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Abstract

This dissertation deals with the algebraic invariants such as depth and dimension as

well as geometric invariant Stanley depth of some particular classes of graphs. Earlier,

we have some general bounds for these invariants. The present thesis is primarily

concerned with the value of depth and Stanley depth of edge ideals and their quotient

rings (cyclic modules) related to some classes of graphs. In some cases we have an

exact value, otherwise, we give very sharp bounds. In the end, we obtain a very strong

lower bound for the dimension of the quotient rings of the edge ideals associated with

these graphs. our results are general in nature, i.e., they hold for any non-negative

integer. Also, we examine conjecture of Herzog and question of Rauf.
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Introduction

In this thesis some exact values and improved lower and upper bounds of depth

and Stanley depth are computed for the edge ideals and their quotient rings (cyclic

modules) associated with some particular classes of graphs. Also, we have adequate

results for the dimension of quotient rings (cyclic modules) of the edge ideals of some

graphs. Moreover, in many cases we prove a conjecture of Herzog presented in [25] and

question of Rauf given in [18]. This thesis comprises of five chapters.

Chapter 1 offers the overview, definitions and results related to abstract algebra and

commutative algebra. This chapter covers the basics of ring and module theory. This

chapter also illustrates the quick introduction of fundamental graph theory and the

prominent operations of graphs.

Chapter 2 reviews the basic theory of depth and Stanley depth and Stanley decom-

position of ideals and modules. Furthermore, previously known results are discussed

in detail.

In Chapter 3, quotient rings (cyclic modules) of edge ideals associated with some

graphs are introduced and their depth and Stanley depth are computed by using in-

duction and some previously known results and Depth Lemma on short exact sequences.

In Chapter 4, depth and Stanley depth of edge ideals related to some graphs are

calculated by using induction and some known results.
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In Chapter 5, the results are briefly justified by making comparison with previously

known results. It can be seen that there are positive answers in many cases for both

conjecture of Herzog and question of Rauf.
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Chapter 1

Ring theory, module theory and graph
theory

1.1 Introduction

The basic idea of a ring established from an early attempt to prove Fermat’s last

theorem, which could be traced back to Richard Dedekind [1]. Adolf Fraenkel [2]

introduced the first axiomatic definition of ring, however, his axioms were more rigorous

than those in the most recent definition. After certain attempts from different fields,

primarily number theory, the generalized and modern notion of ring (commutative)

was established by Emmy Noether and Wolfgang Krull [3].

Nowadays, the idea of associating a graph with a specific algebraic structure and

exploring the interactions between the structure of the algebraic objects and the graph

theoretic properties of the graphs connected with them is an absorbing and active area

of research. The idea of associating a graph to a commutative ring was initiated by I.

Beck in [4].

1.2 Ring theory

In the principality of algebra, the algebraic structures are dealt under the banner of

ring theory, which have defined operations of multiplication and addition.
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Definition 1.2.1. A ring P is a set with two binary operations, addition (denoted by

e+ f) and multiplication (denoted by ef), such that the following axioms hold in P :

1. For all e, f ∈ P , e+ f = f + e (commutativity w.r.t addition).

2. For all e, f, g ∈ P, e+ (f + g) = (e+ f) + g (associativity w.r.t addition).

3. There is an additive identity 0, that is, there is an element 0 in R such that

e+ 0 = e, for all c ∈ P

4. For all e ∈ P , there is an element −e ∈ P such that e+ (−e) = 0

5. Multiplication is associative, that is, e · (f · g) = (e · f) · g, for all e, f, g ∈ P.

6. For all e, f, g ∈ P, the left distributive law, e · (f + g) = (e · f) + (e · g) and the

right distributive law, (e+ f) · g = (e · g) + (f · g) hold.

Definition 1.2.2. A ring P is called commutative if multiplication is commutative in

P,that is, pq = qa, for all p, q ∈ P.

Definition 1.2.3. If there is an element e ∈ P such that pe = p = ep, for all p ∈ P,
we say P is a ring with multiplicative identity (or a ring with unity). Multiplicative

identity or unity of P is denoted by symbol 1.

Example 1.2.4. We have some examples of ring.

1. R, Q, C and Z form rings w.r.t usual addition and multiplication. All these rings

are commutative with unity.

2. The set of even integers i.e 2Z = {0,±2,±4,±6, . . . } forms a commutative ring

without unity.

1.2.1 Polynomial ring

The polynomial ring is a type of ring which is formed by a set of polynomials. These

polynomials are in one or more than one variables, where the coefficients belong to a
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ring. Polynomial rings are used in different fields of mathematics and the examination

of their properties is among the primary insight for the evolution of Commutative

Algebra and Ring Theory.

Definition 1.2.5. Let P be a commutative ring containing unity, a polynomial in

variable t has the form

p0 + p1t+ · · ·+ pn−1t
n−1 + pnt

n,

with n ∈ Z+ ∪ {0} and every pi ∈ P . The polynomial is of degree n if pn 6= 0. The set

of such polynomials is denoted by

P [t] = {p0 + p1t+ · · ·+ pn−1t
n−1 + pnt

n : n ∈ Z+ ∪ {0}, pi ∈ P}.

P [t] is a commutative ring with unity under polynomial addition and polynomial mul-

tiplication and the unity of P [t] is the unity of coefficient P .

Definition 1.2.6. The polynomial ring in the variables u1, u2, . . . , un and coefficients

belonging to P (commutative with identity) is defined inductively

P [u1, u2, . . . , un] = P [u1, u2, . . . , un−1][un].

A ring homomorphism is a map from one ring to another which preserves the same

additive and multiplicative structures.

Definition 1.2.7. Consider two rings P1 and P2. A ring homomorphism is a map

O : P1 −→ P2, provided that for all g1, g2 ∈ P1, the following are satisfied:

• O(g1 + g2) = O(g1) +O(g2);

• O(g1g2) = O(g1)O(g2).

A ring homomorphism which is both injective and surjective is known as ring isomor-

phism.
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1.2.2 Ideals

Proposition 1.2.8. A non-empty subset J of a ring P is known to be an ideal if and

only if i1 − i2 ∈ J , ip ∈ J and pi ∈ J for all i1, i2, i ∈ I and p ∈ P.

Definition 1.2.9. For a proper ideal J , a quotient ring P/J can be formed, which

consists of cosets p+ J , where p ∈ P , and the product of cosets is defined as:

(p1 + J)(p2 + J) = p1p2 + J.

There are isomorphism theorems for rings.

Theorem 1.2.10. (Isomorphism Theorems)

1. For a ring homomorphism π : P1 → P2 of two rings P1 and P2, π(P1) is isomor-

phic to P1/ker(π), i.e.,

P1/ker(π) ∼= π(P1).

2. Consider the ideals I1 and I2 of ring P1, with I1 ⊆ I2, then I2/I1 is an ideal of

P1/I1. Also

(P1/I1)/(I2/I1) ∼= P1/I2.

Definition 1.2.11. Assume that I1 and I2 are the ideals of ring P . Product of two

ideals, say I1 and I2, is a set consisting of all possible finite sums of the form i1i2,

where i1 ∈ I1 and i2 ∈ I2. It is represented by I1I2.

Example 1.2.12. Let I1 = 8Z and I2 = 12Z in Z. Then I1 + I2 comprises all integers

of the form 8s1 + 12s2 with s1, s2 ∈ Z. For each such type of integer is divisible by 4,

so 8Z + 12Z ⊆ 4Z. On the other hand, 4 = 8(2) + 12(−1) shows that 4Z is contained

in 8Z + 12Z, hence 8Z + 12Z = 4Z. In general, p1Z + p2Z = dZ, whereas d = (p1, p2)

is greatest common divisor and p1, p2 are any integers. The product I1I2 comprises all

possible finite sums of the components of the form (8s1)(12s2), where s1, s2 ∈ Z, which
clearly gives the ideal 96Z.

For ideals I and J of the ring P , the set of sums i+ j with i ∈ I, j ∈ J is not only

a subring of P but also is an ideal in P .
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Definition 1.2.13. A maximal ideal M in a ring P is a ideal such that there is no

proper ideal in betweenM and P .
In other words, if J is an ideal containingM, then eitherM = J or J = R.

Definition 1.2.14. Local ring is a ring P with unique maximal ideal.

Definition 1.2.15. For a ring P , principal ideal be an ideal with a single element

in its generating set. Finitely generated ideal is an ideal with a finite elements in its

generating set.

Example 1.2.16. Ideal generated by (2) = {0, 2, 4, 6} is the maximal ideal in Z8. (2)

is also the unique maximal ideal in Z8. So Z8 is a local ring.

Definition 1.2.17. A prime ideal J is a proper ideal of a ring P such that if for

p1, p2 ∈ P , p1p2 ∈ J , then either p1 ∈ J or p2 ∈ J .

Definition 1.2.18. Let P be a ring and I is an ideal of P . Then (0 : I) is an ideal

known as the annihilator of I represented as Ann(I) defined as

Ann(I) = {p ∈ P : pI = 0}.

Definition 1.2.19. For a ring P , let us suppose two ideals I1 and I2. Then their ideal

quotient is defined as

(I1 : I2) = {p ∈ P : pI2 ⊆ I1}.

Definition 1.2.20. An ideal K of P is primary ideal if p1p2 ∈ K, for p1, p2 ∈ P , then
either p1 ∈ K or pn2 ∈ K for some n ≥ 1.

When K is a primary ideal, J is a prime ideal and also J =
√
K, then K is called

J -primary.

1.2.3 Monomial ideal

Let S = T [ξ1, . . . , ξn] be a ring over field T , monomials forms the natural T -basis for

S. Let c = (c1, . . . , cn) ∈ Rn where every cj ≥ 0. A monomial is any product of the
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form ξc11 . . . ξcnn with cj ∈ Z+. If v = ξc11 . . . ξcnn is a monomial, then we write v = ξc

with c = (c1, . . . , cn) ∈ Zn+, and

ξc1ξc2 = ξc1+c2 .

An ideal whose generating set only consists of monomials is said to be a monomial

ideal. Mon(S) denotes the set of all monomials in S and it forms the basis of S. For

any polynomial g ∈ S and for cw ∈ T

g =
∑

w∈Mon(S)

cww,

where support of g is defined as

supp(g) = {w ∈Mon(S) : cw 6= 0}.

Proposition 1.2.21. Consider two monomial ideals K1 and K2. Then

1. K1 ∩ K2 is a monomial ideal, and {lcm(a, b) : a ∈ G(K1) , b ∈ G(K2)} is the

generating set of K1 ∩K2.

2. (K1 : K2) is a monomial ideal and (K1 : K2) =
⋂
b∈G(K2)

(K1 : (b)).

A monomial yc is said to be squarefree if c has components 0 and 1. An ideal with a

generating set containing only squarefree monomials is known as squarefree monomial

ideal.

1.3 Module theory

Definition 1.3.1. Consider a commutative ring P , a P-module N is a commutative

group w.r.t addition, together with a scalar multiplication map · : P×N → N , defined

as · ((β, %)) = β%, which holds the succeeding axioms.

1. β(%1 + %2) = β%1 + β%2,

2. (β1 + β2)% = β1%+ β2%,

8



3. (β1β2)% = β1(β2%),

4. 1% = %, ∀β1, β2 ∈ P and %1, %2 ∈ N .

Examples 1.3.2. 1. For a commutative group U , let j ∈ U , q ∈ Z and define

· : Z× U → U , such that

·(q, j) = qj =


(−j) + · · ·+ (−j) , if q < 0;
j + j + · · ·+ j , if q > 0;
0 , if q = 0.

Then U is a Z-module.

2. The ideals of the ring P are also P-modules.

Definition 1.3.3. For a ring P , let us assume C and D be P-modules. A function

g : C → D is known as P-module homomorphism if

• g(%1 + %2) = g(%1) + g(%2), for all %1, %2 ∈ C,

• g(p%) = pg(%), for all p ∈ P , % ∈ C.

If g is injective and onto then it becomes a P-module isomorphism.

Examples 1.3.4. 1. For a ring P , consider P-module P . Then P-module homo-

morphism (even from P into itself) needs not to be a ring homomorphism. Con-

sider P = Z, then Z-module homomorphism u 7→ 2u is not a ring homomorphism.

2. When P = F [u], the ring homomorphism φ : j(u) 7→ j(u2) is not an F [u]-module

homomorphism.

Definition 1.3.5. Consider a ring P , and a submodule W of P-module N . Then

(additive abelian) quotient group N /W becomes a P-module by using scalar multipli-

cation defined as

o(j +W ) = oj +W

∀ o ∈ P , j +W ∈ N /W.
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1.3.1 Generation of modules

For any subset V of P-module N , let

PV = {p1v1 + · · ·+ pnvn : p1, . . . , pn ∈ P , v1, . . . , vn ∈ V and n ∈ Z+}.

If V is a finite set {v1, . . . , vn}, then PV = Pv1 + Pv2 + · · · + Pvn. Call PV the

submodule of N generated by V .

Definition 1.3.6. Let N be an P-module then it is called free on the subset Y of

N if for 0 6= n ∈ N , there are unique non-zero elements p1, . . . , pk of P and unique

ξ1, . . . , ξk in Y , such that

n = p1ξ1 + · · ·+ pkξk.

1.3.2 Noetherian ring and Noetherian module

Proposition 1.3.7. Let γ be a poset with respect to ≤. Then the following are equiv-

alent.

1. Any increasing sequence α1 ≤ α2 ≤ . . . ≤ αr ≤ . . . in γ is stationary, that is

there exist r ∈ N for which αs = αr, for all s ≥ r.

2. Any ∅ 6= W ⊂ γ possesses a maximal element.

Let γ be the set of submodules ofN which is ordered w.r.t the relation⊆ then statement

1 is known as ascending chain condition and statement 2 is known as the maximal

condition.

Definition 1.3.8. Let P be a commutative ring, a P-moduleN is known to be Noethe-

rian if each ascending chain of P-submodules ofN is stationary. A ring P is Noetherian

if P is Noetherian as a P-module.

Examples 1.3.9. 1. A finite abelian group (as Z-module) satisfies both ascending

chain condition and descending chain condition. That is, every finite abelian

group is noetherian.
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2. The polynomial ringK[δ1, δ2, . . . ] over the field K satisfies neither chain condition

on ideals, the sequence (δ1) ⊂ (δ1, δ2) ⊂ . . . is strictly increasing and the sequence

(δ1) ⊃ (δ21) ⊃ (δ31) . . . is strictly decreasing.

Definition 1.3.10. Let N be finitely generated P-module where P is a Noetherian

ring, an associated prime ideal of a module is a prime ideal Q of the ring P such that

Q = Ann(n), where Ann(n) = {ε ∈ P : εn = 0}. The set of associated prime ideals of

N is represented by Ass(N ).

Definition 1.3.11. Let P be a commutative ring, consider a chain of prime ideals in

the ring

Q0 ( Q1 ( Q2 ( · · · ( Qai ,

then dimension of ring P is defined as

dimP = sup{ai}.

Suppose N be a P-module, then Krull dimension of N is

dim(N ) = dim(P/Ann(N )).

For the modules of the type P/I

dim(P/I) = max{dim(P/Ji) : Ji ∈ Ass(P/I)}.

1.3.3 Exact sequences

Definition 1.3.12. Let P be a commutative ring, consider a sequence of

P-homomorphisms on P-modules.

. . . −→ Vi−1
hi−−→ Vi

hi+1−−−→ Vi+1
hi+2−−−→ . . .

It is exact at Vi if Im(hi) = ker(hi+1). The sequence is known to be exact if it is

observed to be exact at every Vi. Particularly, 0 −→ U ′
g−−→ V is exact at U ′ if and

only if g is one to one, and V h−−→ U ′′ −→ 0 is exact at U ′′ if and only if h is onto.
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Proposition 1.3.13. The sequence

0 −→ U ′
h−−→ V g−−→ U ′′ −→ 0

is an exact sequence if and only if h is one to one, g is onto and Im(h) = ker(g).

Remark 1.3.14. The sequence in Proposition 1.3.13 is called a short exact sequence.

1.3.4 Graded rings

Consider a commutative semigroup (w.r.t addition) W . A W-graded ring is such type

of a ring P having a decomposition

P =
⊕
w∈W

Pw (as a group),

such that PwPv ⊂ Pw+v, ∀ w, v ∈ W .

Then for p ∈ P , we can write a unique expression

p =
∑
w∈W

pw,

where pw ∈ Pw and almost all pw = 0. The element pw is called the wth homogeneous

component and if p = pw, then p is homogeneous of degree w. P [c] and P [c, d] are

Z-graded rings as:

• P [c] = P ⊕ Pc⊕ Pc2 ⊕ Pc3 ⊕ Pc4 ⊕ Pc5 ⊕ · · ·;

• P [c, d] = P ⊕ (Pc+Pd)⊕ (Pc2 +Pcd+Pd2)⊕ (Pc3 +Pc2d+Pcd2 +Pd3)⊕ · · ·

For a W-graded ring P and P-module N

N =
⊕
w∈W

Nw (as a group),

with PwNv ⊂ Nw+v for all w, v ∈ W , then N is said to be a W-graded module. A non

zero element of Nw is called a homogeneous element of degree w.

For a polynomial ring P defined over the field T , suppose c ∈ Zn, then p ∈ P
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is said to be homogeneous of degree c when p has the form βξc, where β ∈ T and

ξ = (ξ1, ξ2, . . . , ξn). Also P is Zn-graded with graded components:

Pc =

{
Tξc, if c ∈ Zn+;
0 , otherwise.

An P-module N is Zn-graded if N =
⊕

c∈Zn Nc and Pc1Nc2 ⊂ Nc1+c2 for all c1, c2 ∈
Zn.

1.4 Graph theory

Finite graphs are very straightforward formation in Mathematics. For this specific

aspect, before any systematic study of graph theory itself, many graph-theoretic prob-

lems remained unsolved. Leonhard Euler’s 1735 Königsberg bridges Problem [5] is the

famous instance of such a problem and the Four-Color Problem which Francis Guthrie

initially introduced in 1852, as a coloring problem of the map of England’s counties.

Such worthy experiments include research on polyhedra cycles by Thomas Kirkman

and William Hamilton [6], the circuit laws by Gustav Kirchhoff [7], and research by

Arthur Cayley and James Sylvester [8] that had ties to theoretical chemistry to the

structure of molecules in particular. In 1878, it was Sylvester who suggested the name

of "Graph" to the structure he was researching.

In this chapter primary definition and notion of graph theory are given. This chapter

provides a detailed overview of individual types of graphs, distinct operations of graph

and results which we will use in our last two chapter.

1.4.1 Fundamental graph theory

Graph theory comprises of the study of graphs, while the graphs are the mathematical

structure used to establish the relation among the objects. The fundamental ideas of

graph theory are introduced in this section.
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Definition 1.4.1. A graph G is an ordered paired G = (V,E) where V is a (finite) set

of elements called vertices and E is a set of 2-subsets of V called edges.

Definition 1.4.2. An edge with same end points is known as a loop. The edges

with exactly the same set of endpoints are known as multiple edges. A simple graph

is a graph with no multiple edges and loops. Given below is a graph with vertices

{c1, c2, c3, c4, c5, c6} and edges {g1, g2, g3, g4, g5, g6, g7, g8, g9}.

c1 c2 c3

c4 c5 c6

g1 g2
g3

g4 g5

g6g7
g8

g2

Figure 1.1: A simple Graph

Consider an edge with endpoints c1, c2. Then c1, c2 are said to be adjacent and they

are neighbors of each other. The focus is restricted to only simple graphs in various

important applications.

Definition 1.4.3. The total edges incident on vertex u of a graph W is known as

degree of u, which is commonly represented by dW (u) or d(u).

Definition 1.4.4. The total vertices in vertex set V (W ) is known as the order of graph

W , represented by n(W ). Whereas the total edges in edge set E(W ) indicates the size

of graph, written as e(W ).

Definition 1.4.5. A star graph G is a graph on m vertices, in which one vertex has

degree m− 1 and all other vertices have degree 1.

Definition 1.4.6. A path graph is a sequence of vertices u1, u2, . . . , un where there is

an edge connecting uz and uz+1 for z = 1, 2, . . . , n− 1.
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A graph of n vertices (n ≥ 3) is called cycle graph if we join first and last vertices of

path graph by an edge. A cycle and path on n vertices are represented by Cn and Pn,

respectively.

v1 v2 v3 v4 v5

Figure 1.2: P5

Definition 1.4.7. A subgraph B of a graph C, written as B ⊆ C, is a type of graph

such that V (B) ⊆ V (C) and E(B) ⊆ E(C) and the endpoints of edges in B are exactly

the same as in C.

Lemma 1.4.8. [1](Handshaking lemma) The sum of the degrees of the vertices of a

graph G is twice the number of edges,∑
u∈V (G)

deg(u) = 2E(G).

Definition 1.4.9. (Fusion /Merged/Identified)

The vertices u1 and u2 in a graphW is said to be fused, if these two vertices are replaced

by a single new vertex u such that every edge that was adjacent to either u1 or u2 or

both, is adjacent to u.

u1
u2

u3

u4

u5
u6

u7

Figure 1.3: C7
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Proposition 1.4.10. Any graph with a vertices and b edges has at least a − b com-

ponents.

Definition 1.4.11. If the vertex set can be written as a union of two disjoint inde-

pendent sets then the graph is called bipartite graph.

Definition 1.4.12. Let us have a s, d-path in graph W . The distance from c to d

is the minimum length of c, d-path, written as d(c, d). The path with the maximum

length in W gives the diameter i.e.,

diamW = max
c,d∈V (W )

d(c, d).

Definition 1.4.13. A vertex cover of a graph is a collection of vertices that contains

at least one endpoint of each edge of the graph. A minimal vertex cover is an vertex

cover of a graph that is not a proper subset of any other vertex cover.

1.4.2 Graph operations

Definition 1.4.14. Consider two graphs W and X with vertex sets V (W) = {w1, w2

, . . . , wn} and V (X ) = {δ1, δ2, . . . , δn}, respectively. The Cartesian product of W and

X is a graph, with V (W�X ) = V (W)× V (X ) (the cartesian product of sets), and for

(wi, δj), (wk, δl) ∈ V (W�X ), (wi, δj)(wk, δl) ∈ E(W�X ), whenever

• δj = δl and wiwk ∈ E(W) or

• δjδl ∈ E(X ) and wi = wk
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Figure 1.4: Cartesian product of P5 and P5 (P5�P5)

Definition 1.4.15. The pth power Hp of graph H is another graph that has the same

set of vertices, but in which two vertices are adjacent when their distance in H is at

most p.

Definition 1.4.16. The union of two simple graphs H1 = (V1, E1) and H2 = (V2, E2)

is a simple graph with vertex set V1 ∪ V2 and edge set E1 ∪ E2. The union of H1 and

H2 is denoted by H1 ∪H2.

Definition 1.4.17. Consider two graphsQ andR with vertex set V (Q) = {a1, a2, a3, . . . , an}
and V (R) = {b1, b2, b3, . . . , bn} respectively. The standard strong product of Q and K
is a graph, with V (Q � R) = V (Q) × V (R) (the cartesian product of sets), and for

(ai, bj), (ak, bl) ∈ V (Q�R), (ai, bj)(ak, bl) ∈ E(Q�R), whenever

• ajbl ∈ E(R) and ai = ak or

• bj = bl and aiak ∈ E(Q) or

• ai ∈ V (Q), bj ∈ V (R), bjbl ∈ E(R) and aiak ∈ E(Q) or

• ak ∈ V (Q), bl ∈ V (R), bjbl ∈ E(R) and aiak ∈ E(Q).
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Definition 1.4.18. If n ≥ 2, then the Cartesian product of two paths P2 and Pn is

called ladder graph. Similarly, For n ≥ 3, the Cartesian product of P2 and Cn is said

to be a circular ladder graph.
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Chapter 2

Depth, Stanley depth and some known
results on depth and Stanley depth

This chapter deals with the Stanley depth (named after Richard Stanley [10] in

1982) and depth of Zn-graded modules over polynomial ring in n variables over a field,

including the Stanley’s conjecture. From now to onward, ring P has identity 1 6= 0.

2.1 Depth

Definition 2.1.1. Consider a P-moduleN . A zero divisor of a moduleN is an element

0 6= p ∈ P such that pn = 0, where 0 6= n ∈ N .

Definition 2.1.2. Let N be a P-module. An element p of P which is non-zero is N
regular if for every n ∈ N , pn = 0 implies n = 0.

Definition 2.1.3. A sequence β = β1, . . . , βn of elements of P is said to be N -regular

if it satisfies the given axioms:

1. βj is N /(β1, . . . , βj−1)N regular for any j;

2. N 6= (β)N .

Example 2.1.4. Consider R = K[a1, a2, a3] as a module over itself. As a1 is regular

in R/(0)R, a2 is regular in R/(a1)R, a3 is regular in R/(a1, a2)R. a1, a2, a3 is the

N -regular sequence in R.
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Definition 2.1.5. Let R be a local Noetherian ring with unique maximal ideal m and

M be a finitely generated R-module. The common length of all maximal M-sequences

in m is called the depth of M and is denoted by depth(M).

Lemma 2.1.6. (Depth Lemma)[11] Given a short exact sequence 0 → η1 → η2 →
η3 → 0 of P-modules where P is a local ring, then

1. depth(η2) ≥ min{depth(η3), depth(η1)}.

2. depth(η3) ≥ min{depth(η2), depth(η1) + 1}.

3. depth(η1) ≥ min{depth(η3)− 1, depth(η2)}.

2.2 Stanley decomposition and Stanley depth

Definition 2.2.1. Let P = K[β1, . . . , βn] be a ring of polynomials over the field K and

consider Zn-graded P-module N . Suppose n ∈ N and also consider U ⊂ {β1, . . . , βn},
then nK[U ] represents the K-subspace ofN , whose generating set comprises of elements

(homogeneous in degree) of the form nr, where r is a monomial in K[U ]. If nK[U ] is

a free K[U ]-module then it is known as a Stanley space of dimension |U |. A Stanley

decomposition of N is defined as:

D : N =

j⊕
i=1

riK[Ui],

and

sdepthD = min{ |Ui| , i = 1, . . . , j}.

Also,

sdepths(N ) = max{ sdepthD : D is a Stanley decomposition of N}.

Lemma 2.2.2. [18] Let

0→ X → Y → Z → 0

be a short exact sequence of Zn-graded S-modules. Then

sdepth(Y ) ≥ min{sdepth(X), sdepth(Z)}.
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2.2.1 Stanley’s conjecture

In 1982, Stanley [10] presented a conjecture.

depth(N ) ≤ sdepth(N ).

It has been extremely noteworthy as it examined a relation between two very different

invariants of modules. For a ring of polynomials P in m number of variables, let I ⊂ P
be the monomial ideal, then for m ≤ 3, m = 4 and m = 5 the conjecture for P/I is

proved by Apel [12], Anwar [13] and Popescu [14], respectively. But in 2016, Duval et

al. [15] proved that Stanley’s conjecture is generally false, by giving a counter example

for the module of type P/I for which the conjecture does not hold.

Conjecture 2.2.3. Herzog in [25] presented a conjecture. Let I ⊂ S be a monomial

ideal then

sdepth(I) ≥ sdepth(S/I).

The above conjecture has been proved in some special cases by Popescu and Qureshi in

[27] and Rauf in [18]. Recently, Keller and Young [26] proved the above conjecture for

any squarefree monomial ideal in the polynomial ring with at most 7 variables.

Question 2.2.4. Rauf [18] gave a question that is the strong form of Herzog’s conjec-

ture. Let I ⊂ S be a monomial ideal. Does the following inequality hold

sdepth(I) ≥ sdepth(S/I) + 1?

2.2.2 Method of computing Stanley depth for squarefree mono-
mial ideals

In 2009, Herzog et al. [16] granted a method of computing the lower bound for Stan-

ley depth of monomial ideals in finite number of steps by using posets. Let A be a

squarefree monomial ideal with G(A) = (a1, . . . , am). The characteristic poset of A

w.r.t g = (1, . . . , 1), written as H(1,...,1)
A is defined as

H(1,...,1)
A = {γ ⊂ [m] | γ contains supp(aj) for some j},
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where supp(aj) = {i : δi|aj} ⊆ [m] := {1, . . . ,m}. For each ρ, σ ∈ H(1,...,1)
A where

ρ ⊆ σ, and

[ρ , σ] = {γ ∈ H(1,...,1)
A : ρ ⊆ γ ⊆ σ}.

Let H : H(1,...,1)
A = ∪kj=1[γj , ηj] be a partition of H(1,...,1)

A , and for every j, suppose

s(j) ∈ {0, 1}n is the tuple with supp(xs(j)) = γj, then the Stanley decomposition D(H)

of A is given by

D(H) : A =
r⊕
j=1

xs(j)K[{xk | k ∈ ηj}].

Clearly, sdepthD(H) = min{|η1|, . . . , |ηr|} and

sdepth(A) = max{sdepthD(H) | H is a partition of H(1,...,1)
A }.

In the following example we are going to find stanley depth of edge ideal as well as

quotient of edge ideal.

Example 2.2.5. Consider P = K[ψ1, ψ2, ψ3, ψ4, ψ5], U = (ψ1ψ3, ψ2ψ4, ψ1ψ4ψ5) ⊂
K[ψ1, ψ2, ψ3, ψ4, ψ5] be a square-free monomial ideal and J = 0. Set γ1 = (1, 0, 1, 0, 0),

γ2 = (0, 1, 0, 1, 0) and γ3 = (1, 0, 0, 1, 1). Thus U is generated by ψγ1 , ψγ2 , ψγ3 and

choose g = (1, 1, 1, 1, 1). The poset H = Hg
U/J is given by

H = {(1, 0, 1, 0, 0), (0, 1, 0, 1, 0), (1, 1, 1, 0, 0), (1, 1, 0, 1, 0), (1, 0, 1, 1, 0),

(1, 0, 1, 0, 1), (1, 0, 0, 1, 1), (0, 1, 1, 1, 0), (0, 1, 0, 1, 1), (1, 1, 1, 1, 0),

(1, 1, 1, 0, 1), (1, 1, 0, 1, 1), (1, 0, 1, 1, 1), (0, 1, 1, 1, 1), (1, 1, 1, 1, 1)}.
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Partitions of H are given by

H1 : [(1, 0, 1, 0, 0), (1, 0, 1, 0, 0)]
⋃

[(0, 1, 0, 1, 0), (0, 1, 0, 1, 0)]
⋃

[(1, 1, 1, 0, 0), (1, 1, 1, 0, 0)]
⋃

[(1, 1, 0, 1, 0), (1, 1, 0, 1, 0)]
⋃

[(1, 0, 1, 1, 0), (1, 0, 1, 1, 0)]
⋃

[(1, 0, 1, 0, 1), (1, 0, 1, 0, 1)]
⋃

[(1, 0, 0, 1, 1), (1, 0, 0, 1, 1)]
⋃

[(0, 1, 1, 1, 0), (0, 1, 1, 1, 0)]
⋃

[(0, 1, 0, 1, 1), (0, 1, 0, 1, 1)]
⋃

[(1, 1, 1, 1, 0), (1, 1, 1, 1, 0)]
⋃

[(1, 1, 1, 0, 1), (1, 1, 1, 0, 1)]
⋃

[(1, 1, 0, 1, 1), (1, 1, 0, 1, 1)]
⋃

[(1, 0, 1, 1, 1), (1, 0, 1, 1, 1)]
⋃

[(0, 1, 1, 1, 1), (0, 1, 1, 1, 1)]
⋃

[(1, 1, 1, 1, 1), (1, 1, 1, 1, 1)].

H2 : [(1, 0, 1, 0, 0), (1, 0, 1, 1, 1)]
⋃

[(0, 1, 0, 1, 0), (0, 1, 1, 1, 1)]
⋃

[(1, 1, 1, 0, 0), (1, 1, 0, 1, 1)]
⋃

[(1, 1, 0, 1, 0), (1, 1, 1, 0, 1)]
⋃

[(1, 0, 0, 1, 1), (1, 1, 1, 1, 0)]
⋃

[(1, 1, 1, 1, 1), (1, 1, 1, 1, 1)].

And the corresponding Stanley decomposition is

D(H1) = ψ1ψ3K[ψ1, ψ3]⊕ ψ2ψ4K[ψ2, ψ4]⊕ ψ1ψ2ψ3K[ψ1, ψ2, ψ3]⊕

ψ1ψ2ψ4K[ψ1, ψ2, ψ4]⊕ ψ1ψ3ψ4K[ψ1, ψ3, ψ4]⊕ ψ1ψ3ψ5K[ψ1, ψ3, ψ5]⊕

ψ1ψ4ψ5K[ψ1, ψ4, ψ5]⊕ ψ2ψ3ψ4K[ψ2, ψ3, ψ4]⊕ ψ2ψ4ψ5K[ψ2, ψ4, ψ5]

ψ1ψ2ψ3ψ4K[ψ1, ψ2, ψ3, ψ4]⊕ ψ1ψ2ψ3ψ5K[ψ1, ψ2, ψ3, ψ5]⊕

ψ1ψ2ψ4ψ5K[ψ1, ψ2, ψ4, ψ5]⊕ ψ1ψ3ψ4ψ5K[ψ1, ψ3, ψ4, ψ5]⊕

ψ2ψ3ψ4ψ5K[ψ2, ψ3, ψ4, ψ5]⊕ ψ1ψ2ψ3ψ4ψ5K[ψ1, ψ2, ψ3, ψ4, ψ5].

D(H2) = ψ1ψ3K[ψ1, ψ3, ψ4, ψ5]⊕ ψ2ψ4K[ψ2, ψ3, ψ4, ψ5]⊕

ψ1ψ2ψ3K[ψ1, ψ2, ψ4, ψ5]⊕ ψ1ψ2ψ4K[ψ1, ψ2, ψ3, ψ5]⊕

ψ1ψ4ψ5K[ψ1, ψ2, ψ3, ψ4]⊕ ψ1ψ2ψ3ψ4ψ5K[ψ1, ψ2, ψ3, ψ4, ψ5].

Then

sdepth(U) ≥ max{sdepth(D(H1)) , sdepth(D(H2))}

= max{2, 4}

= 4.
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Now for P/U , the poset F = FgP/U is given by

F = {(0, 0, 0, 0, 0), (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0),

(0, 0, 0, 0, 1), (1, 1, 0, 0, 0), (1, 0, 0, 1, 0), (1, 0, 0, 0, 1), (0, 1, 1, 0, 0),

(0, 1, 0, 0, 1), (0, 0, 1, 1, 0), (0, 0, 1, 0, 1), (0, 0, 0, 1, 1), (1, 1, 0, 0, 1),

(0, 1, 1, 0, 1), (0, 0, 1, 1, 1)}.

Partitions of F are given by

F1 : [(0, 0, 0, 0, 0), (0, 0, 0, 0, 0)]
⋃

[(1, 0, 0, 0, 0), (1, 0, 0, 0, 0)]
⋃

[(0, 1, 0, 0, 0), (0, 1, 0, 0, 0)]
⋃

[(0, 0, 1, 0, 0), (0, 0, 1, 0, 0)]
⋃

[(0, 0, 0, 1, 0), (0, 0, 0, 1, 0)]
⋃

[(0, 0, 0, 0, 1), (0, 0, 0, 0, 1)]
⋃

[(1, 1, 0, 0, 0), (1, 1, 0, 0, 0)]
⋃

[(1, 0, 0, 1, 0), (1, 0, 0, 1, 0)]
⋃

[(1, 0, 0, 0, 1), (1, 0, 0, 0, 1)]
⋃

[(0, 1, 1, 0, 0), (0, 1, 1, 0, 0)]
⋃

[(1, 1, 0, 0, 1), (1, 1, 0, 0, 1)]
⋃

[(0, 1, 0, 0, 1), (0, 1, 0, 0, 1)]
⋃

[(0, 0, 1, 1, 0), (0, 0, 1, 1, 0)]
⋃

[(0, 0, 1, 0, 1), (0, 0, 1, 0, 1)]
⋃

[(0, 0, 0, 1, 1), (0, 0, 0, 1, 1)]
⋃

[(0, 1, 1, 0, 0), (0, 1, 1, 0, 0)]
⋃

[(0, 0, 1, 1, 1), (0, 0, 1, 1, 1)].

F2 : [(0, 0, 0, 0, 0), (0, 0, 1, 1, 1)]
⋃

[(1, 0, 0, 0, 0), (1, 1, 0, 0, 1)]
⋃

[(0, 1, 0, 0, 0), (0, 1, 1, 0, 1)]
⋃

[(1, 0, 0, 1, 0), (1, 0, 0, 1, 0)].

And the corresponding Stanley decomposition is

D(F1) = ψ1K[ψ1]⊕ ψ2K[ψ2]⊕ ψ3K[ψ3]⊕ ψ4K[ψ4]⊕ ψ1ψ2K[ψ1, ψ2]⊕

ψ1ψ4K[ψ1, ψ4]⊕ ψ1ψ5K[ψ1, ψ5]⊕ ψ2ψ3K[ψ2, ψ3]⊕

ψ1ψ2ψ5K[ψ1, ψ2, ψ5]⊕ ψ2ψ5K[ψ2, ψ5]⊕ ψ3ψ4K[ψ3, ψ4]⊕

ψ3ψ5K[ψ3, ψ5]⊕ ψ4ψ5K[ψ4, ψ5]⊕ ψ2ψ3K[ψ2, ψ3, ]⊕

ψ3ψ4ψ5K[ψ3, ψ4, ψ5].

D(F2) = K[ψ3, ψ4, ψ5]⊕ ψ1K[ψ1, ψ2, ψ5]⊕ ψ2K[ψ2, ψ3, ψ5]⊕ ψ1ψ4K[ψ1, ψ4].
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Then

sdepth(P/U) ≥ max{sdepth(D(F1)) , sdepth(D(F2))}

= max{1, 2}

= 2.

.

Example 2.2.6. Consider P = K[ψ1, ψ2, ψ3, ψ4, ψ5] , V = (ψ1ψ4, ψ2ψ3, ψ1ψ3ψ5) ⊂
K[ψ1, ψ2, ψ3, ψ4, ψ5] be a square-free monomial ideal and J = 0. Set γ1 = (1, 0, 0, 1, 0),

γ2 = (0, 1, 1, 0, 0) and γ3 = (1, 0, 1, 0, 1) . Thus V is generated by ψγ1 , ψγ2 , ψγ3 and

choose g = (1, 1, 1, 1, 1). The poset H = Hg
V/J is given by

H = {(1, 0, 0, 1, 0), (0, 1, 1, 0, 0), (1, 0, 1, 0, 1), (1, 1, 0, 1, 0), (1, 0, 0, 1, 1), (1, 0, 1, 1, 0),

(1, 1, 1, 1, 0), (1, 1, 0, 1, 1), (1, 0, 1, 1, 1), (1, 1, 1, 1, 1), (1, 1, 1, 0, 0), (0, 1, 1, 1, 0),

(0, 1, 1, 0, 1), (1, 1, 1, 0, 1), (0, 1, 1, 1, 1)}.

Partitions of H are given by

H1 : [(1, 0, 0, 1, 0), (1, 0, 0, 1, 0)]
⋃

[(0, 1, 1, 0, 0), (0, 1, 1, 0, 0)]
⋃

[(1, 0, 1, 0, 1), (1, 0, 1, 0, 1)]
⋃

[(1, 1, 0, 1, 0), (1, 1, 0, 1, 0)]
⋃

[(1, 0, 0, 1, 1), (1, 0, 0, 1, 1)]
⋃

[(1, 0, 1, 1, 0), (1, 0, 1, 1, 0)]
⋃

[(1, 1, 1, 0, 0), (1, 1, 1, 0, 0)]
⋃

[(0, 1, 1, 1, 0), (0, 1, 1, 1, 0)]
⋃

[(0, 1, 1, 0, 1), (0, 1, 1, 0, 1)]
⋃

[(1, 1, 1, 1, 0), (1, 1, 1, 1, 0)]
⋃

[(1, 1, 1, 0, 1), (1, 1, 1, 0, 1)]
⋃

[(1, 1, 0, 1, 1), (1, 1, 0, 1, 1)]
⋃

[(1, 0, 1, 1, 1), (1, 0, 1, 1, 1)]
⋃

[(0, 1, 1, 1, 1), (0, 1, 1, 1, 1)]
⋃

[(1, 1, 1, 1, 1), (1, 1, 1, 1, 1)].
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H2 : [(1, 0, 0, 1, 0), (1, 1, 0, 1, 0)]
⋃

[(0, 1, 1, 0, 0), (0, 1, 1, 1, 0)]
⋃

[(1, 0, 1, 0, 1), (1, 0, 1, 1, 1)]
⋃

[(1, 0, 0, 1, 1), (1, 1, 1, 1, 1)]
⋃

[(1, 0, 1, 1, 0), (1, 1, 1, 1, 0)]
⋃

[(1, 1, 1, 0, 0), (1, 1, 1, 0, 1)]
⋃

[(0, 1, 1, 0, 1), (0, 1, 1, 1, 1)].

H3 : [(1, 0, 0, 1, 0), (1, 1, 0, 1, 1)]
⋃

[(0, 1, 1, 0, 0), (1, 1, 1, 0, 1)]
⋃

[(1, 0, 1, 0, 1), (1, 0, 1, 1, 1)]
⋃

[(1, 0, 1, 1, 0), (1, 1, 1, 1, 0)]
⋃

[(0, 1, 1, 1, 0), (1, 1, 1, 1, 1)].

And the corresponding Stanley decomposition is

D(H1) = ψ1ψ4K[ψ1, ψ4]⊕ ψ2ψ3K[ψ2, ψ3]⊕ ψ1ψ3ψ5K[ψ1, ψ3, ψ5]⊕

ψ1ψ2ψ4K[ψ1, ψ2, ψ4]⊕ ψ1ψ4ψ5K[ψ1, ψ4, ψ5]⊕ ψ1ψ3ψ4K[ψ1, ψ3, ψ4]⊕

ψ1ψ2ψ3K[ψ1, ψ2, ψ3]⊕ ψ2ψ3ψ4K[ψ2, ψ3, ψ4]⊕ ψ2ψ3ψ5K[ψ2, ψ3, ψ5]

ψ1ψ2ψ3ψ4K[ψ1, ψ2, ψ3, ψ4]⊕ ψ1ψ2ψ3ψ5K[ψ1, ψ2, ψ3, ψ5]⊕

ψ1ψ2ψ4ψ5K[ψ1, ψ2, ψ4, ψ5]⊕ ψ1ψ3ψ4ψ5K[ψ1, ψ3, ψ4, ψ5]⊕

ψ2ψ3ψ4ψ5K[ψ2, ψ3, ψ4, ψ5]⊕ ψ1ψ2ψ3ψ4ψ5K[ψ1, ψ2, ψ3, ψ4, ψ5].

D(H2) = ψ1ψ4K[ψ1, ψ2, ψ4]⊕ ψ2ψ3K[ψ2, ψ3, ψ4]⊕

ψ1ψ3ψ5K[ψ1, ψ3, ψ4, ψ5]⊕ ψ1ψ4ψ5K[ψ1, ψ2, ψ3, ψ4, ψ5]⊕

ψ1ψ3ψ4K[ψ1, ψ2, ψ3, ψ4]⊕ ψ1ψ2ψ3K[ψ1, ψ2, ψ3, ψ5]⊕

ψ2ψ3ψ5K[ψ2, ψ3, ψ4, ψ5].

D(H3) = ψ1ψ4K[ψ1, ψ2, ψ4]⊕ ψ2ψ3K[ψ1, ψ2, ψ3, ψ5]⊕

ψ1ψ3ψ5K[ψ1, ψ3, ψ4, ψ5]⊕ ψ1ψ3ψ4K[ψ1, ψ2, ψ3, ψ4]⊕

ψ2ψ3ψ4K[ψ1, ψ2, ψ3, ψ4, ψ5].

Then

sdepth(U) ≥ max{sdepth(D(H1)) , sdepth(D(H2)) , sdepth(D(H3))}

= max{2, 3, 3}

= 3.
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Now for P/V , the poset F = FgP/V is given by

F = {(0, 0, 0, 0, 0), (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0),

(0, 0, 0, 0, 1), (1, 1, 0, 0, 0), (1, 0, 0, 1, 0), (1, 0, 0, 0, 1), (0, 1, 0, 1, 0),

(0, 1, 0, 0, 1), (0, 0, 1, 1, 0), (0, 0, 1, 0, 1), (0, 0, 0, 1, 1), (1, 1, 0, 0, 1),

(0, 1, 0, 1, 1), (0, 0, 1, 1, 1)}.

Partitions of F are given by

F1 : [(0, 0, 0, 0, 0), (0, 0, 0, 0, 0)]
⋃

[(1, 0, 0, 0, 0), (1, 0, 0, 0, 0)]
⋃

[(0, 1, 0, 0, 0), (0, 1, 0, 0, 0)]
⋃

[(0, 0, 1, 0, 0), (0, 0, 1, 0, 0)]
⋃

[(0, 0, 0, 1, 0), (0, 0, 0, 1, 0)]
⋃

[(0, 0, 0, 0, 1), (0, 0, 0, 0, 1)]
⋃

[(1, 1, 0, 0, 0), (1, 1, 0, 0, 0)]
⋃

[(1, 0, 1, 0, 0), (1, 0, 1, 0, 0)]
⋃

[(1, 0, 0, 0, 1), (1, 0, 0, 0, 1)]
⋃

[(0, 1, 0, 1, 0), (0, 1, 0, 1, 0)]
⋃

[(0, 1, 0, 1, 1), (0, 1, 0, 1, 1)]
⋃

[(0, 1, 0, 0, 1), (0, 1, 0, 0, 1)]
⋃

[(0, 0, 1, 1, 0), (0, 0, 1, 1, 0)]
⋃

[(0, 0, 1, 0, 1), (0, 0, 1, 0, 1)]
⋃

[(0, 0, 0, 1, 1), (0, 0, 0, 1, 1)]
⋃

[(1, 1, 0, 0, 1), (1, 1, 0, 0, 1)]
⋃

[(0, 0, 1, 1, 1), (0, 0, 1, 1, 1)].

F2 : [(0, 0, 0, 0, 0), (0, 0, 1, 1, 1)]
⋃

[(1, 0, 0, 0, 0), (1, 1, 0, 0, 1)]
⋃

[(0, 1, 0, 0, 0), (0, 1, 0, 1, 1)]
⋃

[(1, 0, 1, 0, 0), (1, 0, 1, 0, 0)].

F3 : [(0, 0, 0, 0, 0), (1, 0, 0, 0, 0)]
⋃

[(0, 1, 0, 0, 0), (0, 1, 0, 1, 1)]
⋃

[(0, 0, 1, 0, 0), (0, 0, 1, 1, 1)]
⋃

[(0, 0, 0, 1, 0), (0, 0, 0, 1, 1)]
⋃

[(0, 0, 0, 0, 1), (1, 0, 0, 0, 1)]
⋃

[(1, 1, 0, 0, 0), (1, 1, 0, 0, 1)]
⋃

[(1, 0, 1, 0, 0), (1, 0, 1, 0, 0)].
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And the corresponding Stanley decomposition is

D(F1) = ψ1K[ψ1]⊕ ψ2K[ψ2]⊕ ψ3K[ψ3]⊕ ψ4K[ψ4]⊕ ψ5K[ψ5]⊕ ψ1ψ2K[ψ1, ψ2]⊕

ψ1ψ3K[ψ1, ψ3]⊕ ψ1ψ5K[ψ1, ψ5]⊕ ψ2ψ4K[ψ2, ψ4]⊕

ψ2ψ4ψ5K[ψ2, ψ4, ψ5]⊕ ψ2ψ5K[ψ2, ψ5]⊕ ψ3ψ4K[ψ3, ψ4]⊕

ψ3ψ5K[ψ3, ψ5]⊕ ψ4ψ5K[ψ4, ψ5]⊕ ψ1ψ2ψ5K[ψ1, ψ2, ψ5]⊕

ψ3ψ4ψ5K[ψ3, ψ4, ψ5].

D(F2) = K[ψ3, ψ4, ψ5]⊕ ψ1K[ψ1, ψ2, ψ5]⊕ ψ2K[ψ2, ψ4, ψ5]⊕ ψ1ψ3K[ψ1, ψ3].

D(F3) = K[ψ1]⊕ ψ2K[ψ2, ψ4, ψ5]⊕ ψ3K[ψ3, ψ4, ψ5]⊕ ψ4K[ψ4, ψ5]⊕

ψ5K[ψ1, ψ5]⊕ ψ1ψ2K[ψ1, ψ2, ψ5]⊕ ψ1ψ3K[ψ1, ψ3].

Then

sdepth(P/V ) ≥ max{sdepth(D(F1)) , sdepth(D(F2)), sdepth(D(F3))}

= max{1, 2, 1}

= 2.

Example 2.2.7. Consider P = K[ψ1, ψ2, ψ3, ψ4] , W = (ψ1ψ3, ψ1ψ4, ψ2ψ3, ψ2ψ4) ⊂
K[ψ1, ψ2, ψ3, ψ4] be a square-free monomial ideal and J = 0. Set γ1 = (1, 0, 1, 0),

γ2 = (1, 0, 0, 1) , γ3 = (0, 1, 1, 0) and γ4 = (0, 1, 0, 1) . Thus V is generated by

ψγ1 , ψγ2 , ψγ3 , ψγ4 and choose g = (1, 1, 1, 1, 1). The poset H = Hg
W/J is given by

H = {(1, 0, 1, 0), (1, 0, 0, 1), (0, 1, 1, 0), (0, 1, 0, 1), (1, 1, 1, 0), (1, 1, 0, 1), (1, 0, 1, 1),

(0, 1, 1, 1), (1, 1, 1, 1)}.

Partitions of H are given by

H1 : [(1, 0, 1, 0), (1, 0, 1, 0)]
⋃

[(1, 0, 0, 1), (1, 0, 0, 1)]
⋃

[(0, 1, 1, 0), (0, 1, 1, 0)]⋃
[(0, 1, 0, 1), (0, 1, 0, 1)]

⋃
[(1, 1, 1, 0), (1, 1, 1, 0)]

⋃
[(1, 1, 0, 1), (1, 1, 0, 1)]⋃

[(1, 0, 1, 1), (1, 0, 1, 1)]
⋃

[(0, 1, 1, 1), (0, 1, 1, 1)]
⋃

[(1, 1, 1, 1), (1, 1, 1, 1)].

H2 : [(1, 0, 1, 0), (1, 0, 1, 1)]
⋃

[(1, 0, 0, 1), (1, 1, 0, 1)]
⋃

[(0, 1, 1, 0), (1, 1, 1, 0)]⋃
[(0, 1, 0, 1), (0, 1, 1, 1)]

⋃
[(1, 1, 1, 1), (1, 1, 1, 1)].
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H3 : [(1, 0, 0, 1), (1, 0, 1, 1)]
⋃

[(1, 0, 1, 0), (1, 1, 1, 0)]
⋃

[(0, 1, 1, 0), (0, 1, 1, 1)]⋃
[(0, 1, 0, 1), (1, 1, 1, 1)].

And the corresponding Stanley decomposition is

D(H1) = ψ1ψ3K[ψ1, ψ3]⊕ ψ1ψ4K[ψ1, ψ4]⊕ ψ2ψ3K[ψ2, ψ3]⊕

ψ2ψ4K[ψ2, ψ4]⊕ ψ1ψ2ψ3K[ψ1, ψ2, ψ3]⊕ ψ1ψ2ψ4K[ψ1, ψ2, ψ4]⊕

ψ1ψ3ψ4K[ψ1, ψ3, ψ4]⊕ ψ2ψ3ψ4K[ψ2, ψ3, ψ4]⊕ ψ1ψ2ψ3ψ4K[ψ1, ψ2, ψ3, ψ4].

D(H2) = ψ1ψ3K[ψ1, ψ3, ψ4]⊕ ψ1ψ4K[ψ1, ψ2, ψ4]⊕

ψ2ψ3K[ψ1, ψ2, ψ3]⊕ ψ2ψ4K[ψ2, ψ3, ψ4]⊕

ψ1ψ2ψ3ψ4K[ψ1, ψ2, ψ3, ψ4].

D(H3) = ψ1ψ4K[ψ1, ψ3, ψ4]⊕ ψ1ψ3K[ψ1, ψ2, ψ3]⊕

ψ2ψ3K[ψ2, ψ3, ψ4]⊕ ψ2ψ4K[ψ1, ψ2, ψ3, ψ4].

Then

sdepth(W ) ≥ max{sdepth(D(H1)) , sdepth(D(H2)) , sdepth(D(H3))}

= max{2, 3, 3}

= 3.

Now for P/W , the poset F = FgP/W is given by

F = {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 0, 0), (0, 0, 1, 1)}.

Partitions of F are given by

F1 : [(0, 0, 0, 0), (0, 0, 0, 0)]
⋃

[(1, 0, 0, 0), (1, 0, 0, 0)]
⋃

[(0, 1, 0, 0), (0, 1, 0, 0)]⋃
[(0, 0, 1, 0), (0, 0, 1, 0)]

⋃
[(0, 0, 0, 1), (0, 0, 0, 1)]

⋃
[(1, 1, 0, 0), (1, 1, 0, 0)]⋃

[(0, 0, 1, 1), (0, 0, 1, 1)].

F2 : [(0, 0, 0, 0), (0, 0, 1, 1)]
⋃

[(1, 0, 0, 0), (1, 1, 0, 0)].
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F3 : [(0, 0, 0, 0), (1, 0, 0, 0)]
⋃

[(0, 1, 0, 0), (1, 1, 0, 0)]
⋃

[(0, 0, 1, 0), (0, 0, 1, 1)]⋃
[(0, 0, 0, 1), (0, 0, 0, 1)].

And the corresponding Stanley decomposition is

D(F1) := ψ1K[ψ1]⊕ ψ2K[ψ2]⊕ ψ3K[ψ3]⊕ ψ4K[ψ4]⊕ ψ1ψ2K[ψ1, ψ2]⊕

ψ3ψ4K[ψ3, ψ4].

D(F2) := K[ψ3, ψ4]⊕ ψ1K[ψ1, ψ2].

D(F3) := K[ψ1]⊕ ψ2K[ψ1, ψ2]⊕ ψ3K[ψ3, ψ4]⊕ ψ4K[ψ4].

Then

sdepth(P/W ) ≥ max{sdepth(D(F1)) , sdepth(D(F2)), sdepth(D(F3))}

= max{1, 2, 1}

= 2.

2.3 Some elementary results on Stanley depth and
depth of P-modules

Let P = K[δ1, δ2, . . . , δn] be the polynomial ring in these variables over the field K,

then we have different results for depth and Stanley depth of different types of modules.

Corollary 2.3.1. [17] ([Corollary 1.3]). Let L ⊂ P be a monomial ideal. Then

sdepth(P/L) ≤ sdepth(P/(L : l)) for all monomials l /∈ L.

Corollary 2.3.2. [18] ([Corollary 1.3]). Let L ⊂ P be a monomial ideal. Then

depth(P/L) ≤ depth(P/(L : l)) for all monomials l /∈ L.

Theorem 2.3.3. [19] (Theorems 3.1 and 4.18]). Let G be a connected graph and

I = I(G) be the edge ideal of G. If d = diam(G), then

depth(P/I), sdepth(P/I) ≥
⌈d+ 1

3

⌉
.
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Theorem 2.3.4. [20, Theorem 1.3] Let i1, . . . , im be some positive integers, then

sdepth((vi11 , . . . , v
im
m )) = sdepth((v1, . . . , vm)) =

⌈m
2

⌉
.

In particular, for any 1 ≤ n ≤ m.

sdepth((vi11 , . . . , u
in
n )) = m− n+

⌈n
2

⌉
.

Proposition 2.3.5. [17] For L ⊂M and ∀ v /∈ L, sdepthM(L : v) ≥ sdepthM(L).

Lemma 2.3.6. [11, Lemma 3.6] Let K and L be two monomial ideals with L ⊂ K,

suppose P ′ = P [δn+1], then

depth(KP ′/LP ′) = depth(KP/LP) + 1.

sdepth(KP ′/LP ′) = sdepth(KP/LP) + 1.

Lemma 2.3.7. [17] Assume that K ⊂ P ′ = K[δ1, . . . , δr], L ⊂ P ′′ = K[δr+1, . . . , δn]

are monomial ideals, with 1 ≤ r ≤ n, then

depthP(P/(KP + LP)) = depthP ′(P ′/K) + depthP ′′(P ′′/L).

Lemma 2.3.8. [16] Consider a monomial ideal K ⊂ P and P̄ = P [δn+1, . . . , δn+r] be

a ring of polynomials, then

depth(P̄/KP̄) = depth(P/KP) + r and sdepth(P̄/KP̄) = sdepth(P/KP) + r.

Question 2.3.9. [18] Let I ⊂ P be a monomial ideal. Does the following inequality

hold

sdepth(I) ≥ sdepth(P/I) + 1?

Herzog conjectured in [25], a weaker form of the above inequality:

Conjecture 2.3.10. [25] Let I ⊂ P be a monomial ideal then

sdepth(I) ≥ sdepth(P/I).
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Proposition 2.3.11. [16] Let K ⊂ P be a monomial ideal, then

sdepth(K) ≥ max{1, n−G(K) + 1}.

Proposition 2.3.12. [28] Let K ⊂ P be a monomial ideal, then

sdepth(P/K) ≥ n−G(K).

Proposition 2.3.13. Let K ⊂ P be a monomial ideal, minimally generated by m

monomials. Then

sdepth(K) ≥ n−
⌊m

2

⌋
.

Theorem 2.3.14. [28] Let K ⊂ P be a monomial ideal which is not principal. Assume

K = pI ′ , where p ∈ P is a monomial and K ′ = (K : p). Then

sdepth(P/K) = sdepth(P/K ′). And

sdepth(K) = sdepth(K ′).

Proposition 2.3.15. [17, Proposition 1.1] Let I ⊂ P ′ = K[δ1, ..., δr], J ⊂ P ′′ =

K[δr+1, ..., δn] be monomial ideals, where 1 ≤ r < n. Then we have the following

inequalities:

1. sdepthP(IP ∩ JP) ≥ sdepthP ′(I) + sdepthP ′′(J);

2. sdepthP(P/(IP + JP)) ≥ sdepthP ′(P ′/I) + sdepthP ′′(P ′′/J);

3. sdepthP(P/(IP ∩ JP))− 1 = depthP(P/(IP + JP)) = depthP ′(P ′/I) +

depthP ′′(P ′′/J).

Proposition 2.3.16. [17, Theorem 1.3] Let I ⊂ P ′ = K[δ1, ..., δr], J ⊂ P ′′ = K[δr+1, ..., δn]

be monomial ideals, where 1 ≤ r < n. Then we have the following inequalities:

1. sdepthP(IP) ≥ sdepthP(IP + JP) ≥ min{sdepthP(IP), sdepthP ′′(J) +

sdepthP ′(P ′/I)};

2. sdepthP(P/IP) ≥ sdepthP(P/IP∩JP) ≥ min{sdepthP(P/IP), sdepthP ′′(P ′′/J)

+ sdepthP ′(I)}.
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Corollary 2.3.17. [17, Corollary 1.6] Let I ⊂ P ′ = K[δ1, ..., δr] be a monomial and

J = (u1, . . . , um) ⊂ P ′′ = K[δr+1, . . . , δn] be monomial ideal. Then:

1. sdepthP(IP) ≥ sdepthP(IP+JP) ≥ min{sdepthP(IP), sdepthP(P/IP)−bm
2
c};

2. sdepthP(IP ∩ JP) ≥ sdepthP(IP)− bm
2
c;

3. sdepthP(P/IP) ≥ sdepthP(P/(IP∩JP)) ≥ min{sdepthP(P/IP), sdepthP(IP)−
m};

4. sdepthP(P/(IP + JP)) ≥ sdepthP(P/IP)−m.

Corollary 2.3.18. [17, Corollary 2.5] Let I ⊂ P be a monomial ideal and u ∈ P a

monomial, then:

1. sdepthP(I ∩ (u)) ≥ sdepthP(I).

2. sdepthP(I, u) ≥ min{sdepthP(I), sdepthP(P/I)}.

3. sdepthP(P/(I, u)) ≥ sdepthP(P/I)− 1.

4. sdepthP(P/(I ∩ (u))) ≥ sdepthP(P/I).

Corollary 2.3.19. [17, Corollary 2.11] Let k ≥ 2 be an integer, and let Jj ⊂ P be

some monomial ideals, where 1 ≤ j ≤ k. Then:

1. sdepthP(J1 ∩ . . . ∩ Jk) ≥ sdepthP(J1) + · · ·+ sdepthP(Jk)− n(k − 1).

2. sdepthP(J1+· · ·+Jk) ≥ min
{

sdepthP(J1), sdepthP(J2)+sdepthP(P/J1)−n, . . . ,

sdepthP(Jk) + sdepthP(P/Jk−1) + · · ·+ sdepthP(P/J1)− n(k − 1)
}
.

3. sdepthP(P/(J1∩. . .∩Jk)) ≥ min
{

sdepthP(P/J1), sdepthP(P/J2)+sdepthP(J1)−

n, . . . , sdepthP(P/Jk) + sdepthP(Jk−1) + . . . ,+ sdepthP(P/J1)− n(k − 1)
}
.

4. sdepthP(P/(J1 + · · ·+ Jk)) ≥ sdepthP(P/J1) + · · ·+ sdepthP(P/Jk)− n(k − 1).
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Theorem 2.3.20. [23] For a monomial ideal J of P with |G(J)|= t, we have

sdepth(J) ≤ max
{

1, n−
⌊ t

2

⌋}
.

Theorem 2.3.21. [29] Let J(P k
n ) be the edge ideal of the k-th power of a path Pn on

n vertices. Where k is any positive integer. Let t ≥ 3, then

depth(P/J(P k
t )) = sdepth(P/J(P k

t )) =
⌈ t

2k + 1

⌉
.

Theorem 2.3.22. [29, Theorem 4.5] Let J(Ck
t ) be the edge ideal of the k-th power of

a cycle Ct on t vertices. Where k is any positive integer.Let t ≥ 3, then

depth(P/J(Ck
t )) = 1, if t ≤ 2k + 1,

depth(P/J(Ck
t )) ≥

⌈ t− k
2k + 1

⌉
, if t ≥ 2k + 2.

Theorem 2.3.23. [29, Theorem 4.6] Let J(Ck
t ) be the edge ideal of the k-th power of

a cycle Ct on t vertices. Where k is any positive integer. Let t ≥ 3, then

sdepth(P/J(Ck
t )) = 1, if t ≤ 2k + 1,

sdepth(P/J(Ck
t )) ≥

⌈ t− k
2k + 1

⌉
, if t ≥ 2k + 2.

Theorem 2.3.24. [29, Theorem 5.2] Let t ≥ 2, then sdepth(J(P k
t )) ≥

⌈
t

2k+1

⌉
+ 1.

Theorem 2.3.25. [29, Theorem 5.4] Let t ≥ 3, then

sdepth(J(Ck
t )) ≥ 2, if t ≤ 2k + 1;

sdepth(J(Ck
t )) ≥

⌈ t− k
2k + 1

⌉
+ 1, if t ≥ 2k + 2.

Proposition 2.3.26. [29, Theorem 5.3] Let t ≥ 2k + 1, then

sdepth(J(Ck
t )/J(P k

t )) ≥
⌈n+ k + 1

2k + 1

⌉
.

Consider Pt,m = K[∪mj=1{y1j, y2j, . . . , ytj}] be the polynomial ring in these variables

over the field K. We denote Pt for m = 0. We have some results.
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Lemma 2.3.27. [30, Lemma 3.2] Let I(Pt,m) denotes the edge ideal of strong product

of two paths of length t and m, respectively. Let t ≥ 1 and m = 2, then

depth(Pt,2/I(Pt,2)) = sdepth(Pt,2/I(Pt,2)) =
⌈ t

3

⌉
.

Proposition 2.3.28. [30, Lemma 3.3] For t ≥ 1 and m = 3, we have

depth(Pt,3/I(Pt,3)) = sdepth(Pt,3/I(Pt,3)) =
⌈ t

3

⌉
.

Proposition 2.3.29. [30, Theorem 3.4] Let I(Ct,m) denotes the edge ideal of strong

product of path and cycle of length t and m respectively. Let t ≥ 3 and m = 2, then

depth(Pt,2/I(Ct,2)) = sdepth(Pt,2/I(Ct,2)) =
⌈t− 1

3

⌉
.

⌈t− 1

3

⌉
≤ depth(Pt,3/I(Ct,3)), sdepth(Pt,3/I(Ct,3)) ≤

⌈ t
3

⌉
.

Proposition 2.3.30. [30, Proposition 4.6] For t ≥ 3 and m = 2, we have

sdepth(I(Ct,2)/I(Pt,2)) ≥
⌈t+ 2

3

⌉
.

Proposition 2.3.31. [31, Lemma 3.1] Let Jn denotes the edge ideal of line graph of

ladder graph. Let n ≥ 2 , then⌈n
2

⌉
≤ depth(Pn/Jn), sdepth(Pn/Jn) ≤ n− 1.

Proposition 2.3.32. [31, Theorem 3.6] Let Kn denotes the edge ideal of line graph of

circular ladder graph. Let n ≥ 3 , then⌈n
2

⌉
≤ depth(Pn/Kn) ≤ n− 1.

And ⌈n
2

⌉
≤ sdepth(Pn/Kn) ≤ n.

Proposition 2.3.33. [31, Proposition 3.8] Let n ≥ 2 , we have that dim(Pn/Jn) ≥ n.

Proposition 2.3.34. [31, Proposition 3.9] Let n ≥ 3 , we have that dim(Pn/Kn) ≥ n.

Theorem 2.3.35. [27, Lemma 1.2] Let Q be a monomial primary ideal P . Then

depth(P/Q) = sdepth(P/Q) = dim(P/Q).
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2.3.1 Computations in Commutative Algebra (CoCoA)

We sincerely appreciate the contribution of the computer algebra system CoCoA [32]

for our experiments. It is very helpful for initial cases i.e., for small positive integers.

It saves our time by verifying desired results very quickly. It can easily work up-to

eighteen variables.
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Chapter 3

Depth and Stanley depth of cyclic
modules associated to some graphs

Let ∆ be the graph, as shown in Figure 3.1, then n copies of ∆ graph are shown in

Figure 3.2 for i varies from 1 to n, where n ≥ 1 and m ≥ 0. Now the union of n copies

of ∆ graph is defined as follow

Bn,m =
n⋃
i=1

Ai,m.

Clearly |V (Bn,m)|= 2nm+ 3n+ 1. The graph Bn,m has 2n and 2nm vertices of degree

2, n − 1 vertices of degree 4m + 6 and two vertices of degree 2m + 3. So by using

Lemma 1.4.8, we have |E(Bn,m|= 4nm + 5n. For examples of Bn,m graph see Figures

3.3 and 3.4. For m ≥ 0, if n = 1, then Bn,m graph has diameter 1. And for n ≥ 2,

diameter is n.

We label the vertices of the Bn,m graph by using five sets of variables {δ1, δ2, . . . , δn},
{ξ1, ξ2, . . . , ξn+1}, {ω1, ω2, . . . , ωn},

{
{µ11, µ12, . . . , µ1m},{µ21, µ22,. . . , µ2m}, . . . ,

{µn1, µn2, . . . , µnm}
}
and

{
{ν11, ν12, . . . , ν1m},{ν21, ν22, . . . , ν2m}, . . . , {νn1, νn2, . . . , νnm}

}
see figure 3.4. Let Sn,m := K[δ1, δ2,. . . , δn, ξ1, ξ2,. . . , ξn+1, ω1, ω2,. . . , ωn, µ11, µ12,. . . , µ1m

, µ21, µ22,. . . , µ2m . . . , µn1, µn2,. . . , µnm, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m . . . , νn1, νn2,. . .

, νnm] be the ring of polynomials in these variables over the field K. Then In,m is square-

free monomial ideal of Sn,m. Now with the labelling as shown in Figure 3.4, we have:
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Figure 3.1: A (∆) Graph

M(In,m) =
{
{I(Pn+1)}

⋃ n⋃
i=1

{δiξi}
⋃ n⋃

i=1

{ξiωi}
⋃ n⋃

i=1

{δiξi+1}
⋃ n⋃

i=1

{ωiξi+1}
⋃

n⋃
i=1

{ξiµi1}
⋃ n⋃

i=1

{ξiµi2}
⋃

, . . . ,
⋃ n⋃

i=1

{ξiµim}
⋃ n⋃

i=1

{ξiνi1}
⋃ n⋃

i=1

{ξiνi2}
⋃

, . . . ,
⋃

n⋃
i=1

{ξiνim}
⋃ n⋃

i=1

{ξi+1µi1}
⋃ n⋃

i=1

{ξi+1µi2}
⋃

, . . . ,
⋃ n⋃

i=1

{ξi+1µim}
⋃ n⋃

i=1

{ξi+1νi1}
⋃

n⋃
i=1

{ξi+1νi2}
⋃

, . . . ,
⋃ n⋃

i=1

{ξi+1νim}
}
,

where I(Pn+1) =
n⋃
i=1

{ξiξi+1} is a path on n + 1 vertices and M(In,m) stands for the

minimal set of monomial generators of monomial ideal In,m.

Let us consider a supergraph Dn,m of the graph Bn,m. The vertex and edge sets of

Dn,m are V (Dn,m) = V (Bn,m)
⋃
{δn+1, ωn+1, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, ν(n+1)1, ν(n+1)2

, . . . , ν(n+1)m} and E(Dn,m) = E(Bn,m)
⋃
{δn+1ξn+1, ξn+1ωn+1, ξn+1µ(n+1)1, ξn+1µ(n+1)2,

. . . , ξn+1µ(n+1)m, ξn+1ν(n+1)1, ξn+1ν(n+1)2, . . . , ξn+1ν(n+1)m}. For example of graph Dn,m,

see Figure 3.5. We denote the edge ideal of graph Dn.m with I∗n,m, where I∗n,m is the

monomial ideal of the polynomial ring S∗n,m = Sn,m[δn+1, ωn+1, µ(n+1)1, µ(n+1)2, . . . ,

µ(n+1)m, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m]. The minimal set of monomial generators of I∗n,m is

M(I∗n,m) =M(In,m)
⋃
{δn+1ξn+1, ξn+1ωn+1, ξn+1µ(n+1)1, ξn+1µ(n+1)2, . . . , ξn+1µ(n+1)m,

ξn+1ν(n+1)1, ξn+1ν(n+1)2, . . . , ξn+1ν(n+1)m}.
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ξi ξi+1

δi

ωi

µi1

µi2

µim

νi1

νi2

νim

Figure 3.2: (Ai,m) Graph
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ξ1 ξ2

δ1

ω1

µ11

µ12

µ1m

ν11

ν12

ν1m

ξ2 ξ3

δ2

ω2

µ21

µ22

µ2m

ν21

ν22

ν2m

Figure 3.3: (B2,m) Graph
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ξ1 ξ2

δ1

ω1

µ11

µ12

µ13

µ14

ν11

ν12

ν13

ν14

ξ2 ξ3

δ2

ω2

µ21

µ22

µ23

µ24

ν21

ν22

ν23

ν24

Figure 3.4: (B2,6) Graph
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ξ1 ξ2

δ1

ω1

µ11

µ1m

ν11

ν1m

ξ2 ξ3

δ2

ω2

µ21

µ2m

ν21

ν2m

ξ3

δ3

ω3

µ31

µ3m

ν31

ν3m

Figure 3.5: (D2,m) Graph
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Figure 3.6: Kite Graph

3.1 Depth and Stanley depth of the cyclic module
associated to the graph Bn,m

We find the value of depth and Stanley depth of the cyclic module Sn,m/In,m associated

to the graph Bn,m when n ≡ 1(mod 2), and give tight bounds when n ≡ 0(mod 2).

For this purpose, we first find depth and Stanley depth of the cyclic module S∗n,m/I∗n,m
associated to the super graph Dn,m. And we will use these results in our main proof.

For m = 0 we denote Sn,m = Sn and S∗n,m = S∗n, similarly, In,m = In and I∗n,m = I∗n.

Proposition 3.1.1. Let n ≥ 1 and m = 0, then depth(S∗n/I
∗
n) = sdepth(S∗n/I

∗
n) =

dn+1
2
e.

Proof. We will prove this by induction on n. When 1 ≤ n ≤ 4, then by using CoCoA

it is an easy exercise to see that the result holds. Suppose that n ≥ 5. Consider the

short exact sequence

0 −→ S∗n/(I
∗
n : ξn+1)

·ξn+1−−−→ S∗n/I
∗
n −→ S∗n/(I

∗
n, ξn+1) −→ 0. (3.1)

By Depth Lemma

depth(S∗n/I
∗
n) ≥ min{depth(S∗n/(I

∗
n : ξn+1)), depth(S∗n/(I

∗
n, ξn+1))}.

(I∗n : ξn+1) = (I∗n−2, δn, δn+1, ξn, ωn, ωn+1).

We have S∗n/(I
∗
n : ξn+1) ∼= K[δ1, δ2,. . . , δn−1, ξ1, ξ2,. . . , ξn−1, ξn+1, ω1, ω2,. . . ,

, ωn−1]/I
∗
n−2
∼= (S∗n−2/(I

∗
n−2))[ξn+1]. By induction on n and [16, Lemma 3.6],

depth(S∗n/(I
∗
n : ξn+1)) = depth(S∗n−2/(I

∗
n−2)) + 1 =

⌈n− 2 + 1

2

⌉
+ 1 =

⌈n+ 1

2

⌉
.
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Now as

(I∗n, ξn+1) = (I∗n−1, ξn+1),

we obtain S∗n/(I∗n, ξn+1) ∼= K[δ1, δ2,. . . , δn+1, ξ1, ξ2,. . . , ξn, ω1, ω2,. . . , ωn+1]/I
∗
n−1

∼= S∗n−1/I
∗
n−1[δn+1, ωn+1]. Thus by induction on n and [16, Lemma 3.6],

depth(S∗n/(I
∗
n, ξn+1)) = depth(S∗n−1/(I

∗
n−1)) + 2 = dn−1+1

2
e + 2 = dn+4

2
e. Also since

depth(S∗n/(I
∗
n, ξn+1)) ≥ depth(S∗n/(I

∗
n : ξn+1)) by Depth Lemma depth(S∗n/I

∗
n) = dn+1

2
e.

For Stanley depth applying Lemma 2.2.2 instead of Depth Lemma on the short exact

sequence 3.1, [16, Lemma 3.6] and induction on n. We have sdepth(S∗n/(I
∗
n)) ≥ dn+1

2
e.

For the upper bound since ξn+1 /∈ I∗n by Corollary 2.3.1, we get sdepth(S∗n/I
∗
n)

≤ sdepth(S∗n/(I
∗
n : ξn+1)). This implies that sdepth(S∗n/I

∗
n) ≤ dn+1

2
e. Thus

sdepth(S∗n/I
∗
n) = dn+1

2
e.

Proposition 3.1.2. Let n,m ≥ 1, then depth(S∗n,m/I
∗
n,m) = sdepth(S∗n,m/I

∗
n,m) =

dn+1
2
e.

Proof. If n = 1, observe the short exact sequence

0 −→ S∗1,m/(I
∗
1,m : ξ2)

·ξ2−→ S∗1,m/I
∗
1,m −→ S∗1,m/(I

∗
1,m, ξ2) −→ 0, (3.2)

applying Depth Lemma

depth(S∗1,m/I
∗
1,m) ≥ min

{
depth(S∗1,m/(I

∗
1,m : ξ2)), depth(S∗1,m/(I

∗
1,m, ξ2))

}
.

(I∗1,m : ξ2) = (δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21,

ν22, . . . , ν2m),

We have S∗1,m/(I∗1,m : ξ2) ∼= K[ξ2], since depth and sdepth of polynomial ring K[ξ2] = 1.

So

depth(S∗1,m/(I
∗
1,m : ξ2)) = 1.

Consider (I∗1,m, ξ2) = (δ1ξ1, ξ1ω1, ξ1µ11, ξ1µ12, . . . , ξ1µ1m, ξ1ν11, ξ1ν12, . . . , ξ1ν1m, ξ2)

= (g1,m, ξ2), where g1,m = (δ1ξ1, ξ1ω1, ξ1µ11, ξ1µ12, . . . , ξ1µ1m, ξ1ν11, ξ1ν12, . . . , ξ1ν1m) is

the edge ideal of Star graph. Since depth and sdepth of quotient module A1,m/g1,m asso-

ciated to Star graph is 1, where A1,m = K[δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12, . . . , ν1m]
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is the polynomial ring in these variables over the field k.

We have S∗1,m/(I∗1,m, ξ2) ∼= K[δ1, δ2, ξ1, ω1, ω2µ11, µ12,. . . , µ1m, ν11, ν12,. . . , ν1m]/g1,m ∼=
A1,m/g1,m[δ2, ω2]. Hence by depth of star graph and [16, Lemma 3.6], we get

depth(S∗1,m/(I
∗
1,m, ξ2)) = 1 + 2 = 3.

Since depth(S∗1,m/(I
∗
1,m, ξ2)) ≥ depth(S∗1,m/(I

∗
1,m : ξ2)), so using Depth Lemma

depth(S∗1,m/I
∗
1,m) = 1 =

⌈1 + 1

2

⌉
.

For Stanley depth if n = 1 then by applying Lemma 2.2.2 instead of Depth Lemma

on the short exact sequence 3.2, [16, Lemma 3.6] , sdepth of polynomial ring and

sdepth of quotient module associated to star graph, we have sdepth(S∗1,m/(I
∗
1,m, ξ2)) ≥

1. For the upper bound since ξ2 /∈ I∗1,m by Corollary 2.3.1, we get sdepth(S∗1,m/I
∗
1,m) ≤

sdepth(S∗1,m/(I
∗
1,m : ξ2)). This implies sdepth(S∗1,m/I

∗
1,m) ≤ 1. Thus

sdepth(S∗1,m/I
∗
1,m) = 1 =

⌈1 + 1

2

⌉
.

For n = 2. Considering the short exact sequence

0 −→ S∗2,m/(I
∗
2,m : ξ3)

·ξ3−→ S∗2,m/I
∗
2,m −→ S∗2,m/(I

∗
2,m, ξ3) −→ 0, (3.3)

using Depth Lemma

depth(S∗2,m/I
∗
2,m) ≥ min

{
depth(S∗2,m/(I

∗
2,m : ξ3)), depth(S∗2,m/(I

∗
2,m, ξ3))

}
.

(I∗2,m : ξ3) = (g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31,

ν32, . . . , ν3m).

We have S∗2,m/(I∗2,m : ξ3) ∼= K[δ1, ξ1, ξ3, ω1, µ11, µ12,. . . , µ1m, ν11, ν12,. . . , ν1m]/g1,m ∼=
A1,m/g1,m[ξ3]. By [16, Lemma 3.6], depth(S∗2,m/(I

∗
2,m : ξ3)) = depth(A1,m/(g1,m)) + 1 =

2.

Now by taking (I∗2,m, ξ3)
∼= (I∗1,m, ξ3), we have S∗2,m/(I∗2,m, ξ3) ∼= K[δ1, δ2, δ3, ξ1, ξ2, ω1,

ω2, ω3, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, µ31, µ32,. . . , µ3m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m,

ν31, ν32,. . . , ν3m]/I∗1,m
∼= S∗1,m/I

∗
1,m[δ3, ω3, µ31, µ32,. . . , µ3m, ν31, ν32,. . . , ν3m]. Thus by in-

duction on n and [16, Lemma 3.6], depth(S∗2,m/(I
∗
2,m, ξ3)) = 1 + 2m+ 2.
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Since depth(S∗2,m/(I
∗
2,m, ξ3)) ≥ depth(S∗2,m/(I

∗
2,m : ξ3)), using Depth Lemma

depth(S∗2,m/I
∗
2,m) = 2 =

⌈n+ 1

2

⌉
.

For Stanley depth applying Lemma 2.2.2 instead of Depth Lemma on the exact se-

quence 3.3, by induction on n, [16, Lemma 3.6] and sdepth of quotient module asso-

ciated to star graph, we have sdepth(S∗2,m/(I
∗
2,m, ξ3)) ≥ 2. For the upper bound since

ξ3 /∈ I∗2,m by Corollary 2.3.1, we get sdepth(S∗2,m/I
∗
2,m) ≤ sdepth(S∗2,m/(I

∗
2,m : ξ3)). This

implies sdepth(S∗2,m/I
∗
2,m) ≤ 2. Hence

sdepth(S∗2,m/I
∗
2,m) = 2 =

⌈n+ 1

2

⌉
.

When n ≥ 3 , we have short exact sequence

0 −→ S∗n,m/(I
∗
n,m : ξn+1)

·ξn+1−−−→ S∗n,m/I
∗
n,m −→ S∗n,m/(I

∗
n,m, ξn+1) −→ 0, (3.4)

by Depth lemma, we have

depth(S∗n,m/I
∗
n,m) ≥ min

{
depth(S∗n,m/(I

∗
n,m : ξn+1)), depth(S∗n,m/(I

∗
n,m, ξn+1))

}
.

(I∗n,m : ξn+1) =
(
I∗(n−2),m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . ,

µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m

)
.

Now S∗n,m/(I
∗
n,m : ξn+1) ∼= K[δ1, δ2,. . . , δn−1, ξ1, ξ2,. . . , ξn−1, ξn+1, ω1, ω2,. . . , ωn−1, µ11

, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . , µ(n−1)1, µ(n−1)2,. . . , µ(n−1)mν11, ν12,. . . , ν1m, ν21, ν22,. . .

, ν2m . . . , ν(n−1)1, ν(n−1)2,. . . , ν(n−1)m]/I∗(n−2),m
∼= S∗n−2,m/I

∗
n−2,m[ξn+1]. By induction on

n and [16, Lemma 3.6], depth(S∗n,m/(I
∗
n,m : ξn+1)) = depth(S∗n−2,m/(I

∗
n−2,m)) + 1 =

dn−2+1
2
e+ 1 = dn+1

2
e.

Now as (I∗n,m, ξn+1) ∼= (I∗n−1,m, ξn+1), we have S∗n,m/(I∗n,m, ξn+1) ∼= K[δ1, δ2,. . . , δn+1, ξ1

, ξ2,. . . , ξn, ω1, ω2,. . . , ωn+1, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µ(n+1)1, µ(n+1)2,. . . ,

µ(n+1)m, ν11, ν12,. . . ν1m, ν21, ν22,. . . , ν2m . . . ν(n+1)1, ν(n+1)2,. . . , ν(n+1)m]/I∗(n−1),m
∼=

S∗n−1,m/I
∗
n−1,m[δn+1, ωn+1, µ(n+1)1, µ(n+1)2,. . . , µ(n+1)m, ν(n+1)1, ν(n+1)2,. . . , ν(n+1)m]. Thus

by induction on n and [16, Lemma 3.6], depth(S∗n,m/(I
∗
n,m, ξn+1)) =

depth(S∗n−1,m/(I
∗
n−1,m)) + 2m+ 2 = dn−1+1

2
e+ 2m+ 2 = dn+4

2
e+ 2m. Since
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depth(S∗n,m/(I
∗
n,m, ξn+1)) ≥ depth(S∗n,m/(I

∗
n,m : ξn+1)) , so by Depth Lemma

depth(S∗n,m/I
∗
n,m) =

⌈n+ 1

2

⌉
.

For Stanley depth applying Lemma2.2.2 instead of Depth Lemma on the short exact se-

quence 3.4, [16, Lemma 3.6] and induction on n we obtain sdepth(S∗n,m/(I
∗
n,m, ξn+1)) ≥

dn+1
2
e. And for the upper bound, since ξn+1 /∈ I∗n,m by Corollary 2.3.1, we get

sdepth(S∗n,m/I
∗
n,m) ≤ sdepth(S∗n,m/(I

∗
n,m : ξn+1)). This implies that sdepth(S∗n,m/I

∗
n,m) ≤

dn+1
2
e. Therefore

sdepth(S∗n,m/I
∗
n,m) =

⌈n+ 1

2

⌉
.

Remark 3.1.3. Clearly for n ≥ 1 and m ≥ 0 diam (Dn,m) = n+ 1 by Theorem 2.3.3,

we have

depth(S∗n,m/I
∗
n,m), sdepth(S∗n,m/I

∗
n,m) ≥ dn+2

3
e. While, our proposition 3.1.1 shows that

depth(S∗n,m/I
∗
n,m), sdepth(S∗n,m/I

∗
n,m) = dn+1

2
e. Thus we find a better result for depth

and Stanley depth of this class of cyclic module.

Proposition 3.1.4. Let n ≥ 1 and m = 0. If n ≡ 0 (mod 2), then⌈n
2

⌉
≤ depth(Sn/In), sdepth(Sn/In) ≤

⌈n+ 1

2

⌉
.

And if n ≡ 1 (mod 2), then

depth(Sn/In) = sdepth(Sn/In) =
⌈n+ 1

2

⌉
.

Proof. If 1 ≤ n ≤ 5, then by using CoCoA it is an uncomplicated exercise to see that

the result satisfies. Assume that n ≥ 6. Let us have a short exact sequence

0 −→ Sn/(In : ξn+1)
·ξn+1−−−→ Sn/In −→ Sn/(In, ξn+1) −→ 0, (3.5)

using Depth lemma, we get

depth(Sn/In) ≥ min
{

depth(Sn/(In : ξn+1)), depth(Sn/(In, ξn+1))
}
.
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(In : ξn+1) = (I∗n−2, δn, ξn, ωn).

Now Sn/(In : ξn+1) ∼= K[δ1, δ2,. . . , δn−1, ξ1, ξ2,. . . , ξn−1, ξn+1, ω1, ω2,. . . , ωn−1]/I∗n−2
∼= (S∗n−2/(I

∗
n−2))[ξn+1]. So by proposition 3.1.1 and [16, Lemma 3.6],

depth(Sn/(In : ξn+1)) = depth(S∗n−2/(I
∗
n−2)) + 1 =

⌈n− 2 + 1

2

⌉
+ 1 =

⌈n+ 1

2

⌉
.

Also

sdepth(Sn/(In : ξn+1)) = sdepth(S∗n−2/(I
∗
n−2)) + 1 =

⌈n− 2 + 1

2

⌉
+ 1 =

⌈n+ 1

2

⌉
.

Now as

(In, ξn+1) ∼= (I∗n−1, ξn+1),

we have Sn/(In, ξn+1) ∼= K[δ1, δ2,. . . , δn, ξ1, ξ2,. . . , ξn, ω1, ω2,. . . , ωn]/I∗n−1
∼= S∗n−1/I

∗
n−1.

So by proposition, 3.1.1

depth(Sn/(In, ξn+1)) = depth(S∗n−1/(I
∗
n−1)) =

⌈n− 1 + 1

2

⌉
=
⌈n

2

⌉
And

sdepth(Sn/(In, ξn+1)) = sdepth(S∗n−1/(I
∗
n−1)) =

⌈n− 1 + 1

2

⌉
=
⌈n

2

⌉
.

Note that if n ≡ 1 (mod 2), then depth(Sn/(In, ξn+1)) = depth(Sn/(In : ξn+1)) so by

Depth Lemma depth(Sn/In) = dn+1
2
e. And if n ≡ 0 (mod 2), then depth(Sn/(In, ξn+1))

≤ depth(Sn/(In : ξn+1)), again by Depth Lemma depth(Sn/In) ≥ dn
2
e. Same result

holds for sdepth in both cases. For the upper bound, since ξn+1 /∈ In by Corollary

2.3.2, we get depth(Sn/In) ≤ depth(Sn/(In : ξn+1)), this shows depth(Sn/In) ≤ dn+1
2
e.

In a consequence ⌈n
2

⌉
≤ depth(Sn/In) ≤

⌈n+ 1

2

⌉
.

For Stanley depth if n ≡ 1 (mod 2), then by applying Lemma 2.2.2 instead of Depth

Lemma on the short exact sequence 3.5, we get sdepth(Sn/(In) ≥ dn+1
2
e. For the upper

bound since ξn+1 /∈ In by Corollary 2.3.1, we have sdepth(Sn/In) ≤
sdepth(Sn/(In : ξn+1)). This exhibits that sdepth(Sn/In) ≤ dn+1

2
e. Therefore

sdepth(Sn/In) =
⌈n+ 1

2

⌉
.
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Moreover, if n ≡ 0 (mod 2), then by applying Lemma 2.2.2 instead of Depth Lemma

on the short exact sequence 3.5, we have sdepth(Sn/(In)) ≥ dn
2
e. Eventually⌈n

2

⌉
≤ sdepth(Sn/In) ≤

⌈n+ 1

2

⌉
.

Remark 3.1.5. In this case i.e., for m = 0 the Bn graph is equivalent to union of n

copies of kite graph, where kite graph is shown as in figure 3.6.

Remark 3.1.6. Clearly diam(Bn) = n by Theorem 2.3.3, we have depth(Sn/In)

, sdepth(Sn/In) ≥ dn+1
3
e. Our Proposition 3.1.4 shows that if n ≡ 0 (mod 2), then

depth(Sn/In), sdepth(Sn/In) ≥ dn
2
e. And if n ≡ 1 (mod 2), then depth(Sn/In),

sdepth(Sn/In) = dn+1
2
e. Thus in both cases we find a good results for depth and stanley

depth of this type of cyclic modules.

Proposition 3.1.7. Let n,m ≥ 1. If n ≡ 0 (mod 2) , then⌈n
2

⌉
≤ depth(Sn,m/In,m), sdepth(Sn,m/In,m) ≤

⌈n+ 1

2

⌉
.

And if n ≡ 1 (mod 2) , then

depth(Sn,m/In,m) = sdepth(Sn,m/In,m) =
⌈n+ 1

2

⌉
.

Proof. Assume that n = 1. Let us have a short exact sequence

0 −→ S1,m/(I1,m : ξ2)
·ξ2−→ S1,m/I1,m −→ S1,m/(I1,m, ξ2) −→ 0, (3.6)

by Depth lemma

depth(S1,m/I1,m) ≥ min
{

depth(S1,m/(I1,m : ξ2)), depth(S1,m/(I1,m, ξ2))
}
.

(I1,m : ξ2) = (δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, , ν11, ν12, . . . , ν1m).

Also S1,m/(I1,m : ξ2) ∼= K[ξ2]. Since depthK[ξ2] = 1, where K[ξ2] is the polynomial

ring in variable ξ2 over the field K. So depth(S1,m/(I1,m : ξ2)) = 1.

Now let (I1,m, ξ2) = (δ1ξ1, ξ1ω1, ξ1µ11, ξ1µ12, . . . , ξ1µ1m, ξ1ν11, ξ1ν12, . . . , ξ1ν1m, ξ2) = (g1,m, ξ2)
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where g1,m = (δ1ξ1, ξ1ω1, ξ1µ11, ξ1µ12, . . . , ξ1µ1m, ξ1ν11, ξ1ν12, . . . , ξ1ν1m) is the edge ideal

of Star graph. Since depth of quotient module A1,m/g1,m associated to Star graph is 1,

where A1,m = K[δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12, . . . , ν1m] is the polynomial ring in

these variables over the field k. We have S1,m/(I1,m, ξ2) ∼= K[δ1, ξ1, ω1, µ11,

µ12,. . . , µ1m, ν11, ν12,. . . , ν1m]/g1,m ∼= A1,m/g1,m. Thus by depth of quotient module of

star graph depth(S1,m/(I1,m, ξ2)) = 1. Since depth(S1,m/(I1,m, ξ2)) = depth(S1,m/(I1,m :

ξ2), so by Depth Lemma depth(S1,m/I1,m) = 1 = dn+1
2
e.

Now as for as Stanley depth is concerned, applying Lemma 2.2.2 instead of Depth

Lemma on the short exact sequence 3.6 , sdepth of polynomial ring and sdepth of

quotient module associated to star graph, we have sdepth(S1,m/(I1,m, ξ2)) ≥ 1. For

the upper bound since ξ2 /∈ I1,m by Corollary 2.3.1, we get sdepth(S1,m/I1,m) ≤
sdepth(S1,m/(I1,m : ξ2)). This implies that sdepth(S1,m/I1,m) ≤ 1. As a result

sdepth(S1,m/I1,m) = 1 =
⌈n+ 1

2

⌉
.

When n = 2. By taking the short exact sequence

0 −→ S2,m/(I2,m : ξ3)
·ξ3−→ S2,m/I2,m −→ S2,m/(I2,m, ξ3) −→ 0, (3.7)

applying Depth lemma

depth(S2,m/I2,m) ≥ min
{

depth(S2,m/(I2,m : ξ3)), depth(S2,m/(I2,m, ξ3))
}
.

(I2,m : ξ3) = (g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m).

We have S2,m/(I2,m : ξ3) ∼= K[δ1, ξ1, ξ3, ω1, µ11, µ12,. . . , µ1m, ν11, ν12,. . . , ν1m]/g1,m ∼=
A1,m/g1,m[ξ3]. By [16, Lemma 3.6], depth(S∗2,m/(I

∗
2,m : ξ3)) = depth(A1,m/(g1,m)+1 = 2.

Now consider (I2,m, ξ3) ∼= (I∗1,m, ξ3), we have S2,m/(I2,m, ξ3) ∼= K[δ1, δ2, ξ1, ξ2, ω1, ω2, µ11

, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m]/I∗1,m
∼= S∗1,m/I

∗
1,m. Thus

by Proposition 3.1.2, depth(S2,m/(I2,m, ξ3)) = 1. Also by Depth Lemma

depth(S2,m/I2,m) ≥ 1 = dn
2
e. And for the upper bound since ξ3 /∈ I2,m by Corollary

2.3.2, we get depth(S2,m/I2,m) ≤ depth(S2,m/(I2,m : ξ3)). This shows that

depth(S2,m/I2,m) ≤ 2. Thus⌈2

2

⌉
≤ depth(S2,m/I2,m) ≤

⌈2 + 1

2

⌉
.
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For Stanley depth applying Lemma 2.2.2 as an alternative of Depth Lemma on the short

exact sequence 3.7, Proposition 3.1.2, [16, Lemma 3.6] and sdepth of quotient module

associated to star graph. We have sdepth(S2,m/(I2,m, ξ3)) ≥ 1. For the upper bound

since ξ3 /∈ I2,m by Corollary 2.3.1, we get sdepth(S2,m/I2,m) ≤ sdepth(S2,m/(I2,m : ξ3)).

This shows that sdepth(S2,m/I2,m) ≤ 2. So⌈2

2

⌉
≤ sdepth(S2,m/I2,m) ≤

⌈2 + 1

2

⌉
.

Finally for n ≥ 3. consider the short exact sequence

0 −→ Sn,m/(In,m : ξn+1)
·ξn+1−−−→ Sn,m/In,m −→ Sn,m/(In,m, ξn+1) −→ 0, (3.8)

by using Depth lemma

depth(Sn,m/In,m) ≥ min
{

depth(Sn,m/(In,m : ξn+1)), depth(Sn,m/(In,m, ξn+1))
}
.

(In,m : ξn+1) = (I∗(n−2),m, δn, ξn, ωn, µn1, µn2, . . . , µnm, νn1, νn2, . . . , νnm).

Also we have Sn,m/(In,m : ξn+1) ∼= K[δ1, δ2,. . . , δn−1, ξ1, ξ2,. . . , ξn−1, ξn+1, ω1, ω2,. . . ,

ωn−1, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µ(n−1)1, µ(n−1)2,. . . , µ(n−1)m, ν11, ν12,. . . , ν1m,

ν21, ν22,. . . , ν2m . . . ν(n−1)1, ν(n−1)2,. . . , ν(n−1)m]/I∗(n−2),m
∼= (S∗n−2,m/(I

∗
n−2,m))[ξn+1]. By

Proposition 3.1.2 and [16, Lemma 3.6],

depth(Sn,m/(In,m : ξn+1)) = depth(S∗n−2,m/(I
∗
n−2,m)) + 1 =

⌈n− 2 + 1

2

⌉
+ 1 =

⌈n+ 1

2

⌉
.

And

sdepth(Sn,m/(In,m : ξn+1)) = sdepth(S∗n−2,m/(I
∗
n−2,m))+1 =

⌈n− 2 + 1

2

⌉
+1 =

⌈n+ 1

2

⌉
.

Now as (In,m, ξn+1) ∼= (I∗n−1,m, ξn+1), we have Sn,m/(In,m, ξn+1) ∼= K[δ1, δ2,. . . , δn, ξ1, ξ2,

. . . , ξn, ω1, ω2,. . . , ωn, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µn1, µn2,. . . , µnm, ν11, ν12,. . . ,

ν1m, ν21, ν22,. . . , ν2m . . . νn1, νn2,. . . , νnm]/I∗n−1,m
∼= S∗n−1,m/I

∗
n−1,m. So by Proposition

3.1.2, depth(Sn,m/(In,m, ξn+1)) = depth(S∗n−1,m/(I
∗
n−1,m)) = dn−1+1

2
e = dn

2
e. And

sdepth(Sn,m/(In,m, ξn+1)) = sdepth(S∗n−1,m/(I
∗
n−1,m)) = dn−1+1

2
e = dn

2
e.

Note that if n ≡ 1 (mod 2), then depth(S∗n,m/(I
∗
n,m, ξn+1)) = depth(S∗n,m/(I

∗
n,m : ξn+1)),

so by Depth Lemma depth(Sn,m/In,m) = dn+1
2
e.
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And if n ≡ 0 (mod 2), then depth(S∗n,m/(I
∗
n,m, ξn+1)) ≤ depth(S∗n,m/(I

∗
n,m : ξn+1)). This

implies that depth(Sn,m/In,m) ≥ dn
2
e. For the upper bound since ξn+1 /∈ In,m by Corol-

lary 2.3.2, we get depth(Sn,m/In,m) ≤ depth(Sn,m/(In,m : ξn+1)). This implies that

depth(Sn,m/In,m) ≤ dn+1
2
e. Hence⌈n

2

⌉
≤ depth(Sn,m/In,m) ≤

⌈n+ 1

2

⌉
.

For Stanley depth if n ≡ 1 (mod 2), then replacing Depth Lemma by Lemma 2.2.2 on

the short exact sequence 3.8, we get sdepth(Sn,m/(In,m) ≥ dn+1
2
e. For the upper bound

since ξn+1 /∈ In,m by Corollary2.3.1, we get sdepth(Sn,m/In,m) ≤ sdepth(Sn,m/(In,m :

ξn+1)). This implies that sdepth(Sn,m/In,m) ≤ dn+1
2
e. Thus

sdepth(Sn,m/In,m) =
⌈n+ 1

2

⌉
.

Moreover, if n ≡ 0 (mod 2), then by applying Lemma 2.2.2 as an alternative of Depth

Lemma on the short exact sequence 3.8, we have sdepth(Sn,m/(In,m) ≥ dn
2
e. To con-

clude ⌈n
2

⌉
≤ sdepth(Sn,m/In,m) ≤

⌈n+ 1

2

⌉
.

Remark 3.1.8. Apparently for n = 1 diam(B1,m) = 2 and for n ≥ 2 diam(Bn,m) =

n. So by Theorem 2.3.3, for n = 1 we have depth(S1,m/I1,m), sdepth(S1,m/I1,m) ≥
d2+1

3
e and for n ≥ 2 we have depth(Sn,m/In,m), sdepth(Sn,m/In,m) ≥ dn+1

3
e. Our

Proposition3.1.7 shows that if n ≡ 0 (mod 2), then depth(Sn,m/In,m), sdepth(Sn,m/In,m)

≥ dn
2
e. And if n ≡ 1 (mod 2), then depth(Sn,m/In,m), sdepth(Sn,m/In,m) = dn+1

2
e. Thus

in both cases we find a sharp results for depth and Stanley depth of this class of quotient

module.

If we fuse vertices ξ1 and ξn+1 in graph Bn,m, we get a new graph called En,m graph.

For example of this new graph, see Figure 3.7. Distinctly |V (En,m)|= 2nm + 3n.

Furthermore, The graph En,m has 2n and 2nm vertices of degree 2 and n vertices of

degree 4m+ 6 so by using Lemma 1.4.8, we have |E(En,m|= 4nm+ 5n. Also for m ≥ 0

and n ≥ 3, En,m graph has diameter d = dn+1
2
e.
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We label the vertices of the En,m graph by using five sets of variables {δ1, δ2, . . . , δn},
{ξ2, . . . , ξn, y}, {ω1, ω2, . . . , ωn},

{
{µ11, µ12, . . . , µ1m},{µ21, µ22,. . . , µ2m}, . . . ,

{µn1, µn2, . . . , µnm}
}
and

{
{ν11, ν12, . . . ν1m},{ν21, ν22, . . . , ν2m}, . . . , {νn1, νn2, . . . , νnm

}
.

Let Tn,m := K[δ1, δ2,. . . , δn, y, ξ2,. . . , ξn, ω1, ω2,. . . , ωn, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m

, . . . , µn1, µn2,. . . , µnm, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m . . . , νn1, νn2,. . . , νnm] be the ring

of polynomial in these variables over the field K. Then Jn,m is squarefree monomial ideal

of Tn,m. Now with the labelling as shown in figure 3.7, we have:

M(Jn,m) =
{ n−1⋃

i=2

{ξiξi+1}
⋃
{yξ2}

⋃
{yξn}

⋃ n⋃
i=2

{δiξi}
⋃
{δ1y}

⋃ n⋃
i=2

{ξiωi}
⋃
{yω1}

⋃
n−1⋃
i=1

{δiξi+1}
⋃
{δny}

⋃ n−1⋃
i=1

{ωiξi+1}
⋃
{yωn}

⋃ n⋃
i=2

{ξiµi1}
⋃
{yµ11}

⋃ n⋃
i=2

{ξiµi2}
⋃
{yµ12}⋃

, . . . ,
⋃ n⋃

i=1

{ξiµim}
⋃
{yµ1m}

⋃ n⋃
i=1

{ξiνi1}
⋃
{yν11}

⋃ n⋃
i=1

{ξiνi2}
⋃
{yν12}

⋃
, . . . ,

⋃
n⋃
i=1

{ξiνim}
⋃
{yν1m}

⋃ n−1⋃
i=1

{ξi+1µi1}
⋃
{yµn1}

⋃ n−1⋃
i=1

{ξi+1µi2}
⋃
{yµn2}

⋃
, . . . ,

⋃
n−1⋃
i=1

{ξi+1µim}
⋃
{yµnm}

⋃ n−1⋃
i=1

{ξi+1νi1}
⋃
{yνn1}

⋃ n−1⋃
i=1

{ξi+1νi2}
⋃
{yνn2}

⋃
, . . . ,

⋃
n−1⋃
i=1

{ξi+1νim}
⋃
{yνnm}

}
. WhereM(Jn,m) stands for the minimal set of monomial gen-

erators of monomial ideal Jn,m.

Let us first consider super graph Fn,m of the graph Dn,m. The vertex and edge sets

of Fn,m are V (Fn,m) = V (Dn,m)
⋃
{a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm} andE(Fn,m) =

E(Dn,m)
⋃
{a1ξn+1, ξ1q1, ξ1q2, . . . , ξ1qm, ξ1r1, ξ1r2, . . . , ξ1rm}. For example of graph

Fn,m see Figure 3.8. We denote the edge ideal of graph Fn.m with J∗n,m, where J∗n,m is the

monomial ideal of the polynomial ring T ∗n,m = S∗n,m[a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm].

The minimal set of monomial generators of J∗n,m isM(J∗n,m) =M(I∗n,m)
⋃
{a1ξ1, ξ1b1}⋃ m⋃

i=1

{ξ1q(n+2)i}
⋃ m⋃

i=1

{ξ1r(n+2)i}.
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Figure 3.7: (E6,2) Graph
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Figure 3.8: (F2,m) Graph
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3.2 Depth and Stanley depth of the cyclic module
associated to the graph En,m

We find out the value of depth and Stanley depth of the cyclic module Tn,m/Jn,m
associated to the graph En,m. For this motive, we first find depth and Stanley depth of

the cyclic module T ∗n,m/J∗n,m associated to the super graph Fn,m of Dn,m graph, where

Dn,m graph is a super graph of graph the Bn,m. These results will be used in our main

proof.

Proposition 3.2.1. Let n ≥ 1 and m ≥ 0. If n ≡ 0 (mod 2), then

depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) =

⌈n+ 2

2

⌉
.

And if n ≡ 1 (mod 2), then

depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = 2m+

⌈n+ 5

2

⌉
.

Proof. For n = 1. We have a short exact sequence

0 −→ T ∗1,m/(J
∗
1,m : ξ2)

·ξ2−→ T ∗1,m/J
∗
1,m −→ T ∗1,m/(J

∗
1,m, ξ2) −→ 0, (3.9)

by Depth lemma

depth(T ∗1,m/J
∗
1,m) ≥ min

{
depth(T ∗1,m/(J

∗
1,m : ξ2)), depth(T ∗1,m/(J

∗
1,m, ξ2))

}
.

(J∗1,m : ξ2) = (δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, , ν11, ν12, . . . , ν1m, ν21,

ν22, . . . , ν2m).

We have T ∗1,m/(J∗1,m : ξ2) ∼= K[ξ2, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]. Since depth of

polynomial ringK[ξ2, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm] = 2m+3, so depth(T ∗1,m/(J
∗
1,m :

ξ2)) = 2m+ 3.

Now let (J∗1,m, ξ2) = (g∗1,m, ξ2),

where g∗1,m = (g1,m, a1ξ1, ξ1b1, ξ1q1, ξ1q2, . . . , ξ1qm, ξ1r1, ξ1r2, . . . , ξ1rm) is the edge ideal

of Star graph. Since depth of quotient module A∗1,m/g∗1,m associated to Star graph is

1, where A∗1,m = A1,m[a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm] is the polynomial ring in these
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variables over the field k. We have T ∗1,m/(J∗1,m, ξ2) ∼= K[δ1, δ2, ξ1, ω1, ω2µ11, µ12,. . . ,

µ1m, µ21, µ22,. . . , µ2m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]

/g∗1,m
∼= A∗1,m/g

∗
1,m[δ2, ω2, µ21, µ22,. . . , µ2m, ν21, ν22,. . . , ν2m]. Thus by depth of star graph

and [16, Lemma 3.6], depth(T ∗1,m/(J
∗
1,m, ξ2)) = 1 + 2m + 2 = 2m + 3. Also since

depth(T ∗1,m/(J
∗
1,m, ξ2)) = depth(T ∗1,m/(J

∗
1,m : ξ2)), by Depth Lemma depth(T ∗1,m/J

∗
1,m) =

2m+ 3 = 2m+ d1+5
2
e.

For Stanley depth applying Lemma 2.2.2 instead of Depth Lemma on the short exact

sequence 3.9, [16, Lemma 3.6], sdepth of polynomial ring in 2m+3 variables and sdepth

of quotient module associated to star graph. We have sdepth(T ∗1,m/(J
∗
1,m)) ≥ 2m + 3.

For the upper bound since ξ2 /∈ J∗1,m by Corollary 2.3.1, we get sdepth(T ∗1,m/J
∗
1,m) ≤

sdepth(T ∗1,m/(J
∗
1,m : ξ2)). This implies sdepth(T ∗1,m/J

∗
1,m) ≤ 2m+ 3. Thus

sdepth(T ∗1,m/J
∗
1,m) = 2m+ 3 = 2m+

⌈1 + 5

2

⌉
.

When n = 2. We have a short exact sequence

0 −→ T ∗2,m/(J
∗
2,m : ξ3)

·ξ3−→ T ∗2,m/J
∗
2,m −→ T ∗2,m/(J

∗
2,m, ξ3) −→ 0, (3.10)

applying Depth lemma

depth(T ∗2,m/J
∗
2,m) ≥ min

{
depth(T ∗2,m/(J

∗
2,m : ξ3)), depth(T ∗2,m/(J

∗
2,m, ξ3))

}
.

(J∗2,m : ξ3) = (g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31,

ν32, . . . , ν3m).

Also we have T ∗2,m/(J∗2,m : ξ3) ∼= K[δ1, ξ1, ξ3, ω1, µ11, µ12,. . . , µ1m, ν11, ν12,. . . , ν1m, a1, b1,

q1, q2, . . . , qm, r1, r2, . . . , rm]/g∗1,m
∼= A∗1,m/g

∗
1,m[ξ3]. Now by [16, Lemma 3.6],

depth(T ∗2,m/(J
∗
2,m : ξ3)) = depth(A∗1,m/(g

∗
1,m)) + 1 = 2.

As (J∗2,m, ξ3)
∼= (J∗1,m, ξ3), we get T ∗2,m/(J∗2,m, ξ3) ∼= K[δ1, δ2, δ3, ξ1, ξ2, ω1,

ω2, ω3, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, µ31, µ32,. . . , µ3m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m,

ν31, ν32,. . . , ν3m, , a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]/J∗1,m
∼= T ∗1,m/J

∗
1,m[δ3, ω3, µ31, µ32,. . . ,

µ3m, ν31, ν32,. . . , ν3m]. Hence by induction on n and [16, Lemma 3.6],

depth(T ∗2,m/(J
∗
2,m, ξ3)) = 2m+ 3 + 2m+ 2. Moreover, since depth(T ∗2,m/(J

∗
2,m, ξ3)) ≥

depth(T ∗2,m/(J
∗
2,m : ξ3)), using Depth Lemma depth(T ∗2,m/J

∗
2,m) = 2 = d2+2

2
e.
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As for as Stanley depth is concerned using Lemma 2.2.2 instead of Depth Lemma on the

exact sequence 3.10, by induction on n [16, Lemma 3.6] and sdepth of quotient module

associated to star graph, we have sdepth(T ∗2,m/(J
∗
2,m)) ≥ 2. For the upper bound since

ξ3 /∈ J∗2,m by Corollary 2.3.1, we get sdepth(T ∗2,m/J
∗
2,m) ≤ sdepth(T ∗2,m/(J

∗
2,m : ξ3)). This

implies that sdepth(T ∗2,m/J
∗
2,m) ≤ 2. As a consequent sdepth(T ∗2,m/J

∗
2,m) = 2 = d2+2

2
e.

Now let us assume n = 3. And examine the short exact sequence

0 −→ T ∗3,m/(J
∗
n,m : ξ4)

·ξ4−→ T ∗4,m/J
∗
4,m −→ T ∗3,m/(J

∗
3,m, ξ4) −→ 0, (3.11)

applying Depth lemma

depth(T ∗3,m/J
∗
3,m) ≥ min

{
depth(T ∗3,m/(J

∗
3,m : ξ4)), depth(T ∗3,m/(J

∗
3,m, ξ4))

}
.

(J∗3,m : ξ4) = (J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . ,

ν3m, ν41, ν42, . . . , ν4m).

We get T ∗3,m/(J∗3,m : ξ4) ∼= K[δ1, δ2, ξ1, ξ2, ξ4, ω1, ω2, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m,

ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]/J∗1,m
∼= T ∗1,m/J

∗
1,m[ξ4].

By induction on n and [16, Lemma 3.6], depth(T ∗3,m/(J
∗
3,m : ξ4)) = depth(T ∗1,m/(J

∗
1,m))+

1. And sdepth(T ∗3,m/J
∗
3,m : ξ4) = sdepth(T ∗1,m/J

∗
1,m) + 1 = 2m+ 3 + 1 = 2m+ 4. Now as

(J∗3,m, ξ4)
∼= (J∗2,m, ξ4), we have T ∗3,m/(J∗3,m, ξ4) ∼= K[δ1, δ2,. . . , δ4, ξ1, ξ2,. . . , ξ3, ω1, ω2,. . .

, ω4, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µ41, µ42,. . . , µ4m, ν11, ν12,. . . , ν1m, ν21, ν22,. . .

, ν2m . . . ν41, ν42,. . . , ν4m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]/J∗2,m
∼= T ∗2,m/J

∗
2,m[δ4, ω4

, µ41, µ42,. . . , µ4m, ν41, ν42,. . . ν4m]. Therefore by induction on n and [16, Lemma 3.6],

depth(T ∗3,m/(J
∗
3,m, ξ4)) = depth(T ∗2,m/(J

∗
2,m)) + 2m + 2 = 2 + 2m + 2 = 2m + 4. As

depth(T ∗3,m/(J
∗
3,m, ξ4)) = depth(T ∗3,m/(J

∗
3,m : ξ4)) and by Depth Lemma depth(T ∗3,m/J

∗
3,m)

= 2m+ 4 = 2m+ d3+5
2
e. For Stanley depth applying Lemma 2.2.2 as an alternative of

Depth Lemma on the short exact sequence 3.11, [16, Lemma 3.6] and induction on n

we have sdepth(T ∗3,m/(J
∗
3,m)) ≥ 2m+ 4. For the upper bound as ξ4 /∈ J∗3,m by Corollary

2.3.1, we get

sdepth(T ∗3,m/J
∗
3,m) ≤ sdepth(T ∗3,m/(J

∗
3,m : ξ4)). This implies sdepth(T ∗3,m/J

∗
3,m) ≤

2m+ 4. Thus

sdepth(T ∗3,m/J
∗
3,m) = 2m+ 4 = 2m+

⌈n+ 5

2

⌉
.
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Now in general, for n ≥ 4. Consider the short exact sequence

0 −→ T ∗n,m/(J
∗
n,m : ξn+1)

·ξn+1−−−→ T ∗n,m/J
∗
n,m −→ T ∗n,m/(J

∗
n,m, ξn+1) −→ 0, (3.12)

using Depth Lemma

depth(T ∗n,m/J
∗
n,m) ≥ min

{
depth(T ∗n,m/(J

∗
n,m : ξn+1)), depth(T ∗n,m/(J

∗
n,m, ξn+1))

}
.

(J∗n,m : ξn+1) = (J∗(n−2),m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2,

. . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m). We have T ∗n,m/(J∗n,m :

ξn+1) ∼= K[δ1, δ2,. . . , δn−1, ξ1, ξ2,. . . , ξn−1, ξn+1, ω1, ω2,. . . , ωn−1, µ11, µ12,. . . , µ1m,

µ21, µ22,. . . , µ2m . . . µ(n−1)1, µ(n−1)2,. . . , µ(n−1)mν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m . . .

ν(n−1)1, ν(n−1)2,. . . , ν(n−1)m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm]/J∗n−2,m
∼= (T ∗n−2,m/

(J∗n−2,m))[ξn+1]. By induction on n and [16, Lemma 3.6], depth(T ∗n,m/(J
∗
n,m : ξn+1))

= depth(T ∗n−2,m/(J
∗
n−2,m)) + 1.

Note that if n ≡ 0 (mod 2), then n − 2 ≡ 0 (mod 2). This implies depth(T ∗n,m/J
∗
n,m :

ξn+1)) = depth(T ∗n−2,m/J
∗
n−2,m) + 1 = dn−2+2

2
e+ 1 = dn+2

2
e.

And if n ≡ 1 (mod 2), then n− 2 ≡ 1 (mod 2). This implies depth(T ∗n,m/J
∗
n,m : ξn+1) =

depth(T ∗n−2,m/J
∗
n−2,m) + 1 = 2m+ dn−2+5

2
e+ 1 = 2m+ dn+5

2
e.

Now as (J∗n,m, ξn+1) ∼= (J∗n−1,m, ξn+1), we have T ∗n,m/(J∗n,m, ξn+1) ∼= K[δ1, δ2,. . . , δn+1, ξ1

, ξ2,. . . , ξn, ω1, ω2,. . . , ωn+1, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µ(n+1)1, µ(n+1)2,. . . ,

µ(n+1)m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν2m . . . ν(n+1)1, ν(n+1)2,. . . , ν(n+1)m, a1, b1, q1, q2, . . . ,

qm, r1, r2, . . . , rm]/J∗(n−1),m
∼= T ∗n−1,m/J

∗
n−1,m[δn+1, ωn+1, µ(n+1)1, µ(n+1)2,. . . , µ(n+1)m,

ν(n+1)1, ν(n+1)2,. . . ν(n+1)m]. Thus by induction on n and [16, Lemma 3.6], depth(T ∗n,m/

(J∗n,m, ξn+1)) = depth(T ∗n−1,m/(J
∗
n−1,m)) + 2m+ 2.

Now if n ≡ 0 (mod 2), then n−1 ≡ 1 (mod 2). This implies depth(T ∗n,m/(J
∗
n,m, ξn+1)) =

sdepth(T ∗n−1,m/J
∗
n−1,m) + 2m+ 2 = 2m+ dn−1+5

2
e+ 2m+ 2 = 4m+ dn+8

2
e. And

if n ≡ 1 (mod 2), then n − 1 ≡ 0 (mod 2). This implies depth(T ∗n,m/(J
∗
n,m, ξn+1)) =

depth(T ∗n−1,m/J
∗
n−1,m) + 2m+ 2 = dn−1+2

2
e+ 2m+ 2 = 2m+ dn+5

2
e.

To sum up, if n ≡ 0 (mod 2), then depth(T ∗n,m/(J
∗
n,m, ξn+1)) ≥ depth(T ∗n,m/(J

∗
n,m :

ξn+1)), by Depth Lemma depth(T ∗n,m/J
∗
n,m) = dn+2

2
e. And

if n ≡ 1 (mod 2), then depth(T ∗n,m/(J
∗
n,m, ξn+1)) = depth(T ∗n,m/(J

∗
n,m : ξn+1)), by Depth

Lemma depth(T ∗n,m/J
∗
n,m) = 2m+ dn+5

2
e.

59



To examine Stanley depth, apply Lemma 2.2.2 instead of Depth Lemma on the short

exact sequence 3.12, [16, Lemma 3.6], and induction on n we have if n ≡ 0 (mod 2),

then sdepth(T ∗n,m/(J
∗
n,m)) ≥ dn+2

2
e. And if n ≡ 1 (mod 2), then sdepth(T ∗n,m/(J

∗
n,m) ≥

2m + dn+5
2
e. For the upper bound since ξn+1 /∈ I∗n,m by Corollary 2.3.1, we get

sdepth(T ∗n,m/J
∗
n,m) ≤ sdepth(T ∗n,m/(J

∗
n,m : ξn+1)). This implies that if n ≡ 0 (mod 2),

then sdepth(T ∗n,m/J
∗
n,m) ≤ dn+2

2
e. Thus sdepth(T ∗2,m/J

∗
2,m) = dn+2

2
e. And if n ≡

1 (mod 2), then sdepth(T ∗n,m/J
∗
n,m) ≤ 2m + dn+5

2
e. To conclude, sdepth(T ∗2,m/J

∗
2,m) =

2m+ dn+5
2
e.

Remark 3.2.2. Apparently diam(Fn,m) = n+ 2 so by Theorem 2.3.3, we have depth

(T ∗n,m/J
∗
n,m), sdepth(T ∗n,m/J

∗
n,m) ≥ dn+3

3
e. Whereas, our Proposition 3.2.1 shows that

if n ≡ 0 (mod 2) then depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = dn+2

2
e. And if n ≡

1 (mod 2), then depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = 2m + dn+5

2
e. Thus we have

better results for depth and stanley depth of this class of cyclic modules.

Proposition 3.2.3. Let n ≥ 3 and m ≥ 0. If n ≡ 0 (mod 2), then

depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) =
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then

depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = 2m+
⌈n+ 3

2

⌉
.

Proof. Firstly lets us have n = 3. Considering the short exact sequence

0 −→ T3,m/(J3,m : y)
·y−→ T3,m/J3,m −→ T3,m/(J3,m, y) −→ 0, (3.13)

and Depth lemma, we have

depth(T3,m/J3,m) ≥ min
{

depth(T3,m/(J3,m : y)), depth(T3,m/(J3,m, y))
}
.

(J3,m : y) = (δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m, µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m, ν31,

ν32, . . . , ν3m).

We have T3,m/(J3,m : y) ∼= K[δ2, y, ω2, , µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m]. Since

Depth of polynomial ring K[δ2, y, ω2, , µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m] = 2m + 3, so
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depth(T3,m/(J3,m : y)) = 2m+ 3.

Now let (J3,m, y) = (J∗1,m, y), we have T3,m/(J3,m, y) ∼= K[δ1, δ2, δ3, ξ2, ξ3, ω1, ω2, ω3, µ11,

µ12,. . . , µ1m,. . . , µ31, µ32,. . . , µ3m, ν11, ν12,. . . , ν1m,. . . ,ν31, ν32,. . . , ν3m]/J∗1,m
∼= T ∗1,m/J

∗
1,m.

Thus by Proposition 3.2.1, depth(T3,m/(J3,m, y)) = 2m+ 3. Also since

depth(T3,m/(J3,m, y)) = depth(T3,m/(J3,m : y), so by Depth Lemma depth(T3,m/J3,m) =

2m+ 3 = 2m+ d3+3
2
e.

For Stanley depth applying Lemma 2.2.2 instead of Depth Lemma on the short

exact sequence 3.13, [16, Lemma 3.6], Proposition 3.2.1 and sdepth of polynomial ring

in 2m+3 variables. We have sdepth(T3,m/(J3,m)) ≥ 2m+3. For the upper bound since

y /∈ J3,m by Corollary 2.3.1, we get sdepth(T3,m/J3,m) ≤ sdepth(T3,m/(J3,m : y)). This

implies that sdepth(T3,m/J3,m) ≤ 2m+ 3. Thus

sdepth(T3,m/J3,m) = 2m+ 3 = 2m+
⌈3 + 3

2

⌉
.

Secondly, if n = 4. let us consider the short exact sequence

0 −→ T4,m/(J4,m : y)
·y−→ T4,m/J4,m −→ T4,m/(J4,m, y) −→ 0, (3.14)

applying Depth lemma, we get

depth(T4,m/J4,m) ≥ min
{

depth(T4,m/(J4,m : y)), depth(T4,m/(J4,m, y))
}
.

(J4,m : y) = (g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, . . . , µ4m, ν11, ν12, . . . , ν1m,

ν41, ν42, . . . , ν4m).We have T4,m/(J4,m : y) ∼= K[δ2, δ3, y, ω2, ω3, µ21, µ22,. . . , µ2m, µ31, µ32,

. . . , µ3mν21, ν22,. . . , ν2m, ν31, ν32,. . . , ν3m]/g∗1,m
∼= (A∗1,m/g

∗
1,m)[y]. Now by [16, Lemma

3.6],

depth(T4,m/(J4,m : y)) = depth(A∗1,m/g
∗
1,m) + 1 = 2.

Further, let (J4,m, y) ∼= (J∗2,m, y), we get T4,m/(J4,m, y) ∼= K[δ1, δ2, δ3, δ4, ξ2, ξ3, ξ4, ω1, ω2,

ω3, ω4, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, µ31, µ32,. . . , µ3m, µ41, µ42,. . . , µ4mν11, ν12,. . . , ν1m,

ν21, ν22,. . . , ν2m, ν31, ν32,. . . , ν3m, ν41, ν42,. . . , ν4m]/J∗2,m
∼= T ∗2,m/J

∗
2,m. Thus by Proposi-

tion 3.2.1, depth(T4,m/(J4,m, y)) = 3. Also since depth(T4,m/(J4,m, y)) >

depth(T4,m/(J4,m : y) so by Depth Lemma depth(T4,m/J4,m) = 2 = d4
2
e.
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Now for Stanley depth using Lemma 2.2.2 at the place of Depth Lemma on the exact

sequence 3.14 , [16, Lemma 3.6] and Proposition 3.2.1. We get sdepth(T4,m/(J4,m) ≥ 2.

For the upper bound since y /∈ J4,m by Corollary 2.3.1, we have sdepth(T4,m/J4,m) ≤
sdepth(T4,m/(J4,m : y). This implies sdepth(T4,m/J4,m) ≤ 2. Thus

sdepth(T4,m/J4,m) = 2 =
⌈4

2

⌉
.

Thirdly, when n = 5. Examine the short exact sequence

0 −→ T5,m/(J5,m : y)
·y−→ T5,m/J5,m −→ T5,m/(J5,m, y) −→ 0, (3.15)

and using Depth lemma

depth(T5,m/J5,m) ≥ min
{

depth(T5,m/(J5,m : y)), depth(T5,m/(J5,m, y))
}
.

(J5,m : y) = (J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12

, . . . , ν1m, ν51, ν52, . . . , ν5m).

We have T5,m/(J5,m : y) ∼= K[δ2, δ3, δ4, y,ξ3, ξ4, ω2, ω3, ω4µ21, µ22,. . . , µ2m,. . . , µ41, µ42,

. . . , µ4m, ν21, ν22,. . . , ν2m,. . . , ν41, ν42,. . . , ν4m]/J∗1,m
∼= (T ∗1,m/J

∗
1,m)[y]. By Proposition

3.2.1 and [16, Lemma 3.6], depth(T5,m/(J5,m : y) = depth(T ∗1,m/(J
∗
1,m)) + 1 = 2m+ 3 +

1 = 2m+ 4.

Also as (J5,m, y) ∼= (J∗3,m, y) so we have T5,m/(J5,m, y) ∼= K[δ1, δ2,. . . , δ5, ξ2,. . . , ξ5, ω1,

ω2,. . . , ω5, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µ51, µ52,. . . , µ5m, ν11, ν12,. . . , ν1m, ν21,

ν22,. . . , ν2m . . . ν51, ν52,. . . , ν5m]/J∗3,m
∼= T ∗3,m/J

∗
3,m. Hence by Proposition 3.2.1,

depth(T5,m/(J5,m, y)) = depth(T ∗3,m/(J
∗
3,m)) = 2m + 4. As depth(T5,m/(J5,m, y)) =

depth

(T5,m/(J5,m : y)) so by Depth Lemma depth(T5,m/J5,m) = 2m+ 4 = 2m+ d5+3
2
e.

For Stanley depth, replace Depth lemma by Lemma 2.2.2 on the exact sequence 3.15,

[16, Lemma 3.6] and Proposition 3.2.1, we have sdepth(T5,m/(J5,m)) ≥ 2m+4. And for

the upper bound as we know y /∈ J5,m so by Corollary 2.3.1, we get sdepth(T5,m/J5,m) ≤
sdepth(T5,m/(J5,m : y)). This implies sdepth(T5,m/J5,m) ≤ 2m+ 4. To conclude

sdepth(T5,m/J5,m) = 2m+ 4 = 2m+
⌈5 + 3

2

⌉
.
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Generally, for n ≥ 6. We examine the short exact sequence

0 −→ Tn,m/(Jn,m : y)
·y−→ Tn,m/Jn,m −→ Tn,m/(Jn,m, y) −→ 0, (3.16)

using Depth lemma

depth(Tn,m/Jn,m) ≥ min
{

depth(Tn,m/(Jn,m : y)), depth(Tn,m/(Jn,m, y))
}
.

(Jn,m : y) = (J∗(n−4),m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm

, ν11, ν12, . . . , ν1m, νn1, νn2, . . . , νnm).

We get Tn,m/(Jn,m : y) ∼= K[δ2,. . . , δn−1, y, ξ3,. . . , ξn−1, ω2,. . . , ωn−1, µ21, µ22,. . . , µ2m

. . . µ(n−1)1, µ(n−1)2,. . . , µ(n−1)m, ν21, ν22,. . . , ν2m . . . ν(n−1)1, ν(n−1)2,. . . , ν(n−1)m]/

Jn−4,m ∼= (Tn−4,m/Jn−4,m)[y]. By Proposition 3.2.1 and [16, Lemma 3.6],

depth(Tn,m/(Jn,m : y) = depth(T ∗n−4,m/(J
∗
n−4,m)) + 1.

Now if n ≡ 0 (mod 2), then n− 4 ≡ 0 (mod 2). This shows depth(Tn,m/Jn,m : y) =

depth(T ∗n−4,m/J
∗
n−4,m) + 1 = dn−4+2

2
e+ 1 = dn

2
e.

And if n ≡ 1 (mod 2), then n − 4 ≡ 1 (mod 2). This implies depth(Tn,m/Jn,m : y) =

depth(T ∗n−4,m/J
∗
n−4,m) + 1 = 2m+ dn−4+5

2
e+ 1 = 2m+ dn+3

2
e.

Now as (Jn,m, y) ∼= (J∗n−2,m, y), we have Tn,m/(Jn,m, y) ∼= K[δ1, δ2,. . . , δn, ξ2,. . . , ξn,

ω1, ω2,. . . , ωn, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m . . . µn1, µn2,. . . , µnm, ν11, ν12,. . . , ν1m, ν21,

ν22,. . . , ν2m . . . νn1, νn2,. . . , νnm]/J∗n−2,m
∼= T ∗n−2,m/J

∗
n−2,m. Thus by Proposition 3.2.1,

depth(Tn,m/(Jn,m, y)) = depth(T ∗n−2,m/(J
∗
n−2,m)).

If n ≡ 0 (mod 2), then n − 2 ≡ 1 (mod 2). This implies depth(Tn,m/Jn,m, y) =

depth(T ∗n−2,m/J
∗
n−2,m) = dn−2+2

2
e = dn

2
e. And if n ≡ 1 (mod 2), then n− 2 ≡ 0 (mod 2).

This shows depth(Tn,m/Jn,m, y) = depth(T ∗n−2,m/J
∗
n−2,m) = 2m+dn−2+5

2
e = 2m+dn+3

2
e.

Therefore if n ≡ 0 (mod 2), then depth(Tn,m/(Jn,m, y) = depth(Tn,m/(Jn,m : y) so by

Depth Lemma depth(Tn,m/Jn,m) = dn
2
e. Also if n ≡ 1 (mod 2), then depth(Tn,m/(Jn,m, y)

= depth(Tn,m/(Jn,m : y), again by Depth Lemma depth(Tn,m/Jn,m) = 2m+ dn+3
2
e.

To examine Stanley depth, apply Lemma 2.2.2 at the place of Depth Lemma

on the short exact sequence 3.16, [16, Lemma 3.6] and Proposition 3.2.1, we have

if n ≡ 0 (mod 2), then sdepth(Tn,m/(Jn,m)) ≥ dn
2
e. And if n ≡ 1 (mod 2), then
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sdepth(Tn,m/(Jn,m)) ≥ 2m+dn+3
2
e. Now for the upper bound as we know that y /∈ Jn,m

so by Corollary 2.3.1, we get sdepth(Tn,m/Jn,m) ≤ sdepth(Tn,m/(Jn,m : y). This implies

If n ≡ 0 (mod 2), then sdepth(Tn,m/Jn,m) ≤ dn
2
e. So sdepth(T2,m/J2,m) = dn

2
e. And if

n ≡ 1 (mod 2), then sdepth(Tn,m/Jn,m) ≤ 2m+dn+3
2
e. To sum up, sdepth(Tn,m/Jn,m) =

2m+ dn+3
2
e.

Remark 3.2.4. As diam(En,m) = dn+1
2
e so by Theorem 2.3.3, we have

depth(Tn,m/Jn,m), sdepth(Tn,m/Jn,m) ≥ dn+3
6
e. While, our Proposition 3.2.3 shows

that if n ≡ 0 (mod 2), then depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = dn
2
e. And if

n ≡ 1 (mod 2), then depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = 2m + dn+3
2
e. In a

nutshell, we have better results for depth and stanley depth of this category of cyclic

module.
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Chapter 4

Stanley depth of edge ideals

4.1 Stanley depth of edge ideal of graph Bn,m

In this section we will discuss Stanley depth of the edge ideal In,m associated to the

graph Bn,m. For this purpose, we first find Stanley depth of the edge ideal I∗n,m associ-

ated to the super graph Dn,m and Stanley depth of edge ideal g1,m of star graph. We

will use these results in our principal proof. Also for m = 0 we denote Sn,m = Sn and

S∗n,m = S∗n, similarly In,m = In and I∗n,m = I∗n.

Lemma 4.1.1. Let m ≥ 1, then sdepth(g1,m) ≥ m+ 2.

Proof. Since sdepth(I) ≥ n− bm
2
c, where n is number of vertices and m is number of

edges of associated graph of edge I. As vertices of star graph are 2m + 3 and edges

are 2m + 2 so sdepth(g1,m) ≥ 2m + 3 − b2m+2
2
c = 2m + 3 − m − 1 = m + 2. Hence

sdepth(g1,m) ≥ m+ 2.

Proposition 4.1.2. Let n ≥ 1 and m = 0, then sdepth(I∗n) ≥ dn+7
2
e.

Proof. We prove this result by induction on n. Firstly, for n = 1 the result can be

easily verified by CoCoA. Now for n = 2. As ξ3 6∈ I∗2 , so we have

I∗2 = I∗2 ∩ S∗∗2
⊕

ξ3(I
∗
2 : ξ3)S

∗
2 ,
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Figure 4.1: g1,m (Star Graph)

where S∗∗2 = K[δ1, δ2, δ3, ξ1, ξ2, ω1, ω2, ω3]. Now

I∗2 ∩ S∗∗2 = (I∗1 )S∗∗2 and

(I∗2 : ξ3)S
∗
2 = (I(P3), δ2, δ3, ξ2, ω2, ω3)S

∗
2 .

Thus sdepth(I∗2 ) ≥ min
{

sdepth(I∗1 )S∗∗2 , sdepth((I(P3), δ2, δ3, ξ2, ω2, ω3)S
∗
2)
}
.

Now by [16, Lemma 3.6], we have

sdepth
(

(I(P3), δ2, δ3, ξ2, ω2, ω3)S
∗
2

)
= sdepth

(
(I(P3), δ2, δ3, ξ2, ω2, ω3)S

∗∗
2

)
+ 1.

And by [17, Theorem 1.3],

sdepth
(

(I(P3), δ2, δ3, ξ2, ω2, ω3)S
∗∗
2

)
≥ min

{
sdepth

(
I(P3)T3

)
+ 5, sdepth

(
(δ2, δ3, ξ2

, ω2, ω3)S̄2

)
+ sdepth

(
T3/I(P3)

)
T3

}
,

where S̄2 = K[δ2, δ3, ξ2, ω2, ω3]. Now by [24, Theorems 3.14 and 5.2] and [21], we have

sdepth
(

(I(P3), δ2, δ3, ξ2, ω2, ω3)S
∗∗
2

)
≥ min {7, 3 + 1} = 4. Thus

sdepth
(

(I(P3), δ2, δ3, ξ2, ω2, ω3)S
∗
2

)
≥ 5.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗1 )S∗∗2

)
= sdepth

(
(I∗1 )S∗1

)
+ 2 = 6.
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Therefore sdepth I∗2 ≥ 5 =
⌈2 + 7

2

⌉
.

Now for n = 3. Since ξ4 6∈ I∗3 , so we have

I∗3 = I∗3 ∩ S∗∗3
⊕

ξ4(I
∗
3 : ξ4)S

∗
3 ,

where S∗∗3 = K[δ1,. . . , δ4, ξ1,. . . , ξ3, ω1,. . . , ω4]. Now

I∗3 ∩ S∗∗3 = (I∗2 )S∗∗3 and

(I∗3 : ξ4)S
∗
3 = (I∗1 , δ3, δ4, ξ3, ω3, ω4)S

∗
3

Thus

sdepth(I∗3 ) ≥ min
{

sdepth(I∗2 )S∗∗3 , sdepth((I∗1 , δ3, δ4, ξ3, ω3, ω4)S
∗
3)
}
.

By using [16, Lemma 3.6], we get

sdepth
(

(I∗1 , δ3, δ4, ξ3, ω3, ω4)S
∗
3,m

)
= sdepth

(
((I∗1 ), δ3, δ4, ξ3, ω3, ω4, )S

∗∗
3

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗1 , δ3, δ4, ξ3, ω3, ω4)S
∗∗
3

)
≥

min
{

sdepth ((I∗1 )S∗1) + 5, sdepth ((δ3, δ4, ξ3, ω3, ω4)S̄3) + sdepth (S∗1/I
∗
1 )S∗1

}
,

where S̄3 = K[δ3, δ4, ξ3, ω3, ω4]. Now by induction on n, [21], and Proposition 3.1.1, we

have

sdepth
(

(I∗1 , δ3, δ4, ξ3, ω3, ω4)S
∗∗
3

)
≥ min{9, 4} = 4.

Hence

sdepth
(

(I∗1 , δ3, δ4, ξ3, ω3, ω4)S
∗
3) ≥ 5 =

⌈3 + 7

2

⌉
.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗2 )S∗∗3

)
= sdepth

(
(I∗2 )S∗2

)
+ 2 ≥ 7.

Thus

sdepth(I∗3 ) ≥ 5 =
⌈3 + 7

2

⌉
.
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Finally, for n ≥ 4. Since ξn+1 6∈ I∗n, thus we have

I∗n = I∗n ∩ S∗∗n
⊕

ξn+1(I
∗
n : ξn+1)S

∗
n,

where S∗∗n = K[δ1,. . . , δn+1, ξ1,. . . , ξn, ω1,. . . , ωn+1]. Now

I∗n ∩ S∗∗n = (I∗n−1)S
∗∗
n and(

I∗n : ξn+1

)
S∗n =

(
(I∗n−2, δn, δn+1, ξn, ωn, ωn+1)S

∗
n

)
Therefore

sdepth(I∗n) ≥ min
{

sdepth(I∗n−1)S
∗∗
n , sdepth((I∗n−2, δn, δn+1, ξn, ωn, ωn+1)S

∗
n)
}
.

Also by [16, Lemma 3.6], we have

sdepth
(

(I∗n−2, δn, δn+1, ξn, ωn, ωn+1)S
∗
n

)
= sdepth

(
(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1)S

∗∗
n,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗n−2, δn, δn+1, ξn, ωn, ωn+1)S
∗∗
n

)
≥

min
{

sdepth ((I∗n−2)S
∗
n−2) + 5, sdepth ((δn, δn+1, ξn, ωn, ωn+1)S̄n)+

sdepth((S∗n−2/I
∗
n−2)S

∗
n−2)

}
,

where S̄n = K[δn, δn+1, ξn, ωn, ωn+1]. Now by induction on n, [21], and Proposition

3.1.1, we have

sdepth
(

(I∗n−2, δn, δn+1, ξn, ωn, ωn+1)S
∗∗
n

)
≥ min

{
dn+15

2
e, 3 + dn−1

2
e
}

= dn+5
2
e. Thus

sdepth
(

((I∗n−2), δn, δn+1, ξn, ωn, ωn+1)S
∗
n

)
≥
⌈n+ 7

2

⌉
.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗n−1)S
∗∗
n

)
= sdepth

(
(I∗n−1)S

∗
n−1

)
+ 2 ≥

⌈n+ 6

2

⌉
+ 2 =

⌈n+ 10

2

⌉
. Therefore

sdepth(I∗n) ≥
⌈n+ 7

2

⌉
.
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Remark 4.1.3. By [23, Theorem 2.3] sdepth(I∗n) ≥ 3n+ 3− b5n+2
2
c. Thus our lower

bound is sharper than this one.

Proposition 4.1.4. Assume that n,m ≥ 1, then sdepth(I∗n,m) ≥ d4m+5
2
e+ dn−1

2
e+1.

Proof. The result will be proved by induction on n. Firstly, for n = 1. Since ξ2 6∈ I∗1,m,
thus we have

I∗1,m = I∗1,m ∩ S∗∗1,m
⊕

ξ2

(
I∗1,m : ξ2

)
S∗1,m,

where S∗∗1,m = K[δ1, δ2, ξ1, ω1, ω2, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2mν11, ν12,. . . , ν1m, ν21,

ν22,. . . , ν2m]. Now

I∗1,m ∩ S∗∗1,m = (g1,m)S∗∗1,m and

(
I∗1,m : ξ2

)
S∗1,m =

(
δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m,

ν21, ν22, . . . , ν2m

)
S∗1,m.

Therefore

sdepth(I∗1,m) ≥ min
{

sdepth(g1,m)S∗∗1,m, sdepth(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21,

µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22, . . . , ν2m)S∗1,m

}
.

By using [16, Lemma 3.6], we have

sdepth
(

(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22,

. . . , ν2m)S∗1,m

)
= sdepth

(
(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m,

ν11, ν12, . . . , ν1m, ν21, ν22, . . . , ν2m)S∗∗1,m

)
+ 1,

and by [21],

sdepth
(

(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22

, . . . , ν2m)S∗∗1,m

)
=
⌈4m+ 5

2

⌉
.
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Hence

sdepth
(

(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22,

. . . , ν2m)S∗1,m

)
=
⌈4m+ 5

2

⌉
+ 1 =

⌈4m+ 5

2

⌉
+
⌈1− 1

2

⌉
+ 1.

Also by Lemma 4.1.1 and [16, Lemma 3.6], we get

sdepth
(

(g1,m)S∗∗1,m

)
= sdepth

(
(g1,m)A1,m

)
+ 2m+ 3 ≥ 3m+ 5.

Consequently

sdepth(I∗1,m) ≥
⌈4m+ 5

2

⌉
+
⌈1− 1

2

⌉
+ 1.

Secondly, for n = 2. As ξ3 6∈ I∗2,m, so we have

I∗2,m = I∗2,m ∩ S∗∗2,m
⊕

ξ3(I
∗
2,m : ξ3)S

∗
2,m,

where S∗∗2,m = K[δ1, δ2, δ3, ξ1, ξ2, ω1, ω2, ω3, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, µ31, µ32,

. . . , µ3mν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν3m, ν31, ν32,. . . , ν3m]. Further

I∗2,m ∩ S∗∗2,m = (I∗1,m)S∗∗2,m and

(
I∗2,m : ξ3

)
S∗2,m =

(
g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22,

. . . ν2m, ν31, ν32, . . . , ν3m

)
S∗2,m

Therefore

sdepth(I∗2,m) ≥ min
{

sdepth(I∗1,m)S∗∗1,m, sdepth
(
g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . ,

µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m

)
S∗2,m

}
.

Now [16, Lemma 3.6], we get

sdepth
(

(g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)S∗2,m

)
= sdepth

(
(g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31,

µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m)S∗∗2,m

)
+ 1,
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and by [17, Theorem 1.3],

sdepth ((g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)S∗∗2,m) ≥ min
{

sdepth ((g1,m)A1,m) + 4m+ 5, sdepth
(

(δ2, δ3, ξ2, ω2,

ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m) ¯Sn,m

)
+ sdepth

(
(A1,m/g1,m)A1,m

)}
,

where ¯S2,m = K[δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m]. Now using induction on n, [21], and sdepth of quotient module

associated to star graph, we have

sdepth
(

(g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)S∗∗2,m

)
≥ min

{
5m+ 7,

⌈4m+ 5

2

⌉
+ 1
}

=
⌈4m+ 5

2

⌉
+ 1.

Thus

sdepth
(

(g1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)S∗2,m

)
≥
⌈4m+ 5

2

⌉
+ 1 + 1 =

⌈4m+ 5

2

⌉
+
⌈2− 1

2

⌉
+ 1.

Also by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗1,m)S∗∗2,m

)
= sdepth

(
(I∗1,m)S∗1,m

)
+2m+2 =

⌈4m+ 5

2

⌉
+
⌈1− 1

2

⌉
+1+2m+2.

To conclude

sdepth(I∗2,m) ≥
⌈4m+ 5

2

⌉
+
⌈2− 1

2

⌉
+ 1.

Thirdly, for n = 3. Since ξ4 6∈ I∗3,m, thus we have

I∗3,m = I∗3,m ∩ S∗∗3,m
⊕

ξ4(I
∗
3,m : ξ4)S

∗
3,m,

where S∗∗3,m = K[δ1,. . . , δ4, ξ1,. . . , ξ3, ω1,. . . , ω4, µ11, µ12,. . . , µ1m,. . . , µ41, µ42,. . . , µ4m

ν11, ν12,. . . , ν1m,. . . , ν41, ν42,. . . , ν4m]. Moreover

I∗3,m ∩ S∗∗3,m = (I∗2,m)S∗∗3,m and
(
I∗3,m : ξ4

)
S∗3,m =

(
(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . ,

µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m)S∗3,m

)
.
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So

sdepth(I∗3,m) ≥ min
{

sdepth(I∗2,m)S∗∗3,m, sdepth
(

(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . .

, µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m)S∗3,m

)}
.

Also by using [16, Lemma 3.6], we get

sdepth
(

(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)S∗3,m

)
= sdepth

(
(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42,

. . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m)S∗∗3,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)S∗∗3,m

)
≥ min

{
sdepth

(
(I∗1,m)S∗1,m

)
+ 4m+ 5, sdepth

(
(δ3, δ4, ξ3, ω3, ω4,

µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . ν3m, ν41, ν42, . . . , ν4m) ¯S3,m

)
+

sdepth
(

(S∗1,m/I
∗
1,m)S∗1,m

)}
,

where ¯S3,m = K[δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m]. Now by induction on n, [21], and Proposition 3.1.2, we have

sdepth
(

(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)S∗∗3,m

)
≥ min

{⌈4m+ 5

2

⌉
+
⌈n− 3

2

⌉
+1+4m+5 =

⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+ 4m+ 5,

⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉}
=
⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
.

Thus

sdepth
(

(I∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)S∗3,m

)
≥
⌈4m+ 5

2

⌉
+ 1 + 1 =

⌈4m+ 5

2

⌉
+
⌈3− 1

2

⌉
+ 1.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗2,m)S∗∗3,m

)
= sdepth

(
(I∗2,m)S∗2,m

)
+ 2m+ 2 =

⌈4m+ 5

2

⌉
+ 2 + 2m+ 2.
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In conclusion

sdepth(I∗3,m) ≥
⌈4m+ 5

2

⌉
+
⌈3− 1

2

⌉
+ 1.

In general, for n ≥ 4. As ξn+1 6∈ I∗n,m, so we have

I∗n,m = I∗n,m ∩ S∗∗n,m
⊕

ξn+1(I
∗
n,m : ξn)S∗n,m,

where S∗∗n,m = K[δ1,. . . , δn+1, ξ1,. . . , ξn, ω1,. . . , ωn+1, µ11, µ12,. . . , µ1m,. . . , µ(n+1)1,

µ(n+1)2,. . . , µ(n+1)m, ν11, ν12,. . . , ν1m,. . . , ν(n+1)1, ν(n+1)2,. . . , ν(n+1)m]. Now

I∗n,m ∩ S∗∗n,m = (I∗n−1,m)S∗∗n,m, and(
I∗n,m : ξn+1

)
S∗n,m =

(
(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1,

µ(n+1)2, . . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)S∗n,m

)
.

Thus

sdepth(I∗n,m) ≥ min
{

sdepth(I∗n−1,m)S∗∗n,m, sdepth
(

(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1,

µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . ,

ν(n+1)m)S∗n,m

)}
.

By applying [16, Lemma 3.6], we have that

sdepth
(

(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m

, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)S∗n,m

)
= sdepth

(
(I∗n−2,m, δn, δn+1, ξn,

ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1,

ν(n+1)2, . . . , ν(n+1)m)S∗∗n,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, u(n+1)1, u(n+1)2, . . . , u(n+1)m, νn1

, νn2, . . . , νnm, v(n+1)1, v(n+1)2, . . . , v(n+1)m)S∗∗n,m

)
≥ min

{
sdepth

(
(I∗n−2,m)S∗n−2,m

)
+4m+5,

sdepth
(

(δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1, νn2, . . .

, νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m) ¯Sn,m

)
+ sdepth

(
(S∗n−2,m/I

∗
n−2,m)S∗n−2,m

)}
,
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where ¯Sn,m = K[δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m,

νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m]. Now by induction on n, [21], and Propo-

sition 3.1.2, we have

sdepth
(

(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m,

νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)S∗∗n,m

)
≥ min

{⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+

4m+ 5,
⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉}
=
⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
. Thus

sdepth
(

(I∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m

, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)S∗n,m

)
≥
⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+ 1.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(I∗n−1,m)S∗∗n,m

)
= sdepth

(
(I∗n−1,m)S∗n−1,m

)
+ 2m+ 2 =

⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+ 1 + 2m+ 2.

In a nutshell

sdepth(I∗n,m) ≥
⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+ 1.

Remark 4.1.5. By [23, Theorem 2.3] sdepth(I∗n,m) ≥ 2nm+3n+2m+3−b4mn+5n+2m+2
2

c.
Thus our lower bound is sharper than this one.

Proposition 4.1.6. Let n ≥ 1 and m = 0. If n = 1, then sdepth(I1) = 2. And if

n ≥ 2, then sdepth(In) ≥ dn+5
2
e.

Proof. For n = 1. It can be easily checked by using CoCoA. Also for n = 2, again by

using CoCoA result holds. Now let us have n = 3. Since ξ4 6∈ I3, so we have

I3 = I3 ∩ S
′

3

⊕
ξ4(I3 : ξ4)S3,

where S ′
3 = K[δ1,. . . , δ3, ξ1,. . . , ξ3, ω1,. . . , ω3]. Now

I3 ∩ S
′

3 = (I∗2 )S
′

3 and
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(
I3 : ξ4

)
S3 =

(
(I∗1 , δ3, ξ3, ω3)S3

)
Therefore

sdepth(I3) ≥ min
{

sdepth(I∗2 )S
′

2, sdepth((I∗1 , δ2, ξ3, ω3)S3)
}
.

By [16, Lemma 3.6], we have

sdepth
(

(I∗1 , δ3, ξ3, ω3)S3

)
= sdepth

(
(I∗1 , δ3, ξ3, ω3)S

′

3

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗1 , δ3, ξ3, ω3)S
′

3

)
≥

min
{

sdepth
(

(I∗1 )S∗1

)
+ 3, sdepth

(
(δ3, ξ3, ω3)S

′′

3

)
+ sdepth

(
(S∗1/I

∗
1 )S∗1

)}
,

where S ′′
3 = K[δ3, ξ3, ω3]. Now by Proposition 3.1.1, [21], And Proposition 4.1.2, we

get

sdepth
(

(I∗1 , δ3, ξ3, ω3)S
′

3

)
≥ min

{⌈3 + 5

2

⌉
+3, 2+

⌈3− 1

2

⌉}
= 2+

⌈3− 1

2

⌉
=
⌈3 + 3

2

⌉
.

Therefore

sdepth
(

(I∗1 , δ3, ξ3, ω3)S3

)
≥
⌈3 + 5

2

⌉
.

Now by Proposition 4.1.2, we get

sdepth
(

(I∗2 )S
′

3

)
∼= sdepth

(
(I∗2 )S∗2

)
≥
⌈3 + 6

2

⌉
.

Hence

sdepth(I3) ≥
⌈3 + 5

2

⌉
.

Finally, when n ≥ 4. As ξn+1 6∈ In, so

In = In ∩ S
′

n

⊕
ξn+1(In : ξn+1)Sn,

where S ′
n = K[δ1,. . . , δn, ξ1,. . . , ξn, ω1,. . . , ωn]. Now

In ∩ S
′

n = (I∗n−1)S
′

n and
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(
In : ξn+1

)
Sn =

(
(I∗n−2, δn, ξn, ωn)Sn

)
. Thus

sdepth(In) ≥ min
{

sdepth(I∗n−1)S
′

n, sdepth
(

(I∗n−2, δn, ξn, ωn)Sn

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(I∗n−2, δn, ξn, ωn)Sn

)
= sdepth

(
(I∗n−2, δn, ξn, ωn)S

′

n

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗n−2, δn, , ξn, ωn, z)S
′

n

)
≥

min
{

sdepth
(

(I∗n−2)S
∗
n−2

)
+3, sdepth

(
(δn, ξn, ωn)S

′′

n

)
+sdepth

(
(S∗n−2/I

∗
n−2)S

∗
n−2

)}
,

where S ′′
n = K[δn, ξn, ωn]. Now by Proposition 3.1.2, [21], And Proposition 4.1.4, we

have

sdepth
(

(I∗n−2, δn, ξn, ωn)S
′

n

)
≥ min

{⌈n+ 5

2

⌉
+3, 2+

⌈n− 1

2

⌉}
= 2+

⌈n− 1

2

⌉
=
⌈n+ 3

2

⌉
.

Thus

sdepth
(

(I∗n−2, δn, ξn, ωn)Sn

)
≥
⌈n+ 5

2

⌉
.

Now by Proposition 4.1.4, we get

sdepth
(

(I∗n−1)S
′

n

)
= sdepth

(
(I∗n−1)S

∗
n−1

)
≥
⌈n+ 6

2

⌉
.

To conclude

sdepth(In) ≥
⌈n+ 5

2

⌉
.

Remark 4.1.7. By [23, Theorem 2.3] sdepth(In) ≥ 3n + 1 − b5n
2
c. Thus our lower

bound is sharper than this one.

Corollary 4.1.8. For n = 1, sdepth(I1) = sdepth(S1/I1) + 1. And for n ≥ 2,

sdepth(In) > sdepth(Sn/In) + 1.

Proposition 4.1.9. If n = 1 and m ≥ 1, then sdepth(I1,m) ≥ m+ 2.
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Proof. Since ξ2 6∈ I1,m, thus we have

I1,m = I1,m ∩ S
′

1,m

⊕
ξ2(I1,m : ξ2)S1,m,

where S ′
1,m = K[δ1, ξ1, ω1, µ11, µ12,. . . , µ1m, ν11, ν12,. . . , ν1m]. Now

I1,m ∩ S
′

1,m = (g1,m)S
′

1,m and

(I1,m : ξ2)S1,m = (δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, , ν11, ν12, . . . , ν1m)S1,m.

Hence

sdepth(I1,m) ≥ min
{

sdepth(g1,m)S
′

1,m, sdepth
(

(δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12,

. . . , ν1m)S1,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12, . . . , ν1m)S1,m

)
= sdepth

(
(δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, , ν11, ν12, . . . , ν1m)S

′

1,m

)
+ 1,

and by [21],

sdepth
(

(δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12, . . . , ν1m, )S
′

1,m

)
=
⌈2m+ 3

2

⌉
.

Thus

sdepth
(

(δ1, ξ1, ω1, µ11, µ12, . . . , µ1m, ν11, ν12, . . . , ν1m)S1,m

)
=
⌈2m+ 3

2

⌉
+ 1.

Now by Lemma 4.1.1 , we get

sdepth
(

(g1,m)S
′

1,m

)
∼= sdepth

(
(g1,m)A1,m

)
≥ m+ 2.

To sum up

sdepth(I1,m) ≥ m+ 2.
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Remark 4.1.10. In this case we have no conclusion about Herzog’s conjecture and

Rauf’s question.

Proposition 4.1.11. If n ≥ 2 and m ≥ 1, then sdepth(In,m) ≥ d2m+3
2
e+ dn−1

2
e+1.

Proof. Let n = 2. As ξ3 6∈ I2,m, so we have

I2,m = I2,m ∩ S
′

2,m

⊕
ξ3(I2,m : ξ3)S2,m,

where S ′
2,m = K[δ1, δ2, ξ1, ξ2, ω1, ω2, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, ν11, ν12,. . . , ν1m,

ν21, ν22,. . . , ν2m]. Now

I2,m ∩ S
′

2,m = (I∗1,m)S
′

2,m and(
I2,m : ξ3

)
S2,m =

(
(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, , ν21, ν22, . . . , ν2m)S2,m

)
.

Thus

sdepth(I2,m) ≥ min
{

sdepth(I∗1,m)S
′

1,m, sdepth
(

(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m

, ν21, ν22, . . . , ν2m)S2,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m)S2,m

)
= sdepth

(
(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, , ν21, ν22, . . . , ν2m)S

′

2,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m)S
′

2,m

)
≥

min
{

sdepth
(

(g1,m)A1,m

)
+ 2m+ 3, sdepth

(
(δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22,

. . . , ν2m)S
′′

3,m

)
+ sdepth

(
(A1,m/g1,m)A1,m)

}
,
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where S ′′
2,m = K[δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m]. Now by [21], sdepth of

edge ideal and quotient module associated to star graph. We get

sdepth
(

(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m)S
′

2,m

)
≥ min

{
3m+ 5

,
⌈2m+ 3

2

⌉
+ 1
}

=
⌈2m+ 3

2

⌉
+ 1.

Therefore

sdepth
(

(g1,m, δ2, ξ2, ω2, µ21, µ22, . . . , µ2m, ν21, ν22, . . . , ν2m)S2,m

)
≥
⌈2m+ 3

2

⌉
+ 1 + 1

=
⌈2m+ 3

2

⌉
+
⌈2− 1

2

⌉
+ 1.

Now by induction on n and [16, Lemma 3.6], we have

sdepth
(

(I∗1,m)S
′

2,m

)
= sdepth

(
(I∗1,m)S∗1,m

)
≥
⌈4m+ 5

2

⌉
+
⌈1− 1

2

⌉
+ 1.

Hence

sdepth(I2,m) ≥
⌈2m+ 3

2

⌉
+
⌈2− 1

2

⌉
+ 1.

Now for n = 3. Since ξ4 6∈ I3,m this implies

I3,m = I3,m ∩ S
′

3,m

⊕
ξ4(I3,m : ξ4)S3,m,

where S ′
3,m = K[δ1,. . . , δ3, ξ1,. . . , ξ3, ω1,. . . , ω3, µ11, µ12,. . . , µ1m,. . . , µ31, µ32,. . . , µ3m,

ν11, ν12,. . . , ν1m,. . . , ν31, ν32,. . . , ν3m]. Now

I3,m ∩ S
′

3,m = (I∗2,m)S
′

3,m and(
I3,m : ξ4

)
S3,m =

(
(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . . , ν3m)S3,m

)
.

Thus

sdepth(I3,m) ≥ min
{

sdepth(I∗2,m)S
′

3,m, sdepth
(

(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m

, ν31, ν32, . . . , ν3m)S3,m

)}
.
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By [16, Lemma 3.6], we have

sdepth
(

(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, ν31, ν32, . . . , ν3m)S3,m

)
= sdepth

(
(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . . , ν3m)S

′

3,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . . , ν3m)S
′

3,m

)
≥

min
{

sdepth
(

(I∗1,m)S∗1,m

)
+ 2m+ 3, sdepth

(
(δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . .

, ν3m)S
′′

3,m

)
+ sdepth

(
(S∗1,m/I

∗
1,m)S∗1,m

)}
,

where S ′′
3,m = K[δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, ν31, ν32, . . . , ν3m]. Now by Proposition 4.1.4,

[21] and Proposition 3.1.7, we have

sdepth
(

(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . . , ν3m)S
′

3,m

)
≥ min

{⌈4m+ 5

2

⌉
+ 1 + 2m+ 3,

⌈2m+ 3

2

⌉
+
⌈3− 1

2

⌉}
=
⌈2m+ 3

2

⌉
+
⌈3− 1

2

⌉
.

Consequently

sdepth
(

(I∗1,m, δ3, ξ3, ω3, µ31, µ32, . . . , µ3m, , ν31, ν32, . . . , ν3m)S3,m

)
≥
⌈2m+ 3

2

⌉
+
⌈3− 1

2

⌉
+1.

Now by Proposition 4.1.4, we get

sdepth
(

(I∗2,m)S
′

3,m

)
= sdepth

(
(I∗2,m)S∗2,m

)
≥
⌈4m+ 5

2

⌉
+ 2.

To conclude

sdepth(I3,m) ≥
⌈2m+ 3

2

⌉
+
⌈3− 1

2

⌉
+ 1.

Lastly, for n ≥ 4. As ξn+1 6∈ In,m, thus we have

In,m = In,m ∩ S
′

n,m

⊕
ξn+1(In,m : ξn+1)Sn,m,

where S ′
n,m = K[δ1,. . . , δn, ξ1,. . . , ξn, ω1,. . . , ωn, µ11, µ12,. . . , µ1m,. . . , µn1, µn2,. . . ,

µnm, ν11, ν12,. . . , ν1m,. . . , νn1, νn2,. . . , νnm]. Now

In,m ∩ S
′

n,m = (I∗n−1,m)S
′

n,m and
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(
In,m : ξn+1

)
Sn,m =

(
(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, , νn1, νn2, . . . νnm)Sn,m

)
.

So

sdepth(In,m) ≥ min
{

sdepth
(

(I∗n,m)S
′

n,m

)
, sdepth

(
(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . ,

µnm, νn1, νn2, . . . , νnm)Sn,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, νn1, νn2, . . . , νnm, )Sn,m

)
= sdepth

(
(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, , νn1, νn2, . . . , νnm)S

′

n,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, , νn1, νn2, . . . , νnm)S
′

n,m

)
≥

min
{

sdepth
(

(I∗n−2,m)S∗n−2,m

)
+ 2m+ 3, sdepth

(
(δn, ξn, ωn, µn1, µn2, . . . , µnm, νn1, νn2,

. . . , νnm)S
′′

n,m

)
+ sdepth

(
(S∗n−2,m/I

∗
n−2,m)S∗n−2,m

)}
,

where S ′′
n,m = K[δn, ξn, ωn, µn1, µn2, . . . , µnm, νn1, νn2, . . . , νnm]. Now by Proposition

4.1.4, [21], and Proposition 3.1.7, we obtain

sdepth
(

(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, , νn1, νn2, . . . , νnm)S
′

n,m

)
≥

min
{⌈4m+ 5

2

⌉
+
⌈n− 1

2

⌉
+ 2m+ 3,

⌈2m+ 3

2

⌉
+
⌈n− 1

2

⌉}
=
⌈2m+ 3

2

⌉
+
⌈n− 1

2

⌉
.

Therefore

sdepth
(

(I∗n−2,m, δn, ξn, ωn, µn1, µn2, . . . , µnm, νn1, νn2, . . . , νnm)Sn,m

)
≥
⌈2m+ 3

2

⌉
+
⌈n− 1

2

⌉
+ 1.

Now by proposition 4.1.4, we get

sdepth
(

(I∗n−1,m)S
′

n,m

)
= sdepth

(
(I∗n−1,m)S∗n−1,m

)
≥
⌈4m+ 5

2

⌉
+
⌈n− 2

2

⌉
+ 1.

To sum up

sdepth(In,m) ≥
⌈2m+ 3

2

⌉
+
⌈n− 1

2

⌉
+ 1.
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Remark 4.1.12. By [23, Theorem 2.3] sdepth(In,m) ≥ 2nm+3n+1−b4mn+5n
2
c. Thus

our lower bound is finer than this lower bound.

Corollary 4.1.13. Let n ≥ 2 and m ≥ 1, then sdepth(In,m) > sdepth(Sn,m/In,m) + 1.

4.2 Stanley depth of edge ideal of graph En,m

In this section Stanley depth of the edge ideal Jn,m associated to the graph En,m will be

discussed. For this purpose, we first find Stanley depth of the edge ideal J∗n,m associated

to the super graph Fn,m of the graph Dn,m. And then we will use these results in our

major proof.

Proposition 4.2.1. Let n = 1 and m ≥ 0, then

sdepth(J∗1,m) ≥
⌈6m+ 7

2

⌉
.

Let n ≥ 2 and m ≥ 0. If n ≡ 0 (mod 2), then

sdepth(J∗n,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
+ 1.

And if n ≡ 1 (mod 2), then

sdepth(J∗n,m) =
⌈8m+ 7

2

⌉
+
⌈n+ 3

2

⌉
.

Proof. We will prove this result by induction on n. Initially, for n = 1. Since ξ2 6∈ J∗1,m,
thus we have

J∗1,m = J∗1,m ∩ T ∗∗1,m
⊕

ξ2(J
∗
1,m : ξ2)T

∗
1,m,

where T ∗∗1,m = K[δ1, δ2, ξ1, ω1, ω2, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2mν11, ν12,. . . , ν1m, ν21,

ν22,. . . , ν2m, a1, b1, q1, q2,. . . , qm, r1, r2,. . . , rm]. Now

J∗1,m ∩ T ∗∗1,m = (g∗1,m)T ∗∗1,m and

(J∗1,m : ξ2)T
∗
1,m = (δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m,

ν21, ν22, . . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm)T ∗1,m.
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Therefore

sdepth(J∗1,m) ≥ min
{

sdepth
(

(g∗1,m)T ∗∗1,m

)
, sdepth

(
(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m,

µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22, . . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm)T ∗1,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(
δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22,

. . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm

)
T ∗1,m = sdepth

(
(δ1, δ2, ξ1, ω1, ω2, µ11, µ12,

. . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22, . . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2,

. . . , rm)T ∗∗1,m

)
+ 1,

and by [21],

sdepth
(

(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22,

. . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm)T ∗∗1,m

)
=
⌈6m+ 5

2

⌉
.

Consequently

sdepth
(

(δ1, δ2, ξ1, ω1, ω2, µ11, µ12, . . . , µ1m, µ21, µ22, . . . , µ2m, ν11, ν12, . . . , ν1m, ν21, ν22,

. . . , ν2m, a1, b1, q1, q2, . . . , qm, r1, r2, . . . , rm)T ∗1,m

)
=
⌈6m+ 5

2

⌉
+ 1 =

⌈6m+ 7

2

⌉
.

Now by Lemma 4.1.1 and [16, Lemma 3.6], we get

sdepth
(

(g∗1,m)T ∗∗1,m

)
= sdepth

(
(g∗1,m)A∗1,m

)
+ 2m+ 2 ≥ 2m+ 3 + 2m+ 2 = 4m+ 5.

As a result

sdepth(J∗1,m) ≥
⌈6m+ 7

2

⌉
.

Secondly, for n = 2. As ξ3 6∈ J∗2,m, so we obtain

J∗2,m = J∗2,m ∩ T ∗∗2,m
⊕

ξ3(J
∗
2,m : ξ3)T

∗
2,m,
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where T ∗∗2,m = K[δ1, δ2, δ3, ξ1, ξ2, ω1, ω2, ω3, µ11, µ12,. . . , µ1m, µ21, µ22,. . . , µ2m, µ31, µ32,. . .

, µ3m, ν11, ν12,. . . , ν1m, ν21, ν22,. . . , ν3m, ν31, ν32,. . . , ν3m, a1, b1, q1, q2,. . . , qm, r1, r2,. . . , rm].

Furthermore

J∗2,m ∩ T ∗∗2,m = (J∗1,m)T ∗∗2,m and(
J∗2,m : ξ3

)
T ∗2,m =

(
(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22,

. . . , ν2m, ν31, ν32, . . . , ν3m)T ∗2,m

)
.

Consequently

sdepth(J∗2,m) ≥ min
{

sdepth
(

(J∗1,m)T ∗∗2,m

)
, sdepth

(
(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . .

, µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m)T ∗2,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . ,

ν2m, ν31, ν32, . . . , ν3m)T ∗2,m

)
= sdepth

(
(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m

, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m)T ∗∗2,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)T ∗∗2,m

)
≥ min

{
sdepth

(
(g∗1,m)A∗1,m

)
+4m+5, sdepth

(
(δ2, δ3, ξ2, ω2, ω3,

µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m, ν31, ν32, . . . , ν3m) ¯S2,m

)
+ sdepth

(
(A∗1,m/g

∗
1,m)A∗1,m

)}
,

where ¯S2,m = K[δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m]. Now by Proposition 4.1.1, [21] and sdepth of quotient module asso-

ciated to star graph, we have

sdepth
(

(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)S∗∗2,m

)
≥ min

{
6m+ 8,

⌈4m+ 5

2

⌉
+ 1
}

=
⌈4m+ 5

2

⌉
+ 1.
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As a result

sdepth
(

(g∗1,m, δ2, δ3, ξ2, ω2, ω3, µ21, µ22, . . . , µ2m, µ31, µ32, . . . , µ3m, ν21, ν22, . . . , ν2m,

ν31, ν32, . . . , ν3m)T ∗2,m

)
≥
⌈4m+ 5

2

⌉
+ 1 + 1 =

⌈4m+ 7

2

⌉
+
⌈2

2

⌉
.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(J∗1,m)T ∗∗2,m

)
= sdepth

(
(J∗1,m)T ∗1,m

)
+2m+2 ≥

⌈6m+ 7

2

⌉
+2m+2 =

⌈10m+ 11

2

⌉
.

To sum up

sdepth(J∗2,m) ≥
⌈4m+ 7

2

⌉
+
⌈2

2

⌉
.

Thirdly, for n = 3. Since ξ4 6∈ J∗3,m, thus we have

J∗3,m = J∗3,m ∩ T ∗∗3,m
⊕

ξ4(J
∗
3,m : ξ4)T

∗
3,m,

where T ∗∗3,m = K[δ1,. . . , δ4, ξ1,. . . , ξ3, ω1,. . . , ω4, µ11, µ12,. . . , µ1m,. . . , µ41, µ42,. . . , µ4m,

ν11, ν12,. . . , ν1m,. . . , ν41, ν42,. . . , ν4m, a1, b1, q1, q2,. . . , qm, r1, r2,. . . , rm]. Now

J∗3,m ∩ T ∗∗3,m = (J∗2,m)T ∗∗3,m and

(
J∗3,m : ξ4

)
T ∗3,m =

(
(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32,

. . . , ν3m, ν41, ν42, . . . , ν4m)T ∗3,m

)
.

As a result

sdepth(J∗3,m) ≥ min
{

sdepth
(

(J∗2,m)T ∗∗3,m

)
, sdepth

(
(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . ,

µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m)T ∗3,m

)}
.

By [16, Lemma 3.6], we get

sdepth
(

(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)T ∗3,m

)
= sdepth

(
(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m

, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m)T ∗∗3,m

)
+ 1,
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and by [17, Theorem 1.3],

sdepth
(

(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)T ∗∗3,m

)
≥ min

{
sdepth

(
(J∗1,m)T ∗1,m

)
+ 4m+ 5, sdepth

(
(δ3, δ4, ξ3, ω3, ω4,

µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41, ν42, . . . , ν4m) ¯T3,m

)
+ sdepth

(
(T ∗1,m/J

∗
1,m)T ∗1,m

)}
,

where ¯T3,m = K[δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m]. Now by induction on n, [21], and Proposition 3.2.1, we have

sdepth
(

(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m,

ν41, ν42, . . . , ν4m)T ∗∗3,m

)
≥ min

{⌈6m+ 7

2

⌉
+ 4m+ 5 =

⌈14m+ 17

2

⌉
,
⌈4m+ 5

2

⌉
+ 2m+ 3

=
⌈8m+ 11

2

⌉}
=
⌈8m+ 11

2

⌉
.

Consequently

sdepth
(

(J∗1,m, δ3, δ4, ξ3, ω3, ω4, µ31, µ32, . . . , µ3m, µ41, µ42, . . . , µ4m, ν31, ν32, . . . , ν3m, ν41,

ν42, . . . , ν4m)T ∗3,m

)
≥
⌈8m+ 11

2

⌉
+ 1 =

⌈8m+ 13

2

⌉
.

Now by induction on n and [16, Lemma 3.6], we get

sdepth
(

(J∗2,m)T ∗∗3,m

)
= sdepth

(
(J∗2,m)T ∗2,m

)
+2m+2 ≥

⌈4m+ 9

2

⌉
+2m+2 =

⌈8m+ 13

2

⌉
.

To sum up

sdepth(J∗3,m) ≥
⌈8m+ 13

2

⌉
=
⌈8m+ 7

2

⌉
+
⌈3 + 3

2

⌉
.

Lastly, for n ≥ 4. As we know that ξn+1 6∈ J∗n,m, therefore we have

J∗n,m = J∗n,m ∩ T ∗∗n,m
⊕

ξn+1(J
∗
n,m : ξn)T ∗n,m,

where T ∗∗n,m = K[δ1,. . . , δn+1, ξ1,. . . , ξn, ω1,. . . , ωn+1, µ11, µ12,. . . , µ1m,. . . , µ(n+1)1,

µ(n+1)2,. . . , µ(n+1)m, ν11, ν12,. . . , ν1m,. . . , ν(n+1)1, ν(n+1)2,. . . , ν(n+1)m, a1, b1, q1, q2,. . . , qm,

r1, r2,. . . , rm]. Now

J∗n,m ∩ T ∗∗n,m = (J∗n−1,m)T ∗∗n,m and
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(
J∗n,m : ξn+1

)
T ∗n,m =

(
(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2,

. . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗n,m

)
.

Thus

sdepth(J∗n,m) ≥ min
{

sdepth
(

(J∗n−1,m)T ∗∗n,m

)
, sdepth

(
(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1,

µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . ,

ν(n+1)m)S∗n,m

)}
.

By [16, Lemma 3.6], we have that

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, u(n+1)1, u(n+1)2, . . . , u(n+1)m, νn1,

νn2, . . . , νnm, v(n+1)1, v(n+1)2, . . . , v(n+1)m)T ∗n,m

)
= sdepth

(
(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . .

, µ(n+1)m, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗∗n,m

)
+ 1,

and by [17, Theorem 1.3],

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m

, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗∗n,m

)
≥ min

{
sdepth

(
(J∗n−2,m)T ∗n−2,m

)
+ 4m+ 5, sdepth

(
(δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m

, νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m) ¯Tn,m

)
+sdepth

(
(T ∗n−2,m/J

∗
n−2,m)T ∗n−2,m

)}
,

where ¯Tn,m = K[δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m,

νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m]. Now by induction on n, [21], and Propo-

sition 3.2.1, we have if n ≡ 0 (mod 2), then n− 2 ≡ 0 (mod 2). So

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1,

νn2, . . . νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗∗n,m

)
≥ min

{⌈4m+ 7

2

⌉
+
⌈n− 2

2

⌉
+ 4m+ 5,⌈4m+ 5

2

⌉
+
⌈n

2

⌉}
=
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
.
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Thus

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m,

νn1, νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗n,m

)
≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
+ 1.

If n ≡ 1 (mod 2), then n− 2 ≡ 1 (mod 2). So

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1,

νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗∗n,m

)
≥ min

{⌈8m+ 7

2

⌉
+
⌈n+ 1

2

⌉
+ 4m+ 5

,
⌈4m+ 5

2

⌉
+ 2m+

⌈n+ 3

2

⌉}
=
⌈4m+ 5

2

⌉
+
⌈n+ 3

2

⌉
+ 2m =

⌈8m+ 5

2

⌉
+
⌈n+ 3

2

⌉
.

As a result

sdepth
(

(J∗n−2,m, δn, δn+1, ξn, ωn, ωn+1, µn1, µn2, . . . , µnm, µ(n+1)1, µ(n+1)2, . . . , µ(n+1)m, νn1,

νn2, . . . , νnm, ν(n+1)1, ν(n+1)2, . . . , ν(n+1)m)T ∗n,m

)
≥
⌈8m+ 5

2

⌉
+
⌈n+ 3

2

⌉
+ 1

=
⌈8m+ 7

2

⌉
+
⌈n+ 3

2

⌉
.

Now by induction on n and [16, Lemma 3.6], if n ≡ 0 (mod 2), then n− 1 ≡ 1 (mod 2).

We get

sdepth
(

(J∗n−1,m)T ∗∗n,m

)
= sdepth

(
(J∗n−1,m)T ∗n−1,m

)
+2m+2 ≥

⌈8m+ 7

2

⌉
+
⌈n+ 3

2

⌉
+2m+2.

And if n ≡ 1 (mod 2), then n− 1 ≡ 0 (mod 2). We get

sdepth
(

(J∗n−1,m)T ∗∗n,m

)
= sdepth

(
(J∗n−1,m)T ∗n−1,m

)
+2m+2 ≥

⌈4m+ 7

2

⌉
+
⌈n

2

⌉
+2m+2.

In a nutshell

if n ≡ 0 (mod 2), then

sdepth(J∗n,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
+ 1.

And if n ≡ 1 (mod 2), then

sdepth(J∗n,m) =
⌈8m+ 7

2

⌉
+
⌈n+ 3

2

⌉
.
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Remark 4.2.2. By [23, Theorem 2.3] sdepth(J∗n,m) ≥ 2nm+ 3n+ 4m+ 5−
b4mn+5n+3m+2

2
c. Therefore our lower bound is finer than this one.

Proposition 4.2.3. Let n = 3 and m ≥ 0. Then

sdepth(J3,m) ≥
⌈4m+ 8

2

⌉
.

For n = 4 and m ≥ 0 ,

sdepth(J4,m) ≥
⌈4m+ 9

2

⌉
.

Finally, for n ≥ 5 and m ≥ 0. If n ≡ 0 (mod 2), then

sdepth(Jn,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then

sdepth(Jn,m) ≥
⌈8m+ 6

2

⌉
+
⌈n+ 1

2

⌉
.

Proof. Initially, for n = 3. Since y 6∈ J3,m, thus we have

J3,m = J3,m ∩ T
′

3,m

⊕
y(J3,m : y)T3,m,

where T ′
3,m = K[δ1,. . . , δ3, ξ2, ξ3, ω1,. . . , ω3, µ11, µ12,. . . , µ1m,. . . , µ31, µ32,. . . , µ3mν11, ν12,

. . . , ν1m,. . . , ν31, ν32,. . . , ν3m]. Now

J3,m ∩ T
′

1,m = (J∗1,m)T
′

1,m and

(
J3,m : y

)
T3,m =

(
(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m, . . . , µ31, µ32, . . . , µ3m, ν11, ν12,

. . . , ν1m, . . . , ν31, ν32, . . . , ν3m)T3,m

)
.

As a result

sdepth(J3,m) ≥ min
{

sdepth
(

(J∗1,m)T
′

3,m

)
, sdepth

(
(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . ,

µ1m, . . . , µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m, . . . , ν31, ν32, . . . , ν3m)T3,m

)}
.
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By [16, Lemma 3.6], we have

sdepth
(

(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m, . . . , µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m,

. . . , ν31, ν32, . . . , ν3m)T3,m

)
= sdepth

(
(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m,

. . . , µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m, . . . , ν31, ν32, . . . , ν3m)T
′

3,m

)
+ 1,

and by [21],

sdepth
(

(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m, . . . , µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m,

. . . , ν31, ν32, . . . , ν3m)T
′

3,m

)
=
⌈4m+ 6

2

⌉
.

Thus

sdepth
(

(δ1, δ3, ξ2, ξ3, ω1, ω3, µ11, µ12, . . . , µ1m, . . . , µ31, µ32, . . . , µ3m, ν11, ν12, . . . , ν1m,

. . . , ν31, ν32, . . . , ν3m)T3,m

)
=
⌈4m+ 6

2

⌉
+ 1 =

⌈4m+ 8

2

⌉
.

Now

sdepth
(

(J∗1,m)T
′

3,m

)
= sdepth

(
(J∗1,m)T ∗1,m

)
≥ 6m+ 7.

To sum up

sdepth(J3,m) ≥
⌈4m+ 8

2

⌉
.

Furthermore, let us have n = 4. As y 6∈ J4,m, therefore we have

J4,m = J4,m ∩ T
′

4,m

⊕
y(J4,m : y)T4,m,

where T ′
4,m = K[δ1,. . . , δ4, ξ2,. . . , ξ4, ω1,. . . , ω4, µ11, µ12,. . . , µ1m,. . . , µ41, µ42,. . . , µ4m, ν11,

ν12,. . . , ν1m,. . . , ν41, ν42,. . . , ν4m]. Now

J4,m ∩ T
′

4,m = (J∗2,m)T
′

4,m and

(
J4,m : y

)
T4,m =

(
(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11,

ν12, . . . , ν1m, ν41, ν42, . . . , ν4m)T4,m

)
.
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Thus

sdepth(J4,m) ≥ min
{

sdepth
(

(J∗2,m)T
′

4,m

)
, sdepth

(
(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12,

. . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . , ν1m, ν41, ν42, . . . , ν4m)T4,m

)}
.

By [16, Lemma 3.6], we have

sdepth
(

(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . ,

ν1m, ν41, ν42, . . . , ν4m)T4,m

)
= sdepth

(
(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41

, µ42, . . . , µ4m, ν11, ν12, . . . , ν1m, ν41, ν42, . . . , ν4m)T
′

4,m

)
+ 1.

And by [17, Theorem 1.3],

sdepth
(

(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . ,

ν1m, ν41, ν42, . . . , ν4m)T
′

4,m

)
≥ min

{
sdepth

(
(g∗1,m)A∗1,m

)
+ 4m+ 6, sdepth

(
(δ1, δ4, ξ2,

ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . , ν1m, ν41, ν42, . . . , ν4m) ¯T4,m

)
+ sdepth

(
(A∗1,m/g

∗
1,m)A∗1,m

)}
,

where ¯T4,m = K[δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . , ν1m,

ν41, ν42, . . . , ν4m]. Now by 4.1.1, [21], and sdepth of quotient module associated to star

graph, we have

sdepth
(

(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . , ν1m

, ν41, ν42, . . . , ν4m)S
′

2,m

)
≥ min

{
6m+9,

⌈4m+ 6

2

⌉
+1
}

=
⌈4m+ 6

2

⌉
+1 =

⌈4m+ 8

2

⌉
.

As a result

sdepth
(

(g∗1,m, δ1, δ4, ξ2, ξ4, ω1, ω4, µ11, µ12, . . . , µ1m, µ41, µ42, . . . , µ4m, ν11, ν12, . . . ,

ν1m, ν41, ν42, . . . , ν4m)T4,m

)
≥
⌈4m+ 8

2

⌉
+ 1 =

⌈4m+ 10

2

⌉
.

Now by Proposition 4.2.1, we get

sdepth
(

(J∗2,m)T
′

4,m

)
∼= sdepth

(
(J∗2,m)T ∗2,m

)
≥
⌈4m+ 9

2

⌉
.
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To conclude

sdepth(J4,m) ≥
⌈4m+ 9

2

⌉
.

Next we have n = 5. Since y 6∈ J5,m, therefore we have

J5,m = J5,m ∩ T
′

5,m

⊕
y(J5,m : y)T5,m,

where T ′
5,m = K[δ1,. . . , δ5, ξ2,. . . , ξ5, ω1,. . . , ω5, µ11, µ12,. . . , µ1m,. . . , µ51, µ52,. . . , µ5m,

ν11, ν12,. . . , ν1m,. . . , ν51, ν52,. . . , ν5m]. Now

J5,m ∩ T
′

5,m
∼= (J∗3,m)T

′

5,m and

(
J5,m : y

)
T5,m =

(
(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11,

ν12, . . . , ν1m, ν51, ν52, . . . , ν5m)T5,m

)
.

Consequently

sdepth(J5,m) ≥ min
{

sdepth
(

(J∗3,m)T
′

5,m

)
, sdepth

(
(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12,

. . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m, ν51, ν52, . . . , ν5m)T5,m

)}
.

From [16, Lemma 3.6], we obtain

sdepth
(

(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . ,

ν1m, ν51, ν52, . . . , ν5m)T5,m

)
= sdepth

(
(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m

, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m, ν51, ν52, . . . , ν5m)T
′

5,m

)
+ 1.

And by [17, Theorem 1.3],

sdepth
(

(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m,

ν51, ν52, . . . , ν5m)T
′

5,m

)
≥ min

{
sdepth

(
(J∗1,m)T ∗1,m

)
+ 4m+ 6, sdepth

(
(δ1, δ5, ξ2, ξ5, ω1,

ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m, ν51, ν52, . . . , ν5m) ¯T5,m

)
+ sdepth

(
(T ∗1,m/J

∗
1,m)T ∗1,m

)}
,
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where ¯T5,m = K[δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m,

ν51, ν52, . . . , ν5m]. Now by Propositions 3.2.1 , 4.2.1 and [21], we have

sdepth
(

(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m,

ν51, ν52, . . . , ν5m)T
′

5,m

)
≥ min

{⌈6m+ 7

2

⌉
+4m+6 =

⌈14m+ 19

2

⌉
,
⌈4m+ 6

2

⌉
+2m+3 =⌈8m+ 12

2

⌉}
=
⌈8m+ 12

2

⌉
.

So

sdepth
(

(J∗1,m, δ1, δ5, ξ2, ξ5, ω1, ω5, µ11, µ12, . . . , µ1m, µ51, µ52, . . . , µ5m, ν11, ν12, . . . , ν1m,

ν51, ν52, . . . , ν5m)T5,m

)
≥
⌈8m+ 12

2

⌉
+ 1 =

⌈8m+ 14

2

⌉
.

Now by Proposition 4.2.1, we get

sdepth
(

(J∗3,m)T
′

5,m

)
∼= sdepth

(
(J∗3,m)T ∗3,m

)
≥
⌈8m+ 13

2

⌉
.

To conclude

sdepth(J5,m) ≥
⌈8m+ 13

2

⌉
=
⌈8m+ 7

2

⌉
+
⌈5 + 1

2

⌉
.

Ultimately, for n ≥ 6. Since y 6∈ Jn,m, so we have

Jn,m = Jn,m ∩ T
′

n,m

⊕
y(Jn,m : y)Tn,m,

where T ′
n,m = K[δ1,. . . , δn, ξ2,. . . , ξn, ω1,. . . , ωn, µ11, µ12,. . . , µ1m,. . . , µn1, µn2,. . . , µnm,

ν11, ν12,. . . , ν1m,. . . , νn1, νn2,. . . , νnm]. Now

Jn,m ∩ T
′

n,m = (J∗n−2,m)T
′

n,m and

(
(Jn,m : y)Tn,m

)
=
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm,

ν11, ν12, . . . , ν1m, νn1, νn2, . . . , νnm)Tn,m

)
.

Thus

sdepth(Jn,m) ≥ min
{

sdepth
(

(J∗n−2,m)T
′

n,m

)
, sdepth

(
(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11,

µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . , ν1m, νn1, νn2, . . . , νnm)Tn,m

)}
.
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From [16, Lemma 3.6], we get

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12,

. . . , ν1m, νn1, νn2, . . . , νnm)Tn,m

)
= sdepth

(
(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . ,

µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . , ν1m, νn1, νn2, . . . , νnm)T
′

n,m

)
+ 1.

And by [17, Theorem 1.3],

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm)T
′

n,m

)
≥ min

{
sdepth

(
(J∗n−4,m)T ∗n−4,m

)
+4m+6, sdepth

(
(δ1, δn,

ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . , ν1m, νn1, νn2, . . . , νnm) ¯Tn,m

)
+ sdepth

(
(T ∗n−4,m/J

∗
n−4,m)T ∗n−4,m

)}
,

where ¯Tn,m = K[δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm]. Now by [21], Propositions 3.2.1 and 4.2.1, we have

if n ≡ 0 (mod 2), then n− 4 ≡ 0 (mod 2). So

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm)T
′

n,m

)
≥ min

{⌈4m+ 7

2

⌉
+
⌈n− 4

2

⌉
+4m+6,

⌈4m+ 6

2

⌉
+
⌈n− 2

2

⌉}
=
⌈4m+ 6

2

⌉
+
⌈n− 2

2

⌉
.

To conclude

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm)Tn,m

)
≥
⌈4m+ 6

2

⌉
+
⌈n− 2

2

⌉
+ 1 =

⌈4m+ 6

2

⌉
+
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then n− 4 ≡ 1 (mod 2). So

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm)T
′

n,m

)
≥ min

{⌈8m+ 7

2

⌉
+
⌈n− 1

2

⌉
+ 4m+ 6 =

⌈16m+ 7

2

⌉
+⌈n+ 11

2

⌉
,
⌈4m+ 6

2

⌉
+2m+

⌈n+ 1

2

⌉}
=
⌈4m+ 6

2

⌉
+
⌈n+ 1

2

⌉
+2m =

⌈8m+ 6

2

⌉
+
⌈n+ 1

2

⌉
.
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Eventually

sdepth
(

(J∗n−4,m, δ1, δn, ξ2, ξn, ω1, ωn, µ11, µ12, . . . , µ1m, µn1, µn2, . . . , µnm, ν11, ν12, . . . ,

ν1m, νn1, νn2, . . . , νnm)Tn,m

)
≥
⌈8m+ 6

2

⌉
+
⌈n+ 1

2

⌉
+ 1 =

⌈8m+ 8

2

⌉
+
⌈n+ 1

2

⌉
.

Now by Proposition 4.2.1, if n ≡ 0 (mod 2), then n− 2 ≡ 0 (mod 2). We get

sdepth
(

(J∗n−2,m)T
′

n,m

)
∼= sdepth

(
(J∗n−2,m)T ∗n−2,m

)
≥
⌈4m+ 7

2

⌉
+
⌈n− 2

2

⌉
.

And if n ≡ 1 (mod 2), then n− 2 ≡ 1 (mod 2). So we have

sdepth
(

(J∗n−2,m)T
′

n,m

)
∼= sdepth

(
(J∗n−2,m)T ∗n−2,m

)
≥
⌈8m+ 7

2

⌉
+
⌈n+ 1

2

⌉
.

In a nutshell

if n ≡ 0 (mod 2), then

sdepth(Jn,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then

sdepth(Jn,m) ≥
⌈8m+ 7

2

⌉
+
⌈n+ 1

2

⌉
.

Remark 4.2.4. By [23, Theorem 2.3] sdepth(Jn,m) ≥ 2nm+ 3n−b4mn+5
2
c. Therefore

our lower bound is better than this one.

Corollary 4.2.5. Let n = 3 and m ≥ 0, then

sdepth(Jn,m) = sdepth(Tn,m/Jn,m) + 1.

Let n ≥ 4, and m ≥ 0. Then

sdepth(Jn,m) > sdepth(Tn,m/Jn,m) + 1.
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4.3 Bounds for the dimension of cyclic modules asso-
ciated to graphs Bn,m and En,m

Proposition 4.3.1. For n ≥ 1 and m ≥ 0, we have that dim(Sn,m/In,m) ≥ 2nm+ 2n.

Proof. Let α = {ξ1, ξ2, . . . , ξn+1} be a subset of a vertex set V (Bn,m). The set α is a

vertex cover because it covers all the edges. Now if we remove ξi for some 2 ≤ i ≤ n or

ξ1 or ξn+1 from the set α, then the resulting set is not a vertex cover. Because the edges

{ξiδi−1, ξiδi, ξiωi−1, ξiωi, ξiµ(i−1)1, ξiµ(i−1)2, . . . , ξiµ(i−1)m, ξiµi1, ξiµi2, . . . , ξiµim, ξiν(i−1)1,

ξiν(i−1)2, . . . , ξiν(i−1)m, ξiνi1, ξiνi2, . . . , ξiνim} , {ξ1δ1, ξ1ω1, ξ1µ11, ξ1µ12, . . . , ξ1µ1m, ξ1ν11,

ξ1ν12, . . . , ξ1ν1m}, {ξn+1δn, ξn+1ωn, ξn+1µn1, ξn+1µn2, . . . , ξn+1µnm, ξn+1νn1, ξn+1νn2, . . . ,

ξn+1νnm} will not covered, respectively. This shows that the set α forms a minimal

vertex cover of In,m. Thus we have height(In,m) ≤ n+1. Since Sn,m is a polynomial ring

of dimension 2nm+3n+1, which implies that dim(Sn,m/In,m) ≥ 2nm+3n+1−(n+1) =

2nm+ 2n.

Proposition 4.3.2. For n ≥ 3 and m ≥ 0, we have that dim(Tn,m/Jn,m) ≥ 2nm+ 2n.

Proof. Assume that β = {y, ξ2, ξ3, . . . , ξn} be a subset of a vertex set V (En,m). The set

β is a vertex cover because it covers all the edges. Now if we remove ξi for some 2 ≤ i ≤
n or y from set β then the resulting set is not a vertex cover. Because the sets of edges

{ξiδi−1, ξiδi, ξiωi−1, ξiωi, ξiµ(i−1)1, ξiµ(i−1)2, . . . , ξiµ(i−1)m, ξiµi1, ξiµi2, . . . , ξiµim, ξiν(i−1)1,

ξiν(i−1)2, . . . , ξiν(i−1)m, ξiνi1, ξiνi2, . . . , ξiνim} and {yδ1, yω1, yµ11, yµ12, . . . , yµ1m, yν11,

yν12, . . . , yν1m, yδn, yωn, yµn1, yµn2, . . . , yµnm, yνn1, yνn2, . . . , yνnm} will not covered, re-
spectively. This exhibits that the set β forms a minimal vertex cover of Jn,m. Therefore,

we have height(Jn,m) ≤ n. As we know that Tn,m is a polynomial ring of dimension

2nm+ 3n, which implies that dim(Tn,m/Jn,m) ≥ 2nm+ 3n− n = 2nm+ 2n.
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Chapter 5

Conclusion

In this chapter we will justify our results by comparing them with the already known

results in literature. Moreover, we will examine the Herzog’s conjecture given in [25].

And, in some cases Rauf’s Question presented in [18].

5.1 The graph Bn,m, and its super graph Dn,m with
edge ideals In,m and I∗n,m, respectively

Proposition 5.1.1. Let n ≥ 1 and m = 0, then depth(S∗n/I
∗
n) = sdepth(S∗n/I

∗
n) =

dn+1
2
e.

Proposition 5.1.2. Let n,m ≥ 1, then depth(S∗n,m/I
∗
n,m) = sdepth(S∗n,m/I

∗
n,m) =

dn+1
2
e.

Remark 5.1.3. Clearly, for n ≥ 1 and m ≥ 0 diam(Dn,m) = n + 1, then by Theorem

2.3.3 we have

depth(S∗n,m/I
∗
n,m), sdepth(S∗n,m/I

∗
n,m) ≥ dn+2

3
e. Our Proposition 3.1.2 shows that

depth(S∗n,m/I
∗
n,m), sdepth(S∗n,m/I

∗
n,m) = dn+1

2
e. Thus we find a better result for depth

and stanley depth of this class of edge ideal.

Proposition 5.1.4. Let n ≥ 1 and m = 0. If n ≡ 0 (mod 2), then⌈n
2

⌉
≤ depth(Sn/In), sdepth(Sn/In) ≤

⌈n+ 1

2

⌉
.
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And if n ≡ 1 (mod 2), then

depth(Sn/In) = sdepth(Sn/In) =
⌈n+ 1

2

⌉
.

Remark 5.1.5. Clearly diam(Bn) = n then by Theorem 2.3.3 we have depth(Sn/In)

, sdepth(Sn/In) ≥ dn+1
3
e. Our Proposition 3.1.4 shows that if n ≡ 0 (mod 2), then

depth(Sn/In), sdepth(Sn/In) ≥ dn
2
e. And if n ≡ 1 (mod 2), then depth(Sn/In),

sdepth(Sn/In) = dn+1
2
e. Thus in both cases we find a better results for depth and

stanley depth of this type of cyclic modules.

Proposition 5.1.6. Let n,m ≥ 1. If n ≡ 0 (mod 2) , then⌈n
2

⌉
≤ depth(Sn,m/In,m), sdepth(Sn,m/In,m) ≤

⌈n+ 1

2

⌉
.

And if n ≡ 1 (mod 2) , then

depth(Sn,m/In,m) = sdepth(Sn,m/In,m) =
⌈n+ 1

2

⌉
.

Remark 5.1.7. Apparently for n = 1 diam(B1,m) = 2 and for n ≥ 2 diam(Bn,m) = n.

So by Theorem 2.3.3 for n = 1 we have, depth(S1,m/I1,m), sdepth(S1,m/I1,m) ≥ d2+1
3
e.

And for n ≥ 2, we have depth(Sn,m/In,m), sdepth(Sn,m/In,m) ≥ dn+1
3
e. Our Proposition

3.1.7 shows that if n ≡ 0 (mod 2), then depth(Sn,m/In,m), sdepth(Sn,m/In,m)

≥ dn
2
e. And if n ≡ 1 (mod 2), then depth(Sn,m/In,m), sdepth(Sn,m/In,m) = dn+1

2
e.

Thus in both cases we find a sharp results for depth and stanley depth of this class of

quotient module.

Proposition 5.1.8. Let n ≥ 1 and m = 0 then sdepth(I∗n) ≥ dn+7
2
e.

Remark 5.1.9. By [23, Theorem 2.3] sdepth(I∗n) ≥ 3n+ 3− b5n+2
2
c. Thus our lower

bound is sharper than this one.

Proposition 5.1.10. Assume that n,m ≥ 1, then sdepth(I∗n,m) ≥ d4m+5
2
e+ dn−1

2
e+1.

Remark 5.1.11. By [23, Theorem 2.3] sdepth(I∗n,m) ≥ 2nm+ 3n+ 2m+ 3−
b4mn+5n+2m+2

2
c. Thus our lower bound is sharper than this one.
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Proposition 5.1.12. Let n ≥ 1 and m = 0. If n = 1, then sdepth(I1) = 2. And if

n ≥ 2, then sdepth(In) ≥ dn+5
2
e.

Remark 5.1.13. By [23, Theorem 2.3] sdepth(In) ≥ 3n + 1 − b5n
2
c. Thus our lower

bound is sharper than this one.

Corollary 5.1.14. (Rauf’s question) For n = 1 and m = 0

sdepth(I1) = sdepth(S1/I1) + 1. And for n ≥ 2 sdepth(In) > sdepth(Sn/In) + 1.

Corollary 5.1.15. (Herzog’s conjecture) For n ≥ 1 and m = 0

sdepth(In) > sdepth(Sn/In).

Proposition 5.1.16. If n = 1 and m ≥ 1, then sdepth(I1,m) ≥ m+ 2.

Remark 5.1.17. In this case, we have no conclusion about Herzog’s conjecture and

Rauf’s question as well.

Proposition 5.1.18. If n ≥ 2 and m ≥ 1, then sdepth(In,m) ≥ d2m+3
2
e+ dn−1

2
e+1.

Remark 5.1.19. By [23, Theorem 2.3] sdepth(I∗n,m) ≥ 2nm+3n+1−b4mn+5n
2
c. Thus

our lower bound is stronger than this lower bound.

Corollary 5.1.20. (Rauf’s question) Let n ≥ 2 and m ≥ 1, then sdepth(In,m) >

sdepth(Sn,m/In,m) + 1.

Corollary 5.1.21. (Herzog’s conjecture) Let n ≥ 2 and m ≥ 1, then sdepth(In,m) >

sdepth(Sn,m/In,m).

5.2 The graph En,m and the super graph Fn,m of the
graph Dn,m with edge ideals Jn,m and J∗n,m, respec-
tively

Proposition 5.2.1. Let n ≥ 1 and m ≥ 0. If n ≡ 0 (mod 2), then

depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) =

⌈n+ 2

2

⌉
.

And if n ≡ 1 (mod 2), then

depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = 2m+

⌈n+ 5

2

⌉
.
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Remark 5.2.2. Apparently diam(Fn,m) = n+ 2, so by Theorem 2.3.3 we have depth

(T ∗n,m/J
∗
n,m), sdepth(T ∗n,m/J

∗
n,m) ≥ dn+3

3
e. Whereas our Proposition 3.2.1 shows that

if n ≡ 0 (mod 2), then depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = dn+2

2
e. And if n ≡

1 (mod 2), then depth(T ∗n,m/J
∗
n,m) = sdepth(T ∗n,m/J

∗
n,m) = 2m + dn+5

2
e. Thus we have

better results for depth and Stanley depth of this class of cyclic modules.

Proposition 5.2.3. Let n ≥ 3 and m ≥ 0. If n ≡ 0 (mod 2), then

depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) =
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then

depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = 2m+
⌈n+ 3

2

⌉
.

Remark 5.2.4. As diam(En,m) = dn+1
2
e so by Theorem 2.3.3 we have

depth(Tn,m/Jn,m), sdepth(Tn,m/Jn,m) ≥ dn+3
6
e. While our Proposition 3.2.3 shows that

if n ≡ 0 (mod 2), then depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = dn
2
e. And if n ≡

1 (mod 2), then depth(Tn,m/Jn,m) = sdepth(Tn,m/Jn,m) = 2m + dn+3
2
e. In a nutshell,

we have good results for depth and Stanley depth of this type of cyclic module.

Proposition 5.2.5. Let n = 1 and m ≥ 0, then

sdepth(J∗1,m) ≥
⌈6m+ 7

2

⌉
.

Let n ≥ 2 and m ≥ 0. If n ≡ 0 (mod 2), then

sdepth(J∗n,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
+ 1.

And if n ≡ 1 (mod 2), then

sdepth(J∗n,m) =
⌈8m+ 7

2

⌉
+
⌈n+ 3

2

⌉
.

Remark 5.2.6. By [23, Theorem 2.3] sdepth(J∗n,m) ≥ 2nm+ 3n+ 4m+ 5−
b4mn+5n+3m+2

2
c. Therefore our lower bound is finer than this one.
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Proposition 5.2.7. Let n = 3 and m ≥ 0. Then

sdepth(J3,m) ≥
⌈4m+ 8

2

⌉
.

For n = 4 and m ≥ 0

sdepth(J4,m) ≥
⌈4m+ 9

2

⌉
.

Finally, for n ≥ 5 and m ≥ 0. If n ≡ 0 (mod 2), then

sdepth(Jn,m) ≥
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
.

And if n ≡ 1 (mod 2), then

sdepth(Jn,m) ≥
⌈8m+ 6

2

⌉
+
⌈n+ 1

2

⌉
.

Remark 5.2.8. By [23, Theorem 2.3] sdepth(Jn,m) ≥ 2nm+ 3n−b4mn+5
2
c. Therefore

our lower bound is better than this one.

Corollary 5.2.9. (Rauf’s question) Let n = 3, and m ≥ 0. Then

sdepth(Jn,m) = sdepth(Tn,m/Jn,m) + 1.

Let n ≥ 4, and m ≥ 0. Then

sdepth(Jn,m) > sdepth(Tn,m/Jn,m) + 1.

Corollary 5.2.10. (Herzog’s conjecture) Let n ≥ 3, and m ≥ 0. Then

sdepth(Jn,m) > sdepth(Tn,m/Jn,m).

5.3 Bounds for the dimension of cyclic modules asso-
ciated to graphs Bn,m and En,m

Proposition 5.3.1. For n ≥ 1 and m ≥ 0, we have that dim(Sn,m/In,m) ≥ 2nm+ 2n.

Proposition 5.3.2. For n ≥ 3 and m ≥ 0, we have that dim(Tn,m/Jn,m) ≥ 2nm+ 2n.
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5.4 Open questions and conjecture

Question 5.4.1. Let n ≥ 1 and m ≥ 0. For n ≡ 0 (mod 2), is

depth(Sn,m/In,m) = sdepth(Sn,m/In,m) =
⌈n+ 1

2

⌉
?

Question 5.4.2. For n ≥ 2 and m ≥ 1. Is sdepth(In,m) ≤ d2m+3
2
e+ dn−1

2
e+1?

Question 5.4.3. For n = 3 and m ≥ 0. Is

sdepth(J3,m) ≤
⌈4m+ 8

2

⌉
?

For n = 4 and m ≥ 0. Is

sdepth(J4,m) ≤
⌈4m+ 9

2

⌉
?

Finally, for n ≥ 5 and m ≥ 0. When n ≡ 0 (mod 2), is

sdepth(Jn,m) ≤
⌈4m+ 5

2

⌉
+
⌈n

2

⌉
?

And when n ≡ 1 (mod 2). Is

sdepth(Jn,m) ≤
⌈8m+ 6

2

⌉
+
⌈n+ 1

2

⌉
?
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