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Abstract

Finding new exact and numerical solutions of the Einstein-Maxwell field equations
(EMFEs) is one of the fundamental area of research. The exact solutions which
satisfy the physical criteria of compact objects can be considered as models for the
compact object like neutron stars, and dark energy objects. The exact form of the
equation of state satisfied by the compact objects is unknown. In order to obtain new
models for compact objects, one generally chooses some equation of state, for exam-
ple, linear equation of state, quadratic equation of state, or some other form. We
obtain a new model for the dark energy star with linear equation of state, p, = —p,
where p, is the radial pressure and p is the density. The physical criteria and stability
of the model are investigated. A new solution with linear equation of state for ordi-
nary matter object is obtained and the physical criteria and stability are discussed.
By adding the initial conditions to the EFEs we get the Cauchy-Einstein field equa-
tions (CEFEs). In literature many solutions have been obtained for the CEFEs. An
extension is done by adding charge into CEFEs. The constraints and evolution equa-
tions for the Cauchy Einstein-Maxwell field equations (CEMFEs) are given which
can be solved for the cosmological universe which contains N discrete electrically

charged black holes. For the simplicity, only regularly arranged charged masses in a

v



3-sphere are considered. The cosmological universe with N charged masses consists
of linearly superposed Reissner-Nordstrom masses which represent the universe with
discrete charged masses. In particular, a solution for 8-mass charged cosmological
universe is obtained. These solutions generalize the Majumdar-Papapetrou solutions
away from the extremal limit of charged black holes, and provide what we believe
to be some of the first relativistic calculations of the effects of electric charge on

cosmological backreaction.
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Chapter 1

Introduction

Newton gave a comprehensive view of the universe through his famous theory, New-
tons theory of gravity, more than three hundred years ago. It describes the motion
of the heavenly bodies and the objects on the earth with the same principles and
laws. In this theory the universe is considered as an unbounded flat space which is a
3-dimensional Euclidean geometry. Any event in this geometry is described by time,

3. In this theory time, ¢, is absolute.

t, and three spatial coordinates, z!, 2%, and z
This means that all observers have same clock. In 1905, Einstein gave his Special
Theory of Relativity in his famous paper, “On the Electrodynamics of Moving Bod-
ies” [1]. Einstein based this theory on the following two postulates.

1. All laws of physics are valid in all inertial frames which are moving relative to
each other with constant speed.

2. In all inertial frames, the speed of light, ¢, is same.

The first postulate implies that all physical laws are same for all coordinate systems

in inertial frames. This means there is no preferred set of time and space coordi-

nates. For example, if an observer is sitting at rest in a train moving at constant



speed and looks straight out of the train, everything outside appear to be moving in
opposite direction. However, another observer sitting outside the train will observe
that the first observer is moving with train’s speed while other things (outside the
train) are at rest. Now the question is, how to define coordinates of the observer in
the train and the observer outside the train? Both observers measure the time and
distance according to their frame of references. Special theory of Relativity holds
only for frames of reference moving with constant velocity, v, relative to each other
i.e. the acceleration is zero. The second postulate states that the speed of light, ¢, is
constant in all internal frames. The time is different for different observers i.e. time
is not absolute for all observers, or we can say that each observer has its own clock.
Einstein generalized his Special theory of Relativity and gave a new theory called,
General theory of Relativity but mathematical form of the theory would not be pos-
sible without the mathematical formulation given by Hermann Minkowski in 1907.
Minkowski expressed the Special theory of Relativity in terms of 4-dimensional man-
ifold which locally looks like Euclidean geometry. In this spacetime, events occurring
in a universe can be described with a non-Euclidean geometry known as Minkowski
space.

General theory of Relativity gives a well defined geometric description of one of the 4
fundamental forces in physics, the gravity. The gravity is an attractive force and on
large scales it is dominant because other forces i.e. nuclear forces are short ranged.
General theory of Relativity is based on a few simple principles and it is considered
as one of the most beautiful theories in the natural sciences because of its geometric

simplicity.



In this theory all objects are accelerated in the same manner by gravity. In New-
tonian mechanics gravity is considered as a force while the equivalence principle in
General theory of Relativity allows it to be considered as purely geometric effect
rather than a force. The properties of the gravitational field can be ascribed by the
curvature of the spacetime. Under the gravity all test bodies move along straight
paths which is also postulated in Newtonian Mechanics. In the relativistic approach,
this means that they will move on geodesics which is the generalization of straight
lines in a curved geometry. As a consequence we can say that the earth orbits around
the sun because mass of the sun curves the spacetime and creates curvature due to

which the earth revolves around the sun.

1.1 The Einstein Field Equations

General theory of Relativity explains the interaction of gravity as a consequence of
spacetime being curved by energy and matter. Einstein gave the Einstein field equa-
tions (EFEs) in 1916, which are in fact a set of tensor equations. EFEs are nonlinear
partial differential equations (PDEs) which relate the energy and momentum present
within a spacetime with the curvature of the spacetime.

The curvature of spacetime is expressed as the Einstein tensor, E,g, which is defined
as

1

Eyp = Ryp — 59%8]%' (1.1)

The Einstein tensor, I, g, satisfies the symmetry condition, E,s = Ej, like the

metric, g,3, and the Ricci tensor, R,g. It is a function of coefficients of the metric,



g~3- The energy and momentum of the spacetime are expressed as the stress-energy
tensor, T',3. Here, 7,8 =0,1,2,3.

The EFEs are used to find out the geometry of the spacetime due to the energy, mass
and linear momentum present in a given spacetime. These equations describe how
the spacetime is curved in the presence of matter and how the motion of the matter
is influenced by the curvature of spacetime. In result they form a set of nonlinear
system of PDEs for the gravitational field. The gravitational field is represented as
a pseudo-Riemannian metric, g,3, with signature (+, —, —, —) or (—, +, +, +).

For a given stress-energy tensor one can determine the metric, g3, of the spacetime

using the EFEs. The mathematical form of the EFEs is [2, 3]

1 8rG
Ryp — ég'yﬁR = ?Tw,& (1.2)

where G is the Newton gravitational constant and c is the speed of light. In this
thesis we take the geometric units i.e. we take ¢ = 1 and G = 1. The Ricci tensor,
R, is given as

a «a a 7o 1) a
R’Yﬁ = Fﬁ'y,a - Fa'y,,B + Faérﬁy - Fﬁa 89 (1?))

where I'75 are the Christoffel symbols defined by

o 1 a5 (095 0955  0Ogys
8= 97 (axﬁ "o o ) (1.4)

The Ricci scalar, R, is given by

R = g*"(I'}

é 4
Ba,y an,ﬁ + F"Z(SF a Pgér'yo) . (15>



The EFEs are tensor equations which give a relation between different 4 x 4 sym-
metric tensors. Each symmetric tensor has 10 independent components. Due to
the freedom of choice of the coordinates, (¢, 2!, 22, 23), these ten independent equa-
tions reduce to six equations. Although the EFEs were initially formulated for a
four-dimensional theory but many people explored the EFEs in lower and higher
dimensions as well. The relationship between the Einstein tensor, F,z, and metric
tensor, g,3, is expressed as a set of nonlinear PDEs and solutions of these equations

give coefficients of the metric tensor, g,3. The EFEs in geometric units are

E’Yﬁ = 87TT75. (16)

The EFEs are coupled nonlinear PDEs. If the distribution of matter and energy is
given in term of the stress-energy tensor, 7,5, then the EFEs are solved for metric
tensor, g,3. The Ricci tensor, R, and scalar curvature, R, are functions of coeffi-
cients of the metric [4]. Tt is very difficult to find the exact solutions of the EFEs,
even in the vacuum case these turn out to be fairly complicated to analyze. There is
a huge variety of exact solutions of the EFEs, describing gravitational waves, black
holes, singularities, and etc.

The nonlinearity of the EFEs makes General theory of Relativity different from other
physical theories. For example, the Maxwell equation are linear in the charge, elec-
tric field, magnetic field, and current distributions. Also in Quantum Mechanics, the

Schrodinger equation is linear in the wave function.



1.2 The Maxwell Field Equations

The Maxwell field equations deal with the electric field and magnetic field in a given
space. There are two types of electric fields [5]:

1. Electrostatic Field

2. Induced Electric Field.

If we have the electric charge in a space then the electrostatic field is produced
around the source while if we vary the magnetic field with respect to time then the
induced electric field is produced. For electrostatic fields, there is “Gauss’s law”.
Mathematically, the law is

VE=" (1.7)

where E is the electric field, p is the charge density and ¢ is the permittivity of free
space [5]. If the charge is positive then the divergence of the electric field is positive
and flow of the electric field lines is away from the source while in the presence of
the negative charge the divergence of the electric field is negative and flow of the
electric field lines is towards the source. The electric field for a point charge having

charge, @), is given as

Q
E= 1.8
47r50rr’ (1.8)

where r is the distance of the object from the point charge. In magnetic field,
there are poles called south and north poles. Positive and negative charges can be
isolated but the magnetic poles can not be isolated. However, the north pole behaves
similar to positive charge and the south pole behaves like the negative charge. The

total magnetic charge and the total magnetic flux within a surface which is closed
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Figure 1.1: The Electric Field Lines for Positive and Negative Charges [5].
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are always zero, which means that the divergence of the magnetic field, B, is zero.

Mathematically, “Gauss’s law for magnetic field”, is expressed as [5]

V.B =0. (1.9)

The lines of the magnetic field, B, start from the north pole and end at the south
pole and form continuous loops and hence do not intersect each other.
“Farady’s law” states that the electric field is produced by the time variation of the

magnetic field [5]. Mathematically,

0B

The induced electric field produced by the time varying magnetic field is a bit differ-
ent from the electrostatic electric field. The field lines of induced electric field form
loops.

Ampere showed that the magnetic field is produced by the electric current along

a path which bounds the surface. Later, Maxwell showed that the time varying
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Figure 1.5: The Induced Magnetic Field due to the Time Varying Electric Field [5].

electric flux also produces the magnetic field. Ampere’s law states that the mag-
netic field is produced by the electric current and the time varying electric flux [5].

Mathematically,

0E
VxB= Uo(j + 6()?), (111)

where vy is magnetic permeability of free space and j is the electric current density.
Maxwell later worked on this and found the light travels in the form of electromag-
netic waves and gave a comprehensive theory on the electromagnetism, known as

the Maxwell field equations. The Maxwell equations are coupled linear PDEs in E



and B. For region where charge density and current density are zero, we can rewrite

the Maxwell field equations as

O*E

VZE = U(ﬁoﬁ, (112)
0*B

VQB = 'U(ﬁow, (113)

where —— = 2. Egs. (1.12) and (1.13) show that the electric and magnetic fields

Vo€o

. . . 1 . .
satisfy the wave equation and these travel with the speed T which is the speed
of light, hence, light travels as electromagnetic waves.
The electric field, E, can be expressed in terms of a scalar potential, ¢, and a vector

potential, A, while the magnetic field, B, is expressed in terms of a vector potential,

A, mathematically we have

A
= — - — 1.14
E=-Vo— . (1.14)
B=VxA. (1.15)

1.2.1 The Maxwell Equations in Relativity

In Relativity the Maxwell equations can be written in terms of the Maxwell electro-
magnetic tensor, I3,
04 04,

Py =50 = o8 (1.16)

where the four-vector potential, A, is given as

A=(2 —A). (1.17)

10



In terms of the Maxwell tensor, Fl,g, the electric field, E, and magnetic field, B are

expressed as

Ei :CFOia (118>

B, = —eiF7, (1.19)

where ¢;;; is the Levi Civita symbol (7, ,] = 1,2,3). Components of the Maxwell

tensor, I3, are

Fo5 = . (1.20)

-8B _pB B 0

The Maxwell tensor, I, is anti symmetric tensor i.e. [F,3 = —Fp,. The inner
product F,zF7? = 2(B* — E;) gives the Lorentz invariant i.e. it is independent of
the coordinates. It has six independent components. The Maxwell equations can be

written in 2 tensor equations as

FY = wi, (1.21)

Fips = 0, (1.22)

where 57 is the four vector current density and v, 3,6 = 0,1, 2, 3.

11



1.3 The Stress-Energy Tensor

The stress-energy tensor, T3, is also known stress-energy-momentum tensor. In
physics, it describes the flux and density of energy and momentum in a given space-
time, in fact it gives a generalization to the stress tensor, 0,3, of the Newtonian
Physics. In Relativity, it is the source of the gravitational field in the EFEs. The
flux of the v component of the momentum vector across the surface with constant
2P coordinate is given by the component, T3, of stress-energy tensor. It is given

by [4]

¢ 1 1lip I3
T, = , (1.23)

Qy Iy Ilpp Ilpg

q. 131 II3p Ils3

where Ty = p is the time-time component which gives relativistic energy density
which is the density of the relativistic mass. The flux of energy across a surface
perpendicular to the a-direction is given by Tys = ¢s, and it is also equal to the

[-component of momentum density i.e.

Toﬁ — Tgo, (124)

and the ij-th component of symmetric stress tensor, 1I;;, represents the ¢-component
of stress, or flux of momentum, across a surface perpendicular to j-direction. The
normal stress component, I1;, (not summed over ) is called pressure in i-th direction.
Whereas, 1II;;, i # j, represents shear stress. The stress-energy tensor satisfies the
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symmetry condition and it is also conserved i.e.

Ty = Ty, (1.25)

Ty = o (1.26)

Stress-energy tensor has 6 independent components and its trace, T, is an invariant
quantity which is given as

T =T = —p+ 3p, (1.27)

1L

where p = =* is the isotropic pressure. Isotropic pressure is same in all directions. In

fact the stress-energy-momentum tensor is the source of curvature in the spacetime.
1.3.1 Different Forms of the Stress-Energy Tensor

Some well known forms of the stress-energy-momentum tensor are:

Isolated Particle

The stress-energy-momentum tensor for an isolated particle that has mass m and is

moving on the trajectory, y,(t), is given as

()
AT e

where u is four vector velocity given as

u= (1, %), (1.29)

and u = y/u.u is the speed of the particle [6].
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Fluid in Thermodynamic Equilibrium

For the fluid which is in thermodynamic equilibrium, the stress-energy-momentum
tensor is given as

Typ=(p+ Q)Vvvﬂ + PYys; (1.30)

where p is the hydrostatic pressure, g is the mass energy density, and v gives the
4-vector velocity of fluid [6]. The 4-vector velocity, v,,, of fluid satisfies the following

condition

v, veg’ = —1. (1.31)

In special case, if we take the pressure of fluid to be zero then the stress-energy-

momentum tensor becomes

T3 = ov,Va. (1.32)

If the fluid is at rest then we only have one component, T% = p, of the stress-energy

tensor, rest all others are zero.

The Electromagnetic Stress-Energy-Momentum Tensor

For the electromagnetic field the stress-energy-momentum tensor is given as [6]

[0 1 [0
Tp = Fy59° Fpo — Z—lngm;F g (1.33)
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Using Eq. (1.16) in Eq. (1.33) we have

GE LB
T, = , (1.34)
S
_Ty ny Hyy Hyz
i _% sz sz sz_

1
S = —ExB, (1.35)
Ho
1 1 B?
T,;, = eobiE;+ U_OBiBj - 5(EOE2 _ 2_00)5”. (1.36)

1.4 The Cosmological Constant

Including a cosmological term which is proportional to the metric tensor, g,5, Ein-

stein modified his field equations as

1
Rop — 5976 + gypA = 81T, (1.37)

where A is cosmological constant with dimension (length)=2. Tt is remarkable that
by adding the cosmological constant term the law of conservation of energy is not
affected. Originally this term was introduced by Einstein to restrict the universe to
be static i.e., the universe is not contracting or expanding [7]. This attempt was
unsuccessful because the static universe with cosmological constant was unstable so,
A was discarded.

In the early 1990s, the phenomena of expansion of the universe was not very well
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known and explained but later in 1998 the Hubble space telescope (HST) observed
that the expansion of universe is slower than supernova crisp [8,9]. Due to the grav-
ity of mass of the universe, there is enough energy density to stop expansion of the
universe so it was difficult to believe that universe can expand, however, observations
showed its expansion but at that time no one knew the reason of the expansion.
The cosmological constant was the first interpretation of the expansion of the uni-
verse. Regardless this misguided motivation of Einstein of introduction of the cos-
mological term, adding this constant in the equations, nothing is inconsistent. In
fact recent techniques have found that a positive value of A explains the expansion
of the universe. The beauty of the cosmological term, A, is that it gives results
which extensively improves the agreement between observations and theory. The
most remarkable example of this are the recent efforts to measure the expansion of
the universe since the last few billion years. Due to the gravity of matter present
in the universe the expansion should be slow down, imparted by the Big Bang [10]
but when astronomers observed supernova in order to calculate the rate of the ex-
pansion of the universe over the last few billion years. The results showed that the
expansion of the universe is not slowed down but infact it is accelerating and there
is bizarre matter or energy which is the reason of accelerating universe; which means
that this mass or energy has gravitationally repulsive nature. This means that the
cosmological constant is this type of energy.

The existence of quantum mechanical vacuum energy is another reason to expect a
cosmological constant because quantum mechanical theory predicts that the vacuum

has some amount of energy associated with it. In General Relativity, all forms of
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matter and energy gravitates so the cosmological constant, A, can be associated with
the vacuum energy. Much work needed to explain this mystery. Einstein took the

cosmological constant as an independent parameter such that we have

(Ag™?);s = 0. (1.38)

The vacuum energy is constant and given by

A
vac — S _ 1.39
p o (1.39)
The cosmological constant has negative pressure, given by
Pvac = —Puac- (140)

The positive cosmological constant induces a repulsive gravitational force. This
results in the expansion of the universe. This means that the cosmological constant,
A, is thus associated with non-zero vacuum energy. In general relativity these terms
are now used interchangeably. In our universe around 68 percent is dark energy and
about 27 percent is black substance and rest 5 percent is the matter. The mater we
know is just a small part of the universe. Though we do not know much about dark
energy but its effects can be seen by the expansion of the universe.

The Fig. 1.6 shows how the rate of expansion of the universe is changing from it’s
birth (fifteen billion years ago) till now. The shallow of the curve indicates that the
expansion of the universe is faster. After 7.5 billion years the expansion is rapidly

increasing and objects in the universe started moving away at much faster rate. The
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Figure 1.6: The expansion of the universe from its birth till now [11].

rate of this expansion is because of a mysterious dark energy [11].

1.5 Gravitational Collapse

In hydrostatic equilibrium, the gravity of a massive body is counter balanced by its
pressure. With the passage of time this pressure starts decreasing and gravity starts
dominating and the gravitational collapse occurs. When a distribution of matter
collapses then different hierarchy of structures are born like cluster of galaxies, stel-
lar groups, stars, planets etc. For example, if the gravitational collapse of the cloud
of interstellar matter occurs gradually then a new star is born. When the tempera-
ture at the centre of the star is increased by the compression caused by the collapse
then nuclear fuel ignites and the collapse starts to halt and the star gains dynamic
equilibrium between gravity and pressure.

A normal star is a ball of gas held by its gravity and at the end of its life time the
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gravitational collapse occurs, this is called the death of the star. So stars are born at
gravitational collapse and with the time these again undergo a gravitational collapse
which form new stars. The end states of a gravitational collapse are called compact
stars [12]. There are different types of these compact stars:

[. “White dwarfs”

I1. “Neutron Stars”

ITI. “Black Holes”.

The collapse from stars to white dwarfs takes place in more than ten thousand of
years while the stars blow off their outer shell to form planetary nebula. The size of
a white dwarf is about 1.4 solar mass. If there are some companion stars near white
dwarf then it can accrete their mass to reach a limit called Chandrasekhar limit i.e.
when its mass crosses the limit of 1.4 solar mass and it blows off completely in type
la supernova. The neutron stars are born by collapse of such massive stars.

If the star is very massive then collapse continues and nothing can stop it and when
it reaches within the Schwarzschild radius then even light can not escape. At this
point the star transforms to a black hole.

Classically, a black hole is the region in space from which not even light can escape.
There is a surface around the black hole which is called event horizon which is also
called the point of no return. The events beyond the event horizon can not affect
an outside observer. If an observer approaches the event horizon then it slows down
as seen by an outside observer and never crosses the event horizon. Although the
interior of a black hole is invisible but we can detect the black hole from its inter-

action with other matter. By tracking the moments of group of stars, orbiting in a
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region, we can infer black hole. If there is a companion star near a black hole then
its gas starts to fall into black hole, it spirals inwards and is heated to very high
temperature. This emits a large amount of radiations which can be detected from
the telescope orbiting around the earth.

At the center, r = 0, of a black hole lies the singularity where the curvature is not
finite. For non-rotating black holes, it is a single point and for rotating black holes
it is a ring, which lies in the plane of rotation. The whole mass of a black hole
lies in the singular region and its density is infinite. There is a famous theorem in
Relativity called “no hair theorem”, which states,

“All black hole solutions of the EMFEs of gravitation and electromagnetism in general
relativity can be completely characterized by only three externally observable classical
parameters: mass, electric charge, and angular momentum” [13].

All information of the matter which forms the black hole or falls into it, is disap-
peared behind the event horizon and are not accessible for observers outside the
event horizon. It is interesting that the no hair theorem is independent of frame of

reference and hence it tells nothing about the position and velocity of a black hole.

1.5.1 The Schwarzschild Black Hole Solution

Let us consider an isolated point of mass m. We consider the spacetime to be static

and spherically symmetric. The line element is given as

ds? = —e!Mdr? — r2dp? — r? sin® 0dp® + SV dt?. (1.41)

20



There is vacuum all around the source so the stress-energy tensor is zero i.e. T3 = 0,
for all v and 5. Then the EFEs become R,z = 0 i.e. the Ricci scalar is zero. For a
diagonal metric given in Eq. (1.41), there are 4 independent component of the Ricci

scalar. Solving the EFEs, the metric in Eq. (1.41) becomes

9 2
ds? = —(1— Tm)_ldrz — 7r2d6? — r*sin® 6d¢p* + (1— Tm)dtz, (1.42)

which is called the Schwarzschild solution [14]. Here, we have two singularities, the
essential singularity, » = 0, that can not be removed and the coordinate singularity,
r = 2m, that can be removed by using appropriate coordinate transformations. For

example one can use Eddington-Finkelstein coordinate transformations

t = T42mln(l - ﬁ) for 7 < 2m, (1.43)
t = f42m mﬁ —1) for 7> 2m, (1.44)

Under these transformations the metric (1.42) becomes

4m 2
T didi — 2d0? — P2 sin® 0dg? + (1 —

2
ds? = —(1+ Tm)df2 +— Va2, (1.46)

f

Clearly the coordinate singularity, 7 = 2m, is removed while the essential singularity,
7 = 0, is not removed. The observer in the outer region 7 > 2m can not get any
information about the events happening in the inner region r < 2m because no

object can escape the hypersurface 7 = 2m.
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1.5.2 The Reissner-Nordstrom Black Hole Solution

The Schwarzschild black hole has mass only. If the source also has charge then the
solution of the EFEs along with the Maxwell field equations is known as the Rissner-
Nordstrom black hole. To find the solution we assume

1. The spacetime to be static and spherically symmetric.

2. The source to be a charged source, having charge ¢.

3. There is vacuum around the charged source.

The electromagnetic potential for spherical symmetric spacetime is
A = (4,0,0,0), (1.47)

where Ay = ¢(t,r) is the electric potential. For static case we have Ay = ¢(r). The
electric field is

E = (E(r),0,0). (1.48)

The magnetic field is zero, B = 0. Using Eq. (1.48) and B = 0 in Eq. (1.36) we
have

T] = diag(—p — E?/2,—E?/2, E?/2, E* /2). (1.49)
The Einstein-Maxwell field equations (EMFEs) lead to the metric [15]

2
2m

ds* = —(1 — — + q—z)’ldr2 —r2df? — r*sin® 0dp* + (1 — — + d

r r

2
- S)dt?, (1.50)

72
where the event horizon(s) can be calculated from

1-—+L =0, (1.51)



which gives two event horizons, the outer event horizon, r,, and the inner event

horizon, r_, are given as

re =m=++/m?—qg* m>q. (1.52)

1.5.3 The Kerr-Neuman Black Hole Solution

The Schwarzschild black has mass only and if we add spin to it we get Kerr black
hole. Similarly if we add spin to the Reissner-Nordstrom black hole then we get the
Kerr-Neuman black hole. The mass of the Kerr-Neuman black hole is m, the charge
is ¢, and the rotation is given as a = %, where j is the angular momentum. So
the most general stationary solution of the EMFEsis the Kerr-Newman black hole.
Using the Boyer-Linquist coordinates the metric of Kerr-Newman black hole can be

written as [16]

ds* = Ath a sin? 9dyp)? A2d2 2dy*
s° = —F( — asin® vdyp) +? e+ p
sin219 _ 2 _9 2
S (adt = (1 + @)y (1.53)
where
A =r? —2mr+a*+¢ p?P =1+ a’cos’ 0. (1.54)

This solution shows that the charged and rotating bodies can undergo gravitational

collapse and can form charged rotating black hole. The inner and outer event hori-
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ZOnNs are given as

ry =m+/m?—q® —a’ (1.55)

1.6 Dark Energy and Dark Matter

In 1937 Zwicky [17] estimated the mass of the large cluster of galaxies. Then he
estimated the average mass per galaxy. The average mass of the galaxy was many
times more than their luminous mass. It means there is mass in galaxies which is
non-luminous. Later, others also observed the same and found that about 95% of
mass of galaxies is dark matter [17]. Other evidence of dark mater is provided by the
X-ray emission from galaxies. From these emissions, luminosity of the galaxies can
be measured. As luminosity depends on the temperature, volume, and density of the
galaxies so much more mass is needed to hold very hot gasses. The luminous mass of
galaxies is not sufficient to hold it, so the dark matter is responsible for holding the
galaxies. Also the gravitational lensing gives presence of the dark matter by giving
the measurement of total mass of galaxies.

The nature of dark matter particles is unknown. We do not know yet whether these
particles are stable or have a finite life time. As the interaction of dark mater and
ordinary mater is very weak (or we do not know yet) so direct detection of the
dark mater is not possible. Although many experiments are running but no positive
results are found, for example, at the Large Hadron Collider (LHC), the researches
are trying to create the conditions of the very early universe so that they can detect

the dark matter particles, by assuming that dark matter particles will be produced
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in pairs according to standard model of Particles in Physics.

Einstein assumed that our universe is static but later observations form the Hubble
telescope revealed that our universe is expanding. It means that there is some energy
which is responsible for the expansion i.e. dark energy. As gravity has positive
pressure which makes it attractive force so dark energy has negative pressure i.e.
it is repulsive in nature. Basically the cosmological constant gives energy density
of vacuum and has negative pressure. Generally the dark energy density can be
expressed as

pa o< poa” Y, (1.56)

where pg is the energy density of the dark energy, py is the initial value of the dark
energy and can be associated with cosmological constant, a is the scale factor of the
FLRW model, and w = % is the parameter of equation of state. If w = 0 then
it gives matter dominated universe, w = % gives universe with pure radiation and
w = —1 corresponds to the cosmological constant.

Many researchers consider cosmological constant and dark energy same however,
there are other models for dark energy as well for example Quintessence, Phantom

energy and Quintom energy.

1.7 Some Models for a Compact Object

The exact solutions of the EMFEs for the static symmetrically symmetric geometry
are of great interest. In Relativistic Astrophysics solutions of the EMFEs which sat-

isfy some physical criterion are of real interest because these can be used to model
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the compact objects like stars, neutron stars, quark stars etc. This helps us in
understanding the highly dense distribution of matter of the interior of relativistic
compact objects. The EMFEs are nonlinear so it is very difficult to find the exact
solutions, although many solutions have been obtained [6]. Only few exact solutions
of the EMFESs fulfil the physical criterion to be considered as the relativistic compact
objects. In literature the physical criterion is discussed in detail [18,19]. There are
regularity conditions which solution should satisfies.

To find the solution of the EMFESs, one can take any equations of state of the form
pr = f(p). The equation of state plays important role for the relativistic compact
matter. It gives relation between the radial pressure, p,, and the density, p. Mostly
the solutions of the EMFEs do not satisfy any equation of state. However, one may
choose an equation of state and then solve the EMFEs for physically valid solutions.
In Literature many solutions of the EMFEs have been obtained by assuming differ-
ent types of the equations of state. Thirukkanesh et al. [20], Feroze [21], Sunzu et
al. [22], and Malaver [23] assumed linear equation of state, p, = Ap + B. Feroze et
al. [24,25], Maharaj et al. [26], Mafa et al. [27], and Shrama et al. [28] considered
quadratic equation of state, p, = Ap* + Bp+ C. Takisa et al. [29], and Malaver [30]
assumed the polytropic equation of state, p, = kp', where I' = 1 + % and 7 is the
ploytropic index. Malaver [31], Thirukkanesh et al. [32] assumed Van der Waals
modified equation of state, p, = ap® + 22, while in [33] Malaver assumed Van der

1+8p’

. . - r+1 B T
Waals modified equation of state of type p, = ap" ™ + m%.
To model a relativistic stellar object, one generally assumes that the pressure distri-

bution is isotropic and homogeneous but in the presence of the electromagnetic field
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pressure is anisotropic. Anisotropy is defined as p; — p,, where p; is the transverse
pressure. This represents an anisotropic force which is repulsive in nature if p; > p,
and attractive if p, < p,. Many compact astrophysical objects like “X-ray pulsar”,
“Her-x-17, “X-ray buster 4U1820 — 307, “millisecond pulsar SAXJ1804.4 — 3658,
and etc have anisotropic pressures.

Many solutions of the EMFEs have been obtained for anisotropic pressures. Fer-
oze [21], Malaver [23,30, 31, 33|, Sunzu et al. [22], Feroze et al. [24,25], Maharaj
et al. [26,29], Takisa et al. [27] and Sharma et al. [28] obtained solutions of the
EMFEs for charged spherically symmetric static spacetimes by assuming anisotropic

pressure. In general, in all these solutions radial pressure is positive.

1.7.1 Classification of the Solutions

In order to find some new classes of the solutions of the EMFESs, we divided the
problem as fellows. First we categorized the electromagnetic field to be without
source (7" = 0) or with source (T" # 0). Then we divided the problem further by
assuming the electromagnetic field to be null or non-null and then in each case we
investigated the solution by considering the pressure to be isotropic or anisotropic.
The summary of the scheme is shown in Fig. 1.7.

The electromagnetic field is called null field if it satisfies the following conditions

EB = 0, (1.57)

E? = B? (1.58)
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Figure 1.7: Some Classes of the spherically symmetric static solutions (SSSS) of the
EMFEs.

where E is the electric field and B is the magnetic field. If any of the above conditions
fail then electromagnetic field is called non-null field. If the electric field or magnetic
field is zero then field is called magnetostatic or electrostatic field respectively.

We can classify solutions of the EMFEs in different ways. One of the interesting
classification is the Segre classification which depends on the eigenvectors and eigen-
values of the trace free Ricci tensor, Rz, [6]. The Segre tensor, S.3, is given as

1

’975 = Rvﬁ - 4

Rg.p. (1.59)

Another way to write the Segre tensor is to write its components in null tetrad form

(kP,1°,mP,mP). The null tetrad is a complex basis for the metric, g~5- Mathemati-
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cally the metric, g,s, can be written in terms of null tetrad as

gy = 2(mymg) — 2(ky1g). (1.60)

The components of null tetrad satisfy the following conditions

Kl = —1, (1.61)

mm, = 1. (1.62)

In terms of the null tetrad the Segre tenor can be written as 3 x 3 Hermitian matrix

1

b0 = §Sabkak67 (1.63)
]_ a, B

P = 3 abkm”, (1.64)
]. a, B

P2 = o PabT T, (1.65)
1

on = ZSab(k"lﬁer“mﬁ), (1.66)
1 o B

¢r2 = 3 al“m”, (1.67)
1 B

P2 = 3 a1 (1.68)

The static spherically symmetric metric is given as

ds? = —e*dt? 4+ 2 dr? 4 12(d? + sin0dp?), (1.69)
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and the components of the null tetrad can be expressed as functions of the coefficients

of the metric, mathematically

K= 1/y/2(—e°0/0t —e™"0/0r), (1.70)
I = 1/y/2(—e €0/t +e7"0/0r), (1.71)
mP = 1/r\/2(a/ae+ﬁa/a¢), (1.72)
m’ = 1/7«\/2(3/39—@@/@@. (1.73)

Now question is how to know a given metric contains null or non-null electromagnetic
field? The first way is to check whether the electric and magnetic fields satisfy the
conditions (1.57) and (1.58) or not. The second method is to check the Segre type
of the metric and then tell either it contains null or non-null electromagnetic field.
For this we have

1. If ¢ is the only non-zero component of the Segre tensor then the electromagnetic
field null.

2. If ¢1; is the only non-zero component then the electromagnetic field non-null
[, 34].

The non-zero components of the ¢;; for the metric (1.69) are

(bgo = %6277(7]/ —+ CI), (174)
1
P22 = 567277(77’ + ¢, (1.75)
b = 2e B¢ 4 P = — )+ (1.76)
=y T 4r2’ '
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For the null electromagnetic field we set ¢g9 # 0, ¢11 = 0 and @2 = 0. We can
choose ¢ and 7 such that ¢1; = 0 in Eq. (1.76) but if we set ¢9o = 0 in Eq. (1.75)
then ¢go in Eq. (1.74) also becomes zero which is not possible. This means for the
static charged spherical symmetric spacetime the null electromagnetic field is not
possible.

For the non-null electromagnetic field we need ¢1; # 0, ¢oo = 0 and ¢oy = 0. If we

have

n+¢ =0, (1.77)
then ¢gp = 0, ¢oo = 0 and ¢1; # 0. We choose the stress-energy tensor, TWB, as

, E? E? E? E?
Tﬁ/i:dzag(—p—T,pr—T,pt—i—?,pﬁ-?)y (1.78)

where p is the density, E is the electric field, p, and p; are the radial and transverse
pressures respectively. Here, we only consider the electric field and magnetic field is

taken to be zero. The EMFEs for the metric (1.69) are

7"_12((1 —e ) + 2777/62’7 = p+ %2, (1.79)
—%(r(l —e %) + 2TC/62") = Pr— %2, (1.80)
S =) = et E; (1.81)
o = %e‘”(rQE)’. (1.82)

For non-null case, using ¢g9 = 0 in the EMFEs, we get the following equation of

state
pr=—p. (1.83)
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Using ¢’ = —n' in source less electromagnetic field i.e. T'= 0 we have
r2(e M) 4 4r(e™") +2e7 —2 =0, (1.84)
which is a Cauchy-Euler Equation. Solving it we get
em=142 (1.85)
r r

For anisotropic case we get p, = —p; which is not physically possible so there is
no solution in this case. However, if we take isotopic case, p, = p;, then other

parameters are

2
p:O’ p:O7 EQZ%, (186)
o =0, 24:%+(;—2+1. (1.87)

So the metric in this case becomes

ds* = —(2+ 2 1 1)a + (2 + 24 1)\ +2(d6? + sin*d®),  (1.88)
r r r r
Choosing ¢; = ¢* and ¢y = —m, where ¢ is the charge and m is the mass then it

is Reissner-Nordstrom metric. This metric is the most general metric containing
mass and charge for the spherically symmetric static metric. Hence, the Reissner-
Nordstrom metric is the unique solution of the EMFEs for the non-null and electric
field without source with isotropic matter.

If the trace, T, of the stress energy tensor is non-zero i.e. T # 0 then one needs to

be careful in order to find out the relation between null/non-null field with its Segre
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type. Here, we are adding matter with non-null electromagnetic field. To find out
the Segre type we need to write the stress energy tensor for this case. In [6] the Segre
type for the non-null electromagnetic field along with the perfect fluid is discussed.
If the fluid velocity vector u and the null principle directions of the electromagnetic
field are coplanar then the Segre type is [1, 1(11)] and non-zero components of ¢;; are
boo = (22 and ¢q; and if they are non-coplanar then Segre type is [1,111]. Generally
for non-null electromagnetic field with perfect fluid the Segre type is [1,1(11)]. In
literature many solutions have been obtained for this Segre type.

It is clear that we can classify the electromagnetic field into two categories, traceless
and with trace. When we add matter with electric field then spacetime can be further
classified into isotropic and anisotropic. By taking the static spherically symmetric
spacetime we have checked all possible solutions of the EMFEs for each case. We
find out independently that for isotropic spacetime with non-null traceless electric
field, the Reissner-Nordstrom metric is the unique solution of the EMFEs and there
is no solution for anisotropic spacetime with non-null traceless electric field. There
exists many solutions for the isotropic/anisotropic spacetime with non-null electric

field with 7" # 0. One can discuss the Segre type of each case.
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Chapter 2

A New Solution of the
Einstein-Maxwell Field Equations

with Linear Equation of State

In literate many solutions of the EMFEs have been obtained which are physically
valid solutions [18 — 33]. The spacetime is taken to be static and spherically sym-
metric. Generally pressure is taken to be isotropic pressure i.e. the pressure is same
in all directions but for the charged fluid spheres pressure does not need to be same
in all directions. This is called anisotropy.

The Christoffel’s symbols for the metric (1.69) are

Lo = ¢ (2.1)
Lo = €*71¢, (2.2)
F%l = 77,7 (2.3)
[ = —re™, (2.4)
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Iy, = —rsin®fe ", (2.5)

1
M = - (2.6)
I3, = —cosfsind, (2.7)
1
Fgl = ;7 (28>
cos f
s, = 2.9
32 sin 6 (2.9)
The components of the Ricci tensor, Rz, are
_277+2C 2 . i / 2 "
Rll — € ( TT] C + T(C ) + TC )7 (210)
r
/ 2 / o / 2 "
r
Rss = e 2(=1+e¥+rn —r(), (2.12)
Ry = e sin?0(—1+e* +rn —rl). (2.13)

The EMFEs for the metric (1.69) with the stress-energy momentum tensor in Eq.

(1.78) are
1 L 277/ L E2
S+ =2 = pt o, (2.14)
1 o 2CI s E2
—alme) e = e (2.15)
! / E2
e—ZU(C// + C/Q 24 g/,',]/ _ n_) = Pt + —, (216)
r r 2
I
o = e 1(r’E)Y, (2.17)

where o is the current density.
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2.1 Basic Physical Criterion for a Compact Ob-

ject

The solution of the EMFEs is considered as a model for a compact object if it
satisfies the physical criterion. The basic conditions for a physically valid solution
are [35-37]:

(I) The solution should be free from the geometric singularities. This means the
metric coefficients should be well defined and finite. Also the density, p, radial
pressure, p,, transverse pressure, p;, and electric field, E, should also be well defined
and finite for the region, 0 < r < R, where R is the radius of the stellar compact
object.

(IT) The density, p, must be positive and monotonically decreasing function of the

radius, r. Mathematically, we have
p(r) >0, — <0. (2.18)

(ITT) The radial pressure, p,, should be positive and monotonically deceasing function

of the radius, r. i.e.

dp,
dr —

p(r) >0, 0. (2.19)

(IV) The radial pressure, p,, must be zero at the boundary of the relativistic compact

object. We can write it mathematically as

pr(R) = 0. (2.20)
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There are some stability conditions which solution must satisfy. These are:

(V) For the equilibrium the matter must be stable against the local collapse of region.
For this solution must satisfy the local stability condition known as “Le Chatelier’s
principle”’, which stats that the radial pressure, p,., must be monotonically increasing

function of the density, p. Mathematically

dp,
> 0. 2.21
i = 0 (2.21)

(VI) The radial and transverse pressures must be same at the r = 0 i.e. p,(r =0) =

dpr
dp

(VII) For a stable star the radial sound velocity, , should be greater than the

transverse sound velocity;, Cil—p;. We define © as

_ e dn (2.22)
dp dp’ '

then © must be positive i.e. © > 0 for the stable region.
(VIII) The solution must satisfy the casuality condition that the speed of sound

should not be greater than the speed of light, mathematically, we have

dp,
dp

0< — <1. (2.23)

The solution should satisfies the following energy conditions:
(IX) The weak energy condition states that density is non-negative, p > 0, through-
out the interior of the compact object.

(X) The strong energy condition states that the density, p, should be greater than
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the radial pressure, p,, i.e. p > p,.

(XI) The trace of the stress-energy tensor 72 = p — p, — 2p; > 0.

The solution must satisfy the following matching conditions:

(XII) For the charged case the solution at the boundary, » = R, must match with

the Reissner-Nordstrom exterior solution, i.e.

goo = —(1 — —+ =), (2.24)

where m is the mass and ¢ is the charge of the compact object at the boundary. In
case of uncharged compact object the solution must match the exterior Schwarzschild
solution.

(XTIIT) The red shift, goo, should be well defined and monotonically decreasing func-
tion of the radius. In particular, the red shift at the centre and boundary of the
compact object must be finite and positive.

If the solution satisfies all the above conditions then it is called a physically valid
solution and it can be considered as a model for the compact object.

As discussed in Chapter 1, one may obtain solutions of the EMFEs by choosing some
equation of state. In this chapter we obtain a class of new solutions of the EMFEs by
taking linear equation of state, p, = f(p). Also we discuss validity of the solution in
detail by examining whether the solution satisfies the physical criteria or not. Later,
we discuss the stability of the solution. This solution can be used as the model of a

compact object.
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2.2 A New Solution for Charged Spherically Sym-

metric Spacetime

We choose the spacetime metric to be spherically symmetric given by Eq. (1.69) and

a linear equation of state given as

pr=ap+p, (2.25)

where o > 0 and  is any arbitrary constant. Using Eq. (2.25) in Egs. (2.14)-(2.17)

we have

%(1 _ 6—277) + 2777/6—277 = p+ E727 (2.26)
DLy papis- B ¢ 221
e (" +¢* + C?/ — ('’ — n?/) = pet E;, (2.28)

o = r—12e—’7(r2E)’. (2.29)

The above system of equations (2.26)-(2.29) has six unknowns while the total equa-
tions are 4. To find the solution we need to choose any two unknowns. For simplicity

we choose n and the electrical field, E, as

1 1
—— 2.
kar?(5 + ar?)
2= 7 2.31
(1+ar?)’ ~’ ( )
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where a > 0 and k > 0. For uncharged case we have k£ = 0. Using Eqgs. (2.30) and

(2.31) in Egs. (2.26)-(2.29) we have

a(6 + 8ar? — 5kr? + 2a*r* — akr?)

— 2.32
P 2(1 + ar?)3 ’ (2:32)
1
C = m[(l+Oé){—4k+(2a—k)(1+a7"2)2 —3]{(1‘1‘@7“2) ln(l—l-m“?)}
+(1 + ar®)?B + daa In(1 + ar?)], (2.33)
2 2.4
y ak(15 + 4ar® + a®r?) | (2.34)
(1 + ar?)3\/ak(5+ ar?)
1 2 6,.10 2 /2
Py = m[w(zurr B) + 44a’r (1 + a+r°p)
—4a°r8 A 4 8a*kr B 4 32a*r*C + D], (2.35)
where

A = krP(l+a)(l+a+7r°8) — 23+ Ta+ 4a® + 8r%8 + Tr’af + 3r' 3%(2.36)

B = 5kr*(1+ a)® —2(27 + 36a + 23a* + 18r°3 + 18r%af3), (2.37)
C = 54 19a + 12a% + 36r%3 + 22r°aB + 10r* 52, (2.38)
D = d®kr*E + 4a*r*F + a*kr®G + 4a*r%H + 4al, (2.39)
E = 25kr*(1 +a)® — 4(48 + 41a + 15a° + 16128 + 16r°ap), (2.40)
F = 3+ 32a+ 9a% + 5826 + 26raf + 1500152, (2.41)
G = Er'(1+a)? —4kr*(10 + 17 + 9% + 87 B + 8r°af3), (2.42)
H = 12+ 30a + 2202 + 48r°3 + 36r2a3 + 15r* 32, (2.43)
I = 5kr*(6 +r°8+a(d+1r?8)) —6(a(2+r°8) +r*B(4 + 1)), (2.44)

which is the solution of the EMFEs.
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2.3 Physical Validity

The conditions for a physically valid solution are discussed in detail in Section 2.1.
In this section we discuss either the solution we obtained satisfies these conditions
or not.

(I) The obtained solution is well-defined because there is no singularity in the so-
lution as it is clear from Egs. (2.30)-(2.35) that the metric coefficients, density,
electrical field, charged density, radial and transverse pressures are all well defined
functions of the radial parameter, r.

(IT) As the density must be positive and non-increasing function of the radial pa-
rameter, r we set a > % in Eq. (2.32). It is clear that the density, p, is positive for
the chosen values of the parameters. Taking derivative of Eq. (2.32) with respect to
radial parameter, r, we get

dp  —ar

0 m(f)k + 10a + r2(12a® — 8ak) + r*(2a® — ka?)). (2.45)

Clearly % < 0 if we choose the parameters as a > %k Hence, the density, p, is

positive and decreases monotonically if we set values of the parameters k£ and a as

a > %k For example if £ = 2 and a = 2 then density and its derivative are

6 + 6r% + 4
= “Tramr (2.46)
dp —4r(1548r2 +4rt) (2.47)
dr (1+ 2r2) ' '

In Fig.2.1, we plot the density for a = k = 2 against the radial parameter, r. From

the Fig. 2.1 it is clear that density, p, satisfies the physical conditions i.e. it is
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Figure 2.1: The density, p, is plotted by setting a = k = 2. It is well defined, positive
and non-increasing function of radial parameter, r.

positive and is a non-increasing function of radial parameter, r.

If we set a=constant, then we can check the behaviour of the density for k. The
plot of the density, p, for different values of k against the radial parameter, r, is
given in Fig. 2.2. From Fig. 2.2 it is clear that density is positive and well defined
for different values of the parameter k. Similarly if we fix k then we can check the
behaviour of the density, p, for the parameter a. In Fig. 2.3 we set £ = 2 and
plot the density, p, for different values of the parameter, a. It is clear from the Fig.
2.3 that the density is well defined, positive and a decreasing function of the radial
parameter, r, for different values of the parameter, a.

(III) The radial pressure, p, = ap + 3, is positive as the density, p > 0, for a > %k
and also a > 0 and # > 0. To check it is a decreasing function of r or not, we have

dp,  dp
o= ao (2.48)

42



0.4Ff

0of

Radius

Figure 2.2: The density, p, is plotted for k = 2,5,8, and 11 by taking a = 8. It is
well defined, positive and non-increasing function of radial parameter, r.
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Figure 2.3: The density, p, is plotted for a = 2,5,8, and 11 by taking k£ = 2. It is
well defined, positive and non-increasing function of radial parameter, r.
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Figure 2.4: The radial pressure, p,, is plotted against the radial parameter, r, by
setting a = k = 2, « = 0.05 and § = 10. It is well defined, positive and non-
increasing function of r.

and % < 0 for a > %, this mean we have

dp. _ dp
So=oo- <0, (2.49)

Hence the radial pressure, p,, is a decreasing function of radial parameter, r. Graph
of the radial pressure, p,., for a = k = 2, a = 0.05 and g = 10 is given in Fig. 2.4.
From Fig. 2.4 it is clear that the radial pressure, p,, is positive and non-increasing
function of r. In Fig. 2.5 the radial pressure is plotted for k = 2,5,8, and k = 11
by fixing a = 8. Fig. 2.5 shows that the radial pressure, p,, is well defined and
positive for different values of k, it also shows that the radial pressure is maximum
at the center and gradually decreases with the increases of the radial parameter, r.
Similarly, in Fig. 2.6 the radial pressure, p,, is plotted for a = 2,5, 8, and 11 against
the radial parameter, r, by setting k = 2, « = 0.05 and 3 = 10. Fig. 2.6 shows that

the radial pressure is well defined, positive and non-increasing function of the radial
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Figure 2.5: The radial pressure, p,, is plotted for different values of k: k = 2,5, 8,

and 11 against the radial parameter, r, by setting a = 8, a = 0.05 and g = 10. It is
well defined, positive and non-increasing function of r.

parameter for different values of a.

In Fig. 2.7 the radial pressure is plotted for different values of a: a = 0.05,0.1,0.15,
and 2 by fixing a = 2, k = 2, and § = 10. The radial pressure is well defined, positive
and non-increasing. In Fig. 2.8 the radial pressure is plotted for different values of
B: 8 =5,10,15, and 20 by fixing a = 2, £ = 2, and a = 10. The radial pressure is
well defined, positive and non-increasing function of the radial parameter.

To check how transverse pressure, p;, varies with respect to the parameter a we
plotted the transverse pressure, p;, in Fig. 2.9 for different values of a: a = 2,4,6,
and 8 against the radial parameter, r, by fixing k =2, = 1, and f = 1. Fig. 2.9
shows that the transverse pressure is positive and well defined.

In Fig. 2.10 the transverse pressure, p;, is plotted for k£ = 2,4,6, and 8 against the
radial parameter, r, by fixing a = 6, « = 1, and g = 1. Fig. 2.10 shows that the
transverse pressure is positive and well defined.

In Fig. 2.11 the transverse pressure, p;, is plotted for different values of a: a =1, 2, 3,
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Figure 2.6: The radial pressure, p,, is plotted for different values of a: a = 2,5, 8,
and 11 against the radial parameter, r, by setting k = 2, a = 0.05 and § = 10. It is
well defined, positive and non-increasing function of r.
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Figure 2.7: The radial pressure, p,, is plotted for different values of a: «a =
0.05,0.1,0.15, and 2 against the radial parameter, r, by setting a = 2, £ = 2 and
B = 10. It is well defined, positive and non-increasing function of r.
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Figure 2.8: The radial pressure, p,, is plotted for different values of 5: g = 5,10, 15
and 20 against the radial parameter, r, by setting a = 2, k = 2 and o = 10. It is
well defined, positive and non-increasing function of r.
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Figure 2.9: The transverse pressure, p;, is plotted for a = 2,4, 6, and 8 against the
radial parameter, r, by fixing k = 2, « = 1, and § = 1. It is well defined and
positive.

47



15000
g
5 L
?
8 10000
o L
o)
&
o
5) L
§ 5000 -
= L
O, -
0 2 = 6 8 10

Radius

Figure 2.10: The transverse pressure, p;, is plotted for k = 2,4, 6, and 8 against the
radial parameter, r, by setting a = 6, « = 1, and § = 1. It is well defined and
positive.

and 4 against the radial parameter, r, by fixing a = 2, £k = 2, and § = 1. Fig. 2.11
shows that the transverse pressure is positive and well defined.
In Fig. 2.12 the transverse pressure, py, is plotted for different values of :  =1,2, 3,
and 4 against the radial parameter, r, by fixing a = 2, £k = 2, and a = 1. Fig. 2.12
shows that the transverse pressure is positive and well defined.

(IV) To find the value of the radial pressure, p,, at the boundary, r = R, we have

ac(6 + 8aR? — 5kR? + 2a’R* — akR*) + 82(1 + aR?)3
pr(R) = 2 k) T AU 0BT (g 50)
2(1 + aR?)

For physical validity of the solution, one can set values of the parameters «, 3, k,
and a so that the radial pressure becomes zero at the boundary i.e. p,(R) = 0.
(V) As the density, p, is positive i.e. p > 0 so the weak energy condition is satisfied.

(VI) From Eq. (2.25) we have

dpr

= a. 2.51
i (2.51)
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Figure 2.11: The transverse pressure, p, is plotted for a« = 1,2,3, and 4 against
the radial parameter, r, by fixing a = 2, £ = 2, and 5 = 1. It is well defined and
positive.
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Figure 2.12: The transverse pressure, p;, is plotted for § = 1,2,3, and 4 against
the radial parameter, r, by fixing a = 2, k = 2, and o = 1. It is well defined and
positive.
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dde < 1 is satisfied.
0

If we set 0 < a < 1 then the causality condition 0 <

(VII) From Eq. (2.30), the red shift at the origin r = 0 is

e #(0) = 1, (2.52)

and the red shift on the boundary, r = R, is

1

—2n _
e (R) 1+ aR?

(2.53)

as a > 0, so the red shift at the centre and at the boundary is positive and finite.

(VIII) As from Eqgs. (2.25) and (2.35) we have

pr(o) = pt(o) = 3aa + 5? (254)

so at the origin the radial and transverse pressures are same.
(IX) As we take the spacetime to be charged spherically symmetric so solution should
match with the Reissner-Nordstrom exterior solution at the boundary, r = R. For

Reissner-Nordstrom solution we have

go = —(1——+—5), (2.55)

E(R) = — (2.56)

where m is the mass and ¢ is the charge of the spactime.

By matching the solution obtained and the Reissner-Nordstrom exterior solution at
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the boundary, r = R, we get

1 2m  q¢?

S N L 2.
1+ aR? R +RZ’ (2.57)

¢®  ak(5+aR?)

— = 2.58
RS (1+aR?)3 (2.58)
Using Eq. (2.57) and a > 2, we have
R?(2 + 5a*R* + 19a R?
m _ a2+ 567K + 19aR7) (2.59)
R 4(1 + aR?)
which gives an upper bound on the mass-radius, %, ratio.

Also using Eq. (2.58) and a > % we get the bound on the charge-radius ratio as

2 2 4 2
q 3a*R*(5 + aR?)
;< o (2.60)

2.4 Stability Analysis

The behaviour of the radial sound velocity, V2 = %’, and transverse sound velocity,
V2 = Cil—ppt, determine the stability of a star. The stability region is the region where
V2 > V? ie. the transverse sound velocity is less than the radial sound velocity.

From Eq.(2.25) we have

VZ=a, (2.61)

T

and from Eqs. (2.32) and (2.35) we have

J

VP =
t 462 +8a"r2B(1 + a+128) + K’

(2.62)
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where

J = —8a(l+ ar®)*(5k + 2a*r* + a(10 — 8kr?) + a*(12r* — kr?)),  (2.63)
K = —4d%®L — 8aN — 4a°r°P + a*r*(Q1 + Q2)

—2a*r?(S1 + S2) + a*(T1 + T2), (2.64)
L = 1+3a* 1228 +r*(k —138)3 + a4 — 1202 + krp), (2.65)
N = —B2+3a+4r°8) +5k(3+r°8+ a2+ r*B)), (2.66)

P = 120% + a4 — 34r%3) — 4r*B(8 + 9r?p)

+kr?(—5 — 4a® + 6r%3 + a7 + 6r%3)), (2.67)
Q1 = —5k**(1+a)®+4(6 — 6a* + 487°B + 55r* B + 8a(—3 + 7% 3))(2.68)
Q2 = —8kr*(=7—5a%+ 11r%8 + a(=2 + 11r°B)), (2.69)

S1 = 5E¥(1 4 ) 4 2kr?(—63 + 24a” + 40r°B + 5a(—3 + 8r26)),  (2.70)
S2 = —4(4+6a” + 21778 + 25r* 5% + a(—26 + 271%3)), (2.71)
T1 = 75k%* (14 o) + 4(3 + 90° + 20r°B + 27r* 52 + 28a(—1 + r?B)),(2.72)

T2 = —4kr*(—24+300* + 33r*8 + a(2 + 33r%3)). (2.73)

If we define © = V2 — V2 then

J
AR +8aTr2B(1+a+r2B) + K

0=a« (2.74)

Here, we can choose the parameters such that © > 0, for example taking a =

0.05,a =k =2 and 5 = 10 we have

494 + 263072 + 56787r* 4 9890r°® + 188267 + 23846710 + 16909112 + 5120714

- 274 4+ 908072 + 5212174 + 16707176 4 366278r8 + 476928110 4 338176712 4+ 102400714 "
(2.75)
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Figure 2.13: The stability parameter, © = V2—V}? is plotted for a = k = 2,a = 0.05

and § = 10 against the radial parameter, r. It is well defined and positive function
of r.

Clearly the expression of © shows that it is positive so the solution is stable. The
graph of © is shown in Fig. 2.13. To check how stability is varied by the different
values of parameters we plotted the stability parameter, O, for different values of
the parameters. In Fig. 2.14 the stability parameter is plotted for a: a: a = 2,4,6,
and 8 against the radial parameter, r, by fixing k =2, « = 1, and f = 1. Fig. 2.14
shows that the stability parameter, O, is positive so the solution is stable.

In Fig. 2.15 the stability parameter, O, is plotted for k£ = 2,4,6, and 8 against the
radial parameter, r, by fixing a = 6, « = 1, and g = 1. Fig. 2.15 shows that the
stability parameter is positive and well defined.

In Fig. 2.16 the stability parameter, O, is plotted for different values of a: a =1, 2, 3,
and 4 against the radial parameter, r, by fixing a = 2, £k = 2, and § = 1. Fig. 2.16
shows that the stability parameter is positive and well defined.

In Fig. 2.17 the stability parameter, ©, is plotted for different values of : =1, 2, 3,
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against the radial parameter, r, by fixing a = 6, « = 1, and § = 1. It is well defined
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Figure 2.16: The stability parameter, © = V2 — V2 is plotted for o = 1,2,3, and 4
against the radial parameter, r, by fixing a = 2, k = 2, and § = 1. It is well defined
and positive.

and 4 against the radial parameter, r, by fixing a = 2, k = 2, and o = 1. Fig. 2.17
shows that the stability parameter is positive and well defined.

Hence, we can find stable region by choosing appropriate values of the parameters
a,k,a, and 8. There is a wide range of parameters for which the solution is stable.
Hence, the solution satisfies the all physical criteria and stability conditions. So this
solution may be considered as a model for a compact object having linear equation

of state.
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Figure 2.17: The stability parameter, © = V2 — V2 is plotted for 8 = 1,2,3, and 4
against the radial parameter, r, by fixing a = 2, k = 2, and o = 1. It is well defined
and positive.
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Chapter 3

A Model for the Dark Energy Star

The study of dark energy stars is of interest these days due to the fact that universe is
expanding with acceleration which was suggested by High-z supernova Search Team
in 1998 by observing type la supernova [13]. The acceleration of the universe can
be explained by dark energy present in the universe which is about 26 percent of
the total mass energy of the universe. Dark energy possess strong negative pressure
which helps in explaining the acceleration of the expanding universe. In literature, a
number of well behaved exact solutions of the EMFEs are obtained to model strange
quark stars, neutron stars and pulsars for example in [22,23]. The expansion of
the universe raises interest to study of the dark energy objects. The dark energy
has some unusual properties like it violates energy conditions. The dark energy

parameter is define as

-1

where p, is the radial pressure and p is the density. If w < 35

then dark energy
violates the strong energy condition and if w < —1 then the dark energy violates

null or weak energy condition. For accelerating expansion the dark energy parameter
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satisfies the following condition

w < —. (3.2)

For the Einstein cosmological constant we have w = —1. Current observations show
that for accelerating unverse the value of the dark energy parameter is —1.38 < w <
—0.82. As the dark energy plays fundamental role in Cosmology so it is desirable to
find astrological models for it.

In Relativity, Astrophysics, Particle Physics, and many other fields, the concept of
a black hole is well established and it is accepted in all these fields. Sometimes we
encounter scepticism regarding the physical reality of the solutions of the EMFEs
and the theory of black holes fail to interpret some observational data, especially, at
its event horizon [39]. For example, the Schwarzschild black hole has one dynamical
singularity at the origin, » = 0, and one corrdinate singularity at the event horizon,
r = 2m, . This motivated many people to find out the alternative of a black hole
which avoids the possibility of the singularities and the event horizons.

Recently Mazur and Mottola [40] gave an interesting alternative to black hole called
“Gravastar”, which means “gravitational vacuum star”. They took static spherically
symmetric spacetime with isotropic pressure. They obtained a static solution of the
EFEs. They took quantum considerations by replacing the critical surface by a thin
shell of relativistic fluid of soft quanta which obeys p = p. Such a solution does
not have any singularity and does not posses horizon which makes it very significant
because it can be considered as alternative to black holes when gravitational collapse
is occurred. The existence of the solution requires that near r = Ry, the gravity must

undergoes a vacuum rearrangement phase transition, where R is the Schwarzschild
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radius. At Planck’s level where h # 0, the energy, F = M@, of the infrared
photon is divergent at the event horizon. Also the Hawking temperature, Ty =
ﬁ, shows that the black hole is unstable to thermodynamic fluctuations.

Mazur and Mottola took the interior of the compact object as the de-Sitter space and
there is a thin shell of stiff matter around, which is surrounded by the Schwarzschild

vacuum. They assumed the isotropic matter i.e. the radial and the transverse

pressures are equal. The line element is given as [40]

d 2
ds* = —g(r)dt* + S

£ + 7r%(df* + sin® 0dp*). (3.3)

The equation of state for three regions of the gravastar are:
I. p = —p for interior region 0 < r < ry ,

IT. p = p for thin shell region r <r <ry ,

II1. p = p = 0 for exterior region ry < 7.

The Einstein field equations are

1d

L4 o1 ) =se6n, (3.4)
Jda 1
ﬁ% + ﬁ(f — 1) = 8nGp. (3.5)

Solving these equations for the interior region we have

g(r)=Cf(r)=C(1 — H3r*), 0<r<r, (3.6)

where Hy and C are arbitrary constants of integration. This de-Sitter spacetime is

free from the singularity at the origin. On the scale of the Schwarzschild radius the
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quantum fluctuations dominate the time and radial components of the stress-energy
tensor, they both grow so large that the equation of state becomes p = p. For the
thin shell Mazur et al. considered a dimensionless variable, w = 87Gr%p, so the

EFEs become

dr dh

—_—= 3.7

r l—w-—f’ (3.7)
dh 1—w—fdw
S e 3.8
f 1+3-3f w (38)

The Eq. (3.7) gives
f=1-% (3.9)

,
where dp = wdr. Mazur et al. numerically obtained the solution of Eq. (3.8) for
the limit 0 < f < 1 because the shell is very thin. They obtained that r; ~ H;* ~
r92Gm and the functions g and f of order 0 < ¢ < 1 and constant approximately.
This means there is no event horizon as g and f are not zero for r; < r < ry. The
thickness of the shell is £ ~ 6%RS, which is very small then the Schwarzschild radius,
R;.

The third region is the exterior Schwarzschild spacetime i.e.

glry=f(r)=1— —. (3.10)

The energy of the shell is £ ~ e?m, which is very small this means that all the mass
of the object comes from the energy density of the interior, while the thin shell is
responsible for all its entropy. The solution obtained by Mazur et al. is stable and

compact with no singularities. So we can say that at the end of a gravitational col-
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lapse we get gravastar if the quantum gravitational vacuum phase transition occurs
before the event horizon can form.
Lobo [42] in 2006 found a model for the dark energy star with equation of state

pr = wp, taking the metric and the stress-energy tensor as

. dr?
ds? = —el g2 4 1%(” + 1%(d6? + sin 0d¢?), (3.11)
TMV = (p + pt)VMVV + ptguu + (pr - pt)XuXua (312)

where V is the four vector velocity and X is a spacelike vector in radial direction.
Using the EFEs he found the solution and discussed the stability. He showed that
for w < _?1, the solution at the boundary matches with the Schwarzschild solution.
To avoid the event horizon he imposed a condition on the boundary, r = R > 2m
i.e. the boundary should be greater than that Schwarzschild radius. In Phantom
region, w < —1, the null energy condition is violated which means that the energy
density becomes less than the negative radial pressure, p,. This censorious negative
radial pressure changes the topology of the spacetime. This may result in opening a
tunnel which makes the dark energy star into a wormhole [43,44].

Yazadjiev [45] found a model for the compact object having ordinary matter and
dark energy. He expressed the dark energy with scalar field which has negative
kinetic energy and is known as the Phantom scalars. The negative kinetic energies
may lead to some quantum instabilities but there are claims that these instabilities
can be avoided [46]. If we consider the Phantom scalar as an effecting field theory
resulting from some fundamental theory with positive energy then we can avoid
the instabilities [46,47]. In the presence of the dark energy the EFEs taken by
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Yazadjiev [45] are

1
Raﬁ = 87T(Ta5 — ETgaﬁ) — 2804(,085@0, (313)

V.V% = 4dnmpp, (3.14)

where pp is the density of the dark energy. The dark energy charges are the sources
for the dark energy. The interaction between the dark energy and the matter is not
known so the interaction is taken to be zero in the field equations. The metric is

given as

d82 — —€2th2 + 672V+2U<672x)dr2 4 TZ(d92 + Sin 92d¢2), (315)

where V = V(r) and U = U(r). The solution of the EFEs is obtained as

¢V = Ucoshs (3.16)
p = Y (pgcosh B+ 3(cosh B — 1)pg), (3.17)
p = & pg, (3.18)

pp = €7 (pp + 3pp)sinh 3, (3.19)
¢ = sinh(BU). (3.20)

Some exact interior and exterior solutions are also discussed by Yazadjiev which in
some cases lead to wormhole solutions.

In this chapter we extend the work of Yazadjiev by adding charge to find an exact
solution of the EFEs along with the Maxwell field equations i.e. we find a model for
a dark energy object with charge. We check the physical validity and stability of our

solution. We assume the equation of state to be p, = —p. This approach is different
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from other previous attempts to find the models for dark energy object. Our model
of the dark energy star consists solely of dark energy (i.e. with no ordinary hadronic
matter admixed in). Also we have not assumed the de-Sitter spacetime in the interior
of the dark energy star as chosen in [40] nor we assume some thin boundary around
the star. We will discuss the EMFEs for the negative radial pressure by taking
the equation of state as p, = —p and we obtain a class of solutions and discuss its

validity.

3.1 Field Equations for Charged Dark Energy Star

The metric for charged static spherically symmetric spacetimes is given in (1.69). We

assume the parameter of the dark energy, w = —1, then equation of state becomes

Dr = —p. (3.21)

Here, radial pressure is negative which corresponds to the dark energy. Using Eq.

(3.21) in the EMFEs (2.14) and (2.15), we have

¢=-n. (3.22)

Using Eq. (3.22) in the EMFEs (2.14)-(2.17), we get

1 B E?
ﬁ(r(l —e M =p+ - (3.23)
27 E?
e (" — 2Ly = p+ (3.24)
r 2
1
o= —e (r’E). (3.25)
r
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Using the transformation Z = e~?7 in Eqgs. (3.23)-(3.25), we finally have following

set of three equations with five unknowns Z, p, E, p;, and o.

E2
1-Z—rZ = r2(p—|—7),
EQ
27"+ 27" = 2r(p; + 7),
o = le‘”(rzE)’
72 '

3.2 A New Class of Solutions

(3.26)
(3.27)

(3.28)

In order to obtain solution of the system of Egs. (3.26)-(3.28), we assume the electric

field, E, and the gravitational potential, Z, as

(3.29)

(3.30)

Using Eqgs. (3.29) and (3.30) in Eqgs. (3.26)-(3.28), the remaining unknowns are

obtained as

a(6 + 8ar? — 5kr? + 2a*r* — akr?)
P= 2(1+ ar?)? ’
~ —a(6+5kr* 4+ ar®(=2 + kr?))
b= 2(1 + ar?)3 ’
Vak(15 + dar? 4 a*r?)

(1+ afr2)3\/m

and the metric (1.69) takes the form

ds* = —(1 + ar®)tdt* + (1 + ar®)dr® + r*(d6? + sin® 0dp?).
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Figure 3.1: The density, p, is plotted for a = k = 1 against the radial parameter, r.
It is well defined, positive and a non-increasing function of radial parameter, .

3.3 Physical Validity

The solution obtained is physically acceptable as it satisfies the following conditions:
(I) There is no physical or geometrical singularities as Z, E, p, p., p;, and o for
a > %l{: are well defined.

(IT) Density, p, is well defined for all  and its value at the origin is p(0) = 3a, where
a > 0. From Eq. (3.31) it is clear that density is positive for all r if 8¢ — 5k > 0 and
2a% — ak > 0 which give a > %.

Taking derivative of Eq. (3.31) we have

dp  —ar(bk +10a + r*(12a* — 8ak) 4 r*(2a* — ka?)

dr (1+ ar?) ' (3:35)

We can set suitable values of parameters a and k so that dp/dr < 0, i.e. p becomes
monotonically decreasing with respect to r. If we set 12a*>—8ak > 0 and 2a®—ka® > 0

then we have a > %k For this the density becomes monotonically decreasing. But
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Figure 3.2: The density, p, is plotted for £ = 1 and a = 2,4,8, and 10 against
the radial parameter, r. It is well defined, positive and a non-increasing function of
radial parameter, r.

it is positive definite if a > %, so we can say that the density is positive definite and
monotonically decreasing if a > % For example if we choose a = 1 and k = 1 we
get p > 0 and dp/dr < 0 which is also shown in Fig. 3.1.

We can check the behaviour of the density with respect to the parameter a by taking
the parameter k constant. For this we fix £ = 1 and then plot the density for different
values of the parameter a. In Fig. 3.2 the density, p, is plotted for a = 2,4, 8, and
10 by fixing the parameter £k = 1. It is clear from the Fig. 3.2 that density is well
defined and a non-increasing function of the radial parameter for different values of
the parameter a.

Similarly we can check the behaviour of the density with respect to the parameter
k. In Fig. 3.3 we fix the parameter a = 6 and plot the density for &k = 2,4,6, and 8.
From the Fig. 3.3 it is clear that the density is well defined and it is maximum at

the centre and gradually decreases with the increase in the radial parameter.
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Figure 3.3: The density, p, is plotted for @ = 6 and k = 2,4,6, and 8 against the

radial parameter, r. It is well defined, positive and a non-increasing function of
radial parameter, r.

(III) From Eq. (3.21) it is clear that radial pressure is not positive i.e. it is negative
and also not a decreasing function of the radial parameter. To require that the radial

pressure is zero at the boundary, »r = R, we have

6 + 8aR? — 5kR? + 2a°R* — akR* = 0. (3.36)

The radial pressure, p,., depends on the radial parameter, r, the parameters a and
k. To check how radial pressure changes with respect to the parameter a we need to
plot it for different values of a by taking the parameter £ constant. In Fig. 3.4 the
radial pressure, p,, is plotted for a = 2,4,6, and 8 with £k = 1. From the Fig. 3.4 it
is clear that the radial pressure is well defined and negative as we required for the
dark energy object.

To check behaviour of the radial pressure, p,, with respect to the parameter k we

plot the radial pressure, p,, in Fig. 3.5 for different values of k i.e. for k = 2,4, 6,
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Figure 3.4: The radial pressure, p,, is plotted for k = 1 and a = 2,4, 6, and 8 against
the radial parameter, r. It is well defined and negative.
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Figure 3.5: The radial pressure, p,, is plotted for a = 6 and k = 2,4, 6, and 8 against
the radial parameter, r. It is well defined and negative.
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and 8.

(IV) As p > 0 for all r so solution satisfies the weak energy condition.

(V) From Eq. (3.21) dp,/dp = —1, so the causality condition is not satisfied. It is
also discussed in [48] in detail.

(VI) The red shift at the origin, Z(0), and on the boundary, Z(R), are finite and
positive. From Eq.(3.30), we get Z(0) = 1 > 0 and Z(R) = 1z > 0, (a > 0),
where r = R is the boundary.

(VII) From Eq.(3.29) it is clear that the electrical field is well defined within the
star.

(VIII) Radial and transverse pressures are same at the origin. Eq. (3.21) with Eq.
(3.32) gives p,(0) = p¢(0) = —3a.

In Fig. 3.6 the transverse pressure, py, is plotted for a = 2,4,8, and 10 by fixing
k = 1. Fig. 3.6 shows that the transverse pressure is well defined for the parameter
a. In Fig. 3.7 the transverse pressure, p;, is plotted for k = 2,4, 6, and 8 by fixing
a = 6. Fig. 3.7 shows that the transverse pressure is well defined for the parameter
k.

(IX) The mass of the dark energy star is
R
M = 4rm / t2p(t)dt. (3.37)
0

Using Eq. (3.31) in Eq. (3.37) we get

_ 2maR® (2aR? — kR? +2)

M 2
(aR?+1)

(3.38)
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Figure 3.6: The transverse pressure, p;, is plotted for £ = 1 and a = 2,4, 8, and 10
against the radial parameter, r. It is well defined for all values of r.
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Figure 3.7: The graph of the transverse pressure, p;, is plotted against the radial
parameter, r, for k = 2,4,6, and 8 and by fixing a = 6. It is well defined for all
values of 7.
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The requirement that the solution matches with the Riessner-Nordstrom exterior

: : m ¢ .
solution at the boundary, with goo = —(1 — 23t + 43) and E(R) = %, gives

1 2m ¢
b _am 3.39
[+ aR? R R (3:39)
2 2
¢ _ ak(5+aR") (3.40)
RS (14 aR?)?
Using Eq. (3.40) and a > %, we have
2 2 pd 2
m _ a2+ 50°R' +19aR?) 3.41)
R 4(1+4 aR?)

which gives bound on the mass-radius ratio.

Also using Eq. (3.40) and a > % we get the bound on the charge-radius ratio as

2 2 4 2
T _ 3a°R*(5+aR ) (3.42)
R2 " 2(1 + aR?)

As we choose the same metric as in Chapter 2 so we get same mass-radius and

charge-radius ratios.

3.4 Stability Analysis

As from Section 3 of this chapter the dark energy objects with linear equation of
state, p, = —p do not satisfy the causality condition; however, we can check the
stability region for the dark energy object. As discussed in Chapter 2, we can check

the stability with the help of the stability parameter, © = V2 — V2. From Eq.(3.21)
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the radial velocity of sound, V2, is given as

Vi= 1. (3.43)

T

From Eq. (3.32) the transverse velocity of sound , V}2, is given as

V2 a’r? (kr? — 4) + 4a (2kr? +5) — 5k (3.44)
b =243t + a2r? (kr? — 12) + 2a (4kr? — 5) — 5k '

Using Egs. (3.43) and (3.44) we get the value of the stability parameter, ©, as

_ 2.4 2
6—_ 2(a — k) (a®r* 4+ 8ar® — 5) ' (3.45)
2a3r* 4+ a2 (12r2 — kr*) + a (10 — 8kr?) + 5k

For the stability © should be positive i.e. © > 0. As the stability parameter, ©,
depends on the parameters a, k and the radial parameter, r. We can choose appro-
priate values of parameters a, and k£ so that the stability parameter is positive, for
example, if we choose the parameter a = 2, and k£ = 1 then the stability parameter,

O, becomes

1.6 (0.81r* 4 7.2r* — 5)

- _ .
1.458r* + 0.9 (10 — 0.8r2) + 0.81 (12r2 — 0.1r%) + 0.5

(3.46)

To check that © in Eq. (3.46) is positive or not, we plot the stability parameter
against the radial parameter in Fig. (3.8). From Fig. (3.8) it is clear that the sta-
bility parameter is positive for some region, which means that the dark energy star
is stable for this region.

Further work is needed to investigate stability of the dark energy objects. To check

how the parameters a and k effect stability of the dark energy object the stability
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Figure 3.8: The stability parameter, ©, is plotted for a = 2, k = 1 against the radial
parameter, r. It is well defined and positive for some region.

parameter for different values of a but taking k£ constant and vice versa is plotted.
In Fig. 3.9 © is plotted against the radial parameter, r, for different values of a:
a = 0.2,0.25,0.3, and 0.35 by taking £ = 0.1. From Fig. 3.9 it is clear that the
stability parameter is stable for some region. We can choose such values of the pa-
rameter a for which this stable region is large.

In Fig. 3.10 the stability parameter is plotted for different values of k: k =
0.1,0.25,0.5, and 0.6 by taking a = 0.9. From Fig. 3.10 it is clear that the stability
parameter is stable for some region. We can choose such values of the parameter k
for which this stable region is large.

Hence, the solution obtained can be considered as a model for the dark energy object

as it satisfies the physical criterion and is stable.
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Figure 3.9: The stability parameter, ©, is plotted for a: a = 0.2,0.25,0.3, and 0.35
against the radial parameter, r, by taking £ = 0.1. It is well defined and positive for
some region.
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Figure 3.10: The stability parameter, O, is plotted for k: £ = 0.1,0.25,0.5, and 0.6
against the radial parameter, r, by taking a = 0.9. It is well defined and positive for
some region.
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Chapter 4

Initial Data for Cauchy Evolutions
for the Einstein-Maxwell Field

Equations

4.1 Initial Data

Due to nonlinearly of the EMFEs it is difficult to find the analytical solutions. In
many areas like perturbed black holes, cosmological models, and neutron stars we
need to find numerical solutions of the EMFEs. There are many methods to find
solutions in Numerical Relativity but among them the Cauchy method is widely
used. However, in all these methods the gravitational field is applied on some hyper-
surfaces with some initial data and the evolution of this data on the neighbouring
hypersurfaces [49]. In this chapter we discuss the initial data needed for the cauchy
evolution of the EMFEs. However, in this section we discuss the cauchy evolution
equations for the EFEs. The initial data can not be specified freely because of the

nonlinearity of the EFEs.
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”(1

Figure 4.1: The foliation of the spacetime into hypersurfaces at constant times, t¢.
The unit normal of the hypersurfaces is n® [51].

By considering the EFEs as Cauchy problem we get ten equations in which four are
the constraints, also called initial value equations and the rest six are the dynamic
or evolution equations. In Cauchy problem the spacetime of the EFEs is foliated by
a 3-dimensional hypersurface called slices and this is a spacelike set. If the initial
value equations are satisfied on some hypersurface (at t = 0) then the Bianchi iden-
tities ensure that the evolution equations preserve these constraints on the spacelike
neighbouring hypersurfaces. This is called (341) decomposition of the spacetime.
The the 4-dimensional curvature quantities can be expressed into3-dimensional cur-
vature quantities in any spacetime such that these give the evolution and constraints
equations for the Cauchy-Einstein field equations. The hypersurfaces are also called

the level surfaces of time, t, as ¢ is constant for each hypersurface as shown in Fig.
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4.1. The metric of the spacetime is g,g. The unit normal, n®, is defined as

n® = —ew?, (4.1)
where w,, is the co-vector defined as

Wo = V. (4.2)

The lapse function, €, measures how the time has elapsed between the neighbouring
hypersurfaces along the normal vector, w®. The lapse function, ¢, is positive which
makes the normal vector, w®, to be timelike and hence, the hypersurfaces become
spacelike. The normalized normal vector, n®, can be considered as the 4-vector
velocity of the observer whose worldlines are normal to the hypersurfaces. The

metric, g,3, induces a 3-dimensional hypersurface, 7;;, where

Thg = Gyg + Ny, (4'3>

The metric, 71,5, is spatial because it is within the hypersurfaces so there is no

component along the normal vector, n®, i.e.

n'n,z = 0. (4.4)

The Riemannian curvature tensor, Eng for the metric, 7,4, is defined as

Vo Vatf — VaVar? = R, 0", (4.5)
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where Vg is the covariant derivative.

. . =18 . . .
The Riemannian curvature tensor, Rg,,, measures the intrinsic curvature of the

metric, 7,4, but it does not give any idea about how the hypersurfaces are embedded

in the 4-dimensional geometry. For this we define the extrinsic curvature, K,g,

which is infact the 2nd fundamental form of the spacetime. In fact the extrinsic

curvature, K,3, measures how the hypersurfaces deform along n® i.e. it gives the

rate of deformation. The extrinsic curvature, K,g, for the metric, 7,3, is

1

Ka,b’ = _éLnna,Ba

where L,, is the Lie derivative in the direction of n*.

4.2 Constraint Equations

The Gauss-Codazzi-Mainardi equations are

Ry + Ky Ky — Koy Kyg = U?UZ??ZUﬁRabcd»

V’YKﬁﬂ _vﬁK’YN = nzng’nzndRabcda

where a,b,c,d = 0,1,2,3 and Ry is the Ricci tensor for g,5. Using Eqs

(4.8) in the EFEs we get the constraint equations as

E—FKz—KWﬂKW = 16mp,

Ve(K"” —PK) = 8rJ°
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(4.6)

(4.9)
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where R is the Ricci scalar for 7,5, K is the mean curvature defined as

K =15 K,p, (4.11)

p = n,ngT" is the total energy density and J* = —?’n#Tj,, is the matter momen-
tum density. The Eq. (4.9) is known as the scalar constraint or Hamiltonian con-
straint while Eq. (4.10) is called the vector constraint or the momentum constraint.
These four constraint equations are the required conditions which the extrinsic cur-
vature, Kz, and the metric, 7,3 must satisfy.

Now we choose the line element of the spacetime as [49]

ds® = Edt* + n;j(da’ + e'dt)(da? + €dt), (4.12)

where € is lapse function, 7;; is the induced metric for 3-dimensional hypersurface
and ¢’ is the shift vector. This is the (3 + 1) decomposition of the 4-dimensional
spacetime. The shift vector, ¢, measures shifting of the spatial coordinates within
a time slice. The constraint equarions (4.9) and (4.10) for the 3-dimensional metric,

15, can be wriiten as

R+ K?— K ;K7 = 16mp, (4.13)

V(K7 -—n"K) = 8nJ7, (4.14)

where R is the Ricci scalar, K; is the extrinsic curvature, and K is the mean curva-
ture for the metric, 7,;. These four constraint equations are the required conditions

which the extrinsic curvature, K;;, and 3-dimensional hypersurface, 7;;, must sat-
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isfy but these equations do not specify which components are free and which are
constrained. To find this we need a method which decomposes the constrains equa-
tions [49,50,52,53]. To specify the Cauchy evolution of the EFEs the minimal set of

initial data is n;; and ;.

4.3 York Lichnerowicz Conformal Decompositions

The York Lichnerowicz conformal decompositions are widely used to decompose
the constraints. These decompositions decompose the metric, 1;;, and the extrinsic
curvature, K;;. The metric, 7;;, is decomposed into an auxiliary 3-metric, 7;;, along

with a conformal factor ¢ [49]
Nij = ¢4ﬁij- (4.15)

The auxiliary 3-metric, 7;; is also referred as the background 3-metric or the confor-

mal metric. The relationship between R and R is given as
R= Ry~ —8y°V%), (4.16)

where R is the Ricci scalar for the metric, 7;;. We can rewrite the extrinsic curvature,

K, in trace and trace free parts, given in [49], as
1
Kij = Aij + §77in> (4.17)

where A;; is the trace free part of the extrinsic curvature. In the conformal quantities

we have

KN o~
K;j = gnij + QAija (4.18)
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where /Lj is the trace free part of the extrinsic curvature in the conformal metric,
Ni-
Using Eq. (4.16) in Eq. (4.9) we get the scalar constraint equation (Hamiltonian

equation) for the conformal metric (auxiliary 3-metric), 7;;, as
~ 1 -~ 1 1 y
V) — §¢R — §¢5K2 + §w5Kin’J = —2m°p, (4.19)

where V2 = V.V is the scalar Laplace operator, and V; is the covariant derivative
in the metric 7;;.

Using Eq. (4.18) in Eq. (4.10) we get the vector constraint (momentum constraint)
as

2 65ij )
G K = s g (4.20)

VA0

These constraint equations are nonlinear in ¢ and are difficult to solve, however, if
we choose vacuum initial data such that p and J* are zero then we can solve these
numerically.

In 1957 Lindquist and Wheeler [54] obtained an inhomogeneous black hole model.
They considered a 3-sphere. The hyper-spherical coordinates of a 3-sphere of radius

a are given as

x’ = acosyp,

z' = asinpcosé,

r? = asinpsinfcos ¢,

2® = asingsinfsin . (4.21)
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The metric for the 3-sphere is given as

d§® = dp? + a*sin® pdf? + a*sin®  sin? fdg°.

The Ricci scalar, R, for the metric (4.22) is constant and we have

R =6.

(4.22)

(4.23)

T. Clifton in [55] took the auxiliary 3-metric as the spherically symmetric metric so

the line element is given as

ds® = Y (dp* + p*db? + p*sin® 0d¢?),

which gives R = 0 and K;; = 0 so the constraint equation (4.19) becomes

Vip = 0.
Solving the above equation gives
m
=14 —.
(G +%

Hence, the line element (4.24) becomes
ds* = (1+ ;)4(dp2 + p*d0* + p* sin® 0d¢?).
p
There is a singularity at p = 0. If we use the following transformation

mtan%

2 )

p:
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(4.25)

(4.26)

(4.27)
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in the metric (4.27), we have

ds* = ( vm + Vm )4(dp? + sin® p(df? + sin® 0dp?)), (4.29)

0 @ [
2s1n2 2(3052

The first term in the conformal factor is divergent at ¢ = 0 and the second term is
divergent at ¢ = m. However, both terms satisfy the Helmholtz equation (4.25) so

the general solution is

B S
V= S0 (4:50)

where m; is the mass parameter of the jth mass, IV is the total number of the masses,

and f;(p, 6, ¢) are the source functions given as

f; = sin(arccos(h;)), (4.31)

where h; are defined as
hj = x? cos ¢ + x]l sin ¢ + x? sin p cos ¢ + x? sin p sin  sin ¢, (4.32)
which is divergent at (m?, le-, mjz, m?) These divergent points correspond to the loca-

tions of point like masses in the initial data. There are cosmological models corre-
sponding to different masses i.e. N = 5,8,16,24,120, or N = 600 for an identically

regular polyhedra 3-sphere with a Schwarzschild mass at the center.

4.4 5-Mass Cosmological Models

The 5-mass cosmological model consists of 5 tetrahedra. The position of masses are

at the center of the tetrahedra. In the cartesian coordinates the positions of masses
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in a 5-mass model are given as [55]:

1. (1,0,0,0),
2 <_i7@7070)7
1 _ V5 V5
3. (_Zv_majgao)a
4. (-1 VS ﬁ)
: 40 /a8’ 240 /B
5. (=1 -5 5 V5
’ 47 Vag? V240 VB

Using these one can obtain the functions, f; [55]. In Fig. 4.2 the hypersurfaces are
shown for different masses [55]. We can visualized the geometry by taking a slice
trough it. In Fig. 4.2 a slice of 5-model mass is shown at ¢y = cosfl(_Tl). This slice

passes through the 4 masses only. The metric for this geometry is given as
o _ 10 4 2
dl* = 1—61/; (0,0, ¢)dQ". (4.33)

4.5 8-Mass Cosmological Models

In the 8-mass cosmological model the cells are cubes. For the 8-mass cosmological
model the positions of masses are found with the help of dual lattice [55] and are
given as

1. (1,0,0,0),

2. (=1,0,0,0),

3. (0,1,0,0),

4. (0,-1,0,0),

5. (0,0,1,0),

6. (0,0,—1,0),
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(a) 5-mass slice through, with (b) 8-mass slice through, with
Xo = arccos(—1/4). Xog=m/2.

(c) 16-mass slice through, with (d) 24-mass slice through, with
X'():?T/g). X'DZW/Q.

(e) 120-mass slice through, with (f) 600-mass slice through, with
Xo=m/2. Xog=m/2.

Figure 4.2: Slices through the hypersurfaces in which positions of masses are repre-
sented by the tubes [55].
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7. (0,0,0,1),
8. (0,0,0,—1).
Using these positions we can find the values of the functions f;. Using Eq. 4.31

values of the functions f; are

fl = sin g,
fa = cos g,
S S :
fz = sm(§ cos”(cosfsin p)),
I )
fa = cos(§ cos™~(cosfsinp)),

fi = cos(% cos™*(cos B sin ),

f5 = sin(% cos™ ! (cos ¢ sin f sin )),
fe = COS(§ COS_l(COS¢SiH€Sin ©)),
fr = sin(§ cos™ ' (sin ¢ sin 0 sin ),

1
fs = cos(é cos ™! (sin ¢ sin fsin ). (4.34)

In Fig. 4.2 the 8-mass cosmological model is shown which passes through only 6

masses.

4.6 Horizons

For a cosmological model these discrete models should not have over lapping regions

i.e. the horizons should not be overlapped. In [55] it is shown that these models do
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not have overlapping regions if

(¢*sine) , = 0, (4.35)

which is a good approximation.

4.7 Comparison with FLRW

The metric for Friedmann Lemaitre Robertson Walker (FLRW) is given as

diz; gy = —U@)dt? + a*(t)(de® + h(p)dQ?), (4.36)

where U(t) is a free function and h(p) = sing with spatial curvature K = 1, or
h(¢) = ¢ with spatial curvature K = 0, or h(p) = sinh ¢ with spatial curvature

K = —1, the scale factor, a(t), is defined as

1a> 8mp K
T~ 3 & (4.37)

where p(t) is the density of the fluid.
The lattices can be compared with FLRW universe. By comparing the line elements

of FLRW and the lattice solution we have [55]

dlDiscrete o 37ij ( N

—1\2

J

where m; is the effective mass and m is the proper mass. The proper mass is a mass
observed by an observer in the asymptotically flat region far from the Einstein-Rosen

bridge shown in Fig. 4.3. Which is the mass of the geometry in the limit ¢ — 0. It
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Figure 4.3: The Einstein-Rosen Bridge which shows the embedding of the unchaged
black hole where the singularities, » — 0, and » — oo are mapped into asymptotical
infinities [60].

| Shape of Cell | No. Masses | =< |

Tetrahedron 600 0.0010
Dodecahedron 120 0.0052
Octahedron 24 0.029
Tetrahedron 16 0.045
Cube 8 0.11
Tetrahedron 5 0.2

Table 4.1: The ratio of the effective and proper masses % for different n-mass
cosmological models [55].

is given as [55]

o~ /T (4.39)

oy 2sin(57)

where ;; is the coordinate distance between the jth and ith points. The ratio of

the effective and proper masses is given in Table. 4.1.
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Chapter 5

Cosmological Models with
Charged Black Holes

The standard model of cosmology assumes an FLRW solution to the EFEs with a
stress energy tensor corresponding to that of a homogeneous and isotropic perfect
fluid. However, the non-commutativity between averaging and evolution gives rise
to correction terms. This phenomena is called backreaction and is the effect of
inhomogeneities which are on small scale on the dynamics of the universe [56-59].
Constructing toy models of the universe with inhomogeneities allows for investigation
of this phenomena, and an idea of to what extent the universe can be modelled by an
FLRW solution. Inhomogeneous models are then part of a broader class of models
that contain FLRW as a limiting case.

Particularly interesting subsets of inhomogeneous cosmologies are those that con-
sist of a lattice of black holes, or Schwarzschild spacetimes. These build on the works
of the Misner initial data with n black holes [60,61]. Existing work is either numer-

ical, [62—66], which is a numerical evolution of a lattice containing eight black holes,
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or perturbative, [67], which also uses a cubic lattice. An exact solution of six lattice
model was constructed in [55], and has since been generalised to include a non-zero
cosmological constant [68]. The lattices in [55] are exact solutions of the EFEs with
vacuum and requiring no matching conditions. These solutions consist of a linear
superposition of Schwarzschild black holes. The black holes are arranged in one of
six ways to tessellate a hypersphere (either using 5, 8, 16, 24, 120, or 600 masses)
and therefore result in closed, inhomogeneous surfaces. The work in this chapter
generalises the eight mass model to include charge, and therefore requires a com-
parison to the Reissner-Nordstrom solution, which is a solution to the EMFEs of
electromagnetism and gravitation. This is the first treatment of backreaction using
an exact solution consisting of charged black holes in the literature.

The motivation for now including electric charge to these models is that it gives
relatively simple generalisation of the previous work which gives new insight into
the nature of these inhomogeneous cosmologies. In addition, an FLRW universe has
limitations that it does not allow charged regions of spactime because of the cosmo-
logical principle of homogeneity and isotropy. By constructing an inhomogeneous
cosmology with charge we overcome this limitation imposed by an FLRW cosmol-
ogy. The work in this chapter also differs from the existing work in [55] in that the
lattice is longer rotationally symmetric, as the black holes now contain charge and

are therefore not identical.

90



5.1 Geometrostatics with an Electric Field

The EMFEs for the electromagnetic field with gravitation are given by
1 «Q 1 af
R", — 55“1,}{ = F o F" — ZéuyFaﬁF =T". (5.1)

The electromagnetic Maxwell tensor, F),, satisfies the following differential condi-

tions:

For =0, (5.2)

Flyug = 0. (5.3)

The solution to the above EMF's gives the model of a universe having /N black holes
which are electrically charged.
We choose a spacelike 3-dimensional hypersurface, 7;;, with normal vector n/ then

the four constraints from Eq. (5.1) can then be found to be

R+ K?— Ky;K"7 = 2p, (5.4)

(K, — & K); = s, (5.5)

where R is called the Ricci scalar, K;; is called the extrinsic curvature, and p =
T,,uu” is the energy density and s; = —(5jiu“Tm- is the momentum density of the
3-dimensional hypersurface. Here, all indices in above equations can be lowered or
raised with the help of 7;;. If our initial hypersurface and matter fields are time-

symmetric then we immediately have K;; = 0, while F;, = —F,u, and F;; = 0. This
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gives p = E;E" and s; = 0, so that the constraints Eqs. (5.4) and (5.5) become

R = EFE, (5.6)

The differential conditions in Eqs. (5.2) and (5.3) give

E'. =0. (5.8)

If Egs. (5.6) and (5.8) are both satisfied, then we obtain a solution to the constraint
equations. This gives the initial data for evolution under the EMFS (5.1) such that
this evolution is unique.

Let us now make the following ansatze: firstly, let us write the metric as

ds® = g* f?h;;dx'da’ (5.9)

where f = f(z!,2? 2*) and g = g(z', 22, 2?), and h;; is a 3-dimensional conformal
metric to 7;; which has constant Ricci curvature i.e. R = constant. Secondly, we

choose as in [60]

E; = [In(g/ )] (5.10)

Using Eq. (5.10) into Eqs. (5.6) and (5.8) we have

Vig=—-g (5.11)

(5.12)

92



where V- is a covariant Laplacian of conformal 3-space with metric h;;. This means
both f and g satisfy the Helmholtz equations. The solutions of the Helmholtz equa-
tion are easy to obtain, and it can be seen that E; # 0 if g and f are not proportional

directly.

5.2 A Universe Full of Charged Black Holes

To find cosmologically interesting configurations of black holes, it is convenient to

choose h;; to be the metric of a 3-sphere as
ds* = hyyda'dz’ = dr? + sin® r (d6” 4 sin® 0 d¢?) | (5.13)

so that R = 6. As Eqgs. (5.11) and (5.12) are both linear and h o 1/sin(r/2) is a

solution, it can be seen that the general solution is as follows:

g = ; 251116(LZ’J/2) (5.14)
N b,
[= Z m (5.15)

1

.
Il

where j = 1,2,3,...N, and where a; and b; are arbitrary constants which we need
to be obtained for the solution. The solutions of the Egs. (5.14) and (5.15) have
N poles on h;; which are located at arbitrarily chosen positions, and the symbol r;
is intended to denote the value of the r coordinate after rotating the metric, h;;, in
such a way that the jth pole is shifted at r; = 0. Here, each pole represents the
electrically charged mass point which is located at the heart of a black hole in the

model of cosmological universe.
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5.2.1 Cosmological Universe Containing 2 Reissner-Nordstrom

Black Holes

In principle, Egs. (5.14) and (5.15) represent exact initial data for N electrically
charged black holes in a hyper-spherical cosmology. In order for the solution to
be fully obtained, the constants a; and b; must be related with the charge, ¢;, and
mass, my;, of each black hole, To make this connection, it is useful to recall that the
Reissner-Nordstrom (1.50). By making the transformation

2
T:/)(l*zﬁp) T (5.16)

we can write a time-symmetric slice of metric from Eq.(1.50) as

m—q

2p

ds? = ((1 + 20y

2
2 )) (dp® + p*db* + p* sin® 0d¢?) . (5.17)

A further transformation, to cast this metric in the form of Eqgs. (5.9), (5.14) and
(5.15), is given by p = ktan(o/2). This transforms the conformal three-space from

a plane to a sphere, and results in

2 E 1 m+q 1 m—q 2 »
v <(COS(0/2) * 2ksin(a/2))(cos(a/2) + 2ksin(a/2))> ds=,  (5.18)

where ds? is the metric of 3-sphere (5.13). Finally, if we choose

oA = ym T g/m—4, (5.19)
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then we have

o_((VmEa  Vm=q., V=g mig ) oo
I _((2008(0/2) 2sin(0/2)” 2 cos(0/2) QSin(U/Q)) a5 (5.20)

If we set a; = by = \/m+q and ay = by = /m — ¢ then metric (5.20) becomes
exactly the same as form as Eqgs. (5.9), (5.14) and (5.15). This shows that the initial
data for the time-symmetric Reissner-Nordstrom black hole solution is a solution of
our more general initial data. Here, one mass, m; = m, with positive charge ¢; = +q¢q
is located at ¢ = 0 and second mass, ms = m, with negative charge, ¢go = —q is

located at o = 7.

5.2.2 N Electrically Charged Black Holes

Now we consider the case, in which we choose the arbitrarily positioned N masses.
In the vicinity of a mass point, and by using Eq. (5.18), we can relate a; and b; to the
mass, m;, and charge ,q;, of each black hole. If we have N masses mq, mo, ms.....my
with charges ¢, ¢, qs3.....qn then the solution for N charged black holes universe is
given as
ds? = (1+ f: M = Gy2q 4 iv: T 202 (42 4 12d(0)? + 1 sin2(0)dg?). (5.21)
= 2r 2

"
i=1

The first step in this is rotating coordinates so that the jth mass appears at r = 0.

In the limit when r — 0 then using Eq. (5.9) we get

2 a a 5, bi b 2 =2
= (= N — i — )“ds 22
ds (T+Z2sin7’l-2)(T+Z2Sinn~2> 5 (5-22)
J# J A J
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where 745 is the coordinate distance between the masses located at [th and jth posi-

tions. Comparing Eq. (5.22) with Eq. (5.20) around r = 0, we get

2

1 b; a; q
| = : S J — 5.23
2aibi (a Z 2 Sil’l(?”ij/2> + ; 2 Sil’l(?”ij/2>> 2a1b1 ’ ( )

J#i

and

b; } : ]
M =i Zj# 2sin(ry;/2) o i#j 2sin(ri;/2) o

The Eq. (5.23) relates our N electrically charged black hole solution and the co-
ordinate systems of the Reissner-Nordstrom solution in the vicinity of one of mass
points. While Eq. (5.24) gives the mass of each black holes. This means if N black
holes solution is obtanied with all a;s and b; are known, then the geometry near
each black hole will be similar to a Reissner-Nordstrom having mass m given in Eq.
(5.24).

It now remains to find the electric charge, ¢;, on each black hole. The electric charge

within a region Y is given as [60]

Eini
4 = / ds, 5.25
i (5.25)

where F; is the electric field of the ith black hole and n is the unit normal pointing
inward. We choose the boundary 0T to be asymptotic infinity and the unit normal

as
(-1
n' = (—,0,0) , (5.26)

and

dS = f2¢*r?sin 0d0d, (5.27)
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where both ¢g and f are evaluated in limiting case, » — 0. Evaluating Eq. (5.25) in
this limiting case, » — 0 and using Eqgs. (5.14), (5.15) and (5.26) in it we get

@

b;
- S NN .
= ; 25sin(ry;/2) : Z 2sin(ry;/2)

i#

(5.28)

This gives the charge on the [th mass located at r; = 0. With the help of Eq. (5.28)
we can calculate the charge on other black holes in N black holes solution. It is

interesting that Eq. (5.28) immediately gives

> a=0. (5.20)

This means that in the cosmological universe, the total charge must be zero, irre-
spective of how the black holes are located at arbitrary positions and how masses
are distributed. This is physically acceptable because the lines of flux terminate on
masses in a closed cosmology.

From Egs. (5.24) and (5.28) we have

b

i i = -, 5.30

m; +q a ; Sin(ra/2) ( )
ay

i— ¢ = b - 5.31

=4 zz;é; sin(r;; /2) ( )

This gives a system of nonlinear equations, and solution of these give the values of

the constants {a;} and {b;}. Due to nonlinearity these are difficult to solve.
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5.3 A Regular Universe with 8 Electrically Charged
Black Holes

If we consider the simplest case: extremal case with m; = ¢; and find the solution to
Egs. (5.30) and (5.31) by labelling one black hole as i = 1. As total charge is zero

SO q1 = — 2#1 g =— Z#l m; then the only solution is

mi; = —qi, (532)

which is the initial data for a Majumdar-Papapetrou [69,70]. In the next section we
present an example with non-extremal black holes, in which exact solution for {a;}
and {b;} can be obtained after the mass, m;, and charge, ¢;, of each black hole have

been specified.

5.3.1 Non-Extremal Black Holes Solution

To find a regular arrangement of black holes in a closed cosmological model, we
can choose to tile the conformal hypersphere from our 3-dimensional initial data
with eight cubic lattice cells. It corresponds to the structure one would obtain by
placing a hypercube within the hypersphere in a 4-dimensional Fuclidean embedded
space,such that the all vertices of the hypercube were touching the hypersphere i.e.
cube is circumscribed within the sphere. If we connect the points where these two
structures touch we get the lines which form the edges of eights equal sized cubes,
which can be used as the primitive lattice cells of our tiling. If we place one mass

point at the centre of each of these cells, then we have a completely regular lattice in
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which each mass is completely at equal distant from each of its nearest neighbours.

One of the nice features of the regular eight-mass universe is that each black
hole will be antipodal to another black hole, same as in the time-symmetric slice
through the Reissner-Nordstrom solution discussed earlier. The Table 5.1 gives the
coordinates of the location of each mass in Cartesian coordinates in the 4-dimensional
Euclidean space, and in hyperspherical coordinates. We choose the values of {a;}
and {b;} in such a way that the a; from each mass is equal to the b; of the antipodal

mass then we have

e—dzal:a3:a5:a7:b2:b4:b6:bg, (533)

e+d:a2:a4:a6:a8:b1:b3:b5:b7, (534)

where e and d are constants need to be determined. This choice then very conve-

niently allows us to determine from Egs. (5.30) and (5.31) that

(1+6\/§)62+d2 = Mjp =M = M3 =My = M5 = Mg = My = Mg, (535)

—2(14+3vV2)ed = i=—-@=@G=—q=0=—¢=0q =—q, (5.36)

so that every black hole in the universe has same mass but having an equal and
opposite charge to its antipodal black hole. The requirement that the total electric

charge of all black holes, > ¢;, must zero is satisfied.
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| mass number, 7 | (z°

HH
8
. [
8
N
=
B
&

1 (1,0,0,0) | (0, %, )
2 (-1,0,0,0) | (7, I, %)
3 (07 17 07 0) (g7 07 g)
4 (O? '17 07 O) (%’ Uy %)
) (0,0, 1,0) (3, 5,0)
6 (0, 0, -1, 0) (5, 5, ™)
7 (0,0,0,1) (3,5, 5)
8 (0,0,0,-1) | (%, Z %

Table 5.1: The coordinate positions the eight black holes in the conformal 3-sphere.

In this case Egs. (5.30) and (5.31) take the form

2a1 (2 + (b + by + bs + b + b7 + bs))

mi+q = 7 , (5.37)
oty — 2a0(% + (bg+b4\—|/-§b5+b6+b7+bg)7 (5.38)
g — 2a3(% + (b + by j/;)s+b6+b7+b8))’ (5:39)
a1 — 2a4(% + (b1 + by J&g5+bﬁ+b7+b8))’ (5.40)
et s — 2a5(% + (b3 + bs J\r/;l+b2+b7+b8))7 (5.41)
et g — 2a6(% + (bs + by —\}—/;)1+b2+b7+b8))’ (5.42)
o 2a7 (% + (bs + by \+/§5 +bg + by + b2))’ (5.43)
T 2as(% + (b + bs J\r/;g,+b6+b1+b2))7 (5.44)
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2b1(2 + (a3 + a4+ a5+ ag+ar +a
my—q = 1(2 (as 4\/; 6 7 8))’ (5.45)

2b5(% + (a3 + a4 + a5+ ag + a7y +a
O 2 (% + (a3 4 5 6 7 8))’ (5.46)

&

205(% + (a1 +as + a5+ ag + a7 +a
M — g5 = 3(2 (aq 2 5 6 7 8))’ (5.47)

>

204(8 + (ay + a9 +as +ag +a7 +a
My —qq = (5 H (@t artastasta 8)), (5.48)

=

205(% + (a3 + a4 +a; +as + a7 +a
ms— g5 — 5(% + (a3 + aq 1 2 7 8)), (5.49)

S

=

2b6(%L + (a3 +as+a; +ax+ar+a
me — g5 = 6(2 (as 4 1 2 7 8)>’ (5.50)

2b + (as +a4 +as+ag+a; +a
e —qr = 7( (as 4 5 6 1 2))’ (5.51)

&

ol

S

205(% + (as + ag + a5 + ag + a; + az))

mg —qs = \/5

(5.52)

These are non-linear equations. Finally, Solving Eqgs. (5.35) and (5.36) for e and d

to get
\/(19 +6v/2)m + \/(433 +228v/2)m? — (91 + 120+/2)¢?
e = . (5.53)
\/ (182 + 240+/2)
= —q/2(1 4 3V2)e, (5.54)
where m = m; is the mass of each black hole and |g| = |g;| is the magnitude of the

charge on each black hole. Finally we have an exact solution with all black holes
have same mass, m, and half of them have positive charge, ¢, while the other half
have negative charge, —q.

If we arrange the charges of black holes differently then the solution will the solution
would be same. To check this we arrange the black holes as given in the Table 5.2

and choose the coeflicients as
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Mass | (2°, 2,22, 2%) | (X, 0, ¢ ) | Charge
my (1, 0, 0, 0) 0,5,%) | —
Mo (-1, 0, 0, 0) (m, 5, %) | +
ms (0, 1, 0, 0) (%, 0, %) -
my (0, -1, 0, 0) (5, m 5 +
ms (0, 0,1, 0) (%, %, 0) +
me | (0,0,-1,0) | (%, % 7) |-
my (0, 0,0, 1) (%, %, g) -
mg | (0,0,0,-1) (2,2, | +

Table 5.2: Another possible arrangement of the black holes.

a; = a3 = Qg — a7 = e—d :b2:b4:b5:b8, (555)
a9 = g4 — A5 = ag — €+d :b1:b3:b6:b7. (556)

Then solution is
my=mg = ... = mg = (14 6v2)e* + d2, (5.57)
G=—G=G=—qG=—0G=0¢g=q=—q=—2(1+3V2)ed (5.58)

Here also we get the same mass for all black holes and net charge is zero. In next

section we will find out the distance between the black holes and the event horizons.

5.3.2 Comparison with FLRW Cosmology

With a cosmological solution in hand, it is interesting to check whether the large-scale
properties of our space bear any resemblance to the predictions of the commonly used
isotropic and homogeneous FLRW models. The first thing that one could compare,

between these two cases, is the scale of the cosmological region with maximum
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expansion. The initial data constructed above is time-symmetric so it is at maximum.

The scale factor of dust dominated and closed FLRW model is given by

_4M

a<tmax) - 3_71" (559)

where M is the total mass of the spacetime. We can compare it to the scale of our
cosmological model and then we can find the result of condensing the mass into a
finite number of points, with discretely distributed electric charges. It is an extension
of previous results of uncharged black holes cosmological models, and will allow us
to consider the cosmological effects of electrical charge.

The most natural way to determine the scale of our cosmological region is to compute
the proper length the edge of one of our lattice cell. To find the scale we rotate
our cosmological model in such a manner that one cell edge lies on a curve having

0 =constant and ¢ = constant, then the proper distance, d of the edge is written as

72 T2
d—/ \/gm«dr—/ fadr, (5.60)

where r; and ry are the coordinates of the end points of the edge i.e. the location
of the vertices of the cell. The proper length, dpprw, of a curve in a closed FLRW

model can be calculated as

drLRrW = / a(tmax)dr = (r1 — r2)a(tmax) , (5.61)

T1

where a(tmax) is the scale factor from Eq. (5.59). In general, the value of the length,

d, depends on both the mass, m, of the black holes and their charge, ¢, but on the
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other hand the value of the length, dgprw depends only on the total mass, M, once
the positions of the cell vertices have been chosen. If we take M = 8m, so that both
cosmologies have the same total proper mass, then the comparison of scales for the

both cosmologies is written as

a d

== )
AFLRW drLrw

(5.62)

where d and dpprw are given by Eqs. (5.60) and (5.61). The ratio, ﬁ, is only
a function of ¢/m, and in the limiting case, ¢ — 0, it gives the measurement of
cosmological backreaction which is studied previously.

Fig. 5.1 shows the the value of the ratio of scale factors, ﬁ, as a function of the
ratio of charge to mass, ¢/m. In the special case in which we have ¢/m — 0 then
it gives the results of the uncharged case, and in extremal case we have q/m — +1
i.e. black holes are extremal in this case. It can be seen that the difference between
the predicted scale factor, apprw, and actual scale factor, a, is largest if we have
uncharged black holes. If the charges of the black holes start increasing then the
difference between the predicted scale factor, apprw, and actual scale factor, a,
decreases, however the scale, a in our cosmology is always greater than apprw in
all cases either uncharged or extremal case. In Fig. 5.1 the orange line is for the
case where along the cell edge all three associated cells have the same charge either
negative or positive. While for the case where two cell have same charge (positive or
negative) and the third has the opposite (negative or positive) the graph is shown
with blue line. It is interesting to note that the results do not change if we choose

the same charges in these two cases to be negative or positive i.e. the ratio of scale
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factors, —%—, remains same.
a W
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Figure 5.1: The ratio of scale of the cosmological region in our model, a, and scale
of FLRW model, arrry where the FLRW Model has same mass as our cosmological
model.

It also of great interest to find the locations of the apparent horizons around the
black holes. The solution is referred as a “cosmological model’ if the horizons of the
black holes do not overlap. For our purposes, the location of the event horizon is
impossible to locate, as we do not have knowledge of the global spacetime. However,
the locations of the apparent horizons can be obtained from the initial data.

As the apparent horizon is the outermost marginally outer trapped surface, by def-
inition and for time-symmetric initial data this surface is extremal surface in this
3-space [71]. We can approximate its location by rotating 3-sphere such that one of
the masses, m; reaches the origin i.e. at r; = 0. The area of 3-sphere centered on

this mass, m;, is written as

27 s
A:/ /f2g2sin2rsined9d¢, (5.63)
0 0
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where r =constant. Integrating this quantity numerically, and determining the value
of r that minimizes it i.e we calculate 7,,,. This gives the approximation of the
position of the black hole horizon. The results are shown in Fig. 5.2, where we
plot the ratio of the r coordinate of the apparent horizon and the distance between
adjacent black holes against the ratio, £. When ¢/m — 0 it can be seen that the
horizon lengthen appositely 27% to the half of the distance between black holes. Tt
is interesting to note that as the charge, ¢, of the black hole is increased (to either
negative or positive values) then the horizon reaches back towards the centre of
the black hole and in the limiting case ¢/m — +1 it reaches zero i.e ry, — 0 as
g/m — 0. The behaviour expected from a Reissner-Nordstrom black hole is also

same, and verifies that the black holes horizons in our eight mass model never touch.

0.25[ 1

0.20 ]

0.15} 1

Fnin/ Thalf
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0.00t s | ! 1
-1.0 -0.5 0.0 0.5 1.0
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Figure 5.2: The location of the apparent horizon around one of the black holes with

T'min-
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Chapter 6

Summery and Conclusion

In Chapter 1, we gave a brief introduction to the Einstein-Maxwell field equations
(EMFESs) and some of its solutions. In order to find some new classes of the solu-
tions of the EMFEs, we divided the problem as fellows. First we categorized the
electromagnetic field to be without source (7" = 0) or with source (7" # 0). Then
we divided the problem further by assuming the electromagnetic field to be null or
non-null and then in each case we investigated the solution by considering the pres-
sure to be isotropic or anisotropic.

For the case without source, it is shown that the solution with null electromagnetic
field is not possible irrespective of the pressure being isotropic or anisotropic. How-
ever, in the case of non-null electromagnetic field the Reissner-Nordstrom is the only
solution for the isotropic pressure and for anisotropic pressure no solution is possible.
For the case with source, it is found that the solution for the null electromagnetic
field is not possible, however, for the non-null electromagnetic field many solutions
are possible for both isotropic and anisotropic cases. The summery of these results

is shown in Fig. 6.1.
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Figure 6.1: Results of the Classes of the spherically symmetric static solutions (SSSS)
of the EMFEs.

Solutions of the EMFEs have significant importance in Relativity, Cosmology and
Astrophysics. Among these solutions those which satisfy the physical criteria can be
considered as models for the compact objects. The equation of the state also plays
important role in finding the suitable models for the compact objects. Mostly the
equation of the state is not known for the astrophysical objects but one can choose
an equation of state and then find the physically valid solution of the EMFEs. Many
solutions of the EMFESs have been obtained by choosing different equations of state.
The motivation of this thesis was to find some exact solutions of the EMFEs which
satisfy the physical criteria of the compact object. To find such models first question
arises what should be the equation of state. As the equation of state is unknown so

one may choose different types of the equation of states for example linear equation
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of state, p, = ap+ B3, quadratic equation of state, p, = ap? + Bp + v, the polytropic
equation of state, p, = kp®, where a = 1 + % and 7 is the ploytropic index, the
Van der Waals modified equation of state, p, = ap?® + %’ or any other. After
choosing the equation of state the solution of the EMFEs is obtained. The next step
is to check whether the solution satisfies the physical criteria or not. In Literature
many solutions of the EMFEs have been obtained by assuming different types of the
equations of state and many of such solutions satisfy the physical criteria as well.
In Chapter 2, we discussed the physical criteria for the compact objects in detail.
Also we choose the linear equation of state, ap+ 3, and then we obtained a solution
of the EMFEs. The solution satisfies all the physical conditions of a compact object.
All metric coefficients, density, and radial and transverse pressures are well defined
and there is no singularity present for the suitable values of the parameters. The
density is positive and a non-increasing function of the radial parameter if a > %
At the center the radial pressure, p,, and the transverse pressure, p;, are equal. The
causality condition is also satisfied. The weak energy condition is also satisfied. The
red shift at the center and at the boundary of the compact object is finite and pos-
itive. At the boundary the solution matches with the Reissner-Nordstrom exterior
solution and it gives some bounds on the mass-radius and charge-radius ratios. The
stability is discussed in detail and the stability parameter, ©, is positive for a > %
Hence solution can be treated as a model for a compact object.

The expansion of the universe raises interest in dark energy. It is interesting to find
some models for the dark energy. In Chapter 3, we obtained a solution for the dark

energy object by taking the equation of state as p, = —p. The solution is physically
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valid as it satisfies the physical criteria. All metric coefficients, density, and radial
and transverse pressures are well defined and there is no singularity present for the
suitable values of the parameters. For example the density is positive and a decreas-
ing function of the radial parameter if a > % The red shift is also well defined and
positive at the center and at the boundary. The weak energy condition is satisfied.
The casuality condition is not satisfied. Ellis at al. (2007) have discussed violation
of this condition for dark energy models. At the boundary the solution matches with
the Reissner-Nordstrom metric and we get some bounds on mass-radius and charge-
radius ratios. The solution also satisfies the stability condition for the appropriate
vales of the parameters. Hence, the solution obtained fulfills all the requirements of
a compact negative energy object.

In Chapter 4, we gave an overview of constraints and evolution equations of the
Cauchy Einstein field equations (CEFEs). In Chapter 5, we extend this work for the
Cauchy Einstein-Maxwell field equations (CEMFEs) by adding charge. We gave the
constraints and evolution equations for the EMFEs and obtained solution. There
were many motivations for including electric charge in previous models. The first was
that it offered a generalisation of previous models, same as the Reissner-Nordstrom
is a generalisation from Schwarzschild. It also gives new mathematical and physical
information about the nature of such inhomogeneous cosmologies. Moreover, in an
FLRW universe the homogeneity of space forbids regions of charged spacetime by def-
inition. There was also relatively little known about the cosmological consequences
of electric charge in inhomogeneous models. It gives an answer to a somewhat open

question as to what the effects of allowing electric charge in cosmology should be in
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general.

An analysis of an inhomogeneous cosmological model that consists of regularly ar-
ranged, electrically charged black holes with maximum expansion is presented. We
found that the only solution that exist is having zero net charge. This analysis is
applied to a cosmological model having eight electrically charged black holes, and
we get a simple method of obtaining a charged universe model in which black holes
exist in antipodal pairs. Here, each black hole has equal and opposite charge to its
antipodal black hole.

We then compared this model to a closed and dust dominated FLRW model with
the same total mass. We did this by comparing the scale between the two types of
universe at maximum of expansion as a function of the charge to mass ratio of the
black holes. We obtained that if the magnitude of the charge on the black holes is
increased then the difference between our cosmological model and FLRW is reduced
and we found that the largest difference corresponds to the case where there charge
is zero i.e. black holes are uncharged. Lastly we calculated the size of the apparent
horizons in this initial data which are in fact functions of charge to mass ratio. We
also get the result that with the increase in magnitude of the charge of the black
holes, the size of the apparent horizon starts decreasing. In the limiting case where
the black holes become extremal then the apparent horizons tends to zero radius.
The work presented in thesis can be extended by choosing some other equation of
states like quadratic or ploytropic or any other. Among these solutions we can find
some physically valid solutions which also satisfy the stability criteria.

In previous models only electric charge is considered in the EMFEs. Another excit-
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ing work is adding magnetic charge in the EMFEs along with the electric charge and
obtain the new solutions of the EMFEs. It is interesting to find the behaviour of the
solutions with magnetic charge, whether theses new solutions satisfy the physical
criteria and the stability condition or not. One can also add different equation of
states in the EMFEs along with the electric and magnetic charges to find the solu-
tions which are physically valid so that these can be considered as new models for
the compact objects with electric and magnetic charges.

Adding the cosmological constant in the CEMFEs and finding new constraints and
evolution equations further can be done. Also finding new models for the universe

with N charged black holes with angular momentum, are interesting.
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