
Performance Analysis of Massive MIMO Systems in the

Presence of Composite Shadowing Fading

By

Muhammad Tauseef Mushtaq

NUST201361532MRCMS64213F

Supervisor

Dr. Syed Ali Hassan

Department of Computational Engineering

A thesis submitted in partial fulfillment of the requirements for the
degree of Masters of Science in Computational Science and

Engineering (MS CS&E)

In

Research Center for Modeling and Simulation,

National University of Sciences and Technology (NUST),
Islamabad, Pakistan.

(February 2017)



Approval

It is certified that the contents and form of the thesis entitled “Performance

Analysis of Massive MIMO Systems in the Presence of Composite Shad-

owing Fading” submitted by Muhammad Tauseef Mushtaq have been found

satisfactory for the requirement of the degree.

Advisor: Dr. Syed Ali Hassan

Signature:

Date:

Committee Member 1: Engr. Sikandar Hayat Mirza

Signature:

Date:

Committee Member 2: Dr. Salma Sherbaz

Signature:

Date:

Committee Member 3: Engr. Taufique -ur-Rehman

Signature:

Date:



To My Parents



Certificate of Originality

I hereby declare that this submission is my own work and to the best of my

knowledge it contains no materials previously published or written by another per-

son, nor material which to a substantial extent has been accepted for the award of

any degree or diploma at NUST RCMS or at any other educational institute, except

where due acknowledgement has been made in the thesis. Any contribution made

to the research by others, with whom I have worked at NUST RCMS or elsewhere,

is explicitly acknowledged in the thesis. I also declare that the intellectual content

of this thesis is the product of my own work, except for the assistance from others

in the project’s design and conception or in style, presentation and linguistics which

has been acknowledged.

Author Name: Muhammad Tauseef Mushtaq

Signature:



Acknowledgement

My thanks goes first to Almighty Allah, Who gives power to the weak and helps

the helpless, The most Gracious and Merciful.

I would like to thank my supervisor, Assistant Professor at School of Electrical

Engineering and Computer Sciences, Dr. Syed Ali Hassan, for his moral boosting

support, well guiding suggestions and encouragement throughout my research work.

I am also thankful to all the faculty members at RCMS, especially Engr. Sikan-

dar Hayat Mirza, Engr. Taufique ur Rehman and Dr. Salma Sherbaz for their

valuable guidance and moral support.

My thanks also go to all of my friends. List goes on but some, Imran Nawaz,

Kashif Zaheer, Sohaib Aslam, Hammad Ali Hassan, Usman Yousaf, Muhammad

Asad Ullah Khan, Salman Saghir, Saad Afzal, Zubair Rahim, Salman Ahmad, Us-

man ur Rehman, Mudassir Riaz, for supporting me through thick and thin.

Muhammad Tauseef Mushtaq



Abstract

Massive MIMO (multiple-input multiple-output) has been identified as a key

technology for next generation cellular systems. This thesis considers a multi-cellular

system with large antenna arrays at the base station (BS) and single antenna user

terminals (UTs), operating in a time division duplex (TDD) mode, under a com-

posite fading-shadowing environment. In the uplink transmission, the pilot contam-

ination occurs as the UTs transmit pilots to their respective BSs, and the serving

BS estimates the channel state information using a minimum mean squared error

estimation. This channel information is further used to design beamforming (BF)

and regularized zero-forcing (RZF) precoders for downlink (DL) transmission. We

analyze the ergodic rates for DL transmission using different precoding schemes

and varying shadowing intensity. Next we analyze the outage probability of multi-

user, multi-cellular system using uplink transmission and maximum ratio combining

(MRC) receiver. It has been observed that shadowing does not average out as we

increase the number of antennas as opposed to multi-path fading, and the sever-

ity of shadowing badly affects the performance of massive MIMO systems. Also

probability of outage decreases as we decrease the severity of shadowing and vice

versa.
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Chapter 1

Introduction

Urge to gain more performance from wireless systems leads us to use multiple an-

tennas. Now it is a well known fact that increasing number of antennas can improve

data rate without using extra bandwidth [10]. Multiple antennas benefits from

spatial diversity and scattered data to improve performance of system.

1.1 What is MIMO System?

Multiple-input multiple-output (MIMO) system is antennas technology that uses

multiple antennas at transmitting and receiving end. When MIMO communicates

with multiple user terminals (UT) at the same time, it is called multi-user MIMO.

MU-MIMO is used in wireless broadband standards like 4G LTE (Long Term Evo-

lution)and LTE-Advanced. MIMO system is based on the concept that more the

antennas are at base station more improvements in the performance of system could

be made. This system uses diversity present in environment to improve the quality

of communication [13]. MIMO systems also makes possible to send data into some

specific direction. It improves the energy efficiency thus catering the ever increasing

demand of data rate [17]. 1

1Fig. 1.1 Source: “Multiple-Input-Multiple-Output (MIMO) Systems (Deke Guo National Uni-
versity of Defense Technology)”

1



Figure 1.1: SISO, SIMO and MISO Systems

.

In cellular system bandwidth and power are limited resources, these systems can

increase the capacity without using much power and bandwidth. These improve-

ments in performance of system could be classified into four categories i.e data rate,

reliability, energy efficiency, interference mitigation.

There are two ways to improve efficiency of system either with spatial diversity or

by spatial multiplexing. Spatial diversity is created when we transmit multiple copies

of same data on different channel links using multiple antennas. Spatial multiplexing

is a technique in which we send different channel links created by MIMO systems to

transmit multiple data sets, this results in increases in the data rate of system.This

technique does not guarantee the improvement in bit error rate (BER) of system.

However, in spatial diversity due to the presence of multiple copies of data, it is

possible to reduce BER efficiently thus improving the data rate. It is not possible

to use both spatial diversity and spatial multiplexing at the same time. The spatial

degrees of freedom (Number of antennas) can be used to provide diversity gain or

2



Figure 1.2: MIMO System

.

Spatial multiplexing gain [15].

2 These systems take advantage of multi path present in environment to enhance

the reliability and capacity hence improving quality of service. These betterments

are due to prsence of more than one antennas which insures multiplexing gains, ar-

ray gains and interference cancellation. Multiple antennas provide more degrees of

freedom to the propagation channel and improve the throughput and link reliability.

Such systems exploit the phenomenon of multipath propagation, which is tradition-

ally a drawback in wireless communications. The improvements in the performance

offered by MIMO systems are due to diversity gain, spatial multiplexing gain, array

gain and interference reduction.

2Fig. 1.2 Source: “https://en.wikipedia.org/wiki/MIMO”
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1.2 Massive MIMO

The ever increasing demand of high data rates has initiated a spark in both academia

and industry to work on the next generation of cellular systems, namely the fifth gen-

eration (5G) networks. 5G will be envisioned with a multitude of technologies such

as device-to-device, millimeter wave communications, multi radio-access technolo-

gies (RATs) and heterogeneous topologies, and the very large-scale multiple-input

multiple-output (MIMO) systems, also known as Massive MIMO. A massive MIMO

system uses hundreds of antennas at the base station (BS) to simultaneously serve

tens of users. It provides high throughput [11], [12], allowing to reap all the benefits

of a conventional MIMO on a larger scale by using cheap antennas, thereby increas-

ing data rates and improving the energy efficiency [17]. The large antenna arrays

reduce the uplink (UL) and downlink (DL) transmit power through coherent com-

bining, thus achieving higher data rates. It will provide the base of infrastructure

of the future digital society by connecting Internet of people and Internet of things

with clouds and other networks. Overall, Massive MIMO facilitates the development

of future broadband services, which will efficiently utilize the energy and spectrum.

Also it will be secure and robust [27].

Massive MIMO shown in Fig. 1.3 3 operates in TDD mode. There are two

reasons for operating in TDD mode. It needs knowledge of channel on uplink and

downlink transmissions. In uplink communication, it is easy for BS to estimates the

channel state information (CSI) using training sequence. First on downlink massive

MIMO needs to send pilots to user terminal (UT) to estimate the CSI. These pilots

need to be mutually orthogonal and due to the presence of hundreds of antennas it

is difficult to create such large number of orthogonal pilots. Second, the number of

3Fig. 1.3 Source: “Joint Power Allocation and User Association Optimization for Massive
MIMO Systems”
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Figure 1.3: massive MIMO System

.

channel responses that each terminal needs to estimate is also proportional to the

number of base station antennas. Therefore we operate the massive MIMO in TDD

system and assume that downlink channel is reciprocal of uplink channel.

It concludes that in a massive MIMO system, the user terminals (UTs) do not

require any channel state information (CSI), however the BS acquires CSI and uses

precoding schemes to nullify the effects of channel, thus reducing the overhead on

UTs. For DL precoding, CSI is acquired through UL training [23], where the length

of training sequence is dependent on the number of users and not on the number of

antennas, thus additional antennas do not cause any overhead.

1.3 Why Massive MIMO?

Massive MIMO can increase the capacity of system by increasing the energy effi-

ciency and efficient use of resources. This is based on the concept that with large

5



number of antennas we can focus energy into some specific direction. This is done by

coherent superposition of wavefronts. BS can add wave fronts constructively in some

specific direction and destructively on other directions. This results in reduction of

interference present in system.

It uses cheap single antennas that use low power and combine them in a way

that increases the system efficiency. With massive MIMO, high power components

at BS could be replaced by hundreds of low power cheap antennas. These antennas

use energy in the range of mili-watts. It also reduces the need of amplifiers which are

linear and accurate rather it urges to see the combined effects of these components.

It is based on the law of large numbers which states that the effects of imperfect

hardware are averaged out. This property makes the system much more robust

as the system will continue to work despite the failure of one or two components.

This leads us to operate massive MIMO using much less power than conventional

systems. Hence we can power BS with wind or solar energy in remote areas where

no electricity is available.

Massive MIMO can also reduce latency. Latency is caused by fading, it can cause

the received signal strength to be very small at some times. When signal is sent

through fading channel, it scatters and multi-paths are created. Sometimes these

multi-paths interfere destructively which makes it difficult to reconstruct the signal.

hence causing he latency. Massive MIMO reduces the effects of fading thus reducing

the latency.

A huge advantage of massive MIMO is, it does not require rich scattering envi-

ronment to operate. It provides excess degrees of freedom in the form of multiple

antennas which could be used to create diversity hence improving the efficiency of

system. Also in scattering environment, it can improve the diversity by sending

multiple copies of same data.

6



1.4 Problem statement

Downlink data rate analysis of a multi-cellular massive MIMO system in the presence

of composite shadowing-fading by applying beam-forming (BF) and regularized zero

forcing (RZF) precoders with imperfect CSI on BS obtained by uplink training

pilots and outage probability analysis with uplink transmission using maximum

ratio combining (MRC) receiver with perfect CSI.

1.5 Thesis Contribution

In this research work, we consider a composite fading-shadowing channel, modeled

by K-distribution, which is a combination of Rayleigh and gamma distributions

[28], with imperfect CSI estimated by uplink training symbols. This work provides

a simple model for composite fading-shadowing environment, unlike other models in

which two RVs are multiplied to represent both fading and shadowing, which mostly

ends in complicated mathematical forms. In [16] and [22], the authors restrict

attention only to UL transmission. In this work, we consider both UL and DL

aspects. We analyze the rates for DL transmission by assuming channel reciprocity,

thus imperfect CSI will be utilized in designing DL precoders. In the UL, we estimate

the CSI using minimum mean squared error (MMSE), whereas after obtaining the

estimates of CSI, the BS precodes the downlink data using beam-forming (BF)

and regularized zero forcing (RZF) precoders. Also, we perform outage probability

analysis in the presence of K-fading using MF approach and a closed form expression

of outage probability for composite shadowing/fading is derived. Simulation results

provide proof of the derivation of outage probability. It also shows that as we

decrease the severity of shadowing outage probability decreases and vice versa. We

present DL ergodic rate analysis for both precoders by using simulations and show

7



that severe shadowing in the environment limits the performance of the massive

MIMO system under consideration.

1.6 Thesis Organization

The rest of the thesis is organized as follows: chapter 2 provides the literature review

and highlights the relevant work on the composite shadowing fading environment.

Chapter 3 describes the massive MIMO system model, in which we define the UL and

DL data transmission methods. Chapter 4 describes channel estimation, downlink

data rates using different linear precoders and provides the outage probability anal-

ysis. Chapter 5 provides the numerical results, discussions for different scenarios.

Finally chapter 6 concludes the work with some future suggestions.

8



Chapter 2

Literature Review

The mobile communication systems have been enhancing day by day. Communica-

tion devices are now more powerful equipped with much improved processing units.

These devices can process data at much higher rate hence demanding more data

rates. The The European Mobile Observatory (EMO) pointed out that there has

been a 92 percent growth in mobile broadband per year since 2006 [56]. For wire-

less communication these demands are increasing several times as more and more

devices are connecting with wireless networks. To accommodate all these devices

MIMO technology was introduced in cellular networks. MIMO systems was first

introduced in 4G cellular networks. Basic idea of 4G network is that they provide

high data rate to numbers of users at the same time [1]. 4G system uses advanced

radio interference with orthogonal frequency-division multiplexing (OFDM), MIMO

technologies. It can support data rates of up to 1Gps for low mobility and 100Mbps

for high mobility [2].

Abrupt increase in number of wireless equipments concludes that 4G networks

are not enough to fulfill the demand of consumers. Also cellular network uses high

frequency waves to transmit data which means high energy is required at BS. Also

high spectral efficiency, high mobility, seamless coverage are other are also the chal-

9



lenges that needs to be taken care of. To accommodate all these challenges, a new

system needs to be design which is energy efficient, provides high data rate with

seamless coverage. All these challenges lead us to work on 5G networks since 4G

network has already reached to its theoretical limit. 5G uses large scale MIMO

technology to provide energy efficiency, direct data to some specific direction and

low latency.

Massive MIMO are being implemented in device o device (D2D) communication

[3], [4], [5], [6]. In UL massive MIMO can nullify the effects of D2D-to-cellular

interference [3]. It provides assistant in reducing pilot symbol’s length by quickly

acquiring CSI. It also helps in improving power use by using an iterative scheme [4].

Massive MIMO systrms are also being deployed in heterogeneous networks (Het-

Net) using different types of cells such as macro-, micro-, pico-, and femtocells.

These cells enhance network capacity, coverage performance, and energy efficiency

[7], [8], [9]. These cells share same frequency resource hence creating interference.

Due to the co location of users in, we need to direct data into some specific direction

creating less interference. Massive MIMO helps in reducing interference by directing

data to particular user.

Our focus is on analysis of multi-cellular, multi-user massive MIMO system op-

erating TDD mode. Due to the large number of degree of freedom provided by

thousands of antennas, massive MIMO provides high data rate through linear pre-

coding such as maximum ratio combining and Minimum Mean Square Error in

uplink and Beamforming and Zero Forcing precoding in downlink.

In [11], [18] and [23], the rate analysis in the presence of pilot contamination

and inter-cell interference over small-scale fading channel is performed, ignoring the

effects of large-scale fading. For instant [11] considers multi-user, multi-cellular

massive MIMO with infinite number of antennas. Due to the presence of multi-cells

10



pilot contamination occurs as orthogonal pilots are used in different cells. This paper

also shows that despite using infinite number of antennas inter-cellular interference

still effects the performance of system. In [18], authors also study the effects of pilot

contamination ant then they provide a solution to mitigate this problem. A compact

analysis of massive MIMO in UL and DL scenarios is described in [23]. This paper

considers multi-cellular, multi-user system with Rayleigh fading channels, Additive

White Gaussian Noise (AWGN) and inter-cell interference. It estimates the CSI

which is contaminated due to pilot reuse. Matched filter (MF) and minimum mean

square error (MMSE) detectors are used in UL transmission to estimate the CSI

and beam-forming (BF) and regularized zero-forcing (RZF) precoders are used to

precode the DL data. They provide asymptotic approximations of achievable data

rate using these detectors/precoders.

It has been observed that the small-scale fading is averaged out due to the

presence of a large number of antennas, however, the largescale fading, known as

shadowing, still remains a challenge for realizing a practical massive MIMO system.

The combined effect of large and small-scale fading is generally modeled by Rayleigh-

lognormal (RL) product distribution [32]. However, the rate analysis over composite

fading-shadowing channel requires the probability density function (PDF) of the

signalto-interference plus noise ratio (SINR). This PDF is not available in closed-

form and hence approximation techniques are required, e.g., [19]-[21]. In [19], author

analyzes the UL of multi-user, single cell system, which operates under a composite

Rayleigh fading and lognormal shadowing channel. Three linear receiver known as

MRC, ZF and MMSE were consider while assuming perfect CSI. They also perform

outage analysis under composite fading/shadowing environment. For this purpose,

authors approximate the PDF of SNR and SINR using a new log-normal RV and

then compare the results of three receiver. Paper shows that small-scale fading and

11



noise could be averaged out by using more antennas, but large-scale fading still

remains a serious concern.

To study the effects of shadowing, [16] used the generalized-K fading channels

for capacity analysis while [22] and [19] used the composite RL model for outage

analysis. However, all of these works have analyzed the uplink transmissions only

where [6] has assumed perfect CSI, while [3] has taken into consideration both cases,

i.e., perfect and imperfect CSI.

12



Chapter 3

System Model

Consider a muti-cell, multi-user system given in Fig.3.1 with L cells, where each cell

is equipped with M antennas. Every cell is serving K single user terminals (UT)

uniformly distributed in each cell.In this system, we use time division duplex (TDD)

mode and uplink pilot training to gather channel state information. We then rely

on channel reciprocity to counter the effects of fading and shadowing. As described

in literature review chapter, most of the previous work on massive-MIMO considers

only small-scale fading ignoring the shadowing (Large-scale fading) effects. In our

work, we take both small scale fading and large scale fading into count and analyze

their effects. Our work considers composite fading-shadowing environment which

caters both small-scale and large-scale fading. Channel coefficients are assumed to be

independent and identically distributed (I.I.D) random variables and their envelop

follows K-distribution. We consider uplink and downlink transmission models as

follows. 1

1Fig. 3.1 Source: “www.idc.lnt.de/en/forschung/massive-mimo-systems/”

13



Figure 3.1: Massive-MIMO system with L cells, M antennas and K users

.

Figure 3.2: Uplink Transmission

.

3.1 Uplink Transmission

The K single antenna UTs send their respective pilot sequence to the BS equipped

with M antennas simultaneously serving all these UTs. Due to the reuse of pilots

in other cells, pilot contamination occurs which causes imperfection in acquiring

channel state information (CSI). Thus the received signal vector yulj ε CM×1 at BS

j is given by

yulj =
√
ρul

L∑
l=1

Hjlx
ul
l + nulj , (3.1)

2

14



where Hjl = [hjl1, . . . ,hjlK ] ε CM×K is the channel matrix of K users from lth cell

to jth cell, for any kth user and hjlk ε CM×1 is the channel vector in cell l to base

station j. The transmitted symbol matrix of K users and noise vector in the jth

cell are xull = [xull1 , . . . , x
ul
lK ]T and nulj ∼ CN(0, IM), respectively and ρul > 0 is the

uplink transmit power. Each element of hjlk is a product of i.i.d zero-mean complex

Gaussian RV and square root of a gamma distributed RV given by

h =
√
z(gR + jgI) ; h ε hjlk (3.2)

where gR, gI are real and imaginary parts of a complex Gaussian RV and z denotes a

gamma RV. It can be described as a complex Gaussian RV with a random variance

following Gamma distribution. This implies that envelop of channel coefficients

have Rayleigh distributed multi-path fading and Gamma distributed shadowing.

Hence composite form of channel coefficients is Rayleigh-Gamma distributed. This

composite form is actually defined as the K-distribution given by

f|h|(|h|) =
2

αΓ(ν + 1)

(
|h|
2α

)ν+1

Kν

(
|h|
α

)
, (3.3)

where α indicates the scale parameter and ν denotes shape parameter. The shape

parameter, ν, defines the severity of shadowing in our case. The intensity of shadow-

ing increases for small values of ν and as ν →∞, the effects of shadowing decreases

and the distribution converge to Rayleigh fading distribution. In 3.3, Γ(.) denotes

the gamma function and Kν(.) represents the modified Bessel function of second

kind with order ν. Fig.3.4 shows K-distribution with different shaping parameters.

For the sake of simplicity, the envelope of the channel coefficients for the serving

cell, i.e, l = 1 are assumed to followK-distribution with shape parameter νo, whereas

for l = {2, . . . , L}, the fading envelope follows K-distribution with identical shape

2Fig. 3.2 source: “Massive MIMO: Ten Myths and One Critical Question”
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parameter νI . Hence, we assume that the shadowing severity remains the same from

all co-channel cells.

3.2 Downlink Transmission

After obtaining the CSI, respective data of all the users is transmitted simultaneously

in available coherent time. Remember that, we need to send data in coherent time

so that channel reciprocity could be taken into account. The received signal ydljm at

the mth user terminal in the jth cell is given as

ydljm =
√
ρdl

L∑
l=1

hHljmsl + ndljm, (3.4)

where sl ε CM×1 is the transmit vector of BS l, ndljm ∼ CN(0, 1) is additive white

Gaussian noise (AWGN) and ρdl > 0 is transmit power of the jth BS. As mentioned

earlier, we assume channel reciprocity, i.e., the downlink channel is the Hermitian

transpose of uplink channel and the transmitted symbol vector is given by

sl =
√
ϕlWlx

dl
l , (3.5)

3

where Wl = [wl1 . . . ,wlk] ε CN×K is a precoding matrix applied over the data

symbols xl = [xdll1, . . . , x
dl
lk] ε CK for K UTs in cell l. The ϕl normalizes the average

transmit power per UT of BS l, given by

ϕl =
1

E
[

1
k
tr(WlW

H
l )
] , (3.6)

3Fig.3.3Source:“www.commsys.isy.liu.se/en/research/projects/CENIIT-Radio-Resource-
Management”
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Figure 3.3: Downlink Transmission

.

where E(.) denotes the expectation operator and tr(.) defines the trace of matrix.

The precoding vectors are designed such that effects of noise and interference are

minimum.

3.3 K-Fading

The K-fading was first used in radar applications and for sea-echo cancellation [28],

[39], [44]. It occurs when the resolution cell is much larger than the radiation wave-

length and there are several number of scatters. In 5G cellular networks, usage of

millimeter waves is being introduced. These waves have much smaller wavelengths,

hence justifying the usage of K-fading in massive MIMO systems. Scattering experi-

ments have shown that a class of distribution based on Bessel functions can be useful

in non-Gaussian situations [45]. Therefor, we use K-distribution to represent com-

posite shadowing fading. Traditionally Rayleigh-lognormal model is used for model-

ing shadowing fading, however it leads to complicated integral form. K-distribution

is obtained when we replace log normal shadowing with Gamma shadowing. It is
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Figure 3.4: K-distribution with different shaping parameter

.

given by

fX(x) =
2

αΓ(ν + 1)

( x
2α

)ν+1

Kν

(x
α

)
. (3.7)

Its moments are defined by following equation

µk = E
[
xk
]

=
Γ(0.5k + 1)Γ(ν + 1 + 0.5k)

Γ(ν + 1)
(2α)k . (3.8)

Moments are important as they will be used to find auto-correlation and cross-

correlation of system. Fig. 3.4 shows K-distribution with different shadowing in-

tensity parameters. Importance of ν could be described by calculating amount of

fading (AF), which is given as [43]

AF = var[X2]/(E[X2])2, (3.9)

after using (3.8), final form of AF is given as

AF =
ν + 3

ν + 1
. (3.10)

18



Chapter 4

Data Rate and Outage Probability
Analysis

In this Chapter, we will be doing rate analysis over DL communication with im-

perfect CSI. Estimate of the CSI is obtained by using minimum mean square error

(MMSE) estimator. After obtaining the CSI, we will use it to precode the DL

data and cancel the effects of channel. Outage probability analysis over composite

shadowing fading channel using UL communication is also provided in this chapter

assuming perfect CSI obtained at BS. 1

4.1 Channel Estimation

Each BS estimates Ĥjj of its local channel Hjj by receiving orthogonal pilots from

the UTs. Since other BSs are also estimating their local channels through an identi-

cal process by using same orthogonal pilots, the serving BS gets pilot contamination,

which corrupts the estimation process. The jth BS estimates the channel vector hjjk

1Fig. 4.1 Source: “Large Scale MIMO in cellular Networks (Emil Bjornson)”
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Figure 4.1: Uplink and Downlink channel

.

for the kth user in jth cell, and the received pilot yjk is given by2

yjk = hjjk +
∑
l 6=j

hjlk +
1
√
ρtr

njk, (4.1)

where hjlk is interfering channel of kth user from cell l to cell j, and ρtr is the

transmit power of UT k.

To estimate ĥjjk of hjjk, the classical minimum mean square error (MMSE) estimator

is given as

ĥjjk = RjjkQ
−1
jk ytrjk, (4.2)

where Qjk ε CM×M and Rjjk ε CM×M are the autocorrelation and cross correlation

matrices, respectively. The autocorrelation matrix Qjk is given by

Qjk = E
[
yjky

H
jk

]
= E

[
hjjkh

H
jjk

]
+

L∑
l 6=j

E
[
hjlkh

H
jlk

]
+

1
√
ρtr

IM . (4.3)

2We assumed all-one vector for transmission, therefore, we omit the signal xl from here onwards
for ease of presentation.
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From (4.3), we have Qjk = ζIM , where IM is M ×M identity matrix and ζ is given

as

ζ =

(
(νo + 1)(2α)2 + (L− 1)(νI + 1)(2α)2 +

1

ρtr

)
. (4.4)

Similarly, the cross-correlation matrix Rjjk is given as

Rjjk = E
[
hjjky

H
jk

]
. (4.5)

From (4.5), we have

Rjjk = (νo + 1)(2α)2IM . (4.6)

It can be noticed from (4.2) that the channel decoupling property can be used

such that hjjk = ĥjjk + h̃jjk, where h̃jjk is the channel estimation error distributed

as a complex normal RV with zero mean and covariance Zjk. Using (4.3) and (4.5),

we have the following co-variance matrix of the channel estimation error

Zul
jk = E

[
h̃jjkh̃

H

jjk

]
,

= Rjjk − φjjk, (4.7)

where we define

φjjk = RjjkQ
−1
jk Rjjk. (4.8)

Simplifying (4.8) and putting the results in (4.7), we eventually obtain

Zul
jk = ΘIM , (4.9)

where the Θ is given as

Θ = (νo + 1)(2α)2

(
1− (νo + 1)(2α)2

ζ

)
. (4.10)
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4.2 Downlink rates with linear precoding

Since the channel estimation is computed only at the BS, hence the UTs does not

contain knowledge of CSI. Therefore, this paper provide the ergodic achievable rates

on the basis of techniques used in [18] and [23]. Here, UTs only have knowledge of the

estimated value of the channel, which is effective during the channel coherence time.

Hence, extra number of antennas always benefits when using channel reciprocity

for DL transmission. This implies that as the number of antennas increases, the

accuracy of estimated CSI by UTs improves. For this purpose, we decompose the

signal ydljm received at a UT m from the jth BS given as

ydljm =
√
ρdlϕjE[hHjjmwjm]xdljm

+
√
ρdlϕj(h

H
jjmwjm − E[hHjjmwjm])xdljm

+
∑

(l,k)6=(j,m)

√
ρdlϕjh

H
ljmwlkx

dl
lk + ndljm, (4.11)

and assume UT optimistically learned the effective channel. Note that, we have

taken downlink channel to be the reciprocal of the uplink channel. The ergodic

achievable rate, Rdl
jm, of UT m in cell j is given as

Rdl
jm = log2(1 + γdljm), (4.12)

where the SINR γdljm is given as

γdljm =
ϕj
∣∣E[hHjjmwjm]

∣∣2
1
ρdl

+ ϕjvar[h
H
jjmwjm] +

∑
(l,k)6=(j,m) ϕlE

[∣∣hHljmwlk

∣∣2] , (4.13)

where var stands for the variance parameter. We consider two different linear pre-

coders known as Eigen-Beamforming (BF) WBF
j and regularized zero-forcing (RZF)
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WRZF
j , which are defined as

WBF
j = Ĥjj, (4.14)

WRZF
j =

(
ĤjjĤ

H

jj +Mεdlj IM

)−1

Ĥjj, (4.15)

where εdlj > 0 is a regularization parameter. We choose εdlj = 1
ρdlM

, such that

precoder could perfectly nullify the effect of noise present in the system.

4.3 Outage Probability Analysis

In this section, we will provide closed form expression for outage probability in

UL communication using maximum ratio combining (MRC) receiver. First, we

define the squared K distribution as it will be used to obtain the outage probability

of system. Second, we will define the SIR of massive MIMO system using MRC

receiver. Finally, we will derive the closed form expression of outage probability

using SIR. Numerical proof of this closed form expression is provided in numerical

results chapter.

4.3.1 Squred K Distribution

When the envelop of non-Gaussian channel follows the K-distribution then square

of the envelop is modeled by squared K-distribution. It is derived from generalized

K-distribution [40], which is given by following equation

fX(x) =
4m

β+1
2 xν

Γ(m)Γ(ν)α
β+1
2

Kν−m

[
2
(m
α

)1/2

x

]
, (4.16)

where β = ν + m − 1. K-distribution is obtained by putting m=1, also when

m→∞m and ν →∞, generalized K-distribution approaches AWGN channel. By

using eq. (4.16), PDF of square envelop is obtained as follows

fY (y) = 2
(m
α

)ν+1

y
ν−1
2 Kν−m

[
2
(my
α

)1/2
]
, (4.17)
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where Y = |X|2. By definition, we obtain squared K-distribution by putting m = 1

in eq. (4.17), which is given as

fY (y) = 2

(
1

α

)ν+1

y
ν−1
2 Kν−1

[
2
( y
α

)1/2
]
. (4.18)

Squared K-distribution with different shadowing intensity parameters ν is pro-

vided in Fig. 4.2. Also the CDF of squared K-distribution is given as

FY (y) = πcsc(π(ν−1))

[(
y
α

)
1
F2

(
1; 2− ν, 2; y

α

)
Γ(ν)Γ(2− ν)Γ(2)

−
(
y
α

)ν
1
F2

(
ν; ν, 1 + ν; y

α

)
Γ(ν)Γ(1 + ν)

]
, (4.19)

where pFq(.) is the generalized hypergeometric function, and p and q are integers.

CDF of square K-distribution is given in Fig. 4.3 with different shadowing intensity

parameters.

4.3.2 Outage probability using MRC

In this section, we provide outage probability of massive MIMO system using signal

to interference ratio (SIR). UL transmission is considered with perfect CSI known

to BS. We choose maximum ratio combining (MRC) receiver, thus BS processes

the signal by simply multiplying it with the conjugate-transpose of the channel. So

receiver of kth user in jth cell is rjjk = hHjjk. So SIR of kth user is given by

SIRk =
ρtr|rjjkhjjk|2

ρtr
L∑

l=1,l 6=j
|rjjkhjlk|2

, (4.20)

where ρtr is transmitted power of UT. For better understanding and simplifying the

analysis we take M = 1. In above equation, numerator is the power of desired signal

and denominator is the sum of signal strengths from all the other interfering cells.

So numerator is simply squared K RV and denominator is the sum of L−1 squared

K RVs.
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In order to obtain the outage probability, we simply calculate the CDF of ratio

of two RVs. We write the SIR expression simply in the form of ratio of two RVs

given as

SIR = z =
u

v
. (4.21)

Here, we denote SIR with z for derivation purpose, where as u is squared K RV

and v is sum of squared-K RVs. To derive the closed form expression of outage

probability, we need to approximate v by another Gamma distributed RV. Assuming

v as Gamma RV its PDF is given as

fV (v) =
θ−Ξ

Γ(Ξ)
vΞ−1e−

v
θ , (4.22)

where Γ(.) is Gamma function and Ξ and θ are shape and scale parameters respec-

tively. To approximate sum of squared-K RVs with Gamma distribution, we use the

moment matching method [36] and obtain the shape and scale parameter of Gamma

distribution in the form of shape and scale parameters of squared-K RVs with some

adjustment factor ε. Using moment matching method, we obtain Ξ and θ in the

form of ν and α are as given below

θ = (ϑ− ε)α, (4.23)

Ξ =
L− 1

ϑ− ε
, (4.24)

where ϑ is defined as

ϑ = 1 +
2

ν
. (4.25)

To obtain the outage probability, we use the following equation

O = P {SIR < τ} =

∫ ∞
0

[∫ u/z

0

fV (v)dv

]
fU(u)du. (4.26)

Here, the inner integral leads to the CDF of Gamma distribution which is given as∫ u/z

0

fV (v)dv =
γ(Ξ, u

zθ
)

Γ(Ξ)
, (4.27)
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where γ(.) is incomplete gamma function. Using Eq. 4.27 and Eq. 4.18 in 4.26 we

obtain the outage probability

O =

∫ ∞
0

2

Γ(ν)

(
1

α

) ν+1
2

u
ν−1
2 Kν−1

[
2

√
u

α

]
γ(Ξ, u

τθ
)

Γ(Ξ)
du (4.28)

After integrating, we have

O = %
[
a
[
−1 +1 F1

(
Ξ, 1− ν, τ

αθ

)]
+ b1F1

(
Ξ + ν, 1 + ν,

τ

αθ

)]
, (4.29)

where %, a and b are given as

% =
α−ν

Γ(ν)Γ(Ξ)

(
θ

τ

)−ν
, (4.30)

a =

(
αθ

τ

)ν
Γ(Ξ)Γ(ν), (4.31)

b = Γ(−ν)Γ(Ξ + ν), (4.32)

such that <(ν) > 0, <(Ξ + ν) > 0, <(Ξ) > −1, <( θ
τ
) > 0 and α > 0.
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Chapter 5

Numerical Results

In this chapter, we demonstrate the effects of changing the shadowing intensity

on ergodic achievable rates of massive MIMO system under consideration. Vari-

ous simulation results under different scenarios such as changing the number of BS

antennas, shadowing intensity, and different DL precoding schemes have been ob-

tained, where the uplink channel estimation is done using (4.2). We assume that

ten users are uniformly distributed in a given cell. In all simulation results, the

shadowing intensity for interfering cells is assumed unity, i.e., νI = 1 implying a

severe shadowing environment, the number of cells in a cluster is limited to L = 7,

ρtr = 10dBm, ρdl = 40dBm and α = 0.15, unless otherwise stated. Finally, we

present the outage probability analysis of massive MIMO system with M = 1 using

MF in uplink transmission. We assume the perfect CSI for this analysis. Analytical

results acquired in Eq. (4.29) are supported by simulation.

Fig. 5.1 shows the ergodic rates of 10 users versus the number of antennas with

BF and RZF precoders. We vary the shadowing intensity of serving cell by varying

νo, where the shadowing intensity decreases as we increase the value of νo, which

results in increasing the data rates as evident from the figure. It can also be noted

that the RZF outperforms BF precoder, as it reduces interference more effectively.
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Figure 5.1: Downlink rates for different shadowing intensities with RZF, BF precoders, L = 7, K = 10

We also observe that an increase in the number of antennas does not increase the data

rates linearly specially at low νo, rather a saturating trend in increase in data rate

occurs as we further increase the number of antennas. This shows that shadowing

does not average out as we increase the number of antennas in a massive MIMO

system. However, it continues to affect the system even at a larger scale. We can

observe from Fig. 5.1 that the data rate (with BF precoder and νo = 2) increases

17% when we increase the number of antennas from 50 to 150, but it only increases

by 3.4% as the number of antennas increase from 150 to 350. Thus the rates saturate

as we increase the number of antennas in the presence of shadowing, as it limits the

performance of massive MIMO system. Fig. 5.2 and Fig. 5.3 depict the ergodic

rates of 10 users versus the number of antennas with RZF and BF precoders, and

for different values of νo and L. It can be shown from the figures that as we increase

the cell cluster size, data rates gradually decrease, which occurs due to an increase
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Figure 5.4: Estimation error variance for different shape parameters, K = 10, M = 50.

in the number of interfering cells. Also shadowing effect disappears as ν → ∞

and the only remaining effect is the Rayleigh fading. Therefore, we can see that at

higher values of νo and νI , i.e., νo = 100 and νI = 100, which implies both serving

cell and the interfering cells are only affected by Rayleigh fading, the performance of

system is much better. We compare the rates for this scenario with our conventional

scenarios, i.e., with parameter settings of νo = {2, 11} and νI = 1. It can be shown

that with Rayleigh fading only, the massive MIMO system performs better. The

data rates dramatically increase as the number of antenna increases in the Rayleigh

fading only scenario.

Fig. 5.4 shows the trend in the estimation error variance (Θ) for different cluster

sizes, i.e, L = {4, 7} as a function of νo. It can be observed that the theoretical

values of Θ obtained via (4.10) are in agreement with the numerical simulations.

Note that K-distribution becomes Rayleigh distribution as ν → ∞, hence as we
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increase νo, the value of channel estimation variance also saturates. The saturation

is observed more prominently for L = 4 rather than L = 7 due to less inter-cell

interference.

Fig. 5.5 shows the ergodic rates for 10 users as a function of the number of

antennas and νo, with RZF precoder. The result quantifies the number of antennas

required to achieve a specific data rate at a certain νo. For instance, to obtain data

rate of 2.21, a massive MIMO requires 150 antennas for a moderately shadowed

environment with νo = 9. However, to maintain the same rate, the same system

requires 250 BS antennas for a highly shadowed system with νo = 2. Therefore,

consideration of large-scale fading in designing of future massive MIMO systems is

critical.

Similarly Fig. 5.6 represents the ergodic rates for BF precoder as a function of

number of antennas and νo. This results shows that how many antennas are required

for maintaining specific data rate with varying intensity of composite fading. It is

evident from figure that to maintain a data rate of 2.15, 150 antennas are required

for lightly shadowed system. On the other hand, it requires more than 350 antennas

to maintain the required data rate for severe shadowing.

In Fig. 5.7, we present outage probability analysis of massive MIMO system.

Here we take M = 1, α = 0.65, L = 7 and interfering cells has identical severity

of shadowing with νI = 0.85. Note that we take severe shadowing for interference

and scale parameter for all the system remains the same. Figure shows how outage

probability varies as we vary the SINR threshold τ for different shadowing intensities.

It is evident from figure, that as we decrease the shadowing intensity probability of

outage also decreases. For example if we take τ = 1dBm, then for highly shadowed

system (ν = 0.85), probability of outage is 0.95. As we decrease the shadowing by

increasing ν = 3.85, for similar threshold probability of outage reduces to 0.7.
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Severe shadowing for both desired and interfering signal is taken into count in

Fig. 5.8. Severe shadowing implies small ν has to be taken. For this purpose we have

taken ν = 0.85, 1.85 for not only interfering cells but also for desired cell. Results

shows that UTs experience severe outage for even low threshold values of SIR.

35



Chapter 6

Conclusion and Future Work

In this chapter, we will conclude our work and some suggestions for future work are

also provided.

6.1 Conclusion

This Thesis analyzed the effect of shadowing on the ergodic rates of a multi-cell,

multi-user massive MIMO system and outage probability in the presence of K-

fading. The uplink CSI for a K-fading environment has been estimated using MMSE

estimation, whereas the ergodic rates of DL transmission for RZF and BF precoding

schemes have also been provided. The results demonstrated that we estimate better

channel as we decrease the severity of shadowing. It is also evident that RZF

performs much better than BF precoder, however computational complexity of RZF

is higher than BF precoder. Hence there needs to be a trade off between performance

and energy saving. Results shows tha as we increase the number of antennas at BS

performance of massive MIMO systems improves, however the shadowing effects

cannot be completely averaged out even at a very large number of BS antennas. On

the uplink transmission, outage probability analysis is done using MRC approach.

The results shows that as we decrease the threshold of system outage probability
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also decreases.

6.2 Future Work

In future, we can extend outage probability analysis of system with large number

of antennas. Motivated from this work, we aim to extend this work to asymptotic

rate analysis over a composite fading channel under the conditions that number of

antennas approach infinity, however a finite ratio between the number of antennas

and users in a cell is maintained. One can check the performance analysis of this

system with other channel estimators and precoders. We can also analyze the per-

formance of massive MIMO in HetNet operating under composite shadowing fading

channels. D2D massive MIMO could also be studied under K-fading environment

operating indoor.
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Appendix A – Communication Systems Symbols

xull Transmitted data vector from UT to BS in lth cell

yulj Received data vector from UT to BS in jth cell

Hjl Complex channel vector of jth cell

n AWGN noise vector

Wl Precoding Vector of lth cell

sl Precoded data vecotr of lth cell

E [] Expectation value

ĥ Estimated value of channel

γdljm Downlink SINR of mth user in jth cell
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