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Abstract

In this thesis, the Mei symmetries for the Lagrangian corresponding to an axially
symmetric metric are examined. For this purpose, the Kerr metric is considered. Using
the Mei symmetries criteria, we determined four Mei symmetries for the Lagrangian
of Kerr metric. Furthermore, the Lie point symmetries and Noether symmetries for
the same Lagrangian are reviewed. The results reveal that, in the case of the Kerr
metric, the Noether symmetry set is a subset of the Mei symmetry set and that Mei
symmetries are same as that of Lie point symmetries. In the end, the obtained Mei

symmetries are also verified.
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Chapter 1

Introduction

The background of DEs is reviewed in this chapter. A brief history of symmetries of
ODEs and PDEs along with some examples is also discussed. Fundamental concepts,
definitions, and notations of the Lie point symmetries, Noether symmetries, and Mei
symmetries are given here. The procedure for finding these symmetries is discussed in

detail and some examples are also given.

1.1 A Brief History

It is difficult to trace back the origin of DEs but after much deliberation on the topic,
historians have marked 1693 as the origin year of DEs. Sir Isaac Newton’s first-ever
work on calculus "the method of fluxions and infinite series" [1] was not published
until 1671. He was not officially credited for his commendable work until 1693 when
Gottfried Leibniz solved the first DE. This is why, 1693 holds a special place in the
history of mathematics, and Newton and Leibniz were declared the founding titans
of DEs. Expanding on the basis provided by these two geniuses, Jacob Bernoulli and

Johann Bernoulli created Bernoulli’s equation in 1695, a new form of an ODE..

In 10 years, another well-known scientist came to the surface with his extraordinary

work in the field of mathematics, Leonhard Euler. He reached a pedestal for his work in



infinitesimal calculus, trigonometry, algebra, geometry, and number theory. He paved
way for thousands of other mathematics to reach newer horizons in this field. In solving
DEs, it is seen that in most of his work, he has extensively used the Euler’s identity
and formula. Last but not the least, he developed the calculus of variations.

With time, scientists kept digging deeper into this vast and at the same time,
astonishing field. Scientists such as Joseph Louise Lagrange, Pierre Simon Laplace,
Adrien-Marie Legendre, and Joseph Fourier came forth with concepts of the Lagrangian
multiplier, Legendre transformations, Laplace’s equations, Legendre polynomials, and
Fourier series.

Taking the work of Daniel Bernoulli, a step further, Friedrich Bessel generalized
Bessel functions. Meanwhile, Augustin Louis Cauchy brought forward the concept of
solutions. The list of these great names does not end here. It will be remiss to not
mention all the great mathematicians such as Rudolf Lipchitz, Bernhard Riemann,
Carl Friedrich Gauss, Emmy Noether and George David Birkhoff. All these names

have a solid reputation is taking DEs to a new level [2].

Evariste Galois marked his place in history by using group theory to solve poly-
nomial equations. Whereas, a Norwegian mathematician, named Marius Sophus Lie
used groups to solve DEs. He suggested that to obtain solutions, one can use groups of
symmetries in standard techniques. Comprehending symmetries require that one must

explore transformations and particular generators.

1.2 Lie Point Transformations and Infinitesimal Gen-
erators

A Lie point transformation is a transformation that transforms a point (z,y) into a
new point (z*, y*)



where x is independent variable and y is dependent variable. Point transformations
that are dependent on at least one parameter must be considered in the context of

symmetries.

1.2.1 1-Parameter Groups of Lie Point Transformations

1-parameter group of Lie point transformations are the transformations that depends
on at least 1-parameter ¢ € R,
ot =a(x,y,€), ¥y =y(z,ye), (1.2)

with the group properties of closure, inverse and identity being satisfied. Setting e =0

yields the identity transformation,

2 (z,y,0) =2z, y*(x,y,0) =y. (1.3)

Consider the translations

*

=z, Yy =y+e. (1.4)

After deciding on a value ¢ for the parameter, a second transformation of the group,

corresponding to the value ¢1, is

* *

ap=a", Y=y +en (1.5)
The outcome of the two’s sequential performances is
=1z, Yi=yteter, (1.6)

which is another translation of the set, with € + ¢; as the parameter value. At ¢ = 0,
translation group gets the identity, and at ¢ = —e, the inverse transformation. As a
result, all translations of type (1.4]) form a group.

Another example, the rotations

x* = xcose — ysine, y* = wsine + ycose, (1.7)



represent a 1-parameter group of Lie point transformations, since they depend on only
1-parameter and satisfy all Lie group axioms.

Scaling is also included in the 1-parameter group, e.g.

rt=er, x*=ey. (1.8)
In contrast to this, the reflection

t=—x, Yy =-y, (1.9)

does not belong to a 1-parameter group of Lie point transformations, but it is still a
point transformation [3].
It is also a symmetry transformation if you translate one solution of a DE to another

while preserving its structure. If we take the ODE
U= (z,y,9,....y") =0, (1.10)
and apply a Lie point transform equation to it, we get
U=y, .. .y™)=0. (1.11)
This Lie point transformation is symmetric since it does not change the equation.
1.2.2 Infinitesimal Generator

Applying the Taylor series on equation ((1.2)) about ¢ = 0 gives an infinitesimal repre-

sentation of Lie point transformation [3]

- ox*
n c Oe

where the coefficients of infinitesimal transformations are set to be the functions

+ O(g?), (1.12)

. oy*
2 _
+ O0(e7), y—y+e(8€>

e=0

ox*
Oe

oy*
Oe

25(96,3/),

e=0

= n(z,y). (1.13)




As a result, an infinitesimal generator of transformation is established as

0 0

Consider the following examples to demonstrate transformations and their generators.

For a translational group,

=z, Y =y+e, (1.15)
we have,
ox* oy*
{(z,y) = =0,  n(zy) = =1, (1.16)
85 =0 az’:‘ e=0
and the generator is
0
X =—. 1.17
5 (117)
An infinitesimal generator can be tranformed into new coordinates by
X = (Xm") 0 _ (Xml’)i, p=1,...,N, (1.18)
om# omH
where m* represents the new coordinates and m* = %‘Z‘i mH represents the new com-

ponents of tangent vector X.

1.2.3 N-Parameter Group of Lie Point Transformations

Lie point transformations may be influenced by multiple parameters. This means that,

in contrast to equation (|1.2)), the following can be written:

*

= a"(r,y,en), vt =y (z,y,en), N=1,...,n. (1.19)

If all these parameters satisfy all axioms of the group, and if they do not depend on
each other, then these Lie point transformations form a N-parameter group (Gy) [5].
For each parameter e, of the N-parameter Lie point transformation group, an infinites-

imal generator can be constructed as

0

0
X, = fN% + nNa_ya (120)

5



where the infinitesimals are

S =30 (121
(@, y) = gg: - (1.22)
Example
Consider a 3-parameter group of Lie point transformations [6],
¥ = xcose — ysine; + &g, (1.23)
y* = wsine; + ycosey + €3. (1.24)

Application of equation ([1.21)) on equation ([1.23)) for each parameter £, (N = 1,2,3.)

provides

G=-y, &=1§&=0 (1.25)

Similarly, application of equation on equation for each parameter e, (N =
1,2,3.) provides

m=x, n=0, n3=1 (1.26)
Hence, the infinitesimal generators can be listed as

0 0

0
X;= . (1.28)
0
X3 =—. 1.2
=5 (1.29)

1.2.4 Prolonged Lie Point Transformations and Generators

Consider the DE ((1.10)). If we want to apply a Lie point transformation (|1.2]) to equaton

(1.10), we have to prolong this transformation to its derivatives ™, m =1,2,..n.



Recursively compute y*(™

Y = = )
d*(m) dx* D, (z*)

here D, is the total derivative

D _i_ﬁ“l— /E—F Ili_{_ ///i
Todx Ox y(?y yay’ y(?y”

As suggested by equation ((1.12)

" =z +eg(z,y) + O,

y =y +en(z,y) + O,

v =y +enW(z,y,y) + O(e?),

y*(”) =qy" + 577(n)<13, Yoy s , y(n)) + 0(82),
where
g0 =0 e W e o)
Oe e=0 Oe e=0 de e=0

By putting equation ([1.32)) in equation ((1.10)), we get

o Do(y") dy+edn+ ..
© Dy(z*)  dv+edé+ ... ’

=y +e((dn/dx) — ' (d€/dz)) + ......

On comparing 3* from equation ((1.34) to y* from equation (1.32) , we get

nM = D,n—y'D,E,

where D, is defined by equation (|1.31)).

Likewise, for y*(™, we get

y()zy()+5< o Y + O(?).

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)



In addition, when we compare y*™ from equation (1.36]) to y*™ from equation (|1.32),
we get

As a result, we can generalize it to
n®) = p,nlk-1 D¢, k=1,...,n (1.38)

where n(®) is the kth-prolongation and D, is defined by equation (1.31] - We can also

compute the prolongation of 1 by substituting equation ((1.31) in equation ((1.38) as

the first two prolongations are

W = =MNe+Y ( gm) y/277y7 (1’39)

0N = 1w + Y (2ay — Ea) + Y (Myy — 26y) — Y€y + " (0, — 260 = 3Y'E,). (1.40)
The infinitesimal transformations are expressed as

v =1 +eXx+ O(e?),

y =y +eXy+ 0,

v =y +eXy + O(2), (1.41)

g =yt e Xy™ + 0,

and the prolongation of an infinitesimal generator is as follows

0 0
[n] _ o 2 ) _2
X1 = X Vg5 (1.42)
Example
Consider following generator
0 0
X =—-x——3y—. 1.43
Tor ~ ¥, (1.43)



Now we will find its second order extended generator, i.e. n and 1® are required to

find. We can deduce from equation (1.43]) that

E=—x, n=-3y. (1.44)

R (1.45)

n® = _y. (1.46)

As a result, the prolonged generator is obtained as

9 39 oy 9 0
Ox y@y yay’ Y oy

X2 = _g (1.47)

1.3 Lie Point Symmetries of ODEs

Consider a set of symmetric transformations that are dependent on at least one param-
eter, then this symmetry is called Lie point symmetry, named after the Norwegian
mathematician Sophus Lie [3].

Consider the following ordinary differential equation (ODE) (L.10)), which admits a

group of symmetries with generator X if and only if
XMy, =o, (1.48)

holds.
Where X[ is the nth prolongation of an infinitesimal generator given by equation

(T.42).

Example

Assume we have a DE
1 2
y=4= L (1.49)

T 3




admitting a generator

From equation ((1.50]), we obtain

Using definition ([1.38)), we now find the prolongation co-efficient as follows:

W =y -y

So the first prolonged generator is obtained as

0 0 0
[1] _ 27 Il _ ! i
X x8x+xy8y+<y xy)ay/

This implies that

) B B vl
(1] — 22 i — ) — r_ —Z ] =0.
XWU o, (35 p +:Byay +(y — xy )8y’> (y ) 0

So the given ODE ((1.49) admits the symmetry.

Example

Suppose we have a DE

y// o x_5y2 — 07
admitting a generator
0 0
X =2~ —ay—
ox y@y

Using definition (|1.38)), we now find the prolongation co-efficients

W=y -y, 9® =3y

10

(1.50)

(1.51)

(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)



So the second prolonged generator is obtained as

0 0 0 0
2] _ _ 27 I /o v 3 " )
X T T Wy, + (zy' —y) oy + 3zy oy

(1.59)

This implies that

0 )y —27%y*) = 0. (1.60)

0 0
2 2
XOU|yy = (=, — g, + @y —y)g s+ 3u

So the given ODE ((1.55)) admits the symmetry.

1.3.1 General Procedure of Finding Lie Point Symmetry

Finding the Lie point symmetries of the DE ({1.10]) to get £ and 1 only. To ensure the
regularity of DE (|1.10]), and because many DEs naturally originate as linear equations
with the highest derivative, we choose to begin with the y™ = w(z,y, v, y"...,y" )

form of DE. Since the symmetry condition [3] is

0 0 0
[n], ) _ r " (n—1)_ Y _ (n)
XMy = (X + 1 ay +1n 3y +o +1n 8y("—1))w =n'", (1.61)

where X is given by an equation (|1.14)), n*) is defined by an equation (1.38)) and y™

in 7™ must be replaced by w.
Casel: 1°® Order ODE

Consider a 1% order ODE

Y =w(z,y). (1.62)
The associated PDE is
— 3 + ’ﬁ
o Y oy’
= 2 + wﬁ
Oz oy

The symmetry condition ([1.61)) is as follows

A
(1.63)

0 0
N | g - —
Xw (f&c +nay)w n', (1.64)

11



using the definition of n*) from equation (1.39) in equation (1.64)) yields [3]
Ewy + Ew + §yw2 =1y + Nyw — NWy. (1.65)

The function w(z,y) is given, this PDE ([1.65) always have non zero solutions &(z, )
and n(x,y). In fact, one may prescribe n (or £) and then deduce £ (or ) from equation
(1.65). In this scenario, a 1 order DE has an infinite number of symmetries, but there

is no symmetric way to find them.

Example
Consider 1% order ODE

y' = 2%y, (1.66)
here

w = z%y. (1.67)

Equation (|1.65)) contains two unknowns, ¢ and 7. To find &, we assume 1 = 0 and vice
versa. So, the equation ([1.65)) becomes

S + & + & = 0. (1.68)
This implies that
6(2ay) + 5 a%0) + 5 (5'9) =0, (169
The characterstic equation of equation is
& __ & (1.70)

2y (a'y?) €(2xy)
Solving equation ((1.70) gives

=3 (1.71)
Hence, the symmetry generator is
10
= ———. 1.72
x? Ox (172)

Using the condition X U|y—o = 0, we can say X is symmetric.

12



Case?2: 2" Order ODE

In the following example, we show how this procedure is used to find symmetries for

274 grder DE.

Example

Consider a 2"¢ order DE |[7]
2

! y
Yy =47, 1.73
; (1.73)

Now we use the condition ((1.61)) to find the symmetries of 2"¢ order DE ([1.73)
n? = xPy. (1.74)

Using equation ([1.40)) in equation (|1.74)), we have

2 /

() Y
Mo 4/ 2oy = Go) (= 260) =48y " (0 =26 =39/6,) = —dn- 5 80
(1.75)
Putthing y” = 4% from equation (1.73) and n» fron equation ([1.39)), we get
) y/2 y/2
New + Y (20ey — o) + Y= My — 262y) — ylgfyy + 4?(% — 26, —3Y'E,) + 477?
Yy / 2 _
- 85(% +y'(ny — &) —y"ny) = 0.
(1.76)
Comparing the co-efficients of 3y’ and solving it further yields
(2, y) = 3c12” + co + c3, (1.77)
n(z,y) = —croy + cay + sy’ + cexy’. (1.78)

In this case, ¢, | = 1,2,..,6 are arbitrary constants. As a result of equation (|1.77))
and equation ((1.78)), the infinitesimal generator of 1-parameter Lie point symmetries
of equation (|1.73)) established as

0 0
X = (Bar® + er+c3) = + (— azy + cay + cy* + czy?) (1.79)

Ox dy’

13



and for each ¢; = 1,¢; = 0, we get following six symmetries

0 9, 9,
X, =322 — — Xy =1—
0 0
X5 = — X4 =y— 1.
0 0
X5 =y'— Xe =y’ —.

A 2" order DE can accept a maximum of eight symmetries. It is important to mention
that every 27¢ order linear homogenecous DE is transformed into y” = 0, and hence
admits eight symmetries. To understand this consider a 2"¢ order linear homogeneous
DE |[3]

y"+p(x)y +q(z)y = 0. (1.81)
The general solution of equation (1.81)) is
y = ayi(z) + coya (), (1.82)

where y; and y, are linearly indepedent solution of equation (1.81). Now dividing y»
on both sides of equation (|1.82))

— =Cc1— + Co. (183)
Y2 Y2
Let
Y2 Y2
then transformed equation is
Y =art + o, (1.85)
this implies that
y" = 0. (1.86)

So, there are 8 symmetries.

14



Case3: Higher Order DE

Consider a 3" order DE [6]
y" = —uy. (1.87)

Now we use the condition to find the symmetries of 3" order DE ((1.87)).
n® = XFlw, (1.88)
Solving equation , we have
Y4ty +nz=0. (1.89)

Putthing value of n® in equation , we get
Neaa + Y (3Naay — Eawa) + 3Y* (Neyy — Eaay) — Y Ulyyy — 3ayy) — ¥ Eypu+
3y [Ny — Eaw + Y Uy — 3Eay) — 29"&yy) — 3y"°6, — wylny — 36 —4y'E,]  (1.90)
+ &y +nr = 0.

Comparing coefficients provides PDE

(constant) : Nyww — ay(n, — 3&) + &y +nz =0,

(V) 3wy — Euwa + dayéy =0
W) s 3(eyy — Eaay) =
(W) Ty — 3Eayy = 0,
")+ &y =0, (1.91)
") 0 3Ny — &aa) = 0,
W'Y") 30y — 3&ay) =
(v2y"): —26, =

(y"?): &=0.

15



Solving the system ((1.91)), yields

E(x,y) = c3a® + cu + c5, (1.92)

5 4 4 4 3 2
n(z,y) = y(01$+02)+03(4—8$4y_;—4)_04%—02%4—05%4—06% +crr+cg. (1.93)

In this case, ¢, | = 1,2,..,8 are constants. Thus, the infinitesimal generator of 1-

parameter Lie point symmetries of DE (|1.87)) is established as

0 5 xt xt xt
X =(cs2®+cax+cs5) 2 + (y(az+ o) + a(=zty — =) — L R
ox 48 24 6 24 1.94
ISy xQ a ( . )
+ 057 + 66? + CcrT + Cg)a—y,

and for each ¢; = 1,¢; = 0, we get following eight symmetries

0 zty\ 0
X, = ry— X,=(y- 292
1 xyaya 2 (y 24)8];’
0 5 z*\ 0 0 'y o
X — 2 7 o S B X —p_ I 7
3= 8x+<48xy 24>3y7 1T % 6 oy’ (1.95)
x. -0, Ty0 x, =9 |
T or 6 oy ¢ 20y
0 0
X7 = Xg=—.
7 'Z'a ) 8 ay

A DE of order n > 3 admits at most (n + 4)-parameter group of Lie point symmetries.

The Lie point symmetry method is used to solve a variety of DE systems [8-10].

1.4 Lie Algebras and Lie Brackets

Before delving into the details of Lie algebra, we must first define Lie group [5].

Lie Group

A Lie group is a group and a finite-dimensional real smooth manifold in which the
group operations of multiplication and inversion are smooth maps. Lie groups were

introduced by a Norwegian mathematician Sophus Lie who formulated the theory of

16



continuous transformation groups in order to model the continuous symmetries.
A Lie algebra, which entirely determines the local structure of the Lie group, can be

associated with any Lie group. The definition of Lie algebra is

Lie Algebra

The Lie algebra L is a vector space defined on a field R together with an operation
known as the Lie bracket that fulfils the properties [5|

1. Bilinearity : [X, fY +¢Z] = [X, fY]+ [X,+9Z], VX, Y, Z € L and f,g € R.
2. Skew symmetry : [X,Y]| = -]Y, X], VX,Y € L.

3. Jaccobi identity : [ X, Y], Z] + [[Z, X], Y]+ [[Z,Y],X]| =0, VX,Y,Z € L.

We can deduce [ X, X| = 0 from a skew-symmetry property whereas the Lie algebra is

called abelian when [X,Y] = 0. The commutator relation of Xy, X € L is

(X g, X 1] = C¥, X o, (1.96)
where C¥, is the structure constant.
Example

The generators of the Lie algebra with 3-parameters ey are

0 0 0 0
X, = — X, = — X:=r— — 1.97
1 axu 2 ay; 3 xax+yax ( 9)
and the corresponding Lie algebra is
[X17X2] = 07
0 |
(X1, X5 :£:X1:C13X17 (1.98)
0

(X5, X3] = 3 =X, =ChX,.

The structure constants are Cj; = 1 and C%; = 1. Due to skew-symmetric property of

structure constants Cfy = —1, C% = —1.

17



Example

The generators of the Lie algebra with 6-parameters ey are

0 0 0 0
X1:_7 X2:_7 X3:_7 X4:y_7
ox oy ov ov
0 0 0 0 (1.99)
Xs=2—+3v—, Xg=y— —20—.
5= Tor * Yov’ 0 y@y Yov
and the corresponding Lie algebra is
0
[X17X2]:O7 [X17X3]:07 [X17X4] :07 [X17X5] :%:Cllf)xh
0
[ X1, X6] =0, [Xo, X3]=0, [X9, X4=0, [X27X6]:a_y20226x2>
0 0
[Xg,X4] :O7 [Xg,Xg)] :3%:C§5X3, [Xg,Xf;] :—2%:C§6X3,
0 0
[X47X5] = 3y% = 05115X47 [X47X6] = _2y% = lelﬁX‘l’ [X57X6] =0.

(1.100)
The structure constants are Cy = 1, Ca = 1, Cs = 3, C3 = —2, Cfs = 3 and Cjs =
—2. Due to skew-symmetric property of structure constants Cf; = —1, C3, = —1,
C3.=-3,C% =2, C} =—3and Cf; = 2.

For detailed discussion one may refer to [11-13]

1.5 Lagrangian-Based Systems

Classical mechanics is primarily made up of systems of second order DEs. In classical
mechanics, the concept ¢' = dd—q: is frequently used, where time ¢ is independent variable
and generalised coordinates ¢’ are dependent variables. The system of 2" order DEs
can be written as [3]

i =uwtq¢d,¢), i,j=1,..N (1.101)

which corresponds to the linear PDE

0 .0 . .0
= —_— e i ey =
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The solutions ¢ of equation ((1.102)) translate into the 2N first integrals of equation
(1.101)), just as they do in case of ODEs. Taking infinitesimal transformation of time

t and generalised coordinates into account

t=t+elt,q,q"), ¢ =q¢ +en'(t,q,q). (1.103)

In this coordinate system, the generator and its prolongation can be written as

X = g(t C]])_ + 771(?57 q])

ot 5 % (1.104)
XM= X 7't ¢, ) =
+0' (¢, q )aq“
where 7' is denoted by
L dnt o dE
= 2L s 1.1
W= A (1.105)

By recursion, successive prolongation X™ of X can be obtained (if convenient, write

X for the prolongations as well) and system symmetries can be deduced if
(X, Al =)\A (1.106)

holds.
Once the symmetries are known, the first integral corresponding to each symmetry can
be found using the Lagrangian of the system. Lagrangian, on the other hand, is just

the kinetic energy 7' minus potential energy V
Lt,¢,¢)=T-V. (1.107)

This correspondence between symmetries and first integrals cannot be established for

symmetries less than 2N, but it is possible if the system can be deduced from an action

tb . .
N:/1@¢yw. (1.108)
ta
The expression N leads to Lagrange (geodesic) equation
d OL OL
doL oL _ 1.109
dt 0  O¢* ( )
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1.5.1 The Noether Symmetries

Noether symmetries are those infinitesimal symmetry generators that leave a La-
grangian L(t,q’,¢’) invariant. A generator of infinitesimal transformations X is said

to be Noether symmetry if it satisfies
XWL 4+ LA = AV (t, ¢), (1.110)

where V(t,¢%) is a gauge function, A is an operator defined by

0
oqt

PO
A= g
ot 4

(1.111)

and X is the first prolonged generator defined by equation (1.144)). When V(t,q) =

0, the Noether symmetries lead to variational symmetries [14].

1.5.2 The Relationship between Lie and Noether symmetries

To illustrate the relationship between Noether symmetries and first integrals corre-

sponding to each Noether symmetry, a conserved quantity |15]
¢ = &[¢" Lo — L] = n*Lgo + V (t,¢"), (1.112)

satisfying X ¢ = 0 may be found. Noether symmetries are always form a subalgebra
of Lie point symmetries.

For a more in-depth discussion, see [16] and [17].

Example

Consider the Lagrangian

L =%+ (1.113)
From Lagrange equation ((1.109)), we get

#=0, §=0. (1.114)



By inserting values, equation ({1.110)) becomes

2e[n + &y — &) + yny — 26 — 2YE] + 2907 + a0t + 40 — &) — BYEa — §°E]

+ [2% 4+ 97 (& + 0& + 97°E)] = Vi + &Vi + 9V,

Through the comparison of coefficients

(&) : 29, = Vi,
(j’f'2> : 277915 — &t = 0,
(&9) : 2, 4 21, =0,
(@) : & =0,
(%) : & =0,
() 217 =V,
(92) : 2775 —& =0,

constant : V; = 0.

Now from the equations (%) and (i) we get

§ = &(1).
From the equation V; = 0 yields
V= (z,y).

Differentiating equation (&) w.r.t. ¢, we get

' = tai(z,y) + a(@, y).
Differentiating equation (%) w.r.t. z, yields
ar = zb1(y) + b2(y),

as = xb3(y) + ba(y).
Equation ((1.119)) imples that

7]1 = t(fL’bl + bg) + $b3 + b4.
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(1.118)
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(1.120)
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Differentiating equation (¢) w.r.t. ¢, we get

772 = tag(x,y) + CL4(.I’, y)

Differentiating equation (¢?) w.r.t. y, we get

az = yd(z) + da(x),
aq = yds(x) + dy(z).

Equation (|1.122)) imples that
1° = t(ydy + dy) + yds + dy.

From the equation (2y), we get

bl = (1, bg :C5y+66, bg :Cg,b4 :C8y+09,

di =c3, dy=—csx+cr, d3=cy,dy=—cgr+ o

This implies that equation and equation becomes
n' =tlc1x + csy + cg) + cox + gy + co,
n* = t(csy — csw + ¢7) + cqy — T + cip.
Now from equation (%), we get
&= crt® + oot + c3,
and from equation (&), we get
V = c12® + 2cs5cy + 2c6.
As a result, the symmetry generator looks like this:

0
X = (a1t? + ot + c;:,)a + (t(c1z + csy + ) + 2 + gy + ¢9)

+ t(csy — csx + ¢7) + eqy — csT + cloa—y,
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(1.123)

(1.124)

(1.125)

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)



and for each ¢, = 1, ¢, = 0, we get the following Noether symmetries

X1:t2%+t:p%, XQ:t%era%,

X3—%+t@/aﬁ, X4=y§y>

X5 = tyaga7 - tm%, X = t%, (1.131)
X7—t%, s—y(%—xa%/

Mei symmetry is another intriguing symmetry.

1.5.3 The Mei Symmetries

In the year 2000, Mei proposed a new symmetry called form invariance. Form in-
variance, also known as Mei symmetry. It states that the dynamical functions (such
as Lagrangian etc.) appearing in the mechanical system’s dynamical equations still
fulfil the original equations after the infinitesimal transformation. Mei symmetry, like
Noether symmetry, admits first integrals known as Mei conserved quantities.

To be able to find Mei symmetries, we must first define and implement a method for
finding them [18].

Assume we have a Lagrangian

L= L(t.q",d), (1.132)
Consider the infinitesimal transfirmation group with a 1-parameter.

t* =t +el(t, ¢’),

o (1.133)
' =q +en'(t,¢),
where 7,7 =1, ....,n and € € R. The associated infinitesimal generator is
0 .0
X=(—+n"—. 1.134
5, T g ( )
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As a result of the transformation ((1.133f), the Lagrangian (1.132]) becomes

L* — L*(t*, q*i) q*z)7

A ) G ent
:L(t—ksg,qz—t—gn’,q 77)
1+¢e€

The Taylor series expansion of equation (1.135)) about ¢ = 0 yields
L* = L(t,¢',¢") + e XYL 4+ O(e?),

where

xXW=Xx+@5 &) ga

is the first prolongation of the infinitesimal generator X.

The Euler-Lagrange equation is written as

E;,(L) =0,
where F; denotes the Euler operator
o d 0
dtogt Ogt

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

If equation (1.138)) remains unchanged when the new Lagrangian L from equation

(1.136) is substituted in place of the Lagrangian, i.e.

E,(L*) =0,

(1.140)

this invariance is known as the Mei symmetries corresponding to the Lagrangian. As

a result, we can present the method for determining Mei symmetries [19}-22].

Method for Determining Mei Symmetries

If the infinitesimals & and n satisfy

EXxXWL] =0, i=1,..,n.
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then the corresponding invariance is the Mei symmetry for the Lagrangian.
Before using this method to find Mei symmetries, we should investigate the relationship
between Mei symmetries and Noether symmetries, as it is crucial in determining Mei

conserved quantities and Noether conserved quantities.

1.5.4 The Relationship of Noether and Mei Symmetries

To begin, we will present an important theorem [23].

Theorem

If the Mei symmetry of the system (1.132) and the infinitesimals ¢ and 1’ of the gauge
function g¢(t, ¢*, ¢*) admit

o(xMr)

XWre+ xU(xUL) 4+ 2(1) o
q”L

i'€+g=0, (1.142)

then the Mei symmetry can lead to new conserved quantity

axWrL) | A(XWL) (XML
— 2\ i Wy 22 s bl Sl
1 o T (X 9 ¢ A(t) =,

)¢+ g. (1.143)

This theorem aids in the construction of a relationship between the Noether and Mei
symmetries.
Consider the integral function
t2
St = [ XYL q 0.5 O)t (1.144)
1
with boundary conditions ¢*(t)|i—s = ¢'(a) and ¢'(t)|i—, = ¢*(b) where i = 1,..,n.
The same form as equation ((1.141)) can be deduced from Lagrange equations of equation
. Furthermore, we know that Noether symmetry refers to action invariance, so
if
5*(q") = S(q) (1.145)



remains true under infinitesimal transformations, the invariance is known as Noether

Symmetry. There exists a boundary function g(t, ¢*, ¢*) for £ and 7, such that

o(xML)
ot

I(XWL)
oq*

(XML

syl —'€) + XWLE = —. (1.146)

n +

£+

We get the same equation as in equation , and this is known as the Noether
identity for the problem . We can deduce the Noether first integral or Noether
conserved quantity from this, which is the same as equation (1.143). From equations
and , it is clear that Mei symmetry differs from Noether symmetry in
general.

The Lie point symmetry method and the Noether symmetry method have evolved
significantly over time and are now used to solve various problems. On the contrary,
much work and research on Mei symmetries remains unfinished, and they are still on
their way to being applied to a variety of problems. Our primary goal is to find Mei
symmetries for a specific Lagrangian presented in Section [2 More detailed discussion

is given in [24].
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Chapter 2

Mei Symmetries for the Lagrangian of
Kerr Metric

Before finding the Mei symmetries for the Lagrangian of Kerr metric, a brief introduc-

tion of the Kerr metric is presented.

2.1 The Kerr Metric

The Kerr metric, discovered by Roy Kerr, describes the geometry of an empty spacetime
in the vicinity of a spinning uncharged axisymmetric black hole. The Kerr metric is
one of the well-known solutions to Einstein’s field equations. The nonlinearity of these
equations makes precise solutions extremely difficult to obtain..

In Boyer-Lindquist coordinates, the metric [25] is given by

ds? = —c2dr?,
2 in2p A 2.1
_ %dﬁ + pRd6? + 811;2 ladt — (12 + a®)dg)” — 3t~ asin® 0oy, 21)
where
p? =1r? + a*cos®0, A =7r%4a® — 2mr, (2.2)

m is the mass of the rotational object, a is the spin parameter or specific angular

momentum and is related to the angular momentum J by a = % This spacetime
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admits two isometries or Killing vectors % and %. Thus, the only conserved quantities

in this spacetime are energy and angular momentum.

2.2 Review of the Noether and Lie Point Symmetries
for the Lagrangian of Kerr Metric

In this section, we review the approximate Noether symmetries of the geodesic equa-
tions for the charged-Kerr spacetime and rescaling of energy. Ibrar Hussain, Fazal
M. Mahomed and Asghar Qadir [26|:

To begin, we write the Lagrangian of Kerr metric as

2mr\ .,  p? . sin?6 _, . 4marsin®0 . .
L=—-(1- 2+ S P2 2 — ——— 2.3
( p2)+A PO =0 = (23
where
Y = [(r* +a*)? — a®sin® A (2.4)

According to [26], equation ([1.110]) can be solved to get Noether symmetries for the
Lagrangian of Kerr metric given by equation (2.3)). The obtained Noether symmetries
are

0 0 0
X1:— XQZE, )(3:0—¢

We can infer from this that the isometries are a subalgebra of the Noether symmetries.

(2.5)

Furthermore, the geodesic equations (|1.139) for Lagrangian given by equation (2.3)) are

i _2m(r? + az)Qt'?'“ N 4ma’r sin 6 cos 0159 _ 4ma®rsin® f cos 99¢
ptA Pt P!
2masin® 0[(r? + a®)Q + 2rp?] . .

+ JiA T, (2.6)
. mfQ —a’rsin®0 , 2a*sinfcosd .. mAQ., 2masin®AQ. .
7= 7+ 70 — "+ 10

JZA p? p° p°
_ [ma®sin* QAQ(;— rsin? 0Ap*] P %92’ (2.7)
p p
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a’*sinfcosf ., 2ma*rsinfcosf ., 4marsinfcosf(r* +a?). .

G Sin29 Cos 97_‘2 sin @ cos 0[(r? + a®)X — a?sin® HAp?] i 2_7"7,‘9-7 2.8)
JZAN p° p?

- 2maf) .. 4marcotf .. 2ma®sin® 6Q + 2r(—p? + 2mr)p? . -

¢:—p4A tr + i 0 + A 0]
_ 2cotBp' + 4m4a2r sin 6 cose%’ (2.9)

P
where

Q = (r* — a*cos? ). (2.10)

Applying the condition ([1.48]) for the Lie point symmetries of ODEs on these equations
(2.6)-(2.9) yields the exact or Lie point symmetries corresponding to Kerr metric. The

obtained Lie point symmetries are

9] 9] 9] 9]
PR XQ—Sg, X3—§v X4—a—¢- (2.11)

In addition to the previously described Noether symmetries, one additional Lie point

Xlz

symmetry sd/0s is obtained. The set of Noether symmetry is thus said to be a subset
of the set of Lie point symmetry.
Next, we compute the Mei symmetries for the same Lagrangian as in equation to

examine how they compare to the Lie and Noether symmetries.

2.3 The Kerr metric’s Mei Symmetry

Considering the method for the Mei symmetries as

ExWL=o. (2.12)
Here L is the Lagrangian, whereas E; = %a%‘ — 8%2. is the Euler operator and X =

¢+ niaiq,- + (7 — &) a?f is the first extended infinitesimal generator.
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Applying first prolonged generator on the Lagrangian given in (2.3) yields

L2
XD]L:(ﬁl—iS)[—2(1_2mr - 4marsin 9}4_772{_27719'2

PR o
_ 2mQ — ajr sin? 07,'2 o 2ma?sin* 9(3 — 2r sin® 9(252
A P
4masin® 09 . . o o] 207 . 5[ 2a*sinfcosh .,
TW} + (" — 7€) [KT S ey —
4ma®rsinfcosf .,  8marsinb cosb(r* + a?)
p* p*
A 2 2 Yy 2 o3 29A 2] . .
cosb|(r” + o) . @ P ]¢>2 — 2a”sin f cos 992} + (773
p

t'g'b—i-ZSinQ

2sin26_ . 4mar sin® Gt} (2.13)

— 6¢) {2/)29] + (7' — a’s@[ R
For ¢! = t, equation yields

[ 5 t] [(x"L] =o0. (2.14)

Using equation (2.13) in equation (2.14) and substituting equations (2.6) to (2.9).
Simplifying it further and then powers of (i,?’",é,é) are compared to get system of

determining equations as follows:

constant) : (—p? + 2mr)nt. — 2marsin® . = 0, 2.15a
P MNss MNss

(1) : (—p? +2mr)éss — (—p? + 2mr)nk, + 2mar sin® On?,

mgl > 2ma’r si;@cos 977? _0, (2.15b)
p p

+

s

masin? 60,

(7) : (—p* 4 2mr)nt. — 2marsin® On?, — 3 7,
Q
_ ”;_277; ~0, (2.15¢)

2ma’r sin 6 cos 0
1

(0) : (=p" + 2mr)nly — 2mar sin® Oryly + 02 s
_ 2marsinf cosf(r? + a2)77§ o, (2.15d)

07
(¢) : (2marsin®0)E,, + (—p° + 2mr)n,, — 2mar sin® On),
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ma sir212 Hﬂnz _ 2marsin§ CO28 0(r? + a?) =0, (2.15¢)
p p
(£2) 1 4(=p® + 2mr)Es — (—p® + 2mr)n}, + 2mar sin® On;,+
Am(—,o2 +2mr)Q |, 2ma®rsinfcos0(—p* +2mr)
,06 r pﬁ Ty
2mQ , 4ma’rsinfcos , 2miarsin®0AQ ,
2 Ny — 2 ny — 6 Ny
p p p
72 sin® 0 cos 0
0

dma’a’

ny =0, (2.15f)
2
— 2
(72) : (—p* + 2mr)nt — 2marsin® Oyt + (p;l——mr)
P2A
, 2m{) a’sinf cosf
[mQ — a®rsin® 0] n, — = nt — A (=p°
2ma’rsin®@cosf , 2masin®0Q ,
p2A Ny + pg Ny
2mar sin? 0[m$Q — a®r sin? 6]
- e =0, (2150)
: 2a? sin 6 cos 0(—p? + 4mr) rA
(6%) = (—p* + 2mr)ngy + pe 15 + o
4dmar sin 6 cc;s O(r* + a?) it — 2ma’r
p
sin® 0 cos 0(—p? + 2mr), , 2mar?sin® A
[ Pz ]779 o 02
sin’ fngy = 0,

+ 2mr) n; +

( — p2 + 2m7’)7]rl —

nt — 2mar

(2.15h)
2masin’® 69

(6?) : (8marsin? 0)&,4 + 7 ny — 2mar sin’ 9n$¢~|—

2
— 2
M [sin 6 cos O(r* + a®)S — a” sin® 6 cos A p*| g
p
(—p? + 2mr)A
pe
sin” @[ sin 6 cos 0(r* + o) — a*sin® 6 cos §Ap? |y + A
(2mar sin” 6)
e
4mar sin 0 cos 0(r? + a* .
mr) g, — 7 ( )7)2 =0, (2.151)

(t7) : (=p® + 2mr)&er — (—p® + 2mr)n;, + 2mar sin® On;,

2
[mac2 sin? Q) — r sin? Gpﬂ ny — m6a r
I

[ma2 sin 00 — r sin? Qpﬂ nt 4 ( —p* 42
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Q —02+2 —0?+2
m t1+< p-+ mr)[m('r’2+a2)9]7},}+( pe+ mr)

" P ptA ptA
mS) 2mr 2m20?
Qlnt 2 — 302 cos? O + 12| n? — 2
ot + 500~ 2 ot 2 — P

sin 0 cos 0 2mr(r? + a?) masin® 0€)
—9 2. >~ 3 _ [\ + =7 =/
S0y (2l ) ) a0
, 2mPa’rsin?0Q ,  2ma®sinfcos0(3r? — a® cos? )
Ny — oA Mg o n
— 0,

(t0) : 2(—p* 4 2mr)Egp — (—p* + 2mr)nly + 2mar sin® On, + 2

(—p? + 2mr) 4m?2a’®r sin 0 cos 0 m

2ma’rsinfcosf 5  2ma’rcos?O(dmrp* — 1)
- 2 "o 2
p p
ma’rsin?0Q. ,  2marsinfcosd(r’ +a?) , 4m?ar?
(O j i+
4m*a*r?sinfcosf , 2ma?sin6 cosb

(sin® @ cos 0)n; + o Ny — i

mar cot 0

773+2

(37"2 — a? cos? 8)7]2 =0,
in” 09 —p? +2
ma sin 5 (—p°+2mr) mad

(i) : (—p® + 2mr)ny, + i >
sin” 6], — w [2mar sin 6 cos 0(r* + a®) | ng
- TZ? G — 2marsind CpOQS o+ a) n? + 4mar sin® 0&,
2ma’r 21;1 6 cos 9775; B 2m2a2r;61n4 QAQH;,: o=
+ 2mr)fs¢> + Amalr” sin” iézos b0~ + o) 77;1 + 2mar

sin? and, =0,

(70) : (—p* + 2mr)nl, — 2mar sin® O, — 2mar sin 6 cos O’

a?sin 0 cos O(—p? + dmr 1
+ (2 P ) i—?[mﬂ—i-r(—pQ—i-Q

.9 2.2
ma sin® 0Q) + 2mar® sin” 0
)+ . =0,
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(mﬁ) . +4dmar sin® &, + (—p* + 2m7")77rl¢ — 2mar sin? 9nf¢
2 L2 2
masin®0Q ,  masin®O(—p*+2mr) ., 5
p2 /’77’ + p4A [(T +a )Q

2marsinfcosO(r* +a?) ; mQ
07 = P Mg

+2rp%| ) +

L (—p* + 2mr)
ptA

8ma’sinfcosQ 5,  2m2a’rsin® 6
Pt T A

(2mar sin” )
ptA

.
Qmapilz 62 mQ + rp?? — 27;4&7“

[ma®sin® 62 + r(—p* + 2mr) |

[(r2 +a*)Q
+ 2r2p2] nt— [ma2 sin? 62 + 7"( —p?

+ 2mr) ] -

in? 0O
sin® (9(7"2 — 3a? cos® 9)772 + %ni + (7,2 X a2)

2mar sir;@cos 9173 _o, (2.15n)
P

(09) : 4mar sin® 0,9 + ( — P+ 2mr) 17;¢ — 2mar sin® 0},
B (cot 0p* — 2ma®rsin cos 6

)(—,02+2m7“)77;3+2

o
ma’rsinfcosf |,  2ma’rsin® 0 cosO(—p? + 2mr) |
77¢ - 4 Ur
p? p
.9 3,2 3
ma sin” 6€) dma’r< sin” 0 cos 0 )
5 n e n* + 2mar sin® 0
(r? — 3a%cos?0) N 8m2a®r?sin® 0 cos® 0 Lo
n . n mar
p! p
cos? 0(r* +a*) 5 2marsinfcosh(r* + a*) , g2
n - 2 Uz m
p? P
a*r?sin®@cosf , 2madrsin®cosO(—p? + 2mr) ,
p4 Ty pg Ny
=0, (2.150)
.. mAQ 2ma?r sin 6 cos 0
. m& — a’rsin® 6 a®sin 6 cos
(T3) : frr + pQA fr - pQA 50 =0, (215(1)

33



» rA a® sin 6 cos 6
(70%) : &g + F@ L & =0, (2.151)
. sin 6 cos 0](r? + a?)¥ — a?sin? § A p?
(F?) + +E€pp + ( pi P ]50
Alma?sin* 0Q — rsin? §p’]
- - & =0, (2.155)
o m(r? + a*)Q maf),
(1) : & — A & — A & = 0, (2.15¢)
. 2ma®r sin 0 cos 0 2mar cot 6
(tr) : &9 + i &+ e & =0, (2.15u)
_ .2 - 2, 2
(i7d) : € + ma 31116 OAQ - 2mar sm@cc;s O(r*+a >59 ~0, (2.15v)
p p
o a’sinf cos 0 r
(T28) : 57"9 + Téf — ;5@ = O, (215W)
200002 | 2 2 2
20y masin® 0[(r* + a*)Q + 2r°p?|
(T ¢) . £T¢ + p4A ft
[ma?®sin® 0Q + r(—p* + 2mr)p?]
= 2.1
+ p4A 5(;3 0, ( 5X>
Y 2ma’r sin® 6 cos 0 [cot p* — 2ma®r sin 0 cos 0]
(7’(9¢) : €9¢ - p4 t /)4 ¢
— 0. (2.15y)
When ¢? = r is substituted into equation (2.12)), we get
d 0 0
—— — —|[xWL] =o. 2.16
[ds or (’97’] [ ] (2.16)

Again, using equation ([2.13]) in equation (2.16]), further simplification after substitut-
ing equations 1' to 1) as well as the coefficients of (¢, 7, 97 gb) and their powers’
comparison, yields some identical equations as subequations ((2.15p)-(2.15y])) and the

remaining ones are listed as

(constant) : n2, = 0, (2.17a)

. mAS) masin? A
(i) : m2 + e e+ Tnj —0, (2.17h)

) m — a?rsin? 0 a? sin @ cos 6
(7) : & — 130 + A 2+ p =0, (2.17¢)
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. a?sin 0 cos 6 rA
(0) = m3 — Tnﬁ - ?773 =0, (2.17d)

~ 2sin? 02 — rsin® 0p* AQ
(9) :773¢ TN 5 TEm e nt — masin® QFn; =0, (2.17e)

, 2mAQ 2mAQ 2mQ[mQ — a*r sin? 4]
2 L2 1 2 2
(t ) “ My + ,06 Ny — ,06 Ny pg n - 2

mA(r? — 3a? cos? ) 4ma? sin 0 cos A (2r* — a? cos? 0)

2 3

[ P J* + s "

2ma®r sin 0 cos 0 2ma sin? A
5 My — " =0, (2.17f)
p p
, m§ — a’rsin® 0 a’sinf cos 2a?
(TQ) : 4557“ - 7737’ + p2A 773 + pgA 773 + 7
(2r — 2m)[mQ — a®rsin?0] , a?sinfcosf
T] J—
pP*A PPA
a?sin 6 + 4ma®r cos? 6 N 2a? sin 6 cos 0
p*A K p*A
[mQ — a*rsin®6)n® =0, (2.17g)
: rA a’sinf cosd 2rA 2a?r sin 6 cos A
%) g+ g = =5~ 5l — o ’
2r[mQ — a?rsin® 0] + Ap?

- e o R (2.17h)

Alma?sin* 0Q — rsin?6p?] , sinfcosf ., ,
o : oot

¥ — a?sin? GA,OQ}?]? —

sin 6 cos O —

[2r — 2m]n® +

(¢2) : 773@ - + a2)

2ma?sin? 0AQ | 4marsind cosf
6 Ny = 2
p p
2[mQ) — a?rsin® 0]
8
2A[ma?sin* 6Q — rsin?0pt] ,  2cot OA(r? + a?)
+ 5 Ny + S [ma
p p
5 2ma’sin® A

08

[ma2 sin* Q) — r sin? Hpﬂ n?

(r* + a®)n) +

2

sin* Q — r sin? 9p4] n [COS 0 [p4 — a*sin? 0

2a*rsin® 0% 4 (r? — 3a® cos®0)

Qlln* + n® — 2ma’rsin® 0
I + 2% e
sin? A .
7 In* =0, (2.171)
. mAQ m(r? + a*)Q m§ — a’rsin®
() & = = ==ty + i
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mas) a?sinfcosf 5 masin®AQ , 0

+ 4 A 77¢ + p2 nt + p6 771”

mAQ | a*sinfcosO(—p*+2mr) , TA 4

(i0) : mpy + p—ﬁe + s n; — Fnt
2marcotf , masin®AQ ,
o 4 77(1) - 6 Ny = 07
p p
.2
ma sin” 0 A mAS A ]
(t¢) 77t¢ PG 77751 + o 77;5 + E [ma2 sin*0Q — r

<in? 0104} it — 2mar sin 0 C(;s O(r* + a?) 2 — 2ma si;q2 OA
p p
[ — r(r? = 3a® cos® 0) + Q(mQ — a*r sin® 0) |n* — 8mar

sin A cos 0 [ﬂ

Q
}77 — 2ma’r sin® 0 cos® OA 877

n ma sm6 GAQUT B maAsinZ@Qng _o,
p p

L r mQ — arsin? 6 a?sin 6 cos 0
(78) : 2650 — 12y — ;ng + 7 g + 7 o

a?sinfcosf(2r —2m) , asin®0Q — a®cos? 0p*
- _ - . 7
p*A p

—T

A 3
Enrzoa

- ma sin® AAQ mQ — a?rsin® 6
(70) : 2854 — 77r¢ + Tﬁi + A 77¢> +a’

sinfcos® 5 ma’sin®0Q +r(—p*+2mr)p? , A
2 e oA Mo = %

masinQQ(( 9

2 2 29 4y 4
02 — 0 —
[ma* sin rsin® 0p°|n, JiA

r?p?)n; =0,
ma sin® 6AQ 2ma’r sin® 6 cos 6 A
(9¢) 779¢ ) ;

2
P My — PL Mg P [ma

cot Op* — 2ma’rsin O cos § — rAp?

sin* Q — r sin? 9,04] ny + 1
p
7)2 = 0.
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(2.17j)

(2.17K)

(2.171)

(2.17m)

(2.17n)

(2.170)



When ¢ = 0 is substituted into equation (2.12)), it becomes
[——. — —] (XML =o0. (2.18)

Now, by using equation (2.13)) in equation (2.18]) and substituting equations (2.6) to
(2.9), it is further simplified, which provides some similar equations ((2.15p))-(2.15y]))

are written above. The determining equations are

(constant) : 2, = 0, (2.19a)
: 2ma®r sin 0 cos 0 2mar sin 0 cos 0(r* + a?)
(f) + m% — o n; + 5 m =0, (2.19b)
, a’sinf cosd r
(7) = 13y + p2—An§ + ;773 =0, (2.19¢)
. 2sinf cos 0
Oty T+ SIS 2100
: 2mar sin 0 cos 0(r? + a?) sin 0 cos 0
(0): 77?¢> + b 77; - b [(r2 + GQ)E
— a®sin® 0Ap* s =0, (2.19¢)
, 4ma®r sin 6 cos 0 mAQ 2ma’r
() : — 5 n; — 5 ne e sin @ cos O
4mar sin 0 cos 0(r? + a?) 2ma? sin 0 cos 0
2 : 77;1 + 8 (57“2—
p p
Imarlsin 0(r2 — 5a2 cos? ) — cos? 02
a? cos? 0)i? + ma*r[sin® 6(r a® cos® 0) — cos® Op ]773
P
+1,, =0, (2.19¢)
() 2a?sinfcos® , a*sinfcosf2rA + (2r —2m)p?]
7?) -
N [mQ — a’rsin®f] +2rA 4 a®sinfcosb L
pgA Ny pgA Tlg Ny
a?p?(cos? 0 — sin? 0) + 2a* sin? @ cos? 0
( ,02)A n® =0, (2.19g)
: 2r rA a’sinf cos 2a?r sin 6 cos 0
N . .3 2 3 3 2
(6%) = =roo = 570 = 5 + 5 Tlo — pr
22(cos? 0 — sin? 0) + 244 sin 6 cos2 0
a’p?*(cos sin i—i— a* sin® 6 cos Pt 4y = 0, (2.19h)

P
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Alma? sin 0Q — r sin? 0p* sin 6 cos 6
[ p6 14 ]77? + . [(T2 + a2)

2sinf cosd
¥ — a’sin® 0Ap? | n; — w [(r* + a®)Z — a®sin® 0A
P

(¢2) : 773@ -

2r sin 0 cos O[(r? + a?)X — a®sin® A p?
02]77;1) I [( p8) ]

n* 4 2sin 6

cosf

s

(r? — 5a® cos? 6)
0

[[(T‘Q + a®)¥ — a” sin® 9Ap2] — 44 sin? OA,OQ} n® + 4marsin 6

cosO(r? +a?)

[ = rp® + 2masin® §(r* + a*)Q + ma® sin* 6] n* + sin 6

cos? 6
-

[ — a’sin® 0Ap* + (r* + a®)X]n°

Pz =0,
, 2ma®r sin 0 cos 0 m(r? +a*)Q —rp’A mas?
(£7) = gy — ; my + ; m, +
p ptA ptA
2a? sin 0 cos 0 2mar sin 0(r* + a?
77(?; + pQ—AntQ + pﬁ( ) cos 9773 = 07
.. 2ma®r sin 0 cos 0 2 t 0
(i0) - 2. — 1}, + ma TSI(? Cos - %77? B mar4co .
p p p
a’sinfcosO(—p? +2mr) 5 2marsinfcosd(r* +a?) ,
- 2 Ny — 6 Uz
p p
= O’
(i) : i, + 2mar sin 0 C(;S 6(r? + a2)77tl _ 2ma’r Si;lécos 077;
p p
2marsinfcos0(r* +a®) ,  2marsinfcosf(r* +a?) ,
- Pg b g Mg
in 0(r2 — 5a? cos? 0
_ sinf(r 6a cos”6) [(r* + a®)Z — a®sin® 0Ap%| ) — 2
p
in 6 cos 6
w [2a°r? sin®  + (r* + a®)(3r* — a® cos® Op*) |
p
2
— msar [ — cos®0(r* + a®) + sin” (r* + a®) (r* — 5a” cos™ 0
p
)]n* =0,
¥ 2a?r sin 6 cos 6 Q masin® OAQ
(7’9) : 2€ST - 7]39 - p4 7]3 + EUQ + Tng

2 .
r 4 a“sinfcosf ,
_— — _——_— :0
pgnﬁ p2A 779 )
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(2.19j)

(2.19K)

(2.191)
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2marsinfcosf(r’ +a*) | a*sinfcosf , r(p*+2mr) 4

in 0 cos 0](r2 + a?) — a? sin® A p? 1
- sin 6 cos 0[(r* + &pl a*sin” §Ap ]77;1 N " (masin?
[(r* + a®)Q) + 2%} = 0, (2.19n)
. 2mar sin 6 cos 0(r? + a?) 2ma’r sin® 6 cos 6
(9¢) : +2€5¢ - pﬁ né - p4 771:5))
r o, 5 sinfcosf[(r? +a*)X — a®sin® 0Ap*]
- ?% — Moy — 0 Ur
cot O(r? + a?)p* + 2ma®r sin 0 cos 9773 o (2.190)
o ¢
For last variable ¢* = ¢, equation (2.12)) returns
do 0] .
[58_&5 — a_¢] [(XML] =o. (2.20)

It is simplified by using equation (2.13)) in equation ([2.20)) and substituting equations
(2.6) to (2.9), then equating to zero the coefficients of (i,7,6,¢) and their powers
produce some similar equations ((2.15p))-(2.15y])). The remaining equations are

(constant) : 2mar sin? On}, — sin? X2, =0, (221a)
' in? Q)
(t) : 2mar sin® 6¢,, — 2mar sin? Oy, + sin® 927735 + e = S;I; n?
) in i 2 2
~ 2marsinfcosf(r* +a )773 0, (2.21b)

2
p
ma?sin 02 — rsin?0p* ,  masin?6Q |

pz Mg p2 Mg

—sin? X0t =0, (2.21c)

(7) : 2mar sin® On!, +

2mar sin 6 cos 0(r? + a?)

(8) : +2mar sin® Onk, — sin® OXn?, + 2 N
_ sinfcosO[(r? + aZ)Z — a?sin? 6p?] T (2.21d)
p
(¢) : sin® O%¢,, — sin® 92n§¢ + ma” sin’ 9&22— rin” 6p' n? + 2mar
sin? O, — sin 6 cos 0[(r? + a?)¥ — a?®sin® 0Ap2]77g 0, (2.21¢)

2
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‘ ) in )
(%) : —2mar sin’ On;, + 8mar sin? ¢, + sin? On;, + %n’?

2mar sin® OA(—p? +2mr)Q | 4m2a*r?sin®fcosf |
+ p6 r P6 Mo — 4m
ar sin 0 cos 0(r? + a?)
( e
g =0,
5 2ma’rsin®@cosf | 2marsin® OmQ — a’rsin® 6] |
(7)) : = A Mg 2 N, +2m

5 msin?0AQY ,  2ma’rsin® 0 cosd
- W

(2.21f)

2 in? 0 in? 0
ma 81211 nt — SH;A [E (mQ — a’rsin? 9)]77;4,
P P
9 2-469_2 ~294 2-39
ma® sin : rsin” dp 0t a IOSQIZ [cosez]ng =0, (2.21g)

: 2a? sin 0 cos O(—p* + 2 in” 0
(6%) : 2mar sin® 01, + a’sinf cosO(—p ;—2 mr + mar sin )775
2mar?sin? A | sinfcos 0X[2(r? + a?) + a*sin® 6] ,
+ an - e Mo
2
OAY
— %nﬁ — gin? 6’27739 =0,

arsin® On}, —

(2.21h)

- , , 2ma? sin® ) — 2r sin? 6p*

(¢%) : 4sin® %€, + 2mar sin® 977;5(75 + 7 17;

2mar sin? §A[ma? sin Q — rsin? 6p?]
5

2sin 6 0

— sin? 9277% —

ny + 2
mar sin’ 6 cos 0

g

(

A sin? 0%
b
4

in® f cos O%
— rsin2 0p4} n, — [(7‘2 + a2)2 — CL2 Sin2 0Ap2] (%)ng

[ — a’sin® 0Ap + (1* + a®) XS]] +

" [ma2 sin? 99

=0, (2.21i)

, 2 in?0(r? — 3a®cos®§
(t7) : 4mar sin® 0¢,, — mar sin_ §(r 7 @ o )772 — 2mar
p
in? 0Q[p?A + 2 2+ a? in? 0
sin? O} + masin® 6Qp —21— mr(r® + a )]ntl L e 81121 2
p p
2m2a’r sin? 0 Q[mQ — p?
m apzzn 7);5 — 2masin® 6 [%} n* + 2ma®
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n® — 2mar

<18 cos 0 [37’2 — aj cos? 9} 773 B 2ma sin 49 cos 62
p p
[sin9cos 6(r? + a2)}773 B (Q — rsin? 9p4)ma2 sint Ot — Q)
p? " p? !
msin? 0(r? + a2 ma sin® O . .
,O4(A )7];1 - p4—A7]3, + sin® 9277;17“ =0, (2.21j)

.2
iy 6

(t0) : 4mar sin® 0,9 — 2mar sin® O}y + sin® 1, + %nﬁ
2mar sin 0 cos 0[p?(r? + a?) + 2ma’*rsin®0) | 4m2a*r?

- g n = (———)

p p
sin 6 cos O, + 2ma sin 6 cos (r? —|—4a2)(3r2 — a®cos?0) 42
P

020012 + a2) (12 — 3a2 cos? 0) + Ama2r cos 0
mar sin® 0[(r* + a*)(r a® cos® 0) + 4ma*r cos ]773—2ma

P
sin fcosO[(r? + a?)% — a?sin® 0Ap?] ,
T

rsinfcosf(r* + a?) ,
p? ot p?
2ma*r?sin® @ cos 02 ,  2marcos®0(r® + a?) ,
1 7, 5 n° + 2mar
p p

sin 6 cos 031, = 0, (2.21k)
(t¢) - dmar sin’ 05y — 2 sin® AX€,, + sin? 9277?(]5 — 2mar sin? Gntl¢
2 2.2 oind AAQ i3 4 2 2
B mar;;n ng+4m2a27’26056(sm (;64-@ >)77;
2marsin@cos(r? +a?) 5  ma*sin*0Q — rsin®p*
N 2 Ny — 2 M
sinfcosO[(r? + a®)X — a®sin 0Ap? ;  masin?0AQY
2 77t + 6 T
p p
sin® 0 cos O(r? + )2
5
¥ , 2mar sin 0 cos 0(r? + a?)
(76) : 2mar sin® O’y + e s 2

(2.211)

Q
— 2mar[ }77;1 + masin® 8—27]; =0,
p
masin® 0§
- Tl

2ma3r sin® 6 cos 6 2sin® 6%
— sin? X0}, + mer SH; o n — : st nt — sin cos
p p

[(r? + a®)S — a?sin? 0Ap? ,  ma®sin 0 — rsin?0p*

2 U + B Uz

p p
L2
rsin® 0%

41



masin? 0

(79) : 2sin® OXE,, + 2mar sin® O, — sin® O%n], — R

N 2mar sin® [ma? sin? 0 + r(—p? + 2mr) p?]
p'A
r? 4+ a?)¥ — a?sin? O A p? 242 sin® 6 cos 0
3
3 e 1
p p

77;S —sinf cos @

[7“2 +mp?

masin® 6%

5
JiA [(r* 4+ a®)Q + 2r° I} + — <

p'A
2ma’sin* 0Q .
A P

(¢ + 2mr)] 1’

[ma? sin® 0Q 4 rp* sin® 0(—p? + 2mr)] 77; —
2ma’r sin 0(r? — 3a? cos? 0) + sin” 0p°
Pz

.4 2.3

sin® ¢ 2m~a’r
(r? + a®)Q + 2r2p?* [ n? +

00 et ot 2

Q) + rsin? 6p*

p*A
. sin 6 cos 6%
(09) : 2sin® &9 + 2mar sin® O, — sin’ 0317, + mT [(r

772 + ma’r

+ mQ]n2 —

[sin® 0(r* + a®)Q + 21

)15 = 0, (2.21n)

sin 0p*|n, — ma®sin® 6(

sin @ cos 6

+a?) + (—p* + 2mr)a’ sin® 0], — — [(r* +a*)E—
p

4m2a*r?sin® O cosf | 2madrsin® 6 cos

p4 Up ,04
ma?sin 02 — rsin?0p* ,  2ma’rsin® 0
2 "l 4
p p
2sin ) cos O[ma?sin® 0(r? — a?) + rp?|
07
cosO[(r? + a?)¥ — a?sin? 0Ap? ;  sin?0(r? — 3a? cos? 0)
02 o + P
, 2a? sin® 6 cos? HA
[(r* 4+ @®)E — a*sin® 0Ap?|n* + p
rsin®6)n® = 0. (2.210)

a” sin? 9Ap2} 772 —

(—p* + 2mr)n; +

n* —sinf

cos 0%} —

(,04 + 2ma®

We now solve the above system of PDEs to determine values of £, 7%, 7% n? and n*.

Differentiating equation (2.15v)) w.r.t. ¢ and differentiating equation (2.15p|) w.r.t. ¢,

42



and when we solve them, we get the equation
2mar sin® 0&, — (—p* + 2mr)é, = 0, (2.22)

and by differentiating equation (2.15s)) w.r.t. ¢t and equation (2.15v|) w.r.t. ¢, we get

the equation

(r* +a*)& — ay = 0. (2.23)
By solving equations ([2.22)), (2.23) simultaneously, we get
& =0, (2.24)

and

¢ =0. (2.25)
Differentiate equation (2.15t) w.r.t. ¢, we get the equation
me?
gttr - —SST - O (226)
P
Using equations (2.24)),(2.25)), and (2.15t)) yields
& = 0. (2.27)
Now from equation ([2.26]), we get the result

& =0. (2.28)

Similarly, by differentiating equation (2.15ul) w.r.t. t, we get the equation

Am2a®r? cos?

Eeo + 5 & = 0. (2.29)
Using equations (2.24)),(2.25)), and (2.15u)) yields
& = 0. (2.30)
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Now from equation ({2.29)), we get the result

o = 0. (2.31)

From equations ([2.24)),(2.25)),(2.28) and (2.31)) we know that ¢ is a function of s only

ie.
€= €(s). (2.32)
Now by solving equation (2.15a]) and equation (2.21a)) simultaneously, yields

nl, =0, (2.33)

and

s = 0, (2.34)

If we differentiate equation ([2.15b) w.r.t. s and making use of equations (2.33)),(2.17al),

(@192 and @23, we get
Eoss = 0. (2.35)

By integrating above equation , gives
£ =18+ cos + e (2.36)
Now from equation , we can write n' as
n' = ai(t,r,0,0)s +as(t,r,0,0), (2.37)

where ay, as are arbitrary functions of mentioned arguments.

Differentiating equation (2.15b)) w.r.t. ¢ and equation (2.15¢)) w.r.t. ¢, results

4 _

a =0, (2.33)
and differentiating equation (2.21b]) w.r.t. ¢ and equation (2.21€) w.r.t. ¢, results

nl = 0. (2.39)
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Using equations ([2.38)), (2.39) in equations (2.15d)), (2.21c|) and solving it further yields
M =0, (2.40)

and

nt =0. (2.41)

Similarly, using equations (2.38)), (2.39)) in equations (2.15d)), (2.21d)) and solving them

yields
M5 = 0, (2.42)

and

nk = 0. (2.43)
From equations ,, equation implies
n' = a(t,¢)s + as(t,r,0,0), (2.44)
differentiating equation (2.15b)) w.r.t. ¢ and equation (2.21€)) w.r.t. ¢, results
nt =0. (2.45)
This implies that a(t, ) must be zero. Therefore,
n' = ay(t,r,0, ). (2.46)
Solving equation and equation ([2.21j)), we get

m, =0, (2.47)

n? = 0. (2.48)
Since nl =n? = n? =n! =0, equation (2.15b)) becomes
(—=p? + 2mr)Eg, = 0. (2.49)
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Either (—p?+2mr) = 0 or &, = 0. In our case, we considered &,; = 0 and (—p?+2mr) #

0. This implies that equation ([2.49) becomes

fss = 0.

Therefore,

fz C1S + Co.

From equation (2.17al) n? can be written as

772 = bl(ta T, 97 (b)S + bZ(ta r, 97 (b)

Since 7% = 0, equation (2.52)) becomes
772 = b?(ta r, 97 ¢)

Solving equation (2.19al) gives

773 = dl(ta T, 9, ¢)S + d?(t> r, 97 ¢)

Since 72 = 0, equation (2.54)) becomes
773 = d2(t7 T, 07 ¢)

Equation ([2.21a]) can be solved to get n* as

774 = el(ta T, 9, ¢)S + 62(t7 r, 6)’ gb)

Since 1} = 0, equation (2.56)) becomes

774 = eQ(ta T, Ha ¢)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

Differentiating equation (2.151) w.r.t. ¢ and differentiating equation (2.15l) w.r.t. ¢,

we get

(=p” + 2mr)(2mar sin® 0)n, — (—p* + 2mr)*n}, — (2mar sin® 0)*n;

+ (—p* + 2mr)(2mar sin® O)n, = 0.

46
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Similarly, differentiating equation (2.15f)) w.r.t. ¢ and equation (2.15l) w.r.t. ¢, we get.

(=% + 2mr)(r? + a®)n; — a(—p + 2mr)ny — (2mar sin® 0)(r* + a®)n;
+ 2ma’*r sin® «9773) = 0. (2:59)
On the other hand, differentiating equation (2.21i)) w.r.t. ¢t and DE (2.21l) w.r.t. ¢, we
get
(2marsin® 0)*n} — (—p® + 2mr)(2mar sin® Q)Hé — 2mar sin® 0
Yt + sin? 0(—p? + QmT)En;‘S =0. (200

Similarly, by differentiating equation (2.21f) w.r.t. ¢ and equation (2.21l) w.r.t. ¢, we

. (2mar sin® 0)(r* + a®)n, — a(2mar sin® 0)ny — sin® O(r* + o)
Y + asin® 92773, =0. (261
Equation and equation , yields
2mar sin® O} — (—p? + 2mr)né =0, (2.62)
2mar sin® O — (—p” + 2mr)n; = 0. (2.63)
Similarly, equation and equation , yields
(r* + a®)n} — a77;5 =0, (2.64)
(r® + a®)n} — any = 0. (2.65)
By solving equation ([2.63) and equation ([2.64]), we get
n =0, and 7n;=0. (2.66)
Similarly, by solving equation and equation ([2.65)), we get
ni =0, and 75 =0. (2.67)
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Differentiate equation ([2.15j) w.r.t. ¢t and equation (2.21j|) w.r.t. t we get

mQ?(—p® +2mr) ;| 2m’arsin® 0Q0*

. n. =0, 2.68
P P (268)
2m2ar s;n2 0)? - msinQSHQzEnf o (2.69)
P
Solving equation (2.68) and equation ([2.69)), yields
nt =0, and n!=0. (2.70)

Similarly, by differentiating equation (2.15kl) w.r.t. ¢t and equation (2.21k]) w.r.t. ¢ we

get
4m?a*r? cos? 98(—p2 + 2mr) o - 8m3a’r’ CZSQ 6 sin? 0773 o, (2.71)
p p
8m3a?r3 cos? f sin? 6 4m?a®r? cos® 0 sin? 6%
. - . nt=0. (2.72)
p p
Solving equation (2.71)) and equation (2.3)), yields
ng =0, and 17, =0. (2.73)
Since n; =1, = ng = 1y = 0 equation (2.46) becomes
n' =, (2.74)
where ¢4 is an arbitrary constant.
Since 7} = n; = 13 = 13 = 0 equation (2.57) becomes
4 _
n' = cs, (2.75)

where c5 is an arbitrary constant.

Using the results from equations (2.66)), (2.67)) in equations (2.150]), (2.21k|) and solving

them yields
n® = 0. (2.76)
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Similarly, when we use the results in equation (2.15n)) and equation (2.21j)) we get
i = 0. (2.77)

Differentiating equation (2.17l) w.r.t. ¢ and differentiating equation (2.17f) w.r.t. ¢,
we get

2mar sin® On? — (—p® + 2mr)773) =0, (2.78)

and by differentiating equation (2.171) w.r.t. ¢ and differentiating equation (2.171) w.r.t.
¢, we get
(r* 4+ a®)n} — anj = 0. (2.79)

Solving equation (2.78) and equation (2.79)) simultaneously, yields
n; =0, and 7] =0. (2.80)

Similarly, differentiating equation (2.191) w.r.t. ¢ and differentiating equation ([2.19f))

w.r.t. ¢, when we solve them, we get
2mar sin® On} — (—p® + 2mr)'r]g5 =0, (2.81)

and by differentiating equation (2.19i) w.r.t. ¢ and differentiating equation (2.191) w.r.t.
o, we get
(r* 4 a®)n;} — anj = 0. (2.82)

Solving equation ([2.81]) and equation (2.82)) simultaneously, yields

n? =0, and 7735 = 0. (2.83)

Solving equation (2.17f) and equation (2.17l) by using above results, we get

mAQ ,  2ma’rsinfcosf
/)6 = ,06 U 07

masin®§AQ ,  2marsin 6 cos §(r* + a*)

p° ' PP

ng = 0. (2.84)
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Solving the system , we get

n”? =0, and n;=0. (2.85)
Likewise, using the above results in equation and equation ([2.191)), we get

n? =0, and n; =0. (2.86)

So we have found all of the necessary infinitesimals, and if we assume (cy, ¢o, ¢y, c5) =

(Cy,Cy, C3,Cy), we can write
E=Cr+5Cy, n' = Cs,

(2.87)
=0 7n°=0, and n*=Cy.
Hence, the generator can be written as
0 0 0
XM= (Cy + 5Cy) = + Oy + Cy——. 2.88
(Ci+s 2)83+ 38t+ 43¢ (2.88)
For Cy = 0 where k = 1,2, 3,4, we get four symmetries
Xl = aﬁ’ X2 - Saga
5 5 (2.89)
X3 =— X,=—.
3 ata 4 8¢

These four symmetries are the required Mei symmetries.
We can see that three of the four Mei symmetries, X1, X3, and X4, are identical to
the Noether symmetries given in equation , which correspond to the Lagrangian
provided by equation (2.3). However, these three symmetries satisfy equation ,
and X, does not satisfy equation , so it is not a Noether symmetry. Thus,
Noether symmetries form a sub-algebra of the Mei symmetries. One can also observe
that all the four Mei symmetries are also Lie point symmetries of the system of equa-
tions of motion given by equations (2.6) to (2.9).
The obtained Mei symmetries satisfy the Lie algebra

(X1, Xo] = X1, [X1,X3]=0,

(X1, X4] =0, [ X2, X3] =0, (2.90)

(X, X4] =0, (X3, X4] =0.
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2.4 Mei Symmetries’ Verification:

One may verify to see whether the resulting symmetries satisfy the Mei symmetries
condition given by equation (2.12). Using the acquired values of infinitesimals, we
write XU as

xp=¢ {2(1 - 2;”)112 + 4ma;§m b ¢] e Fg } — {2;?9’2}

(2.91)

o [2 sin? 02452 _ 4mar sin”® 61592.5} '
p

2 2
As required by the condition stated in equation (2.12)), we apply the Euler operator for

each dependent variable one by one.

Condition (2.12)) for ¢* = ¢ yields

do 0
<%§ - E) (xWr)=o. (2.92)
Equation (2.91)) yields the left-hand side of equation ([2.92))
d 2mr 8marsin? 6 . 8mf 8mf2
ds <4Cl( ) ClT¢) CltT' — CltT'
16ma®rsinfcos® , .. 16ma’rsinfcosd .. 8masin?® )
_ 16ma rsln cos CLib + ma rsln cos Crif — ma Slil
p p p
Crid+ 8ma Zln 200 Crid+ 16mar sin 0;(1)5 O(r® + a2)010,¢ lom
in 6 cos ¢ .
ar sin 0024 (r*+a )019¢ o (2.93)
This signifies that the condition (2.12) is valid for ¢' = t.
Condition (2.12)) for ¢> = r gives
d o 0

When we substitute equation (2.91)) into equation ([2.94)), we obtain

4p? 017“1 B {4mQCﬂ€2 B 8masm 990175¢ 4rCy 62

4i_
ds A p
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4mQ — a’r sin® 0] 4[ma? sin* O — r sin? Op’]

p4 017'"2 + p4 Clé2
4mQ — a®rsin®0] , .,  8a’sinfcosf , .. 8a’sinfcosl
- A2 N A N
Curl + 4771(2 Cu + 4[ma? sin* 9(24— 7 sin? 0p?] C\d 8ma S4in2 7
P P P
. . 4mQ .,  Smasin®0Q ., .. .
QCyih — 4rC 67 — [ o - M T Cvig — arCh 6
p p
N 4[mS) — ajr sin? 0] Ci 4 4[ma? sin* 094— 7 sin? 6p?] c,
p p
&} =0, (2.95)
it goes to zero and therefore condition (2.12)) holds for ¢* = r.
For ¢ = 6 condition ([2.12)) becomes
do 0
—— - — [ x0r]=o0. 2.96
(F535~ 75 )X (2.9

Solving left hand side we obtain

. 2 1 . .
di { — 4p2019} — [ — Sma’r Slil fcos 901752 + 4a? sin 0 cos 0C, 62
S P

16marsin@cosO(r? +a?) . .. 4a’sinfcosf
oo I

cos 0[(r2 + a2)Y — a? sin? 6 A p? .
[( )p4 p ]Cl¢2:|

Ci7% — 4sin @

8ma’rsinfcosh ., . n 4a”sin 6 cos 0
pt ' A
16mar sin 6 cos 0(r? + a?)
o
+ a2)2 — a’sin® 9Ap2} — {

= 4a?sin 0 cos 96’192 —

.. 4sinfcosf _ -
Cito — T01¢2 [(7’2
8ma®rsin 6 cos 6
_ ,04
4sin @ cos O[(r? + a?)¥ — a? sin? A p?]
A
C172 + 4a” sin 6 cos 0C16%| = 0. (2.97)

O +

C1t% + 16mar

sin @ cos 0(r? + a?)
o

Citd —
4a?sin  cos

12
Ci¢” + A
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As a result, condition (2.12)) also holds for ¢% = 6.
Similarly for ¢* = ¢ condition (2.12)) becomes

d o0 0
—— — 2 )xWr)=o. 2.
(5= 35 )Xt =0 (299
Left hand side gives

- it —

8masin?0Q _ ..
e Cili +
8[ma?sin* Q) — r sin® 0p*]
A
. ind 0 2 22_2-29A2 .
Cito + 8sin 0 cos f[(r” + a4) @ P ]C19¢ — &sinf cosl
p
[(r2 4 a®)Z — a?sin? 0Ap?] , . . 16marsin @ cos 0(r? + a?)
4 Chbo 4
p p
0,

d (8marsin®’f _ . 4sin’0
p4 CltT
8[ma? sin* 0Q — rsin?0p*] .
[ p4 i ]Cl'f’¢
. 16marsinfcos0(r? + a?
Cl’f‘qb — p4 ( )

201(&) _ _8masin209 ..

C1t0

(2.99)
As a result, condition (2.12)) holds true for ¢* = ¢ as well. Hence, equation (2.89))

presents four Mei symmetries for the Lagrangian corresponding to the Kerr metric.
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Chapter 3

Summary

In mathematics and mechanics, the study of symmetry and conserved quantity is ex-
tremely significant. Noether symmetries are the modern way of determining a me-
chanical system’s conserved quantities. The Noether symmetry is an invariance of the
Lagrange equation under infinitesimal transformations. In the last decade, several sig-
nificant results in study of the Lie point symmetry [27] and the Noether symmetry [28]
have been obtained. Mei introduced a new symmetry known as Mei symmetry or form
invariance which varies from the Lie point symmetry or Noether symmetry [17]. Mei
symmetry states that the dynamical functions (such as Lagrangian etc.) appearing in
the mechanical system’s dynamical equations still fulfil the original equations after the
infinitesimal transformation.

Recently Mei symmetries for the Lagrangian corresponding to the Schwarzschild
metric [29], which is the spherically symmetric, static, homogenous, and isotropic
gravitational field has been studied. In this thesis Mei symmetries for the Lagrangian
corresponding to the Kerr metric are obtained. Kerr black hole is a more realistic
scenario that represents an uncharged revolving black hole and is no longer spherically
symmetric. The Kerr metric is one of the well-known solutions to Einstein’s field equa-
tions. The nonlinearity of these equations makes precise solutions extremely difficult

to obtain.
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In this thesis, important breakthroughs in DEs over time are briefly addressed from
the vast history of DEs. The dynamic research naturally encompasses both ODEs and
PDEs. The definition of symmetry groups of point transformations and infinitesimal
generators is discussed in detail. The method of Lie point symmetry is analysed and
used in several well-known DEs. The Lie algebras and Lie brackets of the basic sym-
metry generators are evaluated. Following the definition of the Lagrangian, Noether
symmetries and Mei symmetries are defined along with their conditions. Relationship
between Lie symmetry and Noether symmetry [15], and relationship between Noether

symmetry and Mei symmetry [23| are established using historical facts.

The second chapter focuses on Mei symmetries for the Lagrangian of rotating un-
charged axially symmetric metric. The Kerr metric is considered in this case. This
chapter contains a review of the Noether and Lie point symmetries for the Lagrangian
corresponding to the Kerr metric from the research paper [26]. The Lagrangian of Kerr
metric is provided. First, the Noether symmetries for the Lagrangian of Kerr metric
obtained are presented. Second, the geodesic equations for the four Boyer-Lindquist co-
ordinates (t,r, 6, ¢) are then compiled one by one. The Lie point symmetries obtained
for the Kerr metric are provided using the definition of the Lie point symmetries of
ODEs on the Lagrange equations |26]. Following that, the main task of obtaining Mei
symmetries corresponding to the Lagrangian of the Kerr metric is executed. Using
the Mei symmetries criteria, the infinitesimal generator is extended and the system of
determining equations for all dependent variables is achieved. After that, the system
is solved to determine the values of the infinitesimals (&, 1!, 7% n®, 7). Two of them
are determined to be zero while the remaining three are dependent on four arbitrary

constants for which we obtained four Mei symmetries.

Lie point symmetries, Noether symmetries, and Mei symmetries of the Kerr metric

are listed as
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: : : 0 o 0 0
Lie point symmetries 9505850 0 96

: o o &

Noether symmetries 55 5% 9g
1 3 0 g 9 0
Mei symmetries 5505550 51> B

Table 3.1: Lie point symmetries, Noether symmetries and Mei symmetries of the Kerr
metric.

The results reveal that, in the case of the Kerr metric, the Noether symmetries are
subset of the Mei symmetries and that Mei symmetries are same as that of Lie point

symmetries. Finally, the obtained Mei symmetries are verified.
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