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Abstract

This thesis is concerned with the formation of boundary layer near a flat plate/wedge
placed in water-based nanofluids. In model development, partial slip assumption is
employed which results in the Robin—type condition in longitudinal velocity component.
The resulting heat transfer process with a prescribed surface temperature is also
formulated and analysed using thermal slip condition. In this thesis, two well-known
theoretical models namely (i) Tiwari and Das model and (ii) Buongiorno model are
applied. Firstly, buoyancy assisted or opposed Falkner-Skan flow over a heated static
wedge using Tiwari and Das model is formulated. Here, nanoparticle working fluid is
assumed to be water based and it contains different nanoparticle materials. The governing
problem is transformed in to a coupled self-similar boundary value problem whose
numerical solution is developed by MATLAB package bvp4c based on the collocation
approach. Numerical simulations for velocity and temperature fields are scrutinized for
full ranges of solid volume fraction (¢) and pressure gradient parameter (m) under both
assisting and opposing scenarios. A comparative analysis of wall shear and heat transfer
rate is conducted for different nanoparticle materials. The computational results clearly
demonstrate that nanofluid assumption is indeed vital for thermal conductivity
enhancement of convectional heat transfer fluids. Secondly, Buongiorno’s formulation is
invoked to model nanofluid transport phenomenon over a flat plate at zero incidence,
when a prescribed free stream velocity is considered. Here the unconventional condition
of nanoparticle mass flux is treated. Also, variation of diffusion coefficients with
temperature is retained and it is concluded that Brownian and thermophoresis diffusions

have no effects on the thermal heat transfer.



Chapter 1

Introduction

This chapter includes fundamental concepts concerning boundary layer flows and heat transfer.
Conservation equations representing boundary layer flows over flat plate and wedge with
variable free stream velocity are explained. Dimensionless parameters appearing in this thesis are
briefly explained. Two well-known nanofluid models and their attributes are described briefly.
This chapter also presents a comprehensive review related to Falkner-Skan flows and nanofluid

models. Numerical procedure adopted in the problems is also explained.
1.1 Boundary Layer Flow

When a fluid flows over a solid surface, a boundary layer is formed where the relative motion
between the fluid particles exists due to significant effects of frictional forces. Fluid in contact
with the solid surface at rest has velocity equal to the wall velocity i.e.; zero velocity, due to no-
slip condition. The layer of fluid near the surface where frictional effects cannot be neglected is
called boundary layer. The flow outside this layer is unaffected by the wall friction and hence it

has zero shear stress and moves with the so-called free stream velocity.

In 1904, Ludwig Prandtl introduced boundary layer theory. His work has directed to an entire
research community field of study that permits a combination of viscous flow and inviscid flows

inside and outside the boundary layers respectively.

Likewise momentum boundary layer, a thermal boundary layer also develops when the
ambient or bulk temperature and the solid surface temperature differ due to conduction or
diffusion. The fluid particle in contact with the surface have the wall temperature and they
transfer energy between the fluids layers due to which a temperature gradient develops in the
fluid. Thermal boundary layer refers to the zone where temperature gradient is present. (see Fig.
1.1)
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Fig. 1.1: Boundary Layer Flow (source: Internet)

1.2 Falkner-Skan Flow

In 1931, Falkner and Skan [1] discovered an interesting family of boundary layer flows.
Numerical solution for Falkner-Skan flow was found by Hartree in 1937 [2]. Suppose that fluid
motion occurs over a static or moving wedge making an angle g with the horizontal; 8 being
the Hartree parameter that measures the favourable (8 > 0) and unfavorable (8 < 0) pressure
gradient (see Fig. 1.2). Assume that the external flow is characterized by U(x) = ax™, where a
and m are constants. Moreover, Hartree parameter £ is connected with m according to the

following:

B = 2m (1.1)

m+1’

Blasius boundary layer can be generalized by assuming that wedge makes an angle fm/2 with
non-uniform stream velocity U(x), In this case, similarity transformations are selected as

follows:

1 1
y = (M)Z T (M)Z o,

2Vex (m+1)
4 (1.2)
_ 0y _ 0y
u= 3y’ V= EP
In light of Eq. (1.2), the Navier-stokes equations are transformed as follows:
f+ffr+p(1-f7%)=0 (1.3)



Special Case:

For flat plate: m = 0 or B = 0, Eq. (1.3) reduces to:

f"+ff"=0 (1.4)

which we recognize as Blasius equation, in which free stream velocity U, p and u are kept

constant.

1.3 Nanofluids

U{x)=ax"
A :---—--‘r—
Y\
_,.--'."’Jv"~
o V..
Uy =Vy =0

Fig. 1.2: Falkner-Skan flow

These are novel heat transfer fluids that have much higher thermal conductivity than the

conventional coolants. Nanofluid consists of nanoscale particles made up of metals, oxides,

ceramics, nitride ceramics and carbide ceramics while water, oil, and ethylene glycol are chosen

as common base fluids.



1.4 Mathematical Models for Thermal Transport Using Nanofluids

1.4.1 Tiwari and Das Model
In this model, nanofluid properties are treated as linear functions of the properties of base fluids
and nanoparticles. Equations of continuity, linear momentum and energy are expressed in the

following forms:

V.V=0, (L5)
av
Pnf (E + (V. V)V) = =Vp + upV?V, (1.6)
aT
oo+ (V.U = a V2T, 1.7

where V designates the velocity vector and T stands for local fluid temperature. A model for

effective viscosity u,,  was suggested by Brinkmann [3]:

Hr

Hnf = (1= )25 (1.8)

The well accepted expressions for effective density p,,¢, thermal diffusivity o, effective heat

capacity (pCp)nf and effective thermal expansion co-efficient (pf,),s are given by Oztop and

Abu-Nada [4]:

k
= (1= d)ps + dps , app = —I—,
Pnf $)pr + Pps , any (Pcp)nf
(pCp),, = 1 =8)(pC,), + ¢ (0Cy),, (1.9)

(pﬁl)nf =(1- qb)(pﬁl)f + ¢ (pB1)s

Furthermore, a widely employed expression for thermal conductivity of nanofluids was proposed

by Maxwell [5]:

10



L (ks 2kp) + 20 (ks — k)
T (ks + 2kp) — p(ks— k)

Kny (1.10)
in Egs. (1.8)-(1.10), ¢ shows nanoparticle volume fraction while subscripts f and s are used to

signify properties of base fluid and nanoparticle materials respectively.

1.4.2 Buongiorno Model

In 2006, Buongiorno [6] came up with a two component nanofluid transport model comprising
four equations. He identified seven mechanisms that can induce relative velocity between
nanoparticles and base fluids and argued that only two parameters namely Brownian diffusion
and thermophoresis are prominent parameters. Based on this conclusion, he presented the

following set of conservation equations:

V.V =0, (1.11)
Pnf (Z—‘t, + (V. V)V) =-Vp+V.1, (1.12)
oT
(PCo)., (g + (V. V)T) =-V.q—C,J,. VT, (1.13)
dg 1
(E + (V. V)<P) = _EV' Jp: (1.14)

where q and J,, show heat and mass fluxes respectively. These are expressed as:

b TVT), (1.15)

Q= —knfVT 1, = —p, (DpV0 +

in which D and Dg represents diffusion coefficients due to thermophoresis and Brownian
motion respectively. These are further expressed as D = Cr.¢ and Dg = Cgz/T . Furthermore,

¢ stands for nanoparticle concentration. Invoking Eq. (1.15), Eq. (1.13) and Eq. (1.14) becomes:

oT VT
(pCp),., (E + (V. V)T) = V. (knfVT) + Cppp (CBTV(p + Cro T) VT.

(1.16)

dp vT
(E + (V. V)(p) =V. (CBTVgo + Cro T)'

11



1.5 Slip and No-slip Boundary Conditions

When the velocity of the fluid is not equal to the velocity of the boundary at the interface or there
is some relative motion between the fluid and the wall then the conditions are termed as velocity
slip condition. Whereas, the no-slip condition for viscous fluids assumes that the fluid will have

zero velocity relative to the boundary at the interface.
1.6 Some Dimensionless Numbers

1.6.1 Reynolds Number
The ratio between inertial and viscous force is known as Reynolds number. Mathematically, we

have

UL
Re = o= (1.17)
v

where L denotes the characteristic length, U shows the free stream velocity and v designates the
kinematic viscosity. Laminar and turbulent flow regimes can be distinguished by using the
Reynolds number. Laminar flow occurs at low Reynolds numbers where viscous forces are

prominent. The flow is turbulent at high Reynolds numbers where inertial forces are dominant.

1.6.2 Schmidt Number
The Schmidt number (Sc) defines the ratio of momentum diffusivity (kinematic viscosity) to the
mass diffusivity. It characterizes flow situations where momentum and mass diffusions are

simultaneously occurring. Mathematically, it is given as:

Sc = (1.18)

\%
D )

1.6.2 Prandtl Number
The ratio of momentum diffusion to the thermal diffusion defines the Prandtl number (Pr). It is

written mathematically as:

12



v ou/p pG
M_a_km@_ Pt (1.19)

where a shows the fluid’s thermal diffusivity.

1.6.3 Grashof Number
The Grashof number, named after Franz Grashof, is a dimensionless number that gives the ratio

of buoyant force to the viscous force.
Mathematically,

b t ATL3
o 1{oyan force _ 9B ’ (1.20)
viscous force v?

where, [3; represents the thermal expansion coefficient.

1.6.5 Nusselt number
The Nusselt number (Nu) characterizes the relative importance of convective to that of

conductive heat transfer. Mathematically, it is expressed as:

AL

Nu = 1.21
u=-, (1.21)

where L shows the characteristic length, h stands for convective heat transfer coefficient and k
shows fluid thermal conductivity. Nusselt number reflects the dimensionless temperature

gradient at the surface of solid.
1.7 Oberbeck-Boussinesq Approximation

Oberbeck-Boussinesq approximation is used to deal with flow problems like natural convection.
According to this approximation, it is assumed that density variations have a little effect on the
flow field other than to cause buoyancy forces. The density of fluid must be a function of the

temperature for thermal convection to occur and hence density takes the form:

p = poll = Bu(T =TI, (1.22)

where p,is the fluid density at temperature T, and B, is the coefficient of thermal expansion.

13



In general, for compressible flow, the momentum equation can be expressed as:

p (Z—‘t/ + (V. V)V) =-Vp+V. (uAl - ;u(V. V)I) + pg, (1.23)

where A; = (VV + (VV)T) is the strain rate tensor, V is the fluid velocity, p is the density, p is
the pressure, u is the dynamic viscosity of the fluid, I is the identity matrix, and g is the

acceleration due to gravity.

The continuity equation for compressible fluid is %Z—ft’ +V.Vv=0.

According to the Oberbeck-Boussinesq approximation, density variation is only significant in the

buoyancy factor pg, and it can be ignored in the rest of the equation. This result (1.23) in:

av 2
Dy (E + (V. v)v) =-Vp+V. (yAl — §u(v. V)I) + pg, (1.24)

Except in the body force term expressing the buoyancy force, the temperature and pressure-

dependent density p, has been replaced with a constant density p, .

. : 1dp . . - :
Since the magnitude of ;d—’t) is small compared with the term V.V, the continuity equation

1d . . .
;d—’; + V.V = 0, reduces to the incompressible formV.V =0 under the Boussinesq
approximation. As a result, the term %y(v. V)I in the Navier-Stokes equations is zero as well.
The viscosity u, is also commonly believed to be constant. As a result, the diffusion term
V. (M(VV + (VV)T)) can be recast as uV2V. By using these above assumptions, equation (1.24)

can be written as follows:

ov
0, (E + (V. V)v) — Vp+ uV2V + pg, (1.25)

The buoyancy term pg can also be stated as p,g — p,B1(T — T,)g in view of equation (1.22). So

the equation for conservation of momentum becomes:

d
po (50 + (V.9IV) = ~V(0 — o) + HV2V = po (T ~ To)g: (1.26)

14



1.8 Heat Transfer

The thermal flow of energy between physical systems is known as heat transfer. Heat
transmission is possible if there is a temperature difference between two physical systems. Heat

can be transferred across systems in three ways: radiation, convection, and conduction.

1.8.1 Conduction

The process of heat transfer caused by molecule collisions is known as conduction. Heat
conduction, electrical conduction, and sound conduction are all terms that are frequently used to
describe three different types of activity. Fourier proposed that the rate of heat transfer per unit

area is proportional to the temperature gradient, i.e.,

0 dT
X 1.27
A k dx’ (127)

where k is the proportionality constant known as thermal conductivity, A is the area, Q is the

ar . o . :
heat transfer rate and = s the temperature gradient in the preceding equation.

1.8.2 Convection

Convection is the movement of fluid particles from a location of high thermal energy to a region
of low thermal energy. It is the energy transfer caused by bulk fluid motion in fluid dynamics.
The nature of convective heat transmission is determined by the flow. As a result, there are three
types of convection: Natural (free) convection, Forced convection and mixed convection. Heat

transfer mechanism given by Newton’s law of cooling as

Q
1= h(T, —Ty), (1.28)

in which T,, shows wall temperature whereas T, is surrounding temperature characterized by

heat transfer coefficient h.

1.8.3 Radiation
In the infrared and visible portions of the electromagnetic spectrum, radiation is the transfer of
thermal energy carried by photons of light. Radiation is a mechanism by which all bodies

constantly emit thermal energy. It can be sent without the use of any medium.

15



1.9 Mass Transfer

Mass transfer refers to the movement of chemical species from one location to another as a result
of a concentration gradient. Diffusion is the same as conduction when it comes to mass transfer.
Heat and mass transport are both Kkinetic processes that can be investigated independently or
together. It is more efficient to couple heat and mass transfer equations in the case of diffusion-

convection phenomena.

1.10 Literature Review

Falkner-Skan model, discovered decades ago by Falkner and Skan [1], has central importance is
fluid dynamics of wall-bounded flows. It is characterized by a laminar boundary layer formed on
a wedge in the existence of an external free stream velocity U(x) o x™. The authors in [1]
proposed a transformation technique that yields flow problem involving a parameter f =
2m/(m + 1), measuring the adverse or favorable pressure gradient. Some approximate
procedures were adopted for analysing the self-similar system in [1]. Later, Hartree [2] came up
with a numerical approximation of self-similar Falkner-Skan equation using shooting method.
More detailed analysis of the Falkner-Skan equation was provided by Stewartson [7] who found
a lower bound B, of B, beyond which the solution does not exist. He also discovered that dual
solutions exist in the range B. < B < 0. Yang and Chein [8] reported unique analytic solutions
comprising of hyper geometric functions, for Falkner-Skan model when g = —1. Brauner et al.
[9] later showed that Falkner-Skan equation with § = —1 can be reduced to the Ricatti equation.
Owing to its theoretical significance, a considerable research concerning Falkner-Skan flow
under different situations is published to date. Local similarity solutions for visco-elastic
Falkner-Skan flow were found by Rajagopal et al. [10] utilizing second-grade model. Their
results predicted the contribution of elastic effects on the pressure gradient driven flow adjacent a
wedge. Later, the contribution of surface porosity on the boundary layer was numerically studied
by Watanabe [11]. Yih [12] investigated self-similar PDEs representing forced convection heat
transfer over a porous wedge with suction or blowing using Keller-Box numerical scheme.
Asaithambi [13] applied a finite difference technique to deal with the Falkner-Skan model, by
transforming the semi-infinite physical domain to the unit interval [0,1]. The author indicated

that the computational effort required by finite difference approach is considerably less in

16



comparison to the Newton method based shooting algorithm. Falkner-Skan model with
viscoelastic fluid governed by FENE-P constitutive equation was treated numerically by
Olagunju [14]. Author showed that self-similar solution is achievable only when m = 1/3 is
chosen. Yacob et al. [15] formulated Falkner-Skan motion by considering nanoparticle working
fluid and studied the consequences of solid volume fraction on resulting heat transfer for various
nanoparticle materials. Quite recently, closed form analytical results for Falkner-Skan flow and
accompanying heat transfer were developed by Fang et al. [16] in a special case where § = —1.
Further studies featuring Falkner-Skan flows under different scenarios include those published
by Hayat et al. [17], Turkyilmazoglu [18], Merkin [19], Das et al. [20], Dinarvand [21],
Awaludin et al. [22], and Wang [23].

Nanotechnology has been largely adopted in industries since materials with nanoscale sizes
exhibit distinct chemical and physical properties. A relatively new class of fluids containing
emulsions or suspensions of nanostructures (such as fibers, tubes, particles, droplets) in fluid
media (water, ethylene glycol etc.), are termed nanofluids. Eastman et al. [24] discovered that
thermal conductivity of ethylene glycol fluid rises up to 40% when only 0.3% volume fraction of
copper particles with diameter <10 nm are dispersed in it. Several unique applications of such
fluids, requiring rapid and efficient heat transfer have been identified. Also, various interesting
review articles outlining remarkable applications of such fluids in solar power technology, in
microelectronics, in large scale cooling, in biomedicine, in machining and in transportation are
published (see, for instance [25]-[27] and articles there in). A frequently adopted mathematical
model was introduced by Buongiorno [6] in 2006 that considers the contributions of Brownian
diffusion and thermophoresis in transport equations. Buongiorno’s approach was initially
followed in a series of papers by Nield and Kuznetov [28]-[32] dealing with natural convection
along a flat plate embedded in nanofluid. In these papers, the diffusions were assumed to be
constant and temperature differences were assumed sufficiently small. It was later reported by
Myers et al. [33], the Buongiorno’s framework was not accurately reported by many studies
including the ones cited above. They noticed that both Brownian diffusion and thermophoresis
effects do not alter the heat transfer performance of a nanoparticle working fluid, which is quite
opposite to what has been claimed in several past papers. Formulation proposed in [6] has been
adopted in many other papers to examine a wide variety of flow models (see refs. [34]-[37] and

articles there in). Tiwari and Das [38] put forward a single-phase model for nanofluid thermal
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transport, in which thermo physical properties of resulting nanofluid were expressed as linear
combinations of properties of base fluid and its constituents. This model was utilized in
numerous articles to explore nanofluid insights in well-known boundary layer flows (see refs.
[39]-[42] and articles there in).

1.11 Objectives of the Thesis

Motivation of current thesis is twofold. Firstly to consider buoyancy effects in Falkner-Skan flow
of water based nanofluids under partial slip boundary conditions. Here, for the first time,
buoyancy force term for Falkner-Skan flow of nanofluid is formulated using Tiwari and Das
model [39]. To preserve self-similarity in the arising system, it is further assumed that wedge
surface temperature is proportional to x?™~1, Contribution of nanoparticle volume fraction
towards heat transfer enhancement in Falkner-Skan flow is scrutinized via detailed numerical
results. Notably, the aforementioned problems reduce to the classical Blasius flow model of flat

plate at zero incidence when m = 0.

Secondly, the two phase Buongiorno model is implemented to analyse slip flow past a flat plate
with variable free stream velocity. Numerical simulations are executed via MATLAB routine

bvp4c, which has been widely employed these days for the similar boundary layer flows.
1.12 bvp4c

Flows occurring in physical world are governed by complex non-linear partial differential
equations. These equations may have no solution, have a finite number, or may have infinitely
many solutions. In order to get MATLAB programs require the user to provide with the initial
guesses for the solution required and also for the parameters involved in the governing
equations. A nonlinear multipoint boundary value problem can be solved using a built-in
function in MATLAB that is based on collocation approach. Third order differential equations
are reduced to first order ordinary differential equations in order to use this approach. For more
accurate results, the guesses are offered. Changes in step size can be adjusted to improve

accuracy.
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Chapter 2

Buoyancy influenced Falkner-Skan slip flow of nanofluids utilizing Tiwari

and Das model

2.1 Introduction

The study of heat transport and boundary layer flow of water based nanofluids over a heated
static wedge under partial slip boundary conditions is covered in this chapter. To preserve self-
similarity in the arising system, it is further supposed that temperature of wedge surface is
proportional to x2™~1. The controlling system of partial differential equations (PDESs) is
transformed into a system of nonlinear ordinary differential equations (ODES) using similarity
transformation, and then numerically solved using the MATLAB bvp4c function. The numerical
values for the wall shear stress and Nusselt number, as well as velocity and temperature, are
presented in graphs and tables. Graphs and tables in Section (2.4) illustrate the effects of various

parameters on flow and heat transfer characteristics.
2.2 Basic Equations and Similarity Solutions using MATLAB Package bvp4c

Consider the Falkner-Skan flow situation (illustrated in Fig. 1), that involves water based
nanofluids along a heated wedge making an angle Sm/2 with the horizontal. We treat the case of
static wedge where pressure gradient is applied to achieve a prescribed free stream velocity
U(x) = ax™, where a > 0 is a constant. Let u and v designate velocities along the x —and y —
directions where coordinate x extends along the wedge surface and y is normal to it. Unlike most
of the past studies, present work retains the contribution of buoyancy force term on the on
resulting flow phenomena. In addition, partial slip assumption is invoked that leads to Robin-
type condition for both tangential velocity and temperature. Tiwari and Das formulation will be
implemented to seek how solid volume fraction of four different kinds of nanoparticle materials
(namely copper (Cu), alumina (Al,03), copper-oxide (CuO) and titania (TiO,)), affects the flow
field. In this case, a prescribed surface temperature distribution is assumed which ensures that
developed problem admits a self-similar solution. Invoking the Oberbeck-Boussinesq

approximation and Tiwari and Das nanofluid model [38] as well as the Bernoulli’s equation in
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free stream, the governing non-linear PDEs of mass, momentum and energy can be written as
follows:

LA (2.)
ox dy '
ou ou dU 0%u (PBnf . pr
uss + U@ = UE + Vs (6_yz> +g o (T —Ty) sm(7), (2.2)
( oT N 6T> knp 0°T 2.3)
U—+v—| = —, :
dx  dy/)  (pcp)ns 9y?

where vir, pnr, knr, (pcp)np and By represents the effective kinematic viscosity, effective
density, effective thermal conductivity, effective heat capacity, and co-efficient of thermal
expansion respectively. Table 2.1 shows theoretical models for these quantities, whereas thermo-
physical properties of water and nanoparticles are listed in table 2.2.

g = [-gsin{Bm/2}, —gcos{Bm!2}, 0]

Uix)=ax" _»
¥ S
&
o ':f-.—-
T s e i

Ty = T, +bx*™"

Uy =V, =0

Fig. 2.1: Physical representation and coordinate system
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Table 2.1: Effective thermo physical properties of nanofluids where subscripts f,nf and s relate to fluid,

nanofluid and nanoparticles respectively (Oztop and Abu-Nada [4]).

Properties Models
Dynamic viscosit _ K
y Yy (ﬂnf) .unf = m
Kinematic viscosity (v, ) Vs = Vr
=
(1 - )25 (1= oy + dps)

Density (pny) pnr = (1 — )ps + ¢ps

Heat capacity (pcp)n . (pcp)n ;= (1 =3)(Cp)r + ¢ (pCp)s

(ks + 2kf) —2¢( ks — ks)

Thermal conductivity(k,, ) K = Ky
nf =
(ks + 2kp) + d(ky — k)

ks

Upf = 77—~

(pCp)nf

Thermal diffusivity (a,r)

Buoyancy co-efficient (pf81)ny (PBInr = (1 = $) (B + $(PB1)s

Table 2.2: Thermo physical properties of base fluids and nanoparticles [4].

Property Base fluid (H,0) | Cu Al, 04 TiO, CuO
C, [L°T72071] 4179 385 765 4179 531.8
Kk [MLT3071] 0.613 400 40 8.954 76.50
p [ML3] 997.1 8933 3970 4250 6320
By-107°[071] 21 1.67 0.85 0.9 0.85
The flow problem is subjected to the following slip boundary conditions:
du aT
u=N(x),unfa—, v=0, T=T,+D,(x)=— at y=0,
y 9y 2.4)

u-U, T->T, as y— oo,

where, u and v represents the velocity components along the x — and y —directions respectively.
N(x) = N*(x/U(x))/? and D;(x) = D*(x/U(x))*/? are variable velocity and thermal slip

factors respectively.

In order to reduce the Egs. (2.1) - (2.3) into ODEs, following similarity transformation variables
are used [43]:

T, — T

(2.5)

_((m+ 1)U (%) 1z
”‘( > Y m+1)

_ 2vexU(x)
2vex

)me), 60n) =
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where 1 is the dimensional stream function and is expressed in the usual form as u = dy/dy
and v = —ady/dx, 0 is the dimensionless temperature distribution of the nanofluid, f is the

dimensionless stream function and n is independent similarity variable.

By substituting Eqg. (2.5) into governing non-linear PDEs (2.2) and (2.3), give us a following set
of dimensionless non-linear ODEs:

1 " " 2m 12 2 €2 i 'BT[ =
—F A e (U ) 4 g 2 easin () = 0 (2.6)
knf " ’ Hf, —
il TOf o m -2 =0 &7
where,
el=(1—¢)2'5{(1—¢)+¢&}, 62=(1—¢>)+¢—(pﬁ1)5, es=(1—¢)+ 02,
pr (pB)s Py

(pcp)s
€4 = (1—¢)+¢ﬁ-

In Egs. (2.6) and (2.7), Przvf(pcp)f/kf represents base fluid Prandlt number, g =

2m/m + 1represents Hartree pressure gradient parameter and 1= gb(B;)s/a* =
Gry/(Re,)* represents the mixed convection parameter in which Gr, = gB(T,, — Teo)x3/v?
and Re, = Ux/v denote the Grashof and Reynolds number respectively. Furthermore, we notice
that A is a constant, with A < 0 corresponds to opposing flow and A > 0 corresponds to assisting

flow , while 2 = 0 represents the case when buoyancy force is absent (forced convection).

The boundary conditions (2.4) transform to:

FO0) =0, a (1—¢)25(m+1)2 £(0) = f' (0),

1 (2.8)
1+y(m+1)26'(0) =6(0) at n =0,

ff->1, 650 as n— oo.

where a; and y are termed velocity and thermal slip parameters. These are defined below:
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1 \1/2 1 2
T —

In Eq. (2.9), a, and y is the velocity slip parameter and thermal slip parameter respectively.

Shear stress encountered at the wall is evaluated as follow:

1
(0 negy (Mt DUGIN? 2.10
W-mﬁ(m)yo a ¢y5U()f(®< T x ). (210)

Eq. (2.10) can be used to evaluate the skin friction coefficient C; = 7,,/pU?(x):

(2.11)

m+ 1>1/2 £"(0)

(ke =("53=) G gy

where Re, = Ux/vy defines the local Reynolds number.

Defining the local Nusselt number Nu, = xqy,/kys(Tw — To) With q,, = —k, (3T /0y)y=

representing heat flux at the surface, we reach the following result:

1/2
(Re,) V2Nu, = — (mTH) 6'(0). (2.12)

To discover physical insights in the present model, Egs. (2.11) and (2.12) clearly show that one

must focus on the values of f'(0) and 6'(0).

For the solution of boundary-value problem comprising Egs. (2.6) and (2.7) together with
conditions (2.8), an easy to apply yet reliable package bvp4c of MATLAB is used. By using the

following substitution:

vi=f Y2=f" y3=f", y»=0 and ys =20/, (2.13)

the equivalent first-order system is found given below:

Y1i=Y2 (2.14)
Y2 =3, (2.15)
2m 2 pr (2.16)
I 2 &~ t2 .
V3 =—€ {Y1)’3 mt (1 y2©) + m+1e, BAsm( 3 )}
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Vi =Ys, (2.17)

k YaYa
y5 = Pre,— k. {

- (4m—2) — ysy ). (2.18)
Egs. (2.14)-(2. 18) are solved by bvp4c routine that applies collocation approach which yields
C1-continuous polynomial valid in the domain of interest. In table 2.3, present code is validated

by comparing the data of f''(0) with the existing studies and such comparison appears excellent.

Table 2.3: Effect of pressure gradient parameter m on wall shear stress f'/(0) when ¢ =0. A
comparison of results with the existing papers.

f"(0)

m Rosenhead | Watanabe Yih et al. | Yacob et | Dinarvand | Present

[44] [11] [12] al. [15] | [21] results
0 0.46960 0.469600 | 0.4696 | 0.469600 | 0.469600
1/11 0.65498 0.654979 | 0.6550 | 0.654993 | 0.654994
0.2 0.80213 0.802125 | 0.8021 | 0.802125 | 0.802126
1/3 0.92765 0.927653 | 0.9277 | 0.927680 | 0.927680
0.5 1.03890 1.0389 | 1.038903 | 1.038900
1 1.232588 1.232588 | 1.2326 | 1.232587 | 1.232590

2.3 Analysis of Computational Results

In this section boundary value problem comprising equations (2.6) and (2.7) along with the
condition (2.8) have been dealt with the above mentioned procedure. The computational results
are utilized to explore the velocity and temperature curves under different controlling
parameters. Numerical data of f''(0) is generated at different m-values in the special case where
¢ = A = 0. These results appear in perfect match with the corresponding data found by previous
authors. Having ascertained the validity of MATLAB code, we now divert our attention to the
discussion concerning physical intuition of the model. Figs. (2.2)-(2.12) correspond to the

numerical solutions of Egs. (2.6) and (2.7) formulated under Tiwari and Das model.

Fig. 2.2 include profile of f'(n) representing u-component velocity profile for different values
of m, measuring the favorable pressure gradient. By increasing parameter m, the pressure
gradient enlarges due to which flow parallel to the wedge accelerates. It is also evident that it

requires a lower value of y for the velocity profile to achieve its free stream condition, when
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larger value of m is selected. This illustrates that boundary layer thickness is suppressed by
increasing the pressure gradient. It is notice that deviation in the profiles corresponding to

opposing flow is more pronounced when compared with assisting flow situation 4 = 1.

Fig. 2.3 include 8-curves for different choices of m under both assisting and opposing flow
scenarios. Clearly thermal boundary becomes thinner for increasing m values. This predicts that

the heat transfer rate from the boundary is an increasing function of parameter m.

Fig. 2.4 scrutinizes the role of buoyancy force on the Falkner-Skan flow with nanoparticles, we
compute u —velocity and temperature profiles by changing the values of A, the mixed
convection parameter. For positive values of A, buoyancy force serves as favorable pressure
gradient its effect is therefore similar to that of m in qualitative sense. It is revealed that

transverse velocity component v has an increasing relationship with parameter A.

Fig. 2.5 is generated for see the consequences of buoyancy force term on the temperature profile
with and without nanofluid assumption. For increasing A-values transverse velocity component v
enlarges due to which higher amount of cold fluid is being drawn towards the hot wedge surface.
This leads to the thinning of thermal boundary layer as apparent from Fig 2.4. The effect of A on
temperature profiles is relatively less compared to the velocity profiles because this parameter
does not appear directly in the similarity energy equation. Moreover, a clear rise in thermal
boundary layer thickness becomes evident due to the consideration of nanoparticles.

The curves of velocity field f'(n) obtained by varying velocity slip parameter a; are portrait in
Fig. 2.6. At the wedge surface, the tangential velocity component u relates to the shear stress
encountered due to the consideration of slip boundary condition. Resultantly by increasing slip
coefficient, shear stress at the wall is lowered which leads to a decrease in f''(0). This in turn
enhances the graph of f’ as noted from Fig. 2.6. Such behavior is qualitatively similar for both

positive and negative values of parameter A.

Fig. 2.7 convey that for both assisting and opposing flow the temperature profile decreases with
the increase of thermal slip parameter y. It is due to the fact that when the y increases, it reduces
frictional heat between nanofluid and the wedge surface. Consequently, the temperature reduces

in the boundary layer region and the thermal boundary layer thickness decreases.
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In Fig. 2.8, we investigate how temperature curve 6 is affected by the presence of
nanoparticles (Cu). The graph of effective thermal conductivity k, , versus volume fraction ¢
shows the linear growth in k,, with ¢. For such reason thermal boundary layer thickness

elevates whenever nanoparticle working fluid is considered.

Fig. 2.9 displays the curves of skin friction coefficient (represented by Cf(Re;/Z) against m for
wide variety of mixed convection parameter. Interestingly, for sufficiently higher values of 4,
almost a linear growth in skin friction coefficient with m is evident. Fig. 2.10 presents the
profiles of local Nusselt number as functions of m for various values of Prandtl number Pr. For
increasing Pr-values, heat convection becomes stronger compared to pure conduction which
results in higher value of wall temperature gradient. Also, heat transfer rate vanishes when Pr —
0.

Figs. 2.11 and 2.12 portray the contribution of solid volume fraction ¢ on skin friction factor and
local Nusselt number respectively. Here computations are worked out for four different
nanoparticle materials. The Brinkman model [3] of viscosity signifies a direct relationship
between the dynamic viscosity u,r and ¢. Consequently, with an enlargement of ¢, the skin
friction coefficient grows (in non-linear fashion). Furthermore, highest and least values of skin
friction factor/local Nusselt number occur, respectively, for copper-Cu and alumina-Al,04

nanoparticles.

In table 2.4, the numerical data for f”(0) and 6'(0) is assessed by changing the mixed
convection parameter A, the velocity slip parameter a; and nanoparticle volume fraction ¢. Heat
transfer rate grows upon increasing the strength of buoyancy force. Furthermore, a considerable
reduction in heat transfer rate is found whenever nanofluid assumption is incorporated. It is
natural to notice an augmentation in skin friction coefficient due to the inclusion of

nanoparticles.
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Table 2.4: Numerical data of skin friction coefficient f'(0)/(1 — ¢)%° and local Nusselt number
—0'(0) for different sets of mixed convection parameter A, velocity slip parameter @; and volume
fraction ¢ with Pr = 6.2.

1/2 " 1/2

y) ay (0] (m + 1> OIS (m + 1> 6'(0)

2 (1 — ¢)2.5 2

-15 0.63293 2.03664
-1 0.66654 2.06641
0 0.73026 2.12071
0.5 0.2 0.76061 2.14567
1 0.79009 2.16938
01 0.81878 2.19199
0.25 0.76647 2.26216
0.75 0.45621 2.59342
15 0.37729 2.66118
0.2 0.40615 2.44402
1 0.25 0.41788 2.33497
0.3 0.42834 2.22629
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Chapter 3

Buongiorno model for slip flow past a flat plate with variable free stream

velocity

3.1 Introduction

In this chapter, boundary layer formation over a flat horizontal plate with stream wise pressure
gradient is studied. Two-phase Buongiorno model is accounted to forecast the roles of Brownian
diffusion and thermophoresis effects attributed to the presence of nanoparticles. Slip conditions
and zero nanoparticle mass flux assumption are invoked and self-similarity solution is derived
using MATLAB’s bvp4c.

3.2 Basic Equations and Similarity Transformations

Assume that nanofluid motion occurs over a flat horizontal plate at rest with a variable free
stream velocity of power-law U(x) = ax™, where a is constant and m is pressure gradient
power law parameter (see Fig. 3.1). If (u,v) denote velocities along horizontal and vertical
directions, T designates local temperature and ¢ stands for nanoparticle concentration, then

conservation equations can be written in the following manner:

ou dv
Ix + 7y =0, (3.1)
ug—z+vg—;= UZ—Z+vnf<ZZTu>, (3.2)
(PCp)ns (ug—: + vg—z) = knfgiyz +ppCp {CB Tg—(;g—; + CT$(Z—§)2}, (3.3)
u?)—z+vg—(p=ai(CB Z—(;+CT$Z—§), (3.4)

where Cg = Dg /T and Cr = Dy/¢ are Brownian diffusion and thermophoresis diffusion

coefficients respectively. py,r, vyr, kng, (0Cp)ny denotes the effective density, kinematic
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viscosity, thermal conductivity and volumetric heat capacity respectively. Since here we have

ignored the variations in volume fraction ¢ and hence set these nanofluids physical properties

that are functions of ¢ as kept constant or as same as of the base fluid.

Relevant boundary conditions are expressed below:

aT 9 aT
v=0, T=Ty+Di(W) 5, T2y, 2% —0at y=o,

u= N dy T oy (3.5)

du
nf ay'

u—->U T->Ty, @ @, as y — oo,

Flat plate at rest

7 aT a 2T
i = Ny e BETRADY e BT ik
7 ay Gy

iy T ay

Fig. 3.1: Physical representation and coordinate system

Choosing the following similarity transformations [43]:

(3.6)

1 1
_((m+ 1DUx)\2 _ (2vnpxU(x)\2 _T—Ty P9,
n—<W> 2 IP—(W) f@), Q(U)—TW_TOO.X(U)— o
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The governing equations (3.1) - (3.4) transform to the following ODEs:

fm +ffll + (1 f’z) =0, (37)
B 0" + f0'+ Nt(1+ x)(8")?+ Nby'6' =0, (3.8)
nf
AT Nt AT
X+ 7m0 30+ (A4 00" = L+ DO )+ Sefx’ =0, (3.9)

where AT = (T, — Ts,), Pr,s defines the nanofluid Prandtl number, Nt and Nb are termed as
Brownian motion and thermophoresis parameters and Sc defines the Schmidt number. The
assumption used by Buongiorno that AT < T, allowing us to replace ATO(n) + T, with T,
while deriving Egs. (3.7)-(3.9). The dimensionless parameters appearing in (3.7)-(3.9) are:

(pCp),, Vns
Priyy = P2t
ks
(3.10)
Nt = CrpoATp,Cp Y ooqoooppC _ Uny
t=——7"7+—, = =—
TooVns (pcp)nf vnr(PC ) CpTe
Furthermore, the boundary conditions (3.5) assume the following forms:
f=0 cm+D2f =f, 14y,m+ 120 = 0,7 +~-(1+)
=0, a;(m+1)2f =f, 1+y (m+1)20 =0,y +—A+x)8'=0 at n =0,
’ ! Nb (3.11)

ff>1, 6-0, y>0 as n— .
The expressions of a, and y; are similar to those of a; and y where v is replaced with v,,.

The shear force at the plate is calculated as follows:

ou
Tw = HUnf (@)

Eq. (3.12) can be utilized to determine normalized skin friction Cr defined below:

1
= UnsU(x) f(0) (M)z (3.12)

y=0 2vprx

Tw

pnfUz.

Cr = (3.13)
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which can be transformed to the following:

1/2

+
(Rey)ns /2Cr = (mT> £7(0), (3.14)

where (Re, ), = Ux/v,r expresses the local Reynolds number.
The local Nusselt number is defined as:

- *qw (3.15)
Nuy = —————,
x knf(Tw - TOO)
where q,, = —k,f(0T/0y),—, represents heat flux at the surface. Heat transfer rate can be

estimate by using local Nusselt number. By transformation (3.6), Egs. (3.15) converts to the

following:

1/2
(Re,)"V/2Nu, = — (mT“) 0'(0). (3.16)

3.3 Numerical Results and Discussion

The set of coupled PDEs (3.1) - (3.4) along with boundary conditions (3.5) are transformed in to
similar forms via generalized Blasius transformations (3.6). Similar to the Chapter 2, the self-
similar system is evaluated numerically by MATLAB routine bvp4c. In this section, our entire
focus will be to understand any contribution of diffusion coefficients on nanofluid heat transport

phenomena.
Consequences of the change in Brownian diffusion effect on the concentration profile are

illustrated graphically in Fig. 3.1. In light of Eq. (3.10), one can express Nb = i(%). It
PInf

implies that change in Nb can be linked with the corresponding change in Sc. Due to this reason,
the values of Schmidt number Sc are adjusted for all selected values of Nb in Fig. 3.1. Brownian
motion refers to the random motion of nanoparticles in that base fluid. As Brownian diffusion
strengthens, the concentration boundary layer expands indicating that the presence of

nanoparticles in larger extent of the fluid.
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In order to figure out how the thermophoretic diffusion influences the nanofluid medium, we
computed concentration profiles for various choices of Nt in Fig. 3.2. In thermophoretic
diffusion, nanoparticles surrounding the hot surface are driven away from it (i.e. towards the
region of lower temperature gradient). The expression of Nt clearly suggests that variation in Nt
can be caused by the corresponding change in temperature difference AT. As expected, the y-

profile becomes broader/thicker for higher values of Nt.

It is worth-pointing here that contribution of Nb and Nt on temperature/heat transfer rate is not

observed, which is also explained in detail by Myers et al. [33].

To visualize the contribution of pressure gradient parameter m on y, Fig. 3.3 is presented. A

marked reduction in concentration penetration depth is witnessed for increasing m-values.

0, |
Nb= 4107, Se= 25x10° Nt=1x10°, ATIT_ =1/30
-0.05/ / —Nb= 8107, S¢ = 1.25x10% —Nt=2x10", AT =230
- 7 a0z ]
041+ No=12¢10", Sc 0850’ ——Nt=3x10, AT =3/30
~ Nb = 16x10”, S¢ = 0.63x10° 6 "
$15 —Nb=20x107, Sc = 0.510°) — Nt=4x107, ATT =430
Nt=5x105, ATT =5/30 |
02} ®
Pr.=7,m=02a,=y,=01,
0257 21 06/ Pr.=7,m=02, o, =7 =0.1
0] ) £, . -y
Sc = 25x10°, Nt = 1.5x10° |t 2 1
03| — Sc=25x103, Nb =4x10”
0 0.1 02 7 03 0.4 0.5 0 05 g 1 15
Fig. 3.1: Variation in concentration profile y(n) Fig. 3.2: Effects of different values of Nt on
with 7 for different values of Nb. concentration profile y(n) with n.
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Fig. 3.3: Variation in concentration profile y(n) with n for different values of m.
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Chapter 4

Conclusion and Future Works

In this thesis, first we have studied the buoyancy effects in Falkner-Skan flow of water based

nanofluids under partial slip boundary conditions using Tiwari and Das model. The

accompanying heat transfer process inspired by the buoyancy effect is also addressed under

assisting and opposing flow scenarios. Here correct version of buoyancy force term arising for

the Falkner-Skan problem is just derived. Secondly, we have studied two phase Buongiorno

model to analyse slip flow past a flat plate with variable free stream velocity. Here the volume

fraction of nanoparticle is kept constant while taken in to account the concentration of

nanoparticles.

Observations drawn on the basis of numerical simulations are outlined as follows:

A considerable growth in the thermal boundary layer thickness is found when
nanoparticle volume fraction is considered; consequently, the wall slope of temperature
profile 68'(0) measuring the wall heat transfer rate decreases for increasing value of ¢.
Naturally, buoyancy force term assists or opposes the fluid motion along the wedge
surfaces for positive and negative values of A respectively.

Variations in computational results by changing parameter A appear similar with and
without addition of nanoparticles.

In the existence of wall slip parameter, the momentum boundary layer is considerably
suppressed compared with the corresponding no- slip case.

The presence of thermal slip leads to the thinning of temperature profile which results in
enhanced heat transfer from the surface.

When there is an increase in mixed convection parameter A, a noticeable increase in the
values of wall shear is observed.

Increasing the value of Pr results in the increase of the heat transfer rate.

For Cu — water and Al,0; — water, the skin friction coefficient and the Nusselt number

have highest and lowest values respectively.
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e The Brownian parameter Nb and thermophoresis parameter Nt have no effect on
temperature profiles while they do have effects on the concentration profiles. Higher and
lower concentration is associated with an increase in Brownian motion and
thermophoresis motion respectively.

e The concentration profile(y) has a direct relation with the pressure gradient power

parameter m, measuring favourable pressure gradient.

The Tiwari and Das model has revealed the significant results to focus on the pressure
gradient effects, slip effects and volume fraction of nanoparticles on the flow of nanofluids
over static wedge whereas the Buongiorno model indicated the Brownian and thermophoresis
effects on the concentrations profile. Future research could look in to the use of temperature
dependent thermal conductivity, viscous dissipation, convective boundary conditions and
MHD fluid flow and heat transfer of nanofluids for falkner-Skan flow over static/moving

wedge.
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