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Preface

In science and engineering, many problems engage convoluted phenomena. Most of these
complicated phenomena result in nonlinear ordinary differential equations (ODEs) along
with some initial and/or boundary conditions [41]. Moreover, many of these nonlinear
ODEs are singular. Singularity of these nonlinear ODEs is distinguished into two types—
singularity in independent and singularity in dependent variable. Singular boundary value
problems (SBVPs) arise in various fields of Mathematics, Engineering and Physics such
as boundary layer theory, gas dynamics, nuclear physics, nonlinear optics, etc, [7,40, 70,
113,117,119,133]. In the 1990’s some new results in analysis and fixed point theory
were used to provide a general existence theory for SBVPs. This thesis is devoted to
systems of SBVPs for ODEs. It presents existence theory for a variety of problems having
unbounded nonlinearities in regions where their solutions are searched for. The main
attention is concentrated on the positive solutions. The results are based on regularization
and sequential procedure. The impact of our results is verified by descriptive examples.
Essentially, the thesis is divided into six chapters. A brief description of each chapter is

as follows.

In Chapter 1, first we describe the motivation of the study of SBVPs and present several
examples of SBVPs which model real world phenomena. Then in Section 1.1, we present
some terminologies and previously studied results. These definitions and results are very
useful for our work. In Section 1.2, we define degree for finite and infinite dimensional
spaces and present some of its properties. Then, we give properties of fixed point index
and some known fixed point results. A relation between fixed point index and degree is
also given. We also include Scahuder’s fixed point theorem and the Guo—Krasnosel’skii

fixed point theorem.

In Chapter 2, we establish some results for the existence of positive solutions to the

system of second—order singular ODEs
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and

, (0.0.2)
-y (t) = g(t,x(t),y(t)), te (03 1)7
subject to the following three—point boundary conditions (BCs)
z(0) =0, (1) = az(n),
( (1) (n) 0.03)

where n € (0,1), 0 < a < 1/n, f,g € C((0,1) x (0,00), (0,00)). Moreover, f and g are
allowed to be singular at t =0, ¢t =1, x = 0 and y = 0. We provide various results by
employing new assumptions on the nonlinear functions f and g, [14,15]. For this purpose,
we consider a sequence of modified nonsingular problems on compact subset of (0, 1), we
construct a cone of positive functions and then make use of the Guo—Krasnosel’skii fixed
point theorem to show the existence of solution for each modified problem. Furthermore,
we show that these solutions of the modified problems converges to solution of SBVPs.
Our results are more general than the previous existence results where the nonlinear terms

are singular with respect to ¢ = 0 and ¢ = 1 only [95,129].

In Chapter 3, we establish existence and multiplicity results to systems of SBVPs with
nonlinear functions dependent on first derivative [16-18,24]. In this chapter, we study the

following coupled systems of ODEs

(0.0.4)
—y"(t) = a(t)g(t,z(t),y'(t)), te€(0,1),
subject to the following set of two—point BCs
2(0) = y(0) = 2'(1) = ¢/ (1) = 0, (0.05)
and
a1z(0) — b12’'(0) = 2'(1) = 0, (0.06)
azy(0) — b2y’ (0) = y/'(1) = 0,

where the nonlinearities f,g : [0,1] x [0,00) X (0,00) — [0,00) are continuous and are
allowed to be singular at 2’ = 0, ¢ = 0. Moreover, p,q € C(0,1) and positive on (0, 1),
and the real constants a; (1 = 1,2) > 0, b; (¢ = 1,2) > 0. In Section 3.1, we prove the
existence of at least one Cl-positive solution for the system of SBVPs (0.0.4), (0.0.5). In
Section 3.2, we formulate conditions which guarantee the existence of at least two positive
solutions for the system of SBVPs (0.0.4), (0.0.5) by using the theory of fixed point index.
For this purpose we construct a cone in a special Banach space. Further in Section 3.3,

we provide sufficient conditions for the existence of at least one positive solution for the



system of SBVPs (0.0.4), (0.0.6). Moreover in Section 3.4, we provide sufficient conditions
for the existence of at least two positive solutions for the system of SBVPs (0.0.4), (0.0.6)
by employing fixed point index theory.

In Chapter 4, we develop an existence theory for systems of ODEs with coupled BCs
(19, 20]. In Section 4.1, we discuss the existence of positive solution for the following

coupled singular system of ODEs subject to four—point coupled BCs

—a"(t) = f(t,=(t),y(t)), te(0,1),

—y(t) = g(t,z(t),y(t)), te(0,1), 0.07)
z(0) = 0, z(1) = ay(¢),
y(0) =0, y(1) = Bz(n),

where the parameters «, (3, &, n satisfy {,n € (0,1), 0 < af&n < 1. We assume that
fy9:(0,1) x [0,00) X [0,00) — [0,00) are continuous and allowed to be singular at ¢ = 0
and ¢t = 1. We introduce notion of the Green’s functions for the linear system corresponding
to system of boundary value problems (BVPs) (0.0.7). We construct a positive cone and
then define a completely continuous map via Green’s functions. By employing the Guo—
Krasnosel’skii fixed point theorem, we show that the completely continuous map has a fixed
point in the positive cone. Moreover in Section 4.2, we study the existence of C'-positive

solutions to the following system subject to two—point coupled BCs
(0.0.8)

where f,g : [0,1] x [0,00) X [0,00) x (0,00) — [0,00) are continuous and are allowed to
be singular at 2’ =0, ¥’ = 0; p,q € C(0,1), p >0 and ¢ > 0 on (0,1); a;,b; (i = 1,2) are
positive real constants.

In Chapter 5, we study systems of SBVPs with sign—changing nonlinear functions
[21-23]. In Section 5.1, we develop the notion of upper and lower solutions and prove the

existence of C''-positive solutions for the following system of SBVPs

=p1(t) fr(t, z(t
= pa(t) fa(t, @ (1), te(0,1), (0.0.9)
z(1) = y(0) =y(1) =0,

8
—

=
~—
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where the functions f1, f2 : [0,1] x (0,00) x (0,00) x R — R are continuous and allowed
to be singular at z = 0 and y = 0. Moreover, pi,p2 € C(0,1) are positive on (0, 1).

Sections 5.2 and 5.3 presents an existence theory for the systems of SBVPs on an infinite



vi

domain. BVPs over infinite intervals arises in the study of plasma physics; in determining
the electrical potential in an isolated neutral atom; in the theory of shallow membrane
caps; in the theory of colloids; in the flow and heat transfer over a stretching sheet; in the
unsteady flow of a gas through a semi-infinite porous medium; in the theory of draining
flows, etc. In Sections 5.2 and 5.3, we establish the existence of C''-positive solutions to

the following coupled system of ODEs

—a"(t) = pu(t) (b, 2(), (D), (D), t € Ry,

, ) N (0.0.10)
subject to the following set of BCs
z(0) = y(0) = lim ¥'(t) = lim 2/(¢) = 0, (0.0.11)

t—o00 t—o00

and

a1z(0) — by2’'(0) = lim 2/(t) = 0,
tee (0.0.12)
azy(0) = bay'(0) = lim y'(t) =0,

where fi, fo : RT x R?2 x Ry — R are continuous and allowed to change sign. We allow the
nonlinear functions f; (i = 1,2) to be singular at 2’ = 0 and ¥’ = 0. Also, p; € C(R7),
p; > 0 on Ry and the constants a;,b; > 0, i = 1,2; here Ry = R\ {0}, RT = [0, 00),
RS = R*\ {0}. To establish the existence theory for a system on an infinite domain, first
we consider the system on a finite domain and prove its existence. Then, we employ a
diagnalization argument to establish the existence of positive solution for the system on

an infinite domain.

Finally Chapter 6, is devoted to remarks about hypothesis that we established in
Chapters 2-5.
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Chapter 1

Introduction and Preliminaries

Many problems in applied sciences can be modeled by SBVPs. For example, many prob-
lems in the study of rotating flow [65]; in the theory of viscous fluids [31]; in the study
of pseudoplastic fluids [33,110]; in boundary layer theory [32,115,124,125]; the theory of
shallow membrane caps [25,44, 75]; in pre-breakdown of gas discharge [46]; the turbulent
flow of a gas in a porous medium [53]; can be represented by SBVPs. In view of the above
mentioned areas, the study of SBVPs becomes a fundamental. In order to demonstrate the
importance and applications of SBVPs, we include below few models of SBVPs emerging

from different applications.

A shallow membrane cap which is rotationally symmetric in its undeformed state and
whose undeformed profile is given in cylindrical coordinates by z(r) = C(1 —r7), v > 1.
When radial stress is applied on the boundary and a small uniform vertical pressure P
is applied to the membrane, the shape of the cap is described by a nonlinear model. If
the deformed membrane is rotationally symmetric, then, under the assumptions of small

strain, the radial stress S on the membrane is given by the following singular ODE

~S0) = geyE 50y S - g0 o<rst oy

where «, (3 are positive constants depending on the pressure P, the thickness of the
membrane and Young’s modulus or the Poisson ratio v satisfies 0 < v < 0.5. In case
of stress problem, the BC for r = 1 is specified by S(1) = A, with A > 0. However, in
case of the displacement problem, the radial displacement at the boundary is given by
(1 -v)S(1) + S’(1) = B, where B is any real number. Further, one may require a BC
at the singular end r = 0 as well and therefore, one may assume that S(r) is bounded as
r — 07. For more detailed study of the model (1.0.1) and other problems related to the

circular membrane cap, we refer the readers to [25,43,44,75,118].

SBVPs also occur in the study of BVPs on infinite domain. In 1927, L.H. Thomas [121]

and E. Fermi [55] independently studied the electrical potential in an isolated neutral atom
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and derived the following singular BVP

X”(T) _ 7471/2(X(7,))3/27 0<r< oo, .
x(0) =1, lim x(r) =0, (1.0.2)

r—00
where Yy is a semiclassical description of the charge density in atoms of high atomic number.
In study of mass transfer on a rotating disk in non-Newtonian fluid [60], the concentration

C of the diffusing species is given by the infinite domain SBVP as follows

1 5a+7 6,
— - 2 (t ¢
9(2a+2+t)c()’ 0 <t<oo

C(0) =0, Jim C(t) = Cu,

_C//(t)

where «v and C, are some constants.

Most of the mathematical models of various applications from nuclear physics, plasma
physics, nonlinear optics, fluid mechanics and chemical reactor theory are systems of time
dependent partial differential equations (PDEs) subject to initial and/or boundary con-
ditions. In the investigation of stationary solutions, many of these models of systems of
PDEs can be reduced to systems of BVPs for singular ODEs. The following are some

singular models from numerous applications.

The system of second—order PDEs also arises in chemical reactor theory. Let €2 be a
bounded reactor in R", where n = 1,2, 3. The autocatalytic chemical reaction of reactant

A and autocatalyst B is described by the following system of PDEs [139],

aa:DAAa—abp, t>0,x €,

gz (1.0.3)
5 = DpAb+abl, t>0,1€Q,

where D4 and Dp are the diffusion coefficients of A and B, respectively, a and b are the
concentrations of A and B, and p > 1 is the order of the reaction with respect to the
autocatalytic species. In applications, the chemicals A and B can diffuse from a reservoir
of constant composition across the boundary 0f) into €2, therefore the BCs of chemicals A

and B may be of the type
a(x,t) =ao >0, b(x,t) =by >0, t>0,z¢€ N (1.0.4)
The steady state solution of the system of BVPs (1.0.3) and (1.0.4) satisfy
DaAa — ab? =0, x €,
DpAb+ ab® = 0, x €, (1.0.5)
a(x) = ag, b(z) = by, = € IN.

The addition of the two equations in (1.0.5), leads to A(Dga + Dpb)(x) = 0 for z € Q,
which implies that D aa(z)+ Dpb(z) = 0 for x € Q and D ga(x)+ Dpb(x) = D gao+ Dpbo
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for x € 02. By the uniqueness of the solution of Laplace equation, one have D ga(x) +
Dpb(x) = Daag + Dby for x € Q. Hence, the system of BVPs (1.0.5) reduced to the
following scalar BVP

—DADpAb= (Daag + Dby — Dpb)b?, x € Q,

(1.0.6)
b(x) =by, xe€IN.
Let v(x) = b(x)/(DaDpg ao + by), then using (1.0.6), v(x) satisfies
—Av=\N1-0v)0P, z€Q,
(1.0.7)

v(z) =k, x € 09,
where A\ = D' (DaDg'ag + b)? and k = Dgbo/(Daag + Dpbo). Since v > 0, by the
maximum principle, £ < v(x) < 1. Now set u(z) = v(z) — k, then (1.0.7) takes the form
—Au=AN(u+EkP - (u+kP™h, zeQq,
u(z) =0, x € 0.

(1.0.8)

In case the reactor €2 is a unit ball and the reaction is of high order, that is, p > 1, the
positive solution of (1.0.8) is radially symmetric and decreasing along the radial direction.
Therefore, the following SBVP arises

() = "R )+ M) + R (ulr) + R, 7 e (0,1),

(1.0.9)
v (0) = u(1) =0,

where u(r) > 0 and /() < 0 for r € (0,1).

The problem of Hagen—Poiseuille flow in hydrodynamics arises the study of linear sta-
bility of incompressible flow in a circular pipe subject to non—axisymmetric disturbances.

The problem is singular system of ODEs of the form

7;(7“2(k(r))27;)q)(r) +iaR(u(r) — )T, ®(r) + iaR% <r(l]i:/((:)))2> O(r) + 2anTQ(r) =0,
u'(r)

" d(r) + S, Qr) + iaRr?(k(r)*(u(r) — ¢)Q(r) = 0,
(1.0.10)

2anT,®(r) — inR

on the interval (0, 1] subject to the BCs of the type

lim ®(r) = lim ®'(r) = (1) = ®'(1) = Q(1) =0, if n =0,

r—0 r—0

lim ®(r) = lim Q(r) = &(1) = &'(1) = (1) = 0, lim &'(r) is finite, if n = +1, (1.0.11)
r—0 r—0 r—0

lim ®(r) = lim ®'(r) = lim Q(r) = &(1) = ®'(1) = Q(1) = 0, if |n| > 2,

r—0 r—0 r—0

where

n?
oLl _1d <r(k(1r))2;i> Sy = r2(k(r))t - %d% (ﬁ(k(@ﬁiﬂ) k() = a?+ 2

r2  rdr
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R > 0 is the Reynolds number and a € R\ {0} is the stream-wise wave number, c is

artné—act) where (z,¢,t) are axial-angular-time

a complex wave speed resulted from e*(
coordinates. The axial mean flow u : [0, 1] — R is a twice differentiable function. For more

detail about (1.0.10), (1.0.11), see [103,116] and references therein.

Let © be a bounded open subset of R". The interaction of two substances, activator u

and inhibitor v, is represented by a singular system of reaction—diffusion equations

ou 0%u ou?

- = Du — Ty buy t Z 07 Qa

N 922 LU+ " + 0 T €

L &*v ) 1.0.12
EZDUW—TU'U_”QU +va7 tZO,$€Q, ( )
u(t,x) =0, v(t,xz) =0, t >0, x €09,

where by, by, Ty, Ty, Dy, D, are the respective basic production rates, decay rates, diffusion
coefficients and p represents the ability of the cells to perform autocatalysis. The terms
ou? describe the autocatalysis and crosscatalysis of the activator, 1/v covers the action of
the inhibitor, the remaining terms are degradation and source terms. The singular system
(1.0.12) is an example of a large class of models which generate patterns by a combination
of short-range activation due to the catalytic nonlinearity and a long-range inhibition.
Also, many of the activator—inhibitor models for the formation of tropical shell patterns
are variations of the singular system (1.0.12). Further details about activator-inhibitor

models is available in [29, 54].

Gierer-Meinhardt equations [38,58,85] are mathematical models for pattern formations
of spatial tissue structures of morphogenesis. These are system of elliptic PDEs based on
an interaction between activators and inhibitors. Specifically, under the assumption that
the activators, u(¢, ), and the inhibitors, v(¢, z), are acting proportionally on some powers
of u and v in the source term and are having source distributions p; and ps, respectively.
The generalized Gierer—-Meinhardt model is presented in the form of following singular

system of BVPs

o P
jzdlAU—aﬂL—f—ClPlu*—f—'YPl, tZO,.’EEQ,

ot v

8 T

S = dyAv — azv + capp t>0,1€Q, (1.0.13)
ot vs

u(t,x) =0, v(t,x) =0, t>0,x €09,

with d; and do are diffusion constants, o, ae and  are positive parameters, p, q, r, s are
positive constants. For q # s, the activator and inhibitor sources are said to be different.

Similar equations also occur in certain models of predator—prey interactions [123].

In the scenario of the above mentioned models of various phenomenon, the theory of
SBVPs has become much more important. In this dissertation, we present existence results

for positive solutions to various systems of BVPs for nonlinear ODEs. We provide sufficient
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conditions for the existence and multiplicity results corresponding to singular systems of
nonlinear ODEs subject to various type of BCs both on finite and infinite domains. We
use the classical tools of functional analysis including fixed point theory and the theory
of the fixed point index. The rest of this chapter is devoted to the basic study of these
notions. In Section 1.1, we present some definitions from functional analysis and known
results. In Section 1.2, the concept of topological degree and fixed point index theory is
described in detail. Moreover, some famous fixed point results such as Schauder’s fixed
point theorem and the Guo—Krasnosel’skii fixed point theorem are also included in this

section.

1.1 Some basic definitions and known results

In this section, we present some basic definitions and known results from functional anal-

ysis. For details, we refer the reader to [45,48,71].

Definition 1.1.1. (Compact): A subset  of a Banach space B is said to be compact
if every open covering of €2 can be reduced to a finite open covering of €2, that is, if
Q C Uxeafdy, where Q) is an open subset of B for every A belongs to the indexed set
A, then there exist a finite subset {2y, : i = 1,2,--- ,m} of {Qy : A € A} such that
Q C U™, Qy,. Equivalently, Q is compact if and only if every sequence {z,} C Q has a
convergent subsequence with limit in Q. Moreover,  is relatively compact if its closure

is compact.

Definition 1.1.2. (Compact map): Let 2 be a subset of a Banach space B. A map
T : Q — B is compact if T maps every bounded subset of {2 into a relatively compact

subset of B. T is said to be completely continuous if 7" is continuous and compact.

Definition 1.1.3. (Retract): A nonempty subset K of a Banach space B is a retract of
B if there exist a continuous map r : B — K, a retraction, such that r|, = I, where I
is identity map on K. Every closed and convex subset of B is a retract. However, every

retract of B is closed but not necessarily convex.

Definition 1.1.4. (Cone): Let B be a real Banach space. A nonempty, closed and convex

set P C B is said to be a cone if the following are satisfied:
(P1) ax € P forallxz € Pand a >0,
(Py) x,—x € P implies z = 0.

A cone P in a real Banach space B induces an ordering < in B which is defined by
x =y if and only if y — 2z € P. Clearly, P = {x € B : x »= 0}. The elements in the set
P\{0} = {x € B: 2z > 0} are positive and P is said to be positive cone of ordering.
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Consequently, for every Banach space B there is a one-to—one correspondence between the

family of linear orderings and the family of cones in B.

Example 1.1.5. Let ) be a Lebesgue measurable subset of R™ of positive measure. For
each p with 1 < p < oo, we denote by LP(Q2) the space of all real-valued measurable
functions defined on © whose p—th powers are integrable. For each x € LP({2) the norm
S 2l oy = (Jo l2(t)[Pdt) /P Let L°(Q) denote the space of all real-valued, essentially
bounded and measurable functions defined on €2 with the norm [|z|| . o, = esssup{|z(?)] :
t € Q}. Clearly, for each 0 < p < oo, (LP(2)
Banach space LP(2), 1 < p < oo, has a positive cone

- lpoy) is a Banach space. Further, the

K? = {z € LP(Q) : x > 0 almost everywhere on Q}.

Theorem 1.1.6. (Arzela—Ascoli theorem): Let Q) be a compact subset of R™. A set
M of continuous functions on ) is relatively compact in C(2) if and only if M is a family

of uniformly bounded and equicontinuous functions.

Theorem 1.1.7. (Dugundji’s theorem): Every nonempty closed and convex subset of

a Banach space B is a retract of B.

Now, we present a special Banach space and some other known results, details are
available in [6,131,132]. For each z € C[0,1] N C(0,1], we write |z| = max,c[o 1) |2(t)]
and |z[l1 = supy(oqt@’(t)|. Moreover, for each z € & = {z € C[0,1] N C*(0,1] :
|zl < +o0}, we write ||z||2 = max{||z|,||z]1}. Further, for each z € C'[0, 1], we write

]|z = max{[|«]], [|«]|}-
Lemma 1.1.8. (&, - ||2) ¢s a Banach space.

Proof. Clearly, £ is a linear space and 0(t) = 0 for ¢ € [0, 1] is a zero element of £. Further,
|| - ||2 is @ norm on €. Now, we show that (£, || - ||2) is a complete space. Let {z,}22 be a

Cauchy sequence in £. Then, for any € > 0, there exists an n* > 0 such that
|z, — xmll2 < € for all n > n*, m > n".

Since ||zn—xm|| < ||Xn—2ml2, therefore {z,,}7° ; is a Cauchy sequence in C[0, 1]. Moreover,

(C[0,1],] - |I) is a complete space. So, there exist xo € C[0, 1] such that
nll}rf |zn, — zo] = 0. (1.1.1)

Now, we show that x¢ is continuously differentiable on (0, 1]. For any ¢ € (0, 1), consider

§ max |2, (t) — ! < max t|lz),(t) — 2/, (t)| < sup t|z) (t) — 2], (¢
s 12(0) =, (0] < o 1240~ 24,1 < swp 11l 1) = 4, (0)

< |2, = 22,

= ||z, — 2l
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which implies that

1
o t < Z W) .

Consequently, z( is continuously differentiable on [4, 1] and z], converges uniformly to x,

on [0,1]. Since ¢ is arbitrary, x is continuously differentiable on (0, 1].

From supye (g 1) t7,(t) — 27, (1) < [[2n — Zm|l2 and taking limy, 4, we have

sup ¢}, () — ()] < e, (1.1.2)
te(0,1]

which implies that zg € £. Also, from (1.1.1) and (1.1.2), we obtain

iz — zofl2 = 0,

which shows that z,, converges to xy. Hence, (&, || - ||2) is a Banach space. O

Lemma 1.1.9. If x € &, then |2/(t)] < HIt”Q for all t € (0,1].

Proof. For t € (0,1], consider

tla' ()] < sup t|2' ()] = [Jz]li < [|z]l2,
te(0,1

which implies that

O]

Lemma 1.1.10. If x € P := {z € & : z(t) > t||z|Vt € [0,1], z(1) > ||z|1}, then
[[]l2 = =[]
Proof. For x € P, we have
= >x(l) > .
ol = ma le(0)] 2 2(1) = ],

Then,

[zll2 = max{{|z], [lz]l1} = =[]

Lemma 1.1.11. Let 0 € C(0,1) and o > 0 on (0,1) with fo t)dt < +oo. Then,

1
tmax/ G(r,s)o ds</ G(t,s)o(s)ds fort € [0,1],

7€[0,1] Jo

sup T/ Usd5<max/ G(t,s)o
re(0,1] Jr t€[0,1]
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where

I/\
I/\
I/\
—_

s, 0
G(t,s) =
t, 0

\/\
\/\
\/\
—_

Proof. Let max,¢(o 1 G(7,5) = G(k,s), s € [0,1]. For t,s € [0, 1], we have

it t<s<n
t £>1, k<s<t,
G(’S): " Ztu
Glros)  |t>y tr<s,
:=1, t,k=>s,

which implies that G(t,s) > tG(k, s). Hence, for t € [0, 1], we have

1
/G(t,s ds>t/Gms ds—tmax/GTs
0 T€[0,1]

Moreover, for 7 € [0, 1], we have

1 T 1 1
T/ o(s)ds </ sa(s)ds+/ To(s)ds = [ G(7,s)o(s)ds < max/ G(t,s)
- 0 - 0 t€[0,1]

which implies that

1
supT/ ds<max/Gts
re(0,1] Jr t€f0,1]

O]

Lemma 1.1.12. Ifx € P := {x € C'[0,1] : z(t) > v||z|, Vt € [0,1], z(0) > §||:1:’H}, then
x(t) > ypllz||s for all t € [0, 1], where v = aLer, 0= m, a,b> 0.

Proof. For x € P, we have
z(t) > yl=l, te[0,1]. (1.1.3)

Then,

a
lzll = max{l[l, |a'||} < max{|lz|l, 7(0)}

a a _
< max{ ||z, pllll} = max{l, S}z] = o~ |z
This together with (1.1.3) implies that

z(t) = 7llz) = voll|s.
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Lemma 1.1.13. Let 0 € C(0,1) and o > 0 on (0,1) with fo t)dt < +oo. Then,

b
’ymax/ G(t,s)o ds</ G(t,s)o(s)ds fort € [0,1],y = ——, a,b >0,
r€[0,1] a+b

bmax/ ds—/GOs
a t€(0,1]

where

Proof. Let max ¢ G(7,5) = G(k,s), s € [0,1]. For ¢,s € [0, 1], we have

L(b+at) (b+at)

1

L(b+as) = a%(b-i—a) , tSssk,

1

+(b+as)

é(b+aﬁ) -7 KSs<t
G(t,s) S b
G(k,s) X ) “a+b’

= (b+at) = (b+at)

Toran) = Thota) LRSS

%(b-&-as) . " >

%(b—&—as) - k28,

which shows that G(t,s) > L}G(/{, s). Now, for ¢t € [0,1], we have

/Gts s)ds >

Moreover,

7€(0,1

ds-*ymax/GT, ds.
1 1 a [t

max/ J(S)dS—/ J(s)dS—/ G(0,s)o(s)ds

T€l0,1] /7 0 b Jo

which implies that
b 1 1
- max/ U(s)ds:/ G(0,s)o(s)ds
a r€0,1] J 0

Lemma 1.1.14. Let x € C'0,1] N C?%(0,1) satisfies " < 0 on (0,1), 2(0) = 0, 2/(1) =
a > 0. Then, x(t) > tz(1) fort € [0,1].

O]

Proof. Let y(t) = x(t) — tz(1). Then, y(0) = y(1) = 0 and 3”(¢) < 0 on (0,1). Conse-
quently, y(t) > 0 for t € [0, 1]. Hence, z(¢t) > tx(1) for t € [0, 1]. O
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1.2 Topological degree and fixed point index

Let © be a bounded and open subset of a topological space X and f :  — X be a
continuous map. The degree of f in  at point y, deg(f,Q,y), is a device that describes
the number of solutions to the equation f(x) =y in £, where y ¢ f(09).

1.2.1 The Brouwer degree

Now, we recall the notion of Brouwer degree for continuous maps in finite dimensional
spaces. Let € be a bounded and open subset of R” and f : & — R” be a continuous
map. A point zo € Q is a critical point of f if Jf(zg) = 0, where J¢(z) := det f/(x) is
the Jacobean of f at x. If ¢ is a critical point of f, then f(z¢) is called a critical value.
Otherwise, f(xz¢) is called a regular value. An integer deg(f, 2, y) which, roughly speaking,
corresponds to the number of solutions x € Q of the equation f(z) = y is called degree of
f in © at point y, where y ¢ f(0). If y is not a critical value for f, the Brouwer degree

is defined as follows:

Let 2 C R" be bounded and open, f € CY(Q)NC(Q) and y ¢ f(OQ U Sf), where
Sy ={x €Q:Js(x) =0}. Then,

degB (va7y) = Z sgn Jf((L‘)
zef~1(y)
However, if y is a critical value, f € C?(Q) N C(Q) and y ¢ £(992). Then,
deg, (f, Qy) =deg,(f,Q,2) = Y sgnJg(x),
zef=1(z)

where 2 is any regular value of f such that |z — y| < dist(y, f(952)). Further, if f € C(Q),

deg, (f, 2, y) = deg, (9,2, y),

where g € C?(Q) N C(Q) is any map such that sup,cq | f(z) — g(z)| < dist(y, f(09)). For
further detail see [45,56].

The Brouwer degree satisfies the following basic properties which are listed in the

following theorem.

Theorem 1.2.1. Let M = {(f,Q,y) : @ C R™ bounded and open, f € C(Q),y ¢ f(0Q)}.
Then, the Brouwer degree deg, : M — 7 satisfies the following properties.

(D1) Normalization: degy(id,Q,y) = 1 for y € Q, where id denotes the identity map-
ping of R™.

(D2) Additivity: degg(f,Q,y) = deg, (f, ,y)+deg, (f, Q2,y), whenever Oy and Qg are
disjoint open subsets of Q0 such that y & f(Q\ (21 U Q).
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(D3) Homotopy invariance: deg,(h(t,-),,y(t)) is independent of t € [0,1], whenever
h:[0,1] x Q@ = R and y : [0,1] — R™ are continuous and y(t) ¢ h(t,0Q) for all
t €10,1].

(D4) Solution property: deg,(f,Q,y) # 0 implies f~1(y) # 0.
(Ds) Boundary dependence: deg,(f,Q,y) = degy (9,9, y) whenever flyq = glaqa-

(Ds) Excision: deg,(f,Q,y) = deg,(f,,y) for every open subset Q1 of Q0 such that
y & f(Q\ ).

1.2.2 The Leray—Schauder degree

In 1934, an important extension of the Brouwer degree to infinite dimensional spaces was
revealed by J. Leray and J. Schauder [87]. This requires continuity and some kind of
compactness. They proved that there is a complete analog of finite—dimensional degree
theory for the class of “compact perturbation of the identity”, that is for map of the form

I — T, where I is the identity map and T is a completely continuous map.

We define the Leray—Schauder degree by means of the following theorem on the ap-

proximation of a compact mapping with finite-dimensional mappings.

Theorem 1.2.2. Let (B, |- ||) be a real Banach space. Assume that Q) is a bounded, open
subset of B and T : Q — B is a completely continuous map. Then, for every ¢ > 0,
there exist a finite-dimensional space B and a continuous map T. : Q@ — B such that

|T(x) — To(z)|| < & for every x € Q.

In view of Theorem 1.2.2, we have ||T'(z) — T:(z)|| < € := p(y, (I — T)(09)), where p
is the metric associated with the norm || - ||. Thus, we define the Leray—Schauder degree

for the map I — T as follows:

Let © be a bounded and open subset of a Banach space B. Let T : Q@ — B be a
completely continuous mapping and y ¢ (I —T)(99). The Leray—Schauder degree of I —T
over §) at point y is defined by

degLs (I =T, Qa y) = degB (I -1, Qa y)7

where T, is given in Theorem 1.2.2. Essentially, all the properties of Brouwer degree
(D1) — (Dg) are also satisfied by the Leray—Schauder degree for the map f = I — T, for
details see [45,56].

1.2.3 Fixed point index theory

Let K be a retract of a real Banach space B and (2 is an open subset of K. Let T: Q — K
be a completely continuous map such that 0 ¢ (I—7")(052). For a retraction r : B — K, the
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degree deg, (I —Tor,r~1(),0) is defined and it follows from the homotopy invariance and
excision properties of Leray—Schauder degree that this integer is same for all retractions
from B onto K. We call this number the fixed point index of the map T over €2 with
respect to K and is denoted by ind, (7 €, K).

If the positive cone does not have the interior point, the Leray—Schauder degree is not
immediately applicable. However, since positive cone is a retract of the Banach space,
fixed point index is defined in the positive cone for completely continuous maps. In this
section, we present the basic properties of fixed point index for completely continuous
map. Further, we show that the fixed point index is equivalent to the Leray—Schauder
degree, for detail see [9,45]. The most significant properties of the fixed point index for a

completely continuous map are presented in the following theorem.

Theorem 1.2.3. Let K be a retract of a Banach apace B. For every open subset Q of
K and every completely continuous map T : Q — K which has no fized point on 052,
there exist an integer ind,, (T, 2, K), the fized point index of T over Q with respect to K,
satisfying the following properties:

(Z;) Normalization: For every constant map T mapping Q into Q, ind,, (T,Q, K) = 1.

(Z2) Additivity: For every pair of disjoint open subsets Q1 and Qo of Q such that T has
no fized point on Q\ (Q1 U Qy),

ind,, (T, Q, K) = ind,, (T, 1, K) + ind, (T, Qa, K),
where indg, (T, 2, K) == ind, (T'lg, , %, K), i = 1,2.

(Zs) Homotopy invariance: For every compact interval A C R and every compact map
h:AxQ— K such that h(\,z) # z for (\,x) € A x 89,

ind,, (h(A,-),Q, K)
is well defined and is independent of A € A.
(Z4) Solution property: Ifind, (T, K) # 0, then T has at least one fized point in 2.
(Zs) Permanence: If K1 is a retract of K and T(Q) C K1, then
ind,, (7,9, K) =ind,. (T, QN K1, K1),
where indy, (T, 2N Ky, K1) = indyp (Tlgrz;, QN0 Ky, K.
(Zg) Exzcision: For every open set Q1 C Q such that T has no fized point in Q \ Q,

ind,, (T, 9, K) = ind,, (T, Q1, K).
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Now, we prove that the fixed point index ind,, (7,2, K) is equivalent to the Leray—
Schauder degree and is uniquely determined by the properties (Z1) — (Z3), (Zs).

If K = B, the conditions (Z;) — (Z3) are specifically the properties which illustrate the

Leray—Schauder degree. Hence,
ind,, (I —T,Q,8) =deg, (I —T,9,0),

where deg, (I — T,,0) denotes the Leray—Schauder degree with respect to zero of the
closure of the compact vector field I —T', which is defined on the closure of the open subset

Q2 of B.

Now, let K be any retract of B and ry : B — K be a retraction. Then, in view of

permeance property (Zs), we have
ind,, (T,Q, K) = ind,, (T o 7o, 75 1 (Q), B) = deg, (I — T o 79, 751 (Q), 0),

which shows that every fixed point index of T over ) with respect to K is equal to
deg, (I —Torg, ry 1(Q), 0) and therefore is unique. Thus, by the above uniqueness proof,
we define

ind,, (T, Q, K) = deg, (I — T o 7, 751 (Q), 0). (1.2.1)

Now, we show that the fixed point index defined by (1.2.1) is well-defined, that is, definition
(1.2.1) is independent of choice of retraction 79 : B — K. Let r : B — K be another

retraction. Then, by the excision property of the Leray—Schauder degree, we have

deg, (I —T or;, r._l(Q), 0) =deg, (I =T ory, ro_l(Q) ﬂrl_l(Q), 0), i=0,1.

)

Let h:[0,1] x Q — K be a compact map defined by
h(, z) = ro((1 = N (ro(x)) + AT (r1()))-
Then, by the homotopy invariance property of the Leray—Schauder degree, we have
deg, (I — T org, 15 (2) Nry 1 (Q), 0) = deg, (I — T ory, 15 (2) Ny H(Q), 0).
Consequently, ind., (7,2, K) is independent of the choice of retraction and, therefore,

(1.2.1) is well-defined.

We need the following results for our work. These results are useful and have significant
role in proving the existence of solutions of operator equations and, in particular, in
establishing the existence of multiple solutions of operator equations. For further details

and many other useful results we refer the reader to [9,62].

Theorem 1.2.4. (Schauder’s fized point theorem): Let C' be a nonempty, closed,
bounded and convex subset of a Banach space B and T : C — C be a completely continuous

map. Then, T has a fixed point in C.
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Proof. By Theorem 1.1.7, C'is a retract of B. Hence, ind,. (7, C,C) is well-defined. Let
xg € C and h: [0,1] x C' — C be a compact map defined by

h(A,xz) = (1 —N)xzg + A\Tx.

Then, the homotopy invariance property (Z3) together with the normalization property
(Z1) implies that

ind,, (7,C,C) = ind,, (xo,C,C) =1,
and by the solution property (Z4), T has a fixed point in C. O

Lemma 1.2.5. Let Q be a bounded and open set in a real Banach space B, P be a cone
of B,0€EQ and T : QNP — P be a completely continuous map. Suppose x # NXTx, for
any x € 0NN P, X\ € (0,1]. Then, the fized point index ind,,(T,Q2N P, P) = 1.

Proof. Define a compact map h : [0,1] x (2N P) — P by h(r,z) = 7Tx. Then, the
homotopy invariance property (Z3) together with normalization property (Z), implies
that

ind,,.(T,Q2N P, P) =ind,,(0,QNP,P) = 1.
O

Lemma 1.2.6. Let Q be a bounded and open set in a real Banach space (B, || - ||), P be a
cone of B,0 € Q and T : QNP — P be a completely continuous map. Suppose there exist
av € P\ {0} withx # Tz + dv for every 6 > 0 and x € 0Q N P. Then, the fized point
index ind,, (T, QN P, P) = 0.

Proof. Let p = sup{||Tz| : z € QNP} and p = sup{||z|| : € Q}. Choose d1 > (u+p)/||v]|
and define a compact map h : [0,1] x (2N P) — P by

h(r,x) =T(x) + T10.
Then, by the homotopy invariance property (Z3), we obtain
ind,, (T,Q2N P, P) =ind,, (T + 61v,2N P, P).

Now, ifind,, (T, QNP, P) # 0, then there exist an element x € QNP such that z = Tz+d;v.

Consequently,
[#]] = [[Tx + 1o]| > d1flo]| = | Tz| > o1l|vl] — p > p,

a contradiction. Hence, ind,,(T,QN P, P) = 0. O
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Lemma 1.2.7. Let Q be a bounded and open set in a real Banach space (B, | -|), P be a
cone of B,0 € Q and T : QN P — P be a completely continuous map. Suppose Tx £z,
for any x € 002N P. Then, the fized point index ind,,(T,Q2N P, P) = 0.

Proof. Geometrically, by T £ x for any € 9Q N P means that no x € QN P can
be mapped radially toward the origin under the map 7. We claim that for v € P\ {0},
x # Tx + dv for every 6 > 0 and x € 92 N P. Suppose there exist some §y > 0 and
xo € 9Q N P such that xy = T'xg + dov. Then, ||xg|| = ||Txo + dov|| > || Txol|, that is, x¢ is
mapped toward origin, a contradiction. Hence, by Lemma 1.2.6, ind ., (7, QNP,P) = 0. O

Theorem 1.2.8. (Guo—Krasnosel’skii fixed point theorem): Let P be a cone of a
real Banach space B. Let 1, Qo be open and bounded neighborhoods of 0 € B such that
01 C Qy. Suppose that T : (Q\ Q1) NP — P is completely continuous such that one of

the following conditions holds:
(1) || Tx| < ||z|| for x € Q1 N P, ||[Tx|| > ||z| for z € 002 N P;
(i) ||[Tz|| < ||z|| for x € 0Q N P, ||Tx|| > ||z| for x € 001 N P.
Then, T has a fized point in (Q2\ Q1) N P.

Proof. Assume that (i) holds. First we show that x # Tz for all z € 91 N P. Suppose,
x1 = Txq for some x1 € 001N P. Then, ||z1|| = ||Tz1||, a contradiction whenever || Tz1|| <
||z1]|. Now, we show that  # ATz for A € (0,1) and x € 991 N P. Suppose, 1 = \;Tx;
for some A € (0,1) and ;1 € 91 N P. Then, ||z1]| = Ai||Tz1]| < ||Tz1]] < [|z1]], again a
contradiction. Consequently, © # ATz for A € (0,1] and = € 92 N P. Hence, by Lemma
1.2.5, the fixed point index ind,, (7, N P, P) = 1.

We claim that there exist a v € P\ {0} with x # Tz + dv for § > 0 and = € 902 N P.
Suppose, o = T'za + dav for some do > 0 and zo € Iy N P. Then, ||z2| = ||Tx2 +
dov|| > ||[T'z2|| > ||x2||, a contradiction. Therefore, by Lemma 1.2.6, the fixed point index
ind,, (T, N P,P) = 0.

Thus, by the additivity property of fixed point index (Z3), we obtain
ind, (T, (2 \ Q) NP, P)=ind,.(T,QNP,P)—ind, (T, NP,P)=0—-1=—1,

which shows that T has a fixed point in (€5 \ 1) N P. The proof for (i) is similar. [



Chapter 2

Singular Systems with Nonlocal

Boundary Conditions

Nonlocal BVPs arise in different areas of applied mathematics and physics. For example,
the vibration of a guy wire composed of N parts with a uniform cross section and different
densities in different parts can be modeled as a nonlocal BVP [108]; problems in the theory

of elastic stability can also be modeled as nonlocal BVPs [122].

The study of nonlocal BVPs for linear second-order ODEs was initiated by II’in and
Moiseev in [72,73] and extended to nonlocal linear elliptic BVPs by Bitsadze and Samarskii,
[26-28]. Existence theory for nonlinear three—point BVPs was initiated by Gupta [63].
Since then the study of nonlinear regular multi—point BVPs has attracted the attention of
many researchers; see for example, [30,79,92,94,96,101,108,126,138] for scalar equations,
and for systems of ODEs, see [37,42,77].

Recently, the study of SBVPs has also attracted some attention. An excellent resource
with an extensive bibliography was produced by Agarwal and O’Regan [3]. More recently,
S. Xie and J. Zhu [129] applied topological degree theory in a cone to study the following
two—point BVPs for a coupled system of nonlinear fourth-order ODEs

—aW(t) = fit,y(t), te(0,1),
—y"(t) = fao(t,x(t), t€(0,1),
2(0) = z(1) = 2"(0) = 2" (1) = 0,
y(0) =y(1) =0,

where the nonlinear functions f; € C((0,1) x [0, 00), [0, 00)) satisfy fi(t,0) =0 (i = 1,2)

and are allowed to be singular at t =0 or t = 1.

Y. Zhou and Y. Xu [140] studied the following nonlocal BVPs for a system of second—

16
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order regular ODEs

_‘T”(t) = f(t’y(t , L€ (07 1)’

_y”(t) = g(t7x(t))7 te (07 1)7 (2'0‘1)
ac(()) =0, .%'(1) = ax(n),
y(0) =0, y(1) = ay(n),

where n € (0,1),0 < a < 1/n, f,g € C([0,1] x [0,00),[0,00)) and f(¢,0) =0, g(¢,0) = 0.
The system of BVPs (2.0.1) was extended to the singular case by B. Liu, L. Liu and Y.
Wu [95], where the functions f, g were assumed to be singular at ¢ = 0 or ¢ = 1 together

with the assumption that f(¢,0) =0, g(¢,0) =0, t € (0,1).

In this chapter, we study the following singular systems of ODEs

(2.0.2)
_y”(t) = g(t,x(t)), te (07 1)7
and
*x”(t) = f(t7x(t)7y(t))v te (Ov 1)7 (203)
—y"(t) = g(t, x(t),y(t), te€(0,1),
subject to nonlocal BCs
z(0) = y(0) =0, z(1) = az(n), y(1) = ay(n), (2.0.4)

where 7 € (0,1), 0 < a < 1/n. For the system of ODEs (2.0.2), we assume that f,g :
(0,1) x (0,00) — (0, 00) are continuous and f(¢,0), g(¢,0) are not identically 0. Similarly,
for the system of ODEs (2.0.3), we assume that f,g : (0,1) x (0,00) x (0,00) — (0, 00)
are continuous and f(¢,0,0), g(¢,0,0) are not identically 0. Moreover, f and g are allowed
to be singular at t = 0, t = 1, x = 0 and y = 0. By singularity we mean that the
nonlinear functions f and g are allowed to be unbounded at t =0,t =1, x =0 or y = 0.
By applying Theorem 1.2.8, we obtain sufficient conditions for the existence of positive
solutions to the systems of ODEs (2.0.2) and (2.0.3) subject to BCs (2.0.4), [14,15]. In
general, the assumption that there exist singularities with respect to the dependent variable
is not new; see [3,37,93], for example. However, in the case of nonlocal BCs and coupled
systems of ODEs, we believe this assumption is new.

1 2—a
’1-m’ 1—an

Let ng > max{% } be a fixed positive integer. For each u € &, := C[1,1-1],

we write [|ull, =max{|u(t)|:t€[L,1— 1]} wheren € {ng,no+1,n0+2,---}. Clearly,

En, with the norm || - ||, is a Banach space. Define a cone K, of &, as

En

1 1
K, ={u€é&, :u>0and concave on [—,1 — —]}.
n n
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For any real constant r > 0, define an open neighborhood of 0 € &, of radius r by
O ={uec&:|lull, <r}

For each (z,y) € &, X &y, we write |[(z,9)|l, ve, = [IZlle, + |¥lls,. Clearly, (€, x &, | -

lle, xe,) is a Banach space and K, x K, is a cone of &, x &,. Further, for any real constant

r > 0, we define an open neighborhood of (0,0) € &, x &, as

Or ={(z,y) € &En x En: ||($7y)||£n><8n <r}

2.1 Green’s function for the associated linear problem

Lemma 2.1.1. For z € &,, the linear BVP

—u'(t)=z(t), te[-,1-—],
nen (2.1.1)
(1) =0, u(1l ~ ) = auln)
u(=) =0, u(l — =) = au(n),
n n g
has a unique solution
1-1/n
u(t) :/ H,(t,s)z(s)ds, (2.1.2)
1/n
where Hy, : [2,1— 1] x[11— 11 0,00) is an associated Green’s function and is defined
by
(t=3) (A= —s)=an=s))
e, (t=s), G Ss<t<l-ogis<n,
1 1
(t—;)((l—Q;—as)—a(n—S))j Lop<s<i-1 s<n
1-24+%—an n n
Hy(t,s) = -1yt ) ) (2.1.3)
)y, Lop<s<i=1 s>,
(t—) (A= —s)
T%,m,s—(t—S)v Los<t<1i-1 5>

Proof. Integrating (2.1.1) from 1/n to t, we have

W (t) = (1) - / 2(s)ds,

n /n

again integrating from 1/n to t and using the BCs (2.1.1), leads to

t
U@ZMHW_H_/)wﬁp@@. (2.1.4)
n n l/n
Using the BCs (2.1.1), we obtain
/1 1 /1—1/71 1 o /77
u(—)= 1—— —s)z(s)ds — — s)z(s)ds.
W= irrama (w0 [ 920
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Now using (2.1.5) in (2.1.4), we get

t—1 1=1/n 1 aft — 1) 1
u(t) :1 i / (1 ——=—235)z(s)ds — R / (n—s)z(s)ds
—n Tt oanJiym n L= +5%—anJim
t
—/ (t — s)z(s)ds,
1/n
which can also be written as (2.1.2). O

We note that H,(t,s) — H(t,s) as n — oo, where

%—‘ﬁ(ﬁi‘;)—(t—s), 0<s<t<1l s<n,
H(t,s) = g%}z_af@;;)’ 0<t<s<l1,s<m,
o, 0<t<s<1,s2n,
t1(1—;;)_(t_8)’ 0<s<t<1,s>n,

is the Green’s function corresponding to the BVP
_u// (t)
u(0)

0, t €[0,1],
0, u(l) = au(n).

Lemma 2.1.2. The function H,, satisfies
() Halt.s) S puls— D1 -2 =5), (t5) €[L1- 1 x (11— 4]

(i) Ha(t,s) > vals = 1)1 =L =), (tos) € [m,1— 4] x [1,1- 1],

n n’ n

where

1

min{1, a} min{n — %, 1———n} =0

1-242_qap

~ max{l,a}
- 2
l—=+2—an

>0, v, =

Hn -

Proof. First we prove (7). For (t,s) € [2,1 — 1] x [, 1~ 1] we discuss various cases.

Case 1: s <17, t > s; using (2.1.3), we obtain

(t— D=5 —s)—am—ys)
1-242_qap

Ho(t, s) = —(t—s):s—%+(a—1)

If @ > 1, the maximum of H,(¢,s) occurs at t =1 — %, hence

1 (s—Hl-2-n) _ (s—2)(1-1-5)
Hn(tas)SHn(l_ﬁas):a 1_ng+gioﬂ7 sa 1_n2+2ia77
n ' n n ' n
1 1
< - —)(1—-—=-
< pn(s = ) (1=~ =),

and if o < 1, the maximum of H,(t, s) occurs at ¢t = s, hence

(s-H-Lt-stat-n) _-H1-1-9
1—

Hy(t,s) < Hp(s,s) = 5 < 5
S+ —an 1-2+%—apg

< pinls — (1=~ ~ ).
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Case 2: s <7, t < s; using (2.1.3), we have

H,(t,s) = (t— %2)(1—%—3) N (t —2%)(77—5) _ (t—%)(l—%—s)

-2+ % —an 1-242_ap~ 1-242_qy
(s—Ha -1 -5 1 1
ST <pn(s——)(1—=—s).
—54‘5—0”7 n n

Case 3: s >, t < s; using (2.1.3), we get

t—LH-L1- -Ha-1- 1 1
Hn(t78):( n2)( el 5 8) < (S nQ)( a 5 S) Sﬂn(s—*)(l_*—s)
-2+ —an Il—z2+2—an n n

Case 4: s > 1, t > s; using (2.1.3), we get

t— 1y -1_— 1 1 _ 1y _ (o1
Hn(tvs):( 712)( n 8) —(t—S):S—*‘i‘(t_*)a(n 2n) (8 n)

If a(n— 1) >s— 1, the maximum of H,(t,s) occurs at t =1 — 1, hence

L @bt -hi-L-s)
Hn(t,S)SHn(l_ﬁas):a 1_ng+gﬁon7 sa 1_n2_|_2ia17
n n n n
1 1
< — ) (1-=-
_,Un(s n)( n 8)7

and if a(n — 1) < s — L, the maximum of H,(t,s) occurs at t = s, so

1 1
s—=)1—-=>—3s 1 1
(69 < Hs9) = S0 - Ha- Loy,
n n
; 1 1 1 . .
Now, we prove (ii). Here, for (t,s) € [n,1 — =] x [, 1 — -], we discuss different cases.

Case 1: s <17, t > s; using (2.1.3), we obtain

(t= (A -5 -5 —am—s)
1-24+2 ap

H'rl(t7 S) =

If @ < 1, the minimum of H,,(t¢,s) occurs at t = 1 — %, hence

1 1 1—2)(g—1 — Iy -1_
Hn(t73)ZHn(l—*,gg):S—*—"(Od—l)( 2n)(2 'n,) :O[(S nQ)( — n 17)
1 1
> yp(s — —)(1 = — —
> ol = )1 - - ),

and if @ > 1, the minimum of H,(t, s) occurs at t = 7, hence

2 D- G- Hi-1-n)
— 21 a_qy 1-242_qap

n

Case 2: s > 1, t < s; using (2.1.3), we have

t—LHa-L1_-s -Ha-L—s 1 1
Hn(t75):( n2>( e 5 )2 (T, n2)( @ 5 )ZVn(S**)(liiis)‘
-2+ —an -2+ —an n n
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Case 3: s >, t > s; using (2.1.3), we have

(D09 1 1= ak-
1-242_qap n n’ 1-242_qp

H,(t,s) =

If s— 1> a(n— 1), the minimum of Hy(t,s) occurs at t =1 — 1, hence

_ 1y -1_g4
(n—5)0 ﬁom) Zun(s—%)(l—%—s%

1
H,(t >H,(1—— =
n(t,s) > Hp( n75) « 1_%+%

and if s — 1 < a(n— 1), the minimum of Hy,(t, s) occurs at ¢t = s, therefore

1 1 1 1
) =5 - — o)1= - 1 1
Hn(t,s)ZHn(s,s):(s n2)( an 5)2(77 n2)( an S)ZVn(S_*)(l_*_‘s)'
I-24+2—an =242 —an n n
O

2.2 Sufficient conditions for the existence of at least one

solution

In this section, we establish existence of positive solution to the system of BVPs (2.0.2),
(2.0.4). We say (z,y) is a positive solution to system of BVPs (2.0.2), (2.0.4) if (z,y) €
(C[0,1] N C?(0,1)) x (C[0,1] N C?(0,1)), > 0 and y > 0 on (0,1], (z,y) satisfies (2.0.2)

and (2.0.4). For this purpose, we consider the system of nonlinear non-singular BVPs

(1) = Fltmax{y() + ), e [n1- 1],
-y (t) = g(t, max{x(t) + l, l}), t [l’ 1— l],
1 T noon (2.2.1)
x(ﬁ) =0, z(1— ﬁ) = ax(n),
y(y =051 1) = aytm)

We write (2.2.1) as an equivalent system of integral equations

1-1/n
x(t) = /1/ Ho(t, 5)f (s, max{y(s) + % %})ds, Le %, - %],
: (2.2.2)

w—/lwﬂu (s, max{a(s) + -, 1Pds, tet1-Y
y(t) = n n(t; )g(s, max{z(s) + —, —})ds, ~ ~J.

Thus, (2, yn) is a solution of (2.2.1) if and only if (zy,, yn) € &, X &, and (4, yn) is a
solution of (2.2.2).

Define operators A, B,, Ty : &, — K, by

1-1/n
(Any)(t) = / Hy,(t,s)f(s,max{y(s) + l7 l})d& te [lj 1— 1]7
1/n nn n n
1-1/n
(Bnz)(t) = / Hy,(t,s)g(s, max{x(s) + l, l})ds7 te [lj 1— l], (2.2.3)
1/n nn n n
(Tnx)(t) = (An(an))(t), tc [l7 _ l]
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If u,, € K, is a fixed point of T},; then the system of BVPs (2.2.1) has a solution (z,, y,)
given by

Zn(t) = un(t), tely1-3l,

va(t) = (Buu)(), e (21— 1)

Assume that the following holds:
(H1) there exist K, L € C((0,1),(0,00)) and F,G € C((0,00), (0,00)) such that
ftu) < K@) F(u), g(tu) < LE)G(u), te(0,1), ue(0,00),
where

1 1
- / {1 — K (8)dt < +00, b= / H1 = ) L(t)dt < +oo.
0 0

Lemma 2.2.1. Under the hypothesis (H1), the operator T,, : Q. N K,, — K, is completely

continuous.

Proof. Firstly, we show that the operator T,,(K,,) C K,,. Clearly, for any u € K,,, we have
(Thu)(t) > 0 and (T,u)"(t) < 0 for t € [L,1—1]. Consequently, T,,u € K,, for all u € K,.
Now, we show that T}, : Q, N K,, — K, is uniformly bounded and equicontinuous. We
introduce

1
dp = b, max G(u+ —),
n

u€[0,r]

1-1/n 1 1-1/n 1
Wy, = / flt,—+ / Hy,(t,s)g(s,u(s) + —)ds)dt.
1/n n 1/n n

(2.2.4)

For any u € Q, N K,,, using (2.2.3), (H1) and (i) of Lemma 2.1.2, we have

1-1/n 1-1/n
By = [ e o [ gt ue) + s

1-1/n 1-1/n
< / Hl(t, S)K(S)F(l + /1 Hn (s, 7)g(T,u(T) + l)dT)ds

1/n n /n n

1-1/n 1-1/n
< ,un/ (s — 1)(1 R S)K(S)F(l + / Hy(s,7)g(r,u(r) + l)dT)als.
1/n n n n 1/n n

But, using (H1), (¢) of Lemma 2.1.2 and (2.2.4),
1-1/n 1 1-1/n 1
0< [T HtSgsue) + s < [ Halt ) LEG((s) + s
1/n n 1/n n

1-1/n
< un/l (5= 2)(1 = 2 — ) L(s)G(uls) + 2)ds < jin max Glu+ =)

/n n n n u€(0,r] n

s _1 1——1— L(s)ds <b G —i——l =d
< n mn-
/1/n (s )( s)L(s)ds < bu um[%,)?(«} (u )
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Therefore,

IR A | 1 1
< — - — - — — < —
(Thu)(t) < un ug[l(i)ii]F(u + n) /1/n (s n)(l - $)K(s)ds < apu, ugﬁgz] F(u+ n)’

which implies that

1
Thu <a max F(u+ —),
T, < open o Flut )

that is, T,,(Q, N K,,) is uniformly bounded. To show T,(Q, N K,,) is equicontinuous, let

t1,to € [%, 1- %] Since H,, is uniformly continuous on [%, 1- %] X [%, 1- %], for any

e > 0, there exist § = d(¢) > 0 such that |[t; — t2| < § implies
1

€ 1
|Hy,(t1,s) — Hy(t2, s)| < o for s € [;, 1-— ﬁ] (2.2.5)

For any u € Q, N K, using (2.2.3), (2.2.5) and (2.2.4), we obtain

1-1/n 1 1-1/n
(T (t) = )1 < [ H1,9) ~ a9 F o+ [ o)
1/n 1/n
1 g c 1-1/n 1 1-1/n 1 g
o)+ s < e [ g [ Bt gt + s = <

Hence,
|(Thu)(t1) — (Thu)(t2)] < e for all u € Q. N Ky, [t1 — ta| < 6,

which implies that T,(Q, N K,,) is equicontinuous. By Theorem 1.1.6, T,,(Q, N K,,) is

relatively compact. Hence, T, is a compact operator.

Now, we show that T}, is continuous. Let u,,,u € Q, N K, such that
|tm — ull;, — 0 asm — +oo.

Using (2.2.3) and (i) of Lemma 2.1.2, we have

1—-1/n 1-1/n
(T (£) — (Tou)(8)] = / Ho(t, ) (f(s,~ + / Hy(5,7)g(ry tm(7) + ~)dr)

/n no Jim n

1-1/n
< [ =05

/n n n

1-1/n
—f(s, 1 +/ H,(s,7)g(r,u(T) + %)dr))ds
1/n

1 1-1/n 1 1 1-1/n 1
fopt [ Hals g (n) + 2)dn) = foo o+ [ Hals gt ulr) + 1)) d.
n l/n n n 1/7’L n
Consequently,
1-1/n 1 1 1 1-1/n
[Tt = Talle, < [ 5= 1= 2 =) |7+ [ Husir)
1/n n n n 1/n

1-1/n
o7 (7) + 2)dr) = S+ [ Halsmalra() + 1))
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By the Lebesgue dominated convergent theorem, it follows that
| Tum — Thull, — 0 as m — +o0,

that is, T, : Q, N K,, — K, is a continuous. Hence, T}, : Q, N K,, — K, is completely

continuous. O
Assume that

(Hz) there exist aq, s € (0,00) with ajag < 1 such that

im £ o0 m G

u—o0o UYX1 u—o00 X2

(H3) there exist 31, f2 € (0,00) with $182 > 1 such that

lim inf min f(t,v) >0, liminf min 9(t,v)

> 0.
u—s0+ te[n,1] ub1 u—s0+ te[n,1] uP2

Theorem 2.2.2. Under the hypothesis (H1) — (Hz), the system of BVPs (2.0.2), (2.0.4)

has at least one positive solution.

Proof. By (Hz), there exist real constants ¢, c2, c3,c4 > 0 such that
g2entencagpon ontle (01 (2.2.6)
o , 2.
and
1 1., 1 1.,
Flu+—)<ci(u+ )" +c2, Glu+ =) < ez(u+ —)* + ¢4 for u > 0. (2.2.7)
n n n n

In view of (2.2.6), we choose a real constant R > 0 such that

apincy + 22%1ab™ p21 e ¢t 4+ 2% au,n ey + 22t gho yontlpmaran e o
1 — 22e1fanazgpon o1tle (o1

R>

(2.2.8)

For any u € 0Qr N K,,, using (2.2.3), (H1) and (2.2.7), it follows that
1-1/n 1 1-1/n 1
@) = [ e+ [ Hals gt + s
1 1

/n no Jiyn n

1-1/n 1 1-1/n 1
< / Ho(t, $)K () F(S + / Hy(s,7)g(r, u(r) + —)dr)ds
1/n n 1/n "

1-1/n 1 1-1/n 1
< / Hn(t, s)K(s)(c1(= + / Hn(s,7)g(7,u(T) + —)d7)** + c2)ds
1/n n 1/n n

1-1/n 1 1-1/n 1
— o / Hot 5)K () (- + / Ho(s, 7)g(r ulr) + )dr)ds
1/n n 1/n n

1-1/n
+ 02/ H,(t,s)K(s)ds.
1/n
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Again using (H1) and (2.2.7), we obtain
1-1/n

1-1/n
(Tou)(t) < o1 / Hao(t ) K (s)( + /1

1/n n /n
1-1/n 1-1/n 1 1-1/n
+ 02/ H,(t,s)K(s)ds < 01/ Hy,(t,s)K(s)(— +/ H,(s,7)L(T)
1/n 1/n n 1/n
1 1-1/n 1-1/n
(es(u(r) + E)OQ + ¢q)dT)ds + 62/ H,(t,s)K(s)ds < cl/
1/n

1/n
1 ]_,1/71 1 lfl/n
(= + / Hy (s, 7)L(T)dr(cs(R+ =) + ¢q4))™ + 02/
n ]./TL n

H,(s,7)L(7)G(u(T) + %)dT)O“ds

H,(t,s)K(s)ds

H,(t,s)K(s)ds.

1/n
Employing (i) of Lemma 2.1.2 and (#;), leads to
T 1-1/n 1 ) 1 K(e\d 1 1-1/n 1 . 1
< — ) (1-=— it —I)1- = —
(B @) Seu | 0= 0= = KOG [ = D0 )
L(t)dr(c3(R+ —)* 4+ ¢4))* + CQ,un/ (s——=)(1——=—=3s)K(s)ds
n 1/n n n

1 1
< apner( 4 bpn(es(B+ )% +ca))™ + apines.

But,

(03 (e (63 ]' (03 [0 1 QU o
(E"f‘b,un(Cg(R-i-ﬁ) 24 ey))™ <2 1(W+b 1un1(03(R+;) 24 cy))

Therefore,

1 1
(Twu)(t) < 2% apner (o0 + % ! (ea (R A+ ) + ca)™) + apincs.
Also,

1 1
(e3(R A =) +eq)™ < 2% (eg" (B + )M +cf)

S 2a1 (2011012051 (Ralag +

)+ cqt).

ne1o2

Consequently,

1 1
(Ta)(t) < 2 apimer (g + 2B (299265 (R + ) 465)) + apimes
= 2% au,n" ey + 22 ab™ pfr ey (29192651 (R™M1O2

1
notaz )+ Cy ) + apinco
= 2% qu,n e + 22a1+alazabalug1+lclcgl (Ralaz +

2001 101 ,,01+1 (5]
) P

+ apipcy = 2% appn~ ey + 22 trazgpen oatle) (o paiaz
4 g2ontonez ghon yontly maren g (a1 4 9201 gpon 0 tle (M 4 gy ey
Using (2.2.8), we obtain

T, < lull,, for all u € Qg N K. (2.2.9)
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Now, by (#H3), there exist constants c5,c6 > 0 and p € (0, R) such that

f(t,x) > esz™, g(t, x) > cez™ for x € [0, p], t € [n,1]. (2.2.10)
Choose
8 1-1/n 1 1
rn, = min {p, V£1+1nﬁ1ﬁ205061(/ (s——=)1—-—— s)ds)51+1}. (2.2.11)
0 n n

For any u € 99, N K, and t € [, 1 — 1], using (2.2.3) and (2.2.10), we have

n

1-1/n 1-1/n
(Thu)(t) = /1 Holts) (s, ~ + /1 Hi(s,7)g(r, u(r) + %)dT)ds

/n n /n

1-1/n 1-1/n
o [ UHASG [ Halsmgtnur) + i) s
1 1

/n " /n

1-1/n 1-1/n
> 05/ H,(t, s)(/ H,(s,7)g(T,u(r) + l)alT)’Blds
1/n 1/n n

) 1-1/n 1-1/n 1 5, 5
> cseq y H,(t,s)( y Hn(S,T)(u(T)—l-E) dr)”tds

1-1/n 1-1/n
> n_’3152650651/ Hn(t,s)(/ H,(s,7)dr)"1ds
1/n 1/n

1-1/n 1-1/n
> TZ_61B26506’81/ Hn(t,s)(/ H,(s,7)dr)"'ds.
n n

Employing (ii) of Lemma 2.1.2, we get
1-1/n 1 1 1-1/n
(Thu)(t) > 1/51“717615265021 / (s ——=)(1— o s)ds(/ (r—
n n
1 5 1-1/n 1 1
(1——— T)dT)ﬁl = V£1+1n616265061(/ (s—=)(1——=— s)ds)ﬁlﬂ.
n 0 n
Using (2.2.11), we obtain

T, > [[ull,, for all u € 90, N K,. (2.2.12)

In view of (2.2.9), (2.2.12) and by Theorem 1.2.8, T, has a fixed point u,, € (Qr\Q,)NKp.
Note that
Ty < Hun”gn <R (2'2'13)

and r, — 0 as n — oo. Thus, we have exhibited a uniform bound for each u, € &,, and

{tn }m>n is uniformly bounded on [£,1— 1],

Now, we show that {uy}m>n, is equicontinuous on [2,1 — 1] For t € [2,1 — 1]

consider the integral equation

B 1 Um (1 — %) — aum(n) — (1 — a)um(%) 1 1-1/n -
U (1) —um(a)—{— =2+ 2 ay (t_n)+/1/n H,(t,s)f(s)ds,
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where f(t) = f(t, 2 + [} V" Ha(t, 5)g(s, 1 + i (s))ds)

Which can also be written as

Lo um(l=2) —aum(n) — (1 — a)um () 1 t—1
(1) = () 7w =2
n I1—24+2—an n I—2+5—an
1-1/n 1 B aft — l) n s t -
[ oae e aiwds - G [ s - [ (- s Fsas
1/n n 1_5"’_5_0‘77 1/n 1/n
Differentiating with respect to t, we get
m _1 m — (1 — m 1 1 1-1/n 1
i 1) = M) ) L 0n) [ty
T renan e an, U
_ o n ~ t
Fs)ds — 52 (= 9)(s)ds — [ ls)ds,
l—=s+3—anJim 1/n
which implies that
2(1+ )R 1 /1—1/" 1 .
/
+ 1——— d

o n - 1-1/n
R /1/n(n— §)f(s)ds + /1/n F(s)ds.

n n

Hence, {tm }m>n is equicontinuous on [1,1 — 1],

For m > n, we define

um(%)? 0 S 13 S %7
(), 1—% <t<1.

Since vy, is a constant extension of u,, to [0, 1], the sequence {v,} is uniformly bounded
and equicontinuous on [0,1]. Thus, there exists a subsequence {vy,, } of {vy,} converging

uniformly to v € C0, 1].

We introduce the notation

1—1/mk 1
Tmy, (t) = Umy, (t)a Ymy, (t) = Hmk (t, S)Q(Savmk (8) + 7)d87
x(t) = m%clgnoo T, (1), y(t) = ler_)noo Ymy, (1)-

For t € [0, 1] consider the integral equations
1-1/my 1
P 0) = [ Ho (69 (5) + ),
1/my,

1-1/my
b ® = [ H (051903 (9) + s,

/i
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Letting my — oo, we have

Moreover,
2(0) = 0, z(1) = ax(n), y(0) = 0, y(1) = ay(n).
Hence, (z,y) is a solution of the system of BVPs (2.0.2), (2.0.4). Since
f,9:(0,1) x(0,00) — (0, 00),

f(t,0), g(t,0) are not identically 0 and H is of fixed sign on (0,1) x (0, 1), it follows that
x> 0and y>0on (0,1]. O

Example 2.2.3. Let

e = (y +9) o0 =y (5 )

and a =2, n = % Choose

K(t)=L(t) = F(y) = ; +3y'3, Gz) = % + 4z,

and a1 = %, ag =2, 1 = P = 1. Clearly, (H1) — (H3) are satisfied. Hence, by Theorem
2.2.2, the system of BVPs (2.0.2), (2.0.4) has a positive solution.

Assume that

(H4) f(t,u), G(u) are non—increasing with respect to u and for each fixed n € {ng,ng +

1,n9 4+ 2,-- -}, there exists a constant p, > 0 such that

1-1/n
ft 4 bmGE) Z ol [ (5= )= =8 te 1]
n

n n n

Theorem 2.2.4. Under the hypothesis (H1), (H2) and (Ha), the system of BVPs (2.0.2),

(2.0.4) has at least one positive solution.
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Proof. For any u € 09,, N K, using (2.2.3), (i) of Lemma 2.1.2 and (H1), we have

1-1/n 1-1/n
(Thu)(t) = /1 H,(t,s)f(s, 1 + /1 Hy(s,m)g(r,u(r) + %)dT)dS

/n n /n
171/nH 1 1-1/n 1 . 1 1 dr\d
> - _ = _ - _ -
2 [ e [ D0 = natru) + s
e 1 e _Lal o ome Lyiryd
> - i - -
2 [ e [ D0 LG + s
1-1/n 1 1 1-1/n 1 1 I Ind
> - - _ _ - _
S R N S LR LT
1-1/n 1 1
2/ Hy(t,s)f (s, ~ + b G(=))ds.
1/TL n n

Now in view of (H4), we have

1-1/n 1-1/n 1 1
(Tnu)(t) 2 pn // Hy(t, s)ds(vn/ (r= )1 = r)dr)”!

1/n n

1-1/n 1 1 1-1/n 1 .
> Pnln — )1 == = s)ds(vn “haolo a2,
Z PnV, /77 (s n)( n s)ds(v /77 (r n)( - 7)dr) 0
which implies that
Tl > lull, for all u € 09, 0 K, 2214

In view of (Hz2), we can choose R > pj,, such that (2.2.9) holds. Hence, in view of (2.2.9),
(2.2.14) and by Theorem 1.2.8, T;, has a fixed point u, € (Qr \ 2,,) N K,,. Now, by the
same process as done in Theorem 2.2.2, the system of BVPs (2.0.2), (2.0.4) has a positive

solution. ]

Example 2.2.5. Let

e ez
= t =
f(t,y) =0 9(t, ) =0
and a =2,n= % Choose
1

K1) = L) = s,

Choose p, < @e“rﬁnne” fll/gl/n(s —1/n)(1 —1/n — s)ds. Then (H1), (H2) and (Ha)

are satisfied. Hence, by Theorem 2.2.4, the system of BVPs (2.0.2), (2.0.4) has a positive

solution.
Assume that

(Hs) F(u), g(t,u) are non—increasing with respect to u and for each fixed n € {ng,no +

1,m0 +2,-- -}, there exists a constant M > 0 such that

1-1/n
aunF(un/ (s—l)(l—l—s)g(s,M+ 1)ds)§M.

n n n
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Theorem 2.2.6. Under the hypothesis (H1), (H3) and (Hs), the system of BVPs (2.0.2),

(2.0.4) has at least one positive solution.

Proof. For any u € 0Q; N K, using (2.2.3), (H1) and (Hs), we obtain
1-1/n 1 1-1/n 1
@) = [ e+ [ Hals mig(ruln) + Ddn)ds
1/n n 1/n n

l—l/n 1 l—l/n 1
< / Ho(t, $)K (s)F( - + / Ho(s,7)g(r, u(r) + ~)dr)ds
1/n n 1/n n

1-1/n 1-1/n 1
< / Ho(t, 5)K (3)F( / Hy(s, 7)g(r,u(r) + -
1/n 1/n n

1-1/n 1-1/n 1
< / Holt, 5)K (3)F( / H(s, 7)g(r, M + 2)dr)ds
1/n 1/n n

)dT)ds

1-1/n 1-1/n 1
< / Hy,(t, s)K(s)F(/ Hy(s,7)g(t, M + E)dr)ds.
1/n U

Employing (i7) of Lemma 2.1.2 and (Hs5), leads to

1-1/n 1-1/n
(Thu)(t) < F(Z/n/ (r— l)(1 . T)g(T, M + 1)d7)/1 H,(t,s)K(s)ds.
"

n n n /n

Now, using (i) of Lemma 2.1.2, (H1) and (H5), we obtain

1-1/n 1 1 1 1-1/n 1
(B < puF o [ = D0 D= ate M+ ) [ =)
1 I=ln 1 1
(1-— o s)K(s)ds < aunF(Vn/77 (r— E)(l - T)g(T, M + ﬁ)dT) < M,
which implies that
| Thulle, < llullg, forallu e dQy N Ky. (2.2.15)

By (H3), we can choose r, € (0, M) such that (2.2.12) holds. Hence, in view of (2.2.15),
(2.2.12) and by Theorem 1.2.8, T}, has a fixed point u, € (Qy \ Q) N K,. By the
same process as done in Theorem 2.2.2, the system of BVPs (2.0.2), (2.0.4) has a positive

solution. O

Example 2.2.7. Let

1 1
yeY Tew <
flt = QT VEL g gy TS
t(lit)’ y>1, t(16 o T >
and a =2, n = % Choose
1 yev, y<1, zer, x<1,
Ki)=L0)= iy FW)= G() =
e, y > 1, e, x> 1,
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and 31 = P2 = 1. Choose a constant M > 0 such that

N R G (S i)
M > max{1l, 6 F(e(l — —) /1/3 t(1—t)

n
Then (H1), (Hs) and (Hs) are satisfied. Hence, by Theorem 2.2.6, the system of BVPs
(2.0.2), (2.0.4) has a positive solution.

ds)}.

Theorem 2.2.8. Under the hypothesis (H1), (Ha) and (Hs), the system of BVPs (2.0.2),

(2.0.4) has at least one positive solution.

Proof. By (H1) and (H4), we obtain (2.2.14). By (H5) we can choose a constant M > p,,
such that (2.2.15) holds. Then by Theorem 1.2.8, T}, has a fixed point u,, € (ﬁM\Qpn)ﬂKn.
By the same process as done in Theorem 2.2.2, the system of BVPs (2.0.2), (2.0.4) has a

positive solution. O

Example 2.2.9. Let

11 11
f(ty) = t1—1) /7 92 =
and a =2, n = % Choose
K0 =10 = . FW)= . Cl) =1

Choose constants p, and M such that

A(n — 3) 1—1/“(t_ Lol pa

pn S —F—
Vn(6n? +1) Jiss n n

1-1/n 1 1_l_ _
By e S

Then (H1), (H4) and (Hs) are satisfied. Hence, by Theorem 2.2.8, the system of BVPs
(2.0.2), (2.0.4) has a positive solution.

2.3 Sufficient conditions for the existence of at least one

solution of more general systems

In this section, we establish the existence of positive solution to the system of BVPs
(2.0.3), (2.0.4). We say (x,y) is a positive solution to the system of BVPs (2.0.3), (2.0.4)
if (z,y) € (C[0,1]NC?(0,1)) x (C[0,1]NC?(0,1)), x > 0 and y > 0 on (0, 1], (z,y) satisfies

(2.0.3) and (2.0.4). Therefore, we consider the nonlinear non-singular system of BVPs

(1) = (b max{a(t) + % %},max{y(t) + % %}), Le [%, - %],
/(1) = gl max{a(t) + +, ) maxfy(t) + 2}, te[ 1], (231)
#(2) = y(2) =0, 2(1 — 1) = az(n), y(1 - =) = ay(n).

n n n n
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We write (2.3.1) as an equivalent system of integral equations

1-1/n
o= [ 9 s ma(als) + 1 mas{u(s) + s

o 11 o (2.3.2)
y(t) = /1/ H,(t,s)g(s, max{x(s) + - ﬁ},max{y(s) + e ﬁ})ds.

By a solution of the system of BVPs (2.3.1), we mean a solution of the corresponding

system of integral equations (2.3.2). Define an operator 1), : &, x &, — K, x K, by

To(z,y) = (An(z,y), Ba(z,9)), (2.3.3)
where the operators A, B, : &, x &, — K, are defined by
1-1/n 11 11
An(l‘a y)(t) = Hn(t¢ S)f(S,maX{IL‘(S) + ﬁa E}v max{y(s) + Ev E})dsa
1/n
- 1/n - - (2.3.4)
Bn(x7 y)(t) = / Hn(ta 5)9(5’ max{x(s) + ) 7}7 max{y(s) + ) 7})d5
1n n’'n n'n

Clearly, if (xn,yn) € &, X &, is a fixed point of T,; then (z,,,y,) also satisfies the system
of BVPs (2.3.1).

Assume that the following holds:
(He) there exist K, L € C((0,1),(0,00)) and F,G € C((0,00) x (0,00), (0,00)) such that
[t y) <K@ F(z,y), gt zy) < LHG(x,y), te(0,1), 2,y € (0,00),
where

1 1
a:= / t(1—t)K(t)dt < +o0o, b:= / t(1 — t)L(t)dt < +oo.
0 0

Lemma 2.3.1. Under the hypothesis (Hg), the operator Ty, : O, N (K, x K,) — K, x K,

is completely continuous.

Proof. First we show that T,,(K, x K,,) C K,, x K,. Clearly, for any (u,v) € K,, x K,
Ap(u,v)(t) >0, By(u,v)(t) >0, Ay(u,v)"(t) <0 and By (u,v)"(t) <0 for t € [1,1—1].
Consequently, T, (u,v) € K, x K,, for all (u,v) € K, x K,. Now, we show that the operator
A O0.N (K, x K,) = K, is uniformly bounded and equicontinuous. We introduce

1

1 1 1
wy, = max{ _max Flu+—,v+ —), _max Glu+ —,v+ —)}. (2.3.5)
(u,0)EON(Kn X Kp) n N (uw)eON(KnxKyp) n n

For (u,v) € 0, N (K, x K,), using (2.3.4), (He) and (2.3.5), we have

1-1/n 1-1/n
A, 0) () = /1 Hoy(t5)f(s,u(s) + ~ 0(s) + 2 )ds < /1 Ho(t, ) K (s)

/n n n /n
1-1/n
F(u(s) + %,’U(S) + %)ds < ann/ (s — l)(1 . s)K(s)ds

l/n n n

1-1/n
< ,u,nwn/ s(1 —s)K(s)ds < apipwn
1/n
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which implies that
A, 0)lls, < aptnwn < +ov,

that is, A,(O,N(K,x K,)) is uniformly bounded. Similarly, using (2.3.4), (H¢) and (2.3.5),
we can show that B, (O,N (K, x K,)) is also uniformly bounded. Thus, T,(O,N(K, x K))
is uniformly bounded. To show A, (O, N (K, x K,)) is equicontinuous, let t1,t € [2,1—1]
with 1 < t5. Since H,, is uniformly continuous on [%, 1- 1] [1 1-— f] for any € > 0,
there exist § = d(g) > 0 such that |t; — t2| < 0 implies

1

11 1
[Hy(t1,8) = Halt, )| < min{-, B}w% forsel,1-]. (2.3.6)

For (u,v) € O, N (K, x K,), using (2.3.4), (Hs), (2.3.5) and (2.3.6), we have

1-1/n 1 1
/ (Hy(t1,8) — Hyp(t2,9)) f(s,u(s) + —,v(s) + EDdS

1/n n

1-1/n
< / Ho(tr,5) — Ho(t2, )| f(5,u(s) + = v(s) + ~))ds
1/n n n

[An(u, v)(t1) = An(u, v)(t2)] =

1-1/n
< / Hoy (b1, 5) — Ho(ta, )| K (5)F(u(s) + -, 0(s) + 2))ds

1/’11 n n

1-1/n e 1-1/n e 1
< wn/ Hoy (b1, 5) — Ho(ta, )| K (5)ds < wn—— K(s)ds < / K(s)ds = e.
1/n aWn J1/n aJo

Hence,
| Ap(u,v)(t1) — An(u,v)(ta)| < € for all (z,y) € Q. N (K, x Ky,), |t1 — t2| <4,

which implies that A, (O, N (K, x K,)) is equicontinuous. Similarly, using (2.3.4), we
can show that B, (O, N (K, x K,)) is also equicontinuous. Thus, T,,(O, N (K, x K,)) is
equicontinuous. This together with uniform boundedness of T,(O, N (K, x K,)) and by
Theorem 1.1.6, it follows that T,(O, N (K, x K,)) is relatively compact. Hence, T}, is a

compact operator.

Now, we show that T, is continuous. Let (u,, vp), (u,v) € K, x K, such that
(s ) = (@39, e, — O 2 1 = +o0,

Using (2.3.4) and (i) of Lemma 2.1.2, we have

1-1/n
At ) (0) = A, 00O = | [t 5) £t () + () + )

1/n n
1-1/n
~S(s) - 0(s) + | € [ 8| £ ) 4 o)+ )
1-1/n
s ute) - w(s) + ) ds S [ o= D0 0|5 )+ )
1 1
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Consequently,
=m0 1 1 1
| An (W, vim) — An(“v”)”gn <Hn (s = =)1 == —=35)|f(5,um(s) + =, vm(s) + =)
1/n n n n
Fls,uls) + o(s) + )| d
— u(s) + —,v —)|ds.
% N T
By Lebesgue dominated convergence theorem, it follows that
| An (U vm) — An(u,v)|l,, — 0 as m — +oc. (2.3.7)
Similarly, by using (2.3.4) and (i) of Lemma 2.1.2, we have
| Br(tm> vm) — Bn(u,v)|,, — 0 as m — +oc. (2.3.8)

From (2.3.7), (2.3.8) and (2.3.3), it follows that

1T (i, V) — T (w, v) — 0 as m — 400,

”Enxé‘n

that is, Ty, : O, N (K, x K,,) = K, x K, is continuous. Hence, T}, : O, N (K, x K,) —

K, x K, is completely continuous. ]

For (z,y) € R?, we write |(x,%)| = |z| + |y|. Assume that

(H7) There exist real constants 3, p with 0 < 3, 5 < 1 such that

F(x7y)~ _> 0’ llm G(x7y)~ % 0
@)l =00 |(z,y)|P |(z.9)|—o0 (2, y)[P

I

(Hg) There exist real constants oy, §; with a; < 0 < 3; < 1, i = 1,2; such that for all
€ (0,1), z,y € (0,00),

A f(tay) < fltex,y) < M f(ta,y), H0<e<],
cftxy) < fltex,y) <P f(tx,y), ife>1,
P2 f(tx,y) < ft,z,cy) < c® f(t,x,y), if0<e<1,
c?ft,r,y) < flt,z,cy) < cf(t,x,y), ifec>1;

(Hy) There exist real constants 7;, p; with 7, < 0 < p; < 1, @ = 1,2; such that for all
€ (0,1), 2,y € (0,00),

. if0o<e<l,

) Y)

t,ex,y) <cllg(t,x,y), ifc>1,
) y), if0<ec<l,
)

t,x,cy) < cPg(t,z,y), ifec>1.
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Theorem 2.3.2. Under the hypothesis (He¢) — (Ho), the system of BVPs (2.0.3), (2.0.4)

has at least one positive solution.

Proof. By (H7), there exist real constants ¢y, cg, cg, c10 > 0 such that
apin2 e < 1, bun2 ey < 1 (2.3.9)
and

1 1 2.z 1 1 2~
Flz+—,y+~) < cr(x+y+—)’+cs, Gla+—,y+—) < co(w+y+—)"+cip for |(z,y)| > 0.
n n n n n n

(2.3.10)
In view of (2.3.9), we choose a real constant R > 0 such that
R>max{ w20 Per + ap nes b“”21+2ﬁ”_ﬁcf - brncio | (2.3.11)
1-— aun21+507 1 — buy2t+rey

For any (u,v) € 00r N (K, x K,,), using (2.3.4), (H¢), (2.3.10) and (i) of Lemma 2.1.2,
we have

1-1/n

1-1/n
A, 0) (1) = /1 Ho(t5)f(s,u(s) + =, v(s) + L)ds < /1 Ho(t, 5)K (5)

/n n n /n

1-1/n -
F(u(s) + %,v(s) + %)ds < /1/ H,(t,s)K(s)(cr(u(s) +v(s) + %)5 + cg)ds

1-1/n ~ - 1-1/n
< / H,(t, $)K(s)(cr(R + %)5 + ¢g)ds < pin(cr(R + %)5 + c8)/ (s — l)
1 1

/n n

~ 1-1/n
(1-— 1 s)K(s)ds < pn(c7(R + g)ﬂ + Cs)/ s(1—s)K(s)ds
n n 1/n

1
< pnler(Rt 2+ ) [ 501 = 9K (s)ds = apuler(R+ ) + o).

2.5 _ oB,pg , 2°
(R+ )P <2%(RP + ).
n n/B

Therefore, in view of (2.3.11), we have

5 5 2 _ - R
Ap(u,)(t) < apin (28cr(RP + B) + ¢3) = apn2’ RPer + apn2®nPer + apines < 5
n
Thus,
[(u, 0) e, e,
[ An(u,v)[ls, < o for all (u,v) € 00r N (K, x Ky,). (2.3.12)

Similarly, using (2.3.4), (Hs), (2.3.10), (i) of Lemma 2.1.2, (2.3.11), we obtain

| Bn(u,v)], < W for all (u,v) € d0r N (K, x Ky,). (2.3.13)
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From (2.3.12), (2.3.13) and (2.3.3), it follows that

1T (u, 0) |, v, < 1w, v)lg, ve, for all (u,v) € 00R N (K X Ky). (2.3.14)
Choose a real constant r, € (0, R) such that
1 1 2, =m0 1
< - _ = _ - _
rn + o= min {1, - + OO U oy ey /77 (s n)(l - s)f(s,1,1)ds,

1 20, =m0 1
- S 1-- - 1,1)ds b .
n + N —rp1—2p2 Y1 +p2 /77 (s n>( n s)g(s, 1, 1)ds

(2.3.15)

Choose constants c11 = (r, + )7 and 12 = (ry, + =) 2. For any (u,v) € 90,, N (K, x
K,), using (2.3.4), (Hg) and (Hy), we have

1-1/n )
Ap(u,v)(t) = /1/n H,(t,s)f(s,u(s) + ﬁ’”(s) n E)ds
1-1/n 1 .
N / Hn(t,s)f (s, 011U(8) Al ) C12U(S) Rl )ds
1/n c11 1

1 = 1 v(s) + +
> (—)™ / H,(t,s)f(s,ci11(u(s) + *)7012L)d.§
c11 1/n n 12

1-1/n
> (Lyer( Ly / Hio(t, 5) (s, c11 (u(s) + 2, cra(v(s) + ~))ds
C11 C12 1/n n n

,81_0[1 —Q2 1_1/n ]- Bl 1
11 Ci2 Hy(t,s)(u(s) + =) f(s, 1, c(v(s) + =
1/n n n

Y

1—1/71 1 1
A [ 06 + 00+ )1, i

3 s 1 1-1/n

— —Q

e 2n51+52 /1 Hy(t,s)f(s,1,1)ds
/n

v

Y

s 5 1 1-1/n
1—a1 2—Q2
‘fu G2 5T /77 Hn(t,s)f(s,1,1)ds.

Y

For ¢ € [n,1 — 1], using (i7) of Lemma 2.1.2, we obtain

1-1/n
A o)(®) = el [ s - - (s 1, s
n

nﬁl +,32 n

1

n

1-1/n 1 1
—a (5 —a ) Un 1 1
y n51+52/n (s )(1 n 5)f(s,1,1)ds

1
= (1 + —) 1 Brme) (4
n n

= (o Dyetrogmonmmoan Vo [ L L
R nbi+p2 n n B

1
n

> — — — —
B na%+a%_alﬁl—a252+ﬁ1+52 /77 (S n)(l S)f(87 17 1)d87

which implies that

Up
nOé%Jra% —aif1—azfe+B1+52

[An(u, 0)[le, =

1-1/n
/ (S_ l)(l_l_s)f(svlvl)d$7
n

n n
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Thus, in view of (2.3.15), it follows that

W for all (u,v) € 90,, N (K, x Ky). (2.3.16)

Similarly, using (2.3.4), (Hs), (Hg), (i7) of Lemma 2.1.2 and (2.3.15), we get

W for all (u,v) € 00,, N (K, x Ky). (2.3.17)

From (2.3.16), (2.3.17) and (2.3.3), we obtain

[An(u, v)llg, =

[1Bn(u, v)l, =

1Tt 0)|e, e > (2 0)le, e for all (u,v) € DO, N (K x Ky). (2.3.18)

In view of (2.3.14), (2.3.18) and by Theorem 1.2.8, T,, has a fixed point (uy,v,) € (Or\
O,,) N (K, x K,). Note that

T < |[(Uns vn)llg, ve, < R, (2.3.19)

where 7, — 0 as n — oo. Thus, we have exhibited a uniform bound for each (up,v,) €

En % En, and {(Um, V) bm>np is uniformly bounded on [1,1 — 1].

Now, we show that {(tm, Vm)}m>n, is equicontinuous on [£,1 —1]. For t € [1 1 1],

consider the integral equations

U (1 — 1) — qum(n) — (1 — Q)up (L 1-1/n -
i (8) = (L) 4 Pl ) — () = (1 = ) W@—5+£ Ho(t,5)(s)ds.

n 1-— % + % —an n /n

1 U (1 — l) —avp(n) — (1 — a)vm(l) 1 1-1/n ~
m = Um\— L & - Hn ) )
m() = vn() + ot EHR MR A

where f(s) = f(s, um(s) + L om(s)+ 1) and g(s) = g(s,um(s) + L, vp(s) + 2).

Which can also be written as

1. um(l =1 —aun(n) — (1 — a)un(d) 1 t— 1L
() = () e e
1-1/n 1 ~ aft — 1) n - ¢ ~
1———29)f(s)ds — . n—sfsds—/ t—s)f(s)ds,
Am W s =5 [ el [ - 9i)
1. vm(l =1 —avn(n) — (1 - a)va(d) 1 t— 1
m(t) = Um(— n no(t— — n
Um(t) U(n)+ 1—%4—%—@77 ( n)+1—%+% an
1-1/n 1 Oé(t—l) n t
1———25)g(s)ds — L / —$)g(s)ds — t—s)g(s)ds.
[0 g [ ads [ - 9ito
Differentiating with respect to t, we have
m]__l _ m —(1— ml 1 1-1/n 1
e P erd JIRERD
=242 —an l==242—anJim n
- a n - o
Fots =y Lo [ -9 [ Fos
1—=2+4+"—anJim 1/n
ml_l _ m —(1 - ml 1 1-1/n 1
() = R Z O Z 0 m ) [ty
=045 —an L=S 45 —antiyn n

_ o K _ b
a5)ds = 15" [ - 9as— [ gl
T n T n T anJi/n 1/n

n
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which implies that

2(1+ )R 1 1-1/n 1 .
e, < ;=5 g b [ =2 - 9 f(s)ds
l=Sta—on 1-0+5—anjiyn n
o n _ 1=1/n _
" [ w=sis+ [ s
1-— Z + % —an Ji/n 1/n
2(1+ )R 1 1-1/n 1 N
o, < Ty a e | (= s)is)ds
l=0+5—an 1—g45—anjin n
o n 1-1/n
+ / (n—9)g(s )ds+/ g(s)ds.
—Z+z-anhn U
Hence, {(tm, Vm)}m>n i equicontinuous on [1,1 — 1],
For m > n, we define
um(s), 0<t<i, vn(%),  0<t<i,
Tm(t) = Qup(t), 2<t<1-L1 ym()=qun(t), L<t<1-1,
aum(n), 1-1<t<l, avg(n), 1-L1<t<1

Since x,, and ¥y, is a constant extension of u,, and v,,, respectively, over the interval
[0,1]. Therefore, the sequence {(%m,ym)} is uniformly bounded and equicontinuous on
[0,1]. Thus, there exists a subsequence {(@m, ,Ym,)} of {(zm,¥ym)} converging uniformly
to (z,y) € C[0,1] x CI0,1].

For t € [0, 1], consider the integral equations

1-1/my
amwz/ Homy (1, 8) £ (£ 2 (5) + —— g (5) + ——)ds,

1 1/mk 1 1
mi(t) = Hm t, t, T, —H Ym —)ds.
yg>[m (990, (5) (9 + s

Letting my — oo, we have

Moreover,
2(0) =0, (1) = ax(n), y(0) = 0, y(1) = ay(n).
Hence, (z,y) is a solution of the system of BVPs (2.0.3), (2.0.4). Since
f,9:(0,1) x (0,00) x (0,00) — (0,00),

f(t,0,0), g(¢,0,0) are not identically 0 and H is of fixed sign on (0,1) x (0,1), it follows
that z > 0 and y > 0 on (0, 1]. O
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Example 2.3.3. Let

1

_ a1 B1\(,,o2 B2

1
g(t,z,y) = W(m“ﬂ + 2P (y”? + y™?),

where a; <0< 8; < 1,7 <0< p; <1,i=1,2. Choose real constants 3 = p = 1.
Clearly, f and g satisfy assumptions (Hg) — (Hg). Hence, by Theorem 2.3.2, the system
of BVPs (2.0.3), (2.0.4) has a positive solution.



Chapter 3

Singular Systems of Two—Point

Boundary Value Problems

The existence of positive solutions for second—order nonlinear two—point BVPs has received
much attention; see for example the case of regular nonlinear terms, [51,52,69,80,90], and
the case of singular nonlinear terms, see [1,4,39]. However, these results are for the case
when nonlinear functions are independent of the first derivative. The BVPs involving
the first derivative with regular nonlinear functions can be seen in [61,68,136]. Though,
the SBVPs with nonlinear functions dependent on first derivative not have many results,
see [81,120].

In [3, Section 2.4], Agarwal and O’Regan studied the existence of at least one positive

solution for the following BVP with a =1 and g =0,

(3.0.1)

where f : [0, 1] x [0,00) x (0,00) — [0,00) is continuous and is allowed to be singular at

y' =0;¢q€C(0,1) and ¢ > 0 on (0,1).

The existence of multiple positive solutions for second—order BVPs has also invited
many authors, [68,74,82,83,89,96,99,104,137,138]. B. Yan et al. [131] have studied the
existence of multiple positive solutions of the BVP (3.0.1) with & = 1 and 5 = 0. The
method they used is based on the theory of fixed point index on a cone of an ordered
Banach space. Further, they generalized these results and established the existence of at

least two positive solutions for BVP (3.0.1) with «, 5 > 0, [132].

In this chapter, we study the existence and multiplicity of positive solutions to the

following coupled system of ODEs

(3.0.2)
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subject to the following set of two—point BCs
2(0) = y(0) = 2/(1) = y'(1) = 0, (3.0.3)
and
a12(0) — b12/(0) = asy(0) — bay/(0) = (1) = /(1) =0, (3.0.4)

where the functions f, g : [0,1] x [0,00) % (0,00) — [0, 00) are continuous and are allowed
to be singular at 2’ = 0, ¥y’ = 0. Moreover, p,q € C(0,1) and positive on (0,1), and the
real constants a; (i =1,2) > 0, b; (i =1,2) > 0. By singularity of f and g, we mean that
the functions f(t,z,y) and g(t,z,y) are allowed to be unbounded at y = 0. In literature,
there are several results on existence of positive solutions for system of BVPs; see for
example, [36,66,67,95,111,127,134]. Further, there are some results on multiplicity of
positive solutions for system of BVPs, [36,77,98,100, 105, 128]. However, there are only
a few results for systems with nonlinear functions dependent on the first derivative. In
general, the assumption that there exist singularities with respect to the first derivative
is not new; see [3,35,120]. However, in the case of systems of ODEs, we believe this
assumption is new. Some of the results of this chapter has been published in international

journals [17,24] and some are submitted [16,18].

System of differential equations with BCs of the type (3.0.4) appear naturally when we
study an n—th order reaction in an adiabatic tabular reactor with Arrhenius temperature
dependence. Assume that a reactant is flowing through the tube of unit length and is
reacting some product. Moreover, the flow is ideal and the concentration ¢, temperature
T of the reactant depend only on the time ¢ and the distance z from the inlet plane at
z = 0. Then, the model of adiabatic tabular reactor for an n—th order reaction with
Arrhenius temperature dependence [12] is represented by the system of BVPs

ou 2u Ou

8 v
5 =Pz g, trl—wre v, 1>0,0<2 <1,
z z

ov 0% v "oy
—zﬁzﬁ—%Jru(l—u) v, t>0,0<2<1,

ot 5 5 (3.0.5)
u u
u(t,0) = Bis=(£,0) = 0, Z=(t,1) = 0,
P P
u(t,0) — 528%(7:, 0) = 0, é(t, 1) =0,

where the constants p, 7, f1 and o are positive, while v > 0 if heat is generated (exother-
mal reaction) and v < 0 if heat is consumed (endothermal reaction). Clearly, steady state
solution of (3.0.5) admits BCs of the type (3.0.4).

For each z € C[0,1]NC*(0, 1], we write ||z|| = max;e(o 1] [#(¢)] and |||, = SUpye(0,1) tw' ()]
Moreover, for each z € £ := {x € C[0,1] N C*0,1] : ||z||y < +oc}, we write [|z|2 =
max{||z|, ||z||1}. By Lemma 1.1.8, (&,] - ||2) is a Banach space. Moreover, for each

x € C0,1], we write ||z||3 = max{||z], ||2’||}. Clearly, (C'[0,1],] - ||3) is a Banach space.
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3.1 Existence of C'-positive solutions

In this section, we establish sufficient conditions for the existence of C'-positive solutions
to the system of BVPs (3.0.2), (3.0.3). By a C'-positive solution to the system of BVPs
(3.0.2), (3.0.3), we mean that (z,y) € (C1[0,1]NC?(0,1)) x (C*0,1]NC?%(0,1)) satisfying
(3.0.2) and (3.0.3), x >0 and y > 0 on (0,1}, 2/ > 0 and ¢/ > 0 on [0,1).

Assume that the following holds:
(H10) p,q € C(0,1), p,g > 0on (0,1), f p(t)dt < +o0 and fo t)dt < +o0;

(H11) f,9 : [0,1] x [0,00) x (0,00) — [0,00) are continuous with f(¢,z,y) > 0 and
g(t,z,y) > 0 on [0,1] x (0,00) x (0, 00);

(Hi2) [t 2, y) < ka(z)(uiy) + 0i(y)) and g(t,2,y) < ka(x)(u2(y) + v2(y)), where u;(i =
1,2) > 0 are continuous and nonincreasing on (0, 00), k(i =1,2) > 0, v;(i = 1,2) > 0

are continuous and nondecreasing on [0, 00);

(H13)
sup > 1,
c€(0,00) I~ (kl f() dS f() )
sup
c€(0,00) J (/{2 fO dS fO
where I(p) = [3' e +v1 Tty fo G +v2 77> for p € (0, 00);

(H1a) I(00) = 00 and J(0c0) = o0

(H15) for real constants ' > 0 and F' > 0, there exist continuous functions ¢gr and Ygr

defined on [0, 1] and positive on (0, 1), and constants 0 < d;,d2 < 1 such that
f(tvxay) > QOEF(t)xalv g(t,x,y) > IZ)E'F(t)x(S2 on [07 1] X [OaE] X [OaF]a

(Hie) fol p(t)ur (C ftl s9p(s)ppr(s)ds)dt < +oo and folq t)us Cft (8)Ypr(s)ds)dt <
+o00 for any real constant C' > 0.

Remark 3.1.1. Since I, J are continuous, I(0) = 0, I(c0) = oo, J(0) =0, J(c0) = oo,

and they are monotone increasing. Hence, I and J are invertible. Moreover, I~ and J~!

are also monotone increasing.

Theorem 3.1.2. Under the hypothesis (Hio) — (Hig), the system of BVPs (3.0.2), (3.0.3)

has at least one C'-positive solution.

Proof. In view of (H13), we can choose real constants M; > 0 and My > 0 such that
M
71(](51((] (kﬁg M1 fO dS fO )

> 1,
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My
J_l(kg( (kjl Mg fO dS fO

From the continuity of k1, ko, I and J, choose € > 0 small enough such that

M

> 1, (3.1.1)
_l(kl(J (kg Ml fO dS + J f(] dS + I ))
M-
2 > 1. (3.1.2)
J_l(kg(f kl Mz fO dS+I fO dS+J( ))
Choose real constants L1 > 0 and Ly > 0 such that
1
I(Ly) > kl(Mg)/ p(s)ds + I(¢), (3.1.3)
0
1
J(L) > ka(Mi) / o(s)ds + J(&). (3.1.4)
0

Choose ng € {1,2,---} such that 7710 < e. For each fixed n € {ng,no+1,---}, define
retractions 0; : R — [0, M;] and p; : R — [L, L;] by

1
0;(z) = max{0, min{x, M;}} and p;(z) = max{ﬁ,min{x, Li}}, i=1,2.

Consider the modified system of BVPs
—y"(t) = q(t)g(t, 01 (z(1)), p2(¥' (1)), t € (0,1), (3.1.5)

Since f(t, 02(y(t)), p1(2'(t))), g(t,61(x(t)), p2(y'(t))) are continuous and bounded on [0, 1] x
R?, by Theorem 1.2.4, it follows that the modified system of BVPs (3.1.5) has a solution
(T, yn) € (C0,1] N C2%(0,1)) x (CH0,1] N C2(0,1)).

Using (3.1.5) and (#H11), we obtain
2 (t) <0 and y(t) <0 for t € (0,1),

which on integration from ¢ to 1, using the BCs (3.1.5), implies that

1 1
zh () > - and y, (t) > - for t € [0, 1]. (3.1.6)
Integrating (3.1.6) from 0 to ¢, using the BCs (3.1.5), we have
t t
xn(t) > - and y,(t) > - for t € [0, 1]. (3.1.7)

From (3.1.6) and (3.1.7), it follows that

20|l = 2n(1) and [lyn[| = yn(1).
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Now, we show that
xh(t) < Ly, y,(t) < Ly, te€][0,1]. (3.1.8)

First, we prove x,(t) < L; for ¢t € [0,1]. Suppose z},(t1) > L; for some t; € [0,1]. Using
(3.1.5) and (H12), we have

= (t) < p(t)k1 (02(yn (1)) (ua (pr (a7, (1)) + vi(pr(a, (1)), t € (0,1),

which implies that

—xh(t)

n

ui(p1(2(1))) + vi(pr(27(1)))

Integrating from t; to 1, using the BCs (3.1.5), we obtain

x, (t1) dz 1
L e sty <) | o

n

< ]{Zl(Mz)p(t), te (O, 1).

which can also be written as

2l dz an(t1) dz b (M 1 d
—_— + < / t)dt.
/i up(2) +v1(2) /1:1 u1(L1) +v1(L1) (M) 0 plt)

Using the increasing property of I, we obtain

I;L(tl) — L1

L)+ oy o)

1
S kl (Mg) /0 p(t)dt + I(é‘),

a contradiction to (3.1.3). Hence, z},(t) < L; for t € [0, 1].
Similarly, we can show that y/,(t) < Ls for ¢ € [0, 1].

Now, we show that
xn(t) < My, yn(t) < Mz, te]0,1]. (3.1.9)

Suppose x,(t2) > M; for some to € [0, 1]. From (3.1.5), (3.1.8) and (H12), it follows that

which implies that

—x; (t)

uy (27,(t)) + vi (2, (1))
—Yn(t)

us (yn, (1)) + va(yh, (t))

< k1 (O2([lynl))p(2), ¢ € (0,1),

< kQ(Ml)q(t), t e (0, 1).
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Integrating from ¢ to 1, using the BCs (3.1.5), we obtain

(1) dz 1
A n) +oi() = k‘1(92(||yn\|))/t p(s)ds, te[0,1],

v () dz )
/1 () T o) = FeM) / g(s)ds, te0,1],

1
) < k1 (0(1lyll) / p(s)ds, t€[0,1],

1
J(y, () —J(=) < kg(Ml)/O q(s)ds, t €[0,1].

The increasing property of I and J leads to

1
7)< T 0ulln)) [ pls)s 1), te 0.1 (3.1.10)
1
yL () < J_l(kg(Ml)/O o(s)ds + J()), Leo,1]. (3.1.11)
Integrating (3.1.10) from 0 to ¢2 and (3.1.11) from 0 to 1, using the BCs (3.1.5), we obtain
1
My < wn(ts) < Il(k1(92(HynH))/o p(s)ds + 1(e)), (3.1.12)
1
lynll < J_l(/fz(Mﬂ/O q(s)ds + J(¢))- (3.1.13)

Either we have ||yn|| < Ma or ||yn|| > Ma. If ||y,|| < Ma, then from (3.1.12), we have

1
My < T Y0 (lya) / p(s)ds + 1(2)). (3.1.14)

Now, by using (3.1.13) in (3.1.14) and the increasing property of k1 and I~!, we obtain

1 1
My < T (I (T (ko (M) /0 a(s)ds + J(2)) /0 p(s)ds + 1()),

which implies that

My
Lk (J= Y (ko (M) [y a(s)ds + J(€))) [y p(s)ds + I(€))

<1

i

a contradiction to (3.1.1).

On the other hand, if ||y,|| > Ms, then from (3.1.12) and (3.1.13), we have

1
My < z,(t) < Il(kzl(Mg)/O p(s)ds + I(g)), (3.1.15)

My < J (ko (M) /01 q(s)ds + J()). (3.1.16)
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Using (3.1.16) in (3.1.15) and the increasing property of k; and 1!, leads to

1 1
My < Tk (T (ko (M) /0 g(s)ds + J(e)) /0 p(s)ds + 1()),

which implies that
M,
71(]@1(:] (k‘Q M1 fO dS + J fO dS + I ))

<1

i

a contradiction to (3.1.1). Hence, x,(t) < M; for ¢t € [0,1].
Similarly, we can show that y,(t) < My for t € [0, 1].

Thus, in view of (3.1.5)—(3.1.9), (zn,yn) is a solution of the following coupled system
of BVPs

—y"(t) = a(t)g(t,z(t),y'(t)), te€(0,1), (3.1.17)

1
2(0) = y(0) = 0, 2'(1) = y'(1) = —,
satisfying
t 1 ,
—<xn(t)<M1, *Sl‘n(t)<L1, te [0,1],
’Z 711 (3.1.18)
- < yn(t) < Ma, " <y (t) < Ly, tel0,1].

Now, in view of (H5), there exist continuous functions ¢z, 1, and ¥y, 1, defined on [0, 1]
and positive on (0,1), and real constants 0 < 41,2 < 1 such that
f(tvyn(t)vx%(t)) > PMyL, (t)(yn(t))[;l? (tayn(t)7$;1(t)) € [O’ 1] X [07 MQ] X [O’ Ll]v
g(t, xn(t%y;(t)) > leLz (t)(xn(t))(b? €0, 1] X [07 Ml] X [07L2]'

—
\.H~
8
3
—
o~
N—
<
3~
S
~+
S~—
~—

(3.1.19)
We claim that .
2)2 € [ s pls)oania(s)ds, (3.1.20)
t
5 1
yh(t) > 2 / s%2q(s)ar, 1, (s)ds, (3.1.21)
t

where

! Sa+1 ljsﬁ ! 5141 =i

01=< /0 > q(stle(s)ds) ( /0 o p(s)soMle(s)ds) |
62 1

1 o 1-5,05 1 5ot 1-3152

Cy = /0 () orm, (5)ds /0 g () par, 1o (5)ds |

To prove (3.1.20), consider the following relation

t 1
xn(t) = % —i—/o sp(8) f(s,yn(s), z0,(5))ds —i—/t tp(s) f(s,yn(s), 2, (s))ds, (3.1.22)
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which implies that

1
ra(1) > / 50(5) £ (5, yn (5), 2 (5)) ds.

Using (3.1.19) and Lemma 1.1.14, we obtain

1
£a(1) > (yn(1))" /0 S p(s)pan L, ()ds. (3.1.23)

Similarly, using (3.1.19) and Lemma 1.1.14, we obtain

1
(1) > (2n(1))° /0 S (s ans 1, (5)ds,

which in view of (3.1.23) implies that

1 02 1
Un(1) > (ga(1))2% ( / s51+1p<s>soM2L1<s>ds> | s aoyis
Hence,
yn(1) = Co. (3.1.24)

Now, from (3.1.22), it follows that

1
7h(t) 2 [ p5) (s, (s).(5) .

Using (3.1.19), Lemma 1.1.14 and (3.1.24), we obtain (3.1.20).
Similarly, we can prove (3.1.21).

Now, using (3.1.17), (Hi2), (3.1.18), (3.1.20) and (3.1.21), we have

0 < —ay(t) <k (Ma)p(t) (ua (C5' /1 $1p(s)pan Ly (s)ds) +vi(La)), ¢ € (0,1),
t (3.1.25)

1
0 < —yp(t) < k2(M1)Q(t)(u2(Cf2/t s2q(8)nr 1, (s)ds) + v2(L2)), t€(0,1).

In view of (3.1.18), (3.1.25), (H10) and (Hig), it follows that the sequences {(:U%]),yg))}
(j = 0,1) are uniformly bounded and equicontinuous on [0, 1]. Hence, by Theorem 1.1.6,
there exist subsequences {(aznk,yg]k))} (j =0,1) of {(:L‘n ,yn]))} (j =0,1) and (z,y) €
C1[0,1] x C1[0, 1] such that (m%k), yq(lk)) converges uniformly to (z(), y0)) on [0,1] (j = 0,1).
Also, z(0) = y(0) = 2/(1) = y'(1) = 0. Moreover, from (3.1.20) and (3.1.21), with nj in

place of n and taking lim,,, ., we have
é ! 1)
P02 [ s)ds,
t

1
y(t) > C% / 52 q(s)ats 1, (5)ds,
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which shows that 2 > 0 and ¢ > 0on [0,1), z > 0 and y > 0 on (0, 1]. Further, (z,,, yn,)
satisfy

CL"nk (t) = l‘:lk(()) - /0 P(8) f(8,Yn, (5), x;k (s))ds, te]0,1],

y;Lk (t) = y;Lk (0) — /0 q(s)g(s,xnk(s),y,/lk(s))ds, t€10,1].

Passing to the limit as ni — oo, we obtain

which implies that

Hence, (z,y) is a C'-positive solution of the system of BVPs (3.0.2), (3.0.3). O

Example 3.1.3. Consider the following coupled system of SBVPs
(
—y(t) =75 (1= D75 (x(8) 5 (' (1) 7", te(0,1), (3.1.26)

where0<61<land0<ﬁg<%.

Taking p(t) = t 3 (1—t)"3, q(t) = t 75 (1—t) "%, k1 (2) = 23, ka() = &3, wy(z) = 2=,

up(z) = o7 and vy(2) = va(z) = 0. Then, I(z) = Z1, J(z) = 27, I7Y(2) =
1 1
(B1 4+ 1)PiF1 25+ and J~1(2) = (B2 + 1)32“252“.
Then, fol p(t)dt = fol q(t)dt = % Also,
sup =
ce(0,00) I (k1 (J fo s)ds)) [ p(
C
sup T = oo and
c€(0, oo)(\/g)‘wﬁlmz?l) (51 + 1)/31+1 (B2 + 1)3(51+1>(ﬁ2+1) c9(f31+1)(B2+1)
sup =
ce(0,00) J ( -[0 dS fO
sup 3675 = 00.
c€(0,00) (7%)3(ﬁ1+1)(ﬁz+1) (B2 + 1)52+1 (61 + 1)3(ﬁ1+1)(ﬁ2+1) 69(B1+1)(B2+1)
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Clearly, (H10) — (H14) are satisfied. Choose 01 = %, 09 = %, opr(t) = F~" and Ypp(t) =
F~P2_ then (H15) holds. Moreover,

1 1 1
/ p(Hun(C / 1p(s)ppr(s)ds)dt = 3510 / 31—
0 t 0

2 TETCF™)
r(1-2y

1 1 3. 2 v—Ba 12 Ly _
/0 4(B)ua(C / (s er()ds)dt = (3) 20 /0 31— 1)

3=bio-Ap

9

289+1
3

dt

N <§> (1 —=%)

shows that (H16) also holds.

Since, (Hi0) — (Hi6) are satisfied. Therefore, by Theorem 3.1.2, the system of BVPs

(3.1.26) has at least one C''-positive solution.

3.2 Existence of at least two positive solutions

In this section, we establish sufficient conditions for the existence of at least two positive
solutions of the system of BVPs (3.0.2), (3.0.3). By a positive solution (z,y) of the system
of BVPs (3.0.2), (3.0.3), we mean that (x,y) € £ x & satisfies (3.0.2) and (3.0.3), z > 0
and y > 0 on (0,1], 2/ > 0 and ¢ > 0 on [0,1). Define a cone P of £ by

P={zxe&:x(t)>t|z] forallt e|0,1],z(1) > x|}

For each (z,y) € € x & we write ||(z,y)[|a = ||z|l2+]||yl|2- Clearly, (€ x &, | -||4) is a Banach
space and P x P is a cone of £ x £. We define a partial ordering in £, by < y if and only
if x(t) < y(t), t € [0,1]. We define a partial ordering in € x &, by (z1,y1) =< (22, y2) if and
only if 1 < x5 and y; < yo. For any real constant r > 0, we define an open neighborhood
of (0,0) € £ x & as

Or ={(z,y) € Ex & ||(x,y)]la <r}.

In view of (#H13), there exist real constants Ry > 0 and Rg > 0 such that

A > 1, (3.2.1)
(R (T (k2 (Rr) fo s)ds)) fo
i (3.2.2)

J 7 (ko (171 (k1 (R2) fo s)ds)) fo
From the continuity of ki, k2, I and J, we choose € > 0 small enough such that
Ry
IV (ky(J Y (ka(Ry + ) fo s)ds+ J(g)) +¢e) fo s)ds + I(g))

> 1, (3.2.3)
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Ry
T~ Y ko (I71 (k1 (R + €) [y p(s)ds + 1(2)) +¢€) [ q(s)ds + J(€)) >

Choose ng € {1,2,---} such that nio < ¢ and for each fixed n € {ng,ng + 1,-- -}, consider

(3.2.4)

the system of non—singular BVPs

—a(8) = P S y() + 2 O]+ ), tE (0,)
(1) = a0t 2() + LI+ ), e (0,1) (325
2(0) = #'(1) = 4(0) = /(1) = 0.

We write (3.2.5) as an equivalent system of integral equations

1 S 1
ﬂﬂz/CWJm®ﬂ&M®+,u%N+)%,teww,
0 " " (3.2.6)

1 s 1
o) = [ Gt (5.0(5)+ 2/ ()] + D)ds, 1 e .1
where the Green’s function G is defined as

s<t

IN
IA
IN
—

s, 0
G(t,s) =
t, 0

IN
IN

t

IN
—

s
By a solution of the system of BVPs (3.2.5), we mean a solution of the corresponding
system of integral equations (3.2.6).

Define an operator T, : € x £ — & x &€ by

where the operators A, B, : £ x £ — £ are defined by

1

1 S
An(z,y)(t) = /0 G(t,5)p(s)f(s,y(s) + s [2"(s)| + —)ds, ¢ €[0,1],
X (3.2.8)

1 S
Bn(x7y)(t> = /0 G(tv S)q(S)f(S,.CE(S) + Ev |y/(3)| + E)d‘g: te [07 1]'

Clearly, if (xy,yn) € € x € is a fixed point of T,,; then (x,,yy) is a solution of the system
of BVPs (3.2.5).

Assume that

(Hi7) for any real constant E > 0, there exist continuous functions ¢ g and g defined on

[0, 1] and positive on (0,1), and constants 0 < 61,2 < 1 such that
Ftz,y) > opt)a®™, g(t,z,y) > Ye(t)a® on [0,1] x [0, E] x [0,00);

(H1g) for any real constant C > 0, fol p(t)v1(§)dt < +oo, fol q(t)va(§)dt < +o0,
Jo p(Our(C [} 5 p(s)pp(s)ds)dt < +oo and [} q(t)us(C [, s%2q(s)pp(s)ds)dt < +oc.
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Lemma 3.2.1. Under the hypothesis (Hio) — (Hi2) and (His), the operator T,, : O, N
(P x P) — P x P is completely continuous.

Proof. Firstly, we show that T,,(P x P) C P x P. For (z,y) € P x P, t € [0,1], using
(3.2.8) and Lemma 1.1.11, we obtain

! S
= [ s pe) (s + 212 9]+ 1
(3.2.9)

ztmax/ G(r,s)p ()+—!x()y+ )dsftHA (z, )|
and

1 S 1
|An(z,y)l1 = sup 7|An(z,y) (T)] = sup T/ p(s)f(s,y(s) + =, ]2'(s)] + )
7€(0,1] 7€(0,1] Jr n’

1 S
< max [ Gl (590 + 212 (5)| + 1)ds < Aula) (1),

(3.2.10)

From (3.2.9) and (3.2.10), A, (z,y) € P for every (z,y) € P x P, that is, A,,(P x P) C P.
Similarly, by using (3.2.8) and Lemma 1.1.11, we can show that B, (P x P) C P. Hence,
T.(PxP)CPxP.

Now, we show that T}, : O, N (P x P) — P x P is uniformly bounded. For any
(z,y) € O, N (P x P), using (3.2.8), (H12), Lemma 1.1.9, (H19) and (H1g), we have

Al = trg[% / Gt )p(s) s, 9(s) + .1 (5)] + T )ds
< / + ) w12/ (5)] + =) + o (2(3)] + —))ds
< / 9+ (@) + 1)+ o224 Dy, (3211)

o

Also, for (z,y) € O, N (P x P), using (3.2.8), Lemma 1.1.11 and (H12), we have

1 S 1
[An(z,9)lli = sup 7]Ay(z,y)'(7)] = sup 7/ p(s)f(s,y(s) + =, [2'(s)| + ~)ds
7€(0,1] re(0,1] Jr n n

S 1 S
< . [ G996 5:06) + 206 + 2)ts < [ pl6)5650(6) + 2.1 + i

te[0,1]

< [ popmatyts) + qul(\x/(sn+%>+v1<\x/<s>|+%>>ds.
0
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Now, using Lemma 1.1.9, (H1o) and (H1g), we obtain

1 s x
[l < [ skl + D)+ a2 4+ Das
! S 1 r 1
< /0 P(a((s) + (4 + o+ s (3.2.12)

[

1
<hilr+ ) [ )+ o+ D5)ds < o

From (3.2.11) and (3.2.12), it follows that A, (O, N (P x P)) is uniformly bounded under
the norm || - ||2. Similarly, by using (3.2.8), Lemma 1.1.9, Lemma 1.1.11, (H19), (H12) and
(H1s), we can show that B, (O, N (P x P)) is uniformly bounded under the norm | - [|2.
Hence, T,,(O, N (P x P)) is uniformly bounded.

Now, we show that T,,(O, N (P x P)) is equicontinuous. For (z,y) € O, N (P x P),
t1,t2 € [0,1], using (3.2.8), (Hi2) and Lemma 1.1.9, we have

1
A p)() = Aule)lta)] = | [ (G101, = Glta, )p(5) (5,909 + 2,10/ (0)] + 1)

< [ 16101,9) = Glta, p(e) 5005 + 2. + i
< [ 16101,9) = Glaa, o6 0(6) + 26 + )+ a0+ 2
<l 2) [ 16009) - Gl ple) () + n (12 1
1
b 3) [ 16(1,9) = Glea ) o) (s () + oa(r + )1 )ds,
(3.2.13)
and
to
Ao 9) (1) = Anla, ) )] = | [ 515,909 + 2. [2/(5)| + 1)
< [ pmus) + i+ )+t + Lyas
" . . (3.2.14)
<ttt ) [Cpe )+ a2+ s <ni ) o
() + a2 )ds < Rl 1) [ p(s) () + el + 1) D)

From (3.2.13), (3.2.14), (H10) and (H1s), it follows that A,,(O,.N(P x P)) is equicontinuous
under the norm || - ||3. But, the norm || - ||3 is equivalent to the norm | - ||2. Hence,

A, (O, N (P x P)) is equicontinuous under || - ||

Similarly, using (3.2.8), (H12) and Lemma 1.1.9, we can show that B, (O, N (P x P)) is

equicontinuous under the norm || - ||2. Consequently, T,,(O, N (P x P)) is equicontinuous.
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Hence, by Theorem 1.1.6, T;,(O, N (P x P)) is relatively compact which implies that T}, is

a compact operator.
Now, we show that Tj, is continuous. Let (2, ym), (z,y) € O, N (P x P) such that
|(Zm, ym) — (x,y)]|la = 0 as m — +oo. Using (H12) and Lemma 1.1.9, we have

Fltym(8) + 2 ()] + )| < Faom(®) + D)l (O + ) + e (O] + )

<kt D) o0 Ly e Dty 1y
<i(r+ 2)( 1(%) Fo((r + f)%))

Using (3.2.8) and Lemma 1.1.11, we have

IMWMWM—AJWH—gﬁL/GtS G um () + 1)+ ) = Js,y5) + =
)+ 2 0s| < [ p(e) | mas) 4 20 ) = Fs.0(0) + 2o/ (o) + 1) s

(3.2.15)
and

[ O m (o) + 2 lano)] + ) = Fs,(5) + 2, [2/(5)

||An($m7ym)/ - An($,y)/||1 = sup T

7€(0,1]
1 1
<gﬁ/\9w P () 2t ()] 4 ) = F(suls) + 2o/ (9)] + 1) ds
1
gAp@J@wﬂﬁ+;@ﬂﬂ+%%¢@ﬂﬁ+%@%ﬂ+#d&
(3.2.16)

From (3.2.15) and (3.2.16), using the Lebesgue dominated convergence theorem, it follows
that

1 An (@m, Ym) — Anl(x, y)|| = 0, [[An(@m, yYm) — Anlz,y)'[[1 = 0 as m — +oo.

Hence, || An(Zm, ym) — An(z,9)|l2 = 0 as m — oo.

Similarly, we can show that || By (2m, Ym) — Bn(x,y)|l2 = 0 as m — oco. Consequently,
| Tz, Ym) — Tn(z,9)|]l4 — 0 as m — +oo, that is, T, : O, N (P x P) — P x P is
continuous. Hence, T}, : O, N (P x P) — P x P is completely continuous. O

Assume that

(Hig) there exist hy, ha € C(]0,00)x(0,00),[0,00)) with f(¢,z,y) > hi(z,y) and g(¢t, z,y) >
hao(z,y) on [0,1] x [0,00) x (0,00) such that

= 400, uniformly for y € (0,00), i =1,2.
T—+00 €T

Theorem 3.2.2. Under the hypothesis (Hio) — (Hia) and (Hi7) — (Hig), the system of
BVPs (3.0.2), (3.0.3) has at least two positive solutions.
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Proof. Let Ryp = Ry + Ry and define Og, = Q2r, x {2, where
Qr, ={z € E : ||z||2 < R1}, Qr, ={z € E: ||z|]2 < Ra}.
We claim that
(x,y) # AT (x,y), for A € (0,1], (z,y) € 0Ogr, N (P x P). (3.2.17)

Suppose there exist (zg,yp) € O0Or N (P x P) and A9 € (0,1] such that (zg,y0) =
)\0Tn($0,y0). Then,

—(0) = Aop()Ft10(0) + =701+ 5), 1€ (0,1),

—yo (t) = Aoq(t)g(t, zo(t) + % lyh (1) + %), te(0,1), (3.2.18)
20(0) = z(1) = 50(0) = yp(1) = 0.

From (3.2.18) and (#;1), we have zj < 0 and yj < 0 on (0, 1), integrating from ¢ to 1,
using the BCs (3.2.18), we obtain x{(t) > 0 and y;(t) > 0 for ¢ € [0,1]. From (3.2.18) and

(H12), we have
~(8) < Pk (0(0) + D) (eh(t) + ) +ua(eh(t) + 1)), tE (0,1)

) € (0,1),

9 (8) < a(0)Ra(molt) + D) a(uh(t) + )+ eauh(t) +

which implies that

T T T SO0 + D) SRRy 2, e 01)
40 t
T e T S (ke + ) S+ g0, te 0.1)

Integrating from ¢ to 1, using the BCs (3.2.18), we obtain

1
ah(t)+ 1)~ 1) < ka(Ra+2) [ plo)ds, ¢ (0.1),
1 1 1
T0b(t)+ ) = I < ha(Ra +2) [ alo)ds. te 0.1

which implies that

1

2h(t) < I (ky(Rp + ) /0 p(s)ds +1(=)), ¢ € 0,1],
1

Uo(t) < T\ (ka(Ry + ) /0 a(s)ds + J(2)), te0,1]

which on integration from 0 to 1, using the BCs (3.2.18) and Lemma 1.1.10, leads to

R < I"Y(k1(Ry + ¢) / 1 p(s)ds + I(£)), (3.2.19)
0
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1
Ry < J Y (ko(Ry + 5)/ q(s)ds + J(e)). (3.2.20)
0
Now, using (3.2.20) in (3.2.19) together with increasing property of k; and I~!, we have

Ry
1
I (k1 (J=(ka2(Ry +€) [ q(s)ds + J () +€) [ p(s)ds + I(c)) =

)

a contradiction to (3.2.3). Similarly, using (3.2.19) in (3.2.20) together with increasing
property of ks and J~!, we have

Ry

T (b (B 1 2) [T p(o)ds 4 1(2)) +2) S a(s)ds + I(&)

— )

a contradiction to (3.2.4). Hence, (3.2.17) is true and by Lemma 1.2.5, the fixed point
index
ind, (T, Or, N (P x P),P x P) = 1. (3.2.21)

Now, choose a ty € (0,1) and define

1 -1 1 -1
Ny = <t0 min G(t, S)p(s)ds> +1and Ny = <t0 min G(t,s)q(s)ds) + 1.

t€lto,1] J4, t€fto,1] J¢o
(3.2.22)
By (H19), there exist real constants with R > R; and R3 > Rs such that
hi(z,y) > Nz, for x > R}, y € (0,00),
(@) 1y € (000) (3.2.23)
ho(z,y) > Nox, for x > R5,y € (0,00).
Let R* = R{%R; and define Op+ = Qlgs X Qgy, where
R} R}
Qre ={z € E: 7|2 < t—ol}, Qrs ={r € E:|z|2 < t—OQ}
We show that
To(z,y) £ (x,y), for (z,y) € 00g- N (P x P). (3.2.24)
Suppose T}, (o, y0) = (20, yo) for some (zo,yo) € 0Or+ N (P x P). Then,
zo(t) = An(2o,y0)(t) and yo(t) = Bn(zo,yo)(t) for t € [0,1]. (3.2.25)

Note that, by Lemma 1.1.10, we have
R*
l’o(t) > tHZL‘QH > to”:l?oHQ = t(]?Ol = Ri‘ for t € [to, 1].
Similarly, yo(t) > R for ¢ € [to, 1]. Hence,

t t
|xo(t)] + - > R} and |yo(t)] + - > Rj for t € [tg, 1].
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Now, using (3.2.25), (3.2.23) and (H19), we have

S 1
1 1
s
Gt s)p()a(yo(s) + > h(s)| + s > [ Glt,s)p(s)Na(yols) + >)ds
t t
01 ) 0 R
G(t,s)p(s)dsN1 Ry > min G(t, s)p(s)dsN Ry > —2
to te[t071] to

which implies that ||zgll2 = ||zo]| > . Similarly, using (3.2.23), (3.2.25) and (H19), we

R*
have |lyolla > 1. Consequently, it follows that, ||(zo,v0)lla = llzoll2 + llvoll2 > R*, a

contradiction. Hence, (3.2.24) is true and by Lemma 1.2.7, the fixed point index
ind,, (T, O« N (P x P), P x P) = 0. (3.2.26)
From (3.2.21) and (3.2.26), it follows that
ind, . (Tp, (Op- \ Og) N (P x P),P x P) = —1. (3.2.27)

Thus, in view of (3.2.21) and (3.2.27), there exist (n,1,yn1) € Or N (P x P) and
(xn,Qa yn,2) € (Or+ \61?) N (P x P) such that (fEn,jayn,j) = Tn(l'n,ja yn,j)a (j = 1,2) which
implies that

s 1
ragf)= [ Gl sID6) g 6) + 00+ D, 1€ 10,1

" (3.2.28)

S 1 .
yn,j(t) - A G(tv s)q(s)g(s,mn,j(s) + ga ‘y;,j(s)‘ + 5)d8a le [07 1]7 J=12

Using (H17) there exist continuous functions ¢ pg,+. and 9g, +. defined on [0, 1] and positive
on (0,1) and real constants 0 < d;,d2 < 1 such that

Ft2,9) = prore(®z™, (t2,y) € 0,1 X [0, Ry +¢] x [0,00), (3.2.29)
g(t,x,y) > wR1+8(t)$627 (t,l‘,y) € [07 1} X [07R1 +E] x [0’ OO) ;

By the definition of P, we have x,,1(t) > t||z,,1| and ypn1(t) > t||lyn]| for t € [0,1]. We
show that

1
xnl( ) > 051/ s‘slp(s)chﬁa(s)ds, t €[0,1], (3.2.30)
t
1
y;%l(t) > 032/ s‘szq(s)wRﬁg(s)ds, t €10,1], (3.2.31)
t
where
41 1
1 ol 16105 1 5141 T-5162
G = ([ tatemactrs) ([ neenais)
do 1

1 1-6162 1 1-5162
Cy— ( / 551+1p<s>soR2+g<s>ds> ( / s‘;ﬁlq(s)wM(s)ds) .
0 0
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In order to prove (3.2.30), using (3.2.28) and (3.2.29), we consider
! s 1
2010 = [ Gt 6) (5.3 (5) + el (0)] + 1)

1 s 1
> [ G e, e(s)oma(5) + 2 ds = lnal™ [ Gl 95" pls)omy e (s)ds.
which shows that .
fonall = Il [ 5 p(s)om,c(5)ds. (3:2:32)
0
Similarly, from (3.2.28) and (3.2.29), we have
1
Il =l [ a(a) i), (3:2.33)

Using (3.2.33) in (3.2.32), we have

> (uyn,lr

which implies that

1 61+]_ 17552152 1 62+]_ ].751152 _
[Ynll = s p(8) PRy 1e(5)ds s277q(5)YR, +(s)ds = Cy.
0 0
(3.2.34)

1 d2 1
[Yn,1 61/ 861+1P(8)90R2+a(8)d8> /S62+1Q(8)¢R1+a(8)ds,
0

0

Using (3.2.29) and (3.2.34) in the following relation

1
1) = [ p6)£5sa(s) + Ll 0) + 5.

we obtain (3.2.30). Similarly, we can prove (3.2.31).

Now, differentiating (3.2.28), using (H12), (3.2.30), (3.2.31) and Lemma 1.1.9, we have

! Ri+1
0< _mg,l(t) < p(t)kl (R2 + 6)(“’1(021 / s‘slp(s)<p32+5(s)ds) + Ul( 1t ))7 te (07 1)7
t
! Ry +1
0< —yn1(t) < q(O)ka(Rn +€)(U2(C§2/ ()R, 1<(5)ds) + va(——)), t € (0,1).
t
(3.2.35)
Integration from ¢ to 1, using the BCs (3.2.5), leads to
! ! Ry +1
21 (1) < ka(Re +¢) / pls) (ur (CF" / Pp(r) g4 (T)dr) + i (< =))ds, L€ [0,1],
t s
, ! 5 1 s, Ry +1
Yn1(t) S kz(Ri+e) [ q(s)(uz(C5® [ 72q(T)VR4+2(T)dT) + va( ))ds, t€][0,1],
t s
which implies that
w1 (t) < ki(R 1 n [ fatl
n1(t) <ki(Ra+e) | p(s)(ur(Cy' [ 77 p(T)@Ry+e(T)dT) + vi( ))ds, te€][0,1],
0 s
' (1) < ka(R 1 cir [ d Ratlyy 1
Yn,1(t) < k2(Ry +¢) ; q(s)(u2(C5? [ 772q(T) ¥R 42(7)dT) + va( ))ds, te€l0,1].

(3.2.36)
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In view of (3.2.30), (3.2.31), (3.2.36), (3.2.35), (H10) and (H1s), the sequences {(z{],y%1)}
( = 0,1) are uniformly bounded and equicontinuous on [O 1] Thus, by Theorem 1.1.6,

there exist subsequences {(x n]k) 1> yr(fk{ )}(j=0,1) of {( T, 1, yn 1)} and functions (o 1,%0,1) €

& x & such that (z g:l,ygk)l) converges uniformly to (:L'é i,y(()]%) on [0,1]. Also, z91(0) =

Y0,1(0) = 51 (1) = yg1(1) = 0. Moreover, from (3.2.30) and (3.2.31), with ny, in place of

n and taking lim,, 4, we have
9 ! 1)
202 2 [ p()pna(s)ds,
t

1
vor(t) > O / ()b s (3)ds,
t

which implies that z(; > 0 and y5, >0 on [0,1), 291 > 0 and yo,1 > 0 on (0, 1]. Further,

t 1 ! Ri+1
‘f(tynk,l(t) = a0+ m)‘ < bR+ (C] [ 5 ps)omse(5)d) +ua(H),
t
t 1 ! Ry +1
‘g@,xm,l(t) AR m)‘ < halBa +2)(walCF [ 5 a(s)omc()ds) + 0o ),
t
(3.2.37)
t 1
lim f(t Yny,1 (t) + 77xlrzk,1(t) + 7) = f(tay(],l(t)vx(),l(t))a le (07 1]a
e "k "k (3.2.38)
t I , o
n;{gnoog(t Tny, 1(t) + ;kaynk,l(t> + ;k) - g(tamo,l(t%y[),l(t))v te (07 1]

Moreover, (Zn, 1, Yn,,1) satisfies

1
1
xnlml(t) = / G(tv 5)p(5)f(5,ynk,l(5) + ivx;q,k,l(s) + 7)d5) te [Oa ]-]7
0 ng T
! s 1
ynk,l(t) = / G(tv S)Q(s)g(svxnk,l(s) + 77y;’Lk,1(8) + 7)d57 te [O’ ]-]a
0 Tk N

in view of (3.2.37), (His), (3.2.38), the Lebesgue dominated convergence theorem and

taking lim,, ., we have
1
roa(t) = / G(t,9)p(s) (5, 901 (5), T (5))ds, ¢ € [0,1],
0

1
you () = / G(t, 5)a(s)g(s, 70 (3), s (s))ds, 1t € [0,1],
0
which implies that (x01,%0,1) € C?(0,1) x C%(0,1) and

_xg,l(t) = p(t)f(t7y0,1(t)7m 1(t>)7 te (07 1)7

)

0
o1 (t) = q(t)g(t, 201 (), yp1 (1), t€(0,1).

Moreover, by (3.2.1) and (3.2.2), we have |zg1]l2 < Ri and |yo1ll2 < Rz, that is,
II(z0,1,90,1)|l3 < Ro. By a similar proof the sequence {(zy2,¥n,2)} has a convergent sub-
sequence {(Zn, 2,Yn,,2)} converging uniformly to (zoz2,y02) € € x € on [0,1]. Moreover,
(20,2, Y0,2) is a solution to the system (3.0.2), (3.0.3) with g2 > 0 and yp2 > 0 on (0, 1],
249 >0 and ypo > 0 on [0,1), Ro < [[(z0:2,%0,2)ll4 < R*. O
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Example 3.2.3. Consider the following coupled system of SBVPs
(1) = (L + ()™ + ()™ (A + (' ()™ + (' (1)) ™™),  te(0,1),
y'(t) = pa(1+ (@(0)” + (@()™)(1+ (¥ (1)* + /(1) 77?), t€(0,1), (3.2.39)
2(0) = y(0) =2'(1) = y'(1) =0,
where 0 < 9; <1, >1,0<a; <1,0< ;< 1,and pu; >0,i=1,2.
Taking p(t) = p1, q(t) = p2, ki(z) = 14 2% + 2", wi(x) = =P and v;(x) = 1+ 2,
i =1,2. We choose pg(t) = p1, Yr(t) = p2 and hi(z,y) = pi(1 +a™), i =1,2.

Assume that p; is arbitrary and

J(c) (@)Y (M () )
< min{ inf , inf , inf .
pr<mind B T k(@) ey Falc) ccloo)  kalc)
Then,
sup
c€(0,00) I (kl fO dS fO )
= sup
ce(0,00) 1™ (Mlkl(J Yp2kz2(c))))
C
> b e 07
2 TGk (7 (aaka(@)) ¢ € (0,00)
= ¢ c € (0,00)
I (1 + (J N (u2ka(€)))% + (J - (naka(c)))m))’ ’
> 1,
and
sup
ce(0,00) J ( fO dS fO
= su
ce(o}io)J (ko (I- (mkl(C))))
C
= 9 € 07
T k@ k@) © )
> 1.
Moreover,
1 C 5]
[ pom(Gi = 1+ {2 < +oc.
1
/ t)uy C’/ (s)ds)dt < i 2P C=P1(6) + 1) / (1—t)Prat
0
= Niiwl o (01 + 1)61(1 — 1)t < 400, ete.
Also,
. . ui
i @Yy O 1o
Tr—+00 €T r—r—+00 x

Clearly, (Hi0) — (H1a) and (Hi7) — (H19) are satisfied. Hence, by Theorem 3.2.2, the
system of BVPs (3.2.39) has at least two positive solutions.
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3.3 Existence of C'-positive solutions with more general BCs

In this section, we study the system of BVPs (3.0.2), (3.0.4) and establish sufficient con-
ditions for the existence of C'-positive solutions, [24]. By a C'-positive solution to the
system of BVPs (3.0.2), (3.0.4), we mean (x,y) € (C*[0,1]NC?(0,1)) x (C*[0,1]NnC?(0,1))
satisfying (3.0.2) and (3.0.4), x >0 and y > 0 on [0,1], 2/ > 0 and ¥’ > 0 on [0,1).

Assume that

(H20)
c
sup )
ec(0,00) (L4 2T (ki (1 + 2) (e) Jy at)d)) fy
c
sup Lz b1 > 1,
ce(0,00) (L4 22)JH(ka((1 + (¢) Jy p(t)dD)) fy al
where I(p) = [3' o +U1 e = G +v2 -+ for p1 € (0, 00);

(Ho1) folp t)uy Cft s)ppr(s)ds)dt < +oo and fo q(t)us Cft $)Ypr(s)ds)dt < +oo

for any real constant C' > 0.

Theorem 3.3.1. Under the hypothesis (Hio) — (Hi2), (H14), (H15), (H20) and (Ha1), the
system of BVPs (3.0.2), (3.0.4) has at least one C*-positive solution.

Proof. In view of (Hgg), we can choose real constants Mz > 0 and My > 0 such that
M3

14 YTV (ky (1 + 22) TV (ko (Ms) t)d >1’
(L4 I (R (1 + 2) 2(Ms) [y a(t)dt)) fy p(

My
(1+ 2) T (ko (1 + 2) I (ke (My) [, p(t)dt)) [, a

From the continuity of k1, ko, I and J, we choose € > 0 small enough such that

>1.

— - Ms >1, (3.3.1)
(L4 )T (R (14 )T~ (ko (M3) fo t)ydt + J(e fo t)dt + I(g))
My (3.3.2)

>1
ba\ 7— b
(L4 2) T Mk (1 + g5 I~ (ke (My) fo t)ydt + I(e fo t)dt + J(e))
Choose real constants Lsz > 0 and L4 > 0 such that

1
I(Ls) > k1 (M) /O p(t)dt + I(2), (3.3.3)

J(Ls) > kao(Ms) /0 1 g(t)dt + J(e). (3.3.4)

Choose ng € {1,2,---} such that 7710 < e. For each fixed n € {ng,no + 1,---}, define
retractions 6; : R — [0, M;] and p; : R — [L, L;] by

1
0;(r) = max{0, min{x, M;}} and p;(z) = max{—, min{x, L;}},¢ = 3, 4.
n



CHAPTER 3. SINGULAR SYSTEMS OF TWO-POINT BVPS 61

Consider the modified system of BVPs
=" (t) = p(t) f(t,0a(y (1)), p3(’(t
=y (t) = a(t)g(t, O3(x()), pa(y/

alx(O) — blx’(O) = Oa xl(l) =

~
~—
~—
~
m
—~
=
—_
~—

—~
o~
S~—
N~—
~—
o~
m
—
)
—_
N~—

(3.3.5)

azy(0) — bay/(0) = 0, /(1)

SI=3k

Since f(t,04(y(t)), p3(2'(t))), g(t,05(x(t)), pa(y'(t))) are continuous and bounded on [0, 1] x
R?, by Theorem 1.2.4, it follows that the modified system of BVPs (3.3.5) has a solution
(Zn,yn) € (C*0,1] N C?(0,1)) x (C*0,1] N C*(0,1)).

Using (3.3.5) and (#H11), we obtain
2l (t) <0 and y(t) <0 for t € (0,1),
which on integration from ¢ to 1, and using the BCs (3.3.5), yields
%QZ%MM%@Z%EMGWM. (3.3.6)
Integrating (3.3.6) from 0 to ¢, using the BCs (3.3.5) and (3.3.6), we have

1 by 1
) > (4 2y (6 > (t+ 22)2 f 1. 3.
x (t)_(t+a1)n and y, (¢) (t+a2)n or t € [0,1] (3.3.7)

From (3.3.6) and (3.3.7), it follows that

[zn] = 2n(1) and [lyn|| = yn(1).

Now, we show that
z,(t) < L3, y(t) < Ly, t€0,1]. (3.3.8)
First, we prove x,(t) < Ls for ¢t € [0,1]. Suppose z},(t1) > L3 for some t; € [0,1]. Using
(3.3.5) and (H12), we have

= (t) < p(t)k1(0a(yn (1)) (wa (ps(a7, (1)) + vilps(@, (1)), ¢ € (0,1),

which implies that
—x(t)

n

u1(pa(2(1))) + vi(pa(27(1)))

Integrating from t; to 1, using the BCs (3.3.5), we obtain

7, (t1) dz 1
/1 w1 (p3(2)) + 01 (p3(2)) < k1(My) /tl p(t)dt,

n

< ]Cl(M4)p(t), t e (0, 1).

which can also be written as

Ls dz (1) dz 1
/; u1<p3<z>>+v1<p3<z>>+/L3 D ot < [ pioe
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Using the increasing property of I, we obtain

zy,(t1) — L3
uy(Ls3) + vi(Ls)

1
I(Ls) + < k(M) /O p(t)dt + 1(2),

a contradiction to (3.3.3). Hence, 2 (t) < L3 for ¢t € [0, 1].
Similarly, we can show that y/,(¢) < Ly for t € [0, 1].

Now, we show that
an(t) < Ms, yn(t) < My, te€[0,1]. (3.3.9)

Suppose @, (t2) > Mz for some ty € [0, 1]. From (3.3.5), (3.3.8) and (H;2), it follows that

which implies that

—a (1)
uy (), (t)) + v1 (2, (1))
—Yn(t)

uz2(yn, () + va(yy, (1))

Integrating from ¢ to 1, using the BCs (3.3.5), we obtain

< k1 (0a(lynlD)p(t), ¢ € (0,1),

< kZ(M?))Q(t)? le (07 1)'

() dz 1
/i o)t = k1(94(HynH))/t p(s)ds, tel0,1],

Yn (1) dz 1
/711 w2(2) 1 va(2) = ’fz(M:a)/t q(s)ds, telo,1],

1
) < k1 (6a(lyall)) /O p(s)ds, te0,1]

Si= 3=

1
J() — J(5) < ko(Ms) /0 4(s)ds, te o1,

The increasing property of I and J leads to

1
2,(6) < I (kn(Ba(lyall)) /O p(s)ds +I(2)), ¢ € [0,1], (3.3.10)

Yl (t) < T Hka(Ms3) /01 q(s)ds + J(e)), t €0,1]. (3.3.11)

Integrating (3.3.10) from 0 to ¢ and (3.3.11) from 0 to 1, using the BCs (3.3.5), (3.3.10)
and (3.3.11), we obtain

1
M < (t2) < (1+ Zj)fl(km(uynu)) / p(s)ds + 1()), (3.3.12)
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1
lyall < (14 27 (ha(05) / 4(s)ds + T (). (3.3.13)
a9 0

Either we have ||y,| < My or ||yn|| > My. If ||yn|| < My, then from (3.3.12), we have

b . 1
O L ) /O p(s)ds + I(2)), (3.3.14)

Now, by using (3.3.13) in (3.3.14) and the increasing property of k1 and I~!, we obtain

1 1
M; < <1+b1> k(14 27 (ko (M) / a(s)ds + J(2))) / p(s)ds + 1(2)),
a2 0 0

which implies that

Ms
<1
(1+ 2T (ky (1 + 2) T (ko (Ms) [ q(s)ds + J(€))) [y p(s)ds + I(c))
a contradiction to (3.3.1).
On the other hand, if ||y,|| > My, then from (3.3.12) and (3.3.13), we have
b 1
My < (14 I (0) [ ps)ds + 1)) (3.3.15)
1 0
b2 —1 1
My<(1+ ;)J (ka(M3) [ q(s)ds+ J(e)). (3.3.16)
2 0

Using (3.3.16) in (3.3.15) and the increasing property of k1 and 1!, we obtain

1 1
My < (14 29T (1 + 277 (hol(05) /O 4(s)ds + J())) /O p(s)ds + 1(€)),

ax a9
which implies that
Ms <
(1+ 2T (ke (1 + 2) T2 (ko (M3) [ q(s)ds + J(€))) fy p(s)ds + I(c))

a contradiction to (3.3.1). Hence, x,(t) < Mjz for ¢t € [0,1].
Similarly, we can show that y,(t) < My for ¢ € [0, 1].

Thus, in view of (3.3.5)—(3.3.9), (zn,yn) is a solution of the following coupled system
of BVPs

=y (t) = q(t)g(t, z(t), ¥ (), te€(0,1),
1 (3.3.17)
a1x(0) — b12’(0) = 0, 2’ (1) = -
a29(0) = bay/(0) = 0, y/(1) = .
satisfying
(t+b—1)l<xn()<Mg,—<x()<L3, [0, 1]
‘b“ Tf (3.3.18)
(t+—=2)= < yn(t) < My, — <yl (t) < Lu, [0, 1]
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Now, in view of (H;5), there exist continuous functions ¢y, ., and ¥az,r, defined on [0, 1]
and positive on (0,1), and real constants 0 < 41,2 < 1 such that
f(tvyn(t)7x;1(t)) > PM,Ls (t)(yn(t))617 (ta yn(t)vxiz(t)) € [07 1] X [07 M4] X [07 L3]7
g(t,xn(t),y;(t)) = ¢M3L4(t)(xn(t))627 (t7$n(t)7y;1(t>) S [07 1] X [07M3] x [07L4]'

(3.3.19)
We claim that .
o) 2 €8 [ pls)ounsy(s)ds, (3:3.20)
t
5 1
00> €8 [ )i, (), (3.3.21)
t
where
b1 1751152 by 17?152 1 1—61162 1 17((55%
05=<) () ( / p(t)soM4L3<t>dt) ( / q<t>wM3L4<t>dt) |
ai a9 0 0

)

1 P! 1
b\ =813 bo \ =013 1 1=5,09 1 T-5105
c=(2) 7 (2) 7 ([ swsannoa) " ([ aoear)
al as 0 0

To prove (3.3.20), consider the following relation

(t + 211); + all ; (a18 + bl)p(s)f(s,yn(s),x/n(S))dS

1

+a11 | (axt +b0)p(s)f (s, yn(s), w0 (s)ds, € [0,1)

(1)
(3.3.22)

which implies that

1
wn(0) = L2 B 0() 15,y (5), 2 () ds.

arn  ar Jy

Using (3.3.19) and (3.3.18), we obtain

1 1
zn(0) Zﬁ / P(8) 00115 (5) (yn ()2 ds > (yn(0))2 =2 / p(s)parLs(s)ds.  (3.3.23)
ai Jo 0

Similarly, using (3.3.19) and (3.3.18), we obtain

Hence,

Yn(0) = Cs. (3.3.24)
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Now, from (3.3.22), it follows that

1
2 (1) > / P() (5, yn(5), 2y (5)) ds,

and using (3.3.19) and (3.3.24), we obtain (3.3.20).
Similarly, we can prove (3.3.21).

Now, using (3.3.17), (Hi2), (3.3.18), (3.3.20) and (3.3.21), we have

1
0 < —a!'(t) < by (Ma)p(t) (11 (C / P(8) a1, ()ds) + 1 (Ls)), £ € (0,1),
t (3.3.25)

1
0 < —y!(t) < ka(Ms)a(t) (ua(C2 / 4(s)ousy (5)ds) + va(La), T € (0,1).

In view of (3.3.18), (3.3.25), (H1p) and (Hz1), it follows that the sequences {(mg),y,(ij))}
( = 0,1) are uniformly bounded and equicontinuous on [0, 1]. Hence, by Theorem (1.1.6),
there exist subsequences {(xq(f,z,ngj))} (j =0,1) of {(ng),yq(f))} (j =0,1) and (x,y) €
C'0,1] x C1[0, 1] such that (3:,(1],3, yq(i)) converges uniformly to (2, y)) on [0,1] (j = 0, 1).
Also, a12(0) — b12'(0) = asy(0) — bay/(0) = 2’ (1) = /(1) = 0. Moreover, from (3.3.20) and

(3.3.21), with ny in place of n and taking lim,,, ,,, we have
5 [
20 2C0 [ p)eanss (s)ds,
t

1
y'(t) 20§2/t q(s)Vnr;14(8)ds,

which shows that 2/ > 0 and y’ > 0on [0,1), z > 0 and y > 0 on [0, 1]. Further, (z,,, yn,)
satisfy

t
x;k(t) :x;k(O) /0 p(s)f(s,ynk(s),x%k(s))ds, t €0,1],

y;k(t) :y;k(O) —/0 q(s)f(s,xnk(s),y,’%(s))ds, t €[0,1].

Passing to the limit as ni — oo, we obtain

which implies that

Hence, (x,7) is a Cl-positive solution of the system of BVPs (3.0.2), (3.0.4). O
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Example 3.3.2. Consider the following coupled system of singular BVPs

—2(t) = (1— )71 (y(1)T('(£)) 7P, te(0,1),

—y"(t) = (L= 1)1 (2(t) iy (1), te(0,1), (3.3.26)
2(0) — ' (0) = y(0) — ¢'(0) = 2’ (1) = /(1) = 0,

where 0 < 81 <1land 0 < B35 < 1.

Taking p(t) = (1 — )71, q(t) = (1 — )71, ky(z) = 21, ke(z) = 21, w(z) = 2771,
us(z) = 7% and vi(z) = vo(x) = 0. Then, I(z) = 2

1

1 1 1
(B1 +1)FF1 2B+ and J~1(2) = (B + 1) P2 FlzF2FT,

Then, fo t)dt = 4 and fo =4 Choose 6y = 1, 6, = 3, pprp(t) = F~P and
Ypr(t) = F~P2. Clearly, (H1o) — (7—[12), (H14) and (Hi5) are satisfied. Moreover,
c
S R i B o) —
CE(0,00)( + a) ( (( + fO fO
Sup e 1 i T — = 00,
c€(0,00) 277 41D (3)4(ﬁ1+1)(ﬁ2+1) (61 + 1)ﬁ1+1 (/82 + 1)4(ﬁ1+1)(ﬁ2+1) c16(B1+1)(B2+1)
c
sup " b1 _
c€(0,00) (1 + @)J (k‘ ((1 + fO dt fO

sup = 00,
o (4 527) 4\ 507 1 3 3
c€(0,00) 27 4(B2+1) B1+1 (3) 32+1 (/82 + 1) @2+1 (61 + 1) 4(B1+1)(B2+1) ¢16(B1+1)(B2+1)

1 A1-B1—B1 B
/ t)ug C/ $)ppr(s)ds)dt = 41 C~ 51Fﬁ1/ 1y =
0 1-5
4
/ t)uy c/ $)Ypp(s)ds)dt = (3)52(1@1?@“/ (1— )5 at
0
(4/3)1-P2C P2 3

1—fs ’
which shows that (Hg) and (H21) also holds.

Since, (Hio) — (Hi2), (Hia), (His), (Hao) and (Ha1) are satisfied. Therefore, by The-
orem 3.3.1, the system of BVPs (3.3.26) has at least one C'-positive solution.

3.4 Existence of at least two positive solutions with more

general BCs

In this section, we establish at lest two C''-positive solutions to the system of BVPs (3.0.2),
(3.0.4). For each (z,y) € C1[0,1] x C*0,1], we write ||(z,9)|l5 = l|lzlls + ||y]l3. Clearly,
(C10,1] x C[0,1],| - ||5) is a Banach space. We define a partial ordering in C[0,1], by
x < yif and only if z(t) < y(t), t € [0,1]. We define a partial ordering in C1[0, 1] x C[0, 1],
by (z1,y1) = (x2,y2) if and only if z1 < x5 and y1 < ya. Let

b
P, = {x € C'0,1] : z(t) > |z for all ¢ € [0,1],z(0) > a—||x'||},
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%Jiln’ i = 1,2. Clearly, P; (i = 1,2) are cones of C'[0,1] and P, x P, is a
cone of C1[0,1] x C'[0,1]. For any real constant » > 0, we define an open neighborhood
of (0,0) € C[0,1] x C[0,1] as

where v; =

Op = {(z,y) € C'[0,1] x C'[0,1] : ||(z,9)[I5 < 7}

In view of (Hzo), there exist real constants R3 > 0 and R4 > 0 such that

R3
(4 BT (ke ((1+ 52)0 7 (ha(Rs) f3 a(®)d0) il

ai

> 1, (3.4.1)

Ry
(14 22) - (ko (1 + 2) 11 (ki (Ra) [y p(£)dt)) fy a

From the continuity of k1, ko, I and J, we choose € > 0 small enough such that

(3.4.2)

R3
> 1,
(1+ 212 (ke (1 + 2) T (ko (Rs + €) [y q(t)dt + T (<)) +€) [y p(t)dt + I(e))
(3.4.3)
f >1
(1+ 2)J 2 (ko((1+ 2L (k1 (Ry + 2) [y p(t)dt + 1(2)) + ) [y q(t)dt + J(e))
(3.4.4)
Choose ng € {1,2,---} such that max{n—lo(l + Z—ll), n—lo(l + %)} < ¢ and for each fixed
n € {ng,ng + 1,- -}, consider the system of non—singular BVPs
I 1 b , 1
—a"(t) = p()f(t,y(t) + —(t+ =), [2"(O)| + —),  t€(0,1),
n as n
1 b 1
—(t) = aWg(t,o(t) + —(t+ )l O]+ ), te(0,1), (345)
n ay n
a12(0) — b12'(0) = azy(0) — bay/'(0) = 2'(1) = ¢/(1) = 0.
We write (3.4.5) as an equivalent system of integral equations
! b 1
z(t) = | Gi(t,s)p(s)f(s,y(s) + (8+ ) |2 (s)[ + ~)ds, ¢ €0,1],
0 (3.4.6)

S|~ 3|+

1
(1) = [ Galt,als)f(s.05) + @+b>w<n+bw,temu

where
1 |bi+ass, 0<s<t<l,
Gilt,s)=—{ "
' b +ait, 0 )

By a solution of the system of BVPs (3.4.5), we mean a solution of the corresponding

system of integral equations (3.4.6).

Define an operator T}, : C1[0,1] x C1[0,1] — C'[0,1] x Ct[0, 1] by

To(z,y) = (Au(z,y), Bu(,y)), (3.4.7)
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where the operators A, B, : C1[0,1] x C1[0,1] — C'[0, 1] are defined by

1
f= / Gt $)p() (5, 9(s) + ~ (s + 2), /()] + D)ds, ¢ € [0,1],
0 v " (3.4.8)

! 1 bi. ., 1
= /0 Ga(t, s)q(s)f (s, z(s) + g(s + ch)’ ly'(s)] + ﬁ)ds, te[0,1].

Clearly, if (z,,,yn) € C1[0,1] x C*[0,1] is a fixed point of T},; then (x,,y,) is a solution of
the system of BVPs (3.4.5).

Lemma 3.4.1. Under the hypothesis (H10) — (H12), the operator Ty, : O, N (P x Py) —

Py x Py is completely continuous.

Proof. Firstly, we show that T,,(P1 x P») C P, x P5. For (z,y) € P x Py, t € [0, 1], using
(3.4.8) and Lemma 1.1.13, we obtain

1
= / Gi1(t,s)p(s) f(s,y(s) + %(s + ZZ), |2/ (s)] + l)ds

1 ) (3.4.9)
1713[%/ Ga(s)p(s) (s 9(s) + 5+ 2, J2'(8)| + )ds =l Au )]
and
1 1 b 1
0) = [ Gr0.90(5)(s.0(5) + (s 20 (9] + )
1

=2 e [ D6 (s,09) + (s [0+ s (3:4.10)

b b ,

= iy e = At

From (3.4.9) and (3.4.10), A, (z,y) € P, for every (z,y) € P1 X Py, that is, A, (P x Py) C
Py. Similarly, by using (3.4.8) and Lemma 1.1.13, we can show that B,(P; x P») C P,.
Hence, Tn(Pl X Pg) C P x PQ.

Now, we show that T}, : O, N (Py x P») — P; x P is uniformly bounded. For any
(z,y) € O, N (P X P,), using (3.4.8), Lemma 1.1.13, (H10) and (#H12), we have

1 ba 1

1
HAn(a:,y)H:tren[% /0 G1(t,s)p(s)f(s,y(s)+n(s+ 22y 12/ (s $)|+ )ds

1
< o [ s bpekala(s) + s+ (1) + 1)+ enll )]+ )i

ai

< i/’cl(r + l(1 + bﬁ))(ul(l) + o1 (r+ l)) /1(a13 +b1)p(s)ds < 400,
a1 n a2 n n 0

(3.4.11)
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" o ! 1 by 1
[ An e, )l = max [An(z,y)' ()] = TI?[%,’%]/T ) f(s:y(s) + s+ ). [a(s)] + D )ds
1 1
= [ )+ (st 2]+ s < [ pkaluls) + (s 2)
0 n az n 0 n as

1
(1 ()] + )+ oull/ @) + 1))ds < e+ (0 + ZD () + o+ 1) [ plepds
< 4o00.
(3.4.12)

From (3.4.11) and (3.4.12), it follows that A, (O, N (P x P,)) is uniformly bounded under
Il - |s. Similarly, by using (3.4.8), Lemma 1.1.13, (H19) and (#H12), we can show that
B,(0, N (P x P,)) is uniformly bounded under || - ||3. Hence, T;,(O, N (P x P)) is

uniformly bounded.

Now, we show that T,,(O,N(Py x P,)) is equicontinuous. For any (z,y) € O,N (P x Py)
and t1,t2 € [0, 1], using (3.4.8) and (H12), we have

1
[An(z,y)(t1) = An(2,y)(t2)| = /0 (G1(tr;s) = Gilta, 5))p(s) f (s, y(s) + %(S + =)

1
< / G (t1,3) — G (t2, 8)[p(3) £ (5,4(s) + (s + 2), |'(s)] + L)ds
0 n ag n

(5)] + )

1
< [ 1Ga(t15) = Gatas)p(s)ba (0(s) + (s + 2 (/5] + 5) + wa(a'(5)] + 7))

n

1
gkl(r—i—i(l—l—bQ))(ul(Tll)—l—vl(r—ki))/o G(t,5) — G(ts, ) p(s)ds,

N (3.4.13)
a0 = Ao ()l = | [ 610000 + 26+ 20,09+ D
< /tltzp(s)kl(y(s) + %(s + ZZ))(ulﬂx/(s)] + %) +oi(je(s)] + %))ds (3.4.14)
<l 0 2 +ut+2) [

From (3.4.13), (3.4.14) and (H10), it follows that A, (O,N(P; x P)) is equicontinuous under
the norm |- ||3. Similarly, using (3.4.8) and (H12), we can show that B, (O, N (P x P,)) is
equicontinuous under || - ||3. Consequently, T,,(O, N (P, x P)) is equicontinuous. Hence,
by Theorem 1.1.6, T,,(O, N (P x P)) is relatively compact which implies that T, is a

compact operator.

Further, we show that T}, is continuous. Let (T, ym), (z,y) € O,.N(P; x P,) such that

H(xm,ym) — (z,y)||5 = 0 as m — +oo.
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Using (H12), we have

1 bo 1

£t um(®) + (t+ (14 2

2,01+ 1| < balom(@) + 10+ 2)

a2

, 1 , 1 1 b2 1
- ) < - -
([ O]+ )+ 01O + ) < Bl 3 (14 2D (5) +0a(r + ).
Using (3.4.8) and Lemma 1.1.13, we have
1 b2
| An (T, ym) — An(z,y)|| = max G1 t,8)p(s)(f(s,ym(s) + —(s + —),
te[0,1] n a2

1
() ) = F(5,9(5) + (s + - 2) T @)+ s| < o [+ bnts) - (3415)

a

1 b 1

f(s,ym(8)+i(s+ %) lata(s )\+5)—f(s,y(s)+E(s+£),|x’(s)|+ﬁ) ds

and

1
| PO (o) + 5+ 2o+ 3)

HAn(xn‘uym)/ - A (x y) H = max n

7€[0,1]

s, (s) (54 2 o' (5)| + )

Fosnls) + S5+ 2 (o) + ) = Syl + s+ 21 (6)] + )

(3.4.16)

< /Olp(S)

From (3.4.15) and (3.4.16), using Lebesgue dominated convergence theorem, it follows that

| An (T, Ym) — An(z,9)|| = 0, |An(@m, ym) — An(x,y)'|| — 0, as m — +oc.

Hence, ||An($maym) - An(xvy)HS — 0 as m — oo.

Similarly, we can show that || By (Zm, ym) — Bn(z,y)||s — 0 as m — oo. Consequently,
| T (T, Ym) — T(z,y)|ls — 0 as m — +oo, that is, T, : O, N (P x Ps) — Py x Py is

continuous. Hence, T}, : O, N (P X P,) — Py x P, is completely continuous. O
Assume that

(Hao) for any real constant C' > 0, fol p(t)ur (C ftl p(s)pr(s)ds)dt < +oo and
I3 a(tua(C [} q()1p(s)ds)dt < +oo.

Theorem 3.4.2. Under the hypothesis (Hio) — (H12), (H14), (H17), (Hi19), (H20) and
(Ha2), the system of BVPs (3.0.2), (3.0.4) has at least two C'-positive solutions.

Proof. Let Rs = R3 + R4 and define O, = Qp, x (g, where

QR3 = {x S Cl[O, 1] : HJIHg < Rg}, QR4 = {.CC S Cl[O, 1] : ”$H3 < R4}
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We claim that
(x,y) # XNy (x,y), for A € (0,1}, (x,y) € 0Og, N (P x Ps).
Suppose there exist (zo,y0) € 00gr, N (P1 X P») and A\ € (0, 1] such that
(0, Y0) = AoTn (20, Yo)-
Then,
Moo 1 ba , 1
—x0(t) = Aop() f(t,yo(t) + —( + —), |z ()| + =), ¢ €(0,1),
n as n
1 b 1
~U8(0) = Aoa()g(t.20(t) + - (¢ + 1), lp(0)| + ). tE 0,1,

a12(0) — b12’'(0) = asy(0) — by (0) = 2/(1) = ¢/(1) = 0.

71

(3.4.17)

(3.4.18)

From (3.4.18) and (#Hi1), we have z; < 0 and yj < 0 on (0, 1), integrating from ¢ to 1,
using the BCs (3.4.18), we obtain x((t) > 0 and y;(t) > 0 for ¢ € [0,1]. From (3.4.18) and

(H12), we have

" 1 ba

) < P (sol6) + (¢4 ) (h(®) + 2) +oa(eh(®) +2)), tE (0,1)

ao n n
by ,

[a—

(1) < akaleo(t) + (¢t + ) un(wh(t) + =) + va(uh(t) +2)), te (0,1),

ai
which implies that

—$6(t) 1 bg
wr(wh(D) + 1) + vr(wh(t) + 1) nt

) ) Lon
T T T < ka0 + (4 1) < Ry + 2,

Integrating from ¢ to 1, using the BCs (3.4.18), we obtain

1
Hah(t)+ ) =100 < ka(Ri+e) [ pls)ds, ¢ e(0.1)
1 1 !
Toh(t) + 1) = IG) < halRa+2) [ alo)ds, te 1]

which implies that

ah(t) < I1(k1(R4—|—8)/01p(3)ds+l(5)), te0,1],

1
yh(t) < T (ka(Ry + ) /0 o(s)ds + J (=), te[0.1].

Integrating from 0 to ¢, using the BCs (3.4.18), leads to

zo(t) < ﬁx6(0)+r1(1¢1(34 +¢) 1

o p(s)ds+1(g)), te][0,1],

Yo(t) < biyé(o)—i-J*l(kQ(R:?, +e)

as q(s)ds + J(g)), te[0,1].

/01
i

(3.4.19)

(3.4.20)
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Using (3.4.19) and (3.4.20), we have

zo(t) < (1+ 2)I_1(k1(R4 +¢) /Olp(s)ds +1(e)), te]0,1], (3.4.21)
by, . !
() < (1+ 22)T " (ha(Ry + 2 /0 g(s)ds + J(e)), te[0,1]. (3.4.22)
From (3.4.19)—(3.4.22), it follows that

Rs < (1+ b—l)l_l(kl(R4 +¢€) /1p(s)ds +1(¢)), (3.4.23)

aq 0

Ry < b2y j-1 1
<A+ 2T (R + o) /0 o(s)ds + J(&)). (3.4.24)

Now, using (3.4.24) in (3.4.23) together with increasing property of k1 and I~!, we have

R3
(1+ 212 (ky (1 + 2) T (ko(Rs + €) [y q(s)ds + J(€)) + &) [y p(s)ds + I(e)) =

az

)

a contradiction to (3.4.3). Similarly, using (3.4.23) in (3.4.24) together with increasing
property of ks and J~!, we have
oL <1
(1+ 2) T (ka(1+ 2T (ka(Ra + €) Jy pls)ds +1(e)) +€) fy als)ds + T () ~

a contradiction to (3.4.4). Hence, (3.4.17) is true and by Lemma 1.2.5, the fixed point

index
indFP (Tn, OR5 N (Pl X PQ), P x Pz) =1. (3425)
Now, choose
1 -1 -1 1 -1 -1
N3 = T 0 and Ny = T o . (3.4.26)
maxyeoq] fo G1(t,s)p(s)ds maxyeoq] Jo Ga(t,s)q(s)ds
By (Hig), there exist real constants with R3 > R3 and R} > R4 such that
hi(x,y) > N3z, for x > R3,y € (0,00),
( 3.9 € (0,00) (3.4.27)
ho(x,y) > Naz, for x > R}, y € (0,00).
Lot R = [ + R and define Ope = Qpe x Qg+, where
T mo Y202 R = 3R3 Ry
Qre = {z € CY0,1] : ||z|5 < 13 b, Qpe = {z e CY0,1] : ||z||3 < R }
R3 ; . 3 Y101 ) SERY ) . 3 Y209 .
We show that
To(z,y) £ (z,y), for (z,y) € O0R=+ N (P X P). (3.4.28)

Suppose T}, (o, yo) = (z0, yo) for some (z¢,yp) € OOr+ N (P X P2). Then,

zo(t) = An(zo,90)(t) and yo(t) = Bn (o, y0)(t) for t € [0,1]. (3.4.29)
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Note that, by Lemma 1.1.12, we have

xo(t) > 101|203 = Ry, tel0,1].

Similarly, yo(t) > R} for ¢ € [0, 1]. Hence,

1 b 1 b
[w0(®)] + 1 (t+ ) = Ry and [yo(6)] + - (t+ 2) = R for ¢ € [0,1],
Now, using (3.4.29), (H19) and (3.4.27), we have
1 by ., 1
lzoll > zo(t) > An(zo, yo)( Gl )p(s)F(5,00(s) + (s + ) la(s)] + 1 )ds

> [ Gt mmnts) + %<s+ 2) Jah(s)| + )ds

> Ng/o G1(t,s)p(s)(yo(s) + %( b2 ))ds > N3R4/ Gi(t,s)p(s)ds, te]0,1],

a
in view of (3.4.27) we have

*

l|zol| > N3sRj max/ Gi(t,s)p(s)ds >
Y202

R; - :
Thus [[zolls > [lzoll > 555 Similarly, using (3.4.29), (Hi), (3.4.27) and (3.4.26), we

have [lyolls > 7151 Consequently, it follows that, |[(zo,y0)|ls = |zolls + |lvolls > B**, a

contradiction. Hence, (3.4.28) is true and by Lemma 1.2.7, the fixed point index

indFP (Tn, Ops« N (P1 X PQ), P x Pg) =0. (3430)
From (3.4.25) and (3.4.30), it follows that
ind,, (Tp, (Ors \ Or) N (P X P), Py x Pp) = —1. (3.4.31)

Thus, in view of (3.4.25) and (3.4.31), there exist (zp,1,Yn1) € Or N (P X P;) and

(@n,2:9n2) € (Ope= \ Op) N (P1 X Py) such that (zn5,nj) = Tn(Tnjsynj)s (7 = 1,2)
which implies that

1 b 1
Tn,j(t / Gi(t, s)p(s) f(t ynj(s) + (s + — 2) [ ()| + —)ds, ¢ €[0,1],

1 b 1 )
Yn,j (1) =/0 Ga(t: 5)a(s)g(s, nj(s) + (s + ) Yl (8)] + ~)ds, te0,1], =12

(3.4.32)

Using (H17) there exist continuous functions ¢ g, +. and 9 g, 4. defined on [0, 1] and positive
on (0,1) and real constants 0 < d;,d2 < 1 such that

f(tuxa Z/) > @R4+E(t)$617 (t,x,y) € [Oa 1] X [07 R4 + 8] X [07 R4 + 8]5

3.4.33
g(ta x, y) > wR3+8(t)x627 (ta z, y) € [07 1] X [07 R3 + E] X [07 R3 + 8]' ( )
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By construction of the cones P; and P», we have zy, 1(t) > vi||zn,1]| and y, 1(t) >

for t € [0,1]. We show that

1
21 () > OB / D(8)prise(s)ds, ¢ € [0,1],
t

1
Yo(t) > OB / 45V 0rsse(s)ds, te[0,1],
t

where

1
1—5152
T€(0,1]

((ma [ et )< (5)s i

T7€[0,1] Jo

146185 26
516 516
Cr =y 102y, 0102 <max / G1(1,5)p(8)pRr,+e(s )ds>

)

s i*?l? i
Cyg = "7y 7 | max / G1(T,3)p(s)pRr,+e(s)ds
T€[0,1]

W
(max / Ga(7,5)q(S)YRy+e(s )ds) :
7€(0,1]

To prove (3.4.34), using (3.4.32) and (3.4.33), we have

1
n(t) = /0 Gi(t, 8)p(s)f (5, Y (s) + i<s+b> (o) + )

1
> [ Grt ) a(s) + s+ L) s

a2

1
> 3 g | / Gt )p()pmase(s)ds, ¢ € [0,1],
0

which implies that

1
2aa(t) 2 10 ol max [ Grmspe)ons)ds, ¢ € [0.1)
T 3 0

Hence,

| 2l mac / G (7, 5)p(8)prese(5)ds.

Similarly, from (3.4.32) and (3.4.33), we have

max/ Ga(T,9)q(s)YRs1e(s)ds.

€[0,1]

”ynﬂ 'YZ

Using (3.4.36) in (3.4.37), we have

1 b2
1] 616
e R / Gr (. )p(s) - (5)ds

rnax/ Ga(T, 5)q(s)VRrs+e(s)ds

T€[0,1]

74

(3.4.34)

(3.4.35)

(3.4.36)

(3.4.37)
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which implies that

52

- s i*ii?i, G gs)
lYn,1ll =7 Jnax | 1(7, 8)p(8)PRy+e(5)ds

(m/ Ga(r, 8)(s) by 1(5)d )””:cg.

7€|0,1

(3.4.38)

Using (3.4.33) and (3.4.38) in the following relation

! b
1 (1) :/t p(8) f (8, yn,1(s) + %(s + G—Z), 1 (5)] + %)ds

we obtain (3.4.34). Similarly, we can prove (3.4.35).

Now, differentiating (3.4.32), using (Hi2), (3.4.34) and (3.4.35), we have
1
0 <~y () < p(t)k1(Ra + ) (ur (G / P(s) R, +=(s)ds) +vi1(Rs +¢)), € (0,1),
t

1
0 < —yn1(t) < q(t)ka(Rs + &) (ua(CF*9y /t q(8)YRy+e(s)ds) +v2(Ry +¢)), t€(0,1),
(3.4.39)

which on integration from ¢ to 1, using the BCs (3.4.5), leads to

1 1
1 (8) < k1 (Ra + E)/t p(s) (ur(Cg'75" / P(T)PR1=(T)dT) + 01 (R3 + €))ds, ¢ €[0,1],

1 1
Yor(t) < Ea(Rs + ) / 1) (ua(CP? [ a(r)bmgselr)dr) + valRa+2))ds, 2 0,1

which implies that
1 s s [
Ty (t) < ki(Ry +€)/ p(s)(ur(Cg' 5! / P(T) @R+ (T)dT) + v1(R3 +€))ds, ¢ €0,1],
0 s

1 1
vy (1) < Ea(Rs +2) /O o(5) (ua(CIA2 / AT V0ry e (7)dT) + va(Ra + €))ds, ¢ € [0,1].
(3.4.40)

In view of (3.4.34), (3.4.35), (3.4.40), (3.4.39), (H10) and (Ha2), the sequences { (¢}, 1)}
(j = 0,1) are uniformly bounded and equicontinuous on [O 1] Thus, by Theorem 1.1.6,
there exist subsequences {( nk 15 yff}l )} (7 =0,1) of {( T, 1, yn 1)} and functions (zo,1,%0,1)
€ C10,1] x C'0,1] such that (z gg}l,yék{l) converges uniformly to (mg&,yé’%) on [0,1].
Also, a120,1(0) — b1z 1(0) = a2y0,1(0) — bayp 1(0) = x4 1 (1) = yp (1) = 0. Moreover, from

(3.4.34) and (3.4.35), with ny, in place of n and taking lim,,, 4, we have
01 .0 !
250> Cf' [ penire()s

1
s (1) > Ol / 0($)brese (5)ds,
t
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which implies that x(; > 0 and y5; >0 on [0,1), z91 > 0 and yo,1 > 0 on [0, 1]. Further,

1 by 1

F Yot (8) + — (4 =), 20, 1 () + —)

1
< p(t)k1 (R + &) (ur (CEA L/"zxs>¢R4+€«0ds)
ng a N t

+ Ul(R3 + 6))7

1 b 1 !
gt Ty 1 (8) + —(t+ =),y 1 () + —)| < q(t)ka(Rs + &) (uz(C2Y / q(8)VRs+e(s)ds)
Nk al ng t
+ 02(R4 + 5)),
(3.4.41)
i (g (1) + —(+ 2), 2l () + —) = Fl g0 (D). ah, (1), e (0,1)
nkn—T}loo » Yny,1 n as ’ xnk,l n - » 40,1 ’ $071 ’ s L)
, 1 b, 1. ,
(80 () (4 7). 00 (0 F ) = (6201 (8., (8). ¢ € (0.1),
(3.4.42)
Moreover, (Zn, 1, Yn,,1) satisfies
! 1 by, 1
T, 1(t) = / G1(t,s)p(s)f (8, Ynp1(8) + —(s+ =), 2y, 1(s) + —)ds, t€ [0, 1],
0 ng az ng
! 1 bi. 1
ynk,l(t) = / GQ(t7 S)q(S)g(S,l‘nkJ(S’) + 7(8 + 7)7ynk,1(8) + 7)d87 te [07 1]7
0 N al Nk

in view of (3.4.41), (Ha2), (3.4.42), the Lebesgue dominated convergence theorem and

taking lim,,, 4, we have
1
xmwz/lxwmmﬁ@mﬂﬁ%ﬂm@,taam
0

1
1) = [ Galts)a(s)als. 20a(s). v, (5)ds. ¢ € 0.1],
0
which implies that (z91,01) € C%(0,1) x C%(0,1) and

=201 (t) = p(t)f (£, 901 (£), 20,1 (2)), T € (0,1),

)

0
=401 (t) = q()g(t, 201(t), 40,1 (1), t€(0,1).

Moreover, by (3.4.1) and (3.4.2), we have ||zo1]ls < Rs and ||yo1]|s < R4, that is,
II(zo0,1,90.1)|ls < Rs. By a similar proof the sequence {(zy2,¥yn2)} has a convergent sub-
sequence {(Zn, 2,Yn, 2)} converging uniformly to (zo2,%02) € C1[0,1] x C*[0,1] on [0, 1].
Moreover, (x0,2,yo,2) is a solution to the system (3.0.2), (3.0.4) with zp2 > 0 and yp2 > 0
on [0,1], 255 >0 and yj, > 0 on [0,1), Rs < [[(w0,2,y0,2)[l5s < R**. O

Example 3.4.3. Consider the following coupled system of SBVPs

2(t) = (1 + ()" + WO+ @ O) + @) ), te(0,1)
y'(8) = a1+ (2(1)* + (@(O)™)(1+ (/) + (4 (1)), te(01), (34.43)
2(0) — 2 (0) = y(0) — ¥/ (0) = 2'(1) = /(1) =0,

o

T

—~~
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where 0 < 9; <1, >1,0<a; <1,0< B;<1,and u; >0,i=1,2.

Let p(t) = p1, q(t) = po, ki(z) = 14+ 2% + 27, w(x) = 7% and v;(z) = 1 + %,
i =1,2. Assume that p; is arbitrary and

JE NGNS ) L I e ) J ()

< min{ inf , inf , inf 2 .
K2 {ce(o o0) ko (c) c€(0,00) k2 (c) c€(0,00) k2(2l—1(u1k1(c)))}

We choose ¢g(t) = p1, Ye(t) = pe and hi(x,y) = pi(1 + 2"), i = 1,2. Then,

. . yi
i @Yy O o)
Tr—r—+00 X Tr——+00 X
Moreover,
C
o 14+ )71k ((1 b2 t)dt))
ce(0,00) (14 2) I~k (1 + (c) fy a()dt)) [y p(
C
= su
ce (00 2T (ki (27 (zka(©))))
C
> , ce (0,00
% T (k@ ik (0)))) (0, 00)
C
= , c€ (0,00
(14 (2T uaka(@))P + (2T Waka(em))” < € (020)
>1,
and
C
Sup b2y 71 o)
ce(0,00) (L4 22)J ~Hka((1 + 2 fo t)dt)) fo
C
= sup
ce(0,00) 2 (p2ka (21 (p1k1(c))))
C
= , c€ (0,00
2T (koI k() € ()
> 1.
Further,
1 1=261 ~—p;
/ t)uy C/ s)ds)dt = py rC=h (1—t)—51dt:7“11 g :
0 — M1
1 1-2f2 —B2
/ t)ug 0/ s)ds)dt = ps 220 [ (1 —t)P2at = “11?
0 - P2

Clearly, (Hi0) — (H12), (H1a), (H17), (H19), (Ha20) and (Ha2) are satisfied. Hence, by
Theorem 3.4.2, the system of BVPs (3.4.43) has at least two C'!-positive solutions.



Chapter 4

Singular Systems with Coupled

Boundary Conditions

Coupled BCs arises in the study of reaction—diffusion equations and Sturm—Liouvillie prob-
lems, see [10, 11, 88] and [135, Chapter 13]. The study of elliptic systems with coupled
BCs was initiated by Agmon and coauthors [8]. In [8], the authors studied elliptic systems
with the following type of coupled BCs

of
D1 flpn + DQ@ =0,

where D; and Dy are differential operators from L2(Q; W) to L?(0Q; W), Q C R” and W
is a separable Hilbert space. Mehmeti [106], Mehmeti, Nicaise [107] and Nicaise [112] have
been studied coupled BCs in the study of interaction problems and elliptic operators on

polygonal domains.

Coupled BCs have also some applications in mathematical biology. For example, Leung

[88] studied the following reaction—diffusion system for prey—predator interaction:

%(t,x):mAu—i-u(a—i-f(u,v)), t>0,2€QCR",
?;t)(t’ x) = 09Av +v(—r + g(u,v)), t>0,z¢€QCR",
subject to the coupled BCs
g:; =0, g:; — p(u) — q(v) = 0 on 09,

where A = Y"1 68—;2, a, r, 01, 09 are positive constants, f,g : R> — R have Hélder
continuous partial dezzrivatives up to second—order in compact sets, n is a unit outward
normal at 02, p and ¢ have Holder continuous first derivatives in compact subsets of [0, o).
The functions u(t, x), v(t, ) respectively represent the density of prey and predator at time
t > 0 and at position x = (z1,- - ,xy,). Similar coupled BCs are also studied in [13] for

biochemical system.
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Krstic et al. [86, Section 8.3] presented the Timoshenko beam model with free-end
BCs

Ou 9, 0% 08
— 52 > <z<
86752 (1+d8t)(322 az), t>0,0<z<1,
%0 o 526 ou
> <z<
pegrg = (L +dz)(e55 +al5-—0), t20,0<2<1,
ou 96

So(,0) = 0(t,0), 5-(1,0) = 0,

where u(t, z) denotes the displacement and (¢, z) denotes the angle of rotation due to the
bending. The positive constants a and p are proportional to the nondimensional cross—
sectional area, and the nondimensional moment of inertia of the beam, respectively. The
parameter ¢ is inversely proportional to the nondimensional shear modulus of the beam.
The coefficient d denotes the possible presence of Kelvin—Voigt damping. The meaning
of the first BC is that zero force is being applied at the tip, whereas the meaning of the
second BC is that zero moment is being applied at the tip. A backstepping boundary
control design applied to the most complex beam model. The model is controlled at z =1

through the conditions on u(t,1) and 6(¢,1).

In Section 4.1, we present existence result for the following coupled singular system of

ODEs subject to four—point coupled BCs

—a"(t) = f(t,z(t),y(t), te(0,1),

_y//(t) = g(t7$(t)7y(t))v te (07 1)7 (4‘0‘1)
2(0) =0, z(1) = ay(¢),
y(0) =0, y(1) = Bx(n),

where the parameters «, (8, £, n satisfy &,n € (0,1), 0 < afén < 1. We assume that
the nonlinearities f,g: (0,1) x [0,00) X [0, 00) — [0, 00) are continuous and allowed to be

singular at ¢t =0 or t = 1.

Further in Section 4.2, we study more general coupled system of ODEs than the system
(3.0.2) and prove the existence of Cl-positive solution to the following system of ODEs
subject to two—point coupled BCs

—a"(t) = p(t) f(t, x(t), y(1), ' (1), t€(0,1),
y'(t) = a(t)g(t,x(t),y(t),y'(t), te(0,1),

a1y(0) — b12’(0) = 0, y'(1) =

azx(0) — bay/(0) =0, 2'(1)

(t)
) (4.0.2)
0,
0,

where the nonlinearities f, g : [0, 1] x [0, 00) x [0, 00) X (0,00) — [0, 00) are continuous and
are allowed to be singular at 2’ = 0, ¥/ = 0. Moreover, p,q € C(0,1), p > 0 and ¢ > 0 on
(0,1).
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To the best of our knowledge, we believe that coupled system of nonlinear ODEs
subject to coupled BCs have never been studied previously. Results of this chapter are
submitted [19,20].

4.1 Singular systems of ODEs with four—point coupled BCs

In this section, we establish the existence of positive solutions for the system of BVPs
(4.0.1). By a positive solution to the system of BVPs (4.0.1), we mean that (z,y) €
(C[0,1] N C?%(0,1)) x (C[0,1] N C%(0,1)), (x,y) satisfies (4.0.1), x > 0 and y > 0 on (0, 1].
For each u € C[0, 1] we write ||u|| = maxc[ 1) [u(t)|. Let
P={ueC01]: te[mgcl%gn},l} u(t) > y|ull},

where
_ min{1,a¢,aB¢, fn af}minfg,n, 1 - €1-n} _ |

max{1, o, 5, oS¢, afn}
Clearly, (C[0,1],| - ||) is a Banach space and P is a cone of C[0,1]. Similarly, for each
(z,y) € C[0,1] x C[0,1] we write ||(z,y)lls = llz] + [lyll. Clearly, (C[0,1] x C[0,1], ]| - [|s)
is a Banach space and P x P is a cone of C[0,1] x C[0,1]. For any real constant r > 0,
define O, = {(z,y) € C[0,1] x C[0,1] : ||(z,y)|l6 < T}

0<vy

Lemma 4.1.1. Let u,v € C[0,1], then the system of BVPs

-2 (t) = u(t), telo,1],
—(t) =v(t), te]0,1], (4.11)
2(0) =0, 2(1) = ay(§),
y(0) =0, y(1) = Bz(n),
has integral representation
() = /0 eyt syu(s)ds + [ Gagen(t,5)u(s)ds,
) . (4.1.2)
y(t) = /0 et s)o(s)ds + | Goanelt, s)u(s)ds,
where
o — s —(t—s),  0<s<t<ls<m,
Fey(t, s) = {%"_ﬁ%" - ek Vstssslhesn (4.1.3)
—agey — (t—5), 0<s<t<1,s>,
o) 0<t<s<l s>,
aét(l—s at(E—s
Gapen(t, 5) = i%ff"j - i Pestslest (4.1.4)

1—aBén 0_ Y= b _g
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Proof. Integrating the system of BVPs (4.1.1), we have

x(t) =c1 + st — /0 (t — s)u(s)ds,
(4.1.5)

t
y(t) = ca + cat — / (t — s)v(s)ds,
0
where ¢;, i =1,--- ,4, are constants. Now, employing the BCs (4.1.1), we obtain
Cl1 = 0, Cy = O,
1 3
c3 — cqaf = / (1 —s)u(s)ds — a/ (& — s)v(s)ds,
0 0
n 1
c3fn —cy = B/ (n— s)u(s)ds — / (1 —s)v(s)ds.
0 0

Solving for c3 and ¢4, we get

1

- _aBE
1—apfén 1 —aBén
af

1 N ¢
+ 1—045577/0 (1—s)v(s)ds — 1_%7/0 (& — s)v(s)ds,

3 /01(1 — s)u(s)ds — /On(n — s)u(s)ds

1 n
cy = 1—ﬁ01475§77/0 (1 —s)u(s)ds — 1—55577/0 (n — s)u(s)ds
1 L afn (¢
-+ 1(%]/0 (]_ — S)’U(S)ds — 1048517/0 (g — S)U(S)ds.

Thus, the system (4.1.5) becomes

1

_ afBé
1—afén 1 —apén
a

1 o 13
+ 1" agén o B /0 t(1— s)v(s)ds — T adén B /0 t(€ — s)v(s)ds,

1 t
x(t) /0 t(1 — s)u(s)ds — /077 t(n — s)u(s)ds — /0 (t — s)u(s)ds

1 L 3 ¢
W) = g [ 0= e)ds = 2 [ sy — [t - opisyas
B [t __ B [N
+ 1= apen /0 t(1 — s)u(s)ds T~ apen /0 t(n — s)u(s)ds,
which is equivalent to the integral representation (4.1.2). O

Lemma 4.1.2. The functions Fg, and Gapge;, satisfies

(i) Fey(t,s) < 2B s —5) 1,5 €0,1],

(i1) Gapen(t,s) < =555;5(L —5), 1,5 €[0,1].

Proof. For (t,s) € [0,1] x [0, 1], we discuss various cases.

Case 1: s <, t > s; using (4.1.3), we obtain

t(l—s) aBftin—s) ts

Ff"(t’s)zl—aﬁﬁn e (t_s)zs+(aﬁg_1)7l—aﬁﬁn'
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If aB€ > 1, the maximum occurs at ¢t = 1, hence

an(t, s) < an(l’s) = Ozﬁfls(l_n) < af¢ s(1—s) < max{l,aﬁf}s

—aBén ~ 1—aBén — 1-apfén

and if o < 1, the maximum occurs at t = s, hence

s(1—s+apf(s—mn)) < s(1—s) < maX{l,aﬁéS}S
1 —aBén T 1l-apfn T 1-aBln

Case 2: s <1, t < s; using (4.1.3), we have

t(l—s) aBftn—s) < t(1—s) < s(1—s) < max{l,aﬁﬁ}s
l—apfn 1—aBén ~— 1—aBfn~ 1—aBin — 1-—aBn

Case 3: s >, t > s; using (4.1.3), we get

(1 - S)a

Ffﬂ(t’ S) < an(sas) =

(1—3s).

Fen(t,s) = (1—3s).

_ t(1—s) _ ., HaBEn —s)
an(t,S)—m_(t—S)—s+ 1_048&_”7
If afB€n > s, the maximum occurs at ¢t = 1, hence
1- 1- {1,
For(t.9) < Feg(1.9) = a0 2L < ape U8 < mnletBh g )

and if af¢én < s, the maximum occurs at ¢t = s, so

1— x{1
Fey(t,s) < Fey(s,s) = 18(— 046?77 = m?—{ozggf}s

Case 4: s > 1, t < s; using (4.1.3), we get

t(1—s) < s(1—9) < max{l,ozﬁ{}s
L—afén = 1-aftn = 1-afén
Now we prove (ii). For (¢,s) € [0, 1] x [0, 1], we discuss two cases.

Case 1: s < &; using (4.1.4), we obtain

(1—29).

an(t, S) =

(1—3).

_alt(l—s) at(§—s)  ats(l—¢) o'
Garenl:8) = 7= Bey ~ T-aen ~ 1-aBen = 1-apen’ *)

Case 2: s > &; using (4.1.4), we have

adt(l—s) < a
L—afén = 1-aptn

Gaggn(t, s) = (1—3).

Remark 4.1.3. In view of Lemma 4.1.2, we have

Fetos) < 2SS )t e o)
Gpane(t,s) < b s(1—s), t,s €[0,1].

1 —aBén
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Lemma 4.1.4. The functions Fg, and Gape, satisfies

(i) Feylt,s) > moepslaalnimnl (1 —s), (.)€ [n,1] x [0,1],

(i1) Gapen(t,s) > SPEE 51— 5) (2,5) € [¢,1] x [0,1].

Proof. Here for (t,s) € [n,1] x [0, 1], we discuss different cases.
Case 1: s <17, t > s; using (4.1.3), we obtain

{1 - s) _aﬁ&t(n—8>—(t—s>=s+<a5€—”1—t§5@7‘

Fealti8) = 77 afén 1 —afn

If B¢ < 1, the minimum occurs at t = 1, hence

s(L—n) _ afés(l —n) _ min{l, o5} min{n, 1 —n}

Fep(t,s) > Fep(1,s) = aB€ = > s(1—s),
and if o8¢ > 1, the minimum occurs at ¢ = 7, then
8(1 B 77) min{l, 05/35} min{na 1- 77}
F t,s) > F; ,8) = > s(1—s).
fo(t9) 2 Poy(ns) = 2 e (1-5)
Case 2: s > 1, t > s; using (4.1.3), we have
t1—s) t(s — aBn)
Fep(t,s)=— ——(t—8) =85 — — =,
If s > afén, the minimum occurs at ¢t = 1, hence
afén(l —s) _ min{l, o3¢} min{n, 1 —n}
Fep(t,s) > Fep(1,8) = > 1—
577( ’S) - g"]( 78) ]-_Oéﬁé'n - 1_CVB£T] S( S),
and if s < afén, the minimum occurs at ¢t = s, therefore
1-— 1-— in{1 i 1-—

L—afén = 1—aftn — L —afn
Case 3: s > 1, t < s; using (4.1.3), we have

t(1—s) - n(l —s) S min{1, af¢} min{n, 1 — n}s
L—aBén = 1-afén — L —aBén

Now we prove (ii). For (t,s) € [£,1] x [0, 1], we discuss two cases.

Case 1: s < &; using (4.1.4), we have
B alt(l—s)  at(&—s) B ats(1—=¢&) _ aés(l=¢)
Gosenl:8) = T oBey ~T—apen ~ 1—aBen = 1- apéy
af min{,1 - £}
> 1~ oper s(1 —s).

Case 2: s > &; using (4.1.4), we get

at(l —s) S adf(1—s) S af min{¢, 1 —5}8
1—afén = 1—afén — 1 —apBén

Hy(t,s) = (1—1s).

Gapen(t, s) = (1—s).
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Remark 4.1.5. In view of Lemma 4.1.4, we have

min{LaBnbminds 128 4 ), s € 6,1 % 0,1,

Fn&(t’S)Z 1— afén
Grone(t9) = )1y (t,5) € 1] > [0,1]

Remark 4.1.6. From Lemma 4.1.2 and Remark 4.1.3, for t,s € [0, 1], we have

an(ta 8) < :U'S(l - 8)7 an(t, 8) < [,LS(l - 8)7
Gapen(t, s) < ps(l — s), Ggane(t, s) < ps(l —s),

where p = max{l’loii’ggf’aﬁn}. Similarly, from Lemma 4.1.4 and Remark 4.1.5, for (t,s) €
[max{&,n}, 1] x [0,1], we have
Fen(t,s) > vs(l —s), Fre(t,s) > vs(1 —s),
Gopen(t,s) > vs(l —s),Ggane(t,s) > vs(1l —s),

min{1,a¢,ab¢,An,abn} min{é;n,1-¢,1-n}
1—apén

where v =

Lemma 4.1.7. The Green’s functions Fg, and Gagey can be expressed as

apt
Fey(t,s) = H(t,s) + ————H(1,s),
! ot L —aBtn (4.1.6)
Gapen(t,s) = WH(& s),
where
{5(175), 0<s<t<l,
H(t,s) =
t(l—s), 0<t<s<l

Proof. From (4.1.2), consider the integral equation

1 1
= / Fen(t, s)u(s)ds + / Gopen(t, s)v(s)ds
0 0
1 o n t
/ (1 = s)u(s)ds — _abt / (n — s)u(s)ds — /0 (t — s)u(s)ds

~ 1—aBen Jo L —aBén Jo
akt ! at §
+ 1—04657’// (]. — S)U(S)ds — 1—0(6517/0 (g — S)U(S)ds

/ H(t,s)u(s)ds — /t (1 —t)u(s)ds — /tl t(1 — s)u(s)ds
e /0 = syutss = 2250 "= oty — [ 6= syutspas

at

at ! 3
+ 1—015577/0 (1 —s)v(s)ds — 1_(15&7/0 (& —s)v(s)ds
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/ H(t, s)u ds—/ (1—t)u(s)ds—/t1t(1—s)u(s)ds

1 ! afEt n
t 1— 046577 / (1 - 8) ( )ds + 1_066577/ t(l — s)u(s)ds — 11— 04,3577 /0 (77 — S)U(s)ds
t . c
- [ usas+ /51—5 s = =2 (e spuisyas

1- 55 1 —afBén
t 1
/ H(t, s)u(s)ds + 1_0‘&;&7/ (1 — s)u(s)ds + 1f‘55/)’f§ (1 — s)u(s)ds

apf&ét n ot
_1—045577/(77_8) d5+1_ ﬂ&?/ §(1 = s)v(s)ds — l_aﬁgn/(g_S)U(S)ds

afEt ! aB&t n
/ H(t,s)u(s)ds + —045577/0 n(l — s)u(s)ds — 1—045577/0 (n— s)u(s)ds

ot ¢
+ 1_0[5&7/ f 1 — S)’U(S)ds — 1_0%7/0 (5 — S)U(S)ds
afpt K afét 1
/Hts d8+1—aﬁén Os(l—n)u(s)ds—kl_aﬁgn ,

+1_aﬂ£n/ f1—5)v(s)ds—%/g(f—s)v(s)ds
/Hts ds+1f‘5‘;€n/ﬂn, ds+1_ 55 /51—5 v(s)ds
e [ o
/Hts ds+1f‘5£;£n/ H(n ds+1_ B& /51—3 v(s)ds

at
1—aﬁ§n/“_3 ()ds_l—aﬁén/(g_ i)

afEt at € B
/Hts d8+1—a6577/ H(n,s) d8+1—a6§77/08(1 &v(s)ds

+1—ozﬁ§77/£ (1 —s)v(s)ds

B 1 afEt

B 1 afét 1 at
—/0 (H(t,s)+ 1—aﬁ§nH(n’8)> u(s)ds—i—/o mH(f,s)v(s)ds

This proves (4.1.6). O

(1 — s)u(s)ds

Employing Lemma 4.1.1, the system of BVPs (4.0.1) can be expressed as

1
x(t) :/0 Fen(t,s)f(s,2(s),y(s) ds+/ Gopen(t, s)g(s,x(s),y(s))ds, te[0,1],

1
y(t) :/0 Foe(t,s)g(s,x(s),y(s) ds—l—/ Gane(t, ) f(s,xz(s),y(s))ds, te€[0,1].
(4.1.7)
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By a solution of the system of BVPs (4.0.1), we mean a solution of the corresponding
system of integral equations (4.1.7). Define an operator T': P x P — P x P by

T(z,y) = (A(z,y), B(z,y)), (4.1.8)
where the operators A, B : P x P — P are defined by

/ Fen(t,s)f(s,2(s),y(s) d8+/ Gapen(t,s)g(s,z(s),y(s))ds, tel0,1],

/ Foe(t,s)g(s,z(s),y(s)) ds+/ Gane(t,s)f(s,x(s),y(s))ds, te€0,1].
(4.1.9)

Clearly, if (z,y) € P x P is a fixed point of T, then (z,y) is a solution of the system of
BVPs (4.0.1).

Assume that the following holds:
(H23) f(7 17 1)7 g(v ]-7 1) € C((07 1)7 (07 OO)) and Sa‘tiSfy
1 1
a:= / t(1—1)f(¢t,1,1)dt < 400, b:= / t(1—t)g(t,1,1)dt < 4+o0.
0 0

(H24) There exist real constants oy, 5; with 0 < a; < 8; < 1,1 =1,2; 1 + B2 < 1, such
that for all t € (0,1), x,y € [0,00),

Arft,z,y) < f(tex,y) < ¢ f(tzy), 0<c<l,
M ftzy) < flteny) <P ftny), e>1,
P f(tay) < fta,ey) < f(ta,y), 0<c<l,
2 f(t,z,y) < f(t,z,cy) <c®ft,m,y), c>1

(Has) There exist real constants 7;, p; with 0 <~; < p; < 1,7 =1,2; p1 + p2 < 1, such that
for all t € (0,1), z,y € [0, 00),

cPg(t,z,y) < g(t,ca,y) <cMg(t,z,y), 0<c<1,
Cng(t’ 'x? y) S g(tﬂcx? y) S Cplg(t7 x? y)? C 2 17
cPg(t,z,y) < g(t,z,cy) < cPg(t,z,y), 0<c<1,
cPg(t,z,y) < g(t,z,cy) < cg(t,x,y), c>1.

Lemma 4.1.8. Under the hypothesis (Has) — (Has), the operator T : O,N(P x P) — Px P

is completely continuous.

Proof. First we show that T(P x P) C P x P. For any (z,y) € P x P, t € [0,1], using
(4.1.9) and Remark 4.1.6, we have

1
Az, y)(t) = /0 Fen(t, 8) (5, 2(3), y(s))ds + / Gasn(t: $)9(5,2(5),y(s))ds
1 1
<n /O 5(1— ) F(5,2(5), y(s))ds + /0 5(1— 8)g(s, 2(3), y(s))ds,
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which implies that

1 1
1AG.y)] < o /0 S(1— ) (s, 2(s), y(s))ds + p /0 s(1— 8)g(s.2(s), y(s))ds.  (4.1.10)

Also, for (z,y) € P x P and t € [max{{,n}, 1], using (4.1.9), Remark 4.1.6 and (4.1.10),

we obtain
1 1
Alwa)(®) = [ Fey(t.5)f(s,206). 06 + [ Gt 5)a(s.2(9).u()) s
1 1
> [ =) oo (e + [ 5(1 = 9g(s.a(s).u(s))ds
1 1
= [ a0 = )59 p(6))s 4 30 [ (1= 9)g(s,a(6). () > 5| A

Consequently, A(z,y) € P for all (x,y) € P x P. Thus, A(P x P) C P. Similarly, we can
show that B(P x P) C P. Hence, T(P x P) C (P x P). Now, we show that the operator
T :0,.N (P x P) — P x P is uniformly bounded. Choose a real constant ¢ € (0,1]
such that cr < 1. For (z,y) € O, N (P x P), t € [0,1], using (4.1.9), Remark 4.1.6 and
(Has) — (H2s), we have

1 1
Az, y)(t) = /O Fey(t,s) f(s,2(s), y(s))ds + /O Guapen(t, )g(s, 2(s), y(s))ds
1 1
<o [ s (o) pNds 4 [ 51 - S)glos (o), u(s)ds
! cx(s) cy(s ! cx(s) cy(s
:,U/O s(1—s)f(s, (), y())ds—i-,u/o s(1—9)g(s, c()’ y())ds

C C

1 1
A s(1—s)f(s,cz(s cy(s) s c s(1—s)g(s,cz(s cy(s) s
<ue [ st =9 p(seate), Lds+ e [0 = s)glscas), L
< pe PP /1 s(1—9)f(s,cx(s),cy(s))ds + pc Pr=r /1 s(1—s)g(s,cx(s),cy(s))ds
— 0 ) b 0 9 9y
cn—Fr=b2 /13(1—3)(:):(3))O‘1f(s 1, cy(s))ds + pen =P /13(1—3)@(3))71
<p ; Ley I ;
1
g(s,1,cy(s))ds < petror=fi=in /O s(1 = s)(x(s)™ (y(5))* f(s,1,1)ds + pc 270170

1
5= 5)a6)) 7 ws) g, L )ds < g et iy,
0

which implies that A(O,N(P x P)) is uniformly bounded. Similarly, using (4.1.9), Remark
4.1.6 and (Ha3) — (Has), we can show that B(O, N (P x P)) is also uniformly bounded.
Thus, T(O, N (P x P)) is uniformly bounded.

Now, we show that A(O, N (P x P)) is equicontinuous. For any (z,y) € O, N (P x P),
t €[0,1], using (4.1.9) and Lemma 4.1.7, we have

1 1
Az, y)(t) = /0 Fen(t, ) (5, 2(3), y(s))ds + /0 Gagen(t: $)9(5,2(5),y(s))ds
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B 1 afEt
_/0 Ht, ) f(s,2(5), y(s)) 1—a5gn/ H(n, ) f(s,2(5), y(s))ds

at !
e /0 H(E, $)g(s,x(s), y(s))ds

t 1
- / S(1— 1) f(s.2(s), y(s))ds + / 11— 5) (5. 2(s), y(s))ds

t

afEt
1—045577/}]77, (s,z(s),y(s))ds +

Differentiating with respect to t, we obtain

a 1
T agey J, 6990 (6) (6

t 1
A(z,y)'(t) = —/ sf(s,x(s), y(s ))d8+/t (1—8)f(s,2(s), y(s))ds

g
1—045577/H777 (s,z(s),y(s))ds +

which implies that

e [ et a0,

t 1
Az, y)'(t)] S/O Sf(S,SU(S),y(S))dSJr/t (1= 8)f(s,2(s), y(s))ds

apg !
Tz aBén /o s(1 =) f(s,a(s), y(s))ds +

Now, using (H23) — (H2s), we have

t CI(S C S 1 cCxT(S C S
!A(%y)’(t)\:/o sf(s, C(), yc( ))ds—l—/t (1—s)f(s, (), y( ))ds

afg 1 cx(s) cy(s) 1 cx(s) cy(s)
* 1 —afBén /0 s(1=8)f (s, e T)ds . 1 — aBén /0 s(1—s)g(s, ) )ds

t 1
< Ca1+a2—ﬁ1—ﬁzra1+az(/ sf(s,1,1)ds +/ (1—s)f(s,1,1)ds)
t

0
(ﬁfa ca1+a2*ﬁ1 —B2 rartaz 4oy mty2—p *pzr’yﬂr’m)'

a 1
1~ afén /0 s(L = 5)g(s, 2(s), y(s))ds.

+ «
1 —aBén
Let

1
h(t) = co1tor—=pF1=F2 a1+az (/t sf(s,1,1)ds + / (1—s)f(s,1, 1)d8>
0 t

+ (55& Ca1+a2—61—ﬁ2ra1+az +b C’Yl+’72_p1_027«’71+72).

(6%
1 —aBén

Integrating from 0 to 1 and using (Hzs), we have

/h()dt—cm*""" A=Fa “1+a2/ /sfslldsdt+// (1—5)

f(s,1,1)dsdt) + (BEa crto2—Fr=Frparteas 4 ontra—pi—p2pmitaz)

- 55
1 1
_ Ca1+a251/527,a1+042(/ 8(1 _ S)f(S, 1, 1)dS + / 3(1 — S)f(S, 1, 1)ds) (4.1.11)
0 0
Tz Zﬁgn (Béa cortor—Pi=Papontaz L mty2=p1=p2pmit72)

(24 aBg— 2a6En)actrtor—Pi=Papeataz 4 gpentrz-pi—pzpmitae

1—aBén
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Thus, for any given t1,t5 € [0,1] with t; <ty and (z,y) € O, N (P x P), we have

to

Az, y) (1) — Az, y)(t2)] =

Ay et < [ * oy,

t1

this together with (4.1.11), it follows that A(O, N (P x P)) is equicontinuous on [0, 1].
Similarly, we can show that B(O, N (P x P)) is also equicontinuous. Thus, T(O, N (P x P))
is equicontinuous. Thus, by Theorem 1.1.6, it follows that T(O, N (P x P)) is relatively

compact. Hence, T is a compact operator.

Now, we show that T is continuous. Let (Zp,ym), (z,y) € O, N (P x P) such that
(@, Ym) — (x,y)]l6 = 0 as m — +o00. Then by using (4.1.9) and Remark 4.1.6, we have

1
|A(@m, ym) (1) — Az, y)(8)] = ‘/0 Fen(t,8)(f(s,2m(8), ym(s)) = f(s,2(s),y(s)))ds

1 1
+/ Gapen(t; 5)(g(s, 2m(s), ym(s)) = 9(s,2(s), y(s)))ds S/ Fen(t, 8)|f (s, 2m(5), ym(s))
0 0

— f(s,2(s),y(s))lds + /01 Gapen(t, 5)g(s, 2m(s), ym(s)) — g(s,2(s), y(s))|ds
< u/ol s(L =) f(5,2m(s),ym(s)) = f(s,2(s),y(s))|ds
b [0 = 5)lalo,m(5) () — s, () Dl
Consequently,
[A(@m, ym) — Alz, y)|| < M/Ol s(L = )| f(s,2m(s),ym(s)) = f(s,2(s),y(s))lds
+p /01 s(1 = s)|g(s, 2m(s), ym(s)) — g(s,2(s), y(s))|ds.
By Lebesgue dominated convergence theorem, it follows that
| A(Zm, ym) — A(z,y)|| = 0 as m — +o0. (4.1.12)
Similarly, by using (4.1.9) and Remark 4.1.6, we have
|B(zm, ym) — B(x,y)|| — 0 as m — 4o0. (4.1.13)
From (4.1.8), (4.1.12) and (4.1.13), it follows that
T (s Ym) — T(z,y)|l6 — 0 as m — +oo,

that is, T : P x P — P x P is continuous. Hence, T': P x P — P x P is completely

continuous. O

Theorem 4.1.9. Under the hypothesis (Hag) — (Has), the system of BVPs (4.0.1) has at

least one positive solution.
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Proof. Choose a constant R > 0 such that

1 1
R > max{1, (dap) PPz  (4dbu)T-r1-r2 }. (4.1.14)

Let ¢R = 1, for some real constants c. Then, for any (x,y) € 0Or N (P x P), t € [0,1],
using (4.1.9), Remark 4.1.6, (Ha3) — (Hz5), we have

1 1
Az, y)(t) = /0 Fen (£, 8) f (s, 2(s), y(s))ds + /0 Gl 5)g(5, 2(5), y(s))ds
1 1
<u/0 8(1—s)f(s,x(s),y(s))dsw/o s(1—8)g(s,2(s),y(s))ds
! CI\S Ccyls 1 CT|S cYyl(s
= [ sttt L s [ (s, S

c C

1 1
< pei AL R™ / s(1—s)f(s,1, cy(s))ds + pcTPLRM / s(1—9)g(s, 1, Cy(S))ds
0 0

e c
< pctr—Prrax=Pz gaita /1 s(1—s)f(s,1,1)ds + pcM—PrH72=P2 Ryt
0
/01 s(1—s)g(s,1,1)ds = auRP P2 4 bR P2,

Thus, in view of (4.1.14), we have

|A(z,y)|| < W for all (z,y) € 00r N (P x P). (4.1.15)
Similarly, using (4.1.9), Remark 4.1.6, (Ha3) — (Has), we have

| B(x,y)|| < W for all (z,y) € 00r N (P x P). (4.1.16)
From (4.1.8), (4.1.15) and (4.1.16), it follows that

1T (z,y)ll6 < ||(x,y)|6 for all (x,y) € 0O N (P x P). (4.1.17)

Choose a real constant r € (0, R) such that

1 1
7 < min {1, (40771 772 s(1—3s)f(s,1,1)ds)1=P1-Bz
2
max{&,n}
1

(4yyPrte / s(1—s)g(s,1,1)ds) =TT }.
max{&,n}

Then, for any (z,y) € 00, N (P x P), t € [max{&,n},1], using (4.1.9), Remark 4.1.6,
(Ha24) — (Has), we have

(4.1.18)

1 1
A(ﬂ%y)(t)Z/O an(tvs)f(sax(S)ay(S))dS+/O Gapen(t, 5)g(s,x(s), y(s))ds
1 1
zy/o 5(1—s)f(s,x(s),y(s))d8+y/0 s(1—s)g(s,z(s),y(s))ds
v 15 — s)(x(s)P1 f(s,1 (s))ds+u/1s(1—s) (s,z(s),y(s))ds
> v [ =)@ 51y s = (o050



CHAPTER 4. SINGULAR SYSTEMS WITH COUPLED BCS 91

1 1
> / S(1— 8)(2()® (y()® (5,1, 1)ds + v /0 S(1 - $)g(s, 2(s), y(s))ds
01 1
> /0 S(1— 8)(2()® (y()® (5,1, 1)ds + v /0 s(1— 8)(2(5))" g5, 1,y (s))ds

Y
R

1 1
/ s(1—8)(2())" (y(5)) > (5,1, 1)ds + V/ s(1—s)(x(s))" (y(s))g(s,1,1)ds
0 0
1
= V/O s(1—=)((x(s)™ (y(5) f(5,1,1) + (2(5))" (y(s))g(s,1,1))ds

1

2o [ () )5 11) + () () g1, D)
max{&,n
1
> oy Prr+Be ut o / s(1— 8)f(s,1,1)ds
max{¢,n}
1
+ I/,yp1+p2rp1+p2 / 3(1 — s)g(s, 1, 1)d$.
max{§,n}

Thus in view of (4.1.18), we have

|A(z,y)|| > Iz, )lls )HG for all (z,y) € 00, N (P x P). (4.1.19)
Similarly, using (4.1.9), Remark 4.1.6, (Ha4) — (Has), in view of (4.1.18), we have

|1B(z,y)|| > H<m’2y)”6 for all (z,y) € 00, N (P x P). (4.1.20)
From (4.1.8), (4.1.19) and (4.1.20), it follows that

1T(z, y)lls = [I(z,y)ll6 for all (z,y) € 0O, N (P x P). (4.1.21)

Hence, in view of (4.1.17), (4.1.21) and by Theorem 1.2.8, T' has a fixed point (x,y) €
(Or\ O;) N (P x P). That is, z = A(x,y) and y = B(z,y). Moreover, (z,y) is positive.
In fact, by concavity of z and by construction of the cone P, we have

x(1) > te[mgign}yux(t) > ylz| >0,
which implies that x(¢) > 0 for all ¢t € (0,1]. Similarly, y(¢) > 0 for all ¢ € (0, 1]. Hence,
(x,y) is a positive solution of the system of BVPs (4.0.1). O

Example 4.1.10.

f(t,z,y) ZZt”Z (1 —t)Wa"iy™,

7,1]1

g(t,z,y) Zthk (1 —t) %z ey,

k=1 1=1
where the real constants p;, g, r;, s; satisfy p;,q; > —2,0 <r,5; < 1,i=1,2,--- ,m;j =
1,2, ,n, with maxi<j<m, 7 + maxi<j<n s; < 1, and the real constants pj, qj, 7}, s, sat-
isfy poqp > —2,0 < 1,8 < L,k =1,2,--- ,m/;l = 1,2,--- ,n/, with maxj<p<p ), +
maxj<;<, s; < 1. Clearly, f and g satisfy assumptions (H23) — (H25). Hence, by Theorem
4.1.9, the system of BVPs (4.0.1) has a positive solution.
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4.2 Singular systems of ODEs with two—point coupled BCs

In this section, we establish existence of at least one C'-positive solution for the system
of BVPs (4.0.2). By a C'-positive solution to the system of BVPs (4.0.2), we mean that
(z,y) € (C*0,1]NC?(0,1)) x (C[0,1] N C?(0,1)), (v, y) satisfies (4.0.2), z >0 and y > 0
on [0,1], ' >0 and ¢ > 0 on [0,1).

Assume that the following holds:

(Ha6) hypothesis (H1g) of Chapter 3, page 42;
(Ha27) hypothesis (H11) of Chapter 3, page 42;

(Hog) hypothesis (H12) of Chapter 3, page 42;

(H29)
C
sup . b2 T ,
ce(0,00) (1 + gH) I~ H( fo (L+ 2) T (ha(e)ka(c) [y q(t)dt
where I(p) = [3' G +v1 MO =Jy G +v2 -y for > 0;

(Hs0) hypothesis (H14) of Chapter 3, page 42;

(Hs1) for real constants M > 0 and L > 0 there exist continuous functions yys7, and ¥prp
defined on [0, 1] and positive on (0, 1), and constants 0 < 7,01, 7y2, 02 < 1 satisfying

(1 - 71)(1 - 72) 7é 51527 such that f(taxaya Z) > (;OML(t)x,ny(Sl and g(t,x,y,z) >
Yarr(H)z72y%2 on [0,1] x [0, M] x [0, M] x [0, L];

(H32) hypothesis (Ha1) of Chapter 3, page 60, with £ = M and F = L.

Theorem 4.2.1. Under the hypothesis (Has) — (H32), the system of BVPs (4.0.2) has at

least one C-positive solution.

Proof. In view of (Ha9), we can choose real constant M5 > 0 such that
M
(L4 Z I (M5 )kt (Ms) fy p(s)ds) + (14 2)J = (ha(Ms)ka(Ms) [ a(s)ds)

> 1.

From the continuity of I and J, we choose € > 0 small enough such that

Ms

(14 2) 11 (hy (M5)ky (Ms) ) [ p(s)ds + I(e €)) + (14 2)J =1 (ho(Ms)ko(Ms) ) [ a(s)ds + J(€)) g
(4.2.1)

Choose a real constant Ls > 0 such that

1 1
L5 > max{Il(hl(M5)k1(M5)/0 p(t)dt+[(€)),J1(h2(M5)]€2(M5)/0 q(t)dt+ J(E))}
(4.2.2)
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Choose ng € {1,2,---} such that nio < e. For each n € {ng,ng + 1,---}, define
retractions 65 : R — [0, M5] and p5 : R — [%, Ls] by

05(z) = max{0, min{z, M5}} and ps(z) = max{%, min{z, L5}}.

Consider the modified system of BVPs

(4.2.3)

I|—=3|+

asz(0) — boy/(0) = 0, 2'(1) =

Since f(t,05(x(1)), 05 (y(1)), pa(a (1)), 9(t, 05 (2(1)), 5(y (1)), ps(3/(1))) are continuous and
bounded on [0,1] x R?, by Theorem 1.2.4, it follows that the modified system of BVPs
(4.2.3) has a solution (zy,y,) € (C1[0,1] N C?(0,1)) x (C1[0,1] N C?(0,1)).

Using (4.2.3) and (H27), we obtain
zh(t) <0 and y/(t) <0 for t € (0,1),
which on integration from ¢ to 1, using the BCs (4.2.3), implies that

1
z(t) > - and y, (t) >

S

for ¢t € [0, 1]. (4.2.4)
Integrating (4.2.4) from 0 to ¢, using the BCs (4.2.3) and (4.2.4), we have

) > (14 22 and yu(t) > (¢ + bi)% for t € [0, 1]. (4.2.5)

az n a1
From (4.2.4) and (4.2.5), it follows that
Han = xn(l) and HynH = yn(l) (4.2.6)

Now, we show that

' (t) < Ls, o/,(t) < Ls, tel0,1]. (4.2.7)
First, we prove x,(t) < Ls for ¢t € [0,1]. Suppose z},(t1) > L5 for some t; € [0,1]. Using
(4.2.3) and (Has), we have
—2p () < p(6)h1 (05 (20 () K1 (05 (yn (1)) (u (5 (27, (1)) + vi(ps(2,(1)))), ¢ € (0,1),
which implies that

—z(t)

n

u1(ps(27,(1))) + vi(ps(a7,(¢)))

< hl(ME))kl (M5)p(t), te (07 1)'
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Integrating from t; to 1, using the BCs (4.2.3), we obtain

o d < h1(Ms)k1 (M 1 d
/1 “1(05(2))+v1(p5(z)) - 1( 5) 1( 5)/t1 p(t) t,

n

which can also be written as

Ls ds @ (t) dz !
/; woaE L w sy SOk [

Using the increasing property of I, we obtain

zy,(t1) — Ls
u1(Ls) +v1(Ls)

I(Ls) +

1
ShM%MﬂMQprﬁ+Hw

and using the increasing property of I~!, leads to

1
Ls < I—l(hl(M5)k1(M5)/o p(t)dt + I(g)).

Which is a contradiction to (4.2.2). Hence, z],(t) < Ls for t € [0, 1].
Similarly, we can show that y/,(t) < Ls for t € [0, 1].

Now, we show that
[Znll + [lynll < Ms. (4.2.8)

Suppose ||z, || + [|yn]] = Ms. From (4.2.3), (4.2.4), (4.2.7) and (Hag), it follows that

—@(t) < p()ha (05 (zn (1)1 (05 (yn (£))) (ua (2, (1)) + vi (2, (2))), € (0,1),
—Yn(t) < q(t)ha(05 (2 (1)) k2 (05 (yn (1)) (u2(yn (1) + v2(yn (1)), t € (0,1),

which implies that

—y(t)
uy (27,(t)) + vi (27, (1))
—Yn(t)

u2(y (1)) + v2 ()

Integrating from ¢ to 1, using the BCs (4.2.3), we obtain

< hl (M5)k21(M5)p(t), te (07 1)?

< ho(M5)ka(Ms)q(t), te€(0,1).

zp, (t) dz 1
/1 MEEENOE h1<M5)]€1(M5)/t p(s)ds, te[0,1],

Yn(t) dz 1
/31 ug(2) + v2(2) < h2<M5)k2(M5)/t q(s)ds, te]|0,1],

which can also be written as

1

I (1) - I(2) < (M)t (Ms) [ p(s)ds, te[0,1],

Sl— 3

J (Y, (t) — J(=) < ho(Ms)ka(Ms) [ q(s)ds, te][0,1].

/01
i
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The increasing property of I and J leads to

1
2(t) < T (ha (M5l (M) /O p(s)ds +I(e)), ¢ € [0,1],

X (4.2.9)
y (£) < T (ha(Ms )k (M) /O g(s)ds + J()), te0,1].
Integrating from 0 to ¢, using the BCs (4.2.3) and (4.2.9), we obtain
1
2 (t) < T2 (hy (Ms) ey (Ms) /0 p(s)ds + I(2))
1
2T (k) [ a(s)ds + )., te 0.1,
2 ) o (4.2.10)
wﬁ)SJI”MMMQhM%[AP@M&+Hd)
1
T (o (Ms (M) /0 as)ds+ (), te0,1]
From (4.2.10) and (4.2.6), it follows that
1
My < ol + gl < (1 2T (M5 ks () [ p(s)ds + 162)
1
(1 2 () ka(08s) [ als)ds + T(2))
a9 0
which implies that
Ms <1

(14 2) 172 (hy (M5 )y (Ms) [y p(s)ds + I(2)) + (1+ 2).T 1 (ho(Ms) ks (Ms) Jo als)ds + (&)
a contradiction to (4.2.1). Hence, ||| + |lynl] < Ms.

Thus, in view of (4.2.3)—(4.2.8), (zn,yn) is a solution of the following coupled system
of BVPs

—a"(t) = p(t) f(t, x(t),y(t), 2’ (t)), te€(0,1),
—y"(t) = q(t)g(t, z(t),y(t),y'(t)), te(0,1),

1 4.2.11
a(0) ~ ba'(0) = 0, /(1) = 1 R
1
asz(0) — boy/(0) = 0, 2'(1) = e
satisfying
by . 1 1,
(t—{_i)* <1’n(t) <M5a — S$n(t) <L57 te [0’ 1]7
as’n n
- (4.2.12)
(t+ CTI)E <uyn(t) < Ms, — <y.(t) < Ls, te[0,1].
1

We claim that .
2h(t) 2 € Clh [ pls)ousis(s)ds, (42.13)
t
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5 1
(0) = GOl [ alo)oass (s, (12.14)
t

& 1—

by [ 007250 (b, [ A= 0—s=015;
G = (2 [ ptodosr(s)is) (2 [ st (s)as) ,
0 0

)

1
by [1 A= T—s)—515 by (1 T -72)-9153
Cu=(2 [ po)eunis(elas) (2 [ st (s)as .
0 0

1

To prove (4.2.13), consider the following relation

()= 0+ 21 4 [ (6115 0(5), (). 5)) s
as mn 0

. (4.2.15)

1
+/t () (5,0(5), Y (), 2 ())ds + 2 [ q(s)g(5,20(5), yn(s), vl (5))ds,

az J¢

which implies that

bol by !
z(0) = 24 | a(5)g(s,7a(s). v (5)) ds.

Using (Hs1) and (4.2.12), we obtain

a(0) > 2 / 48001, 1 (5) (@ (3))™ (9 (5)% s > (2 (0)) (3 (0))™ 2 / 4(8)orts 1o (5)ds,

ag a3z

which implies that

51 by 1 I-71
2n(0) = (yn(0)) -7 </ q(s)stLs(s)ds> : (4.2.16)
az Jo
Similarly, using (H31) and (4.2.12), we obtain
2 b 1 ﬁ
Yn(0) > (2,(0)) 12 <a1/ p(s)g0M5L5(s)ds> . (4.2.17)
1.Jo

Now, using (4.2.17) in (4.2.16), we have

5139 b1 1 (1*73%1*72) by 1 1-71
U el C (OO (2 [ aomn(sras)
0 0

a2

Hence,
2, (0) > Cy. (4.2.18)

Similarly, using (4.2.16) in (4.2.17), we obtain
Yn(0) = Cro. (4.2.19)

Now, from (4.2.15), it follows that

1
2l 2 [ 5) (51209 u5) ()
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and using (Hs31), (4.2.12), (4.2.18) and (4.2.19), we obtain (4.2.13).
Similarly, we can prove (4.2.14).

Now, using (4.2.11), (Has), (4.2.12), (4.2.13) and (4.2.14), we have
1
0 < —af(t) < hl(Ms)/ﬁ(M5)p(t)(U1(Cglcfé/t p(s)orss(s)ds) +vi(Ls)), € (0,1),
1
0< —yn(t) < h2(M5)/€2(M5)Q(t)(u2(0g20i;5/t q(s)ars s (s)ds) +v2(Ls)), ¢ € (0,1).
(4.2.20)

In view of (4.2.12), (4.2.20), (Hzs) and (Hsz), it follows that the sequences {(:cn ,y,(f))}
( = 0,1) are uniformly bounded and equicontinuous on [O 1]. Hence, by Theorem (1.1.6),
there exist subsequences {(:Unk,yg]k))} (j =0,1) of {(:Un ,ygj))} (7 =0,1) and (z,y) €
C0,1] x C1[0, 1] such that (a:%k), yr(lk)) converges uniformly to (29, y)) on [0,1] (j = 0, 1).
Also, agx(0) — bey'(0) = a1y(0) — b2’ (0) = 2'(1) = ¥/ (1) = 0. Moreover, from (4.2.13) and

(4.2.14), with ny in place of n and taking lim,, ,4~, we have

1
2(t) > C e / D(8) s Lo (3)ds,
t

1
J(t) > CPCs / a(s) a1 (5)ds,
t

which shows that 2/ > 0 and y’ > 0on [0,1), z > 0 and y > 0 on [0, 1]. Further, (z,,, yn,)
satisfy

t
i (1) =y, (0) - /0 D(5)F (5, my (), Yy (5), 2 (5))ds, 1t € [0,1],

o (8) = 3, (0) - /0 0(5)9(5, Tny (), Y (5), s, (5))ds, £ € [0, 1]

Passing to the limit as ngy — oo, we obtain

p(s)f(s,z(s),y(s),2'(s))ds, te€]0,1],

Hence, (x,%) is a Cl-positive solution of the system of BVPs (4.0.2). O

Example 4.2.2. Consider the following coupled system of SBVPs

) (y(0)= (' (6)) 7=, te(0,1), (4.2.21)
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where 0 < v1, 72,91, 02 < 1 satisfying (1 - ’)/1)(1 — 72) #0102, 0< P81 <1,0< By <1 and
v > 0 such that

c

v < sup TR
<000 35 (8 + 1) R HT
Take p(t) = q(t) = 1, hy(z) = V22 hy(z) = 2102 ky(z) = 20, ko(z) = %2,
ui(r) = 791, ug(z) = 7% and vy (z) = va(z) = 0. Then, I(v) = %, J(v) = ”6?_:11,
I7'(v) = (B + 1)ﬁy511+1 and J~1(v) = (B2 + l)ﬁzﬁ.
Choose o, (t) = L5 bpp(t) = L7P2. Then,

053,13@ (L+ I (hy(e)kr(c) fy p(t)dt) + (1 + 2) -1 (ha(c)ka(c) [y q(t)dt) -
sup ¢ 55 > L

c€(0,00) 9;, 212:1(@, + I)Wc Bi+1

Clearly, (Ha6) — (H32) are satisfied. Hence, by Theorem 4.2.1, the system of BVPs (4.2.21)

has at least one C'-positive solution.



Chapter 5

Singular Systems with
Sign—Changing Nonlinear
Functions on Finite and Infinite

Intervals

BVPs defined on a half-line frequently occur in the study of radially symmetric solutions of
nonlinear elliptic PDEs [49,57,64,78]. Moreover, second—order BVPs on infinite intervals
model many physical phenomenon such as unsteady flow of gasses through semi-infinite
porous media [84]; mass transfer on a rotating disc in non—Newtonian fluids [109]; heat
transfer in radial flow between parallel circular discs [109]; phase change of solids with
temperature dependent thermal conductivity [109]; plasma physics [2,59]; electrical po-
tential in an isolated neutral atom [2,34] and so on. In all these applications, positive
solutions are meaningful only. Recently, the theory on existence of solutions to nonlinear
BVPs on unbounded domain has attracted the attention of many authors, see for exam-
ple [5,47,50,76,91,97,102,130] and the references therein. For BVPs defined on half-line,
an excellent resource is produced by Agarwal and O’Regan [5] that have been received

considerable attentions.

Agarwal and O’Regan [3, Section 2.10] have developed the method of upper and lower
solutions for the following two—point BVP

(5.0.1)

where f :[0,1] x (0,00) x R — R is continuous and singular at y = 0 and the function
q € C(0,1) is positive on (0,1). Further, they have presented the method of upper and

lower solutions for more general problems in [114]. The main idea in both is to approximate

99



CHAPTER 5. SBVPS WITH SIGN-CHANGING NONLINEAR FUNCTIONS 100

(5.0.1) as a sequence of non—singular problems such that each element of the sequence has

a lower solution «, or p, and an upper solution 5.

In [3, Section 2.15], they studied the existence of positive solutions to the following
BVP

—a(t) = SOt 2(t), € (0,00),
z(0) =0, lim 2/(t) =0,

— 00

(5.0.2)

where f(¢,x) is singular at z = 0. Further, in [5, Section 1.11] they establish the existence
results for (5.0.2) when f includes first derivative also. In [102], Ma studied existence of

C10, ) positive solutions to the BVP

" /

—y'(t) = g(t,y(t),y (t)), for a.e. t € (0,00),
(t) =g(t,yt),y (1)) (0,00) (5.03)
y(0) = 0, y is bounded on [0, c0),

under certain growth on the nonlinear function g. However in [36,127], it was assumed

that the nonlinear functions are positive which lead to a concave solution.

In Section 5.1, we study the existence of C'-positive solutions for the following system
of SBVPs [23],

)
),y (1), te(0,1), (5.0.4)

where f1, fo : [0,1] x (0,00) x (0,00) x R — R are continuous. Moreover, fi, fa are allowed
to change sign and may be singular at = 0, y = 0. Also, p1,p2 € C(0,1) are positive on
(0,1).

Further in Sections 5.2 and 5.3, we study the existence of C''-positive solutions to the

following coupled systems of ODEs

—a"(t) = p1() u(t, (), y(t),2'(t)), tER],

, . N (5.0.5)
) (t) = pZ(t)fQ(t7x(t)7y(t)a Yy (t))’ te Ro 3
subject to the following set of BCs
z(0) = y(0) = lim ¥/(¢t) = lim 2'(¢) = 0 (5.0.6)

t—o0 t—o00

and

a1z(0) — b12’(0) = lim 2/(¢) = 0,
tee (5.0.7)
/ . /
azy(0) —b2y'(0) = lim y'(t) =0,
where the functions f; : R x R? x Ry — R are continuous and allowed to change sign.

Further, the nonlinear functions f; (i = 1,2) are allowed to be singular at 2/ = 0 and
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y = 0. Also, p; € C(R}), pi(i = 1,2) > 0 on R} and the constants a;, b;(i = 1,2) > 0;
here R = (—o00,0), Rg =R\ {0}, RT =[0,00), Rj = R*\ {0}.

To the best of our knowledge, the existence of positive solutions to the systems of BVPs
defined on infinite intervals with nonlinear functions explicitly dependent on first derivative
have never been studied previously. Since an infinite interval is noncompact, the study of
BVPs on infinite intervals is much more complicated. Therefore to prove existence results
for a system on an infinite interval, first, we establish the existence of positive solution to
systems of BVPs posed on finite intervals. Then, we apply diagonalization argument and
establish existence result for the system on an infinite domain. The results of Sections 5.2
and 5.3 are submitted [21,22].

5.1 Existence of at least one C'-positive solutions

In this section, we establish existence of at least one C'-positive solution of the system
of BVPs (5.0.4). By a Cl-positive solution to the system of BVPs (5.0.4), we means
(z,y) € (C10,1] N C%(0,1)) x (C[0,1] N C?%(0,1)) satisfying (5.0.4), > 0 and y > 0 on
(0,1).

Let {pn}52; be a nonincreasing sequence of real constants such that lim,_,. p, = 0.
Assume that the following holds:

(Hs3) hypothesis (Hi9) of Chapter 3, page 42, with p = p; and ¢ = py;
(Hsa) fi:]0,1] x (0,00) x (0,00) x R — R are continuous, i = 1, 2;

(H3s) there exist (B1, 32) € (C1[0,1] N C?(0,1)) x (C1[0,1] N C?(0,1)) and ng € {1,2,---}
such that /31 (t) > Png» /BQ(t) > Png for t [07 1] and

_/Bil(t) 2 p1<t)f1(t7 Bl(t)')ﬁQ(t)wBi(t))v le (07 1)7
—B(t) > pa(t) fa(t, Bi(t), Ba(t), Ba(t)), t € (0,1);

(H36) there exist (a1, ag) € (C1[0,1]NC2%(0,1)) x (C10,1]NC?(0,1)) with a1 (0) = ay(1) =
a2(0) = az(1) =0, a3 > 0 and ay > 0 on (0, 1) such that for (¢,z,y) € (0,1) x {z €
(0,00) :x < a1(t)} x {y € (0,00) : y < Ba(t)},

—O/ll(t) < pl(t)fl(tvxayvo/l(t))v
for (t,z,y) € (0,1) x {z € (0,00) : @ < B1()} x {y € (0,00) : y < az(t)},
—Oég(t) < pQ(t)fZ(ta$aya 0/2(75));

(Hs7) for each n € {ng,no+1,---}, 0 <

t <1, pn <z < Pi(t), pn <y < Pat), we have
fl(ta Pn»?/»o) Z 0 and f2(ta$apn70) 2 Oa
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(Hss) |fit,z,y, 2)| < (hi(z) + ki(z))(ui(y) + vi(y))vi(|z|), where h;, u; > 0 are continuous
and nonincreasing on (0, 00), ki, v; > 0, ¥; > 0 are continuous on [0, c0) with ,l?, Z’

nondecreasing on (0,00), i = 1,2;
(Hzg) Jo pilt)hilan(t))uilaz(t))dt < +o0, i = 1,2;

(Hao)

/0°° 1&2) - [1 + ké(bl)} {1 - Ui.(bQ)] /01pi(t)hi(al(t))ui(OéQ(t))dt,

where b; = max{f;(t) : t € [0,1]}, i =1, 2.

Theorem 5.1.1. Under the hypothesis (Hss) — (Hao), the system of BVPs (5.0.4) has at

least one C'-positive solution.

Proof. In view of (Hap), we choose a real constant M > 0 such that

M > max { ma>1<]!a1( ), ) oax a5 (1)1, ) ax 181 ()], tren[gﬁlﬂg( )N} (5.1.1)
and
M du ki(b1) vi(ba)] 1 ' o .
Azmm>b+m@ﬂb+m@ﬂﬂpﬁmmwmm2@W,_Lz (5.12)

Define a retraction z* : R — [-M, M| by z*(z) = max{—M,min{z, M }}. Define a radial

retraction r : R — [—1,1] by
xz, |r| <1,
r(z) =
&, |zl > 1.

|z[”

For each fixed n € {ng,no+1,---}, we construct the modification of f; (i = 1,2) as follows:

filt, Bi(t), Ba(t), 2% (2) +r(Bi(t) — ), x> Bi(t),y = Ba(2),

fi(t, x, Ba(t), 2(2)), pn < x < Bi(t),y > Baft),

fit, Bi(t),y, 2" (2)) + r(Bi(t) — 2), x> B1(t), pn <y < Palt),
fite,y,2) = q filt,z,y,2°(2)), pn <z < Pi(t), pn Sy < Ba(t),

Ji(t, pnsy, 2%(2)) + 7(pn — @), T < ppypn <Y < Ba(t),

fit,z, pn, 27 (2)), pn <2 < B1(t),y < pn,

f1(t, pn, pny 27(2)) + 7(pn — @), T < pny Y < Pn,

(5.1.3)
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[ falt, Bi(8), Ba(t). 2% (2)) +(Balt) — 1), @ = Bult)y = Ba(h),

fot, @, B2(t), 2"(2)) + r(B2(t) — v), pn <z < Bi(t),y > Pat),

fa(t, B1(t), y, 27 (2)), x> Bi(t), pn <y < Ba(t),
falt,z,y,2) = § falt,z,y, 2*(2)), pn < < Pi(t), pn <y < Pa(t),

fa(ts pnyy, 27(2)), T < pnypn <y < Pa(t),

fo(t, @, pn, 2%(2)) +7(pn — ), pn <z < B1(t),y < p,

Ja(t, pns pn, 25 (2)) + 7(pn — v), < ppy < P

(5.1.4)

We note that f; and f; are continuous and bounded on [0, 1] x R3. Consider the modified
system of BVPs

=" (t) = pr(t) f1 (¢, 2(t), y(t),2'(1)), te(0,1),
=y (t) = p2(t) 3 (t, 2(1), y(£), 5/ (1)), t€(0,1), (5.1.5)
2(0) = 2(1) = y(0) = y(1) = pn.
By Theorem 1.2.4, it follows that the system of BVPs (5.1.5) has a solution (zn,y,) €
(C10,1] N C?(0,1)) x (C[0,1] N C?%(0,1)). Now, we show that
Tn(t) > pny Yn(t) > pn, t€10,1]. (5.1.6)

First, we prove z,(t) > p, for t € [0,1]. Suppose z,, — p, has a negative absolute minimum
at some ty € (0,1). Then, z/, (to) = 0 and z//(t9) > 0. However, in view of (5.1.5) and
(5.1.3), we have

—x;;(to) =P1 (tO)fl* (to, xn(to)v yn(t0)7 0)

. pl(to)(fl(tmpnayn(tO)’O) + T(pn - fEn(tO)))v Pn < yn(tﬂ) < 52(750),
pl(to)(fl(t07 Pns Pns 0) + T(pn - xn(tO)))7 yn(tO) < Pn;
which shows that 2!/ (¢y) < 0, a contradiction. Hence, x,(t) > p, for ¢t € [0, 1].

Similarly, we can show that y,(t) > p, for ¢t € [0,1].
Now, we show that
Enlt) < Bi(0), wnlt) < Balt), £ [0,1]. (5.17)

First, we prove z,(t) < (1(t) for t € [0,1]. Suppose, z,, — 1 has a positive absolute
maximum at some ¢ € (0,1). Then, a (t1) = B1(t1) and 2/ (¢t1) < B{(t1). But, in view of
(5.1.5) and (5.1.3), we obtain

—ay (1) =pr(t) f1 (b, 2 (t2), yn (1), 27, (1))

_ {Ih(tl)(fl(tl,,31(751)752@1)’51@1)) +r(B1(t1) — xa(t1))), yn(t1) > Ba(t1)
p1(t1) (fi(te, Bi(t), yn(t1), B1(t1)) + r(Bi(t1) — 2n(t1)))s pn < yn(t1) < Ba(tr),
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which shows that «//(¢1) > B{(t1), a contradiction. Thus, z,(t) < Bi(t) for ¢ € [0, 1].
Similarly, we can show that y,(t) < B2(t) for t € [0,1].
From (5.1.6) and (5.1.7), we have
pn < 2n(t) < Bi(t), pn < yn(t) < Ba(t), te]0,1]. (5.1.8)
Now, we show that
n(t) > aq(t), yn(t) > ao(t), te]0,1]. (5.1.9)

First, we show that z,(t) > a1 (t) for ¢t € [0, 1]. Suppose, z, — a1 has a negative absolute
minimum at some to € (0,1). Then, 2} (t2) = o (t2) and z(t2) > o/ (t2). From (5.1.5),
(5.1.8), (5.1.1) and (H3g), it follows that

— 2, (t2) =p1(t2) f1 (t2, Tn(t2), yn(t2), 27, (t2))
=p1(t2) f1(t2, 2n(t2), yn(t2), @ (t2)) > —af(t2),

a contradiction. Thus, z,(t) > a1(t) for ¢t € [0,1].
Similarly, we can show that y,(t) > aa(t) for t € [0, 1].

From (5.1.7) and (5.1.9), it follows that
01(t) < a(t) < Br(t), 0a(t) < yn(t) < Balt), 1€ [0,1] (5.1.10)

Next, we show that
28] < M, [(t) < M, t€0,1], (5.1.11)

First, we prove |2}, (t)| < M for t € [0,1]. Since z,(0) = p, and z,(1) = p,. So, there
exist t3 € (0,1) such that z],(t3) = 0. Suppose there exist ¢, € [0, 1] such that =/, (t.) > M.
Either we have t, € [0,t3] or t. € [t3,1]. If ¢, € [0,t3], then there exist a maximal
interval [ty,t5] in [0,¢3], containing ¢, such that x} (¢t) > 0 on [t4,t5] and z/,(t5) = 0. Let
My = max{z),(t) : t € [ta,t5]} = x},(ts) > M. Then, 2//(t) < 0 for t € [tg,t5]. For
t € [te, t5], using (5.1.5), (5.1.8), (5.1.10) and (Hsg), we obtain

—p(t) = pi(t)
=p1(t)

m 1) (@ (8))us (ya (£)) 1 (127 (27,())])

p1()ha (e () (e (8))fr (12" (2, (1)),

which implies that
—x(t
P1(]2* (27, (1))

~—

m(bz)] pi(B)ha(ea () (az(1)).
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Integrating from tg to t5, we obtain

b —antdt Fa (by) n(b)] [t R
o D12 @) [1+ hl(bl)} [1+ }/tﬁ pr(t)ha(aa(t))ur(aa(t))dt,

which implies that

M du k1(b1) v1(bo) 1
/0 e [1 - hl(bl)] [1 + ul(bQ)] /0 pr(t)hn(ar () (@a(t))dt,

which can also be written as

M-y M1 M k1(by) vy (bo)
0 P10 m<><b mwﬂ@*mw

a contradiction to (5.1.2). Similarly, for ¢, € [t3,1] we can show a similar contradiction.
Thus, z],(t) < M for t € [0,1]. Similarly, we can prove that ] (t) > —M for t € [0, 1].
Hence, |z, (t)] < M for ¢t € [0,1].

]/0 p1(t)hy (e (t))ur(asz(t))dt,

In a similar way, we can show that |y}, (¢t)| < M for t € [0, 1].

Thus, in view of (5.1.5), (5.1.8), (5.1.11), (5.1.3) and (5.1.4), (2, yn) is a solution of
the following coupled system of BVPs

t),y'(t)), te€(0,1), (5.1.12)

kl(bl) (%] (bg)
a1 < |1+ 208 1 202 | e a6 mOOme@a(ea(o), c€ 0.
ol < |14 298] [ 200 e (2| ml0a(enO)unteato). 1 0.2

(5.1.13)

In view of (5.1.10), (5.1.11), (5.1.13) and (Has9), it follows that the sequences {(mn ,ygj))}
(j = 0,1) are uniformly bounded and equicontinuous on [0, 1]. Hence, by Theorem 1.1.6,
there exist subsequences {(xnk,y,(fk))} (j =0,1) of {(azn ,ynj))} (7 =0,1) and (z,y) €
C1[0,1] x C1[0, 1] such that (.%%Jk), yq(fk)) converges uniformly to (), y0)) on [0,1] (j = 0,1).
Also, 2(0) = 2(1) = y(0) = y(1) = 0, () < 2(t) < Ai(t), aalt) < y(t) < B(t),
|2'(t)] < M and |y/(t)| < M for ¢t € [0,1]. Further, (z,,,yn,) satisfy

1/2
T, (1) inzk(l/QH/t P1(8)f1(8, 2, (5), Yn, (5), 2, (s))ds, T €0,1],

1/2
%w:%ﬂm+[ P3(5) F2(5, T (5), Uy (5), ¥l (5))ds, £ € [0,1].
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Passing to the limit as ngy — co, we obtain

1/2
:v’(t)=$’(1/2)+/t pi(s) fi(s,2(s),y(s),2'(s))ds, t€0,1],
1/2

y@r—yumwa/ pa(s) falt 2(s), y(s), o/ (s))ds, ¢ € [0,1],

t

which implies that

—a"(t) = pr () fi(t, 2(t), y(t), 2/ (1)), ¢ € (0,1),
—y"(t) = p2(t) ot 2(t), y (1), (1), £ €(0,1).

Hence, (z,y) is a C'l-positive solution of the system of BVPs (5.0.4). O

Example 5.1.2. Let

1

PO = g gt 2

filt,z,y ) = (= Oy = (€ 5 )Py - ),
0
fo(t,x,y,2) = {x_1/3 — (0_3 + 72711 )71/3 + 1}(1/_1/3 —C)(1 - 2),
0

where C is a positive real constant. Choose a fixed ng € {1,2,---} such that ng > C3.
Let p, = —— and Bi(t) = Ba(t) = C3 + ﬁ Clearly B1(t) > pn, and pa(t) > pp, for

n+no
t €10,1]. Now,
PO Br(2) 520, B1(0) + B = e (€7 5,0) ™ =€)
C—0)=0,

St1/4(1 _ t)1/4(
Similarly, pa(t) fa(t, B1(t), B2(t), B5(t)) + BY(t) < 0. Consequently, (Hgs) is satisfied.

Let a1 (t) = as(t) = vt(1—t), where v > 0 satisfying (223013 —C)(1—v)+22v > 0.
Then, for (t,z,y) € (0,1) x {z € (0,00) : x < a1(t)} x {y € (0,00) : y < Ba2(t)}, we have

1
pi(t) fi(t,z,y, 0 (1) + of (1) THAQ )i/

(1—v+2ut)+2v
>/ 247V — OY(1 — v+ 2ut) + 2v

1 .-
7) 1/3+1}

—-1/3 _ ~1/3 _ (-3
(z C){y (C’ + 5

>21/2(223y=13 _ 01— v) +2v > 0.

Similarly, for (¢,z,y) € (0,1) x {z € (0,00) : < B1(t)} x {y € (0,00) : y < aa(t)}, we

have

pg(t)fg(t,ﬂf,y, O/2(t)) + O/Q/(t) < O’

which shows that (H36) is satisfied.
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For each n € {ng,no+1,---},0<t <1 and p, <y < By(t), we have

- - R
Fults pns ,0) =0 = )y = (O 4 ) )

>((n+no)/—C) > (mi/* - C) >0.

Similarly, for each n € {ng,no +1,---}, 0 < ¢t < 1, and p, < x < Bi(t), we have
fa(t,x, pn,0) > 0, that is, (Hs7) is satisfied. Choose, hi(z) = ha(z) = u1(z) = u2(z) =
23, ki(2) = va(2) = C, ka(2) = vi(2) = (C3+ 5=) "3+ Land 1 (2) = a(2) = 1+ 2.

2ng
Also,

' _[raj)P
[ o @ueara - SEREE i 1.2

which shows that (Hsg) also holds. Clearly, (Hss)—(H40) are satisfied. Hence, by Theorem
5.1.1, the system of BVPs (5.0.4) has at least one C'-positive solution.

5.2 Singular systems of BVPs on infinite intervals

In this section, we establish the existence of Cl-positive solutions for the system of BVPs
(5.0.5), (5.0.6). We say, (z,y) € (CLRT)NCARY)) x (CHRT)NCA(RY)) is a Cl-positive
solution of the system of BVPs (5.0.5), (5.0.6), if (z,y) satisfies (5.0.5) and (5.0.6), z > 0
and y > 0 on R, z’ > 0 and ¢ > 0 on RT. Here, we study existence of positive solutions

under weaker hypothesis as compared to the results studied in Chapters 3 and 4.
Assume that the following holds:

(Ha1) pi € C(RS), pi >0 on Ry, [77pi(t)dt < +o0, i =1,2;

(Ha2) fi: RT x R?2 x Ry — R is continuous, i = 1,2;

(Haz) |fi(t,z,y,2)| < hi(|z])k:i(|y|) (wi(|2]) + vi(|2])), where u; > 0 is continuous and non-

increasing on ]R(J{ , hi, ki, v; > 0 are continuous and nondecreasing on R™, i =1, 2;

(Haa) there exist a constant M > 0 such that % > 1, where w(M) = lim._ow:(M),

2 00 0o
w(M) =Y /0 77 (ha (M) (M) /t pils)ds + Ji(e))]dt

i=1

2 o0
F I ODROD [ pis)ds + 5(6)
=1 0

Ji(p) / ———, for p>0,9=1,2
7; ) ) 1 ) ;
o wi(T)+ (1)

(Has) hypothesis (H14) of Chapter 3, page 42, with I = J; and J = Ja;

(Hag) fi is positive on RY x (0, M]3, i =1,2;
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(Ha47) there exist continuous functions ¢p; and vy defined on RT and positive on ]Rar,
and constants 0 < ~1,72,01,02 < 1 satisfying (1 — y1)(1 — 72) # 9102, such that
filt @y, 2) > oar()ay® and fot, 2, y, 2) > ¥ (t)272y% on RY x [0, M]3

5.2.1 Existence of positive solutions on finite intervals

Choose m € Ny \ {0}, where Ny := {0, 1, -}, and consider the following system of BVPs

on finite interval
)
), te(0,m), (5.2.1)

First, we show that system of BVPs (5.2.1) has a C''-positive solution. We say, (x,y) €
(C0,m]NC?(0,m)) x (C*[0,m]NC?(0,m)), a C'-positive solution of the system of BVPs
(5.2.1), if (z,y) satisfies (5.2.1), x > 0 and y > 0 on (0,m], 2 > 0 and ¥’ > 0 on [0, m).

Theorem 5.2.1. Under the hypothesis (Ha1) — (Haz), the system of BVPs (5.2.1) has at

least one Cl-positive solution.

Proof. In view of (H4), we choose € > 0 small enough such that

M

iR 1. (5.2.2)

Choose ng € {1,2,---} such that nio < €. For each n € N := {ng,np + 1,---}, define
retractions 6 : R — [0, M] and p: R — [, M] as

1
0(z) = max{0, min{x, M }} and p(z) = max{—, min{z, M }}.
n
Consider the modified system of BVPs

—2"(t) = pL @) f (. 2(t), y(t), (1)), ¢ € (0,m),
p2(t)f5 (8, 2(t), y(1), 2 (1)), t € (0,m), (5.2.3)

2(0) = y(0) = 0, 2'(m) = y'(m) =

)
, L

[

<
<
—~
~
~—

I

where fi(t,z,y,2") = fi(t,0(x),0(y),p(z")) and f3(t,2,y,y') = fa(t,0(x),0(y), p(y))-
Clearly, f; (i = 1,2) are continuous and bounded on [0, m| x R3. Hence, by Theorem 1.2.4,
the modified system of BVPs (5.2.3) has a solution (% n, Ymn) € (C[0,m] NC?(0,m)) x
(C0,m] N C2%(0,m)).

Using (5.2.3), (H41) and (H46), we obtain

T < 0and gy, <0on € (0,m).
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Integrating from ¢ to m and using the BCs (5.2.3), we obtain

for t € [0, m]. (5.2.4)

for ¢t € [0, m]. (5.2.5)
From (5.2.4) and (5.2.5), it follows that

ol = 2 () 0 Wl = (), where i, = max Ju(0)].

Now, we show that the following hold

||z < M and ||y;nnH7m < M. (5.2.6)

/
m,n ||7,'m

Suppose x;, ,(t1) > M for some t; € [0,m]. Using (5.2.3) and (H43), we have

~ () < P11 (00 ()1 (0 (Y, n (1)) (ur (p(27, (1)) + v1.(p(20 (1)), T € (0,m),

which implies that
_‘T;/n,n(t)

w1 (p(hy 1 (8))) + 01(p(@h (1)) < M)k (M)pi(t), t € (0,m).

Integrating from t; to m, using the BCs (5.2.3), we obtain

Ty, o (t1) dz e (1 m ]
/1 u1(p(2)) +vi(p(z)) ~ L(M)ka( )/t1 p1(t)dt,

n

which can also be written as

M dz Ty (t1) dz 00
/:L e am o Tean S Menaen [

Using the increasing property of Ji, we obtain

‘rgn,n(tl) -M

N+ D £ o ()

<mODROD [ p@d+ ),
0
and the increasing property of J;~ ! yields

M < I DR [ pi(0de+ 31(6)) < w0,

monll
m,nil7,m

a contradiction to (5.2.2). Hence, ||z <M.
Similarly, we can show that ||y, .|, < M.

Now, we show that

[Zmnllr <M and ([Ymall;,, <M. (5.2.7)
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Suppose ||Zmn|l;,, = M. From (5.2.3), (5.2.4), (5.2.6) and (H43), it follows that

— (1) < L)L (O (@0 () B2 (O (Y, (£))) (1 (27, 1 () + 01 (2000 (1)),

which implies that
_x// (t)

m,n

w1 (T30 (1)) + 01 (25,5, (1))

Integrating from ¢ to m, using the BCs (5.2.3), we obtain

< h(M)ki(M)pi(t), ¢t € (0,m).

Iinm(t) dz m
/ @)+ = MADRA) | mesias. tep.m,

n

which can also be written as

I () = 1) < QDR [~ (s, 1 fo.m]

The increasing property of J; and J; ! leads to
T (t) < Jll(hl(M)kl(M)/ pi(s)ds + Ji(e)), te0,m].
¢

Now, integrating from 0 to m, using the BCs (5.2.3), we obtain

[e.9]

M < |[zmnlls,. < /Om[Jll(hl(M)k‘l(M)/t pi(s)ds + Ji(e))ldt,

which implies that
M < / U (MR (M) / " pi(s)ds + Ju(@)dt < we(M),
0 t

a contradiction to (5.2.2). Therefore, |zynll;,, < M.

Similarly, we can show that ||ymn|l,., < M.

110

Hence, in view of (5.2.3)-(5.2.7), (Tmn,Ymn) is a solution of the following coupled

system of BVPs

1
2(0) = y(0) = 0, 2'(m) = y'(m) = .,
satisfying

t 1 ;
— < ZTpn(t) <M, — <uz,,0t) <M, tel0,m],
n n '
t 1
E S ym,n(t) < Mv E S y:mn(t) < Ma te [Ovm]

Now, we show that

{2}, nInen and {y,, , Jnen are equicontinuous on [0, m).

(5.2.8)

(5.2.9)

(5.2.10)
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From (5.2.8), (5.2.9) and (H43), it follows that

_l';’,n,n(

~Ymn(t) <pa()ha(M) ko (M) (2 (Y0 (£) + 02U n (1)), € (0,m),

~
~
|
]
=
—~
~
S~—
>
—
=
[Sh
=
IS
—
—~
R\
3
3
=
_|._
<
[l
—~
&\
3
3
=
S~—
~
<~
m
—~
=

which implies that
mn (t)
U1(w$nn( )) +v1($$nn( )
_ym n( )
U2 (Ypnn () + 02(Yp (1) —

Thus for ¢1,ty € [0, m], we have

< hi(M)ki(M)p1(t), t € (0,m),

&l nli2)) ~ el < 0RO | [y <t>dt\ ,
" (5.2.11)
[t () = Teth12)] < a0 | [ p2<t>dt\.

In view of (5.2.11), (#41), uniform continuity of J; ! over [0, J;(M)] (i = 1,2) and

[ (t1) = @ (t2)] =TT (i (a0 (81))) = T (i (82))],
Y (t1) = Y (22)] = 13 (T2 (U (01))) = T (T2 (Y0 (82)))],
we obtain (5.2.10).

From (5.2.9) and (5.2.10), it follows that the sequences {(xr,%)n,ym n)tnen (j =0,1)
are uniformly bounded and equicontinuous on [0,m]. Hence, by Theorem (1.1.6), there
exist subsequence N, of N and (2, Ym) € C1[0,m] x C1[0,m] such that for each j = 0, 1,
the sequences (m%)n, yfﬁ)n) converges uniformly to (m%) ) yfn)) on [0,m] as n — oo through
N,. From the BCs (5.2.8), we have 2,,(0) = y(0) = ,,(m) = y,,(m) = 0. Next, we

show that x,, > 0 and y,, > 0 on (0,m], z/, > 0 and g/, > 0 on [0, m).

We claim that

min{¢,1}
Tmn(t) > CTC0 / AN (o (D)dr = Bu(t), tE0m],  (5.2.12)
0
min{¢,1}
() > C2C% / Py V(e = U(), te [0,m],  (5.2.13)
0
Ly () > /tm p1(s)ear(s)(@ar(s) (W (s)) ™ ds, t € [0,m], (5.2.14)
Y, () > /tmm(SWM(S)(‘pM(S))W(‘I’M(S))@dsv t €10, m], (5.2.15)
where

51
(T—v1)(1— 72) 5162

1 T =017 / [l
Cn = (/ Tl+%+61p1(7)<PM(T)dT> (/ Tl+72+62p2(7)¢M(7)dT) ;
0 0

5 1—~

1 1 5 (1771)(1*272)*5152 1 1 s (1*71)(17712)*5152
Cia = </ it 1p1(T)LpM(T)dT> (/ et "’pg(T)wM(T)dT)
0 0
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First we prove (5.2.12). Let 2(t) = @y n(t) —txm (1) for t € [0,1]. Then, 2(0)

2"(t) <0 for t € [0,1]. So, 2(t) > 0 for ¢ € [0,1], that is
T (t) > txm (1), te]0,1].

Similarly,
ym,n(t) > tym,n(1)7 te [07 1]-

Now, consider the following relation

Tn(t) = % +/ sp1(8) f1(8, 0 (8)s Ymn (8); Ty (5))ds

m
/

+ tpl fl S xmn( )7ym,n(5)7$m7n(3))dsv te [O7m]

T~

In view of (Ha7), using (5.2.16) and (5.2.17), for ¢ € [0, m], we have
t
Spl fl S, Tm n( )7ym,n(8),96;n,n(3))d3

wmn

min{¢,1} ,
Spl fl(s l‘mn( )aym,n(s)vmm,n(s))d‘s

min{¢,1}
Spl 1'm,n(3))’yl (ym,n(s))(slSOM(S)ds

Vv

AV
\c\c\

min{¢,1}
(xm,nu))%(ym,n(l))ﬁ / S, () orr(5)ds,
0

Y

which implies that

(1) > (gmn (1)) 0 ( /0 1 slwélpl(s)w(s)ds) e

Similarly,

] 1 1—v9
o) 2 (o ()75 ([ 8 peon(ras)
0
Now, using (5.2.21) in (5.2.20), we have

1— 6109 1 T ﬁ
(Tman(1)) T > / SN (s)pr (s)ds
0

)

1 (1—w1)%1—w2)
(/ Sl+’yz+52p2($)'¢M(8)d8> .
0

Hence,
xm,n(l) > Cll-

Similarly, using (5.2.20) in (5.2.21), we obtain
Ymn(1) > Cra.

Thus, from (5.2.19), using (5.2.22) and (5.2.23), we get (5.2.12).

112

=z(1) =0,

(5.2.16)

(5.2.17)

(5.2.18)

(5.2.19)

(5.2.20)

(5.2.21)

(5.2.22)

(5.2.23)
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Similarly, we can prove (5.2.13).

Now, we prove (5.2.14). From (5.2.18), it follows that

OE / T 1(8) 1105, Zran(5), Yo (8), ().

Using (Ha7), (5.2.12) and (5.2.13), we obtain (5.2.14).
Similarly, we can prove (5.2.15).

From (5.2.12)—(5.2.15), passing to the limit n — oo through N,, we obtain
T (t) 2/ pr(s)enr(5)(Par(s)) (War(s)) s, t € [0,m], (5.2.24)
t

Y (t) = /tmp2(8)¢M(8)(@M(8))”2(‘PM(S))‘S?dSa t € [0,m].

Consequently, x,, > 0 and y,, > 0 on (0,m], z, > 0 and y,, > 0 on [0,m).

Moreover, (Zm n, Ym,n) satisfy

¢
T (t) = Ty (0) —/0 P1(8)f1(8, T (8), Ymn(8), T n(8))ds,  t € [0,m],
t
Ymn () =y§n,n(0)—/0 P2(8) f2(8, Tmn (), Ymn(8), Y ())ds, ¢ € [0,m].
Letting n — oo through N,, we obtain
t
() = 7,(0) —/O p1(8)f1(8, 2 (), ym(8), 2 (8))ds,  t € [0,m)],

yin(t)nyn(O)—/o P2(8) f2(8, 2m (3), Ym(3), Y (5))ds, 1 € [0, m],

which imply that

" / (5.2.25)
_ym(t) - pQ(t)fQ <t7 .%'m(t), ym(t)a ym(t))7 te (0’ m)
Hence, (2, ym) is a Cl-positive solution of the system of BVPs (5.2.1). O

5.2.2 Existence of positive solutions on an infinite interval

Theorem 5.2.2. Under the hypothesis (Ha1) — (Haz), the system of BVPs (5.0.5), (5.0.6)

has at least one C'-positive solution.

Proof. By Theorem 5.2.1, for each m € Ny \ {0}, the system of BVPs (5.2.1) has a C!-

positive solution (Z,, ym,) defined on [0, m]. By applying diagonalization argument we will
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show that the system of BVPs (5.0.5), (5.0.6) has a C''-positive solution. For this purpose

we define a continuous extension (T, ¥,,) of (Tm,ym) by

Tm(t) = Y (t) = (5.2.26)

{xmm, t e [0,m, {ymoe), t € [0,m,

Tm(m), t€ [m,o0), Ym(m), t € [m,o0).

Clearly, Zp,,7,, € C1[0,00) and satisfy

0<Tn({t) <M, 0<T ()< M, tec][0,00),
(5.2.27)
0

<Yn,(t) <M, 0<y () <M, te][0,00).
We claim that
(T} meno\(0y and {T) Jmeno\ (o) are equicontinuous on [0, 1. (5.2.28)
Using (5.2.25), (5.2.26), (5.2.27) and (Ha3), we obtain
—T(t) < pL(®)ha (M) (M) (ua (T3, (1)) + (T, (1)), t € (0,1),
~Tm () < p2()ha(M)ka (M) (u2 (1, (t) + v2(T (), ¢ € (0, 1),
which implies that

(1)
@ 1) + @) = DRI, e 01

U (t)
BT 0) + v (D) < ho(M)ko(M)pa(t), t € (0,1).

Hence, for t1,t9 € [0, 1], we have

| J1(T5, (t1)) — J1(T5, (t2))]| < ha (M )k (M)

)

to
/ p1(t)dt
t1
to
/ D2 (t)dt ‘ .
t1

In view of (5.2.29), (H41), uniform continuity of J; ! over [0, J;(L)] (i = 1,2) and

| 2T (t1)) = J2(Fy (t2))] < ha(M)ka(M)

T (t1) = T (t2)] = I (1 (@ (1)) — T (T (T (22)))],
[ (t1) = T (t2)] = [ I3 (J2 (0 (1)) = T3 (2 (E2))],

we establish (5.2.28).

From (5.2.27) and (5.2.28), it follows that the sequences {(E%),@%))} (j =0,1) are
uniformly bounded and equicontinuous on [0,1]. Hence, by Theorem 1.1.6, there exist
subsequence Nj of Np \ {0} and (uy,v1) € C10,1] x C[0, 1] such that for each j = 0,1,
the sequence (E%), y%)) converges uniformly to (ugj ), vgj )) on [0,1] as m — oo through Nj.

Also from BCs (5.2.1), we have u1(0) = v1(0) = 0.
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Moreover, from (5.2.24) and (5.2.26), for each m € Ny \ {0}, we have
Tm(t) 2 Par(t), Um(t) = War(t), t€[0,1],

1
(1) > / P1(3)pnr(3)(@ar ()™ (s (s))0ds, ¢ € [0,1],

1
U (t) = / pa(s)Pn(5)(Par(s))* (War(s))ds, ¢ € [0,1].
¢
Passing to the limit m — oo through N;, we obtain
ui(t) > ®pr(t), vi(t) > Ups(t), t €[0,1],

1
i (t) > / p1(8) ot (5)(@ e () (War (5)) s, ¢ € [0,1],

vi(t) = /tlP2(8)¢M(8)(¢M(3))”2(‘PM(S))‘SQd& te[0,1],
which shows that u; > 0 and v; > 0 on (0, 1], u{ > 0 and v{ > 0 on [0, 1).
By the same process as above, we can show that
{0 Y meni\ 13 and {7, bmen\ 1} are equicontinuous families on [0, 2]. (5.2.30)

Further, in view of (5.2.27) and (5.2.30), it follows that the sequences {(E%),@%))} (j =
0, 1) are uniformly bounded and equicontinuous on [0, 2]. Hence, by Theorem 1.1.6, there

exist subsequence No of Ny \ {1} and (ug2,vs) € C[0,2] x C[0,2] such that for each

j = 0,1, the sequence (f%),yg)) converges uniformly to (ugj ),Uéj )) on [0,2] as m — oo

through Na. Also from BCs (5.2.1), u2(0) = v2(0) = 0. Moreover, in view of (5.2.24) and
(5.2.26), for each m € Ny \ {1}, we have

jm(t) > (I)M(t)v @m(t) > \IJM(t)a te [O’ 2]7

2
() > / p1(8) ot (5)(@nr () (War(5))ds, ¢ € [0,2),

2
Tn) 2 [ pa(s)ns (9)(@ar(5) > (War(s)) s, t € [0,2],
t
Now, the lim,, -, through Ny leads to
uz(t) = Ppr(t), va(t) = Y(t), t€[0,2],

2
us(t) Z/t pr(s)enr(s)(ar(s)" (War(s)ds, t € [0,2],

2
vy(t) 2/ p2(s)ar(s)(ar(s)) 2 (Was(s)ds, t € [0,2],
t
which shows that us > 0 and vy > 0 on (0,2], u, > 0 and v} > 0 on [0,2). Note that,
ug = uy and ve = vy on [0, 1] as Ny C Nj.

In general, for each k € Ny \ {0}, there exists a subsequence Ny of Ny_1 \ {k — 1}
and (ug,vx) € CH0,k] x C[0,k] such that (f%),@(ﬂ?) converges uniformly to (ulgj),v(j))
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(j = 0,1) on [0,k], as m — oo through Nj. Also, ui(0) = vg(0) = 0, ux = ug_1 and
v = vk—1 on [0,k — 1] as Ny C Ni_1. Moreover,

uk(t) > @M(t), ’Uk(t) > \I/M(t), t e [O,k],

k

(1) > / p1(8)on1 () (@as () (Upr () ds, ¢ € [0, K],
k

v (t) > / pa(5)0nt (5)(@ s ()™ (War ()P ds,  t € [0, k],

which shows that u, > 0 and v, > 0 on (0, k], v}, > 0 and vj, > 0 on [0, k).

Define functions z,y : R™ — R™ as:

For fixed 7 € Ry and k € Ny \ {0} with 7 < k, () = u(7) and y(7) = vg(7). Then,
x and y are well defined as, z(t) = ux(t) > 0 and y(t) = vi(t) > 0 for t € (0, k]. We can
do this for each 7 € R{. Thus, (z,y) € C}(RT) x CY(R*) with > 0 and y > 0 on R,
2’ >0andy >0onRT,

Now, we show that (x,y) is a solution of system of BVPs (5.0.5), (5.0.6). Choose a
fixed 7 € RT and k € Ny \ {0} such that ¥ > 7. Then, (T,(7),7,,(7)) where m € Ny,
satisfy

T (r) = T (0) - /0 " p1(8) 15 Fn(5) T (5), Tl () s,
Ton(r) = T (0) — /0 " p2(8) a5, B, T (), T (3)) .

Passing to the limit m — oo through Ng, we obtain
u (1) = ui(0) — / 1(8)f1(s, ur(s), vi(s), up(s))ds,
v (T / s) fo(s, up(s), v (s), vi(s))ds.
0

Hence,

which implies that
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Thus, (z,y) € C*(RJ) x C?(RY), z(0) = y(0) = 0.
It remains to show that

lim 2/(t) = lim y/'(t) = 0.

t—o0 t—o0
First, we show that lim;_, 2'(t) = 0. Suppose lim;_,, ' (t) = g, for some g > 0. Then,
z'(t) > gg for all t € [0,00). Choose k € Ny \ {0}, then for m € Ni, in view of (5.2.26),

we have

¥'(t) =up(t) = lim 7, (t) = lim 2/,(¢), te€]0,k],

m—00 mM—00

which leads to

(k) = lim 2} (k).

m—0o0

Thus for every € > 0, there exist m* € Ny, such that |z}, (k) — 2/(k)| < € for all m > m*.
Without loss of generality assume that m* = k, then |z (k) —2'(k)| < €, that is, |2/ (k)| < e.
Which is a contradiction whenever ¢ = g9. Hence, lim;_, 2'(t) = 0. Similarly, we can
prove lim; o 9/(t) = 0. Thus, (z,y) is a C'-positive solution of system of BVPs (5.0.5),
(5.0.6). O

Example 5.2.3. Let
filt,x,y,z) = vt e ™ (M +1 — 2)(M 4+ 1 — y)|=||y|% 2|7, i = 1,2,
where v >0, M >0, a; > 0,0 <~;,0; <1,9i=1,2.

Assume that (1 —1)(1 — y2) # 6162 and
M

v< 9 _1 2 oyt

>ic (0 4 2) (0 + 1) 2iF T (2M + 1) it M i+t

Taking p;(t) = e, hi(x) = v TY M +1+2)27, ki(y) = (M +14+9)y%, ui(2) = 2~ and
vi(z) =0, 1 = 1,2. Choose p(t) = 1/0‘1+1M et and Py (t) = v22 LM —2¢~t. Then,
Ji(p) = & it andJ Yp) = (al—}—l)a“;ﬂ“ i=1,2.

Also,
M M
w(M) Zf:lfooo Ji_l( i ft pi(s ds)dt+zz 1 (hi(M)ki(M) fooopi(s)ds)
M
_ Z?;l fooo P (ya TL(2M + 1)2Mito: ft)dt+ Zl ) (,/a +1(2M + 1)2Mitd: )

M

VS (00 2)(as + 1) (M + 1) 7T MR
Clearly, (H41) — (Hy7) are satisfied. Hence, by Theorem 5.2.2, the system of BVPs (5.0.5),

(5.0.6) has at least one C'*-positive solution.
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5.3 Singular systems of BVPs on infinite intervals with more
general BCs
We say, (z,y) € (CLRT)NCERY)) x (CHRT)NC?(RY)) is a Cl-positive solution of the

system of BVPs (5.0.5), (5.0.7), if (z,y) satisfies (5.0.5) and (5.0.7), x >0,y >0, 2’ > 0
and 3/ >0 on RT.

Assume that

(Hag) there exist a constant M > 0 such that % > 1, where w(M) = lim._ow:(M),

2 00 00
_ (1 (M) (Vs + (e
.0 =3 / 7 (ha (MR (M) / pi(s)ds + Ji(e))]dt

2
=1

#3012 0RO [ pe)ds + 4(6).

7 l"L ) 3 (3 g &L

5.3.1 Existence of positive solutions on finite intervals

Choose m € Ny \ {0}, where Ny := {0, 1,---}, and consider the system of BVPs on finite

interval

(t) = pL(®) fit, 2(t), y(t),2'(1), ¢ € (0,m),
=y (t) = p2(t) f2(t, 2(1), y(t), 5 (1)), t € (0,m), (5.3.1)
a1x(0) — b12’'(0) = 2’'(m) = 0,
azy(0) — bay/(0) = y/'(m) =0

First we show that the system of BVPs (5.3.1) has a C!-positive solution. We say, (x,y) €
(C[0,m]NC?(0,m)) x (C1[0,m]NC?(0,m)), a C-positive solution of the system of BVPs
(5.3.1), if (z,y) satisfies (5.3.1), z > 0 and y > 0 on [0,m], ' > 0 and ¥’ > 0 on [0, m).

Theorem 5.3.1. Under the hypothesis (Ha1) — (Haz) and (Has) — (Hag), the system of
BVPs (5.3.1) has at least one C*-positive solution.

Proof. In view of (Hag), we choose £ > 0 small enough such that

M
we(M)

> 1. (5.3.2)

Choose ng € {1,2,---} such that nio < e. For each n € N := {ng,no + 1,---}, define
retractions 6 : R — [0, M] and p: R — [, M] as

0(z) = max{0, min{x, M }} and p(z) = max{%, min{z, M}}.
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Consider the modified system of BVPs

=" (t) = pu(t) f1 (¢, 2(t), y(t),2'(1)), t € (0,m),
—y"(t) = pa(t) f5 (¢, 2(t), y (1), /(¢

a1x(0) — b1z'(0) = 0, 2’ (m) =

azy(0) — bay'(0) = 0, y'(m) =

119

(5.3.3)

where [fi(t,z,y,2") = fi(t,0(x),0(y), p(z')) and f3(t,z,y,y") = fa(t,0(x),0(y), p(y))-
Clearly, f7 (i = 1,2) are continuous and bounded on [0, m] x R3. Hence, by Theorem 1.2.4,
the modified system of BVPs (5.3.3) has a solution (zm 5, Ymn) € (C1[0,m] N C%(0,m)) x

(C1[0,m] N C2(0,m)).

Using (5.3.3), (Ha1) and (Has), we obtain
T < 0and gy, <0on € (0,m).
Integrating from ¢ to m and using the BCs (5.3.3), we obtain

and y,, ,,(t) > = for t € [0,m)].

1
n

b by 1
mn(t) > (t+ )= and ymn(t) > (t+ —)= for t € [0,m].
Tana(t) 2 (£ 00) o and g a(t) 2 (¢4 2) - for t € [0,

From (5.3.4) and (5.3.5), it follows that
”xm,nHmm = xm,n(m) and Hym,n||7,m = ym,n(m)
Now, we show that the following hold
27, < M and (g, nll;, < M.

Suppose 7, ,(t1) > M for some t; € [0,m]. Using (5.3.3) and (H43), we have

~ T (t) < PLE)R1 (0@, (£))) 1 (0 (Y (4))) (ua (P20, (1)) + v1(p (@0 (1)), £ €

which implies that

—xh (t)

m,n

w1 (p(21, (1)) + v1(p(27,0 (1))

< hl(M)]ﬁ(M)pl(t), t e (O,m)

Integrating from t; to m, using the BCs (5.3.3), we obtain

T 5 (1) dz e m ]
Lt taey < meonen [ noa

n

(5.3.4)

(5.3.5)

(5.3.6)

(0,m),



CHAPTER 5. SBVPS WITH SIGN-CHANGING NONLINEAR FUNCTIONS 120

which can also be written as

M dz T (1) dz *
/; wT @ e wan e S MORG0 [

Using the increasing property of Ji, we obtain

xlm,n(tl) -M

DM+ A T o D)

<mODROD [ pd+ ),
0
and the increasing property of J;~ ! yields

M I I ODBOD [ o0+ 5(6) < w0

/
m,n ”7,m

a contradiction to (5.3.2). Hence, ||z <M.
Similarly, we can show that [y, ..., < M.

Now, we show that
|Zmnllr, <M and |ymall,,, < M. (5.3.7)
Suppose [|Zm,nll;,, > M. From (5.3.3), (5.3.4), (5.3.6) and (H43), it follows that
— @ (8) < PO (0@, (8))) o (0 (Yoo (£))) (ua (27, (£)) + v1.(20,0 (1)), 2 € (0,m),
which implies that

_xll (t)

m,n

w1 (T3,n (1)) + 01 (255 (1))

< hl(M>k1(M)p1(t), t e (O,m)

Integrating from t to m, using the BCs (5.3.3), we obtain

T, (1) dz m
/i w@) +u(r) = h1(M)/-c1(M)/t pi(s)ds, t€[0,m],

which can also be written as

B () = 5() < QDB [ (s, t € [0.m]

The increasing property of J; and J; ! leads to

o () < J7 (hy (M) Ey (M) /t T pi(s)ds + A(2)), e [0,ml, (5.3.8)

m,n

Now, integrating from 0 to m, using the BCs (5.3.3) and (5.3.8), we obtain
M < |[zm,nll7 m S/ [Jll(hl(M)kl(M)/ pi(s)ds + Ji(e))]dt
0 ¢
b B 0o
FRIT OO OD [ ps)ds + A,
0
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which implies that

M < [T 0k 00 [ s + Rl
+- by o Y(hy (M)key (M) /0 - pi(8)ds + Ji(2)) < we(M),

a contradiction to (5.3.2). Therefore, |z ,ll;,, < M.

Similarly, we can show that ||ymnll,,, < M.

Hence, in view of (5.3.3)-(5.3.7), (Tmn,Ym,n) is a solution of the following coupled

system of BVPs

=" (t) = pr(t) fu(t, 2(), y(2),2'(1), te€(0,m),
=y (t) = p2(t) f2(t, 2(2), y(2), 5/ (1)), t € (0,m),
1 (5.3.9)
a1z(0) — by2’(0) = 0, 2’ (m) = e
a2y(0) — bay/(0) = 0, (m) =
satisfying
L e <M Tl ) <M, tefoml,
‘gl 7} ? (5.3.10)
(t+ aZ)n < Ynn(t) < M, — <l (t) <M.t [0,ml.
Now, we show that
{2} ntnen and {y;, , }nen are equicontinuous on [0, m]. (5.3.11)
From (5.3.9), (5.3.10) and (H43), it follows that
~ T () <P1(E) L (M)er (M) (ur (25,0 (8)) + v1(27,0 (1), T € (0,m),
~Ymn () <P2(t)ha(M)ka(M)(u2(Yp 0 (1)) + v2(Ymn (1)), t € (0,m),
which implies that
ul(x’ @®) +1§1ix ) < hi(M)k(M)p1(t), te€(0,m),
" (—)1;7: ni?(y ) < ODkR(Mp(), € (0.m)
Thus for t1,ts € [0,m], we have
1 (ahn1)) = 1) < OO0 | [ o]
b (5.3.12)

[t () = Tath 1) < a0 2) | [ 2p2<t>dt\ |
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In view of (5.3.12), (#41), uniform continuity of J; ! over [0, J;(M)] (i = 1,2) and

|2 (1) = 2y (t2)| = [ I (J1 (20,0 (01))) = T1 (i) (82))]
W (t1) = Y (E2)] = [J5 (2 (U (£1))) = T3 (T2 (Y (£2)))],

we obtain (5.3.11).

From (5.3.10) and (5.3.11), it follows that the sequences {(:L‘?(f@)n,yg{)n)}ne]v (j=0,1)
are uniformly bounded and equicontinuous on [0, m]. Hence, by Theorem (1.1.6), there
exist subsequence Ny of N and (., ym) € C1[0,m] x C1[0,m] such that for each j = 0,1
the sequence (x%)n,y%)n) converges uniformly to (x%),y%)) on [0, m] as n — oo through
N.. From the BCs (5.3.9), we have a1x,(0) — b12),(0) = asym(0) — bay,,,(0) = z,,(m) =
yr.(m) = 0. Next, we show that x,, > 0 and y,, > 0 on [0,m], ], > 0 and ¥y}, > 0 on
[0,m).

We claim that

2o () > CIC, / pr(8)oni(s)ds, € [0,m], (5.3.13)
t
Yo n(t) > C2CT / pa(s)uns(s)ds, ¢ € [0,m, (5.3.14)
t
where
1—79 51
by [1 T DU2-015 [ by (1 A—71)(1-72)—5133
Cia= (2 [ io)ea(s)is 2 [ pa(s)iarts)as ,
aq 0 a9 0
[P 1-7
by [t T T-72)-0102 [ hy [1 A1) (-72) 8153
Cuu= (2 [ mio)ea(is 2 [ pa(siarts)as .
aq 0 a9 0
To prove (5.3.13), consider the following relation
by 1 1 [t ,
Tmn(t) =+ =)=+ — [ (a15+b1)p1(8) f1(8, T (), Ymn(8)s Ty (8))ds
ar n a Jo
e (5.3.15)
+ . (art + bl)pl(s)fl(s,a;mm(s),ymvn(s),a:;n,n(s))ds, t € [0,m],
t

which implies that
bl b
ain  al fg

Using (H47) and (5.3.10), we obtain

Ty, (0) P1(8) f1(8, Tmn(5), Ymn(8), x;nyn(s))ds.

o (0) > (0))7 (g n (0)) 2 /0 " p1() o (s)ds

V

1
> (2 () (g (0)) 22 / p1 () (3)ds,
ail Jo

which implies that

1

5 1 -7
T (0) > (Ymn (0)) 1 (bl /0 pl(s)(pM(s)ds> . (5.3.16)

ai
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Similarly,

e 1
Yn(0) > (2 (0)) T2 (bQ /0 pz(s)wM(s)ds> | (5.3.17)

a2
Now, using (5.3.17) in (5.3.16), we have

)

1— 3199 by 1 ﬁ by 1 (1—“/1)%1—72)
(mm(0) T > (2 / P () (s)ds by / pa(s)nr(s)ds |
0 0

ai a2

Hence,

Similarly, using (5.3.16) in (5.3.17), we obtain
Ym,n(0) > Cha. (5.3.19)

Now, from (5.3.15), it follows that

(B> / " 1) 11 (5. Y (5), 21 n(5))ds.

Using (Has), (5.3.10), (5.3.18) and (5.3.19), we obtain (5.3.13).
Similarly, we can prove (5.3.14).

From (5.3.13) and (5.3.14), passing to the limit n — oo through N, we obtain

m
2ult) 2 CHCY [ mpu(s)ds, 1€ oo,
o (5.3.20)
n(®) 2 CECE [ palopvni(sds, ¢ 0.m)
t
Consequently, x], > 0, y/,, > 0 on [0,m) and x,, > 0, Yy > 0 on [0, m].
Moreover, Ty, n, Ym,n satisfy

'/I;;n,n(t) - x;n,n(()) - /(; pl(S)fl(S,xmm(S),ym’n(S),J};mn(S))dS, le [O’m]v

Y (t) = Y n(0) = /O P2(8) f2(8, Zmn (), Ymn(5), Y n(8))ds,  t € [0,m].

Letting n — oo through N,, we obtain
t
T () = 2, (0) —/ p1(8) fL(8, T (), Ym (8), T (5))ds,  t € [0,m],
0

t
Y (t) = Y1 (0) —/0 p2(8) f2(8, 2m(s), ym(s), ypn(s))ds, ¢ € [0,m],
which imply that

_x//n(t) = pl(t)fl(t7$m(t)7ym(t)vx/m(t))v te (Ovm)7
_y;/n(t) :pQ(t)fQ(tvmm(t)7ym(t)ay;n(t))v te (O,m)

Hence, (2, ym) is a Cl-positive solution of (3.4.1). O
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5.3.2 Existence of positive solutions on an infinite interval

Theorem 5.3.2. Under the hypothesis (Ha1) — (Haz) and (Has) — (Hag), the system of
BVPs (5.0.5), (5.0.7) has at least one C*-positive solution.

Proof. By Theorem 5.3.1, for each m € N \ {0}, the system of BVPs (5.3.1) has a C!-
positive solution (x,,ym) defined on [0,m]. By applying diagonalization argument we
will show that the system of BVPs (5.0.5), (5.0.7) has a Cl-positive solution. For this we

define a continuous extension (T, Y,,) of (Zm, ym) by
T (t), t e |0,m], m (), t € |0,m|,
I £ ol [ 0,m] 55
Tm(m), t€ [m,o0), Ym(m), t€ [m,o0).
Clearly, Zpn,7,, € C'[0,00) and satisfy,

0<ZTn({t) <M, 0<T,(t) <M, te]l0,00),
(5.3.23)
0 <Yp(t) <M, 0 <7, (t) <M, tel0,00).

We claim that
{T0 Y meno\ (o} and {7, }mene\ {0} are equicontinuous on [0,1]. (5.3.24)
Using (5.3.21), (5.3.22), (5.3.23) and (H3), we obtain
=), (t) < p1(t)ha (M)ky (M) (u (7, (1)) + 01T, (1)), € (0,1),
~Tm (t) < p2(t)ha(M )k (M) (u2(Fp, (1)) + v2(F1 (1)), t € (0, 1),
which implies that

— T (1)
Ul(j;n(t)) i Ul(f;n(t)) < hl(M)kl(M)pl(t)’ te (O, 1)7

~Ym(?)
) + @) = R0, 0D

Hence, for t1,ts € [0, 1], we have

|1 (T, (t1)) — J1(T5, (2))] < By (M )Ry (M)

to
/ P1 (t)dt
t1
to
/ pg(t)dt‘ .
t1

In view of (5.3.25), (Ha1), uniform continuity of J; ' over [0, J;(L)] (i = 1,2), and

)

| T2 (T (t1)) = T2 (T (£2))| < ho(M) k(M)

1T, (1) — 2, (t2)| = [J7 (1 (@), (1)) — Ty (D1, (82)))]
T (t1) = T (t2)| = T3 (J2 (i (11))) — T3 (T2 (u (2)))]

we establish (5.3.24).
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From (5.3.23) and (5.3.24), it follows that the sequences {(xm ,y&))} (j = 0,1) are
uniformly bounded and equicontinuous on [0,1]. Hence, by Theorem (1.1.6), there exist
subsequence Nj of Np \ {0} and (uy,v1) € C10,1] x C[0, 1] such that for each j = 0,1,
the sequence (a:,(ﬁ), y%)) converges uniformly to (ugj), Ugj)) on [0, 1] as m — oo through Nj.

Also from BCs (5.3.1), we have aju1(0) — byu}(0) = agv1(0) — bav (0) = 0.

Moreover, from (5.3.20) and (5.3.22), for each m € Ny \ {0}, we have
1
70) = CHCY [ mlsen(s)ds. te 0.1

t
1
To(t) > C2C% [ pa(s)vm(s)ds, te0,1],
t

as limit m — oo through N;, we obtain
1
(0> OB [ mlshon(o)is teln.il
1

vy (t) > CY;CE/ p2(s)ar(s)ds, te0,1],

t

which shows that v} > 0 and v] > 0 on [0,1), u; > 0 and v; > 0 on [0, 1].

By the same process as above, we can show that
{7 meni\ (1 and {Fy, bmeny\ 13 are equicontinuous families on [0, 2]. (5.3.26)

Now, in view of (5.3.23) and (5.3.26), it follows that the sequences {(zm ,y%))} (j=0,1)
are uniformly bounded and equicontinuous on [0,2]. Hence, by Theorem (1.1.6), there
exist subsequence No of Ny \ {1} and (ug2,vs) € C[0,2] x C[0,2] such that for each
j = 0,1, the sequence (x%),y%)) converges uniformly to (ugj ),Uéj )) 0
through Na. Also, ajua(0) —biub(0) = agva(0) —bevh(0) = 0. Moreover, in view of (5.3.20)

and (5.3.22), for each m € N \ {1}, we have

n [0,2] as m — oo

2
T (1) > CACH, / pu()oni(s)ds, t € [0,2],
t

2
7olt) 2 CHCY [ mls)om(o)ds. tel0.2)
t

Now, the lim,, .o, through N, leads to

2

uh(t) > CBCE [ pi(s)om(s)ds, te[0,2],
t

2
o) > OB / pa(s)nr(s)ds, 1€ [0,2],
t

which shows that u), > 0 and v5 > 0 on [0,2), us > 0 and v2 > 0 on [0,2]. Note that,
ug = uy and ve = vy on [0, 1] as Ny C Nj.

In general, for each k € Ny \ {0}, there exists a subsequence Ny of Ny_1 \ {k — 1}

and (ug,vx) € CH0,k] x C[0,k] such that (ﬂfgn)yy%)) converges uniformly to (ulgj),v,gj))
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(4 =0,1) on [0, k], as m — oo through Nj. Also, ajuy(0)—biu)(0) = asvk(0)—bov; (0) =0,

up = ug—1 and v = vg_1 on [0,k — 1] as Ny C Ni_1. Moreover,

k

(1) > CBCY / p()on(s)ds, 1t € [0,H],
k

( ) C C ) pg(S)i/JM(S)dS, t e [0, k],

which shows that uj, > 0 and v;, > 0 on [0, k), ux > 0 and v, > 0 on [0, k].
Define functions =,y : R™ — R¥ as:

For fixed 7 € R{ and k € Np \ {0} with 7 < k, 2(7) = ux(7) and y(7) = vg(7). Then,
x and y are well defined as, x(t) = ug(t) > 0 and y(t) = vi(t) > 0 for t € [0, k]. We can
do this for each 7 € Rj. Thus, (z,y) € C}(RT) x CYR") with > 0, y > 0, 2’ > 0 and
y' > 0onRT.

Now, we show that (x,y) is a solution of system of BVPs (5.0.5), (5.0.7). Choose a
fixed 7 € RT and k € Ny \ {0} such that & > 7. Then, (Z,,(7),7,,(T)) where m € N,
satisfy

T (r) = T (0) - /0 () o5 Fon(5). T (3). Tl () s,
Ton(r) = 7 (0) /0 () Fa(5 Fon(5). Ty (3). T (5)) ds.

Passing to the limit m — oo, we obtain

up, (1) = ui,(0) — /T 1(8)f1(s, un(s), vi(s), up(s))ds,
v (7 /0 $) fa(s, ur(s), vr(s), v (s))ds.
Hence,
2'( pu(s)a(s,2(5), y(s), @' (s))ds,

which implies that

We can do this for each 7 € RT. Consequently,

—a'(t) = pu(®) (b 2(D), (D), (D), t € R,
—y"(t) = pa(D) folt 2(0), y(). Y (1), t € R
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Thus, (z,y) € C3(R]) x C?(RY), a12(0) — b12’(0) = azy(0) — bay’(0) = 0.

]- / t ]' / t

First, we show that lim;_, 2'(t) = 0. Suppose lim;_, o, 2'(t) = g, for some g > 0. Then,
2'(t) > go for all t € [0,00). Choose k € Ny \ {0}, then for m € Ny, in view of (5.3.22),

we have

'(t) = up(t) = lim 7,(t) = lim 2/,(t), te€]0,k],

m—00 m—0o0

which leads to

(k) = lim 2, (k).

m—o0
Thus for every £ > 0, there exist m* € Ny such that |z, (k) — 2/(k)| < e for all m > m*.
Without loss of generality assume that m* = k, then |z} (k)—2'(k)| < €, that is, |2/(k)| < e.
Which is a contradiction whenever ¢ = gp. Hence, lim;_, 2/(t) = 0. Similarly, we can
prove limy ,o,%'(t) = 0. Thus, (z,y) is a Cl-positive solution of the system of BVPs
(5.0.5), (5.0.7). 0

Example 5.3.3. Let
filtsw,y,z) = v e (M + 1 —a) (M + 1= y)la]" |y~ i = 1,2,
where v >0, M >0, ; > 0,0 <~;,0; <1,9=1,2.
Assume that (1 —~1)(1 —72) # 102 and

M
v <

Yit+d; C

1
Z?l( +al+2)( +1)m(2M_~_ )a+lMa+1
Taking pi(t) = e—t7 hl(x) = Vai-i-l(M—}- 1 —i—%)aj”/i, k;l(y) = (M_|_ 1 +y)y51', UZ(Z) — i and
vi(z) = 0,4 =1,2. Choose @y (t) = v M ~%e™t and Yps(t) = v2TIM~*2e~t. Then,

a;+1

11
Ji(p) = =1 and J; ) = (o + D)@F T pett 4 =1,2.

Also,
M M
SO~ S [ T k(M) T pa()ds )t + Sy (Lt B, (M (M) Jo pe(s)ds)
M
S Jo T I et (2M + 1)2Mitoie=t)dt + Zl (14 )Ji_l(l/ai“(ZM + 1)2Mitds)
M > 1L

U a2 )T QM 4 )T

Clearly, (Ha1) — (Ha3) and (Has) — (Has) are satisfied. Hence, by Theorem 5.3.2, the
system of BVPs (5.0.5), (5.0.7) has at least one C''-positive solution.



Chapter 6
Concluding Remarks

In Chapter 2, Section 2.2, we studied the system of ODEs (2.0.2) subject to three—point
BCs (2.0.4). We have established four different results (Theorem 2.2.2, Theorem 2.2.4,
Theorem 2.2.6 and Theorem 2.2.8) for the existence of at least one positive solutions to
the system of SBVPs (2.0.2), (2.0.4) under the new hypothesis on the nonlinear functions
f and g. In Theorem 2.2.2, we provide the existence of at least one positive solution for the
system of SBVPs (2.0.2), (2.0.4) under the hypothesis (H1) — (H3), where (H1) is about
integrability condition while (Hz2) and (#H3) are natural assumptions satisfied by a class
of singular nonlinear functions. Our next result, Theorem 2.2.4, is obtained by replacing
(H3) with (H4) in Theorem 2.2.2. Theorem 2.2.6 is obtained by replacing (Hsa) with (Hs)
in Theorem 2.2.2. Moreover, Theorem 2.2.8 can be obtained either by replacing (Hs)
with (Hs) in Theorem 2.2.4 or by replacing (#H3) with (#H4) in Theorem 2.2.6. Further
in Section 2.3, Theorem 2.3.2, the existence of positive solutions to the system of ODEs
(2.0.3) subject to BCs (2.0.4) is provided under the hypothesis (Hg) — (Hog), where the
hypothesis (H) is an extension of (1) while (#7) corresponds to (Hz2) in two-dimensional
case. The hypothesis (Hg) and (Hg) are sublinear conditions on the nonlinear functions f

and g.

In Chapter 3, Section 3.1, we establish the existence results for a coupled system of
SBVPs (3.0.2), (3.0.3). In Theorem 3.1.2, we prove the existence of at least one C!-positive
solution for the system of SBVPs (3.0.2), (3.0.3) under the hypothesis (H19) — (H16). The
hypothesis (H10) and (H16) are some integrability conditions, (#11) is necessary because,
otherwise, positive solution (z,y) will not satisfy the condition z’ > 0 and ¢’ > 0 on [0, 1),
and therefore, (z,y) ¢ C?(0,1) N C?(0,1), (H12) is a natural assumption when f(¢,z,y)
and ¢(t, x,y) have singularity at y = 0, (H13) is required to bound the solution, whereas
(H14) is necessary for invertibility of the maps I and J, and the solution is positive due
to (His). By replacing the hypothesis (#15) and (#Hi6) of Theorem 3.1.2 with (#17) and

(H1s), and including one more hypothesis (H19), we obtained the existence of at least two

128



CHAPTER 6. CONCLUDING REMARKS 129

positive solutions for the system of ODEs (3.0.2) subject to two—point BCs (3.0.3), that is,
Theorem 3.2.2 of Section 3.2. The hypothesis (H19) is required for the existence of at least
two solutions. By replacing the hypothesis (H13) and (H16) of Theorem 3.1.2 with (H20)
and (Ho1) we get our next result, that is, Theorem 3.3.1 of Section 3.3, which provide
existence of at least one C'-positive solutions to the SBVPs (3.0.2), (3.0.4). Theorem
3.4.2 of Section 3.4 is obtained by replacing the hypothesis (Hi13) and (#1s) of Theorem
3.2.2 with (Hag) and (Ha2), which is a criteria for the existence of at least two C!-positive
solutions for the system of SBVPs (3.0.2), (3.0.4).

In Chapter 4, Section 4.1, we discuss the four—point coupled BCs and studied the
system of SBVPs (4.0.1). In Theorem 4.1.9, by employing the Guo—Krasnosel’skii fixed
point theorem for a completely continuous map on a positive cone, it is shown that the
system (4.0.1) has a positive solution under the assumptions (Has) — (Has), where (Ha3) is
about integrability condition while (H24) and (Hzs) are sublinear conditions on nonlinear
functions f and g. Moreover in Section 4.2, Theorem 4.2.1, we studied the existence of
C*'-positive solutions to the system of SBVPs (4.0.2) under the hypothesis (H10) — (H12),
(H14), (H29), (Hs31) and (Hsz). The hypothesis (Hag) is a replacement of (Hz) in the
case of two-point coupled BCs (4.0.2), (H31) is a generalization of (#i5) in case system
of SBVPs (4.0.2) while (#H32) is nothing but (Hi¢) for E = M and F = L.

In Chapter 5, Section 5.1, we develop the notion of upper and lower solutions for the
system of SBVPs (5.0.4). Theorem 5.1.1 guarantees the existence of C'-positive solutions
for the system (5.0.4) under the hypothesis (Hgs) — (Hao), where (#H33) is equivalent to
(H10), (Hss) is just a continuity condition on nonlinear functions f; (i = 1,2), (Hss)
and (Hs3e) defines upper and lower solutions, (Hs7) is a condition about the concavity of
solutions, (H3s) is a natural assumption when the functions f, g are singular with respect
tox =0 and y = 0, (H3g) is about integrability condition and (H49) is desired to bound
the derivative of solution. Further in Section 5.2, we establish the existence of C'!-positive
solutions to the coupled system of ODEs (5.0.5) subject to BCs (5.0.6). Theorem 5.2.2
offer C'l-positive solutions to the system of SBVPs (5.0.5), (5.0.6) under the hypothesis
(H41) — (Ha7), where (Hy1) is about integrability condition on p; (i = 1,2), (H42) and
(Hye) are weaker than (Hi1), (Has) is more general than (Hi2) when nonlinear functions
are sign—changing, (H44) is required to bound the solution which is much simpler than
(H13), (Has) is just (H14) for I = J; and J = Jp, and (Hy7) is required to prove that the
solution is positive. By replacing the hypothesis (H44) in Theorem 5.2.2 with (Hag) we
obtain Theorem 5.3.2 of Section 5.3, which is a criteria for the existence of at least one

C'-positive solutions to the system of ODEs (5.0.5) subject to BCs (5.0.7).
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