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Abstract

In this thesis Noether symmetries are used for the classification of plane symmetric, cylin-
drically symmetric and spherically symmetric static spacetimes. We consider general met-
rics for these spacetimes and use their general arc length minimizing Lagrangian densities
for the classification purpose. The coeflicients of the metric in case of plane symmetric
static spacetime are general functions of # while the coefficients of cylindrically symmetric
and spherically symmetric static spacetimes are general functions of the radial coordinate r.
The famous Noether symmetry equation is used for the arc length minimizing Lagrangian
densities of these spacetimes. Noether symmetries and particular arc length minimizing
Lagrangian densities of plane symmetric, cylindrically symmetric and spherically symmet-
ric static spacetimes are obtained. Once we get the particular Lagrangian densities, we
can obtain the corresponding particular spacetimes easily. This thesis not only provides
classification of the spacetimes but we can also obtain first integrals corresponding to each
Noether symmetry. These first integrals can be used to define conservation laws in each
spacetime.

By using general arc length minimizing Lagrangian for plane symmetric, cylindrically
symmetric and spherically symmetric static spacetimes in the Noether symmetry equation
a system of 19 partial differential equations is obtained in each case. The solution of the
system in each case provides us three important things; the classification of the spacetimes,
the Noether symmetries and the corresponding first integrals which can be used for the
conservation laws relative to each spacetime.

Energy and momentum, the definitions of which are the focus of many investigations
in general relativity, are important quantities in physics. Since there is no invariant defi-

nitions of energy and momentum in general relativity to define these quantities we use the
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approximate Noether symmetries of the general geodesic Lagrangian density of the general
time conformal plane symmetric spacetime. We use approximate Noether symmetry con-
dition for this purpose to calculate the approximate Noether symmetries of the action of
the Lagrangian density of time conformal plane symmetric spacetime. From this approach,
those spacetimes are obtained the actions of which admit the first order approximation.
The corresponding spacetimes are the approximate gravitational wave spacetimes which
give us information and insights for the exact gravitational wave spacetimes. Some of the
Noether symmetries obtained here carry approximate parts. These approximate Noether
symmetries can further be used to find the corresponding first integrals which describe the
conservation laws in the respective spacetimes.

Some of the vacuum solutions of Einstein field equations for plane symmetric, cylindri-

cally symmetric and spherically symmetric static spacetimes have also been explored.
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Chapter 1

Introduction

In 1867, a Norwegian mathematician, Sophus Lie, introduced a powerful technique for the
solutions of differential equations [8,10,11,36,42,59]. The beauty of his technique is that it is
applicable to all types of differential equations i.e. homogenous, non-homogeneous, linear,
non-linear, ordinary and partial differential equations of order n. Later on, he used this
technique for the linearization of non-linear differential equations, group classification of

differential equations, and for finding the invariants corresponding to differential equations.

1.1 Sophus Lie

Sophus Lie was born on 17 December 1842 at Nordfjordeid Norway [81]. He joined a
school in the town of Moss, which is a port in the south east of Norway. In 1857, he
joined Nessen’s Private Latin school in Christiania, where he decided to join army, but
due to his weak eye-sight he gave up this idea and got admission in the university of
Christiania. In the university, he studied a broad science course. There he attended the
lectures of Ludwig Sylow on the work of Galois on algebraic equations and the lectures
given by Carl Bjerknes. Sophus Lie graduated in 1865 from the same university, without
showing any great ability for Mathematics or any liking for this subject. But afterward
he made a mathematical career. The first brilliant idea that came to his mind in 1867
was to develop new geometries by considering curves rather than points only. This idea
was further developed after he studied papers on geometry by Pluker and Poncelet. Lie

composed a short scientific paper on this new idea in 1869, and published it at his own
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expense. He wrote a more definitive work but the Academy of Science in Christiania did
not publish it. Later he submitted it to the Crelle Journal where it was accepted. He sent
letters to two Prussian mathematicians, Reye and Clebsch, about his work. For the paper
in Crelle Journal, Lie won a grant to travel and meet the leading mathematicians. By the
end of the year 1869, Lie went to Prussia, then Gottingen, and after that to Berlin. In
Berlin, he met Kronecker, Kummer and Weierstrass. He was not attracted by the style
of Weierstrass who was the leading mathematician of Berlin, but his ideas matched with
that of Kummer. Lie presented his research work in Kummer’s workshop and was able to
revise a few lapses that Kummer had made in his work on line congruences of degree three.
The most important to Lie was, that in Berlin he met Felix Klein. It was not difficult to
see that these two (Lie and Klein) would in fact have the same mathematical background,
since Klein had been a student of Plucker, and Lie, despite the fact that he never met
Plucker, always said that he felt like a Plucker-student. Regardless of the basic connection
through Plucker’s line geometry, Lie and Klein were somewhat distinctive characters as
humans and mathematicians. The algebraist Klein was fascinated by the peculiarities of
charming problems; the analyst Lie, parting from special cases, sought to understand a
problem in its appropriate generalisation [81].

In Berlin Lie gained confidence in his research. He received high appreciation from
Kummer, and he also got answers from Reye and Clebsch to his prior letters which signif-
icantly encouraged him. In the spring of 1870 Lie and Klein met in Paris. There they met
Darboux, Chasles and Camille Jordan who were the leading mathematicians at the time,
especially Jordan was an expert in Galois theory.

Lie started to examine these new plans on groups and geometry with Klein and they
wrote many papers in this area of research. It was the winter of 1873-74 that Lie developed
effectively what is called Lie Group Transformation. Later on, Killing independently inves-
tigated the algebra corresponding to these groups and Cartan completed the classification
of semi-simple Lie algebras in 1900.

In short, Sophus Lie was a great mathematician and known as the founder of Lie group
analysis. This analysis unified three branches of Mathematics namely algebra, analysis

and geometry. Lie gained the idea of transformation groups from Galois Theory, which
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is the group theoretic approach to the solution of algebraic equations. Galois Theory
associates permutation groups to the solution of algebraic equations. Lie applied this
idea to the solution of differential equations and he claimed that there will be groups of

transformations associated to the solution of differential equations.

1.2 Symmetries

The meaning of symmetry, in a vague sense is the “harmonious, beautiful proportion and
balance” of a body. The reflection symmetry is the simplest one which in the language
of Mathematics is called line symmetry or mirror symmetry. As an example, it is easy
to observe that apparently one half of a body is exactly equal and of the same shape as
the other half of the body. In mathematical language beautiful proportion and balance is
“patterned self similarity” that can be written in some formal mathematical expression.
Formally, symmetry in mathematics is a transformation that leaves the object unchanged.
For example, symmetries of functions, differential equations, integral equations etc. are
transformations of the variables which leave the functions, differential equations, integral

equations, etc. unchanged. In the following table a simple examples for each case are

given.
Table 1.1: Examples of symmetries
S.N| Types Examples Symmetry Transformation
1 Algebraic expression | 2 + 32 (x,y) — (xcose — ysine, xsine + ycose)
2 Differential equation % =r—y (r,y) = (x+€,y+e¢)
3 | Integral equation I=[+\/1+ (ugp)?dz | (x,u) = (xcose— usine, zsine + ucose)

All the transformations given in the above table depend upon a parameter € € R, and are
called Lie groups of point transformations.

In the last decade of the nineteenth century Sophus Lie presented the idea of continuous
groups. He proved that the order of differential equations can be reduced by one if it is

invariant under a one parameter Lie group of point transformations. Lie developed these
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continuous Lie groups, which are now used as a mathematical tool for the solution of
differential equations and symmetry based mathematical sciences. Lie point symmetry of
a system is a symmetry transformation that maps solutions of the system on to solutions of
the system, i.e. it maps the set of solutions of the system to itself. Translations, rotations
and scaling are examples of the Lie point symmetry transformation. For an object O [42],
the set S which contains all invertible transformations T leaving O invariant is called

symmetry group of the object O that is
T:0— 0,

such that the set S contains identity, I, the inverse transformations 71, for all T € S and
the composition 117> € S of the transformations 77, To€ S.

Lie used Galois’s idea of groups and developed his group theoretic technique for the
solution of differential equations. Galois groups are finite but Lie symmetry groups contain
infinitely many transformations that depend upon continuous parameters. The main idea
of a Lie group of transformations is that it employs infinitesimal transformations which form
a vector space closed under a Lie algebra. Lie groups are smooth and twice differentiable
manifolds which can be studied using differential calculus in contrast to the case of more
general topological groups. One of the key ideas in the theory of Lie groups is to replace the
global object, that is the group, with its local or linearized version which Lie himself called
its “infinitesimal group” and which has become known as its Lie algebra. To understand
Lie groups and Lie algebras, it is necessary to understand the concepts of manifold, tangent
space, tangent bundle, etc., for which a brief introduction to all these concepts are given

below.

1.3 Manifold, Tangent Space and Tangent Bundle

Manifold: The manifold is one of the most basic concept in mathematical physics [59]. It
bears the idea of the space which may be curved and has some complicated topology, but
it looks like Euclidean space R™ locally (it does not mean that both have the same metric).
To apply calculus, a manifold is divided into coordinate charts which form an atlas. Union

of these coordinate charts form the manifold back.
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Definition: An n—dimensional manifold is a non empty set S, with countable subsets
s; C 9, called the coordinate charts, and one to one functions f; : s; — v; onto connected
subsets v; C R™, called local coordinate mapping which satisfy the following conditions.

(1): The coordinate charts cover S; that is

USi =5

(2

(2): On the intersection of coordinate charts, s; (] s;, the composition function
fiof it filsi)s5) = filsi[)59);

is smooth (infinitely differentiable).
(3): For distinct points p € s, ¢ € s; in S, there exist open subsets w C v;, y C v;, with

the property fi(p) € w, fj(q) € v, satisfying
fi_l(w) m fj_l(y) =¢.

Example 1: The simplest m-dimensional manifold is the Euclidean space R™. It is covered

by a single coordinate chart U = R"", with local coordinate identity map given by
I1:U=R"™—R™

More generally, any open subset U of R™ is an m-dimensional manifold with a coordinate

chart given by U itself, and with local coordinate identity map
I1:U—-UCcCR™

Sub-manifold: Given a smooth manifold S, a sub-manifold NV C S should be a subset of
S satisfying all the conditions of a manifold. The unit circle S' := 22 + y? = 1 and the
unit sphere S% = 22 4+ y? 4 22 = 1 are examples of 1-dimensional and 2-dimensional sub-
manifolds of R™ m > 2, respectively. More specifically we have the following definition of
sub-manifold.

Definition: Let S be a smooth manifold. A sub-manifold is subset N C S, along with a

smooth one to one map,

¢:N— NCS&,
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satisfying the maximal rank condition every where, and N is another manifold such that
N = ¢(N). In particular, the dimension of N is the same as of N, and does not exceed
the dimension of S. Here the maximal rank of the map mean that there is no singularity
on the manifold V.

Tangent space to a manifold: The collection of all tangent vectors at point p € S to
all possible curves passing through this point is called the tangent space to S at point p
denoted by T'S|,. If S is an n dimensional manifold then TS|, is also an n dimensional

space generated by the basis vectors

Tangent bundle: The union of all possible tangent spaces over the manifold S is called
the tangent bundle of S that is
78 := | TS|,
peS
Vector field: A vector field X on S is a function that assigns a tangent vector X|, to
each point p € S, where X|p varies smoothly form point to point on the manifold S. If we

have the local coordinates x := (2!, x2,...,2"), then the vector field takes the form

0
X|p = € (%) 7 +€4(x)

0 0

where all £/(z) are smooth functions of x.
Lie Brackets: For the vector fields X; and X5 on the manifold S, the Lie bracket is
defined as

(X1, X2].¢p = X1(X2.0) — X2(X1.9),
for all smooth function
p:5 —R.

The Lie bracket satisfied the following properties,
(1): Bilinearity: For vector fields X1, X2, X3, X4 on any manifold and constants ¢, co,

c3, ¢4 the bilinearity condition is

[61X1 + X2, c3X3 + C4X4] = c1C3 [Xl, X3] “+ c1e4 [Xl, X4] + cac3 [Xz, Xg] + cocy [Xz, X4].
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(2): Skew symmetry: For vector fields X3 and X2 on a manifold the condition
(X1, X2] = —[X2, X1],

holds and is called skew symmetry.
(3): Jacobi identity: If X1, X2 and X3 are vector fields on a manifold then they satisfy

the condition
(X1, [ X2, X3]] + X2, [X3, X41]] + [X3, [X1, X2]] =0,

which is called the Jacobi identity.

1.3.1 Lie Group

Lie groups are in fact manifolds, they satisfy all the conditions of the manifolds. These
groups arise as an algebraic abstraction of the notion of symmetry transformations called
Lie symmetry transformations; an important example is the group of rotations in the plane
or three-dimensional space. Manifolds, which form the fundamental objects in the field
of differential geometry, generalize the familiar concepts of curves and surfaces in three-
dimensional space. In general, a manifold is a space that locally looks like Euclidean space
R™, but the global character of which might be quite different. The conjunction of these
two seemingly disparate mathematical ideas combines, and significantly extends, both the
algebraic methods of group theory and the multi-variable calculus used in analytic geom-
etry. This resulting theory, particularly the powerful infinitesimal symmetry generators
techniques, can then be applied to a wide range of physical and mathematical problems.

Definition: An r-dimensional Lie group is defined as a group G which carries the struc-
ture of an r-dimensional manifold in such a way that the following composition function

f and inversion function k£ are smooth for all elements of G

f: GxG—G, f(g,h)=g.h, g,heqaq,
k: G—G, klg)=g ', gea.
Example 2: (i) G = R is the set all real numbers which satisfy all the conditions of Lie

groups under addition, it is a simple example of a Lie group.

(ii) The group G = GL(n,R) is the set of all n x n non singular matrices with real entries.
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These matrices form a Lie group under matrix multiplication. The product of two non
singular matrices is again a non singular matrix, the inverse of each matrix exists as it is
non singular, the identity matrix is the identity of the group and matrix multiplication is
always associative.

(iii): The set SO(2,R) is the set of 2 x 2 special orthogonal matrices of the form

cosf —sind
G .= 0<0<27

sinf cosf

which is the rotation group in R2. These matrices form Lie group.

Lie subgroup: Most often Lie group arises as subgroup of a larger group, for example the
orthogonal group SO(2,R) of 2 x 2 matrices with determinant equal to 1, is the subgroup
of the general linear group GL(2,R) of all invertible 2 x 2 matrices, similarly the orthogonal
group SO(n,R) is subgroup of of group GL(n,R) of general linear invertible matrices. Lie

sub groups are groups in their own right.

1.3.2 Lie algebra

For Lie group G, there are certain distinguished vector fields on G characterized by their
invariance under the group multiplication. These invariant vector fields form a finite-
dimensional vector space, called the Lie algebra of G denoted by g, which are in a precise
sense the “infinitesimal generators” of G. Almost all the information in the group G is
contained in its Lie algebra. This fundamental observation is the cornerstone of Lie group
theory; for example, it enables us to replace complicated nonlinear conditions of invariance
under a group action by relatively simple linear infinitesimal conditions. The power of
this method cannot be overestimated indeed almost the entire range of applications of Lie
groups to differential equations ultimately rests on this one construction.

Definition: An r-parameter Lie group G has an r-dimensional Lie algebra forming a
vector space and denoted by “g” which contains all the generators of an r-dimensional Lie
group, satisfying the conditions of bilinearity, skew symmetry and Jacobi identity

defined above. This algebra is said to be abelian if [X;, X;] = 0 for all X;,Xj € g.
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1.3.3 Lie Derivative, Isometry and Homothety

Let v be a vector field on a manifold S [59]. We are often interested in how certain geometric
objects on S, such as functions, tensor, differential forms and other vector fields, vary under
the flow exp(ev) induced by v. The Lie derivative of such an object will in effect tell us
its infinitesimal change when acted on by the flow. (Our standard integration procedures
will tell us how to reconstruct the variation under the flow from this infinitesimal version.)
For instance, the behaviour of a function f under the flow induced by a vector field v is
v(f), and will be the ”Lie derivative” of the function f with respect to v.

More specifically let X be a vector field on the manifold S and v is another field or
differential form then the Lie derivative of v with respect to X at point p € S such that

the following limit holds is

CX(’U) = X<U)|p — lim ¢(U|e:vp(eX)p) — U|p'

e—0 €

For two vector fields X7 and Xo the Lie derivative of X9 with respect to Xj is in fact the

Lie bracket
[X1,X2] = X1(X2) — X2(X3).

Isometry: [56] The field X on the manifold S is an isometry if the Lie derivative of the

metric tensor g, of S with respect to the field X vanishes, that is
Lx(9) = Guup X+ gn XN + 90X =0, (m1,1=10,1,2,3),
where g,,, are the coefficient of the metric
ds® = Guvdatdz”,

called the metric tensor.
Homothety: [56] The field X on the manifold S is a homothety if the Lie derivative of

the metric tensor g, of S with respect to the field X is equal to constant time g,,,,, that is
EX(gMV) = g,uzz,)\X/\ + g,u)\X)\V + gv)\X)\u = CYuv, (Nv v,A=0,1,2, 3)

where ¢ is a constant.
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1.4 Lie Point Transformation

1.4.1 Particular Cases of Lie Point Transformations
(i): Translation: The transformation of the form
F=x+a, j=y+b,

is called translation in x and y axis, these transformations form groups called Lie groups
of point transformation.

(ii): Rotation: The transformation of the form
Z =z cos(t) —ysin(t), 7= zsin(t) + ycos(t),

is called rotation. The area of geometric objects remain invariant under translation and
rotation.

(iii): Scaling: The transformation

T=e%%, g= eby,

is called scaling, similarity transformation or dilation. This type of transformation expands
or contracts the geometrical objects. The expansion or contruction is said to be uniform
if @ = b and non-uniform otherwise.

Definition: Two geometrical figures are said to be similar if one is obtained from the
other by translation, rotation or scaling transformation on the plane [56].

Example 3: Any rectangle {0 <z <a, 0<y <b} is similar to the unit square:

{0<x <1, 0<y<1}. We can see that the stretching

~_ T -~ _ Y
= — =2 1.4.1
x a7 y b’ ( )

converts the rectangular region {0 <z <a, 0 <y <b} into the unit square
{0 <z <1, 0<ygy<1}. Using the transformation given by equations (1.4.1) one can
find the relation between the areas of the two figures as

Ty -l

Ty = — ]_ = — b = .
= = b = ab=xy
Similarly the ellipse
2 2
I
a b2
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can be transformed into the unit circle
P24+t =1,
by the similarity transformation given by equations (1.4.1) and their areas are related by
A=

é:> abA=A= abr = A,
ab

where A = 7 is the area of the unit circle and A is the area of the ellipse.

1.4.2 General Lie Point Transformation
For coordinates (x,y) where z is independent and y is dependent variables the transfor-
mation of the form

T =2(z,y) =z + €z, y),

y=yz,y) =y +en(z,y),
is called a Lie point transformation, theses transformation can be extend to the order of
differential equation. For example if we have a differential equation of the form

f(wvyay Y 7'-'7yk) = 07
where 3* denotes k' derivative with respect to x, then the Lie point transformation takes
the form
T =1I(z,y) =z +€(z,y),

y=y(x,y) =y(z,y) + enz,y),

J=9(,uy) =y (,9,y)+en'(z,y,y ),

7 =72,y y®) = v (@, v e (2, R,
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If we have n independent variables x = (x!,22%,...,2") and m dependent variables

y = (y', 42, ...,y4™) then the above transformation takes the form
¥ =3 (1,y) ="+ €' (z,y),
V=7 (xy) =y +ef(zy),
V=7 (@) = vl (@) + el (2, v0),
§§l,i2 ,,,,, i %17i2,._,7ik (7,9, Yy, ~--,?/i1,z‘2,...,ik) =
y;jl@,m,ik (T3 Yy Yixs -oos Yinsin,in) T+ fﬁfl,iz,...,ik (T3 Y, Yirs oo Yinsinynrin)s

where the subscripts denote derivatives and superscripts denote coordinations.

1.5 Jet Space and Lie Symmetry Generators for Differential

Equations

1.5.1 Jet Space and Lie Symmetry Generator for Ordinary Differential
Equations (ODEs)

If x is the independent variable and y the dependent variable then the space underlying it
is X x Y = R? with coordinate (z,y), the corresponding jet space of order n for nth order

differential equation

flzy,y,y ,.y”) =0, (1.5.1)

is X x Y1 = R"+2 with coordinate (z, 1,9,y ,.....y"), where y™ denote the n'" derivative
of y with respective z.

The Lie symmetry generator for the space X x Y = R? is

0 0

while the corresponding Lie generator for the space X x Y"1 = R"*2 for any nth order
ODE will be

0 0

8 ! / 1 8
X = £(x,y)% + n(w,y)afy + (2, Y,y )({Ty/ + N (2,9, Y 5 Y )W + ot 0z, .z Yy, Ly

n—times

(1.5.2)

oy’
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where

,d ,d
n:(T,y.y ) = %n(wvy) -y %f(w,y),

ron d ’ nwd
nx,x(xvyvy Y ) - @nl(xvyvy ) -y %é(xuy)v

/ d / _ d
77.%', X, .., x(l’a Y Y- yn) = din Ty Ty.., T (:1:7 YUYy yTL 1) - ynig(xﬂ y)7
N—— A dx
n—times (n—1)—times

and the total derivative operator is
4 _0 0
de oz Y Oy yoreTy oyn—1-

Example 4: Consider the example

y (z) +y(xz) =0. (1.5.3)

The jet space for this differential equation is X x Y3 = R* with jet coordinate (x,, yl, y”).

The Lie symmetry generator takes the form

0

0

ox
and the corresponding second order extended generator is

0

a ’ 8 I 1" a
X[z} = f(l',y)% + n(xvy)@ + Ux(ﬂfvy,y )(97 + T}a:x(ﬂﬂay,?/ Y

7 - 1.54
. )30 (15.4)

Apply the generator given by equation (1.5.4) on the ODE given by equation(1.5.3) and
using the values of 7, and 7, in terms of 7 we have the following system of determining
equations,

Cyy =0, Caay +& =0, &aaa — 3&ayy +4& =0,

Myy = 260y =0,  Nay + 38y — &ua = 0, (1.5.5)

New — NyY + 282y +1 = 0.

Solution of system given in equations (1.5.5) is
&(x,y) = arysin(z) + coy cos(x) + ¢4 sin(2z) + 5 cos(2z) + cs,

n(x,y) = c19? cos(z) — coy? sin(x) + cay cos(2z) — csysin(2z) 4 cgy + crsin(z) + cg cos(z).
(1.5.6)
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This solution represents eight parameter Lie group and hence forms eight dimensional Lie

algebra. The symmetry generators are

X = ysin(m)g + 92 cos(x)2 Xg = ycos(:n)2 — y?sin(z)

Oz oy’ Ox Ay’
, 0 0 0 . 0
X3 = s1n(2:c)8—x + ycos(Qx)a—y, X4 = cos(2x)% - ysm(Zm)a—y, (1.5.7)
0 . 0 0 3}
X5 - COS(%)%7 X6 - Sln('r)aiy7x7 - y(‘?y’ XS = %

The Lie algebra is

1 3
X1, X3] = —X1, [X1,X3]=-X2, [Xy,X5]= —§X3 - §X7

1 1
X1, Xg] = §X4 — §X8, X1, X7] = =Xy, [X1,Xg] =Xz,
1 1
X2, X3] = X2, [X2,X4]=-X;, [X2,X5]= —§X4 - §X87
3 1

X2, Xg| = —§X7 - §X3, X2, X7] = X2, [X2,Xg]=—-Xj,
[X37X4] = _X87 [X37X5] = _X57 [X37X6] = Xﬁ’

X3, Xg] = —2X4, [X4, Xs]=Xe,[X4,X6 =Xs,

[X4,Xg| =2X3, [X5,X7]=X5, [Xs5,Xg]=Xs,

[Xg, X7] = XG; [X67 Xg] = X5, [Xi, XJ] = 0, otherwise.

The corresponding one parameter Lie groups are (a is the parameter)

] ‘ y
G : 1— aycos(x)
v i), )
- y
G : 1+ aysin(z)
2 | tay cos(z), 17 ay Sin(x)] ’

Gs: [|arctan(tan(z).exp(2a)), yexp(acos(2x))],

Gy : -arctan(tan(x — %) exp(2a)) + %,

yexp(—asin(2))|
Gs: |z, y+acos(z)],

Go: [z, y+asin(x)],

Gr: [z, exp(a)yl,

Gs: [x—i—a, y]
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1.5.2 Jet Space and Lie Symmetry Generator for Partial Differential
Equations (PDEs)

For x = (2!, 22, ...,2") independent and u = (u',u?,..,u™) dependent variables the Eu-

clidian space is x x u = R"™ and, in coordinate notation it is (x,u) and its corresponding

k" order jet space is x X U4y, 4, With coordinate (x,u,w;,, Uiy iy, .-, Uiyiy...if, ), Where the

k
subscript denotes the derivatives. The k' order partial differential equation will be of the

form
f(xv Uy Ugy s Ugyggy eeey ui12'2~~~ik) =0.

The Lie generator for this PDE is

o ;0

X=Coa 7m0

and its k" order prolongation is

0 0 0 0
k %
X[] 5824‘77 %_‘_nllaij—i_nllma] + . +7711 Zkaj
1112 110k
Example 5: Consider the following heat equation
¢t(ta l‘) - ¢zx(ta x) =0. (1.5.8)

It is second order linear PDE, its solution space is X x ® with coordinates (¢, x, ¢) and the
corresponding jet space is X x ®2 with jet coordinates (¢, x, ¢, ¢r, b, Git, Dtas Bz )-

The symmetry generator for the solution space is
0
X = —
6 5 P

and the second order prolonged generator is

6+ 8+ 8+ 0
w R e R T

Apply the generator given by equation (1.5.9) on equation (1.5.8) and inserting the values

0
X2 = é 527 +n8¢ +Mm— + M (1.5.9)

of n¢, Nez in term of n and & we get the following system of determining equations
=0 &=0 ;=0 &§-2,-35=0, &,;=0,
26 =&+ &a =My =0, 254 =gy =0, (1.5.10)

igc—&tl—?nw:f), Nt — Nz = 0.
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The solution of this system is
€l = 2¢1t + dest? + ¢y,
€2 = c1a + 2t + desat + cs, (1.5.11)
n = —coxd — 2cstd — c3pr” + e+ B(t, ).

As we have an arbitrary function (¢, z) in the solution so the algebra is infinite dimensional

here. The Lie symmetry generators are

0 0 0 0 0 0 0
Xy =0 +2t—, Xo=2— —x¢p—, Xg=dto— +4t>— — (2t +2%) =~
1= g, PGy Ke=g —wdgs, Xe=dlag +dl0 —o@ 4250,
0 0 0 0
Xy=—, Xg=—, Xg=0¢0—, Xg= —.
4= o0 5= 5. 6 ¢8¢’ 3 5(757%)8(]5
(1.5.12)
The corresponding Lie groups are
Gl : [exp(Qa)t, eXp(a’)x> QS]a
Go: [t, x+2at, ¢exp(—azx— a2t)] ,
t T —ax?
Go: T4 Toaa OVITAateeG/ )]
(1.5.13)

G4 . [t + a, Z, ¢] )
G5 . [t, T+ a, ¢] )
Ge: [t, =z, exp(a)d],

Gg: [t, z, ¢+aB(tz)].
1.6 Symmetries More General than Point Symmetries

1.6.1 Contact Transformation and Lie-Backlund Transformation

Contact Transformation: The transformation in which £ and 7 are function of x, vy, y/

are called contact transformations [8,10,11,36]. Consider the differential equation

1

y (2) +y () +y*(x) = 0.
This differential equation admits the only symmetry
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Now taking the transformation

the given differential equation takes the form
dv
+1)— +p*=0.
(v+1) T
This is first order differential equation, so it has infinitely many symmetries of the form

0 0
X1 = m(u7 V)@ + n(“7 V)%

Transforming back this symmetry generator into the original coordinate (x,y) we have

0
oy’

0 0 /
X1 = Xl(m)% +X1(y)8fy +X1(y)

0 0
= m(lufu V)a +n(lu’7 V)%

.9 .0
=m(y,y )87; +n(y,y )87-

Now we see that the symmetry generator X; is not a Lie point symmetry generator for
the point transformation because the coefficient of 8% depends upon y', and similarly
the transformation we have taken here is not the point transformation, that is why the
symmetry X7 is not show up for the given differential equation. This type of transformation
which depends upon z,y and the first derivative of y is called a contact transformation.

Lie-Backlund Transformation: This is the most general form of the transformation

in which the transformation depends upon n independent variables z = (2!, 22,...,2"), m
dependent variables u = (u', u?, ...,u™) and up to k" derivative of the dependent variables,
that is

T = fﬂ(l‘, Uy Uy 5 Wiyigy -'--uilig...ik)a

U= (T, U, Wiy, Wiyig- - Wiyig...iy )

ail - ail (x) u7 ui1 9 uiliga ""u’ilig...’ik)7 (161)

Wiyig..q5 = Wirig.. iy (967 Uy Uiy 5 Wiqig, Umgzk)

This type of transformation is also called higher order tangent transformation.
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1.6.2 Approximate Lie Group and Lie Symmetry Generator

Physical problems some times admit approximation. For example we ignore the air friction
in free fall. Similarly the simple pendulum is effected by the air friction which dies away the
motion of pendulum, the simple harmonic motion of a body attached to a spring is reduce
by the friction of the surface on which it moves. These small perturbations in physical
systems (here of the air resistance and friction between the spring and the surface on which
it moves) are very sensitive to the exact Lie group theoretic approach to the solution of
differential equations [31]. Consequently the application of the Lie group technique to the
solution of differential equations reduces much in such physical problems. Fortunately an
approximate Lie group technique were developed [4,5,64] and used to reduce the instability
of the Lie group theoretic method to the solution of differential equations.

Definition: An approximate transformation of order p in R™ can be written as [42]
ot = &'~ 32’ a) + el (2, a) + ... + €T (2 a), (1.6.2)
which obey the initial conditions
:i§-|a:0 ~ x?,Vi.

Approximate symmetry group generator of order p: The generator of the approx-

imate transformation given in equation (1.6.2) is of the form

; 0
6 (X’ 6) axl Y ( )
such that
i i i pei i 9
§'(x, ) = &o(x) + €1 (x) + ... (%), §5(@) = 5-Tjla=o, (1.6.4)
then the generator given in equation (1.6.3) takes the form
i i pei 9
X = (§y(x) + €£1(x) + ....€ §p(x))a$i. (1.6.5)
First order approximation: The symmetry generator of the form
o,
X=¢" (1.6.6)

ozt’
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is said to be of the first order if &' = & + €€}, where € is a small arbitrary parameter. The

generator in equation (1.6.6) splits into two parts as
;0 ;0
Xo = 56@7 X1 = fi@, (1.6.7)

where X is the exact and X; is the approximate part of the symmetry generator given in
equation (1.6.6).

The corresponding approximate transformation group of point x into Z is
= (2 a) = 3 (2", a) + €3l (2, a). (1.6.8)

Example 6: The one dimensional symmetry generator

0
— (2 1.6.9
X = (2% + ex) e ( )
splits into two parts as
0 0
0= 5y 1= o

where X is the exact and X is the approximate symmetry. Here &y = 22 and &; = z.

The corresponding approximate Lie equations are
di‘o o 2 - o
da T, Zola=o = 7,
dzy

- A

The solution to this system is

fozaa:2+x, T =
The approximate group is
) ) a2
T=ax"+x+c€ T+am .

Example 7: Now consider a two dimensional symmetry generator

0 0

X=01+e)— +ey—,

( )92 Ya,

which can be splits into two parts as
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where X is the exact and X is the approximate symmetry. The corresponding approxi-

mate Lie differential equations are

dZo 1 dyo 0 5 ’ B ‘

_— = _— = €T —_-N =X —0) =
da > da ) 0la=0 y Yola=0 = VY,
dz - dygo . - .

da = o, =10, Z1la=0 =0,  Fila=0

The solution of this system is

- - a _ _
o=+ a, $1=a$+3, Yo=Y, Y1=ay,

the approximate group corresponding to the above solution is

2
- a -
x:$+a+e<a:c+2), =1y + e(ay).

Example 8: Consider the following second order differential equation

y' =0. (1.6.10)

Using the symmetry generator

0 0 i 0 N
X2 — o o 1 2 9
(@, y) 5+ (2, y) 5+ (2, y,y )8:9’ +n(z,y,y .y )ay,,
We have the following system of determining partial differential equations
1
gyy = 07 fxac = 27]J:y7 gccy = 577yy7 Neax = 0.

The solution of this system is

x
€ =c1+cor + 3y + cax® + C57y,
y?
1N = cqxy + Y + c6x + cry + cs.
The symmetry generators are
0 0 0 0
Xi=--, Xo=2-—, Xg=y -, Xa=2"+uay

oz’

0 0 0 0 0
X5=$y%+92@, Xezyafy, X7:$87y’ Xg =

ox ox

Perturbing the differential equation given in equation (1.6.10) as

y +ey=0, (1.6.11)
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where € is a small parameter and applying the approximate symmetry

0 " ne O
+ (o +€em) == (1.6.12)

5 o
X2l = (g + 651)% + (mo +em) -+ (m + 6771)37/ oy

dy

on differential equation (1.6.11) getting the terms of order one in € and solving the system

we have the following solution,

2 3 2 4
Eo+ €& =c1(1 — 26x2) + o (x — e§> + c3 (y — 6:1:2y> + ¢4 <x2 — 63:2) +

3
T
Ccs <xy — GGy) + cge + crex + cgexy + coe2x + croey + 0116x2,

2 $3 2$2
No + em = —2c1exy + coe(y — ny) — 03exy2 +cq <ya: —€ y3 ) + c5 <y2 — 63/2> +

3 2
Xz Xz
08ey2 + cogey + cr1exy + c12 <a: — 66> + c13y + c14 (1 — 62> + ci5€x + cig€.

The corresponding symmetry generators are

0 0 213
Xl = (1 — 26.%’2)% — 2€$y87y, X2 = <.ZU — € v

0
2y 0 9 0 5, a*\ 9 223y\ 0
X3—<y—62)ax—€$y Fy, X4—<$ —62>8$—<$y—6 3 >8y,

0 0 6 ) oz’
0 z2\ 0 0 0
13 yé)y’ 14 < 62> 8y’ 15 GJfay, 16 Gay

1.7 Plan of the Thesis

This thesis is organized in the following way. A brief introduction to Euler-Lagrange
equations and Noether variational problem is given in Chapter 2. We begin calculation
from an action of a first order Lagrangian for relativistic field theories, where ¢*(x#),
1 = 1,2,3..., N, are functions, which play the role of dependent variables and z*, u =
0,1,2,3 are the independent variables. We derive the Euler-Lagrange equations and the
corresponding conserved quantities for the action, and generalize this calculation for n

independent and m dependent variables and Lagrangian of order k.
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The Noether symmetries, using the arc length minimizing Lagrangian of plane sym-
metric static spacetimes are given in Chapter 3. An introduction to Noether symmetry
equation and metric of general plane symmetric static spacetimes are given, and the remain-
der of the chapter consists of many sections. Each section contains Noether symmetries,
metric of the spacetimes and the corresponding first integrals.

In Chapter 4 approximate Noether symmetries of the arc length minimizing Lagrangian
of time conformal plane symmetric spacetimes are presented. This chapter consists of four
sections. In section one, the definition of approximate Noether symmetry and perturbed
Lagrangian for the time conformal plane symmetric spacetimes along with a system of 19
PDEs are given. The remaining three sections consist of those cases where the approximate
symmetry (ies) exist(s) and list all those time conformal plane symmetric spacetimes where
the approximate Noether symmetries exist. The approximate first integrals are also given
in this chapter.

The Noether symmetries of the arc length minimizing Lagrangian of cylindrically sym-
metric static spacetimes are given in Chapter 5. Different sections consist of different num-
bers of Noether symmetries along with the corresponding cylindrically symmetric static
spacetimes and first integrals.

Chapter 6 consists of the complete classification of spherically symmetric static space-
times according to Noether symmetries.

The conclusion of the thesis, discussion on some new cases of plane symmetric static,

spherically symmetric static spacetimes and vacuum solutions are given in Chapter 7.



Chapter 2
Preliminaries

2.1 Introduction

The symmetries of a variational problem are called Noether symmetries. A variational
problem describes a physical system and can be written in an integral form which is called
the action of the problem. For example consider length of a curve of function f(¢), from a

point (a, f(a)) to another point (b, (b)) that is

s— ['\h + f(’dt, (2.1.1)
f v

where “*” denotes differentiation with respect to ¢. For minimum value of S, f(¢) must
be a straight line, which is the extremal value of f(¢). To show that f(¢) is a straight line

we shift f(¢) from its minimum value by ev(t) that is

ft) — f(t) + ev(t), (2.1.2)

where v(t) is arbitrary function satisfying v(a) = v(b) = 0 and € is an arbitrary small

parameter. The integral given in equation (2.1.1) takes the form

S, = /b \/1 + (f(t) + ed(t))2dt. (2.1.3)

23
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Differentiating with respect to € we have

/\/1—1— ) + €v(t))2dt,

f + €
/ \/1 |+ eo0))? Ble=odt, (2.1.4)

- / mbdt

Integrating the right hand side with respect to ¢ we have
d f o [t f
—Sy = v|a—/a 7l T vdt,

1+ f(t)2
-/ N I S P
dt ;
a 1+ f(t)?

(2.1.5)

For extremal values of S the variation vanishes which imposes condition on the function

f(t). That is

X :
disv _ _/ % f | at=o, (2.1.6)
¢ a 1+ f(t)?
since v(t) is arbitrary, therefore,
—% 4 =0, (2.1.7)
L+ f(t)?

which implies that f(¢) must be a straight line. If we take

L(t, f(1), (1)) = /1 + f2(1),

then equation (2.1.7) can be written as

oL d ocC
of(t) dtof(t)

which is the Euler-Lagrange equation for the action given by equation (2.1.1), where the

=0, (2.1.8)

function L is called Lagrangian density. This is a specific variational problem, the calcu-
lation could be extended to any general Lagrangian depending on general coordinates and
derivatives of any order.

The Euler-Lagrange equations are the restriction on the variables involved in the action.

These equations could be obtained from the variation in the action. The solution of
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these equations give the extremal values of the action. In the following sections a brief
introduction to Noether variational problem and Euler-Lagrange equations are given. At
the end of this chapter the definitions of first order and k** order approximate Noether

symmetries are given.

2.2 A Short Review of Noether Variational Problem and

Euler-Lagrange Equations

Emmy Noether: Emmy Noether was born on 23 March 1882 in Erlangen, Bavaria,
Germany [82]. She was named Amalie, but always called “Emmy”. Emmy Noether’s
father Max Noether was a recognized mathematician and a teacher at Erlangen. Her
mother was Ida Kaufmann, from a well known and wealthy family of Erlangen. Both
Emmy’s parents were of Jewish cast and Emmy was the eldest of their four children. Emmy
Noether went to the Hohere Tochter School in Erlangen from 1889 until 1897. She studied
German, English, French, along with arithmetics and was given piano lessons. At this
stage she wanted to become a language teacher, and after further investigation of English
and French she took the examinations of the State of Bavaria and, in 1900, turned into a
certificated instructor of English and French in Bavarian girls school. However, Noether
never turned into a language instructor, rather she chose to take the troublesome course
for a lady of that time and studied mathematics at university. Ladies were permitted to
study at German institutions informally and every teacher allowed the female to attend
his lecture. Noether was allowed to sit in courses at the University of Erlangen throughout
1900 to 1902. Having taken and passed the registration examination in Nurnberg in 1903,
she went to the University of Gottingen. From 1903 to 1904 she attended the lectures given
by Blumenthal, Hilbert, Klein and Minkowski. She got her PhD degree in mathematics
under the supervision of Paul Gordan. Having finished her doctorate, the typical movement
to a scholarly post might have been the habilitation. However, this route was not open
to ladies so Noether stayed at Erlangen, helping her father who, especially on account of
his own incapacities, was appreciative for his daughter’s assistance. Noether additionally

continued her research, during this period she was affected by Fischer who had succeeded
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Gordan in 1911. This impact took Noether towards Hilbert’s conceptual methodology to
the subject. In 1915 Hilbert and Klein welcomed Noether to come back to Gottingen [82].
They convinced her to stay at Gottingen while they battled a fight to have her on the
faculty of the university. In a long fight with the university administration, to permit
Noether to get her habilitation there, she got the permission in 1919 after four years of
struggle. Throughout this time Hilbert had permitted Noether to lecture by publicizing
her courses under his own particular name. For instance a course given in the winter
semester of 1916-17 shows up in the index as:

Mathematical Physics Seminar: Professor Hilbert, with the assistance of Dr. E Noether,
Mondays from 4-6, no tuition.

Emmy Noether’s first excellent work, when she was in Gottingen in 1915 is an outcome
in theoretical physics [18,52, 53], known as Noether’s theorem, which demonstrates a re-
lationship between symmetries in physics and conservation laws. This basic result in the
general theory of relativity was praised by Albert Einstein in a letter to Hilbert when he
referred to Noether’s penetrating mathematical thinking.

Noether published this paper called “Invariant variational problem”, now famous for
connecting symmetries with conservation laws. This paper was presented to the Royal
Society in Gottingen on July 17, 1918 by Felix Klein [58]. Her discussion begins with a
variational problem and its solution. Noether’s paper concerns theories that can be given
in a Lagrangian formulation. We begin with basic features of such theories. For relativistic

field theories, we take the Lagrangian density [19,46]
L= L(" ¢, 0ue), (2.2.1)

where ¢' (i = 1,2..., N) are fields (dependent variables) depending on independent variables

x# (u=10,1,2,3). The action S is defined in terms of the Lagrangian density as
S = / L(z*, ¢, 0t ¢")d e, (2.2.2)
R

and the corresponding Euler-Lagrange equations take the form
o, or
dg' " 0(0u9")

To discuss Noether variational problem, we first need to understand in more detail the

=0. (2.2.3)

variations that we are considering. Consider one of the dependent variable, say ¢* =
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¢. The total variation in ¢ and the independent variable xz*, gives rise to the following

transformation of ¢:
5p = ¢(7) — (). (2.2.4)

Here the variation consist of two parts. The first is the variation in the function ¢ at a

fixed coordinate, which is given by

o = ¢(x) — P(x). (2.2.5)

The second variation in ¢ is due to change in independent variable z, that is

0z = ¢(T) — d(). (2.2.6)
From equation (2.2.4) we have
06 = 6(F) — 6(x) = 006(Z) + 6(7) — ¥(2),
= bod(x + 0z) + ¢(x + o) — (),
= 0pp(x) + 620,000 + ¢(x) + dHOup(x) — P(x),

= 0op(x) + 620, (x).

(2.2.7)

This important relation will be used in the solution of Noether variational problem. The
operator 0, commutes with dp as (we need this commutation relation in the proof of

Noether variational problem)

ot = 0u{d(x) — ¢(x)} = 0ud(x) — O (x) = GoDu(x), (2.2.8)
while the variation § does not commute with the ordinary derivative operator 9,

0u69(x) = 0 {d(Z) — p(x)},

. 05 - (2.2.9)
= u0(T) — 0u0(2) = 5050(7) — ().
This reduces to
Oudp(x) = 60,6(x), (2.2.10)
if and only if
or” y
T 5w (2.2.11)

and that is possible only when z* are fixed.



CHAPTER 2. PRELIMINARIES 28

2.2.1 Noether Variational Problem

For Noether variational problem we take variations in the dependent, independent, and

the derivatives of the dependent variables [17,68] that is
o — B (xH, ¢p) = at + ez, o) + ...,
¢'(ah) = ¢'(a*,¢") = ¢'(a") + e (2, ¢').... (2.2.12)
auqﬁi(fﬂu) - auq;i(@“”, ¢') = 8ﬂq§i(w“) + e@,mi(:v“, ).

In order to derive the general solution to the Noether variational problem, consider the

variation given in equations (2.2.12) in the corresponding action we have
68 = / L(i", ¢, 0,0")d* T — / L(z", ¢, 0,0 d (2.2.13)
R R

where the integration is taken over spacetimes region R. The second order tensors play a
fundamental role in the mechanics of deformable bodies because deformation and internal
forces characterizing the behaviour of deformable bodies are described mathematically by
second order tensors such as strain and stress tensors. The second order tensors satisfy all
the axioms of a vector space. We denote the vector space of all second order tensors by L.

Then equation (2.2.13) takes the form

55 = / L(ab, ¢, 0,6 +0L (", &, D6 )][1 + B ()] d
R (2.2.14)

- / Lz, ¢",0,¢")dx"
R

where the transformation of the volume element proceeds with respect to the Jacobian &”
and is corrected to the first order in € hence we have
58 = / [6L(a", ¢, 0,6°) + L(z", ¢, 0,6))0,(62")] d'z. (2.2.15)
R
Equation (2.2.15) can be written as
68 = / { 5o’ + oL (0,0%) 4 (D,L)0xH + LD, (5zH) | dia (2.2.16)
o’ 0(0,¢") K s K ’
foc . . oL : ]
B N S N o o " | dhz. 2.2.1
68 = / 6¢25 ¢ +a(aﬂ¢z)5 (0u8") + 0 (Lo )_ d'z (2.2.17)
We know that d,(9,¢") = 9,,(6,¢"), then equation (2.2.17) leads to
oL ., oL ]
88 = / 0 R LozH) | dix, 2.2.18
REr: ¢ + 3007 O 0 (800") + )_ ( )
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i oL : oL ; A
08 = / |:a¢z do®" + Oy <0(a,u¢i)50¢) — 0, (3(8u¢i)> 00" + 8M(E5$#)] d'z. (2.2.19)

Rearranging the terms we have

oL . oL . M)} \
”= / K&bz On (auqsi))éo(b +‘9ﬂ< (0 mz)fs o9 + Lot || d'x, (2.2.20)

which implies that if the first order variation in the action vanishes (6S = 0) for arbitrary

region of integration, then we have the following solution to the Noether variational problem

<a¢z — 8Ma(am> (50¢ + 8M (W(SO(Z) -+ Eé%“) = 0 (2221)

This equation is a restriction on the Lagrangian that must be satisfied. If the Euler-

Lagrange equations are satisfied then we have

oL B
8# <6(8u¢1)60¢ + ;C(SZC“) =0. (2222)

Equations (2.2.21) and (2.2.22) are the crucial results from which Noether’s theorem fol-
lows. These equations are often quoted as Noether’s theorem. According to equation
(2.2.22) the quantity

o= 561 Lot (2.2.23)

0(0u9")

is conserved. Now if instead of S = 0, we take the divergence term
68 = / 06 At d e, (2.2.24)

in equation (2.2.20) it would not change the Euler-Lagrange equations

oL oL

35~ 8“W = 0. (2.2.25)

In such a situation equation (2.2.21) takes the form

(a; -9 aﬁ)> S0’ + 0y ( (M 8o’ + E&x“) = 0,0A",

Ot H i i
aqz (;ﬁqﬁ a‘f ) (2.2.26)
0 S0’ ——= 000" + Lozt — 6A“> =0.
(56 ~%ae) # + o (s,
If the Euler-Lagrange equations are satisfied then the conserved quantity becomes
o= oc 6"+ LxH — A, (2.2.27)

(00"
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where A* is called the gauge function. Introducing
Go¢' = 6¢' — 62", 9",

from equation (2.2.7) in equation (2.2.27), we have

o_ 0L

= 509 (66" — 6270, ¢") + LIzt — §AM. (2.2.28)

Now using the transformation given by equations (2.2.12) the conserved quantity takes the

usual form

_oc
 0(0u9")

) (" — £40,¢") + LEW — S A, (2.2.29)

2.2.2 Noether Variational Problem in General Coordinates

For one independent variable ¢t and m dependent variables ¢, where i = 1,2, ...,m, the
second order Lagrangian density takes the form L(t, ¢’, ¢*, ¢'), using this Lagrangian density

then equation (2.2.26) takes the form [7,69,70]

or  _or YA
. _ D=4+ D* =\ 6,4
[aqz o5+ aq'z] Pot

D a‘_ff - Daﬁ 6oq" + %5042' + Lot — 6A| = 0.
0¢" 0¢" gt

Where (D = %). Let us see this equation for Lagrangian density of order three that is

‘C(ta qiv qllf’ qit’ qztt)'

The above equation (2.2.26) takes the form

oL oL oL oL .
. _ D=4 D= D3 = ]6qu+
[&1’ Jq; gy Oy
oL oL oL .
D . _ D=+ D?> 5 )5Oql—|— 2.2.30
[(3(1% a4, g3y, ( )
(202
aQtt aQttt

oL

>5Oq;' + - 00uy, + L5t — 54 =0.
a%tt

Looking equation (2.2.30), we are in the position to write it for the Lagrangian density of

order k

Lt q @ @ 1 )- (2.2.31)
N~
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For Lagrangian density given in equation (2.2.31), equation (2.2.26) becomes

[84 —Da—ﬁi D2a—€. - D? af +...(—1)ka?£} Soq'+
aq" Jq; gy el dq tt..t
k—times
D[(aﬁi - D‘lf + D? af + ...(—1)’f—1Dk—1?£> Goq'+
g gy, oI dq tt...t
=~
k—times
(36 -D af D? af + ...(—1)“1)”?5)50(1%
gy olirm ofim dq tt...t
k—times
oL oL oL oL :
- ~ D2~ 4 (-1 BDF = >5q’ +
(8%@% orrm o aq" t..t !
=~
k—times
...... + .aicfsoqi tt t + Eét — 5A:| = 0
aqz
tt...t ,
(k—1)—times
k—times
The Euler-Lagrange equations are
oL Daci DQa—f - D3% + ...(-1)’“1)’“@.87‘C — 0.
g’ dq; 04y oI dq tt...t
k—times

The corresponding conservation laws are

D[(‘% plE 2 OL | .(—1)'6—11)’6—17.“ )5oqi+

8q§ a‘]it aqgtt ) aqltt...t
=~
k—times
(8’6 fpaf D? 85 + ...(=1)F2pk=2 f% >6oq§+
943, lelrm ol A(q tt...t )
k—times
<8f’ - D 8f’ + D? 8@4 + . (~1)F3DF3 f% )5oq§+
ol olirmm o dq tt...t
S
k—times
oL
...... + i 5OqZ ..t +£(5t5A:| :O
'y 4 =~
(k—1)—times
k—times

Now we want to write these equations for n independent and m dependent variables and

Lagrangian of order & [10] that is

T = (ml,xQ, ™), g = (ql,qQ, s @™,
(2.2.32)

E(l‘) 45 Gi1y Qivigs -+ Qlezlk)
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For Lagrangian given in equation (2.2.32), the equation (2.2.26) takes the form

oL oL oL k oL .
- + D;, D; - D;D;,D;; ——— + ..(=1)*D;,..D;, —— | 0,¢"+
L)qz 118 z i1 228 ' i Piais 5 o (=1)"Dy, i g 2”2%] od
oL oL oL ’
D;, |:<8q 128 i + DzzDZSaii +..(= )k 1D 2 Diy...D; a>5oqz+
i1 zlzz 111213 1112..1%
oL oL oL oL ,
- D, + Dy Diy=——— + .(~1)* 2Dy, D;,...Dj) = ) S0l +
aqlllg 8 ’211223 a 217,2@37,4 a 71:1227,3 K1s :
oL oL _ oL -
<8 - 148 i +Di4D15617+“'(_1)k 3Di4Di5"'D2kaz)5oq;2i3
q7,12215 11121314 i1i2i5i4i5 211213 ik
oL . . .
+ ...... 81750q;2i3i4"ik + L(S{L‘Zl — (SAzl = O
7,11213 Ak
e corresponding Euler-Lagrange equations are
Th ponding Euler-Lagrange equati
oL oL 0£ oL oL
E —Dila—iJrDl D, —— 3 —DilDiQDisaii+..(—1)kDi1..Diki7 =0. (2.2.33)
q q;, a4y i1inis iio..in
And the conservation laws take the form
oL oL oL oL .
: — —D; + DDy —— + ...(—1)k71Di Di,...D; .>5oql+
Kaqgl *0q 5, Zm 7o i o 0 rin. i
oL oL oL e oL ,
(W A —Dlg(9 Dy Diy o+ (1) 2Di3Di4...Dik%>5oq§-2+
1112 111223 11121314 111213..1)
oL oL oL _ oL ,
<aq7f — — Dz4a 7 + _DrL DZ587'7 + (_1)k 3Di4Di5~-leal>5OQ;€2i3
111213 11z21314 1112132415 111213 ik
Ok Loz —5A™| =
4+ . + 8 i 0q7;2i3’i4..’i1€ + x =
5 inis. iy
If the action
S = / L(T, G, Gy s Giyigs -+ Tivig...ix, ) AT, (2.2.34)
R
is invariant under the symmetry transformations
= + 65(1‘7 q, Qilv%lig"-qilig...ip) + ..
" = q+en(T,q, Gy, Grig--Qirig...ip) + s
a, — Gy + i (T,G, Giy, Giyin - ivin..ip) + ooy (2.2.35)

3
Divis...iy 7 Qirin...ix T Miyig..iy, (z,q, Qi17Qi1i2---Qz‘1¢2...z‘p) + ...
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then the quantity

oL oL oL _ oL ,
Fra Dma 7+ DiDig 5 + (=)D, Dy .. Dy ——— | Soq'+
4;, 4,y iviois ivio. i
oL oL oL _ oL ,
a _Di3 K +D23D24 K +(—1)k 2D'L3DZ4lea i 50Qz?2+
4, 9 inis 4 inigia i1igis..in
oL oL oL _ oL ,
- ‘D’l417 —+ D’L4D’L e E— (—1)k 3Di4Di5"'Dik8i7 5Oq:£27;3
i inis i1inisia qi1i2i314i5 i1igis..ix
oL i i i
4+ + o 00iyigiy i, T LOTT — AT,

aqi1¢2i3..ik

is conserved.

2.2.3 Noether Symmetry Equation

For action defined in equation (2.2.34) and transformations given by equations (2.2.35),

equation (2.2.26) takes the form

oL oL oL oL
—dz + 5oq+7($06ﬁ1 + it/
9q;, 0iyis...iy

B 9 Oolivi...i + LDz — DA =0.  (2.2.36)

Now using the notation of transformations given by equations (2.2.35), we have

oL oL oL oL
€—+n8 “L”“a + e Ny zkai+£D§—DA:0> (2.2.37)

'Lﬂg...ik
This equation can be written as
8 8 0
iy in...0
This is the most general form of Noether symmetry equation or Noether symmetry condi-

tion. If we define

0 0
_ ¢ Y il 2.2.39
and its k" order prolongation
0 0 0 0
X = ¢~ — i =—— + ... i1 i ———————— 2.2.40
5837 +773q "‘7718(1“ + +771 2. kaqil,ig..‘ik, ( )

then equation (2.2.38) takes the form

XMz 4+ £De = DA. (2.2.41)



CHAPTER 2. PRELIMINARIES 34

X defined in equation (2.2.39) is called Noether symmetry generator, and the equation
(2.2.41) is compact form of Noether symmetry equation. The operator D is the total
derivative operator defined by the equation

9 9 d 9

Qiy yig.. i1
2.2.4 Noether’s Theorem

If X defined in equation (2.2.39) generates the variational symmetry for action defined in

equation (2.2.34) then the quantity [45,50]

. oL oL oL _ oL -
[ =6A" — | == = Djyo— + Diy Dijy=———— + .(=1)* "Dy, Diy...Diy =———— | 6,¢' —
aql 8 2112 a 11Z213 a 7,122 Zk
oL oL oL _ oL ,
5 . +DZgDZ48 - + . (=1)* 2Di3Di4...le827 S04,
qilig 212213 11121314 112223 K7s
oL oL oL _ oL -
N\ Disg7 +DiyDis 77— + ...(—1)k 3Di4Di5...le17 6oq§2i3
8qi1i2i3 a 11122314 a i1i2i3i4i5 8 112213 Ak
oL

=

6qi11‘2i3..ik

— Loz, (2.2.42)

7
0q’i2i3i4..ik

is conserved corresponding to the Euler-Lagrange equations [68]

S;D“ang+Dl D;, 86;2 Di; Diy Dig 55— ?fm +..(—1)kDi1..lea alf ” = 0. (2.2.43)
2.3 Approximate Noether Symmetry
2.3.1 First Order Approximation
The first order approximate Noether symmetry generator for x = (2!, 22,...,2") and u =
(u',u?,...,u™) is defined as [42]
X = X + eXy. (2.3.1)
Explicitly we can write
= (6 ) + () en]) o (232

and its first order prolongation is

0 B B}
XM = (£o+6£1) +(no+en1)a + (7 + en)) T (2.3.3)
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The Lagrangian density perturbed up to the first order in € is
L= Lo(x,u,ui) + eLy(z,u,u; ). (2.3.4)
Then the approximate Noether symmetry equation reads
XUz + (DL = D A, (2.3.5)

which splits into two equations

XolL + (D€L = D; A,
' ' ' (2.3.6)
X([)l}ﬁl + X[ll]ﬁ() + (szé)ﬁl -+ (szi)ﬁo = DZAll

The second part of equations (2.3.6) gives the first order approximate Noether symmetry

corresponding to the given Lagrangian.

2.3.2 K" Order Approximate Noether Symmetry

The approximate Noether symmetry generator of order k in € for x = (2!, 22,...,2") and

u = (u',u?,...,u™) is defined as [42]
X =X+ eXq + 2Xa + ... + +eX.. (2.3.7)

Explicitly we can write

. . ) , , 9
k k
X=(te€it+e&)g-+0n+eant..+em)s s (2.3.8)
and its p!" order prolongation is
. A ) . . .
k k
X = (€ + e€) + o+ ") o+ () + e+ ) o
0., k gy O i K, j 0 (2.3.9)
+f Fem A A €M) o e (g € €T iy
du;, U 4y i
wip
The perturbed Lagrangian of order & in € is
£ = £0<$7 Uy Uy oeey uilig...ip) + Eﬁl(fﬁ, Uy Uy yeeny uihig...ip)
(2.3.10)

2 k
+ € Lo @, Uy Uiy ooy Uiyig..iy) F e+ € Lp(T,0, Uiy ooy Wi iy )-

Then the approximate Noether symmetry equation reads

XL 4+ (D" L = DAY, (2.3.11)
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where
At = A+ eAL + EAL 4 4 P AL (2.3.12)

Equation (2.3.11) splits into (k + 1) equations.
Example 9: The Lagrangian density corresponding to differential equation (1.6.10) is
v’

L= (2.3.13)

and the first order prolonged symmetry generator for this Lagrangian density is

0 0 / 0

Using equations (2.3.13) and (2.3.14) in equation (2.3.5), we have the following system of

determining PDEs,

&y(z,y) =0, Ax(z,y) =0, ny(z,y)—A,=0, 2ny(z,y)—&(z,y)=0. (2.3.15)

The solution of this system is
Clyz 2
Alwy) = =~ +ayte, &y =ar” +artos,

c
n(z,y) = crzy + 47@/ + cox + cg.

The Noether symmetry generators, gauge functions and first integrals are given below

No. | N. Symmetry Gauge Functions | First Integral

1. | Xy = a% A1 =0 ¢1 = %

2. | Xa=222 +y2 Ay =0 ¢2 =y (xy —y)

3. nga% A3 =0 ¢3 =y

4. X4:ma% As=y 1=y —ay

5. | Xs =222 + Iya% As = % ¢5 = % + nglz — zyy

Now consider the first order perturbed Lagrangian density [55]

y - — ey

L= (2.3.16)

corresponding to differential equation (1.6.11) and the approximate symmetry generator

0 0 / i 0
XM = (& + 651)% + (o + em) 5~ + (o + €m) (2.3.17)

Ay dy’
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Using equations (2.3.16) and (2.3.17) in equation (2.3.5) and collecting the system of PDEs

up to first order in €, then solving it we get Noether symmetries with approximate parts,

along with approximate gauge functions, and approximate first integrals, which are given

in the following table

No. | N. Symmetry Gauge Functions | First Integral

1. | Xy = a% A1 =0 p1 = yl%rTﬁﬁ

2. | Xg= (22— eBH2 4 (y- €22?) 3 | Ay = —2ery’? $2 =y [y —y] — ex(y® — 2xyy +
Qx;yZ)

3. | Xg=(1-e%)L Az = —exy g3 =(1— 5y +exy

4| Xy=(a-e2)2 Ay=(1-eB)y | da=(1-eS)y—(z—e5)y

5. | X5 = (207 —e2) L 4y2u—e) 2 | As = (1—e2a?)y? | ¢5 = (y—2y)* — 5 (3y —xy ) (y —
zy')

6. | Xg= 6% Ag = b6 = 6%

7| Xy =@l +y2) A7 =0 b7 =ey (xy —y)

8. | Xs=cf Ag = ¢s = €y

9. | Xg = ex% Ag = ey b9 = ely —zy)

10. | X109 = e(Qma% + :Eya%) A= ey? $10 = €(y — 30?//)2




Chapter 3

Noether Symmetries of the Arc
Length Minimizing Lagrangian of
Plane Symmetric Static

Spacetimes

3.1 Introduction

In this chapter we find symmetries of the arc length minimizing Lagrangian of plane sym-
metric static spacetimes [12-15,32, 35,61, 62,72,73]. These are the spacetimes admitting
[SO(2) ®,R?* @R as the minimal isometry group in such a way that the group orbits are
two dimensional hypersurfaces of zero curvature. Here SO(2) corresponds to rotation and

R? to translations along spatial directions y and z, &), and &) stand for the semidirect

s
product and the direct product respectively. Noether proved [17,58] that for every Noether
symmetry there is a conservation law (conserved quantity). For example, symmetries under
spatial translations imply conservation of linear momentums, symmetry under time trans-
lation implies conservation of energy, and symmetry under rotation implies conservation
of angular momentum.

The solution of EFEs in closed analytic form is impossible. Different methods are

used to find the exact solutions of EFEs [66]. We use Noether symmetries to classify the

38
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spacetimes and find all plane symmetric static solutions of EFEs [21]. Using the Noether’s
theorem the first integrals corresponding to Noether symmetries are also calculated in this
chapter and chapters 4, 5 and 6.

For the general plane symmetric static spacetime [13]
ds? = @ dt? — dz? — "M@ (dy? + d2?), (3.1.1)
the corresponding arc length minimizing Lagrangian density takes the form [25]
L£=e"®@f2 _ 32— er@) (2 4 52, (3.1.2)

where “°” denotes differentiation with respect to s and the metric coefficients v(x) and
p(x) are arbitrary functions of z. We intend to find all possible values for these arbitrary
functions v(z) and p(x). For this purpose we use Noether symmetry condition given
by equation (2.2.41) and find the Noether symmetries of the action corresponding to the
Lagrangian given by equation (3.1.2). Other than the cases that give minimal set of Noether
symmetries, different v(x) and p(x) correspond to a different sets of Noether symmetries.
Hence for each set of v(z) and p(z) we have a unique set of Noether symmetries. Therefore,
from this procedure we get classification of the geodesic Lagrangians of the plane symmetric
static spacetimes. Once we know the geodesic Lagrangian, we can write the corresponding
spacetime easily. This classification recovers the existing cases of plane symmetric static

spacetime [21,32,51] along with first integrals corresponding to each Noether symmetry.

3.2 The Noether Symmetry Governing Equations

The first order prolonged generator X[ in the Noether symmetry equation (2.2.41) takes

the form
X1 = X 4 i 2 3.2.1
where 2 refers to the dependent variables (¢, x,%, z) and
0 . 0
X=£¢6— b — 3.2.2
gat i oxt’ ( )

where, ¢ and 7 are functions of s, ¢, z,y, z and 7’ are functions of s,t,x,y, 2, t,&,7.2 [3,16,

38,63] and determined by

= D(n') — 2" D(¢). (3.2.3)
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The differential operator D in equation (2.2.41) becomes

9 .0

(3.2.4)

The conservation law or the first integral given in equation (2.2.42), for the first order

Lagrangian given by equation (3.1.2) takes the form

oL

e

(n' — &i') — LE. (3.2.5)

The expression given in equation (3.2.5) will be used to find first integrals corresponding

to each Noether symmetry.

3.3 Determining PDEs System

Using the first order prolonged symmetry generator given by equation (3.2.1), Lagrangian
given by equation (3.1.2), and differential operator given by equation (3.2.4), in equation

(2.2.41), we get the following system of 19 PDEs

& =0, gm:O, fy:(]a £ =0, AS:O7
26V(I)772 = A, —277; = A,
— 24O = Ay, —2eMt = A,

277:}:_&9:07 773“‘772:07
(3.3.1)
mh 4 e @2 =0, pl4er@pd =0,
—np + el =0, @yl — et =0,
e’ @ — et @yt =0, V() + 20 — & =0,

Pt 422 — & =0, @ (x)m'+2n—& =0,

Where A3 AR}

is the derivative with respect to x.

In this system, v(x), p(x), £(s,t, 2,9, 2), A(s, t,z,y, 2), and ni(s,t,2,y,2), i = 0,1,2,3 are
unknown functions. v(z) and u(x) are the metric coefficients of the plane symmetric static
spacetimes, &(s,t, x,y, 2), 777;(3, t,x,y,z),1=0,1,2,3 are components of Noether symmetry
generators and A(s,t,x,y, z) is the gauge function.

Lists of solutions of the above system are given in different sections with respect to

different number of Noether symmetries along with the corresponding spacetimes. In each
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case the first integral corresponding to each Noether symmetry is also given. For the
distinction between isometries and other Noether symmetries we use different notation,

that is X; for isometries and Y; for non-isometries.

3.4 Five Noether Symmetries and their First Integrals

It is well known that the group of Killng vectors is a subgroup of the group of Noether
symmetries. For plane symmetric static spacetimes the minimal set of Killing vectors
contains four elements. Further, as % satisfies the Noether symmetry equation (2.2.41), it
is also a Noether symmetry generator. Therefore, the minimal set of Noether symmetries
for action of the arc length minimizing Lagrangian given by equation (3.1.2) for plane

symmetric static spacetime consists of 5 Noether symmetry generators, and they are
(3.4.1)

where Xg, X1, X2 and X3 are Killing vector fields admitted by the spacetime given in
equation (3.1.1) and Yo is the Noether symmetry which leaves the arc length minimiz-
ing Lagrangian invariant. There are infinitely many spacetimes admitting minimal set of
Killing vectors. Therefore, there are infinitely many number of Lagrangian of plane sym-
metric static spacetime admitting minimal set of Noether symmetries, i.e. five Noether
symmetries. All of them cannot be listed, however some of them, which appear in our
calculation are given in Table 3.2. The first integrals corresponding to the set of Noether

symmetries given by equations (3.4.1) are given in Table 3.1.

Table 3.1: First Integrals for the minimal set

Gen| First Integrals

Xo | ¢o = —2e@)i
Xy | ¢1 = 2eM@y
Xo | ¢ = 2e1(@)3
X3 | ¢3 = 2e") (yz — zj))

Yo | ¢4 = e’ @f2—32—er@ (2 +2%) = L
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The Lie algebra of the Noether symmetry generators given in equations (3.4.1) is

(X1, X3] = X3, [X2,X3] = X4, [Xj, X;] =0 and [Xj, Yo] = 0 otherwise.

3.5 Six Noether Symmetries and First Integrals

Table 3.2: Metric coefficients for five symmetries

No. | v(z) ()

1. | 2In(%) z

2. |2 21n (Z)

3. | 2In(2) 21n cosh(2)

4. | 2In(2) 21n cos(Z)

5. | 2Incosh(Z) 21n(2)

6. | 2Incos(2) 21n(2)

7. | 2Incosh(Z) z

8. | 2Incos(2) z

9. | v'(x) #0,v(z) # p(xr) | 2Incosh(Z),2Incos(2)
10. | 2Incosh(Z),2Incos(2) | v(z) # p(z), i1 (z) # 0
11. | v (x) #0 z

12. [ 2InZ p(x) #0,pu(z) #aln &
13. | w(@) # p(@), v (z) #0 | p'(2) #0,u(x) #aln 2
14 | V() #0,v(x) #aln 2 | v(z) # p(z), 4 (z) # 0

42

Solutions of the system of equations (3.3.1) for action with geodesic Lagrangian given by

equation (3.1.2) admitting six Noether symmetries are given bellow in this section:

Solution-I:

The metric coeflicients are
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Components of the Noether symmetry generators are

t
E=c, = —Cig +ea, nt=c, 9= —04% —c32 + c7,
z
nt = —64% +c3y+cs, A=ce.

The corresponding metric is
ds? = eadt? — dz? — e%(dy2 +dz?), o,B#0. (3.5.1)

The additional Noether symmetry to the set given by equations (3.4.1) is

x,. 9 to9 yo =290
YT 9r 200t 280y 280z

It is an isometry of metric given by equation (3.5.1). The corresponding first integral is
ti >

z ea
I
¢s = —ea +2i B(yy+ZZ)

The Lie algebra of X4 along with the symmetries given in equations (3.4.1) is
[X17X3] = X27 [X27X3] = _X17 [X07X4] = _iX()a [X17X4] = _%Xla
(X2, X4] = —55X2, [Xi, X;] = 0 and [X;, Yo] = 0 otherwise.

Solution-II:

Coefficients of the metric are

v(z) =c¢, p(zr)=2Incosh (g) , or p(x)=2Incos <E> .

(0%

Components of the Noether symmetry generators are

E=c, N'=cs+ec3, 0 =0, n*=—csz+cs,

n =cay+cs, A=2cot+cr.
The spacetimes in this case are
ds® = dt? — da* — cosh? (E) (dy? +dz?), a#0, (3.5.2)
o

ds® = dt? — dz?* — cos® (E> (dy? +dz%), a#0. (3.5.3)
o
The symmetry other than the minimal set is

d
Yi=so., A=2t (3.5.4)
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It is neither Killing vector nor homothetic vector. First integral corresponding to Y7 is
¢5 = 2(t - St)

The Lie algebra of Y7 along with symmetries of equation (3.4.1) is

[Xl, X3] == Xz, [Xz, X3] == *Xl, {Y(),Yl] = Xo, [Xi, Xﬂ =0 and [XI,YJ] = 0 otherwise.

Solution-III:

The spacetime coefficients are

v(z) =2In (£> ,  w(x)=">bln (E) ,

(@ o

and the values of the functions &, ° and A are

T 2—a

E=cis+e, 1 =c, 771:6157 n*=c Y — 32 + ¢4,
2—a

773:01 z4csy+cs, A=cr.

The spacetime takes the form
2 TN\2 o 2 A 2

ds? = (7) 2 — dz _(7) (dy? +d=2), b#£0,2, a0 (3.5.5)

Q Q

The additional symmetry to the set given in equations (3.4.1) is

1T s T 20 4 y@y 1 ) oz

It is a homothetic vector. The corresponding first integral is

. 2—b N\, . .
¢5:$£+M+T(5) (yy + 22).

The Lie algebra of Y1 with the set of Noether symmetries given in equation (3.4.1) is
[X1,X3] = Xa, [X2,X3] = —X1, [X1,Y1] = 232Xy,

X2, Y1] = 22X, [Yo, Y1] = Yo, [Xi,X;] = 0 and [X;, Y;j] = 0 otherwise.
Solution-IV:

Coefficients of the spacetime are
x x
v(z) =aln 5 p(x) n (-

Components of the Noether symmetry generators are

2—a
4

T
27

E=ci54+c, M’ =c t+cs, n'=c

772 = —C32 + ¢4, 773 =c3y+ocs, A=cr.
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The spacetime in this case is
2 (TN o0 o (T\Z .o 2
ds* = <a> dt* — dx (a) (dy* +dz*), a#0,2, a#0. (3.5.6)

The additional Noether symmetry is

v, =2 20 (2za),0
L7 %0 " 20z '

It is a homothetic vector. The first integral corresponding to the symmetry generator Y4

b5 = sL + 13 — <2 ; “) (g)ati,

[X1,X3s] = X2, [X2, X3] = —X1, [Xo, Y1] = 272X,

is

The Lie algebra is

[Yo,Yl] = Y(), [XI,XJ] =0 and [XI,Y_]] = 0 otherwise.
Solution-V:

The spacetime coefficients are

v(z) = bln (Z) u(z) = aln (Z)

Components of the Noether symmetry generators are

2_bt—|— 1 T
C =C1—
A 6, 7 127

E=c15+ca, n’=c1

2 — 2 —
n”=c ay—03z+04, n”=c 4az—|—03y—|—05, A=cy.
We have the following spacetime
ds? = (Z)bdt? — da? — (D)o(dy? + dz?), 2#a#b#2, a#0. (3.5.7)
(6% (6%

The following symmetry along with equations (3.4.1) form a six dimensional algebra

0 x0 2—b\ 0 2—a 0 2—a 0

It is a homothety. The first integral corresponding to Noether symmetry given in equation

(3.5.8) is

T

¢5 = L+ zd — 2T_b (a>ati+

2 5 ¢ (9@ (yy) + 22).

The Lie algebra is

[X1,X3] = Xa, [X2,X3] = —X1, [Xo, Y1] = F2Xo, [X1, Y] = 272X4,
X2 Yl = H)(2 YO Yl = YO Xi X;i| =0 and Xi Y;| = 0 otherwise.
[ 9 4 9 ) 9 b J 9 J
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3.6 Seven Noether Symmetries and First Integrals

Solutions of the system given in equations (3.3.1) for which we get seven Noether symme-
tries are given in this section:
Solution-I:

The spacetime coefficients are
v@) = pla), v(e)#aln(Z), a#0#al
The values of the functions &, n* and A are

E=c, N =coytesz+ecy, 0t =0, n*=cat—c52+cq,

773 =c3t+csy+cer, A=cs.

Generally the spacetime takes the form

ds? = @ dt? — dz? — ') (dy? + d2?), (3.6.1)
some examples are
N 2 _ 2 (T 2 52 2 (T 2 2
(1) : ds” = cosh (a) dt® — dz* — cosh (a) (dy* +dz*), a#0, (3.6.2)
N 2 _ . 2(T\ 2 S92 2T 2 2
(i) :  ds* = cos (a) dt® — dz* — cos (a) (dy*+dz*), a#0. (3.6.3)

The additional symmetries are

0 0 0 0
—+t—, Xyzg=2z2— —. .6.4
t+ aya 5 z +1 (36 )

Xa=y5 ot oz

Both X4 and X5 are isometries. The first integrals are given in Table 3.3.

Table 3.3: First Integrals

Cen First Integrals

X4(i) | ¢5 = 2cosh® (£) (¢t — yi)
X5(i) g6 = 2cosh? (L) (it — 2f)
Xa(ii) | d7=2cos® (5) (t — yi)
X5 (74) ¢g = 2cos? (Z) (it — i)
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The Lie algebra of X4 and X5 along with the symmetries of equation (3.4.1) is
(X1, X3] = X2, [X2,X3] = —X1, [Xo, X4] = X1, [X1,Xy] = Xo, [X3,Xy4] = —Xs5,
[Xo, X5] = X2, [X2,X5] = Xo, [X3,X5] = X4, [Xq,X5] = X3,

(X, X;] =0 and [Xj, Yo] = 0 otherwise.

Solution-II:

The metric coefficients are

v(irz)=c¢, p(r)=aln (g) .

Components of the Noether symmetry generators are

t x
§ =c15+ ca, TIO = 015 + €38 + ¢4, 771 = 015,

2—a 2—a

y—csz+ce, 1N =0cp z+csy+cer, A=cs.

772 =cC1
The spacetime takes the form
ds* = dt* — da* — (E)a (dy* +dz*), 2#a#0+# . (3.6.5)
Q@

The symmetries are

0 x 0 t o0 2—a 0 2—a 0 0

Y is homothety and Y2 is neither homothety nor isometry. The first integrals are given

in Table 3.4.

Table 3.4: First Integrals

Gen| First Integrals

Y1 | 65 =sL+ai+th+ 252 (£)* (yj + 22)
Yo | ¢ = 2(t — st)

The Lie algebra of Y7 and Yg and equation (3.4.1) is

[X1,X3] = Xa, [X2, X3] = =Xy, [Xo, Y1] = £Xo, [X1,Y1] = 12X, [X2, Y] = 2Xo,
[Yo,Y1] = Yo, [Y1,Ya] = LYs, [X;,X;] = 0 and [X;, Y;] = 0 otherwise.

Solution-III:

Values of v(x) and p(x) are
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Components of the Noether symmetry generators are

0 1 2
52017 n = Ca, n :07 n = €38 — ¢4z + s,

n* =ces+ey+er, A=cs.
Here the spacetime is

ds? = "@dt? — dz? — (dy? + d=?), v(z)#aln ( > . a#0#£a, U (x)#£0. (3.6.7)

x
o
The additional symmetries are

0 0
Yi=5—, A1 =-2 Yy =s5—, Ay=-2z. 3.6.8
1 Saya 1 Y, 2 882’ 2 < ( )

Both Y7 and Yg are neither homothety nor isometry. The corresponding first integrals

are given in Table 3.5.

Table 3.5: First Integrals

Gen First Integrals

Y, ¢5 = 2(sy — y)
Yo Pe = 2(sZ2 — 2)

The Lie algebra of the Noether symmetry generators is
[X1,X3] = X2, [X2,X3] = =X, [Yo, Y1] = X1, [Yo, Y2| = Xa,
(X, X;] =0, [X;,Y;] =0 and [Y;, Y] = 0 otherwise.

3.7 Eight Noether Symmetries and First Integrals

In this section all those solutions are given where the system given by equations (3.3.1)
gives eight Noether symmetries:

Solution-I:

The metric coefficients in this case are

v(z) =aln <£> = p(x).

(0%
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Components of the Noether symmetry generators are

i
2)

2—a

&£ =c18+ co, 770201 t+ c3y + ca2 + c5, nlzcl

2—a

2 _ a 3 _
n” =c3t+c1 y—ceztcer, o =ct+a z+cey+cg, A=co.

We get the following spacetime here

ds® = (f) dt? — dz? — (g) (dy? +d=%), a#0,2 a#0. (3.7.1)

a

The additional Noether symmetries are

0 0 0 0
X4_y§+t87y’ X5 —Za‘i‘ta*, (3.7.2)
0 x0 2—a\ 0 2—a 0 2—a 0
Y= S% + 5% + <4) ta + < 1 > y@ + < 4 > Z% (3'7'3)

X4, X5 are isometries and Y7 is homothety. The first integrals are given in Table 3.6.

Table 3.6: First Integrals

Gen First Integrals
Xa | ¢5=2(2)" (9t —yf)
Xs | ¢6=2(%)" (3t — 2f)

Y, o7 = sLtazi—2352 (£) ti+25% (£)" (yy+22)

The Lie algebra is

[X1,X3] = X2, [X2,X3] = —X1, [Xo, X4] = X1, [X1,X4] = Xo, [X3,X4] = X5,
[Xo, X5] = X2, [X2, X5] = Xo, [X3,X5] = Xy, (X4, X5] = X3, [Xo, Y2] = 2%4‘1X(),
[X1,Y1] = 22Xy, X2, Y1] = 22X, [Yo, Y1) = Yo, [X;, X;j] =0, [X;,Y;] =0
and [Yj, Y;] = 0 otherwise.

Solution-II:

Coefficients of the spacetime are

v(z)=c, p(r)=2In (E) .

a

The values of the functions &, 1° and A are

TS T

t
£ =c15° + cos + c3, nozclts+02§—|—083+C4, 7712013—1—025,

772 = —c52 + cg, 773 =cy+cy, A= 1t — 2% + cy.
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The spacetime takes the form
2
ds* = dt* — da* — (£> (dy* +dz?), a#0, (3.7.4)
o

and the additional Noether symmetry generators are

0 0 to x 0
Yi=sgp Ai=2 Xz=spodon 455,

0 0 0
Y3 == + st— —, As=t*—2"
3=235 8s+88t+sx8x’ 3 x

Y2 is homothety and Y, Yg are neither homothety nor isometry. Table 3.7 contains the

corresponding first integrals.

Table 3.7: First Integrals

Gen| First Integrals

Y | ¢5 = 2(t — st)
Y. (bﬁ:sﬁ—i-a?d?—ti

Y3 | ¢7 = $°L + 2sxd — 2stt + t2 — 22

The Lie algebra of the Noether symmetries is

[X1,Xs] = Xa, [X2,Xs] = X1, [Yo, Y1] = Xo, [Xo, Y2] = X0, [Yo, Y2] = Yo,
[Xo,Ys] =Yy, [Yo,Ys] =2Y3, [Y1, Y] = —3Yy, [Y2,Y3] = Y3,

(X, X;] =0, [X;,Y;] =0 and [Y;, Y] = 0 otherwise.

Solution-III:

Coeflicients of the metric are

T

v(z) =aln (—) . u(z) =c.

«
Components of the Noether symmetry generators are

2—a x

t+es, nt= 15,

§ =c15+ ¢, 770201

z
172 = 01% + c48 — c52 + cg, n3 = 015 +ers+esy+ceg, A= —2c4y—2c7z+ 9.
The corresponding metric is

ds® = (g)a dt* — dz? — (dy* + dz?), a#0,2, a#0. (3.7.5)
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The symmetries other than the minimal set are,

0 2—a\ 0 x0 yd z0
Yi=sp t (4) "¢t 20: T20y T202 (3.7.6)
Yoo sl A= -2y Ys—s. Ag——2 (3.7.7)
2—58y7 2 — Yy, 3—Saz, 3 = z. .

Y, is homothetic vector while Yo and Y3 are neither homothety nor isometry. The first

integrals are given in the following table.

Table 3.8: First Integrals

Gen| First Integrals

Y1 | ¢5=sL+ai— (352) (£)"t + (yy + 22)
Yo | ¢6 = 2(sy — y)
Y3 | o7 =2(s2 — 2)

The Lie algebra of Y1, Y2 and Y3 along with the symmetries of equation (3.4.1) is
[X17X3] = X27 [X27X3] = _X17 [Y07Y2] = X17 [Y07Y3] = X27

[Y2,Y1] = 5 Y2, [Y1,Ys] = 51Y3, [Xo, Y1) = 252X, [X1, Yi] = §Xq,

[Xz,Yl] = %Xz, [Yo,Yl] =Yy, [Xi,Xj] =0 and [Xi,Yj] = 0 otherwise.

3.8 Nine Noether Symmetries and First Integrals

We have the following solutions with nine Noether symmetries:
Solution-I:

Coefficients of the spacetime are

T
W) =c, pla)=".
Values of the functions &, 7, and A are
E=c, ’=cas+c3, 0" =cy+csz+ce,
2 2
2 _ _ i) v Z =) _ (%>_
g 66(204 +C4<40¢ +4a+0a8 > “\2a T s,

2 22

z —z z
= —cg (—) +c5 L _Z faew —c4 (y—) +cry +cg, A=2cat+ cio.
o da 4o 2a
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The metric of the spacetime is
ds? = dt* — dz? — ea (dy? + d2?), a #0.

The additional Noether symmetry generators are

0 y 0 z 0 0 y? 22 _z2\ 0 yz O
X4 = 5 T %0y 200 Xﬁ—yaﬁ( tatgtes

oy 2a0z’
0 22y <\ 0 yz O 0
_ Y s 7 Ta | —— 22— Yy =s—, A;=2t.
Xo =2 x+< Tt >8z 2000y’ 1= %

X4, X5 and Xg are isometries. The first integrals are given in Table 3.9.

Table 3.9: First Integrals

Gen| First Integrals

Xy | ¢5 =28 — < (yy + 22)
X5 | g6 =2ty + S [y(z2 —y?* + 40%e ) — yzZ

Xe | ¢7 =2iz+ S [2(—22 +y* + 402 ) — yzy)

Y1 | ¢ = 2(t — st)

92

(3.8.1)

(3.8.2)

(3.8.3)

The Lie algebra of X4, X5, Xg and Y7 along with the generators of equation (3.4.1) is

[X1,X3] = Xz, [X2,X3] = - X, [X1,X4] = 7 X3, [X1,X4] = 52Xz, [X1,X5] =

[X2,X5] = 52X3, [X3,X5] = —X6, [X1,Xe] = 5= X3, [X2,X6] = X4,
[X3,Xe] = X5, [X4,X6] = 52 X5, [X4,X5] = 52X, [Yo, Y1] = Xo,
(X, X;] =0, [X;,Y;] =0 and [Y;,Y;] = 0 otherwise.

Solution-II:

Values of the fuctions v(z) and u(x) are

Components of the Noether symmetry generators are

t 12 o
&=, 770 = —02% —c3 <4a —|—ozea> + cq4, 771 = c9 + cst,
772 =58 — cgz + ¢, ?73 =cgs+cgy +cg, A= csy+cgz+ cio.

The spacetime takes the form

ds? = eadt? — dz? — (dy? + dz?), o #0.

X47

(3.8.4)
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The symmetries other than given by equations (3.4.1) are

0 t 0 0 t? 2\ O
X4 =50 "o XFtax‘(m*a@ >8t
Y——a A =-2 Y——a A =-2
l_say7 1 — Y, 2_8827 1= Z.

X4, X5 are isometries. The first integrals are given in Table 3.10.

Table 3.10: First Integrals

Gen| First Integrals

Xa | 65 = et + 2
Xs | ¢6 = 2it + (t2e5 + 4a?) L
Y1 | ¢7=2(s9—y)
Yo | ¢pg =2(sz2 —2)

The Lie algebra of X4, X5, Y1, and Y2 and symmetries of equation (3.4.1) is
[X1,X3] = X3, [X2,X3] = —Xj, [Xo, X4] = 72X, [Xo, X5] = Xy,

[X2,Y1] = X4, [Yo,Y1] = Xy, [Yo, Y] = Xz, [X4,X5] = 72 X5,

(X, X;] =0, [X;,Y;] =0 and [Y;, Y] = 0 otherwise.

Solution-III:

The metric coefficients are
T
v(z) = 21ncosh (—) . w(z) =-c
«
The values of &, ' and A are
t t
&=, 7)0 = —co tanh (f) sin <> + cg tanh (£> cos <> + ¢y,
« o o e
v () v (3).
N =cgcos| — | +c3sin| — |, N =cs5s—cez+cy,
« «@

n® = css+cgy +cg, A= csy+csz+ cip.
The metric in this case is

ds® = cosh? <§) dt* — dz® — (dy* + dz%), a #0. (3.8.5)
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The additional Noether symmetry generators are
T\ . t\ O t\ O
X4 = —tanh (a) sin <a> e + cos <a> 22
x t\ 0 . [t O
X5 = tanh (a) cos <a> e + sin <a> s

0 0
Yi=5—, A1 =-2 Yo =s5—, Ay= -2z 3.8.7
1 883/7 1 Y, 2 8827 2 < ( )

(3.8.6)

X4, X5 are isometries. Table 3.11 contains the corresponding first integrals.

Table 3.11: First Integrals

Gen| First Integrals

Xy | ¢5 =2 (ésinh (£)sin (L) cosh (£) + 2 cos (L))
X5 | ¢ =2 (—tsinh (£) cos (L) cosh (£) + dsin (L))
Y1 | é7=2(s§ - y)

Yo | ¢s =2(s2—2)

The Lie Algebra for this case is

[X1,Xs] = Xa, [X2,X3] = —X1, [Xo,X4] = 1 X5, [Xo, X5] = 1X4, [Yo, Y1] = X4,
[Yo,Y2] =X, [X;,X;] =0, [X;,Y;] =0,and [Y;,Y;] = 0 otherwise.

Solution-IV:

Coeflicients of the spacetime are

v(z) = 21ncos (2) , p(x) =c.

Components of the Noether symmetry generators are

0 AN t x t
E=c1, 7 :—CQtan(—)sm — +03tan<—>cos — | + ¢4,
« « « «
e (1) roin (D). o
n- =cgcos| — | +cgsm| — ), n =c58—cz+cr,
o «
n® =css+cey +cg, A= csy+csz+ .

The spacetime takes the from

ds* = cos® (g) dt? — dz® — (dy* + d2?), a #0. (3.8.8)
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The additional symmetries are
x\ . [t O t\ 0
X4 = —tan (5) sin (a) g + cos <a> 7’
T t\ 0 . [(t\ O
X5 = tan (&) cos <a> g + sin <a> e

Ay = —22. (3.8.10)

(3.8.9)

0 0
Yl - 8%7 Al - —2% Y2 - 8&7

X4, X5 are isometries. The first integrals are given in Table 3.12.

Table 3.12: First Integrals

Gen| First Integrals

Xe | 0n.= 2 (s (2)in () 0o () + s (1)
Xa | o0 =2 (fsin (£) cos () cos () + sin ()
Y1 | ¢7=2(sy—y)
Y2 | ¢ =2(sz — 2)

The Lie algebra of X4, X5, Y1 and Y2 along with the generators of equation (3.4.1) is
[X1,X3] = Xa, [X2,X3] = —Xj, [Xo, X4] = =L X5, [Xo, X5] = X4, [Yo, Y1] = Xy,
Yo, Y] = X2, [Xj, X;] =0, [X;,Y;] =0 and [Y;, Y;j] = 0 otherwise.

Solution-V:

Coefficients of the metric are

v(r) =2In (£> = u(x).

(07

Components of the Noethter symmetries are

X
E=cas’+es+ey, N'=cay+czte, 0 =cavs+es,

2
772 = cyt — c7z + cg, 773 =cst+cry+cg, A= —cla:Q—i—clo.
The metric for this solution is
2 TNZ o 2 N2 o 2
ds” = <—) dt* — dz* — (—) (dy* +dz*), a#0. (3.8.11)
« «
The symmetries other than given in equations (3.4.1) are
0 0 0 0 o x0
Xy=y—+t—, Xsg=z—+t—, Yi=5—+—-— 3.8.12
1Sy Tl Ty T ler YT T oy (3:8.12)
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0 0
_ 2 2
Yo =5 s + sx—ax, A= —z". (3.8.13)

X4, X5 are isometries and Y7 is a homothety. The first integrals are given in Table 3.13.

Table 3.13: First Integrals

Gen| First Integrals
Xq| ¢5=2 (%)2 (gt — yt)
X5 | g6 =2 (2)% (2t — 2i)
Y1 | ¢y =sL+zxi

Yo | ¢g = $°L + 2sxi — 222

The Lie algebra of X4, X5, Y1 and Y2 along with the generators of equation (3.4.1) is
(X1, X3] = X2, [X2,X3] = —X1, [Xo, X4] = X1, [X3,Xy] = — X5, [Xo, X5] = X2,
(X3, X5] = Xy, [X4,X5] = X3, [Yo,Ys5] =2Y2, [Y2,Y2] =Y, [X;,X;] =0,

[Xi,Y;] =0 and [Y;, Y;] = 0 otherwise.

3.9 Eleven Noether symmetries and First Integrals

We get only one solution for eleven Noether symmetries:
Solution:

Coefficients of the metric are
v(z) =
Components of the Noether symmetry generators are

§=c, 771 =co+ o5y +cgz+cort, A=cia,

0 bt yt 2t t2+y2+z2+ =) 4
=—cg—+c3z+cy—cs— —cg— —c7| —+ —+ —+aea C
" 290 73 WS90 T %0 T T \da T 40 " 4a ®
2 2 2
2 y yz yt t Yy z =
= — —_— t— —_—— —_—— —_— —_——— — « —_
n C22a + ¢4 Cﬁza 07204 Cs (404 +404 1o ae > C9z + C10,
3 z 4 ot Yz zt t2 y2 + 22 —z n n
=—c—+cgt—c5=— —cr— —cg| ———+ — —ae« c C11-
n 2 2cv 3 >2a 7 2cv 6 4o 4o 4o oY 1

The metric of the spacetime takes the form

ds? = eadt? — dz? — ea (dy? + d2?), « #0, (3.9.1)
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which is the famous anti de-Sitter spacetime. Symmetries other than the minimal set given

in equations (3.4.1) are

x, -9 _t9_ yo =09 _,9.,9 _,2.,0
1T 9r T 200t 200y 200z T Far Tlar 8T Yo Tlay
Xo_, 0yt w20 (£ oy 2 a\0
"V T 200t 200- 4o 4o da oy’

0 2t 0 yz O B TER _z\ O
Xgepo 29 929 (B _ Y 2 i)
8= %9r 200t 2a 0y <4a da Tia T 0z’
0 yt 0 zt 0 2 yr 22 _z\ 0
Xg—to NI 2T Ly Lz A
®7 0z 200y 2002 <4a+4a+4a+a€ ot

In this case all Noether symmetries are isometries except Yo, which is given in equation

(3.4.1). The first integrals are given in Table 3.14.

Table 3.14: First Integrals

Gen| First Integrals

Xa | 5 = 20 + S (t — yy — 22)

X5 | ¢ = 2ea (tz — i2)

Xg | ¢7 = 2en (ty — iy)

Xq | ¢5 = 20y + & [2yti S T P 4042@%1),@]

Xg | o =20z + &% [2zti oy (2 — 22— 2 4a26%$)z'}

Xo | 10 = 2t + &= [—zyyt 2t (2 2+ 4a26%)1§]

The Lie algebra of X4, X5, Xg, X7, Xg, and Xg along with the Noether symmetry
generators of equation (3.4.1) is

(X1, X3] = X2, [X2, X3] = — X1, [Xo, X6] = X1, [X1, X6] = Xo, [X3,Xe] = —Xs5,
[Xo,X5] = Xz, [X2,X5] = Xo, [X3,X5] = X6, X6, X5] = X3, [Xo, X4] = 52Xo,
[X1,X4] = 52X1, [X2, X4] = X2, [Xo, X7] = 72 X3, [Xo, Xa] = X4,

[X2,X7] = 52X3, [X3,X7] = —Xs, [Xo,X4] = 52 X0, [Xo, Xs] = 52 X5,

[X1,Xs] = +Xa, [X2, Xs] = X4, [Xo, X4] = —Xs, [Xo, Xo] = X4y,

[X1,Xg] = 52X, [X2, Xo] = 52 X5, [X6, X7] = Xo, [X6, Xo] = X7,

[X5,Xs] = Xo, [X4,X7] = 52 X7, [X4, Xs] = 52 Xs, [X4, Xg] = 51X,

(X, X;] = 0 and [Xj, Y] = 0 otherwise.
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3.10 Seventeen Noether Symmetries and First Integrals

We get only one solution where 17 Noether symmetries exist:
Solution:

Coefficients of the spacetimes are

Components of the Noether symmetry generators are

f = 0182 + c28 + c3,
t
770 = C4Y + ¢c52 + cgx + c108 + 625 + cyst + C17,
1 x
N = celt — cry — cgz + cg + 025 + c18r — 138,

772 =cyt + crx + CQ% —C118 + C18Y — C14% + C15,

z
?73 = c5t + cgx + 625 — €128 + ¢182 + c14Yy + C16,

A= Cl(tz — 2 - y2 — 22) + 2c19t 4 2¢13¢ + 2¢11y + 2¢122 + c18.

The spacetime in this is the famous Minkowski spacetime
ds? = dt? — da? — dy® — d2>.

The Noether symmetry generators other than the minimal set are

(3.10.1)

X4—y§t+t§y, X5_Z§15+t882’ Xﬁ_xfif+t€)8:c’
X7—x§y—yaax, ngx%—z%, Xg:%,

les%, A = 2t, Y2:2si+t;+xi+y§;+z§z,
Y3—saay, As = —2y, Y4:s%, A4:—22,Y6:s%, Ag = 2z

0 0 0 0 0
v. - 29 na o g O A =222 2
5=35 8s+88t+sxax+sy8y+szaz’ 5 x Y z

(3.10.2)

The symmetries X4 to Xg are isometries and Yo is homothety. The first integrals are

given in Table 3.15.
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Table 3.15: First Integrals

Gen| First Integrals

X4 = 2(ty — ty)
X5 =2(tz — tz)
Xe = 2(ti — tx)
Xy = 2(zy — 1Y)

Xsg | ¢g =2(xz — i2)

X9 | ¢10 =21

Y1 | ¢11 = 2(t — si)

Yo | ¢12 = 2sL — 2t — xd — yy — 27]
Y3 | ¢13=2(sy —y)

Y4 | h14 =2(s2 —2)

Ys | ¢15 = $2L — s[tt + xi + yy + 23] + 12 — 22 — 32 — 22

Y6 (blﬁ = Q(S.jf — JI)

99

The Lie algebra of X4, X5, Xg, X7, Xg, X9, Y1, Y2, Y3, Y4, Y5 and Yg along with the

symmetry generators of equation (3.4.1) is

(X1, X3] = X2, [X2,X3] = — X1, [Xo, X4] = X1, [X1,Xy4] = Xo, [X3,Xy4] = —Xs5,
[Xo, X5] = X2, [X2, X5] = Xo, [X3, Xs5] = X4, [X4, X5] = X3, [Xo, X6] = X,
(X1, X7] = =X, [X3, X7] = X3, [X2,Xs] = —Xo, [X3,Xs] = X7, [Yo,Y3] =
[Yo,Y4] = —Xa2, [Yo, Y1] = Xo, [Xo, Y2| = Xo, [X1,Y2] = Xy, [Yo, Ye] = —Xo,
[Xo,Ys5] = Y1, [X1,Ys5] = Y3, [X2, Ys5] = Yy, [Yo, Y5] = Y2, [X2, Y2| = Xo,
[Yo,Y2] =2Y0, [X4,X6] = —X7, X4, X7] = —Xg, [X5,X6] = —Xg, [X5,Xs] =
X5, Y4 =-Y1, [X5,Y1] =Yy, X6, X7] = Xy, X6, Xg] = X5, X6, Xo] = —Xp,
(X6, Y1] = —Ye, [X6, Y6| = Y1, [X7,X3s] = —X3, [X7,X9g] = X2, [X7,Y3] =
[X7,Ye] = —Y3, [Xs, Xo|] = —X2, [Xs, Y4] = Y, [Xs, Y6] = — Y4, [X9,Y5] =
(X9, Ya] = Xg, [Y3,Y2] = —Y3, [Y4,Y2] = =Yy, [Y1,Y2] = —Yy, [Y2,Y5] =

[Xiv Xj}

=0, [Xj,Y;] =0 and [Y;,Y;] = 0 otherwise.

_X67



Chapter 4

Approximate Noether Symmetries
of Arc Length Minimizing
Lagrangian of Time Conformal

Plane Symmetric Spacetimes

4.1 Introduction

Energy and momentum are important quantities whose definitions have been a focus of
many investigations in general relativity. Although several attempts are made to define
them [40,41, 65], unfortunately, there are no accepted definitions so for.

In 1915, Emmy Noether [58] proved that there is one to one correspondence between
the symmetries of the action (Noether symmetries) and conservation laws [6,48, 54, 57].
That is for every Noether symmetry, there exists a conservation law (conserved quantity).
Here we find the approximate Noether symmetries of the action of time conformal plane
symmetric spacetime for the investigation of energy and momentum [37,47,55, 71, 79].
Fortunately, we find three different approximate Noether symmetries, one corresponds to
the energy, the second one corresponds to scaling and the third one corresponds to the
Lorentz transformation.

For this purpose we take first order perturbed plane symmetric metric, find its arc

60
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length minimizing Lagrangian density and use it in the approximate Noether symmetry
equation. We obtain a system of 19 PDEs. The solutions of this system give us all
those spacetimes which admit approximate Noether symmetry/symmetries. These space-
times are not the exact gravitational wave spacetimes, but will help us understanding these
spacetimes [24,77,78,80]. The approximate Noether symmetries correspond to the approxi-
mate first integrals which define the conservation laws in the respective spacetimes [74-76].
These are the approximate gravitational wave spacetimes which provide us the insight and
information about the exact gravitational wave spacetimes [26-30,39]. We present here

only those cases where the approximate Noether symmetry(ies) exist(s).
4.1.1 Perturbed Plane Symmetric Spacetime and its Lagrangian
We take the plane symmetric static spacetime as
ds? = /@ dt? — dz? — e (dy? + dz?), (4.1.1)
and the corresponding Lagrangian density is

Lo=e"®{ 32— er@ (2 4 22), (4.1.2)

[1

where 7 denotes differentiation with respect to s. We perturb the metric given by

equation (4.1.1) by using the general time conformal factor e¢/(*), which gives
ds? = eT® g2, (4.1.3)
and the corresponding perturbed Lagrangian density takes the form
L=elr,. (4.1.4)

The first order perturbed plane symmetric metric and its Lagrangian density, in expanded

form are
ds? = e"@at? — dz? — "D (dy? + d2?) + ef () {"@dt? — da® — @) (dy? + d2?)},

L=e"D — 37 — e (g2 4+ 22) 4 ef () {7 — i — " + 27}

(4.1.5)
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4.1.2 First Order Approximate Noether Symmetry and Noether Sym-

metry Equation

The operator
0

ox?’

o .
Xe = 56% + 1 (4.1.6)

is the Noether symmetry generator if it satisfies equation (2.2.41) for first order extension
0 i 0
Xe :X5+7]68@7 (417)

first order Lagrangian density given in equation (4.1.2) and differential operator (3.2.4),
where the subscript ‘e’ denotes the exactness of the generator and z? refer to the dependent
variables t, x,y, 2.

The first order approximate Noether symmetry is defined as
X =X, + eXg, (4.1.8)

up to the gauge A = A, + €A,, where

0

5 (4.1.9)

0 .
Xa :fag +772

is the approximate Noether symmetry and A, is the approximate part of the gauge function.

X is the first order approximate Noether symmetry if it satisfies the equation
XYL+ (De)L = DA, (4.1.10)

where X is the first order prolongation of the first order approximate Noether symmetry
X given in equation (4.1.8). Due to the first order approximation, the equation (4.1.10)

splits into two parts as follows
XL, + (Dg,)L. = DA,, (4.1.11)

XM, + XU L, + (D€ Ly + (DE)Le = DA,. (4.1.12)

ALl n, b, &, &a, Ae and A, are the functions of s, ¢, x, y, z and ni,, n., are functions
of s, t, x, y, 2, t, &, 9, 2. Equation (4.1.11) is the exact Noether symmetry equation the
solution of which is given in Chapter 3. For the approximate Noether symmetries we will
solve equation (4.1.12) which provide a system of 19 PDEs whose solution provides us the

cases where the approximate Noether symmetry(ies) exist(s).
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4.1.3 Determining PDEs for Approximate Noether Symmetries

From equation (4.1.12) we obtain the following system of 19 PDEs.

§at =0, Cax=0,8y =0, &.=0, Ays=0,

2005 + f(N2)e"™ — Ay =0, 2(ng+ f(t)0ls) + Aaw =0,

F®nd + (g + f(On ) () + 200, + F(£)n2,) — f(t)éess — Eas = O,

Fetn2 + (nk + FOmDE (@) + 2002, + FO2,) — F(B)éers — Eas =0,

Fet)nl + (nh + FOmDE (@) + 200 . + FON2.) — F()eis — Eas =0,

Fe®m2 + 200 4 + 2f (O)nep — F()€eis — Eas = 0, (4.1.13)
2007 5 + F(OM2)e" ™ + Agy = 0,2(03  + F()n2 e ™ + A, . =0,

Moy T LNy + (o o+ L2 ™ =0, ny+ F(nd, + (nd, + F(t)nd,)e"™ =0,
Mg + FOME s — 000+ LN ™ = 0,e"@ (F(t)nd, +nl,) — e (F(t)m2, +n2,) =0,

D (fme, +nd.) — e O (ftmd +nd) =0, (fFOmE, +n2) + (FOnd, +ni,)=0.

Solutions of this system provide those spacetimes where the approximate Noether symme-

tries exist.

4.2 Solutions of the Perturbed System Given in Equations

(4.1.13)

4.2.1 Five Noether Symmetries and Time Conformal Spacetime

There are infinitely many plane symmetric metrics, the actions of the Lagrangian of which
admit only five (minimal set of) Noether symmetries. We list few of them in Table 4.1.

The exact Noether symmetry generators in these cases are

0 0 0 0 0
Yo=—, Xi=—, Xo=—, X3=y— —2— 4.2.1
and the approximate Noether symmetry is
Xg=2 49 (4.2.2)

ot «0s
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The approximate Noether symmetry generator given in equation (4.2.2) corresponds to

the energy in the given spacetime. The first integral corresponding to Xg is

do = —2e"@i — —(2tie’ ™ — Ls).

€
[0

Table 4.1: Metrics for five symmetries

No. | v(x) () £t
L. | 2In(%) z L
2. | 2 2In () L
3. | 2In(3) 21n cosh(2) t
4. | 2In(2) 21n cos(Z) L
5 | & 2Incosh(£) -
6. |2 21n cos(2) L
|z non — linear :
8. | aln(g) p(x) #0,u(x) #alnZ | L
9. | v(@) # p(x), v (2) #0 | p'(2) #0,p(x) #alnZ | L
10. | v () # 0,v(x) #aln 2 | v(z) # p(z), 4 (z) # 0 é

All the ten classes given in Table 4.1 have five Noether symmetry generators in which only

one symmetry generator Xo has approximate part.

4.2.2 Six Noether Symmetries and Time Conformal Spacetimes

There are two classes of six Noether symmetries, where the approximate part(s) exist(s).
The action of the Lagrangians of the metrics given in this section admit six Noether
symmetries in which some of the symmetries admit approximation. The detail calculation
is given below:

Solution-I:

Using the exact solution
ar o al-Fky
2 Y 776 4

O =cis+tey, A=c, V(.%):an(g), u(w):kzln(g),

a(2-k)z

— C4Z + Cs, 7732 1

0 1
MNe = €3, T = — ¢4z + cg,



CHAPTER 4. TIME CONFORMAL PLANE SYMMETRIC SPACETIMES 65
in system (4.1.13) we obtain the approximate system as

€,=0, &,=0, &,=0, &.=0 A,=0,
z? 0 1
Aa,t - 2@”(1,5 = 07 Aa,a: + 2770,,8 - 0,

ak 2 a 3
Aa»y + 2@”@5 =0, Aa,z =+ 2377(1,3 =0,
2 k
x x
Mt — @ﬂg,z =0, Myt Jng,z =0, 423)

k
T~ 3 2 3
nclt,z + Jﬁa,x = 07 Na,z + na,y = O’

1'2 Z’k .:UQ Jfk
Ty~ et =0, “glaz— ey =0
a2 ley ket o g2ler ket )

2
cafi(t) + 277;,93 - fg,s =0, c3fi(t)+ 577; + 2772,t - 52,3 =0,
k k
cafi(t) + ;77; + 2772,@, - 52,3 =0, c3fi(t)+ 5773 + 2773,2 - fg,s =0.

Solving the above system the components of the Noether symmetry generators and the

value of f(t) become

s U U S C A L
=5y T3 =5 T oy
2 C3(k‘ — 2)y b1(2 — k:)y
= —b b
Na Ao + 4 22 + 3
3 c3(k—2)z bi(2—k)z
= b b
Mo 1o + 1 + 02y + 04,
t

Aa:b7 §2:b13+b07 f(t) :a

Metric of the spacetime takes the form

ds? = (2)2 A2 — da® — (g)k (dy? + dz2)+

el jaN? ) N , (4.2.4)
a((a) dt? — da? — (5) (dy?® + d= )), k#0,2, a#0.
The approximate Noether symmetry generator in this case is
0 € 0 0 0 0
Xo==———(2t—+2z—+2—-kly—+2—-k)y— ). 4.2.5
= 5 4a< ot T g TRy, )y8z> (425)

The conservation law or first integral corresponding to the Noether symmetry generator

given in equation (4.2.5) is

@[ (B g et (@) g (2))]
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Solution-II:

By substituting the exact solution

2—k c1T

1 Y + c2, 77;:77 7732—0324-04, 772:032-1'057

& =cis+cy, A=c, V(m):kln(g), ,u(x)len(%),

0
Ne = C1

in system given in equations (4.1.13) we get

ég,t =0, fg,;p =0, fg,y =0, fg,z =0, Aa,s =0,
k
X
Amt — 2@7]2,5 = O’ Aa7x + 277;5 = O,
2 2
xZ X
Agy +25me =0, Au.+2-5m5,=0,
(6 «
k 2
1 T 0 1 T~ 2
Nat — Jna,:v =0, Na,y + ?%,x =0,
1 9572 3 _ 2 3 0
na,z + aQ na,x - na,z + na,y ]
1,2 $2 1,2 2

x
Qng,y Qnat 2n2z - azng,t =0,
c1(2 -
< : +C?>ft +277a:1: ég,s =0,
< +02>ft + na+2nat 52,5 =0,
( +02>ft +$na+2nay 62,5207
k
< + 02> fe(t) + ;ni + 2772,z - fg,s =0
Solving this system we obtain the following solution
2 2 2
o cat?(2—k cot(2 —k bit(2 -k
0= — 1k_2_1( ) etR-k) Wtk
Sax 32« da 4
1_bws a@-k)tz cx bz
Ta =79 8a 2 27

Mo = —baz+bs, 1 =bay+bs, A= Dbs,
t

& =bis+bo, f(t)=
The spacetime takes the form
2 A 2 £\Z 2
ds® = (—) dt* — dz* — <—> (dy” +dz")+
Q@ Q@

el kdt2—dl'2— il Q(dy2+dz2) , k#0,2, a#0.
a\ \a o

66

(4.2.6)

(4.2.7)

(4.2.8)
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The following two approximate Noether symmetry generators are obtained

o e 0 0
0 t2-k)0 =x0 z2af 22 -k2 0 (2-Kktz 0
S N T (<8amk T3 ot sa as) @20

The first integrals corresponding to Xy and X; are given in the following table

Table 4.2: First integrals

Gen| First integrals
Xo | on=2|=(3)"1 - £(2)" (i - ) + 5]
Xy | g1 =sL— (2)F 2R 4 g

€ 2 z\k [ t31(2—Fk)? t2i(2—k xtt(2+k
_7{_%4_(&) ( (16) + (2 ))_ (4 )w

4.2.3 Eight Noether Symmetries and Time Conformal Spacetime

We have only one spacetime, the action of the arc length minimizing Lagrangian of which
admits eight Noether symmetries in which four symmetries admit approximate parts:
Solution

Putting the exact solution

c1(2—-k)t 1z
770:71( 1 ) + oy + 3z + ca, 771=*127
c1(2—-k c1(2—-k)z
n = 1(4)y +eot —csztcg, M= w + cst + csy + c7, (4.2.11)

_ 0_ _ Ty _
A_Ca 5 = €15 + co, V($) =kln (Oé) IU(QZ'),

in system given in equations (4.1.13) we get the approximate system of 19 PDEs as

§2,t = 07 53733 = 07 gg,y = 07 62,,2 = 07 AG,S = 07
k
X
At — 23772,5 =0, Aa,z + 27731,5 =0,
k k
X X
Agy +2ma =0, Ag.+25n =0,
o e (4.2.12)
1 T 0 1 T 2
Nat — Jna,x =0, Na,y + J’r/a,z =0,

k
1 ) 2 3
Na,z + Jna,x =0, Na,z + Nay = 0,

0 2 _ 0 3 _
na,y ~ Nat = 07 Naz = Nat = Oa
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c1(2 — k)t

(1(4) + oy + c3z + C4> fe(t) + 27731,:0 - 5275 =0,

c1(2—-k)t k

<1<4) + oy + 32+ c4> fi(t) + 577; + 2772,7% - 5375 =0,
o : (4.2.13)

(2 —

<14 + coy + c32 + C4> fi(t) + 577; + 2772@ N 52’5 =0,

ca2-k

‘ k
<4) +coy +c3z + C4> Je(t) + ;77; + 20,z — L, = 0.

The solution of the system given in equations (4.2.12) and (4.2.13) takes the form

o crafa?F _clt2(2 — k)2 _oty(2—k)  cgtz(2—k)  at(2-— k:)+
la = 8a(2 — k) 320 da da da
bit(2—k)  c1y?(2—k)? c12%(2 — k)?

I 32a T T Tt

1 atz2—k) cry crz azr bz

¢ 8ax 2 2a  2a 2
n? = coak =k _aty(2 - k)? B cay?(2 — k) Cayz(2—k)  ay2-k)

* 2a(2—k) ) ;604 ) 8« 4o 4oy (4.2.14)

2 — t“(2 — 2 —
biy@ = k) _ eat ) tbgt+ 2220 @k _ byz + b1,
4 o Sa

5 cgafg?h _atz(2 - k)2 oyz(2-k) c32%(2 — k) _ az(2-k)
fla = 2a(2 — k) 16« 8« 4o 4o
biz(2—k 22—k 22—k
12( )—C3 ( )+b7t+M+b9y+b10,

4 Sa Ba
t
Ag=by, & =bis+by, f(t)=
The metric in this case is
k
ds? = (f) (di? — dy? — d2?) — da?+
o @ (4.2.15)

k
. <<Z) (dt? — dy? — d2?) — dx2> ke #£0,2.

The Noether symmetry generators which have the approximate parts are
0 € 0 0 0 0
Xo==-—2-k)t—+2z—+(2— — 4+ 2—-k)z—
=% Ia <( Rtg + 25, 72— Ryg, +( k)zaz>’
0 t2-k)0 x0 yR—-k)O0  =22-k) O
Xz ™1 ot 1 T 1 o
k 2042 | .2 L2
€ g 2k (P +y +27), 0 a9
8a<{m (=) + 1 }at+ta:(2 k)8x+

ty(2—-k)2 0 tz(2—k)? 0 )

2 oy 2 0z
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0 0
Xo=y—+t——
2= Ve Ty
o (2-ko gH—xQ(%Z) 2-k)(E+y2 -2 0 22—k D
20 2 ot 0 2 —k 4 oy 2 0z )’
0 0
Xa — g b
3 zat + taz
(BR-KO 0 oK ) @b ) 0
20 2 ot ox 2 dy 2—k 4 0z )
The corresponding first integrals are given in the following table
Table 4.3: First integrals
Gen| First integrals
z\k ; € z\k ; —k)ti T z\k —k)yy —k)zz
Xo | ¢ =2 [— (£) i-g((2)" (F-C20) + 5+ (5)" (e + ))]
Xy | ¢1=sL— [“(22’“) (g) — zg — WEK) <§> b)) <g> ] ~= [— R
k
x t(2—k)2(t2+y%+22 tyy(2—k)? | tzz(2—k)® | t?#(2—k t(2—k) (yy+=z2
(a) <_ CoRAER ) | i) | R | 2R R ))]
. o s 24,2 ,2 . . . 224
X | n =2 (2)" (g~ )~ £ | (£)" (- W40 HERAERAD ooy ) ) 4ty - 55
X | g5 =2(2)" (3t—2i)— < { (2)* (— Lel2=k) | 22ok)(E a7 =y") +2(tzi—t22")> tadz— 22

4.2.4 Nine Noether Symmetries and Time Conformal Spacetime

We have only one class of nine Noether symmetries where the approximate symmetries

exist:
Solution:

Substituting the exact solution

770 = c3Y + c42 + 5,
n® = est + coy + cs,

v(z) = p(r) =2In (

cors T
n' = 22 17, n* = cst — coz + ¢,
2 2
25 —Cx
50:27+018+CQ, A= 22 + co,

x)
>
«
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in system given in equations (4.1.13) we the get the following system of determining PDEs

Ee=0, £,=0, &,=0, &.=0, A,5=0,
2
cotx
Aat_2 277as_07 T+Aa$+2nas_07
2 2
X X
Agy +25m2 =0, Au.+2-5m5,=0,
(6 [0
2 2
1 T~ 0 1 )
Nat — ?Tla,x =0, Na,y + @na,x =0,
1 a? 3 2 3
Na,z + ?na,x =0, Na,z + Nay = 0,

(4.2.16)
Moy~ May =0, gz —Tay =0,
(csy + caz +c5) f(t) + 277a - 5’2,5 =0,
(csy + caz + c5) filt) + na + 277at 5275 =0,
(C3y +caz + C5) + xna + 277(1 Y 52,5 = Oa
2
(C3y +caz + 65) + xné + 277(1 z ‘gg,s =0
The solution of system given in equations (4.2.16) takes the form
0 cosa? by bes 4 1 baxs  c3ry  caxz  csx n b1x+
= — Z‘ f— J— J— R — —_—
"Ta i WTHET M= 9T T 00 T 20 20 2
cza?In & csc®In &
M =200 bt — bzt by, 0P = % bt + byy + b, (4.2.17)
2c 2c
cot | 22 bys? t
Aa (bz+l) + bs, 52—27+b18+b07 f(t)za-
The spacetime in this case takes the form
2
ds? = (f) (di? — dy? — d2?) — da?+
o o (4.2.18)
— (() (dt* — dy* — dz*) — dz:2> , a#0.
@ @
The approximate Noether symmetry generators are
0 ex O 5 0 0 ea?s 0 cot
Xo== ————, X;=5— — —~ . A=_=2
79t 2001 ! 885+8 or  2a ot ol
0 0 € 0 x 0
Xy = t— — — [ zy=— — a?1
2 Y5 Ty T 2a (‘”yax “ny ay> (4.2.19)
0 0 € 0 x 0
Xg=z—+t— — — —a’ln=—
3 28t+ 9z 2 <x28:): ¢ Moz )

The first integrals corresponding to Xy, X1, X2 and X3 are given in the following table
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Table 4.4: First integrals

Gen| First integrals
p) . p)
o)
' 2

X1 | ¢1 = 2L + 2sxd + < {sazt 2+ 23:1:1556]

2 . 2 .
Xa | ¢ = 2(;5) (gt — yi) — £ [(g) <2tty + ga?In <g> - 2yt2> + xxy]

2 2
X3 | ¢3 = 2(2) (3t —2t) — £ Kﬁ) (2tt'z + 0% In (g) — 22t2> + mm'z}
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Chapter 5

Noether Symmetries of the Arc
Length Minimizing Lagrangian of
Cylindrically Symmetric Static

Spacetimes

5.1 Introduction

In this chapter symmetries of the arc length minimizing Lagrangian of cylindrically sym-
metric static spacetimes are given. These symmetries not only classify the spacetimes but
also provide us first integrals corresponding to each Noether symmetry [1,9,20,33,43]. The
first integrals give the conservation laws in the respective spacetimes. The classification of
the spacetimes is carried out on the basis of different number of Noether symmetries, that
action of the corresponding geodesic Lagrangian admit.

The most general form of cylindrically symmetric static spacetime is [14]
ds? = "Mt — dr? — e!E2de? — a2 (5.1.1)
The corresponding arc length minimizing Lagrangian density takes the form

L=e'Mi2 2 _ onp242 _ oA 22 (5.1.2)

72
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where “*” denotes differentiation with respect to s. We obtain symmetries for the corre-
sponding action of this Lagrangian density and then using the famous Noether’s theorem

we obtain first integral corresponding to each Noether symmetry.

5.2 Determining PDEs Of Cylindrically Symmetric Static

Spacetimes

The Noether symmetry generator for the action of the arc length minimizing Lagrangian

given by equation (5.1.2) is

0 ; 0
and its first order prolongation is
i i 0
XY =X +n; D’ (5.2.2)

where z¢ denote the dependent variables ¢,7,0, z) and £, n* [25] are functions of (s,t, 7,0, z.
The components of the extended generator, that is n are functions of s,¢,7,0, 2, %, 7, 0,z

Using the Lagrangian given by equation (5.1.2), symmetry generator given by equa-
tion (5.2.2) and differential operator given by equations (3.2.4) in the Noether symmetry

equation (2.2.41) we get the following system of 19 PDEs

gtzoa ‘fr:(), 5920’ EZZO, ASZO,

26”(7")178 = A, -2yl =A,,

— Qer“(T)ng = Ay, —26’\(T)n§’ =A,,

' +2m — & =0, Ken —Xnf =,

(5.2.3)

ny + e OE2 =0, nl+ e p =0,

/Ol —nf =0, Vg — Okt =0,

e/l — Xy =0, W (rn' + 20 — & =0,

N(rm' 22 =& =0, 2n —¢&=0.
Solutions of this system give us distinct arc length minimizing Lagrangian densities of
cylindrically symmetric static spacetimes along with distinct set of the Noether symmetries

and first integrals. In order to keep a distinction between Killing vector fields and Noether
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symmetries we use a different letter, namely, Y for those Noether symmetries which are
not Killing vector fields. It is also remarked that the Lagrangian given by equation (5.1.2)
is independent of s, t, § and z, so the minimal set of the Noether symmetries admitting
by the action of the geodesic Lagrangian density given by equation (5.1.2) of cylindrically

symmetric static spacetime consists of four Noether symmetries which are

Xo

I
|
(e
I
|
e
I
|
..<
o
I
|

(5.2.4)

Here X, X3, X2 are isometries and Yg is the Noether symmetry under which the La-
grangian density remains invariant. For each Noether symmetry a first integral can be
obtained by equation (3.2.5), where ¢ denotes the dependent variables t,r, 6, z. First in-
tegrals corresponding to the minimal set of Noether symmetries for arc length minimizing

Lagrangian of cylindrically symmetric static spacetime are given in Table 5.1.

Table 5.1: First Integrals for the minimal set

Gen| First Integrals

Xo | ¢po = —2e¥i
X1 | ¢1 = 226
Xo | ¢g =21z

Yo | ¢5 = e?(i2 — 52 — (N[22 _ A1) 32 — 1

5.3 Five Noether Symmetries and First Integrals

There are infinitely many classes of cylindrically symmetric static spacetimes for which
the action of the corresponding Lagrangians admit five Noether symmetries. We list some
of the classes of these spacetimes in Table 5.2. List of the fifth symmetry and the corre-

sponding first integrals for the classes given in Table 5.2 are given in Table 5.3.
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Table 5.2: Cases of Five symmetries

No. | v(r) p(r) A(r)

L | am(2) r const

2. | aln (%) u(r) # bl (Z) | const

3. | L 2In (1) const

4| v(r) #£aln () | bln (Z) const

5. | aln(%) const -

6. | aln(Z) const A(r) # cln (%)
7. |- const bln (%)

8. | v(r)#aln (L) | const cln (%)

9. | const bIn (L) A(r) # cln (Z)
10. | const bIn (L) a

11. | const r cln (%)

12. | £ i 5

13. | 2In (Z) bln (3> cln (;)

14. | aln (%) 2n (3) cn ()

15. | aln (Z) bIn (B> 21n (;)

16. | aln (%) bin () cin (1)

5.4 Six Noether Symmetries and First Integrals

75

In Table 5.4, a list of coefficients of cylindrically symmetric static spacetime, additional

Noether symmetries and gauge functions are given. There are 24 classes of cylindrically

symmetric static spacetimes the actions of the corresponding geodesic Lagrangians of which

admit six Noether symmetries. The first integrals or conservation laws corresponding to

the symmetries given in Table 5.4 are given in Table 5.5. It is evident form Table 5.3 that

the fifth Noether symmetry generator for arc length minimizing Lagrangian densities of

cylindrically symmetric static spacetimes is either a galilean symmetries or homothety. We

also see from Table 5.4 that the fifth and sixth Noether symmetries are homothety and
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galilean or homothety and rotations (pure rotation or boosts).

Table 5.3: Cases of Five Symmetries

No. | Fifth symmetry Gauge First Integral
Functions
L | Yy=s2 A= -2z | ¢y =2[sz— 2]
2. | Yi=52 A= -2z | ¢y =2[st— 2]
3. | Y= s% A= -2z | ¢qg=2[sz—2]
4. | Yy =52 A= -2z | ¢y =2[sz — 2]
5 | Yi=s =20 | ¢y = 2k?[s6 — 0]
6. | Yi=s% A=—20 | ¢y =2k?[s6 — 0]
7. | Yi=5% A=-20 | ¢y =2k?[s6 — 0]
8. | Yi=s A=—-20 | ¢y =2k*[s6 — 0]
9. | Yi=52 A =2t b4 = 2[t — si]
10. | Yy =s2 A=2t bs = 2[t — si]
11 | Yy =52 A=2t by = 2t — si]
_ 0 9 6 9 z 0 _ _ ew 09’626% zze#
12 | Xs =5, — 555 — 3550 — 355: A= $g = 20 4 HES — EEES — ==
) 2-bp 0 2—c_d 2-b)00k> [ r\b 2—c)zz (r\C
B | Ya=sg,+ 705 + 725 A= ¢4 = L4 BB (1) 4 B2 ()
_ .0 2—ay4 0 2—c . O _ _ 2—a)tt [\ @ 2—c)zz (r\C
Mo\ Yo =sg,+ 085 + 720 A= ¢4 = sL— B ()" 4 B ()
_ .0 2—a; d 2-bp d _ o (2—a)ti (r\@ | (2—b)OOK> [\
15 | Ya=sg; + g + 705 A=0 ¢a=sL—=2(5)" + =5 (%)
—a — —c —a)tt (r\a — k> (D
16. | Yi=sZ+ 590 + 5890 1 22¢, 0 | A=0 ¢y = sL — Gz (r)e y Q00O ()P
2—c)zz (r\C
( 2) (&)

5.5 Seven Noether Symmetries and First Integrals

All classes of cylindrically symmetric static spacetimes for which the action of arc length
minimizing Lagrangians admit seven Noether symmetries are given in this section. There
are three classes of cylindrically symmetric static spacetime the actions of the Lagrangians
of which admit seven Noether symmetries, the detail of these spacetimes are as foolows :
Solution-I:

Coefficient of the metric are
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Table 5.4: Cases of Six Symmetries

No. | Metrics Symmetries, Gauge Functions

Lo | v(r) =%, pu(r) = const, \(r) = % Xs= & — 5o — 5500 Y1 =545, A1 = —2k%0

2. V(r):§7ﬂ(r):%,A(r):const X3:%—ﬁ%—%%7Y1:s%,A1:—22

3. V(r):const,u(r)zg,)\(r):% ngg—%%—%a%,Yl:s%,Al =2t

4. |\ v(r) =L ulr)=5,A(r) ==& Xs= & — o~ 2500 o Xa=24 1L

5. V(r)zéy(r)z%,)\(r)zg &:%—ﬁ%—%%—%%,m:z%—ak?%

6. | v(r)=%,u(r)=L,\(r) =% Xs =3 — 2%~ omos 3500 Xa =135 + 0BG

7. | v(r)=alnZ, pu(r)=2InZ, \r) = const les%—kﬁat%—!—%%—i—%%, Y2=8%,A2 —2z

8. v(r)=2In%,u(r) =bln 2, \(r) = const Y1:5%+2T_1’0%+%%+§%,Y2:3%, A = =2z

9. |v(r)=alnZ, u(r)=>blnZ, \(r)= const Yi=s2+35442 410 4200 1 20 vy, =52 A=
—2z

10. | v(r) = const, pu(r) =2In 2, A\(r) = cln = Yl:5%+%%+%%+2262%,Y2:5%,A2:2t

11. | v(r) = const,u(r) =bIn =, A\(r) = 2In = Y]_:S%+§%+g%+%9%7Y2:S%,AQZQt

12. | v(r) = const, u(r) =bln 2, A(r) =cln = Yi=sZ+Li8 420 422090 1 22,0 v, =52 A=
2t

13. | v(r)=2InZ,u(r) = const,\(r) =cln = Y, :s%—i—%%—i—g%—i— QZCZ%,Y2:S%7A2——21€29

14. | v(r) =aln Z, u(r) = const, \(r) = 2In Yi=s2 +25%2 + 12 4 8.0 YV, =52 Ay = —2k%0

15. | v(r) =aln Z, u(r) = const, \(r) = cln = Yi=sZ+20 2 410 400 122, 0 vy =52 A =
—2k20

16. | v(r) =alnZ, pu(r) =2InZ, A(r)=aln Yi=s2 +233%2 + 12 20,0 Xg=20 +t2

17. [ v(r) =2 L, u(r) =bIn Z,\(r) =blnL | Yy=sZ +52 422000 4 26,0 Xg =0 _9k*2

18. | v(r)=alnZ,u(r) =aln Z,\(r) =2In = Yy =s + 2540 420 4 22090 Xg = 202 + 12

19. | v(r)=2InZ,u(r)=bln = A(r) =2In = Y1=S%+%%+?9%7X3:z%+t%

20. | v(r)=2InZ,pu(r)=2InZ, A(r)=cln’ Yl:8%+%%+21c2%,){3:k29§t+t%

21. | v(r)=alnZ, p(r) =22, A(r) =2InZ Yi=s&+52 42590 Xg=22 k02

22. | v(r)=alnZ,u(r)=aln 2, A(r) =cln Z Y1:s%—i—%t%—ﬁ—%%—i—%@%—ﬁ—t‘z%,xg—k298t+
n

23. |v(r)=alnZ u(r)=0blnZ A(r)=aln’ Yy =sZ+25% 0 420 4 22090 4 220,080 X = o0 4
2

24. | v(r)=alnZ, pu(r)=>blnZ A(r)=>0blnZ Yi=s2+23% 0 410 4220908 4 22050 Xy =0

k202
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Table 5.5: First Integrals For Table 5.4

78

No. | Generators First Integrals

Lo | Xey Yy | gu=2i+h o eis g 9p2(e) g

2. | Xa, Y1 | gu=2r4 it OO 4o

3. | Xs, Y1 | gumor— eEONE_cha g o g

4| Xa, Xy | ga—2r el RO eRa g ook o

5. | Xa, Xa | gp—2r4 it RO it g ochp2l — g

6. | Xs, Xa | ¢g=2r+ o RO cPa g ocEp21 gj)

7. Y:, Yo ¢4:sﬁf%‘l(§) tt+ i+ 22, @5 = 2[s2 — 2]

8. Y, Y ¢4—s£+27(£) 00k? + ri + 22, o5 = 2[s2 — 7]

9. Y., Y, ¢4_5£_7(,) ti+ =L l( )99k2+rr—|—zz 5 = 2[s2 — 2]

10. | Y1, Y ¢s = sL—tt+r7+ 25¢(2) 22, ¢5 =2t — si]

11. | Yy, Y- ¢s = sL—ti+ri+ (L )09k2 b5 = 2[t — si]

12. | Y1, Yo by = sL— tf + 52 (2)%00k2 + 17 + 55(2) 22, ¢5 = 2[—st +1]

13. | Y., Y ps =L+ 17+ 00k* + 5¢(2) 22, ¢5 = 2k2[s0 — 0]

14. | Yy, Y, ¢4—s£f—(f) ti + 77 + 00k2, ¢>5 = 2k2[s0 — 0]

15. | Y1, Y ¢y =L — 252 (2) " + 1 + 00k + 25°(L) 22, @5 = 2k%[s0 — 0]

16. | Y1, Xgj ¢4:s£——“(§) tt + r7, ¢5:2[z—zf]

17. | Y1, Xs | da=sL+ri+ (2)%+ 252(2) 00k% + 252 (2) 22, g5 = 2k2[26 — 02

18. | Y1, X by =sL— 252 (2) 4+ ri + 52(2)° 09k2, o5 = 2k2[t0 — 0]

19. | Y1, Xs ps = sL+17+ 52(2)00K2, 5 =2tz — 2]

20. | Y1, X3 b1 = <(£)%2%,  ¢5 = 2K2[t0 — 0i]

21. | Y1, Xs ¢y = sL+1i — 252 (L) ",  ¢5 = 2Kk2[20 — 0]

22. | Y1, Xs G1 =L+ + 252 ( L) "t + 252 (L) 00k + 25°(L) 22, ¢5 = 2k2[t0 — 1]

23. | Y1, Xs ba = L+ 17+ 259 (2) 4 + 250 (2)°00k2 4+ 250 (2) 25, gy = 2[t2 — 2]

24. | Y1, X3 by = L4 i — 50 (L) i 4 250 (2)°00k2 4+ 25 (L) 22, ¢y = 2k2[20 — 03]

Components of the Noether symmetry generators are

E=c1s+c, n'= Cl% +e3s+cq, 1= Clg, 772 = 012_69—C5Z+66,
n=a _bz+05k20+07, A = 2¢3t + cs.
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The spacetime for Solution-I above takes the form

3)bk2d92 - (1

o o

b
d52:dt2—dr2—( )sz, k40,2, a0

The additional symmetries along with set of symmetries in equation (5.2.4) are

0 td rd 2-b,9 2-b 0

Y,=s2 410419
=% T2at T2ar T 1 ‘a6 4 Con (5:5.1)

9 o .0 2
Y2 = SE, A2 = 2t, X3 = —Z% +k’ 9@

The first integrals of these symmetries are given in Table 5.6.

Table 5.6: First Integrals

Gen| First Integrals

X3 | ¢4 = 2(Z) k203 — 0]
Ya| g =L th i+ (5) 2200087 4 (5)" 3502

Yo | ¢6 = 2t — ]

Solution-II:

Coefficients of the metric are

r

v(r)=pu(r) =aln (—) . Ar)=c

«
Components of the Noethter symmetry generators are

r 2 —

2—a 9
—_ = C
27 n 1 4

t+esk®0+ca, nt=c a9+03t+66,

E=cis+c, 1’ =ci

z
n? = css + 1y +c7, A= —c52z + cs.
The spacetime takes the form

ds? = (1)adt2 —dr? - (g)adeGQ _d2, k40,2, a0

(67

Here we have the following three additional symmetries along with the minimal set.

0 2—a 0 rd 2—a. 0 z 0

Yi=so 420 10 220,020
Vs T T e T aer T e e (55.2)

9 2, 0 D >
Y2 = S&, A2 = —227 X3 =k 9& +t%

The first integrals are given in the following Table 5.7.
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Table 5.7: First Integrals

Gen| First Integrals

X3 | g1 =2(L)K2[t0 — 6i]
Y1 | 65 =sL— (L)" 355t + v+ (2)"25200k% + 22

«

Yz (b@ = 2[82': - Z]

Solution-III:

The metric coeflicients are

v(r)=Ar)=aln (1) , u(r)=-c.
@
Components of the Noethter symmetry generators are
0 2—a 1 r 9 0
E=c1s+c, 1 =c t+czz+ces, 1 =ag, N =cag;tesstce

2—a

772 =cst+ z+cr, A= —C52/€20 + cs.

The spacetime takes the form
ds? = (f)adt2 — dr? — K2d6? — (1)adz2, 40,2, a0
Q@ Q@

The following are the additional Noether symmetries

0 2—a 0 r 0 6 0 2—aﬁ

Yi=so ™ ‘et Tome T 4 Can
0 ) o 0
Y, = S%, Ay = —2k70, X3 = Za —l—t&.

The first integrals for these symmetries are given in Table 5.8.

Table 5.8: First integrals

Gen| First Integrals

X3 | ¢4 =2(L)"[tz — 2]

Y1 | 65 =sL— (L)" 5% + ri 4+ 00k + (L) 25222

Yo | ¢ = 2k2[s6 — 6]

80

(5.5.3)

(5.5.4)



CHAPTER 5. CYLINDRICALLY SYMMETRIC STATIC SPACETIMES 81

5.6 Eight Noether Symmetries and First Integrals

There are seven different classes of cylindrically symmetric static spacetimes the actions of
the Lagrangians of which admit eight Noether symmetries. The detail of these spacetimes
is given in this section:

Solution-I:

The metric of the spacetime has the following coefficients

r
v(r) =aln (—) . w(r)y=rc, Ar)=co.
o
Components of the Noether symmetry generators are
0 2—a 1 r 9 0
§=castc, n = t+c3, n =g, =gt as -6zt

n® = 01% + 78+ e5k?0 + cg, A= —cs2k%0 — 722 + cy.

The spacetime takes the form

ds® = (Z

)a A2 — dr? — K2d6% — d22, a#0,2, a#0. (5.6.1)
o

The additional symmetries are

0 2—a,0 rd 600 z0 0 B 9
Yi=sos P et 2o T2a0 T ras Y275 AT 0 (562)

B 9,0 w
Y3—S&, A3——2Z, XS—Z%—]C 0%

The corresponding first integral are given in Table 5.9.

Table 5.9: First Integrals

Gen| First Integrals

X3 | ¢y = 2k2[20 — 03]

Y. | ¢5=sL— (g)a%“ti + 77+ 00k? + 2
Yo | ¢ = 2k3[s6 — 6]

Y3 | o7 =2[s2 — 7]

Solution-II

Coefficients of the metric are
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Components of the Noether symmetry generators are

t r
E=cis+ca, 7’ = g +ezstcaztes, n= €1y

n=c 1 0 + cg, n3201§+075+64t+68, A = 2¢3t — 2¢72 + cg.

The corresponding spacetime is

ds® = dt2 — dr® — (5

«

b
) K2d0% — dz2, b#0,2, a#0. (5.6.3)

The additional Noether symmetry generators are

0 to rd 2-b.0 20 0
TR T TR F R TR T T
Y’_g A__2 X—g—i-tg -
3T 5, BT TES AT Ag TG

The first integrals are given below in Table 5.10.

Table 5.10: First Integrals

Gen| First Integrals

X3 | ¢y = 2tz — 2]

Y1 | ¢5 = sL—ti+ i+ (£)"25200k2 + 22
Yo | ¢ = 2[t — si]

Y3 | o7 =2[s2 — 2]

Solution-I11

The metric coeflicients are

v(r)=c, w(r)=-cy, Nr)=cln <§) .

Components of Noether symmetry generators are

t r
§ =c1s + co, ﬁ0=C1§+638+C4k29+C5, 77120157

2—c

0
7’]2201§+C4t+068+07, 7]3201 z + cg, A = 2cst — 2c6k%0 + cg.

The corresponding spacetime takes the form

T

ds? = dt* — dr? — k?dp* — (—)Cdz2, c#0,2, a#0. (5.6.5)
a
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The additional Noether symmetry generators are

o to ro 60 2—c 0 0
TR T AT A A et A
0 B 9 9,0 0 o
Y3 = 5%7 A3 = -2k 9, X3 =k 0& +t%

The first integral for these symmetries are given in the following Table 5.11.

Table 5.11: First Integrals

Gen| First Integrals

X3 | ¢4 = 2k2[t0 — 60i]

Y1 | ¢5 = sL— ti + i + 00k + 25¢22( L)
Y2 ¢6 = Z[t - St]

Ys | ¢7 = 2k2[s6 — 6]

Solution-1V:

Coefficients of the metric are

r

v(r)=c, p(r)=2In (g) , Ar)=2In (a) .

The values of £, 77,5 =0,1,2,3 and A are

9 0 ts t 1 rSs r
E=c15"+cas+c3, 7 =ay tegtaste, n=ag+ag,
2 3 2 (t* —r?)
N =—cyz+c7, M0 =cak®0+ cg, A201T+206t+09.

The metric in this case is
2 2 2 \2 9 o \2 o
ds® = dt? — dr —(f) k2do —(f) A2, a#0. (5.6.7)
« «

Here we have the following additional Noether symmetry generators

o to ro o 0 o
Y =s5— - R Yo = 22 - — A:2_2
L= o Tag 2T 8 g TSl Ty, 2= (5:68)
0 o o o
Ys=s5—, A3=2t, Xg=—z2—+k*0—.
3 Sat, 3 t, 3 Zae+kgaz

The first integrals are given here in Table 5.12.
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Table 5.12: First Integrals

Gen| First Integrals

X3 | ¢4 = 2(L)*k2[0% — 6]
Y1 ¢5:3£+T7z—tt'

Yo | ¢ = $2L + 2517 — 2stt + 2 — 12

Y3 ¢7 = Q[t — St]

Solution-V:

The metric coefficients are

v(r)=2In (g) , w(r)=rc, Ar)=2In (g) .

Components of the Noether symmetry generators are

rs r
E=c1s’tes+es, N'=ciztes, n= 015 + 0257
s6 0 —r? — k262
n? = Clgy T €25 €85+ Co, P =citter, A= 01(2) — 2050 + co.
The spacetime for this solution takes the form
2 T\? 2 2 2 192 T\% o
ds? = (f) A2 — dr? — K2do? — (f) d=2, o #0. (5.6.9)
Q e
The following four are the additional symmetries
o rad 690 0

Y1:Sf+*7+

ds ' 20r 200 Os or 0’
Vs s Ay— —2%, Xg— gﬂ2 010
8= % T U TR Py

Table 5.13 contains the invariants of these symmetries

Table 5.13: First Integrals

Gen| First Integrals

X3 | ¢4 = 2(L)°[t2 — 2]

Y1 | ¢5 = sL + 17 + 00k>

Yo | ¢ = 2L+ 2517 +2500k2 — 12 — k202
Ys | ¢7 = 2k2[s6 — 6]
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Solution-VI:

Coeflicients of the spacetime are

r r
— 9] (7), — 9] (7>, A(r) =
vy =2 (5), per)=2m (D), ) =
Components of the Noether symmetry generators are
=8> +eas+es, 0 =cak®0 + o5, n1=61%+02;
z8 z —22 72
W =cyt +cg, N = 1y + c25 +cgs+cer, A= 01(2) — 2c8z + ¢g.
The corresponding spacetime is
2 T\? 2 2 T\? 2 5,2 2
ds::(—) dt —dr<—<—> K2d0% — dz%,  a #0. (5.6.11)
o e
The additional symmetries are
0 0 0 0 0 0
Yi=s5—+ Ty E—, Yo=s—+sr— +s2—, Ay=—1r?—2%
ds 20r 20z Js ot 0z (5.6.12)
0 0 0 e
Ys=s—, Ay=-22, Xg=k0— +t-.
37 %, BT T e UG T 5e

The first integrals are given in Table 5.14.

Table 5.14: First Integrals

Gen| First Integrals

X3 | ¢4 = 2(Z)° k2]t — 1)
Y, ¢6:S£+TT"+Z7;

Yo | g = $°L + 2sri + 2522 — 12 — 22

Y3 ¢7 = 2[82 — Z]

Solution-VII:
Coeflicients of the spacetime are

r r

v(r) =aln (a) , u(r)=aln (5) , Ar)=aln (g) .

Components of the symmetry generators are

r
27

9 _
4 +esk? 0+ caz+c5, nt=a

E=c15+c, N'=c;

9 2 — 2—a

n°=c 4a9+03t+cﬁz—|—07, 773201 Z 4 cat — cgk®0 +cg, A= cy.
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The spacetime is

as? = (2) ar —ar® — (£

« (6

)a K2d6? — (g)a A2, k#0,2, a#0. (5.6.13)

The symmetries other than the minimal set are

0 2—a O r 0 2—a 0 2—a 0

Yi=sost e teart 1 %t T Car (5.6.14)
R, ., 0 0 9 5,0 h
X3 —Z& +t%, X4 —k Qaﬁ-t%, X5 —Z% k 0&

The first integrals are given in Table 5.15.

Table 5.15: First Integrals

Gen| First Integrals

X3 | ¢4 =2(L)"[tz — 2]
Xy | ¢5 = 2(L)"K2[t0 — 0i]
X5 | 6 =2(L) k220 — 03]

Y1 | 67 =sL+ (2)" Co [t + 00k + 22] + it

5.7 Nine Noether Symmetries and First Integrals

The classes for nine Noether symmetries are given in this section. There are four classes
of the cylindrically symmetric static spacetimes the actions of the Lagrangians of which
admit nine Noether symmetries. The detail discussion on these spacetime is given below:
Solution-I:

The metric coeflicients are

Components of the Noether symmetry generators are

E=c, N’=cs+cs, N =crtceztoer, A= 2cst+ e,

9 k%0 20 (—k20% + 22 + 4a%e )
N = —Cco—— — 32 —Ccg— + 7 cs,
2c 2a 4o
z 2k26 k202 — 22 + 4a2ea
0’ = —co— + c3k*0 — c7 +(36( ) + cg.

2 2 4o
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The spacetime takes the form
ds? = dt* — dr? — e k2d0* — eadz®, a #0. (5.7.1)

The Noether symmetry generators other than the minimal set are

o 00 z 0 o ., 0
X = o 2000 200247 Fag M52
9 200 k202 —22+4a% 7w .0
X5:Z7_77+[ ]77
or 2a 06 4o 0z (5.7.2)
0 —k202+22+4a%% .0 k220 0
X, = k20— Y Y
6 =k 98r+[ 4oy 06 200 0z’
9
Y, = s— A =2t
1 Sat, 2t

Table 5.16 contains the corresponding first integrals.

Table 5.16: First Integrals

Gen| First Integrals

o

2, L . .
X ¢4: _k Gzea 4+ — zz;

Xy | 5 = 2ek?[0z — 6]

k202—22)ed +4a2]5 . 920k2en
X5 | ¢ = I 4 227 — ZEEEC
2a @
T ; T
_ [(=k%0%42%)ea +4a?]0 . 0ziea
X6 | o7 = e + 207 — o

Y1 ¢8 = 2[—Sl€+t]

Solution-II:

Coefficients of the metrics are

r r
v(r) = —, r)=c Ar)=—.
(=", ur) (="
Components of the symmetry generators are
0 t 2+ 22 +4ales tz
E=ca, N =-c;-+tazta — 55—+ C6,
2c 4o 2c

"t =cotoeat+esz, nP=crs+cg, A= —2c1k%0 + ey,

0 z —t2 - 24 4a2es tz
N = —ca— +c3t +c5 — Cc4— + C9g.
2 4o 2

The metric in this case is

ds? = eadt? — dr? — k?d0% — eadz®, o #0. (5.7.3)
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The symmetries other than the minimal set are

0 t 0 z 0 0 0
X = o T 2adl 2002 AT g Tian
0 2 — 22 + 402e= . O zt 0
X5 =t | 229
or 4o ot 2a0z (5.7.4)
X g_itg_[t2+z2—4a26%r]g
6 or 200t 4o 0z’
0
Y =5— A= —2k?
1 880, k<0

The corresponding first integrals are given in Table 5.17.

Table 5.17: First Integrals

Gen| First Integrals

X3 | py = e 4 o — 2Eem
X4 ¢5 = 26£ [tZ — Zt]

X5 | 96 = 4[(1‘/2722)26; A0y 9y — tezen

12452 & —40213 . T
Xg | ¢7 = _ @ +2T)ea —da7]2 )2‘3& R, P betes

Y1 | ¢s = 2k%[s0 — 0]

Solution-III:

The metrics coefficients are

Components of the Noether symmetry generators are

t 2 1 k202 + 4aes k2t
E=c1, 0’ =—co—— +c3k*0+cy —c5 + c6,
2a 4oy 2a
0 —t2 4+ k20% + 4aea t0
nt = o+ cat +esk?0, n® = —co— +cst+cs — c4— + 7,
2 4oy 2

773 =cgs+cg, A= —2cgz+ cp.
The metric takes the form

ds? = eadt? — dr? — ex k?d0? — dz?, o #0. (5.7.5)



CHAPTER 5. CYLINDRICALLY SYMMETRIC STATIC SPACETIMES

The symmetries other than the minimal set are

Xg = W; B k;iegt B [t2 —k291; 4042@5];)6,
Y, _8887:’ A= -2z

The corresponding first integrals are given in Table 5.18.

Table 5.18: First Integrals

Gen| First Integrals

_ tea . e k?
Xg | o= 70" +20 = 750
Xy | ¢5 = 2ea k2t — 0i]

_ [(2—k20%)ed +4a?)i . th0k2ed
X5 ¢6 = 5 + 2tr — o

X | @7 = — (AL tall o og; 4 tien

Y1 ¢8 = 2[82" - Z]

Solution-1V:

Coefficients of the metric are

Components of the symmetry generators are

T
&= c18° + cos + cs, 170 =cuz + cﬁkzé? + c7, 171 =c18r + co—,
«

N =csz4cgt +cs, 10 =cat —esk*0+cy, A= —ci1r? + cip.

The spacetime takes the form

ds? = (ﬁ)zdﬁ —dr? - (5>2 k2d6o? — (ﬁ)zd%, a#0.

(6 (e (6

The following five are the additional symmetries

9 rd L0 9 o,
Y]_—S%—Fia, Y2—508+87"8t, AQ——’I",
9 9 9 ) 9 9
Xa=:2 019 x,=:2 209 xg=122 1+ 9
3= g Ty, 4= 255 ~ K05 s = k05 +15g

89

(5.7.6)

(5.7.7)

(5.7.8)
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The corresponding first integrals or conservation laws are given in Table 5.19.

Table 5.19: First Integrals

Gen| First Integrals

Y1 | ¢y =sL+r7

Yo | ¢5 = $2L + 2sri — 12
X3 | ¢ = 2(L)°[t2 — 2f]
Xy | d7 = 2(2)°K2[26 — 02
X5 | ¢ = 2(L) k2]t — 6i]

5.8 Eleven Noether symmetries and First Integrals

There is only one class of cylindrically symmetric static spacetime the action of the La-
grangian of which admits eleven Noether symmetries, the detail is given as follows:
Solution:

Coefficients of the metric for eleven Noether symmetries are

r
V() = u(r) = A(r) = -
@
Components of the Noether symmetry generators are
0 t ) 2+ k202 + 22 + da’es tz k2t0
n° = —co— + c3k“0 + c4z — cg 4+ cr— + cs—— + co,
2c 4o 2c 2c
771 = 02+06t+672+68k20, E=c, A=co,
9 6 +ooat 4+ 12 4+ k202 — 22 —doPe o 20 N
=—c—+c c5z — ¢ —cg— —Ccr— +¢
n 25, 3 5 8 doe 65, 50 10,
3 z 2 — k202 + 22 — da%ea tz k%20
n® = —co-— +cat —cs50 —c7 —Ccg—— — cg—(— + C11.
2c 4o 2c 2c

The spacetime takes the form

ds? = eadt? — dr? — eak?d0? — eadz®, a #0. (5.8.1)
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We get the following seven Noether symmetries along with the minimal set

0 t 0 6 0O z 0 o, O o
Xs = G a0t 2000 2a0: KU tigg
0 0 9 5, 0
Xyl ROkt 0 w0 20
T 40l 0t 2000 200z
X *zg—i-tig_%g+[_t2+k292—22+4a2e%]2
8~ %9r T2a0t 2200 o 0
0 k00 | —t?—K0°+: +4da%ew . 0 Kz 0
_12p Y PN a9 9
Xg_kaar—l_ 2a 6t+[ Aoy ]80 5o D2

The first integrals are given in Table 5.20.

Table 5.20: First Integrals

Gen| First Integrals

Xy | ¢5 = 2ea k2t — 6i]
X5 | ¢ = 2ea [tz — =]
Xe | ¢7 = 2eak2[26 — 2]

_ (24k202422)ed +4a2 ; . Otbeak® _ stiea
X7 (ﬁg = %a t + 2tr — e - o

r T P
_ (—t?4k202—22)ea +4a? . . 0z0eak®  ztiea
Xg | ¢pg = 50 Z+ 227 m o
4212024 ,2\on 2 . . T oL
Xg | 1o = (—t*—k%0 ;-Of Jea +4a 6 + 205 — fttea _ z0zea

« «

5.9 Seventeen Noether Symmetries and First Integrals

There are four classes for seventeen Noether symmetries:
Solution-I:

The metric coefficients are

91

(5.8.2)
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Components of the symmetry generators are

0 Zoze%t zaeé k:29ae%t ae%t aei k:QHOzeé
N = —c4 + c5 + ¢ —C3 + c9 + c10 —
r r r r r r
se% seﬁ t
C12 +c13 + c2- + cs,
T 2
771 = —C4ze_?t — 05265 — C@k‘QQB% + Cge% — CQei — clok‘29€§ — 61286% — clg,seé + czg,
- 0
772 = CGTe?t +crz + 0107“6% + 625 + c118 + c180 + ci6,
3 =t 2 t z
n° = cqre’a — crk“0 + csrea + 625 + €148 + c18z + 17,
A= —2c11k%0 — ¢y (r2 + k%0% + z2) + 20127“6% + 2013T€§ — 2c142 + 18,
&= c18% + 95 + c3.
The metric takes the form
2
ds? = (f) A2 — dr? — K2d0% — dz2, o #0. (5.9.1)
«
The additional symmetries are
X zeaa d ;t<9+ -t 0 X zesq O L@_{_ t 0
= — — —z2ea — +rea — = — — z€a — +rea —
3 r Ot or 0z’ 4 r Ot or 0z’
—t
feaa O -t 0 rea 0 0 0
X5 = — —fea — Xe = 2— — k20—
ST o e TR ae 6= 50 92
X__e;aﬁ ;tﬁ _eiag_tﬁ
4 ot or’ 8T ot or’
Xg—eeaag—ﬁeia @8’
ro Ot 0 k% 00 (5.9.2)
0 0 0
Y, =25—+r— 40— =§5— Ay = —2k%0
R e TR 2= g 2 !
0 0 0 0
Ya = — — 0— _ A:—Q—k292—2
3 8[883+Tar+ 89+282]’ 3 r 2°,
—t
eaa d -t 0 —t
Y, = — —_ e Al =2rea
t
eaq 0 ¢ 0 t 0
Y_ - — fa — A:QH Y:* A:72
5 [ T 81"]’ > rees 6= %5 6 ¥

Table 5.21 contains the invariants of these symmetries
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Table 5.21: First Integrals

Gen| First Integrals

X3 | ¢4 = Qe%[@ — 27 + rZ]

Xy | ¢5 = 2ea[—12 — 5 4 p]

Xs ¢6:2e%t[_%%_97;+r0~]

X | d7 = 2k2[20 — 03]

X7 | ¢y = 2e7a [ 4 7]

Xg | g = —2ea [l 4 7]

Xo | ¢10 = 2ea [~22 — i + 7f)

Y1 | 11 = 2[sL + 17 + k206 + 23]

Y | 1o = 2k2[s0 — 6]

Y3 | d13 = sL +2s[r + k200 + 22] — r? — k267 — 22
Yy | ¢1a=2sea [X — 7]+ 2res

Y5 | ¢15 = —2862[% + 7] + 2rea

Y6 | d16 = 2[s2 — 2]

Solution-II:

The metric coeflicients are

v(r)=a, p(r)=2In (S) , A(r)=b.

a

Components of the Noether symmetry generators are

t
770 = cyrcosf + csrsinf + crz + 025 + c118 + c1ts + ¢35,
r
771 = cytcosO + cxtsinf — cgzcos — cgzsin 6 + cg sin @ + c¢1g cos 0 + cog——+
«

c1Ts — c125cosf — ci3ssinf, £ = c18% + 25 + ¢3

9 tasinf taccost zorsin 6 zocos 6 acos
= —C Cs C6 —C8 —C9 -
g kr kr kr kr kr
asin 6 ssin @ scosf
€10 + 12 — 13 + C16;
kr kr kr

773 = cgrcosf + cgrsinf + crt + czg 4+ 128 + c148 + c17,

A=2ciit+c1 (t2 —r? - z2) — 2c¢197 cos O — 2¢137 cos O — 2c142 + c13.
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The metric in this case is
ds? = dt? — dr? — (5)2 K2d0% — d22, a #0. (5.9.3)
We get the following 13 additional Noether symmetry generators
ngrcosﬂ% at:;nHaae tcos&jr X4*TSIH9% at;j:s@aae 15811(10(;9
X5:—zc086£+az:;n0;+rcosﬁgz Xg = Z<§75+t82
X7——zsm0§r—azlsfseofe—i—rsm@; XSSIDH;” a;is98867
Xg:cosﬂgd—cwge, Y, 28§+t§t+ §+z§ (5.9.4)
Yzzsgt, Ay = 2t, Y3—S[S§+t§t+r§+z§z] Ag =12 —r? = 22,
Y4 =s[— cosﬁgr 042171}9880]’ Ay = —2rcos§, Y5 =— [Slnegr + a;ise(%]
A = —2rsin e Y = s%, Ag = —2z.

First integrals are given in the following Table 5.22.

Table 5.22: First Integrals

Gen| First Integrals

X3 | ¢4 =2[—rtcosd — M%M + tr cos 0]

Xy | 65 = 2[—rising + Wreost y yjin g]

X5 | ¢p6 = 2[—27cosf + ék”aisme + 76 cos 6]
Xe | 7 = 2[t2 — 2]

¢g = 2[—zrsinf — ékr’zaﬂ + rZsin 6]
Xg | g9 =
Xg | ¢10 = 2[rcosf — Hk%]

2[7 sin ) — O]

Y1 | ¢11 = 2[sL — tt + ri + 22]

Yo | ¢p12 = 2t — st

Ys | 13 = 2L — 2s[tt — ri — 22] + 12 — 2 — 22
¢14 = 2s[—7 cos O + ékraisme} — 2rcos6
Y5 | 15 = —2s[Fsin6 + Areost) 4 9y ging

Y6 gbl()’ = 2[82 - Z]
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Solution-III:

The metric coefficients for seventeen Noether symmetries are

v(r)y=a, wp(r)=>, Ar)=2In (1) .

(0}

The values of £, 77,5 =0,1,2,3 and A are

t
n° = eqr cos(—) + csrsin(—) + crk?0 + c25 + c118 + c1ts + ¢,

QlN 9w
Q|

n' = cqt cos(=) + estsin( =) — cgk?0 cos(;) — cgk?0 sm(a) + ¢9 sm(Z) + c10 cos( )+ 02—4—

Rl

z z
c1TS — €128 COS(a) —c13 sin(&), € =c18% + cas + cs.

9 z 0
n° = cgr cos(a) + cgr sm( )+ ert + c25 + 105 + c145 + c16

tasin( £ ta cos(& k20a sin( 2 k200 cos(Z acos(Z
773:—64 (a)+65 (a)+66 (a) — g (a) — ¢ (oc)_
r T r r r
asin(£) ssin(£) sacos(£)
€10 C12 . —c13 + ¢,

A=2cp1t+c (t2 —r? - k262) + 2c197 cos(%) + 2c137 sin(%) — 2¢140 + c15.
The spacetime takes the form
2
ds? = dt? — dr? — k2de? — (f) A2, a#0. (5.9.5)
a

The action of this spacetime have the following 13 additional Noether symmetry generators

other than the minimal set.

X Eg_atsinig_i_t z 0 X iﬁ+atcos§2+ts. z 0
3= TS ot r 0z P aar 47 rsma@t r Oz e
) 20 k*afsinZ 9 z 0 b, 0 0
= - 22 2 a 2 22 6= k20 112
5 k 0COSa8t+ - az—l—rcosaag, 8t+ 20’
9 Kk?afcosZ 9 z 0 20 acosZ 9
= ksin .2 T Pa 9 g% Xg=sinZ o a? (596
T Sma@r r 02+rsma397 8 Sma87‘+ r 0z ( )
z 0 asinZ 9 0 0 0 0 (9
Xg = - = @ — Y1=2s — — Y —, Ay =2t
0O T T an AT g Tl T Tlgp Y2=sgp A2=2
0 0 0 0 2 9 o, B z 0 asinZ 9
Y3—3[38—+t§+ 8——#9%] A3 =t —r" —k*0°, Y4 = s[—cos 7 i 82]’
A4:2rcosi, Y5 =— [smig—i—acosag], A5:2rsini,
« o Or r 0z «
Y6 = 8%, A6 = —2]{729.

Table 5.23 contains the invariants of the above symmetries
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Table 5.23: First Integrals

Gen| First Integrals

ztrsin £

X3 | ¢4 = 2[—rtcos Z - ———= ftrcos Z]
X4 | ¢5 = 2[~risinZ + 5 4t sin 2]
X5 | ¢6 = 2k*[0f cos £ + % + 70 cos 2]
X | 7 = 2k>[th — 0i]

X7 ¢8:2k2[risin§—%+msin§]

Xg | ¢g = 2[rsin £ + Zrcosi]

«

in 2
Xog ¢10:2[TI‘COS§—ZTSIHO‘]

Y1 | ¢11 = 2[sL — ti + 7 + k266]
Y2 | ¢12 = 2[t — si]
Y5 | dr3 = s2L — 2s[ti — 17 — k200) + 12 — r2 — k267

zrsin £

Yy | p14 = 2s[—rcos Z + =]+ 2rcos =

Y5 | ¢15 = —2s[fsin Z + a4 2rsin 2

(67

Y6 ¢16 = 2]452[59 — 9]

Solution-1V:

96

All the coefficients of the metric are constant therefore it is the Minkowski spacetime.

Components of Noether symmetry generators are

0_ 2 t
n = C5T+ng+010]€ 9+022 +Clt8+6128+016,

r
nt =cy + cst — cek?0 + coz + 025 + c1rs + ci38,
0
172 = cgr + Cc72 + Clot + 025 + 6198 + c118 + Ci6,
z
173 = —C7/€29 + cgt — cor + 025 4+ c125 + c148 + 17,

A=¢c (t2 — 7“2 — k‘292 — 22) — 2c110 + 2¢19t — 2¢137 — 2¢142 + C138,

&= 0132 + c9s + c3.
The metric in this case is

ds® = dt? — dr? — K2de* — d2>.

(5.9.7)
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The additional Noether symmetry generators other than the minimal set are

X3_aar’ X4:r;+t£, X5:—k29§r+r§9,
Xg—zaag—kzﬂaa, X zaat—i—taaz,

Xs zaa 71“%, Xg_k29%+t%,
Y1—258—+t%+r%+ %—i—zaa, Yo S%,Ag_—2]€20,
Y3—s[s%+ta+r%+9%+z%], Ay =t2 —r? — k207 — 22,
Y4—s%, Ay = 2t, Y5—s%, As = —2r, Ye—sé,

The first integrals corresponding to these Noether symmetry generators are given in Table

5.24.

Table 5.24: First Integrals

Gen| First Integrals

X3 | g =21

Xy | ¢5 = 2[tr — ri]

X5 | ¢6 = 2k%[rf — 07

X | 7 = 2k2[20 — 2]

X7 | ¢g = 2[tz — 2]

Xsg | ¢g = 2[21 — rZ]

Xo | ¢10 = 2K>[t0 — 64]

Y1 | 11 = 2[sL — ti + i + k200 + 23]
Yz | 12 = 2k2[s0 — 0]

Y3 | 13 = s2L—2s[ti—ri— k200 — 22]+12 —12 — k262 — 22
Ya | ¢14 = 2]t — si]

Y5 | ¢15 = 2[sr — 7]

Yo | 16 = 2[s2 — 2]




Chapter 6

Noether Symmetries of the Arc
Length Minimizing Lagrangian of
Spherically Symmetric Static

Spacetimes

6.1 Introduction

A spherical symmetric static spacetime has exactly three rotational Killing vector fields
that preserve the metric forming SO(3) as the isometry group. The study of spherically
symmetric spacetimes is interesting as it helps in giving the understanding of phenomena
of gravitational collapse and black holes, widely known subjects in the literature. For
example the Schwarzschild solution is an exact solution of the Einstein field equations
which is spherically symmetric that describes the gravitational field exterior to a static,
spherical, uncharged point mass without angular momentum. The search for spherically
symmetric spacetimes is an important task and due to their significance in understanding
the dynamics around black holes, it is crucial to classify them with respect to their Noether
symmetries and first integrals (conservation laws). Hence it would be interesting to find
all these spacetimes along with a detailed characterization of the first integrals of the

corresponding geodesic equations [49]. Besides the quantities which remain invariant under
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the geodesic motions yield important physical informations [23, 34, 44]. Classifications
of plane symmetric, cylindrically symmetric and spherically symmetric spacetimes with
respect to their Killing vectors, homotheties, Ricci collineations, curvature collineations
have been done in references [13-15,32,35,61, 62, 73].

The general form of a spherically symmetric static spacetime is [51]
ds? = e’ dr? — et dr? — X402, (6.1.1)

where dQ? = d6? +sin? §d¢?, and both v and y are arbitrary functions of radial coordinate
“’. Tt is seen that e*(") can be one of the two forms (i) 2 or (ii) 72, where 8 is some
constant [51] and can be absorbed in the definition of dQ2? . We write down the determining
equations using the corresponding Lagrangian density of the spacetime given in equation
(6.1.1) and study the complete integrability of those equations for each case. The plan
of the chapter is as follows. In Section 2 we discuss basic definitions and structure of
Noether symmetries. In Section 3 we write down the determining equations for spherically
symmetric static spacetimes which is a system of 19 linear PDEs. We obtain several cases
for different values of ‘v’ and ‘u’ while integrating the PDEs that classify completely the
spherically symmetric static spacetimes. We list different spacetimes according to different

number of Noether symmetries in different sections. The characterization of first integrals

along the geodesic motions is also carried out in each section.

6.2 Preliminaries

It is well-known that a general spherically symmetric static spacetime admits geodesic

Lagrangian density [56]
L=e"i2 — erp2 _ A0 (92 4 sin? 0¢?), (6.2.1)

where “"” denotes differentiation with respect to arc length parameter ‘s’.
For the Lagrangian given in equation (6.2.1) the Noether symmetry generator given in

equation (3.5.8) takes the form

o d o d 0
X =&+ = +nt 2 3 (6.2.2)

ot T ar T 0 T g
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The Noether symmetry generator given in equation (6.2.2) leaves the action of a spherically
symmetric static spacetime invariant. The coefficients of Noether symmetry namely ¢ and
n' are functions of s,t,r,0,¢. The coefficients of prolonged operator X[ that is n are

functions of s,t,7,0, ¢, t, 7, 9, ¢

6.3 Determining PDEs and Computational Remarks

By substituting the value of Lagrangian (6.2.1), the corresponding symmetry generator

and differential operator in equation (2.2.41) we obtained the following system of 19 PDEs

gtzoa 57”:07 59:05 gd):Oa
Ag =0, A —2e"pd =0, A 42! =0,

Ag +2eM@)p2 = 0, Ay + 2eMmp3 = 0,

/

E—p(rm' =2t =0, &—v (rm' —2n) =0
5 5 (6.3.1)

& — 7771 - 2773 =0, &— 7771 - 200t9772 - 27}2’5 =0,

r r

g +sin® O =0, e nl — @i =0,

g+ 172 =0, g — P =0,

e”(’")ng —r?sin? 6} =0, e“(’")né + r2sin O = 0.
We intend to classify all Lagrangians of spherically symmetric static spacetimes with re-
spect to their Noether symmetries by finding the solutions of the system of PDEs given
by equations (6.3.1). In the following sections we enlist spherically symmetric static
spacetimes, their Noether symmetries and relative first integrals. The Noether algebra
of Noether symmetries are also presented here in the cases that are not known in the
literature. In order to solve system of equations (6.3.1) of PDEs, it is noted that the
first equation of system (6.3.1), simply implies that £ can only be a function of arc length
parameter s, i.e., £(s). Distinct letter Y is used for those Noether symmetries which
are not Killing vector fields. It is also remarked that a static spacetime always admits a
time-like Killing vector field. Moreover, the Lagrangian given by equation (6.2.1) does not
depend upon ‘t’ explicitly therefore the time-like Killing vector field appears as a Noether
symmetry in each case. Furthermore, the Lagrangian in equation (6.2.1) is spherically

symmetric, therefore, the Lie algebra of Killing vector fields so(3) corresponding to the Lie
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group SO(3) is intrinsically admitted by each spacetime. Hence, we have the following five

Noether symmetries as minimal set for spherically symmetric static spacetime

0 0
B Y, = 5e (6.3.2)
0 0 0

) .0 0
=90 Xz—cos¢%—cot9s1n¢a—¢, X3—sm¢80+cotﬁcosq§a¢, (6.3.3)

Xo =

which form the basis of minimal 5—dimensional Noether algebra, in which Yy is not a
Killing vector field of spherically symmetric spacetime given in equation (6.1.1). The
commutators relations of these five Noether symmetries are,

[X1,X2] = —X3, [X1,X3] = X3, [X2,X3] = =X, [X;,Xj] =0 and [X;,Ye] =0

otherwise, and is identified with the associated group SO(3) x R2.

6.4 Five Noether Symmetries

Some examples of spacetimes whose action admit minimal set of Noether symmetries (five
symmetries) appeared during the calculations for which A(r) = 2Inr are given in Table

6.1.

Table 6.1: Metrics

No. v(r) w(r)

1. In (3)2 arbitrary

2. In (1 —(£)?)| arbitrary

3. In(%)? —In(1-(%)?)
4. arbitrary —In(1 - (£)?)
5. In(1 - %) —In(1 - %)

The Noether symmetries and corresponding first integrals are listed in the following Table

6.2.
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Table 6.2: First Integrals

Gen| First Integrals

Xo | po = —2e i

X1 | ¢ = 2r2sin®0¢

Xa | ¢po = 22 (cos $0 — cot O sin </>¢>

X3 | ¢3 =22 (sin ¢ + cot 6 cos q§¢>

Yo | g = e¥(M)i2 — en(r)y2 _ 2 (02 + sin? 0$2> =L

with constant value of the gauge function, i.e., A = constant.

6.5 Six Noether Symmetries

There are two distinct classes of spherically symmetric static spacetimes, the actions of the
geodesic Lagrangians of which admit six Noether symmetries. The detail is given below in
this section:
Solution-I:

Coeflicients of the spacetime are
() =k, u(r)
v(r)=kln—, r)=-c.
o K

Components of Noether symmetry generators are

' =c t+ cs, 771261%, 0% = ¢4.c08 ¢ + ¢58in @,
n® = —cycot@sing + cscotBcosp+cg, & =cis+ca, A=cy.
The spacetime takes the form
ds? = (g)kdﬁ —dr? —2dQ% a#£0, k#£0,2 (6.5.1)

which apart from minimal 5-dimensional Noether algebra also admit an additional Noether
symmetry corresponding to the scaling transformation (s,t,7) — (As, APt, A/ 2r), given

by

0 o rad 2—k
Y, —S% +pt&+§a, p= 4 (652)
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forming a 6—dimensional Noether algebra. This induces a scale-invariant spherically sym-

metric static spacetime. The corresponding first integral is

2 ko
¢ = L — ?k (g) ti + 7. (6.5.3)

Solution-II:
The metric coefficients are
r2\ 1
v(r)=c, p(r)#ln <1 — l)2> , (1) # constant.

Components of Noether symmetry generators are

"’ =cos4+c3, Nt =0, n?=cycos¢+ cssing,

= —cycot@sing + cscotbcosp+cg, & =c1, A=2cot+cr.

The spacetime in this case is

7“2

-1
ds? = dt? — e*Mdr? — r2d0?, p(r) £ In (1 - b2> ,u(r) # constant, b+#0. (6.5.4)

The additional Noether symmetry and the relative non-trivial gauge term are

0
Yi=sy. A=2t (6.5.5)

The first integral corresponding to Y7 is ¢g = 2(t — st).

6.6 Seven Noether Symmetries

There are five classes of spacetimes. Their actions of the geodesic Lagrangians admit
seven Noether symmetries in which four classes admit the algebra of six Killing vector
fields whereas one class admits only the minimal set of Killing vectors while the other two
symmetries are Noether symmetries. We discuss them separately:

Solution-I:

Coefficients of the metric are
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Components of Noether symmetry generators are

T t
n’ =co—cole® + @) o n' =cet+cr, n°=czcosd+cysing,
n® = —c3cot@sing + cycotbcosp+cs5, &=c1, A=cs.

The metric takes the form

ds? = €/°dt? — dr? —dQ?, b #0.

The additional Noether symmetry generators are

0 2\ 0 g to
X =1{— — —r/b — - X = - — .
4=ty b <e + 4b2) o T or ot

The corresponding first integrals are

Table 6.3: First Integrals

Gen| First Integrals

Xa | 65 =b(1+ C5 )i+t

X5 | 6 = L5 4 + 27

Solution-II:

Coefficients of the metric are

v(r) = 2Insec <T> = pu(r).

a

Components of symmetry generators are

L) —er sin(g)sin(z),

a

0_ (") cos(L "yeos(L). b = eqsin( L) cos( " r
n —CQ+CﬁSln(a)COS(a)+C7COS(a)COS(a), n —CGSln(a)COS<

n% = c3cos ¢ + ¢y 8in @,

n® = —c3cotfsing +cycotbcosd+c5, E=c1, A=cs.

The metric in this case is

ds® = sec? (f) dt? — sec? (f
a

) dr? —d0%, a #£0. (6.6.1)
a

The symmetries other than the minimal set are

X4 = sin <£> cos <Z> c‘?t + sin (Z) cos (2) ({?T,
X5 = cos <Z> cos (2) % — sin (2) sin <2> %
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The first integrals are

Table 6.4: First Integrals

Gen| First Integrals
Xy | ¢5 =sec? (L)[—tsin () cos (L) + 7sin (L) cos (L)]

X5 | ¢g = sec? (£)[isin (L) sin (L) + 7 cos (L) cos (2)]

a

The corresponding Lie algebra is
1
X1, X3] = X2, [X2,X3]=-Xy1, ,[Xo,Xy2]= axsz,
1
[Xo, X572] = —*)(4727 [Xi, XJ] = 0, [Xi, Yo] = O, otherwise.
a

Solution-III:

Coeflicients of the spacetime are

wr=m(1-7), o w(1-7)

Components of Noether symmetry generators are

—t
rbe rbe ¢ ¢
770 =0 —Cp \/7“2 2 +c7 \/7“2 b27 771 = C6€5m + cre® m,

Sat

n? =c3cosd+casing, n° = —cycot@sing + cacot@cosdp+cs, &=ci1, A=cs.

The spacetime here is
2 r? 2 2\ 7 2 2
ds® = <1—b2)dt — <l—b2> dr®—dQs, b#0.
The additional Noether symmetry generators are

rbes 0 t 0 rbe~t/b 9 0
X,= - 2 2 2= Xp=— 2 _ 2 t/0 2
= T mmpa VT g ST Ummpa TV T Ty

The first integrals are

Table 6.5: First Integrals

Gen| First Integrals

b /2 _p2 2.
X4 | 95 =ceb [rt Tb e+ \/fzibz]

—t : .
Xs | gg = e [~ 4 B
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Solution-IV:

Coefficients of the spacetime for seven Noether symmetries are
(r) = —2In (= ) = u(r)
v(r)==2In{|—) = u(r).
o H
Components of the Noether symmetry generators are

2 +t2
+ crt, 771 = cgrt + cq7, 7]2 = ¢3 €08 ¢ + ¢4 8in ¢,

0
N =C —Cs

773 = —cgcotfsing +cgcotbcosp+c5, £E=c1, A=cs.

The spacetime takes the form

2 2
ds? = (O‘> at? — <a> dr? —dQ%, a #0.

r r
The additional symmetries along with the minimal set of symmetries are

24720 0 0 0
X4 = T& +T’t§, X5 —ta +TE

The first integral are given in the following table

Table 6.6: First Integrals

Gen| First Integrals

2 2\{ .
Xy | g5 = - 0

T s

Xs | ¢ = 2[— 1 +ir]

The Lie algebra in this case is

(X1, X2 = —X3, [X1,X3] =X, [X2,X3]=-Xy, ,[Xo,X4]=1Xs5,

[X4, X5] = —X4, [Xo, X5] B X(), [Xi, XJ] = 0, [Xi, Y()] = 0, otherwise.

Solution-V:

Coeflicients of the spacetime are

r
v(r)=2In{ — r)=c.
=21 (L), ut
Components of Noether symmetry generators are
T .
" =c, n'=cors+ €15, n? =c3cosd+ casing, A= —cor®+ cg,

0 = —c3cot@sing + cycot @cosp+ 5, & = cos® + c15 + co.

106
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The spacetime here is

ds® = (C

a

2
) At — dr? — 12402, a #0.

Here we have the following two additional Noether symmetry generators

Y—g+fﬁ s2 0 rs 0 —r2
1_885 20r’ - 20s 2 0r 2

First integrals corresponding Y7 and Y2 are given in Table 6.7.

Table 6.7: First Integrals

Gen First Integrals

Y1 ¢5:8£+7"7"

Y. p6 = 55°L + sri — ir?

6.7 Nine Noether Symmetries

107

(6.6.3)

This section contains some well known and important spacetimes. Here, we have four

different classes of spacetimes in which the action of the geodesic Lagrangians admit nine

Noether symmetries. Three classes contain two additional Noether symmetries and one

class contains one extra Noether symmetry besides others which are all Killing vector fields.

The detail of these spacetimes, their Noether symmetry generators and the corresponding

first integral are given in this section:
Solution-I:

Coefficients of the spacetime are

Components of the Noether symmetry generators are

N’ =ca+cer+ers, n' = cet+ css + co,
n* =cgcosd +cusing, A= 2cgt — 2cgr + cio,

n® = —c3cot@sing + cycotOcos+c5, & =ci.
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The metric takes the form

ds® = dt? — dr? — dO>.

The four additional Noether symmetry generators are

0 0 0
Xa=rg Tign Xs=go
0 0
Y1 = Sa, A1 =2t Y2 = Sa, AQ = —2r.

The first integrals corresponding to these Noether symmetry generators are

Table 6.8: First Integrals

Gen First Integrals

X4, Xs ¢5 = 2(tir — rt), e = 27

Y1, Y o7 = 2(t — st), ¢g = 2(s — 1)

Solution-II:

Coefficients of the spacetime are

o= (), o) am(?).

Components of symmetry generators are

—t t

0 =t t rse ? rses
1N =cy—cgfref +cyfref —cg 55 Co 5
=t t
1 9 =t 9 L r2se P r2se?
N =cer'el +crroef +cg C9 ,
Eh B

—t t

) ) eB es

n°=czcosp+casing, A=cg— +c9g— + cio,
r r

n® = —cscotfsing +cycotfcosdp+c5, € =ci.

The metric takes the form

2 4
ds® = <5> dt? — <5) dr? —dQ?, B #0.

r r

108
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The four additional Noether symmetry generators are

=t 0 =t 0 t 0 t 0
X4 = —pre ﬁta—HJeB o Xg,zﬁ?“eéa%—?geég
—t —t —t
rse® 0 r’seB 0 2e B
Y = — — e A =
! B3 ot + Bt or’ ! r
t t t
_ rsep ﬁ+ r’se? 9 _ 2ef
2T ot B or’ 2Ty
The first integrals are
Table 6.9: First Integrals
Gen First Integrals
X4, Xs 95 =2¢7 BE+ 5], o =207 L + 5]
Y1, Ya gr=2se7 [+ B+ 22 gy =2seh[—h + H]+ 2

The Lie algebra is

1
(X1, X2] = X3, [X1,X3]=X2, [X2,X3]=-X1, ,[Xo,X4]= X4

1 1 1
X4, X5] =Xy [Xo,X5] = axs, Xo,Y1] = —aYl, [Xo,Y2] = aYz,

1 1
[Y07Y1} = EX47 [Y07Y2] = ¥X57 [XHX_J = 05 [Xi7Y0] = 07

[Y;,Y;] =0, otherwise.

Solution-III:

Coefficients of the metric are

v(r) = 2In (1 + Z) u(r) = c.

Components of the Noether symmetry generators are

0 be%t be% bse%t n bse%
=cp—¢ —c —c c
e T Ty T %20+ ) 2+ 1)
771266%4—66%—086%—0ﬁ
6 7 875 975

— t
n? =c3cos g+ cysing, A= CgeTt(b—l-T) + coeB (b+ 1) + 10,

773 = —cgcotfsing + cycotfcosp+c5, & =c1.
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The spacetime takes the form
2
ds? = (1 n 5) A2 — dr? —d02, b +£0.

The Noether symmetry generators other than the minimal set are

Xy = b e%g—i-e%tg Xy =— b e%g%—e%g
YTk ot or’ 5T by Ot or’
bs -t 0 s -t O —t
Yi=———" €5 ——"eb—. A = (b 5
L= o 2 g M (ren
bs td s ¢0 ¢
Ys = b— ——evb—, Ay = (b b,
2= 50 2% g A= (e
The corresponding first integrals are
Table 6.10: First Integrals
Gen First Integrals
X4, Xs P (_Lbjr) + f*), b6 = et (Lb;’) + 7‘»)
Yi, Y d7 = e {0 _gip (b)), gy = en {0 _gip (b4r)}

Solution-IV:

Coeflicients of the spacetime are

= w1~ 1)

The values of functions 0%, i = 0,1,2,3, € and A are

n® =co+cos, Nt =cgV/ b2 —r2coslsing + cr\v/b2 — r2sinf cos ¢ + cg /b2 — 12 cos,

) ‘ 2 _ 2 ' Vb2 — 12 V2 =12
N° = c3¢08 ¢ + ¢4 8in p — cg— cosfsin ¢ — c;——  cos B cos p — cg— sin 0,
r r T
X B2 _ 2 2,2
n° = —czcotBsin ¢ + c4 cot 6 cos ¢ + cg————— cos ¢ — c;—————— sin ¢ + ¢s,
rsinf rsin f

§:Cl, AZCgt—FCl().

The corresponding spacetime is

dr?
2

ds® = dt* — —r2dQ?, b#£0.

b2
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Which is the Einstein universe. The Noether symmetry generators other than the minimal

set are
0 b2 — r2 0 b2 — r2 0
X4 = Vb2 — r%ingbsin&a - %cos@sinqb% + Tn@r os¢a—¢,
b2 _ 2 b2 _ 2
X5 = Vb2 — TQCos¢sin(9§T - rrcosecosmbaae — rsingsinéa({;,
b2 _ 2
Xg = /b2 — 12 cos@(,i - Trsir10860, Y, = sgt, A =2t
The first integrals are
Table 6.11: First Integrals
Gen First Integrals
X4 = %4351119 —r0vVb2 — 12 cosOsin ¢ + rdv/b% — 12 sin b cos ¢
X5 ¢6:%¢Sme—r9\/b2—r cos 0 cos ¢ — r/b2 — r2sin fsin ¢
X6, Y1 o7 = \/LOSG rOVE —r2sinf, ¢g = 2(t — si)

6.8 Eleven Noether Symmetries

The famous de-Sitter metric turns out to be the only one, the action of the Lagrangian of
which admit eleven Noether symmetries. Except Yo all others are the Killing vectors:
Solution:

the metric coeflicients are

Coefficients of Noether symmetry generators are

br sin ¢ sin 6 cos(t/b) n br cos ¢ sin 6 cos(t/b) br sin ¢ sin 0 sin(¢/b)

c —c
N 7 N 8 02 _ 2
br cos ¢ sin 0 sin(t/b) br cos 0 cos(t/b) br cos 0 sin(t/b)
+ c1o Y
b2 _ 2 ) b2 _ 2

n' = cev/b2 — r2sin O sin ¢ sin(t/b) + cr/b2 — 12 sin 6 cos ¢ sin(t/b) 4 cg /b2 — 12 sin O sin ¢ cos(t /b)
+ cgV/b% — r2sin 0 cos ¢ cos(t/b) + c10V/ b? — r2 cos O sin(t/b) + +c11V b% — r2 cos b cos(t/b),

770262+c6

)
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V2 — 12
n* = c3¢08 ¢ + ¢y sin ¢ + cory/b2 — 12 cos O sin ¢ sin(t/b) — et cosfcos ¢sin(t/b)
T

2 2

— cgrV/b? — r2 cos 6 sin ¢ cos(t/b) + CQTT cos 6 cos ¢ cos(t/b)

N N
- cloir sin 0 sin(t/b) — cllir sin 6 cos(t/b),
r r

7% = —c3 cot @ sin ¢ + ¢4 cot H cos ¢ + 06_774 cos ¢ sin(t/b) — 07,7T
rsinf rsin 6

S S sin ¢ sin(t/b)

b2 _ 12 Vb2 — 2

T b
t/b) — cg———
cos ¢ cos(t/b) — cg .

rsinf ind singcos(t/b) +¢5, E=c1, A=cup.

+ g
The corresponding spacetime is

2 d 2
d82 = (1 — ;;2> dt2 — M - TdeQ, b 7é 0. (681)
T2

We have the following Noether symmetry generators along with the minimal set of Noether
symmetries for the metric given by equations (6.8.1)

X, :br smcb;;n@ (;ZS(t/b)gt + sin(t/b)\/m <smesin gb% + 7 cos 0 sin (;5% + rsin@%

_brcos¢sinfcos(t/b) 0 . o 0 cosfcosgp O sing O
X5 = s 8t+sm(t/b)vb r sm@cosd)ar—i—ir 90 rsn60s)

cosgp 0O >

Xe _—brsin iziriis;n(t/b)gt + coS(t/b)\/m (sin@sin ¢£~ + 7 cos @ sin ¢§0 + :;:@;) )
X _ —brcos iiiii?n(t/b); + cos(t/b) VBT — 12 (sianosgb; 4 cos Hrcosqﬁ% B Tsi;;jg%) ’
Xsg :br Cosbz (f)i(;/b)gt + sin(t/b)\/m <cos 0; - Si?0§9> )

Xg =" Cobsf_Si:y/ b)gt + cos(t/b)V/b2 — 12 <cos9€i - Siiagg) .

The first integrals corresponding to these Noether symmetries are given in Table 6.12.

6.9 Seventeen Noether Symmetries

For seventeen Noether symmetry only one spherically symmetric static spacetime is obtain

which is the famous Minkowski metric
ds® = dt® — dr? — r%(d6? + sin® 0d¢?),

that represents a flat spacetime and admits seventeen Noether symmetries. The list of all
Noether symmetries and the corresponding first integrals (cartesian coordinates) are given

in [1,40).
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Table 6.12: First Integrals

Gen

First Integrals

X4

X5

X9

o5 = —%\/msin $sinf cos(t/b)i+ \/% sin ¢ sin 6 sin(t/b)r+
Vb2 — 12 cos 0 sin ¢ sin(t /)0 + r/b2 — r2sin 6 cos ¢ sin(t/b)d

b6 = —%\/mcoscZ)sin9cos(t/b)lf—i—\/b;’iir2 cos ¢ sin 0 sin(t/b)r+
Vb2 — r2 cos 0 cos psin(t/b)0 — rv/b2 — 2 sin 0 sin ¢ sin(t /b)d
o %Wsinqﬁsin@sin(t/b)i + \/1312]2_77»2 sin ¢ sin 6 cos(t/b)r+
Vb2 — 12 cos 0 sin (;Scos(t/b)é +rvb2 — r2sin 6 cos gzﬁcos(t/b)é

g = %\/mcos ¢ sin 6 cos(t/b)t + \/% cos ¢ sin @ sin(t/b)r+

Vb2 — 12 cos 0 cos ¢ sin(t /)0 — /b2 — r2 sin @ sin ¢ sin(t/b)d

b9 = —fVB—rZcosfcos(t/b)i + i cosOsin(t/b)i —
Vb2 — r2sin 0 sin(t/b)0
b0 = %mcosﬁsin(t/b)i + \/%Cosecos(t/b)?'” -

Vb2 — 12 sin 0 cos(t /)0
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Chapter 7

Conclusion

In this thesis Noether symmetries of the arc length minimizing Lagrangian densities of plane
symmetric, cylindrically symmetric and spherically symmetric static spacetimes were ob-
tained. For this purpose the general arc length minimizing Lagrangians of the general plane
symmetric, cylindrically symmetric and spherically symmetric static spacetimes were used
in the Noether symmetry equation to obtain systems of 19 PDEs in each case. Solutions of
these systems provided a classification of the arc length minimizing Lagrangians of plane
symmetric, cylindrically symmetric and spherically symmetric static spacetimes. This
classification provided us with exact solutions of Einstein’s field equations, the Noether
symmetries and the corresponding first integrals. The first integrals were further used to
investigate the conservation laws in each spacetime.

In Chapter 1, a brief introduction to Lie point symmetries of differential equations
was given. Concepts of the contact symmetry transformations, Lie Backlund symmetry
transformations and approximate Lie symmetry transformations were also given in the
same chapter. Introduction to variational problems, Noether symmetry transformations,
Noether symmetry equation and Euler-Lagrange equations were given in Chapter 2.

In Chapter 3, the classification of plane symmetric static spacetimes by Noether sym-
metries was presented. The approximate Noether symmetries and the corresponding ap-
proximate conservation laws of time conformal plane symmetric spacetimes were presented
in Chapter 4. The Noether symmetries and their first integrals of cylindrically symmetric

static spacetime were given in Chapter 5 while the Noether symmetries and the corre-
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sponding first integrals of spherically symmetric static spacetime were given in Chapter

6.

7.1 Plane Symmetric Spacetimes and Noether Symmetries

For the classification purpose the arc length minimizing Lagrangian density of the general
plane symmetric static spacetime is used in the Noether symmetry equation to get system
of 19 PDEs. Solutions of this system give us complete classification of plane symmetric
static spacetimes by Noether symmetries. It turns out that for the action of arc length
minimizing Lagrangian densities of plane symmetric static spacetimes, there exist 5, 6, 7,
8, 9, 11 or 17 Noether symmetries. Some cases having minimum number of the Noether
symmetries (5 Noether symmetries ) are given in Table 3.1. These metrics admit minimal
set of isometries (i.e. 4 isometries).

Metrics for which the corresponding actions admit 6 Noether symmetries are given
by equations (3.5.1), (3.5.2), (3.5.3), (3.5.5), (3.5.6) and (3.5.7). Metric given by equation
(3.5.1) has 5 isometries while others admit the minimal set of isometries. The metrics given
by equations (3.6.1), (3.6.5) and (3.6.7) admit different sets of 7 Noether symmetries. The
metric of equation (3.6.1) admits 6 isometries while equations (3.6.5) and (3.6.7) admit
only the minimal set of isometries. The spacetimes for which the actions admit 8 Noether
symmetries are given by equations (3.7.1), (3.7.4) and (3.7.5). The action of the arc
length minimizing Lagrangian densities of the Einstein spacetime, the Bertotti-Robinson
like spacetimes and the metric given by equation (3.8.11) admit 9 Noether symmetries.
These metrics respectively have 7, 6, and 4 isometries. The De-Sitter spacetime admits
11 Noether symmetries (10 isometries and Ygo) and the maximum number (i.e. 17) of
Noether symmetries appears for the Minkowski spacetime. Tables (3.2)-(3.15) provide
conserved forms or first integrals corresponding to the Noether symmetries. Three cases
of plane symmetric static spacetime are obtained which are new in the literature. These
spacetimes are given in equations (3.5.5), (3.6.5) and (3.7.4). The list of their surviving

components of the Riemann curvature tensors, the Ricci curvature tensors and the Ricci
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scalars are given below:

(3.5.5) 1 Ro2o2 = —g“o);b = Rozos, Ri212 = W = Ri313, Rasas = (‘fﬁ;zbz;
Roo = —%, R = b(l;;f), Rog = (%Z;bQ = Rs3; Rs= —3222,

(3.6.5) 1 Riyo12 = W = Ri313, Roa3oz = (%L);ZbQ;

Ry = b(bzx—22)7 Roo = (2)2;);62_ 1*)5 Rs = _b(3§$—2 4)’a

(3.7.4) 1 Rosez = Zi; Ry = % = R33; R %

7.2 Time Conformal Plane Symmetric Spacetime and Noether

Symmetries

In Chapter 4, approximate Noether symmetries of the action of time conformal plane sym-
metric spacetimes are given. Three types of approximate Noether symmetries are obtained.
The first one is time-like Killing vector field which corresponds to the energy content of
the given spacetimes. The second symmetry which carries approximate part is the scaling
symmetry, and the third one corresponds to the Lorentz transformations. Using these
approximate symmetries we also find the approximate first integrals which correspond to
the approximate conservation laws in the respective spacetimes. Although the spacetimes
given in this chapter are not the exact gravitational wave spacetimes but can be considered
approximate gravitational wave spacetimes. In this chapter the spacetimes which admit
the approximation along with approximate Noether symmetries and the corresponding first

integrals are presented.

7.2.1 Plane symmetric Static Vacuum Solutions of EFEs

Consider the following general plane symmetric static spacetime

ds? = /@ dt? — dz? — e (dy? + dz?). (7.2.1)
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Equating the surviving components of the Ricci tensor for this spacetime to zero, we get

a system of three non-linear PDEs in two unknown functions v(z) and p(x),

Roo = 20" (z) + 20 (z) () + v % () = 0,
Ry =20 (2) + 4" (2) + v () + 24 %(x) = 0, (7.2.2)
Rz = 24 (2) + 21 (&) + v (w) () = 0.

The solution of this system is

2 T

v(z) = —3 In (a), p(z) = -In (=), (7.2.3)

which discribs the famous Taub spacetime having singularity at = 0 [67]. This is a static
vacuum solution of EFEs and does not admit time conformal perturbation and hence is not
actual non-static gravitational wave spacetime [44]. The coefficients of the metric defined

in equation (7.2.3) is a special case of the metric given in equation (3.5.7).

7.3 Cylindrically Symmetric Spacetimes and Noether Sym-

metries

The Noether symmetries of the action of cylindrically symmetric static spacetimes are
given in Chapter 5. To get all possible metrics, geodesic Lagrangian density for the gen-
eral cylindrically symmetric static metric has been considered. It has been observed that
there may be 5, 6, 7, 8, 9, 11, and 17 Noether symmetries for the geodesic Lagrangian of
cylindrically symmetric static spacetimes. There are infinite number of metrics for which
the actions of the corresponding Lagrangians admit four or five Noether symmetries. We
have twenty four classes for six Noether symmetries, three classes for seven Noether sym-
metries, seven for eight Noether symmetries, four for nine Noether symmetries and one
for eleven Noether symmetries. There are 4 classes of 17 Noether symmetries in which
one spacetime is the Minkowaski spacetime. The first integrals in each case are also given
correspondingly in tabulated form. It is important to note that in this classification, all

the metrics given in [60,62] have been recovered.
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7.3.1 Some Cases of Cylindrically Symmetric Vacuum Solutions

We discuss two cylindrically symmetric static vacuum solutions of EFEs [2]:

(i): The metric
ds? = (3> RV (g) 49? — (1> kR A2, a#0, (7.3.1)

(67 (67

represent the vacuum solution. The corresponding geodesic Lagrangian density takes the

form
1-V5 145
L= (f) 222 (ﬁ) 62 — (f) 252 (7.3.2)
e o o
The action of Lagrangian given in equation (7.3.2) admits five Noether symmetry genera-
tors
YOZQ, ong, Xlzg, X2=g,
0s ot ol 0z (7.3.3)
oL 0 MBEVED 1D 00 B-VE) o -
5T 7 0s 8 9t 20r 496 8 0z

Using these Noether symmetries in the expression given in equation (3.2.5), following table

of conservation laws is obtained [2,22].

Table 7.1: First Integrals

Gen| First Integrals

Xo |1 =L

. 1-5
Xo | o1 = —2t(%) 2

X1 | ¢1 = 20%0%

S

1+

Xy | 1 =2:(5) 2
Xy | 1 = oL — HOIYOL () B0 |y | 0060 | 20-VE) (1150

ATV I) r
«

4

The non-zero components of the Riemann curvature tensor for the spacetime given in

equation (7.3.1) are

1-V5 1-v5

&) (1+v6 )2 (=145 1
Roi01 = — () 87(“2 ), Ro02 = () 8(ar ), Roso3 = Tor
—VE VB
! (271 +V5) (27145
Riny = ——, Risis = 2 ; Roses = Sor :

Another cylindrically symmetric static vacuum solution is

1+vV5 1—vV5
T’i r V5

(i) :  ds? = (f) A —dr? - (2) 62 — (f) 2422 a0 (7.3.4)

(&% (07
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The corresponding geodesic Lagrangian density takes the form

r 1+2\/g 2 .2 T\ ;242 r 172\@ .2
The Noether symmetry generators are
Yozg, X0=g7 X1=2, X2=27
s ot o0 0z (7.3.6)
2T % 0s 8 Ot 20r 400 8 0z

The conservation laws corresponding to these Noether symmetries are given in Table 7.2.

Table 7.2: First Integrals

Gen| First Integrals

Yo | po=L

1-vVB

Xo | ¢ = —2i(L) =2
X1 | ¢o = 20%0%

Xy | ¢y = 2:(5)°

[(3— —V5 5 V5
X | g1 = sL— MO/ (E)ST g U004 2HORVE) (1)

r
2« @

9

The surviving components of the Riemann curvature tensor for spacetime given in equation

(7.3.4) are

(5)37 (- v5) (51 +v5) I
Roio1 = — 3 » Rogo2 = — ; Rozos = —,
8r 8ar dar

V5 —\E
1 (5)2 (1-5) (2) 2 (1-V5)
Ripio=—7—, Riziz= 5 ; Rasag = .
dar 8r 8ar

7.4 Spherically Symmetric Spacetime and Noether Symme-

tries

In Chapter 6 a complete classification of spherically symmetric static spacetimes by Noether
symmetries is given. It is seen that the action of spherically symmetric static spacetimes
may have 5,6,7,9,11, or 17 Noether symmetries. A few examples of spacetimes for which
the action of Lagrangian having minimal (i.e. 5) Noether symmetries are given in Table

6.1. Briefly, there appear two classes admitting six, five classes having seven, four classes
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admitting nine (including the Bertotti-Robinson and the Einstein metrics), whereas only
one class of eleven (which is the famous de-Sitter spacetime) and one class of seventeen
(Minkowaski spacetime) Noether symmetries. Just like plane symmetric static spacetimes,
for spherically symmetric static spacetimes the minimum number of the Noether symme-
tries are five and the maximum number of the Noether symmetries are seventeen, while
the minimum number of isometries is four and the maximum number of isometries is ten.

There are three new cases of spherically symmetric static spacetimes that we have not
seen in the literature. These spacetimes are given by equations (6.6.1), (6.6.2) and (6.7.1).
The Ricci scalar, and non-vanishing components of the Ricci tensor and the Riemann

curvature are given below respectively:

2(a® -1 sec? . sec?
(6.6.1): Rs= (aa2); Ry = —7‘17 Ry = 2 @ Ros = —1, Rg3 = —sin®0;
4 r
sec* L ]
Roor = —— 5%, Raszs = — sin” 6;
2
a®—1 1 1 .
(6.6.2): Rs= (QQ); Roo = et Ry = ot Roy = —1, Rgg = —sin®0;
2
« .
ROlOl = _7"74’ R2323 = — Sln2 0.

(671) : RS = 2; R22 = —1, R33 = —sin2 9; R2323 = —sin2 0.

7.5 Spherically Symmetric Vacuum Solutions of EFEs
The general metric for spherically symmetric static spacetime is
ds? = e’Mdt? — "M dr? — r2(d0? + sin® Odp?). (7.5.1)

Equating the non-vanishing components of Ricci curvature tensor to zero we have

Ryp = ,u/(r)ul (r)r — V/2(T')T — 2v"(7")r — 4V/(T‘> =0,

Ry = ul(r)ul (r)r — 1/,2(7“)7‘ — 21/"(7“)7” + 4;/(7") =0,
(7.5.2)
Roy = 1 (r)r — v (r)r + 2" — 2 =0,
R33 = SiIl2 QRQQ.
The solution of this system is
m 1
vir)=Q0-—), ulr)=+—H7a (7.5.3)
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These values of v(r) and pu(r) defined the famous Schwarzschild spacetime.

During the classification of spacetimes by Noether symmetries it is observed that sym-
metries where arc length parameter “s” is not involved, are isometries and all the homoth-
etic vectors appear with an additional scaling term s%. It is also observed here that the
only Noether symmetry, other than isometries and homotheties, that does not have any
gauge term is % which corresponds to the Lagrangian density of the metric in each case.

Further, in the absence of proper homothety, spacetimes with m—dimensional sections of

zero curvature admit m Noether symmetries of the form 86‘2“ i=1,2,...,m, [33].
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