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Abstract

This dissertation aims to find a geometric invariant as well as the algebraic invariant

of the graphs. The desire is to obtain required invariants such as depth and Stanley
depth by using edge ideals as module over a polynomial ring as well as the quotient of
polynomial ring by monomial ideals. For this purpose, square free monomial ideals are
sought and critically reviewed.
In this thesis, we find the exact values of depth and Stanley depth of quotient of the
polynomial ring by the edge ideal associated with a Tadpole graph. It is shown that
the values of these two invariants coincide. We also find the tight bounds for Sdepth
and Depth of quotient of the polynomial ring by the edge ideal corresponding to square
of a Tadpole graph.



Introduction

In 1982, Richard P. Stanley gave a conjecture [21] in which he proposed a relationship
between geometric invariant Stanley depth(Sdepth) and homological invariant depth.
The idea of using techniques and methods of Commutative Algebra for sorting out the
problems of Combinatorics has became a running trend and current focus of research
after the contribution of Stanley. He proposed the concept of linking these two fields
(Commutative Algebra and Combinatorics) by using monomial ideals. The problems
in Combinatorics is ciphered typically in a form of square free monomial ideals since
then, the theory of square free monomials boosted up as a very interesting research area
in Commutative Algebra. For any two monomial ideals Z C J, Stanley’s conjecture
was proven for some multi-graded modules of the type T = J/T see [1] [13] [2] [16].
But Dual et. al repudiated by giving a counter example; see [6]. In this thesis, the
exact values of depth and Stanley depth for the factor of edge ideal associated with a
Tadpole graph and its square graph are computed.

This thesis contain four chapters.

Chapter 1 incorporates the preliminaries in which elementary concepts, definitions
and core results from Commutative Algebra are being stated. Moreover, It includes
the definitions, notations and primary concepts of Ring Theory and Module Theory.
A precise recap of Graph Theory is given at the end of the chapter.

In chapter 2, a brief introduction of monomial ideals and related concepts are given
including colon ideals, graded rings, regular sequences and Krull dimension etc.

Chapter 3 starts with introduction of Stanley depth along with the definition of
exact sequences succeeding the method of computing Stanley depth in detail with
example. Summing up the chapter with previous published results and well known
theorems.

In the last, the edge ideals associated with Tadpole graph and square of Tadpole
graph are presented in chapter 4. By using mathematical induction and depth Lemma
on short exact sequences, exact values for depth and Stanley depth of above stated two
graphs are computed.



Chapter 1

Preliminaries

The following chapter comprise of fundamental definitions and worthy results of Ab-
stract Algebra in order to build a strong background of a reader for advance concepts
that will later stated in forthcoming chapters.

1.1 Ring and Module Theory

Definition 1.1.1. A nonempty set defined over two operations addition(+) and multiplication(-)
is called a ring R which satisfy three axioms as given below:

1. R is an abelian group with respect to +,

2. Multiplication in R is a associative,

3. Distributive over multiplication with respect to addition. That is for all t,i,s € R
o t-(i+s)=(t-i)+ (t-s) (Left distributive),
o (i+s)-t=(i-t)+ (s-t) (Right distributive).

All over this thesis, a ring is possessing a multiplicative identity 1 which is also
called unity of R.

Definition 1.1.2. A ring R is said to be commutative ring. If all elements i,s € R
commute with respect to multiplication. That is

i-s=5-1.

It must be remembered that throughout this thesis, we are dealing with commuta-
tive rings with unity.

Corollary 1.1.3 ([7]). Let R be a ring. For elements s,q € R, we have

3



1.s-0=0-5=0,
2. 5(—q) = (—s)q = —(sq),
3. (—5)(—q) = +(sq).

Example 1. 1. All of Z (Integers), C (Complex Numbers) and R (Real Numbers)
are commutative rings with number 1 as unity.

2. The set of metrics M, (R) and M,,(C) with the standard matrix addition and
multiplication are non commutative rings with 1 unless n = 1.

Definition 1.1.4. Let Z be a subset of R then Z is called an ideal if it is a subgroup
of R with respect to addition and it satisfies the following condition:

e For each s € R and q € Z, the product sq € 7.
Definition 1.1.5. An ideal that is generated by only one element is said to be principal.

Definition 1.1.6. An improper ideal K of R is called maximal if no such proper ideal
exist that lies in between K and R. Alternatively, for an ideal J C R, whenever
K Cc J C R infer that either K = J or J = R.

Proposition 1.1.1. Let R be the ring and Z is an ideal of R, then the set Q = {y+Z :
p € R} form a ring structure under two operations + and - defined by

L W+Z)+(s+7)=(n+s)+7T,
2. (W+I)(s+1I)=(vs) + .
This ring is called factor ring also known as quotient ring and it is denoted by R/Z.
Definition 1.1.7. Let R; and R, be rings. A mapping
B:R1— Ro
satisfying the following conditions is said to be an isomorphism

e For all t,5s € Ry, # is homomorphism if

1. B(t+s)=B(t) + B(s),
2. B(ts) = B(t)B(s).

e The mapping is surjective.

e The mapping is injective.



Definition 1.1.8. An ideal J is called prime if for any ¢, ¢, € R whenever ¢1q» € J
implies that either ¢; € J or ¢» € J.

Example 2. n*Z is a prime in the ring of integers when n* is a prime number.

Theorem 1.1.1 (|7]). Let K be an ideal in aring R with 1 # 0, then the two statements
written below are equivalent

e R/K is a field,
e /C is maximal ideal.

Theorem 1.1.2 ([7]). Let J be an ideal in a ring R with 1 # 0, then the two statements
written below are equivalent

e R/J is an integral domain,
e J is prime ideal.
Definition 1.1.9. A ring R is said to be local if it contains a single maximal ideal.

Example 3. 1. Z, is a local ring as the ideal generated by (3) = {0, 3,6} is unique
maximal ideal in Zg.

2. Any field K is a local ring.

Definition 1.1.10. For a commutative additive semi group L. A ring R is L-graded
along with a decomposition(as additive groups)

R=ER,

qeL
such that R;Rs C Ry4s for all g, s € L. Then for { € R can be written uniquely as
By
qeL

where t, € R, and almost all ¢, = 0 and ¢, is known to be the ¢ homogeneous
component. If t € R,, then ¢ is called homogeneous of degree q.

Definition 1.1.11. The polynomial ring denoted by R = R[] is a ring that consist
of elements of the type

@S + @u1S" T+ @S+ qo,

where n > 0 and ¢; € R with operations defined as component to component addition
and multiplication by



L. Zf:o Gis" + Zf:o 56" = Zf:o(%‘ + 1)<,
2. Zgzo 4is" X Zf:o 55" = Zif:lf) ?:o<%5n—i)§n-

The ring of polynomial in two variables ¢, ¢ is represented as Rlsi, 2] = R[s1][sa].
Where coefficients are in R. Similarly, inductively we can define

R[§17 e agn] = R[gly G 7§n—1][qn]
which is a polynomial ring in n variables where coefficients are coming from R.

Definition 1.1.12. Let R be aring and Y be an abelian group with respect to addition.
Then T is said to be an R-module, if we can define a mapping

R xYT =T

by
(v, q) =g

for every q,q1,q2 € T and for each v, vy, vty € R satisfying the following axioms:
1. (vy +to)g = v1q + taq,
2. t(q1 + q2) = vq1 + a2,
3. v(q192) = (vq1)de,
4. 1-9q=q.

Definition 1.1.13. Let T be an R-module. An element s # 0 in R is called regular
on a module T also called T-regular, if it is a nonzero divisor. That is, whenever q € T
and sq = 0, implies q = 0.

Example 4. Let Z = (¢7,s3) be an ideal in a polynomial ring S = K|c, ¢2, s3]. Then
G is a regular element on a module T = §/7.

Definition 1.1.14. Let T be an R-module. Then the annihilator of module T is an
ideal of R denoted by Anng(Y) and defined as

Anng (1) ={s € R : sq = Oy for all g € T}.

Definition 1.1.15. The Krull dimension of a ring R is the maximum length of all the
chains of prime ideals defined by inclusion relation.



Definition 1.1.16. Let R be a ring and T be an R-module. The Krull dimension of
a module T is same as the Krull dimension of the residue class ring of R.
ie.

dimg Y := dim{R/(Anng(Y))}.

Example 5. Let S = K[1, 62,53, and ideal K = (52, 6253, 5364), then the collection
of all associated primes of S/K is

ASS(,C) = {(§1, 62, §3)7 (gla 62, §4>a (gl) §3)7 (gla G3, §4)}

So
dim(S/K) = Sup{dim(K][s4]), dim(K]sz, s4]), dim(K[c3]), dim(K][sz]) }.
Hence
dim(S/K) = Sup{1,2,1,1}.
Thus

dim(S/K) = 2.

Definition 1.1.17. Let R be a ring and T be an R-module. Then T is called Noethe-
rian if every ascending chain of R-submodules of T become static. A ring R is called
Noetherian if considered as being an R-module.

Proposition 1.1.2. A ring R is Noetherian over itself then these three statements are
equivalent.

1. Every nonempty collection of ideals of a ring possess a mazrimal element.
2. Each increasing chain of ideals is stationary.
3. All the ideals of R are finitely generated.

Example 6. 1. Set of Real Numbers R and Rational Numbers Q are Noetherian
modules over themselves.

2. Every PID is a Noetherian ring.

Definition 1.1.18. Let J be an ideal of a noetherian ring R and T be a finitely
generated module over R. Then J is said to be associated prime ideal of a module T
if there exist an element ¢ € T such that

J = Ann(q) = {s € R : sq = 0}.

Ass(T) denotes the collection of all associated prime ideal of Y.



Example 7. Let S = K[q1, %, 3, 51) and J = (16554, 535357 ), then

T = (3) N (1) N (s1,63) N (S4,3),

is unique irredundant primary decomposition of Z and set of minimal prime ideals are

Ass(T) = {(<1), (s2), (1,63) }-

Example 8. Let S = K¢, 2,63, 1) and J = (162, S35, $263), then

J = (s1,%2,51) N (s1,%2,53) N (s1,53) N (s2,53,54) N (S1,53,51) N (S2,51) N (2, 3)-

is unique irredundant primary decomposition of Z and set of minimal prime ideals are

Ass(T) = {(s1,63), (s2,63), (S2,54) }-

1.2 Graph Theory

In 18" century, Leonhard Euler has initiated a branch of Discrete Combinatorial
Mathematics though a famous problem [22] and commenced its formal development by
the middle of 19" century. Graph theory has committed a remarkable growth during
the last 70 years.

Graph theory is a rich field of abstract techniques that allow modeling of different
types of problems including the construction of topological models, data analysis of
operational research, network and circuit illustrations. Graphs represents many digital
programs which make advance communication possible.

Over the last decennium, algebraist got concerned to study the properties of finite sim-
ple graphs by using the concept of monomial ideals. To build connection between these
two areas of mathematics, algebraist borrowed the methods and strategies of Commu-
tative Algebra and applied on Combinatorics. For this purpose, they encoded the
problems into monomial ideals by using the edges of a finite simple graphs. Villarreal,
Froberg, Simis, Vasconcelos were among the starting explorer of this field. Later, in the
connection between Commutative Algebra and Combinatorics, Square free monomial
ideals were being used by Stanley.

The main focus of this chapter is to provide knowledge to the reader about graph the-
ory. This knowledge will help the reader to study further sections and to apply it to
have worthy results.

Definition 1.2.1. A graph G is a mathematical structure represented as an ordered
pair (V(G),E(G)), with V(G) and £(G) are vertex set and edge set of a graph respec-
tively.



Definition 1.2.2. A graph is planer if there exists an embedding in the plane. More
clearly, when it is drawn on paper then the edges must not cross each other.

S1

Figure 1.1: Planer graph

Definition 1.2.3. An undirected graph is called simple if there does not exist any loop
or more then one edge between every pair of vertices.

S6 S4

Figure 1.2: Simple graph

Definition 1.2.4. Let G be a graph with the vertex set V(G). The length of a shortest
or minimal path that connects any two vertices vy, vo € V(G) is called distance between
v; and vs.

Definition 1.2.5. Let G be a graph. The maximum distance between the pair of
vertices from vertex set V(G) is called diameter of G denoted by diam(G).



Q—w
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e

Figure 1.3: Graph G

Here diameter of graph G is 3.

Definition 1.2.6. The degree of any vertex in a graph G is the count of edges incident
to that vertex.

Definition 1.2.7. Let G be a graph with vertex set V(G) = {<1,%, - , s} and edge
set £(G). A square free monomial ideal in a polynomial ring S = K]¢1, 6. - - - , ¢,] which
is generated by the elements related to the edges of the graph G is called an edge ideal.
That is

Z(G) = (siskl{sj,suy € £(G)) C S.

Definition 1.2.8. A path is a list of vertices with the property that each vertex is
connected to the vertex written next to it in the list. A path with v vertices is denoted
by P..

0q 09 03 04 05

Figure 1.4: P;

Definition 1.2.9. A nontrivial closed path is called a cycle. C; is the symbolic repre-
sentation of cycle graph with t vertices.

10



P1

P8 P2

%4 P3

Pe P4
Ps

Figure 1.5: Cy

Definition 1.2.10. A tree is a graph 7 in which every two vertices from the vertex
set V(T) is joined by a unique path.

\
\

Figure 1.6: A labeled tree with 6 vertices and 5 edges.

5

6

Definition 1.2.11. A star graph is a tree with 1 internal vertex and v outer vertices
incident on it. It is denoted as S..

\ | /
/ A\
bt
Figure 1.7: A labeled star graph Sg with 9 vertices and 8 edges.

11



Definition 1.2.12. The square of a path graph with t vertices is obtained by connect-
ing every pair of vertices by an edge at the distance of two in the path and is denoted
by PZ2.

NSNS N

01 02 03 04 05 06

Figure 1.8: P}

Definition 1.2.13. The square of a cycle graph with v vertices is obtained by connect-
ing every pair of vertices by an edge at the distance of two in the cycle and is denoted

by C2.

i

ig 1o

iz i3

ig iy
i5

Figure 1.9: C?

Definition 1.2.14. The I*" power of a path graph with t vertices is the graph in which
two vertices are linked by an edge when their distance in path graph is at most [ and
is denoted by P'.

Definition 1.2.15. The [*" power of a cycle graph with t vertices is the graph in which
two vertices are tie up by an edge when their distance is at most [ in the cycle and is
denoted by C.

12



Chapter 2

Monomial Ideals

This chapter is devoted to monomial ideals which includes basic concepts and related
properties. This section is extremely helpful to create a dictionary for further working
in coming chapters.

Definition 2.0.1. An ideal J C S which is generated by monomials of S is called
monomial ideal.

Example 9. The ideal J = (s},¢2, <1, 556) is the monomial ideal in S = K|[s1, 2, 63.64, S5, S6) -

Definition 2.0.2. For a monomial ideal 7 C S, the K-basis of the factor ring of J is
the set of all those monomials that does not belong to 7.

Definition 2.0.3. Let § = K][¢,--- ,¢,| be the ring of polynomial with n variables
and R contains n-tuple of the form b = (by,---,b,) € R} and here Z7} = R"NZ7.

A product of the form v = ¢*---¢% with b; € Z, is called a monomial. We write
v =" where b = (b, - ,b,) € Z" and we have
X =

Mon(S) is the K-basis for S defined as the collection of all monomials of S. More pre-
cisely, any polynomial g € S is uniquely written as a linear combination of monomials.

That is
g= Z bv?],

vEMon(S)

with b, € K. Here support of g denoted by supp(g) is represented by the set {v €
Mon(S) : b, # 0}. Similarly, for a monomial v in MonS we can write support of v as

supp(v) = {q : i|v}.
Definition 2.0.4. A monomial of the form ¢® = ¢?'¢2? ... ¢ is said to be square free

monomial if every b; as a component of b = (b1, by, - -+ , b,) is either 1 or 0.

13



Definition 2.0.5. An ideal 7 in S that is generated by square free monomials is called
square free monomial ideal.

Example 10. Let S = K¢, <2, 63,64, S5, $6] be a polynomial ring then the ideal J =
($1%253, $2$364, $36465) 1s a square free ideal in S.

Definition 2.0.6. Let J;,J> C S be two ideals. The ideal quotient of 7; by Js is
defined as
T To={peS:ureJ forall A € 1}

Proposition 2.0.1 ([10]). Let Ji, J2 be two ideals of S. Then
T T = ﬂ T (w).
weB(J2)

Furthermore, the set {x/gecd(z,w) : x € B(J1)} generates J; : (w). The ideal quotient
is also known as colon ideal.

Example 11. Let Z = (8) and K = (16) be two ideals of integers Z. Then
K:ZT={9eZ:9(8)C(16)}.

So
K:Z=(2).

Example 12. Let R = R[s]| be a ring of polynomial in one variable. Z = (¢*) and
K = (s7) be two ideals in R. Then

I:K={p€Z: ¢ C ()}

So
T:K=(".

Definition 2.0.7. Let § be the N-graded ring such that

S=EPs,

peEN

such that S,S5, C S,4,, for all non negative integers p and r. An element ¥ # 0 in S,
is called homogeneous of degree p.

Definition 2.0.8. Let T be an S-module. T is said to be N-graded module if

T=EpT..

reN

and §,1, C 1,4, for each p,r € N.

14



Example 13. Every graded ring is graded module over itself.

Definition 2.0.9. Let the ring S = K[¢1, <2, ..., 5] and a = (aq, as, ..., a,) € Z™ with
a; € Z, then s € S is said to be homogeneous with degree a if s has a representation

ai a2z an

of aY?, where a € K, Y = ¢16...g, and Y = ¢} 65%...q1
An S-module is called Z"-graded if

T= 1.,

aezZn

and §, T3 C Y,p for each o, B € Z".

Definition 2.0.10. Let T be an R-module. A sequence of elements aq,...,a, in R is
said to be an T-regular if the following two conditions are satisfied. That is

1. The module T/(ay,...,a,)Y # 0,
2. a; is a non-zero divisor on a factor Y/(ay, -+ ,a;_1)Y, foreach i =1,--- | r.

Example 14. ¢, 6, -+ ,, is a regular sequence in a ring of polynomial K[¢1, ¢, -+, G5,
where K is a field.

Definition 2.0.11. Let S is a local Noetherian ring with the maximal ideal m and
T is a finitely generated S-module. Then all maximal regular sequences of the form
G1, ..., 6 for T, where all ¢; belongs to m, have the common length r called depth of T.
It is represented by depth(Y).

Corollary 2.0.12 ([10]). Let Y (5 0) be any finitely generated graded module over a
local noetherian ring S. Then depth of a module is related with its Krull dimension.
That is,

depth(T) < dim(7).

15



Chapter 3

Depth and Stanley Depth of Modules

3.1 Introduction

Richard P. Stanley is famous for his contribution to Combinatorics as he established a
relationship to Algebra and Geometry. He proposed a conjecture which relates two im-
portant kinds of simplicial complexes, i.e paritionable and Cohen Mecaulay complexes.
In 1982, Stanley defined a geometric invariant of a graded module over a commutative
graded ring [21]. His conjecture exploit the connection between the geometric invariant
Stanley depth with the algebraic invariant which is called depth.

This particular work is about paritionable Cohen Macaulay simplicial complexes. This
amazing concept then garbed attention of algebraist in early twenties when Herzog
and popescu gave some remarkable results after studying this conjecture deeply. Af-
terwards, many articles have been published in which this conjecture was proved for
various cases. But later, Dual et. al has turned the tables by giving a counter example
of such type of module for which the conjecture was not satisfied [6]. This field gets
a whole new direction when Herzog, Vladoiu and Zheng developed a method in which
they gave a recipe to compute Stanley depth of the type of module Y = J/Z, where
Z C J are monomial ideals in S [9]. Meanwhile, Rinaldo [19] encoded this method
into an algorithm which is then executed in computer software WinCoCoA [5].

This chapter contains some known results and conjecture about depth and Stanley
depth along with the definitions which will help in coming chapter.

Definition 3.1.1. Let S = K[y, ..., 4], T be a finitely generated Z"-graded S-module.
For t € T, tK[Y] be the K-subspace of a module T generated by the elements of the
form tv for v € K[Y] where Y C {¢1,...,5,}. tK[Y] is called Stanley space. The
dimension of this K-subspace is |Y| if it is a free K[Y]-module.

A Stanley decomposition of T as a K-vector space is written as a finite direct sum of
Stanley spaces

X T = P LK)
j=1

16



The Stanley depth of a decomposition  is the minimum of all the cardinalities of Y;’s.
That is
sdepth(y)= min{|Y;| : j =1, ..., s}.

and the Stanley depth of module T is
sdepths(Y) = max { sdepth(x) : x is a Stanley decomposition of T}.

Conjecture 3.1.1 ([21]). Let S be the ring and T be any Z"-graded S-module, then
Stanley proposed a conjecture that

depth(T) < sdepth(7T).

Definition 3.1.2. An exact sequence is a sequence of homomorphism between objects
either groups, rings or modules such that the kernel of one homomorphism equals to
the image of the succeeding one. In particular, let R be the ring then the sequence of
R-homomorphism and R-module

€j+1 €j+2

e
e G G > G+l P Cjrz —
If Ker(ej41) = Im(e;). The sequence is exact if it is exact at every j™ level.

Definition 3.1.3. A sequence of the form
OHC06—1>C1€—2>C2—>0.

is said to be short exact sequence if e; is injective and ey is surjective with Im(e;) =
Ker(es).

3.2 Method of computing Stanley depth

A recipe of computing the Stanley depth was introduced by Herzog et al. by using
partially ordered sets [9]. Consider a square free monomial ideal Z and let Z is min-
imally generated by the set (Z) = {vy, -+ ,v}. Choose h = (1,---,1), then the
characteristic poset corresponding to Z is defined to be

2V — {5 C [n] : ) contains supp(v;) for some j},

where
supp(vy) = {i : Glvy} ] := {1, -~ ,n}.

17



{0,1}", be a n-tuple in which each entry at n'" place is either 0 or 1 such that
supp(v¥)) = n;, then there is a Stanley decomposition of an ideal which is defined as

L= EB”“ {oklk € &3],

Cleaﬂy’ SdepthX(£) = min{‘€1|7 Ty |£r’}, and
Sdepth(l') - maX{SdepthX (2) £ is a partition of Q """ }

Example 15. For an ideal Z = (<163, 64, 616155) € S = K1, 62, 63,4, 65]. Choose
h=(1,1,1,1,1)

e = 1(1,0,1,0,0), (0,1,0,1,0), (1,1,1,0,0), (,1,0,1,0), (1,0,0, 1, 1),
(1,0,1,0,1),(1,0,1,1,0),(0,1,1,1,0), (0,1,0,1,1), (1,1,1,1,0),
(1,1,1,0,1),(1,1,0,1,1),(1,0,1,1,1),(0,1,1,1,1),(1,1,1,1,1)}.

Consider the following non overlapping intervals
Let 8= (1,1,0,1,0) and v = (1,1,1,1,1)

then the interval, [3,~] = {(1,1,1,1,0),(1,1,0,1,1),(1,1,0,1,0), (1,1,1,1,1)}.
Let 6 =(1,1,1,0,0) and v = (1, ,1,0

—_
~—

Let 5 =(0,1,0,1,0) and v = (0, 1,
then the interval, [5,~] = {(0,1,0, 1,
Let 5 =(1,0,0,1,1) and v = (1, 0,0,
then the interval, [5,~] = {(1,0,0,1,1)}.

S(Il BELY s covered with these partitions. Hence

x1:Z=1(0,1,0,1,0),(0,1,1,1,1)] U[(L 1,0,1,0),(1,1,1,1, 1)]U

[(1,0,1,0,0), (1,0, 1,1, )] JI(1,0,0,1,1),(1,0,0,1,1)] ]
[(1,1,1,0,0),(1,1,1,0,1)].

So
T = qeiKlsz, 53, 54, 55) D s12uK 61, 52, 53, 54, 53] P 163
Kls1, 53, 54, 55) D) s15ass K61, 4, 5] @D s16265K s, 52, 63, 55).

Hence
sdepth(x1) = 3.
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In a similar manner, we can construct different decompositions of Z. That is,

x2:Z =1(1,0,1,0,0),(1,1,1,1,1)] U[(o, 1,0,1,0),(0,1,1,1, 1)]U
[(0,1,1,1,0),(0,1, 1,1, )] JI(1,1,0,1,0), (1,1,0,1,1)] | ]
[(1,0,0,1,1),(1,0,0,1, 1)]|JI(0,1,0,1,1),(0,1,0,1,1)].

So
T = q16sK1, 52, 53, 5. 5] D cosaKls, 3. 54, 55 € sas3
Klsz, 53, 4, 5] @D s15264K 61, 2, 54, 55) @D c16us5K s, 54, 5]
P w2sus5K sz, 51, 5.
Hence
sdepth(xz2) = 3.
And
Xs:Z=1[(1,0,1,1,0),(1,1,1,1, )] JI(1,0,0,1,1),(1,0,0,1, 1)] ]
[(1,1,0,1,0),(1,1,0,1, )] JI(1,1,1,0,0), (1,1,1,0,1)] ]
[(1,0,1,0,0), (1,0,1,0,0)]_JI(0,1,0,1,0),(0,1,1,1, 1)} J
[(1,0,1,0,1),(1,0,1,0,1)].
So
T = 535K o1, 52, 63, 51, 55 P sr6as5K s, 1, 5] D susass
Kls1, 2. 53 55] D s15264K 61, 52, 54, 55) D 165K s, 3]
P 2siKlsz, 63, 54, 5] D s16365K s, 3, 53
Hence
sdepth(D3) = 2.
Therefore

sdepth(S/K) > max{3, 3, 2}.
sdepth(S/K) > 3.

Example 16. Let S = K¢, 62, 63,64, 55] and an ideal

K= (§1§2, G163, $2S53, S284, 354, S3S5, S4S5, $4S1, S4$2, 561, §5§2)-
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Choose h = (1,1,1,1,1). The characteristic poset corresponding to K is
et = £(1,1,0,0,0), (1,0, 1,0,0), (0,1,1,0,0), (0,1,0,0,1), (0,0, 1,1,0),
(0,0,1,0,1),(0,0,0,1,1),(1,0,0,1,0),(1,0,0,0,1),(0,1,0,0,1),
(1,1,1,0,0),(1,1,0,1,0),(1,1,0,0,1), (1,0,1,0,1), (1,0,0,1, 1),
(0,1,0,1,1),(0,0,1,1,1),(0,1,1,1,0),(0,1,1,0,1),(1,0,1,1,0),
(1,1,1,1,0),( ) ( ) ( ) ( )
(1,1,1,1,1)}.
Then the characteristic poset associated to S/K becomes
£5 = {(0,0,0,0,0), (1,0,0,0,0), (0, 1,0,0,0),(0,0,1,0,1),(0,0,0,1,0),
(0,0,0,0,1)}.

Consider the following non overlapping intervals
Let 5 =(1,0,0,0,0) and v = (1,0,0,0,0)
then the interval, [5,~] = {(1,0,0,0,0)}.

1,1,1,0,1),(1,1,0,1,1),(1,0,1,1,1),(0,1, 1,1, 1),

Let 5 =(0,1,0,0,0) and v = (0,1,0,0,1)
then the interval, [5,~] = {(0,1,0,0,0)}.
Let 8 = (0,0,1,0,0) and v = (0,0, 1,0,0)
then the interval, [5,~] = {(0,0,1,0,0)}.
Let 8 = (0,0,0,1,0) and v = (0,0,0,1,0)
then the interval, [3,~] = {(0,0,0, 1, O)}
Let 8 = (0,0,0,0,0) and ~ = (0,0,0,0,1)

then the interval, [3,~] = {(0,0,0,0,0),(0,0,0,0,1)}.

2‘(91/’,151’1’1) is covered with these partitions. Hence

X" 8/K =((1,0,0,0,0),(1,0,0,0,0)]{_J(0,1,0,0,0),(0,1,0,0,0)] |

[(0,0,1,0,0),(0,0,1,0,0)]_JI(0,0,0,1,0), (0,0,0,1,0)] ]
[(0,0,0,0,0),(0,0,0,0,1)].
So

S/K = aK[¢] @ K] @ 3Klc] @ Kles].

sdepth(x*) = 1.
Similarly, we have another decompositions
X" 8/K =1(0,0,0,0,1),(0,0,0,0, 1)] |_J[(0,1,0,0,0), (0,1,0,0,0)] ]
[(0,0,1,0,0),(0,0,1,0,0)]_JI(0,0,0,1,0), (0,0,0,1,0)] ]
[(0,0,0,0,0),(1,0,0,0,0)].

Hence
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So

S/K = K] EB s K[¢] @ 3K [64] EB s K([gs).

Hence
sdepth(x™) =
X7 1 S/K = [(0,0,0,0,1),(0,0,0,0, 1)]U 0,1,0,0,0),(0,1,0,0,0)]
[(0,0,1,0,0),(0,0,1,0,0)]_JI(0,0,0,1,0),(0,0,0,1,0)] ]
[(1,0,0,0,0),(1,0,0,0,0)] ]
[(0,0,0,0,0),(0,0,0,0,0)].
So
S/K = aKla] P «Kle] P sKlul P «Kls) P K.
Hence
sdepth(x™*) = 0.
Therefore

sdepth(S§/K) > max{1, 1,0}.
sdepth(S/K) > 1.

Example 17. Let § = K[¢, ¢, ¢3,<) and an ideal K = (¢162,$163, $263, $254, $354)-
Choose h = (1,1,1,1,1). The characteristic poset corresponding to K is

gt — £(11,0,0), (1,0,1,0),(0,1,1,0), (0,1,0,1), (1,1,1,0),
(1,1,0,1),(1,0,1,1),(0,1,1,1),(1,1,1,1),(0,0,1,1)}.

Then the characteristic poset associated to S/K becomes

SS/}C“” {(0,0,0,0,0), (0,0,0,1), (0,1,0,0), (0,0, 1,0), (1,0,0,0),
(1,0,0,1)}.

Consider the following non overlapping intervals
Let 8 =(0,0,0,0) and v = (1,0,0,1)

then the interval, [5,~] = {(0,0,0,
Let = (0,0,1,0) and y =
then the interval, [5,v] = {
Let 5= (0,1,0, 0) and v =

,(1,0,0,0),(0,0,0,1),(1,0,0,1)}.

0)
70)
0)}.
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then the interval, [5,~] = {(0,1,0,0)}.
Hence, 2;1/,]161,1,1) is covered with these partitions.

X+ 8/K = [(0,0,0,0), (1,0,0,1)]|_J(0,1,0,0),(0,1,0,0)] | J
[(0,0,1,0),(0,0,1,0)].
So

S/’C = K[§1, §4] @ §2K[§2] @ GSK[Q’)]'

Hence
sdepth(x’) = 1.

Similarly, another decomposition is
X" 8/K =1(0,0,0,0),(0,0,0, )] JI(1,0,0,0), (1,0,0,1)] ]
[(0,0,1,0),(0,0,1,0)] | JI(0.1,0,0),(0,1,0,0)].

So
S/K = Kl @ aKls1, <) EB 3K[c3] @ Kle].
Hence
sdepth(x”) = 1.
Therefore

sdepth(S§/K) > max{1,1}.
sdepth(S/K) > 1.
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3.3 Some known results and bounds for Stanley depth

This chapter provides a brief literature review. In the first part, we collected some
bounds and values for depth and Sdepth of different classes of modules. In the second
part, we identify some graphs for which these two invariants(depth and Stanley depth)
have been calculated. The basic objective of this chapter is to motivate the reader to
build a ground in order to understand further concepts in a smooth way.

Lemma 3.3.1. (Depth Lemma)
Let (y,(; and (s be finitely generated modules over a Noetherian local ring.

0—){0—){1—>C2—>0.
Then the above short exact sequence of modules satisfies the following three conditions

1. depth(¢;) > min{depth(¢y), depth((s)},
2. depth(¢y) > min{depth({y) — 1, depth(¢y)},

3. depth(¢{y) > min{depth((y), depth((s) + 1}.

Lemma 3.3.2 ([20]). Let (o, ¢1 and (3 be Z"-graded S-modules and the short exact
sequence of the type
0— (¢ — (G — G —0.

Then we have the following inequality
sdepth(¢;) > min{sdepth((p), sdepth({s)}.

Theorem 3.3.3 (|1, Theorem 2.2]). Let S be aring and an ideal F = (51,2, -+ ,6,) C
S. Then n
sdepth(F) = |_§1

Theorem 3.3.4 ([9]). Let S = K[¢1, %, ,¢,] and J be the monomial ideal which
is generated by minimal s elements then the lower bound for Stanley depth of module

ST is
sdepth(S§/J) > n —s.

Theorem 3.3.5 (|23, Theorem 2.3|). Let J be a monomial ideal in & which is gen-
erated by minimal s number of elements then lower bound for Stanley depth of 7
is

sdepth(7) = n — |3,

Theorem 3.3.6 (|20, Proposition 1.3]). Let J C S be a monomial ideal in the ring of
polynomials then
sdepthg(J : u) > sdepthg(J),

where monomial u ¢ 7.
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Corollary 3.3.1 (|3, proposition 2.7]). For a monomial ideal J in S, we have
sdepthg(S/(J : u)) > sdepthg(S/T),
for monomial u ¢ 7.
Lemma 3.3.7 (|20]). Let S = R[¢,+1] be the ring of polynomial over R in the variable
Gont1 and K C J be two monomial ideals of R. Then
sdepth(JS/KS) = sdepth(J/K) + 1,
depth(JS/KS) = depth(J/K) + 1.
Theorem 3.3.8 (|12]). Let £ C J C S be two monomial ideals in a polynomial ring

S, then
sdepth(v/K/y/J) > sdepth(K/T).

Theorem 3.3.9 (8, Theorems 3.1 and 4.18]). Let I' = Z(G) be an edge ideal associated
to a connected graph G and if A = diam(G), then we have

A+1
depth(S/T), sdepth(S/T) > [ ; 1.
Theorem 3.3.10 (|20, Theorem 3.1]). Let J" € R = K¢, - ,¢], J" € R" =
K[z1,- -, zs] be two monomial ideals and & = K¢y, -+ , ¢, 21, , 25]. Then

sdepthsS/(J'S + J"S) > sdepthgR'/T' + sdepthg, R"/T".

Theorem 3.3.11 ([3, Proposition 1.1]). If 7' € R’ = Kl¢1, ¢, -+ ,¢] and J" C R" =
K11, -+ ,<a] are the monomial ideals, for 1 < r < n, then

depthg(S/(T'S + T"S)) = depthg (R'/T') + depthg,(R"/T").

Proving Stanley’s conjecture for a variety of classes of modules is an important task
for the researchers so far and they have proved the truthfulness of this inequality for
different cases. In the following two results we get the positive answer.

Theorem 3.3.12 ([17]). The Stanley’s inequality is satisfied for intersections of three
prime ideals.

Theorem 3.3.13 ([18]). The inequality given by Stanley is satisfied for intersections
of four prime ideals.

We now need to transition to the second part of this section. The following results
exploits active research related to edge ideals associated with different graphs. We
introduce these bounds and values for constructing a ground that will facilitate the
reader to make connection with the approach in the next section.
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Lemma 3.3.14 ([15, Lemma 2.8|). Let Q, = Z(P,) denotes the edge ideal correspond-
ing to path graph then for v > 2, we have

depth(S/2,) = [7].

Lemma 3.3.15 (|24, Lemma 4|). Let Q, = Z(F,) denotes the edge ideal corresponding
to path graph then for ¢t > 2, we have

sdepth(S/9Q,) = f%}

Proposition 3.3.1 (|4, Proposition 1.3]). Let Q, = Z(C,) denotes the edge ideal
corresponding to cycle graph then for v > 3, we have
vt—1

3 I
Theorem 3.3.16 ([4, Theorem 1.9]). Let 9Q, = Z(C,) denotes the edge ideal corre-
sponding to cycle graph then for ¢ > 3, we have

depth(5/Q,) = [

1. sdepth(S/Q,) = [*
2. sdepth(5/9Q,) < [57], if v = 1(mod 3).

1
3

=21, if v = 0, 2(mod 3).

-1
3

Now we give some results for depth and Sdepth of edge ideal associated with two
interesting graphs that will frequently appear within next section.

Theorem 3.3.17 (|11, Theorem 3.8|). Let Q* = Z(P') denotes the edge ideal cor-
responding to I* power of path graph then for v > 2 and | € Z* U {0}, we have
depth(§/9Q%) = [557 -

Theorem 3.3.18 (|11, Theorem 3.14]). Let Q* = Z(P!) denotes the edge ideal cor-
responding to I power of path graph then for v > 2 and | € Z* U {0}, we have
sdepth(S/9%) =[5 1.

Theorem 3.3.19 (|11, Theorem 4.5]). Let Q** = Z(C!) denotes the edge ideal corre-
sponding to {** power of cycle graph then for v > 3. Then

for v <20+ 1, depth(S§/Q*) =1,

for v > 21 + 2, depth(S/Q*) > [;ljrﬂ. .

Theorem 3.3.20 (|11, Theorem 4.7]). Let Q* = Z(C!) denotes the edge ideal corre-
sponding to ["* power of cycle graph then for t > 3. Then

for v < 20+ 1, sdepth(S/Q*) =1,

for v > 21 + 2, sdepth(S/Q**) > [+L].

204+1
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Chapter 4

Depth and Stanley Depth of Tadpole
Graph

4.1 Depth and Stanley Depth of quotient of a Tadpole
Graph

In this section, we find the accurate values for depth and Sdepth of the factor of

edge ideal corresponding to a Tadpole graph. For this graph, the values of these two

invariants coincide.
Let n > 3 and m > 1. Throughout this section, we set

Q= Qn,m = K[Cl, 3 Sn—15%S+15 """ s Sntm—1, §n+m]-

Definition 4.1.1. A Tadpole graph is a planner graph which consist of path graph on
m and cycle graph on n vertices vertices connected with the an edge. Total number of
vertices and edges of a graph is n +m and it is symbolically represented by 7, ,,. The
ideal 1= "(T,,,,) denotes the edge ideal associated with Tadpole graph.

_I(Tn,m) = (§1§2, G263, 5 6nS1, SnSn+1, " " 7§n+mfl§n+m)-
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Sn—2 Sn-1

Sn—3
e o o o . . °

Sn Sp+1 Sn4+m—3 Sn+m—2 Sn+m—1 Sn+m

S3

S2 51

Figure 4.1: T, ,,, Tadpole graph.

Example 18. Consider a Tadpole graph with cycle on 5 vertices and path on 2 vertices.
Then the associated edge ideal is

_i(T5,2) = (§1C2, G263, $3S45 S4S5, S561 5 S556 §6§7)-

S4

S5 S6 S7

S2 S1
Figure 4.2: T5 o Tadpole graph.
Before general proof, we prove the results for initial cases.
Lemma 4.1.1. depth(Q2/7(T,,1)) = sdepth(Q/(T},1)) = [%].
Proof. Consider a short exact sequence
0—Q/(T:6) QT — Q/(T,6,) — 0.
Then by depth lemma, we have
depth(2/77) > min{depth(2/(7 :s,)), depth(S/(7T,s,))}-

(T, 60) = (162,923, " * 5 Sn—25n—1,Sn)-
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Here, we have

(_‘7 gn) = (_[(Pnfl)a Cn)'

Similarly
(_| : §n) = (§3§4, *t, Sn—3Sn—45 Sn—2; Sn—1, S1, 2, §n+1)-
Here Q = Qn,l = K[gla g27 Tt 7gn7 g’n+1] SO
K[s1,62, " Sns Snt1)
Q -[ g — b ) b b
/( ’ 'fl) (_l,§n)
_ K[gla S25 5 Sy gn+l]
(§1§27 G283, " 3 Sn—2Sn—1, gn)
~ K[§17 §27 tee 7§TL71] [g ] ~ Snfl [g ]
pr— 1 = 1 .
(S162, 5253, sSn—a5n-1) 0 W Ppp) T

By [9, Lemma 3.6], we get

depth(Q/(7,,)) = depth( Q;‘l )+ 1.

Now by using [15, Lemma 2.8|, we have
n—1 n+2

depth(/(T,,)) = "] +1= ["12].
Similarly,
' Kls, 62, 5 Sns]
Q/(_l : §n> = _i(Pn_g) [g'fl]

Again using [15, Lemma 4|, we have

an?)

depth(€/(T: ,)) = depth(g=

So 3
n— n
1=(=].
g1 +1=13]

depth(Q2/(T:¢,)) =T

Hence
n

depth(Q2/7) = [§1

Now we can find Stanley depth by the analogous work as above. We replace Lemma
3.3.2 from depth lemma for applying on exact sequences. So, we have

sdepth(€2/(T,,1)) > min{sdepth(Q/((T.1), sn), sdepth(Q/(W(Th1) : sn))}-

sdepth(Q/(Thy) > (%1.
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As by Corollary 3.3.1, we know that

sdepth(€2/7T) < sdepth(2/(7: v)).

So
sdepth(2/ (T, 1) < [g1
Hence n
sdepth(Q/W(T,.1) = (51

Lemma 4.1.2. depth(Q/7(T,.2)) = sdepth(Q/(NT,,2)) = [*£2].

Proof. Consider a short exact sequence

0—S5/(T:6us1) =5 Q/T— Q/(T,6or1) — 0.
Then by depth lemma, we have
depth(2/I) > min{depth(Q2/(7 : ¢u11), depth(Q/ (T, ¢us1) }-
So, we have
(7T, Snr1) = (S152,9263, 5 Sn—15n, S1Sm5 Snt1)-
(_Ia §7L+1) = (-[<Cn>7 §n+1>'
Similarly
(-i : §n) = (§1C2, cc 5 Sp—2Sn—15 Sny §n+2)~

Here Q@ = Q0 = K[¢1, %, , Gy Snt1, Snsa)- S0

K61, %2, Sny Snt1s S
0 () = T2 oo
I ON
K[s1,$2, " 5 Sy Sty Snt2)
(616256253, * * » SnSn—1, S1Sn)
~ K[§1,§2,"' agn][
(Ch)

§n+2]-

Hence by [9, lemma 3.6, we get

depth(Q/(T, 6ut1)) = depth( Ly )+ 1.

So by using [4, proposition 1.3], we have

depth(/(T,600)) = "] +1 = ["22],
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Similarly

K[gla G2yt 7§n71]
Q _i . Cn = Sn .
/( +1) (§1§2, G263, " " - )gn72§n—1)[ +1]
Using [15, Lemma 2.8|, we get
depth(2/(7 : 6u11)) = depth( oy )+ 1
p tSn+1)) = p _i(Pn,1> .
50 1 +2
n— n
depth(Q/ (T o) = [ +1 =[]
Hence s
depth(Q/T) = [2 —1.
Similarly
sdepth(Q2/7T) = |_n il 21.

Lemma 4.1.3. depth(Q/7(T,3)) = sdepth(Q/7(T,3)) = [22].
Proof. Consider a short exact sequence
00— Q/(T: o) =2 QT — Q/(T, 6ps2) — 0.
Then by depth lemma, we have
depth(©2/7T) > min{depth(Q/(7: ¢,12)), depth(2/(T, ni2))}-
So we have

(T, 6na2) = ($192,9253, * * * 5 Sn—1Sms Snt1Sn)-

Similarly
(T2 Ga2) = (S192, * 5 Sn2Sn—1, Sns St 1> Snt3)-

Here Q == QTL,3 - K[gla g27 tt 7gn7 g’n+17 gn+2; gn+3] SO

K[§1, 25 Sy Sn+1y Sn+2) §n+3]
Q/(-L §n+2> - (—L §n+2>
K[§1, $2,° " ,Sn; Sn41y Sn+2, gn—i—S]
(§1§2, G283, ** y SnSn—1, §n+1§n)
K[§1, G2yt ,§n+1]

(§1§2, G263, " * ,§n§n+1)[ m ]
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Hence by [9, lemma 3.6] and [Lemma 4.1.3|, we get

Qn
depth(Q/(‘i, §n+2>) = depth(—[(T722)> + 1.
depth(Q/(T,6pi2)) = | 3 I+1=] 3 1.
Similarly
K1, 52, 5 Snt1, Sn]
Q _[ : Sn = — : : L ’
/( > +2) (§1§2,§2§37 ce 7§7L§1) [C +2}

By using [4, proposition 1.3] and [9, lemma 3.6|, we get

depth(Q2/(7 : ¢u42)) = depth( Ll )+ 1.

1(Ch)
So n—1 n+2
depth(€/(T: Guy2)) = [5—T+1=[——1
Thus 5
depth(Q/T) = (”‘; 1.
In a similar way, we get
sdepth(Q2/7) = [n ;— 2]

Theorem 4.1.4. Let m > 4 and n > 5. If n = 2(mod 3), then

depth(Q/N(Tpm)) = [ +3 ™
Otherwise ntm— 1
depth(©/(W(T,m) =[5 =]

Proof. We will prove this by induction on m. Consider a short exact sequence
0— /(T Gramet1) =5 Q/T — Q/(T, Sppm—1) — 0.
By depth lemma, we know that
depth(Q/7) > min{depth(Q/ (7T : Gum—1)), depth(2/ (7T, Sngm-1))}-
For this, we have

T Tom) = (S192,5253, *  * 5 SuSTy SnSnt1ys " * s Sntm—1Sntm)-
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(TN, Sntm—1) = (192,253, = * 5 SnSTs SnSnt1s * ** s Sntm—3Sntm—2, Sntm—1)-

(-[ : §n+m71) - <§1§2, 62635 ° 3y SnS1y SnSn+15 5 Sntm—4Sn+m—35 Sn+m—25 gner)-
Here
Q= Qn,m - K[§1,§27 Sy Sntls Tt 5 Sntbm—15 Sndm -
K[§1 G2y 5, Sn4 —2]
Q/<_[>gn+mfl) = — e [gner]'
(§1§27 G263, * * ¢ ,§n+m—3§n+m—2)

Qe
depth(Q/ (T, Snsm-1)) = depth<.l(T’—_22)) +1.

Apply induction on m. Here we have two cases.
If n = 2(mod 3)

-2
Aepth()/ (T suem) = =2 4,
+m+1
depth(Q/(_la §n+mfl)) = [%—‘ :
Otherwise ( ) .
Aepth(©/ (T gumr)) = [ D20y 4y
Aepth($/ (T, sem 1)) = =1,
Now K| ]
1,62,y Spn+m—3
Q ‘ Sndm—1) = n+m—1]-
/(_l ot 1) (§1§2,§2C3, T 7§n+m—4§n+m—3) [g - 1]
So

depth(Q2/ (7 : Gugm—1)) = depth(Qpm—3/(N(Thm—3)) + 1.
Again apply induction on m.
if n = 2(mod 3)
n+ (m—3)

depth(Q/(7T: Gugm-1)) = [ 3 [+1
depth(Q/(T: Guamor)) = [,
Otherwise 3 .
depth(Q/ (T : pim_1)) = [2F <m3_ i P
Aepth(9/(T+ Gy 1)) = [0 =21,
Now for

Case 1: When n = 2(mod 3)

depth(Q/ (VT ) 2 min{[ 51, L),

32



So by Corollary 3.3.1, we get

n—+m

depth(Q/((Tom)) = [ Ik

Case 2: Otherwise

Aepth(©/(VTy ) 2 min{ [0, L),

So by Corollary 3.3.1, we get

depth(©2/(N(Tom))

I
—
w
1

Theorem 4.1.5. Let m > 4 and n > 5. If n = 2(mod 3), then

sdepth(Q/(WTm)) = [n —{?—, mL
otherwise +m—1
depth(/(1(Tm)) = [*—5—1.

Proof. We will proof this by analogous work as Theorem 4.1.4 for finding Stanley depth
of a graph. We replace Lemma 3.3.2 from Depth Lemma for applying on the exact
sequences and the we get the required result by applying induction on m.

By Lemma 3.3.2, we have

sdepth(2/(Tm)) > min{sdepth(2/(7, Sppm—1)),sdepth(2/(7T : Gorm—-1))}-

So, when n = 2(mod 3)

n+m

sdepth(Q/NWTm)) = [ i 1.
Otherwise, .
sdepth(©/(N(Tom) = 51,

33



4.2 Depth and Stanley Depth of Quotient of a Square
of a Tadpole Graph

In the following section, we find the lower bound for depth and Sdepth of quotient of
ideal associated with a square of a Tadpole graph.

Definition 4.2.1. Let G be a simple graph then the square of a graph is represented
as G2 on the same set of vertices of G, in which each pair of vertices having distance
of 2 or less in G is linked by an edge. For m > 1 and n > 3, the edge ideal associated
with square of a Tadpole graph is denoted by ((77,,).-

Sn—2 Sn—1

Sn+1 Sn+2 Sn4+m—3 Sn+m—2 Sn+m—1 Sn+m

Figure 4.3: T7, Square Tadpole graph.

Example 19. A square of a Tadpole graph with path of 4 vertices and cycle of 6
vertices, denoted by T62’ 4- The associated edge ideal is

2
-I(T674) = (162,283, "+ * »S651, 657, * * * 5 S163, 155, * * * 5 S8S10)-
S5
C4 ¥ . »
S6 S7 S8 <9 <10
63
S1
S2

Figure 4.4: T6274 Square Tadpole graph.
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Before general proof, we prove the results for initial cases.
Lemma 4.2.1. depth(Q/7(T7?,)),sdepth(Q/(T72,)) > [%].
Proof. Consider the short exact sequence
00— Q/(T:6m1) =5 Q/T— Q/(T,601) — 0.
By depth lemma, we have
depth(2/(77) > min{depth(2/(7: ¢,_1)), depth(22/(T,5,-1))}
Here we have Q = Q,,1 = [¢1,%2, ..., S, Snt1] and
T = (152,613,253, " ** 5 SnS15 Sn—151 SnSnt1> Sn—1Sn+15 Y1Sn+1)-
For this, we have
(T2 6nm1) = (PZ_5), 61, Sn—2s Sn3s Sns Snt1)-

K[§27§37”' 7§n74] o K[§27§37H' 7§n74] [§ ]
(TWP2_5), S25 Sn—2 Sn-—3 Snt1) (P s) i
Here by [9, lemma 3.6] and [14, Theorem 3.1|, we get

1%

Q/(7:6um)

depth(Q/(7: 6,_1)) = depth(Q,,_5/(P>_5)) + 1.

n—>5 n
—1+1=20,

Again construct a short exact sequence and let T* := ('I(T,il), Gn—1). Here we have,

depth(Q/(T:¢,1)) = |

(_Lqu) = (§1§2,§1§3,§2§37 ce ,§n§17§n+1§1>§n—2§n,§n§27§n—1)-

Consider the following short exact sequence
0— Q/(T:6) = Q)T — Q/(T,5,) — 0.
By using depth lemma, we have
depth(€2/T*) > min{depth(Q2/(7* : ¢,)), depth(2/(T",5,)) }

(_[* : gn) - (j(P5_5)7 <1, §27§n—27§n+17§n—1)-
And




Again using [14, Theorem 3.1|, we get
Qn 5

h(2 * = h(=——— 1.
depth(Q2/(T" : g,)) = dept (_|<P375)) +
. n—> n
depth(Q/(T*: ) = [ = 1+1= (51.
Now take
(7%, 6n) = (S192,293, " * 5 S1Sn415 Sn—3Sn—2> Sn—15 Sn)-

Again construct a short exact sequence and let 7 := (77*,¢,). Consider the following
short exact sequence

0— Q/(T™ :q) 5 QT — Q/(T,¢1) — 0.
By using depth lemma, we have
depth(Q2/7T*) > min{depth(Q2/(77"* : 1)), depth(2/(7T"*, 1))}

(_]** : Cl) = (-I(P73_5), §25 635 Sny Sn—15 gn+l)~

And

*k ~ Qns
Q/(Tq) = P2 (1.
depth(Q2/(T™ 1 q1)) = depth(_](ﬂpn—a) + 1.
depth(9/(T* 1)) = [ 221+ 1 =[5,
% ~ Qn—B
/(T q)) = —KP—H[%—H]'
By using [14] and [9, lemma 3.6], we get
Aepth(©/(V* 1)) = depth( 57" + 1.
depth(@/ (7", 6)) = [ +1= 252
So
depth(Q/T™) = [%1.
Similarly -
depth(/T) > {2,721}
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Hence
n

depth(Q2/7) = (gw

Now for finding Stanley depth of a graph, we proceed with the same arguments as
above. We replace Lemma 3.3.2 from depth lemma and Theorem 3.3.10 from Theorem
3.3.11. We get our required result.

- sdepth(Q2/7T) > (%W

Lemma 4.2.2. depth(Q/7(T7,)),sdepth(Q/(T7,)) > [£].
Proof. Consider the short exact sequence

0— Q/(T:6) 2 QT — Q/(T,6,) — 0.
By depth lemma, we have

depth(Q2/77) > min{depth(Q/(7:¢,)), depth(2/(7,5,))}-
Here we have Q = Q0 = [¢1, %2, - - -, Sy Snt 1, Snt2) and
T = (162, 5163, 5253, * * * » SnSLy Sn—151, SnSn+1> Sn—1Sn+15 T1Sn+15 Sn+15n+2, SnSn+2)-

For this, we have

(T2 6n) = (P2 5), 51552 Sne1 Sn—2: Snt 1 Sn2)-

K¢, 645+ 5 Sng] ~ K¢, 64, + , Sn3] o]
(_'(Pg_5)7§17§27§n717§n72,§n+1,§n+2) _‘(Pg_g)) "

Here by using |9, Lemma 3.6] and [14], we have

Q/(T: ) =

depth(Q/(7:,)) = depth(Q,_5/T(P2 ;) + 1.

n—>5
)
Again construct a short exact sequence and let I' := (T(T}7,), ). Here, we have

depth(Q2/(T:6,)) =T

(7T, 60) = (6192, 6153, 9253, * * * » Sn—2Sn—1, Sn—1ST5 Snt-1ST> Sn—2Sn—15 Snt1Sn4+25 Sn ) -

Consider the following short exact sequence
0 — Q/((T" : Gurr) ~5 Q/ (T — Q/ (T, Gug1) — 0.
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By using depth lemma, we have
depth(Q/7%) > min{depth(Q/(7T" : ¢,41)), depth(2/ (T, ut1)) }-

(_]* : gn—f—l) = (1(P3_3)7 $15Sns Sn—1, gn+2)'

And Q0
* ~ n—3
Q/(T" : Guy1) = mbﬁﬂ-
% Qn—S
depth(Q/(T" : Gu41)) = depth(-[(P—M) + 1.
i n—3 n 4+ 2
depth(Q/(T" : 1)) = [ 5 [+1=] 5 ].
Now take
(7", Gnt1) = (192,283, * ** , Sn—2Sn—15 Sn—1S15 Sn> Snv1)-

Again construct a short exact sequence and let 7 := (7%, ¢,.41). Consider the following
short exact sequence

0— Q/(T™*:q) L Q)T — Q/(T,¢1) — 0.
By using depth lemma, we have
depth(Q2/7**) > min{depth(/(7T* : 1)), depth(Q/(T*, 1))}

(_[** . gl) = (-I(Pifg)), 2,83, Sny Sn—1, gn+1)'

And
Q,_

=[St el
1(Pis)
Now by [3], |9, Lemma 3.6] and [14], we get

I

Q)T 1 ¢1)

depth(Q/ (T : ¢)) = depth(-I?;i)) +2.
depth(Q/ (T 1)) = ["2 S1po— ™ ’g 5.
Qs

(©Q/(T,q)) = -l(P—Q:Q)[cml

Q_
depth(Q/ (T, ¢1)) = depth(_[(]ﬂ 2 )) +1.
n—2

n—2 n-+3

depth(©2/(T7, 1)) = [—1+1=[—

1.
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So

depth(©/77) > ["F 3.
Similarly W3
depth(/T) = {22, (222,
And
depth(2/T) > {721,127},
Hence n
depth(0/7) = [,

In a similar manner, we get

sdepth(2/77) = (g}

Lemma 4.2.3. depth(Q/7(T25)), sdepth(Q/T(T24)) > [%£2].
Proof. Consider the short exact sequence
00— Q/(T: o) =5 Q/T — Q/(T,60s1) — 0.
By depth lemma, we have
depth(€2/7T) > min{depth(Q/(7: ¢,11)), depth(2/ (7T, 6t1)) }-

Here we have Q = Q.3 = [¢1,, - - -, Sns Snt-15 Snt2, Snts) and

= (§1§27 G163, 62835 * * , SnS15 Sn—1S1y SnSn+15 Sn—1Sn+1; L1Sn+1 Sn+1n+25

SnSn+2 Sn+1Sn+3; §n+2§n+3)-

For this, we have

_‘ . gnJrl) = (—|<P373)), S15Sns Sn—15 Sn+2 §n+3)'

K[§27§37'” 7gn73] o K[§27§37”' Jgn*?)]
-[(Pr%_g), S15 Sny Sn—15 Sn+25 gn+3) _[(P’I’%—S)

Q/(_l : §n+1) = [§n+1]'

Here we have
depth(€/7 2 6u41)) = depth(Q,—s/T((P73)) + 1.

depth(©/ (T i) = [ 21 41 = [ 52)
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Again construct a short exact sequence and let T := (7(7}; 3), su41). Here we have

(_L§n+1) = (§1§2,§2§37$1§3 s 7§n—1§17gngla§n§n+27§n§27§n+17§n+27§n+3)'

Consider the following short exact sequence
0— Q)T :6) QT — Q/(T",6.) — 0.
By using depth lemma, we have
depth(2/T*) > min{depth(Q/(T* : ,)), depth(2/(T*,s,))}.

(T2 60) = (P2 5), 1,25 Sne1> Sn2> St 1> Snt2)-

and
Qn—5

m[gmz, Snl.
So by [3], |9, lemma 3.6] and [14], we have

12

Q/(T" :6n)

Qn—5
depth(Q2/(T* : = depth 2.
epth(Q/(7" : 5,)) = dep (‘I(Pg_5))+
. n—>5 n+295
depth(9/(T £ ) =[] +2 =[]
Now take
(_I*, gn) = (§1§2a G283, "t 5, Sn—2Sn—15 Sn—1S1) Sn+25n+35 Sn» gn-‘rl)-

Again construct a short exact sequence and let 1 := (77*,¢,). Consider the following
short exact sequence

0— Q/(T™*:q) L Q)T — Q/(T,q1) — 0.
By using depth lemma, we have
depth(Q2/T**) > min{depth(Q2/(77** : 1)), depth(2/(7T**, 1))}

(_I** : §1) = (-i(Pf_4),§n+2§n+3,C2, S35 Sny §n+1)-

And Q
depth(©/(I" : ) = depth(g 55 +2
depth(9/ (T 1)) = ["=2] +2 = [ 101,
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Similarly

(7**, §1) = (§2§3, c 3 Sn—2Sn—15 Sn+2Sn+35 S1, Sn» §n+1)-
depth(Q/(T™,61)) = depth(_IQ”Q2 )+ 1.
(Frs)
depth(Q2/(7,q1)) = [n - 2} +1= (n —5i_ 3]
So
depth(2/T) > "2,
Similarly
depth(0/T) > {[ 27, 7227y,
And
depth(0/) > {21, 20y,
Hence
depth(Q/T) = 2 ;)r 2.
Similarly, we have
sdepth(Q/T) = 727,

Lemma 4.2.4. depth(Q/7(772,)),sdepth(Q/T(T2,)) > [=2].
Proof. Consider the short exact sequence
0— Q/(T: o) =5 Q/T— Q/(T, 6ogs) — 0.
By depth lemma, we have
depth(©2/7T) > min{depth(Q/(7: ¢,14)), depth(2/ (7T, 6nra)) }-
Here we have Q = Q,, 4 = K[¢1,%2, -+ -, Sny Snt 15 Snt2y Snt3 Snta) and
T = (G162, 6163, 2685 > SnS15 Sn1ST5 SnSnls " 5 Sk 25435 Sn+-2Sn+4-Sn 354 -

For this, we have
(1 : §n+4) = ((W(Ti,l))vgn-‘r%gn—I—S)'
KI[s1,%2,*** » Sns St 15 Snta)
Q —| . gn g ) ) ) ) 9
/( +4) I(Tr?,l)a Sn+25 Sn+3

~ K[§1,§2,--- >§n>§n+17§n+2] [§ ]
I(T3,) !
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Here we have
depth(Q/(7T < Gu4a)) = depth(Q,1/T(T7,)) + 1.

depth(9/( T+ 6uaa) = 151412 27

And
(Tssnra) = (WT33)); Snva)-

Qy,
depth(Q/(7, gora)) = depth(o—-).

T3 s)
By using Lemma 4.2.3, we have
n+2
depth(Q/ (T, ppa)) = | -
50 +2. 5
n n
Hence

n 4+ 2w
ik
Now we proceed with the same arguments, we get

depth(€2/7) = [

n+2

sdepth(Q/T) > [ g

1.

Lemma 4.2.5. depth(Q/7(T72;)),sdepth(Q/7(T2;)) > [%2].
Proof. Consider the short exact sequence
0— Q/(T:6urs) =25 QT — Q/(T,6043) — 0.
By depth lemma, we have
depth(©2/7T) > min{depth(Q/(7: ¢,13)), depth(2/(T, n43)) }-
Here we have Q = Q5 = [61,62, - - -, Sns St 1, Snt2, Snt3s Sntds Snps) and

T = (6162, $1635 9253, * * * 5 SnSTs Sn—1S15 SnSnt1s * * * s Snt25n+35

Sn+2Sn+4-Sn+3Sn+4; Sn+4Sn+55 Sn+3Sn+5-

For this, we have
(-' : §n+3) = ((-KCEL)); Sn+1y Sn+25 Sn+4, §n+5)'
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K[1,2, "+, Sy Snt1s Snt 2, Snt3+ Sntds Snts)
Q _l g_ ~ ) ) ) ) ) ) ) )
/< n+3) (I(Cﬁ), Sn+1s Sn+25 Snt4, <n+5)
o K[§17§27“. Jgn] [C ]

Here by using [4, Proposition 1.3| and [9, Lemma 3.6], we have

depth(Q/(T: 6u43)) = depth(£2,,/7((C2)) + 1.

n— 2 n+3
1>
5 I+1=] 5

depth(€2/(7T: Gu13)) = | 1.

And
(T, Gns) = ((_[(Tg,l)% Sn+2Sn-+45 Sn+4Sn-+55 Snt3) -

Again construct a short exact sequence and let 1% := (7, ¢,43). Consider the following
short exact sequence

00— Q/(T: Gopa) =5 Q)T — Q/(T*, Guya) — 0.
By using depth lemma, we have
depth(Q/7") > min{depth(Q/(7T" : ¢,44)), depth(2/ (7", ut4)) }-

(_l* . §n+4) - (1(T3’1>7§n+27§n+37§n+5)-

And Q0
Q/(T": Guya) = -KTL;{I)[%H]-
in
depth(Q/(T* : 6u14)) = depth(=ms—) + 1.
ep (/( §+4)) €p (—l(Tral))
+5
depth(Q/(T": 6u44)) = [£]+1 = [F121.
Now

(T, Sura) = (UT31), a3, Snva).
By using Lemma 4.2.1, we get

Qn,l
—|(T2 1) [§n+5] )

n,

depth(Q/(7, ¢u44)) = depth(

depth(/ (T, ua)) = [£]+ L

So
depth(0/T) > {27, 717

1}
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Hence

depth(/T) > ™27,
Thus
depth(2/) > ([ F2, 127y,
Hence
depth(©/7) > [ 57
Similarly, we have
sdepth(Q2/7T) > (n —5|— 31.
O
Theorem 4.2.6. For m > 6 and n > 9, we have
depth(2/7(T2,,)) > [0 =2

Proof. For 1 < m <5 and 3 < n < 8, we can easily find exact values for depth and
Stanley depth of the quotient of edge ideal associated of a square Tadpole graph from
the CoCoA software [5]. We will prove by induction on m. Consider the short exact
sequence,

00— Q/(T: Gupm2) =2 QST — Q/ (T, Suym_2) — 0.
By depth lemma, we have
depth(Q2/7T) > min{depth(Q2/(7 : ¢u4m—2)), depth(2/(T, Sprm—2))}-

For this, we have

2
Ty ) = ($162,9283, ** , SnS15 SnSnt1, " *
Sm~4n—1Sn+my S153,$2S45 * * * s Sp—1Sn+35 S1Sn+35 * * * 7yn+mf2cn+m)'
(-L §n+m72) = (§1§27 C163,6253, * * * s Sp+m—3Sn+m—15 Sn+m—1Sn+m §n+mf2>~
(-[ : §n+m—2> - (§1§27 G2835 * 5 Sp+m—6Sn+m—>55 Snd+m—45 Sn+m—33 Sn+m—1; §n+m)~
Take
K[§1 G2, §n+m]
Q/(_I : §n+m72) = —| D) —= :
( (Tn,m—5)7 Sn+m—45 Sn+m—3, Snt+m—15 §n+m>
~ K[gla G2, ,§n+m_5] [g ]
= 2 n+m—2]-
_I<Tn,m—5)
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Here we have QO
depth(2/(7T : ¢uym—2)) = depth(mme>" ) 4 1.

_‘<T’3—5,m)
By applying induction, we get
n—5+m-—2 n+m-—2
depth(Q/ (T Guym-2)) = [ - I+1=]—F—I

Again construct a short exact sequence and let I' :== (TW(T7,,), Sntm—2)-
Here we have

_I(Tim>7 §n+m—2) - <C1§2’ G163, 6264,y Sn+m—3Sn+m—5; Sn+m—3

s Sn+m—15 Snt+m—1Sn+m>» §n+m72)'

_](Tg,m)v gn-i-m—?) = (I(Tg—S,m% Snt+m—1Sn+m—3; Sn+m—15n+m; §n+m—2)' Consider the fol-

lowing short exact sequence
00— Q/ (T Grime1) =5 QST — Q/(T, Sam_1) — 0.
By using depth lemma, we have

depth(Q2/T*) > min{depth(2/(7" : Snim-1)), depth(Q2/ (T, Ghrm-1))}-

(1* : §n+m—1) = (-I(Ts—4,m)v§n+m—37§n+m—2u §n+m)’

And 0
Q/(T  Sime1) = ﬁkmrml]‘
Qn m—4
depth(Q/(T* @ ¢ram_ = depth(=———-) + 1.
€p ( /( Sn+ 1)) €p (_l(Tr%,m—4))
—4+m—2 —1
depth(Q/(T": Grom1)) = [ +1 = [,
Now take
(-i*a gn—l—m—l) - (1<T57m73)7 Sn4+m—25 §n+m—1)'
And then
(T ) & =3
em=t)) = e T Lol
* _ Qn,m—3
depth(Q/ (T, Spam—1)) = depth(__'(ﬂ%,mfg)) +1.
- —2
Aepth(Q/ (T g 1)) > [L 2T =2y g ity

5 )
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So
—1
depth(€/T) = ("*%1.
Similarly
n+m-—2, n+m-—1

DS Ry

depth(Q2/77) > {[
Hence
n+m-—2

depth(Q2/77) > | E

1.

Theorem 4.2.7. For m > 6 and n > 9, we have

n—+m-—2

sdepth(Q/_I(Tim)) > [ - 1.

Proof. Now for m > 6 and n > 9. We can do analogous work as Theorem 4.2.6 for
finding Stanley depth of a graph. We replace Lemma 3.3.2 from Depth Lemma for
applying on the exact sequences. We also use Corollary 3.3.1. So the required result
can be deducted by applying induction on m.

Now by Lemma 3.3.2, we have

sdepth(€2/7T) > min{sdepth(2/(7, Sntm—2)), sdepth(2/ (T : Sprm—2))}-

Hence
n+m-—2

sdepth(Q/7) > | E

].
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4.3 Conclusion

We have calculated the exact values for depth and Sdepth of the factor of the edge ideals
associated with Tadpole graph. We obtained quality results as we have computed exact
values in contrast to the already existing bounds.

e For a Tadpole graph T, ., we have diam(T,, ) = A

A = ng—i-m

e By Fouli and Morey’s formula [8], we have

5l +m+1
depth(Q (T m)), sdepth() (T ) > (UJTT”}.
Example 20. For n = 122 and m = 400. We have A(T144400) = 461, therefore
depth(2/(T(T,m)) > 154 by [8], whereas by our given result depth(Q/(T(T5,.,)) = 174
Moreover, we can observe that the existing bounds deviate even more from the exact
values for the larger values of n and m.

Similarly, we have calculated the lower bound for depth and Sdepth of the factor
of the edge ideal associated with the square of a Tadpole graph. We have obtained the
following sharp bound. That is for n > 3 and m > 1, we have

n+m-—2

depth(Q/_l(Tim)), sdepth(Q/_I(Tim)) > z

1.
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