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Abstract

A fluid for which stress isn’t linearly related to deformation rate is termed as a non-
Newtonian fluid. Such fluids help us comprehend the widespread variety of fluids that occur
in the physical world. Many researchers explored non-Newtonian fluids via Casson model
which is preferred due to its wide-ranging applications. This work includes a brief
background of the research undertaken in this thesis. Dimensionless numbers and their
significance are described briefly. Some important concepts employed in the thesis are also
explained. Further we have described the basic equations of incompressible fluids and
models for transport of nanofluids. Numerical technique is also discussed in detail. Heat
transfer and Skin friction coefficient effects on a Casson Nanofluid flow rotating on a
stretching disk is subjected to convective heating are discussed. A convenient routine bvp4c
of MATLAB and Keller box method are invoked to find graphical and numerical solutions.
Casson parameter B and magnetic parameter M have very small effect on radial component
of velocity. Heat transfer is decreasing against high Prandtl number. There is non-linear
relationship between the skin friction coefficient and volume fraction of nanoparticles.
Thermal boundary layer decreases with increase in thermophoresis parameter. At high
thermophoresis parameter there is a decrease in heat transfer rate. The stretching forces and
magnetic forces balance each other. In the end the summary of conclusions and future work

is described.
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Chapter 1  Introduction

The flows involving non-Newtonian fluids have wide spectrum of applications in industrial
processes such as synthetic fibers, polymer solutions, paper production etc. A huge variety of
biological as well as industrial fluids show non-Newtonian behavior, for example, blood, printer

ink, ketchup, slurries and grease etc.

Fluids which do not adhere to Newton’s law of viscosity are classified as non-Newtonian fluids.
For these fluids, shear stress and deformation rate cannot be linked linearly. Under stresses, such

fluids change their viscosity with varying strain rate.

Since there is no linear relation between stress and deformation rate, a single model cannot be
used to explain non-Newtonian fluids. Researchers have developed many multiple models to
study non-Newtonian fluids. Some widely used models are power-law model, Casson Model,
Bingham Model, Bird-Carreau model, Cross-Power law model, Herschel-Bulkey model, second-

grade model etc. While quietly accepted and utilized model is the Casson model.

Nanofluids are the modern generation heat transfer fluids which holds peculiar heat transfer even
at very low particle concentrations. First of all, Masuda et al. [1] discovered that both viscosity
and thermal conductivity can be enhanced by dispersing nanometer-sized metallic particles in the
fluid. Choi and Eastman [2] combined the conventional heat transfer fluids with nanometer sized
metallic particles and observed a significant increase in the thermal conductivity of the resulting
liquid. In another paper, Eastman et al. [3] discussed an abnormal increase in the thermal
conductivity of ethylene glycol based nanofluids. Buongiorno [4] studied the convective
transport phenomena in nanofluids and concluded that out of the seven slip mechanisms namely

inertia, Brownian diffusion, thermophoresis, diffusiophoresis, Magnus effect, fluid drainage and
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gravity settlings only Brownian motion and thermophoresis diffusion of nanoparticles contribute
to the massive increase in the absolute thermal conductivity of the liquids. He also developed a
mathematical model for nanofluid flow which incorporates the simultaneous effects of Brownian
motion and thermophoresis diffusion of nanoparticles. Later Tiwari and Das [5] presented a
mathematical model for nanofluids by accounting the solid volume fraction of two phase

mixture.

MHD fluid flow along with heat transfer has wide significance due to its versatile range of
applications. These applications can be noticed in MHD power generator, aerospace technology,
turbo-machinery, heat exchanger, MHD pumps, underground cable, electronic devices,

telecommunication, petroleum and chemical engineering.

1.1 Literature survey

The rotational flow problem for stretching plate was taken in account by Wang [6] first time. His
study has a pivotal usage in geophysical flows. Wang extracted the similarity solution for
Naiver-Stroke equations. Lambda is the significant parameter of his work which determines the
ratio of rotation to the stretching rate. Rajeswari and Nath [7] further extended Wang’s idea by
working on the unsteady situation. Afterward the numerical solution for unsteady rotational flow
for a stretching sheet was given by Nazar et al. [8] and he also gave the asymptotic result for
steady state. The asymptotic solution shows a linear transition from the initially unsteady fluid
flow to the steady state of flow. Hayat et al. [9] found the analytical solution for rotational flow
over shrinking surface by electrically conducting second grade fluid. Abbas et al. [7] worked
further on Nazar et al. [10] problem by introducing the magnetic field effects. Two different
phases for the symmetrically rotating viscous flow were discovered by Batchelor [11] those

flows in which the flow above the plane from the origin where the fluid at infinity is rotating like
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a rigid body and Bodewadt's problem lies in this family. The part two of the problem deals with
the finite distance where the rotational fluid flow behaves as rigid body between two planes.
Physically realistic solutions were introduced by Roger and Lance [12] and McLeod [13] when
resolved the Batchelor's problem and found that only at infinity when rotation of fluid is on the
same pattern as that of the disk. The classical Bodewadt flow of boundary layer with radially
stretching disk was studied by Turkyilmazoglu [14]. He concluded that the radially stretched
phenomena has the ability to decreases the boundary layer and increases the heat transfer

coefficient. The recent progress on rotational fluid flows can be seen in References [15-26].

At present time researchers have keen interest in Casson due to its wide applications in industry
e.g. the manufacturing of pharmaceutical products, coal in water, china clay, paints, synthetic
lubricants, and biological fluids such as synovial fluids etc. The flow of Casson nanofluid for
vertical exponentially stretching cylinder was studied by Malik and others [27]. Sarojamma and
Vendabai [28] extended the work of Malik and others [28] by introducing the magnetic effects
on the boundary layer flow of a Casson nanofluid for a vertical exponentially stretching cylinder.
The fluid flow of Casson nanofluid with viscous dissipation effects and influence of convective
conditions was presented by Hussain and others [29]. Sathies kumar and Gangadhar [30] studied
the effects of MHD slip flow of Casson fluid of a chemical reaction with a stretching sheet for
heat and mass transfer. A model for Casson nanofluid flow past over a nonlinearly stretching
sheet considering magnetic field effects was presented by Mustafa and Junaid [31]. The current

trends of this research area can be seen in References

[32-47].

13


https://www.sciencedirect.com/science/article/pii/S0167732215301999#bb0040

The magneto nano-liquids have remarkable importance in biomedical field. These liquids have
vast applications in stomach medicines, sterilizing devices, biomaterials for injury treatments etc.
The applied magnetic field is considered one of the best methods to utilize the electrically
conducting nano-liquids to get the finest quality products in industrial engineering. Various
studies have been carried out in past to examine the importance of MHD nanofluid. The recent
progress on MHD fluid flows can be seen in References [48-55].

1.1.1 Problem Statement

Bodewadt flow is a type of rotating flow with a wide range of applications. Literature survey
showed no research articles of Bodewadt flow under uniform magnetic field. Therefore, an
investigation of Bodewadt flow for Non-Newtonian nanofluid under uniform magnetic field is

required to understand the flow behavior.

1.2 Research objectives

Based on the above problem statement and literature survey the main objectives of the research

are as below:

1. To formulate mathematical model for Bodewadt flow for Casson nanofluid.
2. To study the effects of various Non-dimensional parameters on rotating flow.
3. To study the behavior of skin friction and heat transfer rate.

4. To provide solutions by different numerical approaches namely Keller box method and
bvp4c package.
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1.3 Some dimensionless numbers

1.3.1 Reynolds number

Reynolds numbers (Re) is used to predict whether the flow is laminar or turbulent.

Mathematically, the ratio of inertial forces to viscous forces defines Reynolds number, given by:

pvlL  vL (1.2

where L is the characteristic length, v = u/p is termed as kinematic viscosity, u is the dynamic
viscosity of the fluid and p is the density of the fluid. At low Reynolds number, viscous forces
relatively dominate thereby producing laminar flow. On the other hand, inertial forces dominate

at high Reynolds number and thus initiate turbulence in fluid flow.

1.3.2 Prandtl number

Prandtl number (Pr) is used to determine heat transfer between a moving fluid and a solid
surface. Mathematically, it is the ratio of momentum diffusion to thermal diffusion, represented

as:

v _ Gl (1.2)

where a = k/pc, denotes the thermal diffusivity in which xis thermal conductivity and

c, represents the specific heat capacity.

1.3.3 Nusselt number

The ratio of convective heat transfer to conductive heat transfer defines Nusselt number.

Mathematically:
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h (1.3)

where h is the convective heat transfer coefficient.

1.3.4 Schmidt number

The Schmidt number is defined as the ratio of momentum diffusivity (kinematic viscosity)
and mass diffusivity, and is used to characterize fluid flows in which there are simultaneous
momentum and mass diffusion convection processes. The Schmidt number describes the mass

momentum transfer, and the equations can be seen below:

v_4£ (1.4)
D pD

Sc =

D is the mass diffusivity.

1.3.5 Biot number

Biot number analyzes the interaction between conduction in a solid and convection at the solid’s

surface. Mathematically,

h (1.5)

kJv/U

Bi =

Where h is a convective heat transfer coefficient, k is the thermal conductivity and U is the horizontal

velocity of the plate.
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1.3.6  Hartmann number

It is a parameter of prime importance when the flow is exposed to a transverse magnetic field
being applied externally. Mathematically, it is the ratio of electromagnetic force to the viscous

force, represented as:

(1.6)

where o denotes electrical conductivity, B is magnetic field intensity and U is horizontal velocity

of the plate.

1.3.7 Sherwood Number

Sherwood numbers represent the effectiveness of heat and mass convection at the

surface. Mathematically it is written as:

h (1.7)

Sh = _D/L

L is a characteristic length and D is the mass diffusivity.

1.3.8 Thermophoresis

Thermophoresis is a phenomenon observed in mixtures of mobile particles where the different

particle types exhibit different responses to the force of a temperature gradient.

1.3.9 Brownian motion
This motion is named after the botanist Robert Brown, who first described the phenomenon
in 1827. It is the random motion of particles suspended in a fluid resulting from their collision

with the fast-moving molecules in the fluid.
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1.4 Preliminary concepts
1.4.1 Boundary layer

Boundary layer refers to the layer of fluid surrounding the boundary where the effect of the

viscosity is present. Two important types of boundary layers are discussed below:

1.4.2 Momentum boundary layer

When fluid particles come in contact with a solid surface, they exhibit a zero velocity in order to
adhere to the no-slip condition. These fluid particles impact the particles of the adjacent fluid
layer and it consequentially influences the next layer fluid particles. This slowing of velocity
goes on till a considerable distance from the flat surface is achieved where the retardation effect
becomes negligible. In the boundary layer, fluid velocity varies from zero to 0.99U,,, where U,,

represents free stream velocity.

1.4.3 Thermal boundary layer

Thermal boundary layer forms when there is a temperature difference between the fluid flow and
the surface across which the flow is flowing. This is the region where the temperature varies

along y — direction i.e. normal to the surface (as in Fig. 1.1).

18
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Figure 1.1: Boundary layer schematic

1.4.4 Casson fluid

In order to examine the properties of flow and heat transfer many rheological models have been
put forward. There is type of non-Newtonian fluid known as Casson fluid. This model is
prominent for many materials. Some suspension flows are also closely related to this model.
Casson fluid is a shear thinning liquid and exhibits yield stress. It is assumed that this fluid has
an infinite viscosity at zero rate of shear, a yield stress below which no flow occurs, and a zero
viscosity at an infinite rate of shear, i.e., if a shear stress less than the yield stress is applied to the
fluid, it behaves like a solid, whereas if a shear stress greater than yield stress is applied, it starts
to move.

Casson fluid is of the type as syrups, paper pulp in water, glues, emulsions, soaps, sugar solution,
latex paints, sand in water, shampoos, custard etc.

Human blood can also be treated as Casson fluid. Due to the presence of several substances like,

protein, fibrinogen, and globulin in aqueous base plasma, human red blood cells can form a
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chainlike structure, known as aggregates or rouleaux. If the rouleaux behave like a plastic solid,
then there exists a yield stress that can be identified with the constant yield stress in Casson fluid.
The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is

given by:

(1.8)

Where © = e;je;; and e;; are the deformation rate of (i, j)th component, = is the product of
deformation rate with itself. «, is the critical value of &, ug is the plastic dynamic viscosity of

Casson fluid and p,, is the yield stress of Casson fluid.
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Chapter 2 Mathematical Modeling and Numerical
Methodology.

The governing equations of fluid flow motion are derived from the fundamental principles of
conservation of mass, momentum and energy. The relation between shear stress and strain rate
through the rheological properties of the fluid can be of different forms. Here are the basic

boundary layer equations which will be used in the later chapter of this dissertation.

2.1 Laws of Conservation

2.1.1 Law of Conservation of Mass

Physical principle Mass can be neither created nor destroyed.

dp (2.1.1)

= V() =0

p is the fluid density, t is the time, V is the divergence and V = [u, v, w] is the velocity vector.

The above equation (2.1.1) is called the Continuity equation and describes the transport of

some quantity.

2.1.2 Law of Conservation of Momentum

Physical principle Force = time rate of change of momentum.

As the fluid flows through some material or body it comprises two types of forces in this

situation:
Body forces: gravity, electromagnetic forces or any other forces.
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Surface forces: pressure and shear stress acting on the surface of material/body.

Hence mathematical form of momentum equation is given as:

DV 2.1.2
pD—t=—VP+V.T+pg ( )

Z—'t/ is the total derivative, P is the pressure, T is the shear stress and g is the gravitational force

vector.
The total derivative can also be represented as:

DV—6+ V.V
Dt ot V.v)

Therefore, we can write equation (2.1.2) as:

v (2.1.3)
p(E+ (V.V)V) = —VP+ V.t + pg

The momentum equations for viscous flow are called as Navier-Strokes equation.

2.1.3 Law of Conservation of Energy

Law of conservation of energy states that the rate of increase of energy of fluid particle is equal

to net rate of heat added to the fluid particle plus net rate of work done on the fluid particle.
Physical principle Energy can be neither created nor be destroyed.

Mathematically it can be written as:

22



DT (2.1.4)
PCyp DL -A.q+ @

cp, q are the specific heat and heat flux of the fluid flow respectively while @ is the viscous
dissipation.

2.2 Magneto hydrodynamic (MHD) Flow

This shows how a magnetic field influences the conductive fluid flows.

When we make analysis of a MHD fluid flow the momentum equation becomes:

(2.2.1)

)%
p<a+(V.V)>V= —VP+ V.t+ jXB

Where j is the current density and B is magnetic field and j x B is the Lorentz force. B =

(0,0,B).

j=oE and E'=E+ (V XB) = o (Vx B)xB. When fluid is moving with respect to
external magnetic and electric field at velocity V external Electric field is zero. Therefore, we

have E' = (V X B). Hence we can write:

E'=0({lXx B)XB (2.2.2)
and
i j k (2.2.3)
VXB=|u v w|=ivB,—juB,
0 0 B,
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Therefore, we can write

i j k (2.2.4)
(Vv xB)xB = |vB, —uB, O0|=—iuB2- jvB?
0 0 B,
Hence x-component = — uB2, y-component = —vB2 and z-component = 0.

Hence above mentioned equations and derivations presented a detailed review of our

Mathematical model which is considered in this dissertation.

2.3  Mathematical Models for Nanofluid Transport

Moreover, following are the two nanofluid transport models which we have taken
into account for the calculation of results.

i.  Homogenous Model

ii.  Non-Homogenous Model

2.3.1 Homogenous Model
It is also called as Tiwari and Das Model. It is Single-Phase homogenous model without

concentration equation model.

For steady incompressible flow of Nano fluid, the continuity, momentum and energy equations

are given below:

7.V =0 (2.3.1)

prf(V.VIV = =VUp + up V2V (2.3.2)
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(V.T = a, VT (2.3.3)

where p,,f is the density of the nanofluid is, u, s is dynamic viscosity of the nano fluid and a,,f

is thermal diffusivity of the nanofluid which are defined as below:

Wy Kny

Unf = = ¢)2s’ Anf = m, pny = (1 —¢) + ¢Pps

kng (ks +2ke) — 2¢(ks — k)

(pcp)nf =1~ qb)(pcp)f + ¢(pcp)5'

in which ¢ denotes nanoparticles volume fraction, p and p, densities of base fluids and nano
particle material respectively, ks and ksthermal conductivities of base fluids and nanoparticles
respectively, (pc,)ns effective heat capacity of nano fluid and k,,r thermal conductivity of nano

fluid.

2.3.2  Non-Homogenous Model
It is also called as Buongiorno Model. It is Two-Phase non-homogenous model. In this model

concentration equation is also taken in account.

Consider the incompressible fluid flow composed of nanometer-sized metallic particles. The

conservation of mass and momentum are given as:

7.V =0 (2.3.4)

(2.3.5)

ov
os (E + (V. V)v) - Vo
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Where V is the velocity vector, p; is the density of fluid, 0 = —pI + 7 is the Cauchy stress

tensor, T = uA, is the extra stress tensor and A; = VV + (VV)T s the first Rivlin Erickson
tensor. Energy equation in absence of viscous dissipation, Joule heating, heat source/sink and

thermal radiation is given by

T (2.3.6)
POy |57+ (W.VT) | = —V.q + AV

Where (pc) the effective heat capacity of the base fluid, q is the heat flux, hy is the specific

enthalpy and j is the diffusive mass flux of nanoparticle. Following Buongiorno [5] the heat

flux q is given by

q= —kVT + hgjg; hg = c,T (2.3.7)

where k is the thermal conductivity. The diffusive mass flux due to Brownian motion and

thermophoresis diffusion is given by

(2.3.8)

. i . VT
Js = Jsp tlsT = —psDgVC _psDTT_

in which Dy is the Brownian diffusion coefficient given by the Einstein—Stokes’s equation, and
Dy is the thermophoretic diffusion coefficient. Now substituting the expressions for g and j, ,

from equation (2.15) and equation (2.16) we obtain
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oT VT.VT (23.9)
(pc)s E-F(V'VT) =k V2T + (pc)s (DBVC.VT+DT )

o

The equation for nanoparticle conservation without chemical reaction and dilute mixture can be

written as:

ac (2.3.10)
—+V.VC=——7T
at + C < .]S
in which C is the nanoparticle volume fraction, this implies
aoc VT (2.3.11)

2.4  Numerical methods

2.4.1 Keller-box method

The main idea of Keller-box method is writing the governing equations into first order
differential system. The “Centered-Difference” derivatives and averages at the midpoints are

calculated to get the “finite difference equations. The details of the steps are given below:

2.4.2 The Finite Difference Scheme

We considered the following system of ODE’s:

H +2F=0 (2.4.1)

(2.4.2)

1
"no_ I _ 2 2 _ — —
F' = === (HF' = F? + G2 = MF = 1) = 0
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G (2.4.3)

BxPh(HG —2FG—MG) =0

0" — VF x Pr(HO") = 0 (2.4.4)

Where B, VF and Ph are constants.

Introducing new dependent variables U (x,n),V(x,n), T(x,n) so that above equations can be

written in the form of first order ODE’s:

1 (2.4.13)
r— — 2 2 _ —_ =
U' = oo (HU = F* + G* = MF = 1) = 0
, 1 B (2.4.2b)
V' = o (HV = 2FG — MG) = 0
T’ — VF x Pr(HT) = 0 (2.4.3¢)

Now we consider the net points which are defined below:
nj =0 mj=n_1+h, j=12,,]

Where h; is the An-spacing. Here j is just sequence of numbers that indicate the coordinate

location not tensors or indices.

The derivatives are replaced by the finite difference, for example finite difference form for any

points are:

a) () a=-[ )1+ )]
j 2

1
2
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where for writing the finite difference form of the equations (2.4.1a), (2.4.2b), (2.4.3c) and

(2.4.4d) for the mid points (1;_y/,) using the centered-difference derivatives. This process is

called centering about (x;,7;_1/,) -We get

Frel o <ff_TJff-1> _ %(U], U (2.4.5)
' i~ 9i-1) _1 (2.4.6)

G=r= < ] hjj >—§(VJ—VJ—1)
(2.4.7)

Equation (2.4.5 — 2.4.7) are also approximated by centering about (7;_1/,). And we obtain,

1= M (5 + ) =3 (5 + ) 456+ 6’ (249
Mikal VF(Z; “%1) % (H +H_ )y —u_,) =0
B x VF(;: +v;_,) _%(Hj (54 ) = 0 (2.4.9)
H; +hH,-_1 . (2.4.10)
i
KF(yj—yi-1) 1 (2.4.11)

K =2 Pr(H + Hio) () + yj4) = 0
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With the boundary conditions

Fo=1, Gy=0, Hy=0  y,=1, (2.4.12)

2.4.3 Newton’s Method

To linearize the nonlinear system of equations using Newton’s method. We introduced the

following iterates:

ij+1 = ij + 5]-1].’<
F}_k+1 — F}k+ 61;}](
Ujk+1 _ Ujk_l_ 5Ujk
G}"’“ = ij + 5ij (2.4.13)
V}-k+1 — V}-k-l- 6‘/}k
Tjk+1 — Tjk + 6Tjk
y]k+1 = y]k + 5y]l<
substituting these above expression is in equation (2.4.5 — 2.4.7). This procedure yields the
following tridiagonal system:
a;6F;_1 + a,6F; + a¢6Gj_1 + aséG; + a;00Hj_1 + agdH; + a,,6T;_4

+a116T; + a,6u;_y + azéu; + ag 6v;_4 + a;6v;

+a140yj-1 + a130y; =1 (2.4.14)
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b,6F;_1 + by6F; + b 8G;_1 + bs8G, + byoSH,_y + boSH, + by,6T;_,

+b116Tj + b4 6u]'_1 + b35uj + b86'l7j_1 + b76'l7j
+b146y;_1 + b136y; =1,

C20F;_1 + ¢1 6Fj + ¢66Gj_1 + c56Gj + ¢19 6Hj_1 + co6H; + ¢1,6Tj_¢

+¢116T; + ¢ 6u;j_1 + c3 6u; + cgévj_1 + ¢;6v;
+C14SYj—1 + C135)’j =T3

+d1167}' + d46u]'_1 + d36u] + d86vj_1 + d7 617}
+d1453’j—1 + d136y]- =T

e;,6F_1 + e10F; + ec6Gj_1 + e56G; + e100H;_1 + eg6H; + €1,6Tj_4

+e116T; + e,éuj_q1 + eséu; + egdv;_; + e;6v;
+e140yj_1 + €136y, =75

f2 0Fj—1 + f16F; + f66Gj—1 + f56G; + fi06Hj—1 + fo0H; + f126T;—4

+f116TJ +f46u1_1 +f35uj +f86vj—1 +f75vj
f1a6Yj_1 + f136y; =16

92 6F—1 + 916F; + g¢6Gj_1 + 9s6G; + 9106Hj-1 + go6H; + 91,671

+912 6Tj + g4 Suj_1 + g36u; + ggév;_4 + g;6v;
+9140Yj-1 + 9136y =17

Where the coefficients of above algebraic equations are given below:

as =

a, =

asg =
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(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

(2.4.144)



h 2
(B X VF H] - Hj—l
h 4
G] - Gj_1
2 )
G] - Gj—l
2 )
d8 = 0,
Ui = Uja
4 )
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(2.4.16¢)



10 — 4 )
(2.4.17d)
dll - d12 - d13 - d14 - 0’
G'_G'_l
el — %’
G —G;_
e, = ] z ] 1,
e3 = e4 = 0,
F _F'_1
= —_M— ] ] :
€s >
F _F'_1
= _M-— ] ] :
€6 2
B XVF Hj_H]—l
e; = - )
h; 4
<B XVF) H] _Hj—l
eg - - - )
h; 4
G —G;_
ey = ] Z ] 1'
Gi—Gi_,
€10 = ] Z ] :
(2.4.188)
e =ep=e3= €4 =0,
fl = 1!
f2 = 1!
fi=fa=fi=fe=f=f=0,
f 1
9 =7
h
1
flO = _Er

]
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fii=fiz=fiz=fia=0 (2.4.19f1)

91=92=93=94=9s5 =96 =97 =9s =0

_ y] Yj—l
g9 - P 4 )
YJ Yj—l
=-P
J10 r 2 )
g11 =912 =0,
KF H —H;_,
| j
913 hj r ) )
(2.4.209)
—4KF Hi —Hj_,
J1a = hj r )
h'(uj—l + uj)
= <2F = 2F +-2
J J 2h;
hi(vj-1 + ;)
r, = (2(;-_1 —G; + -
] ] Zhj
h-(y]_l + 3’1’)
ry = <2T_1 T + -2
] ] Zhj
( 4 X BXxVF X (uj_y —u;) + hj(4 + (Fj_1 + F) )
T4 =
4 xXxBXVF X (vj_l - UJ) + hj(4 + (F}'—l + F})
s =
x (@MF_y + F) = (Gjo1 + 6;)2 + (Hy—y + H))(vj—1 +v7)) /4Ry
re = ((=h; x (F-1 + F) + Hj—1 — H)/hy)
(2.4.21r)

ry = ((4 X KF + Prhy X H; + H;_)y;_y + (=4 X KF + Prh;(H;_, + H;)y)) /4h; )

With transformed boundary conditions:
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6F0 = 1, 500 = 0, 6H 0— 0, 6y0 == 1,

2.44 The Block Elimination Method

The linearized differential equation of the system has a block tridiagonal structure. In a vector

matrix form it can be written as:

[[A1]  [C] . .

[Bo] [A2] [C] 1 1
I[ [5.2] ]I I[ [R.z] ]I
[[6,4]J ) l[Rj_l]J

[Bj-1] [A;—1] [Cj-4] [6/] [R)]

[B)] [4)] |
That is:
[A][8] = [R] (2.4.22)

Where the elements of the equation (2.4.22) are given as:

OUgT =Y
G, 6Gy—4
oT, 5T]_1
[51] = 5F1 A [6]] = 6F] , 2 Sj <] (2.4.23)
ov, Sv,
L5y, | 5y, |

35



And

(1) 7
(Tz)j
(r3)j

[Rj] = | (rw); 1<j<]J (2.4.24)
(rS)j
(7”6)]'
-(r7)j_

To solve the above equation, we suppose A is non-singular matrix and can be solved as:

[A] = [L |U] (2.4.25)
Where
]
[B2] [a3]
[L] =
[a)_1]
[B;] [a;]
And
(1] []
1 [5]
[U] =
U1 (5]
[1]
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Where [I] is the identity matrix of order 5 and [a; ] and [T;] are 5x5 matrices which elements are

determined by following equations:

[ai] = [A4] (2.4.26)

[a][A1] = [C1] (2.4.27)

lo)] = [4] = [Bl[5-]  j=23..J (2.4.28)
[5][5]=[¢] j=23.J (2.4.29)

Equation (2.4.26) can be substituted into (2.4.27) and we get

[L|U|6] = [R] (2.4.30)
If we define
[U|s] = [W] (2.4.31)
Then equation (2.4.30) becomes
[LIW] = [R] (2.4.32)
Where
W
[ ]
W = |
/5
W

And the [W;] are the 3x1 matrices. The element W can be solved from equation (2.4.32)

[a][W1] = [R4] (2.4.33)
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[]wj] = [R]] = [B}][W)-], 2<j<] (2.4.34)

The step in which I}, a; W; are calculated are usually reffered to as the forward step. Once the

elements of W are found, equation (2.4.34) then gives the solution ¢ is so called the backward

sweep, in which elements are obtained by following relations:

[6,] = [W)] (2.4.35)

[5]] = W] = [5][8)44] 1<j</-1 (2.4.36)

Once the elements of § are found, equation (2.4.33) can be used to find the (i+1)th iteration in
equation (2.4.32). These iterations are repeated until some convergence criterion is satisfied and

calculations are stopped when

|5v(§i>| <e (2.4.37)

where &, is the small prescribed value. For this research work we have considerede; = 0.00001.
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Chapter 3  Study of MHD Bodewadt Flow for
Casson Nanofluid

3.1 Introduction
This chapter deals with the Bodewadt flow of Casson fluid with water based nanofluid. Three

types of nanoparticles namely copper oxide- CuO, Copper-Cu and Silver-Ag are considered for
the analysis of flow. Suitable and conventional transformations are applied to the system of
equations which resulted in a strong non-linear differential system which is solved by MATLAB
Keller Box method.

3.2  Problem formulation

We have adopted the cylindrical coordinates (r, 8, z) such that stationary wall is situated in axial
direction i-e z = 0. The rotational flow of fluid is generated far from the surface of disk like a
rigid body with constant angular velocity Q. The derivatives along the tangential coordinate 6
will be vanished due to axial symmetry of the flow. The flow field is given by the u vector
whose radial, tangential and axial velocity components are (u,v,w) respectively. The flow is
subjected to a constant magnetic field whereas electric field effects are neglected. The Non-
Newtonian Casson nanofluid is considered for flow analysis. The fluid is composed of three
different types of nanoparticles namely copper oxide — CuO, Copper-Cu and silver— Ag. The
fluid temperature is denoted by T and uniform temperature T,, is considered at the disk surface.

Far away from the wall the revolving stream is kept at constant temperature T..

The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is

given by:
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(3.1)
LZ (,uB+ Py >eij, T < T,

Where T = e;;.e;; and e;; are the deformation rate of (i, j) th component, = is the product of

deformation rate with itself. 7, is the critical value of &, ug is the plastic dynamic viscosity of

Casson fluid and p,, is the yield stress of Casson fluid.

By applying the well-known Tiwari and Das model for the transport of nanofluid, the governing

equations for conservation of mass, momentum and energy are listed below:

ou N ow N u (3.1)
or 0z r
ou N ou v?
u oar v 0z r
1 dp 1\ (0%u 10u 0%u wu\ oB3u
= 14— —— — —— )= (3.2)
Pny OT + 'unf< * ﬁ) <6r2 Tt oz r2> Pnf
( Jdv N Jdv uv>
u ar W dz r
_ (1+ 1) 9%v 1dv 9%v v\ oBv (3.3)
= Hnf p/\or2 ror 09z% r2 Pnf
( aw N 6W)
“or TV oz
__ 1o, (1+1) 0’'w 1dw 0w (3.4)
© pus 0z Hns p/\orz ror  0z2
6T+ oT 0°T 10T 9°T (3.5)
“or "oz M \ar2 T ror T az2
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The boundary conditions are as under:

oT
u = Qr, v=0, w=0, —kgzh(T—Too), at z=0

ou 3.6
—=0, v=Qr, T=Ty, atz—> (3.6)

where p,,f is the density of nano fluid, u,, dynamic viscosity of nano fluid and a,; is thermal

diffusivity of nano fluid which are defined as below:

__ M —(1— _ (3.7)
.unf - (1 _ ¢)2.5' pnf (1 d)) + ¢ps' anf (pcp)nf
kng (ks + 2kp) — 2¢(kp — k) (3.8)

(pep),,, = L= ®)(pcy), + d(pcy) b (ko w 2) = ¢k — k)

In above mentioned equations ¢ represents the nano particles volume fraction, pr and p; are the
densities of base fluids and nanoparticle material respectively. k; and k, denotes the thermal
conductivities of base fluids and nano particles respectively, (poc,)ns Is the effective heat

capacity of nanofluid and k,,; is the thermal conductivity of nanofluid.

Both radial pressure and the centrifugal forces are balanced by each other at the frictionless

regime and become:

1 dp
Pnf 0z

(3.9)
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Reducing the above mentioned system of equations (3.1) to (3.6) by means of Von Karman’s

self-similar transformations,

{
n= /.Q/vf Z, (w,v,w) = .QrF(n),.QrG(n),\/;H(n)

®,T) = (20u;P(), Too + (T, — Too)6(17)) (3.11)

The system is transformed to the following ordinary differential equations with boundary

conditions:
H +2F =0 (3.12)
1 N _ (3.13)
(1—¢)2'5(1—¢pf/ps)(1+ E)F CHF —F24G2—MF+1=0
1 AP , _ (3.14)
(1= ¢)*>(1 ~ ¢pys/ps) (1 ¥ E)G - HG 2P = MG =0
knf/kf 1 ,
A+ =00 /e 10 =0 (3.15)
FO)=C=1, GO0)=0, H©) =0, 6(0)=—Bi(1-6(0)),
F'(©)=0, G(o0)=1, 6(x0)=0 (3.16)

In which P. = (uc)/ks is the Prandtl number of the base fluid, M = BF 0/ is t the Magnetic

parameter and C = (5 /) is the ratio of stretching rate to the rotation rate.
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The skin friction coefficient is defined as:

NiGRas (3.17)

= peay

where the 7, radial and t,4 tangential stresses are given by:

du dv (3.18)
TTZME . T9=ME “o

using the transformations (3.11) in equation (3.17) and (3.18), we get

3.19)
oo | _ /Tzﬂ W : (
T, = 1)  a _¢)2.5F ), Tg = 1) VA= )® G'(0)

Therefore, skin friction coefficient is calculated and given as:

— F'(0)2 102)1/2
The local Nusselt number is defined as:
qw (3.21)
Nu= ——
kf(Tw - TOO)
where q,, is the heat flux from the disk and defined as:
_ T (3:22)
Qw = nf 7 10
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using variables (3.11) and (3.19) in equation (3.20), we get

ke [r20
Nu=— 2L =2 g0 (3.23)

Table 3-1 Thermophysical Properties of base fluid and nanoparticles.

Properties Base Fluid CuO Cu Ag
(Water)
k(W/mK) 0.613 76.5 400 429
P (kg /m3) 997.1 6320 8940 10500
¢ (] > K) 4179 531.5 385 233

3.3 Numerical results and discussion

To validate our computations, we have made comparison of the numerical results of
H(o0),cr and — 6'(0) with those of Turkyilmazoglu [14] for the case of regular fluid (¢ =
0, =0,M = 0) (see Table 3.2, 3.3, 3.4). An excellent agreement is seen in all the considered

Cases.

The axial velocity profile H (1) is demonstrated for different values of ¢ in fig3.1. In this figure
all three nanoparticles are shown against the volume fraction. As there is stretching therefore H
() is negative and the flow is in downward direction near the wall. The behavior of volume
fraction of nanoparticle ¢ on the radial component of velocity F (n) is shown in fig 3.2. This
velocity profile clearly shows that the flow is moving in radially outward direction in near wall
region and is radially inward in far field also increasing volume fraction increases radial velocity.

The tangential velocity profile with different values of volume fraction is shown in fig 3.3. This
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plot shows an insignificant effect on tangential velocity component G (n) with the volume

fraction of nanoparticle. In fig 3.4 temperature profiles for various values of ¢ are plotted.

The fig 3.5 shows the increase in fluid velocity for various values of Casson parameter . Fig 3.6
presents the velocity profile for the radial component F (1) against the Casson parameter 3 for
Ag-Water. In fig 3.7 negligible velocity effects are seen in the presence of Ag-Water for

tangential component G ().

In fig 3.8 — 3.10 the magnetized behavior of Casson Ag-Water nanofluid are observed. These
figures illustrated the increase and decrease of velocities with various values of magnetic
parameter M against H(n)), F(n) and G(n) respectively. It is worth mentioning that in fig 3.10 we

again pointed out that there are negligible Magnus effects on tangential component of velocity

G(m).

In fig 3.11 to 3.15 the variation of Prandtl number, volume fraction and Biot numbers are
generated on temperature profiles in presence of Ag-Water respectively. These figures pointed
out that at high Prandtl number fluid exhibit a weak thermal diffusivity hence it creates a thin
thermal boundary layer whereas the high Biot number shows the decrease in heat transfer rate

respectively. Moreover, heat transfer rate increase as the volume fraction is increasing.

The fig 3.16 plot demonstrated a non-linear relationship between ¢, and ¢. In fig 3.17-3.19
decrease in velocity at far field against ¢ and B can be seen while it is increasing for M in the

vertical direction respectively.

The 3D and 2D streamlines are plotted in fig 3.20 -3.23 for the visualization of fluid flow
direction above the surface and far from the disk. These plots illustrate both rotational and

stretching effects on the fluid flow. The 2D streamline is plotted in xz-plane.
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3.4

Concluding Remarks

. The axial velocity profiles have a downward direction due to stretching of disk.

Casson parameter B and magnetic parameter M have very small effect on radial

component of velocity.

. The boundary layer thickness decreases with the increment of volume fraction of

nanoparticles.

. Thin thermal boundary layer is generated at high Prandtl number.

Heat transfer is decreasing against high Prandtl number.

. There is non-linear relationship between the skin friction coefficient and volume fraction.

. The temperature profiles show a limiting case of stability at M = 0.08 for both numerical

methods.

. The stretching forces and magnetic forces balance each other therefore direction of flow

changes and it start moving in upward direction.
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Table 3-2 Numerical values of reduced Nusselt number Nur = —6'(0) for Ag-Water with
different values of parameters.

¢ Bi C Pr B M bvp4c Keller Professor
Box Mustafa
Turkyilmazoglu
[14]
0.1 1 1 5 1.5 0.1 0.6118 0.6118
2 0.8815  0.8815
3 1.0333  1.0333
4 1.1306  1.1306
0.1 1 1 5 1.5 0.1 0.6118 0.6118
7 0.6666  0.6666
10 0.7158  0.7158
13 0.7473  0.7473
0 1 1 5 1.5 0.1 0.6845  0.6845
0.01 0.6781 0.6781
0.05 0.6508  0.6508
0.1 0.6118 0.6118
0.2 0.5140 0.5140
0 10000 1 1 100000 0 0.5431 0.5431 0.5431

Table 3-3 Numerical values of skin friction coefficient Cr for Ag-Water with different values of
parameters.

) Bi C Pr B M bvp4c Keller Professor
Box Mustafa
Turkyilmazoglu
[14]

0.1 1 1 5 0.6 0.1 0.6072  0.6072
0.7 0.6074  0.6074
0.8 0.6079  0.6079
0.9 0.6085  0.6085
0.1 1 1 5 0.5 0.01 0.6078  0.6078

0.02 0.6107  0.6107
0.03 0.6136  0.6136
0.04 0.6166  0.6166

0 1 1 5 0.5 0.1 0.6372  0.6372
0.01 0.6278  0.6278
0.05 0.6116  0.6116
0.1 0.6078  0.6078
0.2 0.6180  0.6180
0 10000 1 1 100000 0 0.6851 0.6851 0.6851
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Table 3-3 Numerical values of H (x) for Ag-Water with different values of parameters.

¢ Bi C Pr § M bvp4c Keller Professor
Box Mustafa
Turkyilmazoglu
[14]

0.1 1 1 5 0.6 0.1 -0.4520 -0.4520
0.7 -0.4267 -0.4267
0.8 -0.4069 -0.4069
0.9 -0.3910 -0.3910
0.1 1 1 5 0.5 0.01 -0.4267 -0.4267
0.02 -0.3288 -0.3288
0.03 -0.2310 -0.2310
0.04 -0.1333  -0.1333
0 1 1 5 0.5 0.1 -0.7176  -0.7176
0.01 -0.6824 -0.6824
0.05 -0.5738 -0.5738
0.1 -0.4856 -0.4856
0.2 -0.3834 -0.3834

0 10000 1 100000 0 -0.4693 -0.4693 -0.46935
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Figure3.20 3D Streamlines for Ag-Water Non-Newtonian Nano fluid when
C=1¢=01,M=0.08and f =15
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Figure3.21 2D Streamlines for Ag-Water Non-Newtonian Nano fluid when
C=1,¢=01,M=0.08and g = 1.
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Figure3.22 3D Streamlines for Ag-Water Non-Newtonian Nano fluid when
C=1¢=01,M=0and =15
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Figure3.23 2D Streamlines for Ag-Water Non-Newtonian Nano fluid when
C=1,¢=01,M=0and g =15
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Chapter4 Study of MHD BoOdewadt Flow for
Casson Nanofluid using Non-Homogenous Model

4.1 Introduction

This chapter explores the Bodewadt flow of nanofluid in the presence of Brownian motion and
thermophoresis. Simulations in this study assume that nanoparticle volume fraction at the wall is
passively controlled. The relevant boundary layer equations are transformed by appropriate

substitutions. Computations are performed by bvp4c Package.

4.2  Problem formulation

We have adopted the cylindrical coordinates (r, 8, z) such that wall situated in axisymmetric
direction i.e. z = 0. The rotational flow of fluid is generated with constant angular velocity Q far
from the surface of disk where it acts like a rigid body. The derivatives having the tangential
component 6 will be vanished due to axial symmetry of the flow. The velocity of fluid flow field
is given by the u vector which represents the radial, tangential and axial velocity components as
(u, v,w) respectively. The flow is subjected to a constant magnetic field and electric field is
absent. The non-Newtonian Casson nanofluid is considered. The fluid temperature is denoted by
T and uniform temperature T,, is considered at the disk surface. The rotational stream far away

from the wall is kept at constant temperature T,.

The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is

given by:
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(4.1)

Where T = e;;.e;; and e;; are the deformation rate of (i, j)th component, = is the product of
deformation rate with itself. 7, is the critical value of &, ug is the plastic dynamic viscosity of

Casson fluid and p,, is the yield stress of Casson fluid.

Using the velocity field V = [u(r,2),v(r,z),w(r,z)], the temperature distribution T =
T(r, z), the magnetic field B = [0,0, By] and nanoparticle volume fraction C = C (r,z) the
boundary layer equations for flow with heat and magnetic field transfer in Casson nanofluid are

expressed below:

du OJow N u 0 4.2)
or 0z r
ou N ou v?
“ or v Jdz r
_1op + (1 + 1) 0’u 1ou d0*u u oBiu (4.3)
- por v p/\or? raor 0z? 1r? p
dv N v uv
u or 0z r
B (1 N 1) 9%v N 10v N 0’v v\ oBiv (4.4)
-V B/\or? ror 0z* r? p
aw N ow
“or TV oz
10p 1\ [0*’w 1ow 0%*w (4.5)
= —=—=+V ( + —) —+t-——=+ —
p 0z p/\or? ror 0 2z?
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where u and v are the velocity components along the r- and z- directions respectively, v is the
kinematic viscosity, B= ug \/2_710 /Py 1s Casson fluid parameter, ¢ is the electricity conductivity,
p is the fluid density, a is the thermal diffusivity, Dy is the Brownian diffusion coefficient, D; is
the thermophoresis diffusion coefficient, T, is the ambient fluid temperature and ¥ =
(pc)p/(pc)y is the ratio of effective heat capacity of the nanoparticle material to the effective

heat capacity of the fluid. The boundary conditions in the present problem are:

=) =0 =0 kaT—hT T
u=0r, v=0, w=0, Fri ( )
oc DroT _ o
Boz "T,02z az=
ou 0 ) T T, c=¢C t
—_— = = — -
—=0, v=0r o w  at z— o (4.8)

The radial pressure and the centrifugal force balance each other at the frictionless regime, hence
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1 dp

—— = Or?
Pnf 0z

By means of the Von Karman’s self-similar transformations,

)
n=402/vz, (u,v,w) = .QrF(n),.QrG(n),\/;H(n)

C—Cs

®.1) = (20p1POD, T + (Ty = T2)0(), G = —5

The system is reduced to the following ordinary differential equations:

H' +2F =0

1
(1+ E)F”—HF’—F2+GZ—MF+1=O

1
<1+ E)G"—HG'—ZFG—MG=O

1
FGH — HO' + NbO'¢p' + Ntf'*> =0

T

" SCH' + 26" = 0
¢~ ScH¢ + 770" =

F(0)=¢C, G0 =0,  H(0)=0  6'(0) =-Bi(1-6(0)),

Nb¢'(0) + Nb6'(0) = 0

F'(©)=0, G(o0)=1  ¢(0)=0, 0(x)=0
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In which B. = % is the Prandtl number, M = B2 5/ is t the magnetic parameter, Nb =

YDpCyx/v is the Brownian motion parameter, Nt = ¥YDg(T, —Ty)/vTs, is the

Thermophoresis parameter and Sc = v/Dg is the Schmidt number and C = (S/Q) is the

ratio of stretching rate to the rotation rate.

The skin friction coefficient is defined as:

[t + 73 4.17)

= oy

where the 7, radial and t,4 tangential stresses are given by:

o = 2 (4.18)

~Faz

, TGZ.ME

z=0 z=0

where u is the dynamic viscosity, using (4.9) in (4.16) and (4.17) we get,
Nr? 20
T, = U /LF'(O), Tg = U ’r_ G'(0) (4.19)
v %
= |— (F'(0)% + G'(0)2)?
r= Jgpz F0)7+6(0)7) (4.20)

Using the Fourier law of heat conduction, we get the local Nusselt number, which is defined as:
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_r rn
Nu 1

k(Tw - TOO)
where q'’ the heat flux is defined as:
= a2 per|p, %
“= 0z z=0 Cp 5 0z z=0

using equations (4.8), (4.20) and (4.21) we obtained,

20
Nu= — T 9’(0)

r2()
v

and

Sh ¢’ (0).

4.3  Numerical results and discussion

(4.21)
Dy 0T (4.22)
o,
(4.23)
(4.24)

In fig 4.1-4.3 the effects of Casson parameter are shown. In these plots we can see for H(n) and

G(n) there is increase of velocity whereas for F(n) there is decrease in velocity. It is happening

because of the stretching of sheet. In fig 4.4-4.6 we are analyzing the magnetized effects on the

velocities. Here it is worth noticing that there are negligible effects on the tangential component

of velocity G(n) and very small effects can be seen on radial component of velocity.
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In fig 4.7-4.9 we have plotted temperature profiles for different parameters. In these plots we
have observed for higher values of Prandtl number there is weak thermal diffusivity hence thin
thermal boundary layer is generated. While there is decrease in heat transfer rate layer for high
thermophoresis parameter Nt. Moreover, we can see decrease of temperature against the Biot

number as well.

In fig 4.10 and 4.11 the impacts of various parameters are plotted for concentration profiles of
the flow. We can see that there is decrease in concentration against the Sc. While there is

increase in thermophoresis parameter Nt.

The variations against Nusselt number are plotted in fig 4.12-4.14. We can observe the decrease
in heat transfer rate with increase in Pr and increase in heat transfer rate with Bi. While there is
decrease in heat transfer rate layer for high thermophoresis parameter Nt. The effects on the Skin
friction coefficient are illustrated in fig 4.15 and 4.16. We can clearly see that it is increasing
against Casson parameter B and magnetic parameter M. While results for ¢'(0) are also
computed against Nt and Sc in fig 4.17and 4.18 respectively. It shows the increase and decrease
trend for Nt and Sc. The fluid flow pattern for H(o) is observed in fig 4.19 and 4.20 for Casson

and magnetic parameters which shows an increasing trend.

4.4  Concluding Remarks

1. Brownian motion has negligible effect on temperature and heat transfer profiles.

2. Thermal boundary layer decreases with increase in thermophoresis parameter.

3. At high thermophoresis parameter there is a decrease in heat transfer rate.
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4. The temperature profiles show a limiting case of stability at M = 0.08 for both numerical

methods.

Table 4-1 Numerical values of Nusselt number with different values of parameters.

C B M Pr Bi Sc Nt bvp4c
1 0.7 0.01 1 1 5 0.5 0.4853
5 -0.7893
7 -0.8312
10 -0.8680
1 0.7 0.01 5 0.5 5 0.5 -0.4441
1 -0.8312
5 -3.3247
1 0.7 0.01 5 1 5 0.1 -2.2124
0.5 -2.2124
0.9 -3.7960

Table 4-2 Numerical values of Sherwood number ¢'(0) with different values of parameters.

C B M Pr Bi Sc Nt bvp4c
1 0.7 0.01 7 1 5 0.5 0.8312
10 0.8285

15 0.8265
1 0.7 0.01 7 1 5 0.1 0.1521
0.5 0.8312

0.9 1.5610

Table 4-3 Numerical values of skin friction coefficient with different values of parameters.

C B M Pr Bi Sc Nt bvp4c
1 0.5 0.01 7 1 5 0.5 0.6033
0.6 0.6125

0.7 0.6187

0.8 0.6228

1 0.01 7 1 5 0.5 0.6033
0.02 0.6046

0.03 0.6058

0.04 0.6071
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Table 4-4 Numerical values of H () with different values of parameters.

C B M Pr Bi Sc Nt bvp4c
1 0.5 0.01 7 1 5 0.5 -0.5504
0.6 -0.3484
0.7 -0.4000
0.8 -0.3904
1 0 7 1 5 0.5 -0.6906
0.01 -0.5504
0.02 -0.2986
0.03 -0.3646
0.04 -0.4281
0.05 0.0305

66



M=0.01

-0.2
04

061

-0.8

$=05,06,0.7.0.8
121

-14

Figure 4.1 Effects of p on H

10

M=0.01

0.8
0.6
0.4

3=05,06,0.7,08
02

-0.2

Figure 4.2 Effects of p on F

M=0.01

10

#=0.5,06,0.7,08

Figure 4.3 Effects of f on G

67

10



-0.2
-04 1
-0.6
-08r

At M=0.01,0.02, 0.03, 0.04 -

121

-1.4
0

Figure 4.4 Effects of M on H

=05

10

0.8
0.6
L 041

0.2
M =0.01, 0.02, 0.03, 0.04

-0.2

Figure 4.5 Effects of M on F

£=05

10

8L M= 0.01, 0.02,0.03, 0.04

Figure 4.6 Effects of M on G

68

10



p$=0.7,M=0.01,Sc=5,Bi=Nt=Nb=0.5

0.14
0.12 -
0.1
0.08
>
0.06
0.04 |
0.02|
o ‘ ‘ ‘
15 2 25
n
Figure 4.7 Effects of Pr on 6
£=0.7,M=0.01,Pr=7,Sc=5,Bi=Nb=0.5
0.15 T T ; : !
0.1
5~
0.051 Nt=0.1,0.3,0.5,0.8
o ‘
0 05 1 1.5 2 25
n
Figure 4.8 Effects of Nt on 6
£=07,M=0.01,Pr=7,8c=5, Nt=Nb=0.5
0.35 T T : : !
0.3
0.25
02-
5~
0.15
0.1 Bi=05,1,5
0.05 -
o ‘
0 05 1 1.5 2 25

Y

Figure 4.9 Effects of Bi on 6

69



B$=07,M=0.01,Pr=7, Bi=Nt=Nb=0.5

0.02
Sc=5,10,15
or /
©--0.02 -
-0.04
-0.06 : ‘ : ‘ :
0 05 1 15 2 25 3
n
Figure 4.10 Effects of Sc on ¢
£0.7,M=0.01,Pr=7,Sc,=5,Bi=Nb=0.5
0.04 T T : " !

0.02 -
0r /

-0.02 Nt=0.1,0.3,0.6, 0.9
0.04 -

-0.06
-0.08 ¢

0.1 : : : : :
0 05 1 15 2 25 3
n

Figure 4.11 Effects of Nt on ¢

B8=15,4¢=0.01,8c=5Bi=0.5 Nt=Nb=0.5
0.465 T T T : : : :

0.46 -

0.455

-'(0)

0.445 -
0.44 -
0.435 -
5 6 7 8 9 10 11 12 13

Pr

Figure 4.12 Effects of Pr on —6'(0)

70



%1038 =0.7, M=0.01, Pr=7, Sc = 5, Nb= Nt = 0.5

-6(0)

4.5
Bi

Figure 4.13 Effects of Bi on —6'(0)

%1038=0.7,M=0.01, Pr=7, Sc =5, Bl =Nb = 0.5

3.5

-6(0)

251

1 12 14 1.6 1.8 2
Nt

Figure 4.14 Effects of Nt on —6'(0)

M=0.01

0.63

0.625 |

0.62 |

o 0.615

0.61 1

0.605 |

0.6

Figure 4.15 Effects of f on c¢f

71



B=05

0.608

0.607 |

0.606 |

0.605 |

0.604

0.603
1

Figure 4.16 Effects of M on ¢¢

p$=0.7,M=0.01,Pr=7,Sc=5,Bi=Nb=0.5

0.016

0.014 -

0.012 -

4'(0)

0.008 -

0.006 -

0.004 . . . .
1 12 14 1.6 1.8
Nt

Figure 4.17 Effects of Nt on ¢'(0)

£=07,M=0.01,Pr=7,Bi=Nt=Nb=0.5
0.016 w ‘ : :

0.014 ¢
0.012

0.01 -

#'0)

0.008 -

0.006 -

0.004
Sc

Figure 4.18 Effects of Sc on ¢'(0)

72



-0.58

06"
062
=064
T 066
068

0.7

-0.72

M=0.01

Figure 4.19 Effects of p on H (o)

B=05

Figure 4.20 Effects of M on H (o)

73



Chapter 5 Conclusion and Future Work Suggestions
5.1  Conclusion

Study of rotating flows for Casson nanofluid under uniform magnetic field has been carried out.
The flow analysis through graphs and 3D images have been examined and discussed. The

following conclusions are drawn from the current work:

1. The axial velocity profiles have a downward direction due to stretching of disk.

2. Casson parameter  and magnetic parameter M have very small effect on radial
component of velocity.

3. The boundary layer thickness decreases with the increment of volume fraction of
nanoparticles.

4. Thin thermal boundary layer is generated at high Prandtl number.

5. There is non-linear relationship between the skin friction coefficient and volume
fraction.

6. The temperature profiles exhibit a limiting case of stability at M = 0.08 for both
numerical methods.

7. The stretching forces and magnetic forces balance each other therefore direction of flow
changes and it start moving in upward direction Brownian motion has negligible effect on
temperature and heat transfer profiles.

8. At high thermophoresis parameter there is a decrease in heat transfer rate.

9. Thermal boundary layer decrease with increase in Nt.
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5.2

Recommendations for Future Work

. The same work can be done with unsteady fluid flow.

Different Non-Newtonian fluids models such as Maxwell fluid model, Jaffery fluid
model, Bingham Model, Bird-Carreau model, Cross-Power law model, Herschel-Bulkey
model, second-grade model etc. can also be considered to make flow analysis for the

current work.

. Thermal radiation effects can be also examined for the same fluid flow problem.

Hybrid nanofluid transport model can also be applied on the current problem.

. Cattaneo—Christov heat flux model can also applicable on the current problem.

Linear and non-linear stretching effects can also be considered.
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