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Abstract

In this thesis, we find Noether symmetries for Bianchi type IV spacetime. Different
cases have been studied. It is found that the minimal set contains four symmetries.
There are various cases, where we get five Noether symmetries. Maximum number of

Noether symmetries that the Bianchi type IV spacetime metric may admit is six.
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Chapter 1

Introduction

1.1 Background

Differential equations (DEs) have a long history dating back to the seventeenth cen-
tury, when Newton and Leibniz separately formulated the basis of calculus. Newton’s
ideas were expressed in the form of DEs. First time word differential equation used by
Leibniz in a letter to Newton in 1676, since then DEs have been widely employed as
mathematical models in science and technology.

DEs are divided in two categories, ordinary differential equations (ODEs) and partial
differential equations (PDEs). ODEs are those differential equations, which contain or-
dinary derivatives of unknown variable that depend on a single independent variable.
However, PDEs consist of the partial derivatives of one or more dependent variables
with respect to two or more independent variables.

In 1691, Lebniz introduced the technique of seperation of variables for solving both
homogeneous and non-homogeneous DEs. Johnn and Jacob Bernoulli are pivotal fig-
ures in the theory of DEs, they coined phrase "separation of variables" [1]. Many
significant ideas in integration theory of DEs derived by Euler [2], such as method of
parameters, power series solutions, and the integrating factors, among others. Taylor
drew attention to the singular solutions of the differential equations.

There are numerous integration methods for seeking of DEs solutions, however those



approaches are only applicable to restricted classes of ODEs and PDEs. In nineteenth
century, a Norwegien Mathematician, Lie motivated by Galois provided a useful ap-
proach for solving the DEs in 1881. This method is known as Lie Symmetries method
[3, 4, 5, 6]. In recent years, these approaches are commonly employed to the DEs.
Another remarkable point symmetry that is very important in the field of applied
mathematics is known as Noether symmetry(NS), named after German Mathematician
Emmy Noether [7]. Noether’s famous dissertation on NS theory and the invariance of
Hamilton actions under infinitesimal transformation was published in 1918 [8]. This
technique reduced the amount of effort involved in solving DEs using Lagrangians.

In the fields of geometry and physics, the groups of 3 dimensional Riemannian mani-
folds have great significance. The real 3-dimensional Lie algebras G3, enumerated by
Bianchi is classified as G3A and G3B. There are nine types, Bianchi type I to Bianchi
type IX. Type I, II, V Iy, VI, VIII and IX are contain in G3A and G3B contains
type 111, IV, V.V I,,, VI, Here for type VII, h > 0 and for VII,, h <0 [9].

For batter understanding of the comparison between NSs and conformal Killing vec-
tors, Bokhari and Kara studied on NSs of Friedmann model [10]. They demonstrated
that the flat Friedman model admits additional conservation laws, and these conserved
variables cannot be derived from the Killing or conformal Killing vectors. Tsamparlis
examined the dynamical system and demonstrated that Lie symmetries of equations
of motion are generated by a Lie algebra of projective collineations, whereas NSs are
generated by the homothetic algebra [11]. Jamil presented their results in cosmology by
using the NS technique to a flat Friedmann-Robertson-Walker metric and obtained the
tachyon potential [12]. Shabir worked on multiple Bianchi types. He found conformal
vector fields of Bianchi type I space-times in f(R) gravity [13]. Using a direct integra-
tion approach, he classified Bianchi type II, VIII and IX space-times based on their
teleparallel Killing vector fields in the teleparallel theory of gravity [14, 15]. Shabir
and Ali investigated the existance of proper curvature collineations (CCS) in Bianchi

type IV spacetimes [16]. Ali, Khan and Hussain applied direct integration to inves-



tigate technique appropriate homothetic symmetry for Bianchi type IV space-times.
Using this approach, it is determined that the given space-times admit only one case
for proper homothetic symmetry [17]. Hickman and Yazdan investigate NSs of Bianchi
type II spacetimes. They proved that,both Killing vectors and homothetic motions
contain in NSs [18|. Akhtar and Hussain investigated the NSs of LRS Bianchi type V.
They established the conservation laws and Lie algebra for all NS generators. Further-
more, several physical applications of the obtained metrics are described, including the

investigation of various energy conditions [19].

1.2 Objective of the Thesis

Objective of the thesis, is to find NSs for Bianchi type IV spacetime given as [16]
ds* = —dt* + e [P(t)da* + (2°P(t) + Q(t)) dy* + 22P(t)dzdy| + R(t)dz". (1.1)

The process of finding NSs leads to a set of PDEs which are solved by using the

appropriate methods of integration and differentiation.

1.3 Scheme of Work

There are four chapters in this thesis. Chapter one contains the review of significant
background information related to our thesis. Basic terms used in this study are given
in chapter two along with examples that are required to establish a framework for the
next chapter. In the third chapter, NSs for Bianchi type IV spacetime are obtained.
The NS condition is utilized to get the system of partial differential equations that
are solved analytically using methods known to us. The final chapter of this thesis is

devoted to a summary of the thesis.



Chapter 2

Preliminaries

2.1 Lie Point Symmetries

2.1.1 Infinitesimal Generator

Consider an invertible point transformation with parameter ¢
ot =a"(z,y;0), ¥ =y(z,y0),

where z and y are the independent and dependent variables respectively. Expanding

above transformations at {( = 0, we get

or* .
$*($,y;g>:$+g|:%k:0:| +:$+C£<x7y)+7

a * .
y(z,y:¢) =y +¢ {—y (g’cy’ )

Here £ and 7 are infinitesimals and defined by

|<o] +o =y y) +

(z,y) = 8—? |¢=0; (2.1)
8 *
,y) = 5 Lo (2:2)



Infinitesimal generator is given by,

0 0
X =&z, y)=— +nlz,y)=—.
§(@,y) 5 +nle Y3,
Now consider DE of the form
H(z,y,y,y" o y™) =0, (2.3)
v, y", ...,y are the derivatives of y w.r.t. . In order to apply point transformation

in DE, we should know how to find transformed derivatives of y. To do this let us

define
o dy*(z,y;Q)

* _—:y*/ x7y7y/;C7 2.4
dz*(z,y; Q) ( ) 24
y" = fﬁx* =yx (2,490 (2.5)

So above derivatives are derivative of transformed variables. Now we prolong infinites-

imal generator [7]

2 (z,y;() = z+C&(x,y)+--=x+(Xzx+...,
v (z,y;0) = y+mz,y)+-=y+Xy+...,
y* (2,0,950) = ¥+ (xyy)+- =y +(Xy +...,

(2.6)
y+" (2,9, ™) = v+ @y y ™) =y Xy
hare n, ', ..., n" are given by

. Oyx n Dy*™
n = aC |C:0: 0,...,77 = 8C |C:0: 0. (27)
Using eq(2.6) and eq(2.7), we get
yx = y +(n == = az =y +C{ -y 2]+,
dx*  dr+(dé+ ... d§ dx dx
1+C%+...
yx = ™ Lo = " =y 4 ¢ ! —yM =)
dx dx dx

5



From above equation, we get

w_ At d€

= — 2.8
d . o .
here T is known as total derivative, given by
x
d a / " a
—=— — —+.... 2.9
dx 8x+y8y+y8y'+ (2.9)

So prolongation of infinitesimal generators up-to nth-order is

0

.0 .
+0 7t

0 0
XM == +n— . 2.10
5(991: n(?y dy dy™) (2.10)
Theorem 2.1.1. The nth-order DE of the form |7|
H(z,y.y.y ,....y™) =0, (2.11)
where ¢/, vy"”,...,y"™ are the derivatives of y w.r.t. z admits a Lie point symmetry

with generator eq(2.11) iff
X =0 (mod H=0).
Example 1. Consider second order DE
y =0.

To find infinitesimal generators(symmetries), we use symmetry condition for 2nd-order
ODE

Nex 1 (2nmy - fmﬁ)y/ + (nyy — Qfxy)y/Q _ éfyyy/?’ = 0.

Comparing coefficients of y/*, y/*, ¥ and y"°

VA €y =0, (2.12)
y? o Nyy — 260y = 0, (2.13)
y 2y — &ow = 0, (2.14)
" Now = 0. (2.15)

6



From eq(2.12), we get

§(z,y) = ym(z) + n(z). (2.16)
Using eq(2.16) in eq(2.13), we get
n(z,y) = y*m'(z) + yp(z) + q(). (2.17)
Now using eq(2.17)in eq(2.15)
y2m/// (.I) + yp// ({E) n q// ((1}) _ 0’
3ym” (z) +2p (z) —n’ (x) = 0. (2.18)
Comparing coefficients of 32, 4%, y and 3°, we get
m'(x)=0, p(x)=0, ¢ (x)=0, n (z)=2p(z),
on integrating
m(x) = klx + kz,
n(r) = ks2® + krx + kg,
p(ﬂ?) = ]{3325 + 1{54,
q(l’) = kZ5ZL’ + kﬁ.
Substituting in eq(2.16) and eq(2.17), we get
E(x,y) = y(kio + ko) + ksx® + kox + ks, (2.19)
n(z,y) = y’k+y(kse + ky) + ksz + k. (2.20)
Where ki, ko, ..., ks are arbitrary constants, so we have eight corresponding symme-



tries,

X, = ya%erQa%, Xz—ya%7
Xz = x2%+xya%, X4_ya%,
Xy = m(%, Xe(%,

2.2 Noether Symmetry

Noether symmetry is the form of symmetry that satisfies following condition [7],
XYL 4+ (DE)L = DV. (2.21)

Here V (s, ") is a guage function, D is an operator given by

0 0
D=—+4g" 2.22
and L is Lagrangian
L = L(s,q",d°), (2.23)

where dot (.) is derivative w.r.t. s, and

0 0 o
XU = £(s, ¢ )= + n%(s, ¢') — + 7°(5, ', §') a,i=1,2,3,4,..,n. (2.24)

Bs dg° dga’

Where X is the 1st-order prolonged generator and to explore this we have to find 7®

and its formula is given by
0 0
1Y = —n — ¢*=—¢. 2.25
Nt =gt —dig g (2.25)

Example 2. Let Lagrangian of free particle is

12

1
L=gy" (2.26)

8



we have Euler-Lagrange equation

oL  d dL

= _ - = 2.2
oy  dzx oy’ (227)

substituting the Lagrangian given by eq(2.26) in Euler-Lagrange equation, we have
DE corresponding to eq(2.26) is
y" =0. (2.28)

Using Lagrangian given by eq(2.26) in NS condition eq(2.21), we have
1
(nx +(ny — &)y — y’26y> v+ (&t ye) Sy = Ve Ty,

where &, n, V' are function of x and y.

. . 3 .2 7
Now comparing coefficients of ¢'°, ¢/°, y and constant, we have

v & =0, (2:29)
e gt=0, (230)
y o e =V, (2.31)
Constant Ve =0. (2.32)
Solving eq(2.29), we have
£ = ai(z), (2.33)
using eq(2.33) in eq(2.30) then integrating w.r.t. y we have
1
=50y + as (). (2.34)
Using eq(2.34) in eq(2.31), we have
1
5y +az, =V,
V= }lame + as,y + asz(x). (2.35)



Substituting value of V'(z,y) in eq(2.32), we have

1
Zal,rmzy2 + ag z2Y + ag o = 0. (236>

Comparing coefficients of 32,y and 3°, we obtain the following differential equations

y2 : A1, pre = 07 (237)
Yy o a2,z =0, (2.38)
constant as, = 0. (2.39)

Therefore
a(z) = %le2 + Cox + Cs,
as(x) = Cux+ Cs,
az(x) = Cs.
Substituting values of a1, as and ag in eq(2.33-2.35), we get values of £, and V i.e.

1
5 = 501132 + CQ!I? + 03,

1
n = 5(01934-02)?/-1-04%4-05,
1
V = ZClyQ + C4y + C@'.
Here (1, ..., Cg are the arbitrary constants. The NSs and corresponding gauge func-
tions are given by
1,0 1 0 1
X; = —a*— — Vily) =~y
1 Q'I o + Qxy8y7 l(y) 4y )
o 1 0
Xy = 0—+ -y—
2 Tor + 21/8y7
0
X3 = —
3 ax7
Xy = :L‘g Vi(y) =
4 — aya 4\Y) =1,
0
Xs = —.
5 3y

10



Chapter 3

Noether Symmetries Associated with
Bianchi Type 1V Metric

In this chapter we discuss NSs for Bianchi type IV. The Lagrangian of corresponding
metric given by eq(1.1) is

L=—+e > [Pt)i*+ (2°P(t) + Q1)) §° + 22P(t)iy] + R(t)2*, (3.1)

here P(t), Q(t) and R(t) are no where zero functions of ¢. So substituting eq(3.1) in
NS condition eq(2.21), we have

n°le ?*(P'(t)* + (2P'(t) + Q' (t))9* + 22P'(t)2y) + R (t)3*] + 2nPe **[—P(1)3* —
(22P(t) + Q()y° — 22P(t)ig + 2P(t)y° + P(t)iy) — 2t[ng + (0, — &)t +nbd +
Moy + 122 — &% — &t — &yt — E.28) + 272 (P(t)i + 2P(t)9) [n; + (n, — &) +
et + gy 4 nli — &’ — &t — &y — Ea2] + 2e7 (2P P(t) + Q(1))§ + 2P(1))
02 + (2 = &) + it + nld + n2% — &7 — &by — iy — 93] + 2R(E): 02 + (2 —
E)2+ it +mi oy — .27 — G2 — &iE — i) 4 (& + 16 + £& + Y&, + 2E.)
[~ 4+ e #(P(t)i? + (22P(t) + Q)9 + 22P(t)iy) + R(t)%%]

= Vi+tVi+ 2V, + 9V, + V..

11



Comparing coefficients of 3, @3, 3, 23, 2, @2, ¢2, 2, ti, ty, t2, &y, ©2, ¥% , t, &, 9, %

and constant respectively,

R & =0, (3.2)
i € =0, (3.3)
TR & =0, (3.4)
Al £ =0, (3.5)
P it ga=0, (36)
P PO er (k- - 6) <o (37)
T (Z2P'(t) + Q' ()" + (22P(t) — 2(2*P(t) + Q(1))) n*
+2zP(t)n, + 2 (ZP(t) + Q(t)) (nj - %5) =0, (3.8)
20 RO+ 2RO - 6 =0, (39)
ti -2+ P(t)e **(n} + 2n?) =0, (3.10)
ty —1y + e F(2P(t)n; + (22P(t) + Q(t))n}) =0, (3.11)
iz —n? + R(t)n} =0, (3.12)
iy 2P'(t)n° + (1 —22) P(t)n* + P(t)n, + (2*P(t) + Q(t)) 02
+2P(t) (ny +m, — &) =0, (3.13)
i P(t)e *(nt + 2n?) + R(t)n? = 0, (3.14)
yz - e % (2P(t)n, + (2*P(t) + Q(t))n2) + R(t)n, = 0, (3.15)
t -2 =V, (3.16)
i 2e7P(t) (s +2n2) = Va, (3.17)
y 27 (2P(t)n; + (2°P(t) + Q1)) 12) = Vi, (3.18)
z o 2R(t)n? = V., (3.19)
constant V, = 0. (3.20)

12



Eq(3.20) implies
V=V(t vy, z).

taking derivative of the eq(3.16-3.19) w.r.t. s, we get

Mes = 0,
Mg = 0,
M =0,
s = 0.

On integrating twice eq(3.21-3.24) w.r.t. s, we have

n’ = ar(t,x,y,z)s + as(t, x,y, 2),

1

2

773 = 61(t,l’,y,2)5 + 62<t7$7y7 Z)

Now taking derivative of eq(3.6) w.r.t. s, we have
1
0
- ~Ssss — 07
Ntss + 25
using eq(3.21) in above, we get

1
&= 50182 + 98 + c3.

So eq(3.6) gives
1

= 5(615 + c2),

ey = Ny = Mgy = g = 0.

Now multiplying eq(3.10) with z then subtract from eq(3.11), we get

2y =1, + " FQ(t)n; = 0.

13

n =bi(t,z,y,z)s + ba(t,x,y, 2),

n° =di(t,x,y,z)s + do(t, x,y, 2),

(3.21)

(3.22)
(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)



Multiplying eq(3.14) with z then subtract from eq(3.15), we get
e ZQ(t)n? + R(t) (773 — zni) =0. (3.32)
Using eq(3.25) and eq(3.30), we have
U?t = a1 us +azy =0,
comparing coefficients of s and s°, we ave
s: apy =0, s ag e = 0.

On integrating twice w.r.t. ¢, we get
ai(t,z,y, z) = az(z,y, 2)t + ay(x,y, 2),
as(t,z,y,z) = as(z,y, 2)t + ag(x,y, 2).
Substituting above in eq(3.25) we have

770 = (ag(ﬂf, Y, Z)t + (]J4(IE, Y, Z)) s+ CL5<I, Y, Z)t + CLG(I‘, Y, Z)‘ (333>

Again from eq(3.30) and eq(3.33), we have
a3, = a3y =az, =0 = a3z =,
A5y = A5y = A5, = 0 = as = Cs.

Using above values in eq(3.33), we get
n° = (st + ag(z,y,2)) s + cst + ag(x,y, 2). (3.34)
Using eq(3.34) and eq(3.16), we have
—2(cqt + ay(x,y,2)) = V;.

from above, we have

—2a4. = V.. (3.35)

14



Substituting eq(3.35) in eq(3.19), we get
R ()0} + R(t)n, = —as...
Now substituting eq(3.6) in eq(3.9), we have
R (t)n" +2R(t) (12 —nf) =0,

From eq(3.37), we get
R () + 2R(t)}, = 0,
R (), + 2R(t)n;, = 0,
R (t)yn? + 2R(t)n, = 0.

Differentiating eq(3.12) w.r.t z then using eq(3.34) and eq(3.28), we have
Q4,725 + A6,zz = R(t) (el,tzs + eQ,tz)'
Comparing coefficients of s and s°, we have

St Q.. =Rt)ern; 5%t ag.. = R(t)eay.,

dt

€1z = Q42 W + 63(1'7 Y, 2)7

and

dt
€2z = 06,2z / % + 64(337 Y, Z)

From eq(3.28) and eq(3.40), we have
R (t)(@4,25 + ap ) + 2R(t)(e1,..5 + €2..) = 0.
Comparing coefficients of s and s°,
s: R (t)as. +2R(t)er.. =0,
s R/(t)ag,z +2R(t)es .. = 0.

15
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(3.37)

(3.38)
(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)



Using eq(3.41) in eq(3.43),

, dt
R (s, + 2R0) (01 [ i +e2) = 0.

Similarly, using eq(3.42) in eq(3.44), we have

, dt
R (t)a6,z + QR(t)(&ﬁ,zzz / W + 64,2) =0.

We find the NSs for W (R'(t), R(t),R(t) [ %) #0,

where W is the Wronskian. Comparing coefficients of R (t), we have
a4 =0 :>Cl4(517,y72’) =a7($,y),

ag: =0 = ag(x,y,2) = as(z,y).
Substituting above in eq(3.34), we have
n° = (cat + az(z,y)) s + cst + ag(x,y).
Using eq(3.47) in eq(3.12), we have
n =0,
so from eq(3.28), we get
n® = es(z,y, 2)s + eg(,y, 2).

Using eq(3.36), we have

since R () # 0, so
=0, = 0 =esz,y2).

Now using eq(3.47) and eq(3.48) in eq(3.38), we get
R (t)(a7.5 + ag) + 2R(t)eg . = 0.

16
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(3.46)

(3.47)

(3.48)



Comparing coefficients of R(t) and R'(t),
R(t): e€5p=0=1>, (3.49)

R/(t) D 7S +ag, =0.
Comparing coefficients of s and s°,

51 argy =0; s ag . =0,

ar(,y) = ag(y) and as(x,y) = aw(y).

So eq(3.47) implies,
0" = (cat + as(y)) s + cst + aro(y). (3.50)

Using eq(3.50) and eq(3.48) in eq(3.39), we get
R (t)(agys + aro,y) + 2R(t)es . = 0.
Comparing coefficients of R(t) and R'(t),
R(t): egy.=0=1., (3.51)

/

R ag’yS + alo,y =0.

Comparing coefficients of s and 80,
S : a =0 SO : a =0
. 9,y ) . 10,y )

on integrating

a9 = Cg, A10 = C7.

Substituting values in eq(3.50),

n° = (cat + cg) s + cst + ¢ (3.52)

17



Using above equation in eq(3.6), we get
&= c48% + 2058 + c3.
Using eq(3.52) in eq(3.31), we get
e Q) =0,
e QM) #£0 = 0 =0. (3.53)
Now using eq(3.52) and eq(3.53) in eq(3.10), we get
e =P(t)(n; + 2m;) =0,
e ZPt)#£0 = n =0. (3.54)
Using above in eq(3.26) and eq(3.27), we get
Nt =bi(z,y, 2)s +ba(,y, 2),
7’ = di(z,y,2)s + da(2,y, 2).
Using eq(3.52) in eq(3.38-3.40), we get
Mo =My = 02, = 0.
Using eq(3.48) in above, we get
n® = csz + eqr(x,y).
So, we have

§ = s’ +2cs+ s,

n° = (cat +cs) s+ st +cr,

n' = biz,y,2)s + bo(z,y, 2),

= di(z,y,2)s +dy(z,y,2), (3.55)
nt o= biz,y,2)s + b2y, 2),

7= szt er(r,y),

Vo= V(t,x,y).

18



Taking derivative of eq(3.14) and eq(3.15) w.r.t. y and x respectively, then subtract,

we get
2P(t);, — P(t)n,. + (2°P(t) + Q(t));, — 2P(t)m,, = 0. (3.56)
From eq(3.7), we have
Moo + 210 — 17 = 0, (3.57)
Mgy + 2115y — 1y = 0. (3.58)
From eq(3.8), we get
(2P(t) = (z*P(t) + Q(1)) m; + 2P (), + (2*P(t) + Q(t))nz, =0, (3.59)
(zP(t) — (£2P(t) + Q(t))) 773 + zP(t)n;y + (22P(t) + Q(t))nzy =0. (3.60)

Multiplying eq(3.58) with zP(t) then subtract from eq(3.59), we get

((z = 2°)n05 + zn;) P(t) + (2, — 12)Q(t) = 0. (3.61)

Now using eq(3.13), we get
(1= 22)n3 + gy, + 2%, + 201, +107,)) P(t) + Q(t)17, = 0, (3.62)

(1 =220 +my, + 2°n2, + 2(nk, +12,)) P(t) + Q(t)n2, = 0. (3.63)

From eq(3.59), we have

((z = 2205 + zmy, + 2°02,) P(t) + (02, — n3)Q(t) = 0. (3.64)

We have the following cases,

(Case a) When P(t) and Q(t) are linearly independent

I.  P(t) and Q(t) are linearly independent, but P(t) and R(t) are linearly dependent.
II: P(t) and Q(t) are linearly independent, but Q(¢) and R(t) are linearly dependent.
III:  P(t), Q(t) and R(t) are linearly independent.

(Case b) When P(t) and Q(t) are linearly dependent

IV:  P(t),Q(t) and R(t) are linearly dependent.

V:  P(t) and Q(t) are linearly dependent but R(t) is independent.
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3.1 (Case a)

Since P(t) and Q(t) are linearly independent, so from eq(3.64) we have
2y, 3 1 2, 2 _
(2 = 25)n, + 2my, + 2715, = 0, (3.65)
and
Moy =T = 0= 1 =1, (3.66)
Substituting eq(3.66) in eq(3.65),
2(1 + 1) = 0,
z£0= nl+n, =0. (3.67)

Using eq(3.66) in eq(3.67),
ey + 15, = 0. (3.68)

Similarly from eq(3.60), we have
((z — z2)77§’ + zn;y + z2n§y) P(t) + (ngy — ni’)@(t) =0. (3.69)
Since P(t) and Q(t) are linearly independent, so
(z = 2%, + zn,, + 2°n;, =0, (3.70)
and
Ty =y = Ty =y (3.71)
Substituting eq(3.71) in eq(3.70), we get
2(ny, + 1) =0,
2#0= 1, +n, =0 (3.72)
Using eq(3.71) in eq(3.72), we have
77;;, + niy = 0. (3.73)
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Now using eq(3.66) and eq(3.67) in eq(3.58), we get
=1, + 21, =, = 0.

Comparing coefficients of z andz°

so eq(3.55) implies,

er(z,y) = cg = n® = zcs + cy.

From eq(3.72) and eq(3.67), we have

1
Nyy = 0,
Nay = 0,
using eq(3.71) and eq(3.66), we get
2 _
nyy - 07
Moy =0

Now using eq(3.55) in eq(3.76), we get
T];y = dlyyys + dg,yy = O

Comparing coefficients of s and s°

. —0- 0. —
S dl,yy = O7 S d2,yy = O,

on integrating

dy = yds(x, 2) + dy(z, 2),
dy = de(xa Z) + d6($7 Z)
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Substituting above equations in eq(3.55), we get
n? = (yds(z, 2) + dy(x, 2))s + yds(z, 2) + dg(z, 2). (3.78)
Again using eq(3.76), we have
N2, = dsgs+dsg =0,
comparing coefficients of s and s°,
S d3,x = 0; s ds,x =0,

d3(x,z) = d(2); ds(x,z) = ds(z).

Substituting above equations in eq(3.78), we get
0 = (yd;(2) +dy(z, 2))s + yds(2) + dg(z, 2). (3.79)

Using eq(3.74) in eq(3.32), we get

so eq(3.79) implies
(ydr » +dy . (x, 2))s + yds () + de (2, 2) = 0.
Comparing coefficients of s and s°, we have
st ydr,+dy.(r,z) =0, s%: yds.(2) + dg (1, 2) =0,

comparing coefficients of y and y°, we have

on integrating
dr = cio; dg =ci;  da(w,2) = do(x);  do(x, 2) = dio(z).
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Substituting above equations in eq(3.79), we get
1° = (yeo + dy(2))s + yen + dio(2). (3.80)
Using eq(3.80) and eq(3.14), we have
P(t)e™*n; =0,

P(t)e® #0=n! =0.

So eq(3.55) become,
771 - bl(az,y)s—l—bg(w,y). (381)

Now using eq(3.74) in eq(3.57), we have
nglcx + anm =0,
comparing coefficients of z andz?, we have

z: 5, =0, (3.82)
20 nt. =0. (3.83)
Using eq(3.80) in eq(3.82), we have

dg 228 + d10,22 = 0,
comparing coefficients of s and s°,

. — - 0. _
S dg,xac - 07 S le,xw - Oa

on integrating

dg(.’lﬁ) — IC12 + C13,

dio(z) = xCs + 5.
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Substituting above equations in eq(3.80), we get

n? = (yc1o + we1a + c13)s + yei1 + xerg + 5.

Now using eq(3.81) in eq(3.75), we have
n;y = b1 yyS + bayy = 0.
Comparing coefficients of s and s°,
51 byyy =0; sY b2 4y = 0.

on integrating
by = ybs() + ba(a),
by = ybs(x) + bg(z).
So eq(3.81) implies

n' = (ybs(x) 4 ba(x))s + ybs(x) + be(x),

using eq(3.75), we have
ﬁiy = bg,xs + b5’x =0.

Comparing coefficients of s and s°,

on integrating,

Substituting in eq(3.85),
n' = (yeis + ba())s + yerr + be(2).

Using eq(3.86) in eq(3.83),
nix = b4,:ca;5 + b6,:ca; = 0.
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Comparing coefficients of s and s°,
D byge = 0; 00 bgae =0
S 4o — Yy s 6,xcx — Y,

on integrating,
by = xc1s + 19,
bﬁ = ZTCyg + C21.

Substituting above equations in eq(3.86),

771 = (wa + HHGT + 019)8 + yci7 + TCop + Co1.

Using eq(3.74) in eq(3.19), we get
V. =0.

Now from eq(3.17), we have
2e P(t)(=2n, — 22m; +17) = Vo = 0,

27 P(t) A0 = —2n! — 2207 +n? =0.

Comparing coefficients of z and 2" we get

So using eq(3.55) and eq(3.16), we get

V = —cyt? — 2c6t — 0.
Now using (3.89) in (3.84) and (3.87), we have

n' = yeir + xexp + Con,
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and

"72 = yc11 + xC14 + C15.

Comparing coefficients of z and 2° from eq(3.7), we get

. 2 __

0,

= Clgy = O,

772 = ycu1 + Ci5,

2 P()n +2P(t) (ni . %55) =0.

On differentiating eq(3.8) thrice w.r.t. z, we get

so eq(3.74) gives,

CSIOa

Using above in eq(3.9), we get

ns =

=

0,

3 _
N = Cg.

R (t)1° — R(t)é, = 0.

Now comparing coefficients of 2%, z and 2°, of eq(3.8), we have
/ 1
2 0 Pt +2Pt) (=0’ + 7. — 56) =0,
2 PO’ +n)=0= n*+m, =0,

2 QO 2 (4~ 5E) =0

Using eq(3.94) and eq(3.91) in eq(3.97), we get

1
C17 = —Cg = N = —YCg + TCo0 + Co1.

Subtracting eq(3.93) and eq(3.96), we get

Ny =Ty

=
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n' = —yco + 11 + 1.
From eq(3.55), eq(3.90), eq(3.92) and eq(3.94), we have

& = @s®+2c8+cs,

n° = (cat+cg) s+ cst+ cr,
n' = —ycy+xcr + o,
= yeu + s,

7’ = o,

V o= —cut? — 26t — co.

3.1.1 Case I:

(3.99)

P(t) and Q(t) are linearly independent, but P(t) and R(t) are linearly dependent.

Suppose R(t) = hP(t), using in eq(3.95), we
hP' ()" — hP(t)¢, = 0,

/

P'(t)n° — P(t)¢ = 0.
Subtracting eq(3.100) from eq(3.96), we get

ny =1 = C11 = C9
Using above in eq(3.99), we have

€ = s+ 28+ s,

n° = (cgt +cg) s+ cst+ cr,
nt = (z—y)ey+ o,
= ycy+ cis,

7’ = o,

V o= —cut? — 2c6t — co.
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Multiplying eq(3.96) and eq(3.98) with Q(t) and P(t) respectively, then subtract both

equations, we get

Using eq(3.101), we have

ca=c5=cg=cy=0.

Substituting in eq(3.101), we have

§ = cs,
= 0,
= (r—y)cyg + can, (3.102)

7
7!

= yeo+ s,
773 = Cog,

1%

= (.

Here ¢y, c3, cg, c15 and co1, are the arbitrary constant. We have following NSs,

0
Xo = —
0 887
0 o 0
%= o gty
0
X; = - 1
2 = o (3.103)
0
X3 = —.
3 ay

Which is the minimal set of NSs for Bianchi type IV.
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3.1.2 Case II:

P(t) and Q(t) are linearly independent, but Q(t) and R(t) are linearly dependent.
Suppose R(t) = jQ(t), using in eq(3.95), we

JQ ()" — jQ(1E =0,

!/

Q (t)n" — Q)& = 0. (3.104)
Subtracting eq(3.104) from eq(3.98), we get

=1 = c1=c
Using above in eq(3.99), we have

& = s’ +2c8+cs,

n° = (cgt+cg)s+cst+cr,

nt = (r—y)oy + o,

= yco+ 15, (3.105)
7’ = o,

V = —cut? — 26t — co.

Multiplying eq(3.96) and eq(3.98) with Q(t) and P(t) respectively, then subtract both

equations, we get

since P(t) and Q(t) are linearly independent, so

P1Q) - QWP 40 =1’ =0.

Using eq(3.105), we have

C4:C5:CGZC7:O.
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Substituting in eq(3.105), we have
£ = o3
N =0
nt = (r—y)eo+ ca,
7= yey + s,
o= o,
V = ¢

From above, we again get the minimal set of NSs given by eq(3.103).

3.1.3 Case III:

P(t), Q(t) and R(t) are linearly independent. Multiplying eq(3.96) and eq(3.98) with
Q(t) and P(t) respectively, then subtract both equations, we get

since P(t) and Q(t) are linearly independent, so

/

P (H)Q(t) = Q' ()P(t) #0 =1’ =0.

Using eq(3.99), we have

cs=c5=cg=cy =0,

substituting in eq(3.99), we have

£ = o
"’ =0
n' = ey —yco+ e, (3.106)
= yen + o,
= c,
V = .
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Using above eq(3.96), we get
2 _ 3 _
ny,=mn = (1 =Co (3.107)
Substituting above in eq(3.106), we have

52637
:O,

= (x—y)cg + ca,

nO

771

2 _

n - y69+cl57
773 = Co,

V = (p.

From above, we again get the minimal set of NSs given by eq(3.103).

3.2 (Case b)

P(t) and Q(t) are linearly dependent. Suppose we have Q(t) = kP(t), using eq(3.56),

P(t)#0 = 2n,, — 0, + (2°+ kg, — 2, = 0. (3.108)

Using eq(3.59),
(2P(t) — (Z°P(t) + kP(t))) 0} + zP(t)ns, + (Z*P(t) + kP(t))n2, = 0,
since P(t) # 0, above equation become
(2= (2% + k)l +zmy, + (22 + k)2, = 0. (3.109)
Using eq(3.60), we have
(zP(t) = (2*P(t) + kP(t))) 03 + 2P(t)n,, + (Z°P(t) + kP(t))n2, =0,
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since P(t) # 0, above equation become
(z = (2> + k) mp + zny, + (2° + k), = 0.
From eq(3.61), we get
(z = )y + 2my + k(g — n3) = 0.
From eq(3.62) and eq(3.63), we get
(1= 2205 + 11y + 2°05 + 2(0 + 702y) + KLy, = 0,

(1- 22)772 + 7731/:1/ + Z277§y + Z(niy + n5y> - kniy = 0.

From eq(3.7), we have
Moz + 210 + 15 — 12 = 0.

Now multiplying eq(3.17) with z then subtract from eq(3.18), we get
2e7Q(t); =V, — 2V,
on differentiating twice w.r.t. z, we get
Moz — 402, + 4177 = 0.
Using eq(3.55) in above equation, we get
di .o (2,y,2) —4dy (2, y, 2) + 4di (2, y, 2) = 0,
solving above DE, we get
di(2,y,2) = ¥ (ds(w,y) + 2da(z,y)).
Substituting above equation in eq(3.55), we have
n* = e**(ds(x,y) + zdy(z,y))s + da(, y, 2).
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Now from eq(3.17), we have
Mox 712 = 205 + 2(02; — 203) =0, (3.116)
from eq(3.18), we have
P(t) (2n. + (1 = 22)m + 2%n. + (22 = 22)n7) + Q) (7, — 205) = 0. (3.117)
Now multiplying eq(3.116) with zP(t) then subtract from eq(3.117), we get
P()(zn? + ;) + Q) (nZ, — 2n2) = 0,
but Q(t) = kP(t), we have
215 + 0, + k(0. — 2n7) = 0. (3.118)

Using eq(3.32), we get
_Q(t)e_ZZn?z = 07

_Q(t)e_% #0 = 773,2 =0,
so using above equation in eq(3.115),

(da(z,y) + 2ds3(z, y) + 22dy(z,y))e* = 0,

e” #£0= dy(z,y) + 2ds(z,y) + 22dy(z,y) = 0.

Comparing coefficients of z and 2° of above equation, we get

da(z,y) =0, ds(z,y) =0, (3.119)
therefore
772 = d2($7 Y, Z)
so above equation implies
;=0



Using above equation in eq(3.118), we get
nt=0.
Using above result in eq(3.55), we have

€ = s+ 28+ cs,

n° = (cgt +cg) s+ cst+ cr,

nt = ba(a,y,2),

= da(z,y,2), (3.120)
7’ = csz+ er(z,y)

Vo= V().

Now multiplying eq(3.58) with z, then subtract from eq(3.109), we get

(z— 22— k)2 + 2773 + kniy =0, (3.121)
subtracting eq(3.58) and product of z and eq(3.57) from eq(3.112), we get

(1= 22 + 1y + 2113 + kg, = 0,

(L —2)n +my + kn2, = 0. (3.122)

Now differentiating eq(3.121) and eq(3.122) w.r.t. x and y respectively, then subtract

their result, we get
(2 = 2% = kg, + (22 = D)y, — mj, = 0,
comparing coefficients of 22, z and 2°, we have
2 i =0, (3.123)
z: o, =0, (3.124)
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Using eq(3.120) in eq(3.124), we have

er = weg(y) + eo(y),
using above equation in eq(3.124), we have

oy =0= e =cq,
using above equation in eq(3.126),

er = cnZ + e(y).
Substituting above in eq(3.125), we have
e10yy = 0= e1o(y) = c12y + 13,
using above equation and eq(3.126) in eq(3.120), we get
n® = cna + croy + sz + cas

Now from eq(3.32), we have
77320,2 = 0 :7 niz = 07
again using eq(3.32), we get

Using eq(3.120), we have
d2,zzz - 4d2,zz + 4d2,z = 07

by solving above equation, we get

dQ(xy Y, Z) = d5(LL’, y) + ezz(dﬁ(xvy) + Zd7(l’,y))
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using above equation in eq(3.129), we have
Ao = €% (2dg 2 + 22d7 4 + dr ) = 0,
e #0, 2ds, + 22d7, +dry = 0.
Comparing coefficients of z and 2°, we have
z: dig(x,y) =0 = di(x,y) =do(y),
2 deg(z,y) =0 = de(w,y) = ds(y).
using above in eq(3.130),
do(z,y, 2) = ds(z,y) + € (ds(y) + zdy(y)),
again using above in eq(3.129), we have
day. = €*(dg, + 22dy,, + ds ) = 0,

622 7é 0, dgjy + 22dg7y + dg’y =0.

Comparing coefficients of z and 2°, we have
Z d97y =0 = d9<y) = C15,

ZO : dg’y =0 = dg (y) = C14

using above equation in eq(3.130),
0 = dy(x,y, 2) = ds(,y) + €% (c1a + zc15).
Now from eq(3.122), we have
Moww =0, = My =0.

Using eq(3.132), we have
dB,xzx(xa ?/) = 07
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by solving above, we have

ds(z,y) = %dlo(y)x2 + di (y)r + diz(y)- (3.134)

Again using eq(3.133), we have
nixy = dS,xxy(xa y) = le,y =0= le = Ci16,
S0

1
ds(z,y) = §C1e$2 +du(y)r + dia(y).

Using above equation and eq(3.128) in eq(3.121),
(Z — 22 — k‘)CH + zc12 + kdn,y(y) =0.

Comparing coefficients of 22, z and 2", we have

2

z° c11 =0,
z c1o =0,
2 diy(y) =0 = du(y)=cn.

Substituting above result in eq(3.128) and eq(3.134), we have

7= sz + s, (3.135)
1
ds(z,y) = 5016352 + c17x + dia(y),

using above equation eq(3.122), we have
7732535 = d5,m =c16 =0,
so using in above equation, which implies

ds(x,y) = cr7x + di2(y).
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Substituting in eq(3.132), we have
0 = cirx + dia(y) + e*(c1s + zc1s),
using eq(3.135) and above equation in eq(3.32), we have
=0,
so using eq(3.136) in above equation,
2¢14 + 2zc15 4+ ¢15 = 0.
Comparing coefficients of z and 2°, we get
z: c15=0, 20 c14 = 0,

So eq(3.136) implies,
0 = cirr + daa(y).

using eq(3.136), in eq(3.14), we have
1 _ 1 _
N =0 = n —bg(l‘,y),

from eq(3.110), we have
2y, + (22 4 k)2, = 0.

Comparing coefficients of z? and z, we have

22 njyzo, z:i o 1y, =0,

using eq(3.137) in above, we have
nsy = d12,yy =0,

SO

di2(y) = c18y + ¢,
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so eq(3.137) implies,

n* = c17x + c18y + Cig.
Using eq(3.138) in eq(3.139), we have
n;y =bayy =0,

n' = by(x,y) = ybs(x) + ba(x),

from eq(3.112), we have
2y + 1y = 0.

Comparing coefficients of z and 2°, we have
) 1 _ 0. 1
2 Ngw = 0 2": nxy - 07

using eq(3.141) in above equation, we have

so eq(3.141) implies,

n' = by(z,y) = ycao + ba(x).

Again using eq(3.142), we have
My =bize =0, = by(v) = co1x + con,

substituting eq(3.143), we have

771 = b2($, y) = YCo0 + C21T + Coo.

Using eq(3.16), we get
V;g = —204t — 266.
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From eq(3.120), we have

£ = 45> +2c55 + c3,
= <C4t + Cﬁ)S + C5t + ¢,

= YCy + €T + Ca2,

i
!
= iz + cisy + cuo,
n® = csz+ s,

1%

= —cyt? — 2c4t — .
Differentiating eq(3.8) thrice w.r.t. z, we have
Pty =0, P@t)#0 = n.=0.

So
Cg = 07
eq(3.145) implies,
773 = (13-

Comparing coefficient of z and 2° from eq(3.7), we get

z: n2=0 = ¢;=0,

Do PO+ 2Pk~ — 56) =0

Now comparing coefficients of 2%, z and 2°, of eq(3.8), we have

: 1
2 0 Pty +2Pt)(—n’ +n. — 553) =0,

z P(t)(n3+77;)=0:> 773+n;=0.

Using eq(3.145), we get

Co0 = —C(C13,

D5 QO+ 200+~ 56) =0,
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but Q(t)=kP(t), so above equation gives
P (0 + 2P (1)~ + 7 — 56) =0,
Subtracting eq(3.147) and eq(3.148), we get
1, = My, = Co1 = C18.
From eq(3.145), we have

£ = 45> +2c55 + cs,

n° = (cat +c6)s+cst+ ¢y,

Nt = csT — ci3y + oo,

= sy cuo, (3.150)
n* = s,

V o= —eqt? — 2c6t — ¢y,

3.2.1 Case IV :
P(t),Q(t) and R(t) are linearly dependent. since R(t) = hP(t), so eq(3.9), we have

hP' (t)n° — hP(t)¢, = 0, (3.151)

/

P (t)n" — P(t)& = 0. (3.152)

Subtracting eq(3.152) from eq(3.147), we get

Ny =1,
but
7’]3 = C13.

Using eq(3.150) and above equation, we have

C18 = (13,
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substituting above values in eq(3.150), we have

§ = s’ +2c5s + s,

n° = (cgt +cg)s+ cst + cr,

nt = (x—y)es + e,

= sy + co, (3.153)
n’ = s,

V o= —cit? — 2c6t — cp.

Now using eq(3.9) and eq(3.6), we have,
R (t)n° — 2R(t)n° =0, (3.154)
from above equation,we get,

R (t)n" — R (t)n? = 0. (3.155)

Since R(t) and R'(t) are linearly independent, which implies R'(t) # 0. So from
eq(3.155), we have following possibilities

Case I1V-1

=0,
using eq(3.153), we have ¢y = ¢5 = ¢g = ¢; = 0,

so eq(3.153) implies
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from eq(3.153), we have

52037
:O7

= (z—y)cis + coo,

7
7!

2 _

n°- = yciz + g,
773 = (13,

Vv

= C(p-

Here ¢y, c3, c13, c19 and cqq, are the arbitrary constant. Corresponding to these con-

stants, we again get the minimal set of NSs given by eq(3.103).

Case 1V-2

R'(t)y=0=n?,

using above in eq(3.154), we have
R (t)yn’ =0, (3.156)

since R'(t) # 0, so n° = 0, in both (1) and (2) cases , we get 7° = 0, from eq(3.153),

we have

52637

= 0,

= (z—y)cs + co,

770
7!

2 _

N = yci3 + g,
773 = (13,

Vv

= C(p-
From above, we again get the minimal set of NSs given by eq(3.103).
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Case 1V-3

From eq(3.155), we have

R'(t)° =R (t)n? = R(t) = can’, (3.157)

multiplying eq(3.154) and eq(3.155) with R (t) and R'(t) respectively, then subtract
<R’2(t) — 2R’ (t)R(t)) = 0.

If Y = 0 then, eq(3.154) gives n° = 0, it is already done and we have result in eq(3.157),

so we solve for
12

R™(t) —2R"(t)R(t) = 0. (3.158)
Using eq(3.157) in above equation, we have
0337702 -2 (02377,?) (023/n0dt> =0,
using eq(3.120) in above equation, we have

1 1 &
((cat + cg)s + cst + c7)* — 2(cas + C5)<<§Cit2 + cgl)s + §c§t2 + crt + %)

€23
Suppose 0—34 = ¢95 then simplifying above equation, we have
€23
cas® + (2c6cr — 2¢4Co5)8 + 2 — 2¢5¢95 = 0.
Comparing coefficients of s2, s and s°
s 1 =0, (3.159)
S 1 CeCr = C4Co5, (3.160)
% 0 2 = 2c5005. (3.161)

Since c¢g = 0, therefore csco5 = 0. Hence, either ¢4, =0 or c95 = 0.
If co5 = 0, then eq(3.161) implies, ¢; = 0.

From above, we have three possibilities
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(l) Ceg = 0, Cyp = O, Cr = 0,
(il) Cg = O, Cyp = O, Cr 7é 0,

(ili) Cg — O, Cy 7é O, Cy = 0.

Case IV-3-(i)

CGZO, 04207 0720,

from eq(3.153), we have
& = 2c55+ cs,
= C5t,
= (x —y)ciz + cao,

7
7!

2 _

n° = 3y + Co,
773 = (13,

Vv

= —Cp.

From above, we get one more NS in addition to the minimal set of NSs given by

eq(3.103),

0 0
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Case I'V-3-(ii)

cg =0, c4=0,

using eq(3.153), we have

5 = 2058 + C3,
= C5t + Ct,

= (z —y)cs + ca,

770
771

2 _

n° = ci3y + Cu,
773 = (13,

Vv

= —(p.

From above, we get two more NSs in addition to the minimal set of NSs given by
eq(3.103),

0 0
Xa = o5 415
0
X5 = oo (3.163)

Case IV-3-(iii)

06207 C7:07

using eq(3.153), we have

£ = s’ 42055 + s,

7]0 = c¢4ts + cst,

Nt = (¢ —y)es + oo,
= csy+ c,
= s,

V = —at?—c.
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From above, we get two more NSs in addition to the minimal set of NSs given by

eq(3.103) along with corresponding gauge function,

0 0
Xy = 25— — .164
4 Sas+tat7 (3 6)
0 0
X; = s°— — = —2
5 Sas_‘_Stat’ Vv t

3.2.2 Case V :

P(t) and Q(t) are linearly dependent but R(t) is independent. From eq(3.37), we have
R (t)n° — 2R(t)n’ =0, (3.165)

from equation, we get

1 /

R )" — R (t)n) = 0. (3.166)

Since R(t) and R'(t) are linearly independent, which implies R'(t) # 0. So from above

equation, we have following possibilities,

Case V-1
n’ =0,
using eq(3.148), we have
77; =n’, = as=as

using eq(3.150), we have

cy =5 =cg=c7 =0,
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so eq(3.150) implies,

£ = cs,
=0
nt = (r—y)es + e,
n”’ = yew+ cuo,
nt = s,
V = «.

Here ¢y, 3, c13, c19 and ,co9, are the arbitrary constant. Corresponding to these con-

stants, we again get the minimal set of NSs given by eq(3.103).

Case V-2

R'(t)=0=n?,
using above in eq(3.165), we have

/

R (t)n° = 0.

Since R'(t) # 0, so n° = 0, in both (1) and (2) cases , we get n° = 0,

using eq(3.148), we have

2 3
ny,=n, = (8= C13,

so eq(3.150) implies,

= Cs,

0207

b= (x — y)cig + oo,

n
n
n? = ycws+ cuo,
n

3
= (3,

V:CO.

From above, we again get the minimal set of NSs given by eq(3.103).
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Case V-3

From eq(3.166), we have

Rt =R #t)n = R(t) = comn’. (3.167)

Multiplying eq(3.165) and eq(3.166) with R (t) and R'(t) respectively, then subtract
<R’2(t) — 2R’ (t)R(t)) = 0.

If Y = 0 then, eq(3.154) gives n° = 0, it is already done and we have result in eq(3.167).

So we solve for
12

R™(t)—2R"(t)R(t) = 0,
using eq(3.167) in above equation, we have
&m™ =2 (cam?) (027/770dt> =0.
Using eq(3.145) in above equation, we have

1 1 &
((cat + cg)s + cst + c7)* — 2(cas + C5)<<§Cit2 + cgl)s + §c§t2 + crt + %)

Car
Suppose c? = ¢99 then simplifying above equation, we have
Car
cas® + (2c6Cr — 2¢4Co5) + 2 — 2¢5C29 = 0.
Comparing coefficients of s2, s and s°
s 1 =0, (3.168)
S 1 CgCr = C4Cog, (3.169)
% 1 2 = 2c5ch9. (3.170)

Since c¢g = 0, therefore csco9 = 0. Hence, either ¢4, =0 or cy9 = 0.
If co9 = 0, then eq(3.170) implies, ¢; = 0.

From above, we have three possibilities
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i) =0, ¢=0, =0,

(i) =0, c4=0, ¢ #0,
(iii) =0, c#0, ¢ =0.
and from eq(3.147), we have

P'(t)yn° +2P(t)(ns —n° — 1)) = 0. (3.171)

Case V-3-(i)

cg=0, ¢c4=0, c;=0,

from eq(3.150), we have

& = 2c558+ c3,

"’ = cst,
771 = XC1g — YC13 + Ca22,
= cisy+ ci, (3.172)
773 = (13,
vV = —Cp.
Using above in eq(3.171), we get
tesP'(t) + 2P(t)(c1s — c13 — ¢5) = 0. (3.173)

From above equation we have two possibilities
a: tP(t) and P(t) are linearly independent.
B: tP'(t) and P(t) are linearly dependent.
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Case V-3-(i)-a

tP'(t) and P(t) are linearly independent,
using above eq(3.172) and eq(3.173), we get

cs =0, and ci3= 3,
using above in eq(3.172), we have

§ = cs,
p— 07

= (x —y)ciz + cao,

n°

7!

2 _

n° = yciz + g,
" o= o,

V = Cop.

From above, we again get the minimal set of NSs given by eq(3.103).

Case V-3-(i)-f

tP'(t) and P(t) are linearly dependent.

Suppose tP'(t) = 2P(t),

using above in eq(3.172) and eq(3.173), which gives ¢;5 = ¢13.
Substituting above in eq(3.172), we have

5 = 2058 + C3,

0’ = st

nt = (x—y)as+ e,
= yews+ cuo,

n* = s,

V = q.
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From above, we get the same NSs as we get in Case IV-3-(i) given by eq(3.162).

Case V-3-(ii)

cg =0, c4=0,

from eq(3.150), we have

§ = 2cs58+c,
770 = c5t+ oy,
N = zcis — yos + oo,
= sy c, (3.174)
n* = o,
V = —(p.
Using above in eq(3.171), we get
C5tp/ (t) + C7Pl (t) + 2P(t> (Clg — C13 — 65) =0. (3175)

From above equation we have two possibilities

a: P'(t), tP'(t) and P(t) are linearly independent.

B: tP'(t) and P(t) are linearly dependent but P'(t) and P(t) are linearly indepen-
dent.

v : P'(t) and P(t) are linearly dependent but tP'(t) and P(t) are linearly indepen-
dent.

Case V-3-(ii)-«

P'(t), tP'(t) and P(t) are linearly independent,
using in eq(3.174) and eq(3.175), we get

cs =0, cr—9, c18=ci3.
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using above in eq(3.172), we have

§ = s,
n’ =0,
nt = (x—y)as+ e,
n”* = yeis+ cuo,
773 = (3,
V = q¢.

From above, we again get the minimal set of NSs given by eq(3.103).

Case V-3-(ii)-g
tP'(t) and P(t) are linearly dependent, suppose tP'(t) = 2P(t),
using above in eq(3.175), we have
C7P/(t) + QP(t)(Clg — C13 + Cy — C5) = O,
C7P, (t) + 2P(t) (618 — 613) =0.
Since P'(t) and P(t) are linearly independent, so above equation gives
Cr=0, C18 = C13.

Substituting in eq(3.174), we have

& = 2c55+ cs,
0’ = cst,
nt = (x—y)as+ e,
n”* = yeis+ cuo,
773 = (3,
V = q¢.

From above, we get the same NSs as we get in Case IV-3-(i) given by eq(3.162).
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Case V-3-(ii)-y

P'(t) and P(t) are linearly dependent, suppose P'(t) = 2P(t),

using above in eq(3.175), we have
C7+018—013+tC5 — Ch :O,

from above we get

Cy = O, Cig = —C7 + C13.

Substitute above in eq(3.174), we have

§ = cs,
n’ = e
1
n = —xzcr+ (x—y)as + o,
772 = —CrYy + c13Y + Cig,
" = s,
V = —(p.

From above, we get the one more NS in addition to the minimal set of NSs given by

eq(3.103),

0 0 0
Xy= 2 gy, 1
Y xax y(?y (3.176)
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Case V-3-(iii)

CGIO, C7:0,

from eq(3.150), we have

£ = c45°+2c55 + c3,

770 = cyts + cst,
771 = xC18 — YC13 + Ca2,
= cisy+ ci, (3.177)
= s,
V o= —cit?— .
Using above in eq(3.171), we get
(cas + c5) P (t) + 2P (t)(c15 — c13 — 45 — ¢5) = 0. (3.178)

From above equation we have two possibilities
a: tP(t) and P(t) are linearly independent.
B: tP'(t) and P(t) are linearly dependent.

Case V-3-(iii)-«

tP'(t) and P(t) are linearly independent,
using above in eq(3.177) and eq(3.178), we have

C4S+C5:O, 018—C13—C48—C5:0,

from above we get

Cyp = O, Cy = 07 C18 = (C13.
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Substituting above in eq(3.177), we have

§ = cs,
= 0,

= (z —y)cis + ca,

77o
771

2 _

n° = yci3 + Cig,
773 = (13,

%4

= Cp-
From above, we again get the minimal set of NSs given by eq(3.103).
Case V-3-(iii)-3

tP'(t) and P(t) are linearly dependent,
suppose tP'(t) = 2P(t),

using above in eq(3.178), we have
2P(t)(C4S + Cs -+ C18 — C13 — C4S8 — C5> = O,

C18 = C13.

Substitute above in eq(3.177), we have

& = ca8? + 2¢55 + c3,

770 = cyts + cst,

nt o= (x—y)as + e,
" = sy + o,
= s,

V o= —cat® —co.

From above, we get the same set of NSs as we get in Case IV-3-(iii) given by eq(3.164).
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Chapter 4

Summary

In this thesis we have investigated Noether symmetries for Bianchi type IV spacetime.
To find Noether symmetries we used Lagrangian given by eq(3.1) in the Noether sym-
metry condition given by eq(2.21) which led to a system of nineteen partial differential
equations given by eq(3.2) to eq(3.20). Solving this system of equations for various
cases we obtain corresponding symmetries. The summarized results are presented in

the following Table 4.1.
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Table 4.1: Noether symmetries of Bianchi type IV spacetimes corresponding to different

cases.
’ Sr. No \ Case No. NSs \ Ref. Eqn ‘
1 I, II, III, TV-1, Xo = 2, 3.103
ds 9 5
IV-2, V-1, V-2 Xi=(x—y)=— —+ =
) ) ) 1 (2 y)am—i_yay_‘_aza 8
V_ - X = — X - .
3-(i)-cr, V-3-(ii)-av 2= 5 3 3y
V-3-(iii)-«v (which is the minimal set of NSs.)
2 IV-3-(i), V-3-(i)-8. | Xy = 256a + t% 3.162
V-3-(ii)-g and minimal set.
d 0
3 IV-3-(ii). Xy=2s— +t—. 3.163
ds Ot
x. - 2
T
and minimal set.
0] 13)
4 IV-3-(iii). Xg=25s—+t—. 3.164
) 8t8
Q. e _ — . —_ 2
V-3-(iii)- 8 X5 = 88 +stat Vv 1,
and minimal set.
9] d 0
5 V-3-(ii)-. Xy=t— — 3.176
(ii)-y 4 ot 8m y(‘?y
and minimal set.
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