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Abstract  

Seismology has seen a penetration of metamaterials for a breakthrough in vibrational wave 

manipulation which was not possible with the standard technology. Metamaterials are artificially 

engineered materials, or artificially engineered arrangement of conventional materials, yielding 

unconventional properties that cannot be realized inherently through conventional materials. 

Popularly used base isolation techniques in seismic wave mitigation fall short at low-frequency 

regions of the spectrum and fail to encompass both, flexible and rigid structures. Using the concept 

of metamaterials, the phenomena of local resonance and the Bragg scattering can create a stop 

band region of frequencies that undergo vibrational filtration.  This study proposes a two-

dimensional periodic foundation system that covers a wide and an ultra-low frequency region in 

its bandgap, enveloping the principal frequencies of seismic waves (i.e., 0.30 Hz to 7.35 Hz 

calculated analytically). Conducting experimental testing on the scaled-down prototype of the 

proposed foundation affirmed the mathematical model and the computational testing conducted 

on ANSYS by showing an average of 50% attenuation in the frequency band gap (i.e., 2.54 Hz to 

8.08 Hz for the scaled-down version). At the resonant frequency, the experimentation showed a 

73% attenuation. This study is a pioneer for setting the baseline for periodic foundations with the 

capability of fully mitigating the entire spectrum of seismic vibrational effects on structures.  
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Chapter one  

Introduction 

1.1 General 

Metamaterials are defined as artificially engineered composite materials with modified microstructures that 

induce customized properties which are not intrinsically present in them. Stemming from the field of 

electromagnetics, metamaterials have entered the sphere of acoustics and seismology. This study proposes 

a foundation which uses acoustic metamaterials (or seismic metamaterials) to filter and control seismic 

waves.  

Acoustic metamaterials have structures designed in a way that use the concept of local resonance to filter 

seismic waves within a specific frequency bandgap (locally resonant metamaterials). This bandgap lies near 

the resonant frequency of the locally resonant structure, which are tuned to resonate out of phase in the 

stopband region.  

The proposed foundation uses steel cylinders with silicone pads as local resonators that are tuned to induce 

a resonant frequency. They exhibit the negative mass density phenomena with a sub-wavelength structure 

in the range of the stopband frequencies.   

The local resonance is coupled with the mass-in-mass phenomena to accentuate the dissipation of wave 

energy. The dual stiffness of the steel cylinder and the silicone allows the resonator to act like a classical 

elastic solid which can be simplified as a mass-spring system. Locally resonant metamaterials exhibit 

negative mass if treated as a classical elastic solid.  

Bragg diffraction is used in theoretical physics to describe the scattering of waves on periodic structures 

with sub-wavelength distances. Bragg’s scattering adds another layer of vibrational control with the orderly 

spaced inclusions that simulate these periodic structures that scatter the incoming seismic waves. 

Developing on the concept of composite foundations that couple the properties of periodic foundation and 

the conventional base isolation system 1, a proposal has been put forward for the formation of a two-

dimensional periodic foundation system (for seismic waves that introduce lateral vibrations in the structure, 

to which the structure is most vulnerable) that covers a wide, as well as ultra-low frequency region in its 

bandgap, therefore enveloping the principal frequencies of seismic waves (0.2 Hz to 10 Hz). Such system 

caters for masonry, as well as long and short period concrete and steel structures. In addition, it has the 
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capability to safeguard some vital structures, such as nuclear power plants, which cause catastrophes in 

case of seismic failure when conventional base isolation system fails 2,3.  

1.2 Problem Statement 

Throughout the history, earthquakes have been a symbol of destruction and a headache for structural 

engineers. To make them less damaging, researchers have tried to devise a system that could mitigate the 

effect of seismic vibrations(1a)4–6 Many different systems and devices have been proposed but the struggle 

to find a sustainable and effective seismic vibration control system continues. Out of all the techniques that 

have been proposed for seismic mitigation, a few stand out. 

One such system is the Tuned Mass Damper (TMD) which has varying efficacy with the change in the type 

of earthquake 7. Another is the conventional base isolation system, with efficacy decreasing with the 

increase in the flexibility of the structure. We have yet to find a system which is effective for all kinds of 

structure and covers the major region of the earthquake wave spectrum. Due to the limitations of 

conventional materials and methods, the development of such a system has not been possible. To overcome 

this issue, this study makes use of metamaterials with engineered properties that can provide vibrational 

filtration or vibrational mitigation not possible with conventional base isolation systems.  

1.3 Objectives 

The main objective of this research is to create a vibrational control mechanism for structures to mitigate 

the effects of seismic waves. The low-frequency region of the seismic wave spectrum is the main target, as 

it not catered for by conventional vibrational mitigation systems.  

The research creates improvements on the conventional base isolation system to reach the targeted 

frequencies. This is done so by creating a periodic foundation that integrates the concept of metamaterials 

to filter out a band gap of seismic frequencies. So, consequently, the research also studies a major topic of 

metamaterials, the effects of local resonance and Bragg scattering on the attenuation caused by the 

foundation.  

Another goal is to create a system that is compatible with all kinds of structures, both steel and concrete, 

and rigid and flexible.  

The milestones set to achieve the goals are to study the mathematical model and integrate the mass in mass 

system concept into deriving the frequency band gap range. Then, constructing a scaled-down version of 

the proposed periodic foundation on ANSYS and analyzing the model to verify the frequency band gap 



10 
 

obtained from the mathematical model. And lastly, fabricating a laboratory-level scaled-down version of 

the proposed foundation and testing it on the shake table to affirm that the foundation will work under 

vibrational frequencies band gap of the scaled-down version.  

1.4 Organization of the Report 

The thesis begins with Chapter 1 discussing the major concept of metamaterials anchoring the periodic 

foundation proposed in the study, the objectives of the study and the overview of the thesis. Chapter 2 

builds upon the general outline of the thesis, giving a deeper insight into the literature review conducted 

to support the thesis. Moving to Chapter 3, the thesis explains the materials and methodology used in the 

research, detailing the mathematical, computational, and experimental model and testing. The results of 

all three sets of model testing are addressed in Chapter 4, and the reasonings behind the specific outcomes 

are also highlighted. Chapter 5 concludes the entire research and outlines the key points of the work.  
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Chapter Two 

Literature Review 

2.1 Previous studies on metamaterials 

Considering the gaps and limitations in traditional techniques for seismic vibration mitigation, continuous 

research is being conducted to improve these systems. Some of the improvements brought about in the base 

isolation system include negative-stiffness devices or dampers and low-cost elastic isolators among 

others 8–19.  A breakthrough in this field can be seen with the amalgamation of a new technology of 

metamaterials, that addresses the limitations of conventional systems.  

Emanating from the field of electromagnetism, metamaterials have made their way into civil engineering 

and seismology. Metamaterials are artificially engineered materials, or artificially engineered arrangement 

of conventional material, yielding unconventional properties that cannot be realized inherently through 

conventional materials. In civil engineering, elastic metamaterials are being employed, which are artificial 

composite materials engineered to yield negative modulus, negative mass density or anisotropic mass under 

dynamic conditions to manipulate elastic waves 20–27. Liu et al. in his study found that elastic metamaterial 

with a locally resonant structure in sonic crystal can result in negative mass density at or near the resonant 

frequency, which can be used to filter the propagation of wave within the bandgap 28. The formation of this 

bandgap can primarily be attributed to either Bragg’s scattering, or local resonance 28–30.  

Bragg scattering, based upon Bragg’s law, states that transmitted and reflected waves interfere destructively 

when the path difference between the two is not a multiple of the wavelength of the propagating waves31 . 

Bragg scattering is usually easy to achieve and yields wider bandgaps compared to local resonance 32,33. 

However, to achieve a strong destructive effect, it is critical for the phase difference between the transmitted 

and the reflected wave to be a multiple of half wavelength. This criterion of strong destructive interference 

is hard to achieve as the path difference depends upon the angle of incident wave. Also, to realize a strong 

destructive interference for seismic waves which have very low frequency (<50 Hz), a large system that 

requires a very large area is to be developed. Minor destructive interference, on the other hand, is easy to 

achieve.  

Local resonance is another phenomenon that aids in vibrational manipulation. It uses local units or masses 

to dissipate the energy of the propagating wave through resonance and out-of-phase movement, relative to 

the medium in which it is placed. Consequently, it produces a bandgap in the vicinity of the resonant 

https://www.sciencedirect.com/topics/engineering/isolators
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frequency of the local masses28,34. While this phenomenon creates a more spatially efficient periodic system 

for low-frequency vibration control relative to the Bragg’s scattering-based system, it is considered more 

complex to be devised. The latter proves to be more suitable while dealing with waves of low frequency 35–

40, but ideally, both the phenomena can be made to interact to conceive wider bandgaps 41–44.  

2.2 Using metamaterials in periodic systems 

Inspired by the filtering effect of periodic systems accommodating the concept of metamaterials, several 

experimentations have shown the capability of such systems in manipulating seismic waves 45–47. These 

systems can be further categorized as periodic wave barriers 48–53 and periodic foundations 1,54–66. Both 

categorized systems have shown to be effective in vibration mitigation, where wave barriers are placed 

around the structure primarily to intercept surface waves, whereas periodic foundation are placed under the 

structure, designed to target any kind of seismic wave. A limitation of wave barrier is the amount of space 

it requires, but it can be an effective solution when a region is to be protected rather than a structure. In that 

case, the region has multiple structures with multiple time period, so the effectiveness of the wave barrier 

does not remain the same for each structure in that region. 

The periodic foundations, also termed as locally resonant periodic foundation, have proven to be a viable 

solution for vibration control of the structure. They have drawn interest of many researchers and encourage 

the effort to devise a system to yield an expedient solution with minimal complications. One of the most 

significant and negative features of periodic functions is its ability to amplify the structural response in 

frequencies before the bandgap starts. Furthermore, no locally resonant periodic foundation has 

successfully been proposed yet that can cover long period waves (below 1 Hz).   

2.3 Conventional vibrational control mechanisms 

Conventional base isolation system has proven to be effective by laterally decoupling the structure from 

the ground it rests upon 67–70. This technique is widely acknowledged and has also been incorporated into 

seismic design codes 71,72. It works by reducing the lateral stiffness of the structure, thus elongating its 

natural period to avoid resonance with the expected seismic waves 73–76.  

Despite being customary, the base isolation system comes with its own limitations. The base isolation 

system’s effectiveness decreases with the increase in the flexibility of the structure. These systems are only 

good for structures which have a fixed base time period of less than or equal to 1 sec, as these structures 

provide a margin for the shift of period to a range of 1.5 sec to 3.5 sec, which makes them more flexible. 

An already flexible system does not provide further margin for flexibility. Hence, according to this 



13 
 

guideline of period to be 1 sec or less, only structures with around 10 or less stories can be isolated while 

yielding optimum performance 4,77,78. Another limitation of this system is its lack of applicability to 

structures on soft soil. This is related to the properties of underlying soil on which the frequency of ground 

motion is dependent. In hard and stiff soils, the ground motion is rich with high frequency content while 

for soft soils, the ground motion consists of low frequencies. Base isolation works on the principle of 

elongating the period of a structure, hence making it more prone to resonance when used upon soft soils 

4,77,79. 

Another conventional vibrational control mechanism involves employing the tuned mass damper. They are 

primarily designed for wind loading but have also shown to be effective for seismic loading80–82. As 

vibrations are induced in the structure, the TMDs on top of the structure move out of phase. As a result, 

energy is dissipated with resonant vibrations of the damper. However, their efficacy varies with the type of 

earthquake, being noticeably effective only for earthquakes with low to medium intensity, in which the 

response is mainly governed by the fundamental vibration mode of the structure they are installed in 7. With 

varying time and loading conditions, structures usually face variation in stiffness especially when they 

undergo elastoplastic behavior, which results in detuning of the TMDs. Even when the TMDs are optimized 

for elastoplastic behavior, their performance decreases with increase in the structural response's hysteretic 

portion 83–86. Moreover, it has also been reported that the effectiveness of TMDs decreases as the PGA 

value goes up 87. For PGA values greater than 0.176, effectivity can be as low as 10% 88. 

http://koreascience.or.kr/article/JAKO202013261021068.page
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Chapter Three  

Materials and methodology 

3.1 Materials and Proposed foundation panel 

Figure 1 exhibits the top view of the proposed foundation panel. The proposed foundation panel is 

produced using high-density concrete embedded with steel-silicone resonators. The cross-sectional 

dimensions compute to 550 cm x 30 cm and the panel has square geometry. The panel comprises of a 

matrix of 96 resonators, each constituting of two parts: a 180 mm wide solid steel cylinder with a depth of 

200 mm and a low stiffness silicone rubber. The silicone rubber is used as a barrier between the concrete 

panel and the solid steel cylinder. Adopting a large number of resonators allows the foundation to be a 

dense matrix of spatially ordered resonators that accelerate wave filtration. The center-to-center spacing 

of each circular inclusion is 30 cm since it carries the resonator. The specific distance is adopted in order 

to aid the wave manipulation process by ensuring the spatially ordered resonators have a distance smaller 

than the wavelength of the transmitted waves in the matrix. The panel is edged with 4 circular female 

ports, with diameter measuring at 63.5 cm. The underside of the panel comprises of 4 cylindrical concrete 

male side that extrude out of the panel to fit the female port. The female-male ports provide horizontal 

connections between different layers of the foundation. The female side of the ports have silicone rubber 

pads on the outer side instilled such that a male port from the overlaying panel can be adjusted between 

the faces of these rubber pads, thereby establishing a connection between them in the horizontal direction.  

Table 1 Materials used in proposed foundation and their key parameters 

Material Key Parameter Value 

High density concrete Density ρ = 3600 kg/m3 

Steel Cylinder Density ρ = 7850 kg/m3 

Silicone Rubber Youngs Modulus E = 350 KPa 

PTFE Coefficient of friction μ = 0.04 
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Figure 1. Top view of the proposed foundation panel containing a matrix of steel-silicone resonators 

The panels are stacked on top of each other and are horizontally disconnected by frictionless, low-

damping PTFE sheet on steel plates that cover the top and bottom of the panels. The stiffness in the 

horizontal direction is derived from the silicone rubber pads at the corner female ports. Error! Reference 

source not found. shows the materials used in the proposed foundation and their key parameters set to 

get the desired results. 

 3.2 Numerical Model 

A simplified periodic mass-in-mass system represents the proposed foundation, with only one degree of 

freedom for each mass, while the whole system has multiple degrees of freedom. The simplified figure of 

this system is shown in Figure 2. The mass-in-mass system represents an internal mass within an external 

mass. The internal mass refers to the steel cylinders which are connected to the external mass, specifically 

the concrete in our panels, by internal springs that represent the silicone pads in the resonators. The 

external springs denote the silicone pads in the mechanical connections to assist in the horizontal 
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connection of the panels. Each mass-in-mass element denotes a singular concrete panel with resonators 

and connections embedded in it. 

 

Figure 2. An idealized figure of the mass-in-mass system with the indication of mi , me , ki , and ke . Where ui and ue represent the 

displacement of internal and external mass respectively. L represents the spatial period of the foundation in vertical direction. 

This mass-in-mass idealized system can be solved based on the framework of variational approach 

(Energy approach), which uses the principle of virtual work in its dynamic form, also referred to as the 

Hamilton’s principle to derive the Lagrange’s equation of motion that can be applied in this case. It is 

given in equation 1. 

 
𝜕

𝜕𝑡
(
𝜕𝑇

𝜕�͘�𝑥
) −

𝜕𝑇

𝜕𝑢𝑥
+
𝜕𝑈

𝜕𝑢𝑥
= 𝐹𝑥 1 

 

Where T represents the kinetic energy, U represents the potential energy, and F represents the non-

conservative force, which according to the given idealized system, will be taken equal to zero in our case 

as the system is conservative. �͘� and u represent the velocity and displacement of the mass respectively. 

The total kinetic energy for j-th element of periodic foundation is given as in equation 2. 

 𝑇𝑗 =
1

2
𝑚�͘�𝑟

𝑗 +
1

2
𝑚�͘�𝑝

𝑗 2 

 

While the potential energy U is given by equation 3. 
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 𝑈𝑗 =
1

2
𝑘(𝑢𝑟

𝑗 − 𝑢𝑝
𝑗)2 +

1

2
𝑘(𝑢𝑝

𝑗 − 𝑢𝑝
𝑗−1)2 +

1

2
𝑘(𝑢𝑝

𝑗+1 − 𝑢𝑝
𝑗)2 3 

 

Where subscript ‘r’ represents the internal resonator mass and subscript ‘p’ represents the external panel 

mass, Lagrange’s equation of motion for the j-th element can be written as in equation 4. 

 

{
 
 

 
 
𝜕

𝜕𝑡
(
𝜕𝑇

𝜕�͘�𝑟
𝑗
) −

𝜕𝑇

𝜕𝑢𝑟
𝑗
+
𝜕𝑈

𝜕𝑢𝑟
𝑗
= 0

𝜕

𝜕𝑡
(
𝜕𝑇

𝜕�͘�𝑝
𝑗
) −

𝜕𝑇

𝜕𝑢𝑝
𝑗
+

𝜕𝑈

𝜕𝑢𝑝
𝑗
= 0

 4 

 

The equations of motion are denoted in equation 5. 

 {
𝑚𝑟ü𝑟

𝑗 + 𝑘𝑟(𝑢𝑟
𝑗 − 𝑢𝑝

𝑗) = 0

𝑚𝑝ü𝑝
𝑗 + 𝑘𝑟(𝑢𝑝

𝑗 − 𝑢𝑟
𝑗) + 𝑘𝑝(2𝑢𝑝

𝑗 − 𝑢𝑝
𝑗+1 − 𝑢𝑝

𝑗−1) = 0
 5 

 

According to Bloch’s theorem, for any structure that has infinite periodic units, the change in complex 

wave amplitude of a propagating wave without attenuation as it passes each unit cell, does not depend 

upon the location of the unit cell within the structure. Hence, the wave propagation through the entire 

lattice can be understood by considering only a single unit cell.89 By considering the harmonic wave 

solution, the Lagrange equations of motion that have been derived can be further simplified by expressing 

the infinite periodic mass units in terms of a single j-th mass unit in the periodic chain using the concept 

of Bloch’s theorem. The generic solution for the equations of motion according to Bloch’s theorem are 

given as equation 6. 

 {
𝑢𝑟
𝑗+𝑛

= 𝐵𝑟𝑒
𝑖(𝑞𝑥+𝑛𝑞𝐿−ѡ𝑡)

𝑢𝑝
𝑗+𝑛

= 𝐵𝑝𝑒
𝑖(𝑞𝑥+𝑛𝑞𝐿−ѡ𝑡)

 6 
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where, 

𝐵𝑟 and 𝐵𝑝 are complex wave amplitude that account for any offset phase between the external and the 

internal masses. 

q is the wave number 

ѡ is the angular frequency  

L is the spatial constant of periodic mass in mass system. 

Considering Fourier space, the simplified equations in the matrix form are the ones shown in equation 7. 

 [
𝑚𝑟 0
0 𝑚𝑝

] [
�̈�𝑟
𝑗

�̈�𝑝
𝑗] + [

−𝑘𝑟 𝑘𝑟
2𝑘𝑝(1 − cos 𝑞𝐿) + 𝑘𝑟 −𝑘𝑟

] [
𝐵𝑟
𝑗

𝐵𝑝
𝑗] = 0 7 

 

The dispersion relationship of periodic mass in mass system is given in equation 8. 

 

|𝑘 − 𝑚𝜔2| = 0 

 

𝑚𝑝𝑚𝑟𝜔
4 − [𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 2𝑘𝑝𝑚𝑟(1 − cos 𝑞𝐿)]𝜔

2 + 2𝑘𝑝𝑘𝑟(1 − cos𝑞𝐿) = 0 

8 

 

This dispersion relation gives the frequency region, in which the unit cells of the system can suppress the 

propagation of seismic waves, as the internal and external masses go out of phase. This region is said to 

be the frequency bandgap.90,91  The start and the end frequencies of this region are given by the roots of 

the dispersion relation as shown in equation 9 and 10. 

 𝑓1 =
1

2𝜋
√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟)]

𝑚𝑝𝑚𝑟
 9 
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𝑓2 =

1

2𝜋

√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟] − √[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟]

2 − 16𝑚𝑟𝑚𝑝𝑘𝑝𝑘𝑟

2𝑚𝑝𝑚𝑟
 

10 

 

It is to be noted that 𝑞𝐿 is dimensionless wave number and is given in equation 11. 

 𝑞𝐿 = 𝛼 +  𝑖𝛽  11 

 

Here, the real part and the imaginary part are called the attenuation and the phase constants, respectively. 

The real part gives the rate of attenuation as the wave propagates from one unit cell to the other while 

phase constant gives the phase change through a unit cell. The displacement can be written in terms of 

attenuation and phase constants. 

 

𝑢𝑥 ∝ 𝑒
𝑖(𝑞𝑥) 

𝑢𝑥 ∝ 𝑒
𝑖((𝛼 + 𝑖𝛽 )𝑥/𝐿) 

𝑢𝑥 ∝ 𝑒
𝑖𝛼 (𝑥/𝐿)𝑒−𝛽 (𝑥/𝐿) 

12 

 

Hence, the displacement amplitude is directly proportional to 𝑒−𝛽 (𝑥/𝐿), which indicates the spatial decay 

of displacement exponentially with the factor 𝛽. Dimensionless wave number 𝑞𝐿 is also given in equation 

13. 

 𝑞𝐿 =  cos−1(1 −
𝑚𝑝𝑚𝑟𝜔

4 −𝜔2𝑘𝑟(𝑚𝑝 +𝑚𝑟)

2𝑘𝑝𝑚𝑟𝜔
2 − 2𝑘𝑝𝑘𝑟

) 13 
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Thus, the theoretical attenuation can be given as the imaginary part of the dimensional wave number 𝑞𝐿 

from equation 13. 

 3.3 Model Prototyping 

The proposed periodic foundation panels could not be tested experimentally on the shake table due to the 

limitations in design specifications and the computational model required excessive computational power 

for assessment which was not possible to achieve. Hence, a scaled-down model prototype was prepared 

for computational as well as experimental validation, as shown in Figure 3. The scaled-down periodic 

foundation was experimentally and computationally tested, the purpose of which was to validate the 

dispersion relationship and not to predict the experimental results for the proposed foundation. 

Considering that, the scaling laws according to the principles of similitude (differential governing 

equation) can be relaxed to yield only partial similarity92 since absolute similarity is mostly unachievable 

for real structures93. 

Table 2. Scale Factors for different parameters of the foundation 

 

Scaled Property 

 

Expression 

 

Scale Factor 

 

Mass of Panels 

 

Λmp = 
𝑚𝑝 (𝑠𝑐𝑎𝑙𝑒𝑑)

𝑚𝑝 (𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)
 

 

1

85.17
 

 

Mass of Steel Resonator 

 

Λmr = 
𝑚𝑟 (𝑠𝑐𝑎𝑙𝑒𝑑)

𝑚𝑟 (𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)
 

 

1

19
 

 

Combined Stiffness of 

Internal Rubber Pads 

 

Λkr = 
𝑘𝑟 (𝑠𝑐𝑎𝑙𝑒𝑑)

𝑘𝑟 (𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)
 

 

1

19
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Combined Stiffness of 

External Rubber Pads 

 

Λkp = 
𝑘𝑝 (𝑠𝑐𝑎𝑙𝑒𝑑)

𝑘𝑝 (𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)
 

 

1

1
 

Modal parameters of internal resonators were kept constant while scaling down the proposed foundation 

panel. Using the scaling factors shown in Table, the length and width were scaled down to 1/5.5, while 

the depth of the panel to 2/3. The mass density of the panel was also decreased to 2/3. The bandgap of the 

scaled-down test model can be recalculated using the numerical model discussed above.  𝑘𝑝 and 𝑘𝑟 

remain constant while 𝑚𝑟 and 𝑚𝑝 are scaled down.  

Table 3 shows all the important similitude factors. 

 

Table 3 Similitude Factors for scaled down foundation 

Similitude Factor Ratio 

Length 1/5.5 

Width 1/5.5 

Depth 2/3 

Area 1/30.25 

Density 2/3 

Mass of steel Resonator 5/96 
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Figure 3. Side and top view of the scaled-down foundation having a total of three panels placed on the bottom panel, five steel-

silicone resonators, and four corner connections. 

Now, the scaled-down periodic foundation panel has a top surface area of 1 meter x 1 meter with a 

thickness of 20 cm, having 5 resonators with center-to-center spacing of 30 cm. The dimension and 

arrangement of the four male-female ports is the same as in the proposed foundation panel. The 

resonators were also of the same type and dimension as in the proposed foundation panel, with the steel 

cylinder in each resonator having a mass of approximately 21 kg.  

The key properties of the scaled-down version of the proposed periodic foundation panel, on which the 

frequency bandgap according to the numerical model is dependent, are given in Table 4. 

Table 4. Key parameters for the scaled down foundation 

Property Expression Value 

Mass of concrete panel 𝑚𝑝 = 𝜌 𝑐 × 𝑉𝑐 

 

𝜌 𝑐= 2400 kg/m3 

𝑉𝑐 = 13.12 × 10
−2 𝑚3 

𝑚𝑝 = 317 𝑘𝑔 

Mass of steel cylinder 𝑚𝑟 = 𝑛 × 𝜌 𝑠 × 𝑉𝑠 𝜌 𝑠= 7850 kg/m3 



23 
 

𝑉𝑠 = 2.7 × 10
−3 𝑚3 

𝑛 = 5 

𝑚𝑝 = 106 𝑘𝑔 

Stiffness of external 

silicone rubber pads 

𝑘𝑝 = 2 ×
𝐸𝑝 × 𝐴𝑝
𝐿𝑝

 
𝐸𝑝 = 350 × 10

3 𝑃𝑎 

𝐴𝑝 = 3.75 × 10
−3 𝑚2 

𝐿𝑝 = 8.75 × 10
−2 𝑚 

𝑘𝑝 = 3 × 10
4  𝑁/𝑚 

Stiffness of internal silicone 

rubber pads 

𝑘𝑟 = 𝑛 ×
𝐸𝑟 × 𝐴𝑟
𝐿𝑟

 
𝐸𝑟 = 350 × 10

3 𝑃𝑎 

𝑛 = 5 

𝐴𝑟 = 3.00 × 10
−3 𝑚2 

𝐿𝑟 = 2.5 × 10
−2 𝑚 

𝑘𝑟 = 210 × 10
3  𝑁/𝑚 

3.4 Computational Model 

A computational model of the scaled-down periodic foundation was made to validate the analytical model 

as well as to check the feasibility of experimentation. The model was made using ANSYS software 

package. Harmonic analysis in the frequency domain was performed on the model to get the required 

information within the available computational power. The model geometry is shown in Figure 4. Key 

material properties required for the analysis were defined in the Table above (Model Similitude). All 

materials are linear and elastic. Contact nonlinearities are dealt by suitable contact elements. 
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Figure 4. Computational model geometry of the scaled down foundation. 

The frictionless behavior between the overlaying panels and steel cylinders inside the panels is simulated 

by introducing frictionless contact surfaces. The contact between the steel cylinder and the silicone rubber 

(in the resonator assembly), as well as between the cylindrical concrete male port and silicone pads of the 

female port was set to be frictional with a coefficient of friction equal to 0.6 to closely model the actual 

behavior, which allows normal movement away from the contact surface but resists normal movement 

towards the surface as well as tangential movement according to the set parameters. It was ensured that 

the softer surface with the finer mesh was chosen to be the contact surface. The behavior of the frictional 

contact was set to be symmetric to minimize the penetration, while other contact behaviors were set to 

asymmetric to reduce computational effort. Augmented Lagrange formulation was used to model contact 

behavior and stiffness. It is an iterative penalty method and results in constrained optimization.  

Adaptive meshing was done to enhance computational efficiency, as shown in Figure 5. Mesh size was 

reduced to obtain a fine mesh at contact surfaces and silicone rubber pads, while a coarser mesh was used 

for target surfaces and parts where penetration was not an issue. The minimum orthogonal quality of 

mesh was 0.152, while the average orthogonal quality was 0.892, which is sufficient to yield accurate 

results. The maximum skewness was 0.73, which is acceptable. The total nodes formed were 338185, 

resulting in a total of 115489 triangular and quadrilateral elements. 
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Figure 5. Visual depiction of meshing used in the computational analysis of scaled down foundation. 

Mode superposition method was used for harmonic analysis to reduce computational power while 

ensuring efficiency. Max mode to be found was set to 100 between a frequency range from 0 to 12 Hz to 

get accurate results within the available resources. Analysis was done from 0 to 12 Hz with linear solution 

interval of 120. 

The bottom of the base slab in the harmonic analysis was given a fixed boundary condition, while each 

steel cylinder was assigned roller support. A harmonic force was applied on the side face of the panel that 

was over the base slab, as it also replicates the force applied by the base slab through the connection port 

to the panel that lays over it. The force was kept as low as 12 KN to ensure no penetration resulting from 

high forces in contact surfaces while simulating the behavior of the periodic foundation, thus ensuring the 

accuracy of results. The frequency response curve was obtained and analyzed. 

3.5 Experimentation 

3.5.1 Experimentation Setup 

For the experimental study, scaled-down periodic foundation was cast and assembled in the Structural 

Dynamics Lab MCE at NUST, Pakistan. The Shake table used for experimentation has a payload capacity 

of 12 tons and a maximum operating velocity of 1000 𝑚𝑚/𝑠𝑒𝑐. 

 The scaled-down periodic foundation for experimentation consists of a bottom panel (without 

resonators), which was fixed to the shaking table using 5 high strength bolts, and top panels with 
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resonators that were placed on the base slab and constrained in the horizontal direction using male-female 

port connections. The base panel also has female ports at the corner. The number of panels placed over 

the base panel was varied for the different testing arrangements, which will be discussed in the next 

section. Each panel was separated from its neighboring panel using an ultra-low damping frictionless 

surface realized with the help of a PTFE (Polytetrafluoroethylene) sheet that was fixed on steel plates 

connected to the top and bottom surfaces of the panel. PTFE allowed free movement of panels in the 

horizontal direction. Furthermore, grease was also applied to further ensure ultra-low damping surface. 

PTFE and grease were also used in the resonator assembly to ensure the internal masses were free to 

move independent of the panel, akin to the idealized analytical model.  

The response of the tested foundation was recorded using a high-speed multi-channel data acquisition 

system and sensors consisting of accelerometers and displacement transducers (LVDTs). Triaxial wireless 

G-link-200 accelerometers were attached to each panel, shake table, and resonators of the top slab during 

the testing. The G-link-200 is a triaxial MEMS accelerometer with user-adjustable measurement range of 

± 10g, ±20g, or ±40. It has an extremely low noise density (80 µg/√Hz) and a resolution of 20 bits. It was 

used for continuous sample at rate of 128 Hz. Displacement of each panel and shake table was acquired 

using Micro-Measurements Model LDS-50 mm Linear Variable Differential Transformers (LVDTs). 

These LVDTs use strain gauge technology to record displacements by providing linearly proportional 

voltage based on the movements. LDS-50 mm has an accuracy of 0.2% with infinite resolution. The 

sampling rate for LVDTs was also set to 128 Hz. LVDTs were used to measure the relative displacement 

between the bottom panel and the other panels.  

Figure 6 shows a detailed schematic of the testing setup used for each experiment. 

 

Figure 6. Simplified setup for the experiments showing all the equipment used during the testing. 
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Figure 7. Side view of the Casted Foundation Figure 8. Top View of the Casted Foundation 

 3.5.2 Experimentation Procedure 

The foundation was excited using simple harmonic motion. The maximum amplitude of sinusoidal 

displacement was set to 5 mm in order to capture the response with great accuracy, considering the 

available instrumentation. The response was recorded for frequencies between 0.5 to 9 Hz with an 

interval of 0.5 Hz. 

In order to properly assess the harmonic response of the foundation and correctly draw the possible 

conclusions, the scaled-down periodic foundation was tested in three series of tests, as shown in Figure 9: 

1. In the first series of tests, only one panel consisting of resonators was placed on the fixed base 

panel, and the assembly was excited using simple harmonic motion. The test had 2 objectives: to 

validate the analytical bandgap when only one panel was placed and to see the response in 

comparison to addition in the number of staked periodic foundation panels. (The test had 2 

objectives, first to validate the analytical bandgap when only one panel was placed and second to 

see the response in comparison to when the number of periodic foundation panels with internal 

masses was increased). Accelerometers were placed on the shake table, panels as well as three out 

of 5 resonators to clearly understand their dynamics compared to the panel itself.  

2. In the second series of tests, the previously tested panel was tested again; however, this time, the 

movements of the resonators were restricted using wooden pieces. These pieces were perfectly 

sized and shaped to block any movement of the resonators during the test. Such testing was done 

for the sake of comparison between a foundation panel in which the internal masses were free to 
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move and one in which the movement of the internal masses were restricted. However, later it 

was understood when the exceptional result yielded from this test were understood using the 

analytical model that by the introduction of wood, the system still behaves as a mass in mass 

system capable of producing a new bandgap with new starting and ending frequencies. 

3. In the third series of tests, three panels placed on the fixed bottom slab were tested to compare the 

reduction in response as the number of the periodic foundation panels is increased. Again, one 

accelerometer was placed on one of the top panel resonators to record and assess its dynamics 

with respect to the panel it was contained in, while other available accelerometers were placed on 

all the 3 panels, base panel, and shake table.  

 

 

Figure 9. Schematic diagram showing placement of foundation panels and restraint conditions for resonators during each 

experiment. 
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Chapter Four  

Results and discussions 

4.1 Scaled Down Model  

4.1.1 Theoritical Results 

4.1.1.1 Scaled down periodic foundation (steel-silicone resonator) 
As discussed earlier in section 2.3., for experimental and computational validation of the proposed 

periodic foundation panel, it was scaled down to a size that can be easily analyzed. According to the 

dispersion relationship obtained in section 2.2. the frequency bandgap that shall be attained by this scaled 

down version can be found using material constants as, 𝑚𝑟 = 106 𝑘𝑔 ,𝑚𝑝 = 350 𝑘𝑔, 𝑘𝑟 =

210000 
𝑁

𝑚
 𝑎𝑛𝑑 𝑘𝑝 = 30000

𝑁

𝑚
 . 

The frequency bandgap starts at: 

 𝑓𝑠𝑡𝑎𝑟𝑡 =
1

2𝜋

√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟] − √[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟]

2 − 16𝑚𝑟𝑚𝑝𝑘𝑝𝑘𝑟

2𝑚𝑝𝑚𝑟

= 2.54 𝐻𝑧 

14 

 

The frequency bandgap ends at: 

 𝑓𝑒𝑛𝑑 =
1

2𝜋
√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟)]

𝑚𝑝𝑚𝑟
= 8.08 𝐻𝑧 

15 

 

This frequency stop band is also illustrated in Figure 10 showing the dispersion curve computed from the 

dispersion relationship as the set of frequencies for increasing wave vector 𝑞𝐿. The clear region between 

acoustical and optical branches clearly represents a bandgap from 2.54 to 8.08 Hz, which according to 

Bloch’s theorem does not allow propagation of wave without being spatially attenuated across the infinite 

periodic unit cells. 

Further, the Figure 11 shows the curve between attenuation factor β and frequency. The curve shows 

progressive increase in attenuation factor β with increase in the applied frequency within the bandgap 

region. β approaches its maximum at the natural frequency of the internal resonator, which is 7 Hz, 



30 
 

indicating that the maximum spatial attenuation of propagating wave as it travels through the periodic 

foundation will be achieved at the resonant frequency of internal mass. The attenuation factor is greater 

than zero for all frequencies in the bandgap region, hence theoretically strengthening the justification for 

achievement of the bandgap.   

 

Figure 10. Dispersion Curve plotted between qL and 

Frequency for the resonator embedded scaled down periodic 

foundation 

Figure 11. Graph between Frequency and Attenuation factor 

β for the resonator embedded scaled down periodic 

foundation 

4.1.1.2 Scaled down periodic foundation (steel-wood arrangement) 
In section 2.5.2. the restriction of the movement of steel cylinders using wooden pieces was discussed for 

the purpose of drawing comparison. It was later found out, as discussed in experimental results below, 

that by the introduction of wooden block a bandgap was attained. The analytical model was studied to 

find justification for this behavior, and it was realized that the dispersion relationship as derived in section 

2.2. supports the experimental results when material properties for wood were included in the model. The 

following parameters were used in the model: 𝑚𝑟 = 106 𝑘𝑔 ,𝑚𝑝 = 350 𝑘𝑔, 𝑘𝑟 =

7200000000 
𝑁

𝑚
 𝑎𝑛𝑑 𝑘𝑝 = 30000

𝑁

𝑚
. The theoretical bandgap for such foundation is shown in equation 

12 and 13.   

The frequency bandgap starts at: 

 𝑓𝑠𝑡𝑎𝑟𝑡 =
1

2𝜋

√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟] − √[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟]

2 − 16𝑚𝑟𝑚𝑝𝑘𝑝𝑘𝑟

2𝑚𝑝𝑚𝑟

= 2.58 𝐻𝑧 

16 

 

The frequency bandgap ends at: 
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 𝑓𝑒𝑛𝑑 =
1

2𝜋
√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟)]

𝑚𝑝𝑚𝑟
= 1497.2 𝐻𝑧 

17 

 

Hence, theoretically a very wide frequency stop band is obtained, and is a very useful finding. This 

system behaves as a mass in mass periodic structure. The dispersion curves driven through the dispersion 

relationship by varying the value of wave vector 𝑞𝐿 can be seen in the Figure 12. The ultra-wide region 

between the acoustical and optical branches illustrates the frequency stop band, in which according to 

Bloch’s theorem, the wave propagation will result in spatial attenuation as it passes across the unit cell of 

the periodic chain. 

The graph for attenuation factor β for increasing applied frequency on the periodic system is shown in the 

figure. Figure 13 shows that within the concerned frequency region of less than 10 Hz for seismic waves 

the attenuation factor has a value greater than zero, but when compared to attenuation factor in the figure 

when steel-silicone resonators were used, the value of attenuation coefficient β is equal for some 

frequencies and lesser for the rest, with a major difference near 7 Hz. No peak of attenuation factor β was 

attained in the concerned frequency band, because with wood instead of silicone, the natural frequency of 

the internal resonator becomes equal to 1311.7 Hz, hence the peak for attenuation factor β must be 

attained at this frequency. 

 

Figure 12. Dispersion Curve plotted between qL and 

Frequency for the restricted resonators scaled down periodic 

foundation 

Figure 13.  Graph between Frequency and Attenuation factor 

β for the restricted resonator scaled down periodic 

foundation 
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4.1.1.3 Effective mass of periodic foundation                                  
A mass in mass unit as discussed previously can also be represented as a single unit. The term effective 

mass represents the mass of such a unit in a system that ignores the internal mass while integrating its 

effect in the effective mass. The expression for effective mass is given in equation 12.  

 𝑚𝑒𝑓𝑓 = 𝑚𝑝 +
𝑚𝑟𝜔𝑜

𝜔𝑜
2 −𝜔2

 18 

 

Where, 𝜔𝑜 represents the resonant frequency of the internal resonator in 𝑟𝑎𝑑𝑠−1. A simplified single 

mass-spring system and its effective mass model is shown in Figure 14.Figure 14. Single spring-mass 

system and its effective mass model. It can be observed that as the applied frequency 𝜔 approaches the 

internal mass resonant frequency from below, the effective mass starts to increase in the bandgap region. 

The effective mass becomes unbound when applied frequency equals the internal mass resonant 

frequency and becomes negative as soon as the applied frequency approaches the internal mass resonant 

frequency from above. The increase and decrease of the effective mass can also be linked to the energy 

dissipation as when the effective mass becomes negative, the displacement negates the applied force in 

terms of direction. 

 

Figure 14. Single spring-mass system and its effective mass model. 

The Figure 15 shows the comparison in the variation of effective mass of the scaled down periodic 

foundation. In the frequency region of interest, from 0 to 10 Hz, the foundation panel with steel-silicone 

resonators show great variation in effective mass within the bandgap region. Thus, the effective mass 

approaching infinity at the natural frequency of the resonator may result in greater energy dissipation as 

compared to the foundation panel with steel-wood resonator, whose effective mass has negligible 

variation in the concerned region due to very high resonant frequency of the internal mass. 
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Figure 15. Comparison in the variation of effective mass of the scaled down periodic foundation. 

4.1.2 Computational Results 

A computational model was analyzed using ANSYS Mechanical to generate frequency response curve as 

discussed in section 2. 4.. The model was made with internal resonators as discussed previously. The 

Figure 16 shows the frequency response curve of the top and bottom foundation panel of both type of 

models. It is evident from the response curve that the modal frequencies of both top and bottom panels of 

the stacked foundation system with internal resonators have been shifted before the start of the bandgap 

and a bandgap is attained successfully (for bottom and top panels both) in the targeted region as claimed 

by the dispersion relationship in the analytical calculations. The periodic foundation shifts the oscillation 

periods as well as dissipates the energy of the waves passing through it with frequencies lying in the 

bandgap. The dissipation of energy is a result of the out of phase movement of the steel cylinders 

compared to the panel which contains them within the bandgap, local resonance at the resonant frequency 

of the internal mass and due to Bragg’s scattering due to the symmetrical and periodic arrangement of the 

internal masses with spacing less than the wavelength it is subjected to. These computational results 

correspond with our analytical findings and support our claim of achieving a wide frequency band gap, 

covering the major portion of seismic wave frequency band. 

-4000

-3000

-2000

-1000

0

1000

2000

3000

4000

5000

0 2 4 6 8 10 12

Ef
fe

ct
iv

e 
M

as
s 

(k
g)

Frequency (Hz)

Effective Mass

Silicone Resonator Wood Resonator



34 
 

 

Figure 16. Frequency Response Curve for the top and bottom panel of the foundation embedded with resonators. 

4.1.3 Experimental Results 

As discussed in section 3.5.2 three series of testing were conducted for different arrangements of the 

periodic foundation panel. The key results have been summarized in Figure 17. Starting from the first two 

series of experimental testing in which only one periodic foundation panel was placed over the base slab 

that was fixed with the shake table. Test 1 had steel-silicone resonator while in Test 2 the movement of 

steel cylinders was restricted by wooden pieces. Figure 17 shows the comparison of displacement 

attenuation for both series of test. The attenuation was calculated as the percentage decrease in the 

maximum response of the top panel (which in both the cases was the first panel) compared to the 

displacement of base slab. For both the series of tests, the bandgap predicted analytically was achieved, 

with the first series of test generally showing greater attenuation in response (approximately 10% more at 

most of the frequencies) than the second series of test, except for 4 Hz where Test 2 tends to show slightly 

more attenuation than Test 1. The maximum attenuation of 62% was obtained for Test 1, while 50% for 

Test 2. Test 1 showed a greater attenuation since local resonance of the internal mass lies within the 

concerned frequency region. This justification is also backed by the attenuation factor β as discussed in 

section 4.1.2 and 4.1.3, where β shows generally greater attenuation within the bandgap region for steel-

silicone resonator of Test 1. The attenuation can also be attributed to Bragg’s scattering. Bragg’s 

scattering occurs when wave passes through a space with periodic discontinuities or obstructions, with the 

distance between the discontinuities less than the wavelength of the passing wave, resulting in destructive 

interference of the reflected waves.  The attenuation in both the series is a result of both, Bragg’s 

scattering and local resonance. The maximum attenuation is still not achieved as the distance is not half 
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the wavelength.  The question we ponder upon is why 10% of the attenuation is accorded to local 

resonance at the local resonant frequency, while the attenuation should have been greater according to 

attenuation factor β in section 4.1.2 and effective mass effect in section 4.1.4. 

 

Figure 17. Comparison of Displacement Attenuation curve for Test 1 and Test 2 

Figure 18 shows the time histories from the Test 1. One can visualize from Figure 18 a to c that with 

approximately negligible amplification at the start of bandgap, the displacement response tends to 

decrease as one goes much inside the bandgap. Figure 18 d is very important as it compares the time 

history of the top panel with the time history of the resonator that is in that panel at the resonant frequency 

of 7 Hz. The assumption was that when the foundation system is subjected to harmonic loading, the 

resonator must go in a harmonic motion, rather it goes into a periodic motion. As periodic motion is a 

sum of harmonic motion of different frequencies, it is now clear why attenuation only increases by 10% 

due to steel-silicone resonator. The periodic motion of the resonator in Figure 18 d is out-of-phase 

compared to the motion of the panel which contains it, resulting in energy dissipation. This energy 

dissipation must have been greater if the resonator had undergone a harmonic motion rather than a 

periodic motion. 
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Figure 18.a) Displacement time history of top and base panel at 2.5 Hz. b) Displacement time history of top and base panel at 

3.5 Hz. c) Displacement time history of top and base panel at 7 Hz. d) Time history comparison between top panel and resonator 

at 7 Hz. e) Extended view of the peak of time history comparison between top panel and resonator. f) Visual representation of the 

position of resonators with respect to the top panel during one cycle of movement. 

Figure 19 shows the displacement attenuation curve from Test 3 in which three periodic foundation 

panels were stacked up on the base slab that was fixed to the shake table. An increase of an average 10% 
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can generally be observed in the attenuation observed at the top slab when compared to Test 1, which 

only had 1 panel. The maximum attenuation of 73% was observed near the resonant frequency of the 

internal mass. One may find it unusual that panel 1 has a higher attenuation than panel 3, with the highest 

attenuation for the bottom most panel. The most appropriate justification for this type of behavior is the 

load on top of these panels, which is significant (greater than 1000 kg on bottom panel, including the 

weight of steel plates). This normal load on the panel causes an increase in the frictional forces that are 

dependent on these normal forces, hence increasing the energy dissipation due to friction. About 20% 

increase in attenuation resulted in the bottom most panel just over the base slab when compared to Test 1, 

which only has one panel with no load over it. 

 

Figure 19. Displacement attenuation curve for each panel during Test 3. 

The bandgap for the experimental foundation starts around 2.6 Hz and shows an average of 50% 

attenuation authenticating the enhancements made in the proposed foundation to be efficient with 3 

panels. Casablanca’s composite foundation CF with 4 layers produced a bandgap starting near 4.5 Hz and 

filtered more than 50% of the wave energy1. Sun’s TID-equipped (tuned-inerter-damper TID) locally 

resonant periodic foundation LRPFs succeeded in achieving a reduction of average maximum response of 

49% when tested for fuel storage tanks94. But the seismic performance of the foundation decreased by 

almost 20% when there is 20% deviation in the eigenfrequency as compared to the one the structure is 

designed for.  

In 2021, Zhao achieved a maximum reduction of 49% of the peak horizontal acceleration response in a 

steel frame using periodic base isolation when tested experimentally and 35.6% when tested numerically. 
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The research concluded only a slight influence of the effect of increasing the unit cells, referring to two 

layers of rubber and concrete foundation, on the response of the structure due to lack of practically 

applicability on that level95.  

The proposed foundation in this paper, with improvements on the previous research has proven to be 

comparable or better at seismic mitigation.  

The experimental results are the final strength that was required, which now enables us to draw the 

conclusion that based on scaled down testing it can be said that the proposed foundation would achieve 

the analytical bandgap. It was also observed that the start of frequency bandgap for system using very low 

stiffness rubber in lateral connection between different panel is majorly dependent on the stiffness of this 

mechanical connection rather the stiffness of the link connecting internal mass with the external mass (as 

seen in Test 2).   

4.2 Proposed Foundation 

4.2.1 Theoretical Results 

4.2.1.1 Proposed Periodic Foundation (steel-silicone resonator) 

The dispersion relationship obtained in section 2.2. can be used to find bandgap for the proposed and 

scaled down foundation both. Using 𝑚𝑟 = 2016 𝑘𝑔 , 𝑚𝑝 = 30500 𝑘𝑔, 𝑘𝑟 =  4032000
𝑁

𝑚
 𝑎𝑛𝑑 𝑘𝑝 =

30000
𝑁

𝑚
  of the proposed periodic foundation, the bandgap illustrated in equation 12 and 13 was drawn.  

The frequency bandgap starts at: 

 𝑓𝑠𝑡𝑎𝑟𝑡 =
1

2𝜋

√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟] − √[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟]

2 − 16𝑚𝑟𝑚𝑝𝑘𝑝𝑘𝑟

2𝑚𝑝𝑚𝑟

= 0.30 𝐻𝑧 

19 

 

The frequency bandgap ends at: 

 𝑓𝑒𝑛𝑑 =
1

2𝜋
√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟)]

𝑚𝑝𝑚𝑟
= 7.35 𝐻𝑧 

20 
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Figure 20 shows the dispersion curve for material constants of periodic foundation panel. There is a clear 

region between acoustical and optical mode representing the wide low frequency stop band that the 

proposed periodic foundation panel establishes, as obtained by the above equations as well. Figure 21 

shows the curve between the attenuation factor β and frequency. Theoretically, the attenuation factor 

increases with the increase in applied wave frequency. It is of particular interest that as the applied 

frequency approaches the natural frequency of internal resonators, i.e., 7 Hz the attenuation factor shows 

sharp increase and a maximum attenuation in displacement at this frequency. Thus, the proposed periodic 

foundation is theoretically capable of producing an ultra-low frequency bandgap that covers the major 

seismically active frequencies of the ground motion, hence being an effective solution for earthquake 

induced lateral loading especially due to S-waves for masonry, as well as stiff and flexible concrete or 

steel structure owing to the fact that the building sitting over the proposed periodic foundation will be 

subjected to filtered seismic wave due to the attenuation cause by the wave passage through periodic mass 

in mass structure.  

 

Figure 20. Dispersion Curve plotted between qL and 

Frequency for the proposed foundation. 
Figure 21. Graph between Frequency and Attenuation factor 

β for the proposed foundation. 

4.2.1.2 Proposed Periodic Foundation (steel-wood arrangement) 

Using 𝑚𝑟 = 2016 𝑘𝑔 ,𝑚𝑝 = 30500 𝑘𝑔, 𝑘𝑟 =  4032000
𝑁

𝑚
 𝑎𝑛𝑑 𝑘𝑝 = 30000

𝑁

𝑚
  of the proposed periodic 

foundation, the following bandgap was obtained as illuminated in equation 12 and 13. 

The frequency bandgap starts at: 

 𝑓𝑠𝑡𝑎𝑟𝑡 =
1

2𝜋

√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟] − √[𝑘𝑟(𝑚𝑝 +𝑚𝑟) + 4𝑘𝑝𝑚𝑟]

2 − 16𝑚𝑟𝑚𝑝𝑘𝑝𝑘𝑟

2𝑚𝑝𝑚𝑟

= 0.30 𝐻𝑧 

21 
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The frequency bandgap ends at: 

 𝑓𝑒𝑛𝑑 =
1

2𝜋
√
[𝑘𝑟(𝑚𝑝 +𝑚𝑟)]

𝑚𝑝𝑚𝑟
= 1350 𝐻𝑧 

22 

 

Figure 22 shows the dispersion curves which indicates the frequency band gap from 0.30 Hz to 1350 Hz 

by the region between acoustical and optical branches. The bandgap is very wide and covers more than a 

thousand hertz in its range. Figure 23 shows that the attenuation factor β increases at a lower rate than 

steel-silicone resonator, yet still shows some attenuation when the properties of wood are integrated in the 

model. We do not visualize any peak in this graph, as opposed to the one for steel-silicone, as the resonant 

frequency is not encountered in the below 10 Hz range.  

 

Figure 22. Dispersion Curve plotted between qL and 

Frequency for the proposed foundation. 
Figure 23. Graph between Frequency and Attenuation factor 

β for the proposed foundation. 
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Chapter Five  

Conclusion  

From the study of the proposed composite system that couples the properties of periodic foundation and 

the conventional base isolation system, it was found that a frequency bandgap is realized. Spatial decay of 

wave amplitude for waves with frequencies in the range of bandgap was clearly observed. The following 

conclusions are drawn: 

1. The bandgap obtained from dispersion relation for scaled down prototype was achieved 

computationally and experimentally, hence validating the dispersion relation. 

2. A higher attenuation was observed when the resonant frequency was within the concerned 

frequency band. 

3. With increase in the number of panels, there is an increase in the overall attenuation within the 

bandgap. An average increase of 10% was observed when the number of panels was increased 

from one to 3. 

4. Increase in load over the locally resonant panel increases the frictional forces, hence increasing 

the energy dissipation. 

5. The scaled down prototype with 3 locally resonant periodic panels resulted in 73% maximum 

attenuation in displacement. The average attenuation in the frequency bandgap was observed to 

be 50%. 

6. It was observed that the start of frequency bandgap is more sensitive to the stiffness of the 

silicone rubber pad providing horizontal connection between the overlaying panels. 

7. The validation of dispersion relation and the theoretical results for the proposed periodic 

foundation panel shows that a very low and wide frequency bandgap covering principle 

frequencies of seismic waves is achievable. This bandgap also covers the resonant frequencies of 

common structures as well as important structures such as nuclear power plants.  

The proposed periodic foundation is an effective wave of seismic isolation that overcomes the major 

drawbacks of conventional as well as modern seismic vibration mitigation devices. Such system can 

be employed without a major risk of amplification of seismic waves with frequencies less than the 

starting frequency of the bandgap as it covers the major portion of seismic waves frequency content. 

Such system can be improved easily with using local resonators with much lesser frequencies, which 

is easily achievable by increasing the mass of the resonator for which space is available, also the size 

of the cavity carrying the resonator can be easily increased. 
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