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Abstract

Low frequency electrostatic drift waves are studied in multi-component plas-
mas including usual electron-ion (EI), electron-positron ion (EPI) and dusty
plasmas. Cancellation of the contribution of the diamagnetic term in the con-
vective derivative of the ion polarization drift with the collision-less part of
the stress tensor is discussed in detail in the case of hot ions. Fourier analysis
has been performed to obtain the coupled linear dispersion relation of drift
wave and ion acoustic wave (IAW) in electron-ion plasma. Keeping in view
this cancellation, the dispersion relation of drift waves in hot ions plasma is
derived using the two fluid plasma model. The effect of field-aligned shear
flow on the instability of drift waves has also been studied. The propagation
characteristics of the drift waves in EPI and dusty plasmas have been inves-
tigated and several limiting cases have been discussed. The growth rates of
drift wave instability in (EI) plasmas have been estimated numerically using
plasma parameters of Joint European Tokamak (JET) and terrestrial iono-
sphere. It has been shown that the drift wave can become unstable in JET
if the parallel shear flow effect is taken into account.
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Chapter 1

Introduction

1.1 What is Plasma

The universe is defined as the whole of all matter, energy and space. It is
mainly composed of dark matter, dark energy and ordinary material con-
sisting of atoms, molecules and other particles in the form of gases, liquids,
solids and plasma. Our topic of interest is plasma which is also known as
the fourth state of matter. It’s an ionized gas having positively charged ions
and negatively charged electrons in addition to some concentration of neutral
particles. The total number of positive and negative charges is almost equal
and hence plasma is quasi-neutral in nature. Plasma is a combination of
ions and electrons generating electric and magnetic fields everywhere within
the occupied volume. Charged particles interact with each other through
long-range electromagnetic forces. Electric field and magnetic field usually
enhance the range of motion in plasma therefore, plasma is a quasi-neutral
gas of charged and neutral particles exhibiting collective behaviour. Stellar
interiors, gaseous nebulae and galaxies are visible because they are in plasma
form. Plasma doesn’t occur naturally on the earth’s surface. Fluorescent
tubes and pixels of plasma TV are a few live examples of artificially created
plasma on earth [1].



1.2 Plasma Parameters

1.2.1 Debye Length

Plasma has a fundamental characteristic to shield out the potential applied to
it or created inside it. For a cold plasma, shielding would be perfect. Thermal
motions are dominant in hot plasma. At the edge of a shield, the electric
field is weak, so enough thermal energy is available to charges to escape from
shielded potential, i.e., ¢ = KgT,.. The potential of order KgT,/e can leak
into plasma and cause a finite electric field to exist at the edge. The potential
becomes radius dependent and the thickness of such shielded cloud is given
as [2],

o KBTe %
© Mngge?

(1.1)

Here \p. is called the electron Debye length and Kpg is the Boltzmann con-
stant where T' is in degree Kelvin. Temperature is generally expressed in
terms of energy units, i.e., T; = KgTj for jth species where j = e, i. Elec-
tron temperature is used for defining shielding, in general, because electrons
being lighter move rapidly as compared to the ions so they form perfect
shielding around any accumulated charge. If T; < T,, Debye length A\p; of
ions can be ignored.

)\De

1.2.2 Quasineutrality

Quasineutrality is a concept of significant importance in plasma. If dimen-
sions of the system are much greater than Debye length then wherever an
external potential is introduced in plasma, i.e., a local concentration of charge
arises, it is shielded out at a small distance compared to the system’s dimen-
sion L. This causes the bulk of the plasma free of electric potential. Outside
of that shield, the number density of ions is almost equal to the number den-
sity of electrons n; ~ n. ~ n where n is plasma density. Hence for plasma
to exist, A\p. must be much smaller than L. Debye shielding is not a valid
concept if the number of particles in a Debye sphere are just a few. Plasma
must show a behaviour of statistical ensemble such that Np = ngmA, > 1.
So far, we have discussed two conditions,

Ape < L (1.2)
Npe>1 (1.3)
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The third condition deals with collision frequency for which charged particles
aren’t supposed to collide with neutral particles in a frequent manner because
their motion is controlled by electromagnetic forces rather than ordinary
hydrodynamic forces. Therefore, the condition:

Ven < Wpe (1.4)

must also hold in plasma where w,, = (47n.9e?/m,)"/? is the electron plasma

oscillation frequency and v, is the electron-neutral collision frequency. The
physical meaning of plasma frequency w,. will be elaborated in the section.
(1.2.3). Hence for plasma to exist, the above-mentioned conditions must be
satisfied.

1.2.3 Characteristic Frequencies

Plasma has many parameters at different scales of time and space. The
characteristic electron and ion plasma frequencies are [3],

4dnpe?

Wpe = T (1.5)
4mn,pe?

Wpi = T (1.6)

where n.g, n;0 and m., m; are the number density and mass of electron and
ion, respectively. Characteristic electron and ion time scale in unmagnetized
plasma is obtained as the inverse of their plasma frequency,

tpe = wp_el (1.7)
tpi = wy;! (1.8)
Electron and ion plasma periods are obtained as,
27
.= 1.9
Tp Wy (1.9)
27
= — 1.10
Tp Wy ( )

10



In a magnetized plasma, electron and ion cyclotron frequencies are given by

[4] )
6B0

Q. = 1.11

e (1.11)

o, = Bo (1.12)
m;cC

where By is the constant external magnetic field within the plasma. The
spatial scale parameters known as ion and electron Larmor radii are related
to circular motion of charged species in the presence of the magnetic field,

Vie

Le = 5 (1.13)
Vg

rL= 5 (1.14)

Here v ; (j = e, i) represents the thermal speed of charged particles in a
plane perpendicular to By and 7. and r; are Larmor radii of electrons and
ions, respectively. Since m, < m;, we get 1. < rr; and €, > €);. For the
existence of plasma, Larmor radii of ions and electrons must be less than the
system’s dimension L, i.e.,

e < rp; < L (1.15)

In the limit rz. — 0, electrons are assumed to move only along field lines.

1.3 Fourier Analysis

Fourier series are quite helpful in modelling and solving partial differential
equations. Fourier analysis is relevant to problems of mechanics, electrostat-
ics, heat flow and many other areas. The Fourier series deals with periodic
functions. The main idea is to represent complicated periodic functions as
a sum of trigonometric functions named sine and cosine. Fourier analysis
is an important discovery that has a significant influence on the concept of
integration theory, convergence theory and other mathematical functions.
For non-periodic functions, the Fourier series becomes the Fourier transform
which will be discussed later.

11



1.3.1 Fourier Series

Fourier series is an infinite series of periodic functions represented in terms
of sine and cosine functions. If a function f(z) is defined for real values of x
except at some points and repeats itself after a certain period of interval p,
such a function is called a periodic function and is written as,

flz+p) = [f(z) (1.16)

Familiar periodic functions are sine, cosine, tangent and cotangent. Function
f(z) = tanx is not defined for all values of x such as © = +7/2,+37/2, ...
First of all, we represent f(z) as the sum of trigonometric functions which
also have period 27 and these are sine and cosine functions. An infinite
trigonometric series for a periodic function f(x) of period 27 is of the form

[5],

f(x) = ag+ ajcosz + by sinz + ay cos 2x + by sin 2z + ... (1.17)

= ap + 202 (a, cosnz + b, sinnx)

Here z is a variable and constants aq, ag, ag and b,, are called the coefficients
of the series and n = 1, 2, .... The importance of the Fourier series lies in
the fact that it can explain many physical phenomena. It gives solutions
of ordinary differential equations (ODEs) and partial differential equations
(PDEs) with a clear physical understanding. The fundamental idea is that
any periodic function of x can be expressed as a Fourier series. It is obvious
that each term has a period of 27. If the series converges to a certain point,
the sum of the series will be a function with period 27. This kind of function
can be expressed in terms of the Fourier series defined as Eq. (1.17). Fourier
coefficients are given by Euler formulas,

ag = 1/27r/ f(z)dx (1.18)

ay, = 1/7T/ f(z) cosnxdx (1.19)

bo=1/7 | f(z)sinnzdx (1.20)

where n=1, 2, .., . Interesting point is that coefficients ag, a, and b, can be

expressed in terms of the functions f(x) because sinx and cosx are orthog-
onal functions. Fourier series can be illustrated by an example of a periodic

12



rectangular wave which is defined as,

—k, —rt<x <0
f(x)—{ k. 0 <z <n (1.21)
Fourier series of above function f(x) is obtained as,
4k 1 1
f(z) = —(sinx+§sin3x+gsin5x+...) (1.22)
77

1.3.2 Orthogonality of Trigonometric Functions

The orthogonality of trigonometric function is the key to Euler formulas.
Trigonometric functions are orthogonal over the interval 7 <z <7, 0 <z <
2m or period of length 27. This means that the integral of the product of
any two functions over that interval is 0. For any integer m and n

/ cos nx cosmardr = 0 (n #m) (1.23)

—T

/ sin nx sin nzdr = 0 (n #m) (1.24)

—T

/ sin nx cos mxdr =0 (n#m or n=nm) (1.25)

—T

We prove the above equations by integrating both sides of Eq.(1.17) from
—7 to .

flz) = / lag + 252 (a, cosnz + b, sinnx)|dx (1.26)
If term-wise integration is permitted, then we get,

/ f(z) :ag/ dx+2;l’°1(an/ Cosna:~|—bn/ sin nxdx) (1.27)

—T

First term yields 2wag. All other integrals are 0. Dividing Eq. (1.27) by 27
gives back Eq. (1.18). Now multiply cosmz on both sides of Eq. (1.17), we
get,

/ f(z) cosmx = / [ag + 252, (an cosnx + by, sinnx)] cosmadr  (1.28)

—T

13



The first term on the right-hand side give an integral of aycosmz, i.e., 0.
Integral of a,, cos nx cosmz is a,,m for n = m and 0 for n # m by Eq. (1.23).
Integration of b, sin nx cosmz is 0 for all n and m by Eq. (1.25). Thus right
side of Eq. (1.27) equals a,,m. Division by 7 gives Eq. (1.19), using m
instead of n. Now Multiply sin mz on both sides of Eq. (1.17),

f(z)sinmax = / [ag + 202, (an cosnx + by, sinnx)| sinmadr  (1.29)
The first term on right side gives integral of agsinma which is 0, Integral
of a, cosnx cosma is 0 by Eq. (1.25). Integral of b, sin nx sinmz is by, if
n =m and 0 if n # m, by Eq. (1.24). This implies Eq. (1.20) where n = m.
Thus completing our proof of Euler formulas for the Fourier coefficients as
stated in Ref. 5.

1.3.3 Fourier Integral

The fourier series is a useful tool for solving problems involving periodic
functions. Let us start with a function having period 2L and see the change
in Fourier series if L — oo. To illustrate the situation, consider a rectangular
wave function f7(x) having period 2L > 2 given by (Ref. 5),

0, —L<x <-1
fo(x)=1¢ 1, -1 <z <1 (1.30)
0, -1 <z <L

The left part of Fig. 1.1 shows functions for longer periods 2L = 4,8, 16, the
non-periodic function f7(x) when L goes to infinity is shown at the end of
Fig. 1.1 which can be defined as

f(z) = lim fr(r) = (1.31)

L—oo

1 —-1l<z <1
0 otherwise

We will investigate what happens to the Fourier series if L increases. Fourier
coefficients for this function are given as,

_ ld _ ! (1.32)
aO_QL B ZE—L .
by, = 0 (1.33)

14
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Figure 1.1: Waveforms and Amplitude Spectra

1 ! nwx 2 sin “F
ap = Z/l Cos Tdm =7 = (1.34)
Note that b, = 0 since fr is an even function. The sequence of Fourier
coefficients is termed as amplitude spectrum of the function fr. Here |a,|
gives the maximum amplitude of the wave a,, cos(nma /L) forn = 1,2, ..,. Fig.

1.1 shows the spectrum of amplitude |a,| for increasing period 2L = 4, 8, 16.
Amplitude becomes more dense towards the positive w,-axis. If we define
w, = nm/L and for an infinite period it will decrease to zero. We draw a

conclusion that with increasing periods we should expect an integral which
takes all of the values of frequencies wi,.

15



1.3.4 Fourier Series to Fourier Integral

A periodic function having period 2L can be presented in the form of Fourier
series as explained in Sec. 1.3.3,

fo(x) = ap + 352 (ay, cos w,x + by, sinw,x) (1.35)

A question arises, what should we expect if L — c0? We get an infinite
interval so an integral is expected instead of a series involving sinwz and
coswz with w = w,, = nmw/L not restricted to multiple integral values. Using
coefficients a,, and b, from Euler formulas, Sec. 1.3.1 and denoting variable
of integration as v we can write Fourier series of f(z) as,

1 [F 1 L
(1) =— rodv + —=2°° . [cos wy,x 1V COS wy,vdv
n=1
oL |, L .

I (1.36)
+Sinwn:v/ frvsinw,vdv|
-L
Setting,
Aw = wWyy1 — wp = % (1.37)
which gives,
1 Aw
- = — 1.38
7= (1.38)
So we rewrite the Fourier series as,
I 1 L
fr(x) :—/ fr(w)dv + =32 [cos wnAw/ frv(cos wyvdv
2L L L (1.39)

L
—i—sinwnwa/ frvsinw,vdv]
L

In the case when L — oo, we have noticed in Sec. 1.3.2 that f(x) turns out to
be non-periodic. Then Aw = lim;,_,., 7/L — 0 that is the gap between two
adjacent frequencies in the Fourier spectrum becomes infinitesimally small.
Therefore, the summation over ¥ | f(w)Aw = ¥22, = 0 (because a,, = 0)
should be expressed as an integral of fooo f(w)dw. Furthermore, we denote
limy o fr(x) = f(z) and hence Eq. (1.39) can be written as,

flz) = 1 /Oo[cos wx /OO f(v) coswvdv + sinwzx /OO f(v) sinwvdv]dw
0 —o00 —00

! (1.40)

16



Now introducing the new notations,

Alw) = %/_OO f(v) coswvdv (1.41)

B(w) = %/_00 f(v) sinwvdv (1.42)

Final representation of of f(x) is given by,
@) = / [A(w) coswr + B(w) sinwa]dw (1.43)
0

It is called the Fourier integral representation of non-periodic function f(z).
The fourier series simplify itself if a function is even or odd. Integral repre-
sentation for even function when B(w) = 0 is given by,

f(w):/o A(w) coswzrdw where A(w):%/() f(v) coswvdv  (1.44)

Integrand is even for A(w) so limits change to twice the integral from 0 to
oo. Similarly, if Fourier integral representation is odd then A(w) = 0. Hence,
Fourier sine integral can be written as,

f(z) = /OOO B(w) sinwzdw where B(w) = %/OOO f(v)sinwvdv  (1.45)

1.3.5 Fourier Transform

Fourier transforms are helpful in the representation of functions from one
variable to another. Fourier transform is used for non-periodic functions as
well as for spectrum. Integral transforms help in solving all sorts of partial
differential and integral equations. Fourier cosine transform deals with even
functions using the Fourier cosine integral obtained previously. If we set

Alw) = \/% fe(w) where ¢ refers to a cosine function, then writing v = x in

fulw) = @ | s@ycoswada (1.46)

fe) = @ / " fulw) coswadw (1.47)

17
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Eq.(1.46) gives a new function: f.(w) from f(x) and is named as Fourier
cosine transform of function f(z) where f(x) is called inverse Fourier co-
sine transform of f.(w). Similarly Fourier sine transform by setting B(w) =

V2w s
Fulw) = \/g /0 " F(a) sinwada (1.48)

where inverse Fourier sine transform is given by,

fe) = @ / " fulw) sinwrdw (1.49)

This whole process of obtaining transform f.(w), fs(w) from a function f(x)
is called the Fourier transform method.

1.3.6 Forced Oscillations

Here we discuss a physical application confirming the idea of splitting periodic
functions into simpler ones. If a body of mass m attached to the spring
having modulus & is subjected to a time-dependent external force r(t) then
the differential equation for this problem is,

my’ +cy + ky = r(t) (1.50)

Eq. (1.50) describes the forced oscillation of a body. Here ¢ and r(t) are
the damping constant and driving force for the oscillations of the quantity
y = y(t), respectively. If ¢ =0, r(t) = 0, Eq. (1.50) reduces to,

my (t) + ky(t) =0 (1.51)

which is the equation of a simple harmonic oscillator and y is the displace-
ment. The oscillation frequency of the oscillator is given as,

w=(=)2 (1.52)

Eq.(1.50) is an in-homogeneous ordinary differential equation due to the
source term 7(t) # 0, it represents forced oscillations. A general solution
of such a differential equation is given as,

y(t) = ye(t) + yp(1) (1.53)

18



r(t)

N
N N\

Figure 1.2: Forced oscillations

where y.(t) is a solution of the homogeneous part of the equation, i.e.,
my +cy +ky=0 (1.54)

and y,(t) is the particular solution of nonhomogeneous Eq. (1.50). If r(t)
is any periodic function other than a cosine or sine function then a steady
state solution can be written as a superposition of oscillations with frequency
equal to the frequency of r(t) or the integral multiple of it. Out of these
frequencies, if one frequency is close enough to the frequency of r(t) then
corresponding oscillations are the dominant part of the system in the presence
of applied external force. Let’s solve this equation for some random values
of the constants by choosing m = 1, ¢ = 0.05 (g/sec) and k = 25 (g/sec?)
then Eq. (1.50) becomes,

y" 4 0.05y + 25y = r(t) (1.55)
Let us assume that the source term r(t) is given as

Nﬂz{t+ﬁﬂ’ —T<t <0

—t+n/2, 0 <t <m (1.56)

Our goal is to work for steady state solution y(t). We will represent r(t) in
terms of the Fourier series by working on Fourier coefficients. Calculations
yield,

ap =0 (1.57)

19



2=2(=1)"

a1 = 5

(1.58)

™m
by =0 (1.59)
Here b; = 0 clearly shows that () is an even function. Writing r(¢) in terms

of Fourier series for b,, = 0,

1 1
r(t) :4/7r(cost—|-§cos$t+ 5—2COS5t+...) (1.60)

Eq. (1.50) can be expressed in following form
1" / 4
y +0.05y + 25y = —— cosnt (1.61)
n2mw

In this example, r(¢) turns out to be in sinusoidal form, therefore we use the
method of undetermined coefficients [6]. We assume that the steady state
solution of Eq. (1.50) has the form

yn = A, cosnt + B,, sinnt (1.62)
y, = —nA,sinnt +nB, cosnt (1.63)
y;; = —n?A, cosnt — n*B, sinnt (1.64)

Substituting y;band y;: into Eq. (1.61) and using the method of equating
coefficients, we get,

4(25 — n?)
A, = 1.65
n?r D, ( )
0.02
B, = 1.
nm D, (1.66)

where D,, = (25 — n?)? 4+ (0.05)?. Substituting A, and B, back into Eq.
(1.62), we find,
4(25—n?) 0.02

n = cosnt +
Y n?nD,, nwD,,

sin nt (1.67)

The Eq. (1.50) is a linear equation, therefore its solution can be written as
a linear combination of several solutions,

Y= +y2+ys+.. (1.68)

20



where y, is given by Eq. (1.67) for n = 1,2,.... The amplitude of the
oscillations obtained using Eq. (1.62), is given as,

4

which gives the maximum value at n = 5. Thus output oscillation in a
steady state is five times the frequency of the external driving force which
is providing energy to the system. This comprehends the idea of getting
resonant frequency in response of external periodic force.

1.4 Acoustic Waves in Dissipative Medium

Acoustic waves are pressure waves generated when a pressure change in fluid
causes itself to compress leading to an additional pressure change. Acous-
tic variables studied under wave propagation are particle velocity, acoustic
pressure and density fluctuations in the fluid. The governing equations for
an in-viscid and non-conducting fluid medium are [7],

B + V.(nid) = 0 (1.70)
n(d, + V.@)i = —Vp (1.71)
p=p(p) (1.72)

Egs. (1.70-1.72) are known as the mass continuity equation, momentum
equation and fluid or gaseous equation of state, respectively. Pressure is
expressed in terms of density and entropy. When losses are negligible, entropy
remains constant, so pressure can be written in terms of density only. For
an adiabatic system
== () (1.73)
Po o
Here v is the ratio of specific heats at constant pressure and volume, i.e.,
C,/C,. Introducing small perturbations to the system considering acoustic
variables,

p=po+m (1.74)
n=mng+n (1.75)
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Here p is the total pressure, py is the equilibrium pressure and p; refers to
the perturbed part. The same scheme holds for density and fluid velocity,
respectively. Perturbed acoustic variables are presumed as small quantities
of the first order as small signal approximations disturb fluid only in a minor
region. Linearized equation of continuity and momentum is written as,

&ml + n()Vﬁl =0 (177)

noﬁtﬁl + Vpl =0 (178)

Equation of state can be presented in the form of a Taylor series by expanding
p as a function of n around ny,

1
P =10+ (OnP)no (1 — no) + 5(3329)% (n—no)* + ... (1.79)
B 2
p:p0+As+2—‘T+.. (1.80)
where
A= nO(anp)no (181)
B = n3(0up)?, (1.82)

Eq. (1.79) is nonlinear because of the quadratic term (n — ng)?. In order

to make it a linear equation, only the least order terms must retain, i.e.,
(n — ng). This gives,
p1=p—po = As (1.83)

If pressure is measured in terms of Pascal where 1Pa = 1g.cm/sec?, inquiring
the unit of coefficient A which is the adiabatic bulk modulus,

Onp — g.cm/sec/g/em® = ecm? [sec® = 2. (1.84)
Here c is the wave speed. Rearranging Eq. (1.74) and Eq. (1.75) as,
P1=p—Po (1.85)

ny=mn-—ngp (1.86)

Inserting the above equations into linearized Eq. (1.79) gives,

p1 = cgm (1.87)
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Taking the time derivative of Eq. (1.77) and subtracting it from the spatial
derivative of equation Eq. (1.78) and inserting Eq. (1.87) in it, we get

6t2pl - c3v2p1 =0 (1.88)
The above equation can be compared with the wave equation, i.e.,
Ot = *V3i (1.89)

which means that pressure and density perturbation travels through a medium
with speed c. For a one-dimensional adiabatic system, the sound speed at
equilibrium density and pressure is given by,

I

¢ = (0p)7 = ()2 (1.90)

The general solution to Eq. (1.88) is given by,
Plapy = per@FD) (1.91)
Back substitution into Eq. (1.88) gives,
w? = cok? (1.92)

which is called the dispersion relation for acoustic waves in a non-dissipative
medium. In order to include the viscous effect in the momentum equation,
surface force is presented. An ideal fluid has no viscosity. Using stress
tensor and stoke assumptions for a real fluid, we’ll calculate the coefficient
of viscosity as 4u/3 where p is the bulk coefficient of viscosity [8]. The
Linearized equation of momentum including viscous effect is given as,

4
ngaﬂzl + Vpl = %Vzﬁl (193)

Taking the spatial derivative of Eq. (1.77), substituting into momentum Eq.
(1.93), we get,

4
o0yt + Vpy = —?“atvp1 (1.94)

Taking the time derivative of Eq. (1.87) and putting it in the above equation,
yields,
Ap

nodytiy + Vpy = 32
0%0

V1 (1.95)

23



Inserting the time derivative of Eq. (1.77) into the double time derivative of
Eq. (1.87),
1
OViy = ——5—0; 1.96
t VUl ano tP ( )
Inserting Eq. (1.96) into the spatial derivative of Eq. (1.95) gives,

1
2
Co

Vp+ 4—”25W2p — =0 =0 (1.97)
3¢

The above relation is an acoustic wave equation in a dissipative medium.
Here v = p/nyg is known as the kinematic coefficient of viscosity. The prop-
agation vector for this kind of wave is given by k = § — av where « is the
dissipative coefficient. If the general solution to the above wave equation is
given as same as Eq. (1.91). Taking spatial, time and spatial time derivative,
respectively,

VD = — k?poet ko) (1.98)
OV 2Py = —k*(w)poet @) (1.99)
OD(zp) = —wgpoe‘(“’t_kx) (1.100)

Substituting the above equations back into Eq. (1.96) gives,

4y w?
Pl+ —w)——= =0 1.101
1+ 32w) — 5 (1.101)
:|:°_U
k=—~t  =4(8—10) (1.102)

Here 8, = wv/c}. If waves travel along the positive direction only, putting &
back into the general solution we get,

p = poe ekl (1.103)

The above equation is a solution to the viscous wave equation. e~“* shows
damping of wave because of viscosity.
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1.5 Waves in Plasma

One of the most well-defined properties of plasma is exhibiting numerous
kinds of waves. An enormous amount of particles are enclosed in plasma. In
order to depict the motion of these particles, an extensive number of modes
or waves is required. So a wave is defined as a disturbance that propagates
from one medium to another and it is usually ascertained by the mechanical
properties of the medium. We restrict ourselves to the situation in which
oscillations are small and the amplitude of oscillation is scaled down, then
we linearize the fluid equations. We took first-order expansion while ignoring
second-order and higher-order terms so whenever oscillation quantities are
small if multiplied, they turned out to be small so we consider them as
higher-order and oversight them. Different categories of electrostatic waves
are discussed in Sec. (1.5.1-1.5.3).

1.5.1 Electron Plasma Waves (EPW)

Thermal motion and energy of the electron generate oscillations in the plasma
and make them travel. Assuming magnetic field B = 0 and using fluid model
we can write,

One + V.(neve) =0 (1.104)
Mmene(Or + ve.V)ve = —en.E — Vp, (1.105)
V.E = 4ren, (1.106)

For an adiabatic system, the equation of state can be modified as,
Vpe =YeleVne (1.107)

Here ~, = 1—1—% where f is a degree of freedom, so for a one-dimensional case

Vp =3T.Vn, (1.108)
For small perturbations

n = Nge + Ne1 (1.109)

Ve = Vge + Vei (1.110)

E=E;+E; (1.111)
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Linearised fluid equations are given as,

LWl = NoelkVe; (1.112)
— WM eNoeVe1 = —engeEq — 3T otkne (1.113)
V.E, = —4mren., (1.114)

Writing Eq. (1.112) in terms of electron density n.; as,

kve
Nt = nge—2t (1.115)
Inserting it into Poisson’s equation:
4rengekvea
EE=———1-—7— 1.116
! tkw ( )
Inserting into Eq. (1.113) in terms of E; and n.;, we get,
—4 kv,
LWMeNoeVer = (€npe( 7re) + 3T..k)nge Vel (1.117)
4ngee?  3T,k?
WP = (10 Ver (1.118)
Me M
3
w? = w2, + §k2vt2h (1.119)
or 5
w? = wl (1+ §A%ek2) (1.120)
where w?, = 4mwng.e*/m, v}, = 3T./m. and A}, = vy, /w?,. Since the fre-

quency is k dependent, group velocity v, is given as,

dw 3k , 30}
= =57 Ui =

_dw S 2 Yin 1.121
YTk T 20 T 2, (1.121)

where v, is the phase velocity. At large k, wave information propagate with
thermal speed. For a small k& (large Ap), the transmission of information
is quite less than vy, owing to the fact that at large A\p density gradient

becomes very small hence thermal motions carry a very small net momentum
into close by layers.
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1.5.2 TIon Acoustic Waves (IAW)

[IAW are longitudinal oscillations that travel through plasma because of the
positively charged ions. These waves interact with the electromagnetic field
of the ions and through collisions as well. Using plasma approximation,
i.e., n; = n. = n where magnetic field B = 0, equation of continuity and
momentum are given as,

min; (0 + vi.V)v; = neE — Vp (1.123)

Here n; is the density of ions based on plasma approximation, v is the velocity
field and m; is the mass of an ion. If the system is adiabatic such that no
heat exchange is possible, we can use the following equation of state for an
ideal gas, i.e.,

p=Cn} (1.124)

Taking time derivative w.r.t to n; and dividing by p = Cn]*, we get,

Vb _ Vn (1.125)
p n;

Inserting ideal gas equation p; = n;T; into the above equation,
Vp =~,T;Vn; (1.126)
The final form of the momentum equation is given by,
m;n; (0 + v;.V)v; = n;eE — ~,T,Vn, (1.127)

Let’s consider perturbations as minimal changes in velocity, density and elec-
tric field, and then we write,

n; = No; + Ni1 (1.128)
Vi = Vo + Vi1 (1.129)
E=E\+E; (1.130)

In the absence of oscillations, plasma has equilibrium parameters which bring

result such that,
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815”01’ = Vo; — 0 (1132)

In the presence of oscillations, fluctuations are assumed to be sinusoidal,

i = |ng e (1.134)
Vi = |v ety (1.135)
E = |E,|eF*wDx (1.136)

Using Oyn; = —wn;, Oy = —wwvy, Vo = thgy as E = =V, we can
linearize equation of continuity and momentum as,

Lwnip = No;tkoy (1.137)

—LWmMm;No; Vi1 — —enol-dabl — %Tldmzl (1138)

We can use Boltzmann approximation n.; = negexp (e¢;/T.) for perturba-
tion in the density of electron, similar expression can be written for ions

as,
e
ni1 = no;( ;il) (1.139)
Solving for ion density using Eq. (1.137),
kv,
N1 = Noj i (1.140)
Inserting into Eq. (1.39), we get,
k 7 Te
$y = i (1.141)
w
Inserting in terms of n;; and ¢;, Eq.(1.138) takes the form,
kT, Tk kv,
wmngivg = (St 4 1 Ton (1.142)
e 1 w
Te zﬂ
w? = KA(=S 4+ L2y (1.143)
m; m;

The above equation is the dispersion relation for TAW in unmagnetized
plasma. It basically shows the propagation of unvarying velocity waves and
exists only because of thermal motions. In TAW, electrons are dragged along
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with ions and screen the electric field generated by ions. The TAW configure
the region of compression and refraction. The compressed region turning
into expanded regions shows that ion thermal motions scatter the ions which
brings out the second term in Eq. (1.143). The region of refraction is be-
cause of ions being shielded by electrons which can leak the potential of order
T./e available for ion bunches giving rise to the first term in Eq. (1.143). If
quasineutrality doesn’t hold then we use Poisson’s equation,

V.El = k2¢1 = 47T€<7L1'1 — nel) (1144)

Inserting Boltzmann relation for the electron density in the above equation,
we get

drrng;e?
(K + 0%y — dmenyy (1.145)
¢1(K*A3, + 1) = dmeny N3, (1.146)
Inserting Eqs. (1.140) and (1.146) into the Eq. (1.138), we get
Ame)? kvy;

iNoiV1; = ik ———P + y Tik)ng— 1.147
twmng;vy; = (eng;t TR0 + v Titk)ng - ( )

Te 1 z,I‘z
W = k2 Jiiy (1.148)

mi 1+ k2% my
This is same as Eq. (1.143) except for the factor 1 + k*)%. Our assumption
of plasma approximation gives us an error of order k*A\? = (2nAp/7)% Ap
is quite small in the majority of the experiments so plasma approximation is
justifiable. For T; > T, dispersion relation reduces to,
Vil 1

w = k(ﬁﬁ (1.149)

For T, > T;, dispersion relation takes the form,

T.
2 _ 12 e
w =k T h2) (1.150)

If kAp < 1, Eq. (1.150) gives,

w T,
xS =g 1.151
P (1.151)
If, kAp > 1, Eq. (1.150) gives,
WA Wy (1.152)

Tons oscillations are then unshielded by electrons [9].
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1.5.3 Ion Acoustic Wave (IAW) in Magnetized Plasma

Consider an electrostatic wave propagating in a magnetized plasma. For a
situation where propagation is almost perpendicular to magnetic field but
not exactly, we have conditions; B = Byz,v = (vg,Vy, V.), vy # V|, ky =
0,E=—-V¢, T, = 0. Governing fluid equations are,

1
~V2¢ = 4me(n, — n;) (1.155)

We will ignore the pressure term and linearize the above equation by con-
sidering small perturbations. We’ll work for the parallel and perpendicular
components of velocity. Taking cross product of momentum equation with
z, we get

1
min;(0; + v;.V)v; x z = en;(E x z+ —v; X B x 2) (1.156)

c

1
(0 + ViV x 2= ——(Vé x 2z — “Bv.) (1.157)
Vit = == (Vo x7) - Q%(at V)i X 7 (1.158)
where €; = eB/m;c. Linearizing the above equation, yields,
c 1

Vil = —EO(Wﬁl X z) — Eat(vil X z,) (1.159)

From the above equation, we can write v; 1 in terms of Cartesian coordinate,
i.e., x and y components,

Lc w
Vig = Eok‘ygbl + @Uiy (1160)
Viy = gviz (1161)
Putting v;, into v,
2
cw w
Vi = O B kyd1 R (1.162)



w2 CWw

For w; < €,
Cw
Viy = —mkyqbl (1164)

For parallel component, the momentum equation modifies as,

After linearization,
MM LWV = ek, Py (1.166)
k.
Ve = 2 ) (1.167)
m;w

Linearized equation of continuity in terms of v, and v,
omi1 + nOi(vL-Vu + 8||v,~H) =0 (1.168)

Here v = v.. Inserting v,,v, and v, into Eq. (1.168), we get,

€ .9

C
—wwng + mol-(—Q = k2 + — E2) (1.169)
1420
C (&
ny = noi(—mkj + k2) ¢y (1.170)

Using Boltzmann approximation and Eq. (1.170) into linearized Poisson’s
equation, we get the result,

—V2¢1 = 47T€(TL61 — nil) (1171)

Amen; Amreng;c Amen;
—V2¢, = = % b+ Q'B(; k2pr — mw; k2, (1.172)
- Amre’ng; 47ren0ick2 Are®ng; 2 (1.173)

KT, KBy Y K2mw?
Applying quasi neutrality and multiplying with m;/m;,

e*ng;  €ngic 5, €*ng
T ek =0 (1.174)

14 m;c E > T,

2 _
By~ ekt =0 (1.175)
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2 2
14+ k2 — k2 =0 (1.176)
w

02
w?(1+ k2p2) = k2 (1.177)
o Gk (1.178)

(14 &503)
The above equation is the dispersion relation for [AW in a magnetized plasma
indicating the outcomes of ion parallel motion and ion Larmour radius effect

at electron temperature [10]. For a situation where quasineutrality doesn’t
hold, i.e., n. # n;, Eq. (1.172) modifies as,

T. m;c T, T,
e e 1.179
4meny; QeBym; Y myw? * ( )
2 1.2 c 2 c 2
N Q—gky L (1.180)
w?(1+ Npk? + p2k2) = k2 (1.181)
2/€2
W? = Cols (1.182)

(1 4+ AHk2 + p2k2)

The relation has been modified by order of A\%k? as Ap is small so plasma
approximation holds here as well.
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Chapter 2

Parallel Shear Flow Driven
Drift Waves

2.1 Introduction

The basic drift wave is a low-frequency electrostatic wave which propagates
as a normal mode in inhomogeneous magnetized plasma. This is named as
drift wave because it travels along the direction of electron diamagnetic drift.
The pressure gradient perpendicular to external magnetic is responsible for
the existence of drift waves. The dispersion relation of the fundamental drift
mode in the simplest case is obtained by assuming the thermal electrons to be
inertia-less (m. — 0) in the low-frequency limit w < Q; = (£22) where € is
the ion gyro frequency and By is the ambient magnetic field. If the external
magnetic field is given in the z-direction, i.e., By = Byz and the density
gradient is along the x-axis, then the wave propagates predominantly along
the y-direction with a very small component of wave vector along field lines.
The E x B drift of charged particles allows the propagation of drift waves in
magnetized plasma. A drift wave appears due to diamagnetic drift which is
a fluid drift and is not associated with the single particle motion. The linear
and nonlinear drift waves have extensively been investigated in literature
[11].

Historically drift waves were discovered as low-frequency fluctuations
present at the edge of the plasma column in linear plasma devices [12], [13].
Extensive studies of drift wave stability were conducted by Chen [14]. Later
on, a small collisional drift wave was studied by Schllit and Hendal [15].
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Whenever is a density gradient in particle distribution, there’s always poten-
tial for instability of drift waves which is termed universal instability. The
basic drift wave turns out to be unstable when its dispersion relation is ob-
tained using the kinematic model. This instability mechanism of drift waves
results in the transport of particles energy and momentum in a magnetically
confined system [16].

2.2 Dispersion Relation in Cold Ion Plasma

Let us have a picture of a drift wave in a cold ion plasma ( 7; = 0 ). Density
gradient is along negative x-direction such that Vny = —X|%| while B =
Byz acts along z direction. Density perturbations vary sinusoidally along
the y axis but remain constant along the x-direction. This variation is slow
along the z-axis with a small parallel component of wave vector k| to justify
the Boltzmann relation for electrons. Equation of motion for jth species
(j =1i,e) is given by [17],

1
m;n; (8,5 + Vj.V)Vj = anj(E + EV]' X B) — ij (21)
Ignoring p;, then cross product of above equation with z, yields,
q; q;
(at + Vj.V)Z X V= HJJ(Z X E) + %]jVjLBO (22)

Separating perpendicular velocity v,
1

viL = —B%(z X E)+ o (04 viV)ax v, (2.3)
Vi =Vg+Vp (2.4)
where, .
Vg = _EO(Z x E) (2.5)
Vpj = %(& +v;.V)z x v; (2.6)

j
Here v is the E x B drift which is charge independent and vp; is the
polarization drift. Assuming vg to be the dominating part of the perturbed
velocity, we obtain,

c

QjBO

(VL) (2.7)

c
\ZIR = —g(z x Vi¢1) —
0
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where we have approximated,

Voi =T BoatVL¢1 (2.8)

The supposition vp; < v is consistent with w < €2;. The parallel equation
of motion for inertialess isothermal electrons is given by,

MmeNe (O + Ve, .V)Ve, = en.E — Vp, (2.9)
Dropping electron inertial terms on left hand side and using Vp. = —T.Vn,,
we get,
Vn
eV = Ty~ (2.10)
Ne ep
— = — 2.11
% — exp(0) (211)
After linearization,
The1 e
= 2.12
Neo Te ( )

We can write linearized ion continuity equation as,
8{/’1@1 —|— VTLOi.Vu_ —|— noi(VL.VZ'J_) = O (213)

Where ion polarization drift and ion’s parallel motion have been ignored.
Since V.vg = 0, Eq. (2.8) can be written as,

Vovii =5 Boatvﬁbl (2.14)
Inserting into Eq. (2.13),
D — —Vngi.(z x E) — % 5926, =0 (2.15)
By Q; By
Ignore the third term and divide by ny,
oML | C N hy) = 0 (2.16)

Ny By ng

wehre ng = ng; = nge. Applying quasi neutrality condition, i.e., n;/ng =
Ne1/no = ep/T., we obtain,
ep ¢ Vng;

o i+§0 o (=

X Vip)=0 (2.17)



Multiplying with T /e,

CTe Vngz-
= . k 2.18
wor ¢By no (z X tky)oy ( )
CT1e 1 dn[)i

= - =k 2.19
w= g ool X (kx) (2.19)

cl. .
W = e__BOKnky = W, (220)
wr = vk, (2.21)
where v}, = Z‘gz Kpn and kK, = |niodd%| Eq. (2.21) is zeroth order electron dia-

magnetic drift. It is the simplest dispersion relation of drift waves. Addition
of polarization drift will modify Eq. (2.15) as,

N1 ¢ Vny; c
—u.un—o + B o (z x k)P — TBQatVi(bl =0 (2.22)
Applying quasineutrality,
e C Vn()i c 2
—Lwi% + go o (z x tky)p — Q. B, (Lw)(ky)ﬁbl =0 (2.23)

Multiplying with 7. /e and m;/m,;,

e cT. Vng; mic T,

— W (z x k)¢ — —k2p1 =0 2.24
LWT€¢1 + LeBO Un (Z 8 J_)¢1 LineBo m; y¢1 ( )

* Cg 2
—w+w; — wmk‘y =0 (2.25)

w*

= 2.26
R T (2.26)
Here ¢ = 777;— and ps = g are ion thermal speed and Larmor radius at

electron temperature, respectively.
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2.3 Coupled TAW and Drift Waves

Now we will expand our results for the inertial case of ions by including the
effect of their parallel motion v;, = 0. If T; < T, then using condition, i.e.,
Vi € w/k, < vey [18], we write parallel ion momentum equation while
dropping pressure term,

v,, = =0 (2.28)
m;w

Solving Eq. (2.7) in terms of Cartesian coordinates,

 awkydy

YT T,

Putting parallel and perpendicular components into a linearized equation of
continuity,

(2.29)

i1 Vno
g, ¢ Y G (Vv D) = 0 (2.30)
o No
e ¢ Vng cwk?  ek?
1= sk 5y e g 2.31
LwTe¢1 + LBO o (z X k)P + o OB miw)¢1 ( )

Multiplying by 7. /e and m;/m;, respectively,

mic T, o, T.k?

— . — — =0 2.32
Wt e inGBO m; Y m; Wi ( )

2

c
—w + ww; — wQQ—SZk:; + k=0 (2.33)
w?(1+ k2 p2) — wwi — c2kZ =0 (2.34)

The above equation is a linearized dispersion relation for electrostatic drift
waves. k7p? and kZc2 originate from ion polarization and parallel motion
sequentially. Both inertial terms are easily identified as having ion mass m;.

For large k|, drift waves turn into ion acoustic waves as,
k2c?
2 z°s
1+ k2 p3

For v;, = 0, the dispersion relation becomes similar to Eq. (2.26) and for
k2p? < 1, the dispersion relation takes the form as,

y
w=w, = vk, (2.36)
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2.4 Drift Wave in Hot Ion Plasma

In the previous section, the temperature of the ions was ignored. Now re-
moving this restriction and writing the equation of motion for 7; > 0, we
have,

1
min; (0 + vi.V)v; = gn;(E+ —v; x B) — Vp; — V.5 (2.37)
c
Here p; and 7; are isotropic pressure and an-isotropic stress tensor due to

viscosity, respectively. Separating the perpendicular velocity using the same
procedure in the section. (2.2), we get additional velocities as,

(z X Vp;) (2.38)

Vpi =
qin; By

c
Vi = g (z x V.557) (2.39)
Here vp; is the ion diamagnetic drift and v,; is the ion viscosity drift. Before
we proceed to further calculations, let’s have a deeper insight into viscosity
tensor and hot ion dynamics in a magnetized plasma.

2.4.1 Pressure Tensor

A stationary fluid is subjected to the forces or internal stresses because of
isotropic pressure which is presented by —Vp, imparting transfer of momen-
tum along one particular direction. In the case of moving fluid, viscous force
is also present and responsible for the transfer of momentum in other di-
rections as well, it is represented by viscous stress tensor or shear tensor
mi; = mu;v; which is comprised of 9 components in 3-dimensional space,
three diagonal components (i = j) and six off-diagonal elements (i # j).
Each component of the tensor is defined by the direction in which it is acting
but also the orientation of the surface upon which it is acting. Indices ¢ and
j specifies the direction and orientation of the surface upon which the stress
tensor is acting respectively. Writing stress tensor in matrix from such as
[19]a
Para Tay Togz
Fi; = | Tyz Pyy Ty (2.40)

Tew Tzy Pzz
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Scalar pressure in a fluid is defined as: p = %(ﬂm + Ty + 7). It represents
normal stresses where the shear stresses are denoted m;; (¢ # j). Splitting
the tensor into two parts, i.e., pressure tensor and shear tensor,

y 0 0 0 ey Tzz
Po=10 p, 0 |+|me 0 = (2.41)
0 0 D2z Tzx Ty 0
R
E‘; =pa I +7 (2.42)

Taking divergence of stress tensor according to Einstein summation conven-
thD, 1.e, V. iy = ajljij

Vﬁ; =1 0, Tyz Dyy Tyz (2.43)
az Tex Tzy Pzz
VP, = Vp, + VA (2.44)

Vp is the divergence of pressure/normal stress where V.57 is the divergence
of shear stress. When fluid particles are subjected to collisions, they come
up with the average velocity along the direction of fluid velocity on the spot
where they made their latest collision. Momentum is transferred to the
next particle after every collision. This equalizes velocity at different points.
Resulting resistance to this kind of shear flow is comprehended as viscosity
presented by off-diagonal components in the stress tensor. A longer mean
free path carries more momentum, hence larger is the viscosity. Magnetic
plasma shows a similar effect even if there are no collisions. Larmor gyration
of fluid particles (particularly ions) sets them into different parts of plasma
where they tend to equalize the velocity. This is called the finite Larmor
radius effect (FLR) which occurs in response to collisional viscosity [1].

2.4.2 Role of Collision-less Pressure Tensor

So far we have neglected diamagnetic contribution to the polarization and
stress tensor drift. This is relevant to the FLR effect (explained in Sec.
2.4.1) which is attained by the inclusion of diamagnetic drift. To avoid
complications, temperature gradient and temperature perturbations are kept
constant. Utilizing incompressibility condition: V.v = 0 to leading order
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while substituting drift into vp; and v,;, we shall assume large mode number,

e, k> Kk, = Vn_zo and Vk, = 0. The stress tensor given by Braginski
gives us the effect of viscosity which is relevant to friction between particles
and collisionless gyroviscosity (pure FLR effect). Brajniski’s gyro viscous
components are [20],

Moy = Mye = 29 (8 Uy — OyUy) (2.45)
il
Ty = —Tap = %(amvy +0,0,) (2.46)

Using Einstein summation notation, i.e., V7<r_>w = m;;/0;, Taking derivative
w.r.t to velocity and background density, we’ll get,

T,
(V%))x = O2Tae + 8y71'xy 2Q (82 Uy + a 0 UCE) - 2_§27;<8ny + ayvm)axni
QQ (8 OpUy — 8§vy)
n; 1 9 )
= 2Q <_aajvy - axayvx + 33,(911}3; — 8y?)y)
27;2 (00 + Oyvy) 0y
= (32 + d2v,) — T(@v + 0yv,) 0,1
QQ vy 2Q Yy x 7
n;1; T;
=750 Av, — 20, ——(0pvy + Oyv,)0pm;

(2.47)
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Now solving for (V.W‘)y

T,
(V.57)y = Oumtye + Oymyy = (@x 020y0y) + 5o (0avz — Dyvy) Oy

m
T,

+§b@a%+ym
T

zgﬂ@y 0,0y, + 0,0,v, + 02v,)

+ — 20, (8 Vg — Oyvy) O

_ 29@%%+W%) é}@%—@%mmi
n;T;

= 20, “Av, QQ (3 Vg — OyUy) O

(2.48)

Here Av, = 030, + 02v, and Av, = d2v, + 02v,. Addition of Eq. (2.47) and
Eq. (2.48) yields,

V.5 = ZQ (Av, — Avy) + ﬁ(&rvz — 0yvy — OpUy — Oyv,) 0y (2.49)
where . o
1 7k
ZXAjv=|0 0 2| =Av,—Avy, (2.50)
Av, Av, 0
i 7k
Vo, x 2= 10,0, Oyv, 0 =—0yv, — 0,0, (2.51)
0 0 2
i 7k
Z2x Vv, =| 0 0 2| =—0yv; + 0y, (2.52)
OpVy Oyvy 0

Using Eq. (2.50-2.52), Eq. (2.49) can be written in more compact form as,

E(Vz}y X z X Vv, )0.n;. (2.53)

V.5 = T

Q (ZXAJ_U)—i-
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Multiplying with n/n and inserting xk = Vn/n, Eq. (2.53) takes the final
form as,

(V.57 = ZZQZ (z x Ajv+ Kk(Vu, Xz x Vu,) (2.54)

Taking cross product of above equation with z and using Eq. (2.39), stress
tensor drift can be written as,

cT;
2QzeB0
+ k(z x (Vu, x z x Vu,)))

Vi (zx V.577) = (z x (z X ALv)

enzB (2.55)

Multiplying with m;/m; and 2/2,

127, m,c

Vi = o O(Z x V.57 = ey eBOALv + k(z x Vu, + Av,)  (2.56)
Ly Ly

= ZPiALU + Zpiﬁ(z x Vu, + Avy) (2.57)

Here, p; = 2T;/m;Q? is the ion gyroradius. We are interested in putting stress
tensor drift into continuity equation of motion. For that we will calculate an
expression having form V.(nv;) also including linearized form of k. Using
vector identity, i.e., V.(nvy;) = V. Vg + no; Vv, we get,

1 1 1
V.(nivm-) = Zp?VHOzAJ_U + Zp?fiVnOi(z X VUy + AUI) + le?noAJ_(VV)

1 1
+ Zp?/{nol-(v.(z x Vuy)) + Z—Lp?/@nmv.(v%)
(2.58)

The second term in Eq. (2.58) becomes zero because we have used the
linearized k. Since V.(z x Vu,) is calculated as,

V.(2xVu,)=V.| 0 0 2| =V.[u(=0yvy) +7.(0xv,)] =0 (2.59)
Oyvy Oyv, 0

so the 4th term also becomes zero, Eq. (2.58) now takes the form as,

1 1

1
V.(nvm-) = lelzvnolAJ_U + 4
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Using V.v = 0 and Vng;.v = (—dng;/dz)v,, Eq. (2.60) can be written as,

1 1
V.(nvy) = Zp?VnOi.V%z + Zp?VnOi.V%z

1 (2.61)
= ——p?Vnol-.Vzvx
2
Using Eq. (2.6), ion polarization drift can be written as,
1
Vp; = ﬁ(at + VZ‘.V)<Z X Vi) (262)

Only perturbed drift will be a part of the last v; term because of large
mode approximation. Background v is the only existing term in convective
derivative due to linear approximation. We are interested in diamagnetic
drift, i.e., background v. Let’s check for the contribution of vp; = ¢(z x
Vpi)/en; By into linearized V.(nvp;) = ng;V.vp; + vp;. Vg,

V.(nini) = Q—O(VDZV)V(Z X Vﬂ) + ﬁ(vDi-v)(Z X Vﬂ).VnOi (263)

The second term in Eq. (2.63) becomes zero because we have used lin-
earized k. Let us solve the first term,

CN;
V.(nvp;) = WT;BO(Z X Vp;.V)V.(2z X Vi) (2.64)
Since, R
7k
V.(Z2xv;)=1]0 0 2z|=—-0,v,+ 0,0, (2.65)
v, vy, 0
and A
1 gk
(ZxVp)=[0 0 2|=0p (2.66)
dzp 0 0
writing Eq. (2.64) as,
V.(nvpi) = — 0 (D,1.0,) Dy — Ouvy) (2.67)
(nvp;) = o cB, :Di-Oy) (Oyvy — Oy :
Inserting 0,p = —T;Vny;,
cnoi Ly  Vng;
V.(nvp;) = —2 (20980, — Opvy) (2.68)

QZ’(EBO No;
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Multiplying with m;/m,,

ic T;
V.(nvp;) = Qm; —n;(kOy) (Oyvy — Oyy)
16 0 7 (2.69)
= —§/<m02-p38y(8yvx — 0,0y)
Adding Eq. (2.61) and (2.69) while inserting x = —xVng/ny,
1 1
V.nive) + V.nvp;) = §P?/fnov2% - §p?mz0i(8jvm — 0y0,Yy)
1
= ipfrﬁnOi(agvx + 0ivy — Oivg + 0,0,vy)
(2.70)

1 A A
= §p?/<n0i8x(8xz + 0y7)(vy + vy)

1
= §pl2/<;n018xVV
=0

Diamagnetic contributions to V.(nvp;) are cancelled by stress tensor con-
tribution V.(nv,;). Diamagnetic drift not being a particle drift cannot trans-
fer information through convection. Only contribution we get here from time
derivative part of polarization drift. So general result as stated as [17],

n
V. [n(vpi + vai)] = V.[ﬁﬁt(z X v;)] (2.71)
We can compare above result with V.(nvp;). Same physics hold for
both equation under condition of having same order FLR parameter, i.e.,
k2p?. Above result is no longer true in presence of curvature. Same goes for
V.(nvp;). Linear contribution from E x B and ion diamagnetic drift is given

as,
%@V.(z X Vg) = éng OV.(z x z x E)
‘ C’;l()ioa V. E (272)
— EO(VLE)
Multiplying with m;/m;, e/e, T;/T; and using E = —V¢,
No; mie T e
E@V.(z X VE) = ~no QieBy Eiat(Vigb) (2.73)
= —ln P20, V26—¢ .
2 02 7 t 712



For diamagnetic drift,

%@ (Z X VDi) =

~q 6308t (z xzx Vp,)

OV .(0:p)

(2.74)

Q GBO
Using 0,p; = —T;Vn; and Multiplying by m;/m;, e/e

mic T;
QeBomZ iV

No;
Q—Oatv.(z X Vi) =

(2.75)
= —Epz atV i1

Perturbed density contributes here exclusively. If

V. n(vpi + vai)] = %&V.(z X Vg +vVp) (2.76)

Eq. (2.76) in (w, k) space takes the form as,

e 1
;i: - §Pfatvzni1 (2.77)

1
v.[n(Vpi + Vm)] = — 2pZ nol(‘?tvz

Using the leading order perturbation, i.e., ny /ny = wlep/wT, and multiplying
above equation with T, /T,

1 T, *
V.n(vpi +vei) &= —=p; Ll€2(7z()z—we¢1 +ng wwe €¢1)
2 T, T, w T, (2.78)
R —ln -szk‘Q(Ew + w*)6¢1 |
g T AT /T,
At Electron temperature T, Eq. (2.77) takes the form [17],
V. [n(vei + Vi) = —tngik?p?(w — w; )€¢1 (2.79)

T

FLR effect comes up with the polarization drift through convection but in-
deed it is because of time variation of perturbed diamagnetic drift.
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2.4.3 Dispersion Relation for Drift Waves in Hot Ion
Plasma

Now that we have background familiarity with tensors and their effect along
with polarization drift. Let’s start with the parallel equation of motion for
ions which is written as

Keep 7; = 1 for convenience. Linearizing the above equation yields,

ekfr , Ti ki (2.81)
mw ml W No; ’

Viz1 =

Incorporating into the linearized continuity equation,
(9tnﬂ + +Vn0i.vE -+ VJ_.[nOZ'(VE +Vp; + Vi + VDi)]l + noﬁzvm =0 (282)

where V.vg = 0 and V.(nyvp;) = V-[nm(%%)] =0. Asv;; =vg +

vpi1 so using Eq. (2.76) and dividing by ny,

n; Vng ¢
— () + —2 —(zx V¢y) + V2,
nm noi By Q; Bo (2 83)
+ a Vanl a ( ekz + Ekz nzl) -0 '
Q; 6B() ! No; m;w m;w No; B
Using Boltzmann relation and condition wng /ng; = wiep, /T;
C Vnm» Z
— W ¢1 4+ — (z Xk )pr + w 0N
BO No; QzBO (284)
N ek? eT;k? 26 =0
L =
‘ Q B m;w m;w !
Multiplying by T, /e and m;/m;, respectively,
T, Vng ic Te
— w0 (=) (X)) + wo e
eB No; Q BO my; (2 85)
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2

—w 4w} +w@k§ jQ—;Jr Sp2 g S kaO (2.86)

w? —ww} — k2 +¢f) = =k p2(w — ww (2.87)

The above equation is the linear dispersion relation of coupled IAW and drift

waves in hot ion plasma. It must be noted that the term k2c? is missing in
Eq. (11) of Ref. 24.

2.4.4 Contribution of Parallel Shear Flow

Presume an inhomogeneous plasma having shear velocity which is aligned
parallel to the magnetic field presented by vo; = wvo;(z)z. Density gradient
is given by Vngy = —x[% . We want to accomplish a steady state for
that we have a condition for all species having zero order diamagnetic drift
Voip = — o5 Li (7 x Vngi/ng;). Using Eq. (2.6), polarization drift with shear
velocity is given as,

1
VP = o (0 + iz (1)0: + vi.V) (2 % Vi) (2.88)

Since Diamagnetic contributions to V.(nvp;) are absolutely neutralized by
stress tensor contribution V.(nv,;), as explained previously in Sec. (2.4.2).
Diamagnetic drift is unable to transfer information through convection. Hence,
the only contribution we get here from the time derivative and shear flow part
of polarization drift. So a generic result can be deduced as,

No;

V.n(vpi+vei) = [QZ

(01 + voiz(2)0,)(z X vi1)] (2.89)
If vii = vg1 + vpa is considered for drift waves, then Eq. (2.89) becomes

L8, + voi(2)0.)(z X (Vi + Vi) (2.90)

n
v.[ni(Vpi + Vﬂ-i)]l = V[Q—O
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Inserting values of v and vp; from Eq. (2.5) and Eq. (2.38) into the above
equation,

Noi c

QOZ (9 + v0iz(2)0:) (2 x 2 x B)

z X 2 X Vp;
€Bon0i( pi) 201

7;20: (at + UOZZ( )8Z)(BLO(VEL1)

V.[n(vpi + vai)li = V.|

C

+ (V vipz))

€Bon01
Separating d; and vg;, ()0, and inserting Vpi = -T;Vn;,,

V.[ni(vpi + Vi) = %at By (V.EL) —

+%°Zvoz<x)az

Cﬂ

nOz a a

= QBO tv o1 — Q Bo tVanl
Ng;C T

_TBOUOZZ(> ¢1 Q, BOUO’LZ

Gt(V VLTLH)

QBO

Bio(v.EM)

vOiz(m)az<v-vj_ni1) (2.92)

(2)0.Vina

Inserting the above equation into the linearized equation of continuity,

No;C
(O + v0;,0.)ni1 + Vng.ve — QOB (0 + UOizaz)Viﬁbl
iDo
T, , (2.93)
T 0.cB (0r + v0:0,) Vi i1 + 1n9; 0501 = 0
€Dy
nip o C Vnm 2
0o TNoi 0 2 94)
cT; (2.
0o (— w~|—w02)k2— + kv, =0
i€Dg
Multiplying with m;/m;, T./e and e/T.,
41 cT, ey mic T, 2 eg1
- z) T T 5 nk T - - z k
(W o )Tlol' €BOK Y Te + QZ‘GBO m; (W o ) T
T (2.95)
e —(w — wp )an“ kv =0
Q,eBym; Y "
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Qe — 2By + O (2D + P2 L) — kv = 0 (2.96)
No; no;

The parallel equation of motion in the linear limit is given as,

e Tz
(Or + v0i20;)Vizi + Vig10zv0i(x) + (Vopi-V )iz =—E; — . Vni
my; m;No;

1 (2.97)
— V.m;
min0i< " )
Using relation:
—LkZC 2l€2( ¢ @) + (VODi-V)Uizl = — (Vﬂ'l) (298)
T; No; miny;
Inserting into Eq. (2.97),
To; 3
(Or + 00202 )Vizt + Viz10300::(x) = —V¢1 — —05’ o
m; my; No;
e n (2.99)
2192 1 i1
_Lkzcipsky( Tvl + n_Oz)
T, n
(—w + Wiz )Viz1 — iaxv(]izky¢1 = - —kz¢1 — —k, o
By m; Mo
(2.100)
Pty Tz nOi
Multiplying with 7. /e, /T, and m;/m;
T,
(_W + sz)Uizl i a UOzz 6¢1
e Bo m T (2.101)
€¢1 T Ut 2 e(I) nil ‘
= ——k — Lk, — k.2 0%k
m; Te m; No; ZpZ ( nOi)
1 2
(W - w(]z)vzl + ﬁamvo,zcskyq)l
¢ y (2.102)
=k, ®; + 02k o, Ltk CQpZQk;@l +k cgpfk‘;noz
Qv + Oy00:2ky @1 = (14 pk2) (P ® + Pk "“) (2.103)
No;
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Here,

Qw =W — Woz Woz = UOizkz
cT,
w* = —k,(k,) = vp.k
eBO ( y) D y
1 dng .
Ky = ———— ==
no dr Pa 95
2
2 G o Te
T = — = —
pl QZZ s m;
T; ep
2 7
(— i (b = —
i Y m; 1 Te

If vo; = 0, Eq. (2.92) becomes,

cT;
QieBo

CNo;

OB,

V.n(vp + v = (w)kipr — (w)(k2ni) (2.104)

Multiplying with m;/m;, T./e and T, /e

B mic T; 5 €01 myc T, T; 9
V.n(vp 4+ vi)i = —noi QeBom, (w)k, T OeBomiT, (w)k,ny
_ 2 2601 2 L 2
= —nop;(w)k, T psi(Lw)kynl
(2.105)

Following the condition for a (EI) plasma, i.e., n;; /nio = ne1/neg = w*ep/wT;

epy e €¢1)
T, U, (2.106)
= —inokp2(w — w) )Py

V.[n(vpi + Vai)l1 = —1plki (now

This is similar to Eq. (2.79).

2.5 Drift Waves in Electron-Positron-Ion (EPI)
Plasma

Shear flow instability has been investigated in pair ion plasma in the linear
and non-linear limit [21], [22], [23]. In Ref. 21, cold plasma was considered
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while in the present work we are dealing with hot plasma. For an (EPI)
plasma, Boltzmann approximation for electron and positron is written as,

Ne1 & Ng exp(eﬁl) A noee%51 (2.107)
—e eo
Np1 A Nop €xp( T¢1) —Noy Tl (2.108)
e P
Putting n.1, n;1 and ny; in linearized Poisson equation as,
1
——V2¢1 = e(nel + Np1 — nﬂ) (2109)
47
1 €Noe e*ny
k2 P ; 2.110
= o1+ T. o1+ T, o1 = eny ( )
Dividing with £%/47 and ng; on both sides,
Amen 4me*ng, . O 4me ng
1 = Py = & 2.111
( + Tek’z Tka To; k2 No; ( )
Multiplying with \%,_k?
Te e Te 7
(1+ A5 k2 + o 2eyg Moe  Ze Tl (2.112)

Noe Tp o € TNy,

nop Tt | Noe €01 i
14+ )\ p_< == 2.113
( T ADe T Noe T )Tl()i T, Mg ( )

nzl

nd, = (2.114)

No;

Here, n = (1 + A%, + npoTe/neoTy)neo/nio and N3, = T, /4wng.e®. Inserting
Eq. (2.96) into Eq. (2.103) in terms of v,; and using Eq. (2.114), we'll get,

1 . Dy iy 1
D2 Qe+ Q2 (p2k2D, —|—p2l<:2n b~
nOz kz k no; kz (2 115)
1 ; '
— GO0l ®1 = (14 g2 (k1 + ks Z; )=0
Q2n®y — Quwi®y + Q2 (p2k + pikin) Py
(2.116)

ﬁaxvmzcikykz@l (L4 pik2) (2 + k2@, =0
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Q2 (n+ p2kl + pekin) — Quuw* + Aictky k. — (14 p7k)) (2 + cin)k? = 0 (2.117)
WA — Quw* + Aictkyk. — (14 pPk2) (2 + cin)k? = 0 (2.118)

Here A; = %&EUWZ is normalized shear parameter and A = n + p?k; -+ p?kgn.
The dispersion relation (2.118) is the same as Eq. (15) of Ref. [24].
Using the quadratic formula, Eq. (2.118) has the solution,

1
Q= grln & (Jwr? — N Aickhyb — (1+ p2R2)(S + i) = 0 (2.119)
The instability criteria in this condition read as,
w2 vili k

A > —5— + (140231 AL .2 2.120

e R ACE e LD (2.120)
For the case of homogeneous plasma, it is given as,
Tk

A > (14 p2k2)(1 4+ ity = 2.121

(4 )0+ ) (2121)

The instability condition emerges through the factor n. Considering its defi-
nition, we deduce that positron produces a stabilizing effect.

2.6 Drift Waves in Electron Ion (EI) Plasma

Shear flow instability in (EI) plasma has been suggested earlier in [25]. In
the case of (EI) plasma, wavelength exceeds the Debye length for that we
have n = 1, so above Eq. (2.118) reduces as,

Q2 (14 P2kl + k%) — Quwl + Aictkyk, — (14 p7k2) (2 + ¢)k? =0 (2.122)

S (2

The above relation is the same as Eq. (16) of Ref. 24.
For v, = 0 and using n;; /ng; = w*edp/wT,, Eq. (2.122) reduces exactly
as Eq. (2.87).
For T, = T;, Eq. (2.122) sets off as,
Q21+ 2p7k2) — Quw} + Aicikyk. — (1 + pik2) (2¢])k2 = 0 (2.123)

Stress Tensor’s collision-less part modifies the criteria of instability given in
Ref. 25 even in the homogeneous limit. Dispersion relation exactly similar
to that of Ref 25. is derived as,

0% — 2Qk,epiciky + 2A;c ky k. — 2¢2k2 = 0 (2.124)
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Here 2 = w —wo, — vopiky. Eq. (48) of Ref. [26] similar to above equation is
O — Qw4+ wi) — 24,7 kyk, — 2¢2k2 =0 (2.125)

For an isothermal case, ¢2 = (v;,T; + v.T.)/m; = 2T;/m; has been used. Egs.
(2.124) and (2.125) are not the same as Eq. (2.123). Q, and w are also
defined differently. Eqs. (2.124) and (2.123) can’t be reduced into Eq. (2.87)
for the limit vy, = 0. If we compare the present work with the previous one,
Ref. 25 had an extra term k,vg, in 2. This term appeared as a consequence
of polarization drift. Convective derivative, i.e., (0; + v.V) was replaced by
(O + kyvo, + k.vo.). However, the offering of collision-less stress tensor and
its annihilation with polarization drift has not been taken into consideration.
For cold ions T; < T,, Eq. (2.122) takes the form,

Q2 (1 + p2kl) — Quw; + Aiclkyk. — k2 =0 (2.126)

Solution of €, is given as,

1
Q= sl & (o — A1+ g2k (Aichy ke — 2K2)] (2127
2<1_’_pgk§) [we We +p )( Cs Y Cs z)] ( )
1
w = wyy + m[ + w:2 (1 + p2k’2)(Alc§kykZ — Czk’g)] (2128)
Shear flow instability arises if,
A1+ p2k) (Aictkyk. — kD)) > w)® (2.129)
Real frequency actually has electron diamagnetic drift, i.e.,
w*
r = z + —— 2.130
Or =0 T o0+ k) (2.130)
For a homogeneous plasma, we get the same result as of Ref. 25, i.e.,
Wy = Wos (2.131)

Note that Eq. (2.128) differs from [27] and [28] in terms of the FLR effect.
These equations are derived from kinetic theory where the contribution of
stress tensor doesn’t occur. Even in the occurrence of homogeneous cases, the
condition for shear flow instability becomes a bit different from that found
in Ref. 25 because of p2k2 factor appearing due to ion stress tensor. For an
electron plasma, it is given as,

T, )k:y
If T; # 0, the factor p2k‘2 can’t be overlooked in case of short wavelength.

Ai> 1+ plk2)(1+

(2.132)
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2.6.1 Limiting Cases in Electron Ion (EI) Plasma
In (EI) plasma, Eq. (2.122) can be rewritten as,

. c? k
Q21+ p2k + pik)) — Quw — ERZ(1+ plk (1 + g) — Aik_z) =0 (2.133)

S

Uniform Plasma

For the case of homogeneous plasma at 7; = 0, Vng; = 0, w; = 0, above
equation takes the form as
02— 1 (21— 4ty (2.134)
T TRy ST A |
If 0,v;0. = 0, above equation appear as,
k2
Q= 2.135
If v;0. = 0, it becomes,
N 2k?
=== 2.136
R e (2.136)

It is clear that wgy, here becomes zero. For the limit 1 < Aii—z, Eq. (2.134)
emerges as,

c2k?2 k
Oy =14 —22-A,-2 2.1
N+ ke (2.137)
Q, =1y (2.138)
w = vo.k, + 1y (2.139)

Here ©Q, = w — w,, is termed as Doppler shifted frequency which is purely
growing instability and makes IAW disappear. This is also known as D’Angelo
mode. The shear flow here is responsible for the wave instability. The real
part of the frequency is equivalent to w = vy, k,. For the limit 1 > Ai[%? in-
stability doesn’t appear and Eq. (2.134) is modified IAW dispersion relation
along with shear flow lined up to the magnetic field.
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Non Uniform Plasma

Let us ignore ion parallel velocity, Eq. (2.133) takes the form,

Q2 (1 + p2k2 + pik}) — Quwr =0 (2.140)

s

At T; = 0 and vy, = 0, we get,

*

Ve (2.141)

T T ke

which is exactly similar to Eq. (2.26) and is known as the basic drift waves
dispersion relation.

2.7 Numerical Analysis

2.7.1 Plasma Scale in JET

Here we will represent numerical solutions by choosing JET parameters where

B =3.4T T, = 10keV

ps = 0.29cm k=3x10"3ecm™

! Vpe &~ 10°ems™?

cs = 10%cms™
In order to validate Boltzmann Distribution, we need to attain k,vg,. >
kyvqe, that means k, > 0.25 x 10*4ky for JET so we chose k, = 0.3cm~! and
k. = 1073cm~!. If we want to drop the ion parallel motion then we have
to acquire k, < k, x 1073, We found two real roots by solving Eq. (2.34).
A stable region of basic drift waves is presented in Fig. 2.1 which is almost
comparable to Fig. 3.7 of Ref. 17. For large k., drift waves turn into TAW.
Dashed line represents w = +ck., if Vng; = 0 and pgkj < 1.

We found two imaginary roots of Eq. (2.122) by applying limiting case,
ie. Vng = 0 and w? = 0. The parameters are the same as of JET with
the addition of shear flow parameter A; = 0.01. In Fig. 2.3, we plotted the
imaginary frequency of the unstable mode of (EI) plasma against k,. The
result shows growing instability in drift mode because of shear flow.
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Figure 2.1: Electrostatic Dispersion Relation Eq. (2.34) is plotted against k,
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Figure 2.2: Unstable drift mode of Eq. (2.122) is plotted against k,
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Figure 2.3: Frequencies of the unstable mode of oxygen ion is plotted against
k.
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2.7.2 Plasma Scale in Ionosphere

The ionosphere is the earth’s uppermost atmosphere comprised of charged
and neutral particles. Plasma there has a distinct ratio of oxygen-to-hydrogen
densities, electron densities and temperature at different altitudes in the au-
roral zone of the ionosphere. At an altitude of 800km, plasma parameters are
By = 0.2G, ng. = 10°cm =3, T, — 0.13eV and T; < 0.37,. Plasma parameters
for oxygen ions are,

Q; = 1.21 x 10*rad/s cs = 8.905 x 10%cm/s
pi =4 x 10%cm ps = 7.3 x 10%cm

All of these values are experimental values [29], [30]. The density gradient
scale was chosen to be k = k, /50 while k, =5 x 10~*em™". The shear flow
homogeneity scale for oxygen ions is given as, A; = 0,vp;./€2; = 0.1.

The numerical solution of the growth rate of drift wave instability for
oxygen ions is represented in Fig. 2.3. We found two roots of Eq. (2.122)
contain both real and imaginary frequency which we have plotted against k..
It is clear that the imaginary part shows growing instability in drift mode
because of shear flow and TAW dissipation. Also, the real part of frequency
is approximately larger than the imaginary part. Thus, the linear limit is
accurate.

2.8 Drift Wave in Dusty Plasma

Dusty plasma has been an active area of research because of its significance
and applicability in space and laboratories [19], [31], [32]. Such a kind of
plasma carries a dust grain along with electrons and ions. The flow of elec-
trons and ions on account of their thermal motion, onto the dust grains
is the reason behind charge accumulation on them. These dust grains are
negatively charged by the reasons of attachment of additional background
electrons. Here, ions play the same role as in our previous work. The equi-
librium condition states that,

N = Noe + 2dN0d (2142)
Here j =1, e, d and ¢4 = —ezy. 24 is the charge count carried by the surface
of dust rain. Following m; < mg, we assume,
—ep ep
1 0i xp( T, ) 0 T, ( )
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edr ep1
el & e = [ 2.144
Ne1 nOeXP(E) no 7 ( )
Using the linearized Poisson equation,
L o
—EV ¢1 = (—enﬂ + €Ne1 — qdndl) (2145)
1 e’ng; e2ng
VP, = ‘ = 2.146
mY = ¢1 + T $1 + €zqna1 ( )
ZT edq kQ
e _((Roile ¥ noels, e Ko (2.147)
Nod T.T; ezqnod 47Tezdn0d
n k? T.Tizqn noile + Noel;
L T ), — 0 (2.148)
nod dmezanoa noile + noel; TeTizanoa
Dividing by ez4, we come up with the following result,
n
N (142 k) ezad /Tors (2.149)
1do
L —— (2.150)
1do

Here /\2De = eff/47r6223n0d7 (I)l = ezd/gbl/Teff and Teff = zandTeTi/(nOiTe—i—
noe1;). Writing dust continuity equation as,

(O + v04:0,)n1q + Vnoa.ve + (at + V04.0 )Vi%

Q B
T, a0 (2.151)
QdeBo(at + 004202 )V ng1 + 10a050a:1 = 0
n c Vn 1
(w— dez)i = Od-( ky)p1 + =——(w WOz)k’;?bl
By nog Q4B
T . (2.152)
— (W — wp )k — — kU4, = 0
QdeZdBO <w o ) yn()d Va1

Multiplying with Ti¢¢/T.sf, €2za/€zq and ng4, sets out above relation as,

\ Nod 2 Leyy
Qunig+n O — —Qk D
1d 0dWgP1 — Q,B, Y ez,

T2 (2.153)

Q, — k.,v4.1 =0
QdGZdBo( )nld NodRzVdz1
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Here Q, = w — k 004z, W) = Tepphinaky/ezaBo and knq = 1/ng(dnga/dx). The
parallel component of the momentum equation is written as,

(81? + UOdzaz)vzl + walamUOdz(w)

T. 2.154
= g, — L, Mk ARy + (2159
my mqg MNod Nod
Solving the above equation yields,
c
(—w — Wodz)Vaz1 + Eaxvodz(x)ky¢l
0
€zq Ty, na 9 919 N1 (2.155)
= __kz(bl - _kz_ - kzcdpdky(q)l + _>
my mq  Nod Nod
Multiplying by T.ss/Terr and ezq/ezq,
Torek ez,
(W — Wods ) Va1 — —2L2Y (drzrvdmo)qul
¢zaBo T (9.156)
T, T. T, T ’
_ fszezd(/51 4oy, ld P2k &, — pzki—Ode%
mq ~ Tefp Mg " Mag mq mq ~ MNod

Teff 279 Teff TOd Uz
Q D, =(1 P+ —— 2.1
wVdz1 T €ZdB(] ky(dwvde) 1 ( + pdky)( my 1+ my nOd)kZ ( 57)

Putting Eq. (2.153) into Eq. (2.157) in terms of vg.1, the dispersion relation
is obtained as,

k2 T T,k?
Qi@ + Qi — Q2L g Qi#@
Nod QuBy ez4 QqezqBo nog (2.158)
Teyy 27.2 Teyy Toanai o
kok.(dxvgo)®; — (1 k2)(— Q) — )2 =0
+ede0 Y ( LVq 0) 1 ( +pd y)( my 1+mdn0d) z

Multiplying with T.;¢/T%ss, ma/mg and inserting Eq. (2.150),

T myg 1, Ty
QQ d Qw O, — QQ ]{32 md Effcl) . QQ k’2 eff P
w'u ! + wd ! “ deGZdBO mq ! “ yqueZdBO my Teff !
mq Tery 2,2 Lefr | Toa Tegy ;o
P e e ke (drvgeo) Py — (1 4+ pRE2)(— 2®, =0
ezgBo mg ! (dzvao)®1 = (1 + pak, ) mq N Teyy ma S
(2.159)
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T
X2 — Wi — Ak k. Ag — (1+ p2k2) (1 + p TO; )2k =0 (2.160)
Here y = u + p?ik;(l + 1Toa/Tu), & = Topp/ma, Ag = 1/Q4(dvoa/dz) and
pa = ca/Qq. Eq. (2.160) is the coupled linear dispersion relation of dust
acoustic wave (DAW) and dust drift wave (DDW) as given in Ref. 24. Using
the quadratic formula, the above equation gives us the solution,

1 T
Q, = a[wfl + \/au;2 + dx(cGkyk.Ag + (1 + pik2)(1 + Ko jcdfc?ik;)] (2.161)

The instability indicator is

TOd kz

|Aal > (14 p3k2) (1 + p=——)
dy Teps’ ky

(2.162)

Hence, the negative gradient of shear flow is the main reason behind the
instability of drift waves.
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Chapter 3

Conclusion

The low-frequency electrostatic waves have been studied in hot ion electron-
ion plasma and the cancellation effect of the ion collision-less ion stress tensor
with the contribution of the diamagnetic term in the convective derivative
of the momentum conservation equation is pointed out using the fluid de-
scription using the fluid approach. In addition to it, the linear drift waves in
multi-component classical plasmas such as electron-positron ion (EPI) and
dusty plasmas are also discussed.

In Chapter 1, we have presented a comprehensive description of plasma
and its parameters by describing the plasma’s composition, its spatial and
temporal scale lengths and characteristic frequencies. The link between the
Fourier series and Fourier transformation has been discussed with an exam-
ple. With increasing the period, say L, of the periodic function, we should
expect the summation to take the form of an integral as illustrated in Fig.
(1.1). Fourier transforms assist to present any periodic function from one
variable into another such that time into frequency and space into wave vec-
tor. The forced oscillator has also been studied. The output oscillation is
equal to the integral multiple of the frequency of external force which is the
source of energy in the system. This validates the idea of enhanced frequency
due to the external driving force. The attenuation of forced oscillations in
a dissipative medium has been calculated to understand the wave behaviour
in collisional plasmas.

The main focus of this thesis is on the linear propagation of drift waves
in usual electron-ion plasma taking into account the contribution of the ions
temperature T;. The derivation of the linear dispersion relation in the case
of hot ions is not straightforward because of the cancellation of the contribu-
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tion of diamagnetic drift velocity in the convective derivative of polarization
drift with the collision-less part of the ions stress tensor. This point has
been highlighted by reproducing the detailed calculations taking help from
Weiland’s book (Ref. 17). In a cold ion plasma, the dispersion relation of the
drift wave is based on the zeroth order diamagnetic drift of electrons. The
addition of polarization drift alters the dispersion relations as Eq. (2.26) in
which the numerator shows the Larmour radius effect at electron temper-
ature. The coupling of ion acoustic wave (IAW) and drift wave originates
when the ion’s parallel motion is included in the derivation of linear disper-
sion relation of low-frequency electrostatic perturbations in the presence of
density inhomogeneity.

Shear flow instability has been readdressed in (EI) and (EPI) plasma ow-
ing to the effect of elimination of diamagnetic contribution in the polarization
drift against collisionless stress tensor part. The limiting cases in (EI) for
both uniform and non-uniform plasma have been analyzed. The study re-
vealed that 0,vy. = 0 and vg, = 0 yield dispersion relation for Doppler shifted
and primary frequencies of waves. In the limit, 1 > A;k,/k,, the imaginary
part of Doppler shifted frequency €2, = w — wp, manifests D Angelo’s mode
which is purely growing. The real part of the frequency is equivalent to vy, k..

The dispersion relation of drift waves obtained for hot ion plasmas has
been solved using the parameters of JET plasma and the ionospheric plasma.
Coupled dispersion relation of drift waves and IAWSs has also been solved for
the case of JET plasma. Numerical analysis (Fig. 2.1) demonstrates the
behaviour of coupled electrostatic drift waves in Joint European Tokamak
(JET) for in-homogeneous cases. The results show stable drift waves turn-
ing into IAW with increasing k.. In the case of homogeneous plasma, the
imaginary frequency in Fig. 2.2 indicates purely growing instability in JET.
We speculate here that drift waves can become unstable in JET if we take
into account the shear flow effect. Both the real and the imaginary part of
frequencies vs k. for the case of ionospheric plasma are shown in Fig. 2.3.
The imaginary part shows the growing instability of drift mode. The real
frequency is approximately larger than the imaginary part of the frequency,
therefore, the linear limit is justifiable.

Coupling of dust drift with dust acoustic wave has also been investigated
at the end of chapter-2.
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