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Abstract

In this thesis approximate Lie symmetry methods for differential equations are used to
investigate the problem of energy in general relativity and in particular in
gravitational waves. For this purpose second-order approximate symmetries of the
system of geodesic equations for the Reissner-Nordstrom (RN) spacetime are studied.
It 1s shown that in the second-order approximation, energy must be rescaled for the

RN spacetime.

Then the approximate symmetries of a Lagrangian for the geodesic equations in the
Kerr spacetime are investigated. Taking the Minkowski spacetime as the exact case, it
is shown that the symmetry algebra of the Lagrangian is 17 dimensional. This algebra
is related to the 15 dimensional algebra of conformal isometries of the Minkowski
spacetime. First introducing spin angular momentum per unit mass as a small
parameter first-order approximate symmetries of the Kerr spacetime as a first
perturbation of the Schwarzschild spacetime are considered. We then investigate the
second-order approximate symmetries of the Kerr spacetime as a second perturbation

of the Minkowski spacetime.

Next, second-order approximate symmetries of the system of geodesic equations for
the charged-Kerr spacetime are investigated. A rescaling of the arc length parameter
for consistency of the trivial second-order approximate symmetries of the geodesic

equations indicates that the energy in the charged-Kerr spacetime has to be rescaled.

Since gravitational wave spacetimes are time-varying vacuum solutions of Einstein's
field equations, there is no unambiguous means to define their energy content. Here a
definition, using slightly broken Noether symmetries is proposed. A problem is noted
with the use of the proposal for plane-fronted gravitational waves. To attain a better
understanding of the implications of this proposal we also use an artificially
constructed time-varying non-vacuum plane symmetric metric and evaluate its Weyl
and stress-energy tensors so as to obtain the gravitational and matter components
separately and compare them with the energy content obtained by our proposal. The
procedure is also used for cylindrical gravitational wave solutions. The usefulness of
the definition is demonstrated by the fact that it leads to a result on whether

gravitational waves suffer self-damping.
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Chapter 1

Preliminaries

1.1 Introduction

Among all the theories of gravitation Einstein’s theory of General Relativity (GR) is the most
generally accepted. According to GR the gravitating matter alters the geometry of its sur-
roundings and thus the behavior of nearby bodies. GR gives correct results even for strong
gravitational forces (where Newton’s theory fails) and agrees with Newton’s theory for weak
gravitational forces. It is expressed in terms of pseudo-Riemannian geometry. Here the four di-
mensional spacetime is represented by a Lorentzian manifold M, having signature (4, —, —, —)
with metric tensor g, and the stress-energy tensor Ty, (a,b = 0,1,2,3). The curvature of the

spacetime is given by the Riemann curvature tensor R% ;. Einstein’s field equations (EFEs)
1
Rab - iRQab + Agab = "iTaba (11)

provide a relation between the geometry and the distribution of matter in spacetime, where R
is the trace of the Ricci tensor Ry, which itself is the trace of the curvature tensor RY ;. The
stress-energy tensor corresponds to the real distribution of matter. The gravitational coupling
constant k = 871G /c*, where G is Newton’s gravitational constant, c is the speed of light and
A, called the cosmological constant, is negligible in all non-cosmological situations. Equations
(1.1) constitute a system of ten non-linear partial differential equations to determine the twenty

unknown functions, ten g, and ten Ty, (as both are symmetric tensors). Due to non-linearity



this system is very difficult to solve analytically unless some constraints or geometric symmetries
are imposed on the metric tensor. A metric tensor is called an exact solution [1] of (1.1) if it
defines a physically acceptable .

The first exact solution of the EFEs was obtained by Schwarzschild in 1916, just after the
formulation of the theory. This is a spherically symmetric static vacuum solution, i.e. for which
Ra, = 0. This spacetime admits 4 Killing Vectors (KVs) which gives the conservation laws of
energy, angular momentum and azimuthal angular momentum. Another important spherically
symmetric static solution of EFEs is the Reissner-Nordstrom (RN) solution, which represents
the field of a point massive electric charge at rest at the origin. For this spacetime R, # O.
This spacetime also admits the same four conservation laws. Yet another well-known spacetime
of GR is the Kerr spacetime. This spacetime is an axially symmetric, stationary solution
of the vacuum EFEs. This spacetime admits 2 KVs which give the conservation of energy
and azimuthal angular momentum. Besides, there are non-static solutions of vacuum EFEs
which represent gravitational waves (GWs). These are fluctuations in spacetime. In Maxwell’s
theory of electromagnetism accelerated charges emit electromagnetic waves. In a similar way
in Kinstein’s theory of GR accelerated masses produce GWs. The first exact cylindrical wave
solution was given by Einstein and Rosen in 1937. Then Bondi and Robinson gave the exact
plane wave solution in 1957. Linearization of GR naturally leads to the prediction of GWs.
They have never been directly detected but efforts are now underway to detect them from
astrophysical sources, which will bring the researchers an additional tool to study the universe
(see for example [2, 3]). Newton’s theory of gravitation implies that the binary period of two
point masses (e.g., two stars) moving in a bound orbit is strictly a constant quantity. However,
GR predicts that two stars revolving around each other in a bound orbit suffer accelerations
and as a result gravitational radiation is emitted.

The definition of energy has been one of the most thorny and important problems in GR.
In contrast to Newton’s theory of gravity, energy is not a well defined concept in GR. In the
context of Classical Mechanics the Hamiltonian in the Poisson bracket acts as a time derivative
for a conservative system. Thus energy is a conserved and well defined quantity. Therefore it
is clear that for energy to be conserved in GR, the spacetime must have a time-like KV, so as

to allow time-translational invariance. If the spacetime is static there is a time-like isometry or



KV, which can be used to define the energy of a test-particle. Namely if the KV is k and the
momentum of the test-particle is p, the energy of the test-particle is given by E = k.p. Further
energy conservation in the spacetime is guaranteed in the frame using k to define time direction.
However if there does not exist a time-like KV, energy is not conserved and hence energy of a
test particle can also not be defined. Since GWs must be given by non-static spacetimes the
problem of defining the energy content of GWs is particularly severe.

There have been several attempts [4, 5, 6] to obtain a well defined expression for local
or quasi-local energy and momentum in GR. However, there is still no generally accepted
definition known. As a result, different people have different points of view. Cooperstock [7]
argued that in GR, energy and momentum are localized in regions of the non-vanishing energy
and momentum tensor and consequently GWs are not carriers of energy and momentum in
vacuum. By definition GWs, have zero stress-energy tensor. Therefore the existence of these
waves was questioned. However, GR indicates the existence of GWs as solutions of EFEs [1].

The problem for GWs was attempted by Weber and Wheeler [8] and Ehlers and Kundt
[9]. They considered a sphere of test particles in the path of the waves. Weber and Wheeler
gave an approximate formula for momentum imparted to test particles by cylindrical GWs.
Ehlers and Kundt showed that plane waves impart a constant momentum to the test particles
in their path. Qadir and Sharif [10] presented an operational procedure, embodying the same
principle, that gave a closed formula for the momentum imparted by GWs to the test particles.
Rosen used the energy-momentum pseudo-tensors of Einstein [11] and Landau-Lifshitz [12] and
carried out calculations in cylindrical polar coordinates [13]. He concluded that the energy
and momentum density components vanish for cylindrical GWs. These results supported the
Scheidegger’s conjecture [14] that a physical system cannot radiate gravitational energy. Later,
Rosen pointed out [15] that if the calculations are performed in Cartesian coordinates the energy
and momentum densities turn out to be non-vanishing and reasonable. Rosen and Virbhadra
[16] used Einstein’s prescription by using Cartesian coordinates and found these quantities finite
and well defined. Then Virbhadra [17] used the prescriptions of Tolman, Landau-Lifshitz and
Papapetrou to evaluate the energy and momentum densities and showed that the same results
hold in all these prescriptions.

Energy and momentum conservation are described by the requirement that the divergence of



the stress-energy tensor is zero. In GR, the partial derivative in the usual conservation equation
T é”b = 0, is replaced by a covariant derivative. The tensor 7 then represents the energy
and momentum of matter and all non-gravitational fields and no longer satisfies T Clt”b = 0.
A contribution from the gravitational field must be added to obtain an energy-momentum
expression with zero divergence. Following Einstein and Landau-Lifshitz, Papapetrou gave
similar prescriptions [18]. Comparatively recently Weinberg gave another similar prescription
[19]. The expressions they gave are called energy-momentum complexes because they can be
expressed as a combination of Té’ and a pseudo-tensor, which is interpreted to represent the
energy and momentum of the gravitational field. These complexes have been criticized because
they are coordinate dependent and hence non-tensorial. One can get physically meaningful
results for the Einstein, Landau-Lifshitz, Papapetrou, Weinberg (ELLPW) energy-momentum
complexes, only in Cartesian coordinates [12, 20, 21]. Due to the coordinate dependence many
others, including Mgller [22], Bondi [23], Komar [24], Ashtekar-Hansen [25] and Penrose [4],
have proposed coordinate independent definitions. Mgller realized that the use of a tetrad as
the field variable, instead of a metric, makes it possible to introduce a first order Lagrangian
for the EFEs. Bondi studied the isolated sources of radiative spacetime and observed that
the 2-surface integral of a certain expansion coefficient of the line element of that spacetime
in an asymptotically retarded spherical coordinate system (u,r, @, ¢) behaves as the energy of
the system at the retarded time w. Komar introduced a tensorial super-potential which is
independent of any background structure and is unique property. Ashtekar and Hansen defined
the angular momentum in their specific conformal model of the spatial infinity as a certain
2-surface integral near infinity. Penrose defined quasi-local energy-momentum and angular
momentum using twistor-theoretical idea. However, each of these, has its own drawbacks
[22, 26, 27]. Here we mention some prescriptions relating to the evaluation of energy, some of

which are also discussed in [28].

1.1.1 Different Prescriptions to Evaluate Energy and Momentum in GR

As mentioned above, all stress-energy pseudo-tensors defined satisfy the local conservation law

with the partial derivative.



(a) Einstein’s Prescription

First of all Einstein attempted the problem of energy and momentum in GR. He gave the

energy-momentum complex [11]
1
b b
\Ija — 167_[1650 5 (12)

where

c Gad ce c e
Lhe = 228 [ g(g"gec — g%g*)] . (1.3)

V=
and we have used the Einstein summation convention here and hereafter.
(b) Landau-Lifshitz’s Prescription

After Finstein Landau and Lifshitz tried to resolve the problem of energy and momentum in

GR. They gave the energy-momentum complex [12]

1
g — L past, (1.4)
where
@ab _ _g(Tab + tab)7 (15)
pabed _ _g[_g(gabng _ gacgbd)]_ (16)

Here ©% is symmetric in indices @ and b while P*°? has symmetries of the Riemann curvature
tensor, t* is known as the Landau-Lifshitz pseudo-tensor. The locally conserved quantity ©2°

contains contributions from the matter, non-gravitational fields and gravitational fields as well.

(c) Papapetrou’s Prescription

The energy-momentum complex of Papapetrou [18] is given by

a 1 a0C
% = — K (1.7)



where

Kabcd _ \/jg[gabncd o gacgbd + gcdnab _ gbdgac], (18)
and n® is the Minkowski metric.
(d) Weinberg’s Prescription

Weinberg energy-momentum complex is given by [19]

1

W = ——qee 1.9

167_‘_ ,C ( )
where

Qabc _ h:,anbc o hi,bnac o h’eeanbc + h7eeb77ac + hac,b _ hbc,a7 (110)

and hgp = Gab — Nap- (1.11)

(e) Mgller’s Prescription

The energy-momentum complex of Mgller is given by [21]

1
MP = —be (1.12)

a ] WC

where

Yo = /=9(gade — Gae,a)g" 9" (1.13)

Beside the idea of pseudo-tensor there were some other attempts to resolve the problem of
energy in GR. Below we discuss few of them which are more relevant for our further discussion.
(f) Komar’s Integral

Komar using his definition of approximate symmetry [29], wrote down an integral for the mass

(energy) in a spacetime [24]

1 ~
M *d¢g, 1.14
IR (114)

" 8r



where E is the time-like Killing 1-form for the exact symmetry, *dg the dual of the 2-form dg
and S? is the 2-surface [30]. First Cohen and de Felice [31] and then Chellathurai and Dadhich
[32] used this integral to calculate the effective mass of RN, Kerr and charged-Kerr spacetimes.

For our purpose, this formulation will be discussed in more detail in chapter 4.

(g) Qadir-Sharif ’s formula for momentum imparted to test particles by GW

This prescription [10] does not give the energy-momentum tensor in the field but the momentum
imparted to test particles. The momentum 4-vector whose proper time derivative is Fy, is given
by

Pa = /Fadt, (1.15)

where

8
A «
Fo = M[{In —_} o — 225090
V900 4A

and A = (In/—g) 0. (1.17)

], Fz = M(lnggo)’i, (116)

The spatial components of p, give the momentum imparted to test particles as defined in the

preferred frame (in which goo = 0).

(h) Christodoulou-Thorne’s memory effect

The “memory” of GW burst is the permanent displacement of the test masses of a laser in-
terferometer detector after a wave train passes through it [33, 34]. This memory in general
equals the change from before the burst to afterward, in the transverse traceless part of the 1/r
Coulomb-type gravitational field generated by the four-momenta of the source’s various inde-
pendent pieces. Christodoulou [35], pointed out that the previous linearized theory calculations
missed the gravitational self-interaction effect. The nonlinear memory due to the cumulative
contribution of the effective stress of the gravitational waves themselves gives a measurable
correction. Thorne [36] discussed this idea in a more physically intelligible way and argued that
the contribution due to the nonlinear effects are already included in the expression given in

33, 34].
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(i) Isaacson’s stress-energy tensor

Isaacson [37] assumed that the wavelength of the gravitational wave is much smaller than
the radius of curvature of the background geometry. This led to a gauge-invariant first-order
approximation procedure. It was argued that the gravitational field is remarkably similar to
the electromagnetic field in the behavior of its amplitude, frequency and polarization. Then
the results of this linear approximation were extended to incorporate some of the essential
features of the EFEs. It was found that in the high-frequency limit the gravitational field
has a natural gauge-invariant stress (true) tensor. Like the Maxwell stress tensor, this stress
tensor for gravitational waves involves only first derivatives of the field. This gives the freedom
to introduce a Poynting vector to describe the flow of energy and momentum, and acts as a
source generating curvature of spacetime. The formalism was then applied to a spherical shell
of radiation expending in a spherically symmetric background geometry. For this purpose a
spherically symmetric solution of Vaidya [38, 39] was used. There the source was found to lose
exactly the energy and momentum contained in the radiation field.

In [28] it is shown that the different prescriptions (a) - (e), can provide the same result for
different cosmological models. There it is also shown that the problem becomes very complicated
and the results obtained will not be the same when rotation is included in the spacetime.

The lack of a good definition of energy, also leads to problems with the definition of mass [40].
Since energy conservation is related to time translation symmetry [41], therefore, one needs to
use some concept of time symmetry that allows for slight deviations away from exact symmetry
to define energy in GR and in particular in GWs. This approach was attempted earlier by
various people. There have been a number of different definitions of “approximate symmetry”.
One idea was to assume that conservation of energy holds asymptotically [29] and to examine
whether it would work for gravitational radiation and to define a positive definite energy. This
seems unsatisfactory as the gravitational energy should then reach infinity. There may then
be problems with orders of approximation being consistent. An altogether different approach
was taken by providing a measure of the extent of break-down of symmetry. The integral of
the square of the symmetrized derivative of a vector field was divided by its mean square norm
[42, 37]. This led to what was called an almost symmetric space and the corresponding vector

field an almost KV [43]. This measure of “non-symmetry” in a given direction was applied to

11



the Taub cosmological solution [44] and to study gravitational radiation. It provides a choice of
gauge that makes calculations simpler and was used for this purpose [45]. Essentially based on
the almost symmetry, the concept of an “approximate symmetry group” was presented [46]. In
[47] a method for computing approximate KVs on closed 2-surfaces was established and used to
study the distortion of the horizon geometry of black holes. This latter work was related to the
earlier proposal of Matzner [42] to calculate the approximate Killing fields using an eigenvalue
approach, so as to define a meaningful spin for non-symmetric black holes in GR [48]. However
it has not been unequivocally successful either. The approach of a slightly broken symmetry
seems promising, but merely providing simplicity of calculations is not physically convincing.
Other approaches need to be tried, to find one that seems significantly better than others. In
this thesis we will apply the approximate symmetry methods for ordinary differential equations
(ODEs) first to some static spacetimes and then to the GW spacetimes to look at the energy
content in these spacetimes.

Many relativists (notably including Roger Penrose [49]), believe that the invariants of the
Weyl tensor should give the gravitational radiation field. It is not, a priori, so clear which (or
which combination) of the scalar invariants should be used. A proposal for a “radiation scalar”
was provided [50] and used to extract gauge-independent (or coordinate-independent) informa-
tion particularly characterizing gravitational fields for numerical relativity by encoding it in
the numerical variables [51, 52, 53, 54]. However, this radiation scalar is physically meaningful
only in special regions of spacetime and may not have general applicability. Further, the actual
energy has not been evaluated and there are no unambiguous physical predictions coming from
it. Till these are extracted one cannot be sure that this proposal will actually give such results.

The Weyl tensor C; which is conformally invariant [55] represents a pure gravitational
field and in some sense tells us about the gravitational energy of the spacetime, but it does
not give a direct measure of the gravitational energy. On the other hand the stress-energy
tensor Ty, gives the matter content of the spacetime [40]. As for exact GWs the stress-energy
tensor is zero, we calculate the Weyl and stress-energy tensors for perturbed gravitational wave
spacetimes discussed here, to obtain the gravitational and matter components separately and
compare them with the energy content obtained from the definition of second-order approximate

symmetries of the geodesic equations.
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In the literature [56] the Weyl tensor is usually defined with valence (1, 3). In spinors it is
naturally given as a tensor of valence (0, 4) [57]. For usual purposes the form does not matter,
but for differential symmetries of the tensor the form is crucial [58]. The (0, 4) form has physical
significance for our purpose that is it relates to our definition of energy which will be seen in
chapters 5 and 6.

Minkowski spacetime is maximally symmetric having 10 KVs which form the Poincare
algebra so(1,3) @s R* (where @ denotes semi direct sum) [59]. The generators of this algebra
give conservation laws for energy, spin angular momentum and linear momentum. When one
goes from Minkowski to non flat spacetimes like Schwarzschild, RN and Kerr spacetimes some
of the conservation laws are lost. To recover the Lorentz covariance or lost conservation laws in
the Schwarzschild spacetime approximate symmetry methods for ODEs were used by Kara et.
al. [60]. They considered the Schwarzschild spacetime as a first perturbation of the Minkowski
spacetime. In the first-order approximate symmetries of the (approximate) geodesic equations
they recovered no non-trivial approximate symmetry. They recovered the lost conservation laws
of linear and spin angular momentum as trivial first-order approximate conservation laws. In
this thesis we will use not only first-order but also second-order approximate symmetries of the
geodesic equations as well as of the Lagrangians. In contrast to Kara et. al. we obtain energy
re-scaling in different spacetimes from the application of second-order approximate symmetry
of the geodesic equations. This is further discussed in the subsequent chapters.

Because of its non-tensorial nature the idea of a pseudo-tensor (discussed above) is not good
as it violates the basic spirit of GR. The way we propose for defining gravitational energy, by
the use of approximate Lie symmetry methods [61] avoids the pseudo-tensor and hence does
not violate GR. For the case of GWs spacetimes (to be discussed in detail in chapters 5 and 6)
we plot the scaling factors by using Mathematica 5. For the artificially constructed examples
of wave-like spacetimes (given in chapter 5 and 6) these plots show that the energy increases
indefinitely with time. For the physical example of cylindrical GWs (given in chapter 6) the
plots show that the energy oscillates between positive and negative values and asymptotically
goes to zero.

Another interesting question about GWs is “whether there is the analogue of Landau-

damping of electromagnetic waves for GWs”. Since Maxwell’s theory of electromagnetism
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is linear, electromagnetic waves do not interact with the field but are damped due to their
interaction with matter. On the other hand GR is non-linear and so GWs can undergo self-
interaction. This gives rise to the possibility of “Landau self-damping” of GWs. On the other
hand, the Khan-Penrose [62] and Szekeres [63] solutions of colliding plane GWs suggest that
there could even be enhancement of the waves, as they lead to curvature singularities after
the collision. The problem of definition of energy in GR makes it very difficult to answer
the question posed. Using Wheeler’s “poor man’s approach”, we can ask whether “the mass
equivalent to the energy of the GWs attracts and hence damps the waves”, or like the black hole,
“the energy enhances the mass and hence the energy equivalent to it in the wave”. With the use
of approximate Lie symmetry methods the question seems to be answerable. The cylindrical
waves get damped by self-interaction. This will be discussed in chapter 6.

The plan of the thesis is as follows. The next section briefly reviews some basic definitions
to be used later. In the last section of this chapter we will give a review of the approximate sym-
metries of the geodesic equations for the Schwarzschild spacetime. In chapter 2 we will discuss
second-order approximate symmetries of the geodesic equations and of the orbital equation for
the RN spacetime. Chapter 3 deals with the approximate symmetries of a Lagrangian for the
Kerr and charged-Kerr spacetimes. In chapter 4 second-order approximate symmetries of the
geodesic equations for the charged-Kerr spacetime are considered. In chapter 5 we will investi-
gate the approximate symmetries of geodesic equations for plane-fronted (pp) wave and plane
symmetric wave-like spacetimes. In the same chapter approximate symmetries of Lagrangians
for these plane wave spacetimes are considered. In chapter 6 we will study approximate sym-
metries of geodesic equations and of Lagrangians for cylindrically symmetric exact wave and

wave-like spacetimes. A summary and discussion are given in chapter 7.

1.2 Basics

In this section we will provide some basic definitions that will be of great use subsequently.

14



1.2.1 Lie Groups

A differentiable manifold G is called a Lie group if V ¢g,h € G, the map (g, h) — gh™! is
differentiable [64]. The following are examples of Lie groups:

(i) The group of all n x n, non-singular real matrices
GL(n, R) = {Myxn, |M|+#0}, (1.18)

is an n dimension Lie group;

(74) A group of scalings in the plane
¥ =az, y* =da’y, 0<a < oo, (1.19)

is a Lie group;
(i74) The circle, S, consisting of angles mod 27 under addition or complex numbers with

absolute value 1 under multiplication is a one-dimensional compact connected abelian Lie group.

1.2.2 The Lie Bracket and Lie Algebra

Let X and Y be differentiable vector fields on M. Let p € M and = : U — M be a parame-

trization at p where M is a differentiable manifold and

X:aii, v =52

be the expressions for X and Y in these parametrization. Let D be the set of all differentiable

functions on M then for all f € D we have

o _, 9a;, f

DY = (XY = YX)f = XY= YXf = (arg? g D)

(1.21)

which is again a differentiable vector field. The vector field [X, Y] obtained by the Lie product
of two vector fields X and Y is called Lie bracket of X and Y.
A Lie algebra L is a vector space over some field F' equipped with the Lie bracket satisfying

the properties
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(i) [@X + BY,Z] = o[X,Z] + B[Y, Z],

X, aY + BZ] = ofX, Y] + 8[X, Z] linearity for all a, 5 € F};

(i) [X,Y] = —[Y,X] (skew commutativity);

(iii) [X,[Y,Z]] +[Y,[Z,X]] + [Z,[X, Y]] = 0 (Jacobi identity).

A Lie algebra is said to be real if F' is the field of real numbers and complex if F is the field of
complex number. The vector fields X and Y are called the generators of the Lie algebra. If the
basis (generators) of the Lie algebra are finite (say n) then it is known as a finite dimensional (n
dimensional) Lie algebra. Otherwise it is known as infinite dimensional Lie algebra. Now if (X,
X, ..., X;) is an r-dimensional Lie algebra, then we can represent the infinitesimal generator

X;(z) by
0
oxt’

Xj(x) = a}(x) (1.22)

The Lie algebra of the generators X;(z) is known from the Lie product of the two operators

[Xi, X,]. This can be simplified by using the structure constants defined by

where
Cij = —Cji (1.24)
and the Jacobi identity gives
B o B o B o

To every Lie group, one can associate a Lie algebra, whose underlying vector space is the
tangent space of G at the identity element, which completely captures the local structure of the
group. Informally one can think of elements of the Lie algebra as elements of the group that
are “infinitesimally close” to the identity. For example, the Lie algebra of the general linear

group GL(n, R) is the vector space M (n,R) of square matrices with the Lie bracket given by

[A, Bl = AB — BA, A, B€ M. (1.26)
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Since a Lie algebra determines the local structure of the group, therefore two groups will be
locally isomorphic if and only if their Lie algebras are isomorphic. To every Lie algebra there can
be associated a unique simply connected Lie group, but there can be other multiply connected

Lie groups.

1.2.3 Approximate Lie Algebra

Here we give the definition of an approximate Lie algebra [65]. A class of first-order differential

operators
’ 0
X — fifz o) 1.27
£ 2 (1.27)
such that
€z, €) m &b () + €€l (x) + .o + €L (), i =1,...,m, (1.28)
with some fixed functions &} (z), €€t (), ..., "¢t (x), (i = 1,...,n) is called an approximate op-

erator. An approximate Lie bracket of the approximate operators X and Y is an approximate

operator denoted by [X,Y] and is
X, Y] ~ XY - YX. (1.29)

An approximate Lie algebra L is a vector space over some field F' equipped with the approximate
Lie bracket satisfying the properties, namely:

(i) [@X + 8Y, Z] = o|X,Z] + B]Y, Z]

X, aY + BZ] =~ o[X,Y] + B[X, Z] linearity for all a, 5 € F

(ii) [X, Y] ~ —[Y, X] (skew commutativity)

(i) [X,[Y,Z]] +[Y,[Z,X]] + [Z, [X, Y]] =~ 0 (Jacobi identity).

Here the approximate Lie bracket [X, Z] is calculated to the precision indicated. We illus-
trate this by the following example.

Example: Consider the approximate (up to O(e?)) operators [65]

0 0

0
X=—+ex—, Y

= ey 1.
ox oy oy Ty oz (1.30)
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Their exact Lie bracket is

0 0
X, Y] =€ (z-— —y-). 1.31
X.Y] =y —uy) (131)
Therefore the linear span of X and Y is not a Lie algebra in the usual (exact) sense. However,

these operators span an approximate Lie algebra in the first-order of precision.

1.2.4 Exact and Approximate Symmetries of ODEs

First we will define exact symmetries of ODEs and then we will define approximate symmetries
of ODEs.

According to Noether’s theorem [66] for a system arising from a variational principle, con-
servation laws of that system come from a symmetry property. This theorem gives a procedure
which relates the constants of motion of a given Lagrangian system to its symmetry transfor-
mation [67]. There is a connection between the symmetries of a manifold and its isometries
[68]. Symmetry generators of a Lagrangian for the geodesic equations of a manifold form a
Lie algebra which always include the generator 9/0s [69]. From the geometric point of view
symmetries of a manifold are characterized by its isometries or KVs, which always form a finite
dimensional Lie algebra [1].

In general a manifold does not possess exact symmetry but approximately does so. It would
be of interest to look at the approximate symmetries of the manifold. These approximate
symmetry may give us much more information.

A symmetry transformation or symmetry of a DE is that transformation which leaves the

form of the equation invariant. The symmetries of an ODE [70]
E(s;x(s),x'(s),x"(s), ..., x"(s)) = 0, (1.32)

under point transformations

(s,x) — (§(s,%),n(s,x)), (1.33)
are given by

0

X €(s, %) 5+ (s %) -+ 1 (5, ) 5 s x)
X

0s ox %! (1.34)
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such that on the solution of

E =0, (1.35)

we have

X (E)|g_o =0. (1.36)

The operator X is called the infinitesimal generator, group operator or Lie operator and X!

is called the kth prolongation of the infinitesimal generator

0 0
X:é.(S,X)% +77(37X)67X7 (137)
where the prolongation coefficients are given by
_ dn ,d€
77,5 - % X %7 (138)
A1)y dE
nw = —go XV k=2 (1.39)

Henceforth we shall drop the index k for the prolongation and leave it to the context to clarify
which one is being used. For determining the symmetries of a system of ODEs we use the

invariance criterion. The system of ODEs of order n
B (s;%x(s),x'(s),x"(s),....x™(s)) =0, (r = 1,2...,p), (1.40)

admits a symmetry algebra with generator

_ 0 o 0
X—ﬁ(&@&*‘ﬁ (va)@a (141)
if and only if
X"(E)|p o= 0, (1.42)

holds, where x is a point in the underlying m-dimensional space and x’ is the first derivative

of x and x(™ is the nth-order derivative with respect to s and

+n%(s, %, X/)i +..+ nf’én)(s,x,x/, ...,x(”))L (1.43)

n 9 9
X[ ]:f(sv X)i +n (57 X) ox! oxen)’

s ox«
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the prolongation coefficients are

d?]a /d£
o _ oy 1.44
s ds ds’ (1.44)
dna(n-1) (n) 4€
o = — 2 _ x> > 2. 1.4
1 (n) s I (1.45)

Now we define the kth-order approximate symmetries of a system of ODEs [61]. If
E =Eg+¢E; + Ey + ... + "By + O("™) (1.46)

and

X = X+ eX14+€Xs + ... + X, (1.47)

so that

XE :=[(X, + eX1 + €Xa + ... + *X})(Eq + ¢Eq + ?Ey

+oot EkEk)}E=E0+6E1+...+ekEk:O(€k+1)a (1.48)

then (1.47) is called a kth-order approximate symmetry of (1.46). Here Ej is the exact equation
Fj is called the first-order approximate part and Fs is called the second-order approximate part
of the perturbed equation and so on. The Xy is the exact symmetry generator, X as the first-
order approximate part, Xo the second-order approximate part of the symmetry generator and

so on, where

Xo = €olsx)5n + o(ssx) g +bls %X g+ 185, %KX o
+77E)k)(s,x,x', ...,X(k))axa(k), (1.49)
Xi = &5+ (s X) 4 b %) (s, X X ) o
i (s, %, %, . X(k))axa(k), (1.50)
Xy = 52(57)()% + UZ(S’X)% + 77%(57X,X/)% + n%(s,x,x’,x”)ai” 4o
+77§k)(s,x,xl, oy x(R)) 0 (1.51)

ox(k)’
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and so on. The kth-order approximate symmetry is called non-trivial if at least one of the lower
order symmetries are non-zero for it, that is if (at least) any one of Xy, X1, Xa,..., Xj_1 is
non-zero. In the case of trivial symmetries it is also possible that lower order symmetries cancel
out in the determining equations.

There are some alternate methods for defining approximate symmetries of differential equa-
tions (DEs). In this regard a definition was given by Fushchich and Shtelen [71]. They inter-
change the order of approximation and take the limit between the parameter of the symmetry
generator of the algebra on the one hand and the approximation parameter on the other hand.
This method is compared with that of Baikov et al. in [72, 73]. A generalization of the ap-
proximate Lie symmetry methods for DEs to include conditional symmetries was developed
in [74]. Comparatively recently another notion of approximate symmetries of DEs has been
developed by Burde [75]. This latter method does not find solutions of a DE directly, but
provide transformations between different DEs. At this point the approach completely differs
from standard perturbation methods that involve a straightforward expansion of the depen-
dent variables, which is inserted into the perturbed DE. This method was aimed at finding
transformations from the perturbed equation to the unperturbed equation: which variables are
transformed (and in what way) was determined by the requirement that the transformations
form a Lie group. These transformations naturally define an approximate solution of the per-
turbed equation that has the solution of the unperturbed equation as a zero-order part. This
approach is then compared with the other approaches of approximate symmetries of DEs [75].

We will follow the method of Baikov et al. [61].

1.2.5 Exact and Approximate Symmetries of Lagrangians

Symmetries (and approximate symmetries) of the system of the geodesic equations for a space-
time gives us conserved quantities but in addition there are also non-Noether symmetries which
are not related to conservation laws and therefore of no interest for our purpose. Further,
the Lie symmetries need second prolongation (for second-order Euler-Lagrange equations) of
the symmetry generator, while the symmetries of the Lagrangian give us directly conserved
quantities in which we are interested and only need the first prolongation of the symmetry

generator. Methods for obtaining exact symmetries and first-order approximate symmetries of
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a Lagrangian are available in the literature [70, 76, 77]. Here we extend to the second-order
approximate case.

Symmetries of a Lagrangian also known as Noether symmetry [70] are defined as follows.
Consider a vector field given by (1.41) whose first prolongation is

/ -/

0
J )W’ (1.52)

X[l] =X+ (77?3 + ’I’]i,cll‘l - E,s$jl - g,xizvi
where i, j =0,1,2,3. Now consider a set of second-order ODEs (Euler-Lagrange equations)
2" = g(s,a',a"), (1.53)

which has a Lagrangian L(s, ", xil). Then X is a Noether point symmetry of the Lagrangian

L(s,z%,2") if there exists a function A(s,z") such that
XU L 4+ (D)L = DA, (1.54)

where the total derivative operator is

8 ,L'/ 8

(1.55)

For more general considerations see [70, 78]. The significance of Noether symmetries is clear
from the following theorem [66].
Theorem 1.1. If X is a Noether point symmetry corresponding to a Lagrangian L(s, !, z*')
of (1.53), then
I=¢L+(n' — 2" &)L — A, (1.56)

is a first integral of (1.53) associated with X. For the proof of this theorem see [79].
We define second-order approximate symmetries of the Lagrangian via the following theo-

rem.

Theorem 1.2. If

!

L(s,z', 2" e,?) = Lo(s, 2", 2" ) + eLi(s, ', 2" ) + 2Ly (s, 2", 2" ) + O(e?), (1.57)
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is a first-order perturbed (up to second-order in €) Lagrangian corresponding to a second-order

perturbed system of equations
E = Eg + €E; + 2Ey + O(¢®) = 0, (1.58)

and the functional fV Lds is invariant under the one-parameter group of transformations with

approximate Lie symmetry generator

X = Xg + eX; + Xy + O(%), (1.59)
up to gauge
A=Ay+ €A + €2A2, (160)
where
X~—§2+ia (j=0,1,2 and i = 0,1,2,3) (1.61)
j_jas njaxi>]_aa a t=V,1,4, ) .
then
XU Lo + (D) Lo = Dy Ao, (1.62)
XU Lo+ XMLy + (Do) Lo + (Dséy) Ly = DAy (1.63)
and
X Lo+ XLy + X0 Ly + (Do) Lo + (D) Ly + (Do) Lo = DoAs. (1.64)

Proof: For the unperturbed case (1.62) and first-order perturbed case (1.63), see for example
[70, 77] respectively, for the second-order perturbed case (1.64), proof follows from there.
Here Lg is the exact Lagrangian corresponding to the exact equations Eg = 0, Lg + €l
the first-order approximate Lagrangian corresponding to the first-order perturbed equations
Eo+€E; = 0. The perturbed equations (1.63) and (1.64) always have the approximate symmetry
€Xo which are known as trivial approximate symmetries. For a 4-dimensional spacetime (1.62)

- (1.64) give 19 determining equations.
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1.2.6 Approximate First Integrals

The first-order approximate first integrals are defined by setting I by Iy + €l1, £ by &y + €&,
No+e€ny, by Lo+eL1, and A by Ap+e€A; in the definition of first integral (1.56) and equating the
coefficients of like powers of € on both sides. This gives the zeroth (exact part) and first-order

approximate part of the first-order approximate first integrals

. i 0L
Iy = &gLo + (ny — & )—7 — Ao, (1.65)
ox
: i . OL . i OL
I = €Ly + & Lo + (mh — €2 )5 + (i — €12 )3 — Ay (1.66)
ox ox

If Iy vanishes, then [ is called an unstable approrimate first integral and otherwise called stable.
A detailed discussion on the approximate first integrals for Hamiltonian dynamical system is

given in [80].

1.2.7 Weyl and Stress-energy Tensors

Here we define some useful tensors which will be used in the subsequent discussion.
The Riemann curvature tensor Rgpcq = Gaalfl%.y can be uniquely decomposed into three

parts [1] given by

Rabcd - C'otbcd + Eabcd + Gabcdv (167)

where

1
Eiped = §(gacsbd + gbdSac — 9adSbe — JbeSad) (1.68)
1
Gabed = ER(gacgbd — Gad9be), (1.69)
and
1

Sab = Rab - ZRgaba (170)

denotes the traceless part of the Ricci tensor Rgy,. The decomposition given by (1.67) defines

the Weyl conformal tensor Cgypq given by

1 1
Cubed = Rabed — §(gacRbd — GadBpe + gpalac — gbcRad) + éR(gadgbc - gacgbd)) (171)
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or

1 1
C%ed = R%ed — 5(5§Rbd — 6q Ry + gpa R, — gue R%y) + 63(53% — 00 gbd)- (1.72)

The Weyl tensor has manifestly all the symmetries of the Riemann curvature tensor i.e.
Cabcd = _Obacd = _szbdc = Ccdabu (173)

but [55]
gbdcabcd = 07 (1.74)

in contrast to gbdRabcd = R4 A further distinction is that, while the Riemann tensor can be
defined in a manifold endowed only with a connection, the Weyl tensor can be defined only if
a metric is also defined as it is essential for defining the Ricci scalar. The Weyl tensor is also
known as the conformal curvature tensor. Let g, = Q2()gas be a conformal transformation
of g where 2 is a smooth positive real function on M. The Weyl tensor is invariant under
conformal transformations of the metric [55]. Due to the symmetry property defined by (1.74)
it can be checked that the Weyl tensor is that part of the Riemann curvature tensor for which all
contractions vanish. Because of its symmetry properties the Weyl tensor has at most 20 — 10 =
10 independent components in a four dimensional spacetime. The importance of the Weyl tensor
for the deeper problem of GR is the conformal invariance of C%_; [1, 55]. If the Weyl tensor
vanishes in a neighborhood of a spacetime, the neighborhood is locally conformally equivalent
to the Minkowski spacetime. Thus the Weyl tensor has geometric meaning independent of any
physical interpretation.

The stress-energy tensor Ty, gives the matter content of a spacetime [40]. This is a symmetric

tensor and can be calculated from the EFEs
1 1
Tup = - (Ray — 5 Rgar)- (1.75)

For a 4-dimensional spacetime this tensor has 10 independent components. At each event of the
spacetime this tensor gives the energy density, momentum density and stress as measured by
observers at that event. Since for GW spacetimes T, is always zero and C%_; may be non-zero,

there is no stress, energy or momentum. If there is no mass or energy at a given event, the
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Ricci tensor vanishes through the EFEs. If it were not for the Weyl tensor, this would mean
that matter here could not have gravitational influence on distant matter separated by a void.
Thus the Weyl tensor represents that part of spacetime curvature which can propagate across

and curve up a void.

1.3 Review of the Approximate Symmetries of the Schwarz-
schild Spacetime
In this section we review the exact and approximate symmetries of the orbital equation and

of the geodesic equations for the Schwarzschild metric [60]. The field of a point gravitational

source at the origin is given by the Schwarzschild metric

ds? = "2 — e dr? — 12(d6? + sin® 0d¢?), (1.76)
where
2GM
v_q_ 1.77
€ 2 (1.77)

and M is the mass of the point gravitational source at the origin.

In the isometry algebra of Minkowski spacetime, so(1,3) is isomorphic to so(3) @ so(3).
This algebra corresponds to the conservation of angular momentum (one of the so(3)s), “spin
angular momentum” (the other so(3)) and the (linear) energy-momentum (R*). The symmetry

generators are

0 0 ., 0

Y, = 5 Y, = coscb% - cot&smgb%, (1.78)
.0 0 0

Y, = sm(ﬁ% —|—cot(9(:os¢8—¢, Ys = By (1.79)

with the symmetry algebra so(3) @ R corresponding to the conservation of energy and angular
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momentum and

cos@cosqﬁgi cscHsinqﬁg
r 00 r 0¢’
Cosﬁsin¢2+ CSC@COS(bE
r 00 r 0¢’

0 sinf 0

Y6 = COSGE — T%,

Y, =sinfcos d)@ar +

Y5 =sinfsin gbaa +
r

which give the conservation of linear momentum as well as

rsinfcos ¢ 0 i 0 cosfcos¢p O  cschsing O
Yi=—— = v a7
7 - at—i—ct(sm@cosqbar—l- " 20 " 8¢)’
rsinfsing 0 i ., 0 cosfsing @ cscOcos¢ O
Yg=—""—— - i a7
8 o g TetlsinOsinogo 7 —
rcosf O 0 sing 0
Yy = —+ct 0p— — =
? g T etleos0og == 5g)

which give the conservation of spin angular momentum due to Lorentz invariance.

The geodesic equations for the Schwarzschild metric are given by

i—l—l/'ﬁz(),
o1 -2 2 2 -2
r+§(e”)'(e”c2t —eVr ) —re’(0 +sin’fp ) =0,
0+ —rf —sinflcosp =0,
r

¢+ ;r¢+2cot00¢ =0.
with

, 2GM /c*r?
V=
1—-2GM/c*r

(1.80)
(1.81)

(1.82)

(1.83)
(1.84)

(1.85)

(1.86)
(1.87)

(1.88)

(1.89)

(1.90)

Applying the definition for the symmetries of ODEs these equations have the (exact) symmetries

given by the above isometry algebra so(3) @R (1.78) and (1.79) added to the dilatation algebra

0 0
h = <as’ Sas>

(1.91)

generated by the re-parametrization allowed for the geodetic parameter. These are the exact

symmetry generators. Note that here conservation of linear momentum is lost as a test particle
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put at a finite distance from the gravitational source will start to move. Further, the “spin
angular momentum” conservation is also lost, as the motion is no longer be Lorentz invariant
in the field of gravitational source.

Now for investigating the approximate symmetries of the geodesic equations for this metric
Kara et. al. first looked at the approximate symmetries of the orbital equation for this metric.

The orbital equation of motion is given by

d?v GM 3GM .2
— + 1.92
do? v K2 c2 ’ ( )

where h is the classical angular momentum per unit mass and v = % In the classical limit

¢ — oo it gives the classical orbital equation. Applying the definition for the symmetries of

ODEs to (1.92), this yields the following (exact) symmetry generators

_ 0 9 0
Y, = vcosgzﬁa(;5 v s1n¢ Yg—USln¢8¢+U cosqﬁa, (1.93)
0 0 ., 0 0
Y3 = 'U%7 Y4 = COS ¢%7 Y5 = sin ¢%, Y6 = %, (194)
0 . 0 . 0 0
Y; = cos 2¢8—¢ —vsin 2(;5%, Yg = sin 2¢% + v cos 2¢%. (1.95)

Considering the definition of approximate symmetries (only up to first-order) with e defined to

be 2GM/c?, (1.92) has two stable approximate symmetries

0

Y, = sm¢ +6(2s1n¢ ¢+vcos¢%), (1.96)
8 d ., 0

Yoo = cos¢—v—e(2cos¢8¢ Usmqﬁ%). (1.97)

At best, only some of the exact symmetries lost in going from Minkowski to Schwarzschild space
have been recovered. Since the orbital equation had been derived by using the symmetries to
restrict the motion to an (arbitrarily chosen) equatorial plane, it could be expected that all of
them will re-appear as approximate symmetries in the full system of geodesic equations. The

perturbed geodesic equations for Schwarzschild metric with small term e, defined above, are
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given by

tr

t+ E(T—2) =0, (1.98)
. 2 .2 1 .2 g .2 .2
r—r(0 +sin?0¢ )+ e[ﬁ(czt —7r )46 +sin?0¢ | =0, (1.99)
. . .2
0+ 27"0 —sinfcosfp =0, (1.100)
r
b+ i+ 200t 000 = 0. (1.101)
T

Applying the definition of approximate symmetries (1.48) to these equations (1.98)-(1.101)
and using (1.78) - (1.85) as exact symmetry generators, Kara et. al. have obtained the new
approximate symmetry generators, which are exactly the same as the exact symmetry generators
that were lost due to the gravitational field. Note that Lorentz invariance is recovered as an
approximate symmetry in the gravitational field. So the trivial (in the sense that they are
epsilon multiples of the exact symmetries) approximate symmetries provide the “stability” of
all the known conservation laws. That is, the conservation laws are inherited by the perturbed

geodesic equations of the Schwarzschild spacetime.
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Chapter 2

Second-Order Approximate
Symmetries of the Geodesic
Equations and re-scaling of Energy
in the Reissner-Nordstrom

Spacetime

In this chapter we will investigate second-order approximate symmetries of the geodesic equa-
tions for the RN spacetime. A re-scaling of the arc length parameter s, for consistency of
the trivial second-order approximate symmetries of the geodesic equations indicates that the
energy in the RN spacetime has to be re-scaled [81]. Here we will also provide the second-order

approximate symmetries of the orbital equation for the same spacetime.

2.1 Approximate Symmetries of the RN Spacetime

It had been pointed out [60] that there is a difference between the conservation laws obtained
for the system of geodesic equations and the single orbital equation for the Schwarzschild

spacetime. It was further remarked that it should be checked if this difference also holds for
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other spacetimes. We investigate this question for the orbital equation in the RN spacetime.
Therefore, in this section we first discuss the second-order approximate symmetries of the
orbital equation of the RN spacetime and then we will discuss the second-order approximate
symmetries of the geodesic equations for the RN metric.

The RN spacetime is given by (1.76) with

_2GM | G@?

14
e =1 —_
c2r cAr2’

(2.1)

where () is the electric charge of the point gravitational source. Electromagnetism is the only
long range force in Nature other than gravity and this is the only spherically symmetric, static
exact solution of the “sourceless” Einstein-Maxwell equations. In the chargeless case (Q = 0)
it reduces to the Schwarzschild metric. It is of interest to look at the symmetry structure of
this metric and the corresponding symmetries, and approximate symmetries of the geodesic
equations.

For determining approximate symmetries we take the same small parameter €, as before.
However, we have another small parameter to include

_G@?

o= —.
ct

(2.2)

There is no way to meaningfully deal with two small parameters. As such we restrict our

attention to RN black holes, for which o < €2. Thus we can put

1
a=ke? with 0 < k < T (2.3)
Hence retaining only €2 and neglecting its higher powers (2.1) gives
N € 2k, , e 1-2k, . e (1—k) 4
——_Z2 V== d =14+- , 2.4
(") R L 5+ 5 ¢ ande +7"+ R (2.4)

)
/

where denotes the derivative with respect to r. In the limit of ¢ — 0, this spacetime
reduces to the Minkowski spacetime and when €2 — 0 and € # 0, then we obtain the perturbed

Schwarzschild spacetime discussed in chapter 1.
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2.1.1 Approximate Symmetries of the Orbital Equation for the RN Space-

time
The orbital equation of motion for the RN metric up to second-order in ¢, is given by

62

k
h2) + 2k + ) = 0, (2.5)

1
ol 2
E:v +v—e§(3v + 2

where h is the classical angular momentum per unit mass and v = 1/r. The exact and first
order approximate symmetry generators for this equation are given by (1.93) - (1.95) and (1.96),
(1.97) respectively. The zeroth-order (exact) and first-order approximate symmetries can also
be written as

&y = v[c1 cos @ + casin @] + ¢4 + ¢5 cos 2¢ + cp sin 2¢, (2.6)
o = v2[ca cos ¢ — ¢1 sin @] + v]ez + cg cos 2¢ — c5sin 2¢] + 7 cos G + cg sin B, (2.7)

and

&, = v[ay cos ¢ + azsin @] + ag + a7 cos 2¢ + ag sin 2¢ + 2(c7 sin ¢ — cg cos @), (2.8)
1 = v[agcos ¢ — apsing] + v]az + agcos2¢p — aysin2¢ + 7 cos ¢ + cg sin P
+a4 cos ¢ + as sin ¢. (2.9)

We apply the second prolongation
2 2 2 0 d 0
XEL = XXX =6(0,0) 50 + (0, 0) 50 0000050+

0
n7¢¢(¢7vavlavn>W7 (210)

of the second-order approximate symmetry generator X =Xg+eX;+€>Xs, to the second-order
perturbed ODE (2.5), where X is the exact part given by (2.6), (2.7) and X; is the first-order
approximate part given by (2.8) and (2.9) of the second-order approximate symmetry generator.

We have to find the second-order approximate part Xy of the approximate symmetry generator.
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In (2.10)
§:§0+651+€2§2 aﬂdU:770+6771+627727 (2.11)

where each of the §; and n; (i =0,1,2), is a function of ¢, v; 1;,4 are functions of ¢, v, ¢'; and

N;,6¢ are functions of ¢, v, #',¢". Applying the operator X[? given by (2.10) on (2.5)

(Xo 4 eX1+€2Xo) [0 + v — e%(3v2 + 222) + €2 (2kcv® + %020)](2‘5) =0, (2.12)
or
[(ng + emy + €’n9){1 — Bev + € (6kc*v” + %62)} + 0,66 T Mps + EM2psl25) =0, (2.13)
where

2 3
Mig = Migy + (20, — iy, )V + (03, — 26, )07 + (0, — 2&,)0" = &, 0" =38, 00", (2.14)

In (2.14) in subscripts i, ¢ denotes second prolongation and iy, etc. denote second derivatives.
Using (2.14) and (2.5) in (2.13) and comparing coefficients of the different powers of v, only

for the terms involving €2, we obtain the following set of determining equations

£2,, =0, (2.15)
Ny, — 262,, =0, (2.16)
3 2 23 K o

2772¢v — £2¢¢ + 32}52” — 5511; (3U + ﬁ) + 3601} (ch VY + ﬁc U) = 0, (217)

1 2, 2,3

Mgy — VM2, + 2085, + 5(771U —26,)(3v" + ﬁ) — (o, — 2&o,) (2kcv

koo 22, ke
—i—ﬁc v) + 1o (6kc v* + ﬁ) —3un; +ny =0. (2.18)
Integration of (2.15) twice with respect to v gives

§o = vf(d) + h(9). (2.19)
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We use (2.19) in (2.16) and then integrate it twice with respect to v we obtain

1y = v? f5() +vg(9) + k(9). (2.20)

Use of (2.6), (2.7) in (2.17) and then use of (2.19), (2.20) in the resulting equation we get

1080+ cosing = 0, (2.21)
ajcos¢+agsing = 0 (2.22)
and
fes(@) + f(¢) = 0, (2.23)
29¢(¢) — hgg(d) = 0. (2.24)

In (2.21) and (2.22), c1, g, correspond to the exact symmetry generators and aj, ag correspond

to the first-order approximate symmetry generators. Equations (2.21) and (2.22) give us

a1 =0,a2 =0and ¢y =0, cg =0.

Integration of (2.23) yields

f(@) = by cos @+ bysin @ (2.25)
and integration of (2.24) gives
1
9(¢) = 5hs(9) + bs. (2.26)
Therefore,
€ = v(bicos +bysing)+ h(g), (2.27)
M = V(bacosd— brsing) + v(3ho(6) +bs) + K(o). (2.28)

Substituting the values of &y, ny and &, n; from (2.6), (2.7), and (2.8), (2.9) in (2.18) and using

(2.27) and (2.28) we obtain the following equations in which a4 and as correspond to first-order
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approximate symmetry generators.

h¢¢¢(¢) + 4h(¢) = 6(@4 cos ¢ + as sin (;5), (2.29)

koo(d) + k(¢) = 0. (2.30)

Solving the non-homogeneous 3rd order ODE (2.29) we obtain
h(¢) = bg + by cos 2¢ + bg sin 2¢ + 2(a4 sin ¢ — as cos ¢). (2.31)

Integration of (2.30) yields
k(@) = by cos ¢ + bs sin ¢. (2.32)

With the use of (2.31) and (2.32) from (2.27) and (2.28) we have

€9 = v(by cos @ + by sin @) + bg + by cos 2¢ + bg sin 2¢ + 2(a4 sin ¢ — as cos @), (2.33)
Ny = v2(b2 cos ¢ — by sin ¢) + v(bg cos 2¢ — by sin 2¢ + a4 cos ¢ + a5 sin ¢ + bs)

+by cos ¢ + bs sin ¢. (2.34)

Here b; (i = 1,...,8) are arbitrary constants of integration.

In the second approximation, i.e. when we retain terms quadratic in ¢, the orbital equation
(2.5) possesses no non-trivial second-order approximate symmetry generators, but the first-
order approximate symmetry generators (non-trivial in the case of the Schwarzschild spacetime)
are still retained. Thus there is no new approximate conservation law but only the previous
conservation laws that have been recovered. The second-order trivial approximate symmetry

generators are the same as given by (1.93) - (1.97).

2.1.2 Approximate Symmetries of the System of Geodesic Equations for the
RN Spacetime

A better idea of what is actually required comes from the full system of geodesic equations.

The geodesic equations for the RN metric are given by

35



Ei:t+ 6(:7;) + 62[@{%] =0, (2.36)

r

B .2 .2 1 2 o .2 2
Ey:r—7r(0 +sin?6¢ )+6[2 2(c2t —7r )+ 0 +sin?6¢ |r
r
—e2ﬁ[(1 +2k)c®t + (1 —2k)r +2rk(0 +sin?0¢ )] =0, (2.37)
r
Es: 0+ —-rf —sinfcosfp =0, (2.38)
r
Ey: ¢+ —rp+2cothhp = 0. (2.39)
r

where “” denotes the derivative with respect to s. Since this is the system of second-order

ODEs, with second-order perturbation term, we apply to it the second prolongation of the
approximate symmetry generator X = Xg + €X;4€2Xy, where the exact part X and first-
order approximate part X; are given by (1.78) - (1.85), the second-order approximate part
Xy of the symmetry generators to be determined. The second prolongation of the symmetry

generator is given by

0 0 0 0 0 0 0 0
X[?]: (Vi 1Y 2 Y 3 Y (e 1Y 2 Y
0 0 0 0 0
+ 77?57- + n?ssi + n}ssf + n,zssf + n?ssf : (240)
o ot or o0 D¢

Note that in (2.40) & = &g + €&1 + €2&y and n* = 1y + eny + €20y ete. (u = 0,1,2,3). Here &,
nt are all functions of s,t,7,60 and ¢; n's are all functions of s,t,r,@,qﬁ,i,hé and gﬁ; and 7'y,
are all functions of s,t,r,0, qﬁ,i,%‘, é, <}§, .t.,é;,é and ¢ We apply this symmetry generator to the
geodesic equations (2.36) - (2.39). We obtain the following equations

1—
7-3

2% .
EHmY o+ el +End )r+

S 2¢  3(1—2k)
(M5 + €M + €M)t} = tr(ng + em + €nz) (5 + =5 —)g=0 = 0,

€
X[Q}El = [778,53 + 677?,35 + 62778,85 + {ﬁ +
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e 142k
X By = [16 5 + €0l 55 + 05 + g + — 5= )00, + el +E03)

.2 92
2 2 .
c“t 2e  3(1+2k) o, r 2  3(1—2k) 4 ke
G T gt T e
.2 2 1 1 2.1 - € 1—-2k 5., 4 1
+sin”0¢ )} (ng + eny +€ny) — (-5 + €)(No,s + €m s+

r3
2,1\ _ofp _ kﬁ 2 2 2 2 9 ino 0'2 2
he) = 2(r — e+ ") (8 o + 0+ €13,)0 + sin O cos 06 (1]

+E’rﬁ + 6277%) + ¢Sin2 ‘9(778,3 + 677:17),3 + 6277%,8)}]Ej20 =0,

20 20
X[Q]ES = [ng,ss + 677%,55 + 6277%,53 - r2 (77(1) + 677% + 6277%) + 7(77(1),5 + 677%,3
2.1 277'“2 2 2 2 _'2 20 _ sin20)(n
+eny) + ; (Mo,s +ems +emys) — ¢ (cos sin” 0) (ng+

en? + €2n2) — 2sin 6 cos 9¢(n%75 + enis + 5277%,3)]Ej=0 =0,
2

20
X[Q]E‘l = [773,35 + 677?,55 + 6277%,55 - 7("7(1) + 6"7% + 6277%) +

1 1
— +e€
r2 r (770,5 771,5

.o ..
t+ €n3,6) +2(5 + 000t O) (1 + eni s + €1a) — 200 esc” O+
et + En3) + 20 cot 0(13  + enft  + €03 )] =0 = 0,
where (j = 1,2,3,4). The prolongation coefficients are
0 0 4 4(0 0 a0 0 L ; "y
Nis = Mis + t(Mix — &is) + 1M + Onjg + PNy — t §iy — tr&y — 10,9 — 0,4,
Ul gl el e N gl ol e 2Peae e
Ni,s Nis + Nit + T(nzr fzs) + Nio + ¢Th¢ ngt r gm‘ r 529 Tqbglgb’
2 2 402 02 2 L2 ", )2 >
Mis = Mis + Wi + 105 + 0(ig — i) + P — 105 — 10&;, — 0 Eig — 06,4,

77?,5 = 3, +tny, 4+ . + Oniy + <75(77?¢> —&s) —tPE — 1P — 009 — ¢ &g
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(2.45)

(2.46)
(2.47)

(2.48)



. .2 .3 . .
”7’?788 = 77?55 + t(277?st - giss) +1 (n?tt - gist) —t Eitt + 2rn?sr +r 217’?’/‘7‘ + 2‘977?59—1_

.2 . .2 .. .- .
0 77?09 + 2¢T7?S¢ + ¢ 77?@5@5 + 2757“(77?” - gisr) + 2t0(77?t0 - 52’59) + 2t¢(n?t¢ - gis¢)

. . - 2, 2. 2. 2
+ 27000 + 2r gm0, + 2007, — 2t Ty, — 2t 08,5 — 2t Eis — T Ejpp—
t0 Eigp — td Eipy — 210859 — 24101y — 240094 + t(n, — 26;, — 3tE;—

2, — Qéfie - 2¢fi¢) +r(ng, — igir) + é(ﬂ?@ - ifie) + ;2'5(77217 - i€i¢)7 (2.49)

. .2 . .3 .
7711,85 = 77@'155 + 2tnzlst +1 nzltt + 7/'(2777,137’ - giss) +r 2(”%1"7" - 2£isr) -r gir'r =+ 29771159

2 . 2 . . . .

+0 Njgg + 20Misy + D Nigy + 207 (M — Eist) + 2603y + 2tdmiyg + 270 (g
- .. .2, . .2 - 2 )

—&is0) T 27”¢(7711r¢ —&isp) T 29¢771'19¢> =t &y — 10 Sigg — 1O iy — 2LT iy

— 21 08,9 — 27 BLipg — 2410815 — 24T 015 — 2r0PE 9, + L(nly — TEy) + T (04,

— 28, — 3r&;, — Qigit - 2951’0 - 2&5@) + é(mle — 7€) + ?/5(77$¢ —1&p); (2.50)

e = M + 207, + F i 2 PR 02 — i) + 92(77?99 — 26;50)—
935199 + 2@73@ + ¢2U?¢¢ + 2i7;nzztr + 27}‘9(77@21:9 —&ist) T+ Qiénzthﬁ + 27‘“‘9(7722719 —&isr)
2+ 200 — Eang) — b Oy — 7 0y — 09 Eugy — 210 g — 208 1
) B — D0y — 200 — 20O+ HOT — 0E) 4, — 08, )+

O — 261, — 309 — 204 — 27Esy — 206,5) + B2, — 0E14), (2.51)

N} s = Tiss + 207 + e+ 20, + i+ 20 + 9277?99 + G20 — Eius)+
¢2(n§’¢¢ —2650) — ¢§z‘¢¢ + 2473, + Qién?w + 2i¢(ﬁ?t¢ —&ist) T 27;977%«0 + 27‘"&(”?@
—&isr) + 2é¢(ﬁ?@¢ —&iso) — Qi';‘g.bgitr - 27’594.2551'150 - 27;9;255#9 - 2i¢2§it¢> - 27’"65252'7@
- i2¢fitt - ”;2¢£irr - "922551'99 - 2é¢2§i9¢ + t(?ﬁ’t - (.ﬁgit) + *(n?r - éﬁgir) + é(n%_

4552'0) + ¢(77§¢ — 28, — 3¢fi¢ - Qiﬁit —2r;, — 29510)7 (2.52)
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(where ¢ = 0,1,2 denoting the exact, first-order approximate and second-order approximate
part respectively). Substituting these values, the exact and first-order approximate symmetry
generators Xg and X given by (1.78) - (1.85) in (2.41) - (2.44) and using the geodesic equations
(2.36) - (2.39), we get the following set of determining equations.

27"252” —az =0, fzte =0, f2t¢ =0, 7°§2T9 - 520 =0,
7“52T¢ - f2¢ =0, 7‘529¢ — cot 95% =0,
27"252“ — ?[sinf(agzsin ¢ — aq cos @) + ascos ¢] = 0,
2r%¢, — [sinf(azsing — as cos ¢) + as cos @] = 0,
§2gp T 7€2, — [sin0(azsin ¢ — ay cos ¢) + a5 cos ¢| = 0,

o, T rsin® 0, + sin6 cos 0s, — sin? f[sin 0(a3 sin ¢ — a4 cos @) + as cos ¢] = 0, (2.53)

2r%(n3,, — 2&,.,) + c(azsin @ cos ¢ + agsinOsin ¢ + aq cos ) = 0, (2.54)
7’377%” — *(as sin 0 cos ¢ + ag sin Osin ¢ + ay cos O + agct sin O cos -+
asct sin 0sin ¢ + agct cos ) = 0, (2.55)

27’477%“ + *(as cos O cos ¢ + ag cos Osin ¢ — ay sin @ + agct cos O cos ¢

+asct cosOsin ¢ — ayctsinf) = 0, (2.56)
27’477%tt + (ag csc B cos ¢ — as csc @ sin ¢ — agct csc O sin ¢ + aget csc b cos @) = 0, (2.57)
207‘217%7" + 3(ag sinf cos ¢ + ag sin O sin ¢ + a4 cosh) = 0, (2.58)

rg(néw — 2, )+ assinf cos ¢ + ag sinfsin ¢ + a7 cos 0 + aact sin 0 cos P+
asct sin 0 sin ¢ + aqct cos = 0, (2.59)

2r3 (7“77%" + 277%) — a5 cosf cos ¢ — agcos B sin ¢ + aysin @ — asct cos O cos ¢
—asctcosfsin g + agctsinf = 0, (2.60)

2r3(rn3  +2m3 ) + a5 csc Osin ¢ — ag csc 0 sin cos +az sin 0 + asct csc O sin ¢
—asctcescBcos p =0, (2.61)

0(17899 + 7"7787") — agsinf cos ¢ — azsinfsin ¢ — ayg cos = 0, (2.62)
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r(n%% + rn%T — s — 27"77%6) — 2(as sin 0 cos ¢ + ag sin @ sin ¢ + a7 cos 0
+azctsin 0 cos ¢ + agct sinfsin ¢ + aqct cos ) = 0,
r(rn%ee + 7‘277%T + 27‘7]%0 — 21y, ,) + as cos ) cos ¢ + ag cos Osin ¢ — a7 sin 0
~+asqct cos 0 cos ¢ + azct cos B sin ¢ — aygctsinf = 0,
7"2(7)%90 + 73+ 2r? cot 97739) — a5 cscOsin ¢ + ag csc b cos ¢ — aact csc O sin ¢
+agctcschcosp = 0,
¢(sin 6 cos d)nge + ngw + 7 sin? Hngr) — sin? f(az sin O cos ¢ + az sin fsin ¢
+agcosf) =0,
r(néw + rsin? Gnér + sin 6 cos 077%9 — sin? O} — 2rsin A cos On3 — 2r sin 6n§’¢)—
2sin% 0(as sin 0 cos ¢ + ag sin @ sin ¢ + ay cos O + asct sin @ cos ¢ + agct sin O sin ¢
+asctcosf) =0,
7‘2(77%¢¢ + rsin® On3, — cos 20n3 — 2sinf cos 9n§’¢ + sin € cos 07)39) + sin® f(as sin 6
cos ¢ + ag sin 0 sin ¢ — ay cos O + agct cos O cos ¢ + agct cos O sin ¢ — agctsinf) = 0,
r(rngw —2réy,, + 72 sin? Hngr + rsin @ cos 97139 + 27‘17%¢ + 212 cot 0n%¢)+
sin? 0 (ag csc b cos ¢ — a5 cscsin g — agct csc O sin ¢ + asct cscf cos ¢) = 0,
203, — o, =0, m,, =0, w3, =0, n3, =0,
., =0, 2y, =&, =0, ri5, +u3, =0, rn3 +15, =0,
5. =0, My, — 103, =0, 7(203 , — &) + 203, =0, 03, + cot 3, =0,
ngw =0, néw — rsin? 977%3 =0, n35¢ — sin 6 cos Gngs =0,
T(2n§’s¢ — &)+ 277%5 + 2r cot 977%3 =0,
., =0, mg,, =0, n3, =0, n3, =0,
r?’(ngtr — &5 ) — (a5 sinf cos ¢ + ag sin 0sin ¢ + a7 cos O + azct sin 0 cos -+
asct sin 0sin ¢ + aqct cos ) = 0,
2r¥(n3, —&,.,) — c(asctsin cos ¢ + asctsin fsin ¢ + agct cos ) = 0,
2r?(rn3, +n3,) — c(az cos 0 cos ¢ + az cosfsin g — agsinh) = 0,

2r®(rn3, +n3,) — c(as cscf cos ¢ — ag cscfsin ) = 0,
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27"2(778“9 - 5289) + a5 cos 6 cos ¢ + ag cos B sin ¢ — ay sin 6 + asct cos O cos o+

agct cos@sin ¢ — aqctsinf = 0,
27’(77%“) — mgt) + 3c(ag cosf cos g + asz cosfsinp — aygsinf) = 0,
r(113,y = €2.,) + 12, = 0,
n%te + cot 977% =0,
2r2(ngt¢ —&o,,) + assinb cos ¢ — as sinfsin ¢ — agctsinfsin ¢
+asctsinf cos ¢ = 0,
2r(n%t¢ — rsin? Gn%t) + 3c(agsin @ cos ¢ — ag sinfsin ¢) = 0,
ngw — sin 6 cos Gngt =0,
r(n3,, = €2,,) + 13, + 1 cot O3, =0,
20(7“77%9 - 1789) + ag cos 0 cos ¢ + ag cos B sin g — agsinf = 0,
2r(rn§r€ =76y, — 7)59 - 7“277§T) — 3(as5 cos b cos ¢ + ag cos O sin ¢ — ay sin 6
“+agct cos O cos ¢ + agct cos O sin ¢ — agctsinf) = 0,
r2(n3,, = €2,,) — M+ 113, =0,
ng’re + cot 97737, =0,

20(7“778T¢ — 778¢) + agsinf cos ¢ — ag sinfsin ¢ = 0,

27"(7“77%”25 — r§25¢ — n%(b — r2gin? 977;) + 3(as sin 0 cos ¢ — ag sin 0 cos ¢+

asct sin 0sin ¢ — asct sin cos ¢) = 0,
n%w — sin 6 cos 977% =0,
(3, — &, + cot O3 ) + g, — 15 =0,
7789¢ — cot 9778¢ =0,
77%% — cot 977§¢ - 7“77%¢ — rsin? 977%’9 =0,
r(n%% — &y, — cot 077%4) — sin 6 cos 97739) + 77%q5 =0,

r(77§0¢ — 8o,y — csc? On3 + cot 077%9) + 77%0 =0.

It should be noted that the symmetry algebra of the exact case i.e. of the geodesic equations

of the Minkowski spacetime (maximally symmetric) is sl(6,R), (35 symmetry generators) [68],
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which has many symmetries that do not correspond to conservation laws, arising from the
mixing of the geodesic re-parametrization generators with the Noether symmetry generators
of the geodesic equations. Since we are looking for non-trivial approximate conservation laws
which can come from Noether symmetries, therefore we only use the 10 KVs (which are also
Noether symmetry generators) and ds, as exact symmetry generators in the construction of the
above determining equations for second-order approximate symmetries of the geodesic equations
of the RN spacetime. These were also used in the construction of the determining equations of
the first-order approximate symmetries of the geodesic equation for the Schwarzschild spacetime
[60].
First integrating (2.53-1) with respect to r and then with respect to ¢t we get

agt

52 = _5 + /f1(87t79a¢)dt+ f2(57ra07¢)7 (2100)

where f; and fo are arbitrary functions of integration.

Equation (2.53-ii) implies that

fi=f3(s,t,9) (2.101)
and (2.53-iii) gives

f3 = f4(8, t). (2.102)
Substituting the value of {5 from (2.100) in (2.53-vii) and then integration twice with respect
to ¢ yields

2
t. . .
fa= ;—rz[sm O(assin ¢ — aq cos @) + a5 cos @] + f5(s).

Integration of f4 with respect to ¢ and then substitution in (2.100) gives

ast A2 . .
& = —5. + w[sm 6(as sin ¢ — a4 cos @) + as cos @] + tf5(s)

+fa(s, 7,0, ¢) + bo, (2.103)

where by is constant of integration.
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Equation (2.53-x) gives us

cos @(azsin ¢ — aqcos @) — azsin g = 0,

which implies that
a3 =0, ag =0 and a5 = 0.

Therefore from (2.103) we have

agt

& = —g + tf5(8) + fg(s,’l“,e,d)) + bg.

Now use of (2.104) into (2.53-viii) yields

a2:0

and thus
‘52 = tf5(8) + f2(8,7",9,¢) + bO'

Also (2.53-viii) implies that
f2 = Tfﬁ(sa 0) ¢) + f7(sa 07 ¢)

Hence (2.105) becomes

52 = th(S) + 7ﬂf6(87 97 ¢) + f7(5; 07 (25) + bO-

Use of (2.106) in (2.53-ix) gives

fr="0fs(s,0) + fo(s, 9).

Therefore

52 = tf5(8) + Tf6(87 07 ¢) + 9f8(87 (b) + f9<3’ ¢) + bO'
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The use of (2.107) in (2.53-x) implies

fs =0 and fo = ¢fio(s) + fi1(s).

From (2.107) we have

§o =1tf5(s) +1fe(s,0,0) + ¢ fio(s) + f11(s) + bo. (2.108)

Now from (2.53-vi) with the use of (2.108) we get

f@ = Sine/flg(s, (Z))d¢ + f13(8, 9) and f10 =0.
Thus
§o =tf5(s) + r[sind / f12(s,0)d¢ + fis(s, 0)] + fra(s) + bo. (2.109)
Integration of (2.75-i), (2.75-i1), (2.75-iii) and (2.75-iv) twice with respect to s give us respec-

tively

778 :gl(t7r707¢)8+92(t7 T797¢)7 ( )
77% = hl(ta T, 97 ¢)S + h?(ta T, 97 (Zs)? (2111)
7]% = ll(t,T’, 97 ¢)8 + l2(t,’f’,0, ¢)7 ( )

(2.113)

77% =mi (tv T, 65 (;5)5 + m?(ta r, 07 ¢)
Equation (2.70-i) yield
1 2
g1 = Zt f5ss (3) + tgg(T, 97 ¢) + g4(7a> 97 ¢)>

therefore

778 = [it2f5ss (S) + tgg(T', 9, qb) + g4(’l“, 07 QS)]S + 92(t7 T, 05 ¢) (2114)

Now (2.70-i) implies

g3 = by
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and

fii = b1s® 4 bys + bs,
fiz = sfua(e) + f15(9),
fiz = sfie(0) + f17(0).

Therefore

€ = tfs(s)+rlsinfs / fra($)do + / f15(6)d6} + 516(6) + fr7(0)]
+b15% + bos + by, (2.115)

where by = by + b3 and
1
778 = [1t2f5ss (S) + tbl + g4(T7 07 ¢)]5 + gQ(ta r, 07 d)) (2]‘16)
Equations (2.70-ii), (2.75-iii) and (2.75-iv) give respectively

hl = h3(?",0, ¢)a ll = l3(T797¢) and my = m3(7n7 97 (b)

Thus

ny = ha(r,0,0)s + ha(t,r,0,9), (2.117)

77% = l3(T797¢)5+l2(t7T797¢)7 (2118)

77% = mg(’f', 97 ¢)S+m2(t,7", 97 d)) (2]‘19)
From (2.71-i) we obtain

g4 = 95(07 ¢)

From (2.116) we get

1

778 = [Zt2f5ss (S) + tbl + 95(97 ¢)]S + g2(t7 T, 07 ¢) (2120)
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Now (2.71-ii) yields

hs = %T + h4(9, ¢) and f5 = bss + bg.
Thus
62 = t(b58 + bﬁ) + T[Sin 9{8 / f14(¢)d¢) + /f15(¢))d(]5} + Sf16(9) + f17(9)]
+b15% + bas + ba, (2.121)
77(2] = [tbl —|—g5(0,¢)]8+92(t,’r,9,¢) (2122)
and
mh = (2 4 ha(0,9))s + ha(t.7.0,9). (2123)

Equations (2.71-iii) and (2.71-iv) gives us respectively

1 1

Therefore

s

77% = ;l4(07 ¢) + l2(t7 ) 97 ¢)7 (2124)

s

n = ;m4(9, @) + ma(t,r,0,0). (2.125)

From (2.72-i) we obtain
95 = 96(9).

Equation (2.122) gives

5 = [tb1 + g6(¢)]s + g2(t, 7,0, ¢). (2.126)
Equation (2.72-ii) yields

la = h49 (97 ¢)

and (2.72-1v) gives

myg = ms () csch.
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Therefore

S
2 = ;h49 (97 qb) + l?(t’raev¢)v

7)% = §m5(¢)cscc9+m2(t,7¥9>¢)-

[

Equation (2.73-i) yields

g6 = br.

From (2.126) we get
1y = [thy + br]s + ga(t,r,6,6).

Equation (2.73-ii) implies that
ho=sing [ ms(8)do + hs(0)

therefore

= [gr+sing [ ms(6)do + ha()]s +ha(t,r.0,0)

and

ns = i[cosé’/mg,(gi))dqﬁ + hse (0)] + l2(t, 7,0, 0).

Now from (2.73-iv) we obtain
ms(p) = bg cos ¢ + bg sin .
From (2.130), (2.131) and (2.128) we get respectively

77% = [%r + sin O(bg sin O — by cos ¢ + big) + hs(0)]s + ha(t,r, 0, @),

n% = ;[COS 0(bg sin ¢ — bg cos ¢ + big) + hs, (0)] + l2(t, 7,0, ¢)

and

n = ;(bg sin ¢ — bg cos ¢ + byg) csc O + ma(t, 7,0, ¢).
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From (2.72-iii) we have

hs = bi1 cosf + bygsinf,

thereby

b
n = [517' + sin 0(bg sin ¢ — bg cos ¢ + b1g) + b11 cos @ + biasinf]s

+h2 (ta r, 97 ¢)
and
77% = ;[cos 0 (bg sin ¢ — bg cos ¢ + big) — by1sinf + bia cos O] + la(t,r, 0, ¢).

Equation (2.73-iv) yields

bip = —b12.

Using this in (2.135) and (2.136) we get respectively
1 bl . .
Ny = [57’ + sin 0(bg sin O — by cos ¢) + by cosb|s + ha(t,r, 0, P),

and

n = ;[cos 0(bg sin ¢ — bg cos @) — byy sin ] + la(t, r, 0, @).

Now going back to (2.53-ix) and (2.53-x) give us respectively

fie = bizcosf + byysiné,

fir = biscosf + bigsind,
and

fia = bircosd + bigsing,

fis5 = bigcosd + byosing,
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thus

62 = t(b5$ + b6) + r[sin 0{8(b17 sin ¢ — bigcos ¢ + b21) + bigsin ¢ —
bao cos @ + bao} + s(b13 cos O + by sin ) + bys cos O + byg sin 0]

+by 5% + bgs + by. (2.139)

Equation (2.53-x) implies

ba1 = —b14 and bay = —bye.

Use of this in (2.121) yields

€y = t(bss+ bg) + r[sin6{s(bi7sin ¢ — big cos @) + big sin ¢ — bag cos ¢}

+5b13 cos @ + by cos 0] + bys® + bys + by. (2.141)

From (2.54) we get

g2 = t2bs + g7 (r, 0, P)t + gs(r, 0, ¢). (2.142)
Therefore
n3 = [ty + br]s + b5 + g7(r,0, $)t + gs(r, 0, 0). (2.143)
Equation (2.55) gives us
c2t?
hy = 2—3(% sin@sin ¢ + ay cos 0) + hs(r, 0, @)t + he(r, 0, ¢).
r
From (2.137) we have
1 b1 . . A2t? ) .
ny = [Er + sin 6 (bg sin ¢ — bg cos ¢) + by cos s + F(aﬁ sin 0 sin ¢
r
+azcosO) + hs(r,0, )t + he(r, 0, ¢). (2.144)
Equation (2.56) yields
A2t?
ly = —w(ag cosOsin g — arsinb) + l5(r, 0, o)t + lg(r, 0, p).
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Therefore

2,42
77% = f[cos 0(bg sin ¢ — bg cos ¢) — by sin ] + —%(ag cos fsin ¢ — azsinf)
r T

+i5(r, 0, 0)t + lg(r, 0, ¢). (2.145)

From (2.57) we get

242
ma = _Z?(aﬁ csc f cos ¢) + mG(T, 07 ¢)t + m7(7", 67 ¢)7
SO
) s _ 242
n3o= [csc O(bg cos ¢ + bg sin ¢)] — @(aﬁ csc cos ¢)
+me(r,0,9)t + mq(r,0,9). (2.146)

Now (2.58) gives

g7 = 99(0, 9)r + g10(0, ¢) and gg = g11(0, ®)7 + g12(0, ¢).

Hence

ny = [tby + br]s + t2bs + [99(0, ) + g10(0, D)t + g11(0, )7 + g12(6, @). (2.147)

From (2.59) we obtain

ag = 0, ay = 0,
h5 = h7(07 ¢)T + h8<07 ¢)

and

hg = r2[sin 0(by7 sin ¢ — big cos @) + big cos 0] + hg(0, d)r + hip(0, ).
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Thus

n = [%17‘ + sin 0(bg sin ¢ — bg cos @) + b1y cosbO]s + [h7 (0, d)r + hg (0, P)|t
+r2[sin 0(by7 sin ¢ — byg cos ¢) + byz cos ] + ho(6, d)r + hio(6, ¢), (2.148)
n = ;[cos 0(bg sin ¢ — bg cos @) — byy sinb] + I5(r, 0, o)t + lg(1, 0, ) (2.149)
and
ns = ;[CSC 0(bg cos ¢ + bg sin ¢)] + me(r, 0, ¢)t + M7(r,0, $). (2.150)

With the disappearance of ag, ..., a7, the above system of determining equations (2.53) - (2.100)
becomes homogeneous (i.e. reduces to that of the Minkowski spacetime) and its solution is

given in chapter 1.

Check

We make an easy check for the verification of our calculations. That is to check whether all the
constants appearing in the determining equations for the second-order approximation vanish or
not. We do not take the linear combination of all the symmetry generators (1st approximate)
but only take one of them, for example the following one with exact symmetry generator equal
to zero. That is

0 sinf 0

Y = ai(cos 95 - T%) and Yo = 0. (2.151)

We assume that 79 is function of r, ¢ only and does not depend on # and ¢. Thus we get the

following set of equations

5, =0, (2.152)

3, =0, (2.153)

19, + 715, =0, (2.154)

ngw +7sin® 003+ sin 6 cos «97739 =0, (2.155)
77(2)” =4 cos 0, (2.156)

r3
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a .
23, = 3 sind, (2.157)

m,, =0, (2.158)
13, — My = 0, (2.159)
g, — 3, =0, (2.160)
19,, — cot O3, = 0. (2.161)
Now integration of (2.156) first with respect to ¢ and then with respect to r gives
0 alt
=53 cos@+ | f(r,0,0)dr+ g(0,). (2.162)
Equation (2.153) yields
ap =0and f = f1(6,9). (2.163)
Therefore
77(2] = Tfl(67 ¢) + 9(97 QS) + co.
From (2.154) we obtain
g ="091(8) + g2(9). (2.164)
Hence
my = 7f1(8,9) + 091(6) + g2(9) + co. (2.165)
Now (2.155) gives us
g1 =0 and go = c1¢ + co. (2.166)
Therefore
03 = 7f1(0, ) + c1¢p + ez + co. (2.167)
From (2.160) we deduce
c1 =0, (2.168)
SO
773 = Tfl (97 ¢) + cs3, (2169)
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where

c3 = Cg + Ca.

Equation (2.161) yields
£16.9) =sin0 [ h(o)do +1(6).

Therefore

n9 = r[sin@/h(qb)dgb+ 1(p)] + c3.

Equation (2.154) implies

| =cq4cos0 + c5sinb.

Thus
79 = r[sin @ / h(¢)d¢p + c4 cos 0 + c5sin 0] + c3.

From (2.155) we have

h = cg cos ¢ + c7sin ¢.

Therefore
0

Again (2.155) implies
¢cs =0 and cg = 0.

Hence

79 = r[sin@{cg sin ¢ — ¢y cos ¢g} + ¢4 cos O] + c3.

1y = r[sin @{ce sin ¢ — ¢y cos ¢ + cg} + c4 cos b + c5sin ] + c3.

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

(2.175)

(2.176)

(2.177)

(2.178)

In this check we see that the constant a; corresponding to the first-order approximate symmetry

disappears for the consistency of the determining equations. Hence there is no non-trivial

symimetry.

In the construction of the determining equations for the second-order approximate symme-

tries of the geodesic equations (2.36) - (2.39) for the RN spacetime, we used (1.78) and (1.79)

as the 4 exact symmetry generators and (1.80) - (1.85) as the 6 first-order approximate sym-

metry generators. Of the 4 exact generators 2 did not appear in the new determining equations

and the other 2 canceled out. The 6 generators of the first-order approximate symmetry had
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to be eliminated for consistency of the new determining equations, (as seen above) making
them homogeneous. The resulting system was the same as for the Minkowski spacetime, yield-
ing 12 second-order trivial approximate symmetry generators i.e. 10 KVs and 9/0s, s9/0s.
Four of them are again the exact symmetry generators used earlier, and hence simply add into
them, making no difference. The other 6 replace the lost first-order approximate symmetry
generators. The full set has the Poincaré algebra so(1,3) @s R* apart from da. In conclusion
there are no non-trivial second-order approximate symmetries of the geodesic equations for the
RN spacetime as was the case for the first-order approximate symmetries of the Schwarzschild

spacetime.

2.2 Energy (Mass) in the RN Spacetime

It is worth remarking that for the first-order approximate symmetries of the geodesic equa-
tions for the Schwarzschild spacetime it did not matter whether we used the full system
E = E¢+€E; = 0, or the unperturbed system Eg = 0, in the construction of the determining
equations. However, for the second-order approximate symmetries it does make a difference.
One needs to use the full system E = Eg+€eE;+¢2E5 = 0, and not the unperturbed system, in
the determining equations to obtain the solution.

The exact symmetry generators i.e. for the Minkowski spacetime, include not only (1.78) -

(1.85), but also the generators of the dilation algebra, 0/9s, s0/0s corresponding to
£(s) = cos + ca. (2.179)

In the determining equations for the first-order approximate symmetries of the geodesic equa-
tions for the Schwarzschild spacetime the terms involving £, = cp, cancel out. However, for
the second-order approximate symmetries of the geodesic equations for the RN spacetime the
terms involving £, do not automatically cancel out but collect a scaling factor of (1 — 2k) so
as to cancel out. (This factor comes from the application of the perturbed system, rather than
the unperturbed one in the determining equations). Since energy conservation comes from time
translational invariance and ¢ is the coefficient of 9/9s in the point transformations given by

(1.34), where s is the proper time, the scaling factor (1 — 2k) corresponds to a re-scaling of
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energy. Thus, whereas there was no energy re-scaling needed for the first-order approximate
symmetries of the geodesic equations of the Schwarzschild spacetime, it arises naturally in the
second-order approximate symmetries of the RN spacetime. Using (2.3) we get the energy
re-scaling factor (taking G =1, c=1)

Q2

(1-20)=(1- 55

)- (2.180)

Thus, even though there are no non-trivial second-order approximate symmetries for the geo-
desic equations of the RN spacetime, we get the non-trivial result of energy re-scaling from the
definition of second-order approximate symmetries of ODEs which will be further discussed in
chapter 7.

It is worth remarking that when some symmetries are lost at one order (exact or first-order
approximate) they are recovered at the next (at least to second-order) as trivial approximate
symmetries.

We give the main results of this chapter in the form of the following theorem.

Theorem 2.1. The energy in the RN spacetime is re-scaled by the factor (2.180).
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Chapter 3

Second-Order Approximate Noether

Symmetries for the Kerr Spacetime

In this chapter we study second-order approximate Noether symmetries for the Kerr spacetime.
First we consider the Kerr spacetime as a first perturbation of the Schwarzschild spacetime
by introducing the spin angular momentum per unit mass as a small parameter €. For a first-
order Lagrangian of this perturbed spacetime there does not exist any non-trivial approximate
symmetry. Then we consider the Kerr spacetime as a second perturbation of the Minkowski
spacetime, taking mass of the order of ¢ and spin angular momentum per unit mass of the
order of 2. The Noether symmetry algebra of the exact case i.e. of the Minkowski spacetime
is 17 dimensional which properly contains the conformal conformal Killing vectors (CKVs) of
this spacetime [82]. Like the first-order approximate case there is no non-trivial approximate

symmetry in the second-order approximation.

3.1 Symmetries and Approximate Symmetries of the Lagrangian

for the Kerr Spacetime

We first discuss the exact symmetries of the Lagrangian for the Kerr spacetime.
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3.1.1 Exact Noether Symmetries of the Kerr Spacetime

The line element for this spacetime in Boyer-Lindqust coordinates is given by [40]

2G Mrasin? 6

sin? 6
de? + (T)dtdqb, (3.1)

2GMr p?
— )Cth2 — (Z)de — p2d02 — AT

2

ds® = (1 2

where

a? a? a?
=12+ —2(:0820, A= (r?+ —2)2 —a’Asin?f and A = r? + — —2GMr,
¢ c ¢

M is the mass and a the angular momentum per unit mass of the gravitating source. This
metric reduces to the Schwarzschild metric when a = 0. This spacetime has two KVs, 9/0t and
0/0¢ and a non-trivial Killing tensor [1]. Thus the only conserved quantities are energy and
angular momentum for this spacetime.

A Lagrangian for the geodesic equations is in general defined by

o -a dz® da®
Liz® x| :gab(xc)gga (3.2)
and for the metric given by (3.1) we get
2GMr, 52 pr.2 -2 in?0 %  2GMrasin®0;
L=(1- G T)c2 an .y _ 8o GMrasin i) (3.3)

¢ +
2

p2c2 p2c2

Using (3.3) in (1.54) we obtain a set of determining equations for 6 unknown functions &, »;

(1=0,1,2,3) and A, where each of these is a function of 5 variables, i.e. s,t,r,60 and ¢.

gtzov 57‘207 60:07 §¢:O) AS:07 (34‘)
2GMr GMr
0 3 s 20
ns(W —1)+n32a(1 — 2, )sin“ 6 = Ay, (3.5)
GMr. . A
n°2a(1 — 2, )sin? 6 — ngﬁ sin? § = Ay, (3.6)
2
n;pz = _Ara 773102 = _A97 775 + Anz = Oa (37)
1 0% 2,9 1
nr—mn ?s1n29+p (779—553):0, (3.8)
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2GMr 1p

GMr
-1 +n32a(1 — in?6 = .
W = 1) =i+ w20l = T sint0 <0, (39)
2GMr GMr . .
Mg = 1) = 1 a1 = o) sint0 =0, (3.10)
.. 0? 3 A
92a(1 — 29—l — 3 sin?0 =0, 3.11
201 = o sin® 0 — B~ sin (3.11)
GM a®
{TA PP (r — —)} n ?sm%—l—p (ny — ,5 ) = (3.12)
GMr. . 3 A
n92a(1 — 2,2 )sin? ) — n¢p - 779? sin? 0 4 p?(n3 — 555) =0, (3.13)
M GM 2y 2GM
7]1?(/)2 —2r?) + 7]2 sin 26 + n; (7%27“ — 1)+ n?2a(1
GMr 2GMr
— C2p2 )Sln 9 2€S(W — ].) = 0, (314)

1 GM 1 2
Ulg[PQ{%(az + 7"2) - az(r - C—Q) sin? 0} —rA| sinZ 0 + 772?[/\ + %(A

M Asin?0 1
—p*A) sin® 0] sin 20 — n)2a(1 — c2p2T) sin 0 + S;;I (7~ 56 =0, (3.15)
1aGM 2aGMT‘ a? 2GMr
n 2r2 — p?)sin?6 — sin? 6 +1)sin 260 +n 7—1
62p4 ( ) P (P ) ¢>( p )
GMr. . A GMr. .
+2a(n? + 7735)(1 - W) sin? 6§ — U?E sin? 0 — £,3a(1 — 22 )sin? 6 = 0. (3.16)

Solving these equations by the same method used in chapter 2, i.e. back and forth substi-

tution, we get the symmetry generators i.e.

0 0 0
Yo = pr Y3 = Brs Zy = s with A = ¢ (constant). (3.17)
Thus here we see that the isometries form a subalgebra of the symmetries of the Lagrangian.

With this information, from (1.56) one can obtain the first integrals of the geodesic equations

for the Kerr metric.

3.1.2 Approximate Noether Symmetries of the Kerr Spacetime

In this section we investigate the approximate symmetries of the Kerr spacetime in two dif-
ferent ways. First we consider the Kerr spacetime as a first perturbation of the Schwarzschild

spacetime and then we take it as a second perturbation of the Minkowski spacetime.
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Kerr Spacetime as a First Perturbation of the Schwarzschild Spacetime
For the first-order approximate symmetries of a Lagrangian for the Kerr metric we introduce
the spin angular momentum per unit mass

a=e, (3.18)

as a small parameter. In this case the first-order perturbed Lagrangian is given by

2GM
rc2

2G M 9 .2 .2 2G M
¢ )7L — 120 +sin?6¢ ) + € G2
re

L=(1- )2~ (1— sin?0tg.  (3.19)

rc2

For e = 0, the above Lagrangian reduces to that of the Schwarzschild spacetime. For the exact
(unperturbed) Schwarzschild spacetime the Noether symmetry algebra is 5 dimensional, given
by so(3) ® R @ dy with symmetry generators (3.20) and (3.21), which properly contains the
isometry algebra, and the gauge function is just a constant [83]. Using the Lagrangian (3.19)

and the exact Noether symmetries of the Schwarzschild spacetime

0 0 ., 0
Y, = g Y = cos qb% — cot #sin ¢8—¢, (3.20)
., 0 0 0 0
Y2 = Sin Qb% + cot f cos gb%, Y3 == %, ZO == %’ (321)

in the first-order approximate Noether symmetry conditions (1.63) we obtain the following set

of determining equations

gt = 07 Er = 0’ 69 = 07 E(;ﬁ = 07 AS = 07 (322)
2GM rc?
0 _ 1 _
2n(1——5-) = Ay, 2(m)"73 = -4, (3.23)
2n2r? = —Ap, 2n3r?sin® 0 = — Ay, (3.24)
2GM
20+ 2r5 = 1€ = 0, mp(1 = =) =y =0, (3.25)
na——fi—q+ﬁﬁaﬁezo7#+@$ﬁ9:0 (3.26)
rc2 —2GM " e ’
2
1 rC 9 9 1 2GM 1
Mg 12 = 0, o (o) — (2 + £ =0, (327)
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2GM 2GM
1 _— 0 — —
n TC2 + (1 TC2 )(27715 és) 07 (328)
2n%r cos 0 + (2n' + 27“7)25 —ré,)sinf =0, (3.29)
2GM GM
0 2.2 : 29

770(1 — ?) — nt"" =+ F(C]_ Slnd) — C2 COS d)) Ssin 0 = 0, (330)

2GM GM

0 3,2 .2 : : _

N1 — 2 ) —nyresin® 0 + w(cl cos ¢ + co sin ¢) sin 26 = 0. (3.31)

In the above equations (3.30) and (3.31) two constants ¢; and ¢z corresponding to the exact
Noether symmetry generators of the Schwarzschild spacetime appear.
Equation (3.22) yields
&= fi(s), A= A(t,r0,0). (3.32)

From (3.23) and (3.24) we obtain

° = sfat,r,0,0) + f3(t,r,0,), (3.33)
nt = sfalt,r,0,6) + f5(t,r,0,0), (3.34)
n”? = sfe(t,r,0,0)+ fr(t,r,0,0), (3.35)
= sfs(t,r,0,0)+ fot,r,0,0). (3.36)

Use of (3.34) in the second of (3.27) and then differentiation twice with respect to s gives

gsss =0. (337)

On integration (3.37) yields
1

¢ = 5bos” +bis + by, (3.38)

Use of (3.33), (3.34) and (3.38) in (3.28) and then separation by the powers of s gives

S i6r,0,6)+ (1= 22020, (17,6,0) ~bo] = 0, (3.39)
S s(t,1.0,6) + (1= 2202, (. 60,6) —bi] = 0. (3.40)

Differentiate (3.33) with respect to s, substitute it in the first of (3.23) and then integrate the
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resulting equation with respect to ¢, we determine

A= 2GM

/f2 t r,0 ¢)dt+ f10(7” 0 gb) (341)

Use of (3.34) and (3.41) in the second of (3.23) gives

G G
filtr0.0) = —30- 25005 [ heno.od+
a1 - 261, [ fan(t.r0.6)d+ o (:0.0). (3.42)

Use of (3.42) in (3.39) and then differentiate with respect to ¢ we obtain

2272
) b (1,7,0,6) + S~ 1) 1o(t,7,0,6) = 0. (3.3

(

The use of (3.35) and (3.41), in the first of (3.24) and the use of (3.36) and (3.41), in the second
of (3.24) yields

ot 0,6) = —f(1 - 270 / oo (1,7, 6,00t + o (6, 0)] (3.44)
ot 0,6) = —Csﬁe[a 2GM / fo, (t7.0, 8)dt + f10¢('r 0.6).  (3.45)
Therefore
P o= 5= /fzg (t,7,0, 6)dt + L fio,(r,0,0)] + it 7,0, ), (3.46)
P o= —“f;‘;”[(l— 20 [ Foutr 0,00+ 5 i, 0.0 + foer0.0). (347)

Use (3.33) and (3.34) in the second of (3.25) and then separate by the powers of s we deduce
f2(t7 T, 95 ¢)) =0. (348)

With the use of (3.48) from (3.39) we obtain

r? 2GM

falt.r.0,0) = (1

5 )bo. (3.49)
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Thus

= faltr0.9), (3.50)
o= -2 .0, (3.51)
o= 5y (r0.6) + fr(tr.0.9), (3.52)
P = ‘S;fefl%(r,e,@+f9<t,r,e,¢>7 (3.53)
A = fio(r,0,9). (3.54)

We differentiate (3.51) with respect to s and (3.54) with respect to r and substitute them in

the second of (3.23), we determine
2
f10,(r,0,¢) = o7 o (3.55)
Equation (3.55) on integration with respect to r gives
3

fuor.6,6) = —5=2bo + 1(60, ). (3.56)

First we substitute (3.56) in (3.52). Then differentiate (3.51) with respect to 6 and (3.52) with

respect to r and substitute them in the first of (3.27) we obtain

7’C2

(M)ffle (t7 r, 9, ¢) + T%glo (97 Cb) + 'l”f7r (ta T, 97 Qb) = 0. (357)

Separation of (3.57) for the different powers of s yields

2

(m>f5g (t,7,0,0) +rf7,(t,7,0,6) =0, (3.58)
91(0,9) = 92(9). (3.59)
Therefore
o= fit,r,0,9), (3.60)
20
W= =S 0,(9) + foltr.0,0), (3.61)
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3

A= —bo + ga(9). (3.62)

We use (3.60) and (3.61) in the second of (3.26) and then separate by the powers of s we obtain

fa,(t,r,0,0) + sin® 0 fo, (t,7,0,¢) =0, (3.63)
92(¢) = bs. (3.64)
Therefore
773 = fg(t,T,G,(ﬁ), (365)
3
T
= b3 — 3—Mb0 (3.66)

We differentiate (3.38) with respect to s and (3.51) with respect to r and use them in the second

of (3.27). Then separate by the powers of s we get

by = 0. (3.67)

Differentiate (3.50) with respect to = and (3.51) with respect to ¢ and then the use of them in
the second of (3.25) yields

2GM 4

( ) f3r(t r,0 ¢) f5t (t’T797¢) =0. (368)

Integration of (3.68) with respect to ¢ gives

St 0,0) = (1 — 25y / Fo (670, 8)dt + ga(r.0.6). (3.69)
Thus
€ = byt by (3.70)
po= -2 / Fo (6.0, )t + ga(r0.6), (3.71)
A = by (3.72)
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We differentiate (3.50) with respect to 6 and (3.60) with respect to t. Substitution of these in
(3.30) yields

2GM GM . .
(1— 7)]”39 (t, 7,0, ) — 2 fr,(t, 7,0, 0) + W(Cl sin ¢ — ¢ cos ¢) sin? 6 = 0. (3.73)

Integration of (3.73) with respect to ¢ yields

1 2GM GMt
2 . . 2
n? = T—z(lf 2 )/fga(t,T,9,¢)dt+ 3.2 (c18in ¢ — g cos ¢) sin” 0
+95 (T, 97 ¢) (374)

Similarly from (3.31) we obtain

2
3 csce 0 2GM GMt .
"= (1- 2 ) f3¢(t,r,0,q§)dt+W(clcosgb—i—@sm@cote
+96(r, 0, ¢). (3.75)

Differentiation of (3.74) with respect to 6 and of (3.75) with respect to ¢ and then the use of
them in (3.26) gives
€1¢cos ¢+ casin¢g =0, (3.76)

this yields
¢y =0 and cg =0. (3.77)

This makes the system of the determining equations (3.23) - (3.31) homogeneous. Hence there
is no non-trivial first-order approximate symmetry for this case. We only recover the 5 exact
symmetry generators given by (3.20) and (3.21), as trivial first-order approximate Noether

symmetry generators for this perturbed Kerr spacetime.

Kerr Spacetime as a Second Perturbation of the Minkowski Spacetime

Now we consider the Kerr spacetime as a second perturbation of the Minkowski spacetime. For
this we use the same small parameter €, defined for the approximate Schwarzschild spacetime
in chapter 1 and

a = kie. (3.78)
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For the Kerr black hole (see for example [84]) we have 0 < k; < 1/4. Here the second-order

perturbed Lagrangian is given by

.2 9 .2 .2 2 .2 9 1 k2 9
— _ _22p 22 102 - 21ty M L2
L =t —r —r*0 —r“sin6¢ Te(t +7r)—¢ [T2(1 1 Sin 0)r
2 2 .
+k?cos? 00 + kIsin?0¢p — %SiHQ 0to] + O(€3). (3.79)

For the exact case we take e = 0, which means that there is no mass or angular momentum per
unit mass. In this case the Lagrangian (3.79) reduces to that of the Minkowski spacetime.
Noether Symmetries of the Minkowski Spacetime

Here we calculate the Noether symmetries of the exact case, i.e. of the Minkowski spacetime.

Using (1.54) we get the following set of 19 determining equations,

gt = 07 57' = 07 £9 = 07 5(;5 = 07 AS = Oa (380)
20 = Ay, 2t =A,, —2r'nt= Ay, —2r¥sin?0n = A, (3.81)
2 — &, =0, 20y =&, =0, m) —my =0, my — 7 =0, (3.82)
7725 —r?sin?0n} =0, np +r’n? =0, 77; +r?sin?0n? = 0, (3.83)
n5 +sin® O = 0, 2(n" +rng) — ré, =0, (3.84)
20t sin 6 + 27 cos O + 27’77“;; sinf — rsinf¢, = 0. (3.85)
Equation (3.80) yields
5 = f1(8)7 A= A(t7T7 97 ¢) (386)
On integration with respect to t the first of (3.82) gives
t
1 = S 1.(5) + ol 6,0) (357)
We use (3.87) in the first of (3.81) and differentiate with respect to s, we determine
f1.:(8) =0, fo,.(s,7,0,0)=0. (3.88)
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Integration of (3.88) gives

fils) =¢ = %Cos2 +cis+ea (3.89)
and
f2(8,’l°,9,¢) = Sf3(7a7 97 d)) +f4(T797¢)' (390)
Therefore
7’ = %(COSJFCl) + sf3(r,0,¢) + fa(r,0,¢). (3.91)

Use of (3.91) in the first of (3.81) gives
A= %%2 + 2t f3(r,0,8) + f5(r,0, 9). (3.92)
Differentiation of (3.89) with respect to s and substitution in the second of (3.82) yields
= %(005 + c1). (3.93)
Integration of (3.93) with respect to r determine

n' = S(cos+ 1) + fols.4,0,9). (3.94)

Use of (3.92) and (3.94) in the second of (3.81) yields

f6..(s,t,0,0) = 0. (3.95)
Integration of (3.95) gives
fo(s,1,0,0) = sfr(t,0,) + fs(t, 0, ). (3.96)
Thus
' = %(cos + 1)+ sfr(t,0,0) + fs(t, 0, ). (3.97)
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Differentiation of (3.91) with respect to 7 and of (3.97) with respect to ¢ and then the insertion
of these in the third of (3.82) yields

f7(t707¢) = tf9(07¢)+f10(07 ¢)7 (398)
f3(?”,0,¢) = _Tf9(07¢)+gl(07¢)' (399)

We use (3.98) in (3.97) and (3.99) in (3.92). Then the substitution of these in the second of
(3.81) yields
c
f3(r,0,8) = =1% = 2rf10(6,9) + 92(6, ).

Therefore, (3.92), (3.91) and (3.97) become

A = D =)+ 2101(0,0) — 7£o(60,0)) + 92(6,6) — 2 fuo(0,0),  (3.100)
" = %(cos +c1) 4+ 5[g1(0,0) —1f9(0,9)] + fa(r,0,0), (3.101)
gt = g(cos +c1) + s[tfo(0,0) + f10(0,0)] + f3(t, 0, 0). (3.102)

From (3.89), (3.102) and the second of (3.84) we obtain
1
Integration of (3.103) with respect to 6, gives

772 = *% /[S{th(ea ¢) + flO(gv d))} + fS(tv 0’ d))]dg + 93(57t7’r7 ¢) (3104)

Differentiate (3.100) with respect to 6 and (3.104) with respect to s, then from the substitution
of them in the third of (3.81) we have

935 (S,t,T, ¢) =0. (3105)
Integration of (3.105) yields

gg(S,t,’I”, ¢) = 394(t77'a ¢) +g5(ta r, d)) (3106)
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Insert (3.104) along with (3.106) in the third of (3.81) and then differentiate it with respect to

t we obtain

94, (t, 7, ¢) = 0. (3.107)

On integration (3.107) yields

g4(t7 r, (b) = tg6 (Ta ¢> + 97(7'7 (b) (3108)

We put (3.108) in (3.106) and then (3.106) in (3.104). Then we differentiate (3.104) with respect
to s and (3.100) with respect to . With the use of these from the third (3.81) we have

f909 (07 ¢) + f9(97 ¢) = 0, (3109)
g199(0,0) = 0. (3.110)

Integration of (3.110) gives
91(0,¢) = 0gs(¢) + go(9)- (3.111)

Again from the third of (3.81) we obtain

[ g6(r, §)r = 0. (3.112)
Integration of (3.112) yields
90(r. ) = Lg10(0) + 5hi(0). (3113)

Substitute (3.113) in the same equation we obtain

hi(¢) = —gs(®). (3.114)

Differentiation of (3.101) with respect to r and of (3.102) with respect to ¢ and substitution of
them in the third of (3.82) gives

fo(0,0) = 0, (3.115)
fa(t,0,0) = 0. (3.116)
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Integration of (3.116) yields

f8(t797¢) = th?(ev(b) +h3(9, ¢) (3117)

From the use of (3.117) in (3.102) and then from the third of (3.82) we get

f4(7a> 0, (b) = Th2(9,¢) + h4(0>¢) (3118)

Now (3.100), (3.101), (3.102) and (3.104) become

4 = %O(tQ — %) + 2t[0gs(6) + go ()] + 92(0, ) — 2r f10(0, 9), (3.119)
' = %(Cos +c1) + 5095(8) + g0(9)] + rha(6, 8) + ha(0, ¢), (3.120)
Wt = Geos )+ sfiof6:6) + tha(6,6) + ha(0, ). (3.121)
N = —i/[sflo(e,é) +tha(0, ) + ha(0, ¢)]d6 + S[t{%glo(qb) - %gs(@}

+1(r, 0)] + g5 (L, 7, 0). (3.122)

We differentiate (3.120) with respect to 6 and (3.122) with respect to ¢, substitute these in the

fourth of (3.82). Then differentiate the resulting equation with respect to s we obtain

98(#) =0, and g10(¢) = 0. (3.123)

Use of (3.123) back in the fourth of (3.82) and then differentiation of this with respect to ¢t we
get,
95, (t, 75 ¢) = 0. (3.124)

On integration (3.124) yields

95(t7 Ty ¢) = thS(Ta d)) + hG(Ta ¢) (3125)

69



Substitute (3.125), in the fourth of (3.82) and differentiate twice with respect to r, we obtain

h209(97 ¢)+h2(97¢) = 07
[r2hs(r, @) = O.

Integration of (3.127) gives

hs(r, 6) = ha(6) + ~5ha(6).

Use of (3.128) in (3.122) and then use of this and (3.120) in fourth of (3.82) yields
ha(0,¢) = Ohs(9) + ho(¢).
Therefore (3.199), (3.120) and (3.122) become

A = D = 12) 4+ 2g0(0) + 920, 8) — 2r fr0(0, 8),

2
W = s )+ 5g0(0) + rha0, 6) + Ohs(6) + ho(6),
= = [[5£0(6.0) + tha(6.6) + hal6,0))d8 + sg1(r,0) + £ hr(0)

+hs(9)] + ho(r )

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

We differentiate (3.121) with respect to 6 and (3.132) with respect to r. Then we put them in

the second of (3.83). From the differentiation of the resulting equation with respect to 6, we

have

floeo (97 ¢) + f10(97 ¢) =0,
[97(7'7 ¢)]T =0, = 97(T7 ¢) =D1 <¢)

(3.133)

(3.134)

Use of (3.122) in the second of (3.83) with (3.128) and then differentiation of the resulting

equation once with respect to ¢ and then with respect to r, determine

hs(¢) = 0.
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Now again the second of (3.83) yields

N3 (0,¢) + h3(0,¢0) = 0, (3.136)
[r*he, (r, )l = 0. (3.137)
Integration of (3.137) gives
he(r, @) = _71h10(¢>) + pa(®). (3.138)
Therefore (3.132) becomes
2 1 1
o= = /[Sf10(97 ¢) +tha(0,¢) + h3(0,¢)|d0 + sp1(¢) + ;[th7(¢) — h10(9)]
+p2(0).- (3.139)

We use (3.130) and (3.139) in the third of (3.81) which gives

9200(0,0) = 0, (3.140)
mo) = o. (3.141)

On integration (3.140) yields
92(0, ) = Ops(¢) + pa(9). (3.142)

Now with the use of (3.130) and (3.139) the third of (3.81) gives

p3(¢) =0. (3.143)
Use of (3.131) and (3.139) in fourth of (3.82) deduce

hs(¢) = 0. (3.144)

Thus
A= %(t2 —1%) + 2tgo(¢) + pa(®) — 2r f10(6, ), (3.145)
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W = s +er) + 5g0(9) + rha6, 6) + hol9), (3.146)

n”? = —% /[sflo(e,qb) + thy(6, ¢) + hs(0, $)]dO + %[ﬂw(qﬁ) — h1o(9)] + pa(9). (3.147)

Differentiation of (3.121) with respect to 6 and (3.147) with respect to r, then use of them in
the second of (3.83) yields
h7(¢) =0, hio(¢) = 0. (3.148)

Therefore (3.147) becomes

= —% / [sf10(0, ) + tha(0, ¢) + h3(0, 9)]dO + p2(d). (3.149)

Use of (3.145) in the fourth of (3.81) gives

nd = —2i csc® 0[2tgo, () + pa, (8) — 27 fr0,(0, )] + ps(t, 7,0, ¢). (3.150)

r2

From (3.146), (3.150) and the first of (3.83) we have

99,(¢) =0, = go() = cs, (3.151)
D5y, (ta r,0, ¢) =0. (3152)

Integration of (3.152) yields
p5<t7T707¢) = tpﬁ(r797¢> +p7(T707¢)- (3153)

From the use of (3.153) in the first of (3.83) we obtain

po(r,0,6) = L2, (0,0) + “h, ()] esc0. (3.154)

We use (3.151) in (3.120) and (3.153), (3.154) in (3.150) and then from the third of (3.83) we

obtain

pa, (@) =0, = pa(d) = ca. (3.155)
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Substitution of (3.155) in the first of (3.83) gives

h9¢(¢) = 0, = hg(d)) = Cjy

and
1
p7(7‘, 0, ¢) = ;h3¢ (07 ¢) CSC2 0+ p8(07 ¢)
Thus
A = %(t2 - T2) - 2Tf10(07 ¢) + 2t03 + C4,
t
n = i(cos +c1) + rhe(0, @) + scs + ¢,

773 = %[Sfl()qa (07 ¢) + h3¢ (97 ¢) + th2¢ (97 ¢)] CSC2 0+ p8(97 (b)

(3.156)

(3.157)

(3.158)
(3.159)

(3.160)

We differentiate (3.147) with respect to ¢ and (3.160) with respect to 6. Then use them in the

first of (3.84) we obtain

/ B, (6. 6)d0 + 2ha, (8, 6) cot 0 — ha,, (6.6) = 0,
/ ha, (0, 6)d0 + 21, (6, 8) ot 0 — ha, (0.6) = 0
and
ps(0, ¢) = p2g(¢) cot O + po(¢).

Therefore (3.160) becomes

n = %[Sflod) (0,¢) + hs,(0,0) + ths, (0, )] csc? 0 + P26(@) cot 6 + py().

From (3.85) we have

/f10(9> ¢)df — fi0(0, ¢) tand — f10¢¢(9, ¢)secfcsch =0,
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(3.164)
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/hg(@, $)dO — ha(0, ¢) tand — hy, (0, ¢)secfcscd = 0, (3.167)
/hg(&, $)d0 — h3(0,¢)tan 0 — hs,, (0,¢)secfcsc = 0 (3.168)

and

P2,46(®) + p2() + po,, (¢) tand = 0. (3.169)

Equation (3.169) yields
P9, (¢) = 0= py = c. (3.170)

Use of (3.170) in (3.169) gives
p2(p) = c7cos ¢ + cgsin ¢. (3.171)

Now solve (3.126), (3.133) and (3.136) along with (3.161) - (3.163) and (3.166) - (3.108) we

obtain
ha(0,¢) = cosinbcos ¢+ cigsinfsinp + cq11 cosb, (3.172)
fi0(0,0) = ci5sinfcos¢ + cigsinfsin g + cq7 cos b, (3.173)
h3(0,9) = ci2sinfcos¢ + c13sinfsin g + c14 cosb, (3.174)
Thus

A = %(t2 —12) — 2r(ci58in 6 cos ¢ + c165in O sin ¢ + ¢17 cos 0) + 2tez + cq,  (3.175)

1
¢ = jas’tastae, (3.176)

t
" = 5(608 +c1) + r(cgsinf cos ¢ + cipsinfsin ¢ + c11 cos @) + scg + cs, (3.177)

nt = %(cos + ¢1) + s(c158in 0 cos ¢ + c16sin 0 sin ¢ + c17 cos0) +

t(cg sinf cos ¢ + crpsinfsin ¢ + c11 cos ) + (c12 cos ¢ + c13sin @) sin @

+c14 cos b, (3.178)
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1
n° = —[s(c15c080cosd + c16cosOsin g — ci7sinf) + t(cg cos b cos ¢ +
,

c10 cos 0sin ¢ — c11sinf) + c128in 6 cos ¢ + c13 sin 0 sin ¢ + c14 cos 0]

+c7 cos ¢ + cg sin ¢, (3.179)
1
n”® = —[s(ciesinfcos ¢ — c15sinfsin @) + t(c19sin 6 cos ¢ — cg sin O sin @)
.
+-c138in 60 cos ¢ — c28in O sin @) csc? O + cg cos ¢ — ¢y sin ¢ + cg. (3.180)

Here 17 constants of integration appear in (3.175) - (3.180). Thus the Noether symmetries
of the Minkowski spacetime form a 17 dimensional Lie algebra. The symmetry generators apart

from the 10 KVs (Poincaré algebra so(1,3) @, R*) given in (1.78) - (1.85) are

0 o 1,0 0

I = — Fq —s— + —({— —Y. Zo =5Y 3.181

0= 550 4 885+2(8t+r8r)’ 2 =5Y¥q, ( )

Zs = E[SQQ + s(tg + 7“2)] Zy=5Yy, Ls=5Yg, Zg=5Yy (3.182)
2" s ot or’ ’ ’ ' '

The Zy is translation in s, Z is scaling symmetry in s, ¢, and [Zg, Z3] = Z.

This is reasonable as symmetries of a Lagrangian always form a subalgebra of the symmetries
of the Euler-Lagrange (geodesic) equations [64] and the algebra of the Euler-Lagrange equations
for Minkowski space is sl(6,R), which is 35 dimensional [68]. Using Z; we can write s = t2 or
s =12 and
0 0

2 2t%) = + 3r—]. (3.183)

r2 1
Z —
3 ot or

= 5
Now, every flat spacetime is conformally flat, i.e. for which all components of the Weyl tensor
are zero [1]. The Lie algebra of the Conformal Killing Vectors (CKVs) for a conformally flat
spacetime is 15 dimensional [59]. Therefore for the Minkowski spacetime we already know that
there are 15 CKVs. The 5 symmetry generators, i.e. Z; for i = 2,...,6 given in (3.181) and
(3.182), are proper CKVs with conformal factor

)= %(COtQ +c1). (3.184)

Thus we see that not only the KVs but also the CKVs form a subalgebra of the symmetries of

the Lagrangian for the Minkowski spacetime.
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Schwarzschild Spacetime as a First Perturbation of the Minkowski Spacetime

Retaining terms of first-order in e and neglecting O(€?), the Lagrangian (3.79) becomes a first-

order perturbed Lagrangian for the Schwarzschild spacetime.

.2 9 .2 .2 2 .2 9
L=t —r —7r20 —r*sin®0p — Ze(t +71 ). (3.185)
T

Using (1.56) and the exact symmetry generators given by (1.78) - (1.85) and (3.181) - (3.182)
we get a set of 19 equations. In these equations only 12 of the 17 constants corresponding to

exact symmetry generators appear.

§=0,8=0,8=0,& =0, A; =0, (3.186)
_74(% + c145i0 0 cos ¢ + c15sin Osin ¢ + c16 cos f) — 21! = A, (3.187)
—2r%n% = Ap, —2r?sin?0nd = Ay, 2(cot + 2c3 — ) = —rAy, (3.188)
4(cgsin @ cos ¢ + c1gsin Osin ¢ + 11 cos ) — r(n2 —ny) =0, (3.189)
2(cg cos O cos ¢ + c1g cos Osin ¢ — c11sin ) — ) + r’n? =0, (3.190)
2(eg cos B cos ¢ — c19sin b cos @) + 7725 —r?sin? 6y} =0, (3.191)
20t sin 6 + 2rn? cos 6 + 27“7)2’5 sinf — rsinf¢, =0, (3.192)
n5 4 sin® O = 0, 20" — 2rnf — ré, =0, (3.193)
2[s(c148in 6 cos ¢ + c15 cos @ sin ¢ — c16sin 0) + t(cg cos 6 cos p+

10 cos @ sin ¢ — c11 sin 0) + c12 cos 0 cos ¢ + c13 cos Osin ¢ — c17 sin 0]

+rng + 1302 =0, (3.194)
2[s(c1asinfsin ¢ — c15sin 0 cos ¢) + t(cg sin f sin ¢ — ¢y sin 6 cos @)
+c128in6sin ¢ — 13 sin 6 cos @] — rné —r3sin?0n = 0, (3.195)
[s(c148in 6 cos ¢ + ¢15 cos O sin ¢ + 16 cos 0) + t(cg sin 6 cos ¢ + ¢10 sin 0 sin ¢

+c11cos6) + cr2sinf cos ¢ + c13sinBsin ¢ + ¢17 cos 0] + T;(Qn? —&,)

+f(cos +c1) =0, (3.196)

2
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2[s(c148in 6 cos ¢ + c15 cos 0 sin ¢ + c16 cos 0) + t(cg sin @ cos ¢ + c19 sin O sin ¢
+c11 cos0) + cio8in 6 cos ¢ + c13sin @ sin ¢ + ¢17 cos 0] — 7"2(2771% — &)

+r(cos +¢1) = 0. (3.197)

Solving this system by the same method used earlier in this thesis, the 12 generators of the
exact symmetry have to be eliminated for consistency of these new determining equations, mak-
ing them homogeneous. The resulting system is the same as for the Minkowski space, yielding
17 first-order approximate symmetry generators given by (1.78) - (1.85) and (3.181) - (3.182).
Thus for the Schwarzschild spacetime as a first perturbation of the Minkowski spacetime, there
is no non-trivial approximate Noether symmetry. We recover all the lost conservation laws as
trivial first-order approximate conservation laws. Beside energy and angular momentum which
always remain conserved for the Schwarzschild spacetime (for both exact and perturbed) we
see the approximate conservation of linear momentum and spin angular momentum. This was
also seen in the first-order approximate symmetries of the geodesic equations for Schwarzschild

metric [60].

Kerr Spacetime as a Second Perturbation of the Minkowski Spacetime

Though we have recovered all the lost conservation laws as trivial first-order approximate con-
servation laws in the case of Schwarzschild spacetime as a first perturbation of the Minkowski
spacetime. There is no non-trivial approximate symmetry in the first approximation. In hope
of finding some non-trivial approximate Noether symmetry from the definition of second-order
approximate symmetry of the Lagrangian we take the Kerr spacetime as a second perturba-
tion of the Minkowski spacetime. In the second approximation, that is when we retain terms
quadratic in €, we have the Lagrangian given by (3.79). From (1.64) we have a new system of
19 determining equations. In these equations now 14 of the 17 constants corresponding to the

exact (also first-order approximate) symmetry generators appear.

gt = 07 57" = 07 59 = 07 5(]5 = 07 AS = 07 (3198)

2k1 sin 0(cy5 cos ¢ — c1ain @) — 2r(cot + 2c3) — 2r2nY = r2 Ay, (3.199)
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[(k?sin?0 — 4) — 2][% + c148in 60 cos ¢ + c15 cos O sin ¢ + 16 cos 0]

2
= 5 A, (3.200)
k2 cos® 0(c14 cos 0 cos ¢ + c15 cos Osin ¢ — cig5in ) + r3n% = %Ag, (3.201)
E1(cot 4 2¢3) — 2k% csc? O(c15 cos ¢ — cig8in @) — 133 = g csc? A, (3.202)

Tiz(k% sin? @ — 5)(cg sin f cos ¢ + c10 sin 6 sin ¢ + ¢11 cos )
—% sin 0[s(c15 cos ¢ — c148in @) — t(cg sin ¢ — 19 cos @) — c12 sin P+
c1z cos @] + (1) — 1) =0, (3.203)
%(k% cos® 0 + 2)(cg cos 0 cos ¢ + 19 cos fsin ¢ — c11 sinf) + % sin 0[s cot 0
(c15cos ¢ — c148in @) — cot B(c128in ¢ — c13 cos @) — t cot O(cg sin p—
c10 cos ¢) + 7 csc B(ag cos ¢ — arsin )] — 03 4+ r2n? =0, (3.204)
—% sin? A[s(c14 sin 6 cos ¢ + c15sin @sin ¢ + c16 cos B) + t(cg sin A cos G+
c108in0sin ¢ + 11 cos ) + c128in 6 cos ¢ + ¢13 sin sin ¢ + ¢17 cos O]+
% sin 26[s(c14 cos 6 cos ¢ + c15 cos @ sin ¢ — c168in @) + t(cg cos O cos ¢
+c1p cosOsin g — ¢q1 8in6) 4 ¢12 cos 6 cos ¢ + ¢13 cosfsin ¢ — ¢17 sin 6+
r(a7 cos ¢ + agsin ¢)| — % sin O[s(c15 sin ¢ 4 c14 cos @) + c12 cos ¢ + ¢13sin @
+t(cg cos ¢ + c1gsin @) + 1 cos O(ar cos ¢ + ag sin ¢)] + ]:g sin? 0(cg sin ¢
—c10 €08 @) + 2(cg sin @ sin ¢ + c19 sin O cos @) + 772) —r?sin?6n? =0, (3.205)

1
ﬁ(k% — 6)[s(c14 cos O cos ¢ + c15 cosOsin ¢ — ¢y 8in0) + t(cg cos O cos ¢

+c10 cosOsin g — ¢q1 8in6) 4 ¢12 cos f cos ¢ + ¢13 cos Osin ¢ — ¢17 sin ] —

g — 0y =0, (3.206)

1
- [k2(1 + sin? @) — 6][s(c15 sin 0 cos ¢ — c14 sin O sin @) — t(cg sin O sin p—
10 sin 0 cos @) — ci2sinfsin ¢ + 13 sin 6 cos @] + kq sin? 6(cg sin 6 cos ¢

+ciosinfsin ¢ + ¢11 cos ) — ’rné —r3sin®On> = 0, (3.207)
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ki2
L gin? 0[s(c15 cos cos ¢ — c14 cosfsin @) — t(cg cosOsin ¢ — 19 cos b cos d)—
r

c12 cos Bsin ¢ 4 ¢13 cos 0 cos ¢ + r(ag cos ¢ — ag sin ¢)] + ki sin” O(cg cos f cos ¢

+cigcosfsing — c118inf) — 7"2(7735 + sin® On3) = 0, (3.208)
k2
——L 5in 20[s(c14 cos O cos ¢ + c15 cos Osin ¢ — c165in ) + t(cg cos O cos p+
”

10 cos 0sin ¢ — ¢11 sinf) + c12 cos O cos ¢ + ¢13 cos fsin ¢ — ¢q7 sin O] —
2

k
2k sin? O(cg sinfsin ¢ — cipsinf cos @) + 71 sin 0[s(c15 sin ¢ + c14 cos @)

+t(c10 50 ¢ 4 co cos @) + 19 cos ¢ + c138in @)] — 2rnt sin? 6 — r29? sin 20—

72 sin’ 6(2773, —&,) — k¥sin®0(cos + ¢1) = 0, (3.209)
k2
~L sin 26]s(c14 cos B cos ¢ + c15 cos Osin ¢ — c16sin 0) + t(cg cos § cos p+
,

c10 cos fsin ¢ — ¢q1 8in6) + ¢12 cos 6 cos ¢ + ¢13 cos O sin ¢ — ¢17 sin O+

2

2k
r(ay cos ¢ + agsin @)] + M cos? 0[s(c14 8in 6 cos ¢ + ¢15 sin 6 sin P+
r

c16 cos ) + t(cg sin @ cos ¢ + c1osin @ sin ¢ + c¢11 sin @) + ¢12 sin 6 cos o+
c13sin @ sin ¢ + ¢17 cos 0] + k2 cos? O(cos + c1) — 2rnt — 2r?n3 + 126, = 0, (3.210)
%2(5 — k? sin? 0)[s(c14 5in 0 cos ¢ + c15 sin Osin ¢ + ¢16 cos B) + t(cg sin O cos ¢
+c108infsin ¢ + ¢11 cos ) + c128in 0 cos ¢ + ¢33 sin O sin ¢ + c¢17 cos O+
r(cos + c1)] + ]:;2) sin 20[s(c14 cos 0 cos ¢ + c15 cos 0 sin ¢ — c168in 0)+
t(cg cos B cos ¢ + 19 cos O sin ¢ — 11 8in ) + +c12 cos 0 cos ¢ + ¢13 cos O sin ¢
—cy75in 60 + 7(a7 cos ¢ + agsin )] — 2nk + £, =0, (3.211)
%[5(014 sin @ cos ¢ + c15sin @ sin ¢ + c¢16 cos @) + t(cg sin 6 cos P+

c108infsin ¢ + ¢11 cos 0) + c128in 6 cos ¢ + ¢13sin @ sin ¢ + ¢17 cos 6]

2k 1
—i—r—; sin? 0(cy9 cos ¢ — cgsin @) + 210 — &, + ;(cos +c1) =0. (3.212)

In the above set of determining equations corresponding to the exact (also first-order approx-
imate) symmetry generators 14 constants appear. The 2 constants corresponding to Y; and

Y, given in (1.78) and (1.79), appear here and did not appear in the first-order approxima-
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tion. At first sight it seems that these 2 new constants may give some non-trivial second-order
approximate symmetries. But for the consistency of the determining equations all of these 14
constants have to be eliminated and the system again becomes homogeneous. The resulting
system is again the same as for the Minkowski spacetime, yielding 17 second-order approx-
imate symmetry generators given by(1.78) - (1.85) and (3.181) - (3.182). Thus there is no
non-trivial second-order approximate symmetry generator for the Kerr spacetime taken as a
second perturbation of the Minkowski spacetime.

Going from Minkowski to the Kerr spacetime we are left with only two Killing vectors, that
is only with energy and angular momentum conservations. Also for the Lagrangian of the
exact Kerr metric there are only three symmetry generators given by (3.17). Here we recover
all the lost conservation laws as trivial second-order approximate conservation laws for the Kerr
spacetime.

The results of this chapter are summarised in the following theorem.

Theorem 3.1. The Noether symmetries of the Minkowski spacetime form a 17 dimensional

Lie algebra which properly contains the 15 dimensional algebra of the CKVs for this spacetime.
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Chapter 4

Second-Order Approximate
Symmetries of the Geodesic
Equations and re-scaling of Energy

in the Charged-Kerr Spacetime

The re-scaling of energy for a test particle in the RN spacetime [81] was seen in the second-
order approximate symmetries of the geodesic equations. A problem arises in the search for a
scaling factor for the energy of test particles in the Kerr spacetime. Whereas, in the RN-case
the energy re-scaling was by (1 — Q2/2M?), there is a simple multiplicative factor for the Kerr
spacetime. In the absence of the constant (unity in this case), it is not clear what significance
to attach to the re-scaling. So as to relate that factor to the factor arising in the RN-case, in
this chapter we investigate second-order approximate symmetries of the geodesic equations for
the charged-Kerr spacetime [82].
The line element for the charged-Kerr spacetime is given by [40, 85]

G(2c2Mr — Q?) p? sin? ¢
ds* = [l — 2dt? — (5o)dr? — p*df* — A——d¢?
s [ pere e (R)dr"—p e o°+
Ga Q. .
2 (@Mr - =5) sin? Odtda, (4.1)
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where

G
A=—+r"—<2Mr—-=). (4.2)
c
Using the same € defined for the Schwarzschild spacetime in chapter 1 and setting

GQ?

2
a = ke®,

we have the second-order perturbed (in €) geodesic equation for the charged-Kerr spacetime

2vky

. 1 -. 1 . .
Ey:t+ e—tr + 62[—(1 —2k)tr — 2 sin? Or¢] + O(e%) = 0, (4.3)

1 2 9 .2 .2
Es: r—r(0 + sin? 0¢) [2 (t —r )+ (0 +sin?0¢ )]—

2
2 .
62[%(1 + 2k)t + @ sin® t¢ — 72{2(1@ sind + k) — 1}
T
—I—% sin? 10 + ~ (kl sin G—I—k)(ﬁ + sin? Ogb ) 4+ O(e®) = 0, (4.4)
Es: 9+ r@—smﬁcos@qﬁ +€ [\/jm 26?t<;5 k—st@r
T
2B o2 0i0 — FL G000 4 sin?06 )] + O() = 0 (4.5)
—3 cos”0rf — o5 sin sin €’) =0, .
E4:£b+z%¢+2cot0é¢+62[\i§1% Q\ﬁ tete—z—kl 9]
+0(€%) = 0. (4.6)

If ¢ = 0, then these equations reduces to that of the Minkowski spacetime and when we retain
terms only up to order € and neglect higher orders, then these equations reduces to the first-order

perturbed geodesic equation of the Schwarzschild spacetime.

4.1 Second-Order Approximate Symmetries of the (Geodesic
Equations for the Charged-Kerr Spacetime

In this section we discuss second-order approximate symmetries of the geodesic equations for the
charged-Kerr spacetime. Since the geodesic equations (4.3) - (4.6) are second-order ODEs, with

second-order perturbation term, we apply to it the second prolongation X[ of the generator
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X = Xg + eX;+€2X5 defined in (2.40), which yields

k:
2}{(7705 +6771$ +€ 772 s) +

2 1-—2k
6+3( )62)

rd

X[2] [770 S8 + 6771 Ss + E 772 Ss

(0 + ent , + End )t} — tf(né +eni+e ng)(

2vk1€ 2sin%0 ) .
- 1€ { (o + ent 4+ €2nd) + (03 + en? + €2n3) sin 20}
2\/]4316
2

r2 r

9(7705+€7715+€7723><Z5+(7703+67715+67725)] =0 =0, (47)

€ - 1+ 2k kie? . :
Xy = (1 s + €0l s + €005 + gt +E (gt + g sin® )}

.2

.2
2¢ 3(1—!—2]{)6 2y _ L(2€

2 (7“73_ rd 2 r3

(778,5 + 677(1J,s + 62778 s) - {

3(1 — 2k) ke?

)+ (1— )(9 + sin? 0(]5 ) —¢€ k—;sm ( té—
r2 r

ré

T\/kl
3.2 2.. 2 .2'2 1 1 2.1 L.
oL +*7“‘9+9 +sin“0¢ )} (np + ey + € 772)—72{67“1'

1-2 2k

o 2 o 25 sin 07 ok sin® 00)} o+ ent + )
.2 k-2

{r¢ —e<z> +62(T¢ +—t¢ 3T 3 9—*9 )}

r
\/kT y 2]{31 2 k‘l kl

(73 + en? + €2n3) sin 20 — {r@ N (k:H + k— sin? Or—
2
2ky sin® 00)H{(nd , + ent , + 13.,) = {16 — e+ (ko +

V-

Tt + 2k sin’ 9@)} sin’ 9(77(?;,5 + E’r/is + 6277%,3)HEJ‘=0 =0, (48)

%0 ki 3 . 2.2
X[Q]E3 = [773,55 + 577%,55 + 6277%,53 - {TT + 627(7.\/515 ¢ - ?T +

r3

3cotf .

. r9 0 —sin 0¢ )sin29}(né+677%+6277%)+{%_

2 k1

kl 7" | .
625(; + cot 00) Sm 29}(77[%,5 + 677%,3 + 6277%,5) {7 — € r2

(9

1 ) .
+ —cotOr)}sin20(n3 , +ent . + €203 ) — {9 (cos2 6 — sin” 6)
,'fn ’ ’ 2
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ok1, 2 .2 2tan 260 .

—¢€ 7‘2( \/» 7“9—2(9 + (3sin? 60—
.2 26 -
Lsin® )6 ) cos 201 + en? + ¢ ) + ffm B+ e,
+ 627’]873) {2sin 0 cos 0(;5 — X2 (2 — \/k;sin 0¢ 770,5 + 677:1)),5
+€277§,s)}Ej=0 =0, (4.9)
22\ﬁ

XPEy = [0} oo + eni o + 03 o5 — { ré+ € = i + 3 cot 616

\/kil t :
62 r3 (;_ )}(77(1],3_{—677%,3

- 20
= 3r¢)}(ng + em + €*nz) + {—~ +
2.1 ro 92k -1, 4 3 2 3 0
+e€ 772,3) + 2{; +6cott — e 77‘}(770,3 + €N1,s +e 772,3) - (20¢

+ eQiH) csc? O(n3 + en? + €2n3) + 62—( + 2 cot 99)(778,5 + 677?,3

+ € n3s) +2{0 + €=t} cot 05 + €t + €M)l m=0 = 0, (4.10)

where (j = 1,2,3,4). We use the prolongation coefficients defined in (2.45) - (2.52), the exact
(for the Minkowski spacetime) and the first-order approximate (for the Schwarzschild space-
time) symmetry generators Yo and Y given by (1.78) - (1.85) and the second-order perturbed
geodesic equations in above equations (4.7) - (4.10). We get the following set of determining

equations.

22, — a3 =0, &, =0, &,, =0, 1€, — &, =0,
r€y,, — &2, =0, 7€y, —cotffy, =0
2r2¢,, — c*[sinO(agsin ¢ — ay cos ¢) + a5 cos ¢ = 0,
27«252W — [sin@(as sin ¢ — a4 cos ¢) + a5 cos ¢] = 0,
€y T 76, — [sinB(azsin g — ag cos @) 4 a5 cos ¢] = 0,
o, T 7 sin? 0&,, + sinf cos 0,, — sin? @[sin 0(a3 sin ¢ — ay cos ¢)+

as cos ¢] =0, (4.11)
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2r%(n3,, — 2€,.,) + c(azsin @ cos ¢ + agsin Osin ¢ + aq cos ) = 0, (4.12)
7“377%” — (a5 sin @ cos ¢ + ag sin §sin ¢ + az cos O 4 asct sin 6 cos ¢+
asct sin 0 sin ¢ + a4ct cos ) = 0, (4.13)

21“47731% + c2(a5 cos 6 cos ¢ + ag cos 0sin ¢ — a7 sin 6 + asct cos O cos ¢

+aszctcosOsin ¢ — agctsinf) = 0, (4.14)
27“477%“ + *(ag cos ¢ — as sin ¢ — agct sin ¢ + azct cos @) csch = 0, (4.15)
207“2178W + 3(ag sinf cos ¢ + ag sin O sin ¢ + a4 cosh) = 0, (4.17)

7“3(77%M — 2, ) + (a5 cos ¢ + agsin @) sin O + a7 cos 6 + ct sin O(az cos ¢
+ag sin ¢) + aqct cos ) = 0, (4.18)
2r3(rngﬂ + 277%) — as cos 0 cos ¢ — ag cos fsin ¢ + ay sin f—
asct cos b cos ¢ — agct cos sin ¢ + agctsinf = 0, (4.19)
2r3(rm3  +2n3 ) + (assin ¢ — agsinf cos 0) csc ) + a7 sin O+
ctcscB(agsing — asgcos @) = 0, (4.20)
c(ngge + Tngr) — sinf(ag cos ¢ — agsin @) — aq cosf = 0, (4.21)
7“(77598 + 7“77%7, — s — 27"17%9) — 2(a5 cos ¢ + ag sin ¢) sin 6 + 2a; cos 6
+2ct sin 0(az cos ¢ + ag sin ¢) + 2a4ct cos§ = 0, (4.22)
r(rngog + 725, + 27"77%0 —2ré,_,) + (a5 cos ¢ + agsin @) cos O—
a7sin @ + (az cos ¢ + azsin ¢)ct cos @ — asctsinf = 0, (4.23)
r2(n§’99 + 705+ 2r? cot 07739) — (a5 sin ¢ + ag cos ¢ — agct sin ¢
+asct cos ¢) cscf = 0, (4.24)
¢(sin 6 cos ¢n89 + ngw + 7 sin? Hngr) — sin? (az sin O cos ¢ + az sin fsin ¢
+agcosf) =0, (4.25)
r(néw cscf +rsinfng + cos 977%9 — sinfn3 — 2r cos O — 2r77§’¢) sin 60—
2sin® 0(as cos ¢ + ag sin ¢ + a7 cot O + asct cos ¢ + asctsin ¢

+ayctcot§) =0, (4.26)
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r2(n%¢¢ + 7 sin? 97737" — cos 20n3 — sin 2917%¢ + % sin 2917%9) + sin® O (a5 cos ¢

+ag sin ¢ — a7 cot @ + agct cot O cos ¢ + asct cot Osin ¢ — agct) = 0,

r(rngw =2y, + r?sin® O3+ 7sin 6 cos 97730 + 2?“77%¢ + 212 cot 977%))
+ sin? O(ag cscl cos ¢ — ag csc O sin ¢ — agct csc O sin ¢ + asct cscf cos @) = 0,
213,, — €, = 0, My, =0, 15, =0, n3, =0,
03, =0, 2, — &, =0, rn3, +u3, =0, rn3, +n3, =0,
My, =0, M, — 105, =0, 7(205, — &5,,) + 2m3, = 0, 03, + cot O3, = 0,
ngw =0, néw — rsin? 977%5 =0, ngw — sin 6 cos 077%3 =0,
r(2n3,, — &a,,) + 2n3, + 2r cot O3 = 0,
M., =0, my,, =0, 15, =0, n3 =0,
7'3(778” —&,,.) — (assinf cos ¢ + ag sin @ sin ¢ + a7 cos 0 + asct sin 0 cos p+
azctsin@sin ¢ + agct cosf) = 0,
2r(n3, —&,.,) — clasctsin cos ¢ + asctsin fsin ¢ + aact cos ) = 0,
2r(rn3, +n3,) — c(az cos 0 cos ¢ + az cosfsin g — agsin ) = 0,
27“2(1“77%” + n%t) —c(azcsclcosp —agcschsing) =0,
27“2(7](2)“) —&y,,) + ascos ) cos ¢ + ag cos Osin ¢ — a7 sin O + azct cos O cos ¢
+agct cosOsin g — agctsinf = 0,
27’(77%”) —r13,) + 3c(ag cos f cos ¢ + az cosfsind — agsin ) = 0,
(13,5 = €2,,) + 12, =0,
n%te + cot 977; =0,
2r2(n8t¢ - 5254) + agsin 6 cos ¢ — as sin 0 sin ¢ — agct sin 6 sin ¢
+asctsinf cos ¢ = 0,
2r(17%t¢ — rsin? Gngt) + 3c(azsinf cos ¢ — agsinfsin @) = 0,
ngm — sin 6 cos Qngt =0,

T(ngt¢ —&,,) + n%t + 7 cot Hn%t =0,
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2c(rn9 , —m3,) + az cos 0 cos ¢ + az cos Osin ¢ — aygsin 6 = 0, (4.47)
2r(rn%r6 —1&y, — 77%0 - rzngr) — 3(az cosf cos ¢ + ag cosfsin ¢ — a7 siné
“+agct cos B cos ¢ + agct cos O sin ¢ — agctsinf) = 0,

(03, — €2,,) — M + 113, =0,
H%TG + cot 977%« =0,
QC(rngw - ng¢) + agsinfcos ¢ — azsinfsin g = 0,

2

27“(7“77%% — &y, — 77%(1) — r%sin? 977%) + 3(as sin 0 cos ¢ — ag sin O cos ¢+

asct sin 0 sin ¢ — azctsin cos ¢) = 0, (4.52)

ngm —sinf cosfn3 =0, (4.53)

r?(n3,, — &a,, +cot O3 ) + 1y —ng =0, (4.54)
19,, — cot Oy, =0, (4.55)

n%w — cot 977%45 - rni — rsin? 977%0 =0, (4.56)
r(n%% — &y, — cot 977%4) — sin € cos 977%9) + 77%(15 =0, (4.57)
r(n%w —&y, — csc? On3 + cot 01739) + 77%9 =0. (4.58)

The above set of determining equations (4.11) - (4.58) is exactly the same to that for the
RN spacetime. Only 6 constants corresponding to the first-order approximate symmetry appear
and the other 4 constants corresponding to the exact symmetry do not appear as explained in
the RN-case. These 6 constants disappear (by the same method adopted in the RN-case) for
consistency of the above equations (4.11) - (4.58) making them homogeneous. Thus there is
no non-trivial approximate symmetry for the second-order perturbed geodesic equations of the
charged-Kerr spacetime. We only recover the exact (also first-order approximate) symmetry
generators as trivial second-order approximate symmetry generators which form the Poincare

algebra so(1,3) @5 R* apart from ds.

4.2 Energy (Mass) in the Charged-Kerr Spacetime

The exact symmetry algebra i.e. (when € = 0), as well as the first-order approximate symmetry

algebra when €2 = 0 and € # 0, of the geodesic equations for the charged-Kerr spacetime include
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the generators of dilation algebra, 0/0s, s0/0s corresponding to

&(s) =cos + 1. (4.59)

Like the RN spacetime, for the second-order approximate symmetries of the geodesic equa-
tions for the charged-Kerr spacetime in the determining equations the terms involving &, = cp
do not automatically cancel out but collect a scaling factor of

2Vky

r2

1 - 2k)t — sin? ¢, (4.60)

S
so as to cancel out. (As mentioned earlier this factor comes from the application of the perturbed
system, rather than the unperturbed one in the determining equations.) The scaling factor
(4.60) corresponds to a re-scaling of energy (mass) as explained for the RN spacetime. This
scaling factor for the charged-Kerr spacetime involves the derivatives of the coordinates ¢ and
¢ and derivatives only apply to the paths of the particles. To get the energy in the spacetime
field these derivatives can be replaced by the exact first integrals of the geodesic equations and

involve a constant that has units of mass. As such, we write it as M

. —M?
t=2M, = —— . 4.61
¢ 2r2 sin? § (4.61)
Using these first integrals and
pe @ k= (o2 (4.62)
TaaMm? T aGM ‘

in (4.60) and denoting it by M._x we get the energy re-scaling factor for the charged-Kerr
spacetime (taking G =1, c=1)
Q*> Ma

+ =1 (4.63)

Me—re =M =g+ =

For a = 0, the expression (4.63) reduces to M-times of the expression for the RN spacetime

[81].

The energy (mass) in the charged-Kerr spacetime has been defined by many authors. We
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discuss some of these definitions and then compare our definition (4.63) with them.

Komar, using his definition of approximate symmetry [29], wrote down an integral (1.14)
for the mass in a spacetime. Using the Komar integral (1.14) Cohen and de Felice considered
¢ as the stationary Killing 1-form over a charged-Kerr background metric [31]. They obtained
a formula for the effective mass (and hence energy) for the charged-Kerr spacetime

Q72 _ Q2(7‘2 + a2) tanfl(g)' (4.64)

r ar? r

Mch =M -

In the above expression (4.64) a does not appear explicitly and only appears in a product with
Q. When Q — 0 in the above expression (4.64) the effects of rotation also disappear. This
does not seem reasonable. In the limit of a — 0 expression (4.64) reduces to that of the RN
spacetime given in [86, 87].
Chellathurai and Dadhich modified the Komar integral and obtained an expression for the
effective mass of the charged-Kerr black hole [32]
Q*  (12M*+Q*)a® | 14MQ%d®

M._p=M— = — e 4.65
oK r 3r3 + 3rd + ( )

This expression (4.65) reduces to that of the RN spacetime in the limit @ — 0 and in the
limit @ — 0 reduces to that for the Kerr spacetime [88]. However, it is not clear that this
modification satisfactorily adjusts for the approximate symmetry of Komar.
Qadir and Quamar [89] obtained an expression for the ¥ N-potential of the charged-Kerr
spacetime,
Mr—Q?*/2

= v /- 4.
v (r2 + a2 cos? 0) (4.66)

In the limit @ — 0 (4.66) reduces to that for the RN spacetime [90, 91]. This yields the

approximate modification of the mass to be

2 Ma?cos?0 242 cos? 0
Mo=m- T Mool Gt

4.67
2r r ( )

The significance and comparison of our expression (4.63), with the other three expressions
(4.64), (4.65) and (4.67) will be discussed in more detail in chapter 7.

The main result of this chapter is given in the form of the following theorem.
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Theorem 4.1. For the charged-Kerr spacetime the energy is re-scaled by the factor (4.63).
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Chapter 5

Approximate Noether Symmetries
of the Geodesic Equations for Plane
Symmetric Gravitational Wave
Spacetimes and the Definition of

Energy

In this chapter we give first-order approximate Noether symmetries of an artificially constructed
example of a plane symmetric “wave-like” spacetime, which represents a gravitational wave in-
teracting with matter and of the pp-wave spacetime. For the wave-like spacetime a non-trivial
approximate Noether symmetry is found. We use this non-trivial approximate Noether symme-
try to contract the energy momentum vector that gives the conserved quantity for the wave-like
spacetime. To look at the energy content of the plane wave spacetimes we then investigate
second-order approximate symmetries of the geodesic equations for the pp-wave and the wave-
like spacetimes. Since €2 does not appear in the geodesic equations for perturbed pp-waves,
there is a problem in applying the definition of second-order approximate symmetries of ODEs,
which gives the scaling factor mentioned earlier, to them. To obtain a better understanding of

the energy re-scaling in plane GWs, the wave-like spacetime is then investigated. We give the
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non-zero components of the Weyl and stress-energy tensors for the spacetimes discussed in this

chapter.

5.1 First-Order Approximate Noether Symmetries of Plane Wave

Spacetimes

In this section we first discuss the wave-like spacetime and then we study the pp-wave spacetime.

5.1.1 First-Order Approximate Noether Symmetries of the Plane Wave-Like

Spacetime

To study first-order approximate symmetries of the Lagrangian for plane symmetric spacetime

we consider the following line element of a static spacetime [92]
ds? = 2@t — da® — 2@ (dy? + dz?), (5.1)
with
p(z) = v¥ (@) = (z/X)%, (5.2)

where X is a constant having the same dimensions as x.

The Lagrangian for (5.1) is

2 2

2 2.
L=e*Xt —g —62(“3/){)2(3/ +z). (5.3)

Using this Lagrangian in (1.54) we get the following set of determining equations.

§=0,8=0 ¢ =0, & =0, A4, =0, (5.4)

262’”/X772 = A, —2l=A4,, — 262(‘”/X)277§ =Ay, — 262w/X77§ =A,, (5.5)

2L — €, =0, 2+ =0, n}+ 202 =0, pl 4 208 =, (5.6)
ezx/xng . 777:1 =0, e2x/X772 . 62(””/)()217? =0, eQa:/Xng . 62(””/)()217? =0, (5.7)

20! + X (200 — &,) =0, dan' + X?(2n2 — &,) =0, dan' + X2 (202 — ¢,) = 0. (5.8)
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Solving the above set of equations by back and forth substitution we get
—z2—, Lo=—, A=c, (5.9)
Yy

where ¢ is a constant, Y corresponds to energy conservation, Y; and Yo correspond to linear
momentum conservation along y and z, while Y3 corresponds to angular momentum conserva-
tion in the yz plane.

Since GWs are non-static spacetimes therefore the static spacetime (5.3) is perturbed with
a time-dependent small parameter (for definiteness et) to make it slightly non-static. For this

in (5.1) we take [93]
t
T:

v(z) = Zy L and p(z) = (E)2 +e€

T ter e (5.10)

where T' is a constant having dimensions of ¢. Its first-order perturbed Lagrangian is

2

2 2 9 2 2 .2
L=e2/X¢y g — 2@/ X" 4 )+?[e2x/xt — 2@ ()" £ 2] 4+ O(e?).

Using this perturbed Lagrangian and the exact symmetry generators given in (5.9), we obtain

the following set of determining equations

§=0,6,=0,6,=0, =0, 4,=0, (5.11)

2620/ X0 = Ay, — ol = Ay, —282@ 2 =4, 22N = A, (5.12)
ML — €, =0, 2+ =0, n}+ 22 =0, pl 4 208 =, (5.13)
€2m/X772 . 77t1 =0, 62m/X772 . 62(33/X)2n? =0, 622:/X772 . e2(m/X)2n? =0, (5.14)
Mo Iyt ol —g =0, — 20yt =0, (515)
—% - %771 — 2 +&,=0. (5.16)

In these equations only one constant, i.e. ag corresponding to the exact symmetry generator

Yo, appears. Equation (5.11) yields

&= fi(s), A= A(t,z,y,2). (5.17)
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Integrating (5.12) with respect to s we get

S _op
= S A f(tay. ), (5.18)
771 = _gAx+f3(tax7yaz)> (519)
o= 5o A 4 fu(t g, 2), (5.20)
- _ge—%z/X)?Az+f5(t,x,y,z), (5.21)

We use (5.18) and (5.19) in the first of (5.15). Then we differentiate it twice with respect to s.

Integrating the resulting equation we obtain
L, 2
£ = 5508 + 015 + ba. (5.22)
Again from the first of (5.15) we obtain

f3(t7«’137y72) :fﬁ(l"y)z)_Xth(t7x)y7Z)' (523)

We substitute (5.23) in (5.19). Then we put (5.19) along with (5.22), in the first of (5.15), from

this we obtain
X 2a0

= 5 (b = =), (5.24)

o -

We use (5.19) and (5.22) in the second of (5.13) and then separate the resulting equation for

different powers of s. This give two equations which on integration yields

1
A= _§b0$2 +.%'f7<t, Y, ,Z) +f8(t7yvz) (525)
and
bl.%'t
f2(t7xaya Z) = _§+ f9(t7y7 Z)dt"‘fl()(x,y’ Z)' (526)

From the second of (5.15) and (5.16), with the use of (5.19), (5.20) and (5.22) we obtain

94



2x 1 x? T
f4(t7$ayaz) = X/fQ(tayaZ)dy+ybl(2)(2X

+gl(t’yv Z),

2x 1 z? T

+92(t7y¢ Z),

respectively. Use of (5.18) and (5.19) in the first of (5.14) gives

fr(t,y,2) =0 and fs = g3(y, 2).

Now second of (5.15) yields

93(y,2) = yga(z) + g5(2),

From (5.16) we obtain

94(z) = b3z + by and g5(z) = bsz + bs.

The first of (5.13) yields
by

I
e

From the third of (5.13) we get

b3 = 0, and b4 :0,

fo

yg6(t) + g7(t).

Now the third of (5.13) gives
ag

g96(t) = 0Oand g7(t) = ——

g1 = go(t,2).
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(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
(5.37)



From the fourth of (5.13) we obtain

bs = 0 and g2 = g10(t, y).

The second of (5.14) yields

g9 =
fio =

From the third of (5.14) we have

hl(z)t + hQ(Z),

yh (2)e2/X@/X=0) oz, 2).

hy =

gio =

hs =

From the second of (5.13) we get

The first of (5.14) yields

bg =0

From the second of (5.13) we obtain

Therefore

ha

ha

b7z + bs,

(bry + bo)t + ha(z),

h5($) + ZbgGQx/X(x/X_l).

bz

I
e

s bg =0 and h5 :blg.

= b1z + bia,

= —bi1z+ bis.

b27 A= b67
(Iot

—— + b107 7]1 = 07

T

—% + b11z + b12,
*% — b1z + bis.
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Thus the non-trivial first-order approximate symmetry generator is

0 €,0 0 0
Ya = & — T(ta + yaiy + Z&) (552)

Using (1.65) and (1.66) we obtain the corresponding stable (non-trivial) approximate first in-
tegral
2 . . .
I =¥ Xy 4 %[eh/xtt _ 2@/ X)? (yy + zz)]. (5.53)

Using the time-like non-trivial first-order approximate Noether symmetry generator (5.52) we

contract the energy momentum vector. This gives the corresponding conserved quantity
€
Q=E— 5 (tE+ypy + 2p2), (5.54)

where E is the energy and p is the momentum. This gives the energy imparted to the test
particles with energy and momentum given by (5.54). However this does not give the energy

in the spacetime field.

5.1.2 First-Order Approximate Noether Symmetries of the PP-Wave Space-

time

To check the conserved quantity (), in the pp-wave spacetime, we investigate the first-order
approximate Noether symmetries for this spacetime.

The line element for the pp-waves [94] is

ds* = hw?[(z® — y®)sin(w(t — 2)) + 2zy cos(w(t — 2))](dt* — 2dtdz — dz?)

+dt* — da?® — dy? — d2?, (5.55)

where h is the amplitude of the wave and w is the frequency.

The Lagrangian for the exact pp-waves (5.55) is

B 202 2 B B -2 2
L = hw?[(z®—y)sin(w(t — 2)) + 2zy cos(w(t — 2))](t +2z — 2tz)

2 2 2 .2
+t —x —y —z. (5.56)
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For the Lagrangian (5.55), from (1.54), we get the following set of determining equations

§=0,8=0 =0 £ =0, 4,=0, (5.57)

2hw?[(2? — y?) sin(w(t — 2)) + 2zy cos(w(t — 2))n° = Ay, — 20k = A, (5.58)

—27 = Ay, 0= Az, 02 =0, 2, — € =0, 2y — & =0, (5.59)

ny+me=0,n9 =20l =0, n) =202 =0, 0 +n} — & =0, (5.60)

2h?[(2? — y?) sin(w(t — 2)) + 2zy cos(w(t — 2))|nY — 2n; + 13 =0, (5.61)

2hw?[(2® — y?) sin(w(t — 2)) + 2ay cos(w(t — 2))nY — 207 + 15 =0, (5.62)

wl(@? — y?) cos(w(t — 2)) — 2zysin(w(t — 2)))(n° — 7°) + 2z sin(w(t — 2))

+y cos(w(t — 2)))n' + 2[a cos(w(t — 2)) — ysin(w(t — 2))]n*+

(22 — y?) sin(w(t — 2)) + 2y cos(w(t — 2)))(2n] — &) + ﬁ?ﬁ’ = 0. (5.63)

Solving the above system of determining equations (5.57) - (5.63) by the usual method, we get

the following symmetry generator and the gauge function as a constant

o 0 0

= 4 = = =c. .64
Y 0t+8z’ Zy , A=c (5.64)

To investigate the approximate symmetries of pp-waves we first remove the t-dependent

part of (5.55) and putting h = 1 to define a static spacetime [95]
ds® = W?[(x? — y?) + 22y)(dt? — 2dtdz — d2*) + dt* — da? — dy® — d2°. (5.65)

For this static spacetime we obtain the Lagrangian

9/ 9 9 22 - 2 2 2 .2
L=w?(z*—y*)+22y](t +2 —2t2)+t —x —y —z . (5.66)
For the Lagrangian (5.66) the set of determining equations is
gt:O7 51‘:07 5y207 §Z:0, ASZO, _27]; :Axa (567)
3 = Ay, 2y —E,=0, 295 —£,=0, ny + 12 =0, (5.68)
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w?(@? =y +ay)(nd —n2) +nd —nf =0, (5.69)
w(z® —y* +ay)(n) —nd) +n) —nf =0, (5.70)
W (@ = y? + wy) () — ) —n — ) =0, (5.71)

20%[(z +y)n' + (2 — y)n?] + 207 (@? — o + 2y)(nf — 07)+
2n) — [W(2? —y® + ay) + 1)¢, =0, (5.72)

W [(z +y)n' + (= y)n’] — 202" — y? +ay) (02 —n2)—
202 — [W¥(a® —y? +ay) — 1J¢, = 0, (5.73)

2% [(z + y)n' + (2 — y)n’] — W’ (2® — y* + ay) (2 — 02

=g+ ) =2 + i = 203 (2 - y? + ay)E, =0, (5.74)
W(z® —y? +ay) () —1g) —nz =02 =0, (5.75)
20 (¢® — y® + wy) (g — m3) + 213 = Ay, (5.76)

202 (a® — y® + wy) (03 — 13) + 213 = —A.. (5.77)

Solving the above system of equations by the same method used earlier, we obtain the following

symmetry generators with a constant gauge function

To obtain the approximate Noether symmetries of the pp-waves the exact pp-wave spacetime
(5.55) is considered as a perturbation on the static spacetime (5.56). For this purpose the
amplitude h = ¢, is taken as a small parameter and the line element of the perturbed pp-waves

is

ds® = w?[(2® — y?) + 22y + {(2? — y?) sin(w(t — 2)) + 22y cos(w(t — 2))}](dt?

—2dtdz — dz?) + dt* — da® — dy* — dz*. (5.79)

The Lagrangian for the above perturbed spacetime (5.79) is
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L = (2% —9?) + 2zy + e{ (2% — ) sin(w(t — 2)) + 22y cos(w(t — 2))}] (t2 +

.2 - 22 2 .2
z —2tz)+t —xz —y —z . (5.80)

The set of determining equations for the Lagrangian (5.80) is

§=0,6=0,6=0 =0, A, =0, -2} = A,, (5.81)
—2m3 = Ay,, 2y, —&,=0, 295 —£,=0, ny+ 17 =0, (5.82)
W (@ —y® +ay) () — 1) +n) —nf =0, (5.83)
W (@® = y? + xy) (0 —ny) + 0y — 0} =0, (5.84)
Wiz —y® +ay)(n) —my) — 02 —n) =0, (5.85)
20%((z + y)n' + (z — y)n?] + 202 (2® — o + 2y) () — n})+
2} — [w?(z? — v + zy) + 1]¢, + w?[(2® — y*) cos(w(t — 2))
—2zysin(w(t — 2))](ap — a1) = 0, (5.86)
25°[(x +y)n' + (2 — y)n’] = 203 (2? — y* + 2y) (12 — 1)~
20 — [w?(2® — v + zy) — 1J¢, + W’[(2® — y?) cos(w(t — 2))
—2zysin(w(t — z))](ag — a1) =0, (5.87)
2%[(z +y)n' + (2 — y)n?) — W (@? — y* + 2y) (02 — 02
=g +17) = n2 + 1 — 203 (2 — y? + wy)E, — 2% [(2” -
y?) cos(w(t — z)) — 2zy sin(w(t — z)))(ap —a1) =0, (5.88)
W@ =y +ay) () — 1) — i —n2 =0, (5.89)
2w (2” — y? + xy) (ng —13) + 2n) = A, (5.90)
2% (¢ — y® + wy) (3 — 13) + 213 = —A.. (5.91)

For e = 0, the above Lagrangian (5.80) reduces to (5.66). Using this first-order perturbed
Lagrangian and the three exact symmetry generators given by (5.78), in (1.63), in the resulting

system of determining equations two constants corresponding to the exact symmetry generators
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Yo and Yy, given in (5.78), appear. Solving the system of equations (5.81) - (5.91), by the
same back and forth substitution method used earlier the two constants have to be eliminated
for consistency of the determining equations, making them homogeneous. The resulting system
is the same as for the static (exact) spacetime (5.65). Thus there is no non-trivial approximate
symmetry for this perturbed Lagrangian and the gauge function is a constant. Hence we can
not obtain the conserved quantity in the case of perturbed pp-wave spacetime. Only the three
exact symmetry generators are recovered as trivial first-order approximate Noether symmetries
which give trivial first-order approximate conservation laws for energy and linear momentum

along z.

5.2 Second-Order Approximate Symmetries of the Geodesic

Equations for Plane Wave Spacetimes

In this section we first analyze pp-waves and then we study the plane wave-like spacetime.

5.2.1 Approximate Symmetries of the Geodesic Equations for the PP-Wave

Spacetime

For the perturbed pp-wave spacetime (5.79) we have the system of first-order perturbed geodesic

equations and €2 does not appear [95],

3

Byt 4w (t =)@ +y)z + (o = y)y) + 5 {(0? = y?) cos(w(z — 1)+
2

2xy sin(w(z — t))}(t + 22 - tz) - wQ(i — 2){wsin(w(z —t)) — y cos(w(z
—t)}z 4+ w{ysin(w(z — t)) + zcos(w(z — 1)) }y] = 0, (5.92)

By: 2+ [z +y) — ew{zsin(w(z —t)) — ycos(w(z — t))}](i2 Ly =0, (5.93)

By :y+ [wi(z +y) — ew{z cos(w(z — t)) — ysin(w(z — t))}](i2 L iy =0, (5.94)

. w3

By 240 (t— )@ +y)a+ (- )yl + e[ {(@* = y?) cos(w(z — 1))+
22y sin(w(z — t))}(is2 457 1) —w2(i — S){asin(w(z — 1)) — y cos(w(z

—t)}z + wH{ysin(w(z — t)) + zcos(w(z — ) }y] = 0. (5.95)
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Since there is no quadratic term in €, in the above geodesic equations (5.92) - (5.95), we
cannot apply the definition of second-order approximate symmetries, which gives us the energy
re-scaling factor to them. This behavior is consistent with the pp-wave geometry in which the
wave front moves as parallel planes and the spacetime curvature is absolutely zero before the
pp-wave pulse arrives and after it has passed [40]. There is no region where there is a slight shift
from the flat geometry as required for obtaining an approximate symmetry. Thus the proposal
of approximate Lie symmetries for determining the energy content of GWs cannot be checked

for pp-waves.

5.2.2 Approximate Symmetries of the Geodesic Equations for the Plane
Wave-Like Spacetime

Retaining €2 in (5.10) and neglecting its higher powers, second-order perturbed geodesic equa-

tions are obtained [95]

By :t+ %i:ic - ;[{52 (@ + e @02 =aX)) | i;[{t? o+
) @/X7=2/X)] L O(e3) =0, (5.96)
By i+ GQZX P %ew’/m(f 304 ziz[e”/xiz - 2%62(33/)()2
W +5)] + ;2;; [erC/Xi2 - 2(362@/)‘)2(3;2 + 3 +0() =0, (5.97)
Es:y+ i?ja’cy + %@ - Q;fiy +0(e*) =0, (5.98)
Ey: s+ iszz + %ié - 2;622{:2 +0(&) = 0. (5.99)

We apply the second prolongation X! of the generator X = X+ €X;+€2Xy defined in (2.40),
to (5.96) - (5.99), which yields

2 .2
€ .2 .2
XEIE = e+ enf oo + 03 + (00 + en + E03) 5 {t + (0 +2)
2_ € et 2 x .2
X0} 4 (g + eny + Emy) (7 + g {57 (5~ DO+

x €t €2 ti'f

2
z )62((3:/)()2%/)()} + 2(778,3 + 677(1],5 + 62773,9(} -7 + WH_
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L2 . .
2(ng.s + ent s + 6277%,5)(? + T{y(ng,s +ent +eEns,) + 2
€t 2_
—|—€’I’]:iS —+ 6277375)}(6 + ?)62(($/X) w/X)]Ej:O — 07 (5100)

2 Xt -2
X[2]E2 = [77(1),58 + 677%,88 + 6277%,85 + ﬁ(ng + 677(1) + 627’8)(6 + ?){t /X
2

2.2 2 -2 2.
—(y" + )Y+ g+ ent + Enb){t Y — (7 +2)(1

4a? 2 2et €212 2
+F)62($/X) A+ 75 + ) + =m0 + et o + 9 e X (1

X
det 2622 4z . .
t ) = WO+ ents + €m) + 20 + e +

242
end M1+ T + =) g o =0, (5.101)

4 ..
ty(ng + en? + €n3) + —5zy(ng + eny

X[Q]Efi = [n%,ss + 677%,35 + 6277%,88 - X2

T2
2. €2t dx .
+e2n3) + Zle— 7)(778,5 +en o+ €S, + ﬁy(né,s et +

2x . € €t
Enye) +2(np . + et + 62?73,5)(ﬁ$ t ot ﬁt)]Ej:O =0, (5.102)

92 .. 4 ..

XEEs = [0+ enf oo+ €03 s — Zgt2 () + en + €¥n3) + 52(ng + ey
2. €2t 4z .

+e'ny) + (e — )0 + Mg + €nb) + 55200, +ent s+

20 . e: €t
6277%,8) + 2(77373 + 6"7?,5 + 62”%,5)(?‘% + Tt - ﬁt)}EjZO =0, (5103)
where (j = 1,2,3,4). For ¢ = 0, (5.96) - (5.99) yield the equations for the exact case and
only retaining first power of ¢, neglecting its higher powers will give the equations for first-

order approximate case. For the exact (e = 0) the geodesic equations (5.96) - (5.99) admit the

symmetry generators

0 9 2—zﬁ, Zo—g, VA :sg, (5.104)

0
Yo= ot oy 9z’ Y3 = Yoz oy - Os Os
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with the gauge function as a constant.

We use the prolongation coefficients defined in (2.45) - (2.52), the exact symmetry generators
given by (5.104), the first-order approximate symmetry generators (which are consist of the
exact symmetry generators and the non-trivial symmetry generator given by (5.52)), and the
second-order perturbed geodesic equations, in above equations (5.100) - (5.103). We get the

following set of determining equations

b e, 0 —0 6, 2,
.
o, + 2336;(2/)()5% =0, &, — %fzt =0, &,, =0,

€2 =0, Co, — oo, =0, Gy — s =0, & =0, (5.105)
Ty, + GQ:/X)??” ;nzt — 2, =0, (5.106)
M3+ 262;/)()(77& - %néz - %ao) + %né =0, (5.107)
Mo — 62(;/)()77395 =0, 73, — 62(;/)()7731 =0, (5.108)
M+ e =0, 26, =0 (5109)
,, + %ni =0, n3,, + ;l;; s, =0, (5.110)
ngyy N Qmei((x;X)Q ng N %62[(x/x)2—x/X] — 0, (5.111)
1, + 262;/;02[93772 -1+ i;)n% — 2a(n5, — &,)] =0, (5.112)
7, + %(2772 +n3, 2@ X)) —2¢, =0, (5.113)
m,, + %ni’mezw X =, (5.114)
m.. + %ei(;/wngx + gl XX — g, (5.115)
Bt 2 ot — (1 A8 i, — )] - (5.116)
5, + %ngze (@/X)* = g, (5.117)
.. + ;2 (2m5, + 15, € (I/X)Q) —2&,,, =0, (5.118)
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e2(@/X)

<2 T2, — €2, =0, 57—, +mz, =0, M5, =0, (5.119)

M =0, b, g, =0, mh, — &, =0, (5.120)

)2;21729 +n5., =0, %ni +n3,, =0, n3,, =0, (5.121)

%EXWX)n%s —n,, =0, %n%s +2n3,, — &, =0, (5.122)

s, =0, n5,, =0, 29662;/)()7735 —13,. =0, (5.124)

B =0, b, + 208, — 6, =0, (5.125)

3, + 12, — M5, + X (13, — &) =0, (5.126)

0%, €2 — g =0l + X (3, —&,,) =0, (5.127)

(22 — X)n3, + X?n3,, =0, (22— X)n3, + X?n3_, =0, (5.128)
.

%n%y + 13, — &, =0, %ngy + b, — %ei(@;mni =0, (5.129)

3, — %nét — &, + % =0, 73, + ﬁ — 0, (5.130)

S, o =0, + e =, (5.131)

. + %(ewm 5. - 2:662;/)()27739 =0, (5.132)

a2, — o, — =0, (5133)

SO0 28 g =0, i, =0, (5134)

U%my )2(332( 2e/X)* 3, +772y) &2, =0, (5.135)

B, — o, + g (Qmb+nd) =0, (5.136)

M.+ (- %)ngz =0, 73, =0, (5.137)

M- %ew/—’%éz Fub)— 6, =0, (5.138)

77%“, o,, + (29577296 +m3) =0, (5.139)

m5,. =0, m3,. — Qxei((xm(ni +m3,) =0, (5.140)

. + ;2 1, —€a,, =0, 75, + ;2 N2, — &a,. = (5.141)

m.. =0, n5. =0,73 =0, n_ =0. (5.142)
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Like the first-order approximate case for this wavelike spacetime only one constant correspond-
ing to the time translation exact symmetry generator appears in the above equations (5.105) -
(5.142). Solving these equations by the same method used earlier in this thesis we get no non-
trivial symmetry generator. The first-order approximate symmetry generator given by (5.52)
along with the exact symmetry generators given in (5.9) are obtained as trivial approximate
symmetry generators and the gauge function is a constant. Hence in the second-order approx-
imation there is non non-trivial approximate symmetry for the plane wave-like spacetime.

It should be noted that for the first-order approximate case we obtain the same set of

determining equations (5.105) - (5.142). The solution of these equations is given above.

5.3 Energy (Mass) in a Plane Wave-Like Spacetime

The Lie symmetry algebra for the exact or unperturbed (when € = 0) (as well as the first-order
approximate symmetry algebra i.e. when €2 = 0 and € # 0) geodesic equations for the plane

wave-like spacetime include the generators of dilation algebra, 9/0s, s0/0s corresponding to
£(s) = cos + ci. (5.143)

Like the RN [81] and charged-Kerr [82] spacetimes, for the second-order approximate sym-
metries of the geodesic equations in the determining equations the terms involving &, = ¢, do

not automatically cancel out but collect a scaling factor of [95]

-2 2.2
L+ @+ e @0 Xy, (5.144)

T2
so as to cancel out. The scaling factor (5.144) corresponds to a re-scaling of energy (mass) as
explained earlier. This scaling factor for the wave-like spacetime involve the derivatives of the
coordinates t and ¢. Since derivatives only apply to the paths of the particles, to get the energy
in the spacetime field we replace these derivatives by the exact first integrals of the geodesic

equations
t = 26—2(96/)() 2((z/X)?~z/X)

5 = 2. (5.145)

, Y =cae"

Using these first integrals (5.145) in (5.144) we obtain the scaling factor (5.146) for the plane
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wave-like spacetime [93]

ﬁ[e—mm + 96 2@/ X 4w/X)). (5.146)

This energy expression is plotted below for different values of ¢ and z, using Mathematica
5.0. The values of X and T are arbitrary. The above scaling factor for this wave-like spacetime
depends linearly on t and in both diagrams below the energy in the gravitational field increases
linearly with time. In Fig. 5-1 the energy is seen to decrease along x and disappears sharply
close to x = 0. To see the variation with x we enlarge the diagram by reducing the range of
z in Fig. 5-2. As we move along z the increase in energy with time becomes gradual. Since
the small parameter e (which is considered as the strength of the wave) is arbitrary the units
of energy are arbitrarily chosen. Throughout this thesis gravitational units are used and space,
time and mass are given in seconds.

Admittedly, in this artificial example of the wave-like spacetime energy increases linearly
without limit. This is because of the (nonphysical) choice of a linearly increasing component
of the metric tensor for convenience of computation, leading to a corresponding increase in the

scaling factors (5.146).

5.4 The Weyl and Stress-Energy Tensors for Plane Symmetric

Spacetimes
Though the Weyl tensor gives information about the gravitational energy of the spacetime,
it is not clear how to obtain a measure of the energy in it. For the pure gravitational part

and matter part here we give the independent nonzero components of Weyl and stress-energy

tensors for the perturbed pp-wave and plane wave-like spacetimes.
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Figure 5-1: Plane symmetric gravitational wave-like spacetime. The energy increases indefi-
nitely in time close to x = 0 and then disappears suddenly after some distance. The small
parameter €, (considered as strength of the wave) is arbitrary in all the spacetimes discussed in
this thesis. Thus the units of energy are chosen arbitrarily. Throughout this thesis gravitational
units are adopted and space, time and mass are given in seconds
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Figure 5-2: This is a expanded version of Fig. 5-1. Here the range of x is shrunk and it is seen

that the energy decreases smoothly with distance.
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5.4.1 The Weyl and Stress-Energy Tensors for the PP-Wave Spacetime

Following are the independent nonzero components of the Weyl tensor for the perturbed pp-

wave spacetime (5.79) [95]

C% 1 = —wW?w?(2? — y® — 2zy) + 1+ {20 (2 — y* — 2y) sinw(z — t)—
2zycosw(z —t) —sinw(z — t)}] + O(?),
00113 = 00101 = C'1313 = _00202 = 00223 = 02323»
C o = —wW?[w?(2? — y? — 2zy) + 1 + {20?(2? — y?) sinw(z — t) — w? (a2
—y? 4 4ay) cosw(z — t) + cosw(z — t)] + O(€?),

C0g3 = C%gp = C0913 = Clyys. (5.147)

As given in the first section of chapter 1, for usual purposes the form of the Weyl tensor does
not matter, but for differential symmetries of the tensor the form is crucial [58]. In covariant

form the components of the Weyl tensor are

Cor01 = —w?[1 — esinw(z — t)] = Co113 = C1313 = —Co202 = Co223 = C323,

00102 = —w2[1 — € COS w(z — t)] = C0123 = 00213 = 01323. (5.148)

From here it appears that the (0, 4) form may give the physically relevant quantities as
the space dependence in (5.147) does not seem to correspond to the geometry of the pp-wave,
while (5.148) does. Here the pure gravitational field which “curves up the void” is seen to be
sinusoidal. For this spacetime there is obviously no nonzero component of the stress-energy

tensor.

5.4.2 The Weyl and Stress-Energy Tensors for the Plane Wave-like Space-

time

The independent nonzero components of the Weyl tensor for the plane wave-like spacetime

(5.10) are
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1
Clli1 = =22+ X)+0(),

3X3
2@/ X)? 2
Co = C%g = GT(l + ﬁf)(% +X) + O(e?),
Clory = Claiz=—C%, C?33 = —2C%,. (5.149)

From Figs. 5-1 and 5-2 (where the wave is along the x direction), it is clear that the energy in
the gravitational field of the plane wave-like spacetime increases with time. Therefore the first
component of the Weyl tensor must depend on ¢ linearly which corresponds to the covariant

form (given below) and not the mixed form.

€2I/X 2% 5
Coio1 = e (1+€?)(2$+X)+O(6 ),
eZ(x/X)2+2:E/X At )
Co202 = Co303 = TU*'G?)(Q?H‘X)“‘O(G )s
Cr212 = C1313 = —Cp202, C2323 = —2Cp202. (5.150)

The nonzero components of the stress-energy tensor for this wave-like spacetime are

4e2v/X 2t 32 5
Too = W(1+6?)(1+ﬁ) O(e%),
T = e+ X)+0(),
€2x2/X2 2% ) ) )
Too = T33=—7"—(1 —)(22X + 4 X
22 33 x4 ( +€T)( X +42” +3X7) + O(e7),
_ € _ 2
T = sl —X)+O0(), (5.151)

It is worth noting that the z-direction stress has no approximate part of first-order and the
approximate part of the energy increases linearly with time and quadratically at large distances.
More interestingly there is an approximate momentum in the z-direction that increases linearly
with the value of x. This linear increase in energy was built into the metric and it entails the
momentum in the x-direction.

Now we give the fraction of energy density imparted to the matter field, by the following
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expression
(Too)
(Too)E’

where (Too) g and (Tpo)p are the energy densities of the exact (i.e. when € = 0) and first-order

b

Eimp = (5.152)

approximate spacetime respectively. For the plane wave-like spacetime we have

2
Bimp = €77 (5.153)

Here we give the result of this chapter in the form of the following theorem.
Theorem 5.1. The energy of plane gravitational wave in a plane gravitational wave-like

spacetime is the classical energy re-scaled by the factor (5.146).
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Chapter 6

Approximate Noether Symmetries
of the Geodesic Equations for
Cylindrically Symmetric
Gravitational Wave Spacetimes and

the Definition of Energy

In this chapter we study first-order approximate Noether symmetries of the cylindrical analogue
of the artificially constructed example of a plane “wave-like” spacetime discussed in chapter 5,
and of cylindrically symmetric GW spacetime. To obtain the energy content of the cylindrical
wave spacetimes we investigate second-order approximate symmetries of the geodesic equations
for these spacetimes. Here we also give the non-zero components of the Weyl and stress-energy

tensors for the cylindrical GW spacetimes discussed in this chapter.

113



6.1 First-Order Approximate Noether Symmetries of Cylindri-

cal Wave Spacetimes

In this section we first study the wave-like spacetime and then we investigate the cylindrically

symmetric GW spacetime.

6.1.1 First-Order Approximate Noether Symmetries of the Cylindrical Wave-

like Spacetime

To investigate first-order approximate symmetries of the Lagrangian for cylindrically symmetric

spacetime we consider the following line element of a static spacetime [96]

ds? = " P dt? — dp? — ) (a?d¢? + d2?), (6.1)

with
v(p) = (p/R)%and p(p) = (p/R)*, (6.2)

where R is a constant having the same dimensions as of p.

A Lagrangian for the static spacetime (6.1) is
R)2 -2 2 R)3 2 -2 .2
L=l — p° — /B (g2 +27). (6.3)

Using this Lagrangian in (1.54) we get the following set of determining equations.

& =0, §p207 €¢:07 §. =0, As =0, (64)

Ze(p/R)Qng =Ay, —2i =4, - 2a2e(p/R)3n§ = Ay, — Qe(p/R)Bni’ =A,, (6.5)

o) — €, =0, a?n?+ 0 =0, n+ a2’ =0, L4 /B =, (6.6)

e(p/R)2n2 —nl =0, 6(p/R)Qng — e/ RP 2 — (/R0 _ (/R 3 (6.7)
2 3p? 3p?

ngnl +2n) —€,=0, %nl +203 — €, =0, %nl +20 — €, =0. (6.8)

Solving the above set of equations (6.4) - (6.8) by the same method as for the plane symmetric
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case we get the following symmetry generators

YO:Q leﬁ Y, = 9

0 9, 0 B B
at, 6¢, &, Y3 Z% —a QZ)&, Z[) =—, A=c. (69)

s’

where ¢ is a constant, Yy corresponds to energy conservation, Y; corresponds to azimuthal
angular momentum conservation and Yy to linear momentum conservation along z, while Y3
corresponds to angular momentum conservation.

For the approximate symmetries of the Lagrangian for the cylindrical wave-like spacetime

we consider [95]

V(o) = (o/ R + cov and u(x) = (p/R)® + e, (6.10)

in the metric (6.1), where T" is a constant having dimensions of ¢. Its first-order perturbed
Lagrangian is
.2
L o= R 7 e 2¢ 427+ 2 el el R (24
T
.2

+2 )]+ O(é?). (6.11)
Using this first-order perturbed Lagrangian (6.8) and the exact symmetry generators (6.9), in

(1.63), we obtain the following set of equations (6.12) - (6.17), in which only one constant ag

corresponding to the exact symmetry generator Yy, given in (6.9), appears.

§=0,6,=0, =0, & =0, A, =0, (6.12)

2eP/B 0 = Ay, —2m) = A, —2a%el/ T2 = A¢>a - 26(”/R)377§’ = Az, (6.13)
277[1) —£,=0, a®n? + 77:; =0, 77<1p + a2e(”/R) =0, nl + e(p/R) =0, (6.14)
/R0l — 0, /B0 _ (/B2 e(p/ 70 — el — o, (6.15)
%+%1+2m £ =0, —2;0—?;5?71—277§+€s=0, (6.16)

B (6.17)

Solving these equations by the same method as for the plane symmetric case we get the fol-

lowing non-trivial approximate symmetry generator (6.18) along with the trivial approximate
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symmetry generators given by (6.9)

0 0
Ya:&—( +¢ ¢+z—) (6.18)

The corresponding first-order approximate (stable) first integral is
I = /B2 4 T[ /Ry o(p/R)? (a ¢¢+ZZ)] (6.19)
Like the plane symmetric case the conserved quantity for this cylindrical wave-like case is
Q=F— %(Z‘E + Py + 2p-2)- (6.20)

6.1.2 First-Order Approximate Noether Symmetries of the Cylindrically
Symmetric GW Spacetime

To check the conserved quantity (), in the cylindrical GW spacetime, we investigate the first-
order approximate Noether symmetries for this spacetime.

The line element for the cylindrical wave spacetime [97] is
ds? = 0=V (dt? — dp?) — pPe 2 de? — e*Vd2?, (6.21)
where v and v are arbitrary functions of ¢ and p, subject to the vacuum EFEs

P+ w Y =0, 7—0(¢'2+¢) 5 = 2000, (6.22)

where dot denotes differentiation with respect ¢ and prime with respect to p. The solution of

(6.22) is given by

v = AJy(wp)cos(wt) + BYy(wp) sin(wt), (6.23)
/
vy o= %[(AngJO — B?Y{Yy) cos(2wt) — AB{(JoYy + YoJ§) sin(2wt) —

2 JoY] — YoJh)wt}]. (6.24)

This metric has two KVs 0/0¢ and 0/0z [1]; this means that there is only azimuthal angular
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momentum conservation and linear momentum conservation along z.

The Lagrangian for (6.22),

2 -2 .2
L= — p'z) —ple Wy — ey (6.25)

admits the symmetry generator 0/0s, along with the two KVs and the gauge function is a
constant.

To discuss the approximate symmetries of cylindrical GWs first a static spacetime is defined
as follows. We remove the t-dependent part in (6.21) and put the strength of the wave A =1
and B = 0. Since Y} is badly behaved at p = 0, we choose B = 0 [95].

ds? = 2000 (dt? — dp?) — pPe2Vodg? — e2Vodz?, (6.26)

where

Yo = Jo(wp) and vy = %Jo(wp)zfé(wp) (6.27)

A Lagrangian for the spacetime (6.25) is
.2 5 .2 2
L=eX007v) (4 — p7) — p2e oy — 2oy (6.28)
Using this Lagrangian (6.27) in (1.54) we obtain the following set equations

§ =0, =0,8=0,§ =0, A4;,=0, (6.29)
262(70—%)773 = A;, — 2e*(0—%0) 1= A, (6.30)
—2p%e Won? = Ay, —2eMond = A, (6.31)

21, — £+ 20 (7o — ¥p) = O, (6.32)
207 — &+ 2n' (7o — ¥p) = 0, (6.33)
(203 — €)p+2n' (1 — ) =0, (6.34)
20"y + 202 — €, =0, (6.35)
(6.36)

627077412) + P277§ — 0’ 62(70_1’&0)77,1; + 627/)0772 = 07
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P’ + eVon =0, 1) —n{ =0, (6.38)

eXron — pPni =0, 200 olyd — e2opd = 0, (6.39)

where the prime over 7, and 1, denote derivative with respect to wp. Solving the above
equations (6.29) - (6.38) by the same back and forth substitution method used earlier in the

thesis we get the following symmetry generators with the gauge function as a constant
Y, =

For the approximate case we put the strength of the wave as a small parameter, i.e. A = ¢,

and take the exact wave as a perturbation on the static metric (6.25) in the following way.

v = Jo(wp)(1+ ecos(wt)) =g + €y, (6.40)

w
y = {J()(wpua(wp)u+e2cos<wt>>:v + €2, (6.41)

For this perturbed cylindrically symmetric GW spacetime we obtain the following first-order

perturbed Lagrangian

.2 .2 .2
L = 200 w)(i — p%) = preog — o’ _ 9 [200-v0)(; — p?)

.2
e g 420’ 4 O(e). (6.42)

Using this perturbed Lagrangian (3.42) and the exact symmetry generators (6.39) in (1.63) we

obtain the following set of determining equations

§=0,6=0&=0,£=0, A, =0, (6.43)
220 %0)0 = A, — 2e2 0oyl — 4 (6.44)
—2p%e o2 = Ay, —2eVopd = A, (6.45)
20} — €, + 20" (v — ¥h) — 2agtyy =0, (6.46)
29 — &, + 20* (7 — ¥h) — 2a0y =0, (6.47)
(202 — €,)p + 201 (1 — ) — 2a0pthy =0, (6.48)
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20" + 20 — €, — 2a00, =0, (6.49)
e?rong + pPn? =0, e20ovolpl 4+ eopd = g, (6.50)
PP+ €2Ponl = 0, 1) —ny =0, (6.51)
62707725 — p*? =0, 200yl _ 2oyd — 0, (6.52)

In the above equations (6.43) - (6.52) only one constant ag corresponding to the exact symmetry
generator Yo, given in (6.39), appears. Solving these equations by the same method used earlier
this constant has to be eliminated for the consistency of the above determining equations making
them homogeneous. Thus there is no non-trivial approximate symmetry for this perturbed
cylindrical GW spacetime. We only recover the exact symmetry generators given in (6.39),
as trivial first-order approximate Noether symmetry generators. Hence energy conservation,
azimuthal angular momentum conservation and linear momentum conservation along the axis
of the cylinder are obtained as trivial first-order approximate conservation laws. The conserved
quantity @@ cannot be found here which was obtained for the case of the wave-like spacetime

(6.10).

6.2 Second-Order Approximate Symmetries of the Geodesic

Equations for Cylindrical Wave Spacetimes

In this section we first discuss the cylindrical wave-like spacetime and then we study the per-

turbed cylindrically symmetric GW spacetime.

6.2.1 Approximate Symmetries of the Geodesic Equations for the Cylindri-

cal Wave-Like Spacetime

Retaining €2 in (6.10) and neglecting its higher powers, we obtain second-order perturbed

geodesic equations for this wave-like spacetime [95]

2
R

€t

T2
2

P/ B?*e/B=1)(g2¢ 4 ;)] + O(€%) = 0, (6.53)

. . .2 .2
R T Ay I

119



R)? . .2 .
e(P/R) 752 2p eWIR (420 +é2)+§$[t2e(p/m2—

o+

R R2°
20 /Ry (2 20, B2 me 20 (ry o)
7 e (a ¢+z)]+T2R[te 7 ¢ (a”¢
.2
+2)]+0(e*) =0, (6.54)
: 2te?
<z>+ ¢+—t¢> 6t¢>+0( ) =0, (6.55)
4p 26 2te?

These equations are exactly the same as those for the plane wave-like spacetime discussed in
chapter 5, in cylindrical coordinates. Applying the second prolongation X2 of the generator
X = X+ eX1+€2Xy defined in (2.40), to (6.53) - (6.56), and using the prolongation coefficients
defined in (2.45) - (2.52), we get the same set of determining equations (5.105) - (5.142) in
cylindrical coordinates. For these equations there does not exist any non-trivial second-order
approximate symmetry. We only recover the exact and first-order approximate symmetries as

trivial second-order approximate symmetry generators.

6.3 Energy in a Cylindrical Wave-like Spacetime

Like the plane wave-like spacetime (5.10) we obtain the following scaling factor for this cylin-

drical wave-like spacetime (6.10) [95]

E[e—ﬂp/R)Q + ¢ (P/R)*(p/R=1)), (6.57)

This factor is exactly the same as that for the plane wave-like spacetime. Here it is in cylindrical
coordinates. This gives the energy re-scaling in this wave-like spacetime. The plots of this factor

(6.57) are same as those for the plane wave-like spacetime given in chapter 5.

6.3.1 Approximate Symmetries of the Geodesic Equations for the Perturbed
Cylindrically Symmetric GW Spacetime

For the perturbed cylindrically symmetric GW spacetime (6.21) for which v and ¢ are defined
by (6.40) and (6.41), we have the following system of second-order perturbed geodesic equations
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[95]

2 2 -2 .2
+p)+pPe TP — oy P00y

£+ 2(7h — )t — el (i
i) + (i + i) + Ay P05 9l 4 O() =0, (6.58)
b (o — U 5 ) 4 PPy — )+ 20

UL+ 57— e P0nd. — 220 (apy — 445+ )

.2 92 .2
+e? [’7,1 (t +p)— P2€727°’Y1(¢6 - 1)¢ + 262(21#0770)(41/}61/}% - 1%’71—

D)5 +Ahtp] + O(E) = 0, (6.59)
b+ ;u — )6 e;@qi L p)é 62;“ e+ O() =0, (6.60)
S U)ot + e[yt + iplE — E20u3pi + O(e?) = 0, (6.61)

where dot over «; and 1; denotes differentiation with respect to wt.
We apply the second prolongation X[ of the generator X = X + eX1+€2Xy defined in
(2.40), to (6.58) - (6.61), which yields

2 ) L2
+p)+pe M0y

XPIEy = (1.4 + en os + €03 s + (1 + 0 + En3) {—e(ty (¢
— 20 L2007 + BG4 i) + Ay + )2
— 29,tp)} + 207 — V) tp(nh + ent + ) + 2000, + en, + €19.,)
{(o = 6)p — eyt +94p) + (3t +740)} + 2058 5 + ent, + €l )
{(h = )t — elrp +9h8) + 2(31p+750)} — de(nd o + en o + €43.,)

(12 208) 4 20, 2P0 (g e 4 2B ) (e + daby€?) 2] =0 = 0, (6.62)
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2

- .2
XPIEy = [f 06 + €0l o + b os + (00 + en) + 0D {—e(vy(t +p )—

L2 T T 02
pre70pid — PFVTI0) (dghpy — b))z + Ptp) + (1t

.2 . .
+ P2) — pPy1e7 0 (W — 1)+ 2(8¢pehyhy — Y19y — v —
o 2

.2 o
P11p1)e2 @007 1y 1) + (g + ent + €n3){(vG — v (¢
2 .. -2
+p +tp) 4+ ple T (2(1 — ) + U0 () — 1)¢ + (e2ZPoTr0)f
2020l — Y))2 4 (W — ) — v, + 2k + p) ()
0 0~ "0 0o~ 7o 1 1 P)\Mo,s

e g+ €2n9,) + (E+2p) (b, + ent s + Ent (Vo — Uh) — vt
+ N} +20%e 0 (Wy — 1) + ety — (v — 1)}o(ng  + enf
+ g ) + 2622010 (i - ent , + €203 {1 + ey — )

+26% (Al — o7 — ¥1¢1) Y2l E=0 = 0, (6.63)

. e
X[Q]E3 - [773,55 + en%,ss + 62?7%,88 + (778 + 677(1) + 6277(2)>p{—6(¢1p + wlt)¢
2 : L 1 o
- 62;1/111/11(1 — p)pd} — ;(776 +enp + E€m){(1—vp) + ¥0 tod
— ey (10, + €n} s + €5 )pd + (5.5 + €np s + €n3.){ (1 — ¥p)
/ 2 ING2Y 2 2 2 9 N
— ey — € (1 —o)Yitpd + (ng s + eni s + €03 )L (1 — ) p—

(W p+yt) — (1 — ) p} =0 = 0, (6.64)

XPE, = [} o, + ey + 1oy + (18 + e + EnQ)plelionp + 1)
— 4P 2} + (0 + en) + Enh){Wps + e(Wip + ¢;
B)2}pd — APy i 2} + ey (1, + enf , + €037 + (1
+enp s+ Eny U + ey — 262Utz + (o + e

3 ){Whp + (W p+it) — 262003 p} =0 = 0, (6.65)

where (5 = 1,2,3,4). For e = 0, (6.58) - (6.61) yield equations for the exact case and only

retaining first power of €, neglecting its higher powers, will give equations for the first-order
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approximate case. For the exact (¢ = 0) the geodesic equations (6.58) - (6.61) admit the

symmetry generators

Y, = (6.66)

with the gauge function as a constant.

We use the prolongation coefficients defined in (2.45) - (2.52), the exact symmetry generators
given by (6.104), the first-order approximate symmetry generators which are same to those of
the exact case and the second-order approximate geodesic equations (6.58) - (6.61) in above

equations (6.62) - (6.65). We get the following set of determining equations

a2, t (T/Jf) - ’Yf))f;, =0, &,, (T/Jf) - ’76)52,) =0,
€2,y — 92672705% =0, &,, — 62(2%770)5% =0,
2§2tp - (¢6 - ’}/6)(25213 - §2p) = O? §2t¢ = 0’

€2,. =0, &, =0, (6.67)
03, + (W — )13, +20},) — ao(thy —7,) — 265, =0, (6.68)
My — (6 — )20, b, — b)) — ao(hy — 1)+ (W — b =0, (6.69)
M, — (Vo = 70)m3, = 0, m3,, — (Vo — 70)n3, =0, (6.70)
18, — 18, (1 — 70) + ao(¥y — 71) =0, (6.71)
m,, — ola — 1) + (W8 — Ay + (W — Y0) (05, + 2m3,) — 265, =0, (6.72)
m5,, + (L=0)m3, =0, 15, + (245 — o)1, = 0, (6.73)
03, — aopPe” 10gy — pe 0 () — 1)nd, =0, (6.74)
0, + aopPe 0(Y — iy — y) + pPe T2l — 1)(1 — vh)+
olms + pPe 210 (v — 1) (203, —n3,) =0, (6.75)
77%¢¢ — (4o - 1)(77%¢ + p2€_27°77%,,) =26, =0, (6.76)
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M.+ a0 PG + i) + o] — Yhe2o=r0pd =,
.. + a0 2Syhhyhy — 1 — uth — )+
4ty — ] + RO (28 — ) + Gk + P00,
(203, —m3,) =0, m3,, — pPe 270 (gy — )3, = 0,
ms,, — Vom0 ginE =0, n3 | — e*CLo0)yind 4 yims, — 26, =0,

205, — 2(v0 — Yo)ms, — &a,, = 0, 2m3,, — (¥ — 7o) (213, +m3,) = O,
5, =0, 13, =0, n5, — (¥ — o)1, =0,
25, — Ea,, — (¥ — 7o) (n3, + 2m3,) = 0,
205, + (1= o), =0, 25, +¢gms, =0, 13, =0,
s, — (1= 4p)pPe 203 = 0,203+ (1 —¢g)ns, — o, =0,
ms,, =0, m5,, =0, n3, + oo m0lpd =0, n3 =0,

.. + o, — &, =0,
y
M — (W — ) (578, —mh,) — Ea,, — (6§ — )b — aolihy +47) =0,
¥
2mh, — (W — Vo) (03, + 203, ) — 265 — (W — ve)mk — ao(thy —41) = 0,
25, + (1 —¥o)n3, + (Vo — 70) (25, +13,) =0,
23, +Yons, + (Yo —v0) (203, +1m3,) = 0, my,, — &, — (Yo — Vo), = O,
23, — 2(1 = ¥p)p’e2on3, — (¥ — 70) (203, +nz,) = 0,
203, + (1 — h)nh, — 265, — aopidy =0, 3, =0,
19, — o, — (Vo —0)ms, =0, 13, =0,
205, — (Vo — 70) (23, +m3,) — 20”0003 =0,

203, + Wb, — 25, — aothy =0, 203+ (3uh +vp — )3, =0,
2m5 , — (Vo = 70) (3, + 2m3,) + 207 (Vo — e 20n3 — (1 = vg)ns,
—265,, =0, 203, + (25 — n3, =0,

L
205, + (1= 4o)nz, + (Y5 + v — 1)z + aol2(vh — 1)1y — 1]
—26,,, =0, 15, — (205 — o)1, =0, 2n3, — (245 — L)n3_ =0,
23, — (¥ — 7o) (19, + 2m5,) + vp(2e*PPo0)yd ) ) — 26, =0,
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. .
23, + Vo + Vs, — 26, + ao(Py — 4gi1¢y) =0, 75, =0, (6.99)
M, + € 200" (Yo — Vi, +dons,] = 0, 203, + o, — 265, =0, (6.100)

205, — (Wo — V)ma, =265, =0, 15, =0, 3, =0, n3 =0, 53, =0. (6.101)

In these equations only one constant ap corresponding to the exact symmetry generator Yo
given in (6.66) appears. Solving these equations by the same method as used before this
constant ay disappears for the consistency of the above set of determining equations (6.67) -
(6.101). Thus these equations become homogenous and there is no non-trivial second-order
approximate symmetry. We only recover the exact symmetry generators given by (6.66), as
trivial second-order approximate symmetry generators.

Note that for the first-order approximate symmetries we get the same set of determining
equations (6.67) - (6.101), which is obtained in the second-order approximate case. The solution
of these equations is discussed above. Hence like the second-order approximate case there is no

non-trivial first-order approximate symmetry for this perturbed cylindrical wave spacetime.

6.4 Energy in the Perturbed Cylindrical Wave Spacetime

We obtain the following scaling factor for the perturbed cylindrical wave spacetime in the same

way as for RN, charged-Kerr and wave-like spacetimes. The scaling factor is [95]

.22 : .2 -
Tt +p )+ dpyipe2Pom10)57 —2n/tp, (6.102)

To replace the derivative of the coordinates t, z we use the exact first integrals

f= g, s = e (6.103)

Further it is assumed that there is no initial velocity in the z and ¢ directions. Hence z and ¢

vanish. To replace p we use the Lagrangian (6.28) of the exact (unperturbed) case, i.e.

b - 6(1/10—70)(63(’/’0—70) — 1)% (6.104)
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Using (6.103) and (6.104) in (6.102) the following scaling factor is obtained

1162(’/’0—70)(62(1/)0—’)’0) + 63@’0—70) _ 1) _ 27’163(1%—70)(63(’/’0—70) _ 1)%’ (6.105)

where 7, is given in (6.41). This scaling factor involves the Bessel function of the first kind
and its derivatives. The asymptotic representation of the Bessel function of the first kind for
large value of the argument is given in [98]. Using that asymptotic representation of the Bessel

function in (6.105), we obtain an asymptotic representation of the scaling factor as follows

11
4

3 %

s

[\

3

[(Jeos(wp))? sin(2wt)](wp) = + O(lwp] 7). (6.106)

3
2

In the above factor (6.106) the magnitude of the coefficient of (wp)~'/2 is greater than the
magnitude of the coefficient of (wp)~3/2. Therefore the contribution of the second term is very
small and is neglected.

Thus the energy in this perturbed spacetime field is re-scaled by the factor (6.106). It is
plotted below for different values of ¢, p and w (in radians per second), in which the energy
oscillates between positive and negative values and goes to zero as p tends to infinity. Here
the behavior is much more recognizably wave-like. Since the strength of the wave, A = ¢, is

arbitrary the energy is given in arbitrarily chosen units.

As we mentioned in the first chapter as to “whether there is the analogue of Landau-damping
of electromagnetic waves for GWs”. With our present proposal, i.e. the use of approximate
Lie symmetry methods the question seems to be answerable. Classically the energy density in
cylindrical waves reduces by the factor 1/2mp. From (6.106) the energy density decreases by a
further factor of 3x 21 / \/m . Hence for sufficiently large p the scaling factor ~ 1/ W

is a significant self-damping of the waves.
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Figure 6-1: Cylindrically symmetric GWs with w = 15 the gravitational energy oscillates
between positive and negative values and disappears as p approaches very large values. The
units of energy are arbitrary in all diagrams.
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Figure 6-2: To see the behaviour of energy for comparatively large distance, the range of p is
extended to 100 units.
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Figure 6-3: To see a further extended version of the above Fig. 6-2 the range of p is given in
units of 10.
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Figure 6-4: Here the value of the frequency is comparatively small i.e. w = 0.05. To see the
variation along time, the range of ¢ is keept larger.
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6.5 The Weyl and Stress-Energy Tensors for Cylindrically Sym-

metric GW Spacetimes

In this section, for the pure gravitational part and matter part, we give the independent nonzero
components of Weyl and stress-energy tensors for the perturbed cylindrically symmetric GW

and cylindrical wave-like spacetimes.

6.5.1 The Weyl and Stress-Energy Tensors for the Perturbed Cylindrically
Symmetric GW Spacetime

Following are the independent nonzero components of the Weyl tensor for the perturbed cylin-

drical wave spacetime discussed above [95]

Chor = 5 [0g =70 + 200w — 1) + e{40h (v + 1 — Ytbr) + ¥ — 4y
—2¢1 (¥ — 7o)} + O(e?),
2 .
Can = 1405 =76+ 205(40% — 39) — 1) + 39 + 26207 + vy + ¥4 (8%
—370 — 1} + O(é),
0 62(21#0770) " " / ! / ! " y
C¥303 = T[Q% + 70 + 290(2¢0 — 370 + 1) + 37 + 2e{¥py + 291 +
U1 (495 — 370 + 1)} + O(€),
Clyy = —e W05, pCiiy = 2o 1005,
2 _ e2(2¥o=%0) no_on L1l n__ ! o O(e2
Co393 = ?[’Yo 0 T 2¢o(1 —vg) — 2e{p] — b1 + 1 (295 — 1)}] + O(€7),
. i
Clha = —ep’e™M0[(24f + 7)1y + ¥y1] + O(€),
. !
Cl3 = €@ 0)[(29) — () + ¥y] + O(€?). (6.107)

This yields the pure gravitational field for the above discussed cylindrical perturbed wave space-
time. As is evident from Figs. 6-1 to 6-4, the energy in the gravitational field oscillates and
then vanishes for large p, here all the components of the Weyl tensor also depend on the Bessel
function of the first kind and its derivatives which oscillates and goes to zero as p approaches
very large value. The last two components only appear for the approximate part of the space-

time. In this case the components of the Weyl tensor in the covariant form are not very different
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from those in the mixed form given above and therefore we do not give them separately.

The non-vanishing components of the stress-energy tensor are

1
Too = Tu=_( & — 70 + 2evp)) + O(e?),

Ty = ”;62”‘)‘2%)(%2 =70 + 26008 + O(e),
Ty = 200 20yl — off — Yl — 2) + 26t — 9 + 24 (84
—0 — Y6+ 31p) — YU +2(¢) — 205¢)}] + O(€?),
Tor = g%% +0(e?). (6.108)

Like the components of the Weyl tensor the above components of the stress-energy tensor also
depend on the Bessel function of the first-kind and its derivatives. In this case of cylindrical

perturbed waves the fraction of energy density imparted to the matter field is

Yot

Eimp = 2¢ .
Ve — 7

(6.109)
This fraction of energy goes to zero as e — 0.

6.5.2 The Weyl and Stress-Energy Tensors for the Cylindrical Wave-Like

Spacetime

The non-vanishing components of the Weyl tensor for the cylindrical wave-like spacetime are

1
Cho = ﬁ@RQP —2Rp* + 3p° — R*) + O(¢),
2t a2er’ /R
Cl0 = a*CO%p=—(1+ e?)W(BR% —2Rp* 4 3p° — R*) 4+ O(),
Clysy = a’Clyz = —C0, CP355 = =20, (6.110)
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In covariant form the components of the Weyl tensor are

1
Coo1 = 3R5(1+6f)(3R2,0 2Rp* + 3p° — R3) 4 O(€),
p3/R3+p%/R? At
Cozor = a2CQ; = —MT(l—i—e )(3R2p — 2Rp* + 3p° — R3) + O(?),
Ci212 = a’Cizis = —Coooz, Casas = —2Ca002. (6.111)

The components in the covariant form are physically reasonable as they follow the geometry of
the constructed metric and the energy defined by approximate symmetry.

The nonzero components of stress-energy tensor are

3eP’ /B 2% 4 3 ) 3
Too = W(l"‘f*)(% +4R%) + O(e”), T = o5 R6(3P+4R)+O( %),
2 a?er’/ 2t 3 2 2 4 3 4 2
Too = a T33:— 2R R2 (1+6f)(6R p+4R P +9p —6Rp +6R )+O(€ ),
= -2 112
Ty = (- 20) + (&) (6.112)

Here the momentum density is along the radius of the cylinder. For this case we have the same
relative energy density imparted to the matter field, as given by (5.152).

The results of this chapter are given in the form of the following theorems.

Theorem 6.1. The energy in the cylindrical gravitational wave is the classical energy of a
cylindrical wave re-scaled by the factor (6.106).

Theorem 6.2. The energy of cylindrical gravitational wave in a cylindrical gravitational

wave-like spacetime is the classical energy re-scaled by the factor (6.57).
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Chapter 7

Summary and Discussion

In this thesis we addressed the problem of energy in GR, using slightly broken or approximate
Lie symmetry methods. These methods were first applied to the Schwarzschild spacetime [60],
where only first-order approximate symmetries of the geodesic equations were investigated.
Following the method adopted in [60], in this work we first considered second-order approximate
symmetries of the geodesic equations and first-order approximate symmetries of the Lagrangians
of some static spacetimes, i.e. RN, Kerr and charged-Kerr spacetimes. Then we applied these
methods to non-static spacetimes where the problem of definition of energy is more severe. For
these spacetimes we obtained scaling factors. These scaling factors give the re-scaling of energy
in these spacetimes. For the cylindrical wave spacetime we also obtained that the wave has to be
damped in self-interaction. Here the approximation or the breaking involves a small parameter
whose powers, higher than some chosen value, is neglected. The scaling factors obtained here,
are independent of the strength of the perturbation parameter. This means that we do not
need a finite perturbation and can take the limit as it goes to zero. This is reminiscent of the
d’ Alembert principle for statics [99]. The d’ Alembert principle is an extension of the principle
of virtual work from statics to dynamics, i.e. the work done by a force is along a virtual
displacement and not along the actual displacement. The limit of this virtual displacement can
be taken zero, to attain the staticity and the total work done is independent of it.

In this chapter we give a summary and discussion of chapters 2 to 6 in two separate sections,
i.e. in the first section we discuss static spacetimes and in the second section we discuss non-

static spacetimes.
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7.1 Static Spacetimes.

RN Spacetime

In chapter 2 we studied the approximate symmetries of the RN spacetime. First we investi-
gated second-order approximate symmetries of the orbital equation for this spacetime. For this
orbital equation there does not exist any non-trivial approximate symmetry. We only recovered
the exact and first-order approximate symmetries as trivial second-order approximate symme-
tries. This spacetime has isometry algebra so(3) @ R with generators (1.78) and (1.79). The
symmetry algebra of the geodesic equations for this metric is so(3) @ R @ dy. We then explored
the second-order approximate symmetries of the RN spacetime. Neglecting terms containing
€2, in the geodesic equations (2.36) - (2.39), this spacetime has the same first-order approximate
symmetries as those of the Schwarzschild spacetime [60]. Again we get no non-trivial approxi-
mate symmetry generator in the second approximation. We only recover the lost conservation
laws as approximate conservation laws. As for the Schwarzschild spacetime, where there is a
difference between the conservation laws obtained for the system of geodesic equations and for
the single orbital equation, the difference also holds for the RN spacetime.

Importantly from the consistency of the trivial second-order approximate symmetries of the
perturbed geodesic equations for the RN spacetime we have obtained the scaling factor (2.180).
This gives the re-scaling of energy in the RN spacetime field. This scaling factor for the RN
spacetime, which does not appear for the Schwarzschild spacetime is of special interest. The
pseudo-Newtonian formalism [90, 91, 100, 101] gives re-scaling of force by (1 — Q?/rMc?). The
reduction is by the ratio of the electromagnetic potential energy at a distance r to the rest
energy of the gravitational source. It is position dependent. The scaling factor (1 —Q?/2G'M?)
obtained here from the use of approximate Lie symmetry methods is more reasonable as relating
the electromagnetic self-energy to the gravitational self-energy, with the radial parameter, r,

canceled out.

Kerr Spacetime

In the third chapter we discussed exact and approximate symmetries of a Lagrangian for the

geodesic equations in the Kerr spacetime. The unperturbed Lagrangian for the geodesic equa-
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tions in the Kerr spacetime has an additional symmetry 0/0s, along with the two KVs. The
unperturbed Lagrangian for the Schwarzschild spacetime has a 5 dimensional algebra which con-
tains the four KVs of this metric and 9/0s. Taking the Kerr spacetime as a first perturbation
of the Schwarzschild spacetime with spin as a small parameter we recovered the conservation
laws as trivial first-order approximate conservation laws which were lost in going from the
Schwarzschild spacetime to the Kerr spacetime.

Retaining terms of O(€?) in the Kerr spacetime we have a second-order perturbed Lagrangian
given by (3.79). This Lagrangian reduces to that of Minkowski spacetime if ¢ = 0 and if we
retain terms of first-order in e and neglecting O(e?), we get a Lagrangian for the perturbed
Schwarzschild spacetime which is a first perturbation of the Minkowski spacetime. For the
exact case (Minkowski spacetime) symmetries of the Lagrangian form a 17 dimensional Lie
algebra, which also holds in Cartesian coordinates and thus there is no coordinate dependence.

Remark. It is mentioned here that the symmetries of the Minkowski spacetime Lagrangian
were first discussed in [83], where the metric taken was ds® = cos h(z/a)dt? — dx? — dy? — dz?,
which is not Minkowski, as it has R%y; # 0. The calculation was left incomplete, giving an
impression that the algebra is infinite dimensional, and it was shown that the isometry algebra
is a subalgebra of the symmetries of the Lagrangian. This problem was revisited in [102], with
the correct metric, but the symmetry algebra of the Lagrangian was given as 12 dimensional
and the gauge function as zero, which was again erroneous.

For the first-order approximate case (perturbed Schwarzschild) there is no non-trivial first-
order approximate symmetry of the Lagrangian. However all the exact 17 symmetry generators
are recovered as first-order approximate symmetry generators. In the second-order approximate
case, i.e. when we retain terms quadratic in €, which is the second perturbation of the Minkowski
spacetime, we again have no non-trivial second-order approximate symmetry of the Lagrangian
and only 17 symmetry generators of the exact case are recovered as second-order approximate
symmetry generators. Thus we see that in going from Minkowski to Schwarzschild and Kerr
metrics the conservation laws which were lost are now recovered as approximate conservation
laws. It was shown [69] that a Lagrangian for the geodesic equations possesses at least one
additional symmetry generator, d/0s, apart from the isometry algebra. This is verified for the

Schwarzschild and Kerr spacetimes. As in the case of the Minkowski metric the CKVs form a
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subalgebra of the symmetries of the Lagrangian which include 9/0s. Therefore we make the
following conjecture

Conjecture. The CKVs form a subalgebra of the symmetries of the Lagrangian that mini-
mize the arc length, for any spacetime.

For both the non-flat spacetimes, i.e. Schwarzschild and Kerr spacetimes the unperturbed
Lagrangian has only the one additional symmetry generator 9/0ds and the gauge function A is
a constant. In Minkowski spacetime there are 7 additional symmetry generators and the gauge
function A is a function of 4 variables ¢, r, # and ¢. The significance of these additional 7
symmetry generators of the Minkowski spacetime Lagrangian, which are also recovered as first-
order and second-order approximate symmetries generators for the Schwarzschild and Kerr

spacetimes respectively, is discussed in detail in chapter 3.

Charged-Kerr Spacetime

In chapter 4 we studied the second-order approximate symmetries of the geodesic equations
for the charged-Kerr spacetime. For this spacetime we obtained the scaling factor (4.63). In
the RN spacetime, the re-scaling was independent of r (discussed in chapter 2) while for the
charged-Kerr spacetime the re-scaling factor given by (4.63) consists of two parts - one is due
to charge and the other is due to spin of the gravitating source which depends on r. The charge
comes in quadratically compared to unity in one term. The spin comes in linearly. It does not
come with a constant term to compare. However, taken as a whole, we see that the spin has
an effectively lower order effect.

In all three expressions (4.64), (4.65) and (4.67), the charge and spin appear at the same
order (quadratically). The last one comes with a #-dependent part, which arises from the 6-
dependence of the “force” experienced by a body in the Fermi-Walker frame [101]. As mentioned
earlier, (4.64) seems unreasonable as the rotational effect depends on the presence of a charge
and disappears with it! In (4.63) in the absence of charge, the effect is to enhance the mass.
This seems reasonable as the frame-dragging effect also appears to lead to an enhanced mass
-“friction” of the rotating mass with the background spacetime, as it were. Recall that one can
extract rotational energy from a rotating black hole and hence the rotation should add into

the mass. As would be expected, this effect decreases with r. The other three expressions give
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a reduction of the rotating mass. Also notice that (4.63) gives a change in the mass due to
charge that is position independent. That this should be so is not so clear to us. However, nor
is it clear to us that it should be position dependent. The force experience by a particle in the
field of a charged gravitational source would be position dependent, but this does not say that
the mass should be modified by a position dependent expression. It might be that in (4.63)
the modification is due to the electromagnetic self-energy to the gravitational self-energy. As
such, we conclude that the other expressions have definite drawbacks of which (4.63) seems to
be free.

It would be of interest to analyze the Kerr-AdS and other solutions using approximate
Noether symmetries. One could use references [103] and [104] and those cited therein for the

purpose.

7.2 Non-Static Spacetimes

In this section we summaries chapter 5 and 6 where we have addressed the problem of energy

in non-static spacetimes, using approximate Lie symmetry methods for DEs.

Plane Wave Spacetimes

In chapter 5, first we investigated Noether symmetries of the plane wave spacetimes. In this
regard first of all we studied the plane wave-like spacetime [93] for which there exists a non-trivial
first-order approximate Noether symmetry. We used this non-trivial approximate Noether
symmetry to contract the energy-momentum vector that gives a conserved quantity (5.54) which
gives the energy imparted to the test particles. Then we investigated first-order approximate
Noether symmetries for the perturbed pp-wave spacetime for which there is no non-trivial
approximate Noether symmetry.

To resolve the problem of energy in GW spacetimes we used the second-order approximate
symmetries of the geodesic equations for perturbed gravitational wave spacetimes discussed
here. First the pp-wave spacetime is investigated. Since there is no €2 in the geodesic equations
for the perturbed pp-waves, the definition of second-order approximate symmetries of ODEs

which gives the scaling factor, cannot be applied to them. This is similar to the result of Qadir
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and Sharif’s work [10], using the pseudo-Newtonian formalism, which just gave a constant mo-
mentum imparted to test particles in the path of the waves and no determinable value for
it. For a better understanding of the implication of the definition of second-order approximate
symmetries of ODEs, in plane symmetric waves this definition has applied to the artificially con-
structed time-varying non-vacuum plane symmetric spacetime [93], for which the scaling factor
(5.146) is obtained. It is seen from the plots 5-1 and 5-2, of the plane wave-like spacetime that
the energy increases without limit, with time close to the origin for = and then disappears. The
reason for this increase in energy is the (nonphysical) choice of a linearly increasing component
of the metric tensor for convenience of computation, this leads to a corresponding increase in

the scaling factors (5.146).

Cylindrical Wave Spacetimes

We then considered a cylindrical analog of the plane wave-like spacetime [93]. A non-trivial
first-order approximate Noether symmetry exists for this wave-like spacetime. Like the plane
wave-like spacetime, this non-trivial Noether symmetry gives the conserved quantity (6.20).
Then we studied first-order approximate Noether symmetries of the perturbed cylindrical wave
spacetime for which there is no non-trivial approximate Noether symmetry.

To obtain the energy in the cylindrical wave spacetimes we investigated the second-order
approximate symmetries of the perturbed geodesic equations for these spacetimes. The scaling
factors (6.57) and (6.106) are obtained for these spacetimes. In the factor (6.106) the magni-
tude of the coefficient of (wp)~1/2 is greater than the magnitude of the coefficient of (wp)=3/2.
Therefore the contribution of the second term is very small and is neglected. In Figs. 6-1 to
6-4 the re-scaling factor for the energy oscillates between positive and negative values along ¢
and p. It disappears as p tends to infinity.

Using the idea of pseudo-tensors [30], different people have claimed that the gravitational
energy should be positive at large scales as well as at small scales [105, 106, 107, 108, 109].
The positivity of gravitational energy does not seem convincing because the total energy of
the universe is zero [110], which suggests that the gravitational energy must fluctuate between
positive and negative values to be able to give the net energy of a given spacetime zero.

Our definition of gravitational energy, obtained from approximate Lie symmetry methods,
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avoids the pseudo-tensor and hence does not violate GR. The radiation scalar [50] does not
violate the spirit of GR either. However, nor does it give a measure of the energy of GWs.
Our expression of energy does give such a measure and is also reasonable as the gravitational
energy oscillates over positive and negative values, as it should. Admittedly, in the artificial
example we constructed the energy increased linearly without limit. For the physical example
of cylindrical exact waves, the Bessel function of the first kind goes to zero asymptotically for
large values of the argument [98]. Correspondingly, because of our scaling factor for cylindrical
waves they die out asymptotically.

There is a problem with Isaacson’s work [37], which in fact deals with the perturbation, h,
on the background Minkowski metric to give the total metric, g. We do not have a guarantee
that the perturbation series converges for the vacuum spacetime. Where it can be applied it
will give the higher order terms as the nonlinear source of the linearized gravitational waves.
This is the energy they claim. Since there is no good reason to take the flat Minkowski space
as the relevant one, it is not at all clear that this would be the physically sound way to work
out the energy. In fact, Minkowski spacetime is unstable under such perturbations. Essentially,
there is nothing with respect to which the energy is to be small.

The “Christodoulou memory effect” [35], deals with the energy imparted to test particles.
Hence it does not address the issue of the energy in the field. Consequently, when applied to
the exact cylindrical GW solution for the first-order approximation, we get the Weber-Wheeler
first-order energy approximation and when the Christodoulou and Thorne procedure is applied
it should yield the second-order approximation given by Weber and Wheeler. The general
treatment should, then, yield the formula obtained by Qadir and Sharif [10].

We also addressed the question “whether there is the analogue of Landau-damping of elec-
tromagnetic waves for gravitational waves”. The problem of definition of energy in GR makes
it very difficult to answer the above question. With the use of approximate Lie symmetry
methods for DEs the above question seems to be answerable. In the Newtonian theory the
energy density in cylindrical waves reduces by the factor 1/2mp. From the expression (6.106)
the energy density in cylindrical waves, in curved spacetimes, decreases by a further factor of
3x211/4/ \/m . Hence for sufficiently large distance from the origin of the source of wave

the scaling factor ~ 1/ \/ch?’ is a significant self-damping of the waves! This enhanced asymp-
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totic attenuation of gravitational waves will obviously have profound observational significance
[111].

It would be of great interest to apply this approximate symmetry analysis to the Khan-
Penrose [62] and Szekeres [63] solutions to see whether they suffer self-damping or enhancement
according to our definition. Of course, it may be that the procedure will be inapplicable for
those plane wave solutions as well. Also, the analysis should be applied to “spherical solutions”

like those of Nutku [112].

7.3 Weyl and Stress-Energy Tensors

The Weyl tensor represents the pure gravitational field and the stress-energy tensor gives the
matter part of a spacetime. Therefore to obtain the pure gravitational field and the matter field
the approximate Weyl and stress-energy tensors for the GW spacetimes, discussed in the thesis
are calculated. The components of the Weyl tensor are given in the (0, 4) (covariant) form as
well. For the perturbed pp-wave spacetime it appears that the (0, 4) form gives the physically
relevant quantities as the space dependence in the (1, 3) (mixed) form of the Weyl tensor does
not seem to correspond to the geometry of the pp-wave while the covariant form does. For
the wave-like spacetimes the components in the covariant form are physically reasonable as
they follow the geometry of the constructed metrics and the energy defined by approximate
symmetry. The stress-energy tensor density imparted to the matter field in the wave-like and

perturbed cylindrical wave spacetimes was obtained.
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