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Abstract

Mathematical modeling is an essential feature for the analysis and design of a dynamical
system. Generally, large and complex models are obtained from physical systems. Some ex-
amples are robotic, telecommunications, network, mechanical and many other complex sys-
tems. These systems are governed by the partial differential, Laplace and integro-differential
equations etc. For the analysis and design of such systems, reduced order models are desir-
able that provide a good approximation of the original systems.

In last few decades, notable research work has been done on different aspects of model
reduction. Existing techniques of model order reduction mostly suffer from the limitation
of absence of original system key properties in reduced order system like passivity, stability,
large approximation error and lack of a priori error bounds etc.

This thesis investigates frequency weighted balanced model order reduction problem for
standard and generalized (singular and non-singular), continuous and discrete linear time
invariant systems.

Firstly the frequency weighted model reduction problem is formulated. New frequency
weighted model order reduction techniques are proposed for standard continuous and dis-
crete time systems. Frequency interval Gramians based model order reduction techniques
(where weights are not explicitly predefined) are also presented for standard continuous and
discrete time systems. The proposed techniques guarantee stability even for the case where
double sided weightings are employed. A priori frequency response error bounds are also de-
rived. The proposed techniques yield mostly low frequency response error when compared
to well known existing frequency weighted model reduction techniques.

A generalization of existing frequency interval Gramians based model reduction tech-
niques for Generalized non-singular discrete and continuous time systems is also presented.
Moreover, a frequency limited model reduction technique for Generalized descriptor system
is also presented. Simple algorithms are also given for preserving the stability of reduced-
order models. The work also extends Poor Man’s truncated balanced realization for fre-
quency limited case. Numerical examples are also presented for comparison of generalized
techniques.

Finally, new techniques to address time interval Gramians based model reduction are also
presented for standard continuous time systems. The proposed techniques yield easily com-

putable error bounds and comparable frequency response error.
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Chapter 1

Introduction

1.1 Overview

The derivation of a reasonable mathematical model is fundamental to obtain a good un-
derstanding of the dynamical behavior of a physical system in question or to control
its behavior in order to achieve desired performance specifications. In practice, mod-
elling of complex systems (such as chip design, fluid flow, mechanical systems simula-
tion) yields very large scale systems. Despite the advancement of technology and the
ever increasing computational speed, the analysis, control and optimization of large scale
systems is challenging (if not impossible) due to expensive computations and storage re-
quirements. Therefore, process of generating a low-dimensional or reduced-order mod-
els (ROMs) that provides a good estimate of the original full order system is known as
model order reduction (MOR). In general, the aim of MOR is to find ROMs which ap-
proximate the input output behaviour of the original systems. This is achieved with a
lower storage requirement as well as evaluation time. MOR has played a significant
role in modern control system design and caught lot of attention in the last few decades
[1L12,50/190 241261128132, 33, 50456157, /60L 71176177189, 92.93,194, 195, 96.97].

One of the significant factors in MOR is the reduction error which is obtained from the
difference between the original and ROMs frequency response. In addition system properties
like stability, input output behaviour are also equally important to be preserved in MOR. Nu-
merical properties such as computational speed and accuracy, storage requirements etc. play
a vital role in computational efficiency of the MOR techniques. The error bound formula
for MOR technique gives some idea of the approximation error. It will assist the designer to

choose MOR technique for the concerned application.

1.1.1 Balanced truncation

Given a full order continuous time original stable system be G(s) = C(sI — A)™'B + D

where {A, B, C, D} is its n'* order minimal realization. The objective of MOR is to find



aROM G, (s) = Cy(sI — A11)"'B; + D, where {A;, By, Cy, D} is an r* order (r < n)
minimal realization such that the approximation error ||G(s) — G,($)|| is minimized.
Balanced truncation (BT) [1] (please see Appendix A) is most commonly used MOR
technique which preserves stability in ROMs and yields a priori frequency response error
bounds [5]. In BT, the controllability and observability Gramians are transformed into an
internally balanced system. An internally balanced realization has equal controllable and
observable states. The ROMs are obtained by truncating the least controllable and least
observable states. Hence, using BT [/1] technique, the error obtained is considerably smaller,
which indicates good performance of ROMs. Besides BT, other schemes such as Hankel
optimal approximation [2]], Pade approximation [3]], Krylov technique [4] etc. are also useful

for solving MOR problem.

BT performs well at higher frequencies, therefore for better performance at lower frequen-
cies, balanced singular perturbation approximation (BSPA) is used (please see Appendix B).
The ROMs obtained via the BSPA [33,[34]] are also stable and balanced. Moreover, the er-
ror bound for the BT also holds for BSPA [33],/34]]. However, the ROMs obtained via the

BSPA [33,34] may be proper even for the strictly proper original systems.

1.1.2 Frequency weighted model reduction

In MOR, it is important to have small reduction error between the original system and ROM
for all the frequencies. However, sometimes the error is more critical over a certain band of
frequency rather than other frequencies. This is true for the case, when ROMs are used in
feedback control design [5,[73]]. This leads the concept of using frequency weights in MOR
procedure, also known as frequency weighted model reduction (FWMR) problem. Note that,

controller order reduction problem can be reformulated as FWMR (please see Appendix C).

Given the original full order stable system G(s) = C(sI — A)"'B + D, the stable in-
put weighting system V;(s) = Cy(s] — Ay) ' By + Dy and a stable output weighting
system W,(s) = Cw (sl — Aw ) 'Bw + Dyw, where {A, B,C, D}, Ay, By, Cy, Dy and
Aw, By, Cyw, Dy, are n'*, pt" and ¢'* order minimal realization respectively, the main ob-
jective is to find a stable ROM G,.(s) = C,.(s[ — A,) "' B, + D, where {A,, B,,C,., D,} is an
r" order (r < n) minimal realization, such that [|W,(s)(G(s) — G,.(s))Vi(s)]||~ is made as

small as possible. This is known as two sided FWMR problem as shown in Fig. If one



of the weights is identity, the problem is known as one sided FWMR, where the objective is
to find a ROM G,.(s), such that ||(G(s) — G.(s))Vi(s)|le (in case of input weighting) and
IWo(s)(G(s) — G.(s))]| (in case of output weighting) is made as small as possible. Fig.
[1.2]and Fig. [[.3]represent the input and output FWMR error systems respectively. Enns [5]]

was the first to formulate this problem by introducing frequency weightings to the BT [1]]

technique.
G(s)
. Vi(s) A W,(s) —
> G,(s)
Figure 1.1: Input-output FWMR error system
> G(s)
Input v Qutput
- Vils) o
> G(s)

Figure 1.2: Input FWMR error system

Enns [5]] technique was an extension of BT [1] to incorporate frequency weights. These
weights are useful for the frequency shaping of the MOR error. Enns technique [5] may
use input weighting, output weighting or both. However, for one sided weighting, stability
of ROMs is guaranteed but for double sided weighting case, stability is not guaranteed. To
overcome this instability problem of double sided weighting, several modifications to Enns

technique have been proposed [7,/19,22,23,25,26,(72,73.75,80. 81, 83.84].



G(s)

h 4

— ﬁ?—) wis) |

h 4

Gr(s)

Figure 1.3: Output FWMR error system

To overcome Enns drawbacks, Lin and Chiu [[19] has proposed a different technique that
guarantees stability when double sided weightings are present. However, their technique can
work only when the weighing function used is strictly proper and no pole zero cancellation
occurs when forming the augmented system. These limitations of Lin and Chiu technique
were later modified by Sreeram et al [23] and Varga and Anderson [25], where [23] gen-
eralized [[19] to include proper weights, while [25] retains the stability of the system even
when pole zero cancellation occur. However, Varga and Anderson technique [25] produces
the same results as Enns [5] especially in controller reduction applications. So far controller
reduction problem, if Enns technique [3]] yields unstable ROMs, so does by Varga and An-

derson [25] technique.

Wang et al’s technique [26] has also addressed instability problem of Enns [5], which
not only provide stable ROMs in the presence of double sided weightings but also derived
error bounds. The approximation error of Wang et al technique [26] was later improved
by Varga and Anderson [25]. As pointed out by Sreeram [22], this technique ( [26]] and its
modification by Varga and Anderson [25]) are realization dependent. This means that for

same original system, different models can be obtained from different realizations.

Another group of techniques based on partial fraction was originally proposed by Latham
and Anderson [[83]]. A number of FWMR techniques based on partial fraction expansion idea
have followed [/7,[23.73,75,[80,81,84]]. Error bounds exist for some special type of weighting
functions [7,23,/80,81]]. Sreeram and Ghafoor [7]] technique provides lower approximation

error, but this technique is adhoc with no theocratical justification [[82]]. Sahlan and Sreeram



[81], although provides lower error as compared to Enns technique [5]], and other well-known
FWMR techniques [[19,25,26]], but this technique is realization dependent. Moreover, finding
general transformation matrices for the weights to reduce the weighted approximation error

remains a challenging open problem [81].

1.1.3 Frequency limited model reduction problem

The objective of FWMR technique is to make the weighted error ||[W,(s)(G(s) —
G,(5))Vi(s)|l as small as possible, where V;(s) is some input weighting and W, (s) is
some output weighting given to the system. These input and output weightings are often
fictitious (until unless specified by the user) and results may vary by changing these weight-
ings. In many cases, the problem is to approximate original system (G(s) over a certain
frequency band [wy, ws| and no input and output weightings are given. Using FWMR for
such cases, the designer need to construct weights to reflect this frequency band. Choosing

weightings is also itself a problem [30].

Gawronski and Juang [29] proposed frequency limited model reduction (FLMR) tech-
nique where the frequency weights are not explicitly predefined, but approximation is con-
sidered in certain frequency intervals [wy,ws| without construction of input and output
weightings by frequency domain representation of Gramians. In this technique, Gramians
are defined for a desired frequency intervals. However, it can also yield unstable ROMs for
stable original system (like Enns technique [5]]). Moreover, there are no error bounds. Mo-
tivated by [26]], Gugercin and Antoulas [30] has modified Gawronski and Juang technique
to provide ROMs. Motivated from (Varga and Anderson [25] modification to Wang et al’s
technique [26]), Ghafoor and Sreeram [8|] proposed another modification to Gawronski and
Juang [29] technique to provide stable ROMs. Both techniques [30,[87] carry frequency re-
sponse error bounds subject to fulfilment of certain rank conditions. However, like [25,[26],

these techniques are also realization dependant.

The problem of FWMR with given weightings and FLMR without predefined weightings
becomes equivalent as shown in [30] (please see Appendix D).

Gawronski and Juang has also introduced a concept of time limited Gramians based model
reduction (TLMR). Unfortunately, TLMR also lacks the stability of ROMs and also does not

carry frequency response error bounds.



Generalized descriptor systems are also useful and find their presence in a number of
applications which include semidiscretization of partial differential equations, multi-body
dynamics with constraints, electrical circuit simulation and micro-electro-mechanical system
[44,45,46,47,48,49]]. Many techniques for MOR of such systems appear in [3,/55,/56,57,58]].
However, there is no work in literature that is linked with limited frequency Gramians for

generalized systems.

1.1.4 Problem summary

Existing FWMR, FLMR and TLMR techniques may yield unstable ROMs, have no or poor

error bounds and yield more approximation error.

1.1.5 Summary of contributions

Various FWMR, FLMR and TLMR techniques [10]- [[18]] for standard and generalized state
space systems for both continuous and discrete time are proposed which always yield stable

ROMs, have easily computable error bounds and mostly yield less approximation error.

1.2 Thesis outline

The thesis is divided into seven chapters. A brief description of each chapter is outlined here.

Chapter 2 (partially published in [[10,/12]) presents a new FWMR technique. The proposed
technique guarantees stability of the ROMs in the presence of double sided weightings for
continuous and discrete time systems. The proposed technique also yields frequency re-
sponse a priori error bounds. Computational aspects of existing and proposed techniques
are also given. Several numerical examples are given to show the effectiveness of the pro-
posed technique in reducing the approximation error in the selected frequency band.

Chapter 3 (partially published in [[11}/16]]) presents a new FLMR technique (without ex-
plicitly pre-defined weights) for continuous and discrete time systems. ROMs are guaranteed
to be stable and error bounds are also available. The proposed technique mostly produces
better approximation error as compared to Gugercin and Antoulas [30] and Ghafoor and
Sreeram [8},87] techniques, in the desired frequency interval.

Chapter 4 (partially published in [13,/14,18]) presents FLMR technique for generalized
non-singular continuous and discrete time systems. The numerical simulations and compar-

ison of frequency response error for the proposed generalized techniques are also included.



Chapter 5 (partially published in [|15]) presents FLMR technique for Generalized descrip-
tor (singular) system. The proposed technique generalizes the results of Gawronski and
Juang [29] technique for large-scale Generalized descriptor systems using frequency inter-
val Gramians. Simple algorithms are also given for preserving the stability of ROMs. The
work also extends Poor Man’s truncated balanced realization (PMTBR) technique [[61] to
include frequency limited Gramians for Generalized descriptor systems. A numerical com-
parison of proposed techniques is also included.

Chapter 6 (partially appear in [[17]) proposes TLMR techniques. The proposed techniques
extend the results of time limited Gawronski and Juang [29]] and Gugercin and Antoulas [[69]
techniques. The proposed techniques also yield error bounds. Numerical examples are given
to show the effectiveness of the proposed techniques in reducing the approximation error in
the selected time interval.

Finally, chapter 7 concludes the thesis with some suggestions for future research.



Chapter 2

FWMR: A New Technique

2.1 Introduction

MOR is an essential feature for the analysis and design of modern control systems. The
ROM should possess the properties of original system. Moreover, it is desired that the ap-
proximation error between the original system and ROM is small for whole frequency range.
BT [1]] (for standard state space system) is a popular scheme for this purpose, since it pre-
serves stability and has frequency response a priori error bounds. It is desired that reduction
algorithm minimizes the error for whole frequency range. However, for certain scenarios
the approximation error is more critical in certain frequency intervals rather than whole fre-

quency range.

Enns [5] FWMR has extended the BT method to include frequency weightings in the
reduction procedure. This technique may include input, output and double sided weightings.
Enns technique ensures stability of ROMs for single sided case only. For double sided
weighting case, this technique may yield unstable ROMs [23]]. To rectify the instability

issue of Enns technique, various modifications exist in literature including [[7,19,125,26] etc.

Lin and Chiu [[19]] technique is only applicable when weightings are strictly proper. It was
improved to include more general proper weightings in [23]]. Varga and Anderson [25] tech-
nique also yields proper models for strictly proper original systems. Ghafoor and Sreeram [//]]
technique although provides alternate solution to Enns instability problem but it is a pa-
rameterized technique. Wang et al’s [26] technique is relatively useful, since other tech-
niques [19,25]] are not applicable for controller reduction problem. Moreover, besides stabil-
ity solution to Enns [5] technique, Wang et al’s [26]] technique also yields easily computable
expression for a priori error bounds. However, Wang et al’s technique involves square root

of eigenvalue decomposition (EVD) of some matrices, therefore may yield large error.

In this chapter (partially published in [[10,/12]]), a new technique is proposed for FWMR for

both continuous and discrete time systems. The stability is guaranteed even for double sided



weighting and a large change in some of eigenvalues is circumvented by pursuing similar
effect on all eigenvalues. The proposed technique provides comparable frequency response
error and yields easily computable a priori error bounds. Numerical examples are given to
show the usefulness of the proposed technique. The results are compared with the existing

FWMR techniques.

2.2 Preliminaries

Here we review some of the existing FWMR techniques, namely Enns [5], Wang et al [26]]

and Varga and Anderson [25] etc.

2.2.1 Enns technique

Let G(s) and G(z) be the transfer function of a stable original continuous and discrete time
systems respectively with the following minimal realization, {A, B, C, D}. Similarly, let
Vi(s), W,(s), Vi(z), W,(2) be the transfer functions of stable input and output weights of
continuous and discrete time with the following minimal realizations: {A;, B;, C;, D;} and

{A,, B,, C,, D, } respectively. The augmented systems are given by

G(s)Vi(s) = Ci(sI = A)™'B; + D (2.1)
W,(5)G(s) = C,(sI —A,) 'B,+ D, (2.2)
G(2)Vi(z) = Ci(zI — A)'B; + D; (2.3)
W,(2)G(z) = Co(zI —A,) "B, + D, (2.4)

where

A BC, | BDy

= 0 A B (2.6)




Let the Gramians

Pi _ PE P12 ,QO: QW F{z
P}, Py Q12 Qp

satisfy the following Lyapunov equations:

AP+ PAT + BBl = 0 (2.7

AT Qo+ QoAo+CLCy = 0 (2.8)
For discrete time systems above Lyapunov equations are:

APAT — P+ BBT = 0 (2.9)

ATQ,A, —Q,+CTC, = 0 (2.10)

By expanding the (1,1) and (2,2) blocks of equations (2.7) and (2.8)) respectively, we have:

APg + PeA" + X = 0 (2.11)
ATQr+QrA+Yp = 0 2.12)
where
Xg = BCyPL+ PLCLB" + BDy DL B (2.13)
Y = C'B},Qf,+ Q12B,C + CT' D}, Dy C (2.14)

Similarly, expansion of (1,1) and (2,2) blocks of equations (2.9) and (2.10) respectively,

yield

APz AT — Pp+Xp = 0 (2.15)

ATQpA—Qp+Ye = 0 (2.16)
where

Xp = APLCIB" + BOyPLAT + BCy PyCy' BT + BDy DI BT (2.17)

Yy = COTBLQI,A+ ATQ,BwC + CT B, QwBwC + CT"D}, DywC  (2.18)
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Let T" be contragredient matrix (used to transform the original system realization) obtained

as
01 0 0
0 oo --- 0

TTQRT = T P71 = ? (2.19)

0 0 - o,

where 0; > 0541, 7 = 1,2,...,n — 1 and 0, > 0,4;. By partitioning the transformed

realization, we have

A= poar— | A B=T"'B= b ,
Ay Agp By

where A;; € R™*". The ROM is obtained as:

GT(S) = Cl(SI — All)_lBl + D

GT(Z> = Ol(ZI — All)_lBl + D

Remark 2.2.1 For input weighting only, Pr and () are used for calculating the balancing
(contragredient) transformation T in (2.19). Likewise for the case of output weighting only,
the matrices P and Qg are used for calculating the balancing (contragredient) transforma-

tion T in (2.19), where P and Q) are unweighted Gramians computed as:

AP + PAT + BBT = 0
ATQ+QA+CTC = 0
APAT — P+ BBT = 0

ATQA-Q+CTC = 0

Remark 2.2.2 Since in Enns technique, it is not guaranteed to ensure Xg > 0 and Yi > 0,

the ROMs may not remain stable in the case of double-sided weightings.

11



2.2.2 Wang et al’s technique

The limitation of Enns technique that it may provide unstable ROMs in the presence of
both input and output weightings was overcome by [26] technique. This technique [26]
guarantees the positive semi-definiteness of symmetric matrices Xpg and Yy 2.14). A
discrete time version of [26]) technique is proposed by Campbell et al’s [85]]. Let the new
controllability Py ¢ and observability Qs Gramians (calculated by solving the following

Lyapunov equations) respectively

APys + PwsA" + BysBiys = 0 (2.20)

A"Qws + QwsA+ ClsCws = 0 (2.21)
Similarly, for discrete time case, the Lyapunov equations are

APysAT — Pys + BwsBiyg = 0 (2.22)

ATQwsA — Qws + ClysCws = 0 (2.23)

are used to obtain contragredient matrix 7" as

_01 0 0 1
T QusT =T Rst = | ’
] 0 0 an_
where o; > 0541, 7=1,2,...,n—1and 0, > 0,41.

The fictitious input By g and output C'yy ¢ matrices shown in the above Lyapunov equa-
tions are defined as, Bys = Uws|Sws|'/? and Cys = |Rws|?ViLs, respectively.
Since the expressions Uws, Sws, Vivs, and Ry g are calculated by orthogonal EVD
Xp = UwsSwsUl,g and Yp = VipsRwsVilg, where Sws = diag(si, sa, -, Sn),
Rws = diag(ry,ra, -+ ,10), |s1] > [s2| = -+ > |s,| > 0and |rq| > |ra| > - > |r,| > 0.

The ROMs are calculated by partitioning the transformed realization.

Remark 2.2.3 Since Xg < BwsBa/S >0,Yg < C[Z;/SCWS >0, Piws > 0and QWS > 0,
the minimality of {A, By s, Cws} is guaranteed. Thus the stability of ROMs in the case of

double-sided weighting follows immediately from the stability of unweighted BT.

12



Theorem 2.2.1 [26] The following expression for error bounds holds (subject to fulfillment
Cws

. = rank [ Cws ]):

of rank [ Bws B } = rank [ Bws } and rank

IWo(5)(G(s) = Gr())Vils) oo < 2[Wo(8) LIl KVi(s) o0 D 0

j=r+1

IWo(s)(G(2) = Gr(2)Vils)lloo < 2[Wol2) LIIEVi(2) |50 D 0

j=r+1
where
L= C’ngdiag(|7’1|_% : |7“2]_% e |Tli|_% 0, ,0)
K = diag(|si| "% Jso| * -+ sl 200 0)U B

li = rank [Xg| and ko = rank [Yg).

2.2.3 Varga and Anderson modification to Wang et al’s technique

Varga and Anderson [25]] proposed a modification to Wang et al’s technique [26] by reducing
the Gramians distance to Enns choice (i.e, the size of Py — Pg and Qws — Qg). The

proposed transformation simultaneously diagonalized the Gramians Py 4 and QV A

o 0 - 0
, . 0 oo -+ 0
T Py AT T =TTQu AT = ?

0 0 - o,

whereo; > 041, 7=1,2,...,n—1and o, > 0,4 and the Gramians PVA and QVA satisfy
the following Lyapunov equations:

APyj+ PyaAT + ByaBY, = 0 (2.24)
ATQua+ QuaA+CL Cra = 0 (2.25)

Similarly, for discrete time case, the Lyapunov equations become

APyaAT — Pysy+ ByaBL, = 0 (2.26)
ATQuaA = Qua+CLCva = 0 (2.27)
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The new fictitious matrices By 4 and Cy4 are defined as By 4 = Uy AlS‘l/jl and Oy 4 =
R‘l//thVT A, respectively. The terms Uy 4,, Sva,, Ry 4, and Vi 4, are obtained from the or-

thogonal EVD of symmetric matrices

[ SVA 0 UVA T
Xp=| Uya, Uva, | 1 L (2.28)
0 Sva, Uv a,
| Rya, 0 Vira, "
Y= Via, Vi, | L (2.29)
| 0 Rya, Vv,
S 0 R 0
where v = diag{s1, 82, .-, Sn}, v = diag{ri,r2, ..., n}s
0 SVA2 0 RVA2

Syva, > 0,5v4, <0, Rya, > 0and Ry,, < 0. The ROMs are calculated by partitioning

the transformed realization. Since

Xp < ByaB{ 4 < BysBlyg >0

Yg < Oy Cya < ClrgCws >0

and the realization {A, By 4, Cy 4} is minimal, the stability of ROM in the case of double

sided weightings is guaranteed.

Remark 2.2.4 An error bound for this technique [25|] also exists, similar to one in [26]],

_ Cyva
subject to fulfillment of rank [ Bya B ] = rank [ Bya } and rank =
C

rank [ Cva } )

2.3 Proposed technique

In Wang et al’s [26] technique, the symmetric (generally indefinite) matrices Xy and Yy are
made positive definite (or positive semidefinite) by taking the absolute values of the eigen-
values obtained by EVD of X and Y. This may lead to a large change in some eigenvalues
and may not effect other eigenvalues. To pursue a similar effect on all eigenvalues, a new
technique (partially published in [[10}/12]) is proposed which not only provides stability but
also yields comparable frequency response error and error bound. Let a new controllability

Py and observability ();s Gramians respectively, are calculated by solving the following

14



Lyapunov equations:

APig + PigA" + Bie Bl =0 (2.30)

ATQie + QreA+ ClCia =0 (2.31)

Similarly, for discrete time case, Lyapunov equations become

APgAT — Prg + BigBlo =0 (2.32)

ATQreA — Qi+ ClCra = 0 (2.33)

The matrices B;s and Cj¢ are the new fictitious input and output matrices respectively

and are defined as:

U(S —s,I)'?  for s, <0
B = (2.34)
USt/2 for s, >0

(R —r,)"?2VT for 1, <0
Cre = (2.35)

R/2yT for r,, > 0.
The terms U, S, V, and R are calculated by the orthogonal EVD of symmetric matrices
Xp=USUT and Yy = VRVT, where S = diag(s1, 82, ,8n), R = diag(ri,ra, - ,70),

§1 > 89 > -+ > 8y, and ry > ry > --- > r,. Note that, the matrices B;s and C}g are

constructed by pursuing similar effect on all eigenvalues of symmetric matrices Xy and Y.

A contragredient transformation matrix 7' (used to transform the original system realiza-

tion) is obtained as

i o 0 0 ]
QT =T Pt = | | " ’
I 0 0 O'n_
where 0; > 0544, 7 =1,2,...,n—1, 0, > 0,41. The ROMs are calculated by partitioning

the transformed realization as

GT(S> = Cl(SI — All)_lBl + D

GT(Z> = Ol(ZI — All)_lBl + D

15



Remark 2.3.1 Since Xy < BigBl, > 0, Yg < C}.Crg > 0, Pig > 0 and Qg > 0.
Therefore, the realization (A, Big, Ciq, D) is minimal. Moreover, the ROMs are stable. The

stability of ROM follows from the stability of unweighted BT [20)].

Remark 2.3.2 Let

CV(R—r,0)"Y%  forr, <0

Lic = (2.36)
CVR™1/? for r, >0
(S — s, 0)"2UTB  for s, <0

Ko = 2.37)
S—12UTB for s, > 0.

a. Ifrcmk [B[G B] = rank [ng}, then B = Bia K.

Cra
b. If rank = rank [Cg], then C = LicClq.
C

The existence of these rank conditions can be shown in a similar way as in [26]. It is also

shown in [26] that conditions given in a. and b. are almost always true.

Theorem 2.3.1 The following error bound for the proposed technique holds

(D) [Wo($)(G(s) = Gr())Vil) oo < 2Wols) Lic ool K16 Vi($)lloo Y 7

J=r+1

(ii) [(G(5) = Gr(9))Vil(s)]loo < 20K 16Vi(s) oo Y 0

j=r+1

(iii) ||[Wo(s)(G(s) = Gr(5)) [l < 2[Wol(s)Liclle Y 0

j=r+1
Proof: For brevity, we show only the proof of (i) here, proofs of (ii) and (ii1) can be obtained

Bia
similarly. By partitioning By = e ,Cra = [ Cra, Cra, } and substituting B, =

Bia,
Big, K16, Ch = L1gCiq, respectively yields
[Wo(s)(G(s) — Gr(s))Vils)]l
= [[Wo(s)(C(sI — A)7'B = Ci(sI — An) "' B)Vi(s) o
= [Wo(s)(LiaCra(sI — A" BigKic — LicCra, (sI — A1) ™' Bra, Kia) V()]s
= |[Wao(s)Lia(Cra(sl — A~ Big — Cra, (sI — An) ' Bia, ) K16 Vi(s) [l

< NWo(s)Ligllsol|Cra(sI — A) ' Big — Cia, (sI — An) ™" Biey ool K16 Vi(s) [l
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If {Ai1, Big,,Cra,, D} is a ROM obtained by partitioning the balanced realization
{A, Bjg,Ciq, D}, we have from [5]

||ng(S] — A)_IB[G — OIG1 (S] — All)_lBlGl”oo S 2 Z O'j

j=r+1

the results follows.

Remark 2.3.3 A similar error bound holds for the discrete time case also as:

(i) [[Wo(2)(G(2) = Gr(2))Vi(2)lloo < 2IWo(2) Lic ool KiaVi(2) o Y 0

j=r+1

(ii) [[(G(2) = Gr(2)Vil2) oo < 20 K16Vi(2) o0 ) 05

Jj=r+1

(ii)) [[Wo(2)(G(2) = Go(2))lloo < 2IWo(2) Liclloc ) 05

Jj=r+1
Following example provides insight into the construction of B;s and Cj¢ for the case

when s,, < 0 and r,, < 0.

Example 2.3.1 Consider the 3" order system [6] G(s) = (s +2)/(s® + 25> + 3s + 1) with
the weights Vi(s) = W,(s) = 1/(s* + 4s + 2), respectively. Eigenvalues of matrices Xg
and Yy are {0.0292,0.0000, —0.0190} and {0.9296, —0.0000, —0.0274} respectively, which
Sws| = diag{0.0292,0.0000,0.0190}, |Rws| =
diag{0.09296, 0.0000,0.0274}, (S—s,1) = diag{0.0482,0.0190,0.0000}, and (R—r,I) =
diag{0.1204,0.0274,0.0000}. Equations and are used to construct B;g and

vields s, = —0.0190, r, = —0.0274,

Cie. The Hankel singular values (HSV) obtained by [26|]] and proposed techniques are
{0.2082,0.204, 0.0129} and {0.2443,0.0323,0.0227} respectively. The norm of L, K, L;g
and K¢ are 2.2859, 4.5564, 2.2529, 3.5450 respectively.

Example 2.3.2 Let G(s) = (45> +65+2) /(s> +5s*+4s+2), with weights V;(s) = 1/(s+1)
and Wy(s) = 1/(s + 4), respectively. HSV obtained by [26|] and proposed techniques are
{0.1474,0.1176,0.0136} and {0.1389,0.1312,0.0153} respectively.

Remark 2.3.4 For the case when symmetric matrices X > 0 and Yg > 0, then P =
Pyws = Pig and Qp = Qws = Q. Consequently, the ROMs obtained using Enns [5]],

Wang et al’s [26|]] and proposed technique are the same. Otherwise Pp < Pig, Qp < Qra
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and (\j[PpQg])Y? < (\[PicQic])Y?. However (as can be seen from above examples), a
direct relationship among Gramians and HSV of proposed and Wang et al’s [26|] techniques

cannot be given (when Xg }_4 0and Yz 2 0).

Remark 2.3.5 For the case when input V;(s), Vi(z) weights are co-inner and output W,(s),

W,(z) weights are inner [21|], then P = Py = Py g = Pig and Q = Qr = Qws = Q1c-
2.3.1 Computational aspects

The balancing procedure involves computation of transformation matrix using controllabil-
ity and observability Gramians. Sometimes these matrices become numerically low rank
especially in large scale systems (possibly) due to rapid decay of their eigenvalues [27]. Due
to this reason, the balancing procedure becomes inefficient. Accuracy enhancing techniques
for different FWMR techniques appear in [6,25].

For the unweighted case, Hammarling [9] technique is used to obtain Cholesky factors of
Gramian matrices from original system realization without actually computing controllabil-
ity and observability Gramian matrices respectively.

In the FWMR techniques, the Cholesky factors of the Gramian matrices are obtained from
the augmented system realizations. Let S and R be the Cholesky factors of the augmented

system Gramians matrices P; and (), of equations (2.7) and (2.8) respectively,

Sn 512 Sﬂ 0

P, =S85" =

0 S S, SL
| SuShi+8eSh SwSh, | | Pe P
- SuST  SwSL | | PL Py

and

Q- F'R— -RlT1 0 Riy Ry

i Ri, Rj 0 Ry
B | R Ry Rf\ Rz | Qw Qi
i Ri,Ri1 RI,Rys + R{,Rys Q12 Qp

By making use of the Cholesky factors S and R calculated above, the Cholesky factors
corresponding to Gramians in FWMR techniques namely [5,26] and proposed technique can

be obtained as follows:
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1. Enns technique [S]: The Cholesky factors

RlQ .
SE = [Sll 512] and RE = satlsfy [25]

Ray
T T T SlTl
Pr = SESE = 511511 + 512512 = [ S11 Si2 ] T
i Sao
T T T Rz
Qe = RpREp = RyyRos + Ry R0 = [ RZ’Q R{z ]
Ry

2. Wang et al’s technique [26]: The Cholesky factors Sy g and Ryyg satisfy Pyg =
SWSga/S and QWS = RTVE/SRWS’ where PWS l and QWS " [6]

3. Proposed technique: The Cholesky factors S; and R satisfy Prg = S IGSITG and

Qrc = RigRia, where P (2.30) and Q¢ (2.31).

Next we establish a relationship between Cholesky factors and Gramian matrices of

Enns and proposed technique. Equation (2.30) and (2.31]) can be expressed as:

A(Pg + Pog) + (Pg + Pug)AT + (Xp —s,1) =0, for s, <0
APp + P AT + X5 =0, for 5, >0

AT(Qp + Qua) + (Qp + Qua)A+ (Yg —rnI) =0, for r, <0

A"Qp +QprA+Yr =0, for r, > 0
AP,q+ PgAT—s,I =0, for s, < 0
A" Qua + QuaA—r,I =0, for r,, <0

Similarly, for discrete time case equations (2.32) and (2.33]) can be expressed as:

A(Pg + Pyg)AT — (Pg + Pyg) + (Xg — s,1) =0, for s, <0
AP AT — Py + X =0, for s, > 0

AT(Qp + Qo)A — (Qp + Qua) + Ye—rnI) =0, for r, <0

ATQpA —Qp+Yr =0, for r, > 0
AP A" — Py — 5,1 =0, for s, <0
A" QuaA — Qua — rnd =0, for r, <0
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Since

Xig=U(S = s, )"/*(S — 5,1)"?UT = Xy — 5,1, for s, <0
X1 =U(S)V2(SV2UT = Xy, for s, >0
Yig = VYR —r,)"*(R—r,))"?V =Yg —r,I,  for r, <0

Yo = VT(R)1/2(R)1/2V =Yg, for r, > 0

By using Hammarling technique to calculate the Cholesky factors of the Gramians F,;
and Q.4 from the realization { A, /—s,I,+/—7,I, D}, we can write P,q = 5,457, and
Qaa = RT,R,4. Therefore, Pr¢ (2.30) and Q¢ (2.31) can be expressed as:
St
P ="5165]q=Pp+Pag= 511511 + 512573+ SaaSeq= [511 Sho Sad} ST
Sad
R
Qre=RiaRic=Qp+Qau= Ry Ras+ R, Ria+RlyRaa= [RQTQ RT, RaTd} Ry

Rad

Remark 2.3.6 Note that, the Cholesky factors for the Enns and the proposed technique re-
spectively, are computed directly from the augmented system realization using Hammarling
technique without calculating the augmented system realization Gramian matrices P; and
Q.. However, Cholesky factorization for Wang et al’s [26]] technique is computed directly
from the corresponding frequency weighted realization using Hammarling technique without

calculating the associated frequency weighted Gramians [§].

2.4 Numerical examples

Here numerical results of both continuous and discrete time linear state space systems are

presented.

2.4.1 Continuous time case

Example 2.4.1 Consider the fourth order system used in [6}/19,23,125,|26|]
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Table 2.1: Frequency weighted errors and error bounds comparison for ROMs

Enns [5] Technique | Wang et al’s [26] Technique | Proposed Technique
Weighting | Order Error Error Error Bound Error | Error Bound
1 1.1310 1.1270 2.4488 1.1270 1.7861
Input 2 0.1342 0.1367 0.4573 0.1240 | 0.4502
3 0.0654 0.0658 0.1155 0.0678 0.0900
1 1.1244 1.1182 2.0463 1.1193 1.9866
Output 2 0.1553 0.1552 0.3616 0.1552 |  0.3540
3 0.0593 0.0593 0.0921 0.0592 |  0.0901
1 2.1291 2.1213 7.2898 21234 | 49323
Two Sided | 2 0.2260 0.2720 1.4895 0.2424 1.2789
3 0.1131 0.1151 0.3228 0.1075 0.2446
-1 0 0 O 0 5
4 -2 0 0 B- /2 =3/2 - 1 01 O]
0 —3 0 1 =5 4/15 1 0 1
0 0 —4 -1/2 1/6

with following 2™ order input and output weightings

Ai = AO - 4.5]2, B,L - BO - 3]2,02‘ - Co = 1.5]2, D,L - DO = I2

respectively. Table gives the corresponding results.

Example 2.4.2 Consider a stable 6" order system (Example 3.1 of [6])

-13 1 0 0
=7 01
=210 0 0 1
=320 0 0 O
—600 0 0 O
-80 0 0 0
0 1 0
0.2 03 04

00 0 1
0 0 1 06
00 2 09
B =
10 5 0.3
01 1 06
00 05 1
1 0 00
D=
0.5 0.6 00
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Table 2.2: Frequency weighted errors and error bounds comparison for ROMs

Enns [5] Technique | Wang et al’s [26] Techmnique | Proposed Technique
Weighting | Order Error Error Error Bound Error | Error Bound

1 139.6132 136.5005 361.3248 134.4076 | 411.4761

2 18.3129 18.3316 92.4481 18.7287 95.7778

Input 3 21.1996 21.2479 44.8325 20.2999 48.7198

4 9.1666 9.1205 19.8312 8.9602 21.7747

5 2.6430 2.4827 5.5316 2.3935 6.6900
1 131.4251 108.5365 356.2655 108.2467 | 171.4624

2 16.5652 15.4991 86.6817 15.6764 40.3546

Output 3 16.6552 14.7750 40.9833 15.2463 20.8452

4 8.0065 8.2056 17.7719 7.2529 9.8677

5 2.4785 4.4455 5.7643 1.8129 2.6186
1 131.5077 99.4405 667.2325 99.2950 | 365.7043

2 16.3252 15.2951 168.6104 15.7326 80.9650

Two Sided 3 16.5315 14.6251 78.0990 14.5335 42.8066
4 7.7922 7.8043 32.8717 7.0779 20.3537

5 2.1083 3.5243 10.1790 2.4644 5.6365

with following 2" order input and output weights
-10 0 —2.7333 0
Ai = 7Bi = ) )
—4.5 0 0 -3
—-4.1 0 —5.4667 O 05 0
—4.5 0 —6 0 1.5
D,=D; =1,

respectively. Table gives the corresponding results.

Table and [2.2)) shows the frequency weighted errors obtained by Enns [5], Wang et

al’s [26] and the proposed technique for input, output and double sided weighting cases. It

is observed that the proposed technique compares well (mostly produces lower error and

tighter error bounds) with existing FWMR techniques. Moreover, Enns technique may yield

unstable model and has no a priori error bound.
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2.4.2 Discrete time case

Example 2.4.3 Consider (example C appeared in [23|]) a 4" order stable discrete time sys-
tem

23

G(z) = 24+ 1.123—-0.0122 — 0.2752z — 0.06

with the following weightings

z40.9

Vilz) = Wol2) = =53

The first order ROM obtained by Enns [5] technique is unstable while ROM obtained by
Varga and Anderson’s, Campbell et al’s and proposed techniques are stable yielding fre-
quency response errors 112.9338,100.8739 and 94.116 respectively. Note that, proposed

technique provides stability with relatively lower error when compared to other techniques.

Example 2.4.4 Consider a 6! order stable low pass digital elliptic filter with 0.2 dB of

peak-to-peak ripple and a minimum stopband attenuation of 20 dB represented by

G(2) 0.10542% — 0.19442° + 0.11872* — 0.11872% + 0.1944z — 0.1054
e
26 —2.96212° 4 4.83252% — 4.981923 + 3.524522 — 1.52622 + 0.3657

with the following input and output weightings respectively,

23 +3.00812% 4+ 1.99442 + 1.0325
23 4+0.222+0.752 4+ 0.2

Vi) =

2% +2.972% 4+ 2.9403z + 0.9703
23 4+ 1.161922 + 0.6959z + 0.1378

W,(z) =

Table [2.3| gives the comparison of error and error bounds for ROMs obtained by Enns,
Varga and Anderson’s, Campbell et al’s and proposed techniques for the input and two sided
weighting cases. Note that, the proposed technique mostly yields lower error as compared

to other techniques.

Example 2.4.5 Consider a 4" order stable discrete time system [S87]]

Glz) = 107%(3.3152% — 4.96952% + 2.1668z — 0.24002)
24— 3703523 + 5.195722 — 3.2718z + 0.77986
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Table 2.3: Frequency weighted errors and error bounds comparison for ROMs

Campbell et al’s Technique [85] | Varga and Anderson’s Technique [86]-- Proposed Technique
Weighting | Order | Enns Technique [3] | Error ErrpriBound Error Error Bound Error | Error Bound
1 211254 20.5953 1634.2 21.6491 157718 156065 | 2549.0
2 31.9647 328319 978.34 32.8863 4338123 184571 16239
Two Sided | 3 35.0441 32.3860 59048 33.9063 2551017 201274 99892
4 28.7611 314710 23641 304331 1027518 307929 42713
5 127538 29.5760 11781 127660 504647 25,6547 20336
1 70057 11275 145811 1.235 92.6748 70140 | 2425983
2 104643 107354 §7.9789 107694 55.8603 106714 | 1497017
Input | 3 11205 103852 53.0816 103477 32.9346 9.9857 | 90.8636
4 §.9634 100342 21.8067 9.6079 13.5877 §4277 | 411182
5 24435 31720 104718 2.8446 6.3761 32061 | 16.5445

Table 2.4: Frequency weighted errors and error bounds comparison for ROMs

Campbell et al’s Technique [85] | Varga and Anderson’s Technique [86] | Proposed Technique

Weighting | Order | Enns Technique [5] | Error Error{Bound Error Error Bound Error | Error Bound
1 0.0216 0.0245 0.6024 0.0241 0.3321 0.0240 |  0.6783
Input 2 0.0021 0.0027 0.2582 0.0026 0.1403 0.0025 | 0.2853
3 0.0015 0.0025 0.0433 0.0023 0.0247 0.0021 | - 0.0508

with the following input weighting

22 —-0.12 — 0.05

Vil2) = 5005075

Table gives the comparison of error and error bounds for ROMs obtained by Enns,
Varga and Anderson’s, Campbell et al’s and proposed techniques for the input weighting
case. Note that, the proposed technique compares well and yields relatively lower error as

compared to other techniques.

Example 2.4.6 Consider a 4" order stable low pass digital Chebyshev type 1 filter with

Table 2.5: Frequency weighted errors and error bounds comparison for ROMs

Campbell et al’s Technique [85] | Varga and Anderson’s Technique [86] | Proposed Technique

Weighting | Order | Enns Technique [5] | Error Error Bound Error Error Bound Error | Error Bound
| 1.7905 1.7898 §.27121 17900 5.6369 1.7867 | 6.2509
Output | 2 0.8967 0.8126 29832 0.8520 1.9243 0.729 |  2.5083
3 0.5098 0.4868 1.4488 0.4979 0.9219 04740 | 09543
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0.1dB of peak-to-peak ripples in the passband represented by:

Gz) = 0.49z* — 0.97992 + 0.49
T 24 —-0.289323 — 0.662922 + 0.02462 + 0.2904

with the following output weighting

z—0.2
22 —-0.424+0.5

W,(z) =

Table |2.5| gives the comparison of error and error bounds for ROMs obtained by Enns, Varga
and Anderson’s, Campbell et al’s and proposed techniques for output weighting. Note that,
the proposed technique compares well and yields relatively lower error as compared to other

techniques.

2.5 Conclusion

In this chapter, a new FWMR technique for continuous and discrete time systems is proposed
based on pursuing similar effect on the eigenvalues of weighted augmented input and output
realization matrices. Unlike the Enns, the proposed technique yields not only stable ROMs
for the case of double-sided weighting but also gives easily computable a priori frequency
response error bounds. Computational aspects of existing and proposed FWMR techniques
are also given. The numerical examples show that the proposed technique compares well
with other well-known techniques generally yielding lower error and tighter error bounds
for ROMs of different order.

The next chapter considers FLMR problem.
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Chapter 3

FLMR: A New Technique

3.1 Introduction

Previous chapter considers FWMR, here we consider FLMR for continuous and discrete

time systems.

Gawronski and Juang [29]] proposed a FLMR technique, where weights are not explicitly
predefined, but approximation is considered in certain frequency intervals for linear contin-
uous and discrete time systems. The Gramians are defined for a desired frequency intervals.
However, it can also yield unstable ROMs for stable original system and there are no error
bounds. To overcome instability problem of Gawronski and Juang, some FLMR techniques
have been proposed in literature including Wang and Zilouchian [90], Gugercin and An-

toulas [30]], Ghafoor and Sreeram [8]].

Gawronski and Juang technique [29] was modified by Gugercin and Antoulas [30] to
provide stable models and error bounds. This technique ensures stability by taking absolute
values of eigenvalues. This causes a large change in some of the eigenvalues and little
effect on rest of eigenvalues. Ghafoor and Sreeram [8]] technique tends to minimize the
approximation error and yields stable ROMs and has error bound expression also. This
technique ensures stability by retaining only positive eigenvalues and truncating negative
eigenvalues. Like Gugercin and Antoulas [30], this technique does not have a similar effect

on all eigenvalues.

In this chapter (partially published in [111|16]), a FLMR technique is proposed which pro-
vides stable ROMs by pursuing similar effect on all eigenvalues for both continuous and dis-
crete time systems. The proposed technique provides comparable frequency response error
and yields easily computable a priori error bounds. Numerical examples are given to show

the usefulness and comparison of proposed technique with the existing FLMR techniques.
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3.2 Preliminaries

Consider a linear time invariant continuous and discrete time systems respectively

G(s) = C(sI-A)'B+D (3.1

G(z) = C(zI-A)"'B+D (3.2)

where A € RV, B € R™™, C € RP*", D € RP™ and {A, B,C, D} is its n'" order

minimal realization with m inputs and p outputs. The problem of MOR is to to find a ROM
with

G.(s) = COy(sI —Ayn) 'Bi+D (3.3)

Gy(2) = Cy(zI —Ay)'Bi+D (3.4)

which approximates the original system (in the desired frequency band [wy, ws| Where wy >

wr), where A;; € R™*", By € R™*™, (4 € RP*", D € RP*™ withr < n.

Let P and () be the frequency domain controllability and observability Gramians

P =g [7 (jwl — A)'BBT(—jwl — A")dw

T om

Q=& [* (—jwl — AT)LCTC(jwl — A)'dw

Continuous time

P =g [T (e — A)7'BBT(e7%] — AT)dw
Q=5 [ (eI — AT)ICTC(e?] — A)dw

2

Discrete time

are the solution of following Lyapunov equations:

AP + PAT + BBT =0
ATQ+QA+CTC =0

Continuous time

APAT — P+ BBT =0
ATQA—Q+CTC =0

Discrete time

3.2.1 Gawronski and Juang’s technique

The discrete time version of Gawronski and Juang’s technique [29] also appears in Wang

and Zilouchian [90]]. The controllability and observability Gramians for limited frequency

27



domain are defined as

APgy + PosAT + Xq; =0
Continuous time “ 7 “ 3.5

ATQes+ QaiA+Ye; =0
AP ;AT — Poy+ Xay =0

Discrete time 7 “’ 7 (3.6)
ATQesA— Qg +Yes =0

where

Xes = (S(ws) = S(w1)) BB + BBT (87 (wz) = 5" (wn))
Continuous time ¢ Y7 = (S (wy) — S7(wy)) CTC + CTC (S(w2) — S(wr))
S(w) = zj_w In ((jw[ + A) (—jwl + A)_l)
Xu, = BBTFH + FBBT
Discrete time ¢ Y, = CT'CF + FHCTC
F=—wzafq L[ (e*]—A) ldw

SH(w) and F are Hermitian of S(w) and F respectively. Let

_ oo 0 -+ 0 |
TT'QeyT =T 'Pe,T7 T = 0 o9 -+ 0
(00 o]
where 0; > 0541, j = 1,2,...,n — 1, 0, > 0,41 and T is a contragredient matrix used

to transform the original system realization. ROMs are obtained by partitioning the trans-

formed realization.

Remark 3.2.1 One can consider the multiple frequency intervals for approximation. For

example, for two intervals [wy, ws] and (w3, wy), W1 < wa, w3 < wWy.

Remark 3.2.2 Since the symmetric matrices Xy and Y5 may not be positive semidefinite,
the ROMs obtained by Gawronski and Juang [29] and Wang and Zilouchian’s [90] tech-

niques may not be stable. This issue was solved by [30] and [87|] and error bounds were

also derived.
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3.2.2 Gugercin and Antoulas’s technique

The instability problem of Gawronski and Juang [29] was solved by Gugercin and An-
toulas [30]. The discrete time version of [30] was proposed by Ghafoor and Sreeram [87]]
Algorithm 1. Let the controllability P4 and observability ()4 Gramians respectively, ob-

tained as the solutions to Lyapunov equations

APga + PoaA" + BaaBL, = 0 (3.7)

ATQaa+ QeaA+ CE Caa = 0 (3.8)
Similarly, for discrete time systems above Lyapunov equations become

APgpAT — Pgy+ BaaBL, = 0 (3.9)

ATQcaA — Qca+CiyCoa = 0 (3.10)

Equations (3.7)) and (3.8)) are used to find a contragredient matrix 7" as:

_01 0 ... ()_
T QeuT =T Pt = | 1!
_O 0o - Tn |
where 0; > 0,11, j = 1,2,...,n — 1, 6, > 0,41, Bga = UqgalSga|'? Caa =

|Rga|'?VZE,. The terms Uga, Sqa, Vga, and Rga are obtained as Xg; = UgaSgaUg 4

and Yo7 = VgaRgaVE,, where

S1 0 0 1 0 0

0 S9o 0 0 T2 0
SGA = ) ) RGA -

0 0 - s, 0 0 -

[si| > |se| > -+ >s,| > 0and |rq| > |ry| > -+ > |r,| > 0. The ROMs are calculated by

partitioning the transformed realization.

Remark 3.2.3 Since X¢; < BgaBL,, Yo5 < CL,Caa and the realization (A, Bga, Cga)

is minimal and the stability of ROMs is also guaranteed. This technique also yields frequency

29



response error bounds.

3.2.3 Ghafoor and Sreeram’s technique

Ghafoor and Sreeram [8] also addresses the instability problem of Gawronski and Juang
[29] technique. The discrete time version of this technique appears in [87] Algorithm 2.
Ghafoor and Sreeram [§]] defined the controllability Pgs and observability ()gs Gramians

respectively, as the solutions to Lyapunov equations

APgg + PgsA' 4+ BasBls = 0 (3.11)

ATQas + QasA+ CésCas = 0 (3.12)
Similarly, for discrete time systems above Lyapunov equations become

APgsA" — Pos + BgsBts = 0 (3.13)

ATQasA — Qgs + CLsCas = 0 (3.14)

The equations (3.11) and (3.12)to find a contragredient matrix 7 as:

o 0 - 0
0 op - 0
TTQusT = T~ PugT™T = ?
0o 0 - o,
4 . - _ _ 1/2 _ pl/2 T
where 0; > 011, 1 =1,2,...,n—1,0, > 0,41, Bas = Ugs,5gg,» Cas = Rgg, Vas,- The

terms Ugs,, Sas,, Vas,, and Rgg, are obtained as

SG’Sl 0 Ugsl
Xgy = [ Ugs, Ugs, ]
0 SG52 Ugs2 ]
Ros, 0 Vs |
Yo, = [ Vas, Vas, }
O RGSQ Vgs2 i

where = diag(s1,S2," "+ ,Sn), = diag(ry1,7m9,"* ,Th),
0 5052 0 RGSQ

S1 Z 59 Z Tt 2 Sny, T1 Z T2 Z e Z Tns SG51 = diag(sh S, 781)7 RGS& =

diag(ry,ro, -+ ,1), S > S9 > - > 5 > 0,11 > 19 > --- > 1, > 0. The ROMs
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are calculated by partitioning the transformed realization.

Remark 3.2.4 Since Xq; < Bgngs < BG’ABgA, Yo, < CgsoGS < C’gACGA and the

realization {A, Bgs, Cgs} is minimal, and the stability of the ROMs is also guaranteed.

Moreover, an error bound (similar to [30]) also exists.

3.3 Proposed technique

In Gugercin and Antoulas [30] technique (and its discrete time version [87]), the symmet-
ric matrices Xy and Y are ensured positive /semipositive definite by taking the square
root of absolute values of the eigenvalues obtained by EVD of symmetric matrices X
and Y ;. This sometimes leads to a large change in some eigenvalues and may not effect
other eigenvalues. On the other end, Ghafoor and Sreeram [8]] ensures positive definiteness
of the matrices X and Y ; by taking only positive eigenvalues and truncating negative

eigenvalues. This technique also does not have similar effect on all eigenvalues.

In the following, a technique (partially published in [11,/16]) is proposed where effort is
to have a similar effect on all eigenvalues of indefinite matrices X¢; and Ys;. The ROMs
obtained are guaranteed to be stable. Moreover, it yields frequency response error bound
and improved frequency response error. Let new controllability P;s and observability Q¢

Gramians, respectively, be calculated by solving the following Lyapunov equations:

APig + PigA" + BigBlz =0 (3.15)

ATQra + Qe A+ CHCra =0 (3.16)

Similarly, for discrete time case, Lyapunov equation becomes

AP AT — Pig + BB, =0 (3.17)

ATQ16A - Qre + ClCre =0 (3.18)

The matrices B;; and Cj¢ are the new fictitious input and output matrices respectively
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defined as:

Ura(Sia — s,1)Y? for s, <0

B = L2 3.19)
U[GSIG for Sn Z 0
(Rig — roD)Y2VE, for 1, <0

Cie = (3.20)
R}g VL, for r,, > 0.

The terms U;q, Sig, Vig, and R;q are calculated as X5y = UIGSIGU}FG and Y5, =
VieRicVi, where Sig = diag(si, 89, ,8n), Rig = diag(ri,ra, -+ 1), 81 > s9 >

o> sp,and g >rg > s >

Consider a contragredient transformation matrix 7' (used to transform the original system)

is obtained as

01 0 0
0 o 0
TTQieT = T~ PieT " = ’
0o 0 - o,
where 0; > 0541, j = 1,2,...,n — 1, 0, > 0,41. The ROMs are obtained by partitioning

the transformed realization.

Remark 3.3.1 Since XGJ < BIGB?G” ng < Cfngg, BIGB?G > 0, C}‘FGC[G > 0, P]G >
0 and Q¢ > 0. Therefore, the realization (A, B, C1) is minimal. Moreover, the ROMs

are guaranteed to be stable.

Theorem 3.3.1 The following error bound for the proposed technique hold if the rank con-

C
ditions rank [Brg B] = rank|[Bjg| and rank S = rank [C1c] (which follows

C
from [8,26,|50]) are satisfied

1G(s) = Go(s)lloo < 20 Lic| Kiall Y o

j=r+1

1G(2) = Gr(2)ll < 2Ll Kic] D o

j=r+1
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where

CVia(Rig — o) Y% for r, <0

Lic = (3.21)
CngRI_é/Q for r, > 0.
Sia — s, 1)"YV2UL.B  for s, <0
Ko = (S )" UGB 1 (3.22)
S.&UL.B for s, >0
, Cra
Proof: Since rank [Brg B] = rank [Br¢] and rank = rank [C¢], the rela-
C
. . L. BIGl
tionships B = B K¢ and C = L;¢C}¢ hold. By partitioning B;g = ,Crg =
BIGQ

Cra, Cia, ] and substituting B; = Brg, K1, C1 = L1cCle, respectively yields

|G (s) — Gr(5)]loo = [|C(s] — A)"'B = Ci(s] — A1) ' Bl
= ||L1cCra(sI — A)"'BicKic — LicCra, (sI — A1) "' Bia, K16l
= ||Lic(Cia(sI — A) ' Brg — Cig, (s — A1) ' Bia,) Kl

< | Licll|Cra(sI = A)~'Big = Cia,(sI — A11) "' Bia, ||| K16 ||

If {A11, Big,, C1a, } is ROM obtained by partitioning a balanced realization { A, B;g, Cig},

we have [5]]

IC1c(sI = A)7'Big = Cie, (s = An) 'Bia, |l <2 ) 0.

Jj=r+1

Therefore,

1G(s) = Go(9) oo < 20 Lrcll| Kicll Y o

j=r+1

The proof of discrete time version follows similarly.

Remark 3.3.2 When X }_4 0and Yqy 2 0, then

X16 = BicBle = Xas — sul, Yic=CioCia =Yg —rnl

Prg = Pay + Paa, Qe = Qacrs + Quads
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where

(

A(Pgj + Pug) + (Pgy + Pu) AT + (Xgy — sud) =0, for s, <0
AT(Qay + Qua) + (Qay + Qua)A + Ygs—rnI) =0, for 1, <0
AP,y + PyA" — 5,1 =0, for s, <0
\ ATQua + QuaA — 11 =0, for 1, <0

(

A(Pgy+ Pug)AT — (Pgy+Pu) + (Xgs —sul) =0, for s,<0
AT(Qcs + Qua)A — (Qas + Qaa) + Yoy —1,1) =0, for r, <0
AP AT — Py — 5,1 =0, for s, <0
\ AQuiA — Qug — rpd =0, for r, <0

Continuous time

Discrete time

Remark 3.3.3 For the case when symmetric matrices Xqy > 0 and Yg; > 0, then Pgy; =
Poa = Pgs = Pig and Qgj = Qca = Qas = Qig. Otherwise Pgy < Pig and Qg <
Q1c. Moreover, frequency limited HSV satisfies: (\;[Pa;Qc])"? < (\[PreQic))*.

3.4 Numerical examples

Numerical results of both continuous and discrete time standard systems are presented.
3.4.1 Continuous time case

Example 3.4.1 Consider a linear time invariant stable 6" order system with the following

state space representations

-9 -29 —-100 —-82 —-19 -2

1 0 0 0 0 0

0 1 0 0 0
A =

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

T
2[100000}
:[0000—11]
= 0

The ROMs are obtained using Gawronski and Juang [29], Gugercin and Antoulas [30],

Ghafoor and Sreeram [8] and proposed techniques for limited frequency intervals [wy, wo). Tt
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is observed that 4'" order ROM obtained by Gawronski and Juang technique [29] is unstable
with poles —1.2229 £ 3.4602:, 0.1322 £ 2.7913: respectively, while ROMs calculated by
proposed and Gugercin and Antoulas [30], Ghafoor and Sreeram [8]] techniques are stable

for the frequency interval [wy,ws] = [5, 8] rad/s.

Singular Yalues

D T T T T
. —— — - — - - Goyvronski and Juang
S0k AT Gugercin and Antoulas |
o \_ — — —iGhafoar and Sreeram
T Gt T SN TR *Propozed Technique
-~ s
A e T RN 1
ﬂ X
g ot X\\{M 1
R
g A0r L AR T
£ Vo
& B0 e e i
& (I T
TN
Jok |_, \.\*‘ L
) tel N
X NS
a0k :\’ P
L+
Ras
gof )
100 Lol RN | Lol Lol
10° 107 107 10° 10! 10°

Frequency (radfz)

Figure 3.1: 0 [G(s) — G,.(s)] in the desired frequency range [wy, ws] = [2, 7] rad/sec.

Figure compares the singular value plots for the error function, o [G(s) — G.(s)],
where G, (s) are the 2" order ROMs obtained using Gawronski and Juang [29], Gugercin
and Antoulas [30], Ghafoor and Sreeram [_8] and proposed techniques for the frequency
range [wy,ws| = [2, 7] rad/sec. Figure [3.2| represents close up view of the error plot in the

desired frequency range.

Example 3.4.2 Consider the 6" order stable three mass mechanical system shown in Fig.
3.3 also studied in [8,29]. The masses are my = 11, my = 5 and m3 = 10. The stiffnesses
ky = ky = 10, ks = 50 k3 = 55 and dampings d; = 0.01k;, © = 1,2,3,4. The single input
u is applied giving f1 = u, fo = 2u, f3 = bu; the output is y = 2q1 — 2qs + 3q3, where
q; is displacement of the i*" mass, and f; is the force applied to that mass. The state space

representation of the system is
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Figure 3.2: Close up view of o [G(s) — G.(s)] in the desired frequency range |wy,ws] =

[2, 7] rad/sec.
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Figure 3.3: Simple three mass mechanical system
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Figure 3.4: o [G(s) — G,(s)] in the desired frequency range [wy, ws] = [1, 5] rad/sec.
Figure 3.4 compares the o [G(s) — G,(s)], where G, (s) are the 1* order ROMs obtained
using Gawronski and Juang [29], Gugercin and Antoulas [30], Ghafoor and Sreeram [8]] and

proposed techniques for the frequency range [wy,ws] = [1, 5] rad/sec. Figure [3.5]represents

close up view of the error plot in the desired frequency range.

Example 3.4.3 Consider an 8" order stable analog Chebyshev type 1 bandpass filter with

20 dB of peak-to-peak ripple in the passband with following state space representation
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Figure 3.5: Close up view of o [G(s) — G.(s)] in the desired frequency range |wq,ws] =
[1,5] rad/sec.
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0 —3.8730 0 0 0 0 0 0
0 0 —3.8730 0 0 0 0 0
0 0 0 —3.8730 0 0 0 0

T
140000000]

0000.01360000}

[_
|

Figure compares the singular value plots for the error function, o [G(s) — G.(s)],

where G,(s) are the 4" order ROMs obtained using Gawronski and Juang [29], Gugercin
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Figure 3.6: 0 [G(s) — G,(s)] in the desired frequency range |w;,ws| = [1, 10] rad/sec.
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Figure 3.7: Close up view of o [G(s) — G.(s)] in the desired frequency range |wy,ws] =
[1,10] rad/sec.

and Antoulas [30], Ghafoor and Sreeram [8] and proposed techniques for the frequency

range [wy, ws] = [1,10] rad/sec. Figure [3.7| represents close up view of the error plot in the
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desired frequency range.

Example 3.4.4 Consider a 6" order stable analog Chebyshev type 2 highpass filter with

stopband ripple of 11 dB and stopband edge frequency of 11.3 Hz with following state space

representation
[ 0 7.2396 0 0 0 0 ]
—7.2396 —10.9901 0 0 0 0
4 0 0 0 13.4910 0 0
—21.7779 —53.5399 —13.4910 —8.0453 0 0
0 0 0 0 0 17.6523
i —34.6578 —85.2046 —3.8176 —12.8035 —17.6523 —2.9448 |

T
0 7.2396 0 35.2689 0 56.1278]

= [—0.6175 —1.5180 —0.0680 —0.2281 —0.0327 —0.0525]
0
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Figure 3.8: 0 [G(s) — G,.(s)] in the desired frequency range |wy, ws] = [10, 15] rad/sec.
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Figure 3.9: Close up view of o [G(s) — G.(s)] in the desired frequency range |wq,ws] =
[10, 15] rad/sec.

Figure [3.8| compares the singular value plots for the error function, o [G(s) — G.(s)], where
G, (s) are the 3" order ROMs obtained using Gawronski and Juang [29], Gugercin and
Antoulas [[30], Ghafoor and Sreeram [8]] and proposed techniques for the frequency range
w1, wa] = [10, 15] rad/sec. Figure[3.9]represents close up view of the error plot in the desired
frequency range.

Discussion: It is observed from examples (3.4.1 - 3.4.4) that in the desired frequency in-
terval Gawronski and Juang technique mostly gives better approximation error, but it some-
times yields unstable ROMs as given in example 3.4.1. The proposed technique provides
comparatively good approximation as compared to Gugercin and Antoulas and Ghafoor and
Sreeram techngqiues in the desired frequency interval. Gugercin and Antoulas and Ghafoor
and Sreeram and proposed techniques have the advantage of providing stable ROMs and

carry error bounds also.

3.4.2 Discrete time case

Example 3.4.5 Consider a 4" order stable discrete time system [23|] represented by

23

244+ 1.123—-0.0122 — 0.2752 — 0.06

G(z) =
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Table 3.1: The ROMs in the frequency range 0.37 to 0.57

Techniques Order 1 Order 2
(0.9324) (1.2281= — 1.2082)
gi‘;‘fch_and (z + 1.5654) G+ 17747z — 1.1679)
1an’s f90]
. (1.2887) (0.97932 + 0.2416)
‘f‘léf’]‘i“hm = 1 0.8797) (z+0.7531)(z + 0.6818)
Moo | (1:1276) (0.97852 + 0.2614)
2o (= + 0.9238) | (= 1 0.7264 + 0.05027)(= + 0.7264 — 0.05023)
N (1.0677) (0.9820 + 0.4569)
P (z 7 0.9315) | (z 70,7962 + 0.1282)(z + 0.7962 — 0.1282%))

Table [3.1] shows the ROMs obtained by using Wang and Zilouchian’s [90], Ghafoor and
Sreeram’s algorithms (1 and 2) [87] and proposed techniques in the frequency range 0.37 to
0.57 respectively. Note that, the ROMs obtained for the first and second order are unstable
for Wang and Zilouchian’s [90] technique, whereas the Ghafoor and Sreeram’s algorithms
(1 and 2) [87] and proposed technique yields stable ROMs. The third order ROM (not shown
in table obtained by these techniques is stable.

Example 3.4.6 Consider a 6" order stable discrete time system represented by

0.0112% + 0.06352° + 0.16532* + 0.216923
+0.156522 + 0.71242 + 0.0882

G(z) =
26— 1525 +2.324 — 2.12% + 1522 — 0.692 + 0.2

Fig. [3.10] represents the frequency response errors, o(G(z) — G,(z)], where H,(z) is the
fourth order ROM produced by BT [1]], Wang and Zilouchian’s [90], Ghafoor and Sreeram’s
algorithms (1 and 2) [87] and proposed techniques respectively. The frequency interval for
computing error response is 0.357 to 0.457. Fig. [3.11|represents closeup view of frequency

response error.
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Example 3.4.7 Consider a 6" order stable discrete time system represented by

254524+ 722+ 8224102+ 1

G(z) =
4 2
420 +3.525 4+ 320 +223 +1.222 4+ 24+ 04
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Figure 3.12: Frequency response error comparison of the ROMs
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Figure 3.13: Frequency response error comparison - a closeup view

Fig. represents the frequency response errors, o|G(z) — G,(z)], where H,.(z) is the
second order ROM produced by BT [/1]], Wang and Zilouchian’s [90], Ghafoor and Sreeram’s

algorithms (1 and 2) [87] and proposed techniques respectively. The frequency interval for
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computing error response is 0.57 to 0.77. Fig. [3.13] represents closeup view of frequency

response error, where the unweighted BT plot is not shown because of its large value.

Example 3.4.8 Consider a 6" order stable discrete time system represented by

0.0107z5 4 0.06422° + 0.15952% + 0.216823
+0.15252% + 0.07042 + 0.0009

G(z) =
20 — 1.46372° + 2.28382* — 2.05872°
+1.44672% — 0.6746 + 0.1825
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Figure 3.14: Frequency response with magnitude and phase error comparison of the ROMs

Fig. represents the magnitude and phase of the frequency response errors, o[G(z) —
G.(z)], where H,(z) is the fourth order ROM produced by using Wang and Zilouchian’s
[90], Ghafoor and Sreeram’s algorithms (1 and 2) [87/]] and proposed techniques respectively.
The frequency interval for computing error response is 0.377 to 0.427. Fig. [3.15|represents
closeup view of the magnitude and phase of frequency response errors. It is observed that
the proposed technique compares well with other existing techniques when both magnitude

and phase of frequency response error are considered in the desired frequency interval. Note

45



0.07 -

006
§ D.Dfi—.”””. —-—-WWang Zilouchian's . -
=S N IEEEEEEEE Ghafoor & Sreeram’s Algarithrm 1 s
gﬂ-m—"-._ —— —Ghafoor & Sreeram’s Algorithm 2 =T

ook ’ -+ Proposed Technigque .___F_;-:HF,H_-——-”‘“FF

L o Iy
ool T T T TS
L L L+ 1 .

n L 1 1 L L
0.37 0.375 0.38 0.385 0.39 0.395 0.4 0.405 0.41 0.415 0.42

1000 —_

ol - e

600 -

4o0f ' ——

Phase(deq)

200

0 e e PR O e PR

_2DD 1 1 1 1 1 1 1 1 1 ]
0.37 0.375 0.38 0.385 0.3 0.325 0.4 0.405 0.41 0.415 0.42
Maormalized Freguency

Figure 3.15: Frequency response with magnitude and phase error comparison - a closeup
view

that, the ROM obtained using Wang and Zilouchian’s technique is unstable having a pole at
z = 1.5699.

Discussion: It is observed (from examples 3.4.5 - 3.4.8) that in the desired frequency in-
terval Wang and Zilouchian’s technique gives better approximation error, but it sometimes
yields unstable ROMs as given in example 3.4.5. The proposed technique provides compar-
atively good approximation as compared to Ghafoor and Sreeram’s algorithms (1 and 2) in
the desired frequency interval. Ghafoor and Sreeram’s technique algorithms (1 and 2) and
proposed techniques have the advantage of providing stable ROMs and carry error bounds

also.

3.5 Conclusion

In this chapter, a FLMR technique for continuous and discrete time systems is proposed. The
ROMs obtained are guaranteed to be stable and error bounds are also available. The proposed
technique compares well with other existing FLMR techniques (including Gawronski and
Juang [29], Gugercin and Antoulas [30] and Ghafoor and Sreeram [8] for continuous time
case and Wang and Zilouchian’s [90], Ghafoor and Sreeram’s algorithms (1 and 2) [87]] for
discrete time case) in the desired frequency interval.

In the next chapter, we extend FLMR results for generalized non-singular systems.
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Chapter 4

FLMR: Generalized Non-Singular Systems

4.1 Introduction

In this chapter we propose FLMR for generalized non-singular continuous and discrete time
systems.

Generalized descriptor systems find application in a variety of disciplines including elec-
trical circuits, power systems, multibody systems etc. [41,56,57]. Such systems are ex-
pressed in generalized state space representation with non-identity /' matrix (please see eq.
M4.1) instead of standard state space system where matrix £ is identity. A generalized de-

scriptor systems may have singular or nonsingular matrix E.

Different techniques for the model reduction of generalized descriptor systems (with sin-
gular matrix F£) exist in literature including BT technique [56,|57,64], Krylov projection
techniques [58] etc. Likewise, techniques for different versions of generalized descriptor
systems for periodic, time varying systems, etc. also exist in literature [35,91] and refer-
ences therein. However, there is no work in literature to the best of author’s knowledge

linked with limited frequency Gramians for generalized systems with nonsingular matrix E.

In this chapter (partially published in [13}/14,/18]]), generalization of (Gawronski and Juang
[29], Gugercin and Antoulas [30], Ghafoor and Sreeram [8] limited frequency techniques
for continuous time and Wang and Zilouchian [90] and Ghafoor and Sreeram [87] limited
frequency techniques for discrete time) systems for generalized nonsingular systems are

proposed. Error bounds and numerical examples are also given.

4.2 Preliminaries

Consider a linear time invariant generalized stable continuous and discrete time system re-

spectively with following state space representation

4.1)
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Ex(k+1) = Ax(k) + Bu(k),

(4.2)
y(k) = Ca(k)+Du(k),

G(s) = C(sE—-A)'B+D (4.3)

G(z) = CzE—-A)'B+D (4.4)

where £, A € RV, B € R™™, C € RP*", D € RP*™ and {E, A, B,C, D} is its n'*
order minimal realization. The system (4.I) is called the standard state space system if
E = I (where [ is identity matrix). Otherwise, the system (.1I)) is in generalized form and
is known as generalized state space system. A descriptor system is a special form of the
generalized state space system if £ is singular. In this chapter, we consider a special case of

the generalized form of the system (4.1)) with nonsingular matrix £.

MOR problem for the generalized system (with nonsingular £ matrix) (.1) is to find

a ROM
E,2.(t) = Ayz,.(t) + Byu(t)

yr(t) = Crx.(t) + Dyu(t)
E,x,(k+1) = Az, (k) + Byu(k)
yr(k) = Crap (k) + Dyu(k)

where E,, A, € R"", B, € R"™,C, € RP" D, € RP™ and r < n. It is assumed that the

Continuous time

Discrete time

pencil A\E — A is regular, i.e., det(\E — A) # 0 for some A € C.

One can easily convert system (#.1)) into the standard state space system as following

_ . i(t) = E~'Az(t) + E~'Bu(t)
Continuous time
)

= Cx(t) + Du(t

_ =

_ ' + E~'Bu(k)
Discrete time

However, in the MOR scenario, this transformation is not feasible due to: (i) in transfor-
mation based model reduction, transformation is applied to the original system state space
realization, to balance the system, and for truncation. (ii) for practical system models, guar-
anteeing ¥ = [ is not easy unless we transform. In case of transformation, the structure
of the original system realization is not maintainable. (iii) converting generalized form of

system (4. 1)) with nonsingular matrix to a standard state space I/ = I, may cause large errors
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at an early stage of computation possibly due to ill-conditioning of £ [31] (iv) for large scale

systems computation of £~ is expensive, hence not feasible.

Following examples somehow elaborate few of above limitations.

Example 4.2.1 Consider a third order stable generalized system satisfying eq.

105 —20 4 2 2
E=12 4 1|,A=| 3 -4 2|,B=]0 ,Cz[loo},DZO
1 0 6 2 2 -7 1

with regular pencil and magnitude of eigenvalues are —144.4727, —0.3668 and —1.6605

respectively.

Since with matrix F is non-singular, we can convert it into standard state space system

like
—130 14 47 7

A=E7A= 6025 —750 —2075|, B=E"'B=|-3295 ,Cz[l 0 0},D=0
22 -2 -9 -1

The transformation matrix obtained for original realization is

—0.3291 —0.2381 —2.8789
T'=1 0023 —0.5737 1.1638
—0.3425 —0.4831 0.5374

while transformation matrix obtained by standard state space system is

~1.9623  1.7712  —0.1096
T=1 09189 —0.9049 —1.4244
—0.2273 —0.7878  0.4631

When these two different transformations obtained are applied to the original realization,
we will get two different ROMs. Moreover, transformation matrix obtained by standard state
space system in present scenario when applied to original realization will not give us ROM
in generalized form. Hence, structure of original system realization is not maintainable in

ROMs.
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Example 4.2.2 Consider the example 4.2.1 with following non-singular matrix F

1 0 5
E=124 1
1 0 498

The condition number for matrix E is 2909. Although, matrix E is non-singular but it is ill

conditioned and may cause large round off errors.

4.3 Gramians of generalized non-singular system

For a system of eq. (4.1), let P and ()¢ be the generalized Gramians for continuous time

systems are as follows:

+oo
T J -
+oo
Ov — QL EN—jwET — AT\ I0TO(jwE — A) " Edw
™ —o
where
. 1 [t
Oc = o (—jwE" — ATICTC(jwE — A)'dw
T J -

which satisfy the following generalized Lyapunov equations:

APLET + EP;AT = —BBT 4.7)

ATETQq 4+ QeE A= -C"C (4.8)

ATETQeE'E+ETETQuE1A=-CTC (4.9)
Qc Qc

where Q¢ = ETQcE.

Similarly, let P; and ()¢ be the generalized Gramians for discrete time systems, are given

by
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1 ™

Po = & _ﬂ(ej‘”E — A 'BBT (e ET — AT dw (4.10)
Qo = % _1 ET (e “ET — ATYT1CT O (e — A) ' Bdw (4.11)
= ETQuE
where
Qo = % _:(ej”ET — ANYTICTC(T — A)~tdw

The Gramians P and () satisfies the following Lyapunov equations

AP;AT — EP,ET = —BBT (4.12)
ATETTQeE'A— ETETQuE'E = —-C'C
ATETQeE*A—ETETQeE'E = —-C*C (4.13)
5/_/ 5/_/
Qc Qc

Note that, we do not require to compute £~. It has been shown in [36}37,38,39], that
for a stable generalized system with regular pencil, the Gramians Py and () have unique

Hermitian, positive semidefinite solutions of generalized Lyapunov equations (4.7)) and (4.9).

4.4 Generalized balanced truncation technique

The following section presents the generalized BT technique [31]. BT for the generalized
nonsingular system is related to generalized controllability and observability Gramians (4.5))
and (#.6). These Gramians are the solution of generalized Lyapunov equations and
(.8). As the pencil \E — A is assumed to be stable, P and () are positive semi definite and
there exists factorization P = MTM and Qi = NTN. Matrices M and N are cholesky

factors of the Gramians.

By considering the singular value decomposition (SVD) of the product M N1 as

0 1%

MNT=UsVT = [ U 1, | R B
2 2

where the matrices U, ¥ and V7 are partitioned at a given reduced dimension r such that

¥y = diag(oy, ...,0,), Yo = diag(oyy1, ..., 0p),0; > 0 for all i and o, > o,,;. Notice that
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01,03, ..., 0, are the HSV of the system.

Now in order to find the ROM of a given system, we use balancing free square root
BT algorithm because it provides more accurate ROMs in the presence of rounding errors

[42,43]. After SVD calculation of M NT, QR factorization are computed.

MTUlz[Kl Kg} 1: ’NTV1:[L1 L2} :

where K1, L; € R"*" have orthonormal columns and R, R € " *" are upper triangular. The

ROM in generalized state space form is obtained as

(B, A,,B,,C.,D,) = (LIK,, LTETAK,, LTE™'B, CK,, D)

The realization obtained by above algorithm satisfies [31}40]

IG(s) = Gr(s)l <2 ) 0

Jj=r+1

4.5 A generalization of Gawronski and Juang’s FLMR technique

Gawronski and Juang [29] (its discrete time version Wang and Zilouchian [90]) proposed
FLMR technique for the standard state space system. Here, we generalize the Gawronski

and Juang [29] FLMR technique.

4.5.1 Continuous time systems

Let us define the generalized frequency domain controllability interval Gramian Pgg; and
observability interval Gramian ()¢ s respectively as

1
Pogs = 5= | (jwE—A)'BB'(—jwB" — AT) " dw (4.14)
ow

1
Qocr = 5 ET(—jwE"T — ANY'CTC(jwE — A)~ ' Edw (4.15)
T Jsw

where dw is the integration interval [—ws — —w;] and [w; — we] and wy > w;. These

Gramians satisfy the following generalized Lyapunov equations
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APua ET + EPge AT = —BBTF*ET — EFBBT = —Xaay (4.16)

ATETQue,EVE + ET ETQuesE' A= —CTCFE — ETF*CTC = —Yeey
—_——— N—_——

Qcas Qcas
“4.17)
where Qcay = ETQccyE and
1 , »
F = — [ (jwE—A) dw (4.18)
2w Sw

The Gramians Pg¢; and (g obtained by above Lyapunov equations are used in calcula-

tion of matrices M and N, which are further used to obtain ROM as elaborated in section

4.4

Next, we elaborate the process of computing Gramians Pgg; and Qg of equations

(@16), (@.17)) respectively.

For controllability Gramian eq. (4.7), can be written as

(jwE — A)PgET + EPy(—jwE" — AT) = BBT

Pre-multiplying by (jwE — A)~!, post-multiplying by (—jwET — AT)~! and integrating

both sides yields
1 T(_ . 1T Ty-1 1 : 1
— | PoE' (—jwE" —A") dw+ — [ (jJwE —A)" EPgdw =
2w Sw 2w Sw
1
7 (jwE — A)'BBT (—jwE" — AT) 'dw (4.19)
T Jbw

Substituting eq. (4.18) and eq. @.14) in eq. @.19) yields
PoE"F*+ FEP; = Pogy (4.20)

where F™* is conjugate transpose of F'. Note that, AF'E = EF'A, which is shown as follow-
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ing:

1

AFE = — [ A(jwE — A)'Edw
27T Sw
1 . -1
= — E7'jwE —A)A™Y) d
5 M( (jw JATH)  dw
1 . -1
= — Al - gt
o | (jw ) dw
1 -1
= — A GwE — A E7Y)  d
o &u( (jw JE™) T dw
1
= — | E(jwE — A 'Adw
27T Sw
= FEFA

Now using eq. (4.12) and substituting eq. (#.32) in left hand side of eq. (4.24)) yields right
hand side of eq. (4.24) as follows:

APgo E" + EPgasAT = A(PGE"F*+ FEP;) E" + E(PoE"F* + FEP;) A"
= APLETF*ET + EPLETF*AT + AFEPLET + EFEP;AT
= APLETF*ET + EP;ATF*ET + EFAPLET + EFEP;AT
= (APGE" + EPGAY)F*E" + EF(APGE" + EPgAY)

= —BBT"F*ET — EFBB”
Similarly for observability Gramian, from eq. (4.9) we have,
(—jwE" =AY ETTQeET'E+ ETETTQgE T (jwE — A)=C"C

Pre-multiplying by E7 (—jwET — AT)~!, post-multiplying by (jwE—A)~' E and integrating
both sides yields

1 1
— | QgE'E(jwE — A 'Edw + — | (—jwE" — ADT'ETETQdw =
27T Sw 27T Sw

ZL ET(—jwE" — ANYT'1CTO(jwE — A) ' Edw
T Jéw

QcFE + E"F Q¢ = Qcay (4.21)

Now by substituting value of eq. (#.21) in left hand side of eq. (4.17) yields right hand
side of eq. (4.17).
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Remark 4.5.1 Multiple frequency intervals can be considered for approximation. For ex-
ample, for two intervals [w,, wy| and [w., wq], w, < Wy < W, < Wy, the integration range dw

involve integration from [—wq — —w,|, [—wp —> —wa|, [we —> wp] and [w. — wy).

Remark 4.5.2 The symmetric matrices Xqay and Yoy are not guaranteed to be positive
semidefinite, therefore the ROMs obtained by generalized Gawronski & Juang technique are

not guaranteed to be stable.

4.5.2 Discrete time systems

In order to derive generalized Wang and Zilouchian’s technique (a discrete time counter part
of Gawronski and Junag [29]) for nonsingular discrete time system, let us define the gener-
alized frequency domain controllability interval Gramian Py and observability interval

Gramian @)y 7 respectively as

1

Pawz = o= i w(ej”E — A)'BBT (e ET — AT dw

= % M(E— Ae ) I BBT(ET — AT tdw (4.22)
Qewz = % - Efe BT — ATY1CTC (e E — A) ' Edw

— % 5 ET(ET — ATed) 1 CTO(E — Ae ) 'Edw (4.23)

where dw is the integration interval [wy,ws] and 0 < w; < wy < 7. These Gramians Pgyy 7

and Qw7 are the solution of following Lyapunov equations

APowz AT — EPowzET = —Xows (4.24)
ATETQewsE*A—ETETQews,E'E = —Yows (4.25)
N e’ N e’
QGWZ QGWZ
where QGWZ = ETéngE and
Xewz = BBYF*+ FBBT (4.26)
Yowz = CYTCF+ F*CTC (4.27)
A

F = - 2141 ER (4.28)

47
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and

1 .
F, = — (E— Ae*]“)*ldw 4.29)
27T Sw
Let
01 0 0
0 o 0
T"QewzT =T 'Pow,T™" = ’
0 0 - o,
where 0; > 041, 7 = 1,2,...,n — 1, 0, > 0,41 and T' is a contragredient matrix. The

ROMs are calculated by partitioning the transformed original system realization. Next, we

elaborate the process of computing Gramians (4.24)) and (4.25)) respectively. From eq. (4.12),

we can write
APg(eET — AT) + (¢’ E — A)PgETe ™% = — (e’ E — A)Pg(e 7 ET — AT) +
EPg(eWET — AT)e/ + (eYE — A)Pge 7 ET = BBT (4.30)

Pre-multiplying by (¢ 7“FE — A)~!, post-multiplying by (e "*ET — AT)~! and integrating
both sides of equation (4.30) yields

1 1 . . 1 . .
—— | Pgdw+ — | (¢FE — A" 'EPge’dw+ — | PgET(eWET — AT) e ¥dw
2 Sw 2 Sw 2w Sw

— i (ewa_A)*IBBT(efwaT_AT)fldw
2 Sw
_1/ Podu+ o | (E— Ac ) EPgdw+ - | PoET(ET - ATel) "\ du
271' Sw 27r Sw 2’/T 5o
- 2i (¢*E—A)"'BB" (¢ /*ET —AT) " ldw 431)
T J 5w
Substituting eq. (4.29) and eq. (4.22)) in eq. (4.31)
Aw —
_%PG—I—FLEPG‘}‘PGE Fl = PGWZ (432)
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where F" is conjugate transpose of F;. Now substituting the value of eq. (4.32)) in eq. (4.24)

yields
T T Aw T 1 % T
APowz A" — EPowzE' = A _Q_PG + EP; + PoE Fi* ) AN —
T
Aw T - % T
E —2—PG+F1EPG+PGE Y FE
T

— _%{APGAT — EPGE"} + AR EP;AT —
E(F\EPG)E" + APGET"F\*AT — E(PgET ") E”
= _g—:{APGAT — EPGE"} + EF{APG A" —
E(F\EP)E" + APGATF*ET — E(PoETF*)E”
- _%{APGAT — EPGE"} + EF{AP;A" —

EPGE"Y + {AP;AT — EPGET}F*E”T

A
— Q—WBBT — EFR,BB” — BBTF,*E"
T
A A
— 2¥BpT4 BRT2Y _ ERBBT — BBTFET
47 A

A A
_ _(—4—:1 + EF)BBT — BBT(—4—:I + R ET)

= —FBB" — BBTF*

Note that, AF| ' = EF| A, which can be shown as follows:

AME = i A(E—Ae_jw)_lEdw
27'(' Sw
1 _ o\ A1\ —1
= 5 M(E YE—-Ae) AT dw
— i (A_l — E_le_j“’)_l dw
271' Sw
_ i -1 . —jw —1\—1
= 5 5w(A (E Ae )E ) dw
_ L E(E — Ae™*) !t Adw
27T Sw
= EFlA

Similar process can be followed for computing observability Gramian of eq. (4.25).

Remark 4.5.3 The symmetric matrices Xawz and Yaw z obtained by the above procedure
may not gurantee positive semidefiniteness, hence the ROMs calculated by generalized Wang

and Zilouchian method may not be stable. This limitation of Xawz and Yaw 7 sometimes
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causes hinderence in the balancing process. This is due to the fact that the controllability
Powz and observability Qcwz Gramians are not guaranteed to be positive definite (when
Xowz z 0 and Yowz 7,>_4 0). Some more discussion on this topic is included in numerical

examples section.

4.6 A generalization of Gugercin and Antoulas’s FLMR technique

The stability problem of Gawronski and Juang [29] technique (that the ROMs stability is not
always guaranteed) was solved by Gugercin and Antoulas [30] for standard systems. The
discrete time version of [30] was proposed by Ghafoor and Sreeram [87] Algorithm 1. In
the following, we generalize Gugercin and Antoulas [30] FLMR technique (and its discrete
time version [87]) to address stability problem of generalized Gawronski and Juang [29]
technique. Let the new controllability Gramian Pg;4 and observability Gramian Qg4 be

obtained as solutions to the generalized Lyapunov equations

APgaaE" + EPggaA” + BagaBta, = 0 (4.33)

ET'ETQaaaE ' A+ AT ETQaaaE 'E+ CLqiCaca = 0 (4.34)
N e’ N e’
QGGA CQGGA

are used to obtain matrices M and N, which are further used to obtain ROM as elaborated
in section 4.4

Similarly, for generalized discrete time case, the Lyapunov equations become

APggaAT — EPgaaE” + BogaBta, = 0 (4.35)

ATETQeaaE ' A—E'E1QacaE ' E+ ClouCoaa = 0 (4.36)
————— ~—————
Qacca Qacca

The matrices Bgga and Cgga in the above generalized Lyapunov equations are input
and output matrices obtained as Boga = UggalSacal'/? and Caga = |Raaal|?VE,,
respectively. The terms Ugga, Scaa, Voca, and Rgga are acquired from the EVD
of matrices Xgas = UgcaScaaUlbaa and Yoo = VocaRecaVia s, where Sgoa =
diag(sy, S2, -, 8n), Roga = diag(ri,ra, ... rn), |s1] > [s2] = -+ > |sp1| > |sn] >0
and |ry| > |ra] > ...|rp-1] = |ra] = 0. The ROMs are calculated by partitioning the
transformed realization. Since Xgos < BoeaBioa > 0, Yoo < ClouCoca > 0 and

the minimal realization (F, A, Baga, Caaa) is obtained, hence the ROM is guaranteed to be
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stable.
Remark 4.6.1 Let
Loga = CVagadiag([ri| 2, |ra) "%, - |ri| 2,0, ,0) (4.37)
Koga = diag(|si|™2 ,|s2) 72, |sno| 2,0, -+, 0)UkgsB (4.38)
where ni = rank [X¢es] and no = rank [Yoa ).
a. Ifrank [Bgga B| = rank [Bggal, then B = BggaKgga-

Ceaa
b. Ifmnk: = rank [CG’GA], then C = LaaaCaca.

C

The existence of these rank conditions can be shown in a similar way as in [26]. It is also

shown in [26] that conditions given in a. and b. are almost always true.

Theorem 4.6.1 The following error bounds holds

IG(s) = Go(9) | < 2| LacallllKaeall > o

j=r+1
IG(2) = Gr(2) e < 2l LaaallKaaall D o
j=r+1
L Beaa, .
Proof: By partitioning Boga = , Caga = [ Caca, Caaa, and substi-
Begaa,

tuting B, = Baga, Kgoa, Cr = LaaaCaga, respectively yields

1G(s) — Gr(s)]loo
=||C(sE—A)"'B-C,(sE—A,) ' B,||e
= | LagaCaca(sE — A)"'BagaKaoa — LagaCaca, (SE — A;) "' Baga, Kagal
= |Leca(Caga(sE — A) "' Baaa — Caca, (SE — Ar) ™' Baga,) Kaaallso

< ||LaaalllCaca(sE — A) ™' Baga — Coca, (SE — A.) ' Baga, sl Kaaal

If {A,, Bcca,,Ccca,} is ROM obtained by partitioning a balanced realization

{A, Bgga, Cacalt, we have from [31,40]

ICaga(sE — A)"'Baaa — Caga, (SE — A.) ' Baaa, |leo < 2 Z ;.

i=r+1

59



The result follows. The proof of discrete time version follows similarly.

4.7 A generalization of Ghafoor and Sreeram’s FLMR technique

Inspired by Ghafoor and Sreeram [8]] modification to Gugercin and Antoulas [30] technique
(a discrete time version of [8|] appears in [87] Algorithm 2), we propose a modification
to the generalized Gugercin and Antoulas technique by reducing the distance between the
Gramians, Poga — Pogy and Qaaa — Qaay. Let Pgas be the new controllability and
and (g5 be the observability Gramians respectively, are calculated as the solutions to the

following Lyapunov equations:

APgasE" + EPgasA” + BaasBégs = 0 (4.39)

ET'ETQqasE P A+ AT ETQaosE ' E + ChesCaas = 0 (4.40)
N e’ N e’
QGGS QGGS

are used to obtain matrices M and /N, which are further used to obtain ROM as elaborated

in section Similarly, for generalized discrete time case, the Lyapunov equation becomes

APgasAT — EPggsE™ + BagsBégs = 0 (4.41)

ATETQaasE™ ' A— ET E"TQaasE ' E+ ClosCaas = 0 (4.42)
— —
Qacacs Qacacs

The new fictitious matrices Bgas and Cggs shown in eq. (.39) and (4.40) are de-
fined as Bggg = UGGSlSé/éSI and Caogs = Ré/éSlVGTGSI, respectively. The terms

Ucas,, Scas,s Vaas,, and Rgas, are calculated by the orthogonal EVD of matrices

Scas;, 0 Ulbas,
Xaar = [ Uccs, Ucass, ] .
0 Sgas, Uces,
Regs, 0 Véas,
Yocs = [ Vaes, Vaass, } .
0 Rges, Vaas,
Saas 0
where ' = diag(s1, 82, ", Sn),
0 Saas,
Raas, 0 _
= diag(ry, 72, ,Tn)y S1 > Sg > <+ > Sy, L > Ty > e > Ty,
0 Raas,
Scas, = diag(s1, 82, ,81), Rags, = diag(ri,r2,--+ ,17), 51 > 89 > -+- > 5 > 0,11 >

60



rog > --- > 1r; > 0. The ROMs are calculated by partitioning the transformed realization.
Since X¢as < BaasBlas < BeeaBéaa > 0, Yaas < CéasCaas < ClgaCaca > 0

and the realization { ', A, Bggs, Caas} is minimal, the stability of the ROM is guaranteed.
Remark 4.7.1 Let

Laas = CVaas,Rgés, (4.43)

Kcas = Sgés,Ubas, B (4.44)
a. IfT‘CLTLk [BGGS B] = rank [BGGS]: then B = BagsKaas.

Ceaas
b. IfTCLTL/{? = rank [Cg(;s], then C' = LoasCaas.

C

The existence of these rank conditions can be shown in a similar way as in [26].

Theorem 4.7.1 The following error bound holds

IG(s) = Go(9) oo < 2 Laas| | Kaasll D o

j=r+1
IG(2) = Gr(2)lloo < 2l|Loas|I Keesl Y o
j=r+1
o Bgas, .
Proof: By partitioning Bogs = , Caas = [ Caas, Caas, ] and substituting
Beaas,

Br = BGGsl KGGS’ C’r = LGGSCGG’Sl respectively ylelds

1G(s) = Gr(3)]loo
= [|C(sE=A)"'B=C,(sE=A,)"' B,
= | LaasCaas(sE — A)~' BaasKeas — LaasCoas, (SE — Ar) ™' Baas, Kaaslloo
= | Laas(Caas(sE — A)™' Bags — Caas, (SE — A) ' Bags, ) Kaas |l

< ||Lces||Caas(sE — A) ' Baas — Caas, (SE — A.) "' Baas, |lool| Kaas||

If {A,, Bccs,,Cces,} is ROM obtained by partitioning a balanced realization
{A, Bgas, Caas}, we have from [31,40]

ICcas(sE — A)™'Baas — Caas, (SE — A;) ' Bags,llw <2 Y 01

i=r+1
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Table 4.1: The errors and error bounds for the ROMs.

Techniques
r | Generalized Generalized Generalized
Gawronski & Gugercin & Ghafoor &
Juang Antoulas Sreeram
Error Error Bound Error Bound
11 0.0038 0.0037 0.0105 0.0038 0.0045
2 | Unstable 0.0011 0.0032 0.0010 0.0012

The result follows. The proof of discrete time version follows similarly.

4.8 Numerical examples

Numerical results for both continuous and discrete time generalized non-singular systems

are presented.

4.8.1 Continuous time case

Example 4.8.1 Consider a third order stable generalized system satisfying eq.

4 0 0 -4 1 2 1
E=10520|,A=] 1 -8 1 ,B=10 ,Cz[l 0 o],DIO
0 0 1 2 1 —20 1

with regular pencil and magnitude of eigenvalues are —20.0741, —0.8788 and —4.1096 re-

spectively.

Table 4. 1|shows error and error bounds for ROMs obtained by using generalized Gugercin
and Antoulas and Ghafoor and Sreeram techniques for the frequency range [w;,ws] =
[22, 25] rad/s. Moreover, table {4.1|also shows errors obtained by using generalized Gawron-
ski and Juang technique.

Table [4.2] shows the ROMs obtained by using generalized Gawronski and Juang, gen-
eralized Gugercin and Antoulas and generalized Ghafoor and Sreeram techniques for the
frequency range [w;,ws] = [22,25] rad/s. Note that the ROM obtained for second order is
unstable for generalized Gawronski and Juang technique whereas the generalized Gugercin
and Antoulas and generalized Ghafoor & Sreeram techniques yield stable ROMs.

Fig. [.1] shows the comparison of the singular values plot for the error function

o[G(s) — G.(s)], where G,.(s) is the second order ROM obtained using different general-
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Table 4.2: The ROMs obtained for generalized Gawronski and Juang , generalized Gugercin
and Antoulas and generalized Ghafoor and Sreeram techniques in the desired frequency

range [wy, we] = [22, 25] rad/sec

Techniques Order 1 (reduced model) | Order 2 (reduced model)

. 0.268 0.2681s — 0.015
Generalized e
Gawronski & (s 4+ 0.8943) (s —0.057)(s + 0.8828)
Juang

. 0.2681 0.2684s 4+ 0.2846
Generalized ——2T

.894 .8551 1.

Gugercin & (s + 0.8947) (s +0.8551)(s + 1.0933)
Antoulas

. 0.2861 0.2861s 4+ 0.1989
Generalized L e~ e
Ghafoor & (s + 1.018) (s 4+ 0.7271)(s + 1.0212)
Sreeram

-E0

Singular Values

Singular Values (dB)

95 -

-100

Generalized Balanced Truncation
— — — Generalized Gravonski and Juang
--------- Generalized Gugercin and Antoulas
— - — -Generalized Ghafoor and Sreeram

107

Figure 4.1: Singular values plot for the error function o[G(s) — G,(s)] in the desired fre-

10 10" 10'
Freguency (rad/zec)

quency interval [wy, ws] = [0.1, 10]rad/s.
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Singular Yalues

Singular “Yalues (dB)

Yo Generalized Balanced Truncation
-a0 - Y i — — —Generalized Grawonski and Jusng  H
Vo Generslized Gugercin and Antoulss
— - — - -Generalized Ghafoor and Sreeram
'95-1 ' ' Illllllu ' ’ e,
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Freguency (radisec)

Figure 4.2: Closeup view of singular values plot for the error function o[G(s) — G,.(s)] in
the desired frequency interval [wy,ws| = [0.1, 10]rad/s.
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Figure 4.3: Closeup view of singular values plot for the error function o[G(s) — G,.(s)] in
the desired frequency interval [wy, ws] = [20, 25]rad/s.
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ized schemes e.g. generalized BT, generalized Gawronski and Juang, generalized Gugercin
and Antoulas and generalized Ghafoor and Sreeram techniques for the frequency interval
[w1,ws] = [0.1,10] rad/s. Fig. and Fig. show the closeup view of error plots in the
desired frequency range for the second and first order ROM respectively. Note that in the
desired frequency range generalized Gawronski and Juang technique yields better approxi-

mation as compared to other techniques, however it can yield unstable ROMs.

Example 4.8.2 For error bound calculation, we have considered a sixth order stable gener-

alized system satisfying eq.

4 01 000
03 0000
1 01 000
E= ,
0 00 401
00 0O0 20
00 01O01
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
A—
—5.4545 4.5455 0 —0.0545 0.0455 0
10 —21 11 0.1000  —0.2100 0.1100
0 5.5000 —6.5000 0 0.0550 —0.0650

BT = [0 0 0 0.0909 0.4000 -—05000]

02[2-4 3000(,D=0

with regular pencil and magnitude of eigenvalues are —0.0632 + 3.76317, —0.0632 —
3.76317, —0.0405 + 1.66297, —0.0405 — 1.66297, —0.0012 4 0.2372¢ and —0.0012 — 0.23722

respectively.

Table shows errors and error bounds for the ROMs obtained using generalized
Gugercin and Antoulas and Ghafoor and Sreeram techniques for the frequency range
[wi,ws] = [1,5] rad/s. Moreover, table [4.3| also shows errors obtained by using the gen-

eralized Gawronski and Juang technique.
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Table 4.3: The errors and error bounds for the ROMs.

Generalized

r | Gawronski & Gugercin & Ghafoor &

Juang Antoulas Sreeram

Error Error Bound Error Bound
1] 21.3363 21.4377 235.551 21.4718 47.080
2 | 5.3301 5.3305 28.2643 5.3306 8.9963
31 5.2505 5.2758 20.8997 5.2444 6.3184
41 0.2008 5.1884 13.6711 3.1392 3.6980
5 1 0.1963 4.9643 6.7526 1.5995 1.8107

Discussion: Note that in the above examples (4.8.1 - 4.8.2) ROMs obtained by generalized
Gawronski and Juang technique provide better approximation error in the desired frequency
band, but it may not guarantee stability of ROMs. Although, generalized Gugercin and An-
toulas technique may provide large approximation error in the desired frequency range, but
it has the advantage of providing stable ROMs. Generalized Ghafoor and Sreeram tech-

nique provides stable ROMs that gives better approximation error as compared to general-

ized Gugercin and Antoulas technique.

4.8.2 Discrete time case

Example 4.8.3 Consider a 4" order original stable generalized nonsingular discrete time

system with state space representation |[E, A, B, C, D] where

1 0 05 0
06 1 0 O
02 0 2 02

02 0 0 2

1 0
0 1
0 0

0.2650 —.6974 0.2011

0
0
1
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0
0
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2.1463 —0.3652 0.1734 —0.2591],D=1
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Table 4.4: The ROMs obtained for generalized Wang and Zilouchian’s, generalized Ghafoor
and Sreeram’s methods Algorithm (1 and 2) in the desired frequency range 0.27 to 0.87

Methods Reduced system of order 1 Reduced system of order 2
Generalized (z + 1.9465) (2 + 7.9251)(z + 0.5523)

Wang & (z +1.4042) (z — 0.1766 + 0.6620:) (= — 0.1766 — 0.66207)
Zilouch-

ian’s

Generalized (2 +1.6898) (2 + 2.9635)(z + 0.4140)

Ghafoor & (z +0.9265) (z — 0.3080 + 0.74347)(z — 0.3080 — 0.74347)
Sreeram’s

Algorithm

1

Generalized (2 +0.7480) (2 + 10.2877)(z + 0.6855)

Ghafoor & (z +0.7380) (z —0.0989 4 0.38597)(z — 0.0989 — 0.38597)
Sreeram’s

Algorithm

2

Table {.4] shows ROMs obtained by using generalized Wang and Zilouchian’s method,

generalized Ghafoor and Sreeram’s method Algorithms (1 and 2) in the frequency range 0.2

7 to 0.8 7 respectively. Note that ROM obtained for first order is unstable for generalized

Wang and Zilouchian’s method whereas the generalized Ghafoor and Sreeram’s method Al-

gorithms (1 and 2) yield stable ROMs. The reduced 3"¢ order ROM (not shown in table

obtained by each method is stable.

Example 4.8.4 Consider the same system used for example 4.8.3 with following matrix E

with following state space representation [E, A, B, C, D] where

2 025 0 0

0O 1 05 0
E =

0 O 1 0.5

0 O 0 2

Fig. and Fig. represent the frequency response G(z) and Fig. and Fig.

represents frequency response errors (0[G(z) —G,.(2)]), for the second and third order ROMs

obtained by proposed generalized methods in the frequency range 0.5 7 to 0.9 7 respectively.
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Figure 4.5: Frequency response error comparison of the ROMs
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Moreover, original system frequency response in the frequency range 0 to 7 is also included
in Fig. 4.4 and Fig.
Example 4.8.5 Consider an 8" order original stable generalized nonsingular discrete time

system with state space representation [E, A, B, C, D| where

61040010
05002010
00400100
01030101
E= ,
01002010
00010200
01021030
1001000 2
1.0025 —0.9479 0.8402 —1.2326 0.7154 —0.5542 0.2343 —0.1642
1 0 0 0 0 0 0 0
0 1 0 0 0
0 0 1 0 0 0 0 0
A=
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
y T -
B=11000000 0]
C'=100675 —0.3329 0.0565 0.3208 0.0481 —0.3064 0.0158 0.0562],

D = 0.0673

Fig. [.§| represents the frequency responses for second order ROMs obtained by gener-
alized Wang and Zilouchian method and generalized Ghafoor and Sreeram’s method Algo-
rithms (1 and 2) in the frequency range 0.3 7 to 0.6 7. Moreover, Fig. [4.§] also includes
original system frequency response in the frequency range 0 to . Fig. 4.9 and Fig. {.10|

represent the frequency response errors for the second and fourth order ROMs produced
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by generalized Wang and Zilouchian’s method, generalized Ghafoor and Sreeram method

Algorithms (1 and 2) respectively, in the frequency range 0.3 7 to 0.6 7.

Example 4.8.6 Consider a 20'" order original stable generalized nonsingular discrete time

system with state space representation |[E, A, B, C, D| where

10 7 4 2 1
0 8 51 1
E, Es
E = , where F; = 1 570 2|, E2=0s5x15 E3=1I5415
EQT Es
1 2 3 6 1
1 0 0 0 4
Ay
A= , Where
Ay

Ay =[—2.8156 —1.9564 0.1688 — 2.8071 — 6.7556 — 4.3113 — 1.7602 — 4.4958
—6.0439 — 4.0588 — 3.0452 — 3.3386 — 2.8658 — 2.0864 — 1.5842 — 1.0681
—0.6456 — 0.4648 — 0.2843 — 0.0829]

Ay = [ T9x19  O19x1 ]

T
B:[l 01><19]
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C' =[-0.0346 — 0.1470 0.0021 0.5189 — 0.0831 — 1.5288 — 0.0216 2.5273
—0.0743 — 3.149 — 0.0374 2.5415 — 0.0352 — 1.5014 — 0.0195 0.5403

—0.0079 —0.1287 — 0.0035 0.0113]

D =0.0123
04 T T T T T T T T T
Criginal System
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Fig. d.T1]and Fig. B.12Jrepresent frequency response and frequency response errors for the
seventh order ROMs obtained by generalized Ghafoor and Sreeram’s method Algorithms (1
and 2) in the frequency interval 0.5 7 to 0.7 7 respectively. Moreover, Fig. also includes
original system frequency response in the frequency range 0 to 7.

Discussion: 1t is observed that in the desired frequency interval generalized Wang and
Zilouchian’s method yields lower approximation error but it may give unstable ROMs. Gen-
eralized Ghafoor and Sreeram’s method Algorithms (1 and 2) provide comparable results
and have the advantage of providing stable ROMs. The numerical comparison of general-
ized Wang and Zilouchian method is not shown in example 4.8.6 because of limitation of
symmetric matrices Xgwz and Ygy 2z which become indefinite and thereby cause hinder-
ance in the balancing procedure. Due to this limitation, the controllability Gramian Pgyy 7 is
not positive definite e.g. some eigenvalues of Fgyyz in example 4.8.6 are —0.0404, —0.0038,
—0.0016, —0.0013, —0.0003, —0.0001. Likewise observability Gramian )¢y 7 is also not
positive definite e.g. some eigenvalues of )y z in example 4.8.6 are —0.0384, —0.0030,
—0.0012, —0.0010, —0.0004, —0.0004, —0.0001. So balancing using generalized Wang and

Zilouchian method in example 4.8.6 is not possible.

4.9 Conclusion

In this chapter, three existing FLMR techniques including Gawronski and Juang [29],
Gugercin and Antoulas [30] and Ghafoor and Sreeram [8]] for continuous time systems and
the following three discrete time (Wang and Zilouchian’s [90], Ghafoor and Sreeram’s al-
gorithms (1 and 2) [87]) FLMR techniques (previously proposed for standard state space
systems) are modified for generalized nonsingular systems, are presented. The comparison
of results shows that although generalized Gawronski and Juang technique may sometimes
yield unstable ROMs, but it gives a better approximation as compared to other two tech-
niques. Generalized Gugercin and Antoulas and generalized Ghafoor and Sreeram tech-
niques provide stable ROMs and have error bounds. Moreover, the generalized Wang and
Zilouchian method may produce unstable ROMs but generalized Ghafoor and Sreeram’s
method Algorithms (1 and 2) always yield stable ROMs for discrete time systems.

In the next chapter, we further generalize the results for descriptor (singular) systems.
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Chapter 5

FLMR: Generalized Descriptor Systems

5.1 Introduction

Descriptor systems find their presence in a number of applications which include semidis-
cretization of partial differential equations, multi-body dynamics with constraints, electrical
circuit simulation and micro-electro-mechanical system [44,45,46,47,148,/49]. The deriva-
tion of a reasonable mathematical model is fundamental to obtain a good understanding of
the dynamical behavior of a physical system in question or to control its behavior in order
to achieve desired performance specifications. In practice, modelling of complex systems
(such as chip design, fluid flow, mechanical systems simulation) yield very large scale de-
scriptor systems. Despite the advancement of technology and the ever increasing compu-
tational speed, the analysis, control and optimization of large scale systems is challenging
(if not impossible) due to expensive computations and storing requirements. Therefore,
generating low-dimensional or ROMs that provide a good estimate of the original full or-
der system has caught a lot of attention in both mathematical and engineering communi-
ties [10,514,52, 5354, 88].

Currently, there exist many methods for model reduction of descriptor systems [56,57,58].
Some of these methods are based on Krylov subspaces [3,55]]. Although, these methods have
been applied successfully for several different applications of microsystem design and circuit
simulations, however, these methods yield good local estimates, but do not provide global
error bounds.

BT (a popular technique which has been previously proposed for standard state space sys-
tems [ 1]]) has also been extended to descriptor systems [56]. This extension is based on the
analysis of improper and proper Gramians defined as solutions of the projected generalized
Lyapunov equations [56}|57]. Some important properties of the BT model reduction tech-
nique include preservation of stability and existence of an a priori error bound for the ROM.

The frequency response error tend towards zero at very high frequencies, but it is generally
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non-zero at very low frequencies. A reverse statement is true in the BSPA case [59].

Ideally, one would like to have the small reduction error for all frequencies. Since, in many
practical scenarios, it is desirable that in certain frequency intervals the ROMs have small
frequency response errors. Gawronski and Juang [29] introduced a scheme for standard state
space systems, where the frequency weights are explicitly not predefined and approximation

is considered in a given frequency interval.

To the best of authors knowledge, FLMR for descriptor systems has never been considered
in literature. In this chapter, we present FLMR scheme (partially published in [[15]]) for gen-
eral descriptor systems. The method generalizes the results by [29]] for large-scale descriptor
systems using frequency interval Gramians. Simple algorithms are also given for preserving
the stability of ROMs. The work also extends Poor Man’s truncated balanced realization
(PMTBR) scheme [61]] to incorporate FLMR (proposed EPMTBR) for descriptor systems.
Note that (as also pointed out in [62]]), PMTBR method uses only controllability Gramian,
therefore it works well for symmetric systems where controllability and observability ma-
trices are same. But it may not work well for general (unsymmetrical systems like RLC
interconnect systems) descriptor systems. However, since EPMTBR considers both control-
lability and observability Gramians, therefore, it works even for non-symmetrical systems.
Practical numerical examples are also incorporated to show the successful application of the

proposed method in the desired frequency range.

5.2 Preliminaries

Let n'" order continuous-time linear time-invariant system with transfer function
G(s) = C(sE — A)'B+ D 5.1)

where £, A € ™", B € ™, C € RP", D € RP™. Here, n is the order of system
(5.1), m is the number of inputs and p is the number of outputs. If £ = I, then (5.1)
is a standard state space system, else, system is called a generalized state space
system or a descriptor system. This may include a singular or non-singular matrix £. Some
work linked with model reduction of small scale systems having non-singular £ matrix
appears in [18]. However, this paper deals with the model reduction of generalized large

scale descriptor systems, irrespective of I is singular or non-singular.
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A MOR problem for the system (5.1) consists in finding a ROM

Go(s) = Co(sE, — A)'B,+ D (5.2)

where  is the dimension of ROM such that » < n. Assume that the pencil A\E — A is
regular, i.e., det(\E — A) # 0 for some A € C. Then there exist nonsingular matrices 7;

and 7. such that

L, 0 A 0
E=1 ., A=T 1;, (5.3)

0 N 0 I

where N and Ay are in Jordan canonical form matrices, where N is a nilpotent matrix of
nilpotency index v, see [63]. A contains finite eigenvalues of A\l — A and N contains
eigenvalue at infinity. Since n., and n; are the dimensions of infinite and finite eigenvalues
associated with the deflating subspaces of pencil A\E' — A respectively, and v be the index of

the pencil A\E' — A. The matrices

| I, O Ly 0| |
P=1T, T., hB=T T, 5.4
0 0 0 0

are the spectral projectors against the left and right deflating subspaces of the pencil A\E/ — A
associated with the finite eigenvalues along the left and right deflating subspaces correspond-
ing to the eigenvalues at infinity [57]. Furthermore, (), = I — P, and (); = [ — P, are

complementary projectors.

Consider the descriptor system (5.1) with the regular matrix pencil A\ — A. A trans-
fer function shown in (5.I) maps the input-output relation in the frequency domain. The
transfer function G(s) is said to be proper if lim_,,, G(s) < oo, and it is strictly proper if

lim,_ o G(s) = 0. Let the matrices
B=T, . C=[C, C]T, (5.5)

be partitioned accordingly to £ and A in (5.3). Then the transfer function G(s) can be
separated as G(s) = Gg,(s) + P(s), where G, (s) = Cy(s] — Ay) "' By and

v—1
P(s) = Coo(sN = I)'Bo + D = = > CouN'Buos' + D

1=0
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are, correspondingly, the strictly proper part and the polynomial part of G(s). Clearly, G(s)
is said to be proper if and only if C.o N B, = 0 for: > 1. Itis strictly proper, if, additionally,
—CywBs + D =0.

Consider the proper observability G,, and controllability G,. Gramians (of the system

(5.1)

1 [e.9]

Gpo =5 | (-wE - A)TPICTCP (wE — A) dw, (5.6)
T J -
1 oo

Gpe =5 | (wE - A)'PBBT P (—wE — A) Tdw, (5.7)

are the symmetric, unique, positive semidefinite solutions of the projected continuous-time

algebraic Lyapunov equations (PCALESs) [56]]

ETgpoA + ATngE = _P;TOTCPN gpo = PngpoIDb (58)

EgpcAT + AgchT = _P[BBT-P[Tv gpc - PrgpcprTy (59)

Moreover, the improper observability G;, and controllability G;. Gramians

2
Gio = QL / (e “E—-A)1QICICQ. (e“E—A)  dw. (5.10)
T Jo
2T
Gic = % / (e“E—A)'QBBTQ! (e “E—A) Tdw, (5.11)
0

are symmetric, unique, positive semidefinite solutions of the projected discrete-time alge-

braic Lyapunov equations

ATgioA - ETgioE = QZCTCQM gio = Qngile- (512)

AG AT — EGi . ET =QiBB"Q], Gic = Q,6:Q7, (5.13)

From the improper and proper Gramians, we can define the improper and proper HSV of
the descriptor system that are of great interest in BT model reduction. The improper
HSV 6 are defined as the square roots of the largest n., eigenvalues of G;. A7 G;, A, while
the proper HSV o the square roots of the largest n eigenvalues of the matrix G,.E* G, F.

The BT approach for the model reduction of the descriptor system (3.1) is to transform given
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system into a balanced form such that
Gpe = Gpo = diag(oy,...,0n,,0,...,0),
gic = gio == dl(lg((), ceey 0, 01, ceey Hnoo)

and to truncate the states associated with zero improper and small proper HSV. Note that the
equations that represent the improper HSV define a manifold in which the solution dynamics
take place. Thus, a truncation of the states associated with the small nonzero improper HSV

may cause an inaccurate approximation [64].
5.3 Proposed technique

5.3.1 Frequency limited proper Gramians

Let G, and G,,s be the frequency limited proper controllability and observability Gramians

of the system (5.1) defined via

1

Gpef = 7 (wE — A)'P,BBTPf (—wwE — A) Tdw, (5.14)
T Jbw
1

Gpos = 5 | (-wE— A" PICIOP (wE — A)~ dw, (5.15)
T Jéw

where
q

dw = U ([=8;, —a;] U [y, B5])

i=1

is the frequency range of operation with 0 < a; < 1 < ag < 2 < -+- < ay < fB,. For
simplicity, we will consider the frequency interval éw = [—f, —a] U [«, /5] only. Note that
the integration interval should be symmetric with respect to zero. This will guarantee that the
Gramians G,.; and G, are real, symmetric and positive semidefinite. In the special case,
when o; = 0 and 3; = oo, the Gramians G,.s and G, coincide with the proper Gramians

Gpe and G,,,, respectively. For E' = I, the Gramians in (5.14) and (5.15)) are the frequency

limited Gramians for standard state space systems considered in [29].

The following proposition shows that the frequency limited Gramians are the solutions of

certain projected Lyapunov equations.

Proposition 5.3.1 The frequency limited proper Gramians G,.; and G, defined as in (5.14)
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and (5.19), respectively, satisfy the PCALEs

EGu ;AT + AG,.;E" = —~EFP,BB"P' — PLBB"P'F'E", G,y = PG,y PF, (5.16)

ET Gy A+ ATG, E = —E"FTPTC'CP, — PTCTCP,FE, Goof = PLGpor P, (5.17)

where

F=— | (wE—-A)"dw. (5.18)

Proof First of all note that the matrix F' in (5.18) is real. Indeed,

-1 [ 1 [f

F=— (~wE —A) do+ — [ (—wE—-A) " dw
27 ) g 2m J,
1 B

1 —
— (wE — A)™! dw+2—/ (wE — A) " dw=F
TJ-p

:27ra

We now show the following relations

Gpef = FEGy. + G ETFT, (5.19)

Gpog = FTET G0 + G, EF, (5.20)

between the frequency limited proper Gramians G,.; and G,y and the proper Gramians G,

and Gy,. From the PCALE (5.9) we have

PBBTPI = —EG, A" — AG, E”
= EGp(—wET — AT) + (wE — A)G,.E".

Pre-multiplying and post-multiplying the both sides of this equation by (wE — A)~! and
(—wET — AT)7L, respectively, and integrating on dw, we obtain . The equation
(5.20) can be derived analogously from the PCALE (J5.8)).

Further, we obtain from ((5.19) that

E Gpo AT+ AG,o; ET = EFE G, AT+ EG, ETFT AT + AFE G, .E”+ AG, ETFTE".
(5.21)
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Next we show that AF'E = EF A. Indeed, using Weierstrass canonical form we get
1

EFA=— [ E(wE— A)"'Adw

27T Sw
1 I wl — Ap)71A 0 ]

_1 [, ( Ay T do
2T Jow | 0 N(wN —I)™
1 _A wl — At 0 ]

_ 1l £ f) T de
2 Joe | 0 (wN —I)7'N
1

= — | A(wE —A)"'Edw= AFE.
2w Sw

Hence, we can continue (5.21)) as

E gpcfAT + AgpcfET =FEF (E gpcAT + A gchT) + (EgpcAT + AngET) FTET
— _EFPBB'PT — PBBTPIFTET.

Equation G,.; = P,G,.; P! can be verified using the Weierstrass canonical form ,

and (5.14). Thus, G,.; satisfies the PCALE (5.16)). Equation follows similarly from
(5-20).

An energy interpretation of the frequency limited Gramians of standard state space sys-
tems appears in [60]]. The result can be extended for descriptor systems in a straightforward

way.

5.3.2 Proposed algorithms

Similar to [56], the proper frequency limited singular values &; of the descriptor system
(5.1) are calculated by taking square roots of the largest n, eigenvalues of the matrix
Gpet ETGpor E. The FLMR method for (5.1) is to transform given system into a balancing

form such that
Gpes = Gpop = diag(&s,. ... &, 0,...,0),
Gic = Gip = diag(0,...,0,01,...,0,.)
and truncation the states associated with the small &; and zero ¢;. Consider the following

algorithm.

Algorithm 1 FLMR.
Given the original full order stable system [E, A, B, C, D] such that \E — A is regular,
ie, det(\E — A) # 0 for some A € C and a frequency range dw
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1. Calculate R, and L, by the Cholesky factorization of the frequency limited proper

Gramians

Gper = R R} and Gpop = L, L]

Calculate R; and L; by the Cholesky factorization of improper Gramians G;. = R; R}
and G;, = L,LT which satisfies (5.13)) and (5.12)), respectively.

Calculate the SVD for proper part

St

LTER, = [Uy, Uy [Voi, Vi " (5.22)

0 S

where the matrices [Uy, Uy | and [ Vy1, Vi | consist of orthonormal columns, ¥, =

diag(&y, ..., &) and Yy = diag(§e, 41, - - -, &) with T, = mnk(LgERp).

Calculate SVD for improper part
LZTARi = Ui3®i3‘/i?;7
where Vi3 and Usz consists of orthonormal columns, also ©;3 = diag(0y,...,0,)

with (o, = rank(LT AR,).

Calculate the ROM

[E., A, B,, C., D] = [WIET, WF'AT, WI'B, CT, D]

with the projection matrices

—1/2 —1/2
Wi = [LpUp1Zp1 /7 L'Ui?)@z'?; / ]a

(2

T=[R,V, 5" RV,0,"].

Since the ROM has the system matrices of the form

E

@F

I, 0 A 0 2 PULLYB By

et f A: y B: -

0 F. 0 I 05 *ULLT B Boo

_ [CRprlZ;f/ ? CRMg@%l/Q] = [éf’ é“’} !
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where
Ap =3 PUL LT ARV, 512,
Ey = 0,5PULLTER,V,,0,"*.
By making use of Weierstrass canonical form and (5.4), (5.5)), the Cholesky factoriza-

tion of the improper Gramians is determined as

o 0 0

Ri — Tr_ )
—By —NBy —N""1B,,
0 0 0

L, = T, 7
-CcL —NTCL ... —(N"HTCT

Then the matrix L7 F'R; can be written as

CxwNByx -+ CuN"'By 0
0
LIER, =
CoN" !By 0
0 - e 0

Thus, if the system (5.1) is proper, then LiTERi = 0 and, hence, Eoo = 0. Here, the ROM

transfer function takes the form

G(S) = éf(S[ — Af)iléf — éooéoo + D.

Since the matrix E F P,BB"P'+P,BB"P' FT E™ in (5.16) and the matrix E* FT PTC'C P +
PTCTCP FEin may not fulfill the condition of positive semidefiniteness, hence the
stability of the ROM calculated via Algorithm [I]is not guaranteed. In order to guarantee
the stability of the ROM, we combine the proper Gramians G, and G,, with the frequency
limited Gramians G, and G, respectively, as presented in the following algorithms.
Algorithm 2 Stability-preserving FLMR.

Given the original stable full order system [E, A, B, C, D| such that \E — A is regular,
ie, det(\E — A) # 0 for some A € C and a frequency range dw

1. Calculate R, and L,, by the Cholesky factorization of the Gramians G, = LPLZ. and

Opef = RpRg respectively.

2)-5) The same as in Algorithm
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Algorithm 3 Stability-preserving FLMR.

Given the original stable full order system [E, A, B, C, D] such that \E — A is regular,
ie., det(AE — A) # 0 for some \ € C' and a frequency range ow

1. Calculate R, and Ly, by the Cholesky factorization of the Gramians Gp,; = LpLg and

Gpe = R, R] respectively.

2)-5) The same as in Algorithm|[l]

Proposition 5.3.2 The ROMs calculated by using Algorithms 2| and 3| are asymptotically

stable.

proof The proof follows similarly to one given in [5] for one-sided FWMR case.

In case of a symmetric descriptor system (5.1)) with £ = ET, A= AT and B = C7,
Algorithms 2] and 3] yield the same result. Moreover, for any general descriptor system (5.1,

when dw = (—o0, 00), the proposed algorithms yield the same results as in [57].

5.3.3 Computation of frequency limited Gramians

In the following section we elaborate the process for calculation of the Cholesky factors of

the frequency limited Gramians G,y and G,;.

Since the right-hand sides in the projected Lyapunov equations (5.16) and (5.17) are pos-

sibly indefinite, we cannot use these equations to compute the required Cholesky factors
directly without actually computing the frequency limited Gramians as it is done in clas-
sical BT [57,/65]]. Moreover, the representations and are also useless since it
involves computation of Gramians G, and G,, which are not preferred in large-scale system
case. Moreover, the matrix F' involves the computation of the integral over the desired fre-
quency range. Further research/investigation is necessary for computing Cholesky factors

of frequency limited Gramians G,.; and G,,¢ obtained using equations (5.16)) and (5.17) or
(5.19) and (5.20).

Therefore, we determine the Cholesky factors of G,y and G, by evaluating the integrals

(5.14) and (5.15)) using a quadrature formula with nodes w; and weights ;.
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So for application of quadrature rules, the Gramian G,..; in (5.14)) can be approximated as

k
1
Grer = 5= "% {(1;F — A) ' RBBTRT (—uo; B — A) T
j=1
+(—w;E — A)'"PBB" Pl (w;E — A)""}. (5.23)
Assuming that all +; are positive, we rewrite (5.23)) as
Gpep = % [Bh Bi, ..., B, Bi} [Bl, Bi, ..., B, Bz‘r7 (5.24)

where B; = \/W(L%E — A)"'P,B. Since the number of columns of B and the num-
ber of nodes w; are typically less as compared to the state-space order n [65] the ma-
trix in the right-hand side in (5.24) is referred as a low-rank approximation of G,.; and
1/ V2 [Bl, By, ..., B, BZ-] is its low-rank Cholesky factor. Note that this factor is com-

plex. However, taking into account

[B;, B;] [ B;, B;]" = 2[ Re(B;), Im(B;)] [ Re(B;), Im(B;)]",

we obtain G,y ~ Rp . with a real low-rank Cholesky factor

R, = [Re(By), ..., Re(By), Im(By), ..., Im(B;)]. (5.25)

Similarly, the Gramian G, can be approximated as G,,; ~ f;p ;;F, where

L, = [Re(Cy), ..., Re(Cy), Im(Cy), -+, Im(C;) ] (5.26)

with C; = \/v;/m(—w, E — A)"TPTCT.

A major difficulty in the computation of the frequency limited proper Gramians is that
the spectral projectors P, and P, are needed. However, in several applications including,
multibody systems with constraints, electrical circuits and computational fluid dynamics,
due to the special form of the matrices £ and A, this form can be exploited to obtain the
projectors P and P, in explicit form, see [65]. Hence, in the following section it is assumed

that these projectors are given.

5.4 Proposed extended version of PMTBR method (EPMTBR)

In this section we propose extended version of PMTBR method [61] and compare it with the

FLMR technique.
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The proposed EPMTBR method is based on balancing the symmetric, positive semidefi-
nite matrices

1
geM = 2—/ (wE — A) BB (—wFE — A) Tdw,
T J§w

GgrM = Qi (—wE — A TCTO(wE — A) tdw.
T Jéw

Note that these matrices are related to the frequency limited Gramians as
gmf = PrngPrTv gp0f = PngfMPl-

Using the same approach as in Section |5.3.3} G"™ and GI'M can be approximated by low-

rank matrices G¥M ~ RRT and G'™ ~ LL*, where

= [Re(By), ..., Re(By), Im(By), ..., Im(B))],
L = [Re(Cy), ..., Re(Cy), Im(Cy), -+, Im(Cy) ]

with the matrices B, = \/~; /7 (iwE — A)"'Band C; = /7, /n(—wE — A)~TCT. There-

fore,
L"ER = L"(P+Q)EP. +Q,)R

= L"REP,R+L"QEQ,R
= LJER,+ L"QEQ,R.
Using (5.3)), (5.4) and (5.5, we obtain that the matrix L7 Q; FQ, R has the form

24,2

v—1
1 )
L"QEQ.R = — | Vi E i Coo N1 By ,
i=0

J,q=1

where «, ; are real scalars depending on w; and wj,.

If the system (5.1 transfer function G (s) is proper, then LTQ;EQ, R = 0 and LT ER has
the same SVD as LZERP. Here the proposed EPMTBR provides the ROM
Fpy = Wi ETpy, Apy = WAy,
BPM - WPTMB, GPM - CTPM7 [DPM = D7

1

where Wey = LU, 2, and Toy = RV, S, We obtain

EPM:], APM:Af‘i‘Af, BPM:Bf"’Bf’ C~’F’M:éf'"éf»

86



where

A 1 _ 24,29 —

Ay = 7T 1/2U [V Cs B ] 1V Eplm’

R 1 -

B = ;2p11/2U;1[ CTW A 0,,,,,O]TC'OOBOO,
A 1 -

O = LeuBe VAL L 00

Thus, if G(s) is strictly proper then the FLMR and EPMTBR methods provide the same
ROM. However, if G(s) is the proper system but not strictly proper then the result may be

different.

5.5 Numerical examples

In the following section we will demonstrate some numerical illustrative examples to show
the usefulness of the suggested model reduction methods for descriptor systems. In order to
apply these methods, we incorporate two separate models: a semidiscretized Stoke’s equa-

tion and inlet flow system.

As elaborated in section [5.3.3] we require to determine the cholesky factors of G, and

Gpos by evaluating the integrals (5.14) and (5.15) using a quadrature formula with nodes w;

and weights ~y;. For this purpose, different quadrature rules e.g. Trapezoidal, Boole and
Gauss are explored. Trapezoidal and Boole quadrature rules make use of equal spacing
between the nodes. Gauss quadrature rule has the flexibility of using (optimal) spacing
between nodes [66], and hence gives relatively good results as compared to Trapezoidal and
Boole. The difference between Boole and Gauss is in the process of calculation of weights
and nodes. We have included results using Boole and Gauss quadrature rules. The procedure
for the calculation of weights and nodes for quadrature formulas are shown in [[67]]. Similarly,
the procedure for calculation of spectral projectors F; and P, for the large scale systems used

in following examples has been discussed in [65]].

Example 5.5.1 Semidiscretized Stoke’s equation
Consider the system that represents the flow mechanism of an incompressible liquid de-
scribed by semidiscritized Stoke’s equation. The model description for the above system is

given in [57]. By using the finite element method, Stoke’s equations lead to the descriptor
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system

Ey 0 A, A
H A= |0 T B=[BI BN, C=[C, ], D=0
0 0 AL 0

where E1 is nonsingular and A5 has full column rank. By making use of given form,
the projectors P, and P, for the right and left deflating subspaces of the pencil \E — A
are calculated in [65]. In our experiments, the full order descriptor system is of order
n = 17175. The dimensions of infinite and finite eigenvalues of deflating subspaces are

Noo = 11550 and ny = 5625, respectively.

For the model reduction of the semidiscretized Stokes equation, we will utilize the FLMR

method described in Algorithm 1, where the desired frequency interval is
dw = [—10*, —10%] U [10%,10%]

and R, and L, obtained by Cholesky factorization of the frequency limited proper Gramians

are replaced by the low-rank Cholesky factors, }N%p and Ep as in d5.25|) and (]5 .26[), respec-

tively. For computing these factors we use the composite Boole quadrature with 9, 25 and

49 equidistant nodes. Moreover, results are also obtained using Gauss quadrature rule.

Low=rank proper frequency limited Hankel singular values
10 T T T T T T T T T

—*— 13 points composite Boale rule

—+— 25 points composite Boole rule

43 points composite Boole rule (|

Figure 5.1: Approximate low-rank frequency limited HSV of Stoke’s equation.

Fig. shows low-rank proper frequency limited HSV §; using 9, 25 and 49 equidistant
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Figure 5.2: Frequency response plot for the full order and the ROM.
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Figure 5.3: Frequency response absolute errors between the full order and the ROM using
Boole quadrature rule.

nodes composite Boole quadrature. Note that Boole quadrature rule approximates integral
function slightly better than the trapezoidal quadrature rule. Moreover, the integral function

approximation slightly improves with more samples as compared to less samples for given

frequency intervals.

Similar results are also obtained using Gauss quadrature rule. Note that, the non-zero
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Figure 5.4: Frequency response absolute errors between the full order and the ROM using
Gauss quadrature rule.
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Figure 5.5: Comparison between Boole and Gauss Rule using 49 points [wi,ws] =

[10%,10%rad/s.

singular values for a given quadrature are not more than twice the points due to contributions

of positive and negative frequency intervals.

An approximation of the Stoke’s equation by a model of order r = 18 ({4 = 17, {ox =

1) is calculated by using the frequency limited balance truncation method. The frequency

responses of the absolute values of the full order and the ROMs are presented in Fig.
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Figure 5.6: Frequency response error between the full order and ROM using the proposed
EPMTBR and proposed FLMR techniques

The results in Fig. [5.2] are difficult to differentiate. Fig. [5.3] represents the absolute errors
|G (1w) — G(w)]|2 for a frequency interval of 6w € [1072, 108], where the calculation of
ROM é(w) involves 9, 25 and 49 equidistant nodes composite Boole quadrature rule. Note
that, there is a significant improvement in approximation error in the case of 49 (as compared
to 9 and 25) equidistant nodes composite Boole quadrature rule.

Fig. shows the absolute error plot for the reduced system using 9, 25 and 49 points
Gauss rule. In this case there is a slight improvement of approximation error in the case of
49 (as compared to 9 and 25) points Gauss rule.

Fig. [5.5 shows the comparison of the error plot obtained by using 49 points Boole and
Gauss rule. Note that, 49 points Gauss quadrature rule shows improved error performance
in comparison to 49 points Boole quadrature rule. Note that, absolute errors are smaller in
the desired frequency range dw € [10%, 10%].

A numerical comparison between proposed EPMTBR and proposed FLMR techniques using

Gauss quadrature rule is shown in Fig. [5.6]

Example 5.5.2 Supersonic inlet flow system
We consider unsteady flow through a supersonic diffuser system as described in [46]. The
model is of order n = 11730 and has 1 input and 2 outputs. The dimensions of the infinite and

finite eigenvalues of the deflating subspaces are n, = 407 and ny = 11323, respectively.
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Figure 5.7: Frequency response plot for the full order and the ROM.
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Figure 5.8: Frequency response absolute errors between full order and ROM using Boole
quadrature rule.

We approximate the supersonic inlet flow system by a system of orderr = 9 ({5 = 8, (o, =
1) calculated by the frequency limited balance truncation method. Frequency responses for
absolute values of the full order and the ROMs are presented in Fig. The results in Fig.
are difficult to differentiate. Fig. represents the absolute error plot |G (1w) — G (ww)]|
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Figure 5.9: Frequency response absolute errors between full order and ROM using Gauss

quadrature rule.
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Figure 5.10: Comparison between Boole and Gauss rule using 25 points [wy,ws] =

(0.1, 1]rad/s.

for a frequency interval 6w € [1072, 10'], where the calculation of ROM G (ww) involves

9, 25 and 49 equidistant nodes composite Boole quadrature rule. Note that, in this case there

is a significant improvement in approximation error 49 equidistant nodes composite Boole

quadrature rule (as compared to 9 and 25) equidistant nodes composite Boole quadrature

rule.
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Fig. [5.9)shows the absolute error plot for the ROM using 9, 25 and 49 points Gauss rule.
Note that in this case 25 points gives better results as compared to (9 and 49) points Gauss
rule. Fig. shows the comparison of the error plot obtained by using 25 points Boole and
Gauss rule.

Note that absolute errors are smaller in the desired frequency range ow € [0.1, 1]. Itis
observed in [68] that by increasing the order of the system, Gauss quadrature weights show

fluctuations and therefore affect the overall results, this can also be inferred from Fig. [5.9]

5.6 Conclusion

In this chapter, for a large-scale descriptor systems, we have presented FLMR method using
generalized results of [29] for frequency interval Gramians. Stability is preserved using
algorithm 2 and 3. Existing PMTBR method is also extended to include frequency limited
Gramians. The effectiveness of the proposed method in the desired frequency range is shown
using practical numerical examples. The frequency response error in the desired frequency
range is reduced.

In the next chapter we propose TLMR techniques.
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Chapter 6

TLMR: New Techniques

6.1 Introduction

In this chapter we propose TLMR techniques for continuous time systems.

Many practical MOR problems are inherently dependent upon time intervals [70,71].
Sometimes, it is required to approximate the original high-order system better in specified
time interval than over the entire time range. In order to address this problem, Gawronski
and Juang [29] proposed a time limited balanced model order reduction technique, based
on time-limited controllability and observability Gramians. However, the disadvantage of
this technique is it may yield unstable models for stable original systems. Furthermore,
the frequency response error bounds are also not available for this technique. To overcome
the instability problem, Gugercin and Antoulas [69] proposed a modified procedure based

on [26]] from which the frequency response error bounds can also be obtained easily.

In this chapter, modifications to Gawronski and Juang [29] TLMR are proposed. These
modified techniques (partially appear in [17]) not only ensure stability of ROMs but also
provide comparable error and frequency response error bounds. Numerical examples are
also given to show the usefulness of the proposed techniques. The results are compared with

the existing TLMR techniques.
6.2 Preliminaries
Consider a linear time invariant continuous time system
G(s)=C(sI — A)"'B+ D, (6.1)

where A € R™", B € RV, C € RP*", D € RP*™ and {A, B,C, D} is its nt" order

minimal realization with m inputs and p outputs. The problem of MOR is to to find

G,(s) = Cy(sI — A1) "By + D, (6.2)
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which approximates the original system (in the desired time interval [¢;, t5] where t5 > 1),

where A;; € R™", B, € R"™*™, C; € RP*", D € RP*™ withr < n.

Let P and @ be the controllability and observability Gramians

P = / eATBBT A dr
0

Q = / A TOTCeM dr

0
are the solution of following Lyapunov equations:
AP+ PA" + BB" = 0

ATQ+QA+CTC = 0

6.2.1 Gawronski and Juang’s TLMR technique

(6.3)

(6.4)

(6.5)

(6.6)

Gawronski and Juang [29] proposed a TLMR technique, where approximation is given in a

finite time interval. The controllability and observability Gramians for a finite time interval

are defined as

to [e’s)
PGJ:/ eATBBTeATTdT:/ eATXC(t)eATTdT

t1 0

to ')
QG’J:/ 6ATTCTC’eATdT:/ eATTYO(t)eATdT

t1 0

T T T
where X, = e BBTeA' 1 — eA2BBTeA 2 and Y, = A 10T Cetr

These Gramians are the solution of following Lyapunov equations

APgy+ Pos AT+ X.=0

A"Qay+ QcsA+Y, =0

Let
o 0 - 0
0 o 0
TTQayT = T™ Py T™" = i
0 0 On
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T
— A OTCeAt,

(6.9)
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where 0; > 041, j = 1,2,...,n—1, 0, > 0,41 and T' is a contragredient matrix used
to transform the original system realization. ROMs are obtained by partitioning the trans-

formed realization.

Remark 6.2.1 The matrices X. and Y, are not guaranteed to be positive semidefinite, the

models obtained by Gawronski and Juang technique may not be stable [69,71)].

6.2.2 Gugercin and Antoulas’s TLMR technique

Let the controllability Pg4 and observability ()4 Gramians respectively, obtained as the

solutions to Lyapunov equations

APga + PoaGAT + BaaBL, = 0 (6.11)

GATQaa + QaaA+CL,Coa = 0 (6.12)

are used to find a contragredient matrix 7" as:

_01 0 0 ]
T"QcaT =T 'PoaT" = oo ’
I 0 0 Un_
where 0; > 0,11, j = 1,2,...,n — 1, 6, > 0,41, Bga = UgalSga|/% Coa =

|Rga|'?VZE,. The terms Uga, Sga, Vga, and Ry are obtained as X, = UgaSgaUg 4
and Y, = VgaRgaVZ,, where Sga = diag(si, sa,...,5,), Rga = diag(ri,re,...,10).
|s1] > |se| > -+ > |sy| > 0and |rq| > || > -+ > |r,| > 0. ROMs are calculated by

partitioning the transformed realization.

Remark 6.2.2 Since X, < BGABgA, Y, < CgACGA and the realization (A, Bga, Cga) is
minimal and the stability of ROMs is also guaranteed this technique also yields frequency

response error bounds.

6.3 Proposed techniques

In this section, we proposed two techniques (partially appear in [[17]) to address instability
problem of Gawronski and Juang [29] technique. Moreover, the proposed techniques also

carry frequency response error bounds.
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In Gugercin and Antoulas [69] technique, the symmetric matrices X, and Y, are ensured
positive /semipositive definite by taking the square root of absolute values of the eigenvalues
obtained by EVD of symmetric matrices X, and Y,. This sometimes leads to a large change

in some eigenvalues and may not effect other eigenvalues.

6.3.1 Proposed technique 1

Motivated from [8], we modify Gawronski and Juang technique to yield stable ROMs and
frequency response error bounds. This technique guarantees stability of ROMs by perform-
ing EVD of symmetric matrices X, (¢) and Y, () and retaining the positive eigenvalues and
truncating the negative eigenvalues. Let the new controllability P; and observability Q¢

Gramians respectively, be solutions of the following Lyapunov equations

APg + PgA" + BeBL = 0 (6.13)

ATQa+ QeA+CLCe = 0 (6.14)

to find a contragredient matrix 7" (used to transform the original system realization) as:

o 0 - 0
0 o9 -+ 0
TTQuT = T~ PTT = ?
0o 0 - o,
, 1/2 1/2¢,1
where 0; > 011, 1=1,2,...,n—1,0, > 0,41, B = Ug, S, Ca = R Vg, . The terms
Usc,, S¢y» Vi, and R, are obtained as
S, 0 Ug,

Xc == [UGl UGQ]
0 Sq, U¢,

Rg, 0 Ve

YOZ[VGI VGQ] 0 Re || VE

SG1 0 . RG1 0 .
where = diag(s1, S2, "+ , Sn), = diag(ry, 2, - ,Th), 51 >
0 Se, 0 Re,
S92 Z e an’ ™ ZTQ Z e Z,rn’ SGl :dia‘g(817527”' 7Sl)7 RG1 :diag(rlar27”' 77"[),

§51 >8> ---2>5 >0, >19 > -+ >1; > 0. ROMs are calculated by partitioning the
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transformed realization.

Remark 6.3.1 Since X, < B(;Bg < BGABgA, Y, < C’gC’G < C’gAC’GA and the realiza-

tion { A, Bg, Cg} is minimal, the stability of the ROMs is therefore guaranteed.

Theorem 6.3.1 The following error bound holds (subject to existence of rank [Bg B] =

Ce
rank [Bg) and = rank [Cg]).
C

1G(s) = Go(9) oo < 20 La I Kall Y o

j=r+1
1 1
where L = CVg, R,? and Kq = S, Uf, B.
Co S
Proof: Since rank [Bg B| = rank [Bg| and rank = rank [C¢], the relationships
C
e . BGI
B = BgKg and C' = LsCq hold. By partitioning B = ,Co = [ Ca, Ca, ]
Bg,

and substituting B, = B¢, K¢, C1 = LgCg, respectively yields
IG(s) = Gr()loe = [IC(sI = A)'B = Ci(sI — A1)~ Bills

= ‘|Lgcg(51 — A)ilBGvKG — LGCGl (SI — AH)ilBGIKgHOO

= HLg(Cg(S[ — A)_lBG — CG’l (SI — All)_lBgl)KgHoo

IN

ILalllICa(sI — A)™'Bg — Ca, (sI — Au) ™ Bay |l | Kol

If {A11, Bg,, Cg, } is ROM obtained by partitioning a balanced realization { A, B, Ci }, we
have from Enns [5]]
|Ca(sI — A)™'Bg — Ca,(sI — An)'Be, |l <2 ) 0.
Jj=r+1

The result follows.

C
Remark 6.3.2 The rank [Bg B| = rank [Bg] and rank “| = rank [Cq] is almost
C

always true [26]].
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6.3.2 Proposed technique 2

The proposed technique 1 ensures positive definiteness of the matrices X, and Y, by taking
only positive eigenvalues and truncating negative eigenvalues. This technique also does not
have similar effect on all eigenvalues.

In the following, (motivated from [[10]]) another TLMR technique is proposed where effort
is to have a similar effect on all eigenvalues of indefinite matrices X, and Y,. The ROM
obtained are guaranteed to be stable. Moreover, it yields frequency response error bound
and improved error. Let new controllability P; and observability (); Gramians, respectively,

are calculated by solving the following Lyapunov equations:

AP+ P AT + BB =0 (6.15)

ATQr+ QA+ CFCr =0 (6.16)
where B; and C} are the new fictitious input and output matrices respectively defined as:

Ur(S; — spI)V?  for s, < 0

B = (6.17)
UIS}/Q for s, > 0
. (R; — r, )2V for r, <0 6.18)
I = .
RV for 7, > 0.

The terms U;, S;, V7, and Ry are calculated as X, = U;S;Ul and Y, = V;R; V7,
where S; = diag(sy, Sa,++ ,Sn), R = diag(ri,ra, -+ ,15), 1 > 89 > -+ > s,, and
2Ty 2 2 Ty

Let a contragredient transformation matrix 7' (used to transform the original system) is

obtained as

01 0 0
0 o 0
TTQ, T =T 'PT T = ?
0O 0 - o,
where 0; > 0541, 7 = 1,2,3,...,n — 1, 0, > 0,4;. ROMs are calculated by partitioning

the transformed realization.

Remark 6.3.3 Since X, < B;BT, Y, < CTCy, BiBY >0,CTC; >0, P > 0and Q; > 0.
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Therefore, the realization (A, Br, Cr) is minimal. Moreover, the ROMs are guaranteed to be

stable.

Theorem 6.3.2 The following error bound for the proposed technique holds if the rank con-

C
ditions rank [B; B| = rank [By] and rank " = rank [Cy] are satisfied
C

1G(s) = Gr(s)lloo < 20LelIES] D oy

Jj=r+1

where
CVi(R; —r,[)Y2%  forr, <0
. 1Ry ) f (6.19)
CVIRI_U2 for r, > 0.
S;— s, )V2UTB for s, <0
| S s TB g 620
ST B for s, > 0.
. Cr .
Proof: Since rank [B; B] = rank [Bj] and rank = rank [Cy], the relationships
C
By,
B = B;K; and C' = L;C} hold. By partitioning B; = ,Cr = [ Cr, C ] and
By,
substituting By = By, K, C; = L;CY, respectively yield
1G(s) = Gr(s)]lee = [IC(sI=A)"'B=Ci(sI—An) " Billo

= ||L]C[(SI — A)_IB[K] — L[O]l(sf — AH)_lBthﬂoo
= || Li(Ci(sI = A)™' By — Cp,(sI — An) ™' Br,) Kil|oo

< NL:ICr(sI = A) ' By = Cr, (s — Ana) ™ Br, [l oo K|

If {A11, Br,, Cr, } is ROM obtained by partitioning a balanced realization { A, By, C}, we

have from [5]]

IC1(sI — A)™'By — Cp,(sI — An) "By lle <2 ) 05

j=r+1

The result follows.
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C
Remark 6.3.4 The rank [B; B] = rank [B;| and rank " = rank (C1] is almost
C

always true ( [26]]).

Remark 6.3.5 For the case when symmetric matrices X.(t) > 0 and Y,(t) > 0, then Pg; =
P = Ps = P and QGJ = QG = QS = Q[. Otherwise Py < Pr and ng < Q].
Moreover, time limited HSV satisfies: (\;[PasQcs))? < (\[PrQr])Y2.

Remark 6.3.6 When X, ?—é Oandy, }_4 0, then

X; = BB} = X.(t) —s,0, Y =CFTCr=Y,(t) —r,I

Pr = Pgj + Paa, Qr = Qas + Qad

where

AP,y + P AT —s,I = 0, fors, <0

ATQad + QuaA —r, I = 0, for r, <0

6.4 Numerical examples

Example 6.4.1 Consider a linear time invariant stable 3% order system with the following

State space representation.

1 0 0

0 1 0
T
100]

|:8.6040 —4.8344 —0.0192
|

[O 0 1]

0

The first order ROM obtained by Gawronski and Junag [29] is unstable with pole s =
0.0000313 while Gugercin and Antoulas [69] and proposed techniques (1 and 2) provide

stable ROM within the time interval [t;, 5] = [0, 8] sec.

Example 6.4.2 Consider a linear time invariant stable 6" order system with the following
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state space representations

-9 -29 —-100 —-82 —-19 -2
1 0 0 0 0 0
0 1 0 0 0
A =
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
T
= [1 0 00O O}
= [ 0 0 —44 44 38 14 }
=0
Step Response
14
12 ‘_#,-——__———,_____:
OSSO oSO SO
10 e 4
d
r/-
5] _/ -
o | e
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E .................................... e
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Figure 6.1: Step response in the desired time interval [0,10] sec.

Fig. [6.1) and Fig. [6.2] represent the step response and step response error for the fourth
order ROMs obtained using Gawronski and Juang [29], Gugercin and Antoulas [[69] and
proposed techniques (1 and 2) for the time interval [t;, o] = [0, 10] sec. Fig. [6.3] represents
the close up view of the error plot for the step response. Fig. [6.4] and Fig. [6.3] represent
the impulse response and impulse response error for the fourth order ROMs obtained using

Gawronski and Juang [29]], Gugercin and Antoulas [69] and proposed techniques (1 and 2)
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Figure 6.2: Close up view of step response error in the desired time interval [0,10] sec.
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Figure 6.3: Close up view of step response error in the desired time interval [0,10] sec.

for the time interval [¢;, t5] = [0, 10] sec. Moreover, Fig. [6.1/and Fig. [6.4]also represent step
and impulse response of original system. It is observed in Fig. [6.3] the proposed techniques

provide comparatively less impulse response error as compared to other techniques.
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Figure 6.5: Close up view of impulse response error in the desired time interval [0,10] sec.

Example 6.4.3 Consider a 5" order stable system with following state space representation
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Step Response Errar

05 T T T T
T
- -~
07k o e T
-~ T
e e,
OB F . LT LTI
s

GERS < 4
o i
E
= 04 - .
E’ f.ﬂz. /

o ':IL ...... Jr

; Y ;
A
0z *n
i 4 — - — - Gowronzki and Juang
A Gugercin and Antoulas
NN % — — —Propozed Technigue 1 7]
o +Proposed Technigue 2
D 1 1 1 1
] 5 10 15 20 245

Time (=econds)

Figure 6.7: Close up view of step response error in the desired time interval [0,7] sec.

Fig. [6.6) and Fig. represent the step response and step response error for the third
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Figure 6.8: Close up view of step response error in the desired time interval [0,7] sec.
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Figure 6.9: Impulse response in the desired time interval [0,7] sec.

order ROMs obtained using Gawronski and Juang [29], Gugercin and Antoulas [[69] and
proposed techniques (1 and 2) for the time interval [t;, ] = [0, 7] sec. Fig. [6.8| represents
the close up view of the error plot for the step response. Fig. [6.9] and Fig. [6.10| represent
the impulse response and impulse response error for the third order ROMs obtained using

Gawronski and Juang [29]], Gugercin and Antoulas [69] and proposed techniques (1 and 2)
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Figure 6.10: Close up view of impulse response error in the desired time interval [0,7] sec.

for the time interval [t1, ts] = [0, 7] sec. Moreover, Fig. and Fig. also represent step
and impulse response of original system. It is observed in Fig. proposed techniques
provide comparable impulse response error as compared to other techniques.

Discussion: It is observed (from examples 6.4.1 - 6.4.3) that in the desired time inter-
val Gawronski and Juang [29], Gugercin and Antoulas [69] and proposed techniques (1
and 2) provide good approximation in the desired time interval. However, Gawronski and
Juang [29] sometimes give unstable ROMs and Gugercin and Antoulas [69] and proposed

techniques yield stable ROMs.

6.5 Conclusion

In this chapter, two new TLMR techniques were proposed. The proposed techniques ex-
tended the results of time limited Gawronski and Juang [29], Gugercin and Antoulas [69].
The ROMs are guaranteed to be stable and error bounds are also available. The proposed
techniques mostly yield better approximation as compared to Gugercin and Antoulas [69]
technique in the desired time interval.

Next chapter concludes the thesis and identifies some future research directions.
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Chapter 7

Conclusions and Future Work

7.1 Overview of the thesis

This thesis proposes the FWMR, FLMR and TLMR techniques for linear continuous and
discrete time for standard and generalized (singular and nonsingular) systems.

In chapter 2, a FWMR technique for both continuous and discrete time systems is pro-
posed which provides stable ROMs for double sided weighting case and also yields a priori
frequency response error bound. The proposed technique provides solution to Enns [5] in-
stability problem for double sided weighting case. The simulation results show that the
proposed technique mostly yields lower frequency response error and stable ROM in the
presence of double sided weighting.

Chapter 3 proposes FLMR technique for linear continuous and discrete time systems. The
proposed technique extends the results of Gawronski and Juang [29], Gugercin and Antoulas
[30] and Ghafoor and Sreeram [8]] (for continuous time) and Wang and Zilouchian’s [90],
Ghafoor and Sreeram’s algorithms (1 and 2) [[87] (for discrete time) systems. The proposed
technique mostly yields better approximation as compared to Gugercin and Antoulas [30]
and Ghafoor and Sreeram [[8,87] in the desired frequency interval. The ROMs are guaranteed
to be stable and error bounds are also available.

Chapter 4 generalizes the FLMR techniques for general (non-singular) linear continuous
and discrete time systems. The error bounds are also given. The numerical simulations rep-
resent the comparison of frequency response error for the proposed generalized techniques.

Chapter 5 further improves FLMR technique for Generalized descriptor (singular) sys-
tems. The technique extends the results of Gawronski and Juang [29] (initially proposed for
standard state space systems) for generalized descriptor system. Moreover, the work also
extends Poor Man’s truncated balanced realization (PMTBR) technique [61]] to include fre-
quency limited Gramians for generalized descriptor systems. The numerical comparisons of

proposed techniques are also presented.
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Chapter 6 proposes two new TLMR techniques. The proposed techniques extended the
results of time limited Gawronski and Juang [29]], Gugercin and Antoulas [[69]]. The ROMs
are guaranteed to be stable and error bounds are also available. The proposed techniques
mostly yield better approximation as compared to Gugercin and Antoulas [69] technique in

the desired time interval.

7.2 Future research

Some open research areas from the thesis are summarized below:

e Wang et al’s [26], Varga and Anderson [25]], Gugercin and Antoulas [30]], Ghafoor and
Sreeram [8]] and proposed FWMR techniques (chapter 2) are realization dependent.
Which realization of the original system can produce lower approximation error and

tighter error bounds remains an open problem.

e FLMR techniques (chapter 3) use BT. It is interesting to see using different model re-
duction techniques like Hankel norm, Krylov, Pade approximation techniques instead

of BT yield better results or not.

e There are number of formulas for the fictitious input and output matrices used in re-
duction procedure of different techniques. It is not clear which among these yields the
best result in terms of lower weighted approximation error and needs further investi-

gation.

e Stability of ROMs is not guaranteed in case of Enns [5] double sided weighting case
due to indefiniteness of matrices Xz and Y. Similarly, Gawronski and Juang [29]
and Wang and Zilouchian [90] may yield unstable ROMs. This will remain an open

problem for future research work.

e Proposed techniques are only applicable for stable linear time invariant original sys-
tem. It is interesting to see whether these results remain valid for non-linear and time

varying systems.
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Appendix A

A.1 Balanced truncation

Consider the full order continuous time original stable system be G(s) = C(s[—A)"'B+D
where {A, B,C, D} is its n'" order minimal realization. Let P > 0 and Q > 0 be the

controllability and observability Gramians satisfying the following Lyapunov equations:

AP+ PAT + BBT = 0 (A.1)

QA+ATQ+CTC = 0 (A.2)

For discrete time case, let the original stable system be G(z) = C(2I — A)™'B + D, the

Lyapunov equations are:

APAT — P+ BBT = 0 (A.3)

ATQA-Q+CTC = 0 (A4)

Let T' be the transformation obtained via simultaneously diagonalizing the Gramians P

and ()
1 0
TP T =T7TQT =% =
0 >
where ¥y = diag{o1,09,...,0,.}, X9 = diag{or41,...,0n},0j =041, = 1,2,...,n—1,
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o, > 0,41 and o; are the HSV. Transforming and partitioning the original system:

A A An . By
A=T1AT = ,B=T"'B= ,
f421 4422 132
C:CT:[CI CJ,D:D (A.5)

where A;; € R"™"(r < n). The ROM is given as G,(s) = Cy(sI — A;;)"'B; + D and
G,(z) = Cy(2I — A1) ' By + D for continuous and discrete time systems respectively.
The error bounds of the technique can be obtained from [2,5]]
IG(s) = Gr(9) oo <2 Y 05
Jj=r+1
for continuous time systems.
1G(2) — Gr(2)]|o0 <2 Z 0j-
j=r+1

for discrete time systems.

Remark A.1.1 A given realization { A, B, C, D} can be transformed to a balanced realiza-

tion {fl, B , C , 15} if and only if it is asymptotically stable and minimal.

Remark A.1.2 The balanced realization is unique up to the ordering of HSV o; and an

orthogonal transformation that commutes with ..

Remark A.1.3 The subsystem A;; is asymptotically stable if >, and >o have no common
diagonal elements. Moreover, the subsystem { A;;, B;, C;, D} for(i = 1,2, ...) is controllable

and observable.
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Appendix B

B.1 Balanced singular perturbation approximation

Let the stable original system have the balanced realization (A.5) and the transfer function

G(s) be written in the form:

-1

S[k — Au —A12 Bl
G(s) = [ C, Oy }

—Ay sl Aa By

Decomposing the transfer function G(s) = G1(s) + Ga(s) gives

Gi(s) = Cuopa(s)(sIk = Aspa(s)) ™ Bupa(s) + D

Go(s) = Cy(sl,_j — Ap) ' By

where

Agpa(s) = An+ Aa(sly—i — A22)_1A21
Bspa(s) = B+ A12<S]n—k — AQQ)_lBQ (B.1)

Cspa(s) = C1+ Coy(sly—g — A22)_1A21

If the subsystem (G5(s) is stable and its states have very fast transient dynamics in the
neighbourhood of s = oy, then by ignoring G(s), the ROM of G(s) can be approxi-
mated by Gpa(00) = Cipa(00) (8] — Agpa(00)) ™ Bspa(00) + Dipa(00) where Dyp(09) =
D + Cy(ool — Agz) ' By and Ay, (00), Bspa(00), Cspa(00) are defined as in by substi-

tuting s with oy.

The two extreme cases of the generalized BSPA are:
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1. at og = 0, the ROM is
Gapa(0) = Cepa(0) (8] — Agpa(0)) ™" Bepa(0) + Dipa(0)
where

Aspa(o) - All + A12A2_21A21
Bya(0) = Bi+ ApAs By
Cspa(O) - Cl + CQA2_21A21

Dypa(0) = D+ CoAy By
which is the BSPA [33,[34]].
2. at 0y = 00, the ROM corresponds to the BT [1], as Agpa(00) — A1, Bspa(00) —
B17 Cspa(OO) — (7 and Dspa(OO) — D.

Remark B.1.1 The BSPA [33,34|] and BT [1|], are related via a frequency inversion s —

1/s, as follows:

1. Given G(s) in the balanced realization form, define H(s) = G(1/s).
2. Let H,(s) be a ROM obtained via BT of H (s).

3. Set G,(s) = H,(1/s), where G,(s) is the ROM obtained via BT of G(s).
Remark B.1.2 The BSPA technique [33}34] yields better approximation at low frequencies

in contrast to BT technique [|I].

Remark B.1.3 Almost all the properties of the continuous time system case BSPA [33,|34)]
and BT [|I)] are preserved in discrete time case. However, in the discrete time system case,

the ROM realization obtained by directly truncating the original balanced realization may

not be balanced [6|].
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C.1 Controller reduction: FWMR

C.1.1 Stability consideration for FWMR

Appendix C

Let the transfer function matrix of a linear time invariant plant be G(s) with K (s) is a high

order stabilizing controller as shown in Fig. Defining K, (s) as the reduced order

controller (ROC) as shown in Fig. where Fig. [C.2[(a) and Fig. [C.2(b) are equivalent.

The ROC K, (s) is stabilizing controller under the following sufficient conditions [78,/79]:

1. K(s) and K,(s) have the same number of poles in the open right half plane and and

no poles on the imaginary axis.

2. Either

I((s) = K ()G () + K (5)G(5)) oo < 1

or

I(Z + G(5) K (5)) " G(s) (K (s) = Ki(s))l|oo < 1

where G(s)(I + K(s)G(s))™' = (I + G(s)K(s))'G(s)

K(s)

y

G(s)

L 4

Figure C.1: Closed loop system diagram [6]]
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G(s) .

b

T K.(s)

K.(s)-K(s) *  G(s)(I+K(s)G(s))" >

(a)

(b)
Figure C.2: Closed loop system diagram [6]]

C.1.2 Closed-loop transfer function consideration for FWMR

The closed loop transfer function matrices with the high order controller K (s) and ROC

K, (s) for Fig.|C.1|be
C(s) = G(s)K(s)(I + G(s)K(s)) ™"
and closed loop transfer function for Fig. [C.2(a) be
Co(s) = G(s) K, (s)(I + G(s) K, ()™
then

C(s) = Ci(s) = G(s)K(s)(I +G(s)K(s))™" = G(s)K,(s)(I + G(s) K. (s)) ™

Q

(I +G(s)K () ' G(s)(K(s) — Kr())(I + G(s)K(s)) "
which suggests the following approximation problem [79]]. Find the ROC such that

1. K(s) and K,(s) have the same number of poles in the open right half plane, and no

poles on the imaginary axis.

2. The index

I+ G(5) K (5)) " G(s)(K(s) — Ko (s))( + G(s)K(5)) oo
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is minimized.
Relative error of the difference i.e. C'(s)~!(C(s) — C,(s)) can also be used to measure the

closeness of the closed loop transfer function. By assuming G/(s) and K (s) are square and

invertible, then the following equation is given:

P(s) - P(s)

K(s) K(s)
(a) (b)

Figure C.3: Closed loop system diagram [6]]

C.2 H. /Modern controller reduction

Consider a feedback control system as shown in Fig. a) where P(s) the plant with input
w and output z, controlled by full order controller K (s), the ROC K, (s) can be obtained as
in Fig. [C.3(b).

Partitioning P(s) = Pule) Bals) , K(s) and K, (s) can then be expresses in linear

Pgl(S) PQQ(S)
fractional transformation form as in [74]:

Tzw(8> = PH(S) + Plz(S)K(S)(I — PQQK(S))ilpgl(S)

T.w(s) = Pu(s)+ Pu(s)K(s)(I — PoK,(s))™' Pa(s)
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C.2.1 Stability consideration for FWMR

Suppose K (s) and K,(s) have same number of right half plane poles, then the closed loop

system T),.(s) is stable if either of the following sufficient conditions is satisfied

I(Z = Paa(s)E (5)) ™ Paa(s) (K — K(s))loo < 1

I(K = Ko (5)) (I = Poa(s)K(5)) ™" Paa(5) |0 < 1

C.2.2 Closed-loop transfer function consideration for FWMR

T — Ty = Pra(8) K (8)(I — Py (s)K(s)) " Par(s) —
Py K, (5)(I — Pyy(5) K, (5)) ' Py (s) (C.1)

~ Puao(s)(1 — K(s) Paa(s)) " (K () = K (8))(I = Paa(s) K (s)) ™" Par(s)

Equation suggests the following approximation problem. Find ROC K (s) such that
full order controller K (s) and the ROC K.(s) have same number of poles in the right half
plane, and the index || Po(s)(I — K(5)Pa2) M (K(5) — K. (8))(I — paz(s)K(8)) "' Po1(5) |l
is minimized.

Minimizing || Py2(s)(I — K(8)Pa2) M (K (5) — K,.(8))(I — Pa2(5)K(5)) ' P21 ()]0 is the
optimal solution which sometimes may not be found, so we seek a stabilizing ROC K,.(s)

such that

[Pra(s)(I — K () Po2) " (K () = Ko (8))(I = paa(8) K (5)) ™ P ()]l < 7
where 7 is a positive constant.

Note that, in a special case when P(s) = = then

Tzw — Tzw = P12<S)(K(S) — KT(S))Pgl(S).
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Appendix D

D.1 Equivalence between FWMR and FLMR techniques

Consider

A | B
G(z) = =C(zI-A)"'B+D
C | D

be a given system with state equation i(t) = Ax(t) + Bu(t). Let X(s) = (s[ — A)™'B
be the transfer function from input u(t) to the state z(t). The controllability Gramian P in

frequency domain can be defined as:

_ 1 [
Po= o /_OO X (jw) X (jw) " dw
1 oo
= 5 / (jwI — A)"*BBY (—jwl — AT)'dw
™ — 0o
Suppose there is an input weighting with transfer function V;(s) with impulse response
vs(t). The new state equation now becomes () = A#(t) 4+ B(v; * u)(t), where * is con-

volution operator. Hence the transformed input weighted transfer function X (s) is shown

as:

X(s) 2 (s — A)"'BVj(s)
Now the controllability Gramian P for weighted system can be shown as:

_ 1 o ~
P = %/_OOX(jw)X(jw)wa

1 o0
= 2_/ (jwI — A) ' BVi(jw)Vi(—jw)" BT (—jwl — AT)'dw  (D.1)
™ —0o0
Now by assuming V;(s) be a bandpass filter over the frequency band [w;, ws] with unit
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amplitude. Eq. can now becomes

_ _ 1 w1
P=Py= - / (jwl — A 'BBT (—jwl — AT) 'dw +
™ —ws
1 [
7 / (jwl — A 'BBT (—jwl — AT) tdw
s

—wa

Vils) W,(s)
Output
Input 1‘ ‘ 1 ‘ ‘ P
—] > G(s) > S
Wy Wy Wy Wy
o L] - +oa

Figure D.1: Input/Output augmented systems with bandpass weightings

So FWMR problem becomes FLMR problem [29] by choosing the weights V;(s) and
W,(s) as perfect bandpass filter over the desired frequency band as shown in The
modified weighted error expression becomes ||(G(s) — G.(s)|| over the frequency band

[w1,ws]. A similar expression can also be shown for TLMR technique.

Remark D.1.1 As pointed out in [30] infinite dimensional realization are needed to obtain
perfect bandpass filters. However, for present scenario, the required bandpass filters are
approximated by low-order bandpass filter. Also as the order of the weighting increases, we

get closer to perfect bandpass filters [30].
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