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Abstract

The theory of fixed point is one of the most incredible asset of present day Math-
ematical Analysis. Theorem concerning the presence and properties of fixed point
are known as fixed point theorems. Fixed point theory is the beautiful mixture of
Analysis, Topology and Geometry which has many applications in various fields. In
19th century the study of fixed point theory was initiated by Poincare and in the
20th century this area developed by many mathematicians like Brouwer, Schauder,

Kakutani, Banach, Kannan, Tarski and others.

In 1922 the concept of Banach Space was introduced by Stefen Banach and
introduced a Fixed Point Theorem for contraction mapping. There are numerous
generaliztaion of Banach contraction principle to unique fixed point of the mapping.
Sehgal, Kannan, Caristi and Husain worked for some generalization of contraction

mappings and proved number of the result for contraction mapping.

As the fundamental properties of contraction mapping do not extend to non-
expansive and mean nonexpansive mapping. Now, the study of nonexpansive and
mean nonexpansive mapping is the main feature in recent development of fixed
points. Contractive mappping, isometries and orthogonal projections are all non-
expansive mapping. In most of the cases we have studied fixed points for different
types of mapppings. The objective of following work is to find the fixed point for

mean-nonexpansive semigroup and fundamentally nonexpansive mapping.
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Chapter 1

Preliminaries

1.1 Introduction

The most basic results of Functional Analysis and Fixed Point Theory are the foun-
dation of our study. Over the years, there have been many efforts to generalize this
theorem for various classes of topological spaces and Banach spaces. In a broad
sense, by a fixed point theorem we would say a statement asserting that under def-
inite conditions a self map M on U accepts one or more points such as M (r) = r.
Many researchers have studied fixed point theory for a reason in its application to the
idea of variational and linear inequalities, boundary value problem, the approxima-
tion theory, chemical reactions, nonlinear analysis, integral equations, the dynamic
systems theory, mathematical economics, partial differential equations, economic

theory and game theory.

There are number of the fixed point theorems which fulfills specific conditions
for a compression type planning. In all of these one result looks at the sequence of
iterates, i.e. due to contraction conditions, it becomes the Cauchy sequence and its

limit is the fixed point of a defined mapping M.



Fixed point theory has a key role for boundary value problems and eigen value
problems. For details one can see Williams [14], Cronin [9], Martin [32] ,Leggett [21],
Smart [29] , Collatz [8], Kreyszig [20] and Cesari [6], etc. Brouwer [3| proved the
fixed point theorems for Euclidean space which states that there is atleast one fixed
point for a continuous mapping of the closed unit ball in n-dimensional Euclidean

space.

Then Kellog, Birkhoff, Schwartz and Dunford proved Brouwer’s theorems by
using classical methods of analysis. Hopf and Alexendroff also proved this theorem
by using mechanisam from algebraic topology. Then Brouwer fixed point theorem
extended by Schaiider in this case the set S is the closed, bounded and convex subset
of a normed space. After that, Schaiider’ result extended by Tychonoff [24] from

normed space to the locally convex space.

In 1922 the concept of Banach Space was introduced by Stefen Banach and in-
troduced a Fixed Point Theorem for contraction mapping. There are numerous
generaliztaion of Banach contraction principle to unique fixed point of the mapping.
Sehgal 28], Kannan [18], Caristi [5] and Husain [17] worked for several generaliza-

tions of contraction mappings and proved number of results for contraction mapping.

As a fundamental properties of contraction mapping do not extend to the non-
expansive and mean nonexpansive mapping. Now, the study of nonexpansive and
mean nonexpansive mapping is the main feature in recent development of fixed
points. Contractive mappping, isometries and orthogonal projections are all nonex-
pansive mapping. Mean nonexpansive mapping first introduced in 2007 by Goebel
and Japon Pineda [15] and many authors working on propeties of Mean nonexpan-

sive mapping in different fields.

1.2 Metric Space

Let R be a nonempty set. We define metric and metric space as folllows :



Definition 1.2.1. Let N be a nonempty set and defined a function p such that
p: XX N = R, then the pair M = (X, p) is said to be the metric space if the

following condidtions are satisfied:

1. For all (1, G € R, p(C1,¢2) >0
2. For all (1, € X we have that p((1,() =0 G = (

3. For all ¢, € N, p(G1, &) = plGa, G1) (Symmetry)

4. (Triangular inequality) For all (3, (s, (3 € N

we have that

p(C1, ) < p(Cry G2) + p(C2s G3)- (1.1)

Example 1.2.2. We can define the usual metric p on the set of real numbers R

such that for all (1,(s € R,

p(C1, G2) =[G — Gaf- (1.2)

Example 1.2.3. The plane R? with the usual distance (measured by using Pythago-
ras’s theorem): p((&1,¢1), (€2,¢2)) = V(&1 — &2)% + (G — ()2

Definition 1.2.4. Let X be the metric space and 3 be the subset of X, then 3 is

said to be open if for every ¢ in 3 there exists € > 0 such that B.(() is contained in
3.

Example 1.2.5. The open interval (3,6) is an open set in real line R.
Remark 1. The arbitrary union of open sets is an open set.

Example 1.2.6. The empty set ¢ and R both are open.



Definition 1.2.7. Let X be the metric space and the sequence &, in N is said to
converge to a point & belongs to N if limy,—0op(&n, &) = 0. In this case we can write
&, — &o. It can be easily proved that if &, — & and &, — (o, then & = (o, that is,

a convergent sequence has the unique limit.

Definition 1.2.8. A sequence &, in the metric space W is the Cauchy sequence if

for evey € > 0, there is the N(€) such that p(&,,&m) < € whenever m,n > N(e).

Definition 1.2.9. A metric space X is the complete metric space if every Cauchy

sequence in N is convergent in N.

1.3 Normed Spaces

Definition 1.3.1. A wvector space 23 with two binary operation addition and scalar

multiplication satisfy the following axioms &,&,& € J and A\, u € F;

~

L+ & el

2.6+ =86+E&.

5 (G +&L)+E=a+(L+ &)

4. There is a zero vector in 3 such that 0+ & =& for all £ € 3.

5. For every € € 3 there is a additive inverse of € such that & + (—€) = 0.
6. X €.

7 ME+6) = AL+ A

8 (A4 p)§ =+ ps.



9. (Aw)E = Aut).
10. 1.6 =¢.

Example 1.3.2. FEuclidean space R™ is a vector space over the field R and the set

C" is a vector space over the field C.

Example 1.3.3. The polynomial space P, =Y ,_, byz"™ of all polynomials of degree
n such thst by, ba, ..., b, are the real numbers and n is the positive integer(called the

degree of the polynomial).

1. An operation of vector adddition + defined by,
(1,225 ooy Tn) + (Y1, Y2, -+, Yn) = (T2 + Y1, T2 + Y2, s Tn + Y-

2. An operation of scalar multiplication defined by,

r(z1, o, ooy Tp) = (Fay, 1o, ..y TTy).

P, is vector space with these operations.

Definition 1.3.4. Let 3 be the vector space over a field K( R or C). A norm on
3 is map ||.]| : 3 — [0,00) satisfy the following properties:

L&l =0
2. [lEll =0 iff £ =0
. |l = |plll€ll for all € € 3 and p € K

4. 1& + &l < &l + 1&2]] for all &1, & € 3. The ordered pair (3, ||.||) is said to

be a normed space.

Remark 2. Fvery normed space is a metric space.



A metric induced by norm is defined as

p(&1, &) = (161 — &l (1.3)
for all &,& € 3.

Lemma 1.3.5. A metric p induced by the norm on normed space 2 satisfy the

following condition:

1op(&r+ A&+ A) = p(&r, &)

2. p(A&1, M) = |A|p(&r, &2)-

Example 1.3.6. The FEuclidean space R™ and unitary space C™ are the normed

spaces with the norm defined by,

n

lzll = (D 1&I*)" (1.4)

=1

Example 1.3.7. Space Cla,b] is the normed space with a mazximum norm given by,

€]l = mawie|E(t) (1.5)
where K = [a,b] C R.

Definition 1.3.8. A sequence &, in the normed space 2 is convergent if there is

¢ € 3 such that,

1€k — &l =0 (1.6)
as k — oo.

Definition 1.3.9. Let 3 be the normed space and the sequence &, is Cauchy if,

16m = &all = 0 (1.7)

as m,n — oo.



Definition 1.3.10. A normed space 3 is the complete space if every Cauchy se-

quence 1s convergent in 3. A complete normed is a Banach space.

Example 1.3.11. Cfa,b] is the Banach space with a mazimum norm given by,

€]l = mawe|€(t) (1.8)

where K = [a,b] C R.

1.4 Convexity

Definition 1.4.1. A subset X of R™ is said to be a convex set if for any &1,& € N
and ¢ € [0,1] ,

i+ (1-0&eN. (1.9)

Definition 1.4.2. A function M : X — R s the convex if for any &1,& € N and
¢el01],

M (G + (1= ¢)& < (M (&) + (1 — Q)M (&) (1.10)

If the inequality (1.10) is strict whenever & # & and p € (0,1) then M is strictly

conver.

1.5 Mapping and Fixed Points

Mapping is the way of assigning to each member in first set with the particular
member of other set or with same set. For example, a mapping from the set of
whole numbers, onto the set of even numbers. In mathematics mappings, map, and
transformation are often used differently.

Some important mappings are isometries in geometry, operators in analysis,
homeomorphisms in topology, homomorphisms in algebra, representations in group

theory.



Definition 1.5.1. Let 3 # () and M be a mapping from 3 to 3. A point £ € 3 is
said to be a fized point if M(§) = €.

For example, 0 and 1 are the two fixed point for the mapping & — £2? of R into
itself.

Example 1.5.2. If M is defined on a set of natural numbers by
then 2 is a fized point for M, because M(2) = 2.

1.6 Asymptotically Regular Sequences and Maps

Definition 1.6.1. [7] Let M be the mapping from metric space 3 to 3 a sequence
&n in 3 is asymptotically reqular if limy,_oop(§n, ME,) = 0.

Definition 1.6.2. [7/ A mapping M from the metric space 3 to 3 is said to be
asymptotically reqular at the point & in 3 if limy, eop(M™E, M™HE) = 0.

Definition 1.6.3. Let R be the Banach space. Let H and K be the two self mappings
of the Banach space . We can say that the pair H, K be weakly commuting if
|HKE — KHE| < |HE — K&, for all £ € NX. But the converse is not true in general.

Example 1.6.4. Let X = [0, 1] be the usual metric. Then H and K are define as
HE =5 | Kﬁz%forevery&EN.

24¢
Therefore for all £ € X d(HKE, KHE) = 2 £ &

3 _
E+4 4426 T (4+6)(4+29)
e ¢ £ _
< Tr =5 — a0 = AHE KY).

So H and K are weakly commuting.

But HK # KH for any non-zero £ in N.

1.7 Banach Fixed Point Theorem

In several branches of Analysis, Banach F.P.T plays vital role in research of exis-

tence and uniqueness fixed point theorems. Banach fixed point gives the magnificent

8



sketch of the combine power of functional analytic methods and the importance of
F.P.T in analysis. Banach F.P.T analyse the definite mappings of complete metric
space 3 to itself. Banach F.P.T provides the sufficient condition for the existence
and uniqueness of that point which is mapped onto itself. Banach F.P.T also gives
the approximation to the fixed point and error bound by using iterative process.
This theorem also gives the effective method for achieving better and better ap-

proximation to the fixed point and the method is iterative.

Definition 1.7.1. A mapping M from the metric space 3 to 3 is said to be the
Lipschitz of 3 L > 0 such that,

p(M&, M&) < Lp(&1,&2) (1.11)
for all &1,& € 3.

Definition 1.7.2. Let 3 be the metric space and the mapping M from 3 to 3 is
said to be a contraction on Jif 30 < L < 1 such that for all &,& € 3,

p(M&, M&) < Lp(&r,&2)- (1.12)
This means that the ratio % does not exceed a constant L which is strictly

less than 1.

1.8 Continuous Operator

Definition 1.8.1. Let H = (H,p;) and K = (K, ps) be two metric spaces. A
mapping M : H — K is continuous at hg, if for every e > 0, there exists §, such
that if p1(ho, h) < 6, then po(M(hg), M(h)) < €.

Lemma 1.8.2. If the mapping M is a continuous on the compact set 3, then a

mapping M is uniformly continuous on 3.



Example 1.8.3. Suppose M : J — R is a continuous function where
A={(&.&)a<& <hec< &< d} (1.13)

Since 3 is the compact set and M 1is continuous, hence M is uniformly continu-

ous.

Example 1.8.4. Let H = (0,1] and K = R be two sets with usual metric. The
mapping M from H to K is defined as M(h) = % which is continuous. M s not

uniformly continuous because H is not compact.

Theorem 1.8.1. If the mapping M is the contraction on a metric space 3, then

the mapping M is continuous on 3.

Proof. Let € > 0 be given and & be the any point in J. Since M is a contraction

mapping, we have

p(M&, M&y) < Lp(&1,62),

for all £,& € Jand L € [0,1). If L = 0, we have p(M&, M&) = 0 < € for all

§ € 3, and M is continuous at &;. Otherwise, for L # 0 let § = £ and & be any

other point in 3 such that p(&;, &) < d, we have
p(M&, M&) < Lp(€1,&) < L.6 = Le/L < e.

Hence M is continuous at & which is an arbitrary point therefore, the contraction

map M is continuous everywhere. ]

Theorem 1.8.2. /1/ (Banach F.P.T).
If M is the contraction mapping from the complete metric space 3 to 2. Then
mapping M has the unique fized point & € 3 ( that is M(§) =&).

Proof. Choose any & € 3, and define the sequence &,, where
51 = Mg() ) 52 = Mgl = M2§0 ) 53 = Mé? = M3§0 o fn = Mg’rl—l = Mnfo

10



or
Eny1 = M(&,),n=0,1,2, ... (1.14)
The proof strategy is to show that:
1. &, is a Cauchy sequence.
2. its limit is fixed point of 3.
3. And a fixed point ¢ is the unique point.

Step 1: From (1.10) and (1.12)we have that

d(&m+1,&m) = d(M (&), M (&m-1))
< Ld(&ms Em—1)
= Ld(M(&m—1), M (&n—2))
< L2d(&n1,6m2)

< L™d(&1,&).

Hence by the triangle inequality we get (for n > m) that

d(fm, €n> S d(gma €m+1) + d(€m+17 £m+2) + .+ d(fn*b fn)
< (L™ L™ 4 LPd(E, &)
=L"™(1—L""™)/(1 = L)d(&&1),

Where in the last equality we have used the summation formula for a geometric

series. Since 0 < L < 1, we have 1 — L™ ™ < 1, and consequently
d(&m, &n) < (L™)(d(&1,€0))/(1 = L). (1.15)

11



Since 0 < L < 1 and d(&, &) are fixed, it is clear that we can make d(&,,&,) as
small as we required by choosing m sufficiently large. This shows that (¢,) is the
Cauchy squence. Finally, the metric space 3 is complete, there exists an £ € J such
that &, — €.

Step 2: To show that ¢ is a fixed point, we consider the distance d(&, M (§)). From
the triangle inequality and (1.10), we get

(&, M(§)) < d(&,&m) + d(&m, M(£))
= d(&,&m) + d(M (&), M(E))
<d

(&, &m) + Ld(&m-1,8)

and since &, — £. It is clear that we can make this distance as small as we please

by choosing m sufficiently large. We conclude that

(&, M(§)) = 0= M(¢) =&,

then & € 1 is the fixed point of M.
Step 3: Suppose there are two fixed points £ = M(§) and & = M(&). Then from
(1.10) it follows that

d(§,&0) = d(M(§), M(&)) < Ld(§, &),

which implies d(€, &) = 0, since 0 < L < 1. Hence £ = &, and ¢ is the unique fixed

for contraction mapping M. O

Theorem 1.8.3. /3] (Brouwer’s Theorem) There is a fized point in every continuous

mapping from a unit ball of R" into itself.

Theorem 1.8.4. [27] (Schauder’s Theorem) Let R be the Banach space and H be
the nonempty closed convex bounded subset of X. Then every continuous compact

mapping M : H — H has a fized point.

12



Theorem 1.8.5. [31] (Tychonoff’s Theorem) Let H be the nonempty compact con-
vexr subset of the locally convex topological linear space Y and M : H — H is a

continuous mapping. Then M has the fixed point.

Example 1.8.5. Let M be the contraction mapping from R to R defined as M (r) =
5 forallr € R. Then for the mapping M, 0 is a unique fived point.

Example 1.8.6. A contraction mapping M from R to R is defined as M (&) = 3Tf—I—Q
for all ¢ € R then & = 8 is the unique fixed point.

1.9 Common Fixed Points

A point u € U is the common fixed point for the pair of self mappings (H, K) on U
if H(u) =u= K(u).

Example 1.9.1. Let H and K be the two self mapping on'Y = [1,2] H and K are
defined as H(u) = u and K(u) = u* for all w € [1,2]. Then 1 is the common fized
point for H and K.

13



Chapter 2

Fixed Point Results for
Nonexpansive and Mean
Nonexpansive Mapping

2.1 Expansive Mapping

Definition 2.1.1. [33/ Let R be a Banach space and 3 be the nonemty subset of N
and M is the mapping from 3 to 3 is a expansive map with a constant C > 1 such

that,

p(M&r, M&;) = Cp(&, &) (2.1)

for all &,& € 3.

2.2 Nonexpansive Mapping

Definition 2.2.1. [11] Let X be a Banach space and 3 be the bounded, closed and
convex subset of Banach X and the mapping M from 3 to 3 is said to be the non-

expansive mapping with the constant C' > 1 such that,

p(M&, M&) < Cp(&r, &), (2.2)

for all &,& € 3.

14



The study of non-expansive mapping is the one of prominent characteristic work
in fixed point theory. A number of the basic properties of a contraction mapping
do not carry over to a non-expansive mapping. For example, the presence of the
fixed point does not guarantee its uniqueness and a sequence of iterates need not to
converge to the fixed point even in the case of compact space. Now it is important
to look over either the non-expansive mapping has the fixed points or not. To ensure
that the presence of fixed points for such mapping, other limitations should be made

on the domain or on the mappings itself.

In a general Banach space there is no fixed point for non-expansive mapping.
When we apply some additional conditions such as normal structure and uniform
convexity on the given space then it is possible to have a fixed point for the non-
expansive mapping. In 1967 the first existing result obtained by Belluce, Lawrence
and Kirk [2] for nonexpansive mapping in Banach space. The number of results
obtained by many authors on the generalization and extension of nonexpansive
mappings. Some of the generalization and extention of nonexpansive mapping can
be found in ([14], [12], [15] and [26]) and elsewhere. A class of new nonexpansive
type mapping founded in 2008 by Suzuki [30] that is satisfying condition (C) and

get some new important result for this type of mapping.

Example 2.2.2. Translation, isometry and identity mapping these are the nonex-

pansive mapping.

Definition 2.2.3. [19] Let 3 be the metric space and the mapping M from metric
sapce 3 to 3 is said to be generalized nonexpansive if,
for all ¢1,¢ € 3, p(MG, M) < hap(Ci, MGi) + hap(Co, MGa) + hap(Cr, MGa) +
hap(Co, M) + hsp(Ci, C2)-

Where h; >0 ,i=1,2,3,4,5 and 30_ h; < 1.

15



In 1973 Hardy-Rogers [16] introduced the above type of mapping. Then many
mathematician studied contractive conditions for single and multi-valued mapping

for the generalization of nonexpansive mapping.

2.3 Mean Nonexpansive Mapping

Definition 2.3.1. [3// Let X be a Banach space and 3 be the closed, bounded and
convex subset of the Banach space and the mapping M 1is mean-nonexpansive map-

ping from 3 to 3 if for all (1, (; € 3,

MG — M| < Bil[&1 — G| + B2|Cy — MG (2.3)

Bhﬁ? S [071) a/61+ﬂ2 S 1.

The class of mean nonexpannsive mapping is strictlly larger than the class of
nonexpansive, there are some mean nonexpansive mappings such that neither M

nor any iterate of M" is nonexpansive.

Lemma 2.3.2. Let M be a affine mapping from 3 to 3 is defined as for the multi
index 3 = (B1, B2) such that c = 2 + 2 < 1 and d = % > 1 is (p1, B2)—mean

NnoneTpansive.

Definition 2.3.3. A mapping M is -mean Lipschitzian mapping from metric space

3 to 3 with constant L > 1,

> Bip(M€y, M'&) < Lp(61,&), (24)

i=1
for all &,& € 3.

Where B = (p1, B2, ..., Bn) is multi index.

A mapping M is said to be mean Lipschitizian if there is a constan L > 1 and some

multi-index 5 satisfying the inequlity (2.4).

Remark 3. When the mapping M is the uniformly Lipschitzian then M is the

B-mean Lipschitzian mapping with same constant L, for every multi-index (3.

16



2.4 Isometry Mapping

The distance of any two points in a first or original space is equal to the distance
of their images in a second space when a metric space J; is mapped onto another
space 3y or onto itself J;.

Condition for the isometry mapping M,

p(M&r, M&) = p(&1, &), (2.5)
for all &,& € 3.

Remark 4. Rotation and translation are the isometries of the plane.

2.5 Properties of Nonexpansive and Mean Nonex-
pansive Mapping

Definition 2.5.1. Let X be a Banach space and 3 be the convex subset of X and M

is the mapping from 3 to Jis affine if M(¢& + (1 —()&) = (M (&) + (1 - M (&)
for all £1,& € 3 and ¢ € [0, 1].

Affine mappings plays an important role in the study of fixed point theory. In
case of affine mappings, the fixed point property of nonexpansive mapping and mean

nonexpansive mapping are identical.

Theorem 2.5.1. [15] Let Y be the Banach space and 3 be the nonempty convex
subset of N and 3 wverifies the F.P.P for [3-mean nonexpansive mappings for all
multi indics B = (B4, Pa, .., Bn) with
1
>
B> 7
If the multi-index has length n = 2, Theorem 2.5.1 applies when 5 > % By above

(2.6)

Theorem 2.5.1 the following question can be uprised: Is it possible to weaken or

eliminate the condition (5, > =5

17



As a result, the following assumption emerges :
For nonexpansive and mean nonexpansive mapping, the fixed point property is equal
for the closed, bounded, and convex subset of the Banach space. The proof of
Theorem 2.5.1 strongly depends on forming of a auxiliary mapping Mjs. Let 3 be
the convex subset, the mapping M : 3 — 3 and a multi index 5 = (04, ..., 8n),
this mapping is defined by My(§) = Y77, B;M7() for every £ € 3. Then each
fixed point of M is the fixed point of Mg, but the converse is not true in general.
It proves that Mg is nonexpansive mappping when A is mean nonexpansive and
the existence of the fixed point for Mgz when §; > %12 shows the existence of the
fixed point for the original function M. It is worth pointing out that Mz may be

nonexpansive even when M fails to be continuous ([13] Example 4).

Now we see the equivalence between Fixed Point Property (F.P.P) for affine non-
expansive mapping and F.P.P for affine mean-nonexpansive mapping. A mapping
M and € is in the domain of M, then the M —orbit of £ is defined as the sequence
&, ME M?E, M3, ... Let B be the multi index and define My as above. The fixed
point for Mz does not shows generally the existence of the fixed point for M, even

in a case of Lipschitzian mapping.

Example 2.5.2. Let R s the Banach space, there exist the Lipschitzian mapping
M : Be — Se, where Bg is the closed unit ball and Sg is the unit sphere of R. Define
M : B¢ = Be and K = —M. For B = (1/2,1/2), where Mg is a constant function
Mg(§) =0 for every & € By, this implies that Fix(Mg) = 0. But Fiz(M) is empty.

Theorem 2.5.2. [13] Let 3 be a Topological vector space and Y be the convex
subset of 3, M be the mapping fromY toY and 5 = (P, B2, .-, Bn) is a multi index.
Define Mg from V' to V such that Mg =>""" | B;M" then the following condition are

equivalent:

1. Fiz(M)#0 .
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2. Fix(Mg) # 0 there exist some v € V whose M-orbit is bounded and belongs
to Fix(Mpg).

Proof. For proof see [13]. O

Corollary 2.5.3. [13] Let 3 be a topological vector space and 'Y be the convex subset
of 3 M be a mapping fromY toY, 8 = (B4, B2, ..., Bn) € R™ where 5 is the multi
index and Mg = 37", B;M7. If M and Mg commute then Fiz(M) = Fiz(Mg).

Proof. As we know that every fixed point of the mapping M is the fixed point of
Mpg here we have to show that for any fix point of Mp is the fix point of M. Let
y € Fixz(Mg) then for every n € N,

Mg(M™y) = M"(Mgy) = M"y.

This shows that the M orbit of y is hold in Fix(Mg) and this implies that y €
Fiz(M). O

Definition 2.5.4. Frechet spaces are the special topological vector space and the
generalization of Banach spaces are complete with respect to a metric induced by
the norm. All Hilbert and Banach spaces are Frechet spaces. A Frechet space is a

complete locally convex sapce over a field R or C.

Theorem 2.5.3. [13] Let F' be the Frechet space and Y be the convexr subset of
F and M be the defined mapping from Y to Y. The following two conditions are

equivalent:

1. When mappings are affine nonexpansive then Y has fixed point property.

2. If the mappings are affine —mean nonexpansive then 'Y has fixed point prop-

erty for every multi-index 3.
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Proof. Case 1 is tirvial when 1 implies 2 because every nonexpansive mapping is
[-mean nonexpansive. Now we have to show that 2 impies 1 for this assume that Y
has fix point property for S-mean nonexpansive and Mg be a S-mean nonexpansive
mapping from Y to Y and 8 = (B4, Ba, ..., Bn) be the multi index for Mz and M is
nonexpansive mapping from Y to Y. By assumption we know that Fiz(Mg) # ()
so y € Fiz(Mg). As the mapping are affine so by affinity implies that the mapping
M and Mg commute. By Corollary 2.5.2 y € Fiz(M) = Fix(Mp). O

2.6 Certain Results for 8 = (31, 52)

Goebel and Japon Pineda [15] studied the further class of (/3, ¢)-nonexpansive maps.
A mapping M : U — U is called (f3, g)-nonexpansive if, for some 5 = (51, B2, .-, Bn)
with > °p_ B =1, B > 0 for all k, 1, 3, > 0, and for some ¢ € [1, 00),

S BlIMEE — ME&| < |6 — &%, for all &1, € U. (2.7)

k=1
For simplicity, we generally discuss the case when n = 2. That is, M : U — U is

((B1, B2), q)- nonexpansive if for some g € [1,00), we have
BillME — M&|T + Bo|| M€, — MP&||7 < [|& — &% (2.8)

V &, € U When ¢ = 1, then M is a (f1, f2)-nonexpansive. If the multi-index 3
is not specified then the mapping M is mean nonexpansive mapping. It is simple
to verify that each and every one of them is correct (f,¢)-nonexpansive map for
g > 1 is also [-nonexpansive, but the converse is true in general, there is the
mapping which is f-nonexpansive that is not (3, ¢)-nonexpansive for any ¢ > 1
(see [25] for details). It is also easy to see that, by the triangle inequality the
mapping My := 1M + B2 M? is nonexpansive if M is (31, f2)-nonexpansive. As
noted in [15], however, the nonexpansiveness of My is significantly weaker than

the nonexpansiveness of M. For example, Mz being nonexpansive does not even
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guarantee continuity of M. When M is mean nonexpansive, Goebel and Japon
Pineda [15] (and later Piasecki [25], Theorems 8.1 and 8.2) were able to use the
nonexpansiveness of Mz to prove some interesting results about M, as sum up in a

following theorem.

Theorem 2.6.1. [25] Let S be the compact and convex subset of the Banach space
N and M : S — S is ((f1,B2), q)-nonexpansive for some ¢ > 1. Then M has a
approzimate fized point sequence, provided that 39 < 81 (note that for ¢ = 1, this
inequality reduces to By > %) Furthermore, if (B has a F.P.P for the nonexpansive
mapping, then M has a fized point if 59 < .

If Mg = B M + BM?, and so we can write Mg = (811 + BoM) o M, here
I is a identity mapping. Here we will discuss properties of a mapping given by
mg := M o (511 + B2 M). This clearly implies that if M is affine then (a1 + M) o
M =M o (a1l + asM).

Definition 2.6.1. A sequence b = (b,) of complex numbers (or more generally,

elements of a Banach space) is called summable if,

N = sup {Z bn| = S is finite set} < 00. (2.9)

nekl

All summable sequences form a vector space, and N is a norm in this vector space.
This vector space is complete, and it is called [;.

For each summable sequence, the sequence of its partial sums (sy),

sk:ibn, k=0,1,2,..
n=0

This is the Cauchy sequence and every Cauchy is convergent, so it has a limit. This

limat 1s called the sum of the series,

f:bn. (2.10)

Such series (whose terms form a summable sequence) are also called absolutely con-

vergent.
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Definition 2.6.2. The space of square-summable (complex or real) sequences is the

Banach space w.r.t the norm,

Iyl = O lyi)=. (2.11)

Jj=1

Definition 2.6.3. A normed vector space is uniformly convexr space if, for every

€ € (0,2] there exist a some 6 > 0 such that for any two vectors ||E|| = 1 and
IC|| = 1, the condition ||§ — (|| > € implies that,
-

Definition 2.6.4. A Banach space R is said to satisfy Opial condition if for any
sequence &, in N such that &, — & (weakly) it happens that for all £ € R,  # &,

limpootn f|&n — &ol] < limyooinfl|&n — (|- (2.12)

2.7 Demiclosedness Principle

Brouder’s demiclosedness principle [4] is the important result for the nonexpansive
mappings. Which states that let Y be the compact and convex subset of the uni-
formly convex Banach space N and M is the nonexpansive mapping from Y to N.
Then I — T is demiclosed for each £ € N that is for any sequence &, € Y and &,
converge weakly to & and (I — T)&, — ( this implies that (I — T)¢ = (. This
principle has the key role for the study of asymptotic behaviour of nonexpansive

mapping.

Theorem 2.7.1. [12] Let U be the compact and convez subset of the Banach space
N and M be the (B1, B2)-nonexpansive mapping from U to U then u,, and v, are the

sequences in U such that,

||M(Blun + 62”71) - un” — 0 and ||M2(ﬁ1un + 52”71) - Un” — 0. (213)

22



Particularly,
|Mu, —v,|| = 0 and ||M(Brun + SaMuvy,) — v,|| — 0. (2.14)
Or uy, is a approximate fived point sequence for mg := M o (B11 + P2 M).

Theorem 2.7.2. [12] Let X be the Banach space and U be the compact and convex
subset of the Banach space X and M is the ((1, f2), q)-nonexpansive for some q > 1.
Then wu,, and v, are the sequences satisfying (2.13) and (2.14) from the Theorem

2.7.1. and sequence u,, is the approximate fized point sequence for mg := Mo (11 +
o M).

Corollary 2.7.1. Let U be the compact and convex subset of the Banach space R
and M - U — U is ((51, 2), q)-nonezpansive. Then Mg has the approzimate fized

point sequence w,, where w, is defined as,
Wy, = Pru, + PoMu, (2.15)
From the Theorem 2.7.2 w,, is a approximat fixed point for mg := M o (11 + S2M).

Corollary 2.7.2. [12] Let U be the compact convex subset of the Banach space X,
if M is ((B1, B2), q)-nonexpansive mapping from U to U and (U?, ||.||p4) admits a
F.P.P for nonexpansive mapping then 3 u,v € U such that,

M (Bru+ Bav) = u and M*(Biu + Bov) = v (2.16)
In particular,
Mu = v and M(Br1u + foMu) =v (2.17)
= mg has the fized point.

Corollary 2.7.3. [12] Let U be the compact convex subset of the Banach space X,
and M is (51, Ba)-nonexpansive mapping from U to U and suppose that X has the
fized point then Mg = M + B2 M? has one fized point v and V is defined as,

v = b+ PfaMu (2.18)

for some u € U.
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Now we discuss the results for (5, ¢)-nonexpansive mapping with the arbitrary
length of 5.

Theorem 2.7.3. [12] Let X be the Banach space and U be the convex and compact
subset of X and M is (B, q)-nonexpansive mapping from U to U, for ¢ > 1 and
B = (B, Ba, ..., Bn) each B; > 0. Then 3 sequence u' € U, fori=1,2,. . . ,n
such that,

M (Brun, + Boug, + ... + Bault) —up, || = 0

[M" (Bry, + oy, + ..+ Buiyy,) — g || = 0
In particular,
M (Bt + BoMttg, + ...+ B M g, ) — 1y, || = 0.
Thenmg = Mo (114 oM +...+ B, M"™ ') has the approzimate fized point sequence.

Theorem 2.7.4. [12] Let X be a Banach space and U is a closed, bounded and convex
subset of X and (X", |.||5,4) has the fized point for the nonexpansive mapping. If M
is a (8, q)-nonexpansive mapping for ¢ > 1 and 8 = (B1, Ba, ..., Bn) each B; > 0 then
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3 uy, ug, ..., u, € U such that

Mu = Uy
M?U = uy
Mg = u,.

Where u = Syuy + Baus + ... + Byuy, . In particular, mauy = u;.

Corollary 2.7.4. [12] Let U be the closed, bounded and convex subset of the Banach
space W and M 1is the (B, q)-nonexpansive mapping for ¢ > 1 and = (B1, B2, -+, Bn)
each B; > 0. Then Mg has the approximate fized point sequence w,, and w, is defined

as,
Wy = Prtin + BaMuy + ... 4 B M" . (2.19)

By Theorem 2.7.3 w,, is the approzimate fized point for mg. Further, suppose that
for nonexpansive mapping (N"*, ||.||s,,) has the F.P.P, then Mgz has a fized point w

and w is defined as,
w = Fru+ BoMu + ... + B, M" M. (2.20)

By Theorem 2.7.4 u is the fized point of mg.
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Chapter 3

(Generalization of
Mean-Nonexpansive Semigroup and
Fundametally Nonexpansive
Mapping

3.1 Mean Nonexpansive Semigroup

Definition 3.1.1. Let X be the Banach space and U be the closed and convex subset
of X has normal structure if every compact and convex subset E of U with |E| > 1

hold a point & such that sup{||{ — (|| : ¢ € E} < 0(E).

Theorem 3.1.1. [19] Let U be the nonempty closed and convex subset of Banach
space N, if U is the weakly compact and has normal structure, then U has a fixed
point property.

Remark 5. Every compact and convex U subset of a Banach space X every time

has the normal structure.

Theorem 3.1.2. [10] Let Y be the Banach space and U the weakly compact and
convex subset of N and M be the nonexpansive mapping from U to U such that each
weakly compact convexr subset of U having F.P.P for mapping M if the sequence of

iterates of M s bounded, then a nonexpansive mapping M has a fixed point.
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Dotson and Mann [10] proved this theorem by taking N as a uniformly convex.

Then Simeon Reich [26] prvoed the above theorem in two different ways,

1. By using iteration scheme of Mann [22].
2. By using nonlinear nonexpansive semigroup [4].

Theorem 3.1.3. [26] Let X be the Banach space and S be the boundedly weakly
compact and convex subset of X. If M is the nonexpansive mapping from S to S and
each bondedly weakly compact and convex subset of S hold a fixed point property for
the nonexpansive mapping M. If T is a bounded sequence for some yo in S, then M

has the fixed point.

The above sequence T is defined as, let B = {bj; : j,k € N} be a infinite matrix
which satisfy the following properties,

bjr >0 forall j,k € N

J
ijkzlforalljeN

k=0
limjo0bj = 0 for all k € N.

If yo € S, then the sequence T'= {y; : j € N} C S which is defined as

J
Y; = bjoyo + ijkMyqu € N. (3.1)
k=1

Simeon Reich [26] used this above Mann [22] iteration scheme to prove Theorem
2.8.3. The proof of Theorem 2.8.3 shows the set of asymptotic centers of the sequence
T with respect to S which is remained unchanged under the nonexpansive mapping
M. This is a fixed point set for nonexpansive mapping M from S to S. If we take

the space is uniformly convex then the mapping M also shows the set of asymptotic
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centers.

Let y; € S is a arbitrary element then we can defined this iteration process,

Yrt1 = M (ug), (3.2)

where

k
Uk = Z bjkyk-
j=1

Theorem 3.1.4. Let uy, and y, are the sequences if one them is converges then the
other sequence is conveges to same point then the common limit of thsese sequences

is the fized point of M.

Definition 3.1.2. Let U be the boundedly weakly compact and convex subset 3 the
point & € U such that limsup,;_o|§ — (j| = R < oo this point £ is said to be the

asymptotic center of a sequence T with respect to U.

Simeon Reich [26] also proved the Theorem 2.8.3 by using nonlinear nonexpansive

semigroup that is given by Browder [4].

Definition 3.1.3. [26] Let E be the subset of Banach space X. A function D :

[0,00) x E — E is nonexpansive semigroup if satisfying following properties:
1. D(& +&2,y) = D(&, D(&2,9)), for §1,6 >0 andy € E .
2. |D(&y) — D& y2)| < |y — ol for £ =20 and yr,y2 € E .
3. D0, y)=yforyekE.

If for every y € E there is T(y) such that |D(£,Y)| < T(y) for all £ > 0 then
D is said to be a bounded semigroup for each y € F and yq is said to be the fixed
point if d(§, yo) = yo for all £ > 0.

Theorem 3.1.5. [26] Let X be the Banach space and U be the boundedly weakly

compact convex suabset of X and for nonexpansive mapping each subset of U hold the
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common fixed point proprty. If D :[0,00) x U — U is the nonexpansive semigroup,

if D is bounded then D has the fixed point.

Definition 3.1.4. Let X a Banach space and U be the nonempty subset of N define
a function K : [0,00) x U — U mean-nonexpansive semigroup if the following

properties are satisfied:

Bi, B2 € (0,1)

K(Bit1 + Bata, §) = K(Bit1, K(Batz, §))
for

t1,to >0, £ €U,

|K(Bt, &) — K(Bt, &) < [(& — &),
B e (0,1) fort>0 and &,6 € U,
K(a(0), &) =¢,
or
K(0, §)=¢ for €Y.

A mean-nonexpansive semigroup K is called bounded if for each & in R there is M (&)

such that,

[K(Bt, &) < M(§),
for allt >0 and B € (0, 1).

Theorem 3.1.6. Let X be a Banach space and U be the bounded weekly compact
convex set of t X. Suppose each weakly compact and convex subset of U hold the
common F.P.P for mean-nonexpansive mapping and defined a function K such that
K :[0, c0) xU — U is a mean-nonezpansive semigroup. If K is buonded,then K

has a fixed point.
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Proof. Let & is the fix point in U and ¢ be the other point in U and T is finite
T = limy_oosup|¢ — K(5t, &)| < o0. (3.3)

We defined an orbit which is bounded [K(ﬁt , &):t>0, 5e€(0, 1)1 ,
let

F = [z € U : limy_oosup|lz — K(Bt , &)| < T}, (3.4)

where F' # ® and F is a closed and convex subset of U.

IlfzeF  tg>0,e>0and (1,05, € (0,1) and ¢t is large enough, then we have
|K (Bito , 2) — K(Bat , &)

= |K(fito , 2) — K(Bity , K(Baot — Bito , &)
< |z — K(pat — fito , &)
<T

<T+H+e.

= K(fto,z) € F.

Thus K is invariant under the commuting family of mean-nonexpansive mapping
K(at,e):t>0,a € (0,1)}.

This completes the proof. O

3.2 Fundamentally Nonexpansive Mapping

Definition 3.2.1. Let X be a Banach space and U be the nonempyt subset of X and

the mapping M from U to U 1is said to be Fundamentally nonexpansive if,
[M2& — M&| < [M& — &l (3.5)

forall &,& € U.
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Theorem 3.2.1. Let U be the nonempty subset of the Banach space X and U 1is
the bounded weakly compact and convex subset of N and suppose that each weakly
compact convex subset of U hold common F.P.P for fundamentally non-expansive
maping and a mapping M : U — U is fundamentally nonexpansive and a sequence

(n be the bounded sequence in U for some (y in U. Then M has a fixed point.
Proof. Let ( € U and the set
T = limy_yoosup|C — (ol (3.6)

T is finite because the sequence ¢, is bounded. Suppose B = (bt :n,k € N) is a

infinite matrix satisfy the following properties

b >0V n,k € N,

bnk:Osz>n,

Zn:bnkzl‘VnGN,

k=0

limyoobny =0V k€ N.

If (5 € U then the sequence ¢, can be defined as

Cn = bnyCo + Z bk Mg, (3.7)

n=0

and n € N.
This iteration is due to Mann [22] and T is finite because the sequence is bounded.

Let

K =z €U :lim,oosup|lz — (| < T, (3.8)
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K # ¢, K <
= K is the closed and convex subset of U.

Then by fundamentally non expansive for any (;,(; € Y
IM2¢ — MGl < [[MG — G,
for any z € K
IM22 = MGl < 1Mz = Gall,

< |[Mz — (byyCo + Z b M G—1) ||

k=1

< by [ Mz = Col + Y b Mz — M, 4|

k=1

< by Mz = ol + Y by |z = G
k=1

for any € > 0 3 m(e) € N such that

’z_Ck| ST?

|Z_Ck’|§T+€7

then we get n >m + 1

’MZZ_MCH|Sbno‘Mz_CO‘—i_ank’Z_Ck*”—i_ Z bnk(T+€)
k=1

— k=m-+2

bl Mz = Col + ) bu |z = G| + T + ¢

k=1
=h(n) + T +e¢,

where lim,_,.h(n) =0

= M?*zc K.
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Corollary 3.2.2. Let X be the Banach space and U be the bounded weakly compact
and convex subset of X and M is the mean-nonexpansive mapping from U to U then
the mapping M has an approzimate fized point sequence in U.

Mathematically, for any arbitrary sequence ¢, € U
limy ool| MG, — Cal| = 0. (3.13)

Theorem 3.2.2. Let X be the Banach space and U be the bounded weakly compact
and convex subset of N and each weakly compact convex subset of U hold the F.P.P

and a mapping M from U to U for any (1,( € U,
MG — MG| < BillG — Gl + BollG — MGl (3.14)

B1,B2 >0, B1+ P2 <1 each 3; € (0,1).
Then the mapping M has the fized point.

Proof. As the mapping M is a mean-nonexpansive mapping by using corollary
3.2.2 every mean-nonexpansive mapping has a approximate fixed point sequence
in bounded weakly compact convex subset of the Banach space. Let (,, be a approx-

imate fixed point sequence in U then
limy, oo | MGy — Cal = 0 (3.15)

Since U is the weakly compact convex subset of a Banach space N .

= Every convergent sequence ¢, of U has convergent subsequence ¢,, C (.

As (, is convergent in U then the subsequence (,, is weakly convergent to (, € U
now we have to show that (; is a fixed point for mapping M for this (o = M{, we
will proof this by taking a contradiction (o #£ M,

then

Ui, oot f||Co — Coll < limpooinf|C — M| (3.16)
= llmn—mozanMCn - MC(J”?
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since M is a mean-nonexpansive mapping so by definition we have

< timainf (116, Gl + (1 = 801G~ M6

this is a contradiction to eq.(3.16)
Therefore (, is the fixed point of mapping M.
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Chapter 4

Summary

This chapter finishes up the thesis by expressing and summarizing the inferences
and findings. The knowledge assists the reader to understand the essence of Fixed
Point Theorems. From the above mentioned results of nonexpansive mapping and
mean nonexpansive mapping, we see that in most of the cases we have studied Fixed
Points for different types of mapppings. The objective of following work is to find
the Fixed Point for Fundamentally Nonexpansive Mapping and Mean Nonexpansive

Semigroup.

35



Bibliography

[1] Banach, S. (1922). Sur les opérations dans les ensembles abstraits et leur ap-

plication aux équations intégrales. Fund. math, 3(1), 133-181.

[2] Belluce, L. P. and Kirk, W. A. (1967). Nonexpansive mappings and fixed-points
in Banach spaces. Illinois Journal of Mathematics, 11(3), 474-479.

[3] Brouwer, L. E. J. (1912). Uber abbildung von mannigfaltigkeiten. Mathematis-
che annalen, 71, 97-115.

[4] Browder, F. E. (1968). Semicontractive and semiaccretive nonlinear mappings
in Banach spaces. Bulletin of the American Mathematical Society, 74(4), 660-
665.

[5] Caristi, J.V. (1975) Ph.D. Thesis, University of lowa.

[6] Cesari, L. (1975, January). Alternative methods in nonlinear analysis. In Inter-

national Conference on Differential Equations (pp. 95-148). Academic Press.

[7] Chouhan, P.; and Malviya, N. (2013). Some fixed point theorems for asymp-
totically regular sequences and maps. Int. J. Math. Sci, 33, 1164-1167.

[8] Collatz, L.(1966) Functional Analysis and Numerical Analysis, Academic Press,
New York.

[9] Cronin, J. (1995). Fixed points and topological degree in nonlinear analysis

(Vol. 11). American Mathematical Soc.

36



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

Dotson, W., and Mann, W. R. (1968). A generalized corollary of the Browder-
Kirk fixed point theorem. Pacific Journal of Mathematics, 26(3), 455-459.

Edelstein, M. (1964). On nonexpansive mappings. Proceedings of the American

Mathematical Society, 15(5), 689-695.

Gallagher, T. M. (2017). Fixed point results for a new mapping related to mean

nonexpansive mappings. Advances in Operator Theory, 2(1), 1-16.

Gallagher, T. M., Japon, M., and Lennard, C. (2020). The nonexpansive and
mean nonexpansive fixed point properties are equivalent for affine mappings.

Journal of Fixed Point Theory and Applications, 22(4), 1-16.

Gillespie, A. A., Williams, B. B., and Lakshmikantham, V. (1979). Fixed point
theorem for non-expansive mappings on Banach spaces with uniformly normal

structure. Applicable Analysis, 9(2), 121-124.

Goebel, K., Japon, M. (2007) On a type of generalized nonexpansiveness, Pro-
ceedings of the 8th International Conference of Fixed Point Theory and Appli-
cations, Chiang Mai, 71-82.

Hardy, G. Ei, and T. D. Rogers.(1973) "A generalization of a fixed point theo-
rem of Reich." Canadian Mathematical Bulletin 16.2, 201-206.

Husain, S.A. and Sehgal, V.M. (1975) On common fixed points for a family of
mappings; Bull. Austral. Math. Soc, 13, 261-267.

Kannan, R.(1969) Some results on fixed points II, Amer. Math. Monthly, 76,
405-408.

Kirk, W. A. (1965). A fixed point theorem for mappings which do not increase
distances. The American mathematical monthly, 72(9), 1004-1006.

37



[20] Kreyszig, E.(1978) Introductory Functional Analysis with Applications, John
Wiley and Sons, New York.

[21] Leggett, R. W., and Williams, L. R. (1979). Multiple positive fixed points of
nonlinear operators on ordered Banach spaces. Indiana University Mathematics

Journal, 28(4), 673-688.

[22] Mann, W. R. (1953). Mean value methods in iteration. Proceedings of the
American Mathematical Society, 4(3), 506-510.

[23] Merryfield, J., Stein Jr., J.D.(2002) A generalization of the Banach Contraction
Principle. J. Math. Anal. Appl. 273, 112-120.

[24] Morris, Sidney A.(1975) "The Schauder-Tychonoff fixed point theorem and
applications." Matematicky ¢asopis 25.2, 165-172.

[25] Piasecki, Lukasz. (2013)Classification of Lipschitz mappings. CRC Press.

[26] Reich, S. (1975) Fixed point iterations of nonexpansive mappings. Pac. J. Math.
60(2), 195 198.

[27] Schauder, J.(1930) "Fixed point theorem in continuous mapping." Math. Ann
174, 285-290.

[28] Sehgal, V.M. (1972) On fixed and periodic points for a class of mappings, J.
London Math. Soc, (2)5, 571- 576.

[29] Smart, D.R. (1974) Fixed point theorems, Cambridge University Press.

[30] Suzuki, Tomonari. (2008) "Fixed point theorems and convergence theorems for
some generalized nonexpansive mappings." Journal of Mathematical Analysis

and Applications 340.2, 1088-1095.

[31] Tychonoff, Andrei. (1935) "Ein fixpunktsatz." Mathematische Annalen 111.1,
767-776.

38



[32] Vath, Martin. (1999) "Fixed point theorems and fixed point index for countably
condensing maps." Topological Methods in Nonlinear Analysis 13.2, 341-363.

[33] Whyburn, G.T. (1949). "Expansive mappings." Bulletin of the American Math-
ematical Society. Vol. 55. No. 3. 201 Charles S.T, Providence, RI 02940-2213.

[34] Zhang, S. S. (1975). About fixed point theory for mean nonexpansive mapping

in Banach spaces. Journal of Sichuan University, 2, 67-68.

39



	TH-4.pdf
	TH-4


