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Abstract

The frequency diverse array (FDA) radar beampattern depends on the angle, time
and range whereas phased array radar has angle-dependent beampattern only.
Therefore, the FDA is more attractive and flexible than phased-array radars. The
beampattern design is important for effective target localization. In this thesis,
transmit array weights optimization is performed using the IFFT algorithm to
design a transmit beampattern to illuminate the desired angular direction and
range. The designed beampattern has a high dwell time, and therefore, it can
accurately detect even weak targets with a high probability. Each target is char-
acterized by its range and angle. Thus, estimation of both the angle and range
for the proposed FDA radar is performed to accurately locate the target using the
double-pulse method. The double-pulse method first transmits a pulse with zero
frequency offset to determine the angle of the target independently, and then an-
other pulse is transmitted at a non-zero frequency offset to determine the range of
the target by using the estimated angle. The proposed scheme can also minimize
noise effects using the minimum power distortionless response (MPDR) beam-
former at the receiver. Therefore, the target parameter estimation method is used
to determine the exact 2D spatial location of the target. In addition, the Cramer-
Rao lower bound (CRLB) for the FDA radar is derived. The root-mean-squared
error (RMSE) for both the angle and range is plotted to compare the existing FDA
radar performance with the proposed FDA radar and simulations are performed
to verify the results.

Index Terms: Frequency diverse array radar, beampattern, inverse-fast-fourier

transform (IFFT).

1



Dedication

This thesis is dedicated to MY BELOVED PARENTS, BROTHER, SISTERS,
HONORABLE TEACHERS AND FRIENDS for their love, endless support and

encouragement.

111



Acknowledgments

Glory be to Allah (S.W.A), the Creator, the Sustainer of the Universe. Who only
has the power to honour whom He please, and to abase whom He please. Verily
no one can do anything without His will. From the day, I came to NUST till the
day of my departure, He was the only one Who blessed me and opened ways for
me, and showed me the path of success. Their is nothing which can payback for

His bounties throughout my research period to complete it successfully.

Shaiza

v



Contents

1__Introduction and Motivation| 1
M1 Radad . .. ... ... ... ... 1
(1.2 FDA Radarl . .. .. ... ... . 3

(1.2.1 Continuous Wave (CW) FDA Radar| . . ... ... ... .. 5
(1.2.2  Pulsed Wave (PW) FDA Radar| . . . . ... ... ... ... 13
[.L3  Titerature Reviewl . . . . . . . . . .. .. ... ... ... 14
(1.3.1 Transmit Antenna Elements Weights Design| . . . . . . . .. 14
[1.3.2  Subarrays based FDA| . . . .. ... ... ... .. ..... 17
[1.3.3 Target Localization in FDA| . . . . . ... ... .. ..... 18
(.4 Motivationl . . . . . . . .. 19
[L.5 Contribution and Organization| . . . .. ... .. ... ... .... 20

2 Beampattern Design in FDA Radar] 21
2.1 System Modell . . . . . . . . . ... o 21
2.2 Proposed Beampattern Designl . . . . . . . .. .. ... ... ... . 24

[2.2.1 Angle and time-dependent beampattern| . . . . . ... . .. 25
[2.2.2  Range and time-dependent beampattern| . . . . ... .. .. 30
[2.3  Time-variant transmit beampattern| . . . . . . . . . . ... ... .. 35
[2.4  Time-invariant transmit beampattern| . . . . . . . .. . ... ... 41




CONTENTS

[3 Signal Model

[3.1 Received Signal Model| . . . . . ... ... ...

[3.1.1 FDA Received Signal with non-zero frequency increment| . .

[3.1.2  FDA Received Signal with zero frequency increment|. . . . .

[3.2  Selection of frequency increment|. . . . . . ... ..o

[3.3  Selection of Time period of pulse| . . . . . .. ... ... ... ...

[3.4  Bound on Transmit Array Weights| . . . . . ... ... ... . ...

[3.4.1 Upper bound| . . . .. ... ... ... ... ... ...

[4 Target Parameters Estimation|

[4.0.1 Angle Estimation| . . . . . . .. ... ... ... .. ... ..

[4.0.2  Range Estimation|. . . . . . . ... ... ... ...

vi

48

48

49

52

23

57

58

58

29

61

63

64

64

66

67

70

70

72

73

75



CONTENTS

[References|

Vil

7T



List of Figures

([.3  FDA range and angle-dependent beampattern for f, = 0 Hz (a) 3D

view (b) 2D view [. . . ...

[[.4 FDA range and angle-dependent beampattern for f, = 5 kHz (a)

3D view (b) 2D view |. . . . . ..o oo

(1.5 Standard FDA time-dependent beampattern for R, and 6, fixed. . .

(1.6 Standard FDA range-dependent beam pattern for ¢ and 6, fixed.|. .

[1.7  Standard FDA angle-dependent beam pattern for ¢ and R, fixed.|

(1.8 3D view of standard FDA range and angle-dependent beampattern

at different time instants (a) at ¢ = Os (b) at ¢ = 400us (c) at

t=800us (d)att=1ms| . ... ... ... ...

(1.9 2D view of standard FDA range and angle-dependent beampattern

at different time instants (a) at ¢t = Os (b) at ¢t = 400us (c) at

t=800us (d)att=1ms| . .. ... ... ... .. ... ...,

(1.10 3D view of pulsed FDA range and angle-dependent beampattern

at different time instants (a) at ¢t = 100us (b) at ¢ = 200us (c) at

t =300us (d) at t =400us|. . . . . .. ...

viil



LisT OoF FIGURES

(1.11 2D wview of pulsed FDA range and angle-dependent beampattern |

| at different time instants (a) at ¢ = 100us (b) at ¢ = 200us (c) at |
| t =300us (d) at t =400us|. . . . . . . . 16

2.3 FDA beampattern as a function of angle and time for a fixed R at |

2.4  FDA beampattern polar plot for f, = 30 kHz at different time |

| instances (a) at t = 0s (b) at t = bus (c¢) at t = 10us (d) at ¢t = 16us | 29

2.5 FDA beampattern as a function of angle and time for a fixed R at |

2.6 FDA beampattern polar plot for f, = —30 kHz at different time |

| instances (a) at t = 0s (b) at t = bus (c¢) at t = 10us (d) at ¢t = 16us | 32

2.7  FDA beampattern as a function of range and time for a fixed 6 at |

2.8 3D view of FDA beampattern as a function of angle and range for |

| fo = 30 kHz at different time instances (a) at £ = 0s (b) at ¢t = dus |
| (c)at t =10us (d) at t =16pus| . . . . . . . . . .. ... ... 37

2.9 2D view of FDA beampattern as a function of angle and range for |

| fo = 30 kHz at different time instances (a) at t = 0s (b) at ¢ = Hus |
| (c)att=10us (d) at t =16pus| . . . . . . . .. .. ... L. 38

[2.10 3D view of FDA beampattern as a function of angle and range for |

| fo = —30 kHz at different time instances (a) at t = Os (b) at ¢t = dHus |
| (c)at t =10us (d) at t =16pus| . . . . . . . . . .. ... .. 39

[2.11 2D view of FDA beampattern as a function of angle and range for |

| fo = —30 kHz at different time instances (a) at t = Os (b) at t = Hus |
| (c)at t =10ps (d) at t =16pus| . . . . . . . . ... ... 40

1X



LisT OoF FIGURES

[2.12 3D view of FDA beampattern (a) as a function of angle and time |
| for 0, € [—20°,20° (b) as a function of angle and time for 6, € |
| [—40°, —20°] U [20°,40°| (c) as a function of range and time for |
| R; € [4 km,6 km| (d) as a function of range and time for R, € |
| 3 km,4 km|U[6 km,7km]l. . ... ... 000 44

[2.13 2D view of FDA beampattern (a) as a function of angle and time |
| for 6; € [—20°,20°] (b) as a function of angle and time for 6; € |
| [—40°, —20°] U [20°,40°| (c) as a function of range and time for |
| R; € [4 km,6 km| (d) as a function of range and time for R, € |
| Bkm,4 km|U[6 km,7km]. . ... ... ... ... ... ... ... 45

[2.14 3D view of FDA beampattern as a function of range and angle for |
| (a) 0; € [—20°,20°] and Ry € [4 km, 6 km| (b) 6, € [—40°, —20°| U |
| 120°,40°] and Ry € [4 km,6 km| (¢) 6; € [—20°,20°] and Ry € |
| 13 km, 4 km| U [6 km, 7 km| (d) §; € [—40°, —20°] U [20°,40°| and |
| Ry € 3 km,4 km|U[6 km,7kml|| . ......... ... ... ... 46

[2.15 2D view of FDA beampattern as a function of range and angle for |
| (a) 0; € [—20°,20°] and Ry € [4 km, 6 km| (b) 6, € [—40°, —20°| U |
| 20°,40°] and R,; € [4 km,6 km| (¢) 6, € [-20°,20°] and R, € |
| 13 km, 4 km| U |6 km, 7 km| (d) §; € [—40°, —20°] U [20°,40°] and |
| Ry € [3km,4 km|U[6 km,7km] ... ... ... ... ... . 47

[3.1 Block diagram of FDA radar.| . . . . ... ... ... ... ..... 48

(3.2 FDA range-dependent beampattern for R; = [4 km, 6 km| at f, = |
| 10 kHz) . oo o4

3.3 FDA range-dependent beampattern for Ry = [4 km, 6 km| at f, = |
| S0 kHzl oo o4

3.4 FDA range-dependent beampattern for R; = [20 km, 25 km| at |
| Fo=TRHZ] o o o oo 56

3.5 FDA range-dependent beampattern for R; = [20 km, 25 km| at |
| T=TOKRHZ]. . . o o oo 56




LisT OoF FIGURES

(3.6 FDA range-dependent beampattern for R; = [20 km, 25 km| at |

(3.7 FDA transmit weights for 6; = [—90°,90°] and R, = [0 km, 10 km| |
At o, = TORHZ] . o o oo 60

[3.8  F'DA transmit weights for 6; = 20° and R; = 5km at f, = 10 kHz,| . 60

(3.9 FDA transmit weights for 6, = [—20°,20°| and R; = [4 km, 6 km| |

at f,=10kHz| . . . ... ..o 61
[3.10 FDA angle-dependent beampattern for various values of M.| . . . . 62
[3.11 FDA range-dependent beampattern for various values ot M. . . . . 62
4.1 FDA received power plot for ¢, =10° . . .. ... ... ... ... 65
4.2 FDA received power plot for R, =5km.| . . . . ... ... ... .. 67
4.3 Angle Estimation RMSE Versus SNR.| . . ... ... ... ... .. 71
4.4 Range Estimation RMSE Versus SNR.| . . .. ... ... ... ... 72
4.5 Computational Complexity Comparison of Transmit Weights . . . . 73

x1



List of Tables

(1

Angle Estimation using weighted FDA|

[2

Range Estimation using weighted FDA|

xii



ACRONYMS

Frequency Diverse Array FDA
Radio Frequency RF
High Frequency HF
Intermediate Frequency IF
Phased Array PA
Uniform Linear Array ULA
Discrete prolate spheroidal sequences DPSS
Discrete-Fourier-transform DFT
Inverse-fast-Fourier-transform IFFT
Multi-carrier frequency diverse array MCFDA
Direction of arrival DOA
Transmit-subaperturing TS
Multiple-input multiple-output MIMO
Signal-to-interference-plus-noise ratio SINR
Continuous Wave CW
Pulsed Wave PW
Signal to noise ratio SNR
Root-mean-squared error RMSE
Minimum Power distortionless response MPDR
Semi-definite-programming SDP
Quadratic programming QP

Cramer-Rao Lower Bound CRLB

Xiil



NOTATION

Vector X
Matrix X
m-th row and n-th column of X T (n)
Transpose of X X7
Conjugate transposition of X xXH
Kronecker product ®
Fast-Fourier-transform (FFT) FA{-}
Real part of x R{-}
[dentity matrix I
Diagonal matrix diag(-)

Xiv



CHAPTER 1

Introduction and Motivation

1.1 Radar

Radar is an acronym for “radio detection and ranging.” Radar is used for the
detection of objects through the reflection of radio waves. The radar operates in
the frequency range f. from 2 MHz to 220 GHz corresponding to a wavelength
of A = ﬁ, 150 m to 1.37 mm. Therefore, the radar system operates in the high
frequency (HF) band to the millimeter band according to its operating frequency.
The frequency band of radar is chosen according to the application of radar; for
example, for small-range applications, high-frequency radars are used, whereas for

long-range applications, low-frequency radars are used.

A Dbasic radar system is shown in Fig. [I.I] The main element of the radar is
the antenna element that transmits the desired modulated waveform towards the
target. The desired waveform is first generated by the waveform generator, which
is modulated to the desired radio frequency (RF) by the transmitter. The re-
ceiver receives the received echoes of the target, which is passed through low-noise
RF amplifier, mixer and intermediate frequency (IF) amplifier to demodulate the
received bandpass signal to the baseband signal. Finally, signal-processing tech-
niques are applied to the demodulated signal, which involves pulse compression,
matched filtering, integration and Doppler filtering. The output data is displayed

based on the radar objective.
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Transmitter Receiver Display

Low Noise
RF Amplifier

Mixer }—»‘ IF Amplifier

Figure 1.1: Block diagram of a radar system.

Waveform Generator

| ‘ Signal Processor

Radars are broadly used for object detection, imaging and tracking. Besides,
surveillance applications, radar is also used for air traffic control, weather mon-
itoring, enforcing speed limits, collision avoidance in ships. Based upon its ap-
plication, there are various types of radar, that is, air borne, space borne, police

traffic radar and weather radar etc.

The antenna arrays are used in radars with different configurations to have desired

beampatterns. These different configurations include:

e Array with uniform spacing.

Array with non-uniform spacing.

Array with uniform weighting.

Array with non-uniform weighting.

Array operating at same carrier frequency.

Sub-arrays operating at different carrier frequencies.

The most commonly discussed array configuration include isotropic radiators with
a linear array having uniform spacing called uniform linear array (ULA) opearting

at same carrier frequency with uniform weights.
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1.2 FDA Radar

The main idea of FDA radar is application of small frequency increment f, in
addition to carrier frequency f. which results in angle, time and range depen-
dent beampattern of FDA radar. Consider a linear array of M transmit antenna
elements as shown in Fig. [1.2l The electric field radiated from all antenna ele-
ments would be superposition of electric field radiated from each element towards
a target located at Ry and 6. The magnitude and phase of current excitation is

denoted by a,, and 1, respectively.

kth target in far-field

Figure 1.2: FDA transmitter.

M-1 ) ej(wmtfkam)
B o= Y ame e L0 ) (1.2.1)
m=0 m

where the element pattern f.(6x, ¢) considers the electric field directional depen-
dence. The distance of the target from the mth antenna element incorporating

the path length effects R,, = Ry — mdsin(0y).

el (wmt—Ekm (Rr—mdsin(0)))

M-1
E = —J%m 1.2.2
n;)ame Rk _ mdsln(ek) fe(gkh ¢k) ( )
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In case of FDA radar the element factor f.(6, ¢) is a function of frequency w,, =

We + Mw,.

(wet+mwo )t—km (R —mdsin(6)))
Ry, — mdsin(6y)
—Jkm (Ro—mdsin(0y))

Ry, — mdsin(60y)

) J
7me €

fe(we +mw,)

. . e
— A€ ]zpme](wc'i‘mwo)t

fe(we +muw,) (1.2.3)

whete by = b+ k, = 25 1 i

FE - —Jj¥m ,J(we+ )t e_j(kc+mk0)(Rk—mdsin(ek))
= ame me WeT+Mwo .
Z Ry, — mdsin(6y)

m=0

fe(we +mw,) (1.2.4)

At far-field, the term Ry —mdsin(f;) ~ Rj. Since, this is only the fall off factor of
electric field due to range. But this approximation could not be done with phase
of electric field. Since the current applied across all antennas is phase coherent.
So e77¥m is dropped. For uniform excitation a,, = 1, the electric field equation

modifies to

M-1
E:i Z ej(chrmwo)te*j(kchmko)(Rk*md Sln(ek))fe (wc + mwo)

R
k m=0

1 M-1

:R_kej(wct—chk) Zejm(wot-i-kcdsin(@k)—koRk-i-mkodsin(Ok))fe(wc + mwo) (125)

m=0

Applying the FDA fundamental constraint f. > f,. Therefore,

Mwe > W, (1.2.6)
kedsin(6y) > mk,dsin(6y) (1.2.7)
The electric field equation becomes
1 M—1
_ = j(wct—kcRy) im(wot+kedsin(fy)—koRy)
E= Rkeﬂ K n;)ej W=kolk) £ (0,) (1.2.8)
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From ((1.2.8)), the Array Factor is obtained as given by

M-1
AF(t7 Rk7 Qk): Z ejm(wot+kcdsin(0k)_k03k)

m=0
1 — ejM(wot—&-desin(Gk)—koRk)

T 1 — ed(wottkedsin(0y)—koRy)

wottkedsin(0y)—koRy) )
2

. ( M(
S1n
— o7 M5 (wot+hedsin(0r) ko Ry
sin < (wot+kedsin(0g)—koRy) )

(1.2.9)

2

If no frequency offset is applied, f, = 0 Hz and only carrier frequency frequency is
used then, the FDA radar transmits an angle-dependent beampattern similar to
that of a phased array (PA) radar. The transmit beampattern of FDA radar for
M =40, f.=5GHz, f, =0Hz and d = % is shown in Fig. . For any non-zero
fo , the FDA radar transmits a range, angle and time-dependent beampattern.
For a time instance t = 0 s, the angle and range-dependent transmit beampattern

of the FDA radar for f, =5 kHz is shown in Fig. [I.4]

1.2.1 Continuous Wave (CW) FDA Radar

Standard FDA radar transmits a continuous wave from the transmit FDA antenna
elements, which results in a periodic range, angle and time dependent beampat-
tern. The standard FDA radars excited with CWs are referred as CW FDA radars.
FDA transmit beampattern scans in range and angle as a function of time. Stan-
dard FDA transmits continuous and periodic S-shaped beampattern, which scans
the whole two-dimensional (2D) observation spatial section. For positive frequency
increment, the transmit beampattern scans in clockwise direction and for negative

frequency increment, the transmit beampattern scans in anticlockwise direction.

To investigate the periodicity of FDA transmit beampattern from the array factor

equation (|1.2.9). The maximum value of array factor is obtained when argument

bt
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Figure 1.3: FDA range and angle-dependent beampattern for f, =0 Hz
(a) 3D view (b) 2D view
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Figure 1.4: FDA range and angle-dependent beampattern for f, =5 kHz
(a) 3D view (b) 2D view
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of sin is a multiple of 2.

wot + kedsin(by) — k Ry = 2
27chd sm(ﬁk) B 27TfoRk
c c

=27

2m f,t +

Solving ((1.2.10)) for t, the equation simplifies to

1 Rk dsin(@k)

= — 4+ % _

fo ¢ Afo

(1.2.10)

(1.2.11)

Therefore, the FDA transmit beampattern is a periodic function of time with

a fundamental period of % for a fixed range Ry and angle 6. FDA transmit

beampattern for M = 40, f. =5 GHz, f, =5 kHz, d = %, 0, = 10° and R;, = 30

km is shown as a function of ¢ in Fig. [1.5. The beampattern is periodic in time

with a period of % = 200us.

1

5| |

0.6

0.4

Beampattern, B(t;R,,0k)

=
(\V]
T

0 05 1 15 2 25 3 35 4 45

Time s

Figure 1.5: Standard FDA time-dependent beampattern

for Ry and 6, fixed.

Solving ((1.2.10) for R, the equation simplifies to

RZ@—%+£%¥@

107
(1.2.12)
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Therefore, the FDA transmit beampattern is a periodic function of range with
a fundamental period of f—‘; for a fixed time ¢t and angle 6. For ¢t = 100us and
0, = 10°, the FDA transmit beampattern is periodic in range with a period of
f_co = 60 km as shown in Fig. So, the main beam would illuminate the target
completely after 60 km.

1 i

ja=)
0¢)
T
|

<
=)
T
|

o
N
T
I

Beampattern, B(t,;R,0x)

<
N\
T
|

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Range m -10°

Figure 1.6: Standard FDA range-dependent beam pattern
for ¢ and 6, fixed.

Solving (|1.2.10)) for sin(f), the equation simplifies to

Ot OR
cf i foRk

rat Fd (1.2.13)

sin(f) = 2 -

Therefore, the FDA transmit beampattern is a periodic function of angle with a
fundamental period of 3 for a fixed time ¢ and range Ry. For d = %, t = 100pus and
Ry = 30 km, the FDA transmit beampattern is periodic in angle with a period of
2 rad as shown in Fig. [L.7]

The 2D and 3D views of the FDA range and angle-dependent transmit beampat-
tern for the 2D spatial section, 6, = [-90°,90°], R, = [0, 140 km] and f, = 1 kHz

are shown for four different time instances for ¢ = 0s,t = 400us, t = 800us and
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o
o
|

Il

<
o

<
S

Beampattern, B(t,;R,,0)

<
b

0—3 -25 -2 -15 -1 -05 0 05 1 15 2 25 3
Sin 6

Figure 1.7: Standard FDA angle-dependent beam pattern
for ¢t and Ry, fixed.

t = Ims in Figs. through Fig. [1.9 respectively.

The electromagnetic field pattern of the FDA radar propagates in time. Since,
the beampattern is perodic in time therefore, for ¢ = 0s and ¢ = 1ms, the transmit
beampattern is identical. The f, applied across the transmit antenna elements
causes the beampattern to scan in angle with time. The beam steering in FDA
radar depends on choice of frequency offset. For a particular f,, the beam steering

is constant for different time instances. The beamsteering for a range R is given

byﬂﬁﬂ

: _ —Rf,
sin(f) = AN (1.2.14)

For ¢t = 0s as shown in Fig. the FDA beampattern steers to 69° only for range
upto 140 km. For ¢t = 400us, the FDA beampattern scans angle changes from
—55% to 13°. For t = 800us, the FDA beampattern scans the angular region from
22° to 90° upto a range of 90 km and —90° to 34° upto a range of 140 km. For
t = lms, the transmit beampattern is same as that for ¢ = Os due to periodicity

of beampattern with period of every 1ms.

10
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Figure 1.8: 3D view of standard FDA range and angle-dependent beampattern
at different time instants
(a) at t = 0s (b) at t = 400us (c) at t = 800us (d) at ¢t = 1lms
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Figure 1.9: 2D view of standard FDA range and angle-dependent beampattern
at different time instants
(a) at t = 0s (b) at t = 400us (c) at t = 800us (d) at ¢t = lms
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The FDA transmits beampattern scans of the entire angular and range observation
region over different time instants. In CW FDA radar, the transmit beampattern
is narrow. Therefore, its beampattern dwell time is very small, so there is a
higher probability of missing weak targets. Beampattern dwell time is a major
concern in CW FDA radars. Signal processing involves more complexity for CW
FDA radars, and controlling the beampattern direction for the desired 2D spatial
section is quite difficult. To overcome these issues, practical radars transmit pulse

waves.

1.2.2 Pulsed Wave (PW) FDA Radar

Pulsed FDA radar transmits pulses of very small duration 7" from the transmit
antennas over regular time intervals. The PW FDA transmits a range- and angle-
dependent beampattern with a quasi-stationary beampattern. The transmitted
beampattern scans the maximum range region according to the duration of the

transmitted pulse.

For M =40, f.=5 GHz, f, =1kHz, d = % and T' = 100us, the 2D and 3D views
of the PW FDA transmit beampattern are shown for four different time instances
for t = 0s, t = 100us, t = 200us and ¢t = 300us in Figs. through Fig.
respectively. The transmit beampattern steering for pulsed FDA is given by [1§]

sin(f) = _AJ;J (1.2.15)

The beampattern steers to —11.5°, so the angular scanning region is the same
from 6 = 0° to § = —11.5°. At time t = %, the transmitted signal reaches the
target. For T" = 100us the leading edge of the transmitted signal reaches the
range R = 30 km, whereas its trailing edge is at R = 0. Therefore, at t = 100us,
the transmitted signal scans up to R = 30 km, according to the time duration of
the transmitted pulse. For ¢ = 200us, the FDA-transmitted pulse scanning range
region is from R = 30 km to R = 60 km; similarly, for ¢ = 300us and ¢t = 400us,
the FDA-transmitted pulse scanning range region is from R = 60 km to R = 90
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km and from R =90 km to R = 120 km, respectively.

In pulsed-wave FDA radars, transmit beampattern optimization has been per-
formed. The direction and dwell time of the transmit beampattern are controlled
by the transmit antenna element weight design. The shape of the transmit beam-
pattern has also controlled by frequency-offset optimization. Several techniques
for antenna element weight design and frequency offset optimization have been

proposed in the literature.

1.3 Literature Review

In frequency diverse array (FDA) radar, a small frequency shift is applied across
each of the antenna elements along with carrier frequency [1]- [4]. Owing to
this small frequency shift, the FDA radar has a range-dependent beampattern
in addition to angle and time-dependent beampatterns [5]— [8]. The FDA radar
has a periodic angle, range and time-dependent beampattern [9]. Hence the FDA
radar is more flexible and capable of locating targets present in different directions
and at different ranges [10]. The FDA radar also has the potential to suppress

range-dependent interference [11].

1.3.1 Transmit Antenna Elements Weights Design

To steer the FDA radar beampattern in different spatial regions, weights are ap-
plied across the transmit antenna elements. Several weight optimization tech-
niques are discussed in [12]— |14]. In [15], using discrete prolate spheroidal se-
quences (DPSS), the transmit antenna weight vector is obtained by optimizing
the transmit energy. The transmit energy of the FDA is maximized within the
desired two-dimensional spatial sector out of the total observation sector; hence,
the beampattern within the desired region is obtained, but there is no control over

the side lobes of the designed beampattern.
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Figure 1.10: 3D view of pulsed FDA range and angle-dependent beampattern at
different time instants
(a) at t = 100us (b) at t = 200us (c) at t = 300us (d) at ¢t = 400us
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Figure 1.11: 2D view of pulsed FDA range and angle-dependent beampattern at
different time instants
(a) at t = 100us (b) at t = 200us (c) at t = 300us (d) at ¢t = 400us
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In [16], the side lobes of the transmit beampattern are minimized within the
specified level by second-order cone programming and thus the transmit antenna
element weights are optimized using convex optimization. Another method is dis-
cussed in [17], in which the sidelobes of the beampattern are also suppressed using
a Hamming window-based nonuniform frequency offset at the transmit antenna
elements. The beampattern designed in [17] has a relatively sharp main lobe and

shorter dwell time.

A discrete-Fourier-transform (DFT) FDA radar has been proposed in [18] for de-
signing a beampattern within the desired angular direction for a pulsed FDA radar.
The transmit antenna element weights are obtained by computing the inverse-fast-
Fourier-transform (IFFT) of the desired array factor. The beampattern designed
in [18] has a larger dwell time and lower computational complexity; however, the
designed beampattern performance evaluation has not been performed for tar-
get localization. A time invariant transmit beampattern is designed in [19] using

convex weight optimization at the transmit array.

1.3.2 Subarrays based FDA

In the standard FDA, the transmitted beampattern is coupled in angle, range and
time. The multi-carrier frequency diverse array (MCFDA) transmits the signals
at multiple carrier frequencies, resulting in a decoupled beampattern. In [20],
an MCFDA was proposed that optimizes the transmit weights using convex opti-
mization to design single-dot and multi-dot transmit beampatterns with decreased
sidelobes. Another MCFDA designed in [21] uses three different convex optimiza-
tion algorithms to decouple the transmit beampattern in angle, range and time.
The transmit beampattern has a large beamwidth and large sidelobes. The use
of convex optimization algorithms results in a large computational complexity in

the design of the transmit weights.

The sparse MCFDA proposed in [22] uses a modified genetic algorithm to optimize
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the cost function. The cost function minimizes the difference between the desired
and designed responses and reduces the computational complexity of the transmit
weight design. The FDA beampattern has an autoscanning feature [23] since FDA
beampattern is angle, range and time-dependent. The designed beampattern has
reduced sidelobes, but the beampattern is very narrow and the dwell time is small.
For multiple-target detection, a conditional GLRT-based method was proposed

[24] for receiver antennas for uniform-weighted FDA-transmitted beampattern.

1.3.3 Target Localization in FDA

There are various techniques for target localization discussed in [25]- [32]. Most
studies on target localization use uniform weights at the transmit antenna ele-
ments. A uniformly weighted double-pulse frequency FDA radar has been pro-
posed in [33], where the first pulse was transmitted to determine the direction
of arrival (DOA) of the target and the range of the target was determined by
transmitting another pulse. In [34], a uniformly weighted subarray FDA radar
has been discussed. The transmit antenna elements are divided into different sub-
arrays and each subarray transmits waveforms at distinct frequency shifts; thus

the target direction and range are jointly determined.

A transmit-subaperturing (TS) FDA radar is proposed in [35], which tracks the
target using optimization criteria to find out the location of the target. TS-FDA
divides FDA main array into subarrays and cognitively determines the location
of the target. The target tracking performance and computational complexity of
the proposed TS-FDA is high. A distributed FDA-multiple-input multiple-output
(MIMO) has been proposed in [36], with uniformly weighted transmit antenna
elements to suppress deceptive mainlobe jammers. The method involves two steps
to sustain mainlobe and suppress sidelobes via MVDR beamformer design and

Wiener filter design.

The FDA-MIMO proposed in [37] adaptively determines the transmit weights by
maximizing the output signal-to-interference-plus-noise ratio (SINR) to suppress

deceptive mainlobe jammers. The proposed method allocates the transmit power
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by assuming orthogonal waveforms at the transmitter and computes their covari-
ance matrix which results in lower computational complexity but orthogonality
limits its practical implementability. In [18], it is discussed that a beampattern
designed using IFFT weights can effectively localize of targets in multiple direc-

tions.

1.4 Motivation

Standard FDA radar beampattern has a shorter dwell time and in most of the
proposed literature, propagation delay has been ignored and all the weights op-
timization algorithms are computationally complex except the one DFT based
algorithm [18] which has used the correct model for FDA radar incorporating all
propagation time delays and mentioning transient and steady-state beampatterns
as well and it has a high dwell time and capable of locating more than one target
in multiple directions as well as its computational complexity is less than that of
all techniques proposed in the literature. In [18], the beampattern is designed for
desired angular direction only as well as signal model is derived from the transmit
antennas till the target and the localization of the target has not been done which
is really very important for locating the target and for its practical application of
use. The main goal of this thesis is to design a time-invariant 2D beampattern for
desired angular direction and range and the derivation of received signal model for

target parameter estimation for performance evaluation of designed beampattern.

Following are the objectives of this research thesis.

Derivation of closed-form solution of transmit antenna element weights for

2D beampattern design.

Derivation of the received signal model.

To estimate the location of the target using MPDR Beamformer.

Derivation of Cramer-Rao Lower Bound for FDA Radar.
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1.5 Contribution and Organization

The main contribution of this thesis is the design of a low-complexity algorithm for
a 2D time-invariant beampattern design. The complete mathematical details and
bounds are given, and the performance evaluation of the proposed beampattern

is presented.

The rest of the thesis is organised as follows:

1. Chapter 2 first presents the mathematics and simulations of the time-variant

beampattern design and then the time-invariant beampattern design.

2. Chapter 3 presents the received signal model for the FDA radar. The two
variants of the received signal model are presented with both FDA zero-
frequency offset and non-zero frequency offset. The idea for the selection of

parameters for designing a focused beampattern is discussed in detail.

3. In Chapter 4, the target parameter estimation is performed by estimating the
angle and the range of the target. The CRLB is derived, and the simulation

results are shown to verify the effectiveness of the proposed beampattern.

4. Chapter 5 summarizes all chapters and concludes the thesis. Finally, the

future directions of the proposed work are discussed.

5. The references have been mentioned at the end.
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CHAPTER 2

Beampattern Design in FDA
Radar

2.1 System Model

kth target in far-field

Figure 2.1: FDA Radar Transmitter.

Consider a frequency diverse array radar setup with linear arrays of antenna ele-
ments. We assume M number of antenna elements in the transmitter array and N
number of antenna elements at the receiver array with uniform separation between

the antenna elements denoted by d. Each antenna element transmits a signal s,, (t)
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using a carrier frequency f. but with small frequency shift f,, introduced at mth

antenna element. The transmitted signal is given by
Sm(t) = wpe 2 Uettm)t iy — 01,0 M — 1 (2.1.1)

There is a possible point target k located in far-field at an angle 6, where 6, is
the angle of the target with the perpendicular to the array and the distance of the
target from the array is Ry as shown in Fig. 1. The received signal at the target

is obtained after a delay in time 7 as given by

M—-1 .
p(t) = wmeijﬂ(fc‘i’fm)(t*T), = Rk - md Sln(ek)
m=0 C
M—-1 N o
= 3w R 2.12)
m=0

where ¢ denotes the speed of light in space. If we choose linearly increasing
frequency shifts f,, that is, uniform inter-element frequency offset as f,, = mf,,

then

M-—1 |
p(t) = Z wme—j%(fc—&-mfa)(t_w)

m=0

. Ry mfedsin(0y) 'm.2f dsin(6g)
_ emf =) e

_ i fe(t="E) =32 [ fo(t= )+ et o) O] (2.1.3)

The fundamental condition for FDA radar is f. > mf,, therefore,

mfcdsin(ek.)]

M—1
plt) = e2mIelt="5) 3w o2 ot T 4

m=0

(2.1.4)

The transmit antenna elements send pulses each of duration 7. The transmitted
pulse from the reference antenna element 0 reaches the target at time instant

ty = %, whereas the signal from antenna element 1 reaches the target at t; =
Ry dsin(6y)
f _ dsinif)

c Y

to— 11 = where 7 is the delay incorporating the path length effects
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due to antenna 1. Similarly, the signal from the (M —1)th antenna element reaches
Ry (M—1)dsin(6)

the target at time tp; 1 =t — Ta1 = = — - , where 1), is the delay
incorporating the path length effects due to antenna M — 1. Hence, the signal
from the (M — 1)th antenna reaches the target first, because of the maximum
frequency applied across it. Suppose, L pulses are transmitted from each antenna
element. The target is illuminated by the transmitted pulses for ¢ > tqg — 7a/_1.

The array factor for a given 6, and Ry can be defined as

. R mfedsin(6y,)
Zf\f:—ol wme—J%r[mfo(t—?k)-i—fk] for ¢ > tay1.
AF(t, Ry, 0;,) = (2.1.5)
0 for t < tar—1-
The beampattern as a function of # and R can be found as
B(t,R,0) = |[AF(t,R,0)[?, (2.1.6)

where 6 and R are the observation angle and observation range regions, respec-

tively, as given by

—90° < 0 < 90° (2.1.7)

and R < R < Rinas. (2.1.8)

Rpin and R4, denote the minimum and maximum values in the observation range
region, respectively. For ¢ > %, all the transmitted pulses completely illuminate

the target and there is steady-state response of beampattern as given by

B,(t,R,0) = |AF,(t,R,0)|*,  fort>t,. (2.1.9)
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2.2 Proposed Beampattern Design

As discussed in section [2.1] the array factor for ¢ > ¢, is given by

M-1 dsin(Gk)}

AF(t,R,0) =) w0, ¢ ol T+ I

m=0

(2.2.1)

Putting ¢ = f.\ and assuming that the separation between the antenna elements
equal to the half of wavelength A of the carrier frequency, i.e., d = %, the array

factor is simplified as

g

-1

AF(t,R,0) = wme_j%m(f"t’ﬁi%w_@)
m=0
M-1
- wye 2T fottfo=fr), (2.2.2)
m=0
where fy = SiHQ(G) and fr = £ OCR . For the two-dimensional observation section
(R,0), the value of fy and [y is given by
—0.5 < fp <0.5, (2.2.3)
oRmin oRmax
and f— < fr< J : (2.2.4)
c
The vector form of array factor equation is obtained as
1
27 (fot+fo—fr)
AF(t, R> 9) = |Wo,W1,...,Wprr—1 . s (225)
e—32m(M=1)(fot+fo—fr)
= w'ap(t, 60, R), (2.2.6)

where the transmit steering vector ar(t,0, R) is dependent on time, angle and

range. Therefore, FDA radar has an angle, time and range-dependent beampat-
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tern. The transmit steering vector is given by

ar(t,0,R) = ar(t) ®ar(d) © ar(R), (2.2.7)
where
r T
ar(t) = [1,e7720,. . 7efj27r(Mfl)fot} , (2.2.8)
ar(0) = |1, e-i2fo . ’e—j%(M—l)fe} ! 7 (2.2.9)
ar(R) = _1, eI IR ,ejz”(M_l)fR]T : (2.2.10)

The transmit steering vector is given by (2.2.7)), the transmit weight is designed
by
W =w; O Wy O Wg. (2.2.11)

2.2.1 Angle and time-dependent beampattern

For f, = 0 Hz, the FDA radar acts like a phased array (PA) radar and the equation

of FDA array factor reduces to the function of 6 only.

AF(t, R, 8)|f0:0 = wg'aT(Q)

M—-1
AF(6) = ) wp, e 920 (2.2.12)
m=0

The array factor in (2.2.12)) is the discrete-Fourier-transform (DFT) of weights

applied at transmit antenna elements.
AF(0,) = F{w,,, } (2.2.13)

where .Z{-} denotes the Fast-Fourier-transform of a column vector. These weights
in angular dimension can be found by taking the IFFT of the desired angle-

dependent array factor.
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Figure 2.2: FDA beampattern as a function of angle and time for a fixed R at
fo=0Hz
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0.5
we,, = Z AF(Qd)GjQWmfG
fo=—0.5

=.7 YHAF(6,)} (2.2.14)

As an example, the transmit beampattern of FDA radar is designed for the desired
angular region —20° < 0; < 20° for M = 40, d = %, fe =5 GHz and T = 16pus.
The equation is showing array factor as a function of 8 for f, = 0 Hz,
hence the designed beampattern is time-invariant in this case as shown in Fig. [2.2]
In this case, FDA radar behaves as PA radar and a range-dependent beampattern

could not be obtained.

FDA radar has a time-dependent beampattern that can be obtained by f, > 0
Hz, t > 0 s. There is a shift in beampattern which is proportional to f,t and fixed
R utilizing the time shifting property of DF'T. Hence the spatial beampattern has
moved towards negative angular direction for f, = 30 kHz as shown in Fig. [2.3]
From (2.2.13)), the AF(6y) is the FFT of wy,,. Therefore, for a fixed range Ry, the
angular shift in AF(0 + 60,) is given by

AF(0 + 0y) = F {e 72 mIetyy, 1 (2.2.15)

m

The angle-dependent beampattern of FDA radar on a polar plot is shown for differ-
ent time instances in Fig. 2.4] At ¢ = 0 s, the beampattern illuminates the angular
region [—20°,20°] only, exactly following the desired beampattern. At ¢ = 5us,
due to spatial shift in beampattern, the illumination region shifts to [—7°, —47°],
whereas at ¢t = 10us, the angular illumination region is [—34°, —74°]. At ¢t = 16us,
the illumination region shifts to [—67°, —90°] and [83°,90°]. Therefore, the total
illumination angle at a particular time instant is 40°. For f, > 0 Hz, the FDA
beampattern scans across the whole angular observation region [—90°,90°] in a

clockwise direction.
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Figure 2.3: FDA beampattern as a function of angle and time for a fixed R at
fo =30 kHz
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For f, < 0 Hz, t > 0 s and fixed R, there is a shift in beampattern, proportional
to — f,t, hence the spatial beam pattern moves towards positive angular direction

for f, = —30 kHz as shown in Fig. 2.5

The angle-dependent beampattern of FDA radar on a polar plot is shown for
different time instances in Fig. 2.6 At ¢ = 0 s, the beampattern illuminates the
angular region [—20°,20°] only, exactly following the desired beampattern. At
t = 5us, due to spatial shift in beampattern, the illumination region shifts to
[7°,47°], whereas at t = 10us, the angular illumination region is [34°, 74°]. At
t = 16us, the illumination region shifts to [67°,90°] and [—90°, —83°]. Therefore,
the total illumination angle at a particular time instant is 40°. For f, < 0 Hz, the
FDA beampattern scans across the whole angular observation region [—90°, 90°]

in anticlockwise direction.

2.2.2 Range and time-dependent beampattern

For # = 0, the value of fy = 0 and the equation of array factor reduces to the

function of R and t.

=

-1

AF(t,R,0=0)= ) wpye I2mmet=Ir)

g 3
Dyt

Wpe T2 o= ) (2.2.16)

3
Il
=)

For a given R, at t = %, then array factor becomes function of R.

2
AF(t = TR, R, 0= 0)|9:0 = AF(R) = W}'}'{aT(R)

M-1
= wg, e *mIn (2.2.17)
m=0
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Figure 2.5: FDA beampattern as a function of angle and time for a fixed R at
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Therefore, the equation of array factor is the DFT of transmit antenna element

weights.

The weights in range dimension could be found by taking IFFT of the desired

range-dependent array factor.

fO R'rnaa:

WR,, = Z AF(Rd)ejQWmfR
fR: foRmin

= ﬁ—l{lF(Rd)} (2.2.19)

As an example, a range-dependent FDA beampattern is designed for the desired
range region 4 km < Ry < 6 km for M = 40, d = %, fe =5 GHz and T = 16pus.
At t = 0, the leading edge of the transmitted pulse is at R = 6 km while the
preceding edge is at R = 4 km. Therefore, the designed beampattern illumination

range region is [4 km, 6 km| exactly following the desired beampattern.

FDA radar has a time-dependent beampattern, for either f, > 0 Hz or f, < 0
Hz, the transmitted pulse would illuminate the range region, that is, R > Ry4. For
t > 0 s, the shift in beampattern is proportional to f,t, hence the spatial beam
pattern is time-variant as shown in Fig. 2.7 The total FDA illumination range
region is 2 km at a particular time instant whereas the designed FDA beampattern
illuminates the whole range region for ¢ > 0 s. Therefore, for a fixed range 0y, the

range shift in AF(R + Ry) is given by

AF(R + Ry) = F{e 9oty 1. (2.2.20)
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Figure 2.7: FDA beampattern as a function of range and time for a fixed 6 at
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2.3 Time-variant transmit beampattern

The transmit weight vectors in both angular dimension and range dimension is

given by
-
wo = |wp,wh, g, | (2.3.1)
T
Wg = [w}"%, Wy, - ,w}}Mﬂ} : (2.3.2)

The transmit steering vector as a function of angle and range at a given time

instant ¢ is given by

]
ar(9,R) = [1,... e 0r-0t-i)] (2.3.3)

The transmit steering vector is given by (2.3.3)), the transmit beamspace weight
vector w can be designed as

W =Wy O Wg. (2.3.4)

The desired range angle-dependent transmit beampattern is given by

B(t, R,0) = |AF(t, R, 0)|?
2

= ‘WHaT(t, 0,R)| . (2.3.5)

For designing FDA 2D beampattern, a desired beampattern is formed by dividing
the whole observation region in angular and range dimension into number of grid
points. To illuminate the desired region, ones are assigned and for the rest of
region, zeros are assigned. The proposed transmit weight vector is designed by
computing [FFT of the desired array factor. Finally, a desired 2D angle and range
dependent beampattern is obtained by (2.3.5)). The designed transmit beampat-
tern dwell time is large therefore, it is capable of locating weak targets very easily.
The transmit beampattern could also be designed for illuminating multiple direc-

tions and ranges.
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In order to explain the performance of proposed scheme for designing 2D beam-
pattern for desired spatial section, 6; € [—20°,20°] and R, € [4 km, 6 km]. The
FDA 2D beampattern designed for f, = 30 kHz is shown in Fig. 2.9, The
FDA transmit beampattern is time-dependent so it illuminates different angular
and range regions while scanning over the whole angular and range observation
sections at different instances of time. The FDA radar transmit beampattern

scans the angular region from [—90°, —90°] and range region from [0 m, 10 km].

For f, = —30 kHz, the beampattern is designed for desired direction 6, € [—20°,20°]
and desired range Ry € [4 km,6 km]. For frequency decrement, the designed
transmit beampattern scans the 2D spatial section in anticlockwise direction. The
FDA designed 2D beampattern is shown in Fig. for different time in-
stants. Therefore, the FDA radar transmit beampattern scans the whole angular

observation region from [—90°, —90°] and range region from [0 m, 10 km].

The FDA radar beampattern utilizes the time-shifting property of the FFT algo-
rithm. In the case of the frequency increment applied across the transmit antenna
elements as time increases, the beampattern moves towards the left side, that is,
the negative angular region. Similarly, for frequency decrement, the beampattern
moves towards the positive angular region. This is the intrinsic nature of the FDA

beampattern because the FDA beampattern is time-dependent.

The proposed designed beampattern moves across the entire observation section
over the period of time. The designed beampattern has a larger dwell time but it
does not illuminate the desired 2D spatial section for all values of time. The main
goal is to design a time-invariant beampattern that illuminates the desired angle

and range regions for all values of time.
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Figure 2.8: 3D view of FDA beampattern as a function of angle and range for
fo =30 kHz at different time instances
(a) at t =0s (b) at t = 5us (c) at t = 10us (d) at t = 16us
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Figure 2.9: 2D view of FDA beampattern as a function of angle and range for
fo = 30 kHz at different time instances
(a) at t = 0s (b) at t = 5us (c) at t = 10us (d) at t = 16us
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Figure 2.10: 3D view of FDA beampattern as a function of angle and range for
fo = —30 kHz at different time instances
(a) at t =0s (b) at t = 5us (c) at t = 10us (d) at t = 16us
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Figure 2.11: 2D view of FDA beampattern as a function of angle and range for
fo = —30 kHz at different time instances
(a) at t = 0s (b) at t = 5us (c) at t = 10us (d) at t = 16us
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2.4 Time-invariant transmit beampattern

The time factor in the transmit steering vector causes FDA transmit beampattern
to vary over time. Therefore, we need to design weight vector in time dimension
also, that is, w; to have a time-invariant transmit beampattern. For § = 0 and

R = 0, the equation of array factor becomes the function of ¢ only.

M-1
AF(t,R=0,0 =0) = AF(t) = Z w,, e 32mmJot)
m=0
= w/ag(t)

M-1
= Z W,y e~ I2mmIot (2.4.1)
m=0
The time-dependent array factor is the DFT of transmit array weights.
AF(ty) = FH{wy,, } (2.4.2)

The weights in range dimension could be found by taking IFFT of the desired

range-dependent array factor.

T
wy, = Z AF (t4)el*mmiet
=0

= .F HAF(ty)} (2.4.3)
The transmit weight vector in time dimension is given by
T
Wy = [w;{o, wy, ... ,w,’fol] : (2.4.4)

The transmit steering vector is given by [2.1.5| therefore the transmit weight vector

is therefore designed as given by

wW=w; O Wy O Wg. (2.4.5)
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The designed transmit beampattern is given by 2.3.5] A time-invariant transmit
beampattern is designed for desired direction 6, € [—20°,20°] and desired range
R, € [4 km, 6 km] for f, = 30 kHz. The 3D and 2D view of FDA transmit beam-
pattern as a function of angle and time are shown in Fig. [2.12(a) and 2.13|a)
respectively . It can be seen from the angle time plot that the transmit beampat-
tern illuminate the desired angular direction 6, € [—20°,20°] for all time instants.
The 3D and 2D view of FDA transmit beampattern as a function of range and
time are shown in Fig. [2.12|(c) and [2.13|(c) respectively. It can be seen from the
range time plot that the transmit beampattern illuminate the desired range region

Ry € [4 km, 6 km] for all time instants. The 3D and 2D views of the corresponding
range-angle plots are shown in Fig. [2.14{a) and [2.15((a), respectively.

For illuminating two targets present in two different angular directions and at
same range, the transmit beampattern is designed for desired direction 6; €
[—40°, —20°] U [20°,40°] and desired range Ry € [4 km, 6 km] for f, = 30 kHz.
The 3D and 2D view of FDA transmit beampattern as a function of angle and
time are shown in Fig. [2.12(b) and 2.13|(b) respectively . It can be seen from
the angle time plot that the transmit beampattern illuminate the desired angular
direction 6, € [—40°, —20°] U [20°,40°] for all time instants. The 3D and 2D view
of FDA transmit beampattern as a function of range and time is shown in Fig.
[2.12)(c) and [2.13](c) respectively . It can be seen from the range time plot that the
transmit beampattern illuminate the desired range region R; € [4 km, 6 km]| for

all time instants. The 3D and 2D views of the corresponding range-angle plots
are shown in Fig. [2.14](b) and [2.15{b), respectively.

For illuminating two targets present in same angular direction and two different
range regions, the transmit beampattern is designed for desired direction 6; €
[—20°,20°] and desired range Ry € [3 km,4 km] U [6 km, 7 km] for f, = 30 kHz.
The 3D and 2D view of FDA transmit beampattern as a function of angle and
time is shown in Fig. [2.12(a) and [2.13|(a) respectively . It can be seen from
the angle time plot that the transmit beampattern illuminate the desired angular
direction 04 € [—20°,20°] for all time instants. The 3D and 2D view of FDA

transmit beampattern as a function of range and time is shown in Fig. [2.12{d)
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and [2.13(d) respectively . It can be seen from the range time plot that the transmit
beampattern illuminate the desired range region R, € [3 km,4 km] U [6 km, 7 km)]

for all time instants. The 3D and 2D views of the corresponding range-angle plots
are shown in Fig. [2.14{(c) and [2.15(c), respectively.

For illuminating two targets present in different angular directions and two dif-
ferent range regions, the transmit beampattern is designed for desired direction
0, € [—40°,—20°] U [20°,40°] and desired range R; € [3 km, 4 km] U [6 km, 7 km]
for f, = 30 kHz. The 3D and 2D view of FDA transmit beampattern as a func-
tion of angle and time is shown in Fig. [2.12(b) and 2.13|(b) respectively . It
can be seen from the angle time plot that the transmit beampattern illuminate
the desired angular direction §; € [—40°, —20°] U [20°,40°] for all time instants.
The 3D and 2D view of FDA transmit beampattern as a function of range and
time is shown in Fig. 2.12d) and [2.13|(d) respectively . It can be seen from the
range time plot that the transmit beampattern illuminate the desired range re-
gion Ry € [3 km, 4 km] U [6 km, 7 km] for all time instants. The 3D and 2D views
of the corresponding range-angle plots are shown in Fig. [2.14{(d) and [2.15(d),

respectively.

2.5 Conclusion

In this chapter, a time invariant 2D transmit beampattern is designed by designing
weights applied at transmit antenna elements. It is concluded that the transmit
antenna element weights designed for FDA radar using IFFT algorithm has the
capability of illuminating the targets present in multiple directions and ranges.
The designed beampattern has a much larger dwell time and it is capable of
locating targets present in multiple spatial locations. Therefore, the designed
transmit beampattern is very efficient in target localization. For performance
evaluation of the designed beampattern, the target parameter estimation is done.
For target parameter estimation, the FDA received signal model is derived in the

next chapter.
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Figure 2.12: 3D view of FDA beampattern
(a) as a function of angle and time for 6, € [—20°, 20°]
(b) as a function of angle and time for 6, € [—40°, —20°] U [20°, 40°]
(c) as a function of range and time for Ry € [4 km, 6 km]
(d) as a function of range and time for Ry € [3 km, 4 km| U [6 km, 7 km)]
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Figure 2.13: 2D view of FDA beampattern
(a) as a function of angle and time for 6; € [—20°, 20°]
(b) as a function of angle and time for 6, € [—40°, —20°] U [20°, 40°]
(c) as a function of range and time for Ry € [4 km, 6 km]
(d) as a function of range and time for Ry € [3 km, 4 km| U [6 km, 7 km)]
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Figure 2.14: 3D view of FDA beampattern as a function of range and angle for
(a) 04 € [—20°,20°] and R, € [4 km, 6 km)]
b) 0, € [—40°, —20°] U [20°,40°] and R4 € [4 km, 6 km]
(c) 04 € [—20°,20°] and Ry € [3 km, 4 km] U [6 km, 7 km]
(d) 6,4 € [—40°,—20°) U [20°,40°] and Ry € [3 km, 4 km] U [6 km, 7 km]
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Figure 2.15: 2D view of FDA beampattern as a function of range and angle for
(a) 04 € [—20°,20°] and Ry € [4 km, 6 km]

(b) 64 € [—40°, —20°] U [20°,40°] and Ry € [4 km, 6 km]

(c) 04 € [—20°,20°] and Ry € [3 km, 4 km] U [6 km, 7 km]

(d) 64 € [—40°,—20°] U [20°,40°] and Ry € [3 km, 4 km]| U [6 km, 7 km)]
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Signal Model

3.1 Received Signal Model

far-field

FDA Transmitter FDA Receiver

Figure 3.1: Block diagram of FDA radar.

FDA employs small frequency increment f, along with carrier frequency f., which
makes the transmit steering vector both angle and range dependent. In order to
have a range dependent received steering vector, a frequency diverse array is also
employed at the receiver as shown in Fig. [3.1] The FDA transmitter consists of
a ULA of M transmit antenna elements and the FDA receiver consists of a ULA

of N receiving antenna elements. The vector form of the received signal at the

target is obtained from ([2.1.4)) as given by

p(t) = 2 al (6, Ry)s(t) (3.1.1)
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where s(t) is the baseband signal vector defined by

T T
s(t) = |s,(t),s1(1),. .., sM,l(t)} = [woe_ﬂ”fct, wye d2rfet ,wM,le_ﬂ’rfct]

(3.1.2)

3.1.1 FDA Received Signal with non-zero frequency incre-

ment

We have N frequency diverse array receiving antennas each operating at f.+ nf,

2nfe Ry

frequencies. The phase of signal received at antenna 0 is; g = =5

27 (fe+fo) (R —dsin(6s))

[

for antenna 1 ; ¢ =

1; g = 22Ut W1 o) (B~ (N-1)dsin(8y))

for antenna N-

Taking antenna element 0 as a reference; there is no phase difference among signals

arriving at element zero.

Athy =0 (3.1.3)

The phase difference among signals arriving at element zero and element one

results in;

Ay =1 — 1o
_ 2nf,Ry  2mf,dsin(0y) 27 f.dsin(0)
¢ c c
_2nfoRy 2w fedsin(6y)
= c
~ QﬂfoRk _ 2w sm(ﬁk) (3 1 4)
B 5 1.

The phase difference among signals arriving at element zero and element N-1

results in;

Apy_1 = Yn_1 — o
_2r(N-1)f,R 2m(N — 1)%f,dsin(6y,) _ 2a(N — 1) fedsin(by)

C C C
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2n(N — 1) f,Rg B 2(N — 1) f.dsin(6y)
c c

L 2n(N = 1) fyRe 2w(N — 1) sin(0) (3.1.5)
. C ! 1.

12

Therefore, the receive steering vector is given by

. .2 R 27 sin(6
N ej(w,%m)

ar(k, Rr) = e CN¥! (3.1.6)

. . 2n(N—-1)foR 27 (N—1)sin(6
eI AN 1 el W= Dok, _2n(N—]) Oy

For t > %, a complete snapshot of the target reaches the receiving antennas
that is assumed to be corrupted with additive white Gaussian noise (AWGN).

The received signal at N receiving antenna elements in vector form is given by

r(t) = et Fap(Oy, Ry)ak(0y, Ry)s(t) + z(t) € CV*1 fortzz—fk (3.1.7)

where aR(Hk, Rk) = aR(Hk) ® aR(Rk), aR(ek) = [17 e—jWSin(ek)’ . Je—jW(N—l) Sin(ek)] ,

27rfoRk 27(N—1)foRy,

T
an(Ri) = |1, L ] and alt) = [0, 21(0),. 2va(8)] i
the noise vector. We have assumed z(t) as uncorrelated noise with zero mean and

covariance matrix as; R, = E[zz"] = o1y.

To get the baseband signal, match filtering is done at receiver. The output of

matched filters denoted by X is obtained as follows

X [

]27rpr;C

— (ek,Rk)aT(ek,Rk)/o s(t)sH(t)dt+/0 z(t)s" (t)dt. (3.1.8)
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The result of the involved integration in ([3.1.8)) is given by

2 * *
|wo| wow; ... Wowi 4
T * 2 *
wywg lwi | oo wwy,
/ s()s"(t)dt =
0
2
Wpr—1 W W Wi ... |war—q|
T
where w = |wg, w,...,wy—1| 18 the transmit weight vector. The received signal

matrix after substituting the results of (3.1.9)) in (3.1.8)), we get

j2n fe Ry

X = e c aR(Gk, Rk)a}(ﬁk, Rk)WWH + Z/ (3110)

where Z' = fOTz(t)sH(t)dt. Therefore, the output of the N x M matched filter is
given by

j27ffch

X=c¢ ¢ aR(Gk,Rk)a}(Gk,Rk)WjL Z/ (3111)

where we have defined W = ww'

. After applying vec{-} operator in order to
stack N x M received signal data into NM x 1 received signal vector data, the

[th snapshot of received signal is

j2n fe
y(l) = e : c = [WT X aR(Hk, Rk)]aT(Qk,Rk) + v
= Bb(0, Ri) + v, [=0,1,...,L—1, (3.1.12)

j2n fe Ry,

where B =e¢" ¢, b(0), Ry) = [W'®ag(0, Ri)]ar(0k, Ry.). The complete model

of the received signal, including all L snapshots of the target, is given by
Y = [y(O),y(l), L y(L - 1)} € CNMxE, (3.1.13)

The received signal obtained in (3.1.12)) depends on angle as well as range of
the target. Therefore, the angle and the range of the target can be determined.
Since the received signal is coupled in both angle and range, therefore they both

cannot be jointly estimated. First, we need to have an estimate of angle in order
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to estimate the range or vice versa. To independently estimate the angle of the

target, the FDA signal model is assumed with zero frequency increment.

3.1.2 FDA Received Signal with zero frequency increment

The FDA received signal with zero frequency increment is independent of range.

The vector form of received signal at N receiving antenna elements obtained from

3.1.7]) is modified for f, = 0 as given b
given by

r(t) = ¢ ap(0r)al(0)s(t) + 2(t) € CVU for ¢ > Q—fk (3.1.14)

After demodulation of baseband signal by match filtering at the receiver, the

output of the N x M matched filters is obtained as

j2m fe Ry

X =e ¢ ap(fp)an(0p)W +Z, (3.1.15)

After applying vec{-} operator in order to stack N x M received signal data into

NM x 1 received signal vector data, the [th snapshot of received signal is

y() = EEWT @ ag(@)]ar(@) + v
= [Bb(6) +v, 1=0,1,...,L—1, (3.1.16)

jzﬂfch

where B =¢"« , b(0;) = [W' ®@ag(0)]ar(6i) and v = vec{Z'}. The complete

model of the received signal, including all L snapshots of the target, is given by
Y = [y(O),Y(l), YL - 1)} € CVMxE, (3.1.17)

R, is the covariance matrix of received signal that is

vy = 20 (3.1.18)
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The received signal in now ([3.1.16)) is angle-dependent only, therefore the angle of

the target can be independently estimated.

3.2 Selection of frequency increment

The transmit weight for for the Nppr-sample points of the array factor AF () and
Nrprpr-sample points of the array factor AF(R) for FDA radar is given by ([2.3.4).

0.5
1
we, = AF()e?™m s, 3.2.1
S Py 3.2
foRmaz
1 ]271'me
w = AF(R 3.2.2
- N Zm (Re (3:22)

The above equation shows that range-dependent weights depends only on
fo- Therefore, for designing a very focused beampattern very close to that of
desired beampttern, one must carefully select the f,. The optimal value of f, is
obtained by minimizing the error between the desired and the actual beampattern

for the optimal value of f, as given by

min [AF(Rd) - AF(R)}

Oopt

min [AF (Rq) — Z WR,, € JQ”mfR} (3.2.3)

Oopt
The optimal value of f, is given by

C

. 3.2.4
Rmaa: ( )

foopt -

For illuminating a desired 2D spatial section, 6, = [—20°,20°] and Ry = [4 km, 6 km]
the optimal value of frequency increment f, . must be equal to 30kHz. The effect
of choosing the non-optimal frequency increment is shown in Fig. where a
range-dependent beampattern is designed at f, = 10kHz. The range dependent

beampattern has large beamwidth and sidelobes which affects the overall designed
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Figure 3.2: FDA range-dependent beampattern for R; = [4 km, 6 km]| at f, = 10
kHz.
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Figure 3.3: FDA range-dependent beampattern for R; = [4 km, 6 km]| at f, = 30
kHz.
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FDA 2D transmit beampattern. The range-dependent beampattern designed at
optimal frequency increment f, = 30 kHz is shown in Fig. [3.3l A very focused
main lobe beampattern with larger dwell time and smaller sidelobes is obtained
for f, = 30kHz as compared to that for f, = 10 kHz, whereas the angle-dependent
beampattern is independent of f, therefore, the same angle-dependent beampat-
tern is obtained for both values of f,. Therefore, the f, overall affects the shape

of the 2D transmit beampattern hence its optimal selection is important.

Another example of designing a range-dependent beampattern for R; = [20 km, 25 km]
is shown. The optimal value of f, must be equal to 10kHz according to the de-
sign criteria. The comparison of beampattern designed at non-optimal frequency
increment f, = 1 kHz is shown in Fig. and at optimal frequency increment

fo = 10 kHz is shown in Fig. [3.5] The beampattern designed at f, = 1 kHz has
much larger beamwidth than desired. The main lobe illuminates the range region

R; = [15 km, 30 km| and also it has very large sidelobes as compared to that

of previous example. A very focused beampattern with much reduced sidelobes

is obtained for f, = 10kHz, which illuminates completely the desired 2D spatial
section.

FDA beampattern is range-dependent periodic with a factor of f—co Choosing f, >

+ results in periodic range-dependent beampattern. The beampattern designed
for f, = 20kHz is shown in Fig. [3.6] The designed beampattern has although very
reduced sidelobes as well as a very focused main lobe beampattern but it has two
main lobes. Therefore the designed 2D transmit beampattern illuminates the two

range regions Ry = [5 km, 10 km] U [20 km, 25 km)].
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Figure 3.4: FDA range-dependent beampattern for R, = [20 km, 25 km]| at
fo =1 kHz.
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Figure 3.5: FDA range-dependent beampattern for R, = [20 km, 25 km]| at
fo =10 kHz.
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Figure 3.6: FDA range-dependent beampattern for R; = [20 km, 25 km]| at
fo =20 kHz.

3.3 Selection of Time period of pulse

The bound on choice of f,T is already derived in by determining the spatial-
exploration of FDA radar. The spatial-exploration of FDA radar is given by

SE = 60,—106
= sin? <¢—) —sin~? ( —2f,T — @). (3.3.1)

v ™

where 0y and 6; are the two consecutive zero crossings of average transmit beam-

pattern of FDA radar.

0y = sin_l(—2fOT—%) (3.3.2)
6, = sin? (¢—> (3.3.3)

™
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From (3.3.2) with initial phase ¢, = 0, we have

sin(#)

2 fo T + QWT =0
sin(#)
oT - -
J 2
f,T < £0.5 (3.3.4)

3.4 Bound on Transmit Array Weights

The transmit array weights is the inverse-Fourier-transform of the desired array
factor. Here we determine the upper and lower bounds of the absolute value of

W -

3.4.1 Upper bound

To derive the upper bound on the non-uniform transmit array weights, the desired
angular region of illumination is 6; = 0 = [—-90°,90°] and Ry = R = [0 km, 10 km].
The transmit array weights for the Ngppp-sample point of the array factor AF(6)
and Ngpr-sample point of the array factor AF(R) are

0.5

1 )
v, = S e
Nerr |, £
foRmaz
1 . o
WR,, = ef2mmir 3.4.1
Nrrr ; _ (341)
R= o (’:mzn
which is evaluated to find |w,,| as
|wp,,| <1
lwg, | <1 (3.4.2)
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3.4.2 Lower bound

To derive the lower bound on the non-uniform transmit array weights, a single
or more angular and range point 6; and R, is considered for illumination. The

transmit weights in this case are given by

1 .
w — e’ 2rmfo,
e Nrpr %:
d
1 .
w = ef2mmir, 3.4.3
fim Nrrr fg (343)
d
which is evaluated to find |w,,| as follows
1
|w9m| Z Y
FFT
1
Wg,,| > 3.4.4
| > 5 (3.4

where fp, = w and fg, = f”f‘d. Therefore, to illuminate any desired 2D section,

the value of the non-uniform IFFT-based transmit array weights would always be

bounded by

1
<wy, | <1 3.4.5
e < | < (3.45)
1
< |w <1 3.4.6
o <lun,| < (3.46)
or
M-1
M
<3 fup,| < M (3.4.7)
Nppr = A=
M-1
M
<3 fwn, | < M. (3.4.8)
Nerr — 5=
For illuminating the entire 2D observation section 6; = 6 = [-90°,90°] and R, =

R = [0 km, 10 km] for M = 40, Nppr = 512 and Ngpg = 1024, the transmit
weights |wg, | = 1 and |wy,,| = 1 as shown in Fig. [3.7, The desired beampattern

is the whole 2D observation section that forms a dc function and the IFFT of a
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Figure 3.7: FDA transmit weights for 6; = [-90°,90°] and Ry = [0 km, 10 km] at
fo =10 kHz.
dc function is a unit sample function at zero frequency. Therefore, the absolute
value of transmit weights is a unit sample at m = 0.
For illuminating a target located at 6; = 20° and R4y = bkm for M = 40, Ngpr =
512 and Nppr = 1024, the transmit weights |wg, | = 1.953 x 1072 and |wy, | =
0.9766 x 1073 as shown in Fig. [3.8l The desired beampattern is a unit sample
function at the angular location and the range of the target and the IFFT of a
unit sample function is a constant dc function. Therefore, the absolute value of
transmit weights are a constant value as it is shown in the Fig. 3.8
10-3 10-3
P 5
0.8] | 15 1
“E 06| &
~ <
\J B 1| 1
2] 0
< 0.4 H | 2
0ol | 0.5 H H
0 0
—20 —10 0 10 20 —20 —10 0 10
Transmit Antennas M Transmit Antennas M

Figure 3.8: FDA transmit weights for #; = 20° and R4y = 5km at f, = 10 kHz.
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For illuminating a target located at 65 = [—20°,20°] and R; = [4 km, 6 km]| for
M = 40, Nppr = 512 and Ngpg = 1024, the transmit weights |wy,,| < 1 and
|wy,,| =< 1 as shown in Fig. [3.9f The desired beampattern is a rectangular
function in this case and the IFFT of a rectangular function is a sinc function.

Therefore, the absolute value of transmit weights obtained forms a sinc shape.

° ] (]
(-]1-] 0.3 |
[-1[-]
(- 10 0] N
“E ol |
| g 0.2
z
2]
| 0.1} |
mﬁLﬂ[L] m[mm Oa?miﬁloﬂeﬂoﬂo JLT?;I&M
—20 —10 0 10 20 —20 —10 0 10 2

Transmit Antennas M Transmit Antennas M

Figure 3.9: FDA transmit weights for 6; = [—20°,20°] and R; = [4 km, 6 km] at
fo =10 kHz.

3.5 Selection of Number of Transmit Antenna

Elements

The transmit beampattern is designed by properly designing the transmit antenna
element weights. A more focused large dwell time pattern with reduced sidelobes
could be obtained only for large number of M. The angle and range-dependent
[—20°,20°] and Ry
[4 km, 6 km] is shown for different values of M as shown in Fig. [3.10] and [3.11]

transmit beampattern designed for desired region 6y

respectively. The dwell time of designed angle and range-dependent transmit
beampattern is very small for M = 5, whereas as value of M increases the dwell
time of transmit beampattern increases as it is evident from figures. The dwell
time is very large for M = 40 and the shape of designed transmit beampattern

gets very closer to that of desired beampattern.
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3.6 Conclusion

In this chapter, a complete signal model for FDA radar is derived assuming both
zero and non-zero frequency increments at both the transmit and receiving antenna
elements. The received signal model is derived by applying N x M matched filters
at the receiver incorporating the concept of a weighted beampattern, which has
not yet been proposed in the literature. To design a very focused beampattern
close to the desired beampattern, the derivation of optimal frequency offset is
proposed. The bounds on the time duration of the transmitted pulse and the
transmit antenna element weights have also been derived. It is also verified by
simulation results that the application of optimal frequency offset gives only the
focused 2D beampattern with reduced sidelobes. Therefore, it is concluded that
careful selection of all parameters involved in the beampattern design is very
important. The derived received-signal models are utilized for target-parameter

estimation in the next chapter.
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CHAPTER 4

Target Parameters Estimation

In this chapter, each target is characterized by its angle and range. For target

parameters estimation, the angle and range of the target is estimated.

4.0.1 Angle Estimation

In order to find out location of target, a double pulse method is employed. At first
a pulse is transmitted at f, = 0 as well as f, = 0 is used at receiver array so that
the received signal model reduced to (3.1.16|) and the angular location of target
is determined from the received signal. To estimate the angle using a weighted
beampattern, the MPDR beamformer is applied to maximize the signal-to-noise

ratio (SNR) at the receiver.

Ilil(ier)l k"(0)R, k() subject to k" (0)b(9) =1, (4.0.1)

where R, is the covariance matrix of the received signal y(l) = Sb(6x) + v., that

R, = %ZY(Z)YH(Z) = Y: : (4.0.2)

The beamformer weight vector obtained by the minimization of above function is

obtained as [39]
R, 'b(0)

k(o) = bH(6)R, Tb(d)’

(4.0.3)
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The power pattern as a function of # of the beamformer output obtained by using
(4.0.3) is given by

1
bH(0)R,1b(0)

P(6) = (4.0.4)

The peak in this function provides the angle estimate of the target. The algorithm

used for the angle estimation is summarized as Algorithm [T}

Algorithm 1 Angle Estimation using weighted FDA

1: procedure ANGLE-ESTIMATION

2 Observe Y.

3: Compute R, = YEH.

4:  Compute b(0) = [WT ® ag(6)]ar(6).
5: Solve (4.0.4]).

6 ék — argmax.

7: end procedure

0.6 - i

P(0)

0.4+ N

9100 —-80 —60 —40 —-20 O 20 40 60 80 100

0 (°)

Figure 4.1: FDA received power plot for 8, = 10°.

The FDA beampattern is transmitted for desired angular region 6, = [—20°,20°],
M =10, N =10, f. =5 GHz and f, = 0 for a target located at 8, = 10°. The
received power plot is shown in Fig. [£.1]
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4.0.2 Range Estimation

Range localization is done after estimating the angular location of the target.
To estimate the range using a weighted beampattern, the MPDR beamformer is

applied to maximize the signal-to-noise ratio (SNR) at the receiver.

A~

min k"(R,8;)R,k(R,8;) subject to k" (R, 8,)b(R, 6;) = 1, (4.0.5)
K(R,0y)
where R, is the covariance matrix of the received signal y(l) = Sb(6k, Rx) + v,

that is
B YYH

(4.0.6)

The beamformer weight vector obtained by the minimization of above function is

obtained as [39)
A R, 'b(R,0
(R, 0;) = y PG (4.0.7)
b (R, 6;)R; 'b(R, b))

The power pattern as a function of R of the beamformer output obtained by using
(4.0.7) is given by
1

P(R) = - —.
o b"(R, 6;)R; 'b(R, b))

(4.0.8)

The peak in this function provides the range estimate of the target. The algo-
rithm used for the range estimation is summarized as Algorithm [2, The FDA

Algorithm 2 Range Estimation using weighted FDA

procedure RANGE-ESTIMATION
Observe Y.

Compute R, = YEH.

1:
2
3
4 Compute b(R, ;) = [WT @ ag(R, 0;))ar(R, 6;).
5
6
7

Solve (L08).

Ry, + argmax(4.0.8).
end procedure

beampattern is transmitted for desired angular region 6; = [—20°,20°] and range
Ry = [4 km,6 km|, M =10, N = 10, f. = 5 GHz and f, = 30 kHz for a target
located at 0 = 10° and Ry, = 5 km. The received power plot is shown in Fig. [1.2]
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Figure 4.2: FDA received power plot for Ry = 5 km.

4.1 Cramer-Rao Lower Bound

To analyze the performance of the FDA radar, CRLB is derived. The Fisherman

Information Matrix (FIM) denoted by F(n) is given by Slepian-Bang’s formula [40]

F(n )_273[(2‘7;’) r- 1(‘3—;")], (4.1.1)

T
where the parameter vector is n = [Qk, Rk] . The received signal is circularly

-
Gaussian distributed with a mean g = [b(Qk), b (6, Rk)} and covariance T' = ¢1.
The FIM with parameter vector is given by

H
_ lé) —1 0
F(n) = 2R |2 2] T2 o]
2
_ opr | el Rlgias (4.1.2)
RlaRasl lazll?
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The elements of FIM is given by

O _ O[b(6k), b(0k, Br)]"

aw - - o (4.1.3)
G = D OB 0T L)
where
8‘;(&%) _ %[((WT@)aR(Qk))aT(Qk)}
— (WTe (Cmeos(a)Quan(tn) Jar (@) +
(W7 & an(6h) ) (i cos()Pusar(6)
_ p, e CNMX, (4.1.5)
3'0(2';; Re) - _ a% [<<wT ® aR<9k,Rk>>aT<9k,Rk>}-
— <WT ® [(—jw cos(0x))Qnar(fr) © aR(Rk)]>aT(9k7 Ry) +
<WT ® ag(by, Rk)) (—jmcos(0;))Pryar () © ar(Ry)
_ p, e CVVI (4.1.6)
a‘ggf _ aiRk{((WT(@aR(Qk))aT(ek)}'
= 0¢cCV¥x (4.1.7)
ab(ggf’” - aiRk{((WT®aR(9k,Rk))aT(9k,Rk)}-

27 fo
C

= (W [an(o) © (P70 Quan(Ri)] arth, 1) +

J2m fo

(WT ® an(f, R@)aka) o (2o)pan (Ry)

= pgeCV! (4.1.8)
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The matrices Py, and Qpn are given by

Py =diag (0,1,..., M — 1),

Qy = diag (0,1,...,N —1).

The FIM elements obtained after evaluating the partial derivatives results in

P1
Il = [pa pat|
P2
= p1"p1+p2"p2 (4.1.9)
H - H H 0
4 dr = [pl pz]
Ps3
= p2tp; (4.1.10)
P1
qrqy = [OH PsH}
b2
= ps'ps (4.1.11)
0
lanll? = [o# pg*|
Ps3
= ps''ps (4.1.12)

H H H
+ R
F(y) — or-' [Pt Prrbe b (p2"ps) (4.1.13)

R(Pssz) P3HP3
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The CRLB obtained by taking the inverse of FIM is given by

2 (|lasl*llarll* — Rlag' arlR[azk o))
_ ‘7_3 P3''Ps
2 (p1M'p1 + p2M'p2)(Pstps) — R(p2Mps)R(pstp2)
(4.1.14)
o? g ?
CRLB(R) = -=
2 (|lasl*llarll* — Rl arlR[afk qe])
_ 0_3 P1"p1 + p2"p2
2 (p1M'p1 + p2M'p2)(Pst'ps) — R(p2"ps)R(pstp2)
(4.1.15)
4.2 Simulation Results and Discussion
For a target located at 0, = 10° and R, = 5 km, a time-invariant transmit

beampattern is designed for desired 2D spatial section 05 = [—20°,20°] and R4 =
[4 km, 6 km] for M = 10, N = 10, f. =5 GHz, f, = 30 kHz, d = 4 and L = 128.
The performance comparison of non-uniform weighted uniform frequency incre-
ment FDA radar was performed with uniform-weighted, transmit weights op-
timized and non-uniform frequency offset optimized FDA beampatterns. The
uniform-weighted FDA radar was proposed in [23]- [24]. For uniform-weighted
FDA radar and Hamming window based FDA radar, the dwell time time of trans-
mit beampattern is very small therefore, both are showing large MSE in target

parameter estimation.

4.2.1 RMSE Versus SNR

The angle root-mean squared error (RMSE) is plotted for 1000 iterations over
a grid size of 0.01°, as shown in Fig. For uniform-weighted FDA radar,
the angle RMSE meets the CRLB at SNR= 5 dB because of the shorter dwell
time of the beampattern. In Hamming window-based FDA radar, the sidelobes of

transmit beampattern are suppressed using Hamming window-based non-uniform
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Figure 4.3: Angle Estimation RMSE Versus SNR.

frequency increments; whereas for angle estimation f, = 0 therefore, the transmit
beampattern is not optimized for Hamming FDA in this case and it has shown the
worst performance than all the compared techniques and therefore meets CRLB
at SNR = 10 dB, because of its sharp main lobe and shorter dwell time. For
DPSS beampattern, the dwell time of the beampattern is larger therefore, the
angle RMSE of the DPSS satisfies the CRLB at SNR = 0 dB but its sidelobes
are larger than that of the proposed beampattern. The proposed non-uniform

weighted FDA radar meets the CRLB at SNR = —15 dB.

The range RMSE is is plotted for 1000 iterations over a grid size of 1 m, as shown
in Fig. 4.4 For range RMSE, the uniform-weighted FDA radar is showing the
worst performance and meets the CRLB at 15 dB but in Hamming FDA the
beampattern is particularly designed by non-uniform frequency optimization and
hence a narrow focused beampattern is directed towards the target therefore it
meets the CRLB at 10 dB. This is why it is results in more error in the range
estimation of the target. DPSS FDA radar beampattern because of its larger
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Figure 4.4: Range Estimation RMSE Versus SNR.

dwell shows comparable performance to proposed FDA radar meeting CRLB at
SNR = 0 dB but not better than proposed FDA radar, which meets CRLB at
SNR= —5dB.

Therefore, the proposed non-uniform weighted FDA radar shows superior per-
formance in target parameter estimation as compared to all the other methods
discussed because of the larger beamwidth of the main lobe and hence, larger

dwell time.

4.2.2 Computational Complexity

The transmit weights computation complexity comparison of the proposed non-
uniform weighted FDA radar has been performed with convex-optimized weighted

FDA beampatterns f for solution accuracy € = 0.01 as shown in .

The computational complexity of the non-uniform weighted FDA radar is O(3M log M)

as it is using three IFFT algorithms for optimization of transmit antenna el-
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Figure 4.5: Computational Complexity Comparison of Transmit Weights

ement weights, whereas the convex weight optimization techniques in in-
volve semi-definite-programming (SDP). The computational complexity of SDP
is O(M*® log ). The optimization of transmit antenna element weights in [20]
to suppress transmit beamspace sidelobes involve quadratic programming (QP),
that costs a computational complexity of O(M?3). In , three different convex
optimization problems are solved for optimization of transmit antenna element
weights. Therefore, its comutational complexity is O(3M?). It is shown in Fig.
that the proposed non-uniform weighted FDA radar is superior to the other
convex optimization techniques in terms of complexity. Therefore, it is more effi-

cient for target localization.

4.3 Conclusion

In this chapter, performance evaluation of the proposed 2D time-invariant trans-

mit beampattern has been done. The proposed received signal model derived has
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the capability of providing independent target parameter estimation. The FDA
radar with zero frequency increment provides independent angle estimation while
the FDA radar with non-zero frequency increment provides range estimation. The
proposed weighted beampattern has also proved its efficiency in target parame-
ter estimation and computational complexity as compared to the other literature

techniques.
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CHAPTER 5

Conclusion and Future Work

5.1 Summary

Chapter 2: The theory of 2D beampattern design is presented in Chapter 2.
First, the array factors AF(6) and AF(R) were independently represented as the
FFT of the corresponding transmit antenna element weights in the angular and
range dimensions, respectively. A 2D time-variant beampattern was obtained by
applying the designed transmitting antenna element weights. The time variance
of the proposed beampattern was shown in the FDA angle, range and time plots.
The main goal was to design a 2D beampattern that illuminates the desired two
dimensional spatial section for all values of time that was achieved by redesigning
transmit antenna weights in the time dimension as well. Finally, the time-invariant
transmit beampattern was designed to illuminate multiple spatial sections and the

simulation results were presented.

Chapter 3: In Chapter 3, a complete signal model was derived. Complete math-
ematical calculations of the FDA radar received signal model were presented with
both zero and non-zero frequency offsets. The selection of various parameters af-
fecting the shape of the designed beampattern was discussed in detail. The choice
of frequency offset, number of transmitting antenna elements and the bounds on
the selection of the time duration of the transmitted pulse and transmit antenna

element weights were derived.
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Chapter 4: In Chapter 4, the angle and range estimation of the target were
performed using the MPDR beamformer at the FDA receiver with zero and non-
zero frequency offsets, respectively. The performance of the beampattern was
monitored for target localization and target parameter estimation was done. The
effectiveness of the proposed beampattern was also validated through RMSE ver-

sus SNR comparison and computational complexity analysis.

5.2 Conclusion

This thesis presented the novel idea of designing a 2D transmit bempattern for
FDA radar to illuminate the desired spatial section. The desired 2D spatial sec-
tion is illuminated by designing the transmit antenna element weights using IFFT.
The idea presented in this thesis is novel from the existing beampattern design
techniques using IFFT because the existing techniques exploit IFFT to illuminate
the desired angular region only, which is similar to that of the transmit beampat-
tern design for phased array radars. This thesis designs a transmit beampattern
for FDA radar to illuminate the desired angular direction as well as the desired

range region that is time invariant.

The proposed beampattern design concept has the potential to illuminate any 2D
desired spatial section for all values of time. The designed beampattern has larger
dwell time due to which it shows efficient performance in target localization even
at low SNR. The existing literature uses convex optimization techniques to design
a larger dwell time pattern. The IFFT algorithm has less computational com-
plexity in transmitting antenna element weight design compared to other convex
optimization techniques. Therefore, the proposed 2D beampattern design outper-

forms all other existing beampattern design techniques.
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5.3 Future Work

This thesis discussed the beampattern design using a uniform frequency offset at
the transmit antenna elements for linear arrays. The proposed beampattern has
been designed a for static and known targets only. As a future work, this work

could be extended for

e Proposed IFFT beampattern design using circular frequency diverse arrays.
e A time-variant beampattern design for tracking moving target.

e Peformance evaluation of time-variant beampattern design.
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