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Abstract 

 
 Reduction of friction and wear is an ongoing challenge in design and operation of machines and 

implanted joints. Wear shorten the life of contacting parts. Inclusion of nanoparticles in modern 

era has emerged as promising solution. Various nanoparticles act as lubricant additives like silver, 

diamond and copper oxide nanoparticles. Many lubricants are used as base lubricants like 

dodecane, mineral base oil, polyethylene glycol, fully formulated oil and polyalfaolefin oil. 

Molybdenum disulfide 𝑀𝑜𝑆2 particles are modeled in Polyalphaolefin base oil. The effect of 

𝑀𝑜𝑆2 nanoparticles on real contact area has also been modeled. There is suitable concentration 

below which nanoparticles cannot reduced friction force. On the basis of results it is stated that 

nanoparticles have dual effect. Inclusion of direct and indirect method to solve overall contact 

problem. 

To study the effect of addition of nanoparticles in synthetic base oils, a mathematical model has 

been formulated. It is a multisacle model comprising a rough surface sub contact model and 

statistical sub contact model. Rough surface contact model are based on micrometer sized 

roughness features while statistical contact model are based on modeling of nanoparticles in 

between rough surfaces. This contact model can also be used for other nanoparticles of same size 

and roughness. 

The model is verified using existing experimental data. Parametric study is done, varying the 

load, particle size and particle weight fraction. COF and wear is evaluated and discussed. 

 

Key Words: Nanolubricant, Nanoparticle, real area of contact, lubricants, PAO 
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CHAPTER 1: INTRODUCTION 

 

In modern era it is important to manipulate simplified version of equations that can help in 

predicting real area of contact b/w rough surfaces and that can be related to friction and wear. We 

are well aware of the fact that surfaces are rough on microscopic scale and this leads to the 

conclusion that nominal contact area is much larger than real contact area.it is very difficult to 

foretell real contact area between rough surface and how it varies with load.  

 

1.1 Tribology 

When two surfaces approach each other the most interacting phenomena occur is tribology. It is 

related to friction, wear, lubrication and energy losses. To control these energy losses, friction and 

wear should be improved [1]. To fulfill lubrication necessities, explicitly in modern aspect of 

tribology, the suitable approach is to choose a particular lubricant. Lubricant prevent surfaces to 

be in contact and thereby reduce friction [2]. It is not necessary that because of high lubricant in 

between rough surfaces, it comes out with better wear results. Three types of wear outcomes will 

occur when surface approach each other, their asperities comes in contact with each other are as 

follow fatigue, adhesion and abrasion [3]. 

1.2 Energy Losses 

Energy losses will happen due to friction. It has been disclosed that energy losses in vehicle are 

76-82%, engine losses is in range between 68-72% and losses that can occur due to friction is 

about 3% and are depicted in figure 1[4,5]. Total losses accounted due to friction and wear is about 

30% [6]. To avoid these short of energy losses best lubricant should be used. 
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Figure 1.1: Energy losses in vehicle [4, 5]. 

1.3 Lubrication 

Lubrication is an indispensable tool to reduce friction when two surfaces approach each other. 

There are three types of regimes. First one is Boundary lubrication regime, second one is mixed 

lubrication regime and third one is hydrodynamic lubrication regime [7]. Boundary lubrication 

takes place when thin tribofilm due to heavier load generates heat on the rubbing surfaces and this 

create high wear and energy losses. Thus, lubricant are incorporated in between rubbing surfaces 

to prevent from wear and friction [8]. Mixed lubrication regime will occur when slightly lower 

load as compare to boundary lubrication will apply on rubbing surfaces and this further shifted 

into hydrodynamic lubrication regime. Through this transition phase from mixed to hydrodynamic 

lubrication regime, thick layer of lubricating fluids are present in between rubbing surfaces and 

this will turn down friction and wear. In this hydrodynamic lubrication regime, except fatigue, no 

mechanical wear are present in between rubbing surfaces [8]. Rolling motion involved in 

elastohydrodynamic lubrication, otherwise it is much more similar to hydrodynamic lubrication 
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(exhaust heat, friction) 
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oil pump and vehicle system) 
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regime. ML regime is accumulation of BL and hydrodynamic lubrication regime. In mixed 

lubrication regime, tribofilm has 1-3 times greater film thickness than surface roughness. Tribofilm 

has three time’s greater film thickness then surface roughness in hydrodynamic lubrication regime 

[9]. Tribofilm in elastohydrodynamic lubrication is very much small and as compared to 

hydrodynamic lubrication regime, greater pressure will be exerted on surfaces. In hydrodynamic 

lubrication regime, COF has value less than 0.01. In elastohydrodynamic lubrication regime, value 

of COF in ranges between 0.01 to 0.10 while in BL regime it will be greater than 0.1 [3]. 

Different lubrication regimes are demonstrated in stribeck curve, subjected to the ratio of lubricant 

film thickness to the roughness height.. Stribeck curve is divided into four sections, each section 

represents different lubrication regime as shown in figure 1.1a 

 

Figure 1.1a: Stribeck curve of different lubrication regimes [93] 

 

 

 

1.4 Nanolubricants 

Nanoparticles acts as lubricant additives are known as nanolubricants. Usually, they are in range 

between 1nm to 100nm. Remarkable amount of friction and wear could be reduced while implying 

nanolubricants on surfaces. Nanolubricants synthesis can be approach in two steps. In first step 
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through chemical process while in second step through physical or chemical method by applying 

nanoparticles in dry powder form. And in second step , dry nanoparticles are dispersed in lubricant 

with the help of surfactants [10]. 

1.5 Base Oils 

On the basis of physical appearance, lubricants characterized into three forms: solid, semisolid and 

liquid form. Synthesis of three types of base oil are possible. These three types are: mineral oil, 

synthetic oil and biolubricant. American petroleum institute characterized base oil under the act of 

AP1 1509 as in table 1[11]. Group’s I-III are refined from crude oil. Group IV are related to 

Polyalfaolefinoil (PAO) synthetic lubricants. Group V oils are not related to previous first four 

groups. This group comprises of organophosphates, polyalkyleneglycol (PAG), silicone and 

polyolester. * in table 1 belongs to mineral oil and ** belongs to synthetic oil category. 

 

Characterization of Base oil 

Properties 

 

Sulfur Percentage                    Saturates Percentage                V.I 

Group 1(Solvent refined)* > 0.03 

 

< 90 78.8 to 119.8 

 

Group 2(hydrotreated)* < 0.03 > 90 78.8 to 119.8 

 

Group 3(hydrocracked)* < 0.03 >90 > 121 

Group 4** Related to Polyalfaolefin oil 

Group 5 All other base oil are not included in group I to IV 

 

            Table 1: API oil characterization [11] 
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Fractional distillation is a process by which mineral oil is obtained. Mineral oil characterized into 

three groups: paraffinic, naphthenic and aromatic. Paraffin straight chain hydrocarbon include in 

paraffinic group, cyclic structure with no saturated bonds are included in naphthenic group and 

cyclic structure are included in aromatic [12, 13]. Mineral oil is very commonly used in industry 

but its effect on human health is very outrages. Minerals oil are commonly used in engine, gears 

and bearings. 

The oil which usually made from hydrocarbon is synthetic oil. Synthetic oil has huge edge over 

mineral oil especially to provide lubricity in extreme high and low temperature and provide great 

resistance to wear [13]. Synthetic oil has great amount of benefits including improving energy 

efficiency, reduce maintenance cost and reduce energy consumption. Besides its huge benefits its 

demand in modern era will increased [14]. Some synthetic oil harms the environment [15]. 

Biolubricants possesses great amount of advantages as compared to mineral oil in many aspects 

like viscosity index of biolubricants are much higher than mineral oil, similarly high flash point 

and high dispersion [16, 17].  

1.6 Types of Nanoparticles as Lubricant Additives 

Nanoparticles can be characterized into different forms depending on their chemical composition: 

metal, metal oxide, nanocomposites, sulphides, carbon nanoparticles & rare earth compounds. 

Nanoparticles which consists of metals are mostly studied [18]. While the studies that have been 

carried out on rare earth compound and carbon nanoparticles are just 7%. 

1.6.1 Metals 

Metals nanoparticles are characterized on the basis of these properties which distinguish them from 

other nanoparticles are: low MP, high surface area and very minute particle size. They have 

exceptional tribological properties and their self-repairing function act as lubricant additives 

[19].Padgurskas et al. [20] incorporated Co, Cu and Fe nanoparticles in SAE 10 mineral oil. He 

delineated that Cu nanoparticles are most efficient in reducing both friction & wear in mineral oil 

and mixture of these three nanoparticles are also effective in mineral oil. Asadauskas et al. [21] 

incorporated Cu, Fe, and Zn nanoparticles in b/w mineral oil, synthetic oil and vegetable oil. They 

delineated that Fe nanoparticles have superior dispersion stability than Cu nanoparticles and Zn 
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nanoparticles. Wear resistance of rapeseed oil enhanced by Fe nanoparticles while Zn 

nanoparticles lesser wear. 

When nano-bismuth particles are incorporated in heavy and light base oil it reduced the wear from 

651 to 563 and 535 to 454 respectively. It also reduced friction from 0.074 to 0.047 and 0.091 to 

0.052 respectively [22]. Addition of Ni nanoparticles in polyalfaolefin oil (PAO6) resulted in 

friction reduction of 5-45% and also wear reduction in ranges between 7-30% [23]. Moreover, Al 

nanoparticles enhanced wear and friction and improve load carrying capability [24]. Copper 

nanoparticles are incorporated in teboil ward results in reduction of friction from 0.15 to 0.1 [25]. 

Copper nanoparticles are added in SAE 15W40 base oil results in decrease in wear until 

nanoparticles concentration are increased in base oil [26]. Copper nanoparticles of diameter in 

range between 25-85nm are added in progamia base oil reduced both COF and wear but 1% 

increase in concentration of particle will results in both increase in wear and COF [27]. When tin 

and iron are incorporated into macs base oil results, result of this will reduce both friction and wear 

[28]. When copper nanoparticles are enumerated into lithium grease results in 82% wear loss and 

also results in 12% friction reduced [29]. 

1.6.2 Metal Oxides 

Several types of metal oxides nanoparticles like ZnO, TiO2, CuO, Al2O3 acts as lubricant 

additives. Certain types of effects are similar in both metals and metals oxides nanoparticles: 

sintering effect, rolling effect, repair effect and rolling effect. 

Alves et al. [30] included CuO and ZnO nanoparticles in synthetic oil & mineral oil and compare 

their tribological properties. They found that ZnO and CuO both nanoparticles are beneficial in 

terms of reducing friction & wear while the accumulation of both particles in vegetable oil is no 

fruitful in terms of wear reduction. Incorporation of Ti𝑂2 nanoparticles in water based lubricants 

perform exceptional tribological properties [31, 32]. However addition of Ti𝑂2 nanoparticles in 

SAE 20W40 proved to be significant in terms of both friction & wear reduction by 50.02% [33]. 

Luo et al. [34] investigated tribological properties of Al2O3 nanoparticles in thrust ring tribometer 

and four-ball tribometer. They found that friction decreased by 23.93% with the help of thrust ring 

tribometer while friction and wear reduced by four-ball tribometer are 17.62% and 41.76% 

respectively. Incorporation of Al2O3 nanoparticles in polyalfaolefin oil (PAO) and SAE 75W85 
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provided excellent results [35]. Incorporation of CuO nanoparticles in paraffin oil enhances 

tribological properties in terms of friction & wear [36]. Introduction of CuO nanoparticles in 

mineral oil decreased  friction by 50% [37]. ZnAl2O4 nanoparticles incorporated in pure lubricant 

oil reduced both wear and friction by 31.2% and 33.67% respectively [38]. Copper oxide 

nanoparticles are added in palm kerned oil (PKO) reduced wear by 56% [39]. Incorporation of 

Ti𝑂2 nanoparticles in oil in water proves to be significant reduction of friction by17.6% [40]. CuO 

nanoparticles are modeled in Polyalfaolefin oil which slightly improve friction but show promising 

result in wear, Hernandez Battez [89]. Alves [90] show the tribological properties of ZnO & CuO 

nanoparticles in synthetic & mineral oil. 

1.6.3 Metal Sulphides 

Several types of metal sulphide nanoparticles like Mo𝑆2, W𝑆2, FeS, and CuS act as lubricant 

additives. Molybdenum disulhphide Mo𝑆2 nanoparticles are superior in liquid lubricant as 

compared to micro Molybdenum disulhphide Mo𝑆2 nanoparticles in terms of friction reduction 

[41]. 

Molybdenum disulhphide Mo𝑆2 nanoparticles incorporated in dioctyl sebacate has improved the 

tribological properties in terms of friction & wear reduction than micro Molybdenum disulhphide 

Mo𝑆2 nanoparticles because of the extra protective absorption layer on surfaces [42]. Inclusion of 

IF- Mo𝑆2 and IF- W𝑆2 nanoparticles in polyalfaolefin oil (PAO) helped in reduction of friction 

and wear [43]. Gulzar et al. [44] incorporated Mo𝑆2  and CuO nanoparticles in modified palm oil 

in which Molybdenum disulhphide Mo𝑆2 show exceptional results than CuO nanoparticles in 

terms of friction and wear reduction. When FeS nanoparticles are added in engine oil lubricant 

additive, coefficient of friction would decreased effectively [45]. 

When Molybdenum disulhphide Mo𝑆2 nanoparticles are incorporated in SE15W40, it improves 

the tribological properties of base oil [46]. Incorporation of W𝑆2 nanorod 2H- W𝑆2 in mineral oil 

display superior tribological properties than base oil [47]. Inclusion of Molybdenum disulhphide 

Mo𝑆2 nanoparticles in coconut and paraffin oil shows that friction & wear would reduce with the 

rise of concentration until it reached the supreme concentration [48]. Incorporation of IF- Mo𝑆2 in 

mixture of PAO4 and PAO40 has reduced maximum amount of friction from 0.2 % to 0.06% [49]. 
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Addition of Multi-wall nanotubes Mo𝑆2 nanoparticles in polyalfaolefin oil (PAO) has reduced the 

wear 5-9 times [50] 

. 

1.6.4 Carbon Based Nanoparticles 

Various types of nanoparticles like diamond, graphene, and graphite act as lubricant additives. 

Peng et al. delineated that diamond nanoparticles in paraffin oil decrease the coefficient of friction 

because it provide suitable protection layer on contact surfaces [51]. When diamond nanoparticles 

are incorporated in polyalfaolefin oil (PAO) than tribological properties will change wear 

mechanism by converting adhesion to abrasion [52]. Gupta et al. [53] investigated tribological 

properties of graphite nanoparticles and delineated that it improves properties up to 

18%.Sivakumar et al. [54] incorporated graphite oxide nanoparticles in waste carbon which show 

reduction in friction up to 21% & also reduce surface roughness up to 42.2%. 

Graphene which usually called as “supermaterial” because it has exceptional physical, electrical 

and mechanical properties [55]. Inclusion of graphene in engine oil resulted in friction reduction 

up to 80% and wear reduction up to 33% and this is due to ball-bearing effect [56]. Lin et al. 

incorporated natural flake graphite and modified graphene platelets in SN350 base oil which shows 

that graphene exhibited excellent results [57]. Graphene by exfoliation should also be discussed 

[58, 59]. When graphite are incorporated in polyalfaolefin oil (PAO4) resulted in wear reduction 

by 80% and friction reduced from 0.2% to 0.12% [60]. 

1.6.5 Nanocomposites 

There are many nanocomposites comprises of WC-A𝑙2𝑂3/graphene platelets, Cu/graphene oxide, 

Ti𝑂2/Si𝑂2, Ag/graphene, graphite oxide/Cu, and A𝑙2𝑂3/Ti𝑂2 which act as lubricant additives.  

Nanocomposites which have graphene should possess excellent tribological properties [61-63]. 

Tribological properties of WC-A𝑙2𝑂3/graphene platelets have been studied under 40N and 60N 

load condition. Coefficient of friction significantly reduced to 40.4% and 33.3% respectively under 

these two load conditions. Incorporation of graphene should lower abrasive wear [64].Inclusion of 

Ti𝑂2/Si𝑂2 nanoparticles in palm TMP ester without the help of surfactant reduce friction and wear 

[65]. 

Accumulation of Cu- Mo𝑆2 and Ag- Mo𝑆2 nanoparticles decreased COF and enhance wear 

resistance [66]. Copper/carbon nanotube nanocomposite significantly lower down friction & wear 
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[67]. Incorporation of Cu- Mo𝑆2 and Ag- Mo𝑆2 nanoparticles in Litol and VNIINP grease helped 

in reduction of friction and essentially improve wear [68]. Hybrid Cu- A𝑙2𝑂3/Graphene platelets 

should decrease COF but as concentration of graphene is increased in mixture it created more wear 

in the surface [69]. Incorporation of Nano-Ag/MWCNTs particles in 10W40 engine oil reduced 

wear and friction up to 32.4% and 36.4% respectively [70]. 

 

1.6.6 Rare Earth Compounds 

Rare earth compounds nanoparticles like LaF3 and CeV𝑂4 acts as lubricant additives. The most 

important function of rare earth compounds are, they form tribofilm on interacting surfaces. La-

doped Mg/Al nanoparticles incorporated in diesel engine oil CD 15W–40 show excellent 

tribological properties in term of friction reduction when particles form tribofilm on interacting 

surfaces [71].  

Behavior of cerium oxide nanoparticles investigated that they perform excellent tribological 

properties in titanium and lithium grease [72, 73]. Inclusion of LaF3 and CeV𝑂4 nanoparticles in 

fluoro silicone oil and liquid paraffin oil respectively shows exceptional tribological properties 

[74, 75]. 

1.7 Lubrication Mechanism of Nanoparticles 

Nanoparticles reduced coefficient of friction and wear when they act as lubricant additives and 

they have ability to increase the load of mechanical parts. The most powerful factor which explain 

the tribological properties are lubrication mechanism of nanoparticles. Several effects which are 

incorporated in the study of lubrication mechanisms are: ball bearing effect, mending effect, 

protective film formation & polishing effect. These four effects are comprises of two groups: 1st  

group which can increase lubrication includes ball bearing effect & protective film formation, 2nd  

group which can increase surface properties include polishing and mending effect [76]. 

 

1.7.1 Ball Bearing Effect 

Ball bearing effect which can also be characterized as rolling effect are in the form of spherical or 

quasi-spherical nanoparticles as shown in figure 1.2  that can roll and slide between two interacting 

surfaces and transform their sliding friction into rolling friction or rolling friction into sliding 

friction [51]. Viesca et al. [77] estimated that carbon coated nanoparticles enhanced tribological 
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properties when they appear in the form of ball bearing mechanisms. Raina and Anand [52] 

investigated tribological properties of diamond nanoparticles in the form of spherical shape to 

decrease the sliding contact and they are related to ball bearing mechanism. 

 

 

Figure 1.2:  Rolling mechanism of nanoparticles in nanolubricant [94]. 

 

1.7.2 Protective Film Formation 

As the name suggest, this effect describes the function of nanoparticles when they form protective 

layer on the surfaces which includes friction [51] as shown in figure 1.3. Meng et al. [71] delineated 

that surface roughness will reduce when silver nanoparticles form a protective layer on the surface. 

Protective film formation has vital role in reduction of friction parts by Wang et al. [78]. Various 

types of studies delineated about wear reduction [79, 80], friction and wear reduction [75] when 

protective films are applied on surfaces. Liu et al. [81] instigated the protective film strength. They 

relate strength and ductility with frequency. Ductility played a major role when frequency is 

greater and strength played a vital role when frequency is low. 
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Figure 1.3: Nanoparticles protective film formation mechanism in nanolubricant [94]. 

 

1.7.3 Mending Effect 

When nanoparticles are lay down on the interacting surfaces, it will compensate the loss of mass 

of asperities and due to this, it is designated as mending effect [51] as shown in figure 1.4. 

Yadgarov et al. [91] delineated that because of mending effect, wear occur on surfaces and this is 

due to IF-nanoparticles. Graphene/Ag nanocomposite nanoparticles enlightened self-repairing 

effect [62].  

 

 

Figure 1.4: Nanoparticles mending effect mechanism in base lubricant [94]. 
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1.7.4 Polishing effect 

Another name given to this effect is smoothing effect because of the fact that it reduces surface 

roughness [76] as shown in figure 1.5. Ignole et al. [92] delineated that when Ti𝑂2 nanoparticles 

are incorporated on the contacting surfaces, it create polishing effect on the surfaces because it 

depend on two phases: anatase and rutile phase. Wu et al. [32] investigated that friction surface 

defect removed by Ti𝑂2 nanoparticles. Koshy et al.[48] reported that surface roughness could be 

reduced when nanoparticles fill the asperities. 

 

 

Figure 1.5: Nanoparticles polishing effect mechanism in nanolubricant [94]. 
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CHAPTER 2: MODELING 

 

This section described the full model in complete depth. This model is designated as multiscale 

model which is further segregated into two submodels, one refer to as rough surface contact model 

which consists of micrometer sized roughness features and second one refer to as statistical 

nanoparticle contact model  which consists of nanosize particles. 

 

Figure 2.1: Demonstration of rough surface and statistical contact model 
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2.1 Rough Surface Contact Model 

To find real contact area when two surfaces encounter, the first thing happen their asperities contact 

each other. Which leads to the result that some asperities deform elastically and some deform 

plastically. Surfaces are rough as a model suggest and with the help of FFT, bring down the 

surfaces into series of sine waves. Average contact pressure and contact area can be find from this 

model with the help of superposition. Certain parameters that are used in this model are, surface 

yield strength Sy , Poisson ratio v and B is amplitude to wavelength ratio. 

 

P∗ =  √2𝜋E′Bmax                                                      (2.1) 

 

 

Equation (2.1) hold for elastic regime if  

 

                                                                                Bmax  <  Bc      
 

P∗ =  √2𝜋E′Bmax [(
12𝜋𝐸′𝐵𝑚𝑎𝑥

√2𝑆𝑦𝑒
2𝑣
3

 + 7)/11)]

−3

5

                       (2.2) 

 

Equation (2.2) hold for plastic regime if  

 

Bmax  >  Bc     
 

Bc is critical value of  B 

 

Bc = 
√2

3π

Sy

𝐸′  𝑒
2𝑣

3                                                  (2.3) 

 

                                                            As =  
Fs 

P∗                                                    (2.4)                                                   
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2.2 Statistical Contact Model 

Many researchers had done work on contact between rough surfaces. To instigate this working on 

rough surfaces Greenwood [82] proposed their elastic contact model which is called GW model. 

The model consists of spherically shaped asperities with uniform radius of curvature and asperities 

height follow Gaussian distribution. To find real contact area & total load between rough & flat 

surface contact,  elastic (Hertzian) assumption has been followed. To enlarge this basic GW model, 

Greenwood & Tripp [83] worked on contact between curved surfaces, asperities peak with varying 

radius of curvature Whitehouse & Archard [84], rumple asperities between two rough surfaces 

Greenwood & Tripp [85], elliptic paraboloidal asperities, Bush [86] and anisotropic surfaces, Bush 

[87]. Researchers had done enormous work on contact geometries but GW model presents 

exceptional results. But Greenwood & Williamson model can be imply to those conditions where 

asperities deform elastically and plasticity index should be low. Pullen [88] conducted 

experimental verification of GW model & model presents better results. However, the result 

straight away drift when applied load surpass yield load. 

Contact between two nominally (apparent) surfaces, Greenwood and Williamson proposed their 

model regarding asperities contact. To model nanoparticles between two flat rough surfaces, 

statistical nanoparticle contact model is developed as shown in figure 2.2. 
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Figure 2.2: illustration of the spherical nanoparticle in contact between surfaces. 

 

However revised certain parameters such as asperity density and height distribution and replaced 

with new parameters such as nanoparticle density and particle distribution respectively. From 

experimental results, particle density and Nano lubricant density can be figured it out. 

Nanolubricant density can also be found from this equation. 

 

 

 

    𝜌sol = 100(
𝑤𝑡%

𝜌NP
+

100−𝑤𝑡%

𝜌lub
)

−1
                                    (2.5)  
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To find out nanoparticle density in terms of separation equation (2.6) can be used 

 
 

(𝑑) =  
NNP 

An
 = (

𝜌sol wt%d

100𝜌NP(
𝜋

6
∫ 𝜑(𝐷)

∞
0

𝐷3𝑑𝐷)
)                              (2.6) 

 

For this model, particle distribution can assume as Gaussian function which can be described in 

terms of standard deviation. 

 

𝜑(𝐷) = 
1

 σg√2𝜋 
 exp[−0.5 (

D−Davg

σg
)

2

]                                  (2.7) 

 

Where D is the size of nanoparticle and σg is standard deviation of nanoparticle and Davg is the 

average size of nanoparticle and 𝜑 is the distribution in terms of diameter. 

As nanoparticle is modeled between two flat rough surfaces so apply external load Fext to the 

surfaces it first deform the particle elastically on lower load and when apply greater load it deform 

the particle plastically. As in (Mook and Nowak 2007) some nanoparticles would deform and that 

percentage is 45% excluding others those that are being fractured. As in nanolubricant there are 

greater number of nanoparticles so for this case just model one nanoparticle. (Wadwalker 2010) 

developed the model of heavy loaded sphere and that model one presumption is that volume of 

heavy loaded sphere is constant.to find particle contact radius, equation are being displayed. 

 

Jackson and Green 2010) presented their equation for particle contact radius. There are certain 

restriction related to those equation for which deformation case a/R < 0.41. But for plastic contact 

the criteria defined as a/R = 0.41. 

 

(
𝑎

𝑅
) = (

𝑎

𝑅
)

1
+ A1 (

𝜔

𝜔c
)

2
− A2 (

𝜔

𝜔c
)                                             (2.8) 
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A1 = 0.0826 (
Sy

E′)
3.148

                                          (2.9) 

 

A2 = 0.3805 (
Sy

E′)
1.545

                                             (2.10) 

 

(
𝑎

𝑅
)

1
= √

𝜔

𝑅
(

𝜔

1.9𝜔c
)

𝐵

2
                                              (2.11) 

 

This is modified form of Jackson and green equation that are being incorporated while evaluating 

particle contact radius.    

B = 0.14exp(23
Sy

E′)                                            (2.12) 

For the presumption of axi-symmetric contact, contact area for single nanoparticle can be found 

from this. 

ANP =  𝜋a2                                                   (2.13) 

Critical indentation can be described in equation (2.14) 

 

𝜔c =  (
𝜋𝑐Sy

2E′ )
2

𝑅                                                  (2.14) 

 

C = 1.295exp (0.73v)                                       (2.15) 

 

FNP

Fc
 ={𝑒𝑥𝑝 [−

1

4
(

𝜔

𝜔c
)

5

12
]} (

𝜔

𝜔c
)

3

2
 + 

P

Fc
𝜋R2 (

𝑎

R
)

2
{1 − 𝑒𝑥𝑝 [−

1

25
(

𝜔

𝜔c 
)

5

9
]}      (2.16) 

 

 

Force on single nanoparticle can be evaluated from equation (2.16) 

 

P

Sy
= 2.84 − 0.92 [1 − 𝑐𝑜𝑠 (𝜋

𝑎

R2
)]                           (2.17) 
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R2 =  √
R3

0.76(R−𝜔)
−

𝑎2

2
                                           (2.18)   

 

Fc =  
4

3
(

R

E′)
2

(
𝑐

2
𝜋Sy)

3
                                        (2.19) 

 

Void area are produced when nanoparticle entangled between two flat surfaces. Each nanoparticle 

behave like nano-indentor. However different surfaces possess different scale properties with 

respect to their geometry. The experiment of (Ohmura and Tsuzaki 2001) affirmed that steel nano-

hardness around 10GPA .Half space elastic model were used to find void area around nanoparticle 

by this equation Avoid =  𝜋𝑎𝑣
2. Revising all parameters and incorporate in original GW model to 

obtain the final form of this model. 

 

𝐴p(𝑑)

An
=  ∫ (y)

∞

𝑑
𝜑(y)ANP(𝜔, 𝐷)𝑑𝐷                                      (2.20) 

 
 

Fp (𝑑)

E′An
=  ∫ (y)

∞

𝑑
𝜑(y)

FNP(𝜔,𝐷)

E′
𝑑𝐷                                           (2.21) 

 

 

AV (𝑑)

An
=  ∫ (y)

∞

𝑑
𝜑(y)Avoid(𝜔, 𝐷)𝑑𝐷                         (2.22) 

 

 

 

 



20 
 

Figure 2.3: Illustration of overall nanoparticle contact phenomena 
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In above integral nanoparticle density  is function of separation. Interference can be described in 

terms of separation 𝜔 = 𝑦 − 𝑑/2 .The integral can be evaluated from composite Simpson method. 

2.3 Algorithm 

To solve the contact problem for two submodels an algorithm was developed. The main 

phenomena behind this algorithm is to check how much external load can surfaces bear and how 

much load can nanoparticle take and for this force balance equation is developed. 

 

Fext =  Fs + Fp                                                (2.23) 

 

First assume that surface can bear all the external load, then multiscale model should find average 

contact pressure and real contact area. Then also presume that same load is carried by the particle 

  

Fp = ASP                                                    (2.24) 

 

Then also assume that when surfaces are in contact, nanoparticles inside the flat rough surfaces 

also be in contact. Then conclude that AS should be apparent contact area. Then surface area of 

contact should be updated as: 

 

AS
new = AS

old + AV                                        (2.25) 

 

When surface area is updated it means surface force should also be updated  

 

 

Fs = ASP                                                    (2.26) 

 

Then from this equation Fp = Fext − Fs new updated force carried by particles can also be found. 

And then calculate the new values of AV and 𝐴p. Then again updating surface area and creating 

each loop again. Each loop convergence can be checked from this equation. 
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|
(Fs

new−Fs
old) 

Fs
old | < 10−3                                     (2.27) 

 

To get final solution, this iteration is repeating again to ensure it meets the convergence criteria. 

 
(Gelink and Schipper 2000) proposed that asperities friction coefficient has constant value. 

(Masjedi and Khansari 2014) concluded that friction coefficient of asperities ranging from 0.1 to 

0.13.hence we obtained asperities friction coefficient from this relation. 

𝜇𝑠 =
𝐹𝑓,𝑎𝑠𝑝

Fext
 =  

𝐹𝑠𝑓𝑠

Fext
                                                    (2.28) 

 

𝐹𝑓,𝑎𝑠𝑝 stands for friction force of lubricating surface. This value can be presume as 0.12 COF 

between nanoparticles and surface can be demonstrated with regard to this relation. 

 

𝜇𝑝 =
𝐴𝑝𝜏𝑃

Fext
                                                             (2.29) 

 

If check the nanoparticle hardness, then shear stress is presumed as 1.67GPa (Ohmura et al. 

2001).to calculate friction coefficient this relation can be used 

 

𝜇 =  
𝐹𝑠𝑓𝑠+𝐴𝑝𝜏𝑃

Fext
                                                       (2.30) 

 

To find wear model while amalgamating nanoparticles and surfaces is quite hard job. However 

based on statistical data one can find wear from (Williams 2005) model.  From William model 

wear is proportional to interference cross-sectional area. 

 
VNP 

L
=  ∫ (y)

∞

𝑑
𝜑(y)ACS(𝜔, 𝐷)𝑑𝐷                                       (2.31) 

 

ACS =  
D2

8
{sin−1 [

8𝜔(D−𝜔)(D−2𝜔)

D3 ] −
8𝜔(D−𝜔)(D−2𝜔)

D3 }                 (2.32) 

 

 

.  
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2.4 Contact Model 

Suppose we have to characterize certain parameters that depend on particles that are in between 

rough surfaces. Also suppose total number of particles whose total mass is represented by 𝑀𝑝 are 

scattered on the surface whose total area is represented by 𝐴𝑛, Hence mass density of the particles 

is represented by formula  

 

𝑚𝑝 =  
Mp 

An
                                             (2.33)           

 

Assume that particles possess certain distribution which is represented by ∅P(𝐷) where D is 

known to be particle size. Now, areal volume density can be represented by this equation. 

 

  vp =
Np𝜋

6An 
∫ 𝜑𝑝(𝐷)

∞

0
𝐷3𝑑𝐷                           (2.34) 

 

Where Np is accumulative number of particles in between rough surfaces. v𝑝 can also be find 

from particle density. 

 

V𝑝 =  
m𝑝

ρ𝑝
                                                         (2.35) 

 

Comparing equation (2.34) and (2.35), to find particles per area in equation (2.36) 

 

𝜂𝑝 =  
Np

A𝑛
=  

6𝑚𝑝

𝜋𝜌𝑝
(∫ 𝜙𝑝(𝐷)𝐷3∞

0
𝑑𝐷)

−1
                 (2.36) 

 

Many contact models can be developed in stint of surface separation.  
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If we have to interpret surface separation, then assume that flat surface is in contact with rough 

surface. Then surface separation is the distance between rough surface to rigid flat surface. Let’s 

assume that rough surface have height distribution that is 𝜙𝑠(𝑦). Let’s also presume that rough 

surface is isentropic and its profile is elaborated as y = y(x). For contact model, two regions have 

been elucidated on surface separation. Region 1 have position which is defined as 𝑦 ≥ 𝑑 and region 

2 is defined as 𝑦 < 𝑑. When these two surfaces are in contact, their particles and asperities come 

contact with each other. Therefore accumulative effect of area of contact and overall contact force 

is defined in equation (2.37). 

 

F1(𝑑)

E′A𝑛
=  ∫ 𝜂𝑠𝜙𝑠(𝑦)

F𝑎𝑠𝑝(𝜔)

E′
𝑑𝑦 + ∫ 𝜂𝑝(𝑑)𝜙𝑝(𝑦′)

F𝑝(𝜔′,   𝑦′)

E′
𝑑𝑦′

∞

0

∞

𝑑

 

 

A𝑟(𝑑)

A𝑛
=  ∫ 𝜂𝑠𝜙𝑠(𝑦)A𝑎𝑠𝑝(𝜔)𝑑𝑦

∞

𝑑

 

 

                                
A𝑝(𝑑)

A𝑛
= ∫ 𝜂𝑝(𝑑)𝜙𝑝(𝑦′)A𝑝(𝜔′,   𝑦′)𝑑𝑦′∞

0
                          (2.37) 

 

In the above equation 𝜂𝑠 represents areal asperity density. F𝑎𝑠𝑝 Represents single asperity force 

and  A𝑎𝑠𝑝 represents single asperity area. F𝑝 Represents single particle force. 𝜔′ Represents 

particle indentation. 

In region 1, areal particle density can be defined as 

 

𝜂𝑝
1 (d) = 𝜂𝑝 ∫ 𝜙𝑠(𝑦)𝑑𝑦

∞

𝑑
                                   (2.38) 
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In equation (2.38), the 1st  integral evaluates the overall effect of single asperity and 2nd  integral 

evaluates the effect of particles and also A𝑝 is not accumulated in A𝑟 in region 1. 

Region 2 is entirely complex as compared to region 1 because it includes those particles that are 

in contact. Equation (2.39) evaluates 𝜂𝑝
2, areal density of particles residing on surfaces at 𝑦 = 𝑦′′ 

in stint of surface separation d. Np * 𝜙𝑠(𝑦′′) is number of particles residing at the height 𝑦 = 𝑦′′. 

Larger particles are in contact when they fill this criteria 𝑑 − 𝑦′′. Number of particles are described 

in this equation (2.39) 

 

Np𝜙𝑠(𝑦′′) ∫ 𝜙𝑝(𝑞)𝑑𝑞
∞

𝑑−𝑦
                                    (2.39) 

 

When equation (2.39) is divided by A𝑛 

 

𝜂𝑝
2(d, 𝑦′′) =  ηp𝜙𝑠(𝑦′′) ∫ 𝜙𝑝(𝑞)𝑑𝑞

∞

𝑑−𝑦
                      (2.40)    

 

Now to discover average contact force & contact area in region II. Those particles which are in 

contact are of separate size. Thus average force & contact area can be calculated by this equation 

(2.41) 

 

F𝑎𝑣𝑔
2 (𝑑, 𝑦′′)

E′
= ( ∫ 𝜙𝑝(𝑞)

F𝑝(𝜔′′,   𝑞)

E′
𝑑𝑞

∞

𝑑−𝑦′′

) ( ∫ 𝜙𝑝(𝑞)𝑑𝑞

∞

𝑑−𝑦′′

)

−1

 

 

A𝑎𝑣𝑔
2 (𝑑, 𝑦′′) = ( ∫ 𝜙𝑝(𝑞)A𝑝(𝜔′′,   𝑞)𝑑𝑞

∞

𝑑−𝑦′′

) ( ∫ 𝜙𝑝(𝑞)𝑑𝑞

∞

𝑑−𝑦′′

)

−1

  

 

 
                                                                                              (2.41)  
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In equation (2.42), 𝜔′′ is the particle indentation and is represented by this equation (2.42) 

 

𝜔′′ =
[𝑞−(𝑑−𝑦′′)]

2
                                          (2.42) 

 

The force & real contact area can calculated by integrating over 𝑦′′ in equation (2.43) 

 

F2(𝑑)

E′A𝑛
= ∫ 𝜂𝑝

2
F𝑎𝑣𝑔

2

E′
𝑑𝑦′′

𝑑

−∞

= ∫ [ηp𝜙𝑠(𝑦′′) ( ∫ 𝜙𝑝(𝑞)
F𝑝(𝜔′′,   𝑞)

E′
𝑑𝑞

∞

𝑑−𝑦′′

)]

𝑑

−∞

 𝑑𝑦′′ 

 

A𝑟
2(𝑑)

A𝑛
= ∫ 𝜂𝑝

2A𝑎𝑣𝑔
2 𝑑𝑦′′ = ∫ [ηp𝜙𝑠(𝑦′′) ( ∫ 𝜙𝑝(𝑞)A𝑝(𝜔′′,   𝑞)𝑑𝑞

∞

𝑑−𝑦′′

)]

𝑑

−∞

 𝑑𝑦′′

𝑑

−∞

 

 

(2.43) 

The contact model presented in this section can be implemented in various practical application. 
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CHAPTER 3: VALIDATION 

 
This section describes the validation of model. 

Figure 3.1a shows how particle induced wear vary with nanoparticle volume percentage. Silicon 

nanoparticles having density 0.773g/cc are suspended in conventional lubricant having density 

2.329g/cc. As volume percentage of silicon nanoparticles increases, it increases particle induced 

wear per sliding distance. Particle induced wear drops to zero as nanoparticle concentration 

approaches zero which is due to fact that conventional surfaces are not included here. 
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Figure 3.1b shows how coefficient of friction vary with nanoparticle volume percentage. An 

increase in the content of nanoparticles decreases friction. This happen when real area of contact 

is reduced. As particle concentration increases, more particles engaged in a contact, than the 

average particle force decrease which will cease the contact. 
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CHAPTER 3: RESULTS 
 

This section describes the results of the model in complete depth. 

 

Figure 3.1 show how coefficient of friction vary with particle volume percentage. It shows that as 

volume of nanoparticles increases, it decrease coefficient of friction. This in turn reduce the real 

contact area. This is happen when standard deviation of particle is   σg = 1.5𝑛𝑚 and surface 

roughness is 0.05𝜇𝑚. Figure 3.2 show how volumetric wear per sliding distance vary with particle 

volume percentage. As volume percentage of nanoparticle increase it enlarges volumetric wear per 

sliding distance. Volumetric wear per sliding distance will reduce if there is less nanoparticles in 

the mixture. 

 

 

Figure 3.1: Coefficient of friction versus nanoparticle content 
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Figure 3.2: Particle induced wear versus nanoparticle content 
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Figure 3.3 shows how particle induced wear vary with nanoparticle size. Particle induced wear 

will be more as size of nanoparticle is smaller and particle induce wear is small as size of 

nanoparticle increase. So deduce a result from this, wear is inversely proportional to nanoparticle 

size. Which mean wear will be more as particle size is smaller and wear will be less as particle 

size increase. Figure 3.4 show how coefficient of friction vary with nanoparticle size. Coefficient 

of friction will reduce as size of nanoparticle is smaller and it enlarges as size of nanoparticle 

increases. Which mean coefficient of friction will vary directly with nanoparticle size.    

 

 

Figure 3.3: Particle induced wear changing with nanoparticle size 
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       Figure 3.4: COF versus nanoparticle size 
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Figure 3.5 show the impact of particle concentration on dimensionless real area of contact and 

dimensionless pressure. Real contact area which is the accumulation of particle area and surface 

area. As volume percentage of nanoparticles enlarges, more nanoparticles are in contact and this 

reduce the real contact area and when percentage of nanoparticles reduced in the mixture it will 

increase the real contact area. In both cases, because of the introduction of nanoparticles in rough 

surface, it separates the surface apart which in turn reduce the real contact area. 

 

 

Figure 3.5: Figure shows the result of dimensionless real contact area versus dimensionless real 

contact force at different volume percentages of nanoparticles. Solid line shows the current work 

while dotted line shows experimental result. 
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Effect of particle distribution shown in figure 3.6. Different distribution are presented in the graphs 

that will impact on real area of contact and contact pressure. In the figure real contact area will 

reduce when approach to sharper peak. Wider distribution of particles bring into the rough surfaces 

contact and tend to become fracture.  

 

 

           Figure 3.6: The impact of nanoparticle distribution on the real contact areas 
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Figure 3.7 show variation of fracture nanoparticles versus surface separation. Particles will tend to 

go less fractures if there are more surface separation and will tend to go high fracture if there is 

less surface separation. 

 

 

                  Figure 3.7: Nanoparticles fractured in terms of surface separation 
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Figure 3.8 show the comparison of the results between current model and experimental 

developed model. 

 

 

Figure 3.8: Comparison b/w experimental & numerical results for volume percentage of 5% 
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In Figure 3.9 when contact pressure are too much high because of insertion of more nanoparticles 

in the system, it reduces coefficient of friction. Because of high contact pressure, more asperities 

began to contact with each other and it yielded because of plastic deformation occur. Figure 3.9 

shows that coefficient of friction decrease in boundary lubrication regime. 

 

Figure 3.9: different weight fraction of nanoparticles 
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Figure 3.10 shows volumetric wear rate per sliding distance versus nanoparticle concentration. 

“V” speaks for volumetric wear rate while “s” shows sliding distance. Results indicate that wear 

escalate up to 1% weight concentration and wear reduces as particle concentration goes to 2%. 

Therefore, wear is larger at 1% and smaller at 2% weight fraction. This shows that addition of 

nanolubricant escalates wear in some cases while in other cases it enlarges.  

 

Figure 3.10: Nanoparticle concentration versus wear rate 
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Figure 3.11 displayed the results of base lubricant versus nanolubricant. As contact pressure 

escalates, coefficient of friction first reduces and then enhance which is common phenomena in 

this regime. When contact pressure are in range between 0.8 to 1.6 GPa, nanoparticles increase 

friction which is associated with this contact pressure. Viscosity of nanolubricant is higher than 

base lubricant. And when contact pressure is higher, lubricant squeeze out in between rough 

surfaces. 

 

Figure 3.11: Coefficient of friction versus maximum hertzian contact pressure 
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Figure 3.12 shows that COF vary with sliding distance when distinct concentration of 

nanoparticles are inserted in between surfaces. Individual curve constitutes a coefficient of friction 

signal of a test. Figure 3.12 displayed that coefficient of friction in one step takes sliding distance 

of less than 1000 m because molybdenum disulphide nanoparticles are capable of maintaining 

friction. 

 

Figure 3.12: COF versus sliding distance of distinct concentration of nanoparticles 
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Figure 3.13 shows the results of COF versus nanoparticle concentration. As shown in the graph 

when particle concentration enhanced from 0 to 1, COF decreased from 0.070 to 0.060. And when 

particle concentration further increased from 1 to 2, COF decreased from 0.060 to 0.055 and  same 

trend goes in this manner until coefficient of friction decreased to 0.040. 

 

 

 

Figure 3.13: Coefficient of friction versus particle concentration in mM 
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Figure 3.14 shows the result of wear induced volume versus nanoparticle concentration. As shown 

in graph when particle concentration increased from 0 to 1, wear dropped from 0.050 to 0.043. 

And particle concentration increased from 1 to 3, wear dropped from 0.043 to 0.032. And when 

particle concentration increased further it enhances the wear. Both friction and wear reduced up to 

35%. 

 

 

Figure 3.14: Wear versus particle concentration in mM 
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Figure 3.15 displayed the results of coefficient of friction versus time duration (cycles) at external 

load of 20N. In this case base lubricant shows marginally good results as compared to 

nanolubricant. But when this test is carried out under the time duration of 2000 to 2500, both curve 

will show approximately same results. 

 

 

Figure 3.15: Coefficient of friction versus time duration of test at external load of 20N 
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Figure 3.16 displayed the results of coefficient of friction versus time duration when external load 

is 50N. When load is raised to 50N from 20N, now nanolubricant show better coefficient of friction 

results as compared to when apply external load of 20N. Here these two curves will not meet up 

at one point. 

 

Figure 3.16: Coefficient of friction versus time duration when external applied load is 50N 
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Figure 3.17 displayed the results of COF versus different concentration of base lubricant & 

nanolubricant at normal load of 20N and 50N. Particles enhances friction at lower load of 20N 

while particle decrease friction at higher load. While base lubricant PAO show lower coefficient 

of friction at lower load while show high COF at higher load. 

 

Figure 3.17: COF versus different concentration of base lubricant & nanolubricant at normal load 

of 20N and 50N. 
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Figure 3.18 displayed the results of wear versus different concentration of base lubricant and 

nanolubricant at normal load of 20N and 50N. Nanoparticles don’t produce any effect on wear 

when external applied load is 20N. While nanoparticles decrease wear when external applied load 

is 50N. While base lubricant PAO shows less wear at lower load of 20N while shows higher wear 

at higher load of 50N. 

 

 

Figure 3.18: Wear versus different concentration of base lubricant and nanolubricant at normal 

load of 20N and 50N. 
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Figure 3.19 displayed the results of COF versus different concentration of base lubricant & 

nanolubricant at normal load of 20N, 50N & 150N. Base lubricant PAO shows approximately 

same wear when applied external load of 20N, 50N and 150N. While nanolubricant shows higher 

COF at lower load of 20N while nanolubricant shows lower COF at higher load of 50N. It again 

shows higher COF at higher load of 150N & same trends goes this way. 

 

 

Figure 3.19: COF versus different concentration of base lubricant & nanolubricant at normal load 

of 20N, 50N and 150N. 
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Figure 3.20 displayed the results of wear versus different concentration of base lubricant and 

nanolubricant at normal load of 20N, 50N and 150N. Base lubricant PAO show less wear at lower 

load of 20N while wear enhances when applied load is greater than 50N and 150N. While as 

compared to base lubricant PAO, nanolubricant show less wear. Nanolubricant at lower load show 

less wear while wear increases when external applied load is greater than 20N. 

 

Figure 3.20: Wear versus different concentration of base lubricant and nanolubricant at normal 

load of 20N, 50N and 150N 
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CHAPTER 4: CONCLUSION 

 
A multiscale model is developed for Molybdenum disulfide nanoparticles in Polyalphaolefin base 

oil. Rough surface contact sub-model based on micrometer sized roughness features and statistical 

contact sub-model of nanoparticles of size 40nm to 120 nm, in between rough surfaces are 

considered. Rough surface contact model is used to find average contact pressure and real area of 

contact. Statistical contact model is used to find void area around nanoparticles, force on 

nanoparticles and deformation of particles. Mathematical model of COF and wear are discussed. 

  

Results show that the derived analytical results are in good agreement with previously available 

experimental results. The studied nano lubricant formulation reduces COF and wear in Boundary 

Lubrication regime. Incorporation of nanoparticles separate the rough surfaces which in turn 

reduces the real area of contact. As hard particles cause abrasive wear on bearing surfaces. 

Incorporation of larger particles can reduce abrasive wear but in some cases, it enhances friction 

coefficient. Results show an increase in wear up to the 1.0 %wt concentration of nanoparticles and 

a decrease as particle concentration increased up to 2.0 %wt. Since wear is larger at the 1.0 %wt 

fraction of nanoparticles and minimum at 2.0 %wt fraction, the result suggests that addition of 

naolubricant increase wear in some cases while in other cases it reduced wear.  When particles are 

highly engaged in the rough surfaces, they keep the surfaces apart which in turn reduces the real 

area of contact. As more nano lubricant are introduced in the surfaces, more nanoparticles are 

engaged in contact which explain the monotonic reduction in COF. Also due to high contact 

pressure these nanoparticles can cause abrasive wear. As nanoparticle concentration enhances in 

between rough surfaces, more nanoparticles are in contact which in turn results in decreasing 

average particle/surface contact pressure. Nano lubricant should be stable to avoid these kinds of 

effects like precipitation, aggregation and clustering effect. Concentration of nano lubricant is 

restricted to 2.0 %wt so try to avoid this type of effect. The technique of decreasing real area of 

contact needs further investigation. 
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Reality is that there are many models which can reduced friction and wear. This model can be 

further be improvised. Third body contact model is exceptional as it connect nanolubricant 

properties. Molybdenum disulphide nanoparticles can provide guidelines for future experimental 

work and lubrication. Well accurately experiments concentrated on the mechanism proposed by 

this model and verify the exact mechanism. The results elaborated in this paper are only valid for 

the assumption expressed in this thesis and similar methodologies can be adopted to explore other 

nanoparticles. 
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Appendix I. 

Table 2 contains the numerical values of the parameters used in the studies. 

Table 2: Numerical values of the parameters used in the studies 

 
Lubricants density 𝝆𝒍𝒖𝒃 = 𝟎. 𝟕𝟔𝟏 𝒈/𝒄𝒄 

Nanolubricant density 𝜌𝑠𝑜𝑙 = 0.7834 𝑔/𝑐𝑐 

Poisson ratio ( Surface ) 𝑣𝑆 = 0.3 

nanoparticle Poisson ratio 𝑣𝑁𝑃 = 0.22 

Surface elastic modulus ES = 198 GPa 

Particle elastic modulus ENP = 162 GPa 

 Yield strength ( Surface ) Sy  =   1.05 GPa 

Effective Elastic modulus E′    =   192 GPa 
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