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BOUNDARY LAYER FLOW OF SISKO FLUID WITH
CONVECTIVE BOUNDARY CONDITIONS

ABSTRACT

The study of boundary layer flows of non-Newtonian fluids has attracted much attention in
the past because of its relevance in various industrial and engineering processes. Due to
complexity of such fluids, several non-Newtonian fluid models have been proposed. With the
growing importance of non-Newtonian fluids in modern technology and industries, the
investigations of such fluids are desirable. A number of industrially important fluids
including molten plastics, pulps, polymers, polymeric melts, foods and fossil fuels, which
may saturate in underground beds, display non-Newtonian behaviors. These include shear
thinning, shear thickening, viscoelasticity, yield stress etc. Sisko fluid model is one of the
non-Newtonian fluid models that can be utilized to predict the shear-thinning as well as
shear-thickening fluids. In spite of its wide occurrence in industry, only limited studies have

been reported on the flow of Sisko fluids.

In this work a mathematical model is developed to investigate the flow of Sisko fluid in the
presence of convective boundary conditions. The governing nonlinear partial differential
equations are reduced to a system of nonlinear ordinary differential equations via similarity
transformations. An analytical approach namely homotopy analysis method (HAM) is used to
compute analytic solutions. Unlike perturbation methods, the HAM is independent of
small/large physical parameters, and thus is valid no matter whether a non-linear problem

contains small/large physical parameters or not.



More importantly, different from all perturbation and traditional non-perturbation methods,
the HAM provides us a simple way to ensure the convergence of solution series, and

therefore, the HAM is valid even for strongly nonlinear problems.
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CHAPTER 1

INTRODUCTION

1.1 Basic Definitions and Involved Concepts

1.1.1 Newtonian and non-Newtonian Fluids

Many fluids we encounter in industrial applications deviate from the classical Newton’s law
of viscosity which states that the shear stress is directly and linearly proportional to the rate of
deformation. The fluids which obey this law are termed as Newtonian fluids. Examples
include water, milk, sulphuric acid, carosine, air and thin motor oil etc. The fluids which
exhibit a nonlinear relationship between the shear stress and the deformation rate are non-
Newtonian fluids. Examples include multigrade oils gypsum pastes, polymers, printer inks,

blood, fruit juices etc.

1.1.2 Classification of Non-Newtonian Fluids

Non-Newtonian fluids are categorized as below:

Time-independent Fluids
e Bingham Plastic
The fluids which behave like a rigid body at low stresses but flows as a viscous fluid at high

stress are called bingham plastic. For example; toothpaste, mayonnaise.

e Pseudo-plastic (Shear-thinning)
The fluids in which viscosity decreases as the shear rate increases are known as shear-
thinning fluids. Ketchup, blood, whipped cream, paints and many polymers are the examples

of pseudo-plastic fluids.
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e Dilatant (Shear-thickening)
The fluids in which viscosity increases as the shear rate increases are known as shear

thickening fluids. Examples include beach sand, starch in water etc.

ii. Time-dependent Fluids
e Thixotropic
The fluids in which viscosity decreases with time for which stress is applied are known as
thixotropic fluids. Their examples include drilling mud, certain gels and thixotropic jelly

paints.

e Rheopectic
The fluids in which viscosity increases with time for which stress is applied are known as

rheopectic fluids. For example; gypsum paints and printer inks.

iii. Viscoelastic Fluids
The fluids which return back to their original shape when the stress is released are known as

viscoelastic fluids.
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Viscosity =———3p
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\Dilatant
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Figure 1.1: Non-Newtonian Fluids
1.2 Constitutive Equations for Sisko Fluid
The constitutive equations for Sisko fluid are expressed as:
av .

Py = dive, (1.1)
where V is the velocity vector, p the density of the fluid and 7 is the Cauchy stress tensor for
Sisko fluid given by:

n-1
=—pl+S; S= a+b‘ /%tmf A, (1.2)

where p is the pressure, S is the extra stress tensor a, b and n are the material fluid
parameters and A; = (VV) + (VV)T is the first Rivlin-Ericksen tensor [1].
For a two-dimensional flow, we assume the velocity and the stress fields of the following

forms.

V=[uly,vxy),0], §=S5(y), (1.3)
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After using equations (1.2) and (1.3) in (1.1) we obtain:

(g4 v3) =~ Ze oG T e le () + (e

o |eosl@emb@ @] as
p(ugtev2) =L a2+ i) o2 D)2+

@] |omefzh@ @ s

The problem corresponds to the case of power-law fluid when a = 0. The Egs. (1.4) and
(1.5) reduce to the Newtonian fluid case by choosing b = 0. To non-dimensionalize

equations (1.4) and (1.5), we introduce the following dimensionless variables:

« _Y _«_ D
P T oo (1.6)

where L and U are the characteristic length and the stretching velocity respectively.

In view of Eq. (1.6), Egs (1.4) and (1.5) take the following forms:

ou* av*

dx* + ay* - O’ (1.7)
L ou* Lou* _ ap* (azu* 62u*) a_|ou* 4 (au )
u dx* tv ay*  oax* 1\ gx*2 + ay*2 2¢ & ax* |ax* dx* +
n-1 n-1
ou*  ov* 2 3} ou ov ) ou ou v 2
4G Gt )
(ay* + 6x*) T e oy* (63/* + ax* ax* + ay* + dx* ’ (1.8
LA L/ L (azv* n azv) 4o 0 (au* + au*) 4(6u*)2 +
ax* ay*  ay* 1\ ax+2 ay*2 1 ox+ ay* = Ox* dx*
n-1 n—1
2172 * 2| 2
ou* | ov* 9 |ov* ou ou v 2
(6y* * ax*) T 285 o -4 (6x ) + (ay* * ax*) ] (1.9)
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where the dimensionless parameters &; and &, are defined as

a/p b/p (U\*1
e =% ande, = 2Z2(2)" (1.10)

Using the standard boundary layer assumptions x*~0(1), u*~0(1), p*~0(1), v*~0(6),
y*0~(6), and the dimensionless coefficients £,~0(8%) and £,~0(8™*1), Eqs (1.8) and

(1.9) reduce to:

ou v
xtay =0 (1.11)
ou ou\ _  dp ou|™" 1 ou
p(ust+vi) =-Lralten (|2 ). (1.12)
dp
0=-3 (1.13)

1.3 Basic Idea of Homotopy Analysis Method (HAM)

Most of the problems in science and engineering are characterized by non-linear differential
equations which are very difficult to solve analytically. Perturbation approach is an easy
technique for solving non-linear problems analytically, but this method requires small or
large parameter in the differential system. Such small/large parameter does not usually exist
in physical problems. In contrast to non-perturbation methods such as artificial small
parameter method [33], the d-expansion method [34], the Adomian’s decomposition method
[35], and the homotopy perturbation method (HPM), HAM provides a simple procedure for
adjusting and controlling the convergence region of the solutions.

In 1992 Liao [23] proposed such kind of analytic technique namely Homotopy analysis
method (HAM). It is independent of small/large physical parameter and provides us with a
convenient way to adjust the convergence region of nonlinear problems. In 2003 Liao
discussed the basic ideas of HAM and its application in his book named “Beyond
Perturbation” [26]. Thereafter the HAM attracts the attention of many researchers and has
been applied to many nonlinear problems such as boundary layer flows, heat transfer, MHD
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flows of non-Newtonian fluids and many others. Now a days HAM is successfully applied to

many nonlinear flow problems [23-32].

For better understanding of the basic idea, let us consider the following differential equations:

Nu(é)] =0, (1.14)

where V' is a non-linear operator, ¢ denotes independent variable and u(§) is an unknown
function. Liao [26] constructed the so-called zero-order deformation equation in the

following form.

A =p) L[ p) —ue(E)] = phH(EN [ (E; p)], (1.15)

where pe[0,1] is the embedding parameter, A # 0 is a non-zero auxiliary parameter,
H(&) # 0 is an auxiliary function, £ is an auxiliary linear operator, uy(¢) is an initial guess
of u(¢) and ¢(&;p) is a unknown function. When p = 0 Eq (1.15) gives the initial guess,

final solution is retrieved by substituting p = 1.

(& 0) =uo(§), @& 1) = uld), (1.16)

Expanding ¢ (¢; p) in Taylor series p = 0, we have:

d(&p) =up(§) + Xm=1 um (™, (1.17)
in which
1 0™ (&;p)
um(§) i —om o’ (1.18)

If the auxiliary linear operator, the initial guess, the auxiliary parameter f, and the auxiliary

function are chosen properly, the series (1.17) converges at p = 1. In this case we have:

17



d(&p) =ue(§) + Z U, (), (1.19)
m=1

Differentiating Eq. (1.15) m times with respect to p and then setting p = 0 we obtain the so-

called mth-order deformation equation as below:

L[um (&) = xmum-1()] = hH(E) Ry (Up—1), (1.20)

where

1 ™ 'Wig(p)l
(m—1)!  op™!

(1.21)

Rm(ﬁm—l) =

p=0

and

_{0 m<1
Am 1 m>1

1.4 Literature Review

The steady and unsteady flows over a stretching surface have wide range of applications

such as production of plastic sheets, paper production, wire drawing, spinning of filaments

and glass-fiber etc.

Figure 1.2: Stretching Sheet Applications
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There is a significant difference in the solution of stretching flows and the laminar boundary

layer flows induced by a stationary surface the so called Blasius flow [1].

Sakiadis [2] considered the momentum transport occurring in the boundary layer adjacent to

a continuous surface moving steadily through a motionless fluid environment.

In contrast to Sakiadis [2], Crane [3] computed an exact similarity solution for the boundary
layer flow of a Newtonian fluid towards an elastic sheet which is stretched with the velocity

proportional to the distance from the origin.

Chen and Char [4] investigated the heat transfer occurring in the laminar boundary layer over
a linearly stretching, continuous surface with suction or blowing. They considered two cases:
(1) the sheet with prescribed wall temperature (ii) the sheet with prescribed heat flux. The

solutions were obtained in the form of hyper geometric functions.

Cortell [5] presented numerical analysis for flow and heat transfer in a viscous fluid bounded
by a nonlinearly stretching sheet. In this study, governing partial differential equations were
first converted into ordinary differential equations by a similarity transformation. The arising
equations were solved for the numerical solutions by standard shooting procedure. Later on,
several studies concerning flow and heat transfer characteristics have been reported.

First of all, Schowalter [6] obtained the similar solutions for the boundary layer flow of
power-law fluids. He obtained the two- and three-dimensional boundary-layer equations for
pseudo-plastic non-Newtonian fluids. He determined the types of potential flows necessary
for similar solutions of the boundary-layer equations.

Lee and Ames [7] studied the similarity solution for the non-Newtonian power law fluid. He
obtained the numerical solution for forced convection of power law fluids about a right

angled wedge.
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Rajagopal and Gupta [8] studied the flow of an incompressible second-order fluid past a
stretching sheet. They solved the boundary layer equations numerically using the Runge-
Kutta method

Vajravelu and Rollins [9] studied the heat transfer characteristics in a viscoelastic fluid over a
stretching sheet with frictional heating and internal heat generation or absorption. They
considered two cases; (i) the sheet with prescribed surface temperature (ii) the sheet with
prescribed wall heat flux.

Andersson and Bech [10] conducted a study on the magneto-hydrodynamic flow of an
electrically conducting power-law fluid past a stretching sheet. The flow was subjected to a
uniform transverse magnetic field. He found that the influence of magnetic field is to reduce
boundary layer thickness.

Liao [12] analyzed the laminar boundary-layer flow and heat transfer of power-law non-
Newtonian fluids over a stretching sheet by HAM.

All of the above mentioned studies are related to the boundary layer flows of Newtonian or
non-Newtonian fluids over a stretching sheet. Amongst non-Newtonian fluid Sisko fluid
model [13] is the one which can easily predict the shear thinning and thickening behavior of
the fluid. It is a combination of power law and Newtonian fluid. Not much attention has been
given till date to the flows of Sisko fluid.

Khan and Hayat [14] obtained an analytic solution for unidirectional flow of an electrically
conducting Sisko fluid through a porous space. They solved the problem analytically using
homotopy analysis method (HAM).

Hayat and Abelman [15] investigated the time-dependent flow of an incompressible Sisko
fluid over a porous wall. The flow was caused by sudden motion of the wall in its own plane.

The formulated nonlinear problem was solved by a symmetry approach.
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Masood and Azeem [16] investigated the steady two-dimensional stagnation point flow of
Sisko fluid over a stretching sheet. They transformed the governing boundary layer equation

into non-linear ordinary differential equation and then obtained analytic solutions by HAM.

Convective boundary conditions are more general and practically useful especially metal

drying process, thermal energy storage and many other engineering processes.

The pioneering work on heat transfer characteristics through convective boundary condition

was presented by Aziz [17]. He studied the flow over a convectively heated stationary plate.

Yao etal [18] studied the heat transfer in a viscous fluid flow over a stretching/ shrinking
sheet with a convective boundary condition. They obtained the solutions in the form of
incomplete Gamma function. It is found the convective boundary conditions results in
temperature slip at the wall and this temperature slip is largely influenced by the variation of
embedded parameters.

Ishak [19] investigated the steady laminar boundary layer flow over a permeable flat plate in
a uniform free stream. The bottom surface of the plate was heated by convection from a hot
fluid. The arising differential system were computed numerically by shooting method.
Makinde and Aziz [20] investigated the boundary layer flow induced of a nanofluid by a
convectively heated stretching sheet.

Makinde and Aziz [21] also investigated the heat and mass transfer from a vertical plate
embedded in a porous medium considering the effects of a first-order chemical reaction and
transverse magnetic field. The governing equations are solved numerically using a highly
accurate and thoroughly tested finite difference algorithm.

Hayat and Shehzad [22] studied the flow and heat transfer in a second grade fluid over a
stretching sheet subjected to convective boundary conditions. They utilized homotopy

analysis method for obtaining convergent series solutions.
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To the best of our knowledge the boundary layer flow of Sisko fluid over a stretching surface
with convective boundary condition is not yet discussed. The main objective of this thesis is
to develop the solution for this problem. The problem discussed in this thesis is nonlinear and

1s difficult to obtain its exact solution.

For this purpose a very powerful analytic technique namely Homotopy analysis method
(HAM) is used to solve the nonlinear problem proposed by Liao [23, 24, 25]. HAM provides
a appropriate way to control and adjust the convergence region and the rate of approximation
and also, the HAM is independent of small or large parameter and is valid even if a nonlinear

problem contains a small or large physical parameter or not.
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CHAPTER 2

ON STAGNATION POINT FLOW OF SISKO FLUID

OVER A STRETCHING SHEET

This chapter contains the review on the recent work of The steady two-dimensional
stagnation point flow of Sisko fluid over a stretching sheet is reviewed in this chapter.
Similarity transformations are used to convert the boundary layer equations into similar
forms. The solutions are obtained by using the homotopy analysis method (HAM). The HAM

solutions are validated by the exact analytic solutions in a special case.

2.1 Problem Formulation

We consider the steady two-dimensional stagnation point flow of an incompressible Sisko
fluid flowing towards a flat surface coinciding with the plane y = 0 and the flow being
restricted to the region y > 0. The sheet is stretched in its own plane with the velocity
u,, = cx. The boundary layer equations governing the steady two-dimensional stagnation

point flow of Sisko fluid are as under:

a_u v

o= Ty =0, (2.1)

ou ou du a62 au|"1ou
ou gu _ 2.2
uax+vay de pay p6y(| ) ( )

where u and v are the velocity components along the x and y directions respectively, a and b
are the material fluid parameters, p is the fluid density n is the power law index U(x) = dx is

the free stream velocity.
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When a = 0 the Eq (2.2) corresponds to the case of power law fluid and it reduces to the case
of Newtonian fluid by substituting b = 0. In the present problem we have du/dy < 0
when d/c <1 and [1du/dy >0 whend/c > 1. Eq (2.2) can be expanded in these two

cases as below.

ou ou du  ad?u b 9 [Au\"

ou Tyl 22 () . 2.3
uax+v6y dx = pdy? pay(ay) ; dfe <1, (2.3)

du du dU  ad?u b 9 [fou\"

ou Ty, 2,77 (22 . 2.4
uax+vay de+pay2+pay(ay) ; d/c > 1, (2.4)

The boundary conditions for present problem are:

u=U,(x) =cx, v=0, aty =0,

u- U(x) = dx, as y — oo, (2:3)
Introducing the following similarity transformations:
2 L 1 1 2
“N\n 1-n b/p \n+1 2L
n=y (Cb/p) T xiem, Y(x,y) = (Cl_fn) T xneif (n), (2.6)
Eq (2.1) is identically satisfied and Eq (2.2) is reduced to the following form:
AF' " d 1 not " 2n " 12 d? =0
fran(frmsgn(S-1)) (=) -5 =0, (2.7)
The boundary conditions are:
f(0)=0, f'(0)=1, f'(w)=d/c, (2.8)

where sgn(-) stands for sign function, A is the material fluid parameter of the Sisko fluid, Re,,

and Re,, are the local Reynolds numbers. These parameters are defined as:

2
pxU pxtyz-n _ Rep*? (2.9)

Re, =—, Rep, = A=
a a ’ b b ) Reg

The quantity of physical interest is the skin friction coefficient Cr which is defined as:

Cr = 1u/(50U2). (2.10)
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ou|™" 1\ au . . .
% —| s wall shear stress. Using variables from Eq (2.6), Eq

h = (a b|
where T, + ol

(2.10) reduces to:

L Rep = AF"(0)— f"(0)sgn (¢~ 1), 2.11)

2.2 Analytic Solution

2.2.1 The exact analytic solution
They only consider the case when n is a non-negative integer. For some special cases of the
problem they first present the exact solution. When d/c =0 and n =1 Eq (2.7) with

boundary condition (2.8), the exact solution is of the form:

fap = VIita [1 — exp (%)] (2.12)

It should be noted here that if A = 0 the Eq. (2.12) reduces to the case of Newtonian fluid.

When d/c = 1 Eq. (2.7) with boundary condition (2.8), has the exact solution.

fm=n, (2.13)

2.2.2  Analytic solution for integer power-index when d/c # 1
We solve Egs. (2.7) subject to the boundary conditions (2.8) with the help of HAM. The

initial guess and linear operator selected as below.

fo(m) = (d/c)n — [1 —exp (— |§ - 1| n)] sgn (% - 1), (2.14)
Lo p)] = "’3‘;(;;“” - "’z‘gf;;m), (2.15)

The operator L satisfies

L[C; + Con + C3exp(—n)] = 0,

where C;, C, and C5 are arbitrary constants.
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2.2.2.1 Zero-order deformation problem

Now the problem related to zero order deformation is:

fp)=0, f/tp) =1, atn=0,

(2.16)
f'(n;p) =d/c, asn— .
(A —p)L[f i p) — fo)] = phN;[f (m; )], (2.17)
where
N[7 )] _ 9 mip) 9% (mip) n<g_1> "o fip)
TP = on3 on? In\c on3
" 2 2(p. 2 \12 2
+ () fap) LR - [ER] - £ 2.13)

where p € [0, 1] is an embedding parameter and # # 0 is an auxiliary parameter. At p = 0
and p = 1 we have, respectively:

F@:0) = folm), fn;1) = f(n). (2.19)
When the parameter p varies from zero to unity the solution f(1; p) through the initial guess
fo(n) approaches f(1). Now we expand the function f(n; p) by using Taylor’s series about

p = 0 and then substituting p = 1, we get:

. 1 0™f(n;
F) = folm) + Sies fun), where  frn(m) 0 (2.20)
! p=
2.2.2.2 mth-order deformation problem
Differentiating the zeroth-order deformation problem (2.16) and (2.17) m—times with respect
to p and then dividing by m! and finally setting p = 0, we obtain the following mth-order
deformation problem.

L[fm(n) - mem—l(rl)] = flRm(U), (2.21)

Boundary conditions are:
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fm@) =0, ' (n) =0, atn =0,

f',m =0, asn - .

where
" - r ’ d?
Rm(n) = Af m—-1_ Z;{n=01 m—l—kf k+ (1 - Xm) o2 + l/’(’]),
where,
forn=0
v =0,
forn=1
m-—1
YD = ) froaifd + fiila
k=0
forn=2
m-—1 m-—1
4 143 d 143 nr
Y(m) = 3 Z fm-1-kfi +2sgn (E - 1) X fm-1-kfx
k=0 k=0
forn =3

3 m—1 m—1 k
YO = 5 D fmasfd 43D fieah” ) fiLfi”
k=0 k=0 =0
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2.3 Results and discussion

To demonstrate the behavior of the analytic solution of Egs. (2.7) and (2.8) by the HAM, the
velocity profiles are plotted for several values of the power index n, and the material
parameter A. The HAM solution is compared with the exact analytic solution in a special case

and found in good agreement (table 2.1). Convergence of the series solution for f'(0) is

checked for some selected values of parameters in table 2.2

! e ic

— 2

2 epls

A Exact solution HAM solution
0.0 -1 -1

0.5 —1.2247448713 —1.2247448711
1.0 -1.4142135623 -1.4142135624
1.5 ~1. 5811388300 -1.5811377715
2.0 -1.7320508075 -1.7320508578
2.5 -1. 8708286933 -1.8708450311
3.0 2

-2.0000169533

Table 2.1: Comparison of HAM and the exact solutions when d/c = 0.2 andn =1

Q)

m n=1 n=2

2 —0.649583 —0.710029
5 —0.649056 —0.702227
10 —0.649203 —0.704317
13 —0.649199 —0.704023
15 —0.649199 —0.704058
18 —0.649199 —-0.704114
20 —0.649199 —0.704107
25 —0.649199 —0.704097
27 —0.649199 —0.704097
30 —0.649199 —0.704097

Table 2.2: Convergence of the series solution for f"/(0) when A = 1 and d/c = 0.2
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£

Figure 2.1: The velocity profile f'(n) for various values of the power index n when A = 1.

A=02 n=1
T T T T T T T T T T T T T T T T T T T
1.0~ B
0.8 - B
=2
~ 0.6 -
~ |
04+ B
0.2+ il
| L L L L | L L L L | L L L L | L L L L | L L | |
0 1 2 3 4 5 6
n

Figure 2.2: The velocity profile f' (1) for various values of the material parameter A when

d/c=0.2.
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Figure 2.3: The velocity profile f'(n) for various values of the material parameter A when

d/c=0.2.
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CHAPTER 3

BOUNDARY LAYER FLOW OF SISKO FLUID WITH

CONVECTIVE BOUNDARY CONDITION

In this chapter we investigate the heat transfer characteristics in the boundary layer flow of
Sisko fluid. By using the similarity approach, the modeled non-linear partial differential
equation is transformed in a system of nonlinear ordinary differential equations and then the
series solutions are developed. More physically acceptable connective surface boundary
conditions and Newtonian heating boundary condition are imposed for the analysis of the

thermal boundary layer. The solutions are physically interpreted by plotting graphs.

3.1 Mathematical Modeling

We consider the steady, two dimensional and incompressible flow of Sisko fluid driven by a
linearly stretching surface coincident with y = 0. The fluid occupies the region y = 0. Let
U = cx be the velocity of the stretching sheet where ¢ > 0 is constant and we have

du/dy < 0.

—h a
U, (x)=ax j e t U, (x) =ax
*k%: hsT, (For NH) kL= h(Ty - T),(For CH)

ay

Figure 3.1: A sketch of the physical model
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Boundary layer equations governing the two-dimensional flow and heat transfer of Sisko

fluid can be expressed as:

Ty 0, (3.1
ou ou\ _  9%u ] au\" 6 -
p(ua+v5)—aa—yz—b5(—5) —;Boua (32)
aT aT a2T
a‘i‘va— aa—yz, (3.3)

where u and v are the velocity components along the x and y directions respectively, T is the
temperature field, a and b are the material fluid parameters, p is the density of the fluid and &

is the thermal diffusivity.

From the above Eq (3.2), if a = 0 the equation corresponds to the case of power law fluid
andif b = 0, Eq (3.2) reduces to the case of Newtonian fluid. The boundary conditions are:
u=cx, v=0, -k X =h(T; = T), (for CH)
) ] ay f ) 5

aty =0,

oT
—ka = hgT, (for NH) (3.4)

u—-0 T-T, as y — oo,
In the current problem, the flow is solely created by the motion of stretching sheet. No

pressure gradient contributes to the flow. We now introduce the following similarity

transformations.

u=-cxf'(n), v=-— ( 2 ) (Cl;ffn)ﬁxz_:f(ﬁ),

n+1

) 1 (3.5)
o (cFM\n1 B _ ( b/p \nr1 22 _ T-Te
77 y ( b/p ) X1+m, qj(x) Y) - (Cl_zn) x"“f(n)’ 9(77) - Tf_Too’
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Eqgs (3.2) to (3.4) in view of (3.5) become:
Af/l/ + n(_fll)n—lflll + (%) ffl/ _ f/z _ MZf/ — 0’ (36)

0"+ (7) (i) o' =o. (3.7)
The boundary conditions are:
FO) =0, f(0)=1, f'(e)=0,
6'(0) = —y[1 — 6(0)], (for CH), 6'(0) = —y[1 +6(0)] (forNH) G5
0(c0) = 0.

where y and Pr is the Biot number and Prandlt number respectively. These defined as under:

hf (2 ™\n+1 21 v
y:—f( ) Xn+1, Pr:;_

The quantity of physical interest is the skin friction coefficient Cr which is defined as:

Cr = 1u/(50U%). (3.9)
ou|™" 1\ au . . .
where 7, = (a+ b | % 1s wall shear stress. Using variables from Eq (3.5), Eq
y=0
(3.10) reduces to:
LR = A O~ [/ O G-10)

The local Nusselt number Nu, may be found in terms of the dimensionless temperature at the

wall surface, 8'(0), that is

1
Re[*'Nu, = —6'(0), (3.11)

Xqw

with Nu, = KT —T)

with q,, as the surface heat flux.
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3.2 Analytic Solution

We use HAM in order to solve the set of equations (3.6) and (3.7) with the conditions (3.8).

Firstly we choose the initial guess and auxiliary linear operator i.e.

3_77

fo =1—-e™ , 6,(n) = VHY

(CH),
(3.12)

60(n) =X (NH),

1—

_ %1 _or _ 9% _
f =9 a0 Le=52 70 (3.13)

The operator Ly and Lg satisfy,
Le[Cy + Gy exp(=n) + Cz exp(n)] = 0,
L¢[Cs + Csexp(=n)] = 0,

where C;, C,, C5, C, and C5 are the arbitrary constants.

3.2.1 Zero-order deformation problem

Now the problem related to zero-order deformation is

FQA =)L f;0) — fo)] = phN¢[f (5 )]
A i (3.14)
(1 —p)Lg[0(p;p) — 0o ()] = PANL [ (m; )],

fap) =0, fimp) =1,

—~

0'(ip) =-y[1-0Gmp)], (forCH) = g — o (3.15)

0'(m;p) = —y[1+0@m;p)], (for NH)

F';p) =0, 8(p;p) =0 asy — oo (3.16)

where nonlinear differential operator Ny and Ny are:

. 0°f (n; p) 02 f ;)| 9°F (; p)
Ne[f(n;p)] = A a3 " l— an? on (3.17)

2n a2, N 02f(p)  9f(ip) 0F(ip) 4.2 OF (n;p)
+(n+1)f( ;D) an? on an M on
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N 23 (. R B
N[0 )] = 222 + (57) (Z5) F o) 522, (3.18)

n+1
where p € [0, 1] is a homotopy parameter and 7 # 0 is an auxiliary parameter. At p = 0

and p = 1 we have, respectively:
f@;0) = fom), F(n; 1) = f(m),
~ ~ (3.19)
6(m;0) =6o(m), 6(m; 1) =6(m).

When the parameter p varies from zero to unity the solution f(1; p) through the initial guess

fo(n) approaches f (1) respectively. Now we expand the function f(1;p) by using Taylor’s

series about p = 0 and then substituting p = 1, we get:

£GD = folm) + Ziaes fou (), where () =202

m! p=0
(3.20)

. ™Mo (n;
601) = 60 (n) + Lims O (0), where 6y, () T 02

m! p=0

3.2.2 mth-order deformation problem
Differentiating the zeroth-order deformation problem (3.14) and (3.16) m—times with respect

to p and then dividing by m! and finally setting p = 0, we obtain the following mth-order

deformation problem.
Lelfm@) = Xmfm-1(D] = RR (), (3.21)
Lo[0m () = XmOm-1(M] = AR 1, (), (3.22)

Boundary conditions are:

fm@) =0, f'. (M) =0, 8", —y[0,(1m)] =0, (for CH)

atn =0,
0'm(m) +y[6,(m)] = 0, (for NH) (3.23)
[, =0, 6,m =0asn - oo,
where
RIm() = Af" | = ZR50 [ i H0 (), (3.24)
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" P 2 —1 nr
Rem(n) =0 m-1 T Ir(n_:l) Z?:Ol 6 m—l—kfka (3.25)

0 m<1

Xm:{l m>1

The linear non-homogeneous problems (3.21) — (3.23) can be solved by using any symbolic

computational software like MATHEMATICA in the orderm=1, 2, 3....

3.3 Results and Discussions

This section shows the effects of various parameters on both the velocity and temperature
profiles. The velocity and temperature distributions are given for several values of the
embedded parameters, namely, the power index 7, the material parameter 4, magnetic field
M, biot number y, and the Prandtl number Pr. The analytic solution contains the convergence
control parameter h, which can ensure the convergence of the solutions. Figure 3.2 gives the

convergence region for f''(0) at a given order of approximation.

Pr=1,M=1, A=3/4

-0.98 —

-1.00 -

-1.02 -

-1.04

£(0)

-1.06 -

-1.08 -

-1.10 [ L L 1 L L L 1 L L L 1 L L 1 L L L 1 L L L 1 ]
-1.0 -0.8 -0.6 -0.4 -02 0.0

Figure 3.2: The h curves of f''(0) for A =3/4 at 20th order of approximation.
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Here the valid region for A curves are -0.9 < A < -0.2, -0.7 < A< -0.2, -0.4 < h < -0.2,
-0.3 < h <-0.25 for n=1, 2, 3 and 4 respectively. Figure 3.3 shows the convergence region
and rate of approximation of f''(0) for the obtained analytic solution for different values of 4

for n=2.

1) 4=05 ]

_1.27 . . I . . . I . . . I . . . I . . . L

Figure 3.3: The & curves of f''(0) for n = 2 at 20th order of approximation.
Here the valid region for A curves is -0.8 < A < -0.1, -0.58 < A < -0.1, -0.45 < h < -0.1,
-04<h<-0.1and-0.38 <h <-0.1 for A=0.5,1, 1.5, 2, 2.5 respectively.
Figure 3.4 shows the convergence region and rate of approximation of 8'(0) for the obtained

analytic solution for different values of power index n for convective heating.
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Pr=1, M=1, A=3/4, y=1/2

—0.20 —

-0.25 -

-0.30 -

6'(0)

-0.35 -

—-0.40 ———

Figure 3.4: The 7 curves of 8'(0) at 20th order approximation in case of Convective heating

boundary condition.

Here the valid region for A curves is -1.25 < h <-0.2, -0.9 < h <-0.1, -0.6 < A < -0.1 and

-0.48 <h <-0.1 forn=1, 2, 3 and 4 respectively.

Figure 3.5 shows the convergence region and rate of approximation of 8'(0) for the obtained

analytic solution for different values of power index n for Newtonian heating.
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Pr=1, M=1, A=3/4, y=1/2

-1.0 T T T T

—12+

—14L

6'(0)

-1.6

1.8}

Figure 3.5: The 7 curves of 8'(0) at the 15th order approximation in case of Newtonian

heating boundary condition.

Here the valid region for A curves is -1.2 < h < -0.5, -1.1 < h <-0.3, -0.7 < h < -0.2 and

-0.5<h<-0.1 forn=1, 2, 3 and 4 respectively.

Figure 3.6 shows the convergence region and rate of approximation of 8'(0) for the obtained

analytic solution for different values of A.
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M=1,Pr=1,n=2

-026 | - ]
0281 ]
_0_30} /A = 1.0 é
S ol [4=08 Q
= :
-0.34 A=0.6 ]
—036| ]
i A=04
0381 1
—0.40: ‘ ‘ ‘ ‘ ‘ ‘
-06 -04 -02 0.0
h

Figure 3.6: The i curves of 6'(0) for n = 2 at 20th order approximation.
Here the valid region for A curves is -0.85 < h <-0.2, -1.0 < h <-0.15, -0.83 < A <-0.15 and
-0.79<h <-0.18 for A = 0.4,0.6,0.8 and 1 respectively.
The effects of the material parameter of the Sisko fluid A on velocity profile f' are shown in
Figure 3.7. This figure shows that the fluid velocity f’ increases when there is an increase in
A. Similarly the effects of the magnetic field M are shown in Figure 3.8. This figure shows

that the fluid velocity f' decreases when there is an increase in M.
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1.0

0.8

0.6 -

Y0

A4=051152
02|

0.0 -

1.0

0.8

@

04

02

0wl M=05115,2 ]

0 1 2 3 4 5

Figure 3.8: The velocity profiles f'(n) for various values of M.
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Figure 3.9 shows the variation of Prandtl number Pr on @for convective heating. The
temperature profile 6 decreases when Pr increases. Similarly figure 3.10 shows the variation
of Prandtl number Pr on 6 for Newtonian heating. The temperature profile 6 decreases when

Pr increases.

M=1,y=05n=2 4= 075

0.5
0.4 - B!

0.3 - =

601)

0.2 4
0.1+ B!

oo ]
Pr=051152 ]

0 1 2 3 4 5

Figure 3.9: The temperature function (1) for various values of Pr in case of convective

heating boundary condition.
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M=1,y=05n=2 4= 075

1.0

0.8 -

()

04 -

0.2

0ol Pr=20508 1,15

1 2 3 4 S

Figure 3.10: The temperature function 6(n) for various values of Pr in case of Newtonian
heating boundary condition.

Figure 3.11 shows the effect of A on 6 for convective heating, The temperature profile
increases by increasing the values of A. Figure 3.12 shows the effect of A on 8 for Newtonian

heating, The temperature profile increases by increasing the values of A.

M=1,Pr=1,n=2v=05

05
0.4 .
03+ —

= | A=205 1 15 2

s |

T o2 ]
01l ]
00+ ]

L L L L L L L
0 1 2 3 4 5 6
n

Figure 3.11: The temperature function 8(7) for various values of 4 in case of convective

heating boundary condition.
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M=1,Pr=1,n=2,y= 05

0.8 -

A=0381 15,2

6(m)

04 -

02+

0.0 -

Figure 3.12: The temperature function 8 (n) for various values of 4 in case of Newtonian
heating boundary condition.

Figure 3.13 shows the effect of Biot number ¥ on 6 for convective heating. We can see that
when y = 0 then there is no heat transfer and there is no temperature change. The
temperature profile 8 increases when y increases. Similarly figure 3.14 shows the effect of
Biot number ¥ on 6 for Newtonian heating. We can see that when y = 0 then there is no
heat transfer and there is no temperature change. The temperature profile 8 increases when y

Increases.
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M=1,Pr=1,n=2, A= 0.75

0,67‘ T T T T T T T T

05

6(n)

02|

0.1

0.0

Figure 3.13: The temperature function 8(n) for various values of ¥ in case of convective

heating boundary condition.

M=1,Pr=1,n=2A4A=0.75

2.0

vy=20 0305038

0.5

0.0

Figure 3.14: The temperature function 8(n) for various values of ¥ in case of Newtonian

heating boundary condition.
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Figure 3.15 shows the effect of M on @ for convective heating. The temperature profile 8
increases when M increases. Similarly figure 3.16 shows the effect of M on 6 for Newtonian

heating. The temperature profile € increases when M increases.

y=05Pr=1,n=2 A= 075

04 T L A —
03+ .
— 02 M=2051 1352 ]
< F ]
N’
I
o1l .
00 .
| | | | | | |
0 1 2 3 4 5 6
n

Figure 3.15: The temperature function 6(n) for various values of M in case of convective

heating boundary condition.
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y=05Pr=1,n=2,A=0.75

04—

02-

)

0.1~

Figure 3.16: The temperature function 8(n) for various values of M in case of Newtonian
heating boundary condition.
Figure 3.17 shows the variation of local Nusselt number with the change in Biot number y. It
is clearly observed from the plots that the heat transfer rate increases with the increase in the
Prandtl number Pr. Figure 3.18 shows the variation of local Nusselt number with the change
in fluid material parameter A. It is clearly observed from the plots that the heat transfer rate

decreases with the increase in the magnetic field M.
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Figure 3.17: The variation of the local Nusselt number with y for different values of Pr

h=—045,Pr=1,y=05.n=2

034

Nu,

=L
n+l

031F
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029

M=0,051,15,2,25

028;, e T
0.5 0.6 0.7 0.8 09 1.0
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Figure 3.18: The variation of the local Nusselt number with A for different values of M
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Figure 3.19 shows the variation of local skin friction coefficient with the change in fluid
material parameterA.

=2+
o

S L
AR 3¢

4|

-r M=0,051,15,2,25
0.5‘ ‘ ‘ ‘0‘.6‘ ‘ ‘ ‘0‘.7‘ “ ‘0.‘8‘ ‘ ‘ ‘0.‘9‘ ‘ ‘ ‘1.‘0

A
Figure 3.19: The variation of the local skin friction coefficient with A for different values of M

Convergence of the series solution for f''(0) and 68'(0) when A = 1 is shown in Table 3.1.

2 -0.975 —0.309919
5 —0.970533 —0.295703
10 —0.971258 —0.289878
15 —-0.97122 —0.289015
20 —0.971223 —0.288906
25 —0.971222 —0.288897
27 —0.971222 —0.288897
29 —0.971222 —0.288897
30 —0.971222 —0.288897

Table 3.1: Convergence of the series solution of f'(0) and 8'(0) when 4 = 1.
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