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Abstract

Convex function, its generalizations and inequalities involving convex functions have
many applications in various fields of science. Aim of this dissertation is to study
the several generalized convex functions in one dimension as well as in two dimen-
sions and the inequalities via classical and several generalized fractional integrals with
some applications. In this thesis, we established several inequalities via conformable
and new conformable fractional integrals for p-convex functions. Inequalities involv-
ing Katugampola fractional integrals are also proved for s-convex functions in second
sense and m-convex functions and some application to special mean are also given.
Some mean value theorems are given for p-convex functions and s-convex functions in
first sense. Classical integral inequalities are obtained for some new class of convex
functions called exponentially p-convex functions and exponentially s-convex functions
in second sense with some applications. Riemann—Liouville fractional integrals in-
equalities are proved for (s, p)-convex functions and some classical integral inequalities
are obtained for co-ordinated (s, p)-convex functions. Furthermore, we also obtained
Hermite-Hadamard and Fejér type inequalities for co-ordinated harmonically convex
functions in Riemann—Liouville fractional integrals and Katugampola fractional inte-

grals.
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Chapter 1

Introduction

This chapter includes the background knowledge and significance of the main constitute
of this thesis. It reveals that the core idea of this thesis is based on the useful areas
of research that have many applications. It also includes some basic definitions and

results of previous research.

1.1 Convex functions and some generalizations

In optimization theory, convexity is one of the most common and useful hypothesis.
Convexity usually worked as a global sense to proposition, some how it is introduced
to give local validity. Furthermore, in classical Fermat theorem or in Kuhn-Tucker
conditions for nonlinear programming, convexity is used to obtain sufficient conditions.
Convexity, in microeconomics, also plays key role in duality theory and in equilibrium
theory. For further historical background and applications see |12, 36, 49]. During the
past few decades, convexity of a set and convexity of functions have been the major
topic of the research studies. Holder [39], Jensen [51] and Minkowski |61, 62| are the
initial contributors of convex analysis. Convex functions can be minimise so are used
for solving convex optimization problems that has many applications like circuit design
and controller design etc. Convex functions also have many important applications in
engineering. Although, convexity in this field does not appear in its natural form. But

it appears in its extended form. Many generalizations of convex functions have been

established.



Let X C R™. Then N is said to be convex set, if
rep+ (1 —r)ey € X,

for all ¢1,c0 € Nand 0 <r < 1.
Every real interval is a convex set. We now define a convex function on real interval.

A function ¥ : X — R, where N is an interval of real numbers, is called convex, if
W(rei+ (1 =r)ea) < r¥(cr) + (1 —1r)¥(c2), (1.1)

for all ¢1,co € XN and r € (0,1). Function ¥ is called concave if —¥ is convex.

In above definition ¥ is said to be strictly convex function if the inequality (1.1) is
strict for every two nonequal points of X. Convex functions are continuous in interior

of its domain. For more detail and properties of convex functions we refer [78|.
Now we define some generalized convex functions.

In 1961, Orlicz [71]| and, in 1994, Hudzik and Maligranda [40] gave the following

generalizations of a convex function.

Definition 1.1.1 ([71]). Let s € (0,1]. A function ¥ : [0,00) — R, is called s-convex
in first sense or W € K}, if

U(rep + (1 —r)ey) <rW(eq) + (1 — )W (es), (1.2)
for all ¢1,¢cy € [0,00) and r € [0,1] with r* + (1 —1r)° = 1.

Definition 1.1.2 ([40]). Let s € (0,1]. A function ¥ : X C [0,00) — [0, 00), is called

s-convex in second sense or W € K?, if
W(rer + (1 —r)e2) <r¥(cr) + (1 —1)¥(ca), (1.3)
for all c1,co € R and r € [0, 1].

In 1984, Toader [87| defined m-convex functions as follows:



Definition 1.1.3 (|87]). Let m € [0,1]. A function ¥ : [0,b] — R is called m-convez,
if
U(rep + m(l —r)ey) <r¥(cy) +m(l —r)¥(cs), (1.4)

for all ¢1, ¢y € [0,b] and r € [0, 1].

Contrary to convex functions m-convex functions may not be continuous at the

interior points. For example, consider a function defined by

U(u) = {

is m-convex for every m € (0, 3] and is discontinuous at u = 1, see [64].

u, if0<wu<l,
u—%, if 1 <u<2;

N N

Dragomir et. al. [29] define following simple class of convex functions.

Definition 1.1.4 (|29]). A non-negative mapping ¥ : X C R — R belongs to the class
P(R), if it satisfies
W(rer + (1 —=r)eg) < W(cr) + ¥(ca), (1.5)

for all ¢1,co € R and r € [0,1].

In 2014, Iscan [43] defined harmonically convex functions as:

Definition 1.1.5 ([43]). Let X C R\ {0} be a real interval. A function ¥ : X — R is

said to be harmonically convezx, if

C1C2

v
(7’01 + (1 —7r)ey

for all c1,co € X and r € [0,1]. If the inequality in (1.6) is reversed then ¥ is said to

) <r¥(cy) + (1 —1r)¥(c1), (1.6)

be harmonically concave.

Consider the functions ¥ : (0,00) = R, ¥(u) = u, and ¢ : (—00,0) = R, ¢(u) = u.
Then ¥ is harmonically convex while ¢ is harmonically concave function, respectively.

In 2016, Iscan |45, 46] defined the p-convex function as follows:



Definition 1.1.6 (]|45],[46]). Let X C (0,00) = R be an interval and p € R\{0}. A

function ¥ : X — R is said to be p-convezx, if
v ((rdh+ (1= 1)h)r) < rw(er) + (1= 1) (ca), (1.7)

for all ¢1,c0 € N and r € [0,1]. If the inequality (1.7) is reversed then ¥ is called

p-concave function.

A function ¥ : (0,00) — R defined as ¥(u) = u? is both p-convex and p-concave
for all p € R\{0}.

In 2018, Awan et al. [14] introduced a new class of convex functions called expo-

nentially convex functions.

Definition 1.1.7 ([14]). A function ¥ : X C R — R is said to be exponentially convex

function, if
W(Cl) + (1 N T)W(CQ)

eact exc2

U(rep — (1 —r)eg) <7

, (1.8)

for all c;,co € X, r € [0,1] and o € R. If the inequality (1.8) is reversed then ¥ is

called exponentially concave function.

Every convex function is exponentially convex but not conversely. For more gener-

alisations of convex functions and explanations see |33, 34, 36, 66, 67, 87, 88, 89].

1.2 Convex functions on co-ordinates and some gen-
eralizations

In 2001, Dragomir [23| introduced new modification of convex functions known as

co-ordinated convex functions.

Definition 1.2.1 ([23]). Let A = [c1, 3] X [dy, d3] be a bidimensional interval R* such
that ¢ < ¢ and di < ds. Then a function ¥ : A — R is called convex on the

co-ordinates A, if the partial mappings:
W, er, co) = R, Wy (u) =¥ (u,y) and ¥, : [dy, ds] = R, ¥, (v) = ¥(x,v),

5



are convez for all x € [cy,¢o] and y € [dy, dy].

In other words, a function ¥ : A — R is called convex on the co-ordinates A, if the

following inequality holds:
U(riz 4+ (1 —r)y, row + (1 —13)2)
< rr¥(x,w) + (1 —ro)¥(x, 2) + ro(1 — ) ¥ (y, w) (1.9)
+ (1 =r2) (A =r)¥(y, 2),
for all (z,y), (w,2) € A and 1,75 € [0,1].

Since a function ¥ : A — R is called convex on A, if the following inequality holds:
Ure+ (1 —r)y,rw+ (1 —r)z) <r¥(z,w)+ (1 —r)¥(y, 2), (1.10)

for all (z,y), (w,z) € A and r € [0,1]. Therefore, Dragomir [23] proved that every

convex function ¥ : A — R is co-ordinated convex but not conversely.

In 2008, Alomari and Darus [4, 5] introduced the concept of s-convex functions on

co-ordinates in both sense.

Definition 1.2.2 ([4, 5]). Let s € (0,1]. A function ¥ : A — R is called s-convex in

first sense (in second sense) on the co-ordinates A, if the partial mappings:
U, e, el = R, Uy (u) =¥ (u,y) and ¥, - [dy, do] = R, ¥, (v) = ¥(x,v),
are s-convez in first sense (in second sense) for all x € [c1, o] and y € [dy, dy].

Since a function ¥ : A C [0,00)? — R is called s-convex in first sense (in second

sense) on A, if the following inequality holds:
Uire+ (1 —r)y,rw+ (1 —r)z) <r'¥(z,w)+ (1 —1r)¥(y, 2), (1.11)

for all (z,y), (w,z) € A and r € [0,1]. Therefore, Alomari and Darus [4] proved that

every s-convex function ¥ : A — R is co-ordinated s-convex but not conversely.

In 2011, Ozdemir et. al. [74] defined the concept of m-convex on co-ordinates.



Definition 1.2.3 ([74]). Let m € [0,1]. Let A = [0,c] x [0,d] be a bidimensional
interval R%. Then a function ¥ : A — R is called m-convex on the co-ordinates A, if

the partial mappings:
7, [0,c] = R, ¥y(u) =¥(u,y) and ¥, : [0,d] = R, ¥, (v) =¥ (z,v),
are m-convex for all x € [0,c|] and y € [0,d].
A function ¥ : A — R is called m-convex on A, if the following inequality holds,
Ure+ (1 —=r)y,rw+m(l —r)z) < r¥(x,w) +m(l —r)¥(y, z), (1.12)

for all (z,y), (w,2) € A and r € [0, 1].

Ozdemir et. al. [74] proved that every m-convex mapping ¥ : A — R is m-convex

on the co-ordinates.

In 2015, Noor et. al. [69] defined following definition for harmonically convex

functions on co-ordinates.

Definition 1.2.4 ([69]). A function W : A = [c1, co] X [d1,da] C (0,00) x (0,00) — R

18 called co-ordinated harmonically convex on A with ¢ < co and dy < ds, if

xrz yw
v (7"133 + (L =r)2 ey + (1~ 7“2)w)
< 7“17"2W($7 y) + Tl(l - TQ)Q/('CE’ ’LU) + (1 - 7“1)7“2@(2, y) + (1 - Tl)(l - TQ)LP(Za ’LU),

for all ri,ry € [0,1] and (z,y), (z,w) € A.

Clearly, a function ¥ : A = [¢y, ¢o] X [dy,d2] C (0,00) x (0,00) — R is called har-

monically convex on the co-ordinate with ¢; < ¢y and d; < ds, if the partial functions:
U, e, 0] = R, ¥y (a) =¥ (a,y) and ¥, : [dy, da] = R, ¥, (b) = ¥(x,b),

are harmonically convex for all = € [c1, co] and y € [dy, da).

In 2016, Noor et. al. [68] defined pg-convex functions on co-ordinates.



Definition 1.2.5 (|68]). Let A = [c1,¢0] X [d1,dy] be a bidimensional interval of R
such that ¢y < ¢o and dy < dy. A function ¥ : A — R is called two dimensional

pq-convex function on A, if the following inequality holds:

4 <<r1xp + (1 - rl)yp)% , (row? 4 (1 — 7’2>Zq)%)
< sl (w,w) + 1 (1= )W, 2) + (1= )P (g, w) + (1= r2) (1= 1)¥(y, 2),
(1.13)

for all (x,y), (w,2) € A and ri,ry € [0,1].

1.3 Convex functions and inequalities

Mathematical inequalities plays important role in the development of many results.
These inequalities has outstanding applications in various fields of science. According
to American Mathematical Society, there are above 63,000 references and applications
of inequalities. Due to importance of inequalities many researchers plays role for es-
tablishment of new and generalized type of inequalities. Among many researchers A.
M. Fink [35], Hardy [37], Bechenbach and Bellman [16] and Mitrinovic [63] are well
known to study the inequalities and their applications. Most common and significant
inequalities are Holder’s inequality, Minkowski’s inequality, power mean inequality and
Jensen’s inequality. There are many integral inequalities. Some of the integral inequal-
ities are Hermite-Hadamard inequality, Hermite-Hadamard-Fejér inequality, Ostrowski

inequality, Gauss inequality etc.

Our interest is to study the Hermite-Hadamard and Hermite-Hadamard-Fejér in-
equalities for convex functions and their generalizations. The Hermite-Hadamard in-
equality [38] for a convex function ¥ : X — R on an interval X is defined as:

w (01’2”2) < - ! - /CQW(u)du < w (1.14)

C1
for all ¢1,co € N with ¢; < ¢o. Many authors made generalizations to the inequality

(1.14). For more generalized results and detail see [13, 14, 20, 21, 42, 43, 45, 54, 91].



Fejer [32] introduced the weighted generalization of (1.14) as follows:

(01 +C2)/ Blu)du < —— / W (u)é(u)du < W/ o(u)du

(1.15)

where ¢ : [c1, ca] — R is nonnegative, integrable and symmetric to (¢; + ¢2)/2.

These two inequalities are then generalized in many ways. For more results and
generalizations see [22, 44, 57, 58, 66, 67, 72|. These inequalities are further extended in
other fractional integrals like Riemann—Liouville fractional integrals [77], conformable
fractional integrals [1], new conformable fractional integrals [50] and Katugampola

fractional integrals [52] etc. For extra detail see [17, 18, 48, 80, 82, 85, 84].

In 2001, Dragomir [23] gave co-ordinated version of inequalities (1.14) as follows:

Theorem 1.3.1 (|23]). Let ¥ : A = [c1, 6] X [dy1,ds] € R?* — R be convex on the

co-ordiantes on A with ¢y < ¢g and di < dy. Then one has the following inequalities:

lp<61‘|'62 d1+d2>

2 7 2
1 1 2 d1 + d2 1 d2 c1+ ¢y
— v d v d
TN P R
1 dz
/ / v)dudv

(c2 = c1)(d i Jer (1.16)
/ W (u,dy)du +/ W(U,dg)dU)

cld2 022
/ (e, v)do +/ &D(CQ,v)dv) ]

d1 dl

< W(Cl, dl) y—/ Cy, dg) + W(CQ, dl) —+ ’:p<62, dg)
— 4 .

IN

IN

—~

In 2016, Farid et. al. [31] gave Fejér-Hadamard inequality for convex functions on

co-ordinates.

Theorem 1.3.2 ([31]). Let ¥ : A = [c1,¢5) X [di,ds] € R — R be conver on the
co-ordinates in A. Let ¢y : [c1, co] — (0,00) and ¢o : [dy, ds] — (0,00) be two integrable
and symmetric functions about (c1 + ¢2)/2 and (dy 4+ da)/2 respectively. Then one has



the following inequalities:

w(cl—i‘CQ d1+d2)

2 72
A

_% w( %+%>@(Mw+% Mw(q;@m>@@m4
< /dd/ (11, ©) b1 () o) .
< {E (/ ludontu)dn + [0 dontu)d )
+Fi( W(er, v)nlv >dv+/f (es )i )
_ Werdy) + Wler, do) + W(ca,dy) + Wlen, )
< : ,
e P = / 61 (u)du and Fy — :2 o0}

These inequalities are sharp.

The inequalities (1.16) and (1.17) are then further generalized. For more knowledge
see [2, 3, 32, 69, 70, 81, 90].

1.4 Cauchy’s means and Jensen’s inequality

Now a days Cauchy’s type means has become more significant in the field of research.
Number of researchers established results in this notion. Mercer [60], and Pecarié¢ |75]
made connection between cauchy’s type means and Jensen’s inequality. These are given
both in discrete as well as in integral form and has many applications. For more detail
see [7, 8,9, 10, 11, 60, 75, 76].

Caucy mean value theorem states that:
Let ¥ and ¢ be real and continuous functions on a closed interval X = [¢1, ¢5] and also

are differentiable on N°(interior of W), then there exists a number v € X such that

V'(v) () —¥(ca)

¢'(v)  dler) = dlea)

10




The number v is unique in the case when the function % is invertible. Also following

¢/
holds: .
(W’)_ (Lp(Cl) —LD(CQ)>
v=|— B e |
¢’ ¢(c1) — ¢(ca)
Then number v the cauchy’s mean number of the numbers ¢y, cs.
Whereas the Jensen inequality for a convex function is defined as:

Let ¥ C R be an interval and ¥ : X — R be a convex function. If
c=(c1.ca....¢y) EN, d=(di,dy,....d,) ER} and D, = > d;,
i=1

then following holds:

1 O 1 <

1.5 Thesis outline

Aim of the thesis is to extend the inequalities (1.14) and (1.15) in various generalized
convex functions that have already presented in literature and also in some new type
of convex functions. These extensions are not only based on classical integrals but
also for Riemann—Liouville fractional integrals, conformable fractional integrals, new
conformable fractional integrals and Katugampola fractional integrals as well. Some
mean value theorem are also establish.

Plan of the present thesis is as follows:

In Chapter 2, We give Hermite-Hadamard and Hermite-Hadamard-Fejér type in-
equalities for p-convex functions via conformable and new conformable fractional inte-
grals.

In Chapter 3, we give some Hermite-Hadamard inequalities for s- and m-convex
functions via Katugampola fractional integrals.

In Chapter 4, we establish some mean value theorem for p-convex functions and
s-convex functions.

In Chapter 5, we find some integral inequalities via exponentially p- and exponen-

tially s-convex functions in classical integrals.

11



In Chapter 6, we construct the integral inequalities for (s, p)-convex functions via
Riemann—Liouville fractional integrals in first section and in the second section we

built integral inequalities for (s, p)-convex functions on co-ordinates.

In Chapter 7, we establish Hermite-Hadamard inequalities for harmonically convex
functions via Riemann—Liouville and Katugampola fractional integrals. Also we give
some inequalities of Fejér type for harmonically convex functions via Katugampola

fractional integrals.

In Chapter 8, we summed up our work and give ideas for future work.

12



Chapter 2

Inequalities for p-convex function via
some generalized fractional integrals

In this chapter, we obtain the Hermite-Hadamard and Hermite-Hadamard-Fejér type
inequalities for p-convex functions via conformable fractional integrals and via new frac-
tional conformable integral operators. We also establish some new Hermite-Hadamard-
Fejér type inequalities for convex functions and harmonically convex functions via con-

formable fractional integrals and via new fractional conformable integral operators.

2.1 Introduction

The classical Beta function and Hypergeometric function are given as:

1. The Beta function:

B(cy,co) = fol w1 —w)2du
2. The Hypergeometric function:

o Fi(c1,co;3y) = m fol u? N (1—u)*~ 2 (1—yu)~du, x > ¢ > 0, |y| < L.

13



The incomplete Beta function is defined as:
B.(c1,c2) = /r u N1 —w)? du, € [0,1].
0
Relationship between classical Beta function and incomplete Beta function is given as:
B(ci,c2) = B(c1,¢) + Bi_(cq, ¢2).

Further,

c1Br(c1, cp) — (L)ate
Bi(cr+1,00) = 1 (162—16(2) ’
1+ ¢

and
By (cy, ) — (5)1te

C1 —FCz

B’r’(cla cy + 1) —
Abdeljawad [1] defined the left conformable fractional integral as:

Definition 2.1.1 ([1]). Let a € (n,n + 1] and v = a — n. Then the left conformable

fractional integrals starting at ¢ of order a > 0 is defined by

JOw(u) = - / S (= ) ()t

ol
Similarly, the right conformable fractional integrals of any order a > 0 is defined by
1 [
JeW (u) = / (t —u)"(cy — t) W (t)dt.

ol

Jarad [50] defined the left and right fractional conformable integral operators as:

Definition 2.1.2 ([50]). Let § € C. Then the left and right sided fractional con-

formable integral operators has defined, respectively, as follows:

8 TW(u) = — /:(W_cl)a_(t_cl)a)ﬁl O

I'(3) o (t—c)tm
2 ey —u)® — (cg —1)° p-1
P (u) = ﬁ/ﬂ << ) - (2= %) ) %dt. (2:2)

2.2 Integral inequalities via conformable fractional in-
tegrals

We first calculate some integral inequalities via conformable fractional integrals.
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2.2.1 Hermite-Hadamard type inequalities

In this subsection, we prove some Hermite-Hadamard type inequalities for p-convex

functions via conformable fractional integrals.

Theorem 2.2.1. Let ¥ : [c1,¢0] C (0,00) — R be a p-conver function such that
U € Ly[c1,co)]. Then
(1) forp > 0, we get

()

= 3l(a - Z)( 1_ D)o [Jf@ o p)(ch) + JE (W o p)(c) (2.3)
DU

where p(u) = ur, for all u € (], .
(13) for p <0, we get

) (2.4)

S

1) _ [Jgﬁ’(wou)(c’;) + JE (W o )

here p(u) = ur, for all u € [, .

Proof. (i) Since ¥ is p-convex function on [cq, ¢2], we have

. ((up-;vp) ) L w) +0(w)

2
Taking u? = rc] + (1 — r)cy and vP = (1 — r)c} + rcb with r € [0, 1], we get

w<(cg;cg);)<w(<rc€+<1—r>cp>p) v((1-nd+rd)) s

D=

- 2
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Multiplying both sides of (2.5) by %r”(l —r)* =1 with r € (0,1), @ > 0 and then

integrating the resulting inequality with respect to r over [0, 1], we obtain

- 1
E‘W <<6213 + Cg) ) / ’T‘n(l _ ’f‘)a_n_ld’f‘
n 2 0

1
A e (e TR 26)
4 lr"(l — p)an—ly (((1 — )+ rcf’)%) dr
n| 0 1 2
= Il —+ [2.

By setting u = rc] 4+ (1 — r)ch, we have

: » (2.7)
— 1 e o n . a—n—1
Tg—ay J, G T
1
= J" (W o p)(ch
(Cg _ 0117)04 ( :u)( 2)
Similarly, by setting u = rc + (1 — r)c}, we have
1 [t )
I = o (1 —r)* " ((rdh + (1 — r)cﬁ’);) dr
= Jo
1 €2 U—CIf)n( u_czla)anl du
_ - 1 "
n! /CP (Cgapp - ( O:u)(u)cg_ P g
= 1 “ n . a—n—1
nl (= &)° /c{ (u—e)" (5 —u) (¥ o p)(u)du
1 »
= J2 (W o p) ().
(Cg _ Cll’)a ( M)( 1)

Thus by putting values of I; and I in (2.6), we get

2I'(a —n) d+d 5 1 cff p
—rmﬂ(( ; ))SW TEWom(&) + IE@o (@] (29)
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This completes the first inequality of (2.3). For second inequality, we know that
v (rd+ (1 -nd) )+ (G + 1 -nd)r) < @le) +¥(e)].  (210)

Multiplying both sides of (2.10) by L7"(1 — r)*™~! with r € (0,1), a > 0, and then
integrating the resulting inequality with respect to r over [0, 1], we obtain

. : 200 [la—n)
S W o (&) + JEW o ()] < ot D)

This completes the second inequality of (2.3).

W(c1) +¥(ca)]. (2.11)

(71) Proof is similar to (7). O

Remark 1. In Theorem 2.2.1,

1. If we take p =1, we get Theorem 2.1 in [82].

2. If we take p = —1, we get Theorem 2.1 in [15].

3. If we take p =1 and o = n+ 1, we get Theorem 2 in [80].
4. If we take p = —1 and o =n + 1, we get Theorem 4 in [48].

Lemma 2.2.1. Let ¥ : [c1,¢] C (0,00) — R be a differentiable function on (cy,c)
with ¢; < co such that Y’ € Ly[c1, ca]. Then
(1) forp > 0, we get
1Ay (c1, co505 B; J)
_6-q
2p

/01 Biv(n+1a—n)—Bn+1,a—n)Ar ((rcf; +(1- r)cg)%) dr,
(2.12)

where A, = [rc? + (1 — )] and

1A (c1, e25 05 B; J)

=B(n+1,a—n) (W(cl) +¥(c)

(13) for p < 0 we have

2Ay7(01; co; o3 B; J)

= C€)2pcg /0 (Br(n + 1706 — Tl) - Blfr(n + 1,@ - n)) Bf llp/ <[7"C§ T (1 N r)Cﬂg) dr’
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here B, = [rc5 + (1 — )] and

2 Ay (1, o505 8; )

= B(n+1,a—n) (W(q) Hp(@)) -5 n _ [Jfﬂ(gpo,u)(cg) TEW o 1)

Proof. (i) Consider,

/1 Bir(n+1,a—n)—B(n+1a—n)]A ¥ (e + (1= r)eh)? ) dr

—/OlBlr(nJrl,a—n)Aﬁl’_lW' (et + 1 =r)ch)? ) dr

1 . )
_/ By(n+1,a—m)AL W ((rdf + (1= r)h)» ) dr
0
— L — L.

Then by integration by parts, we have

1 1 1
11:/ Bi,(n+1,a—n)A; W (( &t (1—1)d)7 )dr
0

_ /01 (/01 (1 — u)o‘"ldu) AT (g (1B dr

__p B
—cg_cgl,B(n—i-l,a n)¥(b)
1
p n,a—n—1 -

= cp/(l—r)'r W((c’f+(1_r)cz2>) )dr
__pr B
—cg_chB(n-i-l,Oé n)@(cz)

__r [F(iz=dY (2= T en@),

—alg d-d) \d-4 R
__ b B B n! &
= g Bt La—n(e) — gy I (W e ) ().
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Similarly, we have

L= /1 B.(n+1,a—n)¥ ((rc‘f +(1— r)cg)%> dr

( ) n_ldU) v’ ((rcﬁ’ + (1 — r)d’ﬁ)i) dr
= Cppcq (n+1,0 — n)¥(c)
taZ cz;/ (L =)™ W((C”Hl—r)cg)%)dr (2.16)
= Cg_c?l,B( n+1l,a—n)¥(q)
‘1 — n _ a—n—1
il (78) () e
-z - csz("Jr La—=n)¥(a)+ @ _"C!,f)aﬂjgﬁ’(wou)(cg)

By substituting values of I; and I in (2.14) and then multiplying by CQ;C{' we get
(2.12).
(71) Proof is similar to (7). O

Remark 2. By taking p = —1 in above Lemma 2.2.1, we obtain Lemma 2.1 in [15].

Theorem 2.2.2. Let ¥ : [c1, 2] C (0,00) — R be a differentiable function on (cy,c)
with ¢, < ¢y such that W' € Ly[cy, o). Let |W'|7, where ¢ > 1, is p-convex function.
Then

(i) for p >0, we have

b —cF
hAu(er, e B )] < = =N (AL (e0)| + A0 (e2)|1) 7 (2.17)
where
A=Bn+1l,a—n+1)—Bn+1l,a—n)+B(n+2,a—n),

1-p 1-p
c 1 & c 1 It
M=—=2-oF(1-=,231-2 d=22—R(1-=1:31-2
1 2 1( pa a37 012)) an 2 = 2 1( p7 73 Cg

(13) for p <0 we have

=
2p

l2Aw(c1, o500 B; )| < AT OGP (e0) ]9+ s () [9)7 (2.18)
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here
A3s=Bn+1l,a—n+1)—Bn+2,a—n),
& ¢

1 A1 1 &
)\4:7 ! <1—5,1;3;1—?{) and )\5:27 o F (1—5,2;3;1—?9.

Proof. (i) Let A, = (rd] + (1 — r)cy). Using Lemma 2.2.1, property of modulus, power

mean inequality and the fact that [¥’|? is p-convex function, we have
| AW(CbC%Oé'B’ J)‘

CPQPCP/ {Bi_r(n+1,aa—n) — Bt(n+1,a—n)}AéillF ((rc’f+(1—r)cg)%> dr
0

_ 1 1-1/q
SCIQJQ CII}(/ {Bl_r(n—l-l,oz—n)—Br(n—i-l,a—n)}dr)
P 0

1 g 1/q
x(/A}f’l )
0

v (e + (1=

_ 1 1 1/q
< Ay (LA pwer + 1 - et )
p 0
= A A )l + el )
(2.19)
where

1
/\:/ (Bi_r(n+1,a0—n)—B.(n+1,a—n))dr
0

1 1-r 1 T
= / </ u (1 — u)anldu) dr +/ (/ u™(1 — u)anldu> dr
0 0 0 0
1-r 1 1
=r (/ u™(1 — u)o‘”ldu) +/ r(1—r)"r " tdr
0 0 0
T 1 1
+7r (/ u™(1 — u)anldu> ‘ + / " — )
0 0 0

=Bn+l,a—n+1)—Bn+1l,a—n)+Bn+2a—n),

1 1-p
1 cr
)\1:/ ’]”Ap d?’——c 2F1 <1— 23,1——1)
0 2 p’

! 1 ey P 1 cr
A:/ 1—7r)AF dr = 2— F<1——,1;3;1——1).
? 0( ) 2 ' p ch

and




Hence the proof is completed.

(71) Proof is similar to (7). O
Remark 3. By letting p = —1 in above Theorem 2.2.2 we obtain Theorem 2.2 in [15].

Now for the next two theorems we consider the case when p > 0 and leave the case

when p < 0 for the reader.

Theorem 2.2.3. Let ¥ : [¢1, 5] C (0,00) — R be a differentiable function on (c1,cs)
with ¢y < ¢y such that W' € Ly[cy,co]. Let |W'|7, where ¢ > 1, is p-convex function.

then for p > 0 we have
1Ay (c1, o5 ;B J)

< B Aoia (o~ W) + o5~ e, P
where A ' P
0227 o Fy (1—;1;2;1—%),
o1 = %B(n—i—l,a—n—i—Q),
o :%(B(nﬂ,a—n) _Bn+3,a—n)),
o3=Bn+2,a—n+1)— %B(n—l—l,a—n—l—Q),
and

1 1
04:§B(n+1,&—n)+58(n+3,a—n)—B(n—l—Q,a—n).

Proof. Using Lemma 2.2.1, property of modulus, power mean inequality and the fact

that |¥'|7 is p-convex function, we have

1Aw (1, co; 0583 )|

_ 1 v 1
Cngcq / (Bio(n+1,a—n)—B(n+1,a—n)} Az W <(TC€ +(1- T)Cg)5> ar
0

_ 1 1-1/q
<Ga-d </ A 1dr)
2p 0

« (/01{81T(n+1,a—n)—l3,«(n+1,a—n)}

Z ((rcff (1 r>c§)%) (qdr) "
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M 1-1/q ' ) _ / q
<=5 A {Bir(n+1,a—n)=B.(n+1,a—n)}[r[¢(c)|
0

1/q
+G—MW@MW)

cd -
= 250 T (o =l (@)l + (o0 — o)W (),
where 1 o )
14 - |
o= [ A dr=2— F(l——,1;2;1__1>7
' 1
01:/TBI""(”JFLO‘—”)CZT:58(n+1,a—n+2),
0
' 1
02:/ TBr(n—i_l;Oé_n):§(B(n+1,a—n)—B(n_i_?),a_n))’
0
1
73 :/ (I =7)Bir(n+1,a—n)dr
0
1
and

1
04 —/ (1—r)B,(n+1,a—n)dr
0
1 1
= 58(n+1,a—n)+56(n+3,a—n)—B(n+2,a—n).

Hence the proof is completed.

(2.21)

]

Theorem 2.2.4. Let ¥ : [c1,¢2) C (0,00) — R be a differentiable function on (cy,c)
with ¢y < ¢y such that W' € Li[cy, o). Let |W'|7, where ¢ > 1 and % —l—% =1, is p-convex

function, then

|1Aw(01702;0455§ J)|
c?; _
2p

Kx¥

VT (W (e1) ]9+ | (c)[ 1)1,

IN

22
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where

% 1—r !
v = 2/ (/ u™(1 — u)anldu> dr,
0 r
q(1-1)
cy 1 e
= F 1—=),231-2
141 9 2471 (q ( p) ) &y Iy 012)) 9

q(1-p)
1 cr
vy = 022 o <q(1—]—)) ,1;3;1—?})
2

Proof. Let A, = (rd] + (1 — r)ch). Using Lemma 2.2.1, property of modulus, Holder’s

inequality and the fact that |¥’|? is p-convex function, we have

1Ay (c1, o505 B; J)|
ch—
2p

B 1
G —d (/ ’131r(n+1,a—n)—Br(n+1,a—”)|ld7")
2p 0

I q 1/q
X (/ Az(p Y dr)
0

B 1 Lo 1/q
<A A ([ a9 el + (- i eprar)
0
= 1

= 14

2p

1 1_ 1
/ Byt La—n)~B(nt La—m}y A7 W (rd + (1 1))+ ) dr
0

<

v (e + (1= ) )?)

([ (1) | + v (c2))
(2.23)

where

1
VZ/ Bi_.(n+1,a —n)— B (n+1,a—n)|dr
0

=

= /2 (Bi_v(n+1,a —n) =B (n+1,a —n)) dr
0

1
+/ (B(n+ 1,00 —n) —Bi_(n+ 1,00 —n)) dr

% 1—r l 1 r l
- / (/ u"(1 — u)"‘_"_ldu) dr +/ </ u (1 — u)a_”_ldu> dr
0 r 3 1-r
1 1—r l
2
= 2/ (/ u™ (1 — u)anldu> dr,
0 T

23
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and

Hence the proof is completed. O

2.2.2 Hermite-Hadamard-Fejér type inequalities

In this subsection, we prove some Hermite-Hadamard-Fejér type inequalities for p-
convex functions via conformable fractional integral. Kunt and Iscan [56] defined fol-

lowing useful definition.

Definition 2.2.2 (|56]). Let p € R\{0}. A function ¢ : [c1, 2] C (0,00) = R is called

p, p\1/p
c1+cy .
Ard) g

p-symmetric with respect to ( 5

holds, for all x € [cq1, cs).

In order to give result involving Hermite-Hadamard-Fejér type Inequality we need

following lemma.

Lemma 2.2.3. Let p € R\{0} and ¢ : [c1,c2] C (0,00) — R is integrable and p-

. . P4k 1/p
symmetric with respect to <%> . Then

(1) for p > 0 we have
TE @0 () = TE@o () = 3 [FEwomd) + Hom@)], 22

with o > 0 and p(u) = ur, for allu € [, ).
(1) for p < 0 we have

P P 1 D D
JE@o () = (@0 () = 5 [JE@o () + TE(Go ()], (2:25)
with o > 0 and p(u) = ur, for allw € [, ).
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»\ 1/p
Proof. (i) Since ¢ is p-symmetric with respect to (@) , then by definition we
have ¢(u%) = ¢ <[czf + 5 —u]%), for all u € [],c5]. In the following integral, by
setting x = ] + 5 — u gives

Koo we) = [ S (@) (@ — &) plad)d

n!

1 Cg n a—n— 1

= | = G = o (I ) du (2.26)
1 05 n a—n—1 1 P

== [ =@ G —w e (w) du= I (9o p)(eh).

This completes the proof.

(71) Proof is similar to (7). O

Remark 4. In Lemma 2.2.3,
1. If we take « = n+ 1, we get Lemma 1 in [57].
2. If we take a =n+1 and p =1, we get Lemma 3 in [44].

Corollary 2.2.4. Under the assumptions of Lemma 2.2.3,
1. If p=1in (i), then we get

T5i(en) = JEoler) = 3 [ 6(es) + J0er)]. (227

2. If p=—11in (ii), then we get

T 6 0 (1) = 60 p)(1fer) = 5 [T (60 p)(1ex) + T/ ) (1)
(2.28)

Theorem 2.2.5. Let ¥ : [c1,¢2] C (0,00) = R be a p-convex function with ¢; < co
and ¥ € Li[cy,co). Let ¢ @ [c1,¢2] € R\{0} — R is non-negative, integrable and p-

. . P4k p
symmetric with respect to <ITQ> . Then
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(1) for p > 0 we have

( Up) I @0 (&) + IE (G0 m()]
< [T W0 u)(e) + JE@o 0 p)())] (2.29)
< w [Jfﬁws o (&) + I (60 m(&)]
with o > 0 and p(u) = ur, for allu € [, ).
(i3) for p < 0, we have

S o p)(eh) + I W o )(eh)] (2.30)

with a > 0 and p(u) = ur, for all u € [ch, .

Proof. (i) Since ¥ is p-convex function on [cq, ¢3], we have

. <<up_£vp);> . w(u);w@).

rey

Taking u? = rc] + (1 — r)c and P = (1 — r)d} ith r € [0, 1], we get

+ w
Q((#);><lp(( (1—r) P) LP( (1 =7r)c) 4+ rch)? > (2.31)

Multiplying both sides of (2.31) by Lr"(1—7r)*""1¢ ((rc’l’ +(1— r)cg)%>, a >0, and

then integrating the resulting inequality with respect to r over [0, 1], we obtain

2w <<C€ : Cg) ;> /01 (=) ((rd + (1= 1)) ) dr

<& [t (s 0 -0 o (d 0= ar 25
b [t (100 o (0 + 0 9e?) d
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1/p
Since ¢ is non-negative, integrable and p-symmetric with respect to <%) , then

o (0 +1=nd)7) =0 ((r+ (1 =n)e)r).

Also choosing u = rc + (1 — 7))

cg) ) /Cp (¢ —w)" (u= )" (ur)du

(\]
*S
/~
N
M+

(&= d) ;
< | / (& — )" (u = &) (b)) du

+ / (ch—w)" (w =)0 (& + & = w)7 ) olur)dul (2.33)
e s / (& — )" (u — &) W ()b du

Therefore, by Lemma 2.2.3 we have

(559 e i

S(Cg_lcﬁa) [Jcp(%ou)( ) + JE (W o p)(f )]-

(2.34)

This completes the first inequality of (2.29). For second inequality, we first note that

if ¥ is p-convex function, then we have
v ((rd+ (1 =n)P) +w (g + (1 =n)d)) S [W(e) +¥(e).  (2.35)

Multiplying both sides of (2.35) by Lr™(1—r)>""1¢ ((rcp + (1 —=r)d)r ) a >0, and
then integrating the resulting inequality with respect to r over [0, 1], we obtain

I .

o | e (e = nd)E) o (g + (1)) ) dr

n! Jo
1 1

b [ e (G4 (-0 ) o (4 (1 -nd)r) e (236)

n! Jo

< (o) +¥(e)] / Ry (et + (1= r)h)7) ar
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That is,

CEriE [J(‘f (W o) () + JE W o))
1

U(er) +¥(e)

(2.37)
(& —&)" { 2 } TS @0 () + TE (G0 m)(e)]

This completes the proof.

(71) Proof is similar to (7). O

Remark 5. In Theorem 2.2.5,
1. If we take « = n+ 1, we get Theorem 9 in [57].
2. If we take o =n+1 and p =1, we get Theorem 4 in [44].

Corollary 2.2.5. Under the assumptions of Theorem 2.2.5,
(1) If p=1, then

2
[JS W (o) + J2TG(cr)] (2.38)
4 Cl) + Lp(Cg)

2

C1 + Co (¢ o et
v (S5 ot + Ipote)
<
< [J5p(c2) + J2d(cr)] .

2. If p=—1, then

v (ﬂ) [J(i/cl@ op)(1/cy) + JY2¢ 0 p(l/er)]

1+ Co
< [ W@ o p)(1/ez) + T (W o p)(1/er)] (2.39)

PO ERD) (o0 w1 fer) + T2 (00 m)(1fer)]

IA

Remark 6. In Corollary 2.2.5, if we take « = n + 1, we get equation (1.15).

Lemma 2.2.6. Let ¥ : [c1,¢co] C (0,00) — R be a differentiable mapping and V' €

Lyjcr, o). Let ¢ : [c1,co) € R\{0} — R is non-negative, integrable and p-symmetric
D 1/p

with respect to [#} . Then the following inequalities hold:
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T (@0 () + I (6 0 m)()] — | TR 0 p)(h) + JEW 0 m)(eh)

(2.40)

(17) forp <0
W(Cl) + Ep(Cg)
2

< [ -sre-areenss

(2.41)

Proof. (i) Note that,

I:/j(

) / : ( / S - (- 5 (po u)(S)d8> (¥ o 1) (t)dt

D
51

/CP(C’S —s)"(s =) (g0 u)(S)dS) (¥ 0 p)'(t)dt

1

(2.42)

— Il - IQ.
Integrating by parts and using Lemma 2.2.3, we get

I = ( [ =orts -y u)(S)dS> (@ o p)(2)

P
1
p

_ /; (b —t)"(t — &)™ (o p) () (¥ o p)(t)dt (2.43)

D
)

p
4




Similarly,

I = ( / Y= &G — 5 (go m<s>ds> (W o 1)(1)

[ arg - e e e pnd
()T (G0 p)(eh) — JE W o )(eh)]

n! [—(W o
" [‘“‘”—“)(Cp) {JE@0 () + I (0o ()} +IEWo o u)(c’f)] |

(2.44)

2
Thus from (2.43) and (2.44) we get

I=1L -1
!{!P(cl) + ¥ (eo)

2 I 0o (&) + T (9o ()] (2.45)

— [ W0 n)() + IEWo 0 ()] } |

Multiplying (2.45) by n! we obtain (2.40).
(1) Proof is similar to (7). O
Remark 7. In Lemma 2.2.6,

1. If we take @« = n+ 1, we get Lemma 2 in [57].
2. If we take a =n+1 and p =1, we get Lemma 4 in [44].

Lemma 2.2.6 is also hold for convex and harmonically convex functions just by
letting p = 1 and p = —1, respectively. Also, from Lemma 2.2.6 we can establish more

useful results.

2.3 Integral inequalities via new fractional conformable
integral operators.

Throughout this subsection, we consider p € R\ 0. We calculate some new inequalities

via new fractional conformable integral operators.
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2.3.1 Hermite-Hadamard type inequalities

We start our result with the following theorem.

Theorem 2.3.1. Let ¥ : [c1,¢0] C (0,00) — R be a p-convex function such that
v c Ll[Cl,Cg].
(1) Then for p > 0 we have

1/p af ¢ Co
w((cﬁ’;c@) )<—m“> LT o () + AT30 o )] < L)

T 2(g—q)*? 2 ’
(2.46)
where p(u) = ur, for all u € (], bl
(13) Then for p < 0 we have
h+ch Vp o T(B+1) 5,4 a V(c1) +¥(c)
v (( L)) < o D P e + horwewe)] < L)
(2.47)

where p(u) = ur, for allu € [&, .

Proof. (i) Since ¥ is p-convex function on [cy, ¢3], we have

o((50)) < e

Taking u? = rc} + (1 — r)c and vP = (1 — r)d} + rcb with r € [0, 1], we get

1

gp((#);)g ((Tcp—i— 1—r) 5) W( 1—7“07’—1—7“017)). 2.48)

Multiplying both sides of (2.48) by (== )B Lpol with 1 € (0,1), @ > 0, and then

integrating the resulting inequality with respect to r over [0, 1], we obtain

gf((c"w’))/ (H‘“)“mldr
2 0 «

< /01 (1 ;m)ﬁ_l roy ((rc’l’ +(1 - r)g;ﬁ) 210
! /o1 (1 ;T“)B‘l e (((1 — )+ rcg)%) dr
=1+ I
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By setting u = rc] + (1 — r)c}, we have

L= /01 (1 - ra)ﬂ_lra—lzp ((rcﬁ’ +(1- r)cg)%) dr

P « ﬁ—l
& 1—(—%‘_0%3) w— N\ du
= _\ar%/ 2
/( a ) (7)) vz

? (2.50)
1 S (B —E) — (h—u)* "
:W/,, &) a (g — v ) (ch —w)* (¥ o p)(u)du
_ T s
(& — &F)ad jcg(diou)(c’f)
Similarly, by setting u = rch 4+ (1 — r)c}, we have
1 1 — e -1 1
12:/0 ( . > oy ([(1—r)cf{+rc§]p)dr
p\ay B—1
e 1_<%> w—A&N\ du
— N2 7 /S
/. ( @ ) (a=2) wemmgy 251
¢

e (At C’f)“)ﬁ_l (= ) o 1) ()

& Js a
r
- T fﬁg)aﬁ 5T 0 1)(&).

Thus by putting values of I; and I in (2.49), we get

1 CZI7 + Cg % F(ﬁ) B 7« B «
Wlff ((T) ) < &= &yp [ JgWop)(d)+ 2T Won)(s)|. (252)
This completes the first inequality of (2.46). For second inequality, we know that
v (e + 1= )+ (S + (1 =r))P) < Wle) +¥(e)].  (253)

Multiplying both sides of (2.53) by (%)’371 ro~! with » € (0,1), @ > 0, and then

integrating the resulting inequality with respect to r over [0, 1], we obtain

I'(5) 1
W W(W(Cl) +¥(c2)). (2.54)

This completes the second inequality of (2.46). Hence the proof.

PTgwow(d) + ST W o ()] <

(74) The proof is similar to (7). O
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Remark 8. In Theorem 2.3.1,

1. If we take p = 1, we get Theorem 2.1 in [83].

2. If we take p =1 and a = 1, we get Theorem 2 in [80].
3. If we take p = —1 and o = 1, we get Theorem 4 in [48].

Corollary 2.3.1. Under the assumption of Theorem 2.3.1, if we take p = —1, then we

r(2)
< (Clcg)(ifﬁffﬁ; 2 [%‘}cl@ou) <1> 2 T o) <1>} (2.55)
< V(cy) ‘2H”(02)7

get

where p(u) = 1 for all u € [é, é]

Lemma 2.3.2. Let ¥ : [c1,¢] C (0,00) — R be a differentiable function on (cy,c)
with ¢; < cg such that W' € Ly[cy, ¢o], then

(1) forp >0

et P (1macay
:_L%L—A[((l> ()

where A, = (rc] + (1 —r)ch) and

1Aw(01762;04;5; j)

:(wﬁmww&>_rw+nw .
2 2 — ) e

(i7) forp <0

2Aw(01,02;04§5§~7)

:%/01 [(1—(;&)5_ (#)5
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where B, = (rch + (1 —r)d}) and
2Ag(cr, co; 0 83 T)

_ (W(C’D T w;))  T(B+ 1o
2 2, — &)

Proof. (i) Consider

[ - (=)

PTG o))+ LT W e ()]

L_q

Ay ((rc’l’ T (1- r)cg)%) dr

:/01 (1;”>ﬂA%‘lw' (eh + (1= r)e)? ) (2.58)
_/01 (1—“0; 7‘)@)/3,4;?‘1@' (¢f + (1 =)h)? ) dr
=1 — I.

Then by integration by parts, we have

1 o\ B 1 1
11_/ <1 T ) Ar o <(rc’f+(1—7‘)c§)5>dr
0




where we used the change of variable with x = 1 —r. Thus by adding [;, —I> and then
by multiplying both sides by %};C?)

(i7) The proof is similar to (7). O

, we get the required result (2.56).

Remark 9. In Lemma 2.3.2,
1. If we take p =1 we get Lemma 3.1 in [83].
2. If we take p=1 and o = 1 we get Lemma 2 in [80].

Theorem 2.3.2. Let ¥ : [c1,¢2) C (0,00) — R be a differentiable function on (cy,c2)
with ¢y < ¢y such that W' € Ly[cy, co]. Let |W'|9, where g > 1, is p-convex function, then
(1) forp>0

| 1Au7(01,02;04;5§~7)|

(=)o’ (™ IR AN
< 5 5 2k 1_57172a1_?§ (2.61)

< (e (2o 1) e+ W(@)m)q,

(73) forp <0

| QALP(ClaC%a;/B;j”
1_1

(=)o (7" 1o, G ‘

< (B (2 +1) 12l + )

where B and o Fy are classical Beta function and Hypergeometric function, respectively.

Proof. (i) Using Lemma 2.3.2, property of modulus, power mean inequality and the

fact that |¥’|? is p-convex function, we have

\ 1AW(C1702;04;5; j)|

_ (% —2;’1’)045 /01 :(1;7““)5_ (1—(1a— 7">a_>ﬂ: Ar ' (et + (1= r)h)7) ar
< W /01 :(1;r“)5+ (#)B: Ay <(rc§’+(1—7")cl2j)%> dr




@ (e + (1= 1)ch)? ) |qdr>q

. (2.63)
(r'(c)|? + (1 — 1)@ (c2)|) dr)
1—r B_Hn I1—(1—r)° 6](17’
! 1—ro)? } > 1((1r)j o >q
+|zp'(c2)\q/0 [(1-@( — ) F(1—7) (T) ]m),

o1 5 " 1 A
v:/ AY Ndr =2 4R, (1——,1;2;1——1)7
0 2 p ch

and by using change of variable as x = r® and y = (1 — r)*, we get
b\’ 1 2
/Or( . ) dr:@ﬂHB(a,ﬁ%—l),
1 _ A AN
/T<M> dr = 61“ lB(l,ﬁ—l—l)—B(z,ﬁ—l—l)},
0 a o a a
! 1—re Bd R S 5 (2
0 (1_7') o r_a5+1a5+1 aaﬁ_l_l - 575_‘_1 )
! 1—(1=r)\" 1 2
/O(l—r)(—a ) dT:aﬁHB(a,ﬁ—i—l).

Thus by substituting all above equalities in (2.63), we get the inequality (2.61).

I
—~
S
M |
i)
k-
®
<
-
ol
<D
<
—
Q
=
c\
2
| — |
=
RS

(7i) Proof is similar to (7). O
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Corollary 2.3.3. Under the assumptions of Theorem 2.3.2. If we take p = —1, then

we get
v (i> v <l> (c1c2)*T (8 + 1)’ 1 1
c1 c2 . B 7o o - B o o =
2 2(ca —1)*? { TEWen (C2> t 3 Wou (ﬁ)]
<l —a)a? (ﬁ 2 Fy (2, 121 — ﬂ))lé
—2c169 2 Co
1 2 1
< (it (254 1) el + W)
(2.64)

where p(u) = 1/u for all u € [%, é]

2.3.2 Hermite-Hadamard-Fejér type inequalities

In order to give result involving Hermite-Hadamard-Fejér type inequality we need fol-

lowing lemma.

Lemma 2.3.4. Let p € R\{0} and ¢ : [c1,¢c2] C (0,00) — R is integrable and p-
1/p
symmetric with respect to [#} , then

(1) forp >0
LTG0 (@) = PT3(00m(@) = 5 [5T (G0 m) (&) + PTH@en()], (265)

with a > 0 and p(u) = ur, for allu € [c], .
(73) forp <0

LT m ) + "T5(60 ()], (2:60)

N —

LT 0 m)) = P T3 0 () =
with a > 0 and p(u) = ur, for allu € [, .

1/p
Proof. (i) Since ¢ is p-symmetric with respect to [#} , then by definition we have

gb(u%) = ¢ ((c’f + b — u)%>, for all u € [¢],c5]. In the following integral, by setting
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r=c] + b —u gives

1 b
LT 00 = o [

(B) Jer ( a
:;/6‘5 ((cs—cﬁ’w—(cg—u) )ﬁ :
I'(B) Jer a
< (=) ([ + & —u]) du
G (B =) — (b —u)\ !
:ﬁ (c3 1)a(2 u)) (& — u)° 1¢(u5>du
— 97560 u)(el)
(2.67)
This completes the proof.
(77) The proof is similar to (7). O

Remark 10. In Lemma 2.3.4,
1. If we take a = 1, we get Lemma 1 in |57].
2. If we take o =1 and p =1, we get Lemma 3 in [44].

Corollary 2.3.5. Under the assumption of Lemma 2.3.4,
1. If we take p =1 we get similar result for convex function.

2. If we take p = —1 we get similar result for harmonically convex function.

Theorem 2.3.3. Let p € R\{0}. Let ¥ : [c1, 3] C (0,00) — R be a p-convez function
with ¢; < co and ¥ € Ly[cy, o). Let ¢ : [c1, ca] C (0,00) — R is non-negative, integrable

e wi )"
and p-symmetric with respect to <T) , then
(1) forp>0

w( )[onu )+ PTg6 0 (&)
[ W60 )(h) + PTWS 0 u)(eh)] (269
< e+ ¥e) [pjwou &)+ "T5(60 ()],
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with a > 0 and p(u) = ur, for all u € [}, ch].
(17) forp <0

v ((Cp ara )/) 5,760 m () + "T5(00 1))

< [37°Ws 0 () + "T5W6 0 1)(h)] (2.69)
< N2V 3 gog0 m)(eh) + 2Tg(00 m) ()] .
with o > 0 and p(u) = ur, for allu € [, ).

Proof. (i) Since ¥ is p-convex function on [cq, ¢z], we have

v ((up_zm)p)i) . q/(u);u‘/(u)_

Taking u? = rcf + (1 —r)ch and vP = (1 — r)c] + rch with r € [0, 1], we get

(35 <1200 o0t o)
2

- 2

(2.70)

Multiplying both sides of (2.70) by (:=22)7"ra-1g ((rc§’+ (1 —r)cg)%> with 7 €
(0,1), @ > 0, and then integrating the resulting inequality with respect to r over

[0, 1], we obtain
w((S5)) [ (55) e elo0 -y
S/01 (1—7*0‘)5‘17«06—1@ (( &+ (1—r)c§)%)¢<( &t (1—r)d)p > (2.71)
+/01 (1_”)6_3“& ((@=n+rd)r)o (e +0-r)d)r)dr

1/p
Since ¢ is non-negative, integrable and p-symmetric with respect to ( ;CIQ)) , then

o ((rd+(1=nd)r) =6 (1 + (1 =r))r).
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Also choosing u = rc] + (1 —r)ch

T ((Cﬁ);cgﬂ

(ch—df v o
G (B =B — (u— )\ . 1
¥ / (A=A e (43 0 (u3) Jao
(2.72)
Therefore, by Lemma 2.3.4 we have
&L D\
v (( L) ) LTG0 + 2T506 0 k()]
(2.73)

< 5T @0 m(@) + PT5Ws0n)()].

This completes the first inequality of (2.68). For second inequality, we first note that

if ¥ is p-convex function, then we have
(e + (=) )+ (g + (1 =1)e)?) < @le) +W(e)].  (274)

Multiplying both sides of (2.74) by (=22)77!pa-lg ((rc’{+ (1 —r)cg)%) with r €

(0,1), @ > 0, and then integrating the resulting inequality with respect to r over
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[0, 1], we obtain

[(= )ﬁw (et + @ =n)eh7) o ((ref + (1= r)h)?) dr

«

-/ 1 (1 - )ﬂw (=0 +reh)p) o ((rdk + (1 =r)h)7) dr (275)

(2.76)

&
+
N

NS
ASE
e}
E
S
| — |

<——_ _|Pg°
< @ a4 0o
This completes the proof.

(71) Proof is similar to (7). O

Remark 11. In Theorem 2.3.3,
1. If we take a = 1, we get Theorem 9 in [57].
2. If we take oo =1 and p = 1, we get Theorem 4 in |44].

Corollary 2.3.6. Under the similar assumption of Theorem 2.3.3,
1. If we take p =1, we get
c1+c
v <%) [T b(ca) + P T50(cr)]
< [LTwé(e) + PTLWo(er)] (2.77)

- % 2 J°6(c2) + 2 T26(c1)] .

2. If we take p = —1, we get

() [l 0o () + 2etoon ()
< oo (2) + *awoon (2] .19

<M tHel s rwon (1) + Wf}:(qbou) ()]

where p(u) = 1/u for all u € [i i]

2’
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Chapter 3

Integral inequalities for s- and
m~convex functions via Katugampola
fractional integral

In this chapter, we obtain the Hermite-Hadamard type inequalities for s-convex func-
tions and m-convex functions via generalized fractional integral, known as Katugam-

pola fractional integral.

3.1 Introduction

Katugampola fractional integral was introduced by Katugampola, in 2014, which is
extension of Riemann—Liouville fractional integral and Hadamard fractional integral.

Now first we define these integrals one by one.

Definition 3.1.1 ([77]). Let a >0 withn —1 <a<n,neN, and 1 <u < cy. The

left- and right-side Riemann— Liouville fractional integrals of order o of function ¥ are

given by oo
W) = s / RCRUAOIE
and .
2 W) = ﬁ/ﬂ (t — w1 W (1) dt.

respectively, where I'(+) is the Gamma function defined by I'(a) = fooo et 1dt.
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Definition 3.1.2 ([79]). Let a >0 withn —1<a<n,neN, and 1 <u < cy. The

left- and right-side Hadamard fractional integrals of order o of function ¥ are given by

HE W(u) = ﬁ /u (in %)a_l @dt,

HE () = ﬁ / (m %) o @dt.

Definition 3.1.3 ([52]). Let [c1, o] C R be a finite interval. Then, the left- and right-
side Katugampola fractional integrals of order o > 0 of ¥ € XP(cy1,c2) are defined

and

by, N

PI% W (u) = % / - et
and o e

PIS W(u) = %/u (tP — ) 1P (t)dt,

with ¢y < u < ¢y and p > 0. Here XP(c1,¢2) (c € R,1 < p < o0 ) is the space of those
complex valued Lebesgue measurable functions ¥ on [c1,co] for which ||¥|xr < oo,

where the norm s defined by,

c2 . dt 1/p
e = ([ ewors) <o
C1

for1 <p< oo, c€R and for the case p = o0,
¥ xge = €55 supe, <<, [t°1P (2)]]-
Here ess sup stands for essential supremum.

From above definitions we have following obvious result.

Theorem 3.1.1 ([52]). Let a > 0 and p > 0. Then for u > ¢,
L lim,y P13 W (u) = J& W(u),
2. lim, o4 P18 W (u) = HS ¥ (u).
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3.2 Hermite-Hadamard type inequalities for s-convex
function

Here we give Hermite-Hadamard type inequalities for s-convex function.

Theorem 3.2.1. Let a,p > 0 and ¥ : [¢], 5] C [0,00) = R be a positive function with
0<ci <cyand ¥ € XP(h,c5). Let W is also a s-convex function on [c¢f,ch], then the

following inequalities hold:

28—1@ (CT + c§>
2

p*T(a+1)
T 2(ch —f)e

[PIS W (ch) +° 1S _w(c))] (3.1)

w(ch) +¥(c5)
5 ,

g{ +a6mﬁ+4ﬂ
o+ s

where B is a beta function.

Proof. Let r € [0,1]. Consider u,v € [c1,¢2], 1 > 0, defined by u? = r°c] + (1 — rP)db,

vP =rPch + (1 —rP)c]. Since ¥ is s-convex function on [¢f, 4], we have

W(w+w)£w@@+ﬂw>

2 2s

Then we have

sy (LT PP P P PP P\ P
2° 5 <Y (rPef + (1 —rP)ch) + ¥ (rPch + (1 —rP)cf). (3.2)

Multiplying both sides of (3.2) by r*~! « > 0, and then integrating the resulting

inequality with respect to r over [0, 1], we obtain

28 c+ch ! !
—v ( 1 5 2) < / rP I (rPf 4 (1 — rP)ch)dr +/ rP W (rPch 4 (1 — rP)f)dr
ap 0 0

c2 p_ P\ a1 p—1
v — ¢ v
+/ < 7 ;) v (vP) 7 Sdv
a \C —0 Co—C

a—1
PP I(@) a
- (Cg _ Cﬁl))a [p‘lcl+lp<cg) +p 1027W<C§'):| °

(3.3)
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This establishes the first inequality. For the second inequality of (3.1), using s-convexity

of ¥, we have
V(P + (1 =r")c) < (r)" ¥(e]) + (1 = ") ¥ (),
and
U(rfch + (1 —1°)ch) < (r)"¥(ch) + (1 — ") ¥(c]).
By adding above two inequalities, we get
V(P + (1 =r)eg) + W (r'eg+ (1 =r")c)) < ()" + (1 =r")") () + ¥(ch)] . (3.4)

Multiplying both sides of (3.4) by 7**~! « > 0, and then integrating the resulting
inequality with respect to r over [0, 1], we obtain
p*'T'(a) - s s
o PG+ 15 )] < [0 () + (1= ) ) + ()
2~ 0 0
(3.5)

Since
1

1
/ rortsr =ty = — —
0 pla+ s)

and applying change of variable r” = z, we have

1
1
/ rP (1 —rP) dr = —B(a, St )
0 P
Thus (3.5) becomes
a—1

p F(a> p T P p TC P 1 1 P P

LA — < - .

(Cg . Cﬁll)a [ Icl+W(C2) + 1027W(Cl)] — o |la +s + B(Oé, s+ 1) (W(Cl) + W(CQ»

(3.6)

Thus (3.3) and (3.6) gives (3.1). O

Remark 12. By letting p — 1 in (3.1) of Theorem 3.2.1 we get Theorem 3 of [86].

Theorem 3.2.2. Let a,p > 0 and ¥ : [}, 5] C Ry — R be a differentiable mapping
on (¢, ch) with 0 < ¢ < co. Let |W'| is s-convex on [}, ch], then the following inequality
hold:

V() +¥(5)  pTlatl) o
2 - 2(05 _ CT)O[ |:p1—01+w<c'g) +p [C2_W(C€):|
h—d 1

- 2 a+s+1

+Bla+1,s+ 1)} (7" ()] + 7' (B)]) . (3.7)
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Proof. From (3.3) one can have

p*'T(a)
(¢ —cf)e

1 1
= / rP I (rPf 4 (1 — rP)ch)dr + / rP 1 (rPch 4 (1 — rP)cf)dr.
0 0

P12 W (ch) +0 12 _W(ch)]
(3.8)

By integrating by parts, we then get

U(ch) +(ch) P T(a) 0 o
ap _-@g_%ﬁYxVLH+WO£)+pLQ*WOﬁH

p_ Pl
S / PO [ () 1 (1= 1)) — W (1] + (1 — 1)) dr. (3.9)
o 0
By using triangle inequality, s-convexity of [@’| and change of variable r” = z, we
obtain
w(ch) +¥(  p*'T(e)
ap (5 — i)

[PI6 W (ch) +7 12, ()]

=

1
/7ﬂwﬂ*uww%g+u—rwqw—ww%f+u—r%£Mdr
« 0

I3 I
Co —C

(07

p
Coy —

1
| 6 4 (L= )]+ W0+ (1))
0

0
€y

(3.10)

[ e W )+ (= 1)
(P ()] 4+ (1= )1 ()

= S8 [ ) (1= P () + ()

Q 0

P P

= +
ap {a—i—s—i—l

Bla+1,s+1)| [W()] + [ ()]

Corollary 3.2.1. Under the same assumptions of Theorem 3.2.2,
1. If p=1, then

W(c1) +¥(c2)  TDlat1)
2 2(02 — Cl)a

< Co — C1 1

- 2 a+s+1

[Jcoi_,'_ﬂp(CQ) + Jg’;_@(cl)} ’
(3.11)

+mmua+mkwwm+wwm»
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2. If p=s=1, then

‘W(cl) +¥(e)  Tla+l) [J& (o) + o ()]

) _20 1 2ez — 1) (3.12)
< 220 |+ Bla 1.9 (W)l + @),
3. Ifp=s=a=1, then
etvie) L [Pun] < 20 el . 6

For more results we need the following lemma.

Lemma 3.2.2. Let o, p > 0 and ¥ : [c¢], ] C [0,00) — R be a differentiable mapping
on (], c4) such that ¥ € [c1, o] with 0 < ¢; < ca. Then the following equality holds if

the fractional integrals exist:

() +¥(c5) pLlatl), ., a
92 - 2(05 _ Cﬁll)a [pIcH»W(cg) +p Icsz(ci))]

S AGZA [ay = 0) (= har (3.1)

Proof. Applying similar arguments as in the proof of Lemma 2 in [80]. First consider,

1
/ (1 — r?) =2 (rP ek + (1 — rP)ch)dr
0

(1 —rP)*W(rra? 4+ (1 — rP)ch) |t a ! a1 p
= =) 2 ‘ + i (1 — P P (P + (1 — 1P)cf)dr

A e (uﬂ—cﬁ)“,uﬂ—lu‘«up)d
WG =) &= )y \ G4 S

w(ch)  p (1)

p_ P
0o —d

u

— _ P IE_W(uP)
pley—cf) (=)ot u=ex -
3.15
Similarly, we can show that
: W) T
PP P (P 4 (1 — rP)eEdr = — V4 PIY T (uf )
/ B A ><§f6,)
Thus from (3.15) and (3.16) we get (3.14). O
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Remark 13. By taking p =1 in (3.14) of Lemma 3.2.2, we get Lemma 2 in [80].

Through out all other results we denote,

U(cf) +¥(ch)  pT(a+1) [
2 2(ch — cf)°

Theorem 3.2.3. Let a,p > 0 and ¥ : [}, 5] C [0,00) — R be a differentiable mapping

[g‘/(Oé, P €1, 62) = p[élH_W(Cg) +7 Ié’;_m(d{)] :

on (cf,ch) such that W' € Lq[cy,co) with 0 < ¢1 < co. Let |¥'|7 is s-convex on [cf, ]
for some fixed ¢ > 1, then the following inequality holds:
Lo (av, p, c1, ¢2))|

<p<cs—cff>( ! >/
- 2 pla+1)

X (( Py(s+1,a+ 1)+

] (3.17)
m)\ip’@)lq
+("(La+s+1)+ Py(a+1,s+1)) \w’(cg)|q>1/q,
where

1
Py(cr, c2) = / (u?) 11 — uP) 2 P .
0

Proof. Using Lemma 3.2.2 and power mean inequality and s-convexity of |¥'|7, we
obtain

|]‘I’(a P, 61702

:‘ (ch — ) / (1= ) — (12)} 2 0 (0 + (1 — 1)) dr

& _ 1-1/q
< 22D ([ iy - goyiar)
0

1 1/q
(L= el o )
0

e~ ) ( / e o) rp_ldr>1l/q

1/q
( / (=04 () [P+ (1= W P )
1
pla+s+1)

(3.18)

IN

R W

)1 g <( Pry(s+1,a+ 1)+

1/q
+ (M a+s 1)+ a+ s+ D)) "
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Hence the proof is completed. m

Corollary 3.2.3. Under the similar conditions of Theorem 3.2.3,
1. If p=1, then

U(e) +¥(cz) Tla+1) .
2 20— ) s (e) + JCQ—III(Cl)}'
(ca —c1) 1

- 2 (a+1)
F(BLats+1)+ Blo+t s+ 1))l

1

(a+s+1)
1/q

14mx<(6@+La+1%% ) (cy)]f

2. If p=s=1, then

W) +¥(c))  Tla+1) a
2 2 — 1) [ lea) + 75 ¥ (e)) ‘

< (2 g c1) o 11)1_1/q X (( B2, +1) +

+(B(La+2)+ Bla+1,2) |w'(cz)|q)

e

1/q

3. If p=s=a=1, then

Ve +¥(e) 1 /”wu)du‘g(@‘ﬁ)X(Wcl)lu|W'<c2>|q)1/é

2 Ca-a 22-1/a 2

C1

Theorem 3.2.4. Let e, p > 0 and ¥ : [, 5] C [0,00) — R be a differentiable mapping
on (cf,ch) such that W' € Lq[cy,co) with 0 < ¢1 < co. Let |¥'|7 is s-convex on [cf, 5]
for some fixed ¢ > 1, then the following inequality holds:

|]g/(O[7 P, C1, CQ)|

pi(ch— ) 1 L , Vo (3.19)
<2 A 7 - q A )
<= Bls + Lat 1)+ ———— | [()]* + V' (H)]]

Proof. Using Lemma 3.2.2, property of modulus, power mean inequality and the fact
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that |¥'|7 is s-convex function, we have
|]¥7(Oé P C1, C2

_\ (=) / (L= 1) = ()} o0 | (10 + (1= 1)) dr
g—p((”p; D / - d) N ( / (0= = (7)Y W+ (1= 1) )\qdr)w

1/q
A (/ (A= (r >}[(rﬂ)&@'(c‘mu<1—rﬂ>8|¢’<c§>|q}dr)

IN

=pq<052 (1w [ 0=+ 0oy
1/q
P / (== 1)+ (7)1 = 1)}

1

a(cP — P
= 2G4 B ().
(3.20)
By using change of variable r” = z, we get
! 1
:/0 {(1—rp)o‘(rp)s—i-(T”)O‘(T”)S}dr:B(s—i-l,oz—l—l)+—a+8+1,
and
1
= 1—=r)¥(1 —1r)° PN —rP)tdr = 1 )+ ——-.
| A==y 0 = b = Bl s 1)+

Thus substituting the values of A and B in (3.20) and applying the fact that B(c;, c2) =
B(ca, 1), we get the desired result. O

Corollary 3.2.4. Under the similar conditions of Theorem 3.2.4,
1. If p=1, then

1

(ca —c1)
a+s+1

< ([B(s+1,a+1)+ ][|w'(c1)|q+|gp'<c2>|q])1/q.

50



2. If p=s=1, then

e G R G M'(cz)m)l/q.

3. If p=s=a=1, then

‘w(a) + ¥(cy) 1 /62 W(u)du’ - (ca — 1) <‘@/(Cl)’q N |¢’(c2)|q>1/q‘

2 ool 2 2

3.3 Hermite-Hadamard type inequalities for m-convex
function

In this section we give Hermite-Hadamard type inequalities for m-convex function.

Theorem 3.3.1. Let a,p > 0 and ¥ : [}, 5] C [0,00) = R be a positive function with
0<c¢ <cyand¥ € XP(c,c5). Let W is also a m-convex function on [c], ], then the

following inequalities hold:

" (mp(cf; cS))

PPl +1) R a0 A GRS 1ol
< S lmen) — ey et (mea)) 4 =5 ML W () (3.21)
< - () +9(ch)).

Proof. Since ¥ is m-convex, we have

p PP P PP (P
lp(u —i—2mv ) SW(u)+2m W(v)

Let u? = mPrPc) +mP(1 —rP)ch, vP = rPch + (1 — rP)c] with r € [0, 1]. Then we obtain

(3.22)

" (mp(c’l’ + cS)) < U(mPrec] +mP (1 —rP)ch) + mPU (rPch + (1 — rP)c})
5 < )
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Multiplying both sides of (3.22) by r*~! «a > 0, and then integrating the resulting

inequality with respect to r over [0, 1], we obtain

2y (il 1)

po 2

1 1
< / rP I (mPrP ] + mP(1 — rP)ch)dr + m”/ rP W (rPh 4 (1 — r°)cf)dr
0 0

:/mcl (( “p_(m"?)p)p)aluﬂ—l( 0 (u)du (3.23)

mco mcl)p - (mCZ mcl)p - (mCQ)p

c a—1
+ m”/ 2 (vz — C:lj) Upflg/g“p)d;)
(&) c2 - cl 02 _— Cl
a-t a—1
p* () ) m?p°~ 1T ()
- e v p P P\ e @ (P .
((meg)P — (meyp)P)> mer+ ((mea)?) + (& — ) o ()

Now by multiplying both sides of (3.23) by <, we get first inequality of (3.21). For

second inequality using m-convexity of ¥, we have
U (mPred] +mP (1 —rP)ch) + mPU (1 — rP)e] + 1P <mP W () +¥(ch)].  (3.24)

Multiplying both sides of (3.24) by r**~! « > 0 and then integrating the resulting

inequality with respect to r over [0, 1], we obtain

P oz—lP
mep (Oé) p]'a lp(CT)

Po‘—lF(Oé) pre w<(mc2)p)+w o

((mea)r — (mey)r)r 7™

- (3.25)
- () +¥(ch)).

Now by multiplying both sides of (3.25) by %2, we achieve the second inequality of

(3.21). 0

Corollary 3.3.1. Under the assumptions of Theorem 3.3.1, we have
1. For p=1, then

" (m(q; 02))

['(a+1)
= 2(mey —mey)?

< 5 (o) +(e))

JO(

mce1+

e+l oy (e (3.26)

V4 -~ 7
(me2) + 2er —cr)e Ve
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2. Forp=a =1, then

5 (1) +¥(ca)) .
Remark 14. If we take m =1 in (3.27) of Corollary (3.3.1)(2), then we get (1.14).

<

Theorem 3.3.2. Let a,p > 0 and ¥ : [¢], 5] C [0,00) = R be a positive function with

0<c <cyand ¥ € XP(c,ch). Let ¥ is also a m-convex function on [cf,c5]. Let

G(z?,y”)re 2 [0,1] — R are defined as:
1
G,y = 3 (W72 + mP (L= 1)) 4 (L= 7Y+ moryf)].

Then, we have

c PP
- / 2(0’2) —ul)* PG e, ato du
(=) S, 2 (%)

ch—cf (3.28)
a—1 P P
p* T'(a) m ato
< 2 P W(ch v .
= 2(ch — ) et (ch) + 2pa < 2
Proof. Since ¥ is m-convex function, we have
1
G(@?,y)pe < 5 [P (2”) +mP (1 = 17)W(y") + (1 = r")P (2°) + m "W (y”)]
1
= S () + )]
and also ., i ,
1
G (:L‘p, arte ;— Cz)rp < 5 _W(:L"") + mPY (—Cl ;CQ>] )
Take z# = r°c] + (1 — r?)ch, we have
PP 1T PP
6 (e 1-ma S5 2) < lued+ - s wew (42
rP L
(3.29)

Multiplying both sides of (3.29) by r*~!, a > 0 and after that integrating the resulting

inequality with respect to r over [0, 1], we obtain

1 P P
/ ree-l@ (r’)c’f + (1 —1°)cb, ata C2> dr
0 2 rP

(3.30)
1/t A+
< 5/ ror=t {!Z?(r’)cf + (1 =7r7)ch) + mPo (—2 )1 dr.
0
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Thus by change of variable u? = r?¢] + (1 — r?)ch, we achieve our desirous, that is, the

inequality (3.28). O

Remark 15. By taking p =1 in (3.28) of Theorem 3.3.2, we get Theorem 6 in [86].

3.4 Applications to special means

In this section, we consider some applications to our results. Consider the following
means:

(1) The Arithmetic mean:

A(Cl,Cg) = a —;_02; C1,Co c R.
(2) The Logarithmic mean:
In|cy| —Inle
L<Cl702) - Ma C1,C2 S R) |Cl| 7£ |02|701)02 3& 0

C2—C
(3) The Generalized log mean:
C;—i—l o C7lz+1
(n+1)(ce — 1

1/n
L,(c1,c0) = [ )] ;1,00 €ER, neZ\{-1,0},¢1,c0 #0.

Proposition 1. Let ¢1,c0 €R, ¢; < ¢, 0 ¢ [c1,02] and n € Z, |n| > 2, then

n n C2—C1 .y ’Tll((:2 — Cl) n— n—
‘A(cl,CQ) T ata Li(c1,c0)| < TA (Jea "™, [ea™ ). (3.31)
Proof. By taking ¥(u) = u™ in Corollary 3.2.1(3), we get the required result. O

Proposition 2. Let ¢;,co € R, ¢1 < ¢3, 0 & [c1,¢2] and n € Z, |n| > 2. Then for
q > 1, we have

n o n C2 —Cl,p |n|(02 — Cl) 1/ (n—1) (n—1)
‘A(Cl,cz) — an(Cl, 02) < WA a (|01’q , ‘ngq ) . (332)
Proof. By taking ¥(u) = u™ in Corollary 3.2.3(3), we get the required result. O

Proposition 3. Let ¢1,¢co € R, ¢1 < ¢3, 0 & [c1,¢2] and n € Z, |n| > 2. Then for
q > 1, we have

Co — C1 In|(c2 —c1)

2

‘A(c?,CS) L e o) <

Al/a q(n—1) a(n—1)\ 3.33
1+ ¢ (‘Cl, "62’ ) ( )
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Proof. By taking ¥(u) = u™ in Corollary 3.2.4(3), we get the required result. ]

Proposition 4. Let ¢c1,c0 € R, ¢1 < 2, 0 ¢ [c1,¢0] and n € Z, |n| > 2, m € [0,1],

then we have
1 m
U(mA(c,c)) < §L2(mcl,m02) + ELZ(Cl, c2) < mA(ct, cb). (3.34)
Proof. By taking ¥(u) = u" in Corollary 3.3.1(2), we get the required result. O

Proposition 5. Let ¢1,c0 € R, ¢ < ¢o, 0 ¢ [c1, 2], then

Cy—C Cy—C _ _
‘A(cfl,cgl) - Ci n c: L(cy, )] < 2 5 LA (lex] 2, |ea] %) (3.35)
Proof. By taking ¥ (u) = % in Corollary 3.2.1(3), we get the required result. ]

Proposition 6. Let ¢1,co € R, ¢; < ¢, 0 & [c1,¢2]. Then for ¢ > 1, we have

-1 -1 G2~ C2—C1 -2 -2
‘A(c1 Gy ) — - C2L(Cl,62) < 3 1/q AV (e 729, eo| 29) (3.36)
Proof. By taking ¥(u) = % in Corollary 3.2.3(3), we get the required result. ]

Proposition 7. Let ¢1,¢c0 € R, ¢1 < ¢, 0 ¢ [¢1,¢3]. Then for ¢ > 1, we have

-1 - C2 — (1 C2 — (1 - —
‘A(cl Leyl) — - CzL(CbCQ) < TAl/q (Jea| 74, [ea] 729) . (3.37)
Proof. By taking ¥(u) = < in Corollary 3.2.4(3), we get the required result. O

Proposition 8. Let ¢1,¢c0 € R, ¢1 < ¢, 0 ¢ [¢1, 2] and m € [0, 1], then we have

1
U(mA(er, o)) < EL(m01,mC2> + %L(cl, co) <mA(crt, exh). (3.38)
Proof. By taking ¥(u) = < in Corollary 3.3.1(2), we get the required result. O
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Chapter 4

Mean value theorem for p-convex
functions and s-convex functions

In this chapter we give some mean value theorem p and s-convex functions in Jensen

as well as in Hermite-Hadamard sense.

4.1 Introduction

A generalized mean value theorem for convex functions is given by Anwar and Pecari¢
[11]. Following result is given in [65] which involve the Jensen’s inequality both in

numerator and denominator.

Theorem 4.1.1 ([65]). Let r; > 0 for all 1 < i < n such that ¥ r; = T, and
Cly ..oy Cp € I not all same. Consider the twice differentiable functions ¥, Wy : X — R

such that
0<I<¥(c)<L and 0<m <W,)(x) <M forall ceX.

Then ) X
l < T_,LE?:lri%(Ci) - Wl(T—"E?zlriCi)
M - %nzyzlrin(Ci) — wz(TanizlriCl)

< % (4.1)

For more results also see |75, 76].
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4.2 Mean value theorem for p-convex functions

In order to state the mean value theorem for p-convex functions in Jensen sense we

need the following lemma.

Lemma 4.2.1. Let X C (0,00) be a p-convex set, p € R\{0}, and ¥ : X — R be a
p-convex function. Let (37 ncf)% € N be p-conver combinations of points ¢; € N with
coefficients r; € [0,1]. Then each p-convex function ¥ : X — R satisfies the following

mequality:

3=

4 (i 7“ch> < irﬂ/(ci), (4.2)

where Y r; = 1.

Proof. We use mathematical induction to prove the result. We apply induction on the

number of points in p-convex combination.

Basis step: for n = 1 the result holds, since
1
v ((ne)?) < mven),

where r; = 1.

Induction step: suppose that (4.2) holds for all p-convex combination of the points

containing less than or equal to n — 1 points. Let r, # 1 and

—1 .
where the sum ( ! i
—

1
Z) " € N. Then by induction hypothesis, we have
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By using (1.7) and (4.3), we get
1

v (Zc”) =0 (1= r)u? + roch)?)

n—1 ' (4.4)

Thus the inequality (4.2) holds. O

Theorem 4.2.1. Let X C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let
Uy, Wy, € C*(R) be p-convex functions. Then there exist some & € W such that the
following equality holds:

St (e) — ((ZT rici ﬁ) _ B (4.5)
Yo rila(c) — W, ((Z? T,cf)%> 7, (&) '

with each r; € [0,1] such that "} r; = 1 and provided that the denominators are non-

ZEero.

Proof. Let us define

[un

H:= (i rlcf> ;,
and .
(T0)(A) == rili(Ae; + (1 — N H) — ¥y (H),

where A € [0,1]. Analogously, we define (TW,)(\).
Note that

(Tr) (A) == > _rie; — H)W (Aei + (1 = N H),

and
n

(T)" () =Y rilei — HW (Ae; + (1 — \)H).
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Now consider a function Q(\) defined as:

Q()\) = (T%)(l)(T%)()\) - (Twl)(l)(TLDZ)()‘>7

such that we have

It implies that,

n
!

> riles — HY[(TW) (1) (ve; + (1 — v)H) — (T8) (1), (ve; + (1 — v)H)] = 0. (4.6)
i=1
For some fixed v, the expression in the square brackets in (4.6) is a continuous function

of ¢;, so it vanishes. Corresponding to that value of ¢;, we can have a number
E=wve;+ (1—v)H,

such that

" 1"

(T0) (1) (€) — (TW)(1).% (€) = 0.

This gives equality (4.5). O

Corollary 4.2.2. Let X C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let
Wy, Wy € C*(N) be p-convex functions such that % is invertible. Then there exist some

& € N such that the following equality holds:

ETAGETACIETED)

hSA

_ (w> S ran(e) — v (7 )

i , (4.7)

with each r; € [0,1] such that > 7 r; = 1 and provided that the denominators are non-

ZET0.
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Corollary 4.2.3. Let X C (0,00) be an interval, p € R\{0}, and r; € [0,1]. Let
WU € C?(R) be p-convex function. Then there exist some £ € N such that the following
equality holds:

1\ 2

Zm&”(ci) 4 (Z Tﬂf) - LDT(Q ;TZ’C? — (; r,cf) ! . (4.8)

1 1
with each r; € [0,1] such that Xr; = 1.
Proof. By letting ¥, = ¥ and Wy(u) = u?, where u € (0,00), in Theorem 4.2.1, we

achieve the equality (4.8). O

4.3 Mean value theorem for p-convex functions in Hermite-
Hadamard sense

Let ¥ : X C (0,00) — R be a p-convex function, p € R\{0}, and ¢;, c; € X with ¢; < ¢s.
If ¥ € Ly[cy, o] then we have (e.g. see [45])

o((155)) < g [ A=ty 2o

ult=p 7
By using the right half of the inequality (4.9), we have following result.

S

C1

Theorem 4.3.1. Let X C (0,00) be an interval, p € R\{0}, and ¢, ¢y € R with ¢; < ¢s.
Let Wy, Wy € C*(X) be p-convex functions. Then there exists some & € N such that the
following equality holds:

1

ngcllo fccl2 ill(up du — ¥ (<01-;-02>P) 7 (5)
<z = (4.10)

1 1" )
p f02 Wy (u) du — d+ch\ 7, (f)
d—cl Jeg wul-p 2 2

provided that the denominators are non-zero.

Proof. Let




and

where A € [0,1]. Similarly, we can define (T%,)(\).
Observe that

/62 Bdut (L= NH)

1-p
L U

v D e @, (Au+ (1 —\)H)

(T%) ()\) = H \/C1 (U — H) ul-p du,
. O+ (1— W)
" L P 2 2Lp1 )\U + ]_ — A H

00 = L / ) s du.

Now consider the function () defined by

Q(A) = (TW)(1)(T¥1)(A) — (T¥)(1)(TW2) (),

such that we have

Then from two applications of mean value theorem, we find v € X such that

"

Q"(v) =0.

It implies,

p
= |

}(u — H)[(T®)(1)¥, (uv — (1 —v)H) — (T%)(1)¥, (uv — (1 —v)H)] = 0.

(4.11)
For any fixed v, the expression in the square brackets in (4.11) is a continuous function

of u, so it vanishes. Corresponding to that value of u, we get a number
E=w+ (1—-v)H,

such that

" 1

(Tw) (1), (§) — (T¥)(1).¥, (§) = 0.

This gives equality (4.10). O
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Remark 16. ]f o7 s invertible, then we have

p c2 Wy (u) i+ %
v (€) R [ g fc1 ul= o du — (< 2 ) )
§= |7 : (4.12)
7y (£) cgfc]f fciz ?1 pdu , ((c’f—;cg)p>
Remark 17. By taking Wy(u) = u® and ¥y =¥ in Theorem 4.3.1, we have
/ o &+B\
cp o U p 2
, » » B (4.13)
RAGIIE NG i S W AT
> |Z-—\ " pi2 2 '

4.4 Mean value theorem for s-convex functions

In this section we prove mean value theorem for s-convex function. First consider the

following lemma.

Lemma 4.4.1. Let s € (0,1] and ¥ : X C RT — R be a s-convex function. Let Y} ric;
be conver combinations of points ¢; € N with coefficients r; € [0,1]. Then for each

s-convex function (in first sense) satisfies the inequality

v (i mcz»> < irf@(q), (4.14)

1
where Y 7 rf = 1.

Proof. We apply induction on the number of points in convex combination.
Basis step: for n = 1 the equality (4.14) is true since

U(ricr) <ri¥(e),

where 7§ = 1 since r; = 1.
Induction step: suppose that (4.14) holds for all convex combination of points

containing less than or equal to n — 1 points. Let r, # 1 and
n—1
=> i
1 —
1
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where the sum Z’f_l (13”) ¢; € N. Then by induction hypothesis, we have

< ni (1 frn)sy’f(ci). (4.15)

By using (1.2) and (4.15), we get

4 (Z 7’@») =V ((1=rp)u+rncy)

1

o\ 4.16
<(1-r)° Z (1 — Tn) U(c;) +r¥(cn) (4.16)
= Z ¥ (c;)
Thus we get (4.14). O

Theorem 4.4.1. Let s € (0,1] and r; € [0,1]. Let W1, ¥, € C*(R C [0,00)) be s-convex
functions (in first sense). Then there exist some & € W such that the following equality

holds:
> ri(e) — (ST i) P (§)
1) = () i) 5 (€)
with each r; € [0,1] such that > 715 = 1 and provided that the denominators are

(4.17)

non-zero.

Proof. Define
H = Z TiCi,
1

and

n

(T0)(A) == riW(Ae; + (1 — \)H) — ¥ (H),

1

where A € [0,1]. Accordingly, we can define (TW)(\).
Note that

n

(Tw)' (N) =Y rilei = H)W (e + (1= A H),

1
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and
n

(T)" (N) =Y _ri(ei — HW (Ae; + (L — N H).

1
Now consider the function () defined by

QA) = (TW)(1)(T¥1)(A) — (T)(1)(TW2) (),

such that we have

Then from two applications of mean value theorem, we find v € X such that

Q" (v) =0.

It follows that

> ri(ei—HY[(TW)(1).9, (vei+ (1—v)H) — (T0)(1).% (ve;+ (1—v) H)] = 0. (4.18)

i=1
For any fixed v, the expression in the square brackets in (4.18) is a continuous function

of ¢;, so it vanishes. Corresponding to that value of ¢;, we get a number
5 =U+ (1 - U)H>

so that

" 1"

(TW2)(1).%, (&) — (T¥)(1).%, (§) = 0.
This gives equality (4.17). O

Corollary 4.4.2. Let s € (0,1]. Let ¥,,W, € C*(I C [0,00)) be s-convex functions

(in first sense) such that % is invertible. Then there exist some § € N such that the
2

following equality holds:

() (Fimgagis) oo

with each r; € [0,1] such that > 715 = 1 and provided that the denominators are

non-zero.
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Remark 18. Let 51,59 € (0,1). Let ¥y, Wy € C*((0,00)) be s1-convex function and so-
convex function (in first sense), respectively, defined as Wi(u) = u®* and Yy(u) = u®2.
Then from Theorem 4.4.1, we get

? it (ei)™ (21 rici)” _ s1(s1—1)
1) — (0 mie)”  sa(s2— 1)

(&), (4.20)

4.5 Mean value theorem for s-convex functions in Hermite-
Hadamard sense

Drgomir and Fitzpatrick [25] gave the following result:

Theorem 4.5.1. Suppose that ¥ : [0,00) — R be an s-convez function in first sense,

where s € (0,1) and let ¢, ¢y € [0,00), ¢1 < ¢a. Then the following inequality holds:

v (01;CQ> <1 / W (u)du < L)+ sP(e) (4.21)

Co — C1 s+ 1

The above inequalities are sharp.

Then from inequality (4.21) we give following result.

Theorem 4.5.2. Suppose that Wy, W, : [0,00) — R be an s-convex function in first
sense, where s € (0,1) and let c1,cy € [0,00), ¢1 < co. Let Wy, Wy € C*([c1,¢2]). Then
there exist some & € [y, ca] such that the following equality holds:

Cc2— Cl fC2 @1 u du - wl(el;CQ) — w{’(g) (4 22)
f02 WQ U dU—WQ(Cl—;_CQ) Wé/(§)7

c2—C1

provided that the denominators are non-zero.

Proof. Let
H— 1+ Co
: 5
and
1 2
(TW)(2) = / U+ (1= N H)du — 0 (H),
Co—C
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where A € [0,1]. Accordingly, we can define (T%,)(A).

We can have

(Tw) (N) = ! /cg(u — )W, (Au+ (1 — \)H)du,

C —C

and

(T0) (A) = — / (= HY2T (v + (1 — N H)du.

C — (1

Now consider the function () defined by
Q) = (TW)()(T¥)(A) — (T)(1)(TW2)(A),

such that we have

Then from two applications of mean value theorem, we find v € [¢1, ¢5] such that

1

Q"(v) =0.

It implies

"

s i & /[ ](u— H)?[(TW) (1), (uv — (1 —v)H) — (T%)(1).¥, (wv — (1 —v)H)] = 0.
- (4.23)

For some fixed v, the expression in the square brackets in (4.23) is a continuous function

of u, so it vanishes. Corresponding to that value of u, we get a number
E=uw+ (1—-v)H,

such that

1 1

(TW) (1), (§) — (T¥)(1).9, (§) = 0.

Thus we get (4.22). O

"

Remark 19. [If % 15 tnvertible, then we have
2

— W{/(é- Ca—c1 fC2 Wl u du — wl(q;ch)
5 a (@;(f)) < fC2 w U d’u — W2(Cl‘502) : (424)

c2—C1
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Remark 20. Let si,s90 € (0,1). By taking ¥1(u) = u® and Wy(u) = u®?, where
u € (0,00), in Theorem 4.5.2 we have

s1+1 s1+1
Ca G

c1+c2\s
e — (F5)" _ silsi - 1)(5)81—82 (4.25)
S2tl_ satl B (01-1—02)32 32(82 - 1) : .
2

1
(s2+1)(c2—c1)
Now we define the following definition.

Definition 4.5.1. Let s € (0,1) and ¢1,c5 € [0,00), ¢1 < ¢o. Then quasi-arithmetic

mean for strictly monotonic function ¢ defined on [cq, o] as:

Ve = (2o [ et —p(“52)).

Cy — (1 c1

Theorem 4.5.3. Let s € (0,1) and ¢y, ¢ € [0,00), ¢1 < co. Let @1, o, p3 € C?*([cy, ca])

be strictly monotonic real valued functions. Then

-t

o (ateren) = o1 (Molen)) G0 - e yn
02 (My(c1,2)) — 2 (Mp(er,0))  #2(0)66(0) —@a(mi(v) '

for some v, provided that the denominators are non-zero.
Proof. Let us choose functions ¥, = @1 0 ¢35, Yo = @0 ¢35, u = p3(u) and 942 =

1
c2—C1

that

fccf @3(u)du in Theorem 4.5.2, we observe that there exists some v € [¢1, ¢o] such

o1 (Mo (0r,2) = o1 (Mfer.c2)
P2 <M¢2(61702)> — ¥2 <M¢3(01,CQ>> (4.28)

_ 1931 (©)es (95 (€) — w5 (
05 (031 (€) @331 (€)) — 5057 (€)) s (03 (€))

Then by letting 3 (€) = v, we notice that we have v € [c;, ¢o], such that

o (atenen) = (Malen)) o) = 600650) (100
o2 () — 2 (M(enca)) | AOIAE =AW
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Again from inequality (4.21) we have following result.

Theorem 4.5.4. Suppose that ¥y, ¥, : [0,00) — R be an s-convex function in first

sense, where s € (0,1) and let c1,cy € [0,00), ¢1 < co. Let ¥y, ¥y € C*([cy, ca)).

there exist some & € [y, ¢a] such that the following equality holds:

¥y (c1)+s% (c ¢ !
1S+1 1 2 _ p— f 2 W U _ Wl (f)

Tole Tolo c " )

Ly T

provided that the denominators are non-zero.

Proof. Consider the function

(T0)(u) = sWy(u) + %(Cl)(u ) — /u W, (2)da.

s+1 o
Similarly, we can define TW;(u).
Note that ) W (@)
) s (u Uy (a1

TV =1 —c) —

() () = S ) - P,
and ,

sY; (u
) () = A ()

We observe that
(T)(c1) = (T8) (e1) = (T) (1) = 0.

Now we define D(u) as

D(u) = (TW:)(ca)(TW1)(uw) — (TW1)(ca)(TW2)(u).

Then note that

!

D(c1) = D'(¢3) = D"(¢1) = D(¢c3) = 0.

Thus by application of the mean-value theorem we get

for some £ € [¢1, ¢5]. Consequently, this completes the proof of the theorem.

68

Then

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)



Remark 21. [If % 18 invertible, then we have
2

" —1 Y1 (c s¥1(c2) ¢
o (HO) (2R g ey
!I/é/ (5) Yo(er)+s¥a(c2) 1 fCQ WQ (U)du

s+1 c2—c1 Ja
Remark 22. Let si,s90 € (0,1). By taking ¥1(u) = u® and Wy(u) = u®, where

u € (0,00), in Theorem 4.5.4, we have

sl+1 sl+1
2 49

(Cll -+ 31021) — ( c2—c1 ) _ 81(81 — 1)(52 + 1) ({)81_52. (436)
(€ +sacp) - (i) sl — D+

Cc2—C1
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Chapter 5

Integral inequalities of some
generalized convex functions with
applications

In the running chapter, we introduce the notion of an exponentially p-convex func-
tion and an exponentially s-convex function in second sense. We give some Hermite-
Hadamard type inequalities via exponentially p-convex functions and exponentially

s-convex functions in second sense and also give some applications.

5.1 Introduction

Iscan [45] gave following results for p-convex functions.

Theorem 5.1.1 (|45]). Let p € R\{0}, X C (0,00) be an interval and ¥ : X — R be a

p-convez function, c1,ce € X with ¢y < ¢y. such that ¥ € Ly[cy, cs], then we have

()t 2

1-p
LU

Lemma 5.1.1 ([45]). Let ¥ : X — R be a differentiable function on N°, where R° is
interior of W, and ¢1,c9 € N with ¢; < ¢3 and p € R\{0}. Let W' € L[y, o], then we
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have

53— [ S 1
N Z:<n€+21:ixgkéw'«‘f (1= r)g)7) dr.

Dragomir [24, 25| gave important results for s-convex function.
Theorem 5.1.2 ([25]). Suppose that ¥ : [0,00) = Ry — Ry be an s-convex function

in second sense, where s € (0,1) and let ¢y, c5 € [0,00), ¢1 < co. If ¥ € Ly[cy, ], then
the following inequalities hold:

95—y €+ 0 < 1 / ¥ (u)du M (5.3)
2 ] s+1

Lemma 5.1.2 ([24]). Let ¥ : X° — R be a differentiable mapping on N°, where N° is
interior of X, and c1,co € X with ¢; < ¢a. Let W' € Ly[cy, c] then following equality
holds:

IN

W) +0(e) 1 /“wwmu
_2 oeTa (5.4)
_ 2 5 “a / (1 =2 (rep + (1 —7r)co)dr.

0

Awan et al. [14] introduced a new class of convex functions called exponentially

convex function.

Definition 5.1.3 ([14]). A function ¥ : X C R — R is said to be exponentially convex,

of

4 4
(Cl) + (1 N ’l“) (62)

eact eac2

U(rep — (1 —r)eg) <7 : (5.5)

for all c1,co € X, 1 € [0,1] and o € R. If the inequality (5.5) is reversed the ¥ is called

exponentially concave function.

Now we define an exponentially p-convex function and an exponentially s-convex

function in second sense as:
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Definition 5.1.4. Let X C (0,00) be an interval andp € R\{0}. A function¥ : X — R

18 said to be exponentially p-convex, if

W(Cl) + (1 B T) W(Cg)

exct eac2

w((rd+ (1 =r)h)r) <r , (5.6)

for all c;,co € R, 7 € [0,1] and a € R. If the inequality (5.6) is in reversed order then

¥ s said to be exponentially p-concave function.

Definition 5.1.5. Let s € (0,1] and X C Ry be an interval. A function ¥ : X — R is

said to be exponentially s-convex in the second sense, if

Pl

exct

#(cr)

exc2

U(rep +(1—r)ey) <r + (1 —r)° : (5.7)

for all ¢1,c0 € X, r €[0,1] and o € R. If the inequality (5.7) is in reversed order then

¥ is said to be exponentially s-concave function.

Observe that, for @ = 0, exponentially p-convex function and exponentially s-convex

function becomes p-convex function and s-convex function, respectively.

5.2 Integral inequalities for exponentially p-convex func-
tions

We start with the following theorem.

Theorem 5.2.1. Let ¥ : X — R be an integrable exponentially p-convex function. Let

c1,co € N with ¢; < cg, Then following inequalities hold:

' ([# p) < cgfczf/z u?_&}gyudugAl(T)%+A2(r)£—p(02), (58)

where

1 d L (1=nr)d
mw:/ L and &m:/ (1= r)dr
0 6( )p 0 6(

1
a(ref+(1—r)ch a(ref+(1—r)ch)P

Proof. By using exponentially p-convexity of ¥, we have

oW ((“p;r“p);> < % + ? (5.9)
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Let u? =rd) + (1 —r)ch and vP = (1 — r)c}

+
. ((M)‘j s w((rc§’+(1 —r)fg)p> v (((1 —r)c’fﬂ"cg)’])_ (5.10)

+ T
2 ea(rci+(1—r)ch) eo((1=r)cf+rch)P

rch, we get

Integrating both sides with respect to r € [0, 1] and applying change of variable, we

find
cl+d p[* V()
w<(z >)§£—§Luww”“ o1

Hence the first inequality of (5.8) is complete. For next inequality, again using expo-

3=

nentially p-convexity of ¥, we have

v ((rd + (1 —r)&)» we) |y _ g e)
( ! 12 )ST ee t (1 T)fa _ (5.12)

ea(rclf—ﬁ-(l—r)c};) eoe(rc1 (1-7r)ch)

Integrating with respect to r € [0, 1], we get

c2 1 1 -
p / il'/_(u) du S W(Cl) / rdr i + Ep<02> / (1 T‘)d’l“ - (513)
— Cllj e U peat et Jy ea(rcll’+(1—r)cg)5 ez Jo ea(rcll’+(1—r)cg)5

By combining (5.11) and (5.13), we get (5.8). O

Remark 23. In Theorem 5.2.1, if one takes o = 0, then one gets inequality (1.11) in
Theorem 6 in [45].

Theorem 5.2.2. Let ¥ : X — R be a differentiable function on R° and cq,co € N with
1 < cg and W' € Ly[ey, o). Let W' is exponentially p-conver on [cq,co] for ¢ > 1,

then following inequality holds:

W(Cl) -+ W C2 /c2 Ep
2 cp o ulp
. ) ) Y (5.14)
<£—ﬁ3kg3 )|, p [P
~ 2p 1 2 eoct 3 eoc )
where
1
1 /(E+d\v!
B, =B =
1 & —cb ch—c
X | oFy (1—=,2:3: 22 )+ R (1--,2:3, 22—,
(e ) v on (- e e



_ N A Ny
BZ_BQ(CLCQ’p)__( 9 ) |:2F1 (1_5’2’4,(3?—’—05)

1, .6 1, a—d
+62F1(1_Z_9a273a0€+0227)+ 2F1<1_p727470;17+cg )

By = 33(61,C2§P) = By — B.

Proof. Applying power mean inequality on (5.2) of Lemma 5.1.1, we get

1

W(Cl)—FW CQ _ /02 lp
2 cp o U P
< & 0110/ L2 — | | ((rc§+(1—r)cg)5>‘dr
2p [rdf + (1 =7~
1 (5.15)
A e,
» \Jo e+ 1-nd
1 _ ) :
x / =2 o (e + (1= )3 [ ar
0 [ref+(1—r)cg) >
Since [¥']? is exponentially p-convex on [y, ¢o], we have
V(1)) +¥(e2) p /c2 W (u) du
2 (:]23_0]1D c1 (T
1-1
e Tl /1 Ll N
2\ e+ (1-n g
/ 1 5.16
1\|1—27’||[ Tl)q—l—(l—r) ‘”eiij) q} ’ (519
X / : dr
0 [rel + (1= r)]"
_ 1 ! q / q %
¢ G i [, [P [P
2p eact eace

It is easy to note that,

L 1-2
/ | T’ 1_7d7“ - B1(617627p)
0 [ref + (1 —r)c]

1 1—2rr
/ | | 1,ldr = BQ(Clch;p>)
0 [re] + (1 —r)ch] 7
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! 1—=2r|(1 -
/ | ! Tz_;dT:Bl(ChCz;P)_B2(Cl’62;p)'
0 [ref + (1 —r)ch] »

Hence the proof is completed. m

Remark 24. In Theorem 5.2.2,
(a) if one takes o = 0, then one gets the Theorem T in [45].
(b) if one takes p =1, then one gets the Theorem 5 in [14].

Corollary 5.2.1. Let ¥ : X — R be a differentiable function on X° and ¢y, co € N with
1 < ¢y and W' € Ly[cy, co]. Let |W'| is exponentially p-conver on [c1, cs], then following

iequality holds:

‘W(Cl) +¥(c2)  p /62 LD(u)du

2 CZQ) - C? C1 ul—p (517>
G )]« 22

2p 60101 eaCQ

where By and Bs are given in Theorem 5.2.2.

Remark 25. In Corollary 5.2.1,
1. If one takes o = 0, then one gets the Corollary 1 in [45].
2. If one takes p =1, then one gets the Theorem 3 in [14].

Theorem 5.2.3. Let ¥ : X — R be a differentiable function on R° and c¢q,co € N with
1 < cg and W' € Lyfey, o], Let [P’ is exponentially p-convex on [cy,co] for ¢ > 1,

1/l4+1/q =1, then following inequality holds:

!p(Cl) + W(Cg) 2 lp du
2 c’; A S, utr
1 1 (518)

Cg — Cﬁ) 1 l lp/(Cl) !p/(CQ) HE

< — By |——= 5 )
2p [+1 eact exc2
where

By = By(c1,c2:p:q)

e eB (a- s um1- (@), peo

P (0 L2351 - (2)), po0,

)



Bs = Bs(c1,¢2:p;q)
. 20'5%2}?1( 72731 (0_2)1))’ p<0
5ﬁ¢a2Fi< 13 1—(i)>7 p>0.

Proof. Using Holder’s inequality on (5.2) of Lemma 5.1.1 and then using exponential
p-convexity of [&'|7 on [c1, c5], we get

ulp

U(c) +¥(c) / U (y
cp

Cc1

ch—cp(/ |1—2r\dr>
2p 0

’ </0 [rdl + (1 —1r)cg]q<1—;> v (["‘3“(1—7")0’5]%) qdr>

(5.19)
(e q (e q é
<c§—c’f( 1 )% /1r Tl (1-r) | L2 1
> Pa— g r
» \I+1) \h pdra-nges
1 1
G- (1 \' ?'(ch) | P'(c2) "]
< —_— By |———= B
- 2p (l—|—1> { Y | T exc2 ’
where after calculations, we have
1
4:/ d gd’f’
o [rdf+ (1—r)g]"r
25{%2&@—‘1,1,3 1= (2)7), p<0
263%2171((1 231_(%>p>7 p>0,
1
1 —
B5=/ L zdr
o [rdf+(1—r)g]"r
M%QE(CI q231_(cl>p>ap<0
QCZ%QFI< 71a31 (C_1>p>7 p>0
O

Remark 26. In Theorem 5.2.3,

1. If one takes a = 0, then one gets the Theorem 8 in [45].
2. If one takes p = 1, then one gets the Theorem 4 in [14].
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Theorem 5.2.4. Let ¥ : X — R be a differentiable function on X° and c1,co € N with
1 < cg and W' € Lyfey, o). Let |W'|9 is exponentially p-convex on [cy1,cs] for ¢ > 1,

1/l+1/q=1, then we have

W(Cl) -+ J/ C2 /C2 q—/
2 cp o UL P
L /e, | e) | g (5.20)
Cg — C? 1 1 q eacl _'_ eaci
< Bg ;
2p g+1 2
where
Bs = B6(01702;p; l)
_ ¢2Fl(l 71721_(61)1?)7 p<0
?2]?1([_ 71721_(0_1)>7 p>0

Proof. Using Hoélder’s inequality on (5.2) of Lemma 5.1.1 and then using exponential

p-convexity of [&'|7 on [c1, co], we get

W(Cl)—i—lp C2 B /C2W
c”

ul-p

C1

qdr); (5.21)

1 1 “eact Teaca
8 () ,
D qg+1 2

where a simple calculation implies

Q|-

1
1
36(01702;]9;1):/ —dr
0 [rdd+ (1 —=r)d] >
CPHQFl(l LL21-(2)), p<o
2612,1,121}71@ LL21-(ar), p>0.

(5.22)
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and

1 1
1
r1—2rqdr:/ 1—r)|1=2r%dr = ——. 5.23
[ rt=2rptar = [ == 2 = 5 (5.23)
By substituting (5.22) and (5.23) in (5.21), we get the required inequality (5.20). Hence
the proof. n

Remark 27. In Theorem 5.2.4, if one takes a = 0, then one gets the Theorem 9 in
[45].

5.2.1 Applications
Consider the following special means of two positive numbers ¢y, co with ¢; < ¢s:

(1). The arithmetic mean

A= Ac1,c) = a ;— =
(2). The harmonic mean )
cic
H=H(cy,c) = Cli;.
(3). The p-logarithmic mean
ZHl_ gt

Lp:Lp(cl,CQ):(( ));,pER\{—l,O}.

P+ 1)(62 —C1
In the coming three propositions we take 0 < ¢; < ¢ and ¢ > 1.

Proposition 9. Let « € R and p < 1. Then we have

q

1
[P~} — HIP 3| < Cg_c’fBé( ! )qAé<
g 8 2p q+1

where Bg is defined as in Theorem 5.2.4.

1

2 et
cie

1

2 ,oco
cse

) p—1»

q
) HILP™?

Proof. The proof follows from Theorem 5.2.4, for ¥ : (0,00) — R, ¥(u) = L. Where

W' (u)]? = |57 is exponentially p-convex for all p < 1 and a € R. O
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Proposition 10. Let « <0 and p > 1. Then we have

q

1

’ 6127_160402

A 1/ 1 \i . 1
—1 2p—1 1
|L271A(C€7 022)) - L2£71‘ S ! 2 - B6l (q + 1) Aq (‘ 0117_160461

where Bg is defined as in Theorem 5.2.4.

Proof. The proof follows from Theorem 5.2.4, for ¥ : (0,00) — R, ¥(u) = u?. Here

|¥'(u)]4 = |puP~1|? is exponentially p-convex for all p > 1 and o < 0. O

! 1
p—
) Lpflv

Proof. The proof follows from Theorem 5.2.4, for ¥ : (0,00) — R, ¥(u) = u. Here

Proposition 11. Let « <0 and p > 1. Then we have

1
LA - L] < 2B Ai
q+1

q

1

eaul

1

eau2

)

2p

where Bg is defined as in Theorem 5.2.4.

note that |¥'(u)|? = 1 is exponentially p-convex for all p > 1 and o < 0. O

5.3 Integral inequalities for exponentially s-convex func-
tions

Through out the section, we denote X C Ry be an interval with interior X° and s € (0, 1].
We start our main results for exponentially s-convex functions in second sense from

the following theorem.

Theorem 5.3.1. Let ¥ : X C Ry — R be an integrable exponentially s-convex function

i second sense on R°. Then for c1,co € N with ¢; < ¢y, we have

931y (Cl ; 02) <1 / LA RGN A4(r)q7(02>, (5.24)

ca —c1 /g eou - exct eac2

where 1 1
rod (1 —r)sdr
Ag(r)—/o pre A4(r)_/0 colrar(i=ner)’
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Proof. Applying exponentially s-convexity of ¥, we have

o (t3) <t 2

Let u=rc; + (1 —r)cg and v = (1 — 7)ey + re, we get

o5 <01 —;— cg) < U(rep + (1 —r)e) N U((1—=r)+ 7"02).

(5.26)

earcl+(lfr)02 eOé(l*T’)ClJrTCQ

Integrating both sides with respect to r € [0, 1] and applying changes of variable, we

find
1 2y
951y (01—502) < / W) 4., (5.27)
eau

Co — (1 c1

Hence the first inequality of (5.24) is complete. For next inequality, again using expo-
nentially s-convexity of ¥, we have

U(rep 4+ (1 —r)es) < Ts—igccll) +(1- T)S—igiz;)
ea(rcl-l—(l—r)cg) — eoz(’rcﬁ-(l—r)cg) :

(5.28)

Integrating with respect to r € [0, 1], we get

1 /C2 (u) du < U(cy) /1 redr n ¥(ca) /1 (I —r)dr (5.29)

Co — 1 eou - eact 0 ea(rcl—i—(l—r)cz) eoc2 ea(rc1+(1—r)cg) :

Cc1

By combining (5.27) and (5.29), we get (5.24). O

Remark 28. In Theorem 5.3.1, if one takes o = 0, then one gets inequality (5.3) in
Theorem 5.1.2.

Theorem 5.3.2. Let ¥ : X — R be a differentiable function on R° and cq,co € N with
1 < ¢y and¥' € Lylcy, co]. Let |W'| is exponentially s-convex in second sense on [cy, ca],

then we have

U(e) + () 1 /02¢<u>du

2 Cy — C1

e (5.30)

C2 —C1

S s+ (s +2

Lo+ |7
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Proof. From Lemma 5.1.2, we have

‘!Z?(cl) +W(e) 1 /02 W (u)du

2 Co—C1 Je
Co — (1 ! /
= (1 =2r)¥'(rci + (1 —r)cg)dr (5.31)
0
Co— (1 ! /
< 5 |1 —27|[¥'(rer + (1 —7)cg)|dr.
0
Using exponential s-convexity of ¥, we get
v v 1 “2
' (cr) +¥(ea) / V(u)du
2 Cy — C1 c1
_ 1 g’ V4
<2 Cl/ |1 — 27| {7"8 () +(1—r)° () ] dr
2 0 eacl eaCQ
cp—cy [* U'(cq) U'(cs) (5.32)
< 2 1/(1+2T)[7“8 : +(1—r)° 2 }dr
2 0 60&61 60&62
. 1 v’ w!
_f2—a / {(1 + 2r)r® (c1) + (1+2r)(1—1r)° (c2) ] dr.
2 0 60401 60402
Since .
3s+4
14 2r)r’dr = ——— 5.33
f s -y >3
! s+4
14+2r)(1 —r)dr = ————. 5.34
A( 0= N G v ) (5:34)
By substituting equalities (5.33) and (5.34) in (5.32), we get inequality (5.30). O
Corollary 5.3.1. Under the assumptions of Theorem 5.3.2,
1. If s=1, then
v v 1 “2 — v’ v’
(c) + ¥lea) / (uydu| < 2= |7 |ZL)] g | T g g
2 Co—C1 Jg 12 eact ecc2
2. If a =0, then
'W” e B O
27 (5.36)

—2@f5@+m

(35 +4) [#'(c1)| + (s +4) [#'(c2) ]
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Theorem 5.3.3. Let ¥ : X — R be a differentiable function on X° and c1,co € N with
c1 < ¢y and W' € Lylcy, co]. Let |W'| is exponentially s-convex in second sense on [cy, ¢a],

then we have

'wcn ¥ . ! - / " (u)du

5.37
Cy — C1 1 1 !p/(Cl) LDI(CQ) ( )
< s+ — .
2 (s+1)(s+2) 28 e exe2
Proof. From Lemma 5.1.2, we have
c2
rerre 1y,
2 Co — C1
C2 —C ! '
== / (1 =2r)0'(rcy + (1 —7)eg)dr (5.38)
0
Cy — C1 !
< 5 / 11— 2r||¥ (rer + (1 — r)ey)|dr.
0
Using exponential s-convexity of ¥, we get
‘@(Cl) e / W)
Cy — C1
4
— 27| { ( ) +(1—r)° EZ) 1d7‘
, ¢ , (5.39)
:CZ_C/ [|1—2\ ( )+\1—2r\(1—r) (Cz)]dr
2 0 exe2
. Cop — C1 W,(Cl) LDI(CQ)
— 2 |:Cl(8) oo + CQ(S) —6ac2 .

It is easily seen that

! sq. S 1
:/0 1= 2rfridr = G012 PeiDs+2) (5.40)

! s1. s 1
:/0 L= =) dr = T e ey O

Thus by substituting equalities (5.40) and (5.41) in (5.39), we achieve inequality (5.37).
O

Remark 29. In Theorem 5.3.3,
1. If we take o = 0,then we obtain Theorem 1, for ¢ =1, in [55].
2. If we take s =1, then we get Theorem 3 in [14].
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Theorem 5.3.4. Let ¥ : X — R be a differentiable function on N° and c1,co € N

with ¢; < ca and W' € Ly[cy1, co]. Let || is exponentially s-convex in second sense on

[c1, eo] with ¢ > 1, then we have

U(ey) + ¥(eo) 1 2
5 - p— / VU (u)du

<=5 G) <<s ﬁ(f T 2>>; {

Proof. From Lemma 5.1.2, we have

’wcl) t¥le) . ! . / " W (w)du

1

T

q

¥'(c1)

exct

¥'(ca)

exc2

Q

C2 —C1

2

= /1(1 —2r)W'(reg + (1 — r)eg)dr

0

_ 1
< Cl/ 11— 20|/ (rer + (1 — r)ea)[dr-
0

Applying power-mean inequality, we find

(rey + (1 —71)eg)|dr

2 0
cy—cC ! " :
<o ([Tnoma) ([ s 0 )
0 0

Since |¥'|9 is exponentially s-convex, we get

/ 11— 2r||¥ (res + (1 — r)ep)|dr

/|1—2r|{ A ) (=) Lpeo(‘@) q}dr
- |ee e s e 5]

where

:/ |1 —2r|r®dr = i + ! :
0 (s+1)(s+2) 2%(s+1)(s+2)

S 1

Cy(s) = / |1 —2r|(1 —r)’dr =

; (511 )(S+2)+25(3—|—1)(3+2)’

/ |1 —2r|dr =

Using (5.44)—(5.48) in (5.43), we get (5.42).
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Remark 30. In Theorem 5.3.4,
1. If one takes a = 0, then one gets Theorem 1, for ¢ > 1, in [55].
2. If one takes s = 1, then one gets the Theorem 5 in [14].

Theorem 5.3.5. Let ¥ : X — R be a differentiable function on X° and c¢q1,co € N
with ¢; < co and W' € Ly[c1, co]. Let |W'|7 is exponentially s-convex in second sense on

[c1, ¢o) with ¢ > 1 and 1 + % =1, then we have

o lI,/(Cl) q ‘I//(CQ) q %
’L_D(Cl) + LD(CQ) _ 1 / @(u)du’ < Co — Cl1 excl exc2 (549)
2 Ca—C1 Jg 2([—}-]_)7 s+1
Proof. From Lemma 5.1.2 and using Holder’s inequality, we have
4 4 1 “2
' (cr) +0(ea) / V(u)du
2 Co — C1 c1
1 (5.50)

g —c¢C ! t ! a
<23 ([ n-tar) ([ w0 narar)
0 0

Since |¥']9 is exponentially s-convex, we get

‘wcl) el e

2 Co — C1 c1
1 1
1 T 1 / q / q q
Co — (1 l s w (Cl) s w (62) !
< 1— 1—
<age ([ n-mtar) ([ 52] ra-m T2 o) ga
'P’(C1) q W’(Cz) q %
C2 P Cl eC!Cl ea62
2(1+1)1 s+1
Hence the proof is completed. n

Remark 31. In Theorem 5.3.5,

1. If one takes o = 0, then one gets

(5.52)

V(cr) +¥(co) 1 /C2 W (u)d

- U u' < T
c1 20+ 1)1

ca—a [[¥(e)]” + [¥'(e2) "]
2 Cy — C1 ‘

s+1

2. If one takes s = 1, then one gets the Theorem 4 in [14].
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5.3.1 Applications

Suppose d be a division of the interval [c;, co, that is, d: c; = ug < uy < -+ < Up1 <

U, = C9, and the trapezoidal formula is given as:

T(W.d) = mz_l AR ACE (U1 — ug).

2
k=0

It is known that if the mapping ¥ : [¢1, ¢o] — R is twice differentiable on (cq, ¢2) and
M = maxjc(c, )P (j)] < 00, then

/ W)y = T, d) + R(W, d), (5.53)

where the remainder term is given as:

M m—
| R( —2 ; Ukr1 — ug)’. (5.54)

It is noticed that if ¥ is not twice differentiable or ¥ is not bounded, then (5.53) is
invalid. However, Dragomir and Wang [26, 27, 28| have shown that the term R(¥,d)
can be obtained by using first derivative only. These estimates surely have several

applications. In this section, we estimate the remainder term R(¥, d) in some new way.

Proposition 12. Let ¥ : X C Ry — R be a differentiable function on R° and c¢q,co € N

with ¢; < co . Let |W'| is exponentially s-convex in second sense on [cy1, ca] and s € (0, 1],

|

then in (5.53), for every division d of [c1, ¢a], we have
m—1
1 1 1
) | — )
01 Sy (o ) o — |
1 1) =
< mazx { } <s + —S) Z<uk+1 — ug)?.
(s+1)(s+2) 20 ) £
(5.55)

Proof. Applying Theorem 5.3.3 on the subinterval [ug,ury1] (k= 0,1,...,m — 1) of

' (ur)

eQUn

W/(Ukﬂ)

eUk+1

+,

V' (c1)

eact

W'(ca)

eac2

Y

the division d, we obtain

@ (uy,) +2W(Uk:+1) (Ui — ug) — /u:kH ¥(u)du

<t e () |
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eauk

lI//(uk+1)

eQUk+1

|



Applying summation over k from 0 to m — 1, we get

‘T(W, d) - / " W(u)du

C1

|_|

m—

1 1 L
=3 et k) (s+1)(s+2) 2

o) | X }(s+1>1<s+2 ( )t:Z )

Smam{
eact eac2

Proposition 13. Let ¥ : X C Ry — R be a differentiable function on X° and ¢y, cy € N

W' (up)

ek

(g 41)

eAUE+1

} (5.57)

]

with c; < cg. Let |W'|9 is exponentially s-convex in second sense on [c1, ce] and s € (0, 1]

and q > 1 such that % + % =1, then in (5.53), for every division d of [c1, c2], we have

1
me1 W) [T | ) [T 0
QUL eaukJrl
R(¥,d)| U —u
IR )= 2(141) % kzzo il ¢) s+1
2| Lie) | o lep) (5.58)
SRECTE }ml
< 1 (uk+1 — uk)z.
2(141)7 o

Proof. Using Theorem 5.3.5 and similar arguments used in Proposition 12, we get the

required result. O
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Chapter 6

Some integral properties of
(s, p)-convex functions

In this chapter, we give some Hermite-Hadamard type inequalities for (s, p)-convex
functions via fractional integrals. This chapter also includes some integral inequalities

for (s, p)-convex functions on co-ordinates.

6.1 Introduction

The Hermite-Hadamard inequalities for harmonically convex functions, p-convex func-

tions and s-convex functions are given in the following theorems, respectively.

Theorem 6.1.1 ([43]). Let ¥ : X C R\ {0} — R be a harmonically convex function
and c1,co € N with ¢; < ¢co. If U € Ly[cy, c3] then the following inequalities hold:

II/( 26102 ) . o / V() 4, < Ple) +P(e) (6.1)

cit+c) T c—a0 u? - 2

C1

Theorem 6.1.2 ([45]). Let ¥ : X C (0,00) — R be a p-convex function, p € R\{0},
and c1,co € X with ¢y < co. If U € Ly[cy, o] then we have

o((£55)) < g [ e tetsrel

1-p
L u

Theorem 6.1.3 (|25]). Suppose that ¥ : Ry — Ry be an s-convex function in second
sense, where s € (0,1) and let c1,c5 € [0,00), ¢1 < ¢o. If W € Lq[cy,cs], then the
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following inequalities hold:

251y (Cl _5 62) <1 / W (u)du < ) Ple) (6.3)

Ca—C Jg s+1

We recall the Riemann—Liouville fractional integrals.

Definition 6.1.1 ([53]). Let ¥ € Ly[cy,co). The right-hand side and left-hand side
Riemann— Liouville fractional integrals J& W and Jg5 W of order a > 0 with ¢y >

c1 > 0 are defined by

Coler!p(u) = T

a)

/ (= ()AL, u > e,

Cc1

and

T W(u) = L ] /C2 (t —w)* W (t)dt, u < cy,

N
respectively, here I'(+) is the gamma function defined by I'(«) = fooo e~tte~1dt.
Fang and Shi [30] introduced the notion of (p, h)-convex function as follows:

Definition 6.1.2 ([30]). Let J is a real interval and X is p-convex set. Let h: J — R
be a non-negative and non-zero function. Then ¥ : X — R is called a (p, h)-convex

function, if ¥ is non-negative and

v (e + (1= 1)) ) < B (e) +h(1 = )P () (6.4)
for all c;,co € R and r € (0,1).

Now we define subclass of (p, h)-convex function as:
Definition 6.1.3. Let s € (0,1], p € R\ {0} and R C (0,00) be an interval. Then a
function ¥ : X — (0, 00) is said to be (s,p)-convex, if
v ((rdh+ (=1 d)F) < rw(en) + (1= 1)) (6.5)

for all ¢y, ¢y € W with ¢1 < ¢ and r € [0, 1].

Remark 32. In Definition 6.1.3,
1. If we take p = 1 then we have Definition 1.1.2.
2. If we take s = 1 then we have Definition 1.1.6.

3. If we take s =1 and p = 1 then we have definition of convex function .
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6.2 Integral inequalities of (s, p)-convex functions via
fractional integrals

We begin from the following result.

Theorem 6.2.1. Let s € (0,1], r € [0,1] and p € R\{0}. Let¥ : X C (0,00) — (0, 00)
be a (s, p)-convex function, where W is an interval, such that W € Ly[cy, co] for ey, ca € R,
where W° is the interior of N, with ¢y < ¢ and o > 0. Then the following inequalities

for fractional integrals hold:

(1) If p> 0,
g (SN - Det) [0 0. -
>t (( 7)) < s [T o) + T3 o (@) -,
o' U(er) +¥(e)
< |22 +as(as s | M)
where p(u) = ur for allu € ], &
(#) If p <0,
Erd\t\ _ T(a+1
o ((152)") < Sk (5w en e + 5w e ()
2 2(0117_ 2) 2 ! (67)
o W(cr) +¥(ca)
< a+s+aﬁ<a,s+1>} 5 :
where p(u) = ur for allu € [, ]
Proof. (i) Let p > 0. Since ¥ is (s, p)-convex then for all u,v € R, we have
" <<up -|—"Up)7’> < v (u) +lP(v).
2 - A
Taking u = (rdf + (1 — r)cg)% and v = ((1 —r)d] + rc’;)% with r € [0, 1], we get
et T (rd+a=nd)) 4w (1= +rd)s)
w ( ; ) < > . (6.8)
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Multiplying both sides of (6.8) by r*~! and integrating with respect to r over [0,1],

implies

—W<(£;%f>§§é¥%ﬁﬂ;aWOM@%h@JWwM@] (69

o

Which is the left hand side of (6.6). Again applying (s, p)-convexity of ¥, for all
r € [0,1], we have

3=

v ((rd+ (1 =) )+ (L= + 1)

) (4 () o) £ 9(e)

28 28
(6.10)
Multiplying both sides of (6.10) by r*~! and integrating with respect to r over [0,1],
yields
'« o o
T gs o () + TG0 1))
1 Ep(Cl) + EP(CQ) ‘
< )| ———==.
_|:O(+S+/B(a’8+ ):| 23
Thus from (6.9) and (6.11) we get (6.6).
(#4) The proof is similar with (7). O

Remark 33. Under the assumptions of Theorem 6.2.1,
1. If p =1, we get Theorem 3 in [86].

2. Ifp=1 and s = 1, we get Theorem 2 in [80].

3. If s=1 and o =1, we get Theorem 6 in [45].

4. Ifp=1 and a =1, we get (6.3).

5. Ifp=1and a=1 and s =1, we get (1.14).

6. Ifp=—1anda=1 and s =1, we get (6.1).

Lemma 6.2.1. Letp € R\ {0}. Let ¥ : X C (0,00) — (0,00), where X is an interval,
be a differentiable function on R° such that W' € Li[cy, o] for ¢1,co € N with ¢; < o
and o > 0. Then the following equalities for fractional integrals hold:
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W(cy) er W (cs) 2?0(’;— cga [ S (W o))+ TS5 (Fo u)(cﬁ”)]
= gE=a f, e oo [ i we

(13) If p < 0,

(6.13)
where p(u) = ur for allu € [, ]
Proof. Consider,
1 & a / 1 g a /
I o / (1= )" o ) () = / (& — w)* (¥ o ) (w)du
== [1 - [2.
(6.14)
Then by integrating by parts, we get
1 g
I = u—c)*Wop)(u —a/ u— )W o p)(u)du
T [( D)@ o p)( )CZ; g (u =) (Vo p)(u) ] 615
Lwond) - 8D g8 o)
AT I The
Similarly, we have
1 e & .
b= s [(a’; “orweu| +a [ (%) @om(u)du] -
1 Fa+1)
50 + 5y T8 o (&)
Thus from (6.14), (6.15) and (6.16), we achieve (6.12).
(73) The proof is similar with (7). O
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Remark 34. In above Lemma 6.2.1, if we take p = 1 then we have

T o) e W) + T e

_ m / i ) () du — —— / " (er — w) W (u)du.

1 2(ca —c1)* Joq

(6.17)

Theorem 6.2.2. Let s € (0,1], 7 € [0,1] andp € R\{0}. Let ¥ : X C (0,00) — (0, 0),
where N is an interval, be a differentiable function on W such that W' € Lq[cy, cs| for
c1,09 € N with ¢ < ¢g and a > 0. Let |¥'| is (s,p)-convex function on [cy,cs], then

the following inequalities for fractional integrals hold:

(&) Ifp >0,
o)) e [T W e @)+ 75w o) -
< 20 By, p)lef(e1)| + Bafa s, )W), |
where p(u) = ur for all u € [, ).
(#) If p <0,
el e s o wie + 75w @) -
< D22 By, )W ()| + Balas ()] |

with p(u) = ur for allu € (5, A]. Here

1 S(1 _ 1 a+s
B, :/ r*(1—r) _ dr+/ r 1_;d7”7
0 p(rey —(1—r)ey) " » 0 p(rey —(1—r)ey) " »

and

1 _ \ats 1 a1 _ .\S
By = / (1=r) T dr —I—/ r(l—r) 1,1d7"'
0 p(rdf = (1=r)ez) > 0 p(rey —(1—r)ey) " »
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Proof. (i) Let p > 0. Using Lemma 6.2.1(), we get

'l]f(q) —QF U(c2) 21(“c(ga_+0111);a [ 8 (o)) + T3 (o M)(c’{)H

s [, (0= I e )l

&
s, G Wl (6.20)

Co . 1 1
= sg—ay f, D

1 pu ®

—_

Cg o 1 ;1
+W/c (cg—u) 1_1W(up)]du.

1 pu®

Setting u = rc] + (1 — r)cs, we find

R0
_l’_
S
o
=
&
+
be
'S
o
=
=

dr] (6.21)

Since ¥'| is (s, p)-convex function on [y, ¢o], we have

W ((rd + (1 - r)e — 27)7)

<t W) + (1 =) [ (c)l.
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Then (6.21) gives

'q'/(cl);u?(cl) B ;c(gajc;a [ 3 (W o p)(d) —i—jc%_(Wou)(c’l’)H
szv_cp 1 (1—7‘)a / —TS ,C r
<ezal | e T+ =
~ =(re |’ 1 —r)*|¥'(co)|)dr
# ) e W) ]
_ Cg_czla 1 T‘S(l ) dr+ 1 rots } o "
2 H/O p(rel — (1—r))' ™ /Op(rcp—(l—?“)cg) e
L e L ey ,
+ —dr + T U'(cy
{/0 p(rd = (1=r)cy)' / p(rdf — (1 =r)c)""7 }| )
= 28 1B (a s p) W) + Bafa.5.) 0 (es)].
(6.22)
Hence (i) is proved.
(#7) The proof is similar with (i) by using Lemma 6.2.1(i7). O

Theorem 6.2.3. Let s € (0,1], 7 € [0,1] andp € R\{0}. Let¥ : X C (0,00) — (0, 00),
where N is an interval, be a differentiable function on X such that W' € Lq[cy,co] for
c1,00 € R with ¢; < ¢ and o > 0. Let |W'|9, ¢ > 1, is (s, p)-convez function on [cy, ca],

then the following inequalities for fractional integrals hold:

(i) If p >0,
U(cr) +¥(co) L(a+1) . .
' 2 BPICEAL [ 2 (Wop)(c) +ch(¢%)(6’5)”
< Cg;dlg [(33(04 5,Dp)) _5 {|Bs¥'(u)|? + Bs(av, s, p) ¥ (c2) |q}% (6.23)

+ (Bo(or5,))' 75 {Brl(e)|” + Bs(a, s, )| (e2)|7} 7],

where p(u) = ur for allu € [, ).
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'w(cl);w(cz) B 21;(;(’1’a—+ C%)) (75, @on() +T5 o u)(cg)”
= Cfgcg [(B3<Oéas )5 { Bl (c1)|7 + Bs(a, 5, p)|¥'(ca)[7} (6.24)

+ (Bola,5,p))' 0 {Bel ()" + Ba(a, 5, p) ¥ (e2)]7} ).

with p(u) = ur for alluw € [, ). Where

1 o\ 1 o N\a.s
By = / (1=r) —rdr, By = / (1= r)r —dr,
0 p(ref = (L—r)cy) 7 0 p(ref — (1 —r)cy) >

«

r

o !
B5 = / 171d7”, BG = / 17ld7”,
0 plref — (1 =r)cy) 7 0 plref — (1 =r)ey) 7

and

1 a+s 1 1 o
B7:/ i —rdr, Bg:/ (1=r) —rdr.
0 p(raf —(L—=r)cy) 7 0 p(ray —(1—=r)cy) 7
Proof. (i) Let p > 0. Using (6.21), power mean inequality and the (s, p)-convexity of
|@’|7, we find

¥(cy) JQrLP(cz) B Q(F(Egajc’ll’;a [ (W op) () + TS (¥ ou)(cf;)H
G- [ (1—r)° "((r? + (1 —1r)B)7
=73 / o —na il (e 0= o




=

X 1 3= @' (cy)|?dr + 1 (1= n)™ (¢ da)
/0 p(rdl — (1 — r)cg)l_zl’| (@) /0 p(rd) — (1 — r)cg)l_% el

1 rots

/ ! (1—T)S7“a ,
=" (cq)|%dr + =¥ (c)|%dr
Vb wea—a—ng ) /0p<rc'f—<1—r>cf;>1—p' - )

= ST (By(a,5,p) " {IBA @17 + Bl s, W ()7}

Q|
1

2
_1 1
+ (Bl ,))! ™5 (Bl (e0)|9 + Bs(av, 5, ) (e2) |7} .
(6.25)
This completes the proof of (7).
(77) The proof is similar with (7). O

Theorem 6.2.4. Let s € (0,1], 7 € [0,1] andp € R\{0}. Let ¥ : X C (0,00) — (0, 00),
where N is an interval, be a differentiable function on W° such that W' € Li[cy, 3| for
c1,09 € N with ¢; < ¢y and a > 0. Let |W'|9, where q,1 > 1 such that % + % =1, is
(s, p)-convex function on [cy, cs], then the following inequalities for fractional integrals
hold:

(i) If p> 0,
U(cy) +¥(co) Mla+1) N N
e e [T o) + 73 o (@) -
b —a 1 '

< 9 [(Bg(Oé,]?,l))

7)1 )] a

+ (Bio(a, p, l))%] [ s+1

where p(u) = ur for allu € (], ).
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(1) if p <0,

(6.27)

[(ngmJ V4 (Buo(onp, 1))%] {!w’(cl)lz I |1u7’(@)|q} : |

B ! (1—r)” lr _ ! re lr
Bg_/o <p<rc'f—<1—r>cf;>1—i> o B / <p<rc€—<1—r>c§>1—i> o

Proof. (i) Let p > 0. Using (6.21), Holder’s inequality and the (s, p)-convexity of |¥’|?

implies,

2 — )
-l (-we
<557 e G I
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U ) -
2 0 \p(rdl = (1 =r)ch)"»

X (/01 W (cq)|?dr + /01(1 e |!P'(02)‘qdr);

1
l

i (/01 <p(7“czf - (i r)cg)lé) & (6:28)
X (/01 @’ (cp)]9dr + /01(1 _ T)S’W(Czﬂqdr) q]

= } [P ()] + IW(@)'(I} %

== [(Bg(oz,p, 1))" + (Bu(a,p, l))ﬂ [ s+ 1

This completes the proof of (7).

(73) The proof is similar with (7). O

6.3 Integral inequalities of product of two (s, p)-convex
functions via fractional integrals

Chen and Wu in [20] and [21] gave some integral results includes the products of two
h- and two s-convex functions in fractional form, respectively. We generalize this idea

to the products of two (s, p)-convex functions.

Theorem 6.3.1. Let s1,s9 € (0,1], m1,79 € [0,1] and p1,p2 € R\ {0}. Let ¥y, :
N C (0,00) = (0,00) be (s1,p1)-conver and (s, pa)-convez functions, respectively, such

that Wy, Wy € Ly[cy, co] for c1,co € N with ¢; < ¢y and oy, a0 > 0. Then the following
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iequalities for fractional integral hold:

INCGERINCETY N ra .
(& — &y (2 — &2 {jm_i_(g/l o pu1)(ch )\761172+(W2 o f12)(ch’)

F IR o)) (o))

) (6.29)

<
- |:<Ck1 + 81)(062 + 82)
B(aq,s;+1 B(asg, so + 1
n (a1, s1 )+ (o2, 82+ 1)
Q9 + So a1+ S

+ B(ay, s1 + 1)B(ag, s2 + 1)] M (cy, o)

1]\[(01702),

where pp(u) = urr for all w € [, &), pa(v) = vz for all v € [&*,&?], and
M(Cl, CQ) = !pl(cl)!p2<01) + WI(CQ)!DQ(CQ), N(Cl, CQ) = lpl(Cl)!p2<Cg> -+ !pl(CQ)![/Q(Cl)

Proof. Since ¥y is (s1,p1)-convex and ¥y is (S, pe)-convex, then for r,79 € [0, 1], we

have

0 (e + (1= ) ) < i (en) + (1= 1) ),
and

@ ((rac? + (1= ra)ef?) ) < 1) + (1 = 72) s c2).
Then from above, we obtain

0 (et + (=)o) ) 0, (e + (1= ) )2 )

< P rw (o)W () + (1 — 1) (1 = 79) %20 (c2) W (c2) (6.30)
+ 77 (1 — o)W ()W (o) + (1 — r1) o r32 W (co)Wa(cy).

Similarly,
0 (g + (1= 1)) ) 0 ((rack? + (1= ra)?)s )
<P (c2)Wa(cz) + (1 —1r1)" (1 — 1) Wy (c1)Wa(cr) (6.31)

+ 711 = 1) (e2)Wa(cr) + (1 — 1)1 7320y (e1)Wa(ca).
Then by combining, we get

0 ((radh? + (1= 7)u)7n ) By (rac? + (1= ra)c?) )
A <(rlcp F(1- rl)cf;l)%) W, ((r2052 +(1- rQ)cf;?)%)

< (et + (L =)™ (1 —12)™) [Pr(cr)Pa(cr) + Wi (c2)Pa(
(L= 72)% (1= 11)"72) [T (e2) T (cr) + Ty (c1)a(c2)]

(6.32)
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ar1—1_ao—1

By multlplymg (6.32) by " rg and integrating with respect to r; and ry over
[0,1] x [0, 1], we obtain

/ / P [ (e + (=) ) (e + (L ra)) )
)

+ Lpl ((Tlcp + (1 - 7'1)62131)%> Lpg ((7’2032 + (1 — 7"2)011)2 P2 :|d7’1d’r'2

/ / a;—1 042 1 riﬁrgz + (1 o r1)51(1 . 7”2)52) [@1(01)%(01) -+ @1(02)WQ(62)]

—12)" + (1= 7)"r3?) [P (co)Wa(cr) + Wi (cr )W (co)] ]d7’1d7’2-
(6.33)
By letting u = rc* + (1 —r1)ch and v = roc® + (1 — 1r9)ch?, we get

/ / g (e (L= )b ) B ((radf? + (1= ra) )2 ) iy,

T (o .
(= ) — oy s

(@ o m) (") T i, (W2 0 pa) (5).
(6.34)
Similarly, by letting u = r1ch" + (1 — r1)c* and v = roch? 4+ (1 — r9)c}?, we find

/ / gt (g (L= ) ) By (a2 + (1= ra)ef?)os ) iy,

Oél)F(OQ) o
T (& = AN (= Byl

(o p) (M) T3 (P 0 p)(er?).
(6.35)
Also note that,

/ / ar—lpoa=l (5152 (1 — )5 (1 — 1)%2) (W (1) Wa(c1) + W (co)Wa(co)] drydry

B [(oa + 51) (g + $2) + Blay, 51+ 1)B(0a, 52 + 1)} M(eq, ca),

(6.36)

1 1
/ / PO 1021 (81 (1 povse L (1 ) S [0 (o) Ba(cr) + W ()P ca)]drrdry
0 0

1 1
- {B(QQ’SQ ) + Bl + )} N{(cy, ).
a1+ 81 Qg + S9
(6.37)
Hence by substituting values of (6.34)—(6.37) in (6.33), we get (6.29). O
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Corollary 6.3.1. Under the assumptions of Theorem 6.3.1,
1. If py = ps =1, then
F(O[l)r(O[2>
(CQ — Cl)al+a2

1
< {(041 Fo1)(as + 52) + B(ay, s1 + 1)B(az, s + 1)} M ey, c0) (6.38)

|:B(Oél, S1 + 1) i B(ag, So + 1)
Qg + So a1+ S

(T2 W1 (e2) T2 Ws(c0) + T (1) T2 p(er)]

:|N(Cl,02).
2. If sy =89 =1, then

F(O[l)F(Oég) ay 1 Qs 2
Ty Ao m) ()T (0 ()

TG @0 ) (DT (F 0 ) ()]
B(Oél,z) B(Oé2,2>
ag+1 a; +1

< { ! —I—B(a1,2)15’(a2,2)] M(cy,e2) + [

@+ Diaa 1) }N@mﬂ

(6.39)

3. Ifpr=p>=1 and s; = s, =1, then

r r
M [jcolﬂrwl(c — 2)‘7061“3_@1(@2) 4 ‘7002‘1_@1(61)(]%2_@2(01)}
(02 — Cl)aﬁ-az
1 B(alv 2) B(OQa 2)
= N .
~ |:(O(1 + 1)((){2 + 1) + B(Oéla 2>B<05272):| M(Cl)CZ) + |: o + 1 + o _'_ 1 (01,62)
(6.40)
4. Ifpr=ps=1,s1=5=1and oy = as =1, then
2 ca c2 M((cy,c2) + Ney, ez)
< . 41
e / Uy (x)de / Uy (y)dy < : (6.41)

Theorem 6.3.2. Let s1,s2 € (0,1], m1,79 € [0,1] and p1,p2 € R\ {0}. Let ¥y, :
N C (0,00) — (0,00) be (s1,p1)-conver and (s, pa)-convex functions, respectively, such

that Wy, Wy € Ly[cy, o] for c1,c0 € WO with ¢1 < ¢y and ay,ay > 0. Then the following
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iequalities for fractional integral hold:

251+S2LP1 ((le _;_CZQ) >7’1>!p2 ((le _;_612) >P2>

F(Oél()ég —|— 1) a1 1 as o
< G g (= [T o ) (BT, (B0 o) ()

T o m)( )T (P 0 ) ()]

B(ay,s1+1)  Blag,ss+1
(a1, 51 )Jr (2, 52 >:|M(01702)
Qo + So a1 + S1

1
+ B(ay, s1 + 1)B(ag, 89+ 1)| N(cq,ca),
(o1 + s1)(ag + s9) (a1, 51 )B(as, 52 )} (c1,¢2)

(6.42)

+ |:

+ o Qg |:

where py(u) = upt forallu € [, A, pa(v) = vz forallv € [?, ] and M (¢, co) =
W1 (c1)¥a(c1) + Vi(ca)Wa(cz), N(cr,ca) = Wi(cr)¥a(cz) + Vi(ca)Wa(cr).

Proof. Since ¥ is (s1, p1)-convex and ¥y is (Sg, po)-convex, then

%<@Mé“ > <W+W )

((mwl (A-r)d  nd+ 1—r1 )J>
:Q]l
e

X%<(ﬁﬂwawﬁ§+m§+ﬂ—m)j )
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1 1
= g |0 (e + (1= )7 ) 0 ((radh? + (1= r2)) 7% )
+ 0 ((meg' + (1 =r)d")m ) Yo ((roc” + (1 — 1)) P2

IN

+2 m
+%«m£+ﬂ—m#Y’%Om€+ﬂﬂw£Y

< o [ (e 4+ (=) ) 0 (o + (1= o)) )
0 ((rach + (L= r)) ) W ((racf? + (1= 7)) ) |
+ s |1 () + (1= 1)) (1= 72)Ba(er) + 7570 (c2)
+ (ri'W(c2) + (1 =)W (1) (1 = r2) W (c2) + r3*Wa(cn))]

— 2511+52 o (e + (=) ) ) 0 ((rad? + (1= o)) )
0 (e + (=) ) 0 ((rack? + (1 - m)&ﬁ)}

+ 23%32 [ (1 = 7r2) + (1 — r1)"752) (Y1 (c1)Wa(cr)

+ W (ca)Wa(ca)) + (1 =)™ (1 = 19) + rr52) (W (1) Wa(ca) + Wi (co)Wa(cr)) |-
(6.43)

Summing up, we have

o ((35)7)e((555))

2
< [ (e + (=m0 ) o ((rach® + (1 - m%))
+ ¥ ((Tlcp + (1 —ry)e? > ((7“2 (1 —ry)c?)e2 )}

_|_
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+ [(Tfl(l —12)" + (1= r1)"r3?) (W1 (cr)¥a(cr) + Pr(c2)Pa(ca))
(1= 7)™ (1= 72)™ 4 11757) (B () (c2) + W1 () () |

ar1—1_ao—1

(6.44)

Multiplying above inequality (6.44) by r{"* ™ r3 and integrating with respect to r;

and 7o over [0, 1] x [0, 1], we get (6.42). Hence the proof is completed.

Corollary 6.3.2. Under the assumptions of Theorem 6.3.2,
1. If py = ps =1, then

o () o((25)

r 1
< (g +1) [T (02) T2 W (c2) + T2 (¢1) T2 W ()]

- (02 _ Cl)oq—i—az
B(ai, s1+1) n B(az, s2+ 1)
Qg + Sa a1 + 51
1
(o1 + s1)(ag + s9)

+ g { } M(cr, c2)

+ Qe |:

2. If sy =89 =1, then

231—1—52@1 ((Cﬁ _;—Cg >p1> WQ (<C€ ;Cg )P2>

F(a1a2 + 1) L g o
é&g_#w%%_&wjzuwwMM£>$g%ommm

B(a1,2) B(Oég,2)
+
Qo + 1 o1 + 1

Yy m#>§<%omx#ﬂ+am4

+ oo { + B(ay, 2)B(as, 2)] N(cy,c3).

ag + 1)( a2+1)
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]
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3. Ifpr=p>=1 and s; = s, =1, then

n((57) = ((%27))

INajas +1 “ “ o “
< —(C( 1c2)a1+0)@ [T (e2) T3 Wa(en) + TSt W (1) T2 Wa(e)]
2 — U1

4
Coa B(ay,2) N B(as, 2) Mic ) (6.47)
12 (0%)] + 1 (05} + 1 12
1
10 | gy + Blan 2B 2)| New e
4. If pr=p2=1,s81=8=1and ay = as = 1, then
m((5%)) = ((*5))
2 2
(6.48)

2 €2 €2 M(Cl, Cg) + N(Cl, CQ)
< .
<o / () / )y + :

6.4 Integral inequalities of (s,p)-convex functions on
co-ordinates

In this section, we obtain some integral inequalities for (s, p)-convex functions on co-

ordinates. First we define (s, p)-convex functions on co-ordinates.

Definition 6.4.1. Let s € [—1,1] andp € R\{0}, a function ¥ : A = [c1, co] X [dy, da] C
R, xR — R is called co-ordinate (s,p)-conver on A with ¢; < ¢ and dy < da, if
4 ((rlxp +(1-— rl)zp)% oy + (1 — rg)w)
STT[W(J;7 y) + W(ZL‘7 U))] + (1 - T1>S[Lp(z7 y) + W(Z, U))]

(6.49)

holds, for all (z,y),(z,w) € A and ry € (0,1), r, € [0,1].
On the basis of above Definition 6.4.1 we give our new results.

Theorem 6.4.1. Let s € (—1,1] and p € R\ {0}. Let ¥ : Ry xR — R be a co-

ordinated (s,p)-convex function on A = [cy,co] X [dy,dy] with ¢y < co and dy < dy. If
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W € Li([c1, ca] X [dy,dy]), then

1
F+AEN? dy+ dy d2
252y L 2> , / / uP~ 1@ (u,v)dudv
(( 2 2 (cp d2 di) Ja, Je

|:W<Cl, d1> + W(Cl, dg) + lI/(CQ, dl) + W(CQ, dQ)
s+1

IN

(6.50)

Proof. By considering u} = ric] + (1 — ry)ch and uh = (1 — ry)c] + roch and using

co-ordinated (s, p)-convexity of ¥, we have

o (E+4 v dy + dy
2 ’ 2

ricy + (1 =r)ed (1 =ri)e] +rich z rody + (1 —ry)dy (1 —19)dy + Tods
+ ; +
2 2 2 2
_p (L, ’17’7“2dl+(1—7’2)d2 L (L= ra)dy + rody
2 2 2 2
1
< > [Ep(ul, rody 4+ (1 —19)ds) + ¥ (uq, (1 — ro)dy + rads)

+ W(UQ, T’le —+ (1 — T‘Q)dg) + lI/(UQ, (1 — TQ)dl + ngg)}

_1 [W ((7“10113 +(1— rl)cg)%, rody + (1 — Tz)d2>

23
W (i + (L= 1) )7, (1= )y + 720
U(((1=r)d+ 7‘1012’)%77”2d1 +(1— T2>d2)
(

+ (
7 (1= )&+ rid)? (1= ro)dy + 1) |
(6.51)

for all 7,7y € [0,1]?. By integrating with respect to r; and ry over [0,1] x [0,1], we
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obtain

AN
9 -
:D\
N

2
1

N

—~

—~

=

—

s

_.I_

—~

—_

|

<

—_

SN—

w%

S~—

=

ﬁ

)

=¥

iy

+

—~

—_

|

<

I

N—

=N

)

N—

0 ((raef ) (6.52)
+v <((1 —7ry)cf + 7”10127)%,7“2651 +(1— T2)d2>
+u ( )

Cg %, (1 — ?"Q)dl -+ 7'2d2> :|d7“1d7"2

do co
/ uP ™' (u, v)dudv.

1 Cc1

Again using similar arguments, we have

da
uP~ 1@ (u,v)dudv
(ch 0113) (da — dy) /dl /01

/ !p rlcp + 1 — 7”1)(3]2))1’ T'le -+ (1 — Tg)dg)drldrg
0 (6.53)

/ Tl{L_D 1, d1 + W(Cl, dg)} + (1 — 7"1) {W(CQ, dl) + !p(CQ, dg)}]drldrg

O

= s 1 [![/(Cl, dl) + w<01, dz) + EP(CQ, dl) + EP(CQ, dg)]

From (6.52) and (6.53) we get (6.50). Thus Theorem 6.4.1 is proved. O

Corollary 6.4.2. Under the same considerations of Theorem 6.4.1, if we take p =1,
then

_ +c\ di+ds 1 o
95 2¢(<Cl >’ ) < / / U (u,v)dudv
2 2 T (e —a)ld—di) Jo, Je ()

[W(Ch dy) +¥(c1,dy) +¥(cz,dy) + ¥(co, da)
- s+1

(6.54)

Remark 35. Under the same consideration of Corollary 6.4.2, taking ¥(u,v) = ¥(v)
for all (u,v) € A and s =1 in the inequality (6.54) and assuming ¥ € P([dy,ds]), then
Theorem 3.1 in |29] is achieved.
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Theorem 6.4.2. Let s € [—1,1] and p € R\ {0}. Let ¥ : R, xR — R be a co-
ordinated (s,p)-convex function on A = [c1,co] X [dy,dy] with ¢y < ¢y and dy < dy. If
¥ € Li([e1, ¢2] x [dv, da]), then

9252 ch+ch z dy + dy
2 ’ 2
- 1 “ p dy + dy 1 dz &+ v
< 9s-1 P 11T G
_2 [cg_c€/01 ulpw(u’ 2 )du+d2_d1/d1 Lp<( 2 ) ,’U>dU]
< P /d2 /62 uP W (u, v)dudv.
T (= )da—dy) Ja, Je
(6.55)

Proof. By considering v} = rid] + (1 — r1)cdb and v = (1 — r1)d] + rich and using

co-ordinated (s, p)-convexity of ¥, we have

@<(cp+6p>;’d1;—d2>

1 — 7"1 Cg n (1 — 7"1)0]13 + Tlcg % d1;d2 N dl—gdg
2 ’ 2 2
W Wb\ At did
- <_ " 7) Ty T
4

IA

r|

]

2

< c+d) W(ul,c+d>+W(u2,c+d)+L.D<u2,c+d ]
2 2

'

Sl (e @t SRR e (- e net SR .

D=

251 2
(6.56)
By integrating this with respect to r1 over [0, 1] implies
. <<cp+cp>p7d1+d2>
2
S 1 dl + dz)
(6.57)

Lp 1—7“1 Cp—f—’l"lcp)l dl_ng)]dTl

dy + dy
Pl ! .
T2 & /Cl (“ ;) du

108

SINGCRRIS
o[
cg



Further we note that,

dy + do
v
(*5%)

1
v ((u” up) v | rody + (1 — 19)dy N (1 —7y)dy + T2d2) (6.58)

D) 2 2

= 9s—1 W (u,rady + (1 = 19)da) + W (u, (1 — r2)dy + rada)] .
Substituting (6.58) in (6.57) and then integrating with respect to rq over [0, 1] leads to

o[+ di+ds
2 ’ 2
d1+d2)

<o [ e (v a-mgp 22

r (@ rdne)h 252 |any

1 D o di + dy
= 23_20127 cp/ u W(u, 5 du

lL‘p 1 U T‘le + (1 — T’Q)dg)

(6.59)

— 225 3
+ v (u, ( Tg)dl + rods)]dudry

p &
_ P (u, v)dud
22572(ch — ) (dy — dy) /d1 /cl ! (1, v)dudv.

. . cp«|»cp . . .
By considering v} = u§ = =52 and using similar arguments to ¥, we can have

" A+ , dy + dy
2 ’ 2
1 ! &+ B\
328_1/0 u?(( 12 2) ,r2d1+(1—r2)d2>
"—W<(c€)+cg>p,(1—7’2)d1+7’2d2):|d7”2
= : /dg‘ff GREAY d
- 23—2(d2 — dl) d 2 v v
1 SR
_—25—2(d2—d1)/dl /O@<( 5 > ,v)drldv
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+ (1= ) + )7 ,v) ]drldv (6.60)
_ p o
T 252 _ AY(dy — o) /d1 /01 uP~ W (u, v)dudo.
]

By adding (6.59) and (6.60) we get (6.55). Hence Theorem 6.4.2 is proved.

Corollary 6.4.3. Under the similar assumptions of Theorem 6.4.2, we have

1. If p=1, then

225_2¥7 1+ Co d1 + d2
2 T2

- 1 e dy + dy 1 dz c1+ ¢
< 9 1{ / u'/(u ! )du+ / lI/(( ),v)dv} 6.61
c1 2 d2 - dl d1 2 ( )

C—C

1 do c2
< v dudv.
~ (ca —c1)(dy — dy) /dl /cl (, v)dudv

2. If p=s=1, then

cp+c\ di+d
v
() “2")
1 2 d1+d2 1 /d2 C1 + Co
< 14 —= | d v d )
_{ /c1 (u, 5 >u+d2—d1 .\ 5 ,v | dv (6.62)

C—C

1 do ()
< VU (u,v)dudwv.
~ (2 —c1)(dy — dy) /dl /01 (u,0)

3. Ifp=1 and s =0, then

1 C1+ C2 d1+d2

4 2 92

1 1 c2 dy + ds 1 d2 c1 + o

<= /4 v

Al [ () et [ ((252) )] e

—

1 a2
(u,v)dudv.
- (02 —c1)(dy — dy) /d1 /c1
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Theorem 6.4.3. Let s € (—1,1] and p € R\ {0}. Let f : R, xR — R be a co-
ordinated (s,p)-convex function on A

¥ € Ly ([e1, 2] X [di, do]), then

d2
uP~ IW (u,v)dudv
(ch — d2 dy) /d1 /cl

= [Cl, 02] X

[dl,dg] with c1 < C2 and d1 < dg. ]f

c2 d2
< 1 / p Y(u,dy)+¥(u, d2)du N 1 / (e, v) + W(Cg,v)]dv
(=) Jo, ur? 28 dy — dy s+1
< W Cl,dl) (Cl, dg) + W(Cg,dl) + W(Cg,dg)
25-2(s+ 1)
(6.64)

Proof. By co-ordinated (s, p)-convexity of ¥, we observe

lI/(u, T’le + (]. — T’Q)dQ)

p p
_w <<u2 —{—%) ,7‘2d1—|—(1—r2)d2>

: (6.65)
2—[2W(u dy) + 2 (u, dy)]

S ) + 0, ),

for all mo € [0,1] and u € [¢q, ¢2]. Consider

Cc1

d2 Cc2
p b1
(ch —e7)(dy — dy) /dl / uP= ¥ (u, v)dudv

1
cg P /0 /C1 Up—1W(u, rody + (1 — TQ)dQ)dUd?“Q (666)

/ W, dy) + 0, dy)]du.

C1

1
p
=g )

Since by letting u? = ric¢] + (1 — r1)ch, we have

W(u,dy) = B((r (1 —r)d) 7, rady + (1 r2)dy)

S 27”?@(61, dl) —+ 2(1 — Tl)slp(CQ, dl)

(6.67)
= 2{rW(cy,dy) + (1 — 1) *W(cay dy)}-
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Similarly,

W(U, dg) = W((rlcp( ) 2)1’ ngg + (]_ — T’Q)dg)
S 27"?@(61, dg) +2(1 — ) (CQ, dg) (668)
= Q{TTW(Cl,dg) 1— ) (Cg,dg)}

From above two inequalities the inequality (6.57) becomes

p & 1
uP~ W (u, v)dudw
(c§ — ) (dy — dLLI/

Cc1

(
(

p p—1
m/ uP T (u, dy) + W (u, da)]du

C1

< 2311 /0 [2{ri¥(c1,dy) + (1 —7r1)°W(co,dr) } + 2{r°¥(c1, ds) + (1 — 11)*W(co, do) }]dry
1
= m[ﬂp(ch d1) + W(CQ, dl) + @(Cl, d2) + &D(CQ, dg)].

(6.69)

Again by similar arguments we have

da co
p p—1
uP” W (u, v)dudw
(ch —c))(dy — dLLIA
2 dz
< d y / / r—1°U(c1,v) + (1 —r)°¥(cy,v)|drido
2 — a1 Jg,

::@+1Mb—m)é W (e1,v) + ¥ (es, 0)]do
= m[ﬁp(cl, dl) + W(CQ, dl) + Q/(Cl, dg) + ![/(Cg, dg)]

(6.70)

By adding (6.69) and (6.70) we get (6.64).

Corollary 6.4.4. Under the assumptions of Theorem 6.4.3, we have
1. If p=1, then

da
/ / (u,v)dudv
(@—Q d Jear

< 1 /62 W u,dy) + ¥ (u, d2>du N 1 /d2 U(cy,v) +¥(cq,v)
Co — C1 c1 25 dz—dl S—I—l
[Q/(Cl, dl) + ![/(Cl, dg) + W<CQ, dl) + EP(CQ, dz)]
2572(s 4+ 1)

dv  (6.71)
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2. If p=s=1, then

da
(u,v)dudv
(02—61 d2 dl /d1 /c1

- @ W(u,di) + ¥(u,ds) L] /dz V(er,v) + ¥(e20) | (6.72)

Co —C 2 dg dl 2

< (e, dl) + V(cr,da) + W(co, dr) + ¥(co, da)].

3. Ifp=1 and s =0, then
d2
(u, v)dudv
(02 — Cl d2 d1 /dl /c
1 dz 6.73

< / W, dy) + W (u, dy)]du + / W(er,0) + W(en)do 0T

Co —C1 Je dy — dy

S 4[@(01, dl) + Lp(Cl, dg) + LD(CQ, dl) + W(Cg, dg)]

Theorem 6.4.4. Let ¥ : R, x R — R be a co-ordinated (s, p)-convex function on
A = [e1,69) X [dy,dg] for p € R\ {0} and s = —1 with ¢; < ¢y and dy < dy. If
V€ Ly ([cr, 2] X [di, do]), then

p " CQP_lu u, v)dudv
(ch — ) (dy — dy) /d / Wl ydud (6.74)

< —[W(cr,dy) +¥(c1,dy) + ¥y dy) + W (e, ds)],

DN | —

(02 —uP)(uP— c1

where p(u) = amaE for u € [cy, ca).

Proof. By taking u? = ric] + (1 — r1)ch and v = rod; + (1 — 13)dy for 0 < r; < 1 and
0 <7y <1 and using the co-ordinated (s, p)-convexity of ¥ implies

da
uP~ 1 U (u,v)dudo
d2 dl \/d\l /Cl )

’B

(ch =)
- / 1 / (1 )P+ (1= 1)) E oy + (1 — o)y )i
0 Jo (6.75)
< /0 /0 (1= {1, di) + W(er, da)} + 11 {0 (ca, o) + W (e, do) Hdrydrs
< %[w(cb dy) + ¥ (cy,dy) +W(cy,dy) + ¥(co, do)).
Hence required inequality (6.74) is proved. 0
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6.5 Integral inequalities for product of two (s, p)-convex
functions

Ozdemir et al. [73] established inequalities for product of two s-convex functions on the
co-ordinates. In this section, we establish inequalities for product of two (s, p)-convex

functions on the co-ordinates.

Theorem 6.5.1. Let s1,82 € (—1,1] and p1,p2 € R\ {0}. Let ¥, ¥ : R, x R — R
be co-ordinated (s1,p1)-,(S2, pa)-conver functions on A = [cy, ca] X [dy, ds], respectively,

with ¢; < Co and dy < dg. ]f%,% S Ll([Cl,CQ] X [dl,dg]), then

gortsazg (A FENT ditd) (A HEN= di+d
1 9 ) 9 2 9 s 9
1 /dg/ di + dy
(" =) dp) o 1 =\ 2

(dy —
X {WQ(C]_, U) + W(CQ, }duldv

/d/ ey (AN
TE - d2 i) o Lo 2 ’

dy +d
X WQ <UQ, ! 5 2) dUQdU:| (676)

4{ (Wl (Cla dl—gd2> +w1 (027 dl _;_dQ))

X (Wa(cy, dy) + Wa(cr, da) + Wa(co, di) + Wa(co, dQ))}

1
S OECESY

+ 251 {(11/1(01, d1) + Epl(Cl, dg) + Wl(Cz, dl) + W1(CQ, dg)))

dy + d dy + d
55 ) e (2 550) )

Proof. Since ¥ is an co-ordinated (s, p1)-convex functions on A, then by Theorem
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6.4.2 we have

1 “op di +d
21 _ qu /c1 Uljpl Wl (uh ! 92 2) dul (677)
a2 P B b
1/ 1 2 dvl.
+d2_d1/dl 1<< 5 > 7?)> v]

D D L
Multiplying above inequality by ¥, <(612+022 ) " %) gives

2

223172w cll)1 012)1 ﬁ dl + d2 Lp 01172 + ng % d1 + d2
) 92 2 9 5 9

§2s1 1[ - 1 filp wl (u1’d1+d2)w2 Czlj +C§)P2’d1+d2> du1
up 2
1 1
1 da Cpl + C1271 P 01132 + 6152 Ps dl + dz
12 . _ dv|.
+d2—d1/dl 1<< 9 ) 7U> 2(( 9 ) 92 v
By integrating with respect to r; and ry over [0, 1] x [0, 1], we obtain
1 1
92s1-2 crt + '\ dy+dy 7, AP+ B\ di+ds
Y 2 2 ) 2
1
dy + d A+ P\ dy+d
s1—1 1 2 1 2 1 2
<2 [Cgl C1131 / /(;1 1 —p1 U4 <u17 5 ) 2 ( 9 ) ) 9 ) duqdrs
/ / !pl Cp +Cp ,U Lpg —CZ{ +C§ p27d1+d2 dTldU .
dy—di Jg, Jo 2 2 2

_|_
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Further, note that

1 P 22\ pyd + (1 —=ry)dy (1 —r9)dy + rod
_ 1 201 2)d2 2)di + 7l )
—/0%(( 5 ) ; 5 + 5 T2

1 (6.80)
S ﬁ [WQ(Cla r2d1 + (1 - Tg)dg) + WQ(Cl, (1 — 7”2)(11 + ’f‘gdg)
0
+ Ws(co, mody + (1 — 12)ds) + Wa(ca, (1 — 12)dy + 12d)2]drs
1 @
= 'Z v dv.
22 1(dy — dy) /d Walen ) sl vy

Similarly, by taking 20? = ricd}> + (1 — r1)cb? and 28% = (1 — r)® + r1dh?, we get

1 2 sz éd d
/%(d’;) 4 )d
0

1
= 1 . ricy” + (1 — )y + (L—r)d? + i\ 952 d_2 + - dry
0 2 2 T2 2

1 D2 peN = di+ds di+do
[ ()T )
0
1 ! di + dy dy + dsy
< — 4 v
~ 252/0 2 (Zla 9 + 2| %1, 2

dy+d di+d
+W2 (227 ! 2) +¢2 <22a . 9 2)

(6.81)

d?“l

1 dy+d
+¥ (((1—T1)C€2+T10§2)”2> 12 2)

D2 @ a1 dy + do
= 2 dus.
232—2(01232 _ 01132> / Usa 2 <U2, 2 Uz

C1
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Substituting (6.80) and (6.81) in (6.79), we get
9251-2y a +a nody + dy v A+ % dy+dy
' 2 2 ? 2 2
251 s2+l d2 d1 + d2 Wg(cl U) + WQ(CQ 1))
Y ) d d
(Cp dl / /1 1 —p1 ( 1 9 ) 9 u1dv

N 231 so+1 /d2/ 1 +C§1 ;
(2 — &) (dy — ) L w 2 ’

X Wy (UQ, dl —; d2) dUQdU] .

(6.82)
Since by letting u}* = ric!" + (1 — )b, we have
di +d 1 di+d di +d
" <“ > ) = (<mc€1 HA=mg)h P T (L )P )
dy+d dy+d
S 27“191W1 (Cl, 1_; 2) + 2(1 - 7’1)51@1 (CQ, 1—; 2) (683)

di+d di +d
:2{7“‘1“% (Cl, 1—5 2)4-(1—7“1)81@1 <02, 1—5 2)}

Then we have

d d d d
< 2/ {Tfl% (017 - _5 2> + (1 - 7”1)81471 (02, - —; 2)] dry (6-84)
0

1
! d d d d
< 2/ [7“?% (01, 1;— 2) + (1 - 7“1)52![’2 (CQ, 1; 2)] dry (6-85)
0

2 d +d dy +d
S () (e 05)]
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Further, by taking v = rod; + (1 — 79)ds
1
WQ(Cl,’U) = %((rlc’? + (1 — 7“1)02102)"2 , ’I“le + (1 — Tg)dg)
< 2TT2WQ(61, dl) + 2(1 - 7'1)52@2(01, dg) (686)
= 2{r{?Ws(c1,dr) + (1 — 1) (1, do) },

and
1
WQ(CQ,'U) = WQ((’IHCIQ)Q + (1 - 7“1)02272)?2 s ’I“le + (1 - Tg)dg)
S 27"?2“72(02, dl) + 2(1 — Tl)SQWQ(CQ, dg) (687)
= 2{r*¥s(c2,dy1) + (1 — r1)™¥s(c2, da) }.
Then
1 /d2 WQ(Cl,U)—i_WQ(CQ,/U)
dv
dy—dy J, 2

< / (2 W (cr, dy) + V(co, dy)] + (1 — 1) [@a(cr, da) + Fo(ca, do)]|}lrs
0 (6.88)

= /0 {ri2[Ws(c1,dy) + Walca, dy)] + (1 — 1) [Wa(cr, ds) + Pa(co, da)| }dry
1

= [Wo(c1, dy) + Wa(cr, do) + Wa(ca, dy) + Wa(ca, da)].
2

Also, note that by taking v = rody + (1 — r9)dy

() ) (559 5
< 297 (eq, v) + Wy (e, 0))]
= 2 W (eq, rady + (1 = 1a)dy) 4+ Wi (co, mady + (1 — 1r2)dy)]
< 22 (cp, dy) + (1= )" W ey, da) }
+{r'Wi(c, di) + (1 — 71)*" (2, d2) }.

(6.89)
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Then

dg 1 1 %
L / v, At ,v | dv
d2 - dl dy 2

1
<o / i (er dy) + (1= 1) (1, da)}
0
+ {T’flﬂpl<62, d1> + (1 — 7*1)31@1(027 dg)}]d’f’g

1
= 281_2/0 {ri'Wi(cr, di) + (1 —11)" Wi (e, da) }

+ {ri'W(co,dy) + (1 — 1) W (co, d2) }]dry
23172

= 1 W1 (c1,dr) + Wi(cr, do) + Wi (ca, dy) + Wi (ca, da)].
1

(6.90)

By using inequalities (6.84), (6.85), (6.88) and (6.90) the inequality (6.82) implies (6.76)

after some calculations. Hence Theorem (6.5.1) is proved. O

Corollary 6.5.1. Under similar assumptions of Theorem 6.5.1,
L. If p1 = p2 = p, then

gy, (A2 EY ditd), ((drd) d+d
! 2 ’ 2 2 2 ) 9
do d d
= |:(Cp / / ulpp < o 2) {WQ(CM'U) + (CQ, )}dudv
dy

2
d2 c2 2p Cilj_i_cgi d1+d2
(Cg /dl/ ul-p (( B >,U Uy | u, 5 )dudv]
+

{( ) e ()

X (Wy(cr,dy) + Walcer, da) + Wa(ca, dy) + %(C2yd2))}

<
(S1+1 82—|—1

+ 281{(%(01, di) + Wi (cr1,ds) + Wi (co, di) + Wi(co,ds)))

dy +d dy +d
o850 ) o (2557}

(6.91)
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2. If py =py=p=1, then

251+82_2W1 C1 + Co dl + dg W2 C1 + Co dl + d2
2 T2 2 T2

< [(CQ_CI)I(dQ_dI) /dd / w, (u dlg‘b) ((c1,v) + W(ca, v) }dudy

1
1 dy e 01+02)p ( d1+d2) 1
+ 2V U | Yo | u, dudv
(ca —c1)(dy — dy) /d1 /cl ! (( 2 2 2
1 di +d di +d
4{ (l]ll <Cl, 1;— 2) +L[/1 <CQ, 1;— 2)) (692)

T
X (Wa(er, di) + Wa(er, dz) + Wa(cy, di) + Wa(cy, d2)>}

+ 281{(%(017 dl) + Wl(cla d2) + %(02, d1) + %(02, dz)))

dy +d dy +d
(0557 o (= 57)) )]

3. Ifpr=po=p=1and s; = sy =1, then

W ((Cl+02) d1+d2) (<01+02> d1+d2>
1 )
2

/ ( Wy dQ) {Wa(c1,v) + ¥(c2,v) pdudy
/ ((cl—k@)l,v) ” (u dlg@) dudv}
{ <% (01’ : ;dQ) o (02’ : erdQ)) (6.93)

< B, du) + Ualen, da) + Ualca, do) + <c2,d2>>}

= {(Cg—cl (> — o) /
ol

(ca —c1)(

-+ %{(@1(01, dl) + Epl(Cl, dg) + §p1<62, dl) =+ @1(62, dg)))

dy + d dy + d
55 ) o (2 557) )}
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4. If py =po=p=1 and s; = s =0, then
(252 259)0((252) 39
< [(02—01)1(612—(11) /dd /wl (u dl;dz){%(cl,v)+ (c2,v)}dudv
" (c2 = 01)1(d2 —di) /:2 /j 2 <(01302); 7U) = (% : ;dg) dUdvl
4 (lh (cl,d1;d2> + <c2,d1;d2>> (6.94)

X (Wa(er, di) + Wa(er, dz) + Wa(cy, di) + Wa(cy, d2))}

<

+ {(%(cl,dl) (1, da) + W (0, dy) + W (0, )

dy +d. dy +d
(0B (= 57)) )]

Theorem 6.5.2. Let s1,s2 € (—1,1] and p1,p2 € R\ {0}. Let ¥, ¥ : R, xR — R
be co-ordinated (s, p1)-,(S2, pa)-conver functions on A = [cy, ¢a] X [dy, ds], respectively,

with ¢; < ¢ and dy < dsy. ]f%,% S Ll([Cl,CQ] X [dl,dg]), then

2814-82—2@1 (<C€ ;_Cg )pl ’d1;d2> Lpg ((cll7 —;CS )pQ ’dl—ng)

* Wy (uy, dy) + Wi (uy, d
[(Cp d d / / fjlpl - 1351 11( 1 2){%(01,0)+%(02,v)}du1dv
2 1 c1

=1 2y W(en,v) + P(es,v) d+d
pa Wi(cr,v 1(co,v 1 9
(cp 2 dQ _dl / / 1 —D2 31+1 !p2 <u27 9 >]du2dv

C1

< 4 [%(chdl) —i—%(cl,dg) + Wy (eg,dy) + Wy (ca, ds)
T (s1+1)(s2+1) 251-1
X (Wa(er,dy) + Wa(eq, do) + Walcg, dy) + Wa(ce, ds))
N Ui (er,dy) + W (eq,do) + W (e, dy) + W (co, do)
s1+1

di +d di +d
X(!p2<01, 1;— 2)4‘@2 <CQ, 1—;— 2>>:|
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Proof. By using Theorem 6.4.1 and Theorem 6.4.3 and applying similar procedure of
Theorem 6.5.1 we get the required result. O]

Corollary 6.5.2. Under similar assumptions of Theorem 6.5.2,
L. If pr = p2 = p, then

281—&—52—2@ c§’+cg b d1+d2 W C€+C§ P d1+d2
1 2 ) 2 2 2 5 2

da W u,dy) + Vi (u,d
[(Cp d2 dy) /d / xlp p S 1351 1 1(t,02) {Wa(er, v) + Wy(ez, v) pdudv
2 Lo
/d2 /02 2p ¥y(cy,v) + %(62’@)@ u h + dy dudv
(012) d2 - dl di c1 ut=r sit ! 2 | i
< |:Lp1(017d1)+w1<cl’d2> + Wi(c2, di) + ¥ (c2, do)
= (s1 + 1)(32 +1) 2

X (Wo(cy,dy) + Wa(cr, do) + Wa(co, dy) + Wa(ca, ds))
%(01, di) +¥i(c1,de) + ¥ (ca, dy) + Wi (c2, da)
S1 —f- ]_

X <w2 (017 dl d2) + WQ (CQ, dl dQ)) :| .
2 2
2. If py =po=p=1, then

9152 =2y, ((01+02) d1+d2)%(<cl+02> d1+d2>
2 2 T2

d c
> [P U (u,dy) + Wi (u, dy)
2 Z dud
N {(02—01 d2 d1 /d1 /01 9s1—1 { 2(01771)—1‘ 2(62,1))} udwv

da co
/ / Wi (c1,v) + ¥i(c, v )% (% dy + d2) dudw
(CQ — Cl d2 d1 dy c1 S1 + 1 2

4 {%(cl,dl) + Wi (eq,dy) + Wy (ca,dy) 4+ Wy (ca, da)
(s1+1)(s2+1) 2s1-1
X (Wa(cy,dy) + Walcr, dy) + Wa(ca, dy) + Wa(ca, ds))
%(01, di) +¥i(c1,do) + Wi(co, di) + Wi (e, dy)
s1+1

dy +d dy +d
(055 o (557)) )
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3. Ifpr=p2=p=1and sy = sy =1, then

Cl+02 d1+d2 V7 Cc1 + Co d1—|—d2
2 ? 2 ) 2

(ca —c1) 1(d2 dy) / 2/ (1 (u, dy) + W (u, dy))[{Wa(c1, 0) + Wo(c, v) pdudy

1 > dy +d
+ / / wl Cl7 )+w1(027 ))LD2 <U’7 1;— 2)dUdU
di
X

(ca —c1)(dy — dy) o
(W1 (c1,dy) + Wi (cr,da) + Wi (o, dy) + Wy (e, da))
(w2(01, dl) + WQ(Cl, dQ) + LDQ(CQ, dl) + LDQ(CQ, dg))

n Ui (cr,dr) + Wi (c1, da) + Wi (ca, dr) + Wi (co, da)
2

O G B G|
2 2
4. If py=ps=p=1and sy = s =0, then

lwl C1+ Co 7d1+d2 W, 1+ Co 7d1+d2
4 2 2 2 2

d2 co
2d2 dl / / (wl (u’ dl) + gpl (u> d2)){w2(cl> U) + WQ(CQ, v)}dudv

{(02 —a)(
* (co — 01)2(d2 —dy) /dldz /:2(%(017”) + Wi (c2,v)) ¥y (U, i ;— d2) dudwv

S 4 |:2(Sp1(01, d1> + !Pl(cl, d2) + ![/1(02, dl) + lpl(CQ, dg))

(6.98)

<

X (Wg(cl, dl) + WQ(Cl, dg) + WQ(CQ, dl) + WQ(CQ, dg))
+ (Wi (c1,dr) + Wi (cr, da) + Wi (ca, dr) + Wi (ca, da))

di +d di +d
X(WQ(Cl, 1; 2)+§[’2<02, 1; 2)>:|

(6.99)
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Chapter 7

Integral inequalities for co-ordinated
harmonically convex functions

In this chapter, we obtain Hermite-Hadamard type inequalities for co-ordinated har-
monically convex functions via Riemann—Liouville fractional integrals and Katugam-
pola fractional integrals. We also find some Fejér type inequalities via Katugampola

frasctional integrals.

7.1 Introduction

Noor et. al. [69] gave following Hermite-Hadamard type inequalities for co-ordinated

harmonically convex functions.

Theorem 7.1.1 ([69]). Let ¥ : A = [c1,¢] X [dy,d3] C (0,00) x (0,00) — R be

co-ordinated harmonically convex on A with ¢y < ¢o and dy < dy. Then

W ( 26102 2d1d2 ) < (Clcg dldg / /d2 M—/ u, U
citc di+dy) T (co—ci)(dy—di) Jo, Jo uP0? (7.1)
< W(Cl,dl) +q—/(01,d2 +¥7(Cg,d1> +lp<62,d2)
- 4

Theorem 7.1.2 ([48]). Let ¥ : R C (0,00) — R be a function such that ¥ € Ly(cy, )

where c1,co € N with ¢; < ¢y. If ¥ is harmonically convex function on [c1,cs], then
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following inequality for fractional integral holds:
2
gp< C1C2 )
Cc1 + C

<t (e ) oy wow (1) +twon ()] 72
< U(cr) +¥(co)

—= 2 ?

where o > 0 and p(u) = L.

The Riemann—Liouville fractional integrals and Katugampola fractional integrals

on co-ordinates are defined as:

Definition 7.1.1 ([81]). Let ¥ € Li([c1, 2] X [d1,ds]). The Riemann— Liouville in-

tegrals Jgfdl+, Jcoif e Jiﬁd1+ and Jg’gdr of order o, B > 0 with ¢y,d; > 0 are
defined by

JgfdﬁW(u v) / /d u—1)"" (v —8) W (t, s)dsdt, u> ey v >di,
1
da
Jgfdz_g[/(u v) / / ) (v — 8)PTW(t, s)dsdt, u > ;v < dy,
Jgﬁdﬁkp(u v) / /d — )7 (t, 5)dsdt, u < ¢y v > ¢y,
1
and
da
J;‘;’fdQ_!P(u v) / / u—1)*" v — )TN (t, s)dsdt, u < ¢y v < dy,

respectively. Here I' is the Gamma function.

Definition 7.1.2. Let ¥ € Li([c1, c2] X [d1,ds]). The Katugampola fractional integrals

p1.p2 TP p1,p2 TP p1.p2 TP p1.p2 TP ;
Ty ayes Iy gy I 4 and I 4, of order o, 8 > 0 with ¢1,dy > 0

are defined by

lalﬁ

L pQIflf_lerW(u v) = ﬁ—/ / (uft — 1)~ (pP2 — sP2) Pl gl (¢ g)dsdt,
dy
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with u > ¢ v > dy,

l—a 18 do
P1, p2[é¥1f e Lp(u U) Ip‘t—/ / um tm)a 1(8;72 UPQ)B Lyp1—1 gpa— IW(t S)dsdt
with u > ¢ v < do,
pl a 1-p8
p1, p2]§‘26d1+W(u v) = I‘t—/ /d (tPr —uPr)e l(vm Sp2>,3 L4p1—1 gpa— 1@(15 s)dsdt,
1
with u < co v > dy, and
pl a 1-p8 do
P p2[§‘2’8d27W(u v) = I‘l—/ / (tPr —uPr) 1 (sP2—pr2) Bl =l g2l (1) dsdt,

with u < c3 v < dg, respectively. Here T'(+) is the gamma function.

In first section we first find the respected inequalities via Riemann—Liouville frac-
tional integrals and in second and third sections we find inequalities via Katugampola

fractional integrals.

7.2 Hermite-Hadamard type inequalities via Riemann—Lio
fractional integrals

In this section we find inequalities via Riemann—Liouville fractional integrals.

Theorem 7.2.1. Let ¥ : A = [¢y, ¢o] X [dy,d2] C (0,00) x (0,00) = R be harmonically
conver on A with ¢; < ¢y and dy < dy and W € L1(A). Then

LD( 26102 2d1d2 )

1+’ dy +dy

< Do+ 1I(B+1) ( €162 )a( dydy )ﬁ
- 4

Co— (1 dy — dy

«Q 1 1 o 1 1
|:J1/Cﬁl 1/d1— (!pou) (C_Q’d_Q) Jl/cﬁlf 1/d2+(kpolu) (c— d—l) (73)

a,f 1 1 a8 1 1
< L.D(C1, d1) + ![/(Cl, d2) + !,P(cz7 d1) + gp(c% dz)
= 1 ,

where pi(u,v) = (£, 1) for all (u,v) € ([é, é} , [é, d—ﬂ)
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Proof. Let (z,y),(z,w) € A and 1,79 € [0,1]. Since ¥ is co-ordinated harmonically

convex on A, we have

Tz yw
Lp<r1x+(1—7“1)z’7“2y+(1—7“2)w> )
< rr¥(z,y) + (1 — o)W (z,w) + (1 — r)re¥(z,y) + (1 —r)(1 — Tg)kl?(z,w)(. |
7.4

___cer - __cac — _ didp — _ didp
rici+(1—ri)ea? < rica+(1—ri)er? Yy = rodi+(1—r2)da’ w rodo+(1—r2)d1 and

r =719 =5 in (7.4), we get
W 20102 2d1d2
c1 + CQ’ d1 + d2
< 1 W C1C2 d1d2
— 4 rc + (1 - 7"1)02 T’le + 1 - 7”2

C1C2 d1d2
v 7.5
<r101 + (1 —=71)co roda + (1 — 19)d > (7.5)

( C1C9 dydsy
v
rics + (1 —ri)er’ redy + (1 —1o)d

By taking T =

W < C1C2 dyds )
rico 4+ (1 —ry)ey rods + (1 —1ro)dy .

Multiplying both sides of (7.5) by 7¢~'75 ! and then integrating with respect to (ry,75)
over [0,1] x [0, 1], we get

LW( 2cico  2dqd, )
afB \c+ e dy +dy
1 C1C dyds
Z_l / / { (7"101 + (1 —r1)ca’ rody + (1 — 1a)dy )
€16 dyds a1 B—1
<7“101 + (1 —7r1)eg’ rady + (1 — 12)dy ) }Tl 1T26 drudrs (76)
C1C2 didy
/ / { (7“102 + (1 —ry)er rody + (1 —1g)dy )

C1Co dydy s
v T dridrs | .
i (Tlcz + (1 =r1)er rody + (1 — Tz)d1> }Tl ry drdry
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Applying change of variable, we find
W ( 201C2 2d1d2 )
c1 + C2 ’ dl + dg
045 C1Cg d1d2 7
- Cy — C1
1/d1 1/01 B—1
>< {( 7))
/d2 1/(;2 dy u' v

N 1\ /11
__u R J— —
" dy w v
1/d1 1/01 1 1 A
o { ) (——”) v(i0)
1/de J1/cq c dy u v
1 =t 11
+<u——) (’U—— W( , )}dudv].
Co dy u v

Then by multiplying and dividing by I'(a)I'(#) on right hand side of inequality (7.7),
we get the first inequality of (7.3). For the second inequality of (7.3), we consider

( C1Co dydy >

v ;

T1C1 + (1 — 7”1)(32 7’2d1 -+ (1 — 7’2)d2

S rlrgW(cl, dl) + T1<1 — 7“2)':[/(61, dg) + (1 — 7'1)7’2@(02, dl)

+ (1 —=r)(1 —ro)¥(c—2,ds),

< C1Co dydy )

/4 ,

rct —+ (1 — Tl)CQ ngg + (1 — TQ)dl

S 7"17’2@(01, dg) + t(l — 7”2)@(017 d — ].) + (1 - 7’1)7"2@(027 d2)

+ (]. — 7"1)(1 — TQ)W(CQ, d1>,

( C1C2 dyds >

v ;

rice + (1 —ry)er rody + (1 —r9)dsy

< rreW(eg, dy) + 11 (1 — )W (o, do) + (1 — 7r1)ro¥ (e, dy)

+ (1 =7)(1 —1r)¥(cy,ds).
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and

( C1C2 dldg )

4 ;

rica + (1 —r1)er’ red + (1 —ro)c

S TlTQ!p(CQ, dg) + T1<1 — 7“2)!7(02, dl) + (1 — 7"1)7”2@(01, dg)

+ (1 =7r)(1 = ro)¥(cy1,dy).

Thus by adding above inequalities, we get

< C1Co dydsy )
v ;
ricr + (1 —ry)eg’ rody + (1 — r9)dy

( C1C2 dldQ )
v ;
7”161+(1—T1)02 T’ng‘l'(l—’f‘g)dl

( C1Co dldg ) (78)
v ;
r1Co + (1 — 7’1)01 T'le -+ (1 — T2>d2
C1Co dldg
+v ;
<T1C2 —+ (1 - 7’1)61 ’I"zdg -+ (1 — 7"2>d1>
S q—/(Cl, dl) + W(CQ, dl) —+ ':p(Cl, dg) + Ep<62, dg)

Thus by multiplying (7.8) by Tf‘_lrg_l and then integrating with respect to (1, ry) over

[0,1] x [0, 1], we get the second inequality of (7.3). Hence the proof is completed. [

Remark 36. In Theorem 7.2.1, if one takes a = 8 = 1 and using change of variable
x=1/u and y = 1/v, then one has Theorem 3.1 in [69].

Theorem 7.2.2. Let ¥ : A = [c1, ¢3] X [dy,da] € (0,00) % (0,00) = R be harmonically
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conver on A with ¢; < ¢3 and dy < dy and ¥ € Ly(A). Then
W( 20162 2d1d2 )
c1+c di+dy
F(Oé + 1) C1Co 1 2d1d2 1 2d1d2
< J v — |+ J? v
= 4 (02 — 1/02+( Olu’l) 1 dl +d2 l/cl ( O/“l’l) o dl +d2

F(ﬁ+1)( dydso )5
4 dy — d,

2c1c9 1 2cic0 1
x |JL, (@ — )+, W —
{ 1/d+( O:u2) (Cl+62,d1) 1/d1— ( OILLQ) <01+02,d2>:|
< F(O[ + ].)F(B —+ 1) C1C2 ¢ dldg h
- 2 Co — C1 dg — d1

1 1 11
X [Jcﬁ-dﬁ-(lpou) (62 dl) +J1+d2 (LPO/L) (C_2’d_1>

1 1 1 1
+J2 d1+<&p ,LL) (Cl dQ) +J2 ,do— (LPO,LL) <C_1,d_1>]
Fa+1) [ ce " 1 N 1
< ( 2 ) [JI/CQ—F(LD o i) (c_l’dQ) + 1 jepr (W0 1) (c_l’dl)

4 Co — C1

1 1
+ Jix/q—(w © :U“l) (C_Q’ dl) + J?/CI_(W © #1) (C—, dl) ]

PB+1) [ didy \“[ 5 N |
4 (dQ_dl) [Jl/dl (70 pro) b, + g, (¥ o p2) g

1 1
T Jla/d2+@ o u2) (Clv dy ) + Jl/d2+(wou2) (027 d_l) }

< L_D(Cl, dl) + W(Cl, dQ) + W(CQ7 dl) + W(CQ, dg)
=~ 4 ’

(7.9)

= (A1), ) = (L0) and o) = (wb) for all (uv)

where p(u,v)
(521 & &)

Proof. Since ¥ is co-ordinated harmonically convex on A then we have ¥ [dy, ds] —

R, ¥1(v) = ¥(+,v), is harmonically convex on [dy,d] for all u € [— —] Then from
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inequality (7.2), we have
2dydy
/8!
Haha)

- F(B2+ 1) (dgdl_diil)ﬁ |:]f/c (W1 © pip) (é) + Jf/dﬁ(w% o fi3) (di)] (7.10)
W1 (dy) +W%(d2)‘

1
U

<
- 2
In other words,
1 2dids
/2 et
(U7d1+d2>
B 1/dy B—1
< B[ _hds / v 1) v (L) a
2 dg—dl 1/dy dg u v
Ve /9 o
() o
1/ds \d1 u v

V(i) + ¥ (4 d2)
— 2 Y

(7.11)

—1

for all u € [i l] Now by multiplying (7.11) by a(u— 1/02)“ ( cieo ) and 20/e—w®

cag—cC1 2

X (M> , and then integrating with respect to u over [1/cq, 1/c¢y], respectively, we

co2—C1
find
g( 16 )a/l/c1 (u_ l)a—llp (l’ 2d1ds )du
2 Co — C1 1/cz Co u dl + dg
LB aﬁ cies \* [ didy \”
- Cy — C1 dg — dl
1/e1 pl/da a—1 B—
W P O B G Y B G R
1/cs 1/d2 d2 u v
1/01 ]./d1 1 a—1 1 ps—1 1 1
+/ / <u — —) (— — v) 4 (—, —) dvdu
1/es J1/ds Ca dy U v
o 1/c1 a—1
oz_ﬁ ( €12 ) [/ (u — l) 11/ (l,Ch) du
4 \cy—0 1/es Co U
1/c1 1 a—1 1
—|—/ (u——> W(—,dQ) du],
1/cz (6)) u
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and

[0 C1C2 1/61 ]_ 2d1d2

= du

2\ca—0a /02 u’ dy 4 dy

OZ@ C1C2o “ d1d2 p

- Co — C1

1/c1 1/d1 1 1
A (——u> (o) i)

1/co 1/do €1

u'v
Ver 1/ /4 1 8- 11 (7.13)
+/ / <——u> <——v) W( )dvdu
/e J1/ds \C1 dy u'v

a 1/c1 1 a—1 1
S Oé_,@ ( €162 > [/ (— — u) v (—,dl) du
4 \ca—c 1/es \C1 U
1/c1 1 a—1 1
) (L) el
1/02 Cl u
Again by similar arguments for ¥

1 [er, e) = R Wi (u) = ¥ (u, %), we get

B[ didy ool 1\ 2cico 1
= v— — v ,— | dv
2 d2 — d1 1/dy dg c1+cy v
Oéﬁ C1Co “ dldg p
- Co — C1 dg — d1
I/Cl l/dl a—1 1 B— 1 1
/ / (u — —) (v — —) 4 ( ) dvdu
Ver J1/dy dy

U,U

e pl/di /1 a—1 1\ B- (7.14)
+/ / (——u) (v——) W(l 1)dvdu
1/ea J1/dy  \C1 dy u v

a 1/dy a—1
co (e )Y (1),
4 \c3—1 1/ds do v
1/dy 1)/ 1
+/ (v——) W<CQ,—)dv ,
1/do dy v
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and

B dyds bt A1 2cico 1
5 — =0 v ,— | dv
2 d2 — d1 1/do d1 c1+cy v
< () (%)
- 4 Cy — C1

1

1/01 1/d1 1 -1 11
X > (— — v) v ( ) dvdu
/C2 /dz dy uw v
1/er  pl/dy a1 /4 B-1 11 (7.15)
+ — —u — =0 v dvdu
Ves J1jay \C1 dy u' v

« 1/d1 a—1
R A EE T
4 Coy — C1 1/dy d1 v
1/dq 1 £s—1 1
+/ <——v) W(Q,—)dy .
1/d, \d1 v
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By adding inequalites (7.12)—(7.15), we have
F(Oé + 1) C1Co ¢ 1 ledg 1 2d1d2
Jy v _ J v —
4 (62_01) |: 1/02—1—( Oﬂ'l) (Cljdl—‘—dg) + 1/01—( O#’l) (CQ’d1+d2):|
T(B+1) [ didy \’
4 dy — dy
2cic 1 2cic 1
8 v 12 1 g8 v 162 1
X |:J1/d2+( OIUQ) (Cl +C27 dl) + l/dlf( O,Uz) (Cl +027 dg):|
< D(a+ I3+ 1) ( €102 )a ( dydy )ﬁ

o 2 Cy — (C1 d2_d1

N 11 . 11
X [Jc;—iﬁ-,dl-l—(gp ° M) (_ _> + ch—f,dz—(W © 'u) (_’ _)

+

02’ dy

a I 1 o 1 1
+ ’]0275(114—(& © 'u) <_’ _> + JC2’E,d2—<W © M) (_7 _) ]

C(a+1) [ ciea \“| .0 1 N 1
= 4 <02 — 01) [ 1/c2+(w o fi1) (C_lad2> + Jl/chr(Lp o fi1) (a&h)

o 1 “ 1
+ J1/01*<q7 © Iul) <gvd1) + Jl/qf(w © ,U/I) (C_7d1> ]

2

I'(B+1) didy \* 3 1 5 1
* 4 (dQ—d1> [Jl/dl—(lpo'l@) Cl’d_2 +J1/d1_(!pol~b2) C27d_2

o 1 o 1
+ Jl/d2+<y7 o fi2) <Clv d_1> + J1/d2+(w o fi3) <02, d_1> ] .

(7.16)

This completes the second and third inequality of (7.9). Now again using (7.2), we

have

N 26162 2d1d2
c1 + 02’ d1 + dg

@ 1/c—1 a—1
o [ ey 1 1 2dyd,
<= — = U - d
-2 (02—C1) [/1/02 (01 U) <u’d1—|—d2> Y (717)
e 1\ /1 2d
+/ <u——> w<—,—1d2 )du ,
1/cs C2 u dy + dy
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W 26102 2d1d2
1+ ¢ d1 + dg

1/dy B—-1
< @ d1d2 / (292 g, (7.18)
/d2 c1+cy v :
. 1/d1( _i ( 2cico )dv
/d2 d C1 —f- CQ
Adding (7.17) and (7.18), we get
W 20102 2d1d2
c1 + 627 d1 + dg

< F(O_f + 1) C1C2 ¢
- 4 Cy — C1

1 2d1d2 1 2d1d2
Jy 4 e Jy 4 — )
X { Veor (P 0 1) <cl’d1+d2) + Jije- (¥ o) <62,d1+d2)} (7.19)
4 PB+1) [ didy \”
4 dy — dy

20102 1 B 201C2 1
[Jf/d +(WOM2) <C1 e d1) J1/d1 (W o puy) (01 +02’d_2)1 .

This completes the first inequality of (7.9). For the last inequality by using (7.2)

have
1/c1 1 a—1 1 1/c1 15_1 1
P i [ o) e (L)
1/co C1 u 1/c2 Co u

«a
[0 C1C2
2 Cy — C1

< W(Cl, dl) + W(CQ, dl)
>~ 9 )

« 1/c1 1 a—1 1 1/c1 1 B—1 1
(o TP () s [ (0o 2) e (L)
2 \c—0 /e \C1 u 1/es 2

< W(Cl,dg) + W(Cg,dg)

— 2 Y

BT r)d -1 1/dy -1 1
é < didy ) / (i — U> v (61, 1) dv +/ (U — i) v (Cla _> dv
2 \dy—dy 1/d; \1 v 1/d; d> ’

< V(cr,di) +¥(cr,dy)

— 2 ?
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D) [ Goe) (o [ (-2) e ()
— — =0 U (cy,— |do+ v— — U cy,— | dv
2 dQ — dl 1/ds d1 2 v 1/do d2 2 v

< W(CQ,dl) + W(C%dg)

= 9 .

Thus by adding all above inequalities, we get the last inequality of (7.9). Hence the
proof is completed. n

Lemma 7.2.1. Let ¥ : A = [¢1,¢9] X [dy,d3] C (0,00) X (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢o and 0 < dy < do. If 0?°W/Or 0ry € Li(A),
then following holds:

W(Cl, dl) =+ W(Cl, dQ) =+ LD(CQ, dl) + EP(CQ, dg)
4

T F(Oé + 1)1—‘(5 + 1) C1Co “ dldg g
4 Co — C1 dg — d1
1 1 1 1
J0 w + I v —, =
[ et 1/d1+< °H) (01 dl) e, 1/d2+( °#) (02’ d1)

N 11 N 11 _
Jl/é; v o 1) (Cl dQ) Jl/fl_l/dl Zon) (C2 d2>] o
Clcgdldg(CQ — Cl)<d2 — dl) /1 / 7’?7’5 (92':p C1C2 d1d2 drodr

o Jo A2B2 0rdr, \ A, B, /) =
/ / a B 82lp C1Co d1d2 drad
A2 32 9o \ A, B,, )"
/ / 7’1 1 —7’2 6 (92!p C1Co dldg drodr
A2 B2 67“187’2 Arl ’ B,ﬁ2 2

/ / 1 — 7’1 1 — 7’2)5 02W C1Co dldg dradr
A2 32 (97”18’/“2 Arl ’ BT2 2

(7.20)
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where

C(a+1) [ ciea \“[ ., 1 N 1
- 4 < = ) { 1/62+(Wou1) (C—l7d2> +J1/C17(WON1) (0—27d2>

G —C

1 1
+ Jfé/chr(w © :ul) <C_17 dl) + Jla/qf(g/ © :U'l) <C_2, d1> }

PB+1) ( dids \7T 5 1
T (dQ—ch) s (00 12) {20 g

1
+.J;

1 1
1/d2+(kp © fiz) (Cl’ d_1> + Jlﬂ/dl—(l*p o i) (02, d_Q) + Jf/dl_(w o f1o) (cl, d_g) } 5
(7.21)

[1]

and A, = ria+(1—=r)b, B,, = rac+(1—ra)d. Also, p(u,v) = (£, 1), pi(u,v) = (<, v),

1
u

and pz(u,v) = (u, <) for all (u,v) € A.

Proof. By integration by parts and using the change of variable u = 2—212 and v = Cﬁz,
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we find that
a,.B 2
1Ty 8 4 C1C2 dldg
drod
/ / A2 B2 9r10r (Am’ B, )"
1
_/ oo o ( d1d2)
0 B32 0162(02 - Cl> 87“2 AT17 Br2 0
1
0% _18W C1Co dldg
- P — == drq pd
0102(02—01)/0 n Ory (An Brz e
- oot /lrga_wcdl@ dr
- 0102(62—01) 0 BTz,2 87“2 2 B,n2 2
1 1 B
o _1 Ty ov C1C2 d1d2
B o - d d
0102(02—01)/0 n {/0 B2 0Ory (Am B,, e
1

= U(co,d
C1C2d1d2(02 - 01)(d2 - d1) ( ? 2)

- : / i (e, B g 2
ClCledQ(CQ — Cl)(dg — dl) 0 2 2 BT2 2
1
Q 1 C1Co
— T d)d
0102d1d2(02 - 01)(d2 - d1) /0 n (Arl ’ ) "

af ! 1 B-1 (0102 d1d2>
+ r¢ s Y ,—— | dr
0102d1d2(02 - Cl)(d2 - dl) / ! 2 An By, ?
1

6162d1d2<02 — Cl)(dg — dl)
ddy \" 4 1
X W(Cg,dg) —F(ﬁ—f—l) H Jl/dg—i-(woMQ) Cg,dl

— ) Vert (W0 pa) (Cll, dz) +T(a+1)I(B+1)

—T(a+1) <—
cicg dyds g a8 1 1
¥ o
X (C2 . Cl) (d2 o dl) J1/62+ 1/d2+( u) 1 dl

Ca— (1
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Similarly, we can have

I =

I4:

/ / — a 5 GQLP C1Co d1d2 drodr
A2 B2 67“187'2 ATl ’ Br2 2

—U(cy,d
0102d1d2(02 —Cl)(d2 _dl){ ( ' 1)

didy \" 1 7.23)
+0(B+1) p— Jl/d2+(wou2) cl’d_l (7.

i 1
+T(a+1) ( €162 > er— (W o) (C—, d2> —T(a+1DI'(B+1)
2
ey \* [ didy \’ f 11
: (02 - 01) <d2 - dl) J1/62+71/d2+@ ° ) od )|

/ / 1 — 7“2 B 82W C1Co d1d2 dT’ d?"
A2 B2 87"18’/’2 Am’ Br2 ? !

- W(CQJ dl)

crcadidy(c — Cl)(dz —dy) [

- ddy \’ 5 1 7.24
FPE+ D g ) Tya-Fom) e o (7.24)

C1C2o

#T(a ) (2 Cl)an/m(wm (L) - T+ 1+

C1Cg “ didy g a,B 1 1
J _(Po — =1

/ / 1 — 7”1 1 — TQ)B 82![/ C1C9 d1d2 drodr
A2 32 87’187’2 ATl ’ Brg 2

W(Cla d?)

0102d1d2(02 - Cl)(dZ - dl) [

B
16+ 1) (722 - @orm) (a7 ) (7.25)

@ 1
_F(a—i—l)< ac ) G (W o) (C—Q,dl) +T(a+ DB +1)
C1C2 “ didy g o, L1
) 1/ I .
X (cl _ Cl) <d2 _ d1> Jl/c1—,1/d1—< © M) 027 do
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Thus from equalities (7.22)—(7.25), we have

L —1,— I3+ 14
_ W(CQ, dg) + W(Cl, d1> + W(Cg, dl) + L[/(Cl, dg)
ClcgdldQ(CQ — C1)<d2 — dl)

. I'(g+1) < didy )ﬁ
0102d1d2(62 — Cl)(dg — dl) dg — d1

1 1
X |:J16/d2+(lpolug) <Cg,d—1) + Jlﬂ/ngr(WOM?) (Cl, d_l)

! 1
+ Jlﬁ/dl*(w © M2) (CQ’ d_2> + Jlﬁ/d1f(l*p o ILLQ) (Cla d_2) :|

B Fa+1) C1Co
0102d1d2(02 - Cl)(d2 - dl) C —C1 (7-26)
1 1
X |:J1a/02+<y7 © :U’1> <av d2> + J{X/qf(!p © :U'l) <C_2’ d2>

1 1
+ Jfé/cz—‘r(w © :ul) <C_1’ dl) + Jfé/q—(kp © :U'I) <C_2’ d1> }

T(a+ DT(B + 1)
Clcgdldg(CQ — Cl)(dg — dl)

1 1 1 1
0575 a76
. {Jl/cﬁ’l/dﬁ(w ° M) (c_l’ dl) T Jl/Clal/dﬁ(w o U) (0—2, d_l)
1 1 1 1
a:ﬁ a76
e (5 ) + i awon () |

Multiplying both sides of equality (7.26) by Clc?dld?(cz’;cl)(dz_dl), we get the desired

equality (7.20). O

Theorem 7.2.3. Let ¥ : A = [c1,¢] X [dy,ds] € (0,00) x (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢y and 0 < dy < dy. If |0*¥/Or 0rs] is a
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harmonically convex on the co-ordinates on A, then following holds:

![/(Cl, d1> + W(Cl, dg) + W(Cg, dl) + EP(CQ, dQ)

4
4 F(Oé + 1)F(6 + 1) C1Co ¢ d1d2 p
4 Cy — C1 d2 - d1
1 1 1 1
a, a,B
X [J1/02+,1/d1+(!p © ’u) <a’ d_1> + J1/01—71/d2+(1p © /j,) <g’ d_l)
1 1 1 1
a,fB a,B =
+ J1/62+71/d1_(u7 O ILL) <a, d_2) + Jl/C1—,1/d1—<w O ILL) (a, d_2) ] — =
Cldl (CQ - Cl)(dg — d1> 82LP 32L17
< )|+ 0 d
- 402d2(0é + 1)(5 + ].)(Oé + 2) (6 + 2) ! 87”187’2 (Cl 1) 2 87’187’2 <Cl 2)
v v
0 d 0 d
+ U3 D1 (ca,dr)| + U4 B (ca,da) ],
(7.27)
where
d
h=(a+1)(B+1) 21 (2,a+2;a+3;1 - ?) Py (2,5+2;5+3;1—d—1)
2 2
C1 dl
2 2
d
+ oF) (2,04—1—2;@—1—3;1—2) o Fy <2,2;ﬁ+3;1——1>
(&) d2
C1 dl
+ o (2,2,a0+3;1—— | oF1(2,2,84+3;1—— ),
(6)) d2
(7.28)

d
Vo = (B+1) 21 (2,a+1;a+3;1—%> o F <2,5+2;5+3;1_d_1>
2 2

c d
+(a+1)(B+1) 2/ (2,1;a+3;1—c—1) o5 (2,5+2;5+3;1—d—1>
2 p 27 (7.29)
c
+ o[ (2,0z—|—1;0z+3;1——1) o Fy (2,2;6—1—3;1——1)
Co d2
C1 dl
+ o1 (2, a+31—— ) oF1 (2,28 +3;1—— |,
Co d2
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d,
193:(&+1)2F1(20z+2a+31 C—l) (2B+16+31—d—)
2 2

+(6+1)2F1<2,2;a+3;1——1) (25+15+31—ﬁ)

d
“ . hy (7.30)
+(B+1) . <2,a+2;a+3;1—c—1> oF (2,1,5+3 1—d—1)
2 2
C1 d
+2F1(2,2;Oé+3;1——) F(2,1,6+3 1——)
Co d2
C1 dl
Co d?
dy
—I—(a+1)2F1<2,1;a+3;1—c—1) (26+15~|—31 d)
“ ) hy (7.31)
+(ﬁ+1)2F1<2,a+1;a+3;1——1) 2F1( B+ 3; 1——1)
Co d2
C1 dl
—i—(oz—i—l)(ﬁ—i‘l)2F1(2,1;a+3;1—c—> 2F1< B+ 3; 1_d_)
2 2
Proof. Using Lemma 7.2.1, we have
W(Cl, dl) + W(Cl, d2) + W(CQ’ dl) + w<02, dg)
4
i F(Oé+ 1)F(B+ 1) C1C2 “ dldg p
4 Cy — C1 d2 —d1
1 1 1 1
a,B o,
[Jl/«:z+1/d1+@o“) (Cl dl) S jer—1/dy+ (P 0 1) (c2 dl)
1 1 1 1
. -
e aa - 01 (Cl d2) +J/Cl_1/d1 Wou (02 d2)] o
(7.32)

< Clcgdldg(CQ — Cl)(dg — dl)

dT’Q d'f’l

[
o Jo A7 B

82LD C1Co dldg
87"187’2 A,«l ’ BT2

/ / 1 — T’l 6 82¢ C1Co dldQ dradr
A2 B2 |dtdry \ A, B,, 2
/ / ]_ - 7“2 ﬁ 82W C1Co dldg dradr
A2 B2 |0rdr, \ A, B, 2

82W C1C2o d1d2
87’187‘2 Arl ’ BT2
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s 4
Or10rs

Since ’ ‘ co-ordinated harmonically convex, we get

W(Cl, dl) + q—/<Cl, dg) + ‘I/(CQ, dl) + W<CQ, dg)
4

N Cla+DI(B+1) [ ciee \“ [ didy B
4 C— dy — dy
(0% 1 1 a 1 1
[J1/02+ 1/d1+<w :U) (Cl 0 ) Jl/clf 1/d2+ LT/ o ,U (C_ d_)

1 1
a,fB o,
+ S err 1 /a— (P 0 “>( @) ﬂmrwml(woﬂ o dy ]

Clcgdldg(CQ — Cl d2 d1 7”1 7”2 ]. — Tl)aTg 1 (1 — 7“2)6
= a2pr T azpr T p
1—7)%1 —1y)P W
+ ( ;{)1%1(332 2) }{7“17’2 m(cl,dl) (1 — 7“1)7“2 87’187’2 (Cg,dl)
o*w 0w
+7"1(1 —7’2) (97’167’2 (Cl,dg) + (1 —7"1)(1 —T2> W(CQ,dQ) }d?"gd?”ll

ClcgdldQ(CQ — Cl)<d2 — dl)

_ a,.B a1 _ B _ a1 _ B
7“17“2 (1—=r)ry (1 —rq) (1—=7r1)*(1 —1rg)
[/ / {A B, ABy | AB, | AB

0w
87”‘ 8 (Cl,dl d?”ldT'Q
1079
r{ 7“2 (1 —r)® ré” (1 —19)? (1 =71 —ry)?
A2pr e AR AR
T1 T2 rTLTTr2 T1 T2
82W
aT 87" (Cg,dl dT’ldTQ
1079
/ / . e 7"2 (1-— Tl)arg N r¢(l — 7"2)5 N (1 —r)*(1 - 7“2)/3
1(
Az B2 Az B2 A2 B2 Az B2
02w
W(Cl,dg) dT’ldTQ
1019

1 pl a,.B a,.B a B
1Ty (1 —7r)%ry (1 —1y)
A P
r1T2 r1T2 r1TTr2

PR e i S
Ale% 8T}?§'2

CQ, dg) dTldT2] .




After calculating above integrations, we get the required result. n

Theorem 7.2.4. Let ¥ : A = [c1,¢o] X [dy,d3] € (0,00) x (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢ and 0 < dy < dy. If |0*W/Or 0rs]%,
q > 1 such that 1/q+ 1/l =1, is a harmonically convex on the co-ordinates on A, then

following holds:

W(Cl, dl) + W(Cl, dg) + LP(CQ, dl) + LP(CQ, dg)
4

4 F(a + 1)F(ﬁ + 1) C1Co @ d1d2 p
4 Cy — C1 d2 - dl

1 1 1 1
avﬁ a’ﬁ
. [JI/CQJ“I/CZH(LP °H) (c_l’ d_1> e jays (W O ) (C_2: d_1>

1 1 1 1
avﬁ a,ﬁ
+ Jl/c2+,1/d1_(5p © M) (C_la d_2> + Jl/Cl—yl/dl—(w o ,u) (a’ d_2> ] _

cidy(cg — c1)(dy — dy) [ 1/1 1/1

[1]

S Tadila T DUF T o'+ oy + oy + ai/l}
(lmte | e )|+ s a4 [ s an\
; ,
(7.34)
where

o1 = oF (zz, lo+1;la+2;1 — Z-l) F) (21,15 YL+ 21— %) . (7.35)
0y = oF) <2z, Lla+2;1— Z—;) B (21, 1B+ 1;16+2:1— Z—;) , (7.36)
o5 = oF (21, lo+1;la+2;1 — Z—;) B (21, 116 +2:1 — %) : (7.37)
0a= oF <2z, Lla+2;1— 2—:> N3 (21, 116 +2:1 — Z-l) . (7.38)
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Proof. Applying the Holder’s inequality for double integrals in (7.32), we get

W(Ch dl) + !p<01, dg) + LD(CQ, d1> + LD(CQ, dg)
4

4 F(O{ + 1)]:‘(6 + 1) C1C2 ¢ dldg s
4 Co — C1 dg — d1

1 1 1 1
o,
X [J1/02+,1/d1+(gp © ,U,) (Cl dl) * J Ve, 1/d2+<w ° ,u) (CQ dl)
1 1 1 1 -
+ Tt an- (Y o 1) (Cl d2) + gy 0 4) (02 dQ)] : :‘
1
ClcgdldQ(CQ — Cl d2 dl pa pﬁ "
< 1 AQPBQP dngTl
1 . 7" lOlTQB 1 lOc 1 _ ,',,2 1/l
(/ / A2l B2l d?“gd?"1> </ / A2l B2l d7“2d7"1>
(1—r)le(1 —ry)?
(/ / AQZ BQZ d’f‘gd?’l
q 1/q
(12 ) )

87“167“2 (Arl ’ Br2
q
, we get
W(Cl, dl) + Lp(Cl, dg) + LD(CQ, dl) + W(Cg, dg)
4
Lla+ I3 +1) ( C1C2 >a< didy )B
+ 4

C2 —C1 dy — dy

(7.39)

o%w
Or10rs

1 1 1 1
a,IB
X [‘]1/62+,1/d1+(w © ”) (01 d1> + Jl/cl— 1/d2+(LD © H) <c_2’ d_1>

1 1 1 1 _
JrJ1/cz+ 1/dy— (Wopu) <Cl dy ) +J1/cl—1/d1 (¥ op) <C2 d_2>] - =

< 0102d1d2(02 — Cl)(dg — dl)

ploylf )l 1
/ / A2l B2l d’f’zd?"l / / A2l B2l d?”ng’l
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1 la (1—ry) —r la (1— 7“2)15 1/l
(/ / AQZ BQl dTQd’f’1> </ / AQZ BQZ dT‘gd’f’1>

0*y 0*y 4
(/ / {7”17”2 3r13r2(017d1> +(1 — 1)1 arlam(c%dl)
1/q
82@ q a2lp q
+T1(1 —T'g) 8T18T2 (Cl,dg) + (1 —7’1)(1 —7”2) m(CQ,dg) }drgd'Tj)

01€2d1d2(02 — Cl)(dg — dl)

la lﬁ 1/
1 _
[ (/ / dTQdT1> (/ / T' TZ dT’Qd’l“l)
1 la (1—1y) (1—r) la (1- T2)lﬁ 1/
(/ / AZI le dTQd’I“1> (/ / A2l BZI dTQd’I“l)

oo q 2y 1/q
(e d)| + |28 ()| + |52 ()| + |52 (o )|
8 1
(7.40)
By calculating all integrals, we get the required result (7.34). O

7.3 Hermite-Hadamard type inequalities via Katugam-
pola fractional integrals

In this section we find inequalities via Katugampola fractional integrals.

Theorem 7.3.1. Let o, > 0 and p1,p2 > 0. Let ¥ : A = [c]', 5] x [d?,d5?] C
(0,00) x (0,00) = R be a function with 0 < ¢; < ¢, 0 < dy < do. If ¥ is also
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co-ordinated harmonically convex on A and W € Ly(A). Then

20’1“051 2d7? d5?
4 1 Cpl ) dp2 + d/2J2
< P1P§F(a+ DI(B+1) ( ch' b )a( dy*dy? )B
ch 1

B 4 2 — C d/2?2 _ dlfz
p1.p2 [8 v 1 1 prp2 o v 1 1 (7.41)
8 1er—1/di— (& op) C_Sl’d_? + 1/C171/d2+( o j1) @,d—,lu :

1 1 1 1
, a,f , o,
+ L e (Yo ) (W, F) + L 1 ja s (PO 1) (c{’l ’ d’f?) }

(C1 ’dpz) + W(Cl adpz) + W(CQ 7dp2) + LD(CQ ,dm)
_— 4 b

where p(u”,0”) = (G, 7).

Proof. Let (zP',y?), ("', w”?) € A and 11,75 € [0, 1]. Since ¥ is co-ordinated harmon-

ically convex on A, we have

v P11 yP2wP?
it + (1 —rit)zer rb2yre + (1 — r8?)we?

<P y) 4 (1= ) (a w?) (7.42)
+ (L= y) + (1= ") (1 = rg? )W (7, w™).
. aP1bP aPlbP cP2dP
By taking 2 = r”lam+(11 17» )bPl’ 2= ”1bf’1+(11—:~§’1)a01’ yr = r§20’32+(21—i§2)dp2’ wk =
cP2dr
T§2dp2+?1_2r§2)cp2 and 7' = rf? = % in (7.42), we get
27t ht 2ddy
cPl /71 ) dp2 + d/32
< 1 " et | d?db?
~ 4 it et + (1 =) rb2d? + (1 — rh?)dy?
ci'l Cgl dp2 dﬁ2 (7 43)
A (G T+ (L -
N " Cll?l Cgl dpz dﬂ2
7{71 Cgl 1 _ T‘ ) P10 2dp2 dp2
N v Cﬁ’l Cgl dpz dp2
Tll?l Cgl 1 _ 7” )Cﬁln )’ P2 d§2 dp2
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Multiplying both sides of (7.43) by r#** 17221 and then integrating with respect to
(r1,72) over [0,1] x [0, 1], we get

1 " 20‘{10’271 2d2 d5?
p1p2045 Ty CPl ’ dp2 + dp2

< 1 |:/1 / v < Cflchgl dpzdpz p1a 1 p2,3 1drldr2
il Jo " I A= R+ (1= )
1 rl P11 pz P2
e dy?dj 1p26-1
+ U L2 , pra 25 dridr
/0 / (Tflcfl)l + (1 _ Tfl)cgl Pzdpz 1 _ ng dp2> 1872
Cll’l Cgl dﬂz dpz
+ 7,{’1651 (1 _ Tfl) P17 2dp2 dpz

p1 p1 pz p2
+ /0 A 4 (Tflcgl (1 _ Tfl) P17 2dp2 1 _ ng dp2> ' 2 drldr?

(7.44)

pla ! 2’871dr1dr2

Applying change of variable, we find

9 Cin 012)1 2 dp2 dpz
C'Dl Pl ’ dﬂz + dpz

< 01P2045 c'cf \" [ diPdy ’
B b — ! dy* — df?
1/d1 1/61 a—1 ,8—1
X / — —u”? 1 vP? w2y L7 1 dudv
1/dy J1/es CT dTQ uPL P2
1/d1 1/c1
S S ) )
1 dg 1/ca
1/d1 1/c1 a—1 1 B—1 1 1
+/ / (upl — 7) (W — UPQ) w2y <—, —) dudv
1/dy J1/es dy upt -yl
1/d1 1/c1
TN |
L/dy J1/ca
Then by multiplying and dividing by p}=*ps "T'(a)T'(5) on right hand side of inequality
(7.45), we get the first inequality of (7.41). For the second inequality of (7.41), we
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consider

" et d?db?
T+ (=G T+ (1)
<ty (t, dy?) (L — )W (), d5?)

+ (L =)y W (e, dp?) + (1 =) (1 — rg?)W(ch', dy?),

" At d?db?
T+ A= )G B+ (1 -
< U d) (L= W )

+ (1 =)y w(e, dy?) + (1= ") (1 = rg?)W (5", d?),

A S —
T+ (L T (L
< UG ) + o (L Y )
(L= L ) (L (L= o ),

and

" At d?db?
TG+ (0= P+ (L)
< ) + 10 (L= (S df)
+ (1 =)y (e, dy?) + (1 — ') (1 = rg® )W (e, di?).

Thus by adding above inequalities, we get

p1_p1 po 102

N ( €1 Cy dy*d )
p1_p1 pIN P10 P2 P2 P2y P2
rielt (1 =ty ryrd? + (1 —1r5?)dy

iy ( fief! e dy: )
ritedt + (1=t ry?dy? + (1 —rf?)dy?

+ < p1_p1 C‘flcgl I\ P10 - P2 P2 dTngQ 02 2) (7'46)
riteyt + (L =)t ry?dy? + (1 —rg?)dy

L < bt d? db? )
BT (- R+ (1 D)

SU(AdP) + (e dS) + W di) + (', dy?).
Thus by multiplying (7.46) by 2**~'r£2°~* and then integrating with respect to (ry,7s)

over [0, 1] x [0, 1], we get the second inequality of (7.41). Hence the proof is completed.
[l
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Remark 37. In inequality (7.41), if one takes py = po = 1, « = B = 1 and using
change of variable x = 1/u and y = 1/v, then one has inequality (7.1).

Lemma 7.3.1. Let ¥ : A = [¢]*, 4] x [d?,d5?] € (0,00) x (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢o and 0 < dy < do. If 8?W/Or0ry € Li(A),
then following equality holds:

(!, ) + (S dg?) + (', dY) + () | pips T T (a+ DB+ 1)
4 4

P1 Pl a 02 P2 B
G dl d2 p1,p2 T8 1 1
X [ Lp
(02 Cl ) (d§2 — di&) [ 1/e1—,1/d1— ( © /L) Cgl ) dgz

1 1 1 1
a,fB o,
+ P p2[1/61_ 1/d2+(47 1) < dm) + P p2[1/62+ Ldy— (W op) (g,d—?>

[1]

1 1
1 1

_ U )~ )
1 ,01a p2,3 . . 2w Cflcgl dTngz
ﬂl pP2— d d
/ / A2 32 "2 8T167’2 ( Arl 7 B,ﬂ2 ) e
P1 a p25 92y PP AP P2
p1—1 pa—1 1 *2 1 "2 drod
/ / A2 32 a2 U " e, ( A, B, ) 2
) P (R g
/ / A2 B2 Tfl 1r§2 187’ or ( o jB : >dr2dr1
1 2 T1 T2

erz)ﬂ 11 pp1 92 C/1?1 61271 de dgz
drod
/ / A2 32 [ER Orors \ A, ' B, rodry |,

(7.47)

where

_ (ot 1) 0’1“651
4

—_
—
—

1/02+ W o [1,1> (cp17d92>

1

2

+ 7 1/C2+(WO/L1 ( Pl’dp2> + p1]1/1 WOILLI) (Cﬁﬂlm)
)

+ 7 1/c1 (WO[Ll ( P19
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ARACER) ( pds; )ﬂ
4 dy? — df?

1
o) (4 )
2
1 i} 1
+ pzllﬁ/dr(w o fla) (Cgl, d_§2) + P17 4,4 (W 0 i) (c’f ,d—/ljz) (7.48)

Y

(6% 1 1
+ 14,4 (W0 po) (Cg ’d_TQ)

and A,, = ri* e +(1=r{")h', By, = r52d? +(1—r52)d5?. Also, p(urt, vP?) = (==, =),

uPl?) v
(w07 = (0 and po(uft,v?) = (uP', L),

Proof. By integration by parts and using the change of variable u”* = ﬁ% and v”? =
1 =2

B
—»%>, we find that
dl d2

1,1 .p1a p2B 2 p1_P1 3P2 ,1P2
I (T S 0w citeyt di*ds drad
1= 12 B2 T 0 1 B rodTy
0 0 7179 1072 T1 T2

1
1,.p28 pro 1 P1 P2 P2
_/ 5 ™ ov <c1 o dydy )
o 2 1 _P1( P1 Pl )
o B picy &y (g — ") Ora \ Ay * By 0
a /1 rm_law <c§1c§1 d‘l’ng’Q) 4 L
T TP pi/,p1 p1 1 o ) 1 2
citeh (cht — i) Jo Ory Ap, By,
1 ..p28 P2 7P2
_ 1 / 79 Tﬂz—l ov (Cm dl d? )d?”g
- P1_P1( .P1 p1 2 2 2>
piey eyt (e — ') Jo B, Ory B,,

1 1 p28 P _p1 P2 1P2
o / a1 / h o ov (citcht di*ds ar b dr
TPl PPl P1 1 2 '2 ) 2 1
C1 G (CQ -G ) 0 0 Bm Ory A, B,

1
= lI/(cpl : dpQ)
o G (G — g — )
1
_ d??db?

- PL_PL P2 1P2 p? P1\ [ P2 P2 / 7,2,3 R4 (051’1_2) dry
prcftchtd?dy? (et — et )(dy? — di?) Jo B,,
e (15
1 A’rl y 2

1
- /

- p1,.P1,1P2 1P2 ( P1 P11\ (P2 P2
pacht ot d?dy? (' — it )(dy? — di?) Jo

1,1
. af / / pra-L -1y, alPlbPr P2 P> drydr
A dPd? () — N (dy —d?) Jo Jo Tt P A, " B,
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_ {w(CQ 7dp2)
crtehtdirdy’ (' — 4)(dy? —di?) [ pipe

(&) P2 102 B
pL'(B+1) [ di?d L1
- = o1 dpzl dez P2 l/dg—&-(w © ILLQ) Cg ; F

par a+1 Cplcpl (e e , N
i1 )( Y o) () + T+ DI+ )

P2 G — O €
APt N\ drrdar: \? o 1 1
N mi—5 ) o —m ) e ayms o) (== ) |-
Analogously, we have
(1 — tPr)ap\r2h 0w (bt dPdR?
I, — p1—1_ pa—1 1 *2 1 %2 drod
2= / / B " anon \ 4, B, )

_ 1 v(c',dy)
o' g drdy (cgh — o) (dy? — dp?) p1p2

2 102 B
poT(B+1) [ didh 1
+ 01 dp2 dﬂ2 pz]l/dz-i—(W © :u2) Cﬁl)lv d_gz

piT(a+1 BN\ 1, N
MOt D (D) iy o) (o) —staifia+ 00+

P2 2 — O Gy

p1p1 N\ @ p2 o2\ B
€1 Gy dy’ ds p1,02 T0 L1
X I v —_
(Fer) (o) miemeon (o) |

(7.49)

(7.50)
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tpla /\pg 82117 Cplcpl dp2dP2
— p1 1 p2—1 1 =2 1 2 d d
/ / A2 B " Oron ( A, B, ) 2
1

!p(CZ ) dpQ)
eyt dyrdy’ (et — o )(dy’ — df?) pP1p2

pD(B+1) [ drde \° 1
: 01 dp21_2dp2 le/dl (¥ o ps) Cgvﬁ

paF Oé—f-l Cplcpl (e N
P EHOED (D) oty @ o) (o) — staila+ DI+ 1)

P2 Cy — i

PLAPL \ @ p2 o2\ B
G % dl d2 p1.p2 TOLP 1 1
X I 1/ i
<62 Cl ) <dl222 — dll)2> 1/co+,1/d1— ( © :u) 0;171 ) d§2 )

(7.51)

tp1 —\P2 )5 IR RV} PPt dP? dP?
I, = p1 p2 1 &2 1% ) q4,.d
e / / A2 B2 "1 "2 8’/’187“2 Arl ’ B,,2 26
]' l*p(cl ) dP2)
AP ey — o' )(dSP —d) | pipe
PAT(B+1) [ d2d \° o1
: Py dpzl_ 2dp2 P Il/dl (Vo) | e, W

Cpil(a+1) [ it \T
i o) (T om) pl,d’” +pipsT(a+ DI(B + 1)

P2 5 — Ca

p1_.P1 a P2 1P2 B
chic dy?d, p1.p2 T8 1 1
X 1 1 —. — .
() () " won (G

(7.52)
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Then from equalities (7.49)—(7.52), we find

L —1,— I3+ 14
W)+ I ) (R ) + W )
pupa AT (T — A — )
PAT(5 + 1) (e )5

o P1_P1 3P2 1P2 ( P1 o1 02 P2 P2 02
prcy’ eyt dytdy? (ch' — oft)(dy? — di?) \dy — df

1 1 1 1
% [ P2[1f8/d1_(@ o /1’2) <C/l) ’d_§2) + 92116/111_(@ o /Lg) (CS ,d—g2>

(0% 1 1 (6% 1 1
+ P07, (W o o) (CT 7ﬁ) + 14,4 (W 0 o) (0’5 W)]
1 1

. e+ 1) (fy
B GG — NG — )\ G~
o 1 N 1
X [ 01]1/62+(&D o fi1) (CW’ dg?) + PlII/CQJr(LT/ o f11) (CW’ dfl’2)
1 1

2 2

pipaL(a+ )I(8 +1) ( ey )a ( dy*dy’ >’B
&

P1 .P1 1P2 P2 ( .P1 P1 P2 P2 Pl P2 P2
cytehtdi?dy’ (' — cf )(d2 —dj ) dy* — dj

b=t
1 1 1 1
P2 TOLB P2 TOLB
% [pl p2]1/c17,1/d17(wou) (@’ d_’f) + A p2]1/c17,1/d2+(wou) (@7 d_/fQ)

# P o) (o) + P H o) (—d)]

1 1 1 1
, 0476 5 0476
+ P L e - (P o ) (?@) O 10 (P 0 1) (?f> ]

(7.53)

P1 P1 P2 gP2 (P _ P1Y( P2 _ gP2
pipacy ey ditdy (cy —cy7)(dy” —dy

Multiplying by 1
get the required equality (7.47). O

) on both sides of the equality (7.53), we

Theorem 7.3.2. Let ¥ : A = [c]', 5] x [d?,d5?] C (0,00) x (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢y and 0 < dy < dy. If |0*¥/Or 0rs] is a
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harmonically convex on the co-ordinates on A, then following inequality holds:

V(' ) +U(S dg?) + (', dY) + () | pi s T (a+ DTG+ 1)
4 4

p1_p1 e? P2 P2 B
€1 Gy dy’dy p1,02 T0 L1
X | ——— —_—= I "4 _
() (7%) [ ey o1\ g

1 1 1 1
a,f a,B
+ P1, pQIl/cl— 1/d2+(§p0/1,> (T7W> —+ P1, p2[1/02+ 1/di— (LPO/L) (?,W)
Cy Oy € Qg

—

1 1
+ P1P2]1/c2+1/d2+(W0/1) (C—Tl7d—§)2>

Qe — (g — dp) : w
< dp2 9 dpz
S B )+ DTG 1D | |Fron @ 0| T 5y )
o0*w o0*w
19 - dP2 19 Pl dPQ
+ s 87”187”2(02’ ) + U (9’/’18’!"2( )]7
(7.54)
where

p1

dﬂ2
= (a+1)(B+1) Gy (2,04—1—2;04—1—3;1—%) G, (2 B+2;6+3;1— )

. dﬁ2
L1

a
+(B+1) 5 (2,2;a+3;1—%) 2, (2 B+28+3;1— )

: o

C,llJl dPQ
+(a+1)5Gy (2,a+2;a+3;1—?> Gy (22ﬁ+31 dpQ)

G

P1 Cl P2 dpl
+ 5G| 2,2;a+3;1 - 2G1225+31_ﬁ’
c'
(7.55)

P1

dﬂz
ﬁz=(5+1>§1G1(2a+1a+31 Zp) §2G1<25+2ﬁ+31 )

P2
2 d

P1 dp2
+(a+1)(5+1)§1G1<2,1;a+3;1—%) 5201(25+25+31 )

2 dp2
o1

c dy?
é) Jen (2 2: 3+ 3: 1—dp2)

e
+(a+1)§1G1(2,1,a+31 Zl)§2G1(225+31 dm),

2

+ Gy (2,a+1;a+3;1—

(7.56)
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o1

7
193:(0z+1)§1G1<2,a+2;a+3;1—%> §2G1(2B+1B+31— )

4 dP2
P1 Cl P2 dp2
+ 5G (2204315 ) PG 28+ 18 +31 - y
2
P1

dy?
+(a+1)(B+1) 5'Gy (2,(1—#2;&—1—3;1—%) Gy (2,1,ﬂ+3 1-— )

2 dy’
p1

dp2
+(5+1)§1G1(2,2;a+3;1—%> 52G1( 8+ 3;1— dp2)7
2
(7.57)

p1 dﬂz
194:’2“(}1(2,04—}—1;@4—3;1—%) ngl(Zﬁ—i—l B+3;1— )

02
5 d,,

e
—|—(a—|—1)§1G1(2,1,a+31 Cl) ‘2’2G1(26+1 B+31— )

A a5’
d?
+(B+1) g’lGl( a+1;a+ 3; 1—%) G (2,1”6+3 1_W>
2

Ciﬂ dPZ
+(a+1)(6+1)51G1<2,1;a+3;1—cﬁ) 5%&( B+3;1— dm)'
2
(7.58)

Here

1 1
) / (u)2 (1 —w”)* 2 N1 — yu?) " “ul du,
0

G (cr, o3 13y) = Py E——
Y

forx >cy >0, |yl <1, and

1
Mene) = [ @) (1= )
0
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Proof. Using Lemma 7.3.1 and triangular inequality, we have

D )+ W ) + U ) () T DTS + )
4 4
s N drdy | s 11
1 ] W R
(757) (F% a7 210 g g
1 1 1 1
1,02 T8 1,02 T8
+ P /’[1/0171/d2+(wou) (C—gl,d—lf)—{— p p[1/02+1/d1 (W [L) (C—fl,d—gQ)
1 1Y
1,02 T8 —
+ L1y (PO 1) (E’ de) =
_ p1p2cf121cg1dp2dpz< p1 Cﬁﬂ)(dgz i df2) pla P23 p1 | et
= A2 B2 "2
02w 44 dp2dp2 et L e
X 8r10r2( drydr, — / / A2 B2 "l
aqu 01171651 dp2dp2 Pla ﬁ 1 o1
X 0r18r2< dredr; — / / A2 32 r{’ 8
a2g', 01171051 dp2dp2 7“52)5 1 g1
X 9o ( drodry +/ / A2 32 nerd
a2lp Cll)l cgl dP2 dpz
drodry |.
% 87’167’2( r2an
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. 2 . .
Now since |22 | co-ordinated harmonically convex, we get
Or10ra )

(e, d?) + W(et, dy?) + (', d?) + Wy’ d?) it oy "T(a+ DI + 1)
4 4

p1p1 N\ @ p2 gp2 \ B
(F-7) (@ w) [ e\ g
11 11
+ I g (PO ) (gf) + I (P o p) (g@)

1 1 —
1 1

p1p201 c§1dp2dp2( cfln)(dgz . d‘fQ) / / p1a pzﬁ
- 4 A2 32
L=r)erg? =)t (=)A=
1 2
A2 B2, A2 B2, A2 B2, |
o0*w o*w
X {Tfl 7,5’2 8T18(01 7d§2) (1 - Tfl)TZ arlar2 (CZ 7dp2)
0*w 0w
+ Tf:l(]' - T§2) 87’187’2 (Cl 7dp2) + (1 - Ti)l)(l - TSQ) @7”187"2 <C2 7dﬂ2) }dTerll
01[7201 BT AR (B )(d5? — d8?) o p2 e 526 (1— Tfl)aTSQB
4 Tl TZ A2 B2 A2 B2
T1 T2
pro P2\p3 P1 2
ri (1 —r5?) (1 —r)*(1 - 7"2) =1 po1| OW 2
A2 B2 + yoN:) }7"1” 5 oo, ——— (", d?)| dradry

pl plarggﬁ (1 . T’fl)aTSQﬂ
- A2 Bz T A B
r1TTr2
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UL Q= ) | OO
A2 B2 A B2 }rfl rh o, (5t dP?)| dradry
Tflargz,b’ . (1 . Tfl)ar§2ﬁ
A2 B2 A2 B2
T T2
i )B (I—ri") (1_7’52)'8 1 pe1| OPW
A2 B2 A2 B2 }Tfl ry? D101 (cf", d3*)| dradry (7.60)
Az B2 Az B2
p104 B P1L P2\ B 2
—75°) (1 —7r7)*(1 —7r5?) } p1—1 pa—1 o°w
d5?)| dradry | .
Angg A2 B2, mTE o, (@0 %) dr2dn
After some calculations we get the desired result. O

Theorem 7.3.3. Let ¥ : A = [c]', 5] x [d?,d5?] C (0,00) x (0,00) — R be a partial
differentiable mapping on A with 0 < ¢; < ¢y and 0 < dy < dy. If |0*W/Or0rs|?, q > 1,
s a harmonically convex on the co-ordinates on A, then following holds:

(!, di?) + (e d5?) + (' dP) + () | pt e T (e DT(B+ 1)
4 4

pLp1 N\ @ p2 o2\ B
X 1 v —
<¢ q) Q?-w>[ eV oM\ G
_|_P192[ (LPO ) ii +PIP2I (![/o ) ii
1/01— 1/d2+ M Cgl’d?2 1/c2+ 1/d1 M Cll7l7d§2

—_
J—
—

1 1
+ p192[1/02+1/d2+(lp0/j/) <E,d—‘1}2)

p1pach di* (5! — cf')(dg? — df?) [ 1/p
~ Achtdy? [prpa(pa + 1)(175 + D]/P

2 q
aflgw( 1 dm) + pr aflgw( Pt dpg)

( ZERICE

2w
8r18r2( P dp2)

+@”+@”+ﬁﬂ

q
P2 + 0102 | 5,79, o (c5", d5?)

1/q
(p1+1)(p2+1) ) 7

+

(7.61)
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where
p1

e
%) Jen <2p,p5+1 pB+2;1— dm)’ (7.62)

vy = 5'Gy (2p,poz+ Lipa+2;:1—
2

P1 dp2
vy =BGy (Qp, Lipa+2;1— c%) 02Gy (Zp,pﬁ +1;pB+2;1— dm) , (7.63)
2
/171 dPZ
v = 5'Gy (217,1?04 + Lipa+2;1 — Cﬁ) 5 Gh (QP, Lpf+21— d”2> o (7.64)
2
,i1 dPZ
vg = 5'Gy (219, Lipa+2;1— 67> G (22?, LipB+2;1— dﬂz) : (7.65)
2

Where 5 G1(c1, co;u;v) is defined as in Theorem 7.5.2.

Proof. Applying the Holder’s inequality for double integrals in (7.59), we get

(e, di?) + (! d5?) + (' dP) + (' ) | pi e T (a+ DT(B+ 1)
4 4

p1p1 N\ & p2 o2\ B
X I 4 — =5
<c§1 ) <d§2 —d’f2> [ eV o1\ G

1 1 1 1
a,f3 «
+ P1p2]1/cl_1/d2+(Wou) (0_’2)17(1_’1)2) + P1p2[1/02+1/d1 (¥ op) (c_’f“d_’f)

—

1 1
+ P1P2]1/C2+1/d2+(WOM) (C_fln’d_ﬁlm)

LT ACRLAITEL

/ /1 PPlOt Pﬂzﬁ D) plor—1) 1/p
p(p1— P p2— dT’ dT
Ut Ty 241
A%fB%f

IN

X

(1 7P )parpmﬁ L L L/p
4 / / ;p 2102 Tf(pl_ )ré’(m— )dT’erl
0 0 ATlBT‘Q
1 1 rzlJpla(l . ng)pﬂ (p1—1) (pa—1) 1/p
—i—(/ / T AR dr2d7’1>
0 0 A’r‘l BT2
1 P\ pa P2\pB 1/p
1 pa(] —
4 (/ / ( Tlf)ﬁp(B r5° )P Tf(pl 1) p(m Dy d7’1> ]
1 r2

q 1/q
d’l“gd’l"l) .

[ L 1s:

(cﬁflcgl d’f%l?)
Y
87"187"2 T1 BT2

(7.66)
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q
o°f
ETE ,Weget

W df?) + (] d?) + (' ) + (' dE?) | gt ps T T (e DT (B + 1)

4

( e >a< d?db?
X

P2 P2
02 Cl dy* — dj

+ p2[l/c1— 1/d2+(w o u) (

+ Plp2]1a/f2+1/d2+(!p0/vl,> (

IN

,010201 021 d,02 dpl ( Pl ) (d,gz

s

P11 dp2

1 1

CT1 " dP?

:)

—dr)

1 1
2 70
" Il/cl— 1/di— (Vo pu) (gwﬁ)

1
)+ p1p2[1/c2+1/d1 (LPO/L) (CW’W)

[1]

/ /1 pma pp2,3 D) ploa—1) 1/p
Pl PPQ dT' dT
T Ty 1
A%fBE%’

p1 pa ppzﬂ
/ / AZ{’BZS

1 Pma )
/ / A?{’B

1/p
r? (pl_l)Tg(pZ_l)dTQdﬁ)

1

</ / A%?B

0*w

+rt (1 —r5?)

87’187’2

0*w
+ (1 =r)A =)

87“18’1"2

T (g

87’1 87’2

q

1/p
7,2,02 )pﬁ 7“110(/)1 1)7'127(p21)d7”2d7“1)

(cl ) dp?)

(c5", d3?)

_ _ 1/p
T,P(Pl 1)7,127(/)2 1) dry d'r’l)

q
+(1— T'fl)TQ

q 1/q
}dT’QdT’1> .

q

0*w
(97'1 87"2

(02 ) dp2 )

(7.67)
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Here

/ /1 pma ppzﬁ 1) p(pa—1)
p(p1—1), p(p2—
r drgdrl
T 20 p2p 2p LSt 2

1 ppla pp25 1 .
p1 2— d
rodr
2 1 2 1
/ / AT{’B

—de 2p Cpl
Gy (2ppa+1pa+21 )
~ pipa(pa+ 1)(pB + 1) 2 '

4w
5 G (219 pB+1;p8+2;1— d’”) ,

1 B
(A =)™ poi=1), plo-1) g, g
2 2P 1 D) rodT

0 ATlBTQ

,01 pa P,U2/3 1 1
/ / 2p 5 T dredry
A By,

62_2pd2 2p ) Cll)l
- X PG| 2p. 1: 2:1 — —
mpapa+ D(pB+1) 2 1(“ Pt )

dﬂ2
x 5G4 <2ppﬁ+1pﬁ+2 1— d”?)’

1 pﬂ10é pB
/ / A2p32p ) Tll?(pl—l)rg(pz—l)dmdrl
r1 Dry

1 pmoc )pﬁ ) L
/ / 2p 2p T dredry
A By,

B C;2pd2 2p
prp2(pa+1)(pf + 1)

SQGI <2p7 17pﬁ+ 2 1

]_ _
/ / a A2PB2P — i) 2D ey

p2\pB
—15°)
2 p1—1 _p2—1
/ / Agp 2p ritry? dredr
TIBTQ

o 2pd 2p ) Ci’l
= x 5'G 2p,1;pa+2;1——>
prp2(po+ )(pB+1) ~ > 7 ( o'

x 2G| 2p,1;pB + 2; 1—dp2
2 1 P, ;D dp2 )

Cpl
Gy (Zp pa+ Lipa+2;1 — 7 >
2
dﬂz)
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1
1
rPrP2drodr ,
/0/ L2 T o D (e + 1)
e P1
1 — ) rb2dredry = :
//< 1)ry dradr, (p1 +1)(p2+1)
P2
2)drodr ,
// S (pr +1)(p2+1)

P1pP2
1 — 7" (1 — rf?)dredr; = .
/o/o( P = ratdndn = O T

Putting the values of above integrals in (7.67) and after some simplification, we get the

required result (7.61). O

Remark 38. By taking p1 = ps = 1 in Theorem 7.3.1, Lemma 7.3.1, Theorem 7.5.2
and in Theorem 7.5.3, we get similar results for co-ordinated harmonically convex func-

tions via Riemann— Liouville fractional integrals.

7.4 Hermite-Hadamard-Fejér type inequalities via Katugan
pola fractional integrals

In this section, we find some Hermite-Hadamard-Fejér type inequalities for co-ordinated

harmonically convex functions via Katugampola fractional integrals.

Definition 7.4.1 ([59]). A function ¢ : [c1, ca] € R\{0} — R is said to be harmonically

symmetric with respect to 2cica/(c1 + ¢a), if
1
o) = | +—1—7
I3

For the results on co-ordinates we need some results on one dimension.

holds, for all u € [cy, c3).

Lemma 7.4.2. Let p > 0. If ¢ : [¢], 5] € (0,00) — R is integrable and harmonically

symmetric with respect to 2¢ich /(c] + b)), then

oy (60 ) (1)) = %[ Fjer (00 m)A/) 4“1y, (60 1) (1/)]

= PI{), (P o p)(1/ch),
with o > 0 and p(u”) = 1/u’.

(7.68)
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Proof. Since ¢ is harmonically symmetric with respect to 2¢{ch/(c¢] + ¢5), then by

definition we have gb( =) = qz5< , for all w” € [%, Cip] In the following

1+1_up

integral, by setting x” = Z + Cip — up glves

l—a o /] ol 1
pI?/C2+<¢ o M)(]‘/C’?) = ?(a) /1 (6_1 - ‘Tp) x.p—lc (E) dx

This completes the proof. O
Remark 39. In Lemma 7.4.2 as p — 0, we have Lemma 2 in [47].

Theorem 7.4.1. Let p > 0. Let ¥ : [}, 5] C (0,00) — R be a harmonically convex
with ¢1 < ¢ and ¥ € Lylcy, o). If ¢ = [}, 5] € (0,00) — R is nonnegative and
harmonically symmetric with respect to 2cc5 /(¢ + ¢4), then the following inequalities

hold:

¢< AL ) Pl (00 M) + (00 )1/

ch+ch
< [PIf)e (W o ) (1/ch) +° Iy (W 0 1) (1/F)] (7.70)

VAVTIE) orgy, (00 m)(1/eh) +9 (00 m)1/D)] .

IN

with o > 0 and p(u?) = 1/u”.

Proof. Since ¥ is harmonically convex on [¢f, ¢5], we have for all r € [0, 1]

2cich \ v 27
A+d) (ree + (1 —rP)cb) + (recdh + (1 — re)df)
w c’ljcg W cfcg (771>
< (Tl’cfl’—k(l—rp)cg) + (TPC’Q)—&—(l—rp)c’l’)
>~ 5 .
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Multiplying (7.71) by r*~1¢ (L) on both sides and integrate with respect

rPch+(1—rr)cf

to [0, 1], we get

o 2c]c2r /1 rar14 s dr
d+d) ) rech + (1 —re)d)
1 pp pp
e e
< [ e 2 2 d 7.72
- /0 ’ (rpc’l’ + (1 —rr)ch ¢ rech + (1 —re)df " (7.72)

+ /1 ,r,ap—lw C/fcg ¢ CTCS dr
0 rech + (1 —re)cf rech + (1 —re)d] ’

Since ¢ is harmonically symmetric with respect to 2c{ch/(cf + ). By setting uf =

o o
rPch4-(1—rP)c
cfeh

PP\ 2P 1/c1 1\« ! 1
9 ( p61€2 p) N ( pclczp) / <up _ _p) ¢ (_) du
Cy — €] )+ ¢ 1/es Cy urP
1 _

, we get

o c1 a—1
< CTCQ /1/ up - W ; ¢ i du
T\ 1/cs b L+ L —w uP
1 )
1/ex 1\ 1 1
R CEEN TEA PN 779

1/es Cy uP ur

h—c e\ up R

1 2

1/er 1\ 1 1
o (=) () (5) ]
1/es Cy ur ur

Therefore, by Lemma 7.4.2, we have

(F2) omtew (25%5) Pl (60 /) + B (00 ) 1/0)

ch—cf d+ b

s( A ) () [PL, (060 p) (L)) 4 I, (W o u)(1/cL)]

P P
Cp —C

(7.74)

This completes the first inequality.
For second inequality, we first note that if ¥ is harmonically convex function, then

we have

c’l’cg cfcg o o
v + v <y + v . 7.75
(rpc'f + (1 — rp)c’g) (rpcg + (1 — Tp)ci’) - (Cl) (62) ( )
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Multiplying (7.75) by r*~1¢ (L) on both sides and integrate with respect

rPch+(1—rr)cf

to r € [0, 1], we get

/1 ,,,,Oép—lw Cll)cg ¢ CII)CS dT
0 rech + (1 —re)dh rech + (1 —re)c]

o p ' 1 cheh
< (¥ v P d
= ( (Cl) + (62>>/0 r Qb (Tpcg + (1 N Tp)cll)) r,

ie.,

( = ) PUTI(@) [y (W 0 1) (1)) +° 15y (W6 0 ) (1/¢5)]

ch—cf
A N V() +P(A) 1) N
< ( 1_1,;) P (@)= Ly, (60 p)(L/ch) +° I, (60 ) (/)]
(7.77)
This completes the proof. n

Remark 40. In Theorem 7.4.1,
1. If p — 1, we get Theorem 5 in [47].
2. If p— 1 and o = 1, we find Theorem 8 in [19].

Now we are able to give result on co-ordinates.

Theorem 7.4.2. Let o, > 0 and p1,p2 > 0. Let ¥ : A = [c]', 5] x [d?,d5?] C
(0,00) x (0,00) = R be a co-ordinated harmonically conver on A, with 0 < ¢; < ¢,

0<dy <dy. If ¢ : A — R is nonnegative and harmonically symmetric with respect to

P1 .P1

2¢it ¢! 2d°2 472
1 2 1 2
on A. Then
Cfl -‘ngl ) d§2+d/272

W 20/1)1 0/2’1 2d11)2d§2 p17p21a7/3 (¢ o [1/) i L
Cfl + 651 ) dtl)z + d/2)2 1/c1—,1/d1— C,gl ) d/272
1 1 1 1
, a,fB , a,B
+ 7 p211/c17,1/d2+(¢ o i) (c_’gl’ d—,im) + 7 p2[1/c2+,1/d17(¢ o 1) (E, d—gg)

1 1
B avﬂ
+ 7 p211/82+,1/d2+(¢ © 'u> (Cpl ) dm) :|
1 1
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1
) « ﬁ
=1 { P e ga-
I Oé7ﬁ
+ ” p2]1/62+ 1/d1

1 1 N
(Y¢opu) (@ d—gz) + IR (Fhop) (

1 1
1,02 0575
(Voo pu) (?’ F) + s 1 jap (WP O 1) (

1 1
1 1

.

(01 7dpz) + L-0(01 >dp2) + II/(CQ adm) + W(02 ’dpz)

- 4

<| o) (o

+ P1,p2If‘/i+1/d1 (gbou)(

1 1
b aﬂ
P1 p211/01_71/d1 01 dp2) +

holds, where p(uf',v”?) = (o, =) -

7/8
1, p2[1/cl_ 1/d2+(¢ /L) (

1 1
bl Oéﬁ
C_ll)l,d_gz>+ 9102]1/02+1/d2+(¢ /L)(

1 1

1 1

(7.78)

Proof. Since ¥ is co-ordinated harmonically convex on A, we have

P1 P1
2c)7 ¢,
dﬂ2

o1 P10 p2
ity dl

25 d? )

_ 1 Cfln cgl dpzdﬂ2
— 4 Tfl Cﬁfl + (1 ri)l) P17 2dp2 dp2
pL_p1 dpzdpz
+v p1_p1 - P17 pz 2 D2 (7'79>
ritet + (1 =1 ds *)dY
+ W CTI cgl ,02 dPQ
et + (1 — et r?d? + )db?
+ lp Cfl Cgl dpz dpz
et + (1 — et rb2db? + (1 — rb?)dy?
P10 402 dl?

Multiplying (7.79) by r£*® 1820~ 1¢(
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7';)10514»(177' ) 11117 p2dp2+(177'§2

) dp2) on both sides
1



and then integrating with respect to (r1,72) over [0, 1] x [0, 1], we get

" 20’{10’2’1 2d7? d5? ool pzﬁ n
+ Cpl ) dp2 dp2 1

P1 .P1 P2 JP2
C1 Gy dy*dy
¢( pL_p1 pLY P2 P2 . pz) dridrs
eyt + (1 — Tl Dett rytdy? 4 (1 —1r5?)dy

- 1 / / 6/171 C/2)1 dﬂ2 d§2
=1 TR (L= ) B+ (1 — )

e dp?db? 1 _p2B-1
. pro— 02 d d
¢ (Tflc’gn + (1 =r{")E rPdy? + (1 —rf )dm) . e
A S
A (L= )G R+ (1= )y (7.80)

et A d?
X & 1 G2 1 Yo P 1 pzﬁ 1d7’ 1dry
T+ (i g+ (- )

/ / ( At di?db? )
T (L= )d P+ (1= )
p1 p1 P2 1P2
€1 & d d pra—1 Pzﬁ 1
X drid
¢Q¢é“+ﬂ—r)€“pﬂ? (- w”)“ e
/ / Ci)lcgl dp2dpz
et + (1 — ) rb2ds? + (1 — r?)d!?

p1 _p1 P2 p2
X ¢ ‘1 & did; perelpp2B=1q, qp,
I T Q- Bl (- )

P1 P1 P11 P1 P2 P2 P2y P2
) +(1— df2 £ (1—rP2)d )
By change of variables uft = -2 Cp(lcplr 1) and o2 = T2 dﬂ(z d”§2 )47 and using the
1 =2 1 2

symmetric property of ¢, we find
CTI 651 a dqz dgz B v 9 C’fl 651 dpz dgz y
Pl Cl dp2 _ dp2 ‘|‘ Cpl ) dp2 n d/2)2
1/dy 1/c1 a—1 1 B-1 . . 1 1
uft — ? v — — uPr T dudv
1/ds 1/cs d Upl sz
_1 ( C/111cg1 >a ( dpzdpz ) {/l/dl /1/01 (upl - _> a—1 (vm B L)ﬂl
= 4 pL Cl dpz dpz /d2 /62 P1 d,gQ

1 1
x w1 Py T ) (—, — | dudv
gr g g g e o
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1dy pljer a-1 1\
uft — v — —)
//dg //02 > < de
1 1 1
’_) & (—, —> dudv
Ao L e e upL” vP?

At
x cPrLgr2— 1¢ 1
1
p
Co
1
1
1
Pl

1/d1 1/C1 1 ]. -1
uft — v — —>
//d2 1/c ( 5 ) < a3’

x uft Py [ — 2 ¢ (_’ _> dudv
uPt oy + 2oy — VP2 upr P2
1
1dy pl/er a-l 1\
SDL ) )
/d2 /C2 d2
. ) 1 1
% uPr lpP2— 1y Qﬁ _— dudov
wht’ vP2 upl VP2
c‘flcél 442 d5? /”dl Her AR A
p1 dﬂ2 dﬂ2 / do /62 Cl dll)2
1 1
Xyt~ tyr2 g — 1 T ' 1 2 dudv
T pP2 T T U m tgm —u?
& ch dy dy

1
uP
1/d1 er /1 1\
e
/d2 ¢ A d2
1
ur
d

uft —

1

/

1 1 1
X uPrtyP2 T 1Ll7( —> ( i 1 ’_> dudv

P2 s + T T uft vl

cy Co
1/d1 1/01

up
/

\—/
/\
H&t| —

N

|

<

)

N
\/
i)
L

2
/2 €2

1 1
x uPrlyre 1117( > o 1 2 dudv
uPt’ pe2 uPl el + el vP2

51
1
ult — ) (U” — —)
/dz /02 &'

1 1 1
x uPr P2y (— > (—, —) dudv}
upt P2 uPt P2

1/d1 1/01

(7.81)
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Thus, we get
T()T(B) [ e \* [ d2d? \’ v 2(;5’1(;51 2d°2 45
et \g-a) \g-e) oo w e
1 1 1 1
a,fB a,B
{ p1, pz[l/qi Ly (o p) (?’ F) + P pz[l/qf 1/d2+(¢ o) (ga d—fg>

1 1,02 T8 1 1
P dp2) + P [1/624- 1/d2+(¢ 'u) (Cpl ) dpz)}
' L (7.82)

. F(Oé)F(lﬁ) ( e ) E s )5
0

p1,p2 T8
+ ' 2Il/cz—l— 1/d1

4P1 a B dﬂ2 dpz

a3
X [ P1, p2]1/01_ 1/d1 (

1 1
( ) "o (3 )
+ p1:p2 [ (¢O ) 1 + p1.p2 [B (o) L i
1/co+,1/d1—\P O 1 c’f“d? 1/ca+,1/dp+\P O 1 LA )

This completes the first inequality of (7.78). For the second inequality of (7.78), we

consider
Pl P1 dpzdﬂ2
v P1 .P1 L P17 P2 P2 p2 P2
et 4+ (1 =) rB2d? + (1 — rh?)db
N CllJl 01211 dp2 dp2
T+ =G P+ (1— )
+ g/ Cll)l Cgl d,02 dp2 (7 83)
,r.fl Cgl —I— (1 Tfl) P17 2dﬂ2 dp2
L At d’”dp2
T{)1cg1 + (1 _ ’I“ ) P17 2dp2 dp2
S W(Cl ’dﬂQ) + W(C2 7dp2) + l*p(cl 7dp2) (C2 ’dPQ)
CPI P1 P2 P2
Thus by multiplying (7.83) by 7"~ 17"525 Lo <r{’1 1+1(12r"1)c’1’1 , T§2d§2ﬁ(1d_27ﬂ§2)d§2) and then

integrating with respect to (r1,72) over [0,1] x [0, 1], we get the second inequality of
(7.78). Hence the proof is completed. O

Theorem 7.4.3. Let o,5 > 0 and p1,p2 > 0. Let W : A = [f', 5] x [d]?,d5?] C
(0,00) x (0,00) — R be a co-ordinated harmonically conver on A, with 0 < ¢; < ¢z,

0<dy <dy and ¥ € L1[A]. If ¢ : A — R is nonnegative and harmonically symmetric
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A1 _.P1 P2
with respect to %, 3,?2:;,,2 on A. Then the following inequalities hold:

2t 247 dE? wp 1 1
v ( 1y C/)1 ) dpz dgz p1,p2]1/,017,1/d17(¢ © :u) ga d_gg
1 1 1 1
a,fB a,B
+ Plp211/6171/d2+(¢olu) (@’Tf?) + p1/72[1/62+1/d1 (pop) (E,d—gz>

1 1
a,B
+ L ka4 (PO 1) (C_’fl’ d—i,g> ]

< MY, - [(WO/M)( 217%> "1 f/dl (¢ 0 p2) (%7dig)z>:|
. [@om)( 1jd—dd) g f/dl_@s ) (2|
+ et {(Woﬂl)( })17%) P2 f/d2+(¢ f2) (%70%2 _
bty o) (5% ) Pt om) (g |
+ pQIf/dlf {(WOMQ) (%, d}u) 1/CQ+(¢OM1) <$,dig2)_
+ p2[lﬁ/d2+ {(Wouz) <%7 d}q) pl[f‘/clf(mul) (%7%;1)2)_

2691091 1
B 1 C2
- p211/d2+ {(!p o fu2) ( Py CPl ) dpz
¢

11 /101
B
= 2{ PP Ly (P o p) ( "“d"2) + L s (PO O 1) <@d_i’2)
P, ng /4 1 1 pLP2 | U 1 1
+ 1/co+,1/d1— ( ¢Ou) E’d_l; + 1/02+1/d2+( ¢OM) C:‘171’d_1172
<

1 1 1
P1 ?/Cl_ {(Woyl) ( p17d02) pzjlﬁ/d (¢ o us) (@’ d_?)]

1 1
+ P1 1/01_|:WOM1 < ,01’dp2) PQIlﬁ/d (QSO/J/Q) (W7w>:|
¢y’ dy

1 1
1 2 2 78
+ ° mﬁ{;z?oul <pl,dp) ”fl/d2+(¢oﬂ2) (@’d_f?ﬂ
(7.84)
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(o)
&' dy
1 1
Y (U opus) | 1, P (o) (— —)
1/d2+ 1 dp2 1/co+ I dll)
+ ﬂzll/dJr{( cgl,dm) I (dom) <p1,dp2)
l*0(01 (A7) + W (e, dy?) + (5!, d?) + W (cy', dy)

4
1 1 1 1
a,f o,
e ateon ()« o0 ()

11 11
+ I <¢ON)< p17dp2) + Py (D0 1) <gd_§2)}

1

Where N(um’vm) — (u%?v%), Ml(upl’vm) — (vam) and Mg(u91’U92) = (uﬁljm);

respectively.

Proof. Since ¥ is co-ordinated harmonically convex on A, then we have ¥ /01 : [df?, d57] —

R, ¥y jyer (072) = ¥(—=+,v7?), is harmonically convex on [df?, d5’] for all u”* € [62%1, C;%} :

Then from inequality (7.70), we have
o (L 2drds // = Y g (L Y g,
I'(B) P’ d? + db? 1/ds dy? uPt’ P2
Y/ ot 11
P2 p2—1 -
Jr/1/d2 (dm ‘ ) ° ¢<Um’v”2)dv}
1—5 l/dl 5_1

P2 1 1 L1
< P2 p2 _ re=lys( — —)Q
= T(8) [/w ( ds’?) e (u o)

Vdi /g p-1 11
P2 p2—1 .
o ) e () )
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< (uﬂl 7dp2) (upl dpz) 1/dy o L p—1 Up2_1¢ L L do
> 9 dP? uPL’ P2
1/dy 2
1/d1 1 B—1 1 1
L G )]
1/ds dl upPL " P2

ur1—1 (upl —Tl)a ' wr1—1 (%7up1)a71
Multiplying both sides of (7.85) by ST 2) and pacllr( ) , and inte-
1 1 @

grating with respect to u over [é, é], respectively, we get

1 “p 1 B e pl/d a—1 -1 y 10
{ / / / (um _ _) (v”2 _ L) wP—lyr g (L’ 2d?df )
1/co 1/da de uPL d/l)Z + deJQ
e p1/d 1\ /1 B-1
X ¢ ( ) dvdu +/ / (u”l - ?) (W — 1)02) w1yl
uP1 /d2 & d1
1 2dpdy
x U ( ot d’”) ( ) dvdu]
M 1/c1 1/d1 o i 8—1 upl_lvm_l
INGIINGE) /02 /d2 5
1 1 1 1 1/er pl/da a—1 1 B—1
AR D )
urlt P2 uPl1 1es 1/ds dl
1 1 1
X ult P 1¢( )¢< )dvdu}
uPL’ pp2 uPt’ P2
1—a 1-08 1/c1 1/d1 a—1 1 ps—1
Gl g () e
c2 2
1/01 1/d1 a—1 1 B—1
XU | — dp2) b ( ) dvdu—i—/ / (upl _ _) (_ . U,;Q)
( p2 /C2 /d2 d?2
1 1 1 /e p1/dy a-1
X u01—1UP2—1L_D (— dpz) ¢ <_ _) dvdu +/ <up1 _ _)
uer’ 1 p1’ P2
/CQ /d2
1 A-1 1 1
p2 _ p1—1,,p2—1 = P2 Il
X (U dp2) u v W (upladQ ) QS (up1 y 'UPQ) dvdu
1/e1 1/dy a—1 1 B—1
/ (um — _> (W _ Upz) upl—lvm—l
1/co 1/d2 dl
1 1
XW( d2)¢<%,ﬁ>dvdl{|,
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and

1 a 1 B 1/c1 1/dy a—1 B—1 02 1p
- v’ — 1 I 1/ 1 2d7dy
ver S \ a7 D
1/c1 1/d1 a—1 1 p—1
X @ ( ) dvdu +/ / ( 1) (W _ Upz) uPr—lyr2—1
/C2 /d2 dl
1 2dp2dﬂ2
v (um W) ¢ (77 UT) dUdU}
1 “ 1 B 1/er  pl/dy a—1 1 B—1
L L G () e
1/ca J1/d2 Cl dy?
1 1/01 1/d1 a—1 1 ﬁ—l
(ol 2 ()
upl VP2 uﬂl 1/es 1/ds d1
1 1 1
x w2y ( > ) < ) dvdu}
uPl VP2 um VP2
1 ) 1 -8 1/c1  p1/dy a—1 1 B—1
- e |:/ / (_ _ upl) (Upz _ W) Upl_lvp2_1
1/ca J1/d2
1/c1 1/d1 a—1 1 B—1
P2 o1 e
xW(upl,Ch)Gb(um )dvdu—l—//c2 //d2 ( ) (d‘l’Z v )
1 1 1/c1 1/dq a—1
X ult oy (—7d§2) ¢ <— —) dvdu +/ / (— — upl)
urt P17 P2 Ves J1/ds
1 o 1 1 1
p2 p1—1,p2— 2
X (v dpz) U 4 (uﬂl , db ) ) (uf’l UP2> dvdu
1/01 1/d1 a—1 1 B—1
L G G e
1/ca 1/d2 dl
1 1
x ¥ ( dSQ) ¢ (— —) dvdu].
uPl uPr’ P2

Using similar arguments for the mapping Wv% Dt B = R, wv% (uPr) = U (u, L)j

VP2

| /\

I/\

(7.87)
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we have
1 a 1 B 1/c 1/d a—1 B—1
/ / 1 / 1 upl _ — /UPQ — L uPlfl,UPQ*lw 2CT1051 i
/@ 1/d dy? A e
1 1/01 1/d1 a—1 1 B_l
X ¢ ( dvdu +/ / (_ — um) (vpz _ W) I A
1/02 /d2 d2
201
v (W’ o ¢ % ﬁ dvdu
1 (l 1 B 1/01 1/d1 a—1 1 B—1
[ A E— uPt — — Py A — uplfl,vpzfl
ez J1/do db?
1 1/01 1/d1 a—1 1 ﬁ—l
ol e [ ) (2)
uPL’ P2 uPt’ Ves J1yas &
x ut Pl Lo ¢ ! dvdu
upr’ P2 urr’ pP2
1 % 1 -8 1/e1 pl/dy a—1 1 -1
20(a)0(5) [// //d (upl - _> (Upz - W) we
Cc2 2
1 ljer  pl/d a—1 1 -1
0 NS PR K S
VP2 upl VP2 1es 1/ds d2
1 1/c1 1/dy a—1
x uft oY (lela ?) ¢ ( o1’ ) dvdu + / (upl )
v u 1/ca J1/do
LN s 1
X (Ul)? — F) uPr—1ypr2—hy (CQ ,ﬁ) Cb <up1 ’UPQ) dvdu
1/c1 1/dq a—1 1 B—1 ) )
T p2 p1—1, p2—
//62 1/d2 ( ! ) (U d52> " !
1 1
X ¥ (CQ ,ﬁ) ¢ (ﬁ’ ﬁ) dvdu},

| /\

I/\

(7.88)
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and
1 ) 1 B 1/er  pl/ds oo 1 a—1 L o 8-1 i 20/1)1051 i
U e v ufr "y o
/02 1 C]_ +02 VP2
1 1/01 1/d1 a—1 1 B_l
X @ ( dvdu —l—/ / ( 1) (W _ U,Oz) uPr—lyra—1
1/02 /d2 d
201
v (W’ o ¢ % ﬁ dvdu
l—a 1-p 1/01 1/d1 a—1 1 B—1
L[ [ () () e
1/e2 J1/do d
1 1/01 1/d1 a—1 1 ﬁ—l
o (D)o (e [ [ (o) ()
ur” vr uPt’ Ve J1/ds df
1 1 1
x uPr P2~y ( ) ) < ) dvdu}
uPr’ vP2 uPr’ pe2
l—a 1-8 1/e1 pl/dy a—1 1 -1
B[ [ () (o) e
2
/CQ /dQ d
1 ljer  pl/d a—1 1 -1
XW(Q 7_>¢< )dvdu+ / < 1> (W_Um)
VP2 upl VP2 1es 1/ds dl

1 1/c1 1/dy a—1
w uPr Py (011’17 _) é ( ) dvdu + (um _ _)
VP2 upl /02 /d2

1/C1 1/dy a—1 1 B—1
/ / ( 1) (W _ UPZ) up1—1,Up2—1
1/ca J1/d2 dy
1 1
4 (CQ ’ﬁ) ¢ (ﬁ’ ﬁ) dvdu}

| /\

I/\

(7.89)
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By adding the inequalities (7.86)—(7.89), we get

. 1 2dd 11
P, - {(WOM) <Taﬁ) 1 1B/d1 (¢ 0 p2) <W,F)]

ddepQ
+ ” 1/c1 |:(LDO,u1 pZIB

P17 dp2 + dp2 1/d2+ ¢ 'LLQ

2d7? db?
Ay + dY
1 247dy

(i 5 a9)
(o er)

(7 om) (p“d’”er’”) _
;)
)"
(e )

( p1’d02)
PQ f/dl ¢ /"LQ ( p17dp2)

p1TC
+ 1/02+

p1TC
+ l/cz-i-

: i“cé“ :
+ p211/d1 1[/ © ’u2 < Pl ) dP2 1/CQ+ (b © lul) <E7 d_§2)
Pl p1 -
B €1 & L1
+ p2‘[1/d2+ w © :uQ < p1 ) dpg 1/c1 ¢ © :ul) < /2)1 ) dpg)
5 Y RN
+ p2ll/d +[ l‘p © 'U’2 01 ) dpz " 1/Cz+ ¢ :ul ( ;1)

IN

on(42)

a,f b
Q{m p2[1/61, Ly (oo ) ( 5T dm) + P ,02_[1/01* 1/d2+(
) 1 1

+ pQIl/chr 1/d1— (g op) < & 5 + 02[10‘/?2+1/d2+(y7¢ou) (C_i’l’d_/i’?)]

1 1 1
e {(wom( d) T (00 ) (—d—)]
1

IA
=
Q

o 9 1 1
+ - 1/c1— (Lpolu’l ( plvdp) pZIllB/d ¢OM2) <C§l d_§2)
p1 T dpz p2 78 1 1
+ 1/ca+ (Lpo,ul) T Il/d +(¢OM2> P1 ) dp2
1 1 1 \]
1T v dPQ pglﬁ -
+ 1/co+ [( o:ul) (Cll) ) 1/d1— (¢OM2> (CT d;2)2>_
1 o 1 1 1
+ P2]16/d1 {(W o fi2) (011’ d_12’2) p1 1/02+(¢ o 1) (C’f d_§2)
1 o 1 1\]
+ pzllﬁ/dl* |:(WO/J’2) (C’gl,d_gQ) plll/01—(¢olj’1) ( gl dp2>
1 . 11
+ 21 g [(!POMQ) (c’f ,d—fg) Py (@0 i) (Ci’ d—?>
) 1 - 1 1
bt | @om) (&5 ) " o) ()



This completes the second and third inequality of (7.84).
Now, Using the first inequality of (7.70), we find

P, 261“651 207 dy? // // w T (L )T
LB dY + dY? 1/ds di?

1/e2

I'(a)L'(8)
1 1/c1 1/dq a—1 1 B—1
x ufr 2 (— —) dvdu +/ (u’“ — —) (W — v"Q)
u! 1es J1/do dy
1 1
x uPr 21 (— ) dvdu}
uPL P2
1 a 1 B8 1/c1 1/d1 a—1 1 ps—1
p1 P2 uPrLgyp2—1
|: 1/co 1/do (Cl ) (d? )

1 2d02dp 11

x (%, —dp2 I dp2 (b ﬁ, U? dvdu

1/c1 1/dy a—1 1 B-1

upl _ . UP2)
S do (7-7) (&
1 2d2db? 1 1

p1—1,.p2—1 o 1 ™2 -

x uPr~ P2y (upl’—d’f —|—d’2’2> 10) (upl’vm) dvdu}

(7.90)
DU (NP
Cr@) \ T+ a7 +df ) ey Dy, a7
1 1/01 1/d1 a—1 1 B8—-1
x u” g (— —) dvdu + (——upl) (v” _W>
ut Lea J1/da A d;
1 1 11
X uPt P dvdu
upl VP2
Oé 1 —B 1/61 1/d1 a—1 1 ps—1
TR RN
/CQ /d2 1

2 Pl .P1 1 1
X W (01—62,, —) & <—, —) dvdu
c —|— C VP2 urL P2

1/c1  p1/dy a—1 1 B—1
_ upl UPQ _ _)
/ //d2 (C1 ) ( dy’

1/e2

x yPr Py <—2C§)10§;1 ) _1 > ¢ ( Lo ) dvdu}
Cl —|—C2 VP2 upl VP2
(7.91)
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Adding (7.90) and (7.91) and using the fact that ¢ is symmetric, we get

2t et 2dy2db? 0.8 1 1
v ( R T Pl,p2fl/01_71/d1_(gb o 1) @, d_g?
p1, 02] 1 1 o1, p2] 1 1
+ 1/e1—, 1/d2+(¢ ,u) §7d_§2 + 1 est 1 /dy— (qbop) E’d_’;

1 1
a,B
+ P1P2[1/02+1/d2+(¢ou) (C_€17d_§2):|

< 1y, wom) (;%) m1, (60 ) (1d)]
b |@om) (1 %) 1 0o (g )]
+ p2]iB/d _{(WOM) (%, d})z) Py —(@ o ) (%7%22)
b ot |@on) (SE%0 ) Pr (0o m) ()
+ p2[1ﬁ/d2+ {(ﬂpoﬂz) (%» diz) 7 ?/cl—(¢oﬂl)( il’di)
+ pQ[f/dQJr [(Wouz) (%a d}u) st (@0 1) <C—%17 di’l’?) _ :

This completes the first inequality of (7.84). Now, to achieve the last inequality of
(7.84), applying the second inequality of (7.70) as

1 a 1 B8 1/61 1/d1 a—1 1 -1
Pl — — VP2 — uﬂlflvpzfl
1/c2 J1/d2 dp2
1 1/01 l/dl a—1 1 -1
x@( dQ)d)( )dvdu—l—/ / (——u”l) (UPQ—W)
/C2 /d2 d2
1 1
x ufr P2y ( ; ,d’f) o < ) dvdu}
ur1 uPl VP2

pi %py P (A d5) + W (', df?)
I'(a)I(B) 2

IN
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1/C1 1/d1 1 a—1 1 B_l 1 1
P w2 — ) T e — — ) dudu
/02 /d2 Cl d2 uPl U

R 1\ LN 11
/ [ k) () e (U _>dd}

(7.92)
1 a 1 B8 1/c1 1/dq a—1 1 B—1
L re uft — — _— Upz) uprlvpzfl
[//cz //dz ( ) <dp2

1/e1 1/d1 a—1 1 B—1

a4 ( d’f) 0 < ) dvdu + / ( 1) (W — v”)
1/co 1/do d1

p1—1, p2—1 1 P2 1
Xyt — NN — dvdu
u U v

pe pg W(cl L dP?) + W(ch, dP?)
< Ta -

1/01 1/dq a—1 1 B—1 1 ]
m) () e (= ) dudu
1/ca J1/do 1 d€2 uPr’ pP2
1/c1 1/dq a—1 1 -1 ] )
uPft — — — — P2 uPr— 1,Up2 1 % ¢ dvdu ’
1/ca 1/d2 dTQ uPl UP2

(7.93)
1 a 1 B8 1/c1 1/d1 a—1 1 B—1
|: / (upl — —) (U'DQ — E) upl—lva—l
/02 /d2 d2
1 1 1 /e 1/d1 1 a—1 1 B—1
XU, —)o|—,— dvdu+/ / ut — o
VP2 uPr’ P2 er J1a, z i
1 1 1
w uP Py (02 , ) 10} (—, —> dvdu]
VP2 ur1r’ pP2

,0% P2 111(02 A7)+ (b d?)
* T 5

1/61 1/d1 a—1 1 -1 1 1
wi— o) (e o) e e e () deda
1/ca J1/d2 de wuPL’ P2
1/c1 1/dy a—1 1 B—1 ] .
=) (ame) e (oo ) dudul
1/ca J1/d2 dll)2 upPt P2
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and

1 a 1 B 1/c1  pl/d1 a—1 1 B-1
—1, po—1
|: / ( 1) (vpz _ F) upl UPQ
/62 1/da
1 1/c1 1/dq a—1 1 B—1
4 617_ 10) dvdu—i—/ / p 5 — U7
VP2 uer’ 1es J1/ds o dy

1 1
x uPr Lyl (c’fl, —) 1) ( > dvdu]
VP2 uPl VP2

< pi p2 lp(cl 7dp2) +W(Cl adpz)
~ N« 2

1/01 1/dq a—1 1 B—1 1 1
LY i
1/ca J1/d2 2 upPt P2
1/c 1/d a—1 B-1
' ' p1 i — P2 wPt P21 é L i dodul.
1/co 1/ds d’o2 upl VP2

By adding the inequalities (7.92)—(7.95), we get the last inequality of (7.84). O
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Chapter 8

Conclusion

Convex functions play important role in the advancement of inequalities and in opti-
mization problems. On the other hand, Fractional integral inequalities are helpful in
establishing the uniqueness of solutions for certain fractional partial differential equa-
tions. These inequalities also provide upper as well as lower bounds for solutions of the
fractional boundary value problems. These considerations have led various researchers
in the field of integral inequalities to explore certain extensions and generalizations by

involving fractional calculus operators.

In this dissertation, several integral inequalities, includes Hermite-Hadamard and
Hermite-Hadamard-Fejér, for generalized convex functions are proved via classical and
fractional integrals including Riemann—Liouville fractional integrals, conformable, new
conformable fractional integrals and also via Katugampola fractional integrals. Some
Cauchy’s type means are given for p- and s-convex functions. Also some co-ordinated

integral inequalities are discussed for harmonically convex functions.

Due to nature of our work, it has flexibility to extend for more useful results.
For instance, one can extend the results given in Chapter 5 to the co-ordinate and
fractional integrals. At the same time, one can extend the results given in Chapter 7
to conformable and new conformable fractional integrals. We also suggest to the new
researchers to explore new results by using generalized convex functins discussed in

this thesis via Caputo fractional derivatives and A B-fractional integrals as well.
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