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Abstract

In this thesis we discuss the points of intersection of the symmetric and antisym-
metric Lamb mode dispersion curves of an isotropic plate. The Rayleigh-Lamb
frequency relation for dispersion curves is derived for a plate with thickness 2h
and their intersections are determined. The points of intersection are graphically
represented.

The plateau region possessed by the Lamb modes in k-c plane is graphically
shown for an isotropic plate where k is the wave number and c is the wave
speed. Lastly, the reflection of SV-waves is mathematically examined and the
mode conversion through this reflection is discussed analytically. An expression
is derived which gives the bound in which mode conversion can take place and
outside which it is forbidden.
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Chapter 1
Introduction

A waveguide allows a wave to propagate through a mechanical structure (like a
plate or a rod). Radio waves, electromagnetic waves, acoustic waves etc are its
examples. The guided wave, propagating along the stress free boundary of an
elastic half space is called Rayleigh wave. A single layered half space can be a
waveguide for Love waves while Lamb wave is the guided wave that propagates
in a plate.

Guided waves help widely in non-destructive testing (NDT') which is a strategy
used to describe the material properties like its thickness, interior structure and
out of sight imperfections without giving any harm to it. In this technique, waves
are sent into the material being tested and they propagate through it by vibrating
the particles that make up the material. The reflected waves give information
about the deformities present in the sample.

In 1885 Lord Rayleigh [1] predicted the presence of waves along the surface
of solids. These were named after him as Rayleigh waves. Moreover, when these
waves propagate through a layer then these are named as Rayleigh-Lamb or Lamb
waves. Lamb [2] in 1917 presented frequency relation for a wave propagating in
a plate known as Rayleigh-Lamb dispersion relation. A comprehensive theory
for such waves was presented by Mindlin [3] in 1950. A test confirmation of the
utilization of Lamb waves in NDT was given by Worlton [4] in 1961.

Lamb waves are guided waves that propagate in the solid plates having sym-
metric and antisymmetric modes. As the Lamb waves depend upon frequency of

a wave, so the number of modes increases with the increasing frequency which



gives rise to infinite number of symmetric and antisymmetric modes. Generally
Lamb modes can be used for material characterization and to identify the defects
present in it. It is also used for pipeline and composites inspection. Propagation
of Lamb waves depend on the properties of material like its thickness, density
ete.

Graphically, symmetric and antisymmetric Lamb mode dispersion curves ap-
pear to intersect each other at some points. Freedman [5] explained the occur-
rence of intersection of lamb modes and its variation with Poisson ratio on it’s
full allowed range using Mindlin’s method of bounds [3]. In 2016, A. G. Every
[6] classified these intersections into three types, Type F, Type I, Type II and
examined these intersections for some materials.

Plane waves can be allowed to coincide at the interface in a medium made
up of two half spaces with different material properties. Suppose a plane wave
is incident upon a plane surface that is an interface between two materials. The
incident wave originates in one medium but for the stresses and displacements
of a propagating wave to be continuous at interface the additional reflected and
refracted waves are required. J. D. Achenbach [9] determined the reflection of var-
ious plane harmonic waves like P-wave, S-wave, SV-wave and SH-wave in joined

half space.

Plan of dissertation
This thesis concerns with the study of Lamb modes dispersion curves and their
intersections. In the present chapter the introduction is given.

Chapter 2 comprises of some basic definitions of terms used in the thesis.
Chapter 3 takes into account the investigation of Lamb modes in an isotropic plate
in detail, Rayleigh-Lamb dispersion relation for symmetric and antisymmetric
modes is presented by using the Helmholtz decomposition of the displacement
vector and is also graphically represented.

Chapter 4 describes, in some detail, work of Every [6] dealing with the points
of intersection of symmetric and antisymmetric Lamb modes for an isotropic
plate. The graphical representation is given in this chapter to show intersection
points. Also the study of the plateau region shown by Lamb mode dispersion

curves is graphically represented.



Chapter 5 deals with the study of reflection of SV-waves and the solution set is
calculated for reflected SV-waves. It also deals with the study of mode conversion
due to reflection of an SV-wave from the surface of a half space. An analytical

expression is derived to get a range in which mode conversion can take place.



Chapter 2

Preliminaries

Wave

A wave can be portrayed as a disturbance that goes through a medium from one
point to another. Waves are surrounding us like the sound waves, light waves
and the most obvious example is the ripples created on water surface by a stone
thrown into it.

Each type of wave exhibits a particular characteristic that is used to recognize

it. The two main types of wave are given below:

2.1 Body waves

The waves that can travel through an infinite medium are termed as body waves.
They are further categorized into two types:

e Longitudinal waves - They are also named as P-waves or primary waves.
Displacement of particles is parallel to the direction of propagation of wave in
this case. Sound waves moving through the air is an example of this type of wave.
e Transverse waves - They are also named as S-waves or secondary wave. In
this case, the displacement of particles is perpendicular to the direction of propa-
gation of wave. Movement of a wave through a solid object like a stretched rope

is an example of this type of wave.



2.2 Surface waves

Unlike the body waves these waves can only move along the surface and occur at
interfaces with circular motion of particles. Waves in the ocean and ripples on
the surface of water are its examples. In an earthquake, these waves can cause
the most damage. These waves are also categorized into two types:

e Love waves - Love waves are named after Augustus Edward Hugh Love who
discovered them in a thin layer over a half space and found that the particles in
these waves do not move in a rotating mode rather, similar to S-waves, these waves
move forward and backward perpendicular to the direction of wave propagation.
e Rayleigh waves - Rayleigh waves were named after Lord Rayleigh, these
waves are a blend of transverse and longitudinal waves. The particle movement
in these waves seems similar to the surface waves but observing deliberately, one
will see that the motion of particles is not the same. In surface waves, every
molecule makes a round movement perpendicular to the direction of propagation
of wave like water waves. While in Rayleigh waves, the particles make an elliptical
movement against the direction of propagation of wave.

Rayleigh waves when propagate through the layer of a solid plate then are termed
as Lamb waves. Lamb waves with infinite set of symmetric and antisymmetric

modes can be produced in a plate with free edges.

Isotropic Material

A material, the properties of which do not depend on the direction is said to
be an isotropic material. Glass and metals like steel, ceramics are examples of
isotropic materials.

Hooke’s Law for an isotropic material given by [9] is:

where T;; and S;; are components of stress tensor and strain tensor respectively

and A\, p are Lame constants.



Auxetic material

If we consider an isotropic elastic material, then the elastic response of the ma-
terial is described fully by four inter-related properties: Poisson’s ratio, Young’s
modulus, shear modulus and bulk modulus. The range of Poisson’s ratio for
isotropic materials is between -1 and +0.5.

From the relationship between shear modulus, bulk modulus and Poisson’s ratio
it turns out that the positive limit for Poisson’s ratio (corresponding to rubber)
provides a material that is easy to deform (through shearing) but is relatively
incompressible. On the other hand, the negative limit for Poisson’s ratio of -1
produces a material that is difficult to shear (i.e. it maintains shape) but is rela-
tively compressible (changes volume easily).

Auxetic materials are the one that exhibit negative Poisson’s ratio. They are

used in many sports items like pads, gloves, helmets, footwear soles etc.

Incident, reflected and refracted waves

An incident wave originates from a source of wave production in a medium.
Reflection means that the wave is turned back into the half-space from which it
came, while a change in the direction of waves as they pass from one medium to

another is called refraction of waves.

Mode conversion

In mode conversion one type of wave can be changed into another type. Mode
conversion occurs when a wave is reflected from a surface or it encounters an
interface between materials of different acoustic impedances and the incidence is
not normal to the interface. For example, when a primary wave hits an inter-
face with an angle then some of the energy can cause particle movement in the

transverse direction to start a secondary wave.



Chapter 3
Lamb modes in a plate

Lamb waves were named after the mathematician Horace Lamb in 1917, who
discovered them in solid plates that allows two infinite sets of Lamb wave modes
to propagate with velocities depending upon the relationship between wavelength
and thickness of the plate. These are the guided waves that can be used to inspect
the material properties.

This chapter includes the study of Rayleigh-Lamb frequency relation for an
isotropic plate using Helmholtz decomposition of displacement vector into scalar
and vector potential. The graphical representation of Lamb modes for some

materials is also included.

3.1 Introduction

In this chapter, we follow the theory presented by Achenbach [9]. In Helmholtz
decomposition, a vector function v € C? can be decomposed into a sum of two
vectors given by [9]

V= V1 + Vg,

such that
V1 = V(b?

’UzZVX’QZ)?

=v=Vp+Vxp. (3.1.1)



where ¢ is called the scalar potential and 1) is called the vector potential.

The equation of motion for displacement v is given below:
uV2* + (A + p)V(V.v) = pb. (3.1.2)
Using Eq (3.1.1) in (3.1.2), we have
pVA(Vo+V X ) + (A+ p)V(V. (Vé, +V x ) = p(Vo + V x 9b),

VAV o + pVAV X h 4+ (A4 1) (V. V2o + V.V x ) = p(Vo + V x 4,
as we know that V2V¢ = VV?¢ and V.V x ¢p = 0. Using these relations in

equation above, we get
V2V 4+ uV2V X P + \VV20 + uVV2p = p(Vo + V x 9),
V2V 4+ V2V x 4 + AVV2¢ + uVV2p — pVd — pV x ) = 0,
V(A +2u)V? = pd) + V x (uV*ep — pip) = 0.

where ¢ and 1 are some potential functions.
If we choose ¢ such that

(A +21)V?¢ — pd =0,
= Vi — %é/j = 0.
and 1 such that
V x 4Vt — pip) =0,
= V) — Li—o

D)
Cr

then Eq (3.1.1) will be the solution of Eq (3.1.2).

Here, c¢;, and cr are speeds of longitudinal and transverse waves respectively with

cr? = 22 and op? = £,
P P

3.2 Dispersion relation for Lamb modes

Consider a wave propagating through a plate with thickness 2h. In a plane strain

independent of x3-axis, the vector is of the form [9]
v(21, T2,t) = v1(x1, T, )8 + vo(21,22,t)F and wvs = 0.

8
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Since the considered motion is in the x;z9-plane so 1, and 1), are independent of

r3-axis which made them zero, so we are left with

s O
V=i — (50,
The Helmholtz displacement components given by Achenbach [9] are of the form
b Oty
= — + — 2.1
U1 (9&71 + 81'2’ (3 )
_ 09 _0Ys (3.2.2)

Vg = .
81’2 8x1

Using a common form of Hooke’s law for isotropic materials to calculate stress,

we have 5 5 5
. U1 U1 V2
T11 = 2,Lt—ax1 + )\(_@Il + _85(]2)7 (323)
. 62;2 82;1
Tz = u(—&E1 + —8I2)7 (3.2.4)

8?)2 (%1 (%2
=2u—+ MNz— + ).
2 'MB:EQ + (81‘1 + 0s
Now by using Eq (3.2.1) and (3.2.2) in Eq (3.2.3) — (3.2.5), the stress strain

relation becomes

(3.2.5)

¢ OYs 0*¢ 0%

=2 MN=—+=— 3.2.6
= M@x% - 895161'2) + (ax% * 81'%)’ ( )
Pops 0% o
= — 2 3.2.7
iz = 4l dxi  0x? - 0x10x" (3:2.7)
Po Yy Po P9
=2 — — + —). 3.2.8
2 'u(&?c% 0101 (81‘% + 895%) ( )
with ¢ and 3 satisfying the following equations
1 -
Vi = C—2¢. (3.2.9)
L
1 .
Vi = s, (3.2.10)
T
Let the solution of wave condition is given by the following form
o(x1, x2) = P(x2) explik(xy — ct)). (3.2.11)
(a1, x9) = VU(xa) explik(z; — ct)]. (3.2.12)



Where ¢ and k represents the speed and the wave number of a wave respectively.
From Eq (3.2.9) and (3.2.11), we have

k2 2
_k2q> + O — _(C_;)q)’
L
" + p*® = 0. (3.2.13)
where & = d 2 and p? = ( o — 1)k%
Similarly from Eq (3.2.10) and ( 12)
22
R —(kc—f)qf,
T
U+ ¢*0 = 0. (3.2.14)

where 0" = d 7 and ¢? = ( — 1)k%
T
The solution of Eq (3.2.13) and (3.2.14) is given by

O (29) = A sin(pra) + Ay cos(pra),

U(zy) = Bysin(qry) + By cos(qrs).
Using above relations in Eq (3.2.1), (3.2.2),(3.2.6) — (3.2.8), (3.2.11) and (3.2.12)

and ignoring the exponential term in the continuation since it shows up in every
one of the expressions and does not takes part in calculating frequency relation,

we have

¢ = A; sin(pxs) + As cos(prs),
Y3 = By sin(qza) + Ba cos(qz2),

vy = ik[A; sin(pxg) + Ag cos(pra)] + [ By cos(qrs) — By sin(qxs)],
ve = plA; cos(pxs) — Agsin(pxs)| — ik[By sin(qxs) + Bs cos(qxs)],

T2 = p[2ikp(A; cos(pra) — Agsin(pas)) + (k* — ¢*)(By sin(qzs) + By cos(qrs))],

)
11 = 2u[—k*(A; sin(pzs) + Ay cos(prs)
[(k‘Q + p*)(A; sin(pzy) + Ag cos(prs))],

!) )
Top = —2u[p? (A; sin(pra) + Ay cos(pxs)) + ikq( By cos(qrs) — By sin(qzs))]
Y )

) — ikq(B; cos(qxs) + Basin(qzs))]

—\[(k* + p*)(A; sin(pxs) + Az cos(pas))].

To calculate the frequency relation we split the wave passing through the plate

into symmetric and antisymmetric modes. If the expression for v; have cosines

10



(sines) then xo = 0 and the motion of wave in x;-direction will be symmetric
(antisymmetric), while if the expression for v, have sines (cosines) then the motion
of wave in zo-direction will be symmetric (antisymmetric).

For a symmetric mode problem we consider the following equations:

O = Aj cos(pza),

U = B sin(qza),

v = ikAs cos(prs) + qBy cos(qzs),

vy = —ik By sin(qxs) — pAssin(qxs),
Tig = —2ikpp Ay sin(pzy) + p(k* — ¢*) By sin(gay),
Tog = —A(k? + p*) Ay cos(pxs) — 2u[p® Ay cos(pry) + ikq( By cos(qas))].

Similarly for antisymmetric mode problem we consider the following equations:

d = A sin(pzxs),

U = By cos(qrs),

v = ik Ay sin(pxy) — ¢Basin(gxs),

v = —ik By cos(qra) + pA; cos(pza),
T19 = 2ikppA; cos(pra) + p(k?* — %) By cos(qxs),
Tog = —A(k? + p*) Ay sin(pas) — 2u[p? A, sin(pzy) — ikq(Bs sin(qas))].

On the free boundary of the plate having thickness 2h, we will use the following

boundary conditions to get frequency relation:
at 19 ==1+h, To =T =0
For the symmetric modes, we have
To1 = [—2ikpsin(pzy) Ay + (k* — ¢%) sin(qas) By, (3.2.15)
Toz = (=KX = p°X = 2up®) cos(pw) Az — 2ikpg B cos(qz2)]. (3.2.16)

As there are four boundary conditions for x5 = +h, which will remain two because
we will get the same equations for 751, similar remarks hold for 7.
Equation (3.2.15) from the boundary condition 75; = 0 and xo = +h for all xo,t
becomes

—2ikpsin(ph) Ay + (k* — ¢*) sin(¢h)B; = 0. (3.2.17)

11



Equation (3.2.16) from the boundary condition 7 = 0 and xy = +h for all xo,t

becomes
(—k*X — p* X — 2up?) cos(ph) Ay — 2ikpuq cos(qgh) B, = 0. (3.2.18)

As the equations (3.2.17) and (3.2.18) are homogeneous so their determinant must

be zero, given by
—4k*upq sin(ph) cos(qh) + (K* — ¢*)(Ak* + (A + 2u)p?) sin(gh) cos(ph) = 0,

In a more simplified form, we have
—4k*pq . tan(gh)
(k2 — @*)(AR2 + (A +2p)p?)  tan(ph)
tan(gh) 4k upq

=0,

tan(ph)  (k* — ¢?)(AR?* + (A +2p)p?)
Further simplification leads to

tan(qh) 4k?*pq
= _ . 3.2.19
tan(ph) — (k* —¢*)? ( )

Equation (3.2.19) is the Rayleigh-Lamb frequency relation for symmetric modes.

Now to find out the dispersion relation for antisymmetric modes we will use the
boundary conditions and get the following set of equations

2ikp cos(ph) Ay + (k* — ¢*) cos(qh) By = 0, (3.2.20)

(—k*\ — p* X — 2up?) sin(ph) Ay + 2ikpuqsin(qh) By = 0, (3.2.21)

Due to homogeneity, the determinant of equations above must be zero, so it yields
—4k?ppg tan(gh) + (k% — ¢*)(AK* + (A + 2p)p?) tan(ph) = 0,

In more simplified form we have
—4k*ppg N tan(ph)
(k% = ¢*) (AR + (A + 2p)p®)  tan(qh)

tan(ph) 4k upq

=0,

tan(gh)  (k* — ¢*)(Ak? + (A +20)p?)’
Further simplification finally yields
tan(ph) 4k?pq

tan(gh) (k2 — @) (3.2.22)

12



Equation (3.2.22) is the Rayleigh-Lamb frequency relation for antisymmetric
modes.

The spectrum of the symmetric Lamb modes has the following distinctive fea-
tures:

e There exists no mode with phase speed less than cg.

e There is only one mode whose speed asymptotically approaches cg.

e A horizontal line above c=cr (including the line c=c;) cannot be an asymptote
to any of the modes.

e Phase speed of all modes, except the lowest mode, approaches ¢y as the fre-
quency becomes very large.

Ahmad [10] analyzed the dispersion relation to understand the above features of
the spectrum.

The figure (3.1) shows the graphical representation of the given features:
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Figure 3.1: First five symmetric Lamb modes for aluminum plate.

He also found a simple formula for Lamb modes in a plate [11], this approx-
imation holds for almost every mode when the phase velocity is in between cp
and cp. Also, Ahmad [12] found an approximate expression for the longitudinal

modes in a cylinder.
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The figures (3.2) and (3.3) will show the symmetric and antisymmetric modes
for an aluminum plate with e = i—; = 2.0288, where ¢;, and ¢y are speeds of

longitudinal and transverse waves respectively.
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o
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—
o
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Normalized wave Number kh

Figure 3.2: Symmetric Lamb modes for an aluminum plate with e = 2.0288.

14



w
(6]
T

N
a1
T

N
T

=
(62}
T

Normalized Speed c/cT

O | | | |
0 2 4 6 8 10

Normalized wave Number kh

Figure 3.3: Antisymmetric Lamb modes for an aluminum plate with e = 2.0288.
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The figures (3.4) and (3.5) will show the symmetric and antisymmetric modes

for an auxetic material:

351
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Figure 3.4: Symmetric Lamb modes for an auxetic material with e = 1.3.
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Figure 3.5: Antisymmetric Lamb modes for an auxetic material with e = 1.3.

17



The figures (3.6) and (3.7) will show the symmetric and antisymmetric modes

for steel:

Normalized Speed (:/cT

251
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Figure 3.6: Symmetric Lamb modes for steel with e = 1.83.
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Figure 3.7: Antisymmetric Lamb modes for steel with e = 1.83.
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Chapter 4

Intersections of the Lamb mode

dispersion curves

The symmetric and antisymmetric Lamb modes when separately presented graph-
ically, a family of curves is obtained, none of which crosses the other. On the
other hand, when both the modes are plotted together then there exist some
points in the graph where symmetric and antisymmetric curves appear to cross
each other. These intersections between Lamb mode dispersion curves contribute
widely in the study of the elastodynamics of free isotropic elastic plates.

The given chapter includes the different types of intersections of Lamb mode
dispersion curves of stress free isotropic plate given by Every [6]. This work done
is related to a search for supersonic surface acoustic waves on coated solids. These
SSAWSs possess a certain property which in some cases can be traced to intersec-
tions between the dispersion curves of the coat before it is applied on the material
[7] [8]. The intersection of Lamb modes for different materials using k-c¢ coordi-
nates are graphically represented using MATLAB code. Also the appearance of
plateau region in the graph when normalized speed is plotted against normalized

wave number is graphically represented.

20



4.1 Introduction

The Rayleigh-Lamb frequency relation for symmetric and antisymmetric Lamb

modes can also take the form

t s QZ_ 2
(3 —— ) L FE( ) 0, (4.1.1)
tan(34/ % — k2)
where
2 2 L2922 2
e ST
’ (Q2 — 2K2)2 ’
and 02 _ 922
F_l(Q,KJ): (& —2+7)

162\ /(92 — 12)(% - #2)
The exponent of F(€2, k) is +1 for the symmetric modes and —1 for the antisym-
metric modes.
The dimensionless frequency and dimensionless wave number in (4.1.1) is given
by

2wh 2kh

4.1.2
- - (4.1.2)
where w is the angular frequency, h is the half thickness of the plate and k is the

wave number.

Also

e [2(1—o0)
=2 =i (4.1.3)

where ¢;, and cp are the longitudinal and shear wave velocities, respectively. As
the range for Poisson’s ratio o is —1 < ¢ < 0.5, so from the equation (4.1.3) e
must be between \/g and infinity.

The Lamb mode dispersion curves for the full allowed range of Poisson’s ratio are

examined in the next section.

4.2 TYPE F Intersections

Following [6], the type F intersections of Lamb mode dispersion curve requires
F=(Q, k) =1, (4.2.1)

21



1
~ (Q2 — 2K2)2 ’
02
= 4k /(02 — K2)(— — K?) = (92 — 2K7)%,
e

where for v = 2 = =% we get
K T

(1 —2)* = 4\/(y2 —1)(= —1). (4.2.2)

Equation (4.2.2) is the well known relation used to find out the Rayleigh wave
velocity Vg = ver of a material and shows that the Rayleigh equation can be cast
in the form of a cubic equation in v? having three solution. From [10], it follows
that one of the solutions for allowed e is always real, positive, and less than unity,
and corresponds to the Rayleigh velocity.

No Type F intersections exist for e > 1.76364 because it is obvious from Eq (4.2.2)
that the additional solution for v will be complex yielding no real intersection.
For % < e < 1.76364, these additional solutions are real and leads to real
intersection. From Eq (4.2.1) we get the following condition to get the location

of type F intersection points

tan %\/ 1/<o

Using the formula sin(a + ) = sina cos 3 + cos asin 5 above, we get

sm( (VY2 —1 +\/:)) 0,
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= (g/i(\/ﬂ 1+ \/Z—z — 1)) = zm,

2
il Q= vk, (4.2.3)

\/V2—1—|—\/le/—§—

where z is a positive integer. Equation (4.2.3) thus gives the location of intersec-

= K

tion points for type F intersections.

4.3 TYPE I and TYPE II Intersections

The two conditions under which the symmetric and antisymmetric dispersion
curves intersect will be referred as Type I and Type II intersections. If the
tangent functions in Eq (4.1.1) are simultaneously infinite then these intersections
are referred as Type I while if the tangent functions are simultaneously zero
then will be referred as Type II intersections. The solutions of Eq (4.1.1) at
these intersection points exist only in the limiting sense of L’Hospital’s rule. The

condition below holds simultaneously for Type I and Type II intersection

V2 — K2 =n,

02
\/ = K2 =m, (4.3.1)

where n and m are positive odd integers for Type I intersection while n and m
are positive even integers for Type II intersection.

We will use Eq (4.3.1) to get the intersection point for both types. So we have
02 _ 12— 2

= 2 =0Q%—n?

= Kk =V —nZ (4.3.2)

Similarly
02 2 2
? — kK =m,
= 0?2 — %k = *m?. (4.3.3)

By putting Eq (4.3.2) in (4.3.3), we get
02 — (% — n?) = 2m?,
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(4.3.4)

= K=

. 4.3.5
So for either type, the intersection point is located at

n2 — e2m?2

Im2 _ 12

where n > em and n > m for the real solution of k,,, and €2,,,.
At the crossing points the phase velocity of modes is given by:
Qnm

n? _ m2

Moreover, we will use Eq (4.3.6) and (4.3.7) to find the value of F(2, k) at the
intersection of modes

A (St oy (St ot
F(Q, k) = n2—cm? _ o (n?—e?m? )2 )
( e2—1 - ( e2—1 ))
4(n? — e®m

2)\/(62n2 —e2m2 —n2 + €2m2)(n2 —m2—_n2 + 62m2)

(€2n% — e2m? — 2(n2 — e2m2))?
4(n? — e*m?)\/n?m?(e? — 1)?

(@m2 +n2(e2 —2))2
_Anm(e® — 1)(n? — e*m?)
= FOR) = = o) ¢

Y
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Graphically the symmetric and antisymmetric Lamb modes when separately pre-
sented gives a family of curves, none of which crosses the other. But for some
special values of e there exist some points where they may cross each other.

For aluminum with e = 2.0288, no Type F intersections exist. The value of e
for aluminum is greater than 1.76364, so there exist no real intersections between
dispersion curves. Type I and Type II intersections are labeled according to n, m
values calculated from Eq (4.3.6) and (4.3.7) with n,m odd integers for Type I
and even integers for Type II intersection. In figure (4.1), we observed the near
intersection between symmetric and antisymmetric modes at points 2 = 4 and
) = 8. While at 2 = 2 and 2 = 6 intersection and near intersection for symmet-
ric modes are observed.

The figure (4.1) shows the intersection between symmetric and antisymmetric

Lamb modes for aluminum plate presented by [6]:

(O 05 1 15 2 25 3 35 4 45
2Kh/

Figure 4.1: Intersection between symmetric and antisymmetric Lamb modes for
an aluminum plate of e = 2.0288 > 1.76364 in k — () plane with no Type F
intersections. Type I and Type II intersections are labeled according to the
values of n, m with n and m being positive odd integers for Type I intersection
and positive even integers for Type II intersection. Here (3, 1), (5, 1), (7, 1), (7,
3) are Type I intersection points while (6, 2) and (8, 2) are Type II intersection

points.
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For beryllium plate with e = 1.45, type F intersections exist and are labeled
according with the value of z calculated from Eq (4.2.3). The line F; having
slope 1.4500045 and the line F, with slope 2.262 has uniformly spaced sequences
of Type F, labeled according to the values of z. Type I and Type II intersections
are labeled according to n, m values calculated from Eq (4.3.6) and (4.3.7) with
n, m odd integer for Type I and n, m even integer for Type II intersection. There
exist some points in fig (4.2) where near intersections between symmetric modes
exist and are labeled as aq, as and as.

The figure (4.2) shows the intersection between symmetric and antisymmetric

Lamb modes for beryllium plate given by [6]:

2wh/me

Figure 4.2: Intersection between symmetric and antisymmetric Lamb modes for
beryllium plate of e = 1.45 in k — €) plane. The intersection points on line F} are
labeled as 1, 2 and F5 as 1, 2, 3, 4, 5, 6 according to the value of z calculated from
Eq (4.2.3); a1, as and a3 are near intersection points. Type I and Type II are
labeled according to the value of n,m with n and m being positive odd integers
for Type I intersection and positive even integers for Type II intersection. Here
(3, 1), (5, 3) and (5, 1) are Type I intersection points while (4, 2) and (6, 4) are

Type II intersection points.
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For an auxetic material with e = 1.3, type F intersections exist and are labeled
according with the value of z calculated from Eq (4.2.3). The line F; having
slope 1.4500045 and the line F, with slope 2.262 has uniformly spaced sequences
of Type F, labeled according to the values of z. Type I and Type II intersections
are labeled according to n, m values calculated from Eq (4.3.6) and (4.3.7) with
n, m odd integer for Type I and n, m even integer for Type II intersection.

The figure (4.3) shows the intersection between symmetric and antisymmetric

Lamb modes for an auxetic material is given by [6]:

24_.Jh.-fl'r(:_r
on
[
|

Figure 4.3: Intersection between symmetric and antisymmetric Lamb modes for
an auxetic material which have negative value of ¢ with e = 1.3 in k —  plane.
The intersection points on line Fj are labeled as 1, 2 and F5 as 1, 2, 3,4, 5,6, 7
according to the value of z calculated from Eq (4.2.3). Type I and Type II are
labeled according to the value of n, m with n and m being positive odd integers
for Type I intersection and positive even integers for Type II intersection. Here
(3, 1), (5, 3) and (7, 5) are Type I intersection points while (4, 2), (6,4) and (8,

6) are Type II intersection points.
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4.4 Evaluation of intersection points in k-c plane

By using normalized frequency and normalized wave number respectively MAT-
LAB environment is used to find the intersection points of symmetric and anti-
symmetric lamb modes.

The figure (4.4) depicts the intersections between symmetric and antisym-
metric Lamb modes for aluminum plate with no type F intersections. Type I
and Type II intersections are labeled according to n,m values calculated from
Eq (4.3.6) and (4.3.7) with n,m odd integer for Type I and even for Type II

intersections.

25—

speed (:/cT

0 05 1 15 2 25 3 35 4 45 5
wave number kh

Figure 4.4: Intersection between symmetric and antisymmetric Lamb modes for
an aluminum plate with e = 2.0288 in k£ — ¢ plane with no Type F intersections.
Type I and Type II are labeled according to the value of n,m with n and m
being positive odd integers for Type I intersection and positive even integers for
Type II intersection. Here (3, 1), (5, 1), (7, 3) and (11, 5) are Type I intersection
points while (6, 2) is Type II intersection point.
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The figure (4.5) shows the intersection between symmetric and antisymmetric
Lamb modes for beryllium plate. Type F intersections exist and are labeled
according with the value of z calculated from equation (4.2.3). Type I and Type
IT intersections are labeled according to n,m values calculated from Eq (4.3.6)

and (4.3.7) with n,m odd integer for Type I and even for Type II intersections.

35

ro
o 3%
T T

Normalized Speed c/n::T
>
T

15

0 | | | | | | | | |
0 05 1 15 2 25 3 35 4 45 5
Normalized wave number kh

Figure 4.5: Intersection between symmetric and antisymmetric Lamb modes for
beryllium plate with e = 1.45 in k — ¢ with Type F intersections labeled as 1, 2,
3 according to the value of z calculated from Eq (4.2.3). Type I and Type II are
labeled according to the value of n,m with n and m being positive odd integers
for Type I intersection and positive even integers for Type II intersection. Here
(3, 1) and (5, 3) are Type I intersection points while (4, 2) and (6, 4) are Type

IT intersection points.
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The figure (4.6) shows the intersection between symmetric and antisymmetric
Lamb modes for an auxetic material having negative Poisson’s ratio with e = 1.3.
Type F intersections exist and are labeled according with the value of z calculated
from Eq (4.2.3). Type I and Type II intersections are labeled according to n,m
values calculated from Eq (4.3.6) and (4.3.7) with n,m odd integer for Type I

and even integer for Type II intersection.

N

45+

35—

o
[ w
T T

~
T

Normalized Speed c/cT

15~

05 N

0 | | | | | | | | |
0 05 1 15 2 25 3 35 4 45 5
Normalized wave number kh

Figure 4.6: Intersection between symmetric and antisymmetric Lamb modes for
an auxetic material with e = 1.3 in k—c with Type F intersections labeled as 1, 2,
3, 4 according to the value of z calculated from Eq (4.2.3). Type I and Type IT are
labeled according to the value of n, m with n and m being positive odd integers
for Type I intersection and positive even integers for Type II intersection. Here
(7, 5) is Type I intersection point while (6, 4) and (8, 6) are Type II intersection

points.

30



4.5 Plateau region for Lamb modes

The Rayleigh-Lamb frequency relation for Lamb modes demonstrates that the
slope of a mode vanishes at some points giving rise to plateau region.

By using equation (4.1.1), MATLAB environment is used to find the plateau
region for different materials.

Figure (4.7) is the graphical representation of an aluminum plate with plateau

region:

28

26

24

n
)

Normalized speed c/cT
g
© ~

16

14

12

Normalized wave number kh

Figure 4.7: Plateau region for aluminum plate.
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The figure (4.8) is the graphical representation of beryllium plate with plateau

AN

1.4

region:

Normalized Speed c/cT

13

1.2

11

1 1 1
0 2 4 6 8 10

Normalized wave number kh

Figure 4.8: Plateau region for beryllium plate.
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The figure (4.9) is the graphical representation of an auxetic material with

plateau region:
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Figure 4.9: Plateau region for an auxetic material.
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The figure (4.10) is the graphical representation of steel with plateau region:
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Figure 4.10: Plateau region for steel.
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Chapter 5
Mode conversion due to reflection

A plane usually divides the three-dimensional Euclidean space into two sections,
among which either of one section is termed as half space. When a wave reflects
in a half space, one form of wave energy can be transformed into another form and
this phenomena is referred as mode conversion. An SV wave can be converted
to a P wave after reflection from the boundary of a half space with a properly
chosen angle of incidence.

In this chapter, mode conversion of an incident SV-wave is studied in a half
space. An incident SV-wave reflects as an SV-wave and a P-wave. Also an
analytical expression in e is derived to find the bound in which mode conversion

can take place and outside which it is forbidden.

5.1 Introduction

Consider a half space with x; > 0, z9-axis normal to it and x,=0 is the boundary
of half space while x5 < 0 is occupied by an elastic material and x5 > 0 is vacuum.
Consider a wave traveling in the half space with a wave vector n. We choose x1-
axis so that m is in the x,-z2 plane. The wave is described by the plane harmonic

displacement vector:
u = Apettm-z—ct) (5.1.1)

where p is the polarization vector, k is wave number, c is the speed of wave and
A is the amplitude of wave respectively. There are two types of plane harmonic

wave:
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1) Longitudinal wave for n=p.

2) Transverse wave for n L p.

2a) When p = (0,0, 1) is called SH-wave.

2b) When p L n but in the z1-x2 plane is called SV-wave.

Boundary Conditions

On the free boundary the displacement due to wave motion produces stress, 7;;,
since stress is caused by an elastic material on the positive side of a surface el-
ement acting on the material, so on the other side 7;; = 0. Therefore, stress is

zero while displacement is non-zero on the free boundary.

5.2 Reflection of SV-waves

Following [9], to examine the reflection of SV waves, considered an SV wave
propagating in a half space characterized by the respective speeds ¢y and ¢p, of
an S wave and a P wave. The incident SV wave reflects partly as a P wave and
partly as an SV wave.

Let 6, be the angle of incidence of an SV-wave and 6; , 65 be the angles of
reflection of the P and SV-wave. Also let A, be the amplitude of an incident SV
wave and A; , As be the amplitudes of the reflected P and SV waves respectively.
The figure (5.1) shows the reflection of SV-wave in a half space:

Free surface

P-wave

1
SV-wave

Figure 5.1: Reflection of SV wave.
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The displacement vector of the incident SV-wave in the plane x5 = 0 is of the
form

iko(no.x—crt)

u(O) = Aope )
where ny = (sin 6, cos 6, 0).

While for reflected P-wave and SV-wave displacement vector is given by

ik1(n1.x—crt)

ull) = Ape :

iko (’I‘Lz .:l:—CTt)

u® = A,pe ,

where ny = (sin 6, — cos#1,0) and ny = (siny, — cos by, 0).
We will consider only the case when the reflecting surface is free of tractions at

x9 = 0. The stress on such a surface is given by
T21 = O,
T+ 1 =0,

iko(sin 6p.x1—crt) )

ikopu(sin? By — cos? ) Ag exp

—2ik: pusin 0; cos 01 A, exptFrindrzi—ert)
—ikypu(sin® 0y — cos? 0;) Ay exple(sinfz-z1=crt) — () (5.2.1)
Similarly
To2 = 0,

Tay) + Tiy) + Tia) =0,

iko(sin 6p.@1—ct)

20k sin Oy cos 0y Ag exp
+iky (N + 2pcos® 01) Ay expF1(sindr.@1—crt)
—2ikopusin By cos By Ay exp™*? (sina.21—crt) — () (5.2.2)

The exponentials must vanish in (5.2.1) and (5.2.2), which gives
koer = kicp, = kacr,

ko sin 90 = kl sin 01 = kg sin 92,
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which yields

ko = ko, (5.2.3)
é%:%:a (5.2.4)
and
0y = 6, (5.2.5)
sinf; = Z—(l)sin 0y = esinb,. (5.2.6)
By using (5.2.3)-(5.2.6) in (5.2.1) and (5.2.2), the following set of equations for
A

A and 42 are obtained
Ao Ao

A A
(A + 2pcos? 0;)(52) — epusin 20(=2) = —epusin 26,.
Ay Ag

A A
—psin 261(A—1) — efL oS 200(A—2) = e cos 26y.
0 0

The solutions to this set of equations are

Al esin 4‘90

e ) 5.2.7
Ao sin 26, sin 26, + €2 cos? 26, ( )
Ay sin 26, sin 20, — e cos® 26, (5.2.8)
Ay sin 20, sin 20, + e2 cos? 26, o
In the expression for ﬁ—é, the reflected P-wave vanishes for 0y = 0 , 0y = 7,

0o = 5. For these specific values incident SV-wave reflects as an SV-wave while

if the numerator of (5.2.8) vanishes then incident SV-wave reflects as a P-wave.

5.3 Mode conversion through reflection

To find out the bound for mode conversion consider Eq (5.2.6), (5.2.7) and (5.2.8).
From Eq (5.2.6) it follows that #; must be a real-valued angle and it is possible

only if 0, is smaller than or equal to the critical angle 0., given by

0, <0

cT

where critical angle 0., is given by

1).

0., = sin’l(g
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Let the cross-sectional area of incident SV-waves is denoted by AS, and the cross-
sectional area of reflected P-wave and SV-wave is denoted by AS; and ASs.
The average energy transmission across AS, must be equal to the sum of average
energy transmissions across AS; and AS; because the surface area AS' is free of
tractions and no energy is dissipated. Using the energy transmission relation for
longitudinal and transverse waves given by [9],
W2 A2
pL (A +24) Cf

1 w?A?
br = 5#
cr

where py, and pr are energy transmission of longitudinal and transverse waves, so

average energy transmission relation is given by

1 w? 1
SH— (A5)?AS, = (/\+2M) (Al) AS + 2# (A2) AS;.
T
By using
AS, = ASy = AScosb, , AS; = AScosb,

Further simplification leads to the following equation
A1 9 COS Ql A2

(A—O) o5 906 + (A—O)

Suppose for 0, = «, the right hand side of Eq (5.2.8) vanishes. This will imply

=1 (5.3.1)

that an SV-wave with an angle of incident « is reflected as a P-wave giving rise

to mode conversion phenomena.

Let
f(8,) = sin 20, sin 20, — € cos® 20,. (5.3.2)

For 6,=0 in (5.3.2), we have

and for 6, = 0., in (5.3.2), leads to
f(0.)=2—¢*<0.

So it follows that either f(6,) does not vanish at all in [0, 6,,] or it has at least
two zeros in the interval. Thus if mode conversion occurs, it does more than once

as we increase the angle of incidence from zero to 6.,
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5.4 An inequality for e

As we are familiar with the following expression below
2 _ A+ 2p
!

A+ 2
=e= +u,
W
A
=e=4/—+2,
1

e > V2,

it gives a lower bound for mode conversion.

)

which shows that

Now we will proceed to get the upper bound for mode conversion.

Suppose the right hand side of Eq (5.2.8) vanishes for §, = «, then we have
sin 2avsin 2a; — €2 cos? 2a = 0,

sin 2a:sin 20, = e cos® 2a, (5.4.1)

where « is defined through the relation sin oy = esin «. Substituting Eq (5.4.1)

in (5.2.7) gives ) -
1 esinda

A, 2e2 cos? 2a’

Ay e(2sin 2a cos 2a)

A, 2e2cos?2a

so we get

A, e
Putting the above expression in (5.3.1), we get

( (e

e COS v, A,

A tan 2«

tan 2a,cos oy 9
e )>* =1,

where %:0 due to mode conversion, so we are left with
o

<tan2a)2cosoz1€ _1

e COS &«
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(tan 2)? cos ay

COS v

Now we will proceed to get an expression for tan2a and <221 in e.

(5.4.2)

Since, angle of incidence must be less than or equal to the critical angle, therefore

a < sin™!

?

=sina <

Dl Ol

We know that

sin® a4 cos? o = 1,

cos’a=1—sina,

cosa = V1 —sin’a.

Using (5.4.3), we get
ez2—1

e

coso >

From (5.4.3) and (5.4.4), we have

tana <

Ve —1

It is well known that

2tan «
tan2a = ———.
1 —tan“«
By using (5.4.5) in Eq (5.4.6) yields
ez —1
tan 2o < —— —.
an2a < 23

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)

Similarly to get an expression in e for €22 we will differentiate Eq (5.3.2) and

get

do,

a0, + 4¢€? cos 2a sin 2av.

f'(a) = 2 cos 2asin 2ar; + 2 sin 2ax cos 204

Taking derivative of Eq (5.2.6), we get
df, cos B,

do, o8 0,

By putting value of 3%2(1) in (5.4.8) gives

c
f'(a) = 2 cos 2asin 2a + 2e sin 2ax cos 20
Cos (v
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Since

e > /2,

and .
sina < —, (5.4.10)
e
which implies that
T
< —.
‘S

The observation that f(6,) vanishes more than once leads to the conclusion that
the right hand side of Eq (5.4.9) must be negative for the largest zero of Eq
(5.3.2). This is possible only if the middle term of Eq (5.4.9) is negative.

Hence

ay > %, (5.4.11)

. 1
= sina; > —.

V2

From (5.2.6) and the above result, we get

1
= sina > E.
Also we have
sina < 1,
e
which implies
L <sina < 1 (5.4.12)

V2e e

As from (5.4.1), we have

sin 2arsin 20 = €2 cos? 2a,

sin 2asin 20 = €*(2cos® a — 1)%

By using (5.4.4) in above equation, we find

(&~ 2

sin 2 sin 2a;; < TR
e

(5.4.13)

now by using the formula sin 260 = 2sin 6 cos § in above inequality, which gives

(2 — 2
COS (X COS (v > 1c2

sinasina;’
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2 2 2
cos avcos oy < (62—), (5.4.14)
e

where we have used (5.4.11) and (5.4.12) to obtain the last inequality.
Invert (5.4.14) and multiply with cos® a;, we get

cosay 2e cos® o
cosa (€2 —2)%’

where using (5.4.11) in above inequality gives

Cos e
cosa (e —2)%

(5.4.15)

Finally by using simplified inequalities for tan 2a and <L in (5.4.2), we get

200800 _ 2ve? -1 e

(tan 2a) oS (v e? —2 ’ (e2 —2)%
de(ve2 —1)?
< @ oy
4(e* - 1)
L< gt (5.4.16)

which implies e < 1.95, giving an upper bound for e.
Hence
V2 <e <195,

is a necessary condition for a material for the existence of mode conversion.
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Chapter 6
Conclusion

The very well-known Rayleigh-Lamb frequency relation for an isotropic plate is
studied and the intersection between symmetric and antisymmetric Lamb modes
is discussed. A MATLAB code is generated to sketch the Lamb mode dispersion
curves related with each expression and there intersections are also graphically
represented.

The intersection points for symmetric and anti symmetric Lamb modes are
determined in k-c plane and they agree very well with the intersection points
studied in k-2 plane.

We have likewise analyzed that there is a region where slope of the intersected
Lamb mode curves turns out to be about zero giving rise to the plateau region.
The plateau region for different materials is graphically represented.

The reflection of SV-waves in a half space is mathematically studied. An
analytical expression in e is derived for mode conversion to take place by using
the solution set calculated for reflected SV-waves and it gives the following bound

for mode conversion, \/5 < e<1.95.
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