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Abstract

In this thesis, the aim is to present some new classes of non–static

and static, spherically symmetric solutions of the Einstein–Maxwell

field equations representing compact objects with negative pressure.

Throughout this thesis the space–time geometry is spherical, the radial

pressure is negative, and the matter density equals the negative value

of the radial pressure (either it is considered or it comes out as a con-

sequence of the calculations). Several non–static solutions are found

by taking an ansatz for the components of the metric tensor and on

the square of electric field intensity. The solutions are shown to satisfy

physical boundary conditions associated with the exact solutions of

the Einstein–Maxwell field equations. Due to negative pressure, these

solutions can model physical systems such as expanding compact ob-

jects containing negative pressure. Petrov and Segré classifications

that these obtained solutions admit are also discussed in detail. Two

static solutions of the field equations are also obtained with the ansatz

similar to that for the non–static cases in order to have a look how the

solutions behave for these kind of ansatz in static geometry. All the

physical conditions are shown to be satisfied for the static solutions and

it is shown that these solutions describe compact objects with negative

pressure.
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Chapter 1

Introduction and Preliminaries

In this chapter, first of all a brief account of the general relativity is

given. Then some literature is cited that can be found on the solutions

of EMFEs. It also contains some basic definitions that are required to

understand the FEs.

1.1 Introduction

Relativity is the twentieth century development of the theory of motion

for macroscopic objects. The theory of relativity generally refers to the

two theories of Albert Einstein, Special theory of relativity of (1905)

explained with his famous paper “On the Electrodynamics of Moving

Bodies”, and General theory of relativity of (1916) presented in his

paper “Die Grundlage der allgemeinen Relativitätstheorie”. Relativity

theory is one of the main foundations of modern physics.

Special relativity deals with uniform, unaccelarated motion of macro-

scopic objects. Quite often it gives a satisfactory description of mi-

croscopic objects. General relativity attempts to deal with arbitrary

motions. It succeeds for macroscopic objects in a gravitational field.

At a fundamental level, the limitations of the theory are felt where a
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quantum description is required. To date there is no theory which can

satisfactorily describe the motion of both macroscopic and microscopic

objects. There are also problems in dealing with motion in which ac-

celeration is due to fields other than pure gravity.

The ”Special” or ”Restricted” theory is limited to the study of uni-

form, unaccelerated, motion. In other words it deals with motion in

a straight line with constant speed. On the other hand, ”General” or

”Unrestricted” theory deals with general motions. The general the-

ory of relativity owes its existence to Einstein’s physical insight and

his insistence on logical and aesthetic requirements in the formulation

of the theory. The mathematics developed owes a lot to Minkowski,

Grossmann, Hilbert and others. The early solutions to Einstein’s FEs

were found by Schwarzschild, Friedmann, Reissner, Nordström, De

Sitter, Lemaitre and others. However, it remains essentially Einstein’s

theory. Detailed history is given very elegantly by A. Qadir [1].

In general theory of relativity the gravitational force is expressed as

a curved four–dimensional space–time. The Einstein theory considers

the gravitational forces and the forces of acceleration to be equivalent

and there cannot be any object in the universe that can travel faster

than the speed of light, yet the gravitational pull between two objects

is strong when they have smaller distance. Its central premise states

that the space–time curvature is characterised through the matter and

energy distribution held inside it and in turn the matter and energy

distribution is characterised through the space–time curvature. In

short, the geometry of space–time is influenced by the existence of

mass and energy, and the motion of mass and energy is influenced by

the geometry of space–time. There have been a number of productive

experiments in support of this theory. All these physical phenomena

are explained through Einstein’s famous FEs

Rab −
1
2

gabR + Λgab = κTab. (1.1.1)
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Here Rab is the Ricci tensor, gab the metric tensor, R the Ricci scalar, Λ

the cosmological constant, κ the Einstein’s gravitational constant, Tab

the stress energy tensor and Fab the electromagnetic tensor.

Most of the physical problems generally involve some mathematical

model that is defined through a set of differential equations. Exact

solution of a problem in general denotes that solution which acquires

the whole of the physical and mathematical features of a problem as

opposed to an approximate or perturbed solution. For the solution of a

physical problem; at first, the set of differential equations are analysed

in order to find as many exact solutions as possible and then these

solutions are analysed mathematically and physically. In dealing with

general relativity, global analysis of the solutions is required rather

than the local solution of a differential equation.

Due to nonlinearity, finding exact solutions for the FEs is a difficult

task. For obtaining solutions it is convenient to make assumptions

on different physical quantities and/or symmetries of the space–time.

Those classes of exact solutions which exhibit some gravitational phe-

nomena, like rotating black holes and/or the expanding universe, etc.,

are studied frequently. These equations become more simple under

the assumption that the space–time is flat having little deviation which

leads the FEs to the linearised ones. The phenomena like the gravita-

tional waves are studied using these equations.

The study of high energy and gravitational physics usually require

Maxwell’s equations for the formalism of space–time. Such formalisms

of space–time are also evidently harmonious with special and general

relativity. In quantum and analytical mechanics the preferable forms of

Maxwell’s equations are those which involve potentials (both electric

and magnetic). These partial differential equations associate electric

field with the magnetic field as well as the electric charges and currents

with the fields.
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Similar to other differential equations, unique solution of these

equations can only be obtained if some initial and boundary condi-

tions are specified. For suitable boundary conditions on a finite region

of space, these equations can be solved. These are given by

Fab
;b = Ja, (1.1.2)

F[ab;c] = 0, (1.1.3)

where a, b, c = 0, 1, 2, 3, ja is the four current.

These equations together with the Einstein FEs are known as the

Einstein–Maxwell FEs denoted in this thesis by EMFEs.

1.2 Some Known Exact Static Solutions

The EMFEs describe gravity together with electromagnetism. Nu-

merous solutions of these equations have been obtained so far; the

Reissner–Nordström [2] solution is the first exact solution of these equa-

tions.

Most of the solutions are obtained by taking assumptions on sym-

metries and idealised physical problems. Some well–known solutions

include [3]; static, spherically symmetric solutions of Schwarzschild,

Reissner–Nordström, Tolman and Friedmann (now known as Robertson–

Walker metric), the axisymmetric electromagnetic, vacuum solutions

of Weyl, the plane wave solutions, and the Kerr solution of rotating

black holes.

Physicists are often interested in identifying exact solutions of the

EMFEs for the problems in general relativity that describe charged

perfect fluid with static, spherically symmetric distributions of matter.

These types of solutions are helpful in describing the collapse of a

spherical matter distribution that is collapsing due to the electrical

repulsion of charges to a point singularity. The exterior of these charged
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spherical distributions of fluids is a region that is represented by the

metric of Reissner–Nordström.

Lovelock [4] solved the source–free EMFEs with spherical geometry

describing a static massless charged particle. But it does not match the

zero mass solution of the Reissner–Nordström. Despite of the fact that

the uncharged test particles have repulsive force between them due to

both of the metrics.

Krori and Chaudhury [5] using the conformally flat Einstein’s equa-

tions developed a technique to solve EMFEs both for static and non–

static cases. Humi and Mansour [6] obtained several solutions of this

set of equations. Pressure distribution is considered to be proportional

to the mass density and space–time geometry to be spherically / plane

symmetric.

Tikekar [7] solved coupled EMFEs. The solution describes the

interior gravitational field of a sphere comprised of charged matter.

Muller–Hoissen and sippel [8] solved the EMFEs in four–dimensions.

The related FEs for static case with spherical symmetry of matter dis-

tribution are studied. Then classification of solutions is made in accor-

dance to their properties.

Abramyan and Gutsunaev [9] presented a new series of static solu-

tions of the EMFEs and obtained particular solutions which reduced to

the Schwarzschild metric in the case of vanishing magnetic field. Melfo

and Rago [10] investigated the solution of these equations in case of a

fluid sphere possessing charge and having anisotropic distribution of

pressure that act as a source of Reissner–Nordström metric when the

interior metric is supposed to be conformally flat. They found that this

case lead to the static configuration asymptotically while the isotropic

non–static solutions are not compatible with charged models.

Roy, Rangwala, and Rana [11] studied the general relativistic FEs

and obtained a solution for a charged anisotropic fluid sphere without
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any particular radial distribution for the mass of the sphere. Abbasi [12]

obtained asymptotically flat, static solutions for vacuum FEs of Einstein

and found that the Schwarzschild metric was a special and simplest

form of them.

Guilfoyl [13] obtained solutions of these EMFEs for static configu-

ration of space that demonstrate a functional relationship between the

gravitational and the electric potentials. By taking spherical charged

distribution of matter, several solutions are discussed generalising

the interior Schwarzschild solution. All the non–dust solutions are

matched to the solution by Reissner–Nordström showing that they are

well–behaved and the constants of integration are expressed in terms

of the source’s total mass, total charge and radius.

Hernández and Núñez [14] have shown that there can be physically

acceptable solutions with nonlocal type of equations of state. Space–

time configuration is taken to be static spherically symmetric. The

pressure distribution is taken to be anisotropic, focusing the special

cases where the radial pressure gets vanished, and the other case where

the tangential pressures vanish.

Mak and Harko [15] presented a class of exact solutions for the

FEs of Einstein with gravitation involved for space–time geometry to

be static and spherically symmetric and pressure distribution for the

stellar configuration taken to be anisotropic. The solutions are obtained

for a specific form of anisotropy factor. The physical quantities like

radial pressure, tangential pressure, and energy density come out to

be positive and finite inside the star. Mak and Harko [16] found an

exact solution representing a strange quark star containing charge.

Their solution describes the interior of the star when the space–time

configuration is assumed to be spherically symmetric.

Gürses and Himmetoḡlu [17] constructed exact solutions of the

EMFEs with both static and non–static space–time geometries of thin
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shells containing extremely charged dust on the boundary. Komathiraj

and Maharaj [18] obtained two classes of exact solutions of EMFEs.

They assumed an equation of state (linear) that is suitable for quark

matter, and a specific type of one of the gravitational potentials is also

supposed to obtain solutions.

Barrow [19] through these equations made up an analysis of the cos-

mological development of the sources of matter having low anisotropic

pressures. The calculation of their evolution is made under the assump-

tion that the universe was nearly isotropic during the radiation and the

dust eras.

Thirukkanesh and Maharaj [20], and Maharaj and Thirukkanesh

[21] considered a general compact relativistic object having pressure

distribution to be anisotropic while the electromagnetic field is present.

They considered a linear equation of state, a specific form of one of the

gravitational potentials as well as that of the electric field intensity for

obtainig exact solutions.

Arraut, Batic, and Nowakowski [22] have analysed the Einstein FEs

under static and spherically symmetric distribution of perfect fluid

for solutions. It is shown that the solution describes a mini black

hole with the geometry outside the event horizon represented by the

Schwarzschild geometry.

Bashar et al. [23] have discussed few formal features of these FEs and

have taken the space–time configuration to be static, spherically sym-

metric containing charge and the fluid is perfect. They have obtained

a new class of analytic solutions for the FEs.

Mammadov [24] gave derivation for the Reissner–Nordström met-

ric by solving the set of FEs that correspond to a black hole that is not

rotating, contains charge, and is spherically symmetric. The charge is

considered to be static so that the magnetic field is not there due to the

presence of electric charges.
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N. Pant, Mehta, and M. J. Pant [25] presented a class of exact solu-

tions for the FEs under the assumption that the space–time geometry

has spherical symmetry and the pressure distribution is isotropic. The

solutions are well behaved and regular describing balls comprising of

perfect fluid having positive and finite values of pressure and density

at their center.

Spruck and Yang [26] considered the model of a space that is occu-

pied by an outstretched distribution of dust that is extremely charged.

They show through their solutions of FEs that for a matter having finite

amount of mass that is distributed smoothly, there exist a family of so-

lutions that depend on space metric asymptotically and are continuous

and smooth.

Varela, et al. [27] solved the EMFEs for self–gravitating, charged,

anisotropic fluids both for isotropic and anisotropic pressure distribu-

tions. Feroze and Siddiqui [28] considered a form of the equation of

state that is quadratic (that is pressure relates to the squared power of

matter dansity) for the distribution of matter and have studied exact

solutions of the FEs that describe a compact relativistic object’s gen-

eral situation. They further assumed the presence of electromagnetic

field and have considered the pressure distribution to be anisotropic.

They have obtained some classes of relativistic star models with static

space–time configuration and spherical symmetry. There are many

other solutions in addition to those given in this section and the refer-

ences there in.

1.3 Some Known Exact Non–Static Solutions

Most of the solutions found in literature deal with the static space–time

geometry. But in general the space–time geometry is non–static. Some

non–static solutions of the EMFEs are mentioned below.
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Radhakrishna [29], and Sharan and Tiwari [30] obtained non–static

cylindrically symmetric solutions of the EMFEs in vacuum. Tiwari

[31] obtained a class of exact solutions for non–static, cylindrically

symmetric, zero–mass electromagnetic fields. A non–static solution

for the EMFEs is found by Carminati and McIntosh [32] by considering

the metric of the form

ds2 = − exp (2h)dt2 + exp (2A)(dx2 + dy2) + exp (2B)dz2, (1.3.1)

where h, A and B depend only on t forming thus a non–static case and

the electromagnetic field is taken to be non–null.

Einstein’s equations containing both fluid and a magnetic field are

of cosmological interest. Hajj–Boutros and Sfeila [33] derived a plane

symmetric solution of these equations in the case of non–static charged

dust under the assumptions: (i) the source for the gravitational field

is a charged dust, (ii) the space–time is plane symmetric and (iii) the

metric is of the form

ds2 = −dt2 + exp [2u(t, z)]dz2 + Z2(z)T2(t)(dx2 + dy2). (1.3.2)

Chamorro and Virbhadra [34] gave an exact solution of these equa-

tions for non–static geometry of space–time (with null fluid). It de-

scribes the gravitational and the electromagnetic fields of a non–rotating

massive radiating dyon. Gharanfoli and Abbasi [35] and Abbasi [36],

obtained solutions of the Einstein FEs for the case when the cosmolog-

ical constant Λ is present.

Sharif and Iqbal [37] obtained solutions of the equations of Einstein

for the case when the space–time is non–static and its symmetry is

spherical, and contains perfect fluid under different assumptions on the

equation of state. They obtained three solutions, one of which is a dust

solution and the remaining two solutions are for stiff matter. D. Shee,

et al. [38] have described a modeling for an object that corresponds to
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a relativistic compact star having anisotropic distribution of pressure.

Exact analytical solutions are obtained that satisfy spherical symmetry

for the interior of the dense star that admit a conformal symmetry that

is non–static. A large number of static and non–static solutions of the

equations of Einstein are presented in [39].

The main objectives of different cosmological models include the

description of different phases of the universe. It may concern the time

evolution of the acceleration field of the universe. It is now well known

that the universe is dominated by the so–called dark energy but the

nature of this dark energy is still unknown. It is also believed that the

dark energy has large negative pressure that leads to the accelerated

expansion of the universe. Due to this fact much importance is given

to the study of the dark energy models by many authors. The simplest

example of the dark energy is a cosmological constant, introduced by

Einstein in 1917 [40]. A. Cappi [41] has discussed different cosmological

models with the equation of state of the form ω = P/ρc2 (where P is

pressure, ρ is mass density, and c is speed of light) and has discussed

different models for ω = −1,−1 < ω < 0, ω < −1. B. Saha [42] has

solved the Einstein FEs for a system of gravitational field and a binary

mixture of perfect fluid and the dark energy given by a cosmological

constant and negative pressure. It is to be noticed that these solutions

are obtained for static space–time structure and in view of [43, 44] the

configurations of stars may not be static. Keeping this fact in mind,

main aim of this thesis is to obtain solutions of the EMFEs for non–static

space–time geometry that also represent a negative pressure model.

Some cases for static space–time configurations are also presented.

Following is the scheme of this thesis.

11



1.4 Scheme of the Thesis

In the remaining part of this chapter, there are given some basic def-

initions and notations that are necessary to understand the subject.

Most prominent are the tensors and tensor algebra, the EMFEs and the

Petrov and the Segré classifications of space–times.

In Chapter 2, a new class of non–static solutions of the EMFEs for a

compact object with negative pressure is presented when the pressure

distribution is anisotropic. Physical acceptability of solutions is also

discussed.

In Chapter 3, a new class of non–static, exact solutions for the

EMFEs representing an object with negative pressure is obtained in

case of the isotropic pressure distribution. Conditions for the solutions

to be physically acceptable are also discussed in detail.

In Chapter 4, several non–static solutions are obtained for isotropic

spherically symmetric space–time geometry. All represent compact

objects with negative pressure.

In Chapter 5, new classes of solutions of the EMFEs are obtained for

an object with negative pressure where the space–time configuration

is considered to be static. The solutions are obtained both for isotropic

and anisotropic pressure distributions. The solutions are shown to

satisfy the physical acceptability criterion.

1.5 Preliminaries

To work effectively in the theory of relativity, one needs to be aware of

the language of tensors. It helps to summarize sets of equations com-

pactly and solving problems more promptly, and revealing structure

in the equations. Therefore, tensors and its formalisms are discussed

at first in the following section (definitions in the next sections have
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been taken from [45]).

1.6 Tensors and Tensor Algebra

In the theory of relativity, the results are expressed in terms of a space–

time coordinate system relative to an observer. An event is specified

by one time coordinate and three spatial coordinates, given by

xa = (ct, xα) = (ct, x, y, z), xa = (−ct, xα) = (−ct, x, y, z), (1.6.1)

where a = 0, 1, 2, 3 and α = 1, 2, 3. The two types of coordinates are

related by means of a matrix η, which can be used to raise and lower

indices:

xa = ηabxb, xa = ηabxb , (1.6.2)

ηab = ηab = diag(−1, 1, 1, 1), ηa
b = δa

b . (1.6.3)

A line element, denoted as ds2, in these coordinates is defined as

ds2 = dxadxa = −(cdt)2 + dx2 + dy2 + dz2, (1.6.4)

and is called the Minkowski metric. Lorentz transformations are such

transformations of the coordinates that leave the line element invariant

i.e., dxadxa = ds2 = dxa′dxa′ , given by

xa′ = La′
ax

a , xb′ = L b
b′ xb , L b

b′ = ηb′a′η
abLa′

a . (1.6.5)

For invariance of the line element, the transformations (1.6.5) must

satisfy

La′
aL

b
a′ = δb

a . (1.6.6)

A 4–vector an = (at, a1, a2, a3) = (at, a) is a vector that transforms like the

components of the position vector and is classified to be null, spacelike,
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and timelike for

anan = −at
2 + a2 =


> 0 spacelike

= 0 null

< 0 timelike

(1.6.7)

Now we can define a tensor. A quadratic 4× 4 matrix Aab is a tensor of

rank 2 if it transforms like a product of two 4–vectors under Lorentz

transformations

Aa′b′ = La′
aL

b′
bA

ab . (1.6.8)

A scalar function φ is said to be zero rank tensor if it is invariant under

Lorentz transformations,

φ′ = φ, (1.6.9)

for example, rest mass of an object. The 4–vectors a = (an) are called

the rank one tensors, for example, force and velocity. an and Aab are the

contravariant components, Aa
b = ηbcAac are the mixed components,

and an and Aab = ηacηbdAcd the covariant components of respective

tensors. The quantities Aa1 a4···
a2a3 ···an are said to be the components of

a tensor of rank n if its contravariant components transform like the

contravariant vectors and the covariant components transform like the

covariant vectors.

Two tensors Aab and Sab of same rank can be added componentwise

as

Aab + Sab = Wab . (1.6.10)

Sa + Aab or Sa
b + Aab are meaningless expressions. The Product of an nth

rank tensor with an mth rank tensor produces an (n + m)th rank tensor,

for example

Aab
cS

d f
e = Wabd f

ce . (1.6.11)

The contraction or summing over a covariant and a contravariant index

of a tensor gives an other tensor with a rank reduced by 2:

Aab
cd → Aab

ad = Sb
d . (1.6.12)
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The trace T = Aa
a of a second rank tensor is the simplest example of

the contraction. A tensor is said to be symmetric with respect to its

two components (either both of the indices are contravariant or both

of the indices are covariant) if changing their order leaves the tensor

invariant, for example Aab
cd is symmetric with respect to c and d if

Aab
cd = Aab

dc . (1.6.13)

It is called anti–symmetric if it changes sign on interchanging the

components i.e.,

Aab
cd = −Aab

dc . (1.6.14)

An arbitrary second rank tensor with components, Aab, can be decom-

posed into its symmetric and anti–symmetric parts as

Aab = A(ab) + A[ab] , (1.6.15)

where

A(ab) =
1
2

(Aab + Aba) , (1.6.16)

is the symmetric part and

A[ab] =
1
2

(Aab − Aba) , (1.6.17)

is the anti–symmetric part of the tensor. The second rank tensor ηab

given in equation (1.6.3) is a symmetric tensor as ηab = ηba and is called

Minkowski’s metric tensor. Usually a metric tensor other than the

Minkowski’s is denoted by gab in terms of which the line element is

defined as

ds2 = gabdxadxb. (1.6.18)

The contravariant of the metric tensor is gab which is the inverse of gab

i.e.,

gabgab = δa
a . (1.6.19)

15



The Partial derivative of a tensor Aab
cd is given by

Aab
cd,p =

∂Aab
cd

∂xp , (1.6.20)

where , p in the subscript represents the partial derivative with respect

to the pth component of xa. Similarly, a second order derivative is given

by

Aab
cd,pq =

∂2Aab
cd

∂xp∂xq . (1.6.21)

The covariant derivative of an arbitrary tensor Aab
cd is defined as

Aab
cd;p = Aab

cd,p +Γa
qpAqb

cd +Γb
qpAaq

cd−Γ
q

cpAab
qd−Γ

q
dpAab

cq , (1.6.22)

where Γa
bc are called Christoffel symbols associated with the metric

tensor, gab, as

Γa
bc =

1
2

gad(gbd,c + gcd,b − gbc,d) , (1.6.23)

and are symmetric in lower indices. The Lie derivative of an arbitrary

tensor Aab
cd with respect to v is defined as

LvAab
cd = vmAab

cd,m − Amb
cdva

,m − Aam
cdvb

,m + Aab
mdvm

,c + Aab
cmvm

,d ,

(1.6.24)

that can be extended to any higher ranked tensor.

The curvature tensor (Riemann tensor), R with components Ra
bcd

is defined as

Ra
bcd = Γa

bd,c − Γa
bc,d + Γe

bdΓ
a

ec − Γe
bcΓ

a
ed . (1.6.25)

The components of the curvature tensor satisfy the symmetry relations

Ra
bcd = −Ra

bdc ,

Ra
[bcd] = 0 = Ra

bcd + Ra
cdb + Ra

dbc .
(1.6.26)

The covariant derivatives of the curvature tensor obey the Bianchi

identities

Ra
b[cd;e] = 0. (1.6.27)
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Contracting Ra
bcd by the first and the third index gives the components

Rbd of the Ricci tensor defined as

Rbd = Ra
bad . (1.6.28)

1.6.1 Tetrads and Dual Bivectors

Tetrads and bivectors are very important in the study of the theory of

relativity (definitions and syntax here and in the remaining chapter are

taken from [46]).

An orthonormal tetrad {Ea} consists of one timelike vector t and

three spacelike vectors Eα, such that

{Ea} = {t,Eα} = {t, x,y, z}, Eα.t = 0, t.t = −1, Eα.Eβ = δαβ .

(1.6.29)

The components of the metric tensor, gab, with respect to the orthonor-

mal tetrad are given as

gab = −tatb + xaxb + yayb + zazb . (1.6.30)

The complex null tetrad {ea}, consists of two real null vectors l,k and

two complex conjugate null vectors m, m̄, such that

{ea} = {m, m̄, l,k} , (1.6.31)

where the non vanishing scalar products of tetrad components are

kala = −1, mam̄a = 1 . (1.6.32)

The components of the metric tensor gab with respect to the null tetrad

are given as

gab = mam̄b + mbm̄a − kalb − kbla =


0 −1 0 0

−1 0 0 0

0 0 0 1

0 0 1 0

 . (1.6.33)
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The orthonormal and the null tetrads may be related as

√

2m = E1 − ιE2,
√

2m̄ = E1 + ιE2, (1.6.34)
√

2l = t − E3,
√

2k = t + E3. (1.6.35)

A bivector is a second rank anti–symmetric tensor. If Aab denote the

components of a second rank anti–symmetric tensor, its dual, Ãab, is

defined as

Ãab =
1
2
εabcdAcd , (1.6.36)

where εabcd are the components of the ε–tensor, defined to be

εabcd =


1 for all even permutations of a, b, c, d,

−1 for all odd permutations of a, b, c, d,

0 otherwise

(1.6.37)

and in terms of complex null tetrad

εabcdmam̄blckd = ι. (1.6.38)

The dual of Ãab is given by

˜̃Aab

=
1
4
εabcdεcde f Ãe f = −Aab . (1.6.39)

A bivector is called null if

AabAab = 0 = AabÃab . (1.6.40)

A complex bivector is defined by

A ∗

ab = Aab + ιÃab , (1.6.41)

and is self–dual because of the property

(A ∗

ab)
~ = −ιA ∗

ab . (1.6.42)
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A general self–dual bivector can be expanded in terms of the basis

Zµ = (U,V,W) constructed from the complex null tetrad as

Uab = m̄alb − lam̄b , (1.6.43)

Vab = kamb −makb , (1.6.44)

Wab = mam̄b − m̄amb − kalb + lakb . (1.6.45)

All the contractions of these basis bivectors vanish except

UabVab = 2, WabWab = −4. (1.6.46)

1.6.2 Weyl’s Tensor and Ψ’s

Weyl’s tensor Cabcd is defined through the unique decomposition of the

curvature tensor Rabcd as

Rabcd = Eabcd + Gabcd + Cabcd , (1.6.47)

where Rabcd is defined in equation (1.6.25) and

Eabcd =
1
2

(gacSbd + gbdSac − gadSbc − gbcSad) , (1.6.48)

Gabcd =
1

12
R(gacgbd − gadgbc) , (1.6.49)

Sab = Rab −
1
4

Rgab, R = Ra
a . (1.6.50)

R is the trace and Sab is the traceless part of the Ricci tensor Rab.

Cabcd,Eabcd,Gabcd have the same symmetries as that of the curvature ten-

sor, also

Ca
bad = 0, Ea

bad = Sbd , Ga
bad =

1
4

Rgbd . (1.6.51)

This decomposition of the curvature tensor is just like the decomposi-

tion of an arbitrary matrix into symmetric and anti–symmetric parts.

It is more convenient to find an algebraic classification of a matrix
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through its symmetric or anti–symmetric part rather than the real ma-

trix itself. So, the curvature tensor is decomposed into its parts in order

to simplify the procedure of its algebraic classification discussed later.

In free space the only part of the curvature tensor that exists is

the Weyl’s tensor. This part of the curvature tensor is responsible

for the symmetry or the curvature of the space–time and it encodes

the information about the gravitational field in vacuum [47]. By the

Einstein equations if the stress-energy tensor is zero, the Riemann ten-

sor is identical to the Weyl tensor. Hence the Weyl tensor gives the

purely gravitational field in the absence of any source. It will thus

give the static or dynamic gravitational field in itself. In the case it is

dynamic this gives gravitational waves. Also, the Weyl tensor is invari-

ant under any conformal transformation. So, if a space–time metric is

conformally equal to a flat metric then the Weyl tensor is zero and the

space–time is said to be conformally flat. The Petrov classification of

space–times is actually done using Weyl’s tensor. This importance of

the Weyl tensor leads to give some more definitions.

The left and the right duals of Cabcd are given as

~Cabcd =
1
2
εabe f C

e f
cd , C~abcd =

1
2
εcde f C

e f
ab , (1.6.52)

where ~Cabcd = C~abcd. The components of the complex tensor are defined

as

C ∗abcd = Cabcd + ιC~abcd , (1.6.53)

which in terms of the basis Zµ can be expanded as

1
2C ∗abcd = Ψ0UabUcd + Ψ1(UabWcd + WabUcd) + Ψ2(UabVcd + VabUcd+

WabWcd) + Ψ3(VabWcd + WabVcd) + Ψ4VabVcd ,
(1.6.54)
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where the complex coefficients Ψ0,Ψ1,Ψ2,Ψ3,Ψ4 are given by

Ψ0 = Cabcdkambkcmd, Ψ1 = Cabcdkalbkcmd , (1.6.55)

Ψ2 =
1
2

Cabcdkalb(kcld
−mcm̄d) , (1.6.56)

Ψ3 = Cabcdkalbm̄cld, Ψ4 = Cabcdm̄albm̄cld . (1.6.57)

These complex coefficients define a symmetric complex 3× 3 matrix Q

as

Q =


Ψ2 −

1
2 (Ψ0 + Ψ4) 1

2 ι(Ψ4 −Ψ0) Ψ1 −Ψ3

1
2 ι(Ψ4 −Ψ0) Ψ2 + 1

2 (Ψ0 + Ψ4) ι(Ψ1 + Ψ3)

Ψ1 −Ψ3 ι(Ψ1 + Ψ3) −2Ψ2

 (1.6.58)

1.7 The EMFEs

In the study of the general theory of relativity the EMFEs are of fun-

damental importance. Most of the physical problems in relativity

are described using the exact solutions of these equations. Einstein’s

equations determine the space–time geometry with respect to a given

arrangement of mass and energy of that space–time, and Maxwell’s

equations relate electromagnetic fields to charges and currents. These

equations are given as

Tab = Rab −
1
2

gabR, (1.7.1)

(
√
−g(Fab)),b =

√
−gja, (1.7.2)

where the units are taken so that the Einstein’s gravitational constant

κ given in (1.1.1) is unity, Tab is the stress energy tensor, Fab is the

electromagnetic tensor, j0 = σ is the charge density, and J = ( j1, j2, j3)

is the electric current density. Fab is an anti–symmetric tensor with

21



components

Fab =


0 −Ex −Ey −Ez

Ex 0 Bz −By

Ey −Bz 0 Bx

Ez By −Bx 0

 (1.7.3)

where E and B are the electric and the magnetic fields, respectively.

The electromagnetic part of the stress energy tensor, T(em)
ab , is associated

with the electromagnetic tensor, Fab, as

T(em)
ab =

1
4π

(
FacF c

b −
1
4

gabFcdFcd
)
. (1.7.4)

The matter part of Tab is given as

T(m)
ab = (ρ + p)uaub + pgab, uaua = −1, (1.7.5)

where ρ is the mass density, p is the pressure and u is the 4–velocity

of the fluid. Thus the components of the stress energy tensor in the

presence of both fluid and the electromagnetic field are given by

Tab = T(em)
ab + T(m)

ab . (1.7.6)

1.7.1 Curvature Invariants

The curvature invariants are the qunatities that are unchanged under

coordinate transformations. The curvature invariants are as given

in [48]

1. R1 = R = gabRab ,

2. R2 = RabRab ,

3. R3 = R cd
ab R ab

cd ,

4. R4 = R cd
ab R e f

cd R ab
e f ,. . . .
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These invariants are useful in determining the nature of singularities

of the solutions of FEs. If there is a singularity in the solution and

the curvature invariants are finite at that point then the singularity is

said to be removable or coordinate singularity and can be removed by

suitable coordinate transformations. If any of the curvature invariants

is undefined then the singularity is essential or geometric.

1.8 The Petrov and the Segré Classifications

The algebraic classification of the Weyl part of the curvature tensor is

called the Petrov classification and the algebraic classification of the

trace free part of the Ricci tensor is known as the Segré classifica-

tion. These classifications are of interest in at least the following three

contexts:

• They help in comprehending geometrical features of space–times.

• They are useful for classification and interpretation of the distri-

bution of matter field (energy–momentum tensor)

• In checking whether different space–times are in fact locally the

same or not up to coordinate transformations.

Useful material and information about the Petrov and the Segré clas-

sifications has been extracted from [49–53] given in next sections.

1.8.1 The Petrov Classification

The classification of gravitational fields developed by A. Z. Petrov is

of great importance in the theory of relativity. In [54], Petrov has rep-

resented his renowned space’s classification by studying the algebraic

structure of the curvature tensor or Weyl’s tensor. This algebraic struc-

ture then decides which of the classes of the gravitational fields are
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allowed therein. Now this classification of gravitational fields or that

of the spaces is termed as Petrov’s classification after the name of A. Z.

Petrov. It has provided the basis for the mathematical development of

the exact solutions of Einstein’s FEs and for the physical interpretation

of the general theory of relativity. For the Petrov classification of a

space–time, we need to define

• Weyl’s tensor (via decomposition of the curvature tensor)

• The complex coefficients of Weyl’s tensor

• The complex matrix Q.

The classification of the Weyl tensor involves the eigenvalue problem

for the matrix Q given by

QabXb = λXa, (1.8.1)

which in 3–dimensional vector notation can be written as

Qr = λr. (1.8.2)

The equation (1.8.2) leads to the characteristic equation

|Q − λI| = 0, (1.8.3)

with eigenvalues λ1, . . . , λk of multiplicities m1, . . . ,mk where m1 + . . .+

mk = 3.

Distinct algebraic structures are characterised by the elementary

divisors (λ− λ1)m1 , . . . , (λ− λk)mk and the multiplicities of the eigenval-

ues. The gravitational field is characterised by the algebraic type of the

matrix Q as given in Table 1.1
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Petrov

types

Order of the

elementary divisors

[m1, . . . ,mk]

Matrix criterion

I [111] (Q − λ1I)(Q − λ2I)(Q − λ3I) = 0

D [(11)1] (Q + 1
2λI)(Q − λI) = 0

II [21] (Q + 1
2λI)2(Q − λI) = 0

N [(21)] Q2 = 0

III [3] Q3 = 0

O Q = 0

Table 1.1: The Petrov Types
Here [111] means λ1 , λ2 , λ3 and λ1 + λ2 + λ3 = 0 (from the trace

free condition of Qab), [(11)1] means λ1 = λ2 , λ3 and 2λ1 + λ3 = 0,

[21] means the eigenvalues are −λ, 2λ, [(21)] and [3] mean that all three

eigenvalues are equal and the trace free condition of Qab implies that

the eigenvalues are zero.

In addition to the above mentioned matrix criteria, the Petrov classi-

fication can be obtained by characterization of the Weyl tensor in terms

of principal null directions (eigen directions). They have the following

properties: if

k[eCa]bc[dk f ]kbkc = 0, (1.8.4)

then k is a principal null direction of multiplicity 1 and there can be at

most four such null vectors. If

Cabc[dk f ]kbkc = 0, (1.8.5)

then k is a principal null direction of multiplicity 2 and there can be at

most two such null vectors. If

Cabc[dk f ]kc = 0, (1.8.6)

then k is a principal null direction of multiplicity 3 and there can be at

most one such null vector. If

Cabcdkc = 0, (1.8.7)
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then k is a principal null direction of multiplicity 4. The Petrov types

are characterized by the multiplicities of the principal null directions.

For example, type D is characterized by the existence of two principal

null directions k and l that is

Cabc[dk f ]kbkc = 0, and (1.8.8)

Cabc[dl f ]lblc = 0. (1.8.9)

Following table 1.2 gives relation between multiplicities of the princi-

pal null directions, equations satisfied by Weyl’s tensor and the com-

ponents of Ψs.
Multiplicity

of principal

null direction k

Equation

satisfied by

Cabcd

Conditions

on Ψs

1 k[eCa]bc[dk f ]kbkc = 0 Ψ0 = 0, Ψ1 , 0

2 Cabc[dk f ]kbkc = 0 Ψ0 = Ψ1 = 0, Ψ2 , 0

3 Cabc[dk f ]kc = 0 Ψ0 = Ψ1 = Ψ2 = 0, Ψ3 , 0

4 Cabcdkc = 0 Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0, Ψ4 , 0

Table 1.2: Multiplicities of the Principal Null Directions and Conditions

on Cabcd and Ψs

Now the next table 1.3 gives relation between multiplicities of prin-

cipal null directions and the corresponding Petrov types.
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Multiplicities

of principal

null directions

Petrov

type
Description

[1111] I 4 distinct principal null directions

each of multiplicity 1

[211] II 3 distinct principal null directions

one with multiplicity 2 and other with

multiplicity 1 each

[22] D 2 distinct principal null directions

each of multiplicity 2

[31] III 2 distinct principal null direction

one of multiplicity 3 and other of multiplicity 1

[4] N 1 distinct principal null direction

of multiplicity 4

O Weyl’s tensor vanish identically

Table 1.3: Multiplicities of the Principal Null Directions and the Petrov

Types

It is evident from the table 1.3 that the Petrov type I is degenerate

type II if one of the principal null directions is of multiplicity 2 and

also of degenerate type D if two principal null directions are each of

multiplicity 2. Also the Petrov type II is degenerate type D if there are

two principal null directions each of multiplicity 2, it is of degenerate

type III if one principal null direction is of multiplicity 3 and other that

of 1 and of degenerate type N if multiplicity of principal null direction

is 4. Similarly, Petrov type III is degenerate type N. It is well illustrated

by the Penrose diagram 1.1. In the Penrose diagram the arrows point in

the direction of increasing multiplicity of the principal null directions;

every arrow indicates one additional degeneration (a principal null

direction is said to be degenerate if it has multiplicity greater than 1).
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Figure 1.1: The Penrose Diagram

1.8.2 The Jordan Canonical Form and the Segré

Classification

The Segré classification is basically the classification of the energy–

momentum tensor. Mostly this classification is used in studying exact

solutions of the EMFEs. This classifcation arises from the eigenvalue

problem (Sa
b − λδ

a
b)V

b = 0 constructed with the trace–free Ricci tensor

Sab. By virtue of Einstein’s equations, the Segré types of Sab and that of

the energy–momentum tensor are the same. In order to find the Segré

classification of a space–time, we need to find

• The symmetric 3 × 3 matrix Φab (through the trace–free part of

Ricci tensor i.e., Sab)

• The eigenvalues of Sa
b

• The Jordan canonical form of Sa
b

First of all we give a method to find the Jordan canonical form of a

matrix. Given a square matrix A, its Jordan canonical form can be

obtained by following the steps given below.
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• Find eigenvalues of A (e.g.,λ1, λ2, . . . , λn with multiplicities m1,m2,

. . . ,mn, respectively).

• Find the nullity of (A − λi)ri for ri = 1, 2, . . . until the nullity of

(A − λi)ri = mi, denoting these nullities by dri we get a sequence

d0 < d1 < d2 < . . . < dri = mi.

• Now from this sequence determine the number of blocks and

their sizes corresponding to λi. d0 is taken to be zero. The differ-

ence d1−d0 indicates total number of blocks that correspond to λi

with non–zero size. Then, the difference d2−d1 indicate the num-

ber of blocks corresponding to λi whose size is at least greater

than one. Then, the difference d3 − d2 indicates total number of

blocks corresponding to λi whose size must be at least greater

than 2. We go on repeating this process until we know the exact

number of blocks of each size.

For example, consider

A =


2 2 3

1 3 3

−1 −2 −2


Eigenvalues of A are λ1 = 1 = λ2 = λ3 (1 is an eigenvalue of A of

multiplicity 3). Now for λ1 = 1 the rank of (A − I) is one that implies

dimension of the null space of (A − I) = 2 = d1 that means that there

are at least two Jordan blocks of sizes at least one (or the total number

of the Jordan blocks corresponding to this eigenvalue of A is two) in

the Jordan canonical form of A. Next, the matrix (A − I)2 = 0, so

that the rank of it is zero implying the dimension of the null space of

(A− I)2 = 3 = d2 which means that the number of blocks of sizes at least

two is d2 − d1 = 1. We will stop here because the dimension of the null

space of the powers of the matrix (A − I) is equal to the multiplicity
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of the eigenvalue. Now in Jordan canonical form there are two Jordan

blocks one of size 2 and one of size 1 and the Jordan form of A can be

written as

J =


1 1 0

0 1 0

0 0 1


with two Jordan blocks

 1 1

0 1

 and (1) on the main diagonal of the

Jordan matrix. In general, consider a matrix A of order n having

eigenvalues λ1, λ2, . . . , λr each of multiplicity m1,m2, . . . ,mr, respec-

tively (m1 + m2 + . . . + mr = n). The Jordan canonical form of A is

then given as

J =


J1

J2
. . .

Jr


where Ji is a matrix of order mi ×mi with λi in every diagonal position

and some arrangement of 0’s and 1’s in each superdiagonal position.

All other entries in Ji and in J are zero. Further each matrix Ji can be

written in the form

Ji =


Ji1

Ji2
. . .

Jik(i)


where Ji j is a matrix of order pi j × pi j whose diagonal entries are each

equal to λi and whose superdiagonal elements are each equal to one

and all other entries are zero. Also pi1 ≥ pi2 ≥ . . . ≥ pik(i) and such that

pi1 + pi2 + . . .+ pik(i) = mi. The procedure to find pik(i)s is explained in the

example given above. Each Ji j is called the basic Jordan block.
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The Segré classification of the trace free ricci tensor Sa
b is just ob-

tained from the Jordan canonical form of Sa
b by putting the sizes of the

Jordan blocks corresponding to all the eigenvalues in square brackets

and that of a repeated eigenvalue in the parentheses within the square

brackets separately and if there is one Jordan block corresponding to

an eigenvalue then the parentheses can be omitted. In general, for

the Jordan canonical form of a matrix of order n discussed above with

certain ordering of the eigenvalues λ1, λ2, . . . , λr can be encoded in the

symbol [(
p11, . . . , p1k(1)

) (
p21, . . . , p2k(2)

)
. . . (pr1, . . . , prk(r))

]
The Segré type of the above matrix A can be written as [(21)]. The Segré

type [1(11)23] stands for the case when λ1 is of multiplicity 1, λ2 is of

multiplicity 2 and corresponding to it there are two Jordan blocks each

of size 1, λ3, λ4 are of multiplicities 2 and 3, respectively. There is only

one Jordan block of size 2 corresponding to λ3 and one Jordan block of

size 3 corresponding to λ4.

For the matrix Sa
b the symmetric matrix φab is defined as

Φ00 =
1
2

Sabkakb, (1.8.10)

Φ01 =
1
2

Sabkamb, (1.8.11)

Φ02 =
1
2

Sabmamb, (1.8.12)

Φ11 =
1
4

Sab(kalb + mam̄b), (1.8.13)

Φ12 =
1
2

Sablamb, (1.8.14)

Φ22 =
1
2

Sablalb, (1.8.15)

where ka,ma, la,na are the components of the null tetrad. Then the segré

type of the matrix is calculated through the non–zero components of

φab. The relation between different Segré types, φab and the Petrov
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types is given in Table 1.4
Segré

Characteristic

Set of Non–Zero

φab

Petrov

Classification

[1111] φ00 = φ22, φ11, φ02 = φ20 I

[(11)11] φ11, φ02 = φ20 D

[1(11)1] φ00 = φ22, φ11 D

[(11)(11)] φ11 D

[(111)1] 2φ11 = φ02 O

[1(111)] φ00 = φ22 = 2φ11 O

[(1111)] O

[ZZ̄11] φ00 = −φ22, φ11, φ02 = φ20 I

[ZZ̄(11)] φ00 = −φ22, φ11 D

[211] φ11, φ22, φ02 = φ20 II

[2(11)] φ11, φ22 D

[(12)1] φ22, 2φ11 = φ02 N

[(112)] φ22 O

[31] 2φ11 = φ02, φ01 , φ10 III

[(13)] φ02 N

Table 1.4: The Segré types, non–zero elements of φab and the Petrov

types
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Chapter 2

A Class of Anisotropic,

Non–Static Exact Solutions of

the

EMFEs with µ = a0

(
1 +

(
t+r
a

)2
)

In the study of charged matter distribution, the EMFEs are of fun-

damental importance. This system of equations possesses more un-

knowns than the number of equations. Therefore, different condi-

tions/ansatz on the pressure distribution, the electric field intensity, the

gravitational potentials, the equation of state, etc., are assumed to solve

this system.

In this chapter, the aim is to find a class of exact solutions of the EM-

FEs for non–static, spherically symmetric space–times. The pressure

distribution is taken to be anisotropic and particular forms are consid-

ered for the first and the third components of the metric tensor, and for

the square of the electric field intensity. In the following section, the

EMFEs are obtained for a general non–static, spherically symmetric
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space–time metric. In Section 2.2, a new class of solutions of the FEs is

presented. In Section 2.3, the physical analysis of the obtained solution

is given and in Section 2.4, a brief conclusion is presented.

2.1 The EMFEs for Spherical Geometry and

the Algebraic Classification

A general non–static, spherically symmetric space–time has the metric

of the form

ds2 = −eν(t,r)dt2 + eλ(t,r)dr2 + µ2(t, r)dΩ2, (2.1.1)

where dΩ2 = dθ2+sin2 θdφ2. The coefficients of the metric are called the

gravitational potentials. In spherically symmetric space–times, only

radial components of electric and magnetic fields survive. Therefore,

the non–zero components of the electromagnetic tensor are F01 = E =

−F10 and F23 = −B = F32, where E is the electric field intensity and B

is the strength of the magnetic field. For spherically symmetric space–

times B = 0. The components of the electromagnetic part of the stress

energy tensor T(em)
ab are related to the components of the electromagnetic

tensor Fab by the expression

T(em)
ab = F c

a Fbc −
1
4

gabFcdFcd. (2.1.2)

Using the above expression and adding the matter part given by

T(m)
ab = diag(eνρ, eλpr, µ

2pt, µ
2 sin2 θpt) (2.1.3)

where ρ is the mass density, pr is the radial pressure, and pt is the

tangential pressure (a matter distribution is called isotropic when radial

and tangential pressures are equal to each other and anisotropic when

they are not equal). We obtain the stress energy tensor in the presence
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of both matter and charge for the metric (2.1.1) as

Tab = diag
(
eνρ +

1
2

e−λE2, eλpr −
1
2

e−νE2,
(
pt +

1
2

e−(ν+λ)E2
)
µ2,(

pt +
1
2

e−(ν+λ)E2
)
µ2 sin2 θ

)
.

(2.1.4)

For the metric (2.1.1) and the stress energy tensor given by equation

(2.1.4), the EMFEs given in Chapter 1 by equations (1.7.1) and (1.7.2)

for spherical, non–static geometry reduce to the following independent

set of equations

ρ +
1
2

e−(ν+λ)E2 = e−λ
(
λ′µ′

µ
− 2

µ′′

µ
−
µ′2

µ2

)
+ e−ν

(
λ̇µ̇

µ
+
µ̇2

µ2

)
+

1
µ2 , (2.1.5)

pr −
1
2

e−(ν+λ)E2 = e−λ
(
ν′µ′

µ
+
µ′2

µ2

)
+ e−ν

(
ν̇µ̇

µ
− 2

µ̈

µ
−
µ̇2

µ2

)
−

1
µ2 , (2.1.6)

pt +
1
2

e−(ν+λ)E2 =
e−λ

4

(
4
µ′′

µ
− 2

λ′µ′

µ
+ 2

ν′µ′

µ
− ν′λ′ + 2ν′′ + ν′2

)
+

e−ν

4

(
−4
µ̈

µ
+ 2

ν̇µ̇

µ
− 2

λ̇µ̇

µ
+ ν̇λ̇ − 2λ̈ − λ̇2

)
,

(2.1.7)

−2µ̇′ + ν′µ̇ + λ̇µ′ = 0, (2.1.8)

j0 =
1
µ2 e−λ(Eµ2)

’
, (2.1.9)

j1 =
1
µ2 e−ν(Eµ2)

.
. (2.1.10)

Here ‘ . ’ and ‘ , ’ represent derivatives with respect to t and r re-

spectively. Here it can be noticed that in all the independent EMFEs

(2.1.5)–(2.1.10), the radial pressure, pr, and the tangential pressure, pt,

both are functions of the variables t and r only (not of θ or φ), which

represents that the spherically symmetric geometry has pressures inde-

pendent of angular variables but there is no condition on the radial and

tangential pressures that they must be equal or not (that is, isotropic

case where pr = pt and the anisotropic case where pr , pt, do not disturb

the spherical symmetry).
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The trace, T, of the stress energy tensor is

T = −
2
µ2 + e−λ

(
−2
λ′µ′

µ
+ 4

µ′′

µ
+ 2

µ′2

µ2 + 2
ν′µ′

µ
−

1
2
ν′λ′ + ν′′ +

1
2
ν′2

)
+e−ν

(
−2
λ̇µ̇

µ
− 4

µ̈

µ
− 2

µ̇2

µ2 + 2
ν̇µ̇

µ
+

1
2
ν̇λ̇ − λ̈ −

1
2
λ̇2

)
.

(2.1.11)

The curvature and the Ricci tensors, have the following non–zero com-

ponents for the metric (2.1.1),

R0101 =
1
4

eλ(2λ̈ + λ̇2
− ν̇λ̇) −

1
4

eν(2ν′′ + ν′2 − ν′λ′), (2.1.12)

R0202 =
1
2

(2µµ̈ − µν̇µ̇) −
1
2
µν′µ′eν−λ, (2.1.13)

R1212 =
1
2

(2µµ′′ − µλ′µ′) −
1
2
µλ̇µ̇eλ−ν, (2.1.14)

R0212 =
1
2

(2µµ̇′ − µν′µ̇ − µλ̇µ′), (2.1.15)

R2323 = 4µ2 sin2 θ(µ′2e−λ − µ̇2e−ν − 1), (2.1.16)

R0303 = sin2 θR0202, R1313 = sin2 θR1212, R0313 = sin2 θR0212, (2.1.17)

R00 =
1
4

eν−λ(4
ν′µ′

µ
+2ν′′+ν′2−ν′λ′)−

1
4

(8
µ̈

µ
−4
ν̇µ̇

µ
+2λ̈+λ̇2

−ν̇λ̇), (2.1.18)

R01 = −2
µ̇′

µ
+
ν′µ̇

µ
+
λ̇µ′

µ
, (2.1.19)

R11 =
1
4

(−8
µ′′

µ
+ 4

λ′µ′

µ
− 2ν′′ − ν′2 + ν′λ′) +

1
4

eλ−ν(4
λ̇µ̇

µ
+ 2λ̈ + λ̇2

− ν̇λ̇),

(2.1.20)

R22 =
1
2
µ2e−λ(−2

µ′2

µ2 −2
µ′′

µ
−
ν′µ′

µ
+
λ′µ′

µ
)+

1
2
µ2e−ν(2

µ̇2

µ2 +2
µ̈

µ
−
ν̇µ̇

µ
+
λ̇µ̇

µ
)+1,

(2.1.21)

R33 = sin2 θR22. (2.1.22)
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The procedure to find the Petrov and the Segré classification of a space–

time is discussed in Chapter 1 in detail. The components of complex

null tetrad, in view of [55], can be given as

ka = −
1
√

2
(e−ν/2

∂
∂t
− e−λ/2

∂
∂r

), (2.1.23)

la = −
1
√

2
(e−ν/2

∂
∂t

+ e−λ/2
∂
∂r

), (2.1.24)

ma =
1
√

2µ
(
∂
∂θ

+
ι

sinθ
∂
∂φ

), (2.1.25)

m̄a =
1
√

2µ
(
∂
∂θ
−

ι
sinθ

∂
∂φ

). (2.1.26)

Complex coefficients are now obtained as

Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0, (2.1.27)

Ψ2 =
1
2

e−(ν+λ)C0101

=
e−λ

24
(−20

µ′′

µ
− 4

µ′2

µ2 − 10
ν′µ′

µ
+ 10

λ′µ′

µ

− 14ν′′ − 7ν′2 + 7ν′λ′)

+
e−ν

24
(20

µ̈

µ
+ 4

µ̇2

µ2 − 10
ν̇µ̇

µ
+ 10

λ̇µ̇

µ
+ 14λ̈

+ 7λ̇2
− 7ν̇λ̇) +

1
6µ2 .

(2.1.28)

The matrix Q, is obtained as

Q =


Ψ2 0 0

0 Ψ2 0

0 0 −2Ψ2

 .
The characteristic equation of Q is given by

(Ψ2 − λ)2(−2Ψ2 − λ) = 0. (2.1.29)
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Now the eigenvalues, λ1, λ2 and λ3, are obtained as

λ1 = λ2 = Ψ2, and λ3 = −2Ψ2. (2.1.30)

So that, the non–static, spherically symmetric geometry satisfies the

matrix criterion

(Q +
1
2
λI)(Q − λI) = 0. (2.1.31)

It is Segré type [(11)1] that is

λ1 = λ2 , λ3 (2.1.32)

and corresponds to the Petrov type D. If Ψ2 = 0 then the Petrov type

is O.

The non–zero components of Sab for the metric (2.1.1), are obtained

as

S00 =

1
8

eν−λ(8
µ′′

µ
+ 4

µ′2

µ2 + 12
ν′µ′

µ
− 4

λ′µ′

µ
+ 6ν′′ + 3ν′2 − 3ν′λ′)

+
1
8

(−24
µ̈

µ
− 4

µ̇2

µ2 + 12
ν̇µ̇

µ
− 4

λ̇µ̇

µ
− 6λ̈ − 3λ̇2 + 3ν̇λ̇) −

eν

2µ2 ,

(2.1.33)

S11 =

1
8

(−24
µ′′

µ
− 4

µ′2

µ2 − 4
ν′µ′

µ
+ 12

λ′µ′

µ
− 6ν′′ − 3ν′2 + 3ν′λ′)

+
1
8

eλ−ν(8
µ̈

µ
+ 4

µ̇2

µ2 − 4
ν̇µ̇

µ
+ 12

λ̇µ̇

µ
+ 6λ̈ + 3λ̇2

− 3ν̇λ̇) +
eλ

2µ2 ,

(2.1.34)

S22 =

1
8
µ2e−λ(−16

µ′′

µ
− 4

µ′2

µ2 − 8
ν′µ′

µ
+ 8

λ′µ′

µ
− 2ν′′ − ν′2 + ν′λ′)

+
1
8
µ2e−ν(16

µ̈

µ
+ 4

µ̇2

µ2 − 8
ν̇µ̇

µ
+ 8

λ̇µ̇

µ
+ 2λ̈ + λ̇2

− ν̇λ̇) − 1,
(2.1.35)

S33 = sin2 θS22, S01 = R01 = −2
µ̇′

µ
+
ν′µ̇

µ
+
λ̇µ′

µ
. (2.1.36)

So that, the non–zero components of Φab, are

Φ00 =
1
4

e−λ(−2
µ′′

µ
+
ν′µ′

µ
+
λ′µ′

µ
) +

1
4

e−ν(−2
µ̈

µ
+
ν̇µ̇

µ
+
λ̇µ̇

µ
)

+
e−

ν+λ
2

2
(2
µ̇′

µ
−
ν′µ̇

µ
−
λ̇µ′

µ
),

(2.1.37)
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Φ11 =
1

16
e−λ(2ν′′ + ν′2 − ν′λ′) −

1
8

e−ν(λ̈ + λ̇2
− ν̇λ̇) −

3
8µ2 , (2.1.38)

Φ22 =
1
4

e−λ(−2
µ′′

µ
+
ν′µ′

µ
+
λ′µ′

µ
) +

1
4

e−ν(−2
µ̈

µ
+
ν̇µ̇

µ
+
λ̇µ̇

µ
)

−
e−

ν+λ
2

2
(2
µ̇′

µ
−
ν′µ̇

µ
−
λ̇µ′

µ
).

(2.1.39)

Eigenvalues of Sab are λ1 = −e−νS00, λ2 = e−λS11, λ3 = λ4 = 1
µ2 S22.

Now we find the Jordan canonical form of the matrix Sa
b. Hereλ1 has

multiplicity 1 so there is one Jordan block corresponding to λ1 of size 1

and similarly for λ2. λ3 has multiplicity 2 and d1 = dimN(Sa
b −λ3δa

b) = 2

that shows there are two Jordan blocks corresponding to λ3 so each

would be of size 1. Hence the Jordan canonical form of Sa
b is

J =


λ1 0 0 0

0 λ2 0 0

0 0 λ3 0

0 0 0 λ3


So, as described in Chapter 1 and from the Jordan canonical form of Sa

b,

the Segré type of the metric (2.1.1) is [1(11)1] if λ1 , λ2.

The only non–zero components of Φab are Φ00,Φ11,Φ22. So, there are

six possible Segré types in the table 1.4 given in Chapter 1 correspond-

ing to it.

• Using the FE (2.1.8) in equations (2.1.37) and (2.1.39), it is obtained

that Φ00 = Φ22. So that the non–zero components of Φab satisfy

the case Φ00 = Φ22 and Φ11 , 0, so the Segré type is [1(11)1] that

corresponds to the Petrov type D.

• If Φ11 is the only non–zero component then the Segré type is

[(11)(11)] which is possible only when λ1 = λ2 which implies the

case that −e−νS00 = e−λS11 which is possible when λ, ν , and µ
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satisfy the relation,

e−λ
(
2µ′′ − ν′µ′ − λ′µ′

)
+ e−ν

(
2µ̈ − ν̇µ̇ − λ̇µ̇

)
= 0. (2.1.40)

Its corresponding Petrov type is D.

• The third case that Φ00 = Φ22 = 2Φ11 is possible if ν, µ, and λ

satisfy the following equation,

1
8

e−λ
(
−4
µ′′

µ
+ 2

ν′µ′

µ
+ 2

λ′µ′

µ
− 2ν′′ − ν′2 + ν′λ′

)
+

1
4

e−ν
(
−2
µ̈

µ
+
ν̇µ̇

µ
+
λ̇µ̇

µ
+ λ̈ + λ̇2

− ν̇λ̇

)
+

3
4µ2 = 0.

(2.1.41)

It corresponds to the Segré type [1(111)] and the Petrov type O.

• Since Φ00 = Φ22 so the case that Φ00 = −Φ22, is not possible.

• The case Φ11,Φ22 are the only non–zero components is not possible

as if Φ00 = 0 then so is Φ22 as they are equal. Similarly the case

that Φ22 is the only non–zero component is also not possible.

2.2 Solution of the FEs

In six partial differential equations (2.1.5)–(2.1.10) there are nine un-

knowns namely, ν, λ, µ, ρ, pr, pt,E, j0, and j1. Therefore, in order to

obtain solution we take ansatz on three unknowns. We take ansatz on

two of the gravitational potentials and the square of the electric field

intensity as follows.

A. Qadir and M. Ziad [56], while classifying the spherically symmet-

ric space–times using the symmetries of the Einstein equations found

that for non–static solutions the third component of the metric is of the

type e f (t±r). Motivated from this, the following assumption on the third
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metric component, µ, is taken

µ = a0

(
1 +

( t + r
a

)2
)
, (2.2.1)

where a and a0 are non–zero constants and have length dimensions.

Using the form of µ given by equation (2.2.1), equation (2.1.8) gives

λ̇ = −ν′ +
2

t + r
. (2.2.2)

Since µ is taken to be a function of t + r, so consider a similar type of

function for ν as well and take an ansatz

ν = −
1

1 +
(

t+r
a

)2 . (2.2.3)

Using this expression of ν in equation (2.2.2), leads to

λ =
1

1 +
(

t+r
a

)2 + ln
( t + r

a

)2

. (2.2.4)

As assumed in [57,58] the form of the square of the electric field inten-

sity, E2, for static solutions, a similar form is considered and taken to

be a function of t + r as follows

E2 =
k
(

t+r
a

)2(
1 +

(
t+r
a

)2
)2 , (2.2.5)

where k is a positive constant. Using values ofλ, ν, µ and E2 in equations

(2.1.5)–(2.1.10), the mass density, radial and tangential pressures and

the non–zero components of electric current density are obtained as

ρ = −4e
−

1

1+( t+r
a )2

 1/a2(
1 +

(
t+r
a

)2
)2 +

1/a2(
1 +

(
t+r
a

)2
)3

 + 4e
1

1+( t+r
a )2

 1/a2

1 +
(

t+r
a

)2

+

1
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)2 −

1
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)3

 +
1/a0

2
− k/2(

1 +
(

t+r
a

)2
)2 ,

(2.2.6)
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pr = 4e
−

1

1+( t+r
a )2

 1/a2(
1 +

(
t+r
a

)2
)2 +

1/a2(
1 +

(
t+r
a

)2
)3

 − 4e
1

1+( t+r
a )2

 1/a2

1 +
(

t+r
a

)2

+

1
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)2 −

1
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)3

 − 1/a0
2
− k/2(

1 +
(

t+r
a

)2
)2 ,

(2.2.7)

pt = 2e
−

1

1+( t+r
a )2

 1/a2(
1 +

(
t+r
a

)2
)4

 + e
1

1+( t+r
a )2

− 4/a2

1 +
(

t+r
a

)2 +
4/a2(

1 +
(

t+r
a

)2
)2

−

2
a2

(
t+r
a

)2

(
1 +

(
t+r
a

)2
)4

 − k/2(
1 +

(
t+r
a

)2
)2 ,

(2.2.8)

j0 = e
−

1

1+( t+r
a )2

√
k

a

(
1 + 3

(
t+r
a

)2
)

(
t+r
a

)2
(
1 +

(
t+r
a

)2
)2 , (2.2.9)

j1 = e
1

1+( t+r
a )2

√
k

a

(
1 + 3

(
t+r
a

)2
)

(
1 +

(
t+r
a

)2
)2 . (2.2.10)

From equations (2.2.6) and (2.2.7), the equation of state is obtained as

ρ + pr = 0. (2.2.11)

The metric of the obtained solution is

ds2 = −e
−

1

1+( t+r
a )2

dt2 +
( t + r

a

)2

e
1

1+( t+r
a )2

dr2 +a0
2

(
1 +

( t + r
a

)2
)2

dΩ2. (2.2.12)
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2.3 Physical Analysis of the Solution

In the previous section, a class of non–static, spherically symmetric

exact solutions of the EMFEs with anisotropic pressure is obtained.

In this section, the analysis of the solution shows that the solution is

physically acceptable:

• For a solution to be physically meaningful there should be no sin-

gularity in the solution. It means that none of the gravitational po-

tentials vanish or become undefined and all the physical variables

like ρ, pr, pt,E2 must be defined. In the solution obtained in previous

section, there is no singularity except at t = −r where the second com-

ponent of the metric, eλ =
(

t+r
a

)2
e

1

1+( t+r
a )2

, is zero. In this case it should

be checked that the singularity must be coordinate/removable not geo-

metrical/essential. For this, the curvature invariants are to be obtained

for the metric (2.2.12).

The curvature invariants are now given by

R1 = R =
1

a0
2a8e

−1

1+( t+r
a )2

(1 +
(

t+r
a

)2
)4

2a8e
−1

1+( t+r
a )2

− 20a6a0
2e

−2

1+( t+r
a )2

+ 8a6a0
2 + 4a8

( t + r
a

)2

e
−1

1+( t+r
a )2

− 24a6a0
2
( t + r

a

)2

e
−2

1+( t+r
a )2

+ 36a6a0
2
( t + r

a

)2

+ 2a8
( t + r

a

)4

e
−1

1+( t+r
a )2

− 8a6a0
2
( t + r

a

)4

e
−2

1+( t+r
a )2

+48a6a0
2
( t + r

a

)4

+ 24a6a0
2
( t + r

a

)6
)
,

(2.3.1)
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R2 = Rab
cdRcd

ab =
16

a20a0
4(1 +

(
t+r
a

)2
)8

4a20
( t + r

a

)8

+ 128a18a0
2
( t + r

a

)8

e
1

1+( t+r
a )2

+ 24a20
( t + r

a

)4

+ 16a20
( t + r

a

)2

+ 4a20 + 6a16a0
4e

2

1+( t+r
a )2

+ 67a16a0
4e

−2

1+( t+r
a )2

− 128a16a0
4
( t + r

a

)10

− 516a16a0
4
( t + r

a

)8

− 780a16a0
4
( t + r

a

)6

− 532a16a0
4
( t + r

a

)4

− 150a16a0
4
( t + r

a

)2

− 32a18a0
2e

−1

1+( t+r
a )2

+ 32a18a0
2
( t + r

a

)10

e
1

1+( t+r
a )2

+ 16a20
( t + r

a

)6

+ 192a18a0
2
( t + r

a

)6

e
1

1+( t+r
a )2

+ 128a18a0
2
( t + r

a

)4

e
1

1+( t+r
a )2

− 12a16a0
4
( t + r

a

)6

e
2

1+( t+r
a )2

+ 32a18a0
2
( t + r

a

)2

e
1

1+( t+r
a )2

−

8a16a0
4 + 4a16a0

4
( t + r

a

)2

+ 2a16a0
4
( t + r

a

)4

+ 2a16a0
4
( t + r

a

)8

e
−2

1+( t+r
a )2

+ 4a16a0
4
( t + r

a

)6

e
−2

1+( t+r
a )2

+ 2a16a0
4 + 2a16a0

4
( t + r

a

)4

e
−2

1+( t+r
a )2

− 32a18a0
2
( t + r

a

)8

e
−1

1+( t+r
a )2

− 128a18a0
2
( t + r

a

)6

e
−1

1+( t+r
a )2

− 192a18a0
2
( t + r

a

)4

e
−1

1+( t+r
a )2

− 128a18a0
2
( t + r

a

)2

e
−1

1+( t+r
a )2

+ 66a16a0
4
( t + r

a

)12

e
2

1+( t+r
a )2

+ 264a16a0
4
( t + r

a

)10

e
2

1+( t+r
a )2

+ 400a16a0
4
( t + r

a

)8

e
2

1+( t+r
a )2

+ 64a16a0
4
( t + r

a

)8

e
−2

1+( t+r
a )2
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+ 276a16a0
4
( t + r

a

)6

e
2

1+( t+r
a )2

+ 256a16a0
4
( t + r

a

)6

e
−2

1+( t+r
a )2

+ 81a16a0
4
( t + r

a

)4

e
2

1+( t+r
a )2

+ 390a16a0
4
( t + r

a

)4

e
−2

1+( t+r
a )2

+ 12a16a0
4
( t + r

a

)2

e
2

1+( t+r
a )2

+ 264a16a0
4
( t + r

a

)2

e
−2

1+( t+r
a )2

+ 2a16a0
4
( t + r

a

)12

e
4

1+( t+r
a )2

+ 2a16a0
4
( t + r

a

)16

e
2

1+( t+r
a )2

− 4a16a0
4
( t + r

a

)8

e
2

1+( t+r
a )2

− 4a16a0
4
( t + r

a

)12

− 12a16a0
4
( t + r
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(2.3.2)

Since the curvature invariants are defined and non–zero at t = −r, so it

is a coordinate singularity that can be removed by a suitable choice of

coordinate transformation.

• For a meaningful solution, the square of the electric field intensity, E2,

should be a non–negative, continuous, bounded, and smooth function

of both t and r. It can be seen that the expression taken for the squared
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power of electric field intensity satisfies all these properties for positive

values of the parameter k and all the values of parameter a. The Figure

(2.1) shows the graph of E2 with respect to r for three different values

of t with specific values of parameters.
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Figure 2.1: The square of electric field intensity, E2, is shown with

respect to r for t = 1, 2 and 3. For all cases a = 1 and k = 9.65.

• The mass density, ρ, should be a non–negative, continuous, bounded,

decreasing, and smooth function. From the expression obtained in pre-

vious section, it is obvious that ρ is bounded and continuous function

of both t and r for all parameter values. For ρ to be non–negative we

have following conditions on parameters. At origin non–negativity of

ρ requires

k ≥
2a2
− 15.8602a0

2

a2a0
2 , (2.3.3)

for all other values of t and r, the non–negativity of ρ requires

k ≥
2

ea2a0
2

(
ea2 + 4a0

2
(
2 − e2

−
2

27
e2/3

))
. (2.3.4)

46



Further, the mass density, ρ, must be a decreasing function of r. A func-

tion is decreasing with respect to some parameter if its first derivative

with respect to that parameter is negative. Now

dρ
dr

=
8
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)
e
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(2.3.5)

For dρ
dr < 0, the parameters must have the relation

k >
2a2
− 13.0680a0

2

a2a0
2 . (2.3.6)

From the inequalities (2.3.3), (2.3.4), and (2.3.6) we have

k >
2a2
− 13.0680a0

2

a2a0
2 . (2.3.7)

Figure (2.2) shows the graph of the mass density, ρ, with respect to r

for three different values of t with specific values of the parameters.

• For a physically acceptable solution the radial pressure, pr, must be a

positive, continuous, bounded, decreasing, and smooth function. But

in view of our equation of state, that is, pr = −ρ and that mass density

is a positive function, the radial pressure is a negative, continuous,

bounded and a smooth function of both t and r that increases to zero

asymptotically. The negative value of the radial pressure indicates

that the solution obtained represents a compact object with negative

pressure. The graph of the radial pressure, pr, with respect to r is shown

47



0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

→ r

ρ
→

t=1

t=2

t=3

Figure 2.2: The mass density, ρ, is shown with respect to r for t = 1, 2

and 3. For all cases a = 1 = a0 and k = 9.65.
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Figure 2.3: The radial pressure, pr, is shown with respect to r for t = 1, 2

and 3. For all cases a = 1 = a0 and k = 9.65.
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in Figure (2.3) for three different values of t with fixed values of the

parameters.

• Tangential pressure, pt, must also satisfy the properties required to

be satisfied by the radial pressure. But in the case being discussed here

the tangential pressure is a negative, continuous bounded, and smooth

function of both r and t and its value asymptotically approaches to zero.

The graph of the tangential pressure is given in Figure (2.4) with respect

to r for three different values of t and the fixed suitable values of all the

three parameters.
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Figure 2.4: The tangential pressure, pt, is shown with respect to r for

t = 1, 2 and 3. For all cases a = 1 = a0 and k = 9.65.

• The radial pressure, pr, and the tangential pressure, pt, must have

same values at the origin, that is, pr = pt at t = 0 = r. This relation is

satisfied for all values of the constants k, a and a0 satisfying the relation

k =
a2 + 8.6659a0

2

a2a0
2 . (2.3.8)
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Using equation (2.3.8) in the inequality (2.3.7), it can be written that

a2 < 21.7339a0
2. (2.3.9)

Measure of anisotropy of the solution, denoted ∆ = pt − pr, is shown in

Figure 2.5. Where the graph is plotted with respect to r for three differ-

ent values of t and the fixed suitable values of all the three parameters.
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Figure 2.5: The Anisotropy, ∆ = pt − pr, is shown with respect to r for

t = 0, 1 and 2. For all cases a = 1 = a0 and k = 9.65.

• The weak energy conditions are given as, ρ ≥ 0 and ρ + pr ≥ 0. For

solution obtained above, first condition is satisfied for all values of the

parameters satisfying the relation

k ≥
2a2
− 13.0680a0

2

a2a0
2 , (2.3.10)

and the second condition is satisfied by the equation of state (2.2.11).

The dominant energy condition, that is, ρ ≥
∣∣∣pr

∣∣∣, is also satisfied as is

evident from equation of state (2.2.11).
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• The causality condition states that the speed of sound is less than the

speed of light, that is, 0 < dpr

dρ ≤ 1. In this case it is not satisfied as the

pressure is negative so speed of sound comes out to be dpr

dρ = −1 but

still it is less than the speed of light that is taken to be unity.

• The non–zero components, j0 and j1 , of the electric current density

are also continuous and decreasing functions of both r and t and are

shown in Figures (2.6) and (2.7), respectively.
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Figure 2.6: The component, j0 , of the current density is shown with

respect to r for t = 0.2, 0.3 and 0.4. For all cases a = 1 = a0 and k = 9.65.

2.4 Conclusion

In this chapter, we have obtained a class of non–static, spherically

symmetric exact solutions of the EMFEs. We have assumed pressure

distribution to be anisotropic. The mass density, ρ, is a positive de-

creasing function of both r and t, the radial pressure, pr, is a negative

function of both r and t and asymptotically approaches to zero. Also,
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Figure 2.7: The component, j1 , of the current density is shown with

respect to r for t = 0.2, 0.4 and 0.6. For all cases a = 1 = a0 and k = 9.65.

the square of the electric field intensity, E2, is a positive function of

both r and t and is bounded. All these conditions deduce that the

expressions obtained for all the physical variables ρ, pr, pt,E2 etc., are

physically meaningful. There is one singularity at t = −r that is re-

movable so the solution has no geometric singularity and is physically

acceptable. Notice that ρ, pr, pt and E2 are all symmetric with respect

to t and r.

The solution obtained may be thought to represent an expanding

compact object due to negative pressure and that the causality con-

dition is not satisfied by the solution, as is expected for an objesct

with negative pressure. In the case of static solutions we have two

basic solutions of the FEs with spherical geometry: charged solution of

Reissner–Nordström and the solution without charge of Schwarzschild.

The Kerr solution is non–static but it represents a rotating object. So,

there is no basic solution with which the current solution should be
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matched to fix the parameter values. It is just a successful attempt to

find a general non–static solution of the EMFEs.
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Chapter 3

A Class of Isotropic, Non-Static

Exact Solutions of the EMFEs

with µ = a0

(
1 +

(
t+r
a

)2
)

Astrophysical systems such as stellar interiors can be modeled by so-

lutions of the EMFEs. Many attempts have been made to solve this set

of differential equations both for static and non–static conditions.

In this chapter a new class of solutions of the EMFEs for non–

static space–time geometry is obtained that also represents a negative

pressure model. The pressure distribution is assumed to be isotropic

and ansatz are taken on the first and the third metric components. The

solutions admit negative pressure.

In Section 3.1, a new class of solutions of the FEs is presented. In

Section 3.2, the analysis for the solution to be physically acceptable

is briefly discussed. In Section 3.4, a brief conclusion is given and the

types of physical systems that this solution can model is also identified.
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3.1 Solution of the FEs

The FEs are already given in Chapter 2 (equations (2.1.5)–(2.1.10)). In

this chapter an isotropic fluid distribution i.e. pr = pt = p is considered

and ansatz on metric coefficients are taken.

After the implementation of the isotropy of pressure distribution on

the FEs, there are six partial differential equations with eight unknowns

namely ν, λ, µ, ρ, p,E2, j0, and j1. So in order to solve this system of

equations only two ansatz are required. The detailed discussion about

the motivation of the ansatz taken on the gravitational potentials µ and

ν is given in Chapter 2. Here the solutions are obtained with the same

ansatz on µ and ν. So that we have

ν = −
1

1 +
(

t+r
a

)2 , (3.1.1)

λ =
1

1 +
(

t+r
a

)2 + ln
( t + r

a

)2

, (3.1.2)

µ = a0

(
1 +

( t + r
a

)2
)
. (3.1.3)

Using values of λ, ν and µ in equations (2.1.5)–(2.1.7), we get
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(3.1.4)
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Solving equations (3.1.4)–(3.1.6) simultaneously, the mass density, the

pressure and the electric field intensity are given as
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(3.1.7)
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(3.1.9)

From equations (3.1.7) and (3.1.8), we have

ρ + p = 0, (3.1.10)

which is the equation of state. Using values of λ, µ, ν and E2 in

equations (2.1.9) and (2.1.10), the non–zero components of the current
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density are obtained as
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(3.1.11)
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(3.1.12)

The metric of our solution is same as given by equation (2.2.12).

3.2 Physical Analysis of the Solution

In the previous section, a class of exact solutions of the EMFEs for

charged isotropic, non–static, spherically symmetric geometry is ob-

tained. The analysis below shows that our solution is physically ac-
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ceptable.

• For a solution to be physically meaningful there should be no sin-

gularity in the solution. It means that none of the gravitational po-

tentials vanish or become undefined and all the physical variables like

ρ, pr, pt,E2 must be defined. In the solution obtained in previous section,

there is no singularity except at t = −r where one of the gravitational

potentials is undefined. We need to check that the singularity is coordi-

nate/removable and not geometrical/essential. For this, the curvature

invariants are to be discussed. The metric here for the isotropic case

is same as that of anisotropic case obtained in Chapter 2. A detailed

discussion is made about the type of the singularity there that this is a

coordinate singularity, removable by making some suitable coordinate

transformations. Thus this solution is free from any geometric singu-

larity.

• For a meaningful solution, the square of the electric field intensity, E2,

should be a non–negative, continuous, bounded, and smooth function

of both t and r. For E2
≥ 0 the parameters must satisfy the relation

a2 + 16a0
2

a2a0
2 ≥ 0, (3.2.1)

which is satisfied for all values of a and a0. Further, it can be easily

seen from the expression obtained for the square of the electric field

intensity, E2, that it is continuous, bounded and a smooth function of

both r and t. Graph of E2 with respect to r for three different values of

t is given in Figure (3.1) with specific values of the parameters.

• The mass density, ρ, must be a non–negative, continuous, bounded,

decreasing, and smooth function. From the expression obtained in pre-

vious section, it is obvious that ρ is bounded and continuous function

of both t and r for all parameter values. For ρ to be non–negative we

have following conditions on parameters. At origin non–negativity of
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Figure 3.1: The square of electric field intensity, E2, is shown with

respect to r for t = 0.5, 1 and 1.5. For all cases a = a0 = 1.

ρ requires that all values of the parameters satisfy the relation

a2 + 7.1943a0
2

a2a0
2 ≥ 0, (3.2.2)

for all other values of t and r, the parameters must satisfy

a2 + 7.2142a0
2

a2a0
2 ≥ 0. (3.2.3)

Both of the above conditions given by inequalities (3.2.2) and (3.2.3) are

satisfied for all values of the parameters. Further, it can be seen that all

the terms involved in the expression of ρ have decreasing values with

respect to both the variables t and r but still consider the first derivative
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of ρ given by

dρ
dr

=
−1
a3

( t + r
a

)
e

−1

1+( t+r
a )2

 2(
1 +

(
t+r
a

)2
)6 −

4(
1 +

(
t+r
a

)2
)5 −

8(
1 +

(
t+r
a

)2
)4

−
8(

1 +
(

t+r
a

)2
)3

 +
1
a3

( t + r
a

)
e

1

1+( t+r
a )2

− 8(
1 +

(
t+r
a

)2
)2 −

4
(

t+r
a

)2(
1 +

(
t+r
a

)2
)3

+
6(

1 +
(

t+r
a

)2
)4 +

8
(

t+r
a

)2

(
1 +

(
t+r
a

)2
)4 −

4
(

t+r
a

)2(
1 +

(
t+r
a

)2
)5 −

2
(

t+r
a

)2(
1 +

(
t+r
a

)2
)6


−

2
(

t+r
a

)
aa0

2
(
1 +

(
t+r
a

)2
)3 .

(3.2.4)

For dρ
dr < 0 the parameters must satisfy the relation

−
0.5176a2 + 2.03a0

2

a3a0
2 < 0. (3.2.5)

This relation is satisfied for all values of both of the parameters a and a0

(further a ≥ 0 and a0 , 0). Thus, ρ is a positive and decreasing function

of both r and t. It is shown in Figure (3.2).

• The pressure, p, is required to be positive, continuous, bounded

and a smooth function. But in view of our equation of state, that

is, pr = −ρ and that mass density is a positive function, the radial

pressure is a negative, continuous, bounded and a smooth function of

both t and r that increases to zero asymptotically. The negative value

of the radial pressure indicates that the solutions obtained represent a

compact object with negative pressure. It is shown in Figure (3.3).

• The weak energy condition i.e., ρ ≥ 0, ρ + p ≥ 0 and the dominant
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Figure 3.2: The mass density, ρ, is shown with respect to r for t = 0, 1

and 2. For all cases a = a0 = 1.
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t=3

Figure 3.3: The pressure, p, is shown with respect to r for t = 0, 1 and

2. For all cases a = a0 = 1.
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energy condition i.e., ρ ≥
∣∣∣p∣∣∣ are satisfied for all parameter values.

• The causality condition states that the speed of sound is less than the

speed of light, that is, 0 < dpr

dρ ≤ 1. In this case it is not satisfied as the

pressure is negative so speed of sound comes out to be dpr

dρ = −1 but

still it is less than the speed of light that is taken to be unity.

• The non–zero components of the electric current density j0 and j1 are

continuous and decreasing functions of both r and t and are shown in

Figures (3.4) and (3.5), respectively.

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

→ r

j 0
→

t=1

t=2

t=3

Figure 3.4: The component, j0 , of the current density is shown with

respect to r for t = 0, 0.1 and 0.2. For all cases a = a0 = 1.

3.3 The Petrov and the Segré Classification of

the Solution

The procedure to find the Petrov and the Segré classification of a space–

time is discussed in Chapter 1 in detail and generally for the metric
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Figure 3.5: The component, j1 , of the current density is shown with

respect to r for t = 0, 0.25 and 0.5. For all cases a = a0 = 1.

(2.1.1) in Chapter 2. In this section, classification of the obtained metric

(2.2.12) is discussed.

The components of complex null tetrad given by equations (2.1.23)–

(2.1.26) for the solution metric (2.2.12), can be given as

ka = −
1
√

2

e
1

2
(
1+( t+r

a )2
)
∂
∂t
−

a
t + r

e
−1

2
(
1+( t+r

a )2
)
∂
∂r

 , (3.3.1)

`a = −
1
√

2

e
1

2
(
1+( t+r

a )2
)
∂
∂t

+
a

t + r
e

−1

2
(
1+( t+r

a )2
)
∂
∂r

 , (3.3.2)

ma =
1

√
2a0

(
1 +

(
t+r
a

)2
) (

∂
∂θ

+
ι

sinθ
∂
∂φ

)
, (3.3.3)

m̄a =
1

√
2a0

(
1 +

(
t+r
a

)2
) (

∂
∂θ
−

ι
sinθ

∂
∂φ

)
. (3.3.4)

The non–zero complex coefficient for the metric (2.2.12) is now obtained
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as

Ψ2 =
1

3a2
(
1 +

(
t+r
a

)2
)4

(19 − 12
( t + r

a

)4
) ( t + r

a

)2

e
1

1+( t+r
a )2

−

(
5 + 2

( t + r
a

)4
)

e
−1

1+( t+r
a )2

 .
(3.3.5)

So that, as discussed in Chapter 2 the Petrov type is D.

For the metric (2.2.12), the surviving components of the Ricci tensor

are

R00 =
4

a2(
1+( t+r

a )2
)2 + 2

a2 e
−2

1+( t+r
a )2

1(
1+( t+r

a )2
)4 −

2
a2 ( t+r

a )2(
1+( t+r

a )2
)4 , (3.3.6)

R11 =
4
a2

( t + r
a

)2

e
2

1+( t+r
a )2 1

1 +
(

t+r
a

)2 −
4
a2

( t + r
a

)2

e
2

1+( t+r
a )2 1(

1 +
(

t+r
a

)2
)2

−
2
a2

( t + r
a

)2 1(
1 +

(
t+r
a

)2
)4 +

2
a2

( t + r
a

)4

e
2

1+( t+r
a )2 1(

1 +
(

t+r
a

)2
)4 ,

(3.3.7)

R22 = 1 +
4a2

0

a2

(
1 +

( t + r
a

)2
)

e
1

1+( t+r
a )2

−
4a2

0

a2 e
−1

1+( t+r
a )2 1

1 +
(

t+r
a

)2

−
4a2

0

a2

( t + r
a

)2

e
1

1+( t+r
a )2 1

1 +
(

t+r
a

)2 ,

(3.3.8)

R33 = R22 sin2 θ. (3.3.9)
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The non–zero components of Sab, are obtained as

S00 = −
1/a2(

1 +
(

t+r
a

)2
)4

(
11 + 18

( t + r
a

)2

+ 14
( t + r

a

)4

+ 4
( t + r

a

)6
)

1/a2(
1 +

(
t+r
a

)2
)4 e

−2

1+( t+r
a )2

(
7 + 6

( t + r
a

)2

+ 2
( t + r

a

)4
)

−
1

2a0
2
(
1 +

(
t+r
a

)2
)2 ,

(3.3.10)

S11 =

1
a2
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t+r
a

)2

(
1 +

(
t+r
a
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)4 e

2

1+( t+r
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+ 14
( t + r

a

)4

+ 4
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a

)6
)

−

1
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(
t+r
a

)2

(
1 +

(
t+r
a

)2
)4

(
7 + 6

( t + r
a

)2

+ 2
( t + r

a

)4
)

+

(
t+r
a

)2
e

1

1+( t+r
a )2

2a0
2
(
1 +

(
t+r
a

)2
)2 ,

(3.3.11)

s22 = −1 +
a0

2/a2(
1 +

(
t+r
a

)2
)2

(−5 − 2
( t + r

a

)2

+ 2
( t + r

a

)4
)

e
−1

1+( t+r
a )2

+

(
−2 +

( t + r
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)2

+ 4
( t + r
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)4

+ 2
( t + r
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)6
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e
1

1+( t+r
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 ,
(3.3.12)

S33 = sin2 θS22, S01 = R01 = 0. (3.3.13)

Now for the metric (2.2.12), the only surviving component of Φab, is

obtained as

Φ11 =
1/a2(

1 +
(

t+r
a

)2
)4

(2 +
( t + r

a

)2
)

e
1

1+( t+r
a )2

−
1
2

(
1 + 2

( t + r
a

)2
)

e
−1

1+( t+r
a )2


−

3

8a0
2
(
1 +

(
t+r
a

)2
)2 .

(3.3.14)
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Eigenvalues of Sab are λ1 = −e−νS00, λ2 = e−λS11, λ3 = λ4 = 1
µ2 S22.

Now we find the Jordan canonical form of the matrix Sa
b. Hereλ1 has

multiplicity 1 so there is one Jordan block corresponding to λ1 of size 1

and similarly for λ2. λ3 has multiplicity 2 and d1 = dimN(Sa
b −λ3δa

b) = 2

that shows there are two Jordan blocks corresponding to λ3 so each

would be of size 1. Hence the Jordan canonical form of Sa
b is

J =


λ1 0 0 0

0 λ2 0 0

0 0 λ3 0

0 0 0 λ3


So, as described in Chapter 1 and from the Jordan canonical form of Sa

b,

the Segré type of the metric (2.2.12) is [1(11)1] if λ1 , λ2. It can be easily

seen from equations (3.3.10) and (3.3.11) that λ1 = −e−νS00 = e−λS11 =

λ2, hence the possible Segré type of the metric (2.2.12) is [(11)(11)] that

corresponds to the Petrov type D from the table 1.4 with only non–zero

component Φ11. The other case that may be possible is [(1111)]. It

is possible only when Φ11 = 0 then the Petrov type would be O but

Φ11 , 0 identically, so the given solution is of Petrov type D and Segre

type [(11)(11)].

3.4 Conclusion

In this chapter, we have obtained a class of non–static spherically sym-

metric solutions of the EMFEs. We have assumed the pressure distri-

bution to be isotropic. The mass density, ρ, is a positive decreasing

function of both r and t. The square of the electric field intensity, E2, is

a positive–definite and bounded function of both r and t. The pressure,

p, turns out to be a negative function of both r and t and asymptotically

approaches to zero. Here ρ, p and E2 are all symmetric with respect to

t and r.
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The solution obtained may be thought to represent a moving com-

pact object with negative pressure. The causality condition is not satis-

fied by the solution, as is expected for an object with negative pressure.

All other physical conditions are shown to be satisfied.

There are numerous static solutions of the EMFEs to model objects

with negative pressure. However, there is hardly any literature for

non–static case. Keeping in view that the configuration of such objects

may not be static [59, 60], we have made a successful attempt to find

a class of non–static solutions of the EMFEs representing objects with

negative pressure.
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Chapter 4

Some Further Classes of

Non-Static Exact Solutions of

the EMFEs

The main purpose of this thesis is to find some new non–static solu-

tions of the EMFEs. In previous two chapters non–static solutions are

obtained for a specific choice of the third metric component µ. In this

chapter several choices for µ are taken with combination of common

choices for the first/second metric components.

4.1 Case µ = r

For a spherically symmetric space–time the very first choice for µ is

being equal to the radial parameter r. So, in this section the EMFEs

are solved for three different cases with µ = r: first ν = ν(t, r) and

λ = λ(t, r), second ν = 0 and λ = λ(t, r), third ν = ν(t, r) and λ = 0.

For µ = r, equation (2.1.8) gives

λ̇ = 0⇒ λ = f (r). (4.1.1)
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Putting these values of λ and µ, equations (2.1.5)–(2.1.10) become

e− f (r)(
f ′

r
−

1
r2 ) +

1
r2 = ρ +

1
2

e−(ν+ f (r)E2, (4.1.2)

e− f (r)(
ν′

r
+

1
r2 ) −

1
r2 = pr −

1
2

e−(ν+ f (r))E2, (4.1.3)

1
4

e− f (r)(−
2 f ′

r
+

2ν′

r
− ν′ f ′ + 2ν′′ + ν′2) = pt +

1
2

e−(ν+ f (r))E2, (4.1.4)

j0 = e− f (r)(
2E
r

+ E′), j1 = e−νĖ. (4.1.5)

Taking simplifying assumptions that the pressure distribution is isotropic,

that is, pr = pt = p and the equation of state is given as ρ+ p = 0, lead to

e− f (r)(
ν′ + f ′

r
) = 0, (4.1.6)

⇒ ν′ + f ′ = 0, (4.1.7)

⇒ ν(t, r) = − f (r) + g(t), (4.1.8)

where g(t) is the constant of integration. Using this value of ν in

above equations (4.1.2)–(4.1.5) the expressions of ρ, p,E2, j0, and j1 are

obtained as

ρ = −e− f (r)(
f ′

2r
+

f ′′

4
+

1
2r2 ) +

1
2r2 , (4.1.9)

p = e− f (r)(
f ′

2r
+

f ′′

4
+

1
2r2 ) −

1
2r2 , (4.1.10)

E2 = e− f (r)+g(t)(
f ′′

2
−

f ′

r
−

1
r2 ) +

1
r2 , (4.1.11)

j0 = e− f (r)(
2E
r

+ E′), j1 = e f (r)−g(t)Ė. (4.1.12)

It can be easily seen that ρ = ρ(r), p = p(r) only and E2, j0, and j1 can be

functions of both t and r only if g(t) , 0. The corresponding metric is

given as

ds2 = −e− f (r)+g(t)dt2 + e f (r)dr2 + r2dΩ2. (4.1.13)

The first curvature invariant, R1 = R, is obtained as

R1 = R = e− f (r)

(
4 f ′′

r
+ f ′′ − f ′2 −

2
r2

)
+

2
r2 . (4.1.14)
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Further, if the first component of the metric is unity, then ν = 0. Equa-

tion (2.1.8) gives

λ̇ = 0⇒ λ = f (r). (4.1.15)

Then the EMFEs (2.1.5)–(2.1.10) are obtained as

ρ +
1
2

e− f (r)E2 = e− f (r)

(
f ′

r
−

1
r2

)
+

1
r2 , (4.1.16)

pr −
1
2

e− f (r)E2 = e− f (r)
( 1
r2

)
−

1
r2 , (4.1.17)

pt +
1
2

e− f (r)E2 = e− f (r) f ′

2r
, (4.1.18)

j0 = e− f (r)
(2E

r
+ E′

)
, (4.1.19)

j1 = Ė. (4.1.20)

Taking pressure distribution to be isotropic and adding equations

(4.1.17) and (4.1.18), the pressure distribution is obtained as

p = e− f (r)

(
− f ′

4r
+

1
2r2

)
−

1
2r2 . (4.1.21)

Subtracting equation (4.1.17) from the equation (4.1.18), the expression

for the square of the electric field intensity is obtained as

E2 =
e f (r)

r2 −
f ′

2r
−

1
r2 , (4.1.22)

which on using in equation (4.1.16) gives the expression for the mass

density, ρ, as

ρ = e− f (r)

(
5 f ′

4r
−

1
2r2

)
+

1
2r2 . (4.1.23)

Adding equations (4.1.21) and (4.1.23) gives

ρ + p = e− f (r) f ′

r
, (4.1.24)

and if the equation of state is to be ρ + p = 0, then

f ′ = 0⇒ f (r) = constant⇒ λ = constant (say c). (4.1.25)
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Now the mass density, ρ, and the pressure, p, are given as

ρ = −p =
1

2r2 (1 − e−c), (4.1.26)

the electric field intensity and electric current densities are given as

E2 =
1
r2 (ec

− 1), (4.1.27)

j0 =
1
r2 e−c

√

ec − 1, (4.1.28)

j1 = 0. (4.1.29)

For the mass density and the square of the electric field intensity to be

positive

ec > 1. (4.1.30)

The metric of the solution is

ds2 = −dt2 + ecdr2 + r2dΩ2, (4.1.31)

which is not the non–static one. Also the first curvature invariant,

R1 = R, is given by

R1 = R =
2
r2

(1 − e−c) , (4.1.32)

which is not defined at r = 0.

Furthermore, if the second component of the metric is unity instead

of the first, then λ = 0 and the equation (2.1.8) gives no information.

The EMFEs (2.1.5)–(2.1.10) are obtained as

ρ +
1
2

e−νE2 = 0, (4.1.33)

pr −
1
2

e−νE2 =
1
r
ν′, (4.1.34)

pt +
1
2

e−νE2 =
1
2r
ν′ +

1
2
ν′′ +

1
4
ν′2, (4.1.35)

j0 =
2E
r

+ E′, (4.1.36)

j1 = e−νĖ. (4.1.37)
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Assuming pressure distribution to be isotropic and adding equations

(4.1.34) and (4.1.35), the pressure, p, is obtained as

p =
3
4r
ν′ +

1
4
ν′′ +

1
8
ν′2. (4.1.38)

Subtracting equation (4.1.34) from equation (4.1.35), the expression for

the square of the electric field intensity, E2, is obtained as

E2 = eν
(1
2
ν′′ +

1
4
ν′2 −

1
2r
ν′
)
. (4.1.39)

Using equation (4.1.39) in equation (4.1.33), the expression for the mass

density, ρ, is obtained as

ρ =
1
4r
ν′ −

1
4
ν′′ −

1
8
ν′2. (4.1.40)

Adding equations (4.1.38) and (4.1.40) gives

ρ + p = e−ν
1
r2 . (4.1.41)

For equation of state to be ρ + p = 0, it is required that

ν′ = 0⇒ ν = g(t). (4.1.42)

Corresponding metric is given as

ds2 = −eg(t)dt2 + dr2 + r2dΩ2, (4.1.43)

and the first curvature invariant, R1 = R, is obtained as

R1 = R = 0. (4.1.44)

So, the solution matches to the flat Minkowski’s metric after coordinate

transformation and is static.
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4.2 Case µ = t

The purpose is to find non–static solutions of the EMFEs. So, parallel

to the choice of µ = r, the most simple choice is taking µ = t for a non–

static solution. In this section the EMFEs are solved with the choice

for µ being t and three different cases: first ν = ν(t, r) and λ = λ(t, r),

second ν = 0 and λ = λ(t, r), and third ν = ν(t, r) and λ = 0.

For µ = t, equation (2.1.8) gives

ν′ = 0⇒ ν = g(t). (4.2.1)

Using it in equations (2.1.5)–(2.1.10), we get

e−g(t)(
λ̇
t

+
1
t2 ) +

1
t2 = ρ +

1
2

e−(g(t)+λ)E2, (4.2.2)

e−g(t)(
ġ
t
−

1
t2 ) −

1
t2 = pr −

1
2

e−(g(t)+λ)E2, (4.2.3)

1
4

e−ν(
2ν̇
t
−

2λ̇
t

+ ġλ̇ − 2λ̈ − λ̇2) = pt +
1
2

e−(g(t)+λ)E2, (4.2.4)

j0 = e−λE′, j1 = e−g(t)(
2E
t

+ Ė). (4.2.5)

We make the simplifying assumptions that the pressure distribution is

isotropic, that is, pr = pt = p and the equation of state is ρ+p = 0. Using

these assumptions

e−g(t)

t
(ġ + λ̇) = 0, (4.2.6)

⇒ ġ + λ̇ = 0, (4.2.7)

⇒ λ(t, r) = −g(t) + f (r), (4.2.8)

where f (r) is arbitrary constant of integration. Using this value of λ

in the equations (4.2.2)–(4.2.5) the expressions of ρ, p, E2, j0, and j1 are
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obtained as

ρ =
1
4

e−g(t)(
2
t2 −

4 ˙g(t)
t
− ¨g(t) − ˙g(t)

2
) +

1
2t2 , (4.2.9)

p =
1
4

e−g(t)(−
2
t2 +

4 ˙g(t)
t

+ ¨g(t) + ˙g(t)
2
) −

1
2t2 , (4.2.10)

E2 =
1
2

e−g(t)+ f (r)( ¨g(t) − ˙g(t)
2

+
2
t2 ) +

1
t2 e− f (r), (4.2.11)

j0 = eg(t)− f (r)E′, j1 = e−g(t)(
2E
t

+ Ė). (4.2.12)

It can be easily seen that ρ = ρ(t), p = p(t) only and E2, j0, and j1 can be

functions of both t and r if f (r) , 0 the metric (2.1.1) takes the form

ds2 = −eg(t)dt2 + e−g(t)+ f (r) + t2dΩ2.

The first curvature invariant, R1 = R, is given as

R1 = R = −e−g

(
4ġ
t
− g̈ +

2
t2

)
+

2
t2 . (4.2.13)

Further, if the first component of the metric is unity, then ν = 0. In

this case, equation (2.1.8) gives no information and the EMFEs (2.1.5)–

(2.1.10) take the form

ρ +
1
2

e−λE2 =
λ̇
t

+
2
t2 , (4.2.14)

pr −
1
2

e−λE2 =
−2
t2 , (4.2.15)

pt +
1
2

e−λE2 =
−2λ̇
2t
−
λ̈
2
−
λ̇2

4
, (4.2.16)

j0 = e−λE′, j1 =
2E
t

+ Ė. (4.2.17)

Assuming pressure distribution to be isotropic and adding equations

(4.2.15) and (4.2.16), the pressure, p, is obtained as

p = −

(
λ̈
4

+
λ̇2

8
+
λ̇
4t

+
1
t2

)
. (4.2.18)
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Subtracting equation (4.2.15) from equation (4.2.16), the expression for

the square of the electric field intensity, E2, is obtained as

E2 = −eλ
(
λ̈
2

+
λ̇2

4
+
λ̇
2t
−

2
t2

)
, (4.2.19)

which on using in equation (4.2.14), gives the expression for the mass

density, ρ, to be

ρ =

(
λ̈
4

+
λ̇2

8
+

5λ̇
4t

+
1
t2

)
. (4.2.20)

Adding equations (4.2.18) and (4.2.20), the equation of state is obtained

as

ρ + p =
λ̇
t
. (4.2.21)

If the equation of state is taken to be

ρ + p = 0, (4.2.22)

then λ must satisfy

λ̇ = 0⇒ λ = f (r), (4.2.23)

so that the expressions for ρ, p, E2, j0, and that of j1 are given as

ρ =
1
t2 , p =

−1
t2 , (4.2.24)

E2 =
2e f (r)

t2 , (4.2.25)

j0 =
f ′e

− f (r)
2

√
2t
, (4.2.26)

j1 =

√
2e

f (r)
2

t2 . (4.2.27)

The metric of the solution is obtained as

ds2 = −dt2 + e f (r)dr2 + t2dΩ2, (4.2.28)

and the curvature invariant, R1 = R, is obtained as

R1 = R =
4
t2 , (4.2.29)
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which is not defined at t = 0.

Furthermore, If the assumption on the metric is taken such that the

second component of the matric is unity then λ = 0 and from equation

(2.1.8),

ν′ = 0⇒ ν = g(t). (4.2.30)

Now the EMFEs (2.1.5)–(2.1.10) are obtained as

ρ +
1
2

e−g(t)E2 = e−g(t)
( 1
t2

)
+

1
t2 , (4.2.31)

pr −
1
2

e−g(t)E2 = e−g(t)

(
ġ
t
−

1
t2

)
−

1
t2 , (4.2.32)

pt +
1
2

e−g(t)E2 = e−g(t)

(
ġ
2t

)
, (4.2.33)

j0 = E′, j1 = e−g(t)
(2E

t
+ Ė

)
. (4.2.34)

Assume the pressure distribution to be isotropic, that is, pr = pt = p.

Then addition of equations (4.2.32) and (4.2.33), leads to

p = e−g(t)

(
3ġ
4t
−

1
2t2

)
−

1
2t2 . (4.2.35)

Now subtracting equation (4.2.32) from equation (4.2.33), the square of

the electric field intensity is obtained as

E2 =
− ˙g(t)

2t
+

1
t2 + eg(t)

( 1
t2

)
. (4.2.36)

Using equation (4.2.36) in equation (4.2.31), the mass density, ρ, is

obtained as

ρ = e−g(t)

(
ġ
4t

+
1

2t2

)
+

1
2t2 . (4.2.37)

Comparing equations (4.2.35) and (4.2.37), the equation of state comes

out to be

ρ + p = e−g(t) ġ
t
. (4.2.38)
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If the equation of state is considered to be

ρ + p = 0, (4.2.39)

then it is required that,

ġ = 0⇒ g(t) = constant. (4.2.40)

It is possible only when

ν(t, r) = constant. (4.2.41)

The expressions of ρ, p, E2, j0 and j1 are obtained as

ρ = −p =
1
t2 (1 + e−c), (4.2.42)

E2 =
1
t2 (1 + ec), (4.2.43)

j0 = 0 = j1. (4.2.44)

Corresponding metric is given as

ds2 = −dt2 + dr2 + t2dΩ2, (4.2.45)

and the first curvature invariant, R1 = R, is obtained as

R1 = R =
2
t2 (1 + e−c), (4.2.46)

which is not defined for t = 0.

From all the discussion in this section it can be easily seen that the

solutions obtained with either λ = 0 or ν = 0 are singular. All the

physical quantities contain singularity at t = 0. Further, the curvature

invariants are also undefined there, leading to say that the singularity

is essential and can not be removed by any means. While the solution

obtained with no assumptions on λ and ν seems to be meaningful in

the sense that all the physical quantities like ρ, p, and E2 are continuous
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functions. But they too are undefined at t = 0. Curvature invariant

is also undefined there but it can be thought that this singularity may

be removed using some suitable value for ν. Also this solution is

non–static only when f (r) , 0 otherwise through a suitable coordinate

transformation it can be converted to the static one.

4.3 When µ = t + r

For obtaining a non–static solution it is desirable that all the metric

components as well as all the physical parameters may be functions

(or implicit functions) of both t and r. For this purpose parallel to the

choices for µ in above two sections, the most simple choice seems to

be µ = t + r. In this section the EMFEs are solved for µ = t + r with

three different cases: first ν = ν(t, r) and λ = λ(t, r), second ν = 0 and

λ = λ(t, r), and third ν = ν(t, r) and λ = 0.

For the value of µ to be t + r, equation (2.1.8) takes the form

ν′ = −λ̇. (4.3.1)

If λ(t, r) = g′(t, r) for some function g(t, r), then

ν = −ġ(t, r) + f (t), (4.3.2)

where f (t) is the constant of integration. Now the FEs (2.1.5)–(2.1.10)
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take the form

ρ +
1
2

eġ−g′− f E2 =
e−g′(

g′′

t + r
−

1
(t + r)2 ) + eġ− f (

ġ′

t + r
+

1
(t + r)2 )

+
1

(t + r)2 ,
(4.3.3)

pr −
1
2

eġ−g′− f E2 =
e−g′(−

ġ′

t + r
+

1
(t + r)2 ) + eġ− f (−

g̈
t + r

+
˙f

t + r

−
1

(t + r)2 ) −
1

(t + r)2 ,

(4.3.4)

pt +
1
2

eġ−g′− f E2 =

1
4

e−g′(−
2g′′

t + r
−

2ġ′

t + r
− g′′ ġ′ − 2ġ′′ + ġ′2)+

1
4

eġ− f (−
2g̈

t + r
−

2ġ′

t + r
+

2 ˙f
t + r

− g̈ġ′ + ġ′ ˙f

−g̈′ − ġ′2),

(4.3.5)

j0 = e−g′(
2E

t + r
+ E′), (4.3.6)

j1 = eġ− f (
2E

t + r
+ Ė). (4.3.7)

Under the simplifying assumptions that the pressure distribution is

isotropic, that is, pr = pt = p and the equation of state is ρ+p = 0, above

equations give

g′′ = ġ′, ġ′ = g̈, and ˙f = 0, (4.3.8)

⇒ ġ = g′, (4.3.9)

⇒ g(t, r) = g(t + r), and ν = −λ = −g′ = −h(t + r).(4.3.10)

Using this value of ν and λ the expressions of the mass density, ρ, the

pressure, p, the electric field intensity, E, and the non–zero components
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of the electric current density are obtained as

ρ =
e−h(

h′

t + r
+

h′′

4
−

1
2(t + r)2 ) + eh(

ḣ
t + r

+
ḧ
4

+
1

2(t + r)2 )

+
1

2(t + r)2 ,

(4.3.11)

p =
e−h(−

h′

t + r
−

h′′

4
+

1
2(t + r)2 ) + eh(−

ḣ
t + r

−
ḧ
4
−

1
2(t + r)2 )

−
1

2(t + r)2 ,

(4.3.12)

E2 = −
e−h

2
(h′′ +

1
2(t + r)2 ) −

eh

2
(ḧ −

1
2(t + r)2 ) +

1
(t + r)2 , (4.3.13)

j0 = e−h(
2E

t + r
+ E′), (4.3.14)

j1 = eh(
2E

t + r
+ Ė), (4.3.15)

and the corresponding metric is

ds2 = −e−h(t+r)dt2 + eh(t+r)dr2 + (t + r)2dΩ2. (4.3.16)

The first curvature invariant, R1 = R, is obtained as

R1 = R =
2(2eh + e−h)h′

t + r
+

2(eh
− e−h)

(t + r)2 +ehh′′+(eh
−e−h)h′2+

2
(t + r)2 . (4.3.17)

Further consider the first component of the metric to be unity, that

is, ν = 0, then the equation (2.1.8) produces

λ̇ = 0⇒ λ = f (r), (4.3.18)
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which on subtituting in the EMFEs (2.1.5)–(2.1.10), gives

ρ +
1
2

e− f (r)E2 = e− f (r)

(
f ′

t + r
−

1
(t + r)2

)
+

2
(t + r)2 , (4.3.19)

pr −
1
2

e− f (r)E2 = e− f (r) 1
(t + r)2 −

2
(t + r)2 , (4.3.20)

pt +
1
2

e− f (r)E2 = e− f (r) − f ′

2(t + r)
, (4.3.21)

j0 = e− f (r)
( 2E
t + r

+ E′
)
, (4.3.22)

j1 =
2E

t + r
+ Ė. (4.3.23)

Assuming pressure distribution to be isotropic and adding equations

(4.3.20) and (4.3.21), the expression for p is obtained as

p = e− f (r)

(
− f ′

4(t + r)
+

1
2(t + r)2

)
−

1
(t + r)2 , (4.3.24)

subtracting equation (4.3.20) from equation (4.3.21), the expression for

the squared electric field intensity is obtained as

E2 =
2e f (r)

(t + r)2 −
f ′

2(t + r)
−

1
(t + r)2 , (4.3.25)

Using equation (4.3.25) in equation (4.3.19), the expression for the mass

density, ρ, is obtained as

ρ = e− f (r)

(
5 f ′

4(t + r)
−

1
2(t + r)2

)
+

1
(t + r)2 . (4.3.26)

Adding expressions of p and ρ gives

p + ρ =
e− f (r) f ′

t + r
, (4.3.27)

for the equation of state to be p + ρ = 0

f ′ = 0⇒ f (r) = constant (say c). (4.3.28)
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Now the expressions for ρ, p, E2, j0, and j1 are obtained as

ρ = −p =
2 − e−c

2(t + r)2 , (4.3.29)

E2 =
2ec
− 1

(t + r)2 , (4.3.30)

j0 = e−c

√
2ec − 1

(t + r)2 , (4.3.31)

j1 =

√
2ec − 1

(t + r)2 . (4.3.32)

Notice that both , the mass density, ρ, and the square of the electric

field intensity, E2, are positive for all

ec >
1
2
. (4.3.33)

The corresponding metric is given as

ds2 = −dt2 + ecdr2 + (t + r)2dΩ2, (4.3.34)

and the first curvature invariant, R1 = R, is obtained as

R1 = R =
2

(t + r)2 (1 − e−c). (4.3.35)

Furthermore, if the second component of the metric is taken to be unity

instead of the first one, then λ = 0 and equation (2.1.8) produces

ν′ = 0⇒ ν = g(t). (4.3.36)

Substituting value of ν in EMFEs (2.1.5)–(2.1.10) lead s to

ρ +
1
2

e−g(t)E2 =
e−g(t)

(t + r)2 , (4.3.37)

pr −
1
2

E−g(t)E2 = e−g(t)

(
ġ

t + r
−

1
(t + r)2

)
, (4.3.38)

pt +
1
2

e−g(t)E2 =
e−g(t) ġ

2(t + r)
, (4.3.39)

j0 =
2E

t + r
+ E′, (4.3.40)

j1 = e−g(t)
( 2E
t + r

+ Ė
)
. (4.3.41)
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Assuming pressure distribution to be isotropic and adding equations

(4.3.38) and (4.3.39) leads to

p = e−g(t)

(
3ġ

4(t + r)
−

1
2(t + r)2

)
, (4.3.42)

subtracting the two equations leads to

E2 =
−ġ

2(t + r)
+

1
(t + r)2 . (4.3.43)

Using expression of E2 in equation (4.3.37), the mass density, ρ, is

obtained as

ρ = e−g(t)

(
ġ

4(t + r)
+

1
2(t + r)2

)
. (4.3.44)

Adding equations (4.3.42) and (4.3.44) leads to

ρ + p =
e−g(t) ġ
t + r

, (4.3.45)

for equation of state to be ρ + p = 0, we must have

ġ = 0⇒ g(t) = constant (say c), (4.3.46)

which implies that ν = c and the expressions for ρ, p, E2, j0, and j1 are

given as

ρ = −p =
e−c

2(t + r)2 , (4.3.47)

E2 =
1

(t + r)2 , (4.3.48)

j0 =
1

(t + r)2 , (4.3.49)

j1 =
e−c

(t + r)2 . (4.3.50)

Corresponding metric and the first curvature invariant are given as

ds2 = −ecdt2 + dr2 + (t + r)2dΩ2 (4.3.51)
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and

R1 = R =
2

(t + r)2 (1 + e−c), (4.3.52)

respectively. All of the physical variables ρ, p,E, j0, j1, and the metric

itself seem to be interesting because of being implicit functions of t and

r, but there is a problem in the solution that all the physical parame-

ters have singularity at t + r = 0. One condition for a solution to be

physically meaningful is that, the mass density, ρ, is defined, bounded,

decreasing and positive function everywhere on and inside the bound-

ary. At t = −r, ρ(t, r) is undefined also the curvature invariant too is

undefined and the singularity is essential for all of the cases discussed

for µ = t + r.

4.4 When µ = a0(1 + ( t+r
a )2)

This is the same choice that is taken in Chapter 2 and Chapter 3. In

previous two chapters the choices for first two metric components are

just ν = ν(t, r) and λ = λ(t, r). Here in this section two possible cases for

the first two metric components are discussed: first ν = 0 andλ = λ(t, r)

and second ν = ν(t, r) and λ = 0.

Consider that the first component of the metric is unity , that is,

ν = 0. Then equation (2.1.8) gives

λ̇ =
2

t + r
⇒ λ = ln

( t + r
a

)2

. (4.4.1)
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Substituting values of µ and λ in EMFEs (2.1.5)–(2.1.7) gives

ρ +
1

2
(

t+r
a

)2 E2 =

8
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)2 +

1

a2
0

(
1 +

(
t+r
a

)2
)2 , (4.4.2)

pr −
1

2
(

t+r
a

)2 E2 =

−8
a2

(
t+r
a

)2(
1 +

(
t+r
a

)2
)2 −

1

a2
0

(
1 +

(
t+r
a

)2
)2 , (4.4.3)

pt +
1

2
(

t+r
a

)2 E2 =
−4
a2

1 +
(

t+r
a

)2 . (4.4.4)

Adding equations (4.4.2) and (4.4.3), the equation of state comes out to

be

ρ + p = 0, (4.4.5)

also consider pressure distribution to be isotropic then adding equa-

tions (4.4.3) and (4.4.4) , the expression for the pressure distribution

and the mass density is obtained as

p = −ρ = −


2 + 6

(
t+r
a

)2

a2
(
1 +

(
t+r
a

)2
)2 +

1

2a2
0

(
1 +

(
t+r
a

)2
)2

 . (4.4.6)

Using equation (4.4.6) in equation (4.4.2), the expression for the square

of electric field intensity is obtained as

E2 =
( t + r

a

)2


4
((

t+r
a

)2
− 1

)
a2

(
1 +

(
t+r
a

)2
)2 +

1

a2
0

(
1 +

(
t+r
a

)2
)2

 . (4.4.7)

The metric for this solution takes the form

ds2 = −dt2 +
( t + r

a

)2

dr2 + a2
0

(
1 +

( t + r
a

)2
)2

dΩ2. (4.4.8)

87



Since the second component of the metric is zero for t = −r, so there is

a singularity in the solution at t = −r. It is required to check curvature

invariants in this case. The first curvature invariant is given as

R1 = R =
2(

1 +
(

t+r
a

)2
)2

(
1
a2

0

+
8
a2

(
1 +

( t + r
a

)2
)
−

4
a2

(
1 −

( t + r
a

)2
))
.

(4.4.9)

Since the curvature invariant is defined at t = −r hence it is a coordinate

singularity not the essential singularity.

Now consider that the second component of the metric is unity, that

is, λ = 0. Equation (2.1.8) gives

ν′ =
2/a

(t + r)/a
, (4.4.10)

as in the previous case ν can be taken as a function of t + r so that ν′ = ν̇

and that

ν = ln (
t + r

a
)2. (4.4.11)

The FEs (2.1.5)–(2.1.10) take the form

ρ +
1
2

(
a

t + r
)2E2 = −

4/a2

1 + ( t+r
a )2
−

4
a2 ( t+r

a )2

(1 + ( t+r
a )2)2

+
4/a2

(1 + ( t+r
a )2)2

+
1

a0
2(1 + ( t+r

a )2)2
,

(4.4.12)

p −
1
2

(
a

t + r
)2E2 =

4/a2

1 + ( t+r
a )2

+
4
a2 ( t+r

a )2

(1 + ( t+r
a )2)2

−
4/a2

(1 + ( t+r
a )2)2

−
1

a0
2(1 + ( t+r

a )2)2
,

(4.4.13)

pt +
1
2

(
a

t + r
)2E2 =

4/a2

1 + ( t+r
a )2

, (4.4.14)

j0 = E′ +
2E

1 + ( t+r
a )2

, (4.4.15)

j1 = (
a

t + r
)2(Ė +

2E
1 + ( t+r

a )2
). (4.4.16)
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From the first two equations the equation of state come out to be ρ+pr =

0. Taking pressure distribution to be isotropic, that is, pr = pt = p, the

expressions for ρ, p, and E2 are obtained as

ρ = −
4/a2

1 + ( t+r
a )2

+
1

2a0
2(1 + ( t+r

a )2)2
, (4.4.17)

p =
4/a2

1 + ( t+r
a )2
−

1
2a0

2(1 + ( t+r
a )2)2

, (4.4.18)

E2 =
( t+r

a )2( 1
a02 + 4

a2 −
4
a2 ( t+r

a )2)

(1 + ( t+r
a )2)2

, (4.4.19)

the mass density, ρ, must be a positive function. This condition requires

that

a2
≥ 8a0

2(1 + (
t + r

a
)2), (4.4.20)

and the corresponding metric is

ds2 = −(
t + r

a
)2dt2 + dr2 + a0

2(1 + (
t + r

a
)2)2dΩ2. (4.4.21)

All the functions seem to be physically acceptable and metric is non–

static except the singularity at t+r = 0 where the first metric component

vanishes but this singularity can be checked either it is removable or

not. The first curvature invariant, R1 = R, is given as

R1 = R =
2(

1 +
(

t+r
a

)2
)2

(
1
a2

0

−
8
a2

(
1 +

( t + r
a

)2
)

+
4
a2

(
1 −

( t + r
a

)2
))
,

(4.4.22)

which is defined at t = −r, thus the singularity is removeable not

essential.

In this chapter, different assumptions on the angular component,

µ2, of the metric are considered. µ is taken to be function of t only,

function of r only and the mixed function of both t and r too. If the

radial variable r is taken to be the function of t, that is, if r = r(t)

is considered, the geometry will be no longer the four dimensional

spherically symmetric with which we aim to deal in the thesis.
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4.5 Conclusion

In this chapter several non–static solutions are obtained for the EMFEs

with different choices on the metric components. For choices of µ

being r, t, and t + r the cases ν = ν(t, r) and λ = λ(t, r) give reasonable,

non–static solutions and their singularity is removeable for suitable

choice of unknown functions involved. But the solutions obtained for

remaining two choices, that is, ν = 0, λ = λ(t, r) and ν = ν(t, r), λ = 0

produce singular solutions (because the singularity is not removeable

as can be seen from corresponding curvature invariants). While the

solutions obtained for µ = a0

(
1 +

(
t+r
a

)2
)

with the same choices, that is,

ν = 0, λ = λ(t, r) and ν = ν(t, r), λ = 0 are nonsingular. All the physical

conditions as discussed in previous two chapters can be easily verified

to be fulfilled by the solutions obtained in this chapter.

Equation of state either considered or obtained is ρ + p = 0 that

makes the solutions to represent compact objects with negative pres-

sure.
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Chapter 5

Some Classes of Exact Static

Solutions of the EMFEs with

µ = a0

(
1 +

(
r
a

)2
)

Mostly, the charged compact objects are described with the help of

spherically symmetric, static, exact solutions of the EMFEs. This is the

reason behind the interest of physicists in finding exact solutions of this

set of equations. A number of solutions of the EMFEs have appeared

in the literature with different conditions/assumptions.

In this chapter, the aim is to find classes of exact solutions of the EM-

FEs for charged, static, spherically symmetric space–times both with

anisotropic and isotropic pressure distributions. Ansatz are taken on

the gravitational potentials, electric field intensity (in anisotropic case),

and the equation of state. In the following Section 5.1, the EMFEs for

static, spherically symmetric geometry are discussed. In Section 5.2,

a new class of solutions of the FEs with anisotropic pressure distribu-

tion is presented and in Section 5.3, a class of solutions with isotropic

pressure distribution is obtained. In Section 5.4, the physical analysis
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of the solutions both for anisotropic and isotropic cases is made and in

Section 5.5, a brief conclusion is presented.

5.1 The EMFEs for Static Spherical Geometry

A general static, spherically symmetric space–time has the metric of

the form given by (2.1.1) and the energy–momentum tensor is taken

of the form (2.1.4), where now µ, ν, and λ depend only on r. The

corresponding EMFEs are

ρ +
1
2

e−(ν+λ)E2 = e−λ
(
λ′µ′

µ
− 2

µ′′

µ
−
µ′2

µ2

)
+

1
µ2 , (5.1.1)

pr −
1
2

e−(ν+λ)E2 = e−λ
(
ν′µ′

µ
+
µ′2

µ2

)
−

1
µ2 , (5.1.2)

pt +
e−(ν+λ)E2

2
=

1
4

e−λ
(
4
µ′′

µ
− 2

λ′µ′

µ
+ 2

ν′µ′

µ
− ν′λ′ + 2ν′′ + ν′2

)
, (5.1.3)

j0 =
1
µ2 e−λ(Eµ2)

’
. (5.1.4)

Here ‘ , ‘ represents derivative with respect to r. The trace, T, of the

stress energy tensor is

T = −
2
µ2 + e−λ

(
−2
λ′µ′

µ
+ 4

µ′′

µ
+ 2

µ′2

µ2 + 2
ν′µ′

µ
−

1
2
ν′λ′ + ν′′ +

1
2
ν′2

)
.

(5.1.5)

5.2 Anisotropic Solutions

We first consider the pressure distribution to be anisotropic i.e., pr , pt.

In this case, there are four equations (5.1.1)–(5.1.4) in eight unknowns.

So, in order to solve the system of equations we need four ansatz. Here
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we take ansatz on the metric coefficients µ and ν, and the square of the

electric field intensity as

µ = a0(1 + r2/a2), (5.2.1)

ν =
1

1 + r2/a2 , (5.2.2)

E2 =
kr2/a2

(1 + r2/a2)2 , (5.2.3)

where a, a0, and k are constants. In order to look for the negative

pressure models, we assume the equation of state to be

ρ + pr = 0. (5.2.4)

Using equations (5.2.1), (5.2.2), and (5.2.4) in equations (5.1.1) and

(5.1.2), we get

λ = −
1

1 + r2/a2 + ln r2/a2. (5.2.5)

Inserting these values of λ, ν, µ and E2 in equations (5.1.1)–(5.1.4), we

get the expressions for density, radial and tangential pressures, and the

non–zero component of the current density as

ρ = −
4r2e

1
1+r2/a2

a4(1 + r2/a2)3 +
1/a2

0 − k/2
(1 + r2/a2)2 , (5.2.6)

pr =
4r2e

1
1+r2/a2

a4(1 + r2/a2)3 −
1/a2

0 − k/2
(1 + r2/a2)2 , (5.2.7)

pt =
2e

1
1+r2/a2

a2(1 + r2/a2)4 −
k/2

(1 + r2/a2)2 , (5.2.8)

j0 =

√
k/ae

1
1+r2/a2 (1 + 3r2/a2)

r2/a2(1 + r2/a2)2 . (5.2.9)

5.3 Isotropic Solutions

We now consider the case when the pressure distribution is taken to

be isotropic i.e., pr = pt = p. In this case we have four equation (5.1.1)–

(5.1.4) in seven unknowns, so we take three ansatz. Here, we take
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ansatz on the equation of state and the metric coefficients µ and ν as in

the case of anisotropic pressures in Section 5.2. These ansatz on insert-

ing in equations (5.1.1)–(5.1.4), lead us to the following expressions for

ρ, p,E2 and j0:

ρ = −
e

1
1+r2/a2

a2(1 + r2/a2)4 (1 + 2r2/a2(1 + r2/a2)) +
1

2a2
0(1 + r2/a2)2

, (5.3.1)

p =
e

1
1+r2/a2

a2(1 + r2/a2)4 (1 + 2r2/a2(1 + r2/a2)) −
1

2a2
0(1 + r2/a2)2

, (5.3.2)

E2 =
2r2e

1
1+r2/a2

a4(1 + r2/a2)4 (1 − 2r2/a2(1 + r2/a2)) +
r2/a2

a2
0(1 + r2/a2)2

, (5.3.3)

j0 =
1

r2/a2(1 + r2/a2)3

(
e

1
1+r2/a2

(
2 − 4r2/a2

− 4r4/a4
)

+ a2a2
0

)−1/2

(
2/a2e

2
1+r2/a2

{
1 + r2/a2

)2 (
1 + r2/a2

− 3r4/a4
− 2r6/a6+

2r8/a8
)

+ 1/a2
0e

1
1+r2/a2

(
1 + 4r2/a2 + 3r4/a4

)}
.

(5.3.4)

The metric of our solutions is

ds2 = −e
1

1+r2/a2 dt2 + r2/a2e−
1

1+r2/a2 dr2 + a0
2(1 + r2/a2)2dΩ2. (5.3.5)

5.4 Physical Analysis

In Sections 5.2 and 5.3, we obtained classes of exact solutions of the

EMFEs for charged, static, spherically symmetric space–times. In the

following, we analyze our solutions to be physically acceptable, for

both isotropic and anisotropic cases.

(i) There should be no physical or geometrical singularity in the solution. We

observe that there is no singularity in both isotropic and anisotropic

solutions except at r = 0 where one of the metric coefficients tends to

zero. It is a coordinate singularity (that is the curvature invariants have
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finite values at r = 0) as is evident from the curvature invariants for the

metric (2.1.1) in static case given as follows:

R1 = R =

1
a2

0(1 + r2/a2)4
(2r4/a4 + 4r2/a2 + 2 − (8a2

0/a
2 + 20a2

0r2/a4

+ 8a2
0r4/a6)e−

1
1+r2/a2 ),

(5.4.1)

R2 = RabRab =

1
a4

0(1 + r2/a2)6
(2r4/a4 + 4r2/a2 + 2 + 64a4

0/a
4 + (96a4

0r4/a8

+ 64a4
0r2/a6 + 32a4

0/a
4)e−

2
1+r2/a2 − (16a2

0r4/a6 + 32a2
0r2/a4+

16a2
0/a

2)e−
1

1+r2/a2 ),

(5.4.2)

R3 = Rcd
abR

ab
cd =

1
a4

0(1 + r2/a2)6
(64r4/a4 + 128r2/a2 + 64 + 128a4

0/a
4

+ (1152a4
0r4/a8 + 2048a4

0r2/a6 + 1024a4
0/a

4)e−
2

1+r2/a2−

512(a2
0r4/a6 + 2a2

0r2/a4 + a2
0/a

2)e−
1

1+r2/a2 ),

(5.4.3)

R4 = Rcd
abR

e f
cdRab

e f =

1
a6

0(1 + r2/a2)9
(−512r6/a6

− 1536r4/a4
− 1536r2/a2

− 512 + 512a6
0/a

6 + (33280a6
0r6/a12 + 98304a6

0r4/a10+

98304a6
0r2/a8 + 32768a6

0/a
6)e−

3
1+r2/a2 − 24576(a4

0r6/a10

+ 3a4
0r4/a8 + 3a4

0r2/a6 + a4
0/a

4)e−
2

1+r2/a2 + (24576a2
0r6/a8

+ 18432a2
0r2/a4 + 6144a2

0/a
2)e−

1
1+r2/a2 ).

(5.4.4)

(ii) On the boundary r = R the solutions must match the exterior Reissner–

Nordström metric given by

ds2 = −(1− 2M/r + Q2/r2)dt2 + (1− 2M/r + Q2/r2)−1dr2 + r2dΩ2, (5.4.5)

where M and Q denote the mass and charge enclosed by the sphere.

At r = R, we get

e
1

1+R2/a2 = 1 − 2M/R + Q2/R2, (5.4.6)

R2/a2e−
1

1+R2/a2 = (1 − 2M/R + Q2/R2)−1, (5.4.7)

a0(1 + R2/a2) = R. (5.4.8)
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From equations (5.4.6) and (5.4.7), we get

R2 = a2. (5.4.9)

Using equation (5.4.9) in (5.4.8), we obtain

a = 2a0. (5.4.10)

(iii) The causality condition is 0 < dpr/dρ < 1. In our case we have

considered negative pressure and dpr/dρ = −1. We check the stability

of our anisotropic solution by the difference of the radial sound velocity

V2
r =

dpr

dρ
= −1, (5.4.11)

and the transverse sound velocity

V2
t =

dpt

dρ
=

1
(a2 + r2)

[
a2

{
e

1
1+r2/a2

(
4a4 + 16

(
a4 + a2r2

))
− 2k

(
a2 + r2

)3
}]

[
e

1
1+r2/a2

(
−8

(
a2 + r2

)2
+ 8a2r2 + 24r2

(
a2 + r2

))
−4a2

(
1/a2

0 − k/2
) (

a2 + r2
)2
]−1

.

(5.4.12)

The region where this difference V2
r −V2

t is positive is called the region

of stability [61,62]. Different regions of stability are shown for different

values of R, in Figures 5.1–5.3.

(iv) The mass density, ρ, and the radial pressure, pr, must be continuous and

decreasing from the center to the boundary.

(a) For anisotropic solutions, the mass density, ρ, is a positive function

of r for all the parameter values satisfying the relation

k ≤ 2
4a2

0 − a2

a2a2
0

, (5.4.13)

and

k ≤ 2/a2
0. (5.4.14)
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Figure 5.1: Regions of Stability when R = 2
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Figure 5.2: Regions of Stability when R = 5
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Figure 5.3: Regions of Stability when R = 9

Now, to check where the mass density is a decreasing function, consider

dρ
dr

= −
8re

1
1+r2/a2

a6(1 + r2/a2)5

(
a2(1 + r2/a2)2

− r2
− 3r2(1 + r2/a2)

)
−

(
1

a0
2 −

k
2

)
4r

a2(1 + r2/a2)3 .

(5.4.15)

Now dρ
dr < 0 for the parameter values satisfying the relation

a > 0 and k <
6.3756a0

2 + 2a2

a0
2a2 . (5.4.16)

However, the radial pressure, pr, is a continuous, negative, and in-

creasing function that increases to zero at the boundary r = R for all

the parameter values satisfying the condition

k =
2a2
− 4
√

ea2
0

a2a2
0

. (5.4.17)

(b) For isotropic solutions, the mass density, ρ, is a positive function

of r for all the parameter values satisfying the relation

a2
≥ 5.5a2

0. (5.4.18)
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The mass density should be a decreasing function, for this consider

dρ
dr

= −
2re

1
1+r2/a2

a4(1 + r2/a2)6

(
2(1 + 2r2/a2)(1 + r2/a2)2

− (1 + 2r2/a2 + 2r4/a4)

−4(1 + 2r2/a2 + 2r4/a4)(1 + r2/a2)
)
−

r
a2a0

2(1 + r2/a2)3 ,

(5.4.19)

which is negative for all parameter values satisfying the inequality

a > 0 and
3.3a0

2
− 0.2588a2

a2a0
2 < 0. (5.4.20)

However, the pressure, p, is a continuous, negative, and increasing

function that increases to zero at the boundary r = R for the parameter

values satisfying

a2 = 2.5
√

ea2
0. (5.4.21)

(v) The radial and the tangential pressures must have same values at the

origin.

(a) For anisotropic solutions, at the center r = 0, pr = pt for

k =
a2 + 2ea2

0

a2a2
0

. (5.4.22)

(b) For isotropic solutions, pr = pt everywhere.

(vi) The electric field intensity, E, the tangential pressure, pt, and the non–

zero component of the current density, j0, must be a continuous and bounded

functions.

(a) For anisotropic solutions, E2, pt, and j0 are all continuous.

(b) For isotropic solutions, E2 and j0 are continuous.

(vii) At the boundary, r = R, radial pressure must be zero and E = Q/R2.

(a) For anisotropic solutions, the radial pressure is zero at the bound-

ary for

k =
2a2
− 4
√

ea2
0

a2a2
0

, (5.4.23)
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and the boundary condition on the electric field intensity requires

Q2/R4 = k/4 (5.4.24)

which on using in equation (5.4.6) gives

2M/R = 1 −
√

e + ka2/4. (5.4.25)

(b) For isotropic solutions, the pressure, p, is zero at the boundary for

a2 = 2.5
√

ea2
0, (5.4.26)

and the boundary condition on the electric field intensity gives

Q2/R4 =
2a2
− 3
√

ea2
0

8a2a2
0

, (5.4.27)

which on using in equation (5.4.6) gives

2M/R = 1 − 11/8
√

e + a2/4a2
0. (5.4.28)

For anisotropic solutions, Figures 5.4–5.9 show plots of ρ, pr, pt, E2,

j0, and the measure of anisotropy ∆ = pt − pr where the parameter

values in all the cases are taken to be a = 3, a0 = 1.5, and k = .15.

Similarly, for isotropic solutions, Figures 5.10–5.13 show plots of ρ, p,

E2, and j0, where the parameter values in all the cases are taken to be

a = 3, a0 = 1.5.

Following Tables 5.1 and 5.2 give different anisotropic and isotropic

models, respectively.
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Figure 5.4: The mass density, ρ, for anisotropic case is shown. Where

the parameter values are taken to be a = 3, a0 = 1.5, and k = .15
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Figure 5.5: The radial pressure, pr, for anisotropic case is shown. Where

the parameter values are taken to be a = 3, a0 = 1.5, and k = .15
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Figure 5.6: The tangential pressure, pt, for anisotropic case is shown.

Where the parameter values are taken to be a = 3, a0 = 1.5, and k = .15
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Figure 5.7: The square of electric field intensity, E2, for anisotropic case

is shown. Where the parameter values are taken to be a = 3, a0 = 1.5,

and k = .15
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Figure 5.8: The current density, j0, for anisotropic case is shown. Where

the parameter values are taken to be a = 3, a0 = 1.5, and k = .15
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Figure 5.9: The Measure of Anisotropy, ∆, for anisotropic case is shown.

Where the parameter values are taken to be a = 3, a0 = 1.5, and k = .15
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Figure 5.10: The mass density, ρ, for isotropic case is shown. Where

the parameter values are taken to be a = 3 and a0 = 1.5
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Figure 5.11: The pressure, p, for isotropic case is shown. Where the

parameter values are taken to be a = 3 and a0 = 1.5
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Figure 5.12: The square of the electric field intensity, E2, for isotropic

case is shown. Where the parameter values are taken to be a = 3 and

a0 = 1.5
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Figure 5.13: The component of current density, j0, for isotropic case is

shown. Where the parameter values are taken to be a = 3 and a0 = 1.5
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a = 2, a0 = 1, k = 0.35 a = 3, a0 = 1.5, k = 0.15

r r/R ρ pr pt ∆ r r/R ρ pr pt ∆

0 0 0.8250 −0.8250 1.1841 2.0091 0 0 0.3694 −0.3694 0.5291 0.8985

0.4 0.2 0.6697 −0.6697 0.9562 1.6259 0.6 0.2 0.3002 −0.3002 0.4275 0.7278

0.8 0.4 0.3704 −0.3704 0.5239 0.8942 1.2 0.4 0.1667 −0.1667 0.2349 0.4016

1.2 0.6 0.1475 −0.1475 0.2103 0.3578 1.8 0.6 0.0671 −0.0671 0.0950 0.1620

1.6 0.8 0.0398 −0.0398 0.0621 0.1019 2.4 0.8 0.0187 −0.0187 0.0286 0.0473

2 1 0.0002 −0.0002 0.0078 0.0079 3 1 0.0008 −0.0008 0.0286 0.0049

Table 5.1: Different Anisotropic Models
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a = 3 a = 4

r r/R p ρ r r/R p ρ

0 0 −0.0798 0.0798 0 0 −0.0449 0.0449

0.6 0.2 −0.0636 0.0636 0.8 0.2 −0.0358 0.0358

1.2 0.4 −0.0341 0.0341 1.6 0.4 −0.0192 0.0192

1.8 0.6 −0.0140 0.0140 2.4 0.6 −0.0078 0.0078

2.4 0.8 −0.0050 0.0050 3.2 0.8 −0.0028 0.0028

3 1 −0.0017 0.0017 4 1 −0.0010 0.0010

Table 5.2: Different Isotropic Models

5.5 Conclusion

In this chapter, we have obtained exact solutions of the EMFEs for

charged, static, spherically symmetric space–time. We have obtained

solutions for both anisotropic and isotropic pressure distributions. The

equation of state considered represents a compact object with negative

values of the radial pressure (here it is to be noticed that the negative

pressure does not mean expanding solution just like in the case of

Reissner–Nordström’s metric where the radial pressure is non–zero

and positive but it is a well known static solution, not a contracting

one). So, these solutions represent a compact object with negative

pressure. Mass–radius and the charge–radius ratios for the solutions

are computed. We have shown that our solutions satisfy all the physical

conditions that are required to describe a relativistic compact object

except for the causality condition, that is not satisfied in case of negative

pressure. In case when the causality condition is not satisfied one can

check the stability of an anisotropic solution by calculating difference

of the radial sound velocity and the tangential sound velocity. We
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have checked the stability of our anisotropic solution and it is shown

that our solution is stable near the boundary for R = 2 and is stable

everywhere inside and on the boundary for larger values of R as is

shown in Figures 5.1–5.3.
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