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Abstract

In this work, we present the Generalization of fractional Taylor’s theorem with respect
to a function. Also, we discuss the general form of fractional power series, convergence
of power series, series solutions by using fractional Taylor’s formula and fractional power
series. Moreover, we present an operational matrix method for the numerical solution
of ψ-Caputo fractional ordinary and partial differential equations. For this purpose, a
fractional version of the Taylor’s theorem is presented in the framework of ψ-fractional
calculus. The method converts the underlying ordinary or partial differential equations
to systems of algebraic equations. The method is accompanied by examples in which
ψ-fractional differential equations are solved, to verify the applicability and effectiveness.
Further, estimates of upper bounds of error for the approximations have been derived.
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Introduction

Fractional calculus is a field of mathematics that deals with the derivatives and integrals
of non-integer order. It tends to be set apart as old as classical calculus that deals with
derivatives and integrals of integer order. Derivatives and integrals of fractional order are
considered as non-local operators since both these operators involve integration which is a
non-local operator (as it is defined on an interval). This property makes these operators
a proficient and incredible asset to characterize long term memory effects, asymptotic
scaling and hereditary properties of various physical phenomena.
Working with fractional differential equations is relatively difficult as compared with their
ordinary counterparts. In most cases, we cannot find the exact solutions to fractional
differential equations, so we use numerical approaches to find approximate solutions for
fractional differential equations. As the classical Taylor’s theorem has been widely stud-
ied, the Taylor series are widely used to approximate solutions to complicated problems.
Recently, the numerical study of fractional differential equations with variable coefficients
by the Taylor basis function has attracted some attention [10]. There are several books,
articles and research papers [5, 11] which exhibits the wide assortment of applications
of fractional calculus. Comprehensive history of fractional calculus was first time dis-
covered in [21]. A brief history of fractional differential equations was first introduced in
[19]. Fractional differential equations and its applications were discussed in [28]. Analysis
of fractional differential equations was discussed in [4] in detail. Recently, the numerical
study of fractional differential equations with variable coefficients by Taylor basis function
has attracted much attention [10]. In [12], the author used numerical approach to solve
fractional relaxation-oscillation equations. In [5], series solutions of linear and nonlinear
fractional differential equations are produced using the fractional power series technique.
Motivated by the works cited above, in this paper, we are concerned with the numerical
solution of the ψ-fractional differential equations. The principal findings of this work are:
Generalized Taylor’s theorem for the differential operator Dn,ψ = ( 1

ψ(x)
d
dx

)n where n is

nonnegative integer. An alternate proof of the Generalized Taylor’s theorem for fractional
derivative with respect to a function. Approximations of a function by Generalized Tay-
lor’s formula with respect to another function. ψ-Fractional power series is introduced for
demonstrating the general form of generalized Taylor’s theorem. Discussion on conver-
gence and divergence of ψ-fractional power series and remainder theorem. Development
of a method to find the series solution by using ψ-fractional Taylor series and ψ-fractional
power series. Fractional integration matrix is developed for generalized Taylor polyno-
mials. Development of a numerical method for the solution of ψ-fractional ordinary and
partial differential equations. The method is similar to the general operational matrix
method commonly used in literature. Estimate for the error in approximation by the
ψ−Taylor polynomial is presented.

viii



The operational matrix method reduces the ψ-fractional partial differential equation to
a system of algebraic equations. For partial differential equations, this algebraic system
forms the Sylvester equation. MATLAB programs are developed for the numerical com-
putation of entries of the fractional Taylor operational matrices. The applicability of the
method is tested with several examples.
This thesis consists of four chapters. It is organized as follows: Chapter 1 is devoted to
fundamental definitions and preliminary concepts of fractional calculus, properties, appli-
cations and important results. In Chapter 2, important concepts of generalized Taylor’s
theorem with respect to a function and ψ-fractional power series are introduced. Chapter
3 focuses on development of Taylor series method, through which ψ-fractional differential
equations are solved. Numerical examples for ψ-fractional ordinary and partial differen-
tial equations are presented to show the applicability and effectiveness of the proposed
method. Chapter 3.4.1 is the summary of the thesis.
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Chapter 1

Basic Concepts

We start by reviewing some classical facts of calculus. In this chapter, we discuss fun-
damental concepts of special functions of fractional calculus that can be used in other
chapters. We provide definitions of gamma function, beta function, Mittag-Leffler func-
tion, Norm, Leibniz rule and function spaces in detail. Also, we discuss definitions of
Reimann-Liouville fractional integral and derivatives, Caputo’s fractional derivative and
their fundamental properties. Moreover, we present basic idea of ψ-fractional calculus.
Some basic definitions and important properties will be discussed.

1.1 Historical background

The development of calculus was started in 17th century. Isaac Newton and Gottfried
Leibniz autonomously discovered the idea of differential calculus (1642-1727). Fractional
calculus was first invented when letters were exchanged between mathematicians Marquis
de L’Hopital and Leibniz. Leibniz developed the notation dny

dxn
for nth order derivative

and he assume that n ∈ N. L’Hopital raised a question in one of his letter to Leibniz
that ”what is the derivative of non-integer number”. Leibniz replied on 30th September
1695, wrote that one day we will draw useful consequences for this”.
Fractional derivatives were first introduced by S. F. de Lacroix in his published text in
1819. Tremendous contributions were made by many great mathematicians to fractional
calculus throughout 19th and 20th century. Few of the great mathematicians who worked
for fractional calculus are are J.P.J. Fourier (1822), N.H. Abel (1823-1826), J. Liouville
(1832), B. Riemann (1847), W. Center (1850), H. R. Greer (1859), Z. Wastchenxo (1861),
A.K. Grunwald (1867), A.V. Letnikov (1868), A. Cayley (1880), G. Oltramare (1893), R.
E. Mortiz (1902), H. Weyl (1917), H. T. Davis (1936), A. Erdlyi (1939), H. Kober (1940),
A. S. Peters (1961), K. B. Oldham (1972), S. G. Samko, A. A. Kilbas, O. I. Marichev
(1993).
Fractional calculus has long and rich history, yet because of absence of reasonable physical
and geometrical interpretations, it stayed new to researchers working in applied mathe-
matics up to ongoing years and was considered as numerical curiosities, not helpful for
tackling issues emerging from applied sciences. A few endeavours have been made to give
physical and geometrical interpretations to fractional operators. In 2002, I. Podlubny
[28] developed the physical and geometric interpretation for the first time in detail.
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First definition of fractional derivative was introduced by Lacroix in 1819. In 1823 Abel
was the first who solved the tautochrone problem by using arbitrary order derivative. In
1834 J. Liouville worked on complementary functions, gave a reasonable definition of a
fractional derivative. He has great contributions in fractional calculus.
In recent years, several definitions of fractional derivatives and integrals were developed.
Some of mathematicians developed their own definitions which include the Hadamard, the
Riemann-Liouville, the Erdelyi-Kober, the Weyl, the Marchaud, the Granwald-Letnikov
and the Caputo fractional derivatives and integrals. Mostly we use definitions of Riemann-
Liouville. But the situations in which this definition is not applicable we prefer to use
Caputo’s approach, which was introduced in 1967 by M. Caputo.

1.2 Special functions

Special functions play an important role in theory of fractional calculus. We will present
the basic implications and characteristics of fractional calculus in this section. To con-
tinue further in this work, we give necessary information about gamma functions, beta
functions, Mittag-Leffler function and Leibniz rule in detail. Also, we discuss function
spaces in which will be used in further development.

1.2.1 Gamma function

The gamma function is one of the basic function and plays an important role in fractional
calculus. Swiss mathematician Euler discovered the gamma function in order to convert
the factorial into non-integer case. It was studied by other mathematicians due of it’s
great importance.

Definition 1.2.1. [4] The function is defined by

Γ (y) =

∞∫
0

ty−1e−tdt, y > 0

is known as Euler’s Gamma function. Γ(y) converges for all y > 0.

Properties: Some important properties of Gamma function are

1. Γ(y + 1) = yΓ(y).

2. Γ
(

1
2

)
=
√
π.

3. Γ(p+ 1) = p!, where p is an integer.

Proof. 1. By the definition of gamma function:

Γ (y + 1) =

∞∫
0

tye−tdt.

2



Using integration by parts

Γ(y + 1) =tye−t|∞0 +

∫ ∞
0

e−tyty−1dt = 0 +

∫ ∞
0

yty−1e−tdt

=y

∫ ∞
0

ty−1e−tdt = yΓ(y).

2. By substituting, y = 1
2

in definition of gamma function and then integrating, we get

Γ

(
1

2

)
=

∫ ∞
0

t
1
2
−1e−tdt =

∫ ∞
0

t
−1
2 e−tdt.

We use substitution method to evaluate this integral. Let t = u2, then

Γ

(
1

2

)
=

∫ ∞
0

e−u
2

√
u

2udu = 2

∫ ∞
o

e−u
2

du = 2

∫ ∞
0

e−v
2

dv.

Now, (
Γ

(
1

2

))2

= 4

∫ ∞
0

∫ ∞
0

e−(u2+v2)dudv.

Now, we use the transformation of rectangular coordinates to polar coordinates u =
r cos θ, v = r sin θ, 0 < θ ≤ π

2
, dudv = Jdrdθ where J is called the Jacobi matrix. Here

in this case J = r. Thus (
Γ

(
1

2

))2

=4

∫ π
2

0

∫ ∞
0

e−r
2

rdrdθ

=4
(π

2
− 0
)∫ ∞

0

e−r
2

rdr.

Let y = r2, dy = 2rdr, then

Γ

(
1

2

)2

= 2
π

2

∫ ∞
0

e−ydy = π(e−∞ + e0) = π.

Taking square root on both sides, we get the desired result.

3. Since Γ(1) = 1, by part (1). Thus the relation is true for p = 1. Assume that for
p = j,

Γ(j + 1) = l!.

For p = j + 1, we have

Γ(j + 1 + 1) = (j + 1)Γ(j + 1) = (j + 1)l! = (j + 1)!.

Thus Γ(p+ 1) = p! is true for all integers p.

3



Extension of domain of gamma function

The functional equation
Γ(w + 1) = wΓ(w), (1.2.1)

can be used to extend definition from w > 0 to all real number except w 6= 0,−1,−2, · · · .
From (1.2.1) we have,

Γ(w + 1) = wΓ(w) or Γ(w) =
Γ(w + 1)

w
.

Right hand side is defined for w+ 1 > 0, w > −1, w 6= 0 where Γ(w) is defined for w > 0.
Now from (1.2.1)

Γ(w + 2) =(w + 1)(w)Γ(w)

Γ(w) =
Γ(w + 2)

w(w + 1)
, w 6= 0,−1,−2.

By repeating the above procedure l-times, we get

Γ(w) =
Γ(w + l)

w(w + 1)(w + 2) · · · (w + l − 1)
; w 6= 0,−1,−2, · · · .

Thus domain of Γ(w) is extended for all real numbers except w 6= 0,−1,−2, · · · .
In mathematics, Euler integral of first kind is also called beta function, which is closely
related to the gamma function and to the binomial co-efficient.

1.2.2 Beta function

Definition 1.2.2. [4] We define beta function as

B(α, β) =

∫ 1

0

y(α−1)(1− y)(β−1)dy, α, β > 0.

Incomplete beta function is defined as

B(y;α, β) =

y∫
0

sα−1(1− s)β−1ds, y ∈ [0, 1]. (1.2.2)

Relation between gamma and beta functions

Gamma and beta functions are related as

B(α, β) =
Γ(α)Γ(β)

Γ(α + β)
,

where B(α, β) is two variable function and Γ(y) is function of one independent variable.

4



1.2.3 Mittag-Leffler function

Mittag-Leffler function is a generalized form of exponential function. We define Mittag-
Leffler function for two variables as follows.

Definition 1.2.3. [4] Let α, β > 0, then Mittag-Leffler function is defined as

Eα,β(y) =
∞∑
m=0

ym

Γ(β + αm)
, y ∈ R.

1.2.4 Function Spaces

Before we proceed to our principle work, we present function spaces which will be used
in forthcoming chapters.

Definition 1.2.4. [4] The space Lr[c, d] (1 ≤ r ≤ ∞) is the set of Lebesgue measurable
functions on A = [c, d] such that ||φ||r <∞, where

||φ||r =

(∫ d

c

|φ(s)|rds
) 1

r

, 1 ≤ r <∞

and
||φ||∞ = ess sup

c≤y≤d
|φ(y)|.

Definition 1.2.5. [4] The space Am[c, d] is the set of functions φ for which there exists
a function g ∈ L1[c, d] almost everywhere such that

φn−1(y) = φn−1(c) +

∫ y

c

g(t)dt

defines functions with absolutely continuous (n− 1) derivatives.

Theorem 1.2.6. If φ(y1, y2) is continuous on R = [l1, l2]× [m1,m2] then,∫
R

∫
φ(y1, y2)dA =

∫ l2

l1

∫ m2

m1

φ(y1, y2)dy2dy1 =

∫ m2

m1

∫ l2

l1

φ(y1, y2)dy1dy2. (1.2.3)

The integrals are called iterated integral.

Leibniz rule

Lemma 1.2.7. Suppose φ(w, u) is continuous and ∂
∂w
φ be continuous in the domain of

the yu−plane that contains the rectangular region R:= a ≤ w ≤ b, u0 ≤ u ≤ u1 and limit
of integration α(w) and β(w) are functions having continuous derivatives on a ≤ w ≤ b.
Then

d

dw

∫ β(w)

α(w)

φ(w, u)du = φ(w, β(w))
dβ

dw
− φ(w, α(w))

dα

dw
+

∫ β(w)

α(w)

∂

∂w
φ(w, u)du.

5



1.3 Differential and integral operators

Derivatives and integrals play an important role in mathematics. Integrals help us either
to obtain the area under the graph or to find the function whose derivative is integrated.
Fractional integral can be determined by repeated integration.

1.3.1 Properties of classical differential and integral operators

Lemma 1.3.1. [4] Let φ : [k, l] → R is a continuous function, and Φ : [k, l] → R be
defined as

Φ(t) :=

∫ t

k

φ(s)ds.

Then, Φ is differentiable and Φ′(t) = φ(t).

Theorem 1.3.2. If m ≥ n, then for t ∈ [a, b]

DmInaφ(t) = Dm−nφ(t),

and if m ≤ n, then
DmInaφ(t) = In−ma φ(t).

Proof. Lemma (1.3.1) can also be read as

DIaφ(t) = φ(t), where D =
d

dt
and Iaφ(t) =

∫ t

a

φ(s)ds. (1.3.1)

Now we state the composition properties of differential and integral operators as follows.
Repeated application of (1.3.1) gives

D2I2
aφ(t) = D(DIa(Iaφ(t))) = DIaφ(t) = φ(t). (1.3.2)

By using Eq (1.3.2) we can deduce that

D3I2
aφ(t) = D(D2I2

aφ(t)) = Dφ(t),

D2I3
aφ(t) = D2I2

a(Iaφ(t)) = Iaφ(t).

Similarly we have

D3I3
aφ(t) = D2(DIa(I

2
aφ(t))) = D2I2

aφ(t) = D(DIa(Iaφ(t))) = DIaφ(t) = φ(t). (1.3.3)

By using Eq (1.3.3)
D4I3

aφ(t) = D(D3I3
aφ(t)) = Dφ(t),

D3I4
aφ(t) = D3I3

a(Iaφ(t)) = Iaφ(t).

In general

DmInaφ(t) = Dm−nφ(t), m ≥ n

DmInaφ(t) = In−ma φ(t), m ≤ n.

6



1.3.2 Riemann-Liouville fractional integral and derivative

Riemann-Liouville fractional integral is obtained from Cauchy iterated formula.

Lemma 1.3.3. Let φ be Riemann integrable on [r, u]. Then, for r ≤ y ≤ u and α ∈ N
we have

Iαr φ(y) =
1

(α− 1)!

∫ y

r

(y − s)α−1φ(s)ds.

Proof. Let us start from the simple integral

Irφ(y) =

∫ y

r

φ(s)ds. (1.3.4)

Iterating integral (1.3.4)

I2
rφ(y) = Ir(Irφ)y =

∫ y

r

∫ t1

r

φ(s)dt1dt2

=

∫ y

r

∫ y

t1

φ(t1)dt2dt1

=

∫ y

r

φ(t1)(y − t1)dt1

=

∫ y

r

φ(t)(y − t)dt.

The third iterate gives

I3
rφ(y) = Ir(Ir(Irφ(y))) =

∫ y

r

∫ t1

r

∫ t2

r

φ(t)dtdt2dt1.

By using Theorem (3.4.11)

I3
rφ(y) =

∫ y

r

∫ t1

r

∫ t1

t

φ(t)dt2dtdt1.

Now this becomes

I3
rφ(y) =

∫ y

r

φ(t)
(y − t)2

2!
dt.

Repeating the above process upto α-times we have

Iαr φ(y) =
1

(α− 1)!

∫ y

r

φ(t)(y − t)α−1dt. (1.3.5)

The last integral is called Cauchy iterated integral formula.

Using relation between gamma function and factorial function, we can define fractional
integral. Replacing integer n with real α > 0 in Eq (1.3.5). The integral (1.3.5) becomes
fractional integral.

Definition 1.3.4. [4, 28] Let α ∈ R+, φ ∈ L1[a, b] we define Riemann-Liouville fractional
integral as

Iαa φ(y) =
1

Γ(α)

∫ y

a

(y − s)α−1φ(s)ds. (1.3.6)

7



Example 1.3.5. [4, 28] For φ(y) = yβ we have

Iα0 φ(y) =
Γ(β + 1)

Γ(α + β + 1)
yα+β. (1.3.7)

By definition (1.3.4)

Iα0 φ(y) =
1

Γ(α)

∫ y

0

(y − s)α−1sβds

Iα0 y
β =

1

Γ(α)

∫ y

0

yα−1

(
1− s

y

)α−1

sβds.

We evaluate the integral by substituting v = s
y
.

Iα0 y
β =

1

Γ(α)

∫ 1

0

yα−1(1− v)α−1yβvβdv

=
yα+β+1−1

Γ(α)

∫ 1

0

(1− v)α−1vβdv.

Since ∫ 1

0

(1− v)α−1vβdv = B(α, β + 1).

Therefore, we have

Iα0 y
β =

Γ(β + 1)

Γ(α + β + 1)
yβ+α.

Fractional integral of a function, which can be expressed in the form of Maclaurin
series can be computed by formula 1.3.5. As an example, here we will find the fractional
integral of sin y for y ∈ R.

Example 1.3.6. [4, 28] To find the fractional integral of sin y. For this purpose, we
expand sin y into its Maclaurin series

sin y = y − y3

3!
+
y5

5!
− y7

7!
· · · , (1.3.8)

=
∞∑
p=0

(−1)py2p+1

(2p+ 1)!
, (1.3.9)

where p is non-negative integer. Using Eq (1.3.7) and property of gamma function we
get

Iα0 sin y =
∞∑
q=0

(−1)qy2q+1+α

Γ(2q + 2 + α)
.

We can write in terms of Mittag-Leffler function as

E2,2+α(−y2) =
∞∑
q=0

(−y2)q

Γ(2 + α + 2q)
.
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Therefore

Iα0 sin y = y1+α

∞∑
q=0

(−y2)q

Γ(2 + α + 2q)

= y1+αE2,2+α(−y2).

Now, we present the semi-group property of Reimann-Liouville fractional integral.

Theorem 1.3.7. [28] Let α, β ≥ 0 and φ ∈ L1[p, q]. Then

Iαp I
β
p φ(y) = Iα+β

p φ(y).

If φ ∈ C[p, q] or α + β ≥ q, then the identity holds everywhere on [p, q].

Proof.

Iαp I
β
p φ(y) =

1

Γ(α)Γ(β)

∫ y1

p

∫ t1

p

(y1 − t1)α−1(t1 − s)β−1φ(s)dsdt1.

Now, we interchange the integration order

Iαp I
β
p φ(y) =

1

Γ(α)Γ(β)

∫ y1

p

∫ y1

s

(y1 − t1)α−1(t1 − s)β−1φ(s)dt1ds.

By substituting t1 = s+ y(y1 − s), we have

Iαp I
β
p φ(y) =

1

Γ(α)Γ(β)

∫ y1

p

∫ 1

0

(y1−s−y(y1−s))α−1(s+y(y1−s)−s)β−1(y1−s)φ(s)dyds

By rearranging the above integral, we get

Iαp I
β
p φ(y) =

1

Γ(α)Γ(β)

∫ y1

p

(y1 − s)α+β−1

∫ 1

0

(1− y)α−1yβ−1φ(s)dyds,

where B(α, β) =
∫ 1

0
(1 − y)α−1yβ−1φ(s)dy. Therefore, by using relation between gamma

and beta function, we have

Iαp I
β
p φ(y) =

1

Γ(α + β)

∫ y

p

(y − s)α+β−1φ(s)ds = Iα+β
p φ(y).

We have discussed all the fundamental properties of Riemann-Liouville fractional
integral. Now, we introduce the notation Dα

a , which will represent the Riemann-Liouville
fractional derivative.

Definition 1.3.8. [4, 28] Let α ∈ R+, φ ∈ L1[r, u] and m = dαe, we define Riemann-
Liouville fractional derivative as

Dα
r φ(y) = DmIm−αr φ(y) =

(
d

dy

)m(
1

Γ(m− α)

∫ y

r

(y − s)m−α−1φ(s)ds

)
. (1.3.10)
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Example 1.3.9. [4, 28] We will find the fractional derivative of φ(y) = (y− e)β, β ≥ −1
and α ≥ 0. We use the definition and evaluate the resulting integral. By definition (1.3.8)

Dα
e φ(y) = DpIp−αe φ(y) = DpIp−αe (y − e)β.

From Eq (1.3.7) we have

Dα
e φ(y) =Dp

[
Γ(β + 1)

Γ(β + p− α + 1)
(y − e)p−α+β

]
=

Γ(β + 1)

Γ(β + p− α + 1)
Dp(y − e)p−α+β.

Case 1: If α− β ∈ N, then we have

Dp(y − e)α−β = 0,

for all α ≥ 0, p ∈ 1, 2, · · · , [α].
Case 2: If α−β 6= N, here we generalize the integer-order derivative of a power function

D(y − e)v = v(y − e)v−1

D2(y − e)v = v(v − 1)(y − e)v−2

D3(y − e)v = v(v − 1)(v − 2)(y − e)v−3.

In general

Dp(y − e)v =
Γ(v + 1)

Γ(v − p+ 1)
(y − e)v−p. (1.3.11)

Equation (1.3.9) becomes

Dα
e (y − e)β =

Γ(β + 1)

Γ(β + p− α + 1)

Γ(β + p− α + 1)

Γ(p+ 1− α + β − p)
(y − e)p−α+β−p

Dα
e (y − e)β =

Γ(β + 1)

Γ(β − α + 1)
(y − e)β−α. (1.3.12)

Example 1.3.10. Now, we will find the fractional derivative of sin y. For this purpose,
we expand sin y into its Maclaurin series:

sin y = y − y3

3!
+
y5

5!
− y7

7!
· · · ,

=
∞∑
q=0

(−1)qy2q+1

(2q + 1)!
,

where q is non-negative integer. Using Eq (1.3.9) and property of gamma function we get

Dα
0 sin y =

∞∑
q=0

(−1)qDα
0 y

2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qDqIq−α0 y2q+1

(2q + 1)!

=
∞∑
q=0

(−1)qΓ((2q + 1) + 1)Dqyq−(α−2q−1)

(2q + 1)!Γ(2q + 2− α + q)
.
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Case 1: If α− 2q − 1 ∈ N then
Dα

0 sin y = 0.

Case 2: If α− 2q − 1 6∈ N then using Eq (1.3.11)

Dα
0 sin y =

∞∑
q=0

(−1)qy2q+1−α

Γ(2q + 2− α)
.

As,

E2,2−α(−y2) =
∞∑
q=0

(−y2)q

Γ(2− α + 2q)
.

Therefore

Dα
0 sin y = y1+α

∞∑
q=0

(−y2)q

Γ(2 + 2q − α)
,

= y1+αE2,2−α(−y2).

1.3.3 Properties of Reimann-Liouville fractional integral and

derivative

Next we come to show the relationship between Riemann-Liouville fractional integral with
derivative and vice versa. Moreover, we discuss basic properties, which will be helpful for
further chapters.

Theorem 1.3.11. [28] Let α > 0. Then for every φ ∈ L1[r, u]

Dα
r I

α
r φ(y) = φ(y)

holds almost everywhere.

Proof. By using the definition (1.3.8), theorem (1.3.7) and Eq (1.3.1), we get

Dα
r I

α
r φ(y) =DmIm−αr Iαr φ(y) = DmIm−α+α

r φ(y)

=DmImr φ(y) = φ(y).

Theorem 1.3.12. [28] Assume that α ≥ 0, k = dαe and φ ∈ Ak[r, u]. Then

Iαr D
α
r φ(y) = φ(y)−

k∑
j=1

Dα−j
r φ(y)|y=r

(y − r)α−j

Γ(α− j + 1)
.

Proof. By definition of Riemann-Liouville fractional integral

Iαr D
α
r φ(y) =

1

Γ(α)

∫ y

r

(y − s)α−1Dα
r φ(s)ds. (1.3.13)
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By using Leibniz’s Rule, we have

d

dy

(
1

Γ(α + 1)

∫ y

r

(y − s)αDα
r φ(s)ds

)
=

1

Γ(α)

∫ y

r

(y − s)α−1Dα
r φ(s)ds. (1.3.14)

Let us consider the left hand side of (1.3.14)

d

dy

(
1

Γ(α + 1)

∫ y

r

(y − s)αDα
r φ(s)ds

)
=

1

Γ(α + 1)
(y − s)αDα

r φ(s)|s=y
d

dy
(y)

− 1

Γ(α + 1)
(y − s)αDα

r φ(s)|s=r
d

dy
(r) +

1

Γ(α + 1)

∫ y

r

∂

∂y
(y − s)αDα

aφ(s)ds

=
α

Γ(α + 1)

∫ y

r

(y − s)α−1Dα
r φ(s)ds

=
1

Γ(α)

∫ y

r

(y − s)α−1Dα
r φ(s)ds.

On the other hand, repeatedly integrating and by Theorem (1.3.7) we have

1

Γ(α + 1)

∫ y

r

(y − s)αDα
r φ(s)ds =

1

Γ(α + 1)

∫ y

r

(y − s)αDkIk−αr φ(s)ds

=
1

Γ(α + 1)

∫ y

r

(y − s)α d
k

dyk
Ik−αr φ(s)ds.

Now we evaluate this by using iterative method. Let k = 1

1

Γ(α + 1)

∫ y

r

(y − s)α d
ds
I1−α
r φ(s)ds

=
1

Γ(α + 1)
(y − s)αI1−α

r φ(s)|yr +
α

Γ(α + 1)

∫ y

r

(y − s)α−1I1−α
r φ(s)ds

=− 1

Γ(α + 1)
(y − s)αI1−α

r φ(s)|r +
1

Γ(α)

∫ y

r

(y − s)α−1I1−α
r φ(s)ds.
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For k = 2

1

Γ(α + 1)

∫ y

r

(y − s)α d
2

ds2 I
2−α
r φ(s)ds

=

[
1

Γ(α + 1)
(y − s)α d

ds
I2−α
r φ(s)

]y
r

+
α

Γ(α + 1)

∫ y

r

(y − s)α−1 d

ds
I2−α
r φ(s)ds.

=− 1

Γ(α + 1)
(y − r)α d

ds
I2−α
r φ(s)|r +

1

Γ(α)

∫ y

r

(y − s)α−1 d

ds
I1−α
r φ(s)ds

=− 1

Γ(α + 1)
(y − r)α d

ds
I2−α
r φ(s)|r +

[ 1

Γ(α)
(y − s)α−1I2−α

r φ(s)
]y
r

+
α− 1

Γ(α)

∫ y

r

(y − s)α−2I2−α
r φ(s)ds

=− 1

Γ(α + 1)
(y − r)α d

ds
I2−α
r φ(s)|r −

1

Γ(α)
(y − r)α−1I2−α

r φ(s)|r

+
1

Γ(α− 1)

∫ y

r

(y − s)α−2I2−α
r φ(s)ds.

=
1

Γ(α− 1)

∫ y

r

(y − s)α−2I2−α
r φ(s)ds−

2∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j+1

Γ(α− j + 2)
.

In general

1

Γ(α + 1)

∫ y

r

(y − s)α d
k

dyk
Ik−αr φ(s)ds =

1

Γ(α− k + 1)

∫ y

r

(y − s)α−kIk−αr φ(s)ds

−
n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r (y − r)α−j+1

Γ(α− j + 2)

=Iα−k+1
r [Ik−αr φ(s)]−

n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j+1

Γ(α− j + 2)
.

1

Γ(α + 1)

∫ y

r

(y − s)α d
k

dyk
Ik−αr φ(s)ds = I1

rφ(s)−
n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j+1

Γ(α− j + 2)
.

(1.3.15)
Combing (1.3.15) and (1.3.14) we obtain

1

Γ(α)

∫ y

r

(y − s)α−1Dα
r φ(s)ds =

d

dy
I1
rφ(s)−

n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j

Γ(α− j + 1)
.

By Lemma (1.3.1)

Iαr D
α
r φ(y) =φ(s)−

n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j

Γ(α− j + 1)
.

=φ(s)−
n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r

(y − r)α−j

Γ(α− j + 1)
.
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An important particular case of Theorem (1.3.12) is for 0 < α < 1,

Iαr D
α
r φ(y) = φ(y)[−Dα−1

r φ(s)]r
(y − r)α−1

Γ(α)
. (1.3.16)

Having established the relation between Riemann-Liouville fractional integral with
derivative. Now, we proceed to define the Caputo fractional derivative.

1.3.4 Caputo’s fractional derivative

The Riemann-Liouville has specific disadvantages while attempting to show this present
reality peculiarities with fractional differential equations. Function need not to be con-
tinuous while managing them. And also, the derivative of the constant term is not equal
to zero. We will now discuss the modified concept, which is known as Caputo derivative.
It has more advantages than the first one.

Definition 1.3.13. [4, 28] Let α ∈ R+, φ ∈ L1[r, u] and l = dαe. Then we define the
Caputo derivative as

cD
α
r φ(y) = I l−αr Dlφ(y). (1.3.17)

Example 1.3.14. [28] We find the Caputo derivative of φ(y) = yβ as under.
By definition (1.3.13)

cD
α
0φ(y) = I l−α0 Dlφ(y) =

1

Γ(l − α)

∫ y

0

(y − s)l−α−1Dlsβds. (1.3.18)

Case 1: If β < l, then Dlyβ = 0.
Case 2: If β ∈ N and l ≤ β. Then, for integer case, we have

Dyl = lyl−1

D2yl = l(l − 1)yl−2

D3yl = l(l − 1)(l − 2)yl−3.

In general

Dkyl =l(l − 1)(l − 2) · · · (l − k − 1)yl−k

=
l(l − 1)(l − 2) · · · (l − k − 1)(l − k)!

(l − k)!
yl−k

=
l!

(l − k)!
yl−k

Dkyl =
Γ(l + 1)

Γ(l − k + 1)
yl−k.
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Eq (1.3.18) reduce to

cD
α
0φ(y) =

1

Γ(l − α)

∫ y

0

(y − s)l−α−1Dlsβds.

=
Γ(β + 1)

Γ(β −m+ 1)Γ(l − α)

∫ y

0

(y − s)l−α−1sβ−lds.

=
Γ(β + 1)

Γ(β − l + 1)Γ(l − α)

∫ y

0

(
1− s

y

)l−α−1

yl−α−1sβ−lds.

Let z = s
y

cD
α
0φ(y) =

Γ(β + 1)yl−α

Γ(β − l + 1)Γ(l − α)

∫ 1

0

(1− z)l−α−1 zβ−ldz.

Since
∫ 1

0
(1− z)l−α−1 zβ−ldz = B(l − α, β − l + 1) = Γ(l−α)Γ(β−l+1)

Γ(l−α+β−l+1)
.

Thus

cD
α
0 y

β =
Γ(β + 1)yl−α

Γ(β − α + 1)
.

Example 1.3.15. Now, we find the Caputo derivative of sin y. For this purpose, we
proceed as follows, we expand sin y into its Maclaurin series:

sin y =y − y3

3!
+
y5

5!
− y7

7!
· · · ,

=
∞∑
p=0

(−1)py2p+1

(2p+ 1)!
,

where p is non-negative integers. Using Eq (1.3.11) and property of gamma function we
get

cD
α
0 sin y =Im−α0

∞∑
p=0

(−1)pDmy2p+1

(2p+ 1)!

=
∞∑
p=0

(−1)pΓ((2p+ 1) + 1)Im−α0 y2p+1−m

(2p+ 1)!Γ(2p+ 2−m)

=
∞∑
p=0

(−1)pIm−α0 y2p+1−m

Γ(2p+ 2−m)

cD
α
0 sin y ==

∞∑
p=0

(−1)py2p+1−α

Γ(2p+ 2− α)
.

As,

E2,2−α(−y2) =
∞∑
p=0

(−y2)p

Γ(2− α + 2p)
.
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Thus

cD
α
0 sin y = y1+α

∞∑
p=0

(−y2)p

Γ(2 + 2p− α)
,

= y1+αE2,2−α(−y2).

1.3.5 Properties of Caputo fractional derivative

In the following we discuss the composition of Caputo derivative with Riemann-Liouville
fractional integral and vice versa.

Theorem 1.3.16. [4, 28] If φ is continuous and α ≥ 0, then

cD
α
a I

α
a φ(y) = φ(y). (1.3.19)

Proof. Let Φ = Iαa φ(y), where DkΦ(a) = 0, then we have

cD
α
a I

α
a φ(y) =c D

α
aφ(y) = Dα

aφ(y) = DmIm−αa φ(y) = φ(y).

Theorem 1.3.17. [4] Assume that, if φ ∈ Am(r, u), α ≥ 0 and m = [α], then

Iαr cD
α
r φ(y) = φ(y)−

m−1∑
k=0

Dkφ(r)

k!
(y − r)k.

Proof. By using fundamental theorem of calculus and iterative method we obtain

IrDφ(y) =

∫ y

r

d

dy
φ(y)dy = φ(y)− φ(r)

I2
rD

2φ(y) =Ir(IrD(Dφ(y)))

=Ir

(∫ y

r

d

dy
Dφ(y)dy

)
=IrDφ(y)− IrDφ(r)

=

∫ y

r

d

dy
φ(y)dy −Dφ(r)

∫ y

r

dy

=φ(y)− φ(r)−Dφ(r)(y − r)

I3
rD

3φ(y) =Ir(Ir(IrD(D(Dφ(y)))))

=Ir

(∫ y

r

d

dy
D2φ(y)dy

)
=I2

rD
2φ(y)− I2

rD
2φ(r)

=IrDφ(y)− IrDφ(r)−D2φ(r)
(y − r)2

2

=φ(y)− φ(r)−Dφ(r)(y − r)−D2φ(r)
(y − r)2

2
.
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In general

Imr D
mφ(y) = φ(y)−

m−1∑
k=0

Dykφ(r)
(y − r)k

k!
. (1.3.20)

By definition (1.3.13)

cD
nφ(y) = Im−nr Dmφ(y). (1.3.21)

Apply Ina on both sides of Eq (1.3.21), and using semi-group property, we achieve

Inr cD
nφ(y) = Inr I

m−n
r Dmφ(y) = Imr D

mφ(y). (1.3.22)

Use Eq (1.3.22) into (1.3.20) and replacing n by α we can get the desired result.

In particular, if 0 < α ≤ 1 and φ(y) ∈ C[r, u] then Iαr cD
αφ(y) = φ(y)− φ(r).

1.4 ψ-Fractional calculus

Fractional differentiation and integration of a function with respect to another function is
ψ-fractional calculus. The initial genesis idea of this work was presented in [22, 7], it was
additionally evolved in standard books [6]. We provide the necessary information about
ψ-fractional integral and derivatives and their important properties, where ψ: (a,∞)→
[a,∞), is a one-to-one and increasing function such that ψ′(0) 6= 0.

1.4.1 ψ-Riemann-Liouville fractional integral and derivatives

ψ-Riemann-Liouville fractional integral can be obtained from the Cauchy iterated for-
mula.

Lemma 1.4.1. Let φ be Riemann integrable on [r, u]. Then, for r ≤ y ≤ u and n ∈ N
we have

In,ψr φ(y) =
1

Γ(α)

∫ y

r

(ψ(y)− ψ(s))n−1ψ′(s)φ(s)ds. (1.4.1)

Proof. We will start from integral

I1,ψ
r φ(y) =

∫ y

r

φ(s)ψ′(s)ds. (1.4.2)

By iterating the integral in (1.4.2), we have

I2,ψ
r φ(y) = I1,ψ

r (I1,ψ
r φ)y =

∫ y

r

∫ t1

r

φ(s)ψ′(s)dt1dt2

=

∫ y

r

∫ y

t1

φ(t1)ψ′(t1)ψ′(t2)dt2dt1

=

∫ y

r

φ(t1)ψ′(t1)(ψ(y)− ψ(t1))dt1

=

∫ y

r

φ(t)ψ′(t)(ψ(y)− ψ(t))dt.
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The third iteration gives

I3,ψ
r φ(y) =I1,ψ

r (I1,ψ
r (I1,ψ

r φ(y))) =

∫ y

r

∫ t1

r

∫ t2

r

φ(t)ψ′(t)dtdt2dt1.

=

∫ y

r

∫ t1

r

φ(t)ψ′(t)ψ′(t1)(ψ(t1)− ψ(t))dtdt1,

=

∫ y

r

φ(t)
(ψ(y)− ψ(t))2

2!
dt.

If we repeat the process for α-times, we will get the desired result.

Definition 1.4.2. [1] Let φ be Riemann integrable on [r, u]. Then, for r ≤ y ≤ u and
α > 0 we have

Iα,ψr φ(y) =
1

Γ(α)

∫ y

r

(ψ(y)− ψ(s))α−1ψ′(s)φ(s)ds. (1.4.3)

Example 1.4.3. For φ(y) = ψ(y)β we will show that

Iα,ψ0 φ(y) =
Γ(β + 1)

Γ(α + β + 1)
(ψ(y))α+β. (1.4.4)

Using the definition (1.4.2), we achieve

Iα,ψ0 φ(y) =
1

Γ(α)

∫ y

0

(ψ(y)− ψ(t))α−1ψ′(t)(ψ(t))βdt,

Iα,ψ0 (ψ(y))β =
1

Γ(α)

∫ y

0

(ψ(y))α−1

(
1− ψ(t)

ψ(y)

)α−1

ψ′(t)(ψ(t))βdt.

We will evaluate the above integral by substituting u = ψ(t)
ψ(y)

and du = ψ′(t)
ψ(y)

dt

Iα0 (ψ(y))β =
1

Γ(α)

∫ 1

0

(ψ(y))α−1(1− u)α−1(ψ(y))βuβdu

=
(ψ(y))α+β+1−1

Γ(α)

∫ 1

0

(1− u)α−1uβdu.

Since, ∫ 1

0

(1− u)α−1uβdv = B(α, β + 1).

Therefore, we have

Iα0 (ψ(y))β =
Γ(β + 1)(ψ(y))α+β

Γ(α + β + 1)
.

Definition 1.4.4. [1] Let β > 0 and p = dβe, the ψ-Riemann-Liouville fractional deriva-
tive is defined by

Dβ,ψ
r φ(y) = Dp,ψIp−β,ψr φ(y) =

1

Γ(p− β)

(
d

dy

)p ∫ y

r

(ψ(y)− ψ(s))p−β−1ψ′(s)φ(s)ds.

where Dp,ψ =
(

1
ψ′(y)

d
dy

)p
.
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Example 1.4.5. We find the ψ-Riemann-Liouville fractional derivative of y ∈ [r, u], such
that φ(y) = (ψ(y))β, β ≥ −1 and α ≥ 0. We use the definition and evaluate the resulting
integral.

Dα,ψ
0 φ(y) = Dp,ψIp−α,ψ0 φ(y) = Dp,ψIp−α,ψ0 (ψ(y))β.

From Eq (1.3.7) we have

Dα,ψ
0 φ(y) =

Γ(β + 1)

Γ(β + p− α + 1)
Dp,ψ(ψ(y))p−α+β. (1.4.5)

Case 1: If α− β ∈ N, the right hand side is the pth derivative of a classical polynomial
of degree p− (α− β) and so the expression vanishes that is

Dp,ψ(ψ(y))α−β = 0,

for all α ≥ 0, p ∈ 1, 2, · · · , [α].
Case 2: If α−β 6= N, here we generalize the integer-order derivative of a power function

D1,ψ(ψ(y))s = Dp,ψ =

(
1

ψ′(y)

d

dy

)p
s(ψ(y))s−1ψ′(y)

D2,ψ(ψ(y))s = Dp,ψ =

(
1

ψ′(y)

d

dy

)p
s(s− 1)(ψ(y))s−2ψ′(y)

D3,ψ(ψ(y))s = Dp,ψ =

(
1

ψ′(y)

d

dy

)p
s(s− 1)(s− 2)(ψ(y))s−3ψ′(y).

In general

Dp,ψ(ψ(y))s =
(s)!

(s− p)!
(ψ(y))s−p.

Now, we have

Dp,ψ(ψ(y))s = Dp,ψ =

(
1

ψ′(y)

d

dy

)p
Γ(s+ 1)

Γ(s− p+ 1)
(ψ(y))s−pψ′(y). (1.4.6)

Eq (1.4.5) becomes

Dα
0 (ψ(y))β =

Γ(β + 1)

Γ(β + p− α + 1)

Γ(β + p− α + 1)

Γ(p+ 1− α + β − p)
(ψ(y))p−α+β−p

Dα,ψ
0 (ψ(y))β =

Γ(β + 1)

Γ(β − α + 1)
(ψ(y))β−α. (1.4.7)

1.4.2 Properties of ψ-Reimann-Lioville fractional integral and

derivatives

Now, we present the relationship between ψ-Riemann-Liouville fractional integral with
derivative and vice versa. First, we discuss the property for classical fractional integral
and derivative.
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Theorem 1.4.6. [20] If m ≥ n, then

Dm,ψIn,ψr φ(t) = Dm−n,ψφ(t).

And if m ≤ n, then
Dm,ψIn,ψr φ(t) = In−m,ψr φ(t).

Proof. From Lemma (1.3.1), we can deduce that

D1,ψI1,ψ
r φ(t) = φ(t), where D1,ψ =

(
1

ψ′(t)

d

dt

)
, and I1,ψ

r φ(t) =

∫ t

r

φ(s)ψ′(s)ds. (1.4.8)

Now, we state the composition properties of differential and integral operators as follows.
Repeated application of (1.4.8) gives

D2,ψI2,ψ
r φ(t) = D1,ψ(D1,ψI1,ψ

r (I1,ψ
r φ(t))) = D1,ψI1,ψ

r φ(t) = φ(t). (1.4.9)

By using Eq (1.4.9), we get

D3,ψI2,ψ
r φ(t) = D1,ψ(D2,ψI2,ψ

r φ(t)) = D1,ψφ(t),

D2,ψI3,ψ
r φ(t) = D2,ψI2,ψ

r (I1,ψ
r φ(t)) = I1,ψ

r φ(t).

Similarly we have

D3,ψI3,ψ
r φ(t) =D2,ψ(D1,ψI1,ψ

r (I2,ψ
r φ(t))) = D2,ψI2,ψ

r φ(t)

=D1,ψ(D1,ψI1,ψ
r (I1,ψ

r φ(t))) = D1,ψI1,ψ
r φ(t) = φ(t).

(1.4.10)

Using Eq (1.4.10)

D4,ψI3,ψ
r φ(t) = D1,ψ(D3,ψI3,ψ

r φ(t)) = D1,ψφ(t),

D3,ψI4,ψ
r φ(t) = D3,ψI3,ψ

r (I1,ψ
r φ(t)) = I1,ψ

r φ(t).

In general

Dm,ψIn,ψr φ(t) = Dm−n,ψφ(t), m ≥ n

Dm,ψIn,ψr φ(t) = In−m,ψr φ(t), m ≤ n.
(1.4.11)

Now, we discuss properties for ψ-Reimann-Liouville fractional integral and derivatives.

Theorem 1.4.7. [28] Let α > 0. Then for every φ ∈ L1[r, u]

Dα,ψ
r Iα,ψr φ(y) = φ(y)

holds almost everywhere.
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Proof. By the definition 1.4.2, and by semi-group property of Reimann-Liouville frac-
tional integral, we have

Dα,ψ
a Iα,ψr φ(y) =Dm,ψIm−α,ψr Iα,ψr φ(y) = Dm,ψIm−α+α,ψ

r φ(y)

=Dm,ψIm,ψr φ(y) = φ(y).

Theorem 1.4.8. [28] Assume that, if φ ∈ Ak[r, u], α ≥ 0 and k = m = dαe. Then

Iα,ψr Dα,ψ
r φ(y) = φ(y)−

k∑
j=1

Dα−j,ψ
r φ(y)|y=r

(ψ(y)− ψ(r))α−j

Γ(α− j + 1)
.

Proof. By definition of Riemann-Liouville fractional integral

Iα,ψr Dα,ψ
r φ(y) =

1

Γ(α)

∫ y

r

(ψ(y)− ψ(s))α−1ψ′(s)Dα,ψ
r φ(s)ds. (1.4.12)

By using Leibniz’s Rule, we have

d

dy

(
1

Γ(α + 1)

∫ y

r

(ψ(y)− ψ(s))αψ′(s)Dα,ψ
r φ(s)ds

)
=

1

Γ(α)

∫ y

r

(ψ(y)− ψ(s))α−1ψ′(s)Dα,ψ
r φ(s)ds.

(1.4.13)

Let us consider the left hand side of (1.4.13)

d

dy

(
1

Γ(α + 1)

∫ y

r

(ψ(y)− ψ(s))αψ′(s)Dα,ψ
r φ(s)ds

)
=

1

Γ(α)

∫ y

r

((ψ(y)− ψ(s))α−1Dα,ψ
r φ(s)ds.

On the other hand, by definition of Riemann-Liouville fractional derivative, repeatedly
integrating and by Theorem (1.3.7) we have

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))αDα,ψ
r ψ′(s)φ(s)ds =

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))αDk,ψIk−α,ψr φ(s)ds.

Now we evaluate this by using iterative method. Let k = 1

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))α
d

ds
I1−α,ψ
r ψ′(s)φ(s)ds

=− 1

Γ(α + 1)
((ψ(y)− ψ(s))αI1−α,ψ

r φ(s)|r +
1

Γ(α)

∫ y

r

((ψ(y)− ψ(s))α−1I1−α,ψ
r ψ′(s)φ(s)ds.

For k = 2

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))α
d2

ds2 I
2−α,ψ
r φ(s)ds

=
1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))α
d

ds
[
d

ds
I2−α,ψ
r φ(s)ds].
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By doing all the calculations in the similar way, we get

=
1

Γ(α− 1)

∫ y

r

((ψ(y)−ψ(s))α−2I2−α,ψ
r φ(s)dt−

2∑
j=1

dk−j

dsk−j
Ik−α,ψr φ(s)|r ((ψ(y)− ψ(r))α−j+1

Γ(α− j + 2)
.

In general

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))α
dk

dyk
Ik−α,ψr φ(s)ds

=
1

Γ(α− k + 1)

∫ y

r

((ψ(y)− ψ(s))α−kIk−α,ψr φ(s)ds

−
n∑
j=1

dk−j

dsk−j
Ik−α,ψr φ(s)|r ((ψ(y)− ψ(s))α−j+1

Γ(α− j + 2)

=Iα−k+1
r [Ik−α,ψr φ(s)]−

n∑
j=1

dk−j

dsk−j
Ik−α,ψr φ(s)|r ((ψ(y)− ψ(r))α−j+1

Γ(α− j + 2)
.

1

Γ(α + 1)

∫ y

r

((ψ(y)− ψ(s))α
dk

dyk
Ik−α,ψr φ(s)ds

=I1
rφ(s)−

n∑
j=1

dk−j

dsk−j
Ik−α,ψr φ(s)|r ((ψ(y)− ψ(r))α−j+1

Γ(α− j + 2)
.

(1.4.14)

We have

Iα,ψr Dα,ψ
r φ(y) =φ(s)−

n∑
j=1

dk−j

dsk−j
Ik−α,ψr φ(s)|r ((ψ(y)− ψ(r))α−j

Γ(α− j + 1)
.

=φ(s)−
n∑
j=1

dk−j

dsk−j
Ik−αr φ(s)|r ((ψ(y)− ψ(r))α−j

Γ(α− j + 1)
.

By solving the above expression, we get the desired result. Now, we discuss the ψ-
Caputo’s fractional derivative and its application.

1.4.3 ψ-Caputo’s fractional derivative

ψ-Caputo’s fractional derivative was first studied in [1]. ψ-Caputo’s fractional derivative
is more convinent to deal with the ψ-fractional differential equations.

Definition 1.4.9. [2] Let β > 0, y ∈ [r, u] and m = dβe, the ψ-Caputo fractional
derivative is defined by

Dβ,ψ
r φ(y) = Im−β,ψr Dm,ψφ(y) =

1

Γ(m− β)

∫ y

r

(ψ(y)− ψ(s))m−β−1ψ′(s)Dm,ψφ(s)ds.

(1.4.15)
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Example 1.4.10. We find the Caputo derivative of φ(y) = ψ(y)β as under

cD
α,ψ
0 (ψ(y))β =

Γ(β + 1)

Γ(α + β + 1)
(ψ(y))α+β. (1.4.16)

By definition, we have

cD
α,ψ
0 φ(y) = Ik−α,ψ0 Dkφ(y) =

1

Γ(k − α)

∫ y

0

(ψ(y)− ψ(t))k−α−1ψ′(t)Dk,ψ(ψ(t))βdt.

(1.4.17)
Case 1: If β < k, then Dk,ψ(ψ(y))β = 0.
Case 2: If β ∈ N and k ≤ β. Then we generalize the integer-order derivative of a power
function

D1,ψ(ψ(y))k =

(
1

ψ′(y)

d

dy

)
k(ψ(y))k−1ψ′(y)

D2,ψ(ψ(y))k =

(
1

ψ′(y)

d

dy

)
k(k − 1)(ψ(y))k−2ψ′(y)

D3,ψ(ψ(y))k =

(
1

ψ′(y)

d

dy

)
k(k − 1)(k − 2)(ψ(y))k−3ψ′(y).

In general

Dj,ψ(ψ(y))k =
Γ(k + 1)

Γ(k − j + 1)
(ψ(y))k−j.

Eq (1.4.17) reduce to

cD
α,ψ
0 φ(y) =

1

Γ(k − α)

∫ y

0

((ψ(y)− ψ(t))k−α−1Dk,ψ(ψ(t))βdt.

=
Γ(β + 1)

Γ(β − k + 1)Γ(k − α)

∫ y

0

((ψ(y)− ψ(t))k−α−1(ψ(t))β−kdt.

=
Γ(β + 1)

Γ(β − k + 1)Γ(k − α)

∫ y

0

(
1− ψ(t)

ψ(y)

)k−α−1

(ψ(y))k−α−1(ψ(t))β−kdt.

Let w = ψ(t)
ψ(y)

cD
α
0φ(y) =

Γ(β + 1)(ψ(y))k−α

Γ(β − k + 1)Γ(k − α)

∫ 1

0

(1− w)k−α−1wβ−kdw.

Since
∫ 1

0
(1− w)k−α−1wβ−kdw = B(k − α, β −m+ 1) = Γ(k−α)Γ(β−k+1)

Γ(k−α+β−k+1)
.

Thus

cD
α
0 (ψ(y))β =

Γ(β + 1)(ψ(y))k−α

Γ(β − α + 1)
.

1.4.4 Properties of ψ-Caputo fractional derivative

In this section, we discuss the composition of Caputo derivative with Riemann-Liouville
fractional integral and vice versa.
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Theorem 1.4.11. [4] If φ is continuous and α ≥ 0, then

cD
α,ψ
r Iα,ψr φ(y) = φ(y). (1.4.18)

Proof. Let Φ = Iα,ψr φ(y), where Dk,ψΦ(r) = 0, then we have

cD
α,ψ
r Iα,ψr φ(y) =c D

α,ψ
r φ(y) = Dα,ψ

r φ(y) = Dm,ψIm−α,ψr φ(y) = φ(y).

Theorem 1.4.12. [4] Assume that α ≥ 0, m = m = dαe and φ ∈ Am(r, u), then

Iα,ψr cD
α,ψ
r φ(y) = φ(y)−

m−1∑
k=0

Dk,ψφ(r)

k!
(ψ(y)− ψ(r))k.

Proof. By using fundamental theorem of calculus and iterative method we obtain

I1,ψ
r D1,ψφ(y) =

∫ y

r

1

ψ′(y)

d

dy
φ(y)ψ′(y)dy = φ(y)− φ(r)

I2,ψ
r D2φ(y) =I1,ψ

r (I1,ψ
r D1,ψ(D1,ψφ(y)))

=I1,ψ
r

(∫ y

r

1

ψ′(y)

d

dy
Dφ(y)ψ′(y)dy

)
=I1,ψ

r D1,ψφ(y)− I1,ψ
r D1,ψφ(r)

=

∫ y

r

1

ψ′(y)

d

dy
φ(y)ψ′(y)dy −D1,ψφ(r)

∫ y

r

ψ′(y)dy

=φ(y)− φ(r)−D1,ψφ(r)(ψ(y)− ψ(r))

I3,ψ
r D3,ψφ(y) =I1,ψ

r (I1,ψ
r (I1,ψ

r D1,ψ(D1,ψ(D1,ψφ(y)))))

=I1,ψ
r

(∫ y

r

1

ψ′(y)

d

dy
D2,ψψ′(y)φ(y)dy

)
=φ(y)− φ(r)−D1,ψφ(r)(ψ(y)− ψ(r))−D2,ψφ(r)

(ψ(y)− ψ(r))2

2
.

In general

Im,ψr Dm,ψφ(y) = φ(y)−
m−1∑
k=0

D1,ψykφ(r)
(ψ(y)− ψ(r))k

k!
. (1.4.19)

By thw definition of ψ-Caputo derivative

cD
n,ψφ(y) = Im−n,ψr Dm,ψφ(y). (1.4.20)

Apply In,ψr on both sides of Eq (1.4.20), we have

In,ψr cD
n,ψφ(y) = In,ψr Im−n,ψr Dm,ψφ(y) = Im,ψr Dm,ψφ(y). (1.4.21)
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Use Eq (1.4.21) into (1.4.19) we obtain

In,ψr cD
n,ψφ(y) = φ(y)−

m−1∑
k=0

Dk,ψφ(r)
(ψ(y)− ψ(r))k

k!
.

Replacing n with real α we have

Iα,ψr cD
α,ψφ(y) = φ(y)−

m−1∑
k=0

Dk,ψφ(r)
(ψ(y)− ψ(r))k

k!
.

In particular, if 0 < α ≤ 1 and φ(y) ∈ C[r, u] then Iα,ψr cD
α,ψφ(y) = φ(y)− φ(r).
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Chapter 2

Generalized Taylor’s formula with

respect to a function

In this chapter, we discuss a generalization of Taylor’s theorem. To begin with the gen-
eralization, we first discuss the properties of the ψ-Reimann-Liouville fractional integral.
We prove the Mean Value theorem for this purpose. Then, we prove the Taylor’s theorem
for integer case and then for the fractional case. Moreover, we discuss approximations of
a function by using generalized Taylor’s formula with respect to a function. Furthermore,
we present the convergence and remainder theorem for Taylor’s theorem. We also present
the Taylor series solution and fractional power series solution for ψ-fractional differential
equations.

2.1 Introduction

Some properties of fractional integral were proved in [20]. We will generalize those prop-
erties of fractional integral with respect to another function. First, we find fractional
integral of power of ψ.

Example 2.1.1. The fractional integral Iα,ψr of φ(w) = (ψ(w))β is,

Iα,ψr (ψ(w))β =
(ψ(w))β+α

Γ(α)
B

(
ψ(w)− ψ(r)

ψ(w)
;α, β + 1

)
. (2.1.1)

This can be computed as:
From the defination of fractional integral, we have

Iα,ψr φ(w) =
1

Γ(α)

∫ w

r

(ψ(w)− ψ(s))α−1ψ′(s)(ψ(s))βds

=
ψ(w)α−1

Γ(α)

∫ w

r

(
1− ψ(w)

ψ(s)

)α−1

ψ′(s)(ψ(s))βds.

26



Let y =
(

1− ψ(s)
ψ(w)

)
and dy = ψ′(s)

ψ(w)
ds, substituting this in integral we get,

Iα,ψr φ(w) =− (ψ(w))α−1

Γ(α)

∫ 0

ψ(w)−ψ(r)
ψ(w)

yα−1(1− y)β(ψ(w))βψ(w)dy

=
(ψ(w))α+β

Γ(α)

∫ ψ(w)−ψ(r)
ψ(w)

0

yα−1(1− y)βdy.

From the defination of incomplete beta function (1.2.2), we get

Iα,ψr (ψ(w))β =
(ψ(w))β+α

Γ(α)
B

(
ψ(y)− ψ(r)

ψ(y)
;α, β + 1

)
. (2.1.2)

Example 2.1.2. Let us consider φ(w) = ecψ(w), then show that

Iα,ψr ecψ(w) = eac(ψ(w)− ψ(r)α)
∞∑
k=0

(c(ψ(w)− ψ(r)))k

Γ(α + k + 1)
. (2.1.3)

From defination

Iα,ψr ecψ(w) =
1

Γ(α)

∫ w

r

(ψ(w)− ψ(s))α−1ψ′(s)ecψ(s)ds

=
1

Γ(α)

∫ w

r

(ψ(w) + ψ(r)− ψ(r)− ψ(s))α−1ψ′(s)ecψ(s)ds

=
1

Γ(α)

∫ w

r

(ψ(w)− ψ(r))α−1

(
1− (ψ(s)− ψ(r))

(ψ(w)− ψ(r))

)α−1

ψ′(s)ecψ(s)ds.

Let z = (ψ(s)−ψ(r))
(ψ(w)−ψ(r))

and dz = ψ′(s)ds
(ψ(w)−ψ(r))

Putting these values in above equation, we get

Iα,ψr ecψ(w) =
ecψ(r)

Γ(α)
(ψ(w)− ψ(r))α

∫ 1

0

(1− z)α−1ecz(ψ(w)−ψ(r))dz,

=
ecψ(r)

Γ(α)
(ψ(w)− ψ(r))α

∫ 1

0

(1− z)α−1

∞∑
k=0

(cz(ψ(w)− ψ(r)))k

Γ(k + 1)
,

=
ecψ(r)

Γ(α)
(ψ(w)− ψ(r))α

∞∑
k=0

(c(ψ(w)− ψ(r)))k

Γ(k + 1)

∫ 1

0

(1− z)α−1zkdz.

Using defination of Beta function (1.2.2) we get,

Iα,ψr ecψ(w) = eac(ψ(w)− ψ(r))α
∞∑
k=0

(c(ψ(w)− ψ(r)))k

Γ(α + k + 1)
.

2.2 Generalized Taylor’s Theorem

In this section, we introduce an alternate proof of generalization of Taylor’s Theorem
in the framework of fractional differential equations involving fractional derivative of
functions with respect to functions. First, we discuss integer order case, and then we
generalize for ψ-fractional operators.
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Theorem 2.2.1. Assume that, if φ ∈ Cn[a, b]. Then

φ(x) =
n∑
j=0

(ψ(x)− ψ(a))j

Γ(j + 1)
Dj,ψφ(a) +

D(n+1),ψφ(η)(ψ(x)− ψ(a))n+1

Γ(n+ 2)
(2.2.1)

with a ≤ η ≤ x and x ∈ (a, b], where here Dj,ψ =
(

1
ψ′(x)

d
dx

)j
.

Proof. We introduce a polynomial in ψ(x) as:

Pψ
n (x) =

n∑
k=0

ck(ψ(x)− ψ(a))k. (2.2.2)

Since φ ∈ Cm[a, b], the polynomial Pψ
n (x) of order n in terms of ψ at a is the unique

polynomial of degree atmost n such that:

Dj,ψφ(a) = Dj,ψPψ
n (a), 0 ≤ j ≤ n (2.2.3)

Now applying Dj on Eq (2.2.2), we get

Dj,ψPψ
n (x) =

n∑
k=j

ck
Γ(j + 1)

Γ(j + 1− k)
(ψ(x)− ψ(a))k−j. (2.2.4)

Using Eq (2.2.4) in Eq (2.2.3), we get

Dj,ψφ(a) = cj
Γ(j + 1)

Γ(1)
+

n∑
k=j+1

Γ(j + 1)

Γ(j + 1− k)
(ψ(x)− ψ(a))k−j. (2.2.5)

Now for x = a, we have, Dj,ψφ(a) = cjΓ(j + 1), which gives, cj = Dj,ψφ(a)
Γ(j+1)

.

Thus ψ-Taylor’s polynomial with respect to a function is:

Pψ
n (x) =

n∑
j=0

(ψ(x)− ψ(a))j

Γ(j + 1)
Dj,ψφ(a)

Let Rψ
n(x) = φ(x)− Pψ

n (x). Then applying D(n+1),ψ, we achieve

D(n+1),ψRψ
n(x) = D(n+1),ψφ(x)−D(n+1),ψPψ

n (x). (2.2.6)

Since Pn is polynomial of degree n, thus

D(n+1),ψPψ
n (x) = 0.

Therefore Eq (2.2.6) becomes

D(n+1),ψRψ
n(x) = D(n+1),ψφ(x).

Now applying integral I
(n+1),ψ
a on both sides , we get

I(n+1),ψ
a D(n+1),ψRψ

n(x) = I(n+1),ψ
a D(n+1),ψφ(x). (2.2.7)
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Using Theorem 1.3.4, we get

Rψ
n(x) = I(n+1),ψ

a D(n+1),ψφ(x). (2.2.8)

By the defination of fractional integral, Eq (2.2.8) can be written as,

Rψ
n(x) =

1

Γ((n+ 1))

∫ x

a

(ψ(x)− ψ(s))nψ′(s)D(n+1),ψφ(s)ds. (2.2.9)

Using mean value theorem of integral calculus and then evaluating the integral in Eq:
(2.2.9), we get

Rψ
n(x) =

D(n+1),ψφ(η)(ψ(x)− ψ(a))n+1

Γ(n+ 2)
.

So, ψ-Taylor’s theorem with respect to a function is:

φ(x) =
n∑
j=0

(ψ(x)− ψ(a))j

Γ(j + 1)
Dj,ψφ(a) +

D(n+1),ψφ(η)(ψ(x)− ψ(a))n+1

Γ(n+ 2)
.

2.3 Generalized fractional Taylor’s Theorem

Polynomials are often used in approximation theory to approximate functions. The in-
tention here is to approximate unknown functions which are solutions of fractional dif-
ferential equations with suitably generalized polynomial type functions which are easier
to work with, at the price of some reasonably small difference between the solution and
the approximation functions. Taylor series is often used to developed various numerical
methods for approximating solutions of differential and integral equations. Here, we gen-
eralize for fractional case.
Method 1: Here, we generalized the Taylor’s theorem with respect to a function. We
followed the method in [20].

Theorem 2.3.1. For 0 < α ≤ 1, suppose that φ ∈ C[r, u] and Dα
r φ ∈ C[r, u] , then

φ(y) = φ(r) +
1

Γ(α)
Dα,ψ
r f(η)(ψ(y)− ψ(r))α (2.3.1)

with r ≤ η ≤ y for all y ∈ [r, u].

Proof. From the defination of fractional integral

Iα,ψr Dα,ψ
r φ(y) =

1

Γ(α)

∫ y

r

(ψ(y)− ψ(s))α−1ψ′(s)Dα,ψφ(s)ds.

Using Mean Value Theorem of integral calculus,

Iα,ψr Dα,ψ
r φ(y) =

Dα,ψφ(η)

Γ(α)

∫ y

r

(ψ(y)− ψ(s))α−1ψ′(s)ds. (2.3.2)
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Now by evaluating the integral in (2.3.2) we get,

Iα,ψr Dα,ψ
r φ(y) =

Dα,ψφ(η)

Γ(α + 1)
(ψ(y)− ψ(s))α. (2.3.3)

We know that,
Iα,ψr Dα,ψ

r φ(y) = φ(y)− φ(r). (2.3.4)

From (2.3.3) and (2.3.4) we get,

φ(y) = φ(r) +
1

Γ(α)
Dα,ψ
r f(η)(ψ(y)− ψ(r))α.

Theorem 2.3.2. For 0 < α ≤ 1, suppose that D
(n+1)α
a φ(x) ∈ C[a, b] then,

Imα,ψr Dmα,ψ
r φ(y)− I(m+1)α,ψ

r D(m+1)α,ψ
r φ(y) =

(ψ(y)− ψ(r))mα

Γ(mα + 1)
Dmα,ψ
r ψ(r). (2.3.5)

Proof. By linearity of fractional integral, we have

Imα,ψr Dmα,ψ
r φ(y)− I(m+1)α,ψ

r D(m+1)α,ψ
r φ(y) =Imα,ψr [Dmα,ψ

r φ(y)− Iα,ψr D(m+1)α,ψ
r φ(y)],

=Imα,ψr [Dmα,ψ
r φ(y)− Iα,ψr Dα,ψ

r Dmα
r φ(y)].

From Theorem (1.3.4), we have

Iα,ψr Dα,ψ
r φ(y) = φ(y)− φ(r).

So, we get

Imα,ψr Dmα,ψ
r φ(y)−I(m+1)α,ψ

r D(m+1)α,ψ
r φ(y)

=Imα,ψr [Dmα,ψ
r φ(y)−Dmα,ψ

r φ(y) +Dmα,ψ
r φ(r)]

=Imα,ψr [Dmα,ψ
r φ(r)]

=
1

Γ(mα)

∫ y

r

(ψ(y)− ψ(s))mα−1ψ′(s)Dmα,ψφ(r)ds.

By evaluating the integral on the right hand side,

Imα,ψr Dmα,ψ
r φ(y)− I(m+1)α,ψ

r D(m+1)α,ψ
r φ(y) =

(ψ(y)− ψ(r))α

Γ(mα + 1)
Dmα,ψ
r ψ(r).

In the following we generalize the Theorem (2.2.1) for ψ-Caputo fractional derivative.

Theorem 2.3.3. For 0 < α ≤ 1, suppose that Dα
aφ ∈ C[r, u], then

φ(y) =
m∑
k=0

(ψ(y)− ψ(r))kα

Γ(kα + 1)
Dkα,ψ
r φ(r) +

D
(m+1)α,ψ
r φ(η)(ψ(y)− ψ(r))(m+1)α

Γ((m+ 1)α + 1)
(2.3.6)

with r ≤ η ≤ y and y ∈ (r, u].
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Proof. By theorem (2.3.2), we know that

m∑
i=0

I iα,ψr Diα,ψ
r φ(y)− I(i+1)α,ψ

r D(i+1)α,ψ
r φ(y) =

m∑
i=0

(ψ(y)− ψ(r))α

Γ(iα + 1)
Diα,ψ
r ψ(r) (2.3.7)

By using the result of Theorem (1.4.8), we get

φ(y)− I(m+1)α,ψ
r D(m+1)α,ψ

r φ(y) =
m∑
i=0

(ψ(y)− ψ(r))α

Γ(iα + 1)
Diα,ψ
r ψ(r). (2.3.8)

Consider,

I(m+1)α,ψ
r D(m+1)α,ψ

r φ(y) =
1

Γ((m+ 1)α)

∫ y

r

(ψ(y)− ψ(s))(m+1)α+1ψ′(s)D(m+1)α,ψφ(s)ds.

Using mean value theorem,

I(m+1)α,ψ
r D(m+1)α,ψ

r φ(y) =
D

(m+1)α,ψ
r φ(η)

Γ((m+ 1)α)

∫ y

r

(ψ(y)− ψ(s))(m+1)α−1ψ′(s)ds.

Evaluating the integral, we get,

I(m+1)α,ψ
r D(m+1)α,ψ

r φ(y) =
D

(m+1)α,ψ
r φ(η)

Γ((m+ 1)α + 1)
(ψ(y)− ψ(s))(m+1)α. (2.3.9)

Substituting Eq (2.3.9) in Eq (2.3.8), we get the desired result.

Method 2: Here we present an alternate method for the proof of fractional Taylor’s
theorem.

Lemma 2.3.4. Assume ψ ∈ C[a, b] is non-negative increasing function with ψ(x) 6= 0,
f ∈ Cn[a, b]. Then there exists unique polynomial Pψ

n , in y = (ψ(x)−ψ(a))α, 0 < α ≤ 1,
of degree at most n for f(x) such that Dαk,ψ

a Pψ
n (a) = Dαk,ψ

a f(a) for k = 0, 1, 2, . . . , n.

Proof. Consider the polynomial of degree at most n in y = (ψ(x) − ψ(a))α of the form
Pψ
n (x) =

∑n
i=0 an(ψ(x) − ψ(a))iα. Obviously, at x = a, we have a0 = Pψ

n (a) = f(a).
Applying Dα,ψ, we have

Dα,ψ
a Pψ

n (x) = a1Γ(α + 1) +
n∑
i=2

ai
Γ(iα + 1)

Γ(iα− α + 1)
(ψ(x)− ψ(a))iα−α. (2.3.10)

Substituting x = a in (2.3.10) we have Dα,ψ
a Pψ

n (a) = Dα,ψ
a f(a) = Γ(α + 1)a1. Therefor

a1 = Dα,ψa f(a)
Γ(α+1)

. Now applying Dα
a on Eq (2.3.10), we achieve

D2α,ψ
a Pψ

n (x) = a2Γ(2α + 1) +
n∑
i=3

ai
Γ(iα + 1)

Γ(iα− 2α + 1)
(ψ(x)− ψ(a))iα−2α. (2.3.11)
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Repeating the above process k-times, we have

Dkα,ψ
a Pψ

n (x) = akΓ(kα + 1) +
n∑

i=k+1

ai
Γ(iα + 1)

Γ(iα− kα + 1)
(ψ(x)− ψ(a))iα−kα, (2.3.12)

whereDkα
a f(x) = Dα

aD
α
aD

α
a · · ·Dα

a f(x). Substituting x = a in (2.3.12) we haveDkα,ψ
a Pψ

n (a) =

Dkα,ψ
a f(a) = Γ(kα + 1)ak. Therefore ak = Dkα,ψa f(a)

Γ(kα+1)
.

Hence the unique Taylor’s polynomial, in y = (ψ(x)− ψ(a)), of degree at most n is

Pψ
n (x) =

n∑
i=0

Diα,ψ
a f(a)

Γ(iα + 1)
(ψ(x)− ψ(a))iα. (2.3.13)

The applicability of Pψ
n (x) for function approximation indeed depends on error es-

timate. Just like classical Taylor polynomials, in this case, the estimate is reasonably
good in sufficiently small neighbourhood of a provided ψ-derivatives of f are bounded.
Following theorem is the generalized case of Theorem 2.2.1 for the fractional case.

Theorem 2.3.5. For 0 < α ≤ 1, suppose that D
(n+1)α
a f ∈ C([a, b]). Then, for x ∈ [a, b],

there exists ξ ∈ (a, x) such that

f(x) =
n∑
i=0

Diα,ψ
a f(a)

Γ(iα + 1)
(ψ(x)− ψ(a))iα +D(n+1)α,ψ

a f(ξ)
(ψ(x)− ψ(a))(n+1)α

Γ((n+ 1)α + 1)
. (2.3.14)

where Dnα
a f(x) = Dα

aD
α
aD

α
a · · ·Dn(n− times).

Proof. Since Rψ
n(x) = f(x)− Pψ

n (x). Note that, by Lemma 2.3.4, we have

Dkα,ψ
a Rn(a) = Dkα,ψ

a f(a)−Dkα,ψ
a Pψ

n (a) = 0.

Since Pψ
n is a polynomial of degree at most n in y = (ψ(x) − ψ(a))α. Therefore

D
(n+1)α,ψ
a Pψ

n (x) = 0 for all x ∈ [a, b]. Hence

D(n+1)α,ψ
a Rn(x) = D(n+1)α,ψ

a f(x)−D(n+1)α,ψ
a Pψ

n (x) = D(n+1)α,ψ
a f(x). (2.3.15)

Applying I
(n+1)α,ψ
a on both sides of Equation (2.3.15)

I(n+1)α,ψ
a D(n+1)α,ψ

a Rn(x) = I(n+1)α,ψ
a D(n+1)α,ψ

a f(x) (2.3.16)

Now using Theorem 1.3.4 on both sides, we have

Rψ
n(x)−

n∑
i=0

(ψ(x)− ψ(a))i

Γ(i+ 1)
Di,ψ
a Rn(x) =

∫ x

a

(ψ(x)− ψ(s))(n+1)α−1

Γ((n+ 1)α)
D(n+1)α,ψ
a f(s)ψ′(s)ds.

(2.3.17)
Since Di,ψ

a Rn(x) = 0 for i = 1, 2, 3, . . . , n and using mean value theorem for integral
calculus, we have

Rψ
n(x) = D(n+1)α,ψ

a f(ξ)

∫ x

a

(ψ(x)− ψ(s))(n+1)α−1

Γ((n+ 1)α)
ψ′(s)ds (2.3.18)

= D(n+1)α,ψ
a f(ξ)

(ψ(x)− ψ(a))(n+1)α

Γ((n+ 1)α + 1)
. (2.3.19)
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Using Eq (2.3.13) and Eq (2.3.18) in Rψ
n(x) = f(x) − Pψ

n (x), we get the required
result.

Remark 2.3.6. Theorem 2.3.5 is a generalization of the fractional Taylor’s theorem for ψ-
Caputo fractional derivative introduced in [1]. For ψ(x) = x it reduces to the fractional
Taylor’s theorem for Caputo fractional derivative. Furthermore, the strategy adopted
here to prove the theorem is different form the Zaid M.Odibat et.[20] al approach.

2.4 Approximation of a function

In this section, we approximate the functions by using generalized Taylor’s formula with
respect to a function (2.3.6). We describe the method of approximation as follows:

Theorem 2.4.1. [20] For 0 < α ≤ 1, suppose that Dα,ψ
a φ(y) ∈ C[a, b]. If y ∈ [a, b], then

φ(y) ∼= Pα,ψ
n (y) =

n∑
i=0

(ψ(y)− ψ(a))iα

Γ(iα + 1)
Diα,ψ
a φ(a). (2.4.1)

Moreover, if there exists ζ with a ≤ ζ ≤ y, then the error term Rα
n(ψ(y)) is

Rα,ψ
n (y) =

D(n+1)α,ψφ(ζ)

Γ((n+ 1)α + 1)
(ψ(y)− ψ(s))(n+1)α. (2.4.2)

If n is very large then accuracy of Pα
n (y) increases and if we moves away the value

of x from center then it decreases an accuracy. Hence, for the error to not exceed the
specific bound, n should be large.

Example 2.4.2. [20] We define Mittag-Leffler function with α > 0 as

Eα(ψ(y)α) ∼= Pα,ψ
n (y) =

n∑
i=0

(ψ(y))iα

Γ(iα + 1)
. (2.4.3)

And the error term is

Rα,ψ
n (y) =

Eα(ζ)

Γ((n+ 1)α + 1)
(ψ(y)− ψ(s))(n+1)α, a ≤ ζ ≤ y. (2.4.4)

Table 2.1 shows approximate values of Eα(ψ(y)α) for different values of y and α, where
N = 10 and ψ(y) = log(y3 + 1).

Example 2.4.3. [20] The wright function with α and β is defined as

W (ψ(y);α, β) =
∞∑
k=0

(ψ(y))k

k!Γ(αk + β)
. (2.4.5)

And the error term is

Rα
n(ψ(y)) =

(−1)nW (−ζα,−α, 1)

Γ((n+ 1)α + 1)
(ψ(y)− ψ(s))(n+1)α, a ≤ ζ ≤ y. (2.4.6)
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y α = 0.2 α = 0.4 α = 0.6 α = 0.8 α = 1.0

0.0 1 1 1 1 1

0.5 2.9634 1.7751 1.3948 1.2189 1.1250

1.0 7.3820 4.2731 3.0152 2.3811 1.9999

1.5 14.2812 10.0606 7.0381 5.3813 4.3749

2.0 21.9231 19.7650 14.6433 11.1718 8.9998

2.5 29.3865 32.9640 26.6548 20.6581 16.6221

3.0 36.4042 48.9563 43.4934 34.6517 27.9806

Table 2.1: Approximations for different values of y and α.

2.5 Fractional power series expansion

The work in this section is generalization of work presented in [20], we introduce a new
definition of fractional power series with respect to a function which will be very helpful
in demonstrating the general form of generalized Taylor’s theorem which contains ψ-
Caputo’s definition of fractional derivative. Also we discuss some important theorems
and results. We will present the results for convergent of the series and the remainder
theorem of error bound.

Definition 2.5.1. A ψ-fractional power series expansion about ψ(y) = ψ(y0) is defined
as

∞∑
k=0

p−1∑
q=0

ckq(ψ(y)− ψ(y0))q+kα, 0 ≤ p− 1 < α ≤ p, y ≥ y0. (2.5.1)

where ψ(y) is a function and ckq’s are constants. For a special case, when ψ(y0) = 0, then

the expansion
∑∞

k=0

∑p−1
q=0 ckq(ψ(y)−ψ(y0))q+kα is called fractional Maclaurin series. If we

write a term corresponding to k = 0 and q = 0 in Eq (2.5.1) we have (ψ(y)−ψ(y0))0 = 1
even when ψ(y) = ψ(y0). Now we discuss the convergence and divergence of ψ-fractional
power series. The proof of following theorem is similar to the proof in [20].

Theorem 2.5.2. For the ψ-fractional power series
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, 0 ≤ p−1 <

α ≤ p, y ≥ 0, we have

(1) if
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, for y = a > 0 converges, then it converges for 0 ≤ y <

a,

(2) if
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, for y = e > 0 diverges, then it diverges for y > e.

Proof. We can write ψ-fractional power series as
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα as∑∞

k=0 δn(y)(ψ(y))kα, y ≥ 0 where δn(y) =
∑p−1

q=0 ckq(ψ(y))q.

To prove the first part, we assume that
∑∞

k=0

∑p−1
q=0 ckq(ψ(a))q+kα converges for a > 0 and

ψ(a) > 0. Then we can say that limn→∞
∑p−1

q=0 ckq(ψ(a))q+kα = limn→∞ δn(a)(ψ(a))kα =
0. According to the defination of limit of function with ε = M1/M2, where M1 =
min| δn(y) |: 0 ≤ y ≤ a and M2 = max| δn(y) |: 0 ≤ y ≤ a, there is a positive integer
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N such that | δn(a)(ψ(a))kα |< ε, we have

|
∑p−1

q=0 ckq(ψ(y))q+kα| = |δn(y)(ψ(y))kα| ≤M2|ψkα| = | (ψ(a))kαδn(a)(ψ(y))kα

(ψ(a))kαδn(a)
| < |ψ(y)

ψ(a)
|kα M1

|δn(a)| ≤
|(ψ(y)
ψ(a)

)α|k.
Again, if 0 ≤ y < a, then |ψ(y)/ψ(a)|α < 1 and

∑∞
k=N |ψ(y)/ψ(a)|α is called as geometric

series and also convergent. So the series
∑∞

k=N |
∑p−1

q=0 ckq(ψ(y))q+kα| is convergent by the
comparison test. So series converges absolutely.
To prove the second part, we consider that

∑∞
k=0

∑p−1
q=0 ckq(ψ(e))q+kα is divergent. Now,

if we have any function ψ(y) such that y > e > 0, then
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα can-

not converge by part (1), the convergence of
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα depends on the

convergence of
∑∞

k=0

∑p−1
q=0 ckq(ψ(e))q+kα. Therefore,

∑∞
k=0

∑p−1
q=0 ckq(ψ(y))q+kα diverges

whenever y > e.

Theorem 2.5.3. For the ψ-fractional power series
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, 0 ≤ p−1 <

α ≤ p, y ≥ 0, then we have

(1) If y = 0, only then it is convergent

(2) For all y ≥ 0, it is also convergent series

(3) If there exists a positive number R then the series is convergent for 0 ≤ y < R and
divergent if y > R, where R is radius of convergence

Proof. For the proof of first part, consider a series
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, if y = 0

then ψ(0) = 0 and R = 0, so series converges for y = 0.
For the proof of second part, consider a series

∑∞
k=0

∑p−1
q=0 ckq(ψ(y))q+kα, R = limn→∞| anan+1

| =
ckq

c(k+1)q
as k →∞ , R→∞. So series converges for y ≥ 0.

Now, we prove third part as follows: assume that case (1) and (2) are not true. Then there
exist numbers a and e which are non-zero such that the series

∑∞
k=0

∑p−1
q=0 ckq(ψ(y))q+kα is

convergent for y = a and divergent for y = e. Therefore, the set S={y
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα

is convergent} is non-empty. By Theorem (2.5.2), the series is divergent if y > e, so
0 ≤ y ≤ e for all y ∈ S. We can say that e is an upper bound for S. Thus by complete-
ness axiom , the series

∑∞
k=0

∑p−1
q=0 ckq(ψ(y))q+kα converges.

Theorem 2.5.4. Suppose that ψ-fractional power series
∑∞

k=0

∑p−1
q=0 ckq(ψ(y))q+kα, 0 ≤

p − 1 < α ≤ p has a radius of convergence R > 0. If a function φ is defined as φ(y) =∑∞
k=0

∑p−1
q=0 ckq(ψ(y))q+kα, 0 ≤ p− 1 < α ≤ p, 0 ≤ y < R, then the following hold:

Dα,ψ
0 φ(y) = c10Γ(1 + α) + c11Γ(2 + α)ψ(y) + · · ·+ c1(p−1)

Γ(p+ α)

Γ(p)
(ψ(y))p−1

+c20
Γ(1 + 2α)

Γ(1 + α)
(ψ(y))α + c21

Γ(2 + 2α)

Γ(2 + α)
(ψ(y))1+α + c2(p−1)

Γ(p+ 2α)

Γ(p+ α)
(ψ(y))p−1+α

+ · · · =
∞∑
k=0

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)
(ψ(y))q+(k−1)α,

(2.5.2)
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Dψ
0D

α,ψ
0 φ(y) = c11Γ(2 + α) + c12Γ(3 + α)ψ(y) + · · ·+ c1(p−1)

Γ(p+ α)

Γ(p− 1)
(ψ(y))p−2+

c20
Γ(1 + 2α)

Γ(α)
(ψ(y))α−1 + c21

Γ(2 + 2α)

Γ(1 + α)
(ψ(y))α + c2(p−1)

Γ(p+ 2α)

Γ(p+ α− 1)
(ψ(y))p−2+α + · · ·

=

p−1∑
q=1

c1j
Γ(q + α + 1)

q
(ψ(y))q−1 +

∞∑
k=2

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)
(ψ(y))q−1+(k−1)α.

(2.5.3)

Proof. From the defination (1.4.9), we know that

cD
α,ψ
a φ(y) =

1

Γ(p− α)

∫ y

0

(ψ(y)− ψ(s))p−α−1ψ′(s)Dp,ψφ(s)ds

=
1

Γ(p− α)

∫ y

0

(ψ(y)− ψ(s))p−α−1ψ′(s)

(
1

ψ′(s)

dp

dsp

∞∑
k=0

p−1∑
q=0

ckq(ψ(s))q+kα

)
ds

=
1

Γ(p− α)

∫ y

0

(ψ(y)− ψ(s))p−α−1ψ′(s)

(
∞∑
k=0

p−1∑
q=0

ckq
1

ψ′(s)

dp

dsp
(ψ(s))q+kα

)
ds

=
∞∑
k=0

p−1∑
q=0

ckq
1

Γ(p− α)

∫ y

0

(ψ(y)− ψ(s))p−α−1ψ′(s)

(
1

ψ′(s)

dp

dsp
(ψ(s))q+kα

)
ds.

By using the substitution w = ψ(s)
ψ(y)

and dw = ψ′(s)
ψ(y)

ds, and solving the above integral, we
get,

Dα,ψ
0 φ(y) =

∞∑
k=0

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)
(ψ(y))q+(k−1)α.

To proceed the proof, we use definition of ordinary derivative

D1,ψDα,ψ
0 φ(y) =

1

ψ′(y)

d

dy

∞∑
k=0

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)
(ψ(y))q+(k−1)α,

=
1

ψ′(y)

d

dy

(
p−1∑
q=0

c1q
Γ(q + α + 1)

Γ(q + 1)
(ψ(y))q +

∞∑
k=2

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)
(ψ(y))q+(k−1)α

)
,

=
1

ψ′(y)

(
p−1∑
q=0

c1q
Γ(q + α + 1)

Γ(q + 1)

d

dy
((ψ(y))q +

∞∑
k=2

p−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α + 1)

d

dy
(ψ(y))q+(k−1)α

)
,

=

p−1∑
q=1

c1q
Γ(q + α + 1)

Γ(q)
(ψ(y))q−1 +

∞∑
k=2

k−1∑
q=0

ckq
Γ(q + kα + 1)

Γ(q + (k − 1)α)
(ψ(y))q−1+(k−1)α.

So, we get the desired result.

Theorem 2.5.5. Let φ has a ψ-fractional power series representation at ψ(y) = ψ(y0)
of the form

φ(y) =
∞∑
k=0

p−1∑
q=0

ckq(ψ(y)− ψ(y0))q+kα, 0 ≤ p− 1 < α ≤ p, y0 ≤ y < y0 +R. (2.5.4)
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If φ(y) ∈ C[y0, y0 + R), Dkα
y0
φ(y) ∈ C(y0, y0 + R), and we can differentiate Dkα

y0
φ(y),

(p − 1)-times on (y0, y0 + R) for k = 0, 1, 2, 3... where 0 ≤ p − 1 < α ≤ p. Then the
coefficients ckq are given by formula

ckq =
Dq,ψ
y0
Dkα,ψ
y0

φ(y0)

Γ(q + kα + 1)
, k = 0, 1, 2, · · · , q = 0, 1, 2, · · · , p− 1

Proof. Assume that φ is a function denoted by ψ-fractional power series (2.5.1). We notice
that, if we put ψ(y) = ψ(y0) in Eq (2.5.4), then all terms after the first are vanishing,
and we get φ(y0) = c00. From the result of Eq. (2.5.2), we can write

Dα,ψ
0 φ(y) =c10Γ(1 + α) + c11Γ(2 + α)(ψ(y)− ψ(y0)) + · · ·+ c1(p−1)

Γ(p+ α)

Γ(p)
(ψ(y)− ψ(y0))p−1

+c20
Γ(1 + 2α)

Γ(1 + α)
(ψ(y)− ψ(y0))α + c21

Γ(2 + 2α)

Γ(2 + α)
(ψ(y)− ψ(y0))1+α

+c2(p−1)
Γ(p+ 2α)

Γ(p+ α)
(ψ(y)− ψ(y0))p−1+α + · · · .

(2.5.5)

The substitution ψ(y) = ψ(y0) in Eq (2.5.5) gives c10 =
Dα,ψy0 φ(y0)

Γ(1+α)
. Again, from the result

of Eq (2.5.3), we can write

D1,ψDα,ψ
0 φ(y) = c11Γ(2 + α) + c12Γ(3 + α)(ψ(y)− ψ(y0)) + · · ·

+c1(p−1)
Γ(p+ α)

Γ(p− 1)
(ψ(y)− ψ(y0))p−2 + c20

Γ(1 + 2α)

Γ(α)
(ψ(y)− ψ(y0))α−1

+c21
Γ(2 + 2α)

Γ(1 + α)
(ψ(y)− ψ(y0))α + c2(p−1)

Γ(p+ 2α)

Γ(p+ α− 1)
(ψ(y)− ψ(y0))p−2+α + · · · .

(2.5.6)

Again substitution ψ(y) = ψ(y0) in Eq. (2.5.6) gives c11 =
Dψy0D

α,ψ
y0

f(y0)

Γ(2+α)
. Now applying

operator Dψ
y0

one more time on Eq (2.5.6), we obtain

D2,ψ
0 Dα,ψ

0 φ(y) =c12Γ(3 + α) + · · ·+ c1(p−1)
Γ(p+ α)

Γ(p− 2)
(ψ(y)− ψ(y0))p−3

+c20
Γ(1 + 2α)

Γ(α− 1)
(ψ(y)− ψ(y0))α−2 + c21

Γ(2 + 2α)

Γ(α)
(ψ(y)− ψ(y0))α−1 + · · ·

+c2(p−1)
Γ(p+ 2α)

Γ(p+ α− 2)
(ψ(y)− ψ(y0))p−3+α + · · · .

(2.5.7)

Again using substitution ψ(y) = ψ(y0) in Eq. (2.5.7) , we get c12 =
D2,ψ
y0

Dα,ψy0 φ(y0)

Γ(3+α)
. As we

can see that successive pattern is developed. If we pursue to operate Dy0 , qth times with
q ≤ p− 1 and then use the substitution ψ(y) = ψ(y0). We can get the first qth coefficient

as c1q =
Dq,ψy0 Dα,ψy0 φ(y0)

Γ(q+α+1)
, q = 0, 1, 2, · · · , p− 1. Now, we develop the successive pattern form
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for the second qth coefficient c2q. For this purpose, we apply the operator D2α,ψ
y0

, we get
the following result

D2α,ψ
0 φ(y) =c20Γ(1 + 2α) + c21Γ(2 + 2α)(ψ(y)− ψ(y0)) + · · ·

+c2(p−1)
Γ(p+ 2α)

Γ(p)
(ψ(y)− ψ(y0))p−1+α + · · · .

(2.5.8)

By substituting ψ(y) = ψ(y0) in Eq. (2.5.8) , we get c20 =
D2α,ψ
y0

φ(y0)

Γ(1+2α)
. Again applying

the operator Dy0 on Eq (2.5.8) and then substituting ψ(y) = ψ(y0) in resulting formula

,we will obtain c21 =
D2α,ψ
y0

φ(y0)

Γ(2+2α)
. Anyway, if we pursue to operate Dy0 qth-times with

q ≤ p − 1 and then substitute ψ(y) = ψ(y0), we can have second qth coefficient as

c2q =
Dq,ψy0 D2α,ψ

y0
φ(y0)

Γ(q+2α+1)
, q = 0, 1, 2, · · · , p − 1 As a result, we develop general successive pat-

tern form completely. If we apply Dq,ψDkα
y0

Eq (2.5.4) we can find the qth coefficient of

ckq which is given by the form of ckq =
Dq,ψy0 Dkα,ψy0

φ(y0)

Γ(q+kα+1)
, k = 0, 1, 2, · · · q = 0, 1, 2, · · · , p− 1.

Substituting in series representation Eq. (2.5.4) then we can see that φ has ψ-fractional
power series expansion at ψ(y) = ψ(y0), then it’s discretized form will be: φ(y) =∑∞

k=0

∑p−1
q=0

Dq,ψy0 Dkα,ψy0
φ(y0)

Γ(q+kα+1)
(ψ(y)−ψ(y0))q+kα, 0 ≤ p− 1 < α ≤ p, y0 ≤ y < y0 +R.

Lemma 2.5.6. Suppose that φ(y) ∈ C[y0, y0 +R), Dkα
y0
φ(y) ∈ C(y0, y0 +R), and we can

differentiate Dkα
y0
φ(y) for (p− 1)-times on (y0, y0 +R) for k = 0, 1, 2, 3, · · · ,m+ 1 where

0 ≤ p− 1 < α ≤ p. Then

I
(m+1)α,ψ
y0 D

(m+1)α,ψ
y0 φ(y) = φ(y)−

∑m
k=0

∑p−1
q=0

Dq,ψy0 Dkα,ψy0
φ(y0)

Γ(q+kα+1)
(ψ(y)−ψ(y0))q+kα, 0 ≤ p−1 <

α ≤ p, y0 ≤ y < y0 +R.

Proof. By using the properties of operator, we have

I(m+1)α,ψ
y0

D(m+1)α,ψ
y0

φ(y) = Imα,ψy0

((
Iα,ψy0

Dα,ψ
y0

)
Dmα,ψ
y0

φ(y)
)

= Imα,ψy0

((
Ip,ψy0 D

p,ψ
y0

)
Dmα,ψ
y0

φ(y)
)

=Imα,ψy0

(
Dmα,ψ
y0

φ(y)−
p−1∑
q=0

Dj,ψDmα,ψ
y0

φ(y0)

q!
(ψ(y)− ψ(y0))q

)

=Imα,ψy0
Dmα,ψ
y0

φ(y)− Imα,ψy0

(
p−1∑
q=0

Dq,ψDmα,ψ
y0

φ(y0)

q!
(ψ(y)− ψ(y0))q

)

=I(m−1)α,ψ
y0

((
Ip,ψy0 D

p,ψ
y0

)
D(m−1)α,ψ
y0

φ(y)
)
−

(
p−1∑
q=0

Dq,ψDmα,ψ
y0

φ(y0)

Γ(q +mα + 1)
(ψ(y)− ψ(y0))q+mα

)

=I(m−1)α,ψ
y0

(
D(m−1)α,ψ
y0

φ(y)−
p−1∑
q=0

Dq,ψD
(m−1)α,ψ
y0 φ(y0)

q!
(ψ(y)− ψ(y0))q

)

−

(
p−1∑
q=0

Dq,ψDmα,ψ
y0

φ(y0)

Γ(q +mα + 1)
(ψ(y)− ψ(y0))q+mα

)
.

By repeating this process for m-times, we can get the desired result.
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Theorem 2.5.7. If | D(n+1)α
y0 φ(y) |≤ M on y0 ≤ y ≤ e, where n − 1 < α ≤ n, then the

remainder Rn(y) satisfies the inequality of the general form of generalized Taylor’s series
with respect to a function

| Rn(y) |≤ M

Γ((n+ 1)α + 1)
(ψ(y)− ψ(y0))(n+1)α, y0 ≤ y ≤ e

Proof. From theorem (2.3.3), we know that

Rn(y) =
D

(n+1)α,ψ
a φ(y)(ψ(y)− ψ(a))(n+1)α

Γ((n+ 1)α + 1)

And given that | D(n+1)α
y0 φ(y) |≤ M , So from the defination of upper bound we can say

that

| Rn(y) |≤ M

Γ((n+ 1)α + 1)
(ψ(y)− ψ(y0))(n+1)α, y0 ≤ y ≤ e.

2.6 Series solutions by fractional Taylor series

In this section, we use generalized Taylor’s formula with respect to a function to find
series solution. This is a very useful method and can be used to find series solutions of
many ψ-fractional differential equations with non-constant coefficient.

Example 2.6.1. Consider an initial value problem

Dα,ψ
0 φ(y) = λφ(y), φ(0) = φ0, 0 < α ≤ 1, λ ∈ R. (2.6.1)

Let the solution is of the form

φ(y) =
∞∑
k=0

ck
(ψ(y))kα

Γ(kα + 1)
. (2.6.2)

By the definition (1.4.9), we achieve

Dα,ψ
0 φ(y) =

∞∑
k=1

ck
(ψ(y))(k−1)α

Γ((k − 1)α + 1)
. (2.6.3)

Substituting (2.6.2) and (2.6.3) into (2.6.1) yields

∞∑
k=0

ck+1
(ψ(y))kα

Γ(kα + 1)
− λ

∞∑
k=0

ck
(ψ(y))kα

Γ(kα + 1)
= 0.

Equating the coefficients of (ψ(y))kα to zero, we get

ck+1 = λck, (c0 = φ0),
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this yields:
ck = λkφ0.

Substituting value of ck in Eq (2.6.2), we obtain the solution:

φ(y) = φ0

∞∑
k=0

λk
(ψ(y))kα

Γ(kα + 1)
,

= φ0Eα(λψ(y)α),

where Eα(ψ(y)) is a Mittag-Leffler function.

Example 2.6.2. Consider an initial value problem

D2α,ψ
0 φ(y) +Dα,ψ

0 φ(y)− 2φ(y) = 0. (2.6.4)

Let the solution is of the form

φ(y) =
∞∑
k=0

ck
(ψ(y))kα

Γ(kα + 1)
. (2.6.5)

By the definition (1.4.9), we obtain

Dα,ψ
0 φ(y) =

∞∑
k=1

ck
(ψ(y))(k−1)α

Γ((k − 1)α + 1)
. (2.6.6)

and

D2α,ψ
0 φ(y) =

∞∑
k=2

ck
(ψ(y))(k−2)α

Γ((k − 2)α + 1)
. (2.6.7)

Substituting all these values in (2.6.4) yields

∞∑
k=0

(ck+2 + ck+1 − ck)
(ψ(y))kα

Γ(kα + 1)
= 0.

Equating coefficients of ψ(y)kα to zero and identifying coefficients , we obtain

ck+2 = 2ck − ck+1. (2.6.8)

Therefore, we obtain following solutions

φ1(y) =c0

(
1 +

2

Γ(2α + 1)
(ψ(y))2α − 2

Γ(3α + 1)
(ψ(y))3α +

6

Γ(4α + 1)
(ψ(y))4α

− 10

Γ(5α + 1)
(ψ(y))5α + · · ·

)
,

φ2(y) =c1

(
1

Γ(α + 1)
(ψ(y))α − 1

Γ(2α + 1)
(ψ(y))2α +

3

Γ(3α + 1)
(ψ(y))3α

− 5

Γ(4α + 1)
(ψ(y))4α + · · ·

)
.

A family of solutions of 2.6.4 is given by

φ(y) = c0φ1(y) + c1φ2(y), c0, c1 ∈ R.
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2.7 Series solutions by fractional power series.

In this section, we use the ψ-fractional power series to solve two linear fractional differ-
ential equations with nonhomogeneous initial conditions at ordinary derivatives.

Example 2.7.1. Consider the following homogeneous FDE:

Dα
y0
φ(y) = λφ(y), p− 1 < α ≤ p, y ≥ y0 (2.7.1)

subject to the nonhomogeneous initial equations

φ(j)(y0) = δj, j = 0, 1, 2, 3, · · · , p− 1. (2.7.2)

where δj and λ are real constants.

Assume that solution has a form,

φ(y) =
∞∑
k=0

p−1∑
q=0

ckq
Γ(q + kα + 1)

(ψ(y)− ψ(y0))q+kα, 0 ≤ p− 1 < α ≤ p, y0 ≤ y < y0 +R.

(2.7.3)
where ckq = Dq

y0
Dkα
y0
φ(y0), k = 0, 1, 2, 3, · · · , q = 0, 1, 2, 3, · · · , p − 1. From Eq. (2.5.2),

one can obtain

Dα
y0
φ(y) =

∞∑
k=1

p−1∑
q=0

ckq
Γ(q + (k − 1)α + 1)

(ψ(y)− ψ(y0))q+(k−1)α

=
∞∑
k=0

p−1∑
q=0

c(k+1)q

Γ(q + kα + 1)
(ψ(y)− ψ(y0))q+kα.

(2.7.4)

By using the expansion formulas of Eq. (2.7.3) and (2.7.4) in both sides of Eq(2.7.1), we
have

∞∑
k=0

p−1∑
q=0

c(k+1)q

Γ(q + kα + 1)
(ψ(y)− ψ(y0))q+kα = λ

∞∑
k=0

p−1∑
q=0

ckq
Γ(q + kα + 1)

(ψ(y)− ψ(y0))q+kα.

Equating the coefficients of (ψ(y)− ψ(y0))q+kα in above equation will lead us to:

c(k+1)q = λc(kq), k = 0, 1, 2, 3, · · · , q = 0, 1, 2, 3, · · · , p− 1.

Using the initial conditions of Eq (2.7.2), we can get c0q = δq, q = 0, 1, 2, 3, ..., p−1. Thus,
the recurrence relation can be written as

ckq = λkδq, k = 0, 1, 2, · · · q = 0, 1, 2, · · · , p− 1.

Now, put value of ckq in Eq (2.7.3) to formulate the solution of Eq (2.7.1) and (2.7.2) in
the form

φ(y) =
∞∑
k=0

p−1∑
q=0

λkδq
Γ(q + kα + 1)

(ψ(y)− ψ(y0))q+kα
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Remark 2.7.2. If we consider a special case 0 < α ≤ 1, then series solution of Eq (2.7.1)
and (2.7.2) will be

φ(y) = δ0

∞∑
k=0

λk

Γ(kα + 1)
(ψ(y)− ψ(y0))kα, y ≥ y0.

In terms of Mittag-Leffler function

φ(y) = δ0Eα(λ(ψ(y)− ψ(y0))α).

Example 2.7.3. Consider the following homogeneous fractional differential equation:

Dα
0φ(y) = tφ′(y), 1 < α ≤ 2, y ≥ 0, (2.7.5)

with nonhomogeneous initial conditions

φ(0) = δ0, φ′(0) = δ1, (2.7.6)

where δ0 and δ1 are real finite constants. We assume the solutions of Eq (2.7.5) and
(2.7.6) is of the form

φ(y) =
∞∑
n=0

1∑
j=0

cnj
Γ(j + nα + 1)

(ψ(y))j+nα. (2.7.7)

And the ordinary and fracional derivatives can be obtained as follows,

φ′(t) =c01 +
∞∑
k=1

1∑
q=0

ckq
Γ(q + kα)

(ψ(y))q−1+kα, (2.7.8)

Dα
y0
φ(y) =

∞∑
k=1

1∑
q=0

ckq
Γ(q + (k − 1)α + 1)

(ψ(y))q+(k−1)α =
∞∑
k=0

1∑
q=0

c(k+1)q

Γ(q + kα + 1)
(ψ(y))q+kα.

(2.7.9)

Substituting above values in Eq. (2.7.5), yields that

(a1 + b1y) +
∞∑
k=1

(
ak+1

Γ(1 + kα)
(ψ(y))kα +

bk+1

Γ(2 + kα)
(ψ(y))1+kα

)
=b0y +

∞∑
k=1

(
ak

Γ(kα)
(ψ(y))kα +

bk
Γ(1 + kα)

(ψ(y))1+kα

) (2.7.10)

where ak = ck0 and ak = ck1. By equating coefficients of (ψ(y))kα and (ψ(y))1+kα in
both sides of above equation, we get recursively the following results: a0 = φ(0) = δ0,
b0 = φ′(0) = δ1.a1 = 0, b1 = δ1,and ak+1 = (kα)ak, bk+1 = (1 + kα)bk, k = 1, 2, · · · . That

is, a0 = δ0, b0 = δ1, ak = 0, k = 1, 2, · · · , and bk = δ1

∏k
q=1(1+(q−1)α)bk, k = 1, 2, · · · .

If we substitute these values back in Eq (2.7.7), the we have

φ(y) = δ0 + δ1t+ δ1

∞∑
k=0

(
k∏
q=1

(1 + (q − 1)α)

)
1

Γ(2 + kα)
(ψ(y))1+kα.
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Chapter 3

Taylor-operational matrices method

In this chapter, Taylor series method is developed for approximations. In this method,
the solution is approximated by ψ-Taylor basis vector. Moreover, Taylor operational
matrix of integration for ψ-fractional differential equation is provided. We use Taylor
basis operational matrix of ψ-fractional integration for solving ψ-fractional ordinary and
partial differential equations which reduces the ψ-fractional partial differential equation
to a special type of algebraic equation called as Sylvester equation.

3.1 Generalization of Taylor series method for ψ-

fractional differential equations

Since the motivation is to find numerical solutions. For this purpose, we use Taylor’s
method. The ψ-Taylor basis vector is given by

Tψn (t) = [1, ψ(t), (ψ(t))2, · · · , (ψ(t))n]T ,

where n is a positive integer. The ψ-fractional integration Iα,ψa of a Taylor vector is

Iα,ψ0 Tψn (t)

=

[
Γ(1)

Γ(α + 1)
(ψ(t))α,

Γ(2)

Γ(α + 2)
(ψ(t))1+α,

Γ(3)

Γ(α + 3)
(ψ(t))2+α, · · · , Γ(n+ 1)

Γ(α + n+ 1)
(ψ(t))n+α

]T
.

(3.1.1)

We can write Eq (3.1.1) as

Iα,ψ0 Tψn (t) = [a0(ψ(t))α, a1(ψ(t))1+α, a2(ψ(t))2+α, ..., an(ψ(t))n+α]T , (3.1.2)
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where an := Γ(n+1)
Γ(α+n+1)

(ψ(t))n+α, n = 0, 1, 2, · · · , n. We can write Eq (3.1.2) in the matrix

form:

Iα,ψ0 Tψn (t) =



a0(ψ(t))α

a1(ψ(t))1+α

a2(ψ(t))2+α

...

an(ψ(t))n+α


=



a0l0(t)

a1l1(t)

a2l2(t)
...

anln(t)


, (3.1.3)

where ln(t) := (ψ(t))n+α. Now, rewrite matrix in Eq (3.1.3) as

Iα,ψ0 Tψn (t) =



a0 0 0 · · · 0

0 a1 0 · · · 0

0 0 a2 · · · 0
...

...
. . .

...

0 0 0 · · · an





l0(t)

l1(t)

l2(t)
...

ln(t)


. (3.1.4)

We can write Eq (3.1.4) as

Iα,ψ0 Tψn (t) = AL(t), (3.1.5)

where A =



a0 0 0 · · · 0

0 a1 0 · · · 0

0 0 a2 · · · 0
...

...
. . .

...

0 0 0 · · · an


and L(t) =



l0(t)

l1(t)

l2(t)
...

ln(t)


.

Now, we have to calculate L(t). For this purpose, we approximate ln(t) as:

ln(t) =
m∑
j=0

wnjT
ψ
j (t),

where Tψj (t) = ψ(t)j. Now,

l0(t)

l1(t)

l2(t)
...

ln(t)


=



∑n
j=0 w0jT

ψ
j (t)∑n

j=0 w1jT
ψ
j (t)∑n

j=0 w2jT
ψ
j (t)

...∑n
j=0 wmjT

ψ
j (t)


=



w00T
ψ
0 + w01T

ψ
1 + · · ·+ w0nT

ψ
n

w10T
ψ
0 + w11T

ψ
1 + · · ·+ w1nT

ψ
n

w20T
ψ
0 + w21T

ψ
1 + · · ·+ w2nT

ψ
n

...

wn0T
ψ
0 + wn1T

ψ
1 + · · ·+ wnnT

ψ
mn


.

Rewrite the above matrix, we have

l0(t)

l1(t)

l2(t)
...

ln(t)


=



w00 w01 · · · w0n

w10 w11 · · · w1n

w20 w21 · · · w2n

...
...

. . .
...

wn0 wn1 · · · wnn





Tψ0 (t)

Tψ1 (t)

Tψ2 (t)
...

Tψn (t)


(3.1.6)
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We write this as
L(t) = WTψ(t), (3.1.7)

where L(t) =



l0(t)

l1(t)

l2(t)
...

ln(t)


, W =



w00 w01 · · · w0n

w10 w11 · · · w1n

w20 w21 · · · w2n

...
...

. . .
...

wn0 wn1 · · · wnn


and Tψ(t) =



Tψ0 (t)

Tψ1 (t)

Tψ2 (t)
...

Tψn (t)


, where W is

called a vandermonde matrix. Now using Eq (3.1.7) in Eq (3.1.5), we get

Iα,ψ0 Tψn (t) = AWTψ(t) = Mα,ψTψ(t). (3.1.8)

The matrix Mα,ψ is called a ψ-Taylor basis operational matrix of fractional integration.

3.1.1 Development of the method

The generalized ψ-Taylor series method is developed to find the approximations of ψ-
fractional order differential equations. In this section, we develop the main idea of using
ψ-Taylor basis matrix to solve ψ-fractional differential equations. For this purpose, we
consider

Dα,ψ
0 φ(t) + λ1D

β,ψ
0 φ(t) + λ2φ(t) = f(t) (3.1.9)

with initial conditions φ(0) = φ0 and D1,ψφ(0) = φ1. Approximating the highest order
derivative term by ψ-Taylor polynomial as

Dα,ψ
0 φ(t) ∼= CTTψ(t). (3.1.10)

Apply Iα,ψ0 on (3.1.10) and using (1.4.8), we have

φ(t)− φ(0)−D1,ψφ(0)(ψ(t)− ψ(0)) = CT Iα,ψ0 Tψ(t). (3.1.11)

Using initial conditions

φ(t) ∼= CTMα,ψTψ(t) + φ0 + φ1(ψ(t)− ψ(0)), (3.1.12)

where Mα,ψ is an integration matrix. Now applying Dβ,ψ
0 on Eq (3.1.12)

Dβ,ψ
0 φ(t) = CTDβ,ψ

0 Mα,ψTψ(t) + φ1D
β,ψ
0 (ψ(t)− ψ(0)). (3.1.13)

Note that

Dβ,ψ
0 Mα,ψTψ(t) =Dβ,ψ

0 Iα,ψ0 Tψ(t)

=Dβ,ψ
0 Iβ,ψ0 (Iα−β,ψ0 )Tψ(t).

Thus
Dβ,ψ

0 Mα,ψTψ(t) = Iα−β,ψ0 Tψ(t). (3.1.14)

Also

Dβ,ψ
0 (ψ(t)− ψ(0)) =

1

Γ(2− β)
(ψ(t)− ψ(0))1−β. (3.1.15)

45



Now using Eq (3.1.14) and (3.1.15) in Eq (3.1.13), we get

Dβ,ψ
0 φ(t) = CT Iα−β,ψ0 Tψ(t) +

φ1

Γ(2− β)
(ψ(t)− ψ(0))1−β. (3.1.16)

Substituting equations (3.1.10), (3.1.12), (3.1.16) in (3.1.9) we get

CTTψ(t)+λ1

(
CT Iα−β,ψ0 Tψ(t) +

φ1

Γ(2− β)
(ψ(t)− ψ(0))1−β

)
+λ2(CTMα,ψTψ(t) + φ0 + φ1(ψ(t)− ψ(0)) = f(t)

CTTψ(t)+λ1C
T Iα−β,ψ0 Tψ(t) + λ2C

T Iα,ψ0 Tψ(t)

=f(t)− λ1
φ1

Γ(2− β)
(ψ(t)− ψ(0))1−β − λ2(φ0 + φ1(ψ(t))− ψ(0)).

We can write above equation as

CT (I + λ1C
T Iα−β,ψ0 + λ2C

T Iα,ψ)Tψ(t) = G(t), (3.1.17)

where

G(t) = f(t)− λ1
φ1

Γ(2− β)
(ψ(t)− ψ(0)1−β)− λ2(φ0 + φ1(ψ(t))− ψ(0)).

Thus, in matrix notation, we have
CTQ = G, (3.1.18)

where Q = I + λ1C
T Iα−β,ψ + λ2C

T Iα,ψ. and G(t) = f(t) − λ1
φ1

Γ(2−β)
(ψ(t) − ψ(0))1−β −

λ2(φ0 + φ1(ψ(t)) − ψ(0)). Solving Eq (3.1.18) for CTand using it in Eq (3.1.12) gives a
numerical solution of Eq (3.1.9).

3.2 Error Analysis

We present error analysis and convergence analysis for the proposed numerical method
for solving ψ-fractional differential equations. For this purpose, we state the following
results.

Theorem 3.2.1. Let φ0(t) be the best approximation of φ and φ ∈ Cm+1[0, 1] then

‖φ− φ0‖ ≤
M(ψ(1))2m+3

(m+ 1)!

√
1

2m+ 3
, (3.2.1)

where M = sup
t∈[0,1]

∥∥∥D(m+1),ψ
0 φ

∥∥∥.
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Proof. Since φ(t) ∈ Cm+1[0, 1]. By Taylor’s Theorem 2.2.1,

φ(t) = φ0(t) +Rm(t).

where φ0(t) =
∑n

m=0
(ψ(t))m

Γ(m+1)
and Rm(t) = D

(m+1),ψ
a φ(η)(ψ(t))m+1

Γ(m+2)
.

Since M = sup
t∈[0,1]

∥∥D(m+1),ψφ
∥∥, we have

|φ(t)− φ0(t)| ≤ M

(m+ 1)!
(ψ(t))m+1.

By using the defination of norm, we have

‖φ(t)− φ0(t)‖2 ≤ M2

(m+ 1)!2
(ψ(1))2m+3

2m+ 3
. (3.2.2)

Taking square root on both sides, we get the desired result.

3.3 Numerical Illustrations

In this segment, we present the implementation of newly developed numerical method
based on the operational matrix of fractional integration for ψ-Taylor series method. In
order to show the effectiveness of the method, four numerical illustrations are considered.
In the first example, we present the numerical approximation of a fractional integral of a
function.

Example 3.3.1. (Fractional Integration) Consider the function

φ(t) = (ψ(t))β+1 − (ψ(t))β, (3.3.1)

where t ∈ [0, 1] and ψ(t) =
√
t. The exact integral of Eq (3.3.1) is

Iα,ψ0 φ(t) =
Γ(β + 2)

Γ(β + α + 2)
(ψ(t))β+α+1 − Γ(β + 1)

Γ(β + α + 1)
(ψ(t))β+α. (3.3.2)

For the numerical evaluation of fractional integral, we approximate φ as

φ(t) ∼=
m∑
i=0

ciT
ψ(t). (3.3.3)

Applying fractional integration on Eq (3.3.3), we get

Iα,ψ0 φ(t) ∼= CT Iα,ψTψ(t). (3.3.4)

From Eq (3.3.4)

Iα,ψ0 φ(t) ∼= CTMα,ψTψ(t),

where Mα,ψ is an integration matrix.
Eq (3.3.4) in vector notation can be written as Φ(t) = CTTψ(t). Thus the numerical
approximation of fractional integral is

Iα,ψ0 φ(t) ∼= Φ(Tψ(t))−1Mα,ψTψ(t). (3.3.5)
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m α = 1.25 α = 1.50 α = 1.75 α = 2.0

4 0 0.0168 0.0157 0.0120

6 0 7.8142e-04 5.0177e-04 5.5597e-16

8 0 3.1123e-04 1.2698e-04 6.8820e-14

10 0 1.6122e-04 5.8177e-05 1.6517e-12

Table 3.1: Absolute errors.
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Figure 3.1: Comparison between exact and numerical values of fractional integral.

Absolute errors for different values of α and m are shown in Table 3.1. We observe that
error decreases as we decrease the value of m. Exact and numerical values of fractional
integral for function given in (3.3.1) are shown in Figure 3.1.

In the above example, we compared the exact and numerical values of fractional integral
by using a Taylor series method. Now, we consider the fractional differential equations
to solve by Taylor series method and also compare it with other methods available in the
literature.

Example 3.3.2. Consider the fractional differential equation

Dα,ψ
0 φ(t)− φ(t) = f(t), 1 < α < 2, t ∈ [0, 2] (3.3.6)

with φ(0) = 0 and D1,ψφ(0) = 0.
The exact solution of Eq (3.3.6) is φ(t) = ((ψ(t))β+1 − 1)(ψ(t) − 2)(ψ(t) − 3), where
ψ(t) =

√
t+ t. Applying fractional integral on Eq (3.3.6), we get

φ(t) = Iα,ψ0 φ(t) + Iα,ψ0 f(t). (3.3.7)

For numerical evaluation, let approximate φ is

φ(t) ∼=
m∑
i=0

ciT
ψ(t). (3.3.8)

We can write this in vector form as:

φ(t) ∼= CTTψ(t). (3.3.9)
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Now, using Eq (3.3.9) in Eq (3.3.7), we get

CTTψ(t) = Iα,ψ0 CTT (t) + Iα,ψ0 f(t) (3.3.10)

CTTψ(t) = CTMα,ψTψ(t) +G(t),

where Mα,ψ is an integration matrix and G(t) := Iα,ψ0 f(t).
In order to determine C, we can write above equation as

CT (I −Mα,ψ)Tψ = G

which can be written as
CTQ = G, (3.3.11)

where Q := (I −Mα,ψ)Tψ. Substituting value of C from Eq (3.3.11) in Eq (3.3.9), gives
the solution

φ(t) ∼= GQ−1Tψ(t).

The numerical implementation for m = 5, 6, 7, 8 are shown by their absolute errors in
Table 3.2. As we can see that error decreases by increases m. Since the exact solution in
this case is known, we compare solutions for different choices of α which are depicted in
Figure 3.2.

m α = 1.25 α = 1.50 α = 1.75 α = 2.0

5 0 2.2204e-14 0.1405 0.1436

6 0 3.0198e-14 0.0187 9.0594e-14

7 0 1.7319e-13 0.0048 3.5837e-13

8 0 2.3110e-12 7.0266e-04 1.7625e-12

Table 3.2: : Errors for different values of α and m
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Figure 3.2: Comparison of exact and numerical solution.
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Example 3.3.3. Consider the fractional differential equation

Dα,ψ
0 φ(t) + λ2Dβ,ψ

0 φ(t) = ψ(t), 1 < α < 2, 0 < β < 1, t ∈ [0, 2]. (3.3.12)

with initial conditions φ(0) = 0 and D1,ψφ(0) = 1.
When α = 2 and β = 0, the exact solution of Eq (3.3.12) is

φ(t) =

(
1

λ
− 1

λ3

)
sin(λψ(t)) +

1

λ2
ψ(t), λ > 0. (3.3.13)

When α = 2 and β = 1, the exact solution of Eq (3.3.12) is

φ(t) =
1

2λ6

(
−2λ2ψ(t)− 2e−λ

2ψ(t) + λ4(−2e−λ
2ψ(t) + (ψ(t))2 + 2) + 2

)
, λ > 0 (3.3.14)

where ψ(t) = log(x2 + x+ 1). Applying fractional integral on Eq (3.3.12), we get

φ(t) + λ2Iα−β,ψ0 φ(t) = Iα,ψ0 ψ(t). (3.3.15)

For numerical evaluation, let approximate φ as

φ(t) ∼=
m∑
i=0

ciT
ψ(t). (3.3.16)

We can write this in vector form as:

φ(t) ∼= CTTψ(t). (3.3.17)

Now, using Eq (3.3.17) in Eq (3.3.15), we get

CTTψ(t) + λ2Iα−β,ψ0 CTT (t) = Iα,ψ0 ψ(t), (3.3.18)

CTTψ(t) + CTMα,ψTψ(t) = G(t).

where Mα,ψ is an integration matrix and G(t) := Iα,ψ0 ψ(t) + .
In order to determine C, we can write above equation as

CT (I +Mα,ψ)Tψ = G

which can be written as
CTQ = G, (3.3.19)

where Q = (I +Mα,ψ)Tψ. Using value of C from Eq (3.3.19) in Eq (3.3.17) gives us the
numerical solution.

As we have ψ-fractional differential equation (3.3.12) whose exact solution is known
only in integer case. In Figure 3.3a, we have ploted the exact and numerical soltion
for α = 2, β = 0 and β = 1. Figure 3.3b shows the exact and numerical solution for
0 ≤ β ≤ 1 and 1 ≤ α ≤ 2. We observe that in the integer case(α = 2, β = 0 and β = 1),
the exact and numerical solutions are close to each other. Although the exact solution
is not availabe for fractional case, but from the behaviour of solution for integer case we
predict that method works well for fractional case.
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Figure 3.3: Comparison of exact and numerical solution.

Example 3.3.4. Consider the fractional differential equation

Dα,ψ
0 φ(t) + λ1D

β,ψ
0 φ(t) + λ2φ(t) = 5(ψ(t))4 − 7(ψ(t))2,

where φ(0) = 0 and D1,ψφ(0) = 1. And λ1 = λ2 = 1.
When α = 2 and β = 0, the exact solution of Eq (3.1.9) is

φ(t) =
1

2

(
5(ψ(t))4 − 37(ψ(t))2 +

√
2 sin(

√
2ψ(t))− 37 cos(

√
2ψ(t)) + 37

)
. (3.3.20)

When α = 2 and β = 1, the exact solution of Eq (3.3.12) is

φ(t) =5(ψ(t))4 − 20(ψ(t))3 − 7(ψ(t))2 + 134ψ(t)− 146e
−ψ(t)

2
sin(

√
3

2
ψ(t))
√

3

+120e
−ψ(t)

2 cos(

√
3

2
ψ(t))− 120,

(3.3.21)

where ψ(t) = t(t+ 1). First we approximate φ as:

Dα
0φ(t) ∼= CTTψ(t). (3.3.22)

Applying the result of (1.4.8) on (3.3.22) with initial conditions, we have

φ(t) ∼= CT Iα,ψ0 Tψ(t) + Iα,ψ0 f(t). (3.3.23)

Now Dβ,ψφ(t) can be evaluated as:

Dβ,ψ
0 φ(t) ∼= CT Iα−β,ψ0 Tψ(t) +Dβ,ψ

0 t. (3.3.24)

Substituting equations (3.3.22), (3.3.23), (3.3.24) in (3.1.9), we get

CTTψ(t) + λ1(CT Iα−β,ψ0 Tψ(t) +Dβ,ψ
0 t) + λ2(CT Iα,ψ0 Tψ(t) + Iα,ψ0 f(t)) = f(t) (3.3.25)

CTTψ(t) + λ1C
T Iα−β,ψ0 Tψ(t) + λ2C

T Iα,ψ0 Tψ(t) = f(t)− λ1D
β,ψ
0 t− λ2I

α,ψ
0 f(t). (3.3.26)
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In order to determine CT , we can write above equation as

CT (I + λ1C
T Iα−β,ψ0 + λ2C

T Iα,ψ0 )Tψ(t) = G(t), (3.3.27)

where
G(t) = f(t)− λ1D

β,ψ
0 t− λ2I

α,ψ
0 f(t).

CTQ = G (3.3.28)

where Q = I + λ1C
T Iα−β,ψ0 + λ2C

T Iα,ψ0 . and G(t) = f(t) − λ1D
β,ψ
0 t − λ2I

α,ψ
0 f(t). Using

Eq (3.3.28) in Eq (3.3.23) gives numerical solution.
In this case, exact solution is not available for the fractional case, so we first find the
solution in the integer case for α = 2, β = 0, β = 1. In Figure 3.4a, the graph shows
the exact and numerical solution for β = 0 and Figure 3.4b, shows an absolute error. In
Figure 3.5a, the graph shows the exact and numerical solution for β = 1 and Figure 3.5b
shows an absolute error. Figures 3.6 predicts the numerical solution for fractional case.
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Figure 3.4: Comparison of solutions, and absolute error for β = 0 and n = 15.
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Figure 3.5: Comparison of solutions, and absolute error for β = 1 and n = 15

Example 3.3.5. Consider the linear fractional differential equation [24]

Dα,ψ
0 φ(t) = (ψ(t))2 +

2

Γ(3− α)
(ψ(t))2−α − φ(t), 0 < α ≤ 1. (3.3.29)
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Figure 3.6: Numerical solution for 0 ≤ x ≤ 1 and 0 ≤ β ≤ 1.

with initial conditions φ(0) = 0. The exact solution of Eq (3.3.29) is φ(t) = (ψ(t))2. First,

we apply fractional integral Iα,ψ0 on Eq (3.3.29), we have

φ(t) + Iα,ψ0 φ(t) = (ψ(t))2 +
2

Γ(3 + α)
(ψ(t))2. (3.3.30)

Let approximate φ as
φ(t) ∼= CTTψ(t). (3.3.31)

Now, using Eq (3.3.31) in Eq (3.3.29), we achieve

CTTψ(t) + Iα,ψ0 CTTψ(t) = (ψ(t))2 +
2

Γ(3 + α)
(ψ(t))2 (3.3.32)

CTTψ(t) + CTMα,ψTψ(t) = G(t), (3.3.33)

where Mα,ψ is an integration matrix and G(t) := (ψ(t))2 + 2
Γ(3+α)

(ψ(t))2. To determine

C, we write Eq (3.3.33) as

CT (I +Mα,ψ)Tψ(t) = G(t),

which can be written as
CTQ = G, (3.3.34)

where Q := (I + Mα,ψ)Tψ(t). Substituting value of C from Eq (3.3.34) in Eq (3.3.31),
gives the solution.
We have compared the numerical solution obtained by our method with the method in
[24]. We show the accuracy of the method by comparing maximum absolute errors in
Table 3.3. We observe that absolute error decreases by increases m. Moreover, it is
observed that our method gives the better approximation. In Figure 3.7a, we can see
that the numerical solution has as good accuracy for ψ(x) = x as method in [24]. Also
the graphs for ψ(x) = x2 + x and ψ(x) = x3 + 1 are shown. Figure 3.7b shows the error
curves for ψ(x) = x, ψ(x) = x2 + x and ψ(x) = x3 + 1.
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m Method in [24] Presented method

6 6.4141e-4 2.7311e-12

8 5.6212e-4 1.5831e-12

10 4.4967e-4 1.1628e-12

12 4.1567e-4 2.9199e-13

14 4.0986e-4 2.6686e-13

Table 3.3: Maximum absolute errors for different choices of m.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x

0

1

2

3

4

5

E
x
a
c
t 
a
n
d
 n

u
m

e
ri
c
a
l 
s
o
lu

ti
o
n

=x

=x
2
+x

=x
3
+1

(a) Exact and numerical solution for different ψ.
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Figure 3.7: Exact and numerical solution, and error curves.

3.4 Taylor series method for ψ- fractional partial dif-

ferntial equations

In this section, our aim is to approximate the numerical solutions by using the ψ-Taylor
series method. Main objective is to approximate numerically and compare it with exact
solution. And also discuss an absolute error. We use ψ-Taylor basis operational matrix
of ψ-fractional integration derived in section (3.1).

3.4.1 Development of a method

The implementation of the method for ψ-fractional partial differential equations is the
same as ψ-fractional ordinary differential equations. The method reduces the ψ-fractional
partial differential equation to a special type of system of algebraic equation called as
Sylvester equation.

Numerical Illustrations

We apply the newly developed Taylor series method to some ψ-fractional partial differ-
ential equations with given initial conditions. To outline the fundamental thought of this
technique, we solve some examples for ψ-fractional partial differential equations. These
examples are discussed to test their validity and relevance.
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Example 3.4.1. Consider fractional partial differential equation

Dµ1,ψ
y φ(y, t) +Dµ2,ψ

t φ(y, t) = f(y, t), 0 < µ1, µ2 < 1 (3.4.1)

with initial conditions φ(y, 0) = (ψ(y))µ1+1− (ψ(y))µ1 and φ(0, t) = (ψ(t))µ1+1− (ψ(t))µ1 ,
and f(y, t) = Γ(µ1 + 2)ψ(y)− Γ(µ1 + 1) + Γ(µ2 + 2)ψ(t)− Γ(µ2 + 1). The exact solution
is φ(y, t) = (ψ(y))µ1+1 − (ψ(y))µ1 + (ψ(t))µ2+1 − (ψ(t))µ2 , where ψ(y) = y3 + y and

ψ(t) = t3 + t. For the numerical evaluation, we approximate Dµ2,ψ
t φ(y, t) as

Dµ2,ψ
t φ(y, t) ∼=

m∑
i=0

m∑
j=0

cijT
ψ
i (y) ∗ Tψj (t).

This can be written as
Dµ2,ψ
t φ(y, t) ∼= T T,ψ(y)CTψ(t). (3.4.2)

Applying fractional integral Iµ2,ψt on both sides of Eq (3.4.2), we obtain

Iµ2,ψt Dµ2,ψ
t φ(y, t) ∼= T T,ψ(y)CIµ2,ψt Tψ(t).

Using the result of Eq: (1.4.8),

φ(y, t)− φ(y, 0) ∼= T T,ψ(y)CMµ2,ψTψ(t).

Using initial conditions, we have

φ(y, t) ∼= T T,ψ(y)CMµ2,ψTψ(t) + (ψ(y))µ1+1 − (ψ(y))µ1 , (3.4.3)

where Mµ2,ψ is an integration matrix. Now using Eq (3.4.2) in Eq (3.4.1),

Dµ1,ψ
y φ(y, t) + T T,ψ(y)CTψ(t) = Γ(µ1 + 2)ψ(y)− Γ(µ1 + 1) + Γ(µ2 + 2)ψ(t)− Γ(µ2 + 1).

(3.4.4)
Applying the fractional integral Iµ1,ψy on both sides of Eq (3.4.4)

Iµ1,ψy Dµ1,ψ
y φ(y, t)+Iµ1,ψy T T,ψ(y)CTψ(t)

=Iµ1,ψy (Γ(µ1 + 2)ψ(y)− Γ(µ1 + 1) + Γ(µ2 + 2)ψ(t)− Γ(µ2 + 1)).

(3.4.5)

Using the result of Eq (1.4.8)

φ(y, t)−φ(0, t) + T T,ψ(y)MTµ1,ψCTψ(t)

=
Γ(µ2 + 2)

Γ(µ1 + 1)
ψ(t)(ψ(y))µ1 − Γ(µ2 + 1)

Γ(µ1 + 1)
(ψ(y))µ1 + (ψ(y))µ2+1 − (ψ(y))µ2 .

(3.4.6)

Now, using Eq (3.4.3) in Eq (3.4.6)

T T,ψ(y)CMµ2,ψTψ(t)+T T,ψ(y)MTµ1,ψCTψ(t)

=
Γ(µ2 + 2)

Γ(µ1 + 1)
ψ(t)(ψ(y))µ1 − Γ(µ2 + 1)

Γ(µ1 + 1)
(ψ(y))µ1 + (ψ(t))µ2+1 − (ψ(t))µ2 ,
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where MTµ1,ψ is an integration matrix.

T T,ψ(y)CMµ2,ψTψ(t) + T T,ψ(y)MTµ1,ψCTψ(t) = G(y, t), (3.4.7)

where G(y, t) = Γ(µ2+2)
Γ(µ1+1)

ψ(t)(ψ(y))µ1 − Γ(µ2+1)
Γ(µ1+1)

(ψ(y))µ1 + (ψ(t))µ2+1 − (ψ(t))µ2 .

We obtain
CMµ2,ψ +MTµ1,ψC = (T T,ψ(y))−1G(y, t)(Tψ(t))−1. (3.4.8)

When discretized, Eq (3.4.8) is a well known Sylvester equation with unknown vector C,
which can be solved using MATLAB’s built-in program.
In this case, the exact solution is known. So, Figure 3.8a shows the exact and numerical
solutions for m = 5, µ1 = 0.5 and µ2 = 1. Figure 3.8b shows an absolute error. Figure
3.9a shows the numerical results for m = 8, µ1 = 0.5 and µ2 = 1. Figure 3.9b shows an
absolute error. We observed that by increasing m, absolute error decreases. Fact is, we
can reduce the absolute error by increasing number of points m.
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Figure 3.8: Exact and numerical solutions for m = 5, µ1 = 0.5 and µ2 = 1
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Figure 3.9: Exact and numerical solution for m = 8, µ1 = 0.25 and µ2 = 1

Example 3.4.2. Consider fractional partial differential equation

Dµ1,ψ
y φ(y, t) +Dµ2,ψ

t φ(y, t) + φ(y, t) = f(y, t), 0 < µ1, µ2 < 1, (3.4.9)
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with initial conditions u(y, 0) = (ψ(y))µ1+2 and u(0, t) = (ψ(t))µ1+1, and f(y, t) =
Γ(µ1+3)

2
(ψ(y))2 + Γ(µ2 + 2)(ψ(t)) + (ψ(y))µ1+2 + (ψ(t))µ2+1. The exact solution is φ(y, t) =

(ψ(y))µ1+2 + (ψ(t))µ2+1, where ψ(y) = y2 + y and ψ(t) = t2 + t. For the numerical

evaluation, we approximate the the term Dµ2,ψ
t φ(y, t) as

Dµ2,ψ
t φ(y, t) ∼=

m∑
i=0

m∑
j=0

cijT
ψ
i (y) ∗ Tψj (t).

This can be written as
Dµ2,ψ
t φ(y, t) ∼= T T,ψ(y)CTψ(t). (3.4.10)

Applying fractional integral Iµ2,ψt on both sides of Eq (3.4.10), we obtain

Iµ2,ψt Dµ2,ψ
t φ(y, t) ∼= T T,ψ(y)CIµ2,ψt Tψ(t).

Using the result of Eq (1.4.8),

φ(y, t)− φ(y, 0) ∼= T T,ψ(y)CMµ2,ψTψ(t).

Applying the initial conditions, we get

φ(y, t) ∼= T T,ψ(y)CMµ2,ψTψ(t) + (ψ(y))µ1+2, (3.4.11)

where Mµ2,ψ is an integration matrix. Now using Eq (3.4.10) and Eq (3.4.11) in Eq (3.4.9)

Dµ1,ψ
y φ(y, t) + T T,ψ(y)CTψ(t)+T T,ψ(y)CMµ2,ψTψ(t) + (ψ(y))µ1+2

=
Γ(µ1 + 3)

2
(ψ(y))2 + Γ(µ2 + 2)ψ(t) + (ψ(y))µ1+2 + (ψ(t))µ2+1.

(3.4.12)

Applying the fractional integral Iµ1,ψy on both sides of Eq (3.4.12)

Iµ1,ψy Dµ1,ψ
y φ(y, t)+Iµ1,ψy T T,ψ(y)CTψ(t) + Iµ1,ψy (T T,ψ(y)CMµ2,ψTψ(t) + (ψ(y))µ1+2)

=Iµ1,ψy

(
Γ(µ1 + 3)

2
(ψ(y))2 + Γ(µ2 + 2)ψ(t) + (ψ(y))µ1+2 + (ψ(t))µ2+1

)
.

(3.4.13)

Using the result of Eq (1.4.8)

φ(y, t)− φ(0, t)+T T,ψ(y)MTµ1,ψCTψ(t) + T T,ψ(y)MTµ1,ψ
y CMµ2,ψTψ(t) + Iµ1,ψy (ψ(y))µ1+2

=
Γ(µ2 + 2)

Γ(µ1 + 1)
ψ(t)(ψ(y))µ1 − Γ(µ2 + 1)

Γ(µ1 + 1)
(ψ(y))µ1 + (ψ(y))µ2+1 − (ψ(y))µ2 ,

T T,ψ(y)CMµ2,ψTψ(t)+T T,ψ(y)MTµ1,ψCTψ(t) + T T,ψ(y)MTµ1,ψCMµ2,ψTψ(t)

=
Γ(µ2 + 2)

Γ(µ1 + 1)
ψ(t)(ψ(y))µ1 +

1

Γ(µ1 + 1)
(ψ(y))µ1 + (ψ(y))µ2+1 + (ψ(y))µ2+1,

(3.4.14)
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where MTµ1,ψ is an integration matrix. Now, we get

T T,ψ(y)CMµ2,ψTψ(t) + T T,ψ(y)MTµ1,ψCTψ(t) + T T,ψ(y)MTµ1,ψCMµ2,ψTψ(t) = G(y, t),
(3.4.15)

where G(y, t) = Γ(µ2+2)
Γ(µ1+1)

ψ(t)(ψ(y))µ1 + 1
Γ(µ1+1)

(ψ(y))µ1 + (ψ(t))µ2+1 + (ψ(t))µ2+1.

We obtain,

CMµ2,ψ+(T T,ψ(y) + T T,ψ(y)MTµ1,ψ)−1T T,ψ(y)MTµ1,ψC

=(T T,ψ(y) + T T,ψ(y)MTµ1,ψ)−1G(y, t)(Tψ(t))−1.
(3.4.16)

When we discretize Eq (3.4.16), it becomes an eminent Sylvester equation with unknown
vector C. Eq (3.4.16) can be solve for C.
Numerical results for different values of µ1 and µ2 are shown in Figure 3.10 and Figure
3.11. Figure 3.10a shows the numerical results for exact and numerical solutions for
m = 4, µ1 = 0.75 and µ2 = 1. Figure 3.10b shows an absolute error. Figure 3.11a shows
the numerical results for m = 4, µ1 = 1 and µ2 = 1. Figure 3.11b shows an absolute
error. We observe that error decreases while increasing m.
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Figure 3.10: Exact and numerical solution.

In example (3.4.1) and (3.4.2), we presented the numerical solutions of fractional
partial differential equations and compared it with the exact solutions, with the help of
graphs of exact and numerical solutions with their absolute errors. In the following exam-
ple, we compare the numerical solution obtained by our method and method presented
in [25].

Example 3.4.3. Consider the linear fractional partial differential equation [25]:

D1/4,ψ
y φ(y, t) +D

1/5,ψ
t φ(y, t) = f(y, t), (3.4.17)

with initial conditions φ(y, 0) = (ψ(y))2, φ(0, t) = ψ(t) ,where f(y, t) = Γ(3)
Γ(11/4)

(ψ(y))7/4 +
Γ(2)

Γ(9/5)
(ψ(t))4/5. The exact solution is φ(y, t) = (ψ(y))2 + ψ(t), where ψ(y) = 3y and
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Figure 3.11: Exact and numerical solutions.

ψ(t) = 3t. For the numerical evaluation, we approximate the term D
1/5,ψ
t φ(y, t) as

D
1/5,ψ
t φ(y, t) ∼=

m∑
i=0

m∑
j=0

cijT
ψ
i (y) ∗ Tψj (t).

This can be written as
D

1/5,ψ
t φ(y, t) ∼= T T,ψ(y)CTψ(t). (3.4.18)

Applying fractional integral I
1/5,ψ
t on both sides of Eq (3.4.18), we obtain

I
1/5,ψ
t D

1/5,ψ
t φ(y, t) ∼= T T,ψ(y)CI

1/5,ψ
t Tψ(t).

Using the result of Eq: (1.4.8),

φ(y, t)− φ(y, 0) ∼= T T,ψ(y)CM1/5,ψTψ(t),

φ(y, t) ∼= T T,ψ(y)CM1/5,ψTψ(t) + (ψ(y))2, (3.4.19)

where M1/5,ψ is an integration matrix. Now using Eq: (3.4.18) in Eq: (3.4.17)

D1/4,ψ
y φ(y, t) + T T,ψ(y)CTψ(t) = f(y, t). (3.4.20)

Applying the fractional integral I
1/4,ψ
y on both sides of Eq: (3.4.20)

I1/4,ψ
y D1/4,ψ

y φ(y, t)+I1/4,ψ
y T T,ψ(y)CTψ(t) = I1/4,ψ

y

(
Γ(3)

Γ(11/4)
(ψ(y))7/4 +

Γ(2)

Γ(9/5)
(ψ(t))4/5

)
.

(3.4.21)
Using the result of Eq: (1.4.8),

φ(y, t)−φ(0, t) + T T,ψ(y)M1/4,ψ
y CTψ(t) = I1/4,ψ

y

(
Γ(3)

Γ(11/4)
(ψ(y))7/4 +

Γ(2)

Γ(9/5)
(ψ(y))4/5

)
.

T T,ψ(y)CM1/5,ψTψ(t) + T T,ψ(y)M1/4,ψ
y CTψ(t) =

1

Γ(9/5)Γ(5/4)
(ψ(y))1/4(ψ(t))4/5 + ψ(t).

(3.4.22)
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where MT1/4,ψ is an integration matrix. Now, we get

T T,ψ(y)CM1/5,ψTψ(t) + T T,ψ(y)M1/4,ψCTψ(t) = G(y, t), (3.4.23)

where G(y, t) = 1
Γ(9/5)Γ(5/4)

(ψ(y))1/4(ψ(t))4/5 + ψ(t).

We obtain,

CM1/5,ψ +MT1/4,ψC = (T T,ψ(y))−1G(y, t)(Tψ(t))−1. (3.4.24)

When we discretize Eq (3.4.24), it reduces to Sylvester equation with vector C which is
unknown, and can be calculated by using built-in function in MATLAB.
Figure 3.13a and Figure 3.13b depicts the comparison of solutions for m = 10 and an
absolute error of (3.4.17) respectively. As we can see that upper bound of an absolute
error is same as in [25].
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Figure 3.12: Exact and numerical solution.
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Summary

The aim of this paper is to develop the new concept for generalization of Taylor’s theorem
in the framework of differntial equations of integer order and fractional order involving
fractional derivative of functions with respect to functions, we introduce the new concept
of ψ-fractional power series which is helpful in the general form of generalized Taylor’s
theorem, some important results for the convergence and divergence, remainder theorem
of error bound and series solutions are discussed.
Moreover, we inroduced a new method of ψ-Taylor series approximation which helps us to
find numerical solutions of ψ-fractional differential equations. We provide an operational
matrix of fraction integration for ψ-Taylor basis vector. Development of the method was
discussed in detail. Furthermore, error analysis and convergence analysis for ψ-Taylor
basis approximations are also discussed.
Numerical illustrations are also discussed to show the feasibility of the proposed method
by calculating absolute errors. In section 3.3 of Chapter 3, we discuss one example for
the approximation of fractional integration, one example for the ψ-differential equations
in which exact solution was known, two examples for the ψ-differential equations in
which exact solution was not known, and one example for comparison. In section 3.4.1
of Chapter 3, we present three examples for numerical approximations of ψ-fractional
partial differential equations. The present method is expected to be further employed to
solve other similar problems.
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