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Abstract

In mathematical chemistry, a topological index of a graph is a molecular
descriptor which is obtained for a chemical compound from its molecular
graph. This graph invariant is a numerical parameter used to characterize
the graph topology. The study of energy of a graph was introduced in 1978
by Gutman. Recently, the study on topological indices has gained a lot of
significance and is extensively studied concept in spectral graph theory.
Variable Sum exdeg index SFE I, is the graph property first studied by Vukicevic.
The author studied the extremal graphs among different classes with respect
to SEI, for v >1 and the polynomial form of this graph is also introduced.
In this thesis the concept of variable sum exdeg energy of graphs is estab-
lished. The algebraic properties of variable sum exdeg energy of a graph are
studied. Some properties related to spectral radius of variable sum exdeg ma-
trix are determined. Nordhaus-Gaddum type results for variable sum exdeg
energy and spectral radius are given. Some classes of variable sum exdeg

equienergetic graphs are also obtained.



Introduction

Graph Theory is a field of modern mathematics and it has vast range of appli-
cations in computer science, genetics, biochemistry, industry, communication
science, business, engineering, linguistics, sociology, physics, social sciences
and in psychology. It is an advanced field of modern era which is introduced
for addressing challenging problems which are very difficult to handle with
conventional branches of mathematics such as calculus or algebra. Several
other branches of mathematics for example matrix computation, group the-
ory, topology and probability are interconnected with graph theory.
Spectral graph theory is the study of graph properties by means of eigen-
values of a matrix associated to the graph. A matrix associated to a graph
can be adjacency matrix, Laplacian matrix, signless Laplacian matrix, in-
cidence matrix and many more. Spectral graph theory was introduced in
mid 1900s and has a long history. Till date a lot work has been done on
algebraic aspects on spectral graph theory and a lot of literature is available
in different papers and books such as , “An Introduction to the Theory of
Graph Spectra” (2010), “Algebraic Graph Theory”(1974), “A Textbook of
Graph Theory” (2012) etc.

The study of energy of a graph originated from theoretical chemistry in 1978.
Ivan Gutman gave the idea of this spectral property of a graph in his paper
“The energy of a graph” [19]. It is helpful in determining the total 7-electron
energy of a molecular compound given by a graph. The roots of this graph

invariant go back to the 1940s and a lot of work has been done so far.



The study of topological indices of graphs was established in 1947, when
first topological index Wiener index was studied. It is a molecular descriptor
which is applied to a molecular structure to convert it into some real num-
ber. Topological index is a graph invariant which under graph isomorphism
is constant. Many applications of this molecular descriptor are found in the-
oretical chemistry. This study was extended and related to energy of a graph
when Randié¢ energy was defined in 2010.

In 2011 Vukicevi¢ defined and introduced Variable sum exdeg index. In
this thesis some preliminaries and notations of graph theory are given and
some helpful results are included. Some previously done work related to the
topic is studied. Some algebraic characteristics of variable sum exdeg index
are discussed. The variable sum exedg energy of some particular graphs is
obtained. Moreover, the bounds for variable sum exdeg energy are calcu-
lated. Lastly, some results about noncospectral graphs with same variable

sum exdeg energy are established.
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Chapter 1
Fundamentals of graph theory

This chapter comprises of basic ideas about graphs and contains some def-
initions and notations related to graph theory. Various important types of

graphs are defined and different basic operations on graphs are discussed.

1.1 Introduction to graphs

Graph is a mathematical diagram that is modeled to depict network of objects
and relation or correspondence between them. An ordered triple comprising
of finite and disjoint vertex set, edge set and an incidence function, usually
represented as G= (V,8,%) in known as a graph G. Here in this triple, ¥
refers to the non-empty, finite set containing vertices (or nodes), & represents
collection of edges (also called links or lines) and v is the relation that joins
an edge with vertices, that is, it provides with the condition that when two
vertices will be adjacent. To make it more convenient it is often rephrased
as G = (V,8). The order (represented by n) of a graph ¢ is the cardinality
of vertex set V(@), that is, n = |{/(§)|, and the number of elements in &(C)
is size (represented by m) of @, that is, m = |&(Q)].



1.2 Basic definitions and concepts

An edge e linking two vertices, say & and w, of vertex set of a graph ¢ is an
unordered pair written as e= {x,w} or simply xw and x and w are called
endpoints of the edge xw. If two distinct vertices are endpoints of an edge
then they are termed as adjacent vertices; otherwise they are called non-
adjacent vertices.

Two edges from &(§) are said to be adjacent if they are incident on one
vertex. Multiple edges are edges which are incident on same end vertices.
Loop is an edge which ends at the same vertex from which it begins. A
graph free from multiple edges and loops is called simple graph; otherwise it
is called multi-graph.

The subset of vertex set /() containing all such vertices that are linked to
a vertex a € V(Q), is termed neighbourhood of a (often written as N¢(a)
or simply N(a)). The cardinality of neighbourhood of a vertex, say a, is
termed as its degree, given by d¢(a) = |Ng(a)l, it is often represented by
d(a) if there is no ambiguity. A vertex a is a leaf (or pendant vertex) if it is
neighbour to only one vertex, that is, d(a) = 1 and it is known as an isolated
vertex if the number of vertices linked to it is zero, that is, d(a) = 0.

A graph is stated as connected if between every two distinct vertices there is
a path that connects them. Also, in a connected graph there is no isolated
vertex. A graph is called disconnected if it is not connected. A disconnected
graph comprises of atleast two or more components.

A graph can be both directed or undirected, in a directed graph (or digraph),
all the edges have certain direction from one vertex to another and in an
undirected graph edges are directed in both ways. Usually, by a graph in
this dissertation we mean a simple, undirected and connected graph, unless

mentioned otherwise.



(@) (b)

W

(c)

Figure 1.1: Graph Q(V(Q), 8(Q))

Example 1.2.1. The Figure 1.1(a) demonstrates a graph that is simple,
undirected and connected without loops and mulitple edges. In (b) the graph
is not simple as it contains a loop and multiple edges. In (c) the graph is

disconnected with one leaf vertewz.

Definition 1.2.2. A subset, say 1(Q), of vertex set V(Q) containing pairwise
non-adjacent vertices is called independent set of G. The cardinalty of largest

possible independent set is known as independence number of G .

Definition 1.2.3. The mazimum degree (represented by A(Q)) of a graph
1s mazimum value of all the degrees of vertices in G and mathematically it is
defined as

A(Q) = max{dg (o)) | o € V(G)}

Definition 1.2.4. The minimum degree (expressed as §(G)) of a graph is the
smallest value of all the degrees of vertices in G, mathematically it is defined

5(G7) = min{dg(v,) | o € V(G)).

The following is a well-known theorem in graph theory usually called

9



handshaking lemma which tells us that the sum of degrees of all vertices

in a graph equals twice the size of graph.

Theorem 1.2.5 (Vasudev [4]). For a graph of size m and order n, we have
S (dg(v) = 2m.
0 €V(Q)
The above stated result is also refered as degree-sum formula.
A vertex is considered to be even (resp., odd) if the number of vertices
adjacent to it are even (resp., odd).

The corollary given below is consequence of Theorem 1.2.5.

Corollary 1.2.6 (Vasudev [4]). In a graph the vertices that are of odd degree

are always even in number.

The next corollaries tells the largest number of edges and largest possible

degree of a vertex, respectively, in any simple graph G.

Corollary 1.2.7 (Vasudev [4]). The mazimum possible number of edges in

a simple graph on n vertices is ""=1
ple grap .

Corollary 1.2.8 (Vasudev [4]). The largest possible degree of a vertex in a

simple n-vertex graph is n — 1.

The results given below represent the relation of maximum degree of a

graph ¢ with its minimum degree.

Corollary 1.2.9 (Diestel [37]). If the mazimum and minimum degrees of a
graph G of vertex set of size n and edge set of size m are A(Q) and 6(Q)

respectivley, then we have

5(G) <2 <A(Q).
Corollary 1.2.10 (Chartrand [14]). If 5 is a vertex of a graph G with vertex

set of size n then it is given that,

0<6(GQ) <dg(5) <A(Q) <n—1.

10



1.3 Types of graphs

In this section few basic types of graphs are defined and their notations are
mentioned. Some results and remarks about them are also given.
A walk is a simple graph of alternating and finite sequence of vertices and

edges, It is written as
W:O()a €1, 915 -5 €n; Vi,

where e; = og_10z, for 1 < £ < n. The vertices in a walk need not to be
necessarily distinct. The repetition of vertices and edges is allowed in walk.
The above mentioned walk is called ¢y, 0,-walk. If the edges of a walk do not
repeat then it is called oy, 0,-trail. In a trail, vertices are allowed to repeat.
If no vertex is repeating in a trail then it is called a path. The notation used
for path of n vertices is #,. There are only two pendant vertices in path and
all others are of degree two.

A trail oy, eq, 01, ...,e,,9, with oy = 0, (same end vertices) is called a closed
trail or circuit. A closed circuit with no repetition of vertices except the first
and last one is called cycle. The common representation for n-vertex cycle
is C, (n > 3). For C,, de,(v;) = 2 for all o; € V(C,). The length of cycle,
walk, trail and path is its number of edges. The length of a path &, isn —1
and for cycle C, it is n and |E(C,)| = |V(C,)| = n. A cycle C, is even or odd
when 7 is even or odd respectively.

A graph that does not contain cycle is an acyclic graph. An acyclic graph
(not necessarily connected) is called a forest and an acyclic connected graph
is called tree. A tree of order n is expressed as T, and it comprises of n — 1
edges.

If for a simple n-vertex graph (¢, each vertex is neighbour of every other
vertex in ¢/(@) then such a graph is termed as a complete graph K,,.

The corollary stated next tells about the number of edges and degree of

vertices in a complete graph.

11



Remark 1.3.1. In a simple complete graph with vertez set of size n, dg, (v;) =
n—1, for all v; € V(K,), and the cardinality of 8(K,,) is @

If a vertex set of graph ¢ can be split into two disjoint and independent

sets, say X7 and Xy (called partite sets), so that every edge of graph has
one end-vertex in X} and other end-vertex in X, then such a graph is called
bipartite graph.
If in a bipartite graph with partite sets X} and X5, every vertex of X is
linked to each vertex of X, then such a graph is termed as complete bipartite
graph. If |V (J(})| = s and |V(Xy)| = ¢, then complete bipartite graph is given
by K, ..

(@) (b) (©)

Figure 1.2: (a) Complete graph (K5) (b) Bipartite graph (c) Complete Bi-
partite Graph (K 3).

Theorem 1.3.1 (Vasudev [4]). In a bipartite graph all the cycles are of even
length.

Also, if it is possible for a graph to split its vertex set into 4 partite sets,
then such a graph is termed as s-partite graph.
A star of order n, denoted by &,, is a graph with one central vertex adjacent
to n — 1 pendant vertices. A star with vertex set of size n is a complete
bipartite graph and hence it may be expressed as K,,_1 ;.

If in a graph ¢ the number of vertices connected to every vertex is 4, that

12



is, dg(a) = o for every a € V((@), then G is known as s-regular graph. Note
that, A(Q) = d(Q) = s for a s-regular graph G.

Remark 1.3.2. (1). An s-regular graph with vertez set of size n has 3(ns)
edges.

(2). Ewvery cycle C, is 2-reqular.
(3). A complete graph K, is (n — 1)-regular.

A line graph, represented by L, of a ¢ is another graph comprising of
set of vertices V(L) = (§) and its edges are defined as: for every pair of
edges in ¢ having a common vertex there is an edge in L between their
corresponding vertices. Note that a line graph of ¢ is a simple graph in any

case.

Remark 1.3.3. (1). Line graph of a star of order n is a complete graph

with vertex set of size n — 1, that is, L, , , = K,_1.
(2). If G is a path P,, then Ly, is the path P, 1.

(3). For a cycle C,, the line graph is again a cycle C,,.

(a)
(b)

Figure 1.3: The graph in (b) is Line graph £ of graph ¢ in (a)

13



1.4 Operations on graphs

Graph operations create a new graph from the existing one by defining some
basic or advanced changes in the graph. In this section few graph operations

are discussed and elaborated with examples.

Definition 1.4.1. The complement of a simple graph G, given by G, is the

graph having the same vertez set as G, that is, V(Q) = V(C), and two vertices

are connected by an edge in G if and only if they are not connected in G.

Figure 1.4: A graph ¢ and its complement G.

Remark 1.4.2. (1) The complement of K, is a graph comprising of n isolated
vertices.

2)G-¢.

(8) If complement of a graph is isomorphic to itself then such a graph is

called self-complementary.

Definition 1.4.3. Let us consider graphs @D and @Dy with disjoint vertex sets
V(Dy) and V(Dy). Then the union of graphs Dy U Dy is a graph with vertex
set V(D1) U V(Dy) and edge set E(D1)UE(Dsy). And, also dgp,up,(a) = dp, (a)
if a € V(Dy) and dgp,um,(a) = dg,(a) if a € V(Dy).

Definition 1.4.4. Let V(@) be the set containing vertices of a graph G and
consider a set W for which V(G) NW = ¢ and |V(CQ)| = |W|. Suppose ¢ :
V(G) — W be a bijection, that is, fora € V(C), t(a) = ¢. The duplication

14



of G, represented by G*, is the graph with V(G*) = V(G)UW and eyes € &(C)
if and only if élex € E(Q)* and erey € E(G*), where ey,es € V(G) and
e, ¢ € V(GY).

Definition 1.4.5. Consider a graph G and let V(G) be its vertex set. Let
G1, Go, ..., Gy be q copies of G with vertex sets VN (Gy), V2(Ga), ..., VU(C,). Let
VNG = {01,995 s 0me }, 0 = 1,...,q and oy represents the vertex on ith
position in (th copy of graph G and ¢ = 1,...,m. The g-double graph G? of ¢
is the graph with the vertex set V(G7) = VH(G) U ... UVI(G,) and its edges
includes initial edges of G and remaining edges are defined as x1ys € E(Q)
(where x1,x9 € V(Q)) if and only if o109 € 8(GY) with I # k, and k =
1,...9.

(a) (b) (c)

Figure 1.5: (a) #,; (b) #;(Duplication of #4) (¢) P;(2-double graph of #)

15



Chapter 2

Spectral graph theory and

topological indices

In this chapter, spectral graph theory is briefly discussed and some helpful
results related to the topic are mentioned. The concept of graph energy
and its bounds for simple graphs are inlcuded. This chapter also includes
introduction of toplogical indices and definitions of some extensively used
indices . Lastly, it is briefed that how a topological index matrix is associated

to a graph to calculate its energy.

2.1 Spectral graph theory

In the current section the concept of spectral graph theory is illustrated.
Some results showing the properties of eigenvalues of a graph are mentioned.
Spectral graph theory is branch in mathematics in which the relation of a
graph with the matrix associated to it is studied and also its relationship
with its characteristic polynomial, eigenvalues and eigenvectors is studied.
The most commonly studied matrix in spectral graph theory is adjacency

matrix. The adjacency matrix associated to an n-vertex graph ¢, represented

16



by A(G) = [6i;]uxn, is obtained as:

0 otherwise.

{ 1 ifwu; € 8(Q),
b;j = ‘

The adjacency characteristic polynomial, denoted by (G, ), is of the form:

WG, 0) = det(A(Q) — 09,), (2.1)

where 9, represents the n X n identity matrix. The zeros of the equation (2.1)
are called eigenvalues of A (@) or adjacency eigenvalues. The set of eigen-
values of adjacency matrix along with its algebraic multiplicity is adjacency
spectrum of ¢, denoted by spec7(C). Suppose 01,09, ...,0, are the distinct
eigenvalues of A (@) and my, ma, ..., m be their respective multiplicities, then
the adjacency spectrum is given as: spec(G) = {o\"™, o™, ... ,057"”) b

The spectrum of adjacency matrix of a complete graph and complete bipar-

tite graph is given as:

spec 7(K,) = {<_1)ﬂilv (n—1)},

(2.2)
spec(H) = {(0)*2 £y},

According to the definition of an adjacency matrix it is clear that az; = 0, for
n

kR=1,2...,n As tr(A(Q)) = >_ o4, then for the eigenvalues of adjacency
=1
matrix we get,

The trace of the square of adjacency matrix is given as:

tr(A*(Q)) = Z oF = 2m.
=1

17



The result stated next establishes the connection between a symmetric

matrix and its eigenvalue.

Lemma 2.1.1 (Zhang [12]). Suppose that K be a symmetric and n-square
matrix and its eigenvalues be g > -+ > p,, then for any x € R” with x # 0.

T Ko < pate,

T

where x* is the transpose of x. The above equality is obtained when x is an

eigenvector corresponding to the eigenvalue puy of K.

The following lemma establishes the relation between largest eigenvalues

of two matrices.

Lemma 2.1.2 (Horn and Johnson[36]). Let & = [3;],xn and T = [ti;],xn be
n X n symmetric and non-negative matrices, respectively. If & > T, that s,
3i; >ty foralli,j=1,...,n, then p1(8) > 01(T), where 1 and oy is the

largest eigenvalue of the & and T respectively.

The bounds on largest eigenvalue of an adjacency matrix associated to a

graph @ is obtained in next two theorems.

Theorem 2.1.1 (Hong [45]). Consider a graph G with edge set of size m
and vertex set of size n and let oy > --- > 0, be its adjacency eigenvalues.
Then

o1 <V2m—n+1,

and the equality holds when G 1is star §,. It also holds for a complete graph
K,.

Theorem 2.1.2 (Cao [6]). Let G be a graph with vertex set of size n and its
minimum and mazimum degree be 6(G) and A(Q) respectively. Let eigen-

values of an adjacency matriz of G be o1 > 09 > -+ > 0, and 6(G) > 1.
Then

o < \/2172—5(12—1)+(5—1)A )

18



2.2 Energy of graphs

One of the most significant concepts in the spectral graph theory is energy
of graphs. This concept was established by Ivan Gutman in 1978 [19]. This
invariant of graph is determined from its eigenvalues. Let the matrix asso-
ciated to ¢ be adjacency matrix and its eigenvalues be oy,09,...,0,. The

energy of a graph @ is represented by (@) and is obtained as:

n

€§Q) = losl.

r=1

This spectral graph quantity is widely used in chemistry as it is helpful in
approximating the total m energy of electrons of a molecule which is rep-
resented by a graph [11]. In the last decade research in this field of graph
theory is extended significantly and several different kinds of energy of graph
are introdued. Gutman and Zhou [23] gave Laplacian energy of a graph as
sum of eigenvalues of Laplacian matrix. It was also defined for other variants
like signless Laplacian matrix [35], general matrix that is not associated to
any graph [43] and also for incidence matrix [34]. Many bounds on energy of
a graph are proved. Next theorem gives bounds for energy of a graph of size

m.

Theorem 2.2.1 (Caporossi et al. [13]). Let G be a graph with edge set of

size m. The bound is calculated as:

2vm < ¢(Q) < 2m.

The lower bound for (@) is given in next theorem.

Theorem 2.2.2 (Gutman [20]). Consider a graph G with vertex set of size
n. The lower bound for £(Q) is given as:

Q) >2vn—1.

19



The equality holds only in the case G = K,,_; ;.

The idea of energy of digraphs was established in 2008 by Pena and Rada

[25] and the energy of a sigraph was given by Germina et al. [28]. In 2014,
Bhat and Pirzada [42] proposed the generalization of the energy of a digraph
to the sidigraphs.
Let @, be an n-vertex digraph. The adjacency matrix associated to @, is not
always symmetric and hence the eigenvalues of a digraph can also be complex
numbers. Let 7, for ¢ = 1,...,n, be the eigenvalues of matrix A (®,). For a
digraph @, its energy is defined as:

n

§(D,) =Y |Re(),

r=1

here |Re(7;)| represents the absolute value of real part of ;.
In next theorem a well known result for maximal and minimal energy among

unicyclic digraphs is given.

Theorem 2.2.3 (Pena and Rada [25]). The minimal energy among all uni-
cyclic digraphs with vertex set of size n, is of a digraph that contains a directed
cycle Gy, C3 or C4. The mazimal energy among all unicyclic digraphs on n

vertices is attained for directed cycle C,.

If between every two vertices of the digraph @, there is a directed path,
then such a digraph is termed as a strongly connected . The maximal strong
connected subdigraphs of a digraph are called its strong components.

The following theorem gives the result about strong components of a digraph.

Theorem 2.2.4. Let Ky, Ky, ..., K, be the strong components of a digraph.
Then energy of a digraph D, is given as:

20



2.3 Topological indices

Topological index [15] is a mathematical formula that is applied to graphs
for conversion of a molecular structure into a real number. Topological index
is also called molecular descriptor or connectivity index. It is constant un-
der graph isomorphism. Topological indices have applications in molecular
topology, mathematical chemistry and chemical graph theory [2].
The study of topological indices started in 1947 and now at present there are
more than 120 topological indices [5]. The relation between chemical char-
acteristics of a molecular compound and their structures is shown in various
studies. Topological indices are either defined on the basis of connectivity or
topological distances in the graph. For the further study reader may refer to
[7]. Early topological indices were based on distances.
Wiener index
Wiener index, represented by (@), was introduced by Harold Wiener in
1947 [16]. At first it was named path invariant but then in 1971 this notion
was defined by Hosoya [15]. Wiener index is based on distance and it is
calculated for a graph ¢ by taking summation of distance between all the
vertices of

WG = >, dg(x.3).

{r.5}€V()

The applications of wiener index can be seen in [1].
Zagreb index
There are many indices introduced on connectivity and Zagreb index is one
of them. There are two terms, represented by M;(C¢) and M(@), involved

in Zagreb index which are treated as separate indices known as Zagreb first

21



index and Zagreb second index ([17, 21]), respectively. It is given as:

Mi(G) = ) dglx)+dg(5),

x5€8(Q)

Randié index

Another connectivity based index is Randi¢ index, represented by R(@). It

> dg dg(x)dg(5)

r5€8(G)

is calculated as:

Inverse sum indeg index
Inverse sum indeg index, represented by ISI(QG) for a graph ¢, was intro-
duced in 2010 by Vukicevi¢ [8] and it is defined as

151G) =Y dd /(2)dg ()

%

Variable sum exdeg index

The variable sum exdeg index was first introduced by Vukicevi¢ in 2011
[9]. The purpose of establishing this index was to study the octanol-water
partition coefficient, phsiochemical property, of certain molecules. For a

graph @, the variable sum exdeg index is defined as:

SEL(G) = Y (v 4 %)),

uweé(Q)

where 0 € (0,1) U (1, +00).
There are several other indices, see [18].

Topological index of a graph @, represented by TI(G), can be expressed in

22



the form

TIG) = Y Tluw),

uwe8(Q)
where F is suitably chosen function for topological index and F(u,w) =
F(w,u).
If ¢ is a graph with vertex set of size n then a matrix 7" = [d;;],x, can be
associated to T'I(C) defined as:

otherwise.

4 — { F(u,w) ifuw € 8(Q),
ij 0

If the eigenvalues of T = [d;/].xn be 1,%,...,%, , then topological index

energy of a graph can be defined as:

&ri(G) = Jeal.

The topic of Randi¢ energy is the most widely studied topic in graph energy.
It was introduced in 2010, by Bozkurt et al. ([38], [39]). Later in 2014,
Gutman et al. proved few properties of Randic energy and Randic matrix.
In 2017 Gutman [31] studied Zagreb energy and established bounds on this
graph invariant. The idea of inverse sum indeg energy [40] and generalized
inverse sum indeg energy [41] of a graph is established recently.

Let a matrix J(§) be associated to inverse sum indeg index of a graph @.
The following result shows the relationship between trace of inverse sum

indeg matrix of graph and complete graph.

Theorem 2.3.1 (S. Hafeez [40]). Consider a graph G with vertex set of size
n. Then,

tr(QQ(g)) < tr(QQ(g{n)),

The equality above is obtained for a complete graph.

The lemma stated next tells that for a graph the sum of eigenvalues of inverse
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sum indeg matrix is zero.

Lemma 2.3.1 (Zangi et al. [46]). Consider a graph G with vertex set of n
and let 81,89, . ..,4, be the eigenvalues of 9(G). Then,

n
E Ip = 0.
k=1

Next theorem gives a result about the 1.S1 energy of components of a

graph.

Theorem 2.3.2 (S. Hafeez [40]). Let the components of a graph G be Xy, X, ..., XC,.
Then,

§1s1(Q) = Z E1s1(Xh).
i1

In recent past study on geometric-arithmetic energy [27] of a graph is
introduced. Various forms of graph energies are summarized by Das et al.
[29] in 2018 studied several forms of energy of graphs and also calculated some
bounds for these graph energies. For some new results on graph energies we
refer to [33, 31, 10, 27].

Vukicevi¢ in [9] gave the properties and mathematical studies of variable
sum exdeg index. The author also finds the maximal and minimal graphs
among different classes of graphs with respect to SEI, for v > 1. The
polynomial form of this topological index was introduced by Yarahmadi and
Ashrafi [47] and it has applications in nanoscience. Xiaoling Sun et al. [44]
studied the minimum and maximum quasi-tree graphs and also for quasi-tree
graphs with perfect matching with respect to variable sum exdeg index. The
minimum and maximum unicyclic graphs along with given pendant vertices

with respect to SEI, and cycle length were also obtained.
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Chapter 3

Variable Sum Exdeg Energy of
graphs

In current chapter the idea of variable sum exdeg energy of a simple and
undirected graph is introduced. Some algebraic properties of variable sum
exdeg index are discussed. The variable sum exedg energy of some particular
graphs is computed. Moreover, the bounds for variable sum exdeg energy
are calculated. Lastly, some results about noncospectral graphs with same
variable sum exdeg energy are established.

Here we introduce the variable sum exdeg matrix associated to a graph @

with set vertices of size n, represented by A,(G) = [ai/],zx,z and define it as:

ode () 4 ode () if wu; € §(Q),
a;; =
/ 0 otherwise.

The SEI,-characteristic polynomial is determined as:

0(G,A) = det(A,(Q) — \I,)

n
— )\ + E a/é)\n—/i,
A=1
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where ¢, is identity matrix. The zeros of the S FE,-characteristic polynomial
®,(G,A) are termed as A,-eigenvalues of A,(¢). The A -eigenvalues are
always real as A,(G) is symmetric and real matrix. The set containing -
eigenvalues along with their algebraic multiplicities is known as A,-spectrum,
denoted by specz, (), of graph @. Let the distinct A,- eigenvalues of graph
¢ and their respective multiplicities be Ay, Ao, ..., Ay and ©y, 9, ..., ¢, Tespec-
tively, then the A -spectrum of is given by: specz, (G) = {)\5“), AR )\l(f”)}.
Variable sum exdeg energy of an n-order graph @ (represented by &,(Q)),

A1, Mg, ..., A, be its A,-eigenvalues, is defined as:
&(6) = I\l (3.1)
h=1

3.1 Auxiliary Results

For our convenience, let us define some notations. For a graph ¢ with V()
of size n, we represent the determinant of A,(C¢) by det(A,(¢)) and the trace

of the matrix A,(Q) is represented by tr(A,(¢)) and tr(A,(Q)) = >_ (ass).
=1
Let
O= D (N o)y = det(A(Q)).

1<i<j<n

Let (A,(Q)):; be the (i, j)-entry of A,(¢). Now we prove the lemma stated

below.

Lemma 3.1.1. Consider a graph G with V(Q) of size n. Suppose that its

A,-eigenvalues be A, g, ..., \,. Then we prove following results.
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Proof. (1). The diagonal elements of a simple graph are zero. Hence the
diagonal entries of A,(Q) = [a;;|uxn are zero, which gives >, (axs) =

0 and thus tr(A,(G)) = 0. Moreover, tr(A,(¢)) = > A\s. Therefore,
=1

> =0.

fi=1

(2). Let ¢ = j, then it is given as:

n n

(AXE)) = Y (G a(AAG))ij = D _(AAEG) ;1)

k=1 k=1

- Z (ﬂu(g){j)2 =2 Z (()dg(”") + vdG(”/))Q =920

uin;€E(Q) 1<i<j<n
]

Next theorem represents the relation between the trace of SEI, matrix

of a general graph ¢ and trace of SEI, matrix of a complete graph.

Theorem 3.1.1. Consider a simple connected n-vertex graph G. Then for

a real number v > 1 we have,
tr(A(G)) < tr(A(K,))-

Proof. Suppose that G # K, then for i =1,...,n, dg(u;) < n —1 for every

vertex u; of ¢G. Therefore, we have

Odg(u,j)_'_vdg(u/) < vzz—1+oiz—1 _ 2012—1'
tr(A(G) =2 3 (o) ol
1<i<j<n

The summation involved in equation above represents the total number of
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edges in (@), that is m. Then, we have
tr(AX(Q)) = 2m(o% ) 4 B2 < om(20"71)2,
Note that m < "("T_l) for ¢ # K,. Thus

tr(ﬂQ(g)) < 8m021272 < 812(122— 1)(021272)’

tr(A2(GQ)) < 4n(n—1)0* 2,

Now we suppose that G = K,,, then for every vertex u; of G, d¢(u;) =n —1,

where ¢ = 1,...,n. Hence,

plde(@) o gdewy) — gn=1 4 gn=1 _ ggn=1

tr(AZ(K,)) = 2m(o%60) 4 oT6CD)2 = 2 (207712,

0

Also for K,,, m = @, therefore,

-1
tr(ﬂz(ﬂ{,z)) — 8172021272 — 8”(’22 )(921172)7

tr(ﬂ‘?(g{n)) = 412(12 _ 1)0211—2'
Consequently, tr(AJ(G)) < tr(AZ(K.,)). .

A block diagonal matrix is a square and diagonal matrix and its diagonal
entries are block matries and all other entries are zero.
The spectrum of variable sum exdeg matrix of any graph is equal to union
of spectrum of its all components and which is proved in the theorem stated

below.

Theorem 3.1.2. For a graph G and its components I'y, Iy, ..., ', we have,
fv(g) = Zf«’(rh)
A=1
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Proof. Since I'1,T'y, ..., T, are components of ¢, hence it can be written as
G =TyuUlU---UTl,. Then the SEI, matrix of ¢ is a block diagonal
matrix and A,(I'y), A,(T'1), ..., A,(L,) are its diagonal entries. Therefore,
the spectrum of A,(Q) is given as:

spec, (GQ) = speca,(I'1) Uspecq, (Iy)U---Uspeca, (T,).

Consequently,

fv(g) = Z gv(rfé>‘
]

An interesting result about variable sum exdeg energy of a non-trivial
graph is stated in the next theorem and its proof is not included because it

is similar to theorem 2.5 [40] proof.

Theorem 3.1.3. The variable sum exdeg energy of a graph must be an even

positive integer if it is an integer.

3.2 Variable sum exdeg energy of various graphs

In current section SEI, energy of few particular graphs is calculated and
proved. The formula for the SEI, energy of a cycle, an s-regular graph,
complete graph and complete bipartite graph is obtained. Moreover, the
variable sum exdeg energy for duplicate graphs is inlcuded.
The formula for energy of a cycle was given by Bhat and Pirzada as:
4 cscZ if n = 2(mod4)
§(C,) =14 4 cot T if n = 0(mod4) (3.2)

2 cscg- if n = 1(mod2).
The theorem given next proves the variable sum exdeg energy of an s-regular
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graph.

Theorem 3.2.1. Consider an s-reqular graph G with vertex set of size n.
Then

& (g> = 20”5(@)'

Proof. Let the A ,-eigenvalues of G be Ay, Ag,...,\,. The non-zero entries
of variable sum exdeg matrix of an s- regular graph are 20’. Then it can be
written as: A,(G) = 20°A(Q). Therefore, \; = 20’0;, where j =1,2,...,n.
This implies

&) = D INI=D 20
j=1 j=1
= 20 o] = 20°¢(G).
j=1

Hence statement is proved. O

Using the theorem stated above we can establish the following results for

cycle and complete graph.
Corollary 3.2.1. For a cycle of order n, &(C,) =2 0*£(C,).

As cycle is a 2-regular graph, then s=2 for cycle. Substituting s=2 in the
formula proved in theorem 3.2.1 gives the formula for C, stated in corollary

above.
Corollary 3.2.2. For an n-vertex complete graph, &,(K,) =4 (n —1) "~

Proof. As complete graph is regular for s = 7 — 1, hence &,(K,,) = 20" 1¢(K,).
Given that, spec(K,)={(n —1), (—1)*"'}, therefore it is calculated that
E(K,) =2 (n—1). Hence &,(K,) =4 (n—1) 0" L. O

Remark 3.2.3. Let n = 2(mod 4). Then using equation (3.2) it is obtained
that £,(C,) = 2£,(Cy).

30



The next theorem gives the formula for variable sum exdeg energy of a

complete bipartite graph X, ,.

Theorem 3.2.2. For a complete bipartite graph K, ,, we have

fv(g{a,z) =2 (Od + ()Z)\/g;

Proof. The entries of a variable sum exdeg matrix of K, are either ¢’ + o°
or 0. Let us denote s X ¢ and ¢ X s matrices by A and B, whose each entry
is 0” + 0%, respectively. Suppose O be a s-square matrix and O be a r-matrix,

whose each entry is zero. Then we have,

O A

ﬂv(g{o,z) - B @

This implies that
(K, ) = (0" 4 0%).

Hence,
specq (K,,) = (0 4 0") spec 4 (K, ;)

From equation (1.1) we have

spec (%) = {002 | £/}

Therefore,
spec ;. (K,,) = {0('“”_2) , (0" + o)V}
So,

I+

gv(g{d,z) = Z‘)\/il
k=1

= o Wa] 4 | = (0 o)V
= 2(0" + 0)Vor
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Hence, statement is proved. O
Using the formula proved in theorem 3.2.2 following result is obtained.
Corollary 3.2.4. For a star graph of n vertices, £,(S,) = 2(o + 0" 1)v/n — 1.

In the next remark, variable sum exdeg energy of complement of complete

bipartite graph is studied.

Remark 3.2.5. Note that W-m 1s a disconnected graph with components K,
and K,. Hence by using theorem 3.1.2,

5\) (%d,l) = 59('7{)) + go(g{z)

Now by corollary 3.2.2,

fv (Wa,z) = 4(0 — 1)0“71 + 4(Z _ 1)9171
- - -1l

Let A = (ai;)uxn be an n-square and B = (6;;)nxm be a m-square matrix
and their eigenvalues be n,, { = 1,2,...,n and uz, £ = 1,2,...,m, respec-
tively. Then the tensor product of A and B is another matrix which is
constructed by substituting every entry of A by a;;B. It is denoted by
A ® B and its eigenvalues are obtained by 7 1.

The next two theorems give the relation between the SEI, energy of a graph

¢ and the variable sum exdeg energy of its duplicate graph.

Theorem 3.2.3. Let G be an n-vertex graph. Then we have

&(G7) =26,(G).

Proof. Observe that A,(G*) is a block matrix and its diagonal elements are
n-square blocks of all entries zero and the non-diagonal blocks are A, (G).Let

us represent zero matrix of order n by © and 2-square matrix of diagonal

32



entries are zero and non-diagonal entries 1 by Q. Then it can be expressed

as:

ﬂv(g*) =

The eigenvalues of A,(G) are A; and the eigenvalues of Q are {£1}. Conse-
quently, specz, (G*) = {£X | £ = 1,2,...,n}. Consequently,

E(GT) =D Il +D 1=l
k=1 k=1

This implies that

&(

()

*) =2 gv(Q)

3.3 Spectral radius and spread of the variable

sum exdeg matrix

In this section, the bounds on spectral radius and spread of variable sum
exdeg matrix are obtained.

The spectral radius of a variable sum exdeg matrix is the largest absolute
value of its eigenvalues. For any complex n x n matrix & with eigenvalues
[y .yt the spread s(P) of @ is defined as s(P) = I%%Xm,i — pe|. Let
A1, A2, Az, ..., A be the distinct A,- eigenvalues of a simple graph, such that
A1 > Ay > .-+ > )\ are all real. Then the spread of the matrix A,(Q),
represented by s(A,(Q)), is defined as s(A,(G)) = A1 — Ar. Now we prove

the bounds for the largest eigenvalue of variable sum exdeg matrix.
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Theorem 3.3.1. Let n > 2. Consider a simple and connected graph G with
V(@) of sizen. Let Ay > Ao > -+ > N, be its A,-eigenvalues and let v > 1

1s a real number. Then

5(G)

2
LS AN < 20" 8W2m—n+1.

17

Proof. Let x € R” and x = (21,29, . .. ,xn)T. Then

T A(Q)x = Z (096 ) 4o de (D)) 2y > Z (029 4 9Dy gy

uinj € (Q) uin; € &(Q)

= 2 Z 06(@) .l‘L'l‘j.

uiu; € 8(Q)

The summation >  represents the total number of edges, that is m.
uiu; € &(Q)
Hence

2T A(GQ) & > 2m0° D i,

1 1
)

. _ (1 1 1\T
Taking x = (_; ”,...,ﬁ)

IV
|w

=
2
o

we get x:x; = % Hence, 27 A,(Q)x

Now by Lemma 2.1.1 which states,
2T A,(Q)r < Ma'x

Here 2”2 = 1, which gives 27 4,(¢) o < A;. Therefore, A; > 22 ¢3(G),
Now for any vertex u; € V(G), j =1,2...,n, we have 1 <(C) < dg(u;) <
A(G) < (n—1). Therefore

o o) 4 odo(w)) < GAG) 4 (AG) — 9pAG) < 9pn—1

Now, as A,(G) = (v %) 49 26@)) 7(G) < 20" LA(G). Therefore by lemma
2.1.2 we obtain A\; < w; 20”1, where wy is the spectral radius of 20"~ (A (Q)).

34



By theorem 2.1.1 it implies that

A < 20"ty < 20 W2m—n+ 1.,

where o7 is the spectral radius of A(Q). O

Next theorem gives bounds on the smallest A,-eigenvalue of a graph .

The proof of next theorem is ommited it is same as the proof of Theorem 4.7
[41].

Theorem 3.3.2. Consider a graph G and its A,-eigenvalues be \y > --- >
A, Then

— _ 2/n—1 —
\/2@+ (n—2)(n—1)y << 2(n 1)@7
2 - T n
where 0 # 1 is a positive real number.

In the following result, we give bounds on spread of the variable sum exdeg

matrix A (g)

Theorem 3.3.3. Consider a connected graph G with A,-eigenvalues Ay >
->N\,. Then

AAG)) = 2(@—0“ M)

72 [

s(A,(Q)) < 20" N2m+1—n— %\/Sm(ﬂ + (n—1)(n — Q)X% ’

where v > 1 s a real number.

Proof. For any u; € V(Q), j = 1,...,n, we have 1 < (@) < d¢ (u;) <
A(G) < (2 —1) . Therefore

— 9 Z o o (@) 4 o dg () )2 > 2 Z 5(0 > 8mo?. (3.3)

1<i<j<n 1<i<j<n

35



Also

20 = 2 Z (vdg(z”)—l—vdg(“«’))2 < 2 Z (OA(Q)—l—vA(Q))Z < 8mo* 2.
1<i<j<n 1<i<j<n

(3.4)
Hence using Theorem 3.3.1, Theorem 3.3.2 and Equations (3.3) and (3.4),

we get

(A(G) = M=

20+ (n—2) (n— 1) X2/
20/11m_\/ + (n )2(” ) X

IN

8102 -9 — 1) y2/n—1
2v,z_lm_\/ mo? + (n )2(12 ) X

1
= 20" "2m+1—n— E\/81;292 +(n—1) (n—2) /!

IN

Since §(G) > 1, we have

NA(C) = A=A > 2md(@) 2 —1)x > 2mo \/817202”—2(12 —1)
n n n n
2 -1
(o fam(n—1) )e
n n
The proof is complete. O

3.4 Bounds on variable sum exdeg energy

In this section, the bounds are obtained and proved for variable sum exdeg

energy of a simple and connected graph.

Theorem 3.4.1. Consider a graph G with A,-eigenvalues \y > --- > A,

and let o > 1, then we have

2
o £(G) < o '8mn.

n =
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Proof. Suppose that without any loss of generality Ay, ..., A, are positive and

Atils- .-, A\, are negative. Using Theorem 3.3.1, we get
n t
2mo9(G) 2mo
§(Q) = D NI =2 0 > 20 > —— > —
J=1 J=1

By applying Cauchy-Schwartz inequality, (3" x;:)? < (O a2 (> v:?), we
i=1 i=1 i=1
have

n n 1/2 n 1/2 n
&(Q) = Y 1Ml < (Zw) (Zl) = (| D Ain
k=1

k=1 k=1 k=1

Now using lemma 1.1 part (2) and equation (1.3), we have

&(Q) < Z)\% n = V20O < V8mno2-2 = " 1\/Smn.
f=1

Hence proved. O

Theorem 3.4.2. Consider a graph G with A,-eigenvalues \y > -+ > \,.
Then

n

8 2 — 1) — 4m2 — 1)pd—2n
Joy/im < E(C) < o] (2 Crp—— +\/ mn?(n — 1) 2m (n—1)o ) |

where v £ 1 is a positive real number.
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Proof. By Part (1) of Lemma 2.1, Y~ A\ = 0, we have
fi=1

(iAm = ZAﬁQ > AN,

1<i<j<n

SN = =2 > AN

k=1 1<i<j<n
Also,

:(;M) ZAk+2 > A

1<i<j<n

Using part (2) of lemma 2.1, we obtain

(&(0)? = 20+2] > A\ =46,

1<i<j<n

Now,

40 = 4 Z o de () 4 o dg () 2>4 Z (05(6) + 05(6))2

1<i<j<n 1<i<j<n

= 4 Z 2 > 16mo°.

1<i<j<n

Therefore, &(Q) > 4oy/m.
Now we prove the right side of inequality. We have,

£6) = Sl = 3 el + [l
r=1 hr=2
(6(G) = M) = (Zwr)

r=2

Now using Cauchy-Schwartz inequality to obtain, (> |A\g|)? < (n—1) > A2
fi=2 =2
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Hence,

(&(G) =M< (n—1)) N (3.5)

By part (2) of lemma 2.1, > A2 = 20, therefore
=1

20= "N +A; 20-AT =) N
h=2

r=2

Consequently, equation (3.5) becomes (&,(G) — M\1)? < (n — 1) (20 — \?).
Hence by Theorem 3.3.1, we get

£(G) < Mt y/(n—1)(20- 1)
< 20N2m+1—n+ \/(12 - 1) (817202”2 — 4172202)

n

Smn2
- 20“1\/2172—1—1—12—1—\/(12—1)( mre

8 2 _1_42 —1 4—2n
:w*Gﬂ%TF3+¢mM” ) A = Dr )

(

2n—2 __ 4772292 )

n2

This gives the required result. O]

3.5 Nordhaus—Gaddum-type results for vari-

able sum exdeg spectral radius and en-

ergy

In this section bounds are obtained for spectral radius of SFE I, matrix of a
simple graph and its complement. Also bounds for vaiable sum exdeg energy
of ¢ and @ are proved. Let 72,7m,5(G) = § and A(G) = A be the order,
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size, minimum and maximum degree of the complement of graph. From the
definition of complement of a graph it follows that 7 = n, m = ”QT_”
0=n—-1-A(¢)and A = n—1—6(¢). The A, cigenvalues of G are

given by Az, £=1,2,...,n. A subgraph of a graph ¢ which is maximal and

—m,

also connected is called component of . If a maximal subgraph has a path
between every pair vertices of ¢, then it is termed as component of §.
Firstly, the bounds on A; + A; are obtained.

Theorem 3.5.1. Consider a graph G and its vertex set be of size n. Then

we have

—_

M+ > —(2m(o—1) +n* —n),

n
where v > 1 is a real number.

Proof. Let x € R” such that x = (21, xa,...,2,)T. Then

Pl [ﬂv(g> + ﬂu(g)} Tr = Z (0 dg (u;) + Odg (ul,'))‘rixj + Z (U dg (ui) + vdgT(llj))xix/
uiu; €8(Q) wiu €8(Q)
> Z (%D 4 "Dz + Z (o° + vg).rixj
uiu; €8(Q) u,.ujeg(é)
= Z (205(9));16@/ + Z (203)1,1@
wiu;€6(Q) wiu;€8(G)
Let x = (\/LE, \/%;, e LH)T, then by using lemma 2.1.1, it is obtained
2T [A(G) + A(G)] 2 < aTx(+ ) = A+ A
Now using 0 =n — 1 — A(G), A(G) < n—1and 6(¢) > 1 and replacing
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> ~and ) by m and m, we obtain
wiu; €8(C) wu; €8(Q)

A +)\_1 > _20772 4 %(Q’Z—l—A(g))
n n

2
—(om+m 0”_1_("_1))
n

2 <2mv —n—2m +n2)

n 2

v

1
= - (0 — 1)2m + n* — n).

Hence proved. O

Theorem 3.5.2. Consider a connected graph ¢ and G, be component of G
with largest eigenvalue Ay and A\; = A\ (G1). Let my and n, be the size and

order of G respectively.

(a). IFA(GQ)=n—10orA=n—1, then
M+ < 200 N2m —n+ 1+ 0" 2m — g + 1)

(b). For A(G) <n—2and A <n—2, we have

MAAN < 20 (V2m —nF 1+ V02 —2n—2m + 1)

Proof. (a). If A(G) =n—1or A =n— 1, then Theorem 3.3.1 gives

A< 20" N2m —n 1. (3.6)
Let the components of G are Gy, Gs, . .., G,. Suppose that, without loss

of generality, /\1(@1) Z /\1(QQ> Z s Z /\1(@) and Xl = )\1(Q1) Thus

using Theorem 3.3.1, we obtain

A < 207D 2my — iy + 1. (3.7)

41



From Equations (3.6) and (3.7), we have
AMA+A < 200" V2m —n 4+ 14 0" 2my — g +1).
(b). If A <n—2also Ag <n—2,and 6 > 1. From Theorem 3.3.1, we have

M < 20"23V2m —n+ 1. (3.8)

Now using 6 =n — 1 — Ag and A < n—2, Theorem 2.1.2 and proof of

Theorem 3.3.1, we obtain

A < 29"—2\/2M —2m+ (0 —1)A —6(n —1)

(
2
= 20" 2\/(n2 4+ 1 —2m —2n) +6(G)(2+ A(G) — n) (3.9)
) +AG) 2+ (n—2) —n)
)

_|._
< 20" % /(n2 41— 2m — 2n) +
= 20" %/ (12 +1—2m — 2n

From Equations (3.8) and (3.9), we get

MAN < 20772 (\/2n2—1z+1+\/(122—212—2172—{—1)). (3.10)

]

Theorem 3.5.3. Suppose G be a connected and simple graph and G, be a
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connected component of its complement G with A\ = M(Gy). Let

Uy = /8mn%(n—1)—4m?(n — 1)o4—2n,

020(G) 02A(G) ’

U \/4122(12 —1) (#?—=n-2m)(n—-1)

\/8172122(12 — 1) —4m? (n—1)¢6-20
U, =

)
n?

1— —1 2 _ —92 6—2n
vy = 2\/1+2_"+\/4(n_1)_<n 07— 0 — 2wy
n

—n—2m n2

(a). IFA(G)=n—10rA=n—1, then

&(g) + 59(@) S (2\/ 2m —n+ 1+ TUl) + 20 m= 1)\/ 21721 — 1 +1

V2 —n—2m U1

o 1

(b). Let A(G) <n—2o0rA<n—2, then
E(G)+&(G) <o 2 (2vV2m —n+ 1+ Us + V02— n—2mUj).

Proof. Using Part (2) of Lemma 3.1.1 on ¢ with A= n — 1 — §(§) and
0=n—1—A(C¢), we have

= 2 Z ) 4 o ”/) < 2 Z 20 = 4(n® — n — 2m)* 278G,

1<i<j<n 1<i<j<n

Same as in theorem 3.3.1 proof, we get

— 27m o0 n? —n —2m) ¥ 172G
)\1 Z — ( )

n 7
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Applying Cauchy-Schwartz inequality to obtain (> (M) < (n — 1) Y Xz.
f=2 £=2

Therefore using Part (2) of Lemma 3.1.1, (&,(C) —X\)? < (n—1) (20 — Xf)

(a). Theorem 3.4.2 gives

—2m(n —1)p*™*

12

Q)< [ 2v2m+1 —n+ \/8172122(12 —1)

1
= ()nil (2\/ 2m+1—n+ 7U1> .
n

(3.11)

Using inequality (3.7), we get

6@ <X+ \/(n—1) (20— %)
< 20V — g + 1

+ \/(n —1) (4(122 —n — 2m) ¢(2n—2-20(G)) — (

n—1
= 2()("1’1)\/21721 —m+ 1+ Y V2 —n-—2mU|

2

n? —n—2m)? 0(2”—2—2A(9°))>
n

’ (3.12)

From Equations (3.11) and (3.12), we get
— 1
Q)+ E(G) < ot (2\/2172 —n+1+ ﬁ(h) + 20D 2my — g + 1
vnfl
+ V2 —n—2mUj.
n
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(b). From proof of Theorem 3.4.2, we see that

£(6) < ”QGﬁ%TFJ ¢Mﬁw”*4f@—nw%>

n
= "2 (2\/ 2m —n+ 1+ Ug) i
(3.13)

Using Lemma 2.1.2, Equation (3.9) and proof of Theorem 3.3.1 it is
obtained

£@) <h+ (-1 20—
< 29"72\/122 —2n—2m+1+

2 _ )2 020—2-2A(G)
\/(n -1) (4(122 —2m — n)p2n—2-20(G) — (12 — 2m n)2 v )

1

1—n

2_n—2m

n
2 _ o 2 2 9
+ 4| (2 —1) (4(122 —n —2m)e?—4 — (n? —n - m)” o >

n
\/ —n—2m

2\/ . —n+1 +\/(12_1)4_(12—1)(12 —n —2m)eb-2
2—n—2m n?
2/ —n —2m U}

From Equations (3.13) and (3.14), we get

E(Q)+E(C) <" 2(2V2m —n+ 14+ Uy +/n2—n—2mU,).

< 20"_2\/(122 —n—2m)(1+ )

(3.14)

C

The result is proved. O
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Theorem 3.5.4. Suppose G be a connected graph and v > 1. Then
E(G)+E&(G) > doy/m + 8(n? — n — 2m)o™ 27289,
Proof. Theorem 3.4.2 gives
&(G) > 4oy/m. (3.15)

By Part (1) of Lemma 3.1.1, we have ) X,? =2 i Aj. Using Lemma
=1
3.1.1 Part (2), we obtain

:(iyxﬁo Z/\2+2 SN = 20420 > AN =46.
r=1

1<i<j<n 1<i<j<n

We know that 6 =n — 1 — A(G). Now

40 =4 Z dg (i) dE(“ 2> Z 20 = 8(n® —n — 2m)o*~ 2-28(0),
1<i<j<n 1<i<j<n
Hence
E(G) > 8(n* —n —2m) o~ 272AQ), (3.16)

From Equations (3.15) and (3.16), we have

E(Q)+E(G) > dov/m +8(n* —n — 2”2)02/27272A(g)'

3.6 V-equienergetic graphs

Graphs that have equal variable sum exdeg spectrum are called ¢-cospectral,
otherwise ¥-noncospectral. The A,-spectrum of isomorphic graphs is equal

and hence they have same variable sum exdeg energy. In current section,
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we find certain classes of graphs that are ¢/-noncospectral but have same
variable sum exdeg energy.
Let G be a s-regular graph. Suppose QC(} = L, el’é = I(Iéfl) are repeated
line graphs of ¢, where j = 1,2,.... Ramane et al. proved the formula given
below for £(L3).

E(LE) = 2ns(s — 2). (3.17)

The idea of the proofs included in this section is taken from section 5 [40].

Theorem 3.6.1. Consider two s-reqular graphs G and Gy with vertex set of
size n. Also, let the graphs are A -noncospectral. Then the line graphs o[’g%l

and 059%2 are V-noncospectral with equal variable sum exdeg enerqy, that is

& (L, ) =6 (L5,).

Proof. As @ is an s-regular and n-vertex graph, thus Ié is %na(a — 1)-vertex

and (44-6)-regular graph. Now using theorem 3.1 we have,
E(LE) = 207704 (LE)
Now using equation (3.17),
&(LE) = 4na(s — 2)o "

Hence &,(L3,)=6,(LE,)-
Since A, (L3) = 20¥ P A(LE) and L& and LZ, are A-noncospectral graphs,

therefore °Cg%1 and Iéz are also V-noncospectral graphs. O

Corollary 3.6.1. Consider two s-reqular and A -noncospectral graphs G and
Go with vertex set of size n. Then for any v > 2, the line graphs L%, and
L, are V-noncospectral with &(L7g,) = & (L ¢,)-

Theorem 3.6.2. The graphs G, UK, and Go UK, are -noncospectral with
E(CLUK,) = E,(GaUK,), where Gy and Gy are two n-vertex V-noncospectral

and V-equienergetic graphs.
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Proof. Using theorem 3.3.2, we have

gﬂ(gl U ﬁt) = gv(gl) U 50(?1)

As @) and @, are V-equienergetic, &,(G1) = &,(Gs), hence

gu(QIUWt> = 50(@2)U€o(%t)

- 50(@2 U g{t>

Since ¢, and (G, are V-noncospectral, therefore ¢; U K, and Gy U K, are

{-noncospectral. O

Corollary 3.6.2. For any ¢ > 2, the graphs L%, U K, and L, UK, are
V-noncospectral with & (L1g, U K,) = &(Li¢, U K;), where G, and Gy are

both n-vertex, s-reqular and ¥ -noncospectral graphs.

Theorem 3.6.3. Let G be a graph with vertex set of size n. Let ¢ = 0(mod
2). Suppose the disjoint union of % copies of G* 1is the graph é Then
E‘)(Qq) - fv(g)

Theorem 3.6.4. Consider a graph and let there is atleast one component
of G a cycle C,. Also suppose G be another graph on n wvertices having
equal components as of G excluding C, . With respect to each cycle C, in
G, the graph G has two corresponding cycles Cp, Cp. Then G and G are

V-noncospectral graphs having equal variable sum exdeg energy.

48



Bibliography

1]

A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: Theory
and applications, Acta Appl. Math., 66(3) (2001), 211-249.

A. T. Balaban, I. Motoc, D. Bonchev, O. Mekenyan, Topological indices
for structureactivity correlations, Topics Curr. Chem., 114 (1983), 21-55.

C. Godsil and G. Royle, Algebraic Graph Theory, Springer-Verlag New
York, 207, (2001).

C. Vasudev, Graph Theory with Applications, New Age International
Pvt Ltd Publishers, (2006).

D. Bonchev, Information theoretic indices for characterization of chem-

ical structures, Research Studies Press, (1983).

D. Cao, Bounds on eigenvalues and chromatic numbers, Linear Algebra
Appl., 270 (1998),1-13.

D. H. Rouvray, The search for useful topological indices in chemistry:
Topological indices promise to have far-reaching applications in fields as
diverse as bonding theory, cancer research, and drug design, Amer. Sci.,
61(6) (1973), 729-735.

D. Vukicevi¢, Bond additive modeling 2. Mathematical properties of-
max—min rodeg index, Croat. Chem. Acta., 83 (3) (2010), 261-273.

49



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

D. Vukicevi¢, Bond additive modelling 5. Mathematical properties of the
variable sum exdeg index, Croat. Chem. Acta., 84 (1) (2011), 93-101.

E. Estrada, The ABC matrix, J. Math. Chem., 55 (2017), 1021-1033.

F. Harary, Graph Theory, Addison-Wesley Publishing Company,
Boston, (1969).

F. Zhang, Matrix Theory: Basic Results and Techniques, New York,
Springer 1999.

G. Caporossi, D. Cvetkovic, I. Gutman, P. Hansen, Variable neighbor-
hood search for extremal graphs. 2. Finding graphs with extremal energy,
J. Chem. Inf. Comput. Sci., 39(6) (1999), 984 - 996.

G. Chartrand, L. Lesniak, P. Zhang, Graphs and Digraphs, Fifth Edi-
tion, A Chapman and Hall book, CRC Press, (2010).

H. Hosoya, Topological Index. A Newly Proposed Quantity Character-
izing the Topological Nature of Structural Isomers of Saturated Hydro-
carbons, Bull. Chem. Soc. Jpn., 44(9) (1971), 2332-2339.

H. Wiener, Structural determination of the paraffin boiling points J.
Am. Chem. Soc., 69 (1947), pp. 17-20.

[. Gutman, B. Ruscic, N. Trinajstic and C.F. Wilcox, Graph Theory
and Molecular Orbitals. XII. Acyclic Polyenes, J. Chem. Phys., 62(9)
(1975), 3399-3405.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86
(2013) 351-361.

[. Gutman, The energy of a graph, Ber. Math. Statist. Sekt.
Forschungszentrum. Graz., 103, (1978), 1-22.

50



[20]

[22]

[23]

[24]

[25]

[20]

[27]

28]

[. Gutman, “The energy of a graph: old and new results,” in Algebraic
Combinatorics and Applications, A. Betten, A. Kohnert, R. Laue, and
A. Wassermann, Eds., pp. 196-211, Springer-Verlag, Berlin, Germany,
2001.

[. Gutman, N. Trinajstic, Graph theory and molecular orbitals, Total m-
electron energy of alternant hydrocarbons, Chem. Phys. Lett., 17 (1972),
535-538.

[. Gutman and O. E. Polansky, Mathematical Concepts in Organic
Chemistry, Springer, Berlin, 1986.

Ivan Gutman and B. Zhou, Laplacian energy of a graph, Lin. Algebra
Appl., 414 (2006) 29-37.

I. Gutman, The energy of a graph: old and new results, in: A. Betten,
A. Kohnert, R. Laue, A. Wassermann (Eds.), Algebraic Combinatorics
and Applications, Springer-Verlag, Berlin, 2001, pp. 196 - 211.

I. Pena, J. Rada, Energy of digraphs, Linear Multilinear A., 56(5)
(2008), 565-579.

Jafari Rad Nader, Jahanbani Akbar, Gutman I.. (2018). Zagreb energy
and Zagreb Estrada index of graphs. Match. 79. 371-386.

J. M. Rodr iguez, J. M. Sigarreta, Spectral properties of geomet-
ric-arithmetic index, Appl. Math. Comput. 277 (2016) 142-153.

K. A. Germina, K. S. Hameed, T. Zaslavsky, On products and line
graphs of signed graphs, their eigenvalues and energy, Linear Algebra
Appl., 435(10) (2010), 2432-2450.

K. C. Das, I. Gutman, I. Milovanovic, E. Milovanovic, B. Furtula, Degree
based energies of graphs, Linear Algebra Appl., 554 (2018), 185-204.

51



[30]

[31]

[39]

K. C. Das, S. Sorgun, K. Xu, On Randi’c energy of graphs, in: I.
Gutman, X. Li (Eds.), Graph Energies — Theory and Applications, Univ.
Kragujevac, Kragujevac, 2016, pp. 111-122.

K. C. Das, I. Gutman, B. Furtula, On spectral radius and energy of
extended adjacency matrix of graphs, Appl. Math. Comput., 296 (2017),
116-123.

M. A. Bhat, S. Pirzada, On equienergetic signed graphs, Discrete Appl.
Math., 189 (2015),1-7.

M. Cavers, S. Falat, S. Kirkland, On the normalized Laplacian energy
and general Randic index of graphs, Linear Algebra Appl., 433 (2010),
172-190.

M. R. Jooyandeh, D. Kiani, and M. Mirzakhah, Incidence energy of a
graph, MATCH Commun. Math. Comput. Chem., 62 (2009) 561-572.

N.M.M. de Abreu, I. Gutman, M. Robbiano, and W. So, Applications of
a theorem by Ky Fan in the theory of graph energy, Lin. Algebra Appl.,
432 (2010) 2163-2169.

R.A. Horn, C.R. Johnson, Matrix Analysis, New York, Cambridge Univ.
Press 1990.

R. Diestel Graph Theory, Fourth edition, Graduate Texts in Mathemat-
ics, Springer, 173, (2010).

S. B. Bozkurt, A. D. Gingor, I. Gutman, Randi¢ spectral radius and
Randi¢ energy, MATCH Commun. Math. Comput. Chem., 64 (2010),
32-334.

S. B. Bozkurt, A. D. Giingor, I. Gutman, A. S. Cevik, Randi¢ matrix and
Randi¢ energy, MATCH Commun. Math. Comput. Chem., 64 (2010),
239-250.

52



[40]

[41]

[42]

[43]

S. Hafeez, R. Farooq, Inverse sum indeg energy of graphs, IEEE Access,
7 (2019), 100860-100866.

S. Hafeez, R. Farooq, On generalized inverse sum indeg index and energy

of graphs, AIMS Math., 5(3) (2020), 2388 2411.

S. Pirzada, M. A. Bhat, Energy of signed digraphs, Discrete Appl.
Math., 169 (2014), 195-205.

V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl.,
326 (2007) 1472-1475.

Xiaoling Du,Sun, Jianwei, On Variable Sum Exdeg Indices of Quasi-
Tree Graphs and Unicyclic Graphs, Discrete Dynamics in Nature and
Society, (2020). 1-7.

Y. Hong, Bounds of eigenvalues of graphs, Discret. Math., 123 (1993),
65—74.

Zangi, M. Ghorbani, M. Eslampour, On the Eigenvalues of some Ma-
trices Based on Vertex Degree, Iranian J. Math. Chem., 9 (2) (2018),
149-156.

Z. Yarahmadi, A. R. Ashrafi, The exdeg polynomial of some graph op-
erations and applications in nanoscience, J. Comput. Theor. Nanosci. ,
12 (2015), 45-51.

53



	Binder1.pdf
	01


