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Abstract

In this thesis, we discuss some fundamental concept of Abstract Algebra like rings
and modules. Furthermore, we discuss the Algebraic invariants Stanley depth and
depth. We also discuss some known results related to these invariants. Afterwards, we
compute the exact value of Stanley depth and depth of the quotient rings of the edge
ideals associated with p-fold bristled graph of ladder graph, circular ladder graph, and
strong product of two graphs when both graphs are paths or when one of them is a
cycle and other is a path. We also proved that both these invariants have the same

values for all the classes, we considered.
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Introduction

Richard P. Stanley is known for his work to develop a relationship in Algebra and
Geometry. In 1982, Stanley proposed a conjecture [25]. According to Stanley conjec-
ture, Stanley depth of a module is atleast the depth of a module. This concept garbed
the attention of algebraist but also Stanley decomposition plays an important role in
applied mathematics. In [24] Sturmfels et al. shows that Stanley decomposition can
be used to describe finitely generated graded algebras.

Herzog and Popescu [15, 21] gave some remarkable results related to this conjecture. A
while later, many articles have been published in which this conjecture was proved for
various special cases. In 2016, Dual et al. [10]| disproved it by using result of Herzog
et al. [15] they constructed explicit counter example for which the conjecture was not
satisfied.

In this thesis we calculate the exact values of Stanley depth and depth for the quotient
module of edge ideal associated with some o-fold bristled graphs.

This thesis has four chapters. Chapter 1 is devoted for preliminaries. This chapter is
divided into three parts. In the first part we recall some concepts related to polynomial
ring and monomial ideals. In second part we covers the exact sequence, graded ring to-
gether with other fundamentals of Module Theory. The third part of this chapter give
a precise overview of Graph Theory. Chapter 2 covers introduction to depth, Stanley
decomposition, Stanley depth and Stanley conjecture. At the end some known results
and bounds for Stanley depth are given.

In Chapter 3, the edge ideal associated with p-fold bristled graph of ladder graph and
strong product of two paths are considered. The exact values for Stanley depth and

depth of the quotient ring associated to these edge ideals are computed.



In Chapter 4, the edge ideal associated with p-fold bristled graph of circular ladder
graph and strong product of cycle and path are considered. The exact values for Stan-

ley depth and depth of the quotient ring associated to these edge ideals are computed.



Chapter 1

Preliminaries

1.1 Introduction

In 1914, Fraenkel gave the definition of ring [13]. Ring Theory have two main classifi-
cations commutative and non commutative. Basic theories of each came from different
sources. Problems and theories from Algebraic Number Theory and Algebraic Geom-
etry plays a central role in the origin of Commutative Ring Theory. The origin of non
commutative ring came from the approaches to extend complex number in hypercom-
plex number system. Noether and Artin play an important role to made the abstract
ring concepts focal in Algebra, they presented and gave importance to the algebraic
concepts as module, ideal and both ascending and descending chain conditions. See
[27, 6].

In 18th century, Euler solved the Konigsberg’s bridge problem which lead to new branch
of mathematics called Graph Theory. Graph Theory is considered as a field of modern
mathematics. In 1991 Anderson et al. [2] gave the idea of associating a graph to a

commutative ring , which is widely used these days in research.

1.2 Ring Theory

In this section we will discuss some basics of Ring Theory. For these definitions we

refer to [11].



Definition 1.2.1. A ring (w,+, X) is a set with two binary operations, addition and
multiplication denoted by u + v and wwv, respectively. Such that for u,v, s € w satisfy

the following axioms:

e w is an abelian group under addition.

e Multiplication is associative

(uv)s = u(vs).

e Multilplication is distributive over addition

w(v + 8) = uv +us, (v+ s)u =vu+ su.

Definition 1.2.2. Let (w, +, X) be a ring. If multiplication is commutative in w, that

is uv = vu, for all u,v € w, then w is a commutative ring.

If there is an element e € w such that ue = u = eu, for all u € w, we say w is a ring
with multiplicative identity (or a ring with unity). Multiplicative identity or unity of
w is denoted by symbol 1.

In this thesis we will consider only commutative ring with unity.

Example 1.2.3. 1. Integers, real and complex number sets are examples of com-

mutative rings having unity 1.

2. Z/nZ with multiplicative identity 1 under multiplication and addition of residue

classes, forms a commutative ring.

s o . . . .
u y] 1S8,0,u,V € Z} is a non-commutative ring with

3. The set M2><2(Z) = {[
unity [(1) (1)] with the standard matrix addition and multiplication.

Definition 1.2.4. An element v in a commutative ring w with unity is said to be
invertible if there exists z € w such that vx = e.

Unity and unit are different concepts and should not be confused with each other.



Definition 1.2.5. Let (w, +, -) be aring. If elements in w* = w\{0} have multiplicative

inverse, then (w,+, ) is called a field.

Example 1.2.6. R,C and Q are fields. But Z is not a field since Z does not have

multiplicatve inverse of its elements except {1, —1}.

Definition 1.2.7. Let w be aring and 0 # s € w and if 3¢ € w suct that st = 0. Then

s and ¢t are called zero divisors.

Example 1.2.8. Let Zg be a ring, then 2,4, 6 are zero divisors because 4.2 = 8 = 0
and 6.4 = 2.4 = 0.

Definition 1.2.9. Let w be a ring then it is called a non-zero divisor ring if and only

ifVs,sc e wif s- =0, then s =0 or s =0.

Definition 1.2.10. A commutative ring with unity is called an integral domain if it

has no zero divisors.
Example 1.2.11. 1. R,Q,Z and Z; are all integral domains.

2. Let n > 2, then nZ is not an integral domain as nZ does not have unity.

1.2.1 Polynomial ring
Definition 1.2.12. Let T be a commutative ring with unity. For n > 0 and pu; € T.
P(5¢) = pin" + pin_1" " 4+ 4 pase + g

is termed polynomial in indeterminate . For 0 < ¢ < n, pu; is called co-efficient of
P(5) and p;s¢" are terms of polynomial P (). The polynomial is of degree n if y,, # 0.
If Py (5¢) and Pa(s¢) be any two polynomials, then

1. deg(Pi()) + deg(Pa(2)) = max{deg(P; (), deg(Pa(5)}.

2. deg(Pi() - Pa(5)) = deg(Pr()) + deg(Pa(5)).



Definition 1.2.13. Let T be a commutative ring. The set of formal symbols
W= T[] = {pns" + pn_12" P+ et poin >0, € T

is called the ring of polynomials over T in the variable ». The zero of the polyno-
mial ring is f(3¢) = 0, and unity is g(») = 1. The polynomial ring for n variables

», #o, ..., 7, with co-efficients in T is defined as
Tse1, 500, . .., 200] = Toe1, 509, .. o, 3201 [520).
Example 1.2.14. R[], Q[s] and Z,[s] are all polynomial rings.

Proposition 1.2.15. Let T[] be commutative ring with unity. Then

1. The units in T[] are the units of T.
2. If w is an integral domain then so is T[]

Definition 1.2.16. Let w be a ring and S C w. Then S is a subring of w if it is a ring

under the same operations as w.
Definition 1.2.17. A map I' : w; — w» that preserves both operations of w; that is
1. T(se+v)=T(5)+T'(v), Vs veEw and
2. Toew) =T(0)(v), Voivew
is called a ring homomorphism. The kernal of the map I' is termed as,
Kerl' = {3 € w;y | I'(») = 0,,}.

The image of map I' is termed as ImI" = {I'(») | » € w1}. A bijective ring homomor-

phism is a ring isomorphism and injective ring homomorphism is monomorphism.

Theorem 1.2.18. Let I' : wy — wy be a ring homomorphism. Then Ker' = {0} iff

I' is a monomorphism.



Definition 1.2.19. A subring O of a ring w is called an ideal if usc € O for all u € w,
neD.

Definition 1.2.20. Consider J and O be two ideals of w, then

LJ+O={»x+v:xecJrveO}

2. 30 =+t + i, €, v, €0 andr € 2T}
Definition 1.2.21. Two ideals J and O of w, are comaximal if J + O = w.
Proposition 1.2.22. If J and O comaximal then, JO =JN O.

Remark 1.2.23. The condition J+9O = w is not absolutely necessary for JO = JNLO.
For example in ring Zs, J = O = (3) then JO = (3) = JN O, even though J+ O # w

Definition 1.2.24. Let O be an ideal of w, then the radical of O, is denoted by vO
and given as VO = {x € w | »* € O, for some t > 0}. VO is an ideal containing O.

Example 1.2.25. Following are some examples of the radical of an ideal.

1. Let J = (223%5%) be an ideal in Z, then /3 = (2-3-5) = (30).

2. Let w = T[s01, 32, 563, 324) be a polynomial ring and J = (368365, 56} 3¢, 362 5¢3), then

V3 = (a0, 0150, 735).
Definition 1.2.26. An ideal O of w is radical ideal if VO = ©O.
Definition 1.2.27. Let w be a ring and O be an ideal of w. Then w/O = {O+ | €
w} is also a ring called factor ring. For any s, v € w, the multiplication and addition
are defined as,
O+x)+(O+v)=90+ (»x+v).
(O 4+ 2)(O+v) =9+ sv.

Example 1.2.28. Let Z be a ring and 3Z be its subring. Also 3Z be an ideal.

737 = {3Z + u|u € 3Z}
={3Z2+0,3Z + 1,3Z + 2}
~ Zg.



Definition 1.2.29. Let J be an ideal in w. If for a single element s € w, J can be

written as J = (3¢) = {s¢p | p € w} then it is a principal ideal.

Example 1.2.30. The principal ideal in polynomial ring Z[] is

(9(x)) = (2) = {2-7() | 1() € Z}
set of all polynomial in Z[s] with even co-efficients.

Proposition 1.2.31. Let w be a field, then every ideal of the polynomial ring w(s] is

a principal ideal.

Definition 1.2.32. A proper ideal J is a prime ideal in a commutative ring w if u, v € w

and uv € J, then u € Jor v € J.
Example 1.2.33. 1. 13Z is a prime ideal in ring Z.

2. The ideal (5*) = {['(5)»® : T'(5) € Z[5]} is not prime ideal in ring Z[x], as

i = 33 € (3°) but »* ¢ (3°) and » ¢ (5¢%).

Theorem 1.2.34. Let w be a commutative ring with unity and J be an ideal of w, then

J is prime iff w/J is an integral domain.

Definition 1.2.35. A proper ideal O of a ring w is said to be a maximal ideal if J is

an ideal of w with © C J C w then either © = J or w = J.

Example 1.2.36. 2Z and 5Z are maximal ideals in Z. But 8Z is not a maximal as

87 C 27 C Z.

Theorem 1.2.37. Let w be a commutative ring with unity and J be an ideal. Then,

w/J is a field iff J is a mazimal ideal.
Definition 1.2.38. If ring w has a unique maximal ideal, then w is called a local ring.

Definition 1.2.39. If w is ring and w have only finite number of maximal ideals then,

it is called semi-local ring.



Example 1.2.40. Z;, have only two maximal ideals {0,2,4,6,8} and {0, 5}, so Z, is

semi local ring.

Definition 1.2.41. Let w be a ring, then intersection of all maximal ideals of w is

called Jacobson radical of w. It is denoted by J(w).

Definition 1.2.42. Let A = {w; : i € J} be the collection of rings, where J is

countable set. The direct product is defined as

Hwi:m X wy = (301,50, %, ) 5 €w}
icJ

This direct product satisfy all axioms of ring under the following binary operations of

addition and multiplication for s, v; € w;

(501, 509, 523, ) + (1,0, V3, - +) = (51 + 11, 200 + Vo, 503 + 13, - - ),

(%1, Mo, 3, ')(V1, Vo, V3, - ) = (%17/1, Holo, A3V3, -+ )
The direct sum of collection of A is defined as follows

@wi ={(50,0, ") € Hwi : ¢ is zero for all but finitely many i}.
iel icl

1.2.2 Monomial ideals

Let w =T[5, 759, . .., 54,) be a ring of polynomials with m variables, where T is a field.
A monomial is any product of s, 5%, ..., x5 with ¢; € Z,. Consider the monomial
po= 27" 257 - - - x5 then we write it as p = »°, where ¢ = (c1,¢9,--,¢,) € Z7. If 4 is

the set of all monomials of w then 2 form a T-basis of w. Therefore any polynomial
in w can be written as a linear combination of monomials with coefficients from T. So
polynomial £ € w can be uniquely written as
L= Zcﬂu, with ¢, € T.
veP
The support of £ is defined as supp (£) = {u € 4 : ¢, # 0}, and the support of
monomial p is supp (1) = {2 : 3¢ | p}. A monomial p = "5 - - 2 is called

square free, if ¢}s are 0 or 1.



Definition 1.2.43. Let the monomial ideal J C w. If generating set of J consist of

square free monomials, then it is called a square free monomial ideal.

Example 1.2.44. Let w = T[s11, 59, 523, 524] be a polynomial ring. Then, J = (363324, 36320,

1 79324) 18 a square free monomial ideal.

Definition 1.2.45. Let p = 3¢ 3¢y -+ - 3¢'m and v = 3 55? - - - 3" be two monomials,

then
1w |vif v; <a; for all 4.
9. gcd(,u, l/) _ J{Tnin{\ﬁ,al}%;nin{ﬁfg,m} L %Tnlnin{vman}.

max{Y1,a1} max{Yz,a2} %maX{Yn,an}
n .

3. lem (p,v) = 2 7

Proposition 1.2.46. Every monomial ideal J C w has a unique minimal monomial

set of generators, denoted by G(J).

Example 1.2.47. Let w = T[s1, 50, 53, 54] be a polynomial ring. Then, G(J) of

monomial ideal J = (362563, 263363 52y, 363 309, 365 324, 701) 18 (363 302, 562 724, 5¢1).

Definition 1.2.48. Let G(J) and G(9O) be minimal set of monomial generators of J
and O respectively, then

L GI+9)CGR)UGO).
2. G(IO) CG(J)G(O), where G(IJO) ={pw : p € J,v € O}.
Example 1.2.49. Let O = (56130, s95¢2) and J = (363369, 59523) be two ideals, then
L G+ 9) = {5050, 50} C GJ) UG(D) = {sasn, 30, s, s}
2. GQI0) = {50563, 31563503, 53563} C G(3)G(D) = {367 365365, 561 565, 301 563 303, 565 45}

Proposition 1.2.50. Let O and J be two monomial ideals with G(O) = {1, po, . .., pis }
and G(J) = {301,500, ..., 5}, then JNO = ({lem(pg, 206) i =1,---,s, k=1,---,t}).

10



Example 1.2.51. Let O = (56130, 3095¢2) and J = (563569, 2625¢3) be two ideals, then
IND = (5ds0y, 301309503, 3 309362, 03 503) = (36 32, 201 0y 303, 2y 743,

Proposition 1.2.52. Let G(J) and G(O) be monomial ideals with G(O) = {z, . .., fim }
and G(J) = {301, 52, ..., 7, }, then

=@
j=1

and J : (5¢;) = (pi/ged (w4, 5¢) i =1,---,m).
Example 1.2.53. Let O = (5133, 3095¢3) and J = (56156253, 563) be two ideals, then

O3 = (60125, 50553 1 (3r150503)) N (301565, 30263) = (543))

_ Al %% %2%% Al %% ) %% )
ged (%1%3, %1%2%3) " ged (52343, 701 509323) ged (561565, 53) " ged (360563, 543)

2 2

2 )

(%1%2 Mo 13 75 Vs
2
= (309, 33) N (511, 553)
2 2
= (301309, 309303, 701 723, 723)
= (301509, 301523, %3)
Definition 1.2.54. Let w = T3, 559, . .., 5¢,] be a polynomial ring, then prime mono-

mial ideal is the ideal generated by subsets of the variables of type s, 5, ..., 5,

where {j1,72,.--,7n} € {1,2,...,m}.

Example 1.2.55. Let w = T[311, 569, 523, 514] be a polynomial ring then, O = (5¢1, 365, 5¢3)

is prime ideal but J = (s¢15¢3, 769, 524) is not a prime ideal.

Corollary 1.2.56. Let O be a squrefree monomial ideal, then O is a finite intersection

of monomial prime ideals.

Example 1.2.57. Let w = T[s, 562, 53, 4] be polynomial ring then, the ideal J =
(52923, 521, 224) = (323, 301, 224) (302, 311, 324), Where (319, 321, 524) and (323, 31, 5¢4) are prime

ideals.

11



Definition 1.2.58. Let w be a ring, then ideal J # w is primary if for p,v € w, pv € J
then either p € J or v™ € J for some m > 1.

Example 1.2.59. 1. The primary ideals of integers ring are 0 and p™Z, where p is

a prime number m > 1.

2. Let w = T[s, 55| be a polynomial ring, then J = (3¢5, »,5¢;) is not primary as

21, 729 € w and 31360 € J but neither s € J nor some m power of s is in J.

Definition 1.2.60. Let J be an ideal then the presentation J = ﬂ:il M, is irredundant

if none of the ideals M, can be omitted in this presentation.

Example 1.2.61. 1. Let J = (5¢'z,y*2) be an ideal, then presentation J = (¢, y) N
(>, y*) N (z) is not irredundant presentation of J as (¢, y) can be omitted in this

presentation.

2. Let J = (5ry, 2) be an ideal, then presentation J = (s, 2) N (y, z) is irredundant

presentation of J.

Definition 1.2.62. Let J be an ideal then it is irreducible if it cannot be written as
an intersection of two other monomial ideals containing J. If J is not irreducible, then

it is called reducible.

Example 1.2.63. O = (»¢*,¢*) is irreducible, where as J = (3¢, 2) is reducible as it

can be written as proper intersection of two ideals (s, z) and (y, z).

Definition 1.2.64. A presentation of an ideal J as J = M; N My --- N M,, where
M, is a primary monomial ideal for all i is called a primary decomposition of J and if
none of the M; can be omitted in this intersection and /M; # /M if ¢ # j, then it

is called irredundant primary decomposition.

Example 1.2.65. Let w = T[s, 39, 563, 34) and J = (361504, 33569, 36372¢4), then the

12



irredundant primary decomposition of £ is

~ 2 2 2 L2
J = (sr152y, 505500, 203314, 5¢5) O (301524, 225709, 323524 323)

= (s11514, 7334, %3,) N (221524, 220, 724)

(
(
= (3150, 203504, 325, 20a) N (30152, 30350, 363 = 54) N (522, 304)
= (54, 34) N (309, 524) N (521, 583, 73)

(

25, 524) N (322, 324) N (321, 523).

Definition 1.2.66. A P-graded ring is such type of a ring w having a decomposition

o= @en

such that wyw, C w44 V p,q € P.

Then for r € w, we can write a unique expression

rzg Tp,

peP

where 7, € w, and almost all 7, = 0. The element r, is called the pth homogeneous

component and if r = r,,, then 7 is homogeneous of degree p.

1.3 Module Theory

In this section we will discuss some basics of Module Theory.

Definition 1.3.1. Let w be a ring. The w -module T is a abelian group and action of
w on 1is a map

rwXx 1=

defined as - ((s¢, 7)) = 7, satisfying these axioms
L. s(1 + 7o) = 21 + 270,
2. (501 + 200)T = 7Ty + 207y,
3. (s0130)T = 311(56071),

13



4. 17’1 =T,

Y 31,60 €w and 1,72 € .
Modules satisfying axim 4 are called unital modules.

Example 1. 1. (Z(y/a),+) is a Z-module, where a is any integer.

2. All abelian groups are examples of Z-modules.

Definition 1.3.2. Let w be a ring and 7 be an w-module, then N C T is submodule

of T if it meets the following axioms

1. N# @ and

2. 7 + 219 € N, where » € w and 71,75 € N.

Definition 1.3.3. Let 1, and Ty be w-modules, then there sum is defined as
_|1+_|2:{7'1+7'2 716_[1,7'26-[2}.

Definition 1.3.4. Let T and N be w-modules. A map I" : 7 — N is known as w-module

homomorphism if it satisfies
o I'(r +m) =T(r1) + (1), for all 7,7 € .

o I'(5er) = 3I'(7), forall x cew, 7€ .

Remark 1.3.5. An w-module homomorphism also satisfies the axioms of additive
group homomorphism but converse is not always true. If w is a ring and w is w-module,

then w-module homomorphim need not be ring homomorphim.

Example 2. Let Z be the ring and map I' : Z — Z is defined as I'(3¢) = nsz, where n

is any positive interger. I' is w-module homomorphim but not ring homomorphim.
Definition 1.3.6. Let 1 be w-module and A C T, then
WA = {sa01+ 5000+ 2 Qy 0 301, oy o € W, Qg Qi €A and m o€ ZT Y

is called submodule of 7 generated by A. For any submodule N of T if N = wA then A
is generating set of N and if A is finit set then N is finitely generated submodule of .
Ifa € Tand N=wa ={xa: s € w} then N is called cyclic submodule of 7.

14



Example 3. 1. Let Z3x Z4 be Z-module then A = {(1,0), (0, 1)} will be generating
set of Zg X 2.

2. Let Z-module Z, then Z is cyclic and generated by A = {1}

Definition 1.3.7. Consider {7;};c; be the collection of w-modules, then direct product
[I;c; i is Cartesian product of {7;}ic; whose elements are of the from (7;);e; and

7; € 1; and operations of addition and scalar multiplication is defined as
(Ti)ier + Wi)ier = (T + Yi)ier
V(7i)ier = (VTi)ier-

The external direct sum of {7;};c; are defined as

@ T = {(7i)ier € H T; : only finitely many 7; # 0}.
iel iel
Remark 1.3.8. If I in above definition is finite, then
iel iel
Proposition 1.3.9. Consider Iy, ly, -+, 1, be submodules of w-module 71 then the fol-

lowing are equivalent.

1. The function T : 1 ®lo@--- D1, = Iy + 1o+ -+ 1, defined by T'(ay, ag, -+, ap) =
(1 + o+ -+ ay) is an isomorphism that is ly &l @ @1, 2l +lh+---+1,,

2. |Jm(|1+|2++|J71+|]+1++|n):{0}, fOT’ all j € {1,2,"',71}.
Example 4. Let T=w? = {(a1,a2,3) : ; € w} be an w-module

1. Let Iy = {(1,0,0) : oy € w} and Iy = {(0, g, v3) : a9, a3 € w} be submodules.
As we can see 1= |y +1y also I;Nly = {(0,0,0)}. Which shows that l;®ly = 1, +1,.

2. Let |1 = {(0,Y2,Y3) : YQ,Y3 € (.x.)} and |2 = {(Yl,O, Yg) : Yl,Yg c CL)} be
submodules. As we can see 1 = Iy + 1y and |I; Nly # (. Which shows that

15



1.3.1 Free modules

Definition 1.3.10. If 7T is w-module and A C 7, then A is linearly independent if for

Qay, e, 0, € Aand 3, 30,0, 2, € W.

Q1 + Qg + - -+ api, =0,
then s = 0 for all 4. If for all m € 7, we have

m = 131 + Qg + - -+ + Qp, 3y,
then we say A spans 1.

Definition 1.3.11. Let Tis w-module. A C Tare bases of 1if A is linearly independent
and A spans 71, then T 1is called a free w-module with basis A. | A | is called rank of .

Remark 1.3.12. For 7 to be free w-module on subset A it is necessary that every
7 € 71 it have unique representation such that T = T2, + Tosty + -+ + Tpt,. Where

T, To, ,Tn € A and 3¢, 560, -+, 3¢, € w, for somen € Z™.

Example 5. let Z-module Z; and A = {1} be generating set. But Z, is not free

module as 3 € Z, and it have more then one representations 3 = 3.1 and 3 = 7.1.

Lemma 1.3.13. Let 1 be a finitely generated w-module of ring and J is an ideal of w
such that J is subset of Jacobson radical J(w). If 31 = "1, then T=0.

Definition 1.3.14. Let w be a ring. A w-module 7T is called Noetherian if every

ascending chain of w-submodule of T is stationary.

Definition 1.3.15. Let w be a ring. A w-module T is called Artinian if every descend-

ing chain of w-submodule of 7 is stationary.
Example 6. 1. Every finite abelian group is both Noetherian and Artinian.

2. The ring Z (as Z-module) does not satisfy the descending chain condition so it

is not Artinian.
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Corollary 1.3.16. If 71y, Ty, -+, 1, are Noetherian w-module then, @;_, M; is also

Noetherian.

Definition 1.3.17. Let 1 be an w-module. The annihilator of 7 is defined in this way

Amn(T) = {x cw:»1=0}.

1.3.2 Exact sequences
A sequence of w-module and homomorphisms
hy hjt1 hita
—>Fj—1 _J>I‘j J_>I‘j+1 —>Fj+2"'

is said to be exact at I';, if Im (h;) = Ker (h;11). If the sequence is exact at each I';,

then it is called exact sequence.

Proposition 1.3.18. Let w be a ring and 'y, T and Ty, be w-modules, then

1. The sequence 0 — ', T is said evact at [, iff h is one to one.
2. The sequence I' L Ty — 0 is said to be exact at Ty iff g is onto .

Remark 1.3.19. The sequence 0 — I', NS N I'y — 0 is short exact iff h is one to

one, g is onto and Im (h) = Ker (g).

Example 7. Consider sequence 0 — 7Z LT ®Zs S Zs— 0, where h(vy) = (v,0) and
g((a,y)) = . Then clearly h is one to one and g is onto, so this sequence is a short

exact sequence.

Definition 1.3.20. For a P-graded ring w and w-module 7

‘I:@‘lp,

peP

with w, 1, C Tpi, for all p,q € P, then T is said to be a P-graded module. A non zero

element of 7, is called a homogeneous element of degree p.
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Definition 1.3.21. For a polynomial ring w defined over the field K, suppose b € Z",
then h € w is said to be homogeneous of degree b when h has the form SzP, where
g€ K. Also w is Z™-graded with graded components:

[ KzP, ifbeZm;
“b =10, otherwise.

An w-module Tis Z"-graded if T= @4 b and wp, Tby, C Tby4b, forall by, by € Z7.

1.4 Graph Theory

In this section, we discuss some fundamentals of Graph Theory. We also discuss

different types of graph which we will use in next chapters.

Definition 1.4.1. A graph W is an ordered pair (V(W), E(W)), where V(W) can be
referred as vertex and E(W) can be referred as edge set. Each edge consists of two
vertices which are its endpoints. If e; is an edge whose end points are same then e; is
a loop. If e; and ez are the edges with exactly the same set of endpoints then ey and e
are multiple edges. If edges e; and e3 have a common endpoint then they are adjacent

edges. Two vertices joined by an edge is known as adjacent vertices.
Definition 1.4.2. A simple graph is a graph which has no loops and multiple edges.

Definition 1.4.3. The degree of v € V(W) in graph W is the number of edges incident
to v. Which can be represented by deg(V'). Each loop at v counts twice. The maximum

degree in W is represented by A(WW) and minimum degree in W is represented by 6(W).

Definition 1.4.4. A graph with A(W) = §(W) is known as regular graph. If A(W) =
d(W) = t, then graph W is known as t—regular graph.

Definition 1.4.5. The totat number of vertices in graph W is the order of graph
represented by n(W) and totat number of edges is size of graph W represented by
e(W).

Definition 1.4.6. The union of graphs Wi, Ws,---, W, is the graph with vertix set
ur,V(W,) and edge set U?_E(W;).
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Definition 1.4.7. A simple graph represented by P, is a path if its vertices can be
ordered in such a way that two vertices have an edge between them iff they are con-

secutive in the list.

a1 X2 ] i X5

Figure 1.1: P;

Definition 1.4.8. A simple graph represented by C, is a cycle if its | V(W) |=| EIW}) |
and vertices can be placed around the circle in such a way that two vertices have an

edge between them iff they are consecutively in the circle.

X5

xq x4

X3

Figure 1.2: C;

Definition 1.4.9. If in a graph W there is a path between any two vertices v, > € V(W)

then W is termed as connected graph.

Definition 1.4.10. Let W = (V(W), E(W)), then complement of W, denoted by W

is defined by V(W) = V(W) howerver, the edge vsc € E(W) iff vse ¢ E(W).

Definition 1.4.11. Let D be a graph and V(D) C V(W) also E(D) C E(WV) then, D is
subgraph of W.

Definition 1.4.12. A decomposition of a graph is a collection of its subgraphs in such

a way that each edge apears in exactly one subgraph of the collection.

Definition 1.4.13. The component of a graph W is its maximal connected subgraph.

19



Figure 1.3: Graph on left with its subgraph on right.

Definition 1.4.14. If a vertex » € V(W) having degree zero, then s is known as
isolated vertex. If s have degree one then it is known as pendent and all the vertices

v € V(W) with deg (v) > 2 are known as internal vertices.

Definition 1.4.15. A graph with no cycle is known as acyclic graph and such acyclic

graphs are called forest.
Definition 1.4.16. A connected acyclic graph is known as tree.
Definition 1.4.17. The radius of a graph is the least of all eccentricities of its vertices.

Definition 1.4.18. Let U and D be two graphs with vertex set V(U) = {ay, a9, -+, ay }
and V(D) = {511, 52, - - -, 5, }. The Cartesian product UCID is a graph with V(UOD) =
V(U) x V(D), and for {(ay, 211), (az, 22)} € V(UOD), whenever

1. {1,720} € E(U) and s, = 55 or
2. a3 = ay and {7, } € E(D).

The ladder graph is Cartesian product of Py and P,,, where v > 2. The circular ladder
graph is the Cartesian product of P, and C,,, where v > 3.

Definition 1.4.19. Let w = T{s7, 0, --,2,} and W be a graph with vertex set
VW) = {51, 569, - - -, 22, } and edge set E(W). A square free monomial ideal generated
by the elements related to the edges of the graph W is called edge ideal.

W) = (565611 [ {3, 5641} € EOWV)) Cw.
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¥

Xq

¥z ¥3 ¥y ¥g ¥
¥z 4

X3 X3 LY 4 *5 ¥

(a) P2|:|P5 (b) P2DC6

Figure 1.4: Example of Cartesian product of two graphs.

Figure 1.5: &7

21



Definition 1.4.20. The p—star is a tree on p vertices with one internal vertex and

o — 1 pendents that are attached to internal vertex. It is denote by S,.

Definition 1.4.21. Let U and D be two graphs with vertex set V(U) = {ay, g, - -+, i }
and V(D) = {5, 555, - - -, 55, }. The strong product UK D is a graph with V(UK D) =
V(U) x V(D), and for {(a1, se1), (a2, 522) } € V(U K D), whenever

1. {1,500} € E(U) and 31 = 55 or
2. oy = ag and {s,s0} € E(D) or

3. {ag,a2} € E(U) and {51,350} € E(D).

¥y ¥3 Y3 & Y5

W
Xq X3 X3 xg

(a) Ps X P

-8

Figure 1.6: Example of strong product of two graphs.

Definition 1.4.22. For any given graph G, the p—fold bristled graph Brs,(G) is
obtained by attaching o pendants to each vertex of G.
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Vo NN NS N
(a) Brsa(Ps) (b) Brsa(Ce)

Figure 1.7: Example of 2-fold bristled graph.
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Chapter 2

Depth and Stanley depth

Richard P. Stanley is known for his work to develop a relationship in Algebra and
Geometry. In 1982, Stanley proposed a conjecture [25|, which relates the algebraic
invariants called Stanley depth and depth. Herzog and Popescu [15, 21| gave some
remarkable results related to this conjecture. A while later, many articles have been
published in which this conjecture was proved for various special cases. In 2016, Dual
et al. [10] disproved it by using result of Herzog et al. [15] they constructed explicit
counter example for which the conjecture was not satisfied. In this chapter we will
discuss about Stanley’s conjecture and some results related to Stanley depth obtained

in recent years.

2.1 Depth

Definition 2.1.1. Let w be a ring and T be a w-module, then for any subset A of w,
the set
Ann- A = {a € 7| aA =0},

is called annihilator of « in .

Definition 2.1.2. Let 71 be a w-module. An element 0 # s € w is called a regular

element on 1 if whenever 7 € T and »7 = 0, then 7 = 0.

Definition 2.1.3. Let w be a ring and 7 be a w-module. An element 0 # » € w is
called zero divisor on module T if there exists A # 0 in 1 such that Az = 0.

24



Example 8. Let w = T, 30, 5] and J = (322, 3156) and consider 71 = w/J =

T 521, 509, 53]/ (561, 301503), 201 € w als0 301 + (33, 31360) € 7.
s (301 + (561, 20126)) = 567 + (561, 36130

s is a zero divisor on 1. Now, let a # 0 in T such that a + (36}, s0150) # (53, 30155).
Then clearly se3(a + (362, 301500)) = sz + (362, 361 309) # (362, 501565). Which shows that

23 is regular on 1.

Definition 2.1.4. A sequence s, 50, . . ., 2, of elements of ring w is called an T-regular

sequence if it satisfies the following conditions:

1. s is regular on 1/(s11, 50, ..., 5¢;_1)71 for any j.
2. T+ (a,500,. .., 56,) 70

Definition 2.1.5. Let w be a local Noetherian ring with unique maximal ideal J and

T be a finitely generated w-module. The common length of all maximal J-sequences

in J is called the depth of T and is denoted by depth(7).

2.2 Stanley depth

Let w := T[sq,s0,...,5¢) be a polynomial ring and 7T be a Z"-graded w-module.
Let Y; € 1 be a homogeneous element and H; € {5, 0,...,,}, then Y, T[H;] is
T-subspace of 71 whose generating set is all elements of Y;u, here p is a monomial in
T[H;]. The space Y;T[H;] is called a Stanley space of dimension | H; |, if it is a free
Y,; T[H;]-module and | H; | represents the number of indeterminates of H;. A Stanley

decomposition is finite direct sum of Stanley spaces defined as
i=1

And
sdepth® = min{| H; |,i =1,... ,s}.
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The Stanley depth of T is

sdepth () = max{P : P is a Stanley decomposition of T}.

In 1982 Richard P. Stanley [25| presented a conjecture given as
sdepth (77) < depth (7).

In [4, 3, 21] this conjecture was proved for w/J, where the polynomial ring w over field
T in atmost three, four and five variables respectively and J is an ideal of w. In 2016,
Duval et al. [10] proved that this conjecture is not generally true with the help of a

counter example.

2.2.1 The method to comute Stanley depth of a monomial ideal

In this section, we will discuss the method to determine the Stanley depth of /7 Z"-
graded module by the method proposed by Herzog et al in [14]. Let >, %2 ... 3™
be the monomial set of generated of J and py*, g2, ... , i, " be the monomial set of

(1) (2)

generated of J. Here, monomial 5"/ 55" ... | 52" is denoted by »®. Now, choosing

o € NP with the condition that a; < o and Y; < 0. We define subpost A‘j’/H of N? given

as

a’/a:{aEN":%a €J/d,a <o}

For square free monomial ideal J we consider J = 0 and ¢ = (1,...,1). For any

s,m € AJ, where s C m, we define
[s,m] ={y € Agl"“’l) :s Ty Cm}.
Partition of Agl”" s disjoint union of intervals

& Agl""’l) = Ul_ [sr, my].

The Stanley decomposition corresponding to each partition of Agl’“' s

DE): I =" T[{sa |t € m,}].

r=1
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Clearly, sdepth D(E) = min{|m4]|,...,|m,|} and
sdepth(J) = max{sdepthD(E) | £ is a partition of Agl ,,,,, Y,

Example 9. Consider w = Ty, 20, 563, 324, 5¢5|, I = (301324, s25¢3, 301329, 301 3¢35¢5) be
a square-free monomial ideal and J = 0. Set a; = (1,0,0,1,0), as = (0,1,1,0,0),
az = (1,1,0,0,0), oy = (1,0,1,0,1). Thus J is generated by 3, 5*2 »* and »™
We choose £ = (1,1,1,1,1). The poset A = Aj/g is

A={(1,0,0,1,0),(0,1,1,0,0),(1,1,0,0,0),(1,1,0,1,0),(1,0,1,1,0),(1,0,0,1,1),
(1,0,1,0,1),(1,1,1,0,0),(0,1,1,1,0),(0,1,1,0,1),(1,1,0,0,1),(1,1,1,1,0),
(1,1,1,0,1),(1,1,0,1,1),(0,1,1,1,1),(1,0,1,1,1),(1,1,1,1,1)}.

Partitions of A are given by

A1 :((1,1,0,0,0), (1,1, 1,1, )] JI(0,1,1,0,0), (0,1,1,1, )] | ]
[(1,0,0,1,0),(1,0,0,1, D] JI(1,0,1,1,0), (1,0,1,1, )]
[(1,0,1,0,1),(1,0,1,0,1)],

A3 :((1,0,0,1,0),(1,0,1,1, )] JI(0,1,1,0,0), (1,1,1,0,1)] ]
(1,1,0,0,0),(1,1,0,1, D] JI(0,1,1,1,0), (1,1,1,1,0)]
[(0,1,1,0,1),(1,1,1,1,1)].

Then, the corresponding Stanley decomposition is

D(Ay) := s30T 321, 320, 523, 324, 325] D 2003637 320, 323, 324, 3¢5 DB 201304 T 301, 324, 75| D

ey 3y T [ 501, 223, 724, 25 D 3013035251 5201, 523, 525),

D(Ag) := s13e4T[321, 520, 523, 324, 325] D 2003637 321, 320, 323, 325 D 2013057 311, 220, 724, 725
D sease300y T 501, 200, 323, 224 B 3093035651 5201, 509, 523, 325)].

Then, it follows that
sdepth (J) > max{sdepth (D(A;)),sdepthD(A5)}
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> max{3,4}
=4.
Now for w/J, the poset P = ﬂ’fw is
¥ ={(0,0,0,0,0),(1,0,0,0,0),(0,1,0,0,0), (0,0, 1,0,0), (0,0,0, 1, 0), (0, 0,0,0,1),
(17 O’ 17 07 0)7 (17 07 O? 07 1)7 (O’ 17 07 17 0)7 <O7 17 07 07 ]‘)’ (07 07 17 ]" 0)7 (07 07 17 07 1)7
(0,0,0,1,1),(0,1,0,1,1),(0,0,1,1,1)}.
Partitions of P are given by

P, : [(0,0,0,0,0), (0,0,1,1,1)] | J[(0,1,0,0,0),(0,1,0,1,1)] | J
[(1,0,0,0,0), (1,0,0,0,1)] | J[(1,0,1,0,0),(1,0,1,0,0)],

P, : [(0,0,0,0,0), (0,1,0,1,1)] | J[(1,0,0,0,0), (1,0,0,0,1)] |
[(0,0,1,0,0),(0,0,1,1,1)] {_J[(1,0,1,0,0),(1,0,1,0,0)].

The corresponding Stanley decomposition is

D(P1) := Tsee, 524, 55| B 00T 2200, 324, 305) B 501 T 521, 325] B 221503 T 521, 323],

D(fpg) = T[%g, My, %5] @ %1T[%1, %5] @ %3T[%3, 1y, %5] @ %1%3T[%1, %3].

sdepth (w/J) > max{sdepth (D(P;)),sdepth (D(P3))}
> max{2,2}

> 2.

Example 10. Consider w = T, 3¢9, 33, 324, 3t5], I = (301313, 301 3¢5, 00324, 335¢5) be a

square-free monomial ideal and and J = 0. Set oy = (1,0,1,0,0), ay = (1,0,0,0,1),
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az = (0,1,0,1,0), oy = (0,1,0,0,1). Thus J is generated by 2™, 5% »* and »™.
We choose £ = (1,1,1,1,1). The poset A = A§/3 is

A= {(1,0,1,0,0),(1,0,0,0,1), (0,1,0,1,0), (0,1,0,0,1), (1, 1,1,0,0), (1,0, 1, 1, 0),
(1,0,1,0,1),(1,1,0,0,1),(1,0,0,1,1),(1,1,0,1,0), (0,1,0,1,1),(1,1,1,1,0),
(1,1,1,0,1),(1,1,0,1,1),(0,1,1,1,1),(1,1,1,1,1)}.

Partitions of A are given by

1,1,1,0,0),(1,1,1,1,1

Y P Y

A; :[(0,1,0,1,0),(0,1,0,1,1 ( ), ( U

(1,0,1,0,0),(1,0,1,0,1)] | J
[(0,1,0,0,1),(0,1,1,1,1 ( ), ( Ny
( ) ( )

( ) ( )
(1,1,0,1,0),(1,1,0,1,1)
( ), ( ) 1,0,0,0,1),(1,1,0,0,1)]
( ) ( )

JUI
JUI
JUI
(1,0,1,1,0), (1,0,1,1,0)] | J[(1,0,0,1,1),(1,0,0,1,1)],

Ay :[(1,0,1,0,0),(1,1,1,1,1)] [(1,0,0,0,1),(1,1,0,1,1)] U

[(0,1,0,0,1),(0,1,0,0,1)].

CC CCcCccCcCcC

[(1,0,1,0,1),(0,1,1,1,1)]
The corresponding Stanley decomposition is

D(Ay) := 29364 T[320, 324, 25| B 3015005031 501, 509, 383, 304] B 26130954 T 321, 522, 524, 525D
a1 23T (521, 503, 305] @ 209005 T [51, 223, 224, 205 B 201925 T 501, 323, 25| D

sy 2322y 1301, 723, 524] @ 3015045251 [ 321, 524, 5¢5),

D(Ag) := 51363 321, 320, 323, 324, 325| @ 301525 T 321, 222, 324, 05| B 200504 T 502, 503, 324, 25D
%2%5T[%2, %5].

Then, we have
sdepth (J) > max{sdepth (D(A;)),sdepth D(A2)}
> max{3, 2}

> 3.
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Now for w/J, the poset P = inJ/J is

P = {(0,0,0,0,0),(1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0, 1,0), (0,0,0,0, 1),
(1,1,0,0,0), (1,0,0,1,0), (0,1,1,0,0), (0,0,1,1,0),(0,0,1,0,1), (0,0,0,1, 1),
(0,1,1,1,0),(0,1,1,0,1),(0,0,1,1,1)}.

Partitions of P are given by
Py :[(0,0,0,0,0), (0,0,1,1,1)]{_JI(1,0,0,0,0),(1,1,0,0,0)] | J

[(0,1,0,0,0),(0,1,1,1,0)]|JI(0,1,1,0,0),(0,1,1,0,1)]| ]
[(170707170)7(170707170)]7

P, ¢ [(0,0,0,0,0),(0,1,1,1,0)]{_JI(1,0,0,0,0),(1,0,0,1,0)]_J
[(0,0,0,0,1),(0,0,1,1, )] JI(1,1,0,0,0), (1, 1,0,0,0)] | ]
[(0,1,1,0,1),(0,1,1,0,1)].

The corresponding Stanley decomposition is
D(Py) = Tse3, 224, 305) ® 51T 501, 500] D 305 T [522, 563, 24| D 209523 [522, 523, 5¢5)D

sy 04 T 521, 724),

D(?Q) = T[%Q, 3, %4] ) %1T[%1, %4] %) %5T[%37 My, %5]%1%2_1—[%1, %2]@
%2%3%51_[%2, 3, %5]'

Then
sdepth (w/J) > max{sdepth (D(P;)), sdepth (D(Ps))}

> max{2,2}
> 2.
Example 11. Consider w = T, 39, 33, 324, 53], I = (363514, s35¢5, 301709, 32524) be a

square-free monomial ideal and and J = 0. Set oy = (0,0,1,1,0), s = (0,0,1,0,1),
az = (0,1,0,1,0), ag = (1,1,0,0,0). Thus, J is generated by !, 3“2 »* and »™

30



We choose ¢ = (1,1,1,1,1). The poset A = A§/3 is

A= {(0,0,1,1,0),(0,0,1,0,1),(0,1,0,1,0), (1,1,0,0,0), (0, 1,1,1,0), (0,0, 1, 1, 1),
(0,1,1,0,1),(1,1,1,0,0),(1,1,0,1,0),(1,1,0,0,1),(0,1,0,1,1),(1,0,1,0, 1),
(1,0,1,1,0),(1,1,1,1,0),(0,1,1,1,1),(1,0,1,1,1),(1,1,1,0,1), (1, 1,0,1, 1),
(1,1,1,1,1)}.

Partitions of A are given by

A1 :((0,1,0,1,0),(1,1,1,1,1)] [ JI(0,0,1,1,0), (0,0,1,1, )] ]
[(0,0,1,0,1),(1,0,1, 1, D] JI(1,1,0,0,0), (1,1,1,0,1)]
[(0,1,1,0,1),(0,1,1,0, )] | JI(1,0,1,1,0),(1,0,1,1,0)],

Ay :[(1,1,0,0,0),(1,1,0,1, 1)]U[(0,0, 1,1,0),(1,0,1,1,1)] U
[(0,0,1,0,1),(1,1,1,0, )] JI(0,1,0,1,0),(0,1,1,1,1)] ]
(0,0,1,1,1),(1,1,1, 1, ]| JI(1,1,1,0,0), (1, 1,1,1,0)].

The corresponding Stanley decomposition is

D(Ay) 1= 2093¢4 T [501, 309, 523, 324, 75] D 303504 T [323, 324, 305) D 203651 501, 53, 324, 75| D

%1%2T[%17 o, M3, %5] SY %2%3%51_[%2, 3, %57] S %1%3%4-'_[%17 13, %4]7

D(Ag) 1= 301300 301, 509, 524, 35| B 223504 T 521, 323, 324, 305 D 223651 501, 500, 523, 75| B
st9 50y T 509, 323, 324, 75| B 233040051 521, 502, 303, 324) D 2015003031 301, 310, 323, 24].

Then
sdepth (J) > max{sdepth (D(A;)),sdepthD(A,)}

> max{3,4}

=4
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Now for w/J, the poset P = inJ/J is

P = {(1,0,0,0,0),(0,1,0,0,0), (0,0, 1,0,0), (0,0,0,1,0), (0,0,0,0,1), (1,0,1,0,0),
(1,0,0,1,0),(1,0,0,0,1),(0,1,1,0,0), (0,1,0,0,1), (0,0,0,1,1),(1,0,0,1, 1),
(0,0,0,0,0)}.

Partitions of P are given by

1 :[(1,0,0,0,0),(1,0,0,1,1)]( JI(0,0,0,0,0),(0,0,0,1,1)]
[(0,1,0,0,0),(0,1,1,0,0)] | JI(0,0,1,0,0), (1,0,1,0,0)] ]
[(0,1,0,0,1),(0,1,0,0,1)],

P, : [(0,0,0,0,0), (1,0,0,1,1)]_JI(0,1,0,0,0), (0,1,0,0, 1)] | J
[(0,0,1,0,0),(1,0,1,0,0)] | JI(0,1,1,0,0),(0,1,1,0,0)].

The corresponding Stanley decomposition is

D(?l) = %1T[%1, My, %5] EB T[%4, %5] @ %QT[%Q, %3] EB %3T{%1, %3] EB %2%5T[%2, %5],

’D(?g) = T[%l, Y, %5] b %QT[%Q, %5] ) %3T[%1, %3] ) %2%3T[%2, %3].

Then
sdepth (w/J) > max{sdepth (D(P1)), sdepth (D(P2))}

> max{2, 2}

> 2.

2.3 Some results on Stanley depth and depth

Lemma 2.3.1 ([7]). If 0 — Ty — 7o — T3 — 0 is a short exact sequence of modules

over a local ring w, or a Noetherian graded ring with wy local, then

1. depth(Ts) > min{depth(T3), depth(T)}.
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2. depth(T;) > min{depth(Tz), depth(T3) + 1}.
3. depth(T3) > min{depth(T;) — 1,depth(T2)}.

Lemma 2.3.2 (|23, Lemma 2.2|). Let the sequence 0 — 711 — Tl — 13 — 0 be short

exact sequence of Z"-graded 1-module. Then,
sdepth Tp) > min{sdepth Ty), sdepth (7T3)}.

Lemma 2.3.3 (|14, lemma 3.6]). Let J C w be an ideal generated by monomials. If

wW* = w @71 T[2p41] = wlsp41] and J* C w*. Then,
depth (w*/J*w*) = depth(w/J) + 1.

And
sdepth (w* /J*w*) = sdepth(w/J) + 1.

Lemma 2.3.4 ([1]). Let J Cw and J = I(S,) C w is a edge ideal of p-star. Then,
depth (w/J) = sdepth (w/J) = 1.

Lemma 2.3.5 (|12, Lemma 2.12]). Let J* C w* = T, ... 5|, 3% C wkx =

T[541, ... ,xp] be the ideal generated by monomials, where 1 < r < p. Then,
depth (w*/J" @1 w™/J*") = depth,,. (w*/J*) + depth, .. (W™ /I).

Corollary 2.3.6 (|23, Corollary 1.3|). Let J C w be the ideal generated by monomials.
Then
depth(w/(J : Y)) > depth (w/J),

for all monomials Y ¢ 3.

Lemma 2.3.7 (|12, Lemma 2.13|). Let J* C w* = Tpr,... 5], % C w*™* =

Tl511, ..., 2] be monomial ideals and w = T, ..., 5, 41, ... , 7,|. Then,

sdepth,,. (w*/J") + sdepth, .. (w**/J*) < sdepth (W™ /F* @1 W™ /F™).
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Proposition 2.3.8 (|9, Proposition 2.7]). Let J C w be the ideal generated by mono-

mials. Then, for all monomial Y ¢ J
sdepth (w/J) < sdepth (w/(J : Y)).

Lemma 2.3.9 ([17, Lemma 3.3]). Let J C w be a monomial ideal and ideal J be square-
free with supp (w) = {301,302, ... , 36, }, let = 56,325, ... 3¢, € W/, such that »,p € J,
for alln € {301, 50,... ,2,} \ supp (). Then sdepth(w/J) < p.

Lemma 2.3.10 (|20, Lemma 2.8|). Let [ = I(P;) be an edge ideal of a path graph on
s vertices and s > 2. Then,
s

depth (w/I) = (§1

Proposition 2.3.11 (|8, Proposition 1.3|). Let I = I(C5) be an edge ideal of a cycle

on s vertices and s > 3. Then,

depth (w/1) = [2=1

1.

Proposition 2.3.12 (|14, Proposition 3.4|). Let J C w be the ideal minimally generated
by r elements. Then,

sdepth (J) > max{n —r+1,1}.

Lemma 2.3.13. Let I = I(Cs,,) be an edge ideal of m-fold bristled graph of cycle Cs.
Then,
depth (w/I(Cs,n)) = sdepth (w/I(Cs,,)) = 2m + 1.

Proposition 2.3.14 (|26, Proposition 4.2|). Let square free monomial ideal J C w =

T[se1, 502, ... , 5¢5] be minimally generated by 4 elements. Then,
sdepth (J) > s — 2.

Theorem 2.3.15 (|5, Theorem 2.2|). Let maximal ideal J generated by (s, ... , s5) C
w. Then,

sdepth (J) = [5].
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Lemma 2.3.16 (|22, Lemma 3.1]). Let T be a tree graph and I = I(T) be the edge
1deal of it. Let s be the total number of leaves and r > 1 be the diameter of graph.

Then,
s+r—1

3 I
Theorem 2.3.17 ([19, Theorem 5.1|). Let I = I(Ps:) be the edge ideal of strong

product of two paths on s and t vertices. Then for s > 2,

sdepth (w/I) > |

s__t

depth (ws,t/I<Ps,t))7 Sdepth (ws,t/I(Ps,t>> Z [3—‘ (g—l .

Theorem 2.3.18 ([19, Theorem 5.3]). Let I = I(Cs;) be the edge ideal of strong
product of path and cycle on s and t vertices respectively. Then for s > 3 and m > 1,

[+ ([51 - D21, if t =1,2(mod3);
depth (ws4)/1(Cs) < { 21, if t = 0(mod3).

Lemma 2.3.19 (|18, Lemma 3.2|). Let H; be the edge ideal of the line graph of ladder
graph. Then for s > 2,

(; < depth (ws/H;),sdepth (ws/Hs) < s — 1.

Lemma 2.3.20 ([18, Lemma 3.6]). Let A be the edge ideal of the line graph of circular
ladder graph. Then for s > 3.

f%} < depth (ws/A) < s—1.

And
51 < depth (w,/A,) < .

Theorem 2.3.21 (|16, Theorem 2.1|). Let J and O be ideals in w generated by mono-
mials such that J C . Then,

sdepth (9/3) < sdepth (VO //3).
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Chapter 3

Stanley depth and depth of the
quotient rings of the edge ideals
corresponding to ladder graph and a
class of strong product of two paths

In this chapter, we compute Stanley depth and depth of the quotient modules of
edge ideal associated with the p—fold bristled graph of ladder graph and L, graph,
where L, = P, X P, and v > 1. We prove for these graphs, the depth and Stanley
depth values are equal.

Througout this chapter, we set o, , := T[Ui_ {zs, yi}, Us_ {715, 225, - -+ 5 Tujs Y15, Y2
.-+ Yuj}], here v is the total of vertices of path P, and p is the total number of pendant

vertices attached at each x;.

Definition 3.0.1. The ladder graph is Cartesian product of P,, and P,, where v > 2.
We denote this graph by D,, = P,00P,.. The p—fold bristled graph Brs,(D,) is obtained
by attaching ¢ pendants to each vertex of D,. Figure 3.1 shows Brsy(Dy).
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Y11 Y12 Y21 Y22 Y31 Ys2 Ya1 Ya2
1 2 3
1 2 3 7\
T11 Z12 T21 X22 x31 Z32 T41 T42
Figure 3.1: Brsy(Dy)

Definition 3.0.2. Let L, denotes the strong product of two paths P, and P, by
L, = P,XP,, where v > 1. The p—fold bristled graph Brs,(L,) is obtained by
attaching o pendants to each vertex of L,. Figure 3.2 shows Brsa(Ly) .

Y11 Y12 Y21 Y22 Y31 Y32 Ya1 Ya2

T11 Z12 T21 T22 x31 x32 T41 T42
Figure 3.2: Brsy(Ly)

Definition 3.0.3. Let o > 1 and v > 2. If edge ideal I,, = I(Brs,(D,)), then its

minimal generating set is stated as

v—1 v e
G(L,,) = U{xﬂfwb YilYiv1} U{l’zyz} U{ylyu, e s YoYugs TAT Gy - e Ty}
i=1 i=1 j=1
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We also define a modified graph of Brs,(D,) denoted by D. , with the set of vertices

U?Q’

V(D ) := V(Brso(Du)) U{ywr1} Uj— Y+ and edge set E(D;, ) := E(lu,o) Ufyogvsa}
Uj—i {voyw+1);}. Figure 3.3 shows D , graph. We assume £, , := F y o[Yu+1, Uj—; Y00 1)5]

and edge ideal I;; , = I(D,, ,), then its minimal generating set is stated as

g([:;,g) = g(lv7.9) U{yvyv-H} U{yvy(erl)j}-

Y11 Y12 Y21 Y22 Y31 Y32 Ya1 Ya2 Ys1 Ys2
1 2 3 v
1 2 3 q

T11 X112 T21 T22 x31 x32 T41 T42

Figure 3.3: D},

Definition 3.0.4. Let v = 1, then minimal generating set of the edge ideal of p—fold
bristled graph of L; is stated as

G(Ly,p) = {myn } Uiy {x1z, vy }-
When v > 2 it is given as:
G(Lug) = US {imien, yiin } Uy {ang, o @0@ujs 191, -+ Yol } Uiy {miyi}
U{t1, Yoo 1} Uiy {yiwi1, viigr }-
To prove our major results in our coming section, first we will prove this Lemma.

Remark 3.0.1. The p—fold bristled graph of the path P, is denote by P, , Let F;’g =
Uiz, Uz, wa, sz}l and G(Pu) == Ui {zawon YU {maay, - @mys)
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Lemma 3.0.2. Let o > 1 and n = 2,3, then

o+l ifv=2;

depth (F./P,,) = sdepth (F, ,/P..,) =
€p ( U,g/ ,Q) sdep ( ,Q/ ’9) {Q+27 va =3.

Proof. We will prove this for each value of v separately. Consider the following exact

sequence.

0— F;’Q/(PMQ D Ty) Ny

v

o/ Poo = F oo/ (P ) — 0.

Case 1. For v = 2, p > 1 we have FIQ,Q/(P27Q D xg) = Tlre, Uy {x1,;}]. Thus by
Lemma 2.3.3 depth (F,,/(P2,: #2)) = 0+ 1. Also it is clear that F, ,/(Ps,,x2) &
TV (Sp+1)]/1(Sp41) @1 T[Ui_1{z2;}]. By Lemma 2.3.4 and Lemma 2.3.3,
depth (F/Q,g/(PZMJ? x9)) = 0+ 1. Therefore by Depth Lemma depth (FIQ,Q/PZ@) =0+1.
Case 2. Forv =3, 90> laswecansee f 3,/(P3,: x3) = TV(Sps1)]/1(Sps1) Q1 Tlzs
, U {2;}], by Lemma 2.3.4 and Lemma 2.3.3 depth (F 5 ,/(Ps, : 23)) = 1+0+1 = o+
2. Now Fg7g/(P3,g, x3) = F;,g/(PZ@) Q)+ T[Ui_{x3,], using previous case and Lemma
2.3.3 we get depth (F 3 ,/(P3,,23)) = 0+ 1+ 0= 20+ 1. As depth (F ,/(Ps, : 23)) <
depth (F 3 ,/(Ps,,23)), by Depth Lemma depth (F 5 ,/Ps,) = 0+ 2.

For the case of Stanley depth we get the same result by following Lemma 2.3.2
instead of Depth Lemma, for upper bound in case 2 as depth (Fé,g/(P&g cx3)) = 0+ 2,
using Proposition 2.3.8 depth (Fg’n@/P&@) >o0+2. ]

3.1 Stanley depth and depth of the quotient rings of
the edge ideals corresponding to p—fold bristled
graph of ladder graph and strong product of two
paths.

In this section, we determine the Stanley depth and depth of the quotient modules of
the edge ideal of p—fold bristled graph of ladder graph and L, graph. We prove for
these graphs, the depth and Stanley depth values are equal.

To determine these invariants, we shall first determine these values for the quotient

modules associated with edge ideal of D] , graph.
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Lemma 3.1.1. Let o > 1 and 2 < v < 3. Then
depth (F% ,/I7,,) = sdepth (F3,,/I%,) = (0 + 1o + 1.

Proof. We will prove this for each value of v separately. Consider the following exact

sequemnce.
0— FZ,@/(]:;,Q : yU) ﬂ) Fi,g/]:;,g — Fz,g/(l':,gv yv) — 0.
Let v =2,

G(13, : y2) = {m129, 21y1, T, Y1, Y3} Uiy {81915, Y335} Ujoy {21215, Dm0} UG_) {425}

= {y1,y3, T2} Uf-:1 {z121;} U§:1 {y25}-

We have (F3,/(15, : 92)) & TIV(Sp1)l/I(Sps1) @1 Tlyzs Uy {y15: v, w25} Using
Lemma 2.3.3

depth (F3,,/ (I3, : 42)) = depth (TIV(Sp )|/ 1(Sps1)) + 30 + 1.
Thus by Lemma 2.3.4 we get
depth (£ 3,/(I5, y2)) =1+30+1=30+2.
Here
G(I5 5 y2) = {yo} Uj_y {2122, 1191, 1715, TaTaj, 1Yy} Uiy {ysys;)-

As we can see that (75, /(5 2)) = TV (P )|/ 1(Py) @ TIV (S, 1(S01) @
T[US_,y25]. Therefore, by Lemma 2.3.5 and Lemma 2.3.3

depth (£75 ,/(15,,52)) = depth (T[V (Ps,0)]/1(Ps,)) + depth (T[V(Sp41)]/1(Sp11)) + ¢
By Lemma 2.3.4 and Lemma 3.0.1, we have
depth (F3,/(I5,,vy2)) = (0 +2) +1+0=20+3.
Now by Depth Lemma
depth (£ 5,/15,) = min{depth (£ 35 ,/(I5, : y2)),depth (f 3 ,/(2,0,42))}-
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This implies that
depth (F3,/15,) > 20+ 3.

For upper bound as we have G(I5 , : y3) = {32} U{z122, 1191 } Ui {71215, Ta2j, Y1915}

Uy (s}, and (F3,/(T5, = ) = TV(PI/I(Ps,) @ Tlys U yyay). Thus by
Lemma 2.3.3 and Lemma 3.0.1.

depth (F 3,0/ (12, : y3)) = depth (T[V(Py0)]/1(Ps,0)) + 1+ 0
=o0+2+1+0=20+3,

as y3 ¢ I, so by Corollary 2.3.6.
depth (F3,/15,) < depth (F3,/(13, : y3)) = 20+ 3.

This prove the result for v = 2.

Now let v = 3, we have
g([f;k,g 1 ys) = {ys, T3, Y2} U]g':1 {m129, 21y1, 11715, To95, Y1y, } U]g':1 {yss}-

Therefore (F35 /(13 , : y3)) = T[V(Ps,)l/1(Ps,0) @7 Tlys, Uj_1{v2;, yuj; 73;}]. By Lemma
3.0.1 and Lemma 2.3.3

depth (5,/ (I - 45)) = depth (T[V(Py )]/ I(Py)) + 30+ 1 = 0+24+30+1 = 49+ 3.
Clearly
G(I3 5 y3) = {ys} Uj=y {2172, 7123, Y192, ToYa, T1Y1, T1T1j, Talaj, T3T35, Y1Y1j, Yala, |
Uit {yayai},

and (F3,/(15,,93) = F5,/15, @ TIV(So11)l/1(Sot1) Qv T[Uj_1y3]. By previous

case and Lemma 2.3.4.

depth (£75 /(I3 ,,y3)) = depth (£ /15 ,) + depth (T[V(Sy11)]/1(Sp11)) + 0
=(0+1)2+14+1+0=30+4.
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So by Depth Lemma
depth (£ 3,/15,) > 30+ 4.

For upper bound as (F3,/(13, : va)) = (F3,/15,) @1 T[ya, Uj—1y3;]. Thus by Lemma
2.3.3 depth (F3,/(I3,: ya)) = depth (F3 ,/I5,) + 0 + 1. By previous case

depth (F3,/(I5,:y4)) =20+3+0+1=30+4

As, ys & I3, by Corollary 2.3.6 depth (F3 /I3 ,) < 30+ 4, and it follows that

For Stanley depth when 2 < v < 3, we follow the same procedure on the short exact
sequence as for depth using Lemma 2.3.2. We use Lemma 2.3.7 instead of Lemma 2.3.5

and Proposition 2.3.8 instead of Corollary 2.3.6. We get

sdepth (F3,/13,) = (e +1)v+ 1.

Theorem 3.1.2. Letv > 2 and o > 1. Then
depth (F7, /15 ,) = sdepth (F7 /17 ,) = (0 + 1)v + 1.

Proof. When v = 2,3, the result hold by Lemma 3.1.1. Let v > 4. Consider the

following exact sequence.
* * “Yu * * * *
0 Fv,g/([v,g . yU) — FU,Q/[U,Q F’U,Q/([’U,Q7 yv) 0.

Here

G}, o) = {Yost, Tos Yoor F UL {aizin, wayi} UL {yivinn Y Uiy {oayg, vavzgs - - -
Yv-1Y(w-1)js Yo+1Y(v+1)j5 L1T1j5, L2L 255 - - ,ﬂfu%j} Ule {yvj}-
Clearly, (F} /(L5 , %)) = F i 9,/15 9, @1 TlYo, U]Q-:l{ﬂ?vj, Y(w-1)j> Yw+1); }]. By Lemma

2.3.3 and induction, depth (F7 /(I ,: y)) = 1+ (0+1)(v—=2)+30+1 = (0+1)v+o.

Now
Gy, Yo) = {yo} U @i U {yiyien UL {xiys b Uiy {1915 Yavajs - - -
Yo—1Y(w—-1)j, L1T15, TaX2j, - - - aﬂTUiqu} U§:1 {yv+1y(v+1)j}-
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Here (Fz,g/(qu,ga Yo)) = ( Z—l,g/[:;—l,g) ®TT[V(SQ+1)]/[<SQ+1) ®TT[U§=1?/UJ]- There-

fore using Lemma 2.3.3 and Lemma 2.3.5 we get
depth (F 7 /(15 0 y0)) = depth (T[V(Sp11)]/1(Sp11)) + depth (F_y /151 ,) + 0.
Using Lemma 2.3.4 also induction on v
depth (F7 /(L5 5 90)) = (0 + D)o =1) +14+1+0=1+ (¢ + L.
By Depth Lemma
depth (,/(I2,) > (0 + v+ 1,

and for upper bound as

g<Ivj,g CYor1) = {Yo ) U§~):1 Y(v+1)j Uf;f {zizis1} Uf;f {viyis1} U§:1 {vivij, 2y, - - -,
Yo-1Y(v-1)j5 L1L1g5 - - - ,%Ivj} Ufz_ll {Izyz}

Clealy we have (1% o/ (E% # 1)) = F1 o/ T3r y @ Tlves, ULy {ys}, using Lemma
2.3.3, we have depth (£ /(L , : Yvs1)) = depth (£ /I3, ) + o+ 1. By induction

v—1,0

we get
depth (Fy /(15 ,  Yos1)) = (0 + (v —=1)+1+0+1=(e+1)v+1.
As Y11 ¢ I, ,, from Corollary 2.3.6. depth (F 7 /1)) < (o + 1)v + 1. We get

depth (£}, /1 ,) = (o +1)v+ 1.

For Stanley depth we get the same result using Lemma 2.3.2 instead of Depth
Lemma, Lemma 2.3.7 instead of Lemma 2.3.5 and Proposition 2.3.8 instead of Corollary

2.3.6. U

Lemma 3.1.3. Let o > 1 and v = 2,3. Then,

depth (F 5/ 10,) = sdepth (F 40/ 10,,) = (0 + 1)v.
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Proof. We will prove for each v separately. We have a short exact sequence.
0— Foo/(Tup: y) oy Fool/lve — Fuo/(Lyg xm) — 0.
Let v = 2, we have
Gz, : x2) = {21, 92} Uj'):l {ny15} Ugg'zl {9}

Clearly, (F27g/(]2,g . .%'2)) = T[V(SQ+1>]/I<SQ+1) ®T T[(L’g, U?Zl{l’lj, ygj}]. Using Lemma
2.3.3 depth(F 2,/ (12, : ®2)) = depth (T[V (Sp41)]/1(Sp+1)) + 20 + 1 by Lemma 2.3.4

depth (Foo/(Io, - 22)) =14+20+1=2(0+1).
Here,
G190, x9) = {w2} Ui {191, Y1¥2, V11> Y2loj> T1T1;}-
As (Fa,0/(I2,9,72)) = TIV(Ps,)]/1(Ps,,) @1 T[Uj_ 72;5]. Therefore using Lemma 2.3.3

we get depth (F 2,/ (12,0, 22)) = depth (T[V (Ps,)]/I(Ps,)) + 0. By Lemma 3.0.1

depth (F 2,0/ (I2,,72)) = (0+2) + 0= 2(0+ 1).

So by Depth Lemma, this prove the result for v = 2.
Now let v = 3, Clearly

G(I3, : v3) = {T2, Y3} U§:1 {Z1y1, Y12, T12105, Y1Y1y, Yoyos b U§:1 {35}

Since (F 3,0/ (13,0 : w3)) = T[V(Ps,0)]/1(Ps,0) @7 Tlas, Uj_1{ys;, ¥2;}], therefore by Lemma
2.3.3 depth (F 3,/ (I3, : x3)) = depth (T[V(Ps,)]/1(Ps,)) + 20+ 1. By Lemma 3.0.1.

depth(F 3,/(I3,0:73)) = (0+2) +20+1=3(0+1).
Now

G(I3,0, x3) = {w3, 2122, T1y1, Y1y2, Yoy} Uj_y {21215, Taaj, Yiv1y, YoYos, YsYs; }
= {9(15,9)7'1:3}'
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We have (F 3,/(13,,73)) = F35,/15, &7 T[Uj_ {3;}]. By Lemma 2.3.3

depth (Fs,0/(Is,0,03)) = depth (F3,/15,) +

Using Lemma 3.1.1 we get, depth (F3,/(l5,,73)) =2(0+1)+14+0=3(0o+1). So, by
depth Lemma, depth (F3,/13,) = 3(0o+1).
For Stanley depth we get the same result using Lemma 2.3.2 instead of Depth

Lemma. We have sdepth (F ,,/l,,) > v(0 + 1). For upper bound as z, ¢ I,, by
Proposition 2.3.8.

SADHh (F g/ Turg) < septh (F g/ (g : ) = (0 + 1)v.
Which completes the proof for Stanley depth. n
Theorem 3.1.4. Let p > 1 and v > 2. Then

depth (F v,0/10,0) = sdepth (F v0/10,,) = (0 + 1)v.

Proof. We will show this by induction on v, when v = 2,3, it is already proved in

previous Lemma 3.1.3. Let v > 4, consider the following exact sequence.
0 — Foo/(Too: o) =2 Fuoo/loo — Fup/(Lg 7o) — 0.

Note that
G(Log s ) = {o 1,90} Ui {zizin } USE {yayin } UiE {zayi} Uiy {ny -
Yv—1Y(w-1)j; L1T15, L2L25, - - - 7~T072x(v—2)j} Ué):l {l’vj}
g(IU@ ) {g< v— 29) Loy— 17%} U] 1 {xU]}

Where (Fuo/(Le + @0)) = (F30,0/T52,) Q1 T, Ui {w), w-1);}]. By Lemma
2.3.3.

depth (F oo/ (I : @) = depth (Fi_g o/ I 5,) + 20+ 1.
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By Theorem 3.1.2
depth (Fpp/(Ipp: @) = (0+1)(v—=2)+1420+1=(0+ 1)v.
Now
G(Lo,g, 20) = {m UL {wiinn FULL {uiin YU oy PO {oayng - - s Yol 12015,
: 7331)—1:5(1)71)]‘}-

Clearly (1,0, 20) = {G(1}_1 ), 2o} Also (F oo/ (Loe, @0)) = (Fio10/10-1,) @1 T]
Uj.’:l Ty;], using Lemma 2.3.3 depth (F oo/ (1v,q, 7)) = depth (F5_, /15 ,) + 0. By
Theorem 3.1.2.

depth (Fy.o/(Top20)) = (0+ 1) (v —1)+ 14+ 0= (o + 1)v.

Thus by Depth Lemma, depth (F /1, ,) = (0 + 1)v.

For Stanley depth the get the same result using Lemma 2.3.2 instead of Depth
Lemma. We have sdepth (F ,,/1,,) > v(o + 1). For upper bound as =z, ¢ I,, by
Proposition 2.3.8.

sdepth (F 4.,/ 1v.,) < sdepth (F /(Lo : T0)) = (0 + 1)v.
Which completes the proof for Stanley depth. n
Lemma 3.1.5. Let 1 <wv <3 and o> 1. Then
3v v
depth (F 5/ Lu,e) = sdepth (F oo/ Ly,e) = L?JQ + [5—‘
Proof. We will prove for each v separately. We have the following short exact sequence.
0~ Fop/(Lug: o) =5 Fuop/Luy — F oo/ (Lug, Tw) — 0.

When v = 1 as Ly, = P, it is clear from Lemma 3.0.1 that, depth (F1,/L1,) =
sdepth (F1,/L1,) = 0+ 1.
For v = 2,

G(La, @ x2) = {T1y1, Y12, T1Y2, T1, Yo, Y1 } Uf’:l (T4, Y1y15, YoYos b Ule {m25}
= {xlu Y2, 7y1} U?:l {x2j}
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So (Fao/(Lay : xs)) = Tlxa, Ule{ajlj, Y17, Y25 }]. Therefore by Lemma 2.3.3
depth (Fo,/(La, : x2)) =30+ 1.
Here
g(L2,g7 Tp) = {22} U§:1 {191, Y1y2, T1Y2, L1215, Y1Yij, y2?/2j}-

We have (F 2,0/(La,,72)) = T[V(C3,)]/1(Cs,) @+ T[Uj_72;]. Hence by Lemma 2.3.3
and Lemma 2.3.13

depth (F 2,/ (L2, 72)) = depth (T[V(C3,)]/1(C3,)) + 0 =20+ 1+ 0= 30+ 1.
So, by Depth Lemma
depth (F2,/(La,) = 30+ 1.

Now let v = 3,

G(Ls o : v3) = {2172, Y1Y2, Y23, T1Y2, T2Y1, T2Y3, T1Y1, TaYa, , Y2, Y3, Ta } Ujg-zl {xlxlja

Y1Y1s, Y2Y2s, Y3ys;i f Uiy {735}

= {y2,Y3, T2} U]Q-:1 {21y, w120y, Yy} Ule {35}

Since (/‘—3,9/(1/3,9 : $3)) = T[V(Pg,g)]/](PZg) ®-|— T[.Tg, U?:l{y3j7 Laj, y2j}]' USil’lg Lemma
2.3.3 and Lemma 3.0.1,

depth (F37g/(L37Q . Ig)) = depth (T[V(PZ@)]/I(PQ@)) + 3Q + 1
—o+1+30+1=40+2

And

_ o
G(L3,0; 73) = {7172, Y1Y2, Y23, T1Y2, T2Y1, T2Y3, T1Y1, TaYo, $3}Uj:1 {21115, 2295, Y191,

Y2Y2j, y3ysj}~
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Now let J := G(Ls,,z3). Consider the following exact sequence.

3

0 — Fao/(J:ys) = Fao/d — Fe/(Jys) — 0.

G(J 1 y3) = {m129, Y192, T1Y2, Tay1, T1Y1, Tala, , Yo, T2, T3} Uj_y {21215, yiyrs} Uiy {s4}

= {2, T2, w3} Uiy {@191, 21215, 11915} Uiy {wss)-

As we can see (F3,/(J @ y3)) = T[V(Po)l/I(Pa,) Qv Tlys, Uj—i{m25, Y25, 23 }], by
Lemma 2.3.3 and Lemma 3.0.1

depth (F3,/(J : y3)) = depth (T[V(Pa,)]/I(Pay)) +30+1
—o0+1+30+1=40+2.

Now G(J,y3) = {172, Y1Y2, T1Y2, T2Y1, T1Y1, TaYa, Y3, T3} Ule {21215, 225, Y1Y15, Y2yas }

= {Q(ng),x?ny?)}'

We have (Fs,/(J,y3)) = Fao/Lae @t T[Uj_ {235, y3;}]. Therefore by Lemma 2.3.3

and previous case, we obtain
depth (F3,/(J,y3)) = depth (F a0/ La,) +20 =30+ 1420 =50+ 1,

by Depth Lemma, depth (F3,/J) = depth (F 3,/(Ls,, x3)) > 40 + 2. As by depth
Lemma, depth (F 3,/Ls,) > min{depth (F5,/(Ls, : x3)),depth (F 3,/(L30,%3))}

depth (F37Q/L37g) Z 4Q + 2.

For upper bound as depth (F3,/(Ls, : y3)) = depth (T[V(Py,)]/I(P2p)) + 30+ 1
o+1+30+1=40+2asvys¢ Fs, using Corollary 2.3.6 we get depth F3,/(L3,) <
depth (F3,/(Ls, : y3)) = 40+ 2. By depth Lemma

depth (F3,/Ls,) = 40+ 2.

For Stanley depth we get the same result using Lemma 2.3.2 instead of Depth Lemma
and Proposition 2.3.8 instead of Corollary 2.3.6. O
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Theorem 3.1.6. Let v >1 and o > 1. Then

3v

v
depth (Fv,g/Lv,g) = sdepth (Fv,g/Lv,g) = L?JQ + [5—‘

Proof. We will show this result with help of induction on v. For 1 < v < 3, then we

have the desired result by Lemma 3.1.5. we have the following exact sequence.
0~ Foo/(Lug:T0) =5 Fop/Luy — F oo/ (Lug, Tw) — 0.
By Depth Lemma
depth (F 5/ Ly ) > min{depth (F , o/ (Lv,, : Tv)),depth (F 4 o/ (Ly.ps T0)) },
and
G (Lo : o) = {1122, Yo—2Tu—s, Too1, Yo, Yo1} Uiy {@iipr, Yiia } Uy {maay, -
Ty2T(v—2)j, Y1Y1js - - - » Yo—2Y(w—2); } U2 iy U}j;zg {yjzj—1, vz} U§:1 {z;}.

g(Lv,g . xv) == {g(L’UfQ,Q))fol?y’U? yvfl} Ule {xvj}-

Here (F oo/ (Lo, @0)) = (Fo-20/(Lu-2,0) @ T[v, Ui_1{¥vj, T(w-1)j, Y(o-1);}]- Using

Lemma 2.3.3 and induction on v, clearly

depth (F 4,0/ (Ly o : ) = depth (F y—2,4/Ly—2,) + 30+ 1
B L3(1} —2) v—2

s let =
=L2JQ+(§1-

1+30+1

3v v

Now let J := G(Lu,g, T0) = {G(Lv-1,0), YoTv—1, YoYo—1, v} Uj—y {Yu¥u;}. Consider the

following exact sequence.
00— Fuo/(J:Y0) =2 Fuo/d — Fuo/(Jys) — 0. (3.1)
Here
G(J 1 yo) = {G(Lo-2,0), Tu—1, Tu, Yo1} Uiy {0}
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and (F v,0/(J : Yo) = (F v-2.0/Lv—2,0) @ T[Yv, Uj—1{¥(w—1)j> T(w—1)j> Tu; }]. Using Lemma

2.3.3 and induction on v,

depth (F 4,/ (J : yy) = depth (F y—2,,/Ly—2,) + 30+ 1
B L3('0 —2)
B 2
v

=12 o+ 101

v—2
Jo+ 1T 5 1+30+1

It is easy to check that G(J, y,) = {G(Lu—1,), Tv, Yo} and (F v o/ (S, Y0)) = F v-1.0/Lu-1,
@« TIU5—1{¥vj, 70;}]- By Lemma 2.3.3 and induction on v, we get

3(v—1) v—1

5 Jo+ [——

depth (F v,0/(J,y0)) = depth (F v—1,0/Lo—1,0) + 20 = | B

1+20

31}—1—1J +fv_1
9 ¢ 2

= |
As we can see [22H o+ [24] = |22 |p+ [¥]. When v is odd then |34 o+ [%1] =
(%o + 4] for o = 1 and [ o+ [%52] > [§]o + [4§] for 0 > 2. So by Depth
Lemma depth (F,,/J) > |22]o + [%]. Again by Depth Lemma depth (F ,,/Lo,,) >
min{depth (F , o/ (Lvp : ®0)),depth (F oo/ (Lo ) }-

3v v
depth (F v,/ Lu,g) > L?JQ + [§—|

1.

For upper bound as y,, ¢ F ., and

91‘

Aepth (F o/ (L 0)) = oo [

By Corollary 2.3.6, depth (F 0/ Lu,o) < depth (F o/ (Lo, = y0)) = [22] 0+ [4]. We get

3v
depth (Fv,g/Lv,g) = |+

o+ 131

For Stanley depth we get the same result using Lemma 2.3.2 instead of Depth
Lemma and Proposition 2.3.8 instead of Corollary 2.3.6. m
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Chapter 4

Stanley depth and depth of the
quotient rings of edge ideals
corresponding to po—fold bristled graph
of circular ladder graph and a class of
strong product of a path and a cycle

In this chapter, we determine the Stanley depth and depth of the quotient rings
of edge ideals of p—fold bristled graph of circular ladder graph and T, graph, where
T, = P,X(C,, where v > 3.

Througout this chapter, we assume f o, , := T[Ui_ {z3, ¥}, Us_ {715, 225, - -+ 5 Tugy Y15
. Y24, - -+ s Yujt], here v represents the total vertices of cycle C, and o shows the total

pendant vertices attached at each z;.

Definition 4.0.1. The circular ladder graph is the cartesian product of P, and C,,
where v > 3. We denote this graph by H,. The p—fold bristled graph Brs,(H,) is
obtained by attaching p pendants to each vertex of H,. Figure 4.1 shows Brss(Hg).
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Y11 Y12

Y21 Ye1

Y22 Y62

Y31 Ys1

Y32 Ys2

Ya1 Ya2

Figure 4.1: Brsg(Haz)
Definition 4.0.2. Let T, denotes the strong product of path P, and cycle C, by

T, = P, X C,, where v > 3. The p-fold bristled graph Brs,(1,) is obtained by
attaching ¢ pendants to each vertex of T,,. Figure 4.2 shows Brsy(Tg).
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Y21 Ye1

Y22 Y62

Y31 Ys1

Y32 Ys2

Ya1 Ya2

Figure 4.2: Brss(Ts)

Definition 4.0.3. Let ¢ > 1 and v > 3, then the generating set of edge ideal €, , =
I(Brs,(H,)) is
g(Q:U7Q) = g<lv,g) U {mlxvvylyv}~

We also define a new graph D, , with the vertix set V(D) := U;_ {2} U i}
Us—i{71j, -+ Tugs Y1us - -+, Y(wr2)o} and edge set of graph is E(D,,) = Ui iz }
U;')ill{yiyi-&-l}U?:l{xiyi+1}ujg‘:1{ylylja ce s YoraY(wr2)js T1T1Gs - -+ 5 Tyt Figure 4.3
shows F3 o graph. We set

e

4
FZTQ = Fv,g[yu+1> Yv+2, U Y(w+1)s> U y(v+2)j]~
j=1 j=1

Then minimally generating set of associated edge ideal for v = 1is G(E} ,) := {x1Y2, Y192

s Y2ys} Us_ i {1215, Y1915, Yayaj, Ysys; }, for v > 2 and edge ideal E, , := I(Dg,g), it is

93



stated as:

v—1 v e
G(Ey,) = U {zizisa} Ufill {Yiyis1} U{xiyi—f—l} U{ylylj, w0 Yur2Y(wt2)5; L1155
i=1 i=1 j=1

Tyl )

Y11 Y12 Y21 Y22 Y31 Y32 Ya1 Ya2 Ys1 Ys2
2 3 4
T21 T22 x31 x32 T4 T42

Figure 4.3: Es35

4.1 Results for p—fold bristled graph of circular lad-
der graph and a strong product related graph

In this section, we determine the Stanley depth and depth and of the quotient rings
corresponding with edge ideals of p—fold bristled graph of circular ladder graph and
T, graph. We prove for these graphs, the depth and Stanley depth values are equal.
To determine these invariants of p—fold bristled graph of circular ladder graph, we
shall first determine these values for the quotient module associated with edge ideal of

D, , graph.
Lemma 4.1.1. Let o > 1. Then,
sdepth (FTTQ/EL@) = depth (FTTQ/ELQ) =0+ 3.

Also
sdepth (F 5",/ E»,,) = depth (F 5,/ Es,) = 30+ 3.
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Proof. We have a short exact sequence.

0— FZT@/(‘EU,Q : yv+2) M) FZTQ/E%Q — FZT@/(‘EU,Q? yv+2) — 0.

Let v = 1, then [ {%,/(By, ¢ ys) = @iy TV(Spsn)/1(Spi1) @ Tlys, Us-y], by

Lemma 2.3.3, Lemma 2.3.5 and Lemma 2.3.4, we have
depth (F 1,/ (E, : ys)) = 2depth (T[V(Sp1)]/1(Sp41)) + 0+ 1 =2+ 0+ 1=0+3.

Since F 1%,/ (E1,p,y3) = T[V(Ps,)]/1(Ps,0) @1 T[Uj_ 3], by Lemma 2.3.3 and Theorem
3.0.1 depth £ 1%,/ (B ) = depth (TIV(Py )| /T(Py,)) + 0 = 0+ 2+ 0 = 20+ 2. Now
by Depth Lemma if

depth (FTTQ/ELQ : y3) < depth (FTTQ/EI,Q7 y3)

Then,
depth (Ff‘g/ELg) = depth (F”{TQ/ELQ ty3) = 0+ 3.

This prove the result for v = 1.
Now let v = 2, we have [ 5",/ (Eq, : ya) = T[V(Py,)]/1(Pag) @1 Tlya, Uj_ys5]. There-
fore by Lemma 2.3.3 and Lemma 3.0.1,

depth (F 357,/ (Es, : ya)) = depth (T[V (Py,)]/1(Py,)) +0+1
=2(0+1)+0o+1=30+3.

Now F 5% /(B2 ya) = F5,/ 15, @+ T[Uj_ 4] Using Lemma 2.3.3 and Lemma 3.1.1,
we get depth (F 37,/ (E2,,y4)) = depth (F3,/15 ) +0=2(o+1)+1+0=20+2+1+0 =
30+ 3. So by Depth Lemma

depth (£ 5",/ Es,)) = 30+ 3.

For Stanley depth when v = 1, by applying Lemma 2.3.2 instead of Depth Lemma,

Lemma 2.3.7 instead of Lemma 2.3.5 on the exact sequence. We have
sdepth (F77,/E1,) > 0+ 3.
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For upper bound, consider p = ya1 ... Y2,41Y371 € F’i*g/El,g, clearly z,u € E) ,, for all
t € [40+ 4] \ supp(u), therefore by Lemma 2.3.9 sdepth (£ 1%,/ E1,) < o+ 3.

For v = 2, by applying Lemma 2.3.2 instead of Depth Lemma we get sdepth (£ 5",/ E» ,))
> 30 + 3. For upper bound, as y4 ¢ E», by Proposition 2.3.8 sdepth (F 37,/ Fs,)) <
sdepth (F 5%,/ Es, : ya)) = 30+ 3. O

Theorem 4.1.2. Let o > 1 and v > 1, then

(v+1)(e+1), ifv is even;
depth (F ',/ Ev,) = sdepth (F,/Ey,) =
€p ( u,g/ ,Q) sdep ( ,g/ 79) {U(g+1) + 2, if v s odd.

Proof. For v = 1,2, it is already proved in Lemma 4.1.1. Now we will prove for v > 3,
we will prove this result with the help of induction on v. Consider the following exact

sequemnce.

Yuv+4-2

0— FZTQ/(‘EU:Q CYoga) — F /EU,Q — Fy /( 0,0 Yoy2) — 0.

By Depth Lemma

depth (F’ZTQ/E'Uyg) > min{depth (F:(g/(Ev,@ ! Yuy2)), depth (FZTQ/(EU1Q7 Yor2))}-

Cleaﬂy g(Ev,g : yv+2) = {g(Ev—Q,g)a Ly—2Ly—1y Lvo—1Yv; Ty—1Tv, yv—f—l} UJQ'::L {y(v+2)j}~

Let J* := (Ey, : Yu+2). Now consider following exact sequence.
00— Fu /(T tay) = F3 )T — F /(T @) — 0.

Since szg/(l]* ) F** /EU 2,0 ®—|— [xv7 Yv4-2, UJQ 1Y(w+1)j5 U?—lx(vfl) ] and
FZTQ/(J*7‘/EU) = y-1 g/ —1,0 ®T [yv+27 j= 1IU]7 ] 1y(U+1 ] Thus by Lemma
2.3.3 depth (£ 3%, /(J* = x,)) = depth (F}',/Ey—2,) + 20+ 2, also

depth (F;,/(J", 2,)) = depth (F;_; /15 1,) + 20+ 1.

Case 1.

If v is even then by induction on v, depth (F;",/(J* : w,)) = depth (F ", ,/Ey_2,) +
20+2=wW—-2+D+1)+20+2=0v(o0+1)—0—-1+204+2= (v+1)(0+
1). Similarly, Lemma 3.1.1 gives us depth (F },/(J*,z,)) = depth (F;_, /15 1 ,) +
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20+1=@wW-=1D+1)+1+20+1=vlo+1)—po—1+1+20+1=0v(o+
1) + o + 1. Applying Depth Lemma we get depth (£7}',/J*) = v(e + 1) + ¢+ 1. Now
F 55/ (Bog Yora) = F 1,/ 1, @1 TIU— Y(wr2);]- Using Lemma 2.3.3 and Lemma 3.1.1
we get depth (F",/(Ey,g, Yuy2)) = depth (F3 /1) ,) + 0 =v(0+ 1) + 1+ ¢. By Depth
Lemma

depth (£ 7,/ Ey,) =v(o+1) + o+ 1.
Case 2.
If v is odd, then by induction on v, depth (F ;*,/(J* : ,,)) = depth (F 7,/ Ey_2,) +20+
2=(w—-2)(0+1)+2+20+2=v(0+1) —20—2+2+20+2=v(0+1) + 2. Also
using Lemma 3.1.1 depth (£ 3*,/(J*, x,)) = depth (F ;,_, /15, ,)+20+1 = (v—1)(0o+
D+1+20+1=v(p+1)—po—1+14+20+1=v(o+1)+ o+ 1. By Depth Lemma
depth (F55,/%) > (o + 1) + 2. Here 32/ (Bug usa) = F /Ty @ TIUL yuny)
Using Lemma 2.3.3 and Lemma 3.1.1 we get
depth (F ',/ (Ev,0, Yoi2)) = depth (£} /15 ,) + 0 = v(e+ 1) + 1+ 0. Therefore by
Depth Lemma depth (£}7,/E,,) > v(e + 1) + 2. For upper bound as z, ¢ E,,, and
F ool (Bugt 20) 2 F ol By @1 TV(Syet )/ 1(S011) @1 Thos U_yios s U2

T(y—1);]. Thus, by Lemma 2.3.3, Lemma 2.3.4 and principal of induction on v.

depth (F 57,/ (B : 2,)) = depth (1 57/ Eua,) + depth (T[V(Sp0)|/1(Ser1) + 20 + 1.

depth (F 3,/ (Epg:ap) = (—=2)(0+1) +2+1+20+1
=v(o+1)—20—2+2+20+2
=v(o+1)+2.
Using Corollary 2.3.6
depth (£ 77,/ Ey,) < depth (F 7, /(Ey, 1)) = v(o+1) + 2.
Using Depth Lemma

depth (F))/E,,) =v(o+1) + 2.

)0

For the case of Stanley depth this value come after applying Lemma 2.3.2 instead of
Depth Lemma, Lemma 2.3.7 instead of Lemma 2.3.5 and Proposition 2.3.8 instead of
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Corollary 2.3.6. When v is even we get, sdepth (F;",/E,,) > (v+1)(¢+1). For upper
bound consider pt = Y11 ... Y1p- - Yw-1)1 - - - Yo-1)oY (w41 - - - Yw41)oT11 - - - T1p - - - T(v—3)1
e T(=3)oT (1)1 - - - T(v—1)oY2Y4 - - - YoYu42T2La - . . Tyy—2Ty € Fq*)fg/Ev,g, clearly z,u € E,, ,,
for all t € [2(v+1)(o+1)]\supp(x), therefore using Lemma 2.3.9 sdepth (F 7,/ Ey ) <
(v+1o+v+1=(v+1)(o+1). Hence

sdepth (F 3%,/ Ey0) = (v+ 1)(o+ 1).

When v is odd we get, sdepth (f ;,/Ey,) > v(0+1)+2. For upper bound consider y =

Ya1 - Y20 - Yw-11-- - Yo-1)oY(w+1)1 - - - Yw+1)pT21 - - - X290 - - - T(v=3)1 - - - L(v—3)oL(v—1)1 - - -

T(o—1)oY1¥3 - - - YoYo+2T1T3 . . . Ty_2Ty € F 5/, ,, clearly xu € B, ,, for all t € [2(v +

1)(¢ +1)] \ supp(p), therefore using Lemma 2.3.9 sdepth (F %,/ Ey,) < vo+v +2 =
vie+1)+2. O

Theorem 4.1.3. Let o > 1 and v > 3, then

v(o+1), if v is even;

depth (F,,/€,,) = sdepth (F ,, ,/€,,) =
epth ( ,9/ ,g) sdepth ( ,9/ 70) {U(Q—l-l)—l—g—l, if v is odd.

Proof. First we will prove the result for depth. Consider the following exact sequence.
00— Foo/(€oo: @) = Fup/Cop— Fuo/(€opxp) — 0. (4.1)

Let v =3,
Here F379/<€37Q . [L’3) = T[V(PQ,Q)]/I(PZ.Q) ®T T[l’g, U?:ly?’j? Uj'):lxlja Uj-):lQsz]. Using

Lemma 2.3.3 and Lemma 3.0.1, we have

depth (F 3,0/(€s, 1 w3)) = depth (T[V (Po,0)]/1(Po,)) + 30+ 1
=(0+1)+30+1=40+2.

Now let A := (€3, 73) and G(A) = {G(I2,0), Y1Y3, Y2y3, T3} Uj_; {ysys;}. Consider the

following exact sequence.
0 — Fao/(A:ys) = Fao/A—Fao/(Ays) — 0.

Since [ 5,0/ (A ys) = TV (Poo)l/1(Pap) @ Tlys, Uj—i 735, Uj—1915, Uj_1425]. By Lemma
2.3.3 and Lemma 3.0.1, depth (F 3,/(A : y3)) = depth (T[V (Pop)]/I(Ps,)) +30+ 1 =
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(0+1)+30+1=4p+ 2 Similarly F3,/(A,y3) = Fa,/l2, ®TT[U§:1;1:3]-, Uleygj].
Applying Lemma 2.3.3 and Lemma 3.1.3,

depth (F3,/(A,y3)) = depth (Fa,/l2,) +20=2(0+ 1) + 20 =40+ 2.
By Depth Lemma, depth (F 3,/A) = 40 + 2. By Depth Lemma
depth (F 3,/€3,) = 40+ 2.

Now let v > 4, here [y ,/(€y 0t ) Z F 3 3,/ Bu-so Q1 T2, Ui_ 215, U_ 2 (0—1y;,
U1 Yuj]- By Lemma 2.3.3 depth (F , ,/(&,, : ,)) = depth (Fjj’:&Q/EU,g’g) +30+ 1.
Let A* = (€v,97$v) and g(A*) = {g([v—l,g)aylywyvyv—laxv} Uf:l {yvyvj}' Consider

the following exact sequence.

0 — Foo/(A" y) 25 Fu o/ A" — F oo/ (A% ys) — 0.

where

Fool (A" 1 y) = Fiis o/ Euso @7 Tlyo, Uiii @), Ui y1y, Ui yw-1),], also it very
clear Fy0/ (A", o) = Fo-1,0/Lo-1, @7 TIUj_1 705, Ui 19u5]-

Case 1.

When v is even, using Lemma 2.3.3 depth (F /(A" : y,)) = depth (F 7 3 ,/Ey_3,) +
30+ 1. As v is even so v — 3 will be an odd number so by Theorem 4.1.2 we have
depth (F oo/ (A* = 9)) = (v=3)(0+1)+2+30+1 = v(0+1)—30—3+30+3 = v(o+1).
Now by Lemma 2.3.3 and Theorem 3.1.4 depth (F ,, ,/(A*, y,)) = depth (F y_1./Tv-1,)+
20=(v—1)(0+1)+20=v(0+1)—0o—1420=v(0+ 1)+ 0— 1. By Depth Lemma
depth (F 4,0/ A%) = v(o + 1).

Similarly by Theorem 4.1.2 depth (F ,,,/(€y, @ ,)) = depth (F ¥ 5,/ Ey-3,) +30+1 =
(v=3)o+1)+2+30+1=v(0+1)—30—3+30+3=uv(0+1). Applying Depth
Lemma we get depth (f , ,/€,,) > v(0+1). For upper bound as z,, ¢ €, , by Corollary
2.3.6 depth (F . ,/€y,) < depth (F o ,/(€yyp: 2y)) = v(0+1). This completes the proof
when v is even.

Case 2.

If v is odd, using Lemma 2.3.3 depth (£, o/(A* : y»)) = depth (F "5 ,/Ey_3,) + 30 +
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1. As v is odd so v — 3 will be an even number so by Theorem 4.1.2 we have
depth (Foo/(A* y)) = (v =3+ 1)(0+1)+30+1=v(o+1) —20-2+30+1 =
vie+1)+o—1

Now by Lemma 2.3.3 and Theorem 3.1.4 depth (F ,, ,/(A*, y,,)) = depth (F y—1,/Lv—1,)+
20=(v—1)(o+1)+20=v(o+1)—0o—1+20=v(p+ 1)+ 0o — 1. By Depth Lemma
depth (F,,/A*) =v(o+1)+0—1.

By Theorem 4.1.2 depth (£ ,,/(€y 0 1 ) = depth (F 7% 5 ,/Ey3,) +30+1=(v—3+
De+1)+30+1=v(o+1)—20—2+3p+1=v(0+ 1)+ o— 1. By Depth Lemma
we get depth (F,,/Cp,) =v(0+1)+0— 1.

For Stanley depth the we get the same result using Lemma 2.3.2 instead of Depth
Lemma, Lemma 2.3.7 instead of Lemma 2.3.5 and Proposition 2.3.8 instead of Corollary
2.3.6.

When v is even we have, sdepth (F,, ,/€, ) = v(0+ 1). Similarly when v is odd we get
sdepth (F 4,,/€v,,) > v(0+ 1) + 0 — 1. For upper bound as z, ¢ €, , by Proposition
2.3.8 sdepth (F . ,/€y,) < sdepth (F o,/ (€yyp:2y)) =v(0+ 1) + 0 — 1. Hence

sdepth (F 4.0/€pp) =v(0+1)+0— 1.

O
Lemma 4.1.4. Let v=3,4, and o0 > 1. Then
Aepth (1 0/ Cug) = sdepth (F 0/ Cug) = [ o+ [V 4.
Proof. Consider the following exact sequence.
00— Fuo/(Cop i To) = Fuo/Cuo — Fuo/(Cog ) — 0. (4.2)

Let v =3,

G(Cs4 : 73) = {Y1Y2, Y2Y3, Tala, T1Y2, TaY1, T2Y3, » Y1Y3; T1Y3, T2, Y3, Yo, T1, Y1} Uj—y {

T1T10s T2Tj, Y1Y1j, Y2Y2g, Y3Yss b U§:1 {35}

G(Cs, 1 x3) = {72,Y3, Y2, T1, Y1 } U§:1 {Ii’)j}'

60



Clearly (F3,/(Cs,: 23)) = T[Uj_ {1, T25, Y15, Y25, Y35 }]- Thus by Lemma 2.3.3
depth (F3,/(Cs, : x3)) = 5o+ 1. Also we have

G(Cs,9, T3) = {2172, Y1Y2, Y2U3, T1Y1, T2Y2, T1Y2, T2Y1, T2Y3, Y13, T1Y3, T3} UJQ-:1 {z1245,

Ta2X2j5, Y1Y1j5, Y2Y24, ySy3j}-

Let J' := (C5,, z3). Consider the following exact sequence.

00— Fao/(J 1 ys) 2 Faof/J — Fso/(Jys) — 0.

G(J :y3) = {3?1352,yly2,$1y1>372y27$192,$2y1,y1,$1>?/2,372,$3}U§:1{371331j,3?2332]'7911/1]'

s Yaya; } Uiy {3}

G(J" :y3) = {y1, 71, Y2, w2, 23} Uj_y {ys;}-

As (F3o/(J" 1 y3)) = Tlys, Ui_i{x1), T25, T35, Y1), Y2; }]. Thus by Lemma 2.3.3
depth (F3,/(J :y3)) =50+ 1. Now

G(J' y3) = {ys, w3} U{z129, Y192, 191, Taya, T1Y2, Toy1 } UJQ:l (@115, 2225, Y1Y15, Yayas ) -

Where (F3,/(J,y3)) = F 2,0/ L2 Qg TIUj_1{ysj, 23;}]. Using Lemma 2.3.3 and Lemma
3.1.5 we get depth (£ 3,/(J",y3)) = depth (F 2,/L2,) +20 =30+ 1+20=>50+1. By
Depth Lemma results depth (£ 5,/J") = depth (F 3,/(C3,,%3)) = 50+ 1. Again Depth
Lemma results gives us 4.2 depth (F 3,/C5,) = 50 + 1. This confirm the result for
v=3.

Now we have v = 4, we have

G(Cuy = 24) = {y1¥as T1ya, T3, Y1, Y3, T1, Y1, YU o {yii YU o {mii UL {@ays, yr22,

YsZ3} Uj-):l {1215, ..., X335, Y11y, - - - YaYas} Uy {vivisr } Ui {miziga } Ule {z4}
= {23, Y1, Y3, T1, Y1 } Uiy {22y, ooy, Yoy} Uj—y {745}
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As we can see that (F4,/(Cup:x4)) = TV (P0)]/1(Pa0) Qg Tlza, Ule{xlj, T35, Y1j,
Ysj, Ya;}]. By Lemma 2.3.3 and Lemma 3.0.1.

depth (F 4,0/(Cag : 24)) = depth (T[V(Po, )| /I(Po,0)) +50+1 = o+ 1+50-+1 = 69+2.

Now let B := (Cy,, z4), where G(B) = G(Ls,,) U {3Y4, Y3ya, Ya®1, yay1, x4 }. Consider

the following exact sequence.

4

00— Fao/(B:ys) = Fap/B— Fa,/(B,ys) — 0.

Clearly,
G(B :ya) = {y1, 71, 73, y3, Ta} Uj_y {Taya, T2, Yoy } Uj—y {yas}-

Since (Fa,/(B @ ya)) = TV(Pap)|/1(Pa) Qp Tlys, Uj—i{y3s Y1), T1j, T35, Ta5}]. By
Lemma 2.3.3 and Lemma 3.0.1
depth (F 4o/ (B : ys)) = depth (T[V(P2,)]/I(Ps,)) + 50+ 1
=o+1+5 +1=06p+2.

Note that G(B,ya) = (G(L3,), Ta,ya) and (F4,/(B,ya)) = F 3,0/ L3, @ TIU5—1{y4;,
x4;}], by Lemma 2.3.3 and Lemma 3.1.5

depth (F 4,,/(B,ys)) = depth (F 3,/Ls,) + 20 = 40+ 2+ 20 = 60 + 2,
by Depth Lemma
depth (F 4,,/B) = depth (F 4,,/(Cy,p, x4)) = 60+ 2,

and consequently, Depth Lemma, we get depth (£ 4,/C4,) = 60+ 2.

For Stanley depth when v = 3,4, we get this result by applying Lemma 2.3.2
instead of Depth Lemma and Proposition 2.3.8 instead of Corollary 2.3.6. We get
sdepth (Fu,0/Cup) > 2% |0 + [%5+]. For upper bound as z,, ¢ C,, by Proposition
2.3.8.

Jv+1 v—1

5ot I——1

sdepth (F 4,0/Cup) < sdepth (F4,/Cup: @) = |
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So,
3v—+1 v—1

sdepth (F 4,4/Cu,) = | 5 Jo+1T 9

1.

Theorem 4.1.5. Let v >3 and o > 1. Then

3v+1 v—1

depth (F ., ,/Cy,) = sdepth (F , ,/Cy,) = |

Proof. For v = 3,4, Lemma 4.1.4 shows that result hold Now we will prove this for

v > 5. Consider the following exact sequence.

00— Fouo/(Cop:xy) SN Foo/Cuoo—Fuo/(Cup xy) — 0. (4.3)

G(Coyp: ) = {Tp—1,Yv, Yo1, 71, Y1} U}’;S Wi} U}:?? Y1} Uz {@iy;} Uiy {zay;

s Ty 2T (—2)j5 Y2Y2gs - - - > Yo—2Y(v—2)j } Ufz_gg {Ziriz1, Vi } Ule {z;}.

Now (Fu,0/(Cop + T0)) = Fuo-so/Lo-30Qp Tww, Ui_i{T15, T(wv-1)js Y15 Yuj» Y(o—1)5 }]-
Using Lemma 2.3.3 and Theorem 3.1.6.

depth (F 4,,/(Cyp : xy,)) = depth (F y—3,/Ly—3,) + 50+ 1

3(v—13) v—3

= LTJQJF[

Juv+1 v—1

=5 le+[——1

1+50+1

Let J' := (CU,Q7xU)7 where g(‘]/) = (g(IU*1>7xU71y’U7y’U*1yU>yvyhyvxlaxv) U?:l

{YvYuj}. Consider the short exact sequence.

0_>F’U79/<Jl5yv> y—U>Fv,g/J/—>F’u,g/(Jlayv) — 0.

Q(J, : yv) = {951, yh%,%—l,yu—l} Ufz_zg {xixi-l—la yiyi—l—l} Ule {$2$2j, sy Ty—2T(v-2)5,

Y2Y2js - -+ > Yo—2Y(v—2) } Uy {2, Yo—aTo—3} U {ypz3} U}Zg {yiti1, yitiza } Ule {yu;}-
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Since (Fuo/(J" 2 Y0)) = Fuo-s0/Lu-30Qx TlYo, Ui—1{¥15: T1js Tujs To-1)js Y1)}, us-
ing Lemma 2.3.3 and Theorem 3.1.6

depth (F ,o/(J" : yy)) = depth (F y—3,0/Lv—3,) + 50+ 1

=2 1 s

_ L3U2+1JQ+[U;1—|‘

Now G(J',yv) = {G(Lu-1,0): Yo, Tu} and (F v,/ (', 90)) = Fo-1,0/Luv-1, ®KT[U§=1
{Zyj, Yvj}]. Using Lemma 2.3.3 and Theorem 3.1.6 we have

depth (F oo/ (J',y0)) = depth (F y-1,/Lo-1,) + 20
3(v—1 v—1
S PR L P

2
= 1.

3U+1J +[U—1
5 e 2

By Depth Lemma depth (F ,,,/J") = depth (F o/ (Co.p, @) = [ 252 |0+ [%2]. Apply-
ing Depth Lemma depth (F,,,/Cy,) = [ 2% o+ [451].

For the case of Stanley depth we get this value by applying Lemma 2.3.2 instead
of Depth Lemma. We get sdepth (F,,/Cy,) > |25 ]0 4+ [%5]. For upper bound
as x, ¢ C,, by Proposition 2.3.8. sdepth (F, ,/Cy,) < sdepth (F,,/(Cup: xy)) =
(25 Jo+ [45H]: O
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