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Chapter 1

Symmetry methods for real ordinary

differential equations

1.1 Introduction

The history of differential equations (DEs) goes back to the fundamental works of G. W.
Leibnitz and I. Newton who developed calculus independently. Newton wrote fundamental laws
of nature in terms of DEs that resulted in their first explicit use in the 17th century. They
constitute one of the most important disciplines of mathematics and play a fundamental role in
mathematical physics. The governing equations of a dynamical system in physical phenomena
are DEs, which lead to their diverse use in fields like physics, chemistry, engineering sciences,
economics, ecology, biology and many other branches of science.

After the pioneering work of Newton and Leibnitz DEs have been studied as an essential
area of mathematics. They are distinguished with respect to their type, order, homogeneity
and linearity and most of all ordinary or partial differential equations. The order of a DE is
the order of the highest derivative. A linear DE is linear in the dependent variable and all its
derivatives.

An important, perhaps difficult, aspect of DEs is to find their solutions. It is comparatively
easier to deal with ordinary differential equations (ODEs) than partial differential equations
(PDEs) for the very basic reason that the solution space of a PDE is infinite dimensional.

Another vital issue is with nonlinearity of DEs. There are several methods developed to deal



with such an issue. Some ODEs are dealt with by writing them in an appropriate form so
that these could be solved analytically easily e.g. separation of variables, homogenous function
methods, power series, Frobenius method etc. Generally most of the ODEs encountered are
difficult to solve analytically.

S. Lie, who gave another way of dealing with nonlinear DEs, was impressed by Sylow’s
lecture on the use of group theory to obtain the solvability of algebraic equations. He thought
that a unified approach may be constructed that contains all the classical methods for solving
DEs known at that time. In 1879 he constructed groups of continuous transformations (named
Lie groups after him). He noticed that ODEs can remain invariant under continuous deforma-
tions of the dependent and independent variables. This would generalize various methods of
change of variables. The observation was very fundamental and led to a new branch of math-
ematics known as symmetry analysis for solving DEs. A symmetry group of a system of DFEs
is a group of transformations that maps any solution of the system to another solution. Such
groups depend upon continuous parameters and consist of point transformations acting on the
system’s space of independent and dependent variables. Elementary examples of Lie groups
include translations, rotations and scalings. Lie gave a complete complex classification of non
isomorphic algebras admitted by a second-order ODE in [37, 38, 39, 40]. Since then there have
been various generalizations of Lie’s idea to systems of real ODEs and PDEs [5, 23, 55, 61].

Lie’s work systematically relates a miscellany of topics in ODEs including: the integrating
factor, separable equations, “homogeneous” equations (in the sense that the functions involved
are homogenous functions of some degree), reduction of order and the methods of undetermined
coefficients and variation of parameters for linear equations, solution of the Euler equation and
the use of the Laplace transform. Lie also indicated that for linear PDEs invariance under a
Lie group leads directly to superpositions of solutions in terms of transforms [16].

There are several powerful methods available to solve DEs. Apart from the ODE or PDE
divide DEs are classified mainly in two categories, i.e., linear and non linear. One approach
to deal with non linear DEs is to find a local transformation that converts it to a linear DE.
However, it is difficult to construct such transformations. Lie used the symmetry approach to
construct exact solutions and to linearize certain DEs. In all the cases for what exact solutions

of a DE can be found, the underlying property is a symmetry of that equation.



Another important branch of mathematics mainly developed in the same century by Rie-
mann was complex analysis. Riemann was interested in the use of complex variables to solve
problems that appear in real analysis. In his thesis he stressed on the dependence of a complex
valued function on a complex variable, i.e., u(z) which is a complex combination of two real
valued functions of two real variables f(z,y) + tg(z,y), i.e. by identifying the correspondence
of the zy and fg-planes [59]. One direct implication of such a construction is that the informa-
tion of two dependent variables is encoded into a single complex dependent variable and of two
independent variables into a single complex independent variable with the coupling provided
by ¢.

In the rest of the thesis we have obtained non trivial results by restricting complex variables
in the Lie approach to real variables, which we call complex Lie symmetry (CLS) analysis. It is
seen that certain complex ODEs (CODESs) remain invariant under continuous groups of complex
transformations of the dependent and independent complex variables known as complex Lie
groups. This fact can be used in constructing the complex solutions of CODEs. An important
and useful characteristic of CODEs is that we require analyticity instead of (n + 1)-times
differentiability (for an n** order system of DEs) that helps in many ways. A CODE yields a
system of PDEs. However, the fact that complex analyticity implies that the Cauchy-Riemann
equations (CREs) hold, incorporates them into the system. We study the invariance of such
systems of PDEs via the invariance of CODEs. Further, if a complex dependent variable is
restricted to depend on a single real variable, then that CODE (which we call an r-CODE) yields
a system of ODEs. The invariance of r-CODEs yields the invariance of systems of ODEs that
explains an unexpected use of complex analysis.

CLS analysis has been mainly used in three ways (a) to study the invariance; (b) lineariza-
tion; (c) solution of variational problems in CODEs and r-CODEs that yield the invariance,
linearization and variational problems of systems of PDEs and ODZEs respectively. The remark-
able way that complex analysis simplifies complicated expressions and results, which Penrose
calls “complex magic” [56], yields a non trivial way to linearize PDEs and their systems.

The outline of the thesis is as follows. The remaining Chapter 1 reviews the basic concepts
of real Lie groups of transformations and real Lie algebras used in subsequent chapters. A Lie

group of transformations is characterized in terms of its infinitesimal generators, which form a



Lie algebra.

Chapter 2 is concerned with the basic definition of CLSs for CODEs. It also deal with
existence and uniqueness of solutions of CODEs. The classification of systems of PDEs with
respect to the Lie algebra admitted by a CODE is also given. It also includes the use of complex
Lie symmetries to the restricted CODESs that yield analysis of systems of ODEs corresponding
to them.

In Chapter 3 we discuss an important method of linearization which is to find a local
transformation that maps a non linear DE into a linear DE. We present the Lie approach of
finding the linearizing transformation for CODEs and r-CODEs and their use in the linearization
of systems of PDEs and systems of ODEs respectively.

Chapter 4 treats another important use of complex Lie symmetries in variational problems
by introducing the notion of a complex Lagrangian and its use in complexified Euler-Lagrange
equations. The definition of complex Noether symmetries is also presented. The double reduc-
tion of order of CODEs and r-CODEs is also mentioned.

We follow the standard procedure of using the principal values of complex-valued functions
unless otherwise stated. Further we only classify those CODEs that have analytic coefficients
and derivative operators and avoid equations containing x, ¥, Z, ]2\2 etc.

We conclude and indicate directions for future research in the last chapter.

1.2 Real manifolds

A real manifold is a separable, connected, Hausdorff space with local homeomorphism from
open covers on it to R™. In simple words a manifold locally looks like R”. Mathematically an
n—dimensional manifold M is equipped with open charts, (U;, ¢;), such that UU; = M, where
Ui, i =1,2,...,n, are open sets in M and the ¢, are homeomorphisms from open sets in M to
R™.

We now discuss a few characteristics of manifolds in detail as these are of great relevance in
studying symmetries. A homeomorphism is a one-to-one, invertible and continuous mapping,
i.e., it sends open subsets into open subsets and vice versa. The basic purpose of a homeomor-

phism is to assign coordinate systems in neighbourhoods of points of a manifold that help in



developing calculus on the manifold. Further the choice of coordinate systems on a manifold
is not unique. Thus in the theory of manifolds: all coordinate systems are equally good. 1t is
also pointed out that this fact is in full harmony with the basic principle of Physics (general
covariance): a physical system must behave in the same way whatever coordinates we use to
describe 1it.

A space is said to be separable if it contains a countable dense subset. A space which has
a one-to-one correspondence with the set of natural numbers is said to be countable. Further,
a subset is dense if its closure is equal to the set. For example R is separable because the set
of rational numbers, Q, is a countable dense subset in it. More explicitly a separable space is
a continuum, i.e., it contains all of its accumulation (limit) points.

A space is disconnected if it contains two disjoint open subsets such that their union is equal
to the space and the closure of one is not contained in the other. For example, Q is disconnected

because it contains two disjoint open subsets,

A={aeQ, a<v2} and B={beQ, b> 2}, (1.1)
such that
ANB=¢, AUB=Q, (1.2)
and further
ANB=¢, ANB=¢. (1.3)

A space which does not contain any disconnection is said to be connected. Therefore a connected
space contains no gaps.

A Hausdorff space is one in which distinct points are contained in disjoint neighborhoods.
A neighborhood of a point is a set containing an open set containing the point. For example,
R, R? etc or S', 52 etc. This is an important property in terms of calculus especially in moving
along the curves on a manifold. Now we take an example of a curved surface, e.g., a sphere 52
in R?® and determine a coordinate system on that.

Example 1.1: A sphere in three dimensions, S?, satisfies

? +y? + 22 =ad?, (1.4)



where a is the radius of the sphere. There are two coordinate systems that are generally assigned

to a sphere: polar and stereographic projection. The polar coordinate system is given by

x =acospsiny, y=asinesiny, z=acosy, a € R, (1.5)

where ¢ and ¢ range from 0 — 27 and 0 — m, respectively. The stereographic projection is
developed on a sphere by connecting the North Pole (0,0, 1) (reference point) to a point on the
equatorial plane. It may be seen that the line so defined intersects the sphere at some unique

point (X,Y’). The stereographic coordinates of the point (X,Y’) are

(1.6)

We can develop another stereographic coordinate chart, (U,V), by taking South Pole as a
reference point so that

x -y
= V= . 1.
v 142’ 1+ 2 (1.7)

It can be proved easily that the transition from one coordinate chart to another is smooth.
Thus S? is a manifold. An important aspect of it is that it may happen that no coordinate

system is usable everywhere at once.

1.3 Point transformations, prolongation and generators

DEs are equations containing the derivatives of one or more dependent variables with
respect to one or more independent variables. They are classified according to their type,
order and linearity. An ODFE contains derivatives of one or more dependent variables with
respect to a single independent variable. If it contains derivatives of one or more dependent
variables relative to more than one independent variables it is a PDE. Its order is the highest-

order derivative in it. It is linear if it can be written in the form

dny dn—ly dy
dpn—1 + ... Fa; (@@‘Fao (v)y=g(z), (1.8)




where y is the dependent variable and x the independent variable. It is homogenous if g(x) = 0.
An equation that is not linear is said to be nonlinear. It is seen that a DE may be simplified

by changing the variables,

:f:p(CC,y), QZQ(x7y)7 (19)

where p and ¢ are continuous functions, and (1.9) is known as a point transformation that
continuously maps points (x,y) into points (Z,y). Consider invertible point transformations

that depend upon, at least, one arbitrary parameter d,

where p and ¢ are infinitely differentiable with respect to = and y and analytic in 6. A one-
parameter real Lie group of transformations is a group G of invertible point transformations
of the form (1.10) with an arbitrary parameter § [28] if G contains the identity transformation
(e.g. p(d)]s=0 =z, q(0)|s=0 = y) as well as the inverse of its elements and their composition.
The composition is analytic with respect to the arbitrary parameter 9.

The transformations (1.10) give a symmetry group of a DE,
E (x,y,y',y", ...,y(”)) =0, (1.11)
if the equation is form invariant, i.e.
E (x 3,7, 4" ...,g<">) —0, (1.12)

whenever E (z,y,v,y", ...,y(”)) = 0 [28, 53, 55, 61]. Here v/ = dy/dz etc. A real symmetry
group of a DE is also said to be admitted by it.

A simple example of a one-parameter group in the real domain is given by the rotations

Z=mxcosd —ysind, §=xsind+ ycosd. (1.13)



We obtain the infinitesimal form of (1.12) by expanding it near zero using Taylor’s series as

T = z+&(x,y)d+...,

g = y+n(z,y)d+.., (1.14)

where the functions ¢ and 7 are defined by [61],

E@) = elsgr ) = Py (1.15)
In terms of an operator,
X =€ (@) 5 +n(o0) 3 (1.16)
(1.14) can be written as
T = z+6Xz+ ..,
g = y+oXy+.. (1.17)

The operator X is called the infinitesimal generator or the infinitesimal operator of the trans-
formation as the repeated action of it draws the orbits of the group. It appears as a symmetry
of a DE provided it satisfies symmetry condition. We will discuss this point later.

Example 1.2: Consider the generator

0 0
X=z— —. 1.1
$8x+y8y (1.18)

Then we have & (z,7) = 02/00 = & and 7 (Z,7) = 0y/00 = § so that their solutions with initial
values Z (0) =z, §(0) =y is

i=cz, §=2¢y. (1.19)

Thus (1.19) is the required group transformation. This is a (special) scaling- or similarity-
transformation: all variables are multiplied by the same constant factor.

Example 1.3: For small §, i.e. § << 1, the rotation (1.13) can be written as

T=x-yd, §=y-+d, (1.20)

10



which gives
0% 0y
§($7y) = 85‘6:0:_3/7 n(x,y): 85’5:0:'%.'

Therefore the infinitesimal generator of rotation is

0 0
X = —y%+xa—y.

(1.21)

(1.22)

This point transformation rotates each point of the plane to another point. Thus we can always

obtain the one parameter Lie group of transformations by solving an intial value problem given

by the Lie equations, i.e., if we know its infinitesimal generator. This is Lie’s first fundamental

theorem. The most important thing about infinitesimal generators is that they are linear

operators although the transformations can be very complicated. Further this remarkable

feature of symmetries indicates the fact that we can use them to remove non linearity in the

determining equations for the symmetries.

The generator X as given by (1.16) explicitly refers to the variables z and y. By introducing

a new change of variables u (x,y) and v (z,y) the coefficient functions £ and 7 are changed. For

example, if we express the generator (1.18) in coordinates
u=y/z and v = zy,

we obtain immediately,

Xu =0, Xv=~2w,

that is,

0
X = 2’1)%

As another example the generator (1.22) of a rotation can be expressed as

known as the polar form of rotation, by introducing the polar coordinates

)1/2

r= (a:2+y2 , @ =arctany/z.

11

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)



There always exist coordinates 7 (x,y) and s(x,y) for which the symmetry generator (1.16)

takes the simple form

0

X = —
0s

(1.28)

and (1.28) is called the normal form or canonical form of the generator X [28, 53, 55, 61].

If we want to apply a point transformation (1.10) to an ODE

E (w,y,y',y", ---,y(”)) =0, (1.29)

we must know how to transform the derivatives y(™, that is how to extend (or prolong) the

point transformation to the derivatives. This is done by defining

. @ N dy (z,y; 5) - Y (8:‘;/83/) + (8@/81’) o /.
YT 4z di(z,y;0) i (03/0y) + (0%)dx) ¥ (#.9,9'59)
~/
g = ZZ; =7" (z,y,9,y";6) etc, (1.30)

that is, the transformed derivatives are the derivatives of, and with respect to, the transformed
variables. Thus a nice characteristic of a one-parameter real Lie group of transformations is
that it can easily be extended to higher-order derivatives and this fact plays a central role in
the theory of symmetry analysis of DEs.

Now for the extensions (or prolongations) of infinitesimal generators, X, we write

T = x4+ (x,y)+...=z+0Xx+ ..,
g = yt+on(zy) +..=y+Xy+..,
J = v+ (z,yy)+..=y+6Xy + ...,

= y™ 4 5y (x,y,y’, ...,y(”)) + o= y™ 4 eXy™ 4 (1.31)

=4
3
2
|

where &, 1, 17, ...,n(™ are defined by [28, 53, 55, 61]

T] = %‘6:07...,7] W §=0" (132)

12



Inserting the expressions (1.31) into (1.32) we obtain

- dy dy—+ddn+ ..
Py e = _dyTodnt ..
y VRO = e T dwtede+

/
Y +d(dnfdn) + .. ,+5<dn_ ,dg)er,

140 (dé/da) + .. dz Y 4z
~(n—1
G0 =y gy 4= B
dz
dn(n—1) d¢
_ n _ o, mEs
y™ 4+ 6 < — ) e (1.33)
from which we can see that the (™ [61] are
™ =Dn= D —y™MDg 7O =y, (1.34)
Here D is given by
d 0 3} 0 0
—=D=_— ' — " 1.
dx 8:c+y8y+y 8y’+y 8y”+ (1.35)

Therefore the extension (prolongation) of the infinitesimal generator (1.16) up to the n'* order

is given by

0 0 0
x 7] :§7+n7+n’a—y,+...+n(”) (1.36)

ox oy Oy’

We drop the index “[n]” in future, using the same symbol, X, for the generator and its extension.
This sloppiness in notation does not give rise to confusion since in most cases it is clear from

(n)

the context what is meant. We present the first two values of (™, i.e., nV) = 5/ and n® = 5",

which are
17(1) - (77y _ gx) y — fyy/27 (1.37)
77(2) = Mg T (277xy - fxx) y + (nyy - 250&1/) y? - gyyy/:%
+ (ny — 26, — 3§yy/) v (1.38)

Here the subscripts denote the partial derivative of the function.

13



1.4 Lie point symmetries of ordinary differential equations

We state an important theorem given in the literature [28, 53, 55, 61] and discuss its
applications.

Theorem: An ODE (1.20) admits a group of symmetries with generator X if and only if
XE|p_y =0 (1.39)

holds, i.e., the equation XE = 0 holds on solutions of E = 0. Note that (1.39) gives a system
of equations called the determining equations.

As an example we find the Lie symmetries of the simple harmonic oscillator linear DE

E(z,y,y.,y")=y"+y=0. (1.40)
Solving for X in
XE|p_o=0 (1.41)
gives
X" +y)lyriy—o = 0. (1.42)
This can be written as
0 + 0]l oy = 0. (1.43)

Use of the value of 7 from (1.38) and replacment y” by —y give

Naa + (277:(:3/ - gxa)y/ + (TIyy - 2£xy)y/2 - gyyylg + (Uy - 253: - Sgyyl)(_y) +n= 0. (144)

Equating the coefficients of 4/, 3/t v'? and y"® we get

YO g+ (—my 26y +0 =0, (1.45)
y' o 2, — & 36,y =0, (1.46)
y? Nyy — 284y = 0, (1.47)
y? o €, =0. (1.48)

14



Now (1.48) implies that
¢ =a(z)y + b(x).

Then (1.47) with the use of (1.49) gives
n=d (2)y* + c(z)y + d(z).
By invoking (1.49) and (1.50) in (1.46) implies that
2(24" (z)y + () — " (z)y — b (z) + 3a(z)y = 0.
Comparing the coefficients of »° and y! we get

Y0 o 2d(x) - b'(2) =0,

y' o d"(x) +a(x) =0.
The solution of (1.53) can be written as
a(z) = Acosx + Bsinzx.
From (1.45), after substituting (1.49) and (1.50), we get
0" @)y @)y @)+ (20 (@)y—c(2)+20 (@)y+ 20 (@)y-+d (2)y* +e(@)y-+d(2) = 0.
Comparison of the coefficients of y°, y' and y? yields

y* ¢ d'(z)+d(z) =0,
y' o () + 2V () =0,

y? : d"(z) +d(z)=0.
The solution of (1.56) can be written as

d(x) = Rcosx + Ssinz.

15
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The use of (1.57), after integrating with respect to ‘z’, in (1.52) implies that
b(x) = Pcos2x + @Qsin2x + U. (1.60)

Therefore (1.52) gives
c(z) = Qcos2zx — Psin2x + V. (1.61)

Hence (1.49) and (1.50) take the form

§ = (Acosz+ Bsinz)y+ Pcos2x + Qsin2z + U, (1.62)

n = (Bcosz — Asinz)y? + (Qcos2z — Psin2x + V)y + Rcosz + Ssinz, (1.63)

where A, B, P,Q, R, S,U and V are constants. Setting A = 1 and all other constants equal to
zero yields a generator from the list given below. The same procedure can be followed for the

other constants. Thus we have the eight generators

0 0
X; = ycosx%ffsinma—y, ngysin:c%wLyQCosm—y,
0 0 0
X3 = cos 233% — ysin 2:1:8—y, X4 =sin 2:1:% + 1 cos 21:a—y,
0 0 0
X5 = COSSC@, X6 = Sinx%’ X7 = %, XS = y87y (164)
1.5 Basic properties of real Lie algebras
If the group of real symmetry transformations
j:f($7y;5N)7 g:g(m7y;5N)7 NZ]‘?"'?T.? (1'65)

depends upon r—parameters d, then the general infinitesimal generator of this group is a
linear combination

X =b"Xy, BN =const., N=1,..,r (1.66)

16



of r linearly independent basic generators X, each corresponding to one of the group parame-

ters o, given as

0 0
Xy =¢&N (m,y)%—l—m\; (xay)@a (1.67)
where
oz oy
En (w,y) = %b]\]:(}a Ny (z,y) = 35N|5N:o- (1.68)

If we change the parameterization of the group, the result will be a linear transformation
Xy = BN Xy BX =const., |BN|#0, (1.69)

of the basic generators. The main advantage in using the infinistesimal generators instead of the
transformations of the finite group is that the generators are linear operators. The superposition
law (1.66) is linear and it does not matter in which order generators are added.

The commutator of two generators, Xy and Xy, is defined by
XN, Xn| = XnXy — XXy, (1.70)

which obeys the properties of bilinearity, skew-symmetry and Jacobi’s identity [23, 61]:

1. Bilinearity

[oX N + 68X, Xp] = [ Xy, Xp| 4+ B8[Xw, Xp];  «and § are scalars. (1.71)

2. Skew-symmetry

(X, X] = = [Xar, Xn]; (1.72)

3. Jacobi identity

HXN,XM] ,Xp] + HXM,XP] ,XN] + [[XP,XN] ,XM] =0. (1.73)

17



All symmetries can be written as a linear combination of the r basic generators and we have
Xy, Xuy] = ChuXp (1.74)

The constants C%,, are called the structure constants of the group.
For example, if we take Xo = ysin 3:6% +12 cos :Ea% and X4 = sin 2&08% +y cos 23:6% as given

in (1.64), then

[Xo, Xy] = XoXy — XyXo = —ysingr:2 —q? cosa:2
ox oy

= —X. (1.75)

Hence C3, = —1 = —C%}, and C3, = 0 = Cf,.

A Lie algebra is a vector space over R or C with a bilinear bracket operator (the commutator)
satisfying the properties (1.71), (1.72) and (1.73). Lie’s second and third fundamental theorems
state that the set of infinitesimal generators {Xx}, N = 1,...r, of an r-parameter Lie group of

transformations (1.65) forms an r—dimensional Lie algebra over R or C.

1.6 Symmetries of systems of ordinary differential equations

The system of p ODEs of order k,
&(&xxwwﬂ“)zu i=1,2,...p, (1.76)
admits a symmetry algebra with generator,

0
X:é-(&x)i—i_na (57X)

o (1.77)

oz’

if and only if XE; |g,—0o= 0 holds, where x is a point in the underlying m-dimensional space, x

is the first derivative of x, x*) is the k"-order derivative with respect to s and

0
XZ&(&X)%‘H?Q (S7X)

o
+ 0% (5,%,%) 5+ e +—n%k)(s,x,n“,xﬁﬁ)

9
ox® oz
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is the extension up to the k™ order [28, 61]. The prolongation coefficients are

e
8 ds ds’
dni; d
e _ (k—1) _ cx(k)i
Ty = —gg o~ o k> 2. (1.79)

Equation (1.76) generalizes (1.29), which is contained in it as a special case. It serves to
determine the components 77,Ofk:) of the symmetry generator X when E; (the set of DEs) are

given.

1.7 Symmetries of partial differential equations

In order to obtain the symmetries of PDEs and their systems we need further to extend
one parameter Lie point transformations to include all dependent and independent variables.
Consider a system of PDEs,

K, (a2t Y Y5, Y, -) =0, (1.80)

in the n independent variables °, the m dependent variables y®(x?) and their derivatives given

as
B aya o a2ya

Our aim is to find the transformation (7%, §*) such that the system (1.80) is form invariant i.e.
Ko(#,5%,9%, 75, ) = 0. (1.82)
For a one-parameter group of transformations

(67 (67

o= B y%0), 7Y =7 y%0), 7% =y 5 0),

i = 1,..n, a=1,..m, (1.83)
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and the use of the Taylor’s series

. o 9t
Fo= 2@ y?) e €= Sli,
00
~o « af .t a aga
Y = y +n7 (:E 'Y )5+ o M= % 0=0> (184)
~ @ Qi o « 8:&702[
g5 = yi+ni@yhyi)d+ .., ni = BY; ls=0
the prolonged symmetry generator becomes
Y e 9 (oW e 0 Qb o, o 9
7
where the prolongation coefficients are given as
D D¢
= Da? _y?D:L‘i’
Dp? D¢
T = Dl YkDad (1.86)
where
D 0 o 0 o 0
= e —— . 1.87
Dzt oxt + yﬂ aya + yaZJ 8y;1 + ( )
The symmetry condition is
XK,=0, modK,=0, (1.88)

and the DEs K, = 0 have to be used when evaluating XK, = 0, which is best done by

eliminating as many of the highest derivatives as possible.
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Chapter 2

Symmetry methods for complex

ordinary differential equations

This Chapter explores the implications of Lie’s complex symmetry analysis by explicitly
regarding the complex variables as a pair of real variables with complex structure. A CLS of a
CODE (r-CODE) yields two RLSs for the systems of PDEs (ODEs). Further it corresponds to
a complex operation that includes the information of two distinct real operations. For instance
a rescaling in the complex plane represents rescaling and rotation in the real domain, as should
be expected. The complex Lie classification of second-order CODEs (r-CODEs) with respect
the complex Lie algebras yields a unique classification of systems of PDEs (ODEs). We then
investigate reduction of order in a large class of systems of PDEs and ODEs in a non trivial

way by using “complex magic”.

2.1 Complex manifolds

A complex manifold is a manifold that has a complex structure on it. In comparison to
a real manifold, a complex manifold is locally identical to C™. Since a complex manifold is a
manifold, it is separable, connected, Hausdorffness etc. By a complex structure we mean that
a complex manifold Mc is completely filled with open charts (Uj;, f;), i.e. UU; = Mg, where
its U; j = 1,2,...,n are open sets on the manifold and f; : U; — C" are holomorphic functions

(complex analytic).
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It was Riemann who identified the significance of holomorphic functions that provide the
basic difference in the understanding of real manifolds in comparison to complex manifolds.
Riemann stressed on the geometrical dependence of f(z) by regarding it as the dependence of a
plane A determined by z = z+y on plane B determined by f = ¢ +w1). It is important to grasp
the idea of holomorphic functions. A function f: D — C, where D is a domain in C, is said to
be holomorphic at ¢ € D if f is complex differentiable at every point of some neighborhood of
c. This can be translated into the real domain by saying that all first-order partial derivatives
of f are continuous and satisfy the CREs at every point of that neighborhood. Therefore, if z#

is a trivial coordinate system on a manifold Mg, then

= = — YV u=1,... 2.1
8:];“ 8yl’L’ ayu axu7 lu’ 9 7n7 ( )
where
i = ¢j+uwb;, Vg,
2 = ot oyt (2.2)

The equations, (2.1), give an analytic structure on the manifold, namely, the existence of
CREs at each point of the manifold. If there exists an analytic structure at each point of a real
manifold, then it can be complexified, i.e., it can be transformed into a complex manifold. We
illustrate this fact by considering the same example of a sphere and the real plane.
Example 2.1: In Example 1.1 it was seen that the stereographic coordinates of a point
P(z,y,2) € S2\{N}, where N is the North Pole, projected from the North Pole are
€z Yy

X Y)=(——,——), 2.3

(xX7) = (2, ) (23)
while those of a point P(x,y, z) € S?\{S}, where S is the South Pole, projected from the South

Pole are

UV) = (s 1) (2.4)
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We define complex coordinates
Z=X+4+.Y, W=U++.V. (2.5)

Then W is a holomorphic function of Z in its domain of definition,

r—w  1-=z X =Y 1

= X—-—WY)= —— = —. 2.
14z 1+z( 28 X24+v2 7 (2:6)

Thus S? is a complex manifold which is identified with the Riemann sphere C U {oo}.
Holomorphic functions are of great importance. Their significance is apparent in the fact
that these are angle and orientation preserving maps which together amount to angle preserva-
tion with conservation of direction that according to Riemann: similarity obtains between the
smallest parts of plane A and their images on plane B. These properties play a vital role in

many physical problems.

2.2 First- and second-order CODEs

Consider a general first-order CODE

v (2) = w(z,u(z)), (2.7)

where w is holomorphic function and the derivative is with respect to z. After substituting

z = z4w,u(z) = flz,y) + g(z,y),

w(z,u) = G(z,y,f,9)+H(z,y, f,9) (2.8)

we obtain the following system of PDEs

fx+gy = 2G(xayaf7g)a fx:gya

gm_fy = 2H(z,y, f,9), fy:_gma (2.9)
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where the CREs arise as a consequence of analyticity of w. The symmetry conditions for the

above system of PDEs are obtained by splitting the complex symmetry condition for CODEs

(1.39).

Examples 2.2: Consider a complexified Ricatti equation

which has the solution

We obtain

fotgy = 2* =1, fo=gy

gm_fy = —4fyg, fy:_gx

by using (2.10). The system above has a solution

f=-m 9=
T TRy TR

which can be obtained from (2.11). Note that, if we replace (2.10) by

u'(z) = au?,
where a = a1 + L, it yields the system

fm+gy = 2041(f2—92)—4042fg, fm

= Gy,

gac_fy = 2042(f2_92)+4041fgv fy:_ga;-

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Note that by simply adding a complex number to a CODE we extend the real system to a

general system, i.e., the first equation in the above system includes the quadratic term fg while

the second equation contains f2? — g2 whereas the first equation in (2.12) lacks the fg term and

the second equation does not contain f? and g2 terms. This is an intrinsic property of complex
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variable theory and plays a central role in dealing with large class of systems of PDEs. Further
the solution of the above system can be obtained from the complex solution, —a/z, of (2.14),

ie.

f . a1 a2y
- x2+y2 x2+y2’
g = R (2.16)

_x2—|—y2 22+ 2
Similarly a general second-order CODE is given by
u’(2) = w(z,u(z),u), (2.17)
where w is a holomorphic function. Further consider
w(z,u(z),u') = G(x,y, f,g,h, 1)+ H(z,y, f,g,h,1), (2.18)

where

2u' = fo+ gy + (g — fy) =h+d (2.19)

and G and H are arbitrary functions of z,y,h and [. The system of PDEs corresponding to
(2.17) is

fxx_fyy+2gxy = 4G($7y)fag7hal)) fx:gya

9zx — Gyy — Qfxy = 4H(z,y,f,9,h,1), fy = —Jzx- (2.20)

Therefore we can deal with properties of the above system by using (2.17) and its symmetry
condition (1.39).

Example 2.3: The complexified oscillator equation,

v = —u, (2.21)
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yields the system

fzx*fyy+29$y = —4f, fx:g;w

9rx — Gyy — 2fzy = —dg, fy = —Gx- (2'22)
The solution of the above system is

f = ajcoszcoshy+ agsinzsinhy 4 B sinx coshy — 5 cosz sinh y,

g = agcosxcoshy — agsinzsinhy + £ coszsinhy + 5 sinx coshy, (2.23)

which is obtained from the complex solution u = acos z + Ssin z of (2.21).

2.3 First- and second-order r-CODEs

Consider a first-order CODE

U (2) = w(z,u(2)). (2.24)

If we restrict u to depend on a single real variable z instead of the complex variable z, then the

above equation becomes

v (z) = w(z,u(x)), (2.25)
which, upon using
u(z) = f(z) + (), w=wi+ 1w, (2.26)
becomes
f, = ’Ll)l(l‘,f,g),
gl = wg(m,f,g), (227)
where
w(z,u(@) = wi(z, f,g) + w2 (z, f,9)- (2.28)
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A first-order ODE admits infinitely many symmetries. Similarly a system of two first-order
ODEs also admits an infinite-dimensional algebra. Our aim is to extract a subalgebra which
is obtained from a complex algebra, i.e. the algebra of conformal symmetries. Similarly a
second-order CODE of the form,

' (z) = w(z,u,u'), (2.29)

yields

f// = wl(ﬂf,f,g,f/,g/),

g” = w2(x7f’gaf/ag,)a (230)

where w is an analytic function and wy and wy are arbitrary real analytic functions of z, f, g, f’
and ¢’. Our aim is to find the symmetries of the above system, (2.30), by using the symmetries
of a general second-order r-CODE of the form (2.29). It must be pointed out that, although the
system (2.30) is in a general form, since w; and wy are components of w, their form depends on
the arbitrariness of w. This tells us that not every system of ODEs can be transformed into an
r-CODE. Further the complex symmetries of (2.29) will only yield the subalgebra of conformal
symmetries of system (2.30).

Example 2.4: Consider the complexified harmonic oscillator equation

u'(z) = —u(x) (2.31)

that yields
f'=—f ¢ =-g. (2.32)

Notice that the general solution of (2.31) is given as

u(z) = acosx + Bsinz, (2.33)
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where oo = a1 + Lo, f = B + 1B5. We can obtain the general solution of (2.32) by substituting
the values of o and 3 in (2.33)

f(z) = ajcosz+ fB;sinz,

g(zr) = agcosz+ fysin. (2.34)

This reflects the consistency of r-CODESs and their solutions in finding the solutions of systems
of ODEs. It is due to a procedure analogous to analytic continuation that in the intervening
steps we obtain the solution (2.34) of system (2.32). This observation plays a central role in
studying the symmetries of r-CODEs as it yields the symmetries of systems of ODEs. Thus
certain systems of ODEs can be treated equally well in the complex domain. It not only helps
in understanding the underlying structure of symmetries of r-CODEs but also its use in the
compactification of several distinct operations under the complex umbrella.

Examples 2.5: Consider the -CODE
(p(z)') + q(z)u =0, (2.35)
where

p(x) = p1(@) + pa(z), q(2) = qi(2) + 1ga(2), (2.36)

and each of the functions pi(z), pa(z), ¢i1(z) and g2(x) is a continuous real function on the
half-line a < z < oo. Such DEs have many interpretations and applications. For example, if
p(z) = 1 and the real and imaginary parts of equation (2.35) are separated, the resulting system

of two real equations is

M+afi—gfe = 0,

fo +efitafe = 0, (2.37)

which can be interpreted as equations of motions in the f;fo—plane, where u = f; + ¢fs.

Similarly, if in (2.35) p(x) = 1 and ¢(z) = AQ(z), Q(x) real and positive and A a complex
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parameter, one obtains

1+ Afi = Afe)Q = 0, (2.38)
5+ (Xefi+Aif2)Q = 0,

which is used in studying Cauchy’s problem for a generalized heat equation. Another important

application is obtained by taking a special case of (2.35)
[v'/q(2)] + q(z)u =0, (2.39)

where ¢(z) is a continuous real function on a < x < oo. The fundamental set of solutions

consists of functionals sin [ q(t)dt and cos [ q(t)dt.
2.4 Complex Lie point transformations
Consider complex parameter Lie point transformations given by
zZ=2Z(zue), u=U(zu;e), (2.40)

where € is a complex parameter such that \6]2 is ignored. The law of composition is holomorphic

(complex analytic) and satisfies all the group properties. When one uses Taylor’s theorem,

oz
2=zt o+ O(d?) = 2+ (2, u) + O(el?),

yod
i = u+ eai;yezo +O(le?) = u+ ex(z,u) + O(|e]?), (2.41)
where
0z ou
((z,u) = a\ezg, x(z,u) = a\ezg. (2.42)
Then
) )
7= (— +y— 2.4
Co, X, (2.43)

is called an infinitesimal complex generator of the complex Lie point transformations. Our

aim is to extract two real symmetry generators corresponding to two infinitesimal parameters,
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€ = €1 + Leg, from a single complex generator Z, i.e.

0 0 0 0
2X = 41% + <2@ +X187f + X250
0 0 0 0

2Y = — — (1= — —X1= 2.44
CQ&E <18y+X28f Xlag’ ( )
where
¢=0C1+ e X = X1+ txeo (2.45)
Further, ¢ and x are holomorphic functions, i.e.
9 _ 96 196G 06 (2.46)

oxr Oy o oy Oz’

hold at each point in the domain of definition of u. Therefore all coefficients of a complex Lie
symmetry satisfy CREs. The above real generators correspond to the following real infinitesimal
transformation

=G4, 4= f+.4, (2.47)

where

i = z+eal +ei+0(d,6),
j = y+el; —ealy+O0(e,e3),
f = f+eaxg+exs+0(d ),

?

= g+exi —exe + O[], 6). (2.48)

Notice that the above real transformation is a special case of a general real infinitesimal trans-

formation in two real dependent variables of two real independent variables. The coeflicients

30



(1,9, x1 and x5, can be calculated from (2.42) and are given by

2¢1(z,y, f,9) = gfl|e=0+aai|e:0,
20o(2,y, fo9) = gz\ezo—gile:o,
2 (5,9, 1.g) = gjmggyeo,
2x2(,y, f,9) = gze:o—gile:o. (2.49)

Example 2.6: Consider a one complex-parameter transformation of the form

€

Z=¢€%, U=c¢€u, |ef<1. (2.50)

Then, with the use of (2.42) the complex generator is given by

0 0

We can obtain the real transformations by putting z = = + ty and € = €1 + ez in (2.50)

Z = e(cosex+tsiner)(z + 1y),
a = e (coser + tsiner)(f + 1g), (2.52)
which can be written as
. 63 €3
Z = (l—l—el){l—§+L(62—€)}(:c+Ly),
2 3

- € €2
@ = (It+e){l— o +ue—2)}Hf+ ) (2.53)

Since higher orders of €; and €5 are neglected,

= (1+e)d+e)(z+w),

(I +e€1)(1 + eea)(f + eg), (2.54)

g
Il
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that is

Z = (1+e)r—ey+uy+eay+ex),

o = (I+ea)f—eg+ig+eag+ef).

Here the real infinitesimal transformations are

T = T+ ex— ey,
y = y+tay+texz,
f = f+eaf-—eg,
g = gteagtef,

and by using (2.49) we get

Cl(xayvfag) = T, C2($7y7fag):y7

xi(@y, fr9) = f, xa(z,u,f,9) =g

Using (2.49) we can obtain the real infinitesimal generators

0 0 0 0
2X = :L’—ax +y78y + ffaf -I-gfag,
0 0 0 0
2Y = y%—flfafy—i‘gaif— 879

(2.55)

(2.56)

(2.57)

(2.58)

The physical significance of complex symmetries may be seen by restricting the above ex-

ample to a single variable, i.e.

Therefore the complex symmetry is
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and yields

0 0 0 0
2X =x— — 2Y = y— —x— 2.62
e +y8y and Yor ~ oy’ (2:62)

where X is the generator of rescaling and Y is the generator of rotation about the z-axis. Thus
a complex symmetry couples two independent real Lie symmetries in an elegant way. This
elegance of complex variables is of great significance for many physical applications. The above
fact can also be illustrated by considering the product of two complex numbers in their polar

forms, namely

2129 = rreet1102) (2.63)

Thus the operation of multiplication of two complex numbers describes two independent real
operations, i.e. rescaling r172 and rotation 67 + 65. Notice that a simple complex Lie symmetry
(2.61) corresponding to infinitesimal transformation (2.59) yields two real Lie symmetries (2.62)

corresponding to two real transformations rescaling and rotation.

2.5 Complex Lie symmetries

Definition:
Let M be a complex manifold and G be a complex Lie group that acts on M. Also consider

a system of m-complex algebraic equations in n-complex variables of the form
Up(#)=0, (v=1,....m, p=1,..,n), (2.64)

where U, are complex analytic functions on M. Then a CLS is a symmetry that maps complex

solutions of (2.64) into complex solutions. We translate the above equations into real variables

by putting
ZM — .’,UM + Ly“ (265)
and
U, = F, +1G,, (2.66)
where
F, = Fv($“,y“), Gv = Gv(xuvy“)' (267)



Using (2.64) one can write

F,=0, G,=0, (2.68)

which is a system of 2m real algebraic equations in 2n real variables. Thus each CLS of (2.64)
gives two real Lie symmetries for the above system of real algebraic equations. It is obvious
that the above system is a special case of a system of 2m equations in 2n variables since the

U, are holomorphic functions. Thus we have
vacl‘ = GUMJ!" F'UWAU' = _vai"7 (269)

It is easily verified that Lie’s three fundamental theorems hold in the complex as they do in
the real domain [37, 38, 39, 40]. We restate them explicitly for the complex case. Lie’s first
fundamental theorem simply states that a one-complex dimensional Lie subgroup of G defines
an integral complex curve on G of a left- or right-invariant complex vector field determined by
specifying a tangent vector at the identity element of G [36]. Lie’s second and third theorems
reflect the fact that the vector space of all left- or right-invariant complex vector fields has the
structure of a complex Lie algebra the commutator of which is the same at all points in G

because of the invariance properties of the complex vector fields.
2.6 Prolongation and symmetry conditions
Consider an n* order CODE of the form,
H(z,u(z),d (2),u"(2), ...u™(2)) = 0. (2.70)
Suppose we can reexpress this equation in the form,
ul

") = w(z,u,u’,u”,...,u("*l)), (2.71)

where w is a complex analytic function. A complex Lie point transformation describes an infini-

tesimal motion on a complex manifold. Consider an infinitesimal complex point transformation
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z — z(€). When one uses Taylor’s theorem,
2e) = 2+ ¢((2) + O(e’), a(Z) = u(2) + ex(2) + O(le]*), (2.72)

where

C(Z) = 852 ‘6:05 X(u) = aea ‘e:O . (273)

The infinitesimal generator corresponding to the infinitesimal complex point transformation is

0
+ X(Z, u)i

Z:C(z,u)g B

= (2.74)

Here Z describes a complex vector field that maps each point of a complex manifold onto a
tangent vector on the complex manifold. The prolonged symmetry generator in the complex

case is similar to the real case, i.e.

Z= ((2) 0 +x(2) 4 101(2)

(2.75)

where we use the Einstein summation convention that repeated indices are summed over ¢ =

1,2,...,n. Here
dx" 1) d¢(2)
],y — X &) om 9
Then the symmetry condition in the complex case is
Zw = x™ mod H = 0. (2.77)

The above complex symmetry condition yields two real symmetry conditions for the study of

symmetries of systems of PDEs.

2.7 Classification of systems of PDEs

We have seen that the symmetries of a DE form a Lie algebra. Sometimes we are only able
to calculate a subalgebra of symmetries. We can reverse the order, i.e. by the classification of

second-order ODEs relative to the algebras they admit. The Lie group classification of a second-
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order CODE is the same in the complex case as in the real case, i.e. by the calculation of the
complex differential invariants [29, 54, 62, 63]. Such a classification of second-order CODEs
yields a non trivial classification of systems of PDEs corresponding to them. We present a few
examples to illustrate the fact.

Example 2.7: A general second-order CODE that admits a trivial complex translational
symmetry 0/0z is given as

v = w(u,u), (2.78)

which is clearly invariant under complex translation z — z + ¢, where ¢ is a complex number.
The complex translation symmetry yields the real translation symmetry generators in the x
and y directions

X=2 v=2 (2.79)
The system of PDEs derived from (2.78) is

fmr_fyy+29my = 4G(fag7hal)7 fm:gya

g:vac_gyy_Qfacy = 4H(f,g,h,l), fy:_gm~ (280)

Notice that the above equations do not depend on z and y explicitly. Thus these admit (2.79).
As a special case, if w does not depend upon u, then G and H in (2.80) also do not depend
upon f and g and the above system also inherits translation symmetries in f and g.

Example 2.8: We now take a non linear CODE admitting

Zi = 0)0z, Zn=0/0u,

Zs = 20/0z+ (z+u)0/0u (2.81)

of the form

v = cexp(—u). (2.82)
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Then the corresponding system of PDEs is

fex = fyy + 200y = 4de"(c1cos(l) + casin(l)), fo = gy,

Gze — Gyy — 2fay = 4e_h(02 cos(l) — cisin(l)), fy = —Ga» (2.83)

where ¢ = ¢1 + tco. The above system clearly admits trivial translational symmetries in x, ¥, f

and g. Further it has

(w+f)7+(y+g)

o 90 0
0 8 dg’

g 0 0 0
— — — 2.84

S =g a)5r — o4 D (2.84)
It seems difficult to find the symmetries (2.84) of the system (2.83) by the usual Lie approach.
Notice that the algebraic classification of a non linear CODE yields symmetries of non linear
system of PDEs.

Example 2.9: The CLSs admitted by a CODE of the form,

u’(z) =0, (2.85)
are
0 0 0 0 0
Z, = P Zy = . Zs = Za Z, U Zs 2o
B 0 0 5 0 0 5 0
Z¢ = ua, Z7—uz%+z 5 Zg—uza—ku e (2.86)

The CLSs have the same form as in the real case. These can be decomposed into their real and

imaginary parts to give us symmetries of the following system of PDEs

fxx_fyy+2gxy = 0, fx:gya

Grx — Gyy — 2fxy = 0, fy = —Yz, (2'87)

i.e. by placing
Z; =X;+.Y;, foral j=1,..,8. (2.88)
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Xi=—, Yi=—, Xo=—, Yo=—
1 8&:‘7 1 8y7 2 afa 2 897
0 0 0 0
Xo =g, gy Y8 =Vg, ~ 75,
0 0 0 0
Xy=f—tg— Yi=g——f—
0 0 0 0
X5 =a-— +y—, Y5=y— — 20—
0 0 0

Xe=f—+9g—, Yo=g—— f—

0 B 0 o
Xz = (fo = gy)5-+ (fy+gw)afy +(f? - 92)@ + 2fgafg,

Yo = (fy+92) 0 — (fa—g L — (- P L 42502

oz oy dg af

0 0 0 0

B 0 0 9 9, O 0
Ys = (fy+gl‘)af —(fx —gy)ag — (2" —y )ay + 22y 5. (2.89)

Since a second-order CODE admits an 8-dimensional maximal algebra (as a real DE [20, 42]),
one always gets a 16-dimensional algebra of systems of PDEs (2.87). The complex Lie algebra

of an m-complex-dimensional complex vector equation,

(ua)// =0, u®=u"(2), a=1,..,m, (2.90)

is isomorphic to sl(m + 2, C). The solution of above DE represents a complex line in m dimen-
sional space. One can derive geometrical implications by looking at dimensions of the real and

complex algebras. The difference between two algebras can be seen in the Table 1:
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Table 1: Comparison of RLS and CLS of a straight line

Real Algebra

Complex Algebra

n 1st Diff. | 2nd Diff.
Dimension Real Dimension
sl(1+2,C)|=8
1] sl(24+2,R)|=15 st ) -1
16-real sym. 6
sl(2+2,C)|=15
2 | [sl(4+2,R)|=35 st ) 5
30-real sym. 10
|sl(3+2,C)|=24
3| [sl(6+2,R)|=63 15
48-real sym. 14
|sl(4+2,C)|=35
4 | |sl(8+2,R)|=199 29
70-real sym. 18
|sl(5+2,C)| =48
5 | [sl(10+2,R)| = 143 47
96-real sym.
sli(2n+2,R)| = siln+2,C)|=
si2n+2B) = | [si(n+2,0) i3 | anss
(2n+2)2 -1 2[(n+2)% — 1]
Thus one gets
dov1 = dg+4, a=1,...,n,
di = 6.

(2.91)

It may be noticed that a complex line in C = R? has 16 real symmetries whereas a real line

in R? has only 15 real symmetries. Similarly a complex line in C?2 = R* has only 30 real

symmetries whereas a real line in R* has 35 real symmetries. Thus in higher dimensions a real

line has more real symmetries than a complex line because a single complex symmetry couples

two real symmetries.
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2.8 Reduction in order of systems of PDEs

One of the main uses of symmetries is to construct point transformations that map a DE
into a form such that the order of the resulting equation can be reduced. We use a CLS to
reduce the order of a CODE in the same way as in the real case.

Example 2.10: Consider the complexified harmonic oscillator equation
u(2) = —u(z). (2.92)
Then the corresponding PDEs are given by

fzx_fyy+29xy = —4f, fx:gy7

Grx — Gyy — szy = —4g, fy = —Gx- (2'93)

The above system can be mapped to a system which is equivalent to a special case of a Riccatti

system in two dimensions. One of the CLSs of CODE (2.92) is given by

Z=u— 2.94

which in turn yields the two RLSs of system (2.93)

0 0 0 0
X — f . Y =qg— — f—. 2.95
When one introduces two new complex variables s and t defined by
z=35 u=é, (2.96)
the equation is transformed into
t"+t?2+1=0. (2.97)
By putting
t' = p(s) = a(z,y) + b(z,y) (because s = z) (2.98)
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p = az + by + u(by — ay), (2.99)

we get,

p+p°+1=0, (2.100)
which is a CODE of order 1. After using (2.99) we get

ay +by,+a>—b*+1 = 0,

by —ay +2ab = 0. (2.101)

Notice that this is a special case of Riccatti system of second-order PDEs in two dimensions.
Also, the original system (2.93) is equivalent to (2.101). Thus one can use a CLS to reduce
the order of a CODE by one which in turn results in the elimination of second-order partial
derivatives of two real functions. The above algorithm can be applied to a general linear

homogenous second-order CODE of the form

u" + a1 (2)u’ + ag(2)u = 0, (2.102)

which also admits (2.94). Therefore its order can be reduced by using the same complex

transformation (2.96).

2.9 Classification of systems of ODEs

We now present the Lie table for r-CODEs which admit two-dimensional algebras of sym-

metries in Table 2, thus covering all cases.
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Table 2: Lie table for r-CODEs. Here p = 9/0z and ¢ = 9/0u.

Type | Dimension | Nonzero Forms Representative
of algebra | commutators | for generators Equation

I 2 Xi=p Xs=gq u =w(u)

I1 Xi=q, Xo=u1aq v’ = w(x)

I11 2 X4 X1=¢q, Xo=ap+uq | zu =w)

v 2 X4 Xi=q, Xo=uq u" = w(z)u

Now we provide an extension of the Lie table for systems of two second-order ODEs. In Table
3 the functions «;, o and n are arbitrary functions of their arguments except in III (a) and 111
(b). InIII (a) « and S are constrained by the given relation and in III (b) o(f', ¢') and n(f’, ¢")
must satisfy analyticity conditions which are forced as a consequence of the representative
equation being further subjected to invariance under the operators X, Xs and Y.

We notice that Types II, III and IV split up into two cases each. This is due to the fact that
the x and u do not have interchangeable roles when they are split as for a system in the extended
table there is one independent and two dependent variables. Further we see that II (a) and IV
(a) imply linearization. This provides us with an elegant algebraic criterion for linearization

for systems directly corresponding to the r-CODE. One can refer integrability properties in the

extended table to the Lie Table 3.
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Table 3: Lie table for systems of ODEs. Here p = 0/0z, r = 0/0f and s = 0/dg
Type | Dimension | Forms Nonzero Representative
of algebra | for generators commutators System Equation
I 3 Xi=p, Xz =r, f"=0o(f9), 9" =n(f"g")
X3 =35
ITa |4 Xi=r Y =s, " =o(x), ¢ =n(x)
Xg=uzr, Yo =15
b |3 X1 =p, X2 = fp, f"+o(f,9)f? =30(f,9)1'g"
Yo = gp =3n0(f,9).f%9 +n(f,9)9” =0
9" +30(f,9)f%9 —o(f.9)9"
+n(f.9)f” = 3n(f,9)f'g"* =0
Ila |4 Xi=r Yi=s Y1,Xo] =Yy, |af’=fald/f)
Xo=2xp+ fr+gs | [X1,Yo]=-Y1 | zg" = fB(g'/f)
Yy =gr—fs (X1, Y] =X, | f' = ggfi@;’é o
b | 3 X1 =p, (X1, Xo] =2Xy | ff" = 99" +0(f,g) (7 = 3f9?)
Xy = 2ap + fr+ gs, —n(f',g)3f?g' —¢"*) =0
Yo =gr—fs 9f"+ fg" +o(f,9)3f9 —g"?)
+n(f'.9")(f° = 3f'g"%) =0
IVa |4 Xy =7, Y =s X1, Xo] = X1 | f" = a1(2)f — as(z)g’
Xs = fr+gs Y1,X2] =Y,
Yo =gr—fs (X1, Y] ==Y | ¢" = a1(z)g’ + az(2) f
[Y1,Yo] =X,y
IVb |2 X1 =p, X1, Xo] =Xy | f"+ai(f,9)f"”
Xy = zp —a1(f,9)9? = 2a2(f,9)f'g' =0
9" +2a1(f, 9)f'g
+aa(f,9)(f? —9g?) =0

2.10 Reduction in order of systems of ODEs

We use a CLS to obtain the reduction of order of the system of ODEs corresponding to

r-CODEs. The order of an r-CODE can be reduced by one if it admits a one parameter Lie
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group of transformations which can be used to construct real transformations that reduce the
order of the systems of ODEs.

Example 2.11: Consider the complexified harmonic oscillator equation
u”’(z) = —u(x). (2.103)
The corresponding ODEs are given by

f” = _f7
J = —g (2.104)

The above system can be mapped to a system which is equivalent to a special case of the
Riccatti system. One of the CLSs of the r-CODE (2.103) is given by

B,
Z=ug.. (2.105)

which in turn yields the two RLSs of system (2.104)

9 a9 0

0
X=f— —, Y=9g— — . 2.106
When one introduces two new complex variables s and ¢ defined by
r=s u=c¢e, (2.107)
the equation transforms into
" +t? —1=0. (2.108)
By putting
t'=p(s) = a(x) + tb(x) (as s =1) (2.109)
p =dad 4+, (2.110)
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we get

P +p—1=0, (2.111)

which is a CODE of order 1. Using (2.110) r-CODE (2.111) yields

d+a>-b—-1 = 0,

W +2ab = 0. (2.112)

This is a special case of a Riccatti system. Further the original system (2.104) is equivalent to

(2.112). We can apply the same transformation to reduce the order of

v+ ay(z)u’ + az(x)u =0 (2.113)

by using (2.107).
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Chapter 3

Linearization of CODEs and
r-CODEs

Linearization, i.e. the use of point transformations, to convert nonlinear ODEs to lin-
ear form, was introduced by Lie [39]. He provided the linearizability criteria for any scalar
second-order RODE to be point transformable to a linear RODE via invertible maps of both
independent and dependent variables. He found that the RODE must be at most cubic in the
first derivative and that a particular over-determined system of conditions for the coefficients
must be satisfied (see e.g., [37 — 40]). Tresse [65,66] studied the linearization of a second-order
RODE by looking at the two relative invariants of the equivalence group of transformations,
the vanishing of both of which gives the necessary and sufficient conditions for linearization.
These are equivalent to the Lie conditions [45].

In this Chapter we have extended the Lie approach of linearization of RODEs via com-
plex point transformations to the complex domain and obtained corresponding Lie criteria for
CODEs. The CODEs can be linearized in the same way as RODEs via complex point trans-
formations. A CODE yields a system of PDEs after decomposing all the complex functions,
variables and derivatives into their real and imaginary parts. Further the complex analyticity
of u(z) yields CREs which are already linear and thus yield no difference for the linearization
of systems of PDEs. The linearization of systems of PDEs corresponding to a CODE follows

directly from the linearization of that CODE via real point transformations that are obtained
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after decomposing the complex point transformation.

3.1 Equivalent CODEs

Two CODEs are (locally) equivalent via an invertible complex transformations if one can
be transformed into the other by an invertible complex transformation. A CODE is a system of
four PDEs, which includes the two linear CREs in two unknown functions of two independent
variables. If a CODE is equivalent to another CODE via invertible complex transformations
then the system of PDEs corresponding to that CODE is also equivalent to the other system
of PDEs. The invertible complex transformation yields two real transformations, which can be
used to transform one system of PDEs to another system.

Every first-order CODE,
v (2) = w(z,u), (3.1)

can be transformed into the simplest one, v’ = 0, via a complex point transformation [46].
Similarly every linear second-order CODE can always be transformed into its simplest form via
invertible complex transformations, specifically into u”(z) = 0. For example the complexified
Riccatti equation,

u'(2) +u? =0, (3.2)

is transformable to U’ = 0 by means of
Z=z U=(1/u)—-=z (3.3)

Also the complexified simple harmonic oscillator equation

can be transformed into U” = 0 via the invertible complex transformation
Z =tanz, U = usecz. (3.5)

Generally the above argument does not hold true for higher order CODEs. To decompose
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the above CODEs into corresponding systems of PDEs, we write

Z = :1:+Ly,u(z):f(x,y)+Lg(:r,y), (36)

w = wi+ Lws (3.7)

and assume that the complex transformation (z,u) — (Z,U) is equivalent to the real transfor-
mation (z,y, f,g9) — (X, Y, F,G). The system of PDEs corresponding to a first-order CODE

is

fx +gy = 2w1(m7y7f7g)7

gx_fy = 2w2(mayafvg)a (38)
which can be transformed into

F,+G, =0, G,—F,=0, (3.9)

by an invertible real transformation derived from the complex point transformation. Similarly

the system of PDEs corresponding to a linear second-order CODE is

frz — fyy + 29z = 4w1(x, v, f,9,h, l)7

gm‘:v_gyy_zfxy = 4w2(xay7fag7h7l)7 (310)

where both w; and wsy are two such real functions that do not give rise to a nonlinear system.

The above system can be transformed into

Fxx — Fyy +2Gxy = 0,

Gxx — Gyy — 2Fxy = 0, (3.11)

via an invertible real transformation that is obtained from a complex transformation.
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Examples 3.1: The complexified Ricatti equation is equivalent to

fx+gy = 2(*f2+g2),

9o — fy = —8fg.
If we apply the transformation
X=z Y=y,
__/ N
e Y T T g Y

we get

FX+GY = Oa

Gx—Fy = 0.

(3.12)

(3.13)

(3.14)

(3.15)

Notice that a simple complex transformation for the complexified Riccatti equation yields a non

trivial real transformation (3.13) and (3.14) that transforms the system of PDEs (3.12) into its

simple analogue (3.15). This remarkable feature of complex variables is of great significance for

the linearization of PDEs and their systems.

Examples 3.2: The system

fxa:_fyy+29a:y = —4f,

Gzx — Gyy — 2fa:y = —4g
can be transformed into

Fxx — Fyy +2Gxy = 0,

Gxx —Gyy —2Fxy = 0
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via the real transformations

(1/2) sin 2z v — (1/2) sinh 2y
cos? x + sinh?y’  cos?z +sinh?y’
_ fcosxcoshy — gsinzsinhy G- fsinxsiny + g cosx coshy

F

(3.18)

)

cos? & + sinh? y cos? & + sinh? y

Thus the system of PDEs corresponding to a CODE can easily be transformed into its simplified
(linear) form by invoking complex transformations. It would have been very difficult to guess
or calculate the real transformations, (3.18), that transform system (3.16) into system (3.17)

without this formalism. It is a very nice characteristic of complex variables.

3.2 Lie conditions for CODEs and r-CODEs

Lie proved that a second-order scalar ODE which is at most cubic in its first derivative
is linearizable provided it satisfies four differential constraints involving two auxiliary variables
that Tressé reduced to two differential conditions [65,66]. We restate the Lie theorem for

CODEs by considering a CODE which is at most cubic in its first derivative
u"(z) = Az, u)u® + B(z,u)u? + C(z,u)u’ + D(z,u), (3.19)

where A, B, C and D are complex-valued functions, is linearizable according to Lie theorem.
Now we compile several known results (see [46]) based on linearization in the complex domain
as there is no difference made for the said purpose in Theorem 3.1. In the subsequent section
we decompose (3.19) into a system of PDEs by using (2.8) and by taking h and [ as real and
imaginary parts of u'.

Theorem 3.1. The following statements are equivalent:
1. A scalar second-order r-CODE is linearizable via a complex-like transformation;
2. Equation (3.19) has a maximal 8—dimensional complex Lie algebra;

3. The Tressé relative invariants,
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Il = Wy'u'u'u’s

d? d

I, = @’wu’u/ - 4%'wu’u — 3wy Wy + 6Wyy + Wy <4wu’u - %wu’u’)ﬂ (320)

both vanish identically for (3.19);

4. The coefficients A to D in (3.19) satisfy the condition of Lie type in the complex domain

1 2
k, = kK —AD+ -Cy — -B,,
T3 3

k., = —k*>—Bk—AK — A, — AC,
K. = K?4+Dk+CW — D, + BD,
1 2

where k and K are auxiliary complex functions;

5. The coefficients in (3.19) namely A to D also satisfy the Lie compatibility conditions

3A..+3A.,C -3A,D + Cy, —6AD, + BC, —2BB, —2B,, = 0,

6A4.D — 3B,D + 3AD, + B., — 2C.,, — 3BDy, + 3Dy + 2CC, — CB, = 0; (3.22)

6. Equation (3.19) has two commuting symmetries, Z; and Zg, with Z; = p(z,u)Zs for a
nonconstant complex function, p, such that a point transformation, Z = Z(z,u) and U =

U(z,u), which brings Z; and Zs to their canonical forms

0 0

Zy= 725, (3.23)

reduces the equation to the linear form U"” = W(Z);
7. Equation (3.19) has two noncommuting symmetries Z1, Zs, in a suitable basis with [Z, Zs] =
Z1, 71 = p(z,u)Zs for a nonconstant complex function, p, such that a point change of variables
Z =Z(z,u), U="U(z,u), which brings Z; and Zj to their canonical forms

0 0

Zi= 2 Zy=U-—
1 ) 2 UaU,

o0 (3.24)
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reduces the equation to the linear form U” = U'W (Z);
8. Equation (3.19) has two commuting symmetries, Z; and Zg, with Z; # p(z,u)Zs for a
nonconstant complex function, p, such that a point transformation, Z = Z(z,u),U = U(z,u),

which brings Z; and Zs to their canonical forms

0 0
Z, = BV 7y = U (3.25)

reduces the equation to one which is at most cubic in the first derivative;
9. Equation (3.19) has two noncommuting symmetries Z; and Zs in a suitable basis with [Z, Z3] =
Z; and Zy # p(z,u)Zs for a nonconstant complex function, p, such that a point transformation

Z =Z(z,u), U=U(z,u), which brings Z; and Z to their canonical forms

0 0 0
7= —, Zo=7— — 2
Vo B2 TV (3.26)
reduces the equation to
ZU" = aU® +bU™ + (1 + ﬁ)U’ LA v (3.27)
3a 3a  27a?’ ’

where a (# 0) and b are complex constants.

3.3 Lie conditions for systems of PDEs

According to Lie’s theorem the necessary condition for a second-order CODE to be lin-
earizable is that it is at most cubic in its first-order derivative implies the necessary conditions
for system of PDEs corresponding to that CODE, i.e. the system must be at most cubic in
first derivatives together with certain constraints on coefficients. The real transformations for
linearization of a system of nonlinear PDEs can be obtained by decomposing complex transfor-

mations that linearize a CODE. The general form of a system of PDEs corresponding to (3.19)
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is given by

foo = fyy + 202y = 4A' (R — 3h1%) — 4A*(3h31 — I*) + AB'(W* — %) —
8B?hl +4C h — AC?1 + 4D,
Gaw = Gyy — 2fay = AATBRL— 1) +4A%(h® = 3h®) + 4B°(h* — I7) +

8Bhl + 4C?h + AC' + 4D?, (3.28)

where all the coefficients A%, B',C* and D' are functions of z,y, f and g. Notice that the
above system is a special class of cubically semi linear non homogenous PDEs. Further the
arbitrariness of the functions A%, B?,C* and D' is restricted by the extent of arbitrariness of

the complex functions A, B, C' and D. For example, if A is linear in z and wu, i.e.
A=oaz+ pu+r, (3.29)
then A! and A? are of the special form

Al = a1z — agy + B1f — Bag + 71,

A? = sz +ary+ Baof + 819+ 7o (3.30)

Similarly, if A is quadratic in z or w, i.e.

A =22 (3.31)
then
Al = 222
A2 = 2zy. (3.32)
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Notice that A! does not contain the term zy and A? lacks any of 22 or y2. Therefore A' and

A? are not in general quadratic in  and y separately. Moreover if we assume A to be

A= a2 (3.33)
then
Al = ay(2? — %) + 200wy,
A% = ay(z® —9?) + 20y, (3.34)

which involves all the quadratic terms, but notice that both A' and A? are of the special forms
of a general quadratic expression. We stress the fact that we can only deal with those systems
of PDEs in the complex domain in which the functions A! and A2 in (3.28) have these special
forms. For other PDEs our complex methods do not apply. This answers the converse question,
i.e. “which systems of PDEs can be treated on the complex plane via complex symmetries?”
Further we present the following theorem.

Theorem 3.2. The following statements are equivalent.

1. The above system of PDEs (3.28) is linearizable via real transformations;

2. The coefficients in (3.28) satisfy

3AL, —3A}, +6A2, +3C"A} +3C" A2 — BA2C” + 3C*A,, — 3A;D' — 3D' A2+
2 42 241 11 12 22 21 1 1 2
3D?A3 — 3D*A; + 3A'CL + 3A'C2 — 3A’C} + 3ACL + Cf; — C}, +2CF,—
1l 112 212 2l 1,1 12 22 21
6A'D} — 6A'D2 + 6A>D} — 6A°D, + B'C} + B'C} — B*C} + B°C, -

1pl 1p2 22 2pl 1 2 2 1 _
2B'Bl - 2B'B2 4 2B*B? - 2B*B! — 2Bl — 2B2, — 2B2, + 2B}, =0, (3.35)

xT

3A2, — 347, —6A, +3C°A} +3C°A7 +3A7C" —3C' A, — 3D*A} — 3D*A}—
3D' A% +3D' A} + 3A°C; + 3A’CL + 3A'CE — 3A'C) + CF, — CF, — 20—
6A°D} —6A’D} — 6A'D} + 6A' D, + B*C} + B*C] + B'C} — B'C, -

2B°B, — 2B°B; — 2B'B2 + 2B'B, — 2B}; + 2B,; + 2B,, — 2B., =0 (3.36)
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141 142 242 2 41 1pl 1p2 22 2pl
6D' AL + 6D'A2 — 6D%A2 + 6D?Al — 3D'B} — 3D' B2 + 3D?B? — 3D?Bl+
1l 12 212 2l 1 1 2 1 2
3A'D! +3A'D? — 342D? + 34D} + BY, — Bl +2B2, — 20}, — 202~
2 1 1l 12 212 2l 1 1 2
202, +2C), — 3B'D} — 3B'D? + 3BD? — 3B°D} + 3D}, — 3D}, + 6D? +

2C'C} +2C'C2 — 2C°C7 +2C°C) — C'B, — C'B; + C°B: — C°B, = 0, (3.37)

241 242 142 141 2pl 22 12 1pl
6D?AL +6D?A2 + 6D'A2 — 6D Al — 3D2B} — 3D*B2 — 3D'B? 4 3D'BL+
2l 22 12 1pl 2 2 1 2 1
3A’D} +3A’D2 + 3A' D2 — 3A'D, + B2, — B2, — 2B}, — 202 + 20} 1+
1 2 2l 2712 12 1l 2 2 1
201, + 202, — 382D} — 3B2D? — 3B'D? + 3B'D} + 3D%; — 3D%, — 6D} ,+

2C%C; —2C*C +2C'C7 —2C'C) — C*B) — C*B. — C'B2 + C'B], = 0; (3.38)

3. The system of PDEs corresponding to a CODE has four real symmetries, X;, Y1, X2 and
Y-, with
X1 =pXo—p2Y2, Y1 =p Yo+ pyXo (3.39)

for nonconstant p; and py and they satisfy
(X1, Xo] = [Y1,Y2] =0, [X1,Ys] +[Y1,Xo] =0, (3.40)

such that a point transformation (z,y, f,g) — (X, Y, F, G), which brings X;, Y, X3 and Y,

to their canonical form

0 0 0 0 0 0
Xl—i, Yl—@, X2_X87F+Y@7 Y2_Y87F_X@ (341)

reduces the system (3.28) to the linear form

Fxx — Fyy +2Gxy = Wi(X,Y),

Gxx — Gyy —2Fxy = Wy(X,Y); (3.42)
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4. The system of PDEs corresponding to a CODE has four real symmetries X1, Y, X3 and
Yg, with
X1 =p1X2=py Y2, Y1 =p; Y2+ p,Xo (3.43)

for nonconstant p; and py and they satisfy either

[Xl, XQ] — [Yl,Yg] 7é 0 or [Xl,Yg] + [Yl,Xg] 7é 0 (344)

such that a point transformation (z,y, f,g9) — (X,Y, F,G), which brings X;, Y1, Xz and Y,

to their canonical form,

0 0 0 0 0 0

Xi=—, Y1=—, Xo=F—+4+G—, Yo=G— — F— 3.45
Y or YT aq T Var TYaq YT Car T aa (3.45)
reduces the system (3.28) to the linear form
Fxx — Fyy +2Gxy = HWl(X,Y)—LWQ(X,Y),
Gxx — Gyy —2Fxy = HWy(X,Y)+ LW(X,Y), (3.46)
where
H=Fx+Gy, L=Gx — Fy; (3.47)

5. The system of PDEs corresponding to a CODE has four real symmetries X1, Y1, Xo and
Y-, with
Xy #p1Xo—pp Y2, Y1 #p Yo+ ppXo (3.48)

for nonconstant p; and py and they satisfy

[X1,X2] = [Y1,Y2] =0, [X1,Y2]+[Y1,X2]=0, (3.49)

such that a point transformation (z,y, f,g) — (X, Y, F,G), which brings X;, Y, X3 and Y,

to their canonical form

Xi=—-o, Yi=-, Xo=—-r, Yy=—— (3.50)



reduces the system (3.28) to the system of PDEs corresponding to that CODE is at most cubic
in all its first derivatives;
6. The system of PDEs corresponding to a CODE has four real symmetries Xy, Y1, X5 and
Y5, with

X1 # p1Xo—po Y2, Y1 #p1 Yo+ ppXo (3.51)

for nonconstant p; and py and they satisfy either

[Xl, Xg] — [Yl,Yz] 75 0 or [Xl,Yg] + [Yl,Xz] 75 0 (3.52)

such that a point transformation (z,y, f,g) — (X, Y, F,G), which brings X;, Y, X3 and Y,

to their canonical form

0 0 0 0 0 0
Xl = 87F, Yl:@’ XQZXaiX‘l‘YaiY'i‘FaiF‘}‘G%,
v, = v 2 _x2 .69 pd (3.53)

0X oy oF oG’

reduces the system (3.28) to the linear form

X(Fxx — Fyy +2Gxy) =Y (Gxx — Gyy — 2Fxy) = a1 (H® — 3HL?)—

as(3H2L — L3) + by (H? — L?) — 26, HL + {3(a? + a3) + (b — b3)ar+

1
3(af + a3)

1
{2b1b9a1 — az(b? — b3)}L +

1
3(a? + a3) 3(a + a3)
1
{(b? — 3b1b3)(aT — a3) + 2a1a2(3bTby — b3), (3.54)

2b1b2&2}H — (blal + b2a2)+

27(a2 + a3)

Y(Fxx — Fyy +2Gxy) + X(Gxx — Gyy — 2Fxy) = ap(H? — 3HL*)+

a1(3H?L — L) + bo(H? — L?) + 20 HL + {3(a + a3) + (b7 — b3)as+

1
3(af + a3)
{2b1bgay — az(b? — b3)YH +

2b1b2a2}L + (b2a1 - b1a2)+

1
3(af + a3) 3(a + a3)
1

m{(%%% — b3)(ai — a3) — 2(b7 — 3b1b3)araz}. (3.55)
171 a3
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The invertible real transformations

=~ 1
X = Fa—— {(brar + bsaz) X — (bsas — bras)Y
T g (e T ha)X = (o —hia)¥,
~ 1
Y = G4+ {(bias + baas)Y + (bpar — bras) X 3.56
+3(a%+a%){( 101 + b2a2)Y + (bgat — biaz) X'}, (3.56)
1 1

F="(F2-GH+——_[{(b baas) X — (byay — bras)Y VF—
2( )+ 3(a? —|—a%)[{( 1a1 + baas) (beay — brag)Y'}

1

Y —biaz) X 18(a2 + a2)?
{bran + bra2) + (baar ~ b1a2) X}G + 1o g

[{(% — b3)(a — a3)+

4b1b2a1a2}(X2 — Y2) — 2XY{(2b1b2(a% — a%) — 2&1@2([)? — b%)H—l—

1
—  {a(X?—Y?) + 2 XY 3.57
2(0/% + a%) {(11( ) + ag }’ ( )
T =F —— boas) X — (byay — bias)Y
G G+ 30 + o) [{(b1a1 + b2az2) (beay — bra2)Y }G+

{(bray + b2az)Y + (baay — byag) X } F] + [2XY{(b? — b2)(a? — a2)+

18(a? + a3)?
Abibgayas} — (X2 — Y2){201by(a? — a3) — 2a1a9(b3 — b3)}]+

1

m@xym —ay(X? - Y?)} (3.58)

transform (3.54) and (3.55) into the system of linear PDEs

Gzz —Goy —2Fzy = 0. (3.59)

Now we discuss some illustrative examples.

Examples 3.3: Consider a nonlinear CODE of the form (this was discussed in [53] for the real

linearization)

u” + 3un’ + ud =0, (3.60)

which is linearizable as it satisfies the Lie complex conditions. The set of two non commuting

CLSs is

Z1 = 7 Z2 == 27 — U (361)



Note that Z; # p(z,u)Zs. We invoke condition six of Theorem 3.1 to find a linearizing trans-
formation. The complex point transformation that reduces the symmetries (3.61) to their

canonical form is

1 1
Z=>, U=z+-, (3.62)
u u
which reduces (3.60) to
ZU" = ~U® +6U” — 11U’ + 6. (3.63)

Equation (3.60) linearizes to U” = 0 via the complex transformations which is obtained by
placing a = —1, b = 6 in equation (3.14), that is
, U=

7= (3.64)

S
gl

It may be seen that the above transformation is a proper complex transformation. Thus one
does not get a contradiction that arises in the linearization of r-CODEs which is discussed in
the next section. Further the procedure that seems to be analogous to analytic continuation

does not arise here. The system of PDEs corresponding to (3.60) is

fxx_fyy+2ga:y = _12(fh_gl)_4(f3_3f92)7

9oz — Gyy — 2fzy = —12(gh + f1) —4(3f%g — ¢°), (3.65)

which admits the RLSs

0 0
X = _ Y e —
1 or’ 1 8y7
8 0 0 0
X = _ _ —_— g—
8 0

Yar %oy gaf f* (3.66)

These generators satisfy (3.51) and (3.52). The transformation,

f =g

=< vy=-1 3.67
2 +g? 2 +g? (367
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F:a:+fQj:gz, G:y—ﬁ, (3.68)
transforms (3.65) into
X(Fxx — Fyy +2Gxy) = Y(Gxx — Gyy — 2Fxy) = —4H3 + 12HL*—
24H? — 44H + 24, (3.69)
X(Gxx — Gyy —2Fxy) + Y (Fxx — Fyy + 2Gxy) = 4L* — 12H*L+
A8HL — 44L, (3.70)

where H and L are given by (3.17). The above system can further be reduced into very simplified
linear PDEs by using

X = —fgj:gQ, ~—y+ﬁ, (3.71)
o= 5 =)~ (el + 1) (372
G = ay fQng(yf — xg). (3.73)
The linear PDEs are
ex — Fyy +2Ggy = 0,
Gzz—Goy —2Fz5 = 0. (3.74)

Examples 3.4: Consider a second-order non linear CODE with an arbitrary function w(z)
un” = u? + w(z)u?. (3.75)

The above CODE admits two CLSs of the form

0 0
Zl = ZU%, ZQ = u% (376)
and thus
1
[Zl, ZQ] =0 and ZQ = ;Zl. (377)
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By using the complex transformation

1 1
Z=—- and U= -logu
z z

(3.75) can be reduced into a linear CODE

" 1 1

:ﬁw(z)'

The system of PDEs corresponding to (3.75) is

f(fwx_fyy+29my)_g(gm_gyy_2fxy) = 4h2—4l2+4w1(fQ—gZ)—ngwg,

f(gscx_gyy_2fzy)+9(fxx_fyy+29xy) = 8hl+8w1fg+4w2(f2—g2).

When one introduces the transformation

T -y
= Y =-—2
.,L.2_|_y2’ x2+y2’

R
_x2+y2[2asln(f +9%) + ytan (f)],
= m[mtanfl(%) — %hl(ﬁ +9°),

the system (3.80) is reduced to the linear system of PDEs

4 3 2 3 2
4 3 2 3 2

where
X -Y X -Y

w1 :wl( UJQI'U]Q( )

X2+Y2’X2+Y2)’ X24Y2 X24Y2

Examples 3.5: Consider the nonlinear CODE (cf [45])

1 /
" = —(u +ud).
z
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This equation has CLSs

The complex transformation

1
U:§,22 and Z = u,

transforms (3.86) into a linear CODE
U"+1=0.

The system of PDEs corresponding to (3.86) is

4

faz = fyy + 292y = W[mh(l + 1% = 31%) + yl(1 — 12+ 3%,
4

9zz — Gyy — 2fxy = m[l’l(l — l2 + 3h2) + yh(l + h2 — 312)]

and admits the symmetries

X, = z 0 __y 9O ) Qp— o _xz 9
22 +y20x a2+ y20y’ 22 +y20x a2 +y20y’
X, = 4* 9 fy 9., y O  gr O
22+ y20x a2+9y20y a2+ y20x a2+ y20y’
Y, — gr 0 gy O fy 0 fx 0

x2+y287x_x2+y287y_x2+y287x_m07y'

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

The above symmetries correspond to the condition five of Theorem 3.2. The real transformation

that linearizes system (3.90) is
1
X:fv Y:gv F:§($2_y2)7 G:SCy
The linearized system of PDEs is

Fxx — Fyy +2Gxy +4=0,
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Examples 3.6: Consider the nonlinear CODE

which admits the CLSs

R o 50
Z].—&—FZ%, =

Equation (3.95) reduces to a linear CODE by using the complex transformation
Z=2u—2* and U=z

It becomes

1
U,/ = *iUlw(Z)

The system of PDEs corresponding to (3.95) is

Jrz — fyy + 290y = 4+ 4{(h — $)2 U y)2}w1 —8(h —)(l — y)wz,

Grx — Gyy — Qfxy = 8(h - x)(l - y)wl + 4{(h - $)2 - (l - y)2}w27

which admits

a il 0y 0 0
Yor TVag Tt %8 Vo5 T oy

B 0 0 9 0 0
X, = :c%—kyafy—k(a: y)af—i-Qatya

0

) ) 0
Y, = Vg~ 8f+2wyaf (2 —y)ag

that satisfies condition four of Theorem 3.2. The transformation

X =2f —2?4+4% Y =2¢— 2ay,
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yields system of linear PDEs

Fxx — Fyy +2Gxy = —2(Hwi — Lws),
Gxx — Gyy —2Fxy = —2(Hws+ Lwy), (3.104)
where
1 1
w(z) =wy +1we, H = i(FX‘f‘GY), LZE(GX—Fy). (3.105)

3.4 Linearization of systems of ODEs

Here we are interested in developing the insights obtained by considering ODEs for complex
functions of a single real variable. Whereas linear r-CODEs are trivial, nonlinear r-CODESs
couple the two components of the complex function to work Penrose’s complex magic. An
r-CODE can be linearized in the same way as a RODE via invertible complex transformations.
It yields two RODEs. The linearization of such systems of RODEs follows directly from the
linearization of the corresponding r-CODEs after decomposing the complex transformation into

two real point transformations.

3.5 Equivalent r-CODEs

Two r-CODEs are (locally) equivalent via an invertible complex transformation if one can
be transformed into the other by an invertible complex transformation. An r-CODE is a system
of two RODEs in two unknown functions of one variable. If an r-CODE is equivalent to another
r-CODE via invertible complex transformations, then the system of RODEs corresponding
to that r-CODE is also equivalent to the other system of RODEs. The invertible complex
transformation yields two real invertible transformations which can be used to transform one
system of RODEs into another system. We illustrate this fact in the following examples. We
write u(z) as a complex function u of a single real variable, .

Every first-order r-CODE of the form

v (z) = w(z,u), (3.106)
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is equivalent to a simple r-CODE, v’ = 0, via a complex transformation which is the same
for RODEs [12]. Further every linear second-order r-CODE is also equivalent to its simple
analogue, u”(z) = 0, via some complex transformation. For example the complex Riccatti
equation

u'(z) +u? =0, (3.107)

is transformable to U’ = 0 by means of
x=z, U= (1/u)—=x. (3.108)
Similarly the complexified simple harmonic oscillator equation,
u(z) +u=0, (3.109)
can be transformed into U” = 0 via an invertible complex transformation,
X =tanz and U = usecz, (3.110)

in the domain (—n/2,7/2).

Now we decompose the above r-CODEs into systems of RODEs corresponding to them by

u(z) = f(x) + tg(x). (3.111)

Note that here f and g are functions of a single variable z. The system of RODESs corresponding
to (3.106) is
f,:wl(xafag)a g,:wQ(mafag)a (3112)

where wy and wsy are the real and imaginary parts of w. This system is transformable into
Y=0 and (=0 (3.113)

by the real invertible transformation derived from the complex transformation, where the com-

plex transformation, (z,u) — (x,U), is equivalent to the real transformation (z, f,g) —
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(x, Y, (). Similarly a general linear second-order r-CODE yields the following system of RODEs

f” = wl(x7f7gaf/ag,)v

g” = wg(m,f,g,f/,g'), (3114)

where both w; and wy are two real functions such that they do not give rise to a nonlinear

system. This system can be transformed into
Y =0, ¢"=0. (3.115)
Notice that the general solution of (3.109) is
u(z) = acosx + fsinz, (3.116)

where a and ( are complex constants such that o = oy + g and B = 1 + 155, despite the
fact that x is a real variable, because the solution is obtained from complex integration. When

one uses (3.111), the above solution becomes
f(x) =ajcosx+ Bysinz, g(r)=ascosz+ Bysinz, (3.117)
which is in fact the solution of the system

f"==f ¢ =-g, (3.118)

corresponding to the r-CODE (3.109) and indicating the consistency of r-CODEs and their
solutions. It is important to note that the solutions of r-CODEs yield solutions of systems of
ODEs corresponding to them. Now we obtain systems of ODEs corresponding to (3.107) in the
following examples.

Examples 3.7: The complex Riccatti equation (3.107) yields

f'==f"+g¢" and ¢ = —2fy, (3.119)
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which is a special case in two dimensions of the generalized Riccatti system. Note that what

seems to be a trivial complex transformation (3.108) yields the following non trivial real trans-

formation,
f -9
X =, T:f2+92—x, C:f2+g2’ (3.120)
that maps system (3.119) into
T =0 and ¢’ =0. (3.121)

Examples 3.8: The decoupled linear harmonic oscillator,

ff=~f ¢"=-g, (3.122)
can be transformed into
T'=0, ¢"=0 (3.123)
via the real transformation
x =tanxz, T = fsecx, (= gsecux. (3.124)

This transformation could have been easily guessed. However, the complex magic is that it can
be derived by the use of complex functions of a real variable.

Thus one can use simple complex transformations to map systems of two RODEs into
systems of simple RODEs which we state as equivalent systems of RODEs corresponding to

some r-CODE.

3.6 Lie conditions for complex functions

We state Lie’s theorem for r-CODEs that a second-order r-CODE which is at most cubic
in its first derivative is linearizable provided it satisfies four differential constraints involving
two auxiliary variables that Tressé reduced to two differential conditions [65,66]. We extend

the Lie theorem to r-CODEs by considering an r-CODE of the form
u"(z) = Az, u)u + Bz, u)u* + C(z,u)u' + D(z,u), (3.125)
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where A, B, C and D are complex-valued functions such that
A=A'" 414>, B=B'+.B* C=C'"+.C* D=D'"+.D> (3.126)

In the subsequent section we obtain the Lie’s condition for systems of ODEs corresponding to

(3.125) .

3.7 Lie conditions for systems of two RODEs

The fact that a second-order r-CODE is linearizable if it is at most cubic in its first deriva-
tive implies that a system of two RODESs corresponding to that r-CODE which is at most cubic
in the first derivative is also linearizable with the relevant conditions on the coefficients. We
can easily obtain the real transformations by decomposing each of the complex transformations
that linearize an r-CODE. The general form of a system of RODEs corresponding to (3.125) is
given by

fl/ _ Al(fl3 _ 3f/g/2) . AQ(Sf/2gI . g/3) 4 Bl(f/2 o 9/2) _ QBQfIgI + le/ . CQQI + Dl,
gl/ _ A1(3f129/ o gl3) 4 AQ(f/B o 3flg/2) + QBlf/g/ + B2(f/2 o g/2) 4 CZf/ + Clg/ + DQ,

(3.127)

where the coefficients A;, B; C; and D; are function of z, f,g. We obtain results for systems
of RODEs by decomposing corresponding r-CODEs and state them as Theorem 3.3 with the

following notation

Z, = X;+.Y;, 1=1,2,
p(z) = pi(x)+epa(z), x(@) = x1(2) + xa(2), (3.128)
where p; (z) and p,(x) are nonconstant real functions and the complex transformation (z,u) —
(x,U), is equivalent to the real transformation (z, f,g) — (x, Y, ().

Theorem 3.3. The following statements are equivalent:

1. The system of RODEs (3.127) is linearizable via real transformations;
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2. The coefficients in (3.127) satisfy

3A;, +3C'AL — 3A2C% — 3A;D' — 3D' A2 + 3D*A% — 3D°A) + 3A'Cl+
3A’Cy + Cjy — Cyy +2C%, —6A'Dy — 6A' D2 + 6A°D} — 6A°D)+

B'C} + B'C? — B*C} + B*C) — 2B'B, + 2B°B2 — 2B} — 2B2, =0, (3.129)

3A2, +3C*AL +3A2C" —3D*A; — 3D*AZ —3D' A} + 3D'A; + 3A°C, —
3A'Cy + C}; — C2,—2C}, — 64D} — 6A%D2 — 6A' D} + 6A' D)+

B*Cj+ B*C} + B'C} - B'C, — 2B*B, — 2B'B. — 2B2; + 2B, , =0, (3.130)

6D'A, —6D?A} —3D'B} —3D'B] + 3D*B} — 3D*B; + 3A' D} — 3A* D+
By, —2C;;2C2, —3B'D} — 3B'D} + 3B°D} — 3B>D; + 3D} —

3D;, + 6D7, +2C'C} 4+ 2C'C; — 2C*CF + 2C*C, — C'B, + C*B} =0, (3.131)

6D?A, +6D' A7 —3D’B}; — 3D’B] — 3D'B} + 3D' B, + 3A°D, + 3A' D2+
2 2 1 2l 22 12 1l 2
B2, —2C2; +2C,, — 3B°D} — 3B°D] — 3B' D% + 3B' D}, + 3D}~

3D2, — 6D;, + 2C°C} — 2C*C; + 20" CF — 2C*C, — C*B, — C'B} = 0; (3.132)

3. The system of RODEs corresponding to a r-CODE has four real symmetries X1, Y1, Xo
and Yo with
X1 = ,01X2 — ,OQYQ, and Y; = plYg + p2X2 (3133)

for nonconstant real functions, p;(x) and py(x), and they satisfy

(X1, X2] = [Y1,Y2] =0, [Xi1,Yo]+[Y1,Xo] =0, (3.134)
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such that a point transformation x = x(z, f,9), Y = Y(«, f,g) and { = ((z, f, g), which brings

X1, Y1, X5 and Y5 to their canonical form

0 0 0 0
Xi=7=, Yi=——, Xo=X==, Y2=—X= 3.135
reduces the system (3.127) to the linear form
T =Wi(x), ¢"=Wav); (3.136)

4. The system of RODEs corresponding to an r-CODE has four real symmetries X1, Y1, Xo
and Yo with
X1 = p1X2 — p2Y2, and Y; = plYg + p2X2 (3137)

for nonconstant p; and py and they satisfy either
[Xl, Xg] — [Yl,Yz] 75 0 or [Xl,Yg] + [Yl,Xg] 75 0 (3138)
such that a point transformation x = x(z, f,9), Y = Y(«, f,g) and ¢ = {(z, f, g), which brings

X1, Y1, X5 and Y5 to their canonical form

0 0 0 0 0 0
Xl—aT7 Yl—afga XZ_T@T—FC&’ Y2_<87T_T37C’ (3.139)

reduces the system (3.127) to the linear form

T = Y'Wi(x) - {Wa(x),

"= TWa(x) + W) (3.140)

5. The system of RODEs corresponding to an r-CODE has four real symmetries X;, Xo and
Y2 with
X1 # p1Xo2 — Yo, (3.141)
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for nonconstant p; and py and they satisfy

[Xl,Xg] == O, and [Xl,YQ] == 0, (3142)

such that a point transformation x = x(z, f,9), Y = Y(«, f,g) and ¢ = {(z, f, g), which brings

X1, X5 and Y5 to their canonical form

Xi=—, Xo=—-, Yo=— (3.143)

reduces the system (3.127) to the system of RODEs corresponding to r-CODE (3.125) is at
most cubic in all its first derivatives;
6. The system of RODEs corresponding to a r-CODE has four real symmetries X1, Y1, Xo
and Yo, with

X1 # X2 —=pYe, Y1 #p Yo+ ppXo (3.144)

for nonconstant p; and py and they satisfy either

[Xl’X_Q} — [Yl,Yg] 75 0 or [Xl,Yg] + [Yl, XQ] 75 0, (3145)

such that a point transformation x = x(z, f,9), T = Y(z, f,g) and ¢ = {(z, f, g),which brings

X1, Yy, X9 and Yy to their canonical form

0 0 0 0 0
Xi=-— Yi=—, Xo=x— + T +(—
0 0
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reduces the system (3.127) to the linear form

XT” — al(TI3 _ 3T/</2) _ a2(3T’2(:/ _ </3> + bl(T/2 _ C/2) _ 2b2T,</+
_ _
3(af +a3) 3(af +a3)

az(bf — b3)}¢' + {(b? — 3b1b3)(a? — a3)

{3(0,% + CL%) + (b% — bg)al + 2b152a2}T, — {lebgal—

1
_l’_ -
27(@% + a%)

+2a1a2(3b3by — b3)}, (3.147)

1
m(blal + baaz)

XCI/ — CLQ(T/?) . ST/C/Q) +ay (3yl2</ . </3) + bz(TIQ o C/Q) + 2b1TICI+
b
3(ai + a3)

ag (b3 — b3)I Y +

{3(a} + a3) + (b — b3)a1 + 2b1baaz}(’ + {2b1b2a1—

3(a? +a3) 201 = Ptz 27(a2 + a3)

—2(():1‘) — 3b1b3)a1a2}.

3(a? + a3)
{(3b3bs — b3)(af — a3)

The following invertible real transformation,

N 1
X = T + m{(blal + bgag)x}, (3148)
- 1
= STt o b+ b)Y~ (b — )]+
1 1
W[{(b% — b3)(af — a3) + 4bibsaras}x*] + m{avf}, (3.149)

1
3(a? + a3)

1 2 2 2 2 2
718(@% T al)? [ — x“{2b1b2(a1 — a3) — 2a1a2(b] — b3)}] +

{ = TC¢+ [{(bra1 + baaz)x}C + {(b2a1 — braz)x} F| +

m{—@x?}g&wo)

transforms (3.147) into the system of linear RODEs
Y"=0, ¢"=0. (3.151)

Now we discuss some illustrative examples of linearizable r-CODEs giving linearizable two

dimensional systems of RODEs.
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Examples 3.9: Consider the second-order nonlinear r-CODE with an arbitrary function w(z)
wu” = u? + w(x)u?. (3.152)

The above r-CODE admits two CLSs of the form

0 0
7 = xu— Zo = u— .1
1= Tup -, and Zs Ug (3.153)
and thus
1
{Zl, ZQ] =0 and Z2 = *Zl. (3154)
x

By using the complex transformation

1 1
x=— and U = —logu, (3.155)
x x

(3.152) can be reduced into a linear r-CODE

1 1
U’ = —w(=). 3.156
) (3.156)
The system of ODEs corresponding to (3.152) is
[1"=gg" = [?=g+wi(f* = g°) - 2fgua,
fg"-l—gf” — 2f’g/+2w1fg+w2(f2—gz) (3157)

with coefficients that satisfy the conditions of Lie type, (3.129) — (3.132). When one invoke the

transformation,
1

1 1
x= o Y=g (g%, C=tan (D), (3.158)

2x

the system (3.157) is reduced to the linear system of RODEs

1 1
T” = ;7.U1, (H = ;’UJQ, (3159)
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where

w1 = ’u}1<*), Wy = wg(*). (3.160)

Examples 3.10: Consider the nonlinear r-CODE (cf [53])
u” + 3uu 4 u® =0, (3.161)

which is linearizable as it satisfies the Lie conditions. The set of two non commuting CLSs are

0 0 0
Z, = 2 and Zg = Too T Um (3.162)

Note that Z; # p(z,u)Zs. Thus we invoke condition nine of Theorem 3.1 to find a linearizing
transformation. The complex point transformation that reduces the symmetries (3.162) to their

canonical form is

1 1
x== and U=gx+ -, (3.163)
u u
and (3.161) reduces to
xU" = -UB +6U"” —11U" + 6 (3.164)

by means of the transformation (3.163). Equation (3.161) linearizes to U” = 0, via the complex

transformations with a = —1 and b = 6, that is

22
2

1 .
X:x—a and U = (3.165)

ISR

The transformation (3.165) may seem strange as the variable z is real while X is complex. The
point is that we are actually working with a complex independent variable restricted to lie on
the real line. We further require that at the end the variable again be restricted to the real line,
but in the intervening steps the variable moves off the real line. The procedure is reminiscent
of analytic continuation. This odd behavior does not appear for PDEs as everything “lives” in

the complex world. In the new coordinates, (X, U), the solution of (3.161) is

U=ax+5, (3.166)
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where o = a1 +iag and = [; + i, whereas in coordinates (x,u) the above equation yields

2(x — )
_ 1
“ 2 — 2ax — 28’ (3-167)
which satisfies r-CODE (3.161). The system of RODEs corresponding to (3.161) is
f"o= =3 - 9d) — (£ = 3597,
9" = =3f' +fg) - (B —g°) (3.168)

with coefficients that satisfy the conditions of Lie type, (3.129) —(3.132). Thus the above system

is linearizable. The general solution of system (3.168) is

;o= 2(x — a1)(2? — 2010 — 26;) + dag(aez + B5)
B (

(2 — 2002 — 2531)? + (a2 + 2[5)? ’

_ 4(.’13‘ - O‘l)(a2x + 52 — 20&2(.%2 —2q11 — Qﬁl)
g = (J}Q — 2041.%' — 251)2 + (2@23’,’ i 2ﬂ2)2 ) (3169)

which is obtained from (3.167).
Examples 3.11: Consider the nonlinear r-CODE

u =1+ (v — z)*w(2u — z?), (3.170)
which admits the CLSs
0 d 0 0
Zy=—+z— and Zo=ax—— +a° 171
1= 8x+x8u and Zp = z-- +a W (3.171)

Equation (3.170) reduces to a linear r-CODE by using the complex transformation,
x=2u—z* and U =z, (3.172)

to become

1
U" = —3U"w(x). (3.173)

Again, notice that (3.172) is not the usual complex transformation as it is from (real, complex)
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to (complex, real) leading to an apparent contradiction. As before it corresponds to analytic

continuation. To check consistency we may take w = 1, i.e. w; = 1 and we = 0, to obtain

22
u:a+ln2+?—log(6—x),

(3.174)

where o = a3 + tay and f = 5, + 155. Note that (3.174) satisfies (3.170). The system of

RODEs corresponding to (3.170) is

=1+ {(f —2) — g%hwr — 2 - a)gwn,

9" =2(f' — 2)g'wi + {(f' — 2)> — ¢"*}wy
with coefficients satisfying the conditions of Lie type, (3.129) — (3.132), where
wy = wy(2f —2%,29) and wy = wy(2f — 22, 2g).
By placing values of wy = 1,ws = 0, we get the system

f// _ l—l—{(f/—CU)Q—g’Q},

9" = 2(f —x)d

with general solution

22 1

o= a2t D Diog((s -4 83,
1 B
g = ag—tan 1(ﬁin).
Also, if we take
1
w(2u — x?) 50— 22
the solution of (3.170) is
2 -
v=g 6204 ’
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(3.175)

(3.176)

(3.177)

(3.178)

(3.179)

(3.180)



which gives the solution

2
[ = % + M\A%(@ —x) + Baa2)? + (Byaz — az(By — x))? x

Baca — az(By — x)

5 (aa(By — ) + Byr)
g = w\/(al(ﬁl — ) + Br02)? + (Byaz — aa(By — x))? ¥

Baa — az(By — x)

sin [2(011(51 “ o)+ Baaa) (3.181)
of system
"o / / 2f_372 / / g
f =1 +{(f _$)2 _92}(2f_x2>2+4g2 +4(f _:I:)g (2f_$2)2 +492’
2
g = A~ — 2= gl (3.182)

(2f —2?)% + 4g7 (2f = 2?)? + 49>

It is interesting to see that here w is an arbitrary complex function that gives a class of systems
of RODEs corresponding to the r-CODE (3.170). Thus the linearization of a general --CODE
like (3.170) encodes the linearization of a large class of systems of RODEs. Furthermore complex
solutions like (3.178) and (3.181) directly give us the real solutions of those systems of RODEs

and yield non trivial examples of complex magic.
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Chapter 4

Variational problem for CODEs

Finding a Lagrangian of some DE is one of the important problems of variational calculus,
known as “the inverse problem”. One of its key uses arises in the application of Noether’s
theorem [52] that relates the symmetries of the action integral with conservation laws. The
construction of a Lagrangian for an arbitrary DE is difficult and the inverse problem is discussed
for a class of DEs e.g. [5 — 9,16, 18,31,26,56] with the solution of the inverse problem for
systems of two ODEs and a class of second-order quasilinear scalar equations. In this Chapter
we extend several known results of variational calculus to the complex domain and use them
in the construction of Lagrangians for systems of PDEs and ODEs. We also develop several

conservation laws for those systems in this chapter.

4.1 Complex Lagrangians and complex Euler-Lagrange equa-

tions

Consider a second-order CODE of a complex-valued function u(z) of the form
' =w (z,u,u’), (4.1)

where w is a complex analytic function of its arguments. The CLSs admitted by the above
CODE and the corresponding RLSs of the respective system of PDEs corresponding to the

CODE have been discussed in [1]. Assume the above CODE arises from a complex Lagrangian
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L(z,u,u), i.e., the above equation is equivalent to the complex EL equation

OL d 0L

v @(W) =0. (4.2)

Notice that L is complex scalar, i.e., it yields two real Lagrangians which we call r-Lagrangians
and they are not the usual Lagrangians as they do not satisfy the Euler-Lagrange (EL) equations
in the real domain. The physical significance of complex Lagrangians is mentioned in the next

chapter.

4.2 Complex Noether symmetries

Definition 1. Z is said to be a complex Noether point symmetry (NS) corresponding to a

c-Lagrangian L(z,u,u’) of (4.1) if there exists a complex function A(z,u) such that

ds dA
7O 4+ (22 = =2 4.
F(E =2 (@3)
where
0 0 0 d 0 0
/A — ) = —_—= ... 4.4
g82+X8u+X ou'’ dz 8z+u8u+ (4.4)

Now we state Noether’s theorem for complex NSs, and theorems for the first integral and
solvability by quadratures, without proof as there is no difference made by complexity.

Theorem 4.1. If Z is a Noether point symmetry for a c-Lagrangian L(z,u,u’) of (4.1) then
I=c¢L+ (x—us)Ly —A (4.5)

is a complex first integral of (4.1) associated with Z, i.e., dI/dz = 0 on solutions of (4.1).
Theorem 4.2. The first integral I associated with the complex Noether point symmetry Z sat-
isfies the relation

ZM1 = 0. (4.6)

Theorem 4.3. If for a c-Lagrangian L(z,u,u’) of (4.1) there corresponds a Noether point
complex symmetry, then (4.1) is solvable by quadrature.

In the subsequent section we transform the above results into the real domain to obtain EL-
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like equations, two first integrals and conditions corresponding to (4.3) and (4.5) for a system

of PDEs.

4.3 Euler-Lagrange-like equations

One obtains the following system of PDEs corresponding to CODE (4.1)

fxx_fyy+2gxy = G(xuyafvg)h7l)a fI:gyv

ga:x_gyy_Qfxy = H(mayvagah’l)a fy:_gxa (4'7)
where we have used (2.8). Since L is a complex scalar, we can write it as
L =11+ tLs. (48)

Therefore contrary to the usual Lagrangian approach we have two Lagrangians for system (4.7)

that satisfy EL-like equations

OL; 0Ls 0Ly 0Ls 0L, 0Ly

or Yo e ta) e ) = O
OLy 0L, dLy 0L, OLi 0Ly,
of g o —a) vy ta) =0 (49)

The above system of DEs couples the two r-Lagrangians L1 and Lo. Note that they are not
separately Lagrangians as they do not satisfy EL equations separately but only the coupled
system (4.9). The corresponding system of conditions relative to (4.3) in the real domain is

given by

OXW Ly —2YW Ly + (dysy + dysa) L1 — (dusa — dys1) Ly = dp Ay + dyAg,

29X Loy + 2YW Ly + (dysy + dysa) Lo + (duso — dys1) Ly = dp Ay — dy Ay, (4.10)

where we have set

C:C1+LC2 and A= A; + 1A,. (4.11)
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The first integral (4.5) results in two real integrals

h l
L= §1L1*§2L2+(X1*§§1*§§2)(8hL1+81L2) - (Xo—

h l
Ih= §1L2+§2L1+(X1—§§1—§§2)(8hL2—81L1) + (Xz_

h l
§§2*§§1)(8hL2*81L1) - Alv

h l
5527551 (O LitOiLa) — Ay, (412)

which satisfy

d.I1 + dyIQ = 0,
dyfl —dz1s 0. (4.13)

In addition, if we set x = x; + t)x with X = xgl) + LXél), then

2X = (10; + (30 + X105 + X204 + X(l)ah + X(l)(?h

1 2
Y = (u0p — 10y + X205 — X105 + X5 0 — Vo, (4.14)

with
(1) h l
X1 = diXxq+dyxe — §<dw<1 +dyCy) + §<d:rf2 —dy(y),

h l
Xgl) = dyx; —daxo — §<dazf2 —dy(1) — §<dxC1 + dyCy). (4.15)

The two first integrals satisfy the coupled equations

XM -y = o,

XM +YW = o, (4.16)
where
ZM = xX® 4, y®, (4.17)
Now we present some illustrative examples.
Examples 4.1: Consider the complexified free particle equation
"=0, (4.18)



which admits a c-Lagrangian of the form

L=-u? (4.19)

The CODE (4.18) admits an 8—dimensional complex Lie algebra [1]. It has 5 CLSs which are

also the NSs with respect to the c-Lagrangian (4.19) (for simplicity we do not write the first

extension)
0 0 0 0
= g BTy BTV e (4:20)
0 0 0
_ 29 9 _,9
Z, = =z 8z—|—zuau, Zs Za (4.21)

One can reduce the order of (4.18) by two using any one of the above symmetries. For example
for the NS Zy the first integral is
I=u=a (4.20)

by the use of (4.5). From (4.6) Zs is also a symmetry of the Lagrangian (4.19). The above
equation (4.20) yields the solution
u=az+b, (4.21)

where a and b are complex constants. Similarly, if we use the NS Z3, we obtain
I=u —zu?=c. (4.22)

Since Zjs satisfies (4.6), it is also a symmetry of (4.22). It can be transformed into separable
form by introducing

w=uz %, (4.23)

which is

w? — 422w = C. (4.24)

Thus an NS reduces a second-order CODE to quadratures. The solution in the new coordinates
(z,w) is

1

w(z) = az? + Bz"2, (4.25)

82



where o and 3 are complex constants. The system of PDEs corresponding to the CODE (4.18)

is

fxx_fyy+2.gxy - 07 fw:gya

Gzx — Gyy — Qfxy = 0, fy = —0Jz- (4'26)

The respective r-Lagrangians, L and Lo, are

Ly = g(h?—z?),
Ly = ihl. (4.27)

One obtains the respective system of PDEs (4.26) by replacing the above r-Lagrangians in (4.9).

In order to reduce the order we decompose Zs into its real parts,

0 0
X2 = w and Y2 - 8797 (428)

which satisfy (4.10). From (4.12), setting I; = ¢; and Iy = c2, the two conserved quantities are
(A1 =A,=0)
Il =h= 261 and IQ =1l= 202. (4.29)

Using the CREs one obtains the solution of the system (4.26). Similarly, Zs yields (4; = Ay =
0)
0 0 0 0 0 0 0 0
X3 =2x— + 2y— — — d Y3=2y— — 22— — — = 4.30
3= 2a5 yay+faf+gag and Yy =2y — 205 4957 fag (4.30)
which satisfy (4.10). The conserved quantities from (4.12), setting I = ¢; and Iy = ¢, are
(A = A, =0)

1
I = fh—gz—ix(hQ—F)erhzchl,

1
I, = fl4+gh— §y(h2 — 1) — zhl = 2c¢5. (4.31)
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By introducing new coordinates we have

= r72(fcosf/2+ gsin0/2),
= r_%(gcosﬂ/Q — fsinf/2), (4.32)
where
r2 =22+ 4% 0 =tan"t(y/x), (4.33)
we obtain the following system
F?2 - G? —4r?[(H? — J%)cos 20 —2HJsin20] = (4,
2FG — 4r%[(H? — J?)sin20 + 2HJ cos 20] = Cy, (4.34)
where
1 1
H= §(Fw +Gy), J= §(Gm - F) (4.35)
and
1 . . 1
Oy = cos 00, — - sin 00y, 0y = sinb0, + ;69 , (4.36)

so that Fy, = cosOF, — (1/r)sin0F, etc. in (3.40). The solution of the system (4.34) with
a=a)+tag and f =) + 18y is

Nl

(a1 cos6/2 — aysinf/2) + r_%(ﬁl cos0/2 4 B4sin6/2),

= r

[N

= r2(asinf/2 + azcosf/2) + 7“_%(—61 sinf/2 + 35 cos0/2). (4.37)

Notice that the above solution cannot be obtained directly without using complex transfor-
mations. It also demonstrates the fact that a simple solution may look complicated in some
coordinate system.

Examples 4.2: The complexified oscillator equation is given by

v = —u. (4.38)
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The CLS of this CODE have been studied in [7]. An obvious c-Lagrangian admitted by such

an equation is
1 1
L:?ﬂ—iﬁ. (4.39)

A simple NS of (4.38) with respect to the c-Lagrangian (4.39) is

Z=— 4.40
0z’ (4.40)
which gives the first integral
I=u?+u?=2c (4.41)
The solution of the above CODE (4.41) is
u=acosz+ (@sinz, (4.42)

where a and  are complex constants. The system of PDEs corresponding to (4.41) is

fzx_fyy+29xy = —4f, fx:gy7

Grx — Gyy — 2fzy = —4g, fy = —Gx- (4'43)

The respective r-Lagrangians, L; and Lg, are

1 1
Li = S(h2_[2)_ 2(f2_ 2
1
Ly = Jhl—fg (4.44)

The obvious NSs of system (4.43) for the r-Lagrangians (4.44) are

X=— Y=— (4.45)
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which satisfy (4.9). From (4.12) two conserved quantities, I; = ¢; and Iz = cg, are (41 =

0)

1
L = f2—92+1(h2—l2):—201,

1
Iy = fg+ hl=—cs
which on use of the CREs, yields the solution of (4.43) as

f = aicoszcoshy+ agsinzsinhy + B sinx coshy — 55 cos zsinh y,

g = agcosxcoshy — agsinxsinhy + 5 cosxsinhy + [, sinx cosh y.

This is easier to obtain by utilising (4.42).

Examples 4.3: Consider the complexified Emden-Fowler equation

2
u + 2 = 3ud.
z

It admits a c-Lagrangian of the form

1 1
L= §z2u'2 + 522u6.

The complex NS of (4.48) with respect to the c-Lagrangian (4.49) is

0 0
Z=2z——u—.
“52: ~ “ou
The first integral is
I=—2%0"% = 22ud + 28

by use of (4.5). Hence the reduced equation is

I
2202 4 22 — 2Bu’ = c,
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(4.49)
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(4.51)
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which can be put into a separable form on introducing
w = uz"?, (4.53)

which is

/ 1
22w? — Zw2 —wb=C. (4.54)

This first-order equation (4.54) is variables separable and thus can be reduced to quadrature.

The corresponding system of PDEs of the CODE (4.48) is

d 4y 5 3 2 4
fxx_fyy+29xy+m2+y2h+$2+y2l = 12(f _ng +5fg )7 fx:gya

4x 4y
Gaw — Gyy — 2fay + ! h = 12(¢° - 8f%¢> +5f%9), fy=—go. (4.55)

a:2+y2 _$2+y2

The c-Lagrangian L (4.49) yields the two r-Lagrangians

Li = @~ )0 = B) = Sayhi + (@ — ) — @)+ g~ 1427)
—2xyfg(3f* + 3¢" — 10f2g),

Ly, = 3(962 —y*)l + iﬂsy(h2 — 1)+ (2% =) f9(3f* + 3¢" = 10/%¢?)
+ay(f? = ) + gt = 141%67). (4.56)

It turns out that the system of PDEs (4.55) is obtained on inserting L; and Lo in the EL-
like equations (4.9). The two real NSs corresponding to the system of PDEs (4.55) for the

r-Lagrangians, L; and Lo, are

0 0 0 0
0 0 0 0
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The conserved quantities are given by (A; = Ay =0)

1 1 1
I = Ja(a® = 3y") (W — 1*) = Jy(3a® — y)hl+ Sh(f(2* — y*) — 2ay9)~

%l(g(sﬁ — )+ 2ayf) + x(2® = 3y)(f* — ) (f* + ¢" — 14f%9°)

—2yfg(3a* — y?)(3f* + 3¢" — 10/%¢?), (4.59)
I = y(3a> — )W — 1) + Lahl(a® — 37) + Shlg(a® o) + 20y f)+
ST ) — 2eyg) + 207 — 3y?) fa(3f' + 3" — 104%5?)
+y(32* — ) (2 — ) (f* + ¢* — 141797 (4.60)

as these satisfy the coupled system (4.12). We introduce
F =rY2(fcos0/2 — gsin0/2),

G =r'%(gcosf/2 + fsinf/2), (4.61)

where r and 6 are defined by (4.33). One obtains the system

r?(H? — J*)cos20 — 2H Jsin20 — 3(F? — G?) — (F? — G*)* + 12F’G*(F* - G*) = (4

r*(H? — J*)sin20 + 2H J cos 20 — 3 FG + 8F3G® — 6FG(F? — G*)? = (s, (4.62)

where H and J are given by (4.35). The solution of (4.62) can easily be deduced from the
solution of (4.48) by using separation of variables. Then one can revert to the original variables

via the transformation (4.61).

4.4 Variational problem for systems of ODEs

In this section we use EL equations for r-CODZEs and then utilize symmetries to write the first in-
tegrals for systems of ODEs. The Lagrangian L(z, u, ') of an r-CODE is a complex Lagrangian
restricted to real line. It yields two real ‘Lagrangians’ Li(z, f, g, f',¢') and Lo(z, f, g9, f',¢")
which satisfy the system of EL like equations, (4.9), restricted to real line. Further we present

the double reduction in systems of ODEs.
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Example 4.4: Consider the complexified free particle equation

W' =0, (4.63)

which admits a c-Lagrangian of the form

L=-u? (4.64)

The r-CODE (4.63) admits an 8-dimensional complex Lie algebra [1]. It has 5 CLSs which are

also the NSs with respect to the c-Lagrangian (4.64) (for simplicity we do not write the first

extension)
0 0 0 0
! or’ T ou P m3x+u8u’
0 0 0
7, = z°— —, Zs=x—. 4.
4 x E)x+$u8u’ 5=T5 (4.65)

We use the NS Zj to reduce the order of (4.65). The first integral is
I=u =a, (4.66)

by the use of (4.5). From (4.6) Z2 is also a symmetry of the c-Lagrangian (4.19). The above
equation (4.66) yields the solution
u=az+b, (4.67)

where a and b are complex constants. Similarly, if we use the NS Z3, we obtain
I=uw —zu? =c (4.68)

Since Z3 satisfies (4.6) , it is also a symmetry of the above equation (4.68). It can be transformed
into separable form by introducing

w = ur %, (4.69)

which is

w? — 42?w? = C. (4.70)



Thus a NS reduces a second-order r-CODE to quadratures. The solution in new coordinates
(z,w) is

w(z) = az? + Bm_%, (4.71)

where « and 3 are complex constants. The system of ODEs corresponding to the r-CODE
(4.63) is

f'=0, g"=0. (4.72)

The respective r-Lagrangians, L and Lo, are

1

L]_ — §(f/2 . 9/2)’

Ly = f4. (4.73)

One obtains the respective system of ODEs (4.72) by replacing the above r-Lagrangians in (4.9).

In order to reduce the order we decompose Zs into its real parts

0 0
Xy = — Y= — 4.74
2 8f and 2 ag, (7)

which satisfy (4.10). From (4.12), setting I1 = ¢; and I = cg, the two conserved quantities are
(A1 =A2=0)
Il =h= 261 and I2 == 282. (475)

Therefore we can apply CLS analysis to solve variational problems for systems of ODEs. It may

be noticed that two copies of the real Lagrangians are contained in a single complex Lagrangian.
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Chapter 5

Conclusion and future directions

CLS analysis of CODEs leads us to calculate RLSs of real PDEs corresponding to those
CODEs. It is seen that finding symmetries of PDEs and their systems is sometimes not only
difficult but highly non trivial [44]. We can specify the symmetries of only those systems of
PDEs that are obtained from CODEs and their systems, which therefore satisfy CREs. Further
we provide an approach that helps not only to classify but also to find symmetries of certain
systems of PDEs. A better understanding of this approach is expected to provide a means
to solve the inverse problem, i.e. by doing the symmetry analysis of an arbitrary system of
PDEs in the complex framework. Certainly the complex approach is a fruitful choice for a non
trivial generalization of the classical Lie approach. Since the CREs directly imply the existence
of Laplace equations (for both f and ¢ in our notation), one can look for the symmetries of
systems of Laplace equations.

We know that PDEs and their systems can have infinitely many symmetries. In our CLS
analysis we have calculated finite-dimensional subalgebras of special classes of systems of PDEs.
It would be worth while to classify such systems in more detail. The classification of systems
of PDEs with respect to the algebra is an open problem. It is also important to point out that
the arbitrariness of the functions G and H in system (2.9) and (2.20) is constrained by the
analyticity of w in (2.7) and (2.17) respectively i.e. they satisfy CREs. Thus we only deal with
a special class of systems of PDEs. This is what enables us to obtain results that would be
surprising in a general context.

CLS analysis was also applied to the invariance of r-CODESs and systems of corresponding
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ODEs. The idea is to restrict CODEs on the real line. This yields systems of ODEs. The
solution of such systems of ODEs is obtained from the complex solution of corresponding r-
CODEs by again restricting them to the real line. It was found that the symmetries of certain
systems of ODEs can be obtained from CLSs of r-CODEs. The real transformations that are
obtained from complex transformation can be used to map a system of ODEs into another
system of ODEs. It is important to notice the invariance of the systems of ODEs under the
complex transformations corresponding to CLSs because we restricted complex functions to a
single real variable which looks an apparent contradiction. This is the analogue of analytic
continuation for ODEs. Another important use of CLS analysis in systems of ODEs is the
extraction of their solutions from complex solutions of r-CODEs.

Generally, a first-order linear ODE admits infinitely many symmetries and a second-order
DE can have a symmetry algebra of dimension 0, 1, 2, 3 or 8 [37, 42]. Also a linear nt"-order
(n > 3) equation does not possess a maximal symmetry algebra of dimension n + 3 [41]. It
will be interesting to explore and extend these results to CODEs and r-CODEs and then use
these results in systems of real PDEs and systems of ODEs, respectively. The classification of
CODEs and r-CODEs by their complex algebras needs also to be explored [35]. Further it is
suggested that several known results for a system of two second-order RODEs admits 5,6,7,8
or 15 RLSs and the maximal symmetry algebra is sl(4,R) for the simplest system [65] can
be extended to systems of two CODEs and two r-CODEs which in turn yield the symmetry
analysis of systems of eight PDEs and four ODEs respectively. Therefore CLS analysis can be
used to extend several classical results. It is very difficult to deal with large systems of PDEs
and ODESs especially in the context of their symmetries by the usual classical Lie approach. It
may also be pointed out that we only obtain an even number of PDEs (ODEs) from CODEs
(r-CODES), thus indicating another limitation of CLS analysis.

The geometrical aspects of the CLS analysis can be exploited by taking a complexified free-
particle equation. The projective transformation that maps a complex line into a complex line
contains 8 complex parameters. It remains to be rigorously proved that the maximal symmetry
algebra of a CODE is 8-dimensional. In order to prove this fact geometrically one might need to

use the stereographic projection on the Riemann sphere [59]. Notice that the simplest system
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of ODE:s,
f// — 0 g// — O

admits 15 RLSs [65] whereas through CLS analysis we only obtain a subalgebra. An explicit
understanding of these results is also required.

One can use a CLS to reduce the order of a CODE that corresponds not only to the
reduction of higher-order derivatives but also the number of variables in the corresponding
system of PDEs. The CLS of systems of CODEs [19] and their use in reducing the higher-
orders from corresponding PDEs will give us non trivial results. Similarly, reduction of order
in r-CODEs yields the reduction of order in the systems of ODEs.

Finding exact solutions of nonlinear DEs is difficult. Linearization of DEs is a method to
convert the original nonlinear DE to a linear DE so that exact solutions can be constructed
directly. This requires the existence and construction of such transformations (point, tangent,
contact or complex) that transforms nonlinear DEs into linear DEs. For scalar ODEs Lie
provided nontrivial ways of constructing point transformations via symmetries. However, it is
difficult to extend the Lie conditions for systems of ODEs and for PDEs (see e.g.,[46 — 50, 68]).
Finding transformations that map systems of nonlinear ODEs and PDEs into linear systems is
not only tedious but also highly nontrivial.

In this work we have looked at linearizability criteria for second-order CODEs. We obtained
analogous Lie conditions for CODEs and applied them to linearization of systems of nonlinear
PDEs. The corresponding statement for a system of two PDEs (in fact four, i.e. by incorporat-
ing linear CREs) associated to a second-order CODE was presented. Examples were given for
the linearization of systems of PDEs including the construction of the linearizing point transfor-
mations. It is important to point that we only obtain those systems of PDEs that correspond
to CODEs. For example system (3.28) is a special case of a general system of second-order
PDEs in two dimensions. The question arises: “How can we obtain more general systems of
second-order PDEs from CODEs?” It is suggested that the Lie criteria for linearization of two
CODEs can be found in a similar way, which can then be used to linearize four nonlinear PDEs
corresponding to a system of two CODEs.

We have seen that linearization theorems can be carried over from the real case to the

complex case with remarkable results for the linearization of systems of PDEs. Thus we were

93



able to linearize those systems of nonlinear PDEs that correspond to some CODEs. There
are several possible ways of using CLS analysis. It would be of great interest to extend the
geometric proof of linearization for RODEs [25, 48] to CODEs. The analysis can also be used
for classification of those systems of nonlinear PDEs that correspond to CODEs. An extension
of the Lie linearization results for systems of quadratically and cubically semilinear CODEs in
[46 — 50] in the complex domain may yield useful and highly nontrivial results for systems of
PDEs. Furthermore results of linearization for third- and fourth-order CODEs may be obtained
by using results for third- and fourth-order RODEs in [46 — 50].

We have also used CLS analysis to construct linearizability criteria for certain systems of
nonlinear ODEs by considering r-CODEs. The linearization of r-CODEs directly gives lin-
earizability criteria for systems of ODEs corresponding to those r-CODEs [3]. The study of
linearization of RODEs is significant as it plays an important role in the reduction of equations
to simple form, from which one can construct solutions. It also includes finding the transfor-
mations that map nonlinear RODEs into linear RODEs. Linearization of systems of nonlinear
RODE:s is far from trivial as the Lie conditions are very complicated and involve a system of
more than ten equations to be solved simultaneously [46 — 50]. The system (3.127) is a special
case of a general system of two second-order cubically semilinear ODEs which is linearizable. It
remains to answer the following question “Can any general system of two second-order nonlinear
ODEs be linearized via CLS analysis restricted to single real variable?”

An extensive classification of those systems of RODEs that correspond to r-CODEs would
be of great worth. It is important to point out the fact that the system (3.129)—(3.132) provides
a necessary and sufficient condition for system (3.127) to be linearizable. Lie conditions for a
general system of second-order quadratically semi linear ODEs were obtained in [47]. Whether
system (3.127) constitute a special case of system of second-order cubically semi linear ODEs
in [48] and whether conditions (3.129) — (3.132) can be derived from conditions in [48] remains
to be explored.

It is suggested that Lie criteria for linearization of two r-CODESs can be found in a similar
way, which can then be used to linearize four nonlinear RODEs corresponding to a system of
two r-CODEs. It is well known that a system of two second-order RODEs admits 5,6,7,8

or 15 RLSs and the maximal symmetry algebra is sl(4,R) for all the simplest system [65].
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Thus it is conjectured that the system of two second-order r-CODEs admits 10,12, 14,16 or
30 RLSs corresponding to 5,6,7,8 or 15 CLSs. The RLSs 10,12, 14,16 or 30 are basically the
symmetries of four second-order RODEs that correspond to two second-order r-CODEs. Further
the simplest systems of two second-order r-CODEs admits a maximal symmetry algebra si(4, C).
The earlier procedures [46 — 50] already became unwieldy for systems of four RODEs. It seems
likely that the system of two r-CODEs may provide a convenient way to obtain results for
systems of four RODEs.

It may also be proposed that one can construct criteria of Lie type for third-order CODEs
(r-CODESs) which will help in the linearization of systems of two nonlinear PDEs (RODEs) of
third-order. Previous results for third- and fourth-order RODE [48 — 50] might be extendible
by this method to systems of CODEs and PDEs.

We have also applied the CLS analysis to the variational problems [2], which yields conser-
vation laws for systems of linear and nonlinear PDEs. Suppose a CODE can be obtained from
a variational principle, i.e., it admits a complex Lagrangian the EL equation which is the given
CODE. We know a Lagrangian is scalar quantity. It represents the residual energy in the case of
a simple harmonic oscillator. An importan question arises here: “What is the physical meaning
of a complex Lagrangian?” A complex Lagrangian consists of two parts “What are those real
‘Lagrangians’? and what DEs admit those ‘Lagrangians’?” We have only been able to answer
this question partially in this thesis, but a deeper understanding of these mathematical opera-
tors is required. Now symmetries of CODEs are CLSs and of Lagrangians are NSs. NSs play
an essential role in finding conservation laws of dynamical equations. We know that complex
NSs form a subalgebra of the algebra of CLSs. It would be interesting to classify subalgebra
of NSs for systems of PDEs corresponding to CODEs. The results for the double reduction
of a system of PDEs corresponding to a CODE have also been explored. This can be further
extended to r-CODEs to solve inverse problems, i.e. to find Lagrangians of systems of ODEs
and used complex variables in developing their conservation laws. It must also be mentioned
we can also obtain the double-double reduction of systems of PDEs and ODEs. It can be done
by taking those CODEs (or r-CODESs) that admit two-dimensional complex algebra.

It is important to note that complex variables play a vital role in quantum theory. Therefore

CLS analysis can be used to explore the physical significance of complex symmetries, complex
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Lagrangians and complex conservation laws. The Hamiltonian specifies the energy levels and
time evolution of a quantum theory. A standard axiom of quantum mechanics requires that
Hamiltonians be Hermitian because hermiticity guarantees that the energy spectrum be real
and that time evolution be unitary (probability-preserving). Recently Bender [10, 11, 12, 13]
introduced complex Lagrangians to use non-hermitian Hamiltonians for the generalization of
quantum theory. They describe an alternative formulation of quantum mechanics in which the
mathematical axiom of Hermiticity (transpose 4+ complex conjugate) is replaced by the phys-
ically transparent condition of space-time reflection (PT) symmetry, thereby, requiring only
parity-time symmetry in comparison to charge-parity-time (CPT) symmetry as in usual quan-
tum theory. One might think that quantum theory based on non hermitian Hamiltonians is not
unitary. However, if the Hamiltonian respects PT symmetry, then it is possible to develop un
noticed physical symmetries of Hamiltonians to construct an inner product the norm of which
is positive definite. This construction is general and works for PT-symmetric Hamiltonians.
The dynamics is described by unitary time evolution same as in standard quantum mechanics.
Many possible observable and experimental consequences can be drawn by extending quantum
mechanics to the complex domain in atomic physics, particle physics and solid state physics.
There are infinitely many new Hamiltonians that might be constructed and fit experimental
data. Could non hermitian, PT-symmetric Hamiltonians be used to describe experimentally
observable phenomena? Non hermitian Hamiltonians have already been used to describe in-
teracting systems. For example in 1959 Wu showed that the ground state of a Bose system of
hard spheres is described by a non Hermitian Hamiltonian [66]. Wu found that the ground-state
energy of this system is real and conjectured that all of the energy levels were real. In 1992 Hol-
lowood showed that even though the Hamiltonian of a complex Toda lattice is non-hermitian,
the energy levels are real [22]. Non hermitian Hamiltonians of the form, H = p? + 123, also
arise in various models in Reggeon field theory that exhibit real positive spectra [17]. In each
of these cases the fact that a non-hermitian Hamiltonian has a real spectrum appeared myste-
rious at the time, but now the explanation is simple: In each of these cases it is easy to show
that the non hermitian Hamiltonian is PT-symmetric, that is, the Hamiltonian in each case
is constructed so that the position operator = or the field operator ¢ is always multiplied by

t. An experimental signal of a complex Hamiltonian might be found in the context of con-

96



densed matter physics. Consider the complex crystal lattice the potential of which is given by
V(x) = isinz. While the Hamiltonian, H = p? + isinx, is not Hermitian, it is PT-symmetric
and all of the energy bands are real. However, at the edge of the bands the wave function
of a particle in such a lattice is always bosonic (27-periodic) and, unlike the case of ordinary
crystal lattices, the wave function is never fermionic (4m-periodic) [19]. Direct observation of
such a band structure would give unambiguous evidence of a PT-symmetric Hamiltonian. Thus
it may be seen that complex variables play an essential role in the understanding of physical
processes. One could apply CLS analysis to simplify problems in PT-quantum theory. Further
several experimental arrangments can be set up with the help of symmetries depending upon
initial and boundary conditions. For example a rotational symmetry in DEs describe spherical
symmetry. We hope that the use of CLSs lead to the deeper insights into the new quantum
theory might be achieved.

Another important use of PT-symmetric Hamiltonians arises in cosmology. The model is
based on a classical complex Lagrangian of a complex scalar field which has real solutions of the
classical equations of motion. Further the potential is taken to be complex and PT symmetric
in the usual quantum mechanical sense, thereby providing a cosmological model that describes
an evolution from the big bang to the big rip involving the transitition from normal matter to
phantom matter, crossing smoothly the phantom divide line. The interest of their appoach [10]
is to describe an interaction between two important fields. Now there are three main ways in
which CLS analysis can be applied to this approach: (a) in finding the relationship between the
symmetries of a complex Lagrangian and non hermitian Hamiltonians as these are connected
with each other by Hamilton’s equations; (b) in looking at the insights that can be obtained
from the physical significance of non-hermitition Hamiltonians in quantum cosmology; and (c)
in developing conservation laws (first integrals) corresponding to those equations of motions.

It is also hoped that Penrose’s complex magic can be further extended to “hypercomplex
magic” by introducing hypercomplex variables (e.g. quaternions, octonions, Clifford or Grass-
manian variables) that may result in hypercomplex Lie symmetries. Then these can be used
to reduce the order, linearize and solve large classes of systems of PDEs. Further restricted
hypercomplex variables are hoped to reveal more classes of systems of PDEs which may be

done by projecting down to lower dimensions keeping analyticity of hypercomplex functions.
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In this way the process of analytic continuation can be generalized to hypercomplex variables.
It is hoped that the non commutative behavior of hypercomplex variables may yield a non
trivial generalization of Lie’s work. An important observation in this regard comes from the
fact that certain algebras are subalgebras of Clifford and Grassmanian algebras. Furthermore
use of the hypercomplex Lie symmetries in geometric calculus may result in non trivial physical
implications.

Twistor theory [57, 58] was developed by Roger Penrose. He realized that using the space-
time continuum picture to describe physical processes is inadequate not only at the Planck
scale of 10733 cm [57, 58] but also at the much larger scales of elementary particles, or perhaps
atoms, where the quantum effects become important. The aim was to construct a mathematical
tool that contain variables or operators suitable to write fundamental equations of relativity
and quantum field theory in a unified framework. He observed that the proper orthochronous
Lorentz group, so(1,3), is two-to-one isomorphic to the complex group, sl(2,C), i.e., corre-
sponding to each element of so(1,3) there exists two unique elements in sl(2, C). Each element
of sl(2,C) is known as a spinor. This thus laid down the spinor formulation of relativity. He
believes that space-time is created from quantum processes themselves at the subatomic level.
The mathematical tool in field theories is not suitable for the new formulation since the field
equations are based on well-behaved functions varying smoothly in space-time. Thus his math-
ematical tool is geometry instead of differential equations. However, space-time descriptions of
the normal kind have been used at the atomic or particle level for a long time with extraordinary
accuracy. Thus this new geometrical picture must, at that level, be mathematically equivalent
to the normal space-time picture in the sense that some kind of mathematical transformation
must exist between the two pictures. Therefore, he constucted variables and operators in the
complex domain which were named twistors and used their holomorphicity to write fundamen-
tal equations of motions. The twistor space is defined by four complex dimensions. Since a
complex number consists of two independent parts (such as Z = X + iY), it should contain
more information than the “conventional space-time” with four real dimensions. A twistor Z is
a point in this twistor space. In order to make use of complex symmetries it is required that we
extend them to higher dimensions. It is hoped that we can not only simplify twistor equations

by their symmetries but may also be able to construct conservation laws contained in them.
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CLS analysis may be used to extend physical theories into the complex domain. The complex
domain is huge compared with the real domain and therefore there are many exciting new
theories to explore. The obvious potential problem with extending a real theory into complex
space is that one may lose some of the characteristics that a valid physical theory must possess.
Thus it is necessary that this complex extension be tightly constrained. In Bender’s work
[10, 11, 12, 13] the essential physical axioms of quantum theory are retained for non hermitian
Hamiltonian theory if the complex extension is done in such a way as to preserve PT symmetry.
The complex theories that can be constructed are often far more elaborate and diverse than
theories that are restricted to the real domain. Upon entering the complex world we have found
a gold mine of new physical theories that have strange and fascinating properties. We have just
begun to study the vast new panorama that has opened up and we can hardly begin to guess

what new kinds of phenomena have yet to be discovered.
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