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Abstract

In this work, we present a new Hermite-Hadamard inequality which is associated with

Hadamard-type integral with respect to another function. This fractional integral is

the generalization of fractional integral with respect to another function, Hadamard-type

fractional integral, Hadamard fractional integral, Tempered fractional integral, Katugam-

pola fractional integral and Riemann-Liouville fractional integral. The main significance

of the inequality is that it contains Hermite-Hadamard inequalities for many fractional

integrals as special cases. Generalized result of Hermite-Hadamard type inequality for

fractional integral with respect to another function is also established.
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Chapter 1

Basic Concepts

1.1 Introduction

Fractional calculus is a modern tool for researchers working in pure and applied mathe-

matics. The Fractional calculus journey goes back to seventeen century, when L’Hospital

raised a question to Leibniz that “what is the derivative of non-integer number”. Leibniz

response “an apparent paradox, from which one day useful consequences will be drawn,”.

First definition of fractional derivative was introduced by Lacroix in 1819. In 1823 Abel

was the first who solved the tautochrone problem by using arbitrary order derivative. In

1834 J. Liouville worked on complementary functions, gave a reasonable definition of a

fractional derivative and the point of existence of the right-sided and left-sided integrals

and derivatives. He has a great contributions in fractional calculus. In 1841 D. F. Gre-

gory gave the solution of heat equation. In 1846 P. Kelland assumed that the principal

of permanence state for algebra is valid for all symbolic operation.

In 1847 B. Riemann gave the definition of fractional integration in which he added com-

plementary function. In 1848 C. J. Hargreave generalized the Lebniz rule for arbitrary

order derivative. In 1892 J. Hadamard introduced the new concept of fractional inte-

grals and derivatives. Numerous mathematicians has contributed their work through out

the 19th and 20th century in the advancement of fractional calculus. Few of them are

W. Center(1850), H. R. Greer(1859), Z. Wastchenxo(1861), H. Holmgren(1865-67), A.

K. Grunwald(1867), A. V. Letnikov(1868-72). A. Cayley(1880), H. Laurent(1884), P.

A. Nekrassov(1888), A. Krug(1890), O. Heaviside(1893-99), G. Oltramare(1893), R. E.

Mortiz(1902), H. Weyl(1917), H. T. Davis(1936), H. Kober(1940), A. S. Peters(1961), G.

V. Welland, K. B. Oldham(1972), S. G. Samko, A. A. Kilbas, and O. I. Marichev(1993),
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I. Podlubny(1999), N. Sudland(2000). For three centuries the theory of fractional deriva-

tive was only useful for mathematicians.

In literature there are different definitions of fractional operators. Among these, Riemann-

Liouville, Caputo and Hadamard are most commonly studied [33, 10, 22]. Fractional

calculus has wide applications in all fields of engineering and science [33, 35, 37, 42] such

as electromagnetism, viscoelasticity, hydraulics, electromagnetic, biological population

models [28, 30], optics, and signals processing. Fractional calculus is used to model the

physical and engineering process and they are described by fractional differential equa-

tions. One of the recent and famous application of fractional calculus is describing the

remembrance and ancestry properties of various materials and processes.

1.2 Some special functions of fractional calculus

In the first chapter we provide basic concept for the readers. We state fundamental theo-

rem of calculus, definition of gamma function, beta function, Riemann-Liouville fractional

integral and fractional derivative, Caputo fractional derivative, Hadamard fractional in-

tegral, Hadamard-type fractional integral and some of their basic properties.

1.2.1 Gamma function

Euler in 1729 discovered the gamma function. The gamma function plays an important

role in fractional calculus. Gamma function is the generalization of factorial function to

real and complex number argument.

Definition 1.2.1. [10] The function Γ : (0,∞)→ R is defined as

Γ(ω) =

∫ ∞
0

sω−1e−sds, ω > 0,

is called Euler’s gamma function.

Properties Following are some very common properties of gamma function.

(a) Γ(w + 1) = wΓ(w);

(b) Γ
(

1
2

)
=
√
π;

(c) Γ(w + 1) = w!, if w is non-negative integer.
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Proof. (a) By definition of gamma function

Γ(w + 1) =

∫ ∞
0

swe−sds.

Integrating by parts

Γ(w + 1) =swe−s|∞0 −
∫ ∞

0

wsw−1e−sds = 0 +

∫ ∞
0

wsw−1e−sds

=w

∫ ∞
0

sw−1e−sds = wΓ(w).

(b) Here substituting, w = 1
2

in definition of gamma function and integrating, we have

Γ

(
1

2

)
=

∫ ∞
0

s
1
2
−1e−sds =

∫ ∞
0

s
−1
2 e−sds.

We evaluate the integral by substitution method. Let s = u2

Γ

(
1

2

)
=

∫ ∞
0

e−u
2

√
u

2udu = 2

∫ ∞
o

e−u
2

du

=2

∫ ∞
0

e−v
2

dv.

Now, (
Γ

(
1

2

))2

= 4

∫ ∞
0

∫ ∞
0

e−(u2+v2)dudv.

We use transformation of rectangular coordinate to polar coordinates u = r cos θ, v =

r sin θ, 0 < θ ≤ π
2
, dudv = Jdrdθ where J is called the Jacobi matrix. Here in this case

J = r. Thus (
Γ

(
1

2

))2

=4

∫ π
2

0

∫ ∞
0

e−r
2

rdrdθ

=4
(π

2
− 0
)∫ ∞

0

e−r
2

rdr.

Let z = r2, dz = 2rdr, then

Γ

(
1

2

)2

= 2
π

2

∫ ∞
0

e−zdz = π(e−∞ + e0) = π.

Taking square root on both side

Γ

(
1

2

)
=
√

2.
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(c) Since Γ(1) = 1, by part (a)

Γ(2) = Γ(1 + 1) = 1 Γ(1) = 1.

Similarly,

Γ(3) = Γ(2 + 2) = 2 Γ(2) = 2!.

In general

Γ(w + 1) = (w)!.

Extension of domain of gamma function

The functional equation

Γ(j + 1) = jΓ(j), (1.2.1)

can be used to extend definition from j > 0 to all real number except j 6= 0,−1,−2 · · · .
From (1.2.1) we have,

Γ(j + 1) = jΓ(j) or Γ(j) =
Γ(j + 1)

j
.

Right hand side is define for j + 1 > 0, j > −1, j 6= 0 where Γ(j) is define for j > 0.

Now from (1.2.1)

Γ(j + 2) =(j + 1)(j)Γ(j)

Γ(j) =
Γ(j + 2)

j(j + 1)
, j 6= 0,−1,−2.

In general, repeated application of above procedure leads us to

Γ(j + n) =(j + n− 1)(j + n− 2) · · · (j − 1)jΓ(j)

Γ(j) =
Γ(j + n)

j(j + 1)(j + 2) · · · (j + n− 1)
; j 6= 0,−1,−2 · · ·

Thus domain of Γ(j) is extended for all real number except j 6= 0,−1,−2 · · ·
In mathematics, Euler integral of first kind is also called beta function, which is closely

related to the gamma function and to the binomial co-efficient.

1.2.2 Beta function

Definition 1.2.2. [10] The beta function is defined as

B(ζ, µ) =

∫ 1

0

z(ζ−1)(1− z)(µ−1)dz, ζ, µ > 0.

4



1.2.3 Relation between beta and gamma functions

The relationship between gamma and beta functions can mathematically be expressed

as,

B(ζ, µ) =
Γ(ζ)Γ(µ)

Γ(ζ + µ)
,

where B(ζ, µ) is two variable function and Γ(y) is function of one independent variable.

Theorem 1.2.3. If h(z1, z2) is continuous on R = [a1, a2]× [b1, b2] then,∫
R

∫
h(z1, z2)dA =

∫ a2

a1

∫ b2

b1

h(z1, z2)dz2dz1 =

∫ b2

b1

∫ a2

a1

h(z1, z2)dz1dz2. (1.2.2)

The integrals are called iterated integral.

Mittag-Leffler function is a generalization of exponential function. The Mittag-Leffler

function for two variable is defined as

Definition 1.2.4. [33] Let α, β > 0, then Mittag-Leffler function be defined as

Eα,β(y) =
∞∑
k=0

yk

Γ(β + αk)
, y ∈ R.

Lemma 1.2.5. (Leibniz rule)

Let h(y, t) be continuous and ∂
∂y

be continuous in the domain of the yt−plane that contains

the rectangular region R. a ≤ y ≤ b, t0 ≤ t ≤ t1 and limit of integration η(y) and ξ(y).

Then function, and having continuous derivative on a ≤ y ≤ b.

d

dy

∫ ξ(y)

η(y)

h(y, t)dt = h(y, ξ(y))
dξ

dy
− f(y, η)

dη

dy
+

∫ ξ(y)

η(y)

∂

∂y
h(y, t)dt.

1.2.4 Spaces

Definition 1.2.6. The space C[c,d] is the collection of all continuous real valued functions

defined on [c,d], such that

||h(x)|| = sup |h(x)|, for all h ∈ C[c, d]

or

||h(x)|| =
∫ d

c

|h(s)|ds, for all h ∈ C[c, d].

5



Definition 1.2.7. The space Lp[c, d] (1 5 p 5 ∞) is the set of Lebesgue Measurable

function on A ( A=[c,d] ) for which ||h||p <∞, where

||h(y)||p =

(∫ d

c

|h(s)|pds
) 1

p

, 1 5 p <∞

and

||h||∞ = ess sup
c≤y≤d

|h(y)|.

Definition 1.2.8. [22] The space Xp
c (k, l) (c ∈ R) consists of those complex valued

Lebesgue measurable functions h on (k, l) for which ||h||Xp
c
<∞, with

||h||Xp
c

=

(∫ l

k

|tch(t)|pdt
t

) 1
p

, 1 5 p <∞

and

||h||X∞c = ess sup
k≤y≤l

[yc|h(y)|].

In particular when c = 1
p

the space Xp
c is coincides with the Lp(k, l) space: Xp

1
p

(k, l) =

Lp(k, l).

Definition 1.2.9. [10] The space Am[c, d] is the set of functions h for which there exists

a function g ∈ L1[c, d] almost everywhere such that

hn−1(z) = hn−1(c) +

∫ z

c

g(t)dt

defines the set of functions with absolutely continuous (n− 1) derivative.

1.3 Fractional integrals and derivatives

Integrals and derivatives play a significant role in mathematics. Integrals helps us either

to obtain the area under the graph or to find the function whose derivative is integrated.

Fractional integral can be determined by repeated integration. In contrast of previous

section, the following concept seems rather natural.

1.3.1 Properties of differential and integral operators

Lemma 1.3.1. [10] Let h : [k, l] → R be a continuous function, and H : [k, l] → R be

defined as

H(t) :=

∫ t

k

h(s)ds.

Then, H is differentiable and H ′(t) = h.

6



Remark 1.3.2. [10] Lemma (1.3.1) can also be read as

DIch(t) = h(t), where D =
d

dt
and Ich(t) =

∫ t

a

h(s)ds. (1.3.1)

Now we state composition properties of differential and integral operators as follows.

Repeated application of (1.3.1) gives

D2I2
ch(t) = D(DIc(Ich(t))) = DIch(t) = h(t). (1.3.2)

By using Eqn (1.3.2) we can deduce that

D3I2
ch(t) = D(D2I2

ch(t)) = Dh(t),

D2I3
ch(t) = D2I2

c (Ich(t)) = Ich(t).

Similarly we have

D3I3
ch(t) = D2(DIc(I2

c f(x))) = D2I2
ch(t) = D(DIc(Ich(t))) = DIch(t) = h(t). (1.3.3)

By using Eqn (1.3.3)

D4I3
ch(t) = D(D3I3

ch(t)) = Dh(t),

D3I4
ch(t) = D3I3

c (Ich(t)) = Ich(t).

In general

DpIqch(t) = Dp−qh(t), p ≥ q

DpIqch(t) = Iq−ph(t), p ≤ q.
(1.3.4)

From Remark (1.3.2) we can conclude that derivative is the left inverse of integral

when p = q. The composition of Integral with itself obey the law of exponent that is

IpIqch(t) = Ip+qh(t), Now we see the composition of integral Ich(t) =
∫ t
c
h(s)ds with

derivative D = d
ds

. By Fundamental Theorem of Calculus we have

IcDh(t) =

∫ t

c

Dh(s)ds = h(t)− h(a).

Using above relation

IcD2h(t) =

∫ t

c

D(Dh(s))ds = Dh(t)− h′(a).

Similarly

IcD3h(t) =

∫ t

c

D(D2h(s))ds = D2h(t)− h′′(a).
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I2
cDh(t) = Ic(IcDh(t)) = Ich(t)− h(c)(x− c).

In general

IpcDqh(t) = Ip−qh(t) + extra term p ≥ q,

IpcDqh(t) = Dp−qh(t) + extra term p ≤ q.
(1.3.5)

Eqn (1.3.4) and Eqn (1.3.5) concide only when the extra term in Eqn (1.3.5) vanish this

means that h(c) = h′(c) = h′′(c) = ... = 0.

1.3.2 Riemann-Liouville fractional integral and derivative

Riemann-Liouville fractional integral is obtained by the Cauchy iterated formula.

Lemma 1.3.3. [10, 22] Let h be Riemann integrable on [p, q]. Then, for p ≤ z ≤ q and

m ∈ N we have

Imp h(z) =
1

(m− 1)!

∫ z

p

(z − s)m−1h(s)ds.

Proof. Let us start from the simple integral

Iph(z) =

∫ z

p

h(s)ds. (1.3.6)

Iterating integral (1.3.6), and by using Theorem (1.2.3)

I2
ph(z) = Ip(Iph)z =

∫ z

p

∫ t1

p

h(s)dt1dt2

=

∫ z

p

∫ z

t1

h(t1)dt2dt1

=

∫ z

p

h(t1)(z − t1)dt1

=

∫ z

p

h(t)(z − t)dt.

The third iterate gives

I3
ph(z) = Ip(Ip(Iph(z))) =

∫ z

p

∫ t1

p

∫ t2

p

h(t)dtdt2dt1.
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By using Theorem (1.2.3)

I3
ph(z) =

∫ z

p

∫ t1

p

∫ t1

t

h(t)dt2dtdt1

=

∫ z

p

∫ t1

p

h(t)(t1 − t)dtdt1

=

∫ z

p

∫ z

t

h(t)(t1 − t)dt1dt

=

∫ z

p

h(t)

(
(z − t)2

2
− (t− t)2

2

)
dt

=

∫ z

p

h(t)
(z − t)2

2!
dt.

Repeating the above process upto m-times we have,

Imp h(z) =
1

(m− 1)!

∫ z

p

h(t)(z − t)m−1dt. (1.3.7)

The last integral is called Cauchy iterated integral formula.

Using relation between gamma function and factorial function, we can define fractional

integral. Replacing integer m with real ν > 0 in Eqn (1.3.7). The integral (1.3.7) becomes

fractional integral.

Definition 1.3.4. [10, 22] For a function h : [p, q]→ R, the Riemann-Liouville fractional

integral of order ν > 0 is defined as

Iνph(z) =
1

Γ(ν)

∫ z

p

(z − s)ν−1h(s)ds.

Lemma 1.3.5. For h(y) = yζ we have

Iν0h(y) =
Γ(ζ + 1)

Γ(ν + ζ + 1)
yν+ζ . (1.3.8)

Proof. By definition of Riemann-Liouville fractional integral

Iν0h(y) =
1

Γ(ν)

∫ y

0

(y − t)ν−1tζdt

Iν0 yζ =
1

Γ(ν)

∫ y

0

yν−1

(
1− t

y

)ν−1

tζdt.

We evaluate the integral by substituting v = t
y
.

Iν0 yζ =
1

Γ(ν)

∫ 1

0

yν−1(1− v)ν−1yζvζdv

=
yν+ζ+1−1

Γ(ν)

∫ 1

0

(1− v)ν−1vζdu.

9



Since, ∫ 1

0

(1− v)ν−1vζdu = B(ν, ζ + 1) and B(ν, ζ) =
Γ(ν)Γ(ζ)

Γ(ν + ζ)
.

Therefore, we have

Iν0 yζ =
yν+ζB(ν, ζ + 1)

Γ(ν)

=
Γ(ν)Γ(ζ + 1)yν+ζ

Γ(ν)Γ(ν + ζ + 1)

=
Γ(ζ + 1)yν+ζ

Γ(ν + ζ + 1)
.

Lemma (1.3.5) can be used to find fractional integrals of functions which can be expanded

by Maclaurin series. As an example, here we will find the fractional integral of sin z for

z ∈ R.

Example 1.3.6. [10, 22] Find the fractional integral of sin z. First we expand sin z into

its maclaurin series

sin z = z − z3

3!
+
z5

5!
− z7

7!
· · · , (1.3.9)

=
∞∑
q=0

(−1)qz2q+1

(2q + 1)!
, (1.3.10)

where q is non-negative integer. Using Eqn (1.3.8) and property of gamma function we

get

Iν0 sin z =
∞∑
q=0

(−1)qIν0 z2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qΓ((2q + 1) + 1)z2q+1+ν

(2q + 1)!Γ(2q + 2 + ν)

=
∞∑
q=0

(−1)qz2q+1+ν

Γ(2q + 2 + ν)
.

As,

E2,2+ν(−z2) =
∞∑
q=0

(−z2)q

Γ(2 + ν + 2q)
.

Therefore

Iν0 sin z = z1+ν

∞∑
q=0

(−z2)q

Γ(2 + ν + 2q)

= z1+νE2,2+ν(−z2).

10



In the following theorem we state and prove the semi-group property of Riemann-

Liouville fractional integral

Theorem 1.3.7. [10, 22] Let ν, ζ ≥ 0 and ψ ∈ L1[p, q]. Then

IνpIζpψ(z) = Iν+ζ
p ψ(z).

If ψ ∈ C[p, q] or ν + ζ ≥ q, then the identity holds everywhere on [p, q].

Proof.

IνpIζpψ(z) =
1

Γ(ν)Γ(ζ)

∫ z1

p

∫ t1

p

(z1 − t1)ν−1(t1 − s)ζ−1ψ(s)dsdt1.

Interchange the order of integration

IνpIζpψ(z) =
1

Γ(ν)Γ(ζ)

∫ z1

p

∫ z1

s

(z1 − t1)ν−1(t1 − s)ζ−1ψ(s)dt1ds.

By substituting t1 = s+ z(z1 − s)

IνpIζpψ(z) =
1

Γ(ν)Γ(ζ)

∫ z1

p

∫ 1

0

(z1 − s− z(z1 − s))ν−1(s+ z(z1 − s)− s)ζ−1(z1 − s)ψ(s)dzds

=
1

Γ(ν)Γ(ζ)

∫ z1

p

∫ 1

0

(z1 − s)ν−1(1− z)ν−1zζ−1(z1 − s)ζ−1(z1 − s)ψ(s)dzds

=
1

Γ(ν)Γ(ζ)

∫ z1

p

∫ 1

0

(z1 − s)ν+ζ−1(1− z)ν−1zζ−1ψ(s)dzds

=
1

Γ(ν)Γ(ζ)

∫ z1

p

(z1 − s)ν+ζ−1

∫ 1

0

(1− z)ν−1zζ−1ψ(s)dzds,

where B(ν + ζ) =
∫ 1

0
(1− z)ν−1zζ−1ψ(s)dz. Therefore

IνpIζpψ(z) =
B(ν + ζ)

Γ(ν)Γ(ζ)

∫ z

p

(z − s)ν+ζ−1ψ(s)ds.

By using relation between beta and gamma functions

IνpIζpψ(z) =
Γ(ν)Γ(ζ)

Γ(ν)Γ(ζ)Γ(ν + ζ)

∫ z1

p

(z1 − s)ν+ζ−1ψ(s)ds

=
1

Γ(ν + ζ)

∫ z1

p

(z1 − s)ν+ζ−1ψ(s)ds = Iν+ζ
p ψ(z).

Having completed the fundamental properties of Riemann-Liouville fractional integral,

we are going to introduce the notation Dνa which will denote the fractional derivative of

a function of an arbitrary order of ν > 0.
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Definition 1.3.8. [10, 22] Let ν ∈ R+ and p = [ν]. The operator Dνa , is defined as

Dνaψ(y) = DpIp−νa ψ(y) =

(
d

dy

)p(
1

Γ(p− ν)

∫ y

a

(y − t)p−ν−1ψ(t)dt

)
,

is called Riemann-Liouville fractional differential operator of order ν. In ordinary calculus

Riemann-Liouville fractional derivative is the most essential extension.

Example 1.3.9. [10, 22] We will find the Riemann-Liouville fractional derivative of

φ(y) = (y − c)ζ , ζ ≥ −1 and ν ≥ 0. This can be done by using definition and evaluating

the resulting integral. By definition of Riemann-Liouville fractional derivative

Dνcφ(y) = DqIq−νc φ(y) = DqIq−νc (y − c)ζ .

From Eqn (1.3.8) we have

Dνcφ(y) =Dq
[

Γ(ζ + 1)

Γ(ζ + q − ν + 1)
(y − c)q−ν+ζ

]
=

Γ(ζ + 1)

Γ(ζ + q − ν + 1)
Dq(y − c)q−ν+ζ .

(1.3.11)

Case 1: If ν − ζ ∈ N, the right hand side is the qth derivative of a classical polynomial

of degree q − (ν − ζ) and so the expression vanishes that is

Dq(y − c)ν−ζ = 0,

for all ν ≥ 0, q ∈ 1, 2 · · · [ν].

Case 2: If ν− ζ 6= N, here we generalize the integer-order derivative of a power function

D(y − c)r = r(y − c)r−1

D2(y − c)r = r(r − 1)(y − c)r−2

D3(y − c)r = r(r − 1)(r − 2)(y − c)r−3.

In general

Dq(y − c)r =r(r − 1)(r − 2) · · · (r − r − 1)(y − c)r−q

=
r(r − 1)(r − 2) · · · (r − q − 1)(r − q)!

(r − q)!
(y − a)r−q

=
(r)!

(r − q)!
(y − c)r−q.

Dq(y − c)r =
Γ(r + 1)

Γ(r − q + 1)
(y − c)r−q. (1.3.12)
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Equation (1.3.11) becomes

Dνc (y − a)ζ =
Γ(ζ + 1)

Γ(ζ + q − ν + 1)

Γ(ζ + q − ν + 1)

Γ(q + 1− ν + ζ − q)
(y − c)q−ν+ζ−q

Dνc (y − a)ζ =
Γ(ζ + 1)

Γ(ζ − ν + 1)
(y − a)ζ−ν . (1.3.13)

Example 1.3.10. Now we will find the fractional derivative of sin z.

First we expand sin z into its Maclaurin series:

sin z = z − z3

3!
+
z5

5!
− z7

7!
· · · ,

=
∞∑
q=0

(−1)qz2q+1

(2q + 1)!
,

where q is non-negative integers. Using Eqn (1.3.11) and property of gamma function we

get

Dν0 sin z =
∞∑
q=0

(−1)qDν0z2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qDqIq−ν0 z2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qΓ((2q + 1) + 1)Dqzq−(ν−2q−1)

(2q + 1)!Γ(2q + 2− ν + q)
.

Case 1: If ν − 2q − 1 ∈ N then

Dν0 sin z = 0.

Case 2: If ν − 2q − 1 6∈ N then using Eqn (1.3.12)

Dν0 sin z =
∞∑
q=0

(−1)qz2q+1−ν

Γ(2q + 2− ν)
.

As,

E2,2−ν(−z2) =
∞∑
q=0

(−z2)q

Γ(2− ν + 2q)
.

Therefore

Dν0 sin z = z1+ν

∞∑
q=0

(−z2)q

Γ(2 + 2q − ν)
,

= z1+νE2,2−ν(−z2).
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Next we come to show the relationship between Riemann-Liouville fractional integral

with derivative and vice versa. Here we see that Riemann-Liouville fractional derivative

is the left inverse of Riemann-Liouville fractional integral. Of course, we cannot claim

that, it is the right inverse, because even it is not true in integer case.

Theorem 1.3.11. [10, 22] Let ν > 0. Then for every h ∈ L1[a, b]

DνaIνah(y) = h(y)

holds almost everywhere.

Proof. By definition of Riemann-Liouville fractional derivative, semi group property of

Riemann-Liouville fractional integral and by (1.3.4)

DνaIνah(y) =DmIm−νa Iνah(y) = DmIm−ν+ν
a h(y)

=DmIνah(y) = h(y).

Theorem 1.3.12. [33] Assume that µ ≥ 0, m = [µ] and h ∈ Am[a, b]. Then

IµaDµah(y) = h(y)−
k∑
j=1

Dµ−ja h(y)|y=a
(y − a)µ−j

Γ(µ− j + 1)
.

Proof. By definition of Riemann-Liouville fractional integral

IµaDµah(y) =
1

Γ(µ)

∫ y

a

(y − t)µ−1Dµah(t)dt, (1.3.14)

and

d

dy

(
1

Γ(µ+ 1)

∫ y

a

(y − t)µDµah(t)dt

)
=

1

Γ(µ)

∫ y

a

(y − t)µ−1Dµah(t)dt. (1.3.15)

Equation (1.3.15) is a consequence of Leibniz’s Rule. Let us consider the left hand side

of (1.3.15)

d

dy

(
1

Γ(µ+ 1)

∫ y

a

(y − t)µDµah(t)dt

)
=

1

Γ(µ+ 1)
(y − t)µDµah(t)|t=y

d

dy
(y)

− 1

Γ(µ+ 1)
(y − t)µDµah(t)|t=a

d

dy
(a) +

1

Γ(µ+ 1)

∫ y

a

∂

∂y
(y − t)µDµah(t)dt

=
µ

Γ(µ+ 1)

∫ y

a

(y − t)µ−1Dµah(t)dt

=
1

Γ(µ)

∫ y

a

(y − t)µ−1Dµah(t)dt.
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On the other hand, by definition of Riemann-Liouville fractional derivative, repeatedly

integrating and by Theorem (1.3.7) we have

1

Γ(µ+ 1)

∫ y

a

(y − t)µDµah(t)dt =
1

Γ(µ+ 1)

∫ y

a

(y − t)µDkIk−µa h(t)dt

=
1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
k

dyk
Ik−µa h(t)dt.

Now we evaluate this by iterative method. Let k = 1

1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
dt
I1−µ
a h(t)dt

=
1

Γ(µ+ 1)
(y − t)µI1−µ

a h(t)|ya +
µ

Γ(µ+ 1)

∫ y

a

(y − t)µ−1I1−µ
a h(t)dt

=− 1

Γ(µ+ 1)
(y − t)µI1−µ

a h(t)|a +
1

Γ(µ)

∫ y

a

(y − t)µ−1I1−µ
a h(t)dt.

For k = 2

1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
2

dt2
I2−µ
a h(t)dt

=
1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
dt

[
d

dt
I2−µ
a h(t)dt]

=

[
1

Γ(µ+ 1)
(y − t)µ d

dt
I2−µ
a h(t)

]y
a

+
µ

Γ(µ+ 1)

∫ y

a

(y − t)µ−1 d

dt
I2−µ
a h(t)dt.

=− 1

Γ(µ+ 1)
(y − a)µ

d

dt
I2−µ
a h(t)|a +

1

Γ(µ)

∫ y

a

(y − t)µ−1 d

dt
I1−µ
a h(t)dt

=− 1

Γ(µ+ 1)
(y − a)µ

d

dt
I2−µ
a h(t)|a +

[ 1

Γ(µ)
(y − t)µ−1I2−µ

a h(t)
]y
a

+
µ− 1

Γ(µ)

∫ y

a

(y − t)µ−2I2−µ
a h(t)dt

=− 1

Γ(µ+ 1)
(y − a)µ

d

dt
I2−µ
a h(t)|a −

1

Γ(µ)
(y − a)µ−1I2−µ

a h(t)|a

+
1

Γ(µ− 1)

∫ y

a

(y − t)µ−2I2−µ
a h(t)dt.

=
1

Γ(µ− 1)

∫ y

a

(y − t)µ−2I2−µ
a h(t)dt−

2∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j+1

Γ(µ− j + 2)
.

In general

1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
k

dyk
Ik−µa h(t)dt =

1

Γ(µ− k + 1)

∫ y

a

(y − t)µ−kIk−µa f(t)dt

−
n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j+1

Γ(µ− j + 2)

=Iµ−k+1
a [Ik−µa h(t)]−

n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j+1

Γ(µ− j + 2)
.
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1

Γ(µ+ 1)

∫ y

a

(y − t)µ d
k

dyk
Ik−µa h(t)dt = I1

ah(t)−
n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j+1

Γ(µ− j + 2)
.

(1.3.16)

Combing (1.3.16) and (1.3.15) we obtain

1

Γ(µ)

∫ y

a

(y − t)µ−1Dµah(t)dt =
d

dy
I1
ah(t)−

n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j

Γ(µ− j + 1)
.

By Lemma (1.3.1)

IµaDµah(y) =h(t)−
n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j

Γ(µ− j + 1)
.

=h(t)−
n∑
j=1

dk−j

dtk−j
Ik−µa h(t)|a (y − a)µ−j

Γ(µ− j + 1)
.

An important particular case of Theorem (1.3.12) is for 0 < µ < 1 then,

IµaDµah(y) = h(y)− [Dµ−1
a h(t)]a

(y − a)µ−1

Γ(µ)
. (1.3.17)

Above mentioned theorem is a particular case of more general property

IµaDζah(y) = IµaDζah(y)−
n∑
j=1

Dζ−ja h(y)|y=a
(y − a)µ−j

Γ(µ− j + 1)
. (1.3.18)

Having established the relation between Riemann-Liouville fractional integral with deriva-

tive, now we discuss the composition of Riemann-Liouville fractional derivative with itself.

Theorem 1.3.13. [10, 22] Let m− 1 ≤ ν ≤ m and n− 1 ≤ ζ ≤ n. Then

DνaDζah(y) = Dν+ζ
a h(y)−

n∑
j=1

Dζ−ja h(y)|y=a
(y − a)−ν−j

Γ(1− ν − j)
. (1.3.19)

Proof. By definition of Riemann-Liouville fractional derivative

DνaDζah(y) = DmIm−νa Dζah(y) =
dm

dym
[Im−νa Dζah(y)].

By using (1.3.18) we obtain

DνaDζah(y) =
dm

dym

[
Im−νa Dζah(y)−

n∑
j=1

Dζ−ja h(y)|y=a
(y − a)m−ν−j

Γ(1 +m− ν − j)

]

=Dν+ζ
a h(y)−

n∑
j=1

Dζ−ja h(y)|y=a
(y − a)−ν−j

Γ(1− ν − j)
.
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Theorem (1.3.13) is also true for fractional derivative of different orders

DζaDνah(y) = Dν+ζ
a h(y)−

n∑
j=1

Dν−ja h(y)|y=a
(y − a)−ζ−j

Γ(1− ζ − j)
. (1.3.20)

From relation given in Eqn (1.3.19) and (1.3.20) we conclude that in the general case, the

Riemann-Liouville fractional derivative operators do not commute but only with the one

exception that sum in right hand side of both equation vanish. In the following example

we show that the composition property do not hold for Riemann-Liouville derivative.

Example 1.3.14. For ν = 1
2
, ζ = 1

3
and h(y) = y

3
2 , by using Eqn (1.3.11)

D
1
2
0 (y)

3
2 =

Γ(5
2
)

Γ(m+ 2)
Dmym+1 =

Γ(5
2
)Γ(m+ 2)

Γ(m+ 2)Γ(m+ 1−m)
ym+1−m =

3
√
π

4
y,

D
1
3
0 (y)

3
2 =

Γ(5
2
)

Γ(13
6

+m)
Dmym+ 7

6 =
Γ(5

2
)Γ(m+ 13

6
)

Γ(m+ 13
6

)Γ(m+ 7
6
−m)

ym+ 7
6
−m =

3
√
π

4Γ(7
6
)
y

7
6 =

9
√
π

2Γ(1
6
)
y

7
6 .

D
1
3
0D

1
2
0 y

3
2 =

3π

4Γ(2
3
)
y

2
3 ,D

1
2
0D

1
3
0 y

3
2 =

9π

8Γ(2
3
)
y

2
3 .

D
1
2

+ 1
3

0 y
3
2 = D

5
6
0 y

3
2 =

Γ(5
2
)

Γ(5
3
)
(y)

3
2
− 5

6 =
3
√
π

4Γ(5
3
)
y

2
3 .

Clearly we can seen that D
1
3
0D

1
2
0 h(y) 6= D

1
3

+ 1
2

0 h(y) and also D
1
3
0D

1
2
0 6= D

1
2
0D

1
3
0 .

1.3.3 Caputo derivative

Riemann-Liouville fractional derivative has a certain disadvantages when trying to model

the real world phenomena with fractional differential equations. Function need not to

be continuous when dealing with the Riemann-Liouville derivative. The derivative of

the constant term with Riemann-Liouville fractional derivative is not equal to zero. We

will now discuss the modified concept of fractional derivative, which is known as Caputo

derivative. It has more advantage then the first one. One of them is that the derivative

of a constant is zero.

Definition 1.3.15. [10, 22] Let ν > 0 and m = [ν]. Then we define the operator CDνa as

CDνah(y) = Im−νa Dmh(y), (1.3.21)

where Dmh ∈ L1[a, b], is called Caputo derivative.

Lemma 1.3.16. Let ν ≥ 0 and m = [ν]. Assume that h is such that both CDνa, Dνa exist.

Then

CDνah(y) = Dνah(y) (1.3.22)
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holds if and only if h has k fold zero at a that is

Dkh(y) = 0, for k = 0, 1, 2 · · ·m− 1.

Example 1.3.17. [10] We can find the Caputo derivative of h(y) = yζ as under

CDνayζ =
Γ(ζ + 1)

Γ(ν + ζ + 1)
yν+ζ . (1.3.23)

By definition of the Caputo fractional derivative

CDν0h(y) = Im−ν0 Dmh(y) =
1

Γ(m− ν)

∫ y

0

(y − t)m−ν−1Dmtζdt. (1.3.24)

Case 1: If ζ < m, then Dmyζ = 0.

Case 2: If ζ ∈ N and m ≤ ζ. Then we generalize the integer-order derivative of a power

function

Dyq = qyq−1

D2yq = q(q − 1)yq−2

D3yq = q(q − 1)(q − 2)yq−3.

In general

Dpyq =q(q − 1)(q − 2) · · · (q − p− 1)yq−p

=
q(q − 1)(q − 2) · · · (q − p− 1)(q − p)!

(q − p)!
yq−p

=
(q)!

(q − p)!
yq−p

Dpyq =
Γ(q + 1)

Γ(q − p+ 1)
yq−p.

Equation (1.3.24) reduce to

CDν0h(y) =
1

Γ(m− ν)

∫ y

0

(y − t)m−ν−1Dmtζdt.

=
Γ(ζ + 1)

Γ(ζ −m+ 1)Γ(m− ν)

∫ y

0

(y − t)m−ν−1tζ−mdt.

=
Γ(ζ + 1)

Γ(ζ −m+ 1)Γ(m− ν)

∫ y

0

(
1− t

y

)m−ν−1

ym−ν−1tζ−mdt.

Let z = t
y

CDν0h(y) =
Γ(ζ + 1)ym−ν

Γ(ζ −m+ 1)Γ(m− ν)

∫ 1

0

(1− z)m−ν−1 zζ−mdz.
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Since
∫ 1

0
(1− z)m−ν−1 zζ−mdz = B(m− ν, ζ −m+ 1) = Γ(m−ν)Γ(ζ−m+1)

Γ(m−ν+ζ−m+1)
.

Thus

CDν0yζ =
Γ(ζ + 1)ym−ν

Γ(ζ − ν + 1)
.

Example 1.3.18. To find the Caputo derivative of sin y, we proceed as follows.

First we expand sin y into its Maclaurin series:

sin y =y − y3

3!
+
y5

5!
− y7

7!
· · · ,

=
∞∑
q=0

(−1)qy2q+1

(2q + 1)!
,

where q is non-negative integers. Using Eqn (1.3.12) and property of gamma function we

get

CDν0 sin y =Im−ν0

∞∑
q=0

(−1)qDmy2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qΓ((2q + 1) + 1)Im−ν0 y2q+1−m

(2q + 1)!Γ(2q + 2−m)

=
∞∑
q=0

(−1)qIm−ν0 y2q+1−m

Γ(2q + 2−m)

=
∞∑
q=0

(−1)qy2q+1−ν

Γ(2q + 2− ν)
.

As,

E2,2−ν(−y2) =
∞∑
q=0

(−y2)q

Γ(2− ν + 2q)
.

Thus

CDν0 sin y = y1+ν

∞∑
q=0

(−y2)q

Γ(2 + 2q − ν)
,

= y1+νE2,2−ν(−y2).

In the following we discussed the composition of Caputo derivative with Riemann-Liouville

fractional integral and vice versa.

Theorem 1.3.19. [10, 22] If h is continuous and ν ≥ 0, then

CDνaIνah(z) = h(z). (1.3.25)
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Proof. Let φ = Iνah(z), where Dkφ(a) = 0, then using Lemma (1.3.16) and Eqn (1.3.4)

we have

CDνaIνah(z) = CDνah(z) = Dνah(z) = DmIm−νa h(z) = h(z).

Theorem 1.3.20. [22] Assume that ν ≥ 0, m = [ν] and h ∈ Am(a, b), then

Iνa CDνah(z) = h(z)−
m−1∑
k=0

Dkh(a)

k!
(z − a)k.

Proof. By using fundamental theorem of calculus and iterative method we obtain

IaDh(z) =

∫ z

a

d

dz
h(z)dz = h(z)− h(a)

I2
aD2h(z) =Ia(IaD(Dh(z)))

=Ia
(∫ z

a

d

dz
Dh(z)dz

)
=IaDh(z)− IaDh(a)

=

∫ z

a

d

dz
h(z)dz −Dh(a)

∫ z

a

dz

=h(z)− h(a)−Dh(a)(z − a)

I3
aD3h(z) =Ia(Ia(IaD(D(Dh(z)))))

=Ia
(∫ z

a

d

dz
D2h(z)dz

)
=I2

aD2h(z)− I2
aD2h(a)

=IaDh(z)− IaDh(a)−D2h(a)
(z − a)2

2

=h(z)− h(a)−Dh(a)(z − a)−D2h(a)
(z − a)2

2
.

In general

Ima Dmh(z) = h(z)−
m−1∑
k=0

Dkh(a)
(z − a)k

k!
. (1.3.26)

By definition of Caputo derivative

CDnh(z) = Im−na Dmh(z). (1.3.27)

Apply Ina on both sides of Eqn (1.3.27), and using semi group property of Riemann-

Liouville fractional integral we have

Ina CDnh(z) = Ina Im−na Dmh(z) = Ima Dmh(z). (1.3.28)
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Use Eqn (1.3.28) into (1.3.26) we obtain

Ina CDnh(z) = h(z)−
m−1∑
k=0

Dkh(a)
(z − a)k

k!
.

Replacing n with real α we have

Iνa CDνh(z) = h(z)−
m−1∑
k=0

Dkh(a)
(z − a)k

k!
.

In particular, if 0 < ν ≤ 1 and h(z) ∈ C[a, b] then Iνa CDνh(z) = h(z)− h(a)

1.3.4 Hadamard fractional integral and derivative

In 1892 Hadamard introduced the new fractional integral which involves logarithmic

function. In this section we give the definition and some properties of Hadamard fractional

integral and derivatives. The integration by part formula for integer order Hadamard

calculus, is given by.∫ y

a

uHDv
ds

s
= uv|ya −

∫ y

a

vHDu
ds

s
, where HD = y

d

dy
. (1.3.29)

Lemma 1.3.21. Let h be Riemann integrable on [k, l], then for k ≤ y ≤ l we have,

Ink h(y) =
1

Γ(n)

∫ y

k

(
log

y

s

)n−1

h(s)
ds

s
.

Proof. We start with the simple integral

Ikh(y) =

∫ y

k

h(s)
ds

s
.

The second iterate of the integral is,

I2
kh(y) = Ik(Ikh(y)) =

∫ y

k

∫ y1

k

h(s)
ds

s

dy1

y1

.

We can simplify this integral by Theorem (1.2.3). Since h(s) is not a function of y1, it

can be moved outside the inner integral, so

Ik(Ikh(y)) =

∫ y

k

h(s)

∫ y

s

dy1

y1

ds

s

=

∫ y

k

h(s) log y1|ys
ds

s

=

∫ y

k

h(s) log
(y
s

)ds
s
.
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The third order integral is

I3
kh(y) =Ik(Ik(Ikh(y)))

=
1

Γ(ν)

∫ y

k

∫ y1

k

∫ y2

k

h(s)
ds

s

dy1

y1

dy2

y2

.

Using the same procedure as above we can simplify this integral and up-to mth order as

Ik(Ik(Ikh(y))) =
1

Γ(ν)

∫ y

k

∫ y1

k

h(s)

∫ y1

s

dy2

y2

ds

s

dy1

y1

=

∫ y

k

∫ y1

k

h(s) log y2|y1s
ds

s

dy1

y1

=

∫ y

k

∫ y1

k

h(s) log
(y1

s

)ds
s

dy1

y1

=

∫ y

k

h(s)

∫ y

s

log
(y1

s

)dy1

y1

ds

s

=
1

2

∫ y

k

h(s)
(

log
y1

s

)2 ∣∣y
s

ds

s

=
1

2

∫ y

k

h(s)
(

log
y

s

)2 ds

s
.

Consequently, mth order integral is of the form

Imk h(y) =
1

(m− 1)!

∫ y

k

(
log

y

s

)m−1

h(s)
ds

s
=

1

Γ(m)

∫ y

k

(
log

y

s

)m−1

h(s)
ds

s
.

Here we defined Hadamard fractional integral and some of its properties.

Definition 1.3.22. [22] Let 0 ≤ c ≤ d < ∞ be a finite or infinite interval of a half-axis

R+. Then the left-sided integrals of fractional order µ > 0 is defined as

HIµch(y) =
1

Γ(µ)

∫ y

c

(
log(

y

s
)
)µ−1

h(s)
ds

s
; µ > 0, (1.3.30)

the HIµc is called the Hadamard fractional integral.

Example 1.3.23. [22] Let h(y) =
(
log( y

k
)
)η
.
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Then by definition of Hadamard fractional integral

HIµkh(y) =
1

Γ(µ)

∫ y

k

(
log

y

s

)µ−1

h(s)
ds

s

=
1

Γ(µ)

∫ y

k

(
log

y

s

)µ−1 (
log

s

k

)η ds
s

=
1

Γ(µ)

∫ y

k

(log y − log s)µ−1
(

log
s

k

)η ds
s

=
1

Γ(µ)

∫ y

k

(log y − log k − (log s− log k))µ−1
(

log
s

k

)η ds
s

=
1

Γ(µ)

∫ y

k

(
log

y

k
− log

s

k

)µ−1 (
log

s

k

)η ds
s

=
1

Γ(µ)

∫ y

k

(
log

y

k

)µ−1
(

1−
log s

k

log y
k

)µ−1 (
log

s

k

)η ds
s
.

We evaluate the integral by substituting z =
log s

k

log y
k

HIµk
(

log
y

k

)η
=

1

Γ(µ)

∫ 1

0

(
log

y

k

)µ−1

(1− z)µ−1zη
(

log
y

k

)η (
log

y

k

)
dz

=

(
log y

k

)µ+η

Γ(µ)

∫ 1

0

(1− z)µ−1zηdy.

Since B(µ, η + 1) =
∫ 1

0
(1− y)µ−1yηdy. Using the relationship between gamma and beta

functions we obtain

HIµk
(

log
y

k

)η
=

(
log y

k

)µ+η

Γ(µ)

Γ(µ)Γ(η + 1)

Γ(µ+ η + 1)
=

Γ(η + 1)

Γ(µ+ η + 1)

(
log

y

k

)µ+η

. (1.3.31)

The Hadamard fractional integral satisfies the semi-group property

Theorem 1.3.24. [22] Let ν, ζ > 0, 1 ≤ p ≤ ∞, 0 < k < l < ∞ and c ≤ 0 then for

h ∈ Xp
c (k, l)

HIνkHI
ζ
kf(y) = HIν+ζ

k f(y).

Proof. By definition of Hadamard fractional integral

HIνkHI
ζ
kh(y) =

1

Γ(ν)

∫ y

k

(
log

y

t

)ν−1 dt

t

1

Γ(ζ)

∫ t

k

(
log

t

s

)ζ−1

h(s)
ds

s

=
1

Γ(ν)Γ(ζ)

∫ y

k

∫ t

k

(
log

y

t

)ν−1
(

log
t

s

)ζ−1

h(s)
ds

s

dt

t
.

Interchange the order of integration

HIνkHI
ζ
kh(y) =

1

Γ(ν)Γ(ζ)

∫ y

k

h(s)
ds

s

∫ y

s

(
log

y

t

)ν−1
(

log
t

s

)ζ−1
dt

t
. (1.3.32)
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The inner integral can be evaluated as∫ y

s

(
log

y

t

)ν−1
(

log
t

s

)ζ−1
dt

t
=

∫ y

s

(log y − log t)ν−1

(
log

t

s

)ζ
dt

t

=

∫ y

s

(log y − log s− (log t− log s)ν−1

(
log

t

s

)ζ−1
dt

t

=

∫ y

s

(
log

y

s

)ν−1
(

1−
log t

s

log y
s

)ν−1(
log

t

s

)ζ−1
dt

t
.

Let y =
log t

s

log y
s
, then∫ y

s

(
log

y

t

)ν−1
(

log
t

s

)ζ−1
dt

t
=

∫ 1

0

(
log

y

s

)ν+ζ−1

(1− y)ν−1(y)ζ−1dy

=
(

log
y

s

)ν+ζ−1
∫ 1

0

(1− y)ν−1(y)ζ−1dy.

By using definition of beta function and the relationship between gamma and beta func-

tions we obtain ∫ y

s

(
log

y

t

)ν−1
(

log
t

s

)ζ−1
dt

t
=

Γ(ν)Γ(ζ)

Γ(ν + ζ)

(
log

y

s

)ν+ζ−1

.

Equation (1.3.32) will be

HIνkHI
ζ
kh(y) =

1

Γ(ν)Γ(ζ)

Γ(ζ)Γ(ν)

Γ(ν + ζ)

∫ y

k

(
log

y

s

)ν+ζ−1

h(s)
ds

s

=
1

Γ(ν + ζ)

∫ y

k

(
log

y

s

)ν+ζ−1

h(s)
ds

s

=HIν+ζ
k h(y).

In order to introduce fractional differential operator in Hadamard sense, we proceed

as follows.

Remark 1.3.25.

H(z) =

∫ z

a

h(s)

s
dt.

Let H be differentiable, then using Lemma (1.3.1) we have

d

dz
H(z) =

d

dz

∫ z

a

h(s)

s
dt.

=
h(z)

z

z
d

dz
H(z) =h(z)
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HDIah(z) =h(z). (1.3.33)

Where HD := z d
dz

. Then repeated application of Eqn (1.3.33) gives,

HD2I2
ah(z) =HD(HDIa(Iah(z)))

=HDIah(z) = h(z)

HD3I3
ah(z) =HD2(HDIa(I2

ah(z)))

=−HD2I2
ah(z)

=HD(HDIa(Iah(z)))

=HDIah(z) = h(z).

In general

HDnInah(z) = h(z). (1.3.34)

Definition 1.3.26. [22] The left sided fractional derivative of order ν > 0 on [a, b] is

defined as

Dν
ah(y) =HDqIq−νa h(y)

=

(
y
d

dy

)q
1

Γ(q − ν)

∫ y

a

(
log

y

t

)q−ν−1

f(t)
dt

t
,

where q − 1 < ν < q.

Example 1.3.27. [33, 22] If ν, ζ > 0 and 0 < k < l <∞, then

Dν
k

(
log

y

k

)ζ
=

Γ(ζ)

Γ(ζ + ν)

(
log

y

k

)ζ−ν
. (1.3.35)

Proof. By definition of Hadamard fractional derivative

Dν
kh(y) =HDmHIm−νa+

h(y) =
HDm

Γ(m− ν)

∫ y

k

(
log

y

t

)m−ν−1

h(t)
dt

t

Dν
k

(
log

y

k

)ζ
=HDmHIm−νa+

(
log

y

k

)ζ
=

HDm

Γ(m− ν)

∫ y

k

(
log

y

t

)m−ν−1
(

log
t

k

)ζ
dt

t
.

From (1.3.31) we have

Dν
k

(
log

y

k

)ζ
=

Γ(ζ + 1)

Γ(m− ν + ζ + 1)
HDm

(
log

y

t

)m−ν+ζ

. (1.3.36)

Case:1 If ν − ζ ∈ N, then HDm
(
log y

k

)m−(ν−ζ)
= 0 for all ν ≥ 0, m ∈ 1, 2, · · · , [ν].

25



Case:2 If ν − ζ 6∈ N, we find

HD
(

log
y

k

)q
=y

d

dy

(
log

y

k

)q
= yq

(
log

y

k

)q−1 k

ay
= q

(
log

y

k

)q−1

HD2
(

log
y

k

)q
=y

d

dy

(
y
d

dy

(
log

y

k

)q)
= y

d

dy

(
yq
(

log
y

k

)q−1 k

ay

)
= qy

d

dy

(
log

y

k

)q−1

=yq(q − 1)
(

log
y

k

)q−2 k

ky
= q(q − 1)

(
log

y

k

)q−2

.

In general,

HDp
(

log
y

k

)q
=q(q − 1) · · · (q − p− 1)

(
log

y

k

)q−p
=
q(q − 1) · · · (q − p− 1)(q − p)!

(q − p)!

(
log

y

k

)q−p
=

q!

(q − p)!

(
log

y

k

)q−p
=

Γ(q + 1)

Γ(q − p+ 1)

(
log

y

k

)q−p
.

Eqn (1.3.36) reduce to

Dν
k

(
log

y

k

)ζ
=

Γ(ζ + 1)Γ(m− ν + ζ + 1)

Γ(m− ν + ζ + 1)Γ(m− ν + ζ −m+ 1)

(
log

y

k

)m−ν+ζ−m

=
Γ(ζ + 1)

Γ(ζ − ν + 1)

(
log

y

k

)ζ−ν
.

(1.3.37)

In the following we show that Dν
k is left inverse of HIνk and HIνk is not the left inverse

of Dν
k

Lemma 1.3.28. [22] Let ν > 0, if 0 < k < l <∞ and 1 ≤ p <∞ then, for h ∈ Lp(k, l)

Dν
kHIνkh(y) = h(y).

Proof. Now, by using definition of Hadamard fractional derivative, semi-group property

of Hadamard fractional integral and Eqn (1.3.33), we get

Dν
kHIνkh(y) =HDmHIm−νk HIνkh(y)

=HDmHImk HIν−νk h(y)

=HDmHImk h(y) = h(y).
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Theorem 1.3.29. [22] Let ν, ζ > 0 with ζ > ν, 0 < k < l <∞, then for h ∈ Lp[k, l]

Dν
kHI

ζ
kh(y) = HIζ−νk h(y).

Proof. By using definition of Hadamard fractional derivative, semi-group property of

Hadamard fractional integral and Eqn (1.3.34), we obtain

Dν
kHI

ζ
kh(y) =HDmHIm−νk HIζkh(y)

=HDmHImk HI
ζ−ν
k h(y)

=HIζ−νk h(y).

Theorem 1.3.30. [22] Assume that µ > 0, m = [µ] and h ∈ Am[a, b]

HIµaDµ
ah(z) = h(z)−

n∑
q=1

Dn−q
a In−µa h(z)|z=a
Γ(µ− q + 1)

(
log

z

a

)µ−q
.

Proof. By definition of Hadamard fractional integral

HIµaDµ
ah(z) =

1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

Dµ
ah(s)

ds

s
. (1.3.38)

For (1.3.38), first we prove,

HD
[

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
Dµ
ah(s)

ds

s

]
=

1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

Dµ
ah(s)

ds

s
. (1.3.39)

We solve the Eqn (1.3.39) by using Leibniz rule. Let us consider the left hand side of

Eqn (1.3.39)

HD
(

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
Dµ
ah(s)

ds

s

)
=

[ (
log z

s

)µ
Γ(µ+ 1)

Dµ
a

f(s)

s

]
s=z

d

dz
(z)−

[ (
log z

s

)µ
Γ(µ+ 1)

Dµa+
f(s)

s

]
s=a

d

dz
(a)

+
1

Γ(µ+ 1)

∫ z

a
HD

(
log

z

s

)µ
Dµ
ah(s)

ds

s

=
µ

Γ(µ+ 1)

∫ z

a

z
(

log
z

s

)µ−1

Dµ
a

h(s)

zs
ds

=
1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

Dµ
a

h(s)

s
ds.
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On the other hand, by definition of Hadamard fractional derivative, repeated integration

we have

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
Dµ
ah(s)

ds

s
=

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
HDma HIm−µh(s)

ds

s
.

For m = 1, integration by parts formula give,

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
s
d

ds
HI1−µ

a+
h(s)

ds

s

=
1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
HDHI1−µ

a h(s)
ds

s

=

[
1

µ+ 1

(
log

z

s

)µ
HI1−µ

a+

]z
a

− 1

Γ(µ+ 1)

∫ z

a
HD

(
log

z

s

)µ
HI1−µ

a

h(s)

s
ds

=− 1

Γ(µ+ 1)

(
log

z

a

)µ
HI1−µ

a h(t)|a +
1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

HI1−µ
a

h(s)

s
ds.

Similarly for m = 2

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
HD2I2−µ

a+
h(s)

ds

s

=
1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
HD(HDHI2−µ

a h(s))
ds

s

=
1

Γ(µ+ 1)

(
log

z

s

)µ
(HDHI2−µ

a h(s)|za +
1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

(HDHI2−µ
a h(s))

ds

s

=− 1

Γ(µ+ 1)

(
log

z

a

)µ
(HDHI2−µ

a h(s))|a −
1

Γ(µ)

(
log

z

a

)µ
HI2−µ

a h(s)|a

+
µ− 1

Γ(µ)

∫ z

a

(
log

z

s

)µ−2

HI1−µ
a

h(s)

s
ds

=
1

Γ(µ− 1)

∫ z

a

(
log

z

s

)µ−2

HI1−µ
a

h(s)

s
ds−

2∑
q=1

HDm−qHIq−µa h(s)|a
(
log z

a

)µ−q+1

Γ(µ− q + 2)
.

In general

1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
Dµ
af(s)

ds

s

=
1

Γ(µ− q + 1)

∫ z

a

(
log

z

s

)µ−q
HIq−µa+

h(s)

s
ds−

n∑
q=1

HDm−qHIq−µa+
h(s)|a

(
log z

a

)µ−q+1

Γ(µ− q + 2)

=
1

Γ(µ− q + 1)

∫ z

a

(
log

z

s

)µ−q
(HIq−µa

h(s)

s
)ds−

n∑
q=1

HDm−qHIq−µa h(s)|a
(
log z

a

)µ−q+1

Γ(µ− q + 2)

=HIµ−q+1
a Iq−µa h(s)−

n∑
q=1

HDm−qHIq−µa h(s)|a
(
log z

a

)µ−q+1

Γ(µ− q + 2)
.
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1

Γ(µ+ 1)

∫ z

a

(
log

z

s

)µ
Dµ
ah(s)

ds

s
= HIah(s)−

n∑
q=1

HDm−qHIq−µa h(s)|a
(
log z

a

)µ−q+1

Γ(µ− q + 2)
.

(1.3.40)

Combing (1.3.40) and (1.3.39) and by using (1.3.34), we have

HD(HIah(z))−
n∑
q=1

HDm−qHIq−µa h(s)|a
(log z

a
)µ−q+1

Γ(µ− q + 2)
=

1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

Dµa+h(s)
ds

s

h(z)−
n∑
q=1

HDm−qHIq−µa+
h(s)|a

(
log z

a

)µ−q
Γ(µ− q + 1)

=
1

Γ(µ)

∫ z

a

(
log

z

s

)µ−1

Dµa+h(s)
ds

s
.

Equation (1.3.38) becomes

HIµaDµ
ah(z) = h(z)−

n∑
q=1

HDm−qHIq−µa+
h(s)|a

(
log z

a

)µ−q
Γ(µ− q + 1)

. (1.3.41)

Having established the composition relations of Hadamard fractional integral with deriva-

tive and vice versa, now we will investigate the semi-group property of Hadamard frac-

tional derivatives.

Theorem 1.3.31. [22] Let m− 1 ≤ ν ≤ m and n− 1 ≤ ζ ≤ n. Then

Dν
aD

ζ
ah(y) = Dν+ζ

a h(y)−
n∑
k=1

Dζ−k
a h(y)|y=a

(y − a)−ν−k

Γ(1− ν − k)
. (1.3.42)

Proof. By definition of Hadamard fractional derivative and using Eqn (1.3.41) we find,

Dν
aD

ζ
ah(y) =HDmHIm−νa Dζ

ah(y) = HDm
[
HIm−νa Dζ

ah(y)
]

=HDm
[
HIm−νa Dζ

ah(y)−
n∑
k=1

Dζ−k
a h(y)|y=a

(log y
a
)m−ν−k

Γ(1 +m− ν − k)

]

Dν
aD

ζ
ah(y) = HDmHIm−νa Dζ

ah(y)−
n∑
k=1

Dζ−k
a h(y)|y=a

HDm(log y
a
)m−ν−k

Γ(1 +m− ν − k)
. (1.3.43)

Using definition of Hadamard fractional derivative we have

HDmHIm−νa Dζ
ah(y) = Dν

aD
ζ
ah(y) = Dν+ζ

a .

The mth integer order derivative is

HDm
(

log
y

a

)Γ(m−ν−k+1)

=
Γ(m− ν − k)

Γ(m− ν − k −m+ 1)

(
log

y

a

)m−ν−k−m
.

Now Eqn (1.3.43) becomes,

Dν
aD

ζ
ah(y) = Dν+ζ

a h(y)−
n∑
k=1

Dζ−k
a h(x)|x=a

HDm(log x
a
)m−ν−k

Γ(1 +m− ν − k)
.
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1.3.5 The fractional integral with respect to another function

. In 1993 Samko et al. [39] defined the fractional integral which is known as Riemann-

Liouville fractional integral with respect to a function.

Definition 1.3.32. [39] Let 0 ≤ c ≤ d <∞ and ν > 0. The left and right sided fractional

integrals with respect to another function ψ are defined as

Iν,ψc+ f(z) =
1

Γ(ν)

∫ z

c

(ψ(z)− ψ(s))ν−1f(s)ψ′(s)ds; z > a.

Iν,ψd− f(z) =
1

Γ(ν)

∫ d

z

(ψ(s)− ψ(z))ν−1ψ′(s)f(s)ds; z < b.

1.3.6 Katugampola fractional integral

Fractional operators with respect to zρ was defined by Erdelyi in 1964. This operator

was recently rediscovered by Katugampola [23] and studied by many researchers.

Definition 1.3.33. [23] Let [c, d] ⊂ R. Then the so called left-and right-sided Katugam-

pola fractional integrals of order ν > 0 are defined as

Iν,ρc+ f(z) =
1

Γ(ν)

∫ z

c

(zρ − sρ)ν−1

ρν−1
sρ−1f(s)ds; c < z < d,

and

Iν,ρd−f(z) =
1

Γ(ν)

∫ d

z

(sρ − zρ)ν−1

ρν−1
sρ−1f(s)ds; c < z < d.

1.3.7 Hadamard-type fractional integral

In 2001 Kilbas [21] introduced the Hadamard-type fractional integral.

Definition 1.3.34. [21] Let 0 ≤ a ≤ b < ∞ and ν > 0. The left and right-sided

Hadamard-type fractional integrals are defined as

Iν,Hk+,cf(z) =
1

Γ(ν)

∫ z

k

(s
z

)c (
log
(z
s

))ν−1

f(s)
ds

s
; k < z < l,

and

Iν,Hl−,cf(z) =
1

Γ(ν)

∫ l

z

(z
s

)c (
log
(s
z

))ν−1

f(s)
ds

s
; k < z < l.
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1.3.8 Tempered fractional integral

In 2015 Sabzikar et al. [41] introduced the tempered fractional integral.

Definition 1.3.35. [41] Let z ∈ (a, b) and c ∈ C. The right and left sided tempered

fractional integral of order ν > 0 are defined as

Iν,ca+f(z) =
1

Γ(ν)

∫ z

a

(z − s)ν−1e−c(z−s)f(s)ds; a < z < b,

and

Iν,cb−f(z) =
1

Γ(ν)

∫ z

a

(s− z)ν−1e−c(s−z)f(s)ds; a < z < b.

1.3.9 The Hadamard-type fractional integral with respect to

another function

Fahad et al. [14] introduced the relation between Hadamard-type fractional calculus and

Tempered fractional calculus, then he defined the fractional integral which cover both

Tempered and Hadamard-type fractional calculus.

Definition 1.3.36. [14] Let ν > 0 and c ∈ C where z ∈ [a, b] and φ ∈ C1[a, b] where

a < b. φ is positive increasing function such that φ′(z) 6= 0 for all z ∈ [a, b]. The left and

right-sided Hadamard-type fractional integral of h with respect to φ are defined as

Iν,φa+ h(z) =
1

Γ(ν)

∫ z

a

(
φ(s)

φ(z)

)c(
log

φ(z)

φ(s)

)ν−1
φ′(s)

φ(s)
h(s)ds. (1.3.44)

Iν,φb− f(z) =
1

Γ(ν)

∫ b

z

(
φ(z)

φ(s)

)c(
log

φ(s)

φ(z)

)ν−1
φ′(s)

φ(s)
h(s)ds. (1.3.45)

Remark 1.3.37. [14]

• For c = 0 and φ(z) = ez, we get the original Riemann-Liouville fractional integrals

of order ν > 0.

• For φ(z) = z we obtain the Hadamard-type fractional integrals.

• For c = 0 and φ(z) = z, we obtain the classical Hadamard fractional integrals.

• For c = 0 and φ(z) = e
zρ

ρ , we obtain the so-called Katugampola fractional integral.

• For φ(z) = ez we recover the tempered fractional integrals.

31



• For c = 0, φ(z) = eψ(z) get the Riemann-Liouville fractional integral of a function

with respect to another function ψ.
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Theorem 1.3.38. [14] Let p, q ≥ 0 and φ ∈ C1[p, q]. Then

Iν,φp Iζ,φp ψ(y) = Iν+ζ,φ
p ψ(y).

Example 1.3.39. We will find the Hadamard-type fractional integral with respect to ψ

of the function h(y) = ψ(y)−c
(

log(ψ(y)
ψ(a)

)
)η
.

Proof. By definition of Hadamard fractional integral

Iν,φa h(y) =
1

Γ(ν)

∫ y

a

(
ψ(s)

ψ(y)

)c(
log

ψ(y)

ψ(s)

)ν−1
ψ′(s)

ψ(s)
h(s)ds

=
ψ(y)−c

Γ(ν)

∫ y

a

(
log

ψ(y)

ψ(s)

)ν−1
ψ′(s)

ψ(s)

(
log

ψ(y)

ψ(a)

)η
ds

=
ψ(y)−c

Γ(ν)

∫ y

a

(logψ(y)− logψ(a)− (logψ(s)− logψ(a)))ν−1 ψ
′(s)

ψ(s)

(
log

ψ(y)

ψ(a)

)η
ds

=
ψ(y)−c

Γ(ν)

∫ y

a

(
log

ψ(y)

ψ(a)

)ν−1
(

1−
log ψ(s)

ψ(a)

log ψ(y)
ψ(a)

)ν−1(
log

ψ(s)

ψ(a)

)η
ds

s
.

We evaluate the integral by substituting method. Let z =
log

ψ(s)
ψ(a)

log
ψ(y)
ψ(a)

, then

Iν,φa
(
ψ(y)−c

(
log

ψ(y)

ψ(a)

)η)
=
ψ(y)−c

Γ(ν)

∫ 1

0

(
log

ψ(y)

ψ(a)

)ν−1

(1− z)ν−1zη
(

log
ψ(y)

ψ(a)

)η
(log

ψ(y)

ψ(a)
)dy

=
ψ(y)−c

(
log ψ(y)

ψ(a)

)ν+η

Γ(ν)

∫ 1

0

(1− z)ν−1zηdz.

Since B(ν, η + 1) =
∫ 1

0
(1 − y)ν−1yηdy. Using the relationship between gamma and beta

functions we obtain

Iν,φa
(
ψ(y)−c

(
log

ψ(y)

ψ(a)

)η)
=
ψ(y)−c(log ψ(y)

ψ(a)
)ν+η

Γ(ν)

Γ(ν)Γ(η + 1)

Γ(ν + η + 1)
=

Γ(η + 1)

Γ(ν + η + 1)
ψ(y)−c

(
log

ψ(y)

ψ(a)

)ν+η

.

(1.3.46)
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Chapter 2

Classical Hermite-Hadamard

inequality

Inequalities were demonstrated as most significant tools for the researcher in different

fields of mathematics. Inequalities help us to analyzed the singularity and other proper-

ties of fractional differential equations. Integral inequalities have a fundamental role in

both theoretical and applied mathematics. From the past few decade integral inequalities

gain the attention of the researcher. Convexity plays an important role in establishing

the inequalities. In 1881 C. Hermite and J. Hadamard discovered the classical Hermite-

Hadamard inequality for convex function.

Various interesting results have been revealed by utilizing the concept of classical convex-

ity. Where as Hermite-Hadamard inequality has strike the eye of many researchers. From

classical Hermite-Hadamard inequality we can estimate the lower and upper integral av-

erage of any convex function. Numerous researcher established the Hermite-Hadamard

inequality for different types of convex function some of them are Deng and Wang [11]

for (α,m)-logarithmically convex functions, and Liao et al. [24, 25] for once and twice

differentiable geometric-arithmetically s-convex functions.

M. A. Noor, G. Cristescu and M. U. Awan [29] developed the Hermite-Hadamard inequal-

ities for twice differentiable s-convex functions. Du et al. [12] discussed some properties of

Riemann-Liouville fractional Hermite-Hadamard inequalities for the generalized (α,m)-

preinvex function. Considerable amount of work on Hermite-Hadamard inequality is also

refer to Hwang, Y. Yeh, L. Tseng [7], Mehmet Zeki Sarikaya, Erhan Set and Hatice Yaldiz,

Nagihan Basak [40], Ohud Almutairi, Adem Kiliman [3], M. Z. Sarikaya, H. Budak, F.

Usta [38], Arran Fernandez, Pshtiwan Mohammed [15] and Hwang, Y. Yeh, L. Tseng [7].
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2.1 Hermite-Hadamard inequality

Convex function Convex functions are well know functions in literature. The theories

of convex functions and inequalities are closely interconnected. In past few decades it has

been a subject of extensive research. Convex function is defined as follow: The function

h is said to be convex on some interval I, if z1, z2 ∈ I such that z1 < z2.

h((1− u)z1 + uz2) ≤ (1− u)h(z1) + uh(z2),

for every u ∈ [0, 1].

Above definition holds for concave function in reverse direction.

Theorem 2.1.1. [27] Let h be such that h′′ ≥ 0 on (k, l) and let y0 ∈ (k, l). Then for

each y ∈ (k, l)

h(y) ≥ h(y0) + h′(y0)(y − y0)

Proof. Let y0 ∈ (k, l) by Mean value theorem for second order derivative there exit c

between y and y0 such that,

h(y) = h(y0) + h′(y0)(y − y0) + h′′(c)
(y − y0)2

2
.

Since h′′ ≥ 0 on (k, l) and c is between y and y0 then h′′(c) ≥ 0, we have

h(y) ≥ h(y0) + h′(y0)(y − y0).

Classical Hermite-Hadamard inequality for a convex function is defined as

Theorem 2.1.2. [27] Let h(z) be defined on [k, l] with h′′ ≥ 0. Then

h

(
k + l

2

)
(l − k) ≤

∫ l

k

h(z)dz ≤ h(k) + h(l)

2
(l − k). (2.1.1)

Proof. First we prove the right hand side of inequality. For this, we let z = (1−u)k+ul,

u ∈ [0, 1] and then by using definition of convex function. we obtain,∫ l

k

h(z)dz = (l − k)

∫ 1

0

h((1− u)k + ul)du ≤(l − k)

∫ 1

0

(1− u)h(k) + uh(l)dt

=(l − k)h(k)

∫ 1

0

(1− u)du+ h(l)

∫ 1

0

udu

=(l − k)
h(k) + h(l)

2
.
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∫ l

k

h(z)dz ≤ h(k) + h(l)

2
(l − k). (2.1.2)

For the left hand side inequality, the graph of convex function h is on or above the tangent

line by Theorem (2.1.1). So its graph lies above the tangent line at
(
k+l

2
, h(k+l

2
)
)
. That

is,

h(z) ≥ h

(
k + l

2

)
+ h′

(
k + l

2

)(
z − k + l

2

)
.

Integrating this with respect to z, we get∫ l

k

h(z)dz ≥
∫ l

k

h

(
k + l

2

)
dz +

∫ l

k

h′
(
k + l

2

)(
z − k + l

2

)
dz.

Since,

h′
(
k + l

2

)∫ l

k

(
z − k + l

2

)
d2 = 0.

Then ∫ l

k

h(z)dz ≥ h

(
k + l

2

)∫ l

k

dz ≥ h

(
k + l

2

)
(l − k). (2.1.3)

Combining (2.1.2) and (2.1.3), we have

h

(
k + l

2

)
(l − k) ≤

∫ l

k

h(z)dz ≤ h(k) + h(l)

2
(l − k).

Dragomir and Agrawal [9] use the right side of the classical Hermite-Hadamard inequality

to establish different inequalities.

Lemma 2.1.3. [9] Let h : I → R be a differentiable mapping on I , k, l ∈ [a, b] with

k < l. If h′ ∈ L[k, l], then the following equality holds:

h(k) + h(l)

2
− 1

l − k

∫ l

k

h(y)dy =
l − k

2

∫ 1

0

(1− 2s)h′(sk + (1− s)l)ds.

Theorem 2.1.4. [9] Let h : I → R be a differentiable mapping on I , k, l ∈ I with k < l.

If |h′| l is convex on [k, l], then the following inequality holds:∣∣∣∣ l − k2

∫ 1

0

(1− 2s)h′(sk + (1− s)l)ds
∣∣∣∣ ≤ (l − k)[|h′(k)|+|h′(l)|]

8
.

Theorem 2.1.5. [9] Let h : I → R be a differentiable mapping on I, k, l ∈ I with k < l,

and let q > 1. If the mapping |h′|
q
q−1 convex on [k, l], then the following inequality holds:

∣∣∣∣h(k) + h(l)

2
− 1

l − k

∫ l

k

h(y)dy

∣∣∣∣ ≤ (l − k)

2(q + 1)
1
q

[
|h′(k)|

q
q−1 +|h′(l)|

q
q−1

2

] q−1
q

.
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2.1.1 Application of Classical Hermite-Hadamard inequality

Hermite-Hadamard inequality has a wide application in pure and applied mathematics. If

we apply HH-inequality For different convex function we can get Geometric, Logarithmic

and Arithmetic mean inequality.

Proposition 2.1.6. [31] Let x1, y1 > 0 then

√
x1y1 ≤

y1 − x1

ln y1 − lnx1

≤ x1 + y1

2
.

Proof. Let h(y1) = ey1 in Eqn (2.1.1) we have

e
k+l
2 (l − k) ≤

∫ l

k

ezdz ≤ ek + el

2
.

As x1, y1 > 0, we may let k = lnx1 and l = ln y1 then

e
ln x1+ln y1

2 (ln y1 − lnx1) ≤
∫ ln y1

lnx1

ezdz ≤ elnx1 + eln y1

2
.

By simplifying this we get our desired result.

The special means for arbitrary number that are also useful in proving new inequalities

using the above theorems are defined as

Definition 2.1.7.

A(ω, η) =
ω + η

2
, ω, η ∈ R.

H(ω, η) =
2

1
xi

+ 1
η

, ω, η ∈ R− [0].

L(ω, η) =
η − ω

ln|η|− ln|ω|
, |η|6= |ω|, ωη 6= 0.

Ln(ω, η) =

[
ηn+1 − ωn+1

(n+ 1)η − ω

] 1
n

, n ∈ Z− [−1, 0], ω 6= l.

If h(x1) = xn1 where m ∈ R in Theorem (2.1.4) and Theorem (2.1.5), then we have

following inequalities

Proposition 2.1.8. Let ω, η ∈ R, ω, η and m ∈ N , m > 2, then

|A(ωm + ηm)− Lm(ω, η)| ≤ m(η − ω)

4
A(|ω|m−1, |η|m−1).

Proposition 2.1.9. Let ω, η ∈ R, ω < η and m ∈ N , m ≥ 2, then

|A(ωm + ηm)− Lm(ω, η)| ≤ (η − ω)

2(q + 1)
1
q

[
A(|ω|

(m−1)q
q−1 , |η|

(m−1)q
q−1 )

] q−1
q

.
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If h(z) = 1
z

where m ∈ R in Theorem (2.1.4) and Theorem (2.1.5), then we have

following inequalities

Proposition 2.1.10. Let c, d ∈ R, c < d, and 0 6∈ [c, d].

∣∣A(ω−1 + η−1)− L−1(ω, η)
∣∣ ≤ m(η − ω)

4
A(|ω|−2, |η|−2).

Proposition 2.1.11. Let ω, η ∈ R, ω < η, and 0 6∈ [c, d].

∣∣A(ω−1 + η−1)− L−1(ω, η)
∣∣ ≤ (η − ω)

2(q + 1)
1
q

[
A(|ω|

−2q
q−1 , |η|

−2q
q−1 )

] q−1
q
.

Dragomir and Agrawal [9] also discussed error estimation of trapezoidal formula.

Definition 2.1.12. [9] Let h : [k, l]→ R is continuous on [k, l] and d be a division of the

interval [k, l], that is d : k = z0 < zl < · · · < zn−1 < zn = l, then trapezoidal formula is

defined as

T (h, d) =
n−1∑
i=0

h(zi) + h(zi+1)

2
(zi + zi+1).

If h : [k, l]→ R is twice differentiable on [k, l] and M = maxt∈(k,l)|h′′(y)|<∞, then∫ l

k

h(y)dy = T (h, d) + E(h, d). (2.1.4)

Where the approximation error E(h, d) of the integral satisfies

|E(h, d)|= M

12

n−1∑
i=0

(yi+1 − yi)3

Proposition 2.1.13. Let h be a differentiable mapping on I, k, l ∈ I with k < l. If |h′|
is convex on [k, l], then in (2.1.4), for every division d of [k, l] we have

|E(h, d)|≤ 1

8

n−1∑
i=0

(zi+1 − zi)2(|h′(zi)|+|h′(zi+1)|) ≤ max(|h′(k)|, |h′(l)|)
4

n−1∑
i=o

(zi+1 − zi)2
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Chapter 3

Fractional Hadamard inequality

Fractional inequalities plays a fundamental role in the field of Mathematics. These in-

equalities also abetment the unique solution of boundary value problem. Considerable

literature is available on the application of fractional inequalities. Fractional integral in-

equalities are helping hand to show the uniqueness of partial differential equation. Frac-

tional integral inequalities has a different generalization in literature. Here we discussed

some of the fractional integral inequalities.

Sarikaya et al. [40] established the Hermite-Hadamard inequality for Riemann-Liouville

fractional integral.

3.1 Hermite-Hadamard inequality

Theorem 3.1.1. [40] Let h : [k, l] → R be a positive function and h ∈ L1[k, l]. If h is

convex function on [k, l], then the following inequalities for Riemann-Liouville fractional

integral holds:

h

(
k + l

2

)
≤ Γ(ν + 1)

2(l − k)ν
[Iνk+h(l) + Iνl−h(k)] ≤ h(k) + h(l)

2
, (3.1.1)

with ν > 0.

Proof. Since h is convex function on [k, l], we have for z1, z2 ∈ [k, l], with u = 1
2

h((1− t)z1 + tz2) ≤ (1− t)h(z1) + th(z2)

h

(
z1 + z2

2

)
≤ h(z1) + h(z2)

2
.

By substituting z1 = tk + (1− t)l and z2 = (1− t)k + tl, we obtain

2h

(
k + l

2

)
≤ h (tk + (1− t)l) + h ((1− t)k + tl).
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Multiply uν−1 on both side and then integrating with respect to u over [0, 1], we obtain

2h

(
k + l

2

)∫ 1

0

uν−1du ≤
∫ 1

0

uν−1h(uk + (1− u)l)du+

∫ 1

0

uν−1h((1− u)k + ul)du

2

ν
h

(
k + l

2

)
≤
∫ 1

0

uν−1h(uk + (1− u)l)du+

∫ 1

0

uν−1h((1− u)k + ul)du.

By substituting w = uk + (1− u)l and v = (1− u)k + ul, we have

=

∫ k

l

(
l − w
l − k

)ν−1

h(w)
dw

k − l
+

∫ l

k

(
v − k
l − k

)ν−1

h(v)
dv

l − k

=
Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(l − w)ν−1h(w)dw +
1

Γ(ν)

∫ l

k

(v − k)ν−1h(v)dv

)
=

Γ(ν)

(l − k)ν
(Iνk+h(l) + Iνl−h(k))

2

ν
h

(
k + l

2

)
≤ Γ(ν)

(l − k)ν
[Iνk+h(l) + Iνl−h(k)]

h

(
k + l

2

)
≤ Γ(ν + 1)

2(l − k)ν
(Iνk+h(l) + Iνl−h(k)). (3.1.2)

For the proof of second inequality. Since h is convex function, then for u ∈ [0, 1]

h((1− u)k + ul) ≤ (1− u)h(k) + uh(l)

and

h((1− u)z + uy) ≤ (1− u)h(z) + uh(y).

By adding inequalities we have

h((1− u)k + ul) + h((1− u)z + uy) ≤ (1− u)h(k) + uh(l) + (1− u)h(l) + uh(k).

Multiply uν−1 on both side and integrating with respect to u over [0, 1], we get∫ 1

0

uν−1h(uk + (1− u)l)du+

∫ 1

0

uν−1h((1− u)k + ul)du ≤
∫ 1

0

uν−1(h(k) + h(l)).

As we know that∫ 1

0

uν−1h(uk + (1− u)l)du+

∫ 1

0

uν−1h((1− u)k + ul)du =
Γ(ν)

(l − k)ν
(Iνk+h(l) + Iνl−h(k)).

Then
Γ(ν)

(l − k)ν
(Iνk+h(l) + Iνl−h(k)) ≤ h(k) + h(l)

ν
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Γ(ν + 1)

2(l − k)ν
(Iνk+h(l) + Iνl−h(k)) ≤ h(k) + h(l)

2
. (3.1.3)

Combining (3.1.2) and (3.1.3), we obtain

h

(
k + l

2

)
≤ Γ(ν + 1)

2(l − k)ν
[Iνk+h(l) + Iνl−h(k)] ≤ h(k) + h(l)

2
.

Example 3.1.2. For h(x) = x2m , m ∈ R+ on the interval [k, l] = [0, 1]

By Lemma (1.3.5) we can find Riemann-Liouville fractional integral of a function is

Iν0+h(x) =
Γ(2m+ 1)

Γ(2m+ ν + 1)
x2m+ν

For the right hand side

Iν1−h(0) =
1

Γ(ν)

∫ 1

0

sν+2m−1ds =
1

(ν + 2m)Γ(ν)

Substituting this in Hermite-Hadamard inequality (3.1.1)(
1

2

)2m

≤ Γ(ν + 1)

2

[
Γ(2m+ 1)

Γ(2m+ ν + 1)
+

1

(ν + 2m)Γ(ν)

]
≤ 1

2
.

Let n = 1, ν = 1
2

we get

0.25 ≤ 0.36 ≤ 0.5.

3.1.1 Hermite-Hadamard type inequality

In the following we discuss the Hermite-Hadamard type inequality for a convex function

by considering integral identities which involve first order derivative of h.

Theorem 3.1.3. [40] If h : I → R is a convex function, then the following inequality

holds

h

(
k + l

2

)
≤ 1

l − k

∫ l

k

h(z)dz ≤ h(k) + h(l)

2
.

Both inequalities hold in the reversed direction if h is concave.

Proof. Let α = 1 in Eqn (3.1.1) and by using property Γ(z + 1) = zΓ(z), we obtain

h

(
k + l

2

)
≤ Γ(1 + 1)

2(l − k)
[Ik+h(l) + Il−h(k)] ≤ h(k) + h(l)

2

h

(
k + l

2

)
≤ 1

2(l − k)α

[∫ l

k

h(z)dz +

∫ l

k

h(z)dz

]
≤ h(k) + h(l)

2

h

(
k + l

2

)
≤ 1

(l − k)α

∫ l

k

h(z)dz ≤ h(k) + h(l)

2
.
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Lemma 3.1.4. [40] Let h : I → R be a differentiable mapping. If h′ ∈ L1[k, l] then the

following equality holds:

h(k) + h(l)

2
− Γ(ν + 1)

2(l − k)
[Iνk+h(l) +Iνl−h(k)] =

l − k
2

∫ 1

0

[(1− t1)ν − tν1]h′(t1k+ (1− t1)l)dt1.

Proof. Let us consider the right hand side∫ 1

0

[(1−t1)ν−tν1]h′(t1k+(1−t1)l)dt1 =

∫ 1

0

(1−t1)νh′(t1k+(1−t1)l)−
∫ 1

0

tν1h
′(t1k+(1−t1)l).

(3.1.4)

We evaluate the integrals in Eqn (3.1.4) by integration by part, properties of gamma

function and by the definition of Riemann-Liouville fractional integral∫ 1

0

(1− t1)νh′(t1k + (1− t1)l) =
(1− t1)νh(t1k + (1− t1)l)

k − l
∣∣1
0
− ν

∫ 1

0

(1− t1)ν−1h(t1k + (1− t1)l)

k − l
dt1

=
h(l)

l − k
− νΓ(ν)

k − l

[
1

Γ(ν)

∫ 1

0

(1− t1)ν−1h(t1k + (1− t1)l)

]
dt1

=
h(l)

l − k
− Γ(ν + 1)

k − l

[
1

Γ(ν)

∫ 1

0

(1− t1)ν−1h(t1k + (1− t1)l)

]
dt1.

By substituting u = t1k + (1− t1)l we have

=
h(l)

l − k
− Γ(ν + 1)

k − l

[
1

Γ(ν)

∫ k

l

(
u− a
l − k

)ν−1
h(u)

k − l
du

]

=
h(l)

l − k
− Γ(ν + 1)

(l − k)ν+1
Iνl−h(k).

Let us consider∫ 1

0

tν1h
′(t1k + (1− t1)l)dt1 =

tν1h(t1k + (1− t1)l)

k − l
∣∣1
0
− ν

k − l

∫ k

l

tν−1h(t1k + (1− t1)l)dt1.

Again by substituting u = t1k + (1− t1)l∫ 1

0

tν1h
′(t1k + (1− t1)l)dt1 =− h(k)

l − k
− ν

k − l

∫ k

l

(
l − u
l − k

)ν−1

h(u)
du

k − l

=− h(k)

l − k
+

Γ(ν + 1)

(l − k)ν+1

[
1

Γ(ν)

∫ l

k

(l − u)ν−1h(u)du

]
=− h(k)

l − k
+

Γ(ν + 1)

(l − k)ν+1
Iνk+h(l).

Eqn (3.1.4) will become∫ 1

0

[(1− t1)ν − tν1]h′(t1k + (1− t1)f)dt1 =
h(k) + h(l)

l − k
− Γ(ν + 1)

(l − k)
[Iνk+h(l) + Iνl−h(k)].
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Multiply by l−k
2

on both sides we obtain

l − k
2

∫ 1

0

[(1− t1)ν − tν1]h′(t1k+ (1− t1)l)dt1 =
h(k) + h(l)

2
− Γ(ν + 1)

2(l − k)
[Iνk+h(l) +Iνl−h(k)].

Theorem 3.1.5. [40] Let h : [k, l] be a differentiable mapping. If |h′| is convex then∣∣∣∣h(k) + h(l)

2
− Γ(ν + 1)

2(l − k)ν
[Iνk+h(l) + Iνl−h(k)]

∣∣∣∣ ≤ l − k
2(ν + 1)

(
1− 1

2ν

)
[|h′(k|+|h′(l)|)]

Proof. By using Lemma (3.1.4), and convexity of |h′| we have∣∣∣∣h(k) + h(l)

2
− Γ(ν + 1)

2(l − k)ν
[Iνk+h(l) + Iνl−h(k)]

∣∣∣∣
≤ l − k

2

∫ 1

0

|(1− t1)ν − tν1||h′(t1k + (1− t1)l)|dt1

|h′(t1k + (1− t1)l)|≤ t1|h′(k)|+(1− t1)|h′(l)|

=
l − k

2

∫ 1

0

|(1− t1)ν − tν1|[t1|h′(k)|+(1− t1)|h′(l)|]dt1

I1 =

∫ 1
2

0

[(1− t1)νt1 − tν+1
1 ]|h′(k)|dt1 +

∫ 1
2

0

[(1− t1)ν+1 − tν1 − tν+1
1 ]|h′(l)|dt1

I2 = −
∫ 1

1
2

[(1− t1)νt1 − tν+1
1 ]|h′(k)|dt1 −

∫ 1

1
2

[(1− t1)ν+1 − tν1 − tν+1
1 ]|h′(l)|dt1

Simplifying I1 and I1 and then add we get[
1

ν + 2
−

2
(

1
2

)ν+1

ν + 1
+

1

(ν + 2)(ν + 1)

]
[|h′(l)|+|h′(k)|] =

1

ν + 1

(
1− 1

2ν

)
[|h′(l)|+|h′(k)|].

Hence we get our desired result

3.1.2 Fejér inequality

In the beginning of 20th century Fejér [13] proved the integral inequality which is weighted

generalization of Hermite- Hadamard inequality and known as Fejér inequality. Iscan [18]

established the Fejér inequality for the Riemann-Liouville fractional integral.

Lemma 3.1.6. [18] If h : [k, l]→ R is integrable and symmetric to k+l
2

with k < l, then

Iαk+h(l) = Iαl−h(k) =
1

2
[Iαk+h(l) + Iαl−h(k)].
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Theorem 3.1.7. [18] Let h : [k, l] → R be convex function with k < l and h ∈ [k, l]. If

g : [k, l]→ R is non-negative, integrable and symmetric to (k+l)
2

, then the following

h

(
k + l

2

)
[Iνk+g(l) + Iνl−g(k)] ≤ Iνk+hg(l) + Iνl−hg(k) ≤ h(k) + h(l)

2
[Iνk+g(l) + Iνl−g(k)].

Proof. Since g is symmetric to k+l
2

, thus g(k + l − u) = g(u), for all u ∈ [k, l] as h is

convex function on [k, l], for all u = 1
2
. Therefore we have

2h

(
k + l

2

)
≤ h((1− u)k + ul) + h(uk + (1− u)l).

Multiply uν−1g((1− u)k + ul) on both sides and integrate over u ∈ (0, 1)

2h

(
k + l

2

)∫ 1

0

uν−1g((1− u)k + ul)du ≤
∫ 1

0

uν−1g((1− u)k + ul)h((1− u)k + ul)du

+

∫ 1

0

uν−1g((1− u)k + ul)h(uk + (1− u)l)du.

Let v = (1− u)k + ul

2h
(
k+l

2

)
Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(v − k)ν−1g(v)dv

)
≤ 1

(l − k)ν

∫ l

k

(v − k)ν−1g(v)h(v)dv +
1

(l − k)ν

∫ l

k

(v − k)ν−1g(v)h(k + l − v)dv

≤ 1

(l − k)ν

∫ l

k

(v − k)ν−1g(v)h(v)dv +
1

(l − k)ν

∫ l

k

(l − v)ν−1g(k + l − v)h(v)dv

=
Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(v − k)ν−1g(v)h(v)dv

)
+

Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(l − v)ν−1g(v)h(v)dv

)
.

By using above Lemma (3.1.6)

Γ(ν)h(k+l
2

)

(l − k)ν
[Iνk+g(l) + Iνl−g(k)] ≤ Γ(ν)

(l − k)ν
[Iνk+gh(l) + Iνl−gh(k)]. (3.1.5)

As h is convex for all u ∈ (0, 1)

h((1− u)k + ul) + h(uk + (1− u)l) ≤ h(k) + h(l).

Multiply uν−1g((1− u)k + ul) and integrate over [0, 1]∫ 1

0

uν−1g((1− u)k + ul)h((1− u)k + ul)du+

∫ 1

0

uν−1g((1− u)k + ul)h(uk + (1− u)l)du

≤
∫ 1

0

uν−1g((1− u)k + ul)[h(k) + h(l)]du.
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Let y = (1− u)k + ul and using Lemma (3.1.6)

Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(y − k)ν−1g(y)h(y)dy +
1

Γ(ν)

∫ l

k

(l − y)ν−1g(y)h(y)dy

)
≤ Γ(ν)

(l − k)ν

(
1

Γ(ν)

∫ l

k

(y − k)ν−1g(y)[h(k) + h(l)]dy

)
.

[Iνk+hg(l) + Iνl−hg(k)] ≤ [Iνk+h(l) + Iνl−h(k)]
h(k) + h(l)

2
. (3.1.6)

Combining (3.1.5) and (3.1.6) we get the desired inequality.

Corollary 3.1.8. [18] For ν = 1 in Theorem (3.1.7) we get Fejér inequality

h

(
k + l

2

)∫ l

k

g(u)du ≤
∫ l

k

h(u)g(u)du ≤ h(k) + h(l)

2

∫ l

k

g(u)du.

Corollary 3.1.9. [18] For g(x) = 1 in Theorem (3.1.7) we get Hermite-Hadamard in-

equality for fractional integral

h

(
k + l

2

)
≤ Γ(ν + 1)

2(l − k)ν
[Iνk+h(l) + Iνl−h(k)] ≤ h(k) + h(l)

2
.

3.2 A survey of generalized Hermite-Hadamard frac-

tional inequalities

The concept of Hermite-Hadamard inequality has been enhance various way in literature.

In this section we discuss some of the few. Jleli and Samet [19] established the Hermite-

Hadamard inequality via fractional integral with respect to another function given in Eqn

(3.2.1).

Theorem 3.2.1. [19] Let h : I → R be a convex function on for α > 0, then

h

(
k + l

2

)
≤ Γ(α + 1)

4(ψ(l)− ψ(k))α
[Iα,ψk+ H(l) + Iα,ψl− H(k)] ≤ h(k) + h(l)

2
, (3.2.1)

where H(y) = h(y) + h∗(y) and h∗(y) = h(k + l − y).

If ψ(z) = z inequality (3.2.1) reduce to Hermite-Hadamard inequality for Riemann-

Liouville fractional integral.

Corollary 3.2.2. [19] If h is convex on [k, l] and α > 0, then

h

(
k + l

2

)
≤ Γ(α + 1)

2(l − k)α
[Iαk+h(l) + Iαl−h(k)] ≤ h(k) + h(l)

2
.

45



If ψ(z) = ln(z), then inequality (3.2.1) reduce to Hermite-Hadamard inequality for

the Hadamard fractional integral.

Corollary 3.2.3. [19] If h is convex on [k, l] and α > 0 then

h

(
k + l

2

)
≤ Γ(α + 1)

4
(
ln( l

k
)
)α [Iα,Hk+ H(l) + Iα,Hl− H(k)] ≤ h(k) + h(l)

2
.

Theorem 3.2.4. [19] If h ∈ C and |h′| is convex on [k, l] for α > 0 then the following

inequality holds:∣∣∣∣h(k) + h(l)

2
− Γ(α + 1)

4[ψ(l)− ψ(k)]α
[Iα,ψk+ H(l) + Iα,ψl− H(k)]

∣∣∣∣ ≤ Iαψ(k, l)

4[ψ(k)− ψ(l)]α(l − k)
(|h′(k)|+|h′(l)|),

(3.2.2)

where Iαψ(k, l) = Lαψ(l, l) + Lαψ(k, l)− Lαψ(l, k)− Lαψ(k, k).

If ψ(x) = x in Eqn (3.2.2), we get Hermite-Hadamard type inequality for Riemann-

Liouville fractional integral.

Corollary 3.2.5. [19] If h is convex on [k, l] and α > 0, then∣∣∣∣h(k) + h(l)

2
− Γ(α + 1)

2[l − k]α
[Iαk+h(l) + Iαl−h(k)]

∣∣∣∣ ≤ (l − k)

2(α + 1)

(
1− 1

2α

)
[h′(k) + h′(l)].

If ψ(x) = ln(x) in Eqn (3.2.2), we get Hermite-Hadamard inequality for Hadamard

fractional integral.

Corollary 3.2.6. [19] If |h′| is convex on [k, l] and α > 0, then∣∣∣∣∣h(k) + h(l)

2
− Γ(α + 1)

4[ln( l
k
)]α

[Iαk+h(l) + Iαl−h(k)]

∣∣∣∣∣ ≤ Iαln(k, l)

4(ψ(l)− ψ(k))α(l − k)
|h′(k)|+|h′(l)|,

where Iαln(k, l) = Lαln(l, l) + Lαln(k, l)− Lαln(l, k)− Lαln(k, k).

Raina’s [34] introduced the function of bounded sequence of real (or complex) number.

Definition 3.2.7. [34] Let ρ, λ > 0 and σ(m) be a bounded arbitrary sequence of real

numbers where m ∈ N◦ and |y|< 1.

Zσρ,λ(y) = Zσ(0),σ(1)···
ρ,λ (y) =

∞∑
m=0

σ(m)

Γ(ρm+ λ)
ym.

Raina [34] also defined the following left and right-sided fractional integral operators.
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Definition 3.2.8. [34] Let ρ, λ > 0 and u ∈ R then the fractional integral of left and

right sided are defined as(
Iσρ,λ,c+;uφ

)
y =

∫ y

c

(y − s)λ−1Zσρ,λ[u(y − s)ρ]φ(s)ds,

(
Iσρ,λ,d−;uφ

)
y =

∫ d

y

(s− y)λ−1Zσρ,λ[u(s− y)ρ]φ(s)ds.

Let λ = α, σ(0) = 1 and u = 0 we get the classical Riemann-Liouville fractional

integral. Set et al. [36] determine the Hermite-Hadamard type inequalities for above

defined integrals as

Theorem 3.2.9. [36] Let α, u ∈ R and h : [c, d] → R be a positive, twice differentiable

function, and h ∈ L(c, d). Also, let h′′ be bounded on [c, d]. Then

n

2(d− c)α

∫ c+d
2

c

(
c+ d

2
− y
)2 [

(y − c)α−1Zσρ,α[u(y − c)ρ] + (l − y)α−1Zσρ,α[u(y − c)ρ]
]
dy

≤ 1

2(c− d)α
[(τσρ,α,c+;uh)(d) + (τσρ,α,d−;uh)(c)]− h

(
c+ d

2

)
Zσρ,α+1[u(d− c)ρ]

≤ N

2(d− c)α

∫ c+d
2

c

(
c+ d

2
− y
)2

[(y − c)α−1Zσρ,α[u(y − c)ρ] + (d− y)α−1Zσρ,α[u(d− c)ρ]]dy.

And

−N
(d− c)α

∫ c+d
2

c

(y − c)(d− y)[(y − c)α−1Zσρ,α[u(y − c)ρ] + (l − y)α−1Zσρ,α[u(y − c)ρ]]dy

≤ 1

2(d− c)α
[(τσρ,α,c+;uh)(d) + (τσρ,α,d−;uh)(c)]− h(c) + h(d)

2
Zσρ,α+1[u(d− c)ρ]

≤ −n
2(d− c)α

∫ c+d
2

c

(y − c)(d− y)[(y − c)α−1Zσρ,α[u(y − c)ρ] + (d− y)α−1Zσρ,α[u(d− c)ρ]]dy.

Where n = infy∈[c,d] f
′′(y) and N = supy∈[c,d] h

′′(y).

Theorem 3.2.10. [36] Let α, u ∈ R+ and h : [k, l] → R be a positive, differentiable

function, and h ∈ L(k, l). If h (k + l − t) ≥ h(t) for all t ∈ [p, k+l
2

], then we have

h

(
k + l

2

)
Zρσ,α+1[u(l − k)α] ≤ 1

2(l − k)α
[Iσρ,α,k+;uh(l) + Iσρ,α,l−;uh(k)]

≤ h(k) + h(l)

2
Zσρ,α+1[u(l − k)α].

For σ(0) = 1 and u = 0 in Theorem (3.2.10) then we get following:
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Corollary 3.2.11. [36] Let h : [k, l] → R be a positive and differentiable function and

h ∈ L(k, l). If h′(k + l− z) ≥ h(z) for all z ∈ [k, k+l
2

] then the following inequality holds.

h

(
k + l

2

)
≤ Γ(α + 1)

2(l − k)α
[Iαk+h(l) + Iαl−h(k)] ≤ h(k) + h(l)

2
.

Chen and Katugampola [8] generalized the Hermite-Hadamard inequality for so called

Katugampola fractional integral they also generalized result of Jelli [20]

Theorem 3.2.12. [8] Let α, ρ > 0 and h : [pρ, qρ] → R be a positive function with

0 ≤ p ≤ q and h ∈ Xc
p(p

ρ, qρ). If h is convex function on [p, q], then

h

(
pρ + qρ

2

)
≤ ραΓ(α + 1)

2(pρ − qρ)α
[Iα,ρp h(qρ) + Iα,ρq− h(pρ)] ≤ h(pρ) + h(qρ)

2
.

Theorem 3.2.13. [8] Let h : [cρ, dρ]→ R be a differentiable mapping with 0 ≤ c ≤ d. If

h′ is differentiable on (cρ, dρ), then we have∣∣∣∣h(cρ) + h(dρ)

2
− αραΓ(α + 1)

2(dρ − cρ)α
[Iα,ρc+ h(dρ) + Iα,ρd− h(cρ)]

∣∣∣∣ ≤ (dρ − cρ)2

2(α + 1)(α + 2)
(α+

1

2α
) sup
ξ∈[cρ,dρ]

|h′′(ξ)| .

Theorem 3.2.14. [8] Let h : [cρ, dρ] → R be a differentiable mapping. If |h′| is convex

on [cρ, dρ], then the following inequality holds:∣∣∣∣h(cρ) + h(dρ)

2
− αραΓ(α + 1)

2(dρ − cρ)
[Iα,ρc+

h(dρ) + Iαd−h(cρ)]

∣∣∣∣ ≤ (dρ − cρ)
2(α + 1)

[|h′(cρ)|+|h′(dρ)|].

Lemma 3.2.15. Let h : [aρ, bρ]→ R be a differentiable mapping on (aρ, bρ) with 0 ≤ a ≤
b. Then the following equality holds, if the fractional integrals exist.

h(cρ) + h(dρ)

2
− αραΓ(α + 1)

2(dρ − cρ)
[Iα,ρc+

h(dρ) + Iαd−h(cρ)]

=
dρ − cρ

2

∫ 1

0

|(1− tρ)α − tρα|tρ−1h′(tρcρ − (1− tρ)dρ)dt.

By using Lemma (3.2.15) Chen and Katugampola [19] found the more strict inequality.

Theorem 3.2.16. [8] Let h : [cρ, dρ] → R be a differentiable mapping. If |h′| is convex

on [cρ, dρ], then we have∣∣∣∣h(cρ) + h(dρ)

2
− αραΓ(α + 1)

2(dρ − cρ)α
[Iα,ρc+

h(dρ) + Iα,ρd− h(cρ)]

∣∣∣∣ ≤ dρ − cρ

2ρ(α + 1)

(
1− 1

2α

)
[|h′(cρ)|+|h′(dρ)].

As Katugampola generalized the Riemann-Liouville fractional integral and Hadamard

fractional integral, so the above result are also true for them.

Liu et al. [26] represented their work on Hermite-Hadamard and Hermite-Hadamard

type inequality for the Riemann-Liouville fractional integral of a function with respect to

another function. They also provided application to special means of real numbers.

48



Theorem 3.2.17. [26] Let h : [k, l]→ R be a differentiable mapping. Also suppose that

|h′| is convex on [k, l]. ψ(x) is monotonically increasing function having a continuous

derivative and α ∈ (0, 1). Then we have∣∣∣∣h(k) + h(l)

2
− Γ(α + 1)

2(l − k)α
[Iαψ1(k)(h ◦ ψ)(ψ−1(l)) + Iαψ1(l)(h ◦ ψ)(ψ−1(k))]

∣∣∣∣
≤ l − k

2(α + 1)

(
1− 1

2α

)
[|h′(k)|+|h′(l)|].

Liu et al. [26] also give application to the special means of real numbers.

Proposition 3.2.18. If h(z) = z2, α = 1, and ψ(z) = z in Theorem (3.2.17), then∣∣A(c2, d2)− L2
2(c, d)

∣∣ ≤ d2 − c2

4
,

where c, d ∈ R+, and c < d.

Proposition 3.2.19. Let c, d ∈ R+, c < d. If h(z) = zm, α = 1 and ψ(z) = z in

Theorem (3.2.17), Then

|A(cm, dm)− Lmm(c, d)| ≤ dm − cm

4
(mcm−1 +mdm−1),

where c, d ∈ R+, and c < d.

Proposition 3.2.20. If h(z) = ez, α = 1 and ψ(z) = z in Theorem (3.2.17). Then∣∣H(ec, ed)− L(ec, ed)
∣∣ ≤ d− c

8
(ec + ed),

where c, d ∈ R+, and c < d.

Proposition 3.2.21. If h(z) = 1
z
, α = 1 and ψ(z) = z in Theorem (3.2.17). Then

∣∣H−1(c, d)− L−1(c, d)
∣∣ ≤ d− c

8

(
1

c2
+

1

d2

)
,

where c, d ∈ R+, and c < d.

Theorem 3.2.22. [26] Let α ∈ (0, 1) and h : [k, l]→ R be a differentiable mapping. Also

suppose that |h′| is convex on [k, l]. ψ(z) is an increasing and positive monotone function

having a continuous derivative ψ′(z) and h ∈ L1[k, f ], the following inequality holds:∣∣∣∣Γ(α + 1)

2(l − k)α
[Iαψ1(k)(h ◦ ψ)(ψ−1(l)) + Iαψ1(l)(h ◦ ψ)(ψ−1(k))]− h

(
l + k

2

)∣∣∣∣
≤ |h(l)− h(k)|

2
+

l − k
2(α + 1)

(
1− 1

2α

)
[|h′(k)|+|h′(l)|].
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Proposition 3.2.23. Let c, d ∈ R+, c < d. If h(z) = 1
z
, α = 1 and ψ(z) = z in Theorem

(3.2.22). Then ∣∣L−1(c, d)− A−1(c, d)
∣∣ ≤ d− c

8

(
4 +

1

c2
+

1

d2

)
.

Fernandez and Mohammed [15] used the Mittag-Leffler kernels to establish the Hermite-

Hadamard inequalities for following fractional operators.

Definition 3.2.24. [1] Let h be a function that is differentiable with L1 derivative on an

interval [k, l] and for any y ∈ [k, l]. The vth Atangana-Baleanu AB fractional derivative

of h(y) is defined for 0 < v < 1.

ABRDvk+h(y) =
B(v)

1− v
d

dx

∫ x

k

Ev

(
−v

1− v
(x− µ)v

)
h(µ)dµ,

ABCDvk+h(y) =
B(v)

1− v

∫ y

k

Ev

(
v

1− v
(y − µ)v

)
h′(µ)dµ,

where Ev(z) is the standard 1−parameter Mittag-Leffler function and B(v) is a normal-

isation function that is real and positive and satisfies B(0) = B(1) = 1.

Definition 3.2.25. [1] Let h ∈ L1 on an interval [k, l], and for any z ∈ [k, l], the vth AB

fractional integral of h(x) is defined as follows for 0 < v < 1

ABIvk+h(z) =
v

B(v)
RLIvk+h(z) +

1− v
B(v)

h(z).

Definition 3.2.26. [32] Let h ∈ L1 on an interval [k, l] and for any y ∈ [k, l], α, β > 0

and γ, µ ∈ C the Prabhakar fractional integral operator is defined as

Iα,β,γ,µk+ h(y) =

∫ k

y

(y − µ)β−1Eγ,α,β(z(y − µ)α)h(µ)dµ,

where Eγ,α,β(z) is the 3−parameter Mittag-Leffler function.

Theorem 3.2.27. [15] If h : [k, l] → R is L1 and convex, α ∈ (0, 1), then we have the

following Hermite-Hadamard inequality for AB fractional integrals

h

(
k + l

2

)
≤ B(α)Γ(α)

2[(l − k)α + (1− α)Γ(α)]
[ABIαk+h(l) + ABIαl−h(k)] ≤ h(k) + h(l)

2
.

Theorem 3.2.28. [15] If h : [k, l] → R is L1 and convex, and α ∈ (0, 1), then we have

the following Hermite-Hadamard inequality for AB fractional derivatives

T1(α, l − k)h

(
k + l

2

)
+T2(α, l − k)

h(k) + h(l)

2

≤ 1− α
2B(α)Eα

( −α
1−α(l − k)α

) [ABRDαk+h(l) + ABRDαl h(k)]

≤ T2(α, l − k)h

(
k + l

2

)
+ T1(α, l − k)

h(k) + h(l)

2
,
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where the multipliers T1(α, q − p) and T2(α, l − k) sum to 1. Thus forming weighted

averages on both ends of the inequality. Specifically, these multipliers are defined as

follows:

T1(α, l − k) =
E2α(( α

1−α)2(l − k)2α)

Eα( −α
1−α(l−k)α

)
;

T2(α, l − k) =
−α
1−α(l − k)αE2α,α+1(( −α

1−α)(l − k)2α)

Eα( −α
1−α(l − k)α)

.

Theorem 3.2.29. [15] If h : [k, l] → R is L1 and convex. The parameters α, β, γ, µ,

are all real and positive, then we have the following Hermite-Hadamard inequality for

Prabhakar fractional integrals:

h

(
k + l

2

)
≤
PIα,β,γ,µk+ h(l) + PIα,β,γ,µl− h(k)

2(l − k)βEγ
α,β+1(µ(l − k)α)

≤ h(k) + h(l)

2
.

Gurbuz et al. [16] generalized the Hermite-Hadamard inequality via Caputo-Fabrizo

integral.

Definition 3.2.30. [6, 2] Let h ∈ H1(k, l), m < n and α ∈ [0, 1], then the definition of

the left fractional derivative in the sense of Caputo and Fabrizio is

Dα,∗k h(y) =
B(α)

1− α

∫ y

k

h′(u)e
−α(y−u)α

1−α du.

And related fractional integral is

Iα,∗k h(y) =
1− α
B(α)

h(y) +
α

B(α)

∫ y

k

h(u)du.

The Hermite-Hadamard inequality for Caputo-Fabrizio fractional integral is stated as

Theorem 3.2.31. [16] Let a function h : [k, l] ⊂ R → R be convex and h ∈ L1[k, l]. If

α ∈ [0, 1], then the following double inequality holds:

h

(
k + l

2

)
≤ B(α)

α(l − k)

[
(Iα,∗k h)(a) + (Iα,∗l h)(a)− 2

(1− α)
B(α)h(a)

]
≤ h(k) + h(l)

2
,

where a ∈ [k, l] and B(α) > 0 is a normalization function.

Theorem 3.2.32. [16] Let h, g : I ⊆ R→ R be a convex function. If hg ∈ L([k, l]), then

we have the following inequality:

2B(α)

α(l − k)

[
Iα,∗m (hg)(a) + Iα,∗n (hg)(a)− 2(1− α)

B(α)
h(a)g(a)

]
≤ 2

3
M(k, l) +

1

3
N(k, l),

where M(k, l) = h(k)g(k)+h(l)g(l), N(k, l) = h(k)g(l)+h(l)g(k), and a ∈ [k, l], B(α) > 0

is a normalization function.
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Theorem 3.2.33. [16] Let h, g : I ⊆ R → R be a convex function. If hg ∈ ([k, l]), the

set of integrable functions, then

2h

(
k + l

2

)
g

(
k + l

2

)
− 1

l − k
[Iα,∗k (hg)(a) + Iα,∗l (hg)(a)] +

1− α
α(l − k)

h(k)g(k)

≤ 2

3
M(k, l) +

4

3
N(k, l),

where M(k, l) and N(k, l) are given in Theorem (3.2.32) and a ∈ [k, l], B(α) > 0 is a

normalization function.

Theorem 3.2.34. [16] Let h : I ⊆ R → R be a differentiable positive mapping and |h′|
be convex. If h′ ∈ L1[k, l] and α[0, 1], the following inequality holds:∣∣∣∣h(k) + h(l)

2
+

2(1− α)

α(l − k)
h(k)− B(α)

α(l − k)
[(Iα,∗k h)(a) + (Iα,∗l h)(a)]

∣∣∣∣ ≤ (l − k)(|h′(k)|+|h′(l)|)
8

,

where a ∈ [k, l] and B(α) > 0 is a normalization function.

Gurbuz et al. [16] also give applications to the special means.

Proposition 3.2.35. Let c, d ∈ R+, c < d. Then∣∣A(c2, d2)− L2
2(c, d)

∣∣ ≤ d− c
4

[|c|+|d|],

provided h(z) = z2, α = 1 and B(α) = B(1) = 1 in Theorem (3.2.34).

Proposition 3.2.36. Let c, d ∈ R+, c < d. Then∣∣A(ec, ed)− L2
2(ec, ed)

∣∣ ≤ d− c
8

(ec + ed).

provided h(z) = ez, α = 1 and B(α) = B(1) = 1 in Theorem (3.2.34).

Proposition 3.2.37. Let c, d ∈ R+, c < d. Then

|A(cm, dm)− Lmm(c, d)| ≤ m(d− c)
4

[|cm−1|+|dm−1|].

provided h(z) = zm, α = 1 and B(α) = B(1) = 1 in Theorem (3.2.34).

Theorem 3.2.38. [16] Let h : I ⊆ R → R be a differentiable positive mapping and |h′|
be convex on [k, l] where q > 1. If |h′|∈ L1[k, l] and α ∈ [0, 1], the following inequality

holds: ∣∣∣∣h(k) + h(l)

2
+

2(1− α)

α(f − k)
h(k)− B(α)

α(l − k)
[(Iα,∗k h)(a) + (Iα,∗l h)(a)]

∣∣∣∣
≤ l − k

2

(
1

p+ 1

) 1
p

(|h′(k)|q+|h′(l)|q)
1
q ,

where a ∈ [k, l] and B(α) > 0 is a normalization function.
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Sarikaya et al. [38] introduced the new definition for fractional integral and then estab-

lished the Hermite-Hadamard type integral inequalities.

Definition 3.2.39. [38] Let v : [k, l] → R be an monotonically increasing function and

h, v ∈ L[k, l] . The generalized Riemann-Liouville fractional integrals is defined as

Iα,qk+,vh(z) =
1

Γ(α)

∫ z

k

(z − v)α−1(v(z)− v(u))qh(u)du,

and

Iα,ql−,vh(z) =
1

Γ(α)

∫ l

z

(u− z)α−1(v(u)− v(z))qh(u)du.

Theorem 3.2.40. [38] Let h : [k, l] → R be a convex function and u : [k, l] → R be an

monotonically increasing function on (k, l), and h, v ∈ L[k, l] . Then H is also integrable

and the following inequalities for fractional integral holds:

h

(
k + l

2

)
[Iα,qk+,v(1)(l) + Iα,ql−,v(1)(k)] ≤ 1

2
[Iα,qk+,vH(l) + Iα,ql−,vH(k)]

≤ [Iα,qk+,v(1)(l) + Iα,ql−,v(1)(k)]
h(k) + h(l)

2
.

(3.2.3)

Corollary 3.2.41. If q = 0, then Eqn (3.2.3) reduce to classical Hermite-Hadamard

inequality.

h

(
k + l

2

)
≤ Γ(α + 1)

2(l − k)α
[Iαk+h(l) + Iαl−h(k)] ≤ h(k) + h(l)

2
. (3.2.4)

Corollary 3.2.42. If v(t) = t, then we get following inequality for Riemann-Liouville

fractional integral

h

(
k + l

2

)
≤ Γ(α + q + 1)

4(l − k)α
[Iα+q
k+,vH(l) + Iα+q

l−,vH(k)] ≤ h(k) + h(l)

2
.

Lemma 3.2.43. [38] Let h : [k, l] → R be a differentiable function on (k, l) and v :

[k, l] → R be an monotonically increasing function. If h′, v ∈ L[k, l] then H is also

differentiable and H ∈ L[k, l], then following equality holds:

[Iα,qk+,v(1)(l) + Iα,ql−,v(1)(k)]
h(k) + h(l)

2
− 1

2
[Iα,qk+,v(H)(l) + Iα,ql−,v(H)(k)]

=
(l − k)α

2Γ(α)

∫ l

k

G(z)F ′(z)dz,

where H ′(z) = h′(z)− h′(k + l − z) and

G(z) =
∫ y−k

l−k
0 sα−1(v(b)− v(sl+ (1− s)k))qds+

∫ 1
y−k
l−k

(1− s)α−1(v(sk+ (1− s)l)− v(k))qds.
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Theorem 3.2.44. [38] Let h : [k, l]→ R is a differentiable function and v : [k, l]→ R be

an monotonically increasing function. Then H is also differentiable and H ∈ L[k, l]. If

|h′| is convex on [k, l] and h′, v ∈ L[k, l] then the following inequality holds:∣∣∣∣[Iα,qk+,v(1)(l) + Iα,ql−,v(1)(k)]
h(k) + h(l)

2(l − k)α
− 1

2(l − k)α
[Iα,qk+,v(H)(l) + Iα,ql−,v(H)(k)]

∣∣∣∣
≤ 1

2Γ(α)

∫ l

k

|G(z)|dz(|h′(k)|+|h′(l)|).

Corollary 3.2.45. Let h : [k, l]→ R with k < l, if |h′| is convex then∣∣∣∣h(k) + h(l)

2
− Γ(α + 1)

2(l − k)α
[Iαk+h(l) + Iαl−h(k)]

∣∣∣∣ ≤ l − k
2(α + 1)

(
1− 1

2α

)
[h′(k) + h′(l)],

provided q = 0 then G(z) = (y−k)α+(l−y)α

α(l−k)α

Corollary 3.2.46. Let v : [k, l]→ R, if |v| is convex on [k, l] then the following inequality

holds:∣∣∣∣[Iα,qk+,v(1)(l) + Iα,ql−,v(1)(k)]
h(k) + h(l)

2(l − k)α
− 1

2(l − k)α
[Iα,qk+,v(H)(l) + Iα,ql−,v(H)(k)]

∣∣∣∣
≤ (l − k)

Γ(α + 2)
[|v(k)|+|v(l)|](|h′(k)|+|h′(l)|),

provided q = 1 then G(z) = |v(a)|
[

(z−k)α−(l−z)α
(α+1)(l−k)α+1 + 2(y−k)α

α(l−k)α

]
+|v(b)|

[
−(z−k)α+(l−z)α
(α+1)(l−k)α+1 + 2(y−k)α

α(l−k)α

]
.

Corollary 3.2.47. If v(t) = t then∣∣∣∣ 2(l − k)α+q

(α + q)Γ(α)

h(k) + h(l)

2(l − k)α
− Γ(α + q)

2Γ(α)(l − k)α
[Iα,qk+,v(H)(l) + Iα,ql−,v(H)(k)]

∣∣∣∣
≤ (l − k)α+q

(α + q)(α + q + 1)Γ(α)
(|h′(k)|+|h′(l)|).

We generalized the result of [38] for Generalized Riemann-Liouville fractional integral

with respect to a function .

3.3 Generalized Riemann-Liouville fractional integral

with respect to a function

We introduce the generalize Riemann-Liouville fractional integral with respect to a func-

tion by using the same technique as Sarikaya et al. [38] introduced.
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Definition 3.3.1. Let v : [k, l] → R be an monotonically increasing function on (k, l)

and h, v ∈ L[k, l] with k < l. The we define the generalized Riemann-Liouville fractional

integral with respect to a function as:

Iα,ψ,qk+,v h(z) =
1

Γ(α)

∫ z

k

(ψ(z)− ψ(u))α−1(v(z)− v(u))qh(u)ψ′(u)du,

and

Iα,ψ,ql−,v h(z) =
1

Γ(α)

∫ l

z

(ψ(u)− ψ(z))α−1(v(u)− v(z))qh(u)ψ′(u)du.

Example 3.3.2. Let v(u) = w(u) and h(u) = 1 then we get

Iα,ψ,qk+,v (1)(z) =
1

Γ(α)

∫ z

k

(ψ(z)− ψ(u))α+q−1ψ′(u)du =
(ψ(z)− ψ(k))α+q

(α + q)Γ(α)
.

Similarly

Iα,ψ,ql−,v (1)(z) =
(ψ(l)− ψ(z))α+q

(α + q)Γ(α)
.

We have to prove Hermite-Hadamard type inequality for new generalized fractional

integral

Theorem 3.3.3. Let h : [k, l] → R be a convex function and v : [k, l] → R be an

monotonically increasing function on (k, l). h, v ∈ L[k, l] with k < l then H is also

integrable, and

h

(
k + l

2

)
[Iα,ψ,qk+,v (1)(l) + Iα,ψ,ql−,v (1)(k)] ≤ 1

2
[Iα,ψ,qk+,v H(l) + Iα,ψ,ql−,v H(k)]

≤ [Iα,ψ,qk+,v (1)(l) + Iα,ψ,ql−,v (1)(k)]
h(k) + h(l)

2
.

(3.3.1)

Proof. As h is a convex function, for u1 = 1
2
. Let x1 = (u1k + (1 − u1)l) and x2 =

((1− u1)k + u1l) where x1, x2 ∈ [k, l] we have

2h

(
k + l

2

)
≤ h(u1k + (1− u1)l) + h((1− u1)k + u1l).

Multiplying (ψ(l)−ψ((1− u1)k+ u1l))
α−1(v(l)− v((1− u1)k+ u1l))

kψ′((1− u1)k+ u1l),

we have

2h

(
k + l

2

)∫ 1

0

(ψ(l)− ψ((1− u1)k + u1l))
α−1(v(l)− v((1− u1)k + u1l))

kψ′((1− u1)k + u1l)du1

≤
∫ 1

0

(ψ(l)− ψ((1− u1)k + u1l))
α−1(v(l)− v((1− u1)k + u1l))

kψ′((1− u1)k + u1lh(u1k + (1− u1)l)du1

+

∫ 1

0

(ψ(l)− ψ((1− u1)k + u1l))
α−1(v(l)− v((1− u1)k + u1l))

kψ′((1− u1)k + u1l)h((1− u1)k + u1l)du1
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Let z = (1− u1)k + u1l, then we have

2h

(
k + l

2

)
Iα,ψ,qk+,v (1)(l) ≤ Iα,ψ,qk+,v (h∗)(l) + Iα,ψ,qk+,v (h)(l). (3.3.2)

Similarly multiplying (ψ(u1k + (1− u1)l)− ψ(k))α−1(v(u1k + (1− u1)l)− v(k))kψ′((1−
u1)l + u1k), and let z1 = (1− u1)l + u1k we have

2h

(
k + l

2

)
Iα,ψ,ql−,v (1)(k) ≤ Iα,ψ,ql−,v (h∗)(k) + Iα,ψ,ql−,v (h)(k). (3.3.3)

Add (3.3.2) and (3.3.3)

2h

(
k + l

2

)
[Iα,ψ,qk+,v (1)(l) + Iα,ψ,ql−,v (1)(k)] ≤ Iα,ψ,ql−,v (H)(k) + Iα,ψ,qk+,v (H)(l).

Where H(k) = h(k) + h∗(k), for second inequality since h is convex then, h((1− u1)k +

u1l) + h(u1k+ (1− u1)l) ≤ h(k) + h(l). Multiplying (ψ(l)−ψ((1− u1)l+ u1k))α−1(v(l)−
v((1− u1)l + u1k))kψ′((1− u1)l + u1k), we have∫ 1

0

(ψ(l)− ψ((1− u1)l + u1k))α−1(v(l)− v((1− u1)l + u1k))kψ′((1− u1)l + u1k)h((1− u1)l + u1k)

+

∫ 1

0

(ψ(l)− ψ((1− u1)l + u1k))α−1(v(l)− v((1− u1)l + u1k))kψ′((1− u1)l + u1k)h(u1l + (1− u1)k)

≤
∫ 1

0

(ψ(l)− ψ((1− u1)l + u1k))α−1(v(l)− v((1− u1)l + u1k))kψ′((1− u1)l + u1k)[h(k) + h(l)].

Let y = (1− u1)l + u1k, we get

Iα,ψ,qk+,v (h)(l) + Iα,ψ,qk+,v (h∗)(l) ≤ Iα,ψ,qk+,v (1)(l)[h(k) + h(l)].

Iα,ψ,qk+,v (H)(l) ≤ Iα,ψ,qk+,v (1)(l)[h(k) + h(l)]. (3.3.4)

Similarly multiplying (ψ((1− u1)k + u1l)− ψ(k))α−1(v((1− u1)k + u1l)− v(k))kψ′((1−
u1)k + u1l), and let x1 = (1− u1)k + u1l∫ l

k

(ψ(x1)− ψ(k))α−1(v(l)− v(x1))kψ′(x1)h(k + l − x1)dx1

+

∫ l

k

(ψ(x− 1)− ψ(k))α−1(v(l)− v(x1))kψ′(x1)h(x1)dx1

≤
∫ l

k

(ψ(x1)− ψ(k))α−1(v(l)− v(x1))kψ′(x1)dx1[h(k) + h(l)]

Iα,ψ,ql−,v (h)(k) + Iα,ψ,ql−,v (h∗)(k) ≤ Iα,ψ,ql−,v (1)(k)[h(k) + h(l)]
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Iα,ψ,ql−,v (H)(k) ≤ Iα,ψ,ql−,v (1)(k)[h(k) + h(l)]. (3.3.5)

Add (3.3.4) and (3.3.5)

Iα,ψ,ql−,v (H)(k) + Iα,ψ,qk+,v (H)(l) ≤ Iα,ψ,ql−,v (1)(k) + Iα,ψ,qk+,v (1)(l)[h(k) + h(l)].

We get our desired result.

Corollary 3.3.4. If q = 0 then Eqn (3.3.1) reduce to Hermite-Hadamard inequality for

fractional integral with respect to another function.

h

(
k + l

2

)
≤ Γ(α + 1)

4(ψ(l)− ψ(k))α
[Iα,ψk+ H(l) + Iα,ψl− H(k)] ≤ h(k) + h(l)

2
. (3.3.6)

Corollary 3.3.5. If v(t) = t and ψ(t) = t then Eqn (3.3.1) reduce to Eqn (3.2.2)

h

(
k + l

2

)
≤ Γ(α + q + 1)

4(l − k)α
[Iα+q
k+,vH(l) + Iα+q

l−,vH(k)] ≤ h(k) + h(l)

2
.
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Chapter 4

Generalized Hermite-Hadamard

inequality

Hadamard-type fractional integral with respect to a function cover both the Hadamard

and tempered fractional calculus as a special case. It also generalize some integral such as

Riemann-Liouville fractional integral, Hadamard fractional integral, Katugampola frac-

tional integral, Riemann-Liouville fractional integral with respect to a function. As the

Hermite-Hadamard inequality is the most well known inequality in literature, and due

to its wide applications. we emphasize to establish the Hermite-Hadamard inequality

for the Hadamard-type fractional integral with respect to a function which contain the

Hermite-Hadamard inequality for different fractional integrals.

4.1 Main Results

In this section, we generalize Hermite-Hadamard inequality and Hermite-Hadamard type

inequalities. Several special cases are also presented. For the sake of simplicity we assume

h : I := [k, l] → R is twice differentiable increasing convex functions and we define

function g as g(y) = φp(y)h(y). Also, define g∗(y) = g(k + l − y), h∗(y) = h(k + l − y),

G(y) = h(y) + h∗(y) and H(y) = g(y) + g∗(y). The substitution t = s−k
y−k in (1.3.44) leads

to

Iα,φk+
h(y) =

(y − k)

Γ(α)

∫ 1

0

(
φ(ty + (1− t)k)

φ(y)

)p(
log

φ(y)

φ(ty + (1− t)k)

)α−1

θ(t; k; l)h((1−t)k+tl)dt.

Similarly we introduce the transformation t = s−y
l−y , or s = tl+ (1− t)y in (1.3.45) and get

Iα,φl− h(y) =
(l − y)

Γ(α)

∫ 1

0

(
φ(y)

φ(tl + (1− t)y)

)p(
log

φ(tl + (1− t)y)

φ(y)

)α−1

θ(t; k; l)h(tl+(1−t)y)dt.
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In preceding equations, θ is defined as θ(t; k; l) = φ′(ty+(1−t)k)
φ(ty+(1−t)k)

. Setting y = (1− t)k + tl,

y = (tk + (1− t)l) and t = 1
2

then definition of convex function we get

2g

(
k + l

2

)
≤ g((1− t)k + tl) + g(tk + (1− t)l). (4.1.1)

Theorem 4.1.1. Let h : I → R be positive function and h ∈ Xd
φ,c(k, l) is convex on I,

then

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
≤ Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k))

≤

(
log φ(l)

φ(k)

)α
(l − k)α

((
(
φ(k)

φ(l)
)p + φp(k)

)
h(k) + (1 + φp(k))h(l)

)
.

(4.1.2)

Proof. Multiply both side of inequality (4.1.1) by ( 1
φ(l)

)p(log φ(l)
φ((1−t)k+tl)

)α−1θ(t; k; l) and

integrate over t ∈ [0, 1].

2

∫ 1

0

h

(
k + l

2

)(
φ(k+l

2
)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)dt

≤
∫ 1

0

(
φ((1− t)k + tl)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

+

∫ 1

0

(
φ((tk + (1− t)l))

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt

=I1 + I2.

(4.1.3)

Left hand side of inequality (4.1.3) can be simplified as

2

∫ 1

0

h

(
k + l

2

)(
φ(k+l

2
)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)dt

=2h

(
k + l

2

)(
φ(k+l

2
)

φ(l)

)p ∫ 1

0

(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)dt

=
2

(l − k)α

(
h

(
k + l

2

)(
φ(k+l

2
)

φ(l)

)p(
log

φ(l)

φ(k)

)α)
.

The first integral on the right side of inequality (4.1.1) simplifies as

I1 =

∫ 1

0

(
φ((1− t)k + tl)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h((1− t)k + tl)dt =
Γ(α)

l − k
Iαk+h(l).

Since g∗(y) = g(k + l − y). For y = (1− t)k + tl, g∗((1− t)k + tl) = g(tk + (1− t)l)
φp((1−t)k+tl)h∗((1−t)k+tl) = φp(tk+(1−tl))h(tk+(1−t)l), and φp((1−t)k+tl)h∗((1−t)k+tl)

φp(tk+(1−t)l) =
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h(tk + (1− t)l). The second integral on the right side of inequality (4.1.1) becomes

I2 =

∫ 1

0

(
φ((1− t)k + tl)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h∗(tl + (1− t)k)dt

=
Γ(α)

l − k
Iαk+h

∗(l).

Therefore, inequality (4.1.1) reduces to

2h
(
k+l

2

) (φ( k+l
2

)

φ(l)

)p (
log φ(l)

φ(k)

)α
(l − k)α

≤ Γ(α)

l − k
(Iαk+G(l)). (4.1.4)

Since h is convex functions, therefore

2h

(
k + l

2

)
≤ h((1− t)k + tl) + h(tk + (1− t)l). (4.1.5)

On both sides of inequality (4.1.5), multiplying by (φ(k))p
(

log φ((1−t)k+tl)
φ(k)

)α−1

θ(t; k; l)

and integrate over t ∈ [0, 1]

2

∫ 1

0

h

(
k + l

2

)
(φ(k))p

(
log

φ(tl + (1− t)k)

φ(k)

)α−1

θ(t; k; l)dt

≤
∫ 1

0

(φ(k))p
(

log
φ(tl + (1− t)k)

φ(k)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

+

∫ 1

0

(φ(k))p
(

log
φ(tl + (1− t)k)

φ(k)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt = I3 + I4.

(4.1.6)

Let left hand side of above inequality, we obtain

2

∫ 1

0

h

(
k + l

2

)
φp(k)

(
log

φ(tl + (1− t)k)

φ(k)

)α−1

θ(t; k; l)dt =
2

α(l − k)

(
h(
k + l

2
)φp(k)

(
log

φ(l)

φ(k)

)α)
.

Now we solve the integral on right side of the inequality (4.1.6). Let y = (1 − t)k + tl,

then h((1− t)k + tl) = g((1−t)k+tl)
φp((1−t)k+tl)

. Therefore, integral I3 simplifies as

I3 =
Γ(α)

l − k

(
l − k
Γ(α)

∫ 1

0

(
φ(k)

φ((1− t)k + tl)

)p(
log

φ((1− t)k + tl)

φ(k)

)α−1

θ(t; k; l)g((1− t)k + tl)dt

)

=
Γ(α)

l − k
Il−g(k).

As h∗(y) = h(k + l − y) therefore g∗((1−t)k+tl)
φp((1−t)k+tl)

= h(tk + (1 − t)l). The second integral in

inequality (4.1.6) implies

I4 =
Γ(α)

(l − k)

(
(l − k)

Γ(α)

∫ 1

0

(
φ(k)

φ((1− t)k + tl)

)p(
log

φ((1− t)k + tl)

φ(k)

)α−1

θ(t; k; l)g∗((1− t)k + tl)dt

)

=
Γ(α)

l − k
Il−g∗(k)
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I4 = Γ(α)
l−k Il−g

∗(k). Consequently, I3 + I4 = Γ(α)
l−k Il−(g(k) + g∗(k)) = Γ(α)

l−k Il−H(k). So,

inequality (4.1.6) becomes

2h(k+l
2

)φp(k)
(

log φ(l)
φ(k)

)α
(l − k)α

≤ Γ(α)

l − k
Il−H(k). (4.1.7)

Adding together the inequality (4.1.4) and (4.1.7), we get

2h(k+l
2

)φp(k)
(

log φ(l)
φ(k)

)α
(l − k)α

+
2h(k+l

2
)
(
φ( k+l

2
)

φ(l)

)p (
log φ(l)

φ(k)

)α
(l − k)α

≤ Γ(α)

l − k
(Iαk+G(l)) +

Γ(α)

l − k
(Iαl−H(k)).

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
≤ Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k)). (4.1.8)

For the right side of the equality, the convexity of g allows us to write g ((1− t)k + tl) ≤
(1 − t)g(k) + tg(l) and g(tk + (1 − t)l) ≤ tg(k) + (1 − t)g(l). Adding preceding two

inequalities, we get g((1−t)k+tl)+g(tk+(1−t)l) ≤ (1−t)g(k)+tg(l)+tg(k)+(1−t)g(l).

g((1− t)k + tl) + g(tk + (1− t)l) ≤ g(k) + g(l). (4.1.9)

Multiply inequality (4.1.9) by
(

1
φp(l)

)(
log φ(l)

φ((1−t)k+tl)

)α−1

θ(t; k; l) on both sides and in-

tegrate over t ∈ [0, 1]

I5 + I6 =

∫ 1

0

(
φ((1− t)k + tl)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

+

∫ 1

0

(
φ(tk + (1− t)l)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt

≤
∫ 1

0

(
1

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)kph(k)dt

+

∫ 1

0

(
1

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)lph(l)dt = I7 + I8.

(4.1.10)

I5 =
Γ(α)

(l − k)

(
(l − k)

Γ(α)

∫ 1

0

(
φ(1− t)k + tl

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

)

=
Γ(α)

l − k
Iαk+h(l).

The integral I5 simplifies as I5 = Γ(α)
l−k I

α
k+h(l). Since g∗(y) = g(k + l − y). For y =

((1 − t)k + tl) g∗((1 − t)k + tl) = g(tk + (1 − t)l), φp((1 − t)k + tl)h∗((1 − t)k + tl) =
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φp(tk + (1− tl))h(tk + (1− t)l),
φp((1−t)k+tl)h∗((1−t)k+tl)

φp(tk+(1−t)l) = h(tk + (1− t)l). Therefore

I6 =

∫ 1

0

(
φ(tk + (1− t)l)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt

=
Γ(α)

l − k

(
(l − k)

Γ(α)

∫ 1

0

(
φ((1− t)k + tl)

φ(l)

)p(
log

φ(l)

φ(s)

)α−1
φ′(s)

φ(s)
h∗((1− t)k + tl)ds

)

=
Γ(α)

l − k
Iαk+h

∗(l).

I5 + I6 =
Γ(α)

l − k
Iαk+ (h(l) + h∗(l)) =

Γ(α)

l − k
Iαk+ (F (l)) .

I7 =

∫ 1

0

(
φ(k)

φ(l)

)p(
log

φ(l)

φ((1− t)k + tl)

)α−1

θ(t; k; l)h(k)dt =

(
φ(k)

φ(l)

)p (log φ(l)
φ(k)

)α
α(l − k)

h(l)

I8 =

∫ 1

0

(
log

φ(l)

φ((1− t)k + tl)

)α
θ(t; k; l)h(l)dt =

(
log φ(l)

φ(k)

)α
α(l − k)

h(k)

Evaluating and adding I7 and I8, we get I7 + I8 =
(

log φ(l)
φ(a)

)α (
(φ(k)
φ(l)

)ph(k) + h(l)
)
.

Therefore inequality (4.1.10) reduce to

Γ(α)

l − k
(Iαk+F (l)) ≤

(
(
φ(k)

φ(l)
)ph(k) + h(l)

) (log( φ(l)
φ(k)

)
)α

α(l − k)
. (4.1.11)

Since h is convex function, therefore

h((1− t)k + tl) + h(tk + (1− t)l) ≤ h(k) + h(l).

Multiply both sides of the preceding inequality by φp(k)
(

log φ((1−t)k+tl)
φ(k)

)α−1

θ(t; k; l) and

integrate over t ∈ [0, 1]

I9 + I10 =

∫ 1

0

(
φ((1− t)k + tl)

φ(k)

)p(
log

φ(tk − (1− t)l)
φ(k)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

+

∫ 1

0

(
φ(tk + (1− t)l)

φ(k)

)p(
log

φ((1 + t)k + tl)

φ(k)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt

≤
∫ 1

0

(
log

φ(tk + (1− t)l)
φ(k)

)α−1

θ(t; k; l)h(k)dt

+

∫ 1

0

(
φ(l)

φ(k)

)p(
log

φ((1 + t)k + tl)

φ(k)

)α−1

θ(t; k; l)h(l)dt

=I11 + I12.

(4.1.12)
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Since g(y) = φp(y)h(y), therefore I9 = Γ(α)
l−k I

α
l−g(k).

I9 =
Γ(α)

l − k

(
(l − k)

Γ(α)

∫ 1

0

(
φ(k)

φ((1− t)k + tl)

)p(
log

φ((1− t)k + tl)

φ(k)

)α−1

g((1− t)k + tl)dt

)

=
Γ(α)

l − k
Iαl−g(k).

As h∗(y) = h(k + l − y). Hence h∗((1−t)k+tl)
φ((1−t)k+tl)

= h(tk + (1− t)l). Thus I10 = Γ(α)
l−k I

α
l−g
∗(k).

Consequently

I10 =
Γ(α)

l − k

(
(l − k)

Γ(α)

∫ 1

0

φp(k)

(
log

φ((1− t)k + tl)

φ(k)

)α−1

θ(t; k; l)h(tk + (1− t)l)dt

)

=
Γ(α)

l − k

(
(l − k)

Γ(α)

∫ 1

0

(
φ(k)

φ((1− t)k + tl)

)p(
log

φ((1− t)k + tl)

φ(k)

)α−1

θ(t; k; l)h((1− t)k + tl)dt

)

=
Γ(α)

l − k
Iαl−g∗(k)

I9 + I10 =
Γ(α)

k − l
Iαl−(g∗(k) + g(k)) =

Γ(α)

k − l
Iαl−H(k).

I9 + I10 = Γ(α)
k−l I

α
l−(g∗(k) + g(k)) = Γ(α)

k−l I
α
l−H(k). In similar way one can show that

I11 =

∫ 1

0

φp(k)

(
log

φ(tk + (1− t)l)
φ(k)

)α−1

θ(t; k; l)h(k)dt

=

(
log φ(l)

φ(k)

)α
φp(k)

α(l − k)
h(k)

I12 =

∫ 1

0

φp(k)

(
log

φ(tk + (1− t)l)
φ(k)

)α−1

θ(t; k; l)h(l)dt = φp(k)

(
log φ(l)

φ(k)

)α
α(l − k)

h(l).

I11 + I12 =
(log

φ(l)
φ(k))

α
φp(k)

α(l−k)
(h(l) + h(k)). Thus inequality (4.1.12) reduces to

Γ(α)

l − k
(Iαl−H(k)) ≤ (h(k) + h(l))

(
log φ(k)

φ(l)

)α
φp(k)

α(l − k)
. (4.1.13)

Add inequalities (4.1.11) and (4.1.13) we obtain

Γ(α + 1)(
log φ(l)

φ(k)

)α ((Iαk+G(l) + Iαl−H(k))) ≤
((

φ(k)

φ(l)

)c
+ φp(k)

)
h(k) + (φp(k) + 1)h(l).

(4.1.14)

63



Combining (4.1.8) and (4.1.14), we get generalized Hermite-Hadamard inequality (4.1.2).

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
≤ Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k))

≤

(
log φ(l)

φ(k)

)α
(l − k)α

((
(
φ(k)

φ(l)
)p + φp(k)

)
h(k) + (1 + φp(k))h(l)

)
.

(4.1.15)

Now we present several special cases for the generalized Hermite-Hadamard inequality

(4.1.2). For p = 0 and φ(y) = ey we must obtain the following inequality which involve

Riemann-Liouville fractional operator.

Corollary 4.1.2. If p = 0 and φ(y) = ey. Then

h

(
k + l

2

)
≤ Γ(α + 1)

2 (l − k)α
(Iαk+h(l) + Iαl−h(k)) ≤ h(k) + h(l)

2
. (4.1.16)

Proof. For p = 0, we have h(y) = g(y), implies that h∗(y) = g∗(y) and H(y) = G(y). For

φ(y) = ey,
(

log φ(l)
φ(k)

)α
= (l − k)α. Therefore

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
= 4h(

k + l

2
)

(l − k)α

(l − k)α

Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k)) =

Γ(α)

l − k
(Iαk+H(l) + Iαl−H(k))

=
1

Γ(α)

∫ l

k

(l − t)h(t)dt+
1

Γ(α)

∫ l

k

(l − t)h(k + l − t)dt

+
1

Γ(α)

∫ l

k

(t− k)h(t)dt+
1

Γ(α)

∫ l

k

(t− k)h(a+ l − t)dt.

(4.1.17)

Simplify the integrals which contain h(k + l − t) for this let s = k + l − t we get

Iαk+H(l) + Iαl−H(k) =
1

Γ(α)

∫ l

k

(t− l)h(t)dt+
1

Γ(α)

∫ k

l

(k − t)h(t)dt

+
1

Γ(α)

∫ l

k

(s− l)h(s)ds+
1

Γ(α)

∫ k

l

(k − s)h(s)d

=2
(
Iαk+h(l) + Iαl−h(k)

)
.

Also, we observe that
(log

φ(l)
φ(k))

α

(l−k)α

((
(φ(k)
φ(l)

)p + φp(k)
)
h(k) + (1 + φp(k))h(l)

)
= (l−k)α

(l−k)α
(2h(k)+

2h(l)). Therefore, inequality (4.1.16) follows immediately.

4h(k+l
2

)(l − k)α

(l − k)α
≤ 2Γ(α)

l − k
(Iαk+h(l) + Iαl−h(k)) ≤ (l − k)α

(l − k)α
(2h(k) + 2h(l)).
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For p = 0 and φ(y) = eψ(y), we obtain the following inequality from inequality (4.1.2)

for fractional integral with respect to another function ψ.

Corollary 4.1.3. If p = 0 and φ(y) = eψ(y). Then

h

(
k + l

2

)
≤ Γ(α + 1)

4(ψ(l)− ψ(k))α
(Iα,ψk+ H(l) + Iα,ψl− H(k)) ≤ h(k) + h(l)

2
. (4.1.18)

Proof. For p = 0 h(y) = g(y), implies that h∗(y) = g∗(y) as g∗(y) = g(k + l − y),

G(y) = h(y) + h∗(y) and H(y) = g(y) + g∗(y) this imply that H(y) = G(y).

For φ(y) = eψ(y),
(

log φ(l)
φ(k)

)α
= (ψ(l)− ψ(k))α.

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
= 4h(

k + l

2
)
(ψ(l)− ψ(k))α

(l − k)α

Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k)) =

Γ(α)

l − k
(Iαk+H(l) + Iαl−H(k)).

(
log φ(l)

φ(k)

)α
(l − k)α

((
(
φ(k)

φ(l)
)p + φp(k)

)
h(k) + (1 + φp(k))h(l)

)
=2

(ψ(l)− ψ(k))α

(l − k)α
(h(k) + h(l)).

4h

(
k + l

2

)
(ψ(l)− ψ(k))α

(l − k)α
≤ Γ(α)

l − k
(Iαk+H(l) + Iαl−H(k)) ≤2

(ψ(l)− ψ(k))α

(l − k)α
(h(k) + h(l)).

Multiply by α
4(ψ(l)−ψ(k))α

we obtain

h(
k + l

2
) ≤ Γ(α + 1)

4(ψ(l)− ψ(k))α
(Iαk+H(l) + Iαl−H(k)) ≤ h(k) + h(l)

2
.

For p = 0 and φ(y) = y in (4.1.2) we get Hermite-Hadamard inequality for Hadamard

fractional integral.

Corollary 4.1.4. If p = 0 and φ(y) = y. Then

h

(
k + l

2

)
≤ Γ(α + 1)

4
(
log( l

k
)
)α (HIαk+H(l) + HIαl−H(k)) ≤ h(k) + h(l)

2
. (4.1.19)

Proof. For p = 0 h(y) = g(y), implies that h∗(y) = g∗(y) as g∗(y) = g(k + l − y),

G(y) = h(y)+h∗(y) and H(y) = g(y)+g∗(y). this imply that H(y) = G(y). For φ(y) = y,(
log φ(l)

φ(k)

)α
=
(
log l

k

)α
.

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
= 4h(

k + l

2
)

(
log( l

k
)
)α

(l − k)α
.
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Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k)) =

Γ(α)

l − k
(Iαk+H(l) + Iαl−H(k)).

(
log φ(l)

φ(k)

)α
(l − k)α

((
(
φ(k)

φ(l)
)p + φp(k)

)
h(k) + (1 + φp(k))h(l)

)
=2

(
log l

k

)α
(l − k)α

(h(k) + h(l)) .

4h

(
k + l

2

) (
log( l

k
)
)α

(l − k)α
≤ Γ(α)

l − k
(Iαk+H(l) + Iαl−H(k)) ≤2

(
log l

k

)α
(l − k)α

(h(k) + h(l)) .

Multiply with α

4(log( l
k

))
α we get

h

(
k + l

2

)
≤ Γ(α + 1)

4
(
log l

k

)α (Iαk+H(l) + Iαl−H(a)) ≤ h(k) + h(l)

2
.

If we let p = 0 and φ(y) = e
yρ

ρ in inequality (4.1.2) we obtain Hermite-Hadamard

inequality for so called Katugampola fractional integral.

Corollary 4.1.5. Let p = 0 and φ(y) = e
yρ

ρ . Then

h

(
kρ + lρ

2

)
≤ Γ(α + 1)

2ρ

ρα
(lρ − kρ)α

(Iα,ρk+ h(l) + Iα,ρl− h(k)) ≤ h(kρ) + h(lρ)

2ρ
. (4.1.20)

Proof. For p = 0 h(y) = g(y), implies that h∗(y) = g∗(y) as g∗(y) = g(k + l− y), G(y) =

h(y) + h∗(y) and H(y) = g(y) + g∗(y). this imply that H(y) = G(y). For φ(y) = e
yρ

ρ ,(
log φ(l)

φ(a)

)α
= (lρ−aρ)α

ρα

2h(k+l
2

)
(

log φ(l)
φ(k)

)α
(l − k)α

(
φp(k) +

(
φ(k+l

2
)

φ(l)

)p)
= 4ρh(

kρ + lρ

2ρ
)

(lρ − kρ)α

ρα(l − k)α
.

Γ(α)

l − k
(Iαk+G(l) + Iαl−H(k)) =

Γ(α)

l − k
(

1

Γ(α)

∫ l

k

(lρ − sρ)α−1

ρα−1
sρ−1f(sρ)ds

+
1

Γ(α)

∫ l

k

(sρ − kρ)α−1

ρα−1
sρ−1f(sρ)ds)

+
1

Γ(α)

∫ l

k

(lρ − sρ)α−1

ρα−1
sρ−1h(kρ + lρ − sρ)ds

+
1

Γ(α)

∫ l

k

(sρ − kρ)α−1

ρα−1
sρ−1h(kρ + lρ − sρ)dt

=I1 + I2.

(4.1.21)

Evaluate I2 by substituting tρ = kρ + lρ − sρ we get

I2 =
1

Γ(α)

∫ l

k

(tρ − kρ)α−1

ρα−1
tρ−1h(t)dt+

1

Γ(α)

∫ l

k

(lρ − tρ)α−1

ρα−1
tρ−1h(t)dt.
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Equation 4.1.21 becomes

Γ(α)

l − k
(Iαk+G(l) + Iαl−H(a)) =

2ρΓ(α)

l − k
(Iαk+h(lρ) + Iαl−h(kρ)).

(
log φ(l)

φ(k)

)α
(l − k)α

((
(
φ(k)

φ(l)
)p + φp(k)

)
h(k) + (1 + φp(k))h(l)

)
= 2ρ

(lρ − kρ)α

ρα(l − k)α
(h(kρ) + h(lρ)).

4ρh

(
kρ + lρ

2

)
(lρ − kρ)α

ρα(l − k)α
≤ Γ(α)

l − k
(Iαk+h(lρ) + Iαl−h(kρ)) ≤ 2ρ

(lρ − kρ)α

ρα(l − k)α
(h(kρ) + h(lρ)).

h

(
kρ + lρ

2ρ

)
≤ ραΓ(α + 1)

2ρ(lρ − kρ)α
(Iαk+h(lρ) + Iαl−h(aρ)) ≤ h(kρ) + h(lρ)

2ρ
. (4.1.22)

Next we observe that the Hermite-Hadamard inequality (4.1.2), reduces to Hermite-

Hadamard inequality for Hadamard-type fractional integrals if φ(y) = y.

Corollary 4.1.6. For φ(y) = y

h

(
k + l

2

)(
kp +

(
k + l

2l

)p)
≤ Γ(α + 1)

2
(
log l

k

)α (Iα,Hk+ G(l) + Iα,Hl− H(a))

≤
(((

k

l

)p
+ kp

)
h(k) + (1 + kp)h(l)

)
.

The Hermite-Hadamard inequality (4.1.2), reduces to Hermite-Hadamard inequality for

Tempered fractional integrals, if φ(y) = ey.

Corollary 4.1.7. For φ(y) = ey,

h

(
k + l

2

)(
ekp +

(
e
k+l
2

el

)p)
≤ Γ(α + 1)

2 (l − k)α
(Iα,pk+G(l) + Iα,pl− H(k))

≤ 1

2

(
h(k)

((
ek

el

)p
+ ekp

)
+ (1 + ekp)h(l)

)
.

4.1.1 Hermite-Hadamard type inequality

First we prove a lemma which will be further used in our result.

Lemma 4.1.8. Let ν > 0, n ∈ N and h
[n]
ψ ∈ L1[k, l]. Then

Iν+n,ψ
l− h

[n]
ψ (k)− Iν+n,ψ

k+ h
[n]
ψ (l) =

n∑
i=1

(ψ(l)− ψ(k))ν+n−i

Γ(ν + n− i+ 1)

[
(−1)i+1h

[n−i]
ψ (l) + h

[n−i]
ψ (k)

]
−
[
Iν,ψk+ h(l) + (−1)n+1Iν,ψl− h(k)

]
.

(4.1.23)
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Proof. By definition of fractional integral and integration by parts

Iν+n,ψ
k+ h

[n]
ψ (l) =

∫ l

k

(ψ(l)− ψ(s))ν+n−1

Γ(ν + n)

d

ds
h

[n−1]
ψ (s)ds

= −(ψ(l)− ψ(k))ν+n−1

Γ(ν + n)
h

[n−1]
ψ (k) + Iν+n−1,ψ

k+ h
[n−1]
ψ (l).

A repeated application of above process leads to

Iν+n,ψ
k+ h

[n]
ψ (l) = −

n∑
i=1

(ψ(l)− ψ(k))ν+n−i

Γ(ν + n+ 1− i)
h

[n−i]
ψ (k) + Iν,ψk+ h(l). (4.1.24)

In a similar way, one can show that

Iν+n,ψ
l− h

[n]
ψ (k) =

n∑
i=1

(−1)i+1 (ψ(l)− ψ(k))ν+n−i

Γ(ν + n+ 1− i)
h

[n−i]
ψ (l) + (−1)nIν,ψl− h(k). (4.1.25)

Subtracting (4.1.25) from (4.1.24), we get (4.1.23).

Theorem 4.1.9. Assume that h : [k, l]→ R is n-times ψ-differentiable and h
[n]
ψ ◦ ψ−1 is

convex. Then

n∑
i=1

(ψ(l)− ψ(k))ν+n−i

Γ(ν + n− i+ 1)

[
(−1)i+1h

[n−i]
ψ (l) + h

[n−i]
ψ (k)

]
≤
[
Iν,ψk+ h(l) + (−1)n+1Iν,ψl− h(k)

]
+

(ψ(l)− ψ(k))ν+n

Γ(ν + n+ 1)

(
1− 1

2ν+n−1

)
(|h[n]

ψ (k)|+ |h[n]
ψ (l)|).

(4.1.26)

Proof. Let z = ψ(s)−ψ(l)
ψ(k)−ψ(l)

which implies ψ(s) = zψ(k) + (1− z)ψ(l). Therefore

∣∣∣Iν+n,ψ
l− h

[n]
ψ (k)− Iν+n,ψ

k+ h
[n]
ψ (l)

∣∣∣ ≤ 1

Γ(ν + n)

∫ l

k

(ψ(s)−ψ(k))ν+n−1−(ψ(l)−ψ(s))ν+n−1ψ′(s)h
[n]
ψ (s)ds

=
(ψ(l)− ψ(k))ν+n

Γ(ν + n)

∫ 1

0

∣∣(1− z)ν+n−1 − zν+n−1
∣∣h[n]

ψ ◦ ψ
−1(zψ(k) + (1− z)ψ(l))dz

≤ (ψ(l)− ψ(k))ν+n

Γ(ν + n)

∫ 1

0

∣∣(1− z)ν+n−1 − zν+n−1
∣∣ (z|h[n]

ψ (k)|+ (1− z)|h[n]
ψ (l)|)dz.

By similar calculations as in proof of Theorem 3 [40], we have∫ 1

0

∣∣(1− z)ν+n−1 − zν+n−1
∣∣ (z|h[n]

ψ (k)|+ (1− z)|h[n]
ψ (l)|)dz

=
2

ν + n

(
1− 1

2ν+n−1

)
(|h[n]

ψ (k)|+ |h[n]
ψ (l)|).
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Consequently, we have∣∣∣Iν+n,ψ
l− h

[n]
ψ (k)− Iν+n,ψ

k+ h
[n]
ψ (l)

∣∣∣ ≤ (ψ(l)− ψ(k))ν+n

(ν + n)Γ(ν + n)

(
1− 1

2ν+n−1

)
(|h[n]

ψ (k)|+ |h[n]
ψ (l)|).

(4.1.27)

Combining inequality (4.1.27) with Equation (4.1.23) we get the desired result in (4.1.26).

Remark 4.1.10. Inequality (4.1.26) generalizes the inequality (3.5) in [40]. However it

is still an open problem whether we can derive a similar result for generalized Hadamard-

type fractional integrals with respect to a function. In future work, we plan to generalize

various integral inequalities for the new generalized context of Hadamard-type operators

with respect to functions.
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Chapter 5

Summary

Chapter 1 begins by recalling some basic functions (gamma function, beta function,

Mittag-Leffler function) and their properties. Furthermore we discuses properties of dif-

ferential and integral operators and some function spaces. We study the different proper-

ties of Riemann-Liouville fractional integral and derivative, Caputo derivative, Hadamard

fractional integral and derivative and Hadamard-type fractional integral with respect to

a function φ. Chapter 1 gives a broad view on the different properties of fractional inte-

grals and derivatives including composition property of integral over derivative and vice

versa. we also define generalized fractional integral with respect to another function,

Hadamard-type fractional integral, Tempered fractional integral and Katugampola frac-

tional integral.

In Chapter 2 we present an introduction of the classical Hermite-Hadamard inequality

and some of its applications. In Chapter 3, Hermite-Hadamard inequality, Hermite-

Hadamard type inequality and Fejér inequality for Riemann-Liouville fractional integral

are discussed. The major part of Chapter 3 consists of survey on Hermite-Hadamard and

Hermite-Hadamard type inequalities for different fractional integrals.

In Chapter 4, we established Hermite-Hadamard inequality for Hadamard-type fractional

integral with respect to a function. The main significance of the inequality is that it con-

tains Hermite-Hadamard inequalities for many fractional integrals as special cases. Gen-

eralized result of Hermite-Hadamard type inequality for fractional integral with respect

to another function is also established.
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