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Abstract

Quantum optical interferometry has played a crucial role in precision measurements
and quantum sensing, which laid the foundation of quantum metrology—the science
of precision measurements using the laws of quantum mechanics. The precision of any
measurement may be limited by experimental human error and/or ingenuity of measur-
ing apparatus. However, beyond these limitations quantum mechanics imposes a fun-
damental restriction on metrology which can be expressed by Heisenberg Uncertainty
principle. Fortunately, on the other hand, solution to this quantum-induced limitation
is also provided by quantum theory using some non-classical concepts. Hence, quan-
tum metrology deals with techniques to improve the measurement precision beyond
the limit set by standard quantum fluctuations. In many physical situations, precision
measurement process can be reduced to detection of a small phase shift by using optical

interferometric set up.

This thesis is focused on studying the quantum optical phase-estimation and explor-
ing the fundamental bounds on its ultimate precision in the perspective of classical and
quantum measurement theories. Using the notion of Fisher information entropy, we
find the so-called Cramér—Rao bounds on optical phase-estimation while using classical
as well as quantum probes at our optical set up. We show that by using classical probe
as initial state, the estimation error is estimated at the best as ~ 1/y/n. This limit
is known as Short Noise Limit (SNL). Interestingly, it is shown that using quantum
probes the ultimate precision limit surpasses SNL and approaches the value as ~ 1/n,
which is known as Heisenberg-limil. 1t is important to note that in the Heisenberg-
limited phase-estimation, the accuracy is enhanced by a factor of v/n with respect to

SNL.
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Chapter 1

Introduction

“Measurement is the first step that
leads to control and eventually to
improvement. If you can’t measure
something, you can’t understand it.
If you can’t understand it, you can’t
control it. If you can’t control it,
you can’t improve it".

James Harrington

In the early twentieth century the theory currently known as quantum mechanics
was developed by Max Planck, Albert Finstein, Louis de Broglie, Neil Bohr, Werner
Heisenberg, Erwin Schrodinger, Max Born and Paul Dirac. It began with the plank’s
assumption of a single energy level of simple harmonic oscillators in the walls of the
black body, which was needed to understand the black body radiation spectrum. Due
to the expansion of this theory, Einstein was able to explain the concept of photons by
explaining photoelectric effect and introduce the concept of photons through analogies
with particles. Dirac next integrated each mode of the radiation field with a quantized
simple harmonic oscillator to merge the wave and particle-like properties of light, which
is the foundation of quantum optics. Quantum mechanics divides the universe into two
portions, known as the system and the observer. Except at certain periods, the sys-
tem and the observer do not interact. Measurement is an interaction that occurs at
the given times. Quantum mechanics indicates all of the information about a system

that an observer may receive through measurement. All information about unknown



parameters is obtained by measuring the systems under investigation; the measure-
ment process is one of the basic pillars of quantum optical metrology. The purpose of
taking the measurement is to assign a value to a physical quantity and hence provide
an estimate of it. A measure of uncertainty must accompany each experimental esti-
mate, which is defined as "a parameter, associated with a measurement, that describes
the dispersion of the value that might fairly be assigned to the measured quantity".

Physical laws impose essential bounds on uncertainty.

Now the question arises is that is there any fundamental limits on uncertainty of
unknown parameter? As early as 1940s, Cramer [18], Rao [3], and Frechet [1]| were
able to set fundamental bounds to decrease the variance of an arbitrary estimator
with their work. This bound is named as Cramér-Rao lower bound that is closely
correlated to the Fisher information, introduced by Fisher in 1920s[5]. Thus, in the
theory of estimation the role of Fisher information is very important. Maximization
of Fisher information over all possible quantum measurements gives us the quantum
Fisher information|6, 7] that provides the quantum lower limits to the Cramér-Rao
bounds|8, 9, 10] named as quantum Cramér—Rao bounds. The most critical scenario
in the estimating process is referred to as phase estimation which is one of the most

important applications of quantum metrology [17].

Over the previous many years, different optical interferometers were proposed to
improve the phase sensitivity. They essentially differ in input states and measurement
schemes that is needed to obtaining the phase information but the Mach-Zehnder
interferometer is one of the most often used optical interferometers to determined the
phase shift. The Mach-Zehnder interferometer is a very simple device for showing
amplitude division interference. A light beam is split into two components by the first
beam splitter, which are then recombined by the second beam splitter. The second
beam splitter reflects the beam with a 0 to 100% efficiency depending on the relative
phase shift achieved by the beam along the two paths. Phase sensitivity of the Mach-
Zehnder Interferometer (MZI) is usually determined by the states that interconnect
from the two input ports.The Cramér—Rao bound, which is the ultimate limit on phase

sensitivity provided by Quantum Fisher Information [11| and solely depends on the



input states, can be reached by making modifications to the measurement technique.
The initial step in interferometric measurement is to choose a probe state, then perform
interferometric transformations, measure an observable, and lastly, estimate the phase
shift with smallest possible error, such as Shot Noise limit and Heisenberg limit.

In interferometry, several approaches are used to determine phase shift, but the
main two are output intensity difference method and photon number parity|[l2] mea-
surements. In the first approach, the difference between the output photons of the
Mach-Zehnder interferometer is measured, after which the phase uncertainty can be
obtained. Anihilation and creation operators of the field are defined as standard boson
operators a and c{T, satisfy the standard commutation relation [a',a]= 1 and the num-
ber operator n so that n|n) = n|n). With these operators, the photon number parity
operator may be introduced as
P=(-1)", (1.0.1)
such that P |n) = (=1)" |n). Numbers are given their parity as even (+1) or odd (-1)
by parity operator. There are two eigenvalues for this operator, both of which are
degenerate. Even while it is obvious that parity operator is Hermitian, it can also
be demonstrated that photon number parity has no classical counterpart. In order to
show this, examine the energies of the quantized field, which are discrete in comparison
to the energies of a classical field, which are continuous.

We can use classical resources, if we want to get more sensitive phase-shift measure-
ment which can only get us up to the Shot Noise Limit (SNL). In case of classical light
as input| 13| for Mach-Zehnder interferometer (MZI) the sensitivity of phase estimation

can be achieved up to Short Noise limit (SNL)[14]
A¢p =1/vn, (1.0.2)

this is equal to the average number of photons in the laser field, n . Accordingly, the
SNL is the maximum sensitivity possible with classical light. The Heisenberg-limit
(HL) is the maximum quantum sensitivity permitted by quantum mechanics when

phase-shifts are caused by linear interactions. It is defined as

3



Table 1.1: Comparison of Shot Noise limit and Heisenberg limit

Regime Limits Attainability

Shot Noise Limit Remove all classical noise

Heisenberg limit Quantum resources

3|~ él‘H

There are just a few states of light that have no classical counterpart, such as entangled
states of light that are able to breach the Shot Noise Limit level of sensitivity. A non-
classical state (Entangled state)— the biggest mystery of quantum mechanics — can
surpass the sensitivity of an interferometer beyond the short noise limit even approach

the Heisenberg-limit, A¢ = 1/n [15, 10]

1.1 Thesis Structure

The current thesis is organized as follows:

Chapter 2: It introduces some fundamental concepts in theory of quantum optics
that are crucial to our work. Section 2.1 describes the many states of light, including
Fock states, coherent states, and NOON states, as well as their properties. Section 2.2
presents an optical beam splitter, phase shifter, and photon detector, as well as their
classical and quantum mechanical behavior, as key instruments in quantum optics.
Section 2.3 discusses two approaches to beam splitter transformations: the Schrodinger
approach for state ket transformation and the Heisenberg approach for field operator
transformation. Sections 2.4 and 2.5 describe the behavior of a beam splitter and a

beam splitter transformation for a single photon, two photons, and coherent states.

Chapter 3: Tt is devoted to a review of the main concepts in the estimation the-
ory. Section 3.1 introduces estimators, likelihood functions, and estimator properties.
Sections 3.2 and 3.3 analyze the Cramér-Rao lower and upper bounds on estimating

theory, which are dependent on classical and quantum Fisher information. Section



4.6 discusses phase estimation, a subset of estimation theory, explained by the Mach-

Zehnder interferometer.

Chapter 4: It provides a brief review of Heisenberg-limited phase estimation. Sec-
tion 4.1 discusses phase estimation techniques in interferometry, including output in-
tensity difference phase estimation and parity measurement phase estimation. Section
4.2 discusses how the parity operator helps us in phase estimation theory. In section
4.3, we calculate the quantum Fisher information in optical interferometry. In section

4.7 and 4.8, we calculate the phase estimation through classical and non-classical light.

Chapter 5: It presents conclusion to our work.



Chapter 2

Fundamentals of Quantized Light and
Optical Interferometry

In this chapter, we will introduce the fundamental ideas of quantum optics. A dis-
cussion of the quantum states of the light field and their properties will be presented.
After that, we will talk about simple optical devices including phase shifters, detectors,
and beam splitters. Finally, we will look at how an optical device can change the states

of light.

2.1 Quantum States of Light

In this section, we will look at the several intriguing states of light and its characteris-
tics. To characterize quantum states of light, we must adopt a quantum interpretation.
A state of light is defined by a state vector |¢), which in the pure state is referred to as
"ket," and a density operator p = |¢) (¢| in the mixed state. It contains all of the in-
formation about the physical system. The two fundamental states of physical systems
in quantum optics are the fock state and the coherent state, which will be discussed in

the following subsections. Following that, the NOON state will be introduced.

Definite Photon Number State

Definite photon number states are quantum states of light that contain a well-defined

number of particles. These are highly non-classical and are eigen states of the number
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operator n

nin)y=nin), (n=0,1,2,3..) (2.1.1)

where n is the eigenvalue of this operator and 7 = a'a is the number operator. We will
now go over how the creation and annihilation operators interact with the Fock state

|n) in more detail? Using Eq. 2.1.1, the following equations may be derived.
@t n) = Copa In + 1)
(2.1.2)
&|n> :Cn|n_1>>
where Cp,11 = v/n+ 1 and C,, = \/n. In order to get the number state |n), the creation

operator a' must be applied repeatedly to the ground state |0) as follows:
(ah)"

In) = {ﬁ} 0) . (2.1.3)

The Fock states are orthonormal and complete:
(n'|n) = O’ > (2.1.4)

and

> (nln)y =1, (2.1.5)

n

and together they make up the set 3> |n) (n| = I. As a result, in these states, an
arbitrary state can be expanded. Theoretically, photon number states are interesting
to work with, but they are incredibly difficult to create experimentally. Only photon
number states containing 0, 1 and 2 photons may be efficiently generated. Higher
photon number states cannot yet be produced simply, efficiently, or in a regulated

manner.

Minimum Uncertainty State — The Coherent State

Coherent states are a significantly more realistic method of expressing an optical field
presented as right eigen state of annihilation operator a. The coherent state is the
most appropriate model of radiation emitted by laser. If |«) is a coherent state, the

eigen value equation for the annihilation operator a may be written as follows.
ala)y = ala), (2.1.6)

7



where a represents the eigen value of annihilation operator a operating on the coherent
state. Coherent state can also be written using the fock states since it provides a

complete set of basis

(2.1.7)

n=0
Since the number of photons in a coherent state is unknown, we may rise a question

that what the probability of having a specific number of photons is

"

P,=|(n|a)|*=¢T" (2.1.8)

n!’
This means that for a coherent state the photon number distribution is poissonian,
with 7 = |a|?. A formalism may also be derived by considering the coherent state as
a displaced vacuum state. By using Eq. 2.1.3 into Eq. 2.1.7. we get

ol? o (aaf)" ot Lo
ya>:e*%z( I |y = o= 0y (2.1.9)

n!

It is possible to show that

6&&“—@ |O> — eadT—a*&

) (2.1.10)

If we use the following definition of the unitary displacement operator D(«) = ea‘ﬂ_a*d,

we find
la) = D(a)|0), (2.1.11)
This indicates that the coherent state is generated by displacing vacuum state. Coher-

ent states are the quantum mechanical states that are most similar to classical ones.

The NOON States

This part covers the statistical models of the state of concern in this thesis, known as
the NOON state. The two-mode NOON state can be written as follows;

1
aosbo = E(!NW

This is a combination of two possibilities in which all N photons appear either in mode

ag or mode by. This state differs from the N photons Fock state in that the N photons

INOON) + 0Ny 4 (2.1.12)

ao,bo



in this state are entangled with equal probability in two orthogonal modes ag and by,
Whereas the N photons in the latter have a 100% chance of appearing in a single mode.
It takes a lot of effort to create two mode NOON states, which we will use in Chapter

4 to determine the phase.

2.2 Basic Optical Devices

In this section we discuss the fundamental optical devices used to produce NOON states
after introducing various essential states of light. These are optical beam splitters,
phase shifters, and photon detectors. The action of a phase shifter (PS) is to change
the phase of a certain mode and a photon detector is used to detect the output photons.
Now, we will discuss the optical beam splitter as well as its classical and quantum
mechanical behavior. Now, we will discuss the optical beam splitter as well as its

classical and quantum mechanical behavior.

2.2.1 Optical Beam Splitter

The optical beam splitter is an essential part of many optical interferometers that splits
an incoming beam of light into multiple components on detecting some measurable
quantity. Additionally, it is used in the reverse process to mix components of the
beam into a single one. The most commonly discussed beam splitter is the so-called
50/50 beam splitter. It is considered to be a mirror in which the reflecting layer is
so transparent that only half of the incident light is reflected, the other half being
transmitted, splitting an incoming light beam by equal intensity. In this thesis we
always consider a beam splitter to be a semi-reflecting device. Before discussing the
quantum mechanical behavior of beam splitter, it is worth noting how one handles a

classical beam splitter and why this approach fails for most quantum states?

A Classical Treatment

Classically, a beam splitter is a device that divides an incoming light beam into two

equal parts. As illustrated in Figure 2.1, a classical beam of complex amplitude E



is applied directly to the input port of the lossless beam splitter. The beam splitter
generates two orthogonal beams, F; and FE,, where F; is the transmitted beam and F,

is the reflected beam. The input-output relations are expressed as follows:

Et == tlE
(2.2.1)
ET = TlE

where rq is the reflection coefficient and ¢; is the transmission coefficient. Since the

BS
E
E t
}-\ >
t1'r1

£

Y

Figure 2.1: Classical Beam splitter

field intensity "I" is proportional to its amplitude, we may write
I o |E)2 (2.2.2)

The energy of the field should be conserved because we are employing a passive beam
splitter. In order to keep the energy balance, it is essential that the incoming and

outgoing fields are equal in strength
|E]* = |E* + |EJ, (2.2.3)
which requires that
P+ [0 = 1, (2.2.4)
this is a condition for energy(field) conservation.

10



Fully Quantum Mechanical Model

However, a beam splitter in quantum optics does not split a light beam into two pieces
since it reflects or transmits every photon equally. It is important to note that in the
quantum theory of beam splitter, the first step is to quantize our system, which implies

that classical field amplitudes will be replaced by some Heisenberg field operators
E —ay, Ey—ay, FE,— by (2.2.5)

Operators are Heisenberg in the sense that they have certain evolution parameters, as
we have done in the many interpretations of Quantum Mechanics. It is important to
note that the field in this case is evolving and operators are linked with it, therefore
we referred as Heisenberg field operator. However, operators in each field must fulfill

the commutation relations,

[d}’df] = [8}7 i)f] =1 Zf [&:r)?do] =L (226)

Let us try to draw the comparable picture in Quantum Mechanics with the replacement

of operators

ar = tiao
- (2.2.7)
bf = 7’1&0.
From above equation it is clear that
b as) = [t #£1 and [, by] = | [* # 1, (2.2.8)

These are equal to one only if total field is transmitted or reflected. In short, Eq.
(2.2.7) does not preserve commutation relations. Over here, we are dealing with the
field operators so if we want to get equivalent intensity interpretation, what we need
to do is? We should have the idea of field intensity if we are dealing with number of
photons. Number of photon description in operator form can be taken in account by

the means of number operators given as
ahag = gy, Ghay =ha, and bhby = fy,, (2.2.9)

11



b,
BS | ;
r
a o 2 ] 2 a f
>
ty, 1
bf
Figure 2.2: Quantum Beam splitter

so intensity can be written as

Nag = Nay + N, (2.2.10)
which demands that

Ir >+ [t =1, (2.2.11)

This is trivial case that number of incoming photons are equal to number of outgoing
photons. The above description of commutation relations implies that field quanti-
zation alone is not enough to understand the quantum behavior of beam splitter. In
classical beam splitter, there is an unused port.

In Quantum theory vacuum fields are present even no field sent from the unused
port of the beam splitter. These vacuum fluctuations lead to important physical effects.
We need a complete description of the quantum beam splitter, for which we represent
130 as a field operator for vacant input mode. Now beam splitter transformation can

have the form

&f = tldo + 7"2[;0 (2 5 12)
l;f = ?”1&0 + tgi)g,

12



matrix form of Eq.(2.2.12) is
df - tl T2 do
6= ) ) o2
ag\ o (Go
<bf) = U (bo) . (2.2.14)

For completeness of commutation relations, this transformation matrix U has to be

and

unitary. The unitary requirement is
017 + 1 * = [tof* + [ra* = 1, (2.2.15)

and along with

t;rg + Tftg == O, (2216)

these requirements are equal to the conservation of energy(field) at the lossless beam
splitter. In general beam splitter might have two different sets of transmissivity and re-
flectivity. Here we assume a symmetric beam splitter, for this |t;| = [to]| and |ri| = |rs],
What does it mean is? that both sides have the same reflectivity and transmissivity.
Eq (2.2.13) must satisfies the following relations given as
[cj},eff] = b2+ |l = 1, .
(b, bs] = I * + [t = 1,
if
[ab, o] = [bh, bo] = 1, (2.2.18)

so beam splitter transformation matrix can be written as

- (COSG Lsme) 7 (2.2.19)

Lsin® cos6

Over here, cos?6 is |t;|? basically, is equal to transmissivity and sin?6 is |ry|? is equal
to reflectivity of a beam splitter.

Now we choose a suitable angle, § = 7 /4, at which reflection and transmission

coefficients are the same we call such type of beam splitter as 50:50 beam splitter, so

unitary transformation matrix for 50:50 beam splitter can be written as

U= % C i) . (2.2.20)

13



2.3 Beam splitter Transformation: Two different Ap-
proaches

In this section we will talk about the transformation of the beam splitter. A beam

splitter can transform input state into the output state. A general input-output relation
ay cosf 1sinf\ [ao

)= . - 2.3.1

(bf) (LSZTLQ cosb ) (bo) ’ (23.1)

ay = agcost + Léosme

is given as

SO wWe can write

) ) (2.3.2)
by = tapsint + bycost.

In case of 50:50 beam splitter we can write

. 1. -
ar = —=(ao + thy)

V2 (2.3.3)

~ 1 N
bf = —(Ldo + b())

V2

Now we are interested to know, how these inputs are, actually, transforms as output?

We can do this job in two different approaches, Heisenberg and Schrodinger approach.

2.3.1 The Schrodinger Approach: For State ket Transforma-
tions

In the Schrodinger approach, the state ket that represents a quantum system depends
on the evolution parameter and we assume that states are evolving by these parameters.
In the case of the beam splitter, the evolution parameter is 6, which affects the state

of the system so we can write the state vector as
la,0) — U(6) |a), (2.3.4)

where |a,6) is evolved state and U(6) is unitary evolution operator which can be

expressed in term of Hamiltonian of system,

0(6) = eap (_‘59), (2.3.5)

14



The unitary property of U means that

Uteue) = 1. (2.3.6)
So in this approach we, actually, need to know the hamiltonian of system. Since
quantum operator A representing observable quantities, are all time-independent so

we can write

A(B) — A(0). (2.3.7)

When we talk about the transformation of states by a beam splitter we can understand

that every state can be written in term of the field operator i.e. a number state |n) can

be written as n time action of creation operator of this mode on vacuum state, which

is

iy = (@)"
Vn

where a' is creation operator of input mode a. Likewise, a coherent state can be written

10), (2.3.8)

as action of displacement operator on vacuum state, which is
la) = D(a)|0), (2.3.9)
where D(a) is so-called displacement operator
D(a) = exp (ad) — a*ap) - (2.3.10)

Now the question is how can a beam splitter change the vacuum state? As a passive
device, the beam splitter cannot produce or destroy any photons. The vacuum state
at input remains the same at output due to the conservation of energy (field). As a
result, we may say

10,0) 23 10,0). (2.3.11)

Considered a number state |n,n’) that can be written in terms of n time action of
creation operator on vacuum state. The unitary transformation matrix transforms the

number state as

/

n,n') =U(0)|n,n) = U(e)(—

out

10,0) , (2.3.12)



where we use the identity UT()U(#) = 1, Due to the fact that the beam splitter does

not affect the vacuum state, we may express the output state as follows:

in,n) (dgcosﬁ + Ll;gsz'nﬁ)n (Ldgsmﬁ + 1350056)”
n,n =

we can solve this by using binomial expansion which is

(X+Y)" = i (Z) Xk yk (2.3.14)

k=0

10,0) . (2.3.13)

This expansion yields

LEOWEDS (Z) (Z) \/(k : k/)!(nyjn?; e (2.3.15)

kK’

x(cos)" TF K (Lsin)" TE R K 4 kon+n —k—k).
In order to understand how photons behave at the beam splitter? we may use above

equation.

2.3.2 Heisenberg Approach: For Field Operator Transforma-
tions

In the Heisenberg approach, It is assumed that the state of the system remains constant
but in contrast, the quantum operators are affected by evolution parameters 6. We

might write state as follows:

la) — |a, 6 = 0) (2.3.16)
and
A(9) = exp (?) A(0)exp (—ij[@) ; (2.3.17)
it is possible to write as follows
A(9) = UT(0)A(0)U(9), (2.3.18)

where U (0) is unitary operator depending on Hamiltonian of system. As an alternative,
we might use the Heisenberg equation of motion, which states that

d ~» =i - ~ A
A=A, B = A). (2319
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Table 2.1: Comparison

Representation State Operators
Schrédinger U(0) |a) No change
Heisenberg No change UT(0)A(0)U(0)

We need to know the Hamiltonian of the system in both scenarios, this means we must
build an effective Hamiltonian for the evolution operator first. Therefore, let us have

a look at
ay = agpcost + Lbosind

. . (2.3.20)
by = ragsint + bycost.

If evolution parameter is zero or ¢ = 0 then a; = ay and ?)f = ?)0 when 6 > 0 the evolve

states are
o (2.3.21)
Basically, Eq. (2.3.20) are evolve states and equal to differential equations
Lan(0) = b, (0).  ~ho(6) = 1aa(6) (2322
dea,o = L0y s a0 0 = LAy s R

These equations are like Heisenberg equations for ag(6) and 130(9) provided the evolution

is given by the effective Hamiltonian
H = —h(alby + aob)). (2.3.23)

It is now possible to express the evolution operator as

A

U(0) = exp (:0(abbo + aod})) - (2.3.24)

Now we want to see how evolution operator transforms the input field operators?

According to Heisenberg approach the field operators can be transform as

{ZEEZS] = U'(0) {aﬂ ), (2.3.25)
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where U (f) is unitary operator. We can solve this by using Baker-Hausdorff lemma
which is
exp (LHIf[) A(0)exp (—L@I:I) — A(0) + 0[H, A] + (LQ;!Z) [H,[H, A]

ot (SO (A A H,[HAL A+ e

n!

(2.3.26)

where A is arbitrary operator and H is Hamiltonian of system. By using this lemma
in Eq (2.3.17) we can simply compute the transformation results which are equivalent

to Eq (2.3.20).

2.4 Experiments with photons

2.4.1 Splitting a Single Photon State: Generate Entanglement

Now, we will discuss the simplest case when a single-photon is incident on the input
port gy and no photon on port by. Since a single photon state is action of creation
operator on vacuum state i.e.

1) = al |0). (2.4.1)
So we can write the initial state [¢) in terms of field operators and vacuum state
), = @} 10,0) . (2.4.2)

As a result of the beam splitter transformation, it is straightforward to write a¢ in

terms of ay and l;f

1 ~
ol — - (a} + Lb}) . (2.4.3)
The beam splitter transforms the input state as
1
11,0y = @ 0,0) 2% — (]1,0) +¢10,1)) . (2.4.4)

V2

This is a very interesting result we can see that the input state at the fundamental
level had only a single photon. The output indicates that either we will have a single
photon at port ay and vacuum at by or we will have a vacuum at a; and one photon

at bf.
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b0:|0> E:‘-0=|0'>
a =0 BS}Y\ a = |)12 a,= 1> BS),, af:|;>
bf:|0> bf:|1>
Y Y

Figure 2.3: Single photon at Beam splitter

Here, the photon is shown to be a particle that may be transmitted or reflected but
not split into two components. Since the mode of output state cannot be expressed in

the tensor product, we may conclude that this is an entangled state.

2.4.2 Two-photon Interference: Hong—Ou—Mandel Experiment

In the case of two-photon on a beam splitter with one photon on input port ag and
other at port by. We can rewrite this state in much the same way we did in the previous

example so initial state |¢)) can has the form
[4) = [1,1) = afb; [0,0) . (2.4.5)

Beam splitter transforms the state as
R St g St it
V2 V2

= 7 (12,0) +10,2)).

Again, this is a really unusual outcome. One photon in either mode would have to be

(2.4.6)

reflected into the opposite mode in order to generate the output state |2,0) or |0, 2).
Interestingly, if the beam splitter is 50:50, the output |1,1) is not achievable. This is

because these results have two possibilities: either both photons are transmitted, as in
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by =[1)> b, = 11>
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a = |1 a=12>  a,=|D \ a;=[0>
NG > > >
b, =l0> b= [2>
Y Y
Figure 2.4: Two photons at Beam splitter
the case of |1, 1) or both photons are reflected, as in the case of «* |1,1) = —[1,1). The

outcome is that these probability amplitudes interact and cancel out in a destructive
way. This is known as the Hong-Ou-Mandel effect and was first experimentally verified

in 1987 [18]. Next, we will look at the case of a input coherent state.

2.4.3 Coherent State at a Beam Splitter

As we have discussed earlier, the coherent state |«) is the most classical of pure single-
mode field states and can be written as a superposition on the number state basis

as

) =" F Y \j‘% In), (2.4.7)

Moreover, we may write coherent state as action of the displacement operator on the

n=0
vacuum state
la) = D(a) [0) = e**' =" |0) (2.4.8)

Therefore, the coherent state is sometimes called the "displaced vacuum state" (DVS).
So, let us say that qg is the input port for coherent state and by is for vacuum.Because
a coherent state is the outcome of a displacement operator operating on a vacuum, the

initial state may be expressed as follows:
|¢>m - Dao(a) |07 0> : (249)
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We may take output state according to

*

la, 0) 25 eap [% (a}+ b)) - % (ay — Léf)} 10,0)
o[~ o o ()3 (2551

), 1),

This is also a really intriguing outcome. This is because the input state is coherent, and

the intensity of input state amplitude is equal to 1. When we look at the output, we
notice that it is a coherent state with intensity values of % at port ay and % at port
by respectively. To put it simply, 50% of the incoming intensity is transmitted, whereas
50% is reflected. In this case, the beam splitter behaves like a classical beam splitter,
which divides the incoming beam into two halves. In the following chapters, we will

use all these basic concepts for phase estimation with Mach-Zehnder interferometers.
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Chapter 3

Quantum Measurement and
Estimation Theory

Estimation theory is concerned with determining a quantitative value for essential pa-
rameter from a given data collection. Here quantum measurements are described in
their most general form, in the formalism of positive operator-valued measures (POVM).
We review the problem of estimating an unknown parameter from a given data. We
discuss a widely used formalism in parameter estimation theory: The Cramer-Rao
bound and Fisher information. Then we will extend our study of quantum metrology
to cover all possible measurements, resulting in the concept of quantum Fisher informa-
tion (QFI) and allowing us to go beyond the limitations of classical estimation theory.
Finally, we provide phase estimation using a Mach-Zehnder interferometer, which is

one of the most significant applications of quantum metrology.

3.1 Measurement Process

We begin with the measurement process which is one of the essential pillars of any
physical system. The goal of the measurement process is to assign a value to a physical
quantity, resulting in an estimate of it. Fach experimental estimate must include a
measure of uncertainty, defined as "a parameter associated with a measurement that
shows the dispersion of the value that might appropriately be provided to the mea-

surable quantity". Physical laws, such as the Heisenberg limit, set crucial bounds on

22



uncertainty. Quantum mechanics is the most effective, predictive, and fundamental
theory for understanding small scale phenomena. As a result, a theoretical model of
the measurement process, as well as the final achievable precision limit, are required.
Quantum physics, on the other hand, imposes fundamental limits on the precision of
estimations, and quantum resources must be employed in order to meet such limita-

tions.

The following are the building blocks of the estimation process:
i. State preparation

ii. Parameter encoding

iii. Measurement

iv. Result

State Parameter Estimator

prepa:ation 9 Enc;;ing 9 MeasIuEEe&ment 9 Result 9 X (5)

p £

Figure 3.1: Starting with the setup of the probe state p, the estimation procedure proceeds with the
encoding of the parameter 7, followed by the readout measurement (), and finally the mapping
from the measurement outcomes to the parameter estimation using the estimator x(&).

In the first stage, the input (probe) state is prepared in such a way that it can be
easily modified by making changes in unknown parameters. The system then interacts
with the probe state with the help of a unitary transformation operator which changes
the probe state to encode information about unknown parameters. Then, using a set
of Hermitian operators with a non-zero probability known as positive operator valued
measurement (POVM) E(¢), measurements are made and information about unknown
parameters is extracted. Finally, an appropriate estimator gives an estimation of the

unknown parameter based on measurement outcomes.
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3.1.1 Likelihood Function and Estimator

The most extensive form of measurement in estimation theory[30] is positive-operator
valued measure (POVM) which is a set of Hermitian operators I with non-zero proba-
bility and satisfy >, E(£) = 1 to obey the normalization condition. The most common
scenario is having correlated subsystems represented by p and performing m correlated
measurements expressed by E. So the conditional probability[29] to observe the result

for a given value 7, called as the likelihood, is

P(& | 1) = Tr[E)p(n)]- (3.1.1)

If the probe state p consists of £ uncorrelated subsystems that are independent of one
another, then

p=pVep?Pei®e.. 0", (3.1.2)

If we perform a local operations, i.e. p(n) = pV(n) @ pP(n) ® p®(n) ® ... @ p¥(n)

and independent measurements, such that our estimator is given by E(f) = E(l)(&) ®

@)(&)QE®) (&) ® ... E®(&,). Tt is straightforward to define the likelihood function

as a product of probabilities based on a single measurement

P& |n) = IIP&!n (3.1.3)

where Pi(& | n) = Tr[E;(&)p;(n)]. For independent measurements, using the log-

likelihood function is usually more convenient so

L(& | n) = InP(& | ) = ZmP & | ). (3.1.4)

Now we define an estimator as a mechanism for computing an estimate of an unknown
parameter based on a given set of outcomes. It is just a function that correlates each
set of data with an estimate of the unknown parameter. In fact, the estimator must
be chosen properly so that it is near to the actual, unknown value of the parameter.
The estimator can be characterized by its expectation value which is dependent on an

unknown parameter.

(X), E:me (3.1.5)
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and its variance is

(A2 =S P [0~ (0),] (3.6)
3

Now we will look at the characteristics of an estimator. It is obvious that there are good
and bad choices of an estimator. If an estimator gives the least amount of uncertainty,
it is considered to be "good". These are referred to as unbiased estimators. More in
details:

Unbiased Estimator; An estimator is considered to be unbiased if its expectation

value corresponds to the real value of unknown parameters

X, =n- (3.1.7)

If estimators do not fulfill the above condition are supposed to be unbiased. In partic-

a(x(€),
B

for a certain range of the parameter n is said to be locally unbiased.

ular, for unbiased estimators we have = 1. while estimators that are unbiased

Consistent Estimator; A set of estimates x(&1), x(&1,&2), -, x(&1, &2, -, &) can
be constructed by performing a set of measurements & = {1, &2, &3, ..., { } in a sequence.
If such a sequence converges in probability to ¢, the estimator is considered to be

consistent. A consistent estimator is locally unbiased in the limit of k — oo, that is

lim (%()), = 7. (3.1.8)

k—00
The ideas that have been described so far act as a foundation for estimation theory.
We now go on to possibly one of the most significant tools in estimation theory: the
Cramer-Rao bound (CRB). To properly define and understand this lower limit on
estimation theory, we must first focus on a quantity that is very strongly connected to

this bound, namely the Fisher information.

3.2 The Cramér-Rao Lower Bound and Classical Fisher
Information

The Cramér-Rao lower bound express a lower bound on the variance of an arbitrary

estimator. Considered a probability density function (PDF) for a set of the possible
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outcome & = {&1,£2,&3, ..., & and the unknown parameter, 7, is

k

SR ) =1, (3:2.1)

i=1
By differentiating with respect to the unknown parameter 7 and then multiplying and
dividing by P;(&; | n), we obtain

k

) [%Li(éi | n)} Fi(& | n) =0, (3.2.2)

i=1

where we have used the identities m % P& | n) = %lnPi(fi | 7) and InP;(&; |
n) = L;(& | n). The above equation is simply the expectation value of derivatives of

the log-likelihood function which we may express as
Li(&
<M> —0. (3.2.3)

We will now examine the expectation value of an estimator which is (x) = 32, ¥ Pi(& |

n), by differentiating with respect to unknown parameter 1 and then using identities
Fem o P& | n) = ginPi(& | n) and InPy(& | n) = Li(& | 1), we obtain

0 (€
—gg” - <X —a(LZ(;;' 77))>. (3.2.4)

on

2 2
By combining the Eq. (3.2.3) and Eq. (3.2.4), we get (%) = <()Z 09 M> ,
n

> (XY>37 where X and

and then applying the Cauchy-Schwartz inequality (X )727 <Y>727 >

Y are real functions of the parameter & we obtain

(- <X>)2>n<<%§iw)2> - (2, (3.2.5)

Noting that <(§( - ()2))2> = <Ax>i, we obtain the CRB, given formally
n

an) 2
a2 = ()

(3.2.6)
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where FI(n) denotes the classical Fisher information, given by

_ 1 (oPE|n)\* /(oL )\
”(’”ng@rn)( an )_<< In )> (327)

where sum extends over all possible outcomes £. The most general form of the Cramér-

Rao lower bound is represented by Equation (3.2.6). The bound, on the other hand,

X))y

is most useful when considering unbiased estimators for which o7

= 1. Next, we
will calculate an upper bound on parameter estimation, simply known as the quantum
Cramér-Rao bound (qCRB).

3.3 Quantum Cramér-Rao Bound and Quantum Fisher
Information

So far we have discussed Cramér-Rao bound which gives a lower bound on parameter
estimation. Cramér-Rao lower bound depends on classical fisher information which is
dependent on the choice of estimator employed. We will now examine the quantum
Cramér-Rao upper bound on phase estimation, which is dependent on quantum fisher
information. Maximizing the Fisher information over all POVMs is used to derive the
quantum Cramer-Rao bound

Flolp(n)] = max FI [p() (). (3.3.1)

It has been shown that this amount may be represented in the following way by Pezze’

and colleagues [29]

Flglp(n) = Tr [p(n), Lj]. (3.3.2)

It is clear that quantum Fisher information does not depend on POVM and f/n in the

above equation is known as the symmetric logarithmic derivative (SLD)[31] defined as
equation A

) (333

and we define the quantum Cramér-Rao bound as

(3)
on

FLG (3.3.4)

<AX>§CRB =
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Quantum Fisher information is a maximization over all possible POVMs and qCRB
is inversely proportional to QFI so it is clear to see how quantum Cramér-Rao bound
serves as an upper bound on parameter estimation. Now we have the chain of inequal-
ities

(Ax); > (Axcrs), > (Axgons), - (3.3.5)
n n n

3.3.1 Quantum Fisher Information for Mixed State

In this section, we find an appropriate expression for quantum Fisher information in
terms of complete basis {|n)} where the density operator is generally be written as

p(¢) =, pn|n) (n|. In this basis quantum Fisher information can be written as

Flglp(n)] = Trlp(n) L2 =Tr [Y,p|l) (] L2]
=S LY = o [ Ly I P

P+ py S,
= Y S ULy 1) P,
Ly

where we have used identity ), |I) (I| = 1. To calculate the Quantum Fisher informa-
tion we have to calculate the matrix element of SLD (I| L, |I') for vectors |I) and |I').

By using Eq (3.3.3) we can write

(U A(m) Ly 1) + {1 Lop(m) 1)

(1| Dppy |1y = 5 : (3.3.7)
and
Ay 2 /
| L,|l) = x (1 9, p(n) '), 3.3.8
(| Ly 1) %,:pﬁpy (U Opp(m) |1) (3.3.8)
Which makes Eq. 3.3.3
2 ,
Flolp(n)] = < | (1] 0,p(n) 1) |2 3.3.9
elp(n)] Zpl+pl, | U] () |1 | (3.3.9)

Ly

We proceed further through the definition of the density operator p(n) = >, pi |I) (]

Onp(m) =D _(Opr) 1) A1+ pr|0y1) A1+ o 1) (941 - (3.3.10)
l l

l
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Which is simple product rule for derivative. Thus the matrix elements of Eq. 3.3.10

becomes
(U 0upn) 11 = @upr)ory + (1 — ) (O3l (33.11)
where we have used 9, (I|I') = (9,l|l') + (1|3,I') = 1. The Quantum Fisher information

then becomes

FLolpm) = 3¢ ”pl oS Py (3.3.12)

] o Pl+pl

3.3.2 Quantum Fisher Information for Pure State

In the case of a pure state, the density operator may be represented as p(n) =

[1(n)) (¥(n)|, and its derivatives and square of derivative can be written as

St = ot | 52|+ (22 g,

an an an
. (3.3.13)
5 = ita) | 252] + |20,
Using these derivatives, SLD becomes
L,y = 2[0,p(n)] = 2(0, [¥(n)) (L ()], 3.3.14)

= 2[0y(n)) ()] + 218 (n)) (Dsv(n)] -
where in the last step, the 1 dependency of v is implicit for notational convenience.

By using Eq. 3.3.6 into Fisher information formula, we obtain
Flglp(n)] = Trlp(n)Ly] = (1L*¢)

= 4<&7¢]&7¢> — | <<8nw|¢> |2>
This is Quantum Fisher Information (QFI) which we often used in Quantum Metrology.

(3.3.15)

Following that, we will go over the most important scenario in the estimation process,

referred to as phase estimation.

3.4 Phase Estimation

Phase estimation is one of the most important applications of quantum metrology.

Many interferometers are used to compute phase shift, which is the difference in the
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length of an optical path between two modes, but the Mach-Zehnder interferometer
is one of the most often used optical interferometers for phase estimation. Mach-
Zehnder interferometer consist of optical instruments named beam splitters, mirrors,
phase shifter and detectors. Now, we will talk about the action of the Mach-Zehnder

Interferometer.

3.4.1 Mach-Zehnder Interferometer

The Mach—Zehnder interferometer is a particularly simple instrument for demonstrat-
ing interference via amplitude division. The first beam splitter divides a light beam
into two components, which are subsequently recombined by the second beam splitter.
The second beam splitter reflects the beam with an efficiency ranging from 0 to 100%
depending on the relative phase shift obtained by the beam along the two pathways.
Using a Mach—Zehnder Interferometer as an example in quantum mechanics is common
since it illustrates the path-choice problem in a straightforward manner.

If ap and by are two inputs operators immediately after the first beam splitter i.e.

at the point b; and ay, operators are given by

b b+ ta
1 pr—

V2

0t b (3.4.1)
a] =

V2
Mirrors provide a phase shift of 7 and phase shifter imparts a phase shift to the arm

by so the operator at point bs and as have the form

_p bt a

V2 (3.4.2)

b3:—€

_a—l—Lb
\/§7

In the end, the second beam splitter transforms these so that the output field at

as =

detectors are given as

ap == [—(a+b) — te™#(b+ 1a)]

N | —

1 (3.4.3)
by = 3 [—e™2(b+ wa) — v(a+b)] .
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M 2 b ¢

Figure 3.2: A standard Mach-Zehnder interferometer with ay and by are two input ports. A phase
shift is induced in the by — mode before the state reaches the second beam splitter.

In the absence of a phase shifter ¢ = 0 and the output field at detectors are
ar=—tb, by=—wa. (3.4.4)

If input field b is in a vacuum state the output field can be shown that

(a}as) = sin®£ (afao)

(3.4.5)
(bibs) = cos2§ (bibo) .

31



Chapter 4

Heisenberg-Limited Phase Estimation

In this chapter, we use the parity operator to investigate the estimation of an unknown
parameter, phase. Here, we achieve phase sensitivity up to Shot Noise limit using the
classical state of light as input in Mach-Zehnder interferometer and Heisenberg-limited

phase estimation using NOON state.

4.1 Phase Estimation in Interferometry

Phase Estimation by Output Intensities Difference: First Method

First we introduce an operator O defined as difference of output photon of Mach-

Zehnder interferometer which is given as

M1

M2

O = blby — alay, (4.1.1)



where B}i)f and &J}df are the number operators on the output ports of the Mach-Zehnder

interferometer. With output state, the mean value of operator O is
(0) = (blby — alay), (4.1.2)
and expectation value of operator 02 is
(0%) = ((blby — alay)?) . (4.1.3)

We calculate phase uncertainty by using error propagation calculus given as

(Ag)? = , (4.1.4)

A ~ A2
where AO =1/ (0?) — (O) . In the present method we choose an arbitrary input state

and a beam splitter which transforms the input state. After this a phase shifter insert
a phase shift to arm b of interferometer. When the interferometer output state is
measured for photon counting, it leads directly to an equal expectation value over the
output state. The phase uncertainty may be determined using equation (4.1.4).

It is quite straightforward to say that this technique is not effective for phase esti-
mation when entangled state is the phase-dependent state of an interferometer, or any

other state in which the photon number difference is more than 1.

Phase Estimation by using Parity Operator: Second Method

Many works [36, 37, 38, 39, 40, 41, 12, 13] the possibility of using O as a parity operator
for output mode P has been explained. To explain photon counting measurements, we
may use the parity operator p. The output photon number operator is defined as

ip(a) = abay.

’ o (4.1.5)
nf(b) = bfbf.

Suppose we work in Hilbert space in which basis vectors are represented by {|q) , ¢ an integer}

and |g) is an Eigen ket of an operator ¢ That is

qla) =qlq)- (4.1.6)
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Figure 4.2: Phase Estimation by using Parity Operator
We can define the parity operator with in Hilbert space as
P = (—1)4@b) (4.1.7)
such that
Plg) = (=1)"Pq), (4.1.8)
and expectation value
<P>out = <<_1)ﬁf(a’b)>out . (419)

We should take into account that (—1)*®") depends critically on precise measurement
of n(a,b). Photon counting for parity operator measurement is useful normally for
low photon numbers. Phase estimation is calculated by the phase uncertainty given in

equation (4.1.4)

4.2 Phase Estimation through Parity Operator

In this section, we will discuss the use of a new detection observable named parity
operator. This detection observable was first introduced by C. C. Gerry et al.[31] in
2010. A detection observable is considered to be optimal for a state, if the CRB reaches
the qCRB. For any pure states that are path symmetric, parity detection provides
maximum phase sensitivity at the qCRB. It is necessary to be used Eq. 3.2.7 to get
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the classical Fisher information, which in term of parameter ¢ is

_ L (0P| ¢)\
[‘b)‘;P(w)( 06 ) “21)

where sum extends over all possible outcomes £. For parity, measurement outcomes for

unknown parameter ¢ have only two values, + or - and we can write p(+|¢) +p(—|¢) =
1. The mean value of that operator may be represented as the sum of the possible

eigenvalues weighted by the likelihood of that specific result, written as

Zp i)\ = p(+|9) — p(—|9),

(4.2.2)
2p(+|¢) —1=1—2p(—|9).
The variance can be calculated as
(AP)? = (P*) — (P)" = 1— (P)",
= 1— (p(+|¢) — p(—9))*, (423
= 1— (p(+16) + p(—1¢))* + 4p(+|¢)p(—|9),
= 4p(+[¢)p(—19).
Finally, from Eq. (4.2.2), it follows that
op(+le) _10(P)  op(=lo) )
1)) 2 0¢ op
Combining Eq. (4.3.3) and (3.3.15) we find
1 3 ))
PO =3 i |
) (4.2.5)
_ L o)
(AP | 09
making the CRB / qCRB
A®crp/gcrB = 4
|05 (P) | (4.2.6)
1
-~ VFI(9)
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It indicates that the phase uncertainty produced by error propagation saturates the
qCRB. This result will be used as we compute the qCRB in combination with the phase
uncertainty acquired by error propagation of the parity operator and show that the
results coincide perfectly. This outcome is especially useful in a number of the scenarios
we will explore because the QFI is usually easier to compute from a computational

standpoint.

4.3 Quantum Fisher Information in Optical Interfer-
ometry

We utilize the Schwinger representation of the SU(2) algebra with two sets of boson
operators to describe a typical Mach-Zehnder interferometer|35], which is discussed in
Appendix A. If you look at it from this perspective, the quantum mechanical beam
splitter may be thought of as a spin around an imaginary, but chosen axis., i.e. the
choice of a jx—operator performs a rotation around the x-axis, while the choice of a
jy—operator performs a rotation around the y-axis. An induced phase shift, which is
assumed to be in the b mode, is described by a rotation about the z-axis specified by

the .J,-operator. The state just before the second beam splitter is given as
[(¢)) = e 73 |in) . (4.3.1)

where we assume the 50:50 beam splitter. This, in turn, makes the derivative

050(0)) = —1e™ % JLe™ 5, (4.3.2)
leading to
(D (0)|10(0)) = ¢ (inlJ,|in) , (4.3.3)
and
(050(0)|050(6)) = (inlJ, lin), (4.3.4)

where we have used the Baker-Hausdorff identity to make things easier

S
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Combining Eq. (4.5.3) and (4.5.4) into Eq. (4.3.17) yields for the quantum Fisher

information

Flg = 4[0%(9)|0s0(0)) — [ (0 (d) () 7],

. (4.3.6)
=4((AJ)*),, -

which is just the .J,-operator’s variance with regard to the |in) initial input state. It is
worth noting that the quantum Fisher information in this situation is not affected by
the phase ¢, but rather by the initial state. Following that, we will show how classical
and quantum mechanical states of light may be used to derive basic limitations on

phase uncertainty.

4.3.1 Limits on the Phase Uncertainty

Let us first assume an interferometric setup with an input state given by |in) = |a), ®
|0),, » where |a) is a coherent state, the most classical of pure single-mode field states.
Assuming our beam splitters are 50 : 50, that is, § = 7/2, and following the convention
of Yurke et. al [3.8.1], the output state after the interaction with interferometer is
loutput) = ‘%(1 + eb¢)>a0 ® ‘%(1 — e“75)>bO : (4.3.7)
Note that upon setting the phase ¢ = 0 we end up with our initial input state |in), re-

flecting the unitarity of the transformation. More concisely written, we have performed

the transformation

lout) = e~ |in) . (4.3.8)

The intensities of the two output coherent states are given for the a; and by-modes,

respectively, as

2
o o
Iy, = <a}af) = 7(1 + coso),
ol (4.3.9)
I, = (bhby) = (1= coso).
We define the difference in intensities as
(@) = Iy — I, = |a|*cosd, (4.3.10)
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where the operator @ is given by & = a'a — bih. Finding the expectation value of the

square of this operator is tedious but straight forward, and yields
(@) = ((@hao — bhbo)?) .
o (4.3.11)
(1 = [af*cos®).

We can define the phase uncertainty through error propagation calculus as
Ap=——

_ V1 ncos’d (4.3.12)

This outcome puts a limit on the phase uncertainty achievable via classical-like light and
is known as the Standard Quantum (or Shot Noise) Limit (SQL). Note, however, when
our detection observable is simply taking the difference in intensities, the measurement
is not optimized at the value ¢ = 0; in fact, the phase uncertainty is infinite for this
value of the phase. We formally define the SQL as
1
%.

It is worth showing out here the importance of using parity as a detection observable.For

Apsqr = (4.3.13)

an arbitrary coherent state|3), we define the mean value of the parity operator now
which is

(P)y = (B|P|B),
5| {e IBI

> o)

(g { Z “j;)" n)},
— (8- ).

Applying this result to the a- and b-modes of output state in Eq. (4.7.10) yields

(4.3.14)

<p>a = 67‘042(14*008(15).

) ) (4.3.15)
(P), = e~ lel*(1—cosg)
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Which, when used related to the usual error propagation yields, a SNL optimized for
small phase shifts when detection is made in the output mode b, that is

1
Vi

where we applied I’Hopital’s rule for the limiting case of m = 0.

Adpy = if ¢=0, (4.3.16)

What about a reasonable bound on the phase uncertainty achieved when we use

quantum states of light? Consider the maximal entangled state given by

1
INOON) = 5[\]\7, 0) 400 + €710, N) (4.3.17)

ao,bo]'

The photon number uncertainty is equal to the overall mean photon number N, since
all photons can be found in either one mode or the other while the opposite mode will
have zero photons. Thus the heuristic relation becomes A¢p N = 1. Our understanding

of the Heisenberg limit (HL) on phase uncertainty may be derived from this:

S| =

Appr = —. (4.3.18)

Thus, the SNL and HL provide us our upper and lower bounds on phase uncertainty.

AQSSNL =

5=

(4.3.19)
Adur, =

S

Moreover, the Heisenberg-limit is an enhancement of the SNL by a factor of the SNL
itself.

Adénr, = Admr. (4.3.20)

We will look at these limits in more detail in the next sections, using both classical

and quantum states of light as well as parity operator.

4.4 Phase Measurement with Classical (Coherent)Light

Now we will talk about the scenario where classical light is employed. Coherent state

is classical state because a beam splitter does not creat entangled state for coherent
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light. For classical light we will get phase sensitivities up to the Shot Noise Limit
(SNL) for the best choice of phase ¢ when studying intensity different measurement
which is highest sensitivity attained by classical light. In this section we will illustrate
a question that what will be the phase sensitivity when we use photon number parity?

Now, we will discuss the example in which coherent light is injected in the input

port a and no photon on port b of interferometer so our input state can have the form

lin) = |a, 0) (4.4.1)

ag,bo ’

where coherent state is defined as

e i L. (4.4.2)

Here we use J, type beam splitter so the the first beam splitter transforms the initial

state as

lin) = |a,0), , 2

ao,bo

o L
4.4.3
2 2 >a17b1 ( )

interferometer arm b undergoes a phase change of ¢ as a result of J, operator, so the

state after the phase shift in b-mode is given as

o}
& rac , (4.4.4)
2> 2 ) .

a2,02

«Q La> ¢—shift
27 2 a1,by

In the end, the output state at the detectors are given as

a (1 —e?)

@ b
S (L+e?), —— > x (4.4.5)
af,of

a Loe'? > BS, 2
a0 7
2 2 az,bz

Now, we will discuss the phase uncertainty achieved by two different detection Schemes,
taking intensity difference between two modes and parity operator measurement on one

of the output mode.

4.4.1 Difference between Output Intensities

The expectation value of a number operator in a quantum state of light is directly

related to their quantum field intensity|[!14].
[ o (R). (4.4.6)
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As a result, the difference between the average photon number at the output of Mach-

Zehnder interferometer may be expressed as
AT = (R, — i, ). (4.4.7)

This term is equivalent to the average value of the operator 2.J, in SU(2) lie algebra.
With interferometer output state, the mode intensities expectation values are derived

as follows:
. Ng
<naf> = 7(1 + coso)

. (4.4.8)
<ﬁbf> = 5(1 - COS¢)7

where 71, = 7, = |a|%. The average value of operator 2.J, and its square is given as
(2.) = |af*coso,
. (4.4.9)
((2.)%) = lal"cos’¢ + |af”.

The phase uncertainty may be determined using the error propagation calculus.

A(2].)
Dy (2.1.)
Vi@ — @) (4.4.10)
Dy (2J.) ’
1

" lalZsin2e’
|

A(szz =

4.4.2 Parity-Based Detection

We now define the parity operator with regard to both interferometer output ports.

P, = (—1)%%, (4.4.11)

af
likewise
P, = (—1)%". (4.4.12)

Therefore, we can conclude that from this the associated mean values and their first

derivatives are

(Poyv)) = e olEeosd) (4.4.13)
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~

0 <Paf(bf)>
Oy
As we discussed previously, the expected value of the square of the parity operator is

-2
(Paf(bf)> = 1 we can find phase uncertainty by use of error propagation calculus,

v/ ednocos?p/2 _

= +7gsing e To(1Ecosd), (4.4.14)

Ade = 1.4.15
gbpaf ng|sing| ( )
Aoy = . 4.4.16
qbpbf ng|sing| ( )

A

For both (Paf(bf)>, curves are displaced from one another by 7 phase shift. It means
that the peak for occurs at ¢ = 0 and peak for occurs at ¢ = m. we can extend the

above equations concerning their particular optimal phase values to find

1

A ~ = -
(/jPaf Vg |cosg|

for ¢ =m. (4.4.17)

A¢be for ¢ =0. (4.4.18)

1
B \/ﬁo|003¢|

4.5 Phase Estimation with Maximally Entangled State:
The NOON State

For Quantum Metrology, the NOON state has been extensively researched for its poten-
tial application|[14, 15]. Maximal entangled state is define as the super position state in
which one mode (mode ag ) contains N photons while other mode (mode by) contains

no photon |N, O>a07b0 or no photon on ap mode and N photons on by mode [0, N), , .

let us consider a different MZ interferometer configuration wherein we replace first
beam splitter of MZ Interferometer by a magical device which transforms the input
state as

L (v, 0)

’wN>BSl = E (’ ) + eLq)N |O7 N>ao,b0 ’) (451)

ao,bo

where @y is relative phase shift whose value may depends on method of state gener-

ation. The state cannot be expressed as a product of two distinct states, |¥) yoon 7
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|thay) @ |thy, ). By applying a phase shift operator Upg = e to by mode which changes
the state [¢y) as

+ e!Neten) |0, N>a0,b0) , (4.5.2)

¥ (e)) = —= (1N, 0)

1
E ag,bo
In this case, the emergence of N¢ corresponds to a phase factor between the super-
position elements. Finally, following the second beam splitter, the condition is as

follows[4.2.1]:

lout, Ny, ,; = Noizi [(ag + 1bh) + et WNoren (bl 4 Lag)} 0,0),4, -  (4.5.3)
For N=1 we obtained
lout, 1), :% (04 [1,0),,, + @+ @) 0,1, ] (454)
. Now, we calculate expectation value of operator J which is
(Yo = (iby = Poag) g (45.5)
= sin(¢p + Dq).
if &y = —
(J),, = Sine. (4.5.6)
For N=2 we obtained
o, gy =3 (VI = B 2,0, 214 O,
+V2(e+ 0T 10,2), ).
Mean value for state |out,2) of operator J is
(J)y = 0. (4.5.8)

It is clear that expectation value does not depend upon the phase shift ¢. There are
no NOON states with N > 1 for which this technique gives an indication of phase. Now
the question arises is that Is there a way to get phase information from NOON states?

Dowling al. presented the Hermitian operator as follows:

~

Z = [N, 0),, 4, (0, N|+10,N), , (N,0]. (4.5.9)
N
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Now we are interested to find the expectation value of this operator for the state

lout, N) which is
<ZN> = cosN ¢. (4.5.10)
out,N

It is clear that expectation value depends upon the phase N¢. By use of error propa-

gation calculus we can find phase uncertainty which is |?]

gy )~ {5)

(4.5.11)

An enhancement above Standard Quantum Limit (classical limit) by a factor of 1/v/N
is seen in the above result, which is independent of phase shift ¢.

Now we use parity measurement for the determination of Heisenberg-limited phase
estimation. we considered the N=2 and parity operator just change the sign of middle

term upon action of mode-b parity operator.

- 1
Py, Jout,2),,,; =~ [V2(1 — e22+®2)) |2 () — 24(1 + e+ ®2)) |1 1)

4
+V2(0 + 1T [0, 2)

Now we see that the mean value parity operator is

ao,bo

b (4,5.12)

ag ,bo] ’

(P) = cos(2¢ + ®s), (4.5.13)

It has a desired dependency on 2¢. For arbitrary N, we find

N
(P) = % [eNOTeN) 4 (—1)N e Noren] (4.5.14)
or
(P) = (=1)"?cos(N¢ + ®y) For even N, : )
R 4.5.15
(P) = (=1)N*D26in(N¢ + ®y) For odd N.
It is clear that phase uncertainty is Heisenberg-limited
1
Ap = —. 4.5.16
o= ( )
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Chapter 5

Summary and Conclusions

Over the past few years, several theoretical studies have been done in the field of
quantum metrology. The purpose of this dissertation has been to make a small effort
to learn about the small topic, phase estimation using quantum optical interferometry,
of this giant temple field. I would like to conclude by summarizing the work presented

in this dissertation, as following

In this thesis, we have investigated the problem of phase-estimation using quantum
optical interferometry, which is an interesting implementation of quantum metrology in
the area of quantum optics. In general, quantum metrology deals with the techniques
to improve the measurement precision beyond the limits set by standard quantum
fluctuations. In many physical situations, the process of precision measurement can
be reduced to detection of a small phase shift by using optical interferometric set-
up. In our study, we first have presented a quick review on the quantum mechanics
of various optical devices, such as, beam-splitters, phase-shifters and interferometers.
Then we have studied their response to different quantum mechanical input states with

classical-like (coherent states) and non-classical (NOON state) nature.

Using these quantum optical set-ups, we have studied the quantum optical phase-
estimation under various classical-like and non-classical probe states at the input. In
this perspective, we have explored the fundamental bounds on ultimate precision limits
in the phase estimation using the notion of Fisher information entropy. Such bounds

are the so-called Cramér—Rao bounds which typical come out to be different for classical
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and quantum probes. We have shown that by using the coherent states as our initial
probe state, the estimation error is computed as ~ 1/y/n, which is known as Short
Noise Limit (SNL). However, for the case of NOON states (highly non-classical state),
which is entangled state, the ultimate precision limit takes the value as =~ 1/n, which
is known as Heisenberg-limit. It is important to note that in the Heisenberg-limited

phase-estimation, the accuracy is enhanced by a factor of v/ with respect to SNL.
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Appendix A

Brief Overview of the SU(2) Group

A.1 The Schwinger Realization of SU(2)

Suppose that a beam splitter has two incident modes, each of which is described by a
set of boson operators, {do, 4} for mode ay and {by,b}} for mode by. These operators

fulfill the commutation relations in the following manner
a0, ab] = [bo, 0] = 1, (A.1.1)

and
[, o) = 0. (A.1.2)

The Hermitian operator may be introduced as

gy = 5(&860 + byao),
I, = —5(abb = o), (A.1.3)
J. = a0 — i)
and
%=;@%+%®- (A.1.4)

Hermitian operators fulfilling the commutation relations of lie algebra of SU(2)

include the following

A

[ iy Jj) = 1€ g, (A.1.5)
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where €, is the Levi-Civita symbol. An invariant that is compatible with all operators

of the group, the Casimir invariant, may be derived as follows:
J=T 4 I+ I = Jo(Jo + 1),
N ( N ) (A.1.6)

2

—+1
2+

It is fairly straightforward to see the action of angular momentum operators J; on

the quantized field state [n), ® |n'>b0

ol /

1 / /

oS / ]. / /
Jz\n,n):§(n—n)\n,n).

As this is definitely the angular momentum algebra, it is straightforward to write a
two-mode quantized field state |n), ® \n/)bo in terms of SU(2) multipelt states |j, m)

so action of angular momentum operators on |j, m) state is
J2gm) = (G + 1) 15,m)
Jolg,m) = jli,m), (A1.8)
J.|7,m) =m|j,m).
Which informs us the values of j and m which are given as

j= %(n+n/) and m = E(n — n,). (A.1.9)

Finally, we can write the multiple state as

n+n'n—n'
2 7 2 '

In,n') — |j,m) = (A.1.10)

A.2 Beam Splitters Revisited using SU(2) Group

Next, we will briefly review the concepts of the lossless beam splitter in terms of SU(2)

lie algebra that is essential for our work. It is assumed that the boson annihilation
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operators ap and by represent the input ports of the beam splitter, whereas ay and by

represent the output ports. The scattering matrix combining them can have the form

U= (“” “12) (A.2.1)

U21 U292,

&f U1 U2 &0
) = ~ . A2.2
()= G ) () (22

The scattering matrix must be unitary due to the conservation of boson operator

Such that

commutation relations. The scattering matrix for J, type is written as follows, based

on Yurke et al. [32]
N 9 _,sin?
U= ( % LSZZQ) . (A.2.3)

—LSZTL§ 0085

After that, we will examine how this scattering matrix transforms components of SU

(2), J = (Ju, J,, J.)? For this we can see

o 1 0 0 o
Jy =10 cosf —sinf Jy ,
J. 0 sinf —cosb I.]
output input (A24)
— eLij e—LQJAw.

N >@k4>8k4>

in

which can be checked by the use of baker-Hausdorff identity. that is, our input state
is rotated by an angle # about the x-axis. It should be noted that the analogy be-
tween the number state basis and the angular momentum states of the SU(2) group
is purely formal [?].it arises because the Lie algebra of operators generating unitary
transformations in two-dimensional space happen to be the same algebra of the op-
erators generating rotations in a three-dimensional space. For this reason, these are
often called ’quasi-spins’, but have no direct physical interpretation in terms of any
rotation in a real three-dimensional space [33]. Working in the Schrodinger picture, we

can write the output state in terms of the input state as

[0 s = €0 [, - (A.2.5)
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A.3 Calculations in Interferometry using the SU(2)
Group

Assuming our beam splitters are devices that rotate the state about the x-axis then
the output state of MZI may be expressed as follows

lout) 5o = = e3¢ “bjze_bgjz, lin) pg (A.3.1)
where we use the Baker-Hausdorf relation to simplify
eLQJm L(ﬁjze*L?Jz _ €$p[—L¢€ngIj e*L%jI]
A ’ ’ (A.3.2)
— €7L¢Jy7

Where e‘27= J,e~*27= = J . Assume that we have two arbitrary pure field states in our
input ports, in the Schrodinger picture, we can write this as

jin) = [V),, @ [, |
= (zz‘io ot |n>) ® (z;s;o D)),
Z Z C ’"I>b0

, (A.3.3)
n=0 ,'—o

Lastly, we go from number state to angular momentum. To describe our output state
we can use

lout) = e_“ﬁj’-‘/ |m>

§=0,5,...M
oo -j  —J )
> > Z D CO 1jm'y om0 |j,m),
j=0,1,...m=i m'=j (A.3.4)
o —J -7 .
SS Y e.e® Gom e m) [5,m)
§=0,3,... m=J m’=j

-j —J

> Z Z .00, (9)]j.m).

1
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Where dil . (¢) is the Wigner-d matrix element and we have included a complete set

of states to finish up the relation
. —Jj
L= 15m) Gm]. (A.3.5)
m/:j

Throughout this thesis, we often calculate the expectation value of a detection observ-
able in the Heisenberg picture. In the case of output ay-mode parity detection, this

becomes

<1f)> _ <6L¢jyf)e—L¢jy>

n

=SS (G (0) (O, MIPLGm) (A.3.6)

jom! M

out

Where I'(¢) is phase dependent state coffecient given as

Z J+m ] md rmm/ (). (A.3.7)

m=—j
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