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Abstract

Banach contraction principle is one of the most famous results in the literature of fixed point
theory and has provided the basis for metric fixed point theory. This result provides us a
systematic way to find fixed point of a self mapping. Nadler extended the Banach contraction
principle to multi valued mappings using the concept of Hausdorftf metric spaces. The purpose
of this dissertation is to introduce some more generalized results in the literature of metric fixed
point theory. We introduce fixed point theorems for both single and multi valued mappings
satisfying the weaker form of contraction conditions on the structure of metric spaces as well
as some abstract spaces like, partial metric spaces, uniform spaces, gauge spaces and b-metric

spaces.
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Preface

This dissertation is based on four chapters. Chapter 1 mainly consist of preliminaries, which we
need in the subsequent chapters.

In Chapter 2, we discuss few abstract spaces like uniform spaces, partial metric spaces, b-
metric spaces and gauge spaces, together with those properties which we need to prove fixed
point theorems at the last chapter.

In Chapter 3, we discuss some new fixed point theorems in metric spaces. This chapter consist
of five sections. In the first section of this chapter, we mainly discuss, the error estimates of the
iterative sequence for a multi valued mapping satisfying «a-1-contractive type condition. The
purpose of the second section is to show that the notion of modified multi valued a-1-contractive
type mapping is a real generalization of the multi valued a-1-contractive type mapping. In the
third section, we have a fixed point theorem for single valued mappings satisfying («, v, ¢)-
contractive condition on a space with two metrics, which is a generalization/extension of a-)-
contractive type mapping. In the fourth section, we combine the ideas of Semat et al. and
Wardowski to introduce some new contraction conditions for multi valued mappings and prove
corresponding fixed point theorems. The last section of this chapter consists of the existence
and stability of best proximity points of nonself multi valued mappings satisfying proximal
contraction condition on closed ball of a metric space, known as controlled proximal contraction.

In Chapter 4, we discuss some new fixed point theorems on the abstract spaces which are
mentioned in Chapter 2. This chapter also contains five sections. In the first section, we discuss
the a-1-contractive mappings and corresponding fixed point results in uniform spaces. In the
second section, we have some fixed point theorems on partial metric spaces endowed with graph.
In the third section, we study new F-contractions for multi valued mappings on b-metric spaces.
The fourth section contains the notion of b-gauge spaces and some fixed point theorems on this
new structure. In the last section, we discuss some fixed point theorems for Caristi type multi

valued mappings on gauge spaces endowed with graph.
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Chapter 1

Introduction and Preliminaries

The word fixed point of a self mapping 7' : X — X is used for a point z € X which remains
unalter under the map, that is x = Tz means © = T'(z). Throughout this chapter: (X,d) is
metric space and it is assumed to be a complete metric space in all the results of this chapter.
Further, throughout the dissertation: we denote the class of all nonempty closed and bounded
subsets of X by C'B(X) and the class of all nonempty closed subsets of X by CL(X).

In 1922 Banach [38] introduced a contraction principle which is the base of metric fixed point
theory and known as Banach contraction principle. He proved that if a self mapping T satisfies

the following condition on a complete (X, d), then it has a unique fixed point.
d(Tx,Ty) < kd(z,y) (1.1)

for each z,y € X, where k € [0,1).

It had been observed that if a mapping T satisfies (1.1), then 7" must be continuous. Thus
a question raised whether some contraction condition like (1.1) exists which guarantees the
existence of fixed point of mapping, which may be a discontinuous. Kannan [83] and Cheatterja

[51] gave positive answer to this question by introducing the following conditions:
d(Tz, Ty) < k(d(z, Tx) + d(y,Ty)) Va,y € X (1.2)

and
d(Tz, Ty) < k(d(y,Tz) + d(z,Ty)) Va,y € X (1.3)

where k € [0, %), respectively and proved that if a mapping 7" satisfies (1.2) or (1.3) on complete
(X,d) then it has a unique fixed point. After that we have a lot of extensions/generalizations
of (1.1)-(1.3), which can be verified through the bibliography. It is inconvenient to discuss these
works briefly. We mention only few but highly cited generalizations, as a tribute to all pioneers
of this field.

In 1973 Geraghty [68] introduced the class B of functions (3 : [0,00) — [0, 1) satisfying the
following condition

B(ty) > 1=1t, =0



and proved that if a mapping T satisfies the following condition on a complete (X, d), then it

has a unique fixed point.
d(Tz,Ty) < B(d(x,y))d(z,y) (1.4)

for each z,y € X, where 8 € B.
In 2002 Branciari [49] extended the contraction condition [38] as

d(Tx,Ty) d(z,y)
/ (1) dt < k / 6(1) dt
0 0

for each x,y € X and proved that if a mapping T satisfies the above condition on a complete
(X,d), then it has a unique fixed point. Where k € [0,1) and ¢ : [0,00) — [0,00) is Lebesgue
integrable mapping which is summable on each compact subset of [0,00) and for each ¢ > 0,
Jo o(t) dt > 0.

Jachymski |75] initiated the idea of combining metric fixed point theory and graph theory.
He introduced the notion of Banach G-contraction on (X, d) endowed with the directed graph
G = (V,E) such that the set of vertex V coincides with X and the set of edges E contains
{(z,x) : x € X}, but has no parallel edges. Jachymski stated a mapping 7' : X — X is Banach

G-contraction, if:

(i) d(Tz,Ty) < kd(x,y) for each (z,y) € E, where k € [0,1);
(ii) (z,y) € E= (Tz,Ty) € E.

Further showed that: if T : X — X is Banach G-contraction on complete (X, d) endowed with
the directed graph G = (V, E) and (x9,Tzp) € E, then T has a fixed point, provided T is
continuous or G-continuous.

In 2012, Samet et al. [128] gave a new contractive condition:

a(z,y)d(Tz, Ty) < P(d(z,y))

for each z,y € X, where v : X x X — [0,00) and 1 : [0,00) — [0, 00) is nondecreasing mapping
with 372 (¥"(t) < oo for t > 0. By using this condition Samet et al. proved a fixed point
theorem which generalizes Banach contraction principle.

Nadler [111] extended Banach contraction principle to multi valued mapping 7' : X —
CB(X). He proved that if a mapping T : X — CB(X) satisfies the following condition on a
complete (X, d) then T has a fixed point.

H(Tz,Ty) < kd(z,y) (1.5)

for each z,y € X, where k € [0,1) and H is Hausdorff metric induced by d, defined as:

H(A, B) = max {sup (inf d(a, b)) ,Sup (inf d(b, a)> } for each A, B € CB(X).
acA \beB beB \@€A



Reich [122] extended the Nadler’s result and proved that if a mapping 7' : X — K(X), where
K(X) is class of all nonempty compact subset X, satisfies the following condition on complete
(X,d), then T has a fixed point.

H(Tz,Ty) < p(d(z,y))d(z,y)

for each xz,y € X, where ¢ : (0,00) into [0,1) is such that limsup,_,,+ ¢(r) < 1, for each
t € (0,00).

Reich [122] raised the question: whether the range of T', K(X) can be replaced by CB(X) or
CL(X). Mizoguchi and Takahashi [109] gave the positive answer to the conjecture of Reich [122],
when the inequality holds also for ¢ = 0. In particular, they proved if a mapping T': X — CB(X)
satisfies the above condition on complete (X, d) then T" has a fixed point.

Kamran [80] generalized Mizoguchi and Takahashi’s theorem by introducing following con-
dition.

d(y, Ty) < p(d(z,y))d(x,y)

for each x € X and y € Tz, where ¢ : [0,00) — [0,1) is such that limsup,_,,+ o(r) < 1, for
each t € [0,00). With the help of this condition he successfully replaced range of T' with C'L(X).

As we can see that the Banach contraction principle as well as the other metric fixed point
theorems can be generalized by using weaker contraction conditions. This is not the only way
to generalize the results of this theory. Another technique to generalize the Banach contraction
principle or other metric fixed point theorems is to prove the analogue theorems by using the
structure which is more general than metric space.

The preliminaries which we recollect here emphasis only on some weaker contraction condi-
tions. We use/extend these contraction conditions in Chapter 3 and Chapter 4. While to discuss
other technique of generalization, first we discuss some abstract spaces in Chapter 2 and then

use these structures in Chapter 4.

1.1 a-admissibility and a-iy-contractive type mappings

Samet et al. [128] introduced the notions of a-admissible and a-1-contractive type mappings and
proved fixed point theorems by using these notions. The simplicity and applicability of these new
notions attracted the attention of many researchers working in this area and many interesting
fixed point theorems appeared in the literature, see for example [85, 35, 110, 34, 105, 126, 71|.
In this section, we list only those generalizations/extensions of these notions which we required
in this dissertation. Here, we emphasis on the notions rather than the statements of fixed point

theorems unless required. Note that throughout this dissertation:

e «,n are functions from X x X into [0, 00);



e U is the family of nondecreasing functions, ¢ : [0, 00) — [0, 00) such that > >, " (¢) < oo
for each t > 0, where ¥ is the nth iterate of v, [128].

Unless, otherwise stated.
Samet et al. [128] introduced the notions of a-admissible and a-1-contractive type mappings

as follows:
Definition 1.1.1. [128] A mapping 7" : X — X is called a-admissible if
r,y€e X, a(z,y) > 1= a(Tz,Ty) > 1. (1.6)

Definition 1.1.2. [128] A mapping 7' : X — X is called a-9-contractive type mapping if for

each z,y € X, we have
a(z,y)d(Tz, Ty) < P(d(z,y)) (1.7)
where ¢ € U.

By using these notions Samet et al. [128] obtained the following theorem.

Theorem 1.1.3. [128] Let 7' : X — X is an a-y-contractive type mapping satisfying the

following conditions:
(i) T is a-admissible;
(ii) there exists z9 € X such that a(xg, Txg) > 1,

(iii) a) T is continuous
or
b) if {z,} is a sequence in X such that a(x,,x,4+1) > 1 for each n € N and x,, — x, then

a(xy,x) > 1 for each n € N.

Then T has a fixed point. Moreover, fixed point of T is unique, if for each x,y € X, there exists
¢ € X such that a(z,£) > 1 and a(y,§) > 1.

One of the earlier generalization on a-i-contractive mapping was given by Karapinar et al.

[85] in following theorem.

Theorem 1.1.4. [85] Let T': X — X be an a-admissible such that
a(z,y)d(Tz, Ty) < (M (z,y)) (1.8)

for all z,y € X, where ¥ € ¥ and

dlx, Tx)+d(y,Ty) d(x,Ty)+d(y,Tx

2 2
Suppose that there exists zp € X such that a(xg, T'z¢) > 1. Further, assume that 7" is continuous
or for any sequence {z,} in X with a(z,,zn+1) > 1 for all n € N and z, — z, we have

a(xp,x) > 1 for all n € N. Then T has a fixed point.



Salimi et al. [126] introduced the notions of a-admissible with respect to n and modified
a-1-contractive type mappings and proved the corresponding fixed point theorems. Moreover,
they claimed that these notions are more general than the notions of [128]. Following are the

statements of the notions introduced by Salimi et al. [126].

Definition 1.1.5. [126] A mapping 7' : X — X is called a~admissible with respect to n, if
z,y € X, afx,y) > n(z,y) = o(Tz,Ty) > n(Tz,Ty).

Definition 1.1.6. [126] A mapping 7" : X — X is called modified a-1-contractive type mapping
if

z,y € X, a(z,y) 2 n(z,y) = d(Tz, Ty) < P(d(z,y)) (1.9)
where ¢ € U.

Asl et al. [35] extended the notions of a-admissible and a-1)-contractive mappings to multi

valued mappings by introducing the following notions.

Definition 1.1.7. [35] A mapping T': X — CL(X) is called a,-admissible if
r,ye X, a(r,y) > 1= a.(Tz,Ty) > 1
where o, (Tx, Ty) = inf{a(a,b) : a € Tz,b € Ty}.

Definition 1.1.8. [35] A mapping 7" : X — C'L(X) is called multi valued a,-1)-contractive type
mapping if for each x,y € X we have

0 (T, Ty)H (T, Ty) < (d(z,y)) (1.10)
where ¢ € U.
By using these notions Asl et al. [35] proved the following theorem.

Theorem 1.1.9. [35] Let ¢ € ¥ be a strictly increasing map, 7" be a closed-valued a.-admissible
and a,-1p-contractive multi function on X. Suppose that there exist g € X and x1 € T'xg such
that a(xg,x1) > 1. Assume that if {z,} is a sequence in X such that a(xy,,z,+1) > 1 for all n

and z,, — x, then a(x,,z) > 1 for all n. Then T has a fixed point.

Hussain et al. |71] extended the notions of a-admissible with respect to n and modified

a-1-contractive type mappings to multi valued mappings in the following way:.

Definition 1.1.10. [71] A mapping T : X — CL(X) is called a,-admissible with respect to n
if we have

where o, (Tz, Ty) = inf{a(a,b) : a € Tx,b € Ty}, n(Tz,Ty) = sup{n(a,b) : a € Tx,b € Ty}
and n is bounded.



Definition 1.1.11. [71] A mapping T : X — CL(X) is called modified multi valued o,-1)-

contractive type mapping (or, multi valued a,-n-1-contractive type mapping) if we have
where, ¢ € .

Meanwhile, Ali et al. [19] introduced the following notion which is more general than the

notion given in Definition 1.1.10.

Definition 1.1.12. [19] A mapping T' : X — CL(X) is called generalized a,-admissible with

respect to 7, if we have

z,y € X, alz,y) >n(zr,y) = a(u,v) > n(u,v) Vu e Tr and v € Ty. (1.13)

1.2 Gauge function

Throughout this dissertation, J denotes an interval on Ry = [0,00) containing 0, that is an
interval of the form [0, A], [0, A) or [0, 00) and S, () denotes the polynomial S, (¢) =1+t+...+
t"~1. We use the abbreviation 1™ for the nth iterate of a function v : J — J.

Definition 1.2.1. [118] Let » > 1. A function ¢ : J — J is said to be a gauge function of order

r on J if it satisfies the following conditions:
(i) Y(At) < A"(t) for all A € (0,1) and ¢ € J;
(ii) ¥ (t) < t for all t € J — {0}.

The first condition of Definition 1.2.1 is equivalent to: ¥(0) = 0 and ¢(¢)/t" is nondecreasing
on J —{0}.

Definition 1.2.2. [118| A nondecreasing function ¢ : J — J is said to be a Bianchini-Grandolfi
gauge function [44] on J if

o(t) =) _¢"(t) < oo, forall t € J. (1.14)
n=0

If a function ¢ : J — J satisfying (1.14), then it also satisfies the following functional

equation
o(t) =o(y(t)) +t. (1.15)
Ptak [119] called this function a rate of convergence on J.

Remark 1.2.3. [118] Every gauge function of order » > 1 on J is a Bianchini-Grandolfi gauge

function on J.



Lemma 1.2.4. [118] Let ¢ be a gauge function of order » > 1 on J. If ¢ is a nonnegative and

nondecreasing function on J satisfying
P(t) =tp(t) for all teJ (1.16)
then the following properties hold:
(i) 0< ¢(t) < 1forall t € J;
(ii) (M) < A" Le(t) for all A € (0,1) and t € J.
Moreover, for each n > 0 we have
(iii) ™(t) < tp(t)5 ") for all t € J,

(iv) (Y™ (t)) < G(t)" for all t € J.

1.3 Comparison function
Let € : [0,00) — [0,00) be a function. First, consider the following conditions:
(1) & is increasing function;
(73) £(t) < t for each t > 0;
(i) £(0) = 0;
(1v) {€™(t)} converges to 0 for each ¢ > 0;
(v) Y02 & (t) converges for each ¢ > 0.

The function ¢ satisfies (i) and (iv) is said to be a comparison function [42]. The function &
satisfies (7) and (v) is known as (c¢)-comparison function [42]. It is easily seen that (i) and (iv)

imply (i7); and (¢) and (i7) imply (ziz) [42].

1.4 F-contractions

Throughout this dissertation, § is the class of functions F' : (0,00) — R satisfying the following

three assumptions, [134]:

(F1) F is strictly increasing, that is, for each aj,as € (0,00) with a; < ag, we have F(a;) <
F(ag).

(F») For each sequence {0,} of positive real numbers we have lim,_,~, 0, = 0 if and only if

lim,, o0 F(0y,) = —00.



(F3) There exists k € (0,1) such that limy_,o+ 0¥ F(2) = 0.

Following are some examples of such functions.

e F,(x) =Inx for each x € (0, 00).
o Fy(x) =2+ Inz for each z € (0, 00).
o F.(x)= —% for each z € (0, 00).

Wardowski [134] introduced F-contraction and corresponding fixed point theorem in the follow-

ing way:

Definition 1.4.1. [134] A mapping 7' : X — X is an F-contraction if there exist F' € § and
7 > 0 such that for each x,y € X with d(Tx, Ty) > 0, we have

T+ F(d(Tx, Ty)) < F(d(z,y)).

Remark 1.4.2. [134] Note that if T is F,-contraction, then it is also Banach contraction. But

it is not a case with Fp-contraction.
Theorem 1.4.3. [134]| Let T': X — X be an F-contraction. Then 7" has a unique fixed point.

Secelean [127] showed that condition (F») can be replaced by one of the following condition
which is equivalent to (F3) but easy to handle.

(FQQ) inf ' = —c0

or
(Fyp) there exists a sequence {0,,} of positive numbers such that lim, o F(9,) = —0c0.
Secelean concluded it on the bases of the following lemma.

Lemma 1.4.4. [127| Let F': (0,00) — R be an increasing mapping and {9,,} be a sequence of

positive real numbers. Then the following conditions hold.
(i) if limy, 00 F'(0,,) = —00, then limy, o, 0, = 0.
(ii) if inf F = —o0 and limy, o0 05, = 0, then lim,,_,» F(0,) = —c0.
Minak et al. [108] generalized Theorem 1.4.3 in the following way:

Theorem 1.4.5. [108] Let T : X — X be a mapping for which there exist ' € § and 7 > 0
such that

d(z,Ty) + d(y, Tx) })

T+ F(d(Tz,Ty)) < F(max {d(x, y),d(z,Tx),d(y, Ty), 5

for each x,y € X with d(Tz,Ty) > 0. If T or F is continuous, then T has a unique fixed point.



Sgroi and Vetro [131] generalized the result of [134] for multi valued mappings in following

way:

Theorem 1.4.6. [131] Let T': X — C'B(X), there exists F' € § which is continuous from right
and 7 > 0 such that

21+ F(H(Tz,Ty)) < F(ard(z,y) + azd(z, Tx) + asd(y, Ty) + asd(z, Ty) + Ld(y, Tx)) (1.17)

for each z,y € X with Tx # Ty, where a1, as, as, a4, satisfying a1 + as + as +2a4 =1, a3 # 1
and L > 0. Then T has a fixed point.

1.5 Multi valued nonself mappings and best proximity points

Let A, B be subsets of (X,d). A point x € A is called fixed point of a mapping 7' : A — B, if
x = Tx. A mapping T has no fixed point if AN B = (. In this case d(z,Tx) > 0 for all x € A.
So, one can explore to find necessary condition so that the minimization problem

mind(z, Tx)
z€A

has at least one solution. A point z* € X is said to be a best proximity point of mapping
T:A— Bifd(x*,Tz*) = dist(A, B). When A = B, the best proximity point reduces to fixed
point of the mapping T'. The following well known best approximation theorem is due to Fan
[65]. Before stating the result, we first recall that: A subset A of (X,d) is compact, if each
sequence in A has a convergent subsequence. A subset A of X is convex if for each w € (0,1)

and ap, a2 € A, we have wa; + (1 —w)ag € A.

Theorem 1.5.1. [65] Let A be a nonempty compact convex subset of normed linear space X

and T : A — X be a continuous function. Then there exists x € A such that
—Tz|| = inf {||Tz — .
iz~ Tl = int {7z — all}

In literature, we had found that several authors studied best proximity point for nonself
mappings on metric spaces including [15, 16, 17, 104, 136, 103, 6, 29, 30, 40, 64, 77].

Now we recollect some notions, definitions and results, for ready references. Throughout
this dissertation these notions have same meanings unless otherwise stated: dist(A,B) =
inf{d(a,b) : a € A, b € B}, d(z,B) = inf{d(z,b) : b € B}, Ay = {a € A: d(a,b) =
dist(A, B) for some b € B}, By = {b € B: d(a,b) = dist(A, B) for some a € A}, CL(B) is the
set of all nonempty closed subsets of B, CB(B) is the set of all nonempty closed and bounded
subsets of B and B(zg,r) = {x € X : d(xo,z) < r}.

Definition 1.5.2. [136] Let (A, B) be a pair of nonempty subsets of (X,d) with Ag # (). Then
the pair (A, B) is said to have the weak P-property if and only if for any x;,29 € A and



Y1,Y2 € B:
d(x1,y1) = dist(A, B)

d(wa,y2) = dist(A, B)

= d(x1,22) < d(y1,Y2).
Abkar and Gbeleh [7] studied the best proximity point of multi valued mappings and gave
the following result:

Theorem 1.5.3. [7| Let A and B be two nonempty closed subsets of (X, d) such that Ag is
nonempty. Let T': A — C'B(B) be a mapping satisfying the following conditions:

(1) for each x € Ay, we have Tz C By ;
(ii) the pair (A, B) satisfies the P-property;
(iii) there exists « € (0, 1) such that for each x,y € A, we have H(Tx,Ty) < ad(x,y).

Then there exists an element z* € Ag such that d(z*, Tz*) = dist(A, B).

Basic Lemmas

The following lemmas have vital role in the proof of fixed point theorems for multi valued

mappings, we use these lemmas in Chapter 3.

Lemma 1.5.4. [111] Let B € CL(X) and = € X. Then for each € > 0, there exists b € B such
that d(z,b) < d(z,B) +e.

Lemma 1.5.5. [80] Let B € CL(X) and x € X. Then for each ¢ > 1, we have b € B such that
d(z,b) < qd(x, B).

Lemma 1.5.6. [18] Let B € CL(X) and x € X with d(z, B) > 0. Then for each ¢ > 1, there
exists an element b € B such that
d(x,b) < qd(z, B). (1.18)
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Chapter 2
Some Abstract Spaces

Metric space is one of the essential and frequently used structure in nonlinear analysis. In this
chapter, we discuss some abstract spaces, that is, uniform spaces, partial metric spaces, b-metric
spaces and gauge spaces. We discuss these abstract spaces along with the properties that make
these spaces special than metric space. This chapter provides the basis for Chapter 4, where we

study fixed point theorems by considering these spaces.

2.1 Uniform spaces
Let X be a nonempty set. A nonempty family, 9, of subsets of X x X is called a uniform
structure on X if it satisfies the following properties:
(i) if G is in 9, then G contains the diagonal {(z,z)|x € X};
(ii) if G is in ¥ and H is a subset of X x X which contains G, then H is in 9;
(iii) if G and H are in ¢, then GN H is in ¥;

(iv) if G is in 9, then there exists H in ¢, such that, whenever (z,y) and (y, z) are in H, then
(x,z) is in G;
(v) if G is in ¥, then {(y,z) : (z,y) € G} is also in V.

The pair (X,9) is called a uniform space [135] and the element of ¢ is called entourage or
neighborhood or surrounding. The pair (X, ) is called a quasi uniform space [48, 135] if property
(v) is omitted.

Let A = {(z,z) : x € X} be the diagonal of a nonempty set X. For V,W € X x X, we shall

use the following setting in the sequel
VoW = {(z,y) : there exists z € X with (z,2z) € W and (z,y) € V'}

and
Vii={(z,y): (y,z) e V}.
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For a subset V' € ¥, a pair of points z and y are called V-closed if (z,y) € V and (y,z) € V.
Moreover, a sequence {x,} in X is called a Cauchy sequence for ¥, if for any V' € 9, there exists
N > 1 such that z, and z,, are V-closed for n,m > N. For (X, ), there is a unique topology
7(¥) on X generated by V(z) ={y € X : (z,y) € V} where V € 9.

A sequence {z,} in X is convergent to z for ¥, denoted by nh—>Holo Ty = x, if for any V € 9,
there exists ng € N such that x,, € V(z) for every n > ng. A uniform space (X,?) is called
Hausdorff if the intersection of all V' € ¢ is equal to A of X, that is, if (z,y) € V for all
V € ¥ implies # = y. If V = V! then we shall say that a subset V € ¢ is symmetrical.
Throughout the thesis, we shall assume that each V' € ¢ is symmetrical. For more details, see
eg [1,2, 3,11, 48, 72].

Throughout this section (X,®) is a uniform space. Now, we shall recall the notions of

A-distance and E-distance.

Definition 2.1.1. [1, 2] A function p: X x X — [0, 00) is said to be an A-distance on (X, )
if for any V' € 9 there exists § > 0 such that if p(z,z) < and p(z,y) < 6 for some z € X, then
(z,y) € V.

Definition 2.1.2. [1, 2| A function p: X x X — [0, 00) is said to be an E-distance on (X, )
if

(i) pis an A-distance,

(i) p(z,y) <p(z,2) +p(2,y), Vo,y,2 € X.

Example 2.1.3. [1, 2] Let (X, ) be a uniform space and let d be a metric on X. It is evident
that (X,v4) is a uniform space where 94 is a set of all subsets of X x X containing a "band"
U. = {(z,y) € X? : d(x,y) < €} for some € > 0. Moreover, if ¥ C ¥4, then d is an E-distance on
(X,0).

Lemma 2.1.4. [1, 2| Let p be an A-distance on (X, ) which is Hausdorff. Let {x,} and {y,}
be sequences in X and {ay,}, {Bn} be sequences in [0, 00) converging to 0. Then, for z,y,z € X

the following results hold:

(a) If p(xn,y) < ap and p(xy, 2) < By, for all n € N, then y = z. In particular, if p(x,y) =0
and p(z, z) =0, then y = 2.

(b) If p(zn, yn) < oy, and p(xp, z) < B, for all n € N then {y,} converges to z.
(c) If p(zn, xm) < ay for all n,m € N with m > n, then {z,} is Cauchy sequence in (X, ).

Let p be an A-distance. A sequence in (X, 9) with an A-distance is said to be a p-Cauchy if

for every € > 0 there exists ng € N such that p(x,, z,,) < € for all n,m > nyg.

Definition 2.1.5. [1, 2| Let p be an A-distance on (X,4). Then:
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(i) X is S-complete if for every p-Cauchy sequence {z, }, there exists z in X with lim, o p(zn,z) =
0.

(ii) X is p-Cauchy complete if for every p-Cauchy sequence {x,}, there exists = in X with

lim,, o T, = & with respect to 7(19) .
(iii) T: X — X is p-continuous if lim,_,~ p(2y, ) = 0 implies lim, oo p(T'(xy,), T(z)) = 0.

Remark 2.1.6. Let (X,9) be a Hausdorff and S-complete. If a sequence {z,} be a p-Cauchy
sequence, then we have lim, , p(zn,z) = 0. Regarding Lemma 2.1.4(b), We derive that
lim,, 00 &, = @ with respect to the topology 7(¢)) and hence S-completeness implies p-Cauchy

completeness.

2.2 Partial metric spaces

Matthews [102]| introduced the notion of partial metric space and extended Banach contraction
principle in the setting of partial metric space. The work of Matthews [102] has been extended
by many authors, see for example [32, 33, 31, 78, 52, 57, 69, 120, 4, 112, 79, 132, 74, 98, 84, 123,
89, 90]. Using the notion of partial metric on a set X, Aydi et al. [37] defined a partial Hausdorff
metric on the set of all closed and bounded subsets of X. Moreover, they [37] extended Nadler’s
fixed point theorem in the setting of a partial Hausdorff metric spaces.

We recollect the following definitions, notions and lemmas for partial(Hausdorff) metric
spaces from Matthews [102] and Aydi et al. [37].

Definition 2.2.1. [102] A mapping p : X x X — [0,00) is a partial metric on X, if for all
x,y,z € X the following conditions hold:

(P1) p(z,2) = p(y,y) = p(z,y) if and only if z = y;
(P2) p(z,x) <p(z,y);

(P3) p(z,y) = p(y,2);

(P4) p(z,2) <p(x,y) +p (Y, 2) —p (YY)

Remark 2.2.2. [37| If p(z,y) = 0 then (P1) and (P2) implies = y but converse is not true

in general.

Example 2.2.3. [102] Let X be the set of all closed intervals of real line R that is, X =
{[a,b] : a,b € R,a < b} and define a function p : X x X — [0, 00) by, p ([a, b], [c,d]) = max {b,d}—

min {a, ¢}, then (X, p) is a partial metric space.

Lemma 2.2.4. [102| Every metric space is a partial metric space.
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Remark 2.2.5. [102] Every partial metric p on X generates a Tj topology 7, on X with base
as the family of the open balls (p balls) {B), (z,€) : € X, e > 0}, where

By (z,€) ={y € X :p(z,y) <p(z,z)+e}.
Definition 2.2.6. [102]| Let (X, p) be a partial metric space. Then:

(a) A sequence {z,} in (X,p) converges to a point x € X with respect to 7, if p(z,z) =

nh—>120 (x,zy) .

(b) A sequence {z,} in (X,p) will be a Cauchy sequence if lim p(x,,z,,) exists and finite.

n,m—00

(c) (X,p) is a complete partial metric space if each Cauchy sequence {z,} in X converges to

some point € X with respect to 7, and p(x, ) = limy, ;m—so0 P(Tn, Tm)-

Throughout this section we assume that (X, p) be a partial metric space.

Remark 2.2.7. [102] The function dp : X x X — [0, 00) defined by

dp (,y) = 2p (2,y) —p (=, 2) —p(y,9)
is a metric on X.

Lemma 2.2.8. [102] A sequence {x,} in (X, dp) converges to x € X if and only if

p(@,a) = limp(@,a,) = lim p(on,an).

Lemma 2.2.9. [37] Let (X, p) be a partial metric space. Then:

(a) A sequence {z,} in X is Cauchy with respect to p if and only if it is Cauchy with respect
to dp.

(b) (X,p) is complete if and only if the metric space (X, d,) is complete.

A subset A of (X, p) is a bounded [37], if there exists xg € A such that p(zg,a) < p(xo,zo) +
M for each a € A, where M > 0. A subset A of (X,p) is closed if it is closed with re-
spect to the topology 7, on X. Let C'B,(X) denotes the family of all nonempty closed and
bounded subsets of (X,p). For A,B € CB,(X), p(z,A) = inf{p(x,a) :a € A}, p(A,B) =
inf {p (z,y) : « € A,y € B}. The functions §, : OB, (X)xCB, (X) — [0,00) and Hy, : CB, (X)X
CB, (X) — [0, 00) are defined by 0, (A, B) =sup {p(a,B) : a € A} and Hy, (A, B) = max{d, (4, B), 6, (B, A)},

respectively.

Remark 2.2.10. [37|If d), (x, A) = inf {d), (x,a) : a € A}, then it is easy to see that p (z, A) =0
implies that d, (z, A) = 0.

Lemma 2.2.11. [37] Let A is a subset of (X, p), then we have
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(i) a € A if and only if p (a, A) = p(a,a).
(ii) If A is closed in (X, p) then A is closed in (X, d,).
Proposition 2.2.12. [37] For A, B € CB,(X), the following properties hold:
(1) Hy(A, A) < Hy(A, B);
(2) Hp(A, B) = Hp(B, A);
(3) Hp(A,C) < Hp(A, B) + Hp(B, C) — infeec p(c, ¢);
(4) Hy(A, B) = 0 implies that A = B.

Lemma 2.2.13. [37] Let A, B € CBy(X) and h > 1. Then for any a € A, there exists b € B
such that p(a,b) < hH,(A, B).

2.3  b-metric space

Czerwik [60] introduced the notion of b-metric space. Let X be a nonempty set. A mapping
d: X xX — [0,00) is said to be a b-metric on X, if for each z,y,z € X, there exists s > 1

satisfying the following conditions:
(i) d(z,y) = 0 if and only if z = y;
(i) d(z,y) = d(y, z);
(i) d(, 2) < sld(z,y) + d(y, 2)].

The triplet (X,d,s) is said to be a b-metric space. Note that every metric space is a b-metric
but converse is not true. Following are some interesting examples of b-metric spaces which are

not metric spaces.

Example 2.3.1. [60] Let p € (0,1) and IP(R) = {{zn} CR: > 77, |zn|P < oo} endowed with
the functional d : IP(R) x [P(R) — R defined by

[e%¢) 1/10
d({zn}t {yn}) = (Z |z — yn‘p>
n=1

for each {x,}, {y,} € IP(R), is a b-metric space with s = 21/7.

Example 2.3.2. Let X = [0,00) and d : X x X — [0,00) is defined by d(x,y) = |z — y|? for
each z,y € X. Clearly (X,d,2) is a b-metric space, but not a metric space.
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Convergence of a sequence in b-metric space is defined in a similar fashion as in metric
space. A sequence {z,} C X is Cauchy sequence in (X,d,s), if for each ¢ > 0 there exists a
natural number N (e) such that d(x,, z,,) < € for each m,n > N(e). A b-metric space (X, d, s) is
complete if each Cauchy sequence in X converges to some point of X. Note that each convergent
sequence in b-metric space has a unique limit point, [60, 14].

The closed and bounded sets in b-metric space, that is (X, d,s), are defined in a similar
manner as for a metric space. Thus, throughout the dissertation: For A, B € CB(X), the
function H : CB(X) x CB(X) — [0, 00) defined by

H(A, B) = max { 31613 d(a, B), ls)lelg d(b, A)}

is said to be a Hausdorff b-metric[61] induced by the b-metric d. For A, B € CL(X), the function
H:CL(X)xCL(X)— [0,00) defined by

max{su weAd(a, B),su d(b, A }7 if the maximum exists;
H(A, B) = Paea d( ), SuPpe g d( )

o0, otherwise.

is said to be a generalized Hausdorff b-metric induced by b-metric d. A Hausdorff b-metric space
enjoys the same properties as a Hausdorff metric, expect for the triangular inequality which in
Hausdorff b-metric spaces has the form H(A, B) < s[H(A,C) + H(C, B)].

Czerwik [61] proved the following results for Hausdorff b-metric spaces.

Lemma 2.3.3. [61] Let (X,d,s) be a b-metric space. For any A,B € CL(X) and any =z € X,

we have the following properties:
(a) For h > 1 and a € A, there exists b € B such that d(a,b) < hH(A, B).
(b) d(z,A) =0 < 2 € A= A, where A denotes the closure of the set A.
(c) d(z,A) < d(z,a) for each a € A.
(d) d(a, B) < H(A, B) for each a € A.

Czerwik [61] also proved the Nadler’s fixed point theorem in the setting of Hausdorff b-metric

spaces.

2.4 Gauge spaces

In this section, due to Dugundji [63], we state the spaces which have topology induced by family
of pseudo metric spaces. Further, we discuss the condition in which these spaces are Hausdorff.
We also discuss the convergence and Cauchyness of sequences in these spaces. First, we recall

the pseudo metric space.
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Definition 2.4.1. [63] Let X be a nonempty set. A function d : X x X — [0,00) is called

pseudo metric on X, if for each x,y, z € X, we have
(1) d(z,z) = 0 for each x € X;
(if) d(z,y) = d(y, v);
(iii) d(z, z) < d(z,y) + d(y, ).

Let X be a nonempty set endowed with the pseudo metric d. Then d-ball [63] of radius € > 0

center at x € X is the set
B(z,d,e) ={y € X : d(z,y) < €}.

Definition 2.4.2. [63] Let X be a nonempty set and § = {d, : v € 2} be a family of pseudo
metrics on X. The topology T(§) having subbases the family

B(F) ={B(z,dy,¢e) :x € X,d, € §Fand € > 0}

of balls is called topology induced by the family § of pseudo metrics. The pair (X, %(F)) is

called a gauge space.

Definition 2.4.3. [63] A family § = {d, : v € 2} of pseudo metrics is said to be separating if
for each pair (z,y) with = # y, there exists d,, € § with d,(x,y) # 0.

Note that a gauge space is Hausdorff if § is separating.

Definition 2.4.4. [63] Let (X, T(F)) be a gauge space with respect to the family § = {d, : v €
2} of pseudo metrics on X. If {z,,} is a sequence in X and = € X. Then:

(i) The sequence {z,} converges to x if for each v € 2 and e > 0, there exists Ny € N such
that d,(z,, ) < € for each n > Ny. We denote it as z,, =3 .

(ii) The sequence {z,} is a Cauchy sequence if for each v € 2 and € > 0, there exists Ny € N
such that d,(zp,xn) < € for each n,m > Nj.

(iii) (X, %(F)) is complete if each Cauchy sequence in (X, T(F)) is convergent in X.

(iv) A subset of X is said to be closed if it contains the limit of each convergent sequence of

its elements.
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Chapter 3
Fixed Point Theorems in Metric Spaces

This chapter consists of five sections. In first four sections, we investigate the existence of fixed
points for multi valued /single valued mappings satisfying contraction type conditions on metric
spaces. In the last section of this chapter, we investigate the existence of best proximity points for
nonself multi valued mappings satisfying proximal contraction type condition on metric spaces.
FEach section of this chapter contains some examples to elaborate the corresponding results. Here
the nonempty set X is endowed with a metric d, that is, (X, d) is a metric space. Further, in

results it is considered as a complete metric space. Unless otherwise stated.

3.1 Fixed point theorems for multi valued mappings involving

a-function, with error estimates

Proinov [118] investigated the order of convergence of iterative sequences of a mapping satisfying
the Hick and Rhoades [70] type contraction condition. By using this technique we investigate the
order of convergence of iterative sequences for a multi valued mapping satisfying the contraction

condition (3.1) or (3.25). These conditions can be viewed as extensions of (1.7).

Theorem 3.1.1. Let T': X — CL(X) be an a,-admissible mapping such that

a(z,y)H(Tz, Ty) < ¢(d(z,y)), (3.1)

for all x € X and y € Tz with d(z,y) € J, where v is a Bianchini-Grandolfi gauge function on
an interval J. Moreover, the strict inequality holds when d(z,y) # 0. Suppose that there exists
xo € X such that d(zg, z) € J and «a(zg, z) > 1 for some z € T'zg. Then

(1) there exists an orbit {z,} of T in X and { € X such that lim, z,, = &;

(ii) £ is fixed point of T if and only if the function f(z) := d(x,Tz) is T-orbitally lower

semi-continuous at &.
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Note that, if, for zp € X, there exists a sequence {x,} in X such that x,, € Tz,_1, then
O(T, xz9) = {xo,x1, T2, -} is said to be an orbit of T': X — CL(X). A mapping f: X - R
is said to be T-orbitally lower semi-continuous at & [80], if {z,} is a sequence in O(T, xy) and

xn — & implies f(§) < liminf, f(x,).

Proof. Consider x1 = z € T'zy. We assume that d(zg,z1) # 0, for otherwise x¢ is a fixed point
of T. Define py = o(d(zo,x1)), where o is defined by (1.14). Since from (1.15), o(t) > ¢, we
have
d(xo,z1) < po. (3.2)
Notice that z1 € B(xg, po) . It follows from (3.1) that a(zg, z1)H (Txo, Tx1) < ¥(d(zo,x1)). By
hypothesis, we have a(zg,z1) > 1. We can choose an €; > 0 such that
oz, z1)H(Txo, Tx1) + €1 < (d(xo,21)).

Thus, we have

d(xy,Tz1) + €1

IN

H(T.l’o, Twl) + €1

IN

a(zg, x1)H(Tzo, Tz1) + €1
< Y(d(wo, x1)). (3.3)
It follows from Lemma 1.5.4 that there exists x9 € T'xq such that
d(z1,22) < d(x1,Tx1) + €. (3.4)

We assume that d(x1,x2) # 0, for otherwise 1 is a fixed point of T'. From inequalities (3.3) and
(3.4), we have
d(x1, w2) < Y(d(wo, 71)). (3.5)

Note that d(z1,z2) € J. Also, we have x9 € B(xg, pg), since

d(zo,z2) < d(zo,z1) + d(x1, x2)
< d(l‘o,xl) +¢(d($07$1))
< d(zg,x1) + o(P(d(xo, x1)))
(

= o(d(xg,z1)) (by using (1.15))
= Po-
Since T' is an «,-admissible, then we have a(x1,22) > 1. Now choose €3 > 0 such that
a(xy,xe)H(Txy, Tas) + €2 < Y(d(z1,22)).

Thus, we have

d(xg,Txe) + €2 < H(Txi,Txo)+ €
< a(l‘l,l'g)H(Txl,ng) + €9
< P(d(x1,22)). (3.6)
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It again follows from Lemma 1.5.4 that there exists x3 € Tzo such that

d(z2,23) < d(x2,Tx2) + €. (3.7)
We assume that d(z2,x3) # 0, for otherwise x2 is a fixed point of T'. From (3.5), (3.6) and (3.7),
we have
d(z2, z3) < ?(d(zo,1)). (3.8)
Note that d(za,x3) € J. Also, we have x3 € B(xg, pg), since

d(xo,x3)

IN

d(xo, 1) + d(x1, x2) + d(22, 23)
d(fvov 1) + P(d(zo, x1)) + ¢* (d(2o, 21)))

ZTW x07$1

(d(woaxl)) = po.

IN

IN

Repeating the above argument, inductively we obtain the a sequence {x, },en such that

Tp € Twp_q, (3.9)
a(Tp_1,Tpn) > 1, (3.10)

d(xp, Tpy1) < P"(d(zo,x1)), (3.11)
d(xp—1,zpn) € J, and z,, € B(xo, po). (3.12)

We claim that {x,} is Cauchy. For n,p € N, from (3.11) we have

d(xm $n+p) < d(wp, Tpgr) + o0 F d(xn+p—la iUn—i—p)

< w”( (w0, 1)) + -+ + 9" P (d(0, 21))

ZW (z0, 1)) (3.13)

IN

By using (1.14), it follows from (3.13) that {x,} is Cauchy. Thus, there exists £ € B(xq, po)
with x, — £ as n — oo. Since z,, € Tx,—1, from (3.1), (3.10) and (3.11), we have

d(wnaTxn) < a(wn—hl'n)H(Txn—l’Txn)

< ¢(d(l’n_1,{£n))
< wn(d(.ﬁo,l‘l)). (3.14)
Letting n — oo, from (3.14), we get
lim d(xy,,Tzy,) = 0. (3.15)
n—oo
Suppose f(x) = d(x,Tx) is T-orbitally lower semi-continuous at £, then

d(f, Tf) = f(g) < hrrzn inff(xn) = h}ln inf d(:L’n, Txn) =0.

Hence, £ € T¢, since T¢ is closed. Conversely, if ¢ is fixed point of T then f(§) = 0 <

lim,, inf f(x,,). O
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Example 3.1.2. Let X = [-100,00) be endowed with the usual metric d and let J = [0, c0).
Define T': X — CL(X) by
0,2] ifz >0
Tr = [ 3]
[z,0] otherwise,
and o : X x X — [0,00) by
1 if z,y € [0,00)
afz,y) =
0 otherwise.
Take ¢(t) = £ for each t > 0. Let o = 1, then we have z = § € T such that d(zo,z) € J
and a(zo, z) = 1. As we know that a(x,y) =1 for =,y € [0,00). Then, we have o (Tz,Ty) =1
whenever a(z,y) = 1. Thus, T is an a,-admissible mapping. For z > 0 and y € Tz, from (3.1),
we have

o) H(Ta, Ty) = 5la — 3] < gl —y| = w(d(av))

for x < 0 and y € Tz, we have

ofa, ) H(T,Ty) = 0 < L|e —y| = v(d(z,v)).

Hence (3.1) holds for each z € X and y € Tx with d(z,y) € J. Therefore, all the conditions of
Theorem 3.1.1 hold and hence T has a fixed point.

Example 3.1.3. Let X = [—1,00) be endowed with the usual metric d and let J = [0, c0).
Define T': X — CL(X) by

and o : X x X — [0,00) by
1 ifz,y€0,2]

ofz,y) =
0 otherwise.

Take ¥(t) = %t for each t > 0. Let xg = %, then we have z = % € Txq such that d(zg, z) € J
and a(zg, z) = 1. As we know that a(z,y) = 1 for z,y € [0, %] Then, we have . (Tz,Ty) =1
whenever a(x,y) = 1. Thus, T is an a,-admissible mapping. For z € |0, %] and y € Tz, from
(3.1), we have

3 9 24
ol y)H(Te, Ty) < (; + 5 )l =yl = Sl =yl = (d(x,y)),

for otherwise, we have
24

Hence (3.1) holds for each z € X and y € Tx with d(z,y) € J. Therefore, all the conditions of
Theorem 3.1.1 hold and hence T has a fixed point.

21



Theorem 3.1.4. Let T': X — CL(X) be an a,-admissible mapping such that
a(z,y)H(Tz,Ty) < P(d(z,y)), (3.16)

for all x € X and y € Tx with d(x,y) € J, where 1 is a gauge function of order » > 1 on an
interval J and ¢ : J — R™ is a nondecreasing function defined by (1.16). Moreover, the strict
inequality holds when d(x,y) # 0. Suppose that there exists 9 € X such that d(zg, z) € J and

a(z,z) > 1 for some z € Txg. Then

(i) there exists an orbit {x,,} of T in B(xg, pg) that converges with rate of convergence at least

r to a point & € B(xo, po), where pg = o(d(xo,z)) and o is defined by (1.14);

(ii) for all n > 0, we have the following a prior estimate

)\S"(T)d(xo, 331)

d(@n, ) < —5— (3.17)
where A = ¢(d(x0, 71));
(iii) for all n > 1, we have the following a posterior estimate
d(Tp, Tp_
10 < T ST 1
(iv) for all n > 1, we have
d(2p, Zpi1) < N d(zg, 1), (3.19)

where A = ¢(d(xo,x1));

(v) € is fixed point of T if and only if the function f(x) := d(z,Tz) is T-orbitally lower

semi-continuous at &.

Proof. (i) Following the proof of Theorem 3.1.1, we have an orbit {z,,} of T at z¢ in B(xo, po)
such that lim, o z, = & and £ € B(zo, po).
(ii) For m > n, by using (3.11) and Lemma 1.2.4-(iii), we have

d(Tp, xm) < d(Tn,n+1) + d(@nt1, Tnro) + oo + d(Tm—1, Tm)
< Y"(d(zo, 21)) + " (d(z0,21)) + -+ + ™ (d(z0, 21))
< d(xg, x1) [N £ NS () g ASma ()

m—1
= d(xo,l’l) Z )\Sj(r).
j=n

Taking n fixed and letting m — oo, we get

d(zn, &) < d(wo,x1) > AT, (3.20)

j=n
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Note that,

Z )\Sj (r) — )\Sn(r) + )\Sn+1(7") 4+ ..

= ASO14" 4 DI U S A I .

Since r > 1, therefore
I e L A S AP LR

and
n n+1 n n n+1 n+2 n
A +r < )\27" ’ N +r +r < )\37‘ .

since 0 < A < 1. Thus, we have

)\Sn(r)
11—

Z)\S V< ASO 4 A" A2 N ) =

Substituting this in (3.20), we get

)\Sn (r)

d(zn,€) < d(2o,21) -

(iii) For n > 0, from (3.20), we have
oo
d(zn,€) < d(zo, 21) Y _[(d(wo,71))]% ).
j=n
Putting n = 0,y9 = x,, and y; = x1, we have
[e.e]
d(y07 g) < yO’ 1 Z 3/0» yl ]-(7’).
7=0
Putting yo = x,,, and y; = x,4+1, we have

d(@n,€) < d(zn,ani1) Y [$(d(@n, zn41))] ) (3.21)
§=0

< Y(d(Tn, 20-1)) Y [G((d(2n, n-1)))]5 ")

I

I
o

J

< P(d(@n, Tp-1)) [Cb(w(d(xmxn—l)))]j

K

=0
_ Tb(d(l‘n,xn_l))
= T oW 2n))) (3.22)

since S;(r) > j. Now by Lemma 1.2.4-(iv), we have

P((d(@n, 2n-1))) < [P(d(zn, 2n1))]"
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which means that,

1 1

< . 3.23
= 0@ an ) = 1= [0z )] 529
For n > 1, from (3.21), we have
d(20,8) < P(d(@n, 2n-1)) Y [G(W(d(zn, 2n-1)))] 5
j=0
Y (d(Tn, Tp-1)
= 1= o(d(@n, Tn-1)))
w(d(wm xn—l)) .
S T o o) (by using (3.23)).
(iv) For n > 1, by using (3.11) and Lemma 1.2.4-(iii), we have
d(Tny1,2n) < P"(d(z1,20))
< d(wo, z1)$(d(z0, 21))5 (")
= d(x07$1)>\5n(7")
(v) Proof is similar as in the proof of Theorem 3.1.1. O
Corollary 3.1.5. Let T : X — CL(X) be an a,-admissible mapping such that
a(z,y)H(Tz, Ty) < ¢(d(z,y)), (3.24)

for all z,y € X (x # y) with d(x,y) € J, where ¢ is a gauge function of order » > 1 on
an interval J. Suppose that there exists xo in X such that d(zg,2) € J and a(zg,z) > 1 for
some z € Txg. Suppose that for any sequence {x,} in X such that z,, — = as n — oo and
a(Tp_1,xy) > 1 for each n € N, then a(z,,z) > 1 for each n € N. Then following statements
hold:

(i) there exists an orbit {x,} of T in B(zg, po) that converges to a fixed point £ € B(xo, po),
where pg = o(d(zg,z)) and o is defined by (1.14);

(ii) the estimates (3.17) - (3.19) are valid.
Theorem 3.1.6. Let T': X — C'L(X) be a continuous and a,-admissible mapping such that
a(z,y)H(Tz, Ty) < p(m(x,y)), forallxz € X and y € T, (3.25)

with strict inequality holds if m(z,y) # 0, where 1 is a gauge function of the first order on
J =10,00) and

ld(z.Ty) + d(y. Ta)] .

m(x,y) = max {d(:v, y),d(z, Tx),d(y, Ty), 3

Suppose that there exists xy € X such that d(xg,2) € J and a(zg,z) > 1 for some z € Txg.

Then following statements hold:
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(i) there exists an orbit of 7" in X that converges to a fixed point of T

(ii) for all n > 0, we have the following a prior estimate

n

d(ZEn, 6) <

=1_ )\d(li(]al‘l),

where A = ¢(d(xg,x1)) and ¢ : J — RT is a nondecreasing function defined by (1.16);

(iii) for all n > 1, we have the following a posterior estimate

w(d(évn,ifn*l))
d(zn,€) < 7 Pl(d(zn, tn1))]

Proof. Consider x1 = z € Txg. Define pg = o(d(xo, 1)), where o is defined by (1.14). Since
from (1.15), o(t) > t, we have
d(xo,z1) < po. (3.26)

Assume that m(xg,x1) # 0, for otherwise d(zo, Txg) < m(xg,x1) = 0 and ¢ is a fixed point
of T. From (3.25), we have a(xzg,z1)H (Txo,Tx1) < (m(xo,z1)). By hypothesis, we have
a(zg,z1) > 1. We can choose €; > 0 such that

alzo,x1)H(Tzo, Tx1) + €1 < Y(m(xg,x1)).
Thus, we have

d(a:l,Txl) +e¢ < H(T$0,Tl‘1) + €1

IN

a(xg, x1)H(Txzo, Tx1) + €1

< P(mlwo,a1)).
It follows from Lemma 1.5.4 that there exists x9 € Tz such that
d(x1,x9) < d(x1,Tx1) + €7. (3.27)
From last two inequalities, we have

d(z1,22) < P(m(zo,21))
= w<max{d(xo,:cl),d(azo,Tazo),d(azl,Tacl),

d(a?o, T.’El) —+ d(l‘l, T.To) })
2
= Y(max{d(zg,x1),d(x1,Tx1)}), (3.28)

since %’Mﬂ < max{d(xg,x1),d(z1,Tz1)}. Assume that max{d(zo,x1),d(z1,Tz1)} = d(z1,T21).
From (3.28), we have
d(.%'l, Txl) < d(.%'l,.%'g) < w(d(l'l,T.%'l)).
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Which is not possible. Thus max{d(xo,z1),d(z1,T21)} = d(xo,z1). From (3.28), we have

d(z1,22) < Y(d(z0, 1))

Proceeding inductively in a similar way as in Theorem 3.1.1, we obtain the sequence {x,} in X
such that x, — £ € X as n — oo. Since T is continuous, by taking limit as n — oo, we have
€ € T¢. Estimates (3.17) and (3.18) becomes (3.26) and (3.26) for r = 1. O

Remark 3.1.7. Note that our results generalize [35, Theorem 2.1]; [110, Theorem 3.4]; [118,
Theorems 4.1 and 4.2; and Corollary 4.5]; [91, Theorem 2.1 and 2.8; and Corollary 2.12|; (62,
Theorem 2.1|; [93, Theorems 2.11 and 2.15|; and [10, Theorems 2.1 and 2.2].

3.2 Discussion on modified multi valued «o.-y-contractive type
mapping

Samet et al. [128] introduced the (single valued) a-1-contractive mappings via a-admissible self
mappings. In this interesting paper [128], the authors examined the existence and uniqueness
of a fixed point for such mappings in the frame of complete metric space. This is one of the
significant reports in the recent decade, since the announced results of the paper [128] concluded
several existing fixed point results, including well-known Banach contraction mapping principle,
as corollaries. Following this initial paper, a number of publications appeared on this subject,
see e.g. Karapinar and Samet [85], Salimi et al. [126, 125], Asl et al. [35], Hussain et al. |71, 73],
Mohammadi et al. [110], Amiri et al. [34], Minak and Altun [105], Alikhani et al. [28]. Among
all, we mention the result of Salimi et al. [126] in which the authors introduced the notion of
modified a-1-contractive mappings by the help of another auxiliary function n. As it is expected,
the authors [126] established some fixed point theorems for such (single valued) mappings in the
setting of complete metric spaces. Later, Mohammadi and Rezapour [107] and independently,
Berzig and Karapimnar [43], noticed that modified (single valued) a-1-contractive type mappings
can be considered as a particular case of a-i-contractive type mappings. After this observation,
it is quite natural to ask that whether the analog of the results of Mohammadi and Rezapour
[107], Berzig and Karapinar [43] in the case of multi valued «,-t-contractive type mapping can
be obtained.

In this section, we show that the notion of modified multi valued a,-1-contractive type
mapping (also called as, multi valued «a,-n-1)-contractive type mapping) can not be reduced
into multi valued a,-t-contractive type mapping. In other words, the notion of multi valued
a-m-1-contractive type mappings is a proper generalization of the concept of multi valued -
-contractive type mappings. In addition, we investigate the existence of common fixed points
for a sequence of multi valued a,-n-1)-contractive type mappings.

As it is mentioned above, in [107, 43], the authors have pointed out the fact that the notion

of modified (single valued) a-1)-contractive type mappings can be considered as a particular case
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of the concept of (single valued) a-1-contractive type mappings. Hence, the announced results
in [126] coincide with the related fixed point results of Samet et al. [128], and Karapinar et al.
[85]. More precisely, in [107, 43] the authors showed that if we define

L if ez, y) 2 n(@,y);

Blz,y) =

0, otherwise,

then (1.9) becomes
for z,y € X B(x,y)d(Tx, Ty) < (d(z,y)). (3.29)

Further, T' is f-admissible. If we look at (3.29), we see that indeed we have two cases.

(i) when 8 =1 we have
d(Tz,Ty) < P(d(z,y)). (3.30)

(ii) when 8 = 0 we have
0-d(Tz,Ty) < (d(z,y)), ie. 0<p(d(z,y)). (3.31)
Here note that d(z,y) < oo for all 2,y € X. Therefore, from
0-d(Tz,Ty) < (d(z,y))

we get
0 < ¢(d(z,y)).

By considering the remarks in [107, 43], at the first glance, one would expect that the notion
of modified multi valued «,-n-1-contractive type mapping should be a particular case of the
concept of multi valued au-1-contractive type mapping. On the other hand, if we look carefully
at the contractive conditions (1.10) and (1.12), we see that it depends upon the metric H. We
observe that if we consider a map T : X — CB(X) then H(Tx,Ty) < oo for all z,y € X.
In this case the fixed point theorems for multi valued a,-n-1-contractive type mappings may
be followed from the corresponding theorems for multi valued au-t-contractive type mappings.
Note that if T is a single valued map, then H(Tz,Ty) = d(z,y) < oo, for all x,y € X. This
is inconsistent with the observations in [107, 43|. For the case T : X — CL(X), the value of
H(Tz,Ty) may be infinite for some choice of z,y € X. Consequently, a multi valued c-n-
1-contractive type mapping may not imply a multi valued «.--contractive type mapping, in

general. Indeed, if one would define

1, if a(z,y) > n(z,y);

Bla,y) =
0, otherwise,
then (1.12) appears to reduce into
for z,y € X B(z,y)H(Tz, Ty) < ¢(d(x,y))- (3.32)
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Now if we look at (3.32) we again have two cases:

(i) when S(z,y) = 1 we have
H(Tz,Ty) < ¢(d(z,y)),
(ii) when B(z,y) = 0 we have
0-H(Tz,Ty) < (d(x,y)). (3.33)
Now here is the point; when T' is bounded then
0-H(Txz, Ty) < (d(z,y))

implies that 0 < ¢(d(z,y)). Otherwise, it is not true. In other words, when T is not bounded

it is not possible to define S in above manner. Following example substantiate our claim.

Example 3.2.1. Let X = R be endowed with the usual metric d. Define T': X — CL(X) by

(—o0,z] if x <0
Tx =
[5,00) if x>0
and a: X x X — [0,00) by
1 ifz,y>0

afz,y) =
0 otherwise

and 7 : X x X — [0,00) by n(z,y) = 3 for each z,y € X. Take ¢)(t) = & for each ¢t > 0. If

x,y >0, then o, (Tx,Ty) =1 > n(Tx, Ty) = % which implies

1
for otherwise, we have . (Tz, Ty) = 0 < n(Tx, Ty) = % Thus T is modified au-n-1-contractive
type mapping. Observe that o.(T(—1),7(1)) = 0 and H(T(-1),T(1)) = oco. Thus (1.10)
doesn’t holds when x = —1,y = 1 and consequently T is not a multi valued «.--contractive
type mapping.
Therefore, it is worthwhile to consider fixed point theorems for multi valued c,-n-1)-contractive

type mappings.
Now, we move towards the second task of this section, which is to investigate the existence of

a common fixed point theorem for a sequence of multi valued a,-n--contractive type mappings.

Definition 3.2.2. Let {T; : X — C'L(X)}32, be a sequence of multi valued mappings on (X, d).
Let a,m : X x X — [0,00) be two functions. We say that the sequence {T;} is a,-admissible

with respect to 7, if we have
z,y € X, alz,y) >n(x,y) = alu,v) >n(u,v) ¥V ue Tz and v € Tjy, (3.34)

for each i,7 € N. In case when a(z,y) = 1 for all z,y € X, the sequence {T;} is a 7,-

subadmissible. In case when n(z,y) =1 for all z,y € X, the sequence {7;} is a,-admissible.
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Theorem 3.2.3. Let the sequence {T; : X — CL(X)}°; be an a,-admissible with respect to
n such that
v,y € X, a(z,y) > n(z,y) = H(Tx, Tiy) < ¢(d(z,y)), (3.35)

for each i,7 € N and % be a strictly increasing function in W. Assume that the following

conditions hold:
(i) there exist xg € X and y; € T;zg for each i € N such that a(xo,y;) > n(xo, yi);

(ii) if {z;} is a sequence in X with z; — x and a(z;—1,2;) > n(z;—1,z;) for each i € N, then
we have a(x;—1,z) > n(x;—1,x) for each i € N,
Then, the mappings T; for ¢ € N, have a common fixed point.
Proof. By hypothesis, there exist xg € X and z1 € Tixo such that a(xg,z1) > n(xg,x1). If
x1 € Tyxy for each ¢ € N, then z; is a common fixed point of T;. Let x; ¢ Thx;. Then from

(3.35), we have
0< d(ml,Tgxl) < H(Tlxo,Tg:Iil) < w(d(azo,xl)). (336)

For ¢ > 1 by Lemma 1.5.6, there exists xo € Thz such that
0 < d(z1,22) < qd(z1, Tox1) < qH (T1wo, Toz1) < qp(d(zo, 21)). (3.37)
Since, 1) is strictly increasing, from (3.37), we have

Y(d(21,72)) < P(qy(d(zo, 71))). (3.38)

P(g(d(zo,71)))
P(d(z1,22))

to n, then oz, xz9) > n(x1,x2). If 29 € Tixo for each i € N, then x9 is a common fixed point of
T;. Let xo ¢ T3z, Then from (3.35), we have

Put ¢; = . Then ¢; > 1. Since the sequence {T;}5°; is a,-admissible with respect

0< d(l’Q,Tgl'Q) < H(TQIL‘l,Tgl’Q) < 1[)((1(1’1,1‘2)) (339)
For ¢1 > 1 by Lemma 1.5.6, there exists x3 € T3z such that

0< d(xg,xg) < qld(xg,Tgan)
< qH(Trxy, T3xo)
<

qp(d(r1,22)) = (g (d(zo, x1))). (3.40)

Since, 1) is strictly increasing, from (3.40), we have

Y(d(x2,x3)) < Y (qv(d(0,21)))- (3.41)

$*(av(d(zo,21)))
P(d(z2,23))

X such that x; € Tyxi—1, x; # ®i—1, axi—1, ;) > n(x—1, ;) and

Put g0 = . Then g2 > 1. Continuing in the same way, we get a sequence {x;} in

d(zi,zi11) < V7Y qp(d(xg, x1))) for each i € N. (3.42)
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Let 5 > i, we have

n=j—1 n=j—1
d(l‘wx]) S Z d($n7$n+1) < Z wnil(qw(d(:pow%‘l)))
Since ¢ € U, then we have
im d(zg,25) = 0. (3.43)
1,]—00

Hence {z;_1} is Cauchy in (X,d). By completeness of (X,d), there exists z* € X such that
xi—1 — x* as i — oo. By hypothesis (ii), we have a(x;_1,2*) > n(x;—1,2*) for each i € N. From
(3.35), for each n = 1,2, - -, we have

d(z;, Tox™) < H(Tizi—1, Tna™) < (d(wi—1,27)).

Letting ¢ — oo in above inequality, we have d(z*, T,2*) = 0 for each n € N. Thus, z* is a

common fixed point of {T;}. O
Let us take T; =T for each ¢ € N, then Theorem 3.2.3 reduces to following result:

Theorem 3.2.4. Let T': X — CL(X) be a generalized a,-admissible mapping with respect to
n such that
z,y € X, a(z,y) > n(z,y) = H(Tz, Ty) < ¢(d(z,y)), (3.44)

where 1 is strictly increasing function in ¥. Assume that following conditions hold:
(i) there exist xg € X and z1 € Tz such that a(zg,z1) > n(xg, x1);

(ii) if {z;} is a sequence in X with z; — x and a(z;—1,x;) > n(z;—1,z;) for each i € N, then
we have a(x;_1,2) > n(x;—1,x) for each i € N.

Then, T has a fixed point.

Example 3.2.5. Let X = R be endowed with the usual metric d. Define T': X — CL(X) by

(—00,0] ifz <0
Tz=4{0,2} if0<z<2
[1%,00) if 2 > 2,
and o : X x X — [0,00) by

if ,y € [0, 2]
afz,y) =

[CT= NSNS

otherwise,

and 7: X x X — [0,00) by n(z,y) = % for each x,y € X. Take ¢(t) = % for each ¢ > 0. Then,

for each z,y € X with a(x,y) > n(z,y), we have
1
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Also, T is generalized a,-admissible mapping with respect to n. For o = 1 and 0 € Txg we have
a(1,0) > n(1,0). Moreover, for any sequence {z;} in X with z; — x and a(z;—1, ;) > n(wi—1, ;)
for each i € N, we have a(z;_1,2) > n(zi—1,x) for each i € N. Therefore, all conditions of

Theorem 3.2.4 are satisfied and T has infinitely many fixed points.

Remark 3.2.6. For T : X — CL(X), contraction condition given in (3.44) is more general

than contraction conditions of following form:
a(z,y)H(Tz,Ty) < P(d(z,y)), (3.45)

for each x,y € X, where 1 is strictly increasing function in W.

For example, consider T, o, n as defined in Example 3.2.5. Define 5 : X x X — [0,00) by

if a(x,y) > n(zx,
Bly) = 1 (z,y) > n(z,y)

0 otherwise.

Let ¢(t) = 5. For z = 2 and y = 2.1, from (3.45), we have
B(x,y)H(Tz,Ty) = 0.00.

As 0.00 is indeterminant form, there is no guaranty, that (3.45) holds for each z,y € X.

3.3 Fixed point theorem for («,1),¢)-contractive mappings on

spaces with two metrics

The result of this section is due to an inspirational work of Maia [101], Agarwal and O’ Regan
[12], where we have fixed point theorems on space with two metrics. Here, we discuss a fixed point
theorem for (o, 1, ¢)-contractive mappings on space with two metrics, which is a generalization
of results by Kannan [83], Samet et al. [128] and Karapinar et al. [85]. Note that here, ® is a
family of functions, ¢ : [0, 00) — [0, 00) such that ¢ is continuous and ¢(0) = 0.

Definition 3.3.1. A mapping T : X — X is called («, 9, ¢)-contractive mapping on (X, d), if
there exist three functions o : X x X — [0,00), ¥ € ¥ and ¢ € ® such that

a(z, y)d(Tz, Ty) < p(M(zx,y)) + ¢(N(z,y)), (3.46)

for each z,y € X, where

Mz, y) = max{d(z, y), A=At Sl dutaly,

and
N(z,y) = min{d(z, y), d(z, Tx),d(y, Ty), d(x, Ty),d(y, Tx)}.

Lemma 3.3.2. Let (X,d') be a metric space, d be another metric on X and let T : (X,d) —
(X,d') is uniformly continuous whenever d' > d. If {z,} = {Tx,_1}nen is Cauchy sequence

with respect to d, then {z,} is Cauchy sequence with respect to d'.
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Proof. If d’ < d, then trivially {x,,} is Cauchy sequence in (X,d’). Next suppose that d’ £ d.

Then from uniform continuity of 7', for any € > 0, there exists a § > 0 such that
d'(Tz,Ty) < e whenever d(z,y) < ¢ for each z,y € X. (3.47)
As {z,} is Cauchy sequence in (X, d), there exists N € N such that
d(xp, m) <0 whenever n,m > N. (3.48)
From (3.47) and (3.48), we have
d(xpi1,0me1) = d' (Tzy, T2y) < € whenever n,m > N. (3.49)
This shows that {x,} is Cauchy sequence in (X,d’). O

Theorem 3.3.3. Let (X,d') be a complete metric space, d be another metric on X. Suppose
that T': X — X be an («, 9, ¢)-contractive mapping with respect to d. In addition assume that
the following conditions hold:

(1) T is an a-admissible map and there exists zo € X such that a(zg,T'z¢) > 1;
(ii) if ' > d, then T': (X,d) — (X, d’) is uniformly continuous;
(iii) if &’ # d, then T': (X,d') — (X, d’) is continuous;

(iv) for any sequence {x,} in X with z, — = and a(x,—1,2,) > 1 for each n € N, then there
exists a subsequence {x,, } of {z,} such that a(x,,,z) > 1 for each k € N.

Then T has a fixed point.

Proof. Let z¢p € X such that a(xg,Tzp) > 1. Then from (3.46) by taking 27 = Txo and

r9 = Tx1, we have

d(])l,xg) = d(T.TQ,T.rl)
< afzg,r1)d(Tzo, Tx1)
< P(M(xo,21)) + ¢(N (0, 21))

— <max { (zg,21), d(xo, Txo) ‘;‘ d(x1,Tx1) : d(xo, Txy) ‘; d(x1,Tx) })
+¢ (min {d(zo, 1), d(zo, Txo), d(z1, Tx1), d(20, Tx1), d(x1, Txo)})

_ (max{ (20,7 ))7 (Jfoaﬂfl)gd(ﬂ?l,xz)’d(fﬂozaﬂﬁz)})+0
d

= YP(max{d(zo,x1),d(x1,22)}), (3.50)

sincewgmax d(xg,x1),d(z1, 29 and 4@or2) < max{d(xg,x1),d(x1,29)}. If

2 ’ ’ ’ 2 ) ; )

max{d(xo,z1),d(x1,22)} = d(z1,22) then using (3.50), we reach at a contradiction. Thus
2)

max{d(zg, 1), d(x; } = d(xo,x1). Hence from (3.50), we have
d(l‘l,l'g) S ’lb((wg,wl)). (3.51)

32



As T is a-admissible map, by continuing in the same way, we get a sequence x,, = Tx,_1 for

each n € N with

a(Tp—1,Tpy) > 1, (3.52)
and
d(xp, Tnt1) < V(d(Tp—1,2y)) < P"(d(xg,271)). (3.53)
For n,m € N, we have
n+m—1 n+m—1 4
A, tppm) < D dwi,mipn) < Y P(d(wo, 71)), (3.54)

Since ¢ € W. Hence {z,} is Cauchy in (X, d). From assumption (ii) and Lemma 3.3.2 it follows
that {z,} is Cauchy in (X,d’). By the completeness of (X,d'), we have z* € X such that
Tn, — ¥ as n — oco. We shall show that z* = Tz*. Assume z* # Tz*. Suppose d' = d, then

from triangular inequality and condition (iv), we have

d(x*, Tz")

IN

d(z*, xp,41) + d(Txy,, Tx")

IN
&

('75*7 xnk+1) + Oé(:Enk,ZC*)d(Txnk,Tx*)
d n 7T n d *,T *
(™, Tny+1) w(max{d(xnk’x*>7 (ny, Tan,) +d(x*, Tz")

+ 2 ’
d(.%'nk,T$ ) ;— d(.l‘ 7T':Unk) }) + qb(min{d(l”nka :E*),

d(zp,, Txy,),d(z", Tx"), d(zn,, Tx*),dx", Try, )}
d(xnk ) xnkJrl) + d(ﬂj*, T.Z‘*)

I
.

< d(z*,zpn,4+1) + max {d(xnk, x*),

2 ’
, * + d *7 ng+ 1 *
d(xnk Tz ) (CU Ly, 1)}+¢(mln{d($nkux )a

d(zp,, Tnyt1), d@™, Tz, d(xy,, Te"), d(z*, 2n,+1)} (3.55)

Assume that g = min{d(zp,,z*),d(xn,, Tn,+1), d(@*, Tx*), d(zn,, Tx*),d(x*, zp,+1)}. Note
that as k — oo, B — 0 and continuity of ¢ further implies that ¢(5x) — ¢(0) = 0. Now letting

k — oo in (3.55), we have

d(z*, Tz*)
—
This is a contraction to our assumption. Hence d(z*,Tz*) = 0. Next consider, d’ # d. Then

d(z*, Te*) < (3.56)

from triangular inequality, we have

d(x*, Ta*) < d(x*,2p) + d' (2, Tz") = d' (2", 2,) + d' (Txp_1, TT"). (3.57)
Letting n — oo in (3.57) and using assumption (iii), we obtain d'(z*, Tx*) = 0. O
Example 3.3.4. Let X = (0,00) be a metric space endowed with metrics

|z —y|+1 if z oryor both z,y € (0,1)
d(z,y) =40 ifz=ye(0,1)

|z —y| otherwise,
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and d(z,y) = |z — y| for each z,y € (0,00). Clearly, X is a complete metric space with respect
to metric d’. Define T : X — X by Tz = ££3 for each z € X and a : X x X — [0,00) by
a(z,y) =1 for each z,y € X. Consider 1(t) = & and ¢(t) =t for each ¢ > 0. Then it is easy to
see that T"is an («, 1, ¢)-contractive mapping with respect to d and all the other conditions of
Theorem 3.3.3 hold. Thus T has a fixed point, which is 3.

Remark 3.3.5. We have the following consequences:

e Theorem 2.2 of Samet et al. [128] is a special case of Theorem 3.3.3, when d = d’ and
¢(t) = 0 for each t > 0.

e Theorem 2.4 of Karapinar et al. [85] is also a special case of Theorem 3.3.3, when d = d’
and ¢(t) = 0 for each t > 0.

Thus, we conclude that Theorem 3.3.3 generalizes [128, Theorem2.2] and [85, Theorem 2.4] and

those contain therein.

3.4 Multi valued F'-contractions and related fixed point theorems

with an application

Wardowski [134] introduced a new family of mappings known as F or § family. Using the
mappings from § family he introduced a new contraction condition called F-contraction. This F-
contraction nicely generalize the most famous contraction condition, that is, Banach contraction
condition. Later on, Acar and Altun [8], Arshad et al. [4], Batra and Vashistha 39|, Cosentino
and Vetro [59], Minak et al. [108]|, Paesano and Vetro [115]|, Sgroi and Vetro [131], Piri and
Kumam [117], Secelean [127], extended the result of Wardowski [134] in different settings. In
this section, by combining the ideas of Semat et al. [128] and Wardowski [134], we introduce
some new contraction conditions for multi valued mappings and prove corresponding fixed point
theorems. We also show that many new results in different settings can be obtained from our
results. Furthermore, as an application of our result we establish an existence theorem for
integral equations. Recall that o : X x X — [0,00) be a function and a. (A, B) = inf{a(a,b) :
a€ A andbe B}.

By slightly modifying the definitions given in [110] and [35], we get the following definitions.

Definition 3.4.1. A mapping T : X — CB(X) is strictly a-admissible if for each z € X and
y € Tz such that a(z,y) > 1, we have a(y, z) > 1 for each z € Ty.

Definition 3.4.2. A mapping T : X — CB(X) is strictly a,-admissible mapping if for each
z,y € X with a(z,y) > 1, we have a,.(Tx, Ty) > 1.

Remark 3.4.3. Note that if a mapping T : X — CB(X) is strictly a,-admissible, then it is

strictly a-admissible. Converse is not true in general.
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Example 3.4.4. Let X = [—1,1]. Define T': X — CB(X) by
{0,1} ifx =—-1
Te=q{1} ifz=0
{—z} ifx ¢ {-1,0}
and o : X x X — [0,00) by
0 ife=y
2 ifx#y.

Following the details of [105, Example 1], it is straight forward to see that T is strictly a-

a(z,y) =

admissible but not a,-admissible.

Now, we state our first F-contraction condition. Then we investigate the existence of fixed

points for the mapping satisfying this contraction condition.

Definition 3.4.5. A mapping 7' : X — CB(X) is a-F-contraction of Hardy-Rogers-type, if
there exist F' € § and 7 > 0 such that

r+ Fla(z,y)H(Tz, Ty)) < F(N(z,)), (3.58)
for each z,y € X, whenever min{a(z,y)H (Tz,Ty), N(z,y)} > 0, where

N(z,y) = ard(z,y) + asd(x, Tx) + aszd(y, Ty) + asd(x, Ty) + Ld(y, Tx),
with a1, a9, as,aq, L > 0 satisfying a1 + a2 + a3 + 2a4 = 1 and a3 # 1.

Theorem 3.4.6. Let T : X — CB(X) be an a-F-contraction of Hardy-Rogers-type satisfying

the following conditions:
(i) T is strictly a-admissible mapping;
(ii) there exist zp € X and x; € Ty with a(zg,z1) > 1;

(iii) for any sequence {z,} C X such that z,, — = and a(zy,,z,4+1) > 1 for each n € N, we

have a(zy,x) > 1 for each n € N.
Then T has a fixed point.

Proof. By hypothesis (ii), there exist g € X and z1 € Txo with a(zg,z1) > 1. If 21 € Ty,
then z is a fixed point of T'. Let x1 ¢ T'z1. As a(xg,x1) > 1, there exists x9 € T'zy such that

d(zy,x2) < a(xo, x1)H(Txo, Tx1). (3.59)
Since F is strictly increasing, we have
F(d(z1,22)) < F(a(xo, z1)H(Txo, Tx1)). (3.60)
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From (3.58), we have

T+ F(d(z1,22)) < 7+ F(a(zo,z1)H(Txo, Tx1))
< F(ald(xo, x1) + asd(xo, Txo) + azd(x1, Tx1) +
asd(xo, Tz1) + Ld(z1, Txo))
< F(ald(xo, x1) + agd(zo, 1) + azd(x1, x2) +
asd(xo, x2) + L.0>
< F(ald(xo, x1) + agd(xo, x1) + agd(x1, x2) +

a4(d(:130, 1‘1) + d(Il, x2)>

= F((a1+ a2+ ag)d(wo,21) + (a3 + ag)d(wr,72) ). (361)
Since F' is strictly increasing, we get from above that
d(z1,22) < (a1 + a2 + as)d(zo, 1) + (a3 + as)d(z1, 22).

That is,
(1 —asz — a4)d(x1,x2) < (a1 + as + a4)d(x0,x1).

As a1 + as + a3 + 2a4 = 1, thus we have
d(z1,22) < d(z0,71).

Now, from (3.61), we have
7+ F(d(z1,72)) < F(d(20,71))-

If 29 € Txo, then z9 is a fixed point of T. Let xo ¢ T'zo. Since, T is strictly a-admissible, we

have a(x1,x2) > 1. There exists 3 € Txs such that
d(xe,x3) < oz, x2)H(Tx1, Txe). (3.62)
Since, F' is strictly increasing, we have

F(d(ze,23)) < F(a(x1,x0)H(Tx1, Tx2)). (3.63)
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From (3.58), we have

T+ F(d(ze,23)) < 7+ F(a(xy,z2)H(Tx1,Tx2))
< F(ald(xl, x9) + agd(x1, Tx1) + asd(xe, T'xa) +
asd(x1, Txo) + Ld(z2, Tx1)>
< F(ald(azl, x2) + agd(z1, x2) + azd(x2, x3) +
asd(zy,x3) + L.O)
<

F(a1d(m1, x9) + agd(x1, x2) + agd(xa, x3) +

a4(d(x1, .%'2) + d(l‘g, .%‘3))

= F((al + ag + aq)d(x1,x2) + (a3 + aq)d(z2, l‘g))

Since F' is strictly increasing, we get from above that
d(z2,23) < (a1 + a2 + as)d(w1,72) + (a3 + as)d(z2, 3).

That is,
(1 —ag — aq)d(x2,x3) < (a1 + a2 + a4)d(x1, x2).

As a1 + as + a3 + 2a4 = 1, thus we have
d(zg,x3) < d(z1,z2).

Now from (3.64), we have
T+ F(d(ze,z3)) < F(d(x1,x2)).

So we have
F(d(xg,a?g)) § F(d(a:l,xg)) — T S F(d(afo,l’l)) — 27.

Continuing in the same way, we get a sequence {x,} C X such that
Tp € Txp_1, Tn_1 # oy and a(x,_1,x,) > 1 for each n € N.

Furthermore,
F(d(xp,xnt1)) < F(d(zg, 1)) — nt for each n € N.

(3.64)

(3.65)

Letting n — oo in (3.65), we get lim, o0 F(d(xn, Tpt1)) = —oo. Thus, by property (F»), we

have lim;,, o0 d(zp, Tnt1) = 0. Let d,, = d(xp,xp41) for each n € N. From (F3) there exists

k € (0,1) such that
lim d*F(d,) = 0.

n—o0

From (3.65) we have
d*F(d,) — d*F(dy) < —d®nt < 0 for each n € N.
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Letting n — oo in (3.66), we get
lim ndt = 0. (3.67)

n—oo

This implies that there exists ny € N such that ndfl < 1 for each n > ni. Thus, we have

1
dn < —75 for each n > ny. (3.68)
nl/k

To prove that {x,} is Cauchy. Counsider m,n € N with m > n > n;. By using the triangular
inequality and (3.68), we have

d(fL‘n, mm) < d(xna xn+1) + d(anrla l‘n+2> +-+ d(l'mfla xm)
m—1 00 o)
1
= ZdigzdiSZm-

Since Y 2, 11% is convergent series. Thus, lim, o d(2y, Ty) = 0. Which implies that {x,} is
Cauchy. As (X, d) is complete, there exists z* € X such that x,, — x* as n — oo. By condition
(iii), we have a(xy,,z*) > 1 for each n € N. We claim that d(z*,Tz*) = 0. On contrary suppose
that d(x*, Tz*) > 0, there exists ng € N such that d(x,,Tz*) > 0 for each n > ng. For each

n > ng, we have

dz*,Tz*) < d(z*,zp41) + d(@ps1, Ta")
< d(z*,xpt1) + a(xn, 2*)H(Tx,, Tx¥)
< d(x*, xpe1) + ard(xp, ) + aed(xy, Tni1) + asd(z™, Tx™) +
agd(xp, Tx") + Ld(z*, Tpy1). (3.69)

Letting n — oo in (3.69), we have
d(x*, Tz*) < (a3 + aq)d(z*, Tx*) < d(z*, Tz").
Which is a contradiction. Thus d(x*, Tx*) = 0. O

Example 3.4.7. Let X = NU {0} be endowed with the usual metric d(z,y) = |z — y| for each
z,y € X. Define T: X — CB(X) by

{0,1} ifz=0,1

{z -1z} fx>1
and o : X x X — [0,00) by

2 ifx,ye{0,1}

a(z,y) = if 2,y > 1

1
2
0 otherwise.
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Take F'(x) = x + Inz for each = € (0,00). Under this F, condition (3.58) reduces to

a(xv y)H(Txv Ty) a(zy)H(Tz,Ty)— N (z,y) —T
e\ ’ Y <e 3.70
Nz.w) . k.

for each x,y € X with min{a(x,y)H(Tx,Ty), N(x,y)} > 0. Assume that a1 = 1, as = a3 =
as = L =0 and 7 = 5. Clearly, min{a(z,y)H (Tz,Ty),d(z,y)} > 0 for each z,y > 1 with
x #y. From (3.70) for each z,y > 1 with x # y, we have

1 1 1
ezl Yl < 73,

Thus, T is a-F-contraction of Hardy-Rogers-type with F'(z) = x + Inz. For xy = 1, we have
x1 =0 € Txg such that a(xg,x1) > 1. Moreover, it is easy to see that T is strictly a-admissible
mapping and for any sequence {z,} C X such that z,, — x and a(zy,, zp+1) > 1 for each n € N,
we have a(z,,x) > 1 for each n € N. Therefore, by Theorem 3.4.6, T has a fixed point in X.

Remark 3.4.8. Note that [131, Theorem 3.4] is not applicable on above example with F(z) =

x + Inz. Since for z = 3 and y = 2, from (1.17), we have mel_‘“_“ < €727, which is

impossible.

Definition 3.4.9. A mapping T : X — CB(X) is a,-F-contraction of Hardy-Rogers-type, if
there exist F' € § and 7 > 0 such that

T+ F(aw(Tz, Ty)H(Tx,Ty)) < F(N(x,y)), (3.71)
for each z,y € X, whenever min{a.(Tz, Ty)H(Tz,Ty), N(x,y)} > 0, where
N(z,y) = a1d(z,y) + a2d(z, Tx) + asd(y, Ty) + asd(z, Ty) + Ld(y, Tx),
with a1, a9, a3, aq, L > 0 satisfying a1 + ao + a3z + 2a4 = 1 and ag # 1.

Theorem 3.4.10. Let T : X — C'B(X) be an a,.-F-contraction of Hardy-Rogers-type satisfying

the following conditions:
(i) T is strictly a,-admissible mapping;
(ii) there exist zp € X and x; € Ty with a(zg, 1) > 1;

(iii) for any sequence {z,} C X such that z,, — = and a(zy,,z,+1) > 1 for each n € N, we

have a(zy,x) > 1 for each n € N.
Then T has a fixed point.
Proof. The proof of this theorem is along the same lines as the proof of Theorem 3.4.6 is done. [

Remark 3.4.11. We may replace the condition (iii) of Theorem 3.4.6 and Theorem 3.4.10 by

continuity of 7.
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Definition 3.4.12. A mapping 7' : X — C'B(X) is a-F-contraction, if there exist a continuous
F in § and 7 > 0 such that

™+ F(a(w,y)H(Tz, Ty)) < F(M(x.y)), (3.72)

for each x,y € X, whenever min{a(z,y)H(Tz,Ty), M (z,y)} > 0, where

d(z,Ty) + d(y, Tx)
2

M(z,y) = max {d(z,y), d(x, Tx), d(y, Ty), } + Ld(y, Tx)
with L > 0.

Theorem 3.4.13. Let T': X — CB(X) be an a-F-contraction satisfying the following condi-

tions:
(i) T is strictly a-admissible mapping;
(ii) there exist xp € X and 1 € T'zy with a(zg,z1) > 1;

(iii) for any sequence {z,} € X such that z, — = and a(zy,,x,1+1) > 1 for each n € N, we
have a(zp,x) > 1 for each n € N.

Then T has a fixed point.

Proof. By hypothesis (ii), there exist 9 € X and z; € Txo with a(zg,z1) > 1. If 1 € Ty,
then x; is a fixed point of T. Let z1 ¢ Tx;. From (3.72), we have

T+ F(a(zo, z1)H(Txo, Tx1)) < F(max{d(wo,wl),d(:co,Txo),d(a:l,Ta;l),
d(z1,Txo) + d(xo, Tx1)

} + Ld(x1, Ta:g))

2
= F(max{d(mo,xl), d(x1, Txl)}). (3.73)
As a(xg, 1) > 1, there exists zo € Txy such that
d(z1,x2) < oo, 1) H(Tx0, Tx1). (3.74)
Since, F' is strictly increasing, we have
F(d(z1,22)) < F(a(zo,z1)H(Txo, Tx1)). (3.75)
From (3.73) and (3.75), we have
T+ F(d(z1,22)) < F(max{d(xg, 1), d(z1, T:@}). (3.76)

If we assume that max{d(zg,z1),d(x1,Tx1)} = d(x1,Tx1), then we have a contradiction to
(3.76). Thus, max{d(xo,x1),d(z1,Tz1)} = d(zo,x1). From (3.76), we have

T+ F(d(l’l,l'Q)) < F(d(xo,ml)). (377)
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Since T is strictly a-admissible, therefore a(xg, x1) > 1 implies a(z1,2z2) > 1. If z9 € Tz, then
x9 is a fixed point of T'. Let xo ¢ Txy. From (3.72), we have

T+ Fla(xy,x0)H(Tx1,Try)) < F(max {d(ml, x9),d(x1,Tr1),d(x2, T2s),
d(ajg, Ta:l) + d(wl, ng)

} + Ld(xo, Tx1)>

2
- F(max{d(wl,xg), d(zs, T@)}). (3.78)
As a(x1,x2) > 1, there exists xg € T'zo such that
d(xe,x3) < oz, x2)H(Tx1, Txe). (3.79)
Since F' is strictly increasing, we have
F(d(ze,23)) < F(a(x1,0)H(Tx1, Tx2)). (3.80)
From (3.78) and (3.80), we have
T+ F(d(22,23)) < F(max{d(xl, @), d(, Txg)}>. (3.81)

If we assume that max{d(x1,x2),d(x2,Tx2)} = d(x2,Tx2), then we have a contradiction to
(3.81). Thus, max{d(x1,x2),d(x2, Txe)} = d(x1,22). From (3.81), we have

T+ F(d(xe,z3)) < F(d(x1,x2)). (3.82)
From (3.77) and (3.82), we have
F(d(xze,23)) < F(d(xo, 1)) — 27. (3.83)
Continuing in the same way, we get a sequence {z,} C X such that
Ty € Txp_1, Tn_1 # xn and a(xy—1,zy,) > 1 for each n € N.

Moreover,
F(d(zpn, nt1)) < F(d(zg,21)) — nt for each n € N. (3.84)

Letting n — oo in (3.84), we get lim, o0 F'(d(zp, nt1)) = —oo. Thus, by property (Fz), we
have limy, o0 d(p, xpnt1) = 0. Let d,, = d(xp, zpy1) for each n € N. From (F3) there exists
k € (0,1) such that

lim d*F(d,) = 0.

n—o0

From (3.84) we have
d*F(d,) — d* F(dy) < —d®nr < 0 for each n € N. (3.85)
Letting n — oo in (3.85), we get

lim nd® = 0. (3.86)

n—oo
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This implies that there exists n; € N such that nde < 1 for each n > n;. Thus, we have

1
dy < /s for each n > n;. (3.87)

To prove that {z,} is Cauchy. Consider m,n € N with m > n > n;. By using the triangular
inequality and (3.87), we have

d(.’L’n, xm) < d(xm xn+1) + d(xn—&—la xn+2) i d($m—la xm)
m—1 00 o)
1
B SUE SIS o

Since > "2, 21% is convergent series. Thus lim,,_,cc d(zp, Tm) = 0. Which implies that {z,} is
Cauchy. As (X, d) is complete, there exists z* € X such that x,, — z*. By condition (iii), we
have a(xy,,z*) > 1 for each n € N. We claim that d(z*,T2*) = 0. On contrary suppose that
d(x*,Tx*) > 0, there exists ng € N such that d(z,,Tz*) > 0 for each n > ng. From (3.72), for

each n > ng, we have

T+ F(d(zpy1, Tx"))

IN

T+ Fla(xy,2*)H(Tx,, Tx"))
< F(max {d(scn, x¥),d(zy, Txy), d(x*, Tx™),

d(z*, Txy) + d(xy, Tx*)
2

} + Ld(x™, Ta:n)>
Letting n — oo in above inequality and by continuity of F', we get
T+ F(d(z*, Tz")) < F(d(z™, Tz")).
This implies 7 < 0. Which is a contradiction. Thus d(z*, Tz*) = 0. O

Definition 3.4.14. A mapping 7' : X — CB(X) is a,-F-contraction, if there exist a continuous
Fin § and 7 > 0 such that

T+ F(aw(Tx, Ty)H(Tx,Ty)) < F(M(x,y)), (3.88)

for each x,y € X, whenever min{o,(Tz, Ty)H (Tx,Ty), M(x,y)} > 0, where

d(z,Ty) + d(y, Tx)
2

M(z,y) = max {d(z,y), d(z, Tx), d(y, Ty), } + Ld(y, Tx)
with L > 0.

Theorem 3.4.15. Let T': X — CB(X) be an a,-F-contraction satisfying the following condi-

tions:
(i) T is strictly as-admissible mapping;

(ii) there exist zp € X and 1 € T'zy with a(zg,z1) > 1;

42



(iii) for any sequence {z,} C X such that z, — = and «o(zy,,zp4+1) > 1 for each n € N, we

have a(x,,x) > 1 for each n € N.
Then T has a fixed point.
Proof. The proof of this theorem is similar to proof of Theorem 3.4.13. 0

Remark 3.4.16. If we assume that T is continuous then we can leave condition (iii) and

continuity of F' from Theorem 3.4.13 and Theorem 3.4.15.

Consequences

In this section, we obtain some fixed point theorems as consequences of our results. It is worth

mentioning that these results are also new, according to our knowledge.

Metric space endowed with partial ordering

Here we prove some results for fixed points of multi valued mappings from a partially ordered
metric space (X,d, <) into the space of nonempty closed and bounded subsets of the metric

space. We begin this subsection by introducing the following definition.

Definition 3.4.17. A mapping 7' : X — CB(X) is Fj-contraction of Hardy-Rogers-type on
(X,d, X), if there exist F' € §, 7 > 0 and ¢ > 1 such that

T+ F(qH(Tx,Ty)) < F(N(z,v)), (3.89)
for each z,y € X with x <y, whenever min{qH (T'z,Ty), N(x,y)} > 0, where
N(z,y) = a1d(z,y) + asd(xz, Tx) + asd(y, Ty) + asd(z, Ty) + Ld(y, Tx),
with a1, a9, a3, aq, L > 0 satisfying a1 + ao + asz + 2a4 = 1 and ag # 1.

Theorem 3.4.18. Let T : X — CB(X) be an F-contraction of Hardy-Rogers-type on complete
(X, d, =) and satisfying the following conditions:

(i) for each x € X and y € Tz such that x < y, this implies y < z for each z € Ty;
(ii) there exist zo € X and 1 € Txo with z¢ < z1;

(iii) for any sequence {z,,} € X such that z, — = and z,, = x,41 for each n € N, we have

T, = x for each n € N.

Then, T has a fixed point.
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Proof. Define a: X x X — [0,00) by

qg fz=<y
afr,y) =
0 otherwise.

It is easy to see that all the conditions of Theorem 3.4.6 hold. Thus, T" has a fixed point. O

Definition 3.4.19. A mapping T': X — CB(X) is Fj-contraction on (X,d, <), if there exist a
continuous F' in §, 7 > 0 and ¢ > 1 such that

T+ F(qgH(Tx,Ty)) < F(M(z,y)), (3.90)

for each x,y € X with <y, whenever min{qH (Tz, Ty), M (z,y)} > 0, where

d(z,Ty) + d(y, Tx)
2

M(z,y) = max {d(x, y),d(xz, Tx),d(y, Ty), } + Ld(y, Tx)
with L > 0.

Theorem 3.4.20. Let T': X — CB(X) be an Fj-contraction on complete (X, d, <) and satis-

fying the following conditions:
(i) for each x € X and y € Tz such that x < y, this implies y < z for each z € Ty;
(ii) there exist xp € X and 1 € T'zy with zy < zy;

(iii) for any sequence {z,} C X such that z,, — = and z,, < x,41 for each n € N, we have

T, = x for each n € N.
Then, T has a fixed point.

Proof. Define a: X x X — [0,00) by

q ifz=y
afr,y) =
0 otherwise.

It is easy to see that all the conditions of Theorem 3.4.13 hold. Thus, T has a fixed point. [

Remark 3.4.21. If we replace assumption (i) of above results by
(i’): If < y, then we have Tz <, Ty, that is, for each a € Tx and b € Ty we have a < b.
Then Theorem 3.4.18 and Theorem 3.4.20 follow from Theorem 3.4.10 and Theorem 3.4.15,

respectively.
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Metric space endowed with graph

In this subsection, we derive some fixed point theorems for multi valued mappings from a metric
space (X, d), endowed with a graph, into the space of nonempty closed and bounded subsets of
the metric space. Throughout this subsection, we assume that G is a directed graph such that
the set of its vertices V' coincides with X (i.e., V' = X) and the set of its edges E is such that
E D A, where A = {(z,z) : « € X}. Let us also assume that G has no parallel edges. We can
identify G with the pair (V, F).

Definition 3.4.22. A mapping T': X — CB(X) is graphic Fy-contraction of Hardy-Rogers-
type on (X, d) endowed with the graph G, if there exist F' € §, 7 > 0 and ¢ > 1 such that

r+ F(qH(Tz, Ty)) < F(N(z,1)), (3.91)
for each z,y € X with (z,y) € E, whenever min{qH (T'z,Ty), N(x,y)} > 0, where
N(z,y) = ard(z,y) + azd(z, Tx) + azd(y, T'y) + asd(x, Ty) + Ld(y, T),
with a1, as, a3, aq, L > 0 satisfying a1 + ao + a3z + 2a4 = 1 and ag # 1.

Theorem 3.4.23. Let T : X — CB(X) be a graphic Fj-contraction of Hardy-Rogers-type on
complete (X, d) endowed with the graph G and satisfying the following conditions:

(i) for each x € X and y € Tz with (z,y) € E, this implies (y, z) € E for each z € Ty;
(ii) there exist xp € X and 21 € T'xy with (z,y) € E;

(iii) for any sequence {z,} C X such that z, — x and (2, zp4+1) € E for each n € N, we have
(zn,x) € E for each n € N.

Then, T has a fixed point.

Proof. Define av: X x X — [0,00) by

q if (z,y) € E
afz,y) =
0 otherwise.

It is easy to see that all the conditions of Theorem 3.4.6 hold. Thus, T" has a fixed point. 0

Definition 3.4.24. A mapping T': X — CB(X) is graphic Fy-contraction on (X, d) endowed
with the graph G, if there exist a continuous F' in §, 7 > 0 and ¢ > 1 such that

T+ F(qH(Tz,Ty)) < F(M(x,y)), (3.92)

for each z,y € X with (z,y) € E, whenever min{q¢H (Tx,Ty), M (z,y)} > 0, where

d(z,Ty) + d(y, Tx)
2

M(x,y) = max {d(x, y),d(z, Tx),d(y, Ty), } + Ld(y,Tx)

with L > 0.
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Theorem 3.4.25. Let T': X — C'B(X) be a graphic Fj-contraction on complete (X, d) endowed
with the graph G and satisfying the following conditions:

(i) for each x € X and y € Tz with (z,y) € E, this implies (y, z) € E for each z € Ty;
(ii) there exist z9 € X and x1 € Txo with (z,y) € E;

(iii) for any sequence {x,,} C X such that z,, — x and (z,,zy4+1) € E for each n € N, we have
(xn,z) € E for each n € N.

Then, T has a fixed point.

Proof. Define av: X x X — [0,00) by

q if (z,y) € E
ofz,y) =
0 otherwise.

It is easy to see that all the conditions of Theorem 3.4.13 hold. Thus, T has a fixed point. [

Remark 3.4.26. If we replace assumption (i) of above results by
(i"): If (x,y) € E, then we have (a,b) € E for each a € Tz and b € Ty.
Then Theorem 3.4.23 and Theorem 3.4.25 follow from Theorem 3.4.10 and Theorem 3.4.15,

respectively.

Application

As a consequence of our result, here, we establish an existence theorem for an integral equation.
Let X = (Cla,b],R) be the space of all real valued continuous functions defined on [a, b]. Note
that X is complete [121] with respect to the metric dr(z,y) = supycqp{|z(t) — y(t)le=IT}

Consider an integral equation of the form

h(t)
xz(t) = f(t) + /(t) K(t,s,xz(s))ds, (3.93)

for t,s € [a,b]. Where K : [a,b] X [a,b] x R — R and f,g,h : [a,b] — R are continuous functions
and g(t) < h(t) for each t € [a,b)].

Theorem 3.4.27. Let X = (Cla,b],R) and let T': X — X be the operator defined as
h(t)
Ta(t) = f(t) + / K(t, s, 2(s))ds, (3.94)
g(t)

for t,s € [a,b]. Where K : [a,b] X [a,b] x R — R and f,g,h : [a,b] — R are continuous
functions and g¢(¢) < h(t) for each t € [a,b]. Assume that there exist § : X — (0,00) and
a: X x X — (0,00) such that the following conditions hold:

46



(1) there exists 7 > 0 such that
‘K(tvsvx) - K(tvsay) <
for each ¢, s € [a,b] and x,y € X, moreover,
h(t) el™sl elrtl
[ e
oty Bx(s) +y(s)) a(z,y)
for each t € [a, b];
(ii) for z,y € X, a(x,y) > 1 implies a(Tz, Ty) > 1;
(iii) there exists g € X such that a(xg, Txo) > 1,

(iv) for any sequence {x,} C X such that x, — = and a(z,,zn4+1) > 1 for each n € N, we

have a(zp,x) > 1 for each n € N.
Then the integral equation (3.93) has a solution in X.

Proof. First we show that T is an a-F-contraction of Hardy-Rogers-type. For any x,y € X, we

have

h(t)
Ta(t) — Ty(t)] < / K (t,5,2(5)) — K (t, 5,y(s))|ds
g

g h(t) o7 ]
< / o BT )~ velds

- /hwml (s) = y(s)[e”I™la
=y Blals) +ylsy) ) YN

MOl
~7d,(z, S —
< ¢ldile y)/g@ B +yo) ™
e|7't| .
awy® @)

Thus, we have
oz, y)|Tx(t) — Tyt)|e ™ < e 7d-(x,y) for each ¢ € [a, b)].

Equivalently
a(@, y)d, (T, Ty) < ed, (2, ).

Clearly natural logarithm belongs to §. Applying it on above inequality, we get
In(a(z,y)d(Tz,Ty)) <In(e” "d(z,y)),

after some simplification, we get
7+ In(a(z, y)d-(Tz, Ty)) < In(d-(z,y)).

Thus, T is an a-F-contraction of Hardy-Rogers-type with a; = 1, a0 = a3 = a4 = L =0
and F(z) = Inz. All other conditions of Theorem 3.4.6 are immediately hold. Therefore, the
operator (3.94) has a fixed point, that is, the integral equation (3.93) has a solution in X. [
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3.5 Existence of best proximity points for controlled proximal

contraction

In this section, we discuss sufficient conditions which ensure the existence of best proximity
points for multi valued nonself mappings satisfying proximal contraction condition on closed
ball of a complete metric space. Moreover, we also study the stability of the best proximity
points for such mappings. The following results extend/generalize some results by Lim [100],
Abkar and Gbeleh [7]. Note that throughout this section: A and B are nonempty subsets of
(X, d). Further, in results, A and B are nonempty closed subsets of complete (X, d).

Definition 3.5.1. Let zg € Ao and B(zo,r) is a closed ball in (X,d). A mapping T : A —
CL(B) is said to be a proximal contraction on B(zg,r), if there exists a € (0,1) such that

H(Tz,Ty) < ad(z,y) for each x,y € B(xg,r) N A. (3.95)
Now we state and prove the first result of this section.

Theorem 3.5.2. Assume that Ap is nonempty and 7' : A — CL(B) be a mapping satisfying

the following conditions:
(i) for each x € Ag, we have Tz C By ;
(ii) the pair (A, B) satisfies weak P-property;

(iii) there exists xo € Ag such that T is a proximal contraction on the closed ball B(xg,r) and
d(zg, Txo) + dist(A, B) < (1 — /a)r.

Then T has a best proximity point in B(xg,r) N Ag.

Proof. By hypothesis (iii), we have xg € Ag such that T is a proximal contraction on closed ball
B(zo,r) and d(zo, Txo) + dist(A, B) < (1 —y/a)r. As zp € Ap. By (i), we have yo € Tzg C By.
Then there exists 21 € Ag such that

d(x1,y0) = dist(A, B). (3.96)
By using triangular inequality, hypothesis (iii) and (3.96), we have
d(zo, 1) < d(z0, Tzo) + d(Tx0, 1) < d(0, TT0) + d(30,21) < (1 — V)1 (3.97)
Since, z1 € Ag € A. Thus, 1 € B(zg,7) N A. From (3.95), we have
d(yo, Tx1) < H(Txo, Tx1) < ad(xg,x1)- (3.98)
As a > 0, then by Lemma 1.5.5, we have y; € T'xzy such that

d(yo,y1) < \}ad(y()’Txl) < Vad(xg, z1). (3.99)
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Since Tx1 C By, there exists 2o € Ag such that
d(za,y1) = dist(A, B). (3.100)
As (A, B) satisfies the weak P-property. From (3.96) and (3.100), we have
d(z1,22) < d(yo,y1)- (3.101)
From (3.99) and (3.101), we have
d(z1,22) < Vad(zo, z1). (3.102)

Consider the triangular inequality, (3.97) and (3.102), we have

IN

d(xo,x1) + d(x1,x2)
d(zo, 1) + vVad(zg, z1)

< I—-a)yr<r.

d(xo, SL‘Q)

IN

By construction, we have x9 € Ag C A. Thus zy € B(xo,7) N A. Again from (3.95), we have
d(y1,Txe) < H(Tx1,Txs) < ad(z1,x2). (3.103)
By using Lemma 1.5.5, we have yo € Tzy such that

. 12) < <=y, Ta) < Vad(ar, o) (3.104)
Since Txo C By, there exists x3 € Ag such that
d(z3,12) = dist(A, B). (3.105)
As (A, B) satisfies the weak P-property. From (3.100) and (3.105), we have
d(w2,73) < d(y1,y2). (3.106)
From (3.104) and (3.106), we have
d(z2,13) < Vad(z1,22) < ad(z, 71). (3.107)

By considering the triangular inequality, (3.102) and (3.107), we have

d(l‘(), xg) < d(l‘(), xl) + d(:zl, J,‘z) + d($2,$3)
[1+ Va + (Va)?ld(zo, x1)
< [T+ Va+ (Va1 - Vayr <r.

IN

As x3 € Ag C A. Thus, 3 € B(zo,r) N A. Continuing in the same way, we get two sequences
{z,} C Ay with z,, € B(xo,r) and {y,} C By with y,, € T'z,, such that

d(xpn, Yn—1) = dist(A, B) for each n € N. (3.108)
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Moreover,
d(zp, 2ni1) < dYn—1,yn) < (Va)"d(xq,x1) for each n € N. (3.109)

For n > m, we have

m—1 m—1 o0
d(p, ) < Z d(zi, i41) < Z(\/a)id(azg,a:l) < Z(\/&)id(xo,xl) < 0. (3.110)

Hence {z,} is Cauchy in B(zo,7) N A C A. Similar pattern shows that {y,} is Cauchy in B.
Since B(xg,r) N A is closed in A, and A, B are closed subsets of a complete metric space, there
exist * € B(xg,r) N A and y* € B such that x,, — z* and y, — y*. By the (3.108), we
conclude that d(z*,y*) = dist(A, B) as n — oo. Clearly, y* € Tz*, since, limy, o0 d(yn, T2*) <
limy, o0 H(Txy, Tz*) = 0. Hence dist(A, B) < d(z*,Tz*) < d(z*,y*) = dist(A, B). Therefore,
x* is a best proximity point of the mapping T O

Example 3.5.3. Let X = R? be endowed with metric d((x1,%1), (z2,y2)) = |z1 — 22|+ [y1 — y2|.
Suppose that A = {(1,2z) : z € R} and B = {(0,z) : x € R}. Define T': A — CL(B) by
{(0,0)} fx <0
T(1,z) = < {(0,0),(0,2/2)} if0 <z <10
{(0,2)} if z > 10.

Let us consider a ball B(xg,r) with g = (1,0.1) and r = 7.5. Then it is easy to see that T
is a proximal contraction on closed ball B((1,0.1),7.5) with o = %. Also, we have d(zo, Txo) +
dist(A, B) < (1 — \/a)r. Furthermore, Ay = A, By = B; for each € Ay we have Tx C By and
the pair (A, B) satisfies the weak P-property. Therefore, all the conditions of Theorem 3.5.2
hold and T has a best proximity point.

Corollary 3.5.4. Assume that Ag is nonempty and T : A — B be a mapping satisfying the

following conditions:
(i) for each x € Ag, we have Tz € By ;
(ii) the pair (A, B) satisfies the weak P-property;

(iii) there exists zp € Ag such that T is a proximal contraction on the closed ball B(zg,r), that
is,
d(Tz,Ty) < ad(z,y) for each x,y € B(xg,7) N A, (3.111)
and d(zo, Txo) + dist(A, B) < (1 — a)r.

Then T has a best proximity point in B(xg,r) N Ag.

If we assume that X = A = B, then Theorem 3.5.2 reduces to the following fixed point

theorem:
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Corollary 3.5.5. Let T': X — CL(X) be a mapping on complete (X,d). Assume that there
exist zp € X and «a € (0,1) such that

H(Tz,Ty) < ad(z,y) for each z,y € B(xo,r)

and d(zo,Tzp) < (1 —y/a)r. Then T has a fixed point.

Stability of Best Proximity points

Stability of fixed points for multi valued mappings was initially investigated by Markin [103] and
Nadler [111] with some strong conditions. Lim [100] proved the Stability of fixed points for multi
valued contraction mappings by relaxing the condition assumed by Markin [103]. Abkar and
Gbeleh [7] discussed the stability of best proximity points for nonself multi valued mappings. In
this section, we extend/generalize the stability theorems due to Abkar and Gbeleh [7], and Lim
[100].

In this section, By, and Br, denotes the sets of best proximity points of 17 and T5 respec-

tively.

Theorem 3.5.6. Assume that Ay is nonempty and 7; : A — CL(B), i = 1,2 be mappings

satisfying the following conditions:
(i) for each x € Ag, we have T;x C By, 1 = 1,2 ;
(ii) the pair (A, B) satisfies the weak P-property;

(iii) for each i = 1,2, there exists a; € Ap such that T; is proximal contraction on closed ball

B(aj,r;) with same « as a contraction constant, that is,
H(T;x, Tiy) < ad(z,y) for each z,y € B(a;,r;) N A, (3.112)
and d(a;, Tia;) + dist(A, B) < (1 — y/a)r;.

Then
H(Br,, Br,) < 1_1\/5[223 H(Tya, Toz) + 2dist(A, B)].
Proof. Let xg € By, then we have yy € Tz such that
d(xo,y0) < H(T1xo, Towg) + dist(A, B).
Since yg € Toxg C By, then we have 1 € Ag such that

d(z1,y0) = dist(A, B). (3.113)

We know that 75 is a proximal contraction for closed ball B(ag,r3). Without loss of generality,
we take ag = xo and ro = r such that d(zg,Toxg) + dist(A, B) < (1 — y/a)r. Clearly, z1 €
B(xo, ) N A, since z1 € Ag € A and

d(x(), .%'1) < d(l‘o,Tg&?o) + d(TQ.%’(), xl) < d(.ro,Tgl“o) + d(yo, xl) < (1 — \/&)r (3.114)
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By hypothesis (iii), we have
d(yo, Tox1) < H(Thxo, Tox1) < ad(xg,x1). (3.115)
As a > 0, then by Lemma 1.5.5, we have y; € Thxy such that

d(yo,y1) < \}ad(yOaTQIEl) < Vad(zg, 21). (3.116)
Since Thx1 C By, there exists x9 € Ag such that

d(x2,y1) = dist(A, B). (3.117)
As (A, B) satisfies the weak P-property. From (3.113) and (3.117), we have

d(z1,22) < d(yo,11)- (3.118)
From (3.116) and (3.118), we have

d(a?l,xg) § J&d(xo,wl). (3.119)

Consider the triangular inequality, (3.114) and (3.119), we have

IN

d(a;o,azl) + d(:vl,:cg)
< d(zg,21) + Vad(zo, 1)
(1—a)r<r.

d(xo,an)

A

IN

Also, x9 € Ay C A. Thus, x2 € B(xp,r) N A. Continuing in the same way, we get two sequences
{z,} C Ay with z,, € B(zo,7) N A and {y,} C By with y, € Thx, such that

d(xp, yn—1) = dist(A, B) for each n € N. (3.120)
Moreover,
d(zn, Tnt1) < d(Yn-1,9n) < (V@)"d(xo, 1) for each n € N. (3.121)
For n > m, we have
m—1 m—1 ‘ 00 .
A(wn, ) <Y dlwsxiin) < Y (Va)d(ze,z1) < (Va)d(zo, z1) < oc. (3.122)

Hence {z,} is Cauchy in B(zg,7) N A C A. Similar pattern shows that {y,} is Cauchy in B.
Since B(zg,r) N A is closed in A, and A, B are closed subsets of a complete metric space, there
exist u* € B(xzg,r) N A and v* € B such that x,, — v* and y, — v*. By the (3.120), we
conclude that d(u*,v*) = dist(A, B) as n — oo. Clearly, v* € Tou*. Then we have dist(A, B) <
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d(u*, Tou*) < d(u*,v*) = dist(A, B). Therefore u* is a best proximity point of T». Now, we

have

d(zg,u”) < Z d(xn, Tni1)
n=0

IA

S (V) d(zo, 21)

n=0

1
= d(xo, 961)

B

1

1
= [d(x0,y0) + dist(A, B)]
1— Vo«
1

1— o

[d(ﬂ?o, yO) + d(y0> $1)]

B

3

IN

[H(Tll‘o, TQ{IZ‘()) + Qdist(A, B)]

3

Similarly, if x, € Br,, then we have u* € By, such that

d(ro,u™) < [H(T1xo, Toro) + 2dist(A, B)].

1
—Va

—_

Thus, we have

1
[sup H(Thz, Tox) + 2dist(A, B)].

H(Bry, Br,) <
(Br Br) < 1l

—_

O

Example 3.5.7. Let X = R? be endowed with metric d((x1,91), (22,y2)) = |21 — 22|+ |y1 — y2|.
Suppose that A = {(1,z) : z € R} and B = {(0,2) : x € R}. Define 71,75 : A — CL(B) by
{(0,0)} ifz <0
Ti(1,z) = { {(0,0), (0,2/2)} if0 <z <10
{(0,z)} if = > 10,

and
{(0,1)} ifx<1

{(0,1), (0, (z +1)/2)} ifa>1.

Tg(l, .’E) =

It is easy to see that T} is a proximal contraction on closed ball B(zg = (1,0.1),r = 7.5) with
o = 3 and d(zg, Txo) + dist(A,B) < (1 — \/a)r. Further, T5 is a proximal contraction on
closed ball B(zq = (1,1.25),r = 8) with a = 3 and d(z1,T21) + dist(A, B) < (1 — \/a)ry.
Furthermore, it is easy to see that Ag = A, By = B, for each x € Ay we have T;x C By for each
i = 1,2 and the pair (A, B) satisfies the weak P-property. As all the conditions of Theorem
3.5.6 hold. Thus the conclusion holds. That is,

H(Br, Br,) < - g loup H(Tyz Tya) + 2dist(4, B).

Note that By, = {(1,0)} and Bp, = {(1,—1),(1,1)}. Therefore H(Br,, Bp,) = 1.
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Let Fr, and Fr, denotes the sets of fixed points of T and 7% respectively. If we assume that
X = A = B, then Theorem 3.5.2, reduces to following stability theorem:

Corollary 3.5.8. Let T; : X — CL(X), i = 1,2 be mappings on complete (X, d). Assume that

there exist « € (0,1) and aq, a2 € X such that for each i, we have
H(Tix, Tiy) < ad(z,y) for each z,y € B(a;, ;) (3.123)
and d(a;, Tya;) < (1 — /a)r;. Then

1
H(Fr,, Fr,) < -——=sup H(Tyz, Tbx).
1—Va €A

Note that in this theorem B(a;,7;) are closed balls.

Remark 3.5.9. If r1, ry are sufficiently large such that B(aj,r1) and B(ag,72) are equal to X.

In this case, from Corollary 3.5.8, we get

Corollary 3.5.10. (Lim [100, Lemma 1|) Let T; : X — CL(X), i = 1,2 be a-contractions on
complete (X, d), that is,

H(T;x, Ty) < ad(z,y) for each z,y € X

where o € (0,1). Then

1
H(FT17FT2) < sup H(qujaTQx)-
-« zeX
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Chapter 4

Fixed Point Theorems in Abstract

Spaces

In this chapter, we investigate the existence of fixed points for single valued /multi valued map-
pings on some abstract spaces, like uniform spaces, partial metric spaces, b-metric spaces, gauge
spaces and b-gauge spaces. This chapter consists of five sections. In first section, we investigate
the existence of fixed points for single valued mappings, while in the remaining four sections we
discuss multi valued mappings and existence of their fixed points. This chapter also contains
some supporting examples, consequences of the main results and possible applications of few

main results.

4.1 Fixed point of a-i-contractive type mappings in uniform

spaces

In this section, we consider the characterization of the notion for a-i-contractive mapping in
the context of uniform spaces and prove some fixed point theorems by using this concept. We
also use a-admissible pairs to investigate the existence of common fixed points in the setting
of uniform spaces. Further, we establish some examples to illustrate the main results of this
section. Throughout this section: X is a nonempty set endowed with a uniform structure 9,
that is, (X,9) is uniform space, and with p as an E-distance. Further, in results, (X,?) is a

S-complete Hausdorff uniform space such that p is an E-distance on X.

Definition 4.1.1. A mapping T : X — X is an a-y-contractive mapping if there exist two
functions o : X x X — [0,00) and ¢ € ¥ such that

a(z,y)p(Tx, Ty) < Y(p(z,y)), for all z,y € X. (4.1)

Theorem 4.1.2. Let T : X — X be an a-y-contractive mapping satisfying the following

conditions:
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(i) T is a-admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1 and a(Txg, xo) > 1;
(iii) 7T is p-continuous.
Then T has a fixed point.

Proof. By hypothesis (ii) of theorem we have xy € X such that a(zg,T'z¢) > 1. Define the
sequence {z,} in X by zp11 = T, for all n € NU{0}. If x,, = xpy+1 for some ng, then z,,
is a fixed point of T. So, we can assume that x, # x,41 for all n. Since T is a-admissible, we
have

a(xzo,r1) = a(xg, Txg) > 1= a(Txo, Tx1) = a(x1,22) > 1

Inductively, we have
a(ZTp, Tpe1) > 1, for all n € NU{0}. (4.2)

From (4.1) and (4.2), it follows that, for all n € N, we have
P(@n, Tt1) = p(TTn-1,Tn) < (Tp—1,2n)p(TTn—1,Txn) < Y(P(Tn-1,2n)). (4.3)
Iteratively, we derive that

p(xnal'nJrl) < ¢n(p($07$1)), for all n € N.

Since p is an F-distance then for m > n, we have

p(«Tnyxm) < p(mnaxn—l—l) + - +p($m—1,$m)
< P (p(zo, 1)) + V" (p(20,21)) + -+ - + V™ (p(20, 71)). (4.4)

To show that {z,} is a p-Cauchy sequence, consider

Sp = Zﬂ)k(p(l‘o, 1))
k=0
Thus from (4.4) we have
p(xnyxm) < Sm—1—5Sn-1. (45)

Since 1) € W, there exists S € [0, 00) such that lim,_,o S, = S. Thus by (4.5) we have

lim p(zp, zm) = 0. (4.6)

n,Mm—00

Since p is not symmetric, by repeating the same argument we have

lim p(zm,x,) =0. (4.7)

n,Mm—00
Hence the sequence {z,} is a p-Cauchy in the S-complete space X. Thus, there exists u € X
such that lim, . p(2n,u) = 0 which implies lim, oo, = w. Since T is p-continuous, we
have limy, oo p(Txp, Tu) = 0, which implies that lim, o (zn4+1,Tu) = 0. Hence we have

limy, 00 p(2n, u) = 0 and lim, o0 (2, Tu) = 0. Thus by Lemma 2.1.4-(a) we have u = Tu. O
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In the following theorem, we omit the p-continuity by replacing a suitable condition on the

obtained iterative sequence.

Theorem 4.1.3. Let T : X — X be an a-t¢-contractive mapping satisfying the following

conditions:
(i) T is a-admissible;
(i) there exists xg € X such that a(xg, Txo) > 1 and a(Txg, o) > 1;

(iii) for any sequence {z,} in X with z,, = z and a(zy,zn+1) > 1 for each n € NU {0}, then
a(xy, ) > 1 for each n € NU{0}.

Then T has a fixed point.

Proof. By following the proof of Theorem 4.1.2, we know that {x,} is a p-Cauchy in the S-
complete space X. Thus, there exists v € X such that lim,_ o p(zn,u) = 0 which implies

lim,, o0 , = u. By using (4.1) and assumption (iii), we get

IN

p(meu) p(xnvxn—l-l) +p(xn+1vTu)

IN

(T, Tnt1) + @z, w)p(Txy, Tu)

IN

P(@n, Tnt1) + (P2, u)).

Letting n — oo in above inequality, we shall have lim, o p(2n,Tu) = 0. Hence we have

lim, 00 p(zn, u) = 0 and limy, o0 p(zy, Tu) = 0. Thus by Lemma 2.1.4-(a) we have u = T'u. O

Example 4.1.4. Let X = {1 : n € N} U {0} be endowed with the usual metric d. Define
¥ = {Uc|e > 0}. It is easy to see that (X)) is a uniform space. Define T': X — X by

0 ifx=0
Ty = ﬁiffc:%:n>l (4.8)
1 ifz=1,

and o : X x X — [0,00) by

1 ife,ye X —{1}
a(z,y) = (4.9)
0 otherwise,

and ¥(t) = % for all £ > 0. One can easily see that T is a-y-contractive and «-admissible

mapping. Also for xg = % we have a(zg,Txo) = a(Txg,z9) = 1. Moreover, for any sequence
{z,} in X with x,, - z and a(x,_1,2,) = 1 for each n € N we have a(z,,z) = 1 for each

n € N. Therefore by Theorem 4.1.3, T" has a fixed point.

In the sequel, we investigate the uniqueness of a fixed point. For this purpose, we introduce

the following condition.

o7



(H) For all z,y € Fix(T), there exists z € X such that a(z,z) > 1 and a(z,y) > 1.

Here, Fix(T") denotes the set of fixed points of T'.

The following theorem guarantees the uniqueness of a fixed point.

Theorem 4.1.5. Adding the condition (H) in the hypothesis of Theorem 4.1.2 (respectively,

Theorem 4.1.3), we obtain the uniqueness of fixed point of T'.

Proof. Suppose, on the contrary, that v € X is another fixed point of T'. From (H), there exists
z € X such that
a(z,u) > 1 and a(z,v) > 1. (4.10)

Owing to the fact that T is a-admissible, from (4.10), we have
a(T"z,u) > 1 and a(T"z,v) > 1, for all n € NU{0}. (4.11)

We define the sequence {z,} in X by 2,41 =Tz, = T"z for all n € NU {0} and 2y = z. From
(4.11) and (4.1), we have

P(zni1,u) = p(T2n, Tu) < a(zn, w)p(T2n, Tu) < P(p(zn, u)), (4.12)
for all n € NU {0}. This implies that
p(zm, ) < 7 (p(20,u)), for all n € N.

Letting n — oo in the above inequality, we obtain

lim p(zp,u) = 0. (4.13)
n—o0

Similarly,
lim p(z,,v) =0. (4.14)
n—oo

From (4.13) and (4.14) together with Lemma 2.1.4-(a), it follows that v = v. Thus we have
proved that u is the unique fixed point of T O

Abdeljawad [5] introduced the following definition.

Definition 4.1.6. [5] A pair of two self mappings 7, Q : X — X is said to be an a-admissible,
if for any z,y € X with a(z,y) > 1, we have o(Tx,Qy) > 1 and a(Qx, Ty) > 1.

Definition 4.1.7. A pair of two self mappings T, Q : X — X is said to be an a-i-contractive
pair if
a(z,y) max{p(Tz,Qy), p(Qz,Ty)} < Y(p(z,y)), (4.15)

for each x,y € X, where 1) € .
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Theorem 4.1.8. Suppose that the pair of T,Q : X — X is an a-y-contractive pair satisfying

the following conditions:
(i) (T, Q) is a-admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1 and a(Txo, o) > 1;

(iii) for any sequence {z,} in X with z,, = x and a(zy,zn+1) > 1 for each n € NU {0}, then
a(xp,x) > 1 for each n € NU{0}.

Then T and @ have a common fixed point.

Proof. By hypothesis (ii) of theorem, we have ¢y € X such that a(xg, Tzg) > 1 and a(Tzo, xg) >

1. Since (7, Q) is an a-admissible pair, then we can construct a sequence such that
Txon = Tont1, QTont1 = Tonte and a(Tp, Tny1) > 1, a(zpt1,2,) > 1, for all n € NU{0}.

From (4.15) for all n € NU {0}, we have

P(Ton+1, Ton+2) P(Tx2n, QT2n41)

< a(xon, Tont1) max{p(Tzan, Qront1), p(Qr2n, TTon+1)}
< Y(p(z2n, Tan+1))-
Hence, we conclude that
P(T2n41, Tony2) < Y(p(22n, Tant1))- (4.16)

Similarly, we find that

P(T2n+2, T2n+t3) P(Qxan+1, TTon42)

IN

a(xon+1, Tont2) max{p(Tront1, QTon+2), P(QT2n11, TTon12)}

IN

Y(p(T2n+1, T2nt2))-
Hence, we derive that
P(T2n+2, Tant3) < Y(p(T2n41, Tont2)). (4.17)
Thus from (4.16) and (4.17), and by induction, we get
P(xn, Tpt1) < " (p(xo,21)), for all n € N. (4.18)

We shall show that {x,} is a p-Cauchy sequence. Since p is an E-distance then for m > n, we

have

p<wn7$m) < p(xnv xn—l—l) + - +p($m—17$m)
V" (p(zo,21)) + " (p(wo, 21)) + -+ - + " (p(wo, 21)). (4.19)

IN
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Now, we shall consider

Thus, from (4.19) we have
P(Tn; Tm) < Sm-1 — Sn—1. (4.20)

Since ¥ € ¥, there exists S € [0, 00) such that lim,_,~ S, = S. Thus, by (4.20) we have

lim p(zp,zm) =0. (4.21)

,1M—+00

Since p is not symmetric, by repeating the same argument we have

lim p(zm,x,) =0. (4.22)

n,Mm—0o0
Hence the sequence {x,} is p-Cauchy in the S-complete space X. Thus, there exists u € X such
that limy,_co p(2n, ) = 0 which implies limy, oo T2, = limy, 00 QT2p+1 = u. By using (4.15)

and assumption (iii), we get

IN

(T, Tu) P(Zn, Tont2) + D(T2n+2, Tw)

IN

( )
P(Tn; Tant2) + p(Qr2n41, Tw)
P(Tn, Tont2) + a(ront1, v) max{p(Tran+1, Qu), p(Qrant1, Tu)}
( )

IN

p(Zn, Tant2) + Y(P(T2n41, 1)) (4.23)

Letting n — oo in (4.23), we have p(z,,Tu) = 0. Hence we have lim,_,o p(zn,u) = 0 and
lim,, o0 p(zy, Tu) = 0. Thus by Lemma 2.1.4-(a) we have u = Tu. Analogously, one can derive
u = Qu. Therefore u = Tu = Qu. ]

Remark 4.1.9. Note that Theorem 4.1.8 is valid if one replace condition (ii) with
(ii)> there exists zp € X such that a(zg, Qxo) > 1 and a(Qxo, z) > 1.
We shall get the following result by letting @@ = I (that is, identity map) in Theorem 4.1.8.

Corollary 4.1.10. Suppose that a mapping T': X — X is satisfying the condition

a(z,y) max{p(Tz,y),p(z,Ty)} < P(p(z,y)),
for each z,y € X, where v € U. Also suppose that the following conditions are satisfied:
(i) T is a-admissible;
(i) there exists xg € X such that a(xo, Txo) > 1 and a(Tzg, xo) > 1;

(iii) for any sequence {z,} in X with z,, = x and a(z,, xn+1) > 1 for each n € NU {0}, then
a(xp,x) > 1 for each n € NU{0}.
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Then T has a fixed point.

Example 4.1.11. Let (X,d) is a dislocated metric space where X = {I : n € N} U {0} and
d(x,y) = max{x,y}. Define ¥ = {U|e > 0}, where U, = {(x,y) € X? : d(z,y) < d(x,z) + €}.
It is easy to see that (X, ) is a uniform space. Define T': X — X by

0 ifz=0
1 ifz=1,
and @ : X — X by
0 ifz=0
Q=144 ifz==~1:n>1 (4.25)
1 ifx=1,

and o : X x X — [0,00) by

1 ife,ye X —{1
a(z,y) = L (4.26)
0 otherwise,

and ¢(t) = £ for all t > 0. One can easily see that (T, Q) is an a-¢-contractive and a-admissible

pair. Also for 29 = £ we have a(z, Tzo) = o(Txo,0) = 1. Moreover for any sequence {z,} in
X with z,, = x and a(xy,, 2p4+1) > 1 for each n € NU {0} we have a(z,x) > 1 for each n € N.
Therefore by Theorem 4.1.8, T' and @) have a common fixed point.

To investigate the uniqueness of a common fixed point, we introduce the following condition.
(I) For each z,y € CFiz(T,Q), we have a(z,y) > 1, where CFiz(T,Q) is the set of all

common fixed points of T" and Q.

Theorem 4.1.12. Adding the condition (/) in the hypothesis of Theorem 4.1.8, we obtain the

uniqueness of common fixed point of T" and Q.

Proof. On the contrary suppose that u,v € X are two distinct common fixed points of T' and
Q. From (/) and (4.15) we have

p(u,v) < a(u,v) max{p(Tu, Qv), p(Qu, Tv)} < Y (p(u,v)) < p(u,v),

which is impossible for p(u,v) > 0. Consequently, we have p(u,v) = 0. Analogously, one can
show that p(v,u) = 0. Thus we have u = v, which is a contradiction to our assumption. Hence

T and @ have a unique common fixed point. O
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Consequences

Taking in Theorem 4.1.5, a(z,y) = 1 for all =,y € X, we immediately obtain the following fixed

point theorems.

Corollary 4.1.13. Let T : X — X be a given mapping. Suppose that there exists a function
1) € U such that

p(Tx, Ty) < (p(z,y)),

for all x,y € X. Then T has a unique fixed point.
By substituting 1 (t) = kt, where k € [0,1), in Corollary 4.1.13, we get the following

Corollary 4.1.14. Suppose that T': X — X be a given mapping satisfying

p(Tz, Ty) < kp(,y),
for all x,y € X, where k € [0,1). Then T has a unique fixed point.

Taking in Theorem 4.1.12, a(z,y) = 1 for all z,y € X, we immediately obtain the following

common fixed point theorem.

Corollary 4.1.15. Let T,Q : X — X be given mappings. Suppose that there exists a function
1 € U such that

max{p(Tz, Qy),p(Qz,Ty)} < ¢Y(p(z,y)),

for all z,y € X. Then T and @ have a unique common fixed point.
Taking in Corollary 4.1.10, a(x,y) = 1 for all z,y € X, we obtain the following result.

Corollary 4.1.16. Let T': X — X be a given mapping. Suppose that there exists a function
1 € ¥ such that

max{p(Tz,y), p(z, Ty)} < ¥(p(z,y)),

for all x,y € X. Then T has a unique fixed point.

The notion of cyclic contraction was introduced by Kirk et al. [94]. The main advantage of the
cyclic contraction is that the mapping satisfying this condition is not needed to be continuous. It
has been appreciated by several authors, see e.g. [87, 88, 114, 124| and related reference therein.
Now we show that a fixed point theorem for a mapping satisfying the cyclic contraction can also

be obtained from our result.

Corollary 4.1.17. Let A;, As are nonempty closed subsets of X with respect to the topological
space (X, 7(9)). Let T:Y — Y be a mapping, where Y = U?_| A;. Suppose that the following

conditions hold:

(i) T(A1) C Ay and T'(Ay) C Ay;
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(ii) there exists a function 1 € ¥ such that

p(Tx, Ty) < (p(z,y)), for all (x,y) € A1 x As.

Then T has a unique fixed point that belongs to A; N As.

Proof. Since A; and Ag are closed subsets of X, then (Y,d) is S-complete Hausdorff uniform
space. Define the mapping a: Y x Y — [0,00) by

( ) 1if (x,y) € (A1 XAQ)U(AQ ><A1),
a(r,y) =
Y 0 otherwise.

From (ii) and the definition of «, we can write

oz, y)p(Tx, Ty) < (p(x,y)),

for all x,y € Y. Thus T is an a-y-contractive mapping.

Let (z,y) € Y x Y such that a(z,y) > 1. If (z,y) € A1 x Ay, from (i), (Tz,Ty) € Ay x Ay,
which implies that o(Tz,Ty) > 1. If (x,y) € As x Ay, from (i), (Tx,Ty) € A1 x Ay, which
implies that «(Tz,Ty) > 1. Thus in all cases, we have a(Tz,Ty) > 1. This implies that T is
a-admissible.

Also, from (i), for any a € A;, we have (a,Ta) € Ay x Ay, which implies that a(a, Ta) > 1.

Now, let {z,,} be a sequence in X such that a(xy,, zn41) > 1 for all n and z,, - = € X. This

implies from the definition of « that
(wn,xn+1) € (Al X Ag) U (A2 X Al), for all n.

Since (A1 x A2) U (Aa x Aj) is a closed subsets of X with respect to the topological space
(X, 7(9)), we get that
(x,2) € (A1 X Ag) U (A x Ay),

which implies that x € A1NAy. Thus we can easily get from the definition of o that a(xy,, x) > 1
for all n.

Finally, let x,y € Fix(T). From (i), this implies that z,y € A; N As. So, for any z € Y, we
have a(z,2) > 1 and «a(z,y) > 1. Thus condition (H) is satisfied.

Now, all the hypotheses of Theorem 4.1.5 are satisfied, and we deduce that T has a unique
fixed point that belongs to A; N Ay (from (i)). O

4.2 Fixed point theorem for a new type of multi valued con-
traction on partial Hausdorff metric spaces endowed with a

graph

Jachymski [75] introduced the notion of Banach G-contraction to extend the notion of Banach

contraction, where G is a graph in the metric space whose vertex set coincides with the metric
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space. He obtained some fixed point theorems for such mappings on complete metric space
endowed with graph. Afterwards, many authors extended Banach G-contraction for single as
well as for multi valued case, see for examples: Aleomraninejad et al. [13], Asl et al. [36], Beg
et al. [41], Bojor [45, 46, 47|, Nicolae et al. [113]|, Samreen and Kamran [130, 82, 129], and
Tiammee and Suantai [133].

In this section, we first give a generalization of the comparison function by introducing
the notion, called K-comparison function. With the help of this notion we introduce a new
contractive condition on the structure of partial Hausdorff metric spaces endowed with a graph,
called Kg-contractive condition. We further investigate the existence of fixed points for those
mappings satisfying Kg-contractive condition.

Following is the definition of K-comparison function.

Definition 4.2.1. A mapping ¢ : [0,00) — [0, 00) is said to be a K-comparison if the following

conditions hold:

(i) for each t > 0, we have ((t) < t;

(i) ¢(0) = 0.

Note that any comparison or (¢)-comparison function is K-comparison function but converse

is not true in general.

Example 4.2.2. Let { : [0,00) — [0,00) be a mapping such that

L ifo<t<2
¢(t) =
V/t otherwise.

Then, ( is a K-comparison function which is neither a comparison nor a (¢)-comparison function.

We denote the class of K-comparison functions by K. Throughout this section: X is a
nonempty set endowed with a partial metric p, that is, (X, p) is a partial metric space, and with
a directed graph G, where the directed graph G = (V, E) is such that the set of its vertices
V = X and the set of its edges contains all loops but has no parallel edge. Unless otherwise

stated.

Definition 4.2.3. A mapping T : X — CB,(X) is said to be a Kg-contractive, if there exists
¢ € R with sup;+ @ < 1 such that

(i) for each (x,y) € E with x # y, we have

p(x, Tx) + p(y, Ty) p(x,TyHP(vaf’f)}); (4.27)

Hp(T.fU,Ty) S §<ma'x {p(x7y)7 2 1) 2
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(ii) if s € Tz and t € T'y are such that

p(s,t) < p(z,y), (4.28)
then we have (s,t) € E, whenever (z,y) € E with x # y.

Jachymski |75] imposed the following property on the metric space to replace the continuity
of a mapping satisfying the Banach G-contraction. We use this property in our result.
Property (A): ([75], Remark 3.1). For any sequence {z, }nen in X, if ,, = x and (zy, p41) €
E for n € N, then (z,,z) € E.

In all the results of this section we assume that (X,p) is a complete partial metric space

endowed with the graph G and Property (A).

Theorem 4.2.4. Let T': X — CB,(X) be a Kg-contractive mapping. Assume that there exist
xo € X and z; € Txg such that (xg,x1) € E. Then T has a fixed point.

Proof. By hypothesis, we have zo € X and z1 € Txg such that (xo,z1) € E. If 29 = x1, then
xo is a fixed point. Suppose that z¢ # x;. Since T is a Kg-contractive mapping, from (4.27),

we have

p(xo, Txo) + p(x1,Tx1) plxo, Tz1) + p(x1, Txo) })
2 ’ 2

p(x1,Tx1) plxo, Txr) + p(x1, Txo)
’ 2

Hp(T.’L'(],Tlvl) < {(max {p(x()axl)a
p(x07Tx0)

}. (4.29)

< max {p(azo, x1),

AN

t)

Then, there exists a1 € (0,!], where | = sup,~q , and obviously a; depends on zg and =z,

such that

o~ ‘

p(xo, Txo) + p(z1, Tx1) p(ro, Txr) + p(z1, Txo)
2 ’ 2

H,(Txo,Tx1) < a; max {P(l“o, x1),

}. (4.30)

Since a; < 1, then 1/,/a; > 1. Thus, by using Lemma 2.2.13, we have xy € Tz such that

1
p(x1, ) < \/TTHP(Tmexl)' (4.31)

From (4.30) and (4.31), we get

p(xo,x1) +p(T1,x2) p(To,x2)+ p(x1, 21
px1,72) < \/Emax{19(3;07;151)7 ( )2 ( )7 ( )2 ( )}

< Vay max{p(xg,z1), p(r1,x2)}. (4.32)

A

If we assume that max{p(zo, 1), p(z1,z2)} = p(z1,22), then we get a contradiction to (4.32).

Thus, max{p(xg, z1), p(x1,z2)} = p(xo,x1). From (4.32), we have

p(z1,72) < \/aip(wo, z1) < p(wo, 1) (4.33)
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From (4.28) and (4.33), we have (z1,22) € E. If x; = 2, then z; is a fixed point. Suppose that
x1 # x2. Again, from (4.27), we have

T T T T
H(Ton Ten) < (e {oton ), T2 - pen Ton) ploTou) +plon T)

p(x1,Tx1) + p(z2, Tx2) p(xi,Txe) + p(z2, Ta1) }
2 ’ 2 '

Then, there exists az € (0,1], and obviously as depends on x; and x9, such that

<  max {p(a:l, x2),

plensTen) +planTan) plonsTe) +plenTon) -y gy
2 ’ 2 o

Since ag < 1, then 1/ /as > 1. Again by using Lemma 2.2.13, we have 3 € Tz such that

Hy(Txy,Txz) < az max {P(fﬂl, r3),

1
p(xe, x3) < \/—CTQHP(Ttha:g). (4.35)

From (4.34) and (4.35), we get

p(x1,x2) + p(x2,x3) p(T1,23) + P(T2, T2
p(z2,23) < \/Hmax{p(xl,@), ( )2 ( )7 ( )2 ( )}

< Vaimax{p(z1,x2),p(x2, x3)}. (4.36)

N

If we assume that max{p(z1,z2),p(xe,x3)} = p(z2,x3), then we get a contradiction to (4.36).

Thus, max{p(x1, z2), p(x2,x3)} = p(x1,x2). From (4.36), we have

p(x2, 3) < \fagp(r1,22) < p(x1,22). (4.37)
Also, we have
p(x2, x3) < Jasp(z1,x2) < v/az\/aip(zo, x1).

Continuing the same way we get sequences {a,} C (0,!] and {z,,} C X such that z,, € Tzy,_1,
Tp—1 # xp and (zp—1,zy,) € E, with

P(Tn, Tnt1) < Van/an_1 - J/a1p(zg,z1) for each n € N.

Let n,m € N, by using the triangular inequality, we have

n+m—1
p($n7 xn—l—m) < p($’m xn—&—l) + p($n+17 mn—&—?) + - +p(xn+m—17 xn—i—m) - Z p(%‘, $z)
i=n+1
< P(l”n, xn—&-l) +p(33n+1) xn+2) +-- p(xn—&-m—lvxn—i-m)
< Vany/an—1 - Jarp(zo, v1) + /a1y an - - - J/arp(wo, 21)

+- \/an—f—m—l\/an—l—m—Q T \/ap(xo, xl)' (4'38)

Let b = sup{,/a; : i € N}, clearly, b < 1. Then from (4.38), we get

P(Zn, Tnem) < Vany/Qp—1-""* \/ap(x(b r1) + Van+1y/0n " - \/ap(w()’ 1)
+ -+ Vansm—1vV@nym—2 - - - /a1p(zo, x1)
[bn + bn—i—l 4t bn+m_1}p($o, -Tl)

bn
TP (%o 21). (4.39)

IN
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Consequently, we have

dp(wml'n—km) < 2p(xnawn+m) <

b”’l

mp(él?o, 371)-

Thus, we conclude that {z,} is Cauchy in (X,d,). Since (X,p) is a complete partial metric

space, by Lemma 2.2.9-(b), (X,d)) is a complete metric space. Then there exists 2* € X such

that x, — 2* € X with respect to d,. By Lemma 2.2.8, we have

p(z*,z") = lim p(zyp,2") = lim p(xn, Tpem) = 0. (4.40)

n—o0 n—o0

By Property (A), we have (x,,2*) € E for each n € N. Now, we claim that p(z*,T2*) = 0. On

contrary suppose that p(z*, Tz*) > 0. By using the triangular inequality and (4.27), we have

p(z™, Tz*) <

IN

IN

IN

*

p(ﬂ? s Tn41 +P($n+1,Tﬂf*) —P($n+17$n+1)

p(a*, xpi1) + Hy(Txy, Tx™)

p(xn, Txy) + pla*, Tx*)
2 )

)
)

p(z*, Tpy1) + C(max {p(xn, x"),
)

p(xn, Tx*) + p(z*, Txy) })
2

(55717 Txn) + p(:U*, Tﬂj*)
2 )

P wns1) + max { plan, 2%), °

p(xn, Tx*) + p(z*, Txy,) }
2
(Tn, Tny1) +p(a*, Tx*)

p(l‘*, anrl) + max {p($n, x*)’ i

Letting n — oo in the above inequality,

2 b
p(xn, x*) + p(z*, Ta*) — p(a*, z*) + p(z*, :cn+1)}
5 .
* T *
(o, To*) < p(z 2 T )_

Which is impossible for p(z*, Tx*) > 0. Thus, p(z*, Tz*) = 0. Therefore, we have

p(a”, Ta") = 0 = p(a*, z").

This implies that x* € Tx*. O

Example 4.2.5. Let X =

NU {0} be endowed with a partial metric p(z,y) = max{z,y} and a

graph G = (V, E) defineas V = X and F = {(z,y) : z,y € {0,2,4,6,8,10,12,14,16} } U{(x, z) :
x € N}. Let T : X — CB,(X) is defined by

{0} if z €{0,2,6,10,12, 14}
{0,2} ifx=4
Tx=<{0,4} ifz =8

{0,8} if z =16

{z+ 1,z + 2} otherwise,
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and ¢ : [0,00) — [0,00) by

Ct)=<2 ifa<t<s8

To see that (4.27) holds, it is sufficient to consider the following cases:
(i) If (z,y) € E with z # y € {0,2,6,10, 12,14}, then (4.27) trivially holds.
(ii) If (x,y) € E with z € {0,2,6,10,12,14} and y = 4, then

Hy(Tz, Ty) = 2 < ((Mp(,y)).
(iii) If (z,y) € E with z € {0,2,6,10,12,14} and y = 8, then

Hy(Tz,Ty) = 4 < ((Mp(z,y)).
(iv) If (z,y) € E with z € {0,2,6,10,12,14} and y = 16, then

Hy(Tz, Ty) = 8 < ((My(,y)).
(v) If (z,y) € E with x =4 and y = 8, then

Hy(Tz, Ty) = 4 < ((Mp(,y)).
(vi) If (z,y) € E with z =4 and y = 16, then

Hy(Tz, Ty) = 8 < ((My(x,y)).
(vii) If (x,y) € F with 2 = 8 and y = 16, then

where M,(z,y) = max {p(aj,y),p(x’h);pw’m),p(m’Ty);p(y’Tm)}. Thus, (4.27) holds. Further
it can be observed that for (z,y) € E with © # y, if s € Tax and t € Ty are such that
p(s,t) < p(z,y) then we have (s,t) € E. For o = 8, we have x; = 4 € Tz such that (8,4) € E.
Moreover, Property (A) holds. Therefore, Theorem 4.2.4 guarantees the existence of a fixed
point of T.

Example 4.2.6. Let X = [0, 00) %[0, 00) be endowed with a partial metric p(x,y) = p((x1, x2), (y1,¥2)) =
max{zy,y1} + max{zs,y2} and a graph G = (V, E) define as V = X and E = {(r,s) : r
(r1,0),s = (51,0) with r1,s1 > 0} U {(z,2) :x € X}. Let T : X — CB,(X) is defined by

T(b,a) ={(0,0),(b/2,a)} for each (b,a) € X,
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and ¢ : [0,00) — [0,00) by

if0<t<10
(t) =

i el

otherwise.

To see that (4.27) holds, we consider the following cases:

(i) If ((u,0), (v,0)) € E with 0 < u < v, then

Hy(T(u,0),T(v,0)) = 5 < ((My(x,y)).
(i) If ((u,0), (v,0)) € E with 0 < v < u, then
Hy(T(u,0),T(v,0) = 5 < C(My(x,y).

where My(z,y) = max {p(x,y),p(x’Tx);p(y’Ty), p(:p,Ty)erp(y,Tx)}_ Thus, (4.27) holds. Further
it can be observed that for (z,y) € E with ¢ # y, if s € Tx and t € Ty are such that
p(s,t) < p(x,y) then we have (s,t) € E. For o = (1,0), we have 21 = (0.5,0) € Tz such that
((1,0),(0.5,0)) € E. Moreover, Property (A) holds. Therefore, Theorem 4.2.4 guarantees the

existence of fixed point of T

Consequences

Here, we present some other results which can be obtained as a consequence of our result.
By considering ((t) = ¢(t)t for each ¢ > 0 in Theorem 4.2.4, we get the following result,

where ¢ is the same function defined in this corollary.
Corollary 4.2.7. Let T : X — CB,(X) be a mapping such that
(i) for each (x,y) € E with x # y, we have
Hy(Tz, Ty) < ¢(Mp(x,y)) My (2, y),

where, M,( = max{ p(x’Tx)er(y’Ty), p(m’Ty);p(y’Tx)} and ¢ : [0,00) — [0,1) is
such that limsup,_,,+ ¢(t) < 1 for each r € [0, 00);

(ii) if s € Tx and t € Ty are such that p(s,t) < p(z,y), then we have (s,t) € E, whenever
(z,y) € E with = # y.

Further, assume that there exist xg € X and x; € Tz such that (zg,z1) € E. Then T has a
fixed point.

It is easy to see that ((t) = ¢(¢)t is K-comparison function. Since ¢ : [0,00) — [0, 1) is such
that limsup,_,,+ ¢(t) < 1 for each r € [0,00), this implies that sup,~¢(t) < 1. Thus we have
C(t) = (1)t < t and ¢(0) =

Our result is even new if we consider it on the structure of metric space, which is of the

following form:
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Corollary 4.2.8. Let (X, d) be a complete metric space endowed with a graph G and Property
(A). Let T': X — CB(X) be a mapping such that

(i) for each (x,y) € E with x # y, we have

d(z, T d(y,Ty) d(z,T d(y, T
H(Tx,Ty) < ¢( max {d(z.y), (@ “; (v, Ty) dlz, y>; (v, w)})
where ¢ is K-comparison function with sup;- @ <1

(ii) if s € Tx and ¢t € Ty are such that d(s,t) < d(z,y), then we have (s,t) € E, whenever
(x,y) € E with z # y.

Further, assume that there exist xyp € X and z1 € Tz such that (zg,z1) € E. Then T has a

fixed point.

Every comparison function or (c)-comparison function is a K-comparison function. Thus the

following two results immediately follow from Theorem 4.2.4.
Corollary 4.2.9. Let T : X — CB,(X) be a mapping such that

(i) for each (x,y) € E with x # y, we have

H,(Tz,Ty) < ¢ ( A {p(% ), p(z, T'x) ;r p(y, Ty) 7 p(z, Ty) -2F p(y, Tx) }) |

where ¢ is comparison function with sup;q @ <1

(ii) if s € Tx and t € Ty are such that p(s,t) < p(x,y), then we have (s,t) € E, whenever
(xz,y) € E with = # y.

Further, assume that there exist xyp € X and z1 € Tz such that (zg,z1) € E. Then T has a

fixed point.
Corollary 4.2.10. Let T : X — CB,(X) be a mapping such that

(i) for each (x,y) € E with x # y, we have

H,(Tz,Ty) < C(max {p(m, y), p(z, Tz) "Qi‘p(f% Ty) ’ p(z, Ty) -;p(y, Tx) })’

where ( is (¢)-comparison function with sup,-g @ <1

(i) if s € Tx and t € Ty are such that p(s,t) < p(z,y), then we have (s,t) € E, whenever
(z,y) € E with = # y.

Further, assume that there exist xyp € X and z1 € Txg such that (zg,z1) € E. Then T has a
fixed point.

We get the following result by taking ((¢) = at for each ¢ > 0, where a € [0,1).
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Corollary 4.2.11. Let T': X — CB,(X) be a mapping such that

(i) for each (x,y) € E with x # y, we have

p(z,Tz) +p(y, Ty) p(x,Ty)+ py, Tr) }

H,(Tx, Ty) < amax {p(,y), ; : 5

where a € [0,1);

(i) if s € Tx and t € Ty are such that p(s,t) < p(z,y), then we have (s,t) € E, whenever
(z,y) € E with z # y.

Further, assume that there exist zop € X and z1 € Txg such that (zg,z1) € E. Then T has a
fixed point.

4.3 Fixed point theorems for F-contraction in b-metric spaces

Cosentino et al. [58] introduced a new class of F-contractions in the setting of b-metric spaces.
For this purpose they first extended the § family to b-metric spaces in the following way:
Let s > 1 be a real number. Denoted §s by [58] the family of all functions F': (0,00) — R

satisfying the following conditions:

(F1) F is strictly increasing, that is, for each aj,a2 € (0,00) with a; < ag, we have F(a;) <
F(ag);

(Fy) for each sequence {9,} of positive real numbers, we have lim,_,~, 0, = 0 if and only if

lim,, o0 F'(0,,) = —00;

(F3) for each sequence {0, } of positive real numbers with lim,,_,~ 9, = 0, there exists k € (0,1)

such that lim, e 0.*F(2,) = 0.

(Fy) for each sequence {9,} of positive real numbers such that 7+ F(sd,) < F(0,—1) for each
n € N and some 7 > 0, then 7 + F(s"0,,) < F(s"flbn_l) for each n € N.

Cosentino et al. [58] also showed that the following functions belong to Fs.
o F(zr) =z +Inz, for each z > 0.
e F(z) =Inz, for each z > 0.

In this section, we first introduce two new Feng and Liu type F-contractions which involve
a function a and then establish fixed point theorems for these contractions in the setting of
b-metric spaces. We also provide an example to support the result. Finally, we apply the result
to obtain existence theorems for Fredholm integral equation in b-metric spaces.

Throughout this section: X is a nonempty set endowed with a b-metric d, that is, (X,d, s)

is b-metric space. Further, in all the results, we assume that (X, d, s) is complete b-metric space

71



with s > 1. Also note that o : X x X — [0,00) is a function and a*(A, B) = inf{a(a,b) : a €
A and b € B}.

In following definition, we introduce the notions of as-admissible and «}-admissible map-

pings.
Definition 4.3.1. A mapping 7' : X — CL(X) is:

2

e ag-admissible if for € X and y € Tz such that a(z,y) > s, we have a(y,z) > s? for

each z € Ty.

e af-admissible if for 2,y € X with a(z,y) > s2, we have o (Tx, Ty) > s2, where o* (T, Ty) =
inf{a(u,v) :u € Tx and v € Ty}.

Remark 4.3.2. Note that for s = 1 above definition reduces to a-admissible and a,-admissible,

as defined in [110] and [35], respectively.

Example 4.3.3. Let X = [—1,1] endowed with a b-metric d(x,y) = |z — y|? with s = 2. Define
T:X — CL(X) by
0,1} ifz=—1
Ter=q{1} ifz=0
{—z} ifx ¢ {-1,0}
and o : X x X — [0,00) by
0 ife=y
5 if x #y.

It is straight forward to see that 1" is as-admissible but not a}-admissible.

Oé(l‘,y) =

Now, we introduce the notion of Feng-Liu-type (F, «)-contraction:

Definition 4.3.4. A mapping T : X — CL(X) is called Feng-Liu-type (F,«)-contraction, if
there exist F' € §s and 7 > 0 such that

T+ Fla(z,y)d(y, Ty)) < F(d(z,y)), (4.41)
for each x € X and y € Tz, whenever min{a(z,y)d(y, Ty),d(x,y)} > 0.

As we know that, if for zy € X, there exists a sequence {z,} in X such that z, € Tx,_;
for each n € N, then O(x0,T) = {0, x1, %2, -} is said to be an orbit of T': X — CL(X). A
mapping g : X — R is said to be T-orbitally lower semi continuous at &, if {z,} is a sequence

in O(xo,T) and x,, — & implies ¢g(§) < liminf, o g(xy).

Theorem 4.3.5. Let T : X — CL(X) be an as-admissible Feng-Liu-type (F, «)-contraction
with s > 1. Assume that there exist zg € X and z; € Txo with a(zg,z1) > s%. Then
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(1) there exist an orbit O(xo,T) = {zp : &y, € Trp_1Vn € N} and £ € X such that limz,, = &;

(ii) £ is a fixed point of T if and only if g(x) = d(z, Tx) is T-orbitally lower semi continuous at
€.

Proof. By hypothesis, there exist zg € X and x1 € T'zg with a(xg, 1) > 2. If 21 € Tz, then
71 is a fixed point of T. Let x1 ¢ Tx1. As oz, 1) > 52, there exists x5 € Tz such that

sd(x1,x2) < alzo,z1)d(x1, T21). (4.42)
Since F' is strictly increasing, we have
F(sd(z1,22)) < F(a(xg, z1)d(z1, Tx1)). (4.43)
From (4.41), we have
T+ F(sd(z1,22)) < 7+ F(a(xg, z1)d(z1,Tr1)) < F(d(x0,1)). (4.44)

Since T is as-admissible, we have oz, 2) > s. Continuing in the same way, we get a sequence
{z,} C X such that

T € Txp_1, Tn_1 # Ty and a(xp_1,T,) > s2 for each n € N.

Furthermore,
T+ F(sd(zp, xnt1)) < F(d(xp-1,xy)) for each n € N. (4.45)

In other words, we also have
d(xn, Txy) < sd(xn, Tay) < sd(Tpn, Tpt1) < d(Tp—1, ) for each n € N. (4.46)
Let d,, = d(xy,, xp41) for each n € N. Thus by (4.45) and property(Fy), we get
T+ F(s"d,) < F(s"'d,_1) for each n € N,

Consequently, we get
F(s"dy) < F(dyg) — nt for each n € N. (4.47)

Letting n — oo in (4.47), we get lim, o F(s"d,) = —oo. Thus, by property (F»), we have
lim,, o0 $"d,, = 0. From (F3) there exists k € (0,1) such that

lim (s"d,)*F(s"d,) = 0.

n—oo
From (4.47) we have
(s"dyp)*F(s"dy) — (s"dyp)*dE F(do) < —(s"dp)*nr < 0 for each n € N. (4.48)
Letting n — oo in (4.48), we get
1i_)m n(s"d,)* = 0. (4.49)
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This implies that there exists ny € N such that n(s"d,)* < 1 for each n > ni. Thus, we have
1
s"d, < —=, for each n > n. (4.50)

To prove that {x,} is Cauchy. Consider m,n € N with m > n > n;. By using the triangular
inequality and (4.50), we have

m—1 00 o) 1
< id. < id. < S
d(zp, xm) < stl < Zs d; < Zz’l/k
=n i=n i=n

Since > "2, ﬁ is a convergent series. Thus, lim,_ . d(2y, ) = 0. Which implies that {x,}
is Cauchy. As (X,d,s) is complete, there exists z* € X such that x, — x*. Suppose that

g(z) = d(xz,Tx) is T-orbitally lower semi continuous at z*. Then by using (4.46), we have
d(z*,Tx*) < liminfd(zy,, Tx,) = 0.
n—oo

Which shows that z* is a fixed point T'. Conversely, if z* is a fixed point then trivially g(z) =

d(z,Tx) is T-orbitally lower semi continuous at z*. O

Example 4.3.6. Let X = NU {0} be endowed with a b-metric d(z,y) = |z — y|? for each
xz,y € X with s =2. Define T': X — CL(X) by

{0} ifz=0
{0,1,2,-- ,z—1} fz>1

Tx =

and a: X x X — [0,00) by

5 ifz,y € {0,1}
a(r,y) =91 ifr,y>landy #x—1

0 otherwise.

Take F(x) = x + Inxz for each = € (0,00). Under this F, condition (4.41) reduces to

afz,y)d(y, Ty) e(@y)d(y.Ty)—d(wy) < =7 (4.51)
d(z,y)
for each « € X and y € Tz with min{a(z, y)d(y, Ty),d(z,y)} > 0. For 7 = 1, it is easy to see

that (4.51) satisfies for each z € X and y € Tz with min{a(z,y)d(y, Ty),d(x,y)} > 0. Thus,
T is Feng-Liu-type (F,a)-contraction with F(z) = z + Inx. For 9 = 1, we have z; = 0 € Tz
such that a(zg,z1) = 5. Moreover, all other conditions of Theorem 4.3.10 are trivially satisfied.
Therefore, T has a fixed point in X.

In following definition we define Feng-Liu-type (F, a*)-contraction:
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Definition 4.3.7. A mapping 7' : X — CL(X) is called Feng-Liu-type (F,a*)-contraction, if
there exist F' € §s and 7 > 0 such that

T+ F(a*(Tz, Ty)d(y, Ty)) < F(d(z,y)),
for each x € X and y € Tx, whenever min{a*(Tx,Ty)d(y, Ty),d(z,y)} > 0.

Theorem 4.3.8. Let T': X — CL(X) be an «a}-admissible Feng-Liu-type (F,a*)-contraction
with s > 1. Assume that there exist 2o € X and x; € Txg with a(zg, z1) > s2. Then

(i) there exist an orbit O(xo,T) = {zy, : ©, € Txp—1Vn € N} and € € X such that limz,, = &;

(ii) & is a fixed point of T if and only if g(z) = d(z, T'z) is T-orbitally lower semi continuous at
&.

Consequences

By using these results we obtain some new fixed point theorems for multi valued mappings in the
setting of b-metric space endowed with a partial ordering/graph. If we define o : X x X — [0, 00)

by

2 ifx<y

a(z,y) =
0 otherwise
then the following result is a direct consequence of the above mentioned results.
Theorem 4.3.9. Let T : X — CL(X) be a mapping on complete ordered b-metric space
(X,d, s, <) with s > 1, for which, there exist F' € 5 and 7 > 0 such that

T+ F(s*d(y, Ty)) < F(d(z,y)), (4.52)

for each # € X and y € T with 2 < y, whenever min{s%d(y, Ty), d(z,y)} > 0. Moreover, the

following conditions hold:

(i) for each x € X and y € Tz such that z < y, we have y <X z for each z € Ty;
or

If x <y, then we have Tx <, Ty, that is, for each a € Tz and b € Ty, we have a = b;
(ii) there exist zg € X and 1 € Ty with z¢ < z1;

Then, there exist an orbit O(zo,T) = {z, : zn, € Txp_1¥n € N} and £ € X such that
limx, = & Furthermore, £ is a fixed point of 7" if and only if g(x) = d(z,Tx) is T-orbitally

lower semi continuous at &.
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Let G = (V, E) is a directed graph such that the set of its vertices V' coincides with X and
the set of its edges E is such that £ D A, where A = {(x,z) : € X}. Also assume that G has
no parallel edges. If we define o : X x X — [0, 00) by

s? if (z,y) € E
ofx,y) =
0 otherwise

then the following result is direct consequence of the main results.

Theorem 4.3.10. Let 7' : X — CL(X) be a mapping on complete b-metric space (X,d,s)
endowed with the graph G, having s > 1, for which, there exist F' € §s and 7 > 0 such that

T+ F(s*d(y, Ty)) < F(d(z,y)), (4.53)

for each z € X and y € Tx with (z,y) € E, whenever min{s?d(y, Ty),d(z,y)} > 0. Moreover,
the following conditions hold:

(1) for each x € X and y € Tz such that (z,y) € E, we have (y, 2) € E for each z € T'y;
or

If (x,y) € E, then we have (a,b) € E for each a € Tz and b € Ty;
(ii) there exist zg € X and 1 € T'zg with (zg,z1) € F,
Then, there exist an orbit O(xg,T) = {x, : z, € Tx,—1Vn € N} and £ € X such that
limz, = £ Furthermore, § is a fixed point of T if and only if g(x) = d(x, Tx) is T-orbitally
lower semi continuous at &.

Applications

In this section, we give existence theorems for Fredholm integral equations. For this purpose,
let X = C([a,b],R) be the space of all continuous real valued functions define on [a,b]. Note
that X is complete b-metric space by considering d(x,y) = sup;ejqp) |2(t) — y(t)]?, with s = 2.

Consider the Fredholm integral equation as

b
x(t) = / M(t,s,xz(s))ds + g(t), t,s € [a,b] (4.54)
where g: [a,b] — R and M: [a,b] X [a,b] x R — R are continuous functions.

Theorem 4.3.11. Let X = C([a,b],R) and let T: X — X be the following operator

b
Ta(t) = / M(t, 5,2(s))ds + g(¢) for t,s € [a,b]

where, the function g: [a,b] — R and M : [a,b] X [a,b] X R — R are continuous. Further, assume

that the following conditions hold:
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(1) there exists a continuous mapping ¢: X — [0, c0) such that

|M(t,s,x(s)) — M(t,s,Tx(s))| < q(s)|x(s) — Tx(s)| for each t,s € [a,b] and = € X.

(ii) there exist 7 > 0 and a: X x X — (0,00) such that for each x € X, we have

(iii) there exists xp € X such that a(xg, Txo) > 4;
(iv) if # € X is such that a(z, Tx) > 4, then we have o(Tx, T?x) > 4;

(v) for any sequence {z,} C X such that z,, — x and a(x,, x,11) > 4 for each n € N, we have
oy, x) > 4 for each n € N.

Then the integral equation (4.54) has a solution.

Proof. We have to show that the operator T" satisfies all conditions of Theorem 4.3.5(in single
valued case). First, we show that T is (single valued) Feng-Liu-type (F, «)-contraction. For any

z € X we have

Tx(t) — T(Te(®)? < </ IM(t, 5, 2(s) M(t,s,Tm(s))|ds>2
< < Tx(s)ds>2
< ( 82‘[2‘1,]'”” ~Ta(s)? x /abq<s>ds>2

Consequently, we have
oz, Tz)d(Tz, T?x) < e "d(z,Tx) for each z € X.

As natural logarithm belongs to §s. Applying it on above sides of inequality, and after some

simplification, we get
7+ In(a(z, T2)d(Tx, T?x)) < In(d(z, Tz)) for each z € X.

Thus, T : X — X is (single valued) Feng-Liu-type (F, a)-contraction with F(z) = Inz. All other
conditions of Theorem 4.3.5(in single valued case) are immediately follows by the hypothesis.
Therefore, the operator T' has a fixed point, that is, the Fredholm integral equation (4.54) has

a solution. 0
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If we define a(z,y) = 4 for each z,y € X, then above theorem reduces to the following:

Theorem 4.3.12. Let X = C([a,b],R) and let T': X — X be the following operator
b
Tx(t) = / M(t,s,x(s))ds + g(t) for t,s € [a, b]
a

where, the function g: [a,b] — R and M : [a,b] X [a,b] x R — R are continuous. Further, assume

that the following conditions hold:
(1) there exists a continuous mapping ¢: X — [0,00) such that
[M(t, s, 2(s)) — M(t, s, T(s))| < q(s)|x(s) — Tx(s)l,
for each t,s € [a,b] and x € X.

(ii) there exists 7 > 0 such that

b p—
ds < 1/ —.
/aq(S) s<\/

Then the integral equation (4.54) has a solution.

4.4 Fixed point theorems for multi valued GG-contractions in Haus-

dorff b-gauge spaces

Frigon [67] generalized the Banach contraction principle on gauge spaces. Later on many authors
continued to work in this direction and obtained several interesting results, see for example,
Agarwal et al. [9], Cherichi et al. [53, 54|, Chifu and Petrusel [55], Chis and Precup [56], Lazara
and Petrusel [99] and Jleli [76].

In this section, we extend gauge spaces in the setting of b-pseudo metric spaces and prove
some fixed point theorems for multi valued mappings in this new setting endowed with a graph.
To substantiate the result we construct an example. Moreover, we also discuss a possible appli-
cation of the result for solving an integral equation.

Now, we begin by introducing the notion of a bs-pseudo metric space.

Definition 4.4.1. Let X be a nonempty set. A function d: X x X — [0, 00) is called bs-pseudo

metric on X if there exists s > 1 such that for each x,y, z € X, we have
(i) d(z,z) = 0 for each x € X;
(ii) d(z,y) = d(y, v);
(iii) d(z, z) < s[d(x,y) + d(y, 2)].

Remark 4.4.2. Every b-metric space (X, d, s) is a bg-pseudo metric space, but the converse is

not true.
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Example 4.4.3. Let X = C([0,00),R). Define a function d : X x X — [0,00) by d(z(t),y(t)) =
maXie(o,1] (x(t) — y(t))%. Then:

(i) It is clear that d is not a metric on X.

(ii) d is not a pseudo metric on X. In this respect, consider z,y,z € C([0,00),R) be defined
by
0 ifo<t<1
w(t) =
t—1 ift>1,
y(t) = 3 for each t > 0 and z(t) = —3 for each t > 0. Then, we can see that d(y,z) =
36 £ 18 = d(y, z) + d(z, 2).

(iii) d is not a b-metric on X. Since, if u,v € C([0,00),R) are defined by

0ifo<t<l1
u(t) =
t—1 ift>1,
and
0 fo<t<l1
v(t) =
2t — 2 if t > 1,

then u # v, but d(u,v) = 0.
(iv) d is ba-pseudo metric on X with s = 2.

In order to define gauge spaces in the setting of bs-pseudo metrics we need to define the

following.

Definition 4.4.4. Let X be a nonempty set endowed with the bs-pseudo metric d. The dg-ball
of radius € > 0 centered at x € X is the set

B(z,d,e) ={y € X : d(z,y) < €}.

Definition 4.4.5. A family § = {d, : v € 2} of bs-pseudo metrics is said to be separating if for
each pair (z,y) with = # y, there exists d, € § with d,(z,y) # 0.

Definition 4.4.6. Let X be a nonempty set and § = {d, : v € A} be a family of bs-pseudo
metrics on X. The topology T(F) having subbases the family

B(F) ={B(z,dy,¢) :x € X,d, € §Fand € > 0}

of balls is called topology induced by the family § of bs-pseudo metrics. The pair (X, T(F)) is
called a bs-gauge space. Note that (X, T(F)) is Hausdorff if § is separating.
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Definition 4.4.7. Let (X, T(F)) be a bs-gauge space with respect to the family § = {d, : v € A}

of bg-pseudo metrics on X and {z,} is a sequence in X and x € X. Then:

(1) The sequence {x,} converges to x if for each v € 2 and € > 0, there exists Ny € N such
that d, (xn,z) < € for each n > Ny. We denote it as x, —3 z.

(ii) The sequence {z,} is a Cauchy sequence if for each v € 2 and € > 0, there exists Ny € N
such that d,(z,,zn) < € for each n,m > Nj.

(iii) (X, Z(F)) is complete if each Cauchy sequence in (X, %T(F)) is convergent in X.

(iv) A subset of X is said to be closed if it contains the limit of each convergent sequence of

its elements.

Remark 4.4.8. When s = 1, then all above definitions reduce to the corresponding definitions

in a gauge space.

Subsequently, in this section, 2 is directed set and X is a nonempty set endowed with
a separating complete bs-gauge structure {d, : v € A}. Further, G = (V,E) is a directed
graph in X x X, where the set of its vertices V is equal to X and set of its edges E contains
{(z,z) : x € V}}. Furthermore, G has no parallel edges. For each d, € §, CL,(X) denote the
set of all nonempty closed subsets of X with respect to d,. For each v € A and A, B € CL,(X),
the function H, : CL,(X) x CL,(X) — [0,00) defined by
max { Supyea du(, B),sup,ep du(y, A)}, if the maximum exists;

H,(A,B) =

00, otherwise.

is a generalized Hausdorff bs-pseudo metric on C'L,(X). Here, we denote by C'L(X) the set of

all nonempty closed subsets in the bs-gauge space (X, T(F)). Now, we move towards our results.

Theorem 4.4.9. Let T': X — CL(X) be a mapping such that for each v € A, we have

H,(Txz,Ty) < aydy(z,y) + byd,(x, Tx) + c,dy(y, Ty) + evdy(x, Ty) + Lyd,(y, Tx) V (z,y) € E
(4.55)

where, a,,b,,c,,e,, L, > 0, and s2a, + s%b, + s’c, + 2s3e, < 1.

Assume that the following conditions hold:
(i) there exist xg € X and 1 € Tz such that (zg,z1) € F,

(ii) if (z,y) € E, for v € Tx and v € Ty such that d,(u,v) < d,(x,y) for each v € 2, then
(u,v) € E;

(iii) if {z,} is a sequence in X such that (x,,zn41) € E for each n € N and z,, — =, then

(zn,x) € E for each n € N;
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(iv) for each {qy : ¢» > 1},e9 and = € X there exists y € Tx such that

dy(z,y) < qd,(z,Tx) Ve

Then T has a fixed point.

Proof. By hypothesis (i), there exist zg,z; € X such that x; € Txg and (xg,x1) € E. Now, it
follows form (4.55) that

H,(Txo,Tx1) < aydy,(zo, 1) + body(z0, Txo) + cdy (21, T21) + e, dy (o, Tx1) + Lydy (21, Txo) Vv e

(4.56)
Since dy, (1, Tx1) < H,(Txo, Tx1) and d, (xg, Tx1) < s[d,(xo, 21)+dy(x1, Tz1)], therefore from
(4.56), we get

d, (:z:l,Txl) < ?d (:170,:111) (457)

> 1. Using hypothesis (iv) there exists x9 € T'zq such that

1—cy,—sey

where, &, = S

xl,xg \/fyd a:l,Tarl (4.58)
Combining (4.57) and (4.58), we get

\/%d,,(afo,xl) Ve (4.59)

Hypothesis (ii) and (4.59), implies that (z1,2z2) € E. Continuing in the same way, we get a

du(-rh .%'2) <

sequence {z,,} in X such that (z,,,m+1) € F and

dy Ty Tmg1) < (J?)md,,(xo,ml) VveAand meN.

For convenience we assume that 7, = \/%5 for each v € 2. Now we show that {z,,} is Cauchy.

For each m,p € N and v € 2, we have

m—+p—1

du(xmpxm—&-p) < Z Sldu(‘rivxi—‘rl)

i=m
m—+p—1

Z s'"(ny)'dy (o, x1)

i=m

[e.e]
< Z 1) dy (w0, 1) < 0o (since sn, < 1).

i=m

IN

This implies that {z,,} is Cauchy sequence in X. By completeness of X, we have z* € X such
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that x,, — z*. By using hypothesis (iii), triangular inequality and (4.55), we have

dy(x*, Tz*) < sdy(z%, zm—1) + sdy(Tpm—1, TT")
< sdy(x*,xm—1) + sHy(Txy,, Tx™)
< sdy (¥, m—1) + saydy (T, ) + sbydy (T, Tapm) +
seydy (2%, Tx™) + seydy (T, Tx™) + sLydp (2", Txyp,)
< sdy(2F, wm—1) + saydy (Tm, ) + sbydy (T, Tma1) +
seydy (2%, Tx™) + seydy(Tm, Tx™) + sLydy, (2™, Tpmi1)
< sdy (2", Tm—1) + Saydy (T, %) + $bydy (T, Tmy1) + scpdy (2™, Tx™)

+sey[sdy(Tm, x™) + sdy(x*, Tx*)] + sLyd, (2%, xpy1) Vv e

Letting m — oo, we get
dy(z*, Tx*) < (sc, + s%e,)d, (z*, Tz*) Vv e

Which is only possible if d,(z*, Tz*) = 0. Since the structure {d, : v € A} on X is separating,

we have z* € Tx*. O

In case of single valued mapping T : X — X we have the following result:

Theorem 4.4.10. Let T: X — X be a mapping such that for each € 2 we have

dy(Tz,Ty) < apdy(x,y) + bydy(x,Tx) + c,dy(y, Ty) + evdy(z, Ty) + Lydy(y, Tx) V (x,y) € E
(4.60)

where, a,, by, ¢y, e, L, > 0, and sa, + sb, + sc, + 2s%e, < 1.
Assume that the following conditions hold:
(1) there exists z¢9 € X such that (xo,Txo) € E;
(ii) for (x,y) € E, we have (Tx,Ty) € E, provided d,(Tx,Ty) < d,(z,y) for each v € A;

(iii) if {z,} is a sequence in X such that (x,,zp41) € E for each n € N and z,, — =, then

(zn,x) € E for each n € N;
Then T has a fixed point.

Example 4.4.11. Let X = C([0,10],R) endowed with the be-pseudo metrics d,(z(t),y(t)) =
maxeo,n (#(t) — y(t))? for each n € {1,2,3,---,10} and the graph G = (V,E) as V = X and

E = {(e(t).y(t) : 2(t) < y(®)} U{(w(t), 2(t)) : 7 € X}.

Define T': X — X by Tz(t) = x(tgﬂ, for each x € X. It is easy to see that (4.60) holds

with a, = 1/5 and b, = ¢, = e, = L,, = 0 for each n € {1,2,3,---,10}. For zp = 0 and
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x1 =Txo = 1/5, we have (z9,Tzo) € E. Since T' is nondecreasing, for each (z,y) € E, we have
(Tx,Ty) € E(G). For each sequence {z,,} in X such that (z,,, zym+1) € E for each m € N and
T — x, then (x,,,2) € E for each m € N. Therefore, all conditions of Theorem 4.4.10 are

satisfied and the has a fixed point.

Before going towards our next theorem, we define W2 family of mappings. Let ¢ : [0,00) —

[0,00) be a nondecreasing mapping such that it satisfies the following conditions:

(¢1) ¥(0) = 0;

(th2) ¥(pt) = po(t) < pt for each p,t > 0;

(3) D°2, s?4p'(t) < oo for each t > 0, where s > 1.
Theorem 4.4.12. Let T': X — C'L(X) be a mapping such that for each v € 2 we have

Hy(Tz,Ty) < dy(du(z,y)) V (z,y) €E (4.61)

where, ¢, € U, Assume that the following conditions hold:

(i) there exist xg € X and 7 € Tz such that (zg,z1) € F;

(i) if (z,y) € E, for u € Tz and v € Ty such that 1d,(u,v) < dy(z,y) for each v € 2, then
(u,v) € E;

(iii) if {z,} is a sequence in X such that (x,,zp41) € E for each n € N and z,, — =, then

(zn,x) € E for each n € N;

(iv) for each z € X, we have y € T'z such that

dy(z,y) < sdy(x,Tx) Y vell

Then T has a fixed point.

Proof. By hypothesis we have x9 € X and x; € Txg such that (zg,z1) € E. From (4.61), we
get
dy(x1,Tz1) < Hy(Txo, Tx1) < Yy (dy(zo,71)) Ve (4.62)

By hypothesis (iv), for 1 € X, we have x9 € Tx; such that
dy(z1,22) < sdy(x1,Tz1) < sty (dy(x0,21)) Vve (4.63)
Applying 1, we have

pr(d,,(l‘l,l‘g)) < 1/)V(S¢l,(dl,(a?0,$1))) = S¢§(dV(x07$1)) Vel
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From (4.63), it is clear that (x1,22) € E. Again from (4.61), we have
dy(xe, Txe) < H,(Tx1,Txe) < 9y (dy(z1,22)) Ve (4.64)
By hypothesis (iv), for zo € X, we have x3 € Txy such that
dy (22, 23) < sdy(x2, Tx2) < sthy(dy (21, m2)) < 8”5 (dy(20,21)) Vv €A (4.65)

Clearly, (z2,x3) € E. Continuing in the same way, we get a sequence {x,,} in X such that
(T, Tmy1) € E and
dy (T Tmt1) < ™) (dy(z0, 1)) Vv e

Now, we show that {z,,} is Cauchy sequence. For m,p € N, we have

m-~+p—1
du(xmyxm+p> < Z Sldu(xhxi—‘rl)

i=m
m+p—1

< > (@, 7)) < 00

i=m
This implies that {z,,} is Cauchy sequence in X. By completeness of X, we have z* € X such

that x,, — z* as m — oo. Using hypothesis (iv), triangular inequality and (4.61), we have

dy,(x*, Tz")

IN

sdy(x*, xm—1) + sdy(xm—1, Tx™)

IN

sdy(z*, xm—1) + sH,(Txy,, Tx")
< sdy(x*,xm—1) + s, (dp(zm, ")) Ve

Letting m — oo, we get d, (z*, Tx*) = 0 for each v € 2. Since the structure {d, : v € A} on X

is separating, we have z* € Tx*. O
By considering T': X — X in above theorem we get the following one.
Theorem 4.4.13. Let T': X — X be a mapping such that for each v € 2 we have
dy (T, Ty) < y(dy(z,y)) V (z,y) € E (4.66)
where 1, € W 2. Assume that the following conditions hold:
(i) there exists xg € X such that (xg,Txo) € E;
(ii) for (z,y) € E, we have (Tz,Ty) € E provided 1d,(Tz,Ty) < d,(z,y) for each v € 2;

(iii) if {zp} is a sequence in X such that (x,,zp4+1) € E for each n € N and z,, — =, then

(zn,x) € E for each n € N.

Then T has a fixed point.
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Application

Consider the Volterra integral equation of the form:
t
z(t) = f(t) +/ K(t,s,z(s))ds, t el (4.67)
0

where f: I - Rand K : I x I xR — R are continuous functions and K is nondecreasing in its
third variable.

Let X = (C0,00),R). Define the family of by-pseudo norms by ||z, = max,c(,y) (x(t))?,
n € N. By using this family of by-pseudo norms we get a family of ba-pseudo metrics as d,, (z,y) =
|lx — y||n. Clearly, § = {d, : n € N} defines bs-gauge structure on X, which is complete and
separating. Define graph G = (V, E) such that V = X and F = {(z,y) : z(t) < y(t),Vt > 0}.

Theorem 4.4.14. Let X = (C]0,00),R) and let the operator T': X — X is define by
t
Tx(t) = f(t) —i—/ K(t,s,z(s))ds,t € I =[0,00)
0

where f: I - Rand K : I x I Xx R — R are continuous functions and K is nondecreasing in its

third variable. Assume that the following conditions hold:

(1) for each t,s € [0,n] and z,y € X with (z,y) € E(G), there exists a continuous mapping
p: I x I — I such that

K (t,s,2(s)) — K(t,5,9(s))| < V/D(t, s)dn(z,y) for each n € N;
(i) sup;>q fS Vp(t,s)ds =a < %;

(iii) there exists xg € X such that (zo,T'zo) € E(G).

Then the integral equation (4.67) has atleast one solution.

Proof. First we show that for each (z,y) € E(G), the inequalities (4.60) holds. For any (x,y) €
E(G) and t € [0,n] for each n > 1, we have

@)~ 1) < ([ 1KGs.006) — Kt 9(57)1ds)
( / ¢ts—xyds)

= / Volt.s)ds) d
a’dy(z,y).

Thus, we get d,,(Tx,Ty) < a’d,(z,y) for each (z,y) € E and n € N, with a®> < 1/2. This
implies that (4.60) holds with a, = a?, and b, = ¢, = €, = L, = 0 for each n € N. As K

is nondecreasing, for each (x,y) € E(G), we have (T'z,Ty) € E(G). Therefore, by Theorem
4.4.10, there exists a fixed point of the operator T, that is, integral equation (4.67) has atleast

one solution. 0
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4.5 Fixed point theorems for multi valued Caristi type contrac-

tions on gauge spaces

Let (X,d) be a metric space and T : X — X be a mapping such that there exists a lower
semicontinuous function ¢ : X — [0, 00) satistying d(z,Tx) < ¢(x) — ¢(Tx), then T is called
Caristi mapping [50]. Caristi proved in [50], that every Caristi mapping on a complete metric
space has a fixed point. Then, Kirk [95] proved that the metric space (X, d) is complete if and
only if every Caristi mapping for (X, d) has a fixed point. In this section, we prove some fixed
point theorems for Caristi type multi valued mappings on a complete gauge space endowed with
a graph. Through out this section we assume that the set X is endowed with directed graph
G = (V,E), the set of its vertices V coincides with X and the set of its edges E is such that
E D A, where A = {(z,z) : x € X}. Also assume that G has no parallel edges.

We use the following definitions in the main results:

Definition 4.5.1. [96] A mapping 7' : X — CL(X) is said to be G-continuous if for each

sequence {z,} in X such that (z,,zn41) € E and x,, — x, we have Tx,, — Tx.

Definition 4.5.2. [133] A mapping 7' : X — CL(X) is said to be edge preserving if
(x,y) € E= (a,b) € E foreach a € Tz and be Ty.

Definition 4.5.3. A mapping g : X — [0,00) is said to be G-lower semi continuous, if for each

sequence {z,} in X such that (zy,2,+1) € F and x,, — z, we have g(z) < liminf, . g(z,).

Subsequently, X is endowed with the graph G and complete gauge structure {d, : v € 2}

which is separating.

Theorem 4.5.4. Let T': X — CL(X) be an edge preserving mapping and let for each v € 2,
¢y : X — [0,00) is a lower semi continuous function such that for each € X and y € Tx with
(z,y) € E, we have

dy(y, Ty) < ¢p(x) — ¢y (y) for each v € 2A. (4.68)

Assume that the following conditions hold:
(i) there exist zp € X and z1 € Tz such that (xo,z1) € E;
(ii) there exists a sequence {q, : ¢, > 1}, ey such that for each x € X, we have y € Tx satisfying

dy(z,y) < qud,(z,Tz) for each v € 2.

(iii) for each v € 2, a function g, : X — [0,00) define by g,(x) = d,(z,Tz) is G-lower semi

continuous.

Then T has a fixed point.
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Proof. By hypothesis (i), we have g € X and z; € Tz such that (zg,z1) € E. From (4.68),
we have

dy(z1,Tr1) < ¢p(x0) — dp(x1) for each v € 2A. (4.69)

By using (ii) and (4.69), we have g, > 1 for each v € 2 and x3 € T'x; such that
dy(x1,22) < qudy(z1,T21) < @ (x0) — @y (1) for each v € 2. (4.70)

Since T is edge preserving, we have (z1,x2) € E. Continuing in the same way we get a sequence
{zm} in X such that (z,,, xm+1) € F and

dy (T, Tmt1) < @dy(Tm, TTm) < qudu(Tm—1) — Quéu(zm) for each m € N and v € 2.

This implies that for each v € 2 the sequence {¢, ()} is a nonincreasing sequence, there exists

ry, > 0 such that ¢, (x,,) — r, as m — co. Now consider m,p € N, we have

du(xma 'Terp) < d,,($m, l'erl) + du($m+1a $m+2) + du($m+2a $m+3)

+-F du(l‘m—i—p—laxm—l—p)

< QV(¢I/($m—1) - ¢1/($m)) + QV(¢V(‘TW) - ¢V($m+1)) +
G (P (Tm+1) = o (Tmt2)) + - + @ (o (Tmip—2) — G (Tmtp-1))
< qy(¢u($m—1) - ¢u($m+p—1)) for each v € 2. (4'71)

This implies that {z,,} is Cauchy in X, since ¢, — r, for each v € . By completeness of X,
we have x* € X such that z,, — z*. Since each g, (z) is G-lower semi continuous then we have

dy(x*, Tz*) < liminf,, d,(zy, Tx,) = 0 for each v € 2. This implies z* € Tx*. O

Theorem 4.5.5. Let T': X — CL(X) be an edge preserving mapping and let for each v € 2,
¢y X — [0,00) is a lower semi continuous function such that for each z € X and y € Tx with
(z,y) € E, we have

dy(x,y) < ¢p(x) — ¢y (y) for each v € 2. (4.72)

Assume that the following conditions hold:
(i) there exist zp € X and z; € Txg such that (xo, 1) € E;
(ii) T is G-continuous.

Then T has a fixed point.

Proof. By hypothesis (i), we have g € X and z; € Tz such that (zg,z1) € E. From (4.72),
we have

dy(xo,21) < Pu(x0) — Pu(x71) for each v € 2. (4.73)
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Since T' is edge preserving, we have (x1,z2) € E. Thus, continuing in same way we get a

sequence {z,,} in X such that (z,,,m+1) € F and
Ay (T, Tmt1) < Gu(Tm) — du(Tmy1) for each m € N and v € 2.

This implies that for each v € 2 the sequence {¢, ()} is a nonincreasing sequence, there exists

ry, > 0 such that ¢, (x,,) — r, as m — co. Now consider m,p € N, we have

dy(Tm; Tmp) < AT, Tmt1) + (Tt 1, Tmt2) + do(Tmt2, Trnt3)

+ o+ dy(Tmap—1, Tmtp)

Gu(@Tm) = G (Tm+1) + G (Tmt1) — o (Tmt2) +

v (@mt2) — Gu(Tm+3) + + Gu(Tmap—1) — Su(Tmp)
< ou(Tm) — Gu(xmyp) for each v € A.

IN

This implies that {x,,} is Cauchy in X, since ¢, — 7, for each v € 2. By completeness of X,

we have 2* € X such that z,, — x*. As T is G-continuous then we have z* € Tx*. ]

Theorem 4.5.6. Let T': X — CL(X) be an edge preserving mapping and let for each v € 2,
Y, + X — [0,00) is an upper semi continuous function such that for each z,y € X with
(z,y) € E, we have

dy(y, Ty) < Y (x) — ¢, (y) for each v € A (4.74)

Assume that the following conditions hold:
(i) there exist g € X and x; € Txg such that (xg,z1) € E;

(ii) there exists a sequence {g, : g, > 1},eq such that for each x € X, we have y € Tz satisfying

dy(z,y) < qudy,(x,Tx) for each v € 2.

(iii) If {x,} is a sequence in X such that (zp,2ny1) € F for each n € N and z,, — z, then
(zpn,x) € E for each n € N.

Then T has a fixed point.

Proof. By hypothesis (i), we have zyp € X and 27 € Txg such that (zg,x1) € E. From (4.74),
we have

dy(z1,Tx1) < y(x0) — ¥y (x1) for each v € 2. (4.75)

By using (ii) and (4.75), we have g, > 1 for each v € 2 and z9 € Tx; such that

dy(x1,22) < qudy (21, Tx1) < @y (20) — @by (21) for each v € 2. (4.76)
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Since T is edge preserving, we have (z1,x2) € E. Continuing in the same way we get a sequence

{zm} in X such that (z,, Tpmy1) € E and
Ay (T, Tmt1) < Qdp(Tm, Tem) < @y (Tm—1) — @y () for each m € N and v € 2.

This implies that for each v € U the sequence {1, (z,)} is a nonincreasing sequence, there exists

ry, > 0 such that ¥, (z,,) — r, as m — co. Now consider m,p € N, we have

d,,(:l)m, xm—i—p) < du(xm; xm—i—l) + du(l‘m-ﬁ-lv xm+2) + du<$m+27 xm+3)

+-+ du<xm+p—17 xm+p)

< qy(%(wm_ﬂ - wy(xm)) + qu(%(m’m) - wu(xm-i-l)) +
@ (Vo (Tmi1) — Vo (Tmy2)) + - + QV(¢u(xm+p*2) - @ba(ymmﬂ?*l))
< @Wu(rma1) — T;Z)V(:L‘erpfl)) for each v € 2. (4.77)

This implies that {x,,} is Cauchy in X, since ¢, — 7, for each v € 2. By completeness of X,
we have z* € X such that z,, — z*. By hypothesis (iii), we have (z,,,2*) € E. From (4.74),

we have
dy(x*, Tx*) <y (z) — Yy (z") for each v € 2.

Letting m — oo in above inequality, we have d,(z*,Tz*) = 0 for each v € 2. Thus, we have

e Tx”. 0
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