
(
𝑥3

3L
− L𝑥),  

for 0 ≤ 𝑥 ≤ 𝐿 and 𝑃𝑐 < 𝑃0 ≤ 3𝑃𝑐 , 

(40) 
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It is necessary to have 𝑀 = 𝑀𝑝 at 𝑥 = 𝐿 in equations (57). Thus, 

𝑑2𝑊

𝑑𝑡2
=

3𝑀𝑝

𝑚𝐿2
(𝜂 (

𝜏 − 𝑡

𝜏
) − 1), 

where 𝜂 =
𝑃𝑜

𝑃𝑐
 

(41) 

Integrating (41) with time and use 𝑊̇1 = 𝑊1 = 0 𝑎𝑡 𝑡 = 0: 

 
𝑑𝑊1

𝑑𝑡
=

3𝑀𝑝

𝑚𝐿2
(𝜂 (𝑡 −

𝑡2

2𝜏
) − 𝑡) 

(42) 

and: 

𝑊 =
3𝑀𝑝

𝑚𝐿2
(𝜂(

𝑡2

2
−

𝑡3

6𝜏
) −

𝑡2

2
),   (43) 

As mentioned earlier, if 𝑃𝑐 < 𝑃0 < 2𝑃𝑐, the motion ceases before the pulse terminates.  The beam 

will reach its final position when the central velocity 
𝑑𝑊1

𝑑𝑡
= 0, which occurs when: 

𝑇𝑓 = 2𝜏 (1 −
1

𝜂
), 

(44) 

However, if 2𝑃𝑐 < 𝑃0 < 3𝑃𝑐, the motion continues until 𝑡 >  𝜏.  Therefore, the first phase of 

motion concludes at 𝑡 = 𝜏, when the beam has an associated maximum transverse velocity:  
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𝑊̇1 =
3𝑀𝑝

𝑚𝐿2
(𝜂 (

𝜏
2
) − 𝜏)    , 

for 𝑡 = 𝜏 and 2𝑃𝑐 < 𝑃0 ≤ 3𝑃𝑐, 

(45) 

and the peak transverse displacement: 

𝑊1 =
3𝑀𝑝

𝑚𝐿2
(𝜂 (

𝜏2

3
) −

𝜏2

2
), 

for 𝑡 = 𝜏 and  2𝑃𝑐 < 𝑃0 ≤ 3𝑃𝑐. 

(46) 

 

3.2.2. Phase 2 of motion, 𝟐𝑷𝒄 < 𝑷𝟎 < 𝟑𝑷𝒄 

The beam will be unloaded when the external pressure terminates at 𝑡 = 𝜏.  If the transverse 

velocity of the beam at time 𝑡 = 𝜏 conforms to (45), then the beam will continue to deform after 

time 𝑡 ≥ 𝜏 until the remaining kinetic energy is dissipated at the plastic hinges.   

If Phase 2 exists, the velocity distribution described by (38) is supposed to be valid during this 

phase, except that variables 𝑤̇1 & 𝑊̇1 are replaced by 𝑤̇2 & 𝑊̇2 respectively.  Similarly, (39) 

remains unchanged apart from  𝑃0 (1 −
𝑡

𝜏
) = 0.  Hence (41) becomes: 

𝑑2𝑊2

𝑑𝑡2
= −

3𝑀𝑝

𝑚L2
, (47) 
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for 0 ≤ 𝑥 ≤ 𝜉∗, 

which may be integrated to give: 

𝑊̇2 =
3𝑀𝑝

𝑚𝐿2
(𝜂 (

𝜏

2
) − 𝑡),  (48) 

and: 

𝑊2 =
3𝑀𝑝

𝑚𝐿2
(𝜂(

𝑡𝜏

2
−

𝜏2

6
) −

𝑡2

2
),   

(49) 

when using (45) and (46) as initial conditions.  The motion comes to stand still when 𝑊̇2 = 0 

according to (48), which occurs when: 

𝑇𝑓 = 𝜏 (
𝜂
2
).        

(50) 

3.2.3. Static admissibility 

Following the same procedure as [3], it can be easily shown that the theoretical solution presented 

in the previous subsections do not violate the equilibrium equations (36) and (37), the initial and 

the boundary conditions.  Further, the bending moments satisfy the yield criterion anywhere in the 

beam for 0 ≤ 𝑥 ≤ 𝐿 during both stages of motion.  However, yield violation occurs when  𝑃0  >

3𝑃𝑐. 
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3.3. LCP prediction of beam response, 𝑷𝒄 ≤ 𝑷𝟎 ≤ 𝟑𝑷𝒄 

The LCP formulation is tested against the above closed-form solutions.  Consider the simply 

supported beam shown in Fig. 6 that is impelled by a uniformly distributed linearly decaying force 

pulse.  Two amplitudes of pressure pulses are considered,  one with force magnitude 𝑃0 = 1.5𝑃𝑐 

and non-dimensional duration 𝜏̅ = 𝑀𝑝𝜏 𝐼𝐿⁄ = 1.33, and the other with force magnitude 𝑃0 =

2.5𝑃𝑐 and non-dimensional duration 𝜏̅ = 𝑀𝑝𝜏 𝐼𝐿⁄ = 0.8, where 𝐼 = 1
2⁄ 𝑃0𝐿 is the total impulse of 

the load.  The beam is discretized into 100 finite elements with mass lumped at nodes,  Fig. 3. 

Investigation showed that the LCP offers promising results having small errors in most of the 

examined quantities.  Table 1 presents the results for the non-dimensional central displacement 

𝑊̄1 = (𝑊/𝐿). (𝑚𝐿)𝑀𝑝/𝐼2 and the non-dimensional cessation time 𝑇̄1 = 𝑀𝑝𝑇1/𝐼𝐿, both calculated 

for the force magnitude 𝑃0 = 1.5𝑃𝑐 and 𝑃0 = 2.5𝑃𝑐.  It is evident from the table that for 𝑃𝑐 < 𝑃0 <

2.0𝑃𝑐 the motion ceases before the pulse terminates at 𝜏̅ = 𝑀𝑝𝜏 𝐼𝐿⁄ = 1.33.  Whereas, for 

2𝑃𝑐 < 𝑃0 < 3𝑃𝑐 the motion continues until after the pulse terminates.  Hence, the LCP solution 

confirms that the dynamic response is characterized by the pulse magnitude. 
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Table 1: Comparison between theoretical solution and LCP solution at the phase transition 

 Theoretical 

Solution 

Numerical 

Solution 

(100 Lumped 

mass elements) 

Error 

(100 Lumped 

mass elements) 

(%) 

𝑷𝟎 = 𝟏. 𝟓𝑷𝒄 

Hinge position 

𝜉∗ 𝐿⁄  
1.0000 1.0000 0.0000 

Displacement at the end of motion 

𝑊̄1 = (𝑊1/𝐿)(𝑚𝐿)𝑀𝑝/𝐼2 
0.1975 0.1970 0.3000 

Cessation time 

𝑡̅ = 𝑀𝑝𝑇/𝐼𝐿 
0.8888 0.8960 -0.8000 

𝑷𝟎 = 𝟐. 𝟓𝑷𝒄 

Hinge position 

𝜉∗ 𝐿⁄  
1.0000 1.0000 0.0000 

Displacement at the end of the first 

phase 

𝑊̄1 = (𝑊1/𝐿)(𝑚𝐿)𝑀𝑝/𝐼2 
0.6400 0.6398 0.0200 

Displacement at the end of the second 

phase 

𝑊̄2 = (𝑊2/𝐿)(𝑚𝐿)𝑀𝑝/𝐼2 

0.6999 0.69985 0.0200 

Cessation time 

𝑡̄2 = 𝑀𝑝𝑇/𝐼𝐿 
1.0000 0.9999 0.0200 

 

Fig. 8 shows the evolution of non-dimensional central displacement 𝑊̄1 = (𝑊/𝐿). (𝑚𝐿)𝑀𝑝/𝐼2 at 

𝜉∗ (Fig. 7) when 𝑃0 = 2.5𝑃𝑐. It is apparent from the figure that the LCP results concur with the 

theoretical solution. 
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Fig. 8 Evolution of central displacement at 𝜉∗ (𝑷𝟎 = 𝟐. 𝟓𝑷𝒄) 

Fig. 9 and Fig. 10 show the bending moment distribution across the non-dimensional distance 𝜁 𝐿⁄  

from the clamped support of the beam.  Once again, the accuracy and efficacy of the LCP solution 

are demonstrated. 
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Fig. 9 Dynamic bending moment when the pulse terminates (𝑷𝟎 = 𝟐.𝟓𝑷𝒄)  

 

 

Fig. 10 Dynamic bending moment when the motion ceases (𝑷𝟎 = 𝟐. 𝟓𝑷𝒄) 
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3.4. Theoretical response of the beam,  𝑷𝟎 ≥ 𝟑𝑷𝒄 

The theoretical solution presented in Subsection 3.2 is only valid for the pressure pulse   𝑃𝑐  ≤ 𝑃0 ≤

3𝑃𝑐.  Therefore, an alternative transverse velocity field will be sought for pressure pulses with 

𝑃0 ≥ 3𝑃𝑐.  It transpires that for pressure pulses 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 two travelling plastic hinges appear 

within the beam span and move inward.  These hinges coalesce before the pulse terminates.  

However, if the pressure pulse 𝑃0 > 6𝑃𝑐, then the travelling hinges do not coalesce until after the 

pulse terminates. 

3.4.1. Phase 0 of motion 

Initially, at 𝑡 = 0, it is postulated that two plastic hinges form within the beam span.  The transverse 

velocity distribution is in Fig. 11. Thus, 

𝑤̇ =
1

𝜉 
   

𝑊̇1𝑥, 

for 0 ≤ 𝑥 ≤ 𝜉 
 ,  

(51) 

 

𝑤̇ = 𝑊̇1, 

for 𝜉 
 ≤ 𝑥 ≤ 𝐿, 

(52) 

Substituting (34) and (36) in (37), and using the velocity profiles (51) and (52) 
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𝜕2𝑀 𝜕⁄ 𝑥2 = −𝑃0 (1 −
𝑡

𝜏
) + 𝑚

𝑥

𝜉
𝑑2𝑊1 𝑑⁄ 𝑡2,   

for 0 ≤ 𝑥 ≤ 𝜉 
 , 

(53) 

and 

𝜕2𝑀 𝜕⁄ 𝑥2 = −𝑃0 (1 −
𝑡

𝜏
) + 𝑚 𝑑2𝑊1 𝑑⁄ 𝑡2,   

for 𝜉 
 ≤ 𝑥 ≤ 𝐿, 

(54) 

 

 

 

 

 

Fig. 11 Distribution of transverse velocity during Phase 1 of motion  

It appears reasonable that at 𝑡 = 0 the plastic hinges are assumed stationary at 𝑥 = 𝜉0, Fig 11.  

Equations (53) and (54) may be integrated spatially, taking the boundary conditions 𝑀 = 0  at 

𝑥 = 0 and satisfying  𝑉 = 0  and 𝑀 = 𝑀𝑝 at  𝑥 = 𝜉; therefore,   

L L
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𝑀 = −𝑃𝑜 (
𝜏 − 𝑡

𝜏
) (𝜉 𝑥 −

𝑥2

2
) +

𝑚

2𝜉 
(
𝑥3

3
− 𝜉 

2𝑥).
𝜕2𝑊1

𝜕𝑡2
, 

for 0 ≤ 𝑥 ≤ 𝜉 
 , 

(55) 

and: 

𝑀 = 𝑀𝑝, 

for 𝜉 
 ≤ 𝑥 ≤ 𝐿. 

(56) 

Integration of (54) with respect to x having the constant of integration evaluated to ensure 𝑉 = 0  

at both  𝑥 = 𝜉 
  and L yields: 

𝑑2𝑊1

𝑑𝑡2
=

𝑃0

𝑚
(1 −

𝑡

𝜏
).         (57) 

Equation (53) is identical to (39) but with 𝜉  replaced with L. Thus, the location 𝜉 
  of the plastic 

hinge may be found from equating (59) and (57).  This gives the value of 𝜉 
0:  

𝜉 
0  = √[6𝑀𝑝] [𝑃0 (1 −

𝑡

𝜏
)]⁄ .  (58) 

Equation (57) may be integrated to give: 
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𝑑𝑊1

𝑑𝑡
=

𝑃0

𝑚
(𝑡 −

𝑡2

2𝜏
),         

(59) 

and: 

𝑊1 =
𝑃0

𝑚
(
𝑡2

2
−

𝑡3

6𝜏
),         

(60) 

using initial conditions 𝑤̇ = 𝑤 = 0 at 𝑡 = 0. 

This phase ends at 𝑡 > 0 when the plastic hinge located at 𝜉 
 start moving. 

3.4.2. Phase 1 of motion 

During this phase, the plastic hinges at 𝑥 = 𝜉 (Fig. 11) start travelling towards 𝑥 = 𝐿  (Fig. 7).  The 

transverse velocity profile is again assumed to be given by (51) and (52) except that 𝑊1 is replaced 

by 𝑊2 and the plastic hinges are allowed to move.  

Equations (53) and (54) may be integrated spatially taking the boundary conditions 𝑀 = 0   at 𝑥 =

0 and satisfying  𝑉 = 0  and 𝑀 = 𝑀𝑝 at 𝑥 = 𝜉 
 .  Hence, 

𝑀 = −𝑃𝑜 (
𝜏 − 𝑡

𝜏
) (𝜉 𝑥 −

𝑥2

2
) +

𝑚

2𝜉 
(
𝑑2𝑊2

𝑑𝑡2
−

1

𝜉 
 

𝑑𝑊1

𝑑𝑡

𝑑𝜉  
 

𝑑𝑡
) (

𝑥3

3
− 𝜉 

2𝑥) 

for 0 ≤ 𝑥 ≤ 𝜉 
 , 

(61) 

 

and: 



37 

 

 

 

𝑀 = 𝑀𝑝, 

for 𝜉 
 ≤ 𝑥 ≤ 𝐿. 

(62) 

 

With the aid of (57) and (59), and using the requirement 𝑀 = 𝑀𝑝 at 𝑥 = 𝜉, equation (61) can be 

cast in the following form: 

𝑑𝜉 
 

𝑑𝑡
= 3𝑀𝑝 [𝜉 

 𝑃0 (𝑡 −
𝑡2

2𝜏
)]⁄ − 𝜉 

 (1 −
𝑡

𝜏
) [2 (𝑡 −

𝑡2

2𝜏
)]⁄  

for  𝜉 ≤ 𝑥 ≤ L. 

(63) 

It is found that for pressure pulses 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 the two travelling plastic hinges coalesce before 

the pulse terminates.  Whereas, if pressure pulse 𝑃0 > 6𝑃𝑐, then the travelling hinges coalesce after 

the pulse terminates at 𝑡 =  𝜏. In the former case, equations (57), (59), and (60) can be used.  

Whereas, in the latter case, again (57), (59), and (60) can be used to get the transverse acceleration, 

velocity and displacement between 0 < 𝑡 ≤  𝜏.  For the subsequent interval 𝜏 ≤ 𝑡 ≤ 𝑇1,  when the 

pressure pulse is removed, the acceleration 𝑑2𝑊2 𝑑𝑡2⁄ = 0.  Integrating acceleration with respect 

to time yields the velocity: 

𝑑𝑊2

𝑑𝑡
=

𝑃0𝜏

2𝑚
,         (64) 
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at 𝜏 ≤ 𝑡 ≤ 𝑇1 and 𝑃0 > 6𝑃𝑐 , 

and the transverse displacement: 

𝑊2 =
𝑃0𝜏

2𝑚
𝑡 −

𝑃0𝜏
2

6𝑚
 ,     

at 𝜏 ≤ 𝑡 ≤ 𝑇1 and 𝑃0 > 6𝑃𝑐 , 

(65) 

where the constant of integration ensures that (59) and (60) are recovered at 𝑡 =  𝜏. 

For 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐, the juncture of the travelling plastic hinges may be found as 𝜉∗ = 𝐿. These 

hinges coalesce at the interval 𝑇1 which can be found numerically from equation (63). 

When 𝑃0 > 6𝑃𝑐, equation (63) may be used to give the location 𝜉 
⋕  of the plastic hinges at time 

𝑡 =  𝜏 when the pressure pulse is removed.  The subsequent position of the travelling plastic hinges 

can be found from the following equations: 

(𝜉 
 )2 − (𝜉 

#)2 =
12𝑀𝑝

𝑃0𝜏
(𝑡 − 𝜏), 

For 𝜉 
 ≤ 𝑥 ≤ L and 𝑃0 > 6𝑃𝑐 at time 𝜏 ≤ 𝑡 ≤ 𝑇1, 

(66) 

 

which, with the aid of 𝑑2𝑊2 𝑑𝑡2⁄ = 0 and (64), are obtained from (61) where the term involving 

the pressure pulse is not considered.  
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The differential equation (63) is solved using the Runge-Kutta fourth-order method.  A little 

finesse is required to initiate the numerical solution, since the time t=0 is a singular point at which 

the travel velocity of both the span hinges is infinite.   

This phase of motion will end at time 𝑡 = 𝑇1 when both travelling plastic hinges reach 𝜉 . 

3.4.3. Phase 2 of motion 

Phase 2 initiates when the travelling plastic hinges meet at 𝜉∗ = 𝐿 as presented in Fig. 7.  Therefore, 

the remaining kinetic energy is consumed at hinges located at midspan.  This phase ends when the 

beam come to standstill, so the beam kinetic energy is fully dissipated.  

If 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐, the stationary hinge remains at midspan with the continuing pulse load.  In this 

case, the governing equations (38) to (41) remain valid, with 𝑊1 replaced by 𝑊3. Whereas, the 

transverse velocity and the displacement can be obtained by integrating (41) with time and the 

constants of integration are selected to ensure that (47) and (48) are satisfied at 𝑡 = 𝑇1 when the 

travelling hinges coalesce.  Therefore, 

𝑑𝑊3

𝑑𝑡
=

3𝑀𝑝

𝑚𝐿2
(𝜉 (𝑡 −

𝑡2

2𝜏
− 𝑇1 +

𝑇1
2

2𝜏
) − (𝑡 − 𝑇1)) +

𝑃𝑜

𝑚
(𝑇1 −

𝑇1
2

2𝜏
), 

for 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 when 𝑇1 ≤ 𝑡 ≤ 𝜏, 

(67) 

 

and: 
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𝑊3 =
3𝑀𝑝

𝑚𝐿2
(η (

𝑡2

2
−

𝑡3

6𝜏
− 𝑇1𝑡 +

𝑇1
2𝑡

2𝜏
+

𝑇1
2

2
−

𝑇1
3

3𝜏
) −

(𝑡 − 𝑇1)
2

2
)

+
𝑃𝑜

𝑚
(𝑇1𝑡 −

𝑇1
2𝑡

2𝜏
−

𝑇1
2

2
+

𝑇1
3

3𝜏
),   

for3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 when 𝑇1 ≤ 𝑡 ≤ 𝜏. 

(68) 

 

 

However, if 𝑃0 > 6𝑃𝑐, the pulse terminates before the travelling hinges coalesce. So, equation (39) 

stay the same except 𝑃0 = 0.  Therefore:    

𝑀 =
𝑚

2

𝑑2𝑊1

𝑑𝑡2
(
𝑥3

3L
− L𝑥),    

for 0 ≤ 𝑥 ≤ L, 

3𝑃𝑐 < 𝑃0 < 6𝑃𝑐when 𝜏 ≤ 𝑡 ≤ 𝑇𝑓 and 𝑃0 ≥ 6𝑃𝑐  when  𝑇1 ≤ 𝑡 ≤ 𝑇𝑓 , 

(69) 

 

 

Consequently, the transverse acceleration is: 
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𝑑2𝑊3

𝑑𝑡2
= −

3𝑀𝑝

𝑚𝐿2
, 

for 0 ≤ 𝑥 ≤ 𝜉∗, 

3𝑃𝑐 < 𝑃0 < 6𝑃𝑐  when  𝜏 ≤ 𝑡 ≤ 𝑇𝑓 and 𝑃0 ≥ 6𝑃𝑐  when  𝑇1 ≤ 𝑡 ≤ 𝑇𝑓 , 

(70) 

which may be integrated to give: 

 

𝑑𝑊3

𝑑𝑡
=

3𝑀𝑝

𝑚𝐿2 (η (
𝜏

2
− 𝑇1 +

𝑇1
2

2𝜏
) − (𝑡 − 𝑇1)) +

𝑃𝑜

𝑚
(𝑇1 −

𝑇1
2

2𝜏
)  , 

for 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 when 𝜏 ≤ 𝑡 ≤ 𝑇𝑓 , 

(71) 

 

𝑊3 =
3𝑀𝑝

𝑚𝐿2
(η(

𝑡𝜏

2
− 𝑇1𝑡 −

𝑇1
2𝑡

2𝜏
+

𝑇1
2

2
−

𝑇1
3

3𝜏
−

𝜏2

6
) −

(𝑡 − 𝑇1)
2

2
)

+
𝑃𝑜

𝑚
(𝑇1𝑡 −

𝑇1
2𝑡

2𝜏
−

𝑇1
2

2
+

𝑇1
3

3𝜏
),   

for 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 when 𝜏 ≤ 𝑡 ≤ 𝑇𝑓 , 

(72) 
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𝑑𝑊3

𝑑𝑡
=

3𝑀𝑝

𝑚𝐿2
(𝑇1 − 𝑡) +

𝑃𝑜𝜏

2𝑚
  , 

for 𝑃0 ≥ 6𝑃𝑐  when  𝑇1 ≤ 𝑡 ≤ 𝑇𝑓 , 

(73) 

and: 

𝑊3 =
3𝑀𝑝

𝑚𝐿2
((𝑇1𝑡 −

𝑇1
2

2
−

𝑡2

2
)) +

𝑃𝑜

2𝑚
(𝜏𝑡 −

𝜏2

3
),   

for 𝑃0 ≥ 6𝑃𝑐  when  𝑇1 ≤ 𝑡 ≤ 𝑇𝑓 , 

(74) 

 

using (64), (65), (67) and (68) as initial conditions.  The motion comes to a stand-still when 𝑊̇3 =

0, which occurs when:  

T𝑓 = η(
𝜏

2
− 𝑇1 +

𝑇1
2

2𝜏
) + 𝑇1 +

𝑃𝑜𝐿
2

3𝑀𝑝
(𝑇1 −

𝑇1
2

2𝜏
) , 

for 3𝑃𝑐 < 𝑃0 < 6𝑃𝑐 , 

(75) 

and: 

T𝑓 = 𝑇1 +
𝑃𝑜𝐿

2

3𝑀𝑝
𝜏,        

for 𝑃0 ≥ 6𝑃𝑐. 

(76) 
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3.5. LCP prediction of the beam response,  𝑷𝟎 ≥ 𝟑𝑷𝒄 

For the LCP solution, the beam shown in Fig. 6 was discretized into 𝑛 = 100 finite elements, 

chosen as lumped mass elements.  Again, two amplitudes of pressure pulses are examined,  one 

with force magnitude 𝑃0 = 3.5𝑃𝑐 and non-dimensional duration 𝜏̅ = 𝑀𝑝𝜏 𝐼𝐿⁄ = 0.196, and the 

other with force magnitude 𝑃0 = 12.5𝑃𝑐 and non-dimensional duration 𝜏̅ = 𝑀𝑝𝜏 𝐼𝐿⁄ = 0.0549.  

The LCP solution shows encouraging results with a small error in most of the examined quantities. 

Table 2 gives results for the non-dimensional central displacement 𝑊̅ = (𝑊/𝐿). (𝑚𝐿)𝑀𝑝/𝐼2 and 

the non-dimensional time 𝑡̅ = 𝑀𝑝𝑇/𝐼𝐿 both calculated at various phase transitions. 
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Table 2   Comparison between theoretical solution and LCP solution 

 

 Theoretical 

Solution 

Numerical 

Solution 

(100 Lumped 

mass elements) 

Error 

(100 Lumped 

mass elements) 

(%) 

𝑷𝟎 = 𝟑. 𝟓𝑷𝒄 

Hinge position 𝑡̅ = 0 (Figure 10) 

𝜉0 𝐿⁄  
0.9305 0.9250 -0.5900 

Hinge position at the end of Phase 1  

𝜉∗ 𝐿⁄  
1.000 1.000 0.0000 

Displacement at the end of Phase 1 

𝑊̄1 = (𝑊1/𝐿). (𝑚𝐿)𝑀𝑝/𝐼2 
0.0857 0.0857 0.0100 

The time when hinges coalesce 

𝑡̄1 = 𝑀𝑝𝑇1/𝐼𝐿 
0.1632 0.1646 -0.8000 

Displacement at the end of motion 

𝑊̄3 = (𝑊3/𝐿). (𝑚𝐿)𝑀𝑝/𝐼2 
0.9263 0.9262 0.0200 

Cessation time   

𝑡̅ = 𝑀𝑝𝑇/𝐼𝐿 
1.0000 1.0000 0.0000 

𝑷𝟎 = 𝟏𝟐. 𝟓𝑷𝒄 
Hinge position 𝑡̅ = 0 (Figure 10) 

𝜉1
∗ 𝐿⁄  0.4990 0.5000 -0.2000 

Hinge position at the end of Phase 1  

𝜉∗ 𝐿⁄  1.000 1.000 0.0000 

Displacement when the pulse terminates 

𝑊̄1 = (𝑊1/𝐿). (𝑚𝐿)𝑀𝑝/𝐼
2 0.21333 0.21333 0.0000 

Displacement at the end of Phase 1 

𝑊̄2 = (𝑊2/𝐿). (𝑚𝐿)𝑀𝑝/𝐼
2 0.5615 0.5612 0.0400 

The time when hinges coalesce 

𝑡̄1 = 𝑀𝑝𝑇1/𝐼𝐿 0.3333 0.3340 -0.2200 

Displacement at the end of motion 

𝑊̄3 = (𝑊3/𝐿). (𝑚𝐿)𝑀𝑝/𝐼
2 1.2270 1.2265 0.01 

Cessation time   

𝑡̅ = 𝑀𝑝𝑇/𝐼𝐿 1.0000 1.0000 0.0000 
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Fig. 12 indicates the evolution of the non-dimensional midspan central displacement throughout 

Phases 1 and 2 of motion for the pulse magnitude 𝑃0 = 12.5𝑃𝑐.  It is evident that the LCP results 

agree substantially with the theoretical solution. 

 

Fig. 12 Central displacement at 𝜉∗ (𝑷𝟎 = 𝟏𝟐. 𝟓𝑷𝒄) 

At the time of pulse application,  two plastic hinges are formed at 𝜉0 from both supports, Fig 11.  

Reference Fig. 13 and Fig. 14 which show the path traced by the travelling plastic hinges for 𝑃0 =

12.5𝑃𝑐.  The phase terminates when the travelling hinges reach 𝜉/𝐿 = 0.5 at non-dimensional time 

𝑡̄1 =
𝑀𝑝𝑇1

𝐼𝐿
= 0.3340. 
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Fig. 13 Movement of plastic hinge away from clamped end (𝑷𝟎 = 𝟏𝟐. 𝟓𝑷𝒄) 

 

Fig. 15 indicates the bending moment evolution of the beam at phase transition for both the 

theoretical and the LCP models.  The bending moment distribution is for the decaying pulse with 

initial amplitude P0 = 12.5Pc.  Again, both the LCP solution and the theoretical solution show 

substantially close agreement from the start until the end. 

  

(a) (b) 
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(c) (d) 

Fig. 14 Dynamic bending moment evolution (𝑷𝟎 = 𝟏𝟐. 𝟓𝑷𝒄) 
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4. Case Study: Triangular Pressure Pulse on a Single Storey Fixed Ended Portal Frame 

4.1. Problem statement 

As a second example, the dynamic response of a single storey portal frame with fixed bases, as 

shown in Figure 15, has been calculated for a triangular pulse load of 6.55 N/mm2 applied for a 

duration of 0.0082 sec.  To relate the discussion to a more practical context, the adopted frame 

has a 3.5m beam and columns, fabricated from a UKB 610x305x179 section in S355 steel for 

which the unit mass is 179 kg/m and the plastic moment of resistance is 1910 KNm.  The frame 

is subjected to a uniformly distributed triangular pulse load 2011 N/m applied on the left column 

as shown in Figure 5 

 

 

Fig. 15 Portal frame impelled by blast loading 
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4.2. Response of the frame predicted by LCP solution 

The portal frame was sub-divided into 30 contiguous lumped mass elements (5 elements per 

member) and is exposed to a triangular pulse loading over the left leg of the frame.  The potential 

location of the plastic hinges is shown by a symbol in Figure 16.  The ensuing motion, initiated 

from the profile shown in Figure 17(a), exhibits three distinct phases or mode forms.  The first 

three phases may be regarded as a transient sequence culminating in a final phase.  Figure 17 

also shows the time of termination of the respective phases, location of activated hinges and the 

associated drift of frame.  It is interesting to note that the motion ceases before the termination 

of the pulse.   

 

 

Fig. 16 Lumped Mass Symbols 

 

The evolution of the strain rate of activated hinges and the column bending moments of the 

frame is presented in Figure 18 and Figure 19 respectively.  It is clear that there are always four 
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sections active during each phase of motion.  The bending moment of the activated hinges 

remain constant within each phase, and the moment may vary when the hinge deactivates.  It is 

important to emphasize that the bending moments given by the LCP are kinetically admissible 

but not necessarily unique. Finally, it is important to remark that the time step ∆t to capture this 

dynamic response was set at 0.00008 sec. 

 

 

  

(a) (b) 
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(c) (d) 

 

Fig. 17 Evolution of displacement profiles 

 

 

Fig. 18 Evolution of plastic strain rates 
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Fig. 19 Evolution of plastic strain rates 

 

4.3. Response of the frame predicted by ABAQUS 

The primary aim of this subsection is to validate the frame displacement against the full 3D 

numerical model in finite element commercial software ABAQUS Explicit.  Tetrahedral brick 

elements are used to model the full length of the frame shown in Figure 16 having clamped 

boundary condition and subjected to pressure type loading of 6.55 𝑁 𝑚𝑚2⁄ .  The frame has 

prescribed a density of 7850 𝑘𝑔 𝑚3⁄  , the Poisson’s ratio of 0.3 and Young modulus of 91,000 

GPa, which is the maximum possible stiffness at which ABAQUS gives sensible results.  This 

strategy of using high magnitude young modulus is considered an appropriate vehicle for the 

comparison of rigid-plastic LCP results with those of ABAQUS.  A convergence study is carried 

out to optimize the mesh size.  The validity of the results is examined by making a comparison 

between the displacement time histories of the frame obtained from the LCP and ABAQUS 

approaches, Fig. 20 and Fig. 21.  In general, the LCP sway displacement concurs with the results 
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of ABAQUS.  Furthermore, it is observed that the location of plastic hinges in the final phase of 

motion shown in Fig. 17 coincides with that depicted by Misses stress field in Fig 22  

 

 

Fig. 20 Maximum displacement time histories of LCP model and ABAQUS  
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Fig. 21 Maximum sway displacement of ABAQUS frame

 

Fig. 22 Final Distribution Mises stress and Equivalent Plastic strain in ABAQUS Frame 

 

5. Case Study: Comparison of LCP prediction with experimental results of reinforced 

concrete beam  

The dynamic response of a clamped reinforced concrete beam subjected to blast loading has 

been examined experimentally by many researchers.  It is aimed in this section to compare the 

existing experimental results with the predicted results of the LCP.  To be specific, particular 

attention has been focused on the LCP midspan deflection at standstill and the test results are 

borrowed from the experimental study of Zhang et al [4]. 

5.1. Experimental Program of Zhang [4] 

As part of the Zhang et al [4] experimental program, a series of 1100mm beams were tested 

under a variable TNT mass and identical standoff distance of 400mm, as shown in Fig 23.  The 

RC beam was of 40Mpa compressive strength having a square cross-section of 100mmx100mm 

and 20mm cover all around.  Further, the longitudinal and transverse bars were of 6mm diameter, 

with the yield and ultimate strength of 395 Mpa and 501 MPa, and the spacing of stirrups was 
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60mm.  For the current LCP validation of RC beams subjected to blast loading, a companion set 

of two beams is selected with identical properties but different blast loads of 0.36 kg and 0.45 

kg of TNT.  Following Zhang's classification of tested specimens, the beam under blast load 

having an explosive charge weight of 0.36 kg is named B2-1, and the other beam under the 

charge weight of 0.45 kg is named B2-2, Fig 23.  

 

 

(a) 
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(b) 

Fig. 23 RC beam under blast loading: (a) Zhang [4] experimental setup (b) LCP model of 

RC beam 

5.2. Response of the RC beam predicted by LCP solution 

The dynamic response of the beams is predicted using a rigid-plasticity based LCP model, Fig 

23.   The LCP beam is sub-divided into 30 contiguous lumped mass element, which is obtained 

from the mesh convergence tests of the beam.  The beam has a unit mass of 24 kg/m and the 

plastic moment of resistance is 1710 Nm.  Two different blast loading scenarios are investigated 

for the same pulse duration as shown in Fig 23.  Using the scaled distance and charge mass, 

Newmark [59] formulation is employed for computing peak overpressure value.  Fig. 24 shows 

the comparison of maximum mid-span displacements of the RC beam between those from the 

LCP and the experimental results.  Zhang [4] has reported the maximum deflection value for 

B2-1 as 9mm and B2-2 as 25mm.  Comparing these values to the LCP results of 8.7 mm for B2-

1 and 22mm for B2-2, it can be argued that the LCP results are reasonably reliable.   
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Fig. 24 Comparison of LCP results with experimental results 

 

 

6. Final Comments 

It may be needless to say that the rigid-plastic dynamic analysis is adequately expressive of the 

true behaviour of the concrete and the steel structures, provided that the total input energy 

transmitted to the structure is significantly larger than the maximum stored elastic strain energy.  

By excluding all the elastic deformation, rigid-plastic dynamics allow gaining insights into the 

precise mechanisms responsible for dissipating the plastic energy.  Rigid-plastic theory constitutes 

an intuitive appreciation of plastic deformation, whereas the elastoplastic theory, although 

embracing all relevant parameters, tends to define less sharply the evolution of the plastic 

deformation mechanism.   
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In the context of establishing a systematic solution procedure for the problems in the rigid-plastic 

dynamics, a formulation such as a linear complementarity problem (LCP) has been applied with a 

substantial reward.  The LCP formulation is fully automatic and can take full account of any 

arbitrary pulse shape.  It has been shown that the procedure generates the complete evolution of 

all response parameters. 

Three examples are reported to demonstrate the accuracy of the LCP formulation.  First, a 

theoretical study is illustrated to explore the underlying mechanics of a rigid-plastic simply 

supported beam acted on by a linearly decaying triangular pulse.  While giving insight into the 

associated physical phenomena, this example clearly shows that the proposed LCP model fully 

represent the actual mechanics of such a structural system and that the corresponding numerical 

implementations can perform practical response calculations automatically.  It is seen that the LCP 

formulation can produce the full evolution of the whole process of displacement and the plastic 

deformation, from the initial pulse application to the eventual standstill.  With the masses being 

lumped at the element ends, the LCP solution traced the theoretical solution remarkably well.  For 

instance, the error in the central displacement in the case of 100 lumped mass elements was 

observed to be less than 1.5% (Tables 1 and 2). 

An example of a steel portal frame details the second LCP validation.  It is shown that the 

systematic solution procedure for the LCP enables the travelling plastic hinge movements to be 

approximated through a sequence of mechanical movements or velocity profiles.  Due to the 

considerable numerical complexity posed by developing a theoretical solution,  validation is 

undertaken by an elastoplastic solution provided by the nonlinear finite element structural analysis 
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environment, ABAQUS.  It transpires that the plastic deformation is difficult to identify in elastic-

plastic response because the plastic and elastic deformations are interspersed.  Nevertheless, the 

final deformation mode of the ABAQUS frame model is broadly similar to that of the rigid-plastic 

model.  The investigation of 30 lumped mass elements LCP frame showed less than 1% error in 

sway displacement compared to ABAQUS tetrahedron brick element frame.   

The third validation is to compare the experimental and the LCP mid-span displacement for a blast 

loaded RC beam with both ends clamped.  The experimental results are borrowed from literature 

for two triangular pules that have a different impulse.  The LCP solution for the lumped mass 

discretization of 50 elements can capture the mid-span deflection satisfactorily.  

Finally, it is worth asserting that the rigid-plastic LCP formulation can prove useful during the 

preliminary design stages of skeletal structures subjected to blast loads.  The proposed method is 

capable of predicting the main features of behaviour for a particular structural design rather 

quickly.  For problems where increased accuracy or further details of the structural behaviour is 

required, then the present approach may be straightforwardly extended to incorporate additional 

aspects, such as strain rate, strain hardening and large displacements. 
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