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Abstract

A connection is obtained between isometries and Noether symmetries for the area-minimizing La-
grangian. It is shown that the Lie algebra of Noether symmetries for the Lagrangian minimizing an
(n — 1)-area enclosing a constant n-volume in a Euclidean space is so(n) ®s R™ and in a space of
constant curvature the Lie algebra is so(n). Here for the non-compact space this has to be taken
in the sense of being cut at a fixed boundary that respects the symmetry of the space and is not
a volume enclosing hypersurface otherwise. Further if the space has one section of constant cur-
vature of dimension nq, another of no, etc. to ny and one of zero curvature of dimension m, with
n > Z§:1 n; +m (as some of the sections may have no symmetry), then the Lie algebra of Noether
symmetries is @;?:lso(nj + 1) @ (so(m) ®s R™).

For a subclass of the general class of linear hyperbolic systems, obtainable from complex base hy-
perbolic equation, semi-invariant and joint invariants are investigate by complex and real symmetry
analysis. A comparison of all the invariants derived by complex and real methods is presented here
which shows that the complex procedure provides a few invariants different from those extracted by
real symmetry analysis for a linear hyperbolic system.

The equations for the classification of symmetries of the scalar linear elliptic equation are obtained
in terms of Cotton’s invariants. New joint differential invariants of the scalar linear elliptic equations
in two independent variables are derived, in terms of Cotton’s invariants by application of the
infinitesimal method. Joint differential invariants of the scalar linear elliptic equation are also derived
from the bases of the joint differential invariants of the scalar linear hyperbolic equation under the
application of the complex linear transformation. We also find a basis of joint differential invariants
for such equations by utilization of the operators of invariant differentiation. The other invariants
are functions of the bases elements and their invariant derivatives.

Cotton-type invariants for a subclass of a system of two linear elliptic equations, obtainable from

a complex base linear elliptic equation, are derived both by splitting the corresponding complex
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Cotton invariants of the base complex equation and from the Laplace-type invariants of the system
of linear hyperbolic equations equivalent to the system of linear elliptic equations via linear complex
transformations of the independent variables. It is shown that Cotton-type invariants derived from
these two approaches are identical. Furthermore, Cotton-type and joint invariants for a general
system of two linear elliptic equations are also obtained from the Laplace-type and joint invariants
for a system of two linear hyperbolic equations equivalent to the system of linear elliptic equations

by complex changes of the independent variables.
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Chapter 1

Introduction

The history of differential equations (DEs) goes back to Isaac Newton (1642-1727) and Gottfried
Wilhelm Leibniz (1646-1716) who independently developed the foundation of calculus in the seven-
teenth century. Newton formulated his principles in the form of DEs. Leibniz mentioned the term
differential equation for the first time in his letter to Newton in 1676 and then in 1684 used it in
his publication [58]. Since then, differential equations are frequently used as mathematical models
in science, technology, engineering, physics, economics, epidemiology, cosmology and many other
disciplines. Einstein formulated his famous field equations, to explain the evolution of the universe,
in the form of DEs.

DEs involve independent variables and dependent variables together with the derivatives of the
dependent variables. An nth-order DE is one in which the highest order of the derivative of the
dependent variable is n. If the unknown variable depends on a single independent variable, the
equations are named as ordinary differential equations (ODEs). While, if a dependent variable is
a function of several independent variables, so that the given equation involves the independent
variables, dependent variable and partial derivatives of the dependent variables of two or more
independent variables, then it is a partial differential equation (PDE). In the course of development
of the theory of DEs, the need arose to determine the functional dependencies between the variables
involved. In other words, the problem of solving DEs was born.

In 1691, Leibniz developed the method for the integration of DE, known as the separation of
variables. He also formulated the techniques for the integration of the first-order homogeneous and
nonhomogeneous linear DEs. John and James Bernoulli, who played a fundamental role in the
theory of DEs and the expression “separation of variables” was first used by John Bernoulli [11].

Euler [28] developed many important ideas in integration theory of DEs such as integrating factors,
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power series solutions and method of variation etc. Taylor pointed out a particular solution of the
DEs, known as the singular solutions. The classical theorems on the existence and uniqueness of
the DEs are presented by the renowned mathematician Cauchy in his lectures (1820-1830). Before
Cauchy mathematicians were working only on the formulation and solution of the DEs. Later, in
1876, Cauchy’s theorems were embellished by Lipschitz and are known as Cauchy-Lipschitz. In 1893,
this theory was taken further by Picard [87]. There are many other prominent mathematician, who
contributed in the theory of the DEs, such as Liouville [66], Birkhoff, Gronwall, Lyapunov and many
more.

There are several integration methods to find the solutions of the DEs, but these methods are
applicable only to restricted classes of ODEs as well as PDEs. In the nineteenth century, a Norwegian
mathematician, Marius Sophus Lie, introduced an outstanding method to find the solutions of
DEs that virtually unify most of the integrating techniques known at that time. Lie’s method for
integrating the DEs is based on the groups of continuous transformations, known as Lie groups. Lie
was inspired by the Galois theory developed, by Evariste Galois [95], during the investigation of
the general algebraic equation and finding its solutions by radicals. In the history of mathematics
Galois is one of the most romantic mathematicians because despite his death in a duel at age 21,
his ill-fated political activism which often landed him in jail and the mystery surrounding his death,
he managed to solve the major outstanding mathematical problem of his time by developing a new
branch of mathematics, group theory. To generalize the Galois theory for DEs, Lie had to introduce
continuously infinite groups instead of finite groups. Lie was not the only person who had the idea
of generalizing GaloisS results to differential equations. Almost at the same time, there were other
attempts to generalize the Galois theory like differential Galois theory and Picard-Vessiot-theory.
There are still some questions, which need to be addressed, such as, the relationship between these
theories. But Lie theory is the more powerful tool for finding the solutions of nonlinear DEs.

A common aspect of several solution techniques is to find invertible transformations to reduce
nonlinear DEs to linear form. This is called the linearization problem, which is a special case of the
equivalence problem. The class of all the DEs that can be mapped to one another under an invertible
transformation form an equivalence class and the problem of finding all such equivalence classes is
known as the equivalence problem [41]. Lie [61] showed that the necessary and sufficient conditions
for a scalar second-order ODE to be linearizable by means of invertible point transformations to
the simplest linear second order ODE is that the ODE be at most cubic in the first derivative

and that its coefficients satisfy an overdetermined system of PDEs for two auxiliary functions.



Lie obtained, by invertible change of variables, both algebraic and practical criteria for a scalar
second order ODE to be solvable. Linearization criteria for scalar third order ODEs were derived
by Chern [24,25] using point transformations and by Grebot [34,35] using contact transformations.
Some further improvements in the linearization of third order ODEs were made by Ibragimov and
Meleshko [47] following the Lie approach and by Neut and Petitot [83] using Cartan procedure.
The linearization problem for fourth order ODEs was addressed by Ibragimov et al. [48] using point
and by Suksern et al. [96] using contact transformations. All first order ODEs are linearizable by
point transformations while there is only one linearizable class for second order ODEs, i.e., the
ODEs having 8 Lie symmetries. For nth-order ODEs (n > 3), it was proved by Mahomed and
Leach [72], there are three linearizable classes, i.e., the ODEs containing n + 1, n + 2 or n + 4 Lie
symmetries can be transformed to linear form by the application of the point transformations. By
differentiating the linearizable second order ODE and substituting the original equation in the third
order ODE, known as conditional linearizability, linearization of third-order ODEs was discussed
by Mahomed and Qadir [76,78]. This procedure of linearization was extended to fourth order
scalar ODEs by Mahomed and Qadir [77] and to system of third order ODEs by Mahomed et
al. |73]. In addition to point transformations, contact transformations have been found to be of
great use. These transformations involve independent variables, a dependent variable and its partial
derivatives. In [63|, Lie found the complete classification of all finite dimensional Lie groups of
contact transformations acting on a space of one independent and one dependent complex variable.
This include the groups of point transformations as well. Lie showed that the theory of PDEs of
first-order reduces to the theory of groups of contact transformations. Contact transformations can
be used to transform a first-order PDE to another PDE such that solving one PDE is tantamount
to solving the other. This is not true for systems of PDEs because, in the case of many dependent
variables, contact transformations reduce to prolonged Lie point transformations. Similarly these
transformations are not sufficient for dealing with higher order DEs. Therefore, Lie raised the
problem of the existence of higher order transformations, which was solved by Backlund [9] and are
called the Lie-Backlund transformations.

A connection was established between the symmetries of the differential equations (geodesic
equations) and the isometries of the manifold by Aminova and Aminov [6,7]. Independently, the same
idea was further developed by Feroze et al. [31] for maximally symmetric spaces and a conjecture was
stated for all spaces. This leads to the linearization criteria for a system of second-order quadratically

semi-linear ODEs that have no terms of lower degree and lower order in them by Mahomed and



Qadir [74]. The conjecture stated in [31] was proved as a theorem and linearization criteria for
second order ODEs were reviewed by Qadir [88]. A procedure was introduced for the projection of a
system of n second order quadratically semi-linear ODE to (n— 1) second order cubically semi-linear
ODE, following the projection procedure of Aminova and Aminov and by utilization of the above
connection, linearization criteria for a system of two cubically semi-linear second order ODEs to the
simplest system had been deduced by Mahomed and Qadir [75]. A consequence of this approach
is the success in obtaining the Lie linearization conditions for scalar second-order ODEs. Algebraic
linearization criteria via invertible change of variables for a system of second order ODEs had been
obtained by Wafo Soh and Mahomed [103], Ayub et al. [8] and Bagderina [10]. The symmetry group
classification for scalar ODEs was investigated by Mahomed [69] and Mahomed et al. [70] and for
system of two second order ODEs by Gorringe and Leach [33] and Wafo Soh and Mahomed [104].
Linearization criteria had been developed further followed from the geometric developments and
group classification of Lie by Chandrasekar [18-23]. The approach of complex symmetry analysis
(CSA), was utilized by Ali [1] and Ali et al. [2]. This method provides a connection between an
n-dimensional system of complex ODEs/PDEs and a 2n-dimensional real system of ODEs/PDEs by
a complex split of the base complex equation into real and imaginary parts. By the application of
the CSA linearization criteria had been derived for a system of two ODEs by Ali et al. [4,5] and by
Safdar et al. [92] and for a system of four ODEs by Safdar et al. [91].

So far, some development relating the Lie symmetries of DE have been mentioned. Nothing
has been said about the differential invariants of the group of equivalence transformation of DE.
Differential invariants play a vital role in the transformation of the differential equation to integrable
form. Tressé [97] derived two invariants of the equivalence group of point transformations for a scalar
second order ODE and proved that their vanishing provides the necessary and sufficient conditions
for its linearization. These conditions had been proved to be equivalent to the Lie linearization
conditions by Mahomed and Leach [71]. They were derived by Ibragimov and Magi [46] using
geometric arguments and for the Cartan equivalence method by Grissom et al. [36]. For linear
ODEs semi-invariants were extensively derived, following the definition of the invariants directly by
Laguerre [56], Cockle [26], Forsyth [32], Halphen [37], Harley [38] and Malet [81]. Lie showed that all
variational problems and invariant DEs can be written in terms of differential invariants [60,64,65].
He also pointed out that the theory of differential invariants is based on the infinitesimal methods.
Later, Ovsiannikov [85] and Ibragimov [41, 42| systematically developed the infinitesimal methods

to calculate the invariants of the algebraic and differential equations, known as Lie infinitesimal



methods.

In the course of the calculation of invariants, equivalence transformations play a fundamental
role. A transformation that leaves the DEs form invariant is known as an equivalence transformation.
The set of all the equivalence transformations form a continuous group. In 1770, two semi-invariants
had been derived by Euler in his integral calculus [28] and then, in 1773, by Laplace [57] in his
fundamental memoir on the integration of linear PDEs, known as the Laplace invariants, for the
linear hyperbolic PDEs. Euler also proved that the solution of hyperbolic PDEs can be obtain by
solving two first order ODEs if and only if one of the Laplace invariants is zero. Since the Laplace
invariants are invariants only under a subgroup of equivalence transformation corresponding to the
dependent variable, therefore these quantities are called semi-invariants. In 1900, for the linear
elliptic PDEs Cotton [27] constructed the semi-invariants, known as the Cotton invariants. Laplace
and Cotton invariants remain conserved under the linear changes of the dependent variables which
respectively map the linear hyperbolic and elliptic equations into themselves. Linear hyperbolic and
elliptic equations can be transformed into each other by the application of linear complex trans-
formations [29, 55| of the independent variables, as do Laplace and Cotton invariants. Differential
invariants can be used in the group classification of DEs. Ovsiannikov [86] used the Laplace invari-
ants in the group classification of the hyperbolic equation by writing the determining equations for
the symmetries of hyperbolic equation in terms of these invariants. The solution of the equivalence
problem for scalar linear hyperbolic equations in two independent variables and some new invariants
were given by Johnpillai and Mahomed [53] and Ibragimov [43]. Laplace-type and joint invariants
for a system of two linear hyperbolic equations were derived by Tsaousi and Sophocleous [99] and
Laplace-type invariants for a subclass of a system of two linear hyperbolic equations obtained from
a complex linear hyperbolic equation were presented by Mahomed et al. [79]. Johnpillai et al. [54]
deduced a complete basis of joint invariants for scalar linear hyperbolic PDE. Tsaousi and Sopho-
cleous had given an extension of differential invariants for higher dimensional hyperbolic PDEs [101]
and derived a general form of hyperbolic equations [100] that can be linearized by the application
of the invariants. Laplace-type semi-invariants of the linear parabolic equation via a transformation
of only the dependent variable had been derived by Ibragimov [44], which are the analogue of the
Laplace invariants for hyperbolic equations. Semi-invariants of such equations that arise by trans-
forming only the dependent variables were given by Ibragimov et al. [50] and the semi-invariants
of the parabolic equations only for independent variables were constructed by Johnpillai and Ma-

homed [52| . Involving a change of both the dependent and independent variables reveals joint



invariants of the parabolic PDEs (e.g., see [49,68|). Laplace-type invariants of the linear parabolic
equation had been extended to Ibragimov-type semi-invariants for a system of two parabolic-type
PDEs using CSA by Mahomed et al. [80]. Semi-invariant and joint invariants for the Parabolic
PDEs having three independent variables had been derived [102].

The plan of the thesis is as follows. In the remaining part of this chapter some basic definitions
and preliminaries are given. Some crucial concepts are also reviewed here.

In the second chapter a relation between the isometries and Noether symmetries for the area-
minimizing Lagrangian is established. Some connections between Noether symmetries and isometries
have been found in the context of general relativity [13-15,39,40]. Recently, the relation of both the
Lie and Noether symmetries of the geodesic for a general Riemannian manifold has been given [98].
The geodesic equations are the Euler-Lagrange (EL) equations for the arc-length-minimizing action.
Here, an extension of the connection between the isometries and Neother symmetries to PDEs is
found using the area-minimizing Lagrangian. It is shown that the Lie algebra of Noether symmetries
for the Lagrangian minimizing an (n — 1)-area enclosing a constant n-volume in a Euclidean space
is so(n) ®s R™ and in a space of non-zero curvature the Lie algebra is so(n). Further if the space
has one section of constant curvature of dimension ni, another of ns, etc. to ng and one of zero
curvature of dimension m, with n > Z?:l nj +m (as some of the sections may have no symmetry),
then the Lie algebra of Noether symmetries is @?leo(nj +1) @ (so(m) @s R™).

In the third chapter, a subclass of general system of linear hyperbolic PDEs is investigated for
associated invariants by complex as well as real methods. The invariants of a general linear system of
two hyperbolic equations have been derived under the transformations of dependent and independent
variables by the real infinitesimal method. The complex procedure relies on the correspondence of
the system and associated invariants with the base complex equation and related complex invariants,
respectively. A comparison of all the invariant quantities obtained by complex and real methods is
presented which shows that the complex procedure provides a few invariants different from those
extracted by real symmetry analysis.

In the fourth chapter, the equations for the classification of symmetries of the scalar linear elliptic
PDE in two independent variables are obtained in terms of Cotton’s invariants. This is the analogue
of the work of Ovsiannikov [86], who used the Laplace invariants in the group classification of the
hyperbolic PDEs by writing the determining equations for the symmetries of hyperbolic equations in
terms of Laplace invariants. New joint differential invariants of the scalar linear elliptic PDE in two

independent variables are derived in terms of Cotton’s invariants by application of the infinitesimal



method. A set of the maximum number of independent invariants is said to be a basis of invariants if
all other invariants can be obtained from this set of invariants using invariant differentiations. Joint
differential invariants of the scalar linear elliptic equations are derived from the basis of the joint
differential invariants of the scalar linear hyperbolic equations under the application of the complex
linear transformations. Basis of joint differential invariants are also found for such type of equations
by utilization of the operators of invariant differentiation. The other invariants are functions of the
basis elements and their invariant derivatives.

In the fifth chapter, Cotton-type invariants for a subclass of a systems of two linear elliptic
equations, obtainable from a complex linear base elliptic equation, are derived both by split of the
corresponding complex Cotton invariants of the base complex equation and from the Laplace-type
invariants of the system of linear hyperbolic equations equivalent to the system of linear elliptic
equations via linear complex transformations of the independent variables. It is shown that Cotton-
type invariants derived from these two approaches are identical. Furthermore, Cotton-type and joint
invariants for a general system of two linear elliptic equations are also obtained from the Laplace-
type and joint invariants for a system of two linear hyperbolic equations equivalent to the system of
linear elliptic equations by complex changes of the independent variables.

In the last chapter, conclusions and discussions are given.

1.1 Manifolds, Lie Derivatives and Isometries

To understand the properties of the geometry, some basic concepts are discussed in this section.
Manifolds, that may correspond to a complicated curved space but locally looks like R™, are one of

the fundamental concepts of physics and mathematics.

1.1.1 Manifold

A manifold M,, [89] of dimension n is a separable, connected, Hausdorff space with a homeomorphism
from each element of its open cover into R™.

A space is said to be separable if it has a countable dense subset. A set with a one-to-one
correspondence with the set of natural numbers is said to be countable. A subset is said to be dense

if its closure is the original set. The closure of a set is the smallest closed set containing it, e.g. [0, 1]

is the closure of (0,1). This statement is written as [0,1] = (0,1). The set of rational numbers, Q,

is a dense subset of R, i.e., Q = R. Since Q is countable, R is separable but Q is not. This condition



ensures that the space is at least a continuum and there are no accumulation points.

A space is said to be disconnected if there exist two sets A and B, whose union is the whole space
but which are disjoint, i.e., AN B = ¢, such that the closure of either is disjoint with the other,
ie., ANB = ANDB = ¢. It is not necessary that AN B = ¢. A space is said to be Hausdorff if
two distinct points possess disjoint neighborhoods. A neighborhood of a point is a set containing an
open set containing the point. A homeomorphism is a one to one invertible, continuous, mapping.
It will be used to assign coordinates to points on the manifold.

A differentiable and bijective function g; such that, g; : V; — R", is called coordinatization,
where {V; }ier is open cover of the manifold M,,.

A collection of open sets {V;}icr is called an open cover of the manifold M,, if J;c; Vi = M,,. For
every V;, called coordinate patch, there exist some V; such that V;(V; # ¢. Here (V;,g;) and R”
are called coordinate chart and coordinate system respectively.

Example 1: An n-dimensional Euclidean space R™ is an n-dimensional manifold . The single set
V = R" serve as the coordinate patch and the identity function g; : R® — R™ as the coordinatization.
Any open subset U C R” is an example of n-dimensional manifold.

Example 2: The sphere S?
S% = {(x1, z0, 23), 2% + 23 + 22 =1},
is a nontrivial example of a 2-dimensional manifold and the two open sets
U =8*\{(0,0,-1)},V =§*\ {(0,0,1)},

form an open cover for S?, got by removing the south and north poles respectively. The stereographic

projections f : U — R? and g : V. — R? from the respective pole are defined by

T T2 )
1—!—.%371—1—.%'3 ’

I T2

f(xlaanxfi) = (

9@ e ms) = (T T

In this case, stereographic projections f and g are the coordinatizations for the respective coordinate

patches.

1.1.2 Lie Derivative

The Lie derivative is a derivation along a curve, which transforms a tensor into another tensor

of the same valence without the effect of coordinatizations. Geometrically, the Lie derivative of a



tensor changes its components by transforming it from one point to another neighboring point in
the direction of the tangent vector at that point on a curve.
Consider a derivation T on the manifold. The Lie derivative of T in the direction of the tangent
vector S is defined by [82,89]
L5 (T) =[S, T],

this can be written, in index notation notation, as
(sT)" = (S vy T — T2 7, §°)
= SPT% j, + SPTY. T — T°S® ), — T¢. TPS”.

Interchanging b and c in last term and using the symmetry property of the Christoffel symbol, i.e.,

'y, =TY%, last and second term cancel against each other and we have
(LsT)* = SPT? ), — T?S% .

To find the Lie derivative of a general tensor, one need to calculate the Lie derivative of a covariant

vector A, which turns out to be

(LsA), = S"Aq, + ApSY .

m
For a general tensor X of valence on the manifold the Lie derivative is

(LX) p =SIXy pq = X g pSG — - = X" 48G (1.1)
+ Xa...cq”‘fS:]d 4+t Xa...cqus?f.

1.1.3 Isometries

o)

oz’

Isometries are the directions, k = k¢ along which the Lie derivative of the metric tensor, g, is

Zero, i.e.

Ekg = 0.
This equation can be written in component form, using the definition of the Lie derivative (1.1), as
gab,ckc + gbckfa + gack,cb =0, (12>

where “,"" denotes derivative with respect to 2%(a = 1,2, ..., n). This equation forms a set of n(n+1)/2

linear first-order partial differential equations for n functions of n variables in general, called the
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Killing equations.

Example: The metric for a two dimensional Euclidean space using Cartesian coordinates is
ds® = dz? + dy?.
The condition for isometries (1.2) results the following system of DEs,
ko =0, k% =0, ki, +k%=0.

The solution of these equations gives the following three isometries

0 0 0 0

— ko=—, ks=y— —x— 1.
8.’15’ 2 8:1/’ 3 y@x xaya ( 3)

k; =
where k; and ks correspond to the translations along xz-axis and y-axis, while kg represents a rotation
in the zy-plane.

In the next two sections, we present the geodesic equation and use the Kuhn-Tucker theorem

[51,90] to find the (n — 1)-area minimizing Lagrangian keeping a constant n-volume.

1.1.4 Geodesic Equation

Free particles follow the shortest path to move from one point to another point. In a flat space
straight lines are the shortest path from one point to another point but in curved space there are no
straight lines. To find the shortest path between two point p and ¢ in any arbitrary space, we use

the Euler-Lagrange (EL) equations. The arc length between the points p and ¢ is given by

q q
qu:/ dSZ/ 1ds,
P P
q

q
—/ gabdvaa'cde—/ L[z, &%ds,

p p

(1.4)

where £ = dz®/ds. The corresponding EL equation is given by

d (0L\ OC
ds (8:i:c> T e Y (15)

substituting the value of Lagrangian L[z, %] = g.@%4? in (1.5), we have the geodesic equation
il 4+ 14200 = 0, (1.6)

where

1
T, = §gdf (9vf.a + Gafb — Gab,f) - (1.7)
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1.1.5 Area Minimizing Action

In the n-dimensional space we minimize the (n — 1)-area A(S) of a hypersurface S given by z" =
z"(z%), a = 1,2,...,n — 1, keeping the n-volume V' (S) fixed. We define y, = 92" /0z*. The area
minimizing action is given as [16,17]

[ = A(S) + \V(S) = /npdnls,, 4 )\/ oV, p=1,2.n—1, (1.8)

S v

where A is the Lagrange multiplier for the volume constraint yielding the Lagrangian
L=gn1+Agn

where g, is the determinant of the n-metric of the volume. The resultant EL-equation is

0 19,
<axn‘Daaya)L‘O'

As g1 and g, do not depend on x™ and y, respectively, so we have

D, <ln V| gn-1 |)7a - A (ln M) =0,

)

woa .
i

where represents 0/0yq.
In the next section, some basic concepts relating the symmetries of the DEs are presented. In
particular, Lie symmetries of ODEs are defined and systematic methods are explained to calculate

the symmetries of ODEs.

1.2 Lie Symmetry Analysis of ODEs

A symmetry group of a system of DEs is the largest group of transformations acting on the space
of dependent and independent variables that maps a solution of the system of DEs into another
solution. In other words, the solution manifold of the system of DEs remains invariants under a
symmetry transformation of that system of DEs.

1.2.1 Point Transformations and Symmetry Generators

Let z and u be independent and dependent variables respectively. A point transformation

T =7T(z,u), u="u(zr,u), (1.9)

can be used to simplify a DE
E(z,u,u/ v, u™) =0, (1.10)
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A set of invertible transformations that depends on an arbitrary parameter e,
T =7(x,us€), uw="1u(x,u;e), (1.11)

such that it contains the identity, i.e., for e = 0, Z(x,u;0) = x, u(x,u;0) = u, and composition also
belongs to the same set, i.e., T(T, u; €) = T(x, u; €), for some € = €(€, €) then the set of transformations
(1.11) forms a group known as the one-parameter group of point transformation.

If the group of transformations (1.11) is such that € is a continuous parameter, transformations
are infinitely differentiable with respect to the independent and dependent variables and €(E, €) is an
analytic function of € and € then it form a one-parameter Lie group of continuous transformations.
The one-parameter transformations (1.11) map one point (x,y) to another point (Z,3) in the xy-
plane and when the parameter e changes from some initial value, say €, to some other value then
the point (Z,y) moves along some curve. For different initial points, different curves are obtained
which can be mapped into one another under the action of the group (1.11). The set of these curves,
called the orbits of the groups, can be complectly described by the field of its tangent vectors U and
vice versa.

A concise explanation of the idea can be given by considering the Taylor expansion of the

transformations (1.11) about € = 0,

T(x,uje) = x—l—egf\go—i-O(eQ) =+ Uz + O(é?), (1.12)
u(x,u;e) = u—i—e(g:ko—i-O(eQ) =+ eUu+ O(é?). (1.13)
Let
ox ou

f(x,u) == E’EZO’ U(ﬂfau) = a|6:0'

The transformations = + €€ and w + en are called the infinitesimal transformations of the one-

parameter Lie group of point transformations and the operator given by

0 0

U=¢z,u)— +n(x,u)—, 1.14
€ u) -+ (e, u) o (1.14)
is known as the infinitesimal generator.
Example 1: A one-parameter group of rotations is

T A~ usine+ xcose, UR ucose— rsine, (1.15)

and the corresponding infinitesimal transformations are

=T+ €u, U=1U— €.
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The infinitesimal generator of the group of rotations in the space spanned by the independent and

dependent variables (1.15) is

1.2.2 Prolongations of Point Transformations and their Symmetry Generators

To apply the one-parameter of point transformation (1.11) and the infinitesimal generator (1.14) to
the DE (1.10). These transformations and generators have to be prolonged to the derivatives. The

transformations can be extended as follows

_ au ou
du = (8u> du + <8u) dx,

_ (0= 0T
dT = (8u> du + (6u> dx,

_, _du(x, u;€)
dz(z,ue)’
_ G+ (G _
_(@)u/+(0j) = (z,u,u’;e),
ou ox
(8@1) ' + (@) uw + <8u'>
7 = ou (%E) u;’)u (%E) Oz —ﬂ/(x,u,ul,ull;ﬁ), (1.16)
u X

7 (n—1) 77 (n—1) 7(n—1)
o (B0 s () (52
- oz ox
(3a) @ + (5z)
Now, the nth order prolongation of the infinitesimal generator is given by

oT

) ron n).
=7 (z,u,u,u’, - Ll ),e).

f:m+ea|e:0+~- =z +e(r,u)+---
_ ou
UZU+€E|6:0+“':U+677(33,U)+“'
87/
u =u’ + ea—u|6:0 +=u + eV (z,u) + - (1.17)
€
ou™)

ﬂ(n) :u(n) + € ’6:0 + B — u(n) + en(n)(x7 u)u/7 _“,u(n)) + S

Oe
Using the expressions (1.17) in (1.16), we have

& drtedEt
= [u’+e(d77/dx) +] [1+ € (d¢/dx) +,‘,]*1’ (1.18)

v+ enM (@ u, )+ =u + e [(dn/dz) — ' (d¢/dx)] + - -

_ du  du+edn+---
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Similarly, for the (™ (z,u,/, ..., u(™), we have
dn™=1 d¢ !
(n) i .. = .
U —i—e( e >+ [1+6<dx>+ ] )
n—1
"N (€
dz dx

Here (™ (z,u, 1/, ...,u(™) is the nth prolongation of n(z,u).

dzx

i(n

u(") + en(")(xvu’ u/’ ’u(")) + .. :u(") +e 4+

We summarize the results in the following theorem.

Theorem 1.2.1. A one-parameter Lie group of point transformations (1.11) acting on the (z,u)-
space can be extended to the (x,u, 1/, ...,u(™)-space by (1.17) and the corresponding infinitesimals

are extended as follows

W _dn _ .48
de —dr’ (1.20)
o " dE
T Y e
The nth order extended infinitesimal generator is given by
U :5£+”§L+"(1);w+"'+"(n)ajm> (1.21)

Definition 1.2.2. (Symmetry of Differential Equation) A one-parameter Lie group of point
transformations

T =7(x,us€), u="1u(x,u;e), (1.22)
is said to be a point symmetry of the DE
E(x,u,u',u”,- - ,u(”)) =0. (1.23)

if and only if the DE (1.23) remains invariant under the nth extension of transformations (1.22),

i.e., equation (1.23) and (1.22) imply
E@ud, -, a™) =0 (1.24)

In other words, the transformations (1.22) map any solution of (1.23) into another solution of the

same equation.

Theorem 1.2.3. A one-parameter Lie group of point transformations (1.22) with the nth order

extended generator (1.21) is said to be point symmetry of the DE (1.23) if and only if

U(“)E(:c,u,u’,u”, e ,u(")) =0, (1.25)
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whenever

E(:C,U, ulaulla e 7u(n)) = 07

and the infinitesimal generator U 1is called the symmetry generator.

1.2.3 Multiple-Parameter Lie Groups of Transformations and Lie Algebras

A one-parameter Lie group of point transformations gives only one Lie point symmetry, but a DE
may have more than one Lie point symmetries. To find all the Lie point symmetries, we have to

consider the multiple-parameter Lie group of point transformations.

Definition 1.2.4. (Multiple-Parameter Lie Groups of Transformations) A transformation
T =T(x,u;€m), U="10(T,u€n), m=1,2 -1 (1.26)

is called an r-parameter Lie group of transformations if €, do not dependent on each other and
satisfy all the properties for one-parameter Lie group of transformations. For an r-parameter Lie

group of transformations, an infinitesimal generator depending on r independent parameters
'
U=> enUn, (1.27)
m=1

exist and an infinitesimal generator is associated to each parameter €,,, as

0 0
Umzfm%_i‘nm%- (1'28>

Theorem 1.2.5. For an r-parameter Lie group of point transformations, the commutators of any

two infinitesimal generators is also an infinitesimal generator
[Ug, Up] = U, U, — UU, = C5 U, a,bje=1,2,---r, (1.29)
where the constant coefficients C¢, are known as the structure constants and these constants satisfy
the following relations
gb = lea’
Cgbccelc+cl§lcc(§a + Cgacsb =0.
The relation (1.29) is known as the commutation relation.

Definition 1.2.6. (Lie Algebra) A set of r-infinitesimal generators corresponding to an r-parameter
Lie group of point transformations form an r-dimensional Lie algebra, £L", over the field of real num-

bers R, under a product (1.29) (commutation relation), if for any U,, Uy, U, € L" and o, 8 € R:
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(i). aU, + BU, € L7,

(ii). U, + Uy = U, + Uy,

(ifi). Uy + (Uy+ Uo) = (U, + Uy) + U,

(iv). [Ug, Uy € L7,

(v)- [Ua, Up] = = [U,, U],

(vi). [Uq, [Up, Ucl] + [Us, [Ue, Ua]] + [U, [Uq, Us]] = 0,
(vii). [aUq + BU, Uc] = o [Uq, U] + 5 [Us, U

An r-dimensional Lie algebra L” is a vector space over the field of real numbers R.

Definition 1.2.7. (Subalgebra) A subspace S of the r-dimensional Lie algebra, £", is called the
subalgebra of L" if for U,, U, € S, [U,, Up) € S.

1.3 Lie Symmetry Analysis of PDEs

Let x = () and u = (u®) be n independent and m dependent variables respectively. The deriva-

tives of u with respect to x are denoted by du = u¢ = D;(u?®), d’°u = ug; = D; D, (u®), ...,0%a =
ug iy i = DiyDiy -+ Dy, (u®), where
0 0 0
Di= o uf s+ u?j—au? +ooe (1.30)
is the total derivative operator. Then a system S of kth order N PDEs can be written as
59(x,u,0u,0%u,--- ,8%u) =0, oc=1,2,..,N, (1.31)

In order to deal with the symmetries of the system of PDEs (1.31), some definitions and termi-

nologies are given in the remaining part of this section.

Definition 1.3.1. (Point Transformations) For m dependent u = (u®) and n independent x =
(x%) variables, a one-parameter Lie group of point transformations is of the form
fi :fi(.%'i,ua; 6),
| (1.32)
T =g (o', ue),

with the infinitesimal transformations

T =2t 4 el (2t u®) + O(€?), 1=1,2,...,n,
| (1.33)
T = u® + en® (', u®) + O(€?), a=1,2,...m,
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where
.ot ou®
gl = 86 ’EZO? 77a = aE ‘€:0~

The infinitesimal transformations are generated by the infinitesimal generator

0 + O‘i
oz’ " ou®’

U=¢ (1.34)

Theorem 1.3.2. For a one-parameter Lie group of point transformations (1.32) the kth extension

of the corresponding infinitesimal generator (1.34) is given by

U(k) — 5 @ +1 W +771( ) W 4. +nz(17)i2,...,ikaT’ (135)
i Uu

11,8250k

where
M =Dy — u§ D¢,

(k) -D n(k‘fl)a e Dzkgj

Misyigyeeiy — iy jig,e iy 11,82,5050 1]

(1.36)

Definition 1.3.3. (Lie Point Symmetry of System of PDEs) A one-parameter Lie group of
point transformations (1.32) is said to be a Lie point symmetry of the system of PDEs (1.31) if
and only if the system of PDEs remains invariant under one-parameter Lie group of transformations

(1.32), i.e., by applying the transformations (1.32) on the system of PDEs (1.31), we have
s°(x,u,0u,0*a,--- ,0fu) =0, o0=1,2,...N. (1.37)

In simple words, the solution manifold of the system (1.31) remains invariant under the transforma-

tions (1.32).

Theorem 1.3.4. A one-parameter Lie group of point transformations (1.32) with the kth order
extended generator (1.35) is said to be point symmetry of the DE (1.31) if and only if

UM S (x,u,0u,0%u,--- ,8"u) =0, o=1,2,..,N, (1.38)

whenever

59(x,u,0u,0*u, - ,0fu) =0, o=1,2,..,N,

and the infinitesimal generator U is called the symmetry generator.
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1.4 Euler-Lagrange Equation and Noether’s Theorem

Emmy Noether, in her celebrated paper [84], established a correspondence between variational sym-
metries and conservation laws for a system of DEs admitting a variational principle. She proved that
for any variational symmetry (group of point transformations under which action integral remains
invariant) there is a conservation law and for any conservation law of a system of DEs, a varia-
tional symmetry exist for the corresponding action integral. If a variational principle is admitted
by a system of DEs then the Euler-Lagrange (EL) equations (system of DEs) are obtained from the

extremals of its action integral (variational principle).

1.4.1 Euler-Lagrange Equation

Theorem 1.4.1. Let u(x) be a smooth function and A[u] be an action integral defined on some

domain © as

Alu] = / L[u]dx, (1.39)
D
where L[u] = L(x,u,0u,...,0%a) is the Lagrangian. If u(x) is an extremum of (1.39), then u(x)
satisfies
oL oL k oL

7 Zl---ik

This system of N DE (1.40) is called the EL equations.

Proof. Consider a Lagrangian L[u] = L(x,u,0u,..., (‘3ku) of order k, depending on m dependent
variables u = (u®) and n independent variables x = (2!) and the derivative of the dependent
variables up to kth order defined on some domain D, then the action functional (action integral) is
given by (1.39). Now for the extremum u(x), the infinitesimal variation of u : u(x) — u(x)+ew(x)
is such that the function w(x) and all its derivative up to order k becomes zero on the boundary
09. The variation of the Lagrangian L[u] corresponding to the infinitesimal variation of u is given

by

SLIU] = L(x,u + ew(x),0u + edw(x), ..., 0" u + ed*w(x)) — L(x,u, 0u, ..., 0"u)

1.41)
oL oL OL 2 (
= au T T T g, Wi | TO(E):

Now, applying the integration by parts repeatedly, we have

SLIU) = € [Ba(Llu])w® + D;W u,w]] + O(e2), (1.42)
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where E,(L[u]) is given by (1.40) and W'[u, w] is

i o | OL oL b1 oL
B [a_ g+ O D Dy ]
7 7 18101
ay | OL oL 2 oL 1.4
D) | Dt D D] 09
111 1118 1194206 _1
o oL
+"'+(Di1Di2"'Dik71w )8u@

iig..i_1i
Next, we calculate the variation in the action A[u] (1.39) corresponding to the infinitesimal variation

in the function u(x), which is the extremum of the A[u], as follows

6A[u] = Alu + ew] — Alu]

, (1.44)
/ SL[Udx = e/ (Ea(L[u])w® + DWu, u]] dx + O().
D D
Applying the divergence theorem to the second term on the right hand, we have
/ SLU)dx = ¢ [ / B (L[u] )y dx + Wi[u,w]pidS] + o), (1.45)
D D 0D
where p = (p1,p2,- -+ ,pn) is an outward unit vector perpendicular to 99 and | 9o 18 the surface

integral over the boundary of ©. Now for the function u(x) to be extremum of the action integral
Alu], the coefficient of the O(e) must be zero in the variation of the action integral dA[u]. In the
infinitesimal variation of u : u(x) — u(x) + ew(x) the function w(x) and all its derivative vanish
on the boundary 9. Since W*[u,w] is linear in w and its derivatives, so its surface integral also

vanishes. Finally we are left with
/@ E,(L[u])w%dx = 0, (1.46)
with arbitrary w(x) within @, then for the extremum u, we have
E,(L[u]) =0, (1.47)
which is the system of PDEs (1.40), known as the EL-equations.
Theorem 1.4.2. The EL-equations are the same for two lagrangians Ly and Lo if
L1 — Ly = divF,

where F(x,u, 0u, ...,0"u) = (F', F2,--. | F™) is a vector.
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1.4.2 Noether’s Theorem

Theorem 1.4.3. Suppose a system of EL equations (1.40) corresponding to the variational prin-
ciple (1.39) and the solution u(x) of the EL equations are the extrema of the action functional
Alu]. Suppose the action integral (functional) is invariant under a one-parameter Lie group of point

transformations and W'[u,w] is defined (1.43) for u and w. Then the conservation law
D (&' (%, w)Llu] + W'[u, ful]) =0, (1.48)
holds for any solution u(x) of the system of the EL equations.

Proof. A one-parameter Lie group of point transformations is

T =z’ + ef'(x,u) + O(?), 1=1,2,...,n,
‘ (1.49)
7% =u' + en®(x,u) + O(e?), a=1,2,..,m,
and the associated infinitesimal generator is
-0 0
U=¢— & 1.50
& T 5 (1.50)

Under the transformations (1.49) the domain ® is transformed to ®. The action integral remains

invariant under the point transformations (1.49) if and if
/ L[u]dx = / L[u]dx. (1.51)
D D
The variables x and X can be changed as dX = Jdx, where J is the Jacobian given by
J = det|D;(7)| = 1+ eD;€'(x,u) + O(e?). (1.52)

The Lagrangian L[u] is obtained by from the Lagrangian L[u] using the one-parameter Lie group of

point transformations (1.49) with the symmetry generator U, so we can write
L[a] = exp (UM)L[u],
where U®) is the kth extension of U. Then the invariance condition can be written as
/2[Jexp(AJ@»th-th}dx::a
Lé[@+e&é&ﬂ0+~)<1+dﬂm+~)Lm}—MﬂLk:O
This is equal to zero if coefficients of all the powers of € are zero. As it holds for all u(x), so we have

Liu)D;¢" + UF L[u] = 0. (1.53)
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The one-parameter group of transformation (1.49) is equivalent to the one-parameter group of trans-

formation
7 =1, i=1,2,...,n,
| | (1.54)
u® =u' + € [n°(x,u) + uf ¢ (x,u)] + O(é%), a=1,2..m,
with the infinitesimal generator U given by
U= f;ai = [n*(x,u) + uf¢' (x,u)] 5. (1.55)
du® ’ ’ T Que

The infinitesimal variation in u(x) given by u(x) — u(x) + ew(x) is such that w® = n®(x,u) +
u$€'(x,u). Moreover, the variation in the Lagrangian is
0L = L[a] — L[u],
= exp (e[UM))L[u] — L[ul], (1.56)

/5de = e/ﬂ(k)L[u]dx+O(e2).

Now comparing this with the expression (1.44) and utilizing w® = 7%, we have

A~

UM = E,(L[u)q® + D;W[u, 7). (1.57)

For the kth extended equivalent infinitesimal generators U¥) and U®| following identity trivially
holds
UM Lu] + Liu) D¢’ (x,u) = UM L[u] + D; (LIu]¢'(x,u)) - (1.58)

The left hand side of (1.58) is zero by (1.53), so we have
UM L[u] + D; (L[ul¢ (x,u)) = 0. (1.59)

Now substituting the value of U from (1.57) and for u(x) to be solution of the EL equations, i.e.,

E,(L[u]) = 0, we finally have the conservation law
D (L[u]é'(x,u) + W'lu,7]) = 0. (1.60)

Definition 1.4.4. (Noether Symmetry) A vector field

0 0

ot (1.61)

U:§Z 8ua)

is said to be a Noether symmetry, if there exists a vector valued gauge function A = (A, A%, ... A"), A’ €

A, where A is the space of differential functions, such that

U(L) + LD;(£") = D;(AY). (1.62)
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Theorem 1.4.5. If the infinitestmal generator U is the Noether symmetry for the action integral

(1.39), then the conservation law becomes
D; (L[u)¢' (x,u) + W'u,q] — A") = 0. (1.63)

Now in the remaining sections of this chapter general theory and few applications of the in-
variants of the equivalence group of transformations for DEs is presented. Many topics related to
the invariants of the DEs like semi-invariants, joint invariants, invariant differentiation, bases of

invariants, invariant equations etc. are also defined and illustrated with examples in these sections.

1.5 Differential Invariants of Differential Equations

Invariants and semi-invariants of the group of equivalence transformations are extremely useful tools
for transforming the differential equations into integrable forms and simplified forms. The transfor-
mation which does not change the differential structure of the DE but may change the constitutive
functions and/or parameters of the DE is called the equivalence transformation and the set of all
the equivalence transformations form a group. If a group of equivalence transformations is admitted
by a DE then the DE can be written in terms of the corresponding differential invariants. The
problem of determining the DE which admits a given group of transformations can be solved by
utilizing the differential invariants of the group of transformations. If a scalar DE or a system of
DEs involves classifying parameters and/or functions, then during the classification of DEs by the
classifying parameters and/or functions it is useful to consider the differential invariants. Moreover,
using the differential invariants the given DEs are classified for the constitutive parameters and/or
functions of DEs which cannot be transformed into each under equivalence transformation. In par-
ticular, equivalence transformations can be used to transform DEs into canonical form. Furthermore
in the group classification of DEs, differential invariants can be utilized by writing the determining
equations in the form of these invariants.

In the course of the calculation of invariants, equivalence transformations play a crucial part.
Differential invariants are actually the invariants of the groups of equivalence transformations of the
scalar or system of DEs, so first step is to calculate all the equivalence transformations. There are
two main methods to calculate the set of all the equivalence transformations. The first method uses
directly the definition of the equivalence transformations called the direct method. Theoretically, one
can calculate the most general group of equivalence transformations but usually this method leads

to huge computational difficulties especially when dealing with non-linear DEs. Lie pointed that
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the theory of differential invariants is based on the the infinitesimal method. Later, Ovsiannikov
and Ibragimov systematically develop the infinitesimal methods to calculate the invariants of the
algebraic and differential equations, known as Lie’s infinitesimal methods.

Consider a system E of kth order N PDEs, written as
E%(x,u,0u,d%u, - ,0"u,P) =0, c=1,2,...,N, (1.64)

involving [ constitutive parameters and/or functions P = (P!, P2, ...,Pl), which may depend on

independent variables, dependent variables and derivatives of the dependent variables.

Definition 1.5.1. (Finite Equivalence Group of Point Transformations) A finite equivalence
transformation of the system of PDEs (1.64) is a transformation
T =7 (2", u®),
' (1.65)
u® =u*(z', u%),
such that it maps the PDEs system (1.64) to another PDEs system belonging to the same family
but the constitutive parameters and/or functions may change as P = ?l(wi, u®, P') depending on

z*,u® and P .

Definition 1.5.2. (Infinitesimal Equivalence Group of Point Transformations) A one pa-

rameter Lie group of point transformation

T =T (2%, u®, ), (166)

7 = u*(x', u®, ),

is called an infinitesimal equivalence transformation if it leave the system of PDEs (1.64) to the same
family of PDEs, in general, with new constitutive parameters and/or functions P = Pl(:z:i, u®, PY).
Now we discuss both the methods for calculating the equivalence transformations for the general

second order ODE
u’(z) = E(z,u). (1.67)

1.5.1 Direct Method

An equivalence transformation for the family of equations (1.69) is a transformation of the dependent
and independent variables

T = f(x,u), u=g(z,u), (1.68)
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that transforms the ODE (1.69) to an equivalent ODE
u'(z) = E(z,u) (1.69)

with, in general, new function E different from E. The most general equivalence transformation can
be found by changing the dependent and independent variables under the transformation (1.68) and
substituting them back in the ODE to find the restriction on the transformation. The variables are

changed as follows

_ gz + guu/
7 = o fa (1.70)
and
—n_ (fe+ fuul>(g:c:r + 2gzuu’ + guu”) — (92 + 9utt)(foz + 2 feutt + fuu”)
u = (1.71)

(fo + fuu')?
By substituting these in equation (1.69), we have

(f:(: + fuu/)(ga:x + 2gxuul + guE($a u)) — (ga: + guu/)(fmc + 2fxuul + qu($a u))
(fo + fur)?

Now as E(z,u) and E(Z,u) do not depend on u’. Comparing the coefficient of v/, u/? and u"3, we

= E(z,u). (1.72)

obtain

2fzgwu - gufa::v = 0: fasguu = 07 fu =0. (1'73>

The solutions of these equations give the equivalence transformations

7 = f(z), = c\/f'u+ h(z), (1.74)

where c is an arbitrary constant. The terms without u/ gives the restrictions on the function E(Z, ),

given by
F—— _ c P f/l/ B 3(f/l)2 h/l B h/fl/. L7
ST [2(f/) T R o

Here the function E(Z,u) can be calculated from the equivalence transformations (1.74) and the

ot

function E(x,u).

Next we calculate the continuous group of equivalence transformation by infinitesimal method.

1.5.2 Lie Infinitesimal Method

Since under an equivalence transformation the function E(x,u) may change so we consider E as a

new variable and the infinitesimal generator in the extended (z,u, E')-space is given as

0 0 0
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The second-order prolongation of (1.76) is

o 9 9
(e, w) - 0o @ o

d
5 +a(z,u, )=, (1.77)

U®) = (2, u) 2 o

ox

where

Y =y + (u — &)’ — Eu?,
(1.78)

77(2) = Mgz + (2771u - fx:]c)u, + (nuu - 2£zu)u/2 - guuulg + (77u — 28 — 3£uul)u”'

The infinitesimal invariance condition is given as
U® («"(z) — E(z,w)) |(uwr—p=0) = 0. (1.79)
Substituting U®), we have
& = Moz + (2ew = &xx)t' + (uw = 2au)t” = St + (u — 26 — 36u)E. (1.80)

This equation satisfied identically for all variables z,u,u’ and E. So by separating the coefficients

of the different powers of 1/, we obtain the following equations

@ — (M — 282)E — Nee = 0,

277$u - gxm - 3€uE = 0;

(1.81)
Nuu = 280 = 0,
b = 0.
The solutions of these equations give the following three infinite generators
Uy = h(e) o 1 (a) o
U2:u§u+E66E’ (1.82)
Uy =€) + 2¢) 2+ L e (@) - 3¢ @) E] 2

These infinitesimal generators can generate the finite equivalence transformation and vice versa.

1.5.3 Invariants and Semi-Invariants

Before deriving the Invariants of some PDEs. We give proper definitions of differential invariants,

invariants and semi-invariants in this subsection.

Definition 1.5.3. (Differential Invariants) A function

J(P,0P,0°P,--- ,0°P), (1.83)
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where s is the maximal order derivative of P, is called a differential invariant of order s of a system
of PDEs (1.64) if it remains invariant under the most general group of equivalence transformation

of the system of PDEs (1.64).

Definition 1.5.4. (Invariants) A function is called invariant if it is a differential invariant of order

zero, i.e., the invariant (1.83) contains no derivative of P.

Definition 1.5.5. (Semi-invariants) The differential invariant (1.83) is called semi-invariant if it

is left invariant only under a subgroup of the most general group of equivalence transformations.

1.5.4 Laplace Invariants of Hyperbolic Equations

The scalar linear second order hyperbolic PDEs in two independent variables ¢ and z in canonical
form is

utz + A(t, 2)u + B(t, 2)u, + C(t, z)u = 0, (1.84)

where A, B and C are given twice differentiable functions of ¢ and z. An invertible transformation

of the dependent and independent variables
f:¢(t,z,u), z:d}(tvzau)a ﬂ:w(t,z,u), (1'85>

is called an equivalence transformation if the equation (1.84) remains invariant under the transforma-
tions (1.85). Semi-invariants corresponding to only the dependent variables are called the Laplace
invariants [44,57]. To apply the Lie infinitesimal method to calculate the Laplace invariants, we

consider the infinitesimal generator

0

U +7%7

“ aB

where n = n(t, z,u), a = a(t,z,u, A, B,C), f = B(t,z,u, A, B,C) and v = (t, z,u, A, B,C). The

Lie invariance condition is given by
UD (ug, + A(t, 2)us + B(t, 2)u, + C(t, 2)u) l(1.84) = 0. (1.87)

Applying the second order prolonged generator on (1.84) and replacing u, by —(A(t, z)us+B(t, z)u,+
C(t, z)u), we obtain

Ntz + UtT)zu + UMt + Ant + UtUz Ty + BT/Z + CT/ - Cunu + auy + ﬂuz + yu = 0. (188)
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Now the coefficients of usu,, us, u, and the remaining terms gives the following system of equations

T = 07
New ¥ = 07
(1.89)
New + /6 =0
Ntz + Any + Bn. + Cn — Cuny + yu = 0.
The solution of the these equations is
n=mnt2u, a=-=n, B=-n, v=—(n=+An+ Bn.). (1.90)
So the corresponding generator for the infinitesimal transformations in A, B and C' is
0 0 0
U= A B 1.91
g T gy + (e + A+ Bi) 5 5. (1.91)
For the invariant J(A, B, C) the infinitesimal test UJ(A, B, C) = 0, gives
Ja=0, Jp=0, Jog=0, (1.92)

so the zeroth order invariant is J = const. which is of no interest. Now we find the differential

invariants of first order, i.e., J(A, B, C, A¢, B, Cy, A,, B,, C) using the once extended generator

U =y, 0 R
=T a4, "=a, T MaR, T 5B,

8A+m

0
+ (M= + Ane + Bnz) w5 + Mz 5

0
OB %C (1.93)
+ (77ttz + Atnt + A"?tt + Btnz + Bntz)aic,t + (ntzz + Aznt + Antz + anz + anz)%-

The invariant condition UMJ(A, B, C, A;, By, Cy, A., B,, C.), after equating to zero the coefficients

of Nty Nz NMtts Ntz Nzz, Mtz and Ntzz giVGS

aJ oJ o0J aJ
— =0 =0, =——=0, =5 =0
0C} T 00, T 0A, © 0B ’
aJ oJ 8J 0J
aA oC =0 aB oc 0 (1.94)
o o1 o1
oC "~ 0A; 0B,
The solution of the equations (1.94) deduced two semi-invariants
h = A +AB-C,
k= B.+AB-C, (1.95)

for equation (1.84), known as the Laplace invariants. These semi-invariants were derived by Laplace
in his fundamental memoir in 1773.
Now we present a few applications of the Laplace invariants to illustrate their role in the inte-

gration of PDEs.



28

1.5.5 Applications of the Laplace Invariants

1. If both the Laplace invariants are zero, i.e., h = 0 and k = 0, then the hyperbolic PDE (1.84)
can be transformed to the simplest form u;, = 0 by means of equivalence transformations

(1.85) of the dependent and independent variables.

2. The hyperbolic PDE (1.84) can be factorized, viz. the second order operator L = DD, +
A(t,z)Dy + B(t,z)D, + C(t, z) can be written as

L=[Di+at2)][D: +B(t,z)] iff h=0, (1.96)

and
L=1[D,+ ((t,2)|[Dt+ a(t,z)] iff k=0. (1.97)
So in either case the general solution of the hyperbolic PDE (1.84) can be found by the

successive integration of two ODEs.

3. If the Laplace invariants are equal, i.e., h = k then the by the application of the equivalence
transformations the hyperbolic PDE (1.84) can be reduced to the simple form u, + C(t, 2)u =
0.

4. If the Laplace invariants are equal and separable, i.e., h = k = f(t)g(z) then the hyperbolic
PDE (1.84) can be further simplified as u; + Cu = 0, here C' is a constant.

1.5.6 Cotton Invariants of Elliptic PDEs

The scalar linear second order elliptic equation in two independent variables in canonical form is
Uzz + Uyy + AUy + buy + cu = 0, (1.98)

where a,b and ¢ are given twice differentiable functions of x and y. The Cotton invariants are the
semi-invariants corresponding to only the equivalence transformations of the dependent variables
under which the the elliptic PDE (1.98) remains invariant. To apply the Lie infinitesimal method

to calculate the Cotton invariants, we consider the infinitesimal generator

0 0 0 0
_,90 , . 90, 5,0 0 1.

U =g 9% "5 T e (1.99)
where n = n(z,y,u), a = a(z,y,u,a,b,c), 5 = B(z,y,u,a,b,c) and v = v(x,y,u,a,b,c). The Lie

invariance condition is given by

U (upe + uyy + atg + buy + cu) (1.98) = 0. (1.100)
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This invariance condition gives the following generator for the infinitesimal transformations in a,b

and c as

0 0 0
U = 205 4 210y 50 4 (e + gy + @+ b1jy) 5 (1.101)

For this generator the infinitesimal test UJ(a, b, c) = 0, gives no zeroth order invariant. To find the

first order semi-invariants, i.e., J(a,b, ¢, az, bz, ¢z, ay, by, ¢y), the invariant condition

U(l)J(a’ b7 c, Gy, bx’ Cry by, Cy) = 0,

yields
aJ 0J 0J 0J aJ 0J
— =0, — =0, —+2 =0, —+2—0—=0,
Ocy oC,y Oc Oay Oc 0b, (1.102)
da " dc T TOb  dc 7 Ob, day,
The solution of the equations (1.102) yields two semi-invariants
poo= ay— by,
1
H = az+by+§(a2+b2)—26. (1.103)
for equation (1.98), known as the Cotton invariants.
It is well-known that by means of the linear complex transformations,
1 —1
r=—-(t+z2), y=—({t—=2), (1.104)
2 2
the elliptic equation (1.98) can be mapped to the linear hyperbolic equation (1.84), with
A=Yatw), B=ta—-w), c=1 (1.105)
= 4la+1b), = (@ —1db), =1¢ .

These Laplace invariants (1.95) can be transformed, by use of the inverse of the transformations
(1.104) as well as after the substitution of (1.105) into (1.95) and then splitting the real and imaginary

parts, to arrive at the Cotton invariants.

1.5.7 Ibragimov Invariants of Parabolic PDEs

The scalar linear second order parabolic equation in two independent variables in canonical form is

up = a(t, ) uzy + b(t, x)ug + c(t, x)u, (1.106)
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where a,b and c are given twice differentiable functions of ¢ and z. Following the Lie infinitesimal
methods Ibragimov semi-invariant under the transformation of the dependent variables for the the

parabolic equation (1.106) can be derived as
1
K = (a; — aazy + ag)b — ibgam + (ab — aay )by — aby + a?byr — 2a°c,. (1.107)

This semi-invariant for the parabolic PDE is analogue of the Laplace and the Cotton invariants for

the hyperbolic and elliptic PDEs respectively.

1.6 Joint Invariants and Invariant Equations

In dealing with invariants of the DEs joint invariants and invariant equations are more important as
these belong to the most general group of equivalence transformations. In this section, we present
the definitions of joint invariants and invariant equations. Joint invariants for the hyperbolic PDEs

are also presented.

Definition 1.6.1. (Joint Invariants) Let (hj, ha,---) be a set of semi-invariants under the trans-
formations of the dependent variables only. A function of the semi-invariants (hy, he,---) and their
derivatives is called a joint invariant of a system of PDEs (1.64) if it remains invariant under the

most general group of equivalence transformation of the system of PDEs (1.64).

Definition 1.6.2. (Invariant Equations) A system of equations E;(x,u, h;,0hj,---) = 0 is said

to be an invariant system if for the infinitesimal generator U it satisfies the following condition

UEZ'(X, u, hj,8hj, s )|Ei:0 =0.

1.6.1 Joint Invariants for Hyperbolic Equations

Now, we present the joint differential invariants for the hyperbolic PDE (1.84). The Laplace invari-
ants for hyperbolic equation have already been given in the last section. To derive the joint invariants
we first obtain the infinitesimal generator of equivalence transformations for independent variables
and then transform this infinitesimal generator in terms of the Laplace invariants. This resulting
generator gives the joint invariants of the hyperbolic PDE in terms of the Laplace invariants and
their derivatives.

First, consider an infinitesimal generator of the form

0

+ 755 (1.108)

0 0 P 9
_ 1Y 2 Y Y v
U= 85, teg1 58
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where ¢! and €2 depend on t, z,u and «, 3 and 7 are functions of ¢, z,u, A, B and C. The generator

corresponds to the equivalence transformations of the independent variables
t=¢(t, 2), zZ=1(t, 2). (1.109)
In order to calculate the functions &1, €2, «, § and 7, we invoke the infinitesimal criteria
U@ (up, + A(t, 2)ug + B(t, 2)us + Clt, 2)u) |(1.8) = 0. (1.110)

The second prolongation of the generator U (1.108) is given by

=& +§2a a%+ﬁa%+78‘9c+ct 0 +Gpm 0 ~ G atz, (1.111)
where
G = —uedy — up€, — uzEf — uruzy,
Co = —wgl — wpu=€, — u:E2 — uly,
(1.112)
Gtz = —Utftlz - utuzftlu - uz€1€2z - Uiftzu - U?f;u - ufuzfllm - utuzéfu - uluﬁfiu - Uttfi
- Uttuzéqll - Qutzutgi - utsz - 2utzuz§Z - utzftl - Uzsz? - uzzut&%‘
The infinitesimal criteria give
e =0(t), €=v(), a=-AY.;, [=-Bo, 7=-(Co+Cyy), (1.113)

where ¢(t) and ¥(z) are arbitrary functions of their arguments.
As the Laplace invariants are h = A; + AB—C, k= Bz + AB — C. So to write the generator
in the bases of these invariants we seek a generator as

8 0 0 0 0

U = —A 3 — ByYy— — ) =— — L —. 1.114
¢() ‘H/J() Ve nr wt&B (C¢t+c¢)80+ataAt+ﬁaBz ( )
Here, oy and (3, can be calculated as
[ Dt<ﬁ) — Atthl (t) — AZDt€2(Z),
(1.115)
B. = D.(8) — B:D:£'(t) — B:D.&(2),
where D; and D, are the total differentiation operator given by
Dt - 8,5 + AtaA + AttaAt + AtzaAz + e + BtaB
+ BttaBt + BtZaBz + e + th)o —|— Cttﬁct + Ctzacz + trt (1 116)

Dz — az + AzaA + AtzaAt + AzzaAz +--+ BzaB

+ BtzaBt + BzzaBz + -+ CzaC + Ctz(?Ct + CzaC’Z +



32
By utilizing (1.116) in (1.115), we have

o = _At(¢t + ¢2)7

(1.117)
ﬁz = _Bz(¢t + wz>
The generator can be transformed (1.114) in the space of the h and k by using
0 0
= (Uh 1.11
U = (Uh) o+ (UK) (1118)
where the action of the generator U on h and k is
—h(¢e +v2), Uk = —k(¢¢ +¢2). (1.119)
Therefore, the generator (1.118) becomes
(et be) o k(n + ) o (1120)
R RS S '

Now, we calculate the joint invariants using the infinitesimal generator (1.120). To find the invariants

J(h, k), the infinitesimal test UJ = 0 gives

aJ OJ

hor + ko =0. (1.121)

The solution J of this equation gives the joint invariant p = k/h. The Laplace invariants, derived
by Euler and then by Laplace, are invariants only under the equivalence transformations of the
dependent variables but the invariant p was derived by Ovsiannikov, using a different approach,
which is invariant under the equivalence transformation of both the dependent and independent
variables.

In order to calculate the joint invariant of second order J(h,k,hy, ki, hs, k), the infinitesimal

generator (1.120) has to be extended up to first order, which is given as

0 0 0
+ V=

0 0
_h(¢t+wz)% (¢t+¢z) +/~Ltaht ok, +Mz8h +Vzaikz‘ (1.122)
Here, py, v, p, and v, can be calculated as
pe = Di(=h(ar + B2)) — b Di¢p — b, Dy,
ve = Di(=k(ay + B2)) — ke D — k. Dy,
(1.123)
Hz = Dz( h(at + ﬁz)) D.¢p— thzwa
VZ:DZ( k(at+/82)) D.¢p—k.D.,
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where the total derivative operators are

Dy = 0y + hOp, + hutOp, + hi20n, + - - + kO + kOk, + Kkt20k, +

(1.124)
D, =0, + h.0p + htzaht + hzzahz +o kO + ktzakt + kzzakz +oeee
The first order generator (1.122) becomes
0 0 0
U =—h(dr+ Tﬂz)% — k(e +2) 57 % — (hopst + 2hepy + htlbz)aht
0 0
— (ko + 2kedy + kth)a—k — (hatt + M., + 2th,3)87 (1.125)
0
- x 2z 2 rx¥z) a7
(ko + ktbzz + 2hat) )8kz
The infinitesimal criteria UJ(h, k, hy, ki, bz, k.) = 0, gives the following system of DEs
0J 0J 0J 0J
ok Mon. =% Fon T an, =
0J 0J 0J 0J 0J 0J
9 91, LA A 1.126
Fe ok T ok, T an, Than, Trar T han =0 (1.126)
oJ 0J oJ 0J 0J 0J

2y 2 P P 2 _o.
k. > ok, + k‘takt-i-h on. + htaht+k6k hah 0

The solution of the above system of PDEs can be obtained, using the theory of linear homogeneous

PDEs, as

J=U(p, Jy),
where W is an arbitrary function, p is Ovsiannikov invariant and J3 is a joint invariant of second
order given as
(kzh — h k)(kth — hik) 1

. = b (1.127)

Similarly, we can derive the joint invariant of third order J(h, k, hy, ki, by kzy ity Kty ez, Ktzy oz, ki),

Jy =

using the infinitesimal generator of second order given as

0 0 0 0 0
__h(ﬁﬁt‘f‘l/’z)% (¢t+¢z) +Htaht +Vt8k:t +MZ8T+V23T
+ 0 + v 0 + 0 + v 0 + 0 +v 0 .
M ahtt " Oky aktt pz ahtz * ak;tz Haz ahzz . 8kzz ’
where
pit = —(hetps + 3her e + 3hedre + houe),
v = —(kut)s + 3k dr + 3k + k),
fez = —(2het, + hitzs + 2he 0 + Ry,
(1.129)

Uiz = — (2K + kithay + 2k 00 + ko),
Hzz = (3 zzwz + 3hz1/}zz + hwzzz + hzz¢t)
Vyz = (3kzz¢z + 3kz¢zz + kd}zzz + kzz¢t)
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Now, the infinitesimal criteria UJ(h, k, hy, ke, hyy kzy higy ke, Pizy ke, hezy ko) = 0, after separating

the coefficients of the derivatives ¢ and 1, yield the following system of linear homogeneous PDEs

VL R L
O D g O Oy

WD kg P O 0 0 )

2o 2, B 2 Oy, O

+ 2Ny, 3(22 + hee 8(?; + 3ky 88/-; + 2k (;ZZ + ke Gi:i =0,

h% k‘g;l + htg}j + 2h, ;i + ktaa];] + 2k, (;9];] htta(zit (L151)

+ 2htzaahi + 3h, 8%] + ke 36/it + 2k, 8(22 + 3k, 8(22 =0. |

By application of the theory of linear homogeneous PDEs, solutions of linear PDEs (1.130), using

an arbitrary function ¥, can be written as
J=U(p, J3,J3, 75, 35, J3), (1.132)

where

1
Jy = 5 (kizh + hisk = kthe — kzhe),

1
J? = 2 (kh —h k)2 (3kihih — 3h7k — kyh® + hykh),

. (1.133)
J3 = g (keh — hik)?(3k.hoh — 302k — k..h® + h..kh),

k
Ji = 27 (hizh = hahy),

and p and Ji are already given. Here h and k are not equal to zero. If h or k is zero then the
hyperbolic PDEs (1.84) can be factorized. The joint invariant J§ can be written as the product of
the Ovsiannikov invariants p = k/h and ¢ = (0;0;Inh)/h as

k (8t82 In h)
4_ . _F LY
Js=pa=g
1.7 Invariant Differentiation and Bases of Invariants

In this section, we discuss invariant differentiation and bases of invariants. The operator of invariant

differentiation gives differential invariants of higher order from the lower order differential invariants
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by the application of the invariant differentiation. The bases of invariants give the maximum number
of independent invariants, such that all other invariant can be obtained from these invariants using

invariant differentiation. Bases of invariants enable one to completely classify the family of DEs.

Definition 1.7.1. (Invariant Differentiation) The operator U which transforms a differential
invariant J of a group G into another differential invariant UJ is called the operator of invariant

differentiation of the group QN .

Theorem 1.7.2. The set of all operators of invariant differentiation of the group G is a Lie algebra

over the field of invariants of this group.

For the hyperbolic PDE (1.84), the operators of invariant differentiation [86] are to be found in

the form

D=MND;+ XD, (1134)

where D; and D, are the total differentiation operators and A1 and A9 are functions of the Laplace
invariants and their derivatives. For infinitesimal generator of first order (1.125), the formula for the

operator of invariant differentiation, U=U+ D(p0x, + Y0y,)

— R+ ) g — KB+ 52) = (i b+ )

— (kou + 2Ky + kth)aakt — (hetr + M), + th%)ai (1.135)

0 0 0
- ( ;I:(z)t + szz + 2hx¢z) + A1¢t + )\szﬁ

To calculate A1 and Ag, consider the infinitesimal criteria ﬁJ(h,kz,ht, ke, hyykz; A1, A2) = 0. Since
¢ and 1 are arbitrary functions so by equating the coefficients of the derivatives of the ¢ and 1,

infinitesimal criteria gives the following system of homogeneous linear PDEs,

0J 0J 0J 0J

_ Ry _
ok, Than =0 kg the =0
Py 9] 9] N
k. ok, 20 1, oh RO 9y 9 1.136
2ok, T Mar T an, T g ey Than My TV (1.136)
21 o) R . .
ok, k0L 4o, PG LA B W o B
ok TRegr, T2 an. Tgn trar Than ~Man, TV

Using the theory of linear homogeneous PDEs, solutions of the above system can be given as
J:\I/(p’ J21701>C2)7 (1137)

where ¢; and co are

c1 = /\1)\2h, Cy = k h—nh k‘) (1.138)

h2(
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This yields the values of the functions \; and Ao as

k.h — h,k h?
AN =—7F— A= ——— 1.139
1 13 €3, 2 kh — hzkc2 ( )
for some constant c3. We can obtain two independent operators
~ k.h — h k
U, = TDt, (1.140)
for cg =0, co =1 and
~ h?
Uy=———D,, 1.141
> kb —hok (1.141)

for co = 0, c3 = 1. One can calculate the joint differential invariant Ji by applying the invariant
differential operator U; on p, i.e., fjlp = J} and similarly fjgp = 1 means no new invariant is

obtained and J} can found from p by the operator I~J'1. Hence, one has a basis of joint invariants
{a,p, 3, J3, J3}. (1.142)

Theorem 1.7.3. The set of joint differential invariants (1.142) form bases of joint invariants for the
linear hyperbolic PDE (1.84). It is a complete set of joint invariants and any other joint invariant

can be constructed from these joint invariants and their invariant derivatives [54].



Chapter 2

The Noether Symmetries of

Area-Minimizing Lagrangian

Sophus Lie developed infinitesimal methods to find the Lie point symmetries and introduced methods
to use these symmetries to reduce the order of the DEs or the number of variables in the case of
PDEs and for the linearization of non-linear DEs [12,41,94]. In the theory of integration of DEs,
Lie symmetries play a decisive role to determine whether the given DEs are integrable. Lie derived
linearization criteria for a scalar second order ODE and showed that all linearizable second order
ODEs have eight Lie point symmetries. There is only one equivalence class of linearizable equations
for second order ODEs but for ODEs of order n > 3, it has been proved that there are three
linearizable classes, i.e., the ODEs having n + 1, n + 2 or n + 4 Lie point symmetries can be
linearized [72]. However, for a systems of n second order ODEs it was shown that there are (n + 3)
linearizable classes [103].

In 1918, Emmy Noether proved that if a variational principle is admitted by a system of DEs then
the extremal of the action gives a system of EL-equations. The symmetry of the variational principle
is called a Noether symmetry. The Noether symmetry is also a Lie symmetry of the EL-equation.
Indeed, the Lie algebra of the Noether symmetries is a subalgebra of the Lie algebra of the Lie
symmetries of the EL-equations. Noether symmetries are more important than the Lie symmetries
as these symmetries give double reduction of the DEs and provide conserved quantities [3, 30].

As the differential equations “live” on manifolds, it is natural to search for the connection be-
tween symmetries of differential equations and those of geometry. The first such attempt looked for

the connection through the system of geodesic equations [6,31], some connections between Noether

37
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symmetries and isometries have been found in the context of general relativity [13-15]. There are
some errors in [14] and [15] is incomplete (as regards all Noether symmetries under discussion the
corrected list was given in [39,40]). Recently the relation of both the Lie and Noether symmetries
of the geodesic for a general Riemannian manifold has been given [98] . The geodesic equations
are the EL-equations for the arc-length minimizing action. Their symmetries and the corresponding
geodesic equations are known for maximally and non-maximally symmetric spaces. A connection was
obtained between isometries (the symmetries of the geometry) and Lie symmetries of the geodesic
equations of the underlying space [31]|, which leads to the geometric linearization for ordinary dif-
ferential equations (ODEs) [46,74,88]. An additional benefit of this approach is that one can obtain
the solution of the linearized equations by the transformation to the metric tensor coordinates given
by the geodesic equations from Cartesian coordinates. In searching for an extension of the geometric
methods to PDEs, a relation between isometries and Noether symmetries for the area minimizing
Lagrangian has been found. Here, it is proved that the Lie algebra of the symmetries for the area
minimizing Lagrangian in an n-dimensional Euclidean space is so(n) @5 R™ (where @, denotes the
semi-direct sum) and in a space of constant curvature is so(n). It is also derived that if the space
has one section of constant curvature of dimension nq, another of ns, etc. to ny, and one of zero
curvature of dimension m and n > Z?Zl n; + m, so that some of the sections have no symmetry,
then the Lie algebra of Noether symmetries is A = @?leo(nj + 1) @ (so(m) s R™). Here for the
non-compact space this has to be taken in the sense of being cut at a fixed boundary that respects
the symmetry of the space and is not a volume enclosing hypersurface otherwise.

In the subsequent sections of this chapter we present the symmetries of the area-minimizing
Lagrangian for maximally and non-maximally symmetric spaces. In the last section, the symmetries

for the less symmetric spaces are given.

2.1 Symmetries for Flat Spaces

Two Area Minimization: The flat space metric in spherical coordinates is
ds? = dr? + r?d6* + r? sin® 0d¢>.

Let the enclosing surface be r = r(6, ¢). The 2-area is then given by [93]

A(S) = (4520 o2 sin 0+ 124% od,
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and the variational principle for the action (6.1) becomes

3 .
5/ PERE 85“9 dde = 0,
where
2 = (r*sin® 0+ r2sin 0r% + 12127,

Thus the Lagrangian is

r3siné

L = (r*sin? 6 + 7% sin? 97“’29 + r2r?¢)% + A 3

The Noether symmetry condition (1.62) results the following system of linear PDEs.
€% cos 0 + 2nsin 6 + 7 sin 6( 799 +§q;) =0, ng +r2§ﬁ =0,
&% cos 0 + nsin 6 + r(n, + f%) sinf =0, 74+ 2 sin2 95’? =0,

0, 49 & - y
Aly + A% — A —cosH—l—nrsmH—i-gSlne({ +&)| =0,

n+r(n:+£&5) =0, sin” 0% + €5, = 0,
)\r Ar3
This system gives us the following six symmetries
X; = sinqb +cosqz5cot9 Xo = cosp— 0 sinqbcotGﬁ
Y s T 00 9’
0 cosfsing 0 cos¢p O . .0
Xg=—, Xy = — — +sinéd —
37 9g T 80+rsin98¢+bm Sm¢ r’
cosfcos¢ 0 sing 0 sin 0 0 0
X5 =—""7-— 0 = — —cosf—.
5 r 80  rsinf ¢ - sinfcos ¢ Xe r 00 €08 or

The corresponding Lie algebra of the Noether symmetries is so(3) @s R, where @; is the semi-

direct sum, so(3) = (X1, X2, X3), R? = (X4, X5, Xg), and

Ar? . . Ar? : :
Ay = o [— cos@sinfsin ¢, — cos @], Ay = e [— sin 6 cos 0 cos ¢, sin @] ,
A
Az = —% [sm 0 O]

are the non-zero vector gauge functions corresponding to the translations (R3).

Three Area Minimization: Following the same procedure for a 3-area enclosing a constant 4-

volume in hyperspherical coordinates, the Lagrangian is
r4 sin x? sin 6
4

2 2 2

L = (r%sin x* sin” § + r* 77, sin X 4sin 62 4 Ty sin X 2sin 62 4 T SN Y )%—l—)\
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The Lie algebra of the Noether symmetries of this Lagrangian is so(4) @5 R* and

A
A = {2 [Sln X oS X sin 900s¢,smxsm00056’cosgz§,—smxsmgzﬁ]
A
9 = —1—2 [sm X cos y sin®  sin ¢, sin  sin 6 cos 0 sin ¢, sin y cos qS]
Ard . 9 . . .9 Ard . 3 .
Ag = T [—sm X €os x sin 0 cos 0, sin  sin 6,0] , Ay = T [—sm Xsm@,0,0] ,

are the non-zero vector gauge functions corresponding to the translations (R*).

Four Area Minimization: Extending to the 4-area enclosing a constant 5-volume the Lagrangian

is

L :(7’8 sin® 1 sin? y sin? 6 + Tﬁrib sin® 1 sin? y sin? 0 + r° r sin® 1) sin® y sin? 6+

7“67“29 sin¢? sin? y sin? 6 + 7‘67“,(;3 sin® 1 sin? X)2 + )\57”5 sin® v sin?  sin 6.

The Lie algebra of the Noether symmetries for this Lagrangian is so(5) ©s R® and

A1 4
A = 20 [sm?’wcosdjsm x sin? @ cos ¢, cos y cos ¢ sin? y sin? ¢ sin? 6,
sin? ¢ sin y sin @ cos @ cos ¢, — sin y sin ¢ sin® w],
)\7"4 3 2
A2:—2—0 [sm  sin® 1 cos ¢ sin ¢ sin’ 0, sin ¢ cos x sin® ¢ sin? y sin? 6,
sin? ¢ sin x sin @ cos fsin ¢, sin x cos ¢ sin® 1/1],
by 4
As = 2—7;) [— sin® y sin® ¢ cos @ sin 0 cos ¥, — cos@sinf cos y sin? y sin® 1, sin® e sin y sin’ 6, 0] ,
Ard . 3 . 92 . . 3 . . 92
Ay = 20 [—sm 1 cos 1 cos x sin” x sinf, sin® y sin #sin” vy, 0, 0},
by 4
As = 2—’;) [~ sin* ¢ sin? xsin6, 0, 0, 0] ,

are the non-zero vector gauge functions corresponding to the translations (R).
We can now prove the results generalized to (m — 1)-area minimization for a constant m-volume
in a flat space by using a method of reduction and induction as done earlier for the connection

between geometry and Lie symmetries [31].

Theorem 2.1.1. The Lagrangian for minimizing the (m—1)-area enclosing a constant m-volume in
a Buclidian space, has a Lie algebra of Noether symmetries identical with the Lie algebra of isometries
of the Euclidean space, so(m) @ R™) | with the non-zero vector gauge functions corresponding to the

translations.
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Proof. The Lie algebra of Noether symmetries of the Lagrangian that minimizes the 2-area enclosing
a 3-volume in Euclidean space; 3-area enclosing a 4-volume; and the 4-area enclosing a 5-volume in
Euclidean space are so(3) ®sR3; so(4) @sR*; and so(5) 4R respectively. Now, suppose that the Lie
algebra of Noether symmetries of the Lagrangian that minimizes an (n—1)-area enclosing a constant
n-volume in Euclidean space is so(n) @s R™. The Lagrangian for minimizing the n-area enclosing a
constant (n+ 1)-volume in Euclidean space contains a subset of Noether symmetries identical to the
isometries of S”, i.e. so(n+1). In the Euclidean space, S™ minimizes the n-area enclosing a constant
(n+1)-volume. For the full set of Lie algebra, first reduce the n-area to an (n — 1)-area and (n+1)-
volume to an n-volume. The Lagrangian minimizing the n-area enclosing a constant (n + 1)-volume
reduces to the Lagrangian which minimizes the (n — 1)-area enclosing a constant n-volume in the
Euclidean space. The corresponding Lie algebra is so(n) @®s;R™ (the Lagrangian which minimizes the
4-area enclosing 5-volume can be transformed to the Lagrangian which minimizes 3-area enclosing
4-volume). Now working in reverse, from the Lagrangian minimizing an (n — 1)-area enclosing a
constant n-volume to the Lagrangian minimizing the n-area enclosing a constant (n + 1)-volume
it takes m more generators of rotation and one generator of translation from the previous one, i.e.
(n + 1) more generators. Thus the Lie algebra of the Noether symmetries of the Lagrangian which
minimizes (m — 1)-area enclosing a constant m-volume in the Euclidean space is identical to the Lie

algebra of isometries of the Euclidean space, i.e. so(m) @, R™. O

2.2 Symmetries for Curved Spaces

Two Area Minimization: The metric for a three dimensional curved space is
ds* = dx? + sinh? xd#? + sinh? y sin? 0d¢>. (2.2)
Using the variational principle (6.1) for minimizing two area, we obtain the Lagrangian
L=%1+ /\%(sinhxcoshx — X) sin 6, (2.3)
where
¥ = (sinh? xysin? 0 + X,29 sinh? y sin® 6 + Xiﬁ sinh? X)%

The Lie algebra of the Noether symmetries of the Lagrangian is so(3). Notice that there is no

translational symmetry arising here.
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Three Area Minimization: The metric for four dimensional curved space is
ds? = dip? + sinh? ¢dy? + sinh? ¢ sin? yd#? + sinh? ¢ sin? x sin® 0d¢?. (2.4)
The Lagrangian for minimizing three area is
L=%,+ )\%(sinh2 1 cosh ) — 2 cosh 1) sin? y sin 6, (2.5)

where
¥y = (sinh® ¢ sin y sin? § 4 sinh? zpw?x sin? y sin? 0 + sinh? ww?e sin? y sin? § 4 sinh? 1/11/1?¢ sin? X)%

The Lie algebra of the Noether symmetries of the Lagrangian is so(4), there is no translation in this

case.

For spaces of constant nonzero curvature we present the following theorem.

Theorem 2.2.1. The Lie algebra of Noether symmetries for the Lagrangian for minimizing the

(m — 1)-area keeping a constant m-volume in a space of non-zero constant curvature is so(m).

Proof. The proof of this theorem can be provided by arguments similar to those in theorem (1). O

These two theorems provide the Noether symmetries of the area minimizing Lagrangian for
maximally symmetric spaces (constant curvature and zero curvature). Notice that when we go
to spaces of constant curvature from spaces of zero curvature we lose m symmetries of the area
minimizing Lagrangian. In the case of zero curvature m symmetries (translational symmetries)
come out only with particular non-zero vector gauge functions, while the remaining symmetries
(rotational symmetries) have a zero gauge function. In the case of non-zero curvature there is
no translational symmetry and we have only rotational symmetries corresponding to a zero gauge

function.

2.3 Symmetries for Spaces having Flat Section

Three Area Minimization in one Dimensional Flat and Three-Dimensional Curved

Space: The metric for a four dimensional space having one dimensional flat section is

ds? = dip? + dx® + sinh? yd#?* + sinh? y sin? 0d¢?. (2.6)
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Following the same procedure the three area minimizing Lagrangian is
L = %3 + M)sinh? y sin 6, (2.7)

where
Y3 = (sinh? xsin® 6 + w?x sinh* y sin? 0 + 1/}?9 sinh? y sin? 0 + w?(b sinh? X)%

The Lie algebra of the Noether symmetries of this Lagrangian is so(4) ® R! and R! corresponds

to the vector gauge function, A = A(0,0, ¢ sinh? y sin 8).

Four Area Minimization in Two Dimensional Flat and Three-Dimensional Curved Space:

The metric for a five-dimensional flat space having two-dimensional flat section is
ds® = dr? 4+ r2dx*® + dy® + sinh? ¢df? + sinh? ¢ sin® 0d?. (2.8)
Thus the Lagrangian for four area minimization is

L =(r*sinh* ¢ sin*  + T?X sinh? ¢ sin? 6 + r2r’2w sinh? ¢/ sin” 6

1
+ 7“27"’% sinh? ¢ sin® § + r2r?¢ sinh? w)% + /\57“2 sinh? ¢ sin 6.

The Lie algebra of Noether symmetries for this Lagrangian is so(4) @ (so(2) ®s R?), where R?
corresponds to the vector gauge function

A
Ay = ?r [ sin @ cos y sinh? ¥,0,0,0],

Ar

Ay = 5 [— sin @ sin x sinh? 4, 0, 0, 0} .
2.4 Symmetries for the Less Symmetric Spaces
The metric for spheroid which is a less symmetric surface of positive curvature is
ds® = (a® cos® 6 + b? sin? 0)dO* + a” sin® 0d¢?, (2.9)

and the Lagrangian is
(a® — a20?¢ + b20?¢) sin @ cos 6

- + Aasin 0(a2 cos? § + b2 sin? 9)% (2.10)
(a? cos? 902¢ + b2 sin? 992¢ + a2sin? )2

L:

This Lagrangian has only one symmetry, i.e. 8%.
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The metric for the ellipsoid is

ds® =(a® cos? f cos® ¢ + b% cos? O sin? ¢ + 2 sin 0)dh? + 2(b* — a?) sin 6 cos O sin ¢ cos ¢pdOde

(2.11)
+ (a®sin? O sin® ¢ + b? sin? A cos? ¢)dep?,
and the Lagrangian is
L :i[sin 6 cos(c® — a? cos® ¢ — b*sin? ¢)9?¢ + sin ¢ cos ¢(cos? # — sin? 6)
(b* — a*)0 4 + sin 6 cos O(b? cos® ¢ + a” sin? ¢)] + A(a?b® sin? 0 cos® 6+ (2.12)

. . . 1
a’c? sin 0 sin? ¢ + b?c? sin 0 cos? 0)z,

where

[ I

Y, = <a2 (cos @ cos ¢f 4 — sin @ sin $)? + b? (cos O sin @0 ¢ + sin 0 cos b)? + 020?¢ sin? 0> .

This Lagrangian admits no symmetry.
We can now generalize the results for spaces having sections of different constant curvatures

using the geometric method as done in [88].

Theorem 2.4.1. The Lie algebra of the Noether symmetries for the Lagrangian which minimizes an
(n—1)-area enclosing a constant n-volume, in a space which has one section of constant curvature of
dimension n1, another of no, etc. up to ni and a flat section of dimension m and n > Z?Zl n; +m

(as some of the sections may have no symmetry), is @?leo(nj +1) @ (so(m) ®s R™).

Proof. First consider a manifold N of dimension n containing a maximal m-dimensional flat section
M such that N = M @ M~*. Now the orthogonal subspace M, has no flat section, but can be
further broken into sections of constant curvature of dimension ny, ns, ... up to n, and possibly a
remnant section with no symmetry. For this manifold we have an n-volume in the space having an
m-~dimensional flat section and one section of constant curvature of dimension ni, another of no, etc.
up to ng. We minimize the (n —1)-area in a subspace having an (m — 1)-dimensional flat section and
the sections of constant curvature remaining unchanged. The Lie algebra of Noether symmetries of
the (m—1)-area minimizing Lagrangian in flat space is so(m)®;R™. In the manifold M~ each section
retains its Lie algebra of Noether symmetries. Thus the full Lie algebra of Noether symmetries, in
this case, is the direct sum of all these Lie algebras, i.e. A= @?leo(nj +1) @ (so(m) ®s R™).

If, instead there is no reduction of dimension of the flat section, but one constant curvature
section reduces by one dimension, say n; — n; — 1, the Lie algebra of the other sections remains

unchanged while that of the reduced section now becomes so(n;). Now consider the case that there is
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only a one dimensional flat section, i.e. m = 1, and (n—1)-dimensional section of constant curvature.
We have an n volume in a space having a one dimensional flat section and an (n — 1)-dimensional
section of constant curvature. We minimize the (n — 1)-area in a subspace of constant curvature
keeping a constant n-volume. Then the Lie algebra of Noether symmetries is so(n) @ (so(1) ®s RY),
i.e. so(n) ®R! (as so(1) is the identity).

By increasing the dimension of the flat section by one, as in theorem 1, the algebra for it
becomes so(m + 1) @s R™*L. Similarly, increasing the dimension of one constant curvature section
by 1, nj — njy1, the Lie algebra of that section becomes so(n; + 2) while the other sections retain
their Lie algebras.

Thus reduction and induction show that the formula continues to hold. This completes the proof.

In this chapter we have dealt with the Noether symmetries of the (n — 1)-area minimizing
Lagrangian keeping a constant n-volume for the maximally and non-maximally symmetric spaces.
For spaces of maximal symmetry, the Lie algebra of the Noether symmetries is so(n) @5 R in

an n-dimensional flat space and so(n) in an n-dimensional space of constant curvature. For an

n(n—1)

3 rotational

n-dimensional space of constant curvature, the area minimizing Lagrangian has
symmetries with a zero gauge function and for the zero curvature there are n translational symmetries

. . . . n(nfl)
with specific non-zero vector gauge functions, along with ==5—

rotational symmetries with zero
gauge function.

The third theorem provides the Neother symmetries for the area minimizing Lagrangian in non-
maximally symmetric spaces. In this case we have a space consisting of sections of different constant
curvatures, one section of zero curvature and possibly a section with no symmetry. The Lie algebra of

Noether symmetries is then the direct sum of the Lie algebras of Noether symmetries of each section.

If the space has a flat section of only one-dimension the Lie algebra becomes @é?:lso(nj +1) o RL



Chapter 3

Invariants for Systems of Linear

Hyperbolic Equations by Complex
Methods

Differential invariants are extremely useful tools for transforming differential equations into inte-
grable forms. In his fundamental memoir dedicated to the integration of the linear PDEs Laplace [57]
derived two semi-invariants, known as the Laplace invariants, for linear hyperbolic PDEs. Laplace
invariants remain conserved under the linear change of the dependent variables which maps the
linear hyperbolic PDEs into themselves. Euler also proved that the solution of hyperbolic PDEs can
be obtain by solving two first order ODEs if and only if one of the Laplace invariants is zero. Later,
in 1773 Laplace extended Fuler’s method for cases when both the Laplace invariant are different
from zero, which is known as cascade method. In 1911, Louise Petrén extended the Laplace methods
and invariants for higher order DEs. Laplace-type and joint invariants for a system of two linear
hyperbolic equations were derived in [99]. The approach of complex symmetry analysis (CSA), was
utilized to derive Laplace-type invariants for a subclass of a system of two linear hyperbolic equations
obtained from a complex linear hyperbolic equation [79].

In this chapter we first present semi-invariants and joint invariants for a subsystem of the general
system of linear hyperbolic PDEs that is obtainable from a base complex hyperbolic PDE by real Lie
infinitesimal approach. Then for such systems, semi-invariants and joint invariants are derived by
splitting the complex semi-invariants and joint invariants of the base complex equation into real and

imaginary parts. A comparison of all the invariant quantities derived by complex and real methods

46
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is presented here which shows that the complex procedure provides a few invariants different from

those extracted by real symmetry analysis for a system of two linear hyperbolic PDEs.

3.1 Invariants of a system of two hyperbolic equations by real pro-

cedure

In this section, semi-invariants for both dependent and independent variables are first presented for
a subsystem of two hyperbolic PDEs. Then we shall calculate joint invariants for such a system of

equations. The scalar complex hyperbolic equation
Wiy + ot, z)w + B(t, z)wy + (¢, z)w = 0, (3.1)
gives the following two hyperbolic equations

Utz + O[l(t, SL')Ut - a2(ta l‘)’Ut + Bl(ta x)uac - ﬁ?(t7 CC)UI + 4! (t) ﬂf)u - 72(1:7 .’E)’U = 05

Viz + a?(t> x)ut + O(l(t, CL')Ut + ﬂ? (t, x)ux + /Bl (tv "E)’Um + 72(ta {E)’U, + 71 (ta QT)U = 07 (32)

for = a1 +ias, 8= B1+i02, ¥ =71 + 17 and w = u+iv. The above system of hyperbolic PDEs
is a subclass of the general system of hyperbolic PDEs

Uz + a1 (t, ©)ug + ag(t, z)vg + by (¢, ©)uy + ba(t, x)vy + c1(t, x)u + ca(t, z)v = 0,

Vi + as(t, z)ug + ag(t, z)ve + b3(t, 2)uy + ba(t, x)vy + c3(t, z)u + c4(t, x)v = 0. (3.3)

Invariants of a system of two linear hyperbolic PDEs (3.3) had already been determined by using
the infinitesimal method [99]. The derivation of these invariants starts with the determination of the
most general group of the equivalence transformations that maps the system of two linear hyperbolic

equations to itself with, in general, different coefficients. It requires the application of the generator

Z= flat + 528x + nlau + 772611 + 773% + 77;:8% + 771528% + 773:8% + nztlgcamz + nfxavm
1M 0ay + 11200y + 11300y 4 100, + 10y, + 120y, + 130y, + 110, (3.4)
+,U«31801 4 ,U32802 4 ,u33803 4 ,U346047

on both the equations of the system (3.3), here £*, n* are functions of (¢, z, u,v), where k = 1,2, and
', A, 3 for X = 1,2,3, 4, are functions of (t,x,u,v,ay,by,cy). This procedure yields the most
general group of equivalence transformations of the dependent and independent variables. Using
the generators associated with these infinitesimal transformations the invariants of (3.3) had been

derived [99].
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The invariants associated with the subclass (3.2) of the system of hyperbolic equations (3.3)
are determined in the remaining part of this section. The system of two hyperbolic PDEs (3.2) is
obtainable from a hyperbolic PDE with two independent variables, when the dependent variable of
equation (3.1) is considered complex. Such systems have a CR-structure due to this correspondence.
Thus they are said to be CR-structured systems. The group of equivalence transformations associated

with (3.2) is obtained when the following generator

Z=¢£0+80, + nlau + 77281) + mlaut + U:}:auz + 77t28vt + 7733% + ntl:vautz + n?xavm
(3.5)
+/1J118a1 + M1280z2 + /1'218ﬁ1 + M22852 + Nglaw + /1’326727
where &%, 1" are functions of (¢, z,u,v) and p'*, %% and p* are functions of (t,z,u, v, ak, Bes Vi),

acts on both the equations of the system (3.2). The solution of the system of linear PDEs obtained

when (3.5) operates on the system (3.2), is [99]
g =Fi(t), &= F2),
n' = Fsu+ Fyu, n* = F3v — Fyu,
pt = —Fy, — a1 Foyy, p'? = Fip — agFay,
2 = —Fyy — B1Fry, p22 = Fuy— Gy,
p = —F3 4 —a1Fs3y — oFyy — B1Fs 0 — BoFue — 1(Fie + Fag),
12 = Fye + o1 Fyy — 0oFsy + B1Fug — BoFs 0 — v2(Fly + Fag),

(3.6)

where F3 and Fy depends on (¢, x). Inserting the above in (3.5) leads to a generator that corresponds
to changes of both the dependent and independent variables in the system (3.2). Hence, the resulting
transformations of the coefficients are characterized by (3.5) with the above insertions.

In order to find the semi-invariants for only the dependent variables, we consider a change only

of dependent variables and hence exclude eta' and eta®. The corresponding generator is

X = —F3,00, + Fi1,200, — F3,108, + F1,03, — (F3 10 + 1 F34 + aoFy
+01F30 + BoFu2)0y, + (Fape + 1 Fyy — coF3 4 + B1Faz — BoF34)0,,.

(3.7)

By adopting the procedure described in the second section, applying the once extended generator on
J (i, Brey Vios Qarty Brasts Viosts Oy B Vi) and solving the resulting linear system of PDEs, we find
the first order semi-invariants [99]

hy = a1z + a18 — asf — 71,

hy = ag + @102 + asf — 72,

ky = Bra + 1B — azf — 71,

ky = Pz + 1 + a2y — 2. (3.8)
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Now considering only a change of the independent variables leads to an infinitesimal generator

Z; = Fi(t)0; + Fo(2)0r — a1F 200, — 02 F5 200, — [1F1,03, — B2F1+0p,

(3.9)
Y1 (Fip+ Fo2)0y, — v2(F1p + Fo )0,
Applying it on J(a, Bk, Vx) yields the following zeroth order invariants
r Oé2 T ﬁQ T ’71 T "}/2
L=— L==—=", I,j=— I, = . 3.10
Yt P AT P anB Tt (3.10)

Further, the first order invariants are obtained when the once extended generator (3.9) acts on

J (e, Brey Vs Qrts Brasts Viosts Qs Brews Vi )» this leads to a system of PDEs which gives the following

quantities
r art r ag ¢ r B,z r B2,z
=t ot g PAe g Pe
P Y B T B Y B
- B1B2,t — B2, [ B1y1e — 1P [ Brya,t — V261,
9 — b3 ) 10 — 3 ) 11 — 3 s
1 a3 a3y
T A1002 o0 — (20X] g T A1V,0 — Y1012 T Q172 — V2ll,x
I, = 2192 e, = Ye Z NN e 902, 2 3.11
12 a:l), 13 04:1)’51 14 a‘%ﬂl ( )
including the four zeroth order invariants (3.10).
The joint invariants of the system (3.2)
v hy -k vk
J =2, J, =L J,=-2 3.12
A A %) (3.12)
are found when the following PDE
r 0J r OJ r 0J r 0J
=0, (3.13)

— thy—t k= + k=
Lonr * 20hy * Loky + 2Ok}
is solved. This equation appears due to action of the infinitesimal generator (3.9) that is associated

with the change of the independent variables to the space of invariants h;, k;

3.2 Invariants of a system of two hyperbolic equations by complex

procedure

Semi-invariants associated with a system of two hyperbolic equations (3.2) that is obtained from
a scalar linear hyperbolic equation (3.1), are derived in this section by complex methods. Let the
generator of the form (1.91) associated with the equation (3.1) be complex by incorporating the

complex dependent variable, therefore, generator (1.91) splits into two operators

X1 = N1,2,00; + 12,2900, + M1,z 8ﬁ1 + 772,z16ﬂ2 + (771,2122 + o1z — N2z + BNz,

_ﬂ2772,z2)871 + (772,z1z2 + oMz N2 + 52771,@ + 51772,z2)872a (3'14>
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Xy = 7727228041 - 771,@3012 + 12,21 aﬁ1 - 7717Z1832 + ("72,z1z2 + aon a2 + ﬁ2771,z2

+/81772,22)8’Y1 - (”71,2122 + 1Mz — Q272 2 + Blanz - /62772,Z2)8’Yz' (3'15)

There are four first order semi-invariants

hi = a1z, + o181 — asfa — 7,
hy = @z . + asfB + 182 — 72,
k1= B1,z2 + o181 — 2B — 7,

ky = B2z, + a2 + a1B2 — 72, (3.16)

associated with the system (3.2) on employing the pair of operators (3.14)-(3.15) and solving the
emerging system of PDEs. These are exactly the same as represented by A, k. in (3.8). Therefore,
in this case the real and complex procedures lead to the same semi-invariants of the system (3.2).
Notice that all the four semi-invariants (3.16) are readable from the first order semi-invariants

associated with the complex hyperbolic linear equation (3.1) and satisfy

1 1 1 1
Xt |, =X |, =Xk | =Xk =0, (3.17)

ho=0

The linear combination X3 of both the operators X; and X results in the following relations

1 1 1 1
X hy _— XUy | =xky — XUk, — (3.18)

ho=0
The semi-invariants of the system of two hyperbolic PDEs (3.2) under a transformation of the

independent variables are

(@171 + a272)B1 + (a1y2 — 1) B2

I = ,
(af +a3) (6% + 53)
o (12 — aom1) B — (171 + a272) B2
2 — )
(af +a3)(BF + B3)
= (@181 — afBa)an i + (a1 + a fBa) oy
3= 2 2 ’
o, + g,
j (a2B1 + a1fa)ar s — (1 ff1 — azfB2)any
47 a?, +a? '
10T Qo
IC N al,tﬂl,x + a?,tﬂ?,x IC . al,tﬂlx - 042,t61,x
5 a?, + o2 e a?, + a2 ’
1,t 2t 1,¢ 2t
o + a2472 e Q12 — Q271
7= 2 12 0 87 2 12
Qy T a5y Qi T 5y
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IC _ (a%,t_a%,t)
9

= & ol PO [a181(Bivie — Boryae — 1Bre + 1262,4) — a2Bri(Bayie + Biyes

—y2B1,t — V102,) + B2 (Biv1,e — Boya,r — V1B, + V2lf2e) + a1 P2(Bovie + Bivyo,

2001 pagt

—Y2B1t — 1 PBot)] + (o o2 2 (T D) (2B (Brvie — Bayae — 1Bt +v2B2t) (3.19)

+a181(Bav1e + B1v2,e — 12016 — 1B2t) — a1 B2(B1v1,e — Bavar — 1B + 1202,t)
+afa(Bayie + Biyae — ¥2B1,e — Y162,0)],

: (02,—a3,)
ho= 2 tfi’gtg?fb%wg) [a2B1(B171,t — B2yt — NP1t +Y202,.4) + 1 B1(B2y1,e + Brvae
—72B1t — Y1P2,) — a1B2(Bivie — Baver — 11t + V2b2,) + a2B2(Boyie + Biva
—Y2B1,t — 1102,)] — ( 201 102,¢ el (181 (Bi71,e — Boavae — M1Bis + v202.t) (3.20)

a%,t+a§,t)2(6%

—of1(Bov1 + Biyze — V2Bt — 11024) + a2Ba(Biv1,e — Boyar — 1B + v202.t)
+on B2 (Bayie + Biyes — v2B1e — V152.4)],

. 2 o
I, = (aitJrfgl,t)?j%Jra%)z (1712 — @272.0 — M2 + Vo2 z)a1s + (V1,2 + Q1722
2
—Ye0z — MQ2z)a2] + (ai#ail)?;%a%)z (2710 + Q1722 — Y2010 — N1Q2,0) 01t (3.21)

—(04171,1 —Q1Y2,0 — Y11z + ’Y2042,x)042,t],

c (ozzfaz)
Ly = @7 7a2 petrazr (020 T 1720 — P2010 — M020)ne — (1710 — 02720
2001 3.22
— (6% (6% (6% — (6% — — (6% (0% (6% .
Y101,z + Y2 271;) 2,t] (aiﬁa;t)(a%a%ﬂ [( 1M,z 272,z — Y11,z + V2 2,x) 1,t ( )

+(ey1 e + 01720 — Y2002 — V1Q2.4)02¢].
The correspondence of these semi-invariants with the system of the hyperbolic equations is estab-

lished due to the following operators

X1 =210 + 2820, — 0162000, — 262,200, — 161,408, — B2£1,:08, — V1(&1¢

+§2,x)8'y1 - '72(51,t + 52,31:)8727 (323)

Xy = =282, 200, + @162 200, — (261,408, + $1£1,t08, — ¥2(&1,¢t + €2,2) 04,

+71(&1,t + §2,0)0ns (3.24)

that are the real and imaginary parts of the complex generator of the form (1.114). Using these

operators it is observed that

1] ¢ 1] ¢ 1| ;¢ 1] y¢
x| =xip) o =xn =xP) . =o
;=0 15=0 15=0 5 =I3=0
1] ¢ 1] ¢ 1] ,c 1] y¢
X[l]I5 ‘ . :X[Q}IG | c :X[1]~r7 | e X[Q]IS ’ e e = 0, (3.25)
c= c=Ig=0 I7=0 s=Ig=0
1] ¢ 1] ¢ 1] ¢ 1] ;¢
X[1119|c :X[2}110|c :X[1}111|c :X[2}112|c . =0
Iy=0 =I1y=0 I = I11=115=0



92

It is seen that the above invariants are complex splits of their real analogues. Similarly, the linear

combination of both X; and Xa, if denoted by X3, satisfies the relations

1] ,¢ 1| ¢ 1| ;¢ 1| ;¢
XEJ,}IMc :Xg}lﬂc :X<[’)113|c :Xé]lﬂc . =0,
1= 5= 13:() 13:14:0
1| ¢ 1| ¢ 1| y¢ 1| ;¢
xPr ) =xtrg o =xPry o =x{g =0 (3.26)
5=0 5=1g= Iz =Ig=0 17 =Ig=0
1] y¢ 1] ;¢ 1] ,c 1] y¢
xPrg | =xPry o =xPrn o =xln, 0 =o
9=110=0 9=110=0 Iy =115=0 I11=11=0

To work out the joint invariants of the coupled system of two hyperbolic equations (3.2), the
operators (3.23) and (3.24) need to be transformed to the space of invariants h,, k.. The same
procedure was adopted in [54] before using the generator (1.114) in determining the joint invariants
of the scalar linear hyperbolic equation. The complex generator was transformed to h and k,
i.e. to the space of the semi-invariants associated with the hyperbolic equation under a change
of the dependent variables. The procedure to transform (3.23) and (3.24) to (hs, ki) — space starts
with splitting (1.118) when Z(h) and Z(k) are taken as complex, i.e. Z(h) = Z(h)1 + iZ(h)2 and
Z(k) = Z(k)1 + iZ(k)2. The real and imaginary parts of (1.118) are

X = [Z(0)10h, + Z()s0h, + 20k, + Z(R)20r,),
Xa = S[Z(h)adh, — B0, + Z(R)s0%, — Z(R)0%,), (327
where
Z(h)1 = X1h1 — Xohy = — (14 + §2,2) s
Z(h)2 = Xohy + X1hy = —(&1.t + &2.2) b2,
Z(k)1 = X1k1 — Xoka = — (&1t + §2.2) k1,
Z(k)2 = Xok1 + Xika = — (&1t + 2,0 ) ko (3.28)

Using (3.28) in (3.27), the following two operators

+ 822
X, = _W[hlahl + hoOp, + k10k, + k2Ok,],
+ 8o
X, = _(517152527)[@3}“ — h10Oh, + koOg, — k10,], (3.29)

are obtained which are the real and imaginary parts of the complex generator of the form (1.122).
These operators are used to arrive at the joint invariants for the system of two linear hyperbolic

equations (3.2). We have the following joint invariants

g hiki + haks
TR R
Ty = hok1 — hiks

k¥ + k3
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) 1,t h ,t)

? — 10AFh5 + 5h1hg
2 1h3)? 1
(5hihy — 10h2h3 + h3 2)? + (5hihy — 10h3h3 + h3)? (hik1z — hok
G 10h31h22 + B3) (hakis + hikay — koh 2 ]: ; ok — k1hi g + kaho z)
1 - ) 2101 — 5T
(5hthy — 10;2;31 5:51h§)2 + (5hihy — 10h§h§t+ hsl)}?’t) (hakr s — holk
(RS — 10h31h22+ 5h2)(41312k1’t — hokot — k1hi s + k2 h | 20 = kihg + ko)
1 )
(h} — 10h3R3 >+ 5hh3)? + (Shihy — 10hih3 220)
: 313 + 5hihd) (haki s + h 1hs + h3) 1o+ hikoy — koh1 o — k
(h5 — 10h3h2 14+ hikoy — kihig —k @ — kihag)
1749 + 5h1h§1)2 + (Shith — 10h2 1; 1h27t) (h ]{}
Jig = _(5h411h2 — 10h2h3 n 15 1h2 + hg)Q 2k1,0 + hle,x — kohi s — k1h
103 L% 2)(hikis — hokoy — kih 7 )
(h3 ! h$h3 + 5h1h3)? + (Shih ’ 10h21 ?}’t + Fahay) (h
-1 312 172 — _
1(hs 0}11()};23225h1h3)(h2k1t+ hikay ;;};f +h3)? k1o — hoko e — kihia + kaha o)
1 1 2—|—5h h4)2 : 7 it T h2 1,t_k1h2t) o
15— 10R3H2 1h3)? + (Shiha — 10hih3 ) (ke —
(hy Ohlh% 4 5h1h§)(h1k B Ths + hg)2 (hik1x — hokay — kihyx + k
(h§ — 10R303 1t = hokay — kih o+ kohae)
Jam e Shahd)? + (5hihs - 10 + kahay) ’
(5hthgy — 10R3R3 + h5)(;j . 1he — 10h3h3 + h3)? (hokiz + hikay — koh
5 5)(hokit 4+ hikay — @ = kahy e —kih
(h§ — 10h3h2 + 5h1h3)? + (5h41h 2t 10122711; - klh?,t)(h ) 1haa)
B3 — 2= 1h2+h52 21,w+hk —
gy = (=8 (rhs s — Baha s £ 2) Vkow — kahy o — kihas),
7tw(h3 1k1te — hokote — Paikie + 1
(3h2hy — h3 530 b2 + ( ke + hoihoa = h ok
4aofine 13) (kahn s + kiho.ge + hoki s 1+221 ;‘ (3h%hg — h3)?2 Lk 4 hogkay)
L 1h2te — h _
(3h2 (hi’ — 3h1h%)2 - GIh 2,tkléx2 hitka e — hogki s — hi gk
Jyg = Bhihz = h3)(k1hi e — koh thy — h3) ¢ — higkay)
AR + h2,tk’2,z - hl,mkl ++ ho ok )
? 7x 2’t

h (h3 - 3 2)2 + :; 2 — 2
: (hg 2k31,tx + h1k2 tr — h2 tk; xT h xT xT T
, k1o — k; — —
; hlh2) ( hlh h2) 1,t 2, h37 k]_7t h]_, kj27t)

ki (—6h2h2 + bt + hi) + _
o 119 h h4
1 3) + k2(4h3hy — 4h1h3)

Jir = =
—6h h2 + h4 4
17%2 1t h3)?2 + 3
_ ka(—6hih3 + i + h24) (4hiha — 4hyh3)? (h1higz — haha e — haeh
622 & h41 423 — k1 (4h3hy — 4h1hd) thiz + hotho )
2+ hi + hd)2 + (4h3hy — 4hi h3)? (hahy

J ko(—6h2h3 hihy) o+ hiha e — oty hi.th
_ =z TRt R e T L2 )
18 202 + Bt + hd) — ki (4h3hy — 4l h3) 2,1)

(hihitz —

1tz — hohote — hithiz + hothog)

(—6h2h2 + I}
5 1 +h4 2 + 3
o hi)) : k(4h1};2 — 4hih3)?
L 2(4h3hy — 4y 1)
P+ h3)? + (4h3hg — 4hyh3)?

hoh + — —
( 2101 tx h1h2,tac h2 thl hl th )
R T 4122 ),

Jio = MV; + pare ot — [V
ud + 13 g
i BT+ p 7
o — H1v2 — p2v )
20 2 2 1 pivy + pove
MY+ s 13+ p3 w2
Ty — p1vs + pav. L
o1 ’ 3 4 HoV3 — H1V4
MY+ [y g 2
i Hi+p 7
Jon — H1Va = pav :
- o 3 p1vs + oty
11t H G “



where

p1 = hy — 36hTh3 + 126h3h3 — 84h3hS + R hS,

pi2 = 9hShy — 84h8h3 + 126h1h5 — 36h2h% + R,

v1 =k3hs . + 2hika akiho o — 2hoka skoha o + 2hoky skiho o — 4kiha ghoha o — KThS , + h3k3 ,
+ 2hoky ghaht o — 2hiky gk by o + 2hoko pkihi g + KThT , + hikT , + 2hika akohy o — 3K,

— Ahyky ghoke g — hiks . — k3hi . + 2hiky 2kaho g,

Vg = — 2k2h37$k1 — 2hyky pkihoy — 2k1hy phiko o 4 2hoko pkohy o — 2k3ha hy o + 2hoks pkiha .
+ 2koho phoki » — 2h3ko w1 & + 2kaho ghike x + 2hlkixh2 — 2h1ky ghohy oz — 2h2/€%,xh1
+ 203k pko . + 2k1h%7xk2 — 2k1hy phoki p 4 2k3hy 2ho g,

vg = — 2hokgtkahay — kih3, + 2hoky tkoha g — h3kT , 4 2hoko tkihy g + kT, — 2haky itk g
+ kThi , + k3h3, — dhikaghokyy — k3hT, + 2haky thohay + 2hako tkihay — hiK3,
— dkihy gkohoy + 2hoky k1o + 2hi kg tkohy s + h3k3

vy =2hoks tkohy s + 2h1kith2 + 2h1kg tkaho + 2k1hitk2 — 2hykokih g + 2R3k 1Koy
- 2k1h§,tk¢2 — 2h3ky ko + 2hoko tkihay + 2hoky tkohoy 4 2k3hy thay — 2k3hy thay
— 2hoky tkihi g — 2h1ky tk1hoy — 2hiky thkohyy — thk‘%thm

and

wi =(h1ky — hoka)hyy — (hoky + huika)hoy + (—h3 + h3)k1u + 2hihokoy — 3ki(h3, — h3 )
+ 6kahy thot + (3hihit — 3hohot)k1+ — (Bhahit + 3hihat)kay,

wa =(haky + hika)hi g + (hiky — hoko)how + (—h3 + h3)kage — 2hihoky g — 3ka(R3, — h3 )
— 6k1hithot + (Bhohit + 3hihoyt)ki s + (3hihiy — 3hohat)kay,

w3 =(h1k1 — hoka)higa — (hoky + hika)hozo + (=3 + h3)k1 gz + 2h1hoksge — 3k1(RT , — B3 ,)
+ 6kohi pho g + (Bhihi x — 3hoho 2)k1 o — (3hohi g + 3hiho )k 4,

wy =(hoky + hik2)higa + (hiky — hoko)hozo + (=3 + h3)ko oo — 2h1hoki go — 3ka(hT , — B3 ,)

— 6k1h1 zho o + (3hahy g + 3hiho o)k1 » + (3h1h1 & — 3haho 2 )k2 2,

o4

which are found to be associated with the system of two linear hyperbolic PDEs (3.2). These also

can be observed to be the complex split of the joint invariants (1.133).
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3.3 Applications

In this section a few examples of systems of hyperbolic equations are provided to illustrate the
invariance criteria developed.

1. A system of two hyperbolic PDEs

1 2 bl al 2
Uzt a1 — = Jur —ave + b1+~ Jug —bovg + (c1 ——+2——— | u

Y t x t tw

b

—<02—2—|—2a2>v20,
x t
1 2 b a

vtx—l-agut-i—(al—x) vt—i-bgux—l-(ln-i-t) vx+<02—;+2t2)u

b 2
—1—(01—1—1—26”—)1):0,
x

(3.30)

t tx

corresponds to a complex hyperbolic equation in two independent variables

1 2 b 2
wm—l—<a—>wt—|—<b+>wm+<c—+2a—)sz, (3.31)
x t x t  tx

where a = a; + ias is a complex constant. The following complex transformation of the dependent

variable w = (/%)W maps the complex equation (3.31) to
Wiy + aW; + bw, + cw = 0. (3.32)

Both the complex hyperbolic equations (3.31) and (3.32) are transformable to each other because

they have the same semi-invariants
h=ab—c=k. (3.33)
The system of hyperbolic equations (3.30) is transformable to the system

Uty + a1 — A2V + b1y — boUy + 1 — 20 = 0,

Uiz + a2y + a10; + botuy + 010, + cou + v = 0, (3.34)

with constant coefficient. The systems of hyperbolic equations (3.30) and (3.34) are transformable

into each other as these systems have the same semi-invariants

hi = a1by — azbs — c1 = ki,

ho = a1bs + agby — co = ks. (335)
The real transformations of the dependent variables

u=(z/t*)a, v=(x/t*)7, (3.36)
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are obtained by splitting the complex transformation of the dependent variable, used to map the
complex equations (3.31) and (3.32) into each other.

2. An uncoupled system of PDEs

Uz, 2y + 2az%uzl + 2bz1uy, + 4cziu = 0,

Vzyzy + 202702, + 202102, 4 4cz1v = 0, (3.37)
is transformable to

Uy + atuy + bug + cu = 0,

Vg + atvy + bug + cv = 0, (3.38)
via invertible transformations of the independent variables
1
2=t 2= 5(:5 —1). (3.39)

These are the invertible maps which can also reduce a complex hyperbolic equation of the form

Wy, 2y + 2022w, + 2bz1w,, + 4czyw = 0, (3.40)
with the semi-invariants
L=— L=0b2 I3=0, L=<, I;=0=1I (3.41)
Cle% ) 1 ) a ) ) .
to a simple linear form
Wi + atwy + bw, + cw = 0, (3.42)

with the following semi-invariants

L= L=bt, =0, L=, I;=0=TI (3.43)
abt a

Notice that the semi-invariants (3.41) and (3.43) are the same by means of the transformations of
the independent variables (3.39). The complex hyperbolic equation (3.40) does not only yield an

uncoupled system of the hyperbolic equations (3.37). In fact it gives a coupled system

2 2
Uz 2y + 201 27Uz — 2022705, + 2b121U, — 2022105, + 4c121u — deaz1v = 0,

Vayzy + 200230, + 201220, + 2boz1us, + 201210, + deoziu + deyziv = 0. (3.44)



This system of two hyperbolic equations can be mapped to

Uty + artup — aotvy + biug, — bovy, + c1u — cov = 0,

Ve + aotuy + artve + bzuw + bl’Ux + cou+ v = 0,

canonical form.

under the transformations (3.39) these are already used to map the base complex equation to its

3. A coupled system of two hyperbolic equations of the form

b1 bo
Uz 2o + 20122 In 21U, — 20220 In 210, + Zu22 - =

by by
Uz 2o + 2022210 210U, + 20122 In 210, + —u,, +

21 21
transforms to

Uty + artuy — astvy + biug — bovy + cyu — cov = 0,

Uz + agtuy + artvy + bQUx + bl’Um + cou+c1v = 0,

by the applications of the following change of the independent variables

21 :et, 29 = /.

These systems of hyperbolic equations are transformable into each other as these systems have

26222 2612’2
— Vg U+

o7

(3.45)

(3.46)

(3.47)

(3.48)

the same semi-invariants. The transformation of these systems under the invertible change of the

independent variables follows from the base complex hyperbolic equation

b 2cz
Wz + 200 21w, + —w,, + Z—lzw =0.

It can be transformed to another linear form

Wz + atwy + bw, + cw = 0,

under the invertible transformations (3.48). Similarly, the invertible transformations of the indepen-

dent variables (3.48) map the following system of PDEs

b1 bQ 26122 26222
Uz 2y + 201 29Uz — 20229V + —Uzy — — Vs, U — v=0,
Z1 Z1 Z1 Z1
b2 b1 26222 26122
Uz, 2o T 20220Uz + 2012005 + —Uzy + —Vzy + p; u + " v =0,
1 1

(3.49)

(3.50)

(3.51)
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to

Uty + a1y — agvy + bruy — bavg + c1u — cav = 0,

Vg + Qouz + a1v¢ + boug + bivg + cou + cjv = 0. (3.52)
4. Consider an uncoupled system of two hyperbolic type PDEs

A
91tz + 5(91,7: +g12) =0,

A
g2tz + 5(92,1‘, +g2.2) =0, (3.53)
for which h1 = k1 = ’\4—2, and hy = ko = 0. This implies that
Ji=1, Jo=---=J=0. (3.54)

The system (3.53) is transformable to another system with the same invariants as given in (3.54)

where h; = k1 = —1, ho = kg = 0. The transformed system reads as

fl,zlz2 + fl = 07

Jo,z120 + fo = 0. (3.55)

The correspondence between the systems (3.53) and (3.55) is established by

A A At + Ax At + Az
21 =<t, z=—-x, fi=giexp( ), f2 = gaexp( )- (3.56)
2 2 2 2
These transformations are obtainable from
A A PY DY
21 = §t, =g, W= uexp( —; x), (3.57)

by w = f1 +ifs and u = g1 + ig2. The complex transformations map the complex scalar PDE

A
W zyz0 + 5(11]’21 + w,z2) =0, (3'58>

with h =k = /\TQ and p = 1, to an equation
Utz +u =0, (3.59)

for which h = k = —1 and p = 1. Notice that the substitution A = A1 4 iAo, in the equation (3.58)
results in a coupled system of two hyperbolic PDEs but it can not be transformed by the complex

method. The reason is the complex transformations (3.57) where the two independent variables split
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into four. Therefore, the complex procedure fails for that case.

5. The complex transformations of the form

1
=, 29 = 2, w:g, (3.60)
map the following Lie canonical form
Wzyzp T Oézgw,@ + 2w =0, (3.61)
to
1 ax? 1
Ute = —Ut — —5 Uz + t—Q(a:z: —2)u =0. (3.62)

The invariant quantities associated with both the scalar Lie canonical form and the hyperbolic
equations are h = —1, k = 2az — 1, p = 2(1 — ax) and h = 2/t?, k = w, p=1-az,
respectively. Inserting u = g1 + ig2 in the equation (3.62) while keeping « a real constant yields an

uncoupled system of two PDEs

1 ax? ar — 2

Jlte — ;gl,t - tTgl,x + t72gl =0,
1 ar? oaxr — 2
92tz — 592,15 - tTED,x + t7292 =0. (3.63)

The system (3.63) is transformable to another system of the form

f1,21z2 + a$2f1,z2 + 2f1 = 07

f2,2120 + Oz:L‘2f2,22 +2f2 =0, (3.64)
under a change of the dependent and independent variables

1
2z = —
=5

g1
, R9 = 21’, f1 = ;, f2 = —. (3.65)
These transformations are the real and imaginary parts of the complex transformations (3.60) and the
transformed system is obtained by splitting the Lie canonical form (3.61) into the real and imaginary
parts. The invariance criteria that ensure such a transformation of the system are satisfied. These

quantities for both the systems (3.63) and (3.64) are

2 2(1 — ax) -1
hi ==, ki=——F5—>, ho=0=k = — 3.66
1 1 2 , N2 2, D ot —1 ( )
and

1
1—ax

h1 = —2, /{?1 = 2(0433 — 1), hg =0= kg, p = s (3.67)
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respectively.

A coupled system

1 aq 2 a2 ol — 2 agr
Gite = g1t = —g Glat —g et — 5 01— 5 92=0,
1 ox? o x? T oagr — 2
Gote = 02t~ —g Yla— g Pat gt 502 = 0, (3.68)
with the invariants
2 2(1 — aqx) —2a0x
o= k= St e =0, k= =
1—oqx T
Ji = ! Jy = 2 (3.69)

(1 - a2)? + a3a?’ (1—az)? + ada?’

is obtainable from the complex scalar PDE (3.62) when « is also complex, i.e., a = a; + ias.

Employing the transformations (3.65) on (3.68) one arrives at a coupled system

2 2
2120 + 1T f1 2 — 22" fo o, +2f1 =0,

fozrzs + 0022 f1 L, + @12 fo ., + 2f2 = 0, (3.70)

which is the real analogue of the complex transformed equation (3.61) and satisfies the invariance

criteria, where

hl = —2, kl = 2(0(11) - 1), h2 = 0, kQ = 20[2%,
1—o1x Q9T

J1 = Jo = .

! 2 (1— a12)? + aa?

= 3.71
(1—a12)? + aa?’ (3.71)

Semi-invariants of a special class of systems of two hyperbolic PDEs were derived here using real
and complex methods developed for such systems of equations. Both the procedures are adopted to
find the semi-invariants of the system of two hyperbolic equations that is obtainable from a complex
hyperbolic PDE. Semi-invariants associated with the invertible change of the dependent and of the
independent variables are deduced by both the real and complex methods. It is shown that same
invariant quantities for the system of hyperbolic PDEs appear due to complex and real procedures,
in the case of transformations of only the dependent variables. However, the semi-invariants of
this system obtained by real symmetry analysis are different from those provided by the complex

procedure.



Chapter 4

Symmetry Classification and Joint

Differential Invariants for Scalar Linear

Elliptic PDEs

Lie showed the successful use of symmetries in the study of integration of DEs and gave a complete
classification of second order ODEs. For Lie the central problem in the theory of transformation
groups was the classification problem, the problem of determining, up to similarity, all transformation
groups of both point and contact transformations in n dimensions. However Lie’s success in dealing
with the group classification problem was not as great as he had initially hoped. As for the problem
for arbitrary n, he expressed the view [62] that it would probably never be resolved. He succeeded
in completely classifying all Lie groups in one and two dimensions [59]. Further, in his third volume
of his treatise on transformation groups 62|, Lie claimed to have completed the three dimensional
classification. Later, in 1881, he further discussed in detail the symmetry structure of general scalar

linear second order PDEs of the form
AWy + 2bWy + cWyy + dwy + ewy + fw = g, (4.1)

where a,b,c,d, e, f and ¢ are given C? functions of 2 and y. He obtained seven canonical forms
according to their point symmetries and types of equations. Of these, four belongs to the hyperbolic
class and three to the parabolic class. In 1773, two semi-invariants had been derived by Laplace [57]
in his fundamental memoir on the integration of linear PDEs, known as the Laplace invariants, for
the linear hyperbolic PDEs. In 1900, for the linear elliptic PDEs Cotton [27] constructed the semi-

invariants, named after him. The Laplace and the Cotton invariants remain conserved under the
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linear changes of the dependent variables which respectively map the linear hyperbolic and elliptic
equations into themselves. Linear hyperbolic and elliptic PDEs and Laplace and Cotton invariants
can be transformed into each other by the application of linear complex transformations of the
independent variables [29,55]. In 1990, Ovsiannikov [86] used the Laplace invariants in the group
classification of the hyperbolic equation by writing the determining equations for symmetries of the
hyperbolic equation in terms of these invariants.

It is well known that the set of all equivalence transformations of (1.98) is an infinite group which

comprises of the linear transformations of the dependent variable
u=o(t,z)u, o(t,z)#0, (4.2)
and invertible changes of the independent variables of the form

{: QZS(ZL/,JZ‘), T = ¢(t7$)7 ¢t = wcca (;Sx = _wtv (43>

where ¢(t, z),1(t,z) and o(t,x) are arbitrary nonzero functions and @,t and Z are new dependent
and independent variables respectively.

In the first section of this chapter The equations for the classification of symmetries of the scalar
linear elliptic PDE in two independent variables are obtained by in terms of Cotton’s invariants.
New joint differential invariants of the scalar linear elliptic PDEs in two independent variables
are derived in terms of Cotton’s invariants by application of the infinitesimal method. Here joint
differential invariants of the scalar linear elliptic equation are derived from the basis of the joint
differential invariants of the scalar linear hyperbolic equation under the application of the complex
linear transformation. We also find a basis of joint differential invariants for such equations by
utilization of the operators of invariant differentiation. The other invariants are functions of the

basis elements and their invariant derivatives. Examples are given to illustrate our method.

4.1 Symmetry classification

In this section, we obtain the symmetry classification of second order scalar linear elliptic PDEs of
two independent variables, F/, via Cotton’s invariants.
Let

0 0 0
ngl(tamau)a ‘1‘52(75,%“)%‘1‘77(@%“)%, (44)
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be the symmetry operator admitted by the equation (1.25) with ¢!, £2? and 7 are unknown functions

to be found. Then the symmetry condition for (1.25) is
x [ (utt + Uga + aug + bug + cu)|(g) = 0, (4.5)

where X denotes the prolongation of the operator (4.4) to the second-order derivatives:

0 0 0 0 0 0

0
2] — 1 2 2= - -
X §8t+§ 8$+nau+@aw+§x8ux+§tt —l—Cmaum.

8utt

From (4.5), we have the determining equation

Cot + Caw + alt + (@€ 4 )y + b + (D€' + b2 uy
+en + (et + ep&®)u =0, (4.6)

evaluated on the elliptic equation.

The coefficient functions (;, (, (¢ and (., are well-known and given in expanded form by

Goo= me+ nuur — (§ +w ur — (6 + wél)ua,

G = Mo+ Mutte — (& + wel)ur — (€ + upll)ua,

Gt = M+ 2uThu + Ul + Ui — 2undl — wly — 2uié,
—Buguny, — Ui, — 2 — uatly — Qs

—(ugttgy + 2ugtir)E2 — ulu €,

Coz = MNzx + 2UpNey + UgzNy + u?gnuu - 2“95386;% - ua:é?m - 2”920§§u
_3UJIUSL‘$§12L - uifgu - 2utx§glc - Uté&;m - 2utuﬂc§31w
—(Uptzy + QUxUtx)fi - utuiﬁiu (4.7)

The insertion of equations (4.7) into (4.6), the replacement of u,, by —(uy + aug + bu, + cu) and the

separation of terms with ws;, ug, uf, ug, U and the remaining terms, result in the following equations:

fl = gl(ta 33’), §2 = £2(t¢$)7

‘5:}: = _51527 gtl = é.ga n= a(t,x)u + ﬁ(ta I’), (48)
2 otag 4060 = ~HE, (20 +ag’ +be?) = HE" (4.9)
O ety O oy O ety . O ooy

O ety + Lmen =0, e+ ke o, (4.10)

where « is a function of ¢ and x, and [ satisfy the elliptic equation and H and K are the Laplace

invariants.
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The above first set of equations reveals that ¢! and ¢2 depend on t, 2 and equations (4.8) show
the relationships between them. Equations (4.9) define the function o once ¢!, ¢? are found. The
compatibility condition of these equations follows from (4.10). The function « is uniquely defined
by (4.9) up to a constant term. As a consequence of equations (4.10), the general solution of the

determining equations and the results of group classification follow.

4.2 Joint differential invariants

In this section, we obtain joint differential invariants of the elliptic equation in terms of Cotton’s
invariants via the infinitesimal method.

We firstly write the operator X in the form

B d o
X = 51 +£2—+<t +<x +<tta + Can g —
Utt Uy

- a+ 2+ a
Hoa ™ ap T “oc

where ¢! = ¢1(t,z,u), €% = &%(t,x,u) and p,v and w are functions of t,x,a,b,c. This enables us
to determine the infinitesimals in ¢, x,a,b and c. If one follows the same way as in Section 4.1, one

arrives at the equations
& =gt ) = p(t,x), € =E4tx) = q(t,x),

Pt =0quy Dz=—q, p=0bpy—ap, v=—(aps+0bp), w=—2cp, (4.11)

where p(t,z) and ¢(¢,z) are related by the first two equations of (4.11).
Our aim in the next step is to find the generator in the space of the Cotton invariants. To this

end, we next look for a projected generator of the form

0 0 0 0 0
X = p(te )at +q(t, 1’)8 (bpz_apt)%_(apx"i‘bpt)% _QCPt&
0 0

Ty, e

9
thtg,, T He g

where p¢, pz, 4 and v, are found by using the total differentiations with respect to t and =

Do = 2l vanl vl 0l b b Ly
LT ot a0 T "8a, T " da, Yap " "on, T ob,

0 0. 9 00 D0
“ Hay b b, | by

AT (4.12)



and equations (4.11). That is,
pe = Di(p) — arDi(€") — axDy(€7),
= pi(—2ay) + pr(ay + b) + pu(—a) + pa(b).
In a similar fashion, one can find
He = pt(_zacz:) +px(bx - at) + ptx(_a) +sz(b),
v = pe(—2b) + pr(by — ar) + pu(—b) + pra(—a),

Vg = pt(_be) +p:z:(_aa: - bt) +ptx(_b) +pa::13(_a)-
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Then, we find the action of X on H and K (assuming that both H and K are nonzero) and seek

an infinitesimal generator in the space of the Cotton invariants (1.23) K and H. This gives us the

generator
0 0
The invariance test XJ = 0 for the invariants J(H, K) is
oJ oJ
H—+K—=
o T ox =0

from the solution of which one easily finds the first-order joint differential invariant
K

We obtain the second-order differential invariants, i.e., the invariants of the form
J(H,Hy, Hy; K, Ky, K,), by prolongation of the generator (4.13) to first-order:

0 0 0 0 0

X=wmg *vor Trogg, T e Yk, TV aK,
€T €T

where = —2Hp, and v = —2Kp;. Also

pe = Diy(=2Hp) — HiDy(p) — HyDi(q),

= pi(=3H;) + pz(Hy) + pu(—2H)

are calculated by utilization of the total differentiations with respect to ¢t and x, viz.

0 0 0 0 0 0
Dt - a_}_HtaiH—i_HttaHt—’_HtxaHx—i_+Kt87K+Ktt87I{t
0
+Ktx87KI+'”a
0 0 0 0 0 0
= — I N H., — K, — __
Do = g+ Hogp + Hugpe + Heaggr o Koo + R
0
+Kpyy——+ -

0K,

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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The following are calculated in a similar manner. We have

po = pi(—=3Hz) + pe(—Hy) + pra(—2H),
v = p(—3K:) 4 pe(Ky) + pu(—2K),

Vg = pt<_3Km) +px(_Kt) +ptz(_2K)~
Thus, the once-extended generator of (4.13) is

p(=3H:) + pa () + pul—2H)] 5
0

O0H,

0

+[pt(—3Ky) + pa(Kz) + pu(— QK)]aKt
0

0K,

0 0
X = pi(=2H) o +pe(—2K) 7= +

+[pe(—=3Hz) + po(—Hi) + pro(—2H)]

+pe(—3Kz) + pz(—Ki) + pra(—2K)]

The equation XJ(H, Hy, Hy; K, K, K;) = 0, upon equating to zero the coefficients of the terms

Ptt, Pz, P and pg, provides the following system of four equations:

a7 a7 9J aJ
H _ Ki — H K ==
om, " Rark, =0 Hag Thak, =0
a7 a7 a7 a7
% g 00 g, 9y,
o, Hvam, Thegr, ~ g, =0
a7 a7 aJ a7 a7 aJ
2H i + 2 o+ 3Hye 4 3 + 3K 4 3K, 5 = 0. (4.18)

The solution of the system (4.18) provides two functionally independent solutions, viz. Jl1 and the

second-order joint differential invariant

1 1

Ty = 475 (HK; — KH,)*> + (HK, — KH,)?]. (4.19)

That is J = J(J1, J3).

We shall now consider the third-order joint differential invariants of the form
J = J(H7 Ht7 Hx» Httv Htx) Hmca Kv Kt) Kxa Ktt7 Ktxa K:L‘:E)7

for the twice-extended generator of (4.13)

X = pgztv + 0 + Y 0 + it 0 + Ltz 0 + Uox 0
OH 0K 0H; 0H, O0Hy O0Hy, 0H
0 0 0 0
ok, Tk, Tk, T ok, T oK,
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where

e = pi(—4Hu) + px(2Hiz) + pt(—5Hy) + peo(Hy) + pee(—2H),

e = pi(—4Hy) + pe(Hyw — Hy) + pu(—3Hy) + pra(—3Hy) + pra(—2H),
Yoy = —4H:mc) +px(_2Htx) +ptt(Ht> +ptﬂc(_5HI) + pttt(2H)7

(
(
(
vie = pi(—4Ku) + pu(2Kiz) + pit(—5K:) + pro(Kz) + pee(—2K),
(
(

3

t

Vg = pi(—4Kiz) + po(Kpw — Kit) + pit(—3K5) + pra(—3Kt) + pra(—2k),

Vew = Di(—4Kpe) + 0o(—2Ka) + pu(Ky) + pra(—5Ky) + put(2K),

are calculated in a similar fashion as before.
Upon equating to zero the coefficients of the terms pito., pit, Pit, Pez, P and py of the equation

XJ(H,Hy,Hy, Hyy, Hiyy Hyoy K, Ky, Koy Kty Kooy Kipi) = 0 yields the system of linear PDEs

Hailix - Kaiéx =0
Haifit B Ha?—ix - Kaifit B Kaiéx =0,
2H§]i +2K88I‘(] 5Htai{“; +3H, 8(3’}; - Hta?{‘; +5Kt£ét
RPN

aii n 2K£i H, a%t 3Ht(£}; + 5Hx(£{‘; _ maiét
+ 3K, 63;; + 5Kz£(‘; — 0, (4.20)
H, ;I}]t — Hy 681;95 + K, aa[;.]t - Ky aaf;.] + 2Hy, OaHJtt + (Hyy — Htt)ai}]m
— 2H,, a?{‘; + 2Ky, aaKJtt + (Kpe — Kit) 8%3: 2Km£{; =0,
ZH% + QK% + 3Ht§;t +3H, 801;[] +3Kt§;t 43K, aaf(]
+4Hy 66HJtt + 4H;, ai}]m +4H,, 8%1 + 4Ky (j}ét + 4Ky, a(z'(]m
AR <

The solution of (4.20) gives rise to six functionally independent quantities, i.e. we have
J=J(J}, 3, J3, J2, T3, JF), where
J3 = H®[{2H(HK;, — KHy,) — 3H,(HK, — KH,) — 3H,(HK; — K H;)}?
—{2H(HKy — KHy) — 5H(HK, — KH;) + H,(HK, — KH,}

x{2H(HK,, — KH,,) — 5H,(HK, — KH,) + H/(HK; — KH,}|,
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J? = H°(C}+ D?)72[KDs(C? — D}) —2KCDy(KD3 — H*Dy + KDy

—(C} + DY))PIK?DE + (KD3 — H? Dz + K°Dy — (C} + D7))?] 1,

1 1
Jy = E(Ktt + Kyp) — ﬁ(KtQ + K2),
1 1
J = m(Htt + Hya) — ﬁ(HtQ + H?). (4.21)

and

Ci = HK;— KHy,

D, = HK,— KH,,

Dy = K(Ky+ Ku) — Kf — K2,

D3 = 2H(HKy; — KHy) - 5H,(HK; — KH;) + Hy(HK, — KH,),
Dy = H(Hy+ Hy,)— Hf — HZ,

Ds = 2H(HK, — KHy,) —3H,(HK, — KH,) — 3H,(HK, — KH,).

What happens if one or both of H and K are zero? The simplest situation is when H = K = 0. In
this case the elliptic PDE reduces to the Laplace equation via just the linear change of dependent
variable (examples are given in Section 4.5). If H = 0 and K nonzero, then (4.20) reduces to a
system with K terms only, i.e. one merely sets the Hs zero in the coefficients of the relevant partial
derivatives. The solution of the resultant system in K is then J3. Thus in this case we have H = 0
and J3. Likewise, if K = 0 and H nonzero, one has Jj. Examples of these are also given in Section
4.5.

We now use finite equivalence transformations of the elliptic PDE to find the transformation
formulas and to also verify that the quantities Ji,J3, J?}, Jg , Jg, ng are indeed invariants.

By use of the rules of total derivatives we obtain

Dy = ¢: Dy + 1Dz = ¢+ Dy — ¢ D3,

Dy = ¢ D + 2Dz = ¢2 Dy + ¢+ Dz (4.22)
From (4.22), we get

—5——5(0Dz — ¢ Dy). (4.23)
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The actions of (4.23) on (4.2) give

up = M[gf)t(atu—}-aut) +¢x(axu+0ux)]a
Uy = M[gﬁt(%u + ouy) — ¢ (opu + ouy)). (4.24)

In a similar manner, we can find formulae for @z and @zz. Insertion of (4.24) and g, uzz into the

equation

results

Wr*%m+@@—5%+ﬂﬁdm+(M%+&m+2@0%
g o
(24 ZEE a7+ 02) + (a0 — bo) 2+ (a0 + b)) Ju =0, (4.25)

From (4.25), we get that

a = M (a=22)60+ (b - 22,
b= 020 - @-22)al.
azzﬁiﬁ}—?—ﬁﬁmﬁ+ié-?—%ﬂ (4.26)
One can show by routine computations that
(0f +o3)H = H, (¢} +¢1)K =K. (4.27)

by use of the equations (4.23) and (4.26). Hence, from equations (4.27) and its consequences, we
deduce that
Ji=J1, Joa=Jy, Jy=J3, J5=J3 J3=J3, J3=Js, (4.28)

which verifies that Jll, le, J%, Jg?, Jg’, Jg‘f are indeed invariants as obtained using the infinitesmial
approach. The argument here, though tedious, is the same as that for the hyperbolic equations

given in Johnpillai and Mahomed [53] and Johnpillai et al. [54].

4.3 Joint differential invariants obtained from invariants of the hy-

perbolic equation

In this section the joint differential invariants for the scalar linear elliptic equation are derived from

the joint differential invariants of the hyperbolic equation.
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For the linear hyperbolic equation the basis of the joint differential invariants are given in [53,54]

as follows,

k
po= 4,
_ @0.1h)
q = h ’
1
1
J§ = g (hks — kha)* (hkhis — h*ke — 3KD{ + 3hhiky)
1
= g (k= Khe)? (Rhss — Bhos — 3603 + Bhhsks) 429

By the application of the inverse the transformations (1.104), the joint differential invariants (4.29)

are to transformed to the joint differential invariants of the scalar linear elliptic equations as follows,

H,y

Hy

Hj

Hy

Hs

Hg

K2_H2
(K2 + H?)
_2HK
(K2 + H?)’
@22)3[(1{4 — KY Ky + (—2H3K — 2HK?®) Hy, + {(3H3K—K3)H$
—HE,(H? - 3K2)  H, — K {(H? = 3K H)H, + 3H*K - K*)K, }],
(KQEHQ)s[(H‘l—K‘l) Hyy + (2H?K +2HK?) Ktx+{(—H3+3K2H) i,
+(-3H’K + K°) Kx}Ht + Kt{ (=3H2K + K%) H, + HK, (H? — 3K?) H
(-H21_6[(2)3K (K2 _ 3H2) (KKtz +HHt:c —Kth — HtHx)7
(}_{2—]’-_6]:(2)3[( (3K2 _H2) (KKtx‘i‘HHtx —Kth _HtHx)y

_ 2 _
512 (HK;C ([[(if-—[:)]{g.)[gHt HKt) [8 (KlOH—6K8H3+6K4H7—H9K2) Htt

+8 (6K7H4 ~K°H? + KH' — 6K3H8>Ktt n 3{ ( _ 9K HS® + 84K3HS — 126 K5 H?

+36KTH — K°) Hy + HE; (3K + H2) (=3K° + 27K H? — 33K2H" + H°) }|
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2
g, — °\2(HK, - KHy) (KH, — HK) [( ~ KHY — 42KTH* — 42K5H + 27K H?
) (K? + H?)°

FOTK3HS — K”)Htt i (42K4H7 _97THOK? — 27KSH® + K'9H + !

+42K6H5)Ktt . 3{ (QKSH +126K4H® — 36K2HT + HY — 84K6H3) H,
VKK(3H? — K?) (33K4H2 ~KS_9TK2H* ¢ 3H6) H ,
2
512(HKt - KHt> (KHx _ HKx>
Hy — [8 <6K4H7 —6K%H® — HOK? + K10H> H,,
(12 + K2)

+8 (KHlO Y 6KTHY — KOH? — 6K3H8> Koo+ 3{ (84K3H6 —OKH® — 126K H*

+36KTH? — K9) H, + HEK, (H2 - 3K2> (27K4H2 — 3K% — 33K%H* + H6> H
2
512(HKt _ KHt) (KHx _ HKx)
Hypo = [(27K9H2 —42KTH* — 42K°H® + 27K3 H®
(12 + K2)

~KH" = K" ) Hyo + (2K H + 42K°H° — 2THK? + K'°H — 27K H?

~|—H11)Km _ 3{ <9K8H _ 84KSH® + 126 K1H® — 36 K2H® — 36 K2H"

+H9)Hx T KK, (3H2 - KQ) (33K4H2 ~KS _oTK2H* 4 3H6) H (4.30)

These are the joint differential invariants for the elliptic equation and are obtained from the basis
of joint differential invariants of the hyperbolic equations. These joint differential invariants do not

form a basis of the elliptic equations.

4.4 Invariant differentiation

In this section, we derive the operators of invariant differentiation to find a basis of invariants and
the invariants of higher orders for the scalar linear elliptic PDEs.
We define the operator D by
D = ADy + kD,

where A, k are differential functions of H, K and their derivatives and Dy, D, are given by (4.17).

From the first prolongation of (4.13), viz. (4.16), and the invariant differentiation operator
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X = X 4 D(£'0y + £20,) (see Ovsiannikov [85]), we find that
- 0 0 0

X = pt(—QH)aTLI +Pt(—2K)87K + [pe(=3Hy) + po(Hz) +ptt(_2H)]87£[t
0

+[pt(_3Hac) +pac(_Ht) +ptw(_2H)]aH

0

+pe(=3Ky) + pa(Kz) + ptt(_QK)]TKt

+[pt(_3Kw) + pac(_Kt) + ptm<_2K)]

0
+(Apt + Kpg) (kpt — A\pz)

- + _

oA ok

Since the function p(t, x) is arbitrary, there is no relation between its derivatives. Upon equating to
zero of the coefficients of the terms py, prz, pr and p, in the equation

XJ(H, Hy, Hy; K, Ky, K3 A\ k) = 0, the following system of four PDEs results

Hwé?l;f]t _Htaal;I]m —l—Kgcaa‘;{]t —Ktaaf;,]x —l-/ig:(—)\gi =0, s
QHSI{I + 2K§fi’ + ?’Htgli + 3Hx;}ir + 3Kt§fig + 3Kwaali
— )\% — Hg—i =0.
The solution of the system of PDEs (4.31) gives J = J(J{, J3,c1, c2), where Ji, J3 and
o = mls(HK, ~ KH,) + A(HEK, - KH),
o = %[ﬁ(m{t _ KH) - NHK, — KH,)| (4.32)

are solutions of (4.31). From (4.32), we get

HZ[Cl(HKt - KHt) — C2(HK33 - KH&U)]
(HK; — KHy)? + (HK, — KH,)?]

4.33
H?[ci1(HK, — KH,) + co(HK; — K Hy)] -
(HK; — KHy)? + (HK, — KH,)?]

K =

Then the choices of (¢1,¢2) as (1,0) or (0,1) give two independent operators of invariant differenti-

ation
% _ H2(HK, — KH,)D, + (HK, — K H;) D]
= (HK, — KH,)? + (HK, — KH,)?]
(4.34)
% H2(HK; — KHy)D, — (HK, — KH,)D]
2 pr—

(HK; — KHy)?+ (HK, — KH,)?
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If we utilize the first operator of invariant differentiation X; on Ji, we obtain X;(J}) = 1. Likewise,

Xy (J1) = 0. Hence, a basis of joint differential invariants of (1.24) is
{1, 03,03, 5, J5, J3}. (4.35)

As a consequence of the preceding results, we can state the following theorems. These theorems
exclude the case when both H and K are zero. In this case the elliptic PDE is reducible to Laplace’s

equation via a linear change of the dependent variable.

Theorem 4.4.1. The joint differential invariants (4.35) of (1.98) defined by (4.15), (4.19) and
(4.21) provide a complete set of joint invariants of (1.98) if H and K are nonzero. The other joint
invariants are functions of the basis of invariants (4.35) and their invariant derivatives. If H = 0

(K =0) and K (H) is nonzero, we have one basis element given by J3 (J3).

Theorem 4.4.2. Two elliptic PDEs of the form (4.2) are locally equivalent via the invertible trans-
formations (4.2) and (4.3) if and only if their joint invariants and invariant equations where appli-

cable remain unchanged under the said transformations.

4.5 Examples

The first few examples are about the use of Cotton’s semi-invariants. Note that two linear elliptic
PDEs are locally equivalent to each other under linear homogeneous transformations of the depen-
dent variable only if and only if their Cotton semi-invariants H and K remain invariant under the
said transformations. A transformation @ = o(t,z)u which maps the respective elliptic PDEs to
each other is constructed from o;/c = (a — a)/2, 0./0 = (b—b)/2.

1. The constant coefficient elliptic PDE

1
Ut + Ugz + aug + bug + Z(CLQ + b2)u =0,

has H = K = 0 and is reducible to the Laplace PDE

Uy + Ugy = 0; (436)

by means of the linear transformation @ = wexp(at/2 + bx/2). Equation (4.36) has the same values

H = K = 0 of the semi-invariants H and K.
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2. The variable coefficient elliptic equation

1 9 N,
utt+um—|—xut+tuw+4(t + x°)u =0,

possesses H = K = 0 and is reducible to the Laplace PDE (4.36) via 4 = uexp(tz/2).

3. The PDE

1
Ut + Ugy + TUp + 22Uy + (1m4 + z)u =0,

has H = 1 and K = 2?/2 and it transforms, via 4 = uexp(z3/6), to the simpler equation iy +
Uge + 2ty = 0 which has H =1 and K = 22/2.

We now illustrate local equivalence by joint invariants.

4. The elliptic equation
Utt + Ugg + c(t, x)u =0, (4.37)

can be mapped to

U + Uzz + 5(7, a_c)u =0, (4.38)
where ¢ = ¢/(¢? + ¢2), under a change of independent variables (4.3) provided H = H = 0 and
J3 = J3. As a concrete example, the PDE (4.37) with ¢ = t2 + 22 reduces to the constant coefficient
equation (4.38) with ¢ = 1 under = t?/2 — 22/2, & = tx. The invariants are H = H = 0 and
=T =0
5. The constant coefficient PDE

Uy + Uz + @ty + buy + cu =0,

where ¢ # (a? + b%)/4, possesses H = 0 and K = const # 0 and maps to

aﬁ+ﬂjj+6a:0, €::|:1,

_ -K -K 1
t=\/—-—2, T=———t u=uexp;(at+br)u, K #0,
2¢ 2e 2

where K and e have opposite signs. Here the invariants are H = H = 0 and Jg = jg’ = 0.

under
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6. Finally consider

1 1 3
Ut + Ugy — tuy — 2tuy, + (tz — 5352 -3 + ZtQ)u =0.

This PDE has H = 2, K = (z — t)? and can be reduced to the simpler form

via

t=t+z, T=uz-t, a:uexp(—gt:c— —z%).
Indeed, the six invariants agree, i.e. Ji = J} = (x —1)?/2, J3 = J} = (z —t)?, J3 = J} =0,
J2— J2=0,J = JF = —4/K? and JA = J — 0.

Here we have provided the symmetry classification for the elliptic PDE (1.98) in terms of the
Cotton invariants. The application of the infinitesimal method have resulted in new joint differen-
tial invariants which are in terms of Cotton’s invariants. It has been shown via the operators of
invariant differentiation that there are six elements of joint invariants which constitute a basis of
joint differential invariants for the elliptic PDEs.

An alternate approach to find joint differential invariants for the elliptic equation is by using
joint invariants of the hyperbolic PDE. Then one can obtain joint invariants for the elliptic PDEs
with the aid of application of the rules of derivatives on the complex transformations and the joint
invariants of the hyperbolic PDEs. From the transformed hyperbolic PDE, one can obtain the
Laplace invariants in complex form by use of the rules of derivatives. The real and imaginary parts
will give Cotton’s invariants for the elliptic PDEs. This is easy enough. However, if one proceeds in
a similar manner for the five basic invariants of the hyperbolic PDEs one will, in general, get five
joint differential invariants in complex form. That is, in general, ten invariants from the real and
imaginary parts. It becomes difficult to identify which are elements of the basis of joint differential

invariants for the elliptic PDEs. The infinitesimal approach used here avoids this difficulty.



Chapter 5

Cotton-type and Joint Invariants for

Linear Elliptic Systems

A complex scalar ODE/PDE provides a system of two real ODEs/PDEs by splitting the complex
base equation into real and imaginary parts using CSA. Similarly a system of two elliptic PDEs
is obtained from a scalar complex linear elliptic PDE. The system of elliptic PDEs obtained from
complex elliptic PDE is a subsystem of the general system of two elliptic PDEs as the former has fewer
arbitrary coefficients. For the scalar linear hyperbolic and elliptic PDEs the semi-invariant under the
linear change of the dependent variables are known as the Laplace’ invariants and Cotton’ invariants.
Similar invariants for the system of hyperbolic and elliptic PDEs are called the Laplace-type and
Cotton-type invariants. Here Cotton-type invariants for a system of two linear elliptic equations,
obtainable from a complex base linear elliptic equation, are derived by split of the corresponding
complex Cotton invariants of the base complex equation and from the Laplace-type invariants of
the system of linear hyperbolic equations equivalent to the system of linear elliptic equations via
linear complex transformations of the independent variables. It is shown that Cotton-type invariants
derived from these two approaches are identical. Furthermore, Cotton-type and joint invariants for
a general system of two linear elliptic equations are also obtained from the Laplace-type and joint
invariants for a system of two linear hyperbolic equations equivalent to the system of linear elliptic

equations by complex changes of the independent variables.
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5.1 Cotton-type invariants for a subclass

In this section, Cotton-type invariants for a subsystem of two linear elliptic equations are first ob-
tained from a complex scalar linear elliptic equation by splitting the complex Cotton invariants of
the base complex equation into real and imaginary parts. Then for such a system, we determine
invariants from the Laplace-type invariants for the equivalent system of two linear hyperbolic equa-
tions. This is achieved by performing complex splits of the Laplace-type invariants. It is concluded,
as a proposition, that the Cotton-type invariants are the same for both the approaches.

The subsystem of two elliptic equations

Upe + Uyy + Q1Uz — 2V + Pruy — Bovy + 1w — v = 0,

Vze + Vyy + Q2uy + @1V + Bouy + Brvy + veu+y1v = 0, (5.1)
is obtained by spliting the complex linear elliptic equation
Wag + Wyy + aWg + bwy + cw = 0, (5.2)

where

a=a;tiag,b=01+i02, c=v + iy, w=u-+iv. (5.3)

The Cotton invariants, corresponding to the complex elliptic equation (5.2), are (1.103) which split

into the four invariants

p = oy — Big,

po = oy — Bag,

Hi = an+ iyt (03 +5) - 503+ 5) - 2,

Hy = ooz + Boy + aran + B152 — 272. (5.4)

These are precisely the Cotton-type invariants for the linear elliptic system (5.1). The simplest case
is when the semi-invariants (5.4) are zero. In this case the elliptic PDE system (5.1) reduces to the
Laplace system by linear transformation of the dependent variables. This is similar to the scalar
linear elliptic PDE case.

Now for the system of elliptic equations (5.1), we derive the Cotton-type invariants by trans-
forming the system of equations to the corresponding linear hyperbolic equations and then using the

inverse transformations of the independent variables to convert the Laplace-type invariants to the
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Cotton-type invariants. By means of the transformations (1.104), the system of elliptic equations

(5.1) can be mapped to the system of two linear hyperbolic type equations

Uy + Arup — Aoy + Biuy, — Bov, + Ciu— Cov = 0,

vtz + Aouy + A1vy + Bou, + Biv, + Cou+ Civ = 0, (5.5)
where
A = ar+iB), Bi= (a1 — i), C1 = -
1 = 4a1 1o1), 1_4a1 101), 1—471
1 . 1 . 1
Ay = 1(042—1—152), BQZZ(QQ—Z@), 02:172 (5.6)

The system of hyperbolic equations (5.5) has four Laplace-type invariants [79|

hi = Au+ A1By — AyAy — (C,
ha = Ay + A1By+ AsBy — Ch,
ki = B+ A1By —AyBy — (1,

ko = By, + A1By+ AsBy — (Cs. (5.7)

Now by the application of the transformations (1.104) and complex splits, the Laplace-type invariants
(5.7) become the Cotton-type invariants (5.4). We therefore conclude with the following result.
Proposition 1.

For a class of a system of two linear elliptic equations (5.1) obtained from a complex base lin-
ear elliptic equation (5.2) or equivalent to a subsystem of two linear hyperbolic equations (5.5) by
complex linear transformations of the independent variables (1.104), Cotton-type invariants either
constructed by splitting of the complex Cotton invariants (1.103) of the complex base elliptic equa-
tion into real and imaginary parts or those computed by splitting the Laplace-type invariants (5.7)

of the system of linear hyperbolic equations are identical to (5.4).

5.2 Cotton-type and joint invariants in general

In this section, Cotton-type and joint invariants for a general system of two linear elliptic equations

are obtained. A general system of two linear elliptic equations is

Upg + Uyy + A1Uz + A2V; + b1y + bovy +cru+cov = 0,

Uge + Uyy + a3Uy + a4V + b3uy + bavy + c3u+cgv = 0, (5.8)
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By means of the complex transformations of the independent variables (1.104), this system (5.8) is

transformed into the system of two linear hyperbolic equations

ug, + Arug + Agvg + Biu, + Bav, + Cru+ Cov = 0,
vy + Asug + Agvy + Bau, + Bav, + Cau+Cyv = 0, (5.9)
where
1 . 1 . 1
A = Z(al +iby), B = Z(al —ib1), Cy = 1
Ay = (ag+ibs), By = ~(as—iby), Cp—
2 = 4a2 102), 2—4a2 1b3), 2—462,
1 . 1 . 1
A3 = Z(ag—i-lag), Bg = 1(&3 —Zbg), Cg = 103,
1 . 1 . 1
Ay = Z(a4 —|—zb4), By = Z(a4 — 154), Cy = 104- (5-1())

This system of linear hyperbolic equations (5.9) has five semi-invariants [99] under the linear change

of dependent variables. They are [99]

I = k1 + kg, 1o = ks + ks,
I3 = k1ky — koks, Iy = ksks — kekr,

Is = k1ks + kok7 + kskg + kaks. (5.11)
where

ki = A1By+ AsBa + Ay — (1,
ke = A1Bs+ A3By+ Az — Cs,
ks = AyBy+ AyBy + Ay — (s,
ky = AsBs+ AyBy+ Ay — Cy,
ks = Ai1B1+ AsB3 + By, — Cy,
ke = A3Bi+ A4Bs+ Bz, — Cs,
k7 = A1Bo+ AyBy+ B, — Cy,

ks = AsBy+ AyB4+ By, — Cy. (5.12)

The system of linear hyperbolic equations (5.9) also has the four joint invariants [99]

I E)
_ I _ I
Js =g Ji= g (5.13)
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We utilize the same approach as in the previous section. Indeed via the transformations (1.104), the

Laplace-type invariants (5.11) transform to the five Cotton-type invariants

Hy = Im K1+K4):Im(K5—|—K8),

Hy = Re(K;+ K4) = Re(K5 + Kg),

(

(

Hy = Im(K 1Ky — K>K3) = Im(K5Ks — KeKr),

Hy = Re(K1Ky— K>K3) =Re(KsKs — K¢K7),
(

Hs = Re K1K5+K2K7+K3K6+K4Kg). (5.14)

and the invariant equation

where

Ky

K

K~

Ky

Im(K1K5 +K2K7+K3K6—|—K4K8) =0, (515)

1 1
E(a% + b% + agasz + bobs + 2a1, + 2b1y — 401) + ?(agbg — agby — 2a1y + 2b1z),

1 /)
@(alas + b1b3 + azayq + b3by + 2a3, + 2bsy — 4c3) + E(azsbl — a1bz + asbs

—azby — 2a3y + 2b3;),

1 )
E(aﬂw + b1bg + asay + baby + 2a0, + 2bgy, — 4ca) + E(ale — agby + agby

—agby — 2a2y + 2()233),

1 )
@(GQGS + bobs + af + b3 + 2a4, + 2byy, — 4eyg) + E(aglh — a2bz — 2a4y + 2byy),

1 /)
@(a% + b} + agaz + babs + 2a1, + 2b1, — 4e1) + E(a:sbz — asbz + 2a1y — 2b1,),

1 )
@(alag + b1bg + aszas + bsby + 2a3, + 2[)3y — 403) + E(albg — agby + agby

—aybs + 2a3y — 21)355),

1 )
@(alaz + b1ba + azas + babs + 2a2; + 2bay — 4co) + ?(agbl —a1by + aqbs

—asby + 2a2y — 2b2x),

1 )
@(agag + bobs + aﬁ + bi + 2a45 + 2b4y — 464) + E(azbg — agby + 2a4y — 2b4x).

(5.16)

Note that we have an invariant equation here. This differs from the invariants of the split elliptic

system of section 2. We therefore have the following result.

Proposition 2.

A general system of two linear elliptic equations (5.8) has the five Cotton-type invariants (5.14) and

its coefficients satisfy the invariant condition (5.15).
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Now the four joint invariants (5.13) reduce to the four invariants of the elliptic equations (5.8)

and are

(H? — H3)Hs + 2H,HoH,

& (H} — H3)? +4H{H3 ’
B (H} — H3)H, — 2H\H>H;
(H? — H3)? + AH7H}
_ (H — H3)Hs
s (H} — H3)? +4HH3’
—9H, HoH.

(H — H3)? + AHYH3’
where the semi-invariants H? and H3 are both not zero. The situation when both are zero are for
the Laplace system discussed earlier. We have thus obtained the Cotton-type and joint invariants for
a general linear elliptic system of two equations (5.8) by using the Laplace-type and joint invariants
of the general system of linear hyperbolic equations (5.9) by utilizing the known semi- and joint
invariants of [99]. We thus state the proposition:
Proposition 3.

A general system of two linear elliptic equations (5.8) has the four joint invariants (5.17).

5.3 Applications

Here we present some examples for illustration. We have u, v, u, v as dependent variables and x, y, s, t
as independent variables.
Example 1.

Consider the system of two linear elliptic equations

2
Uz + Uyy + P + guy + Eu = 0,
4 2 1 3
Vyx + Uyy — ;Uz‘ — E’Uy + 2(? -+ ?)U = 0 (518)

This system transforms to the simplest elliptic equations

Ugr + ﬂyy = 0,
Uge +0yy = 0, (5.19)
under the transformation
T =axy*u, U= v (5.20)
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The systems of elliptic equations (5.18) and (5.19) are transformable into each other as these systems

have the same Cotton-type semi-invariants
Hy=Hy=Hs=H,=H;=0.

Example 2

The system of elliptic equations

Uy + Uy + (1 — 2y)uy + (1 — 22)uy, + (2% 4+ y* — 2 — y)u

Vpz + gy + (1= 29)vz + (1 = 22)v, + (22 + 9 — 2 — y)v

with the Cotton-type invariants

1 1 1
H, = Ho=-, H3=0,Hy=—, Hs=—
1 Oa 2 4’ 3 07 4 64’ 5 32’
reduces to the simple system of elliptic equations
Ugy + Uyy + Uy +Uy = 0,
Ty + Tyy + T +Ty = 0,

by the application of the transformation
u =exp(—zy)u, v=exp(—zy)v.

The system (5.24) also has the Cotton-type invariants (5.23).
Example 3.

The uncoupled system two of elliptic equations

2
Ugg + Uyy + (; Dug + (1 = —)uy + (= + — — g)u
2 1 2
Uze + Vyy + (1 = ;)Ux (1+ )y‘i‘(g‘i‘*—;‘i'ﬁ)v
has the Cotton-type invariants

1 1 1
H, = Hy=-, H3=0,Hy=—, Hs;=—.

1=0, H 1 s 0, Hy s 5= 33

Therefore it is reducible to the simple system

Upy + Uyy + Uy +7y = 0,

Vpz + Tyy + 0y +0, = 0,

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)



by means of the transformation

Example 4.

Consider now the linear system of elliptic equations

. +(2+1) +(1 2) +1(4 1+1) 0
U U -+ -)u —— Juy+ = (5——+-)u =
e vy x 277 2 oy Y 2Ny oy ’
2 1 1 2 1,4 1 1
Ve + gy + (- + 5)vs + (5 — g)vy+§(?—§+5)v = 0,
which has the joint invariants
_0 1 1 _0
p1 =V, U2 = 4’ Hn3 = 9’ M4 = U.
By using the transformation
PO N
s=—, t=2, Ju=—u, U= —0.
27 27 ? y 9 y
the above system reduces to the simple system
Uss + Ut +Us + U = 07
Vgs + Vst +Us + 0 = 07

because this system has the joint invariant identical to the system (5.30).
Example 5.

Finally, the coupled system of elliptic equations

1 4 3 2 1 1 2 5 s
um+uyy+(2+g)ux+2y$ QUx*§Uy+(;*47:I;2+?)U*2y$ 2y = 0,
3 1
2x2 1 4 T2 1 1 1
vm+vyy+?ugﬁ+2(1—;)vx+§vy+?u+2(?—E—F?)v = O,

with the joint invariants

p1 =0, p2=0, puz=—1, ps =0,
simplifies to the system

Uss + Uy +us +ur +vs +0; = 0,

Uss +0u +Us + U +Us + 0 = 0,
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(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

which has the same joint invariants as the system (5.34). The transformation that does this reduction

is
2
_ Yy
u, U= "w.
T

x
8:$+y, t:x_y7 7ﬁ:£

(5.37)
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In this chapter, a complex scalar linear elliptic equation has been transformed into a system of two
linear elliptic equations by splitting the complex equation, which is a subclass of the general system
of two linear elliptic equations. Cotton-type semi-invariants for this system of elliptic equations
are obtained by two approaches. One is by split of the complex Cotton invariants that correspond
to the complex base scalar linear elliptic equation into real and imaginary parts, and the second
by transformation of the subsystem of the linear elliptic equations into linear hyperbolic equations
and application of the linear inverse transformations on the Laplace-type semi-invariants of the
hyperbolic equations to deduce the Cotton-type invariants for the required subsystem of linear
elliptic equations. It is found that the Cotton-type invariants by both the approaches are the
same. For a general system of linear elliptic equations, the Cotton-type and joint invariants have
been constructed by transformation of the system of two linear elliptic equations into a system of
two linear hyperbolic equations and thereafter applying the linear inverse transformations on the
Laplace-type and joint invariants of [99] to deduce the Cotton-type and joint invariants for the linear

system of elliptic equations.



Chapter 6

Summary and Conclusions

Sophus Lie developed infinitesimal methods to find the Lie groups of continuous transformations. Lie
group theory play a fundamental role in finding the solutions of the differential equations. Lie also
pointed out that the theory of differential invariants of the equivalence group of point transformation
of the differential equations is also based on the infinitesimal methods. Knowledge of differential
invariants is extremely useful in the integration of the differential equations. In this thesis, a relation
between the isometries and the Noether symmetries is presented. In the third chapter of this thesis,
differential invariants for the system of hyperbolic PDEs are discussed using the complex symmetry
analysis. Cotton’s invariants and joint invariants for the scalar and system of elliptic PDEs are also

derived in of this thesis.

6.1 The Noether Symmetries of the Area-Minimizing Lagrangian

The importance of Lie symmetries in the theory of integration of DEs provides mathematician an
incentive to find the symmetries of the DEs. As the differential equations “live” on manifolds,
it is natural to search for the connection between symmetries of differential equations and those
of geometry. The first such attempt looked for the connection through the system of geodesic
equations [6,31], some connections between Noether symmetries and isometries have been found in
the context of general relativity [13—15]. The geodesic equations are the EL-equations for the arc-
length minimizing action. Their symmetries and the corresponding geodesic equations are known
for maximally and non-maximally symmetric spaces. A connection was obtained between isometries
(the symmetries of the geometry) and Lie symmetries of the geodesic equations of the underlying

space [31], which leads to the geometric linearization for ODEs [46,74,88]. An additional benefit of
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this approach is that one can obtain the solution of the linearized equations by the transformation
to the metric tensor coordinates given by the geodesic equations from Cartesian coordinates. There
are three questions that needs to be addressed. First, can one extend geometric approach to higher
order ODEs? Second, is there exist any connection between the symmetries in geometry and higher
order symmetries of the corresponding equations? Third and most important of all, how to extend
the geometric methods for PDEs. In the second chapter of this thesis, we discuss this last question.
For this, first we formulate the (n — 1)-area minimizing Lagrangian keeping constant n-volume using
the Kuhn-Tucker theorem [51,90], as [16,17]

I=A(S)+\V(S) = /npd"_lsp + )\/ "V, p=1,2,...n—1, (6.1)

S v
here M is the Lagrange multiplier. Here for the non-compact space this has to be taken in the sense of
being cut at a fixed boundary that respects the symmetry of the space and is not a volume enclosing
hypersurface otherwise. Then a relation between isometries and Noether symmetries for the area

minimizing Lagrangian has been found and presented in the form of following theorems.

Theorem 6.1.1. The Lagrangian for minimizing the (m — 1)-area enclosing a constant m-volume
m a Buclidian space, has a Lie algebra of Noether symmetries identical with the Lie algebra of

m)

isometries of the Euclidean space, so(m) @s R™) | with the vector gauge functions corresponding to

the translations.

Theorem 6.1.2. The Lie algebra of Noether symmetries for the Lagrangian for minimizing the

(m — 1)-area keeping a constant m-volume in a space of non-zero constant curvature is so(m).

Theorem 6.1.3. The Lie algebra of the Noether symmetries for the Lagrangian which minimizes an
(n—1)-area enclosing a constant n-volume, in a space which has one section of constant curvature of
dimension ny, another of ns, etc. up to ny and a flat section of dimension m and n > Z§:1 n; +m

(as some of the sections may have no symmetry), is @?leo(nj +1) @ (so(m) Bs R™).

6.2 Invariants of the Group of Equivalence Transformations for Hy-

perbolic and Elliptic PDEs
Third, fourth and fifth chapters of this thesis deals with the differential invariants of the group of

equivalence transformations of hyperbolic and elliptic PDEs. Differential invariants are extremely

useful tools in the integration of DEs. There are two main methods to calculate the set of all
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the equivalence transformation. The first method uses directly the definition of the equivalence
transformation called the direct method. Theoretically, one can calculate the most general group of
equivalence transformations using direct method but usually this method leads to huge computa-
tional difficulties especially when dealing with non-linear DEs. Indeed, when Roger Liouville [66,67]
calculated the differential invariants using the direct methods for the second-order cubically nonlin-
ear ODE, introduced by Lie, the calculations were done on seventy pages [45].

The approach of complex symmetry analysis (CSA), was utilized in [2,4]|. This method provides
a connection between a complex scalar ODE/PDE and a system of real ODEs/PDEs by a complex
split of the base complex equation into real and imaginary parts. Applying the CSA on the scalar

complex hyperbolic equation
Wiy + a(tv x)wt + /B(tv x)wa: + ’Y(tv IL')’UJ =0, (62)
gives the following two hyperbolic equations

Uty + a1 (t, T)up — ag(t, z)vp + P1(t, x)ug — Ba(t, x)ve + v1(t, z)u — 2 (t, x)v = 0,

Vi + aa(t, T)uy + a1 (t, z)vp + Bo(t, x)ugy + 51 (t, x)vg + Y2(t, z)u + 71 (t, x)v = 0. (6.3)

if o =a1 +iag, B =p014+1i02, v =71 + 1y and w = u + tv. The system of hyperbolic PDEs is a
subclass of the general system of hyperbolic PDEs

Uty + a1 (t, ¢)ug + as(t, z)vg + b1 (t, 2)ug + ba(t, x)vy + c1(t, z)u + ca(t, x)v = 0,

Utz + az(t, x)ur + ag(t, z)ve + ba(t, x)ug + ba(t, x)vy + c3(t, x)u + ca(t, z)v = 0. (6.4)

The scalar linear hyperbolic PDE (6.2) has two semi-invariants under the linear change of the
dependent variables, six semi-invariants under the change of the independent variables and six joint
invariants of which five form a bases of joint invariants [43,53,54|. The system of two linear hyperbolic
PDEs (6.4) has four joint invariant and five semi-invariants under the linear change of the dependent
variables [99] and four semi-invariants associated with the change of only the dependent variables
for a subclass of a system of two linear hyperbolic equations (6.3) obtained from a complex linear
hyperbolic equation [79]. Here, for a subclass of the system (6.3) semi-invariants associated with
the invertible change of the dependent as well as independent variables are first derived using the
Lie’s infinitesimal methods. The equivalence transformations of the system of equations (6.3) is an

infinite group of the dependent variable

u=o1(t,x)u+ oo(t,x)v, T=o01(t,x)v— o2(t, x)u, (6.5)
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and the invertible change of the independent variables

t=¢(t), T=1v(x). (6.6)

The system (6.3) has four and six semi-invariant under change of the dependent and independent
variables, respectively. It is found that this system has six joint invariants. Semi-invariants and
joint invariants of the system are also obtained using the complex procedure. This procedure reveals
the correspondence of such systems and associated invariants with the base complex hyperbolic
equation and related complex invariants, respectively. Complex procedure give four and twelve
semi-invariants under the change of the dependent variables, respectively. This is achieved by
performing complex splits of the semi-invariants. It is also found that the corresponding system has
twelve joint invariants by the splitting the corresponding six joint invariants for the complex scalar
equation. It is shown that same invariant quantities for the system of hyperbolic PDEs appear
due to complex and real procedures, in the case of transformations of only the dependent variables.
However, the semi-invariants of this system associated with only independent variables obtained by
real symmetry analysis are different from those provided by the complex procedure. Furthermore,
the joint invariants of this system of hyperbolic equations obtained by both the methods are also
found to be different.

In the fourth chapter of this thesis, we consider a scalar linear second order elliptic equation in

two independent variables in canonical form
Uy + Uyy + @ty + buy + cu = 0. (6.7)

It is well-known that by means of the linear complex transformations [29,55],

x:%(thz), y:;(t—z), (6.8)

the elliptic equation (6.7) can be mapped to the linear hyperbolic equation

Because under the transformation (6.8), ugy = w4 2ut; +u,, and uyy = —ugy +2ut; — U, S0 uy and
U, are canceled with each other and the only remaining second order term is u;,. As the hyperbolic
and elliptic equations can be transformed into each other, so do their corresponding Laplace and

Cotton invariants. The Laplace invariants

h = A +AB-C,

k = B,+AB-C, (6.10)
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for equation (6.9) can be transformed, by use of the inverse of the transformations (6.8) as well
as after the substitution of the values of A, B and C into (6.10) and then splitting the real and

imaginary parts, to arrive at the Cotton invariants

wo= ay_bx7

1
5(a2 +b?) — 2¢. (6.11)

H = a;+by,+

Here, an important question arises, can one find the bases of the joint invariants of the elliptic
equations from the bases of the joint invariants of the hyperbolic equations. The application of the
Lie’s infinitesimal method have resulted in new joint differential invariants which are in terms of
Cotton’s invariants. It has been shown via the operators of invariant differentiation that there are
six elements of joint invariants which constitute a bases of joint differential invariants for the elliptic
PDE (6.7).

It is thus worthwhile to apply an alternate approach to find joint differential invariants for
the elliptic equation (6.7) via knowledge of joint invariants of the hyperbolic PDE (6.9). Then
one can obtain joint invariants for (6.7) with the aid of application of the rules of derivatives on
the complex transformations and the joint invariants of the hyperbolic equation (6.9). From the
transformed hyperbolic PDE, one can obtain the Laplace invariants in complex form by use of the
rules of derivatives. The real and imaginary parts will give Cotton’s invariants for (6.7). This is easy
enough. However, if we proceed in a similar manner for the five basic invariants of the hyperbolic
PDE, one will, in general, get five joint differential invariants in complex form. That is, in general,
ten invariants from the real and imaginary parts. It becomes difficult to identify which are elements
of the bases of joint differential invariants for the elliptic PDE. The infinitesimal approach used
here averts this difficulty. Differential invariants can be used in the group classification of DEs.
Ovsiannikov [86] used the Laplace invariants in the group classification of the hyperbolic equation
by writing the determining equations for the symmetries of hyperbolic equation in terms of these
invariants. We have also extended this by providing the symmetry classification for the elliptic
equations (6.7) in terms of the Cotton invariants.

In the last chapter we consider a subsystem of two elliptic equations

Ugz + Uyy + QU — 2V + Bruy — Povy +yiu — v = 0,

Vg + Vyy + @2y + 1V + Bty + B1vy + pu+7mv = 0, (6.12)
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which can be obtained by splitting the complex linear elliptic equation
Wy + Wyy + awy + bwy + cw = 0, (6.13)

where

a=ai+ia,b=L01+i02, c =71+ iy, w =u—+iv. (6.14)

By the application of the complex transformations (6.8), the system of elliptic equations (6.12) can

be mapped to the system of two linear hyperbolic equations

Uy + Arup — Agvy + Biuy, — Bov, + Ciu— Cov = 0,

vey + Aour + Ayve + Bau, + Biv, + Cou+ Civ = 0, (6.15)

Cotton-type semi-invariants for this system of elliptic equations are obtained by two approaches.
One is by split of the complex Cotton invariants that correspond to the complex base scalar linear
elliptic equation into real and imaginary parts, and the second by transformation of the subsys-
tem of the linear elliptic equations into linear hyperbolic equations and application of the linear
inverse transformations on the Laplace-type semi-invariants of the hyperbolic equations to deduce
the Cotton-type invariants for the required subsystem of linear elliptic equations. It is shown that
for a class of a system of two linear elliptic equations (6.12) obtained from a complex base linear el-
liptic equation (6.13) or equivalent to a system of two linear hyperbolic equations (6.15) by complex
linear transformations of the independent variables (6.8), Cotton-type invariants either constructed
by splitting of the complex Cotton invariants of the complex elliptic equation into real and imagi-
nary parts or those computed by the Laplace-type invariants of the system of the system of linear
hyperbolic equations are identical.

For a general system of linear elliptic equations, the Cotton-type and joint invariants have been
constructed by transformation of the system of two linear elliptic equations into a system of two linear
hyperbolic equations and thereafter applying the linear inverse transformations on the Laplace-type
and joint invariants of hyperbolic equations to deduce the Cotton-type and joint invariants for the
linear system of elliptic equations. It is also shown that the general system of two linear elliptic

equations has five Cotton-type invariants and four joint invariants.



Chapter 7
Appendix

7.1 Appendix A-1

For 2-area

The EL-equation corresponding to the Lagrangian (2.1) is

(27‘5 + 37“31"3 — 7"47"99) sin® @ — r2rg cos 0 (7’2 + 7’92) sin? 0
—r? (7“997‘¢2 — 2rggroTe — 3r7‘¢2 + T¢¢7’92 + T27‘¢¢) sin 0 (7.1)
— 2r2rg cos 0r¢2 + A (7“4 sin? 0 + r? sin 6%ry? + r27‘¢2)3/2 =0,
and the conserved quantities for the Noether symmetries X1, Xo, X3, X4, X5, Xg are

1
§T)‘ sin ¢ sin 0% + (2 sin ¢ — 1974 cOt 0 cos ) sin® 0 + 7"3, sin @,

—rXcosf cos pX + cos (r* 4 1) cos O sin ) — T S ¢] ,

rl
gr)\ cos ¢ sin O + (12 cos ¢ + 9T cOt Osin @) sin® 6 + 7“5, cos @,

1
— gr)\ cos 0sin ¢% — sin ¢(r2 + 73) cos O sin § — ToT ¢ COS qb} ,
2

(7.2)
1
I3 = % { — 7oy 8in% 0, gr)\ sin % + (1% 4 rZ) sin? 9};
L= —

1
5 [5)\7" cos 6 sin 0 sin ¢ + rrg sin® 0 sin ¢ cos O sin ¢(2r§ + 7“2) sin?6 — 79T Sin 0 cos ¢

1
+ r(% cos fsin ¢, 57“/\ cos X + ((r2 +13) cos ¢ + 9T SN @) sin @ — rorg cosfsin ¢ |,
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Is = % [r2 cos 6 cos ¢ sin® 6 + 7“35 cosfcos ¢ + %r)\ cos @sin  cos ¢X. + rrg sin® @ cos ¢
+ 1974 8in O sin ¢, —%7‘)\ sin @3 — ((r* + 75) sin¢ — rry cos ¢) sin @ — rgry cosf cos ¢ |, 73)
Ig = % [rQ sin® 6 + 7“35 sin 6 + %7’)\ sin? 0% — rrgsin® 0 cos 6, .
—rrycost —rgrysind|,

where

¥ = (r*sin? 0 + 23 sin® 0 + r’r é)%

For 3-area

The metric for a 4-dimensional flat space in hyperspherical coordinates is
ds?® = dr? + r2dx? + r? sin® xd6? + r? sin? x sin® 0d¢>.
Let the enclosing surface be r = r(x, 6, ¢). The 3-area is

A(S) = /(7‘6 sin? y sin? 0 4 r 7‘2X sin? ysin? 0 + r r29 sin? y sin? 0 + r47‘2¢ sin? x) 2dxd9d¢.

Then the variational principle (6.1) becomes
1
5/ [E + )\Zr4 sin? y sin 0} dxdfde = 0,
where

2
X

2 sin? ysin? 0 + 7’47'2¢ sin? x)2.

to\»—‘

¥ = (r®sin? ysin? 6 + r4r? sin? y sin? 6 + )

Thus the Lagrangian is
1
L=+ )\ZT4 sin?  sin 6.
For 4-area

The metric for a 5-dimensional flat space in hyperspherical coordinates is
ds® = dr? + r2dip® 4 r? sin® dx? + 2 sin® ¥ sin® xd#?* + r? sin” ¢ sin? y sin? Od¢>.
Let the enclosing surface be r = (v, x, 0, ¢). The 4-area is
A(S) = /(r8 sin® 1 sin? y sin? 6 + r6r2¢ sin® ¢ sin* x sin? 04r%r sm4 Y sin? y sin? @
+r6r?9 sin® 1 sin?  sin? 9+r6r?¢ sin? ¢ sin? X)%dwdxdﬁdgb.
Then the variational principle (6.1) becomes

1
6/ [E + )\57"5 sin® ¢ sin? y sin 0| dyydydfdep = 0,
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where

by :(7"8 sin® ¢ sin® y sin? 0 + TGT%p sin® ¢ sin® y sin? @

2
7X

. . . 1
+ 7572 sin* ¢ sin® y sin? 6 + r6r?9 sin* sin? y sin? § + r6r7¢ sin® ¢ sin? ).

Thus the Lagrangian is
1
L=%+ )\57"5 sin® ) sin? y sin .
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