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Abstract

We proposed a noise constrained based distributed adaptive estimation algorithm for wire-
less sensor network, based on the incremental scheme. The Least Mean Square (LMS)
Algorithm’s cost function is modified by using noise variance on every nodes, and noise-
variance’s knowledge is used for estimation the parameter of interest. This modification
result to improve convergence speed of the algorithm keeping the steady mean square error
minimized. Theoretical Mean and Steady State Analysis are performed for the convergence
of the algorithm and steady state mean square error. In Mean analysis the step size limit
of the proposed algorithm define, and in steady state analysis the steady state mean square
error define. Under different scenarios experimental results show the superiority of the
proposed Noise Constrained Incremental LMS over non-constrained ILMS.

Key Words: Adaptive distributed algorithm, Least Mean Square, Noise Constraint,

Incremental distributed scheme, Steady State Analysis, Mean Analysis
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Chapter 1

Introduction

1.1 Wireless Sensors Networks(WSNs)

Wireless sensors network consist a group of dedicated sensing nodes which are spatially
dispersed. These dedicated nodes measure information and monitor the real time envi-
ronmental physical condition. The sensing node collect some information from the envi-
ronment. These information could effect by some sort of noise which are present in the
environment. Different type of noise model used in the wireless sensor network such as
Gaussian Noise, Laplacian Noise, Uniform Noise, Exponential noise etc. Additive White
Gaussian Noise(AWGN) is the common type of noise which effects wireless sensor network.

AWGN is common noise which effect every real time stochastic system. This noise is
additive which means it add the system model, and the white means it effect the all possible
frequencies of the system and constant noise add in a system and Gaussian shows, it follow
the normal distribution.

The AWGN model is simple and due to this we easily observe the underlying behavior
of the system. AWGN produced through the different environment changes and weather
condition.It also comes though natural noise such as vibration changes and thermal vi-
bration. In wireless sensor Network, there are two network models used, Centralized and

distributed Network.



Sensor Node

Figure 1.1: Information flow in WSNs

Centralized Network

In centralized wireless sensor network the all sensing nodes collects information individually
from the environment and then send their information to the central processing node for
processing the information and estimated the desired result as shown in fig 1.2. When
estimation complete on the central nodes then the results send back to the all nodes in the
network. Due to manage huge amount of data and communicating between the nodes a
powerful central processor is required for the Centralized network. Therefor communication

overhead increased for the large network (more than 1000 sensors).

Distributed Network

In distributed network the sensing node collect data and share their information to the
neighboring node as shown in fig 1.3. In this network no central processor used the nodes
direct communicate to the others nodes. The main objective of this network is the estima-
tion is accurate on each node in the network.

In centralized network when the central node fail then the whole network collapse but
as compared to this the distributed network robust to node failure. Large communication
overhead saved at the cost of signal processing at sensors, battery power used optimally

for sub-optimal but acceptable results. The nodes depend exclusively on their local infor-



Figure 1.2: Centralized Network

mation and relationships with their instant neighbors in the distributed solution. There is

a significant reduction in the quantity of processing and communication [2]-[3].

1.2 Distributed Processing

Distributed Processing is the extraction of data from distributed nodes over the geographic
area. The sensing node could collect the noisy information associated with some param-
eter of interest. In distributed processing there are two schemes of cooperation used for
communicating between the nodes.

A) Incremental Scheme

B) Diffusion Scheme



Figure 1.3: Distributed Network

1.2.1 Incremental Scheme

In incremental Scheme the node collect information from the environment and send their
estimation result to the adjacent node. Sequential manner follow from the flow of informa-

tion between nodes over the whole network.

1.2.2 Diffusion Scheme

In Diffusion Scheme the sensing nodes collect information from the environment and send
their estimation result to the all node of the network follow some network topology. In
Diffusion scheme, excessive communication done between the nodes.

In our research we work on the Distributed network because it robust to node failure. By
using incremental scheme for cooperation between the nodes the Communication overhead

reduced.



(a) (b)
Figure 1.4: Cooperation schemes a) Incremental b) diffusion

1.3 Real Time Application of the Wireless Sensor Net-

work

1.3.1 Temperature Sensing

We take an example of wireless sensor network where the nodes collect local temperature
from the environment. every node monitor temperature 7T; and the objective of the network
is to approach the average temperature of the whole network. The node follow some specific
manner for communicating the neighbouring nodes [4][5]), The outcome of the combination
is a new measurement of these nodes, following is the mathematical model is applied on
every node.

x1(7) — oz (i — 1) + agzo(i — 1) + asxs(i — 1) (node 1)

Due to this the nodes present in the network slowly approach the average temperature T

of the network.



Figure 1.5: Temperature Sensing In a Distributed Network [1].

1.3.2 Monitoring Chemical concentration

In another example where some source diffuse some chemical to the environment and the

sensing nodes collect this information and try to estimate the concentration of this chemical

in air or in water (see figure. 1.6).

Array of
SENsSOrs

Figure 1.6: Monitoring Chemical Concentration by using diffusion Scheme[1].

This diffusion model are translated into a diffusion equation which is given below:

ot Ox2

Gelet) _ g Oewt) 4 g 8C§Z’t) + Ozc(x,t) + u(z,t)

where c(x,t) refers to chemical concentration at some location x in time ¢ [6], [7] .

The foundation of future control networks and data communication will be such dis-



tributed networks connecting laptops, PCs, sensors, actuators and cell phones. Applications
range from sensor networks to agricultural accuracy, target location, environmental moni-
toring, management of disaster relief, smart spaces and medical applications [2], [7] - [8], (
[4] [5], and [9]).

We see different real time application that are translated into some mathematical model.
These model can be adaptive or non-adaptive. In WSNs most commonly adaptive model

used for estimation of some the parameter of interest.

1.4 Least Mean Square (LMS) Model

LMS model is commonly used adaptive algorithm in most of the research. The basic idea
behind of this algorithm is that the estimated weights approach to the optimum weights of
the actual output. The wights update through stochastic gradient descent algorithm. In
this algorithm the error feed back to the adaptive system for optimum value convergence
given in fig 1.7.

The gradient descent method given below: w; = w;_1 + aE(J(w))

Where w; is the updated weights, w;_; is the previous weights, a show the fixed and
variable step size of the LMS algorithm and J(w) show the cost function of the LMS

algorithm.

1.5 Background

All the past researches use adaptive algorithm which make use of unconstrained parameters.
However, the NCLMS algorithm used constrained parameters but all nodes converge with
same steady state estimation and the NCDLMS worth on diffusion network and more

computations occur because every node handles the whole network nodes parameters. So
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Figure 1.7: Adaptive LMS Model

we work on Incremental scheme in which node communicate to the next adjacent neighbor

and all nodes collaborate in cyclic pattern.

1.6 Problem Statement

This brings us to the problem statement of my thesis which is:

"Derive and Analyze a Noise Constrained Least Mean Square Algorithm based on the
Incremental scheme for a distributed Wireless Sensor Network.”

In the current era a lot of research has been carried out on the development of adaptive
algorithms which can be applied on distributed networks to extract meaningful information
of parameters which are of interest. In our research, we plan to work on adaptive LMS
algorithm to limit the parameter noise variance in distributed network by using incremen-
tal strategy. The noise variance is not required in Wiener solution (theory perspectives)
but there are some benefits for understanding the adaptive solution. Robbins-Monro ap-
proach is used to minimized the error for noise variance constraint. After applying NCLMS
algorithm in incremental distributed network, we work on analysis part, and extensive sim-

ulation performed which will compare our algorithm with other adaptive algorithms.



1.7 Aims and Objective

Aims and objectives of the research are as follows:

e Detailed analysis and comparison of different methodologies proposed for distributed

network.
e [dentification and tracking of noisy linear FIR channel.
e Effect of variable step size in adaptive algorithm for estimation of noise parameter

e Overcome the trade off between convergence speed and state state mean square error

of the adaptive algorithm.

1.8 Structure of the thesis

This chapter briefly introduces the problem tackled in the thesis. The rest of the thesis is
structured in the following fashion:

Chapter 2 discusses some of the previous LMS algorithm techniques used over dis-
tributed network and some noise-constrained algorithm.

Chapter 3 understand the problem formulation over the distributed network using in-
cremental technique for node communication and presents the proposed algorithm which
use noise parameter for estimation

Chapter 4 in this chapter whole analysis present to check the stability of the proposed
algorithm.Three type of analysis perform i.e. mean analysis, transient state and steady
state analysis

Chapter 5 All simulation done in this chapter.

Finally the thesis is concluded in Chapter 6. Furthermore, guidelines and future

prospects for the proposed algorithm and analysis part have also been highlighted in this



chapter.
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Chapter 2

Literature review

We start this chapter by using of stochastic- gradient method to develop the theory of
adaptive network. These method derive from steepest-descent solution by replacing the
gradient vector and Hessian matrix with some approximation.Different approximation helps
to build different algorithm with performance and some degree of complexity. The resultant
algorithm called stochastic-gradient algorithms.

There are two main purpose by using stochastic-gradient algorithm. First they avoid
to use the exact signal statistics such as co-variances matrix, but this method achieve
this feature by using learning mechanism that enable them to measure this type of signal
statistics. Second this method own a tracking mechanism. These two main reason are
behind the wide spread of this method.There are following stochastic-gradient algorithms,
but our main focus on just least mean square most of the research circulate around this
concept.

1. The Least mean Square(LMS) algorithm.

2. The affine projection algorithm(APA).

3. The recursive least-square algorithm(RLS).

4. The Normalized Least mean Square(NLMS) algorithm.

We focus on least mean square(LMS) in our research. The LMS is a class of adaptive
filter in which tap weights updates through stochastic gradient descent algorithm and meet
the real or actual values. As compare with error which is the difference between actual and

estimated values the wights updates. The basic objective of this algorithm to predict the

11



desired signal by using information of the actual values and error. The LMS algorithm was
invented in 1960.

In [10] first time work on step size of LMS algorithm. The basic LMS has fixed step size
and in this research the variable step size introduced. When mean square error increased
the step size decreased and when mean-square error decreased the step size increased. Due
to this the Variable step size least mean square(VSSLMS) perform better as compared to
previous LMS algorithm.The complete algorithm derived and presented. The mean and
mean-square analysis performed for the robustness of the algorithm with theory results
compared with simulation results.

In [11] worked on modified step size. when large step size used the convergence speed
increased but mean-square error also increased therefor three step size used for conver-
gence of the algorithm.Three different feedback system introduced with gradient descent of
different steps size. The proposed algorithm obtain low mean-square error and fast conver-
gence.This system is used for multi user detection but due to this the hardware complexity
of the detector increased.

In [12] worked on constrained adaptive algorithm for finite impulse response channel
estimation. The channel noise variance is used in the gradient descent algorithm. The Lan-
grange and Robbin-Munro method is used to reduced the conventional mean-square error
and minimized the effect of noise information in the basic gradient descent algorithm. The
resulting algorithm was a variable step size (VSS) and called Noise constrained Least Mean
Square(NCLMS) algorithm. This algorithm worked better all previous VSS algorithm.

In [13] worked on error Nonlinearities of adaptive algorithm and developed a unified
approach for transient analysis. They presented the new performance result without re-
striction of regression data are Gaussian or not. The complete energy conservation relation

derived for the adaptive algorithm with avoiding the explicit recursion of weigh error vec-

12



tors.

In [1] adaptive algorithm research enhanced and apply the adaptive algorithm over
distributed network.The incremental scheme used for communication between the nodes
over adaptive network where each nodes pass their information to the adjacent neighbors.
The proposed algorithm enforce the problem of linear estimation in cooperative fashion
where each nodes pas information throughout the network.The mean and steady state
analysis performed and robustness of the performed algorithm subjected through theory
nad simulation results.

In [14] the previous ILMS algorithm updates and used diffusion scheme for cooperation
between the nodes. In diffusion scheme we see the whole network as a single unit. The
advancement of this network the transient analysis presented and learning curve derived.

In [15] presented distributed LMS for Consensus-Based-In Network adaptive processing.
In this work the wireless Network sensor used for the online parameter estimation and
tracking of non stationary signals.

In [16] presented new variation in previous adaptive algorithm over distributed network.
In this work the fixed step size converted into variable step size (VSS). These techniques
apply both incremental and diffusion fashion. The proposed algorithm works better then
previous algorithm.The simulation results presented and compare with Incremental Least
Mean Square (ILMS) and Diffusion Least Mean Square (DLMS).The proposed algorithm
shown that VSSLMS with adaptive combiners provides a simplified solution than that of
the Diffusion LMS algorithm.

In [17] efficient adaptive combination strategy used for distributed estimation over dif-
fusion network.To derive the proposed adaptive combiner the concept of minimum variance
unbiased estimation was used in a systematic way. The complete mean and mean square

analysis performed to check the stability and robustness of the algorithm. The theoretical

13



analysis show the better approximation of practical performance.

In [18] addressed the problem of reliability of observation in distributed adaptive net-
work. Then we propose a new distributed incremental LMS algorithm which consider the
reliability of observation.Two phases included in the proposed algorithm a training phase
estimating phase. In first phase every nodes estimated the observation noise variance and
unknown parameter; and in second phase according to its observation noise variance the
step-size parameter for each node is adjusted. Finally the proposed algorithm improves the
performance of distributed incremental least mean square(DILMS).

In [19] works shows the effect of noise variances used in the diffusion least mean square
algorithm(DLMS). they used the noise variance and change the step size into variable form.
the mean and steady state analysis performed to show the robustness of the algorithm. The
proposed algorithm worked better when the noise information not available at the sensing
nodes.The comparison performed between DLMS, VSSDLMS and purposed NCDLMS and
simulation show that the resulting algorithm worked better.

In [20] proposed the transient analysis of the Incremental combination of two least mean
square(LMS) algorithm.In this work the previous proposed combiner redesigned to improve
the overall combination performance.

In [21] proposed constrained algorithm over adaptive distribution network using dif-
fusion scheme. Complete mean and mean square analysis performed. The mean square
analysis lead to the transient and steady state analysis where the steady state error cater
fall. Theoretical and simulation results compared. This work compared with past DLMS,
and purposed algorithm worked better in both convergence and steady state error.

In [22] proposed a variable step size diffusion least mean square. They change the step
size presented in previous DLMS into variable form. The complete analysis performed.

And te results was better from DLMS algorithm.

14



In [23] proposed improved LMS system for time varying application by using hybrid
variable and fixed step size. The algorithm worked better then previous non hybrid system.

In [24] improved the least mean square(LMS) and normalized least mean square(NLMS)
algorithm by improving convergence speed and stability of both algorithm.

In [25] addresses the performance of LMS algorithm by changing step size and apply
on different iterations. This paper basically a performance analysis of IMs algorithm in
changing scenarios.

In [26] proposed a multi rate least mean square algorithm and compare the performance
of proposed algorithm with past multi rate LMS algorithm.

In [27] proposed a adaptive algorithm over distributed network which lean and track
the non stationary data by using diffusion scheme for cooperation between the sensing
nodes.Laplacian Regularized (LR) LMS and diffusion adaptation LR LMS used when a
similarity found on the sensing nodes and can be utilized for the respective distributed and
centralized cases.

In [28] presented a unified analysis approach for the variable step size algorithm. In past
many variable step size algorithm presented but there was a drawback that is the analysis
not performed in closed form. The complete mean square analysis performed ehich leads
the steady state and transient analysis. The simulation and theory analysis compared all

the VSS adaptive algorithm

2.1 Summary of the Literature Review

This is a summary of our literature review which shows that different researcher works on
different aspects. Either they have worked on distributed network , constrained and step
size. We works on all three aspects. Our algorithm is noise constrained and apply over

distributed adaptive algorithm using incremental scheme and having variable step size.

15



Algorithm Date | Distributed Network Constrained Step Size(«)
NCLMS 2001 | No constrained variable
ILMS 2007 | Yes using Incremental Scheme | Non- Constrained | fixed

DLMS 2008 | Yes using Diffusion Scheme Non- Constrained | fixed
NCDLMS 2013 | Yes using Diffusion Scheme Constrained Variable
VSS LMS analysis 2017 | No Both Variable
Diffusion LMS analysis | 2018 | Yes using Diffusion Scheme Non-Constrained | Fixed
Proposed NCILMS 2019 | Yes using Incremental Scheme | Constrained variable

Table 2.1: Summary Of The Literature Review

16




Chapter 3

Proposed Methodology

There have been a lot of work in literature on incremental scheme in order to solve the
problem of estimation over distributed adaptive network. In this scheme the cost function
is decoupled with the cost function of the other nodes in the network.By using adaptive

algorithm to minimize the cost function based on incremental scheme [1].

fyraa)  mode: 1

1 node: k-1
1 k-1 xk-1}
R |
ek
reoschehe
node:

fykes1 k1)

Figure 3.1: Adaptive network of N nodes.

3.1 Problem Statement

Let us consider a distributed network of N sensor nodes communicating with each other
using the incremental scheme to estimate a parameter wy of size (M x 1) as shown in
Fig 3.1. In the incremental scheme, each node k updates its estimate using the estimate

from node (k-1) and then passes it on to node (k+1). Each node collects data and uses

17



a regression vector z; of size (1 x M) which helps in scalar measurement of y;") that are

related by:

yL = XZW() + ny (7) (3.1)

where 7y is zero mean stationary Gaussian noise with variance o7 . The scalar mea-
surement and the regression vector that are collected from each nodes are transformed to

a matrix form.

X = colry,xe,...;xn(N X M) (3.2)

Y = colyi,yo,.....,yn(N x 1) (3.3)

The information of z; and yj, is used to estimate wy with an iterative update w}, at node
K. By assuming that every k"* node communicates and shares information only with their
neighbor at every time instant 7. The objective of the adaptive algorithm is to minimize

the cost function given by

Je(w) = El(ye — wrw)?] (3.4)
w is the estimated weight of optimum weight w0. The gradient decent algorithm is

given as:

g

w

after solving above equation its simplifies by:

18



W; = Wij—1 — M(Ry,wk - kawi,l) (3.6)

where R, , is cross-correlation between y;, and xj, and R,, is auto-correlation of ;. A
more better solution for estimation of wy in [29] and simply incremental LMS algorithm is

given by:

@Z = ¢§c—1 + Nmk,i(yli - xk@c—ﬂ) (3.8)
w; = P (3.9)

where @ is intermediate updates of weight which are passed through one sensor node

to the next immediate neighbor following the incremental scheme.

3.1.1 Proposed Changes In the Incremental Least Mean Square

Algorithm

e The step size u used in ILMS algorithm defined by (3.8) and (3.9) are fixed.
e This leads to trade-off between speed and steady-state error.

e Introducing a constraint in cost function, by improving this trade-off at the cost of

increased computational complexity.

e This conversion helps adaptive algorithm to converge faster while keeping the steady

state error minimized.

The above-mentioned derivation leads us to a noise constrained algorithm which is

19



presented in the next section.

3.2 Proposed Noise Constraint Incremental Least Mean
Square Algorithm

In this section we discuss our proposed noise constrained least mean square algorithm
(NCLMS) which makes use of derivation from previous section. Let us consider the follow-

ing equation

yi = wlxh + ny, (3.10)

where xj is zero mean stationary input process with co-variance R = E [mkmg] and ny is
also a zero mean stationary noise with variance 2. Both n;, and z; are uncorrelated.

The cost function can be decompose as:

J(w) = Ji(w) (3.11)

and each Jy(w) is given by:
Ji(w) = E|yp — w'ay|? (3.12)

3.2.1 Modified Cost Function

Now consider a constrained minimization problem that incorporates the knowledge of noise

2

variance o.. We need to minimize Ji(w) over w subject to constrained J(w) = o, the

20



Lagrangian for this problem is:

Jer(w, A) = Je(w) + A(J(w) — afl) (3.13)

Where ) is Lagrangian multiplier. The critical value of k(w, \) are (w, \):w=wo.
There is no fair critical value of w because critical A is not unique so this is a potential
problem for an adaptive algorithm. To avoid this problem we subtract Ao? from (3.13) to

get augmented Lagrangian [12] resulting in the following equation.

Jio(w, A) = Jp(w) + YA (Jp(w) — 02) — )2 (3.14)

where 7 is just constant term, now the unique critical value for J;2(w, A) is (w, \) = (w0, 0).

Keeping in view the equation 3.12 the cost function comes out to be:

Jk2(w7y7xa )‘) = Jk(wayvx) + vk(Jk(w,y,x) - 031) - ,y/\Q (315)

we consider a training sequences of xy, y; which is provided to every node. In such cases
a better solution of root finding algorithm for extracting critical values (wo,0) is Robbin-

Monro(RM) algorithm [30].

wh., = w,i+aij(w,y,x,)\) (3.16)
o

)\k—i-l = )\k_ﬁ_‘](wa?ﬁxa)‘) (317)
O\

where o and [ are just positive step size and negative and positive sign of the partial
derivative terms chose to stable the values of (wo,0) of the system.

By solving the partial derivative of (3.16) and (3.17) we get:
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O_—JkQ = (24 29N (yr — whzy) (zp) (3.18)
o

;sz = Y((yp — wlap)? — 02) — 29\ (3.19)
k

Now substituting the partial derivatives terms (3.19) and (3.18) in equation (3.16) and
(3.17) we get:

Wrp+1 — Wk + 04(1 + ’Y/\k)(yk — wak)xk (320)
Mer1 = /\k(l — B) + g((yk - IUTC(]k) — O'EL) (3.21)

Using this constrained knowledge in (3.7) we have a better practical adaptive solution

shown below:

€ = €1 (3.22)
52 = 52—1 + akxz,i(d;@ - xk,zf;g—l) (3.23)
ar = a(l+vA) (3.24)
o= (- AN+ () - %) (3.25)
6 = €y (3.26)

When compared this algorithm with ILMS , where step size «; is not a fixed value, it
changes with every instant of time i and every k' node. Moreover, (3.23) has an extra
term of Lagrange multiplier whose value changes from node to node according to (3.25).

Thus to conclude the proposed NCILMS algorithm is mathematically shown in equations
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(3.22) to (3.26).
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Chapter 4

Analysis Of the Proposed Algorithm

In the previous section we derive a Noise Constraint Incremental Least Mean Square Al-
gorithm, Now we addresses the stability and robustness of the algorithm through some
analysis. Theoretical analysis are performed for the convergence of the algorithm and
steady state mean square error. The analysis show the robustness of the algorithm and

check stability in different scenario. Two type of analysis performed in our work.
e Mean Analysis
e Steady State Analysis

In mean analysis the step size limit of our proposed algorithm defined.

In steady state analysis the steady state mean square error equation derived, and due to
this equation we check the robustness of the proposed algorithm by comparing theoretical
and simulation results of steady mean square error.

To find the actual value of the system the following equation used. In this equation the

optimum weights is used for finding the true observation.

In the above equation ny(7) show noise with noise variance o,, 5, This linear model is shown
in eq (4.1) are used in many real time application [6],[31],[32], [33], [34]. The following

analysis also handle non stationary data where w, change with respect to time ([32],[35]).
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4.1 Mean Analysis

In order to check the stability of the algorithm mean analysis is carried out and we inter-
ested in mean square deviation (MSD) [28] and data realization vectors in (3.2) and (3.3).

Subtracting wo from equation (3.23) we get:

Pk+1 = ([ - OékiUkiU;}F)SDk — NIy (4-2)

Applying the expectation operator on (3.25), (3.24) and (4.2) equations. In (4.2), when
we apply the data assumption, we can separate @, from other variables. After these changes

the term further simplifies and which is given below:

Elgr+1] = [ — apR]ex (4.3)
Elax] = a(l+9\) (4.4)
EDvn] = (1-8)h+ 5 (45)

where J;, = Ele?]-02.

From [1] we noticed that the incremental LMS algorithm is stable when weights are in
the unit circle[36]. Therefor Lagrange multiplier effect the stability of the algorithm. In

this case algorithm is stable when each node holds the given term:

which holds true if

2
0<ay < L 1<k<N 47
E S 0 o Por]) Oone (Rocr) (47)
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where 0,4, shows the maximum eigenvalues of R, . The step size limit depends on
the stability of the A\, we use all parameters arbitrary and usually its depends on signal to

noise ratio (SNR)

4.2 Mean Square Analysis

The mean square analysis follows a specific learning behavior for the curve. This analysis
leads to the two main analysis, transient and steady state analysis. By starting this analysis
we take some terms which used in the further analysis. We define some weights error which

shown as given below

d: = w’ — ¢l (wight — error — vector — at — time — 1) (4.8)
ear(i) = x;®,_ (a — priori —error) (4.9)
epi(i) = x3,9%(a — posteriori — error) (4.10)

ex(i) = di(i) — 24,P,_ (output — error) (4.11)
er(i) = yp(i) — 2@ = 2w’ + (i) = eq (i) + ng (i) (4.12)

Hence,E|ey(i)|* = Eleaxw | + 0p ), , so that evaluating Eleq )| is useful for evaluating

Elex (i)l .

m = B||®4),_|>(MSD) (4.13)

¥, = Ele,.(i)|*(EMSE) (4.14)
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e = B||®)_y|[7. U = Eleax ()7,

egk(i) = Tk, Z q)iflandegk(i) = Tpy Z o

(4.15)

(4.16)

when apply the expectation operation on the variable step size equations the resultant is

given by:

(I)Z—lv @Z, eg,:k (Z)a ez (Z)

Dk

CI)}C = (D;c—l — aka7i€k(i)

Multiplying the previous equation from the left by xzk,i ) gives
Thi D O =i > Py — anl|zal[3ex (i)
so that from the definitions (4.16)

e23.(i) = e23,(1) — al|znil e

and, subsequently

(i) — L (i~ 6i(0)
* ap okl
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



Substituting (4.23) into (4.20) and rearranging terms,

! ()I2 P \ ()!2

kit Z kit Z

195113 = [|@) |3 — anelyer — arerel, + ||zl 5 lex]? (4.25)

Using (4.12) and taking expectation of both sides gives:

B0}k = E||®)_, |1} —arBerer—apEerel+aio? Bl okl B+ ai Bl - lear]* (4.26)

E||0y]3- =El® 415

—Oéqu)Zq E xZ:ckCI)k,l

(4.27)
— o EO vy Z T
+ ajol Bl |% + o By, Z ryrPp g
Now, given that ||z|[3 + ||z||5 = ||z|/%.p , the previous equation can be rewritten more
compactly as
E|| |5 = E(II®k][5) + akoy pEllzells (4.28)

in terms of stochastic weighting matrix

Z = Z —oy, (T, Z + Z riry) + af |:Ek||22x2xk (4.29)
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Invoking the independence of the regression data z; allows us to write
2\ _ 2
B(|22) = (i) (430)
So that (4.28) and (4.29) become
B||®}|5- = Bl @ lls + aion Bl (4.31)

where Z =F Z/ is given by

Z = Z —a E(xpxy Z + Z rirg) + al B |xk||22x’,;a:k (4.32)

and Y is now deterministic matrix.

Exjay = Ry, Bllag|[3- = Tr(Rex Y ), andE||zy| -z} (4.33)

In [32] paper, we assume Gaussian data for simplicity. Thus, assume that the zj arise from
a circular Gaussian distribution and introduce the eigen decomposition R, = XAz X},
where Ay is unitary and is a diagonal matrix with the eigenvalues of R, j. Introduce further
the transformed quantities

D = X; O, Py = Xj Py, X = 23, X,

=X Y XY =X X

Since X}, is unitary, we have that ¢p = X;®; and ¢ = X Py_; , so that (4.2) and (4.32)

can be rewritten in the equivalent forms

E||®}]1% = B||®} 1||7+akgnkE||Xk||Z (4.34)
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Y= - aEETY ) %N + o B[R g (4.35)

The moments we need to evaluate are now E|[%x|[3-, E(xXx)andE ||X_k‘|2§X_ﬁX_k The first

two moments are straightforward since

E||xxf& = Tr(ArY ), andE(xRy) = Ay (4.36)
The third moment is given for Gaussian regressors by [32]

B % 5= = ARTr(Y M) + Ay Ax (4.37)

where v = 1 for circular complex data and v = 2 for real data. Substituting (4.36) and

(4.37) into the variance relation (4.2), (4.35) leads to

B0} = BllP} Ik + aion yTr(Ac) ) (4.38)

2
[

/

o =diag(32), o = diag(3 ) M = diag(Ay)
where the diag() notation will be used in two ways: A = diag(\) is a diagonal matrix
whose entries are those of the vector A ; A = diag(A) and is a vector containing the main
diagonal of A .

Using the diagonal notation, expression (4.39) can be rewritten in terms of (7, A;) as’

0 = (I =20, A +v02AG + a2 (A\D)\, = Fro (4.40)
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where Fy is defined by

Fi =1 — 20\, + yai Ay, + Q2NN (4.41)

Moreover, gy = ;0% (AL expression (4.38) becomes

E||®}]12, = El|®,_|l5z, + 901 (4.42)

E||®)|13, = Bl[®y]l5,q, + 0101

E||6,;||§2 = E||6741||F262 + 9262
(4.43)

—i —i _
E||®, |12, , = El®_sllF, y5, , T Gr—20k-2

Ell@y[3, = Ell@y 5oy +9vTN

Choosing 73 = Fy_90%_2, we could write ||®l |2

2 in term of |[®_,|[2  as follow:

EH@;—QH%,HEFI = E||6Z—3HE€,2F,€,1@,1 + gk—2sz—15k—2 (4-44)
E|® 12,1 = ElI®)_sll5, .5, 50, + Ie—2Fr10k-1 + Go-10k—1 (4.45)
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for node k£ — 1 the same iteration we get:

= =1
E| |¢k—1 | |§k71 = E| |¢)k)—3| |fk....FNF1....Fk,1?k,1
+ ngk—f—lm-FNFl ....Fk_ﬁk_l

+ gk+1Fk+2 .. ..FNF1 .. ..Fk_ﬁk_l

(4.46)
+ Gp—oFh10h1 + Gr 10k
(4.46) by defining Il ; as follows:
Hk,l — Fk+l_le+l....FNFl....Fk_ll = 1, 2’ 3’ ...N (4.47)
So:
E| |6;c—1||§k,1 = E| |$;c—1 | |Hk,15k_1 + agoy, (448)
where:
ar, = grllpo + gr1llp s + ... + gr—ollp y + gr—1 (4.49)

where gp = aio? N}

4.3 Steady State Analysis

The mean square analysis follows a specific learning behavior for the curve that leads to the
steady-state mean squared error. This error is defined through two different terms Mean

Square Deviation (MSD) and Excess Mean Square Error (EMSE), depending on what value
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is chosen for the weighting matrix.

Bl[®x1ll7,_, = EllPe-illn iz + s (4.50)

Ok—1
By simplifying we obtain:
E’ ’6k71 | |%I*Hk,lo'k—1)5k—1 = a;ﬁk,l (451)
According to 7, = B|[F|12 and ¢ = E[[F |5,

ne = ap(I — ;)" 'q(MSD) (4.52)

Likewise, by choosing o_; that satisfies (I — Il ;)Tk—1 = g, we can achieve an equation

for steady state EMSE quantity, i.e.,

(4.52)to(4.53) show the steady state behaviors of MSD and EMSE
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Chapter 5

Simulation Result

In this section we will discuss the experimentation that has been carried out for the testing
and validation of our proposed algorithm. We performed different simulations to check the
quality of the proposed NCILMS algorithm. The performance measure for comparison has
been taken as MSD. Moreover, the results have been calculated for different values of signal
to noise ratio (SNR).

In our network we take N equal to 20 and M equal to 5 . The constrained parame-
ter a3, v are random selected. A is the Lagrangian operator.We use AWGN Model for
experimentation

There are two types of performance comparison that are considered.

e MSD: Mean Square Deviation

e EMSE: Excess Mean Square Error
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Figure 5.1: Observation noise power profile at each node.

we compare our results with non-constrained ILMS algorithm. The experimental setup
contains 20 nodes in the network and the length of unknown vector is kept at 5. The noise
at one node is independent to the other nodes so noise variance o, is different at every
node. In ILMS the step size has been fixed to 0.02. For the NCILMS algorithm, «, 3, are
fixed at at 0.0027, 0.01 and 14.1 respectively.

Furthermore, initial Lagrange multiplier A is fixed at 0.996. The simulation is carried
out at average SNR of 20db. The results have been recorded after 1000 iteration and 100
Monte Carlo runs. With respect to time/iteration i, the estimated weights w approach to
optimum weights w0 and the Lagrange multiplier A approaches to zero.

Fig 5.2, 5.3 and 5.4 shows the comparative results of our algorithm against non-
constrained ILMS at SNR 10, 20 and 30 dB it can be seen from the graph that our proposed
algorithm outperforms the non-constrained ILMS algorithm.The proposed algorithm con-
verge faster as compared to the incremental least mean square algorithm keeping the steady

state mean square error same.
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Figure 5.2: MSD comparison of distributed ILMS with adaptive combin-
ers,NCILMS for a network of 20 nodes.

Figure 5.3: MSD comparison of distributed ILMS with adaptive combin-
ers, NCILMS for a network of 20 nodes.

Figure 5.4: MSD comparison of distributed ILMS with adaptive combin-
ers, NCILMS for a network of 20 nodes.

In figures 5.5 we use another performance measure excess mean square error (EMSE) of

proposed NCILMS algorithm with non-constrained ILMS algorithm at SNR 10db. It can
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be seen in this figure that performance of our proposed algorithm is better as compared to

ILMS algorithm.

Figure 5.5: EMSE comparison of distributed ILMS with adaptive combin-
ers,NCILMS for a network of 20 nodes at SNR 10db.

The performance of NCILMS improves at SNR 20db and 30db clearly shown in figure

5.6 and figure 5.7. The convergence rate is better than other ILMS algorithm.

B e L M PN T M N
. ,

iAo g o
‘

Figure 5.6: EMSE comparison of distributed ILMS with adaptive combin-
ers, NCILMS for a network of 20 nodes at SNR 10db.
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Figure 5.7: EMSE comparison of distributed ILMS with adaptive combiners,
NCILMS for a network of 20 nodes at SNR 20db.

when taking the step size value large the convergence speed fast . but the steady state
mean square error maximize also. and when taking the values of step size small then the

convergence speed slow , but steady state mean square error minimize. Our proposed

algorithm works better in both situation as shown in fig. 5.8 and fig. 5.9 and overcome

this trade off by using noise variance in modified cost function.

MSD Comparison Between NCILMS and ILMS

ILMS
I — — — NCILMS

20|

MSD

,25‘.\
|
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Figure 5.8: MSD comparison of distributed ILMS with adaptive combiners,
NCILMS for a network of 20 nodes at SNR 20db using step size 0.01.
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MSD Comparison Between NCILMS and ILMS
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MSD comparison of distributed ILMS with adaptive combiners,
NCILMS for a network of 20 nodes at SNR 20db using step size 0.001.

Figure 5.9:

In table (5.1) the steady state mean square error of theory and simulation results shown.
This show that our algorithm is excellent in different scenario when the noise variance is
accurately measured. We clearly see the minor difference in the MSD values of simulation
results and the MSD values derived from the theoretical equation (4.52) which addresses

our proposed algorithm robustness.

SNR(dB) | « Io4 v A Sim(dB) | Th(dB) equ(4.52)
20 0.01 |0.01|14.1]0.9 |-40.87 -40.84
30 0.01 |0.01|10.3 |17 |-50.95 -00.77
30 0.001 | 0.01 | 14.1 | 0.98 | -52.75 -52.74
20 0.01 |0.01]12 1.9 | -45.22 -44.32

Table 5.1: Comparison Between Theory And Simulation results of Steady State
Mean Square Error
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Chapter 6

Conclusion And Future Work

In this work we have proposed a noise constrained incremental least mean square algo-
rithm. The complete derivation of the algorithm is given in (3.2) and in order to check the
stability of the algorithm mean analysis has also been carried out.The step size on every
nodes has been derived and verify the step size by analysis. The steady state analysis com-
pleted derived and the results show in result section.The results indicate that our proposed
algorithm works better and its convergence rate is also faster as compared with previous
ILMS algorithm with the steady state mean square error minimized. Noise constrained
LMS algorithm is derived for WSN based on the incremental scheme. Mean analysis and
steady-state mean square analysis have been for the proposed algorithm. Simulation and
theory results found to be matching for the steady-state analysis

In future we perform complete mean square analysis for the algorithm, including learn-
ing behavior during the transient stage. we will perform the analysis where the noise

variance not accurately measure.
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