Some Exact Solutions of the
Einstein—Maxwell Field Equations in
Spherical Geometry

by

Ayesha Mahmood
Regn. No. NUST201390124TPSNS7113S

A thesis
submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
in
Mathematics

Supervised by
Prof. Azad Akhter Siddiqui

Department of Mathematics
School of Natural Sciences
National University of Sciences and Technology
Islamabad, Pakistan

August, 2019



CERTIFICATE OF APPROVAL

This is to certify that the research work presented in this thesis entitled “Some Exact

Solutions of the Einstein—Maxwell Field Equations in Spherical Geometry” was

conducted by Ms. Ayesha Mahmood under the supervision of Prof. Azad A. Siddiqui.

No part of this thesis has been submitted anywhere else for any degree. This thesis is

submitted to the School of Natural Sciences in partial fulfillment of the requirements for the

degree of Doctor of Philosophy in Field of Mathematics Department of Mathematics,

School of Natural Sciences (SNS) University of National University of Sciences and

Technology, Islamabad, Pakistan.

Student Name: Ms. Ayvesha Mahmood

Examination Committee:

Signature: | ﬂj/@(fw |

a) | External Examiner:

Name Dr. Zahid Ahmad

Designation Associate Professor

/@; A

COMSATS Institute of Information

CILoAL AACERS | o vealoem: Abbutahad. Pakista

Signature

b) | External Examiner:

Name Dr. Muhammad Sharif

c

Designation Professor

j o

Department of Mathematics, University

Official Address | ¢ the punjab, Lahore-54590, Pakistan.

Signature

¢) | Internal Examiner:

Name Dr. Tooba Feroze
s
Designation Professor 4{’ -
g Signature
Official Address | NUST-SNS P

Supervisor Name: Prof. Azad A. Siddiqui

Name of Dean/HoD: Dr. Tooba Feroze

Signature: Cgf% /g

Signature: %’(&;




AUTHOR’S DECLARATION

I, Ms. Ayesha Mahmood hereby state that my PhD thesis titled Some Exact

Solutions of the Einstein—Maxwell Field Equations in Spherical Geometry is my

own work and has not been submitted previously by me for taking any degree from
this University

National University of Sciences and Technology

Or anywhere else in the country / world.

At any time if my statement is found to be incorrect even after my Graduate the

university has the right to withdraw my PhD degree.

Name of Student:  Ayesha Mahmood

Signature: i

Date: () A — 1 25‘/0/




PLAGIARISM UNDERTAKING

I solemnly declare that research work presented in the thesis titled “Some

Exact Solutions of the Einstein—Maxwell Field Equations in Spherical Geometry”

is solely my research work with no significant contribution from any other person.
Small contribution/help wherever taken has been duly acknowledged and that
complete thesis has been written by me.

I understand the zero tolerance policy of the HEC and University.

National University of Sciences and Technology

towards plagiarism. Therefore I as an Author of the above titled thesis declare that no
portion of my thesis has been plagiarized and any material used as reference is

properly referred/cited.

[ undertaking that if I am found guilty of any formal plagiarism in the above
titled thesis even after of PhD degree, the University reserves the rights to
withdraw/revoke my PhD degree and that HEC and the University has the right to
publish my name on the HEC/University Website on which names of students are

placed who submitted plagiarized thesis.

Student / Author Signature: W

vV
Name: Ms. Avesha Mahmood

Y




THESIS ACCEPTANCE CERTIFICATE

Certified that final copy of PhD thesis written by Ms. Ayesha Mahmood, (Registration
No. NUST201390124TPSNS7113S), of School of Natural Sciences has been vetted by

undersigned, found complete in all respects as per NUST statutes/regulations/PhD policy,
is free of plagiarism, errors, and mistakes and is accepted as partial fulfillment for award
of PhD degree. It is further certified that necessary amendments as pointed out by GEC
members and foreign/local evaluators of the scholar have also been incorporated in the

said thesis.

Signature: (%\ﬂ% L/ﬂ 5// .

Name of Supervisor: Prof. { ad A. S1dd1qu1
Date: 02-,/05;/0'1/9//f

Sionatie (Hol): | SZeHe .

Date: 6268 -4

‘_’-‘W/
Signature (Dean/Principal): @ (/l/
Date: o) [ .-\%/1

3049
W\(



Form PhD-7 (Revised)
DOCTORAL PROGRAMME

! : OF STUDY
(Must be type written)

National University of Sciences & Technology
REPORT OF DOCTORAL THESIS DEFENCE

Name: Ms. Ayesha Mahmood NUST Regn No: NUST201390124TPSNS7113S

School/College/Centre: __ NUST — SCHOOL OF NATURAL SCIENCES (SNS)

DOCTORAL DEFENCE COMMITTEE

Doctoral Defence held on 02 August, 2019 (Friday) at 0930 hrs

QUALIFIED NOT QUALIFIED SIGNATURE

GEC Member-1: Dr. Tooba Feroze

GEC Member-2: Prof. Asghar Qadir

GEC Member (Exernan: Dr. Ibrar Hussain

Supervisor: Prof. Azad A. Siddiqui

CO—SupCI’ViSOt‘ (if appointed):

External Evaluator-1: Dr. Zahid Ahmad

(Local Expert)

External Evaluator-2: Dr. Muhammad Sharif
(Local Expert)

External Evaluator-3: Dr. Hyung Won Lee
(Foreign Expert)

IO0RKOR B A B
100000000

External Evaluator-4: Dr. Francesco De Paolis
(Foreign Expert)

FINAL RESULT OF THE DOCTORAL DEFENCE
(Appropriate box to be signed by HOD)

The student Ms. Ayesha Mahmood Regn No NUST201390124TPSNS7113S is / is NOT accepted for

Doctor of Philosophy Degree. — W/V

L

./_’/
Dated: 07/ L(’J( Dean/Commandant/Principal/DG
Distribution:

1 x copy each for Registrar, Exam Branch, Dir R&D, Dir Acad Jat HQ NUST, HoD, Supervisor, Co-Supervisor (if appointed),
one for student’s dossier at the School/College/Centre and copy each for members of GEC.

Note:
* Decision of External Evaluators (Foreign Experts) will be sought through video conference, if possible, on the same date and
their decision will be intimated (on paper) to HQ NUST at a later date.



Dedicated to my sweet

little
daughter Hareem Fatima

and

my husband

Muhammad Younis.



Abstract

In this thesis, the aim is to present some new classes of non-static
and static, spherically symmetric solutions of the Einstein-Maxwell
tield equations representing compact objects with negative pressure.
Throughout this thesis the space-time geometry is spherical, the radial
pressure is negative, and the matter density equals the negative value
of the radial pressure (either it is considered or it comes out as a con-
sequence of the calculations). Several non-static solutions are found
by taking an ansatz for the components of the metric tensor and on
the square of electric field intensity. The solutions are shown to satisfy
physical boundary conditions associated with the exact solutions of
the Einstein-Maxwell field equations. Due to negative pressure, these
solutions can model physical systems such as expanding compact ob-
jects containing negative pressure. Petrov and Segré classifications
that these obtained solutions admit are also discussed in detail. Two
static solutions of the field equations are also obtained with the ansatz
similar to that for the non—static cases in order to have a look how the
solutions behave for these kind of ansatz in static geometry. All the
physical conditions are shown to be satisfied for the static solutions and
it is shown that these solutions describe compact objects with negative

pressure.
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Chapter 1
Introduction and Preliminaries

In this chapter, first of all a brief account of the general relativity is
given. Then some literature is cited that can be found on the solutions
of EMFEs. It also contains some basic definitions that are required to
understand the FEs.

1.1 Introduction

Relativity is the twentieth century development of the theory of motion
for macroscopic objects. The theory of relativity generally refers to the
two theories of Albert Einstein, Special theory of relativity of (1905)
explained with his famous paper “On the Electrodynamics of Moving
Bodies”, and General theory of relativity of (1916) presented in his
paper “Die Grundlage der allgemeinen Relativititstheorie”. Relativity
theory is one of the main foundations of modern physics.

Special relativity deals with uniform, unaccelarated motion of macro-
scopic objects. Quite often it gives a satisfactory description of mi-
croscopic objects. General relativity attempts to deal with arbitrary
motions. It succeeds for macroscopic objects in a gravitational field.

At a fundamental level, the limitations of the theory are felt where a



quantum description is required. To date there is no theory which can
satisfactorily describe the motion of both macroscopic and microscopic
objects. There are also problems in dealing with motion in which ac-
celeration is due to fields other than pure gravity.

The ”Special” or “Restricted” theory is limited to the study of uni-
form, unaccelerated, motion. In other words it deals with motion in
a straight line with constant speed. On the other hand, “General” or
“Unrestricted” theory deals with general motions. The general the-
ory of relativity owes its existence to Einstein’s physical insight and
his insistence on logical and aesthetic requirements in the formulation
of the theory. The mathematics developed owes a lot to Minkowski,
Grossmann, Hilbert and others. The early solutions to Einstein’s FEs
were found by Schwarzschild, Friedmann, Reissner, Nordstrdm, De
Sitter, Lemaitre and others. However, it remains essentially Einstein’s
theory. Detailed history is given very elegantly by A. Qadir [1].

In general theory of relativity the gravitational force is expressed as
a curved four-dimensional space-time. The Einstein theory considers
the gravitational forces and the forces of acceleration to be equivalent
and there cannot be any object in the universe that can travel faster
than the speed of light, yet the gravitational pull between two objects
is strong when they have smaller distance. Its central premise states
that the space-time curvature is characterised through the matter and
energy distribution held inside it and in turn the matter and energy
distribution is characterised through the space-time curvature. In
short, the geometry of space-time is influenced by the existence of
mass and energy, and the motion of mass and energy is influenced by
the geometry of space-time. There have been a number of productive
experiments in support of this theory. All these physical phenomena

are explained through Einstein’s famous FEs

1
Ry — EgghR + Agab = kT (111)
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Here R, is the Ricci tensor, g, the metric tensor, R the Ricci scalar, A
the cosmological constant, x the Einstein’s gravitational constant, Ty
the stress energy tensor and F,, the electromagnetic tensor.

Most of the physical problems generally involve some mathematical
model that is defined through a set of differential equations. Exact
solution of a problem in general denotes that solution which acquires
the whole of the physical and mathematical features of a problem as
opposed to an approximate or perturbed solution. For the solution of a
physical problem; at first, the set of differential equations are analysed
in order to find as many exact solutions as possible and then these
solutions are analysed mathematically and physically. In dealing with
general relativity, global analysis of the solutions is required rather
than the local solution of a differential equation.

Due to nonlinearity, finding exact solutions for the FEs is a difficult
task. For obtaining solutions it is convenient to make assumptions
on different physical quantities and/or symmetries of the space-time.
Those classes of exact solutions which exhibit some gravitational phe-
nomena, like rotating black holes and/or the expanding universe, etc.,
are studied frequently. These equations become more simple under
the assumption that the space-time is flat having little deviation which
leads the FEs to the linearised ones. The phenomena like the gravita-
tional waves are studied using these equations.

The study of high energy and gravitational physics usually require
Maxwell’s equations for the formalism of space-time. Such formalisms
of space-time are also evidently harmonious with special and general
relativity. In quantum and analytical mechanics the preferable forms of
Maxwell’s equations are those which involve potentials (both electric
and magnetic). These partial differential equations associate electric
tield with the magnetic field as well as the electric charges and currents
with the fields.



Similar to other differential equations, unique solution of these
equations can only be obtained if some initial and boundary condi-
tions are specified. For suitable boundary conditions on a finite region

of space, these equations can be solved. These are given by

Fy =T, (1.1.2)
Flg = O, (1.1.3)

wherea,b,c =0,1,2,3, j* is the four current.
These equations together with the Einstein FEs are known as the
Einstein-Maxwell FEs denoted in this thesis by EMFEs.

1.2 Some Known Exact Static Solutions

The EMFEs describe gravity together with electromagnetism. Nu-
merous solutions of these equations have been obtained so far; the
Reissner-Nordstrom [2] solution is the first exact solution of these equa-
tions.

Most of the solutions are obtained by taking assumptions on sym-
metries and idealised physical problems. Some well-known solutions
include [3]; static, spherically symmetric solutions of Schwarzschild,
Reissner—-Nordstrom, Tolman and Friedmann (now known as Robertson—
Walker metric), the axisymmetric electromagnetic, vacuum solutions
of Weyl, the plane wave solutions, and the Kerr solution of rotating
black holes.

Physicists are often interested in identifying exact solutions of the
EMFEs for the problems in general relativity that describe charged
perfect fluid with static, spherically symmetric distributions of matter.
These types of solutions are helpful in describing the collapse of a
spherical matter distribution that is collapsing due to the electrical

repulsion of charges to a point singularity. The exterior of these charged
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spherical distributions of fluids is a region that is represented by the
metric of Reissner-Nordstrom.

Lovelock [4] solved the source—free EMFEs with spherical geometry
describing a static massless charged particle. But it does not match the
zero mass solution of the Reissner—-Nordstrom. Despite of the fact that
the uncharged test particles have repulsive force between them due to
both of the metrics.

Krori and Chaudhury [5] using the conformally flat Einstein’s equa-
tions developed a technique to solve EMFEs both for static and non-
static cases. Humi and Mansour [6] obtained several solutions of this
set of equations. Pressure distribution is considered to be proportional
to the mass density and space-time geometry to be spherically / plane
symmetric.

Tikekar [7] solved coupled EMFEs. The solution describes the
interior gravitational field of a sphere comprised of charged matter.
Muller-Hoissen and sippel [8] solved the EMFEs in four-dimensions.
The related FEs for static case with spherical symmetry of matter dis-
tribution are studied. Then classification of solutions is made in accor-
dance to their properties.

Abramyan and Gutsunaev [9] presented a new series of static solu-
tions of the EMFEs and obtained particular solutions which reduced to
the Schwarzschild metric in the case of vanishing magnetic field. Melfo
and Rago [10] investigated the solution of these equations in case of a
fluid sphere possessing charge and having anisotropic distribution of
pressure that act as a source of Reissner-Nordstrdm metric when the
interior metric is supposed to be conformally flat. They found that this
case lead to the static configuration asymptotically while the isotropic
non-static solutions are not compatible with charged models.

Roy, Rangwala, and Rana [11] studied the general relativistic FEs

and obtained a solution for a charged anisotropic fluid sphere without



any particular radial distribution for the mass of the sphere. Abbasi[12]
obtained asymptotically flat, static solutions for vacuum FEs of Einstein
and found that the Schwarzschild metric was a special and simplest
form of them.

Guilfoyl [13] obtained solutions of these EMFEs for static configu-
ration of space that demonstrate a functional relationship between the
gravitational and the electric potentials. By taking spherical charged
distribution of matter, several solutions are discussed generalising
the interior Schwarzschild solution. All the non—dust solutions are
matched to the solution by Reissner-Nordstrom showing that they are
well-behaved and the constants of integration are expressed in terms
of the source’s total mass, total charge and radius.

Hernandez and Nufiez [14] have shown that there can be physically
acceptable solutions with nonlocal type of equations of state. Space—
time configuration is taken to be static spherically symmetric. The
pressure distribution is taken to be anisotropic, focusing the special
cases where the radial pressure gets vanished, and the other case where
the tangential pressures vanish.

Mak and Harko [15] presented a class of exact solutions for the
FEs of Einstein with gravitation involved for space-time geometry to
be static and spherically symmetric and pressure distribution for the
stellar configuration taken to be anisotropic. The solutions are obtained
for a specific form of anisotropy factor. The physical quantities like
radial pressure, tangential pressure, and energy density come out to
be positive and finite inside the star. Mak and Harko [16] found an
exact solution representing a strange quark star containing charge.
Their solution describes the interior of the star when the space-time
configuration is assumed to be spherically symmetric.

Giirses and Himmetoglu [17] constructed exact solutions of the

EMFEs with both static and non-static space-time geometries of thin



shells containing extremely charged dust on the boundary. Komathiraj
and Maharaj [18] obtained two classes of exact solutions of EMFEs.
They assumed an equation of state (linear) that is suitable for quark
matter, and a specific type of one of the gravitational potentials is also
supposed to obtain solutions.

Barrow [19] through these equations made up an analysis of the cos-
mological development of the sources of matter having low anisotropic
pressures. The calculation of their evolution is made under the assump-
tion that the universe was nearly isotropic during the radiation and the
dust eras.

Thirukkanesh and Maharaj [20], and Maharaj and Thirukkanesh
[21] considered a general compact relativistic object having pressure
distribution to be anisotropic while the electromagnetic field is present.
They considered a linear equation of state, a specific form of one of the
gravitational potentials as well as that of the electric field intensity for
obtainig exact solutions.

Arraut, Batic, and Nowakowski [22] have analysed the Einstein FEs
under static and spherically symmetric distribution of perfect fluid
for solutions. It is shown that the solution describes a mini black
hole with the geometry outside the event horizon represented by the
Schwarzschild geometry.

Bashar et al. [23] have discussed few formal features of these FEs and
have taken the space-time configuration to be static, spherically sym-
metric containing charge and the fluid is perfect. They have obtained
a new class of analytic solutions for the FEs.

Mammadov [24] gave derivation for the Reissner-Nordstrdm met-
ric by solving the set of FEs that correspond to a black hole that is not
rotating, contains charge, and is spherically symmetric. The charge is
considered to be static so that the magnetic field is not there due to the

presence of electric charges.



N. Pant, Mehta, and M. J. Pant [25] presented a class of exact solu-
tions for the FEs under the assumption that the space-time geometry
has spherical symmetry and the pressure distribution is isotropic. The
solutions are well behaved and regular describing balls comprising of
perfect fluid having positive and finite values of pressure and density
at their center.

Spruck and Yang [26] considered the model of a space that is occu-
pied by an outstretched distribution of dust that is extremely charged.
They show through their solutions of FEs that for a matter having finite
amount of mass that is distributed smoothly, there exist a family of so-
lutions that depend on space metric asymptotically and are continuous
and smooth.

Varela, et al. [27] solved the EMFEs for self-gravitating, charged,
anisotropic fluids both for isotropic and anisotropic pressure distribu-
tions. Feroze and Siddiqui [28] considered a form of the equation of
state that is quadratic (that is pressure relates to the squared power of
matter dansity) for the distribution of matter and have studied exact
solutions of the FEs that describe a compact relativistic object’s gen-
eral situation. They further assumed the presence of electromagnetic
tield and have considered the pressure distribution to be anisotropic.
They have obtained some classes of relativistic star models with static
space-time configuration and spherical symmetry. There are many
other solutions in addition to those given in this section and the refer-

ences there in.

1.3 Some Known Exact Non-Static Solutions

Most of the solutions found in literature deal with the static space-time
geometry. But in general the space-time geometry is non—static. Some

non-static solutions of the EMFEs are mentioned below.



Radhakrishna [29], and Sharan and Tiwari [30] obtained non-static
cylindrically symmetric solutions of the EMFEs in vacuum. Tiwari
[31] obtained a class of exact solutions for non-static, cylindrically
symmetric, zero-mass electromagnetic fields. A non-static solution
for the EMFEs is found by Carminati and McIntosh [32] by considering

the metric of the form
ds* = — exp (h)dt* + exp (QA)(dx* + dyz) + exp (2B)dz?, (1.3.1)

where h, A and B depend only on t forming thus a non-static case and
the electromagnetic field is taken to be non—null.

Einstein’s equations containing both fluid and a magnetic field are
of cosmological interest. Hajj—Boutros and Sfeila [33] derived a plane
symmetric solution of these equations in the case of non-static charged
dust under the assumptions: (i) the source for the gravitational field
is a charged dust, (ii) the space-time is plane symmetric and (iii) the

metric is of the form
ds® = —dt* + exp [2u(t, z)dz* + Z2(2) T2 (t)(dx* + dy?). (1.3.2)

Chamorro and Virbhadra [34] gave an exact solution of these equa-
tions for non-static geometry of space-time (with null fluid). It de-
scribes the gravitational and the electromagnetic fields of anon-rotating
massive radiating dyon. Gharanfoli and Abbasi [35] and Abbasi [36],
obtained solutions of the Einstein FEs for the case when the cosmolog-
ical constant A is present.

Sharif and Igbal [37] obtained solutions of the equations of Einstein
for the case when the space-time is non-static and its symmetry is
spherical, and contains perfect fluid under different assumptions on the
equation of state. They obtained three solutions, one of which is a dust
solution and the remaining two solutions are for stiff matter. D. Shee,

et al. [38] have described a modeling for an object that corresponds to
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a relativistic compact star having anisotropic distribution of pressure.
Exact analytical solutions are obtained that satisfy spherical symmetry
for the interior of the dense star that admit a conformal symmetry that
is non-static. A large number of static and non-static solutions of the
equations of Einstein are presented in [39].

The main objectives of different cosmological models include the
description of different phases of the universe. It may concern the time
evolution of the acceleration field of the universe. Itis now well known
that the universe is dominated by the so—called dark energy but the
nature of this dark energy is still unknown. It is also believed that the
dark energy has large negative pressure that leads to the accelerated
expansion of the universe. Due to this fact much importance is given
to the study of the dark energy models by many authors. The simplest
example of the dark energy is a cosmological constant, introduced by
Einsteinin 1917 [40]. A.Cappi[41]has discussed different cosmological
models with the equation of state of the form w = P/pc* (where P is
pressure, p is mass density, and c is speed of light) and has discussed
different models for w = -1,-1 < w < 0,w < —1. B. Saha [42] has
solved the Einstein FEs for a system of gravitational field and a binary
mixture of perfect fluid and the dark energy given by a cosmological
constant and negative pressure. It is to be noticed that these solutions
are obtained for static space-time structure and in view of [43,44] the
configurations of stars may not be static. Keeping this fact in mind,
main aim of this thesis is to obtain solutions of the EMFEs for non—static
space-time geometry that also represent a negative pressure model.
Some cases for static space-time configurations are also presented.

Following is the scheme of this thesis.

11



1.4 Scheme of the Thesis

In the remaining part of this chapter, there are given some basic def-
initions and notations that are necessary to understand the subject.
Most prominent are the tensors and tensor algebra, the EMFEs and the
Petrov and the Segré classifications of space-times.

In Chapter 2, a new class of non-static solutions of the EMFEs for a
compact object with negative pressure is presented when the pressure
distribution is anisotropic. Physical acceptability of solutions is also
discussed.

In Chapter 3, a new class of non-static, exact solutions for the
EMFEs representing an object with negative pressure is obtained in
case of the isotropic pressure distribution. Conditions for the solutions
to be physically acceptable are also discussed in detail.

In Chapter 4, several non-static solutions are obtained for isotropic
spherically symmetric space-time geometry. All represent compact
objects with negative pressure.

In Chapter 5, new classes of solutions of the EMFEs are obtained for
an object with negative pressure where the space-time configuration
is considered to be static. The solutions are obtained both for isotropic
and anisotropic pressure distributions. The solutions are shown to

satisfy the physical acceptability criterion.

1.5 Preliminaries

To work effectively in the theory of relativity, one needs to be aware of
the language of tensors. It helps to summarize sets of equations com-
pactly and solving problems more promptly, and revealing structure
in the equations. Therefore, tensors and its formalisms are discussed

at first in the following section (definitions in the next sections have
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been taken from [45]).

1.6 Tensors and Tensor Algebra

In the theory of relativity, the results are expressed in terms of a space—
time coordinate system relative to an observer. An event is specified

by one time coordinate and three spatial coordinates, given by
x" = (ct,x*) = (ct,x,y,2), X, = (—=ct, x,) = (—=ct, x,y,2), (1.6.1)

where a = 0,1,2,3 and a = 1,2,3. The two types of coordinates are
related by means of a matrix 1, which can be used to raise and lower

indices:

x* = nabxb, X, = nabxb , (1.6.2)

Nap = q”b =diag(-1,1,1,1), 1, =0, . (1.6.3)
A line element, denoted as ds?, in these coordinates is defined as
ds* = dx"dx, = —(cdt)* + dx* + dy* + dz?, (1.6.4)

and is called the Minkowski metric. Lorentz transformations are such
transformations of the coordinates that leave the line element invariant

i.e., dx"dx, = ds* = dx"dx,, given by

’

=L X, xy = Lb,bx;7 , Lb,b = nb/ﬂ/n”bL”'g . (1.6.5)

a

For invariance of the line element, the transformations (1.6.5) must
satisfy
L“L=¢8". (1.6.6)

A 4—vector a, = (a;,a1,a,,a3) = (a;, a) is a vector that transforms like the

components of the position vector and is classified to be null, spacelike,
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and timelike for

>0 spacelike

a'a, = -a’+a*={ =0 null (1.6.7)

<0 timelike

Now we can define a tensor. A quadratic 4 X 4 matrix A” is a tensor of
rank 2 if it transforms like a product of two 4-vectors under Lorentz
transformations

AT =17 LY, AT (1.6.8)
A scalar function ¢ is said to be zero rank tensor if it is invariant under

Lorentz transformations,
qb’ = (j), (1.6.9)

for example, rest mass of an object. The 4—vectors a = (a") are called
the rank one tensors, for example, force and velocity. 4" and A” are the
contravariant components, A’ = NpcA™ are the mixed components,

and a, and Ay = 1,aA® the covariant components of respective

Ay

tensors. The quantities A" o3

.q, are said to be the components of
a tensor of rank # if its contravariant components transform like the
contravariant vectors and the covariant components transform like the
covariant vectors.
Two tensors A” and S” of same rank can be added componentwise
as
A" 4 S = Wb (1.6.10)

S"+ A" or §*, + A" are meaningless expressions. The Product of an n™

rank tensor with an m" rank tensor produces an (1 + m)”’ rank tensor,
for example
A gt F = W (1.6.11)

The contraction or summing over a covariant and a contravariant index

of a tensor gives an other tensor with a rank reduced by 2:

A" o AT =8P (1.6.12)
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The trace T = A”, of a second rank tensor is the simplest example of
the contraction. A tensor is said to be symmetric with respect to its
two components (either both of the indices are contravariant or both
of the indices are covariant) if changing their order leaves the tensor

invariant, for example A is symmetric with respect to c and d if
AT = AT 1.6.13
=A% - (1.6.13)

It is called anti-symmetric if it changes sign on interchanging the
components i.e.,
A" =—-A", . (1.6.14)

C

An arbitrary second rank tensor with components, A, can be decom-

posed into its symmetric and anti-symmetric parts as
A = Ay + ALty (1.6.15)

where ,
Ay = 5 (A + Aw) (1.6.16)

is the symmetric part and
1
Afar) = E(Aab = Aw) (1.6.17)

is the anti-symmetric part of the tensor. The second rank tensor 7,
given in equation (1.6.3) is a symmetric tensor as 1,, = 1, and is called
Minkowski’s metric tensor. Usually a metric tensor other than the
Minkowski’s is denoted by g, in terms of which the line element is
defined as

ds® = gudx"dx®. (1.6.18)

The contravariant of the metric tensor is ¢’ which is the inverse of g,
ie.,
gug"” =50 . (1.6.19)
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The Partial derivative of a tensor A” _ is given by

ab
dA™

ab _
A =" (1.6.20)

where , p in the subscript represents the partial derivative with respect

to the p™ component of x*. Similarly, a second order derivative is given
by
2 pab
_ PAY
“pg xpoxt

The covariant derivative of an arbitrary tensor A , is defined as

ab (1.6.21)

a a a b a a a
AT = AT AT AT T AY ST A qu—l"qdpA Yy o (16.22)

where [, are called Christoffel symbols associated with the metric

tensor, gu, as
1
Iy = Eg”d(gbd,c + Qedp — 8bed) (1.6.23)

and are symmetric in lower indices. The Lie derivative of an arbitrary

tensor A with respect to v is defined as

ab _ 4 pAab mb _.a am b ab m ab m
LAY =1"A o, -A" o AT O AT O+ AT 0 4

(1.6.24)

m Jm

that can be extended to any higher ranked tensor.
The curvature tensor (Riemann tensor), R with components R?,

is defined as
R bed — I bdc I be,d +1° bdra ec I bcl'*a ed * (1625)

The components of the curvature tensor satisfy the symmetry relations
Rﬂ

Rll

_ _pa
bed Rbdc’

(1.6.26)
=0=R",;+R" 4, + Ry, -

[bed])
The covariant derivatives of the curvature tensor obey the Bianchi
identities

R ety = 0 (1.6.27)
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Contracting R*, , by the first and the third index gives the components

R4 of the Ricci tensor defined as

R =R, . (1.6.28)

1.6.1 Tetrads and Dual Bivectors

Tetrads and bivectors are very important in the study of the theory of
relativity (definitions and syntax here and in the remaining chapter are
taken from [46]).

An orthonormal tetrad {E,} consists of one timelike vector t and

three spacelike vectors E,, such that

{E.} ={t E.} ={txyz}, E.t=0 tt=-1, E;Ez=04 .
(1.6.29)
The components of the metric tensor, g,,, with respect to the orthonor-

mal tetrad are given as
Qab = —taby + XaXp + Yalp + ZaZp - (1.6.30)

The complex null tetrad {e,}, consists of two real null vectors 1, k and

two complex conjugate null vectors m, m, such that
{e;} = {m,m, Lk} , (1.6.31)
where the non vanishing scalar products of tetrad components are
Kl,=-1, mYm,=1. (1.6.32)

The components of the metric tensor g,, with respect to the null tetrad

are given as

0O -1 00
-1 0 00
b = My, + mpim, — k1, — kyl, = 1.6.33
Qab b b b — Kp 0 0 1 ( )
0O 0 10
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The orthonormal and the null tetrads may be related as

Vom = E; — (E,, V2m = E; + (B, (1.6.34)
V21=t-E;, V2k=t+E;. (1.6.35)

A bivector is a second rank anti-symmetric tensor. If A” denote the

components of a second rank anti-symmetric tensor, its dual, A? s

defined as .
A® = Eeabchcd , (1.6.36)
where " are the components of the e-tensor, defined to be

1 for all even permutations of a,b,c, d,
e =1 _1 forall odd permutations of 4, b, ¢, d, (1.6.37)

0 otherwise

and in terms of complex null tetrad
Gabcdmaﬁlblckd = [ (1638)

The dual of A® is given by

~ab

A = %eabcdecde JAY = AT (1.6.39)
A bivector is called null if
A"Ay =0=A%Ay, . (1.6.40)
A complex bivector is defined by
Al = Ay + 1Ay , (1.6.41)
and is self-dual because of the property

(AL =—1A] . (1.6.42)
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A general self-dual bivector can be expanded in terms of the basis

Z' = (U, V, W) constructed from the complex null tetrad as

Uy = mly,— Ly, , (1.6.43)
Vub = kamb - makb ’ (1644)
Wy = mymy, —m,my, — kalb + lakb . (1645)

All the contractions of these basis bivectors vanish except

U,V =2, W WP = —4. (1.6.46)

1.6.2 Weyl’s Tensor and W’s

Weyl’s tensor Cy is defined through the unique decomposition of the

curvature tensor R, as
Rabcd = Eabcd + Gabcd + Cabcd ’ (1647)

where R4 is defined in equation (1.6.25) and

1
Ewea = E(gucsbd + gbdsuc - gadsbc - gbcsad) 7 (1648)

1
Gabcd = ER(gacgbd - gadgbc) ’ (1649)
1
Sab = Rab - ZRgab, R = Raa . (1650)

R is the trace and S, is the traceless part of the Ricci tensor Rg.
Caved, Eaved, Ganea have the same symmetries as that of the curvature ten-

sor, also
1
Chui =00 E'yy=Su , G'yq = 7R8u - (1.6.51)

This decomposition of the curvature tensor is just like the decomposi-
tion of an arbitrary matrix into symmetric and anti-symmetric parts.

It is more convenient to find an algebraic classification of a matrix
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through its symmetric or anti-symmetric part rather than the real ma-
trix itself. So, the curvature tensor is decomposed into its parts in order
to simplify the procedure of its algebraic classification discussed later.

In free space the only part of the curvature tensor that exists is
the Weyl’s tensor. This part of the curvature tensor is responsible
for the symmetry or the curvature of the space-time and it encodes
the information about the gravitational field in vacuum [47]. By the
Einstein equations if the stress-energy tensor is zero, the Riemann ten-
sor is identical to the Weyl tensor. Hence the Weyl tensor gives the
purely gravitational field in the absence of any source. It will thus
give the static or dynamic gravitational field in itself. In the case it is
dynamic this gives gravitational waves. Also, the Weyl tensor is invari-
ant under any conformal transformation. So, if a space-time metric is
conformally equal to a flat metric then the Weyl tensor is zero and the
space—time is said to be conformally flat. The Petrov classification of
space—times is actually done using Weyl’s tensor. This importance of
the Weyl tensor leads to give some more definitions.

The left and the right duals of Cy.s are given as

1 . 1 .
~Cabcd = Eeabefc de ’ C;;ch = Eecdefcab f ’ (1652)

where ~Cgpeq = C;; ;- The components of the complex tensor are defined
as
Ca?)cd = Capea + LC;i;Cd ’ (1653)

which in terms of the basis Z* can be expanded as

1C = \you{zbucd + \pl(uabwcd + Wabucd) + \IIZ(uuchd + Vabucd+

2 “abed
Wabwcd) + \I]?;(Vabwcd + Wachd) + \I]4Vabvcd ’
(1.6.54)
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where the complex coefficients Wy, V1, V,, W3, W, are given by

Wy = Cuuk®m’km?, Wy = Capeak®l®km” (1.6.55)

v, = %Cubcdk”lb(kcld—mcrﬁd), (1.6.56)
W, = Copuk®ltmcl?, W, = Copea" I\l . (1.6.57)

These complex coefficients define a symmetric complex 3 X 3 matrix Q

as

W, - LW+ W) LW -y W - W
Q= L(Ww,-Wy) W +i(Wo+Wy) (W +Ws) | (1.658)
W - (W, + Ws) —2W,

1.7 The EMFEs

In the study of the general theory of relativity the EMFEs are of fun-
damental importance. Most of the physical problems in relativity
are described using the exact solutions of these equations. Einstein’s
equations determine the space-time geometry with respect to a given
arrangement of mass and energy of that space-time, and Maxwell’s
equations relate electromagnetic fields to charges and currents. These

equations are given as

1
Tub = Rab - EgabR, (171)
(V=8F™)» = V=81, (1.7.2)
where the units are taken so that the Einstein’s gravitational constant
x given in (1.1.1) is unity, T, is the stress energy tensor, Fy is the

electromagnetic tensor, j° = ¢ is the charge density, and J = (j*, /%, /°)

is the electric current density. F,, is an anti-symmetric tensor with
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components

0 -E. -E, -E

E. 0 B, -B

Fup = Y (1.7.3)

E, -B, 0 B

E. B, -B, 0
where E and B are the electric and the magnetic fields, respectively.
The electromagnetic part of the stress energy tensor, Tf;m), is associated

with the electromagnetic tensor, Fy;, as

m 1 1
T:ﬁ = In (FachC - ZgachdFCd)- (1.7.4)
The matter part of T, is given as
T = (p + p)ugy + pga,  Uatt” = -1, (1.7.5)

where p is the mass density, p is the pressure and u is the 4-velocity
of the fluid. Thus the components of the stress energy tensor in the

presence of both fluid and the electromagnetic field are given by

— lem) (m)
Ty =T + T (1.7.6)

1.7.1 Curvature Invariants

The curvature invariants are the qunatities that are unchanged under

coordinate transformations. The curvature invariants are as given
in [48]

1. Ry =R=¢"Ry ,
2. Rz = RabRﬂb ,
3. Rg, = Rub CdRCd ab ,

4 Ry =R, “R, TR, ", ...
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These invariants are useful in determining the nature of singularities
of the solutions of FEs. If there is a singularity in the solution and
the curvature invariants are finite at that point then the singularity is
said to be removable or coordinate singularity and can be removed by
suitable coordinate transformations. If any of the curvature invariants

is undefined then the singularity is essential or geometric.

1.8 The Petrov and the Segré Classifications

The algebraic classification of the Weyl part of the curvature tensor is
called the Petrov classification and the algebraic classification of the
trace free part of the Ricci tensor is known as the Segré classifica-
tion. These classifications are of interest in at least the following three

contexts:

e They help in comprehending geometrical features of space-times.

e They are useful for classification and interpretation of the distri-

bution of matter field (energy—-momentum tensor)

¢ In checking whether different space—times are in fact locally the

same or not up to coordinate transformations.

Useful material and information about the Petrov and the Segré clas-

sifications has been extracted from [49-53] given in next sections.

1.8.1 The Petrov Classification

The classification of gravitational fields developed by A. Z. Petrov is
of great importance in the theory of relativity. In [54], Petrov has rep-
resented his renowned space’s classification by studying the algebraic
structure of the curvature tensor or Weyl's tensor. This algebraic struc-

ture then decides which of the classes of the gravitational fields are
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allowed therein. Now this classification of gravitational fields or that
of the spaces is termed as Petrov’s classification after the name of A. Z.
Petrov. It has provided the basis for the mathematical development of
the exact solutions of Einstein’s FEs and for the physical interpretation
of the general theory of relativity. For the Petrov classification of a

space—time, we need to define
e Weyl's tensor (via decomposition of the curvature tensor)
e The complex coefficients of Weyl’s tensor
e The complex matrix Q.

The classification of the Weyl tensor involves the eigenvalue problem

for the matrix Q given by
QuX’ = AX,, (1.8.1)
which in 3—dimensional vector notation can be written as
Qr = Ar. (1.8.2)
The equation (1.8.2) leads to the characteristic equation
Q- AIl =0, (1.8.3)

with eigenvalues A4, ..., A, of multiplicities m, ..., m where my +... +
me = 3.

Distinct algebraic structures are characterised by the elementary
divisors (A — A1)™, ..., (A = Ax)™ and the multiplicities of the eigenval-
ues. The gravitational field is characterised by the algebraic type of the

matrix Q as given in Table 1.1
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Order of the .
Petrov . Matrix criterion
elementary divisors
types

[my, ..., mg]
I [111] (Q-MD(Q-2DQ-A3D) =0
D [(11)1] (Q+3ADQ—-Al) =0
II [21] (Q+ %/\I)z(Q -AD)=0
N [(2D)] Q=0
I [3] Q=0
O Q=0

Table 1.1: The Petrov Types
Here [111] means A # A, # Az and A1 + Ay + A3 = 0 (from the trace

free condition of Q,), [(11)1] means A1 = A, # A3 and 2A; + A3 =0,
[21] means the eigenvalues are —A, 24, [(21)] and [3] mean that all three
eigenvalues are equal and the trace free condition of Q,, implies that
the eigenvalues are zero.

In addition to the above mentioned matrix criteria, the Petrov classi-
tication can be obtained by characterization of the Weyl tensor in terms
of principal null directions (eigen directions). They have the following
properties: if

kieCappeak k" = 0, (1.8.4)
then k is a principal null direction of multiplicity 1 and there can be at

most four such null vectors. If
Caciak K’k = 0, (1.8.5)

then k is a principal null direction of multiplicity 2 and there can be at

most two such null vectors. If
Cavcrakpk® =0, (1.8.6)

then k is a principal null direction of multiplicity 3 and there can be at

most one such null vector. If

Capeak® =0, (1.8.7)
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then k is a principal null direction of multiplicity 4. The Petrov types
are characterized by the multiplicities of the principal null directions.
For example, type D is characterized by the existence of two principal

null directions k and 1 that is

Cabc[dkf]kbkc = 0, and (1.8.8)
Capetal gl = 0. (1.8.9)
Following table 1.2 gives relation between multiplicities of the princi-

pal null directions, equations satisfied by Weyl’s tensor and the com-

ponents of Ws.

Multiplicity Equation .
f principal tisfied b Conditions
o
principa satisfied by on Ws
null direction k Cabed

1 k[gCa]bc[dkf]kbkC =0 Wo=0,¥;:#0
2 Cﬂbc[dkf]kbkc =0 Yo=W;=0,¥, #0
3 Cabc[dkf]kc =0 Yo=W1=W,=0,V3#0
4 Capeak® =0 Wo=W =W, =W;=0,W; #0

Table 1.2: Multiplicities of the Principal Null Directions and Conditions

on Cypeg and Ws

Now the next table 1.3 gives relation between multiplicities of prin-

cipal null directions and the corresponding Petrov types.
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Multiplicities

o Petrov .
of principal Description
- type
null directions
[1111] I 4 distinct principal null directions
each of multiplicity 1
[211] I 3 distinct principal null directions
one with multiplicity 2 and other with
multiplicity 1 each
[22] D 2 distinct principal null directions
each of multiplicity 2
[31] I 2 distinct principal null direction
one of multiplicity 3 and other of multiplicity 1
[4] N 1 distinct principal null direction
of multiplicity 4
O Weyl’s tensor vanish identically

Table 1.3: Multiplicities of the Principal Null Directions and the Petrov
Types

It is evident from the table 1.3 that the Petrov type I is degenerate
type 1I if one of the principal null directions is of multiplicity 2 and
also of degenerate type D if two principal null directions are each of
multiplicity 2. Also the Petrov type II is degenerate type D if there are
two principal null directions each of multiplicity 2, it is of degenerate
type III if one principal null direction is of multiplicity 3 and other that
of 1 and of degenerate type N if multiplicity of principal null direction
is 4. Similarly, Petrov type II] is degenerate type N. Itis well illustrated
by the Penrose diagram 1.1. In the Penrose diagram the arrows pointin
the direction of increasing multiplicity of the principal null directions;
every arrow indicates one additional degeneration (a principal null

direction is said to be degenerate if it has multiplicity greater than 1).
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Figure 1.1: The Penrose Diagram

1.8.2 The Jordan Canonical Form and the Segré

Classification

The Segré classification is basically the classification of the energy-
momentum tensor. Mostly this classification is used in studying exact
solutions of the EMFEs. This classifcation arises from the eigenvalue
problem (S} — AéZ)V” = 0 constructed with the trace—free Ricci tensor
Sa- By virtue of Einstein’s equations, the Segré types of S, and that of
the energy-momentum tensor are the same. In order to find the Segré

classification of a space-time, we need to find

e The symmetric 3 X 3 matrix @,, (through the trace—free part of

Ricci tensor i.e., Syp)
e The eigenvalues of S
e The Jordan canonical form of 5

First of all we give a method to find the Jordan canonical form of a
matrix. Given a square matrix A, its Jordan canonical form can be

obtained by following the steps given below.
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e Findeigenvaluesof A (e.g., A1, Ay, ..., A, withmultiplicities m, m,,

..., My, respectively).

e Find the nullity of (A — A;)" for r; = 1,2,... until the nullity of
(A = Ay)"" = m;, denoting these nullities by d,, we get a sequence

do<dy <dy<...<d, =m,.

e Now from this sequence determine the number of blocks and
their sizes corresponding to A;. dy is taken to be zero. The differ-
ence d; —d, indicates total number of blocks that correspond to A;
with non—zero size. Then, the difference d, —d; indicate the num-
ber of blocks corresponding to A; whose size is at least greater
than one. Then, the difference d; — d, indicates total number of
blocks corresponding to A; whose size must be at least greater
than 2. We go on repeating this process until we know the exact

number of blocks of each size.

For example, consider

2 2 3
A= 1 3 3
-1 -2 -2

Eigenvalues of A are Ay = 1 = A, = A3 (1 is an eigenvalue of A of
multiplicity 3). Now for A; = 1 the rank of (A — I) is one that implies
dimension of the null space of (A — I) = 2 = d; that means that there
are at least two Jordan blocks of sizes at least one (or the total number
of the Jordan blocks corresponding to this eigenvalue of A is two) in
the Jordan canonical form of A. Next, the matrix (A — I)> = 0, so
that the rank of it is zero implying the dimension of the null space of
(A-1)? = 3 = d, which means that the number of blocks of sizes at least
two is d, — dy = 1. We will stop here because the dimension of the null

space of the powers of the matrix (A — I) is equal to the multiplicity
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of the eigenvalue. Now in Jordan canonical form there are two Jordan
blocks one of size 2 and one of size 1 and the Jordan form of A can be

written as

]:

o o -
o R R
_ o o

11
with two Jordan blocks ( 0 1 J and (1) on the main diagonal of the

Jordan matrix. In general, consider a matrix A of order n having
eigenvalues A, Ay, ..., A, each of multiplicity my,m,,..., m,, respec-
tively (my + my + ... + m, = n). The Jordan canonical form of A is

then given as

J1

Jr

where J; is a matrix of order m; X m; with A; in every diagonal position
and some arrangement of 0’s and 1’s in each superdiagonal position.
All other entries in J; and in | are zero. Further each matrix J; can be

written in the form

Jin
Ji2
Ji =
Jiy
where J;; is a matrix of order p;; X p;; whose diagonal entries are each
equal to A; and whose superdiagonal elements are each equal to one
and all other entries are zero. Also pi1 > pi» > ... > pi) and such that
pi +pi2 + ...+ pig = m;. The procedure to find pyq;s is explained in the

example given above. Each J;; is called the basic Jordan block.
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The Segré classification of the trace free ricci tensor Sj is just ob-
tained from the Jordan canonical form of S} by putting the sizes of the
Jordan blocks corresponding to all the eigenvalues in square brackets
and that of a repeated eigenvalue in the parentheses within the square
brackets separately and if there is one Jordan block corresponding to
an eigenvalue then the parentheses can be omitted. In general, for
the Jordan canonical form of a matrix of order n discussed above with
certain ordering of the eigenvalues A4, A, ..., A, can be encoded in the

symbol
[(Pu, cee ,Plka)) (le, . -,sz(z)) . (Pﬂ, .. -/prk(r))]

The Segré type of the above matrix A can be written as [(21)]. The Segré
type [1(11)23] stands for the case when A, is of multiplicity 1, A, is of
multiplicity 2 and corresponding to it there are two Jordan blocks each
of size 1, A3, A4 are of multiplicities 2 and 3, respectively. There is only
one Jordan block of size 2 corresponding to A3 and one Jordan block of
size 3 corresponding to A4.

For the matrix S} the symmetric matrix ¢ is defined as

Dy = %Sabkakb/ (1.8.10)

Oy = %Sabk"mb, (1.8.11)
1

Dy, = ESabmamb, (1.8.12)
1

O = ZSub(k”lb+m”n‘1b), (1.8.13)

D, = %Sabl“mb, (1.8.14)
1 a1b

q)zz = ESgbll, (1815)

where k%, m*, 1", n® are the components of the null tetrad. Then the segré
type of the matrix is calculated through the non-zero components of

Gap- The relation between different Segré types, ¢, and the Petrov
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types is given in Table 1.4

Segré Set of Non—Zero Petrov
Characteristic Db Classification

[1111] Poo = P22, P11, P2 = P2o I
[(11)11] b1, Po2 = Poo D
[1(11)1] Poo = P22, P11 D
[(11)(11)] b1 D
[((111)1] 2¢11 = P2 O
[1(111)] Poo = P22 = 2¢11 O
[(1111)] O
[ZZ11] Poo = —P22, P11, Po2 = P2g I
[ZZ(11)] Poo = —P22, P11 D
[211] P11, P22, P2 = P2o i
[2(11)] ¢11, P22 D
[(12)1] 22,2011 = o2 N
[(112)] 02 0
[31] 2¢11 = Pz, Por # P10 I
[(13)] P02 N

Table 1.4: The Segré types, non-zero elements of ¢, and the Petrov
types
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Chapter 2

A Class of Anisotropic,
Non-Static Exact Solutions of

the
. F+r\2
EMFEs with y =ap (1 + (7)

In the study of charged matter distribution, the EMFEs are of fun-
damental importance. This system of equations possesses more un-
knowns than the number of equations. Therefore, different condi-
tions/ansatz on the pressure distribution, the electric field intensity, the
gravitational potentials, the equation of state, etc., are assumed to solve
this system.

In this chapter, the aim is to find a class of exact solutions of the EM-
FEs for non-static, spherically symmetric space-times. The pressure
distribution is taken to be anisotropic and particular forms are consid-
ered for the first and the third components of the metric tensor, and for
the square of the electric field intensity. In the following section, the

EMFEs are obtained for a general non-static, spherically symmetric
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space—time metric. In Section 2.2, a new class of solutions of the FEs is
presented. In Section 2.3, the physical analysis of the obtained solution

is given and in Section 2.4, a brief conclusion is presented.

2.1 The EMFEs for Spherical Geometry and
the Algebraic Classification

A general non-static, spherically symmetric space-time has the metric
of the form
ds* = —e"tNdr + M + 12 (t, r)dQY?, (2.1.1)

where dQ)* = d6*+sin® Od¢>. The coefficients of the metric are called the
gravitational potentials. In spherically symmetric space-times, only
radial components of electric and magnetic fields survive. Therefore,
the non—zero components of the electromagnetic tensor are Fp; = E =
—Fip and Fy3 = =B = F3,, where E is the electric field intensity and B
is the strength of the magnetic field. For spherically symmetric space—
times B = 0. The components of the electromagnetic part of the stress
energy tensor Tf;m) are related to the components of the electromagnetic

tensor F,, by the expression
T = pep, — 1o p e 212
ab —ta bc_Zgabcd . ()
Using the above expression and adding the matter part given by
TS;) = diag(e'p, €"p,, y*ps, u* sin® Op;) (2.1.3)

where p is the mass density, p, is the radial pressure, and p; is the
tangential pressure (a matter distribution is called isotropic when radial
and tangential pressures are equal to each other and anisotropic when

they are not equal). We obtain the stress energy tensor in the presence
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of both matter and charge for the metric (2.1.1) as

1 1 1
Toy = diag (eVp + e E%,e'p, — e 'E?, (pt + —e‘(V”)EZ) 1,
2 2 2
1 (2.1.4)
(pt + Ee‘(v”)Ez) % sin’ 9) :
For the metric (2.1.1) and the stress energy tensor given by equation
(2.1.4), the EMFEs given in Chapter 1 by equations (1.7.1) and (1.7.2)
for spherical, non-static geometry reduce to the following independent

set of equations

Au ’” ’2 /\ .2
o _E )+e—V(—”+“—)+i, (2.15)

u oo ool
’ 2 o r i 2
o detp o (ML ) (b )L g
_/\ 144 AI 4 ’ 7
p+ze g2 = S (4”— B Xl Y, 1 VS U S v’z)
e 217
i v . " .
+ & (—4E DM Yo +M—2A—/\2),
4\ poou Z
—2u' +V i+ Ay’ =0, (2.1.8)
o1 ’
j, = Pe YEW) (2.1.9)
R
j, = F@ (Eps) . (2.1.10)

Here * . ’ and *, ' represent derivatives with respect to t and r re-
spectively. Here it can be noticed that in all the independent EMFEs
(2.1.5)-(2.1.10), the radial pressure, p,, and the tangential pressure, p;,
both are functions of the variables t and r only (not of 0 or ¢), which
represents that the spherically symmetric geometry has pressures inde-
pendent of angular variables but there is no condition on the radial and
tangential pressures that they must be equal or not (that is, isotropic
case where p, = p; and the anisotropic case where p, # p;, donot disturb

the spherical symmetry).
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The trace, T, of the stress energy tensor is

/\/ ’ 7 7”2 7,
T= —% +et (—2 Hoae +2#2 NP L 1v’)\’ +v" + 1v’z)
H H weoop po2 2
e (—2—” SPL T L S T 1/\2).
peowooproop 2 2
(2.1.11)

The curvature and the Ricci tensors, have the following non-zero com-

ponents for the metric (2.1.1),

Roio1 = }LeA(zi‘\ + A2 —vA) - ie"(2v” +12 =1L, (2.1.12)
1 . .. ’ o1 V—=A
Rozor = 5(2‘u‘u — uvp) — 2{.11/ ue™", (2.1.13)
1 :
Rip = 5Q2up" = pA'w’) = E[JA[JBA_V, (2.1.14)
1, . :
Rop12 = —(Zyy’ — ' —uAy’), (2.1.15)
Rosps = 4p sin® O(u%e™ — e — 1), (2.1.16)

Rozos = sin® ORo02, Riziz = sin” OR1212, Roziz = sin® ORo212, (2-1-17)

Rep =~ @ sov sz - Ll _aP ois 2—vd), (2118)
4 i 4" u
‘) , . A ’
Ry =2 282 (2.1.19)
ueooou
’” /\/ ’ /\
Ry = %(—8% N W V24 ) + ieA Y(4— H +20 + A2 = vA),
(2.1.20)
2 1 ’ A’ / . /\
Ry = —y o= 2” L we @ +2E—ﬂ+—)+1
TR L p
(2.1.21)
Ras = sin? ORy. (2.1.22)
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The procedure to find the Petrov and the Segré classification of a space—

time is discussed in Chapter 1 in detail. The components of complex

null tetrad, in view of [55], can be given as

1 0 d
_ _r 2 A2
¥ B
1 0 J
a -v/2 7 -A2 7
! \/E(e 35 +e 8r)'
mll — L i + L i)
V2u 90 sin6dg”

BT
V2u 90 sin6dg”

Complex coefficients are now obtained as

Woy=W,=W;=W¥,=0,

1 _
W, = —e w+d) Coi01

2
A ’” 72 v u! A
:‘;—4(—20”——4“—2—10 £ o102t

H H H H
— 140" = 7V?* + 7V )

’

—v i1 2 71 /\ ) .
+ 2ok 48 1028 1 102E 414
24" p 1z u

+7/\2 - 71/A) + 6—#2

The matrix Q, is obtained as

v, 0 0
Q=10 V¥, 0
0 0 2¥,

The characteristic equation of Q is given by

(W, — A)*(=2W, — A) = 0.

37

(2.1.23)
(2.1.24)

(2.1.25)
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(2.1.27)
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Now the eigenvalues, A, A, and A3, are obtained as
Al = /\2 = ‘-112, and /\3 = —2\112. (2130)

So that, the non-static, spherically symmetric geometry satisfies the
matrix criterion .
(Q+ EAI)(Q - AI) =0. (2.1.31)
It is Segré type [(11)1] that is
A=Ay # A3 (2.1.32)
and corresponds to the Petrov type D. If W, = 0 then the Petrov type
is O.

The non-zero components of S, for the metric (2.1.1), are obtained

as
17 72 7, /\/ ’
I L L L LA VN W R 1)
S = O o H H 2133
0 = .. - .. - (2.1.33)
1 i vk Ap o e’
+-(-24= 4= + 12— —4— — 64 - 347 +3vA) - —,
8 u Iz iz 2u
17 72 7,7 /\/ ’
%(—24“— LA S | S R D)
Su = goome (2.1.34)
T L L T e Sy N
+5e (8= +4— —4— + 12— + 64 + 31" = 30A) + —,
8 peoproop Iz 2p
” 72 7, A’ ’
%,ﬂﬂ(—le”— B LY L S N RO

T ([P WL Ly S B LY |
8 N
. ’ /\ ’
S33 = Sil"l2 6522, Sm = R01 = —Z[J— + Ve + H . (2136)
TR

So that, the non-zero components of ®,, are

1 144 V’ ’ A/ ’
CDOO:—e‘A(—Zy—+ i

4 o ou

)+ ie‘”(—zﬁ +
H (2.1.37)

v+A .y

Q
)
=




1 1 . . .3
Oy = —e v+ V- VA) - g¢ A+ AT —vA) — 52 (2.1.38)

16 2’
” /!, A/ / . . e A .
@y = }Le—A(—z”— TR ie‘”(—ZE P
e s D e
ez v
R v A

2w
Eigenvalues of S, are Ay = —e7"Sg, A, = e S, A=Ay = %522.

Now we find the Jordan canonical form of the matrix SZ. Here A, has
multiplicity 1 so there is one Jordan block corresponding to A; of size 1
and similarly for A,. A3 has multiplicity 2 and d; = dimN(S} — A30;) = 2
that shows there are two Jordan blocks corresponding to A3 so each

would be of size 1. Hence the Jordan canonical form of S} is

A 0 0 0
oA 0 0
]_00)\30

0 0 0 A

So, as described in Chapter 1 and from the Jordan canonical form of Sf,
the Segré type of the metric (2.1.1) is [1(11)1] if A; # A,.

The only non—zero components of @, are @yy, P11, Pyo. So, there are
six possible Segré types in the table 1.4 given in Chapter 1 correspond-
ing to it.

e Using the FE (2.1.8) in equations (2.1.37) and (2.1.39), it is obtained
that @y = @y,. So that the non—zero components of @, satisfy
the case @y = Py, and Py; # 0, so the Segré type is [1(11)1] that
corresponds to the Petrov type D.

o If @y is the only non-zero component then the Segré type is
[(11)(11)] which is possible only when A; = A, which implies the

case that —e™"Syy = ¢*S;; which is possible when A, v, and u
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satisfy the relation,
e U v =Ny e (2 - v — Af) =0, (2.1.40)
Its corresponding Petrov type is D.

e The third case that @y = Py = 2Py, is possible if v, u, and A

satisfy the following equation,

144 ’ 7’ A/ ’
le—?t (_4‘u_ + 2V H +2 B 1 —v?% 4 V'/\’)
8 H H H 2.1.41
1 ova Apo. . (2.1.41)
+—e‘V(—2E+—+—+/\+/\2—1'//\)+—2 =0.
4 woopoou 4u

It corresponds to the Segré type [1(111)] and the Petrov type O.
e Since @y = Dy, so the case that Py = —Dy,, is not possible.

e The case ®;;, ®y, are the only non-zero components is not possible
as if @y, = 0 then so is Py, as they are equal. Similarly the case

that @, is the only non—zero component is also not possible.

2.2 Solution of the FEs

In six partial differential equations (2.1.5)—(2.1.10) there are nine un-
knowns namely, v, A, u, p,pr, pt,E, jo, and j;. Therefore, in order to
obtain solution we take ansatz on three unknowns. We take ansatz on
two of the gravitational potentials and the square of the electric field
intensity as follows.

A.Qadirand M. Ziad [56], while classifying the spherically symmet-
ric space—times using the symmetries of the Einstein equations found
that for non-static solutions the third component of the metric is of the

type e/*). Motivated from this, the following assumption on the third
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metric component, y, is taken

u = ap (1 + (t-;_r)z)’ (2.2.1)

where a and 4y are non-zero constants and have length dimensions.

Using the form of i given by equation (2.2.1), equation (2.1.8) gives

A=—v + i. (2.2.2)
t+7r

Since p is taken to be a function of ¢ + r, so consider a similar type of

function for v as well and take an ansatz

1
vV=-——. (2.2.3)
1+ (t;—’)
Using this expression of v in equation (2.2.2), leads to
2
P 1n(t+—r) . (2.2.4)
1+ (t;—r) ¢

As assumed in [57,58] the form of the square of the electric field inten-

sity, E?, for static solutions, a similar form is considered and taken to

t+r 2
E? = & (2.2.5)

()

where kis a positive constant. Using values of A, v, u and E? in equations

be a function of ¢ + r as follows

(2.1.5)—(2.1.10), the mass density, radial and tangential pressures and

the non—zero components of electric current density are obtained as

| e
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(1 (=) (1+(=)) 1+ (1)
a_Z(T)Z a_Z(T)z B 1/a02—k/2

(et) (o)) te)

(22.7)
e W(5) | 12 ey | e 4/?
) e
B () kP
(1+ (%)Z)4 (1+() )2'
(228)
oy ) .
jo=e (t;_r)z (1 +(t;_r)2)2' (2.2.9)
tr)\?
I = =0 . (1 roA%) ) (2.2.10)

2 2
e
From equations (2.2.6) and (2.2.7), the equation of state is obtained as

p+p, =0. (2.2.11)

The metric of the obtained solution is

1

_% 2 5 2\2
ds? = —¢ () dt2+(t’;—r) e () @r? 1,2 (1 +(t’;—r)) dQ%. (2.2.12)
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2.3 Physical Analysis of the Solution

In the previous section, a class of non-static, spherically symmetric
exact solutions of the EMFEs with anisotropic pressure is obtained.
In this section, the analysis of the solution shows that the solution is
physically acceptable:

e For a solution to be physically meaningful there should be no sin-
gularity in the solution. It means that none of the gravitational po-
tentials vanish or become undefined and all the physical variables
like p, p,, p, E* must be defined. In the solution obtained in previous

section, there is no singularity except at t = —r where the second com-
1

ponent of the metric, et = (t:—’)z e“(%)2 , is zero. In this case it should
be checked that the singularity must be coordinate/removable not geo-
metrical/essential. For this, the curvature invariants are to be obtained
for the metric (2.2.12).

The curvature invariants are now given by

1 —an?
Ri=R= 2a%¢ 1+(47)

-1

7y 2
a2ase (%) (1 + (tj;—r) )4

-2 2 -1
)2 t+r tar )2
— 20a%a2e () + 8a6a02 + 44° (—) (%)
a

o 2 2.3.1
— 244°a, (t+ ) “( )+36au (t+r) ( )
a a
-2

4 —L1 4
+24° (—t —[: r) () 8a°ay> (—t Z r) e ()

7 +
+484°a,> (t—) + 244, (t r) ),
a a

43



1

8 —_—
Ry = RUR = 16 402 (LY 4 108019052 (L) o ()
cd” “ab (t+r)2)s a a

a20ap*(1 + (=

IN]

2
+24a20(t:; ) +16a Zo(tzr) + 40 + 6a'agte ()

+ 67a'a,* “(”) — 128a'%a 4(“—7) — 5164 4(ﬂ)8
a a

~ 7800 4(—“”) — 5324' 4(“”) 1500 4(“”)
a a a

10 6
— 324"83,2 1+( +') + 3248 2(t:7’) eu(%)2 +16a20(t+r)
E+ 7\ () t+ 1\t e
+1924'3 2(—) e () +128a18a02(7) e (%)
6 2
a'® 4(t+r) (1) +32a18a02(—t+r) e () _
a
-2
82%°a,* + 440 4( ) + 216 4(t+r)4+2a16a04 (H_r)gen(t?’)z
a a
2
+ 44", 4(“‘”) 1+(f+r) + 200 + 244 (t+”)4el+(’§’)2
a a
t+7r\® o t+7\6 Tl
—32a18a02(—) e(#) —1284'% 2( ) (%)
a a
—1 2
—1924%%,2 (t”) (%)~ 128484 2(—“”) e ()
a a
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+ 66a'a 4(7) () + 264a'%qy* ( . ) e ()
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6 6

+ 276a'%a,* (terr) o) + 256a'%a,* (t:;_r) ot ()
l64t'i'7/41"2ﬂ2 164t+7’41u2

+ 81a°ay (7) e (%) 4+ 390n a (_a ) ()

t+7\2 2 4 7\2 %
+ 12a16ao4(77) e (%) 4 264a16a04(—a r) o (1)

8 12 10
o T ol
a a

t+ 7\ i) t+7)\8 t+r
— 16a'%a,* (—) e ()" — 16a'%a,* (—) — 4a'%g,* (—
2 2
+

(2.3.2)

Since the curvature invariants are defined and non-zero at t = —7, so it
is a coordinate singularity that can be removed by a suitable choice of
coordinate transformation.

e For a meaningful solution, the square of the electric field intensity, E?,
should be a non—negative, continuous, bounded, and smooth function

of both t and r. It can be seen that the expression taken for the squared
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power of electric field intensity satisfies all these properties for positive
values of the parameter k and all the values of parameter a. The Figure
(2.1) shows the graph of E? with respect to r for three different values

of t with specific values of parameters.

25

0.5F

Figure 2.1: The square of electric field intensity, E?, is shown with

respect to r for t = 1,2 and 3. For all cases 2 = 1 and k = 9.65.

e The mass density, p, should be a non-negative, continuous, bounded,
decreasing, and smooth function. From the expression obtained in pre-
vious section, it is obvious that p is bounded and continuous function
of both t and r for all parameter values. For p to be non-negative we
have following conditions on parameters. At origin non-negativity of

p requires

S 2a% — 15.8602a,>
- a2ay?

k , (2.3.3)

for all other values of t and r, the non—negativity of p requires

k>

2
_m%&Gf+%&@—&——wm». (2.3.4)

27
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Further, the mass density, p, must be a decreasing function of . A func-
tion is decreasing with respect to some parameter if its first derivative

with respect to that parameter is negative. Now

-1

dp  8(k)en () 2 1
d_{; - ( ) 2\3 2+ t4r 2 2\2
elie(f )| ) (e ()
) 8(%)6”(%’)2 ) 2(%)2 (%)Z (2.3.5)

P () (e ()

For Z—ﬁ < 0, the parameters must have the relation

2a* — 13.0680a,?

k 2.3.6
> " (2.3.6)
From the inequalities (2.3.3), (2.3.4), and (2.3.6) we have
24> —13. 2
k> 22— 150680057 (2.3.7)

a2ay?
Figure (2.2) shows the graph of the mass density, p, with respect to r
for three different values of t with specific values of the parameters.
e For a physically acceptable solution the radial pressure, p,, must be a
positive, continuous, bounded, decreasing, and smooth function. But
in view of our equation of state, that is, p, = —p and that mass density
is a positive function, the radial pressure is a negative, continuous,
bounded and a smooth function of both t and r that increases to zero
asymptotically. The negative value of the radial pressure indicates
that the solution obtained represents a compact object with negative

pressure. The graph of the radial pressure, p,, with respect to r is shown
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25

Figure 2.2: The mass density, p, is shown with respect to r for t = 1,2
and 3. For all casesa =1 = ay and k = 9.65.

0 1 2 3 4 5 6 7 8 9 10

Figure 2.3: The radial pressure, p,, is shown with respecttorfort = 1,2

and 3. For all casesa = 1 = ay and k = 9.65.
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in Figure (2.3) for three different values of t with fixed values of the
parameters.

e Tangential pressure, p;, must also satisfy the properties required to
be satisfied by the radial pressure. But in the case being discussed here
the tangential pressure is a negative, continuous bounded, and smooth
function of both r and t and its value asymptotically approaches to zero.
The graph of the tangential pressure is given in Figure (2.4) with respect
to r for three different values of t and the fixed suitable values of all the

three parameters.

0

-0.5

-2.5

Figure 2.4: The tangential pressure, p;, is shown with respect to r for
t=1,2and 3. For all casesa =1 = ay and k = 9.65.

e The radial pressure, p,, and the tangential pressure, p;, must have
same values at the origin, that is, p, = p; att = 0 = r. This relation is

satisfied for all values of the constants k, 2 and g, satisfying the relation

2+ 8.6659a0>
B a2a,? '

k (2.3.8)
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Using equation (2.3.8) in the inequality (2.3.7), it can be written that
a* < 21.7339ay°. (2.3.9)

Measure of anisotropy of the solution, denoted A = p; — p,, is shown in
Figure 2.5. Where the graph is plotted with respect to r for three differ-

ent values of t and the fixed suitable values of all the three parameters.

Figure 2.5: The Anisotropy, A = p; — p,, is shown with respect to r for
t=0,1and 2. For all casesa =1 = ay and k = 9.65.

e The weak energy conditions are given as, p > 0 and p + p, > 0. For
solution obtained above, first condition is satisfied for all values of the

parameters satisfying the relation

2a% — 13.0680a,>
a2ay?

k>

: (2.3.10)

and the second condition is satisfied by the equation of state (2.2.11).
Pr

The dominant energy condition, that is, p > |p,|, is also satisfied as is

evident from equation of state (2.2.11).
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e The causality condition states that the speed of sound is less than the

speed of light, that is, 0 < Z%" < 1. In this case it is not satisfied as the
pressure is negative so speed of sound comes out to be é—’;’ = -1 but

still it is less than the speed of light that is taken to be unity.
e The non—zero components, j, and j,, of the electric current density
are also continuous and decreasing functions of both r and t and are

shown in Figures (2.6) and (2.7), respectively.

Figure 2.6: The component, j, of the current density is shown with
respect to r for t = 0.2,0.3 and 0.4. For all casesa =1 = ay and k = 9.65.

2.4 Conclusion

In this chapter, we have obtained a class of non-static, spherically
symmetric exact solutions of the EMFEs. We have assumed pressure
distribution to be anisotropic. The mass density, p, is a positive de-
creasing function of both r and ¢, the radial pressure, p,, is a negative

function of both r and t and asymptotically approaches to zero. Also,
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-r

Figure 2.7: The component, j,, of the current density is shown with
respect to r for t = 0.2,0.4 and 0.6. For all casesa =1 = gy and k = 9.65.

the square of the electric field intensity, E?, is a positive function of
both r and t and is bounded. All these conditions deduce that the
expressions obtained for all the physical variables p, p,, p;, E* etc., are
physically meaningful. There is one singularity at ¢t = —r that is re-
movable so the solution has no geometric singularity and is physically
acceptable. Notice that p, p,, p: and E? are all symmetric with respect
totandr.

The solution obtained may be thought to represent an expanding
compact object due to negative pressure and that the causality con-
dition is not satisfied by the solution, as is expected for an objesct
with negative pressure. In the case of static solutions we have two
basic solutions of the FEs with spherical geometry: charged solution of
Reissner-Nordstrdm and the solution without charge of Schwarzschild.
The Kerr solution is non-static but it represents a rotating object. So,

there is no basic solution with which the current solution should be
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matched to fix the parameter values. It is just a successful attempt to

tind a general non-static solution of the EMFEs.
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Chapter 3

A Class of Isotropic, Non-Static

Exact Solutions of the EMFEs
t+_r)2
a

with u =gy 1+(

Astrophysical systems such as stellar interiors can be modeled by so-
lutions of the EMFEs. Many attempts have been made to solve this set
of differential equations both for static and non-static conditions.

In this chapter a new class of solutions of the EMFEs for non-
static space-time geometry is obtained that also represents a negative
pressure model. The pressure distribution is assumed to be isotropic
and ansatz are taken on the first and the third metric components. The
solutions admit negative pressure.

In Section 3.1, a new class of solutions of the FEs is presented. In
Section 3.2, the analysis for the solution to be physically acceptable
is briefly discussed. In Section 3.4, a brief conclusion is given and the

types of physical systems that this solution can model is also identified.

54



3.1 Solution of the FEs

The FEs are already given in Chapter 2 (equations (2.1.5)—(2.1.10)). In
this chapter an isotropic fluid distribution i.e. p, = p; = p is considered
and ansatz on metric coefficients are taken.

After the implementation of the isotropy of pressure distribution on
the FEs, there are six partial differential equations with eight unknowns
namely v, A, 1, p, p, E?, jo, and ji. So in order to solve this system of
equations only two ansatz are required. The detailed discussion about
the motivation of the ansatz taken on the gravitational potentials u and
v is given in Chapter 2. Here the solutions are obtained with the same

ansatz on u and v. So that we have

1
v = —@, (311)
PR 2+ln(t+—r)2, (3.12)
1+ (%) 4
= a0(1+(t’;—r)z). (3.1.3)
Using values of A, v and u in equations (2.1.5)—(2.1.7), we get
g Y 1/”222+ 1/”223 b 2o () —1/”;2 _+
(e ()] (e (=) L+ (%)
1 (t+r 2 1 (ttr 2
2\a 2\a 1 2
( )22_ ( )23+ S =pr sy,
(1 + (’*;—r) ) (1 + (%) ) > (1 + (%) ) Z(Tr)
(3.1.4)
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) 2 (3.1.5)
(%) F( P
N2 N3 2 P~
(1 + (=) (1 + (=) ) a0 (1 + (=) ) 2(=)
—— 1/a? - L 5 2 2
2 (%) ( (/“ 7 e G j2a> ( 4/;1 7
1+ (& 3 1+ (&
’ ’ (3.1.6)

¢ | " t+r 2
(1+(2)) 2(t)
Solving equations (3.1.4)—(3.1.6) simultaneously, the mass density, the

pressure and the electric field intensity are given as

1

P = EW[( 2/a? 5 + 2/e" + 1/a? 2)4 +el+(%’)2x
)

(3.1.7)
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pze_l (%)2 2/ + 2/a” + 1/a? +e1+(L)2x
[W) IO
e e E(E) A
e N I )
G H
(1 + (%)2)4 2002 (1 N (ﬂ) )2
(3.1.8)
and
E? =

2 4 4
[<(> ) ) ]
1+ t+r

From equations (3.1.7) and (3.1.8), we have
p+p=0, (3.1.10)

which is the equation of state. Using values of A, u, v and E? in

equations (2.1.9) and (2.1.10), the non-zero components of the current

57



density are obtained as

I S SR vy B N (AN PN (A
]_Z(t_)z(lJr(t;_r)zZ[ ){az(a)(l(a))
o) 202}

() (“(%)2 —)-—=
ooy, (o), ) | iy [2(5)
_a_3(7)( ( a )) (1+(t;_r)2)2 ) {1+(%)2

S ) B () -
S | mperp(, ey

(1+(T)2)2} a3(2a )( ( az))

(G ) e )

(3.1.11)

58



o e e () -
2

a a

_E(H_r)iﬁ(w_rf(H(H_r)Z)_ ol v B

() s peery(y, (iery
(1+(t;_7)2)2 a3(a)( (a))

L S R [ R
A0

The metric of our solution is same as given by equation (2.2.12).

(3.1.12)

3.2 Physical Analysis of the Solution

In the previous section, a class of exact solutions of the EMFEs for
charged isotropic, non-static, spherically symmetric geometry is ob-

tained. The analysis below shows that our solution is physically ac-
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ceptable.

e For a solution to be physically meaningful there should be no sin-
gularity in the solution. It means that none of the gravitational po-
tentials vanish or become undefined and all the physical variables like
0, Pr, i, E> mustbe defined. In the solution obtained in previous section,
there is no singularity except at t = —r where one of the gravitational
potentials is undefined. We need to check that the singularity is coordi-
nate/removable and not geometrical/essential. For this, the curvature
invariants are to be discussed. The metric here for the isotropic case
is same as that of anisotropic case obtained in Chapter 2. A detailed
discussion is made about the type of the singularity there that this is a
coordinate singularity, removable by making some suitable coordinate
transformations. Thus this solution is free from any geometric singu-
larity.

e For a meaningful solution, the square of the electric field intensity, E?,
should be a non—negative, continuous, bounded, and smooth function

of both t and . For E? > 0 the parameters must satisfy the relation

a* + 16a,>
TPl >0, (3.2.1)
which is satisfied for all values of 4 and ay. Further, it can be easily
seen from the expression obtained for the square of the electric field
intensity, E?, that it is continuous, bounded and a smooth function of
both r and t. Graph of E* with respect to r for three different values of
t is given in Figure (3.1) with specific values of the parameters.

e The mass density, p, must be a non—negative, continuous, bounded,
decreasing, and smooth function. From the expression obtained in pre-
vious section, it is obvious that p is bounded and continuous function
of both t and r for all parameter values. For p to be non—negative we

have following conditions on parameters. At origin non-negativity of
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Figure 3.1: The square of electric field intensity, E?, is shown with

respect to r for t = 0.5,1 and 1.5. For all casesa = ay = 1.

p requires that all values of the parameters satisfy the relation

a* + 7.1943a,>

20 (3.2.2)

for all other values of t and r, the parameters must satisfy

a* + 7.2142a,>
——— >0. 3.2.3
2ot 2 (3.2.3)
Both of the above conditions given by inequalities (3.2.2) and (3.2.3) are
satisfied for all values of the parameters. Further, it can be seen that all
the terms involved in the expression of p have decreasing values with

respect to both the variables t and r but still consider the first derivative
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of p given by

1

+ (& + (= + (&
() () ()
___ 8 l(”_r)eu(fy)z s )
) e N N ]
6 s(w) ) e

(3.2.4)
For Z—f < 0 the parameters must satisfy the relation
51764 + 2.03a,>
_0.5176a" + 2.03a9 <0. (32.5)
a3ay?

This relation is satisfied for all values of both of the parameters a and 4,
(furthera > 0 and ay # 0). Thus, p is a positive and decreasing function
of both r and ¢. It is shown in Figure (3.2).

e The pressure, p, is required to be positive, continuous, bounded
and a smooth function. But in view of our equation of state, that
is, p, = —p and that mass density is a positive function, the radial
pressure is a negative, continuous, bounded and a smooth function of
both t and r that increases to zero asymptotically. The negative value
of the radial pressure indicates that the solutions obtained represent a
compact object with negative pressure. It is shown in Figure (3.3).

e The weak energy condition i.e., p > 0, p +p > 0 and the dominant
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Figure 3.2: The mass density, p, is shown with respect to r for t = 0, 1

and 2. For all casesa = a9 = 1.

Figure 3.3: The pressure, p, is shown with respect to r for t = 0,1 and

2. For all cases a = ay = 1.
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energy condition i.e., p > |p| are satisfied for all parameter values.

e The causality condition states that the speed of sound is less than the
speed of light, that is, 0 < Z—Z’ < 1. In this case it is not satisfied as the
pressure is negative so speed of sound comes out to be Z—};’ = -1 but
still it is less than the speed of light that is taken to be unity.

¢ The non—zero components of the electric current density j, and j, are
continuous and decreasing functions of both r and t and are shown in

Figures (3.4) and (3.5), respectively.

25

Figure 3.4: The component, j,, of the current density is shown with

respect to r for t = 0,0.1 and 0.2. For all casesa =ay = 1.

3.3 The Petrov and the Segré Classification of
the Solution

The procedure to find the Petrov and the Segré classification of a space—

time is discussed in Chapter 1 in detail and generally for the metric
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Figure 3.5: The component, j,, of the current density is shown with

respect to r for t = 0,0.25 and 0.5. For all casesa = ay = 1.

(2.1.1) in Chapter 2. In this section, classification of the obtained metric
(2.2.12) is discussed.
The components of complex null tetrad given by equations (2.1.23)—

(2.1.26) for the solution metric (2.2.12), can be given as

v _%(ew)%_tj_rezw’%rf)g, 63
P _%(EZ(H(%’)Z)%+tj_rez(“(%’)z)%, (33.2)
e
e 1 (%_ﬁ%). (3.3.4)

Vo (1+ ()

The non—zero complex coefficient for the metric (2.2.12) isnow obtained
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as

e Sl
(pea())e).

@ (3.3.5)
So that, as discussed in Chapter 2 the Petrov type is D.

For the metric (2.2.12), the surviving components of the Ricci tensor

are
iz 2 1 (;ir)z 1 %(m)z
ROO = L 5 + a—ze 7 il = < I/ (336)
(1+(22)?) ()] ()
2 2 2
e
r 2
; T ()
) (3.3.7)
2 (t+71)? 1 2 (t+ 1\ Ty 1
B L2
a’\ a a

402 D —to 42—
Rp=1+ 20 (1 #(2) )ewf T N

a? a a? ,
(%)
s ) . (3.3.8)
_ (ﬂ) ey 1
e te ()
R33 = R22 Sil’l2 0. (339)
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The non—zero components of S,;, are obtained as

1 2 2 4 6
So0 = —%(11 + 18(ﬂ) + 14(”—7) +4(t+—r) )
2 a a a

LZZEH(;#)Z (7 +6 (t:—r)z +2 (t;—r)él) (3.3.10)

Sp =-1+ Lﬂz) ((—5 -2 (t—i—_r)2 +2 (t-l—_r)4) e“(;;;)2

(1+ (=)
[ ) ) o))

533 = Sil’l2 9522, So1 = RQ1 =0. (3313)

Now for the metric (2.2.12), the only surviving component of @, is

obtained as

S

3

8,2 (1 n (fi)z)2

(3.3.14)
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1
H_ZSZZ'

Now we find the Jordan canonical form of the matrix S‘;. Here A has

Eigenvalues of S, are A} = —e™Spp, A2 = € *S11, A3 = Ay =

multiplicity 1 so there is one Jordan block corresponding to A; of size 1
and similarly for A;. A3 has multiplicity 2 and d; = dimN(S} — A30;) = 2
that shows there are two Jordan blocks corresponding to A3 so each

would be of size 1. Hence the Jordan canonical form of S} is

A0 0 0
1o a0 o0
]_00)\30

0 0 0 A

So, as described in Chapter 1 and from the Jordan canonical form of Sf,
the Segré type of the metric (2.2.12) is [1(11)1] if A; # A,. It can be easily
seen from equations (3.3.10) and (3.3.11) that Ay = —¢™"Sgpg = ¢™*Sy; =
Ay, hence the possible Segré type of the metric (2.2.12) is [(11)(11)] that
corresponds to the Petrov type D from the table 1.4 with only non—-zero
component ®;;. The other case that may be possible is [(1111)]. It
is possible only when ®;; = 0 then the Petrov type would be O but
®;; # 0 identically, so the given solution is of Petrov type D and Segre

type [(11)(11)].

3.4 Conclusion

In this chapter, we have obtained a class of non—static spherically sym-
metric solutions of the EMFEs. We have assumed the pressure distri-
bution to be isotropic. The mass density, p, is a positive decreasing
function of both r and t. The square of the electric field intensity, E?,is
a positive—definite and bounded function of both r and ¢. The pressure,
p, turns out to be a negative function of both r and t and asymptotically
approaches to zero. Here p, p and E? are all symmetric with respect to

tand r.
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The solution obtained may be thought to represent a moving com-
pact object with negative pressure. The causality condition is not satis-
tied by the solution, as is expected for an object with negative pressure.
All other physical conditions are shown to be satisfied.

There are numerous static solutions of the EMFEs to model objects
with negative pressure. However, there is hardly any literature for
non-static case. Keeping in view that the configuration of such objects
may not be static [59, 60], we have made a successful attempt to find
a class of non-static solutions of the EMFEs representing objects with

negative pressure.
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Chapter 4

Some Further Classes of
Non-Static Exact Solutions of
the EMFEs

The main purpose of this thesis is to find some new non-static solu-
tions of the EMFEs. In previous two chapters non-static solutions are
obtained for a specific choice of the third metric component p. In this
chapter several choices for u are taken with combination of common

choices for the first/second metric components.

41 Caseu=r

For a spherically symmetric space-time the very first choice for u is
being equal to the radial parameter r. So, in this section the EMFEs
are solved for three different cases with y = r: first v = v(t,r) and
A = A(t,r),second v =0and A = A(t,r), third v =v(t,r) and A = 0.

For u = r, equation (2.1.8) gives

A=0= A= f(). (4.1.1)
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Putting these values of A and 1, equations (2.1.5)-(2.1.10) become

| 1 1
ol 1,1 - 2 f 2
e 7 . r2) + 2 p+ e E*, (4.1.2)
YA S S gy o) o)
e/ (r+r2 5 = Pr3e *fDE?, (4.1.3)
2 1
4 —f(r f p V/f/ + 20" + V/Z) — Pt _e—(v+f r))EZ (4 1. 4)
2E .
jo = e-f“)(7 +E), j = e'E (4.1.5)

Taking simplifying assumptions that the pressure distribution is isotropic,

thatis, p, = p; = p and the equatlon of state is given as p +p = 0, lead to

-f@( tf ) = (4.1.6)
=1/ +f =0, (4.1.7)
= v(t,r) = —f(r) + g(t), (4.1.8)

where g(t) is the constant of integration. Using this value of v in
above equations (4.1.2)—(4.1.5) the expressions of p, p, E?, jo, and j; are

obtained as

—f(f’) f f” i 4 1 9
f f 1
= R 411
P e’ (2r 4 +2r2 2r2’ ( 0)
PRI i f 1, 1
B = 00— - oy (4.1.11)
, i 2E . f-gf
jo = U= +E), 1= (4.1.12)

It can be easily seen that p = p(r), p = p(r) only and E?, jo, and j; can be

functions of both t and r only if g(t) # 0. The corresponding metric is

given as
ds? = —ef0+s0gs2 1 of Oy 4 124002, (4.1.13)
The first curvature invariant, R; = R, is obtained as
—T1(r 4f 144 4 2
Ry =R =e /0 +f f2—— + 5 (4.1.14)
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Further, if the first component of the metric is unity, then v = 0. Equa-

tion (2.1.8) gives

A=0= A= f(r). (4.1.15)
Then the EMFEs (2.1.5)—(2.1.10) are obtained as
1 1) 1
p+ Ee—f(r)EZ = ¢ /0 (f7 - ﬁ) + 1’_2’ (4.1.16)
1 4 (1) 1
pr— 5e 1O =eﬂ%ﬁy7@ 4.1.17)
1 1
—pfp2 _  ,-f(nl_
pr+ e UE el (4.1.18)
jozeﬂ%¥+yy (4.1.19)
i1 = E (4.1.20)

Taking pressure distribution to be isotropic and adding equations
(4.1.17) and (4.1.18), the pressure distribution is obtained as

_ero(f )

Subtracting equation (4.1.17) from the equation (4.1.18), the expression

for the square of the electric field intensity is obtained as

—L o= (4.1.22)

which on using in equation (4.1.16) gives the expression for the mass

density, p, as

5 1 1
_ f0) LI P
p=e ( » 2r2) toa (4.1.23)
Adding equations (4.1.21) and (4.1.23) gives
_ ol
p+tp=e — (4.1.24)

and if the equation of state is to be p + p = 0, then
f"=0= f(r) = constant = A = constant (say c). (4.1.25)
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Now the mass density, p, and the pressure, p, are given as
=-p= L(1 —e) (4.1.26)
p=-pP= 242 ’ A,

the electric field intensity and electric current densities are given as

1
2 _ c
E = -0, (4.1.27)
. 1.
jo = HeVe~1, (4.1.28)
i1 = 0. (4.1.29)

For the mass density and the square of the electric field intensity to be
positive
e > 1. (4.1.30)

The metric of the solution is
ds? = —dt* + e“dr* + r*dC)?, (4.1.31)

which is not the non-static one. Also the first curvature invariant,
Ri =R, is given by
2
R, =R = 2 1-e, (4.1.32)

which is not defined at r = 0.

Furthermore, if the second component of the metric is unity instead
of the first, then A = 0 and the equation (2.1.8) gives no information.
The EMFEs (2.1.5)—(2.1.10) are obtained as

p+%e_VE2 =0, (4.1.33)
pr_%e—vgz _ %1/, (4.1.34)
P 2B = v e (4.1.35)
Qo = ¥+ E, (4.1.36)
W= eE (4.1.37)



Assuming pressure distribution to be isotropic and adding equations
(4.1.34) and (4.1.35), the pressure, p, is obtained as

_ 3 ’ 1 7" 1 72
p= Pl +4v +8v . (4.1.38)

Subtracting equation (4.1.34) from equation (4.1.35), the expression for

the square of the electric field intensity;, E?, is obtained as

1 1 1
2 _ v, S22~
E-=e (21/ +41/ 2rv). (4.1.39)

Using equation (4.1.39) in equation (4.1.33), the expression for the mass

density, p, is obtained as

1, 1, 1,

p= EV — ZV — §V (4.1.40)
Adding equations (4.1.38) and (4.1.40) gives
— oV 1
p+p=e = (4.1.41)
For equation of state to be p + p = 0, it is required that
VvV =0=>v= g(t) (4142)
Corresponding metric is given as
ds? = —eSWdf + dr? + r*dQ?, (4.1.43)
and the first curvature invariant, R; = R, is obtained as
R =R=0. (4.1.44)

So, the solution matches to the flat Minkowski’s metric after coordinate

transformation and is static.
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42 Caseu=t

The purpose is to find non-static solutions of the EMFEs. So, parallel
to the choice of u = r, the most simple choice is taking y = t for a non-
static solution. In this section the EMFEs are solved with the choice
for u being t and three different cases: first v = v(t,7) and A = A(t,r),
second v =0and A = A(t,r), and third v = v(t,7) and A = 0.

For u =t, equation (2.1.8) gives

VvV =0=v=_g(f). (4.2.1)

Using it in equations (2.1.5)—(2.1.10), we get

A1 | P

e g(t)(? + t—z) + t—z = p+ Ee 8+ )E , (422)

o8 Ly 1 1 e

e (t tZ) 7 Pr—3€ E°,  (42.3)
1 _,2v 24 . . .
S (E L g -21-4Y) = p+ 1e-<g<f>”>£2, (4.2.4)
4 't ot 2

. A7 . — (t) 2E .

jo=¢€"E, o= es (T +E). (4.2.5)

We make the simplifying assumptions that the pressure distribution is
isotropic, thatis, p, = p; = p and the equation of stateis p+p = 0. Using

these assumptions

e‘g(t) .
; (g+A) =0, (4.2.6)
=¢+A =0, (4.2.7)
= At,r) = —gt)+ f(r), (4.2.8)

where f(r) is arbitrary constant of integration. Using this value of A

in the equations (4.2.2)—(4.2.5) the expressions of p, p, E?, jo, and j; are
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obtained as

p = 2o Z B0 ek, a2
p = i ”(—— g()+g(t)+g(t))—%, (4.2.10)
E* = ; SO (o) — (b)* +—)+—e—f<r> (4.2.11)
jo = eSWIOF, jlze-g<f>(TE+E). (4.2.12)

It can be easily seen that p = p(t), p = p(t) only and E?, jo, and j; can be
functions of both t and r if f(r) # 0 the metric (2.1.1) takes the form

ds* = —ef0dt? + ¢8O0 4 24032,

The first curvature invariant, R; = R, is given as

L[4 .. 2\, 2
Ri=R=-¢3 (— -3¢+ ) 7 (4.2.13)
Further, if the first component of the metric is unity, then v = 0. In

this case, equation (2.1.8) gives no information and the EMFEs (2.1.5)-
(2.1.10) take the form

1 _ A2
p+5e AE? = Tt E (4.2.14)
1, -2
p-5'E = (4.2.15)
1, 24 A A2
pet e E° = ETREC Y (4.2.16)
jo = ¢'E,  ji= % +E. (4.2.17)

Assuming pressure distribution to be isotropic and adding equations
(4.2.15) and (4.2.16), the pressure, p, is obtained as

A A2 A1
p——(z+§+a+t—2). (4218)
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Subtracting equation (4.2.15) from equation (4.2.16), the expression for
the square of the electric field intensity, E?, is obtained as
{2 i o

A2 ), (4.2.19)

E=-Z+>=+=-=
6(2 1% F

which on using in equation (4.2.14), gives the expression for the mass
A A2 501
Adding equations (4.2.18) and (4.2.20), the equation of state is obtained

density, p, to be

as '
p+p= % (4.2.21)
If the equation of state is taken to be
p+p=0, (4.2.22)
then A must satisfy
A=0= A= f(r), (4.2.23)
so that the expressions for p, p, E?, jo, and that of j; are given as
1 -1
p = 7 p= - (4.2.24)
2ef(7’)
2 _
E = = (4.2.25)
o Lt (4.2.26)
0o = / 2.
J Vot
£
. 2e 2
ho= (4.2.27)
The metric of the solution is obtained as
ds? = —dt? + e/ Ddr? + 2402, (4.2.28)
and the curvature invariant, R; = R, is obtained as
4
Ri=R= >, (4.2.29)
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which is not defined at t = 0.

Furthermore, If the assumption on the metric is taken such that the
second component of the matric is unity then A = 0 and from equation
(2.1.8),

VvV =0=v=_g(f). (4.2.30)

Now the EMFEs (2.1.5)—(2.1.10) are obtained as

- %e—g(f)gﬁ _ 50 (tlz) N tl2 (4.2.31)
by — %e—g(f)EZ _ s (% _ tlz) _ t12 (4.2.32)
pi+ 20RO (%) (42.33)

o = B, j=es® (% + E) (4.2.34)

Assume the pressure distribution to be isotropic, that is, p, = p; = p.
Then addition of equations (4.2.32) and (4.2.33), leads to

p = 50 (_ _ _) _1 (4.2.35)

Now subtracting equation (4.2.32) from equation (4.2.33), the square of

the electric field intensity is obtained as

—glty 1 1
E2= S 4 = 480 (—) 4.2.36
n et R (4.2.36)

Using equation (4.2.36) in equation (4.2.31), the mass density, p, is

obtained as

=80 § i i 4237
p=e (4t+2t2)+2t2' (4.2.37)

Comparing equations (4.2.35) and (4.2.37), the equation of state comes
out to be .
o+p= e—g(t)% (4.2.38)
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If the equation of state is considered to be

p+p=0, (4.2.39)
then it is required that,
¢ =0 = g(t) = constant. (4.2.40)
It is possible only when
v(t, r) = constant. (4.2.41)

The expressions of p, p, E?, jo and j; are obtained as

p = —p= tlz(l +e), (4.2.42)
E* = :—2(1 +¢°), (4.2.43)
jo = 0=/ (4.2.44)

Corresponding metric is given as
ds? = —dt?* + dr* + °dQ)?, (4.2.45)
and the first curvature invariant, R; = R, is obtained as
2 —c
Ri=R= t_2(1 +e ), (4246)

which is not defined for t = 0.

From all the discussion in this section it can be easily seen that the
solutions obtained with either A = 0 or v = 0 are singular. All the
physical quantities contain singularity at t = 0. Further, the curvature
invariants are also undefined there, leading to say that the singularity
is essential and can not be removed by any means. While the solution
obtained with no assumptions on A and v seems to be meaningful in

the sense that all the physical quantities like p, p, and E? are continuous
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functions. But they too are undefined at t = 0. Curvature invariant
is also undefined there but it can be thought that this singularity may
be removed using some suitable value for v. Also this solution is
non-static only when f(r) # 0 otherwise through a suitable coordinate

transformation it can be converted to the static one.

43 Whenpu=t+r

For obtaining a non-static solution it is desirable that all the metric
components as well as all the physical parameters may be functions
(or implicit functions) of both t and r. For this purpose parallel to the
choices for u in above two sections, the most simple choice seems to
be p = t + r. In this section the EMFEs are solved for u = t + r with
three different cases: first v = v(t,r) and A = A(t,r), second v = 0 and
A = A(t,r), and third v = v(t,r) and A = 0.
For the value of u to be t + r, equation (2.1.8) takes the form

Vv = —A. (4.3.1)
If A(t,r) = g'(t, v) for some function g(t, ), then
v=—g(t 1)+ f(t), (4.3.2)

where f(t) is the constant of integration. Now the FEs (2.1.5)—-(2.1.10)
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take the form

. gl/ 1 . g'/ 1
e ¥ ( - 5)+ed ( + =)
p+%eg_g'_fE2 _ t+r (t+7) t+r (t+1r)(4'3.3)
T
1 e—g’(_g + 5) + gf(_i L
pr_zeg_g/_sz _ t+r (t+7) ) t+r t+(434)
_(t+r)2) (t+1r)?
2" 28
g - 1
1 (t+r t+r —878 - 2g+g)
pr+ eSS = 1 or 28 28 2f {4.3.5)
2 4e (t+r t+r+t+r g +gf
-§ - "),
. 2E
e
Jo e (t+r+E)’ (4.3.6)
¢ 2E .
o= eS8 f( ==
1 e (t+r+E). (4.3.7)

Under the simplifying assumptions that the pressure distribution is
isotropic, thatis, p, = p; = p and the equation of stateis p+p = 0, above

equations give

g// — g'/’ g/ = g’ and f =0, (438)
=¢=9, (4.3.9)
= g(t,r) =gt +7), and v=-A=-¢"=—-h(t+r}4.3.10)

Using this value of v and A the expressions of the mass density, p, the

pressure, p, the electric field intensity, E, and the non-zero components
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of the electric current density are obtained as

e( LAY S )+eh(i+ﬁ+#)
2 2
p = t+r 4 2(t+7) t+r 4 2(t41-r) 4.311)
T+
Wooon h h 1
e = )+ e = - )
2 2
p = t+r 4 2(t+vr) t+r 4 2(t+re4.3.12)
2t + 7)Y
eh 1 e . 1 1
E* = ——# - =(h- , (4313
Wt i T2 e Ty 4B
. . 2E
jo =ewﬁj+Ex (4.3.14)
. 2E .
]1=¢ﬂﬁj+a, (4.3.15)
and the corresponding metric is
ds? = —e M2 4 BN G2 4 (4 )2 dQ2. (4.3.16)
The first curvature invariant, R; = R, is obtained as
2" + e M 20—y 2
=R= W +(e"—eMh? . (4317
" Frr Farp TN e O (4317)

Further consider the first component of the metric to be unity, that

is, v = 0, then the equation (2.1.8) produces

A=0= A= f(r), (4.3.18)
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which on subtituting in the EMFEs (2.1.5)-(2.1.10), gives

o+ %e—mez R (t]-:- 'r - +1r)2) v +2r)2, (4.3.19)
P, — %e—f(r)Ez _ 0 : +1r)2 - +2r)2, (4.3.20)
Dy + %e-f(r)EZ _ e—fmz(;_f:r), (4.3.21)
PR (%+ E'), 43.22)
o= %Jr E. (4.3.23)

Assuming pressure distribution to be isotropic and adding equations
(4.3.20) and (4.3.21), the expression for p is obtained as

ey il 1 1
p=el? (4(t T r)Z) T+ (4.3.24)

subtracting equation (4.3.20) from equation (4.3.21), the expression for

the squared electric field intensity is obtained as

- 2ef(”) B f’ B 1
)2 20t+1) (t+1)Y

(4.3.25)

Using equation (4.3.25) in equation (4.3.19), the expression for the mass

density, p, is obtained as

I AT 1 1
p=e 7 (4(t +7) - 2(t + r)2) * (t+7) (4326)

Adding expressions of p and p gives

e_f(y)f’
—+ =
pTp t+r

, (4.3.27)
for the equation of state tobep + p =0

f"=0= f(r) = constant (say c). (4.3.28)
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Now the expressions for p, p, E?, jo, and j; are obtained as
2—¢°

P="P = s (4.3.29)
E> = % (4.3.30)
jo = e‘c%, (4.3.31)
o= ﬁ (4.3.32)

Notice that both , the mass density, p, and the square of the electric

field intensity, E?, are positive for all

¢ > 2. (4.3.33)

The corresponding metric is given as
ds? = —dt* + e“dr* + (t + r)?dQ?, (4.3.34)
and the first curvature invariant, R; = R, is obtained as

R, =R = (1—e). (4.3.35)

(t+71)?
Furthermore, if the second component of the metric is taken to be unity

instead of the first one, then A = 0 and equation (2.1.8) produces

VvV =0=v=g(t). (4.3.36)
Substituting value of v in EMFEs (2.1.5)—-(2.1.10) lead s to
1 e_g(f)
Ze 82 - 4.3.37
pr3a° (t+7r)? (4.3.37)
1__ _ g 1
— _f8sOp2 — 8(®) -
Pr 2E E e (t i r)z)' (4.3.38)
1 e—g(t)g
—p 82 — o
P+ 26 E 2+ (4.3.39)
jo = % + E’, (4.3.40)
2E :
o= e s — E). 4.3.41
, ¢ (t +7r - (4.3.41)
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Assuming pressure distribution to be isotropic and adding equations
(4.3.38) and (4.3.39) leads to

_ (38 1
p=¢ g()(4(t T 2+ r)Z)’ (4.342)

subtracting the two equations leads to

2 _ _g + 1
2t +71)  (t+71)?

(4.3.43)

Using expression of E? in equation (4.3.37), the mass density, p, is

obtained as

2 1
= s 8 . 4344
p=e (4(t+r)+2(t+r)2) (4:344)
Adding equations (4.3.42) and (4.3.44) leads to
e‘g(t)g'

p+p= T (4.3.45)

for equation of state to be p + p = 0, we must have
¢ =0 = g(t) = constant (say c), (4.3.46)

which implies that v = ¢ and the expressions for p, p, E?, j,, and j; are

given as
p=-p = 2(;—;@2 (4.3.47)
E? = ﬁ (4.3.48)
jo = ﬁ (4.3.49)
o= ﬁ (4.3.50)

Corresponding metric and the first curvature invariant are given as
ds? = —edt* + dr* + (t + r)*dQY? (4.3.51)
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and

R, =R (1+¢™), (4.3.52)

(t+71)?
respectively. All of the physical variables p,p, E, jo, j1, and the metric
itself seem to be interesting because of being implicit functions of t and
r, but there is a problem in the solution that all the physical parame-
ters have singularity at t + r = 0. One condition for a solution to be
physically meaningful is that, the mass density, p, is defined, bounded,
decreasing and positive function everywhere on and inside the bound-
ary. Att = —r, p(t,r) is undefined also the curvature invariant too is
undefined and the singularity is essential for all of the cases discussed

foru=t+r.

4.4 When p = ag(1 + (£5)?)

This is the same choice that is taken in Chapter 2 and Chapter 3. In
previous two chapters the choices for first two metric components are
justv =v(t,r)and A = A(t,r). Here in this section two possible cases for
the first two metric components are discussed: firstv = 0and A = A(t, r)
and second v = v(t,r) and A = 0.

Consider that the first component of the metric is unity , that is,

v = 0. Then equation (2.1.8) gives

2
=2 5= ln(H—r) . (4.4.1)
t+r a
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Substituting values of y and A in EMFEs (2.1.5)—(2.1.7) gives

p+ L e - : (&)2 + L (4.4.2)
Z(f;—r)z (1 + (%)2)2 a; (1 + (ta—r)z)z,

pr— L p - G (%2 - L . (443)
2= () e ())

Db —F - % (4.4.4)

Adding equations (4.4.2) and (4.4.3), the equation of state comes out to
be
p+p=0, (4.4.5)

also consider pressure distribution to be isotropic then adding equa-
tions (4.4.3) and (4.4.4) , the expression for the pressure distribution
and the mass density is obtained as
2
2+6 (H) 1

a

S a2 (1 + (f;_r)z)2 ’ 243 (1 + (%)2)2 | "

Using equation (4.4.6) in equation (4.4.2), the expression for the square

of electric field intensity is obtained as

2
o[ 4((5) 1)
Ezz(t:r) e (4.4.7)
az(1+(t;_r) ) ag(“(%) )
The metric for this solution takes the form
2 2\2
ds? = —dP + (t’;—r) i + a2 (1 ; (t’;—r) ) Q2. (4.4.8)
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Since the second component of the metric is zero for t = -7, so there is
a singularity in the solution at t = —r. It is required to check curvature

invariants in this case. The first curvature invariant is given as

Rk (LS () A ()
(1 N ( to )2) a; 4 a a a
(4.4.9)
Since the curvature invariant is defined att = —r hence itis a coordinate
singularity not the essential singularity.
Now consider that the second component of the metric is unity, that
is, A = 0. Equation (2.1.8) gives
, 2/a
V= Grna (4.4.10)
as in the previous case v can be taken as a function of t + r so that v’ = v
and that

y = 1n(t:;—r)2. (4.4.11)
The FEs (2.1.5)-(2.1.10) take the form
2 4 (txry2 2
p+ %(i—T)ZEZ -7 fé;)z T i((i_r))z)z + 1 _,.4(/;)2)2
a a o (4.4.12)
+ ,
ao*(1 + (51)%)7?
b 1(L)2E2 4/ N (2 4/a®
- t+ry2 try2y2 47122
PN T T WY
Ca?(1+ (B
1. a ,.,  4/d
pr+ (D VE = g T (4.4.14)
2E
o = E+—+, 4.4.15
Jo T+ (E2p ( )
LA 2E
o= G Er Ty +(t;_r)2). (4.4.16)

88



From the first two equations the equation of state come out tobe p+p, =
0. Taking pressure distribution to be isotropic, that is, p, = p; = p, the

expressions for p,p, and E? are obtained as

4/a® 1
- _ ) 4417
T TR @R it & R
2
p = A ! (4.4.18)

L+ (52 2002(1 + (B2
Bry2( 1l 4 _ 4 try2
Lo R A AR wers)
A+ @&
the mass density, p, mustbe a positive function. This condition requires
that

t+vr

a® > 8ay*(1 + (7)2), (4.4.20)
and the corresponding metric is
ds* = —(%)%ltz +dP + (1 + (t;—r)z)zdgz. (4.4.21)

All the functions seem to be physically acceptable and metric is non—
static except the singularity at t+r = 0 where the first metric component
vanishes but this singularity can be checked either it is removable or

not. The first curvature invariant, R; = R, is given as

2 1 8 t+r\?\ 4 t+r)?
k(S ()22
(1+(“)) (4.4.22)

which is defined at t = -7, thus the singularity is removeable not
essential.

In this chapter, different assumptions on the angular component,
2, of the metric are considered. u is taken to be function of ¢ only,
function of r only and the mixed function of both ¢ and r too. If the
radial variable r is taken to be the function of ¢, that is, if » = r(f)
is considered, the geometry will be no longer the four dimensional

spherically symmetric with which we aim to deal in the thesis.
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4,5 Conclusion

In this chapter several non-static solutions are obtained for the EMFEs
with different choices on the metric components. For choices of u
being r, t, and t + r the cases v = v(t,r) and A = A(t, r) give reasonable,
non-static solutions and their singularity is removeable for suitable
choice of unknown functions involved. But the solutions obtained for
remaining two choices, thatis, v =0, A = A(t,r) and v = v(t,r), A = 0
produce singular solutions (because the singularity is not removeable

as can be seen from corresponding curvature invariants). While the

solutions obtained for u = 4y (1 + (%)Z) with the same choices, that is,
v=0,A=A(tr)and v = v(t,r), A = 0 are nonsingular. All the physical
conditions as discussed in previous two chapters can be easily verified
to be fulfilled by the solutions obtained in this chapter.

Equation of state either considered or obtained is p + p = 0 that
makes the solutions to represent compact objects with negative pres-

sure.
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Chapter 5

Some Classes of Exact Static
Solutions of the EMFEs with

p=a(1+(2)

Mostly, the charged compact objects are described with the help of
spherically symmetric, static, exact solutions of the EMFEs. This is the
reason behind the interest of physicists in finding exact solutions of this
set of equations. A number of solutions of the EMFEs have appeared
in the literature with different conditions/assumptions.

In this chapter, the aim is to find classes of exact solutions of the EM-
FEs for charged, static, spherically symmetric space-times both with
anisotropic and isotropic pressure distributions. Ansatz are taken on
the gravitational potentials, electric field intensity (in anisotropic case),
and the equation of state. In the following Section 5.1, the EMFEs for
static, spherically symmetric geometry are discussed. In Section 5.2,
a new class of solutions of the FEs with anisotropic pressure distribu-
tion is presented and in Section 5.3, a class of solutions with isotropic

pressure distribution is obtained. In Section 5.4, the physical analysis
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of the solutions both for anisotropic and isotropic cases is made and in

Section 5.5, a brief conclusion is presented.

5.1 The EMFEs for Static Spherical Geometry

A general static, spherically symmetric space-time has the metric of
the form given by (2.1.1) and the energy—-momentum tensor is taken
of the form (2.1.4), where now u, v, and A depend only on r. The
corresponding EMFEs are

/\/ ’ 7" ’2
p+ 1e“V”)E2 = (—[J L Hz ) + lzf (5.1.1)
2 u weoopr)ou
7, 72
p, — %e‘(V”)EZ = (V E 4 H—z) - lz (5.1.2)
pooou Iz
—(V+/\) 2 144 /\/ 7’ / ’
p+ L (4”— VAl < S VRN S v’z), (5.1.3)
2 4 1z 1z iz
) 1 _ !
i = ?e MEW?) . (5.1.4)

Here ‘, * represents derivative with respect to r. The trace, T, of the

stress energy tensor is
2 AMu’ " ?2 ’t 1 1
T:——2+e‘A(—2 x +4y_+2y2+2 & ——v’A’+v”+—v’2).
Iz Iz weoop w2 2
(5.1.5)

5.2 Anisotropic Solutions

We first consider the pressure distribution to be anisotropici.e., p, # p:.
In this case, there are four equations (5.1.1)—(5.1.4) in eight unknowns.

So, in order to solve the system of equations we need four ansatz. Here
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we take ansatz on the metric coefficients p and v, and the square of the

electric field intensity as

pu = ap(l+ r*/a?), (5.2.1)
1
v = m, (522)
2.2
E? kr/ja (5.2.3)

(1 +r2/a?)?’
where a,ay, and k are constants. In order to look for the negative

pressure models, we assume the equation of state to be
p+p=0. (5.2.4)

Using equations (5.2.1), (5.2.2), and (5.2.4) in equations (5.1.1) and
(56.1.2), we get

A= +Inr?/a%. (5.2.5)

1+ /a2
Inserting these values of A, v, u and E? in equations (5.1.1)-(5.1.4), we
get the expressions for density, radial and tangential pressures, and the
non-zero component of the current density as
1
47‘26 1+12 /a2 ]_/a2 - k/2
P = —x 228 T 02 2y2” (5:2.6)
at(1 +7r2/a%)® (1 +71?/a?)
1
41’2€1+r2/a2 1/&2 - k/2
P, = G T A (5.2.7)
a*(1 +r2/a?)® (1 +1*/a?)
1
2el+r2/a2 k/2
= - , 5.2.8
Po= 2+t 1+ 2y 628)
. \/E/aem(l + 312 /a?)
o = r2/a?(1 +r2/a2)2

(5.2.9)

5.3 Isotropic Solutions

We now consider the case when the pressure distribution is taken to
be isotropici.e., p, = p; = p. In this case we have four equation (5.1.1)-

(5.1.4) in seven unknowns, so we take three ansatz. Here, we take
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ansatz on the equation of state and the metric coefficients ; and v as in
the case of anisotropic pressures in Section 5.2. These ansatz on insert-

ing in equations (5.1.1)—(5.1.4), lead us to the following expressions for

p,p,E* and jo:
= —£(1 + 27 [a*(1 + r*/a?)) + ! (5.3.1)
b= a2y 21+ r2fwp’ T
p= La + 22 /a2 (1 + P*[a?)) — : (5-3.2)
s a0
5 ) m 2 /42
o 2riem? (1 - 22 /21 + 2/a?)) + r/a 5.3.3)

B a*(1 + r2/a?)*

, 1
= 221+ a2y

(z/azem {1+ rz/az)2 (1+72/a* =3 ja* = 2% [a°+  (5:34)

a(z)(l +12/a2)?’

172
(em (2 — 477 )a® — 4r4/a4) + aZaﬁ)

ZrS/aS) + 1/61(2]61”;/”2 (1 +4r%/a® + 3r4/a4)}.
The metric of our solutions is

ds? = —el+r§/ﬂ2 ar + 1’2/4126_1“%/»12 dr* + ag>(1 + 1 /a*)?d Q> (5.3.5)

5.4 Physical Analysis

In Sections 5.2 and 5.3, we obtained classes of exact solutions of the
EMFEs for charged, static, spherically symmetric space-times. In the
following, we analyze our solutions to be physically acceptable, for

both isotropic and anisotropic cases.

(i) There should be no physical or geometrical singularity in the solution. We
observe that there is no singularity in both isotropic and anisotropic
solutions except at r = 0 where one of the metric coefficients tends to

zero. Itis a coordinate singularity (thatis the curvature invariants have
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finite values at 7 = 0) as is evident from the curvature invariants for the
metric (2.1.1) in static case given as follows:
1
- r/at + 4P a® + 2 - (Sczé/a2 + ZOaﬁrz/a4
R, =R = ag(L +r*/a?)* (5.4.1)
1
+ 8»1(2)1'4 Ja®)e” ),
_ v
ay(1 +r2/a?)°

_ ab _ 2 _
Ra = RypR™ = + 64agr* [a® + 32a3/a*)e TR (16a5r* /a® + 32a31* [a*+

(2r*[a* + 4r* [a® + 2 + 64ag [a* + (96ayr* [a®
(5.4.2)
160%/&2)6_ 1+r%/a2 ),
1
ay(1 +r2/a?)°

_ pcdpab _ 2 _
Rs = RyRY = + (11520474 /a® + 2048a%12 /a® + 10242 Ja*)e =777 —

(647* /a* + 1281% [a* + 64 + 1284, /a*
(5.4.3)
512(a3r* fa® + 2037 [a* + a3 fa®)e ),
-
aS(1 + r2/a?)°

— 512 + 51245 /a® + (33280a51°/a'? + 98304a5r* [0+

(=5127°/a® — 15367* /a* — 15361 /a?

_ pcdpefpab _ __ 3
Ry = RRGR:; = 98304a8r? /a® + 32768a5/a)e TP — 24576(a%r® /a"® (5.44)

+ 3agr*/a® + 3agr? [a® + aé/a‘*)g‘ﬁ + (24576425 /®
+ 184324317 /a* + 6144a; /az)e——m%mz )

(if) On the boundary r = R the solutions must match the exterior Reissner—

Nordstrom metric given by
ds* = —(1 - 2M/r + Q*/1?)dt* + (1 — 2M/r + Q?/r¥)~'dr* + ?dCY*, (5.4.5)

where M and Q denote the mass and charge enclosed by the sphere.
Atr =R, we get

eTE = 1-2M/R+Q*/R?, (5.4.6)
R?/a?e "R = (1-2MJR+Q*/R), (5.4.7)
ap(1 +R?*/a®) = R. (5.4.8)
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From equations (5.4.6) and (5.4.7), we get

R? = g% (5.4.9)
Using equation (5.4.9) in (5.4.8), we obtain

a = 2a,. (5.4.10)

(iii) The causality condition is 0 < dp,/dp < 1. In our case we have
considered negative pressure and dp,/dp = —1. We check the stability
of our anisotropic solution by the difference of the radial sound velocity

dp,
=Py (5.4.11)
dp
and the transverse sound velocity

1
dp (@2 +1?2)

[em (—8 (az + rZ)Z + 8a%r* + 24r? (a2 + 1,2))

Vi= [aZ {em <4a4 +16 <a4 + azrz)) — 2k (a2 + rZ)S}]

—40? (1/a% — k/2> (az + 1’2>2]_1 )
(5.4.12)

The region where this difference VZ — V? is positive is called the region
of stability [61,62]. Different regions of stability are shown for different

values of R, in Figures 5.1-5.3.

(iv) The mass density, p, and the radial pressure, p,, must be continuous and
decreasing from the center to the boundary.
(a) For anisotropic solutions, the mass density, p, is a positive function

of r for all the parameter values satisfying the relation

4a? — a?

0
k<2 o (5.4.13)
and
k <2/a;. (5.4.14)
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Figure 5.1: Regions of Stability when R = 2
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Figure 5.2: Regions of Stability when R =5
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Figure 5.3: Regions of Stability when R = 9

Now, to check where the mass density is a decreasing function, consider

dp 8reiv 2 2,0 2 a2 2/ 2
—_ :—ﬁ(ﬁl (1+1’ /El ) -1~ =3r (1+7’ /El ))
dr at(1 + r?/a?) (5.4.15)
(LKA
ap> 2] a*(1+1r2/a?)3
Now i—f < 0 for the parameter values satisfying the relation
2 2
0>0 and k< 2372600 +207 (5.4.16)

ag2a?
However, the radial pressure, p,, is a continuous, negative, and in-
creasing function that increases to zero at the boundary r = R for all

the parameter values satisfying the condition

20> — 4 ~\Jea?
k= T\fo (5.4.17)
a*a;
(b) For isotropic solutions, the mass density, p, is a positive function

of r for all the parameter values satisfying the relation

a* > 5.5a3. (5.4.18)
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The mass density should be a decreasing function, for this consider

dp Zrelw%/az
dr a1+ r2/a?)6

—4(1 + 2r%/a® + 2r* [ah)(1 + rz/aZ)) -

(201 + 277/a)(1 + /2 = (1 + 2% /a® + 2¢* [a*)

r
a2ap*(1 + r2/a2)%’

(5.4.19)
which is negative for all parameter values satisfying the inequality

3.3a,2 — 0.258842
>0 and %0 7 <o. (5.4.20)
a2ay?

However, the pressure, p, is a continuous, negative, and increasing
function that increases to zero at the boundary r = R for the parameter
values satisfying

a* = 2.5 \ea;. (5.4.21)

(v) The radial and the tangential pressures must have same values at the
origin.
(a) For anisotropic solutions, at the center r = 0, p, = p; for

a% + Zea(z)
k=00 (5.4.22)

2 42
aao

(b) For isotropic solutions, p, = p; everywhere.

(vi) The electric field intensity, E, the tangential pressure, p;, and the non—
zero component of the current density, jo, must be a continuous and bounded
functions.

(a) For anisotropic solutions, E?, pt, and jj are all continuous.

(b) For isotropic solutions, E* and j, are continuous.

(vii) At the boundary, r = R, radial pressure must be zero and E = Q/R>.
(a) For anisotropic solutions, the radial pressure is zero at the bound-

ary for
L 20% — 4 +Jea;

2 7
0

- (5.4.23)
a=a
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and the boundary condition on the electric field intensity requires
Q*/R* = k/4 (5.4.24)
which on using in equation (5.4.6) gives
2M/R =1 — Ve + ka*/4. (5.4.25)
(b) For isotropic solutions, the pressure, p, is zero at the boundary for
a* = 2.5Veas, (5.4.26)

and the boundary condition on the electric field intensity gives

2a* — 3 \Jea?
Q*/R* = 20— 3 eny (5.4.27)
8a%a;
which on using in equation (5.4.6) gives
2M/R =1-11/8 Ve + a*/4a3. (5.4.28)

For anisotropic solutions, Figures 5.4-5.9 show plots of p, p,, p:, E?,
jo, and the measure of anisotropy A = p; — p, where the parameter
values in all the cases are taken to be a = 3, qyp = 1.5, and k = .15.
Similarly, for isotropic solutions, Figures 5.10-5.13 show plots of p, p,
E?, and jo, where the parameter values in all the cases are taken to be
a=3,ay=1.5.

Following Tables 5.1 and 5.2 give different anisotropic and isotropic

models, respectively.
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Figure 5.4: The mass density, p, for anisotropic case is shown. Where

the parameter values are taken tobea = 3,4p = 1.5, and k = .15

Figure 5.5: The radial pressure, p,, for anisotropic case is shown. Where
the parameter values are taken tobea = 3,4y = 1.5, and k = .15
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Figure 5.6: The tangential pressure, p;, for anisotropic case is shown.

Where the parameter values are taken tobea = 3,4y = 1.5, and k = .15
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Figure 5.7: The square of electric field intensity, E?, for anisotropic case
is shown. Where the parameter values are taken to be a = 3, a9 = 1.5,
and k = .15
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Figure 5.8: The current density, jy, for anisotropic case is shown. Where

the parameter values are taken tobea = 3,4p = 1.5, and k = .15
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Figure 5.9: The Measure of Anisotropy, A, for anisotropic case is shown.

Where the parameter values are taken tobea = 3,4y = 1.5, and k = .15
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Figure 5.10: The mass density, p, for isotropic case is shown. Where

the parameter values are taken tobea =3 and 4y = 1.5
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Figure 5.11: The pressure, p, for isotropic case is shown. Where the

parameter values are taken tobea =3 and ay = 1.5
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Figure 5.12: The square of the electric field intensity, E?, for isotropic
case is shown. Where the parameter values are taken to be a = 3 and
apg = 15
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Figure 5.13: The component of current density, jo, for isotropic case is

shown. Where the parameter values are taken tobea = 3 and ay = 1.5

105



a=2,a0=1,k=0.35

a=3,ay=15k=015

r r/R P pr P A 7 r/R P pr Pt A

0 0 0.8250 —-0.8250 1.1841  2.0091 0 0 0.3694 —0.3694 0.5291 0.8985
04 02 0.6697 —0.6697 0.9562  1.6259 06 02 03002 —0.3002 0.4275 0.7278
08 04 03704 —-0.3704 0.5239  0.8942 12 04 01667 -0.1667 0.2349 0.4016
12 0.6 0.1475 —0.1475 0.2103  0.3578 1.8 0.6 0.0671 -0.0671 0.0950 0.1620
1.6 0.8 0.0398 —0.0398 0.0621  0.1019 24 08 00187 —0.0187 0.0286 0.0473

2 1 0.0002 —0.0002 0.0078  0.0079 3 1 0.0008  —0.0008 0.0286 0.0049

Table 5.1: Different Anisotropic Models
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a=3 a=4
r/R p P r r/R p p
0 0 -0.0798 0.0798 0 0 —0.0449 0.0449
0.6 02 -0.0636 0.0636 0.8 0.2 -0.0358 0.0358
12 04 -0.0341 0.0341 1.6 04 -0.0192 0.0192
1.8 0.6 -0.0140 0.0140 24 0.6 -0.0078 0.0078
24 08 -0.0050 0.0050 32 0.8 -0.0028 0.0028
3 1 -00017  0.0017 4 1 -0.0010 0.0010

Table 5.2: Different Isotropic Models

5.5 Conclusion

In this chapter, we have obtained exact solutions of the EMFEs for
charged, static, spherically symmetric space-time. We have obtained
solutions for both anisotropic and isotropic pressure distributions. The
equation of state considered represents a compact object with negative
values of the radial pressure (here it is to be noticed that the negative
pressure does not mean expanding solution just like in the case of
Reissner-Nordstrdm’s metric where the radial pressure is non-zero
and positive but it is a well known static solution, not a contracting
one). So, these solutions represent a compact object with negative
pressure. Mass-radius and the charge-radius ratios for the solutions
are computed. We have shown that our solutions satisfy all the physical
conditions that are required to describe a relativistic compact object
except for the causality condition, thatis not satisfied in case of negative
pressure. In case when the causality condition is not satisfied one can
check the stability of an anisotropic solution by calculating difference

of the radial sound velocity and the tangential sound velocity. We
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have checked the stability of our anisotropic solution and it is shown
that our solution is stable near the boundary for R = 2 and is stable
everywhere inside and on the boundary for larger values of R as is

shown in Figures 5.1-5.3.
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