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Abstract

In 1982, Stanley suggested the prominent conjecture in which he estimated a
combinatorial upper bound for the depth of any finitely generated multigraded
module over a polynomial ring. The estimated invariant is now named as the
Stanley depth. The Stanley conjecture is attractive in the sense that it compares
a homological invariant with a combinatorial invariant of the module. In 2015,
Duval et al. constructed a counterexample for Stanley’s conjecture. However,
there still looks to be a profound and attractive relationship between these two
invariants, which is yet to be understood. Furthermore, it is still fascinating to
confirm Stanley’s inequality for some classes of modules and as result a lower
bound for the Stanley depth can be achieved. The study of Stanley depth for
modules is a complex problem. Herzog, Vladoiu and Zheng gave a combinatorial
method to find Stanley depth. However, it is too difficult to calculate Stanley
depth by their method because this is based on hard combinatorial techniques.
The aim of this thesis is to provide the values and bounds of Stanley depth and
depth of the edge ideals and quotient rings of the edge ideals associated with
some classes of graphs. Furthermore, thesis gives a positive answer to Stanley’s
inequality for quotient rings of the edge ideals related to some classes of graphs.
In addition, a positive answer is also given to the Conjecture of Herzog for the

edge ideals associated with some classes of graphs.
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Chapter 1

Introduction

1.1 Research Background

In the last few years, combinatorial commutative algebra manifested as a
novel and energetic part of mathematics. The work of Melvin Hochster invited
the interest of a great number of researchers due to that the modern commutative
algebra has become one of the flourishing lines of research. Richard P. Stanley is
famous for his appreciable participation to combinatorics and its connection to
geometry and algebra, specifically in the theory of simplicial complexes. In 1975,
Richard Stanley [74] provided a positive answer to the upper bound conjecture
for spheres. This provides new directions in the field of commutative algebra,
as it proved that commutative algebra furnishes fundamental approaches in the
algebraic study of combinatorics on convex polytopes and simplicial complexes.
Stanley was the pioneer to apply the ideas and strategies from commutative alge-
bra in an organized manner to analyse the simplicial complexes by considering of
the Hilbert function of Stanley-Reisner rings. Since then the subject of squarefree
monomial ideals has become an eye-catching field of research in commutative alge-

bra. Partitionable and Cohen-Macaulay complexes both have prominent places in



other complexes, and they play pivotal roles in combinatorics. Stanley presented
the main conjecture linking these two notions as follows; are all Cohen-Macaulay
simplicial complexes partitionable? In 1982, Stanley defined a notion, which is
now named as the Stanley depth of a graded module over a graded commutative
ring. By a conjecture of Stanley, this geometric invariant connects to an algebraic

invariant depth.

1.2 Problem Statement

Let S = Klz,...,2,] is a polynomial ring in n indeterminates with coeffi-
cients in the field K. Let @) be a finitely generated Z"-graded S-module. The
Stanley depth of @ (usually represented by sdepth(Q)), is a combinatorial invari-
ant of () which was first studied by Apel in [4] and the study of Stanley depth
attracted the many researchers, for instance; see [1,2,7,10,13,22-25,33, 36, 62].
The interested reader is referred to [29,68] for a brief introduction to this sub-
ject. The Stanley depth can be described in the form of specific combinato-
rial decompositions, which are named as Stanley decompositions. These Stanley
decompositions have some applications in both pure and applied mathematics.
Stanley decompositions may be used to express finitely generated graded alge-
bras, for instance, rings of invariants under some group action [77]. For some
other applications in the systems of differential equations; see [58,59,72]. Stanley
conjectured in [75] that sdepth(Q) > depth(Q) for any Z"-graded S-module Q.
After 33 years, this conjecture was disproved by Duval and his co-authors in [21]
as it was expected due to the different nature of these two invariants. However,
there still looks to be a deep and fascinating relationship between depth and Stan-
ley depth, which is yet to be exactly understood. The relation between Stanley

depth and some other invariants has already been established; see [34,36,65, 78].



In [36], Herzog and his co-authors proved that the Stanley depth of @ can be
calculated in a limited number of steps if Q = B/A, where A C B C S are
monomial ideals. However, practically it is too hard to find Stanley depth by
using this method; see, for instance [7,15,17,53,55]. The interested reader is
encouraged to consult [40,51,66,67,70] for some computing techniques of Stanley
depth for some classes of modules. For some parallel results for the Stanley depth
and depth, the interested reader may consult to [30, 35-38, 45-47, 66]. For the
monomial ideal A C S, it is well known that depth(A) = depth(S/A) + 1, this
means that once you know about depth(S/A) then you also know about depth(A)
and vice versa. Whereas for Stanley depth this is not the case, examples are
existed where sdepth(A) > sdepth(S/A) but until now, no example is known
where sdepth(A) < sdepth(S/A). Looking at the behaviour of sdepth(S/A) and
sdepth(A) it seems that the latter inequality is false. For the monomial ideal

A C S, Asia asked the following question.
Question 1.2.1. [70] Does the following inequality holds
sdepth(A) > sdepth(S/A) + 17

A weaker form of the above inequality is given as a conjecture by Herzog as

follows:
Conjecture 1.2.1 ( [29, Conjecture 64]). Let A C S be a monomial ideal then
sdepth(A) > sdepth(S/A).

The aforementioned conjecture has been proved in some special cases by
Popescu and Qureshi in [66] and Asia in [70]. Recently, Keller and Young in [55],

proved it for any squarefree monomial ideal of S = K|z, ..., z7].



1.3 Research Objectives

The main objectives of this research are stated in the following:

(1) To determine the values and bounds of Stanley depth and depth of the edge
ideals and quotient rings of the edge ideals associated with some classes of

graphs.

(2) To give a positive answer to the Conjecture 1.2.1 for the edge ideals associ-

ated with some classes of graphs.

(3) To show that Stanley’s inequality holds for the quotient rings of the edge

ideals associated with some classes of graphs.

1.4 Scope of the Research

This research focuses on the values and bounds of Stanley depth and depth of
the edge ideals and quotient rings of the edge ideals associated with some classes
of graphs. A positive answer is provided to the Conjecture 1.2.1 for these classes
of edge ideals. Furthermore, this research shows that Stanley’s inequality holds

for the quotient rings of the edge ideals associated with some classes of graphs.

1.5 Significance of the Research

In 2015, Duval et al. [21] proved that Stanley conjecture is false for modules of
the type S/I in general. However, there still looks to be a deep and interesting
relationship between depth and Stanley depth, which is yet to be exactly under-
stood. Furthermore, it is still interesting to prove Stanley’s inequality for some

classes of modules because in this case, a lower bound for the Stanley depth can



be obtained. The study of Stanley depth for modules is a hard problem because,
until now, there is no efficient method to compute Stanley depth. Let I C J C §
be monomial ideals, Herzog et al. in [36] gave a combinatorial method to compute
Stanley depth of J/I. However, it is too hard to compute Stanley depth by their
method because the method is based on hard combinatorial techniques.

This research provides the values and bounds of Stanley depth and depth of
the edge ideals and quotient rings of the edge ideals associated with some classes
of graphs. Furthermore, a positive answer is given to the Conjecture 1.2.1 for the
edge ideals associated with some classes of graphs. Furthermore, this research
shows that Stanley’s inequality holds for the quotient rings of the edge ideals

associated with some classes of graphs.

1.6 Research Methodology

In this research, by using the combinatorial /homological techniques, values and
bounds of Stanley depth and depth of the edge ideals and quotient rings of the
edge ideals associated with some classes of graphs are provided. In most of the
results, for initial cases, the computer algebra system CoCoA [71] is used. For

the remaining cases, the mathematical induction is used.

1.7 Organization of the Thesis

This thesis is structured as follows.

Chapter 1 describes the research background, research objectives, research
methodology, the scope of the research, significance of the research as well as
thesis organization.

Chapter 2 contains some required definitions of graph theory. In chapter 3,



some necessary material of commutative algebra is given. Furthermore, some
known results and computational technique related to Stanley depth of multi-

graded S-modules are discussed in this chapter.

In chapter 4, precise values of Stanley depth and depth for the quotient ring
of the edge ideal related to a square path on n vertices are given. For n =
0,3,4(mod 5), exact values of Stanley depth and depth for the quotient ring
of the edge ideal related to a square cycle on n vertices are provided. In the
remaining cases, tight bounds are established. Furthermore, the conjecture of
Herzog presented in [29] is proved for the edge ideals of square paths and square

cycles. These results are published in [42].

Chapter 5 provides the generalized results of the fourth chapter. Precise
values are provided for the Stanley depth and depth of the quotient ring of the
edge ideal related with the t* power of a path on n vertices, where t > 3. If
n=0,t+1,t+2,...,2t(mod(2t+1)), then values are given for the Stanley depth

tth power of

and depth of the quotient ring of the edge ideal associated to the
a cycle on n vertices and tight bounds otherwise. Also, lower bounds for the
Stanley depth of the edge ideals associated with the t'* power of a path and a
cycle are established. These bounds are good enough that a positive answer is
given to the conjecture of Herzog for these ideals. These results are elaborated
also in [44].

In chapter 6, some upper and lower bounds for Stanley depth and depth of
edge ideals associated to line graphs of the ladder and circular ladder graphs are
established. Furthermore, some bounds for the dimension of the quotient rings
of the edge ideals related to these graphs are also given. These results are taken
from [43].

In chapter 7, results are discussed that are related to Stanley depth and depth

of the edge ideals and quotient rings of the edge ideals associated with classes



of graphs obtained by taking the strong product of two graphs. In this chapter,
the strong product of two graphs is considered, when either both graphs are
arbitrary paths or one is an arbitrary path and the other is an arbitrary cycle.
Exact formulae for values of Stanley depth and depth for some subclasses are
given. Also some sharp upper bounds for Stanley depth and depth in the general
cases are established. These results are discussed in [45].

The final chapter provides a recap of the entire thesis and sums up the whole
idea. The future perspectives of the research, and the conclusion are presented
in Chapter 8.

Figure 1.1 gives the organization of the whole thesis.



s
=

|

Figure 1.1: Organization of the whole thesis.




Chapter 2

Some Elements of Graph Theory

This chapter describes some basic notions, terminologies and definitions of graph
theory that are used in the rest of this dissertation. For further details, the

interested reader is referred to 8,11, 28].

2.1 Basic Notions

Definition 2.1.1. /8] A graph U is an ordered pair U = (V(U), E(U)), where
V(U) is a non-empty set and E(U) is a set of two-element subsets of V(U). The
elements of V(U) are the vertices of U and the elements of E(U) are the edges of
U.

The order and size of a graph U are defined as the cardinalities of V' (U) and
E(U), respectively. The vertex set V(U) of a graph U is always non-empty. A
graph with a finite set of vertices is said to be a finite graph, on the other hand,
it is called an infinite graph. Two or more edges that attach the same pair of
vertices are known as multiple edges, and a loop is an edge that joins a vertex
with itself. A graph U is said to be a simple graph if it has no loop and multiple

edges. Throughout this work, all the graphs are undirected, simple and finite.



Definition 2.1.2. [11] If v,w € V(U), then e = vw is an edge between v and

w, and they are said to be end vertices of e.

Definition 2.1.3. [11] The degree of a vertex v is the number of edges that are

incident with it.

Definition 2.1.4. [11] For a vertex u in a graph U, the neighborhood of w is

commonly expressed and defined as follows:

Ny(u)={v : {v,u} € E(U)},
that is, the set consisting of all neighbors of w.

Definition 2.1.5. [8/ A graph U = (V(U), E(U)) is said to be a subgraph of a
graph T'= (V(T'), E(T)), if V(U) C V(T) and E(U) C E(T), and in this case T

is called supergraph of U.

Definition 2.1.6. [11] A vertex cover of a graph U is a subset B of V(U) such
that for every edge e € E(U), eN B # () and B is minimal with respect to

this property, that is for any proper subset B’ of B, then there exists an edge
f e EU) with fnB =0.

2.2 Some Common types of Graphs

Definition 2.2.1. [8/ A graph U is known as the r-regular if for every vertex
v € U, the set Ny(v) has the cardinality r.

Definition 2.2.2. [11]If U is a graph with V(U) = {ay,a9,...,a,}, then U is
said to be a path if E(U) = {{a;,a;41} : 7 € [n — 1]}.

Definition 2.2.3. [8/If U is a graph with V(U) = {wy, ..., w,}, then U is called
a cycle if E(U) = {{w;, w11} 17 € [n— 1]} U{{w1, w, } }.

10



Definition 2.2.4. [11] An n-vertex graph is called a complete graph denoted
by K,, if each pair of vertices of K, is connected through an edge. The complete

graph K is a trivial and simple graph with exactly one vertex.

Definition 2.2.5. /8] An n-vertex graph U is called a bipartite graph if V(U)
can be classified into disjoint sets U; and U, such that each edge of U has one
end point in U; and other end point in Us.

A complete bipartite graph K, ,, is a bipartite graph with bipartition (Uy, Us)
where |Uj| = n and |Us| = m such that each vertex of U is joined with each

vertex of U, through an edge.

2.3 Connected and Disconnected Graphs

Definition 2.3.1. [8/ A graph U is said to be a connected graph, if for every
pair of vertices a,b € V(U), there exists a a-b path in U. If the graph U does not

satisfy this property, then it is called a disconnected graph.

Definition 2.3.2. [11] For a,b € V(U) of a graph U, the length of a shortest
path from a to b is called the distance between them, and it is symbolized by

dy(a,b). If there exists no such path between them, then dy(a,b) = occ.

Definition 2.3.3. [11] The diameter of a connected graph U is denoted and

define as follows:

diam(U) := max{dy(a,b) : a,b € V(U)}.

2.4 Powers of Graphs

Definition 2.4.1. /8] For a simple n-vertex graph U, the square of a graph U
is the graph U? on the vertex set V(U), and every two vertices, which are at

distance 2 or less in U, they are connected by an edge in the graph UZ.

11



Definition 2.4.2. [11]Let n > 3 and P, be apathon [n] = {1,2,...,n} vertices,

then the edge set of square of a path (or square path) is
E(P) ={{k.k+1},{k.k+2} ke n—2}u{{n—1Ln}}

See Fig. 2.1 for examples of P2.

1 2 3 1 2 3 4 5 1 2 3 4 5 6 7
Figure 2.1: From left to right; square paths P? with n = 3, n = 5 and n = 7,

respectively.

Definition 2.4.3. [11] Let n > 5 and C,, be a cycle on [n] vertices, then the

edge set of square of cycle (or square cycle) is
E(C2) = {{k, k+1}, {k, k+2} : k € [n—2]}U{{n—1,1},{n, 1}, {n—1,n},{n, 2} }.

See Fig. 2.2 for examples of C?.

3
3 s \/
a

Figure 2.2: From left to right; square cycles C? with n = 5, n = 6 and n = 10,

respectively.

Definition 2.4.4. [11] Let U be a simple graph. For t € ZT, the t'* power of

a graph U is another graph U’ on the vertex set V(U), such that two vertices

12



are connected through an edge in U’ when in U, the distance between them is at

most t.

Definition 2.4.5. [11] For n > 2, the t'" power of a path, denoted by P!, is a
graph such that V1 < j <k <n,{j,k} € E(P)iff 0<k—j <t Ifn<t+1,

then P! is a complete graph on [n] vertices. If n > ¢ + 2, then

E(P) =UiZi{{ji+1},... . {jj+t}}u

Upin o {{k, k+ 1}, .. {k,n}}.

Definition 2.4.6. [11] For n > 3, the t'" power of a cycle, denoted by C?, is a
graph such that V 1 < j, k <n, {j,k} € E(C.) iff |k —j| <tor|k—j|>n—t.

If n < 2t+1, then C! is a complete graph on [n] vertices. If n > 2¢ + 2, then
E(C}) = EPHuU_ {{l,l+n—t} {l,l+n—t+1},{l,l+n—t+2},....{l,n}}.

For examples of powers of paths and cycles see Figures 2.3 and 2.4.

Y
P A

Figure 2.3: From left to right, P}, and P}, respectively.

2.5 Two Standard Graph Products

Definition 2.5.1. [27] The Cartesian product of two graphs U; and U, is
usually denoted by U;0U,. This graph has vertex set V(U;) x V(U,), and for
(vl,ul), (UQ,UQ) € V(UlljUQ), (Ul,ul)(vg,UQ) S E(UlDUQ), if either

13



Figure 2.4: From left to right, C3; and C}, respectively.

e {v;,v} € E(Uy) and u; = uy or
® U1 = Vg and {Ul,UQ} S E(UQ)

If n > 2, then the Cartesian product P,0OP, of two paths P, and P, is called
the ladder graph which is denoted as £, that is £, := P,0OPF,. For n > 3, the

Cartesian product of P, and C,, is the circular ladder graph which is represented

by €L, that is CL,, := P,0OC,,.

Definition 2.5.2. /8] For a given graph U, the line graph of U is usually denoted
by L(U). It is a graph with vertex set V(L(U)) = E(U) and two vertices in L(U)

are adjacent iff the corresponding edges in U share a vertex.

For examples of the ladder, circular ladder graphs and their corresponding

line graphs see Figures 2.5 and 2.6.

Definition 2.5.3 ( [27]). The strong product U; X Uy of graphs U; and Us is a
graph with V(U; K Us) = V(Uy) x V(Us), and for (vy,uy), (ve,us) € V(U K Uy),
(v1,u1)(v2, ug) € E(U; ¥ Us,), whenever

o {v,v5} € E(U;y) and u; = uy or

14



X2

Vs Vs Vi Vs y2
as ay, a, a, a,
bt 0 ‘ 0
cs <, cs <2 <

Figure 2.5: Ly, L4, L4 and their line graphs L(L,y), L(Ly), L(Lg) respectively.

~e——@x
8

- @

Y2 1

Nav
/NN

: c

Y, Vi Yy
p

Y3 y
s a s
"3 < '

a,
b b.
&

X5

Figure 2.6: From left to right, CLs and L(CLg).

e v; = vy and {uy,us} € E(Us) or
o {v,v0} € E(Uy) and {uy,us} € E(Us).

For n > 2, let ,,,, == P,X P,, = P,, X P,, and for m > 1 and n > 3, let
Com = C, X P, = P, KC,. For examples of P, ,, and €, ,,, see Figures 2.7 and
2.8.

Figure 2.7: From left to right; P51, P52 and Ps 3.
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21

Figure 2.8: From left to right; Cs 1, Cs2 and Cg 3.

2.6 Conclusion

In this chapter, some basic notions, terminologies and definitions from graph
theory are presented. Furthermore, the concept of power of a graph is discussed.

The two well-known graph operations are explained at the end of the chapter.
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Chapter 3

Brief introduction of

Commutative algebra

This chapter is divided into eight sections. In the first five sections, some necessary
material of commutative algebra is given. A method for computing the Stanley
depth of a special type of module is given in section 6.

Some known results of depth and Stanley depth are presented in the last

section. For further details, the interested reader is referred to [6,19,30,79].

3.1 Ring theory

Definition 3.1.1. [19] A ring is a set T with two operations + and x such that
(%,4) is an abelian group, the multiplication is associative and left and right

distributes laws hold in %.
Definition 3.1.2. [19/ The ring T is commutative if for all a,c € T, ac = ca.

Definition 3.1.3. [19] The ring ¥ is said to be a ring with unity if there is an

element 1 € ¥ withl xz=2x1=zforall z¢€%.

17



Throughout this dissertation, all rings are considered to be commutative with

unity.

Definition 3.1.4. [19] Let T be a ring. Then the set of all polynomials in
a variable z with coefficients in ¥ form a ring under usual addition and multi-
plication of polynomials, this ring is denoted by ¥[z]. The polynomial ring in
the variables zy, 2, ..., 2, with coefficients in T, represented by [z, ..., 2,], is

defined inductively by T[z1, ..., 2,] = Tlz1, .., 20-1][20]-

Definition 3.1.5. [19] A subset A of a ring T is called an ideal of T if:
e A is an additive subgroup of ¥ and,
eVreAandVre® rre A

Definition 3.1.6. [19/ An ideal A of T is called a primary ideal if zy € A then

x € Aory* e A for some a > 1.

Definition 3.1.7. [19]/ An ideal A of ¥ is called a prime ideal if zy € A then
r e Aory e A. Let Ay, Aq,..., A be the prime ideals of T. A chain of prime
ideals Ag & A1 & --- & Ay is said to be a chain of length k.

Definition 3.1.8. [19]/ The Krull dimension of a ring ¥, usually represented by

dim(T), is the length of the longest chain of its prime ideals.

Definition 3.1.9. [19/ An ideal m in a ring ¥ is said to be a maximal ideal if [

is an ideal such that m C I C ¥, thenm =17 or I =%.
Definition 3.1.10. [19] A ring ¥ is a local ring if it has a unique maximal ideal.

Definition 3.1.11. [19/ A ring T is a Noetherian ring if it satisfies the ascending

chain condition on its ideals, that is for any chain of ideals:

A1CA2C"'CAk+1C...

18



there exists k € Z™ such as

Ak:Ak+1:....

3.2 Module theory

Definition 3.2.1. [19]/ Let ¥ be a ring, a T-module @ is an abelian group under
addition and an action of T on @ (that is a map T x Q — ) represented by az

for all @ € ¥ and 2z € () that satisfies the following axioms:
l.aly+z)=ay+az,V a€Tand y,z € Q,
2. (ab)z = a(bz), ¥V a,be T and z € Q,
3. (a+b)z=az+bz,V a,be T and z € Q,
4. 1z=2,V 2z € Q.

Definition 3.2.2. [19] Let ) is a T-module, a T-submodule A of @) is an additive
subgroup of @) such that ra € A for allr € T, a € A.

Definition 3.2.3. [19/ Let @ is a T-module and @4, Qs, ..., Q, be submodules
of @. The sum of Q1,Qs,...,Q, is denoted by Q1 + Q2 + --- + Q,, and it is the

set of all finite sums of elements of @); as follows:
Q+Qa+ +Qu={br+by+-+b, | b €Q; Vi}.

Definition 3.2.4. [19]Let @ is a T-module and B C Q. Fori € Z*,ry,rq9,...,1; €
I, bl,b27...,bi S B, then B = {lel—f—rgbg—l—---—l—nbi}. If B= {bl,bg,...,bm},
then TB can be written as TB = Tb; + Tby + - - - + Tb,y,.

Definition 3.2.5. [19/ A submodule A of @) is called finitely generated if there
is some finite subset B of ) such that A = TB.
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Definition 3.2.6. A T-module @ is said to be Noetherian if each of its submodule

is finitely generated.

Definition 3.2.7. [19] A submodule A of @ is called cyclic if there exists an
element m € @ such that A = Tm, that is, if A can be generated by a single

element:

A=Fm={rm | r e T}.

Definition 3.2.8. [19] Let Q1,Qs,...,Qmn be a collection of T-modules. The
collection of i-tuples (ny,ns, ..., n;) where ny € @, with addition and action of

T defined componentwise is said to be the direct product of these modules.

Remark 3.2.1. [19] The direct product of a collection of ¥-modules is again
a T-module. The direct product of Q1,Qs,...,Q,, is also referred as the direct

sum of Q17Q27 R Qm

Definition 3.2.9. [19/ A T-module @ is called free module on the subset A
of @, if for any non-zero element m € @), there exist unique non-zero elements
Ty, To,...,T, of ¥ and unique elements aq,as, ..., a, in A such that m = x1a; +
Toly + -+ + zpa, for some n € ZT. Then A is said to be basis or set of free

generators of ().

Definition 3.2.10. [19/ Let A, B and C be T-modules over ring ¥. Then the

pair of T-homomorphisms A % B 5, C'is called exact at B if image(«a) = ker(f).

Definition 3.2.11. [19] A sequence ... — A,y — Ay, — Apyr ... of T-
modules and T-homomorphisms is called an exact sequence if it is exact at every

A,, between a pair of homomorphisms.

Proposition 3.2.1 ( [19, Proposition 22]). Let X, Y and Z be T-modules over
ring T. Then
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1. The sequence 0 — X =Y is called exact at X if and only if 7 is injective.

2. The sequence Y Y 7 — 50 is called exact at Z if and only if ¥ is surjective.

Corollary 3.2.1 ( [19, Corollary 23]). The sequence 0 — X Y L7 -0

is exact if and only if m is injective, 1 is surjective and image(mw) = ker(1)).

Definition 3.2.12. [19] The exact sequence 0 — X = Y Y Z — 0 is said

to be a short exact sequence.

Definition 3.2.13. [30] Let ¥ be a ring, @ be a T-module and A be a proper
subset of (). The annihilator of A is usually represented by Annz(A). It consists
of all elements 7 in ¥ such that for each a in A, ra = 0. In set notation, it can

be written as follows:
Anng(A) ={reT:Vae A ra=0}.

Definition 3.2.14. [30] Let @) be a T-module, a monomial prime ideal P of ¥
is called an associated prime of @ if P = Ann(m) for a non-zero element m of Q.

The set of associated primes of @ is denoted by Asst(Q).

3.3 Monomial ideals

Let S = K|[z1,..., 2], and N" represents the set of vectors 5 = (by,...,b,) with
each b; > 0 is an integer. Any arbitrary product of the type u = 1k ghe
with b; € N is said to be a monomial, and it can be written as u = I B
denotes the set of monomials of S then B is a K-basis of S. That is, if g € S then
g can be written as a linear combination of elements of B over K as follows:

g = Zme

ueB

where b, € K. The sets supp(g) = {u € B : b, # 0}, and supp(u) = {j : z;|u}

represent the support of g and u respectively.
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Definition 3.3.1. [30] Let A C S be an ideal, then A is a monomial ideal if it

is generated by the set of monomials.

Theorem 3.3.1. [30] If L is the set of monomials of the monomial ideal A, then
L is a K-basis of A.

Proposition 3.3.1. [30] Let A C S be a monomial ideal, then A has a unique

minimal set of monomial generators.
The unique minimal set of the monomial ideal A is denoted by G(A).

Definition 3.3.2. [30] A monomial a is said to be a squarefree if a = z;, zj, . .. 2;

for some 1 < j; < jo < -+ < Jpu < 1.
Definition 3.3.3. [30] Any monomial ideal is said to be a squarefree monomial

ideal if it is generated by squarefree monomials.

Definition 3.3.4. [30] Let U := (V(U),E(U)) be a graph with vertex set
V(U) = {x1,22,...,2,} and edge set F(U). The edge ideal I(U) associated to
U is the squarefree monomial ideal, that is I(U) = (z;z; : {x;,2;} € E(U)).

Remark 3.3.1. The intersection, product, and sum of monomial ideals are
again monomial ideals. Furthermore, for the monomial ideals A; and A, of
S, it follows that G(A; + As) C G(A1) U G(As), G(A14y) C G(A1)G(A) and
AN Ay = (lem(a,b) : a € G(A1),b € G(A2)), where lem(a, b) represents the least

common multiple of a and b.

Proposition 3.3.2. [30] The colon ideal (A : Ay) of two monomial ideals Ay
and Ay of S, is again a monomial ideal and (A1 : Az) = (\.cqa, (A1 : (€)).
Moreover, {d/gcd(e,d) : d € G(A1)} is a set of generators of (A; : (e)).

Example 3.3.1. Let S = K21, 2, 23, 24], A1 = {2022, 2122, 2%, 2323} and Ay =

{222}, 2923, 2423} are monomial ideals of S. Then
2 2 2.3 2 3 2.2 . .3, 2.3 .5 .43
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2 2
Ar+ Ag = {2324, 2023, 21, 2123 },
2 .2 3. .2 2, 2
Ay N Ay = {2023, 2327, 220, 21 2023, 212573, 212324 },

(A 1 Ag) = {2923, 23, 23, 212024, 2125, 2324 }.

3.4 Graded rings and graded modules

Definition 3.4.1. [30] Let (H,+) be an abelian semigroup. An H-graded ring
is a ring T together with a decomposition

T = @TQ (as a group),

acH

such that T,%, C %, for all a,b € H. Then for r € T, a unique expression can

be written as follows:
r= Z Ta,

where 1, € T, and almost all 7, = 0. The element r, is called the a'* homogeneous

component and if r = r,, then r is homogeneous of degree a.

Definition 3.4.2. [30] Let (H,+) be an abelian semigroup, ¥ is an H-graded

ring and @ is a T-module with

Q= @ Q. (as a group)

acH
such that T,Q, C Q.4 Va,b € H, then () is said to be an H-graded module. A

non-zero element of (), is called a homogenous element of degree a.

Example 3.4.1. Let 3 = (by,by,...,b,) € Z" and 2% = 20120 2b» Then
g €S :=K|z,...,2,) is said to be a homogeneous element of degree /3 if g = cz”

and ¢ € K. Here S is clearly a Z™-graded ring that is S = sezn Op; Where

K28 ifpBe VAR
Sg =
0, otherwise.
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An S-module @ is said to be a Z"-graded if Q) = @ﬂeZn Qs and SzQ, C Qpiy
for all 8,~v € Z".

3.5 Depth

In this section, some definitions related to depth are provided.

Definition 3.5.1. [19/ Let ¥ be a ring and @) be a ¥ module. A zero divisor of

a module () is an element x of T such that xqg = 0 for some non-zero ¢ in Q).

Definition 3.5.2. [30] Let () be a module over a ring T, a € ¥ is said to be
@-regular if for any m € @), am = 0 implies m = 0. In other words, a is not a

zero-divisor on ) or the multiplication by a on @) is an injective map.

Example 3.5.1. (1) Let S = K|[z1, 25, and @Q = S. As S is an integral domain,

thus every monomial of S is S-regular element.

(2) Let S = K]|z1, 29, 23] be the polynomial ring, and Q = S/(23z3). Then z} is

Q-regular element, as 23 is not a zero divisor of Q.

Definition 3.5.3. [30] Let @ be a module over a ring ¥ and z = z;,..., 2, be a
sequence of elements in ¥, it is said to be a @)-regular sequence, if it satisfies the

following conditions:
o 2;is Q/(z1,...,2_1)Q regular for any i;

° Q@ F (2)Q.

Example 3.5.2. Let S = K|z1,...,2,]. Then z,..., 2, is a regular sequence on

S.

Example 3.5.3. Let S = K|z, 29, 23, 24], and Q = S/J, where J = (22, 2324) C S
is a monomial ideal. Then z = 23 + 24, 27 is a Q-regular sequence, as 23 + 24 is

not a zero divisor in Q, and 2% & (29, 23, 24).
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Theorem 3.5.1. [9] Let T be a Noetherian ring, Q) is a finitely generated %-
module and J C ¥ such that JQ # Q. Then all maximal Q-sequences in J have

the same length n, that is given by
n = min{i : Ext4(T/J,Q) # 0}.

Definition 3.5.4. [30/ Let ¥ be a local Noetherian ring with unique maximal
ideal m, and @) a finitely generated T-module. The common length of all the

maximal ()-sequences in m is said to be the depth of ) and it is usually represented

by depth(Q).

Example 3.5.4. Let S = Klz,...,2,]. Then z = z,..., 2, is a regular sequence

on S. Since S/(z) = K, thus depth(S) = n.

Example 3.5.5. Let S = K|z, 29, 23, 24] be the polynomial ring and @ = S/ J,
where J = (22, 23z4) C S is a monomial ideal. Then z = z3 + 24,2? is a maximal

(Q-sequence.

3.6 Stanley depth

Let S = Klzi,...,2,] be a polynomial ring over a field K, and A is a finitely
generated Z"-graded S-module. Let a € A be a homogeneous element and
X C{z,22,...,2,}. aK[X] represents as the K-subspace of A generated by all
elements ab where b is a monomial in K [X]. The Z"-graded K-subspace aK[X] of
A is said to be a Stanley space of dimension |X |, if aK[X] is a free K[X]-module.
A Stanley decomposition of A is a presentation of K-vector space A as a finite

direct sum of Stanley spaces

i=1
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The number sdepth(H) = min{|X;| : ¢« = 1,...,r} is the Stanley depth of H.
Let sdepth(A) = max{sdepth(H) : FH is a Stanley decomposition of A}, then
sdepth(A) is called the Stanley depth of A. Herzog et. al initiated a method [36],
in order to find the Stanley depth of a module of the form B/A where A C B C S
are monomial ideals. By using this method, examples are given in the next chap-
ters. Let Q@ = B/A, A C B are monomial ideals of S. Let 7 < 7 be the
natural partial order on N™ given by b < ¢ if b(k) < ¢(k) for all k£ € [n] and

b(1

22 for b e N Suppose that B is generated by the monomials
20 . 2 and A by the monomials 2, ..., 2%, by, ¢; € N*. Choose a € N" such
that by < a,¢; < aforall k,[. Let Pg/A be the sub-poset of N" given by all d € N”
with d < a and such that b, < d for some k and d z ¢ for all [. Pg/A is said to
be the characteristic poset of B/A with respect to a. Given a finite poset P and
byce P, [b,c]J={d € P:b<d<c}isan interval. A partition of P is a disjoint
union 5 : P = J,_,[bk, cx] of intervals, for d € P, set Zg = {2 : d(I) = a(l)} and
let 1) : P — N be the map given by d — |Zy].

Theorem 3.6.1. [36]

1. Let B : Py y = Uy [dr. €x] be a partition of Py, ,. Then

H(B) : B/A = DD v'[Z.])

is a Stanley decomposition of B/A, where the inner direct sum is taken over
all d € [dy,ex] for which d(l) = di(l) for all | with z € Z.,. Moreover,
sdepth(H(3)) = min{u(er) : k € [r]}.

2. Let 3 be a Stanley decomposition of B/A. Then there exists a partition (
of P4 such that sdepth(3H(5)) > sdepth(H)

In particular, Stanley depth of B/A can be calculated in the limited number

of steps.
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Example 3.6.1. Let B = (2924, 2122, 2324, 2123) C K21, 22, 23, 24] and A = 0. Set
by = (0,1,0,1), by = (1,1,0,0), bg = (0,0,1,1) and by = (1,0,1,0). Thus B is
generated by 2%, 2% 2% 2% and a can be chosen as @ = (1,1,1,1). The poset
P = Pg/A is given by

P ={(1,0,1,0),(1,0,0,1),(0,1,1,0),(0,1,0,1),(1,1,1,0),(1,1,0,1),(1,0,1,1),
(0,1,1,1),(1,1,1,1)}

A partition P of P is given by

[(0,1,0,1),(1,1,0, )] | JI(1,1,0,0), (1, 1,1,0)][ JI(0,0,1,1),(1,0,1,1)]
JIx,0,1,0), (0.1, 1, DI JI(L, 1, 1, 1), (1,1,1,1)].

From finitely many Stanley decompositions, some are as follows:
B1: B = z024K (21, 20, 24| © 2021 K[ 21, 20, 23] D 2324 K [23, 24, 2] D 2321 K [ 23, 21, 24D

2oz32421 K |29, 23, 24, 21)-

52 B = ZQZ4K[ZQ, 24, 2’3] @ legK[Zl, 24, 22] ©® 2324K[23, 24, 2’1]@

223K (21, 23, 20) © 21202324 K |21, 23, 22, 24].

53 B = Z224K[Z4, ZQ] D 2122K[21, 23, ZQ] D 2’324K[22, 23, Z4]@

123K (23, 21, 24] ® 2120240 K 21, 24, 22) ® 21202324 K |21, 23, 24, 2].

54 B = ZQZ4K[22, 24, 23] @ ZlZQK[ZQ, 21] D 2324[([21, 24, 23]@

2oz K[2e, 21, 24) B 2321 K 21, 23, 2] B 21202324 K [21, 23, 29, 24].

Bs 1 B = 2024 K |29, 21, 24)| ® 2122K |21, 23, 22| B 2324 K 23, 24| D

2023240 (20, 24, 23] B 2123K (21, 24, 23] D 21202324 K 21, 24, 23, 20].
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56 B = Z224K[21, 24, 2’2] D legK[Z’l, 23, 22} D 2324K[Z4, 23, Zg]@

123K (21, 23] © 212324 K [24, 23, 21] @ 21202324 K |21, 24, 23, 7).
The Stanley depth of B is
sdepth(B) = max{sdepth f3; : ; is a Stanley decomposition of B} > 3.

As sdepth(B) = 4 if and only if B is a principal ideal. Since B is not a principal
ideal, thus sdepth(B) = 3.

3.7 Some known results for depth and Stanley
depth

A monomial ideal B C S = K|[z,22,...,2,] is said to be a Stanley ideal if

Stanley’s inequality is true for S/B.
Theorem 3.7.1. [5] Any monomial ideal of S = K [z1, 22, 23] is a Stanley ideal.

Theorem 3.7.2. [3/ Let B C S be a monomial ideal. If n = 4, then B is a

Stanley ideal.

Theorem 3.7.3. [63] For any monomial ideal B of S = K|z, 29, 23, 24, 25], B

1s a Stanley ideal.

Theorem 3.7.4. [62] If B = (\,_, Bi, where each B; is a monomial prime ideal
of S, then B is a Stanley ideal.

Theorem 3.7.5. [80] If B = ﬂle B;, where each B; is a monomial primary
ideal of S, then B is a Stanley ideal.

Theorem 3.7.6. [64] If B =\, Bi, where each B; is a monomial prime ideal
of S, then B s a Stanley ideal.
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Let B C A C S be monomial ideals. Herzog et al. [36] calculated the Stanley
depth of m := (z1,...,2,) C S for n < 9 by applying their method, and show
that sdepth(m) = [§]. They conjectured that this result holds for any n. Using
combinatorial techniques, Biro et al. [7] provided a positive answer to this con-
jecture. A subset B of S is said to be a complete intersection monomial ideal of
S if for any two monomials v; and vy of G(B), supp(vy)()supp(ve) = 0. For a

complete intersection monomial ideal B of S, some results are as follows.

Proposition 3.7.1 ( [36, Proposition 3.8]). Let |§(B)| = 3. Then sdepth(B) =

n—1.
Theorem 3.7.7 ( [73, Theorem 2.3]). Let |§(B)| = r. Then sdepth(B) =n—|[7].
Shen proposed the upcoming question for the squarefree monomial ideal T of S.
Question 3.7.1. [73] Let |G(T)| = r. Is it true that sdepth(T) > n — [5]?
Keller and Young gave a positive answer to the above question in [54].
Theorem 3.7.8. [54] Let |G(T)| = r. Then sdepth(T) > n — |5].
Let B ba an ideal of S, then the ideal

VB :={reS:r®e B for some a € Z*}

is said to be a radical ideal of B. It is a famous result that depth(S/B) <
depth(S/v/B) and equivalently depth(B) < depth(v/B) [35]. Apel showed that

the first inequality holds also for Stanley depth.
Theorem 3.7.9. [5] sdepth(S/B) < sdepth(S/v/B).
Ishaq extended the above result, which is shown in [46] as follows:

Theorem 3.7.10. Let BC AC S = K]|z,..., 2, be monomial ideals. Then
sdepth(vV'A/vVB) > sdepth(A/B).
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He also gave the following interesting upper bound.

Theorem 3.7.11. [47] Let A C S be a monomial ideal. Then
sdepth(A) < min{P;,i =1,...,s},
where P, € Assg(S/A).

Now some results related to the edge ideals of graphs are presented here. Ishaq
and Qureshi [51] gave the upper bounds of Stanley depth for the edge ideals of a

k-uniform complete bipartite hypergraph and k-partite complete graph.

Corollary 3.7.1 ( [51, Corollary 2.9]). If B is an edge ideal of complete k-partite

graph then Stanley’s inequality is true for B.

Let I(P,) and I(C,,) be the edge ideals of the path and cyclic graphs respec-

tively. By applying Depth Lemma, Morey showed the following result.

Lemma 3.7.1 ( [57, Lemma 2.8]). Let n > 2, then depth(S/I(F,)) = [%].
Stefan proved a similar result for Stanley depth.

Lemma 3.7.2 ( [76, Lemma 4]). Let n > 2, then sdepth(S/I(F,)) = [§].

Theorem 3.7.12 ( [67, Theorem 2.7]). Let H be a forest with k connected
components Hy, ..., Hy and let I(H) be its edge ideal in S. Let e; is the diameter

of Hi, 1 <i <k, and e =max{e; | 1 <i<k}. Then for everyr > 1

—7r+2

sdepth(S/(I(H))") > max{[< e L

Cimpoeas proved the following results for the edge ideals of the cyclic graph.

Proposition 3.7.2 ( [16, Proposition 1.3]). Let n > 3, then

n—1
3

depth(S/1(Cy)) = [,
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Theorem 3.7.13 ( [16, Theorem 1.9]). Let n > 3, then

(1) sdepth(S/I(Cy)) = [*51], if n = 0,2 (mod 3).

(2) sdepth(S/1(Cy,)) < %], if n =1 (mod 3).
Fouli and Morey gave the following lower bound in terms of the diameter of a
graph U.

Theorem 3.7.14 ( [26, Theorems 3.1 and 4.18]). Let U be a connected graph
and A = I(U) be the edge ideal of U. If d = diam(U), then

depth(S/A),sdepth(S/A) > (%}

For more results about these invariants that are related to the powers of edge
ideals, the interested reader is referred to [20,26,57,81]. Some results that are

referred several times in the rest of the dissertation are as follows.

Lemma 3.7.3 (Depth Lemma). [79, Lemma 1.5.9] Let 0 — A} — Ay —
As — 0 be the short exact sequence, where Ay, Ay and Az are the finitely gen-

erated Z"-graded S-modules. Then
1. depth(Ay) > min{depth(A;3),depth(A;)}.
2. depth(As) > min{depth(A;) — 1,depth(A)}.
3. depth(A;) > min{depth(A,), depth(A3) + 1}.

Lemma 3.7.4 ( [70, Lemma 2.2)). Let 0 — T} — Ty, — T3 — 0 be the short

exact sequence, where T, Ty and T3 are Z"-graded S-modules. Then
sdepth(T3) > min{sdepth(7}), sdepth(T3)}.

Lemma 3.7.5 ( [36, Lemma 3.6]). Let T' C S = K|[z,...,2,] is a monomial

ideal, and S = S[zni1, Zny2s - - - Znir] 15 a polynomial ring. Then
depth(S/TS) = depth(S/TS) +r and sdepth(S/TS) = sdepth(S/T'S) + r.
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Theorem 3.7.15 ( [60, Theorem 2.3]). Let T'C S be a monomial ideal of S and
|S(T)| =r. Then
-

sdepth(T") > min {1,n — L§J }.

Corollary 3.7.2 ( [70, Corollary 1.3]). Let T' C S be a monomial ideal. Then
depth(S/(T : v)) > depth(S/T) Vv ¢T.

Proposition 3.7.3 ( [14, Proposition 2.7]). Let T C S be a monomial ideal.
Then
sdepth(S/(T : v)) > sdepth(S/T) Vv ¢T.

3.8 Conclusion

In this chapter, some basic notions, terminologies and definitions from commuta-
tive algebra are presented.The fundamental material on monomial ideals is sum-
marized in it. Moreover,the basic literature related to Stanley depth and depth is
given in this chapter. Furthermore, a computational technique related to Stanley

depth of multigraded S-modules is presented in this chapter.
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Chapter 4

Depth and Stanley depth of the
edge ideals of square paths and

square cycles

This chapter consists of two sections. In the first section, the exact value of depth
and Stanley depth for S/I(P?) is computed. These invariants are also computed
for S/I(C?), when n = 0, 3,4(mod 5), and tight bounds are given in other cases.
In the next section, a lower bound is provided for the Stanley depth of I(P2),
and this is good enough that a positive answer to the Conjecture 1.2.1 as well as
to the Question 1.2.1 for I(P?) can be given. Also, a positive answer is given to
the Conjecture 1.2.1 for I(C?) at the end of this chapter.

Throughout this chapter, set S,, := Klai,as, ..., a,]. The edge ideal I(P?)
associated with the graph P? is the squarefree monomial ideal of polynomial ring
Sy, and the generating set contains monomials of the type a,;a;, which corresponds

to the edges in the graph P2. For examples of P?, see Fig. 2.1. Edge ideal of P?
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is given by

2
I(P7) = (araz, aras, asas, Aoy, . . ., QiQi41, QiQit2, - - -y Qp—4Gn—3, Qp—4Cn_2,

an—3an—27an—San—lyan—Zan—lvan—Qanaan—lan)

Similarly, the edge ideal of C? is given by

2
](Cn) = (a1a2, a1asz, 203, 204, . - ., Q;Qi41, A;A542, - . ., bp—4Qp—3, Apn—4Q0p—2,

an73an727an73an717aananlaan72anaanflanaan71a17ana17ana2)

See Fig. 2.2 for examples of C2.

4.1 Depth and Stanley depth of cyclic modules
associated to square paths and square cycles

In this section, the values of depth and Stanley depth are computed for the cyclic
module S/I(P?), and these results are used in computations of depth and Stanley

depth of S/I(C?).
Theorem 4.1.1. Let n > 3. Then depth(S/I(P?)) = [%].

Proof. To prove it, the induction hypothesis is used. For 3 < n < 7, the result is

true. Now consider n > 8. For this, assume the short exact sequence as follows:
0 — S/(I(P?) : ap_y) —=2 S/I(P?) — S/(I(P?),an_s) — 0, (4.1)
by Depth Lemma

depth(S/I1(P2%)) > min{depth(S/(I(P?) : a,_2)),depth(S/(I(P?), an_2)}.
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2y . —
(I(Pn> . CLn_Q) = (alag, a1az, A20a3, 204, . . . y A;Ai41, A;A542, -« . y Ap—_6Ap—5, Ap—4,
Ap—3, An—1, an)

- ([(P3—5), Qp—4,an—-3,0n—1, an)-

This further implies that S/(I(P2) : an_2) = (Sn_5/1(P?_5))[an—2). The induction
hypothesis and Lemma 3.7.5 give

n —

5

1r1=1D).

depth(S/(I(Fy) : an—2) = | 5

Now let
T:= (I(Pz)u aan) = (I(Psfg)a Ap—30n—1, An—10n, an72>-

For this, assume the short exact sequence as follows:
0— S/(T: an) =% S/T — S/(T,ap_1) — 0. (4.2)
By Depth Lemma, it follows that
depth(S/T) > min{depth(S/(T : a,—1)),depth(S/(T, a,-1))}.

Here

(T :an_1) = (I(P?,), Gn_3,0n_2,a,) and (T, a,_1) = (I(P?_3), Gp_2,n_1).
That gives

ST+ an) = (Su-a/I(Py_y))lan-1] and S/(T,an-1) = (Su-s/1(P;_3))[an].

Thus inductive hypothesis on n and Lemma 3.7.5 yield

n—4 n—3

depth(S/(T : an—1)) = [ : 1+ 1 and depth(S/(T,a,-1)) = | -

1+ 1

Since depth(S/(T, an-1)) > depth(S/(T : a,—1)), then by Depth Lemma

depth(S/(I(P2), an_s)) = depth(S/T) = [~

-4
1.
) 1+
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Also as depth(S/(I(P?),a,_2)) > depth(S/(I(P?) : a,_2)), again by Depth
Lemma

depth(S/1(F2)) = [%].

Proposition 4.1.1. Let n >3. Then sdepth(S/I(P3)) > [%].

Proof. 1f 3 <n < 7, then by using the method given in [36], the Stanley decom-

positions of the desired Stanley depth are as follows.

Ifn=3, then S/I(P}) = Kla] ® aaKlas] ® azK]las).
Ifn=4, then S/I(P}) = Klai,a4] ® ayK|as] ® azK][as)].
Ifn=>5, then  S/I(P?) = Klay,a4) ® axK|as, as) ® azK[as] ® asK[ay, as).

If n =6, then S/I(PF) = Klay,as ® asK[az,as] ® asK|as, ag) ® asK[ar, as)

EBaﬁK[al, Clﬁ] D CLQCL(;K[CLQ, (1,6].

If n =7, then S/I(P?) = Klay,a4) ® asK[az, as] ® azK|as, ag) ® asK[a1, as]
dagK|ar, as] ® a7 Klay, a7] ® asasK [asz, ag) ® asar Klas, a7l
@CL3&7K[&3, a7] ©® a4a7K[a1, ay, 0,7].
It remains to be shown that the result holds for n > 8. For this, the proposition
can be proved by taking the similar steps as in Theorem 4.1.1. By applying

Lemma 3.7.4 instead of Depth Lemma on the exact sequences (4.1) and (4.2),

then the required result holds by inductive hypothesis. O]

The following elementary lemma is helpful in finding an upper bound for the

Stanley depth.
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Lemma 4.1.1. Let I is a squarefree monomial ideal of S, if supp(l) = [n],
and v 1= a;,a;, - - a;, € S/I such that ajv € I for all j € [n]\supp(v). Then

sdepth(S/I) < gq.

q

Proof. Suppose that sdepth(S/I) > ¢, then by [31, Lemma 4.1], a squarefree

Stanley decomposition of S/I, is as follows

511 = @ u K1z

where |Z,| > ¢, u,’s are squarefree monomials in S/I and supp(u,) C Z, V r.
Since v € S/I, thus v € w.K[Z,] for some ', and by supposition |Z.| > g,
therefore supp(v) € Z,... Let a; € Z,/\ supp(v) then qv € I and hence u, K |[Z,/]

is not a free K[Z,,] module, a contradiction, thus sdepth(S/I) < q. O

Theorem 4.1.2. Let n > 3. Then sdepth(S/I(P?)) = [2].

Proof. Using Proposition 4.1.1, it only needs to prove that sdepth(S/I(P2)) <
[%]. If n =3 or 4, then the result can be easily verified. For n > 5, assume the
following cases:

Case 1. Let n = 5k, where k > 1. Since v = agagaz - - as,_o € S\I(P?), but
ajv € I(P?) for alll € [n]\ supp(v), thus by using Lemma 4.1.1, sdepth(S/I(P2)) <
Case 2. Let n = bk +1t > 7, where t € {1,2,3} and £k > 1. Since v =
azagais - - - asp_2asks € S\I(P?), but aqyv € I(P?) for all | € [n]\ supp(v), there-
fore by Lemma 4.1.1, sdepth(S/I(P7)) < k+ 1= [2].

Case 3. Let n = bk +4 > 9, where £k > 1. Since v = agagais---aski3 €
S\I(P2), but aqv € I(P?) for all I € [n]\supp(v), thus again by Lemma 4.1.1,
sdepth(S/I(P2)) < k+1=[%]. O

From Theorems 4.1.1 and 4.1.2, the next result can be easily deduced.
Corollary 4.1.1. The Stanley’s inequality holds for I(P?).
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Theorem 4.1.3. Let n > 5. Then depth(S/I(C2)) > [2=2].

Proof. The result can be easily verified for 5 < n < 7. For n > 8, assume the

short exact sequence as follows:
0 — S/(I(C?) : ap_y) =2 S/I(C?) — S/(I(C2), ap_s) — 0.
Then by Depth Lemma
depth(S/1(Cy)) > min{depth(S/(I(C7) : an-2)), depth(S/(I(C7), an-2))}.

As S/(I(C?) : ay_9) =2 S, _5/I(P?_;)[an_s], then by Proposition 4.1.1 and Lemma
3.7.5, it follows that

n—2>95 n
depth(S/(I(C2) : an—s)) = [ 3 [+1= f31~
Let
J' = ([(0721)7 aan) = (a1a27 a1a3, G203, 204, - - -, QjQi41, AiAi42, - - - Ap—50n—4,

5053, Gp— 403, Qp—30n_1, Qn_10p, Gp—101, Apa1, Gpo, Gy_2).
Now assume the following exact sequence
0— S/(J :an_y) =5 S/ J — S/(J, apn_y) — 0.
By using Depth Lemma,
depth(S/J") > min{depth(S/(J' : a,_1)),depth(S/(J, an_1))}.
Here
(J :an_1) = (azas, asay, . .., Q;Q; 41, QiGis2, - 5 Qp50n_a, Gp_3, Qn, A1, Ap_2)-
After renumbering the variables, it follows that
S/(J": an-1) = Sp_s/I(P}_5)[an—1]-
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Therefore by Theorem 4.1.2 and Lemma 3.7.5, it results that

n—>

depth(S/(J": an1)) = [—

n
+1=[=].
1+1=13
Also
!
(J' an—1) = (ana1, anasz, a1a2, 103, 203, Q204 . . ., A;Git1, QiQit2, . - - An_50n_4,
Qp—5Q0n—3, Apn—40p—3, Ap—1, a/n72>-
After renumbering the variables
! 2
S/ an-1) = Sna/I(P;_5).

By Theorem 4.1.2, it follows that

n—2

5

depth(S/(J',an_1)) = [ 1.

Thus depth(S/I(C2)) > [22].

Corollary 4.1.2. Let n > 5, if n=1,2(mod5), then

21— 1< depth(S/1(C) < [5].
Otherwise,
depth(S/1(C2) = [£].

Proof. The result can be easily verified if 5 < n < 7. For n > 8, by Theorem 4.1.3
it only needs to show that depth(S/I(C?)) < [2]. Since a,—y & I(C?), therefore
by Corollary 3.7.2, it follows that

depth(S/I(C2)) < depth(S/(I(C7) : an-2)).

Since S/(I(C?) : a,_2) = S,_5/1(P?_;)[a, o], thus by Lemma 3.7.5 and Theorem
4.1.1, depth(S,_5/1(P?_;)[an—s]) = [2] and the required result follows. O
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Theorem 4.1.4. Let n > 5. Then sdepth(S/I(C2)) > [22].

Proof. 1f 5 <n < 7, then by using the method given in [36], the Stanley decom-

positions of the desired Stanley depth are as follows.

If n =5, then S/I(C3) = K[a)] ® ayK[as] ® asK[as] ® ayK[as) ® asK[as).

If n =6, then S/I(C3) = Klay, a4 ® asK|ay,as] ® azK|as, ag) ® as K [as]

DagK [ag).

If n="7, then S/I(C?) = Klay,a4] ® asK|az,as] ® asK[as, ag) ® asK[ay, as]

®agK[az, ag] ® arK[as, a7] ® aga;K|ay, az).

Now consider n > 8. For this, the theorem can be proved in similar way as the
proof of Theorem 4.1.3. By applying Lemma 3.7.4 instead of Depth Lemma and
Theorem 4.1.2 instead of Theorem 4.1.1, the required result holds. O

Corollary 4.1.3. Let n > 5, if n = 1,2 (mod5), then

] = 1 < sdepth(S/1(C2)) < [£].

Otherwise,

sdepth(S/1(C2)) = [£].

Proof. By Theorem 4.1.4, if n = 1,2(mod5), then sdepth(S/I(C?)) > [2] —
1 and otherwise sdepth(S/I(C2)) > [£], thus it is only need to show that
sdepth(S/I(C2)) < [%]. To do this, assume the three cases as follows:

Case 1. Let n = 5k, where k£ > 1. Consider the monomial v such that

UV = 4106011 * * * A5(k—2)+105(k—1)+1,
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then clearly v € S\I(C?), but ajv € I(C?) for all [ € [n]\ supp(v), thus by Lemma
4.1.1, sdepth(S/1(C2)) < k= [2].
Case 2. Let n = 5k + t, where t € {1,2,3} and k£ > 1. Consider the monomial

V= 41060411 * * * A5(k—1)+1A5k—1,

then clearly v € S\I(C?), but ayv € I(C?) for all [ € [n]\ supp(v), therefore by
Lemma 4.1.1, sdepth(S/I(C2)) < k+1 = [2].

Case 3. Let n = 5k+4, where k > 1. Consider the monomial v = a1a¢ -+ - G5(k—1)+105k+1,
then clearly v € S\I(C?), but ayv € I(C?) for all € [n]\ supp(v), thus by Lemma

4.1.1, sdepth(S/I(C?)) < k+1 = [2]. O

From Corollaries 4.1.2 and 4.1.3, the following result can be easily deduced.

Corollary 4.1.4. The Stanley’s inequality holds for I(C?).

4.2 Stanley depth of edge ideals of square paths
and square cycles

The main goal of this section is to show that the Conjecture 1.2.1 is true for the
edge ideals of square paths and square cycles. Moreover, a positive answer to the
Question 1.2.1 for edge ideal of an arbitrary square path, and for some classes of

edge ideals of square cycle is given.
Theorem 4.2.1. Let n > 3. Then sdepth(/(P?)) > [2] + 1.

Proof. To prove it, the induction hypothesis is used. It is easy to see that the
result is true for 3 < n < 7. Now consider n > 8. For this, since a,,_» & I(P2),

thus it follows that

(P} =1(P)N S @ an2(I(P) : ay2)S,
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where 8" = Klay, ..., ap_3,0,_1,a,], [(P2)NS" = (S(I(ngg)), (p—_30p_1, an_lan),
and (1(P2) : ap—2) = (S(I(P2;)), Gna, -3, Gn1,an)S.
I(PY) NS = (S(I(Py_s)), an-30n-1, Gn-10n) =
(9([(P73_3))7 Ap—30p—1, anflan)msﬂ @ QAp—1 ((9(I(P73—3))7 Ap—30n—1, anflan) : anfl)sla
where S = Klay, ..., an-3,a,), (SI(P2_3)), Gn-3an_1,an-10,)5" = (S(1(P%_3)))S",
and ((S(I(PT%%))?an_gan_l,an_lan) : an_l) = (9([(P574)),an_3,an)5’. Thus
sdepth (I(P2)) > min { sdepth ((G(I(P2_5)), Gn—a, A3, Gn_1,a,)5),
sdepth ((S(I(P2_4))S"), sdepth ((S(I(P?_,)), an_s, an)S') }
By Lemma 3.7.5, it follows that
Sdepth ((9([(P§_5)), Up—4, Ap—3,An—1, Cln)S)
= Sdepth ((9(](P7%—5)>a Ap—4, An—-3, Ap—1, Cln>S,) + 1a
and by [14, Theorem 1.3], it results that
sdepth ((S(I(P2_5)), an—a, Gn-3, ap_1,a,)S") > min { sdepth (I(P2_5)S,—5) +4,
sdepth ((an_4, p—3y Ap1, an)g) + sdepth (S’n_5/I(P3_5)Sn_5) },

where S = Kl[ay_4, an_3,ayn_1,a,]. Now by induction on n, by [7, Theorem 2.2

and Theorem 4.1.3, it follows that

sdepth ((9([(P3_5)), (p—t, A3y A1, an))S’ > min { f”T_5-| +1+4,2+ f”T_5-| }

Therefore sdepth ((S(I(P2_5)), @n-1, @n-3, n-1,a,)S) > [2] + 1. Now by induc-

tive hypothesis and Lemma 3.7.5, it follows that

sdepth ((G(I(P2_3)), an—3an_1,an—1a,)S") = sdepth ((S(1(P?%_5)))S")
n—3
5)

> [ 1+1+1.
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By [47, Lemma 2.11], the following inequality holds
sdepth ((S((1(P2_y), an_s,3,)S') > sdepth (I(P2_)S, slan 1]).
by Lemma 3.7.5 and induction on n, it follows that

sdepth (((S(1(P2_3)), Gn-3an_1, an-1ay) : @n_1)S’) =

sdepth ((S(I(P2_,)), an—3,a,)S") > sdepth (I(P?_;)Sn—s[an_1]) > [n —d

5

1+1+1.

Thus
sdepth(I(P2)) > (%1 +1.

Corollary 4.2.1. Let n > 3. Then sdepth(I(P?)) > sdepth(S/I(P?)) + 1.
Proposition 4.2.1. Let n > 5. Then sdepth(I(C2)/I(P2)) > [%£2].

Proof. It 5 < n <9, then by using the method given in [36], the Stanley decom-
positions of desired Stanley depth are as follows:

If n=>50r6, then
I(CE)/KPE) = alan—lK[ah an—1] D a1anK[a1, an] > aganK[ag, an].
If n =17, then

](C?)/](P?) = a1a6K[6L1, (16] ) a1a7K[a1, CL7] ) a2a7K[a2, CL7]

darasar Klay, as, az).
If n=28, then
1(082)/](1382) = aiar K a1, aq, a7] ® arasKa1, as, as]

dagasKag, as, as| ® ajasasK[ay, as, as).
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If n=9, then

](092)/](}792) = a1agK|ay, ay, ag) © a1agK[ay, as, ag]
DagagK[as, as, ag] ® ayasasKlaq, as, ag] ® ajasagK|ay, as, a|
Dajagag K [ar, ag, ag] ® azasasK|ag, as, ag) @ asagag K [az, ag, ag).

It remains to be shown that the result holds for n > 10. For this, consider the

following K-vector space isomorphism:

L(C)/1(Py) =

aa K[a4,a5,...,an,3] [al a ] ® aza K[a57a67"'7an73] [a2 a ]

"(asas, asag, . .., Qp_gQp_3) "(asag, asaz, ..., ap_q0n_3)"
K{(l4, as, ... 7an—4]

a1Gy,_ ay, ay_1).

@t 1(a4a57a4a67---7an*5a’n*4)[ b

Indeed, if u € I(C?) and u & I(P?), then (aja,)|u or (asay)|u or (aya,_1)|u. If

(ara,)|u, then u = 27' 2010y, v; € Klay, as, ..., a, 3], since v; ¢ I(P?), it follows
that v; & (a4as, a4as, - . ., Gn_4ay_3). Now if (aga,)|u, then u = 23220y, vy €
Klas, ag, - - ., a,_3], since vy & [(P?), it follows that vo & (asae, ..., dn_40n_3).
Finally, if (aya,-1)|u, then u = 23°2% v3, v3 € Kay, ..., ay_4], since vs ¢ I(P?),
it follows that vs ¢ (asas, asag, - . ., ap_5a,_4). Thus by Theorem 4.1.2 and Lemma

3.7.5, it follows that
+3, m+3;, n+4 n+3

sdepthu(cz)/ws»zmin{(”5 L= LD =T—"1

Theorem 4.2.2. Let n > 5. Then sdepth(1(C?)) > [%2] + 1.
Proof. Assume the exact sequence as follows:
0— I(P)) — I1(C2) — I1(C2)/I(P}) — 0,
then by using Lemma 3.7.4,
sdepth(I(C?)) > min{sdepth(I(P?)), sdepth(I(C2)/I(P2))}.
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By Theorem 4.2.1, it follows that
2 n
sdepth(I(Fy)) = [¢1+1,

and by using Proposition 4.2.1, it concludes that

n+3 n—2

sdepth(I(C?)/1(P?)) > [ 5 1= 5

1+1,
this finishes the proof.

Corollary 4.2.2. Letn > 5, ifn =1,2(modb), then
sdepth(1(C2)) > sdepth(S/1(C})).

Otherwise,

sdepth(1(C?2)) > sdepth(S/I1(C?)) + 1.

4.3 Conclusion

In this chapter, it is proved that [Z] is the exact value of both Stanley depth

and depth for the quotient ring of the edge ideal related to a square path on n

vertices. For n = 0,3,4(mod 5), it is confirmed that [£] is the value of Stanley

depth and depth for the quotient ring of the edge ideal related to a square cycle

on n vertices. In the remaining cases, tight bounds are provided. Furthermore,

a positive answer is given to the Conjecture 1.2.1 for the edge ideals of square

paths and square cycles.
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Chapter 5

Depth and Stanley depth of the
edge ideals of the powers of paths

and cycles

In the first section of this chapter, the values of depth and Stanley depth of
S/I(P!) are computed, where I(P!) denotes the edge ideal of the ¢t power of a

path P, on n vertices. Then it is proved that

n
2t+1

depth(S/I(P,)) = sdepth(S/I(P,)) = [ 1.

Let I(C!) represents the edge ideal of the t™ power of a cycle C, on n vertices.
In second section, some lower bounds for depth and Stanley depth of S/I(C!) are
given. If n > 2t + 2, then by Corollaries 5.2.2 and 5.2.3, it is proved that if n =
0,t+1,...,2t(mod(2¢ + 1)) then depth(S/I(C})) = sdepth(S/I(C})) = [5/5 -

Otherwise,

(%LHW — 1 < depth(S/I(C})), sdepth(S/I(C})) < (2751 1

1.
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Last section is devoted to Conjecture 1.2.1 for I(P}!) and I(C%). By Theorem
5.3.1, it follows that

n
sdepth(I(P!)) > (Qt 1

which shows that I(P!) satisfies Conjecture 1.2.1. For n > 2t + 1, Proposition

I+1,

5.3.1 gives a lower bound for I(C%)/I(P!) that is

n+t+1

sdepth(I(C)/I(PY)) > [ % + 1

1.

Corollary 5.3.1 of this chapter proves that I(C") satisfies Conjecture 1.2.1.

Throughout this chapter, set S, := Klay,a,...,ay]. Let I C S be an ideal.
Then it is represented by [ instead of [.S. Thus every ideal is considered to be
an ideal of S unless otherwise stated. Let I and J be monomial ideals of S,
then for I + J, it is denoted by (I,.J). In the whole chapter, the vertices of
the graph U are lebeled by 1,2,3,...,n. The set of vertices of U is represented
by [n] := {1,2,...,n} and its edge set by F(U). Assume that all graphs and
their powers are simple graphs and all graphs have at least two vertices and a
non-empty edge set.

If n <t+1, then I(P}) is a squarefree Veronese ideal of degree 2. If n > t+2,

then

S(I(Fy)) = U?;f{aiai+17 AiGig2, - - - Qg fU
U {00511, 050509, - aja,}.

If n < 2t+41, then I(C?) is a squarefree Veronese ideal of degree 2. If n > 2t + 2,

then
S(I(sz)) = S(I(P'ri)) U Uf:l{ala'l—i—n—ta Q1 4n—t+1, - - - aa'lan}'

Let U be a graph and i € [n], then Ny(a;) = {a; : az; € G(I(U))}, where
jen\{i}. Fort >2, 0<i<t—landn >2t+2 let A,y 1, An_t1i, Bntri
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and D,,_;; denote the monomial prime ideals of S such that A, , ; = (0),

An—t+i = (a'n—tv Ap—t+1y - - - 7an—t+i)7
Bn7t+i = (CL]' : (lj < NPﬁ (an,tﬂ))
= (an72t+i> Ap—2t+i41y - -+ s An—ti—15 Ap—t4it1y - - - ,Gn),
and D, _;y; = (aj ta; € New (an,tﬂ-)). Thus if 7 = 0, then
Dy _yyi = (anf2t; Ap—2t+41y -+ -5 On—t—1, An—t41, - - - 7an)
and if 1 <¢ <t —1, then
Dty = (an—2t+i7 Qp—2t+4idt1s -y An—t+i—1, An—t+itls - - -, Qn, A1, - - . ,ai)-

These monomial prime ideals and the following function play important role in
the proof of main theorems of this chapter. For ¢t > 2 and 2t +2 < n < 3t + 1,

define a function
f:{n—tn—t+1,....n—t+i,...,n—1} — Z* U {0}, by

, t, ifn—2—1+i>t+1;
fn—t+1i) =
n—2%—24i f2<n—2—1+4i<i+1l

5.1 Depth and Stanley of cyclic modules asso-
ciated to the edge ideals of the powers of a

path

In the start of this section, some results are proved, that are used to complete

the main task of this section.
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Lemma 5.1.1. Let a > 2 be an integer, {E; : 1 <i <a} and {G; : 0 <i<a} be

the some families of 7™ -graded S-modules with the following short exact sequences:

O—)E1—>G0—>G1—)0 (1)
00— Ey, — G — Gy, —0 (2)
0 —E, 1 —Goo—Go1 —0 (a—1)
0—E, — Gy — G, —0 (a)

and depth(G,) > depth(E,), depth(E;) > depth(FE;_1) for all 2 < i < a. Then

Proof. By assumption, it follows that depth(G,) > depth(FE,), using Depth
Lemma on (a), depth(G,—1) = depth(E,). Also, by assumption

depth(G,—1) = depth(E,) > depth(E,_1).

By applying Depth Lemma on (a—1), depth(G,_2) = depth(E,_1). By repeating
the same steps on all exact sequences one by one from bottom to top gives that

depth(G;_1) = depth(E;) for all i. Thus if i = 1, then depth(Gy) = depth(F).

O
Lemma 5.1.2. Lett > 2 and n > 2t +2. Then
SIU(Pn), An-1) & Sneee1 /[ 1(Py_y ) lan).
Proof. Since,
S(I(P,) = UiZ{{aiai1, aiaiya, . ., aiigy U
Ui {@itis, aitisa, . . aian §,
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which further implies that

](sz) + An—l - An—1+

n—t n—2t—1
[ E (aiCiy1, QiQita, . . ., QiQi4) + E (AiGiy1, QiQiga, . . . QQi1)+
i=n—2t i=1
n—1 n—2t—1

E (aiit1, aiGiq0, - .. 7aian>i| = E (az’ai+17 ;g2 - - - 7aiai+t)+

i=n—t+1 i=1
n—t—2
Z (aiai—I—la A;Qjy 2, .- - 7aian—t—1) +Apo = I(Pfl_t_l) + Ap1.
i=n—2t
Thus the required result follows. O

Lemma 5.1.3. Lett>2,0<i<t—1andn > 3t+2. Then

S/(I(Pé) : an—t+i) = Sn—Qt—l-l-i/I(PTtL—Zt—l-l—i)[&n—t+i]‘

Proof. Tt suffices to show that (I(P!) : an—41i) = (I(P}_5_1,), Bu—t+:). Clearly

n

I(Py 9 14:) CI(Py) C (I(Py) : aptsi)-

Let u € B,,_y1, by definition of I(P}), ux, ;i € I(P!) i.e. u € (I(PL) : ap_y4i)-
Thus B,—y; C (I(PL) : an—ty;) and it further implies that (I(P!_5, 1), By—t1i) C

(I(P!) : ap_¢+i). Now let w be a monomial generator of (I(P!) : a,_41;), then

w = ——-"2— where v € G(I(P!)). If supp(v) N G(B,_¢1i) # 0, then it fol-

QCd(vvan7t+i)

lows that w € §(B,_;1;) and if supp(v) N G(B, ;) = 0, then w € G(I(P')) N
Klay, ag, ... an—o-14i] = S(I(P}_5_145))- [
Lemma 5.1.4. Letn >3t+2 and 0 <1<t —1, then
S/((I(Pé), An7t+(z’fl)) : an—t+i) = Sn—?t—l-i-i/I(P'rtL—Zt—l-i-i)[a'n—t"ri]‘
Proof. As ((](Prtz)a An—t-i—(i—l)) : an—t+i) = ((I(sz) D Op—t4i) An—t—i—(i—l))- Now
using the proof of Lemma 5.1.3, it follows that
(([(Pﬁ) : an7t+i)7 An—t—l—(i—l)) =

(I(Pé—Qt—l-i-i)’ Bn—t-i—i; An7t+(ifl)) = (I(P:L—Qt—l—f—i)ﬂ Bn—t—i—i)a
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as Ap_i4(i—1) C Bp—i1i. Thus the required result follows by Lemma 5.1.3. O

Remark 5.1.1. Let m > 2 and [(P™ 1) C S,, = Klay,as,...,ay| be the edge
ideal of the (m — 1) power of path P,,. Then I(P™1) is a squarefree Veronese
ideal in variables aq, as, . . ., a,, and it has degree 2. Thus by [30, Corollary 10.3.7]
and Theorem 5.1.2, it follows that

depth(S,,/I(P™ 1)) = sdepth(S,,/I(P™ ') = 1.
Remark 5.1.2. Let t > 2 and 2t + 2 < n < 3t + 1, then it is easy to see that
(1) If n =2t + 2, then
SII(PY) : an_y) =8/(ag, ..., 00— t—1,0n 111, ,0n) = Klay, an_4].

(2) f0<i<t—1and n>2t+2, then

SIUI(PL) : ansri) = S/I(PL), Apty(i-1)) & netss)
2 Sy ot 10s/ T(PL5 0 ) o]

Sn_gt_1+i/](P£_2t_1+i)[an_t+i], ifn—2t—1 + ) Z t+ ]_,

Snst—14i/ T(Pr =3 =2t [an—t+i], otherwise.

Theorem 5.1.1. Let n > 2. Then depth(S/I1(P})) = [575]

Proof. (a) Ifn <t+1, then I(P!) is a squarefree Veronese ideal thus by Remark
5.1.1, depth(S/I(P!)) =1

(5571
(b) For n >t + 2, assume the following cases:

(1) If t = 1, then by [57, Lemma 2.8],

n
2t +1

depth(S/1(P})) = [5] = [,
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(2)

Ift >2and t+2 < n < 2t+ 1, then depth(S/I(P!)) > 1 as m ¢
Ass(S/I(P)). Since azyq ¢ I(PL) and asa;q € G(I(PY)) for all s €

n

{1,...t,t+2,...,n}, that gives

(I(Pé) D) = (@1, Qg ., Ay).

By Corollary 3.7.2, it follows that

depth(S/1(F;)) < depth(S/(1(F) : ar41))

= depth(S/(ay,...at, ara,...,a,)) = 1.

Thus depth(S/I(P})) =1 = [5/7 1.

Fort>2 2t+2<n<3t+1and 0<1¢<t—1, assume the family of

short exact sequences:

0 — S/((I(PD), An-rii-n) : Gnoryi) ==

S/(I(P}), An—tsii-1)) — S/(I(Py), Ap—s4i) — 0

By Lemma 5.1.2, S/(I(P}), An—1) = Sp—t—1/I(P:_,_;)[an]. Since the
case 2t +2 < n < 3t + 1 is considered here, which implies that t +1 <
n—t—1 <2t Ifn—t—1=t+1, then S,_o_1/I(P._, ) = Sper/I(PL,,),
by Remark 5.1.1 and Lemma 3.7.5, depth (S/(I(P!), A,—1)) = 2. If
t+1 < n—t—1 < 2t, then by case(b)(2), depth(S,,——1/I(P}_,_;)) = 1.
By Lemma 3.7.5, depth (S/(I(P}),A,—1)) = 2. Now to prove that
depth (S/(I(P!) : an—t)) = 2, consider the following cases:

If n =2t + 2, then by Remark 5.1.2,

S/UI(PY) : ant) =

S/(a2> Az, ..., Qp—t—1, dn—t41,- - - aa'n) = K[ah an—t]a
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and thus depth (S/(I(P!) : ap—¢)) = 2. If n > 2t + 2, by Remark 5.1.2
it follows that

S/I(P,) + an-t) 2= Sngr-1 /TP 57 an-],

where 2 < n — 2t —1 < t. Thus by Remark 5.1.1 and Lemma 3.7.5,
depth (S/(I(P!) : an—)) = 2. Now for 1 <i < ¢—1, by Remark 5.1.2,
it follows that

S/((I(be), An—t+(z‘—1)) : @n7t+i) = S/(I(Pﬁ) : an,t”)
> S o 1i/ TP 0 i)
Let T := S, _oi14i/1 (ngiﬁ)l)[an_tﬂ] Assume the following three
cases:

(i) ft+1=n—2t—1+14, then T = Sy41/I(P})[an—14:], thus by
case(a) and Lemma 3.7.5, depth(7") = 2.

(ll) Fort+1 < 7’L—2t—1+Z, T = Sn—2t—l+i/I<Pq§_2t_1+i)[an—t+i]' Since
t+2<n-—2t—141i < 2t—1, thus by case(b)(2) and Lemma
3.7.5, depth(T) = 2.

(i) f2<n—2t—1+i<t+1, then
T = Sp-or14i/I1(PI 5= ) [an—t14), by Remark 5.1.1 and Lemma
3.7.5, depth(T") = 2.

Thus by Lemma 5.1.1, depth(S/I(P})) = 2.

(4) Fort > 2, n>3t+2and 0 <i <t — 1, assume the family of short
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exact sequences

0 — S/((L(F), An—ta-1)) * Gn—t+i) Rliubai

S/I(Py), An—tyi-1)) — S/(I(P}), Ap—s1i) — 0

By Lemma 5.1.2, S/(I(P!), Ap—1)) = Sp—t—1/I(P:_,_;)[as]. The induc-
tion hypothesis and Lemma 3.7.5 yield that depth(S/(I(P.), An—1)) =

[%:54] + 1. By Lemma 5.1.4, it follows that

SIUI(Py), An—ta(i-1) * @n—t4i) = Spoar14i/ T(Py_op—110) [an—rvil.

Thus by induction on n and Lemma 3.7.5, it results that

n—2t—1+1

depth(S/((I(PL), An—ts(i-1)) : Gn-t4i)) = [ 2% + 1

1+ 1.

Here

depth(S/(1(PL), Ays)) = [ ] +1 >
[

n—t—2
W-I +1= depth(S/(I(Pfl), An_g) : an_l)),

and for all 1 <<t -1,

depth(s/((I(PrtL)v An—t—l—(i—l)) : alnftJri)) = %—I +1>
n—2t—2+1

( 2t + 1 —| +1= depth(s/((I<P£)7 An—t+(i—2)) : an—t+(i_1))).

Thus by Lemma 5.1.1, it follows that

n—2t—1 n
B — 1:
2t 41 W-i— [2t—|—1

depth(S/1(P,)) = [ 1.

]

Let e € [n] and I, . := (v € S be a square free monomial : deg(v) = e). Then

Cimpoeas proved the following theorem for I, ..
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Theorem 5.1.2 ( [15, Theorem 1.1]). (1) sdepth(S/I,.) =e — 1.

(2) e <sdepth(l,.) < 275 +e.

Theorem 5.1.3 ( [12, Theorem 1.4]). Let T be a Z"*-graded S-module and sdepth(T') =
0, then it follows that depth(T) = 0. On the other hands, if depth(T") = 0 and
dimg (T) =1 for any b € Z", then sdepth(T") = 0.

Lemma 5.1.5 ( [76, Lemma 4]). For n > 2, sdepth(S/I(P,)) = [%].

Example 5.1.1. Forn > 2, and n < 2t + 1, sdepth(S/I(P})) = 1.

Proof. If n <t + 1, then by Theorem 5.1.2 sdepth(S/I(P!)) = 1. Now if t + 2 <
n < 2t + 1, then depth(S/I(P!)) > 1 as m ¢ Ass(S/I(P})), thus by Theorem
5.1.3, sdepth(S/I(P%)) > 1. Since a1 ¢ I(P!) and a;aiq € G(I(PL)) for all

i€{l,...t,t+2,...,n}, therefore (I(P!) : az11) = (a1, ...as, a4, ..., a,). Thus
by Proposition 3.7.3, it follows that

sdepth(S/I(P')) < sdepth(S/(I(P!) : as1)) = sdepth(S/(ay, ... as, aria, ..., a,))

=1.

Proposition 5.1.1. Fort > 2 and n > 2t 4 2,

n

sdepth(S/I(P})) > (215 1

1.

Proof. (1) If 2t +2 < n < 3t 4 1, then by applying Lemma 3.7.4 on the exact
sequences in case(b)(3) of Theorem 5.1.1, sdepth(S/I1(P})) > 2 = [3/7].

(2) If n > 3t + 2, then the proof is identical to the proof of Theorem 5.1.1.

By applying Lemma 3.7.4 on the exact sequences in case(b)(4) of Theorem
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5.1.1, it follows that

sdepth(S/I(P%)) > min { sdepth(S/(I(P!), A,_1)),
2t + 11

rjyﬁ%l{sdepth(S/(([(PfL),Ant+(i1)) Can))} 2 [
0

Theorem 5.1.4. Let n > 2, then sdepth(S/I(F;)) = [5751-

Proof. The result follows by Lemma 5.1.5 for t = 1. Let t > 2. If n < 2t+1, then
by Example 5.1.1 the required result holds. If n > 2t + 2, then by Proposition

5.1.1 it follows that
n

2t + 11'
It suffices to show that sdepth(S/I(P})) < [5745], for this, consider the following

sdepth(S/I1(P,)) > [

cases:

(1) If n = (2t +1)l, where [ > 1, then

U = Q4103t4205¢43 " * " Q2t+1)1—t € S\I(Pf;):

but ayv € I(P}) for all f; € [n]\supp(v), thus by Lemma 4.1.1,

n

t
<
sdepth(S/I(P,)) <1 2% + 1

[

1.

(2) If n=(2t+ 1)l +r, where r € {1,2,3,...,t+ 1} and [ > 1, then it follows
that

t
V= Gy 10311205043 A(2e1)i—102e 1) € S\ (F,),

and ag,v € I(P!) for all fy € [n]\ supp(v), so by Lemma 4.1.1,
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(3) If n=(2t+ 1)l + s, where s € {t +2,t+3,...,2t} and [ > 1, since

t
V= Gyy10304205043 - G141 € S\I(Fy),

but agv € I(P}) for all f3 € [n]\ supp(v), by Lemma 4.1.1, it follows that

1.

n

sdepth(S/I(P!)) <l+1= (Qt 1

From Theorems 5.1.1 and 5.1.4, the next result can be derived.

Corollary 5.1.1. The Stanley’s inequality holds for I(P!).

5.2 Depth and Stanley depth of cyclic modules
associated to the edge ideals of the powers
of a cycle

Here, some values and bounds are computed for depth and Stanley depth of cyclic
modules associated to the edge ideals of powers of a cycle. In the start of this
section, some results are proved, that are used to complete the main task of this

section.
Lemma 5.2.1. Let t > 2 and n > 3t + 2, then S/(I(CL), Apn—1) = Sn—/I1(P._,).

Proof. Since,

S(I(Ct)) = 9(I(P£))qu;i{alal+n_t, WLt 41y - QO a1, . . . azan },

that gives

I(Cfl) + An—l =
t—1

I(PL) + Y (@1arin—t; @41, - - Gn1) + (@100, G, - Q10,) + Ay
=1
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Thus by the proof of Lemma 5.1.2, it follows that I[(P!)+A, ; = I(P! , )+A, 1.
As

T
L

(@1 n—t, GOt 41, - - Q1) + Apy = Ap_1.

=1

Therefore S/(I(CL), An—1) = S/(I(P._, 1), An_1, (a1an, a2ay, . .., a;a,))

>~ Klay, az,. .. an—i—1, 0]/ (I(Ph_i_1), (@100, azay, . . ., aray)).
After renumbering the variables, it results that

Klay, ... an——1,a,]/ (I(P}_y_1), (a1an, asay, . . ., ara,)) = S,y /1(PL_,).

Lemma 5.2.2. Lett>2 andn >3t+2 and 0 <1 <t—1, then

S/I(Cy) : an—tsi) = Sn—at—1/T(Py_gp 1)an—t1i)-

v
ged(V,an—¢44)

where v € G(I(C!)). If supp(v) N G(Dp_yvi) # 0, then w € §(D, ;i) and if
supp(v) N G(Dy 1) = 0 then w € E := G(I(CL)) N Klaii1,Aity - Qn_2t—144)-
Thus (I(CY) : ap—t+i) C E + Dp_yyi. On the other hand, (I(CL) : ap_t+i) =
E + D,_;1i, which further implies that S/(I(CL) : an_y+i) = S/(E + Dp_yii)-

Proof. Let w be a monomial generator of (I(C%) : a,_41;). Then w =

n

After renumbering the variables, it follows that

S/U(CL) + an—t4i) = S/(E, Dnti) = Sno1 /T(Py gy 1) [an—144]-

Lemma 5.2.3. Lett>2, n>3t+2 and 0 <:<t—1. Then

S/((I(C), An—triiny) + Gnspi) = Snoor1/T(Py_oyy)[an—s1i]-
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Proof. As ((I(C’fl),An_H(i_l)) : an_tﬂ-) = ((I(Cfl) : an_tH),An_H(i_l)). By

using the same arguments as in the proof of Lemma 5.2.2, it follows that
((I(sz) : anftJri)aAn—t-i—(i—l)) = (EaDn—tﬂ‘,An—tJr(i—l)) = (E,Dn—tﬂ')
as Ap_i+(i—1) C Dyp—yy. Thus the required result follows by Lemma 5.2.2. O]
Corollary 5.2.1 ( [30, Corollary 10.3.7]). Let 2 < e < n. Then
depth(S/I} ) = max{0,n — k(n — ) — 1}.
Theorem 5.2.1. Let n > 3, then
depth(S/I(CY)) = 1, if n<2t+1;

n—t

depth(S/1(C)) 2[5,

1, if n>2t+2.

Proof. (a) If n <2t + 1, then I(C?) is a squarefree Veronese ideal of degree 2.
Thus by Corollary 5.2.1, depth(S/I(C?)) = 1.

(b) For n > 2t + 2, consider the following cases:

(1) If ¢ = 1, then by [16, Proposition 1.3], depth(S/I(Cy)) = ["%5+].

(2) Ift > 2 and 2t +2 < n < 3t + 1, then depth(S/I1(C})) > 1 = [575]
as m & Ass(S/I(CY)).

(3) Fort > 2, n>3t+2and 0 <i <t—1, assume the family of short exact

sequences as follows:
0 — S/((1(Cy), Aptr(i-1)) © Qn—tri) L
SII(CL), Antvi1)) — S/I(CL), Aut41) — 0

By Lemma 5.2.1, S/(I(C?%), A1) = S,—/I(P!_,). Now by Lemma 5.2.3,

it follows that

SIICE), Antsiny) * Gntss) 2 St 1/ TP gy lan-ssi].
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By Theorem 5.1.1 and Lemma 3.7.5, it results that

n—2t—11+1_[ n
2t + 1 2t 1

depth(S/((I(CL), An—ti(i-1)) : nt4i)) = [ 1.

Again by Theorem 5.1.1, it follows that depth(S/(I(C%), A,—1)) = [2=%].

2t+1

Thus by applying Lemma 3.7.3(1) on the family of short exact sequences,
the desired result depth(S/I(Cy)) > [575] holds.

[
Corollary 5.2.2. Letn >3, If n > 2t + 2, then
depth(S/I(C)) = (275 " 1] if n=0,t+1,...,2t(mod(2t + 1));
(#1 —1 < depth(S/I(Ct)) < (Qti i n= 1 (mod (2t + 1),
Proof. By Theorem 5.2.1, it is suffices to prove depth(S/I(C})) < 5751, fort > 2

and n > 2t + 2. Since a,_; ¢ I(C!), thus by Corollary 3.7.2, depth(S/I(CL)) <
depth(S/(I(CY) : an—)). Now, consider two cases:

(1) Let 2t4+2 <n < 3t+1, then S/(I(CL) : an—¢) = S/(I(PL) : an—y), so by the
proof of Theorem 5.1.1 it follows that depth(S/(I(P}) : an—+)) = 2 = 557 ].

Therefore

n
2t +1

depth(S/1(Cy)) < depth(S/(I(C}) : an—)) =2=[ I

(2) Let n > 3t + 2, then by Lemma 5.2.2,

SII(C) + ans) = St [I(Pyyy 1) an—]-

By Lemma 3.7.5 and Theorem 5.1.1, depth(S,_oi—1/I(P} o, 1)[an—]) =
[#H} Thus depth(S/I(CL)) < depth(S/(I(CL) : ay—y)) = [2??1
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Theorem 5.2.2. Let n > 3, then

sdepth(S/I(CL)) = 1, if n<2t+41;
n—t
2t +1

sdepth(S/1(Cy,)) = |

1, if n>2t+2.
Proof. (a) If n <2t + 1, then sdepth(S/I(CL)) =1 by Theorem 5.1.2.

(b) For n > 2t + 2, consider the following cases:

(1) If t =1, then by [16, Proposition 1.8] sdepth(S/I(C})) > ["51].
(2) If ¢t > 2 and 2t +2 < n < 3t + 1, then depth(S/I(CL)) > 1 as m ¢

Ass(S/I(CY)), thus by Theorem 5.1.3, sdepth(S/I(C!)) > 1 = [21].

2t+1
(3) Fort >2,n>3t+2and 0 <i <t— 1, consider the family of short

exact sequences

0 — S/((I(C), An—ti(i-1) * Qnt+i) [On—thi,

S/(I(CL), Au-rr-) — S)I(CL), Au-tss) — 0.

By Lemma 5.2.1, S/(I(C!), A,—1)) = S,—¢/I(P!._,). Now by Lemma
5.2.3, it follows that

S/((I(Cr), Antr (i) = @neri) = Snoe1/T(Py_gy_y)|@n—t+i]-

By Theorem 5.1.4 and Lemma 3.7.5, it follows that

sdepth(S/((I(CL), An—is(io1)) * Qntsi)) =
n—2t—1 n
[ 2t + 1 1+1= [2t+1

1.

Again by Theorem 5.1.4, sdepth(S/(I(C%), A,_1)) = [22%]. By ap-

2t41

plying Lemma 3.7.4 on the above family of short exact sequences, the

required result sdepth(S/I(Cy,)) > [575] holds.
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Corollary 5.2.3. Letn >3, if n > 2t + 2, then

n

sdepth(S/1(C,)) =[5 1 if n=0,t+1,...,2t (mod (2t + 1));
(Qtz 71— 1 < sdepth(S/1(C,)) < [%—LL if n=1,...,t(mod(2t + 1)).

Proof. When t = 1, then by [16, Theorem 1.9], sdepth(S/I(C})) < [%]. By
Theorem 5.2.2, it is suffices to show that sdepth(S/I(C})) < [575] for ¢ > 2 and

n > 2t + 2. Since a,_; ¢ I(C!), thus by Proposition 3.7.3 it follows that
sdepth(S/1(Cy,)) < sdepth(S/(I(C,) : an—r)).

Now, consider two cases:

(1) Let 2t +2 <n < 3t+1, then S/(I(CL) : an—y) = S/(I(PY) : a,_) so by the
proof of Theorem 5.1.4, sdepth(S/(I(P}) : an—+)) = 2 = [/ |. Therefore

n

sdepth(S/I(C})) < sdepth(S/(I1(C}) : an—)) = ST

(\]

=T

].
(2) Let n > 3t + 2, then by Lemma 5.2.2

S/U(C) + an—t) = Snir/T(Py oy 1) an—d]-

By Lemma 3.7.5 and Theorem 5.1.4, sdepth(S,_ot—1/I(P._o,_1)[an—t]) =
|. Thus sdepth(S/I(C},)) < sdepth(S/(I(C},) : an—t)) = [ 577 |-

e

From Corollaries 5.2.2 and 5.2.3, the next result can be derived.

Corollary 5.2.4. The Stanley’s inequality holds for I(C").
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5.3 Lower bounds for Stanley depth of edge ide-

tth

als of powers of paths and cycles and a

conjecture of Herzog

This section consists of some lower bounds for sdepth(I(P?)) and sdepth(Z(C?)).
These bounds are good enough to prove that the Conjecture 1.2.1 is true for I(P})
and I(C!). Let 0 <i <t —1,

Ry iyi:= K[{al, ag, . .. 7an}\{an—t7 Ap—t41y - - 7an—t+i}]

be a subring of S and

;,tﬂ = (aj taj; € NP}l(anftJri)\{anft; Ap—t+415 - - - 7an—t+(i—1)})-

be a monomial prime ideal of S. Let I C Z = Kla;,, a;,,-..,a;] be a monomial
ideal and Z' := Z]a;,y1]. Then one can write 12" = I]a;, y1]. Now, recall a useful

remark of Cimpoeas.

Remark 5.3.1. [14, Remark 1.7] Let A be a monomial ideal of S, and A" =

(A, api1y- -y Gpim) be a monomial ideal of S” = Sla, 11, ant2, .-, ayim]. Then
sdepthg (A") > min{sdepthg(A) + m, sdepthg(S/A) + (%}}
Theorem 5.3.1. Forn > 2, sdepth(I(P))) > [555] + 1.

Proof. (a) If n < 2t + 1, then as the minimal generators of I(P!) have degree

2, by [53, Lemma 2.1} it follows that sdepth(/(P))) > 2 = [5/5] + 1.

(b) For n > 2t + 2, if t = 1, then by [60, Theorem 2.3], sdepth(I(P})) >

n— %% ="+ +1>[2] + 1. Now for ¢ > 2, by using induction on n
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and consider the decomposition of I(P!) as a vector space in the following

way:

I(PY) =I(P)N Ryt ® an—t(I(P)) : an—)S.
Similarly, one can decompose I(P!) N R,_; as follows:
I(Pri) N Rn—t = I(Pri) N Rn_t+1 @ a/n_t_t'_l(](PZ) N Rn—t . an_t+1)Rn_t.
Continuing in the same way for 1 <1 <t — 1, it follows that
I(P) N Ry = 1(P)) N Ry i41)@
an—t—&-(i—i—l)(I(PrL;) N Ry i an—t+(z‘+1))Rn—t+i-
Finally, the following decomposition of I(P!) can be obtained.
I(PH)=1(P)NR, 1@
O] an_eri(I(P) N Ry ti(i-1) ¢ Gn—tti) Rn—t1: ® an—t(I(PL) : an—)S.
Therefore
sdepth(I(P})) > min { sdepth(Z(P) N R,—1),sdepth((I(P}) : a,—)S),
t—1
Iglzi{l{sdepth((I(Pﬁ) N Ry—ii(iz1) an,tH)Rn,tH)}}.

As I(PY) N Ry—1 = S(I(P:_,_,))[as], thus the induction hypothesis and
Lemma 3.7.5 yield sdepth(I(P!) N R,_1) > [551] +1+1 > [525] + 1.

241
Now, it needs to show that sdepth((/(F}) : an—+)S) > [555] + 1 and
n
Sdepth((I(P,tL) N Rn7t+(i71) . an,tH)Rn,tH) 2 |72t i 1—‘ + 1.

For this, consider the following cases:
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(1) Let 2t +2 < n < 3t+ 1. If n = 2t + 2, then (I(P!) : a,4+)S =

n

(g, ... Gp_t—1,0n_t11,---,0,)S, thus by [7, Theorem 2.2] and Lemma

3.7.5, it follows that

sdepth((I(PY) : an)S) = [ 5 142> [2t7jr 1

1+ 1.

If 2t + 3 < n < 3t+ 1, then by Remark 5.1.2, it results that
(I(PL) : an—)S = (SUI(PL%1), Buet)lani]-

Since sdepth(I(P/"5))) + |G(Ba_s)| > 2, by Remark 5.1.1, it follows

that
1S5(Bn )H >,
2

)1)) B,_¢) > 2, and by Lemma

sdepth(S,,—at— 1/[(P7{ T;ttl)) +[

then by Remark 5.3.1, sdepth(§

(I(P;
3.7.5, sdepth((I(P?) : a,—¢)S) > 3 = [52=] + 1. Now since

2t+1

(I(P) N Ry—ti(i—1) © Gn—t4i) Rn—4i) =

(SU(PL00). Bl i) an—i+i)-

So by the same arguments, it follows that

n

sdepth((1(P!) N Ry ii(-1) ¢ Gnetyi) Ruiqi) > 3 = (215 1

1+ 1
(2) If n > 3t + 2, then by the proof of Lemma 5.1.3, it follows that
(I(Py) : an—t)S = (S(I(Pr-51-1)): But)lan—

and

(I(P})) N Ry—is(i-1) * Gp—tgi) Rn—tgi =

(9(I(P£ 2— 1+z)) B t+z)[an*t+’i]‘
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By Remark 5.3.1, it follows that

sdepth(S(I(Pé_%_l)), B,_+) > min { sdepth(S(](Pﬁ_Zt_l)))%—

(B, Sdepth(S,-ac1/ (Pl 1)) + [P

The induction hypothesis gives sdepth(G(I(P! o, ,))) > [%522]+1 =
[2t+11 and by Theorem 5.1.4, sdepth(S,,_o;—1/I(P!_5, 1)) =
Therefore sdepth(G(1(P)_o_1)), Bnt) > [575] + 1. Thus by Lemma

3.7.5, sdepth((I(Py) : an—+)S) > 575 + 1.

=it

Now using Remark 5.3.1 again, the following inequality holds.

Sdepth(g(I(Pé—Qt—l—l—i)) B;z t—H) =

min { sdepth(G((P!_y_11,))) + (B 1)l

sdepth (S, —ar—11i/T(Py_g; 14:)) + (WW}

The induction hypothesis yield sdepth(G(1(P}_o;_11;))) > ["=H ]+

1, and by Theorem 5.1.4, it follows that sdepth(S,—ai—14i/I (P} _o;_14;)) =

[2=2t=1+0] " Therefore

241
n—2t—1+1
Sdepth<9<I(Prtsztfl+i)>7 B;LftJri) 2 [215—_’_11 +1
Thus by Lemma 3.7.5
n
sdepth((I(P)) N Ry—ti(i—1) : ntti) Rn—tri) > [Zt n 11 + 1.

This finishes the proof.

Proposition 5.3.1. Let n > 2t + 1, then sdepth(I(C},)/I1(Py)) > [

Proof. If t = 1, then by [16, Proposition 1.10], the required result holds. Now

assume that ¢t > 2 and consider the following cases:
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(1). If2t+1 <n < 3t+1, then as I(C") is a monomial ideal generated by degree
2, by [36, Theorem 2.1}, sdepth(I(C})/I(PL)) > 2 = [&HEL].

(2). If 3t +2 < n < 4t + 1, then by using the method given in [36], there
exist Stanley decompositions of desired Stanley depth. Let s € {1,2,...t}, js €
{1,2,...,t+1—s} and

e t t+1—s
L= @3:1 ( 69]'5:1 Qj, an+1—sK[aj57 Qj 4t+1, an-i—l—s]) .

It is easy to observe that L C I(CL\I(P!). Now let u; € I(CPH\I(P) be a

squarefree monomial such that u; ¢ L then clearly deg(u;) > 3. Since
1(Cy)/1(P,) = L &y, ui K[supp(u,)],

thus sdepth(1(C})/I(P})) > 3 = [T as required.

(3). If n > 4t + 2, then consider the following K-vector space isomorphism:

1(C,)/1(Py) =

Klaj 4141, Gji42, - - On—i—1
G93121 Qaj,an [ 2 - : : ] [a’j17an]@
(@411 4142, Ay 4141051 4435 - - - 5 An—t—20p—t—1)
Kla;j a; a ]
t—1 Jott+1y Ajot+25 - -+ An—t—2
@j2:1 Ajon—1 [aj2, anfl]@
(aj2+t+1aj2+t+2a Aot t 4105y 435 -« « An—t—30n—t—2)
Kla; a; a ]
2 Je—1+t4+1s Qg Ht425 - - - Un—2t41
EBJ‘tfl:1 Ay —1 On—t+2 [ajt—l ) an—t-i-?]@
(ajt—1+t+1a’jt—1+t+27 ey A2t Qp—2¢41)
K[at+2, At+435 -+ an—?t}
10y —(¢—1) [6117 an—(t—l)]‘
(CLt+2CLt+37 At4+20¢+4; - - - 7an—2t—1an—2t)

Thus

I(C)/1(Py) =

By ( &0 aj,an1-s(Sjorts1n—s—t/ (SU(PL) N Sjyiv1m—s—t)[aj,, an+1—s]>,
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where Sj t1+1n—s—t = K[aj 4141, ) 4142 - -, an—s—t). Indeed, if u € I(C}) such that
uw & I(P!) then (aj,ant1—s)u for only one pair of s and js. If (aj,ant1—s)|u then
U= a}saflﬂfsv and v € Sj, 44+1,n—s—t. Since v ¢ I(PL), it follows that v ¢ G(I(P!)) N

Sji+t+1,n—s—t. Clearly

Sjttttn—s—t/SUT(PL)) N Sjottrin—s—t = Sn_(jurarrs)/L(Pr_(j. 1atrs))-

Thus by Theorem 5.1.4 and Lemma 3.7.5, it follows that

sdepth(E(C}) /(1)) 2 min( [~ 2+ 20

1+ 2}.

It is noted that max{js + s} =t 4+ 1. Therefore

n—(3t+1) n4t+1

sdepth(Z(C)/I(P})) > [*5 "] + 2= 75—

1.

Theorem 5.3.2. Let n > 3, then

sdepth(I(CL)) > 2, if n<2t+1;
n—t

sdepth(I(C?)) > [Qt 1

T+1, if n>2t+2.

Proof. (a) If n < 2t + 1, then as the minimal generators of I(C!) have degree
2, by [53, Lemma 2.1], sdepth(Z(C")) > 2.

(b) If n > 2t + 2, then assume the short exact sequence as follows:
0 — I(P,) — I(C}) — I(C,)/1(P,) — 0,
by Lemma 3.7.4,
sdepth(I(C%)) > min{sdepth(I(P!)),sdepth(I(C.)/I(P'))}.

By Theorem 5.3.1, sdepth(/(F))) > [575]+ 1, and by Proposition 5.3.1, it

follows that sdepth(I(Cf)/I(P})) > [5H] = [2L£] 4 1.
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Corollary 5.3.1. Letn >3, ifn < 2t + 1, then
sdepth(I(C")) > 2 = sdepth(S/I(CL)) + 1.
If n > 2t + 2, then

sdepth(I(C},)) > sdepth(S/1(Cy)), if n=1,...,t(mod(2t+1));

sdepth(1(C!)) > sdepth(S/I(CL)) + 1, if n=0,t+1,...,2t(mod(2t + 1)).

Proof. Proof follows by Corollary 5.2.3, Theorem 5.2.2 and Theorem 5.3.2. [

5.4 Conclusion

In this chapter, it is verified that [ 55 ] is the precise value of both Stanley depth

tt" power of a path

and depth for the quotient ring of the edge ideal related to the
on n vertices. For n =0, +1,t+2,...,2t(mod(2t + 1)), it is proved that [+ ]
is the value of Stanley depth and depth for the quotient ring of the edge ideal
related to a square cycle on n vertices. In the remaining cases, tight bounds are
established. Furthermore, lower bounds for the Stanley depth of the edge ideals
associated with the " power of a path and a cycle are given. These bounds

are good enough that a positive answer is given to the Conjecture 1.2.1 for these

ideals.
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Chapter 6

Depth and Stanley depth of edge
ideals associated to some line

graphs

In this chapter, bounds for the Stanley depth and depth of cyclic modules as-
sociated to line graphs of the ladder graph £, and circular ladder graph CL,
are given. Also, some bounds for Krull dimension of these cyclic modules are

established.

6.1 Results and discussions

Here, the edge ideals of the line graphs of £,, and CL,, are denoted by I, and J,
respectively. Also, the vertices of the line graphs of £, and CL,, are labeled by
using three sets of variables {aq,aq,...,a,}, {b1,b,...,b,} and {c1, ¢, ..., ¢n},
see Figures 2.5 and 2.6. Let S, := Klay,a9,...,an_1,b1,02,...,bp, 1,02, ..., Cp1]
and S, = S, [an, cu] be the polynomials rings in these variables over the field K.

Then I, and J, are squarefree monomial ideals of S,, and S,, respectively. With
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the labeling as shown in Figures 2.5 and 2.6, the minimal generating sets for I,

and J,, can be written as follows:

n—1 n—2
9([n) = U{aibia bici, aibi—i-la bz’+1Ci} U U{aiai+1> Cicz’+1}>
i=1 =1

9(Jn) = g(In) U{alana C1Cp,y Op—10Qp, Cp—1Cp, blana blc’m anbna bncn}-
Lemma 6.1.1. If2 <n <4 then depth(S,/1I,) = sdepth(S,/I,,) =n — 1.

Proof. If n = 2, then G(I3) = {a1b1,bic1, aiba, bacy }, which is a minimal gen-
erating set of the edge ideal of C,. Thus by Proposition 3.7.2 it follows that
depth(Sg/[g) =1.Ifn= 3, then 9([3) = 9([2) U{agbg, bQCQ, agbg,bgcg,alag,chg}.

Consider the following short exact sequence
0—>Sg/(]3 ZbQ) 2)Sg/]g —>53/([3,b2) — 0. (61)

Here (I3 : by) = (ai1,a9,c1,c2), that gives S3/(I3 : by) = KJby, by, bs], thus
depth(Ss/(I3 : by)) = 3. Also (I3,b2) = (a1by, bicy, c1Co, Cobs, byas, asay, by), that
implies S3/(I3,be) = Klay, as, by, bs, c1, ¢l /(a1by, bicy, ¢1Co, Cobs, bas, asaq) = Klaq, ag, by, bs, ¢1, ¢y
by Proposition 3.7.2, depth(Ss/(I3,b2)) = 2. By applying Depth lemma on the
short exact sequence (6.1), it follows that depth(S5/I3) > 2. For the upper
bound, since by ¢ I3, by Corollary 3.7.2, depth(S3/I3) < depth(Ss/(I3 : b3)).
As (I3 : b3) = (ag, ca, I3), thus S5/ (I3 : bs) = Sa/I5[bs], by Lemma 3.7.5, it follows
that depth(Ss/ (I3 : b3)) < depth(Sy/I5)+1 = 1+1 = 2. Hence depth(Ss/13) = 2.
If n =4, then G(1y) = G(I3) J{asbs, bscs, asby, bycs, asas, cacs}. Consider the fol-

lowing short exact sequence
0 — S/ (I : bg) 2 Sy/Ty —> Sa/(Ls,bs) — 0. (6.2)

Here (I : b3) = (I, a9, c2,as,c3), that gives Sy/(Iy : by) = Sy/I5[bs, by], thus
Lemma 3.7.5 yields depth(Sy/(Is : b3)) = depth(Sy/lz) +2 = 1+ 2 = 3. Let
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T := (]4, bg) = (]2, (Igbg, b2027 ai1a9, a2as, C1C9, CaC3, CL3b4, Cgb4, bg) Again assume the

short exact sequence as follows:
0 — S4/(T 2 by) 2 Sy/T — S4/(T, by) — 0. (6.3)
Here (T : by) = (a1, ag, ¢1, ¢2, b3, asby, c3by), that gives
Sy/(T : by) = Klas, by, c3]/(asby, c3by)[by, ba],

by Lemmas 3.7.5 and 3.7.1, depth(S4/(T : be)) =1+ 2 = 3.

Also (T, bg) = (Clel, blCl, C1C2, C2C3, 631347 b4a3, asas, 207, bg, bg), which 1mphes that

54/(T, bz) = K[a1,a2, as, Ci, C2, C3, 517b4]/(a1517510170102,0203,0354, 54(13,@3&2,@2&1)

= K[al, as, as, c1, C2, ¢3, by, 54]/](08)

thus Proposition 3.7.2 gives that depth(S,/(7, b)) = 3. By applying [42, Lemma
3.1] on the exact sequences (6.2), and (6.3), it follows that depth(S,/I;) = 3.

For Stanley depth, if n = 2, then by Theorem 3.7.13, sdepth(Ss/I5) < 1. Also, by
using the method in [36], there exists Stanley decomposition of desired Stanley

depth as follows.

82/12 = K[al] b blK[bl, bQ] ) ClK[CLI, Cl] b bgK[bQ]

Thus sdepth(Sy/I5) = 1. If n = 3, then by applying Lemmas 3.7.3, 3.7.2, and The-
orem 3.7.13 on the exact sequences (6.1), it follows that sdepth(Ss/I3) > 2. For
upper bound, since bs ¢ I3, by Proposition 3.7.3, sdepth(S3/1I3) < sdepth(Ss/ (I3 :
b3)). As (I3 : b3) = (ag,c2,I2), thus S3/(I3 : bsy) = Sy/Is[bs], by Lemma 3.7.5,
it follows that sdepth(S3/(I3 : b3)) < sdepth(Sy/I;) +1 = 1+ 1 = 2. Hence
sdepth(S3/I3) = 2. If n = 4, by using Lemmas 3.7.3, 3.7.2, and Theorem 3.7.13
on the exact sequences (6.2) and (6.3), it follows that sdepth(S4/I;) > 3. For
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upper bound, since by & I, by Proposition 3.7.3, it follows that sdepth(S,/I;) <
sdepth(Sy/(Iy = bs)). As (I : by) = (as,cs, I3), thus Sy/(Iy : by) = S3/I3[ba], by
Lemma 3.7.5, it follows that sdepth(Sy/(1y : by)) < sdepth(S5/I3)+1=2+1= 3.
Hence sdepth(Ss/14) = 3. This completes the proof. O

Let 1 <k <n—land Ay := Klan_1,0n 2,00k, Ck == K[Ch_1,Cn2, -, Cn_kl,
Dy, == A ®k Cy and Dy := Dy, @ K|[b1] be the subrings of S,,. Let By := (0),
B; = (bp,bp-1,...,bp_j11), for 1 < j < n,and for 3 < j < n—2, P, :=

(an—j+1an—j+27 Ap—j420n—j43; - - - 7%—2%—1) and ij—1 = (Cn—j+lcn—j+27 e 7Cn—2Cn—1)
are the squarefree monomial ideals of S,,. In the following result, some bounds for

depth and Stanley depth of S, /I, are given.

Theorem 6.1.1. Forn > 2,

21 < depth(S, /1), sdepth(S,/I,) < n — 1

Proof. 1f 2 < n < 4, then the result follows by Lemma 6.1.1. For n > 5, first to
prove [ 5| < depth(S,/I,) <n—1, the induction on n is used. For 0 < j <n—2,

assume the following family of short exact sequences
brn

0— S,/((In, Bo) : b)) = S,/ (I, Bo) — Sn/(I, By) — 0 (E1)

0 — Su/((In, B1) : buor) 2% S/ (I, By) — Su/(In, Ba) — 0 (E»)

0 — S/ ((In, Bo) < bs) 22 S0 /(In, By) — Sn/(In, B3) — 0 (E3)
0 — /(I By) < buey) = S/ (Iy By) — Su/(Iny Bjs1) — 0 (Eji)

0 — Sp/((In, Bus) : b2) 2 S,/(In, Bus) — Sn/(In, Bp_1) — 0 (En_y)
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I

(1) If j = 0, then (I, : b,) = (In_1,an_1,¢n_1), that gives S, /(I, : by,)
Sp_1/I,-1[bs], the induction hypothesis and Lemma 3.7.5 give

n—1 n+1
1= )
]+ 1=

depth(S, /(I : b)) > |

(2) If j =1, then ((I, B1) : bu—1) = (In—2,0pn-1,0n_2,Cpn_1,Cn—2, By), that fur-
ther implies that S, /((1,,, B1) : bu—1) = Sp—2/I,—2[bn_1], applying induction
hypothesis and Lemma 3.7.5, it follows that depth(S,,/((1n, B1) : bp—1)) >
[ +1=T3].

(3) If j =2, then ((1,,, B2) : by—2) = (I—3, Gn—2, Gyn—3, Cn—2, Cn_3, Bo), that further
implies that S, /((I, B2) : by_2) = S,_3/1lh_s[an_1,bn_2,¢,1], the induc-
tion hypothesis and Lemma 3.7.5 give that depth(S,/((1,, B2) : by—2)) >
221 +3 =" +1.

(4) If 3 <j <n—3, then

((InaBj) : bn—j) = (In—(j+1)a (an—j+1an—j+27an—j+2an—j+37-~wan—2an—1)7
and
(Cnfj+1cnfj+2: Cn—j4+2Cn—j+3, - -, Cnf2cn71)a Ap—j5 n—(j+1)r Cn—j, Cn—(j+1)» Bj) )

that further implies
S/ ((Iny By) : buj) = (Sn—(i1)/ Tn—(341)) @ x (Aj—1/Pi_ 1)@k (Cj1/Pj—1) @ K [by—j].

By applying [79, Theorem 2.2.21}, it follows that

depth (S, /((1n, Bj) : bnj)) = depth(S,—(jt1)/Ln—(j+1))+depth(A;—1/P;_1)
+ depth(Cj_l/f_Pj_l) + 1.

By Lemma, 371, depth(Aj_l/Tj_l) = [J—l—l = depth(C’j_l/?j_l) and by

3
induction on n, depth(S,—(j41)/In—(j+1)) = (%} Thus the following
inequality holds.

Aepth(S,/ (L, B,) b)) = (U (ot 2oy
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(5) If j =n —2, then
(1, Bp_s) : be) = ((a3a4, 405, - - .y Op—20n_1), Gp—j; Qn—(j4+1)s Cn—j> Cn—(j+1)»
(€345 -, CnsCar), Bj)  thus S/ ((In, Bu—a)  b2) 2 (An_3/Pp_3) @k (Cos/Pru_s) @k
Kby, by], by [79, Theorem 2.2.21], it follows that

depth(S,,/((I,,, By_2) : by)) = depth(A,_3/P,_3) + depth(C,,_3/P,_3) + 2.

By Lemma 3.7.1, depth(A4,_3/P,_3) = (”T_g’] — depth(C,_3/P,_3). Thus
depth(S,/((In, Ba—s) : b)) = [%52] + [252] + 2 as desired.

Also (]m Bn—l) = (%-1%—2, .., a9a1,a1by, bici, cica, cacs, . L, Cr_oCr1, Bn—l)a that
gives S,,/(I, Bn_1) = Dy_1/I(Pa,_1). Thus by Lemma 3.7.1, it follows that

depth(S,,/(Iy, Bn-1)) = [#52]. By applying Depth Lemma on the above family

of short exact sequences, the required lower bound for depth is holds. Now with
the help of induction hypothesis on n, the inequality holds depth(S,,/1,) < n—1.
For n > 5, as b, ¢ I,, by Corollary 3.7.2, it follows that depth(S,/I,) <
depth(S,,/(1, : b,)). Since S, /(I : b,) = Sp_1/I_1[by], the induction hypothesis

and Lemma 3.7.5 yield
depth(S,/(I,:b,)) <n—-1—-1+1=n-—1.

Now, it remains to show the result for Stanley depth. The required lower bound
can be obtained by applying Lemmas 3.7.3, 3.7.2, and [70, Theorem 3.1] instead
of Depth Lemma, Lemma 3.7.1, and [79, Theorem 2.2.21] respectively on above
family of short exact sequences. Finally, the inequality sdepth(S,/I,) < n —1
is proved by using induction on n. For n > 5 as b, & I,, from Proposition
3.7.3, sdepth(S,/I,) < sdepth(S,/(I, : by)). As S, /(L : bn) = Sp—1/In-1]bn], by
induction and Lemma 3.7.5, it follows that sdepth(S, /(I : b,)) <n—1—-14+1=
n — 1. This finishes the proof. m
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Remark 6.1.1. Clearly diam(L(£,)) = n, then by Theorems 3.7.14 it follows

that
n+1
3 I
Theorem 6.1.1 shows depth(S,,/I,,),sdepth(S,,/1,) > [%]. Thusin Theorem 6.1.1,

depth(S,,/1,),sdepth(S,/1,) > |

there is a better lower bound for these classes of edge ideals.

In order to compute bounds for depth and Stanley depth of the cyclic module
Sp/Jn, consider two supergraphs U, and V,, of L(L,). The vertex and edge sets
of U, are V(U,) = V(L(£,)) U{c,} and E(U,) = E(L(£L,)) U {ch_1¢n, bncn}
respectively. The vertex and edge sets of V,, are V(V},) = V(U,) U {c,41} and
E(V,) = E(U,) U{ci¢nt1,bicnq1} respectively. For examples of U, and V,,, see
Figure 6.1. Denote the edge ideals of U, and V,, with I and I}* respectively.
The minimal generating sets of I} and I* are G(I) = G(I,,) U {ca-1¢n, bucn }
and §(I3*) = S(I;) U {c1¢nt1, bicnt1 }. The bounds for depth and Stanley depth
of the cyclic modules S /I* and S'*/I'* are provided in the next results, where

Sk = S,len] and S = S, (¢, cnial.

n
di el s Ly as a, a, as a, as

b, 0 000 b, 0000
c; c, C; C, Cs Cs C; c; c, Cs c, Cs C,

Figure 6.1: From left to right, supergraphs Ug and Vg of L(Lg) respectively.

Proposition 6.1.1. Let n > 2. Then [5] < depth(S}:/I),sdepth(S;; /L) < n.

Proof. If n = 2, then by using CoCoA, it follows that depth (S} /1) = sdepth(S}: /1) =
2. For n > 3, the inequality [§] < depth(S}; /1) is proved by using induction on

n. To do this, assume the following exact sequence
0 — SH/(IF:cy) = S5/ IF — S*/(IF, c,) —> 0. (6.4)
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Here (I} :c¢c,) =
n—2 n—3

(U {Gibm bici,a;bit1, bi+1ci} U U {aiaiJrla CiCiJrl}a (p—10p—2, Ap—1bp_1, by, Cnfl)a

i=1 =1
that gives S*/(I} : ¢,) = S!_,/I*_|[c,]. By using induction and Lemma 3.7.5,
the following inequality holds.

n—1 n+1
1= )
1+ 1=

depth(S,, /(I - cn)) = |

n—1 n—2
As (I;;Cn) = (U{@z’bmbicz‘, aibi+1>bi+1ci} U U{Giaiﬂ, Ci0i+1}, Cn) = ([nacn>7
i=1 1=1

that gives S’ /(I, ¢,) = S,/ 1,. By Theorem 6.1.1, it follows that depth(S/(I}, ¢,))
> [%]. Therefore by applying Depth Lemma on the sequence (7.3), it follows that
depth(S}:/I}) > [%]. Now, the inequality depth(S;/I*) < n is also proved by us-
ing induction on n. For n > 3, as ¢, & I}, from Corollary 3.7.2, depth(S}/I*) <
depth(S! /(1% : ¢,)). Since Sk /(I = ¢,) = Sk /1% [cn], by induction and Lemma
3.7.5, depth(S%/I*) < n —1+1 = n. It remains to show the result for Stanley
depth. For n > 3, by using induction hypothesis and Lemma 3.7.3 on the ex-
act sequence (7.3), the inequality sdepth(S;/I%) > [§] holds. For upper bound
of Stanley depth, one can repeat the proof for depth by using Proposition 3.7.3
instead of Corollary 3.7.2. m

Proposition 6.1.2. If n > 2, then
51 < depth(S;" /1), sdepth(S;" /1) < n +1.

Proof. If n = 2, then by using CoCoA, depth(S*/I*) = sdepth(S}*/I*) = 2,
and for n = 3, depth(S}*/I**) = sdepth(S’*/I**) = 3. For n > 4, to prove
depth(S;*/I:*) > [%], the induction on n is used. Assume the following short
exact sequence

0 — S /(I 1 ¢,) = S /I — S /(I*,¢,)) — 0. (6.5)
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n—1 n—2

As (12*7 Cn) = (U{aibiu bici, a;bii1, bz‘+1Cz‘} U U{aiaiJrl; CiCiJrl}; C1Cnt1, b1Cng1, Cn)7

i=1 =1
that gives S*/(1*,¢,) = S} /1. Therefore by Proposition 6.1.1, it follows that

n

depth(Sy /(13" ) = [5

1.

n—2 n—3
Let T = ([:L* : Cn) = (U{Gibi, bici, a;biy1, bi+1ci} U U{aiai+17 CiCi+1}7 Ap—10n—2, by
i=1 i=1

*
s Gn1bp—1, C1Cn11, 01Cn11, Cn1) = (I 1, G102, Gp1bp1,bp, Cr1).
Now consider another short exact sequence as follows:

0— S*/(T 2 an_y) =5 ST — S /(T ap_y) — 0, (6.6)

n—3 n—4

(T : Gn—l) = (U{aibia bici, aibi—i-la bi—l—lci} U U {Gz‘&i+17 Cici+1}7 bp—2Cn—2, Cp—2Cn_3,
k%
bn—17 C1Cn+1, blcn+17 bn7 Cn—1, an—2) = ([n—27 bn> Cn—1,An—2, bn—l)a

that gives S¥* /(T : a,—1) = S5 5 /1" 5lan—1, ¢,). Thus induction on n and Lemma
3.7.5 give that depth(S;*/(T : an—1)) > [%52]1+2 = [2] + 1. As (T, ap1) =
(I 4, an-1,bn,Cn_1), which implies S**/(T,a,—1) = S¥_,/I:_,. By Proposition
6.1.1 and Lemma 3.7.5, depth(S;*/(T,an—1)) > [%5*] + 1 = [2}]. Therefore
by applying Depth Lemma on the exact sequences (7.5) and (7.6), it follows
that depth(S;*/I:*) > [5]. Now to prove depth(S;*/I*) < n 4+ 1, the induction
hypothesis is used. For n > 4, as a,_1¢, € I:*, from Corollary 3.7.2, it implies
that

depth(S5,,"/1;7) < depth(S." /(15" : an-1¢n)).

Since SF*/(IF* : ap—1c,) = SE* o /1 5[an—1, ¢,], by using induction hypothesis and
Lemma 3.7.5, depth(S}*/1:*) < n—2+1+2 = n+1. It remains to prove the result

for Stanley depth. For n > 4, by using induction on n, and by applying Lemma
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3.7.3 on the exact sequences (7.5) and (7.6), the inequality sdepth(S}* /1) > [%]

holds. Similarly, one can obtain the required upper bound for Stanley depth by
using Proposition 3.7.3 instead of Corollary 3.7.2. n

Theorem 6.1.2. Let n > 3. Then [2] < depth(S,/J,) < n—1, and [2] <
sdepth(S,/J,) <n

Proof. For 3 < n < 4, by using CoCoA, (for Stanley depth, SdepthLib:coc [71]
is used), depth(Ss3/J3) = sdepth(S3/J3) = 2, depth(S,/J;) = sdepth(S4/J,) = 3.
Now to show that depth(S,,/.J,) > [2] for n > 5. Assume the short exact sequence

as follows:

0 — S0/ (J : an) 2 S/ Ty — S/ (Jnsan) — S/ (Jusan) — 0. (6.7)

Let U Jnaa'n U{azbzab Cuaz i+19 H—lCz}U U{a az+17c7,c7,+1} C1Cp, Cn—1Cp,

blcna bncru an)-
Now assume another short exact sequence

0—5,/(U:¢y) = S,/ U—S,/(U,c,) — 0. (6.8)

As (U,c,) = LJ{ozzbz,bcz,aZ i1, zJrch}LJ U{azazﬂ,czczﬂ} Cny ),

that implies S, /(U, ¢,) = S,,/I,,. Thus Theorem 6.1.1 gives that depth(S,,/(U, ¢,)) >
51

n—2 n—3
AISO (U . Cn) = (U {aibi, biCZ’, aibi“, bi+lci} U U {aiaiﬂ, Cici+1}a aiasg, (llbg,
=2 =2

kk
Ap—10n—2, A, anflbnfh b17 bnu (1, Cnfl) (In 2, Un, b17 bnu (1, Cnfl)u
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that gives S, /(U : ¢,) = Si*,/I**,[c,]. Thus by Proposition 6.1.2 and Lemma

3.7.5 the following inequality holds.

depth(S,/(U :cy)) > [

n—2 n—3
Let V = (Jn : Cln) = (U{aibia bici, a;biyq, bi+1ci} U U{GiCLHl, Cici+1}> c1by, cicy,
=2 =2

Cp—1Cn—2, Cn—lbn—la C1Cp, CpCp—1,0a1,p—1, bla bn)

Now assume the short exact sequence as follows:

0—5,/(V:ic,) =S, )V —85,/(V,c,) — 0, (6.9)
n—2 n—3
(V : Cn) = (U{aibia bici, aibi—&-l» bi—l—lci} U U{aiai—l—la CiCz'+1}, C1,Cn—1, a1, b1, by, an—l)
=2 =2

= ([n727 C1,Cn—1, a1, b17 bnu a’nfl)7

that gives S,/(V : ¢,) = Sn_2/Ih_2[an, cy]. Thus by Theorem 6.1.1 and Lemma
3.7.5, it follows that

depth(S,/(V : e)) > [ 2] +2= [2] 41

n—2 n—3
As (‘/7 Cn) = (U {aibi; bici, a;bii1, bz’+1Cz‘} U U {aiai+1, C¢C¢+1}7 c1ba, cica, Cp_1Cp—2,
i=2 i=2

cn—lbn—la ai, p—1, b17 bTm Cn)a

that gives S,/(V,c,) = S*,/I**,. By Proposition 6.1.2 and Lemma 3.7.5,
depth(S,/(V.c,)) > [%52] + 1 = [2]. Therefore by applying Depth Lemma
on the exact sequences (6.7), (6.8) and (6.9), it follows that depth(S,,/.J,) > [2].
Now to prove depth(S,/J,) < n—1. For n > 5, as a,c, &€ J,, from Corol-
lary 3.7.2, it follows that depth(S,/J,) < depth(S,/(J, : ancy)). Since S, /(J, :
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anCn) = Sn_o/I 2lan, ], by Theorem 6.1.1 and Lemma 3.7.5, it follows that
depth(S,/J,) <n—2—-1+2=n—1.

It remains to show the result for Stanley depth. For n > 5, by applying Lemma
3.7.3 on the exact sequences (6.7), (6.8) and (6.9), it follows that

sdepth(S,/J,) > [2]. Similarly, one can obtain the required upper bound for

Stanley depth by using Proposition 3.7.3 instead of Corollary 3.7.2. O

Remark 6.1.2. It is clear that diam(L(€£,)) = [“+!], then by Theorems 3.7.14,
depth(S,,/J,), sdepth(S,,/J,) > [%£2]. Theorem 6.1.2 shows that depth(S,,/J,), sdepth(S,/J,) >
[5]. Thus in Theorem 6.1.2, there is a better lower bound for these classes of

edge ideals.
Proposition 6.1.3. Ifn > 2, then dim(S,/I,) > n.

Proof. Let E = {ay,as,...,a,_1,¢1,C2,...,Cn_1} beasubset of vertex set V(L(L,)).
The set F is a vertex cover because it covers all the edges. Now by remov-
ing a; for some 1 < ¢ < n — 1 from set E then the resulting set is not a
vertex cover because the edges a;b; and a;b;,1 are not covered. Similarly, by
removing ¢; for some 1 < ¢ < n — 1 from set E then the resulting set is
not a vertex cover because the edges c¢;b; and ¢;b;11 are not covered. This
shows that the set E forms a minimal vertex cover of I,. Thus it follows that
ht(7,,) < 2n—2. Since S, is a polynomial ring of dimension 3n — 2, which implies

that dim(S,/I,) > 3n—2 — (2n — 2) = n. O
Proposition 6.1.4. Let n > 3. Then dim(S,/J,) > n.

Proof. As in the Proposition 6.1.3, one can show in a similar way that the set
F ={ai,as,...,an,¢1,¢0,...,¢,} forms a minimal vertex cover of J,, therefore
ht(J,) < 2n. As S, is a polynomial ring of dimension 3n, thus dim(S,/J,) >
n. [
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Remark 6.1.3. By Theorem 6.1.1 and 6.1.2, depth(S,,/1I,,), depth(S,,/.J,,)
< n—1, and by Proposition 6.1.3 and 6.1.4, it follows that dim(S,,/1,,), dim(S,,/.J,,) >
n. Thus graphs L(£,) and L(CL,) are not Cohen-Macaulay.

6.2 Conclusion

In this chapter, some upper and lower bounds are established for Stanley depth
and depth of edge ideals associated to line graphs of the ladder L(£,,) and circular
ladder graphs L(CL,,). Furthermore, some bounds are given for the dimension of
the quotient rings of the edge ideals related to these graphs. These bounds are
good enough that one can concluded that the graphs L(£,) and L(CL,) are not

Cohen-Macaulay.
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Chapter 7

Depth and Stanley depth of the
edge ideals of the strong product

of some graphs

In this chapter, some results are provided that are related to Stanley depth and
depth of the edge ideals and quotient ring of the edge ideals associated to classes
of graphs H :={P,X P, : n,m > 1} and K := {C,,KP,, : n > 3,m > 1}. In first
section, Stanley depth and depth of the quotient ring of edge ideals associated
to some sub-classes of H and K are presented. In section 2 of this chapter, the
Conjecture 1.2.1 for the edge ideals related to some subclasses of H and X is
proved. In the last section, sharp upper bounds are given for Stanley depth and
depth of the quotient ring of the edge ideals associated to H and XK. Let P;
denotes the null graph on one vertex that is V/(P;) := {x1} and E(P;) := (). Let
Pom =P, XP, =P, XP, if m=mn=1, then P,; = P, this trivial case is
excluded. For n > 3 and m > 1, G, :=C, X P, = P,, X C,,.

Remark 7.0.1. |V(P, )| = nm, |[V(Cpm)| = nm, |E(Ppm)| = (m—1)+4(n —
D(m—=1)4+ (n—1), and |E(Cppm)| =3(m — 1) + 1+ [E(Ppm)|-
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Since both graphs P, ,, and €, ,, are on nm vertices, for the sake of conve-
nience, the vertices of P, ., and C, ,, are classified by using m sets of variables

{@1), 025, .-, xnj} where 1 < j <m. Let Sy := K[UJL {21, Toj, - -, Tnj}]-
Remark 7.0.2. 1. For m,n € Z" such that m and n are not equal to 1

simultaneously, G(1(P,,,)) is given as:

S(I(Prm)) = U U}n:_ll {45 %5(j41) Tij (1) (G41)s TigT(i41)j5 T(i41)j Ti(j+1) >

xnjxn(j+1)}73«"im$(i+1)m}-
2. Forn >3, m>1, §(I(C,,)) is as follows:
S(I(Cnm)) = SU(Prm)) U{ Ul {2100 (j11), T1jn T1(j41)Tng b Tl Trim |-

3. Po1= P, and G, =,

4. For n,m > 1, P, = Py, so without loss of generality the strong prod-
uct of two paths can be represented as P, ,, with m < n. Thus in some
proofs by induction on n, whenever the case is reduced where P, ,, with
n’ < m, in that case after a suitable relabeling of vertices, P/, = Py, 0.
Therefore, one can simply replace I(Py 1) by (Prnr) and Sy /1(Prrm)
by St /L( P )-

7.1 Results of cyclic modules associated to P, ,,
and C,,, when 1 <m <3

Here, the results related to depth and Stanley depth of the cyclic modules Sy, /1 (Pr.m)
and Sy, ,,/I(Cy.m) are presented, when m = 1,2,3. Let n > 2 and 1 < i < n,
for convenience, set x; = w;1, y; = x5 and z; = x;3, see Figures 2.7 and

2.8. Let S,1 = Klx1,29,...,2,], Spe = Kx1,22,...2n,Y1,Y2,...,Ys] and
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Snz = Klx1, e, ... 20, Y1,
Y2y s Yny 21, 225 - - -, Zn). Clearly P, = P, and €, ; = C,,, the minimal generat-

ing sets for the edge ideals of P, 2, P, 3, €, 2 and C, 3 are given as:

G(L(Pr2)) = U?:_ll{ﬂ?iyi, TilYit1, TiTit1, Tit1Yi, YiYir1 F U {TnUn},

n—1
9(1(9)71,3)) = Ui {ffiyz', Ti¥Yit1, Liliy1, Viv1Yi, YilYi+1, Yili, YiZit1, Yi+1%i, Zi2’¢+1}

U{xnyn’ ynz’n}7
S(1(Cn2)) = S(I(Pn2)) U{1Yn, 21T, Y120, Y1y } and

S(1(Cn3)) = G(I(Pn3)) U{@1yn, 2120, V1T, Y1Yns Y120y 21Yn, 2170 }-

Remark 7.1.1. Note that forn > 2, S, 1 /1(P,1) = S/I(P,), thus by [57, Lemma
2.8] and [76, Lemma 4], it follows that depth (S, 1/1(P1)) = sdepth(S,1/1(Pn1)) =
[5]. Ifn >3, then S, 1/1(C,1) = S/I(Cy), and by [16, Propositions 1.3 and 1.8],
it results that depth(Sy1/1(Cp1)) = [25+] < sdepth(Sn1/1(Cpy)) < [2].

Lemma 7.1.1. Let n > 1. Then

n

depth(Sy2/1(Pn2)) = sdepth(S,2/1(Pp2)) = [51

Proof. If n = 1, then by Remark 7.1.1, the required result holds. Let n > 2,
to prove the result for depth. As diam(P, 2) = n — 1, thus by Theorem 3.7.14,
depth(Sn2/1(Pn2)) > [5]. If n = 2 or n = 3, then the reverse inequality is

trivially holds. For n > 4, to show the inequality, the induction on n is used.

Since yp—1 & I(Pn2), thus by Corollary 3.7.2, it follows that
depth(Sy2/1(Pr2)) < depth(Sn2/(I(Pr2) : Yn1)).

As Spo/(I(Pr2)  Yn-1) = Sn—32/I(Pn_32)[Yn-1], therefore by induction and
Lemma 3.7.5, it follows that depth(Sn2/(I(Pn2) : yn-1)) < [252] +1 = [%].
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The proof of Stanley depth is similar by using Theorem 3.7.14 and Proposition
3.7.3. O

Lemma 7.1.2. Let n > 1. Then
n
depth(S,, 3/1(P,3)) = sdepth(S, 3/1(Pr3)) = [5}

Proof. If n = 1, then the result follows by Remark 7.1.1. If n = 2, then
So3/1(Pa3) = Ss2/1(Ps2) so the result holds by Lemma 7.1.1. For n > 3, first,
it proves that the result holds for depth. As diam(®P,3) = n — 1, then by The-
orem 3.7.14, depth(S,3/1(Pn3)) > [5]. Now, for n = 3, the reverse inequality
depth (S, 3/1(Pn3)) < [%] is trivially holds. If n = 3, then the required inequal-

ity is trivial. For n > 4, the inequality is proved by using induction on n. As

yo & 1(P,3), thus by Corollary 3.7.2, it follows that

depth(Sp3/1(Pp3)) < depth(Sns/(1(Pn3) : y2))-

Since Sp3/(1(Pns) : y2) = Sn—33/1(Pn_33)[y2]. Therefore the induction hypoth-
esis and Lemma 3.7.5 give that depth(S,3/(I(Pns) : y2)) < [%52] +1 = [%]. It
remains to be shown that sdepth(S, s/I1(P,3)) = [§]. For this, it is similar by
using Theorem 3.7.14 and Proposition 3.7.3. [

Theorem 7.1.1. Letn > 3. Then

n—1

3

sdepth(Sy,2/1(Cp2)) > depth(S,2/1(C2)) = [ 1.

Proof. Tt is proved first that depth(S,2/1(€Cn2)) = [*51]. For n =3, or n = 4,

the result is trivial. Let n > 5, assume the short exact sequence as follows:
0— SmQ/(I(en,g) : ZL’n) ﬂ) SmQ/I(en,g) — sz/([(emg),l’n) — 0, (71)
by Depth Lemma

depth (S, 2/1(Cy2)) > min{depth(S, 2/(1(Cy2) : x,)),depth(S,2/(L(Cp2), xn))}
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Here
(I(Cp2) : @) = (U?:_23 {%3Ys, TiYir1s TiTis 1, Tix1 Vi, Yilie1 }s Tno2Yn—2, T1, Y1, Tno1,
Yn—1, yn)-

After renumbering the variables, S, 2/(1(Cp2) : ©5) = Sp—32/1(Pp_32)[x,]. Thus
by Lemmas 7.1.1 and 3.7.5, it follows that depth(S,2/(I(Cp2) : @,)) = [%52]4+1 =
(5] Let

J = (I(Cng), mn) = (U {aith, Tithin1s Titi1, Tisa Yo Yilhia1 b Tno1Yn—1, Lns Ln1Yn,
Yn—1Yns Y1Yns T1Yn) = (I(Pr_12), Ty Tne1Yn, Yn—1Yns Y1Yns T1Yn)-
Assume the following exact sequence:
0 — Sna/(J :yn) 2 Spa/J — Sna/(J,yn) — 0, (7.2)
by Depth Lemma

depth (S, 2/J) > min{depth(S,2/(J : yn)), depth(S,2/(J,yn))}-

As (Jyyn) = ({(Pr-1.2), Tny yn) and Spo/(J,yn) = Sp12/1(Pp-12). Therefore by
Lemma 7.1.1, it follows that depth(S,2/(J,y,)) = [%5+]. Also

. _ n—3
(J :yn) = (Ui:2 {xiyiaxiyi+1;$ixi+17xi+1yiayz‘yi—&-l}amn—Qyn—Qaxlvylyyn—lammmn—1>'

After renumbering the variables, S,a2/(J : Yn) = Sn—32/1(Pn_32)[yn]. Therefore
by Lemmas 7.1.1 and 3.7.5, it follows that depth(Sy,2/(1(Cpn2) : yn)) = [%52|+1 =
[2]. If n = 2(mod 3) or n = 0(mod 3) then [25] = [%]. By applying Depth
Lemma on exact sequences (7.1) and (7.2), it results that depth(S,,2/1(C,2)) =

[254] as required. Now for n = 1(mod 3), assume that n > 7, then consider the
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following S,, >-module isomorphism:

~ K$3,...,33 —1,Y3,-- -5, Yn—1
(I(emg) : wn)/I(Gnvg) =T p—) [ L L ] [xl]
(Ui @iy, Tilie 1, Ti%ig 15 Tig1Yis Yilit1 b Tn1Yn—1)
Kw37"'7x —1,Y3y- -5 Yn—1
Dy n—2 [ “ h ] [yl]
(UiZs {ivi, Tivis 1, Tiiy 1, Tig1%is Yilir 1 > Tn1Yn—1)
Klzo,...,xp_ _
@yn — [ 29 sy Ln—2,Y2, yy Yn 2] [yn]
(Ui {@iis Tivis1, i1, Tis1Yis Yili1 }r Tn—2Yn—2)
KCCQ,...,I‘ —3,Y25 -+ -y Yn-3
D Tpn—17—7 [ n=sY o3| [T 1]
(Ui {@i¥i, Tilit 1, Ti%it1, Tig1Yis Yilit1 b Tn—3Yn—3)
KI‘Q,...,.T —3,Y2,. .., Yn—3
S Yn—1 n—4 [ = Y Un ] [yn—l]-
(Uizg {@iyi, Tiyiv1, TiTiv1, Tiv1Yi, YiYiv1 ) xn—3yn—3)

It is easy to see that the first three summands are isomorphic to S,,—32/1(Pr—32)[2x]
and last two summands are isomorphic to S,_42/I(P,—42)[x,]. Thus by Lemmas

7.1.1 and 3.7.5, it follows that

depth(I(C,5) : 2,)/1(Cp2)) = min{[nT_gw g . Yo = 1

Applying Depth Lemma on the next sequence, the required result holds.
0—> (I(ang) : ZL’n)/I(eng) &> Sn’g/f(emg) — Sng/(](@n,g) : J]n) — 0.

For Stanley depth, the required result follows by applying Lemma 3.7.4 on the
exact sequences (7.1) and (7.2). O

Corollary 7.1.1. Let n > 3. Then [%54] < sdepth(S,2/1(Cp2)) < [2].

Proof. As I1(C35) is a squarefree Veronese ideal, so by using [15, Theorem 1.1],

sdepth(S,2/1(C,2)) = 1. If n > 4, then by Proposition 3.7.3, it follows that
sdepth(Sy2/1(Cp2)) < sdepth(S,o/(1(Cpz2) @ ®,)). Since Spa/(I(Ch2) & z,) =
Sn—32/I(Ppn—_32)[ry]. Using Lemmas 7.1.1 and 3.7.5, it follows that sdepth (S, 2/(1(Cy.2) :
e) = [%52] +1= 7). a

For n > 2, define a supergraph of P, 3 denoted by P}, 5 with the set of vertices
V(Pr3) == V(Pn3) U{zn1} and edge set E(P;,3) := E(Pn3) U{2n2nt1, YnZns1}-
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Also, define a supergraph of P} 5 represented by P;*; with the set of vertices
V(Py3) == V(P 3) U{zns2} and edge set E(Py5) = E(P; 3) U {21242, Y12n42}
For examples of Py and P;*  see Fig. 7.1. Let S} 3 1= Sp3(2,41] and Siy =
Sn.3[Zn+1s Znt2), then in the following lemmas, the results related to the depth and

Stanley depth are presented.

2]z 3z % 1 2 3 4 IS

26 2 26

Y X 3 /X Ys B 3 /P Y5

Figure 7.1: From left to right; P55 and P5%.

Lemma 7.1.3. Let n > 2. Then

n+1

depth(S,, 5/1(Pr5)) = sdepth(S, 3/1(P5)) = [—

1.

Proof. To prove the result for depth, as diam(ﬂ’zs) = n, then by Theorem 3.7.14,
depth(S; 3/1(P;5)) > [%+]. For the reverse inequality, if n = 2, then the re-
sult is trivial. For n > 3, as y, ¢ I(P}3), so by Corollary 3.7.2, it follows
that depth(S5/1(P4)) < depth(Sta/(I(Phy) : ga)). Since Sia/(I(Pha) : yu) =
(Sn—23/1(Pn-23))[yn), by Lemmas 7.1.2 and 3.7.5, it follows that depth(S}; 5/(1(P}, 3) :
yn)) = [%52]41 = [=4]. Thus depth(S}; 5/1(P; 4)) < [%]. The proof for Stan-

ley depth is similar by using Proposition 3.7.3 and Theorem 3.7.14. O]

Lemma 7.1.4. Let n > 2. Then

n -+ 2
3

depth(S, 73/ 1(Py73)) = sdepth(S,5/1(Pr3)) = [——1.

Proof. Clearly diam(P;’;) = n+1, then by Theorem 3.7.14, depth (S} /1(Py%;)) >
[2£2]. The reverse inequality is true when n = 2 or n = 3. For n > 4, as
Yn & 1(P}73) so by Corollary 3.7.2, depth(Sys/I(Prr3)) < depth(S;5/(1(Pr5) -
Yn))- Since STS/(I(Pr5)  yn) = (S5 03/1(P;_23))[yn], by Lemmas 7.1.3 and
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3.7.5, it follows that depth(S:/I(Phs) @ yn) = [2=] +1 = [%2]. Thus

depth(S;%/1(Prrs)) < [%2]. Similarly, one can show the result for Stanley depth

by using Proposition 3.7.3 and Theorem 3.7.14. O

Theorem 7.1.2. Let n >3 and n = 0,2 (mod 3). Then

n—1

depth(S,3/1(Cy3)) = sdepth(S,3/1(Cr3)) = [ 3

—|7

and if n = 1(mod 3), then ["T_lw < depth(S,3/1(Cp3)),sdepth(S,3/1(Cp3)) <
(3]

Proof. To show the result for depth, for n = 3 or n = 4, the result is clear. For

n > 5, assume the short exact sequence as follows:

0— Snjg/(l(emg) : In) ﬁ) Sn’?,/f(en’:;) — Sn’g/(](en’g),xn> — 0, (73)

R . _ n—3
Let A:= (1(C,3) : ) = (Uizz {@iyi, Tii1, Tiligr, Tig1 Vi Yilie1s YiZi, YiZit1s
Yi+1%i, Zz‘Zi+1}, Tn—2Yn—2,Yn—22n—2, L1, Tn—1, Y1, Yn—1, Yn, Znn—1; n—12n—2; Yn—22n—1,

Zn21, 2122, Y221),
and consider the following exact sequence
0 — Sna/(A:z,) =% Sn3/A — Sns/(A, 2,) — 0, (7.4)
Here
(A, 2n) = (UP {mis, Titigt, Tilfisn, Tis1Vi, Yiiets YiZio YiZid 1, Yid Zin Zi%i1 by
Tn—2Yn—2, Yn—22n—2, L1; Tn—1, Y1, Yn—1, Yn; Zn; Zn—12n—2; Yn—22n—1; 2122, y221)-

After renumbering the variables, S, 3/(4, 2z,) = (S35 3/1(Py" 53))[x,]. Thus by

Lemmas 7.1.4 and 3.7.5, it follows that depth(S,s/(4,2,)) = [2=28] +1 =
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[24] 4 1. Also

(A:z,) = (U?:_;’ {23Yi, Tilir 1, TiTigr, T Vi, Yilir1, YiZi, YiZin1s Yir1 Zis ZiZi1 }
Tn—2Yn—2; Yn—22n—-2, L1, Tn—1, 215 Zn—1, Y1, Yn—1, yn)-
After renumbering the variables, S, 3/(A : 2,) = (Sp—33/1(Pn_33))[Tn, 2,|. Thus

by Lemmas 7.1.2 and 3.7.5, it follows that depth(S,3/(A : z,)) = [%52] +2 =
[2] + 1. Now let

R _ n—2
A= (I<en,3)7xn) = (U¢:1 {xiyiaxiyi+17$ixi+la$i+lyi>yiyi+layiziayiziJrlayiJrlZia
Zizi+1}7 Tn—1Yn—1yYn—12n—1Tns Tn—1Yns Yn—1Yn, YnZn—1; Yn—1”n, En—12ns Ynln, Y1Yn,
T1Yns Y17n: Yn 21, 21%0) = (1(Pao13), Tny Toe1Yns Yn1Yns YnZn—1s Yn1%ns Zn—1%n YnZn,

Y1Yn, T1lYn, Y12n, Ynz1, len>7
and the following exact sequence

0 — Sns/(A:yn) = Sns/A— Sns/(Ayn) — 0, (7.5)

A . _ n—3
As (A:y,) = (Ui:2 {23, Tilie1, TiTig1, Tig1 Vi Yilir1, YiZi, YiZir1s Yit 1%, ZiZiv1 |y

Tn—2Yn—2,Yn—22n—-2, Tn,s L1, Y1, 215 Tn—1, Yn—1, fn—1, Zn) .

After renumbering the variables, Smg/(z Yn) = Sn_s3/I1(Pn_33)[yn]. Therefore
by Lemmas 7.1.2 and 3.7.5, it follows that depth(S,3/(4 : y,)) = [252]+1 = [2].

Now let

A= (A yn) = (I(Poo13)s s Yns Yn—1%ns Zn17ms Y1 2ns Z17%n):

and the following short exact sequence

0 — Sps/(A: 2,) 2% S, 5/A — Sps/(A, 2,) — 0, (7.6)
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thus Sn,g/(;{, 2n) = Sp-13/1(Pn-13). Therefore by Lemma 7.1.2, it results that

n—1
3

depth(S,s/(A, 2,)) = [ 1.

Also

n . n—3
(A:2,) (Uz’:Q 1T, TilYig1, TiTi1s Tig1Yi, YiYir1, YiZio YiZirt, Yir1 Zi ZiZi1 )

Tp—2Yn—2; Yn—22n—-2, 21, Y1, Zn—1, Yn—1, Yn, Tns Ln-1Tn—-2, Tn-1Yn—2, 12, 55192) :

After renumbering the variables, Snyg/(A\ D 2n) & (83 55/ 1Py 53))[20]). Thus by
Lemmas 7.1.4 and 3.7.5, it follows that depth(S,.s/(A : z,)) = [2=342] +1 =
[24] + 1. By applying Depth Lemma on the exact sequences (7.3), (7.4), (7.5)
and (7.6) it follows that depth(S, 3/1(€y3)) > ["%5+]. For upper bound, by Corol-
lary 3.7.2, depth(Sy.5/1(Cpns3)) < depth(S,5/(I(Cns) : yn)). Since (Sps/(I(Cps) :
Un)) = (Sn-33/(I(Pn-33))[yn], then Lemmas 7.1.2 and 3.7.5 give that depth(S, 3/I(Cp3)) <
(%], if n = 2(mod 3) or n = 0(mod 3) then [25*] = [£]. If n = 1(mod 3), then

[254] < depth(S,3/1(Cp3)) < [%]. The proof for Stanley depth is similar by

using Lemma 3.7.4 and Proposition 3.7.3. [

Example 7.1.1. One can expect that depth(S,s/1(€,3)) = [25+] as in [16,

Proposition 1.3] and Theorem 7.1.1. But examples show that in the essential case

for n = 1(mod 3), the upper bound in Theorem 7.1.2 is reached. For instance, if

n =4, then depth(S,3/1(Cy3)) =2 = [%}

7.2 Lower bounds for Stanley depth of I(?,,,)

and [(C,,,) when 1 <m <3

In this section, some lower bounds are given for Stanley depth of (P, ,,) and

I(Ch.m), when m < 3. These bounds together with the results of previous section

92



allow to give a positive answer to the conjecture 1.2.1. The following elementary

lemma is helpful in proving the main results of this section.

Lemma 7.2.1. Let Ay and Ay be two disjoint sets of variables, I, C K[A;] and
I C K[Ay] be squarefree monomial ideals such that sdepth 4, (I1) > sdepth(K[A]/11).
Then

sdepth 4,4, (11 + 12) > sdepth(K[A;]/11) + sdepth g (4,(12).
Proof. Proof follows by [14, Theorem 1.3]. [

Remark 7.2.1. Since I(P,1) = I(P,), thus by [60, Theorem 2.3] and [67, Prpo-
sition 2.1], it follows that sdepth(I(P,1)) > sdepth(S,,1/1(Pn1)) = [5].

Theorem 7.2.1. Letn > 1. Then sdepth(I(Py2)) > sdepth(S,2/1(Pny2)) = [F].

Proof. Let 1 < t < n, then by Lemma 7.1.1, sdepth(S;2/I(P;2)) = [£]. The

3

Lemma 7.1.1 is used in the proof without referring it again and again. By the

same lemma it is enough to show that sdepth(/(P,2)) > [5]. To do it, the

induction on n is used. If n = 1, then by Remark 7.2.1, the required result holds.
If n = 2,3, then by [53, Lemma 2.1}, it follows that sdepth(I(P,2)) > [5]. Now

assume that n > 4. Since x,_1 € I(P,,2), thus
[(Pr2) = 1(Pr2) NS @ 21 (1(Pr2) : Tn1)Sno,
where S" = K[x1, 29, ..., Zpn_2,Tn,Y1,Y2,- - -, Yn|. Now
I(Pr2) NS = (S(I(Pr-22)), Tn-2Yn-1: Yn—2Yn—1: Tn¥n Yn—1Tn, Yn—1Yn) and

([(:Pnz) : $n71) Sn,2 == (S(I(TnfS,Q))a Tn—2,Tpy Yn—2, Yn—1, yn)sn,Q-
As y,—1 & I(Pn2) NS, it follows that
[({Pnyg) N Sl = (I(:Png) M S/) N S” ) Yn—1 (I(:Pn,g) N S, . yn_l)S’,
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where S” = K[x1, ..., Zn 2, %n, Y1, - -, Yn—2,Yn). Thus
I(Pr2) = (I(Pn2)NS)NS" Y1 (1(Pr2)NS : Y1) S' Gyt (1(Pr2) : Tn1)Sn,

where

(I(Pr2)NSYNS" = (S(I(Pr-22)), nyn)S"
and
(I(:Pn,Z) N S, : yn—l)S, = (9([(?77,—3,2))7 Tpn—2,Yn—2,Tn, yn)Sl
The induction hypothesis and Lemma 7.2.1 yield
sdepth((1(Pn2) N S") N S") > sdepth(S,—22/1(Pn-22)) +sdepthgp, . (Tnyn)-
Again by induction on n, Lemmas 7.2.1 and 3.7.5 it follows that
sdepth((1(Pn2) NS yn—l)sl) > sdepth (S, —32/1(Pp-32))
+ sdepthp(2n—2, Tn, Yn, Yn—2) + 1
and
Sdepth (([(ipmg) . $n,1)5n’2) 2 Sd@pth(Sn,;g’Q/[(?n,g’g))
+ SdepthR(xn—Qa Yn—2;Yn—1; Tn, yn) + 1a

where T' = [2,_2, Ty, Yn, Yn—2] and R = K[Ty_2, Tn, Yn, Yn—2, Yn—1]. Thus sdepth((L(P,2)N
S)NS") > [5] as sdepthy,

that sdepth((I(P,2)NS" : yn_l)S’) > f%} and sdepth((](?n’g) : xn_l)Smg) > [%1

(xnyn) = 2. Applying [7, Theorem 2.2], it results

This completes the proof. n

Now, for the case m = 3, some notations are introduced. For 3 <[ <n—2, let

R / R
Jp = (In—z, Tn—i4+1; Tn—l—1, Bn—l; Yn—1—1, Fn—I+1; Zn—z—1)7 I(Pl_1) = ($n—z+2xn—l+3, s 7In—1xn)
and I(P ) = (#n—1+2%n—14+3, - - -, Zn—12n) be the monomial ideals of S, 3. Now
: o ra_
consider the subsets D; := {Zp_i19, Tn_143, - -, Tn}, D] := {zn142, Zn—i143, - - - Zn—1,
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2o} and D} = {Zn_1, Tnoi11, Zn-ts Yn—i—15 Zn—i41, Zn—i-1, Tn—i—1}. Let L; be a
monomial ideal of S,, 3 such that L; = I(P/_,) + I(P",) + J;. With these no-

tation, the next result is presented as follows.
Lemma 7.2.2. Let 3 <1 <n—2. Then sdepthyp,upupy(La) = 427 4+ 1.
Proof. Since Ly = I(P]_;) + I(P/" ;) + Ji, by [14, Theorem 1.3], it follows that
SdepthK[DluD;ung (L) = min { SdepthK[DluD;uD;’} (1), min{SdePthK[DluD;] (I(F_y)),
sdepth ey, (K[Dy]/1(P/)) + sdepthypn (I(P4))} ). (T.7)

By using [60, Theorem 2.3] and [67, Proposition 2.1], Eq. 7.7 implies that

SdepthK[DlUD{UDm (Ll) Z mln{2l —4+47 mln{2[ —2— LFTZJ y [FTI—I +l— 1— L%J }}

[+2

z [+

+

Theorem 7.2.2. Let n > 1. Then sdepth(I(P,3)) > sdepth(S,3/1(Pn3)).

Proof. Let 1 <t < n, then by Lemma 7.1.2, sdepth(S;3/I(P3)) = [£]. The
Lemma 7.1.2 is used in the proof several times without referring it. Using the same
lemma it is enough to show that sdepth(/(P,3)) > [§]. To do it, the induction
on n is used. If n = 1, then by Remark 7.2.1 the required result follows. If n = 2,
the result holds true by using Theorem 7.2.1. If n = 3 then by [53, Lemma 2.1]
sdepth(I(Ps3)) > [2]. If n > 4, then I(P,3) can be decomposed as a vector

space in the following way:
[(Tn,i}) = [(iPn,S) N Rl S¥ yn([<ﬂ)n,3> : yn)Sn,B-
Similarly, decompose I(P, 3) N Ry as follows:

I(Prs) N Ry =1(Pr3) N Ry @ yn1(L(Prs) "Ry : yy1) Ry
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Continuing in the same way for 1 <[ <n — 1, it follows that
I(Prng) VR = 1(Pn3) N Rip1 @ Yn—i(L(Prs) N Ry = yn—i) Ry,

where Ry := KXy, ... Zn, Y1,y Yn_1, 21, - -, 2n). Finally, the following decompo-

sition of I(P, 3) can be obtained:
I<ﬂ>n,3) = [(:Pn,3> N Rn s> @?:_fynfl([(ipnﬁ) N Rl . ynfl)Rl S¥ yn(I(:Pn,ZS) . yn)Sn,S-

Therefore

sdepth(I(P,,3)) > min { sdepth(I(P,3) N R,,), sdepth((I(Pn3) : Yn)Sn3),

min{sdepth((I(P,s) N R g )R} (78)

Since

I(U)mg) N Rn = ((2122, VY T zn_lzn)

+ (x1x27x2$37 s 7'7;71711'11))[([3;17 sy Tny By - e 7Zn]7

thus by [14, Theorem 1.3] and [67, Proposition 2.1], it follows that sdepth(Z(P, 3)N
Ry) > [%]. As

(](:Pn,3) : yn>8n,3 - (9(](:])71—2,3)) + (mn7 Zny Tn—15Rn—1, yn—l))[yn]

Let B := K|z, 2n, Zn—1, Tn_1, Yn—1], thus by induction on n, Lemmas 7.2.1 and

3.7.5, it follows that

sdepth(((Pn3) : Yn)Sn3) > sdepth(S,23/1(Pn-23))

+ sdepth (2, 2n, Zn-1, Tn-1,Yn_1) + 1.

By applying [7, Theorem 2.2], it results that sdepth((I(Pn3) : yn)Sn3) > [5].
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(1) T 0 =1, then (I(Png) O Ry : g 1)Bs = (SU(Pass)) + 1 ) g1, where
J1 = (Tp-1, Tn—2, Tn, Zn—1, Yn—2, Zn, Zn—2), then by induction on n, Lemmas

7.2.1 and 3.7.5, it follows that

sdepth(({(Pn3) N Ry : yp—1)R1) > sdepth(S,—33/1(Pn_33))

+ SdepthK[supp(Jl)}(‘]l) + 1a
by [7, Theorem 2.2], it follows that sdepth((I(Ppn3) N Ry : yn-1)R1) > [5].

(2) If I =2 and n # 4, then

(I(Pn3) N Ry : yn—2)Ry = <9([<?n—4,3)) + Jz) [Yn—2; T, 2n),

where Jy := (Tp_9, Tn_1, Tn_3, Zn—2, Zn—1, Yn—3, 2n—3), using the similar argu-

ments as in case(1), sdepth((/(Pn3) N Ry : yn2)R2) > [F].

(3) If3 S l S TL—3, then ([(ﬂ)n’;g)ﬂRl . yn,l)Rl = (9([(?n7(1+2),3))+9([41)> [yn,l],

by induction on n, Lemmas 7.2.1 and 3.7.5, it follows that

sdepth((1(Pp3) N Ry : yn—)Ri) > sdepth(S,—+42),3/(L(Pn—g+2)3)))

By Eq. 7.9 and Lemma 7.2.2, it follows that

(1+2) [+2 n
3 1+ 3 1+1+1>[§].

n —
sdepth(({(Pr,3) VR yn)Ry) > |

(4) Ifl =n—2, then (I(Pn3) N Ry—2 : y2)Ru—2 = (9(Ln—2))[y2], by Lemmas 7.2.2

and 3.7.5 it follows that sdepth((I(Ppn3) N Rn_2 : y2)Rn_2) > [5].
(5) If l=n—1, then

(I(Pns) Ry : y1)Rny = (I1(Py_y)+I(P) )+ Jn1) K[Dn1UD, UD;  U{y1}],
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where §(J,_1) = {z1, 21,22, 22}, Dy1 = {x3, 24, ...,z }, Dl = {23,..., 2}
and D! _| = {x1, z1, 2, 22}. Using the proof of Lemma 7.2.2 and by Lemma
3.7.5 it follows that

n
sdepthyp, ,upr upr gy ([(Pas) + 1(PYy) + Joo1) > 31

that is sdepth((/(Pn,3) N Ry 2 y1)Ruc1) > [5].
Thus by Eq. 7.8, the required inequality sdepth(/(P,3)) > [5] holds. O
Proposition 7.2.1. Let n > 3. Then sdepth(I(Cp2)/1(Pn2)) > [%2].

Proof. For 3 <n <5, the method which is given in [36] can be used to show that
there exist Stanley decompositions of desired Stanley depth. If n = 3 or n = 4,

then
I(Ch2) [ 1(Pr2) = 12, K21, 2] © 21y K21, Yn) © 110, K [y1, Tn] © 190K Y1, Yn)-
If n =5, then

I(Cs52)/1(Ps52) = miws K21, 25, 23] © 21ys K [21, Y5, 73] © 125K [y1, 3, 25] D
Y K[y1, 3, y5) © m1yses Kxy, ys, 5] © 21935 K21, ys, ys] @

1Y3ys K Y1, Y3, Us| @ yiyses Ky, ys, xs).

Let n > 6 and T := (U?:_gg{xiyi, TiYi+1, Tit1Yiy Tiliy1, yiym}? xnf2yn72> - Sa
where S := K[x3,24, ..., Tn_2,Y3:Ya - - -, Yn_s2]. Then consider the K-vector space

isomorphism as follows:

S S S S
I(Cho)/1(Py2) = x1$nf[$la Tp) @ ylynf[yl,yn] S xlynf[%, Yn] @ ylxnf[yl,il?n]-

Thus by Lemmas 7.1.1 and 3.7.5, it follows that sdepth(I(Cp2)/I(Pn2)) > [%2].
[
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For n > 6, let Q = {T_1,Yn—1, Tn, Yn, T2, Y2, T1, Y1}, and consider a subgraph
C; .3 of C, 3 with V(thg) =V(C,3) \ @ and

E(C; 3) = E(C,3) \ {e € E(C,3) : where e has at least one end vertex in Q}.

For example of €} 5 see Fig. 7.2.

Figure 7.2: Cg 5.

Lemma 7.2.3. Let n > 6, if n = 0(mod 3), then sdepth(Ss 5/I(C55)) = [%52].
Otherwise, [252] < sdepth(S2,4/1(C3.4)) < [2].
Proof. Assume the short exact sequence as follows:

0 — S5 5/(I(CF5) : 21) == S5 5/1(Cr5) — Sp 5/ (I(C5), 21) — 0, (7.10)
by Lemma 3.7.4

sdepth(S¢5/1(C%5)) > min{sdepth(SS 5/ (1(C5) : 1)), sdepth(S2 5/ (1(C5.5), %)}

As (I(Cy 3) 1 21) = (UZ{@is, i1, Tiir, Tisa Vi, Yillirts YiZis YiZie1, Yir1%is

Zizi+1}> Tn—2Yn—2, yn—QZn—2)7 Yn—22n—1, Zn—22n—1, 22, Zn) - (I(?27473); 22, Zn);

so it follows that Sy 3 /(I(Cy ) © 21) =S4 3/1(Py_43)[21]. Therefore, by Lemmas
3.7.5 and 7.1.3, it results that

sdepth(S,5/(1(Cr3) : 21)) = [———
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Now suppose that
B = (I(C5 ), 21) = (UZ{@mii, Tii1, Tiisr, Tisa Vi, Yillir1s YiZi YiZir1, Yir1 i,
ZiZig1}s Tn2Un—2, Yn—2%n—2)s Yn—2%n—1; Zn—2Zn—1, Zn—1%n; Y322, 22723, 21)7
Applying Lemma 3.7.4 on the following short exact sequence
0—5;3/(B: 2,) 2y Sy 3/B — Sy 3/(B,2,) — 0,
gives sdepth(Sy, ;/B) > min{sdepth(Sy 3/(B : 2,)),sdepth(S;, 3/(B, 2,))}. Here

. n—3
(B . Zn) ((Ui:3 {xiyiaxiyi-i-la Tilit1, Tit1Yiy YilYit1, YiZiy YiZit1, Yit124, Zizi—i-l}a

xn—2yn—2ayn—2zn—2)7y3z2; R2235 21, Zn—1) = (1(9274,3)721, Zn—l)a

that gives Sy 5/(B : 2,) = Sy, 3/1(P;,_43)[2n]. Therefore by Lemmas 3.7.5 and
7.1.3, it follows that sdepth(S¢s/(B : z,)) = [+ 1 = [%]. Now

B o n—3

( 7Zn) = ((Uizg {l’z’yi,ﬂ?iywrl, TiTit1, Tit1Yis YilYi+1, Yizi, Yiit1, Yi+12i, Zi2’1'+1},
k%

Tn—2Yn—2: Yn—22n—2), Yn—22n—1, Zn—22n—1, Y322, 2223, 21, Zn) = (I(Tn_4,3), 21, Zn),

thus Sy 5/(B, 2n) = 857 4 3/1(P;7 4 3). Therefore by Lemma 7.1.4, it follows that

1.

n—44+2 n—2
3 1=1 3

sdepth(S;, 3/(B, zn)) = [
For upper bound, as z; ¢ I(Cy, 3) so by Proposition 3.7.3
sdepth(Sy, 3/1(Cy, 3)) < sdepth(S}, 5/(1(Cy, 3) = 21)).

Since (Sy 3/(I(Cy3) = 21)) = (S5 _43/1(Py_43))[z1]. Thus by Lemmas 3.7.5 and
7.1.3, it follows that

n

sdepth(S;5/1(Cr5)) <[5,

if n = 0(mod 3) then [252] = [2], otherwise

n —

3

7] < sdepth(S5,0/T(C5)) < T3]
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Proposition 7.2.2. Let n > 3. Then sdepth(I(Cyh3)/I(Pn3)) > [%2].

Proof. For 3 < n < 4, as the minimal generators of I(C,3)/I(P,3) have degree
2, so by [53, Lemma 2.1], sdepth(Z(€p,3)/1(Pn3)) > 2 = [22]. If n = 5, then the
method given in [36] can be used to show that there exist Stanley decompositions

of desired Stanley depth. Let

H = x5 K2y, 23, 25) © 1ys K21, 23, y5) © y125 K (23, 25, 1] B y1ys K [x3, Y1, ys)

Says K[rs,ys, 21] © 212K 21, 23, 25) © y125 K [y1, Y3, 25)

Clearly, H C I(C53)/1(P53). Let v € I(C53)/1(P53) be a sqaurefree monomial
such that v ¢ H then deg(v) > 3. Since

1(C53)/1(P53) = H &, vK[supp(v)].

That gives sdepth(1(Cs3)/1(Ps3)) > 3 = [222]. Now for n > 6, let

o n—3
U= (Ui:3 {xiyiaxiyﬂrla TiTit1, Tit1Vis YilYi+1, Yizi, YiZit1, Yi+12i, ZiZiJrl}; Tp—2Yn—2

3 yn—QZn—Z)
be a squarefree monomial ideal of R := K[x3,...,Tn-2,Y3, -+, Yn—2, 23, - -, Zn—2].
Then consider the K-vector space isomorphism as follows:

R R[]
I1(Cn3)/ I(Pn3) = v1Un— Y1, Yn] © T1Yn [1, Y]
( ) ) U (9(U)7 Y322, 2223)
R[ZL‘Q] R[Zn_l]
Dz1yn [21, Yn] © Y120 [Y1, ]
(9(U)7 Y3x2, 132373) (Q(U)u Yn—22n—1, anQanl)
R[l‘n_l]
@ylzn [?/1; Zn]
(9<U)7 Yn—2Tn—1, xn72xn71)
R n—lly~n
D17y o1, 220ty 2 (21, 2]
(S(U), Yn—22n-1, Zn—22n—1, Zn—1%n, Zn21, 2172, Y372, 2273)
R n—1_i» n
D212n 21, %2, Zn1, T [21, 20]-
(S(U), Yn—2Tn—1, Tn—2Tn_1, Tn—1Zp, TnT1, T122, Y3T2, T2T3)
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Clearly, it can be noted that R/U =S, _43/1(P,-43),

R[ZQ] ~ R[Q?Q] ~ R[anl]

(S(U),ys22, 2223)  (S(U),y322,2023)  (S(U), Yn—22n—1, Zn—27n—1)

R['xnfl]
~ g I(P*
(9(U>a Yn—2Tn—1, xn_gxn_l) 71—4,3/ ( n—473),

~

and

R[z1, 22, Zn_1, Zn]
(S(U), Yn—2%n—1, Zn—22n—1, Zn-1%n, Zn?1, 2172, Y322, 2273
R[:El; X2, Tn—1, xn]

(S(U), Yn—2Tn—1, Tn—2Tn—1, Tn_1Tp, Tn1, T1 T2, Y3Ta, TaT3)

~

= 5,3/ 1(€ ).

Thus by Lemmas 7.1.2, 7.1.3 and 7.2.3, it follows that

sdepth(I(C,,3)/1(Py3)) > min { (nT_4H2, (%MHQ, (nT_QHQ} nt2z,

Theorem 7.2.3. Let 1 <m <3 andn > 3. Then
sdepth(Z(Cp,m)) > sdepth(Sy, m/I(Crm))-

Proof. For m =1, I1(C,,1) = C,. Then the result follows by [16, Theorem 1.9
and [60, Theorem 2.3]. If m = 2 or 3, then assume the short exact sequence as

follows:

0— I(Prm) — I(Chm) — 1(Com)/I(Prnm) — 0,
then by Lemma 3.7.4, it follows that
sdepth(I(C,,,n)) > min{sdepth(I(P,,m)), sdepth(1(Cp1m)/I(Prnm))}-

By Theorems 7.2.1 and 7.2.2, sdepth(I(®P,,,)) > [5] + 1, and by Propositions
7.2.1 and 7.2.2, it results that sdepth(1(Cpm)/1(Ppm)) = [M2] = [%51] +1, this

completes the proof. O
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7.3 Upper bounds for depth and Stanley depth
of cyclic modules associated to P, ,, and C, ,,

Let m < n, in general, one don’t know the values of depth and Stanley depth
of Spm/I(Pnm). However, in the light of above observations, the following open

question can be proposed.

Question 7.3.1. Is depth(Sy m/I1(Pnm)) = sdepth(Snm/1(Pum)) = [511517

For n > 2, this question is confirmed for the cases when 1 < m < 3 see Remark
7.1.1, Lemma 7.1.1 and Lemma 7.1.2. If m = 4, some calculations are made for
depth and Stanley depth by using CoCoA, (for Stanley depth, SdepthLib:coc [71]
is used). Calculations show that depth(Sy4/1(Ps4)) = sdepth(Ssa/1(Pas)) =
4 = 31131, sdepth(S54/1(Ps54)) = 4 = [3][3], and sdepth(Se4/I(Pss)) = 4 =

[£173]. The upcoming result provide a partial answer to the Question 7.3.1.

Theorem 7.3.1. Let n > 2. Then

depth(Son/I(Pnm), sAepth(Sym/I(@an)) <[5

1.

Proof. Without loss of generality consider that m < n. First, the result is proved
for depth. If m = 1, then I(P,;) = I(P,), that gives the required result by
Remark 7.1.1. For m = 2,3 the result follows from Lemmas 7.1.1 and 7.1.2,

respectively. For m > 4, this result is proved by using induction on m. Let u be

a monomial such that

a:g(m_l)x5(m_1) .. .x(n_g)(m_l)xn(m_l), ifn= 2(mod 3);
u = T1(m—1)Ta(m—1) - - - T(n—3)(m—1)Tn(m—1), ifn= 1(mod 3),
L2(m—1)T5(m—1) - + - L(n—4)(m—1)T(n—1)(m—1), ifn= O(mod 3)

Clearly u ¢ I(P,,,,) so by Corollary 3.7.2, it follows that
depth(Sy, m/I(Pnm)) < depth(Sym/(L(Prm) : w)).
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In all cases | supp(u)| = [5] and Sy /(L (Prm) : u) = (Spm—3/1(Pnm—3))[supp(u)],
using induction hypothesis and Lemma 3.7.5, it follows that

QDA (S 0/ T(Prn)) < Aepth(Sy/(T(Po) - ) < (5117214151 = [2175].

Similarly, one can prove the result for Stanley depth by using Proposition 3.7.3.
[

Remark 7.3.1. For a positive answer to Question 7.3.1, one needs to prove
that [5][%] is a lower bound for depth and Stanley depth of Sy u/1(Ppm)-

The lower bound [diam(iww (Theorem 3.7.14) which was helpful for the cases
when 1 < 'm < 3 is no more useful if m > 4. For instance, depth(Sy4/1(Ps4)) =
sdepth(Sy4/1(Ps4)) = 4, but this lower bound shows that depth(Sy4/1(Ps4)) >

2 = (%] and sdepth(54’4/[(j>474)) Z 92— [diam(1;4,4)+1~‘ '
Theorem 7.3.2. Letn >3 and m > 1. Then

KK if m = 0(mod 3);

depth(Sym/I(Crm)) <
(224 + ([2] = 1)[%], if m =1,2(mod 3).

Proof. This result is proved by using induction on m. If m = 1, then I(C, ) =
I(C,,), by [16, Proposition 1.3] the required result holds. For m = 2 or m = 3,

the result follows by Theorems 7.1.1 and 7.1.2 respectively. For m > 4,

L2(m—1)T5(m—1) - - - L(n—3)(m—1)Ln(m—1), if n= 2(m0d 3);
V=9 Tim-1)Ta(m—1) - - - T(n—6)(m—1)L(n—3)(m-1)L(n—1)(m—1), if 7 = 1(mod 3);
xg(m_l)xG(m_l) .. .x(n_g)(m_l)xn(m_l), ifn= O(mod 3).

Clearly v ¢ I(Cpm) and S/ (I(Cpm) : v) = (Snm—3/I1(Cpm—3))[supp(v)], since

in all the cases |supp(v)| = [%

and Lemma 3.7.5, it follows that

1, if m = 1,2(mod 3) using induction hypothesis

e = B RN
n—1 m n

depth(Sym/(I(Con) : v)) < [
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Otherwise, by Lemma 3.7.5 and induction, it follows that

depth(Sym/(1(Cum) 1 v)) < [F1[——1+ 31 =T

Theorem 7.3.3. Let n >3 and m > 1. Then sdepth(S, ,m/I(Cnm)) < [51[5]-

Proof. This result can be proved by using the similar arguments as in Theorem
7.3.2 by using Corollary 7.1.1 and Theorem 7.1.2 instead of Theorems 7.1.1 and
7.1.2. [

Remark 7.3.2. The upper bounds of sdepth(S;, ,n/I(Py,m)) and sdepth(S,, .,/ (€
as proved in Theorems 7.3.1 and 7.3.3 are too sharp. On the bases of above ob-
servations, the following question can be formulated. A positive answer to this

question proves the Conjecture 1.2.1.

Question 7.3.2. Is sdepth(I(P,,n)),sdepth(1(Cpm)) > [2][5]7

7.4 Conclusion

In this chapter, the strong product of two graphs is considered, when either both
graphs are arbitrary paths or one is an arbitrary path and the other is an arbitrary
cycle. It is verified that for n > 2, [%] is the precise value of both Stanley depth
and depth for the cyclic modules associated to P, ,, when 1 < m < 3. Also, for
n > 3, values and tight bounds are given for the cyclic modules associated to C,,
when 1 < m < 3. Also, it is proved that the Conjecture 1.2.1 holds for the edge
ideals associated with some subclasses of H and K. Furthermore, some sharp

upper bounds for depth and Stanley depth in the general cases are established.
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Chapter 8

Conclusion and future work

8.1 Conclusion

In this dissertation, Stanley depth and depth of the quotient ring of the edge

tth tth

ideal associated with the power of a path and the power of a cycle are
determined. Lower bounds for the Stanley depth of the edge ideals associated
with the t"* power of a path, and t* power of a cycle are given and with the
help of these bounds, a conjecture of Herzog is proved for these ideals. Some
upper and lower bounds for Stanley depth and depth of edge ideals associated
with line graphs of the ladder, and circular ladder graphs are established. Also,
some bounds for the dimension of the quotient rings of the edge ideals associated
to these graphs are also determined. Furthermore, the study is conducted for
Stanley depth and depth of the edge ideals and quotient rings of the edge ideals,
associated with classes of graphs obtained by taking the strong product of two
arbitrary paths or one is an arbitrary path, and the other is an arbitrary cycle.
The exact formulae for values of Stanley depth and depth for some subclasses of

the strong product of these graphs are given. Also, some sharp upper bounds are

provided for Stanley depth and depth in the general cases.
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8.2

(1)

Future work

In some cases, we are unable at the moment to fix values of depth and
Stanley depth of some classes of graphs we considered so one can try to fix

these values by using some other techniques.

We proved the conjecture 1.2.1 in some special cases, since it is relatively
new conjecture, so one may try to prove it in general or at least for some

special classes of ideals.

For some classes of edge ideals, we confirmed that Stanley’s inequality holds,

so one may try to prove Stanley’s inequality for other classes of ideals.

We determined Stanley depth and depth of edge ideals of powers of paths
and cycles, so one may try to find these invariants for the edge ideals of

powers of some other graphs.
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